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Abstract

In this thesis, an efficient and high fidelity parametric modelling strategy is proposed for control synthesis
and design optimization of thermal systems. First, an extensive investigation is carried out on the spatial
discretization for thermal models applied in the modelling software (ANSYS), and a linearization method
is developed to enable large-scale and parametric descriptor state-space realization for various scenarios of
thermal models. The extracted parametric model is verified and shows high-quality matching to the model
computed within the simulation software. Second, parametrized model order reduction (pMOR) method
is applied to the extracted large-scale parametrized model such that the resultant reduced model preserves
system dynamics and parameter variation of the original model with high accuracy and feasible complexity.
This modelling strategy is tested, validated with an industrial-relevant thermal system, and shows promising
results for further applications. Furthermore, this modelling strategy applies to both single-input and single-
output (SISO) and multiple-input and multiple-output (MIMO) systems.
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1 Introduction

Numerical simulation is widely used in studying complex multi-physical systems. However, as the require-
ment of the accuracy for multi-physical systems increases, the spatial discretization method such as finite
element method (FEM), often yields a high-dimensional numerical model. The computation of such large-
scale models becomes a challenge in engineering and research. Therefore, model order reduction (MOR)
techniques are needed to reduce the complexity of those complex systems while preserving some desired
properties, e.g., stability, input-output relation, passivity, etc.

The field of MOR is originally developed in the area of system and control theory. In system and control
theory, MOR is applied on dynamical systems, reducing their complexity, while preserving their input-output
behaviour as much as possible. Currently, MOR is a thriving field of research in both, system and control
theory and numerical analysis.

MOR deals with the simplification of dynamical models containing many equations and/or variables.
Simplifications of these dynamical models are required to perform simulations within an acceptable amount
of time and limited storage capacity, but with a reliable outcome. MOR is developed to capture the important
features of a dynamical model. A smaller approximation therefore has to capture the basic properties of
the original model, whereas a chosen reduced model size has to capture all the necessary properties of the
original model with sufficient precision.

Figure 1: Graphical illustration of MOR.

To illustrate MOR in an easy way a graphical illustration is displayed in Fig. 1. This figure shows a bunny
that after model reduction still can be recognized as such with only a few facets (Graphics credits: Harvard
University, Microsoft Research). Although this example does not contain any reference to the mathematical
way MOR is performed, it can be use to explain what MOR is about.

The desire to approximate a complex function with a simpler formulation can be seen very early in
history. In the year 1807 Fourier (1768-1830) published Mémoire sur la propagation de la chaleurs dans les
corps solides with the idea to approximate a function with trigonometric terms, and in linear algebra the first
step on MOR came from Lanczos (1893-1974) in [1]. He searched for a way to reduce a matrix in tridiagonal
form. W.E. Arnoldi [2] realized that a smaller matrix could be a good approximation of the original matrix.

Model reduction can roughly be classified in two categories, first are methods based on the singular value
decomposition which include the wide known MOR method Balanced Truncation, introduced by Moore [3]
in 1981 and the Hankel-norm reduction proposed by Glover [4] in 1984. In 1987 Sirovich [5] introduced
Proper Orthogonal Decomposition (POD) which is applicable to non-linear systems. Secondly there are the
Krylov subspace based methods. In 1990 the first method related to the Krylov subspaces was proposed
which introduced Asymptotic Waveform Evaluation [6], however, this work focused more on finding Padé
approximations. In 1995 Freund and Feldmann [7] proposed Padé Via Lanczos (PVL) which showed the
relation between the Padé approximation and Krylov spaces. In 1998 the PRIMA method [8] was introduced,
based on the ideas of Arnoldi.

Above mentioned methods cannot be applied efficiently on a model if parameter optimization is required
since this would create a time consuming iterative process. Different MOR techniques are required for the
introduction of parameter optimization after reducing a dynamical system. In 1996, Gallivan, Grimme and
Dooren [9] introduced a moment matching method where MOR can be performed over different frequencies
resulting in a single parameter optimization method, similar to [10]. In 1999, Weile, Michielssen and Grimme
[11] expanded this method to a two-parameter MOR technique. These research topics resulted in the first
Parametric Model Order Reduction (pMOR) techniques
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When MOR is applied to a model the physical meaning of any varying parameter disappears in the
reduced model. Because of this, parameter optimization is impossible using the generic MOR methods.
pMOR methods however, can generate a reduced order model where the physical meaning of any desired
parameter, is still detectable. This creates a big advantage when performing design optimization on highly
complex models.

When a desired performance is required on the input-output behaviour of the model, parameters can be
adjusted to reach the desired performance as close as possible, using a preferred choice norm ‖Σdesired −
Σ(p)‖ , p ∈ P. Due to the size of the model and the amount of parameters, Σ(p) is often not directly solvable.
Therefore, when parameter optimization is desired an iterative process has to be started.

Figure 2: Iterative Parameter Optimization process. Figure 3: pMOR Parameter Optimization process.

With use of Fig. 2 this iterative design process can be explained. A model, Σ(p), is designed to represent
the product. This model depends on several parameters, i.e. geometry, material properties, etc. This model
is therefore a parametric model. By choosing a parameter set within the parameter space, p1 ∈ P , the
model can be simulated and compared to the desired performance. If the model consist of high complexity,
the model can be reduced as well to increase the simulation speed. By performing a quality assessment it
is decided whether the sample model Σ(p1) has the desired design performance. When the performance is
met, the parameter optimization is finished. However, often the adjustment needs several iteration where a
new parameter set has to be chosen, p1 → p2 ∈ P. The model is again compared to the desired performance
and the loop repeats. This iterative process can take days or even weeks depending on the size of the model
and the amount of parameters to optimize.

A pMOR method can improve this process by removing the design iterations. With the use of pMOR
a parametric model, Σ(p) can be reduced in size while keeping the parameters variable. From pMOR an

approximation model, Σ̂(p), is calculated, which can be solved. The desired performance can now be reached

by calculating ‖Σdesired − Σ̂(p)‖ , p ∈ P. The parameter optimization process using the pMOR method is
shown in Fig. 3.

Next to model order reduction and the tools required for this, a big part of the research will be performed
in a simulation software. ANSYS is the global leader in simulations software and the software created by
ANSYS is used to predict how product designs will behave in real-world environments. In this research the
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thermal side of the ANSYS software will be used to simulate thermal behaviour of systems under different
temperature constraints and with varying parameters.

In this project, pMOR will be explored for a complex thermal model in ANSYS. In Chapter 1 the
background of the project is explained, why is pMOR required and what has already been researched
by Philips Innovation Services (PInS) and a literature study is performed on different model reduction
techniques. In Chapter 2 the problem formulation is stated and the methodology. Chapter 3 consist of a
elaboration on thermal systems and how a thermal system is generated in ANSYS. Further will this chapter
explain the extraction method for state space matrices from ANSYS and how to parameterize these matrices.
In Chapter 4 test cases will be discussed and the behaviour of different parameters on these test cases. The
benchmark case will be elaborated in Chapter 5, including the parameter choice and the results that are
obtained using the benchmark case. In Chapter 6 the research will be concluded and possible improvements
will be discussed.

1.1 Background

This project is founded from the requirements of the ’Advanced Thermal Control Consortium’ (ATCC)
together with one of its industrial partners ’Philips Innovation Services’ (PInS). PInS aims to apply pMOR
on projects that required large thermal modeling to increase the efficiency of the design optimization.

Within PInS a variation of product applications are designed. Many of these products require accurate
modeling during the design phase to improve the design of the application. The products range from shavers
and steam irons to medical diagnostics devices. Products or parts of products require design iterations
to fulfill requirements. Product optimization can be performed by generating a full FEM model which
can be used to simulate e.g. thermal behaviour, mechanical stress, fluid behaviour, magnetism etc. of a
model. During product optimization the FEM model is updated with every new design iteration. Because a
FEM model can easily become very complex, generating a FEM model and performing modeling, is a time
consuming and computationally expensive approach. The models are mainly used for:

• Performing transient simulations.

• Computational-based design and optimization.

• Design of model based(optimal) controllers/observers.

• Parameter sensitivity studies.

However, due to the high complexity of the models, the above usage could be computational infeasible.
Therefore model reduction techniques are used to efficiently create a accurate reduced model. Accurate
reduced order models can make the following possible:

• Perform simulations within an acceptable amount of time and with reliable results.

• Be able to run the model with limited memory storage capacity.

• Accelerate optimization problems.

Within PInS, non-parameteric MOR has been researched before on thermal models. As part of an internal
PInS project, several ANSYS macros and Matlab functions were developed. The model reduction technique
used was the Krylov subspace method since this method promised to be the most numerical efficient and
versatile for very large thermal systems. The implementation of this method however lacked the possibility
to apply multi frequency model order reduction. The implemented method used the Arnoldi iteration for
calculation of the subspace making it a one sided moment matching method. The method will be discussed
in depth in Chapter 1.2.2.

1.2 Overview of model order reduction techniques

A brief overview of MOR techniques will be discussed based on the literature. MOR techniques can be
categorized in many groups. In the case of this project the reduction techniques are divided in singular value
decomposition (SVD) based techniques and Krylov based moment matching methods. In this chapter both
techniques will be elaborated and the choice will be discussed.
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1.2.1 SVD based methods

There are multiple SVD based methods which can be used for MOR. For linear system there is the Balanced
Truncation method and the Hankel-norm Approximation. In the case of a non-linear system, the Proper
Orthogonal Decomposition (POD) method can be used or the Empirical Gramians method.

Balanced Truncation
In the Balanced Truncation method, introduced in 1981 by B.C. Moore[3], the states are ordered from easy
to reach and observe to the states that are hard to reach and observe. To achieve this, the reachability
and observability Gramians are calculated. Using the Gramians a state space system can be balanced
which is required when applying the Balanced Truncation method. By means of the SVD a non-singular
transformation matrix T can be calculated, transforming the original system into a balanced state space
representation. The balanced state space representation can then be reduced by decomposing the state
vector with a desired dimension r.

The advantage of Balanced Truncation is the fact that when a full order model is stable the reduced
order model will be stable as well and the fact that error bounds are applicable. There are however some
disadvantages to take into account: first of all the stationary solutions can deviate and secondly, Balanced
Truncation is computationally demanding for system with n ≥ 1000 Degrees of Freedom (DoF), where DoF
represents the number of independent values that have the freedom to vary. Since the average FEM model
used within PInS is significantly bigger than 1000 DoFs, balanced truncation is not a desirable method to
apply. In a 2016 research by P. Wittemuess, C. Tarin, A. Keck, E. Arnold and O. Sawodny [12], a parametric
model order reduction method via Balanced Truncation was introduced however this method showed the
same disadvantages as the non-parameteric Balanced Truncation method.

Hankel norm approximation
A second SVD based method is the Hankel norm approximation introduced by K. Glover in [4] and [13].
For this approximation first the Hankel matrix is calculated. The Hankel matrix is a mapping that maps
past inputs to future outputs and is calculated by multiplying the observability matrix with the reachability
matrix. The Hankel matrix can be balanced by means of a svd and similar to the Balanced Truncation
method can the system be reduced.

The advantage of the Hankel norm approximation over the Balanced truncation method is that is its
an optimal approximation. Both methods use bounds on many error norms, however the bounds on the
Balanced truncation method are not optimal. The disadvantages are similar to the balanced truncation
method, systems become computationally demanding for n ≥ 1000 DoFs.

POD
Suppose a function y(x, t) has to be approximated as a finite sum

y(x, t) =

M∑
k=1

ak(t)Φk(x) (1)

with M going to infinity the approximation becoming exact. The choice for Φk(x) in (1) is not unique
and can be chosen as a Fourier series, Legendre polynomials, Chebyshev polynomials, and so on. POD is
concerned with the choice of the function Φk(K) to approximate the system.

Suppose for a system a measurement of m state variables at N instants of time and we arrange the data
in matrix A as N ×m. By taking the SVD of A, which is of the form A = UΣV T , where U is an N × N
orthogonal matrix, V is an m×m orthogonal matrix and Σ is an N ×m diagonal matrix with the singular
values arranged in decreasing order. A lower-rank approximation of matrix A with order r can be calculated
by replacing U and V with the matrices of their first r columns and replace Σ by its leading r × r principal
minor.

The advantage of the POD method is the applicability on nonlinear systems. However a snapshot of
the output is required to perform the POD method, which requires the full model to be simulated. This
method is therefore computationally demanding. For an in-depth analysis on balanced truncation via the
POD method, refer to [14].
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Empirical Gramians
Empirical gramians represent a sort of covariance matrix which represents the relation between steady state
and perturbed solutions of the dynamical system. To calculate the controllability Empirical Gramian and
the observability Empirical Gramian the input of the system and the states should be known. Emperical
Gramians can be computed by generalizing linear Gramians onto nonlinear systems. By balancing the
Gramians, a linear transformation is found. This can be done using the SVD. A reduced model is now
obtained by using the inputs, outputs and the projection matrix.

This method uses the same approach as the Balanced Truncation method, however in this case with
Empirical Gramians instead of the regular Gramians. The method therefore has the same advantages as
the Balanced Truncation method with now including the applicability on nonlinear systems. However,
the calculation of the Gramians is still computationally demanding. For further information on Empirical
Gramians refer to [15].

