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Chapter 1 Introduction
1.1 Introduction
The chemical industry produces many products deemed essential for modern society such as
plastics and fertilizers. A catalyst is a compound which lowers the activation barrier of chem-
ical transformations enabling faster reactions and a better control on selectivity by providing an
alternative reaction pathway [1]. The importance of catalysis cannot be overestimated, as over 80
% of industrially relevant products involve catalysts in their production. This accounts for over
10 trillion dollars in goods and services of the global gross domestic product annually [2]. The
role of catalysts is expected to increase further still, given their expected role in the sustainable
energy transition [3].

Despite the great importance of catalysis, our knowledge is still too limited to allow for cata-
lyst design based on first principles [3]. In the research effort towards such predictive design,
computational tools are becoming more prevalent [3]. Considering heterogeneous catalysis, the
formidably of the task is evident, given the wide range of time and length scales on which the
relevant processes take place. For example, in heterogeneous catalysis multiple phases are present
within a reactor, so the reactants have to reach the active sites present on the catalytic surface
before they react away via a chain of chemical reactions. The elementary reaction steps depend
on detailed atomic structures present on a catalyst support. This support is a porous structure
therefore requiring modelling of not only the transport of reactants between reactor medium and
catalyst particles, but also the diffusion within the particle itself. Furthermore, catalytic particles
often suffer from internal transport limitations due to long diffusion path lengths or very fast
reactions, meaning not all active sites are exposed to the same conditions [4].

In order to describe such a wide range of time and length scales in a model, many exist-
ing modeling techniques have to be combined to develop a first-principles multi scale model as
no computationally feasible method exists to describe all these scales using a single method [4].
Looking at the challenge from a bottom-up approach, to study the formation and breaking of
chemical bonds on an active site, quantum chemical modeling techniques are needed e.g. Density
Functional Theory (DFT). Microkinetic models can then be used to obtain reaction rates and to
provide insight into the reaction mechanism [5]. These reaction rates then need to be coupled into
meso- to macroscopic transport models in order to provide for local concentration and temper-
ature profiles [4]. Such methodologies could provide great insight into the influence of chemical
phenomena on atom-scale chemical phenomena to large reactor vessels [3]. In conventional re-
search approaches, discrepancies often exist between model and experiment, frequently attributed
to the use of oversimplified kinetic models [3]. These models tend to be fitted to experimental
data, leaving them applicable only under a limited range of reaction conditions [6]. Incorporation
of detailed microkinetics would circumvent this problem [6].
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CHAPTER 1. INTRODUCTION

1.2 Research Outline
The research topic of this master thesis is to take a step towards a more realistic description on
multiple length scales using microkinetics instead of simplified kinetics (e.g. power laws). To
achieve this aim, a non-steady state, non-isothermal, one-dimensional model of a fixed bed reactor
coupled to a particle model was developed in C++ .

Microkinetics were implemented using the already existing MKMCXX software [7] and using
Artificial Neural Networks (ANNs). The usage of ANNs is a very promising method to efficiently
incorporate microkinetics without a significant increase in computational costs [8]. The implement-
ation of MKMCXX is a direct implementation and is therefore expected to be computationally
expensive [9] but will be used to allow for a comparison of the performance of ANNs in terms of
accuracy and computational time. Two chemical reactions with similar chemistry were studied
using ANNs: methanation of carbon dioxide and Fischer-Tropsch synethesis. Methanation is also
used as a benchmark case to compare the two microkinetic implementations due to its relative
kinetic simplicity. Afterwards the accuracy of the Fischer-Tropsch synthesis netwerk is discussed
by comparison to experimental results. The Fischer-Tropsch synthesis is studied in more detail
to examine the influence of microkinetics in intraparticle diffusion limitations in terms of catalyst
activity and selectivity.

Besides the step towards microkinetics, power-law kinetics of any reaction order and stoi-
chiometry were used to investigate the influence of the numerical implementation in terms of
discretization methods, discretization schemes and reaction linerization methods. To this end, the
reactor and particle model were developed in such a way that Finite Difference stencils of any
accuracy are available, as well of 3 different methods of reaction term linerarization.
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CHAPTER 1. INTRODUCTION

1.3 Microkinetics
Microkinetic models are intrinsic kinetic models without interference of any form of transport
phenomena [6]. Two types of microkinetic models exist: elementary models and lumped models
[6].

Elementary microkinetic models consists out of all elementary reaction steps in a chemokinetic
network. Within the elementary reaction steps, two categories can be distinguished: adsorption
(and desorption) and reaction between components. Adsorption is the process where a gas-phase
molecule is transferred to the catalytic surface and a bond is formed.

In order to describe the reactions steps, one needs to compute the rate constants of each re-
action steps. One of the methods to do so, is to determine the rate constants using transition
state theory (TST), in combination with density-functional theory (DFT) to obtain the energy
barriers [10]. As these models are functions of temperature, pressure and the partial pressures of
the components, they can provide an understanding of how phenomena at a nanoscale such as ad-
sorption, reaction and desorption are influenced by macroscopic phenomena. Using such a model
in a macroscopic model would thus allow to study the influence of intrinsic catalytic properties to
macroscopic product slates, for example under mass transfer limited situations [3].

Lumped models on the other hand are simplified models: within these models compounds
with similar properties are ’lumped’ together, with the lumps being treated as being homogeneous
ensembles. These ensembles can than be used in models in a similar way as molecular compounds.
The lumped modelling approach is commonly used in case of complex feed stock such as in
petroleum refining. Advantages of the approach are relatively easy development and requiring
limited computing resources. The relatively easy development is due to the lumps having multi-
compound properties, resulting in global pathways without intermediate species. This way, the rate
expressions often take the shape of pseudo-order reactions and Langmuir-Hinselwood expressions
[11].

1.4 Fischer-Tropsch Synthesis
As was already briefly mentioned before, catalysis is expected to play a pivotal role in the transition
towards sustainable energy production. This change towards sustainability is becoming more and
more stringent as the global energy consumption will have risen tremendously by 2040 [5]]. This
will in turn lead to an increase in carbon emissions from burning fossil resources, causing global
warming and climate change [12]. The last decades have seen the development of renewable
energy systems like photovoltaics, hydropower, wind power and nuclear energy providing the
possibility to replace many of the current technologies [5]. However, as most of the aforementioned
technologies cannot operate 24/7, the storage of surplus energy is vital in the transition process.
The need for liquid fuels will remain due to their high energy density as needed for e.g. heavy
duty transportation. One of the technologies able to produce liquid fuels is the Fischer-Tropsch
Synthesis (FTS). FTS produces a wide range of hydrocarbons and oxygenates from synthesis gas,
which is a combination of hydrogen and carbon monoxide. The overall reaction equation is given
by

(2n+ 1)H2 + nCO −→←− CnH2n+2 + nH2O (1.1)

The length of these hydrocarbons is dependant on the reaction conditions and the used cata-
lyst. Synthesis gas can be made in many ways, as it can be derived from coal, carbon dioxide and
even biomass [1]. The combination of Direct Carbon Capture techniques with green technology
for hydrogen production could make FTS a practical technology to make sustainable fuels by
re-utilizing carbon dioxide. One solution for the storage of the surplus energy is the possibility

4



CHAPTER 1. INTRODUCTION

to store in chemical bonds. To this end, methane could be used due to being a product of high
energy density. Methane can be derived directly from carbon dioxide via what is known as the
Sabatier reaction [13].

FTS is a highly complex reaction consisting out of hundreds of elementary reaction steps taking
place across 3 phases, as the products can either be gas or liquid phase while the catalyst com-
prises a solid phase. It has been extensively proven that FTS heavily suffers from intra-particle
diffusion limitations and hot spot formation, highlighting a strong interplay of both chemical as
well as hydro dynamical phenomena [14]. FTS has been heavily studied in academics in both
theoretical as well as experimental studies. DFT studies on the reaction are readily available,
as well as microkinetic models providing a solid basis for implementation within a macro-scale
reactor model [5] [1] [12]. Available experimental data will allow for valuable comparisons of the
model with experiments.

Akin to FTS is the Sabatier reaction, which is the other reaction investigated in this work.
The Sabatier reaction is the methanation of carbon dioxide and follows a similar mechanism to
FTS, but without hydrocarbon chain growth [13] [5]. The Sabatier reaction is given by

CO2 + 4H2 −→←− CH4 + 2H2O (1.2)

1.5 Fischer-Tropsch reactors and kinetic descriptions
Due to the FTS being highly exothermic at -152 kJ/mole, the heat removal properties play a vital
role in the reactor design as otherwise inhomogeneous temperature distribution can occur [14]. It
has been previously proven that the reaction temperature has a very large influence on the FTS
process. At higher temperatures, the CO conversion rates increase, but comes at the price of the
selectivity shifting towards shorter chain lengths and faster catalyst deactivation. Multiple reactor
design are used industrially, all focused on heat removal. The main configurations are: tubular
fixed bed reactors [14] fluidized bed reactors and slurry bubble columns [15].

Of course, all these configuration have their own strengths and weaknesses. Tubular fixed
bed reactors ensure no catalyst separation from the products is needed as the catalyst remains
stationary. In FTS this feat is valuable as the longer hydrocarbon products condense to a high
density wax, making catalyst separation challenging. The use of narrow tubes filled with catalyst
particles does cause a large pressure drop over the reactor. Fluidized bed reactors use high gas
velocities to achieve heat removal from the catalyst surface. The turbulent gas flow achieves a
near-homogeneous temperature distribution in the reactor vessel. Catalyst recycling can also be
integrated in the process. This is in contrast to fixed bed operation which requires the process to
be halted in order to replace the catalyst bed: an expensive operation. These costs are partially
offset by the operating cost of the fixed bed reactor, on account of the more complex design of
the fluidized beds, the higher susceptibility to catalyst deactivation and the need for catalyst sep-
aration from the product stream. Finally,in slurry bubble columns a suspension of products and
small catalyst particles leaves the reactor as a product stream. This design enables the removal
of intraparticle diffusion limitations due to its small catalyst particles allowing high production
rates. As with the fluidized bed, slurry bubble columns tend to suffer from contaminations in the
feed and even more difficult separation of catalyst from the product stream [15].

While slurry bubble columns have a much lower capital cost compared to fixed bed reactors,
and fluidized beds reactors are considered very promising for the production of light olefins [15],
most of the largest operational plants currently employ fixed bed reactors due to their inherent
lesser system complexity and easy product separation . For this reason, fixed bed reactors will be
the focus of this work [16].
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CHAPTER 1. INTRODUCTION

Many models of FTS performed in fixed bed reactors can be found in literature, ranging from
reactor models [17], to individual particles [18] and combinations thereof [14] [19]. Often these
models are based on very simplified kinetics such as experimentally fitted power laws in combina-
tion with (pseudo)homogeneous descriptions [14] or heterogeneous models neglecting external mass
transfer influences [14]. The (pseudo)homogeneous description treats the catalyst, gas and liquid
as a single phase while neglecting axial and radial dispersion. Often these models also neglect the
existence of intraparticle gradients of concentration and temperature, or take it into account using
a Thiele modulus approach based on simplified CO consumption kinetics [14]. Experimentally,
it has been found that even in small packed bed setups, severe diffusion limitations can occur
within the particle [14], showing the necessity for heterogeneous models to properly describe the
intraparticle diffusion limitations. Previous modeling studies have shown that external mass trans-
fer can also heavily influence the product slate of FTS [14]. Besides gradients in concentration
between the fluid phase and the catalyst, significant temperature gradients between these phases
has also been reported at low gas velocities [14], further highlighting the need for detailed modeling.

Literature offers a very wide range of kinetic descriptions for FTS, ranging from basing the
kinetics on the diffusion rate of hydrogen [20] to models using statistical thermodynamics in or-
der to account for the elementary reaction steps [21] [22]. A large part of previous studies have
used the model of Yates and Satterfield [24] to describe the CO consumption rate, which uses a
Langmuir- Hinslewood type description, giving the consumption rate of CO independent of the
hydrocarbon chain length. The Yates and Satterfield model has been extensively validated by
other parties [23] and has been found to result in satisfactory results over a wide range of reactor
conditions. These models are often combined with a selectivity model to describe the chain growth
probability, such as was done in [19]. Descriptions dependent on the hydrocarbon chain length
also exist, which are able to model the termination rate, by using an exponential decrease based
on chain length. These descriptions are thus able to model the increase in propagation probability
for longer hydrocarbons [24].

Recently, studies have emerged using combinations of kinetic models [14] [25]. An example of
such a hybrid approach is the work of [14], here the Yates-Satterfield model is used for the CO
consumption rate, a statistical thermodynamics model for the formation of hydrocarbon species as
derived by Todic et al., and an experimentally fitted kinetic model for the methane formation in
the presence of water by Ma et al. Even though the kinetic descriptions get increasingly sophistic-
ated, often they still lack the ability to incorporate microscale mechanistic information into reactor
models and thus lack in the ability to provide more insight into catalyst behavior at a macroscopic
reactor level. It has previously been shown that these often purely empirical models can lead to
discrepancies when complex heterogeneous chemokinetic networks are involved [3], prompting our
efforts to incorporate detailed microkinetic descriptions instead. Maestri has shown previously
that direct incorporation of microkinetics is often computationally infeasible [4]. In fact, while
studies have been performed were rate constants were taken from transition state theory, the only
truly rigorous studies have been performed using simple reactions on ideal single-crystal surfaces
[4].

For this reason, microkinetics were implemented using two methods: the already existing
MXMCXX software [7] and using Artificial Neural Networks (ANNs). Previous work within
the group has shown that the usage of ANNs to obtain such intrinsic data is a very promising
methods allowing efficient incorporation without a significant increase in computational costs [8].
The implementation of MKMCXX is a direct implementation and is therefore expected to be
computationally expensive [3], but will be used to allow for a comparison of the performance of
ANNs in terms of accuracy and computational time.
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Chapter 2 Methods
2.1 Governing equations
Within this section the governing partial differential equations for multi-component mixtures are
discussed in terms of concentration and temperature. All equations discussed in this chapter, both
concentration and temperature, are based on the balance principle, which states that any fluid in
whatever state of motion has its transported quantities balanced. On the other hand, conservation
equations refer to the classical laws describing conservation of total mixture mass, momentum and
energy. The balance equations can be used to formulate equations for physical quantities which
are non-conservable quantities [26]. In reactor engineering, the balance principle is often used to
formulate transport equations in space and time, instead of physical laws. A well-known example
being the individual chemical species mass-balances. Within this work, the infinitesimal control
volume approach is used via Eulerian differential volume elements, which are thus fixed in space
while fluid flows through. When using the balance principle within these infinitesimal volume
elements, one finds that the rate of accumulation of quantity ψ within the control volume is equal
to the net inflow by convection of quantity ψ across the control volume surface,the net inflow by
diffusion of ψ across this surface and the net source of ψ within the control volume. Quantity
ψ can be mass, momentum, energy etc. Using this local microscopic balance equation within a
macroscopic volume V bounded by macroscopic surface area A leads to:

∂

∂t

ˆ

V

(ρψ) dv = −
ˆ

A

(ρvψ) · n da−
ˆ

A

J · n da+
ˆ

V

φdv (2.1)

In equation (2.1), n is the unit normal vector pointing outward of the control volume surface, v
is the fluid velocity, ρ the fluid density, ψ the conserved quantity, J the diffusive flux of quantity ψ,
and φ a source term. By applying the divergence theorem [26], also known as the Gauss theorem,
the integrals of the convective and diffusive contributions can be rewritten into a single volume
integral [26]. As this volume integral should be valid for any macroscopic volume it has to be
equal to zero, and a generic local instantaneous equation is obtained:

∂(ρψ)
∂t

+∇ · (ρvψ) +∇ · J− φ = 0 (2.2)

These balances are applicable to any coordinate system. All of the implemented balances used
are based on so-called continuum models. These models describe the internals of the reactor vessel,
whether this is a particle or a reactor tube, as a continuous model phase, which is also known as
dispersion modeling. These models do not describe the local structure in the reactor vessel, but
follow the course of the state variable. The governing equations are partial differential equations
describing convection, diffusion, reaction and mass and heat transfer between phases to describe
all transport parameters, and take form as shown in equation 2.1. Besides continuum models,
also estimation model and particle-resolved modelling are often used for modelling fixed-bed re-
actors [27]. Estimation modelling focuses on finding operating limits and potential hazards under
severe simplifications such as no inflow or outflow of mass or only taking enthalpic heat effects
into account. By contrast, in particle-resolved modeling the full complex geometry of a reactor
is taken into account and the flow is fully resolved using the Navier-Stokes equations [27]. This
model is able to supply a highly accurate description of the flow field and involved phenomena,
however, the computational costs are very high. Continuum models take up a middle ground in
terms of accuracy versus performance. It has been extensively proven in literature that continuum
models give enough insight to design and optimize fixed-bed reactors [Jakobsen][28]. The main
aim of this work is to take a step towards a more realistic description on multiple length scales
using microkinetics (instead of simplified kinetics). Continuum models were chosen for this work
as they are much less computationally demanding than ’particle resolved’ modeling, while still
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CHAPTER 2. METHODS

providing enough details for a general reactor design, as opposed to estimation models.

When using continuum models, all dispersion phenomena (radiation and thermal conduction
in the temperature balance, and packing-induced mixing in the concentration balance) are lumped
together [28] and can be included through (semi)-experimentally determined effectiveness para-
meters via correlations, giving rise to significant simplification within the amount of phenomena
that have to be modelled. Heat and mass transfer mechanisms are often described by the well-
known Fourier [29] and Fick laws [30] respectively [27]. The continuum models can be divided
into two categories: (pseudo)-homogeneous models and heterogeneous models. In homogeneous
models the fluid-solid system is modelled as a single continuous phase and often gradients at the
phase interfaces are neglected, as well as gradients within the particles of the solid phase [28]. If
one does want to take the latter into account, often the intraparticle effectiveness factor based on
the Thiele Modulus is used [31]. More details will be discussed later in this chapter. Alternatively,
in heterogeneous modelling, the different phases are each modelled as a continuum. By using this
approach, gradients between different phases can be modelled in detail, as well as intra-particle
gradients.

Despite the simplifying nature of homogeneous models, they are still heavily used [27] [28] and
serve practical importance to this day, as they are a compromise between the incorporated level
of detail, the number of parameters used, and the use of computational resources [27].

