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Abstract

The introduction of adjoint equations into the field of aerodynamic shape optimization has
greatly simplified the design process allowing development of automatic optimization procedures.
In the open-source shape optimization software SU2, a combustion model using the Flamelet
Generated Manifold method can be used to automatically optimize combustion problems.

In this research a Bunsen-type burner model is optimized with respect to the uniformity of the
velocity at the burner outflow surface using SU2 to assess and improve the capabilities of the
software. After a validation of the combustion model it is found that the burner outflow velocity
is highly similar to that without combustion. While an initial adjoint-based optimization on
this flow without combustion has shown an improvement of 55% towards the goal of velocity
uniformity, it is determined that a more robust mesh deformation algorithm is required as the
deformations can be so large that divergence of the simulation results.

The deformation algorithm is improved by implementation of an iterative procedure in which
intersections between boundary surfaces are prevented based on the value of the determinant
of the Jacobian matrix in Free Form Deformation. Furthermore, an additional routine is
implemented that ensures the validity of the mesh after deformation based on the convexity of
the elements. By controlling the deformation magnitude of the Free Form Deformation control
points, results are achieved that ensure a valid deformation. This is found to increase the
robustness of the deformation.

A parameter study has been done to improve the burner model with respect to the uniformity
of the burner outflow velocity, which further improves the robustness by decreasing the required
deformation magnitude to reach the optimized burner geometry. These measures are then used
in another adjoint-based optimization procedure, which did show an increase in the robustness
of the deformation algorithm but did not show an additional improvement with respect to the
burner outflow velocity on the shape after the parameter study. In total, an improvement of
73% with respect to the velocity uniformity at the burner outflow surface is achieved.
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1 Introduction

1.1 Background

The introduction of adjoint equations into the field of aerodynamic shape optimization has
made it possible to develop automatic design optimization procedures for Computational Fluid
Dynamics (CFD) problems [1, 2]. In this type of optimization, an objective is expressed in the
form of a minimization problem. Using the results of a CFD simulation, the gradient of the
objective function with respect to changes in geometry is calculated. This information is then
used to quantify the sensitivity of the objective function with respect to the changes in geometry,
after which the geometry can be changed.

This change in geometry decreases the value of the objective function, after which the same
procedure can be carried out to further decrease the objective function value. This process can
then be repeated until a minimum in the value of the objective function is found. A schematic
visualization of this procedure can be seen in Figure 1.1.

Figure 1.1: Adjoint-based shape optimization procedure

Deformation of the geometry can be done in a variety of ways. In general, this is done using
parametric curves such as Bézier polynomials [3]. Through this parameterization, the curves are
defined as a function of a smaller amount of points that control the deformation of the geometry.
Through a change in the position of these so-called control points, the curve is deformed while
ensuring smoothness of the surface.

An extension of the parametric curve technique is the Free Form Deformation (FFD) method
[4]. Instead of using the parameterization to control curves, a two- or three-dimensional grid
can be used to parameterize multi-dimensional objects. This parameterization can then be used
to deform the entire object by changing the position of the control points, analogous to the
deformations of parametric curves. An example of this through deformation of the TU/e logo as
shown in Figure 1.2, where the colored dots represent the control point positions.

(a) Initial model (b) Valid deformation (c) Invalid deformation

Figure 1.2: TU/e logo before and after Free Form Deformation
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While FFD is a powerful technique that can be used to smoothly deform all kinds of objects, in
general this does not ensure the validity of the geometry after deformation. Especially in case of
large deformations, the control points can be placed in such a way that the deformed geometry
is not similar to the initial model. This is illustrated in Figure 1.2c, where the TU/e logo has
lost most of the resemblance to its original design.

Adjoint-based optimization software

In 2012, researchers of Stanford University created the open-source software SU2 specifically
for solving adjoint-based optimization problems [5]. This software can be used to perform
CFD simulations, calculate the solution of the adjoint equations and perform the required
deformations using the FFD technique. Furthermore, a fully automated routine is implemented
that can perform the iterative adjoint-based optimization procedure for a wide variety of objective
functions. Over the course of the last decade, this software has evolved and is currently being
developed by researchers from various countries [5, 6].

As part of this ongoing development engineers from Bosch Thermotechnology have recently
implemented a combustion model based on the Flamelet Generated Manifold (FGM) method
into the software, which enables users to combine the automatic shape optimization capabilities
in combination with flame modeling problems. This company, as part of the globally operating
Bosch group, develops innovative solutions for both residential and commercial heating with a
focus on efficiency and sustainability.

In order to aid in the design process of the next generation of heating equipment, Bosch
Thermotechnology is exploring the capabilities of adjoint-based optimization through further
development of the SU2 software. By using simple test cases the existing software can be
validated and new limitations to the efficiency and effectiveness of the optimization procedure
can be identified and tackled.

Bunsen-type burner

The test case used in this project is a Bunsen-type burner. This burner, as shown in Figure 1.3a,
is characterized by its straight cylindrical tube through which the gases flow. Besides allowing
for a detailed analysis on the results of simulations done on this type of burner due to the simple
geometry of the tube, the results have a practical relevance since the Bunsen burner is used
widely in research facilities all over the world.

(a) Bunsen burner [7] (b) Laminar burning velocity: SL = ū sin(θ)

Figure 1.3: Bunsen burner geometry and laminar burning velocity
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An application in which the Bunsen burner is used is in the calculation of the laminar burning
velocity, which can be seen as one of the fundamental properties for premixed flames. One
method for doing this is based on the angle of a conical flame with respect to the burner outflow
velocity [8]. In this method, the flame is assumed to have a stable conical profile above the
outflow surface of the burner as represented in Figure 1.3b. For stability of the flame cone, the
component of the burner outflow velocity normal to the flame surface ūn is required to be equal
to the laminar burning velocity SL. Through decomposition of the outflow velocity vector ū, the
laminar burning velocity can be calculated: SL = ū sin(θ).

Although this method could be used to calculate the laminar burning velocity of a Bunsen flame,
the usability is limited as a consequence of the velocity profile on the burner outflow surface.
Due to the influence of the wall, the flow will develop as a laminar pipe flow and the velocity
profile at the outflow surface of the burner will become parabolic. This deviation in velocity
leads a curve in the flame, especially above the part of the surface near the wall.

In Figure 1.4 this method is used to calculate the burning velocity of a typical flame created on
a Bunsen-type burner, where the straight line is placed through a visual assessment of the flame.
From this figure it can be seen that there is a range of angles around the current value in which
equally acceptable results would be retrieved because the flame is not straight.

Figure 1.4: Bunsen flame profile

Research has indicated that the straightness of the flame cone can be increased by changing the
geometry of the burner tube [9, 10]. Through decreasing the outflow radius with respect to the
inflow radius, a more uniform velocity over the outflow surface results. However, no indications
are given as to whether the used geometry is the optimal design for this purpose.

1.2 Project goal

The goal of this project is to assess and improve the capabilities of the SU2 software. Using
a Bunsen burner model, the newly-implemented FGM model is validated. An adjoint-based
optimization procedure is then done based on the results of the flame simulation, with the goal
to optimize the burner geometry with respect to the uniformity of the velocity on the burner
outflow surface.

After the initial optimization, an iterative procedure is implemented that ensures the validity of
the geometry after deformation. Furthermore, the results from the adjoint-based optimization
are used to identify the important parameters with respect to the uniformity of the outflow
velocity, which are then varied in a parameter study. The best result of this parameter study
is then used in combination with the algorithm that ensures valid deformation results in an
improved adjoint-based optimization procedure to see whether the fully optimized shape of the
burner can be achieved.
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1.3 Report structure

In Section 2, the equations governing the adjoint-based shape optimization procedure using the
FGM combustion model and FFD-based shape deformation is described. Using this theory, a
CFD simulation of a Bunsen-type burner is presented in Section 3.

The objective for velocity uniformity on the burner outflow surface is described in the form of a
minimization problem and an adjoint-based optimization procedure is done in Section 4 on the
burner tube using the results of the CFD simulation from Section 3.

An iterative algorithm that ensures the physical validity of the geometry after deformation is
elaborated in Section 5. Then, in Section 6 the results of the burner optimization as presented
in Section 4 are used to vary the most important parameters that influence the magnitude of
the velocity on the burner outflow surface.

An improved optimization procedure on the burner tube is presented in Section 7, using the
best result from the parameter study and the algorithm that ensures the physical validity of the
model after deformation. The conclusions from this research are provided in Section 8. Finally,
possible approaches for further research on this topic are elaborated.
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2 Governing equations

The process of adjoint-based optimization requires the solution of four procedures carried out
sequentially, as described in Section 1. First, a CFD simulation of the flow problem, also
called primal, is done to retrieve the flow state. Then, the solution of the adjoint equations
can be calculated and used to derive the sensitivity required to perform the desired geometric
deformations. This information finally is used to perform the actual shape deformation. Once
this is done, the process can be restarted using the deformed geometry and the optimized solution
can be retrieved by iteratively performing this four-step routine as shown in Figure 1.1.

In this section, the process will be described analogous to the way it is carried out in the
optimization procedure. First, the solution of the Navier-Stokes equations for a viscous flow is
described and the combustion modeling using the Flamelet Generated Manifold (FGM) method is
elaborated. After that the adjoint equations are presented and finally the deformation algorithm
is explained.

2.1 CFD simulation

The Navier-Stokes equations are based around solving expressions for conservation of mass,
momentum and energy. Here, the variables U = [ρ, ρv̄, ρcpT ]T are used to represent these
equations in matrix form, in which ρ is the density, v̄ the velocity vector, cp the heat capacity
under constant pressure and T the temperature.

A problem of compressible solvers for the Navier-Stokes equations is that a poor convergence
behavior is seen at low Mach number [11]. For the flow within a Bunsen tube, where the
velocities are generally low, this could become a problem. Therefore, two measures have been
taken to improve the convergence behavior: the flow is assumed to be incompressible and a
preconditioning approach is followed. The incompressible Navier-Stokes equations can be written
as [11]:

R(U) =
∂U

∂t
+∇ · F̄ c(U)−∇ · F̄ v(U,∇U)−Q = 0 (2.1)

In this equation, the required condition on the residual is given as R(U) = 0. The variables
F̄ c(U) and F̄ v(U,∇U) represent respectively the convective and viscous fluxes given by:

F̄ c =

 ρv̄

ρv̄ ⊗ v̄ + ¯̄Ip
ρcpT v̄

 F̄ v =

 .
¯̄τ

κ∇T


Here, ρT represents the derivative of the density with respect to temperature T , p the pressure,
κ the thermal conductivity and ¯̄τ the viscous stress tensor. With µ representing the viscosity,
the viscous stress tensor can be written as:

¯̄τ = µ(∇v̄ +∇v̄T )− µ2

3
¯̄I(∇ · v̄)
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The last term in Equation 2.2, source term Q, can be used to include various additional terms
to the equations corresponding to the required conditions. For an axisymmetric simulation, this
additional term is defined as:

Q =


−ρvy

−ρuvy + µ
y (∂u∂y + ∂v

∂x)− 2
3
∂
∂x(µvy )

−ρuvy + 2µy (∂v∂y + v
y )− 2

3
∂
∂y (µvy )

−ρcpT v
y + 1

yκ
∂T
∂y


The variables x and u represent respectively the coordinate and velocity component in the
direction tangential to the axis of symmetry and y and v represent the radial components of the
coordinate and velocity.

Through use of a preconditioning method, the problem is transformed into an expression that
can be solved more efficiently and robustly. This preconditioning leads to the equations being
solved in terms of the primitive variables V = [ρ, v̄, T ]T instead of the variables U = [ρ, ρv̄, ρcpT ]
[11]. Using this preconditioning method and the primitive variables to describe the flow state,
the resulting problem for the incompressible CFD simulation is shown in Equation 2.2. In
Appendix A.1, the construction of the preconditioning matrix and the derivation of this equation
is provided in more detail.

