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On overcoming fundamental limitations of linear control with Hybrid
Integrator-Gain Systems: From academic examples to industrial

applications

Dorus van Dinther

Abstract— Fundamental limitations in linear time-invariant
control can compromise the performance of a closed-loop
system. In this paper, it is shown that by introducing a
single Hybrid Integrator-Gain System (HIGS) element into the
closed-loop interconnection, some of these fundamental LTI
performance limitations can be overcome. In particular, three
different limitations, where overshoot is guaranteed for any
linear interconnection subject to a step input, are shown to be
overcome using (simple) HIGS-based control, i.e., no overshoot
in the step-response. This analysis is accompanied by input-to-
state stability (ISS) conditions for each interconnection, by way
of the feasibility of certain linear matrix inequalities (LMIs). In
order to show the favourable properties of HIGS-based control
in an industry setting, we additionally investigate the control
of a realistic high-precision motion control system. Specifically,
we consider a case study into HIGS-based control of a floating
mass system, subject to PI3D and lowpass control, with multiple
HIGS-elements. This includes a describing function analysis
and an analysis of the frequency- and time-domain performance
of the HIGS-controlled system.

I. INTRODUCTION

Linear control theory is a well-developed area of research,
with numerous tools and methods to fit the needs of in-
dustry, including tools for the construction of linear filters,
as well as the stability and performance thereof. As such,
the widespread use of linear control is often attributed to
its design simplicity and predictability. However, all linear
time-invariant (LTI) filters suffer from trade-offs in both
the frequency- and time-domain [1], [2]. An imperative
example in the frequency-domain is Bode’s waterbed effect,
which illustrates the trade-off in disturbance attenuation in
low or high frequencies using the sensitivity function. In
terms of time-domain performance of LTI systems, other
restrictions on the overshoot, rise-time, and settling time of
the closed-loop system exist. More generally, it is impossible
to overcome certain performance limitations with certain
LTI control loop configurations, no matter the choice and
configuration of LTI control. As such, these constraints are
called fundamental LTI performance limitations [3]. A solu-
tion to circumvent these design limitations, is to introduce
nonlinearities in the otherwise LTI control loop, which by
definition do not necessarily obey the same limitations as
LTI filters. However, choosing a specific nonlinear structure
from such a rich class of systems, in order to incorporate it
in the control loop, is not trivial. The type of nonlinearity is
highly dependent on the problem and where improvement
is desired. Some examples of such nonlinearities are the
works on Variable Gain Control (VGC) [4], [5], reset control

[6], [7], [8], [9], [10], switched (hybrid) controllers [11],
and recently the works on Hybrid Integrator-Gain Systems
(HIGS) [12], [13], [14], [15].

In this paper, we will focus on the latter, HIGS, which
features a non-linear integrator that switches between an
integrator- and a gain-mode. This controller is introduced
in Deenen et al. [12], to deal with the classical trade-off
in linear control theory between low frequency disturbance
suppression and obtaining a desired transient response as
typically observed in integral control. The element features
an output signal, which has the same sign as its input signal
(therefore controlling the system in the ‘right’ direction),
while avoiding any jumps in the output with its non-
smooth continuous output signal. In frequency domain, a
describing function analysis shows that the element induces
a 20 dB/decade magnitude decay with only 38.15 degrees
of phase lag, which is a phase advantage of 51.85 degrees
over a simple linear integrator. The idea for HIGS comes
from the more classical reset control [16], which has the
same input-output (IO) sign property and phase advantage.
However, discontinuities in the form of resets cause such
a reset filter to excite possible higher-order dynamics of
the system. The HIGS is designed in such a way, that its
more gentle non-smooth continuous signal, with a proper
choice of parameters, more effectively suppresses higher-
order excitations when compared to reset control.

Multiple studies have already shown that is possible to
overcome well-known time-domain fundamental LTI perfor-
mance limitations by including a nonlinear element in the
otherwise LTI control loop. In particular, for one of such
limitations this has been shown using VGC in [17] and
for three of such limitations using reset control in [18],
[19], [20]. These studies consider LTI control configurations,
for which overshoot is guaranteed no matter the choice of
LTI controller and show that overshoot is eliminated in the
step-response when employing VGC or reset control. More
recently in [21], it has been shown that one of the latter
time-domain LTI performance limitations can be overcome,
by employing a HIGS-element in the otherwise LTI control
loop, thereby eliminating overshoot in the step-response.