All above methods use the singular value decomposition as a major step in the collocation of the reduced
model. As mentioned the advantage of the SVD bases methods is first of all that if the original system
is stable, the reduced system will be stable as well and secondly the reduced order model is error bound.
However there is one big disadvantage, calculation of the reduced order model is very inefficient, for bigger
system where n ≥ 105, the computations can become extremely long and even infeasible. Therefore in the
next part the Krylov based model order reduction technique is discussed.

1.2.2 Krylov subspace based methods

Moment matching methods are a more efficient way of model order reduction. The idea is to create a Taylor
expansion of a system and match a number of polynomials in order to match the important system dynamics.
A lot of methods have been developed over the years and a few important ones will be mentioned in this
chapter. To understand the methods first the Krylov subspace will be briefly explained. To generate a
Krylov subspace a n×n matrix A and a vector B of dimension n are required. The Krylov subspace is then
the linear subspace spanned by the images of B under the first r powers of A. In equation form that is,

Kr(A,B) = span{B,AB,A2B, . . . , Ar−1B} (2)

Using this method, reduced order models can be designed. A number of possibilities will be discussed and
for completeness of the calculations we will consider a descriptor state space system looking as:

Eẋ(t) = Ax(t) +Bu(t) (3)

y(t) = Cx(t) (4)

Where E,A ∈ Rn×n, B ∈ Rn×m and C ∈ Ro×n, state x(t) ∈ Rn, input u(t) ∈ Rm and output y(t) ∈ Ro. In
this case m represents the number of inputs and o the number of outputs.

Asymptotic Waveform Evaluation
Asymptotic Waveform Evaluation is one of the basic and earliest methods in Model Order Reduction proposed
by L.T. Pillage and R.A. Rohrer in 1990 [6]. The idea of the method is that the transfer function can be well
approximated by a Padé approximation. A Padé approximation is a rational function of two polynomials
P (s) and Q(s). AWE calculates a Padé approximation of finite degree, in other words, a finite number of
terms in the polynomials. For the Padé approximation a sufficient number of terms in the polynomial should
be found to generate a good approximation. These terms are also known as moments and can be found by
building a Krylov subspace. In this case the expansion of the Krylov subspace is performed around some
expansion point s0 ∈ C resulting in the following subspace:

K((s0E −A)−1B, (s0E −A)−1E).

The approximation is of the form:

H̄(s) =

n∑
k=0

mk(s− s0)k,
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for some finite n. When the moments are calculated, a Padé approximation Ĥ(s) of the transfer function
H(s) can be determined:

Ĥ(s) =
P (s− s0)

Q(s− s0)
.

Letting

P (s) =

p∑
k=0

ak(s− s0)k, Q(s) =

p+1∑
k=0

bk(s− s0)k,

we find that the following relation must hold:

p∑
k=0

ak(s− s0)k =

(
n∑
k=0

mk(s− s0)k

)(
p+1∑
k=0

bk(s− s0)k

)

Equating like powers of s − s0 (for the higher powers), and setting b0 = 1, we find the following system to
be solved: 

m0 m1 . . . xp
m1 m2 . . . mp+1

...
...

. . .
...

mp mp+1 . . . m2p



bp+1

bp
...
b1

 = −


mp+1

mp+2

...
m2p+1

 (5)

From the above system the coefficients bi, i = 1, . . . , p+ 1 of Q can be extracted. A similar step can be used
to find the coefficients of the polynomial P .

One of the drawbacks of the above method, and with AWE in general, is that the coefficient matrix in
(5) quickly becomes ill-conditioned as the number of moments used increases. In fact, practical experience
indicates that applicability of the method stops once eigth or more moments are used. The method can be
made more robust by using Complex Frequency Hopping, meaning that more than one expansion point is
used. However, the method remains computationally demanding.

The PVL Method
In 1995, Roland Freund and Peter Feldmann [7] published there reduction method named Padé-via-Lanczos
or PVL. In this method, the Padé approximation based on the moments is calculated by means of a two-sided
Lanczos algorithm. The algorithm requires approximately the same computational effort as AWE, but it
generates more poles and is much more robust. To explain the method, consider the transfer function of a
SISO system:

H(s) = CT (sE −A)−1B.

Let s0 ∈ C be the expansion point for the approximation. Then the transfer function becomes

H(s) = CT (E − (s− s0)Â)−1b

Where
Â = −(s0E −A)−1E,

and
b = (s0E −A)−1B

This transfer function can, just as in the case of AWE, be approximated well by a rational function in the
form of a Padé approximation. In PVL this approximation is found via the Lanczos algorithm. By running
r steps of the algorithm, two krylov subspaces can be constructed. With these subspaces an approximation
can be found. The subspaces look as:

im(V ) = Kr(b, Â) = span{b, Âb, . . . , Âr−1b},
im(W ) = Kr(CT , Â) = span{CT , ÂCT , . . . , Âr−1CT }
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The approximation can then be made by transforming the original system matrices E,A,B,C as:

Er = WTEV Ar = WTAV Br = WTB Cr = CV

The size of the reduced order model is dependent on the number of times the algorithm is run and has size
r. Every iteration leads to the creation of two extra moments. This makes PVL a very powerful and efficient
algorithm. However it is known that PVL does not always preserve stability. The reason for this is that PVL
is based on a two-sided Lanczos algorithm, and uses non-orthogonal or skew projections. It is suggested to
simply delete the positive real part poles. However, such ”remedies” should probably be avoided since its
not based upon theory.

There are many studies based on the PVL resulting in a number of improving methods like matrix PVL,
a MPVL with look-ahead to prevent the innerproducts wT

n+1,vn+1 to become zero or near to zero, which
breaks down the Lanczos algorithm. Another method is the SymPVL, which is an efficient version of PVL
for the case of symmetric matrices. A similar (and earlier) development is SyPVL. The main idea of all
these methods is to make use of the fact that the matrix is symmetric, so that it can be decomposed using
a Cholesky decomposition. This then automatically leads to stability of the associated approximate models.

Arnoldi
For symmetric matrices the Lanczos process is most suitable, but for general matrices the Arnoldi method
is a better choice. The Arnoldi method can also be used as the basis for a model order reduction method
like PVL. Like PVL an expansion point s0 ∈ C can be defined, and a shift-and-invert transfer function is
constructed:

H(s) = CT (sIn −A)−1B = CT (In + (s− s0)Â)−1b,

with
Â = (s0In −A)−1,

and
b = (s0In −A)−1B.

Then, in the Arnoldi process a Krylov space associated with the matrices Â and b is generated:

im(V ) = Kr(b, Â) = span{b, Âb, . . . , Âr−1b}

The main differences with PVL are that only one Krylov subspace is generated, namely with the Arnoldi
process, and that the projections are performed with orthogonal operators. The approximated model is then
calculated as:

Er = V TEV Ar = V TAV Br = V TB Cr = CV

The expansion point in the above equations can be chosen either real or complex, leading to different
approximations of the poles of the system. Complex expansion points will include accurate moment matching
not only in the magnitude of the system but in the phase as well. It is also possible to expand at multiple
frequency points.

The big advantage of the Krylov subspace moment matching methods over the SVD based methods is
the computational efficiency. Larger systems (n > 105) can be calculated using the Krylov method which is
desired since the systems we will be looking at will have over 105 states. The disadvantages of this method
however are that the stability of the system is not automatically guaranteed and no error bound is present. In
the next part the extension of the Krylov subspace for parametric model order reduction will be explained.

1.2.3 Parametric model order reduction

In the mentioned MOR methods, models can be reduced to perform meaningful simulations but lack the
possibility to perform parameter optimization on the reduced order model.

A lot of research is performed on pMOR where foundation of the multiple parameter reduction is stated
in [11] by Weile, Michielssen, Grimm and Gallivan. In this study a generalization for two-parameter linear
systems is presented. The generalization is based on the vector spaces and projections for a one-parameter
linear system resulting in a moment-matching technique for two-parameter systems. In 2004 L. Daniel,
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O.C. Siong, L.S. Chay, K.H. Lee And J. White [16] extended the two-parameter moment-matching model-
reduction algorithm, introducing a moment-matching model-reduction algorithm for an arbitrary number
of parameters. However, this pMOR method is a single-point expansion method since the system transfer
function is expanded at only one point in the frequency space s and all the parameters are treated identically.
However, there does exist a difference between the parameters, since varying parameters fluctuate in a small
range around the nominal values, while the frequency parameter s has to be considered over the whole
frequency range. Due to a high order of moment matching, a reduced systems can still be complex. This is
because a high moment matching order will introduce a large number of cross terms in the multi-parameter
expansion, thus leads to a large reduced model size.

In [17] a multiple-point expansion is introduced where multiple frequencies and multiple parameters are
used to perform pMOR. Using a low moment matching order, this study shows an increase in performance
while reducing the reduced model order size compared to [16]. In a different study by A. Leung and R.
Khazaka [18], the reduced order models are further reduced by applying a singular value decomposition
on the calculated Krylov subspace (Q = USV T ) where S is a diagonal matrix providing a measure of the
relative importance of the various vectors in the orthonormal subspace defined by the columns of U. This
is a convenient way to truncate the Krylov subspace to trade of the accuracy versus the size of the reduced
model order.

In [19] an algorithm is presented to compute well-conditioned bases for the Krylov spaces of the system
parameterized by polynomials in several variables. The cause of this paper is that all mentioned methods so
far use direct moment computation and therefore suffer from numerical instabilities as the non-parametric
MOR method, asymptotic waveform evaluation has. A different method to tackle the problem of the poten-
tially numerical unstable computational procedures like Arnoldi is posted in [20]. In this research Y. Li, Z,
Bai, Y. Su and X. Zeng introduce a method to calculate the Krylov subspace via a two-directional Arnoldi
process. The resulting reduced order model has the same form as the original system and preserves the
passivity. In [21] M. Ahmadloo and A. Dounavis introduced a multi-order Arnoldi method for reduction of
electromagnetic systems. The proposed algorithm calculates the moments, without having to perform ratio-
nal curve fitting as performed in [22] or introduce separate variables to approximate the arbitrary functions
of frequency [16], [23].

Not only has pMOR been performed on linear models, in [24] B. Bond and L. Daniel researched a method
for pMOR on highly nonlinear systems resulting in a combination method of linearization and pMOR. Further
research also includes pMOR for FEM models [23], and pMOR for higher order systems in [25]. A reduced
order model has a performance error with respect to the performance of the original system. This error can
serve as a bound when calculating the reduced model. In [26] a L∞ error bound is presented for MOR and
pMOR systems and in [27] an error bound is presented for multivariable MIMO systems. The first error
bound on multi-parametric systems was given by [28] using the L2 norm.

The basis of all above mentioned methods and researches is the Krylov subspace moment matching
method. By only first considering the moment matching method over a multitude of frequencies, introduced
by Gallivan, Grimme and Dooren in 1996 [9], an understanding of parametric model reduction can be created.
The subspace generated by this method looks as:

Vs = span{Vs1 , . . . , Vsi , . . . , VsR} with si: ith expansion point (6)

where the subspace of each of the frequency expansion points is then calculated as

Vsi = Kr(b, Âsn) = span
(
b, Âsib, Â

2
sib, . . . , Â

r−1
si b

)
∈ Rn×r

The number of columns in the Krylov subspace will then be Vs = Ri×r×R with R the number of frequency
expansions.

In 1999 Weile, Michielssen and Grimme [11] expanded this method to a two-parameter MOR technique.
The technique is similar to the frequency expansion but for parameter variation in the system matrices. The
descriptor state space will therefor look as:

E(p)ẋ(t) = A(p)x(t) +B(p)u(t) (7)

y(t) = C(p)x(t) (8)
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The parameter expansion point will be calculated similar to the frequency expansion point:

Vp = [Vp1 , . . . , Vpj , . . . VpL ] with pj : jth parameter

where the subspace of each of the parameter expansion points is then calculated as

Vpj = Kr(b(pn), Â(s0, pn))

= span
(
bpj , Â(s0, pj)bpj , Â(s0, pj)

2bpj , . . . , Â(s0, pj)
r−1bpj

) (9)

Where Vp = Rj×r×L with L the number of parameter expansions. The method of multiple frequency points
and multiple parameters can be combined to create a Krylov subspace which can be used for both.

V = span{Vp, Vs} (10)
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2 Problem statement

A thermal system can be expressed via partial differential equations (PDEs)

ρcp︸︷︷︸
Thermal mass

∂T

∂t
= ∇( k∇T︸ ︷︷ ︸

Conduction

) + h(T − Tambient︸ ︷︷ ︸
Convection

) + σ(T 4
s − T 4

rad)︸ ︷︷ ︸
Radiation

(11)

Where T is the spatial-temporal dependent temperature. The PDEs consists of the thermal mass, conduc-
tivity, convection and radiation. The thermal mass consist of ρ, which is the material density in [kg/m3] and
cp, which is the specific heat capacity in [J/(kg ·K)]. The conduction consists of k, the thermal conductivity
in [W/(m ·K)]. The convection consists of h, the heat transfer coefficient in [W/(m2 ·K)] and the ambient
temperature Tambient in [K]. Lastly the radiation between two surfaces is described by the Stefan-Boltzmann
constant σ in [W/(m2 · K4)] and the temperature difference between the surfaces Ts ∈ T and Trad to the
power four in [K4]. Trad represents the temperature of the object which interacts with the radiation.

