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Optimization of thin-walled beam structures: Monolithic versus staggered 
solution schemes 
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A B S T R A C T   

This contribution compares the performance of a monolithic and two staggered numerical update schemes for a 
coupled shape and topology optimization method for thin-walled beam structures. In order to limit the 
computational time of the optimization method, the thin-walled beam structures are modeled as 2.5D config-
urations. In this approach, 1D beam elements are used to simulate the beam response in the longitudinal di-
rection, while the cross-sectional properties of the beam elements are calculated from additional 2D finite 
element method analyses. The sensitivities with respect to the shape and topology design variables are derived in 
closed form in order to take advantage of a computationally efficient, gradient-based optimization algorithm. 
The numerical examples concern basic circular and square thin-walled cantilever beam structures, as well as a 
more complex, non-prismatic thin-walled beam structure representative of a rotor blade used in a horizontal-axis 
wind turbine. For each numerical example the computational time and the solution computed by the monolithic 
and staggered update schemes are compared, which provides clear insight into the numerical efficiency of the 
solution procedure and the uniqueness of the computational result. Although the three different update schemes 
for the cases examined result in comparable optimized design concepts, the computational efficiency and the 
specific minimal compliance value found turn out to be rather sensitive to the algorithmic details of the nu-
merical update scheme applied. Since the monolithic update scheme typically navigates a larger design space 
than the two staggered update schemes, for most cases examined it provides the lowest structural compliance. In 
the specific case whereby shape optimization (virtually) has no influence on the final, optimized beam config-
uration, the structural compliance computed by the monolithic scheme may relate to a local minimum that is less 
optimal compared to the value calculated by a staggered update scheme.   

1. Introduction 

Thin-walled beam structures are applied as load-bearing components 
in various engineering applications; illustrative examples are aircraft 
wings, wind turbine blades and hollow pile foundations. The design of 
such structures may be challenging, especially when they are subject to 
complex loading conditions, or when multidisciplinary design re-
quirements need to be taken into account. As an example, a wind turbine 
must have a high power output and simultaneously needs to have a high 
structural stiffness and a low structural weight, which are requirements 
that are typically in conflict with each other [1–3]. Over the past de-
cades, various shape and topology optimization techniques have been 
applied to meet such design requirements in the most optimal way [4]. 
In shape optimization, the outer geometry of the beam structure is 

designed for achieving an improved structural performance [5], which 
can be accomplished by enlarging the overall stiffness, reducing the 
local stresses, and/or keeping the static or dynamic response within 
acceptable bounds [6–9]. In addition, alternative design objectives may 
be accounted for, such as an enlargement of the lift-drag ratio in the case 
of aircraft wings, or an increase of the power output in the case of wind 
turbine systems [10,11]. Conversely, in topology optimization the 
structural performance is improved by optimally distributing the actual 
material within a specified, fixed design domain [12]. This commonly 
results in alternative interior layouts, or in local structural re-
inforcements [13–23]. Due to the nature of topology optimization, the 
possible solutions for the material distribution are bounded by the 
specific size and shape of the design domain. This limitation can be 
mitigated by selecting a design domain with a relatively large size, 
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although this typically leads to a considerable increase in computational 
time. Another drawback of a fixed design domain is that it impedes the 
optimization of aeroelastic structures, such as aircraft wings and wind 
turbine blades. Since the aerodynamic loading is characterized by the 
size and shape of the design domain, the design domain of aeroelastic 
structures needs to be variable in order to optimize their aerodynamic 
performance. 

Recently, a coupled shape and topology optimization method has 
been proposed in order to overcome the above limitations of a fixed 
design domain [24]. This method has been subsequently applied in 
Ref. [25] to optimize the outer shape and internal layout of beam-type 
structures. The beam structure is discretized using the Finite Element 
Method (FEM), whereby the outer shape of the beam is described 
parametrically via Non-Uniform Rational B-Splines (NURBS) [26]. The 
use of NURBS ensures a highly accurate description of the shape 
boundaries by means of smooth basis functions with compact support, 
and enables an efficient control of the design domain with only a few 
control points. The internal layout of the beam structure is described by 
the relative densities of the finite elements modeling the beam 
cross-sections, in accordance with the Solid Isotropic Material with 
Penalization (SIMP) approach [27]. The computational time of the 
optimization procedure is kept manageable by i) using an economical, 
gradient-based optimization algorithm, and ii) modeling the 
three-dimensional beam structure in accordance with an efficient 2.5D 
beam formulation originally proposed in Ref. [28]. In this formulation, 
1D beam elements are employed to simulate the beam response in the 
longitudinal direction, whereby the cross-sectional properties of the 
beam elements are determined from additional 2D FEM analyses, see 
also [29]. The practical applicability of the coupled shape and topology 
optimization method has been demonstrated recently in an aerostruc-
tural design analysis of a Horizontal-Axis Wind Turbine (HAWT) rotor 
blade [30]. The optimization study showed that the incorporation of 
coupling effects between the aerodynamical and structural behavior of 
the turbine blade may result in non-standard designs characterized by 
both a high power output and a large structural stiffness. 

The coupled optimization model proposed in Ref. [24] uses a stag-
gered numerical update scheme, in which the shape and topology design 
variables are incrementally updated in a sequential fashion. It has been 
demonstrated that this update scheme is numerically robust, and leads 
to meaningful and practically useful results [25,30]. Alternatively, the 
coupled optimization model may use a monolithic numerical update 
scheme, whereby the shape and topology design variables are incre-
mentally updated in a concurrent fashion. Since monolithic and stag-
gered update schemes follow different search paths in the design space, 
the numerical efficiency and the solution obtained by these update 
schemes in principle is different. Obviously, this sensitivity needs to be 
explored and well understood in order to develop a solid confidence in 
the results calculated by the coupled shape and topology optimization 
method. Accordingly, in the present communication the optimization 
results computed from monolithic and staggered update schemes are 
compared for various thin-walled beam structures. The numerical ex-
amples concern basic circular and square thin-walled cantilever beam 
structures, as well as a more complex, non-prismatic thin-walled beam 
structure representative of a rotor blade used in a horizontal-axis wind 
turbine. The aerodynamic loading applied on the rotor blade is depen-
dent on the shape of the design domain, whereby the aerodynamic 
performance is warranted through the formulation of a separate 
constraint condition. For each boundary value problem analyzed the 
computational time and the solution computed by the monolithic and 
staggered update schemes are compared, which should provide clear 
insight into the numerical efficiency of the solution procedure and the 
uniqueness of the computational result. 

The paper is organized as follows. Section 2 reviews the geometrical 
description of thin-walled beam structures, and introduces the shape 
and topology design variables. In Section 3 the main features of the 
coupled shape and topology optimization method are presented. The 

monolithic and staggered update schemes are outlined, and the 
analytical shape and topology sensitivities used in the gradient-based 
solution method are provided. Section 4 discusses the optimization re-
sults computed for circular and square thin-walled cantilever beams and 
an HAWT rotor blade. The main conclusions of the comparison study are 
presented in Section 5. 

