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Density-functional theory of the crystallization of hard polymeric chains
Nazar Sushko,a),b) Paul van der Schoot,a) and M. A. J. Michelsa)

Dutch Polymer Institute, P. O. Box 902, 5600 AX Eindhoven, The Netherlands

~Received 7 May 2001; accepted 30 July 2001!

We study how connectivity influences the crystallization of fully flexible model polymers by
applying a recently advanced amalgamation of the Green-function description of polymers, and the
density-functional theory of simple liquids. Our calculations show that the model polymers only
crystallize if the effective Kuhn length of the chains is sufficiently large compared with the range of
the hard-core interaction between the segments. Also shown is the importance of bond-length
fluctuations for the stability of the crystal phase. ©2001 American Institute of Physics.
@DOI: 10.1063/1.1404390#
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I. INTRODUCTION

The crystallization of polymers is still poorly unde
stood, despite intense research spanning many decad
likely reason for this may be the importance of kinetic e
fects, which seem to predominate the crystallization
polymers.1 It is not surprising, then, that a great effort h
been put in studying this particular aspect of the proble
and less so the thermodynamic driving force leading
polymeric melt to the crystalline state. This is unfortuna
however, since a meaningful kinetic theory is difficult to s
up without a reliable statistical-thermodynamic descript
of the problem at hand. Indeed, as has become clear f
recent discussions,2 the presence of metastable states m
play an important role in selecting kinetic pathways. The a
of this paper is first and foremost to create an understan
of how chain connectivity affects the stability of the crys
phase. As we shall see below, unconnected monomers ap
to be easier to crystalline than freely hinged model polyme
This implies that angular correlations could play a mo
prominent role in promoting polymer crystallization then
often thought. The effects of angular correlation will be stu
ied in a forthcoming publication.

Before going into the details of our calculations, let
briefly summarize the state of the art. There are essent
three modes of attack in dealing with the thermodynamics
the freezing transition in polymeric systems. These are
lattice-based models, the Landau–de Gennes types of
proach and density-functional theories. Of these, the m
well known are the lattice-based theories pioneered
Flory.3 He developed a simple mean-field theory to deal w
the effect of interchain interactions, in combination with
~simplified! isomeric state model for the description of th
loss of configurational free energy upon the freezing of
polymers. Flory found that, upon cooling, the stiffness of t
chains increases, which, due to a concomitant increas
volume exclusion, in turn induces the transition to the cr

a!Also at: Polymer Physics Group, Department of Applied Physics, Ei
hoven University of Technology, P.O. Box 513, 5600 MB Eindhoven, T
Netherlands.

b!Electronic mail: n.b.sushko@phys.tue.nl
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talline state. Within the Flory theory the phase transition
entropically driven, and attractive interactions only pertu
the location of the transition.4 Another important conclusion
to be drawn from the Flory theory is~at least in solution! that
stiffer chains crystallize more readily than flexible ones,
accord with recent computer simulations5 but also with ex-
perimental fact.6

The advantage of the Flory theory is its simplicity. Th
theory remains conceptually important in that it has dra
attention to the relevance of both packing effects and ch
configurations. At the same time the Flory theory has a s
ous drawback, namely that when the fraction of lattice si
occupied by the polymers is set equal to unity, it cann
predict a density jump at the crystallization transition. A
other problem is that it is not self-consistent in the sense
order is introduced on the lattice by hand.

Another interesting approach is due to Olmsted a
co-workers.2 Using the Landau–de Gennes theory of pha
transitions, they proposed a simple phenomenological the
to explain the spinodal kinetics sometimes found in sm
angle x-ray scattering experiments after a quench to the c
talline state. They proposed a coupling between the den
and the conformational state of the chains, leading to a m
stable liquid–liquid spinodal within the equilibrium liquid
to-crystalline solid coexistence region. Although useful, t
theory provides no microscopic picture of the crystallizati
process. Indeed, information about the polymeric nature
the material is only put in via a phenomenological equat
of state.2

Perhaps the most promising way to accurately desc
both the thermodynamics of polymer crystallization and
structure of the crystal phase is given by the powerful t
known as density-functional theory~DFT!, pioneered by Ra-
makrishnan and Yussouff7 for monatomic liquids. McCoy
et al.4 applied the polyatomic density-functional theory d
veloped by Chandler, McCoy, and Singer8,9 to chemically
realistic polymeric systems. For the description of the m
phase they used a polymer reference interaction site mod
PRISM,10–12 whilst the crystal phase was described in
local-density type of approximation.13,14 The agreement of
the theory with experimental data on the densities at wh
the polymers polyethylene and polytetrafluoroethylene cr