The PDEs can be converted to ordinary differential equations (ODEs) by applying a spatial temporal
discretization method. This is done by the simulation software package ANSYS since this is the software
used within PInS. The radiation is not included into the ODEs, however we do consider it. Chapter 3 will
explain the conversion from PDEs to ODEs. After the spatial discretization the ODEs are obtained in the
form of a linear parameter varying descriptor state space system as followed.

Σ(p) :

{
E(p)ẋ(t) +K(p)x(t) = B(p)u(t)

y(t) = C(p)x(t)
(12)

Here, system matrices K(p), E(p) : Rl ∈ Rn×n, B(p) ∈ Rn×m, C(p) ∈ Ro×n, state x(t) ∈ Rn, input
u(t) ∈ Rm and output y(t) ∈ Ro. n is typically equal to the number of nodes in the spatial configuration
space of Σ. The parameter vector p = [p1, . . . , pl]

T ∈ Rl assumed not to be varying with time. For the
thermal system in (11), p consists of ρcp, k and h.

Since, in the case of thermal systems the dimension size can be very large (n > 105), the computation
complexity for design optimization or controller synthesis is very high. Model reduction is therefore applied
where the parameters are preserved in the reduced model such that the parameterized reduced order model
can be used for design optimization or controller synthesis.

The goal of this project is to apply pMOR for a thermal system to find a reduced order model Σr(p)
with r � n where parameters are preserved in the reduced model such that the parameterized reduced order
model can be used for design optimization. Projection based model reduction can be used to preserve p
in the reduced order model. First projection matrices V and W should be found, where V ∈ Rn×r and
W ∈ Rn×r. Projection on the states

x ≈ V xr with xr ∈ Rr (13)

and projection on the residual error, e(t) = E(p)V ẋr(t) +K(p)V xr(t)−Bu(t)

WT (E(p)V xr(t)−K(p)V xr(t)−Bu(t)) = 0, (14)

leads to the reduced order model

Σr(p) :

{
Er(p)ẋr(t) +Kr(p)xr(t) = Br(p)u(t)

y(t) = Crxr(t)
(15)

where the reduced system matrices are given by

Er(p) = WTE(p)V ∈ Rr×r, Kr(p) = WTK(p)V ∈ Rr×r,
Br(p) = WTB(p) ∈ Rr×m, Cr(p) = C(p)V ∈ Ro×r.

For this thesis a workflow will be presented, from a thermal ANSYS FEM model to a parametric reduced
order model applicable for design optimization. In the next chapter the conversion from PDEs to ODEs and
the parametrization methods will be discussed.
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2.1 Methodology

The thermal models used for the PMOR research are designed in ANSYS. The thermal model used as a
benchmark case in this study is provided by Philips Innovation Service as a research project. The model is
presented in ANSYS 19.1. From ANSYS 19.1, state-space matrices can be extracted using Command macros
written in the past by Walter Aarden for Philips Innovation Services. The extracted state-space models will
be transformed to parametric matrices using a parameter perturbation method in Matlab 2019a.

The pMOR method that will be used is the Krylov subspace based method. A Matlab toolbox for this
method is designed by Daming Lou from the Technical University of Eindhoven. The resulted Full-order
model and the Reduced-order model will be compared in Matlab by comparing the frequency domain bode
plots and the time domain input response. For the extraction of state-space matrices it is desired to be able
to vary parameters in the ANSYS model, i.e. material properties, temperature and convection coefficients. A
study has been performed to create parametric models from a non-parametric FEM model. The research is
performed web based and involved the knowledge from Philips employees and the superior customer support
of ANSYS. All simulations and models used in this research are performed on an HP ZBook 15 G3 with an
Intel core i7-6820HQ CPU @ 2.70GHz 2.71GHz and 16 GB of ram.

During the research, improvements to the Matlab toolbox are investigated and implemented. These
improvements include program optimization, speed improvements, how to approach a non-familiar thermal
model and the variety of possibility’s provided by the Matlab toolbox. Results gathered in this research
are validated by comparing different parameter variations and order sizes. When data shows little offset to
the desired results the data will be considered valid. Some of the scripts and data used in this research is
classified, therefore the application and working principle of the benchmark case are not explained. Further
the conversion in Matlab of the extracted ANSYS data to a state space representation is avoided as well.

A desired result would be to extend of the knowledge within Philips innovation services on the topic of
Parametric Model Order Reduction, and if possible an extension of the current MOR toolbox to be able
to apply pMOR. An instruction manual is therefor required and a demonstrative case showing how to use
pMOR within ANSYS and Matlab.
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3 Thermal system modelling

The Finite Element Method (FEM) is a numerical method to solve partial differential equations and is
employed to predict thermal(-mechanical) effects that influence and limit the system performance/lifetime
during system design. A mechanical model is divided in elements using a discretisation method which is
implemented using a mesh. Between each element an approximation of the thermal behaviour is described
with a simple equation. A thermal element is modelled by considering the temperature in its nodes. Various
types of elements exist in the standard FEM packages which can vary in the number of nodes they consider.
Linear elements consider nodes only at the corner points of the element, whereas quadratic elements also
consider a node at the center of each of its edges, others might even consider nodes at the center of their
faces or volume. Moreover, neighboring elements share nodes at neighboring corners, edges and faces. In
this research we assume linear elements with nodes only at their corner points.

3.1 Introduction to thermal systems

The dynamics of a thermal system is dependent on a number of properties. An important part in a thermal
system are the modes of heat transfer: thermal conductivity, heat convection and radiation.

• Thermal conductivity k, is a measure of the ability to conduct heat in [W/(m ·K)]. Thermal conduc-
tivity is described by Fourier’s law of heat conduction with the defining equation being

Q = −kA∇T, (16)

where Q is the heat flux in [W ], A is the area over which the conduction occurs in [m2] and ∇T is the
temperature gradient in [K/m].

• Heat convection, hconv, is an energy output on a surface via thermal coupling to an external temperature
in [W/(m2 ·K)]. The convection can be described by Newton’s law of cooling as

Q = hA(T − Tambient). (17)

The constant h is known as the film coefficient or heat transfer coefficient and A represents the surface
of convection in [m2].

• Radiation is the emittance of energy by a process of electromagnetic radiation. Radiation between two
objects can be described by the heat transfer from the radiating surface to interacting surface as:

Q = AsFs−radσ(T 4
s − T 4

rad), (18)

where Ts is the temperature of the radiating surface and Trad the temperature of the object that
interacts with the radiation. Fs−rad is the view factor matrix, which can be regarded as the fraction of
energy leaving the radiating surface that is intercepted by the receiving surface and As is the surface
of radiation in [m2].

Additional terms which will be used in the model order reduction are the thermal mass and the thermal
time constant. The thermal mass describes the ability of a object to store thermal energy. The thermal
mass depends on the heat capacity cp with [J/K], the density ρ with [kg/m3] and the volume V with
[m3] of the object. The thermal mass is calculated as cp · ρV . The thermal time constant τ describes the
speed of temperature change. The thermal time constant for a lumped mass, which is a mass in which the
temperature difference is negligible, can be calculated as:

τ =
ρcpV

hAs
.

From this it can be noted that a large thermal mass leads to slower change in temperature while a big surface
area As and better heat transfer h to the environment lead to faster temperature changes. For an in depth
analysis on the modes of heat transfer and the additional terms consider [P11, [29]].
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The thermal behaviour of a object is modelled using balanced equations. To derive the balanced equation,
the modes of heat transfer and the thermal mass will be used. For a single lump mass the equation can
be derived as the energy change in the object (dEdt ) being equal to the energy transferred into or out of the
object (Q):

dE

dt
= Q (19)

Since we know that the energy stored in the system in case of thermal system is equal to the thermal mass
and the energy transfer equals Newton’s law of cooling, (19) can be rewritten as:

−(cpρV )
dTobject
dt

= hA(Tobject − Tambient) (20)

Figure 4: Two lump
mass system.

If this equation is extended for two lump masses with a ambient temperature, see
Fig. 4, the two differential equations become:

−(cpρV )
dT1
dt

= kA(T1 − T2) + hA(T1 − Tambient) (21)

−(cpρV )
dT2
dt

= kA(T2 − T1) + hA(T2 − Tambient) (22)

The area A in above equation is equal since the area of convection equals the area
of conduction. The equation can be written in a matrix system of the form:

EṪ (t) +KT (t) = Bu(t) (23)

The resulting thermal equation will look as:[
cpρV 0

0 cpρV

] [
Ṫ1
Ṫ2

]
+

[
k + h −k
−k k + h

] [
T1
T2

]
=

[
h
h

]
Tambient (24)

3.2 Modelling in ANSYS

In order to create a reduced order model from an ANSYS FEm model, a number of FEm matrices are
required:

• K: the thermal conductance matrix. Represents the thermal coupling between the nodes.

• B: The input matrix. Represents the thermal coupling between nodes and external temperatures
and/or heat loads.

• C: the output matrix. Represents the nodes on which the temperature is observed.

• E: the thermal capacitance matrix. Represents the amount of thermal mass related to each node.

The FE matrices generate a state space system of the form:

Σ :

{
EṪ (t) +KT (t) = Bu(t)

y(t) = CT (t)
(25)

where T is the temperature vector. FEm matrix K defines the heat transfer characteristics of the body.
To illustrate how the K matrix is created a 2D example case is used. The example consists of one plane,
divided in 4 elements with nine nodes, see Fig. 5. For convenience no boundary conditions are applied to this
example. The connections between each node and the surrounding nodes, can be represented by a thermal
resistance (similar to the well-known electrical resistor), see Fig. 6. The value of this thermal resistance is
the inverse of the thermal conductance.
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Figure 5: ANSYS mesh of a 2d plane with nodes.
Figure 6: Representation of the ANSYS mesh using
thermal resistors.

To calculate the value of the K matrix on each node, the thermal conductance has to be calculated. The
formula for thermal conductance is:

K =
λA

l
(26)

For each node number a differential equation can be written using Fourier’s law of heat conduction. For
Qn with Q being the heat transfer rate and n being the node number represented in Fig. 6, the differential
equations are:

Q1 =
λA

l
(T1 − T2) +

λA

l
(T1 − T4)

Q2 =
λA

l
(T2 − T1) +

λA

l
(T2 − T3) +

λA

l
(T2 − T5)

Q5 =
λA

l
(T5 − T2) +

λA

l
(T5 − T4) +

λA

l
(T5 − T6) +

λA

l
(T5 − T8)

The conduction matrix in this example will therefore look as (with λA/l replaced with Λ for simplicity):

K =



2Λ −Λ 0 −Λ 0 0 0 0 0
−Λ 3Λ −Λ 0 −Λ 0 0 0 0
0 −Λ 2Λ 0 0 −Λ 0 0 0
−Λ 0 0 3Λ −Λ 0 −Λ 0 0
0 −Λ 0 −Λ 4Λ −Λ 0 −Λ 0
0 0 −Λ 0 −Λ 3Λ 0 0 −Λ
0 0 0 −Λ 0 0 2Λ −Λ 0
0 0 0 0 −Λ 0 −Λ 3Λ −Λ
0 0 0 0 0 −Λ 0 −Λ 2Λ


with on the diagonal the conductivity of the nodes and on the off diagonal elements a conductivity where a
connection is present.
To extend on the example, a convection is added on nodes 1,4 and 7, so on the left side of the plane. The
convection can be represented as a resistor as well, with the resistor value being the convection coefficient
h. As mentioned before the convection is represented by Newton’s law of cooling:

Q = hA(T − Tambient) (27)

However what must be noted in this example is that the area of convection for node 1 is half the size of the
area of convection for node 4, this is due to the fact that node 4 has two connections in the convection plane
and node 1 and 7 only have one connection in the convection plane. The differential equation at node 1, 4
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and 7 therefor become:

Q1 =
λA

l
(T1 − T2) +

λA

l
(T1 − T4) +

hA

2
(T1 − Tambient)

Q7 =
λA

l
(T7 − T8) +

λA

l
(T7 − T4) +

hA

2
(T7 − Tambient)

Q4 =
λA

l
(T4 − T1) +

λA

l
(T4 − T5) +

λA

l
(T4 − T7) + hA(T4 − Tambient)

From above differential equations the B matrix can be extracted. By assigning the ambient temperature
Tambient as an input to the system it becomes clear what the B matrix consists of. The B matrix for the
case with only convection looks therefore as:

B =
[
hA
2 0 0 hA 0 0 hA

2 0 0
]T

Next the output matrix has to be defined. If, as an example, the temperature output of node 8 and 9 is
desired, the output matrix C will look like:

C =

[
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

]
The last matrix in the state space representation is the thermal capacitance matrix E. The E matrix is a

diagonal matrix which consist of the thermal capacity of each node. The diagonal of the corresponding node
number consists of the mass assigned to the node (ρ · V ) multiplied with the specific heat (cp). The thermal
mass in the thermal capacitance matrix can be denoted as:

En,n = ρ · Vn,n · cp

with n being the node number. The volume V can vary depending on the location of the node and the shape
of the mesh. For an illustrative example consider the 3d cube in Fig. 7.