2. Geometrical description and design variables 

The formulation of the coupled shape and topology optimization 
approach starts with a parametric description of the thin-walled beam 
geometry in terms of appropriate design variables. In order to keep the 
computational time of the approach manageable, a three-dimensional 
beam structure is described by means of an efficient 2.5D beam formu-
lation originally proposed in Ref. [28]. In this method, 1D beam elements 
simulating the beam response in the longitudinal direction are combined 
with two-dimensional cross-sectional design units defining the beam ge-
ometry at given locations along the longitudinal beam axis. In the present 
work, the initial beam cross-section is assumed to be thin-walled and 
hollow, i.e., a circular or a square tube, or a hollow airfoil defining the 
circumference of a rotor blade of a horizontal axis wind turbine (HAWT). 
The variation of the cross-sectional properties in the longitudinal beam 
direction follows from scaling the cross-sectional dimension by a factor l, 
and rotating the cross-section by a twist angle β. Adopting a Cartesian 
coordinate system, whereby the x- and y-coordinates of cross-sectional 
points are normalized by the scaling factor l, i.e., xa = x/l and ya = y/l, 
this geometrical mapping, which has been visualized in Fig. 1 for an 
airfoil cross-sectional design unit, can be expressed via the geometry 
function 

G(pa)= lR(pa − oc) + ob . (1) 

Here, pa = [xa, ya]
T refers to an arbitrary, normalized location within 

the airfoil design unit, oc = [x0, y0]
T is the location of the normalized 

reference point in the airfoil design unit, ob = [xb, yb]
T is the actual 

location of the reference point (which corresponds in Fig. 1(b) to the 
pitch axis [0, 0]T of the airfoil), l is the scaling factor, and R is the rotation 
matrix, expressed in terms of the twist angle β, i.e., 

R=

[
cosβ − sinβ
sinβ cosβ

]

. (2)  

The distributions of the design variables l and β in the longitudinal di-
rection of the beam structure are represented by NURBS curves equip-
ped with 5 control points. Fig. 2 shows an example of these distribution 
functions for a specific airfoil cross-section, whereby the coordinates of 
the NURBS control points act as the shape design variables a that 
parameterize the geometry during the optimization procedure. More 
background information on the theory of NURBS and their imple-
mentation for shape optimization problems can be found in Refs. [25, 
26]. After the initial beam geometry is parameterized from the defini-
tion of appropriate cross-sectional design units and the corresponding 
distribution functions for l and β, specific locations need to be selected 
along the longitudinal beam direction at which the cross-sectional 
characteristics under the applied loading will be computed from 
two-dimensional finite element method (FEM) analyses [25,29]. As an 
example, Fig. 3(a) shows an HAWT rotor blade constructed by 11 
different blade cross-sections, whereby the geometrical properties in 
between two adjacent cross-sections follow from a linear interpolation. 
For simplicity, the 11 cross-sections are defined from a single design 
unit, i.e., the airfoil type sketched in the same figure; note, however, that 
the parameterization of (more complex) turbine blades applied in 
HAWTs requires the use of multiple design units [30]. 

In the present work the outer shape of the thin-walled beam structure 
is optimized together with its internal topology, whereby the topology 
optimization is performed in accordance with the SIMP approach [27]. 
The topology of the cross-sectional design unit follows from optimizing 
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the relative densities ρ of the finite elements, which represent the to-
pology design variables. The values of the relative densities range between 
zero (a void) and unity (a solid), e.g., for the initial, hollow core airfoil 
shown in Fig. 1(a), the finite elements modeling the outer wall of 
thickness t0 are kept fixed at unity density (colored dark grey) and the 
interior finite elements modeling the hollow space are assigned an initial 
density value of zero (colored white). Accordingly, during the optimi-
zation procedure the outer wall remains solid and only the relative 
densities of the interior elements are optimized. 

The mesh generation of the beam cross-section is carried out by 
projecting the auxiliary mesh of the design unit onto the actual cross- 
section via the geometry function G given by Eq. (1), see also Fig. 1. 
Accordingly, an explicit relation between the finite element mesh and the 
shape design parameters l and β can be established, from which 
analytical sensitivities can be computed that facilitate a computationally 
efficient, gradient-based solution procedure of the coupled optimization 
problem [25,30]. 

3. Coupled shape and topology optimization approach 

3.1. General framework 

In the coupled optimization approach the structural compliance c of 
the beam configuration is optimized for the shape design variables a and 
topology design variables ρ via the formulation 

min
a,ρ

f (a, ρ) = c(a, ρ)
c0

,

subject to
V(a, ρ)

Vmax
≤ 1

Aa ≤ b ,

hg(a) ≤ 0, g = 1,…,G ,

with 0 ≤
as − ls

us − ls
≤ 1 , s = 1,…, S ,

0 ≤ ρmin ≤ ρe ≤ 1 , e = 1,…,E .

(3) 

Fig. 1. Visualization of the geometrical mapping G presented by Eq. (1) from (a) an airfoil design unit (defined in xa − ya coordinate system) to (b) a blade cross- 
section (defined in the x-y coordinate system). The finite element mesh is indicated by the solid lines. 

Fig. 2. Geometry parameterization by using NURBS with 5 control points. The circles indicate the initial locations of the control points. (a) Distribution of chord 
length l along the blade length, and (b) distribution of twist angle β along the blade length. 

Fig. 3. An HAWT rotor blade constructed by 11 different cross-sections. The cross-sections are characterized by the shape design variables l and β following from the 
distribution functions shown in Fig. 2. (a) Outer geometry, and (b) 2.5D FEM model. 
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Here, as is a component of the vector of shape design variables a, with 
the lower and upper bounds given by ls and us, respectively, and the total 
number of components equal to S. The vector of topology design vari-
ables ρ contains the relative element densities ρe, whereby a small, 
minimal density value ρmin is defined to avoid a singular stiffness matrix, 
and the total number of components is set by E. Further, V is the material 
volume, which, by means of an inequality constraint, cannot exceed the 
maximal material volume Vmax specified a priori. The matrix A and 
vector b define the linear inequality constraints for the shape design 
variables a, and hg includes the non-linear inequality constraints for a, 
with the total number of non-linear constraints given by G. Note that in 
Eq. (3) the shape design variable as has been normalized in order to 
range between zero and one, by which the scale difference in the ranges 
for the shape and topology design variables vanishes. In the expression 
for the objective function f the structural compliance c is normalized by 
its initial value c0, whereby c follows from the FEM model as 

c= fTu , (4)  

with f = f(a) the global force vector and u = u(a, ρ) the global 
displacement vector. The force vector f, which may depend on the shape 
design variables a in order to account for shape-dependent, aero-
dynamic loads, is related to the displacement vector u via 

Ku= f , (5)  

with K = K(a, ρ) the global stiffness matrix. In the 2.5D beam formu-
lation the global stiffness matrix assembles the stiffness matrices of the 
beam elements, for which the cross-sectional response is determined 
from 2D FEM analyses, see Refs. [25,28,29] for more details. The 
Young’s modulus Ee of a cross-sectional finite element is determined by 

Ee = ρp
eE0 , (6)  

where ρe is the relative density of element e, p is a penalization factor, a 
typical value being 3 [27], and E0 is the initial Young’s modulus of the 
material. Note that via Eq. (6) the global stiffness matrix K becomes 
dependent on the topology design variables ρ. The initial values ρ0 of the 
topology design variables in the cross-sectional design units are defined 
by 

ρ0 =
Vmax − Vw

0

V i
0

, (7)  

where Vmax is the maximal material volume, see also Eq. (3), and Vw
0 and 

Vi
0 are the initial volumes of the wall and interior of the thin-walled 

beam, respectively. 
In Eq. (5), the dependency of the stiffness matrix K on the shape 

design variables a enters through the variation of the cross-sectional 
design unit along the longitudinal beam direction, as quantified by the 
locations of the NURBS control points defining the actual chord and 
twist distributions in the longitudinal direction, see Fig. 2. 

