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Preface 

This report is not the result of a standard Master thesis for a Mechanical Engineering 
Master's degree. The duration of a standard master thesis project is approximately 
8 months. However, my master was configured in such a way it could be done part-
time, so the duration was from the start to the end 21 months. Usually, the 
Microsystems students are located at Gemini North -1.64, the “dungeon,” but I did 
most of my project at home. This thesis comprised the regular 45 credits and similar 
quality as a standard Master thesis project despite another time schedule. 
 
The report's body is written for people who have interests in microfluidic mixing and 
simulation of this subject. The report is easier to understand when at least one 
microfluidic course is taken or working in the microfluidic area. The appendices 
contain some CAD, code, and simulation subjects that are more suited for people 
with experience in these fields. However, these sections always start with a higher 
abstraction level before going into details of these specialisms. 
 
If you ask yourself, what drives a man in his fifties to pursue a Mechanical 
Engineering Master’s degree, especially because this is a longer and more difficult 
road than the available short fun masters? There are many reasons for me to pursue 
this Master's, but the most important is that learning, pushing boundaries is (not 
always) fun. In the end, this also makes the Mechanical Engineering master a fun 
master. However, it took 160 ECTS (40 ECTS for the pre-Master and 120 ECTS for the 
accompanying Master) instead of 75 ECTS (15 ECTS for the pre-Master and 60 ECTS 
for the accompanying Master) of a non-technical Master. I would like to thank the 
other person that pursued the same degree at almost the same age, Gerard van 
Hattum, who showed me that it is possible to pursue your ambition. I have the 
utmost respect for how he did manage time during his study. Gerard, you are my 
hero. 
 
I want to thank everyone from Fontys, who advised me to pursue a Master 
Mechanical Engineering. I want to thank Fontys Engineering for facilitating this 
study. Lastly, I would like to thank Ms. A. Albuquerque de Souza Daneluz, MSc. 
Without her, the report would have been different. 
 
I would especially express my gratitude to my two supervisors Prof. dr. ir. Jaap den 
Toonder and Sophia Shanko MSc. for supervising my master thesis project and their 
support during this thesis. They accepted my adaptations to the research questions 
of the project. Further, they had no problems with the increased lead time necessary 
due to my part-time study fulfilling the 45 ECTS for this thesis. I am glad to support 
the doctoral candidate Sophia Shanko MSc. in her research subject: Magnetic 
control in handheld diagnostics. 
 
 
Olaf van Buul 
 
Budel, 27st November 2020. 
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Summary 

In microfluidics, mixing is an essential operation, where channel mixers are well 
known. In these mixers, the flow is generated with an external pump, in contrast to 
mixing in a chamber where the fluid is stationary. In such a situation, the velocity flow 
must be actively generated. One available method uses magnetic particles actuated 
by a magnetic system to create a velocity field in a mixing chamber with diameter 3 
[mm] and height 0.5 [mm]. On the microfluidic level, (bio)chemical reactions use 
fewer reagents, and with good mixing, the results are reached faster and become 
more reproducible. This matters for a Covid-19 pandemic, for example, where 
reagents became scarce, and tests need to be done fast while ensuring accuracy and 
reproducibility. 
 

The main question that will be answered in this project is: How can a design of a 
cylindrical magnetic particle mixing chamber be optimized to result in a better mixing 
efficiency compared to a base design? This is done by a literature study about mixing 
and the use of software tools for mixing geometry optimization, Siemens NX (design), 
StarCCM+ (simulation), and Heeds (optimization). In the simulations, magnetic 
particle motion is not calculated explicitly but adapted boundary conditions are used 
to generate velocity fields that mimic experimental results with magnetic particles.  
 

The literature study showed that numerical diffusion occurs when numerically 
simulating mixing. The lowest obtainable numerical diffusion in the simulation, 
limited by the hardware used, is a factor 100 higher than the physical diffusion of the 
fluorescent particles used in the experiments. This makes it impossible to compare 
simulated results with experimental results quantitatively. However, validation 
testing shows that the velocity field's accuracy is sufficient, errors less than 5%, at 
mesh-sizes of 10-40 [μm] and time-steps of 10-40 [ms]. These values can be used for 
simulations for mixing results can be compared in a relative sense, to optimize for the 
best mixing geometry. 
 

In answer to the main question, the conclusion is that usage of the software tools led 
to an optimized result. When comparing the best-optimized mixing geometry with 
the reference chamber, a better γ-mixing index (1 is unmixed, 0 completely mixed) 
for the optimized result is achieved, namely 0.3319 compared to 0.6244 of the 
reference, i.e. a decrease of 47%. The reference mixer's time to reach 0.6244 was 120 
[s]. For the optimized mixer, it only took 41 [s]. Optimizing a geometry similar to that 
commonly used in channel mixers showed no real advantage. The mixing geometry 
in channels cannot be introduced functionally identically into a mixing chamber. 
More importantly, the mixing geometry encloses the fluid, inhibiting the velocity field 
to transfer the fluid through the mixer, reducing mixing. As a recommendation, other 
simple geometry could be optimized because the best result was obtained with a 
simple wall mixer. Lastly, the validity of using the numerical diffusion to predict 
mixing should be assessed. Numerical diffusion is influenced by mesh-size, which 
means that one should be careful to compare geometries with different complexity 
since mesh-sizes may be different. Further research could be done to retrieve 
another answer than add physical diffusion or define a finer mesh for all simulations 
to solve this problem. 
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 Introduction 

Research in microfluidics increased since the 1990s, [1] leading to a growing number of 
practical applications [2]. One of those practical applications is point-of-care-testing 
(PoCT). PoCT means that testing for medical diagnosis can be done at the doctor’s office 
or the patient’s home instead of at a diagnostic laboratory; further, the result is readily 
available after relatively short processing time. A well-known PoCT is the blood sugar test 
that consists of a disposable that incorporates the preparation and transport of the blood. 
This disposable is introduced into a handheld device that processes and returns the result 
to the patient. Thus, this blood sugar example is a basic version of a PoCT. 
 

The exemplified type of PoCT gives a fast, accurate result, and is relatively inexpensive. 
This PoCT testing is not limited to blood only, but PoCT’s can accommodate all kinds of 
bodily fluids. Nowadays, more advanced commercial PoCT’s are available, where an 
immediate result is obtainable. Therefore, better and more adequate medical action can 
be taken, reducing the total cost of patient care, and improving patient comfort. This has 
led to research on other possibilities for PoCT’s [3]. The most important aspect of a PoCT 
is that the level of detection is ensured while both the time-to-result and the sample 
volume are minimized. Often, (bio)chemical reactions between sample components (the 
reactant) and reagent are involved, and to ensure these are fast and repeatable, efficient 
mixing of the reactant and the reagent is essential. However, due to the laminar behavior 
of the fluids at the small volumes used in POCTs, mixing is not trivial. 
 

There are two possibilities for mixing in a laminar flow: static mixing [4] and active mixing 
[5]. The difference between these methods is that in static mixing, no extra energy is 
added besides the pressure that generates the fluid flow. The fluidic behavior influenced 
by geometry inside the channel or the shape of the channel itself enhances the mixing 
[6]. The second method uses an additional energy source to ensure fluidic mixing, e.g., 
heat, sound pressure, electrical or magnetic fields. Passive mixing is usually preferred, as 
adding energy also adds extra equipment to the process. However, most PoCT’s have no 
mixing channel but a reaction chamber with a stagnant fluid where mixing must occur. 
Therefore, an alternative way for mixing must be found for these PoCT’s. 
 

Some of PoCT’s use coated magnetic particles to bind with the targeted markers (e.g., 
DNA, proteins). Then these magnetic particles are used to determine the quantity of a 
reactant. [3]. The already available magnetic system and particles can be used to enhance 
mixing. That magnetic particles can also be exploited for active mixing when actuating 
them with an electromagnet, as it has already been shown by Y. Gao et al. [7]. With the 
right applied magnetic field using an electromagnet, the magnetic particles become 
magnetized and line up to form particle chains that can act as micro-stirrers. [8]. This 
stirring demands a complex magnetic system. However, this is not available in a PoCT, 
due to the size and the costs of such a system. Therefore, the aim is to obtain a more 
straightforward solution for mixing, where a simplified magnetic system induces 
magnetic particles to generate a flow in a mixing chamber, while obstacles integrated in 
the chamber will enhance the mixing. In this way, active and passive mixing approaches 
are in fact combined. 
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The design of these obstacles can be simulated and optimized with simulation software 
for the best mixing result. The used velocity fields, generated by the drag of the moving 
magnetic particles, are derived from experiments and then used in the simulations. 
 

The Covid-19 crisis showed that the reduction of reagents is vital because a lysis buffer 
fluid became scarce [9] and that the lead-time for the test results increased due to the 
increasing demand for the tests. The reduction of both reagents and the lead-time are a 
forte for PoCT’s. However, not any diagnostic test can be transferred to a PoCT version. 
Enhanced mixing capabilities for PoCT’s could increase designs for new functional PoCT’s.  
 

The goal of this research is to find an optimized mixing geometry for a mixing chamber 
with the approximate dimensions of diameter 3000 [µm] and height 500 [µm], in which 
a flow is generated by actuated magnetic particles. A mixing index will be chosen to 
determine the quality of mixing. As an input, predefined boundary conditions 
mimicking the experimental drag of the moving magnetic particles will be used. Also, a 
statement about the reliability and validity of the result is provided. 
 
The main question is: How can a design of a cylindrical magnetic particle mixing chamber 
be optimized to result in a better mixing efficiency compared to the base design? A first 
sub-question is: What are the major influences for mixing and valid mixing indices? A 
second sub-question is: How valid and reliable are the simulation results? 
 

As a research method, data has been collected through literature study on mixing and 
measures of mixing, alongside with the usage of software tools, namely StarCCM+, 
SiemensNX, and Heeds. The first is a multiphysics simulation software, specialized in flow 
simulations. The second is an integrated CAD/CAE software tool, and only the parametric 
CAD modeling will be used. The last system, Heeds, is an optimizing software that has 
standard interfaces with the two other software packages. All software tools will be 
validated except Siemens NX because of the basic use and longtime experience with this 
software. 
 

A necessary prerequisite is an access to StarCCM+ software on the MaTe cluster. This 
gives the possibility to simulate the over 500 necessary simulations with reasonable 
accuracy in order to determine an optimal design, and it could enable to determine the 
absolute mixing measure for the optimal design. 
 

Out of the scope of this project is to explicitly simulate the velocity fields from the drag 
of the moving magnetic particles influenced by the magnetic fields. Furthermore, the 
magnetic field generation is also out of the scope. What also is not part of the project,  is 
comparing the absolute mixing result of the simulation of the optimal design with the 
experimental data of the optimized result. 
 

In order to answer the research questions, this thesis is divided into the following 
chapters: In the “Mixing” chapter two, an overview is given of existing mixers, 
emphasizing the used mixing indices and mixing behavior. In chapter three, “Stagnant 
fluid mixing simulation”, the reliability and validity of the results are discussed. The 
optimized result is shown and discussed in chapter four. This report finishes with 
conclusions and recommendations.  
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 Mixing 

2.1 Introduction 

Microfluidic mixing has been a necessity for many applications, yet it remains a challenge. 
In this chapter, the major influences for mixing and valid mixing indices are explored. First, 
the defining constitutive equations are shown, and an explanation of different mixing 
methods is given. Furthermore, the different types of microfluidic mixing, passive and 
active, are described. Additionally, several definitions of qualitative and quantitative 
mixing defined in literature are reviewed to select a proper mixing index. At the end is an 
overview of geometrical factors that influence the mixing index. This chapter concludes 
with the prominent mixing influences and the chosen quantifiable mixing measure. 
 

2.2 Mixing process 

2.2.1 Constitutive equations for mixing 
The mixing process is described by the following constitutive equations: Navier-Stokes 
(1), continuity (2), and advection-diffusion (3) [10]. The Navier-Stokes equation is used 
for microfluidic designs where the temperature is presumed to be constant, and the 
gravity force is neglected. Together with the assumption of incompressible Newtonian 
fluids, the Navier-Stokes equation is simplified to (1) [10]. 
   

 𝜕𝑢

𝜕𝑡
+ (𝑢 ∙ ∇)𝑢 = −

1

𝜌
∇𝑝 + 𝜈∇2𝑢 (1) 

 
 ∇ ∙ 𝑢 = 0 (2) 

 
 𝜕𝑐

𝜕𝑡
+ 𝑢 ∙ ∇𝑐 = 𝐷∇2𝑐 + 𝐹 (3) 

 
Because the Navier-Stokes is used for microfluidic designs where the temperature is 
presumed to be constant, and the gravity force is neglected. Together with the 
assumption of the use of incompressible Newtonian fluids, the equation is simplified (1). 
In equations (1) to (5), u is the velocity vector [m s-1], 𝑣 is the characteristic velocity vector 
[m s-1] ρ is the density [kg m-3], p is the pressure [Pa], 𝜈 is the dynamic viscosity [Pa s], c is 
the concentration of the solute [mol m-3], D is the molecular diffusion coefficient [m2 s-1], 
F is an arbitrary source term, η is the kinematic viscosity of the fluid [m2 s-1], and L is the 
characteristic dimension [m], for Reynolds, this often defined as the hydraulic diameter 
dh.  
 
When these equations (1) and (3) are made dimensionless, two essential numbers are 
derived respectively derived: the Reynolds number (4) and the Péclet number [10]. 
 
The Reynolds number is defined as the ratio between inertial forces and viscous forces in 
the Navier-Stokes equation. The Reynolds number is defined in equation (4) [10]. 
 



 
 

    

    

    

 

 

Date 2-12-2020 

Author Olaf van Buul 

Page 4 van 114 

Ruben Smits 

 

 
𝑅𝑒 =

𝑣𝐿

𝜈
=
𝜌𝑣𝐿

𝜂
 (4) 

 
The physical interpretation of the Reynolds number is a predictor of the flow type. 
The Péclet number is defined as the ratio between the advective term and diffusive term 
in the advection-diffusion equation. The Péclet number is defined in equation (5) [10].  
 

 
𝑃𝑒 =

𝐿𝑣

𝐷
 

 
(5) 

 
For reference, the self-diffusion of water, 2.3 10-9 [m2 s-1] [11], has a Péclet-number of 
444, when L is 0.001 [m] and 𝑣 is 0.001 [m s-1]. The physical interpretation of the Péclet 
number can be stated as the length in the number of channel widths needed for complete 
homogenization. 
 

2.2.2 Microfluidic mixing 
When microfluidic mixing is mentioned, it is inherently assumed that the process consists 
of two phases, distributing by advection and mixing by diffusion. Figure 1 and Figure 2 
show that the advection, firstly, evenly distributes the fluids (distributive) in their domain. 
Secondly, increase the interfacial area (dispersive). Lastly, the mixing takes place by 
diffusion. Due to the increased sizeable interfacial area, the diffusion speed is increased 
compared with the unmixed state. However, these three steps are not discrete but occur 
parallel during mixing. 

 
Figure 1 Dispersive and distributive mixing. This example is more for droplet-based mixing [12]. 

 
Figure 2 Distributive mixing mechanism for the baker's transformation: a) stretch and fold method, b) stretch, cut, and 
stack method. This method is more applied to the mixing of two liquids on the microfluidic level [13]. 
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In microfluidics, mixing is divided into two distinct mixing areas: passive mixing [4] and 
active mixing [5]. Passive-type mixers use only the structural designs in the channels that 
affect the advection flow to create a large interfacial area between the fluids to be mixed 
to enhance mixing. For passive mixing, no extra energy is needed besides the pressure 
that generates the fluid’s flow. Therefore the efficiency of mixing depends on the 
structural design of the mixer. However, the designs are limited to the manufacturing 
possibilities suitable at the microfluidic scale. 
 
However, passive mixing has some drawbacks [14]. The mixing quality is adequate only 
for low viscosity fluids containing diffusive species. Furthermore, the mixing efficiency 
increases with the length of the microfluidic channel. However, space is scarce at a 
microfluidic chip. Furthermore, passive mixers work at their optimum at a set process 
setting and cannot be controlled. An important drawback is that in stagnant fluids (e.g., 
in a bioreactor), passive mixers do not work because no flow is present. 
 
For active mixing, an additional energy source to induce advective flow is used to improve 
mixing, e.g., heat [15], sound [16], pressure [17], electrical [18] or magnetic fields [19]. 
The micromixer can be more compact. However, this advantage is mitigated by the extra 
energy delivering equipment needed. This type of mixing is therefore more expensive 
than passive mixing, in general. However, the advantages are that these devices can be 
tuned for providing optimal mixing efficiencies, and this method can overcome the mixing 
challenges in non-Newtonian fluids [14]. These advantages make them suitable for 
commercial diagnostic platforms. Moreover, the most beneficial aspect of active 
micromixing over passive mixing is that it does not require existent fluid flow to work. It 
can therefore, be applied to microfluidic chambers with stagnant fluids. 
 
For both mixing methods, examples are shown in the sections 2.2.3 and 2.2.4. These 
examples are chosen to give an overview of the diversity of mixing methods. The 
emphasis on these examples is how the mixing quality is defined. The mixing quality is 
discussed in section 2.3.  
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2.2.3 Passive mixing 
Four examples are shown. These are ordered from a geometrically complex to 
geometrically simple (Figure 3, A to D). The examples' design intent is to increase chaotic 
advection to enhance mixing. 

 
A 

 
B 

 
C 

 
D 

Figure 3 Examples for passive mixing: A. Baker’s transformation [20], B. Serpentine laminating mixer [22] C. Staggered 
herringbone mixer [14][21], D. Novel in-plane passive microfluidic mixer with modified Tesla structures [23]. 

A. Baker’s transformation [20] 
This mixer emulates the baker’s transformation, folding, stretching, cutting, and fusing of 
the microfluid flow, Figure 3 A. On the left, the fluid domain is shown, and on the right, 
the forcing intersections to emulate the effect of the baker’s transformation. In this 
paper, a mixing criterion was defined, equation (6) [20], resulting in 0 if the fluids are 
segregated entirely and 1 when complete mixing occurs. As a good quality for mixing the 
value, 90% was used, referenced from Stroock et al. [21]. However, Strook used the 
standard deviation as a mixing index compared what is used in equation (6). Of the two 
inlets of this mixer one contains a fluorescence dye to measure the mixing at the outlet. 
This is done by measuring a  intensity curve across the outlet.  
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𝑚. 𝑖 =

(

 1 − √
1

𝑁
∑(𝑎𝑖 − 𝑎𝑖

𝑛.𝑚)
2

𝑁

𝑖=1

1

𝑁
∑(𝑎𝑖

0 − 𝑎𝑖
𝑛.𝑚)

2
𝑁

𝑖=1

⁄

)

 

∗ 100 

(6) 

 

In equation (6), 𝑁, 𝑎𝑖, 𝑎𝑖
0  and  𝑎𝑖

𝑛,𝑚, are the total number of pixels, the fluorescence 
intensity at pixel i, the fluorescence intensity at pixel i without mixing or diffusion, and 
the fluorescence intensity of the completely mixed solution at pixel i, respectively. 
 
B. Serpentine laminating mixer [22] 
This mixer also emulates the baker’s transformation. In contrast with the previous 
method, this is now done by splitting and recombining the fluids, Figure 3 B. In this paper, 
the intensity is defined as the intensity of a red-colored liquid that results from two 
transparent fluids reacting.to a red-colored liquid. This indirectly indicates the level of 
mixing in the microchannel, equation (7) [22]. This measure is normalized with a 
reference intensity to accommodate fluctuations in illuminations during experiments. 
Total mixing results with this mixing in 1 and total segregated fluids result in 0 as a mixing 
index. Furthermore, no value for good mixing is given.  
 

 
�̅� =

∑ 𝑎𝑖
𝑁
𝑖=1 𝑁 − �̅�𝑟𝑒𝑓⁄

𝑎𝑚𝑎𝑥 − �̅�𝑟𝑒𝑓
 (7) 

 
In equation (7) [22], �̅�, 𝑎𝑖  and 𝑁, represent the normalized average intensity, intensity at 
pixel i, and the total number of pixels in the mixing zone of each captured image, 
respectively. �̅�𝑟𝑒𝑓 represents the mean reference intensity for compensation purposes. 

𝑎𝑚𝑎𝑥 is the maximum intensity amongst pixels near the exit zone of each experiment for 
normalization purposes.  

 
C.  Staggered herringbone mixer [21] 
This mixer increases advection by creating counter-rotating velocity fields, Figure 3 C. 
These fields change sizes when the geometry of the ridges is modified. As a mixing index, 
the standard deviation of the fluorescence, σ, is used in equation (8) [21]. When σ equals 
0.5 represents segregated fluids, and when σ equals 0 represents a totally mixed state. 
However, only the center 50% of the outlet area was used to measure the standard 
deviation in the fluorescence intensity to eliminate variations due to optical effects at the 
channel walls. Here a 90% value so σ equals 0.05 is considered good mixing. 
 

 

𝜎 =  √
1

𝑁
∑(𝑎𝑖 − �̅�)

2

𝑁

𝑖=1

 (8) 

 
In equation (8) [21] is 𝑎𝑖  is the concentration element i or the intensity of pixel i and �̅� is 
the averaged concentration or intensity. 
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D. Novel in-plane passive microfluidic mixer with modified Tesla structures [23]. 
This mixer also increases advection by splitting and recombining the fluids, Figure 3 D. As 
mixing fluids, fluids with different pH values were used, relating the PH value to 
determine mixing performance. Therefore, a reference pH curve of different mixing ratios 
at the outlet after mixing was used. The mixing performance of the fluid samples 
measured from the outlets can be indirectly evaluated from this pH reference curve. The 
stated mixing performance was 44%, where 50% is the value for complete mixing. No 
information was given how this mixing result is exactly defined. 
 
For these mixers, three different mixing indices were well defined in the concerning 
papers. The fourth, [23] Figure 3 D, the measure for mixing was related to reference 
measurements. Because of the experimental nature of this mixing, two mixers created 
constraints on their mixing definition, [22] Figure 3 B introduced a reference intensity in 
the mixing definition to compensate for changing optical conditions, where C reduced the 
measurement of 50% of the center area to compensate for this behavior. All these 
examples are channel types. An advantage for these mixers is that the mixing always are 
measured at the outlet. However, sometimes measurement adjustments are done at this 
position.  
 
From a simulation perspective, the channel mixers can be solved in a steady-state 
condition reducing computational costs. To determine the mixing time is easy when the 
flow volume is known, and the flow-rate of the input or output flow is known. 
 

2.2.4 Active mixing 
In this section, two types of active mixing methods are presented, namely actuation with 
piezo-elements and actuation with magnetic fields. However, the piezo actuation could 
also be considered acoustic stimulation because the frequency ranges produced could be 
referred to as sound. For each actuation principle, two different interpretations are 
shown. See Figure 4. The design intent of all these examples is to increase chaotic 
advection to optimize mixing. 
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A 

 
B 

 
C 

 
D 

Figure 4 Examples for active mixing: A. Direct Piëzo-element actuated mixing [16] B. Indirect piezo-element actuated 
mixing inhibiting resonating bubbles [17] C. Magnetic micro-stirrer (length unit μm) [19] D. Magnetic mixing by 
alternating micro-particle topology [24]. 

A. Direct Piëzo-element actuated mixing [16] 
The chamber is excited with a Piëzo element; see Figure 4 A, with frequencies varying 
from 870 Hz to 48kHz. This setup provided a turbulent flow enhancing mixing. However, 
only qualitatively results were given: “After 2 s of ultrasonic vibration, ethanol was mixed 
well with water”.  
 
