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Abstract
The rotating anode in X-ray tubes might fail due to fatigue fracture. Large fluctuating
thermal gradients occur on the tungsten-alloy top layer of the anode. This causes high ther-
mal stresses and may lead to a fracture pattern known as the ’mud cracking pattern’. This
mud cracking pattern results in a decreased X-ray dose output and affects the lifetime of the
anode. The goal of this study is to investigate if fatigue crack growth is a possible failure
mechanism caused by cyclic loading.
First, a defect-free fatigue analysis is performed. Two defect-free fatigue approaches are
selected, namely a low-cycle-fatigue approach and a thermo-mechanical-fatigue approach.
These approaches take plastic material behaviour and temperature differences during cyclic
loading into account. The results of a simplified thermo-mechanical fatigue model, with
elastic-plastic material behaviour, are used for the fatigue approaches. The number of cycles
at which crack initiation occurs, is different for both methods.
Second, a fracture-mechanical fatigue analysis is executed. Fatigue crack growth is de-
scribed by the cyclic energy release rate and the number of cycles to failure. To properly
take into account elastic-plastic material behaviour and cyclic loading, the energy release
rate is determined using an approach called virtual crack extension. A simplified fracture-
mechanical fatigue model is constructed with similar material behaviour compared to the
thermo-mechanical fatigue model in the defect-free analysis. The results imply that no crack
growth takes place further into the layer.
In conclusion, the defect-free fatigue analysis shows that crack initiation might take place
after a certain number of cycles. The fracture-mechanical fatigue analysis demonstrates that
no crack growth occurs further into the layer.
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1 Introduction
In this study the fatigue fracture behaviour of rotating anodes in X-ray tubes is reviewed. This
chapter characterizes the anode and describes relevant aspects of fatigue fracture behaviour
of the anode.

1.1 X-ray generation

X-ray imaging devices are used for diagnostic purposes in medical imaging systems, but also in
industry for non-destructive testing [1]. Within the electrical field of an X-ray tube, electrons
are released by heating a metallic coil called the cathode and impinge on a metallic disc called
the anode. X-rays are generated by the impact of the electrons on the anode. This process
takes place in a vacuum environment. Only 1% of the total electron energy is converted in X-
rays, the remaining energy is converted into heat [2]. Hence, thermal management is of great
importance in X-ray generation. Refractory metals are required because of their suitability
at high temperatures [3].
A schematic overview of the X-ray tube is displayed in Fig. 1.1. The anode has a rotating
frequency range from 50 to 200 Hz to control the heat production, since the temperature of
the anode decreases at higher angular velocities [4].

X-rays

e
−

VacuumW-Re anode

CathodeFocal spot

Figure 1.1: Rotating anode glass tube insert. Electrons are accelerated from the cathode
to the anode. X-rays emerge from the focal spot of the anode [3].

The anode contains a film-substrate sintered composition of refractory metals by using a
tungsten-rhenium alloy (W-Re) film on a substrate of a molybdenum alloy with zirconium and
titanium additives (TZM). Graphite could be added to the back of the anode for additional
heat dissipation. The anode has a film thickness of 1 mm and a substrate thickness of 20
mm. A cross-section of a typical anode is displayed in Fig. 1.2.

1 Numerical analysis of fatigue fracture of rotating anodes in X-ray tubes



Technische Universiteit Eindhoven University of Technology

TZM GraphiteW-Re layer

Figure 1.2: Example of a used anode, broken in half for inspection [3].

1.2 Failure mechanisms

High thermal stresses are caused by high power input, high angular velocities and large
temperature gradients during operation of the anode. High thermal stresses may lead to
surface roughening effects in the anode and are known as ’mud cracking patterns’. These mud
cracking patterns result in a decreased X-ray dose output of the anode and affect the lifetime
of the anode [3]. Typical surface roughening is presented in Fig. 1.3.

Figure 1.3: Surface roughening of the focal track of an anode after heavy life cycle testing.
Mud cracking patterns are clearly visible [3].

Previous work has been done to understand the basic mechanisms of surface roughening
of the anode [5]. A thermo-mechanical model has been developed to study the structural
behaviour of the anode during and after exposure. This study shows local expansion due to
the transient loading, while the colder surrounding material prevents expansion. This leads
to compressive stresses resulting in plastic deformation. Compressive stresses are converted
into tensile stresses during cooling and cracks could occur when the tensile strength has been
reached.
The loading conditions of the anode are cyclic due to rotation of the anode, which results
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in repeated heating and cooling. Fatigue failure could occur after a certain number of cy-
cles. This phenomenon is observed in the International Thermonuclear Experimental Reactor
(ITER) studies [6, 7]. A fatigue analysis is performed on a pure tungsten mono-block sub-
jected to a high cyclic heat flux. These studies show that cyclic heat flux results in fatigue
failure. In addition, experiments performed by Behling [3], displayed in Fig. 1.3, show that
crack propagation most likely occurs after heavy life cycle testing. Therefore, fatigue failure
is expected to be the critical failure mechanism.

1.3 Literature study

1.3.1 Material properties

The high melting temperature of 3420K [8] and thermal conductivity are the main advantages
of tungsten (W). However, W has a high ductile-to-brittle transition temperature (DBTT)
between 523-873K depending on the production method, microstructure and material purity
[9–11]. The ductile-to-brittle transition (DBT) is particularly influenced by the temperature
dependent yield stress, since the yield stress determines at what stress level plastic material
behaviour takes place.
This process is displayed in Fig. 1.4. At low temperatures, the yield stress is high and
the material shows brittle behaviour. The yield stress (σy,0) is nearly equal to the fracture
strength (σ̂), so no plastic deformation is possible. At high temperatures, the yield stress is
low, causing plasticity and ductile material behaviour before reaching the fracture strength
or critical strain. The transition between ductile and brittle material behaviour is called the
DBT, which is indicated with the dashed line. The temperature range during operation of
the anode overlaps partially with the DBT temperature, so both brittle and ductile material
behaviour can occur.

σ

ε

DBT

σy0(T )

σ̂(T )

Fracture

T

Figure 1.4: Schematic σ−ε-curve for different temperatures, with an indication of the DBT.

To limit brittle behaviour of tungsten, rhenium (Re) can be added. Hence, the yield stress
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decreases, causing an increased ductility and lower DBTT [12]. Another option to limit brittle
behaviour of tungsten is increasing the base temperature of the anode above the DBTT, using
a uniform preheat treatment of the anode.
Thermo-mechanical properties, such as the Young’s modulus are temperature dependent [4].
The W-Re material properties of the anode material are not known. Therefore, typical values
of comparable materials are obtained from literature. These adjustments will most likely
affect the failure mechanisms.

1.3.2 Fatigue

Fatigue behaviour can be reviewed either using a defect-free approach or a fracture-mechanical
approach [13]. Both approaches are described in the following sections.