R(V ) = Γ
∂V

∂t
+∇ · F̄ c(V )−∇ · F̄ v(V,∇V )−Q = 0 (2.2)

The required condition on the residual is now given as R(V ) = 0. The convective and viscous
fluxes and the source term can be written in the same way as given earlier. Variable Γ represents
the preconditioning matrix and F̄ c(V ), given by:

Γ =


1
β2 0 0 ρT
u
β2 ρ 0 ρTu
v
β2 0 ρ ρT v
cpT
β2 0 0 ρT cpT + ρcp


Here, β represents the preconditioning variable that is added for an increased robustness, where
β2 = ε2(v̄ · v̄)max with ε = 2.

Flamelet Generated Manifold

Combustion is modeled using the Flamelet Generated Manifold method [12, 13]. In this method,
a flame is characterized by one or more controlling variables that are a measure for the progression
of the flame at a certain position in space. These variables, the so-called progress variables, are
defined in terms of a one-dimensional flame. The specific expression used for the modeling of the
flame can be chosen in various ways. However, in order to be able to give information about the
progression of the flame, these variables are required to have a unique value from the unburnt to
the burnt side of the flame [14]. In Appendix A.2, this method is described in more detail.

The manifold used for this project is two-dimensional, with as progress variables the enthalpy h
and a combination of species mass fractions Y . During runtime of the simulation, the equations
for the two progress variables are solved. In Equations 2.3 and 2.4, these equations are shown
for respectively the progress variable Y and enthalpy h [14].
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∂(ρY)

∂t
+∇ · (ρūY)−∇ ·

( κ

LeYcp
∇Y

)
= ω̇Y (2.3)

∂(ρh)

∂t
+∇ · (ρūh)−∇ ·

( κ
cp
∇h
)

= ∇ · H (2.4)

In these equations, κ represents the thermal conductivity, LeY the Lewis number, ω̇Y the
source term of the progress variable per unit time and volume and H the enthalpy flux due to
differential diffusion. In the implementation of this problem, a unity Lewis number is assumed
as a consequence of using methane and the effects of differential diffusion are neglected. This
gives LeY = 1 and ∇ · H = 0.

Implementation of this method into the governing flow equations is done through rewriting the
conservation equations in such a way that the conservation equations for both progress variables
can be written analogously. In Equation 2.5, the resulting equation for progress variable Y is
shown.

∂(ρY)

∂t
+∇ · (ρūY)−∇ · (ρD∇Y)−Q = 0 (2.5)

In this equation, ω̇Y is included in the source term and ρD = κ/cp due to the assumption of
unity Lewis numbers. The use of the FGM method allows the variables ρ, µ, cp, D and ω̇Y to
be stored in a lookup table as a function of Y and h. The variable ρT can then be calculated by
dividing the density by the temperature. The values in this table can be calculated and stored
prior to simulation using one-dimensional flame simulation software like CHEM1D [15]. Since
the variables now only have to be retrieved from a lookup table instead of calculated during
runtime, the required computational effort is reduced.

Through calculation of the enthalpy in a separate equation in the FGM method as presented in
Equation 2.4 and the relation between enthalpy and temperature, the temperature is essentially
calculated twice: once in the incompressible Navier-Stokes equations and once in the FGM
equations. However, the calculations as done in the Navier-Stokes equations do not take all
properties of the added combustion into account. Therefore, the values as calculated using FGM
are used in subsequent iterations for the variables that are calculated in both methods.

The progress variable Y as used in this project is defined as:

Y = YCO2 + YCO + YH2O + YH2 + YNO + YNO2

In Figure 2.1a, the combined mass fraction of this variable is shown using a one-dimensional
flame simulation. Since it increases smoothly over the entire length of the flame, this can be
seen as a suitable progress variable. Furthermore, the source term of the progress variable as a
function of the progress variable value shows a smooth profile as can be seen in Figure 2.1b. As
a consequence of the unity Lewis number assumption, the enthalpy stays constant throughout
the one-dimensional flame.
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Figure 2.1: Progress variable mass fraction and source in one-dimensional flame

2.2 Adjoint optimization problem

From the solution of the CFD simulation, the flow state variables contained in vector V are
retrieved. In the solution of the adjoint equations, the values of these variables are used to
calculate the desired deformations of the geometry.

The adjoint equations can be retrieved if an objective J is defined in the form of a minimization
problem. For this problem, the exact definition is dependent on the specific problem that has
to be solved and can therefore be defined in many different ways. The general problem can be
defined as [16]:

minimize
α

J(V (α), α)

subject to R(V (α), α) = 0

g(α) ≥ 0

h(V (α)) ≥ 0

(2.6)

In this function, J is the objective function that has to be minimized, which is dependent on
flow state V and design variables α. The design variables are used to control the shape of the
model and can either be coupled directly to the positions of the surface nodes or indirectly
through parameterization of the surface. The choices for design variables α as used in this
project are described in more detail in Section 2.3. The constraint R = 0 is the solution of
the CFD simulation, as shown in Equation 2.2. The variables g and h represent respectively
geometric and physical constraints, which can be added optionally if they are required in the
specific problem being modeled.

The desired movement of the design variables in the adjoint-based optimized optimization
procedure is retrieved by calculation of the sensitivity of objective J with respect to α: dJT

dα =
∂JT

∂α + ∂JT

∂V
∂V
∂α . The solution of this expression provides the direction in which each design variable

has to be changed in order to decrease the value of the objective function.

Although this expression could be solved on its own, this would require calculation of flow state
V for every change in design variable α. Specifically, this means that for every design variable an
entire CFD simulation has to be performed. Especially when there are a lot of design variables,
this would take up a lot of computational time.
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In the adjoint equations, this inconvenience is solved by introducing a so-called adjoint state Ψ.
This is a Lagrange multiplier, which allows the calculation of dJ

dα to be done without calculation

of the partial derivative with respect to flow state V : dJT

dα = ∂JT

∂α − ΨT ∂R
∂α with ∂RT

∂V Ψ = ∂J
∂V .

Here, R represents the solution of the governing flow equations as presented in Equation 2.2.
More details on the derivation of this expression is provided in Appendix A.3.

Within the field of adjoint-based optimization, this equation is solved in one of two ways: using
either the continuous or the discrete adjoint approach. In the continuous adjoint approach the
gradient dJ

dα is calculated from the analytical expressions for the governing equations and then
discretized to provide a numerical solution. In the discrete adjoint approach the gradient is
calculated based on the discretized governing equations. This difference can be seen as either
calculating “the inexact gradient of the exact cost function” [17, p. 2] in the continuous approach
or “the exact gradient of the inexact cost function” [17, p. 2] in the discrete approach.

The choice for using either the continuous or discrete approach is dependent on multiple factors,
including the complexity of the derivation of the required gradients and the computational effort
required for obtaining the solution to the problem. In the continuous approach the derivative of
the flow and additional transport equations has to be calculated and discretized by hand [18],
which is not necessary in the discrete approach [19]. The drawback of this is that the discrete
adjoint approach generally requires more memory [19, 20]. Other advantages of the discrete
adjoint approach are that the consistency of the solution is independent of the coarseness of the
grid [19] and it is more robust than the continuous adjoint approach [18]. However, in case the
computational grid is made finer, the discrete and continuous adjoint solutions should give the
same results [17, 20].

In this project, the discrete adjoint approach is used in the adjoint-based optimization procedure.
Calculation of the derivatives is done using Algorithmic Differentiation (AD) [21]. In this method,
the discretized objective function is decomposed into simple operations and then differentiated
using a repeated application of the chain rule. The calculation of these simplified operations can
either be done from the input to the output side in the forward AD mode or from the output to
the input side in the reverse mode, called the adjoint mode. In the forward mode the derivatives
of all outputs with respect to one input variable can be calculated in one pass, whereas in the
reverse mode the derivatives of one output with respect to all input variables can be calculated
[22].

The goal of this project is to optimize the tube of a Bunsen burner with respect to the uniformity
of the outflow velocity by changing the burner geometry. This can therefore be seen as a problem
with multiple inputs and a single output, for which the reverse AD mode is more efficient.
Whereas the computational cost would increase linearly for the amount of input variables in
the forward mode, this can be done in the reverse mode at a cost of less than five times the
computational cost of a solution of the primal problem [22]. In Appendix A.4, an example of
derivative computations using the forward and reverse AD mode is shown. Implementation of
AD within the SU2 software is done by use of the CoDiPack software, specifically designed for
this purpose [23].
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2.3 Grid deformation

A straightforward way to perform the grid deformation after calculation of the adjoint equations
is to view each grid point as a design variable and changing its position according to the gradient
information as calculated in the adjoint solution. However, this does not preserve the smoothness
of the surfaces that are deformed. In order to ensure the smoothness of the surface boundary,
deformation of the surface is done using Free Form Deformation (FFD) [4].

Although FFD can be used to deform all points in the surface in a smooth and continuous
manner, this method does not take into account any specific properties with respect to element
size or shape. As a consequence, especially in case of large deformations this could lead to
robustness issues leading to nonvalid deformations. In order to prevent this from happening,
only the surfaces on the boundary are deformed using FFD. The deformation of the internal grid
points is then done using linear elasticity equations. This method is shown to perform robustly
even when large deformations are required [24].

Free form deformation

The process of FFD deformations starts with the definition of a box around the model that
is going to be deformed. This so-called FFD box is defined by its four corner points in a
two-dimensional model. Deformation of the surface is then done by changing the position of
the points in the FFD box, the control points, through which all points inside the FFD box are
deformed smoothly. This deformation can be seen as similar to modeling a lump of clay [4]. In
2.2a shows an example of a rectangular model with an FFD box defined around the model.

After the definition of the FFD box, the surfaces that are going to be deformed are parameterized.
In two-dimensional models, these surfaces are generally one or more of the edges on the boundary
of the model. Here, parameters 0 ≤ u ≤ 1 and 0 ≤ v ≤ 1 are assigned using a linear interpolation
between the four control point coordinates in respectively the x and y direction. For three-
dimensional problems, parametric coordinate w is added analogously for the z direction. For
the model of Figure 2.2a this parameterization is shown in Figure 2.2b.

The smoothness of the deformation is controlled by the amount of control points used to deform
the surface. By adding extra points along the edges of the FFD box in one or more directions,
the local deformations of the surface can be controlled with greater detail. This behavior is
explained through use of the mathematical definition of the FFD problem, as presented in
Equation 2.7 [25].

F̄ (u, v, w) =
L∑
i=0

M∑
j=0

N∑
k=0

Bi(u)Bj(v)Bk(w)P̄ijk (2.7)

In this equation, function F̄ is used to calculate the cartesian coordinates of the surface points.
These coordinates are shown to be dependent on the values of all cartesian control point positions
Pijk and so-called basis functions B, which are a function of one parametric coordinate.
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The basis functions B define the specific dependence of the points on the surface with respect to
the control point positions. In this project the blending is done using Bézier basis functions. Using
this type of blending, a smaller amount of control points can be used to perform deformations
with respect to other deformation methods using a similar smoothness. In Appendix A.5 a more
detailed explanation of this type of basis functions is provided. In Equation 2.8, the generalized
expression for the Bézier basis functions is shown [26].

Bp
i (u) =

p!

i!(p− i)!
ui(1− u)p−i (2.8)

In this equation, i represents the index of the basis function corresponding to the amount of
control points in each direction as shown in Equation 2.7. Through this definition, the surface
can be described through a polynomial of degree p, where p+ 1 control points are used.

Figure 2.2c shows deformed results of the FFD procedure. All four edges on the boundary of
the model are deformed, using a grid of 6x2 control points. As a consequence, the surface is
deformed using a polynomial of degree 5 in the x direction and linearly in the y direction.