2.1.1 Single-phase fluid model
It is common practice to reduce the microscopic transport equation as shown in equation 2.1
to that of an ideal reactor model, as the microscopic transport equations are often impractical
to solve. Flow in one direction is often predominant in tubular reactors, allowing for the use
of a cross-sectional integral average of the microscopic balance to describe the main gradients
within the reactor. A second averaging step is needed to obtain practical time resolutions within
reactor simulations. Upon ’Reynolds averaging’ the equations, the well-known one-dimensional
concentration and temperature balances are found. To take into account that the velocity profile
within the packed bed is often not flat the effects of radial convective mixing are lumped into
a dispersion coefficient [26]. The axial dispersion coefficient can readily be calculated from a
(semi)-empirical correlation [28]. The general 1D species mole balance is given by:

∂c

∂t
+ ∂

∂x

(
vc−Dax

∂c

∂x

)
= Rx (2.3)

Within the equation above, c is the concentration
[
mol
m3

R

]
, v the superficial velocity

[
m
s

]
, Dax

the axial dispersion coefficient
[
m2

s

]
and Rx a source term for the reactions occurring between

the components. The rate term can take any form based on the method used to describe the
reactions occurring as was already briefly touched upon in chapter 1. Considering, for illustration,
an irreversible first order reaction, the reaction term for component A can be described in three
ways within this work:

Rx = −kca (2.4)

which is a power law description were the rate constant is taken to be irrespective of temperat-
ure. In order to intrinsically couple the concentration and temperature balance, two options were
implemented:

Rx = A exp −Ea
RT

ca (2.5)
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CHAPTER 2. METHODS

this equation is also known as the Arrhenius equation [32]. Here A
[ 1
s

]
is the pre-exponential

factor, Ea
[
J
mol

]
the activation energy of the reaction, R

[
J

molK

]
the universal gas constant and

T [K] the temperature [31]. The second option is the Eyring equation given by:

Rx = kbT

h
exp −∆G

RT
ca (2.6)

here kb
[
J
K

]
is the Boltzmann constant, h [Js] the Planck constant and ∆G the standard

Gibbs free energy of activation.
The general energy balance is obtained in an analogous way and is described by the following

equation:

ρfCp,f
∂T

∂t
+ vρfCp,f

∂T

∂x
− ∂2T

∂x2 λax = (−∆HR)Rxg (2.7)

In the equation above ρf is the volumetric mass density of the fluid
[
kg
m3

R

]
, Cp,f

[
J

kgK

]
the

specific heat capacity, λax
[
W
mK

]
the thermal dispersion, ∆HR

[
J

mole

]
the enthalpy change caused

by the reaction, corresponding to the amount of heat consumed or produced during reaction, and
Rx again the rate term. It should be noted that in equations 2.3 and 2.7 the velocity is taken as
a constant throughout the reactor vessel. As it is commonly the case that the reactor wall is used
to supply or subtract heat from the process, the heat exchange between the fluid and the wall has
to be modelled. The amount of heat exchanged between the fluid and the wall is based on their
local temperature difference and the contact area of the fluid with the wall:

qi = 4αw,f
dt

(Tf − Tw) (2.8)

In this equation, qi
[
W
m2

]
is the amount of heat exchanged,the term 4

dt
represents the contact

area of a cylinder, αw,f
[
W
m2K

]
the heat transfer coefficient, as can be determined by (semi)-

empirical correlation, and Tf and Tw [K] the local temperature of the fluid phase and the wall
respectively. The area of a cylinder is chosen as many fixed bed reactors consists out of cylindrical
tubes [14]. Within this work, a constant wall temperature, and the wall is considered to be inert
to all chemical species.

In order to solve the equations, appropriate initial and boundary conditions are needed. Re-
garding the initial conditions, it is assumed that the reactor is filled with a stagnant inert gas
mixture having the same temperature as the reactor wall. The inlet of the reactor is described by
a Dirichlet type boundary condition:

c = c0 (2.9)

T = T0 (2.10)

At the end of the reactor the zero-flux boundary condition is applied, also known as a Neumann
boundary condition, taking the form of:

∂c

∂x

∣∣∣
x=xend

= 0 (2.11)

∂Tf
∂x

∣∣∣
x=xend

= 0 (2.12)

2.1.2 Homogeneous reactor model
The governing equations for the homogeneous model are quite similar to the ones discussed earlier.
However, the properties used within the balances now represent those of the phase mixture rather
than pure phases. Effective reaction rates are used in order to include concentration profiles in
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and around the catalytic solid phase. The governing concentration balance for the fluid phase is
given by:

∂εbc

∂t
+ ∂

∂x

(
Uc−Dax

∂2c

∂x2

)
= −kfab

(
c− cs

)
(2.13)

The largest differences between the equation above and equation 2.3 are that the fluid hold
up, εb has to be taken into as we are now no longer dealing with a single phase, and the reaction
term is replaced with a mass transfer term. The mass transfer term is derived from film theory.
In equation 2.13 εb

[
m3

f

m3
R

]
the fluid hold-up in the reactor, U the superficial gas velocity given by:

U = εbv (2.14)

with cs the solid concentration, v
[
m
s

]
the interstitial gas velocity, kf

[
m3

f

m2
int
s

]
the overall mass

transfer coefficient determined from a (semi)- empirical correlation, ab
[
m2

int

m3

]
the interfacial area,

which for spherical particles is given by:

ab = 6(1− εb)
dp

(2.15)

where dp [m] the particle diameter. In order to obtain the solid concentration, a steady state
balance over the catalyst particle is used:

0 = kfab (cf − cs) + η(1− εb)Rx (2.16)

This balance is then substituted in the fluid balance. The η term in the above equation is
known as the internal effectiveness factor and is used to correct for intraparticle concentration
gradients. It is a measure of how far a component can diffuse into a particle before reacting away.
It is a ratio of the observed reaction rate over the ideal reaction rate, hence it ranges from zero
to one. The ideal reaction rate is the rate that would occur if the entire particle was exposed
to the surface concentration, and can easily be determined from input simulation parameters in
case of a first order power law reaction and otherwise from simulation results. The true reaction
rate is the steady state production rate of the particle, and can be found by simulation or manual
integration if the reaction rate is linear. Internal effectiveness factor descriptions are known for
many particle shapes and are given as a function of Thiele modulus φ [33]. For a spherical particle,
the effectiveness factor is known to be:

η = 3
φ2 (φ coth(φ)− 1) , (2.17)

which will be derived in the chapter about verification of the particle model. The Thiele modu-
lus takes into account the structural properties of the catalyst, under assumption of homogenizing
it. The Thiele modulus for any reaction order n is given by:

φ = 1
ac

√n+ 1
2

kvcn−1

De

 (2.18)

kv is the volumetric rate constant. The three kinetic implementations available in the fluid
model can be used here to compute the intrinsic rate constant. At the end of this chapter an
explanation is given on how to transform intrinsic kinetic data into volumetric data needed for
reactor models. ac represents the characteristic length, also known as the geometry factor:

ac = outer surface of particle
catalytic volume of particle . (2.19)

De is known as the effective diffusion constant
[
m2

s

]
[Rawlings]:
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De = εσ

τ
D (2.20)

With D the Bosanquet diffusivity, ε
[

m3
void

m3
particle

]
the particle porosity, the tortuosity is given by

τ [−] and σ [−] the constriction factor. The constriction factor is used to correct for variation
in the cross-sectional area of a pore in the normal direction of the diffusion direction. It ranges
between 0 and 1, but within this work it is assumed to have a value of one [31].

As the fluid and the solid form a single continuum phase, only one temperature balance is
needed. The temperature balance is completely analogous to the concentration balance and is
given by:

(
εbρfCp,f+(1−εb)ρsCp,s

)∂T
∂t

+UρfCp,f
∂T

∂x
− ∂

2T

∂x2 λax = η(1−εb)∆HRRx+ 4αw,f
dt

(T−Tw) (2.21)

The initial and boundary conditions are the same as for the single-phase fluid model, with an
added constraint for the solid phase:

cs = cs,0 (2.22)

2.1.3 Heterogeneous reactor model
When using the heterogeneous modelling approach, the fluid and the solid phase are modelled
separately and linked to one another by the mass and/or heat transfer terms between the phases.
The resulting equations describing the fluid phase of the reactor are equal to the equations pre-
viously discussed for the homogeneous reactor model. As for the solid phase, we will now model
individual particles. Similar equations are used to model the fluid concentration profiles within
pores of the catalytic particle using spherical coordinates. In the equation for the fluid phase the
reaction term present in the homogeneous balance is now replaced by a mass transfer term arising
from the boundary conditions used to couple the fluid and solid phases, and the properties are no
longer of the lumped fluid and solid phases but only of the fluid phase:

∂εbc

∂t
+ ∂

∂x

(
Uc−Dax

∂2c

∂x2

)
= −kf (1− ε)ab (cf − cs) (2.23)

With all terms retaining the definitions given in previous sections. The thermal energy balance
of the fluid is given by:

(εbρfCp,f ) ∂T
∂t

+ UρfCp,f
∂T

∂x
= ∂2T

∂x2 λax −
4αw,f
dt

(T − Tw) + hs(1− ε)ab (Ts − Tb) , (2.24)

again with all parameters retaining their definitions. hs represents the heat transfer coefficient
between the fluid and solid phase. The initial and boundary conditions are the same as were posed
for the homogeneous model.

The particle equations are very similar to the column itself, but rewritten to represent a
spherical particle. Within the particle concentration balances, the inert solid mass is not taken
into account. However, as the solid phase of the catalytic particle often has a high capacity to
store heat it should be included in particle temperature balances. In order to do so, the fluid
in the pores and the inert solids are described by a single mixture balance. The concentration
balance within the particle pores is given by:

∂εcs
∂t

= 1
r2

∂

∂r

(
r2De

∂cs
∂r

)
+ (1− ε)Rx (2.25)
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In which r [m] is the spatial coordinate in the particle radius, and all other terms retaining
their meaning. The thermal energy balance is given by:

ερfCp,f + (1− ε)ρsCp,s
∂T

∂t
= 1
r2

∂

∂r

(
r2λs

∂T

∂r

)
+ (1− ε)RA(−∆HR) (2.26)

The boundary conditions of the particle model are used to connect the fluid and solid phases.
The boundary conditions are chosen such that they represent the continuity of fluxes between the
fluid and solid phase:

−Deff
∂cs
∂r

∣∣∣∣
r=R

= kf (cs − cf ) (2.27)

− hs
∂Ts
∂r

∣∣∣∣
r=R

= hf (Ts − Tf ) (2.28)

From these Robin boundary conditions, it immediately becomes obvious where the mass and
heat transfer terms in the column balances originate from. Let’s take a closer look the column
concentration balance, with the external mass transfer term given by:

MT = kf (1− ε)ab (cf − cs) (2.29)

This mass-transfer term is the result of taking the surface integral of the flux from the fluid to
the solid phase, and thus arises from the continuity of fluxes between the phases. When rewriting
this in terms of flux we find an apparent reaction rate:

Rappx = ab(1− ε)
∂cs
∂r

∣∣∣∣
r=Rpart

, (2.30)

with Rpart the particle radius. When combining this with the boundary condition given for
the particle surface, the complete mass transfer term used in the column model is found. The heat
transfer term is derived using the same approach. At the particle center, a Neumann boundary
condition is used for both the concentration and temperature balances:

∂cs
∂r

∣∣∣∣
r=0

= 0 (2.31)

∂Ts
∂r

∣∣∣∣
r=0

= 0 (2.32)

2.1.4 Emperical correlations
In order to close the system presented in the above sections, several empirical correlations derived
fixed-bed reactors are needed to obtain all required parameters. The needed parameters are:
the axial dispersion coefficient Dax, the axial thermal dispersion coefficient λax, mass and heat
transfer coefficients km and hm and the wall-to-heat heat transfer coefficient αw,f . The usage
of experimentally derived correlations introduces empiricism into the model. However, Direct
Numerical Simulation (DNS) studies comparing a model without empirical closures to a model
very similar to the model presented within this work has shown that models with carefully selected
empirical correlations can come within reasonable approximations [19]. Only the parameters for
mass- and heat transfer are calculated within MKM-Reactor, all other parameters are calculated
in a separate Python script.
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2.1.4.1 Axial dispersion coefficients

The Edwards and Richardson [34] is used to determine the axial dispersion coefficient:

Dax = 0.73Df + 0.5vindp
1 + 9.7Df

vindp

(2.33)

with vin the inlet velocity. To calculate the axial thermal dispersion coefficient, the following
relation is assumed [19]:

Dax

Df
= λax

λf
(2.34)

This correlation is known to hold for Reynolds numbers between 0.008 and 50, at higher
Reynolds number an overestimated of the axial dispersion coefficient occurs.

2.1.4.2 Mass- and heat transfer

The well-known correlation proposed by Gunn [35] is used to model the mass- and heat transfer
coefficients between the particles and the fluid phase. The mass transfer coefficient is determined
using the correlation to determine the Sherwood number:

Sh = kmdp
Df

= (7−10ε+5ε2)(1.33+0.7Re0.2Sc
1
3 )+(1.33−2.4ε+1.2ε2)(1.33−2.4Re0.7Sc

1
3 ) (2.35)

The Reynolds (Re) is given by:

Re = vdp
ν
, (2.36)

with v the fluid velocity and ν
[
m2

s

]
the kinematic viscosity. The Schmidt (Sc) number is

equal to:

Sc = ν

Df
. (2.37)

Using the rules of correspondence between heat and mass, also known as Newman’s rules,
the above correlation can also be used to determine the heat transfer coefficient by replacing the
Sherwood and Schmidt numbers by the Nusselt (Nu) and Prandtl(Pr) numbers respectively:

Nu = hfdp
kf

(2.38)

Pr = Cpµ

kf
, (2.39)

with µ the dynamic viscosity. The range of validity for this correlation is:

1 < Re < 103, 0.6 < Pr < 380, 0.35 < ε < 1 (2.40)

2.1.4.3 Wall-to-bed heat transfer

The overall heat transfer coefficient represents the heat transfer in the radial direction of the
packed bed. To determine the wall-to-bed heat transfer coefficient the correlation proposed by
Yagi and Wakao is used [36]:

αw,f = Nuwallλf
dp

(2.41)

13



CHAPTER 2. METHODS

The Nusselt number can be determined using two different correlations, based on the Reynolds
number:

Nuwall = 0.6Re0.5 (Re < 40) (2.42)

Nuwall = 0.2Re0.8 (Re > 40) (2.43)

2.1.5 Methanation correlations
In order to obtain all required physical parameters the approach as described by Kreitz et al
[9] is used. This entails computing each parameters as a function of composition, temperature
and pressure using (semi-)empirical correlations. As was previously mentioned, all transport
parameters remain constant throughout the spatial and temporal domains, with behavior assumed
to be ideal. All correlations and correlation parameters were taken from Kreitz et al. However,
Kreitz and coworkers did not take the presence of carbon monoxide into account. CO parameters
were taken [37]]. The ideal gas law was used to determine the density of the gas phase:

ρg = P
∑n
i=1Miyg,i
RTg

(2.44)

here, P [Pa] represents the total pressure, M
[
kg
mol

]
the molar mass and yg,i [−] the mole

fraction of component i in the gas phase. To determine the diffusion constants, a combination of
the Fuller-Schettler-Griddings (FSG) and Wilke equations is used. This method consists out of
two steps, for the diffusion coefficients of each diffusion pair is calculated using the FSG equation
:

Di,j =
T 1.75
g

(
1
Mi

+ 1
Mj

)
P
(
ν

1/3
Diff,i + ν

1/3
Diff,j

) (2.45)

with νDiff
[
cm3

mol

]
the diffusion volume of each species. The values of the diffusion volume were

taken from [9] While the work of Kreitz at al. taken into account Knudsen diffusion, within this
work this contribution was neglected. To determine the diffusion coefficients within the particle
the Wilke model was used:

Di,m = 1− yg,i∑n
j=1,j 6=i

yg,i

Di,j

(2.46)

Kreitz and coworkers have compared the Wilke model to the more accurate complete dusty-gas
model and found the Wilke model to be reasonable to use. The advantage of the Wilke model is it’s
simpler numerical implementation [9]. The viscosity was determined as a function of temperature
for each individual component

µCO2 = 3.6
[
0.013799 + 4.8847 exp−5(Tg−273)−1.7863 exp−8(Tg−273)2

+3.4755 exp−12(Tg−273)3
]

(2.47)

µH2 = 3.6
[
0.0083337 + 2.202 exp−5(Tg−273)−1.1216 exp−8(Tg−273)2

+5.170 exp−12(Tg−273)3
]

(2.48)

µCO = 3.6
[
0.016456 + 5.0435 exp−5(Tg−273)−3.4705 exp−8(Tg−273)2

+1.7166 exp−11(Tg−273)3
]

(2.49)

14



CHAPTER 2. METHODS

µH2O = 3.6
[
0.008115 + 3.9343 exp−5(Tg−273)−7.1973 exp−9(Tg−273)2

+7.2056 exp−12(Tg−273)3
]

(2.50)

µCH4 = 3.6
[
0.01236 + 3.286886 exp−5(Tg−273)−1.7925 exp−8(Tg−273)2

+7.0733 exp−12(Tg−273)3
]

(2.51)
After determining the viscosity of all components the mixture viscosity was calculated:

µmix =
∑n
i+1 µi∑n

j+1 φi,j

(
yj

yi

) (2.52)

,
with φ given by:

φi,j =

[
1 +

(
µi

µj

) 1
2
(
Mj

Mi

) 1
4
]

[
8
(

1 + Mi

Mj

)] 1
2

(2.53)

To determine the thermal conductivity a combination of theWassiljewa followed by the Lindsay-
Bromley method was used:

λi = 4.186
(
C0 + C1 (Tg − 273) + C2 (Tg − 273)2 + C3 (Tg − 273)3

)
(2.54)

The constants within the above equation can be found in the work of [37]. The conductivity
of the mixture is given by:

λg =
n∑
i=1

yg,iλi∑n
j=1 yi,gAi,j

, (2.55)

with Ai,j defined as:

Ai,j = 0.25
(

1 +
(
µi
µj

)(
Mj

Mi

) 3
4
(
Tg + Si
Tg + Sj

) 1
2
)2

·
(
Tg + Si,j
Tg · Si

)
. (2.56)

Si = 1.5Tb,i (2.57)

Si,j = Fs (SiSj)
1
2 (2.58)

In the above equations S [K] is the Sutherland constant and Tb the boiling temperature of
the component. The constant F is equal to one for all pairs, with the exception of CO2 / H2, for
which it is equal to 0.735. The heat capacities were calculated using the work of [37]:

cp,CH4 = 4.18 (5.34 + 0.0115Tg) (2.59)

cp,H2O = 4.18
(
8.22 + 0.000115Tg + 1.34 · 10−6T 2

g

)
(2.60)

cp,CO = 4.18 (6.60 + 0.0012Tg) (2.61)

cp,H2 = 4.18 (6.62 + 0.00081Tg) (2.62)
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cp,CO2 = 4.18
(

6.62 + 0.00274Tg −
195500
T 2
g

)
(2.63)

The mixture heat capacity is calculated based on the mass fraction x

cp,mix =
n∑
i=1

xicp,i (2.64)

2.1.6 Fischer-Tropsch Synthesis correlations
In Fischer-Tropsch Synthesis the long hydrocarbon chains are known to condense inside the pores
of the catalyst particles, leading to the particles being filled wax instead of gas. The wax makes
that hydrogen and carbon monoxide diffuse at very different rates. Experiments have shown it
takes approximately 9-13 days for the particles to be filled with liquid phase hydrocarbons [38].
However, within this work, the catalyst particles are assumed to be filled with wax. The reason
for this assumption is that it would be too computationally expensive to perform simulations of a
time span of 13 days. As we are mainly interested in the steady-state behavior of the reactor, it
is reasonable to assume the pores to be filled with wax at the start of a simulation.