-

4 © 2001 American Institute of Physics
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7745J. Chem. Phys., Vol. 115, No. 16, 22 October 2001 Crystallization of hard polymeric chains
tallize was quite remarkable. Somewhat less good was
predicted phase gap, which was overestimated by a facto
about 3, as well the temperature dependence of the den
Also, the rather large discrepancy between the theore
and experimental lattice parameters should cause some
cern. We speculate that it could well be the lack of coupl
between the positional and orientational degrees of freed
and the phantom nature of the bonds that is at the root of
problem.15

Our aim is not directly to improve on the work of Mc
Coy and co-workers,4 although our approach does go beyo
PRISM as it treats the melt and crystal phase on an e
footing. Rather, our aim is first to try to attack the problem
a limit that is consistent with the model assumptions of t
work, and study the bare effects of connectivity. This has
been done before at the level of a density-functional the
Although the model polymers we employ are unrealistic
small length scales, and we do take a step back from exp
ment, our approach intends to act as a stepping stone to c
to a more realistic description of actual polymeric system
Ultimately, we intend to extend our theory to include bo
correlations, which within a PRISM-type theory is muc
more cumbersome.15

The remainder of this paper is organized as follows.
Sec. II we first briefly describe the model polymers cons
ered. The formalism which we use for our calculations
explained in Sec. III. Section IV discusses the description
the polymeric melt and Sec. V that of the crystal phase. T
calculation method is explained in Sec. VI. The results of
numerical calculations are represented in Sec. VII, and c
clusions are presented in Sec. VIII. Some of the details
our derivations are explained in the Appendixes A and B

II. MODEL

Since our aim is to study the role of connectivity
polymer crystallization, we focus on simple, coarse-grain
polymer models, in particular the Gaussian-chain model,
freely hinged-chain model and an intermediate model t
interpolates~in a way! between these two. The model chai
are thought to consist ofN identical segments, which in th
Gaussian model are connected by Hookean springs wi
root-mean-square extensiona, in the freely hinged model by
rigid links of fixed lengthl, and in the intermediate model b
links of root-mean-square lengthb. The step length of the
intermediate modelb itself depends on a mean bond lengthl
and root-mean-square deviationj via b5Al 21j2. For j! l
this intermediate model turns into freely hinged chain mod
and forj@ l into the standard Gaussian chain model withj
playing the role ofa. All models behave like random-fligh
chains in the long-chain limit, so for convenience we p
l K[a[ l[b, with l K the Kuhn length of the chains. Not
that this provides a reasonable description of the chain
the melt, for intrachain correlations are screened and
chains behave ideally. As we shall see later, in Sec. V
varying the stiffness of the bond of the intermediate mo
allows us to study the effects of lattice frustration.

The pair interactions between the segments are mod
by a simple hard-core repulsive potential of ranges, inde-
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pendent of the segment ranking numbers, and independe
the chain configurations. The range of the potential need
be the actual diameter of the hard-sphere segments, bec
connectivity ~in a way! renormalizes the pair interaction.16

To be able to study the influence of this renormalization,
introduce asegment fusion parameterdefined as

G[ l K /s. ~1!

As it is unclear how connectivity renormalizes the local i
teraction, we keepG as a free parameter. Figure 1 mak
clear why G may indeed be called fusion parameter; ifG
.1 the hard cores of the neighboring segments along a c
do not overlap, whereas ifG,1 they do.

The polymeric model system is fully described by t
fusion parameterG, the number of segments per chainN,
and the effective packing fraction of the segmentsf
5prs3/6, wherer denotes the number density of the se
ments. In the melt, the segments are~in the mean! homoge-
neously distributed, and the bonds connecting the segm
randomly oriented. Because the interaction potential is i
tropic and of the pair type, and because the links fre
hinged, orientational bond-order correlations cannot bu
up. As a consequence, although in the crystal phase the
ments do crystallize, i.e., order positionally, there cannot
any associated long-range bond ordering within our mo
description. In other words, the chains in the crystal ph
behave like random flights on a lattice. Although physica
inaccurate, it is consistent within our treatment, and allo
us to focus on the effects of connectivity alone.

In the following we first explain the general formalism
with which we attack the problem in hand, and next descr
how we apply this theory to describe the melt and crys
phases. Our treatment of the melt turns out to be equiva
to the so-called polymer reference interaction site mode
PRISM theory, while that of the crystal is a DFT-type theo
with corrections for bond connectivity. Those readers n
interested in the technical details we refer directly to t
results of our calculations presented in Sec. VII.

