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Abstract

The interaction between the tire and the road is of great importance in vehicle dynamics.
The tire filters the short wavelength obstacles that are shorter than the contact patch
length. This filtering effect is known as enveloping. It is essential to model this effect if a
single point tire contact model is to be used.

The vertical response of the tire when crossing a short-wavelength obstacle, such as
a trapezoidal cleat, consists of certain number peaks depending on the initial vertical
force considered for the measurement. As many as three peaks can be observed with a
low vertical force. Two peaks can be observed at a high vertical force. It is found from
measurements that the first and the last peaks are asymmetric. It is also observed that the
dip in the vertical force before and after the second peak in case of the three peaks response
is not the same. This dip is called the trough. Hence, the asymmetry is also observed in
the troughs. Furthermore, the vertical force before and after passing the cleat is not the
same. This difference is termed as the residual force. The commercially used tandem cam
model used for the enveloping simulation is a symmetric model. The parameters of the
model are estimated using quasi-static measurements. As the model is not able to capture
the asymmetries and the residual force, the accuracy of the parametrization process is
compromised. In this research, an extension to the tandem cam model is developed to
account for all the asymmetries and the residual force.

The Mullins effect is found to be the reason for the asymmetries and the residual force.
The asymmetry in peaks is caused due to the softening of the rubber. The asymmetry in
the trough is caused by the hysteresis and the residual strain. The residual force arises
because of the residual strain and the softening effect. The constitutive models employ
strain-energy density functions, but its identification needs separate measurements for
a given tire. This is not a feasible approach. Hence, an empirical model is developed
which takes into consideration the stress-softening part of the Mullins effect. It models
the hyperbolic decay in the stiffness with the increase in the number of loading-unloading
cycles. Residual strain and the hysteresis are not included in the model.

The commercial MF-Swift model is replicated to include the new model. The asym-
metry of the peaks and residual force are captured. However, the asymmetry in the trough
is not captured. This is a result of the assumptions made for the model. Since the asym-
metry in the peaks and residual force are modeled, an increase in the accuracy is achieved.
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Chapter 1

Introduction

This chapter provides an introduction to the work described in this thesis. It presents the
background, motivation, problem statement and objectives of this research. It briefly

outlines the contents of this thesis.

1.1 Background and Motivation
Tires are an essential component in vehicle dynamics simulations. The forces that control
the vehicle’s motion are eventually transmitted through the tire. The interaction of tire
with the road is an important source for the dynamic excitation of the vehicle. Therefore,
it is required to understand the tire behavior for developing safe, comfortable, and durable
vehicles.

Several tire models have been developed to understand the behaviour of the tire when
rolling over an uneven road profile. The developed models are able to explain the behaviour
of the tire in the presence of large and short wavelength irregularities of the road profile. For
instance, references [1] and [2] describe the response to long wavelength and [3] and [4] to
short wavelength irregularities. The short wavelength irregularities, which are very shorter
than the contact patch length, need to be filtered geometrically from the road profile to use
a single point tire contact model. The word ’enveloping’ is used to define this geometric
filtering effect. It means that a tire partially swallows a small obstacle while rolling over it.
As mentioned in [5], the important observations regarding the enveloping behaviour were
first given in 1963. The response of the tire when rolling with a constant velocity and axle
height over an obstacle whose wavelength is smaller than the contact patch length were
explained. These responses include variations in the vertical force, longitudinal force and
the angular velocity of the wheel.

Since the tire enveloping behavior was first observed, various studies have been done
in this field. Physical, empirical and finite element models have been used to model this
phenomenon. A great deal of improvement has been seen in regards to the model develop-
ment over the years. In 1988, Badalamenti [3] used a physical tire model to describe the
enveloping behaviour. He used a radial-interradial spring tire model to calculate the ver-
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CHAPTER 1. INTRODUCTION

Figure 1.1: Tire vertical force while traversing a 3 inches high, 20 inches long obstacle. [3]

tical and longitudinal and vertical forces of a tire rolling quasi-statically over an obstacle.
Asymmetrical peaks in the measured vertical force, see ”FDL MEASURED” in Figure
1.1, can be observed in his work. The red dashed lines in the figure indicate the amount
of asymmetry in the measurements. However, the enveloping was still a new concept at
that time, the accuracy of the model was not a concern. Hence, the asymmetry was never
addressed in his studies.

X [mm]

(a) Measurement results
X [mm]

(b) Modeling results

Figure 1.2: Comparison of simulation with measurements for the tire rolling with a fixed
axle height with initial vertical force of 6000 N over a trapezium cleat. [6]

Bandel [7] used a basic function model to describe the enveloping behaviour. He discovered
that the variations of the vertical and longitudinal forces of a tire rolling quasi-statically
over an obstacle can be represented by the convolution of two basic functions. Adopting
the concept of basic functions, Zegelaar in 1998 [6] introduced the use of a single basic
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CHAPTER 1. INTRODUCTION

function (sine wave) and a two-point follower to obtain the effective road plane. With
this improved formulation, the measured vertical force as a function of traveled distance
was closely replicated. However, it was cumbersome to determine the basic curve for
the arbitrarily shaped obstacles. In his studies, he conducted measurements for the tire
rolling over a cleat. The vertical force is depicted in Figure 1.2a. The dashed lines in the
vertical force measurements indicate the amount of asymmetry in the peaks. However, it
is apparent from Figure 1.2b that his model did not capture this asymmetry (the dashed
lines overlap). Schmeitz [8] developed the tandem cam model that uses an elliptical cam to
produce the basic road profile. It addressed the problem related to the arbitrarily shaped
road obstacle. But, it can be observed in Figure 1.3 that the asymmetrical peaks in the
measurements were still not considered in the model.

Not same (loss of symmetry)

X [m]

Figure 1.3: Comparison of simulation of the tandem cam model with measurements for the
tire rolling with a fixed axle height with initial vertical load of 4000 N over a trapezium
bump. [8]

The enveloping models have improved gradually over the years to replicate the measure-
ment data. But they fail to model the asymmetrical peaks observed in the vertical force.
In quasi-static condition at low velocity, the response of the tire involves only its enveloping
and elastic properties. This allows for the estimation of the parameters of the empirical
models, like the tandem cam model. These models can also be used for analyzing the
transient dynamic performance at a higher speed.

Finite element approaches have been used incorporating the mechanics of the rubber
in the tire. However they do not use geometrical filters, such as, elliptical cams to analyze
the performance of the tire rolling over the obstacle. References [9] and [10] are examples
of FEM modelling. In contrast to the empirical model, the parameters are obtained using
the measurements obtained at a much higher speed [11], where the higher-order dynamics
of the tire are excited. The tire response is a combination of its enveloping properties and
structural dynamics. This fact prohibits to draw any conclusion regarding the asymmetry
observed in the vertical response at a higher speed. Hence, there is no mention of the
asymmetry in the peaks of the vertical response in the studies made with finite element
approaches.

The commercial MF-Swift tire [12] uses the tandem cam [8] in combination with a rigid
ring [6] to model the behavior of the tires at both low and high frequencies. The parameters
of the tandem-cam model are identified by an optimization process, which aims at reducing

3



CHAPTER 1. INTRODUCTION

the difference between the model and measured force. Since the asymmetrical response of
the vertical force is not captured, the model accuracy is decreased. This demands for a
research to understand and model the asymmetries in the vertical force in order to increase
the accuracy of the tandem cam model.

1.2 Problem statement and objectives
Since the tandem cam model is kinematic and symmetric, it is not able to capture the
asymmetrical peaks in the vertical force response. This limits the accuracy of the model.
This research aims to increase the accuracy of the enveloping model by capturing the
mentioned asymmetry in a low-speed condition. The primary research questions for this
research can, therefore, be formulated as:

1. What is the reason behind the asymmetrical vertical force response?

2. How can the asymmetry be modeled to improve the accuracy?

Several objectives have to be fulfilled to answer these questions:

• Tire enveloping measurements performed with different vertical forces will be ex-
amined to understand the consistency of the asymmetry for different measurements.

• A literature study will be done to identify the relevant phenomenon behind the
asymmetry. Rubber mechanics will be studied.

• A empirical model will be created to account for the phenomena. The model will be
checked with the cases to confirm its intended behavior.

• The new model will be integrated into a replicated MF-Swift enveloping tire model
to model the asymmetry observed in the measurements.

1.3 Outline of the thesis
The outline of the thesis is as follows. Chapter 2 provides a more detailed description of
the problem. Tire measurements are used to understand the consistency of the asymmetry.
In Chapter 3, a literature study is done in regards to the enveloping behavior and rubber
mechanics. Subsequently, the potential reason behind the asymmetry is identified using
the tire measurements. In Chapter 4, an empirical model is developed by qualitatively
analyzing the constitutive models available in literature. Chapter 5 deals with the imple-
mentation of the developed model in the MF-Swift. Finally, the conclusions are given and
recommendations for further research are formulated in Chapter 6.

4



Chapter 2

Problem Description

This chapter provides a detailed description of the problem. Firstly, the tandem cam
model developed in [8] is reviewed to have an understanding of enveloping behavior.

Then, the tire enveloping measurements discussed with fixed axle height and different
initial vertical forces to understand the consistency of the observed asymmetrical peaks in
the vertical force response. Also, an attempt is made to understand other asymmetries in
the measurements.

2.1 Tire enveloping

Tandem cam model
Schmeitz [8] uses a two point follower to generate the effective road surface. The follower
moves over a basic profile generated by the elliptical cam. The end points of the follower
move on the basic profile, two cams in tandem are used to obtain the effective road surface.
The two cams, with semi-major and minor-axes as be and ae respectively, are placed at a

Figure 2.1: Tandem model with elliptical cams. [8]
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CHAPTER 2. PROBLEM DESCRIPTION

distance ls from each other. The distance ls is known as the tandem base length and is
related to the contact patch length of the tire. The two cams are situated at the leading
and the trailing edge of the contact patch, representing the outer contour of the tire in
the zone where the contact between the obstacle and tire takes place. They describe the
radial stiffness of the tire at the leading and the trailing edge of the contact patch. In this
research, the obstacles are positioned perpendicular to the driving direction. Hence, the
effective road surface consists of an effective road height and forward slope. The height of
the mid-point of the lower tandem rod equals the effective road height (w). The effective
forward slope (βy) is defined as the pitch angle of the lower/center tandem rod. The
equations for w and βy read as,

w = Zf + Zr
2 − be , (2.1)

tan βy = Zr − Zf
ls

, (2.2)

where Zf and Zr are the vertical position of the front and rear ellipse centres respectively.
The ellipse touches the obstacle at the position when the sum of road height Zroad and
ellipse height ze is maximum. The global height of the ellipse centre of front ellipse is
obtained by the equation:

Zf = max[Zroad(Xf + xf ) + ze(xf )]. (2.3)

The ellipse height ze at location xf is given by,

ze = |be(1− (|xf |/ae)ce)
1

ce |, (2.4)

where ce is the power of the hyper-ellipse. The vertical position of the center of the rear
ellipse is calculated in a similar way. Furthermore, the cams are constrained to move in
vertical direction only. The local dynamic effects are neglected and it is assumed that the
elliptical cams are rigid. The schematic view of this model is given in Figure 2.1.

ρz0

w βy
ρz

ρz0

Effective road surface

Fixed axle height

Figure 2.2: Movement of the tire over a step obstacle with a fixed axle height.
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CHAPTER 2. PROBLEM DESCRIPTION

The next goal is calculate the vertical deflection (ρz). Figure 2.2 presents a schematic view
of the tire rolling over an obstacle with a fixed axle height. Assuming a small road slope,
the vertical deflection (neglecting centrifugal growth of radius and the influence of tire
pressure) can be calculated using the geometric relations. It is dependent on the effective
road height and forward slope and is given by ,

ρz = w + ρz0

cos βy
, (2.5)

where ρz0 is the initial vertical deflection. The above equation is valid for the short height
obstacles. As stated in [8], the initial vertical deflection for quasi-static rolling can be
obtained using,

ρz0 = Fzi
Cz0

, (2.6)

where Fzi stands for the initial vertical force considered for the measurements and Cz0 is
the tire static vertical stiffness. The vertical tire force (Fz) is calculated using a quadratic
force deflection characteristic [13] given by,

Fz =
(
qFz1

ρz
R0

+ qFz2

(
ρz
R0

)2
)
Fz0, (2.7)

where qFz1 and qFz2 are the dimensionless parameters. R0 is the unloaded radius and, Fz0
is the nominal vertical force. The equations (2.5) and (2.7) suggest that the vertical force
is directly dependent on the effective road height. An increase of the effective road height
results in an increase of the vertical force and vice-versa.