3.2. Monolithic and staggered update schemes 

The coupled optimization formulation given by Eq. (3) may be solved 

by either applying a monolithic update scheme or a staggered update 
scheme. In the monolithic update scheme the shape and topology design 
variables a and ρ are incrementally updated in a concurrent fashion, as 
illustrated by the flowchart presented in Fig. 4. In the discussion of the 
results, this approach will be referred to as Concurrent Optimization 
(CO). The monolithic scheme starts with i) the description of the ge-
ometry of the structure (as explained in Section 2), followed by ii) 
performing a structural FEM analysis, iii) a sensitivity analysis, and 
finally iv) the update of the design variables. The last two stages of the 
numerical update scheme will be explained in more detail in Sections 
3.3 and 3.4. During each increment, the combination of stages ii) to iv) is 
repeated iteratively, until the stop criterion is reached and the numerical 
process converges. Alternatively, a staggered update scheme can be 
applied, whereby the design variables a and ρ are incrementally updated 
in a sequential fashion, in accordance with the flowchart presented in 
Fig. 5. Again, the update procedure starts with the geometry description, 
after which the individual shape and topology optimization steps 
composed of the above stages ii) to iv) are performed alternately, until 
the stop criteria for both optimization steps are satisfied. The solution 
scheme depicted in Fig. 5 starts with a topology optimization step, and, 
as such, is referred to as Coupled Topology Shape Optimization (CTSO). 
Alternatively, it may start with a shape optimization step, and then is 
referred to as Coupled Shape Topology Optimization (CSTO). 

In the staggered update scheme, the topology is optimized by 
momentarily freezing the shape design variables a in Eq. (3), which 
reduces the formulation to 

min
ρ

f (ρ) = c(ρ)
c0

,

subject to
V(ρ)
Vmax

≤ 1,

with 0 ≤ ρmin ≤ ρe ≤ 1 , e = 1,…,E.

(8) 

Similarly, the shape is optimized by keeping the topology design 
variables ρ in Eq. (3) temporarily fixed, leading to 

min
a

f (a) = c(a)
c0

,

subject to
V(a)
Vmax

≤ 1 ,

Aa ≤ b ,

hg(a) ≤ 0 , g = 1,…,G ,

with 0 ≤
as − ls

us − ls
≤ 1 , s = 1,…, S .

(9) 

More details on the above staggered update scheme can be found in 
Refs. [25,30]. 

3.3. Sensitivity analysis 

In the coupled optimization framework the shape and topology 
design variables a and ρ are efficiently updated by adopting a gradient- 
based solution method. For this purpose, the shape and topology sen-
sitivities need to be derived in closed form, as described below. 

Fig. 4. Flowchart of the monolithic update scheme for coupled optimization, with iteration k referring to the optimization loop.  
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3.3.1. Shape sensitivities 
In accordance with Eq. (1) and Fig. 1, the location p = [x, y]T of an 

arbitrary node in the 2D mesh of a beam cross-section is obtained from 
the location of this node in the cross-sectional design unit, pa = [xa, ya]

T, 
by applying a projection via the geometry function G. Correspondingly, 
the partial derivative of the location of a node p with respect to the 
shape design variable as is given by 

∂p
∂as

=
∂G(pa)

∂as
=

∂G(pa)

∂l
∂l

∂as
+

∂G(pa)

∂β
∂β
∂as

, (10)  

with 

∂G(pa)

∂l
=R(pa − oc) ,

∂G(pa)

∂β
= l

∂R
∂β

(pa − oc) , (11)  

where ∂R/∂β follows from Eq. (2) and ∂l/∂as and ∂β/∂as can be deter-
mined in closed form using NURBS theory, see Refs. [25,26] for more 
details. Using Eqs. (4) and (5), the partial derivatives of the nodal dis-
placements u and the structural compliance c with respect to shape 
design variable as respectively follow as 

∂u
∂as

=K− 1
(

∂f
∂as

−
∂K
∂as

u
)

, (12)  

and 

∂c
∂as

=
∂fT

∂as
u + fT ∂u

∂as
. (13) 

Inserting Eq. (12) into Eq. (13) and invoking Eq. (5) leads to 

∂c
∂as

=
∂fT

∂as
u + uT ∂f

∂as
− uT∂K

∂as
u , (14)  

where the nodal displacement vector u follows from solving Eq. (5). 
Note that the term ∂f/∂as vanishes if the external loads f are independent 
of the shape design variable as. Alternatively, ∂f/∂as may be character-
ized by the relation between the external load and the outer shape of the 
beam; a specific example is given in Appendix B, which provides the 
sensitivities of an aerodynamic loading with respect to the shape design 
variables parametrizing an HAWT rotor blade. These sensitivities will be 
used for the shape and topology optimization of an HAWT rotor blade, as 
presented in Section 4.2. Furthermore, the term ∂K/∂as appearing in Eq. 
(14) is calculated by following the procedure described in Ref. [25], and 
includes the analytical derivatives of the node locations with respect to 
the shape design variables, as determined from Eqs. (10) and (11). 

Finally, the derivative of the objective function with respect to the shape 
design variables results from Eq. (3) as ∂f/∂as = (∂c /∂as)/c0, with the 
derivative ∂c/∂as given by Eq. (14). 

3.3.2. Topology sensitivities 
The derivative of the objective function with respect to the topology 

design variables is obtained from Eq. (3) as ∂f/∂ρe = (∂c /∂ρe)/c0, 
whereby ∂c/∂ρe may be directly deduced from the form given by Eq. (14) 
and using the fact that the external load vector is independent of the 
topology design variables, ∂f/∂ρe = 0, i.e., 

∂c
∂ρe

= − uT∂K
∂ρe

u . (15)  

Here, the computation of ∂K/∂ρe is performed in accordance with the 
procedure described in Ref. [25]. However, in order to alleviate possible 
checkerboard patterns in the calculated element densities, Eq. (15) is 
slightly adapted by applying the sensitivity filter proposed in Ref. [31], 
such that 

∂ĉ
∂ρe =

1

ρe
∑N

f=1 Ĥ
f

∑N

f=1
Ĥ

f
ρf ∂c

∂ρf , (16)  

in which 

Ĥ f =max(0, rmin − dist(e, f )) , (17)  

where dist(e, f) is the distance between the center of element e and the 
center of element f, and rmin is the radius adopted for the sensitivity 
filter. In the classical SIMP approach the radius of the filter can be taken 
as constant, since the mesh of the design domain is kept fixed. However, 
in the current coupled optimization approach the element size is vari-
able as a result of the shape optimization procedure, whereby a constant 
filter size might cause the filter to stop working when the element size 
increases. For this reason, the radius of the filter is here defined as rmin =

r0
̅̅̅̅̅̅
Ae

√
, where Ae is the area of element e, and r0 is a scaling parameter 

for the radius, which is set to 1.5 for the numerical examples presented 
in Section 4. 