FIG. 1. Schematic diagram of the influence of the segment fusion param
G[ l K /s on the model polymer. WhenG.1 there is no overlap of neigh-
boring segments within the chain~a!, for G,1 the segments ‘‘fuse’’~b!.
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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III. FORMALISM

In the mean-field approximation, the partition functionZ
of a collection ofM polymeric chains ofN segments in a
volume V is given by the product of the single-chain par
tion functionsZN

Z5
1

M !
ZN

M . ~2!

The single-chain partition function can be written as the s
tial integral over the positions of the ends of a single cha

ZN5E drE dr 8Z~r 8,r ;N!, ~3!

with Z(r 8,r ;N) the~conditional! partition function of a chain
of N segments of which the ends are fixed at the positionr
and r 8. The latter quantity is often referred as the Gre
function of the polymer,17 and satisfies the following recur
sive equation:

Z~r 8,r ;N11!5exp@2Uscf~r !~r !#ĝZ~r 8,r ;N!. ~4!

Here, Uscf(r ) denotes the self-consistent, molecular field
chain experiences from the presence of the other chains,
ĝ the so-called step operator.18

If f (r ) is an arbitrary integrable function, the step ope
tor is defined as

ĝ f ~r ![E dr 9g~r ,r 9! f ~r 9!, ~5!

with the kernelg(r ,r 8) the a priori probability that a bond
that starts atr 9, ends atr . For the standard Gaussian chain
three spatial dimensions,18

g~r ,r 8!5gG~r2r 8!

5~2p l K
2 /3!23/2exp@23~r2r 8!2/2l K

2 #, ~6!

whilst for the freely hinged chain18

g~r ,r 8!5gf h~r2r 8!5
1

4p l K
2 d~ ur2r 8u2 l K!. ~7!

For the intermediate model we take the convolutiongi(r )
[gG+gf h(r )[*dr 9gf h(r2r 9)gG(r 9) or the kernel of a
freely hinged model with a bond lengthl and that of a Gauss
ian model with root-mean-square bond lengthj, giving

g~r ,r 8!5gi~r2r 8!

5
A6

8p3/2jur2r 8uS exp2
3~ ur2r 8u2 l !2

2j2

2exp2
3~ ur2r 8u1 l !2

2j2 D . ~8!

Note that for all modelsg(r ,r 8) is normalized, i.e.,ĝ1[1,
and that the ‘‘initial’’ condition associated with the operat
equation~4! is Z(r 8,r ;1)[d(r 82r ).

In units of thermal energy, the free energy of our syst
of chains is given by

F52 ln Z, ~9!
Downloaded 11 Jan 2010 to 131.155.151.96. Redistribution subject to AI
-

n

nd

-

which at this point is still an implicit function of the as ye
unknown molecular fieldUscf. The molecular field may be
fixed by following a procedure pioneered by Lifshitz.19 First,
we subtract from Eq.~9! the internal energy of the system, t
give the contribution of the configurational free energ
Fconf, to the free energy

Fconf5F2E drUscf~r !r~r !. ~10!

Here,r(r ) denotes the number density of segments, itse
functional of the conditional partition function

r~r ![NMZN
21E dr 8E dr 9( s51

N Z~r 8,r ;s!Z~r ,r 9;N!.

~11!

The next step is to surmise that actual free energyF must be
the sum of Eq.~10! and an excess free enrgyFexc describing
the interactions between the segments and a possible
pling to an external field

F5Fconf1Fexc. ~12!

For any choice ofF
exc

, we can establish the condition

for phase coexistence by subsequently equating the chem
potentials m5dF/dr(r ) and the pressuresP52F
1m*drr(r ) of both phases. This, however, is not straigh
forward, for we would have to solve Eqs.~3!–~12! self-
consistently. A much more efficient way to achieve the sam
is to make the connection with liquid-state~integral equa-
tion! theory. As will become clear below, we then do n
need to specifyFexc of the melt state. The free energy of th
crystal state relative to that of the melt can be calcula
perturbationally from that of the melt using the theory d
scribed above.