The new model that will be developed to improve the accuracy in replicating the meas-
urements needs to be integrated into the MF-Swift obstacle enveloping model. Due to
the commercial interests in the MF-Swift obstacle enveloping model, the openness with
regards to the structure of this model is limited. Hence, it is very important to replicate
the model, this replication is done in Chapter 5.

The vertical force response of the tire rolling over a cleat is influenced by many factors,
for example cleat length and height, axle height, initial vertical force, etc. The response
that is shown in Figure 2.3, can be explained by using the elliptical cams of the tandem
cam model. It can broadly be divided into three phases.

Phase 1 Phase 3Phase 2

X [m]

Figure 2.3: Vertical force response for the tire rolling over a trapezium bump. [8]
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CHAPTER 2. PROBLEM DESCRIPTION

Phase 1: The first cam touches the obstacle and starts to move over the obstacle. There-
fore, an increase in the vertical force is observed in this phase. Consequently, the length
of the contact patch increases pushing the second cam away from the obstacle. Since the
length of the obstacle is very small as compared to the dimension of the cam, for this case,
the first cam rolls down the obstacle before the second cam touches the obstacle. This
decreases the vertical force, as can be seen at the end of phase 1. This also results in a
decrease of the length of the contact patch, bringing the second cam closer towards the
obstacle.
Phase 2: Due to the decrease in the length of the contact patch at the end of phase 1 and
the forward motion of the tire, the second cam touches the obstacle. This increases the
vertical force. But as soon as the vertical force increases, the length of the contact patch
also increases. It pushes both cams away from the obstacle. This leads to a decrease of
the vertical force, which can be observed at the end of phase 2.
Phase 3: Due to the forward motion of the tire, the second cam touches the obstacle
and moves over it. Therefore, an increase followed by a decrease in the vertical force is
observed in this phase. After phase 3, the second cam lands on the road and moves away
from the cleat.

In each of the phases, a peak vertical force occurs. The peaks in phase 1 and phase 3
are generally observed in all quasi-static enveloping measurements. These two peaks are
of interest for this research because of the asymmetry. The peak in phase 2 is seen in a
few measurements. This is because the phase 2 peak is very much dependent on how close
the cams are. The closeness of the cams, or in other words, the contact patch length, is
dependent on the vertical force.

The explanation of the peaks can also be given from a structural point of view. The
contact patch can be thought as a simply supported beam fixed at two ends. The supports
at the ends of the contact patch come from the part of the tire which is outside of the
contact patch. Hence, the stiffness at the edges of the contact patch is much higher than
the stiffness in the center of the contact patch. Due to this, the response at the high values
of vertical force shows two peaks (peaks in phase 1 and phase 3): the leading and trailing
edges of the contact patch rolling over the obstacle successively. Julien [14] attributed the
decrease of vertical force at the center of the contact patch to the introduction of negative
flexibility because of the local buckling of the sidewalls. At lower values of vertical force,
the movement of the leading and trailing edges, basically during phase 2, becomes relatively
complex. The edges move back and forth to create a peak in phase 2.

2.2 Analysis of enveloping measurements

A series of measurements with three levels of initial vertical force and a trapezoidal cleat
has been performed on two different tires. The details of the tires are not disclosed because
of confidentiality reasons, the tires will be designated as ’Tire A’ and ’Tire B’ from now
onwards.

8
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0.3 0.4 0.5 0.6 0.7

6000

6200

6400

6600

6800

7000

7200

(a) Initial vertical force: 6000 N

0.3 0.4 0.5 0.6 0.7

5000

5200

5400

5600

5800

6000

6200

(b) Initial vertical force: 5000 N

0.3 0.4 0.5 0.6 0.7

3600

3800

4000

4200

4400

4600

4800

(c) Initial vertical force: 3500 N

Figure 2.4: Variation of vertical force with the traveled distance for Tire A rolling with a
fixed axle height with different initial vertical forces over a trapezoidal cleat. The asym-
metry of peaks is designated by 1. The residual force is designated by 2. The asymmetry
in troughs is designated by 3.

45
o

50 mm

30 mm

10 mm

Figure 2.5: Trapezoidal cleat.
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CHAPTER 2. PROBLEM DESCRIPTION

The variation of the vertical force with the traveled distance, for each of the initial vertical
forces for Tire A, is shown in Figure 2.4 and for Tire B, they are given in Appendix A.1.
The cleat has a height of 10 mm and length of 50 mm. The bevel edge angle of the cleat
is 45 o. The schematic of the cleat is given in Figure 2.5.

Asymmetrical peaks
From Figure 2.4, it is clear that a difference is present between the peaks of phase 1 and
phase 3 for all measurements. However, no clear conclusions can be drawn from Figure
2.4 regarding the dependency of this asymmetry on the initial force considered for the
measurements. Therefore, the force difference between the first and last peak for the
measurements done with Tire A and Tire B are calculated and are shown as the function
of the initial vertical force in Figure 2.6. ∆Fzp stands for the difference in the peak vertical
forces obtained in phase 1 and phase 3. The subscript ’p’ denotes peak. ∆Fzp is calculated
by,

∆Fzp = Fz,p1 − Fz,p3, (2.8)

where Fz,pi (i = 1, 3) refer to the peak vertical force obtained in phase 1 and phase 3
respectively.

4000 5000 6000 7000 8000

10

15

20

25

30

35

40

Figure 2.6: Variation of the magnitude of asymmetry of peaks with the initial vertical
force. Black circles correspond to the calculated force difference in peaks for the given
initial vertical force.

It is apparent that the magnitude of asymmetry increases, followed by a decrease with the
initial vertical force considered for the measurements. A similar trend is also observed for
Tire B.
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Residual force
It can be observed from Figure 2.4 that the force before and after passing the cleat is not
equal. Furthermore, it can be observed from Figure 2.4 that the magnitude of the vertical
force is greater after passing the cleat. This difference is termed as the residual force for
this research and is designated by Fzr. The subscript ’r’ denotes residual. ∆Fzr is obtained
by,

∆Fzr = Fz,r1 − Fz,r3, (2.9)

where Fz,ri (i = 1, 3) refer to the vertical force obtained at the beginning and the end of
phase 1 and phase 3 respectively.

Figure 2.7 depicts the dependency of the residual force on the initial vertical force. The
residual force increases with an increase of the initial vertical force. Since this has never
been mentioned in the literature, the cause of it will be investigated in this research.

4000 5000 6000 7000 8000

0

20

40

60

80

Figure 2.7: Variation of the residual force with initial vertical force. Black circles corres-
pond to the calculated residual force for the given initial vertical force.

Asymmetrical troughs
It is evident from Figure 2.4 that the magnitude of the phase 2 peak gradually decreases
with the increase in the initial vertical force, with no peak being observed in the highest
initial vertical force considered. Hence, only two peaks are observed with the measurement
corresponding to the highest initial vertical force, as shown in Figure 2.4a. It aligns with
the explanation given in section 2.1 from the perspective of the elliptical cams. The contact
patch length increases with the increase of the vertical force. Consequently, the second cam
does not touch the obstacle when the first cam rolls over the cleat. Therefore, phase 2 peak
is not observed in Figure 2.4a. However, it is slightly visible in Figure 2.4b and prominently
seen in Figure 2.4c.
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Figure 2.8: Schematic diagram of peaks and troughs.

The phase 2 peak plays an important role in determining the number of troughs in the
vertical force response. A trough is defined as the drop in the vertical force between two
peaks, see Figure 2.8. With the absence of phase 2 peak, a single trough can be observed in
Figure 2.4a. Contrary, two troughs can be seen on either side of the phase 2 peak in Figure
2.4c. It is observed that the two troughs are not equal in amplitude. The dependency
of the magnitude of the asymmetry on the initial vertical force can be understood using
Figure 2.9. ∆Fzt is used to denote this asymmetry. The subscript ’t’ stands for trough.
∆Fzt is calculated by,

∆Fzt = Fz,t1 − Fz,t2, (2.10)
where Fz,ti (i = 1, 2) refer to the vertical force obtained at the end of phase 1 and phase 2
respectively.
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Figure 2.9: Variation of the magnitude of asymmetry of troughs with the initial vertical
force. Black circles correspond to the calculated force difference in troughs for the given
initial vertical force.
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The magnitude of asymmetry decreases with the increase in the initial vertical force con-
sidered for the measurements with the two tires. Similar to the residual force, this obser-
vation has also never been mentioned in the literature. Obviously, a symmetrical model
like the tandem cam model does not capture this asymmetry. The cause of this asymmetry
will be investigated in this research to better understand the tire response.

2.3 Summary of the chapter
In this chapter, the tandem cam model has been summarised. Some of the equations
that will be used in the replication of the Swift model have been provided. Subsequently,
the tire enveloping response has been explained from the perspective of the tandem cam
model. For the same, the response has been divided into several phases. The enveloping
measurements done with the two tires have been analyzed. The asymmetry in the peaks
has been observed in all the measurements with both the tires. It was also found that the
magnitude of force before and after passing the cleat is not equal. It has been termed as
the residual force. A difference is also observed in the magnitude of the drop in the vertical
force after the first and the second peak. This drop has been termed as a trough. Hence,
an asymmetry has also been seen in troughs.
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Chapter 3

Literature study

Since the 1960s [15], research is carried out to understand the physics behind the tire en-
veloping response. In finding an explanation for the asymmetries mentioned in Chapter

2, it is useful first to analyze the origin of the variation of the vertical force when the
tire rolls over an obstacle. To find the source of the asymmetries and the residual force,
a literature study is done. The asymmetries are observed for the measurements in the
quasi-static environment, tire dynamics are not excited at such a low speed. A kinematic
model also can not capture the asymmetries. Hence, the source is related to the behavior
of the rubber at large strains. A literature study is therefore, extended to identify the
relevant concepts of rubber mechanics, which are observed in the quasi-static environment.
Finally, the potential sources of the asymmetries and the residual force are explained by
using the concepts from the literature.

3.1 Asymmetries in the enveloping response
As mentioned in Chapter 1, a few studies have observed the asymmetry in the peaks of the
vertical force, for instance, see [6], [8] and [16]. They mention hysteresis as the cause of the
asymmetry. Since the focus of these studies was not upon this asymmetry, they did not
provide a detailed physical explanation. In the last few years, there is not much published
research related to low-speed enveloping. Hence, an analysis of the asymmetries can not
be found in the literature of recent years.

In 1967, Lippmann [4] analyzed the cause of the increase of the vertical response.
This work can help in determining the source of the asymmetries. He attributed the
enveloping behavior of the tire largely to a pneumatic mechanism. An air cavity is created
inside the tire in the obstacle contact zone because of the enveloping irregularities. These
irregularities change the internal volume of the tire . The energies developed because of
the volume changes are large enough to account for such an increase in the vertical force.

When the obstacle starts to indent the tire, the volume of the air cavity decreases. This
increases the energy of the contained air, and thereby, the vertical force. The energy is
also added by the volume change, arising due to a component of the longitudinal force, as
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Figure 3.1: Energy changes in tire resulting from envelopment of rectangular cleat. [4]

it displaces the tire in the direction of travel. It is important to note that the energy is
not proportional to the volume change, but is proportional to the rate of volume change.
The consequence is that the tires that produce large volume changes do not necessarily
develop large forces. Rapid volume changes generate large forces. The increase in vertical
force is, therefore, attributed to the change in structural characteristics of the tire because
of these volume changes. Due to the involvement of these characteristics, the energy loss
phenomenon such as hysteresis is observed. However, the analysis of Lippmann did not
include hysteresis, as his work was concentrated on modeling the increase of the vertical
force.

The above-discussed phenomenon can be visualized using Figure 3.1. It shows the
energy variation from the envelopment of a rectangular cleat. Since the tire is rolled
over the cleat by the help of an external force, the energy is put into the tire. The
added energy is used in increasing the energy of the air cavity. The energy change in
the air cavity is obtained from the pneumatic volume changes assuming an adiabatic law.
However, it can be observed that there is a difference in the energy between both. This
difference is proposed as the energy loss caused due to hysteresis. The hysteresis represents
a phenomenon where the loading and the unloading paths are not equal. This would mean
that the vertical force response during the loading of the tire on the obstacle is not equal
to that obtained during the unloading of the tire.