Figure 7: An illustrative Mesh of a 3d body.

• The center node, node 1, is connected on all sides. The thermal mass is calculated as:

E1,1 = ρ · V1,1 · cp

The volume in this case is calculated as V1,1 = l × l × l. In all possible directions a node is present,
therefore the full volume around the node has to be considered.

• Node number 2 has five connections and has therefore only half the length in one direction. The volume
is calculated as V2,2 = 1

2 l × l × l. The thermal mass is calculated as:

E2,2 = ρ · V2,2 · cp

18



• Node number 3 has four connections and has therefore a half the length in 2 directions resulting in
V3,3 = 1

2 l ×
1
2 l × l of the total mass.

• Node number 4 has three connections and has therefore half the length in three directions, V4,4 =
1
2 l ×

1
2 l ×

1
2 l.

If the mesh has a different shape, the volume will change per node but the idea of the calculations is the
same. The E matrix will thus be a diagonal matrix and look as:

E =

E1,1

. . .

En,n

 (28)

This explains the basics of how ANSYS is able to extract the state space matrices. A further elaboration
with respect to the definition of these matrices is out of scope for the current study. The interested reader
can refer to [P6-1[30]] for more details. In the next chapter the matrix parameterization is elaborated since
all matrices extracted by ANSYS thus far, are non-parametric.

3.3 State space parameterization

Before parametric model order reduction can be applied, a parametric state space is required. The problem
however is where to introduce the parameters. In this research the focus will lay on parameterizing the ma-
terial properties and boundary conditions. The parameters will thus be limited to the conduction coefficient,
convection coefficient, thermal mass and contact conduction coefficient. Each parameter influences a number
of elements in the state space equations. As stated before, conduction, contact conduction and convection
are all parameterized in the thermal conductance matrix K, however the convection will also generate a pa-
rameter in the input matrix B. The thermal mass will have a parameter in the thermal capacitance matrix
E. for example it is clear that a convection will influence the corresponding input vector and a number
of elements in the thermal conductance matrix. The goal of the parameterization is to generate an affine
dependent state space matrix where each parameter has its own matrix. The affine state space matrix will
look as:

E(pi) = E0 + E1p1 + . . .+ Eipi (29)

K(pi) = K0 +K1p1 + . . .+Kipi (30)

B(pi) = B0 +B1p1 + . . .+Bipi (31)

C(pi) = C0 + C1p1 + . . .+ Cipi (32)

The zero term in above system of equation corresponds to the part of the state space matrix which is
not influenced by any parameter. The first term corresponds to the matrix term influenced by the first
parameter. For example, if the first parameter is a thermal mass parameter, the first term in the E matrix
will be non-zero en consist of the variations introduced by set parameter. The first therm of the K,B and C
matrix will be zero since the thermal mass does not introduce any variation in those matrices. By generating
the state space matrices a new system of equations is created

E(pi)Ṫ (t) +K(pi)T (t) = B(pi)u(t) (33)

y(t) = C(pi)T (t) (34)

During this research two methods have been used to create a parametric state space from ANSYS. The
initial method used by D. Lou seen in Fig. 8, and an improved method upon this initial method seen in
Fig. 9, both methods will be described.

In the initial method two state space systems are extracted from ANSYS. As example the system will
consist of three parameters which have to be varied. The first system that is extracted will use the nominal
parameter values.

Σ1(p1, p2, p3)

{
E1Ṫ (t) +K1T (t) = B1u(t)

y(t) = C1T (t)
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Figure 8: Initial method to parametrize the state
space matrices

Figure 9: Improved method to parametrize the state
space matrices.

Next a second system is extracted. To be able to create a parametric model from the two systems, the
parameter locations will have to be found. Assuming that the behaviour of the parameters is linear and each
parameter only introduces variations in one of the system matrices, a second system of matrices is extracted
with scaled parameter values:

Σ2(2 · p1, 4 · p2, 8 · p3)

{
E2Ṫ (t) +K2T (t) = B2u(t)

y(t) = C2T (t))

With the two extracted systems the location of the different parameters can be found in the system. This
can be done by dividing the two systems element wise. By scaling the matrices as:

K2 = K1 ·Kdiv,

where Kdiv consists of the scaling vectors, the locations of the parameters can be found as the locations where
the scaling factor of the parameters appear in the Kdiv matrix. This method will work when each element is
only influenced by one parameter. As mentioned before in Chapter 3.2, the convection and conduction can
influence the same node, thus the same element in the conduction matrix. Because of this, the assumption
made previously, that the behaviour of the parameter is linear and each parameter only introduces variation
in one of the system matrices, is incorrect. As a result an improved method is required to comprehend the
fact that two parameters can influence a single element.

The basis of the improved method is similar to the initial method. However, in the improved method,
a state space system is extracted for each of the varied parameters. When using this improved method,
parameter combinations on nodes will be discovered and when a parameter influences multiple state space
matrices this can be found as well, resulting in a perfectly matched parametric state space. For the case of
the three parameters, a nominal system will be extracted and three systems where only one parameter is
varied:

Σ1(p1, p2, p3)

{
E1Ṫ (t) +K1T (t) = B1u(t)

y(t) = C1T (t)

Σ2(2 · p1, p2, p3)

{
E2Ṫ (t) +K2T (t) = B2u(t)

y(t) = C2T (t)

Σ3(p1, 2 · p2, p3)

{
E3Ṫ (t) +K3T (t) = B3u(t)

y(t) = C3T (t)

Σ4(p1, p2, 2 · p3)

{
E4Ṫ (t) +K4T (t) = B4u(t)

y(t) = C4T (t)
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The parameter locations can now be found by subtracting the nominal matrices from the scaled matrices.
For example when calculating the influence of parameter 1 on the K matrix:

K(p1) = K2(2p1, p2, p3)−K1(p1, p2, p3)

This operation can be performed on all matrices to create a parametric state space. The resulting state
space matrices will have the form as mentioned before in (29) till (34). Using the affine system matrices,
model reduction can be applied to the parametric model.

Note that the parameters of the boundary condition can enter both the K and B matrix at the same
time. Using the initial method prevented the search for parameters in both K and B matrix since multiple
parameters could influence the same node in the K matrix, resulting in a loss of parameter data. Using the
improved matrix extraction and parameterization method the parameter influence in both matrices can be
found, resulting in the extraction of a much more accurate parametric model.

3.3.1 Applying pMOR

The method applied to the parametric model generated in previous chapters is the Krylov subspace moment
matching approach using a one-side or a two-side approach to generate the subspaces. The approach is coded
in MATLAB in the PhD research of Ir. D. Lou in a toolbox created for the ATCC [31]. In this toolbox the
number of frequency expansion point can be chosen and a iterative process is used to calculate each moment
of expansion using both frequency and parameter variables. In an example where one parameter is present
in the E matrix, the moments are calculated using a one-sided Krylov subspace method. Moment zero (m0)
is calculated using all parameters at the first frequency expansion. In the first moment, first an expansion
at the non-parametric part is added using the previous moment. Secondly an expansion on the parameter is
added using the last column of the previous moment and an expansion on the full system is added using the
previous moment. This repeats for further moments causing the reduced order model to grow exponentially.
Equation wise this holds

m0 = (s0E0 + s0E1 −A)−1B dim{n× 1}
m1 = {E0 ·m0, E1 · [m0(:, end), E0 ·m0]} dim{n× 1, n× 2}
m2 = {E0 ·m1, E1 · [m1(:, end), E0 ·m1]} dim{n× 3, n× 4}
m3 = {E0 ·m2, E1 · [m2(:, end), E0 ·m2]} dim{n× 7, n× 8}
m4 = . . .

However the size of the resulting order model will be unpredictable. This is the result of the Gram-
Schmidt orthogonalization method. Each vector calculated by the moments will be orthogonalized to the
previous set of vectors available. If the norm of the vector is below a certain threshold, the vector can be
considered not important and will not added to the generated subspace. For an elaboration of the possibilities
of the toolbox refer to [31].
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4 Pre-test cases

To present the behavior of the parametric model when applying parametric model order reduction, a number
of test cases are used. Each test cases focuses on a different model property. In total, four cases will be
tested. A visual of the test cases can be seen in Fig. 10.

Figure 10: Test cases with the corresponding parameters and boundary conditions

• In the first case the convection is the parameterized property. The convection property can be found
on the boundary nodes of the conduction matrix and on the input vector corresponding to the ambient
temperature of the convection.

• The second case parameterizes the conductivity. The conductivity parameter influences the conduction
matrix.

• In the third case the thermal mass is parameterized. The thermal mass is a combination of the density
and the specific heat of the material. By parameterizing the thermal mass, a variable in the thermal
capacitance matrix is created.

• In the last case a contact conduction is added to the model. If this contact conduction is infinitely
high, the model represents the nominal parameter case of case two or three. By parameterizing this
property a parameter is created in the conduction matrix.

The test cases are cube shaped, with a geometric volume of l × w × h = 0.01[m] × 0.01[m] × 0.01[m] .
The cases are meshed linear with a element size of 1e-3 [m], resulting in 1000 elements and 1331 nodes. In
Table 1 the nominal parameters of the test cases can be found which are representative for a steel cube.

Parameter Parameter name Nominal value Unit
ρ Density 7750 kg m−3

cp Specific heat 480 J kg−1 K−1

λ Conductivity 15.1 W m−1 K−1

hconv Convection 10 W m−2 K−1

V Volume 1e-6 m3

A Area 1e-4 m2

L Length 1e-2 m
Q Heat flux 1000 Wm−2

T Constant temperature 20 ◦C
htemp Temp convection 1e9 W m−2 K−1

Table 1: Parameters used in the test cases

In the test cases an output has to be defined. The output node chosen is the node which is present in
the center of the block. With the input being the convection in case one and the heat load in case two to
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four, the input to output behaviour is calculated trough half the block. In case 4, the output is chosen on
the bottom side of the center node and therefore includes the contact conduction in the direct path of the
input-output behaviour. Choosing the output on the input boundary condition would result in the frequency
response being zero in the low frequent area since the output would follow the input perfectly. Therefore it
is decided to put the output in the center of the block since then the magnitude loss trough half the block
is represented and the influence of the parameter variation is visualised clearly in the low frequent region.

The test cases are useful for the project when they are non-isothermal, this means that the temperature
in the model is not constant. To check the thermal behaviour of the test cases a temperature response
is created for each of the test cases. The initial temperature is 22 degrees, this to create an offset to the
temperature constant of 20 degrees. Due to this offset the thermal time constant can be calculated easily
from the results. The thermal time constant can be found by calculating the time at which the output has
reached 63.2% of the steady state value. In Fig. 11 the temperature output over time can be seen. The
location of the thermal time constant is denoted with a red circle in each of the data lines. The value of the
thermal time constant can be seen in Table 2. It is possible that by changing the parameter in each test case
the steady state and the thermal time constant changes as well. This will be seen by a change in magnitude
for the steady state and a change in the cutoff frequency for the thermal time constant.

Figure 11: Time response of the test cases.

Test case Time constant τ [s]
1 9.5
2 8.7
3 8.7
4 3.5

Table 2: Thermal time constants.
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The results of each test case will be displayed in a number of figures. First the full system will be
shown with the parameter varying to determine what the parameter changes in the input-output behaviour.
Secondly a parametric model order reduction is applied to the model. The frequency expansion point are
chosen as:

s0 =

[
0 5

0.01 1

]
(35)

The frequency zero is expanded with 5 expansion point. This means that a Taylor expansion is made at that
frequency where the first 5 coefficients (moments) are matched. In this case it will match the zero frequency
of the system. Further the frequency of 0.01 Hz is once expanded to match the model at higher frequency.
The parameter expansion points are:

p0 =

 p 3
p · 10 3
p · 0.1 3

 (36)

Each of the parameter expansion points is expanded 3 times to match the system at the varying parameter
values. Using the above settings for the pMOR results in ROM with order 59 states. It should be noted
that the results from the test cases can be improved with increasing the order of expansion in the frequency
expansion or parameter expansion.
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4.1 Test case one: Parameterizing the convection

The first test case is focused on parameterizing the convection. The nominal value
of the convection is 10 W

m2 K and will be scaled up and down with a factor 10.
The ambient temperature of the convection is 0 ◦C, causing a 20 degree difference
between the constant temperature and the convection. The full model behaviour
and the influence of the parameter on the model can be seen in Fig. 12. The
nominal model has a magnitude of 0.003 and the cutoff frequency is around 10−2

Hz. Based on the time constant of 9.5 seconds the bandwidth is expected to be:
f(bw) = 1

2π·τ = 1/59.7 = 0.0168 Hz. By increasing the convection the mass line
is increased to 0.03, which corresponds to the factor 10 the convection is changed.
This is an obvious result because more energy from the ambient temperature travels
into the part, resulting in the output following the input temperature. Reducing the
convection with a factor 10 changes the mass line from 0.003 to 0.0003. Varying the
convection does not influence the cutoff frequency.

Figure 12: Test case one, full model with parameter variation.