(a) Undeformed model (b) Surface parameterization

(c) Deformed surface (d) Deformed model

Figure 2.2: Deformation procedure
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The sensitivity dJ
dα as calculated in the adjoint equations gives the gradient of the objective

function with respect to a change in the design variables. However, the order of magnitude
of these deformations is dependent on the specific expression used for the definition of the
objective function. Applying the calculated sensitivity values directly to a change in control
point positions may therefore be either too large or too small, resulting in respectively extremely
deformed models or no noticeable change. This issue is solved by applying a scaling factor to the
calculated sensitivity values, which directly relates the sensitivity to the maximum deformation
magnitude:

Maximum deformation = Maximum sensitivity × Scaling factor

Linear elasticity equations

After deformation of the points on the surface using FFD, the remaining points within the grid
are deformed based on linear elasticity equations. This linear elasticity problem can be written
as: [24]

∇ · σ = f (2.9)

In this equation, σ represents the stress tensor and f the external forces. This equation has to
hold on the entire domain Ω. The stress tensor is given in terms of the strain tensor ε by:

σ = λTr(ε)I + 2µε (2.10)

In this equation Tr(ε) is the trace of the strain tensor ε. λ and µ are properties of the elastic
material, defined in terms of Young modulus E and Poisson ratio ν as:

λ =
νE

(1 + ν)(1− 2ν)
µ =

E

2(1 + ν)

In solving these equations, the distribution of E is linearly dependent on either the distance to
the wall or the inverse volume of a cell, where large elements can deform more than smaller cells.
The stress tensor can be written as a function of the element displacements u as:

ε =
1

2
(∇u+∇uT )

This problem for finding displacements u is solved using a Galerkin method. For this problem,
Dirichlet boundary conditions are used since the displacements of the surface boundary are
either known through the definition as stated in the configuration for the initial simulation or
through the FFD deformation as performed earlier. The result of this deformation on the model
described earlier is presented in Figure 2.2d.
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3 CFD simulation

In this section, the CFD simulation of a Bunsen-type burner will be described. The main
properties of such a burner will be explained and the setup of the burner model is elaborated.
Furthermore, the reasoning behind the mesh size used for the simulations is provided and finally,
the results as acquired using the FGM model in SU2 are validated.

3.1 Model description

The Bunsen-type burner is characterized by its straight cylindrical tube. This type of burner
comes in various shapes and sizes, with the defining shape parameters being the length, radius
and wall thickness of the tube. The burner used in this project is modeled approximately
according to the dimensions of commercially available burners. From this, a length of 100 mm,
an inner radius of 6 mm and a wall thickness of 2 mm result.

Although a small section of the burner could be modeled in order to perform the flame simulation,
the goal is to adapt the burner geometry in a later stage of the process. Therefore, the entire
length of the burner tube is modeled. Furthermore, an additional section with a length of 60
mm has been added downstream of the burner tube. This is the section where the flame will
develop. In Figure 3.1 this modeled geometry is schematically shown, with the outflow surface
of the burner indicated with a gray dotted line.

Figure 3.1: Burner model setup

Boundary conditions

The inlet velocity of 0.75 m/s has been chosen such that the flow will remain in the laminar
regime. This velocity corresponds to a Reynolds number of approximately 600. This remains
well below the value of Re = 2000, which is approximately where the transitional regime starts
for pipe flows. A Poiseuille velocity profile is imposed on the inlet of the tube, in order to aid in
the convergence of the problem while adding to the physical realism by using the profile of a
fully developed flow. At the outlet, an ambient pressure is imposed.

For the inlet conditions of the combustion products, a methane/air mixture with a equivalence
ratio of Φ = 0.8 has been modeled. This value, which corresponds to a volumetric air/fuel ratio
of 11.9, is used as a typical value in residential heating equipment.

Isothermal conditions have been imposed on the burner walls and a no-slip wall condition in
which no heat flux can occur is selected for the boundary on the top. Finally, an axisymmetry
condition has been imposed on the central axis of the burner.
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Mesh size

A structured mesh consisting of quadrilateral elements is used. At the burner outflow surface
the elements are square, whereas away from this surface in both directions parallel to the burner
outflow surface the element size is increased in order to decrease the time required for the
simulation with respect to a uniform element size. Along the direction tangential to the axis of
symmetry the mesh size is uniform, since the flame will develop over this entire surface.

The size of the elements at the burner outflow surface is based on the size required to resolve
the structure of the flame. The source term of progress variable Y is taken as the representative
variable for this required size, where its increase and decrease has to span over multiple elements.
In Figure 3.2 the mesh size at 2 mm away from the burner outflow surface is shown. At this
surface, the element size is approximately 0.04 mm.

Figure 3.2: Progress variable source around the burner outflow surface

Due to the Poiseuille profile imposed at the inlet it is expected that if the flow would change at
all along the length of the burner tube, this would only occur at its tip under the influence of
the developing flame. Therefore, the progression of the element size has been chosen such that a
maximum element length of 1 mm results at the inlet. The progression for the area downstream
of the flame has been chosen such that the change in the progress variable source term would
occur over at least two elements. This gives a maximum element length downstream of the flame
of 0.2 mm.

3.2 Results

Validation of the SU2 simulations is done by a comparison with the results of a simulation
using detailed chemistry equations in the commercial software ANSYS Fluent. This simulation
is done using a finite-rate chemistry model and is solved using a stiff chemistry solver. For
this model a reduced chemical mechanism based on the GRI-1.2 reaction mechanism is used,
which consists of the 17 species and 73 reactions that are the most important for lean premixed
methane/air flames [27]. In Appendix B.1, the calculation of the detailed chemistry equations
and a validation of the results obtained from the Fluent simulation is provided.

Figure 3.3 shows the comparison between the temperature and velocity results of this comparison
between the SU2 and Fluent simulation, where the SU2 results are displayed in the top half of
the figures and the Fluent results in the bottom half.
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(a) Temperature results

(b) Close-up of temperature results (c) Close-up of velocity results

Figure 3.3: Simulation comparison between SU2 and ANSYS Fluent

The results of both simulations seem to provide results that are in relatively close agreement,
although the flame as calculated using FGM is slightly longer than the flame as calculated using
detailed chemistry. In order to quantify the difference between the simulations as done using
FGM and detailed chemistry, the temperature on the symmetry axis between the two simulations
is compared in Figure 3.4. A close-up contour of this profile is shown in Figure 3.5.
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Figure 3.4: Temperature profile on
symmetry axis

Figure 3.5: Close-up of flame tip

The difference in flame length is approximately 2 mm, which corresponds to approximately
15 element lengths in the direction parallel to the axis of symmetry. The maximum flame
temperatures are 1992 K and 1974 K for respectively the SU2 and Fluent simulation.

Although the comparison as shown above shows that there is a relatively large difference in the
length of the flame with respect to the thickness of the flame, the objective of this project is to
optimize the burner with respect to the velocity on the burner outflow surface. This comparison
between the two results and the analytical Poiseuille profile is presented in Figure 3.6.
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Figure 3.6: Outflow velocity comparison

The velocity on the burner outflow surface as calculated using SU2 is in close agreement with
the results as calculated using detailed chemistry equations, with a difference in velocity of 1%.
Another thing that can be noted from Figure 3.6 is that the outflow velocity profile resembles
a parabolic profile, except near the wall. This difference in velocity is due to the influence
of the flame, which develops close to that region. This is illustrated in Figure 3.7, where
the temperature increase leads to a decrease in density, through which in turn the velocity is
increased.
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Figure 3.7: Temperature and density near the wall

As a consequence of the large similarity between the velocity on the burner outflow surface and
the analytical Poiseuille profile, it is decided that the optimization of the burner can be done on
a burner tube without combustion. This allows for the computations to be done using larger
elements, since the small flame thickness does not have to be resolved in the simulations.
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4 Unconstrained shape optimization

In the results of the CFD simulation, it has been indicated that the velocity on the burner
outflow surface strongly resembles a parabolic Poiseuille profile. Therefore, the optimization
with respect to the velocity on the outflow of the burner can be done using a model without
combustion, which allows for a coarser grid to be used in the optimization procedure.

In this section, an unconstrained optimization procedure is described using a model without
combustion. First, the characteristics of the model are described and the FFD box definition is
elaborated. Then, the objective function which is used for the optimization is explained and
finally, the results are presented.

4.1 Model description

The goal of this procedure is to gain more insight in the deformation of the model in case the
entire tube is allowed to move freely, which has been the basis for modeling the entire length of
the burner tube in the CFD simulation of Section 3. However, in case of large deformations at
the end of the burner tip that would require the outflow radius to become larger, there is only
limited movement allowed because of the small wall thickness.

In this section, this limitation is overcome by extending the domain to include the outer wall of
the burner tube and some extra space in which the burner radius could increase. This model is
shown in Figure 4.1.

Figure 4.1: Boundary conditions for the unconstrained optimization procedure

The geometry of this model is roughly similar to that in the CFD simulation of Section 3. The
entire burner tube is still modeled with a length of 100 mm, an inner radius of 6 mm and a wall
thickness of 2 mm and an extra section of 60 mm is modeled downstream of the burner tube.
For this model however, the outer boundary of the domain is now extended to 40 mm from the
axis of symmetry. The position of this boundary, which corresponds to 5 outer burner radii from
the axis of symmetry, is expected to be far enough away to let the burner tube deform without
moving through this boundary.
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Boundary conditions

Most of the boundary conditions of the burner without combustion have been taken similar to
those modeled in the previous simulation. Specifically, this means that the burner is modeled
with an axisymmetric axis, an imposed Poiseuille profile with an average velocity of 0.75 m/s at
the inlet of the burner tube and ambient conditions on the outlet. As in the simulation as done
earlier, the edge of the domain has been modeled using a no-slip wall condition.

A difference between the CFD simulation and the current simulation using a cold flow is that
the walls are now modeled as no-slip walls instead of isothermal. Furthermore, an external flow
with a small velocity of 0.05 m/s has been used in the area outside of the burner. This aids in
the convergence properties of the model, without influencing the velocity on the burner outflow
surface as displayed with a gray dotted line.

Mesh size

The considerations for the mesh size as used in this simulation are similar to those in the initial
CFD simulation. The element size within the burner tube tangential to the axis of symmetry is
kept constant at a value of 0.1 mm. Along the direction parallel to the axis of symmetry, a larger
mesh size is chosen since no large changes in the flow are expected along this direction.

A minimum element length of 0.3 mm is chosen at the burner outflow surface. This length
progresses in the burner tube, with a size of approximately 3 mm at the inlet. Downstream
of the outflow surface, the element length progresses up to 0.4 mm. Since the flow outside of
the burner tube does not have any influence on the velocity on the burner outflow surface, this
element size is also increasing in length further away from the burner tube in the direction
tangential to the axis of symmetry. This size increases to 1 mm at the outer surface of the
domain.

FFD box definition

The FFD box has been defined in such a way that it encloses the entire burner wall. The length
of the box corresponds to the length of the burner tube and is 10 cm long. The width of the
box is modeled at 6 mm, which corresponds to three times the wall thickness. This is modeled
symmetrically around the burner wall. A grid of 50x2 control points has been used, which gives
a spacing of 2 mm between the control points along the length of the wall. This allows for a
smooth deformation. In Figure 4.2, this FFD box is displayed in gray.

Figure 4.2: FFD box for unconstrained optimization
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As a consequence of the Poiseuille profile modeled on the inlet of the burner tube one limitation
on the deformation of the tube has been imposed. Since a deformation of the points on the
inlet would result in a changed velocity profile, this would lead to a difference in the mass flow
between the results before and after deformation. By fixing the points on the inlet, the Poiseuille
velocity profile is retained. As this is the only constraint imposed on the burner tube, this does
not limit the validity of the results since all other points on the burner wall can be deformed.
This means that conclusions can be made based on the direction in which the deformations are
moving and in which location along the burner wall they occur.

A maximum deformation magnitude of the surface points of 0.2 mm is used for the first iteration.
This is expected to give a small but noticeable difference in the burner geometry.

4.2 Objective function definition

It has been described earlier that a uniform flow is characterized by the velocity being equal over
the entire outflow surface. Furthermore, in the optimization routine the value of the objective
function is minimized. This requires the objective function to be defined in terms of a cost
function. For the uniformity objective function, the following requirements can be placed on the
objective function:

• Velocities both higher and lower than the average velocity should increase the value of the
objective function;

• The contribution of the velocity acting on an element should be dependent on the surface
area of that element;

• The behavior should be independent of the magnitude of the average velocity.