The volume changes of the air cavity affect inflation pressure. According to [17], the
inflation pressure accounts for the 80 % of the vertical stiffness in the tire. The change in
the inflation pressure would lead to a change in the vertical stiffness. This might create
asymmetrical peaks in the vertical force. However, a change in the inflation pressure would
mean that the temperature should change. The amount of asymmetry that is seen in the
peaks of the vertical force response would imply a huge temperature difference [18]. Since
the referred vertical force response corresponds to the low speed enveloping measurements,
the temperature difference is unlikely to occur. One may also argue that the contact
pressure would vary during the loading and unloading of the tire on the obstacle, resulting
in these asymmetries. But, it is important to realize that this pressure variation is confined
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to the location of obstacle contact with the tire. Furthermore, this variation is caused due
to the variation of vertical stress at the contact point. The stress variation can be linked to
the change in the structural characteristics of the section of the tire that is in contact with
the obstacle. As mentioned earlier, the change in these characteristics leads to hysteresis.
Although it is certain that the hysteresis is present in the tire enveloping response, it is
still not clear about how the hysteresis can cause asymmetries. Therefore, the hysteresis
is studied in detail in the following section.

3.2 Rubber mechanics
Hysteresis arises because of the change in the structural characteristics of the rubber com-
pound in the tire during the enveloping process. As the deflection achieved by the tire
during enveloping an obstacle can be very large, a literature study is made to understand
the behavior of the rubber at a large strain.

Rubber at large strains exhibits a highly non-linear behavior. An idealized stress re-
sponse to a large strain in the filled vulcanized rubber sample is shown in Figure 3.2. The
sample is quasi-statically loaded until a given strain and then subsequently unloaded to
zero strain. The unloading path is different from the loading path resulting in hysteresis.
On reloading the sample, the response follows the unloading path of the first cycle until
the previous maximum strain is attained. Once it is exceeded, it continues with the virgin
curve. The virgin curve refers to the primary loading response to the strain of a fresh
unstressed sample. The response then follows a different path upon unloading like the first
cycle. The response followed by the sample upon reloading is known as the stress-softened
response. The corresponding effect is known as the stress-softening effect, the sample shows
a loss of stiffness, see blue dashed line in the figure. Mullins observed this effect for the
first time, and thereafter the effect came to be known as the Mullins effect [19]. Mullins
and Tobin [20] created a model to capture this idealized representation for filled rubber
vulcanizates.

Figure 3.2: An idealized uniaxial stress-strain response. [21]
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Figure 3.3: A uniaxial stress-strain response with residual strain. [22]

The residual strain refers to the remaining deformation in the sample, even though there
is no stress in the sample. Figure 3.3 presents the stress-strain curve recorded for a filled
vulcanized rubber sample in [22]. It can be observed that the sample is loaded and un-
loaded four times. The reloading path in each of the four times is different from the
previous unloading path. The residual strain at the end of each cycle is responsible for
making a different reloading path. It can be noted that the stress at the maximum strain
corresponding to each of the loading cases lie on the virgin curve.

(a) Cyclic stress relaxation. (b) Residual strain.

Figure 3.4: A uniaxial stress-strain response for a fixed maximum strain. [23]

Figure 3.4a shows a special case of the Mullins effect, which is known as the cyclic stress
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relaxation effect. The maximum stretch is kept constant for each of the loading-unloading
cycles. The stretch is defined as the ratio of the deformed length to the underformed
length of the sample. It can be observed that the hysteresis in the first cycle is very high
and decreases with the subsequent cycles. The reduction in the amount of hysteresis is
largest from the first to the second cycle and becomes very small with subsequent cycles.
The stresses corresponding to the maximum strain in each of the cycles also decreases and
saturates in a similar fashion.

The magnitude of the residual strain for a given cycle can be obtained from the meas-
urement by measuring the strain at beginning of the next cycle. The residual strain as a
function of the cycle number is given in Figure 3.4b for three different samples. The top
curve in the figure corresponds to the response obtained from Figure 3.4a. It can be seen
that the amount of increase in the residual strain is largest from the first to the second
cycle. Like the maximum stress, it saturates in the subsequent cycles.

Figure 3.5a presents the cyclic stress relaxation effect with three different sets of max-
imum strains (stretches): 1.5, 2 and 2.5. Each set is composed of multiple loading-unloading
cycles. The response in each of the sets is similar to what it was seen in Figure 3.4a. The
stress corresponding to the maximum strain in a given set is observed to decrease with the
cycle number. The most important behavior to observe in Figure 3.5a is when the previ-
ous maximum strain is exceeded. In that case, the behavior seems to reset as if it has not
experienced any previous strains. It behaves as a new sample. The stress corresponding
to the maximum strain again starts to saturate with the cycle number. Therefore, every
time the previous strain is exceeded, it appears to forget its past deformations and behaves
like a fresh sample. Similar behavior is observed for the residual strain in Figure 3.5b.
The top curve in the figure corresponds to the response obtained in Figure 3.5a. For the
first set, the residual strain starts to saturate after the second cycle. The maximum strain

(a) Cyclic stress relaxation effect with variable
maximum strains. (b) Residual strain.

Figure 3.5: A uniaxial stress-strain response with variable maximum strains. [23]
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corresponding to the first set is exceeded in the sixth cycle. This marks the beginning of
the second set. Again the residual strain saturates after the second cycle of the second set,
or eighth cycle overall. The same trend is noticed for the third set.

The behavior of the rubber can be modeled using macro-mechanics. It is also important
to understand the Mullins effect from the molecular point of view. A non-vulcanized rubber
sample is made up of flexible macro-molecular chains folded upon themselves. The ends
of the chain are entangled in the loop formed by another molecule are oriented in different
directions, see Figure 3.6 (a) . With the application of the tensile force, the chains start
to orient themselves in definite directions as shown in Figure 3.6 (b). When the stress is
released, it does not return to its original configuration, see Figure 3.6 (c). As a result,
a new equilibrium stress-free configuration is created. The transformation of the chain
networks, from the old configuration to a new one leads to the stress softening.

Figure 3.6: Schematic representation of a chain (bold line) entangled in a loop formed by a
macro-molecule: (a) Undeformed configuration, (b) Deformed configuration under uniaxial
tensile loading and (c) stress-free configuration after unloading. [24]

The literature analysis so far has discussed tensile strain in the axial direction. The same
behavior is observed under compressive strain, for example see [25]. The sign of the strain
is constant for each of the cases i.e. positive for the tensile strain and negative for the
compressive strain. In terms of stretch, it is more than 1 for the tensile strain and less
than 1 for the compressive strain. A tire can experience both positive and negative strains
during different low-speed maneuvers. Hence, it is important to understand if the Mullins
effect is observed for a combined situation where the strain can be positive and negative.

Nguyen [26] studied this combined case. He maintained constant compressive stress
in the axial direction and made a cyclic sweep of the shear strain covering both the cases
(positive and negative strains). He repeated this process for different values of the com-
pressive stress. The experimental results are given in Figure 3.7. With a given compressive
stress, the cyclic stress relaxation effect is observed for a fixed maximum strain with both
positive and negative strains. Similar to the previous analyses, it can be observed that
when the maximum strain is crossed in either of the cases, the rubber forgets its previous
strain and behaves as a new sample. Hence, the Mullins effect is observed for both the
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positive and negative strains. It should be noted that the shear strain at the start of
the first cycle is zero. In the subsequent cycles, a loss of stiffness can be observed when
the strain changes its sign. Similarly, if the shear strain at the start of the first cycle is
non-zero, the same behavior is expected, but about a different point. The loss of stiffness
can be seen mathematically as the rotation of the loading-unloading response about the
starting value of the strain.

Figure 3.7: Experimental results of quasi-static compression and cyclic shear. [26]

Summary of the Mullins effect

The Mullins effect is pronounced at very large strain under cyclic loading conditions and
is a result of the rearrangement of the chain networks. The frequency of the deformations
should be low, i.e. the deformation should be quasi-static. Furthermore, it is characterized
by the following phenomena:
• Hysteresis is the difference in loading and unloading curves. The amount of hysteresis

decreases and saturates with the increase in the number of loading-unloading cycles
for a given maximum strain.

• The stiffness which can be defined as the average of the loading and unloading curves,
as shown in Figure 3.2, decreases and then saturates with the increase in the number
of loading-unloading cycles. The corresponding effect is called the stress softening
effect.

• The residual strain, which refers to the strain in the rubber at zero stress, increases
and then saturates with the increase in the number of loading-unloading cycles.

• The cyclic stress relaxation effect is defined for the condition that the maximum
strain in all the loading-unloading cycles is the same.
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• When the previous maximum strain is exceeded, the rubber forgets the previous
deformation cycles and behaves like a fresh sample again.

Softening and residual strain parameters in constitutive models

The softening and residual strain are two important elements of the constitutive models.
The qualitative behavior of these parameters will serve as a motivation for the development
of a new model.

Pseudo elastic energy functions are used for describing material behavior with hysteresis
characteristics. Ogden [27] used this approach to model the idealized Mullins effect. He
added a damage (softening) variable to the pseudo-elastic energy function to capture the
stress softening effect. Dormann [23] added an extra variable in the Ogden’s model to
capture the residual strain. The pseudo-energy function is given by,

W̃ (λ, η1, η2) = η1W̃0(λ) + (1− η2) Ñ(λ) + φ (η1, η2) , (3.1)

where the function W̃0 is the energy function calculated for the strain λ considering η1 and
η2 as inactive, and Ñ is used to characterize the residual strain. η1 is the softening variable
and η2 is the residual strain variable. Their equations are given by,

η1 = 1− 1
r

tanh
[
Wm − W̃0(λ)

µm

]
, (3.2a)

η2 = tanh
(W̃0(λ)

Wm

)α(Wm) / tanh(1), (3.2b)

where Wm is the maximum value of the pseudo energy function, µ the shear modulus, α,
r and m the dimensionless parameters. Furthermore, φ is the dissipation function which
is always activated during the unloading phase. It is given by,

φ =
∫ 1

η1

(
µm tanh−1 [r (η1 − 1)] +Wm

)
dη1 +

∫ 1

η2
Ñdη2

= −µm (η1 − 1) tanh−1 [r (η1 − 1)]−Wm (η1 − 1)− µm

2r log
[
1− r2 (η1 − 1)2

]
+ (1− η2)(v1λ−

v2

λ2 )

(3.3)

where v1 and v2 are the dimensionless parameters. The first part of (3.3) is selected in a
way to represent the energy loss without the residual strain. The second part considers
the additional energy loss due the residual strain. It is clear from (3.3) that φ = 0, when
η1 = η2 = 1. Detailed description can be found in [23].

The parameters η1 and η2 are made active and inactive based on the branch of the
stress-strain response. For a uniaxial primary loading of an undamaged material, η1 and
η2 are kept inactive and their values are assumed to be one. This is because the material
is not damaged. When the unloading is initiated from any point on the primary loading
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path, the variables η1 and η2 become active and start to decrease from one. This activates
φ, which was zero during the loading phase. Hence, a hysteresis is observed. If the material
is reloaded again at a special value of λ, η1 and η2 starts to increase until the previous
maximum is achieved. If it is unloaded again, η1 and η2 start decreasing. And if the
previous maximum is crossed, the η1 and η2 are again set to one.

Recalling the Mullins effect from the perspective of macro-mechanics, there are many
constitutive models to describe the mechanical behavior of polymeric substances like rub-
ber based on the macro-mechanics. The Arruda-Boyce model [28] and Gent model [29]
were the preliminary models developed to explain the mechanics of polymeric substances.
Subsequently, a softening function was added to account for the Mullins effect. The model
developed in [25] is briefly described here. According to the model, the Cauchy stress
denoted by TEi(λ) for the primary loading cycle is given by,

TEi(λ) = ζ0(λ)

−pI +
µ

3

√
3N
I1
L−1

√
I1

3N

BT

 (3.4)

where λ is the stretch, µ the shear modulus, N the number of links forming a single polymer
chain, p the arbitrary pressure, I the unit tensor, BT the Cauchy-Green strain tensor, I1
the first principal invariant, L the Langevin function and ζ0(λ) the softening parameter.
ζ0(λ) is given by,

ζ0(λ) = 1− 1
r0

{
tanh

(
λmax − λ

b0

)}1/v0

(3.5)

where r0, b0 and v0 are dimensionless parameters, λ the stretch, λmax the maximum stretch
in the primary loading cycle. The softening function for the subsequent cycles are of the
similar structure and hence not mentioned over here.
The following conclusions can be drawn from the analysis of the softening and residual
strain parameters:

• The hyperbolic formulation of softening (η1 and ζ0) parameter signifies that the
amount of softening is the highest at the maximum strain with a value equal to one
and decreases with the decrease in the strain.

• The fact that the values of η1 and η2 are reset to unity when the previous maximum
is exceeded implies the loss of memory about the previous deformation cycles.