Next the pMOR is applied to the model. A figure is created where the three parameter variation of the
full model are compared to the three parameter variation of the reduced model. The graph can be seen in
Fig. 13.

Fig. 13 show a matching behaviour between the full and reduced order model, however when the frequency
increases, the behaviour of the reduced order model starts to deviate from the original model. To determine
the accuracy of the reduced order model to the full model, the relative error is used. The relative error is
calculated as:

Errrelative(s) =
|Gfull(s)−Gr(s)|
|Gfull(s)|

(37)

The error between the full model and the reduced model for each parameter value is shown in Fig. 14. For
each of the parameter value the error is equal. Low frequent the reduced model matches the full order model.
However, as the frequency increases the error between the models increases as well. This is to be expected
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Figure 13: Test case one, reduced model.

since the pMOR is applied at frequency zero. Since the bandwidth frequency is below 10−2 as well, it is
important that the low frequencies match best.

Figure 14: Test case one, error between full and reduced model.
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4.2 Test case two: Parameterizing the conduction

In this test case the material conductivity is the varying parameter. The boundary
conditions consists of a constant temperature on the bottom plane and a constant
heat flux on the top plane. The input is the heat flux and the output node is still
the node on the center of the block.

The first figure, Fig. 15, shows the frequency response with the nominal param-
eter value of p = 15.1 W

m K , and the scaled parameter values of p ·10 and p/10. What
can be noted is that the material conductivity both influences the cutoff frequency
and the magnitude at zero frequency. A higher conductivity results in a cutoff fre-
quency at a higher frequency and a decrease in magnitude. What can be noted as
well is that the factor 10 which is used for scaling the parameter is equal to a factor
10 shift in the zero frequency magnitude and factor 10 shift in the cutoff frequency.

Figure 15: Test case two, full model with parameter variation.

Next the pMOR is applied to the model. A figure is created where the three parameter variation of the
full model are compared to the three parameter variation of the reduced model. The graphs can be seen in
Fig. 16. In Fig. 16 the matching of the reduced order model start to decline in the higher frequency. To
Further look in to the deviation, it appears that the error between the full and reduced model is similar for
all the cases but depends on the cutoff frequency. When observing the error plot in Fig. 17, it can be noted
that the error is shifted about a factor 10 on the frequency axis. From this it can be concluded that a higher
conductivity increases the accuracy of the reduced order model. To put this in a different different way, a
high cutoff frequency results in a more accurate reduced order model.
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Figure 16: Test case two, reduced model.

Figure 17: Test case two, error between full and reduced model.
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4.3 Test case three: Parameterizing the thermal mass

In this test case the thermal mass is the varying parameter. The thermal mass is
a material property dependent on the density and the specific heat. The boundary
conditions consist of a constant temperature on the bottom plane and a constant
heat flux on the top plane. The input is the heat flux and the output node is the
node in the center of the block. To vary the thermal mass of the benchmark case,
the specific heat is the variable property.

The first figure, Fig. 18, shows the frequency response with the nominal param-
eter value of cp = 480[J/(kg · K)], and the scaled parameter values of p · 10 and
p/10. From the figure it can clearly be seen that the thermal mass causes the cutoff
frequency to change with a similar factor of 10. This means, the nominal parameter
value of the specific heat creates a model with at cutoff frequency at 10−2Hz, and
by scaling this parameter with a factor of 10, the cutoff frequency is scaled with a
factor 1/10.

Figure 18: Test case three, full model with parameter variation.

Next the pMOR is applied to the model. A figure is created where the three parameter variation of the
full model are compared to the three parameter variation of the reduced model. The graphs can be seen in
Fig. 19. By observing the figures displaying the comparison between the full and reduced order model, no
clear conclusions can be extracted since the match looks good. However, more conclusions can be extracted
form the relative error plot in Fig. 20. Similar as in the benchmark case two the error seems to scale with
the parameter. At the frequencies where the mass line is constant, the error is below 10−13 which is the
numerical error in Matlab. What can be conclude from the figure is that a lower thermal mass, increases the
accuracy of the reduced order model at the higher frequencies. Due to the fact that the error is very low in
the constant magnitude frequency range, a good projection matrix is designed for the parameter variation
in the low frequent range.
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Figure 19: Test case three, reduced model with nominal parameter.

Figure 20: Test case three, error between full and reduced model.
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4.4 Test case four: Parameterizing the contact conduction

In this test case the solid material is divided in two solid blocks with
a contact conduction in between the surfaces. The boundary conditions
consists of a constant temperature on the bottom plane and a constant
heat flux on the top plane. The input is the heat flux and the output
node is the node on the center of the block. In this case there are two
nodes in the center, one on each side of the connection between the blocks.
The output node used in this case is the node which is part of the bottom
block with the constant temperature applied to it, because then the input-
output response includes the thermal transport between the two parts.
The first figure, Fig. 21, shows the frequency response with the nominal
parameter value of p = 100 W

m2 K , and the scaled parameter values of p ·10

and p/10. The nominal value of 100 W
m2 K is chosen based on the fact that

the models with a contact conduction of 10000 W
m2 K or higher do not show

much variation. Therefore, choosing a lower parameter value increases the visual behaviour of the parameter
variation. What can be seen in Fig. 21, is that the contact conduction changes the cutoff frequency of the
model. When the contact conduction increases, the model starts to resemble the nominal parameter case in
benchmark case two or three where the cutoff frequency is as 10−2Hz.

Figure 21: Test case four, Full model with parameter variation.

Next the pMOR is applied to the model. A figure is created where the three parameter variation of the
full model are compared to the three parameter variation of the reduced model. The plot can be seen in Fig.
22.
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Figure 22: Test case four, Reduced model with nominal parameter.

From the Fig. 22, it can be seen that the frequency matching in the low frequent region is better, similar
to the previous cases. In 23, again the shift in error can be seen. This shift corresponds to the shift in
the cutoff frequency of the full mode. Increasing the contact conduction will increase the accuracy of the

Figure 23: Test case four, Error between full and reduced model.

reduced order model. Comparing the magnitude of this error with the error magnitude when parameterizing
the thermal mass, it can be noted that for the thermal mass a better projection matrix can be designed

32



since this error is over 10−6 lower, which is also the case when the error of the thermal mass is compared
to the convection or conduction parameterization. From this difference in error, it can be noted that the
model order reduction creates a more accurate model when the mass matrix is parameterized, then when
the conduction matrix is parameterized.This conclusion is logical since the complexity of the mass matrix is
less than the conductivity matrix since the mass matrix is a diagonal matrix while the conductivity matrix
consist of off-diagonal non-zero elements as well.
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5 Benchmark case and results

To prove the method of matrix extraction and the quality of the matrix parameterization and model reduction
a benchmark case is used. This benchmark case represents a product developed within Philips innovation
services. Applying a number of pMOR variations and input-output relations to this model, will give a clear
visual of the applications of the model reduction technique and it’s accuracy.

5.1 The benchmark case

The benchmark case is presented in Fig. 24 and a cut trough version is presented in Fig. 25. A sample
is inserted into the benchmark case via a cartridge, also known as the insert. An aluminum heating plate
with aluminum heaters on top will keep the insert on a desired temperature to achieve constant sample
temperature. The heat generated by the heating plate is expressed in [W ]. Actuators located above and
below the cartridge are employed alternately. These actuators are required for the measuring principle.
However, these actuators generate undesired heat into the system causing undesired thermal variations. The
heat generated by these actuators is expressed in [W ] as well, however the boundary conditions of the heating
plate and actuators is different since the heating plate is a surface boundary conditions and the actuator is
a volume boundary conditions.

Figure 24: The benchmark case with notable impor-
tant parts.

Figure 25: A cross section view of the benchmark
case.

The frame of the benchmark case, called the cartridge carrier is made out of aluminum and consist out
of three parts: the top frame, the main frame and the bottom frame. The actuators are made of stainless
steel. There are six actuators present in the benchmark case: two placed in the top frame and four placed in
the bottom place. The cartridge is made out of polypropylene (will be referred to as plastic) and there are
four aligners that align the cartridge in the device, the aligners are made out of polyoxymethylene (POM).
The nominal values of the different materials are displayed in Table 3.

Density [Kg/m3] Specific heat J/(kg ·K) Conductivity [W/(m ·K)]
Plastic 900 1500 0.12
POM 1400 1500 0.4

Aluminum 2700 900 170
Stainless steel 7900 500 15

Table 3: Nominal parameters of each material.

In terms of heat transfer out of the device there are three main sources. First the convection of the frame
to the environment. Due to a difference in internal and external temperature, convection occurs from the
frame to the surrounding air. Secondly, a small cooling plate is present on the back of the main frame near
the NTC location. Last, the heaters on the heating plate radiate heat to external objects. Together with
the three thermal inputs, these heat transfers represent the inputs of the benchmark case. The six inputs
are named in Table 4 and a possible trajectory is displayed in Fig. 26
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Input Unit
Heating plate W/m2

Top actuator W/m3

Bottom actuator W/m3

Convection frame K
Convection cooling K

Radiation K

Table 4: Input of the benchmark case

Figure 26: Input trajectory of the benchmark case
For the output of the benchmark case, the temperature of the point of interest on the cartridge is to be

controlled. However, in the setup it is not possible to measure the temperature on the cartridge. A NTC
is located in the heating plate and is used to control the temperature of the cartridge. In the model two
outputs are defined: the output temperature of the point of interest in the cartridge (simulated output) and
the output of the NTC on the heating plate (measured output). Depending on the contact conductivity
between the heating plate and the cartridge, the temperature can vary. When the contact conductivity is
very high (a perfect connection) the temperature of the measured and simulated output will be the same,
however the temperature start to vary when the contact conduction starts to decrease.

The benchmark case is meshed using the linear mesh method, resulting in one node on each of the corners
of the meshed elements. The benchmark case consists of 46.085 states. The temperature of the convection
is a non controllable variable, since the surrounding temperature is dependent on the environment, therefore
the convection input can not be used as control inputs. Furthermore the actuators used for the measurement
principle require an actuation pattern which cannot be deviated from, neither the actuators can thus be
used as controllable inputs. Only one input will be used as a control input which is the heater on the
heating plate. The fact that not all inputs can be used as control input does, however, not mean that these
inputs do not have to be used when applying pMOR. It would still be beneficial to match the behaviour
of non-controllable inputs to outputs since this will generate a more accurate reduced order model. As for
the output, the point of interest will be used since this is the location that has to be controlled. The main
input-output relation present in the benchmark case is therefore from the heaters to the point of interest
on the cartridge. The thermal behaviour of this input-output relation can be described using a frequency
response plot. The frequency response plot is displayed in Fig. 27. Not only can the behaviour be described
in frequency domain, the time domain is also relevant. In Fig. 28, the time response of the benchmark case
is displayed.

The bode plot represents the input to output behaviour of the system in [ K
W/m2 ]. In steady state it

appear that the output has a magnitude of around 10−2 meaning that a input of 1 [W/m2] results in a
output change of 0.01 [K]. The bandwidth of the system, which can be found as the cutoff frequency of the
bode plot, lays around 10−4 meaning that this is a very slow behaving system. The first thermal mass, which
is the most dominant mass, of the system decouples at this frequency. Between a frequency of 10−2 and
10−1 [Hz], a second mass decouples. This is the second dominant thermal mass. High frequent even more
masses start to decouple however due to the frequency range these masses will be considered as higher order
time constants and will not be evaluated. In Chapter 5.1.1, the decoupling of the masses will be discussed
and which mass corresponds to what part of the benchmark case.

In Fig. 28 the time response of the system is displayed. The top figure represents the output temperature
of the point of interest and the bottom figure shows the three heating inputs: the top actuators, the bottom
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Figure 27: A bode plot of the benchmark case. Figure 28: A time response of the benchmark case.

actuators and the heating plates. The input of the top and bottom actuators cannot be changed since this
is part of the measuring principle, the input of the heating plates can be changed as desired. What can be
seen is that the influence of the heating plates on the output can be noted clearly: when at 180 seconds
the input goes to zero the output decreases slightly. The input of the top and bottom heaters can not be
noted clearly. The heat generated by the actuators is not immediately transferred to the output, however
due to the materials between these inputs and the outputs the heat from the actuators flows gradually to
the output.

5.1.1 Parameters in the benchmark case

There are a number of parameters that can be varied in the benchmark case. Each relevant material prop-
erty can be varied which in the case of thermal system are the thermal conductivity and the thermal mass.
Further, all convection coefficients and thermal contact conductivities can be varied. In total there are over
30 possible parameters present in this benchmark case. Therefore, it is important that first is decided what
parameters are to be varied.

There are a number of small contact conductivities that do not have a significant influence on the thermal
behaviour, by discussing these parameters with the product supplier, these insignificant parameters are found
and discarded. After removing all non-relevant parameters there are 13 parameters that should be tested
as a possible variable parameter. Next the significance of the parameters is tested by generating a thermal
system of the nominal parameter value and multiple perturbed system wherein each parameter is varied once.
This will visualize the thermal influence of each of the parameters. Each perturbed system will be divided
by the nominal system. When the perturbed system does not cause any dynamical deviations, the resultant
system matrices are supposed to be the same. An irrelevant parameter, therefore results in a division of 1
or close to 1. A number of systems immediately jump out since a large deviation from 1 is visible.