From these considerations, the objective function for this problem is defined as:

J =

√√√√∑n
i=0

(
vi−vavg
vavg

)2
Ai

A
(4.1)

In this equation, the deviation of the normal outflow velocity vi on element i from the average
velocity vavg is normalized to remove the dependence on the value of the average velocity. This
value is then squared in order to provide only positive contributions. A surface-averaged value
is then retrieved by summing all velocity contributions multiplied by area Ai of element i and
dividing by total surface area A, where A =

∑n
i=0Ai. The square root of this value is then

taken on the sum of all contributions. The average velocity is calculated by dividing the total
mass flow by the total surface area and the density:

vavg =
ṁ

ρA

By using this expression for the objective function, the normal outflow velocity will converge to
the average velocity for a decreasing objective function value: vi → vavg if J → 0. Furthermore,
the tangential velocity will converge to zero as a consequence of mass conservation. This gives a
fully uniform outflow normal to the outflow surface if and only if J = 0.
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4.3 Simulation results

Using the model and objective function as stated above, the adjoint-based optimization procedure
is performed. The velocity result of this optimization procedure after 10 iterations is compared
to that of the model before optimization, with the deformed results shown in the top half of the
figure and the initial results in the bottom half.

Figure 4.3: Velocity after optimization (top) compared to initial model (bottom)

It can be seen that the burner tube is only deformed in a small region around the tip, which is
moved inward. This deformation leads to a 55% decrease in the value of the objective function,
which is shown in Figure 4.4a.
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Figure 4.4: Objective function and velocity results

An interesting thing that can be seen is that the value of the objective function is only decreasing
for two iterations after which it stays approximately constant. This is also represented in Figure
4.4b, where the outflow velocity profiles for iteration 1, 2 and 3 differ and the outflow velocity
for iteration 10 is indistinguishable from that of iteration 3. In Figure 4.5 the outlines of the
burner tips are shown for iterations 1, 2 and 3-10.
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(a) Iteration 1 (b) Iteration 2 (c) Iterations 3-10

Figure 4.5: Burner tip surfaces

Although the results show a considerable improvement based on the value of the objective
function, the usability of the results is limited because of the way the deformations have affected
the burner outflow surface. In Figure 4.6 a close-up of the deformed mesh around the burner tip
is displayed. Here, the red line represents the deformed burner outflow surface that was initially
a straight line.

Figure 4.6: Close-up of burner outflow surface

Alhough this problem can be solved either through redefining the mesh after deformation or using
a different definition of the FFD box, another problem occurred during subsequent optimization
procedures that limited the effectiveness and efficiency of the shape optimization procedure. As
a consequence of a deformation magnitude that was too large, either deformations occurred
that did converge but did not provide results that could be physically realized or that led to
divergence of the results. Examples of these deformations are presented in respectively Figure
4.7a, in which grid cells overlap and 4.7c where elements are both overlapping and reversed in
orientation. In Appendix C.1, more information on the settings used for these deformations is
given.
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(a) Converging deformation
(b) Close-up of converging

deformation

(c) Diverging deformation (d) Close-up of diverging
deformation

Figure 4.7: Examples of nonphysical deformation results

As both nonvalid deformations are the result of deformations that are too large for the model to
handle, this could in principle be prevented by limiting the maximum deformation magnitude.
By decreasing this magnitude, the point at which the nonphysical deformation occurs would not
be met. However, as a consequence of the geometric deformation the sensitivity of the objective
function with respect to a change in control point coordinates is changed. In case of an increase
in sensitivity, the subsequent deformation magnitude is increased. This can then lead to nonvalid
deformations in later iterations.

Another limitation of decreasing the magnitude of the control point deformation is that in general
the amount of iterations required to achieve the optimal deformation is increased. This leads to
more time being required to perform the deformations. Especially since there is no guarantee
that this will lead to a valid deformation, the problem in the validity of the deformation is seen
as one that needs to be solved before moving on to a new optimization routine.

Besides decreasing the magnitude of deformation of the control points, the chances of nonvalid
deformations occurring can be decreased by improving the burner geometry before deformation.
Through this change in geometry, the magnitude of deformations required to achieve the optimized
shape are decreased. As a result the maximum deformation magnitude can be decreased, which
in turn decreases the chances of the deformations being so large that a nonvalid deformation
results.

In Section 5 an iterative procedure in which nonvalid deformations can be avoided is elaborated.
Furthermore, in Section 6 a parameter study is elaborated in which a better shape of the burner
model is found that can be used as an initial model. After that, in Section 7 a new optimization
procedure is presented using the improved initial geometry and the procedure that prevents
nonvalid elements from occurring in the deformed burner model. Furthermore, in that section a
solution to the curvedness of the burner outflow surface is presented.
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5 Prevention of invalid deformations

The results from the unconstrained burner simulation as presented in Section 4 have indicated
that the adjoint-based optimization procedure can be a powerful tool for deforming a geometry
in order to improve the model with respect to a given objective, through the decrease of 55% in
the objective function with respect to velocity uniformity. However, from these results it has
also become clear that this method is far from perfect: large deformations can result in either
undesired geometries as a consequence of deformation of the burner outflow surface straightness
or as a consequence of the physically impossible results leading to self-intersections of the grid
points.

In this section, two measures taken to prevent self-intersections of grid points from occurring in
the geometry after deformation are presented. As described in Section 2.3, the deformation of the
geometry is done using a two-step process through a deformation of the boundary points using
FFD and a subsequent deformation of the internal grid points using linear elasticity equations.
In both of these procedures however, invalid deformations can occur.

The steps as taken in this section are designed around the two procedures separately. The
earlier a nonvalid deformation can be detected and prevented, the more efficiently the process
can be performed. The procedures as added in this project are described in the order they
are performed in the simulations: first the prevention of self-intersections within the FFD
deformation is explained and subsequently the prevention of invalid elements occurring after the
internal grid point deformation is elaborated.

5.1 FFD self-intersection prevention

The occurrence of nonvalid grid points in the results of Figure 4.7a is a consequence of the
deformation using FFD. The procedure implemented to prevent this from happening is a two-
step process: first, it is established whether there is a self-intersection within the deformed
surfaces. After that, an algorithm is implemented that deforms the surface in such a way that
the intersections disappear. These procedures are now described in the order in which they are
performed.

Detection of self-intersections

The detection of occurring self-intersections within a FFD surface can be done in multiple ways.
One method is to look at a set of conditions to find whether the FFD surface is well-posed
by means of its control points [28]. Using this method, the surface is either seen as valid or
invalid. Another method used to assess FFD surfaces is based on an approximation of the
curve in straight line segments through subdivision of the control polygon [29]. The possible
self-intersection are then calculated using the approximated straight lines.

The method used in this project is selected because of the combination between its effectivity
and the information it can provide to the modeler. In this technique, the determinant of the
Jacobian matrix after deformation is calculated for every point on the surface that is deformed
using FFD. In case there are one or more points that have a negative determinant, there is a
self-intersection within the deformed surface [25].
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Using the Jacobian-based method, the amount of points on which the surface would self-intersect
can be returned. The main advantage of this method is that the amount of points that have a
negative determinant can then be used to provide the user with information about the quality of
the deformation: if many points are seen to be invalid, the quality of the model is further from
the desired solution than when there are only a few points at which the deformed surface would
be invalid. Furthermore, the self-intersections can be calculated in an exact manner.

The validity of the deformation in the Jacobian-based method is ensured if the following two
conditions apply [25]:

• The surface is at least C1 continuous on the entire domain;

• det(J) > 0 for every point on the surface.

In this set of requirements, the surface continuity is a measure for the smoothness of the curve.
For C1 continuity specifically, this means that the entire FFD surface is required to have a
continuous first derivative. In Appendix D.1, the derivation of the partial derivatives of a surface
defined by Bézier basis functions as used in this project is provided. There, it is shown that
the partial derivative with respect to a certain parametric coordinate is only dependent on the
derivative with respect to that parametric coordinate. Furthermore, since the derivative of a
basis function is a linear combination of two other basis functions and every basis function is
continuous, it can be concluded that the C1 continuity is always satisfied.

The determinant of the Jacobian matrix is a measure for the mapping between a point in
parametric and cartesian coordinates. A negative Jacobian determinant implies that a certain
positive volume in parametric coordinates is mapped onto a negative volume in cartesian
coordinates. This means that a certain amount of volume is inverted at the points with negative
Jacobian determinants, from which it can be concluded that there is a self-intersection within
the FFD box. In Figure 5.1, an example of a deformed geometry with a self-intersection in the
deformed surface is shown. Based on the negative values of the Jacobian on the position of
certain points on the surface, it can be seen that this self-intersection can be detected. In this
figure, the outside surface in the Jacobian plot corresponds to the surface that is deformed using
FFD.
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(a) Mesh before deformation
(b) Mesh after deformation

(c) Calculated Jacobian determinant for points on displayed
surface

Figure 5.1: Deformation before recursive intersection prevention procedure

In Equation 5.1, the calculation of the Jacobian determinant can be seen. In this equation, J is
the Jacobian matrix. Using the notation of Section 2, Fx, Fy and Fz represent the functions for
finding the cartesian coordinates of the surface points after deformation and u, v and w are the
parametric coordinates within the FFD box.

det(J) =

∣∣∣∣∣∣
∂Fx
∂u

∂Fx
∂v

∂Fx
∂w

∂Fy

∂u
∂Fy

∂v
∂Fy

∂w
∂Fz
∂u

∂Fz
∂v

∂Fz
∂w

∣∣∣∣∣∣ (5.1)

The partial derivative of function F with respect to parametric coordinate v is presented in
Equation 5.2 [26]. For the derivation of this equation, the properties that the cartesian control
point coordinates are independent of the parametric coordinates and the basis functions are only
dependent on one parametric coordinate are used. This is described in more detail in Appendix
D.1.

∂F

∂v
=

L∑
i=0

M∑
j=0

N∑
k=0

Bi(u)B
′
j(v)Bk(w)Pijk (5.2)

In this equation, B
′
j(v) represents the derivative of the Bézier basis function. For basis function

j of degree p, this is defined as presented in Equation 5.3 as derived in Appendix D.2. Here,
Bp−1
−1 (v) ≡ 0 and Bp−1

p (v) ≡ 0 since the values of these basis functions are not defined.

B′j(v) = n
(
Bp−1
j−1 (v)−Bp−1

j (v)
)

(5.3)
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The calculation of the Jacobian determinant as described above is done for all points on the
surface after deformation. This information is then provided as feedback to the modeler in
order to give an indication of the quality of the model with respect to the desired deformation
as mentioned earlier. Furthermore, if one or more negative determinants are detected, the
procedure to prevent this from occurring in the deformed geometry is started.

Prevention of FFD self-intersection

The prevention of self-intersections within the FFD surface is done by using a recursive procedure
in which the positions of the control points are adjusted. Based on the values of the Jacobian
determinants, the deformation magnitudes are either decreased or increased until a user-specified
condition to end the procedure is met [25]. This can be either a maximum amount of iterations
or a certain amount of iterations without points that have a negative determinant, the recursion
depth. In Figure 5.2 a schematic representation of this procedure is shown, where everything
within the black box is added with respect to the previous deformation procedure.

Figure 5.2: Deformation procedure after addition of FFD intersection prevention

After deformation of the surface, a first assessment of the Jacobian determinants on all points on
the surface is done. If there are no points with a negative determinant, the recursive procedure is
bypassed and the deformation of the internal grid points is carried out. However, if there are one
or more points that have a negative determinant, the magnitude of the deformation is decreased.
A new surface deformation is then performed using the adjusted control point positions and
another Jacobian assessment is done. Based on the minimum value of the determinants the
magnitude of deformation is adjusted and a new evaluation is done.

The adjustment of the deformation magnitude is done through a simultaneous adjustment of all
control point positions, due to the indirect mapping between the points on the surface and the
positions of the control points. This adjustment is implemented in such a way that the resulting
deformation approaches the physically achievable maximum. If no negative determinants are
present, the deformation magnitude is increased. Conversely, if there are negative determinants,
the deformation magnitude is increased. In this procedure, the amount of displacement that is
either added or subtracted to the location of the control points is decreased in each iteration
using the knowledge of the previous deformations. In Figure 5.3 the deformation magnitude is
shown schematically.