B. Indirect piezo-element actuated mixing inhibiting resonating bubbles [17] 
In this mixing design, Figure 4 B, a piezo actuator (PZT) is used to excite the contained air 
bubbles at their resonance frequency, then cavitation occurs around the bubble, inducing 
a pressure wave that causes mixing. As a result, the chamber's mixing was achieved in 25 
seconds, much faster than without active mixing. i.e., with diffusional mixing only, for 
which took approximately 3600 seconds. The mixing is quantified as "shows that fully 
mixing was achieved across the whole chamber." However, capturing the efficiency of 
capturing mixed E. coli K12 bacteria was also compared with the traditional method and 
gave approximately the same result with shorter processing time. 
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C. Magnetic micro-stirrer  [19] 
This is an example that mimics a macro scale solution to work the micro-scale world, 
Figure 4 C. The mixing results are quantified statistically by the 𝛾1-mixing index, equation 
(9) [19]. The used definition is based on a standard deviation of measures intensities 
normalized with the averaged concentration. Complete mixing is here defined when the 
mixing index is smaller than 0.2. This was reached with a stirring rate of 600 [rpm] within 
55 [s]. However, the measurement was limited to a centered 2.5 [mm] diameter circle of 
the chamber. 

 
 

𝛾1 = √
1

𝑁
∑(

𝑎𝑖 − �̅�

�̅�
)
2𝑁

𝑖=1

 (9) 

 
In equation (9) [19] is 𝑎𝑖  is the concentration element i or the intensity of pixel i and �̅� is 
the averaged concentration or intensities. 
 
D. Magnetic mixing by alternating micro-particle topologies [24]  
The magnetic particle chains actuated by a rotating magnetic field in such a regime that 
chains periodically fragment and reform, Figure 4 D. The trajectory of the particles 
becomes chaotic in contrast with that of the rigid chains. The mixing result improved 
compared with rigid chain behavior [24].  
 

 
𝐼 =  

𝜎𝑎𝑖
2

�̅�𝑖
2 

 (10) 

 
The mixing result here equation (10) [24] is defined as the ratio of the variance of the 

intensities of pixel i and the squared averaged of the fluid fluorescent intensities,  �̅�𝑖
2. A 

comparison with biochemical experiments also showed a threefold enhancement of the 
reaction kinetics compared to the rigid regime. 
 
For these mixers, C and D, two different mixing indices were defined as a measure for 
mixing. Compared with the previous section, the mixing occurs in a chamber, and only 
two mixing indices are used. Nevertheless, both the actual measuring method for the 
intensities are not disclosed. However, C discloses the diameter that is measured.  
 
When comparing the measured mixing in a fluid chamber with simulation results, the 
simulation measurement must be aligned with the protocol used for the physical 
measurement. This is only necessary when comparing the physical result with simulation 
results. For a relative comparison of mixing design results to each other, any mixing index 
can be used.  
 

2.3 Definition of mixing 

2.3.1 Mixing indicators 
Section 2.2 showed that different methods are used to determine mixing. However, 
sometimes in some mixing studies, no quantitative methods measures are used to 
present the results. In this section, a division is made between mechanisms measures 
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used to characterize mixing, namely qualitative mixing indicators and quantitative mixing 
indices. Where for qualitative mixing, the focus is on the enhancing visual effects of 
mixing, for a quantitative mixing, the focus is on minimizing or maximizing a defined 
value. Section 2.3.4 discusses the influences on mixing indices, such as differences in 
mixing volume or differences in the starting interfacial area. 
 

2.3.2 Qualitative mixing indicators  
It is important to consider that microfluidic mixing is generally studied using two phases, 
distributing by advection and mixing by diffusion. So, qualitative indicators for mixing are 
factors that augment advection and / or increase diffusion, and these can be 
experimentally measured or sometimes retrieved from simulations. The increase of 
advection can be measured with particle tracking. Y. Gao et al. [24] used this to 
experimentally determine particles' chaotic behavior to determine the quality between 
two types of mixing, Figure 5. Where a longer paths indicates better mixing. 

 
A 

 
B 

Figure 5 Different chaotic behavior depending A rigid rod of magnetic particles and B recombining rods of magnetic 
particles. [24]. 
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Aubin [25] used particle tracking in a simulation to quantify the difference of a staggered 
herringbone mixer compared with the diagonal mixer, Figure 6. A better dispersion 
indicates better mixing. Using this with a mixing index this becomes a quantitative 
measure. However, this is not shown in the paper. 
 

 
A 

  

 
B 

  

Figure 6 Comparing mixers with particle tracking at the start, middle, and end intersection planes A, diagonal mixer 
geometry (similar to Figure 3 C. However the ridges are linear diagonal), B staggered herringbone mixer (geometry 
similar to Figure 3 C) [25]. 

This behavior, massless movement of particles, can be simulated in StarCCM+ using 
streamlines; however, the time dependency is not available because the streamlines are 
generated from the velocity field vectors. 
 
Another indicator is provided as a result of the Baker’s transformation (Figure 2). The 
laminae thickness indicates the segregation of fluid and creates an increased diffusion 
surface as it becomes smaller [26]. This indicator is used in blending high viscosity 
materials with almost no diffusion between the blended fluids using a static mixer [27], 
Figure 7. Hence, this is not a practical indicator when mixing liquids with diffusion. 
Nonetheless, this is more as a qualitative measure because the layer thickness referenced 
to the original area could be defined as a “relative” qualitative index; however, in the 
literature, no definition is given. 

  
 

Figure 7 Left, the interior of a static mixer, with four dividing planes [27]. Right, how the static works: the frames show 
the evolution of concentration patterns within the first four blades of the mixer development in 3D chaotic mixing flows 
[26].  

The last mixing indicator is the interfacial area between the fluids. When it is possible to 
measure the interfacial area over time, this is a good indicator of dispersive mixing. 
However, this is only practical in simulation and is shown [28]. Figure 8 shows how the 
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surface is tracked; when the volume deforms, this is done by adding new elements into 
the surface to describe the surface accurately. However, when the volume becomes too 
thin, numerical problems occur, and the tracking stops. 

 
 

 
 

Figure 8 Deformation of a blob, while tracking the surface area [28]. 

This kind of surface tracking is not yet available in commercial software. Hence, this is not 
a usable indicator, even though this is a good qualitative indicator for blending and 
mixing. 
 
In summary, the presented qualitative mixing examples show that introducing advection 
and increasing the maximal interfacial area leads to the best mixing result.  
 

2.3.3 Quantitative mixing indices 
In this section, an overview of the quantitative mixing indices is given. The first, Aubin 
[25], is only valid or measurable in simulations. The indices after that are both physical as 
in simulation applicable. 
 
Aubin [25] did particle tracking in a simulation to quantify the difference of a staggered 
herringbone mixer compared with the diagonal mixer, Figure 6. By determining the 
stretch, a quantitative mixing index is created. 

 
Figure 9 Logarithm (base 10) of the mean stretching values as function of axial position in both mixers. 
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The stretch, 𝜆 is defined, the deformation of an infinitesimal fluid filament and is defined 
in equation (11), where |𝑑𝑋| is the magnitude of the initial stretch vector at time t0 and 
|𝑑𝑥| is the magnitude of the stretching vector at time t. [25] 
 

 
𝜆 = lim

|𝑑𝑋|→0

|𝑑𝑥|

|𝑑𝑋|
 (11) 

 
Figure 9 shows the result of 10 2 [μm] length vectors at the interface y = 0.1 [mm] at 
position X = 0.0 [m] Figure 6, A and B. This indicator gives the same practical problems as 
with particle tracking that retrieving time-dependent information is not a straightforward 
process consuming much computational power. Furthermore, there is no upper value 
defined as complete mixing, only large is better.  
 
The mixing indices considered here are based on measuring fluorescence intensities in 
mixing experiments or, equivalently, determining mesh elements concentrations in 
simulations. When the experimental fluorescence is used, an image is taken. From this 
image for every pixel, the intensity is determined. Similarly, for the simulation 
counterpart, the concentration of the mesh cell is retrieved. Another option is that the 
concentration is not retrieved from the mesh elements but at predefined measuring 
points. To quantify these concentrations or intensities, a mathematical method such as 
the variance of the values of interest equation can be used, equation (12),. Here 𝑎𝑖  is the 
concentration in element i or the intensity of pixel i and, �̅� is the averaged concentration 
of all elements or the averaged intensity of all pixels. 
 

 
𝜎𝑎
2 = 

1

𝑁
∑(𝑎𝑖 − �̅�)

2

𝑁

𝑖=1

 (12) 

 
The first mixing index was already defined in the early 50's of the previous century, see 
equation (13) [29]. I is the intensity of segregation, a and b are the concentration of 

certain scalars with �̅� and �̅� being their mean values, where �̅� + �̅� =1 and 𝜎𝑎
2 is variance 

of concentration 𝑎. The uniform state is defined as 0, and the segregated state is defined 
with the value 1. 

 
𝐼 =  

𝜎𝑎
2

�̅�  ∙ �̅�
 (13) 

 
Equation (14) has been used and adapted by several researchers, e.g. [24], where the 
mixing index. Intensity of Segregation (IoS) equals 1 in an unmixed state, and 0 is a 
complete mixed state. The only modification compared with equation (13) is that the 
averaged intensity is now squared because only the intensity is of interest and not two 
different concentrations. In equation (14) [24] 𝑎𝑖  is the intensity of pixel i. 
 

 

𝐼𝑜𝑆 =  

1
𝑁
∑ (𝑎𝑖 − �̅�)

2𝑁
𝑖=1

�̅�2
=
𝜎𝑎
2

�̅�2
=
𝑣𝑎𝑟(𝑎)

�̅�2
 (14) 
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Another variant is the addition of the volume-weighted average concentration as shown 
in equation (15) [30] where �̅� = 1

𝑉
∑ 𝑎𝑖
𝑁
𝑖=1 𝑉𝑖 , with V the total domain volume and 𝑉𝑖 the cell 

volume of element i. 
 

𝐼 =  
1

𝑉
∑

(𝑎𝑖 − �̅�)
2

�̅�(1 − �̅�)
𝑉𝑖

𝑁

𝑖=1

 (15) 

 
However, often the variance, equation (12), is normalized to the averaged concentration 
and square rooted, resulting in equations (16) [19] and (17) [19], wherein equation (16), 
a homogeneous mix, is defined by the value 0 and a complete segregated state with the 
value 1. In equation (17), a homogeneous mix is defined by the value 1 and a complete 
segregated mix with the value 0. 
 

 
 

𝛾2 = √
1

𝑁
∑(

𝑎𝑖 − �̅�

�̅�
)
2𝑁

𝑖=1

 (16) 

 
 

𝜂 = 1 − 𝛾2 = 1 − √
1

𝑁
∑(

𝑎𝑖 − �̅�

�̅�
)
2𝑁

𝑖=1

 (17) 

 
The simulation program StarCCM+ has standard only one option for measuring the 
homogeneity of the fluid: Volume Standard Deviation or Φ, see equation (18) [31], where 
Φ is a selected scalar, which can be the concentration of a tracer in the simulation. In the 
equation, N is the number of cells, 𝑉𝑖 is the cell volume of element I and Φ𝑖 is the value 
of the selected cell and Φ̅ is the computed mean value of the scalar. One can see that a 
weighted method with the cell volume is applied. 
 

 

Φ = √
∑ (Φ𝑖 − Φ̅)

2𝑁
𝑖=1 𝑉𝑖

∑ 𝑉𝑖
𝑁
𝑖=1

 (18) 

 
In StarCCM+, it is possible to access the simulation data with field functions, and with the 
use of summation reports, it is possible to define mixing indices. Equation (19), a mixing 
index, is programmed as a test case for other possible mixing indices. See Code snippet 
1. 
 
ConcSquared= ${Volume}*(pow(${Passive Scalar}-0.5)/0.5),2) 

Gamma = sqrt((${SumConcSquared}/${SumVolume})) 

Code snippet 1  Field functions for mixing index. SumConcSquared and SumVolume are the respective report 
summations of the value ConcSquared and VoLume, Passive Scalar is the definition of the concentration. The 0.5 
values are the averaged concentration values at homogeneous mixing. 

 

𝛾 =  √
∑ (

𝑎𝑖 − �̅�
�̅� )

2

∙ 𝑉𝑖
𝑁
𝑖=1
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𝑁
𝑖=1

 
(19) 
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Equation (19) is the equivalent of equation (16). Instead of measuring points, this new 
equation is volume averaged, so with the cell volume and total volume incorporated into 
the equation.  
 
When the simulation is compared with the experimental results, the simulation 
measurement must align with the experimental measurement. It is possible in StarCCM+ 
to mimic the used mixing index in the experiment. The goal is to measure the mixing in 
different geometrical optimized stagnant chambers. Therefore equation (14) is a valid 
choice.  
 

2.3.4 Geometrical fluid domain factors affecting the mixing result 
The examples of mixing shown in sections 2.2.3 and 2.2.4 have one common 
denominator. Their volumes remain constant. In these cases, any of the mixing indices 
can be used without further review. However, when the subject is to optimize mixing 
geometry, this may result in a changing fluid volume. Therefore two factors become 
important. First, the size of the initial interfacial area between the fluids, because the 
diffusion is dependant on the larger interfacial area, as the molecular diffusion coefficient 
units are [m2 s-1]. Second, volume differences have influences on mixing indices that are 
element based, such as equation (17). When geometry is changed, and the product is 
remeshed, the number of generated mesh elements changes. This influences the mixing 
index.  
 
As an example of the first factor, the difference in interfacial area size. In Figure 10, two 
fluid domains of diameter of ø 2.5 [mm] and a height of 0.5 [mm] are shown, with a 
quarter cut out. To divide the domain into two equal volumes, the dividing plane's 
position is modified, resulting in two different interfacial areas, 0.94 [mm2] (left) and 
1.23 [mm2]. This results in a mixing index 𝛾 according to equation (19) of 0.8201 and 
0.7734, respectively, after 3 seconds of simulation, with no velocity field applied. 
 

 
Interfacial area 0.94 mm2, mixing result η=0.1799 

 
Interfacial area 1.23 mm2, mixing result η=0.2266 

Figure 10 Both total volumes are identical for the left and right figures; only the definition of the plane that divides the 
volume into two equally sized volumes containing the concentrations are different. For the left figure, the plane is x=0, 
and for the right, the plane is x=-0.22 mm.  

Hence, introducing a large interfacial before starting mixing improves the mixing result. 
Figure 11 shows that with introducing the same amount of fluids in a mixing chamber 
differently, this would increase the mixing result. However, for the optimizations for a 
better mixing geometry Figure 11 A is used.  
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A. 1.25 mm2 

 
B. 2.5 mm2 

 
C. 4.91 mm2 

Figure 11 Three different interfacial areas, with chamber dimensions ø 2.5 [mm] and a height of 0.5 [mm]. 

 
The second factor concerns the influence of volume difference occurring due to the 
alterations of the geometry necessary for mixing improvements. When volume is 
modified, the number of mesh elements is changed. For the variance [32], a new variance 
can be calculated with (𝑁1𝑣𝑎𝑟1 +𝑁2𝑣𝑎𝑟2) (𝑁1 +𝑁2)⁄ . N1, N2 number of elements of the 
group. Var1 and var2 the variance of the group. N1  N2 must be large in this formula. See 
Appendix A. This appendix also shows that when the number of element changes is below 
5%, the variance mixing index's error remains under 5%, which is acceptable. However, it 
is better in the simulations not to use an element-based mixing index but a volume-
averaged mixing index, such as in equation (19), to circumvent this problem. 
 

2.4 Conclusion 

Through the evaluation of this chapter the initial research question on the major influence 
on mixing has been proven that advection of the fluid must enhance the interfacial area 
to increase mixing by diffusion. Furthermore, the larger the start interfacial area, the 
better the mixing result is. Furthermore, literature presented numerous valid mixing 
indices. When experimental data must be compared with simulation data, the simulation 
mixing index should mimic the experimental used mixing index and mimic the measuring 
method. Therefore the mixing index of equation (14) is used [24]. 
 

 

𝐼𝑜𝑆 =  

1
𝑁
∑ (𝑎𝑖 − �̅�)

2𝑁
𝑖=1

�̅�2
=
𝜎𝑎
2

�̅�2
=
𝑣𝑎𝑟(𝑎)

�̅�2
 (14) 

 
The experimental measuring method will be matched in the simulation. When optimizing 
mixing geometry in simulations, any quantitative mixing can be used. However, it would 
be practical to use the same mixing index, equation (14). However, the modifying 
geometry influences this mixing index because it is not volume averaged. So for relative 
comparing designs, equation (19) is used. In the remainder of the report equation (14) 
will be referred to as IoS-mixing index and equation (19) will be referred to as γ-mixing 
index. 
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(19) 
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 Stagnant fluid mixing simulation 

3.1 Introduction 

In this chapter, the focus is on the validity and reliability of the simulation results. The 
definition used for validity is to measure the result accurately what is supposed to be 
measured. The definition of reliability is the measure consistent, are the results 
reproduced under the same conditions. For both the used software StarCCM+ and Heeds, 
validity and reliability are analyzed. The validations of StarCCM+ and Heeds are done 
individually. When the validation error results are less than 5%, the software is validated. 
Siemens NX is not validated because of the simple use and long-term experience with the 
software. However, the reliability test is done in an integral test where Siemens NX, 
StarCCM+, and Heeds work in the typical optimization setup. Two runs will be compared 
to each other. When the results of these runs are almost identical, with an error of less 
than 1%, the software is reliable. The working method with Heeds and the preferred 
simulation settings for StarCCM+ are also shown. However, first, in this chapter, the 
advantages of simulations are described. 
 

3.2 Simulation advantages 

Dimensions in the microfluidic world are still relatively large compared to molecular or 
atomic scales, as Knudsen’s number is below 0.01, implying continuum behavior of the 
fluid flows [33]. Thus, microfluidic simulations have similar behavior as simulations in the 
macro world using standard simulation software. Hence, the same advantages apply to 
microfluidic simulation. It provides insight into the behavior of flows or mixing, reduces 
lead-time by discarding at the design-phase non-valid designs, and optimizes designs with 
the design parameters. 
 
Microfluidic simulation is therefore used in research. Three out of the four passive mixing 
examples shown previously in Figure 3 (page 8) have simulated their designs. Dong et al. 
[22] (Figure 3 B) compared their design with a standard T-mixer. However, they were not 
compared with the experimental data. The staggered herringbone mixer [21] (Figure 3 C) 
did not contain any simulations. However, this research led to simulations to optimize the 
results [34] [35]. Both of them used simulation to optimize the mixing result. Hong et al. 
[23] (Figure 3 D) compared their design with a standard T-mixer. They did compare with 
the experimental data. However, this was only a qualitative comparison between their 
experiments and simulations.  
 
The conclusion from these passive mixing examples: Because the driving force of passive 
designs is pressure, this constraint ensures that these mixer designs are channel designs 
with inlets and outlets. So, at the outlet, a measurement mixing plane can randomly be 
positioned to retrieve the experimental results. The channel design allows that the 
simulations can be done with a steady-state solver. When the residuals are converged, 
the mixing index can be determined. Because the input mass flow is equal to output mass 
flow, the mixing time can be calculated. In the passive mixing examples, the simulation 
results are optimized with simulations. However, no experimental data are compared 
with the simulation results.  
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Two out of the four active mixing examples shown in Figure 4 on page 10, use simulations 
to support their designs. R.H. Liu et al. [17] (Figure 4 B) used a geometrical and physical 
idealized version of their bubble induced mixing. Only the basic actuation principle was 
validated for different frequencies. The actuation principle was simplified to use adapted 
boundary conditions. L.H. Lu [19] (Figure 4 C) used simulation for several situations. 
However, only a simplified example, the simulation of one physical mixer in a channel, 
was compared with the experimental data and, as the author stated: “The simulations 
provided guidance to our design.” No other information was given. 
 
These examples show that simulation tools are used in this research area. However, little 
is shown about the software’s validation, especially about numerical diffusion in the 
simulations. Furthermore, boundary conditions have already been used as a simplified 
representation of the actuators for active mixing. In the current research, the drag 
generated by the magnetic particles will be replaced by an appropriate velocity boundary 
conditions. 
 

3.3 Validation StarCCM+ software 

3.3.1 Validation test-cases 
When using new software for the first time, it is vital to do validation testing. Verifying 
the software with analytical examples assures that the simulation results of the research 
are trustworthy. This validation consists of two sections, a validation for velocities and a 
validation of diffusion. The velocity validation is subdivided into two parts: a steady-state 
velocity and a time-dependent velocity subsection. Since a steady-state is not the main 
interest, the validation of a Couette flow (3D) example is solely treated in the appendix 
B-1. The obtained velocity field errors for mesh-sizes 5, 10, 20, 40 [μm] were found to be 
below 2.5% for the Couette example. The time-dependent velocity validation is essential 
because mixing time is limited to obtain the best-optimized mixing result within this 
predefined time range. Two tests are performed for the time-dependent velocities 
validation, namely developing Poiseuille flow between parallel plates (2D) and developing 
Poiseuille flow in a rectangular channel (3D). Because we are interested in the 3D 
performance, only the validation of 3D Poiseuille flow is shown in this chapter. The 2D 
results are presented in appendix B-2.1. Numerical diffusion is explained in a separate 
section and is followed by a verification of the numerical diffusion [39]. The validation for 
diffusion is done by verifying Fick’s second law in a channel. 
 

3.3.2 StarCCM+ time-dependent velocity validation 
In this section, a developing Poiseulle flow in a rectangular channel (3D) is validated [36]. 
This is a summary of Appendix B-2.2. For the developing Poiseuille flow between parallel 
plates (2D), consult Appendix B-2.1.  
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Figure 12 The evolution in time of the velocity profile from t= 10 [μs], 100 [μs], and 1000 [μs]. This figure also shows the 

coordinate system used in the analytical and simulation results [36].  

The developing Poiseuille flow in a rectangular channel is simulated with the geometry 
shown in Figure 13. The velocities are measured at the shown three curves, skewed (top 
-y-axis, bottom +y-axis), horizontal, and vertical. 

  
 

Figure 13 Left, 3D simulation geometry, all dimensions in [mm]. Right, the defined measuring curves, skewed, horizontal 
and vertical, viewed on the inlet screenshot from StarCCM+ 

The simulation quality is verified at five points, located at 25, 37.5, 50, 62.5, and 75% of 
the length of these three curves. The errors are calculated from a comparison with the 
analytical result, Figure 14. This figure shows that for mesh-sizes 10-40 [μm], the transient 
behavior has an error < 5% for the used time-steps, which is acceptable. However, the 
transient behavior of smaller mesh-sizes is only equal to the larger mesh-sizes with 
reduced time-steps, resulting in an increased computational cost for the same result. 
Both the 2D and 3D results produce the same errors and have the same intricacies with 
small mesh-sizes.  
 
 A reason to use small mesh-sizes is to reduce numerical diffusion. See following sections 
3.3.3 Numerical diffusion and 3.3.4 Numerical diffusion determination in StarCCM+. 
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Figure 14 3D Poiseuille flow error percentage for the averaged error from the horizontal, vertical, and skewed results  
(log scale) at time 1 [ms]. 

To study this effect of transient behavior in a mixing chamber, with dimensions Ø3 [mm] 
and height 0.5 [mm], this is simulated. The settings of this simulation are identical to the 
settings of 3D Poiseuille flow. The cylindrical wall has an applied rotational velocity of 
0.4833 [rad s-1]. 
 