Figure 30: Input-output region benchmark case AN-
SYS.

The significant parameters will each be discussed
and the influence of the parameter on the thermal
behaviour will be argued. The thermal behaviour
will be explained using the simple drawing of the
input-output region of the benchmark case. The
input-output region is shown in Fig. 30 and the
simple drawing can be seen in Fig. 31. Each pa-
rameter will also be evaluated using the bode plot
of the benchmark cases. In the bode plot the vari-
able parameter will be evaluated by changing the parameter value with a factor two and discussing the result
using the frequency response.
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Figure 29: Variation introduced by each parameter on the nominal system.

Figure 31: Simple drawing of input-output region of
the benchmark case.

The first significant parameter to be discussed is
the thermal mass of the aluminum heater plate. As
can be seen in Fig. 32, the thermal mass has no
influence on the steady state behaviour since ther-
mal mass is a transient parameter. However, consid-
ering a transient model, when increasing the ther-
mal mass of aluminum, more of the thermal energy
transported from the heaters will be stored in the
aluminum heater plate, resulting in a decrease of
the output temperature i.e. a decrease of magni-
tude in the frequency response plot. Using Fig. 31
to explain this behaviour, since the aluminum components are in the direct path of the input output relation,
changing the thermal mass of aluminum will result in a change of the thermal diffusivity. Thermal diffusivity
is the rate of transfer of heat and is calculated as

α =
k

ρcp
(38)

which is the conductivity divided by the thermal mass. Therefore increasing the thermal mass will result in
a decrease of the thermal diffusivity which results in a decrease of the cutoff frequency, which can also be
seen in Fig. 32

The second parameter is the thermal mass of the plastic insert. The dynamical behaviour of the thermal
mass of the plastic insert is the same as the thermal mass of the aluminum heating plate as can be seen
in Fig. 33, however since the plastic insert is not in the direct path of the input output relations since
there is heat which directly influences the POI via the aluminum heating plate, the variations caused by
changing the thermal mass of the plastic insert are less significant than the variation caused by the ther-
mal mass of the aluminum heating plate. This can also be noted in Fig. 29 where the thermal mass of the
aluminum heating plate is the green dashed data line and the thermal mass of plastic is the yellow dashed line.
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Figure 32: Bode plot where the thermal mass of the
aluminum heating plate is variable.

Figure 33: Bode plot where the thermal mass of the
plastic insert is variable.

Figure 34: Bode plot where the conductivity of the
plastic insert is variable.

Figure 35: Bode plot where the conductivity of the
aluminum heating plate is variable.

The next parameter to be considered is the conductivity of the plastic insert. The conductivity influences
the thermal diffusivity, meaning that an increase of conductivity increases the thermal diffusivity resulting
in an increase of cutoff frequency. Further, the conductivity of plastic influences the steady state of the
system since the output is directly dependent on the conductivity of the plastic insert. These properties can
be noted in Fig. 34, since only the low frequent data was relevant, a zoomed in version of the plot is given.
Knowing that the conductivity of plastic changes the steady stead it can be concluded that the plastic insert
is the dominant conductivity in this thermal model at f = 0 Hz. When increasing the conductivity of the
plastic the thermal diffusivity will increase resulting in an increase of the magnitude in steady state. However
when the input frequency of the system is increased the conductivity decouples resulting in an input-output
relation similar to the nominal system.

The parameterization of conductivity of the aluminum heating plate is presented in Fig. 35. Low frequent,
the conductivity of aluminum shows no dominant influence however, when the input frequency increases the
conductivity of aluminum becomes the dominant factor in the system. An increase in conductivity results
therefore, high frequent, in a increase in the input output relation of the system. Further a decrease in
aluminum conductivity will decrease the frequency at which the differences start to occur.
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Figure 36: Bode plot where the contact conductivity
between the insert and the heating plate is variable.

The last parameter worth to discuss in this chap-
ter is the contact conduction between the aluminum
heater plate and the plastic insert. In steady state
and low frequent, as can be seen in Fig. 36, the in-
fluence of the contact conduction can be neglected
since the input-output relation will not be influ-
enced. However when the frequency increases a vari-
ation will start to occur. When the contact conduc-
tion is infinitely high, which represents perfect con-
nection, the input-output relation will be optimal.
However when the contact conduction is decrease, a
decrease in magnitude will occur high frequent since
the heat transfer between the input and output is de-
crease. Further a decrease in contact conductivity
will decrease the frequency at which the differences
start to occur.
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5.2 Parametric model order reduction for SISO system

With the explanation of the benchmark case and the elaboration on the parameter variations complete,
pMOR will be applied to the SISO system of the benchmark case. In this chapter different variations of
parameters will be tested and the accuracy over a number of varying properties will be discussed. The first
accuracy measure will be based on the number of parameters used as variable parameters. The accuracy of a
reduced order model with only one parameter will be compared to reduced order models where a multitude
of parameters is present. To be able to generate comparable results the size of the reduced order models has
to be similar. When the model sizes vary, the accuracy deviations can not be based solely on the parameter
choice, but the model size has to be taken into account as well. To be able to exclude the model size as a
value contributing to the model accuracy, the model sizes will be kept equal.

For the first example, parameters in the conductivity matrix will be varied. The first parameter is the
conductivity of plastic. To asses the quality of the parametric model order reduction, the method will also
be compared to the non-parametric MOR method. This is done by creating a reduced order model without
parameter expansion points. However, parameter variation will be introduced in the reduced order model to
asses the quality of the non-parametric model. The thermal behaviour of this model can be seen in Fig. 37.
As mentioned before, the conductivity of plastic introduces variations in the low frequent and steady-state
solution of the system. However, from this frequency response plot not much relevant information can be
extracted, therefore the relative error plot is also generated. This plot can be seen in Fig. 38. The relative
error shows the percentage deviation between the full order model and the reduced order model.

Figure 37: Bode plot of the benchmark case with the conductivity of plastic as a variable.

What immediately stands out in the relative error plot in Fig. 38 is the error of the nominal parameter
value. At nominal parameter value the error of the reduced order model is equivalent to the numerical error
of Matlab, which concludes that when no parameter variations are introduced the reduced order model will
be extremely accurate. However the error of the reduced order model when the parameter variation of factor
two are introduced are much higher. The relative error increases above 1% resulting in a deviation from
the desired model. This error can also be seen in the time response plot in Fig. 39, when the parameter
variation is applied the error increases from 4 · 10−3 ◦C to 6 · 10−2 ◦C

To decrease the error when the parameter variations are introduced, pMOR will be used instead of
MOR. To keep the same reduced order model size, the order of frequency expansion will be reduced since
parameter expansion will add a number of projection vectors. In Fig. 40 and 41, pMOR is applied on
one parameter. Application of the pMOR results in an increase in error for the nominal parameter value,
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Figure 38: Relative error plot between the full model
and the reduced model with non-parametric MOR.

Figure 39: Time response of the full and reduced
model with non-parametric MOR.

however it also introduces a reduce in error on the system when parameter variations of that parameter are
applied. Both nominal and scaled systems have a error of below 1% up to a frequency of 10−2Hz. Adding
parameter expansion to the model reduction technique will thus result in an increase of the reduced order
model quality when changes in parameters are desired.

Figure 40: Relative error plot between the full model
and the reduced model using pMOR with one param-
eter.

Figure 41: Time response of the full and reduced
model using pMOR with one parameter.

To further extend on the accuracy of the pMOR method when introducing parameters in the reduction
technique, two extra parameters are added as variables. The relative error of the three parameter system
can be seen in Fig. 42. As in previous Fig. 38 and 40 still only one parameter, the parameter of plastic
conductivity, is varied. The size of the reduced order model is kept the same by reducing the order of
frequency expansion. In the frequency response plot no clear increase or decrease of accuracy can be noted.
In the time response plot in Fig. 43, however, a small decrease of error can be seen. As can be seen in Fig.
42, the nominal and scaled system have a relative error of below 1% in the frequency range below 7 · 10−2

which also can be noted in the time response plot. Increasing the number of parameters does therefore not
imply a decrease of accuracy.

A number of variation on the pMOR method can be tested. For example: how does the accuracy of the
reduced order model vary when increasing the order of frequency expansion and what is the consequence of
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Figure 42: Relative error plot between the full model
and the reduced model using pMOR with Three pa-
rameters.

Figure 43: Time response of the full and reduced
model using pMOR with three parameters.

applying frequency expansion points to non zero frequencies. In the next part of this chapter these questions
will be addressed.

First the number of frequency expansion points at frequency f = 0 Hz will be varied. In this case the
variations visualized in the frequency response plot and the variations that occur in the time response plot
will be discussed. Fig. 44 till 49 show the relative error of the frequency response plot of the different
systems. In each system the number of expansion points is increased by two to generate a number of systems
with varying order of expansion.
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Figure 44: Relative error with 4th order frequency
expansion point

Figure 45: Relative error with 8th order frequency
expansion point.

Figure 46: Relative error with 12th order frequency
expansion point.

Figure 47: Relative error with 6th order frequency
expansion point.

Figure 48: Relative error with 10th order frequency
expansion point.

Figure 49: Relative error with 14th order frequency
expansion point.

A clear difference that is occurring in the different relative error plots is the number of anti resonances that
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Figure 50: Time response of different orders of expansion.

occur and the frequency they occur at. With an increasing number of expansion points less anti-resonances
occur in the system. An anti-resonance in the relative error plot occurs when the relative error between
the full and reduced order model goes to zero, in other words, when they cross. Increase in order results
in an increased smoothness of the reduced order model. From the frequency response plots it seems that a
variation in orders does not introduce much variation in the accuracy of the frequency response plot. For
further evaluation the time response plot for a number of order expansions is plotted in Fig. 50. In this
case only the order expansion of 4, 10 and 14 are shown to create a clear overview of the difference without
showing to much data.

In the error plot of time response a small variation can be seen. The smallest error occurs when the
system is expanded with order 10. From this data it can be concluded that a higher order expansion does
not imply a more accurate reduced order model. To achieve an accurate reduced order model a number
of expansion variation should be tested and compared since no correlation is present between the order of
expansion and the reduced model accuracy.
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Next a variation in the frequency of the expansion points is introduced. Applying an expansion point to a
non-zero frequency should increase the accuracy of the reduced order model at the chosen frequency. In this
example a nominal order expansion of 8th is chosen, resulting in a reduced order model of r = 407 states.
Three different frequency expansion points are compared, s0 = [0, 8] in Fig. 51, s0 = [0, 7; 1 · 10−4, 1] in
Fig. 52 and s0 = [0, 7; 1 · 10−3, 1] in Fig. 53. As can be noted form the three figures no clear improvement
or deterioration can be noted.

However, when comparing the time response data in Fig. 54 a small difference can be noted, The
error increases slightly when introducing a non-zero expansion point. From this increase of error it can be
concluded that this SISO system can be best matched with only expansion points at f = 0Hz. This does
not imply that every SISO system should be expanded with only expansion points at f = 0Hz.

Figure 51: Relative error with frequency expansion
at s0 = [0, 8].

Figure 52: Relative error with frequency expansion
at s0 = [0, 7; 1 · 10−4, 1].

Figure 53: Relative error with frequency expansion
at s0 = [0, 7; 1 · 10−3, 1].

Figure 54: Time response plot showing the three dif-
ferent frequency expansion points

This chapter shows the applicability of the pMOR toolbox on the SISO system of the benchmark case.
The accuracy varies with the number of expansion points and the frequency on which the expansion points
are applied. Currently no clear method is available to provide a error bound on the reduced order model,
these results are gathered via a iterative process and depended on the application the results can prove
sufficient or not.
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5.3 Parametric model order reduction for MIMO system

In the case of multiple inputs the pMOR method is expanded to generate a subspace for each of the input
vectors. The size of the subspace generated by the multiple input system will have a linear correlation with
the number of inputs, not taking into account the removal of non-relevant vectors by the Gram-Schmidt
algorithm. The first thing that should be noted is the order in witch the input vectors are inserted in the
pMOR toolbox. The inputs of the benchmark case can be found in Chapter 5.1. Three different orders were
tested to receive data on the input vector variation. For this test the time response is used to process the
data since the influence of each input can be evaluated separately. The order of input vectors tested are:

B = [QHeat QTop QBottom]

B = [QTop QBottom QHeat]

B = [QBottom QTop QHeat]

In Fig. 55 the three different orders of input vectors are used to generate a reduced system. The time

Figure 55: Comparing different sequences of input vectors.

response shows varying behaviour even though the frequency expansion point is the same for each reduced
model. The blue line in the top graph shows the data extracted from ANSYS. The orange line is the first
reduced model where the input vector of the heater is expanded first. What can be seen from this result,
is a mismatch in data when both the bottom and the top input are applied. In this case those inputs are
not matched sufficiently in the moment matching method. The yellow line, the result where the top input
is expanded first, shows a mismatch when the bottom input is applied and the purple data line shows a
mismatch when the top input is applied since in this case the bottom input is the input being expanded
first. What can be noted form these results is that the order of input vectors plays a very important part in
the accuracy of the reduced order model. To approach this problem it would be convenient to know which
input requires the most accurate moment matching and thus should be expanded first. This can be solved
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by putting a weight on each of the input vectors. This weight can be calculated using the singular value
decomposition. In benchmark case there are three inputs: the heaters, the top actuators and the bottom
actuators.