29



Figure 5.3: Recursive procedure for adjusting deformation magnitude

The deformation magnitude is always lowered after the first iteration. This is a consequence
of the procedure only being started if there are self-intersections in the first iteration, which
means that the deformation magnitude is too high and a lower value is required. After this, the
difference in deformation magnitude is halved after each iteration regardless of whether it is added
or subtracted. This way, the deformations can get close to the previously evaluated situation
but can never exceed it. As a consequence, intersections can be prevented from occurring in the
deformed geometry. In Figure 5.4 the results from this procedure on the geometry of Figure 5.1
are shown. Here, it becomes clear that the self-intersections have disappeared and the Jacobian
determinant is positive on all points.

Figure 5.4: Deformation results after recursive intersection prevention procedure

At the moment, no constraints are placed on the minimum thickness of the surface, which means
that in principle a point with zero thickness can be the result of using this algorithm. In case
such a behavior is desired, an additional constraint could be added besides the requirement
on the value of the Jacobian determinant. Then, if this thickness is lower than the minimum
required thickness, the deformation of the control points can be decreased using the process of
Figure 5.2.

5.2 Grid intersection prevention

After the completion of the FFD intersection prevention procedure, the grid deformation using
linear elasticity equations is carried out. In case of large deformations this can lead to nonphysical
deformations in the model. Therefore, another procedure to prevent this has been implemented
that uses the same approach as the prevention of self-intersections within the FFD surface. First
the nonphysical points are detected based on an assessment of the mesh quality and after that a
procedure is carried out to prevent this from occurring in the deformed geometry.
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Mesh quality assessment

The assessment of the quality of all mesh elements can be done in a variety of ways, for all
different types of elements that can be present in a mesh. These mesh quality metrics all differ
from each other on multiple aspects: the information they can provide to the modeler, the
amount of input they require and the usability for different types of elements. Examples of
methods used are based on the condition number of the Jacobian matrix of the elements and
comparing it to a certain ’ideal’ element of that type [30, 31] or by assessing whether the elements
are valid with respect to the characteristics of the respective type [32]. However, there is no
set of quality metrics available that directly links the quality of the mesh to the quality of the
achieved simulation results since the simulation results can only be retrieved after the generation
of the mesh.

In the methods that compare all elements to an ideal element, the definition of this ideal element
is required. Furthermore, the evaluation of the extent to which a certain element corresponds to
this ideal element varies between different methods and can be a measure of shape, size or a
combination of both. These factors can make it difficult to evaluate all elements in a similar
manner, especially when there are multiple element types present in one mesh.

The method of evaluating elements based on the validity, also referred to as convexity, of their
shape can be seen as a more general way of looking at the elements. Through use of this method,
all elements can be evaluated in a similar manner based on the ordering of the element vertices
in the software implementation, which follows a standard format [33, 34]. This is the method
used for assessing the element quality in this project.

In Figure 5.5, the ordering of points for triangular and quadrilateral elements in the current
implementation can be seen. Furthermore, angle θ is shown, which represents the angle between
edges 0 → 1 and 0 → 2 for the triangle and between edges 0 → 1 and 0 → 3 for the
quadrilateral.

Figure 5.5: Valid triangular and quadrilateral element
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In this method, angle θ is calculated for every set of adjacent edges in an element using the cross
product as shown in Equation 5.4. The element is nonconvex if angle θ is larger than 180° [35].
Specifically, this means that the value of sin(θ) has to be negative. However, since the norm of a
vector is always larger than 0, the convexity of the element can be evaluated based on the value
of the entire cross product. This can only be negative if θ > 180°.

−→
a ×
−→
b = ‖

−→
a ‖‖
−→
b ‖ sin(θ) (5.4)

Although in general the angle between two edges in a triangular element can never be larger
than 180°, the ordering of the nodes in every elements enables the evaluation of the orientation

of the element. Since in the cross product the ordering of vectors −→a and
−→
b is of importance

in the calculated angle, the resulting angle calculated in an inverted element is 360° − θ and
therefore larger than 180°. An example of this is provided in Figure 5.6, where the triangular
element of Figure 5.5 is inverted and an invalid quadrilateral element are displayed.

Figure 5.6: Invalid triangular and quadrilateral element

This evaluation on the validity of the elements is done for all elements. After this is completed,
the amount of nonvalid elements is presented as output for the modeler. This can then be used to
evaluate the general quality of the model with respect to the required deformation: when there
is a large amount of nonvalid elements, the initial mesh is further from the desired geometry
than when there are only a few nonvalid elements.

Prevention of nonvalid grid elements

The procedure implemented to prevent nonvalid elements from occurring in the mesh after
deformation is done in a recursive procedure similar to that used in the prevention of self-
intersections within the FFD deformation. This procedure is only started if one or more nonvalid
elements are present in the mesh and the magnitude of the deformations is adjusted as presented
in Figure 5.3. In Figure 5.7, the implemented procedure can be seen.
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Figure 5.7: Deformation procedure after addition of nonvalid element prevention

When there are nonvalid elements after the first deformation, a new FFD-based surface defor-
mation is done using a lower deformation magnitude of the control points, in order to ensure a
geometric deformation that is similar to the desired deformation magnitude.

With the process implemented to prevent invalid elements from occurring in the mesh after
deformation described, a valid deformation is ensured through the entire deformation process. In
Figure 5.8, the implementation of the procedures as described in this section are shown within
the entire process of adjoint-based optimization.

Figure 5.8: Improved adjoint-based optimization procedure
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6 Parameter study

The results of the unconstrained optimization as described in Section 4 show that the deformation
of the burner tube only occurs at the tip of the burner. Furthermore, the magnitude of the
deformations required to achieve the optimal burner dimensions is too large for the straight
burner tube and nonphysical elements are generated in the deformed mesh.

In this section, a parameter study is presented in which a better shape of the burner geometry
is researched to be used as the initial design. Through this parameter study, the objective
function is decreased in comparison to using a straight tube. Since this can be seen as a partial
optimization, the required deformation magnitude is decreased to achieve the fully optimal
geometry with respect to the value of the objective function as described in Section 4.

6.1 Model setup

From the unconstrained burner optimization it became clear that the desired deformation of
the tube consisted of a decrease in radius over a small length around the burner tip. These
deformations can be used for a simplification of the burner model. For this model, three different
geometries are compared in order to find a simple geometry that provides accurate results.

Burner outflow comparison

Figure 6.1 shows the three different models that can be used to represent the burner to be used
in this parameter study. In this comparison, the focus is on the velocity profile at the outflow
surface of the burner tube, as indicated with a gray dotted line.

Figure 6.1: Burner geometries compared for use in parameter study

In this comparison, the three models represent the same burner tip with three different types of
modeled outlet: the end of the model being the outlet of the burner tube, the wall thickness
of the model simulated as a part of the model and an intermediate model, where a section is
included after the burner outflow surface that is continued using the burner outflow radius.
Figure 6.2 shows the velocity profile of the three different geometries on the outflow radius
numbered from left to right.
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Figure 6.2: Velocity results of three different burner geometries

An extra section added to the domain downstream of the burner tube is required to provide
reliable results with respect to the outflow velocity since the results differ visibly between the
simplest model 1 and the most realistic model 3. The results of the simulation with and without
an added wall thickness are very similar. Since the extra elements added in the model to
allow the wall thickness to be modeled require more computational resources without providing
additional accuracy to the flow results, the intermediate model is considered the most suitable
for use in the parameter study.

6.2 Boundary conditions

The burner model is shown in Figure 6.3. In this model, two parameters are assumed to be of
importance in the quality of the result with respect to the objective function as presented in
Section 4.2: burner outflow radius R and length L over which the transition between the larger
and smaller radius is made. These two parameters are varied in order to find a more suitable
geometry to be used in future burner simulations.

Figure 6.3: Model used for parameter study
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The burner model as presented can be characterized by three separate sections. At the inlet of
this model, a straight part of 10 mm in length is modeled which represents the burner tube. This
section is included in the model to provide a good basis for the flow to develop. A difference
between this burner model and the one used in the unconstrained optimization is that the inlet
radius is taken to be 10 mm instead of the 6 mm as used previously. Although this is partly done
as a consequence of the increasing radius around the inlet in the unconstrained optimization,
this increase also provides a better basis for the physical relevance of the problem. If this inlet
radius would have been kept constant at 6 mm, the decrease in outflow radius would require
the outlet radius of the burner to be extremely small. Therefore, an outflow radius of 10 mm is
selected to let the results be in better accordance with realistic situations.

The second section, of length L, represents the tip of the burner. This part is tapered to represent
the desired deformations as resulting from Section 4. At the end of this section a dotted gray
line is displayed, which represents the burner outflow surface. Along this line, the value of the
objective function will be evaluated. The third section in the model, which is 10 mm in length
and has radius R, represents the area downstream of the burner tube.

The boundary conditions in the model used for this parameter study are similar to those used
in the unconstrained optimization procedure in order to provide results that can be linked
directly to those simulations. Specifically, an axisymmetric boundary condition is imposed on
the axis of symmetry of the burner and the walls are subject to a no-slip condition. Furthermore,
an ambient outlet pressure and an inlet with an imposed Poiseuille profile are defined as the
boundary conditions for this problem.

The inlet velocity is scaled to provide similar results at the burner outflow surface. This is done
using a constant Reynolds number for all simulations. The baseline for this scaling is set for
an outlet radius of 5 mm and an average velocity of 1 m/s. With a Reynolds number of 658
for an air flow in ambient conditions, this is well below the transitional Reynolds number of
approximately 2000:

Re =
ρvD

µ
=

1.204 · 1 · 0.01

1.825 · 10−5
≈ 658

6.3 Simulation results

The burner tube as shown in Figure 6.3 has been used in simulations for parameters L and
R with values between respectively 1− 40 mm and 1− 10 mm. In this section only the most
important observations resulting from these simulations will be discussed based on a selection of
the results.

Figure 6.4 shows the value of the objective function as a function of burner outflow radius R for
four different values L. The first observation that can be made is that the value of the objective
function decreases for both a decreasing transition length L and outflow radius R. Furthermore,
the rate at which the value of the objective function decreases is lower for the geometries with
smaller lengths L. Below R = 5 mm, the objective function values for transition lengths of 1
and 5 mm are almost constant.
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Figure 6.4: Objective function values for L = 1, 5, 10, 20 mm

In Figure 6.5 three of the geometries resulting to Figure 6.4 are shown for an outflow radius of
R = 5 mm. Since the results using L = 10 mm show similar results to L = 5 mm, this model is
dropped from the comparison.

The slope of the lines in Figure 6.4 can be explained by looking at the steepness of the tapered
sections of the three geometries. The transition for L = 20 mm is fairly smooth, while the
transition for a length of 1 mm almost resembles a step profile. This smoothness of the wall
allows the flow to develop a little more in the direction of a parabolic profile, which in turn
increases the value of the objective function.

L = 1 mm L = 5 mm L = 20 mm

Figure 6.5: Burner tube geometries for R = 5 mm

The objective function values for R = 5 mm differs considerably for the three different lines
shown in Figure 6.4. However, even for the geometry with L = 20 mm the objective function
value has decreased by approximately 65% with respect to the initial situation. This decrease in
objective function value is represented in Figure 6.6a, where the velocity profiles of the three
curves as shown earlier can be seen. Although the objective function values differ, all three
profiles are relatively uniform from the axis of symmetry until approximately 1 mm from the
wall and only minimal differences occur between the curves.
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Figure 6.6: Outflow velocity profiles for R = 5 mm and L = 5 mm

The decrease in the slope of the objective function values for outflow radii below 5 mm for the
simulations with a small length L can be explained through the lines presented in Figure 6.6b.
Here, the velocity profile of R = 7 mm is increasing over the entire burner radius. If the outflow
radius is made smaller, the profile of R = 5 mm results. In this profile, the velocity rises quickly
close to the wall and is uniform over the remaining part of the outflow radius. Then, if the
outflow radius is made even smaller, the slope becomes too steep and the flow cannot develop
enough to retrieve a uniform profile. This is shown in the peak in the velocity for R = 3 mm.
Although this peak occurs at a shorter distance from the wall than the maximum velocity for
R = 5 mm, the peak rises higher above the average velocity and therefore leads to a positive
contribution to the value of the objective function. In Figure 6.7 this is indicated through a
display of the normalized velocity as a function of the normalized radial coordinate.
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Figure 6.7: Normalized velocity profiles for L = 5 mm
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In this study, it is shown that the value of transition length L does not have a large influence on
the value of the objective function. Furthermore, although the outflow radius could in principle
be continuously decreased to lower the value of the objective function, the influence is small
in case length L is sufficiently small. Based on these considerations, a transition length L =
5 mm and a burner outflow radius of R = 5 mm is seen as the most suitable geometry for
further research. This geometry provides both a low value of the objective function and an
outflow radius that can be physically realized. Furthermore, there is some room left for further
improvement in an adjoint-based optimization procedure.
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7 Improved optimization procedure

The results from Section 5 have shown that nonvalid elements can be prevented from occurring
in the deformed mesh. After that, Section 6 has provided a more suitable model than the
straight tube to be used for an additional adjoint-based optimization procedure. This reduces
the magnitude of deformations required to achieve the fully optimized solution.