Previous modelling studies have shown that the presence of the liquid phase within gas phase
significantly contributes to the overall heat transfer coefficient [38]. Within this work, the presence
of the liquid phase is taken into account through correlations, instead of explicit modelling of the
liquid phase, following the work of [38]. In contrast to the methanation reaction, many transport
parameters can be found within literature, and were thus taken from [19] [38].

Only a few experimental studies are available within literature on the values of diffusivity of
FTS products within a FTS wax phase. One of those studies is the work of Erkey et al, which
reports the diffusivities of hydrogen, carbon monoxide, carbon dioxide, n-octane, n-dodecan and
n-hexadecane within wax [39]. From this experimental data an correlation was developed based
on Hard Rough Sphere Theory. However, as this correlation is quite impractical in use, the
correlation of Wilke and Chang [WC paper] is used, which was based on the experimental data
of Erkey. Wilke and Change found the diffusion coefficients scale with the carbon number to the
power -0.6 [40]. De Deugd [17] has shown that the correlation derived by Wilke closely resembles
the experimental data of Erkey and takes the form of:

Di = C · n−0.6, (2.65)

with C a constant and n the carbon number. To determine the diffusivities of methane up to
n-decane, the diffusion coefficient of n-dodecan is used to fit the constant of the above equation.
The reason for this choice is that here the correlation of Wilke and the experimental data of Erkey
shows the closest resemblance. The coefficient C is found to be 1.279e-8. Diffusivities within the
gas phase were determined as they were for methanation, based on the inlet mixture.

Experimental research has shown that the heat transfer in packed beds changes as a function of
the reactor radius, which is predominately caused by particle-wall interactions and fluid channeling
[38]. To take this feat into account, a series resistance approach is used [38]: the effective radial
thermal conductivity λer at the bed core and the effective radial heat transfer coefficient at the
wall hwall. The overall heat tranfer coefficient is given by:

1
αw,f

= 1
hwall

+ 8
λer

(2.66)

To approach of Brunner et al. was used and will be shortly explained: The radial thermal
conductivity λer at the bed core accounts for conduction and radiation within the bed. At elevated
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temperatures, such as the ones used within cobalt catalysed FTS, radiation are negligible. λer is
build up out of of two contributions: a static and a dynamic one:

λer = λser + λger + λler (2.67)

with the λer terms accounting for the radial mixing contributions within the gas and liquid
respectively. As radiation is negligible, the static contribution can be simplified to:

λser = 1.5λl, (2.68)

The λger plus λler given by:

λger + λler = C1λ
gRegPrg + C2λ

lRelPrl, (2.69)

the constants C1 and C2 are taken from the work from [38]. The Reynolds (Re) and Prandtl
(Pr) numbers are defined by

Rei = νdp
µmix,i

(2.70)

Pri = cp,mix,iµmix,i
λmix,i

(2.71)

2.1.7 Numerical mass-transfer checks
Numerical mass-transfer checks are used to determine whether mass and/or heat transfer limit-
ations were present within the simulation at the steady-state profile. To do so, 4 dimensionless
numbers are used, based on [31]. To evaluate the presence of external mass transfer limitations, the
Carberry number can be used. The Carberry number is the ratio between the observed volumetric
reaction rate and the maximum external mass transfer rate:

Ca = Robsv
kfabcb

(2.72)

External mass-transfer limitations are said to be absent if

Ca <
0.05
|n|

, (2.73)

were n is taken equal to the reaction order. Regarding internal mass-transfer limitations, the
approach depends on whether one knows the intrinsic reaction kinetics. In case the kinetics are
known, as is the case when for example using a power law implementation, the effectiveness factor
introduced earlier can be determined using numerical integration of the obtained concentration
profile, or by calculation of the Thiele modulus bases on simulation settings. When kinetics are
not known, the Wheeler-Weisz modulus can be used:

Φ = ηφ2 (2.74)

The Wheeler-Weizs modulus represents the ratio between the observed reaction rate, and the
’diffusion rate’ within a catalytic particle. For an nth order reaction, the Wheeler-Weizs modulus
is given by:

Φ = Robsv
abDecs

(2.75)

with cs the concentration at the outer particle edge. Internal mass-transfer limitations are
absent if Φ < 0.15, also known as the Weizs-Prater criterion [Fogler]. Besides the criterion for
external mass transfer limitations, Mears also proposed a criterion for the absence heat transfer

17



CHAPTER 2. METHODS

limitations. The bulk temperature of the fluid will be the same as the temperature at the outer
edge of the particle when: ∣∣∣∣∣ (−∆HR)

(
−Robsv

)
Ea

hfT 2
b

∣∣∣∣∣ < 0.15 (2.76)

where R
[

J
molK

]
is the universal gas constant. To determine whether internal heat transfer

limitations are prevailing, a criterion very similar to the one for mass transfer limitations can be
used:

|Φβiγs| =
∣∣∣∣ Robsv
a2
bDecs

n+ 1
2

(−∆Hr)Decs
λpTs

Ea
RTs

∣∣∣∣ (2.77)

β, also known as the Prater number, is the maximum temperature variation within the particle
relative to the surface temperature, given by:

β = c0(−∆HR)De

λfT0
(2.78)

γ, sometimes referred to as the Arrhenius number, represents the sensitivity of the rate constant
towards changes in temperature:

γ = Ea
RT0

(2.79)

2.1.8 Back pressure regulator
To keep the pressure within the reactor vessel constant, a back pressure regulator is used. A back
pressure regulator is a device that enables to maintain a defined constant pressure upstream of
itself by opening values when the pressure exceeds the defined pressure. Using such regulators,
the focus is on retaining a steady state pressure control instead of local actuation [41].

To include this into the model, the ideal gas law is used to determine a correction of the
interstitial velocity such that the pressure within the reactor vessel remains constant. The starting
point is to derive an expression for the velocity as a function of system properties such as pressure
and temperature:

PV = ZNTRT (2.80)

with P [atm], V
[
m3] the volume of the gas, NT [mole] the total amount of moles present

within the gas phase and Z [−] the compressibility factor. In order to correlate the flow rate and
the ideal gas law, we will use the total concentration

cT = FT
FM

(2.81)

with FT
[
mole
s

]
the total molar flow rate and FM

[
m3

s

]
the volumetric flow rate. By taking

the ratio of the total concentration at the coordinate xi to the total concentration present at
the reactor inlet, as well as assuming the change in compressibility factor to be negligible, the
volumetric flowrate at coordinate xi is found

FM = FM,0

(
FT
FT,0

)(
P0

P

)(
T

T0

)
(2.82)

Upon rewriting the above equation to express the concentration at position i of component j
instead of a flow rate, it is found that this concentration is given by
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cj = cT,0

(
Fj
FT

)(
P

P0

)(
T0

T

)
(2.83)

Rewriting the above equation to a velocity instead of a flow rate, the back pressure equation
at constant pressure is

v = v0

(
cT
c0

)(
T

T0

)
(2.84)

2.1.9 Radial porosity profile
Experimental research has shown that the void fraction over the cross section of a packed bed
randomly packed with spherical particles in not constant [42]. The void fraction was found to de-
crease following a strongly damped oscillatory pattern from being 1 at the particle wall to about
0.38 3-4 particle diameters away from the wall [28]. The inclusion of this porosity profile has been
found to significantly alter the velocity and temperature profiles within the packed bed [43].

Within this work, the influence of such radial profiles on the velocity is neglected, the only
radial contribution taken into account is the heat-exchange with the reactor wall. However, radial
porosity models such as determined by Vortmeyer [42], show most catalytic particles in the first
layer are in contact with the wall [43]. This translates to a large part of the wall heat-exchange
occurring between the particle and the wall instead of only via the fluid phase. To determine the
effective contact area between the reactor wall and the particle bed, we employ the model derived
by Vortmeyer [42]. For circular tubes containing spherical particles, Vortmeyer determined the
porosity profile to follow

εs = εs,0

[
1 + C exp

(
1− 2Rt − r

dp

)]
(2.85)

where εs
[
m3

particle

m3
reactor

]
is the solid hold-up within the catalyst bed, εs,0 the solid hold-up far away

from the wall, C is to be adjusted according to εs,0 and Rt [m] the tube radius [42]. According to
this, the solid hold-up is largest at a particle radius distance from the wall. Upon integration of
the above equation over the particle radius, an effective contact area of around 40% is found. To
correct for this contact area, Equation 2.8 will be added to the particle temperature balance within
heterogeneous simulations. A correction factor will be introduced into the column temperature
balance.

2.1.10 Model assumptions
• All physical parameters remain constant throughout the simulations, e.g. they are independ-

ent of temperature and composition

• The pore sizes of the catalyst are between ± 10 nm and ± 200 nm. Below 10 nm, Knudsen
diffusion can no longer be assumed to be absent due to wall interactions between the pore
and the reagent. Above 200 nm, the convective contribution of species entering and leaving
the catalyst particle can no longer be assumed to be absent [44].

• The diffusive and conductive contributions can be described by Fick’s [30] and Fourier’s
laws [29] respectively. This assumption holds in case of FTS and the methanation reaction
because the chemical potentials of hydrogen and carbon monoxide do not change under
influence of each other. This can be explained from the fact that these 2 gases show almost
no interactions towards each other, expect for van der Waals forces. For this reason, Maxwell-
Stefan diffusion can be excluded.
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• All pores are interconnected and of uniform size. This assumption is made to be able to
homogenise the particle. This also means surface diffusion can be neglected. [14]

• In case of FTS, the catalyst pores are assumed to be filled with wax. [14][18]

• Radial gradients inside the reactor are neglected, and this it is assumed an one-dimensional
model can be used. Previous work has found this to be a valid assumption if the reactor
tube diameter is < 5 cm [14]. The only radial quantity taken into account is heat exchange
with the reactor wall through the use of an overall heat transfer coefficient

• The temperature of the reactor wall is assumed to be constant.

• The catalytic particles are fully wetted by the fluid phase

2.1.11 Conversion of intrinsic to volumetric reaction rates
In reactor models the consumption and production rates of chemical species are based on volumet-
ric quantities because of the desire to model concentration profiles which are inherently volume
based. However, from commonly used theoretical descriptions for reaction rates such as power
laws and Langmuir-Hinshelwood-Hougen-Watson rate equations only intrinsic reaction rates are
known. Volumetric quantities often have the unit

[
moleA

m3
reactor s

]
, while intrinsic reaction rates have[

moleA
moleactive site s

]
as a unit. Here it becomes apparent that a unit conversion is needed in order to

apply the well-known theoretical models to a reactor model. One way of achieving volumetric
quantities is as follows:

[
moleA

m3
reactor s

]
=
[

moleA

moleactive sites · s

] [
moleactive sites

kgcatalyst

] [kgcatalyst

m3
catalyst

] [
m3

catalyst

m3
reactor

]
(2.86)

This unit conversion can be summarized by:

rvolumetric = rintrinsic · nactive sites · ρcatalyst · εcatalyst (2.87)

Herein nactive sites represents the amount of moles of active sites per unit mass of catalyst,
ρcatalyst the density of the raw catalyst, meaning including support and metal, and εcatalyst the
volumetric fraction of catalyst particles divided by the reactor volume, also known as the catalyst
holdup.

Most of these quantities such as the catalyst hold up in the reactor and the density of the
catalyst particles are readily known when modeling a physical system, however the amount of
active sites per weight mass of catalyst is often not known. This quantity can be experimentally
determined by using chemisorption, chemisorption experiments determine the surface area of active
sites per weight of catalyst, meaning the unit

[
moleactive sites

kgcatalyst

]
can now be determined:[

moleactive sites

kgcatalyst

]
=
[
m2

active sites
kgcatalyst

] [
moleactive sites

m2
active sites

]
(2.88)

In order to determine the area of an active site, given by
[

moleactive site
m2

active site

]−1
, it is assumed that

one active site is present for each surface atom and that this active sites has a surface area of 1
Å2. It should be noted that while this assumption is made rather often, experiments have shown
that the surface area of an active site is highly dependent on its orientation. Besides this, it
should also be noted that chemisorption values can be overestimations of the real surface area. In
chemisorption a chemical species such as hydrogen is used as a probe on an oxidized surface [45].
When measuring a reducible support one thus also measures the hydrogen that is consumed in the
reduction of the support on top of the reduction of active metal sites, leading to an overestimation
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of the surface area. One should also be careful when implementing the values of small particles
since edges are known to adsorb more molecules than flat surfaces.

By assuming the surface area of an active site and using the Avogadro constant to convert to
moles, it is found around 8 moles of active sites are present per kg of catalyst when the whole
surface area of a catalyst is assumed to be catalytically active. However, from comparing BET
data, which measures the total surface area of a catalyst including support, to chemisorption data
it is known that only around 1 percent of the surface area is catalytically active. Upon correction
for this limited surface activity, one finds about 1-1000 moles of active sites per cubic meter of
reactor.

2.2 Numerical methods
Within the next subsections, the used numerical techniques and the developed software will be
discussed.

2.2.1 Finite Difference Methods
Initial value and boundary value problems as they were presented in the previous chapter can often
be solved analytically as long as all terms are linear. However, when adding for example non-linear
kinetic descriptions such as Langmuir-Hinshelwood reactions or temperature-dependent Arrhenius
equations, obtaining an exact solution quickly becomes intractable. Therefore, the system of equa-
tions has to be solved numerically by transforming the differential equations into algebraic ones.
One method of doing so is the Finite Difference Method (FDM). FDM uses differential quotients
to approximate the differential operators. The first step here entails splitting up the continuous
spatial and temporal domains into a set of discrete (typically equidistant) points. At each of these
discrete points, the differential operators are evaluated by addition of the constituting values at
those points as well as neighboring points, multiplied by a weight factor which can be readily
derived from a Taylor expansion around the central point. For each of the presented differential
equations, an algebraic equation is obtained per grid point. This new system can then be solved
to obtain a numerical approximation of our target function. Any finite Taylor series is only an
approximation of the true exact function and as such truncation error will be present. As any
finite Taylor series yields an approximation of the true differentials however, this implies that
truncation errors will be present. The truncation error is a direct function of the amount of terms
taken into account within the Taylor series, and thus of the discretization of the spatial and tem-
poral domains. A method is said to be of n-th order when the leading error term is proportional
to the grid or time step as ∆n

Three types of FDM methods exist: explicit, implicit and semi-implicit [46]. Explicit methods
express the differential in terms of a set of known state properties, requiring knowledge about the
state of our system to propagate to a solution. While this results in a relatively easy and intuitive
numerical implementation, often stability issues arise as the solution is not intrinsically bounded.
To arrive at the desired solution, high numerical resolution may be required. The opposite of
the aforementioned method is the implicit method. For implicit methods, the differentials are
expressed as self-consistent equations. This yields systems which are more stable, supporting the
use of larger time and grid steps. Semi-implicit schemes combine features from both explicit and
implicit schemes. The explicit implementation is employed for fast propagation, with the implicit
scheme bounding the less stable terms.

Within this work, the main aim is the implementation of microkinetics within several reactor
models. To this end, the program MKM-Reactor has been developed in C++. As the direct
implementation of microkinetics is expected to be computationally demanding, a balance has to
be found between accuracy and simulation time for the reactor model while having the flexibility
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to capture complex phenomena. In order to obtain this, it was chosen to implement a wide array
of possible numerical implementations. Both implicit and explicit implementations are available
within MKM-Reactor at any order of accuracy. Within the results section, bench marking data
will be used to determine the implementation with the highest performance, as well as the influence
of the order of accuracy of the discretization scheme and reaction linearization methods. To do
so, an algorithm was implemented as derived in Bickly (in-house program of B.Klumpers), which
is able to calculate finite difference coefficients based on a list of the discrete points that should be
used in the approximation. More details on this algorithm and its implementation will be given
later within this chapter.