B = [Qheat QTop QBottom]

By applying the singular value decomposition to the input matrix (B), the following singular values,
corresponding to the inputs, are found:

S = [4.51 · 10−5 3.97 · 10−7 1.74 · 10−7]

By multiplying the singular values with the corresponding maximum input, the gain of each of the input
vectors can be found. Using the maximum input sizes from the inputs used for the time response in Fig.
28:umax = [486.11 1e7 3.5e7], the resulting gain for the corresponding input vectors can be found:

B = [Qheat QTop QBottom]
Gain = [0.022 1.74 13.90].

From above results, it can be concluded that the most heavy input vector is the bottom actuator. All model
reductions will be performed with an input matrix with an order of

B = [QBottom QTop QHeat]

The order of input vectors is as expected from Fig. 55, since this figure shows the smallest error when the
bottom input was expanded first.

When applying MOR or pMOR to a MIMO system using the pMOR toolbox, it is recommended to first
calculate the weight of the input vectors. There are methods available which achieve optimal performance
without reordering the input vectors, for example the block Arnoldi method [32]. These methods have a
different approach in the generation of the subspace matrices, however these methods are not available in
the pMOR toolbox used in this work.

Simulation of the MIMO case will be divided in two parts, the first part where a parameter is introduced
in the thermal capacitance matrix (E) and a second part where a parameter is introduced in the conductivity
matrix (K). These parameters are separated since generating a subspace for parameter variation in the K
matrix prove to be more difficult. This is due to the fact that the K matrix has non-zero off-diagonal
elements, whereas the E matrix consist solely of non-zero diagonal elements.

In the MIMO case three input-output relations have to be met to generate a matching input output
behaviour. For this example a number of parameters is introduced in the E matrix consisting of the thermal
mass of plastic, POM and aluminum. Since three input-output relations have to be met a choice can be
made on the order of expansion for each relations. In the benchmark case, the actuators prove to be more
important than the heating plate, therefore, both actuators will be expanded with order five while the heating
plate is expanded with order one. This results in a 11th order expansion, computing a reduced order model
of order r = 201. The bode plot of the three input-output relations is presented and the corresponding
relative error, see Fig. 56 till 61.
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Figure 56: MIMO bode plot from top actuator to
output.

Figure 57: MIMO bode plot from bottom actuator to
output.

Figure 58: MIMO bode plot from heating plate to
output.

Figure 59: MIMO relative error from top actuator to
output.

Figure 60: MIMO relative error from bottom actua-
tor to output.

Figure 61: MIMO relative error from heating plate
to output.
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There clearly is a difference in the accuracy of the model reduction between the different inputs. The
reduced order model from the heating plate input, and the top actuator input show a good match with
the full order model up to a frequency of f = 10−2 Hz, while the reduced order model from the bottom
actuator appears to be only a good match up to a frequency of f = 10−3 Hz. In each of the three cases the
accuracy of the reduced order model increases when dividing the parameter with a factor two. To illustrate
the difference in accuracy a time response is made for the three cases as well where the time data of the
reduced order model is compared to the data of the full order ANSYS model. The time responses and the
corresponding error can be seen in Fig. 62. As can be seen in the error plot, the nominal parameter value
gives the least offset from zero. The largest offset form zero is present in the system where the parameters
are scaled with a factor 0.5. However, the error variation introduced by the bottom actuator input, when
scaling with 0.5, results the smallest error offset. This can be concluded form Fig. 60 since a scaling of 0.5
increases the accurate frequency range of the reduced order model.

Figure 62: Time response with parameter variations in the E matrix.

Next, parameters will be introduced in theK matrix. The same frequency expansion points will be applied
as previously done with the parameters in the E matrix. The frequency responses and the corresponding
errors are plotted in Fig. 63 til 68. As can be seen from the figures, introducing parameters in the K matrix
results in less accurate reduced order models when compared to the parameter introduction in the E matrix,
as expected since the complexity of the K matrix is much higher than the complexity of the E matrix. Both
frequency response plots from the top and bottom actuator show a accurate reduced order model of 1%
relative error, below a frequency of f = 10−4 Hz. This lack of accuracy can be noted in the time response
plot as well, see Fig 69.
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Figure 63: MIMO bode plot from top actuator to
output.

Figure 64: MIMO bode plot from bottom actuator to
output.

Figure 65: MIMO bode plot from heating plate to
output.

Figure 66: MIMO relative error from top actuator to
output.

Figure 67: MIMO relative error from bottom actua-
tor to output.

Figure 68: MIMO relative error from heating plate
to output.
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Especially around the actuator inputs, the behaviour of the reduced order model deviates strongly. The
complexity of the matrix has major role in the accuracy of the pMOR method. Noted should be that for this
expansion a simple frequency point is chosen. The performance can be improved by using a clever choice of
frequency expansion points. Further research on the approach and accuracy of MIMO system reduction and
the choice of frequency expansion points should be performed to increase the accuracy of the reduced order
model.

Figure 69: Time response with parameter variations in the A matrix.
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6 Conclusion and recommendations

This thesis has elaborated on a method creating a reduced order model of a thermal ANSYS FEM model.
The method includes the extraction of the state space matrices from ANSYS to Matlab and the creation
of a parametric descriptor state space. A workflow is created which includes the ANSYS APDL command
snippets for matrix extraction including multi-parameter variations. A Krylov moment matching method
has been applied for pMOR, creating a reduced order model of SISO and MIMO systems. Especially for the
SISO case the reduced order model appears to be a good match with the full order model, in both frequency
and time domain simulations. pMOR is applied using different frequency and parameter expansion point
comparing both frequency and time domain results to the full model. Results show no linear relation between
the number of expansion point and the accuracy of the reduced order, neither a clear relation between the
frequency of expansion and the accuracy around that frequency can be found. The pMOR method does not
always generate accurate results, depending on the variable parameters of the system and the number and
weight of the inputs, the accuracy of the reduced order model can deviate form the desired results. This
does not imply that the pMOR method for MIMO system is unreliable for every product, test will need
to be performed to conclude the applicability of the pMOR method on the product. From the benchmark
case it proves difficult to match all input output relations when introducing parameters in the conductivity
matrix, however parameters in the capacitance matrix result in a reliable reduced order model.

Further research on the applicability of the pMOR method on MIMO systems is recommended. This
research should cover a number different MIMO systems, where the weight of each of the input-output
relation and a variation of parameters, introduced in the different system matrices, should be considered.
Research on an error bound for pMOR should be performed to fundamentally support the application of the
pMOR method. Since the pMOR method is based on the Krylov subspace method, no prior error bound
or global error bound is available, however, a local error estimation could be derived based on the Taylor
series. Currently the model extraction form ANSYS does not support the non-linear behaviour of radiation,
including surface to surface radiation to the model extraction method should result in a much broader field
of application for the pMOR method on ANSYS FEM models.
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A

A.1 Matlab improvements

When model reduction is applied using the Krylov subspace method, a projection matrix is calculated as:

im(V ) = Span
{

(s0E −A)−1E, (s0E −A)−1B
}

(39)

Due to the large size of n (> 105), calculating the inverse of (s0E−A)−1 can take a long time using standard
division of the matrices, or even be impossible. Therefor the matrices are factorized in upper and/or lower
triangular matrices, which increases the speed of the inversion.

The factorization is performed by the LU decomposition where two triangular matrices are calculated
to represent the inverse as L ∗ U = s0E − A. However, when the matrix to be inverted is symmetrical and
positive definite, a different factorization can be used called the Cholesky factorization. The advantage of
this factorization is that only one triangular matrix (R) is calculated and represents the inverse as RT ∗
R = s0E − A. Calculating this factorization costs about half of the memory required and decreases the
computational time. To prove the accuracy of the Cholesky factorization and to show the required Mb
and time for both factorization methods, some tests are performed. To quickly see the advantages and
disadvantages of the Cholesky method:
Advantages

• Half of the memory required

• faster in computation

Disadvantages

• Only applicable on symmetric matrices

• Matrices must be positive definite

• only real expansion points can be used

Non-zero LU[s] Chol[s] L*U-A[s] RT ∗R−A[s] Error LU Error Chol Mb LU Mb chol

1.000.000 0.017 0.004 0.026 0.017 1.56e-10 1.037e-10 16 8
4.000.000 0.0725 0.029 0.163 0.0708 3.718e-10 1.783e-10 64 32
9.000.000 0.214 0.070 0.340 0.274 6.176e-10 3.1765e-10 144 72
16.000.000 0.565 0.206 1.075 0.779 1.244e-09 1.1445e-09 256 128
25.000.000 1.0654 0.357 1.720 1.439 2.083e-09 2.812e-09 400 200
36.000.000 1.642 0.629 3.171 2.298 2.496e-09 1.142e-09 576 288
49.000.000 2.214 0.925 4.738 2.959 2.953e-09 4.069e-09 784 392
64.000.000 2.728 1.343 7.786 4.878 4.513e-09 2.404e-09 1024 512
81.000.000 5.341 1.913 10.666 7.117 7.879e-09 4.123e-09 1296 648
100.000.000 6.178 2.557 16.785 8.534 8.886e-09 1.208e-08 1600 800
256.000.000 23.233 9.142 55.824 36.737 1.664e-08 2.038e-08 4096 2048

The first column shows the amount of non-zero elements in a matrix A, the second and third column show the
time elapsed for the LU decomposition and the Cholesky factorization to be performed. The Fourth and fifth column
show the time elapsed when multiplying the factorized matrix. Column six and seven show the error between the
original matrix and the re-calculated matrix. The last 2 columns show the required data for both factorization’s.
The accuracy of the LU and Chol are similar and decrease slightly when the amount of non-zero elements increases.
The calculation time of the Cholesky factorization is at least a factor two less and the required data is half of the
data required for the LU decomposition. Therefore, when large symmetrical systems are to be factorized it is use full
to implement the Cholesky factorization.
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A.2 Elaboration on SVD based model reduction

Elaboration on the SVD based model reduction methods.
Balanced truncation is based on the idea of eliminating the states that are (almost) unobservable and

uncontrollable. These stated can be found by calculation the controllability and observability gramians P
and W = ETQE. The gramians can be found by solving 2 Lyapunov equations:

APE + EPAT +BBT = 0

ATQE + EPA+ CTC = 0

By applying a transformation T the singular values are calculated

P̃ = TPTT W̃ = T−1WT−T

P̃ = W̃ = diag(σ1, σ2, . . . , σn)

Where the singular values are sorted in descending order, i.e. σ1 ≥ σ2 ≥ . . . ≥ σn.
The reduced order model is now obtained by applying: Ê = TET−1, Â = TAT−1, B̂ = TB, Ĉ = CT−1, and
setting , e.g. x̂2 = 0[

Ê11 Ê12

Ê21 Ê22

] [
˙̂x1
˙̂x2

]
=

[
Â11 Â12

Â21 Â22

] [
x̂1
x̂2

]
+

[
B̂1

B̂2

]
u y =

[
Ĉ1 Ĉ2

]
x̂

resulting in:
Ê11

˙̂x1 = Â11x̂1 + B̂1u y = Ĉ1x̂1

The advantage of Balanced truncation is that the reduced order model is automatically stable. The MATLAB
files to calculate the balanced truncation are already in MATLAB and it provides a computable error bound
with k as the reduced order:

‖H(s) = Hr(s)‖H∞ ≤ 2(σk+1 + . . . σn)

There are however some disadvantages to take into account: first of all the stationary solutions can deviate
and Balanced truncation method is computationally demanding for system with n ≥ 1000DoFs. Since the
average model used within PInS is significantly bigger than 1000DoFs balanced truncation is not a desirable
method to apply within PInS

The definition of a balanced representation is:
The system (A,B,C,D) is said to be balanced with horizon t if the reachability and observability gramians
of horizon t satisfy

P (t) = Q(t) =


σ1 0 · · · 0
0 σ2 · · · 0
...

...
. . . 0

0 0 0 σn

 (40)

with σ1 ≥ σ2 ≥ · · · ≥ σn (depending on horizon t).
By means of the SVD a non-singular transformation matrix T can be calculated. Transforming the original
system with transformation matrix T like:

Ã = TAT−1, B̃ = TB, C̃ = CT−1, D̃ = D (41)

will result in a balanced state space representation.
Suppose the discrete, reachable and observable system x(k+1) = Ax(k)+Bu(k), y(k) = Cx(k)+Du(k) The
system can be reduced to dimension r by decomposing x = col(x1, x2) where dim(x1) = r and dim(x2) =
n− r. Partition of the state space matrices holds:(

A11 A12

A21 A22

)
;

(
B1

B2

)
;
(
C1 C2

)
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The rth order balanced truncation of the system Σ(A,B,C,D) will then be:

x(k + 1) = A11x(k) +B1u(k), y(k) = C1x(k) +Du(k) (42)

In the case of a continuous system, the reachability and observability gramians are calculated using the
lyapunov equations. For an in depth analysis refer to [3].