Defect-free approaches

The defect-free approaches assume a defect-free specimen and characterize failure in terms
of cyclic stresses or strains. The fatigue life (Nf ) is the number of cycles to initiate and
propagate a crack until failure occurs. Crack initiation is the major component of the fatigue
life, therefore it represents the fatigue life in many cases [13]. Two commonly known defect-
free approaches are stress-based and strain-based fatigue.
Stress-based fatigue is applied in the high cycle fatigue (HCF) range, when low stresses are
present and thus long fatigue life occurs (Nf > 50000) [14]. Here elastic material behaviour is
assumed. Fatigue experiments are performed to obtain the stress amplitude (σa) as a function
of the number of cycles to failure. A typical (σa −Nf ) curve is presented in Fig. 1.5.
Strain-based fatigue is applied in the low cycle fatigue (LCF) range, when high stresses are
present and thus short fatigue life occurs (Nf < 50000) [14] as displayed in Fig. 1.5. The
strain-based fatigue approach is useful when the material exceeds the yield stress and plastic
material behaviour takes place.

σa

Nf0

0

High cycle fatigueLow cycle fatigue

104 10
5

Figure 1.5: Typical σa − Nf curve and the difference between high and low cycle fatigue
regimes.
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Fracture mechanical approach

The fracture-mechanical approach assumes that small cracks are already present in the mate-
rial due to the production process. These cracks could grow under cyclic loading conditions,
which is known as fatigue crack growth. The fracture mechanical fatigue analysis determines
whether fatigue crack growth occurs and predicts fatigue life (Nf ) using crack growth models.
Most crack growth models relate the crack growth rate da/dN to a load amplitude, which
can be described by the stress intensity factor K. The relationship between da/dN and K
is displayed in Fig. 1.6, which is divided in three regions: Region 1 is called the threshold
zone and contains the threshold stress intensity factor Kth. Below Kth no crack growth takes
place, while above Kth a steep increase of da/dN occurs. Region 2 is known as the Paris
regime where da/dN − ∆K is linear on a double logarithmic scale. Region 3 contains the
fracture toughness (KC) where unstable crack growth occurs [13].

log(∆K)

log( da

dN
)

Kth KC

Region 1

Region 2

Region 3

Figure 1.6: A typical crack growth curve and the different regions of crack propagation [15].

1.4 Problem statement

The anode’s surface roughening is caused by electron beam bombardment. Surface roughening
results in an X-ray output decrease. This project is a follow-up of the work done by Starren
[5], in which computational models were developed to understand the basic mechanisms of
surface roughening of the anode.
At this point, it is not clear whether initial defects are present in the anode. Therefore, fatigue
behaviour will be reviewed using both a defect-free fatigue approach and a fracture mechanical
fatigue analysis in which an initial defect is present. Results from a computational model of
the anode are required to perform the fatigue analysis. In this study, a largely simplified
computational model of the anode is used to start the investigation of fatigue behaviour.
The goal of this project is to understand fatigue behaviour as a possible failure mechanism of
the anode caused by cyclic loading.
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1.5 Report outline

Chapter 2 describes the defect-free fatigue analysis. Chapter 3 describes the fracture-mechanical
fatigue analysis. Chapter 4 contains the conclusion, discussion and recommendations.
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2 Defect-free fatigue analysis
This chapter describes the defect-free fatigue analysis of the anode. First, background in-
formation is provided and the most suitable approaches are selected. Second, experimental
results from literature are used to determine material properties, which are necessary for
the fatigue analysis. Third, the thermo-mechanical fatigue model is constructed from which
the results are used for the fatigue analyses. Finally, the results of the fatigue analyses are
presented and discussed.

2.1 Background

The goal of the defect-free fatigue analysis is to determine the lifetime of the anode. There
are different methods available to determine fatigue life. In this section, the suitability of the
different methods for the fatigue problem of the anode are discussed.
A previous study showed significant plastic deformation during loading of the anode [5]. A
stress-based fatigue approach is applied in the HCF range, when stresses are low and elastic
material behaviour can be assumed. Thus, a stress-based fatigue analysis is not appropriate
when plastic deformation takes place.
The anode is subjected to high temperatures due to the impact of electrons. Fatigue of high
temperature components can lead to Low-Cycle Fatigue (LCF), if loading cycles take place
with a constant temperature. Thermo-Mechanical Fatigue (TMF) has to be considered for
loading cycles with a varying temperature [16]. Both TMF and LCF can be characterized by
inelastic stresses and strains. LCF and TMF experiments are necessary to relate the inelastic
stresses and strains to Nf . Within these experiments, the loading conditions of LCF and
TMF are mostly simulated on uni-axially loaded specimens. The number of cycles to failure
Nf , is assumed to be the amount of cycles until crack initiation [13].
Here, empirical relations to describe LCF and TMF are discussed. LCF can be described by
the Manson-Coffin relation [14]:

∆εp = 2ε′f (Nf )c (2.1)

where ε′f and c are temperature dependent material constants and ∆εp is the cyclic plastic
strain. LCF experiments with a constant temperature have to be performed to determine
these temperature dependent material parameters.
The anode’s surface temperature fluctuates due to its angular velocity while it is subjected
to the impact of electrons. It is not possible to select a single value for the material constants
ε′f and c that characterizes fatigue in a temperature range, since the material constants are
determined using isothermal LCF experiments. Therefore, the Manson-Coffin relation is gen-
erally not suitable for the determination of thermal fatigue life under fluctuating temperature
loading conditions.
However, the anode operates in a vacuum environment. The material constants of the
Manson-Coffin relation in a vacuum environment are temperature independent for various

7 Numerical analysis of fatigue fracture of rotating anodes in X-ray tubes
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materials [17]. This is also observed for pure W above the DBT temperature and below the
recrystallization temperature [18]. Hence, LCF can be used under fluctuating temperature
conditions in a vacuum environment.
Empirical TMF approaches use the dissipated energy to predict the fatigue life. Such an
approach was proposed by Ostergren and applied in Liu [19]. The energy-based fatigue
relation is given as:

∆Wp = W0(Nf )c (2.2)

where W0 and c are material constants and ∆Wp is the dissipated energy. The main assump-
tion of the Ostergren approach is that the tensile part of the dissipated energy is damaging.
The tensile part of the dissipated energy (∆Wp = σT∆εp) is illustrated in Fig. 2.1a for uni-
axial specimens. σT is the maximum stress during the loading cycle. Another TMF approach
found a relation between Nf and the total dissipated energy [20] instead of the tensile part
of the dissipated energy. The total dissipated energy (∆Wp = ∆σ∆εp) is illustrated in Fig.
2.1b and can be used in equation 2.2.

ε

σ

σT

∆εp

∆Wp = σT∆εp

ε

σ

∆σ

∆εp

∆Wp = ∆σ∆εp

(a) (b)

Figure 2.1: A typical σ − ε curve of a tensile-compression cycle of a uni-axially loaded
specimen, (a) with an approximation of the tensile part of the dissipated energy and (b) with
an approximation of the total dissipated energy.