3.4. Update of design variables 

The numerical update procedure of the design variables in the 
monolithic and staggered schemes is performed using the Sequential 
Quadratic Programming (SQP) method [32] with the fmincon solver in 
MATLAB (version R2018a). The first-order sensitivities required for the 

Fig. 5. Flowchart of the staggered update scheme for coupled optimization, with iterations g and h referring to topology and shape optimization loops, respectively, 
and iteration k referring to the outer loop. This figure has been reprinted from Ref. [24]. 
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fmincon solver follow from the expressions presented in Section 3.3, and 
the second-order sensitivities (Hessian matrix) are approximated using 
the Broyden-Fletcher-Goldfarb-Shanno (BFGS) scheme [32]. 

4. Numerical examples 

The main features of the coupled shape and topology optimization 
method are illustrated by first analyzing thin-walled beam configura-
tions with a regular cross-section, i.e., a circular and a square tube 
clamped at one side and loaded by a point load and/or torsional moment 
at the other side. For simplicity, the external load f imposed on the beam 
is hereby assumed to be independent of the shape design variables a. 
Subsequently, the coupled optimization approach is applied for an 
HAWT rotor blade, whereby the shape-dependent aerodynamic loading 
is accounted for together with a constraint condition for the rotor power 
coefficient in order to warrant an adequate aerodynamic performance. 
The above optimization problems are solved with the three numerical 
update schemes presented in Section 3.2, which are the monolithic 
scheme referred to as Concurrent Optimization (CO), and the two 
staggered schemes referred to as Coupled Shape and Topology Optimi-
zation (CSTO) and Coupled Topology and Shape Optimization (CTSO). 
Accordingly, the numerical efficiency of each update scheme and the 
uniqueness of the computational result can be demonstrated. 

4.1. Circular and square thin-walled cantilever beams 

Fig. 6(a) illustrates a thin-walled cantilever beam of length L0 sub-
jected at its right end to three different loading cases, namely: Case 1, a 
vertical force Fy, Case 2, a torsional moment Mz, and Case 3, a combi-
nation of Fy and Mz. The parameters used in the optimization procedure 
are listed in Table 1. Note that the wall thickness t0 in Fig. 6(b) and (c) 
and Table 1 is dimensionless, since the cross-sectional design units in 
Fig. 6(b) and (c)) are normalized by the scaling factor l, see also Section 
2. The computational results presented are normalized such that they 
become independent of the Young’s modulus E of the material. The 
Poisson’s ratio of the material is set equal to ν = 0.3. 

Two different cross-sectional design units are considered, represen-
tative of a circular tube, see Fig. 6(b), and a square tube, see Fig. 6(c), 
which are characterized by an initial diameter and width l0, respec-
tively, and an initial dimensionless wall thickness t0. The circular and 
square design units are meshed by 4-node quadrilateral finite elements, 
with the FEM discretizations also shown in Fig. 6. In the longitudinal 
direction of the beam the cross-sectional stiffness properties are 
computed from 11 cross-sections located at equal mutual distance. Only 
the first cross-section has a minor offset of 0.01 m from the beam’s left 
end, by which its properties become representative of the beam part 
starting at the left beam end up to this location. The cross-sectional 
design units shown in Fig. 6(b) and (c) are mapped to the 

corresponding cross-sections using the geometrical projection in Eq. (1). 
The design unit’s reference point oc appearing in Eq. (1) equals oc =

[0.5, 0.5]T for both the circular and square design units, see Fig. 6(b) and 
(c), and the cross-sectional reference point ob = [0, 0]T is considered to 
coincide with the central axis of the beam. 

For simplicity, in the present analyses the cross-sectional design units 
will be scaled but not twisted, i.e., in Eq. (1) only the scaling factor l is 
activated and the twist angle β is set to zero. However, the contribution 
by the twist angle will be included in the shape optimization of an 
HAWT rotor blade presented in Section 4.2. For the circular design unit 
the scaling factor l scales its initial diameter, while for the square design 
unit it scales its initial width. The axial distribution of the scaling factor l 
is defined by 5 control points characterizing the NURBS curve, see Fig. 2 
(a). The control points are free to move horizontally, except for the 
endpoints, which are kept fixed in order to keep the beam length con-
stant. Accordingly, the shape design variables are defined by 

a= [L1,Z2,L2,Z3,L3, Z4, L4, L5]
T
, (18)  

where Ls (with s = 1,…,5) is the scaling factor of the 5 control points 
and Zs represents their normalized z-coordinate in the longitudinal beam 
direction, see Fig. 6. Initially the scaling factor is prescribed to be uni-
form along the beam length, l = l0, with the value of l0 
presented in Table 1. Correspondingly, the initial values of a are defined 
as [1, 0.2,1, 0.5, 1,0.9, 1,1]T. Further, their lower and upper bounds are 
set to [0.3, 0.1, 0.3,0.4, 0.3, 0.8,0.3, 0.3]T and [1.5,0.3, 1.5, 0.7,1.5,
0.95,1.5, 1.5]T, respectively. The initial value ρ0 of the topology design 
variables is determined by Eq. (7), which, with the values of Vmax and t0 
presented in Table 1, leads to ρ0 = 0.358 and ρ0 = 0.271 for the circular 
and square design units, respectively. The coupled optimization process 
is assumed to be converged when the objective function in Eq. (3) sat-

isfies the stop criterion 
⃒
⃒
⃒fk+1 − fk

⃒
⃒
⃒ ≤ 1e − 5, with k the iteration number. 

For the staggered CTSO and CSTO schemes, the stop criteria of the inner 

loops are set as 
⃒
⃒
⃒f g+1 − f g

⃒
⃒
⃒ ≤ 1e − 5 and 

⃒
⃒
⃒fh+1 − fh

⃒
⃒
⃒ ≤ 1e − 5, with g and h 

the iteration numbers for topology and shape optimization, respectively. 
The optimization results will be first discussed for the cantilever 

beam with a circular thin-walled cross-section. For loading Case 1, 
whereby the right end of the beam is subjected to a vertical force Fy, the 
optimization results obtained by the monolithic CO scheme and the 

Fig. 6. A thin-walled cantilever beam subjected to a vertical point load Fy and/or a torsional moment Mz. (a) Geometry and loading conditions, (b) a circular design 
unit, and (c) a square design unit. 

Table 1 
Parameter values for the thin-walled cantilever beam problem.  