A complementary effect to the Mullins effect is observed at low strain at high frequency
under cyclic loading conditions for filled rubber. This is known as the Payne effect [30]
and is dependent on the viscous properties of the rubber. Since it is dependent on both
frequency and amplitude of the strain, it has a direct relation with the dynamic modulus.
Since this research focuses on quasi-static conditions with large deflections, the Payne effect
is not explained in detail. More about the Payne effect can be found in [31] and [32].
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3.3 Rubber mechanics in tire enveloping response
Hysteresis was assumed to be the reason for the asymmetries in the enveloping response.
From the literature study it is clear that the hysteresis is defined using one loading-
unloading cycle. Hence, there is a need to know the loading-unloading cycles in the envel-
oping response. The variations of the vertical force in a tire enveloping response can be
viewed as loading-unloading of the tire, as it traverses over the obstacle. The hysteresis in
this context would mean that the energy is lost because of the deflection cycle.

It is evident from the analysis in Chapter 2 that the enveloping response can be divided
into different phases, each of which consists of a deflection cycle. A description of the
deflection cycles is given in the following section.

Deflection cycles in enveloping response
Figure 3.8 presents a schematic view of the enveloping process at three different instances:
the black obstacle is at the leading edge (1), center (2), and trailing edge (3) of the contact
patch. The black obstacle is fixed to the green base, which is moving from right to left.
The tire can only rotate about its center. The quasi-static translation of the obstacle
ensures that the amount of slip is very less and can be neglected. The tire undergoes a
pure rotation over the obstacle. This outlines an important point for the consideration.
The portion of the tire that touches the obstacle, indicated with the red color in Figure
3.8, remains in contact with the obstacle while the tire rolls over it.

Top view of the contact patch and obstacle

Side view of the tire and obstacle

123

Figure 3.8: Schematic view of the enveloping process with a high initial vertical force at a
fixed axle height.

The deflection cycles corresponding to Figure 3.8 are summarised below:

• In the first deflection cycle, the highlighted red portion of the tire touches the obstacle
(1). It acts as the leading edge of the contact patch. This edge is subjected to the
loading with an increase of the vertical force. As the leading edge of the contact
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patch moves towards the center due to the translation of the obstacle, the vertical
force decreases, thereby unloading the tire. From the perspective of tandem cam
model, this is when the first cam rolls over the obstacle.

• Enveloping happens when the obstacle is at the center of the contact patch (2). The
red portion makes a transition from the first to the second deflection cycle. The
obstacle is located in between the cams in this phase.

• As the obstacle moves away from the center (3), the red portion becomes the trailing
edge of the contact patch. The vertical force on the edge increases, thereby loading
it again. Consequently, it unloads following a decrease in the vertical force as the red
portion comes out of the contact patch. This completes the second deflection cycle.
This corresponds to the case when the second cam rolls over the obstacle.

An important conclusion out of this analysis is that the the same section of the tire exper-
iences multiple loading and unloading cycles when traversing an obstacle. The red portion
makes a transition from the leading edge to trailing edge as it moves through the contact
patch. Therefore, for the example of Figure 3.8, it is subjected to two deflection cycles.
Moreover, as illustrated in Chapter 2, the number of deflection cycles can rise from two to
three for a low initial vertical force.

Mullins effect in enveloping tire response
A tire is a composition of many visco-elastic rubber elements. In the case of enveloping a
given cleat, the same rubber element is subjected to a number of deflection cycles. In each
of the deflection cycles, the tire is loaded and unloaded subsequently. Since the amplitudes
of the deflection cycles are large and applied quasi-statically, the Mullins effect is expected
to be present for the considered rubber element. The asymmetries and the residual force
can be explained by the Mullins effect. The explanation can be given using Figure 3.9a.
The figure depicts the variation of vertical deflection with the traveled distance for the
enveloping measurement done with an initial vertical force of 3500 N . The procedure to
obtain vertical deflection will be explained in detail in Chapter 5. In Figure 3.9a, the
reference points: O1, A, B, C, D, E, F , G and O2 can be identified. The interpretation of
these points is shown in Figure 3.9b.

The point A can be treated as the starting point of the cyclic loading as the deflections
at point A, C, E and G are the same. The vertical deflection, or in other words, the
strain is not zero at the starting point of cyclic loading, as the case in Figure 3.7. Hence,
the decrease of stiffness (softening) is not about zero strain. It is rather about a non-zero
strain, which is in this case the value of the vertical deflection at point A. With the three
deflection cycles, i.e. the transitions from A to C, C to E, and E to G, the softening
happens. Furthermore, a residual strain is seen at the end of each cycle. As can be seen
from Figure 3.9b, it results in distinct values of force at A, C, E and G.

The softening results in a decrease in the peak force, although the deflection is the same
in the first and the last deflection cycle, see points B and F . Hence, an asymmetry in the
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measurement results in Figure 2.4c.
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(b) Schematic of the proposed explanation.
Dashed line completes the imaginary hysteresis
cycles.

Figure 3.9: Explanation for the asymmetries and the residual force.

peaks will be observed. The claim that the hysteresis is the reason for the asymmetries, is
not accurate. Although there are multiple hysteresis cycles, the stiffness corresponding to
these cycles decreases because of the stress-softening effect. The main reason behind the
asymmetry in peaks is, therefore, attributed to the stress-softening effect.

Asymmetry in troughs is also observed in Figure 2.4. It is caused due to the combined
effect of the residual strain and the hysteresis, different loading-unloading curves. The fact
that the points A and C and, E and G are not coincident results in different levels of
troughs on either side of the phase 2 peak. As can be seen from Figure 3.9b, the value of
the force at the end of the second deflection cycle is lower than the force obtained at the
beginning of the cycle. This is also observed in the measurements.

A residual force is also observed with all the measurement data. The reason can be
attributed to the combined effect of the stress-softening and the residual strain. In Figure
3.9b, it is clear that the force obtained at O2 is greater than the force at O1. This difference
is the residual force.

3.4 Mullins effect for different operating conditions
The explanation for the asymmetries and the residual force in the enveloping tire response
is identified as a Mullins effect. This Mullins effect can also be seen in the tire response
for slightly different operating conditions. According to the analysis in the previous sec-
tions, the Mullins effect is observed as the same rubber element is subjected to continuous
deflection cycles. Figure 3.10a shows the variation of the self-aligning moment (Mz) of the
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tire, when the tire is subject to continuous yaw deflection cycles of fixed amplitude at zero
forward velocity, denoted by δ. The aligning moment is produced in this case by the shear
deflections of the treads around the center of rotation. Furthermore, the vertical force is
kept constant throughout the measurement period. Since the tire is not rotating, the same
rubber element is subjected to continuous deflection cycles in the steering direction.

The maximum deflection in each of the cycles is same. As observed in Figure 3.10b,
the peaks of the self-aligning moment decreases and then saturates. The behavior can be
attributed to the gradual softening of the rubber element. Since the amplitude is constant,
the corresponding phenomenon can be considered as a cyclic stress relaxation effect, which
is a subset of the Mullins effect. The starting point of δ is 0 o, and it covers both negative
and positive values. Hence, the progressive softening happens about 0 o. The softening
effect, like in Figure 3.7 happens for both the positive and negative values of δ. Hence, the
decay in the peak of the aligning moment is seen for both the positive and negative values
of δ.

The frequency of the deflection cycles is 0.125 Hz. The viscous effects of the tire are
negligible at such a low frequency. Hence, their contributions to the decay in the peaks
are negligible. However, these effects will start to contribute to the decay with an increase
in the frequency. The amount of decay is expected to increase as it would be because of
both viscous effects and the Mullins effect.
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Figure 3.10: Experimental results obtained from the cyclic excitation in the yaw direction
of a non-rolling tire.

The decay in the peaks can be modeled using a hyperbolic function as is done for the
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rubber in (3.2a) and (3.5). It can be fitted using an empirical expression given by,

Mz,peak = A−B · tanh (Nc · C) (3.6)

where A, B and C are the fitting parameters. The values of the parameters are shown in
Figure 3.10b. The formulation given in (3.6) becomes the motivation for the development
of an extension of the enveloping model in the next chapter.

3.5 Summary of the chapter
In this chapter, two kinds of literature studies have been made. The first one explains about
the enveloping response. It has been found that energy is lost during the envelopment
of the obstacle. This energy loss has been attributed to the change in the structural
characteristics of the rubber. The second literature study henceforth focused on rubber
mechanics. The enveloping behavior is a cyclic quasi-static phenomenon with the amplitude
of deflection being large. Hence, the Mullins effect has been studied as it is observed in
these conditions. Subsequently, the constitutive models used for modeling the Mullins
effect have been analyzed.

The enveloping response has been described from the perspective of loading-unloading
cycles. The Mullins effect has been realized in the enveloping tire response. The stress-
softening is explained to be the cause behind the asymmetry in peaks. The reason behind
the asymmetry in troughs has been attributed to the combined effect of hysteresis and
the residual strain. The residual force has been explained using the stress- softening and
the residual strain. The Mullins effect is also analyzed in the tire for a slightly different
operating conditions.

28



Chapter 4

Development of Empirical Model

In Chapter 3, the Mullins effect was identified as the cause of the asymmetries and the
residual force. This chapter deals with the development of an empirical model of the

Mullins effect. The model is based on the formulations described in Section 3.2. The
assumptions of the model are given, the interpretation of the model parameters is provided.
Finally, the limitations of the new model are discussed.

4.1 Motivation for the empirical approach
As the tire is composed of many rubber elements, it is difficult to model the behavior of each
of the rubber elements separately using an empirical approach. Hence, the Mullins effect
in a tire is always modeled using finite element (FEM) approaches , for example, see [33].
The constitutive equations mentioned in Section 3.2 are first used for the determination of
the behavior of a rubber element in the tire. Then the interaction with the other rubber
elements in the tire is then modeled using FEM. For this project, the constitutive equations
can not be used. They use strain energy density function that has many dimensionless
parameters associated with it. These parameters need to be identified by the stress-strain
measurements of the rubber. This is not a feasible approach as it would mean that for
every tire, a separate measurement has to be performed in addition to the enveloping
measurements. Therefore, an empirical approach is used to model the Mullins effect.

4.2 Assumptions
The Mullins effect changes the stiffness of the rubber. Hence, the stiffness model of the tire
should account for this effect. The following assumptions are considered for the to make
the formulation simpler:

• The average of the loading and unloading part of the deflection cycle is considered
to define the stiffness of the tire.
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• The stiffness of the tire is assumed to be constant for a deflection cycle. This means
that a linear relationship between the vertical force and the vertical deflection is
considered.

• The past researches consider the Mullins effect at low frequency. Nevertheless, the
constitutive models work at any frequency. Like those models, the new model will
work at any frequency, but the model should be used for the quasi-static excitation
where the Mullins effect is observed.

• The Mullins effect is pronounced at higher deflections. Hence, the model should be
applied for higher deflections.

• Only one of the elements i.e the softening parameter is modeled. The residual strain
is not modeled.

• The deflection should not be held constant in between the two deflection cycles. On
holding constant, the stress recovery effect [34] will be observed, which is not included
in this research.

4.3 Modeling
The general approach of modeling is to start with a simple model and then gradually
increase its complexity to further improve the model. Hence, the empirical model is for-
mulated in two steps. The first step deals with modeling the cyclic stress relaxation effect.
The second and the final update to the model includes the formulation when the maximum
deflection of the previous deflection cycle is exceeded.

Cyclic stress relaxation effect
Cyclic stress relaxation is a special case of the Mullins effect, where the maximum deflection
in each of the deflection cycles is the same. The force obtained at the maximum deflection
decreases significantly for first few cycles and then saturates. This decay is caused due
to a change of the stiffness. It is captured by the softening parameter using a hyperbolic
function. Similarly, in this section, a hyperbolic formulation is used to empirically model
the cyclic stress relaxation effect.