TMF experiments are required to determine the material constants. TMF experiments use
a varying temperature during the loading cycle, whereas LCF experiments use a constant
temperature during the loading cycle. It is plausible that material constants W0 and c in
equation 2.2 are temperature independent in a vacuum environment, like the material con-
stants ε′f and c of the Manson-Coffin relation in equation 2.1. This statement should be
confirmed by isothermal LCF experiments at multiple temperatures.
The most suitable fatigue approach is selected based on the best fit of experimental results to
the Manson-Coffin relation of the LCF approach and the energy-based fatigue relation of the
TMF approach. The difference between the LCF approach using equation 2.1 and the TMF
approaches using equation 2.2 is that the LCF fatigue approach describes fatigue in terms of
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plastic strain, while the TMF approaches describe fatigue using the dissipated energy.

2.2 Method

There are limited data available on mechanical properties of W-Re alloys. The mechanical
properties of pure W are used, since W is the major component of W-Re alloys. Experimental
results from isothermal LCF experiments from pure W above the DBTT are available at
1088K and 1505K [21, 22], while no results from TMF experiments are available. Based on
results of just two isothermal LCF experiments, the temperature independence of the material
constants W0 and c in equation 2.2 cannot be confirmed. Therefore, no favourable fatigue
approach between LCF and TMF can be selected. As a result, both LCF and TMF approach
are used in this study. The LCF and TMF approach will result in different Nf -values, which
will be discussed in the results.
TMF approaches can be used with either the tensile part of the dissipated energy or the
total dissipated energy. In a previous study, both compressive stresses and tensile stresses of
similar magnitude occur during the loading cycle of the anode [5]. So, the compressive part
of the dissipated energy is not negligible. Therefore, the total dissipated energy criterion is
used instead of only the tensile part of the dissipated energy.
The following paragraphs discuss how isothermal LCF experiments can be used for the vary-
ing temperature fatigue behaviour of the anode. To that end, the material constants of the
Manson-Coffin relation and the energy-based fatigue relation have to be temperature inde-
pendent. In the LCF approach, the temperature independence of the material constants ε′f
and c of the Manson-Coffin relation is motivated in three steps:

• Coffin [17] observed that material constants ε′f and c of the Manson-Coffin relation are
temperature independent for many materials. For pure W, temperature independence
of ε′f and c is observed between DBTT and the recrystallization temperature [18];

• It is assumed that no plastic deformation is possible below DBTT as illustrated in
Fig. 1.4, so also no energy dissipation is possible below DBTT. Thus, brittle material
behaviour below DBTT does not contribute to this fatigue analysis;

• Recrystallization might affect the material constants ε′f and c. There is no sufficient
material data available on recrystallized W, so recrystallization effects are neglected.
Thus, the constants ε′f and c are also temperature independent above the recrystalliza-
tion temperature.

As a result, the material constants ε′f and c of the Manson-Coffin relation are considered to
be temperature independent between DBTT and the maximum temperature of the anode.
In the TMF approach, the temperature independence of material constants W0 and c of the
energy-based fatigue relation is motivated as follows:

• The dissipated energy ∆Wp depends on ∆εp (∆Wp = ∆σ∆εp). ∆εp characterizes
fatigue in the the Manson-Coffin relation, in which material constants ε′f and c are
considered temperature independent between DBTT and the maximum temperature of
the anode.
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Therefore, the material constants W0 and c are also assumed temperature independent. In
conclusion, LCF experiments can be used to describe varying temperature fatigue behaviour
between DBTT and the maximum temperature of the anode.
Before the LCF and TMF fatigue analysis can be performed, the material parameters of the
fatigue relations have to be determined. Section 2.3 describes experimental results [17,21,22]
from which the material parameters of the fatigue relation are calculated. After that, the
cyclic plastic strain ∆εp and the dissipated energy per cycle ∆Wp will be determined using a
numerical model in section 2.4.

2.3 Experimental results

In this section the material constants of the Manson-Coffin relation and the energy-based
relation are determined using experimental results from literature [17,21,22].
Coffin [17] observed that coefficient c of the Manson-Coffin relation (equation 2.1) is equal
to 0.5 for many materials at various temperatures and defines the slope of the ∆εp − Nf

relation on a logarithmic scale. This observation is used for the LCF approach. In the TMF
approach, the dissipated energy ∆Wp depends on ∆εp. So, coefficient c of the TMF approach
in equation 2.2 is assumed to be equal to coefficient c in equation 2.1 of the LCF approach
and defines the slope of the ∆Wp −Nf relation.
Low cycle fatigue experiments of pure W [21,22] are used to determine the material constants
ε′f of the Manson-Coffin relation andW0 of the energy-based fatigue relation. The experiments
are performed using uni-axial specimens with fully reversed loading conditions, a constant
frequency (f = 1 Hz) and temperature (1088K and 1505K) in a vacuum environment.
During these experiments ∆εp, ∆σ and Nf are determined. In the TMF approach, ∆Wp is
calculated using ∆Wp = ∆σ∆εp, which is not an accurate estimation of the actual ∆W ′p as
illustrated in Fig. 2.2. ∆εp, ∆Wp and Nf are used to determine the material constants ε′f
and W0.
The experimental data [21, 22] are displayed in Fig. 2.3 and 2.4. The experimental data at
1088K and 1505K are used to determine a single fit of the Manson-Coffin relation and the
energy-based fatigue relation, since the material constants are assumed to be temperature
independent. The least-squares method with a fixed c = 0.5 is used to obtain the fit for the
Manson-Coffin relation and the energy-based fatigue relation. These fits are used to determine
the material properties, which are presented in Table 2.1.

10 Numerical analysis of fatigue fracture of rotating anodes in X-ray tubes
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ε

σ

∆σ

∆εp

∆Wp = ∆σ∆εp∆W
′

p
=

∫
σdε

Figure 2.2: Estimation of the dissipated energy from a typical σ − ε curve of a tensile-
compression cycle of a uni-axially loaded specimen.

Figure 2.3: Results of low cycle fatigue ex-
periments at 1088K and 1505K and the ob-
tained Manson-Coffin fit [21,22].

Figure 2.4: Results of low cycle fatigue ex-
periments at 1088K and 1505K and the ob-
tained energy-based fit [21,22].

Table 2.1: Material constants of the Manson-Coffin relation and the energy-based fatigue
relation.

ε′f [−] W0 [J/m3] c [−]
0.16 230 0.5

2.4 Thermo-mechanical fatigue model

This section describes a thermo-mechanical fatigue model developed to investigate the fatigue
behaviour of the anode. A 2D numerical model is constructed with simplified geometry and
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boundary conditions. The cyclic plastic strain ∆εp and the dissipated energy per cycle ∆Wp

are determined to perform the defect-free fatigue analysis.