Parameter L0 

(m)  
l0 

(m)  
t0 

–  
Vmax 

(m3)  
Fy 

(kN)  
Mz 

(kNm)  

Value 30 1 0.01 9 10 10  
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staggered CTSO and CSTO schemes are shown in Figs. 7–9, respectively. 
Here, the normalized structural compliance c/c0 is plotted versus the 
total number of iterations k, with the inset illustrating how the cross- 
section at the left beam end has evolved after various numbers of iter-
ation k. The final cross-section computed with the three update schemes 
turns out to be similar; it is represented by a cylindrical shell that is 
internally reinforced by spar caps at the top and bottom of the cross- 
section, which clearly maximizes the bending resistance of the beam. 
A similar cross-sectional shape is found halfway the beam length, as 
illustrated in Fig. 10(a), (b) and (c) for the three update schemes. Note 
that for all three numerical update schemes the final, optimized 

configuration hardly contains intermediate densities; the configurations 
are essentially composed by parts with a density equal to unity (colored 
red) and zero (colored dark blue). Here, the upper and lower cross- 
sectional parts with a density equal to unity are connected to each 
other via the outer thin wall of which the density during the optimiza-
tion is kept fixed at unity, so that the optimized configuration is physi-
cally admissible. The overall shape of the beam structure is tapered, 
which can be concluded from the final distribution of the scaling factor l 
in the longitudinal direction of the beam, see Fig. 11(a). Obviously, this 
shape results from the fact that the bending moment generated by the 
point load Fy increases linearly from zero at the loading point to a 

Fig. 7. Concurrent optimization (CO): convergence behavior of the normalized compliance c/c0 for a thin-walled cantilever beam with a circular design unit 
subjected to a vertical for Fy (loading Case 1). The inset shows the evolution of the first cross-section (at the left side of the beam) after various numbers of iteration k. 

Fig. 8. Coupled Topology and Shape Optimization (CTSO): convergence behavior of the normalized compliance c/c0 for a thin-walled cantilever beam with a 
circular design unit subjected to a vertical for Fy (loading Case 1). The inset shows the evolution of the first cross-section (at the left side of the beam) after various 
numbers of iteration k. 
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maximum value of FyL0 at the clamped left end. Note from Fig. 10 that 
the outer beam diameters following from the CO and CSTO update 
schemes are comparable, whereas the beam diameter calculated with 
the CTSO scheme is substantially smaller. Correspondingly, the final 
value of the normalized structural compliance is the lowest for the CSTO 
approach, c/c0 = 0.075, closely followed by the CO approach, c/ c0 =

0.078, and finally by the CTSO approach, c/c0 = 0.109, with the 
compliance value of the CTSO approach being (0.109 − 0.075)/ 0.109×
100% = 31% larger than that of the CSTO approach. 

It can be observed from Figs. 7–9 that the number of iterations k 

required for reaching a converged solution is the lowest for the mono-
lithic CO approach, k = 76, followed by the staggered CSTO approach, 
k = 108, and finally the staggered CTSO approach, k = 127. Since the 
shape and topology design variables in the monolithic and two staggered 
schemes are updated in a different fashion, see the flowcharts in Figs. 4 
and 5, the number of iterations k cannot be directly related to the 
computational efficiency of the update schemes. This can be indeed 
confirmed from the values listed in Table 2, which show that the order in 
computational times is different from the order in the number of itera-
tions k mentioned above: for loading Case 1 the CO approach relates to 

Fig. 9. Coupled Shape and Topology Optimization (CSTO): convergence behavior of the normalized compliance c/c0 for a thin-walled cantilever beam with a 
circular design unit subjected to a vertical for Fy (loading Case 1). The inset shows the evolution of the first cross-section (at the left side of the beam) after various 
numbers of iteration k. 

Fig. 10. Final configuration of the 6th cross-section of the thin-walled cantilever beam (located at the half-length) with the circular design unit. Loading case 1 
(vertical force Fy) with the CO (a), CTSO (b) and CSTO (c) numerical update schemes. Loading case 2 (torsional moment Mz) with the CO (d), CTSO (e) and CSTO (f) 
numerical update schemes. Loading case 3 (vertical force Fy and torsional moment Mz) with the CO (g), CTSO (h) and CSTO (i) numerical update schemes. 
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the shortest computational time, followed by the CTSO and the CSTO 
approaches, where the maximal relative difference in computational 
time is equal to a factor 1.629. Additionally, the other two loading cases, 
Cases 2 and 3, show a different order in computational time, which 
demonstrates the dependency of the computational efficiency of the 
update scheme on the characteristics of the boundary value problem. 

Consider now the optimization results for the circular thin-walled 
cantilever beam under loading Case 2, whereby the right beam end is 
subjected to a torsional moment Mz. From Fig. 11(c), it can be seen that 
for the CTSO and CSTO update schemes the cross-section maintains its 
initial diameter of l = l0 = 1.0 m along the complete beam length, 
indicating that shape optimization (virtually) has no influence on the 
optimization process. Conversely, for the CO update scheme the cross- 
sectional diameter reduces in value to l = 0.869 m, whereby the final 
wall thickness of the tube is larger than for the CTSO and CSTO ap-
proaches, see Fig. 10(d), (e) and (f). Since the external torsional moment 
generates a constant torsional moment distribution, the shape of the 
beam remains constant in the longitudinal direction. The final normal-
ized compliance c/c0 computed by the CO approach turns out to be 
(0.293 − 0.210)/0.210 × 100% = 40% larger than for the CTSO and 
CSTO approaches, and thus is less optimal. When comparing the order of 
the compliance values for loading Case 2 with that of loading Case 1, see 
Fig. 10, it may be concluded that it depends on the type of loading 
condition which of the three update schemes provides the lowest 
compliance. 

For loading Case 3, which is a combination of the loading Cases 1 and 
2, the optimization results for the circular, thin-walled cantilever beam 
appear to be relatively close to those obtained for loading Case 1, as can 
be concluded from the comparison of Fig. 11(a) and (e), and of Fig. 10 
(a), (b), (c) and (g), (h), (i). Hence, it may be concluded that the opti-
mization of the shape and topology of the thin-walled beam under 
loading Case 3 is mainly determined by the external point load Fy. 
Obviously, when increasing the magnitude of Mz presented in Table 1, 
the contribution of the torsional moment to the optimization result of 
Case 3 will become more prominent. 

For the cantilever beam with a square, thin-walled cross-section, the 
optimization results are qualitatively comparable to those of the thin- 
walled beam with a circular cross-section, both in terms of the varia-
tion of the shape in longitudinal direction, see Fig. 11, and the distri-
bution of material across the cross-section, see Figs. 10 and 12. The latter 
two figures further show that for loading Cases 1 and 2 the numerical 
update scheme resulting in the lowest relative compliance c/c0 is 
different for the circular and square cross-sections, which indicates that 
the performance of the update scheme depends on the actual geometry 
considered. In fact, this conclusion not only applies to the specific value 
computed for c/c0, but also to the computational efficiency of the update 
scheme, see Tables 2 (circular cross-section) and 3 (square cross- 
section). 

In summary, the three different update schemes result in similar 
design concepts, but lead to different values for the minimal structural 
compliance. Since the monolithic CO scheme typically navigates a larger 
design space than the staggered CTSO and CSTO schemes, for most cases 
examined it provides the lowest structural compliance. An exception to 
this rule follows from Case 2 of a cantilever beam with a circular design 
unit subjected to a torsional moment Mz, whereby the CO scheme gets 
stuck in a less optimal, local minimum that ignores the fact that under 
uniform torsion shape optimization (virtually) has no influence on the 
final, optimized beam configuration. Furthermore, for the two staggered 
update schemes, the CSTO scheme starting with a shape optimization 

Fig. 11. Final distribution of the scale factor l in the longitudinal direction of the thin-walled cantilever beam for the CO, CTSO and CSTO update schemes. Loading 
case 1 (vertical force Fy) with circular (a) and square (b) design units. Loading case 2 (torsional moment Mz) with circular (c) and square (d) design units. Loading case 
3 (vertical force Fy and torsional moment Mz) with circular (e) and square (f) design units. 