IV. DESCRIPTION OF THE MELT

To make the connection with liquid-state theory, we se
to derive an Ornstein–Zernike-type equation between the
tal correlation function of two segments on different cha
h(r ,r 8), and the associated two-particle direct correlati
function C(2)(r ,r 8)[2d2Fexc/dr(r )dr(r 8). This is pos-
sible by calculating the response of the density field to
externally applied potential, and linking the response fu
tion to the static structure factor with the help of the we
known Yvon equation.15 We find that the so-called polymeri
reference interaction site model or PRISM equation is c
sistent with the formalism described in the previous Sec.
See Ref. 15 or the Appendix A for details. This equati
reads in Fourier space

ĥ~q!5v̂2~q!Ĉ~2!~q!1rLv̂~q!Ĉ~2!~q!ĥ~q!, ~13!

where the hats indicate Fourier-transformed quantities,q the
wave vector andrL the average melt density. The intram
lecular correlations between segments on a single chain
described by the form factorv̂, which depends on the mode
used. For the models under consideration20

v̂~q!5

12ĝ22
2

N
ĝ1

2

N
ĝN11

~12ĝ!2 , ~14!
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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where q[uqu and ĝG(q)[exp2q2lK
2/6 for the Gaussian

model, ĝf h(q)[q21l K
21 sinqlK , for the freely hinged chain

and ĝi(q)[q21l 21 sinql exp2q2j2/6 for the intermediate
model. The last expression follows from the standard pr
erties of the Fourier transform of the convolution of tw
functions.

Equation~13! has to be implemented by a suitable cl
sure. We use the well-known Percus–Yevick or PY closu
which was quite successfully applied by various authors
describe the structure of polymeric melts.4,10 The PY closure
is defined by

h~ ur u,s!521

C~2!~ ur u.s!50J , ~15!

and describes hard-core interactions between the segm
With this closure, the PRISM integral equation~13! can be
solved self-consistently. We applied the algorithm put f
ward by Honnellet al.,21 by assuming the direct correlatio
function to be a cubic polynomial, and solving numerica
the system of nonlinear algebraic equations for the expan
coefficients. For this system of nonlinear equations we u
standard modification of the Powell hybrid method from t
NAG© library ~Mark 18, C05NBF!. With the coefficients so
obtained we calculated the direct correlation function.

V. DESCRIPTION OF THE CRYSTAL

To describe the crystal phase, we use an extension o
standard density-functional theory~DFT!, set up within the
local-density approximation~LDA ! developed by Ra-
makrishsnan and Yussouff,7 and by Haymet and Oxtoby,22

for monatomic liquids in the context of the freezing of ha
spheres.23,24The DFT can be derived from the theory of Se
III. We refer to the Refs. 7, 23–25 for details regarding t
estimate of the excess free energy. The modification of
usual ideal free energy functional, needed to deal with
connectivity of the polymers, is outlined in the Appendix
Within our treatment, only those chain-connectivity corre
tions are included that are of leading order in the den
modulation.

The expansion of the free energy gives us for the gr
potential of the crystal relative to that of the melt

DṼ5DF2E dr @mSrS2mLrL#, ~16!

whereDF is the difference in the Helmholtz free energies
the crystal and melt phases,mS the chemical potential of the
crystal andmL the chemical potential of the reference sta
~the melt!; rS is the mean density of the crystal phase andrL

as before that of the melt.DF can be written asDF
5DFconf1DFexc. As it turns out, at length scales relevant
the crystallization of the beads,DFconf can be written as the
sum of an ideal entropy of unconnected beads, and cor
tions coming from the connectivity of the beads.

Using standard DFT forDFexc, which is identical to that
of hard-sphere systems, and using the results of the Ap
dix B, we find
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-

,
o

nts.

-

on
d

he

.

e
e

-
y

d

f

c-

n-

Dv̂[
DṼ

rLV
5

1

rLVE dr$r~r ! ln r~r !/rL2D%

2
1

2rLV (
p52

`
1

p! E •••E C~p!(r1 ,...,r p)

3)
i 51

p

dr i~r~r i !2rL!2~mS2mL!

3
1

rLVE drr~r !2
1

rLVE dr ~r~r !2rL!, ~17!

with C(p)(r i ,...,r p)52d (p)F
exc

/) i 51
p dr(r i) thep-particle

direct correlation function of the melt. One recognizes in t
first term on the right the usual ideal entropy. The next te
D enters due to the existence of the~phantom! bonds. We
find to quadratic order in density modulations

D5
1

rL
E dr 8g~r ,r 8!@r~r !2rL#@r~r 8!2rL#, ~18!

with g as before the kernel of the step operator. The ot
terms are connected with the excess free energy and m
conservation. We truncate the summation involving the
rect correlation functions after the second term, beca
higher-order terms are presumably negligibly small. Inde
they are known to be small for hard spheres.22

VI. CALCULATION METHOD

For reasons of computational convenience we do not
the exact density distribution, obtained by minimizing t
free energy, but rather approximate it by a sum of Gaussi

r~r !5~pe2!23/2(
$Rn%

exp@2~Rn2r !2/e2#, ~19!