2.2.2 Program outline
The program MKM-Reactor features three different kinetic implementations: built-in power law
kinetics, microkinetics using Artificial Neural Networks (ANNs) and an engine-wrapper version of
MKMCXX. The general overview of the internal layout is given below:

Figure 2.1: Main progam flow of MKM-Reactor

From here it should be noted that the program is centered around the reactor model, which also
drives the connection to the external libraries which supply the microkinetics. The program flow
is mainly dependent on a single simulation controller which not only constructs all data storage
objects, but also selects the proper solver implementation and controls the post-processing. First
the case is discussed which does not need any external engine libraries, where the kinetics options
from the reactor code itself are used. These include power law kinetics and equilibrium power law
kinetics. Both implementations support coupling of the rate constants to the local temperature
balance using the Arrhenius law and the Eyring equation, and can be of any reaction order and
stoichiometry. The first step is the reading and processing of the input file. Within this input file,
all physical constants are given, but also what solver implementation should be used and what
physical phenomena to include within the simulation. The following solver options are available:

• Single phase, homogeneous, heterogeneous and single particle models

• Explicit or Implicit Finite Difference implementations

• Steady state or transient

• (No) coupling of the rate term to the temperature balance: Arrhenius and Eyring
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• Inclusion of temperature balance

• Inclusion of a ’back pressure regulator’

Besides a wide range of numerical solvers, it was chosen to also enable the option of choosing
what physical phenomena are included within the concentration and temperature balances:

• Convective transport of chemical species and heat

• Axial dispersion of chemical species and heat

• Reaction: including any stoichiometry and reaction order

• Heat transfer with the wall: inclusion and how much of the transfer occurs through particles
against the wall

Along with several options for physical phenomena, several technical details are also set:

• Convergence check criterion

• Reaction linearization method in case of implicit method: Taylor series approximation or
Single Propagator

• Discrete points in the discretization scheme

• Post-processing:

– Type of output files: human-readable or binary
– Amount of time steps between outputs to file

• The use of numerical mass-transfer checks

After processing all these setting, the program automatically checks whether these settings
are physically possible, if no contradicting setting were used, whether all needed information was
given to the program and whether the settings would result in a stable numerical solution. As was
briefly mentioned before, upon using straight-forward explicit solver implementations, the solution
is not intrinsically bounded. This entails care has to be taken in the size of the time and or grid
step taken in combination with the magnitude of the velocity and dispersion coefficients. The
following stability constraints were found by [46] for a 1D reactor for the Courant and Fourier
numbers:

Co = u∆t
∆x ≤

1
2 (2.89)

Fo = D∆t
(∆x)2 ≤ 1 (2.90)

The first constraint is also known as the Courant–Friedrichs–Lewy (CFL) condition [46]. These
constraints have been implemented, and in case the system would not result in proper solutions
because of violation of the stability constraints, or has missing information, automatically chosen
stable settings are used. It should be noted that the aforementioned stability constraints do not
include heat of reaction or heat transfer with the wall. As derivation of possible constrains it
beyond the scope of this work, all simulation results should be carefully checked by the user. The
input reader also configures the right kinetic implementation. After selecting the right solver and
kinetics, the simulation controller builds the concentration and temperature vectors. In case one
wants to start from initial concentration, temperature and or velocity profiles, an additional input
file has to be supplied with the profiles. This file is processed by the simulation controller. Next,
a call is made to the right solver implementation. Within this solver, first the selected physical
phenomena are put into the balances by selecting the right combination of physical phenomena
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from a given list using a decision tree, after which the actual solver loop is entered. The general
workflow of the loop can be found in Figure 2.1. After obtaining new concentration and or
temperature profiles, the convergence of the system is checked by comparing the new profile to
the profile of the previous time step. By doing so, the simulation does not continue when the
steady state profile is already reached, which is thus a safe-guard against wasting computational
resources. When the system is not converged and the total simulation time has not been reached,
the profile of the previous time step is overwritten and the current profile taken as the previous
time step. This way, no excessive amounts of data have to be kept track of by the program. The
user can determine using the input file if any intermediate profiles are saved to file and if so at what
frequency. If the system is found to be converged, the simulation controller is called and handles
all requested post-processing. The post-processing writes the used simulation settings to a file, and
makes sure the steady state profiles or the profiles at the final simulation time are written to file to
ensure no loss of valuable data. A second file is written by the simulation controller containing all
settings used in the simulation, and whether or not the system reached steady state. If requested
numerical checks are ran to examine the system for mass and or heat-transfer limitations based on
the last profile, so either at steady state or at the requested total simulation time. The executed
checks are discussed in section Numerical mass-transfer checks.
It should be noted that the heterogeneous model is based on an explicit implementation, meaning
the concentration of the previous time step is used to evaluate the Robin boundary condition.
This choice was made to limit the memory requirements for the program.

When using external libraries to describe microkinetics, the program flow changes only slightly.
The linking of the external libraries to MKM-Reactor is done at compile time, while pragmas are
used to avoid compilation conflicts if the engines are unavailable. As seen in the flow scheme
below, an additional input file has to be supplied with the settings for the library:

Figure 2.2: Program flow of MKM-Reactor using microkinetic engine

For MKM-Engine [B.Klumpers], this file contains the reactions and activation energies as
found by Density Functional Theory (DFT), while in case of ANNs (implemented in MANN,
[B.Klumpers]) all details of the fitted network should be supplied, e.g. weights, biases, activation
functions etc.

24



CHAPTER 2. METHODS

2.2.3 Discretization
Discretization was already briefly discussed in the previous section. Here, the implementation
will be discusses in more detail, while also highlighting the difference between implicit and explicit
schemes. The approximations of the derivatives are obtained using Taylor series expansions. Taylor
series are approximations of analytical functions by taking an infinite sum of terms, resulting in
a polynomial expression of the analytical function [46]. It is of course not possible to implement
an infinite sum in a computer program. It has been extensively proven however, that decent
approximations can be obtained using a finite number of terms. The more terms considered, the
smaller the error made [46], but more terms can also significantly increase computational time.
For this reason, it was chosen to let the user of MKM-Reactor determine the amount of terms in
the approximation, allowing the user to fit their needs by choosing the balance between accuracy
versus computational time. Taylor series are always expanded around a chosen point ~a, with the
accuracy diminishing as the distance from the point increases. The general definition of a Taylor
series is given by[46]:

f(x) = f(a) + 1
1!
df(a)
dx

(x− a) + 1
2!
d2f(a)
dx2 (x− a)2 + ... (2.91)

=
∞∑
n=0

1
n!
dnf(a)
dxn

(x− a)n (2.92)

=
nmax∑
n=0

1
n!
dnf(a)
dxn

(x− a)n +O(xnmax) (2.93)

From here two important things can be seen: the first is that the main prerequisite of this
technique is that the function needs to be differentiable at the point ~a. And secondly, as the
approximation is only valid near ~a, a series expansion should be performed for each discrete point
in order to propagate the solution throughout the reactor. As within this work ordered grids are
used, meaning the spacing between each discrete grid point is constant, the Taylor series will have
the same form for each grid point. This means the same equations have to be solved for each grid
point. Substituting the resolved differentials in our PDE results in a set of linear equations in
terms of the discretised concentrations, which can be summarised in matrix format. (Yielding one
matrix per PDE, with each row corresponding to the conservation equation at the given grid point).

2.2.3.1 Runtime discretization

In order to let the program user set the balance between accuracy and simulation time, runtime
discretization is used. Within the input file the user can indicate what grid points should be used
for the discretization of the convective and diffusive terms terms in both the concentration and
temperature balance. The algorithm which is used is based on Generalised Difference Calculation
and it’s numerical implementation is based on a in-house program called Bickley. The basic idea
of the method is to generate a set of Taylor Series Approximations by expanding them to the
desired differential order. By doing so, a system of algebraic equations is obtained which is finally
solved in order to obtain the right expansion coefficients for the requested scheme.

This approach can be generalized to compute the finite difference coefficients for any finite
difference approximation of the kth derivative of u for an arbitrary stencil (where mathematical
principles dictate the stencil should contain at least k+1 points). In short, first a Taylor series
expansion is computed for each point included in the requested approximation, next a linear
combination is found describing the requested derivative by adding similar terms. Within this
linear combination the coefficients cj are given by:
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1
(i− 1)!

n∑
j=1

cj(xj − x)i−1 =
{

1 if i− 1 = k
0 otherwise (2.94)

After the stencils have been successfully computed for all requested terms in the concentration
and temperature balances, the found stencils are implemented within the balances and solved by
the requested solver. If derivation of the stencils was unsuccessful, a warning is given to the user
and the simulation stopped. As the stencils differ per term in the balances, the balances are built
iteratively. To put a term in the balance, the computed finite difference stencil has to be filled in,
which is done by looping over all elements and over the stencil itself. However, this would mean
some points would go out of bounds, to prevent this from happening, the first and last point of
the stencil are used to determine when such a problem could occur. The points that do not give
problems are put in the balance first, after which special care is taken of boundary points. The
treatment of the boundary points is determined largely by the boundary conditions. If the point
would ’leave’ the reactor at the left side, the concentration or temperature of that point is taken
equal to the initial concentration/ temperature, while if it is at the right side it’s taken equal to
the last grid point of the reactor.

2.2.4 Reaction linearization
In order to efficiently solve the set of discretized equations, it is desired to use linear solvers. For
systems containing non-linear terms, most notably encountered for most reaction terms, implicit
FDM will however conserve the non-linearity. This would entail having to either apply a lineariz-
ation method or adding the rate term in an explicit manner, thus using the concentration of the
previous timestep. One of the research questions of this work is to determine the influence of the
used linearization method. Two linearization methods are considered:

• First order Taylor series:

Rn+1
x,i = Rx(cni ) + ∂R

∂c
(cn+1
i − cni ) (2.95)

• Single propagator:
Rn+1
x,i = k(coi )n+1 ≈ k(co−1

i )n(ci)n+1 (2.96)

in which o represents the reaction order

When using the approach of adding the rate term in an explicit manner, the concentration of
the previous timestep is used to determine the magnitude of the rate term which is added to the
right hand side. As with all features present within MKM-Reactor, the method can be be selected
by the user via the input file.

2.2.5 Runge-Kutta methods
If this section is purely read with the intention of implementation, it can readily be
skipped. After implementation it was found using these methods for our equations
quickly becomes intractable.

When the reaction rates are taken from microkinetic simulations, it was found that adaptive
step size methods were needed. Adaptive step size methods have the ability to control the solver
resolution by making changes in the step size. The varied step size in this project will be in time.
Here, these methods are considered for the temporal domain. The goal of this adaptive step size is
to obtain stable solutions of a predetermined accuracy due to the higher order time discretizations
with minimum computational effort [46].
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Runge-Kutta methods are capable of performing such adaptive time steps for ordinary differ-
ential equations. The basic idea behind these methods is to take several ’trial’ steps such that
we can progressively correct the derivative trajectories. The information of the slope at the trial
steps is used to extrapolate the solution to the next time step. The order of the method is mainly
determined by the amount of trials steps. Let the k values represent trial steps:

k1 = hf(xn, yn) (2.97)

k2 = hf(xn + 1
2h, yn + 1

2k1) (2.98)

yn+1 = yn + k2 +O(h3) (2.99)
were h represents the step size, f the function which should be numerically integrated, x and y

parameters of function f and n is used as an indexation in time. The above represents an example
of a second order method, as the symmetry has canceled out the first order errors [numerical
recipes]. Implementation of adaptive step size methods means the stepping algorithm should have
a method to determine it’s local truncation error so it can determine the new time step. Two ap-
proaches can be taken: the first one makes an estimate of the local error by using two predictions
using the same-order Runge-Kutta method but with different step sizes, and the second computes
the error by using Runge-Kutta methods of different order. The latter approach will be used in
this work in the form of embedded Runge-Kutta methods as derived by Fehlberg [47]. Embedded
Runge-Kutta methods were chosen for their lesser computational cost [46].

Runge-Kutta methods used for the integration of ordinary differential equations, which means
we should rewrite our partial differential equations into ordinary ones. The method of lines is
used to do so by what is known as semi-discretization [48]. Here, the spatial domain is discretized
as was done in the previous sections using the derived finite difference approximations, while the
solution in time is done by ODE integration.

Within this work, two embedded methods of different order were used: a second-third order
pair and a fourth-fifth order pair. For each of these pairs multiple methods are known, however
within this work the Bogacki-Shampine method is used as the 23 pair, and the Runge-Kutta-
Fehlberg method [47] as the 45 pair. The higher the order of the method, the higher the amount
of iterations it requires per time step. A fifth order method requires 6 updates, but an 8 order
method already requires 11 iterations [46]. For that reason, we limit ourselves to lower order
methods in this work because a microkinetic simulation has to be performed for each iteration
making these methods computationally quite expensive.

The Bogacki-Shampine makes use of the FSAL principle: first same as last. This means this
method only requires 3 iterations for each update instead of 4, making the method computationally
cheaper. The algorithm is given by:

k1 = f(tn, yn) (2.100)

k2 = f(tn + 1
2h, yn + 1

2hk1) (2.101)

k3 = f(tn + 3
4h, yn + 3

4hk2) (2.102)

yn+1 = yn + 2
9hnk1 + 1

3hnk2 + 4
9hnk3 (2.103)

k4 = f(tn + hn, yn+1) (2.104)
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zn+1 = yn + 7
24hnk1 + 1

4hnk2 + 1
3hnk3 + 1

8hnk4 (2.105)

here, y is the second order update and z the third order update.

The Runge-Kutta-Fehlberg consists out of 6 iterations for the fifth order method, however a
different combination of the six iterations is used to obtain the answer using a fourth order method
[46]. The iterations are given by:

k1 = hf(tn, yn) (2.106)

k2 = hf(tn + 1
4h, yn + 1

4k1) (2.107)

k3 = hf(tn + 3
8h, yn + 3

32k1 + 9
32k2) (2.108)

k4 = hf(tn + 12
13h, yn + 1932

2197k1 −
7200
2197k2 + 7296

2197k3 (2.109)

k5 = hf(tn + h, yn + 439
216k1 − 8k2 + 3680

513 k3 −
845
4101k4 (2.110)

k6 = hf(tn + 1
2h, yn −

8
27k1 + 2k2 −

3544
2565k3 + 1859

4101k4 −
11
40k5 (2.111)

yn+1 = yn + 25
216k1 + 1408

2565k3 + 2197
4104k4 −

1
5k5 (2.112)

zn+1 = yn + 16
135k1 + 6656

12825k3 + 28561
56430k4 −

9
50k5 + 2

55k6 (2.113)

The new time step is determined as a function of the old time step, the local error, which is
obtained by subtracting the lower and higher order method, a preset tolerance and a safety factor
[47]:

hn+1 = Shn

(
1

|y − z|

) 1
lowest order

(2.114)

Here, n is again the indexation in time, h the timestep, tol a preset tolarance and S the safety
factor. As the system is multi-component it was chosen to base the new time step on the component
that has the biggest error. A safety factor of 0.84 was used, as recommended by [Fehlberg].

2.2.6 Sundials
Upon using the Runga-Kutta solvers for microkinetic simulation within the reactor model, it is
found that adaptive stepsize methods are able to sufficiently stabilize the numerical solutions.
However, it was concluded that these methods are too computationally costly. Simulating the
isothermal methanation reaction within the fluid phase model using only 10 grid cells took around
4.5 hours using Artifical Neural Networks. As heterogeneous simulations require microkinetic
simulations to be performed for each grid cell within each catalytic particle, the usage of the
Runge-Kutta solvers is deemed intractable. For this reason, the explicit solvers were replaced by
SUNDIALS. SUNDIALS stands for the SUite of Nonlinear and DIfferential/ALgebraic equation
Solvers. The SUNDIALS library consists out of several solvers types. Within this work the
CVODE solver was coupled: a solver for initial value problems for ordinary differential equation
systems [49].
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2.2.7 Solver performance
Within the previous sections the equations were outlined, as well as the numerical methods used
to solve the discussed equations. Within this section, the different solver implementations will be
compared in terms of performance. Accuracy of the solvers is later studied within 4. Performance
tests on the wide variety of solvers available within MKM-Reactor have revealed two bottlenecks
within the calculations. Using Valgrind, it found that the usage of the matrix solvers present
within Eigen3 were the most time consuming operation, being over 95.65% of the total calculation
time at a matrix size of 256x256, when neglecting file IO. Secondly, continuously writing out
concentration and temperature profiles to file was found to be also very time consuming. To
remedy this, the user can set the frequency at which profiles are written to file, and whether these
profiles are stored in a human-readable or binary format.

2.2.7.1 Linear algebra libraries

From the Eigen3 documentation, it was learned Eigen3 can be linked to 2 external linear algebra
libraries to provide faster algorithms: BLAS and/or LAPACK [50]. By linking MKM-Reactor
to these linear algebra libraries, algorithms from Eigen are substituted with BLAS or LAPACK
routines, if the object are large enough and Dynamic. To do so, MKM-Reactor is linked to
these libraries at compile time and activated using macros. It should be noted that when using
LAPACK, the Lapacke library must also be linked [50]. First, a comparison is made of stand-alone
Eigen versus Eigen linked to the linear algebra libraries using a single thread using the isothermal
non-steady state fluid phase model. Afterwards, the best performing configuration is tested using
multiple threads to investigate the scalability.
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Figure 2.3: The performance per 1000 time steps when using stand-alone Eigen3 and Eigen3 linked
to external linear algebra libraries using a single thread to solve the isothermal non-steady fluid
phase model. The matrix solver used is householder QR and hard coded discretization. Average
of 3 runs on an i7-6700K 4.0GHz 116GB RAM . Physical parameters: Dax = 1e−3, v = 0.1, c0 =
1.0, k = 0.05, ∆t = 0.15, Lreactor = 1.0

1A more detailed overview of the CPU can be found in Appendix
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It was found linking Eigen3 to LAPACK(E) results in significant performances increases in-
dependent of the matrix size, as can be seen in Figure 2.3. On the other hand, the performance
increase obtained by linking to BLAS is dependent on the matrix size. For small matrices be-
low a size of 32x32, stand-alone Eigen gives the best performance, but the performance is very
comparable to Eigen linked to BLAS. For intermediately sized matrix a significant increase of
performance is found when linking to BLAS, with the performance gained decreasing when the
matrix size increases. When using all libraries, the performance is found to be equal to linking to
only LAPACK. The percentage of time used to solve the matrix equations is significantly reduced
this way, decreasing from 96.65% to 24.51%.
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Figure 2.4: The performance per 1000 time steps of using Eigen3 linked to BLAS and LAPACK(E)
to solve the isothermal non-steady fluid phase model as a function of the amount op threads
allocated. The matrix solver used is householder QR and hard coded discretization. Average of 3
runs on an i7-6700K 4.0GHz 16GB RAM. Physical parameters: Dax = 1e−3, v = 0.1, c0 = 1.0, k
= 0.05, ∆t = 0.15, Lreactor = 1.0.

Next, the scalability of the performance increase with the amount of threads allocated is invest-
igated. As Eigen3 linked to BLAS as well as LAPACK(E) was found to be the best configuration,
the scalability is investigated using this combination of libraries. From the results depicted in
Figure 2.4, it was found that the performance is independent of the amount of threads for all
matrix sizes.
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Chapter 3 Comparison of discretization
methods
Now that the system of equations and the proposed solving method have been presented, the
accuracy and implementation efficiency of various discretization methods is investigated. In the
open literature, a plethora of numerical integration schemes are available, which are roughly di-
vided among finite difference, finite volume and finite element methods [51]. As the finite element
method is vastly different compared to the former two methods, in this chapter we will solely focus
on the finite volume method (FVM) and finite difference method (FDM). Any kind of model devel-
opment should initially be focused on a robust target system for which known analytical solutions
are available as a means to validate the applied numerical approach. Herein, we have chosen the
steady-state diffusion-reaction model of a spherical particle with a first order irreversible reaction.

It should be mentioned that for the FDM it has been highlighted by Jakobsen and coworkers
[26] that these are prone to relatively low accuracy and furthermore lack important conservation
properties. Inspired by this warning, we have implemented both conservative and non-conservative
approaches for the construction of the finite difference scheme (vide infra) to study this effect. In
contrast, for FVM it has been shown by the same authors that these inherently preserve the conser-
vation of properties in comparison to finite difference methods, allowing for a valuable comparison.