In this section, the improved initial model will be used in combination with the invalid grid
prevention algorithms to ensure valid and deformation results. This will first be done on a
model without combustion, similar to the optimization procedure as presented in Section 4. As
a further improvement to the evaluation, conditions are imposed on the burner outflow surface
that ensure its straightness after deformation.

After the optimization procedure without combustion, the results are used in a simulation on
a model with combustion enabled, which will be compared to the results of the initial CFD
simulation as presented in Section 3.

7.1 Model description

From the results of Section 6, it is concluded that the length of the tapered section does not have
a large effect on the outflow velocity profile. Furthermore, it has been shown that the objective
function value did not decrease much for an outflow radius smaller than approximately half the
size of the inflow radius.

In this section, the results of the improved optimization procedure will be compared to those of
the initial CFD simulation of Section 3. Therefore, the conditions on the burner outflow surface
are taken similar to those of the CFD simulation to allow for a direct comparison. This has led
to a burner outflow radius of 6 mm and a wall thickness of 2 mm. The inflow radius is selected
to be 12 mm, which should give some room for additional optimization based on the results of
the parameter study.

In order to allow for a smooth transition between the large and small radius, the transition
length has been set at 6 mm. In Figure 7.1 the schematic representation of this model is shown.
Here, the burner outflow surface is represented by a gray dotted line.

Figure 7.1: Burner model setup
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The boundary conditions for this simulation are similar to those in the initial optimization
procedure as presented in Section 4 with the no-slip walls, the axisymmetry condition on the
axis of symmetry, the ambient outlet conditions and a Poiseuille profile applied at the inlet to
aid in the convergence of the model. The only change is that the average inflow velocity is now
0.1875 m/s, a quarter of that of the initial burner model. Due to doubling the inlet radius,
the inlet velocity has to be taken four times as low in order to provide the same conditions on
the burner outflow surface. The mesh size used for this model is taken similar to that in the
optimization of Section 4.

FFD box definition

The dimensions of the FFD box have been chosen based on the results of the simulations as
described in the previous sections. Specifically, this means that the points on the burner outflow
surface are now fixed. This avoids the warping of the outflow surface as shown in Section 4.
Now, through deformations of the tapered section and a part of the burner tube upstream of
the tapered section, the optimized geometry can be achieved. In Figure 7.2 the FFD box used
for this deformation is shown.

Figure 7.2: FFD box definition

The right edge of the FFD box is defined on the outflow surface of the burner. As a result of
this choice in combination with fixing the two points that define this edge, all points on the
burner outflow surface will remain in the same location regardless of the deformation of all other
control points.

The width of the FFD box is taken as 12 mm. As a result, the tapered section with a length of
6 mm and an additional 6 mm upstream of the burner wall can be deformed. Using an FFD box
of 24x2 control points, a spacing between the points of 0.5 mm results. Furthermore, the height
of the FFD box is set at 12 mm, the same height as the inflow radius. This way, all points on
the burner wall that are inside the FFD box can be parameterized.

7.2 Simulation results

In Figure 7.3 the velocity results for the optimization as described above are presented. The
deformed results are displayed in the top half of the figure, whereas the original model is shown
in the bottom half. Although the surface is definitely deformed after the optimization, the
velocity results do not show obvious differences. This is also represented in Figure 7.3c, where
the initial results are shown in the left half of the figure and the results after optimization in the
right half. Although the deformation has made the profile a little better in the tapered section,
this effect is not visible at the outflow surface.
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(a) Full velocity profile

(b) Close-up of velocity profile
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(c) Velocity results

Figure 7.3: Comparison between optimized burner (top) and initial model (bottom)

Figure 7.4 shows a close-up of the deformed section of the burner surface for the initial situation
and after 10, 30 and 55 iterations. Between these iterations, the edge of the slope is gradually
becoming more rounded. This allows for a smoother transition in the flow velocity.

Figure 7.4: Burner wall for iteration 1, 10, 30 and 55
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Although the surface has deformed noticeably, this large effect is not represented in the value
of the objective function as shown for 55 iterations in Figure 7.5a. Another thing that can be
noted is the small discontinuity in the deformed surface. This originates from the edge of the
initial model where the sloped section starts. While the FFD smoothens the surface, the large
discontinuity in the initial model has not fully disappeared in the deformed result. For this
model it is assumed that this discontinuity does not considerably influence the results. However,
if this would be considered a problem, the discontinuity could be removed by refining the mesh
in this area and increasing the number of control points. This increases the amount of control
over the deformation, which allows the surface to be deformed more smoothly.
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Figure 7.5: Results of optimization procedure

The value of the objective function does not decrease much during the 55 iterations, with a
decrease in the objective function value of 0.5%. In Figure 7.5b the velocity profile on the burner
outflow surface is presented. In accordance with the objective function results there is practically
no difference between the results of the first iteration and after 55 iterations. However, the
results as obtained using this model are not in accordance with those of the parameter study.
The outflow velocity profile keeps rising from the wall to the axis of symmetry, which implies
that a further improvement can be made by either decreasing the outflow surface or increasing
the upstream radius. Three other simulations are done in order to investigate whether another
shape of the FFD box, an increased amount of control points or another inlet radius would lead
to improved results. The FFD boxes for these simulations are shown in Figure 7.6.

(a) Model 1, 2 (b) Model 3

Figure 7.6: Other FFD boxes used in optimization procedure
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In the FFD box in Figure 7.6a, the size of the burner radius upstream of the tapered edge is
kept constant and the burner outflow surface is allowed to be deformed. In this representation,
this is done using a grid of 12x2 and 24x2 control points for respectively model 1 and 2. Model
3 represents the same model as used initially in this section. Instead of an inlet radius of 12 mm,
an inlet radius of 11 mm is taken and the inlet velocity is scaled accordingly to provide equal
burner outflow conditions. This is expected to have a less uniform flow profile, which leaves
more room for improvement. The results of optimizations using these FFD boxes are shown in
Figure 7.7.
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Figure 7.7: Results of optimization procedures using different FFD boxes

The results from all three models show a change in objective function value similar to the model
as used initially. As expected, the model with an inlet radius of 11 mm performs worse than the
models with an inlet radius of 12 mm and does not lead to better results after optimization.

Prevention of nonvalid deformations

Because of the improvement in the initial shape and the corresponding decrease in the magnitude
of the deformations, the deformations were small enough that during this procedure no nonvalid
elements occurred in the mesh after deformation. As a test, model 1 from figure 7.6 is deformed
using a larger deformation magnitude. An added advantage of this large deformation is that
this procedure can be used to see whether a further improvement in the objective function value
is achieved. In Figure 7.8 the initial deformed mesh and the mesh after the recursive lowering of
the control point deformations are displayed around the tip of the burner.

(a) Grid after initial deformation (b) Grid after recursive procedure

Figure 7.8: Deformed grid before and after prevention of nonvalid elements
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In this deformation the points on the burner outflow surface and top wall are moved towards the
axis of symmetry. This decreases the area of the burner outflow surface, as would be expected
from the results of the parameter study. However, since the top node of the burner wall is
kept fixed to keep the outer boundary of the model straight, the top edge of the burner wall is
stretched. This large stretch gives rise to nonvalid elements occurring in this area.

Through the recursive lowering of the deformation magnitude, the nonvalid points are removed
from the grid. After this deformation, the simulation continues and similar results to those
shown earlier in this section result. It can be concluded that the mesh quality has improved as a
result of this procedure. This means that the implementation of this procedure has made the
automatic optimization procedure more robust.

The multiple optimization procedures have not led to a considerable improvement in the objective
function value, while it should be still possible to achieve a more uniform velocity profile. A
possible solution to this is to gain more control over the surface through a further refinement of
the grid and using more control points in the FFD box. However, this is left as an opportunity
for further research.

Combustion results

As a consequence of the lack of improvement in the burner outflow velocity profile in the
adjoint-based optimization, a new simulation involving combustion has been done on the model
resulting from the parameter study. This has the advantage that a good mesh quality can be
ensured since no extra deformation is done after construction of the mesh.

As the flow does not change in most of the burner tube, only the tapered section of 6 mm and a
straight section of 6 mm upstream of this section is modeled for this problem. Downstream of
the burner outflow area the same mesh as in the CFD simulation of Section 3 is used, upstream
an element size of 0.04 mm is used along the entire surface parallel to the axis of symmetry. Due
to the structured nature of the mesh, the element size in the direction tangential to the axis of
symmetry increases gradually to 0.08 mm. In Figure 7.9 the result of this simulation is shown in
the top half of the figure, with the results from Section 3 in the bottom half.

(a) Temperature (b) Velocity

Figure 7.9: Comparison of results using combustion: improved (top) and initial (bottom)
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The temperature plot shows that the straightness of the flame surface has increased, especially
close to the burner outflow surface. The reason for this is illustrated through the velocity results,
where the velocity profile of the optimized results is uniform on the entire outflow surface and
shows a large difference in the initial results. In Figure 7.10 the velocity results are plotted
for the five locations indicated in Figure 7.9, where the y coordinate is negative for the initial
results and positive for the optimized results.
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Figure 7.10: Velocity tangential to axis of symmetry: initial (left) and optimized (right)

These results show that the velocity uniformity on the burner outflow surface has an effect
on the velocity profile in the entire unburnt area. Whereas the parabolic profile of the initial
burner tube leads to a curved profile in the unburnt area downstream, the uniform profile in the
optimized model stays preserved.

Another thing that can be noted is that the profile at the burner outflow surface is more uniform
than in the flow without combustion. This might point to an inaccuracy in the results of one of
the simulations or the effect the added combustion has on the outflow velocity. However, the
exact reason for this difference is left for further research into this subject.

The objective function for this simulation has a value of 0.143, whereas the initial value as
calculated in the initial CFD simulation was 0.538. This corresponds to an improvement of
73%. Furthermore, by far the largest contribution to this value is due to the influence of the
wall, which cannot be completely removed. Therefore, it can be said that a geometry close to
the optimal shape has been designed with respect to uniformity of the velocity on the burner
outflow surface.
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8 Conclusion

In this research, the open-source shape optimization software SU2 is used to improve the
uniformity of the velocity profile at the outflow surface of a Bunsen-type burner using an
adjoint-based optimization procedure. The Flamelet Generated Manifold combustion model as
implemented in the software is validated on this model in an initial CFD simulation. Furthermore,
it is found that the outflow velocity of the burner is similar to that in a burner tube without
combustion, which has a Poiseuille profile. Therefore, optimization is done using a cold flow in
similar conditions to allow for a more efficient optimization process.

Through an initial adjoint-based optimization procedure it is found that while the burner
geometry can be improved 55% using the straight tube of the Bunsen burner, the required
deformations in combination with the characteristics of the deformation software can lead to
invalid elements occurring in the mesh after deformation. This can lead to either divergence of
the results or convergence to a state that cannot be physically realized.

The convergence issues resulting from the deformation are avoided through use of two methods:
improving the initial geometry in a parameter study that uses the information gained from the
initial deformation and the implementation of an iterative procedure in which the validity of the
deformed mesh is ensured within both the FFD surface deformation and the deformation of the
internal elements. In this procedure the deformation magnitude of the control points is adjusted
up to the point just under that in which the nonvalid deformations will result, which is shown
to provide valid deformations.

The parameter study has shown that the objective function value is decreased if the tip of the
burner is tapered towards a smaller outflow radius. It is found that for outflow radii lower than
half of the inlet radius the objective function does not considerably decrease further and that
lowering the length of the transition does not have a large effect, as long as it is sufficiently
small.