where we assume the crystal to be face-centered cubic.~We
found that of all cubic lattices only the FCC lattice suppo
a stable solid phase for our model polymers, in common w
systems of hard spheres.24! In Eq. ~19!, $Rn% denotes all the
real-space crystal-lattice vectors, ande is a measure of the
width of the Gaussian density distribution around each lat
point. The latter we fix by a free-energy minimization. A
usual, the density modulations are assumed to be n
overlapping.23,26–28 It turns out to be useful to express th
density modulations in their Fourier componentsz(kn)23

r~r !5rLF11h1(
$kn%

z~kn! expikn•rG , ~20!

with $kn% the set of reciprocal lattice vectors of the FC
crystal, andh5(rS2rL)/rL the relative density jump acros
the crystallization transition. In the Gaussian approximat
to the density profile we have

z~kn!5~11h!exp2kn
2e2/4. ~21!

Equation~17! now simplifies to
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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Dṽ512~11h!@ 5
21 ln rL1 3

2 ln pe2#2h2

2(
$qn%

ĝ~qn!z2~qn!2~11h!~mS2mL!

2
1

2
h2rLĈL

~2!~0!

2
1

2
rL(

$qn%
z2~qn!ĈL

~2!~ uqnu!2
1

6
h3r2

LĈL
~3!~0,0!. ~22!

The summation in Eq.~22! is over all reciprocal lattice vec
tors qn .

In Eq. ~22! we neglected four-body and higher-order co
relation functions, and approximated the three-body one
its value at zero wave vector. It exactly obeys23

ĈL
~3!~q,0!5

]ĈL
~2!~q!

]r
U

r5rL

. ~23!

Only the zero-q part of ĈL
(3) is included in Eq.~22!, because

Haymet22 has shown that, at least for hard spheres, the n
zeroq contributions ofĈL

(3) tend to cancel each other.
For a fixed value of the parameterG, the free energy Eq

~22! is a function of three quantities: The widthe of the
density profile, and the mean densitiesrS and rL . Condi-
tions for phase coexistence are found by settingmL5mS in
Eq. ~22!, minimizing Dṽ with respecte andh, and finding
the value ofrL for which Dṽ50. This way we ensure a
balancing of the pressures of both phases,PL5PS , because
in equilibrium DV52V(PL2PS). We found the minimum
of the functionDṽ using a standard quasi-Newton algorith
from the NAG© library ~Mark 18, E04JYF!. We used 5832
reciprocal lattice vectors and variedrL with a step length of
1025 units. We verified that this is quite sufficient to get
stable result for the minimum ofDṽ.

VII. RESULTS AND DISCUSSION

We now present the results of our calculations. Figur
shows the calculated phase diagram of the hard Gaus
chains for theN5100. Indicated is the~dimensionless! pack-
ing fraction f5prs3/6 at the melt-crystal phase coexis
ence as a function of the fusion parameterG. For comparison

FIG. 2. Packing fractionsf of the co-existing melt and crystal phases of t
Gaussian model chains as a function of the fusion parameterG5 l K /s. The
chain length isN5100. Also shown are the results for hard spheres~the HS
limit, N51, indicated by the dotted lines!.
Downloaded 11 Jan 2010 to 131.155.151.96. Redistribution subject to AI
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we have also indicated the results for hard spheres (N51).
The figure clearly shows that in the limitG→` the chains
crystallize at the same density as hard spheres do. From
~22! we understand that the reason for this is that all po
meric corrections become negligibly small in this regim
because these contain a function which decays fast with
creasing values ofG. Indeed, neighboring beads along
chain are then so far removed from each other on the cry
lattice that they no longer feel the influence of the conn
tivity. Packing effects dominate in this regime.

Lowering G we observe that the solidification densi
goes up. In other words, it becomes more difficult for t
chains to crystallize. In fact, forG&3.25 a crystal phase is n
longer found for densities below close packing. The dif
culty of crystallizing Gaussian chains in the low-G range was
in fact already observed by McCoy and co-workers, and w
attributed to the enormous amount of entropy stored in
melt.4 Contrary to a previous conclusion by one of us,15 the
results of Fig. 2 seem to bear out this conclusion.

Shown in Fig. 3 is the dependence on the length of
polymers of the densities at phase coexistence, again fo
Gaussian model at fixedG53.5. Apparently,fL and fS

quickly saturate with increasing degree of polymerizatio
Apparently, shorter chains are easier to crystallize, in acc
with experimental observation.6 A possible cause of this is
that in our model calculations the configuational fluctuatio
and therefore also the entropy of the chains in the melt
crease with increasingN.