Table 2 
Relative computational time for thin-walled cantilever beam with a circular 
design unit.   

Case 1 Case 2 Case 3 

CTSO/CO 1.054 0.617 1.133 
CSTO/CO 1.629 0.678 2.223 
CTSO/CSTO 0.647 0.910 0.509  
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step commonly enlarges the design space for the subsequent topology 
optimization step, such that the final compliance calculated by this 
scheme may be lower than the value computed by the CTSO scheme, and 
thereby closer to the compliance value following from the monolithic 
CO scheme. In the section below the aspects outlined above are further 
investigated by considering a practical case study related to a rotor blade 
of a horizontal-axis wind turbine (HAWT). In the formulation of the 
structural optimization problem, the shape-dependent aerodynamic 
loading is accounted for together with a constraint condition for the 
rotor power coefficient in order to warrant an adequate aerodynamic 
performance. 

4.2. HAWT rotor blade 

Consider a horizontal-axis wind turbine (HAWT) for which the rotor 
blades are characterized by the airfoil cross-sectional design unit 
depicted in Fig. 1(a). This standard airfoil type is commonly referred to 
as “DU 93-W-210”, with the specific design details presented in 
Ref. [33]. The 11 airfoil cross-sections modeling the total blade geom-
etry are meshed by 6-node triangular 2D elements, see Fig. 1(a). The 
outer wall defining the geometry of the airfoil design unit has a 
dimensionless thickness of t0 = 0.005, and the other geometrical char-
acteristics are the same as for the thin-walled cantilever beam problems 
studied in Section 4.1, i.e., the blade length equals L0 = 30 m and the 
initial chord length of the airfoil cross-section is l0 = 1 m, see Table 1. 
From the wall thickness mentioned above, the initial volumes of the wall 
and interior of the blade become Vw

0 = 0.329 m3 and Vi
0 = 3.486 m3, 

respectively. By prescribing the maximum material volume of the blade 
as Vmax = 1.5 m3, the initial value of the topology design variables is 

obtained via Eq. (7) as ρ0 = 0.336. Further, the stop criteria adopted for 
the update schemes are the same as for the thin-walled cantilever beam 
problems analyzed in Section 4.1. 

The aerodynamic loads acting on the rotor blade are calculated by 
applying the Blade Element Momentum (BEM) method [34]; the main 
details of this method can be found in Appendix A. The aerodynamic lift 
and drag coefficients of the airfoil are used as input for the BEM method, 
which, for the standard DU 93-W-210 airfoil, are reported in Ref. [35]. 
An example is given in Fig. 13, showing the lift cL and drag cD co-
efficients as a function of the angle of attack α for a Reynolds number 
Re = 1× 106. By setting the free-stream wind speed as U∞ = 10 m/s and 
the blade tip-speed ratio as λ = 9, from the initial shape of the blade the 
initial aerodynamic normal and tangential forces on each of the 11 blade 
cross-sections in the 2.5D FEM model can be calculated, see Fig. 14 for 
the result. These aerodynamic forces need to be converted to the load 
vector f used in the FEM formulation, Eq. (5), which is done by trans-
ferring the forces from the aerodynamic center of the blade to the blade 
reference axis. Since the aerodynamic loads f are characterized by the 
outer shape of the blade, the partial derivatives ∂f/∂as of these loads 
with respect to the shape design variables are calculated in agreement 
with Eq. (14), the details of which are presented in Appendix B. 

The shape of the airfoil is optimized by scaling the chord length in 

Fig. 12. Final configuration of the 6th cross-section of the thin-walled cantilever beam (located at the half-length) with the square design unit. Loading case 1 (vertical 
force Fy) with the CO (a), CTSO (b) and CSTO (c) numerical update schemes. Loading case 2 (torsional moment Mz) with the CO (d), CTSO (e) and CSTO (f) numerical 
update schemes. Loading case 3 (vertical force Fy and torsional moment Mz) with the CO (g), CTSO (h) and CSTO (i) numerical update schemes. 

Table 3 
Relative computational time for thin-walled cantilever beam with a square 
design unit.   

Case 1 Case 2 Case 3 
CTSO/CO 0.651 0.819 1.300 
CSTO/CO 0.852 0.777 3.631 
CTSO/CSTO 0.764 1.054 0.358  

Fig. 13. Lift and drag coefficients for the DU 93-W-210 airfoil as a function of 
angle of attack, using a Reynold’s number Re = 1× 106. 
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accordance with the scaling factor l, and twisting the airfoil cross-section 
by an angle β. The chord and twist distributions in the longitudinal beam 
direction are determined by the values of the NURBS control points that 
act as shape design variables, as represented by a = [aT

s , aT
t ]

T. Here, as 

reflects the chord distribution and at refers to the twist distribution, in 
correspondence with the mathematical format given by Eq. (18). Similar 
to the examples treated in Section 4.1, the initial values of as correspond 
to a uniform chord length l0 = 1 m along the longitudinal beam direc-
tion, in accordance with [1, 0.2,1, 0.5, 1,0.9, 1,1]T. The lower and upper 
bounds of as are set equal to [0.3, 0.1,0.3, 0.4, 0.3,0.8, 0.3, 0.3]T and 
[1.5, 0.3, 1.5,0.7, 1.5, 0.95,1.5,1.5]T, respectively. Additionally, the 
initial values of at are [0,0.2, 0, 0.5,0, 0.9,0, 0]T, thus assuming that the 
blade is initially untwisted, with the lower bound as 
[0, 0.1, 0,0.4, 0,0.8, 0, 0]T and the upper bound as 
[10, 0.3, 10,0.7, 10,0.95,10,10]T. 

During the optimization procedure, the locations of the first control 
point at the blade root and the fifth control point at the blade tip are kept 
fixed, so that the blade length remains constant, see Fig. 2. The locations 
of the other three control points are allowed to change during the 
optimization process. In order to meet the so-called “monotonicity 
requirement” for turbine blade cross-sections [2], the values of both l 
and β in the second, third and fourth control points are enforced to 

successively decrease. This inequality constraint is implemented in the 
optimization framework via the matrix A and vector b in Eq. (3). 

The objective function c in Eq. (3) aims at minimizing the structural 
compliance, which naturally drives the optimization result towards a 
turbine blade shape that minimizes the aerodynamic loading, and thus 
the power output. In order to obtain a blade design with a sufficiently 
high power output, the normalized rotor power coefficient Cp/Cp0, with 
Cp0 being the initial value of the rotor power coefficient, has been 
computed using the program CCBlade [36] and is prescribed to be equal 
to or larger than 1. This condition is implemented in Eq. (3) by means of 
a nonlinear inequality constraint hg, whereby the sensitivity of the 
power coefficient with respect to the shape design variables, ∂Cp/∂as, is 
calculated in accordance with the procedure presented in Appendix B. 
Since the main focus of the present study is on the numerical perfor-
mance of the monolithic and staggered update schemes applied in the 
optimization procedure, the contribution of the power output to the 
optimized blade design is taken into account in a relatively simple 
fashion. A more rigorous optimization approach, which minimizes the 
structural compliance and simultaneously maximizes the power output, 
requires the present framework to be extended towards a 
multi-objective optimization formulation, the details of which can be 
found in Ref. [30]. 