The empirical formula (3.6) is considered as the starting point. There are fitting para-
meters: A, B, and C. Like the softening parameter which has a maximum value of 1, the
stiffness has an upper limit controlled by the parameter A. The saturation of the stiffness
with the increase in deflection cycles is controlled by the parameter C. The contribution
of the decay to the stiffness is decided by the parameter B. Using these parameters, the
empirical formula for the instantaneous stiffness (kz) of the force deflection characteristics
is given by,

kz(t) = A−B · tanh (Nt · C) (4.1)
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The instantaneous stiffness is obtained at the given deflection. Furthermore, Nt is the
parameter that controls the amount of softening. At time t it is given by

Nt[i] =
{
Nt[i−1] + 1 ; (ρz,i − ρz,i−1) > 0 & (ρz,i−1 − ρz,i−2) < 0,
Nt[i−1] ; else, (4.2)

where ρz,i−2, ρz,i−1 and ρz,i are the values of deflection at the time instants t[i− 2], t[i− 1]
and t[i] respectively, where ’i’ refers to the current calculation step. At the beginning of
the simulation, Nt is initialized to 1. The first condition in (4.2) checks for the end of the
on-going deflection cycle and start of a new deflection cycle. Therefore at each time step,
(4.1) is calculated by using (4.2). The obtained instantaneous stiffness is then used for the
calculation of the vertical force given by,

Fz = kz · ρz (4.3)

A triangular deflection with a period of 50 s is used to show the variation of the vertical
force with respect to the deflection in Figure 4.1 because of the cyclic stress relaxation
effect. The deflection is assumed to be provided to a non-rotating tire. The vertical force
in Figure 4.1a is obtained using (4.3). The variation of Nt obtained using (4.2) is given
in Figure 4.1b. The values of the fitting parameters used for the calculation of (4.1) are
provided in Figure 4.1a.
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(b) Variation of ρz and Nt.

Figure 4.1: Simulation with the test deflection.

It can be observed from Figure 4.1a that the vertical force estimated for the peak deflection
in each of the cycles decreases. Fzp is used to denote the vertical force at the peak deflection,
the subscript ’p’ stands for the peak. The decrease from the first to the second cycle is
much more than the decrease from the second to the third cycle. Its variation with Nt is
given in Figure 4.2. It must be noted that the values of the parameters are exaggerated
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to clearly observe the softening effect. In reality, the difference in the forces at the peak
deflection is observed to be much smaller.

Having studied the case when the maximum vertical deflection in each of the deflection
cycles is equal, the next step is to model for the case when the maximum vertical deflection
in a cycle exceeds the previous cycle.
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Figure 4.2: Variation of Fzp with Nt. Blue circles denote the data points.

Exceeding the previous maximum vertical deflection
The value of the softening parameter for rubber remains at one when the previous maximum
deflection is exceeded. This means that the stiffness will remain the same even though the
previous maximum is exceeded. However, in the next deflection cycle, the rubber forgets
the previous deflection cycles and the stiffness again starts to decay exponentially with the
cycles. A similar approach is used to model this behavior for a tire. For a cycle in which
the previous maximum is exceeded, the stiffness is not changed, the effect will only be seen
in the subsequent cycles.

An additional parameter Dkz is used to reset the behavior of the decay of stiffness when
the previous maximum deflection is exceeded. The modified empirical formula is now given
by,

kz(t) = (A−B · tanh (Nt · C)) ·Dkz(t) (4.4)

Dkz is changed when the previous maximum deflection is exceeded. The procedure ad-
opted for the calculation of this parameter is explained using Figure 4.3. It is observed
from Figure 4.3b that the maximum deflection in the second cycle exceeds the maximum
deflection in the first cycle. Hence, the stiffness of the third cycle should be readjusted by
considering the second cycle as the first cycle. The value of Dkz for the third deflection
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Figure 4.3: Simulation with the test deflection.

cycle is now recalculated. The new Dkz at the start of the third cycle is given by,

Dkz(t[i]) = kz(t[i− 1])
A−B · tanh (1 · C) , (4.5)

where kz(t[i − 1]) refers to the instantaneous stiffness obtained in the previous time step
i.e. at the end of the second cycle (Nt[i−1] = 2). It is given by,

kz(t[i− 1]) =
(
A−B · tanh

(
Nt[i−1] · C

))
·Dkz(t[i− 1])

= (A−B · tanh (2 · C)) ·Dkz(t[i− 1])
(4.6)

The value of Dkz(t[i − 1]) for this case, is equal to the initial value of Dkz set along with
the parameters A, B and C. This is because there is no past readjustment in the value of
the parameter Dkz. The values of the parameters are given in Figure 4.3a.

As (4.1) is extended to account for the case when the previous maximum vertical
deflection is exceeded, (4.2) is modified to,

Nt[i] =


Nt[i−1] + 1 ; (ρz,i − ρz,i−1) > 0, (ρz,i−1 − ρz,i−2) < 0 & ρz,c,max ≤ ρz,max,
2 ; (ρz,i − ρz,i−1) > 0, (ρz,i−1 − ρz,i−2) < 0 & ρz,c,max > ρz,max,
Nt[i−1] ; else,

(4.7)
where ρz,max is the global maximum vertical deflection. It is initialized as 0 at the beginning
of the simulation. The maximum vertical deflection ρz,c,max is calculated at the end of
current cycle. The subscript ’c’ in ρz,c,max is used to denote current cycle. It is given by,

ρz,c,max = [max ρz]c, (4.8)
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where the term in RHS denotes the maximum deflection obtained at the end of the current
cycle. If calculated ρz,c,max exceeds ρz,max, then ρz,max is updated with the value of ρz,c,max.

It can be observed from Figure 4.3a that there are two steps in decay in stiffness. The
first step is until the second cycle. The second decay is seen after the second cycle. kz is
calculated for the second deflection cycle. A new Dkz is calculated for the remaining cycles.
Subsequently, Nt becomes 2 for the third cycle (see Figure 4.3b) and then incremented
with the successive deflection cycles. The MATLAB code used for this simulation is given in
Appendix E.1.

Final model

The expression for the vertical force is,

Fz = kz · ρz,
kz(t) = (A−B · tanh (Nt · C)) ·Dkz(t),

(4.9)

where Nt and Dkz are given by,

Nt[i] =


Nt[i−1] + 1 ; (ρz,i − ρz,i−1) > 0, (ρz,i−1 − ρz,i−2) < 0 & ρz,c,max ≤ ρz,max,
2 ; (ρz,i − ρz,i−1) > 0, (ρz,i−1 − ρz,i−2) < 0 & ρz,c,max > ρz,max,
Nt[i−1] ; else,

(4.10a)

Dkz(t[i]) = kz(t[i− 1])
A−B · tanh (1 · C) , (4.10b)

kz(t[i− 1]) =
(
A−B · tanh

(
Nt[i−1] · C

))
·Dkz(t[i− 1]). (4.10c)

The parameters A, B, C and the initial value ofDkz need to be identified for the application
of the model. Furthermore, Dkz will change if the maximum deflection in the previous cycle
is exceeded. It is calculated using (4.10b) and (4.10c). ’i’ in (4.10b) and (4.10c) corresponds
to the calculation step in which a new deflection cycle is started.

This expression for the vertical force will be used in the MF-Swift enveloping to account
for the Mullins effect. Due to constraints, the formula could not be validated using the
measurements. However, the proposed measurement plan is given in Appendix B.1. The
values in the plan may depend on the used tire. Nevertheless, a similar protocol is needed
with any selected tire.

A linear relationship is assumed between the vertical force and the vertical deflection.
The change in the instantaneous stiffness due to the softening effect can be regarded as
the rotation of the curve about the point where the stiffness changes. This idea is used to
derive the equation for the softened curve with a non-linear force deflection characteristics.
The derivation is given in Appendix D. However, the linear relationship is adopted in this
research to keep the analysis simple.
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4.4 Limitations of the new model
The constitutive equations used in the literature are derived using the strain energy of the
rubber. Since the strain energy is a function of the deformation in the rubber, it is possible
to obtain the energy contained by the rubber for a given deformation. The empirical
approach does not employ strain energy function. Hence, the following limitations are
faced with the new model:

• Residual strain: The residual strain parameter (η2) given in (3.2b) is calculated
using the strain energy function. As the new model is not based on the strain energy
function, it can not capture the residual strain.

• Constant Nt: The softening parameter (η1) used in (3.2a) varies in a continuous
manner. Similarly, one would expect the Nt to increase in the loading part and then
decrease in the unloading part in a continuous way. The change in Nt, in that case,
should be function of the strain energy of the rubber. As the new model is not based
on the strain energy function, the value of Nt is kept constant for a given deflection
cycle.

• Maximum deflection less than the global maximum vertical deflection: Nt is incremen-
ted by one at the start of a new deflection cycle even though the maximum deflection
is less than the global maximum vertical deflection. Since the magnitude of the max-
imum deflection in the upcoming cycle can not be determined at the beginning of
the cycle, Nt is incremented by one. However, the increment should be less than
one. With an increment less than one, the drop in the stiffness will be reduced when
compared with the former case.

The Mullins effect is modeled for a rubber element. The application of this effect to a
tire requires a finite element approach, where the interaction between the different rubber
elements in the tire is modeled. Hence, the application of the developed formula is lim-
ited to the cases where the same rubber element is subjected to cyclic loading-unloading
conditions. The quasi-static enveloping of the tire is one of them, as discussed in Section
3.3.

4.5 Summary of the chapter
In this chapter, the stress-softening element of the Mullins effect has been empirically
modeled. The motivation behind using an empirical approach has been described. The
assumptions considered for the model have been given. The modeling has been done in
two folds. First, it is modeled for the case where the maximum deflection in all the cycles
is the same. This is known as the cyclic stress relaxation effect. The final update to the
model includes the case where the previous maximum deflection is exceeded. Finally, the
limitations of the model have been discussed.
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Chapter 5

Application to MF-Swift

An empirical expression for the vertical force was developed in Chapter 4 to account for
the Mullins effect. The tandem cam model as discussed in Chapter 2 will be used to

replicate the MF-Swift obstacle enveloping model. The empirical expression will then be
applied to check if it can capture the asymmetries and residual force. Subsequently, an
improvement of the parameter identification process is analyzed.

5.1 Replication of the Swift Model
The Swift model is used to evaluate the tire response to the short-wavelength obstacles.
The rigid ring, which is one of the elements of the Swift model, has a single contact point
with the road. All the forces and moments are applied at this point. The effective road
surface generated by the tandem cam model is used to calculate the vertical deflection
and vertical force using the empirical relations given in (2.5) and (2.7) respectively. The
contact patch dimensions (the length and width) can then be obtained using the vertical
deflection or vertical force. The length of the contact patch is of interest for this research.
The length of half of the contact patch (ac) [13] is given by,

ac = R0 ·
(
qRa2

ρz
R0

+ qRa1

√
ρz
R0

)
, (5.1)

where qRa1 and qRa2 are the dimensionless parameters, and R0 equals the unloaded radius.
The expression of the contact patch obtained in (5.1) is then used to calculate the tandem
base length ls given by,

ls = 2 ac pLS, (5.2)

where pLS is a dimensionless parameter. The tandem base length is then used to calculate
the effective road surface and the process is repeated. A schematic overview of this process
is given in Figure 5.1.

An algebraic loop is created in this calculation process. An effective road surface is
needed for the calculation of the length of the contact patch, and the contact patch is
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Figure 5.1: Schematic representation of the MF-Swift obstacle enveloping model. [8]

needed to obtain an effective road surface. The loop is solved using a low pass filter with
a very high cut-off frequency. This ensures that no additional dynamics are added to the
model.

The current algorithm used to calculate the effective road surface is based on the concept
that Schmeitz has developed [8]. In the algorithm, the following steps are taken to obtain
the effective road surface:

• The elliptical cam is moved over the actual road profile. In each time step, the cam
height can be found by discretisation of the ellipse contour. It is done by dividing
the ellipse contour into number of discrete segments. The location where the sum of
the ellipse height and road height is maximum, the cam touches the road surface.

• The motion of the center of the cam is tracked while it traverses over the road profile.

• The path of the ellipse center is shifted downwards by a distance be to create the
basic road profile.

• Once the basic road profile is obtained, the two-point follower is moved over it to
create an effective road surface. The length of the two-point follower is decided by
the length of the contact patch.

The basic road profile is calculated once and then used for the time domain simulation. If
basic road profile changes, the algorithm would not be able to adapt to the change. The
algorithm used for this research is slightly different, see Appendix E.2 for the MATLAB code.
The algorithm executed at each time step is given:

• The horizontal position of the center of the front ellipse is calculated by moving in
the direction of the front ellipse from the wheel center by a distance equal to half

38



CHAPTER 5. APPLICATION TO MF-SWIFT

of the tandem base length. The same approach is followed for the rear ellipse. The
equations are given by,

Xf = X + ls
2 , (5.3a)

Xr = X − ls
2 (5.3b)

where Xi (i = f, r) are the longitudinal positions of the centers of the front and rear
ellipses respectively and X refers to the wheel center position.

• The discretisation of the ellipse contour, as explained in the previous algorithm, is
performed for both the ellipses to find their respective cam heights.

• Since the length of the contact patch is already taken into consideration, the vertical
position of the front and the rear ellipse centers can be used to calculate the effective
road height in the given time step.