Hankel Norm approximation
The Hankel singulare values of a stable system Σ = (A,B,C,D) denote σ1(Σ), · · · , σn(Σ), are the singular
values of the Hankel operator. When a system is reachable, observable and stable, the square roots of the
eigenvalues of PQ (the gramians) are the Hankel singular values

σ1(Σ) =
√
λ1(PQ)

Moreover, the Hankel norm of Σ = (A,B,C,D) is

‖Σ‖H =
√
λmax(PQ) = σ1

The algorithm used to calculate the Hankel norm approximation can be found in [4] by K. Glover and
consists of 6 main steps.

1. Compute the Hankel singular values

σ1 ≥ σ2 ≥ · · · ≥ σn > 0

of (A,B,C,D) and assume that

σr > σr+1 = σr+2 = · · · = σr+s > σr+s+1 ≥ · · · ≥ σn > 0

i.e., σr+1 has multiplicity s.

2. Transform (A,B,C,D) to a partially balanced form where

P = Q =

[
Σ1 0
0 Σ2

]
Where Σ1 = diag(σ1, . . . , σr, σr+s+1, . . . , σn) and Σ2 = σr+sIs. That is, the (r+1)-st Hankel singular
value is put in the south-east corner of the joint gramians.

3. Partition (A,B,C,D) conformally with the partitioned gramians as

A =

[
A11 A12

A21 A22

]
; B =

[
B1

B2

]
; C =

[
C1 C2

]
Further, define Γ = Σ2

1 − σ2
r+1I and note that Γ is non-singular.

4. Determine a unitary matrix U satisfying B2 + CT2 U = 0

5. Let n̂ := n− s be the state space dimension of the system

Â = Γ−1(σ2
r+1A

T
11 + Σ1A11Σ1 − σr+1C

T
1 UB

T
1 )

B̂ = Γ−1(Σ1B1 + σr+1C
T
1 U)

Ĉ = C1Σ1 + σr+1UB
T
1

D̂ = D − σr+1U

which is a so called all pass dilation of (A,B,C,D).
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6. in the last step Σ̂ is determined by choosing a basis of the state space of Σ̂ such that

Â =

[
Â− 0

0 Â+

]
; B̂ =

[
B̂−
B̂+

]
; Ĉ =

[
Ĉ− Ĉ+

]
where A− has all its eigenvalues in the open left half complex plane and A+ all its eigenvalues in the
open right half complex plane, i.e., A− is stable and A+ is anti-stable.

The reduced system
Σr = (Ar, Br, Cr, Dr)

is then found by setting
Ar = Â−, Br = B̂−, Cr = Ĉ−, Dr = D̂−,

Modal Truncation is performed by solving the General eigenvalue problem for the smallest k eigenvalues
λk:

(A− λkE)vk = 0

Here vk is the kth real eigenvector with V = [v1 · · · vk]. By scaling the eigenvectors such that V TEV = I,
the state-space description becomes:

q̇ = Λkq +Bru y = Crq

With Λk = diag(λ1, . . . , λk).
The modal truncation method, however, presented several issues:

• Robustness, i.e. fake modes occurred that were not detected by ANSYS.

• Accuracy issue, i.e. large amount of modes(700-900 modes) needed for DC term and to find dominant
modes. (A lot of modes are not contributing to the transfer function of interest)

• Eigen problem solution time, due to the large set of modes a model of 800.000 nodes took 8-9
hours

To decrease or even eliminate the influence of the issues caused by model truncation, 2 different MOR
methods have been compared by PInS: Balanced truncation(Bt) and a Krylov subspace method with mo-
ment matching.

Krylov subspace based method is based on a series (Taylor) expansion of the transfer function H(s).
The idea is to construct a reduced order model such that the series expansion of Hr(s) agrees to a certain
order with the full order model series expansion of H(s).
The reduced order transfer function Hr(s) is stated as:

Hr(s) = Cr(sEr −Ar)−1Br

Define an expansion point s0 ∈ C such that (s0E −A) is regular. The transfer function can be rewritten as:

H(s) = C(In − (s− s0)F )−1B̃

With B̃ = −(A− s0E)−1B and F = (A− s0E)−1E. In the neighborhood of s0 the inverse can be replaced
by the corresponding Taylor expansion.

H(s) =

∞∑
k=1

mk(s− s0)k with mk = CF kB̃ ∈ C

The quantities mk are called the moments of the transfer function. A reduced order model can now be
considered approximate to the full order model, if the moments of Hk(s),m̃k, match the full order model
moments mk for k = 1, . . . , q for some order q ∈ N.
However, the explicit calculation of the these moments is numerically unstable. The moments are therefore
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calculated with the so called Krylov subspace methods. These methods are used to solve very large sets of
linear equations Ax = b and to find the eigenvalues of large sparse matrices Av = λv.
A Krylov subspace is defined as:

Kq(A, b, q) = span(b, Ab,A2b, . . . , Aq−1b)

Efficient numerical algorithms that compute the orthonormal basis W and V of the left and/or right Krylov
subspaces exist, and can be defined as:

Kq(F, B̃, q) = span(B̃, F B̃, F 2B̃, . . . , F q−1B̃)

Kq(FT , CT , q) = span(CT , FTCT , . . . , (FT )q−1CT )

The Krylov subspace thus contain the moments mk of the transfer function and W and V can be used to
to create reduced order models. The orthonormal matrices W and V are commonly calculated using the
Lanczos process or the Arnoldi process.
With the Lanczos process the kth left and kth right Krylov-subspace are constructed, hence biorthogonal
matrices W and V∈ Rn×k with WTV = I. Due to this so called two-sided process the reduced order model
has 2k moments matched with the full order model, i.e. m̃i = mi for i = 0, . . . , 2k− 1. The disadvantage of
this method is however, it can not be guaranteed that the reduced order model is stable when the full order
model is.
The Arnoldi process is a one-sided process, which means only the left of right krylov subspace is con-
structed for a fixed k. Due to this only the first k moments of the full order model are matched, i.e.
m̃i = mi for i = 0, . . . , k − 1. Due to the Arnoldi process being a one-sided process, the transformation
Ã = V TV A ensures that when the full order model is stable the reduced order model is stable. Due to this ad-
vantage a variation of the Arnoldi process is implemented in the Krylov subspace based method within PInS.
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A.3 Radiation in the ANSYS thermal model

Radiation is a highly nonlinear boundary condition applicable on thermal FEM models. Radiation is usually
implemented when highly accurate temperatures should be achieved. Surface to surface radiation between
two objects can be defined by:

Q = A1σ(T 4
1 − T 4

2 ) (43)

where T1 is the temperature of object 1, T2 is the temperature of object 2, σ is the Stefan-Boltzmann con-
stant and A1 is the area of radiation of object 1.
Non-linear extraction of the radiation matrix is not possible since time response calculation consist of multi-
ple iterations where the temperature changes. If desired the nodes on which the radiation is applied can be
found, using the location of these nodes a parameter varying state space model can be designed. However
if the varying temperatures of the radiating plane are very small ∆T ≤ 0.1◦K the radiation matrix could
be extracted from ANSYS. In the current extraction method, using the APDL commands in ANSYS, each
boundary condition is applied one by one, for convection’s and heat loads no problems occur, however when
the radiation is applied as a boundary condition a general error in ANSYS occurs preventing the calculation
of the FE matrices. The ANSYS help desk was contacted about this problem. A different approach was
delivered by them. In this approach a full FE matrix is generated within ANSYS where the influence of
each of the boundary conditions is subtracted from the full FE matrix. This results in an extraction of
the different parameter dependent matrices from ANSYS. This extraction method results in a direct ex-
traction of an affine dependent matrix. While in the current method the full FE matrices are extracted
from ANSYS to Matlab and the affine dependent matrices are generated in Matlab. The extraction method
supplied by the ANSYS helpdesk should be tested for generation of parametric models in Matlab. If the ex-
traction proves sufficient this method can be applied and linear radiation can be added as variable parameter.

An additional factor of the radiation occurs when the first object ”sees” other objects in addition to
object 2, then a view factor matrix, F1,2 should be included in (43). The equation becomes then:

Q = A1F1,2σ(T 4
1 − T 4

2 ). (44)

For the implementation of linear parameter varying systems the view factor matrix should be extracted form
ANSYS as well. This extraction presents two major problems however. An extraction of the view factor
matrix is generated based on the element to element connection. Since the FE matrices extracted from
ANSYS represent the node to node connection, a conversion from the element based view factor matrix to
node based should be included as well. Secondly the extraction of the view factor matrix does not include a
mapping which maps the node numbers to the node locations in the extracted matrices. It is therefore not
clear if the first row of the extracted view factor matrix can be connected to the first row of the extracted
FE matrix. Further research on this topic should be performed to elaborate and solve the current problems.
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A.4 High level step-by-step approach to parametric model order reduction

1. Load your Transient thermal model into ANSYS workbench(No thermal capacitance matrix can be
extracted from a steady state thermal model).

• It is required to have a Mechanical Enterprise or Multiphysics license.

• Disable the Distributed solver is mandatory.

(a) Go to the tools tab in Mechanical and click on Solve Process Settings

(b) click on ‘Advanced’

(c) Untick the ‘Distribute solution (if possible)’ setting

• Your model should only consist of Bonded and No Separation contacts. Non-linear contacts
do not work.

• Currently no support for radiation problems.

2. Apply the boundary conditions to the surfaces of your choice.

3. Add a named selection on the location where the output has to be measured. This can be a multitude
of locations if desired.

4. The finite element matrices can be extracted using the ANSYS APDL macros available within PInS.

(a) In the macro for the extraction of the K matrix, each boundary condition is applied.

(b) For each boundary condition a macro is required. This is the same macro as used for the extraction
of the K matrix. However, in each macro one input vector is extracted dependent on the chosen
boundary.

(c) The capacitance matrix is a transient matrix and is extracted using a harmonic analysis (requires
the Mechanical Enterprise or Multiphysics license). No alterations are required in this macro.

(d) The output matrix is

5. For each boundary condition a macro will be required generating the input matrix of the system

• these macro’s will be the same except for which boundary condition is used in the calculation.

6. for the conduction matrix the same macro as for the input matrix is required, however in this case no
boundary condition is calculated.

7. The capacitance matrix and the output matrix have there own macro which does not require any
change other than the name of the named selection of the output.

8. Files are generated and saved in the Solver Files Directory. copy the following matrix to your Matlab
folder:

• All *.hb(Matrix information)

• All *.mapping (Node number to matrix equation number information)

• All *.csv files (Output node information)

The Solver Files Directory also consists of the file.err and solve.out files, these can be used for debugging
errors.

9. The extraction of matrices has to be parameterized, therefore for each to be varied parameter an
extraction of the FE matrices has top be performed.

10. Material properties can be parameterized in the Engineering Data in the ANSYS workbench by ticking
the parameter box in column E.

11. Convection can be parameterized by using the input arguments in the macros used for the matrix
extraction.
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12. Contact conduction is parameterized by adding a macro below the contact in which the parameter is
created using the input arguments.

13. If performed correctly the workbench consist of a parameter set

14. In the Table of Design Points, set the initial parameter values in dp0.

15. Then one parameter at a time scale the parameters with a factor of 2

16. Make sure to tic the Retain box to save the data.

17. For each parameter, the data to design the FE matrices is saved in the corresponding design point.

18. Philips has a toolbox which consist of files required to convert the extracte .hb files to Matlab matrices.

19. The .mapping files are required since ANSYS gives all the nodes a number. However this ordering is
non-optimal for calculations

20. ANSYS tries to diagonalize the matrix as much as possible for efficient calculation. The state numbering
received in Matlab is therefor NOT equal to the node numbers in ANSYS

21. By subtracting the matrices of the scaled system with the matrices of the nominal system the parameter
locations can be found. By doing this a new parametric system can be designed dependent on the
parameter Σ(p)
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A.5 Errors in ANSYS

In the benchmark case 19 parameters will be variable. This means that 20 state spaces have to be extracted
from ANSYS. When small model extraction did not give any errors, bigger models and more parameters are
not performing that well. A multitude of errors can appear when calculating a design point:

• Update of the Setup Component in Transient Thermal For Design Point failed: Unable to update
setup. Unable to write APDL input file.

• Update of the solution component in transient thermal for design point failed. Mechanical failed to
open the database: Unable to initialize application event handlers in Mechanical. Either the application
crashed or workbench lost communication with it.

If any of the above errors appear the solution will not be calculated. The design point has to be
recalculated. However since the solution is terminated in the model, a different error will also appear when
the files are calculated correctly, this error reads:

• Update of the solution component in transient thermal for design point failed: Error updating cell
solution in system transient thermal for design point 16.

When this error appears the state space files are calculated, however, not in all cases the files are saved.
When the calculation is finished, check the folder where the files are saved and see if the files have the
date time stamp of the moment you ran the simulation. Sometimes it is possible that the files have the
same timestamp as the files calculated in DP1. If that is the case, rerun the design point. To prevent faulty
extractions advised is to run each design point separate and check whether the extraction files are calculated.
If one of above errors appear, just re-run the design point, these errors are not caused by model errors and
should disappear when the design point is re-calculated.

63