Figure 4 shows the dependence of the Lindemann ratL
on the fusion parameterG. This ratio is defined as the root
mean-square deviation of the position of a particle from
lattice site divided by the nearest-neighbor distance. It is u
ally thought that if the Lindemann ratio of a crystal pha
drops below 0.1, this crystal melts.29 The value of Linde-
mann ratio saturates for largeG at L'0.063, what roughly
corresponds to the hard-sphere result.23 For smallG the den-
sities at co-existence are higher, so one would exp

FIG. 3. Packing fractionf of the co-existing melt and crystal phases
Gaussian model chains as a function of the chain lengthsN. The fusion
parameter was fixed at a value ofG53.5.
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L to go down as there is less room for the beads to fluctu
around their lattice sites.

Results for the Gaussian and freely hinged models
compared in Fig. 5. Both models show a saturation of
crystallization density for largeG, albeit that the results fo
the freely hinged model do exhibit a seemingly irregular
cillatory behavior that we attribute to the effects of latti
frustration~explained in more details below!.30 We found the
crossover to hard-spherelike behavior for the freely hing
model to occur at much largerG than for the Gaussian
model. Note that both models predict the crystal phase
become absolutely unstable below a critical value ofG, 3.25
for the Gaussian model and 2.45 for the freely hinged mo
The oscillatory behavior of the freely-hinged model
zoomed on in the Fig. 6, showing that the oscillations are
as erratic as they appear in on Fig. 5. We have indicati
that this behavior is caused by the interference of the pr
erties of the crystal lattice and those of the polymeric cha
Indeed, if we rely on the Verlet rule31 to estimate the solidi-

FIG. 4. Lindemann ratio of the model polymer as a function of the segm
fusion G[ l K /s. The chain length isN5100.

FIG. 5. Packing fractionf at freezing as a function of the fusion parame
G. Compared are results obtained for the Gaussian model, and those fo
freely hinged model. Also indicated are results for hard spheres (HS, N
51).
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fication density, which uses only information on the structu
of the melt, we retrieve the long-wavelength oscillations v
ible in the results of Fig. 6,~see also Fig. 9!.

That lattice frustration effects become important for st
bonds is shown in Fig. 7. The figure shows our results for
intermediate model for different values of the degree of bo
stiffnessj. The transition in behavior between the flopp
Gaussian and the completely stiff freely hinged models
clearly seen. For smallj the bonds are stiff, leading to
oscillatory dependence of the packing density at freezing
the fusion parameterG, similar to that found for the freely
hinged model. Ifj is sufficiently large the dependence of th
freezing density on the fusion parameter becomes smoo
and we retrieve a Gaussian-type behavior. The transition
curs roughly whenj;e, i.e., when root-mean-square devi
tion j is comparable to the width of the density field arou
a lattice site.

That lattice frustration may cause the freezing density
freely hinged chains with a degree of bond stiffnessj,e to

nt

the

FIG. 6. Packing fractionf at freezing, as a function of the fusion paramet
G for the freely hinged model with a higher resolution than given in the F
5. Also indicated are results for hard spheres (HS, N51).

FIG. 7. Packing fractionf at freezing as a function of the fusion paramet
G. Compared are results obtained for the intermediate model for the diffe
value of degree of the stiffnessj. Also indicated are results for hard spher
(HS, N51).
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vary abruptly with varyingG may be understood as follows
The optimal lattice distance is obviously set by the dens
and by the hard-core diameters. When the length of a bond
does not fit the distance between two lattice points and
bonds are very stiff, the system must crystallize at a highe
lower density, such that the bond length does indeed bec
conjugate to the lattice constant~Fig. 8!. On the other hand
if j is large enough to allow for the bonds to stretch, a ma
accommodating the lattice may be found without abrup
changing the lattice parameter too much.

Finally, in the last Fig. 9 we demonstrate the usefuln
of the phenomenological Verlet rule,31 applied to polymer
crystallization. According to this rule, the freezing of simp
liquids occurs for those conditions where the primary ma

FIG. 8. Illustration of the lattice frustration effect. When the length of t
polymeric bondl K is less than the distance between two neighboring lat
points in a nearly close-packed crystal, what is always the case wheG
5 l K /s&d/s'1, the system will find it very hard to crystallize because
would have to stretch the bonds. WhenG^1, a different type of lattice
frustration takes over. If the bonds cannot~in the mean! find two sites
conjugate to their length, i.e., two sites separated by a multiple bond len
the system has to either stretch or compress the bonds, or to adju
density to change the lattice constant to the point where it does bec
possible to fit in the bonds. In the freely-hinged model, the bond len
cannot be adjusted, only the density. The associated lattice-adjustment
leads to the seemingly erratic dependence of the crystal density on
fusion parameter discussed in the main text.