Since the contour of both the cams are considered in each time step, the algorithm is
flexible to handle changes such as the change of cam shape. Before the introduction of
the new model, it is important to validate the replicated swift model. Simulations are
run with the combinations of different initial vertical forces, and cleat lengths (lc) and
heights (hc) using a step obstacle. The simulations are done both with the replicated swift
model and commercially available MF-Swift software by using the parameters of Tire A. It
should be noted that the MF-Swift software uses the algorithm developed by Schmeitz. An
error criterion (χ) is used to evaluate the error of the replicated model in determining the
vertical force when compared with the MF-Swift. The criterion is same as (5.4) and will
be described in the next section. The error values are listed in Table 5.1. The error may be
attributed to the different values used for the discretisation in both the cases. The value is
not known for the MF-Swift as the openness of the internal structure is limited, whereas it
is 0.1 mm for the replicated model. As the error percentages are low, the replicated model
can be considered for the application of the new empirical model.

Table 5.1: Validation of the replicated model.

Fzi (N) lc (mm) hc (mm) χ (%)
6000 50 5 0.38
6000 50 15 0.19
6000 20 10 0.36
6000 40 10 0.23
4000 25 10 0.23
2000 50 5 0.37
2000 50 15 0.19
2000 10 10 0.37
2000 40 10 0.21
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5.2 Introduction of the model
The replicated Swift model uses vertical deflection to calculate the length of the contact
patch. The vertical deflection is obtained from the effective road surface. Subsequently, it
is used to calculate the vertical force by using the empirical expressions obtained in (4.9)
and (4.10).

Optimization methodology
The parameters of the new model (A, B, C and Dkz) are estimated using a constrained
optimization method in MATLAB. The function fmincon, a gradient based non-linear pro-
gramming solver, is used for the optimization. The error criterion ε is given by

ε =
√√√√∑n

i=1 (Fmodel,i − Fmeas,i)2∑n
i=1 (Fmeas,i)2 · 100%, (5.4)

where n is the total number of measurement points, i an index to denote a measurement
point, Fmeas,i the vertical force obtained from the measurement and Fmodel,i the vertical
force calculated by the model. The measurement data is interpolated using the traveled
distance. The vertical deflection, and consequently the vertical force is dependent on the
traveled distance.

The schematic overview of the modeling approach is given in Figure 5.2. The tandem
cam parameters (ae, be, ce and PLS) need to be estimated in addition to the parameters
of the new model. It is more logical to determine all the parameters at once. This will
increase the accuracy of the estimation of the tandem cam parameters, as the asymmetries
are expected to be modeled. However, it becomes difficult to show the effect of the new
model. Hence, the estimation of the parameters is done in two steps. The tandem cam
parameters are first estimated using the expressions of vertical force given in (2.7). The
obtained cam parameters are then used along with the new expressions derived in (4.9) and
(4.10). The dashed line in Figure 5.2 shows the first step, whereas the red line illustrates
the second step.

The parameters that need to be estimated are considered as the design variables for the
optimization. The objective function can have multiple minima. The fmincon finds the
minimum based on the initial values. In that case, the estimated values may be unrealistic
for a tire. It is necessary to correctly assign the initial and boundary values of the design
variables for the simulation. Hence, the initial values for the tandem cam parameters
are chosen from the tire parameter file 1, whereas the parameters for the new model are
obtained by multiple iterations.

The approach followed by Schmeitz [8] to estimate the parameters is used. He de-
termined the optimal set of cam parameter values for each experimental condition with
a given tire. Thereafter, the final set of parameters for one tire was obtained by taking
the average value of each parameter. Hence, an optimization is performed for each of the

1The file is generated from the commercial MF-Tool software.

40



CHAPTER 5. APPLICATION TO MF-SWIFT

Tandem model

New model

ρz

w

ac

A, B, C, Dkz

Fz

Optimization

Fz,meas

Quadratic Fz ρz

Fz,meas

Fz

ae, be, ce, PLS

Optimization

Figure 5.2: Modeling approach.

experimental conditions. The different experimental conditions correspond to the different
initial vertical forces.

Simulation results
Simulations are performed with three different initial vertical forces for Tire A and Tire B
using the parameters listed in Table A.2. The simulated vertical responses are presented
in Figure 5.3 for Tire A. The results of the simulations performed with Tire B are provided
in Appendix A.2. Each figure involves two simulations. The first one (’MF Swift’) denotes
the vertical force response from the existing MF-Swift enveloping model, which uses only
tandem cam parameters. The second one (’New Model’) shows the vertical force response
from the new model. Here, the model parameters are used along with tandem cam para-
meters to evaluate the expression obtained in (4.9) and (4.10). The cam parameters are
kept the same for the simulations with the new model and the MF-Swift.

Figure 5.4 shows vertical deflection with the traveled distance for each of the initial
vertical responses considered for Tire A. The vertical deflection is obtained using (2.5).
Since the effective road height and the road slope are symmetric, the variation of the
vertical deflection is also symmetric. With the MF-Swift, the vertical force response is
symmetric. This is because there exists a one to one relation between the vertical force
and deflection. However, this is not the case with the new model. As discussed in Chapter
3, one can obtain different values of the force with the same deflection due to the Mullins
effect. An asymmetric behavior is observed in the simulated vertical force response. Even
though the vertical deflection at the peaks is the same, the magnitude of the vertical force
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obtained at these peaks is different. The magnitude of the force before and after passing
the cleat is also not equal, although the vertical deflection is same.
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Figure 5.3: Simulated response of vertical force with the traveled distance for Tire A rolling
with a fixed axle height with different initial vertical forces over a trapezoidal cleat.
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Figure 5.4: Variation of vertical deflection and Nt with the traveled distance for Tire A.

Table 5.2: Values of the parameters.

Fzi (N) ae be ce PLS A B C Dkz (N/m)
3500 0.4320 0.2497 1.5183 0.7560 5.2885 4.3459 2.7453 1.9812 · 105

5000 0.4324 0.2612 1.5014 0.7998 5.3073 4.4563 2.0864 1.9826 · 105

6000 0.4301 0.2611 1.5013 0.8484 5.2876 4.3862 2.2449 1.9889 · 105

Figure 5.4 also presents the variation of Nt with the traveled distance. The variation is
based on (4.10a). In each of the cases in Figure 5.4, three deflection cycles can be observed.
For the first two cases (Figure 5.4a and Figure 5.4b), the maximum deflection obtained in
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the second deflection cycle is smaller than the other two. This is the reason behind the
sequential increment of Nt from 1 to 3 with the deflection cycles. However, with the third
case, the obtained maximum deflection in the second deflection cycle is larger than the
other two. The value of Nt in that case for the next cycle should be 2 by considering the
current cycle as the first cycle. Hence, for the third deflection cycle, the value of Nt is 2.

As the starting values of the new model parameters provided for the optimization for
different experimental conditions are approximately equal, the values listed in Table 5.2
are close to each other. This is expected as the experiments are performed with the same
tire. The final values of the parameters for the tire can be found by taking the average of
the parameters obtained from different experimental conditions.

The average of the parameters should be used for further analysis. For this, it is
necessary to know if the measurements are independent of each other. However, the meas-
urement conditions are not known. It is probable that the same section of the tire would
have hit the cleat in more than one measurement. In that case, the the subsequent meas-
urements would have been performed with a reduced stiffness. It will be unfair to consider
the average value of the parameters as this drop in stiffness will not be accounted for.
Hence, for a fair analysis, the estimated independent parameter sets are used.

Asymmetrical peaks

It is evident from Figure 5.3 that the new model shows an asymmetric vertical response for
all the cases. The asymmetry between the first and last peak is quantified and compared
with that obtained from the measurements and the MF-Swift in Figure 5.5. It is clear
that the asymmetry is not modeled with the MF-Swift. The trend obtained from the
simulations with the new model qualitatively matches the measurements. However, the
amount of asymmetry is too large with the new model for the second and the third case.
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Figure 5.5: Variation of magnitude of asymmetry between the first and last peak for the
measurements, the MF-Swift and the New model with the initial vertical force for Tire A.
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This amplification can be attributed to the error in the determination of the instantaneous
stiffness. The instantaneous stiffness is dependent on the parameters of the new model,
which are obtained through the optimization. As the fmincon algorithm is used, the
values of the new parameters may have resulted in a local minimum instead of the global
minimum in the second and the third case. This is eventually observed as an error in the
optimization. This leads to an error in the determination of the instantaneous stiffness.

The magnitude of asymmetry is directly related to the value of the stiffnesses for the
first and the last peak. More the decrease in the stiffnesses for a given case, the higher is
the asymmetry. Table 5.3 presents the stiffnesses corresponding to the first and last peaks
along with their difference, kzf is for the first peak and kzl for the last peak. The difference
in the stiffnesses is designated as ∆kz. The stiffnesses are calculated by substituting the
values of the parameters provided in Table 5.2 in (4.9). It is clear that the difference is
the highest at 5000 N and the lowest at 3500 N . Therefore, the asymmetry is highest at
5000 N and lowest at 3500 N . This explains the trend observed in Figure 5.5 with the
new model.

Table 5.3: Values of the stiffnesses for the first and the last peak.

Fzi (N) kzf (N/m) kzl (N/m) ∆kz (N/m)
3500 1.93 · 105 1.91 · 105 2.77 · 103

5000 1.95 · 105 1.68 · 105 26.80 · 103

6000 1.98 · 105 1.79 · 105 19.35 · 103

Residual force

Figure 5.6 presents the residual force obtained with the new model, the MF-Swift and
the measurements. The residual force is not captured by the MF-Swift. Furthermore, the
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Figure 5.6: Variation of residual force for the measurements, the MF-Swift and the New
model with the initial vertical force for Tire A.
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trend obtained from the new model matches with the measurements.
Figure 5.7 shows the variation of vertical deflection with the traveled distance, along

with the corresponding force-deflection characteristics. The simulation corresponds to the
measurement done with the initial vertical force of 3500 N . The combination of the residual
strain and the progressive softening creates a residual force. Since the residual strain is
not modeled, the vertical force at points A, C, E and G is the same, as shown in Figure
5.7b. However, there is still a difference in the vertical force at the points O1 and O2. The
residual force is created due to the progressive softening, which has been included in the
new model. The amount of softening is higher with the other cases. Hence, the residual
force is also higher with the other cases.
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(a) Vertical deflection obtained with the initial
vertical force of 3500 N .
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Figure 5.7: Explanation for the residual force.

Asymmetrical troughs

It is apparent from Figure 5.3 that the magnitude of dip in the vertical force on the either
side of the phase 2 peak is same for all the cases. Hence, the asymmetry in troughs is not
captured by the new model.

Figure 5.8 shows the magnitude of the asymmetry with the MF-Swift, the new model
and the measurements. The MF-Swift is a symmetrical model, it does not capture the
asymmetry. Although the new model is asymmetric, it does not capture the asymmetry.
The reason can be attributed to two assumptions considered for the new model. The
stiffness is assumed to be the same for both the loading and unloading part of the deflection
cycle, and the residual strain is not modeled. This two assumptions equalizes the force at
the beginning and end of the second deflection cycle.
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Figure 5.8: Variation of the magnitude of asymmetry in troughs for the measurements, the
MF-Swift and the New model with the initial vertical force for Tire A.

Parametrization accuracy
The errors calculated with the MF-Swift and the new model are given in Table 5.4. It
can be observed that the error with the new model has decreased. This is because the
new model can capture the asymmetrical peaks and residual force. If the tandem cam and
the new model parameters are identified at the same time, it may increase the accuracy
obtained with the model.

Table 5.4: Error with the MF Swift and the New model

Fzi (N) εswift (%) εNew (%)
3500 0.80 0.76
5000 0.84 0.71
6000 0.91 0.61

The objective of this research was to capture the asymmetries and the residual force and
improve the parameter identification process. The analysis was confined to one cleat.
However, it is interesting to analyze the behavior of the model with multiple cleats. The
analysis for the same is provided in Appendix C.