2.4.1 Thermo-mechanical properties

The thermo-mechanical properties of pure W are described in this subsection. The Young’s
modulus is temperature dependent and is displayed in Fig. 2.5 [4]. The Poisson’s ratio and
coefficient of thermal expansion (α) are assumed to be temperature independent. Chapter
1 describes that the DBTT of W is between 373-873K. However, the DBTT needs to be
specifically defined for modelling purposes. Oude Vrielink [23] found a DBTT of 522K, this
value will be used here as well. Below the DBTT elastic material behaviour is assumed, while
elastic-plastic material properties are used above the DBTT. Both strain rate dependence
and recrystallization effects are neglected in this study, due to the lack of material data.
The hardening mechanism of W is yet unknown. Therefore, both isotropic and kinematic
hardening behaviour are considered. In case of isotropic hardening, the yield surface expands.
Kinematic hardening results in a constant size of the yield surface, but the center of the yield
surface changes in the stress space. Both hardening mechanisms result in equal σ−ε behaviour
during loading (up to σA in Fig. 2.6), while different σ−ε behaviour occurs upon load reversal
(σA−σD/σE in Fig. 2.6). The yield stress is independent of the loading direction for isotropic
hardening. Therefore, yield stress σB = σA during load reversal. However, kinematic loading
results in yield stress σC < σA during load reversal due to a shift of the yield surface. The
yield stress reduction during load reversal is known as the Bauschinger effect.
Isotropic hardening behaviour is described by the yield function:

σeq − σy(ε̄p, T ) = 0; (2.3)

with σeq =
√

3
2σ

d : σd, σy(T ) = σy0(T ) +H(T )ε̄p, and ε̄p =
∫ T

0

√
2
3 "̇p : "̇p dt.

Kinematic hardening behaviour is also described by yield function 2.3 with
σeq =

√
3
2(σd −Σ) : (σd −Σ), where Σ is the back stress tensor.

A temperature dependent initial yield stress σy0(T ) is displayed in Fig. 2.7. Typical values
for the initial yield stress are provided by the supplier of W [8]. Some values are outside the
suppliers temperature range and are extrapolated based on other literature [24]. Hardening
modulus H(T ) is illustrated in Fig. 2.8, which decreases at higher temperatures. Typical
hardening moduli H are obtained from [24].
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Figure 2.5: Temperature dependent
Young’s modulus (E) [4].

σ

ε

Kinematic

Isotropic

σA

σB

σC

σE

σD

Figure 2.6: Schematic overview of
typical behaviour of isotropic and
kinematic hardening.

Figure 2.7: Temperature dependent initial
yield stress σy0 [8].

Figure 2.8: Yield stress of W (σy) depen-
dent on plastic strain (ε̄p) and temperature
(T ) [24].

2.4.2 Boundary conditions

The thermo-mechanical model is illustrated in Fig. 2.9 and shows the top view of the anode
with the focal spot.
In a previous study, local expansion occurs at the focal spot due to an increased temperature,
while the colder surrounding material prevents this expansion [5]. This leads to compres-
sive stresses resulting in plastic deformation. Compressive stresses are converted into tensile
stresses during cooling and cracks could occur when the tensile strength has been reached.
This mechanism of the anode is reproduced in a numerical model of the focal spot, since the
largest temperatures occur in the focal spot. The 3D problem is simplified to a 2D geometry
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of the focal spot, since the surface is the most critical region, where crack initiation most
likely occurs. In addition, a 2D geometry reduces the computational costs.
Fully constrained boundary conditions are used to model the effect of the colder surrounding
material. In reality, small material deformation is possible at the boundary of the focal spot.
Therefore, this approach gives an overestimation of the plastic strain.
A 2D geometry with plane strain results in only hydrostatic stresses when uniform tempera-
tures are used. Hence, no plastic deformation takes place, which is undesirable in this fatigue
analysis. Therefore, a 2D geometry with plane stress is used. Linear quad elements with full
integration are used.
In a previous study it is observed that the in-plane temperature gradient in the focal spot is
small [5]. Therefore, a uniform temperature boundary condition is used on the focal spot to
describe the thermal impact of the electrons. In addition, the numerical model is stationary in
contrast to the anode. The temperature boundary condition as a function of time (illustrated
in Fig. 2.9) replaces the anode movement. Body forces due to rotation of the anode are
neglected. A previous study showed a temperature increase from room temperature to T =
2600K [5]. Therefore, in this thermo-mechanical model Tmax = 2600K. The duration of one
cycle is t = 1s.
Because of the uniform temperature boundary condition, the results (∆εp and ∆Wp) of using
an oval shape of the focal spot can be approximated by the results of a square geometry.
These results are also independent of the model size. With a square geometry and these
boundary conditions, only one element is necessary to obtain a converged solution.

293 K

t

focal spot

anode movement

Top view anode

x

y

z

r
θ

2600 K
T

Figure 2.9: Schematic overview of the 2D thermo-mechanical model.

2.5 Results

In this section the results of the defect-free fatigue analysis are presented. First, the results
of the thermo-mechanical fatigue model are discussed. Next, the required parameters for the
fatigue analysis are determined. Finally, the Nf -values are calculated.
The stress as a function of the thermal strain in x-direction is similar to the stress in y-
direction due to the uniform boundary conditions. Therefore, only the stress as a function
of the thermal strain in x-direction (σxx − εth,xx) is investigated during the first cycle and
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is presented in Fig. 2.10. First, the temperature increase results in increasing compressive
elastic stress until the DBT is reached (1). The stress value at DBT shifts, since the elastic
and elastic-plastic material behaviour do not match perfectly. Plastic yielding occurs, which
can be observed by an increasing ε̄p (1-2) in Fig. 2.11. The yield stress decreases due to a still
increasing temperature. As a result, the stress magnitude decreases above the DBT (1-2) in
Fig. 2.10. Both hardening mechanisms show equal stress-strain behaviour during temperature
increase (up to 2). Fig. 2.11 shows that the temperature starts to decrease (after 2) and
the cyclic plastic strain is constant when the maximum temperature is reached (2-3). The
material wants to deform back to its original shape, which is prevented by irreversible plastic
deformation during heating. As a result, the stress magnitude increases in the tensile regime
when the temperature starts to decrease (2-3) in Fig. 2.10. The yield stress is relatively
low due to the high temperature (3). Now, isotropic and kinematic hardening start to show
different stress-strain behaviour as displayed in the magnification of Fig. 2.10. The yield
stress is lower for kinematic hardening than for isotropic hardening. Finally, the yield stress
increases, due to a decreasing temperature, which results in plastic yielding (3-4 in Fig. 2.11)
and an increasing stress magnitude (3-4 in Fig. 2.10). The DBT is passed again (4), so elastic
material behaviour takes place and a fast increase of the stress is visible until the end of the
cycle (Fig. 2.10). Next to that, no plastic yielding occurs, which is noticeable by a constant
cyclic plastic strain in Fig. 2.11 after (4).

Figure 2.10: Stress as function of thermal
strain of the first cycle with isotropic and
kinematic hardening, includig magnification.

Figure 2.11: Total equivalent plastic strain
for isotropic and kinematic hardening and
temperature as function of time.