In an additional adjoint-based optimization procedure using a model with an outflow radius that
is half of the inlet radius and an equal length of the transition between the large and small radius
no significant improvement is achieved, while this should still be possible. Through gaining
more control of the deformations by refining the mesh and adding more control points, the fully
optimized model might be obtained in further research.

In a comparison between the original CFD simulation of the burner tube and the optimized
results a clear difference is observed in the straightness of the flame resulting due to a more
uniform velocity profile at the outlet. The value of the objective function has decreased with
73% after the optimization, with the greatest remaining part resulting from the behavior near
the wall. Since the velocity will always be zero at the wall, it can be concluded that the achieved
solution approaches the optimal design for the burner tube.
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Future research

The algorithms added that ensure the validity of the mesh after both the surface deformation
using FFD and the deformation using the linear elasticity equations are shown to work well in
combination with the adjoint-based optimization procedure. However, the iterative procedure
converges to the point where the geometry is at the edge of becoming invalid. This can lead
to walls that have zero thickness, which could be seen as an undesirable result. By imposing
a constraint on the minimum wall thickness in the surface deformation algorithm, the desired
thickness can be achieved.

In the algorithm that prevents nonvalid elements from occurring in the deformed mesh, the
elements are deformed in a similar way, up to the point where the element of the worst quality
is on the edge of becoming nonvalid. If the desired movement is then in the direction that would
make this element nonvalid, no further deformations can be achieved. In further a procedure
could be implemented that improves the quality of the mesh after deformation, through which
further deformations can be achieved in the desired direction.

While the optimization on the burner tube after the parameter study has shown deformations,
only a small decrease in the value of the objective function is achieved while a further improvement
could be made. In this research no definite answer is given as to why this deformation did not
result in the fully optimized geometry. Through further refinement of the mesh and using an
FFD box with more control points, a greater level of control can be gained on the geometry. This
might give the fully optimized results and a definite answer to the question what the optimal
shape is for uniformity of the velocity profile on the outflow surface of a Bunsen burner.
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A Governing equations

A.1 Preconditioning matrix construction

In Section 2 it has been described that the equations for conservation of mass, momentum
and energy are transformed from using the variables U = [ρ, ρv̄, ρcpT ]T to primitive variables
V = [ρ, v̄, T ]T through use of a preconditioning matrix.

This preconditioning matrix is used to aid in the convergence at low Mach numbers by introducing
a coupling between the pressure and velocity. In this section, the transformation is described in
more detail, as elaborated by Economon [11].

Equation A.1 shows the incompressible Navier-Stokes equations as a function of variables
U .

R(U) =
∂U

∂t
+∇ · F̄ c(U)−∇ · F̄ v(U,∇U)−Q = 0 (A.1)

In this equation, the convective and viscous fluxes and the stress tensor are respectively written
as:

F̄ c =


ρv̄

ρv̄ ⊗ v̄ + ¯̄Ip
ρcpT v̄

 F̄ v =


.
¯̄τ

κ∇T

 ¯̄τ = µ(∇v̄ +∇v̄T )− µ2

3
¯̄I(∇ · v̄)

For the transformation from R(U) to R(V ), first ∂U
∂t is rewritten as:

∂U

∂t
=
∂U

∂V

∂V

∂t
= M

∂V

∂t

In this equation, M is the derivative of U with respect to V . With ρp as the derivative of density
ρ with respect to pressure p and ρT as derivative with respect to temperature T , this gives:

M =


ρp 0 0 ρT
ρpu ρ 0 ρTu
ρpv 0 ρ ρT v
ρpcpT 0 0 ρT cpT + ρcp


After this, the system is simplified by introducing a matrix K and premultiplying all terms by
this matrix which converts the system to a nonconservative form. Here, K is chosen as:

K =


1 0 0 0
−u 1 0 0
−v 0 1 0
−cpT 0 0 1


This gives for the nonconservative system:

KM
∂V

∂t
+∇ ·KF̄ c(V )−K∇ · F̄ v(V,∇V )−KQ = 0
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With

KM =


ρp 0 0 ρT
0 ρ 0 0
0 0 ρ 0
0 0 0 ρcp


Incompressibility is introduced in this system by stating that in an incompressible system, ρ is
only dependent on the temperature: ρ = ρ(T ), which would mean that ρp = 0. However, in this
preconditioning method the coupling of pressure and velocity is introduced by taking ρp = 1

β2

with β2 = ε2(v̄ · v̄)max where the value of ε can be defined by the user and has a default value of
2.0 in this case. This gives the nonconservative preconditioning matrix Γnc:

Γnc =


1
β2 0 0 ρT
0 ρ 0 0
0 0 ρ 0
0 0 0 ρcp


A conservative form is retrieved back by premultiplying the entire system by K−1. This gives
for Γ:

Γ =


1
β2 0 0 ρT
u
β2 ρ 0 ρTu
v
β2 0 ρ ρT v
cpT
β2 0 0 ρT cpT + ρcp


The final form of the governing equations for the flow as a function of the primitive variables is
now retrieved and is written as:

R(V ) = Γ
∂V

∂t
+∇ · F̄ c(V )−∇ · F̄ v(V,∇V )−Q = 0 (A.2)

A.2 Flamelet generated manifold method

In Section 1, it has been described that the Flamelet Generated Manifold (FGM) method is
used in this project to model combustion in the simulations. In Section 2, the most important
choices for using this method are shown to the reader that is familiar with this technique. In
this section, a more detailed explanation of the method is provided and the choices made for the
variables used to control the combustion problem are elaborated.

Perhaps the most important assumption behind this method is that a multi-dimensional flame
can be seen as a set of one-dimensional curves, called flamelets. Through this assumption,
combustion can be modeled using one-dimensional flame characteristics [14].
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One-dimensional flame simulation

The first step in the FGM process is the simulation of a one-dimensional, premixed flat flame.
For this calculation, the species mass fractions as used in the multi-dimensional case are used.
This procedure can be carried out using specialized combustion software that calculates the
flame using detailed chemistry equations, such as CHEM1D [15]. From this simulation, the
characteristics of a one-dimensional flame can be retrieved. In Figure A.1, the species mass
fractions of O2, CO, CO2 and H2O are shown for the simulation of a stoichiometric methane/air
flame.
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Figure A.1: Stoichiometric flame characteristics
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Figure A.2: Species mass fractions as
function of YCO

From this figure, it can be seen that the species mass fractions of O2, CO2 and H2O have
a unique value within the entire flame area, while the mass fraction CO first increases to a
maximum and then decreases. This unique mapping between the species mass fractions and
the progression within the flame can be exploited within the FGM method to derive the entire
flame characteristics based on the value of the mass fraction of one species. This is illustrated
in Figure A.2, for the mass fractions of the same species as a function of the mass fraction of
CO2.

Progress variable selection

The variable used to characterize the progression of the flame between the unburnt and the
burnt side is called the progress variable, indicated with Y. In principle, this can be any linear
combination of species mass fractions [14]. However, the extent to which this variable is useful to
define the entire flame characteristics is dependent on a couple of factors. Besides the uniqueness
of the mapping between the mass fraction and the progression of the flame, the slope of the
mass fraction increase or decrease is important.
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In Figure A.1, the importance of this increase can be seen in a comparison between the mass
fraction of CH4 and CO2. For the former, the difference in mass fraction value is a lot smaller
than that of the latter after x = 0.05 cm. In practice, due to the limited accuracy of the
computational method, this could mean that a small error in the mass fraction of CH4 as the
progress variable have a much larger effect on the value of the mass fraction of CO2. This
behavior is especially large for calculation of the source terms of the different species. In Figure
A.3, this is illustrated for the source terms of the species used as a progress variable. Here,
profiles of the source terms are a lot smoother as a function of CO2 than those of the other
species.
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Figure A.3: Source terms as a function of mass fractions

Tabulation of characteristics

During runtime of the two-dimensional simulation, the following conservation is solved for this
variable, as shown in Section 2:

∂(ρY)

∂t
+∇ · (ρūY)−∇ ·

(
ρD∇Y

)
−Q = 0 (A.3)

In these equations, ρ represents the density, ū the velocity vector, κ the thermal conductivity,
D the diffusivity and Q the source term, which includes for instance the chemical source term

˙omegaY and the contributions due to axisymmetry of the problem.

In this method, the variables that are not solved using the governing equations as explained in
Section 2 are stored in a lookup table. This table, calculated prior to calculation, contains all
relevant flow parameters calculated through detailed chemistry equations as a function of the
progress variable. During runtime of the simulation, the values of these variables are retrieved
from the table and used to solve Equation A.3.
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Multi-dimensional manifold

In order to provide a better accuracy for the FGM method, more progress variables can be used
to characterize the position within the flame. The addition of these extra variables can decrease
the inaccuracies as described earlier in this section at the expense of a longer computational
time due to having to calculate an extra conservation equation for the additional progress
variable.

One method of adding this extra variable to the lookup table is to first do an initial simulation
of the one-dimensional flame. From this simulation, the characteristics of the entire flame and
therefore both progress variables are known. Then, if two other one-dimensional simulations are
done while keeping one of the variables constant in every simulation, a triangle-like structure
is constructed. This can then be done for the entire path from the unburnt to the burnt side,
which gives the full two-dimensional manifold. Analogously, more additional progress variables
can be added to the simulations.

A.3 Adjoint equation derivation

In Section 2.2 the equation for the sensitivity of the user-defined objective function with respect
to changes in the vector of design variables α is given. This is written as [11]:

dJT

dα
=
∂JT

∂α
+
∂T

∂V

∂V

∂α
(A.4)

In order to arrive at the expression for the adjoint equations, it is assumed that the equations
governing the flow is dependent on the design variables α and the flow state V , which itself is
also dependent on α: R = R(α, V (α)). In Section 2.2 it has been described that the governing
equations for the flow are required to satisfy R = 0, which also implies that the derivative of R
is with respect to α is equal to zero:

dR

dα
=
∂R

∂α
+
∂R

∂V

∂V

∂α
= 0 (A.5)

Now, if the solution of Equation A.5 is multiplied by the arbitrary Lagrange multiplier Ψ and
subtracted from Equation A.4, this gives:

dJT

dα
=
(∂JT
∂V
−ΨT ∂R

∂V

)∂V
∂α

+
∂JT

∂α
−ΨT ∂R

∂α

If the so-called adjoint state Ψ is now chosen such that the term ∂JT

∂V − ΨT ∂R
∂V = 0, the final

equations as presented in Equation 2.2 result. For completeness, these equations are written
as:

dJT

dα
=
∂JT

∂α
−ΨT ∂R

∂α
with

∂RT

∂V
Ψ =

∂J

∂V
(A.6)
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A.4 Algorithmic Differentiation

In Section 2.2 it has been described that Algorithmic Differentiation (AD) can be used to
efficiently calculate the derivative of either multiple output functions with respect to a single
input variable in the forward mode or the derivative of a single output function with respect to
multiple input variables in the reverse or adjoint mode. In this section, the calculations used in
both modes will be described in more detail through use of an example.

The calculation of derivatives in AD is done using a repeated application of the chain rule and by
simplification of the equations into single operations. The resulting structure, the computational
graph, can then be visualized to show the dependence between the input and output variables.
[36]. In Figure A.4 this is shown for the equation f(x1, x2) = ln(x1) + x1x2 − sin(x2) where the
operations as done on the input values are displayed within each node [37].

Figure A.4: Computational graph for f(x1, x2) = ln(x1) + x1x2 − sin(x2)

Using this graph, the values vi that are calculated can be used in the differentiation of the
solution. In the forward mode, the process is followed from the input to the output. Here, the
input values xi and their derivatives ẋi are provided. These variables then traverse the graph
from left to right, passing through the nodes where the derivative operations from Figure A.4
are applied to the input variables. This process is shown in Figure A.5.