This chapter is organized as follows: first, the governing equation of our example system
is presented and non-dimensionalized using a straightforward coordinate transformation. Next,
two different approaches within FDMs are shown for implicit algorithms: convervative and non-
conservative discretization schemes are derived. Subsequently, an introduction will be given into
FVM. Finally, the different methods, i.e. conservative FDM, non-conservative FDM of variable
order and FVM are compared to the analytical solution. Afterwards, higher order reactions will be
studied, despite a lack of available analytical solutions due to the inherent non-linearity. Finally,
the non-conservative finite difference method is used to study the influence of reaction term linear-
ization for implicit solutions for first and second order reactions using the non-steady single-phase
model.

3.1 Governing equations
The general-mole balance of a first order reaction-diffusion system can be described by the following
differential equation:

De
1
r2

∂

∂r

(
r2 ∂c

∂r

)
− kc = 0, (3.1)

∂nC

∂xn

∣∣∣
X

= ~an · ~Cx (3.2)

all parameters have kept the definition as was given in section Governing Equations. The above
equation can be readily rewritten as

∂

∂r

(
r2 ∂c

∂r

)
= kr2c

De
. (3.3)

In order to obtain a dimensionless system, the following two transformation are applied to the
spatial coordinate r and the concentration c:

ψ ≡ c

cs
(3.4)
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with c0 the concentration at the particle edge, and the dimensionless particle radius becomes:

λ ≡ r

R
. (3.5)

where R represents the particle radius. It can be readily observed that this coordinate trans-
formation allocates the nondimensional parameters λ and ψ to the range [0, 1]. Application of the
coordinate transformation to equation 3.3 gives the following non-dimensionalized expression for
the diffusion-reaction system:

∂

∂λ

(
λ2 ∂ψ

∂λ

)
= φ2λ2ψ, (3.6)

wherein the quantity φ arises naturally and is known as the Thiele modulus [52] as given by1

φ =

√
kR2

De
. (3.7)

By application of the chain rule, equation 3.6 can be expanded to

λ2 ∂ψ
2

∂λ2 + 2
λ

ψ

λ
= φ2λ2

iψ. (3.8)

To solve the above differential equations, two boundary conditions need to be stated. At the
perimeter of the particle, a Dirichlet boundary condition is set as given by

ψ|λ=1 = 1. (3.9)
Due to symmetry conditions, a Neumann boundary conditions at the center of the particle is

used, as given by

∂ψ

∂λ

∣∣∣∣
λ=0

= 0. (3.10)

A separate program was developed for this investigation, however the program flow is equal to
that of MKM-Reactor meaning an iterative approach is implemented making use of a convergence
checker and a profile swap between two iterations. However, in contrast to MKM-Reactor, a
mixing constant is introduced in the profile swabs to prevent numerical instability issues due to
large gradients. The mixing constant approach entails ’mixing’ the previous two iterations to use
of the previous profile for a new interaction. Inspiration for the mixing constant approach was
taken from [53].

3.2 Finite Difference Methods
Equation 3.6 represents a second-order linear ordinary differential equation for which analytical
solutions are known once the boundary conditions are set.2 This equation becomes non-linear
by addition of kinetic descriptions such as those based on Langmuir-Hinshelwood expressions or
temperature-dependent Arrhenius equations, by which obtaining an analytical solution becomes
impossible. As such, the system has to be solved numerically by transforming the differential
equations into algebraic ones. A short introduction to FDM was already given in Chapter 2.
FDM are known to lack important conservation properties [26], however specific schemes have been
derived that do have these conservation properties. Below, a conservative and a non-conservative
scheme are derived. It should be noted an implicit approach is taken for the Finite Difference
methods.

1It should be emphasized that the exact expression for the Thiele modulus depends on chosen geometry as well
as on the reaction order. The result as shown here is specific for a first-order reaction using a spherical coordinate
system.

2The solution to this ordinary differential equation can be readily found by utilization of a single coordinate
transformation, followed by a Laplace transformation or directly by using the Frobenius method [54]. The latter
method would be preferred as it acts as a more general method also readily applicable to other geometries.
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3.2.1 Conservative finite difference schemes
The FDM is known to lack important conservation properties [26], which can lead to the build up
or reduction of the mass in the system by using special schemes [55]. Many different conservative
FD schemes can be found in literature, such as [55]. Here, we will use a scheme based on the
fluxes between the grid cells.

The conservative finite difference discretization scheme to obtain the concentration at grid
point i is based on the flux entering the volume element, which is equal to the flux leaving the
previous volume element, indexed as i− 1 and the flux entering the next volume element, indexed
as i+ 1. By basing the discretization on fluxes instead of just separate points, a mass conservative
scheme is found:

λi+1
∂ψ
∂λ

∣∣∣
i+1
− λi−1

∂ψ
∂λ

∣∣∣
i−1

∆λ = φ2λiψi (3.11)

The derivatives in the above equation are approximated using the following two expressions

∂ψ

∂λ

∣∣∣∣
i+1
≈ ψi+1 − ψi

∆λ (3.12)

and

∂ψ

∂λ

∣∣∣∣
i−1
≈ ψi − ψi−1

∆λ . (3.13)

Insertion of these two approximations into equation 3.11 yields the following conservative finite
difference scheme

λ2
i+1

ψi+1 − ψi
∆λ − λ2

i−1
ψi − ψi−1

∆λ = φ2λ2
iψi (3.14)

and

λ2
i+1

(∆λ)2 (ψi+1 − ψi)−
λ2
i−1

(∆λ)2 (ψi − ψi−1) = φ2λ2
iψi. (3.15)

In order to simplify the above equation, similar terms are collected to make the equation
resemble the following shape:

ai,i−1ψi−1 + ai,i+1ψi+1 + ai,iψi = Sj , (3.16)
wherein ai,j represent elements of a matrix A and Sj the source/sink term. Here the sink term

is equal to the reaction term. The coefficients are found to be:

ai−1 =
(
λi−1

∆λ

)2
(3.17)

ai+1 =
(
λi+1

∆λ

)2
(3.18)

ai = −(ai−1 + ai+1). (3.19)
while the sink term is given by:

Si = φ2λ2
iψi (3.20)

From equation 3.16 it can already be tentatively observed that the set of algebraic equations
will constitute a set of coupled equations which are homomorphic to a matrix problem as given
by
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A~ψ = ~S, (3.21)

for which many numerical routines to obtain the solution ~ψ exist.3

3.2.2 Non-conservative discretization
The non-conservative discretization scheme follows a very similar approach as described earlier:
the derivatives found in equation 3.8 are replaced using a Taylor series expansions that spans up
to and including the order of the derivative. We will briefly illustrate this procedure here, for a
second order derivative using a second order approximation. Higher orders can readily be obtained
using e.g. Bickley (in-house program).

ψi−1 − 2ψi + ψi+1

(∆λ)2 + 2
λi

(
ψi+1 − ψi−1

2∆λ

)
= φ2ψi. (3.22)

Again collecting similar terms in the shape of equation 3.16, the matrix diagonals are found to
be:

ai−1 = 1
(∆λ)2 −

1
λi∆λ

(3.23)

ai+1 = 1
(∆λ)2 + 1

λi∆λ
(3.24)

ai = 2
(∆λ)2 (3.25)

In order to simplify the matrix diagonals, the parameter β is introduced:

β = 1
(∆λ)2 . (3.26)

This leads to:

ai−1 = β

(
1− ∆λ

λi

)
(3.27)

ai+1 = β

(
1 + ∆λ

λi

)
(3.28)

ai = −2β (3.29)

3.2.2.1 Boundary conditions

In Figure 3.1 the particle center is illustrated. From this figure it can be observed that a 1
2∆λ

offset exists between the particle centre and the position were the concentration field is evaluated.
Similarly to all previous models, the mirror condition is used to derive the boundary condition

at the particle centre. In this specific case, mirror condition involves setting ψi−1 equal to φi,
leading to:

ai+1 = β

(
1 + ∆λ

λ0

)
(3.30)

3If the source term (i.e. solution vector) is linear, the most common routines utilize QR decomposition wherein
the matrix A is split into the product of an upper- and lower-diagonal matrix. Once these matrices are known,
construction of the solution vector becomes trivial. If the source term is however non-linear, finding a solution is far
trickier and involves employing root-finding strategies. We will explain such a procedure at the end of this chapter.
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Figure 3.1: The centre of the particle in terms of grid cell indices

ai = −ai+1 (3.31)

Special care also has to be taken at the outer boundary of the particle as the point λ = 1 + ∆λ
2

lies outside the domain. This can be readily handled by employing a different discretization scheme
using a different set of coefficients. The procedure is given below. Three grid points are involved:

∂2f

∂x2 ≈ Af(x− h) +Bf(x) + Cf(x+ 1
2h) (3.32)

Expanding each of these points using Taylor Series Approximations up to a second order
approximation (with the exception of the middle point):

Af(x− h) ≈ Af(x) +A
df

dx
(−h) +A

1
2!
d2f

dx2

(
(−h)2

)
(3.33)

Bf(x) = Bf(x) (3.34)

Cf

(
x+ 1

2h
)
≈ f(x) + C

df

dx

(
1
2h
)

+ C
1
2!
d2f

dx2

(
1
2h
)

(3.35)

By collecting similar terms (i.e. terms of the same power in h), we can construct the following
matrix equation:

 1 1 1
−1 0 1

2
1 0 1

4

AB
C

 = 1
h2

0
0
2

 (3.36)

Solving the above matrix system, gives the following coefficients for the second derivative:

A = 4
3 (3.37)

B = −4 (3.38)

C = 8
3 (3.39)

Repeating the procedure for the first order derivative yields:

 1 1 1
−1 0 1

2
1 0 1

4

AB
C

 = 1
h

0
1
0

 , (3.40)

with coefficients:
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A = −1
3 (3.41)

B = −1 (3.42)

C = 4
3 (3.43)

Using the above results,the discretized equation at the particle edge becomes:

8
3ψB − 4ψi + 4

3ψi−1

(∆λ)2 + 2
λ

 4
3ψB − ψi −

1
3ψi−1

∆λ

 = φ2ψi (3.44)

with ψB the dimensionless concentration at the boundary point following from the boundary
conditions, which is set equal to unity as given by the coordinate transformation (see equation
3.4). Again rewriting in the form of equation 3.16, we obtain the following matrix coefficients:

aN,i−1 = 4
3 (∆λ)2 −

2
3λi∆λ

(3.45)

aN,i = −4
(∆λ)2 −

2
λi∆λ

. (3.46)

By moving the coefficients of the boundary point to the solution vector, the sink term becomes:

SN = ψ2φi −
8

3 (∆λ)2 −
8

3λi∆λ
(3.47)

3.3 Finite Volume Methods
In contrast to FDM, Finite Volume Methods(FVM) are based on the integral form of the equations
rather than the differential form. Similarly to FDM, the grid is divided into a number grid cells,
with the equations being applied at each grid cell:

Figure 3.2: A grid divided into 3 volume elements. The dotted rectangle corresponds to the control
volume (CV). In the finite volume approximation, it is assumed that the value evaluated at the
central points of the CV is uniform over the volume.

As visualized in the Figure 3.2, a node point is set at the centre of each control volume at
which any scalar quantity is evaluated for which it is assumed that this quantity is uniform over
the volume.

The physical rationale behind the FVM is that any conserved property would have to leave the
control volume through its boundaries. Integration of this flux gives the change of this property
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within the control volume. This is mathematically described by the divergence theorem4, which
states that the flux of a scalar property in the direction of the normal of an enclosed volume equals
the volume integral of the divergence of the vector field as given by

˚

V

(∇ · F) dV =
‹

S(V )

F · n̂dS (3.48)

In other words, this theorem allows us to transform a volume integral into a surface integral.
The resulting terms are the fluxes at the surface boundaries of each volume elements [56]. It

was already mentioned that one of the main advantages of this method is its ability to conserve
properties such a mass based on the construction of the equations rather than special schemes,
coming from the fact that the flux leaving a grid cell is equal to the flux entering the next grid
cell [26]. Specifically, the conservative properties stem from the way the equations are solved: by
employing the fluxes present in the system across cell boundaries rather than using approximations
for the differentials. To summarize, FDM track the change of the dependent variable in a grid
cell, whereas FVM monitors the fluxes between the grid cells [56].

3.3.1 Finite volume discretization
The starting point of the derivation is writing equation 3.3 in the form of a volume integral:

˚
∂

∂λ

(
λ2 ∂ψ

∂λ

)
=
˚

φ2λ2ψ dV (3.49)

By applying the divergence theorem, the volume integral on the left hand side is transformed
to a surface integral, which results into

‹
λ2 ∂ψ

∂λ
· ~n dS =

˚
φ2λ2ψ dV (3.50)

To numerically determine the concentration profile, the particle is divided into N concentric
shells with thickness ∆λ as depicted in Figure 3.3.

Figure 3.3: To discretize the particle domain, the particle is split into concentric shells, as illus-
trated in this figure. It should be noted that lower case indices are used for half-intervals, whereas
capital letters are used for the whole intervals. Used with permission of L.H.E.Kempen

4Perhaps more familiar to the reader is the divergence theorem applied to a single dimension, which is equivalent
to partial integration.
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The notation as shown in this figure will be used throughout this derivation. It should be
noted that lower case indices are used for half-intervals, whereas capital letters are used for the
whole intervals. The volume for each concentric shell is given by

V = 4
3π
(
λ3
e − λ3

w

)
, (3.51)

and the surface area on the outer and inner sides are given by

Se = 4πλ2
e (3.52)

and

Sw = 4πλ2
w, (3.53)

respectively.
Setting up a mole balance using the fluxes entering and leaving the concentric shell results

gives the following expression

λ2
p

∂ψ

∂λ

∣∣∣∣
e

· Se − λ2
p

∂ψ

∂λ

∣∣∣∣
w

· Sw = φ2λ2
pψp · V (3.54)

The derivatives in this equation, which are evaluated at half-intervals, can be approximated
by:

∂ψ

∂λ

∣∣∣∣
e

≈ ψE − ψP
∆λ (3.55)

and

∂ψ

∂λ

∣∣∣∣
w

≈ ψE − ψP
∆λ (3.56)

wherein

λe = λE + λP
2 (3.57)

and

λw = λW + λP
2 . (3.58)

Collecting all terms in equation 3.54 results into

ψE − ψP
∆λ λ2

e −
ψP − ψW

∆λ = φ2λ
3
e − λ3

w

3 ψP . (3.59)

Factoring all similar terms finally gives

ψP

(
− λe

∆λ −
λ2
w

∆λ − φ
2λ

3
e − λ3

w

3

)
+ ψE

λ3
e

∆λ + ψW
λ3
w

∆λ = 0. (3.60)

Careful inspection of the above equation allows us to identify similar terms by which we can
introduce the following auxiliary variables

aE = λ2
e

∆λ, (3.61)

aW = λ2
w

∆λ, (3.62)
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Sp = φ2λ
3
e − λ3

w

3 , (3.63)

and

ap = −(ae + aw + Sp). (3.64)

Similar to the discussion in the previous section, these variables correspond to the elements in
the coefficient matrix A.

3.3.1.1 Boundary conditions

In the last section the general equation was discretized. Next, we will discretize the boundary
conditions. At the particle centre, λw = 0, from which the following expression can be found

ψE − ψP
∆λ λ2

e = φ2λ
3
e

3 ψp, (3.65)

implying that aw = 0, while all other coefficients remain the same. As was the case previously
with the finite difference method, a trick is needed as we have no information at λ = 1 + ∆λ

2 .
Within the finite difference method, the coefficients of a unstructured grid had to be derived.
Using a finite volume method, the derivative can be determined at the particle edge using similar
approximations as shown before

∂ψ

∂λ

∣∣∣∣
λ=1
≈ ψB − ψP

∆λ
2

, (3.66)

wherein ψB corresponds to the dimensionless concentration at the particle edge. Now instead
of the matrix coefficient aE , the coefficient needs to be added to the solution vector while all the
other coefficients remain the same

bE = −aE . (3.67)

3.4 Method validation
In order to compare the methods, the numerically obtained profiles are compared to the analytical
solution of this system. The analytical solution is given by:

psi = 1
λ

(
sinhφλ

sinh sinhφ

)
, (3.68)

the derivation of the above equation can be found in the Appendix. In order to compare
the methods, a range of Thiele moduli is used, as well as a range of the number of grid cells in
the particle radius. This way, it can be investigated whether the selected methods and schemes
can be used for such a system, and if so, how many grid cells are required to reduce the error
between the numerical and analytical solution to a satisfactory numerical solution. From literature
research [26],it is expected that all three methods can be used to accurately solve the concentration
profile within the particle. However, as was already mentioned before, FDMs often suffer from
low accuracy [26]. It is expected that because of this low accuracy, the FDMs will require a larger
amount of grid cells to achieve the same level of accuracy as can be achieved by FVM. Three
different Thiele moduli were studied, ranging from reaction rate limited system system at a Thiele
modulus of 0.1, to an internal diffusion limited system at a Thiele modulus of 10.0:
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Figure 3.4: The numerically obtain concentration profiles and the analytical solution within the
catalyst particle using a Thiele modulus of 0.1 as a function of the amount of grid cells used
to discretize the particle radius. From top to bottom: the conservative FD scheme, the non-
conservative FD scheme, FVD
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Figure 3.5: The numerically obtain concentration profiles and the analytical solution within the
catalyst particle using a Thiele modulus of 1.0 as a function of the amount of grid cells used
to discretize the particle radius. From top to bottom: the conservative FD scheme, the non-
conservative FD scheme, FVD
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Figure 3.6: The numerically obtain concentration profiles and the analytical solution within the
catalyst particle using a Thiele modulus of 10.0 as a function of the amount of grid cells used
to discretize the particle radius. From top to bottom: the conservative FD scheme, the non-
conservative FD scheme, FVD
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By comparison of Figures 3.4, 3.5 and 3.6 it can be readily observed that any of the proposed
methods (i.e. FDM or FVM) can be used to acquire sufficiently accurate numerical approximations
for a spherical reaction-diffusion system. It has been found that all methods produce a maximum
absolute error of less than 0.0002 (dimensionless) as compared to the analytical solution. Because
all methods have the ability to closely resemble the analytical solution, the Root Mean Square
Error (RMSE) between the analytical solution and the numerical solution is plotted for each
investigated Thiele modulus:
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Figure 3.7: The RMSE between the analytical and numerical solutions for different numbers of
grid cells, with G representing the amount of grid cells in a particle radius
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Figure 3.8: The RMSE between the analytical and numerical solutions for different numbers of
grid cells, with G representing the amount of grid cells in a particle radius

More detailed plots of the absolute error of the numerical solution can be found in Appendix
8. From here it is found that indeed the FVM needs fewer grid points in order to obtain a similar
absolute error as compared to any of the finite difference methods. This result was found for all
three investigated Thiele moduli. From here it is found that the non-conservative FDM and the
FVM are the most promising. As discussed in chapter 2, within the family of non-conservative
FDM schemes a wide range of accuracy order is available. To further examine the influence of
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Figure 3.9: The RMSE between the analytical and numerical solutions for different numbers of
grid cells,with G representing the amount of grid cells in a particle radius

the discretization method, the FVM will now be compared to different higher order methods of
non-conservative FDM family. This is done by implementing the BICKLEY algorithm into the
steady-state spherical particle model. Only even discretization orders are used, with the highest
order being 8. Because the FDM has been found to need a larger number of grid cells, the number
of grid cells is taken equal to 80.