These simulations show the time to reach a steady state, to asses this, the kinetic energy 
is calculated, defined as the summation of all squared velocity magnitude times the 
volume of each cell [m5s-2]. The only reason time-dependent simulation is used for the 
mixing result is that the used time must be known. However, there is no specific interest 
in transient behavior, except that it must not introduce an error in the mixing result. 
Figure 15 presents the results of the kinetic energy for 6 simulations. 
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Figure 15 Time-dependent behavior to reach steady-state. Curve B and C overlap entirely. Therefore curve B is translated 
upward with a value of 1 10-18 [m5 s-2] 

When simulating with a small mesh-size and a small time-step to reduce errors, this 
increases the total number of elements and the total amount of time-steps, so this 
becomes computational heavy. For example, the mixing chamber meshed with a 5 [μm] 
mesh, results in over 36.000.000 elements and memory usage of 110Gb on the 
MaTe-cluster. When simulated with a time-step of 0.1 [ms] and a stop-time of 1 [s], the 
simulation ran for 20 days on the cluster. 
 
There are two options to mitigate the possible mixing error with a small mesh-size 
simulation. First, increase the simulation’s time-step so that the transient behavior’s total 
error is minimal (for example, less than 1%) during the complete simulation with a 
duration of 60-120 [s]. Figure 15 shows for the 5 [μm] mesh-size with increasing time-
steps that steady-state is reached at a later time. The second option is to start the 
simulation as a steady-state simulation with already a large time-step when this 
simulation reaches the steady-state, then apply the initial concentrations and continue as 
a time-dependent simulation with the same larger time-step. 
 
In conclusion, transient behavior is sufficiently described with mesh-sizes in the order 
10-40 [μm] and time-steps in the order 10-40 [ms]. However, smaller mesh-sizes must be 
treated in a two-step simulation, first to the steady-state situation, followed by the 
time-dependent simulation.  
 

3.3.3 Numerical diffusion  
Interpreting the best design with the best mixing index can be hampered due to the 
occurring numerical (false) diffusion. Numerical diffusion can heavily influence the results 
on mixing results because it adds to real-world diffusion [37], [38], [39]. This is because 
of the formula of the advection-diffusion equation (20) [10], where u is the velocity vector 
[m s-1], c is the concentration of the solute [mol m-3], D is the molecular diffusion 
coefficient [m2  s-1], and F is an arbitrary source term. Numerical simulations are not free 
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from numerical diffusion error, which arises from the discretization of the convection 
terms in the Navier–Stokes equation [40]. 
 

 𝜕𝑐

𝜕𝑡
+ 𝑢 ∙ ∇𝑐 = 𝐷∇2𝑐 + 𝐹 (20) 

 
Hence, an assessment of the possible numerical diffusion is necessary, where [39] 
provides a method to retrieve the numerical diffusion of a 2D-mesh. Because of the 
2D-mesh, reducing the number of elements, it takes a relatively short time to calculate a 
simulation result. The test is a simulation of a square with an edge of 1 [mm], where 
inflows are defined with a fraction ф = 0 [mol m-3] and ф = 1 [mol m-3], as shown in Figure 
16. 

 
Figure 16 Test geometry 2D, with L is 1 [mm], the inlet velocity for both inputs is 1 [mm s-1]. The parameter W is an 
indication of the numerical diffusion. 

The value W is defined as the distance between the mass fractions 0.001 and 0.999. The 
ratio between W and L is an indication of the Péclet value of the numerical diffusion. This 
is defined with equation (21) [39]. The result is shown in Figure 17. 
 

 
(
𝑊

𝐿
) = 10.563𝑃𝑒−0.5014 (21) 
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The Péclet number is defined in equation (5), where L is the characteristic dimension [m], 
v is the velocity in [m s-1], and D is the mass diffusion coefficient [m2 s-1].  
 

 
𝑃𝑒 =

𝐿𝑣

𝐷
 (5) 

 
3.3.4 Numerical diffusion determination in StarCCM+ 

This study is interested in 3D simulation, so the 2D example is shown in Figure 16,  1 
[mm], becomes a 3D-simulation by adding a third dimension, a variable thickness of 4 
times the mesh-size. This to reduce the computational cost during the tests. The 2D-mesh 
simulation results can be found in appendix B-3.2, for all 3D results see B-3.3. In Tthe 3D 
numerical diffusion per element-size and time-step is given. The mesh-size and time-step 
full fill the Courant number rule. When the Courant value C is below 1, equation (22) [41], 
with the given velocity, time-step, and interval size, each fluid particle is at least once in 
each cell for each calculation.  
 

 
𝐶 =

𝑢∆𝑡

∆𝑥
< 𝐶𝑚𝑎𝑥 (22) 

 
In this equation u is the velocity in meters, Δt is the time-step in seconds, Δx is the length 
of the interval. The Courant number does not predict the accuracy, but only on the 
stability/convergence of the simulation. 
 
  

Figure 17 Resulting graph from equation (21). 
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Table1 Test result 3D numerical diffusion coefficient, for all tests velocity input 1 [mm s-1] and Courant number is 1. 

Test Mesh-size 
[µm] 

Time-step 
[ms] 

Diffusion coefficient  
[m2 s-1] 

1 80 80 5.50 10 --9 

2 40 40 2.75 10 --9 

3 20 20 1.29 10 --9 

4 10 10 4.49 10 -10 

5 5 5 1.86 10 -10 

6 2.5 2.5 8.40 10 -11 

7 1.25 1.25 3.45 10 -11 

 
This table shows that the minimum tested numerical diffusion coefficient is 
3.45 10-11  [m2 s-1] with 1.25 [μm] mesh-size This approaches the limits of the 
MaTe-cluster. Hence, the lower numerical diffusion numbers are not attainable at the 
MaTe-cluster.  
 
For the experiments, fluorescent beads with a diameter of 2.0 [μm] are used. With the 
Stokes-Einstein equation (23) [42]. This results in a diffusion coefficient of 
2.4 10-13 [m2 s-1]. This value is more than a factor 100 smaller than the possible numerical 
diffusion at the cluster 3.45 10 -11 [m2 s-1]. 
 

 
 

𝐷 =  
𝑘𝑏𝑇

6𝜋𝜂𝑟
 (23) 

 
In equation (23), kb is Boltzmann’s constant,1.380 × 10-23 [m2 kg s-2 K-1], T is the absolute 
temperature [K], and η is the solution’s viscosity [m2 s-1]. r is the radius of the particles 
[m]. 
 
In conclusion, the simulation's numerical diffusion is a factor 100 larger than the 
experimental physical diffusion. Therefore, any simulation will return better results for 
mixing because of this, compared with the experimental mixing result. Hence, the 
simulation and experimental results cannot be compared quantitatively, but only 
qualitatively. The numerical mixing is still low enough to be able to compare different 
designs or mixing strategies in a relative sense, though. 
 

3.3.5 Validation of the diffusion in StarCCM+ using Fick’s 2nd law 
Fick’s second law of diffusion is validated by the following method. More information is 
available in appendix B-3.4. A small cut-out is taken from a microfluidic channel, see 
Figure 18 with on the left side concentration 1 [mol m-3] and the right side concentration 
0 [mol m-3]. Because only the width is essential for the concentration profile simulation, 
only this dimension, 1 [mm], is given. The others, height, and depth are coupled with a 
factor 4 with the mesh-size to reduce computational time 
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Figure 18 Only a cut-out of a microchannel is simulated. The simulation is stationary and time-dependent, with left 

concentration 1 [mol m-3] and right concentration 0 [mol m-3]. Dimension in [mm].  

 
The theoretical solution for Fick’s 2nd law for a channel is given in equation (24), the 
derivation is shown in appendix B-3.4. 
 

 
𝑐(𝑥, 𝑡) =  

1

2
+∑

2

𝑛𝜋
𝑠𝑖𝑛 (

𝑛𝜋

2
)

∞

𝑛=1

𝑒−𝑛
2𝜋2𝐷𝑡 𝐿2⁄ cos

(𝑛𝜋𝑥)

𝐿
 (24) 

 
In this equation, D represents the diffusion coefficient [N m-2], t is time in [s], and L 
indicates the width of the channel [m]. This formula results in following Figure 19 using 
L=0.001 [m] , t=1 [s] , n= 151. 
 

 
Figure 19 Graph showing the result from the differential equation. From top left to bottom, the 0 to 10 s diffusion 

results with a stop-time addition of 1 [s]. Diffusion coefficient D is 2.0 10-8 [m2 s-1]. 
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Table 2 Concentration at the wall 0 [m] of the simulation, the value at time 0 [s] should be 1. However, the Gibbs 
phenomena increase s this to a higher value. 

Time 
[s] 

Concentration at 0 
[m] Figure 19 

0 1.0854 

1 0.9875 

2 0.9229 

3 0.8511 

4 0.7888 

5 0.7372 

6 0.6947 

7 0.6598 

8 0.6312 

9 0.6077 

10 0.5884 

 
However, these values in Table 2, do not express the error of the corresponding diffusion 
coefficient. Therefore for the 10 [s] result, 0.5884, the diffusion coefficient is iteratively 
determined, with the same code as Figure 19 is drawn. This results in a diffusion 
coefficient of 1.993 10-8 [m2 s-1], leading to a -0.33% error with the analytical diffusion 
coefficient. The used time-step to verify these results is 0.1 [ms] and a mesh-size of 10 
[μm]. In Figure 20, the errors of the diffusion coefficient are simulated. It shows that 
larger mesh-sizes (> 30 [μm]), the error is in the order of 3%. Smaller mesh-sizes need 
smaller time-steps to have errors in the same range. This behavior resembles the 
transient behavior of the time-dependent velocity profiles.  

 
Figure 20 Percentual error of the diffusion coefficient depending on time-step [ms] and base-size [μm]. 

For accuracy, the mesh-size is essential. It is still unclear what promotes the tendencies 
that small mesh-sizes need smaller time-steps for the same error result as larger mesh-
sizes. 

In conclusion, mesh-sizes from 10-50 [μm] and a time-step of 1 [ms] simulate diffusional 
behavior correctly within 5% for the smaller values to 2% for the larger values. 

Time-step in [ms] 
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3.4 Heeds validation 

The Heeds tutorial [43] is used to validate the software. Only one example is used from 
the tutorial, minimizing a mathematical function (equation (25)) to a known result. The 
location of the global minimum is x=3.661925 at which f(x) = -2.44987 
 

 𝑓(𝑥) = cos(𝑥) + sin(3𝑥) + cos(6𝑥)

+ 

{
 
 

 
 

1.5

2
∗ 𝑥 − 0.5   𝑓𝑜𝑟 𝑥 < 2

−
1.5

2𝜋 − 2
∗ 𝑥 + 1.7 𝑓𝑜𝑟 𝑥 ≥ 2

 
(25) 

 
Heeds produced the values x=3.66 and f(x)=-2.44976, resulting in an error of less than 
0.005%. This example shows the result when minimizing to one objective. Similar to this 
study, optimizing for the lowest mixing index. Because for the used γ-mixing index, the 
value 0 stands for completely mixed fluids. 
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3.5 StarCCM+ simulation settings 

3.5.1 Geometry 
To the geometry of the CAD-part are properties BOTTOM, WALL, and TOP assigned, see 
Figure 21 to Figure 24. These properties remain on every CAD-part that is parametrically 
modified and exported as a Parasolid to StarCCM+. With these properties in place, 
StarCCM+ automatically creates regions from it and applies the predefined constraints. 
 

 
Figure 21 Imported CAD-design. 

 
Figure 22 All elements with the BOTTOM property. 

 
Figure 23 One element with the WALL property. 

 
Figure 24 One element with the TOP property. 

 
3.5.2 Physics 

The following physics are used for the simulations: Constant density, Gradients, Implicit 
unsteady, Laminar, Liquid, Proximity Interpolation, Segregated flow, Three dimensional, 
and Passive Scalar. These are based on best practices from StarCCM+.  
 
The simulation stated error messages after a while in the simulation that the matrix was 
not symmetric anymore. This problem was solved for both AMG linear Solvers in the 
Segregated Flow by setting the Acceleration Method to None, see Figure 25. 
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Figure 25 Non-standard setting in StarCCM+, for both AMG linear Solver the acceleration Method is set to None. 

For 2D validation tests, Two Dimensional is used instead of Three Dimensional. 
Furthermore, Passive scalar is only used when mixing is involved.  
 

3.5.3 Meshing 
The following meshers are used for meshing: Surface Remesher, Automatic surface 
Repair, Polyhedral Mesher, and Prism Layer Mesher. The Surface Mesher generates a 
mesh on the outside of the part. The quality of this mesh determines the quality of the 
3D-mesh for complex parts. However, the mixing geometry is not complicated, so no 
additional settings are necessary. One setting is adapted though: the Surface Growth Rate 
is set to 1.00. The mesh-size does not increase in size when the elements are further from 
the surface mesh. The polyhedral mesh fills the part with polyhedrals. A polyhedral is a 
closed volume confined by ten or more faces. The Prism layers mesher defines thin mesh 
elements near the part’s faces so that the gradient near the wall is better resolved. For 
the Prism layer, three non-standard settings are used. First, the number of layers is 5. 
Second, the increase factor of the thickness value is 1.3. Third, the total thickness of the 
layer is 60% of the mesh-size chosen. 
 
Simulating for an absolute mixing index is out of scope for the MaTe-cluster, because of 
the issue of numerical diffusion analyzed earlier. The mesh-size used is 20 to 40 [μm]. The 
validation showed that this value describes everything accurately except for numerical 
diffusion. So a relative comparison of different mixer designs with a defined mixing index 
is achievable.  
 

3.5.4 Wall boundary conditions. 
At the cylindrical wall, a velocity field that mimics the magnetic particles’ drag behavior 
from the experiments [44] is shown in Figure 26. The top velocity is a tangential velocity 
of 0.55 [mm s-1], and the tangential velocity at the bottom is 0.80 [mm s-1]. The other 
values are linearly interpolated, depending on the height. 
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Figure 26 Velocity field boundary mimicking the drag of the magnetic particles. Bottom, z=0 with velocity [0.80 mm s-1] 
Top is z=0.5 [mm]  with velocity 0.55 [mm s-1]. 

This boundary condition is coded in a cylindrical coordinate system. The tangential 
velocity vector is made dependent on the z-value (In StarCCM $$position[2]) of the wall.   
The boundary conditions is coded using StarCCM+ field functions in Code snippet 3. The 
second coordinate (tangential) value has a linear relation with Z-axis, so the bottom 
velocity at z is 0, 0.80 [mm s-1], and the top velocity is 0.55 [mm s-1] at the height of 0.5 
[mm]. 
 
[0,($${Position}[2]*(${top_velocity}-

${bottom_velocity})/0.0005)+${bottom_velocity}, 0] 

Code snippet 2 Field function definition of the linear modified tangential velocity profile 

All other walls, TOP, and BOTTOM are defined with no-slip boundary conditions. 
 

3.5.5 Mixing index 
The following mixing index was chosen for the experimental setup.  
 

 

𝐼𝑜𝑆 =  

1
𝑁
∑ (𝑎𝑖 − �̅�)

2𝑁
𝑖=1

�̅�2
=
𝜎𝑎
2

�̅�2
=
𝑣𝑎𝑟(𝑎)

�̅�2
 (14) 

 
This is defined in StarCCM+ as the standard deviation of the passive scalar in each mesh 
element squared. This is defined with ${VolumeStandardDeviationVolumeReport} the 
power to 2 is taken of this value. The average of the passive scalar is defined as the total 
sum of the passive scalar defined as ${SumpassivescalarvolumeReport} divide by the 
total volume defined as ${Element Count Volume} from this value, the power of 2 is 
taken. Shown in code snippet 3 
 
pow(${VolumeStandardDeviationVolumeReport},2)/ 

pow((${SumpassivescalarvolumeReport}/${Element Count Volume}),2) 

Code snippet 3 Field function defining mixing index 
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To compare optimized simulation results to each other, equation (19) is used. See section 
2.4. 

 

𝛾 =  √
∑ (

𝑎𝑖 − �̅�
�̅� )

2

∙ 𝑉𝑖
𝑁
𝑖=1

∑ 𝑉𝑖
𝑁
𝑖=1

 
(19) 

 

3.6 Reliability NX Siemens, StarCCM+, and Heeds optimization software 

The three major used software packages are tested in one integrated reliability test. The 
test consists of a run of 100 optimizations of NX CAD geometry exported to StarCCM+ by 
Heeds software. The Heeds software also transfers the StarCCM+ simulation to the MaTe-
cluster. This setup is a basic Heeds operation. However, two StarCCM+ Java scripts are 
added for extra features. The first Java-script checks after the meshing if the number of 
mesh elements is within limits of the MaTe-cluster capabilities. In this case, the maximum 
allowed number of elements is 1.1 106. These number elements have a memory 
requirement of 5Gb and residence time on the cluster of approximately 4 hours. 
 
Larger number of mesh elements occur when the parametric geometry is so modified 
that StarCCM+ keeps refining the mesh, this takes time, and the simulation would be even 
more time consuming. This assures that the computational time is kept in check. The 
second Java script that is run after the simulation export data from several plots to several 
CSV-files can eventually be manually processed with Matlab, or even Matlab could be 
included in the Heeds process. The Heeds process is run 100 times, and the output data 
is gathered in Heeds. The Heeds process returns an error when the CAD-geometry is not 
updated correctly to a valid CAD-product. In StarCCM+, an error occurs when the java-
script removes the mesh, and the simulation continues returning an error because no 
mesh is available. In this run, there were 69 feasible designs and 31 error designs. Nine of 
these errors were due to erroneous CAD-updates, and the rest of the mesh-size became 
too big. However, the overall results are identical for both runs except for the used 
computational time. The values were so identical that they were double-checked. So the 
reliability test of the complete combination of software is a success. For a limited 
overview of the tested parameters, see appendix Appendix C.  
 
Furthermore, the optimized design improved on the base design. From this base design, 
only the two big cut-outs are varied. The small cut-outs remain constant. See Figure 27 
and Figure 28. The improvement of the mixing index is 58%. The mixing index is so low 
because the diffusion is defined in the simulation. The addition of the numerical diffusion 
increases the mixing index. In future optimizations of chamber mixers, only the numerical 
diffusion will be used to compare results. The simulation duration will be longer because 
three complete revolutions of the boundary condition are simulated. So, more and 
different convective behavior is taken into account during the prolonged mixing time. 
With only numerical diffusion, the values remain higher, so there is more distinction 
between optimization results. This is realized by setting the Convection Only under 
Passive Scalar in StarCCM+. 
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Figure 27 Base design, mixing index 0.185. 

 
Figure 28 Best design, mixing index is 0.077. 

 

3.7 Heeds working method 

Heeds is an optimizer, where parameters and responses are defined, and the parameters 
are modified to reach an optimized response (minimize, maximize) or to a specific target 
value. For numerous applications, the defined plug-ins make it possible to transfer 
parameters and responses to each other without the need to do manual scripting. The 
optimization is an iterative process taking numerous iteration (> 500). Figure 29 shows  
That a basic Heeds, NX, and StarCCM+ needs no particular setup because of the provided 
plug-ins.  
 

NX
Defined 

parameters
StarCCM+

Result

Heeds 
optimization

Heeds 
control

geometry

 
Figure 29 Basic setup for Heeds, NX, and StarCCM+. 

In Heeds, the plug-ins for NX and StarCCM+ are used. The following parameters are 
defined within Heeds, optimizing NX CAD parameters, exporting geometry to StarCCM+, 
and how and where the StarCCM+ simulation is run. The Heeds optimizer interprets the 
response(s) results and now modifies the CAD NX parameters. Modified geometry is sent 
to StarCCM+, that simulates it. The finished response result (Mixing result) is then 
interpreted for a new design. It iterates until the stop criterium is reached, the maximum 
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number of iterations. In the previous section, two Javascripts were used. Heeds Control 
would control these. One runs after the meshing, and one runs after the simulation run. 
A more in-depth explanation is given in Appendix D. 
 

3.8 Conclusion 

In this chapter the validity and reliability of the simulations was discussed. By using mesh-
sizes in the range of 10-40 μm and time-steps in the range of 10-40 [ms] for time-
dependent behavior, the simulations of fluidic behaviors are valid. All validation tests 
have an error of approximately 5%. This should be sufficient to do an absolute calculation 
of a mixing index. However, with these mesh-sizes, the numerical diffusion is more than 
a factor 100 greater than physical diffusion. Reducing mesh-size to decrease to an 
acceptable numerical error is beyond the possibilities of using the MaTe-cluster. 2.5-5 
[μm] already has problems with the cluster, and the value should be even smaller.  
 
For these small mesh-sizes to have the same error as larger mesh-size, the time-step size 
must be reduced to describe the transient effect correctly. This effect is similar to the 
diffusion result simulations. Mesh-sizes from 20 -40 [μm] have relatively low errors with 
time-steps in the 1-20 [ms] range. Small mesh-sizes have only low errors when the time-
steps are decreased significantly. For both situations, the transient, and the diffusion, the 
Courant number of these situations are below 1. So, that is not causing problems. For this 
“stiffening” behavior, no explanation is found yet.  
 
The Heeds validation is done with a simplified test that optimizes to a minimum value, 
the same as our simulation goal. The result was within 0.01% error. 
 
The reliability of Siemens NX CAD, StarCCM+, and Heeds are tested with a simplified CAD-
design. The results for both runs were identical. Therefore it can be inferred that the 
software works in a reliable manner. From this test is decided that the StarCCM+ 
simulations will be done with numerical diffusion. This is realized by setting the 
Convection Only under Passive Scalar in StarCCM+. 
 
For StarCCM+, the basic settings are introduced in the validation and used in the 
optimizing design runs. Some settings for meshing were changed. Two solver settings in 
Segregated Flow solver, both the acceleration Method in the AMG linear Solver are set to 
None. 
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 Results and discussion  

4.1 Introduction 

Figure 30 shows the experimental results of a reference mixing chamber with Ø 3 [mm], 
and the height is 0.5 [mm], the experimental data [44], and three simulations with 
different mesh-sizes. Subsequently, they are compared qualitatively with each other. The 
mixing index used to compare the experimental and simulation results is the Intensity of 
Segregation, equation (14). 
 

 
Figure 30 Comparison of experimental data and simulation data. 

The experiment's mixing is measured between 10 to 100 [μm] and 400 to 490 [μm] from 
the chamber's bottom. This mixing result is mimicked in the simulation by measuring the 
concentration value per mesh element at 10 intersection planes in each area. The planes 
ranging from 10 to 100 [μm] are called Bottom, and the planes are ranging from 400 to 
490 [μm] is called Top. Smaller mesh-sizes have a higher mixing index because of the 
lower numerical diffusion coefficient.  
 
Figure 30 shows that with increasing mesh-sizes, the mixing index reduces, implying 
better mixing. The higher numerical diffusion causes this. The diffusion coefficient of the 
particles of the experiment is a factor 100 smaller than the numerical diffusion. Therefore 
it is correct that the mixing index of the experiments is much worse than the simulations. 
The starting behavior of the beads in the experiment [44] is seemingly chaotic. Therefore, 
better mixing is obtained, following the simulation graphs for 15 [s]. After that, the 
particles form a swarm at the chamber’s outside, generating the tangential velocity used 
in the simulations. Therefore, the hypothesis that is investigated in this thesis is that 
geometry in a mixing chamber can improve the mixing induced by magnetic particle 
actuation. In this chapter, three types of geometry are optimized to test whether the 
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hypothesis holds. The three different types are: 1 wall, 2 sloping design and, 3 
herringbone design, based on [21] Figure 31. 
 

 

1.  

 

2.  

 

3.  

Figure 31 1. wall design, 2. sloping design, and 3. herringbone design. 

These mixing geometry designs will be compared with a reference chamber with the same 
outer dimensions but without mixing geometry. 
 