The total equivalent plastic strain (ε̄p) over the first three cycles is presented in Fig. 2.12,
where the cyclic plastic strain ∆ε̄p is indicated. Kinematic hardening behaviour results in a
constant ∆ε̄p after the first cycle as is illustrated in Fig. 2.13. Next, ∆ε̄p can be inserted in
the Manson-Coffin relation which results in Nf = 64 for the LCF approach. The dissipated
energy Wp is also constant after the first cycle when using kinematic hardening, since σ− εth

stabilizes as displayed in Fig. 2.14. Inserting Wp in the energy-based relation results in
Nf = 966 for the TMF approach. Different Nf -values are obtained, because the Manson-
Coffin relation in the LCF approach depends on ε̄p and the energy-based fatigue relation in
the TMF approach depends on Wp.
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∆ε̄p never stabilizes for isotropic hardening as is illustrated in Fig. 2.13, since the size of the
yield surface increases each cycle. This effect results in both a decreasing ∆ε̄p each cycle and
a decreasing dissipated energy. Therefore, a fatigue analysis using isotropic hardening is not
possible.

Figure 2.12: Total equivalent plastic strain
as function of time for kinematic hardening.
∆ε̄p is indicated.

Figure 2.13: Cyclic plastic strain as func-
tion of the amount of time for isotropic hard-
ening.

Figure 2.14: Stress as function of ther-
mal strain of a stabilized cycle for kinematic
hardening.

16 Numerical analysis of fatigue fracture of rotating anodes in X-ray tubes



Technische Universiteit Eindhoven University of Technology

3 Fracture mechanical fatigue analysis
This chapter describes the fracture mechanical fatigue analysis of the anode. First, back-
ground about a fracture mechanical fatigue analysis is provided and the method is discussed.
Second, experimental results are presented which are necessary for the fracture mechanical
fatigue analysis. Third, the fracture-mechanical fatigue model is constructed, from which the
results are used for the fatigue analyses. Finally, the results are presented and discussed.

3.1 Background

Small cracks might be present in the component due to the production process and could start
to grow under cyclic loading conditions. The fracture mechanical fatigue analysis determines
whether fatigue crack growth occurs and predicts fatigue life (Nf ) using crack growth models.
The most frequently used crack growth model is Paris law [14]:

da

dN
= C(∆K)m (3.1)

where C is a coefficient and m is an exponent. Both have to be experimentally determined.
Paris law assumes linear elastic material behaviour. However, significant plastic deformation
occurs in the defect-free fatigue analysis. Therefore, a crack growth model which accounts for
elastic-plastic material behaviour would be more suitable. Dowling and Begley [25] proposed
an empirical relation between da/dN and the energy release rate per cycle ∆J . Energy release
rate J has to be determined using a numerical model, from which ∆J is obtained.
The J-integral is the most commonly used method to describe crack behaviour with elastic-
plastic material behaviour. However, the J-integral is unsuitable for elastic-plastic material
behaviour under cyclic loading conditions [13, 26]. Numerical techniques are introduced for
cyclic loading problems. One of these approaches is called virtual crack extension, where J
is determined by taking the energy difference with respect to a small crack extension (∆a) in
two separate finite element analyses [14].

J = U(a)− U(a+∆a)
∆a

(3.2)

J is determined using equation 3.2, where U is the strain energy. The advantage of virtual
crack extension compared to the J-integral is that it can be used for cyclic loading. The
disadvantages are that this approach is prone to cancellation errors and that accuracy is
dependent on crack extension [27].

3.2 Method

Fracture mechanical fatigue behaviour will be reviewed using the crack growth model proposed
by Dowling and Begley [25], to account for elastic-plastic material behaviour.
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da

dN
= C(∆J)m (3.3)

Equation 3.3 is similar to Paris law as displayed in equation 3.1, but ∆K is substituted for
∆J . C is a coefficient and m is an exponent. These parameters are obtained from fatigue
crack growth experiments of a sintered W alloy assuming elastic material behaviour [28].
However, the crack growth model accounts for elastic-plastic material behaviour and is of
great importance for understanding crack growth behaviour. A study by Dowling and Begley
[25] compared fatigue experiments with elastic-plastic material behaviour and linear elastic
material behaviour. The study shows similar results of da/dN −∆J in the region where both
overlap. Thus, elastic-plastic fracture mechanical fatigue behaviour can be described using
experimental data of linear-elastic fatigue experiments.
J will be determined using the virtual crack extension method. A study by Montoya [27] uses
virtual crack extension for validation purposes, which gives confidence in the accuracy of this
method.
The next section discusses experimental results to determine the material parameters of the
crack growth model.

3.3 Experimental results

The material constants C and m in equation 3.3 are determined using results of fatigue crack
growth experiments of a sintered W alloy at room temperature [28]. Linear elastic material
behaviour is assumed, so da/dN is related to ∆K. These K-values are determined assuming
plane-strain conditions. The experiments are performed in region 2 (of Fig. 1.6), where
Paris law holds (28 < ∆K < 60 MPa

√
m). The threshold stress intensity factor (∆Kth)

is assumed to be equal to the lowest ∆K value of the fatigue crack growth experiments.
Fracture toughness (Kc) is assumed to equal to the highest ∆K value of the fatigue crack
growth experiments. The stress intensity factor values ∆Kth and Kc have to be formulated in
terms of J , since J is used in the fracture-mechanical fatigue analysis. The following relation
between J and K holds for plane strain conditions and linear elastic material behaviour [14]:

J = 1− v2

E
K2 (3.4)

The material properties for the fracture mechanical fatigue analysis are displayed in table 3.1
and the relation between ∆J and da/dN is shown in Fig. 3.1.

Table 3.1: Material properties of the fracture mechanical fatigue analysis

∆Jth [N/mm] Jc [N/mm] C [mm]
[N/mm]m m [−]

1.8 8.3 1.37 · 10−11 6
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Figure 3.1: Fatigue crack growth rate da
dN as function of ∆J in the range (1.8 < ∆J <

8.3 [N/mm]).

3.4 Fracture-mechanical fatigue model

The energy release rate (J) is determined using a fracture mechanical fatigue model with a
surface crack. Cracks in tangential and radial direction are considered as visualized in Fig.
3.2, since these are the crack directions observed in Fig. 1.3. In a previous study a bi-axial
stress field is observed, where stresses in radial and the tangential direction are equal [5].
Hence, J-values are equal in both directions. Therefore, only one surface crack direction has
to be considered. This study only considers a surface crack in the tangential direction in the
focal spot of the anode.
In this study, only the first step towards understanding fatigue crack growth behaviour in the
anode is performed by using a largely simplified 2D numerical model. A schematic overview
of the fracture-mechanical fatigue model is presented in Fig. 3.3. The 3D geometry of the
anode is simplified to a 2D geometry of the most critical region, which corresponds to the
focal spot. Crack propagation of a tangential surface crack can only be investigated in the
z-direction as is illustrated in Fig. 3.3. Analysing crack propagation in the θ- or r-direction
requires a 3D model.
The 2D geometry is fully constrained on the edges where colder surrounding material is
present. In reality, small material deformation is possible at the boundary of the focal spot.
Therefore, this approach gives an overestimation of the plastic strain, which results in an
overestimation of J .
Plane strain boundary conditions are used, since the out-of-plane thickness is large compared
to the in-plane dimensions. Linear elements with full integration are used. An arbitrary value
for a is selected, a = 10µm. The material properties used for the fracture-mechanical fatigue
model are similar to the material properties used in the thermo-mechanical fatigue model of
the defect-free fatigue analysis. Here, only kinematic hardening is considered.
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Figure 3.2: Crack directions indicated in the top view of the anode.
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Figure 3.3: Schematic overview of the fracture mechanical fatigue model with dimensions
WxL.