For the whole range of Thiele moduli it has been found that higher order non-conservative FD
schemes can predict more accurate profiles than the FVM, with the accuracy of the predicted profile
increasing as the order of the method increases. However, similar accuracy can also be achieved
using a higher number of grid cells in lower order FD schemes. As higher order discretization
is more difficult to implement and has a higher computational cost, using these higher schemes
does not out way the benefits of using more grid cells in lower order schemes. The FVM has been
found to require significantly fewer grid cells to achieve a similar accuracy as found for lower order
FD schemes. Besides requiring fewer grid cells, FVMs are also the preferred method as FVMs
are known to be better at mass conservation originating intrinsically from how the equations are
solved instead of relying on special schemes.

3.4.1 Higher order reactions
Despite analytical solutions not being available for higher order reactions due to their non-linearity,
it is possible to compare the obtained profiles to literature such as [Satterfield]. Besides having
severe complications on the availability of analytical solutions, higher order reactions also give rise
to numerical challenges if an implicit solution strategy is pursued. Higher order reactions cause
non-linearity within the source term meaning algorithms such as QR decomposition can no longer
be used to find implicit solutions, meaning we have to turn to root finding algorithms. A plethora
of root finding algorithms exist, however we will discuss one relatively simple method in terms of
use and implementation: the Newton-Raphson method [46].
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3.4.1.1 Newton-Raphson method

The Newton-Raphson method is often seen as the simplest multidimensional root-finding method
for real-valued, well-behaved functions [num met]. Just as was the case with most methods de-
scribed within this work, the Newton-Rapshon method is based a Taylor Series approximation.
From a geometrical point of view, the Newton-Raphson method is based on the notion that a con-
tinuous and differential function can be approximately described by fitting a straight line tangent
to it. In short, by extending the tangent line of the point xi until the function is equal to zero,
the next solution guess at xi+1 is set equal to the abscissa of the found zero crossing [46]. This
process is repeated iteratively until the root is found.

The Newton-Raphson method is known for its quadratic convergence, however, the method
requires a sufficiently close initial guess of the root. The quadratic convergence makes that the
method is often used, provided that the derivative can be obtained efficiently, is continuous and
nonzero in the neighborhood of the root [46]. To illustrate the method, let us consider a system
of N functional relations of N variables of which the roots should be found. Here, x represents
the vector of variables, and F the functions of these variables. To evaluate each function Fi in the
neighborhood of ~x, we again make use of a first order Taylor Series expansion

Fi(x + δx) = Fi(x) +
N=1∑
j=0

∂Fi

∂xj
δxj +O(δx2) (3.69)

with i the index of the variable, and δx the corrections. Within the above equation, the matrix
of partial derivatives is known as the Jacobian matrix:

Ji,j ≡
∂Fi
∂xj

. (3.70)

Using the Jacobian matrix notation and neglecting terms of order δx2 the system of equations
can be rewritten to

F(x + δx) = F(x) + J · δx. (3.71)

By setting F(x + δx) equal to zero, a set of linear equations is found

J · δx = −F (3.72)

Matrix equations like the one above can readily be solved by using the methods described
previously, such as QR decomposition. In case of non-linear equations, only an approximation of
the real root is found [46]. This approximation can be improved using an iterative manner, by
adding the corrections to the solution vector [46].

xn = xo + δx (3.73)

with the subscript n indicating the new ~x, with o the previous one. The Newton-Raphson
methods differs from other multivariate root finding algorithms in the fact that it requires know-
ledge of both the function itself and its derivative. In case the derivative of the function is not
known, and/or expensive to obtain as it has to be obtain by additional function evaluations, e.g.
Broyden’s method could be used [46]. However, within this work, analytical derivatives can be
obtained ensuring the availability of ’cheap’ derivatives throughout the entire domain, making the
Newton-Raphson method a good method to use due of it’s high convergence rate. An additional
advantage of the NR method is that the mixing constant approach is no longer required to ensure
stable numerical solutions.
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3.4.1.2 Finite Volume versus non-conservative Finite Difference

Despite analytical solutions no longer being available for higher order reactions, several numerical
solutions can be found within open literature, such as [31] First, the FVM will be used to determine
the Thiele modulus versus particle efficiency factor for a wide range of reaction orders. Next, the
found trends are compared to the work of [31] to validate the higher order results. Lastly, we will
again compare the FVM to the 8th non-conservative FDM scheme.
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Figure 3.10: A plot of the Thiele modulus versus particle efficiency factor for several reaction
orders using the FVM. N = 100

From Figure 3.10 it is found that the efficiency factor at constant Thiele modulus decreases as
the reaction order increases, which is in line with previous works such as [31]. For a first order
reaction, it was found that the non-conservative and FVM are the most promising in terms of
accuracy. For that reason, we will again compare the non-conservative FDM using an 8th order
scheme and the FVM for the higher order reactions.

The results in Figure 3.11 show that the higher the reaction order, the smaller the difference
between the FVM and the 8th order non-conservative FDM. For all reaction orders, the maximum
error is found at higher Thiele moduli, and decreasing significantly at very high Thiele moduli
representing almost empty particles. A similar trend was found in the previous section for first
order reactions.

3.4.2 Reaction linearization
Besides turning to root finding algorithms as presented in the previous subsection, two more op-
tions exist to numerically include non-linear rate terms: linearization of the rate term and treating
the rate term in an explicit manner. These methods were already presented within Section Reac-
tion Linearization and will be compared in terms of accuracy and computational performance. To
this end, a first and second order irreversible power law reaction term will be used. While the first
order reaction does not require any linearization to be numerically solved in an implicit manner
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Figure 3.11: A comparison of the numerical solutions obtained using the FVM and the non-
conservative FDM of 8th order for several reaction orders. N = 100

as the rate term is linear and can readily be included in the matrix equation, analytical solutions
to this reaction-diffusion-convection system are readily available. The availability of an analytical
solution will allow us to verify the ability and accuracy of each method to be used for the systems
studied within this work. Afterwards, a second order irreversible reaction will be studied, where
the three methods will be compared to one another.

Analytical solutions for reaction-diffusion-convection systems are only available for steady-
state profiles. The analytical solution as given by van Genuchten and Alves [57] for a first order
irreversible reaction with simultaneous zero-order production is used, subject to the boundary
conditions given in section 2.

c(x) = γ

k
+
(
c0 −

γ

k

)
exp

(
(v − u)x

2Dax

)
. (3.74)

with parameter u defined as:

u = v

(
1 + 4kDax

v2

)0.5
. (3.75)

here, q is the rate constant of the zero-order production, which is set to zero as only a first order
reaction is modelled, and the rest of the parameters retain their previous definitions. In Figure 3.12
the absolute error between the analytical solution presented above and the numerical approximate
solutions is depicted. From this Figure, it is observed that all three methods are able to closely
resemble the analytical solution, at a maximum absolute error of 0.0058 molA

m3
f

. Besides being able
to accurately describe a first order reaction-convection-diffusion system, it is also observed each
methods predicts an equivalent concentration profile. This is in line with expectations, as each
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method should converge to the same numerical solution, independent of which method is used.
Regarding the single propagator method, it was found this method works well for the components
reacting away. However, special care has to be taken of the formed compound. When using
the single propagator technique for this compound, only the trivial solution is found, resulting
in large mass losses within the reactor vessel. This problem can be resolved by using the single
propagator technique for the reactive compound, and the explicit addition to the solution vector
for the formed compound.
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Figure 3.12: A comparison of the analytical solution and the obtained steady numerical solutions
for each of the linearization methods and the explicit method, representing steady convection-
diffusion combined with a first order irreversible reaction. Dax = 1e−3, v = 0.1, c0 = 1.0, k = 0.5,
N = 200.
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Next, the computational cost of the methods is compared. The explicit addition of the rate
term has the advantage of the coefficient matrix remaining constant throughout the simulation
when assuming all physical constants are independent of temperature and composition. Contrary,
each linearization method requires updates of the coefficient matrix at each time step as a result
of the matrix coefficients being functions of concentrations at the previous time step. In order to
compare the computational cost of the methods, the computational time required for 1000 time
steps averaged over 3 simulations is compared. The computational times were found to be 1.7139
seconds, 1.1782 seconds and 1.726 seconds for the explicit method, Taylor series and single propag-
ator respectively. The differences in computational time and accuracy between these methods can
thus be deemed negligible for first order reactions.

As analytical solutions are not available for higher order reactions, the three methods will be
compared to each other.
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Figure 3.13: A comparison between the obtained steady numerical solutions for each of the linear-
ization methods and the explicit method, representing steady convection-diffusion combined with
a second order irreversible reaction. Dax = 1e−3, v = 0.1, c0 = 1.0, k = 0.5, N = 200.

Similarly to the first order reaction, no significant differences are found between the methods
when a second order reaction is taking place, as depicted in Figure 3.13. Again averaging over 3
simulations, the computational times for 1000 time steps were found to be 1.7809 seconds, 1.7848
seconds and 1.7481 for the explicit method, Taylor series and single propagator respectively. Again
no significant differences between the methods are found, again in line with expectations. For this
reason, it can be concluded that either of the 3 methods can be used. Throughout this work, the
explicit method will be used as it is the easiest of the methods in terms of implementation.
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Chapter 4 Model verification
In the previous chapter it was found that non-conservative FDMs are a accurate enough method
to solve the equations presented in Chapter Methods [CHECK]. Now that we know we are us-
ing a proper method to solve the equations, the next step is to make sure the equations are
properly implemented. In order to validate the numerical methodologies taken within this work,
known analytical solutions are used for each key ingredient of the different models. First, the
isothermal column model itself is verified, after which the particle model will be verified. For
the column model, the verification cases include unsteady convection-diffusion on a semi-infinite
domain, steady diffusion with a zeroth order reaction and steady convection-diffusion-reaction
were a first order reaction is taking place. After verifying the single-phase model, the convection-
diffusion-reaction case will be repeated for the homogeneous model. In order to verify the particle
model, isothermal cases are used. The isothermal tests involve re-derivations of the famous clas-
sical solutions of Thiele [52].Because an implicit (matrix) solver and a Sundials implementation
are used, both solvers are validated and compared in terms of accuracy within this section.

Two approaches to obtaining analytical expressions have been used, some of the analytical
solutions were derived by us, while other solutions were taken from open literature. In case of a
derived analytical solution, detailed step-by-step work outs can be found in the Appendix. For all
verification cases, a second order central difference scheme is used for the dispersion/diffusive term,
a first order upwind scheme for the convective term and a backward Euler scheme for the time
derivative in case of a non-steady state solvers. Even though only a single graph is shown for each
verification case, all cases were repeated for all implementations available within MKM-Reactor.

4.1 Single-phase column model
As the user of MKM-Reactor is able to set which terms are added in the concentration balance, as
well as the stoichiometry and reaction order, it was opted to not only use an analytical solution for
the reactor as a whole, but also for cases were certain terms were disabled and different reaction
orders used. The single-phase model without back pressure regulator is verified first, this model
represents the base case as all further models were derived from this model. The first verification
case is unsteady convection-diffusion, so without a reactive term, allowing us to took a closer look
at the implementation of the propagation front when filling up the reactor vessel with reagents.
The analytical solution was derived by [58] for a semi-infinite domain:

c

c0
= 1

2

[
erfc

(
x− vt

2
√
Daxt

)
+ exp

(
vx

Dax

)
erfc

(
x+ vt

2
√
Daxt

)]
, (4.1)

with x [m] the spatial coordinate, t [m] the time at which the concentration profile is calculated.
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Figure 4.1: (a) A comparison of the analytical solution and the obtained numerical solution using
the implicit matrix solver at several simulation times after starting with an empty reactor vessel:
0.5s, 2.0s,3.5s,5.0s,6.5,8.0s and 9.0s. When the time step is larger than 0.5s, first the model over
predicts the analytical solution slightly, and under predicts towards the end of the reactor vessel.
Dax = 1e−3, v = 0.1, c0 = 1.0, N = 200. (b) The absolute error between the analytical and
numerical solutions.
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Equation 4.1 is plotted in Figure 4.1 to compare the numerical results of MKM-Reactor with
the analytical result for several time steps using the implicit solver. Figure 4.1a shows both concen-
tration profiles, while Figure 4.1b depicts the absolute errors between the analytical and numerical
solutions. From Figure 4.1a it is learned the model slightly over predicts the concentration profile
at the first part of the reactor, and starts under predicting towards the end of the reactor. Part of
this under prediction is probably caused by comparing to an analytical solution of a semi-infinite
domain, while the reactor enforces a zero-flux boundary condition at the end of the vessel. Figure
4.1b shows that the magnitude of the absolute error decreases for the first two time steps, and
remains constant afterwards. Two error domains are found: a smaller error, after which the error
decreases to zero and then grows again. The point of zero error matches the point were the model
switches between under- and over prediction. The maximum error is found to be around 0.037
molA
m3

f

. The absolute error between Equation 4.1 and the Sundials solver is plotted in Figure 4.2.
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Figure 4.2: The absolute error between the analytical and numerical solutions for the convection-
diffusion verification case using the Sundials solver. Dax = 1e−3, v = 0.1, c0 = 1.0, N = 200.

The maximum error of the Sundials solver is found to be 0.042 molA
m3

f

. Upon comparing the
absolute errors of the matrix and Sundials solvers, it was found that the errors of the Sundials
solver are consistently higher than of the matrix solver, but remain within an acceptable range.
Besides checking the propagation front at several time steps, the limiting case of longer simulated
times without reaction was also examined. As no reaction is occurring, it is expected that the
entire domain becomes equal to the inlet concentration without build-up of mass, which was found
to be the case for both solvers.

Within the previous case, convection was the most dominant quantity. To get a more detailed
overview of the correctness of the implementation of diffusion phenomena, an analytical solution
combining steady-state diffusion/dispersion and a zeroth order reaction is derived for a finite
domain. As now a finite domain is considered, the zero flux boundary condition at the end of the
reactor vessel is taken into account. The dimensionless analytical solution is found to be:
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ψ = φλ (λ− 2) + 1, (4.2)

here φ again represents the Thiele modulus, λ the dimensionless reactor length x
L and ψ the

dimensionless concentration c
c0
. The derivation of equation 4.2 can be found in [31]. In Figure

4.3 the analytical and numerical solution for both the matrix and Sundials solvers are plotted.
It was confirmed the numerical concentration profiles found are the steady-state profile by using
the the build-in convergence checker of MKM-Reactor, allowing for a maximum difference of 1e−6

between iterations. It can be seen that the error of the numerical solutions becomes larger towards
the end of the reactor. The largest deviations between the numerical and analytical profiles are
found to be 0.00325 and 0.002846 molA

m3
f

, for the matrix and Sundials solver respectively. These
errors are deemed small enough to conclude the implementation of diffusion-reaction systems is
correct.
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Figure 4.3: A comparison of the dimensionless analytical solution and the obtained numerical
solutions, using the matrix and Sundials solvers, of steady-state diffusion combined with a zeroth
order reaction, for a Thiele modulus of 0.25. L = 0.1 m, N = 100

Now that several key ingredients have been found to be able to correctly approximate known
analytical solutions, the connection between all quantities is tested. Analytical solutions for
reaction-diffusion-convection systems are only available for steady-state profiles. The analytical
solution as given by van [57] for a first order irreversible reaction with simultaneous zero-order
production is used, subject to the boundary conditions given earlier. .

c(x) = γ

k
+
(
c0 −

γ

k

)
exp

(
(v − u)x

2Dax

)
. (4.3)

with parameter u defined as:

u = v

(
1 + 4kDax

v2

)0.5
. (4.4)
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here, q is the rate constant of the zero-order production, which is set to zero as only a first
order reaction is modelled, and the rest of the parameters retain their previous definitions. The
results of this third verification case are visualized in Figure 4.4.

As is seen in Figure 4.4, both single-phase model closely resemble the steady-state analytical
solution. From the error plot it can be concluded that both solvers have very similar accuracy,
with no noticeable differences between the solvers. The maximum error is found to be 0.0058 molA

m3
f

for both solvers, and is strongly decreasing towards the reactor exit. A slight increase is found at
the very end of the reactor vessel, which is probably caused by the first order discretization of the
zero flux boundary condition.

To summarize, all three selected cases were found t closely match known analytical expressions
with acceptable errors. It can thus be concluded that the used discretization schemes and solving
method are accurate enough for the purpose of this work.
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Figure 4.4: (a) A comparison of the analytical solution and the obtained numerical solutions for
steady convection-diffusion combined with a first order irreversible reaction. Dax = 1e−3, v =
0.1, c0 = 1.0, k = 0.5, N = 200. (b) The absolute error between the analytical and numerical
solutions.
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4.2 Homogeneous column model
Now that it has been found the implementation of the single-phase model can be deemed accurate,
the next step is to verify the homogeneous model without backpressure regulator, which is largely
based on the single-phase model. However, to simulate the catalytic activity and external mass
transport, the Thiele modulus approach and a film theory like mass transfer term were added to
the single-phase model, as discussed in section [FILLIN]. The convective and diffusive terms were
largely kept constant, with the only change from the single-phase model being that the velocity
was corrected for the solid hold-up within the reactor. However, the reactive term is replaced
by an apparent rate term to model the external mass transfer towards the catalytic particles.
To verify the homogeneous model, the convection-diffusion-first order reaction case will be used.
In order to change the analytical solution given in equation 4.3 such that it is able to describe
the homogeneous system, the superficial fluid velocity is replaced by the interstitial velocity, the
rate term k will be multiplied by the efficiency factor, and the external mass transfer influence is
eliminated by taking the fluid superficial velocity such that the external mass transfer influence
becomes negligible.