This chapter will further contain an overview of the parameters and boundary conditions, 
followed by a description of the chosen mixing geometry. For each mixing geometry, the 
used parameters and results are discussed. In the last section, the results are discussed. 
 

4.2 Simulation settings and boundary conditions 

In the previous chapters mixing was described, and the software was validated. As shown 
in Section 3.3.4, it is not possible with the available hardware to simulate physical 
diffusion because the number of needed mesh elements is too large to fit into the 
memory of the system. Therefore, only a relative comparison of mixing indices of 
different designs can be made.  
 
Heeds software produces optimized designs. In Heeds, an NX-CAD process and the 
StarCCM+ process are connected. Heeds transfers the optimized NX CAD geometry to 
StarCCM+ to simulate the mixing result, see Appendix D-2. After the meshing, a Javascript 
is executed to verify the number of meshed elements. When updating the geometry for 
optimization, the geometry features can become small in the created design, which 
causes the StarCCM+ mesher to refine the mesh several times. This results in a longer 
meshing time and many more elements, leading to longer simulation times. Long 
simulation times are reduced by allowing a maximum number of elements after the 
meshing has finished. Because large number of elements imply small mesh-sizes, the 
numerical diffusion will be lower than for the standard mesh-size 40 [μm], so the 
simulated mixing result will be worse than those who are simulated with the normal 
larger mesh-sizes. Therefore, if the number is higher than the predefined number of 
1.2 106 elements, the StarCCM+ process is then ended. So, only simulations that are 
completed can be compared with each other because numerical diffusion is in the same 
range. 
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After the simulation has finished, a Javascript is executed to export the time-dependent 
mixing index results for post-processing purposes. The use of different scripts makes the 
Heeds process similar, as described in Appendix D-3. The duration of the simulation is 
intended to be around 20 to 40 minutes, using the following settings: mesh-size 40 [μm], 
time-step 40 [ms], and stop-time 40 [s]. The stop-time ensures that the boundary 
condition has rotated approximately three times, providing sufficient time to let the 
mixing geometry influence the advective mixing. 
 
The same wall boundary conditions is used as defined in section 3.5.4. A linear velocity 
field decreasing from 800 [μm s-1] to 550 [μm s-1] from bottom to top is applied on the 
outer circular chamber wall. See Section 3.5.3 and Figure 26. All other geometry is defined 
with No-Slip boundary conditions. 
 

4.3 Defined mixing geometries 

Four geometries are taken into account; of these four, three types of mixers are 
optimized, see Figure 32. The outside dimensions of the geometry are the same in all 
designs: the chamber diameter is Ø 3 [mm], and the height is 0.5 [mm]. A is the reference 
geometry, which is a chamber without geometrical mixing features. B is a simple wall 
variant. C is a design with sloping walls to induce more perturbations in the axial direction. 
Variant D is a design based on the staggered Herringbone design [6]. From these designs, 
C is not easy to manufacture with the standard microfluidics manufacturing techniques. 
(photolithography, PDMS replica, laser cutting). However, this is no drawback to simulate 
this design. However, should C be proven to achieve high mixing efficiencies, alternative 
fabrication methods should be selected. 
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A. Fluid domain reference. 

 

A. Mixing geometry reference. 

 
B. Fluid domain wall mixer. 

 

B. Mixing geometry wall mixer. 

 

C. Fluid domain sloping mixer. 
 

C. Mixing geometry sloping mixer. 

 

D. Fluid domain herringbone mixer. 
 

D. Mixing geometry herringbone mixer. 

Figure 32 The four designs, on the left side, the fluid domains, are shown on the right side, the mixing geometry is. A. 
reference, B. wall design, C. sloping design, and D. staggered herringbone design.  
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Each mixer design has its own set of parameters that are optimized by Heeds. The number 
of parameters is kept low because this improves the success of optimization with Heeds. 
Similar, this is beneficial with updating the CAD-geometry in Siemens NX. 
 

4.4 Mixing geometry and parameters 

4.4.1 Definition of the optimizing parameters 
In Heeds, parameters for optimization can be defined as different types. The types used 
here are constant, continuous, and discrete. Constants are used to define the time-step, 
stop-time, mesh-size, top_velocity and, bottom_velocity for all the simulations for the 
following mixing geometries. The continuous parameters are defined with a baseline 
value between chosen boundary values. This parameter's resolution defines the number 
of different parameter values between the boundary values that are used for the 
optimization. The discrete parameters can define any value. These are used to define 
predefined integers like the number of geometries that should be copied. A dependent 
parameter can be constructed from these parameters, such as an angle that can be 
defined from the number of mixing geometry occurrences. In the following paragraphs, 
the used parameters for each mixing geometry are shown. 
 

4.4.2 Reference A 

 

Figure 33 Dimensions reference geometry [mm]. 
 
 

 

Figure 34 Initial passive scalar distribution for the 
reference and all mixers. With blue concentration 0 
[mol m-3] and red concentration 1 [mol m-3]. 

 
In this reference geometry Figure 33, the same boundary conditions are used for all other 
mixing geometries. No geometrical features are used in this geometry to enhance mixing. 
The result of the optimization of the three other designed mixers should be compared to 
the reference.  
 
Figure 34 shows the start distribution of the mixing fluid with the defined concentrations 
for every four mixers. When optimizing, the start distribution is taken into account. 
Defining another start distribution will lead to other results. When an optimized geometry 
is experimentally tested, the physical division of the mixing fluids should be identical as 
possible to the simulation distribution. 
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4.4.3 Wall mixer B 
The wall design has identical outside dimensions and boundary conditions as the 
reference design. These remain constant during the optimization. Figure 35 The 
dimensions and parameters of the wall mixer. The fluid domain is shown [mm]. Figure 35 
and Table 3 indicate the used parameters and values for the optimizations.  

 
 
Figure 35 The dimensions and parameters of the wall mixer. The fluid domain is shown [mm]. 

Table 3 Parameters information for the Wall mixer B. 

Parameter Baseline Type Boundaries  Resolution 
Angle1 [°] 360°/(count+1) Dependent Variable  
Count [-] 11 Discrete 2 to 16  
Angle2 [°] 11° Continuous -20°-20° 51 
Distance_wall [mm] 0.24 Continuous 0.06-0.30 51 
Height [mm] 0.2 Continuous 0.10-0.45 51 
Length [mm] 0.5 Continuous 0.20-1.30 51 

 
The angle1 value is defined to ensure that the geometry will not intersect the interfacial 
area when the count is equal or lower than 12, so maximal mixing will occur.  
 

4.4.4 Sloping mixer C 
The sloping mixer design has identical outside dimensions as the reference design. These 
remain constant in the optimization. The used parameters are shown in Figure 36 and 
Table 4. The variables in table are used in the optimizations. In figure 6, an inside_angle 
is defined as 360/(count*factor). Therefore, the angle is always smaller than 360/count 
because the factor is greater than 1.19. This means there is no overlap between the 
created mixing geometries, and the CAD-system will therefore update the modifications. 
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Figure 36 The dimensions and parameters of the sloping wall mixer. The fluid domain is shown [mm]. 

Table 4 Parameters and boundaries for Sloping mixer C. 

Parameter Baseline Type Boundaries  Resolution 

Inside_angle [°] variable Dependent 360°/(count*factor)  

Position_angle [°] 5° Discrete -5, 0, 5°   

Count [-] 12 Discrete 2 to 16  

Outside_radius [mm] 1.3 Continuous 0.40-1.42  51 

Height [mm] 0.25 Continuous 0.10-0.45 51 

Width_ramp [mm] 0.30 Continuous 0.10-1.00 51 

Factor [-] 1.2 Continuous 1.19-7 51 

 
Figure 37 shows how the sloping geometry is made in CAD by creating a plane defined by 
the point indicated with a red arrow and the blue bottom line indicated with a green 
arrow. Then the solid is trimmed to this plane. This resulting geometry is subsequently 
subtracted from the fluid domain and is then circularly patterned according to the count 
number. 

  
Figure 37 How the sloping geometry is created. Defining a plane and trim the geometry with this plane. 
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4.4.5 Herringbone mixer D 
The herringbone mixer design has identical outside dimensions to the reference design. 
These are not changed in the optimization. The parameters shown in Figure 38 and Table 
5 are used in the optimizations. There are two scaling factors: first, the x-scale that scales 
the geometry horizontally; second, the y-factor scales the geometry vertically. There is a 
depth variable defining the height of the mixing geometry. The radius_boundary defines 
the maximal radius of the mixing geometry, leaving a distance between the outside wall. 
 

 
Figure 38 Dimensions and parameters of the herringbone wall mixer. Fluid domain is shown [mm]. 

Table 5 The parameters for the herringbone mixer. 

Parameter Baseline Type Boundaries  Resolution 

Depth [mm] 0.2 Continuous 0.005-0.45 51 

Radius_boundary [mm] 1.4 Continuous 1.34-1.43 51 

X-scale [-] 1.2 Continuous 1.05-3 51 

Y-scale [-] 1 Continuous 0.4-2.4 51 
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4.5 Simulation results and discussion 

4.5.1 Optimizing preconditions 
The optimization of herringbone examples' complicated and fine results in the addition 
of more geometrical elements. This can cause more CAD-updates errors or simulation 
errors to occur than for the other examples. Furthermore, the herringbone geometry 
modification is based on scaling the geometry compared to the other mixers that use 
parameters for updating in the Siemens NX. The scaling method is not as stable. This leads 
to the problem that Siemens NX is not always able to update the geometry.  
 
When optimizing geometry, smaller faces can be created, StarCCM+ starts to refine the 
mesh to match the accuracy and therefore generates a mesh too large to simulate. A 
script will discard this mesh. Moreover, the mesh is always created. This can be time-
consuming with more than 108 elements. For the herringbone example, almost 35% of 
the iterations fail. For meshing this value is 11.5%. See Table 6. 
 
Table 6 Number of feasible and failed results. 

Mixer Feasible CAD failed StarCCM+ failed Total failure [%] 

Wall 1137 63 20 6.8 

Sloping 1031 1 1 0.2 

Herringbone 366 147 49 34.9 

 
The intention was to run at least 1000 optimizations because the Heeds optimization 
software can then find better-optimized results. The duration of the simulations is 
intended to be 20 to 40 [minutes] but should give enough insight into the mixing result. 
Therefore, a mesh-size of 40 [μm], a time-step of 40 [ms], and a stop-time of 40 [s] are 
used. 
 
Heeds starts up the number of simulations predefined by the user, in this case three. 
When all of these simulations are finished, the same number of processes start again. 
However, when the last simulation takes a long time, no other processes are added, 
decreasing the number of optimizations per hour. Therefore the 1000 simulations for the 
herringbone mixer were not reached. See section 4.2. 
 

4.5.2 Optimizing results 
The results for the optimizations are shown in Figure 39. In this figure, the geometry is 
shown and the distribution of the passive scalar is presented. Further, the best γ-mixing 
index is given. For the sloping mixer, the parameter outside_radius, height, and factor 
were maximized in the optimizations. Increasing these values will result in a better 
optimization result. The parameters height and factor could be relaxed to larger values; 
the height could be relaxed to the physical height 0.5 [mm]. The parameter factor that 
defines the steepness of the slope could be relaxed. This value could be increased to a 
large value, effectively give the optimization the opportunity to become a wall, which has 
a better mixing result. For movies of passive scalar distribution of the four mixers (Figure 
39) see Appendix F-1 External data. The used software setups for the four mixers 
optimizations are available in Appendix F-2 External data. 
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Reference mixer A. Fluid domain.  
 

Distribution passive scalar after 120 
[s]. 

Parameters:  
Only no modifiable. 
 
γ-mixing index is 0.7320. 

 
Wall mixer B. Fluid domain,  
Design Id 373. 

 

Distribution passive scalar after 
 120 [s]. 

Parameters:  
count, 2  
distance wall, 0.084 [mm] 
height, 0.422 [mm]  
length, 1.256 [mm] 
angle2, -12°  
 
γ-mixing index is 0.5644. 

 

Sloping mixer C. Fluid domain, Design Id 
1020. 

  
Distribution passive scalar after  
120 [s]. 

Parameters:  
count, 3 
outside_radius, 1.42 [mm], 
height, 0.45 [mm], 
width_ramp, 0.604 [mm], 
factor, 7 [-]  
position_angle is -5° 
 
γ-mixing index is 0.6475. 

Herringbone mixer D. Fluid domain, 
Design Id 340. 

 
Distribution passive scalar after 
120 [s]. 

Parameters:  
depth, 0.005 [mm], 
radius_boundary, 1.4264 
[mm] 
x-scale, 1.089 [-]  
y-scale, 0.92 [-]. 
 
γ-mixing index is 0.7240. 
 

Figure 39 Left, optimized geometry with the Design Id result number from Heeds. Middle, the distribution of passive 
scalar for the four tests in a plane 50 [μm] from the bottom, blue is scalar value 0 [mol m-3], and red is scalar value 1 
[mol m-3]. Right, in this column, optimized parameters are shown, as well as the mixing index γ. 
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The optimizations show, that not every geometry results in good mixing. Figure 40 
presents that while optimizing for the best mixing geometry for the wall geometry, more 
than 20% of results were worse than the reference mixer, which had a γ-mixing index of 
0.7320. In Appendix F-3 External data, an overview of geometries during the optimization 
phase are provided.  
 

 
Figure 40 History plot of the iterations and theγ-mixing index 0.5644 of the wall example. The reference result is 0.7320 
red-line 

The γ-mixing result for all mixers is compared to the reference mixing in Table 7. 
  
Table 7 Improvement of the γ-mixing index, with the optimization simulations, lower y-mixing index corresponds to 
better mixing. Mesh-size 40 [μm], time-step 40 [ms] and a stop-time 40 [s]. 

Designs 
Design Id γ-mixing 

index 
γ-mixing index 
reference 

% change to the 
reference design 

wall 373 0.5644 0.7320 22.9 

sloping 1020 0.6457 0.7320 11.8 

herringbone 340 0.7240 0.7320 1.2 

 
4.5.3 Analysis results 

Mixing is influenced by increased perturbations that enlarge the diffusional area. Figure 
39 (top) shows the reference geometry where the diffusional area is increased only by 
the rotating boundary condition. The wall and sloping geometry results tend to go to the 
lower end of mixing geometries inside the chamber, respectively 2 and 3 mixing parts, 
where the maximum allowed number is 16. The main reason for this is that reducing the 
number of mixing features generates an optimized velocity field that is beneficial for 
mixing, namely increasing perturbations and stretching of the diffusional area. Both 
examples show that the distance between the mixing geometry and the wall is small. 
When physically driving the fluid flow with magnetic particles, it is essential that the 
distance of the mixing geometry has the same distance to the rotating magnetic particles 
on the outside and not to the wall because of the drag that these particles generate, 
which is mimicked as a boundary condition. 
 
The mixing index difference between the wall and the sloped mixer is caused by the fact 
that the velocity redirections of the sloped mixer do not cause more perturbations and is 
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not increasing the diffusional area. The optimized sloping mixer result has the steepest 
allowed geometry to emulate a wall for the best mixing result for this type of mixer. 
 
The herringbone mixer provides a similar mixing result as the reference mixer. The mixing 
geometry height is minimal 0.005 [mm] but causes a slight perturbation of the diffusion 
area to get a slightly better result. The result of the herringbone type of mixer suggests 
further research, because this geometry in channels performs well [21]. Three 
herringbone mixers are compared amongst themselves because of their dimension of 
depth from almost 0 to 0.4 [mm]. See Table 8 (Appendices E-1, E-3). The mesh-size is kept 
within a range of 10% to reduce the numerical diffusion influence. 
 
There is a difference in geometry tested for the herringbone mixer in Table 8. The best 
result with mesh-size 40 [μm] with a height of 5 [μm] (Id 340), would not mesh correctly 
at 20 [μm]. Hence, another mixer (Id 335) is selected with a height of 23 [μm], with a 
slightly 0.2% higher y-mixing index at the mesh-size of 40 [μm]. 
 
Table 8 Optimized results of Herringbone mixer reviewed. Lower y-mixing index corresponds to better mixing. Mesh-
size 20 [μm], time-step 40 [ms], and stop-time 120 [s]. 

Design 
Id 

Depth [μm] γ-mixing [-] Volume [m3] kinetic_energy 
[m2 s-2] 

335 23 0.6482 3.491 10-9 4.028 10-8 

1 201 0.7577 3.129 10-9 2.872 10-8 

296 388 0.7913 2.870 10-9 3.228 10-8 

 
For these mixers, the velocity field and the passive scalar distribution in a plane at 100 
[μm] from the bottom is presented in Figure 41. The velocity field is also shown in an axial 
intersection plane is shown as a vector velocity field. 
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Design Id 335 Normal velocity build-
up. 

 

Normal velocity build-up. Height 
0.023 [mm]. 
 

 

Same profile as with reference 
geometry, because of very low 
mixing geometry. 

 
Design Id 1 Velocity build up 
hampered by mixing geometry. 
 

 
Velocity build up hampered by 
mixing geometry. Height 0.201 [mm]. 
 

 
Velocity is hampered by the 
geometry. Some mixing occurs at the 
outside. 

 

Design Id 296 Velocity build up 
hampered by mixing geometry. 
 

 

Velocity build up hampered by 
mixing geometry. Height 0.388 [mm]. 
 

 

Some mixing on the outside, because 
of the height, for a large part no 
mixing possible. 

Figure 41 Overview three herringbone mixing geometries in a magnetic bead mixing chamber, with different depth of 
the mixing geometry. Left velocity at z=100μm. The red color in the velocity figures indicates approximately 0.8 [mm s-

1] and blue indicates almost zero, 2 10 -6 [mm s-1] , the middle axial intersection of the velocity, 1 rad with respect x-
axis, and right passive scalar at z=100μm. The passive scalar right is defined as blue is concentration 0 [mol m-3] and 
red is concentration 1 [mol m-3]. 

An explanation of this mixing result is that the geometry and velocity field combination 
of a herringbone mixer cannot easily be transferred to a chamber mixer design with the 
same geometry, velocity, and concentration functionality. In addition, the velocities in 
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the channel design are higher and constant, because a channel mixer is pressure or flow-
rate driven [21], and more importantly the fluid velocity is high over the complete mixing 
geometry. In the mixing chamber, since the fluid is driven at the outer wall, the fluid 
velocity over the geometry substantially decreases closer the center of the chamber. 
Figure 41, left column, shows that the mixing geometry inhibits the build-up of the 
velocity profile when the geometry depth increases. Also, the fluid in the ridges is 
separated by the mixing geometry, prohibiting fluid movement at the center of the mixer. 
Only outside of the geometry, mixing occurs, see Figure 41, right. However, this is limited 
compared to Design Id 335. Although Design Id 296 has more kinetic energy available, 
this energy is not transferred to better mixing because the mixing geometry prevents this. 
In summary, the functional behavior of a mixing channel design cannot be transferred to 
a mixing chamber. 
 
Kinetic energy analysis of wall mixer and herringbone mixer. 
To verify the impact of kinetic energy, the optimizing results for the best and the worst 
mixer are analyzed for 10% of the iterations. For the best mixer, the wall mixer, the 50 
best and the 50 worst results are considered, see also Appendix E.2. The following two 
results are verified. First, the mixer's average mesh-size, calculated from the cube root of 
the division of the fluid domain volume and the number of elements. Second, the total 
kinetic energy is calculated as the summation of the volume of mesh elements times 
velocity squared. This result is then divided by the volume. The average mesh-size is 
selected to verify that the size does not vary too much, since this would influence the 
numerical diffusion and therefore the mixing index. When the summation of both 50 
mixing results is compared, the kinetic energy of the worst 50 is 8.8% lower than the best 
50. This is not a clear indicator that kinetic energy is a determining factor for mixing 
quality. The average mesh-size for the top 50 results is 27.0 [μm], and for the top 50 worst 
result, 22.5 [μm]. This is a 16.6% difference between the sizes. This causes no concern 
because the distribution of the average mesh-size of the top results are evenly distributed 
concerning the mesh-size and there is no tendency that shows the mesh-size is becoming 
larger. 
 
The same is done for the herringbone mixer, but now for the 20 best and 20 worst results, 
see also Appendix E.3 This is approximately 10% of the results. When the summation of 
both 20 mixing results is compared, the kinetic energy of the worst 20 is 33.3% lower than 
the best 20. This is a significant difference and can be explained by the fact that the ridge 
of the mixing geometry is much deeper for the worst mixers than for the best mixers and 
that the flow is almost nonexistent between the ridges. The ridge has an average height 
of 0.0152 [mm] for the best mixers, and for the worst this is 0.3668 [mm]. The average 
mesh-size shows another problem. With the worse mixing results, the mesh-size is 
averaged as 15.5 [μm], and for the good mixing results this is 25.0 [μm]. This is a 
difference of 38% and has an influence on the numerical diffusion for mixing.  
 
Therefore, a variable mesh-size plays an unwanted role in optimizing the best mixing 
result. The mesh-size competes with the real optimization goal, which is to find the 
optimal mixing geometry. There are two solutions: first, to introduce a diffusion 
coefficient in the simulation that is sufficiently larger than the numerical diffusion. 
Second, to use a smaller mesh-size in such a way that geometry no longer influences the 
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mesh-size anymore. Furthermore, the total amount of kinetic energy in a mixer is not a 
good predictor for mixing. Summarizing, with more complex geometry, it must be verified 
if the mesh-size derived from the simulation remains similar when using numerical 
diffusion to calculate a mixing index. 
 

4.5.4 Mixing results 
The settings used to obtain the mixing results in this section are: mesh-size 20 [μm], time-
step 40 [ms], and a stop-time 120 [s]. Hence, the mesh-size is smaller, and the duration is 
longer than for the results shown in the previous figures and tables. The smaller mesh-
size increases the velocity accuracy of the mixing slightly and lowers the numerical 
diffusion. This reduces the chance that the mixing index nears 0. The stop time is similar 
to the experiments, to qualitatively compare the results with the reference mixer and the 
simulations. See section 4.1. 
 
Figure 42 shows the mixing index obtained from these simulations over time. The wall 
mixer reaches the reference mixer's final result at 41 [s]. The sloping mixer reaches the 
final result of the reference mixer after 53 [s]. Therefore, the wall mixer is 2.9 times as 
fast as the reference, and the sloping mixer is more than twice as fast. The mixing result 
of the herringbone mixer remains near the reference mixer because the geometry of both 
mixers is 99% identical, in which case the mixing is worse than the reference, because the 
mixing geometry reduces the effect of the velocity fields. The simulation’s velocity fields 
are now better described with a smaller mesh-size. 

 
Figure 42 γ-mixing index results for the different mixers. 

Table 9 shows an overview of the mixing result of the best geometries with the used 
simulation settings. 
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Table 9 Improvement of the γ-mixing index and time to reach reference y-mixing. Mesh-size 20 [μm], time-step 40 [ms] 
and a stop-time 120 [s]. Lower y-mixing index corresponds to better mixing. 

Designs 
Design 
Id 

γ-mixing 
index ref 

γ-mixing 
index 
reference 

% change to the 
reference design 

Time to reach 
reference 
mixing [s] 

wall 373 0.3319 0.6244 46.8 41 

sloping 1020 0.5120 0.6244 18.0 53 

herringbone 335 0.6482 0.6244 -3.8 > 120 

 

4.6 Conclusion 

The CAD-design of the mixing should be created to give stable behavior within the 
parameter range when updating for an optimization. Small geometrical elements should 
be avoided because these can result in too many mesh elements, and in problems with 
the simulation and numerical diffusion. 
 
Optimizing with a relatively low number of parameters (6), led to better mixing results 
than the reference geometry. However, not every defined mixing geometry is better than 
the reference geometry. 
 