3.4.1 Boundary conditions

Large thermal gradients occur further into the layer (z-direction) due to the impact of the
electrons [5]. Therefore, a temperature gradient is used to describe the thermal impact of
the electrons, where temperature values at the focal spot are based on numerical results of a
previous study [5]. In addition, the numerical model is stationary in contrast to the anode.
The temperature boundary condition as a function of time (illustrated in Fig. 3.4) replaces
the anode movement. Body forces due to the rotation of the anode are neglected in this study.
The temperature gradient is only considered in the z-direction as displayed in Fig. 3.4. The
temperature is assumed constant in the x-direction, since the temperature gradient is negligi-
ble in this direction. The temperature gradient is constructed by interpolating temperature
values as function of the z-coordinate between t = 0s, t = 0.5s and t = 1.0s. This thermal
gradient boundary condition is called thermal boundary 1 (TB1).
A previous study showed that heat conducts into the W -layer and compressive stresses prop-
agate simultaneously. To reproduce the heat conduction effect, thermal boundary 2 (TB2) is
introduced. The temperature gradient decreases during unloading (=temperature decrease)
for TB2 compared to TB1, as illustrated in Fig. 3.4 and 3.5. As a result, the temperature
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increases at a larger depth of the layer. Typical values for the temperature gradient between
t = 0.5s and t = 1.0s (during unloading) in TB2 are used.
Both temperature gradient boundary conditions are used in this study. Thermal boundary 1
is useful because of its simplicity and gives results which are easy to analyse, while thermal
boundary 2 represents the impact of the electrons more accurately.

Figure 3.4: Thermal gradient boundary
condition, called thermal boundary 1.

Figure 3.5: Thermal gradient boundary
condition including heat conduction effects,
called thermal boundary 2.

3.4.2 Verification

The numerical model is constructed with a dense mesh around the crack tip and a coarser
mesh further from the crack tip, as is displayed in Fig. 3.6. Thermal boundary condition 2
is used for the verification of the fracture-mechanical fatigue model.

Figure 3.6: Element distribution of the numerical model.
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A mesh refinement analysis is performed to verify whether J is independent of the mesh size.
The element distributions used for the mesh refinement analysis are displayed in Fig. 3.7.
The dimensions of the elements around the crack tip are shown in Table 3.2.

Coarse Medium Fine

Figure 3.7: Element distribution for a coarse, medium and fine mesh.

Table 3.2: Element dimensions

Mesh Element dimensions [µm]
Coarse 2 x 2
Medium 1 x 1
Fine 0.5 x 0.5

The convergence of J during the first cycle is visible in Fig. 3.8 as the mesh size decreases.
During temperature increase (t = 0 − 0.5s) J is equal to 0, since only compressive stresses
occur. During unloading (t = 0.5−1.0s) crack opening occurs and J > 0. The element size of
the medium mesh gives sufficiently accurate results, since the difference between the medium
and fine mesh is only 0.1%.
The distance between the crack and the edge of the model has to be sufficiently large, so
the fully constrained boundary conditions do not influence the J-values. The results of three
different model sizes are compared as shown in Fig. 3.9. The model converges and the dif-
ference between 500x1000 µm and 1000x2000 µm is 1.2%. Thus, dimensions of the 500x1000
µm model are sufficient to obtain an accurate description of the crack without the influence
of the fully constrained boundary conditions.
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Figure 3.8: Mesh convergence of J during
the first cycle, including magnification.

Figure 3.9: Model size convergence of J
during the first cycle, including magnifica-
tion.

The accuracy of the virtual crack extension is dependent on crack extension ∆a. Therefore,
the influence of ∆a on J has to be determined. The J-values are displayed in Fig. 3.10,
where J is determined for three different ∆a-values. Convergence is obtained. The difference
between using ∆a = 10µm and ∆a = 2µm is 1.6 % and the difference between using ∆a =
4µm and ∆a = 2µm is 0.3 %. Therefore, the difference in J-values due to varying ∆a-values
is acceptable and ∆a = 4µm is used in the model.
The convergence of J during the first cycle is displayed in Fig. 3.11 as the amount of incre-
ments increases. The difference in J-values between using 3000 and 6000 increments is 0.05
%. This study uses 3000 increments per cycle.

Figure 3.10: J during the first cycle for
different ∆a, including magnification.

Figure 3.11: Difference between 3000 and
6000 increments is 0.05 %
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3.5 Results

In this section the results of the fracture-mechanical fatigue analysis are presented. First, the
difference between a fatigue fracture model using thermal boundaries 1 and 2 is illustrated,
to show the influence of the heat conduction effect. Next, J as a function of time is displayed
from which ∆J can be determined. Then, an increasing crack length a is used to determine
∆J , to review the influence of the thermal gradient boundary condition at greater crack
depth. Finally, ∆J can be applied in the fracture-mechanical fatigue analysis.
To illustrate the heat conduction effect, the stress σxx over the z-coordinate using TB1 is
displayed in Fig. 3.12 and in Fig. 3.13 for TB2. A numerical model with a crack has a
singularity in the stress field. Therefore, a numerical model without crack is used to illustrate
stress σxx over the z-coordinate.
Thermal boundary 1 results in compressive stresses due to the thermal gradient which trans-
form in tensile stresses during unloading as the time increases. Increased tensile and com-
pressive stresses are observed between approximately z = 0 − 10µm due to a decreasing
temperature further into the layer and because the yield stress increases for a decreasing tem-
perature. Further into the layer, no significant temperature change takes place as displayed
in Fig. 3.4, so σxx ≈ 0. The stress field does not propagate further into the layer.
With thermal boundary 2, compressive stresses propagate over time caused by the heat con-
duction effect (Fig. 3.13). The temperature gradient decreases during unloading, as displayed
in Fig. 3.5. Therefore, the tensile and compressive stresses do not increase as much as the
stresses without the heat conduction effect in Fig 3.12.

Figure 3.12: σxx along the z-coordinate at
three moments using thermal boundary 1.

Figure 3.13: σxx along the z-coordinate at
three moments using thermal boundary 2.