5.3 Summary of the chapter
In this chapter, first, the Swift model has been replicated. The remaining equations asso-
ciated with the model have been given. The algorithm used for the replicated Swift model
has been described and then compared with the algorithm employed in the commercial
MF-Swift software.
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The new model is introduced in the replicated Swift model. The methodology used for
the identification of the tandem cam parameters and the new model parameters have been
described. The simulations have been performed for both the tires. During the simulations,
the tandem cam parameters have been kept constant to analyze the effect of the new
model. The new model could capture the asymmetry in peaks and the residual force. The
asymmetry in troughs is not captured. The trends obtained from the measurements for the
asymmetry in peaks and the residual force matched with the simulations. Furthermore, a
decrease in the error compared with the MF-Swift is noted with the new model, signifying
a good match with the measurements.
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Chapter 6

Conclusions and recommendations

6.1 Conclusions

This study analyzes the asymmetries in the enveloping tire response, which are not captured
by the current MF-Swift. The asymmetries are found in peaks and troughs. Additionally,
there is a difference between the force before the start and the end of the crossing the
cleat, which is the residual force. The asymmetry in peaks was observed by the researchers
in the past and the cause of it was attributed to the hysteresis. An analysis is done to
determine the source of hysteresis. The Mullins effect was identified to be the reason behind
the asymmetries and residual force. An empirical expression was developed to model the
Mullins effect. Finally, the expression was applied in a replicated Swift model to check its
ability to capture the mentioned problems.

The conclusions presented in this study can be split into three parts. The first part
encompasses the reason behind the asymmetries and the residual force in the tire enveloping
response. The second part highlights the important points of the new model. The third
part deals with the application of the new model in the Swift model.

Asymmetry in peaks is caused by the stress-softening effect. Due to this effect, the
stiffness of the rubber initially decreases and then saturates with the subsequent deflection
cycles. Hence, the vertical force obtained at the last peak deflection is different, even
though the deflection is the same. Asymmetry in troughs is caused due to the residual
strain and hysteresis. Residual force is caused due to the combined effect of residual strain
and stress softening. This results in a different force magnitude at the beginning and the
end of the crossing the cleat.

The empirical model developed in this study captures the softening of the rubber ele-
ment with the deflection cycles. It includes the decay in the stiffness with the deflection
cycles, which is then used to calculate the force. It does not model the hysteresis and the
residual strain.

A new algorithm is proposed to calculate the effective road surface. The algorithm is
more flexible than the algorithm used in the MF-Swift to handle different changes. The
developed empirical model is implemented using this new algorithm. The application of
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the empirical model involves the determination of four parameters (A, B, C and Dkz) in
addition to the enveloping parameters (ae, be, ce and pLS). fmincon algorithm is used to
determine the parameters. The asymmetry in peaks and the residual force are qualitatively
captured. The reason is accounted to fmincon as the obtained optimum may be a local
minimum instead of the global minimum. The asymmetry in troughs is not captured as the
residual strain and the hysteresis are not included in the new model. The error between the
simulated and the measured vertical force is decreased with the application of the empirical
model, ensuring an improvement in the accuracy.

6.2 Recommendations
The following topics require further investigation:

• Although the new model can improve the simulation accuracy, it could not be val-
idated through measurements. Hence, the model should be validated using the pro-
posed measurement plan.

• The analysis in this research is limited to one cleat. It is interesting to investigate
the Mullins effect for multiple cleats using the proposed measurement plan.

• The new model is limited to quasi-static excitation with a large amplitude. The
Mullins effect is observed in these conditions. Although the model is capable of
being used for high-frequency excitation, the effect itself needs to be investigated at
high frequency to check if it is observed in a tire in these conditions.

• In the developed model, the increment of Nt by one for a new deflection cycle is a
measure of the loss of energy in the previous cycle. The increment of one can be
replaced by a function, which is a measure of the energy loss in the previous cycle.
This would make the model more physical. Future work can be on to find a suitable
function to model this increment.

• Nt is kept constant during a deflection cycle. The hysteresis and the residual strain
can be included in the model by varying Nt with the deflection cycle. A possible
extension of this work can be to formulate a strain energy type of function to model
the variation of Nt. Also with a strain energy-based formula, the relationship between
the force and deflection will be automatically non-linear. This approach will be far
more computationally effective than the described approach in the appendix of using
non-linear force-deflection characteristics.

• A series of enveloping measurements are conducted with a tire for the determination
of the tandem cam parameters. It may happen that the same portion of the tire
hits the cleat in many measurements. Considering an average of the parameter in
that case would lead to an erroneous determination of the force response. Hence, the
measurement protocol for enveloping needs to be redefined to ensure that the same
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part of the tire is not hit. The other solution to this problem is to investigate the
time that the tire takes to forget its past memory.

• fmincon algorithm is used for the optimization. The optimum obtained through the
algorithm may not be a global minimum. There is a need to use a global optimization
algorithm. This would allow to quantitatively capture the peaks and further decrease
the error between the model and the measurements. Hence, a research has to be done
to choose a suitable global optimization algorithm.

• The new model is developed and analyzed in the context of enveloping. It is inter-
esting to evaluate the model behavior for other conditions where the Mullins effect
is observed.
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Appendix A

Measurements and simulations

A.1 Measurements with Tire B
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Figure A.1: Variation of vertical force with the traveled distance for Tire B rolling with a
fixed axle height with different initial vertical forces over a trapezoidal cleat.
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A.2 Simulation with the new model for Tire B
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Figure A.2: Simulated response of vertical force with the traveled distance for Tire B
rolling with a fixed axle height with different initial vertical forces over a trapezoidal cleat.

Table A.1: Values of the parameters.

Fzi (N) ae be ce PLS A B C Dkz (N/m)
3350 0.4420 0.2501 1.5928 0.6909 5.0088 4.1521 2.3704 2.8314 · 105

6700 0.4419 0.2505 1.5489 0.7003 5.0412 4.1521 2.3700 2.8319 · 105

8040 0.4375 0.2676 1.5611 0.7257 5.0409 4.1582 2.3514 2.8912 · 105
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A.3 Other tire parameters used in the simulation

Table A.2: Tire Parameters

Tire A Tire B Units
R0 0.3 0.35 m
Cz0 202414.7 304693.8 N/m
Fz0 4400 6700 N
qFz1 12.83 12.31 -
qFz2 8.31 25.96 -
qRa1 0.68 0.83 -
qRa2 0.55 0.17 -

Tire Mass 7.6 12.2 kg
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Appendix B

Measurement Plan

B.1 Static Measurements using the Measurement
Tower

These measurements involve the vertical force of the tire with and without a cleat on a flat
surface for a given vertical position variation as shown in Figure B.1. The measurement is
done to observe the Mullins effect and to validate the model developed in (4.9) and (4.10).

Figure B.1: Approach for the static measurements.

Dependency on maximum deflection

The measurements are performed with a cleat followed by measurements without a cleat.
The vertical deflection is prescribed with an excitation frequency of 0.02 Hz as shown in
Figure B.2. The maximum deflection is kept constant for 3 loading-unloading cycles and
increased thereafter. When the maximum deflection is exceeded, the tire is expected to
forget the previous deflection cycles, and the stiffness should start to saturate again.
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Figure B.2: Deflection with varying maximum deflection.

Identification of the relaxation time
The tire can be allowed to relax after a given number of loading-unloading cycles. With
the increase in the relaxation time (tr), the tire starts to forget the previous deformation.
After a considerable amount of time, the initial vertical stiffness is restored. Hence, as
shown in Figure B.3, the relaxation time is gradually increased until the same response is
obtained as the initial response.

Figure B.3: Deflection with the relaxation time.

Dependency on the application point
The tire is rotated about its spin axis so that a different point rests on the cleat, which
is the circumferential opposite point in this case. After the identification of the relaxation
time, the tire is allowed to relax so that the residual strain becomes 0. Then, the tire
is excited vertically with 0.02 Hz for 3 loading-unloading cycles, followed by rotation as
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described. Then again with the new point of the tire resting over the cleat, the tire is
again excited vertically with the same frequency. The time taken for the rotation of the
tire should be less than the relaxation time. This ensures that if there is an influence of
the first point on the second point, it can be observed.

Dependency on deflection rate
These measurements help in understanding the dependency of the vertical deflection rate
of the tire. Three different excitation frequencies are used for the analysis: 0.02 Hz, 0.1 Hz
and 1 Hz, see Figure B.4.

(a) (b)

(c)

Figure B.4: Vertical excitation frequency of (a) 0.02 Hz, (b) 0.1 Hz, and (c) 1 Hz.
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B.2 Rolling tire measurements with the Flat Plank
The measurements are performed with the Flat Plank to confirm the results obtained from
the static non-rolling measurements. It will also help to validate the proposed response
with two cleats.

Dependency on the relaxation time
The following measurement is performed to confirm the relaxation time identified in the
static measurement. It involves measurements from the tire rolling over the flat surface.
The experiments are performed at two forward velocities. The two velocities should be
based on the timing required between the two cleats. One should be lesser than the relax-
ation time and one should be greater than the relaxation time. It helps to understand if
there is any memory of the first cleat when the second cleat is hit at the same point. There
are constraints in this measurement. If the relaxation time is very high, the velocity will
be very less. It may seem unnecessary to do the measurement with such low velocity as in
real life, the obstacles are encountered more frequently. However, the measurement gives
an idea about the amount of asymmetry in the peaks obtained with the second cleat. The
asymmetry is expected to decrease for the second cleat in that case. If the relaxation time
obtained from the static measurements is very less, it might not be practically possible to
attain the corresponding velocity in the flat plank. In that case, the highest achievable ve-
locity in the Flat plank can be used. An asymmetric response is expected. The magnitude
of the asymmetry should be more or less equal to the one obtained with the first cleat.

Figure B.5: Measurement approach for the flat plank with same hitting points.

Two cleats are placed at a relative distance of 2πRe to ensure that the tire hits the cleats
at the same point. The tire is rolled initially a distance equal to πRe. The effective rolling
radius can be calculated mathematically [35] and the second cleat can be placed at the
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calculated distance. However, the obtained effective radius may not be accurate and the
same part of the tire might be not hit by the cleat again. A realistic solution to this
problem is that a mark can be given on the section of the tire which is being hit with the
first cleat. The location of the second cleat can be adjusted so that the marked part is hit
again.

Dependency on the application point
The following measurement helps to determine if there is any influence of the impact of
the first cleat on the response obtained from the second cleat. It will help to confirm the
results in the static measurement. If there is any influence of the first cleat, the magnitude
of the asymmetry is expected to reduce. Contrary, the magnitude of the asymmetry will
be more or less the same if there is no influence of the first cleat. If there is an influence of
the first hit (concluded from the static measurements), the rolling tire measurements are
performed at two forward velocities. The constraints discussed in the previous section are
also applicable over here.

Figure B.6: Measurement approach for the flat plank with different hitting points.

Two cleats are placed at a relative distance of πRe to ensure that the tire hits the cleats
at different points. The tire is rolled initially a distance equal to 0.5πRe. The marking
approach, as discussed in the previous section, can be followed here to ensure that the
second cleat is positioned at the desired distance.
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Response with two cleats

Two cleats of same dimensions are considered in this analysis. There can be two cases
arising with the placement of the second cleat. In the first case, the second cleat can be
placed at exactly the circumferential distance. This means that the same point of the tire
which is hit by the first cleat will be hit again by the second cleat. In the second case, the
cleat can be placed elsewhere, so that the same point is not hit twice.
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(a) Vertical force response.
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Figure C.1: Two cleats at circumferential distance.

The vertical force response predicted is given in Figure C.1a for the first case . The initial
vertical force considered is 3500 N . It can be observed from the figure that a symmetric
response is obtained when the tire hits the second cleat. There is no asymmetry in peaks
and the residual force is zero as well. As the same point is hit, this part of the tire
remembers the previous deflection cycles. The new deflection cycles can be treated as a
continuation of the old deflection cycles. As can be seen from Figure C.1, the value of Nt
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for the second cleat is picked up from the last deflection cycle of the first cleat. The stiffness
saturates with the increase in Nt. Hence, the amount of softening decreases, resulting in
the symmetrical peaks and zero residual force.
After some time, the rubber element may forget the previous deflection cycles. The corres-
ponding time is referred to as the relaxation time (tr). There are researches (see [36]) that
mentions this fact, however, no model was been developed to capture this phenomenon.
The measurement plan given in Appendix B.1 provides a protocol to estimate relaxation
time for a given tire. Furthermore, the response predicted for the second cleat in Figure
C.1 assumes that the time taken by the tire to hit the second cleat is less than the relaxa-
tion time. From the measurements in Figure 2.4, it can be observed that the vertical force
remains approximately constant after the tire rolls over the cleat. This is an indication of
the fact that the stiffness does not change afterward. Hence, the stiffness obtained at the
end of the first cleat is assumed to persist until the second cleat is hit.

As described earlier, the new model captures the behavior of a single rubber element
that is undergoing deflection. When the tire is rolling between the two cleats, all elements
that are going into the contact patch are experiencing the softening effect. A finite element
approach is needed to trace the behavior of each element and their interaction with others.
There are also different effects, such as the Payne effect, associated with the rolling tire
in addition to the Mullins effect. Hence, the response between the two cleats predicted by
the new model may not be reliable. Nevertheless, the second response is expected to be
less asymmetric in comparison with the response to the first cleat.