Covering the whole bottom of the mixing chamber with mixing geometry (as in the 
herringbone design), has almost no effect on the mixing. The fluid is caught in the mixing 
geometry and therefore remains stationary and reduces the possibility for diffusion and 
mixing. Besides that, the velocity fields in channel herringbone mixers are higher [21]. The 
functional behavior of a channel herringbone design cannot be transferred to a mixing 
chamber. 
 
Most importantly, the wall mixer, a simple optimized mixing geometry, enhances the 
mixing most. This wall mixer produces 2.9 times faster mixing compared to the reference 
geometry without mixing features.  
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 Conclusion and recommendations 

5.1 Conclusion 

The answer to the main question: “How can a design of a cylindrical magnetic particle 
mixing chamber be optimized to result in a better mixing efficiency compared to the base 
design?” depends on the particular geometry chosen.  Not all optimized mixing 
geometries studied in this project did shows better results than the base reference 
design. From the three mixing designs investigated, the herringbone structure did not 
improve mixing even when optimized for the best mixing result. A sloped design that 
redirects flow from directly increasing the interfacial area resulted in a better mixing 
index than the reference base design. However, a simple optimized wall structure 
improved mixing efficiency significantly compared with the reference as well as other two 
mixers. Therefore, it can be concluded that the optimization of the mixing design can 
indeed improve mixing efficiency. 
 
As a first step, candidates for mixing indices were identified. When using an experimental 
measuring method, this will be matched in the simulation. Hence, the IoS-mixing index, 
equation (14), has been used in the simulation. When optimizing mixing geometry using 
simulations, the γ-mixing index has been used, equation (19). This mixing index is volume 
averaged, limiting the effect of volume changes during the optimization of the geometry. 
For both mixing indices, a  with lower value indicates better mixing, with 0 as entirely 
mixed result. 
 
Before testing, validation of the numerical codes was done, indicating that using mesh-
sizes in the range of 10-40 [μm] and time-steps in the range of 10-40 [ms] for time-
dependent behavior was valid for simulations of fluidic behaviors. All validation tests had 
an error of approximately 5%, which  was considered to be sufficiently accurate. However, 
these mesh-sizes have a numerical diffusion of more than a factor 100 larger than the 
physical diffusion. Hence, simulating to obtain an absolute mixing index is not possible. 
But it is possible to compare the simulated relative mixing results with each other for 
every optimization simulation. 
 
The reliability of Siemens NX CAD, StarCCM+, and Heeds was tested using a simplified 
CAD-design. The results for both runs were found to be identical. Therefore, it can be 
inferred that the software worked reliably. 
 
Three mixer designs were compared to the reference design: the wall design, the sloping 
design, and the herringbone design. These designs were optimized for mixing 
performance using Siemens NX (design), StarCCM+ (simulation), and Heeds 
(optimization) software tools. By comparing the optimized mixing geometry of the wall 
mixer to the reference chamber, an improved γ-mixing index for the optimized result is 
achieved. The results are: 0.3319 compared to 0.6244 for the reference, which is a 
decrease of 46.8%. The reference mixer’s time to reach 0.6244 was 120 [s]. The optimized 
wall mixer only took 41 [s] to reach the same result as the reference mixer. The sloping 
mixer had a γ-mixing index of 0.5120, a decrease of 18.0% of the mixing index compared 
with the reference mixer. The time to reach 0.6244 for the sloping mixer was 53 [s]. The 
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third mixer based on the herringbone structure did not perform well, with an increase of 
3.8% compared to the reference. Therefore, the mixing index of 0.6244 of the reference 
was not reached after 120 [s]. 
 
A herringbone channel mixer design has good mixing capabilities. Therefore, an analysis 
was made to explain the poor performance of the herringbone mixing chamber results. 
The following reasons were found: the velocities in the channel design are higher and 
constant, because a channel mixer is pressure or flow-rate driven [21], and more 
importantly the fluid velocity is high over the complete mixing geometry. In the mixing 
chamber, since the fluid is driven at the outer wall, the fluid velocity over the geometry 
substantially decreases closer the centre of the chamber. When the height of the ridges 
becomes higher, the fluid is captured between the ridges. Hence, the fluid between the 
ridges remains stagnant, reducing the ability to mix. Lastly, the mixing results are worse 
because a channel herringbone mixer’s geometry velocity combination cannot easily be 
transferred to a mixing chamber.  
 
Using a more complex geometry such as herringbone introduced a problem with updating 
the geometry and simulating. The CAD geometry updating had a 26% failure rate, and a 
failure rate for simulating was 9%, much more than for the other mixers. The complex 
geometry caused the mesher to refine to a larger number of elements, more than with 
the other mixers, reducing the numerical diffusion and therefore artificially influencing 
the mixing result.  
 

5.2 Recommendations 

In this work, only three designs were optimized, and it was evident that the simple mixing 
geometry performed best. Other simple geometries could be taken and optimized, such 
as multiple standing bars or cylinders. The simple wall example could be further optimized 
by defining a non-constant height. Furthermore, the wall mixer could be manufactured 
and tested to validate the results compared with the reference mixer design 
experimentally. 
 
If the herringbone mixer's optimization is revisited, the geometry design must then better 
reflect the geometry, velocity field combination of the channel design. However, the 
stagnant fluids between the mixing geometry ridges will negatively influence the mixing 
index compared with the simple wall mixer. 
 
The herringbone mixer has a more complex geometry which  influenced the mesh-size 
generation in the simulation and impacted numerical diffusion. An alternative method 
could be investigated to handle this behavior instead of introducing physical diffusion or 
reducing the mesh-size. Adding physical diffusion has the advantage that it is easier to 
perform. The caveat is that this should be high enough to compensate for the variation in 
numerical diffusion. The higher diffusion coefficient has a drawback: in the simulation, 
optimal γ-mixing, 0, could be reached with a sufficient long simulation time, invalidating 
the mixing index as an optimization objective. The drawback of reducing mesh-size is that 
it increases computational time, which adversely affects the total simulation time when 
optimizing to 1000 iterations. 
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The herringbone mixer case also showed that attention must be paid to the CAD-design. 
Hence a more robust design must be created that produces fewer errors when updating 
the geometry with new parameters. 
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 Mixing result with different number of elements 

What is the influence on the element based mixing index when the mixing geometry 
changes and, therefore, the number of mesh elements? For example, if the mixing index 
result of the geometry of Figure A-1 would be compared with a complete cylindrical 
geometry.  
 

 
Figure A-1 Example geometry, the volume is ¾x. 

For this example, the different sized diffusion areas for both mixers are not taken into 
account. However, this diffusion area positively affects mixing. How would the increased 
number of elements affect the mixing index? If it is assumed that the number of elements 
of the smaller part is ¾ x and the total part is x, so  ¼ x is added. The following assumptions 
are made: The mean concentration of the extra elements (¼ x) is the same as for the 
original number of elements (¾ x). This is a reasonable assumption because, in every 
mixing process, the target is to reach a predefined mean concentration. The next 
assumption is that the extra elements (¼ x) are in a less mixed state than the original 
volume containing the elements (¾ x). Even unmixed is possible as the worst-case 
scenario. The effect of the extra elements can be demonstrated when the variance of the 
concentration is taken as a mixing index. For combining mathematical groups, formulas 
for the variances exist [32]. See Table A-1. Here the two groups are the start group 
elements, N1, and the added group elements N2. 
 
Table A-1 Variance formulas [32]. 

 
Group 

1 
Group 

2 
Combined groups 

  

𝑆𝑎𝑚𝑝𝑙𝑒  
𝑠𝑖𝑧𝑒 

𝑁1 
 

𝑁2 
 

𝑁1 +𝑁2 
 

(26) 

𝑀𝑒𝑎𝑛 𝑀1 𝑀2 
𝑁1𝑀1 +𝑁2𝑀2
𝑁1 +𝑁2

 (27) 

𝑉𝑎𝑟𝑖𝑎𝑛𝑐𝑒 𝑣𝑎𝑟1 𝑣𝑎𝑟2 

((𝑁1 − 1)𝑣𝑎𝑟1 + (𝑁2 − 1)𝑣𝑎𝑟2) +

                   (
𝑁1𝑁2
𝑁1 +𝑁2

(𝑀1
2 +𝑀2

2−2𝑀1𝑀2))

𝑁1 +𝑁2 − 1
 

(28) 

𝑉𝑎𝑟𝑖𝑎𝑛𝑐𝑒, 
𝑒𝑞𝑢𝑎𝑙 𝑚𝑒𝑎𝑛 

𝑣𝑎𝑟1 𝑣𝑎𝑟2 
(𝑁1 − 1)𝑣𝑎𝑟1 + (𝑁2 − 1)𝑣𝑎𝑟2

𝑁1 +𝑁2 − 1
 (29) 
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The assumption that both means are the same simplifies equation (29). When N1 and N2 
are large, equation (29) simplifies, even more, see  equation (30), Table A-2. 
 

Table A-2 Simplified variance equation. 

 
This equation (30) is used to create Error! Reference source not found., where N1 and N2 
represent the total element ratio. Because the variance is used, 0.25 is a completely 
segregated mixture, and 0 indicates complete mixing. There are four ratios in Error! 
Reference source not found. describing three qualitative mixing results barely (0.2), 
moderately (0.15), and good (0.05). An acceptable error for the new variance is 5%. When 
N1 has an assumed variance mixing result of 0.2 and 0.15, and N2 is in an unmixed state 
of 0.25, the mixing results create an error of the variance of less than 5%. For the ratios 
0.95 / 0.05 and 0.99 / 0.01. Furthermore, when comparing with a good mixing result, the 
assumption that the added volume is unmixed generates a significant error greater than 
20%. 
 
Table A-3 Error results in variance when elements (ratio) N2 are added to N1 

 

However, the assumption that the added elements are still not mixed is no longer valid 
when most of the other volume is mixed well. A new assumption is made that the added 
mixture has a variance of 0.10, the error of the ratios 0.95 / 0.05 and 0.99 / 0.01 becomes 
5% or less. This is acceptable. 
 

 
Group 

1 
Group 

2 
Combined groups 

 
 

𝑉𝑎𝑟𝑖𝑎𝑛𝑐𝑒, 
𝑒𝑞𝑢𝑎𝑙 𝑚𝑒𝑎𝑛 
 𝑠𝑖𝑚𝑝𝑙𝑖𝑓𝑖𝑒𝑑 

𝑣𝑎𝑟1 𝑣𝑎𝑟2 
𝑁1𝑣𝑎𝑟1 +𝑁2𝑣𝑎𝑟2

𝑁1 +𝑁2
 (30) 
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Hence, for ratios 0.95 / 0.05 and 0.99 / 0.01 the error in the variance is less than 5%. This 
is an acceptable error. However, to avoid this problem, a volume-averaged mixing index 
will be used to compare alternative results to each other. 
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 StarCCM+ validation 

B-1 StarCCM+ steady-state velocity validation with Couette flow (3D) simulation 

There are two types of Couette flows, one is defined between "infinite" parallel plates, 
and the other is defined between rotating "infinite" cylinders. For both situations, both 
surfaces can have different velocities. The first situation is shown in Figure B-1. However, 
in this figure, a version with one plate stationary, and the other plate is moving is shown. 
The second situation is shown in Figure B-2. This is an example with a rotating and a fixed 
cylinder. 
 

 
Figure B-1 Couette flow with a stationary surface and a 
moving top surface. The velocity u is only dependent on 
the applied velocity V and the height y [45].  

 
Figure B-2 Couette flow between a fixed outer cylinder 
and a steadily rotating inner cylinder. The velocity vr is 
only dependent on the radii ro and ri and the angular 
velocity Ωi. [45]. 

 
The validation for Couette flow is done for the "infinite" concentric cylinders because the 
velocity profile is not linear. See equation (31) [45]. This profile is a more demanding test 
for the StarCCM+ than a linear velocity profile. 
 

 
𝑣𝑟 = Ω𝑖𝑟𝑖

𝑟𝑜 𝑟⁄ − 𝑟 𝑟0⁄

𝑟𝑜 𝑟𝑖⁄ − 𝑟𝑖 𝑟𝑜⁄
 (31) 

 
In this equation, the velocity vr is in [m s-1], the radii ro and ri are in [m], the tangential 
velocity Ωi is defined as [rad s-1], the radial distance variable r is defined in [m]. 
 
The used dimensions for the fluid domain geometry are shown in Figure B-3. Only a sector 
is modeled to reduce computational time. Therefore, constraints are defined to mimic 
the "infinite" thickness and circular geometry. Only 1/8 of the fluid domain is modeled to 
reduce the number of mesh elements, so the computational cost is reduced. 
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Figure B-3 Dimensions used for simulation. Only 1/8 is modeled. 

Figure B-4 shows the line probe containing 500 measuring points. From this line probe, a 
graph is created with the x-axis the radial distance and in the y-axis the tangential velocity. 
In Figure B-1, the mesh is shown, also is indicated where the prism cells are created. Prism 
meshes are the refinement meshes for the walls to describe better the gradients that are 
occurring there.   

 
Figure B-4 Line probe of 500 points, these are used to 
compare with analytical results. 

 
Figure B-5 Detail view of mesh, mesh-size 5 [μm] with 
above and right of the red line the mesh prism layers. 

 
The values displayed in Table B-1 to Table B-4 are used for the simulations. 

Table B-1 Material properties. 

 

Density 997.561  [kg m-3] 

Dynamic 
viscosity 

8.8871 10-4  [Pa s] 

Table B-2 Physics models. 

 

Constant density 

Gradients 

Laminar 

Liquid 

Proximity Interpolation 

Segregated flow 

Steady 

Three dimensional 
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Table B-3 Test overview settings. 

Test Mesh-size [μm] 

1 20 

2 10 

3 5 

Prism layers 5 

Prism layer size 
total size 

60% of mesh-
size 

Prism layer 
stretching 

1.25 

 

 

Table B-4 Constraints. 

"Inlet" 0° periodic 

"Outlet" 45° periodic 

Boundary walls, 
thickness 

symmetry 

Inside wall No-slip  
0.8 [rad s-1] 

Outside wall No-slip 
 

 
 
In Figure B-6, the velocities of the points of the line probe are compared with the 
analytical result. In this figure, the bottom curve (20 [μm] mesh-size) is at the correct 
position, the one above (10 [μm] mesh-size) and the top curve (5 [μm] mesh-size) are 
shifted upwards, respectively, with 1 10-4 [m s-1] and 2 10-4 [m s-1] this to avoid the clutter 
of graphs on top of each other. Because there are more measuring points per element, 
Figure B-6 has a stepped appearance. With decreasing mesh-size, this becomes less 
apparent. In Figure B-7, these values are averaged out. Figure B-7 has the same offset as 
in Figure B-6. 
 

 
Figure B-6 From top to bottom, mesh-size 5, 10, and 20 
[μm], with decreasing mesh-size, the stepping becomes 
less evident. 

 
Figure B-7 From top to bottom, mesh-size 5, 10, and 20 
[μm], with decreasing mesh-size, the fitting from the 
simulation, and the analytical curves become less 
evident. 

 
The averaged velocity is calculated by taking the average radial distance per constant 
velocity. See Figure B-8, this is a part of the XY-plot from StarCCM+ from the result with 
mesh-size 10 [μm]. Figure B-8 has on the X-axis the radial position and in the Y-axis the 
tangential velocity. It is indicated with a rectangle that a mesh element contains 
numerous measuring points. The black rectangle cut out is shown in Figure B-9. This figure 
displays the 19 points (at the approximate y-level 0.00023 [m s-1]) that are averaged by 
the radial position (x-axis). In this case, the averaged value is at approximately the tenth 
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circle indicated by a black cross. This value is then analytically calculated, and both are 
compared to each other as shown in Figure B-7. 

 
Figure B-8 Part of the XY-plot from StarCCM+ results with 
mesh-size 10 [μm]. On the x-axis, the radial position and in 
the y-axis the tangential velocity. 

 
Figure B-9 The 19 points (at approximate y-level 
0.00023 [m s-1] are averaged by the radial position 
(x-axis). 

These results (non-average and averaged) shown in Figure B-10 and Figure B-11 are 
compared with the analytical result of this radial value, and the errors are calculated. The 
20 [μm] mesh curve with the larger mesh-size shows some erratic behavior, where the 10 
[μm] mesh curve error is for a larger part below 2%, as shown in Figure B-11. 
 

 
Figure B-10 The effect of the multiple measuring points 
within an element introduces fluctuating errors. 

 
Figure B-11 The averaged error clarifies that the error 
increases with increasing mesh-size. The mesh-size of 10 
[μm] offers accurate results. For the larger part of the 
graph, the error is below 2%. 

The smaller mesh-size reduces the error. The reason that the error increases toward the 
outside is that there, the velocity is 0. This velocity is problematic to reach in a simulation. 
Furthermore, the absolute error is in the same range as on other points on the curve. This 
value is divided by an increasingly smaller number creating larger relative errors. The test 
shows that a mesh-size of 20 [μm] is sufficient to describe the Couette flow's steady 
behavior. The errors remain for a larger part of the curve below 4%. The errors only 
increase when velocities decrease at the outside, where the values are close to 0.   
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B-2 StarCCM+ time-dependent velocity validation 

B-2.1 Developing Poiseuille flow between parallel plates (2D) 
To develop a complete Poiseuille flow is a time-dependent process, as shown in Figure B-
12 [46] 

 
Figure B-12 The evolution in time of the velocity profile from t= 0 to t=∞. This figure (adapted from [46]) also shows the 
used coordinate system used in equation 6. 

The developing Poiseuille flow between parallel plates is simulated with the geometry 
shown in Figure B-13. 

 
Figure B-13 2D simulation geometry, all dimensions in [mm]. 

All other used settings and properties are shown in Table B-5 to Table B-8. 
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Table B-5 Material properties. 

 

Density 1000  [kg m-3] 

Dynamic 
viscosity 

1 10-3  [Pa s] 

Table B-6 Physics models. 

 
 
 
 
 
 
 

 

Constant density 

Gradients 

Implicit unsteady 

Laminar 

Liquid 

Segregated flow 

Two dimensional 

Table B-7 Test overview settings. 

Available time-
steps [μs] 

Available mesh-
size [μm] 

5 0.625 

10 1.25 

50 2.5 

100 5.0 

- 10 

- 40 

Prism layers 5 

Prism layer size 
total size 

60% of mesh-size 

Prism layer 
stretching 

1.5 

Surface Growth 
Rate 

1.000001 

 

Table B-8 Constraints. 

Inlet Stagnation 
inlet 

0.2 Pa 

Outlet Pressure 
outlet 

 

Other walls Slip condition  
 

 
In this 2D time-dependent test, the percentual error of a developing Poiseuille flow is 
monitored at 0.001 [s]and 0.01[s]. At both measuring times, the flows are not developed 
completely. With (32) [46], the analytical result is calculated with which the simulation 
results are compared. 

 
𝑢𝑥(𝑧, 𝑡) =

ℎ2∆p

2ηL
[(1 −

𝑧

ℎ
)
𝑧

ℎ

− ∑
8

(𝑛𝜋)3
sin (𝑛𝜋

𝑧

ℎ
)𝑒

(−𝑛2𝜋2
𝜈
ℎ2
𝑡)

∞

𝑛,𝑜𝑑𝑑

] 

(32) 

 
In this equation, z is the position variable in [m], t is the time in [s] for the resulting 
developed velocity profile, h is the height of the channel in [m], ∆p is the pressure 
difference between the inlet and outlet in [Pa], and η is the kinematic viscosity in [m2s-1]. 
L is the length of the channel [m]. The velocity field velocities are retrieved from StarCCM+ 
at x=0, see Figure B-13 Over the height h, 200 equally spaced measuring points are used. 
Because there are more velocities per mesh element present, these will be averaged with 
the same method, as is shown in Figure B-7, page 64. The error of the simulation is 
determined at five points, located at 25, 37.5, 50, 62.5, and 75% of the height of the 
channel. These values describe the advancement of the velocity profile accurately 
because they have the maximum values of the developed velocity field. 
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It was expected that the most accurate mesh-sizes, with the smaller time-steps, would 
give the best results, see Table B-9 and Figure B-14. However, in this Table and Figure, 
the best results are presented with mesh-sizes ranging from 5 to 40 [μm] with a small 
influence of the used time-step, where the smallest time-steps provide the most accurate 
results. Only when decreasing the time-step to 0.625 [μs] for the smallest mesh-size 
0.625 [μm], the error decreased to the same levels of mesh-sizes 5 to 40 [μm] and time-
steps 5-50 [μs].  
 
Table B-9 All input data for the simulation, sorted from smallest to largest mesh-size and from largest to smallest 
time-step, measuring time 1 [ms]. 

Test 
ID 

Mesh-
size [µm] 

Time-
step 
[µs] 

Average 
error of five 
points [%] 

 
Test 
 ID 

Mesh-
size [µm] 

Time-
step 
[µs] 

Average 
error of five 
points [%] 

24 0.625 100 92.25  5 5 100 5.32 

23 0.625 50 92.25  6 5 50 0.60 

22 0.625 10 54.63  7 5 10 0.02 

21 0.625 5 34.80  8 5 5 0.01 

25 0.625 2.5 13.7  13 10 100 0.35 

26 0.625 1.25 3.4  14 10 50 0.16 

27 0.625 0.625 0.5  15 10 10 0.04 

9 1.25 100 84.84  16 10 5 0.03 

10 1.25 50 59.40  17 40 100 0.35 

11 1.25 10 14.49  18 40 50 0.26 

12 1.25 5 3.58  19 40 10 0.21 

1 2.5 100 36.50  20 40 5 0.19 

2 2.5 50 20.65  

 

3 2.5 10 0.54  

4 2.5 5 0.06  
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Figure B-14 Error percentage for the averaged five velocity points (log scale) at time 1 [ms]. 

When increasing the measuring time to 10 [ms], the results, see Table B-10 and Figure B-
14, improve a little for the smallest mesh-sizes and decrease for the larger mesh-sizes. 
Nevertheles, these errors remain below 1%. The test ID's 25 to 27 in Figure B-9 are not 
simulated because of ten times the computational cost of the previous simulation, and 
the trend of results are similar for all other results of this test. 
 
Table B-10 All input data for the simulation, sorted from smallest to largest mesh-size and from largest to smallest 
time-step, measuring time 10 [ms]. 

Test 
ID 

Mesh-
size step 
[µm] 

Time-
step 
[µs] 

Average 
error of five 
points [%] 

 
Test 
ID 

Mesh-
size step 
[µm] 

Time-
step 
[µs] 

Average 
error of five 
points [%] 

21 0.625 100 93.48  5 5 100 6.14 

22 0.625 50 86.87  6 5 50 1.58 

23 0.625 10 52.32  7 5 10 0.59 

24 0.625 5 30.22  8 5 5 0.59 

9 1.25 100 76.40  13 10 100 0.79 

10 1.25 50 59.37  14 10 50 0.60 

11 1.25 10 12.48  15 10 10 0.54 

12 1.25 5 3.44  16 10 5 0.53 

1 2.5 100 38.40  17 40 100 0.79 

2 2.5 50 17.97  18 40 50 0.74 

3 2.5 10 1.00  19 40 10 0.70 

4 2.5 5 0.61  20 40 5 0.70 
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Figure B-15 Error percentage for the averaged five velocity points (log scale) at time 10 ms. 
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Figure B-16 and Figure B-17 show an overview of the results after the simulation. The 
results were not as expected; that small mesh-size with normal time-steps should result 
in smaller errors, Figure B-16, but the opposite occurred. Therefore, the residual results 
were analyzed, and nothing obvious could be found comparing these (no figures shown). 
However, when looking at the maximum velocity during the time, one could see that the 
velocity's build-up fluctuated. Furthermore, the fluctuation of the maximum velocity 
increases from large mesh-size 10 [μm] via 1.25 [µm] to 0.625 [µm], Figure B-17 Time-
dependent maximal velocity for different mesh-sizes and time-steps. This fluctuating 
behavior ensures that the end velocity is not reached within an acceptable error. All 
shown situations fulfill the Courant number condition; this number is below 1.0.  
 