Figure A.5: Forward mode of AD
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In this method, the input variables ẋi are dependent on the derivative represented by ḟ . Here, if
the derivative with respect to x1 is calculated, (ẋ1, ẋ2) = (∂x1∂x1

, ∂x2∂x1
) = (1, 0). Similarly, if the

derivative with respect to x2 is calculated, (ẋ1, ẋ2) = (0, 1). This way, in each pass through
the graph the derivative of the output function with respect to a single input variable can be
calculated. Consequently, the amount of passes through this graph is linearly dependent on the
amount of input variables.

In the reverse, or adjoint mode of AD, the derivatives are calculated by traversing the graph
in the opposite direction of the primal. Here, the input values are the value of the objective
function f(x1, x2) and its derivative with respect to itself. This gives f̄ = 1. In Figure A.6, the
operations as done are displayed.

Figure A.6: Adjoint mode of AD

In order to illustrate what is calculated in this figure, the combination of this graph with the
primal trace as shown in Figure A.4 is made. Using this method, the derivative of f with respect
to both x1 and x2 can be calculated by traversing the graph only once. Analogous to the case
in the forward mode where the derivatives of xi are either 1 or 0, the derivatives of additional
objective functions in the adjoint mode would be either 1 or 0 based on which partial derivative
is taken. Therefore, the amount of passes through this graph increases linearly with the amount
of objective functions.

Figure A.7: Adjoint mode of AD applied to f(x1, x2) = ln(x1) + x1x2 − sin(x2)
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A.5 Free form deformation basis functions

The procedure of Free Form Deformation (FFD) has been described briefly in Section 2.3. There,
the equation that provides the mapping between the control point positions and the cartesian
coordinates of the deformed surface points has been presented in Equation 2.7. In this equation,
it has been explained that the specific interpolation between control points and deformed
object point coordinates is dependent on the value of so-called basis functions. Although more
representations exist, in this section these basis functions will be described in more detail for
blending using Bézier curves.

Bézier blending functions

The basis functions of Bézier polynomials are more commonly referred to as Bernstein polynomials
[4, 26]. The value of this polynomial is dependent on three parameters, the parametric coordinate
u, degree p and index i. Using these parameters, basis function i of degree p can be written as
[26]:

Bp
i (u) =

p!

i!(p− i)!
ui(1− u)p−i (A.7)

In this equation, parametric coordinate represents the position of the point under consideration
with respect to the FFD box as described in Section 2.3 and index i represents the number of
the control point under consideration.

The value of degree p is a value that can be chosen by the modeler and represents the ’smoothness’
of the curve. Here, an increased degree of the curve leads to a smoother curve. In Figure A.8,
this is represented for the basis functions of degree 1, 2 and 4.
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Figure A.8: Bézier blending basis functions

Another method for calculation of the value of basis function Bp
i for a fixed value of u can be

achieved through the recursive property of this type of curve [26]:

Bp
i (u) = (1− u)Bp−1

i + uBp−1
i−1 (u)

Here, Bp
i = 0 if i < 0 or i > n. Using the property that Bézier curves of degree 0 are either 0 or

1, this method can be more efficient than the direct calculation of the value through use of the
Bernstein polynomial.
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B CFD simulation

B.1 Detailed chemistry simulation

The results of the CFD simulation are validated using a laminar finite-rate chemistry model in
the commercial software ANSYS Fluent as described in Section 3. In this section the chemistry
model is explained and the choice for the mesh size is shown.

Finite-rate chemistry model

At the core of the equations governing the finite-rate chemistry model are the equations for
continuity of species, solved in addition to the Navier-Stokes equations. In these equations, a
separate differential equation is solved for every species available in the mixture. In Equation
B.1, this equation is shown [14].

∂(ρYi)

∂t
+∇ · (ρūiYi) = ω̇i (B.1)

In this equation, ρ represents the density of the entire mixture, which is the sum of the density
of all individual species. Yi represents the mass fraction of species i. Furthermore, ūi represents
the specific velocity of species i.

The final term in Equation B.1, ω̇, represents the mass reaction rate. This is the mass of species
i produced or consumed per unit volume and time. The value of the mass reaction rate ωi is
based on the chemical reactions that take place in the mixture. The calculation of this variable
is shown through use of the reaction between atomic oxygen (O) and hydrogen (H2) that forms
atomic hydrogen (H) and hydroxyl (OH) [38]:

O +H2 → H +OH

This reaction can be written in a more general form by summing the contributions over the total
number of species Ns:

Ns∑
i=1

ν ′iMi
kf−→

Ns∑
i=1

ν ′′iMi

In this expression, ν ′i and ν ′′i represent respectively the stoichiometric coefficients before and
after the reaction of species i. Here, species i is represented by Mi. The rates at which these
reactions occur are proportional to the concentrations of the species present before the reaction,
with kf as the forward reaction rate coefficient defined by the so-called Arrhenius expression
[39]:

rf = kf [O][H2] with kf = AT βexp(−Ea/(RT ))
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In this description, rf represents the reaction rate of the forward reaction. [O] and [H2] are the
concentrations of respectively molecular oxygen and hydrogen. A and β are reaction constants
and Ea is the activation energy. The values of the variables contained in kf are included in
the input file for the reaction mechanism. Using the same notation and the fact that every
reaction can take place in both directions, the general expression for the reaction is extended
using backward reaction rate kb to [38]:

Ns∑
i=1

ν ′iMi

kf


kb

Ns∑
i=1

ν ′′iMi

Now, the expression for the reaction rate can be extended to include the backward reaction
rate. Using the same expression of the equations involving the reaction itself, with [Mi] the
concentration of species i, this gives:

r = kf

Ns∏
i=1

[
Mi

]ν′i − kb Ns∏
i=1

[
Mi

]ν′′i
Now, by summing the contributions of the reaction rate over all reactions R as used in the
mechanism, the total source term of species i can be calculated [14]:

ω̇i = Mi

R∑
j=1

(ν ′′ij − ν ′ij)rj (B.2)

As a consequence of the species interacting with each other and each species having interactions
with multiple other species, the conservation equations for all species are coupled through the
source terms.

Mesh size

The model setup for the simulations in Fluent is taken similar to that in the SU2 simulations, to
allow for a direct comparison. This means that the boundary conditions are taken as presented
in Figure 3.1. The heat of reaction has been used to base the mesh size on, where it is required
to increase and decrease over multiple elements. Using the same mesh as in the SU2 simulation,
this is shown in Figure B.1. Based on these results, the mesh size is assumed to be fine enough
to accurately represent the flame.

Figure B.1: Heat of reaction around the burner outflow surface
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C Unconstrained optimization

C.1 Boundary conditions for nonphysical deformations

In Section 4, two examples are presented of deformations that lead to nonphysical results
after deformations. In one of these examples, the simulation did converge. However, the
resulting geometry could never be achieved in a real model. This is shown in Figure C.1a.
The other model, as shown in Figure C.1b, led to divergence of the results and thereby to
the optimization procedure being stopped. In this section, the setups for these problems are
described in more detail and the origin of the nonphysical deformations are elaborated for each
of the examples.

(a) Converging deformation (b) Diverging deformation

Figure C.1: Examples of nonphysical results after deformation

Converging deformation

This model is setup as a response to the deformation of the burner outflow surface as presented
in Section 4. In this model, an effort is done to keep the burner outflow surface straight by
decreasing the amount of deformation close to the outflow surface. This is done by deforming
only a part of the burner tube, instead of the entire tube as done before. In this FFD box a
grid of 40x2 control points is used as opposed to the 50x2 in the original model. This is done to
achieve the same control point spacing of 2 mm. In Figure C.2, this FFD box is shown.

Figure C.2: FFD box definition for converging model

Besides allowing deformations of only a part of the burner tube, an additional constraint has
been imposed on the FFD box: the position of the upper row of control points is fixed. Through
this constraint, the location of the inner burner wall cannot be influenced by the possible
deformations of the top row. This provides a direct relation between the deformation of the
bottom row of control points and the inner burner wall.
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As a consequence of the way deformations are performed in FFD as described in Section 2,
deformation of the bottom row of control points has a larger effect on the inner burner wall
than on the top burner wall. Therefore, a deformation of the lower row of control points in the
direction of the upper row will lead to the two burner walls being moved closer together.

In case the required deformations are too large, the control points on the lower row can cross
those on the upper row. As a consequence, the two burner walls can intersect. This has led to
the nonphysical deformation occurring. As an illustration, this is shown in Figure C.3. Here,
the undeformed FFD box is shown in gray, the deformed FFD box in red.

Figure C.3: FFD box definition for converging model

Diverging deformation

For this deformation, the setup of the problem is equal to the one shown in Section 4 except for
the maximum deformation of the control points. This magnitude is set in such a way that the
deformation is large enough to provide a noticeable change in the geometry, but small enough to
perform deformations that are physically valid.

Although this method can be used to directly influence the magnitude of the control point
deformations in the first iteration to provide the desired results, this does not provide fully
reliable results in consecutive iterations. As a consequence of the deformation of the model, the
sensitivity of the objective function with respect to the control point positions is changed. In
case of an increased sensitivity, the magnitude of the change in control point positions is also
increased. If this is not taken into account by the modeler, this can lead to the deformations
being too large for the model to handle and the deformation as shown in Figure C.1b.
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D Prevention of nonvalid deformations

D.1 Partial derivatives of Bézier surface

In Section 2.3 the construction of a surface using Bézier basis functions has been described. The
function that defines this surface, also described in Equation 2.7, is given as [4]:

F̄ (u, v, w) =
L∑
i=0

M∑
j=0

N∑
k=0

Bi(u)Bj(v)Bk(w)P̄ijk

In this equation, F̄ represents function used to retrieve the cartesian coordinates of a point on
the surface. The location of this point is then defined as a function of parametric coordinates
(u, v, w) that can assume a continuous value between 0 and 1, through Bézier basis functions B
and control points P̄ with index i, j and k depending on the amount of control points as defined
in every direction x, y and z.

Calculation of the derivative of surface F is done using the chain rule. In this calculation, it is
first noted that the control point positions are fixed, which means that their derivatives are 0.
Furthermore, the parametric coordinates u, v and w are by definition independent of each other,
as described in Section 2.3. Specifically, this means that the derivative of a basis function of one
parametric coordinate with respect to another is always 0. Using this knowledge, the derivative
of function F with respect to parametric coordinate u is defined as:

∂F̄

∂u
=

L∑
i=0

M∑
j=0

N∑
k=0

B′i(u)Bj(v)Bk(w)P̄ijk (D.1)

In this equation, B′i(u) represents the derivative of basis function B with respect to parametric
coordinate u.

Basis function derivative

The definition of the basis functions using Bézier blending is described in Section 2.3. For
the function with index i and degree p, this is defined as, as also presented in Equation 2.8
[26]:

Bp
i (u) =

p!

i!(p− i)!
ui(1− u)p−i

Using this definition and the chain rule, the definition of its derivative with respect to parametric
coordinate u can be written as:

dBp
i (u)

u
= i
( p!

i!(p− i)!
ui−1(1− u)p−i

)
− (p− i)

( p!

i!(p− i)!
ui(1− u)p−i−1

)
Now, the first part of this equation can be rewritten in terms of i− 1 and the second part in
terms of both i− 1 and p− 1 by taking apart the factorials:

dBp
i (u)

u
= i

p

i

( (p− 1)!

(i− 1)!(p− i)!
ui−1(1− u)p−i

)
− (p− i) p

p− i

( (p− 1)!

i!(p− i− 1)!
ui(1− u)p−i−1

)
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Rewriting this expression gives:

dBp
i (u)

u
= p
( (p− 1)!

(i− 1)!(p− i)!
ui−1(1− u)p−i − (p− 1)!

i!(p− i− 1)!
ui(1− u)p−i−1

)
In this expression, the two terms within the brackets can now be written as Bézier basis functions
of degree p− 1 as shown in Equation D.2. In this equation, since the basis functions Bp−1

−1 and

Bp−1
p are not defined, their values are taken to be 0 by definition [26].

dBp
i (u)

u
= p
(
Bp−1
i−1 −B

p−1
i

)
(D.2)

This expression for the derivative of the basis functions can now be used for calculating the
partial derivatives of the deformed points in the FFD surface with respect to the parametric
coordinates as presented in Section 5. Through use of these partial derivatives, the determinant
of the Jacobian matrix for the FFD deformation and subsequently possible self-intersections
within the deformed surface can be calculated.
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