For the second case, where the second cleat is placed elsewhere, the Mullins effect
can not be applied directly. The memory history of the rubber element that is going to
hit the second cleat must be known. If in the past (with a time smaller than tr), the
element has undergone the same level of deflection, the response to the second cleat would
be symmetric. The response to the second cleat would be similar to what it is observed
in Figure C.1a. If the element does not have deflection history, the response would be
asymmetric.

Due to the unavailability of measurements with two cleats, the behavior of the tire
between the two cleats can not be validated. The response with the second cleat also needs
to be validated for both of the above discussed cases. Furthermore, there is a dependency
on the vertical relaxation time that needs to analyzed. The measurement plan to study
these aspects is given in Appendix B.2. The plan may depend on the tire being selected.
However, a similar protocol will be needed with any selected tire.
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Non-linear force deflection
characteristics

To simplify the modeling process, the vertical force is assumed to vary linearly with the
vertical deflection. The Mullins effect, with the help of this linear relationship, can capture
the asymmetrical peaks. Hence, an attempt is made to increase the accuracy by considering
the non-linear variation of the vertical force with vertical deflection alongside the Mullins
effect. The quadratic relationship stated in (2.7) can be written in a generalized form as,

Fz = a0ρ
2
z + a1ρz. (D.1)

ai (i = 0, 1, 2) are the coefficients of the equation given by,

a0 = qFz2Fz0

(R0)2 , (D.2a)

a1 = qFz1Fz0

R0
. (D.2b)

The quadratic equation given by (D.1) is a parabola whose axis of symmetry is parallel to
the y-axis (in this case Fz-axis). Due to the Mullins effect, the vertical stiffness decreases
with the increase in the number of deflection cycles. The decrease in the vertical stiffness
is modeled by decreasing the instantaneous stiffness of the force-deflection characteristics
using a hyperbolic equation. It can be used to find the new quadratic equation that will
be used to calculate the vertical force. It is important to realize that the new parabola
generated because of the decrease in the stiffness does not have its axis of symmetry parallel
to the Fz-axis. Hence the equation of the form (D.1) is no longer valid for the new parabola.
Let the parabola P1 in Figure D.1 corresponds to (D.1). Assuming the instantaneous slope
changes at I, the new parabola P2 is obtained by rotating P1 by an angle θ. Here, θ is
calculated from the inverse tangent of the instantaneous slope obtained from the cyclic
stress relaxation model. The coordinates of I are given as (ρ1, Fz1). The equation of P1
can be rewritten as,

f(ρz, Fz) = Fz − a0ρ
2
z − a1ρz = 0. (D.3)
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Figure D.1: Geometrical interpretation of cyclic stress relaxation effect using quadratic
relationship between vertical force and deflection.

Using the complex variable z = ρ+ i Fz,

f(z) = 0; z ∈ P1. (D.4)

It is apparent from Figure B.2 that P2 can be obtained from P1 by rotation of P1 by θ in the
clockwise direction about point I. In order to find the equation of P2, the transformation
ψ : C −→ C must be found out. Geometrically, the transformation corresponds to rotation
by θ in the clockwise direction about point I. ψ can be expressed as a composition of
3 transformations: 2 translations and 1 rotation. Changing P1 to P2 is performing the
following sequence of transformations:

• Translate I to the origin O by OI.

• Rotate by θ about the origin O.

• Translate back by OI.

Starting with the point z, the above transformations will lead to the following function
definition for ψ : C −→ C.

ψ(z) = (z − k)ei θ + k. (D.5)

OI is denoted as k for the convenience and is given in terms of complex variable as,

k = ρz1 + i Fz1. (D.6)

The transformation, therefore, defined by (D.5), maps P1 to P2. This means if z ∈ P1,
then ψ(z) ∈ P2. Let a point w ∈ P2. Since ψ is a mapping from P1 to P2, ψ−1(w) ∈ P1.
Hence by (D.4), it must satisfy the equation given by,

f(ψ−1(w)) = 0. (D.7)
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Here, w is any arbitrary point on P2. Hence, it can be given by,

w = ρz + i Fz. (D.8)

The expression for ψ−1 is determined by substituting ψ(z) = w in (D.5). When solved for
z, the required expression is derived as,

ψ−1(w) = z = (w − k)e−i θ + k. (D.9)

Substituting (D.9) in (D.4), the defining equation for P2 is formulated as,

f((w − k)e−i θ + k) = 0. (D.10)

Having found the equation for P2 using complex variable, it is necessary to convert it into an
algebraic expression in Fz and ρz for ease of implementation. It is done by substituting the
expressions of k and w obtained from (D.6) and (D.8) respectively in (D.9) and separating
out the real and imaginary components. The components are,

<(z) = (ρz − ρz1) cos θ + (Fz − Fz1) sin θ + ρz1, (D.11a)
=(z) = (ρz1 − ρz) sin θ + (Fz − Fz1) cos θ + Fz1. (D.11b)

ρz and Fz in (D.3) are replaced by the real and imaginary components found in (D.11) to
obtain the equation of P2 in terms of Fz and ρz. Let fn is used to denote the expression
obtained for P2. The subscript ’n’ stands for new. The expression is given by,

fn = Fz1 − a1 (ρz1 + sin θ (Fz − Fz1) + cos θ (ρz − ρz1))
− a0 (ρz1 + sin θ (Fz − Fz1) + cos θ (ρz − ρz1))2 + cos θ (Fz − Fz1)− sin θ (ρz − ρz1)

(D.12)
Therefore, the equation of P2 is given by,

fn = 0 (D.13)

Furthermore, cos θ and sin θ in (D.12) can be calculated using the following equations:

tan θ = (A−B tanh (CNt))Dkz, (D.14a)

cos θ =
√

1
1 + (tan θ)2 , (D.14b)

sin θ =
√

1− (cos θ)2 (D.14c)

where tan θ corresponds to the instantaneous stiffness, and Nt and Dkz are given by ( 4.10).
An explicit expression of Fz in terms of other variables can be obtained using (D.12) and
(D.13). The symbolic toolbox in MATLAB is used to find this non-linear expression.

A test deflection with three deflection cycles, as shown in Figure D.2b is used to obtain
the force-deflection characteristics. The parameters used for the simulation are given in
Figure D.2a. The drop in the instantaneous stiffness is very high from the first deflection
cycle to the second, while it is very less from the second deflection cycle to the third.
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Figure D.2: Simulation with the test deflection.

It must be noted that the approach of obtaining the softened curve using the the sym-
bolic toolbox in MATLAB although gives intended response, is not computationally effective.
However, the effectiveness can be increased to a great extent by using mex function in
MATLAB.
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MATLAB Scripts

E.1 MATLAB code for linear force-deflection charac-
teristics

% Creat ion o f t r i a n g u l a r d e f l e c t i o n s
f = 0 . 0 2 ;
t1 = 0.001 : 0 .001 :50 ;
A = 30 ;
rho1 = A∗ t r i a n g l e (2∗ pi ∗ f ∗ t1 ) ;

t2 =50.001 : 0 .001 :100 ;
A=40;
rho2=A∗ t r i a n g l e (2∗ pi ∗ f ∗ t2 ) ;

t3 = 100.001 : 0 .001 :150 ;
A = 30 ;
rho3 = A∗ t r i a n g l e (2∗ pi ∗ f ∗ t3 ) ;

t4 =150.001 : 0 .001 :200 ;
A=30;
rho4=A∗ t r i a n g l e (2∗ pi ∗ f ∗ t4 ) ;

time =[ t1 t2 t3 t4 ] ; % Time in seconds
rho=[ rho1 rho2 rho3 rho4 ] / 1 0 0 0 ; % V e r t i c a l d e f l e c t i o n in meters

% Tire Parameters
R0=0.3094; % Unloaded Radius in meters
Fz0= 4400 ; % Nominal v e r t i c a l f o r c e
Q RA1= 0 . 6 8 9 4 ;
Q RA2= 0 . 5 5 2 ;

% Simulat ion parameters
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k=1;
d=0; % I n t e r c e p t in the Fz−a x i s
m=1;
t =1;
i =1;
N cyc =1;
rho max (1) =0;

% New model parameters
A= 4 . 8 3 6 9 ;
B= 3 . 9 2 7 5 ;
C= 1 ;
Dkz=13.6021∗Fz0/R0 ;

% Sta r t i ng value o f the ins tantaneous s t i f f n e s s
kz=(A−B∗ tanh (C∗m) ) ∗Dkz ;

whi l e ( i<=length ( rho ) )

r h o s t o r e ( t )=rho ( i ) ; % Store s d e f l e c t i o n in a d e f l e c t i o n c y c l e
t=t +1;

i f ( i <3)
Fz ( i )=rho ( i ) ∗kz+d ;

e l s e
% Needs at l e a s t 2 po in t s to determine a d e f l e c t i o n c y c l e

i f ( rho ( i )−rho ( i −1)>0 && i >2)

j=i −1;

i f ( rho ( j )−rho ( j−1)<0)
Fz ( i )=rho ( i ) ∗kz+d ;
k=k+1;
m=m+1;

% Global maximum v e r t i c a l d e f l e c t i o n

rho zmax=max( rho max ) ;

% Store maximum d e f l e c t i o n achieved in a d e f l e c t i o n c y c l e

rho zcmax=max( r h o s t o r e ) ;

% I f the g l o b a l maximum v e r t i c a l d e f l e c t i o n i s c ro s s ed

i f ( rho zcmax > rho zmax )
m=2;
Dkz=kz /( (A−B∗ tanh (C∗1) ) ) ; % Ca l cu l a t e s new Dkz

end
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kz=(A−B∗ tanh (C∗m) ) ∗Dkz ;
N cyc=N cyc +1;
rho max ( N cyc )=rho zcmax ;
t =1;
c l e a r r h o s t o r e ; % Clear the v a r i a b l e f o r next d e f l e c t i o n c y c l e .

end

i f (k>1)
d= Fz ( i )−kz∗ rho ( i ) ; % Ca l cu l a t e s new i n t e r c e p t l ength in Fz−a x i s
k=k−1;

end
Fz ( i )=rho ( i ) ∗kz+d ;

e l s e i f ( rho ( i )−rho ( i −1)<=0 && i>2)
Fz ( i )=rho ( i ) ∗kz+d ;

end

end

N( i )=m;
i=i +1;

end

% Function to c r e a t e t r i a n g u l a r d e f l e c t i o n
func t i on y = t r i a n g l e ( t )
y = abs (mod( ( t+pi ) / pi , 2)−1) ;
end

E.2 MATLAB code for the proposed new algorithm

xwc = rx ; % Wheel c en t e r p o s i t i o n

l s= 2∗ a c f ∗P LS ; % Tandem base l ength

% D i s c r e t i z a t i o n s t a r t i n g from the l e f t m o s t po int o f the e l l i p s e s
% d step i s the d i s c r e t i z a t i o n l ength
f o r i=1 : l e n g t h ( x )

e1x ( i )= xwc − ( l s /2) − ae + d step ∗ ( i −1) ;
e2x ( i )= xwc + ( l s /2) − ae + d step ∗ ( i −1) ;

end

% The he ight o f the road f o r e l l i p s e s
e1z = in t e rp1 ( road x , road z , e1x ) ;
e2z = in t e rp1 ( road x , road z , e2x ) ;
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z=(be∗power(1−power ( ( abs ( x ) . / ae ) , ce ) , (1/ ce ) ) ) ; % E l l i p s e equat ion

% Height o f e l l i p s e s i n c l u d i n g road
f o r i=1 : l e n g t h ( x )

h1 road ( i )= e1z ( i )+z ( i ) ;
h2 road ( i )= e2z ( i )+z ( i ) ;

end

% Maximum he ight o f e l l i p s e s i n c l u d i n g road
[ h1max road]= max( h1 road ) ;
[ h2max road]= max( h2 road ) ;

% E f f e c t i v e road he ight
w= ( ( h1max road+h2max road ) /2)−be ;

% E f f e c t i v e road s l ope
betay= atan ( ( h2max road−h1max road ) . / ( l s ) ) ;

% V e r t i c a l d e f l e c t i o n
rho= (w+za0 ) . / cos ( betay ) ;

% Contact patch l ength
ac= R0∗ ( (Q RA2∗( rho/R0) )+(Q RA1∗ s q r t ( rho /R0) ) ) ;

% Implementation o f low−pass f i l t e r to s o l v e a l g e b r a i c loop
% wc= Cut−o f f f requency
a c f= ( ac−a c f ) .∗wc∗ t ime s t ep+a c f ;
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