 
Figure B-16 Comparison, analytical and simulation results, for different mesh-sizes and time-steps. 
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Figure B-17 Time-dependent maximal velocity for different mesh-sizes and time-steps. 

For mesh-size 0.625 [μm], the error converges to 0.5% when reducing the time-step. 
However, this is in the same range as simulation with mesh-size 10 [µm] and all tested 
time-steps. See Table B-9.  
 
In conclusion, mesh-size in order of 10-40 [µm] with time-steps in order 50-100 [µs] are 
sufficient for describing the developing velocity field at stop time 1 [ms]. Hence, a time-
step is 10 times smaller than the stop-time, which is adequate to describe the start 
behavior of the Poiseuille flow in a 2D simulation. However, the behavior that small mesh-
sizes need small time-steps to have similar error results than larger mesh-sizes with larger 
time-steps is not apparent. 
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B-2.2 Developing Poiseulle flow in a rectangular channel (3D). 
To develop a complete Poiseuille flow is a time-dependent process, as shown in Figure B-
18 [36] 
 

 

Figure B-18 The evolution in time of the velocity profile from t= 10, 100, and 1000 [μs]. This figure also shows the 

coordinate system used in the analytical and simulation results [36]. 

The developing Poiseuille flow in a rectangular channel is simulated with the geometry 
shown in Figure B-19. The velocities are measured at the shown three lines, skewed, 
horizontal, and vertical, Figure B-20. These lines are positioned on the inlet and contain 
2000 velocity measuring points. 

 
Figure B-19 3D simulation geometry, all dimensions 

in [mm]. 

 
Figure B-20 The defined measuring curves, skewed, 

horizontal, and vertical, viewed on the inlet. 

 
All settings and properties are shown in Table B-11 to Table B-14 
 
The developing of the Poiseuille flow is monitored at 0.001 [s] in this 3D time-dependent 
test. At this measuring time, the flow is not developed completely. With (33) [36], the 
analytical result is calculated with which the simulation results are compared. 
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Table B-11 Material properties. 

 

Density 1000  [kg m-3] 

Dynamic 
viscosity 

1 10-3  [Pa s] 

Table B-12 Physics models. 

 
 
 
 
 
 
 

 

Constant density 

Gradients 

Implicit unsteady 

Laminar 

Liquid 

Segregated flow 

Three dimensional 

Table B-13 Test overview settings. 

Available time- 
steps [μs] 

Available mesh-
size [μm] 

0.625 1.25 

1.25 2.5 

2.5 5.0 

5 10 

10 20 

50 40 

100 - 

Prism layers 5 

Prism layer size 
total size 

60% of mesh-size 

Prism layer 
stretching 

1.5 

Surface Growth 
Rate 

1.000001 

Stop-time 1 [ms] 
 

Table B-14 Constraints. 

Inlet Stagnation 
inlet 

0.2 Pa 

Outlet Pressure 
outlet 

0.0 Pa 

Other walls Slip condition  
 

 
𝑢𝑥(𝑦, 𝑧, 𝑡) = −

16

𝜂𝜋2
∆𝑝

∆𝐿
∑ ∑

∞

𝑚=1,   𝑜𝑑𝑑

∞

𝑛=1,   𝑜𝑑𝑑

  

 
(1 − 𝑒

−((
𝑛𝜋
𝑊
)
2
+(
𝑚𝜋
𝐻
)
2
)
𝜂
𝜌
𝑡
) (33) 

 
sin (𝑛𝜋

𝑦

𝑊
)𝑠𝑖𝑛 (𝑚𝜋

𝑧

𝐻
)(𝑛𝑚((

𝑛𝜋

𝑊
)
2

+ (
𝑚𝜋

𝐿
)
2

))

−1

  

 
In this equation, y and z are the position variable in [m], t is the time in [s] for the resulting 
developed velocity profile, H is the height of the channel in [m], W is the width of the 
channel in [m], ∆p is the pressure difference between the inlet and outlet in [Pa], η is the 
kinematic viscosity in [m2 s-1], and ρ is the density in [kg m-3]. L is the length of the channel 
[m]. The developed velocity field velocities are retrieved from StarCCM+ at the skewed, 
horizontal, and vertical lines across the channel, using 2000 equally spaced measuring 
points, Figure B-20. When there are more velocities per mesh element present, these will 
be averaged with the same method, as is shown in Figure B-9, page 65. The simulation 
quality is verified at five points, located at 25, 37.5, 50, 62.5, and 75% of the length of the 
lines. 
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The results are similar to the results of the previous paragraph. At a small mesh-size, 1.25 
[μm], the behavior was the same, "stiff" behavior, and only with very small time-steps, 
the error was similar to the result of the mesh-sizes of 10-40 [μm]. In Table B-15 and 
Figure B-21 are the averaged result shown from the horizontal, vertical, and skewed 
results. However, the attained errors are much higher than in the 2D simulation, Table B-
10. However, errors are still less than 5%. The polyhedral mesh in the 2D is probably 
better aligned (perpendicular to the flow) than the 3D mesh, returning better results. 

 
Figure B-21 and Table B-15 are derived from the raw data in Table B-16. 
 

 
Figure B-21 Error percentage for the averaged error from the horizontal, vertical, and skewed results (log scale) at time 
1 [ms]. 

Table B-15 Averaged error [%] from the horizontal, vertical, and skewed results. 

        Time-step  [μs] 

 
Mesh- 
size [μm] 100 50 10 5 2.5 1.25 0.625 

1.25 90.7 82.3 43.8 24.6 12.8 5.5 3.8 

2.5 69.9 51.5 12.7 5.4 3.8 3.7 3.5 

5 29.2 14.3 4.4 4.0 4.0 4.1 - 

10 6.7 4.1 3.9 3.7 3.7 4.0 3.5 

20 4.6 4.3 4.2 4.2 - 4.3 - 

40 4.9 4.8 5.2 5.3 5.3 5.3 6.3 
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The smallest mesh-size here used is 1.25 [μm]. The number of elements of the simulation 
was approximately 50 106. Therefore the simulation took more than two days on the 
MoM-cluster. Decreasing the mesh element size with a factor of two would increase the 
number of elements with a factor of eight. This increase would result in 400 106 elements, 
exceeding the necessary needed amount of RAM available at a cluster node (256Gb) and 
therefore halting the simulation.  
Table B-16 All results of the simulations. 

Test ID Mesh- 

size [µm] 

Time-step  

[µm] 

Average error 

of five-points 

[%] horizontal 

Average error  

of five-points  

[%] vertical 

 Average error 

of five-points 

[%] skewed 

Average error   

(H, V, and S) [%] 

8 1.25 100 91.9 90.0 90.2 90.7 

9 1.25 50 84.2 81.5 81.1 82.3 

10 1.25 10 43.5 43.9 43.8 43.8 

11 1.25 5 25.8 24.0 24.1 24.6 

4 1.25 2.5 14.3 12.2 11.8 12.8 

6 1.25 1.25 7.6 4.8 4.2 5.5 

7 1.25 0.625 5.4 3.2 2.9 3.8 

42 2.5 100 72.3 68.1 69.3 69.9 

2 2.5 50 54.0 50.1 50.4 51.5 

3 2.5 10 15.0 11.0 12.0 12.7 

4 2.5 5 7.5 4.5 4.2 5.4 

5 2.5 2.5 4.9 3.7 2.7 3.8 

3 2.5 1.25 4.7 3.6 2.9 3.7 

2 2.5 0.625 4.4 3.4 2.7 3.5 

15 5 100 31.9 26.7 29.0 29.2 

16 5 50 16.1 11.2 15.7 14.3 

17 5 10 4.4 4.6 4.0 4.4 

15 5 5 4.0 4.4 3.7 4.0 

8 5 2.5 3.8 4.2 4.1 4.0 

9 5 1.25 3.7 3.8 4.6 4.1 

22 10 100 7.7 4.3 8.1 6.7 

23 10 50 4.0 5.3 2.9 4.1 

24 10 10 3.2 5.5 2.9 3.9 

25 10 5 3.0 5.3 2.8 3.7 

17 10 5 3.0 5.3 2.8 3.7 

12 10 2.5 3.3 4.8 3.1 3.7 

18 10 1.25 3.5 4.1 4.4 4.0 

21 10 0.625 3.5 3.8 3.3 3.5 

1 20 100 2.4 5.8 5.7 4.6 

29 20 50 2.3 5.7 4.9 4.3 

30 20 10 2.6 5.6 4.5 4.2 

22 20 5 2.8 5.5 4.4 4.2 

11 20 1.25 3.1 5.9 4.1 4.3 

35 40 100 2.0 3.7 9.0 4.9 

36 40 50 1.9 3.9 8.7 4.8 

37 40 10 3.6 3.9 8.0 5.2 

38 40 5 3.9 4.0 7.8 5.3 

1 40 2.5 4.1 4.1 7.7 5.3 

11 40 1.25 4.3 4.1 7.5 5.3 

14 40 0.625 5.5 4.1 9.4 6.3 
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B-2.3 The transient behavior of a fluid in a mixing chamber. 
The errors found in the behavior of the developing Poiseuille flow delays reaching the 
steady-state situation. This behavior is tested with two mesh-sizes and with three 
different time-steps. See Table B-17. 
 
Table B-17 Used mesh-sizes and time-steps for transient effect 3D. 

Reference Mesh-size [μm] Time-step [ms] 

1 40 40 

2 40 1 

3 40 0.1 

4 5 40 

5 5 1 

6 5 0.1 

 
Figure B-21 (previous section) shows that the mesh-size 5 [μm] has errors at larger time-
steps, and with the smaller time-steps, the results were comparable with the results of 
40 [μm] mesh-size. Where for every time-step, the error was around 5%. For transient 
behavior testing, the values in Table B-17 are used. A standard mixing chamber used in 
this research, Ø3 [mm] and height 0.5 [mm], is simulated. The settings of this simulation 
are identical to the settings in paragraph 0. The cylindrical wall has an applied angular 
velocity of 0.4833 [rad s-1]. 
 
The transient behavior result is shown in Figure B-22 with a simulation stop-time of 1 [s]. 

 
Figure B-22 Time-dependent behavior to reach steady-state. Curve B and C overlap entirely. Therefore curve B is 
translated upward with a value of 1 10-18 m5s-2. 

These simulations show the time to reach a steady-state. The steady-state is achieved 
when the summation of all squared velocity magnitude times the volume of each cell 
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[m5s-2] plateaus. The only reason the simulation is simulated time-dependent is that the 
used time is known for a reached mixing result. There is no specific interest in transient 
behavior. However, this must not introduce an error in the mixing result. 
 
Small mesh-sizes are necessary to reduce numerical diffusion. When simulating for an 
absolute mixing index, the needed mesh-sizes become so small that the transient 
behavior at larger time-steps influences the result. There are two options to mitigate the 
possible mixing error with a small mesh-size simulation. First, reduce the time-step of the 
simulation so that the total error from the transient behavior is minimal (<1%) during the 
complete simulation with a duration of 60-120 [s]. This is computationally demanding and 
not possible within the limits of the available hardware. The second option is to start the 
mixing simulation when the steady-state is reached, then apply the initial conditions for 
the mixing and switch to the time-dependent simulation using a larger time-step, 
reducing the computational cost.  
 
However, to simulate for absolute mixing index, the mesh-size has to become that small 
that the number of elements exceeds the memory capacity of the hardware. Therefore, 
the used mesh-sizes are not in the order of 5 [μm] or smaller. For relative comparing 
mixing indices, mesh-sizes between 10-40 [μm] are acceptable. 
 

B-3 StarCCM+ time dependent diffusion validation. 

B-3.1 Numerical diffusion 2D 
The design that is the most optimal is the design that has the best mixing index. However, 
the interpretation of this simulation result can be hampered due to the occurring 
numerical (false) diffusion [37][38][39]. This is due to the form of the advection-diffusion 
equation (34) [39], where u is the velocity vector [m s-1], c is the concentration of the 
solute [mol m-3], D is the molecular diffusion coefficient [m2 s-1], and F is an arbitrary 
source term. Numerical simulations are not free from numerical diffusion error [40], 
which arises from the discretization of the convection terms in the Navier–Stokes 
equation (34). 
 

 𝜕𝑐

𝜕𝑡
+ 𝑢 ∙ ∇𝑐 = 𝐷∇2𝑐 + 𝐹 (34) 

 
Hence, an assessment of the possible numerical diffusion is necessary, where [39] 
provides a base to retrieve the numerical diffusion. However, [39] is a 2D mesh validation, 
but the result is easy to interpret. The test is a simulation of a square with an edge of 1 
[mm], where inflows are defined with a fraction ф = 0 [mol m-3] ,and ф = 1 [mol m-3],. See 
Figure B-23. 
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Figure B-23 Test geometry 2D, with L is 1 mm, the inlet velocity for both inputs is 1 [mm s-1]. The parameter W is an 

indication of the numerical diffusion. 

The value W is defined as the distance between the mass fractions 0.001 and 0.999. The 
ratio between W and L is an indication of the Péclet value of the numerical diffusion. This 
is defined with equation (35) [39]The result is shown in Figure B-24.  
 

 
(
𝑊

𝐿
) = 10.563𝑃𝑒−0.5014 (35) 

 

 
 
The Péclet number is defined in equation (5), where L is the characteristic dimension [m], 
v is the velocity in [m s-1], and D is the mass diffusion coëfficient [m2 s-1].  
 

Figure B-24 Resulting graph from equation (35) [39]. 
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𝑃𝑒 =

𝐿𝑣

𝐷
 (5) 

 
For reference, the self-diffusion of water, 2.3 10-9 [m2 s-1] [11], has a Péclet-number of 
around 444 using the simulation parameters, Figure B-23. The physical interpretation of 
the Péclet number can be stated as the length in the number of channel widths needed 
for complete homogenization. 

 
B-3.2 Determination of numerical diffusion in StarCCM+ (2D) 

Here the numerical diffusion is tested as explained in B-3.2. In Table B-18 to Table B-21, 
the used settings and constraints are shown. The Courant number is for the first 
simulation run 1, indicating that each fluid particle is at least once in each cell for each 
calculation during each time-step.  
 

Table B-18 Material properties. 
. 

 

Density 1000  [kg m-3] 

Dynamic viscosity 1 10-3  [Pa s] 

Table B-19 Physics 
models. 

 

Constant density 

Gradients 

Implicit unsteady, 
duration 1.5 [s] 

Laminar 

Liquid 

Passive Scalar, 
Convective only 

d 
d 

 

Proximity 
Interpolation 

Segregated flow 

Two dimensional 

  
Table B-20 Base settings resulting in Courant number 1. 

Test Time-step  
[ms] 

Mesh-size  
[µm] 

1 40 40 

2 20 20 

3 10 10 

4 5 5 

5 2.5 2.5 

6 1.25 1.25 

7 0.625 0.625 
 

Table B-21 Constraints.   
 

Inlets Velocity 
inlet 

1 10-3 [m s-1] 

Inlet 1 (left) Passive 
scalar 

1 [mol m-3] 

Inlet 2 
(bottom) 

Passive 
scalar 

0 [mol m-3] 

Outlets Pressure 
outlet 

 

Other walls -  
 

 
The tests shown in Table B-20 are run using Heeds that governs the StarCCM+ simulation 
and the Matlab code to calculate the distance (W). Figure B-25 shows the same situation 
as the example in the literature [39]. All the seven tests are predefined in Heeds with the 
shown time-steps and mesh-sizes. After the simulation has finished, the residuals in 
Figure B-26 are plotted and saved. In this example, the large mesh-size creates a 
fluctuating descending residual graph indicating that the mesh-size must be reduced. The 
StarCCM+ XY-plot data, Figure B-27, is exported to Matlab, calculating the distance W and 
generating a  plot  Figure B-28. In this figure, the results of the Matlab conversion are 
visible. The identical values per element of the tracer, due to a large number of measuring 
points, are converted to one value by averaging the position value. Furthermore, the 
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distance value for the tracer values of 0.001 and 0.999 is interpolated to retrieve the 
distance. From which the Péclet number is calculated (35). 

 
Figure B-25 Result after simulation, with line probe for 

generating a graph, mesh-size 80 μm. 

 
Figure B-26 Residuals, descending, but fluctuating due to large 

mesh-size. 

 
Figure B-27 Resulting XY-plot from the line probe in 

StarCCM+, due to the large mesh-size an intersection with a 
neighbor element gives other values, shown at the indicated 

position. 

 
Figure B-28 The graph after manipulating the data from the XY-

plot. Because values at the extreme ends are not considered the x-
range, the full range is smaller. The distance is defined between the 

mass fractions 0.001 and 0.999. 

The simulation results are displayed in Table B-22 . 
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Table B-22 Test result numerical diffusion 2D-mesh, Péclet number, and numerical diffusion, for all tests velocity input 
1 [mm s-1] and Courant number is 1. 

Test distance 
[µm] 

Mesh-
size [µm] 

Time-step 
[ms] 

W/L [-] Pe [-] Numerical 
diffusion  
[m2 s-1] (35) 

CPU-time 
[s] 

1 384.3 40 40 0.3843 742 1.35 10-9 8 

2 282.4 20 20 0.2824 1371 7.42 10-10 20 

3 189.9 10 10 0.1899 3024 3.38 10-10 64 

4 118.2 5 5 0.1182 7783 1.31 10-10 318 

5 78.0 2.5 2.5 0.0780 17830 5.72 10-11 2108 

6 51.5 1.25 1.25 0.0515 40914 2.50 10-11 15989 

7 34.1 0.625 0.625 0.0341 92717 1.10 10-11 88348 

 
The Table shows what is expected that with reducing mesh-size, the Péclet number, and 
the numerical diffusion decreases. Also, the increase in computational cost is shown. The 
maximum used number of elements is 2.5 106 with a computational cost of 88348 [s], as 
a reference 86400 [s] is 24 [hours.] 

 
Figure B-29 The W/L ratio and the Péclet number versus mesh-size [39]. 

 
Figure B-29 shows that the Péclet number increases with the reducing mesh-size, and the 
W/L-ratio increases with the increasing mesh-size.  
 
When the Courant number is below 1, the simulation will converge. This is primarily in 
the case of turbulent flow simulations. Therefore, the Courant number could be higher 
for laminar simulations because the flow is more predictable. Thus, the time-step will 
become larger, which will probably increase the numerical diffusion. There is a possibility 
that with a smaller mesh-size and a higher time-step that will give better results than a 
larger mesh-size with a smaller time-step within similar CPU-usage. Therefore, a test is 
done with two mesh-sizes, 1.25 [µm] and 2.5 [µm], with different Courant numbers. All 
the settings from Table B-18 to Table B-21 are the same except for the values of Table B-
20 are different. The new data is given in Table B-23 and Table B-24. In both tables, the 
numerical diffusion increases when the Courant number increases. It is clear that by 
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increasing the Courant number by factor 2, the time-step reduces with a factor 2 
decreasing the overall CPU-time.  
 
In Table B-23, Test 5 has a numerical diffusion of 2.77 10-11 [m2 s-1] and a used CPU-time 
of 2181 [s] compared with Table B-24, Test 3, which has a numerical diffusion of 
5.72 10-11 [m2 s-1] and a used CPU-time of 2149 [s]. So, with almost identical 
computational cost, the used numerical diffusion factor becomes a factor 2 better. So 
when the accuracy of the simulation remains valid, and the number of elements remains 
within the allowable range of order 25.000.000 elements, this is a feasible option to 
simulate with an absolute mixing index. However, the used physical diffusion coefficient 
is in the order 10-13 [m2 s-1] [42] 
 
Table B-23 Péclet and Péclet ratio result for mesh-size 1.25 [µm] and input velocity 1 [mm s-1]. 

Test distance 
[µm] 

time-step 
[ms] 

Courant 
number 

W/L Pe [-] Numerical 
diffusion  
[m2 s-1] (35) 

CPU-
time [s] 

1 51.06 0.625 0.5 0.0511 41544 2.46 10-11 21685 

2 51.45 1.25 1 0.0515 40914 2.50 10-11 17383 

3 52.73 2.5 2 0.0527 38963 2.62 10-11 8271 

4 53.61 5 4 0.0536 37687 2.36 10-11 4229 

5 54.25 10 8 0.0543 36810 2.77 10-11 2181 

6 54.73 20 16 0.0547 36177 2.82 10-11 1124 

 
Table B-24 Péclet and Péclet ratio result for mesh-size 2.5 [µm] and input velocity 1 [mm s-1]. 

Test distance 
[µm] 

time-step 
[ms] 

Courant 
number 

W/L Pe [-] Numerical 
diffusion  
[m2 s-1] (35) 

CPU-
time [s] 

1 74.07 0.625 0.25 0.0741 19782 5.16 10-11 5316 

2 74.87 1.25 0.5 0.0749 19362 5.28 10-11 4281 

3 78.03 2.5 1 0.0780 17830 5.72 10-11 2149 

4 80.79 5 2 0.0808 16636 6.13 10-11 1097 

5 82.87 10 4 0.0829 15814 6.46 10-11 554 

6 84.32 20 8 0.0843 15274 6.69 10-11 282 

 
B-3.3 Determination of numerical diffusion in StarCCM+ (3D) 

Here the 3D-numerical diffusion is tested as explained in B-3.1. In Table B-18 to Table B-
28, the used settings and constraints are shown. The Courant number is 1 for this 
simulation setup, indicating that each fluid particle is at least once in each cell for each 
calculation during each time-step.  
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Table B-25  Material properties. 

 

Density 999.6  [kg m-3] 

Dynamic 
viscosity 

8.89 10-3  [Pa s] 

Table B-26  Physics models. 

 

Constant density 

Gradients 

Implicit unsteady, 
duration 1.5 s 

Laminar 

Liquid 

Passive Scalar, 
Convective only 

 

 

Proximity 
Interpolation 

Segregated flow 

Three dimensional 

 
 

Table B-27 Base settings resulting in Courant 
number 1. 

Test Time-step  
[ms] 

Mesh-size  
[µm] 

1 80 80 

2 40 40 

3 20 20 

4 10 10 

5 5 5 

6 2.5 2.5 

7 1.25 1.25 
 

Table B-28  Constraints. 
 

Inlets Velocity inlet 1 10-3 

[m s-1] 

Inlet 1 (left) Passive scalar 1 [mol m-3] 

Inlet 2 (bottom) Passive scalar 0 [mol m-3] 

Outlets Pressure outlet  

Other walls -  
 

 
The dimensions are the same as with the 2D-example. See Figure B-23, section B-3.1,  1 
[mm], with a variable thickness of 4 times the mesh-size. This to reduce the 
computational cost.  
 
In Table B-29, the ratio between W and L indicates the Péclet value and, therefore, for 
the numerical diffusion. This is defined with equation (35) [39] The value W is defined as 
the distance between the mass fractions 0.001 and 0.999, Figure B-23. With equation (35) 
using the Péclet number, the numerical diffusion is calculated. 
 
Table B-29  Test result 3D numerical diffusion, Péclet number, for all tests velocity input 1 [mm s-1 ] and Courant number 
is 1, the thickness is four times the mesh-size, L is 1 [mm]. 