FIG. 9. Packing fractionf at freezing according to the Verlet rule as
function of the fusion parameterG5 l K /s.
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mum of the static structure factor of the fluid reaches
value of 2.85. Figure 9 shows that this remains appro
mately true for our model polymers, although the rule’s a
curacy does deteriorate with decreasing values ofG ~cf. Fig.
5!. We have no explanation for this. As already indicated,
Verlet rule cannot reproduce the strongly oscillatory dep
dence of the freezing density on the fusion parameter ex
ited by the freely hinged model, because it draws its inf
mation from the fluid structure, not the crystal structure.

VIII. CONCLUSION

In our density-functional theory we found model chai
consisting of hard beads to be able to crystallize, but onl
the effective Kuhn length exceeded the hard-core radius
the beads by a sufficient amount.

We attribute this to the circumstance that only then
loss of configurational entropy upon freezing is sufficien
low to be compensated by the increased packing entro
The latter is the driving force for the formation of the cryst
phase. When the monomeric units of the model polymers
small on the scale of the bonds, the behavior of the chain
hard-spherelike. Connectivity then plays a minor role in t
crystallization of the polymeric chains. We observed th
short chains crystallize more easily than long ones, beca
the loss of configurational entropy upon freezing is larger
long chains. This is not obvious, because in our model c
culations the chains remain random walkers~albeit on a lat-
tice!, and the orientational freezing is only weak due to t
lack of bond correlations.

We found lattice frustration to be important for mode
with sufficiently stiff bonds. This effect could play an impo
tant role in the crystallization of real polymers too, becau
j;0.01s for realistic polymeric chain models often used
computer simulations.32 It may well be that lattice frustration
effects are in part responsible for the host of crystal latt
types observed for real polymers.6

It seems likely that a more realistic polymeric mode
one that, e.g., exhibits a finite bending energy, will stabil
the crystal phase over a larger range of bond lengths. This
investigate in future work, using the Green-function form
ism rather than PRISM. The reason is that the former can
more straightforwardly extended to include bond correlatio
than the latter.15

APPENDIX A: PRISM AND THE GREEN-FUNCTION
FORMALISM

Here we show the equivalence of the Green-function f
malism and PRISM theory for isotropic polymeric mode
For that purpose we switch on a position dependent exte
potentialf(r ) acting on each segment. The excess free
ergy appearing in Eq.~12! can then be written as

Fexc5F int1Fpot, ~A1!

with Fpot5*drr(r )f(r ) the free energy associated with th
coupling of the segments to the external potential andF int the
free energy associated with the interactions between
beads. Therefore, the full free energy becomes@cf. Eq. ~12!#

F5Fconf1F int1Fpot. ~A2!
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Minimizing Eq. ~A2! we find, using Eq.~10! and the equality
m5dF/dr(r ), that the self-consistent field obeys33

Uscf~r !5f~r !1
dF int

dr
2m, ~A3!

where we note thatUscf will be treated as an external field
although obviously it is not.15 @Note also thatF in Eq. ~10!
only becomes a functional ofr after the minimization.# We
functionally expand the second term on the right-hand s
of Eq. ~A3!, assuming the external field to be sufficient
weak

dF int

dr
52C~1!~r !2E dr 9C~2!~r2r 9!

3E dr 8x~r 92r 8!f~r 8!1•••, ~A4!

with C(1)(r )[C(1) the zero-field one-particle direct correla
tion function ~which is a constant for the homogeneous s
tems!, C(2)(r ,r 8) the zero-field two-particle direct correla
tion function, and x(r ,r 8)[dr(r )/df(r 8) the response
function that we identify below with the structure factor.
Fourier space we thus find for weak fields

Ûscf~q!5f̂~q!2md~q!2C~1!d~q!2Ĉ~2!~q!x̂~q!f̂~q!

1•••. ~A5!