Fig. 15 illustrates the convergence behavior of the normalized 
compliance c/c0 of the wind turbine blade for the monolithic CO update 
scheme, with the inset showing the evolution of the 6th cross-section 
located at the half-length of the blade. It can be observed that after 
the first iteration k = 1 the compliance c/c0 has already decreased by 
approximately 90% of its initial value, providing the turbine blade with 
a tapered shape and a material distribution that is still more or less 
uniform, see Fig. 16(a). With an increasing number of iterations the 
compliance decreases further under a simultaneous optimization of the 
outer shape and the interior topology, see Fig. 15. It can be observed that 
at iteration k = 60 a shear web appears, which subsequently vanishes 
under a further optimization of the blade structure. The final blade 
configuration is characterized by the appearance of spar caps at the 
upper and lower blade surfaces, see Fig. 16(b). The corresponding dis-
tributions of the blade chord length l and twist angle β depicted in 
Fig. 17(a) and (b) confirm the tapered shape of the blade, and show that 
the twist angle gradually decreases from a maximal value of 10o at the 

Fig. 14. Distributions of the initial normal and tangential aerodynamic forces 
along the blade length. 

Fig. 15. Concurrent optimization (CO): convergence behavior of the normalized compliance c/c0 of the HAWT rotor blade. The inset shows the evolution of the 6th 
cross-section (located at the half-length of the rotor blade) after various numbers of iteration k. 
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blade root to a value of 6o at the blade tip. The distribution of the twist 
angle of the blade ensures that the angle of attack is sufficiently high for 
satisfying the prescribed aerodynamic condition on the minimum value 
of the rotor power coefficient. 

Figs. 18 and 19 present the convergence behavior of the structural 
compliance c/c0 and the corresponding evolution of cross-sectional 
configurations for the staggered CTSO and CSTO update schemes, 
respectively. After the first iteration k = 1 the CSTO approach with a 
shape optimization in the first step clearly leads to substantially larger 
reduction of the compliance c/c0 than the CTSO approach with a to-
pology optimization in the first step. This demonstrates the large effi-
ciency of shape optimization in lowering the compliance during the 
coupled optimization process. In addition, the subsequent differences in 
the convergence behavior of the two approaches indicate that their so-
lution paths in the design space are rather different. Nevertheless, they 
surprisingly lead to the same final value of the minimal compliance, c/
c0 = 0.034, and to a similar internal topology of two spar caps con-
nected by a shear web, see Fig. 20(a) and (b). Also, the chord and twist 
distributions of the CSTO and CTSO approaches are virtually the same, 
but clearly differ from the distributions found for the monolithic CO 
approach, see Fig. 17. This result is consistent with the fact that the final 
value of the compliance c/c0 for the monolithic CO approach is 
(1 − 0.024 /0.034) × 100% = 29% lower than that of the staggered 
CSTO and CTSO approaches. Further, the total computational time of 
the CO approach is 53% and 12% less than the computational times of 

the CTSO and CSTO approaches, from which it may be concluded that 
the monolithic approach for the present problem is superior to the two 
staggered approaches. 

5. Conclusions 

This paper compares the performance of a monolithic and two 
staggered numerical update schemes for a coupled shape and topology 
optimization method for thin-walled beam structures. In order to limit 
the computational time of the optimization method, the beam structures 
are modeled as 2.5D configurations. Here, 1D beam elements are used to 
simulate the beam response in the longitudinal direction, while the 
cross-sectional properties of the beam elements are calculated from 
additional 2D FEM analyses. The sensitivities with respect to the shape 
and topology design variables are derived in closed form in order to take 
advantage of a computationally efficient, gradient-based optimization 
algorithm. 

The performance of the monolithic and staggered update schemes is 
first analyzed for thin-walled cantilever beams with circular and square 
cross-sections, subjected to a point load and/or a torsional moment. 
Subsequently, a practical case study is considered of a horizontal-axis 
wind turbine (HAWT) rotor blade subjected to representative wind 
loading conditions. The aerodynamic loading applied on the rotor blade 
is dependent on the shape of the design domain, whereby the aero-
dynamic performance is warranted through the formulation of a 

Fig. 16. Concurrent optimization (CO): blade configuration (outer shape and interior material distribution) after the first (k= 1) and final (k= 155) iterations.  

Fig. 17. Final distributions of the blade chord length l (a) and twist angle β (b) in the longitudinal blade direction for the CO, CTSO and CSTO update schemes. The 
initial distributions for l and β are plotted for comparison. 
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separate constraint condition on the rotor power coefficient. Although 
for the cases analyzed the three different update schemes result in 
comparable design concepts, the convergence speed and the structural 
compliance calculated are rather sensitive to the algorithmic details of 
the numerical update scheme applied, which is because in shape and 
topology optimization problems the landscape of solutions typically is 
characterized by numerous local minima. Despite this sensitivity, for 
most cases examined the monolithic update scheme provides the lowest 
structural compliance, which is due to the fact that it typically navigates 
a larger design space than the two staggered schemes. An exception to 
this rule follows from the problem of a cantilever beam with a circular 
design unit subjected to a torsional moment, whereby the monolithic 

scheme gets stuck in a less optimal, local minimum that ignores the fact 
that under uniform torsion shape optimization (virtually) has no influ-
ence on the final, optimized beam configuration. It has been further 
shown that the optimized structure computed for the HAWT rotor blade 
bears resemblance with that of the HAWT rotor blades used in wind 
engineering practice. Accordingly, the coupled shape and topology 
optimization approach may serve as a useful design tool for improving 
the aerostructural performance of practical wind turbine systems. 

In the present comparison study, the 3D beam configurations 
analyzed are adequately described by combining a single cross-sectional 
design unit with length and twist angle parameters that characterize the 
shape variation in the longitudinal beam direction via 5 NURBS control 

Fig. 18. Coupled Topology and Shape Optimization (CTSO): convergence behavior of the normalized compliance c/c0 of the HAWT rotor blade. The inset shows the 
evolution of the 6th cross-section (located at the half-length of the rotor blade) after various numbers of iteration k. 