Test distance 
[µm] 

Mesh-
size [µm] 

Time-step 
[ms] 

W/L [-] Pé [-] CPU-time 
[s] 

Diffusion 
coefficient 
[m2 s-1] 

1 791.7 80 80 0.7917 175 5 5.5 10 --9 

2 544.9 40 40 0.5449 370 14 2.75 10 --9 

3 376.7 20 20 0.3767 772 48 1.29 10 --9 

4 223.5 10 10 0.2235 2186 264 4.49 10 -10 

5 144.3 5 5 0.1443 5233 2002 1.86 10 -10 

6 96.6 2.5 2.5 0.0966 11642 17568 8.4 10 -11 

7 61.8 1.25 1.25 0.0618 28347 147496 3.45 10 -11 

 
In Table B-30, a comparison is made between the simulated 2D and 3D-mesh Péclet 
numbers. The numerical diffusion for 3D-mesh-size is overall a factor 1.5 larger than for 
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2D –meshes. An explanation for this is that in the 2D-mesh, there are more flow directions 
perpendicular to the mesh faces reducing numerical diffusion [39] compared with the 3D-
mesh. 
 
Table B-30 Comparison of the ratio of the Péclet number of Table B-29 3D mesh and Table B-22 2D mesh. 

Test 2D-mesh 
vs. 3D-mesh 

Mesh-
size [µm] 

Time-step 
[ms] 

Pe [-] 
3D 

Pe [-] 
2D 

Ratio 2D-3D 
Péclet 

1-2 40 40 370 742 2.01 

2-3 20 20 772 1371 1.78 

3-4 10 10 2186 3024 1.38 

4-5 5 5 5233 7783 1.49 

5-6 2.5 2.5 11642 17830 1.53 

6-7 1.25 1.25 28347 40914 1.44 

 
With the here used mesh-sizes and time-steps, the physical diffusion, order 10 -13 [m2 s-1], 
cannot be reached due to hardware limitations. 
 

B-3.4 Validation of diffusion, comparing analytic Fick 2nd law with simulations 
The diffusion in Fick's law is validated by a small cut-out is taken from a microfluidic 
channel, see Figure B-30, with on the left side concentration 1 [mol m-3], and the right 
side concentration 0 [mol m-3]. Because only the length is important for the concentration 
profile simulation, only this dimension, 1 [mm], is given, the others, height, and width are 
"small" to reduce computational time.  
 

 
Figure B-30 Only a cut-out of a microchannel is simulated. The simulation is stationary and time-dependent, with on 

the left concentration 1 [mol m-3] and right concentration 0 [mol m-3]. Dimension in [mm]. 

Fick's 2nd law is stated in equation (36), where c is the concentration [mol m-3], D is the 
diffusion coefficient [m2 s-1], and t is time [s]. 
 

 𝜕𝑐

𝜕𝑡
= 𝐷∇2𝑐 (36) 

 
The equation (36) has a fundamental solution, see equation (37), where additionally to 
equation (36), x is defined as the position [m] in the cut-out. 

 
𝑐(𝑥, 𝑡) =

1

2√𝜋𝐷𝑡
𝑒
(−

𝑥2

4𝐷𝑡
)
 (37) 
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The solution depends on the given boundary conditions [47]. However, in the validation 
test, the concentration on x=0 and x=L are not known, only that the concentration fluxes  
𝛿𝑐

𝛿𝑡⁄  are 0 at x=0 and x=L. Hence, according to [48] the following equations lead to the 

solution of equation (36). 
 

 
𝑐(𝑥, 𝑡) =  

𝑐0
2
+∑ 𝑐𝑛

∞

𝑛=1

𝑒−𝑛
2𝜋2𝐷𝑡 𝐿2⁄ cos

(𝑛𝜋𝑥)

𝐿
 (38) 

 
 

 
𝑐𝑛 =

2

𝐿
∫ 𝑓(𝑥)
𝐿

0

𝑐𝑜𝑠
𝑛𝜋𝑥

𝐿
𝑑𝑥 (39) 

 
 𝑐0

2
=
1

𝐿
∫ 𝑓(𝑥)𝑑𝑥
𝐿

0

 (40) 

 
 

𝑓(𝑥) = {
1, 0 ≥ 𝑥 > 1 2⁄ 𝐿 

0, 1
2⁄ 𝐿 ≥ 𝑥 ≥ 𝐿

 (41) 

Result of equation (39). 
 

𝑐𝑛 =
2

𝑛𝜋
𝑠𝑖𝑛 (

𝑛𝜋

2
) (42) 

Result of equation (40). 
 c0 = 1 (43) 

 
 
The equations (38) to (43) result in the following figure, the graph for stop-time 0 to 10 s. 
 

 
Figure B-31 Graph showing the result from the differential equation.  The diffusion stops at the indicated time in the 

figure. Diffusion coefficient D is 2.0 10-8 [ m2 s-1]. 
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For the simulations of the same concentration graphs, the settings of Table B-31 to Table 
B-34 are used. 
 

Table B-31 Material properties. 

 

Density 1000 [kg m-3] 

Dynamic viscosity 1 10-3 [Pa s] 

Schmidt Number 50 [-] 

Molecular 
Diffusivity 

2 10-8 [m2 s-1] 

Table B-32 Physics models. 

 

Constant density 

Gradients 

Implicit unsteady, 
duration 1-10 s. 

Laminar 

Liquid 

Passive Scalar, 
Diffusion only 

 

 

Proximity 
Interpolation 

Segregated flow 

Three dimensional 

  
Table B-33 Base settings for stop-time 1 to 10 seconds. 

Test Time-step  
[ms] 

Mesh-size  
[µm] 

1 0.1 10 
 

Table B-34 Constraints. 

Wall No-slip 

Wall inlet Symmetry plane 

Wall outlet Symmetry plane 

Passive scalar 1 [mol m-3] 

Passive scalar 0 [mol m-3] 
 

 
 
The values at position 0 [m] in Figure B-31 are compared with the simulation results in 
Table B-35, where also the percentual errors of the concentration are presented. These 
values are more than acceptable because they are smaller than 1%.  
 
Table B-35 Comparison analytical and simulated results Fick's 2nd law from 1 to 10 [s] for the values at the concentration 
1 [mol m-3] side. 

Mesh-size 10 μm, time-step 0.1 ms 

total 
time 

Simulation 
[mol m-3] 

Analytical 
[mol m-3] 

error % 

1 0.9877 0.9876 0.01 

2 0.9234 0.9229 0.06 

3 0.8518 0.8511 0.09 

4 0.7897 0.7889 0.11 

5 0.7381 0.7372 0.12 

6 0.6956 0.6948 0.13 

7 0.6607 0.6599 0.13 

8 0.6320 0.6312 0.13 

9 0.6085 0.6077 0.12 

10 0.5891 0.5884 0.11 

 
However, these values do not express the error of the corresponding diffusion coefficient. 
Therefore for the 10 [s] result, 0.5891, the diffusion coefficient is iteratively determined, 
with the same code as Figure B-31 is drawn. The diffusion coefficient of 1.993 10-8 [m2 s-1] 
leads to a -0.33% error with the analytical diffusion coefficient. The used time-step to 
verify these results is 0.1 [ms] and a mesh-size of 10 [μm].  



 
 

    

    

    

 

 

Date 2-12-2020 

Author Olaf van Buul 

Page 88 van 114 

Ruben Smits 

 

 
A validation test is performed with time-steps in the range of 0.1 [ms] to 3 [ms] and mesh-
sizes of 4 [μm] to 50 [μm]. The aim is to reduce the computational cost and therefore 
accept an error of less than 5%. See Figure B-32. 
 

 
Figure B-32 Percentual error of the diffusion coefficient depending on time-step [ms] and base-size [μm] 

This figure shows that a mesh-size in the order of 20-30 [μm] and time-steps in the order 
of 1 [ms] show sufficient accuracy, approximately an error less than 2% with the analytical 
diffusion result. This reduced the computational cost with a factor 40, compared to the 
reference values here 4 [μm] mesh-size and time-step 0.1 [ms]. See Table B-36. 
 
Table B-36 Diffusion error for base-size and time-step, the computational cost is stated relatively (100%) base-size 4 [μm] 
and time-step 0.1 [ms] is the simulation with the most prolonged duration. 

 
 

Diffusion coefficient D 2.0•10-8 m2/s

Stop-time 2 s

Base-size 4 μm Base-size 6 μm Base-size 8 μm Base-size 10 μm

Time-step 

[ms]

D                        

[m
2
/s]

Computa-

tional cost %

Diffusion 

error %

D                        

[m
2
/s]

Computa-

tional cost %

Diffusion 

error %

D                        

[m
2
/s]

Computa-

tional cost %

Diffusion 

error %

D                        

[m
2
/s]

Computa-

tional cost %

Diffusion 

error %

0.1 1.97E-08 100.0 -1.55 1.99E-08 32.6 -0.66 1.99E-08 14.8 -0.46 2.00E-08 8.4 -0.1

0.2 1.94E-08 50.2 -3.11 1.96E-08 16.4 -1.84 1.97E-08 7.4 -1.25 1.99E-08 4.3 -0.6

0.4 1.86E-08 25.2 -6.81 1.92E-08 8.3 -3.98 1.94E-08 3.8 -2.82 1.97E-08 2.2 -1.7

0.6 1.81E-08 16.9 -9.75 1.88E-08 5.5 -6.16 1.91E-08 2.5 -4.26 1.94E-08 1.4 -3.1

0.8 1.74E-08 12.6 -13.11 1.83E-08 4.2 -8.29 1.88E-08 1.9 -5.78 1.92E-08 1.1 -4.1

1 - - - 1.80E-08 3.3 -10.11 1.85E-08 1.5 -7.37 1.89E-08 0.9 -5.3

2 - - - - - - - - - 1.78E-08 0.4 -10.9

3 - - - - - - - - - - - -

Base-size 20 μm Base-size 30 μm Base-size 40 μm Base-size 50 μm

Time-step 

[ms]

D                        

[m2/s]

Computa-

tional cost %

Diffusion 

error %

D                        

[m2/s]

Computa-

tional cost %

Diffusion 

error %

D                        

[m2/s]

Computa-

tional cost %

Diffusion 

error %

D                        

[m2/s]

Computa-

tional cost %

Diffusion 

error %

0.1 2.01E-08 2.3 0.34 2.01E-08 1.7 0.54 2.01E-08 1.3 0.34 1.97E-08 1.2 -1.35

0.2 2.00E-08 1.2 0.24 2.01E-08 0.8 0.54 2.01E-08 0.6 0.34 1.97E-08 0.6 -1.35

0.4 2.00E-08 0.6 -0.06 2.01E-08 0.4 0.44 2.01E-08 0.3 0.34 1.97E-08 0.3 -1.35

0.6 1.99E-08 0.4 -0.56 2.00E-08 0.3 0.24 2.00E-08 0.2 0.24 1.97E-08 0.2 -1.35

0.8 1.98E-08 0.3 -0.95 2.00E-08 0.2 0.04 2.00E-08 0.2 0.14 1.97E-08 0.1 -1.45

1 1.97E-08 0.2 -1.55 2.00E-08 0.2 -0.16 2.00E-08 0.1 -0.06 1.97E-08 0.1 -1.45

2 1.92E-08 0.1 -4.17 1.97E-08 0.1 -1.45 1.98E-08 0.1 -0.76 1.96E-08 0.1 -1.94

3 1.86E-08 0.1 -7.00 1.94E-08 0.1 -3.21 1.97E-08 0.0 -1.65 1.95E-08 0.04 -2.53
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This validation test shows that similar to the 2D and 3D time-dependent velocity test for 
a velocity profile, sections B-2.1 and 0, relatively large mesh-sizes 20 μm and larger 
describe the diffusion accurately. In contrast, smaller mesh-sizes need more accurate 
time-stepping to reduce the error to the same level as the larger mesh-sizes. 
 
However, physical numerical diffusion is out of scope with the available hardware. 
However, to compare mixing results with each other, a relative comparison is valid, and 
a 20-40 [μm] mesh-size allows that. 
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 Integrated reliability test used software. 

A mixing geometry optimization is simulated in Heeds.  

 
Figure C-1 Base design. 

 
Figure C-2 Optimized design. 

 
See the results screen in Figure C-3, with 61 feasible results and 38 error results.  

 
Figure C-3 Heeds overview of a run for the reliability testing. 
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This optimization is simulated twice. The results were identical, with the same number of 
errors. When the results of run 1 are subtracted from the run 2 results, everything results 
in 0. The only exception that the CPU-solver-time differs is that the used hardware is not 
kept identical with the runs. Table C-1. Displays a compact overview of two validation 
runs with 5 identical sets of data is shown here, instead of the 61 sets of data. The 
numbers are formatted to a limited accuracy for layout purposes. All numbers have 11 
significant numbers.  
 
For more information see the the external data in Appendix F-4. 
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Table C-1 Reliability test Siemens NX, Heeds, StarCCM+ parameter sets 51,52,53,54,and 55 run twice, identical output 
for all values except CPU-time. These 5 examples are shown as an example of 61 feasible results. 
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 Optimizing using Heeds, NX, and StarCCM+ 

 

D-1 Introduction 

This appendix presents how to optimize a CAD-geometry with specified parameters to 
simulate an optimized response. The used software packages are Siemens NX, StarCCM+, 
and Heeds. First, a general explanation of Heeds in combination with NX and StarCCM+ is 
given, followed by the used Heeds structure. This Heeds structure is not an out of the box 
option because of the specific demands. Some high-level knowledge of CAD and 
simulations is expected from the reader in the paragraphs detailing the application part 
of the software. 
 

D-2 Heeds, NX, and StarCCM+ basic setup 

Heeds is an optimizer, where parameters and responses are defined, and the parameters 
are modified to reach an optimized response (minimize, maximize) or to a specific target 
value. For numerous applications, the defined plug-ins make it possible to transfer 
parameters and responses to each other without the need to do manual scripting. The 
optimization is an iterative process taking numerous iteration (> 500). Figure D-1 shows  
That a basic Heeds, NX, and StarCCM+ needs no particular setup because of the provided 
plug-ins.  
 

NX
Defined 

parameters
StarCCM+

Result

Heeds 
optimization

Heeds 
control

geometry

 
Figure D-1 Basic setup for Heeds, NX, and StarCCM+. 

In Heeds, the plug-ins for NX and StarCCM+ are used. Heeds parameters are set to export 
geometry to StarCCM+, and how and where the StarCCM+ simulation is run. Heeds is 
optimizing the NX CAD parameters for each iteration. The Heeds optimizer interprets the 
response(s) results and now modifies the CAD NX parameters. A modified geometry is 
then sent to StarCCM+, where this cycle iterates again until the number of iterations is 
reached as defined in the Heeds stop criterium. In this case, no specific controls are 
necessary, hence Heeds does not use the control options.  
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D-3 Heeds, NX, and StarCCM+ advanced setup 

Suppose a request is that the coordinate of a plane that divides the CAD-volume into two 
equal volumes should be transferred to StarCCM+. Additional Heeds options are 
necessary. Because Heeds has no option for simple pass-through values between 
applications. More advanced options of Heeds must be used, so now the Heeds control 
options must be implemented to activate scripts that handle transferring the plane 
definition from NX to StarCCM+. The VisualBasic-script (VB-script) is run after the new 
parameters have modified the NX-part. See Figure D-2. 
 

NX
Defined 

parameters
StarCCM+

Result

Heeds 
optimization

Heeds 
control

geometry

text file

VB Java

part sim

 
Figure D-2 Advanced setup of Heeds, NX, and starCCM+. 

The VB-script that calculates the plane definition writes this definition to a text-file. 
Because this plane is selected to be parallel to the YZ-plane, the definition consists only 
of an x-value. The geometry and the CAD-design parameters are transferred to StarCCM+, 
and here the StarCCM+ Java-script is run. The Java-script reads the text file and converts 
it to a parameter in StarCCM+ that is used to define the boundary plane of the interfacial 
area of the volume concentrations. The script also replaces the geometry, removes the 
previous result, and initializes the StarCCM+ simulation conditions. After this, Heeds 
continues with the meshing and simulation using StarCCM+ commands. 
 

D-4 Heeds, NX and StarCCM+ advanced setup, application level 

For each used application in Heeds, the used in –and output files must be defined. See 
Figure D-3. In this case, the simulation file in StarCCM+ is used as the in -and output file. 
As the input file, when new geometry is transferred to the simulation file and as the 
output file when the simulation results are transferred to Heeds. This definition is 
necessary because all the defined files will be copied per iteration into a separate folder 
where the operations of the applications take place  
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Figure D-3 The (green arrow) input and the (blue arrow) output files for the optimization process of Heeds per 
application. 

Under NX_CAD_2, five files are defined, table_test_heeds.prt is the NX CAD-part, 
table_test_heeds.x_t is the exported Parasolid result of the NX-CAD-part after an update 
of the parameters. The next two files, test_plane_definition_3D-non_gui.vb and 
test_non_gui.bat startup NX calculate the plane definition-value. The bat-file executes 
NX-software with the CAD-part, table_test_heeds.prt, and the VB-script to calculate and 
write the plane definition to the text file position.txt. After that, the geometry is 
transferred to the table_test_heeds.x-t file. The former two parts are therefore defined 
as output files.  
 
Similarly, under STARCCM_3, five files are defined. Now position.txt is an input because 
it provides input to table_test_heeds_3D_plane.sim by using 
modify_plane_definition.java. This Java-script reads the position.txt text file and converts 
it to a parameter in StarCCM+ that is used to define the boundary of passive scalar where 
it is 0 or 1. The script also removes the previous result. It does initialize the conditions in 
the StarCCM+ simulation. So the three named files before are input files. 
Table_test_heeds .x_t is an input file. This file is imported to replace the previous 
Parasolid before running the simulation. table_test_heeds_3D_plane.sim is the second 
time an output file because the simulation result is generated as the output response to 
the mixing index. 
 

D-5 Heeds, NX and StarCCM+ advanced setup, application level, script details 

D-5.1 How to prepare the NX-part for running the script 
The script measures the total volume of the body. After this, it divides the body into two 
parts and positions the cutting plane so that the total volume is twice the left volume. 
The problem is that a complete body is needed to export From NX to StarCCM+ and no 
partial bodies. This problem is solved as follows: First, the datum plane is created (with 
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the parameter name plane_definition) to split the body. Second, the measurements for 
total volume and height are extracted. Third, make an associative copy using Extract 
Geometry. The original body is transferred to the Hide view in NX (a feature of Extract 

Geometry ☑ Hide Original). Fourth, use the Split body command to split the body. Only 
the extracted solid is split. The original body remains complete in the Hide view. Fifth, 
make a volume measurement of the left body. Sixth, the visible split bodies are now 
swapped to the Hide view, and the complete body is exchanged to the Show view 
(CTRL+SHIFT+B). Seventh, the plane should be changed to the Show view; otherwise, the 
plane_definition parameter is not available to the VB-script. At last, save the part file.  
The script iterates to a plane_definition value within a predefined error and writes this 
value to a text file. 
 

D-5.2 The script requirements, test_plane_definition_3D-non_gui.vb 

 
Figure D-4 Example part for dividing part into equal volumes, the three slots are modified by size and position by Heeds. 

The script, test_plane_definition_3D-non_gui.vb, calculates the equal areas works in 3D. 
The requirements for this VB script and parameters in the NX part, for example,  
Figure D-5, are : 

 The faces of the boundaries used as a no-slip condition in StarCCM+ must be 
defined (using properties) with property faces. The face on which the velocity 
field in StarCCM+ is defined should be defined with the property table_surface. 
Or you could specify an own velocity boundary condition. 

 The design of the NX part should be that the top view is sketched in the XY plane 

 The normal vector of the cutting plane is in the positive x-axis plane.  

 Obligatory parameters are the following NX measurements: (Analysis-Measure ☑ 

Associative) 
o Total, the 3D total volume  
o Left, the 3D total volume of the volume on the left side (-x-axis direction) 

of the cutting plane. 
o Height is a measured length of an edge in the x-direction. This value is 

used to estimate the start step size for the iteration.  
o Plane_definition, which is the defined parameter of the x-value of the 

datum plane. The normal of the plane should align with the +x-axis 
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direction. This value positions the plane to get the total volume divided 
by the left volume to the value 2. 

 

 
Figure D-5 In the expressions window in NX, the modified parameters are shown like this (Advanced filtering used). 

D-5.3 Necessary script modifications when using other input files 
The VB and Java scripts are made for specific CAD and simulation part names. To use 
another part is possible, provided the four parameters in the CAD-part are defined, and 
the output file, position.txt, remains the same. Only the batch file that calls the CAD-part 
should be modified. After –args, the new CAD part name should be coded, see Code 

snippet D-4. 
 
rem Run test_non_gui.bat 

@ECHO OFF 

ECHO. 

call "C:\Program Files\Siemens\NX 12.0\NXBIN\run_journal.exe"  

test_plane_definition_3D_non_gui.vb -args tabel_test_heeds.prt 

rem Finished rem Run test_non_gui.bat 

ECHO. 

rem PAUSE() 

CLS() 

EXIT 

Code snippet D-4 test_non_gui.bat 

When the StarCCM+ simulation is renamed, the script, modify_plane_definition.java, 
should be modified reflecting the new filename instead of the coded 
table_test_heeds_3D_plane.sim, this done in the last row of the script, see Code snippet D-5. 
 

    scalarGlobalParameter_0.getQuantity().setValue(d); 

    Solution solution_0 =  

      simulation_0.getSolution(); 

 

    solution_0.clearSolution(); 

 

    solution_0.initializeSolution(); 

    simulation_0.saveState("tabel_test_heeds_3D_plane.sim"); 

  } 

} 

Code snippet D-5 Last part of modify_plane_definition.java 

When new parts and simulations are used, a new Heeds simulation can be used. The 
current Heeds simulation is used where the former files are replaced with the new files. 
When these new files contain the same parameters and response, Heeds will take them 
over. However, when there are new variables and responses, it is better to remove the 
former parameters and responses. It is advised to verify if the geometry is correctly 
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replaced in StarCCM+. This is possible under process StarCCM+, portal StarCCM+, where 
the input geometry is defined. Also, test if the first start geometry meshes correctly in 
StarCCM+. It is advised to run the first simulation of the StarCCM+ simulation manually 
and make the used values the base values in Heeds because Heeds stops with iterating 
when the first result returns an error. 
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 Kinetic energy mixers 

E-1 Complete data for retest Herringbone mixer 

 

Table E-1 shows for five different heights the parameters of a herringbone mixer. These 
are displayed in Figure E-1. The mixing index becomes worse with increasing height of the 
mixing geometry 
 

Table E-1 All data for the test, indicated mesh-size, time-step 40 [ms], and stop-time 120 [s]. Sorted left to right on 
γ-mixing index. 