J-values are displayed as a function of time for 3 cycles considering thermal boundary 1 and 2
in Fig. 3.14 and 3.15. The evolution of J as a function of time is explained in Appendix A for
thermal boundary 1 and in Appendix B for thermal boundary 2, including their differences.
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Figure 3.14: J as a function of time for 3
cycles with thermal boundary 1, where ∆J
is indicated.

Figure 3.15: J as a function of time for 3
cycles with thermal boundary 2, where ∆J
is indicated.

Large strain values are observed in the crack region (Appendix A and B), therefore non-linear
finite element method must be considered. However, the results of a fracture-mechanical fa-
tigue model using linear and non-linear finite element method show little difference (Appendix
C). For simplicity, linear finite element method is used in this study.
A single ∆J-value will be used in the fracture-mechanical fatigue analysis. Therefore, ∆J is
determined for the second and third cycle to review whether the cycle stabilizes as displayed
in table 3.3. The difference between ∆J values of the second and third cycle for both thermal
boundary conditions is acceptable, so the ∆J values of the second cycle will be used in the
fracture-mechanical fatigue analysis.

Table 3.3: ∆J-values for cycle 2 and 3 including the relative difference between the ∆J-
values.

Thermal boundary 1 Thermal boundary 2
∆J(cycle 2) [N/mm] 0.150 0.138
∆J(cycle 3) [N/mm] 0.152 0.142
Difference [%] 1.3 2.9

The crack size is increased to review the effect of the thermal gradient boundary condition on
∆J , as illustrated in Fig. 3.16. ∆J decreases for increasing crack depth for thermal boundary
1. This implicates that a maximum crack depth will be reached when ∆J is small. Similar
behaviour is observed in 3.12, where σxx ≈ 0 further into the layer.
First, the∆J values for thermal boundary 2 increase for increasing crack depth due to the heat
conduction effect. Then, ∆J decreases for large crack sizes a, since the temperature decreases
further into the W-layer. This behaviour is confirmed by the stress field displayed in 3.13.
Tensile stresses convert into compressive stresses, which results in a decreased ∆J-value.
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Figure 3.16: ∆J − a for TB1 and TB2.

The maximum ∆J-value obtained in Fig. 3.16 is equal to 0.19 N/mm. Crack propagation
occurs when ∆J > ∆Jth. In this fatigue fracture analysis ∆Jth = 1.8N/mm, so no crack
propagation will occur in z-direction.
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4 Discussion
4.1 Conclusion

The goal of this study is to focus on fatigue as a possible failure mechanism of the anode caused
by cyclic loading. It is not clear whether initial defects are present in the anode. Therefore,
a defect-free fatigue analysis and a fracture mechanical fatigue analysis are performed. First,
the defect-free fatigue analysis is discussed. Second, the fracture-mechanical fatigue analysis
is reviewed.

4.1.1 Defect-free fatigue analysis

For the defect-free fatigue analysis, the method is discussed in the first paragraph, the nu-
merical model in the second paragraph and the results in the third paragraph.
The selection of the defect-free fatigue approach is not straightforward since all discussed
methods are empiric. Therefore, both LCF and TMF approaches are used. The following
disadvantages of the TMF approach are worth noting: First, temperature independent fatigue
behaviour is used for both approaches. However, this behaviour is valid for the Manson-Coffin
relation of the LCF approach, while it is only assumed for the energy-based approach of the
TMF approach. Second, the experimental dissipated energy is not an accurate estimation as
is illustrated in Fig. 2.2.
A numerical model is necessary to determine∆ε̄p and ∆Wp, which are required to perform the
fatigue analysis. A thermo-mechanical fatigue model is constructed using a largely simplified
numerical model of the anode. Therefore, the determined Nf values are not representative
for crack initiation of the anode.
The LCF approach results in Nf = 64, whereas the TMF approach results in Nf = 966. The
methods result in differentNf values, because the Manson-Coffin and the energy-based fatigue
relation depend on different parameters, ∆ε̄p and ∆Wp respectively. TMF experiments have
to be performed to verify which method is most suitable. Although the Nf values using a
simplified numerical model are not representative for crack initiation of the anode, one can
conclude that crack initiation might occur quickly after putting the X-ray tube into operation.

4.1.2 Fracture mechanical fatigue analysis

The fracture-mechanical fatigue analysis is discussed in the first paragraph. A conclusion of
both fatigue approaches is formulated in the second paragraph.
Most likely, small cracks are present in the anode and they could grow under cyclic loading
conditions. A fracture-mechanical fatigue analysis is performed to review this process and
predict Nf . A crack growth model that accounts for elastic-plastic material behaviour is
applied, where ∆J has to be determined using a numerical model. A numerical technique
called virtual crack extension is used to determine J for an elastic-plastic material under
cyclic loading conditions. The numerical model is constructed using a 2D geometry with
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simplified boundary conditions. Therefore, the results are not representative for the anode.
∆J decreases for increasing crack depth, indicating a maximum crack length. The maximum
∆J-value is lower than the threshold value where crack growth starts. As a result, no crack
growth takes place in the z-direction.
In conclusion, the defect-free fatigue analysis shows that crack initiation can take place after
a certain amount of cycles. From the fracture mechanical fatigue analysis it can be concluded
that these cracks do not propagate in the z-direction. However, from this study cannot be
concluded whether fatigue failure is the failure mechanism of the anode. Further research has
to be done to accurately represent fatigue behaviour of the anode.

4.2 Future work

In this study, assumptions were made to simplify the numerical model and insufficient data
of mechanical properties were available. For instance, in the defect-free fatigue analysis it is
assumed that no plastic deformation takes place below DBT. Therefore, only elastic material
behaviour occurs below DBT, which does not contribute to fatigue failure in this study. In
reality, the fatigue life of W below the DBT is lower than above the DBT as is illustrated
in Fig. 4.1, possibly due to the low temperature brittleness of W [21]. In addition, it might
be interesting to look into an approach where fatigue behaviour is analysed including both
brittle and ductile material behaviour.

Figure 4.1: Schematic Manson-Coffin fit above and below the DBT.