The rewritten from of equation 4.3 is compared to obtained numerical solutions in Figure 4.3.
From here, it is again found that the numerical solutions closely resemble the analytical one,
with no noticeable differences between the two numerical implementations. Upon taking a more
detailed look at the error of both solver implementations in Figure 4.5b, a very similarly shaped
profile was found as was the case for the single-phase model full reactor, with negligible errors
over the entire reactor domain. It can thus be concluded that the selected solving methods are
also accurate enough for our purpose in solving the homogeneous system.
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Figure 4.5: (a) A comparison of the analytical solution and the obtained numerical solutions
for steady convection-diffusion combined with a first order irreversible reaction with an efficiency
factor for the homogeneous model. Dax = 1e−3, v = 0.4, c0 = 1.0, k = 0.569406, εb = 0.4, N =
200, Lreactor = 1.0. (b) The absolute error between the analytical and numerical solutions.
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4.3 Particle model
Within the previous section, the implementation and solution methods of the column model were
found to be accurate enough for our purposes within this work. As a next step, a similar proced-
ure is used to check whether the same can be concluded for the model of a single particle. Two
cases will be presented for the particle model, here the concentration at the outer particle edge
is assumed to be constant within an isothermal particle using the classical Thiele solutions [52].
Derivations of the Thiele solutions can be found in the Appendix.

Similarly to the previous section, an analytical solution is derived for the steady-state particle
model as a whole: intra-particle diffusion and first order irreversible reaction under isothermal
conditions. The governing equation is given in 3. To arrive at an elementary case for which
the analytical solution can readily be derived, external mass transfer resistance is assumed to
be negligible resulting in a Dirichlet boundary condition, in contrast to the Robin boundary
conditions. The dimensionless steady-state analytical solution for a spherical particle is found to
be:

cs
c0

= Rp
r

sinh
(
r
√

k
De

)
sinhφ (4.5)

with cs the concentration field as a function of coordinate r and c0 the concentration at the outer
edge of the particle. The concentration profile found using Equation 4.5 is plotted in Figure 4.6
against the numerically obtained concentration profiles along the radius of the catalytic particle
at a Thiele modulus equal to one. Different grid resolutions were used in this Figure, with G
referring to the amount of grid cells used across the particle radius. Again, the numerical model
is found to be able to closely approximate the analytical solution. However, a sharp increase in
the error is found at the particle center. The absolute error is seen to decrease with the amount
of grid cells used, which is in line with expectations.
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Figure 4.6: (a) Grid dependency analysis for isothermal intra-particle diffusion and first order
irreversible reaction. G represents the amount of grid cells used across the particle radius. φ
= 0.148 (b) The absolute errors between the analytical and numerical solution for several grid
resolutions.
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Within Figure 4.6, only a single Thiele modulus is verified. In order to verify the model is
accurate within a wide range of Thiele moduli, an analytical solution is derived for the particle
efficiency factor as a function of Thiele modulus for spherical particles. The obtained analytical
expression is equal to the one reported by Aris [Aris paper]:

η = 3
φ2 (φ cothφ− 1) , (4.6)

with η the particle efficiency factor, the derivation can again be found within the Appendix.
To obtain the efficiency factor of the numerically determined concentration profiles, the profiles
calculated by the model are numerically integrated according to

η =
˝

V
kcs dV

4
3πR

3
pkc0

. (4.7)

The efficiency factors obtained using Equation 4.7 are compared to Equation 4.6 for varying
Thiele moduli. The Thiele modulus was varied by changing the diffusivity within the particle,
while keeping the particle radius and rate constant values constant. From Figure 4.6 it was learned
to the error decreases with the amount of grid cells used. To decrease the numerical error as much
as possible without increasing the computational cost too much, this analysis is performed using
100 grid cells. This large amount of grid cells was found to be required to accurately describe high
Thiele moduli. The results are plotted in Figure 4.7. The found effectiveness factors match the
analytical expression quite well at low Thiele moduli below 10. At larger Thiele moduli the error is
seen to increase significantly, as the numerical model over-estimates the analytical solution. This
indices more grid cells should be used at larger Thiele moduli.
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Figure 4.7: Effectiveness factors obtained using numerical integration for isothermal diffusion-
reaction in a spherical particle, compared to effectiveness factors according to the analytical solu-
tion.
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Chapter 5 Results and Discussion
5.1 Introduction
Within the previous chapters, the multiscale models were described and their implementation
verified using known analytical solutions. It was also found that the implemented finite difference
method is sufficiently accurate to solve the equations describing the systems studied within this
work. Within this Chapter, the models are used to compare the performance and accuracy of
the two microkinetic implementations, as well as perfom some small studies. Microkinetic data is
obtained using two different implementations: MKMEngine (which is an engine-wrapper version of
MKMCXX) and MANN (which is an engine format supplying Artifical Neural Network (ANN)).
First, the two different microkinetic implementations will be compared in terms of accuracy and
computational cost. Here, the methanation reaction will be used as a base case due to it’s relative
kinetic simplicity. Within this section, the accuracy of the ANNs is also investigated. Next, the
best performing methods is used to study the influence of intraparticle diffusion limitations in
FTS and the resulting trends will be compared to experimental data.

5.2 Comparison of microkinetic implementations
The CO2 methanation reaction is used to compare the two different microkinetic implementations.
From previous works, such as the work of [3], it is known that direct microkinetic implementations
are very computationally costly. However, as the usage of MKMCXX is widely verified in many
works [5] [12], it does serve as a valuable comparison case for ANNs. ANNs allow us to cheaply
approximate microkinetic data by circumventing a direct MKM implementation, however their
behavior upon implementation within a reactor model and their ability to conserve mass within
reactor simulations were not investigated before [Tim]. Within the work of [8] it was was shown
that the ANN is able to provide accurate microkinetic data, however an error was found to be
present within the atomic species balance. This error causes the ANN to not fully conserve mass,
however the severity of this error in terms of reactor simulations is not yet known. This makes
that usage of the ’true’ microkinetic data provides an insight into the accuracy of the kinetic rate
data supplied by the networks and the result of this accuracy within reactor simulations. ANNs
are expected to provide a method of incorporating microkinetic data within a significant increase
in computational time [8]. By comparing the two methods in therms of computation cost, it is
investigated how much the usages of ANNs speeds up the calculations. As direct implementations
such as MKMEngine are computationally expensive, a reaction of relative kinetic simplicity is
chosen. The kinetic simplicity stems from the fact that the amount of elementary reaction steps
is low, and only 5 components take part within this reaction [8].

The non-isobaric non-isothermal ANN developed in [8] is used to perform isothermal simula-
tions of the methanation reaction within a single catalytic particle. This model is based on the
work of [5], and represents a cobalt catalyst. Within this network, the presence of CO within the
reaction mixture is taken into account, meaning that besides the methanation reaction itself, the
water-gas shift reaction is also occurring. This makes that to regimes can be differentiated: a re-
gime where the methanation reaction itself is dominant, and one were the water-gas shift reaction
is the most prevailing reaction.

In order to compare the methods, both regimes were simulated isothermally using both MK-
MEngine and MANN in the single-phase isothermal model using the SUNDIALS solver. However,
here it was found that even the robust SUNDIALS implementations still suffered from stability
problems. From this reason, it was chosen to rescale all reaction rates in case a rate above 1.0
mol/s occurs. This rescaling is known as clamping, and a similar strategy is used within MKM-
CXX. The clamping of reaction rates resulted in stable numerical solutions in combination with a
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Sundials MaxStep of 1.0. The results of this can be found in Figure 5.1.
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Figure 5.1: (a) A comparison of simulations ran using MANN and MKMEngine in the methanation
regime at 700.15K and a total pressure of 10 bar within the isothermal single phase model. L =
0.1, N = 10, xH2 = 0.8, xCO2 = 0.2 , vin = 0.1. b) A comparison between the two microkinetic
implementations for the water gas shift regime at a temperature of 825.15K at a total pressure of
10 bar. L = 0.1, N = 10, xH2 = 0.3, xCO2 = 0.3, xH2O = 0, xCH4 = 0.2 xCO = 0.2, vin = 0.1

From Figure 5.1a a close resemblance between the obtained concentration profiles is found.
OpenMP was used to speed up the MKMEngine by running in parallel over multiple threads.
Using 4 threads it was found MKMEngine required 6 hours and 14 minutes to converge, using
only 10 grid cells. MANN converged after 10 minutes, showing a significant advantage over the
direct implementation of MKMEngine, while achieving a similar accuracy. On the other hand,
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within Figure 5.1b the resemblance is much less close. However, upon comparing the rates using
stand-alone (not linked to a reactor model) versions of MKMEngine and MANN, it is found the
rates differ almost a factor 2. While appears to be a significant difference, within ANNs this is
considered close enough resemblance. The reason for this is that the reaction rates of microkinetics
can span over several orders of magnitude. So a difference of a factor 2 at small reaction rates is
deemed insignificant. Nonetheless, the influence on the concentration profiles of the reactor model
is quite large, especially for carbon monoxide. The simulation using MANN took 29 minutes,
while MKMEngine required 3 hours and 26 minutes of calculation time, again showing the large
advantage in computational time when using ANNs.

Besides simulating realistic system, MKMEngine was also used to simulate an irreversible
reaction of A to B. This was done to ensure the long simulation times were not caused by a slow
connection between the modules. The irreversible reaction took less than a minute to calculate,
showing that the connection between the modules is not limiting in simulation performance.

5.2.1 Accuracy of the Fischer-Tropsch Artifical Neural Network
Within this section, the accuracy of the Fischer-Tropsch network within the reactor model will
be tested by looking at the mass-conservation properties within the reactor, and a comparison
of the simulations trends to experimental results. As was done within the previous section, the
ANN developed in the work of [8] is used. This non-isobaric non-isothermal ANN is unfortunately
not able to predict the full range of FTS products, but supplies a lumped C10+ component, con-
taining the total rate of hydrocarbon chains with carbon numbers of 10 and higher, resulting in
23 components in total. Within this work, the C10+ component is further specified up to C20 by
determination of the chain growth parameter.

From an initial screening it was found that starting from empty particles and reactor vessel
resulted in large numerical instabilities, even breaking the SUNDIALS solver. For this reason, it
was opted to fill the reactor vessel with the initial concentrations, instead simulating the start-up
behavior by filling it during the simulation. Secondly, the concentrations within the particles were
set equal to the fluid phase concentrations. However, these solutions are not deemed limiting as
we are mainly interested in the steady-state reactor performance instead of start-up behavior. The
numerical instabilities are caused by the ANN, small reaction rates are still being predicted even
when no reactants are present.

Further screenings showed that the ANN was not able to correctly predict the stoichiometry
of FTS, with the rate of hydrogen consumed being around 3 times too small compared to the
consumption of CO. For this reason, the ANN was reparameterized by tuning the hydrogen para-
meters through optimization of the linear scaling. Using this newly obtained network, an initial
screening as a function of temperature (490K, 550K and 600K) and total operating pressure (5
bar, 15 bar and 30 bar) is performed for a single catalytic particle, the parameters can be found
in depicted within 5.1. These parameters were taken from [19] [38] or were calculated using the
correlations discussed earlier. The diffusion constants were based on the experimental results of
Erkey et al., as was discussed earlier.

The selectivity was determined on a carbon-basis, given by:

Sn = Cn∑∞
1 Cn

(5.1)

It should be noted that the ANN predicts negative rates for some hydrocarbons, even though
these components should be formed. This will be shown in more detail later, when studying the
influence of the feed ratio. However, in case of negative concentrations, the concentrations were
put to zero in post processing. It should be noted that these negative rates are small inaccuracies
within the fit of the neural network. However, these negative rates are small enough to be con-
sidered insignificant. From experimental data, it is known that the selectivity towards CH + 4 at
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Table 5.1: Settings used within the initial screening of FTS in a single particle

Parameter Value
∆ t 0.01
Amount of radial grid cells 10
Particle radius 0.003
ρf 2.62
ρs 2300
εbed 0.5
εpart 0.5
vin 1.0
T[K] 490
η 4 · 10−6
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Figure 5.2: a - 5.2b The selectivity towards CO2, CH4, C1 − C4 and C5+ as a function of temperature
at a constant operating pressure of 5,15 and 30 bars respectively. at a H2/CO = 2 : 1 ratio within a
single catalytic particle. 5.2c The selectivity towards CO2 as a function of temperature. All subfigures
are based on the concentrations at the particle centre. Note that all product selectivities were calculated
on a carbon basis
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Table 5.2: Settings used within the heterogeneous reactor model to study mass conservation

Parameter Value
Amount of axial grid cells 10
Amount of radial grid cells 10
Particle radius 0.003
Reactor length 0.5
Reactor radius 0.05
Pressure 30 bar
H2 / CO 2:1
Dax 9.8e-5
site density 1.0

similar operating pressures and feed ratio is between 10-90% [15], with higher methane selectivity’s
at higher hydrogen partial pressures. From figure 5.2, it is found that the methane selectivity falls
within the experimental range. However, especially for the case of 490K, the methane selectivity
is quite high compared to other works such as [18] [19]. One possible explanation for this could be
that the altered ANN still has a skew in the hydrogen parameters. To further investigate this, the
mass conservation within the model will be studied in more detail for three different normalization
output parameters. Secondly, experimental data [59] at these conditions has shown the carbon
dioxide selectivity to be 1-3%. Two explanations are possible for the over prediction of the model:
reactor phenomena and an inaccuracy within the neural network. Here, the influence of such an
CO2 inaccuracy within the network on the chain growth probability is investigated by removing
CO2 from the neural network. Low CO2 selectivity’s are expected because of the higher overall
barrier for formation of carbon dioxide over the formation of water [5].

First the high methane selectivity is investigated, as high hydrogen partial pressures are known
to shift towards higher methane selectivity’s. While the ANN was optimized regarding the output
normalization of hydrogen in an attempt to fix the unstoichiometric reaction rates, a possible
explanation for the higher than expected methane selectivity could we a skew within the hydrogen
balance. For this reason, the mass conservation is studies, as a skew in the hydrogen parameters
could lead to mass not being conserved. In the optimization procedure, the output scaling para-
meter was set to 0.003. Here, the mass conservation is investigated not only for this value, but
also values slightly smaller and larger: 0.029 and 0.031. To this end, the fluid phase of the hetero-
geneous model is used, with the particle settings equal to those specified within Table 5.1. The
main reason for using the fluid phase is that the results are independent of internal mass transfer
limitations. The high fluid velocity is chosen to ensure no external mass transfer limitations are
present. Additional settings can be found in Table 5.2.

To determine the total mass of a grid cell, the C10+ component is extrapolated to longer
hydrocarbons using a fitted chain growth parameter to obtain the weight fractions of the longer
hydrocarbons. To make sure the result is independent of extrapolated chain length, multiple extra-
polations were performed: chains up to C20 and C30.The chain growth parameter was determined
on the range of C3 − C8, according [17] to

Sn = Cn∑∞
1 Cn

= n(1− α)2α(n−1) (5.2)

In Figure 5.3 an example plot of the Anderson-Schulz-Flory (ASF) distribution is shown for
the case of 490 K at a pressure of 30 bar based on the simulation data for a single particle. These
conditions were chosen as they showed the largest selectivity towards longer hydrocarbon chains.
From Figure 5.3 it is found the characteristic dip at C2 is predicted by the ANN, as well as a linear
decrease as a function of the carbon number, showing close similarly to the work of [5]. The found
chain growth parameter is equal to 0.64, which lays within the experimentally reported range of

65



CHAPTER 5. RESULTS AND DISCUSSION

2 4 6 8 10
Carbon number [-]

7

6

5

4

3

2

1

0

ln
(S

n/n
) [

-]
Numerical solution

Figure 5.3: The ASF distribution of a single catalytic particle within a fluid. at a temperature of
490 K, an operating pressure of 30 bars and a H2 / CO ratio of 2/1. All chain growth parameters
within this work were using plots like the above and fitted on the range C3- C9

0.6-0.8 [17]. Such plots were made for every fluid grid cell, allowing to determine the product
distribution in each grid cell. To prevent mistakes reading the slope of the ASF plot, the slope
was determined using the curve fitting toolbox of Python. Fits up to C20 and C30 were performed,
however, due to the low chain growth within the reactor fluid, no significant differences were found
between the masses present in a grid cell between the fits, the mass difference was found to be less
than 0.01 %. In Figure 5.4 the fits are visualized for a α of 0.596, which was determined for the
second reactor grid cell.

Next, the C20 fit was used to determine the total mass present per grid cell over the reactor
length. To do so, it was assumed only alkanes were formed as no distinction could be made between
alkanes and alkenes. This assumption is reasonable because it is reported from experiment much
more alkanas are formed than alkenes [15]. This is in line with predictions from our simulations,
which will be shown in more detail when investigating the influence of the feed ratio. The found
total mass present within each grid cell over the reactor length is plotted within Figure 5.5

From Figure 5.5 it can be seen the mass increases throughout the reactor. However, it was
found that the increase in mass is not only caused by the ANN. When inspecting the concentra-
tions of each component, it was found that the steep increase in mass at the reactor inlet is partly
caused by an increase in the concentration of CO, instead of a decrease. To determine whether
this increase is caused by the neural network or the reactor model, the simulation was repeated
using only a fluid phase. Here it was found that the concentration of CO decreases, which entails
that the network predicts a CO consumption. This was also verified using the standalone MANN
module. However, from Figure 5.5, it can also be concluded that further tuning of the hydrogen
output normalization does not lead to a more accurate network prediction. For that reason, the
ANN is not further altered within this work.

Next, the influence of the high CO2 selectivity on the hydrocarbon product distribution is
investigated. In order to study the influence of the presence of CO2, CO2 is removed from the
microkinetic input by disabling it within the ANN. The selectivity as a function of carbon number
was plotted in Figure 5.6.

From here, it is concluded that the presence of CO2 does not influence the resulting hydrocar-
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Figure 5.4: The product distribution present within the second grid cell of a heterogeneous reactor
simulation according to Table 5.2, extrapolated to account for components up to C20 and C30
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Figure 5.5: The mass present within grid cell over the axial reactor length using the parameters of
5.2, extrapolated to account for components up to C20. Here the output normalization parameter
for hydrogen were varied to investigate whether a skew is still present within the optimized network.

bon distribution. While an inaccuracy within the fit of the ANN is probably present, the influence
on the model results can considered to be negligible.