Fig. 19. Coupled Shape and Topology Optimization (CSTO): convergence behavior of the normalized compliance c/c0 of the HAWT rotor blade. The inset shows the 
evolution of the 6th cross-section (located at the half-length of the rotor blade) after various numbers of iteration k. 
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points. Note, however, that the coupled optimization approach can be 
naturally extended to more advanced 3D geometries that require a 
larger number of cross-sectional design units (see e.g., Ref. [30]) and/or 
a larger number of NURBS control points, which may be interesting for a 
further comparison of the performances of the present numerical update 
schemes. Additionally, the use of the classical SIMP topology optimi-
zation method may occasionally result in the appearance of intermedi-
ate element densities, as has been observed for the shear web in the 
optimized topology computed for a wind turbine blade. In order to 
reduce the appearance of intermediate densities in topology optimiza-
tion results, more elaborate strategies, such as the modified SIMP 
method or the projection method, as presented in Refs. [37–39], can be 
applied in the coupled shape and topology optimization formulation, 
which is considered to be another topic for future work. 
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Appendix A. Blade Element Momentum method 

The Blade Element Momentum (BEM) method [34] reviewed below is used to compute the aerodynamic forces and rotor power coefficient for the 
HAWT rotor blade analyzed in Section 4.2. As illustrated in Fig. 21, for a rotating blade cross-section the local inflow angle φ follows from the 
expression tanφ = U∞(1 − a)/(rΩ(1 + a′

)), in which r is the radial distance of the blade cross-section with respect to the center of rotation, Ω is the 
rotor rotational speed and U∞ represents the free-stream wind speed. Further, a and a′ are the axial and angular induction factors, which are both a 
function of the local inflow angle φ, i.e., a = â(φ) and a′

= â
′

(φ), see Ref. [34]. The above expression can be reformulated as 

f (φ)=
sinφ
1 − a

−
cosφ

λr(1 + a′
)
= 0 , (19)  

where the parameter λr = rΩ/U∞ is commonly defined as the local tip-speed ratio. Eq. (19) can be solved iteratively for φ using a one-dimensional 
root-finding algorithm, such as Brent’s method [34]. Once the local inflow angle φ is determined, the induced aerodynamic normal and tangential 
forces Fn and Ft acting on the cross-section can be calculated as shown in the flow chart in Fig. 22. The procedure starts with the computation of the 
local angle of attack α and the local Reynolds number Re, using the value of the local inflow angle φ resulting from Eq. (19). As shown in Fig. 21, the 
angle of attack follows from the expression α = φ − β, where β is the twist angle. The local Reynolds number is computed by inserting the values for the 
axial and angular induction factors, a = â(φ) and a′

= â
′

(φ), into the expression for the local flow velocity, which is given by W =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

U2
∞(1 − a)2

+ (rΩ)
2
(1 + a′

)
2

√

, see also Fig. 21. Subsequently, the values of W and the chord length l are used to compute the local Reynolds number 
as Re = ρWl/μ, where ρ = 1.225 kg/m3 and μ = 1.812 × 10− 5 Ns/m2 represent the density and dynamic viscosity of air, respectively. With the angle 
of attack α and the local Reynolds number Re being calculated, the lift coefficient cL and drag coefficient cD can be computed from the data tabulated in 
Ref. [35] for specific airfoils. Fig. 13 illustrates these data for a DU 93-W-210 airfoil and a Reynolds number Re = 1× 106. From the lift and drag 
coefficients, the lift force L and drag force D can be computed using the expressions L = cLρW2l/2 and D = cDρW2l/2. Finally, the normal and 

Fig. 20. CTSO and CSTO update schemes: blade configuration (outer shape and interior material distribution) after the final (k = 277 (CTSO) and k = 260 
(CSTO)) iterations. 
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tangential forces Fn and Ft can be calculated from the lift force L and drag force D via Fn = Lcosφ + Dsinφ and Ft = Lsinφ − Dcosφ. The tangential force 
distribution can be used to compute the torque on the rotor shaft, which in turn can be employed to calculate the power coefficient of the rotor Cp. In 
the present work, the program CCBlade is used to compute the above results with the BEM method [36]. More background information on the BEM 
method can be found in Refs. [34,40].

Fig. 21. Components of the velocity and aerodynamic load at a cross-section of the rotor blade. This figure has been reprinted from Ref. [30].  

Fig. 22. Flowchart for the calculation of aerodynamic forces acting on a blade cross-section. This figure has been reprinted from Ref. [30].  

In order to apply the calculated aerodynamic forces on the thin-walled beam FEM model for the rotor blade, the normal force Fn and tangential 
force Ft need to be transferred from the aerodynamic center AC to the reference point O (= pitch axis), as shown in Fig. 21. This transformation results 
in the following aerodynamic loads and moments: 
{

Fx = Ft , Fy = Fn ,

Mz = − d(Ft sinβ + Fn cosβ) , (20)  

where d is the distance between the aerodynamic center AC and the reference point O, β is the twist angle and Mz is a torsional moment about point O. 
Note that the forces Fx, Fy, and moment Mz represent the aerodynamic loads per unit length at a specific blade cross-section. For a blade segment n that 
is located in between cross-sections n and n+ 1, the total aerodynamic loads Pn can be computed by using a trapezoidal rule: 

Pn =
1
2
(
pn + pn+1)δr , (21)  

where pn ∈ {Fn
x ,Fn

y ,Mn
z}, δr = rn+1 − rn is the length of blade segment n, and rn and rn+1 are the radial distances of blade cross-sections n and n+ 1 with 

respect to the center of rotation. The aerodynamic loads Pn acting on each blade segment finally construct the system load vector f required for solving 
the structural equilibrium of the turbine blade, see Eq. (5). 

Appendix B. Aerodynamic shape sensitivities 

In Appendix A it has been indicated that the aerodynamic forces Fn and Ft acting on a blade cross-section are a function of the chord length l and 
twist angle β. Further, the blade chord length and twist angle distributions illustrated in Fig. 2 are dependent on the shape design variables a, which are 
the coordinates of the NURBS control points. Accordingly, the derivative of the aerodynamic forces F = [Fn, Ft]

T with respect to the shape design 
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variable as is obtained via the chain rule as 

∂F
∂as

=
∂F
∂l

∂l
∂as

+
∂F
∂β

∂β
∂as

. (22)  

Here, the derivatives of the aerodynamic forces with respect to the chord length, ∂F/∂l, and the twist angle, ∂F/∂β, are provided by the program 
CCBlade [36]. Additionally, the analytical expressions for ∂l/∂as and ∂β/∂as are calculated using NURBS theory [25,26]. Combining Eq. (22) with Eq. 
(20) leads to 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂Fx

∂as
=

∂Ft

∂as
,

∂Fy

∂as
=

∂Fn

∂as
,

∂Mz

∂as
= −

∂d
∂as

(Ft sinβ + Fn cosβ) − d
(

∂Ft

∂as
sinβ + Ftcosβ

∂β
∂as

+
∂Fn

∂as
cosβ − Fnsinβ

∂β
∂as

)

.

(23) 

Note that in the above expression the derivative ∂d/∂as = 0 when as is related to the blade twist angle β, since the distance d between the aero-
dynamic center AC and the reference point O is set by the blade chord length l. The derivative ∂Pn/∂as for blade segment n is subsequently obtained by 
combining Eq. (23) with Eq. (21). Assembling this derivative for all blade segments provides the sensitivity of the system load vector with respect to 
the shape design variables, ∂f/∂as, which serves as input for Eq. (14). In addition, the partial derivative of the rotor power coefficient Cp with respect to 
the shape design variables as can be expressed as 

∂Cp

∂as
=

∂Cp

∂l
∂l

∂as
+

∂Cp

∂β
∂β
∂as

, (24)  

in which the partial derivatives of the power coefficient with respect to the chord length, ∂Cp/∂l, and twist angle, ∂Cp/∂β, are obtained from the 
program CCBlade [36], and ∂l/∂as and ∂β/∂as are computed using NURBS theory [25,26]. Eq. (24) is used for the optimization of the HAWT rotor blade 
as presented in Section 4.2. 
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