The Yvon identity, which establishes the connection betw
the response of the density of the isotropic fluidd̂r(q)
5r(q)2rLd(q) in Fourier space and the structure fact
S(q), is given by

dr̂~q!5x̂~q!f̂~q!52rLS~q!f̂~q!, ~A6!

with rL the density in the absence of the field. If we swit
off the interactions and neglect the forward scattering as
ciated with the delta peaks aroundq50,10 the self-consisten
field in this case is simplyÛscf(q)5f̂(q). We then find for
the structure factorS(q)5v̂(q), with v̂(q) the form factor
of the single chain. In other words, for noninteracting cha
dr̂(q)52rLv(q)f̂(q). From Eq. ~A5! we immediately
read off that to get the response of the interacting system
merely need to replacef̂(q) by f̂(q)(12Ĉ(2)(q)x̂(q))
5f̂(q)(11rLĈ(2)(q)S(q)), so that

S~q!5
v̂~q!

12rLĈ~2!~q!v̂~q!
, ~A7!

which indeed is equivalent to the PRISM equation~13!. Note
the similarity of our arguments with that of the standa
random-phase approximation.33 A more elaborate derivation
can be found in Ref. 15.

APPENDIX B: ENTROPY OF THE CRYSTAL PHASE

In this appendix we derive the change in the configu
tional entropy of the chains upon freezing, based on
theory of Sec. III. Since~within our model! freezing entails
only processes at short wavelengths, it is justifiable to ap
the so-called ground-state approximation.18 In this approxi-
mation the spectrum is assumed to be discrete, and no
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generate, so that one can order the eigenvaluesL0.L1

.L2••• Retained only is the first term of the formal expa
sion Z(r ,r 8)5(n50

` Ln
Ncn

1cn;L0
Nc0

1c0 , with cn
1 and cn

the eigenfunctions of the non-Hermitian operator equati
e2Uscfĝcn5Lncn , ĝe2Uscfcn

15Lncn
1 . It is easy to see tha

cn
15eUscf(r )cn .18 As was argued in Ref. 15, the use of th

ground-state approximation is justifiable because the di
correlation function as well as the self-consistent field
short ranged. Note that*drcm

1(r )cn(r )5dn,m , i.e., the
eigenfunctions are normalized.

Multiplying both sides of the eigenvalue equation forc0

with c0
1 , and integrating over space, we find for the larg

eigenvalue

L05E drc0ĝc0 , ~B1!

because of the normalization ofc0 andc0
1 . The free energy

thus becomes

F52 ln E drdr 8Z~r ,r 8;N!;MN ln L0 , ~B2!

whereMN5*drr(r ).
The eigenfunction in the very short wavelength limit c

be obtained by recursive iteration, assuming the oper
e2Uscf(r )ĝ to represent a contraction mapping.34 Although
easy to prove in the Banach space of normed scaling fu
tions f (r /s) in three spatial dimensions, at least forl K /s
.1, the general proof for arbitrary integrable functionsf (r )
has so far evaded us.35 We truncate the recursive iteration
after two iterations, giving

c0~r !>
e2Uscf~r !ĝe2Uscf~r !

*dre2Uscf~r !~ ĝe2Uscf~r !!2 . ~B3!

Note that this expression obeys the normalization condit
of the eigenfunctions. At the level of the ground-state a
proximation, the following relation now holds between th
eigenfunctions and the density:

r~r !5NMc0
1c05MNe2Uscf~r !

3~ ĝe2Uscf~r !!2Y E dre2Uscf~r !~ ĝe2Uscf~r !!2.~B4!

Conversely,

c0~r !5~MN!21/2e2Uscf~r !/2r1/2~r !, ~B5!

so that

Uscf~r !52 ln r~r !1 ln
NM~ ĝr~r !!2

*drr~r !~ ĝr!2 . ~B6!

The largest eigenvalue obeys

L05
1

NME drr~r !ĝr~r 8!. ~B7!

Using the Lifshitz procedure implied in Eq.~10! we obtain19
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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Fconf5MN ln L0

2E drr~r !S 2 ln r~r !1 ln
NM~ ĝr!2

*drr~r !~ ĝr!2 D . ~B8!

Expansion of the density around the liquid stater(r )5rL

1Dr(r ), we find

L0.~MN!21E dr ĝ~rL
21Dr~r !Dr~r !!1•••, ~B9!

or equivalently,

ln L05 ln rL1
1

rLV E drDr~r !ĝDr~r !1•••. ~B10!

Neglecting the terms of higher than second order inDr, we
get for the free energy of setting up density modulations i
homogeneous melt

DFconf5E drr~r !ln r~r !2E drrL ln rL

2
1

rL
E drDr~r !ĝDr~r !1O~Dr3!. ~B11!

For a homogeneous liquid, this expression becomes equ
zero as it should. Equation~B11! is only valid at small length
scales relative to the size of the chains.
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