As a last elementary case the influence of the H2 / CO feed ratio is investigated. As the highest
chain growth parameter was found at a temperature of 490 K and 30 bar, the configuration of 5.1
is used on a single particle. Feed ratios of 1:1 to 10:1 were investigated, with the distribution of
hydrocarbon products plotted in Figure 5.7.
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Figure 5.6: Carbon based selectivity’s towards C1 − C10
, with and without CO2 present within the reaction mixture.

From Figure 5.7 it is found that the model is able to predict the linear decrease in hydrocarbon
chain length. The large peak around C10 is caused by the lumping of all C10+ components. Low
amounts of alkenes are formed compared to alkanes, which is in line with experimental results
[15]. The trends of the chain growth probability as a function of feed ratio is shown to have a
minimum at a ratio of 4:1, with an increase as the ratio increases, as shown in Figure 5.8.

Most of the determined chain growth probability’s are found to be much lower than previous
work [5] has reported. However, most other works determined the catalytic performance at differ-
ential equations, meaning within the zero conversion limit. Here, quite high CO conversion were
found, such as depicted in Figure 5.9.
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Figure 5.7: Hydrocarbon product distribution of a single particle at the particle centre, using the
settings of 5.1, as a function of the H2 / CO ratio. Negative concentrations were set to zero in
post processing.
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Figure 5.8: Chain growth parameter of a single particle at the particle centre, using the settings
of 5.1, as a function of the H2 / CO ratio. Negative concentrations were set to zero in post
processing.
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Figure 5.9: CO conversion determined within a single particle at the particle centre, using the
settings of 5.1, as a function of the H2 / CO ratio. Negative concentrations were set to zero in
post processing.
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The lowest chain growth probability was found to coincide with the highest CO conversion,
and the increase in chain growth probability at higher feed ratios was found to be caused by lower
CO conversions. Here, the importance of reactor configuration clearly shows. The usage of a PFR
allows for very high conversions, while it has been shown within this work and works of other
authors such as [5], that the chain growth probability reduces at higher conversions. To allow for
a better comparison,the catalyst loading is reduced from 1.0 mol active sites per m3

R to 0.01 mol
at a H2 / CO ratio of 4:1. By doing so, the reactor operates closer to the zero conversion limit,
yielding a chain growth parameter much closer to experimental results.

5.3 Intraparticle diffusion limitations
This section is meant as a show case of the wide variety of options offered by the developed
software, but is by no means a full analysis. The particle described within the previous section
will be used as a base case, as it was based on the diffusivities of all components within the wax
present within the catalytic pores as determined by [39]. Two cases are examined, within the
first case the intraparticle diffusion limitations are alleviated even more to a more reaction limited
regime by making all diffusivities a factor 10 larger. Thus representing a more accessible catalytic
particle. In the second case, diffusion of the hydrocarbon products starting at C3 is hindered by
lowering the diffusion constants by a factor ten. The analysis is performed on the single particle
model, with the physical parameter still being given by Table 5.1 and 5.2. Within Figure 5.10 ,
the concentration profiles within the second grid cell of are plotted.
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Figure 5.10: Concentration profiles within the particle described in Table 5.2

From these profiles, it can be seen that hydrogen is fully converged within the outer edge of
the particle, chain growth parameter of 0.645 at the particle centre. The hydrogen conversion
was found to be 98%, with a CO conversion of 67%. Other works, such as [18], report full con-
sumption of CO towards the particle centre resulting in substantial gradients within the catalytic
particle, causing This gradient causes super-stoichiometric concentrations of hydrogen, drastically
decreasing the catalyst selectivity towards heavy products. This is the result of hydrogen being
able to diffuse faster, but also being present in higher quantities, even though the solubility of CO
is higher within the wax phase [18]. Conditions and diffusion constants closely matching those
of Vervloet et al. were used, however, our results show complete hydrogen conversion instead of
CO conversion. Larger particles and even lower diffusivities were attempted, however, these either
resulted in unstable solutions or outcomes similar to the one above. The same phenonema occured

71



CHAPTER 5. RESULTS AND DISCUSSION

studying the two proposed cases.
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Chapter 6 Conclusion
In this work it was aimed to achieve a step towards the inclusion of more realistic descriptions
on multiple length scales by using microkinetic data instead of simplified rate expressions such as
power laws. To achieve this aim, a non-steady state, non-isothermal, one-dimensional model of a
fixed bed reactor coupled to a particle model was developed in C++.

Using several known analytical expressions, the developed model was found to be accurate.
Besides extensive verification of the model, the accuracy and implementation efficiency of vari-
ous discretization methods was investigated. Here it was found that one could use conservative
and non-conservative Finite Difference Methods, as well as Finite Volume Methods to describe
system such as the one developed within this work. Using higher order methods based on the
non-conservative Finite Difference Methods was found to not improve the accuracy to an extent
that these algorithms are worth the additional implementation steps for phenomena limited to a
second order behavior, such as the systems within this work.

Two methods of including microkinetic data were examined: an engine-wrapper version of
the established MKMCXX software, called MKMEngine, and the usage of Artificial Neural Net-
works (ANNs). It was found that the stiffness of microkinetics is conserved within the reactor
model. This lead to large instabilities when using standard non-conservative Finite Difference
Schemes with a first order time discretization. This lead us to the implementation of Embedded
Runge-Kutta methods using semi-discretization. While this was found to sufficiently stabilize the
reactor models, the calculation times became intractable, even when using cheaper methods such
as ANNs. To solve this problem, the model was linked to the SUNDIALS library.

The methanation reaction was used to study the accuracy and computational cost of both
methods. It was concluded that the neural networks developed within the work of [8] are able to
accurately describe the kinetics when compared to MKMEngine, in both the methanation as well
as the water gas shift regime. The usage of neural networks allows for a significant decrease in
computational time, allowing for simulations converging within minutes instead of hours.

The network describing the Fischer-Tropsch synthesis from the work of [8] was reparameterized
to correctly predict the stoichiometry of the reaction. The trends predicted by the Fischer-Tropsch
synthesis network were compared to experimental results, and were found to match well. An
overprediction of the formation of CO2 was found when comparing against experiments, however
it was also shown that it’s overprediction does not influence the hydrocarbon product distribution.
Thereby showing the applicability of the developed network.
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Chapter 7 Outlook
This work was intended to serve a foundation towards the inclusion of more realistic descriptions
on multiple length scales by using microkinetic data instead of simplified kinetics (such as power
laws). The final goal was to use the developed model to study the influence of hotspot formation
and intraparticle diffusion limitations on the catalyst activity and selectivity in the Fischer-Tropsch
synthesis. Within this chapter some perspectives are shared on how research should be continued
to reach this goal.

First of all, the accuracy of the Neural Network implementations should be further investig-
ated, especially in terms of mass conservation. From this work it was found some reaction limited
systems or severely intraparticle diffusion limited system still result in highly unstable systems.
This is likely caused by the SUNDIALS solver having difficulties when the gradients within the
particles become too large caused by the explicit implementation strategy. However, some of these
problems might be caused by mass balance problems. If this is found to be the case the mass-
conservation properties of the ANNs should be further improved. Further inaccuracies that could
be studied are the aforementioned hydrogen skew and the large over prediction of carbon dioxide.

The ANN used within this work was trained to be able to predict hydrocarbons of a maximum
carbon number of 10. To correct for this, components of higher carbon numbers were extrapolated
using the chain growth parameter in a separate script. For further research it is recommended
to either automate this process within MKM-Reactor, or develop an ANN that is able to predict
the whole range of range of FTS products. Besides the prediction towards longer hydrocarbons,
it could also be attempted to develop a network which does not predict rates for components
of zero concentration. This way, negative concentrations could be mitigated within the model.
The negative concentrations in itself are not considered a problem as they are readily corrected.
Currently, only steady state situations can be simulated, as consumption of components of zero
concentrations leads to large instabilities, resulting in breaking down of the SUNDIALS solver.
Training the networks such that no rates are predicted at zero concentration might allow to sim-
ulate start-up behavior.

The verification section can be further complimented by testing non-isothermal particles sub-
ject to diffusion and reaction phenomena, in which the concentration and temperature balances
are coupled by an Arrhenius law. Even though analytical expressions are not available, numerical
routines could be used to determine the non-isothermal efficiency factor. An example derivation
for this case can be found in Appendix D.

Thirdly, even without future development of the ANN the current model can be used to study
many of the goals set within this work. Due to a lack of time caused by stability problems of the
reactor model, not all goals set were reached. The study into intraparticle diffusion limitations
could be expanded by for example including catalyst deactivation. Temperature effects such as
the formation of hotspots can now also be studied. It would also be interesting to study the
influence of the inclusion of microkinetics in terms of reaction dynamics by comparing to works
employing simplified rate models, such as [18]. As higher conversions are obtained in plug flow
reactors than in e.g. CSTRs, the influence of these higher conversions on for example the chain
growth parameter could be studied. Many of the chain growth parameters found within this work
are lower than what is expected from model and experimental work, such as those of [5] and [15].
A possible explanation for this could be the higher conversions, to investigate this the catalyst
loading or residence times within the reactor could be changed such that very low conversions are
achieved. This would allow for a comparison under differential conditions, showing the impact of
using certain reactor configurations. An example here would be external mass transfer limitations
as multiple authors such as have shown large influences on the FTS product slate caused by these
limitations.
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CHAPTER 7. OUTLOOK

Lastly, the reactor model itself could be expanded by for example explicitly modelling the
liquid phase instead of assuming it’s behavior through correlations. Correlations were heavily
used throughout this work to obtain physical parameters. Circumventing the usage of correlations
by Direct Numerical Simulation (DNS) would allow for highly detailed simulation of the transport
phenomena within the reactor [19]. Combining highly detailed hydrostatics with the detailed
kinetics presented within this work would allow for new insights, but at the expense of a large
increase of computational time.
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Appendix A

8.1 Plots of different discretization methods
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Figure 8.1: More detailed plots of the comparison between FVM, higher order non-conservative
FDM and conservative FDM at a Thiele modulus of φ = 0.1 for a first order irreversible reaction.
From top to bottom: a comparison to the analytical solution, the absolute error of the higher order
non-conservative FDM, and the absolute error of two of the non-conservative FDM, the FVM and
the conservative FDM
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Figure 8.2: More detailed plots of the comparison between FVM, higher order non-conservative
FDM and conservative FDM at a Thiele modulus of φ = 1.0 for a first order irreversible reaction.
From top to bottom: a comparison to the analytical solution, the absolute error of the higher order
non-conservative FDM, and the absolute error of two of the non-conservative FDM, the FVM and
the conservative FDM
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Figure 8.3: More detailed plots of the comparison between FVM, higher order non-conservative
FDM and conservative FDM at a Thiele modulus of φ = 10.0 for a first order irreversible reaction.
From top to bottom: a comparison to the analytical solution, the absolute error of the higher order
non-conservative FDM, and the absolute error of two of the non-conservative FDM, the FVM and
the conservative FDM

83



Appendix B

processor : 0
vendor id : GenuineIntel
cpu family : 6
model : 94
model name : Intel(R) Core(TM) i7-6700K CPU @ 4.00GHz
stepping : 3
microcode : 0xc2
cpu MHz : 900.176
cache size : 8192 KB
physical id : 0
siblings : 8
core id : 0
cpu cores : 4
apicid : 0
initial apicid : 0
fpu : yes
fpu exception : yes
cpuid level : 22
wp : yes
flags : fpu vme de pse tsc msr pae mce cx8 apic sep mtrr pge mca cmov pat pse36 clflush dts
acpi mmx fxsr sse sse2 ss ht tm pbe syscall nx pdpe1gb rdtscp lm constant tsc art arch perfmon pebs bts
rep good nopl xtopology nonstop tsc cpuid aperfmperf tsc knownfreq pni pclmulqdq dtes64 monitor ds cpl
vmx est tm2 ssse3 sdbg fma cx16 xtpr pdcm pcid sse4 1 sse4 2 x2apic movbe popcnt tsc deadline timer aes
xsave avx f16c rdrand lahf lm abm 3dnowprefetch cpuid fault epb invpcid single pti ibrs ibpb stibp
tpr shadow vnmi flexpriority ept vpid eptad fsgsbase tscadjust bmi1 hle avx2 smep bmi2 erms invpcid rtm
mpx rdseed adx smap clflushopt intel pt xsaveopt xsavec xgetbv1 xsaves dtherm ida arat pln pts hwp hwp notify
hwp act window hwp epp
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Appendix C

8.2 Analytical solution particle
Within this section of the appendix, we will derive an analytical expression for a steady state
spherical particle with a first order irreversible reaction:

0 = 1
r2

∂

∂r

(
r2De

∂c

∂r

)
− kc (8.1)

In order to be able to derive an analytical solution for the steady state profile, it will be
assumed that that mass transfer resistances around the particle are negligible, leading to the
following boundary conditions:

c|
r=0 = finite (8.2)

As no mass transfer resistance is taken into account, the concentration at the outer edge of
the particle, thus the surface concentration, becomes equal to the fluid changing the boundary
condition to a Dirichlet type:

c|
r=R = cf = cs (8.3)

To facilitate the solution, 8.1 is made dimensionless by a simple coordinate transformation:

γ = c

cs
(8.4)

λ = r

R
(8.5)

Applying the above transformations results in the following boundary conditions:

γ|
λ=0 = finite (8.6)

and 8.3 becomes:
γ |

λ=1 = 1 (8.7)

By using the transformation on equation 8.1, one finds:

d2γ

dλ2 + 2
λ

(
dγ

dλ

)
− kR2

De
γ = 0 (8.8)

The square root of the last term is equal to the Thiele modulus, which will be represented by
φ:

d2γ

dλ2 + 2
λ

(
dγ

dλ

)
− φ2γ = 0 (8.9)

To solve equation 8.9, a second transformation y = γλ is used to further reduce the equations:
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dγ

dλ
= 1
λ

(dy
dλ

)
− y

λ2 (8.10)

d2γ

dλ2 = 1
λ

(
d2y

dλ2

)
− 2
λ2

(
dy

dλ

)
+ 2y
λ3 (8.11)

Upon filling in the above derivatives into equation 8.9, 8.9 reduces to a much simpler form:

d2y

dλ2 − φ
2y = 0 (8.12)

Ordinary differential equations of this form are known to have solutions of the form:

y = A1 cosh(φλ) +B1 sinh(φλ) (8.13)

with A1 and B1 the integration constants determined by the boundary conditions. In order to
apply the boundary conditions, the transformation to y is now reversed:

γ = A1

λ
cosh(φλ) + B1

λ
sinh(φλ) (8.14)

Integration constant A1 is determined using the boundary condition given in equation 8.6.
When λ is taken equal to zero, the following limits apply:

lim
λ→0

1
λ
→ 0 (8.15)

and,
lim
λ→0

cosh(φλ)→ 1 (8.16)

while,
lim
λ→0

sinh(φλ)→ 0 (8.17)

From these limits it can readily be seen that integration constant A1 should be taken equal to
0, as the concentration should remain finite. Integration constant B1 is found using the boundary
condition given in 8.7 and is equal to 1

sinh(φ) . The dimensionless concentration profile is thus equal
to:

γ = 1
λ

(
sinh(φλ)
sinh(φ)

)
(8.18)

8.3 Particle effectiveness factor
The results of the previous section can be used to derive the internal effectiveness factor for
spherical particles. The internal effectiveness factor is defined as the ratio of the actual reaction
rate to the reaction rate that would occur when the whole particle is exposed to the surface
concentration. Upon multiplying the reaction rates with the particle volume, it is found that the
internal efficiency factor is equal to the ratio of reaction rates:

η = Ma

Mas
(8.19)

Retaining the steady state assumption made in the previous section, all net flow of reactant
entering the particle will react away within the particle. Therefore, the reaction rate in the particle
is equal to the total molar flow within the catalyst particle. In other words, the reaction rate can
be calculated by multiplying the molar flux at the outer edge of the particle by the external surface
area of the particle:
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Mas = kcs

(
4
3πR

3
)

(8.20)

Ma = −4πR2Wa

∣∣
r=R = 4πR2Decs

dγ

dλ

∣∣∣∣
λ=1

(8.21)

In which Wa represents the molar flux of component A. In the above equations Equimolar
Counter Diffusion at total molar concentration was assumed. In the previous section the analytical
solution of the dimensionless concentration profile was derived (equation 8.18), by taking the
derivative of this equation and evaluating it at the particle edge, an analytical expression for Ma

can be obtained. The derivative is given by:

dγ

dλ

∣∣∣∣
λ=1

=
(
φ cosh(λγ)
λ sinh(φ) −

1
λ2

sinh(λφ)
sinh(λ)

)
= φ cosh(φ)− 1 (8.22)

Upon filling in this result in equation 8.19, an expression for the isothermal internal effectiveness
factor is found:

η = 4πRDeCs

kcs
4
3πR

3 (φ cosh(φ)− 1) = 3
φ2 (φ cosh(φ)− 1) (8.23)
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Appendix D

1
r2

∂

∂r

(
r2λs

∂T

∂r

)
+ (−∆HR) (−Rx) = 0 (8.24)

Coordinate transformations:

r = λR (8.25)

T = Ts (1 + βτ) (8.26)

β = (−∆HR) c0De

λsTs
(8.27)

∂

∂r
= 1
R

∂

∂λ
(8.28)

∂T

∂r
= Tsβ

R

∂τ

∂λ
(8.29)

Filling in:

1
r2

[
2rλs

∂T

∂r
+ r2λs

∂2T

∂r2

]
+ (−∆HR) (−Rx) = 0 (8.30)

λs

[
∂2T

∂r2 + 2
r

∂T

∂r

]
+ (−∆HR) (−Rx) = 0 (8.31)

λs

[
Tsβ

R2
∂2τ

∂λ2 + 2
λR

Tsβ

R

∂τ

∂λ

]
+ (−∆HR) (−Rx) = 0 (8.32)

∂2τ

∂λ2 + 2
λ

∂τ

∂λ
= R2

Tsβλs
· − (−∆HR) (−Rx) (8.33)

∂2τ

∂λ2 + 2
λ

∂τ

∂λ
= − (−∆HR)R2

Tsβλs
(knc0ψn) exp

(
γ

βτ

1 + βτ

)
(8.34)

∂2τ

∂λ2 + 2
λ

∂τ

∂λ
= −R

2

De
knψ

n exp
(
γ

βτ

1 + βτ

)
(8.35)

∂2τ

∂λ2 + 2
λ

∂τ

∂λ
= −φ2ψ exp

(
γ

βτ

1 + βτ

)
(8.36)

with

φ = R

√
k

De
(8.37)
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