New index 4 5 1 2 3 

Original index 335 538 1 94 296 

Element count [-] 1354980 1251720 1327140 1075380 1277600 

γ-mixing [-] 0.6490 0.7055 0.7577 0.7743 0.7913 

Volume [m3] 3.49E-09 3.31E-09 3.13E-09 3.12E-09 2.87E-09 

Calculated mesh-
size [m] 

1.37E-05 1.38E-05 1.33E-05 1.43E-05 1.31E-05 

Kinetic energy 
 [m2 s-2] 

4.03E-08 3.37E-08 2.87E-08 3.08E-08 3.23E-08 

mesh-size [m] 1.76E-05 0.00002 0.00002 0.00002 0.00002 

stop-time [s] 120 120 120 120 120 

Depth [mm] 0.0228 0.1207 0.2008 0.2898 0.3877 

radius_boundary 
[mm] 

1.4156 1.3994 1.3994 1.3472 1.34 

scale_body_x [-] 1.167 1.401 1.206 2.142 3 

scale_body_y [-] 0.92 0.92 1 0.76 0.92 

 
Figure E-1 presents an overview five herringbone mixing geometries in a magnetic bead 
mixing chamber, with different depth of the mixing geometry 
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Design Id 335 Normal velocity build-up 

 
Normal velocity builds up. Height 0.023 
[mm] 
 

 
Same profile as with reference 
geometry, because of very low mixing 
geometry 

 
Design Id 538 Velocity build up slightly 
hampered 

 
Velocity builds up slightly hampered. 
Height 0.120 [mm] 

 
Velocity is hampered by the geometry. 
Some mixing occurs at the outside 

 
Design Id 1 Velocity build up hampered 

by mixing geometry 

 
Velocity build up hampered by mixing 
geometry. Height 0.201 [mm] 

 
Velocity is hampered by the geometry. 
Some mixing occurs at the outside 

 
Design Id 94 Velocity build up 
hampered by mixing geometry 

 
Velocity build up hampered by mixing. 
Height 0.290 [mm] 

 
Velocity is hampered by the geometry. 
Some mixing occurs at the outside 
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Design Id 296 Velocity build up 
hampered by mixing geometry 
 

 

Velocity build up hampered by mixing 
geometry. Height 0.388 [mm] 
 

 

Some mixing on the outside, because 
of the height, for a large part no 
mixing possible 

Figure E-1 Overview five herringbone mixing geometries in a magnetic bead mixing chamber, with different depth of the 
mixing geometry. Left velocity at z=100μm. The red color in the velocity figures indicates approximately 0.8 [mm s-1] and 
blue indicates almost 0, 2 10 -3 [mm s-6]) , the middle axial intersection of the velocity, 1 rad with respect x-axis, and right 
passive scalar at z=100μm. The passive scalar right is defined as blue is concentration 0 [mol m-3] and red is concentration 
1 [mol m-3]. 

 

E-2 Kinetic energy wall mixer 

In Table E-2, the best 50 mixing results, and in Table E-3, the 50 worst mixing results are 
shown. In these tables also shown is the volume of the fluid domain, the average mesh-
size of that domain by dividing sum_volume by the number of elements, last not shown 
in Table E-2. Finally, the kinetic energy is calculated as the summation of the volume of 
mesh elements times velocity squared. This result is then divided by the volume. The 
average mesh-size is shown to verify that the size does not vary too much, influencing the 
numerical diffusion and the mixing index. When the summation of both 50 mixing results 
is compared, the kinetic energy of the worst 50 is 8.8% lower than the best 50. This is not 
a clear indicator that kinetic energy is a determining factor for mixing quality. The average 
mesh-size for the top 50 results in 27.0 μm, and the top 50 worst results in 22.5 μm. This 
is a 16.6% difference between the sizes.  This causes no concern because the distribution 
of the average mesh-size of the top result is evenly distributed and does not have the 
behavior to go to the largest mesh-size. 
 
Table E-2 The best 50 mixing results wall mixer. Mesh-size 40 [μm], time-step 40 [ms] and a stop-time 40 [s]. 

Design 
ID 

γ-mixing 
index [-] 

Sum volume [m3] Average mesh-
size [m] 

kinetic energy 
[m2 s-2] 

373 0.5644 3.4381E-09 2.7050E-05 3.5120E-08 

318 0.5644 3.4364E-09 2.7050E-05 3.5209E-08 

349 0.5647 3.4348E-09 2.7023E-05 3.5213E-08 

324 0.5649 3.4381E-09 2.6979E-05 3.5153E-08 

306 0.5650 3.4364E-09 2.6865E-05 3.5154E-08 

567 0.5651 3.4414E-09 2.7111E-05 3.5200E-08 

693 0.5653 3.4365E-09 2.6860E-05 3.5003E-08 

311 0.5653 3.4348E-09 2.6859E-05 3.5159E-08 

312 0.5653 3.4365E-09 2.6826E-05 3.5115E-08 



 
 

    

    

    

 

 

Date 2-12-2020 

Author Olaf van Buul 

Page 102 van 114 

Ruben Smits 

 

Design 
ID 

γ-mixing 
index [-] 

Sum volume [m3] Average mesh-
size [m] 

kinetic energy 
[m2 s-2] 

512 0.5654 3.4398E-09 2.7013E-05 3.5204E-08 

322 0.5654 3.4381E-09 2.6994E-05 3.5203E-08 

317 0.5654 3.4365E-09 2.6841E-05 3.5065E-08 

543 0.5656 3.4398E-09 2.7051E-05 3.5256E-08 

421 0.5658 3.4414E-09 2.7048E-05 3.5155E-08 

313 0.5659 3.4381E-09 2.6902E-05 3.5061E-08 

450 0.5661 3.4381E-09 2.7022E-05 3.5261E-08 

678 0.5663 3.4381E-09 2.6832E-05 3.5014E-08 

912 0.5665 3.4363E-09 2.7277E-05 3.4774E-08 

783 0.5665 3.4381E-09 2.7061E-05 3.5293E-08 

404 0.5665 3.4415E-09 2.7019E-05 3.5111E-08 

201 0.5665 3.4364E-09 2.6951E-05 3.4702E-08 

501 0.5665 3.4364E-09 2.6965E-05 3.5264E-08 

475 0.5666 3.4348E-09 2.6674E-05 3.5066E-08 

1111 0.5667 3.4364E-09 2.7000E-05 3.5302E-08 

390 0.5667 3.4348E-09 2.6912E-05 3.5265E-08 

203 0.5667 3.4347E-09 2.6980E-05 3.4945E-08 

439 0.5668 3.4347E-09 2.6919E-05 3.5063E-08 

337 0.5669 3.4348E-09 2.6722E-05 3.5116E-08 

330 0.5669 3.4348E-09 2.6995E-05 3.5310E-08 

433 0.5669 3.4398E-09 2.6781E-05 3.5116E-08 

702 0.5669 3.4348E-09 2.6638E-05 3.5011E-08 

647 0.5669 3.4365E-09 2.6676E-05 3.4957E-08 

890 0.5671 3.4363E-09 2.7315E-05 3.4703E-08 

561 0.5671 3.4398E-09 2.6832E-05 3.5072E-08 

941 0.5671 3.4364E-09 2.7039E-05 3.4630E-08 

635 0.5671 3.4380E-09 2.7282E-05 3.4780E-08 

432 0.5672 3.4347E-09 2.6899E-05 3.4754E-08 

782 0.5672 3.4398E-09 2.7006E-05 3.5290E-08 

598 0.5672 3.4414E-09 2.7007E-05 3.5250E-08 

238 0.5673 3.4380E-09 2.7353E-05 3.4713E-08 

214 0.5673 3.4364E-09 2.6984E-05 3.4891E-08 

894 0.5673 3.4381E-09 2.6987E-05 3.5346E-08 

296 0.5673 3.4364E-09 2.6953E-05 3.4834E-08 

245 0.5676 3.4347E-09 2.6952E-05 3.4678E-08 

690 0.5676 3.4364E-09 2.6851E-05 3.5076E-08 

196 0.5677 3.4364E-09 2.6904E-05 3.4768E-08 

358 0.5677 3.4380E-09 2.7348E-05 3.5312E-08 

630 0.5677 3.4398E-09 2.6796E-05 3.5014E-08 

463 0.5677 3.4364E-09 2.6870E-05 3.5014E-08 

960 0.5677 3.4364E-09 2.6950E-05 3.5348E-08 



 
 

    

    

    

 

 

Date 2-12-2020 

Author Olaf van Buul 

Page 103 van 114 

Ruben Smits 

 

 
Table E-3 The worst 50 mixing results wall mixer. Mesh-size 40 [μm], time-step 40 [ms] and a stop-time 40 [s]. 

Design 
ID 

γ-mixing 
index [-] 

Sum volume 
[m3] 

Average mesh-size 
[m] 

kinetic energy 
[m2 s-2] 

917 0.7691 3.4380E-09 2.4936E-05 3.9011E-08 

1030 0.7701 3.4040E-09 2.7141E-05 3.7252E-08 

1051 0.7702 3.4828E-09 1.9954E-05 3.4666E-08 

1175 0.7711 3.3669E-09 2.7119E-05 2.7177E-08 

1055 0.7717 3.3454E-09 1.8375E-05 3.3293E-08 

1186 0.7720 3.3206E-09 1.9288E-05 3.8936E-08 

260 0.7726 3.3000E-09 2.6937E-05 3.8817E-08 

892 0.7729 3.4196E-09 2.7153E-05 2.7353E-08 

268 0.7734 3.4559E-09 2.5795E-05 3.6713E-08 

1173 0.7736 3.4047E-09 1.7224E-05 3.9536E-08 

1034 0.7742 3.2643E-09 1.7597E-05 3.3805E-08 

1199 0.7760 3.3157E-09 1.9321E-05 3.5406E-08 

310 0.7761 3.0918E-09 1.5879E-05 2.5890E-08 

491 0.7767 3.1027E-09 1.5558E-05 4.1255E-08 

321 0.7769 3.0918E-09 1.5635E-05 2.5950E-08 

350 0.7773 3.4497E-09 1.6037E-05 3.8279E-08 

891 0.7784 3.0991E-09 1.5892E-05 2.6372E-08 

414 0.7787 3.1621E-09 2.5152E-05 2.2531E-08 

17 0.7794 3.4614E-09 2.4669E-05 2.1854E-08 

19 0.7801 3.2793E-09 1.7832E-05 2.7582E-08 

981 0.7802 3.3191E-09 2.6133E-05 3.8342E-08 

75 0.7811 3.3157E-09 1.9260E-05 3.2763E-08 

426 0.7826 3.0571E-09 1.4715E-05 2.5254E-08 

259 0.7834 3.4715E-09 2.7212E-05 3.5337E-08 

773 0.7834 3.3431E-09 2.6495E-05 3.6933E-08 

779 0.7835 3.3096E-09 2.6775E-05 3.6871E-08 

6 0.7856 3.3000E-09 2.6887E-05 2.8857E-08 

490 0.7857 3.3439E-09 2.7165E-05 3.0199E-08 

2 0.7876 3.3461E-09 2.1174E-05 2.7572E-08 

992 0.7889 3.4754E-09 2.7029E-05 3.3581E-08 

872 0.7889 3.0813E-09 2.5385E-05 3.2109E-08 

31 0.7919 3.4659E-09 2.7043E-05 3.4841E-08 

926 0.7919 3.1051E-09 2.5536E-05 3.2446E-08 

1167 0.7922 3.4135E-09 2.5013E-05 3.0852E-08 

1130 0.7926 3.4101E-09 2.5228E-05 3.0640E-08 

1148 0.7929 3.4395E-09 2.7319E-05 3.1556E-08 

3 0.7930 3.4612E-09 2.7065E-05 3.4696E-08 

1079 0.7940 3.4311E-09 2.7476E-05 2.9732E-08 

1119 0.7951 3.4298E-09 2.5982E-05 3.1015E-08 
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Design 
ID 

γ-mixing 
index [-] 

Sum volume 
[m3] 

Average mesh-size 
[m] 

kinetic energy 
[m2 s-2] 

25 0.7956 2.9534E-09 1.7878E-05 2.0503E-08 

1100 0.7973 3.4207E-09 2.5925E-05 2.9818E-08 

1045 0.7978 3.4311E-09 2.7420E-05 2.9602E-08 

1134 0.7980 3.3157E-09 1.9263E-05 2.7638E-08 

1176 0.7991 3.3765E-09 2.6735E-05 3.2416E-08 

1088 0.8015 3.3984E-09 2.4956E-05 3.0209E-08 

984 0.8026 3.1159E-09 1.8551E-05 3.3270E-08 

1047 0.8064 3.4601E-09 1.7486E-05 3.5079E-08 

727 0.8109 3.4601E-09 1.7400E-05 3.3269E-08 

495 0.8178 3.4457E-09 1.7497E-05 3.2765E-08 

270 0.8273 3.4241E-09 1.7496E-05 2.9262E-08 

 

E-3 Kinetic energy herringbone mixer 

In Table E-4, the best 20 mixing results, and in Table E-5, the 20 worst mixing results are 
shown. In these tables, also shown are the volume of the fluid domain, the depth of the 
mixing geometry ridge, the average mesh-size of that domain by dividing sum_volume by 
the number of elements, last not shown in Table, and last is the kinetic energy. This is 
calculated as the summation of the volume of mesh elements times velocity squared. This 
result is then divided by the volume. The average mesh-size is shown to verify that the 
size does not vary too much, influencing the numerical diffusion and the mixing index. 
When both the top 20 results and the worst top 20 results mixing results are compared, 
the kinetic energy of the worst 20 is 33.3% lower than the best 20. This is a significant 
difference. This can be explained by the fact that the ridge of the mixing geometry is much 
higher than the best mixers and that the flow is non-existent between those high ridges. 
For the best mixers, this is an average height of 0.0152 [mm], and for the worst, this is 
0.3668 [mm]. 
 
The average mesh-size shows another problem. With the worse mixing results, the mesh-
size is averaged as 15.5 μm and for the good mixing results, 25.0 μm. This influences the 
numerical mixing. Therefore, it is possible that increasing mesh-size for better mixing also 
plays a role in the mixing result, besides mixing geometry. There are two solutions to 
introducing a diffusion coefficient in the simulation that make the total diffusion more 
constant. The other solution is that the mesh-size is refined to such a size that geometry 
does not influence the mesh-size anymore. This comes at a cost for computational power. 
 
Table E-4 The best 20 mixing results herringbone mixer. Mesh-size 40 [μm], time-step 40 [ms] and a stop-time 40 [s]. 

Design 
ID 

γ-mixing 
index [-] 

Sum volume 
[m3] 

Depth 
[mm] 

Average 
mesh-size [m] 

kinetic energy 
[m2 s-2] 

340 0.7240 3.5217E-09 0.0050 2.6624E-05 4.0999E-08 

271 0.7250 3.5080E-09 0.0139 2.4982E-05 4.0669E-08 

240 0.7251 3.5081E-09 0.0139 2.4968E-05 4.0681E-08 

219 0.7255 3.5093E-09 0.0139 2.4968E-05 4.0685E-08 



 
 

    

    

    

 

 

Date 2-12-2020 

Author Olaf van Buul 

Page 105 van 114 

Ruben Smits 

 

Design 
ID 

γ-mixing 
index [-] 

Sum volume 
[m3] 

Depth 
[mm] 

Average 
mesh-size [m] 

kinetic energy 
[m2 s-2] 

335 0.7255 3.4902E-09 0.0228 2.4770E-05 4.0092E-08 

400 0.7259 3.5083E-09 0.0139 2.4796E-05 4.0680E-08 

243 0.7261 3.5103E-09 0.0139 2.5066E-05 4.0850E-08 

552 0.7261 3.5225E-09 0.0050 2.6077E-05 4.1044E-08 

529 0.7262 3.5103E-09 0.0139 2.5065E-05 4.0977E-08 

319 0.7262 3.5081E-09 0.0139 2.4751E-05 4.0697E-08 

299 0.7262 3.5086E-09 0.0139 2.4797E-05 4.0727E-08 

201 0.7262 3.5092E-09 0.0139 2.4821E-05 4.0677E-08 

531 0.7263 3.5113E-09 0.0139 2.5233E-05 4.0973E-08 

312 0.7263 3.5084E-09 0.0139 2.4735E-05 4.0646E-08 

207 0.7263 3.5110E-09 0.0139 2.4943E-05 4.0691E-08 

481 0.7263 3.4926E-09 0.0228 2.5042E-05 4.0773E-08 

491 0.7264 3.4923E-09 0.0228 2.5038E-05 4.0729E-08 

231 0.7264 3.4920E-09 0.0228 2.4868E-05 4.0064E-08 

311 0.7266 3.4901E-09 0.0228 2.4668E-05 4.0059E-08 

189 0.7266 3.5096E-09 0.0139 2.4936E-05 4.1014E-08 

 
 
Table E-5 The 20 worst mixing result herringbone mixer. Mesh-size 40 [μm], time-step 40 [ms] and a stop-time 40 [s]. 

Design 
ID 

Gamma 
[-] 

Sum volume 
[m3] 

Depth 
[mm] 

Average 
mesh-size [m] 

kinetic energy 
[m2 s-2] 

55 0.8438 1.8809E-09 0.4411 1.3318E-05 3.5455E-08 

41 0.8440 1.8857E-09 0.4500 1.3333E-05 3.5834E-08 

6 0.8441 1.8861E-09 0.4500 1.3250E-05 3.5835E-08 

118 0.8441 2.6871E-09 0.2364 1.3976E-05 2.6056E-08 

72 0.8445 2.7161E-09 0.4500 1.5408E-05 3.2183E-08 

73 0.8453 2.1678E-09 0.3254 1.2340E-05 3.3007E-08 

56 0.8453 2.8311E-09 0.3877 2.0895E-05 2.7115E-08 

126 0.8455 2.6295E-09 0.2364 1.3062E-05 2.6496E-08 

11 0.8459 2.4301E-09 0.2987 1.4200E-05 2.9423E-08 

187 0.8471 3.2610E-09 0.3254 1.9362E-05 1.8745E-08 

45 0.8476 2.2446E-09 0.3521 1.4244E-05 3.1299E-08 

266 0.8531 2.4042E-09 0.3343 1.4403E-05 2.5100E-08 

378 0.8538 1.8263E-09 0.3966 1.1972E-05 2.7596E-08 

276 0.8542 2.7993E-09 0.3877 2.1270E-05 2.1096E-08 

363 0.8548 2.5927E-09 0.2809 1.3053E-05 2.9654E-08 

10 0.8599 2.5247E-09 0.3877 1.6243E-05 2.5335E-08 

396 0.8638 2.7724E-09 0.3966 1.8466E-05 1.9498E-08 

336 0.8648 2.7629E-09 0.4055 1.9544E-05 2.0805E-08 

71 0.8661 2.2683E-09 0.3877 1.3672E-05 2.2567E-08 

367 0.8670 2.7553E-09 0.4055 1.8165E-05 1.9445E-08 
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 External information 
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F-1 Time-dependent passive scalar movies of the four mixers 

All movies are approximately three times faster than the total duration of the mixing 
process, 40 [s] instead of 120 [s]. The videos can be seen with the following links on 
YouTube or these can be downloaded from [49] 
 
Table F-1 Reference mixer 

Reference mixer Link QR-code 

 
Visualization plane 50 μm 

https://youtu.be/__Niy8v6kQ8 

 

 
Visualization plane 400 μm 

https://youtu.be/1Q4rZso00Yg 

 

 
Visualization surface R1200 

https://youtu.be/2FUrfEcHVK
M 
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Table F-2 Wall mixer 

Wall mixer Link QR-code 

 
Visualization plane 50 μm 

https://youtu.be/pgBd_pPw-Ys 

 

 
Visualization plane 450 μm 

https://youtu.be/ZWPncTdPPe
Y 

 

 
Visualization surface R 1200 μm 

https://youtu.be/bRdtzJ0Y2H4 

 
 
  



 
 

    

    

    

 

 

Date 2-12-2020 

Author Olaf van Buul 

Page 109 van 114 

Ruben Smits 

 

Table F-3 Sloping mixer 

Sloping mixer Link QR-code 

 
Visualization plane 50 μm 

https://youtu.be/t4p1clD0yE8 

 

 
Visualization plane 400 μm 

https://youtu.be/5KQq5cOCCT
g 

 

 
Visualization surface R 1200 μm 

https://youtu.be/8nWbeqAr2A
E 
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The herringbone mixer does not show any geometry, because the geometry is below the 
visualization planes. Therefore, the results are similar tot he reference results 
 
Table F-4 Herringbone mixer 

Herringbone mixer Link QR-code 

 
Visualization plane 50 μm 

https://youtu.be/dGRH5bz3cd
A 

 

 
Visualization plane 400 μm 

https://youtu.be/Jp4BpHan1qg 

 

 
Visualization surface R 1200 μm 

https://youtu.be/WhkXPIwq_q
Y 
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F-2 Used optimization software setups. 

The setups can be downloaded from [50]. 
 
The following software is necessary to use these setups: Siemens NX 12.0, Heeds 
2020.1.1, and StarCCM+ 2019.1.1 R8 (long version).  
 
Heeds links/optimizes Siemens NX and StarCCM+ together. Heeds and Siemens NX are 
run locally on PC. StarCCM+ runs on hardware cluster (MaTe), StarCCM+ is configured in 
Heeds to run passwordless on the available hardware cluster using SSH client PuTTY. If 
you have StarCCM+ installed locally, you can swith StarCCM+ to run locally. Make sure 
that Heeds points to the right executables of StarCCM+ and Siemens NX. 
 
When starting up m_report_2_40s.heeds with Heeds the used setup is shown with only 
20 optimizations done. 
 
Each zip-file contains the following structure. 
Folder:  
m_report_2_40s_Study_2    // containing the results, only 20 due to size 
Files: 
export_five_MI.java       // script that exports graphs from StarCCM+ to 
 // five_mixing_indices.csv 
five_mixing_indices.csv   // result of export_five_MI.java   
HEEDSMDO.log              // log file 
mixer2.prt                // input part for CAD, for modifying parameters 
mixer2.x_t                // export CAD to import StarCCM+ 
m_report_2_40s.heeds      // Heeds optimizer startup, Open this file in 
 //Heeds to se the results 
pbs.out                   // Log-file from cluster if this file exists  
 // StarCCM+ simulation is finished  
remove_mesh_with_large_number_of_elements.java 
 // Script that runs after the mesh results of 
 // StarCCM+ deletes the mesh when number of 
 // elements is too large 
report_1_v3.sim           //  StarCCM+ file 
report_3.sh               // script that runs report_1_v3.sim on cluster 
sloping.csv               // results of the real test of more than 500 
 // optimizations, input and output parameters 
 
 
At the next page are the YouTube links shown for how to change start geometry for the 
optimizing process. These videos can also downloaded from [51]. 
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Table F-5 Videos showing the process how to change start geometry for the optimizing process. 

Software Link QR-code 

 

https://youtu.be/-DbXtEi1m38 

 

 

https://youtu.be/SojEgM3p0o
Q 

 

 

Part 1 
https://youtu.be/nOsdTDrTjvQ 

 
Part 2 
https://youtu.be/-
bhGddBHdA0 

 
Part 3 
https://youtu.be/0ftExYj199k 
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F-3 Overview geometry produced 

Videos of intermediate designs during the optimization process are shown at the 
following links. The data can also be downloaded from [52] 
 
Table F-6 Overview of geometry during the optimization process 

Mixer Link QR-code 

Wall mixer 

https://youtu.be/Mka7rnz0z9
8 

 

Sloping mixer 

https://youtu.be/pnv41FVl7-g 

 

Herringbone mixer 

https://youtu.be/kZpVXY98ztQ 
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F-4 Reliability 

The data can be retrieved from [53]. Necessary software for viewing the Heeds-
optimization, Heeds 2020.1.1. The report_2_online.zip must be extracted and the Heeds 
file must be started to view the results. The supplied reliability Heeds test , has exact 
identical values up to id 87. This because, at the 88th id, the license connection was lost. 
And after the restart, it used all the feasible results to restart the optimization. This was 
another as the comparing study. So, after the restart the starting point was different. 
Therefore, after the restart the results were different. 
 
This spreadsheet reliability_test_NX_StarCCM_Heeds.xlsx  is result from another run than 
the provided one, this one was not saved, only the compared data., and these runs 
finished the same. test_1 and test_2 are the result of two times the run of 
report_2_v1.heeds. First run was study _2  -> test_1. Second run was test-2 -> study_3. 
Both were exported from DesignTable_5 respectively. These were converted to 
test_1_conv and test_2_conv, because Excel handle numbers of this size not properly. 
Both the unconverted and the converted were subtracted from each other. Leaving only 
a difference in total_Solver_CPU_time all other value were 0. Hence, the results are 
reliable 
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