In this study, only the first step towards understanding fatigue behaviour of the anode is
performed using largely simplified numerical models with a 2D geometry. Therefore, the
results in this study are not representative for the fatigue behaviour of the anode. A future
numerical model could be constructed with the 3D anode geometry. This should result in a
more accurate ∆ε̄p and ∆Wp for the defect-free fatigue analysis. As a result, the Nf -values
will be more representative for the anode.
A numerical model with a 3D geometry of the anode is desirable for the fracture mechanical
fatigue analysis as well. Hence, a more accurate J-value can be obtained. In addition,
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a fracture-mechanical fatigue model with the 3D anode geometry enables a crack growth
analysis in multiple directions, possibly leading to a preferred crack direction.
A future computational model could include a more realistic approach for the thermal impact
of the electrons, such as a surface flux. This should result in a more accurate description of
the thermal impact on the anode.
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A Energy release rate using Thermal Boundary 1
The evolution of J as a function of time using thermal boundary 1 is described in this
Appendix using Fig. A.1-A.5. In these figures each number indicates a certain mechanism
which takes place during cyclic loading.
Compressive stresses occur during the temperature increase of the first cycle (up to point
1) as shown in Fig. A.2, and exceed the yield stress which results in an increasing ε̄p (1)
as displayed in Fig. A.3. No crack opening occurs (1) due to the compressive stresses as is
visible in Fig. A.4, so J = 0 at (1) in Fig. A.1. The maximum temperature is reached at (1)
and the temperature starts to decrease as displayed in Fig. A.5. Crack opening occurs (1-3)
as displayed in Fig. A.4, which results in an increasing J-value (1-3) in Fig. A.1. Plastic
deformation takes place as displayed with an increasing ε̄p (1-2) in Fig. A.3. The DBT is
passed (2) and elastic material behaviour occurs with a constant ε̄p (2-4) in Fig. A.3. Next
to that, a fast increase of the stress is visible until the end of the cycle (2-3) in Fig. A.2. The
minimum temperature is reached (3) at the end of the first cycle as shown in Fig. A.5. The
crack opening displacement has reached a maximum value (3) in Fig. A.4.
The second cycle starts by increasing the temperature (3-6) in Fig. A.5. The tensile stress (3)
decreases and transforms in a compressive stress (4) in Fig. A.2. The crack opening displace-
ment decreases (3-5) in Fig. A.4 and the material shows elastic behaviour as illustrated by a
constant ε̄p (2-4) in Fig. A.3. As a result, J decreases (3-4) in Fig. A.1. The DBT is passed
(4) and an increase of plastic deformation takes place (4-5) in Fig. A.3. Crack closure occurs
(5) in Fig. A.4, which results in a decreased slope of ε̄p (5-6) in Fig. A.3 and a constant
J-value (5-6) in Fig. A.1. The maximum temperature is reached (6) and the temperature
starts to decrease (6-8) in Fig. A.5. This process (6-8) is similar to the first cycle (1-3).

Figure A.1: Energy release rate J as a func-
tion of time for two cycles for thermal bound-
ary 1.

Figure A.2: Far-field σxx − εth,xx for two
cycles for thermal boundary 1.
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Figure A.3: Total equivalent plastic strain
ε̄p at the crack tip for thermal boundary 1.

Figure A.4: Crack displacement δx close to
the crack tip for thermal boundary 1.

Figure A.5: Temperature over time at the
crack tip for thermal boundary 1.
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B Energy release rate using Thermal Boundary 2
The evolution of J as a function of time using thermal boundary 2 is described in the following
paragraph using Fig. B.1-B.8. In these figures each number indicates a certain mechanism
which takes place during cyclic loading.
Compressive stresses occur during the temperature increase of the first cycle (up to point
1) as shown in Fig. B.2, and exceed the yield stress which results in an increasing ε̄p (1)
as displayed in Fig. B.3. No crack opening occurs (1) due to the compressive stresses as is
visible in Fig. B.4, so J = 0 at (1) in Fig. B.1. While the maximum temperature is reached
at t = 0.5 for TB1, the heat conduction effect causes an additional temperature increase at
the crack tip (1) in Fig. B.5. Crack opening occurs when the temperature decreases (1-3)
in Fig. B.5 and the crack tip displacement increases (1-3) in Fig. B.4 which results in an
increasing J-value (1-3) in Fig. B.1. Plastic deformation takes place as displayed with an
increasing ε̄p (1-2) in Fig. B.3. The DBT is passed (2) and elastic material behaviour occurs
with a constant ε̄p (2-4) in Fig. B.3. Next to that, a fast increase of the stress is visible until
the end of the cycle (2-3) in Fig. B.2. The minimum temperature is reached at the end of
the first cycle (3) as shown in Fig. B.5.
There are a few differences worth noting in the first cycle between thermal boundary 1 and
2. δx for TB2 is larger than δx for TB1 (3) as displayed in Fig. B.4, since the temperature
difference between (1 − 3) is larger for TB2 than for TB1 as displayed in Fig. B.5. Hence,
ε̄p is higher at (2) compared to TB1 (Fig. B.3). As a result, the J-value of TB2 is increased
compared to TB1 (3) in Fig. B.1.
The second cycle starts with an increasing temperature (3-6) in Fig. B.5. The evolution of
the J-values between (3-4) for TB2 is similar to TB1, as described in Appendix A. The DBT
is passed (4) and an increase of plastic deformation occurs (4-6) in Fig. B.3. The maximum
temperature at the surface (z = 0) is reached (5) in Fig. B.7 and crack opening starts at the
surface (5) as displayed in Fig. B.8. However, the heat conduction effect causes an additional
temperature increase at the crack tip (z = 10µm)(5-6) in Fig. B.7, so compressive stresses
remain (5-6) as illustrated in Fig. B.6. This causes a decreasing δx (5-6) in Fig. B.8. As a
result, J decreases between (5-6) as illustrated in Fig. B.1. The maximum temperature at
the crack tip is reached (6) and starts to decrease (6-8) in Fig. B.5. This process (6-8) is
similar to the first cycle (1-3).
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Figure B.1: Energy release rate J as func-
tion of time for two cycles for thermal bound-
ary 1 and 2.

Figure B.2: Far-field σxx − εth,xx at z = 0
for two cycles for thermal boundary 1 and 2.

Figure B.3: Total equivalent plastic strain
ε̄p at the crack depth for two cycles for ther-
mal boundary 1 and 2.

Figure B.4: Crack displacement δx close
to the crack tip for two cycles for thermal
boundary 1 and 2.
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Figure B.5: Temperature over time at the
crack tip for two cycles for thermal boundary
1 and 2.

Figure B.6: σxx in z-direction at selected
time-steps for thermal boundary 2.

Figure B.7: Temperature over time close
to the crack tip (z ≈ 10µm) and at the sur-
face (z = 0µm) for two cycles for thermal
boundary 2.

Figure B.8: Crack displacement δx over
time close to the crack tip (z ≈ 10µm) and
at the surface (z = 0µm) for two cycles for
thermal boundary 2.
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C Linear/Nonlinear finite element method
Large plastic strain values occur in the crack tip region, which is illustrated in Fig. C.1 using
ε̄p at the crack tip. Non-linear finite element method has to be considered when strain values
are high, by using the Updated Lagrange procedure. The results are compared with linear
finite element results. Linear- and non-linear finite element method show similar results as is
displayed in Fig. C.1 - C.4. For simplicity, linear finite element method will be used in this
study.

Figure C.1: ε̄p at the crack tip as function
of time for 2 cycles considering linear and
non-linear finite element method.

Figure C.2: Energy release rate J as func-
tion of time for 2 cycles considering linear
and non-linear finite element method.

Figure C.3: The far-field σxx − εth,xx for 2
cycles considering linear and non-linear finite
element method.

Figure C.4: Crack displacement δx as func-
tion of time for 2 cycles considering linear
and non-linear finite element method.
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