In the first part of this paper, the objective is to show
that HIGS can overcome fundamental LTI performance lim-
itations in a broader sense. Specifically, we will show that
with an application of HIGS-based control, it is possible to
overcome all fundamental LTI performance limitations that
have likewise been overcome by any other type of nonlinear



element. Our main novel contributions in this part are: show-
ing that overshoot induced by a ‘slow’ control configuration
with one (linear) open-loop integrator and a configuration
with two open-loop (linear) integrators, can be eliminated
using HIGS-based control. As an extension of [21], where
overshoot was eliminated for a plant with an open right-half
plane (ORHP) pole, we will show the same result for a more
simple (lower-order) plant. Our results feature an analytical
approach for one of the limitations and a numerical analysis
for the remaining two. The results are complemented with an
input-to-state stability (ISS) analysis of these three systems,
by adopting an application of Lyapunov theory and linear
matrix inequalities (LMIs).

In the first part, we mainly use (simple) academic exam-
ples to demonstrate the strengths of HIGS in overcoming
fundamental performance limitations in LTI control. In the
second part, we likewise show the favourable properties
of HIGS-based control in an industry setting, by way of
considering a realistic high-precision motion control case
study. In this case study, we consider a system of a floating
mirror plant (simple floating mass) in feedback interconnec-
tion with a HIGS-based PI3D controller and second-order
lowpass (LP) filter. Here, we exclusively consider feedback
control without additional feedforward control, while noting
that feedforward control would be necessary for optimal
results in practice. In this case study, important topics to
tackle include: guidelines towards a more systematic de-
sign of HIGS-based control with one or multiple HIGS-
elements and how the HIGS-based design can be compared
to the LTI counterpart. Herein, comparison of the linear and
HIGS-equivalent model is especially difficult when there
are multiple nonlinearities in the control loop. Describing
functions are often used to estimate the magnitude and
phase characteristics of a nonlinear element by looking at
the response to a sinusoidal input, in order to compute the
frequency response of the main harmonic in the output.
For HIGS-based control, describing function analysis was
already performed in, for instance, [13], [22], [23]. However,
such a describing function approach can become increasingly
inaccurate for multiple nonlinearities. As such, we perform
a describing function analysis of the HIGS-based PI3D+LP
controller. In this analyses, we include a comparison of
the describing function of the HIGS-based system to its
LTI counterpart, as well as an analysis of the accuracy
of this comparison. In addition, we include an analysis
of the actual frequency- and time-domain performance in
comparison with the performance estimates obtained from
the describing function of the HIGS-based controller.

The remainder of this paper is organized as follows.
In Section II, we introduce fundamental LTI performance
limitations and the conditions that a system has to satisfy,
in order to induce such limitations. Then, in Section III, we
introduce HIGS and formulate the problem that we will solve
in the following. Section IV presents the HIGS-based control
scheme that is used to overcome three fundamental LTI
performance limitations, which guarantee overshoot for any
LTI controller, and we show that three of such HIGS-based

configurations can overcome these limitations. Moreover, for
each configuration, input-to-state stability of the closed loop
is established in Section IV-D, which concludes the first
part of the paper. Following the first part, we consider a
floating mass system in interconnection with a HIGS-based
PI3D+LP-controller in Section V. There, we first provide
an extensive analysis into its quasi-linear frequency-domain
behaviour, followed by a frequency- and time-domain per-
formance analysis.

Notation: The sets of reals, integers, and complex values
are denoted by R, Z, and C, respectively. Given a vector v,
‖v‖ denotes its Euclidean norm.

II. LTI PERFORMANCE LIMITATIONS

The results in the first part of this paper consider (over-
coming) fundamental performance limitations of linear time-
invariant (LTI) single-input single-output (SISO) feedback
control systems, as in Fig. 1. Here, the LTI plant, given by its
transfer function P (s), s ∈ C, is in feedback interconnection
with an LTI controller, given by its transfer function C(s).
The plant output y(t) ∈ R is subtracted from the reference
signal r(t) ∈ R in order to generate the error signal e(t) =
r(t) − y(t), at time t ∈ R. This error signal is used as
input for the controller, in order to generate control output
u(t) ∈ R, which is used as input for the plant. In what
follows, the reference signal r(t) is assumed to be a unit-
step, i.e., r(t) = 1 for all t ≥ 0, and r(t) = 0 otherwise.
The interconnection can be described by a state-space system

P
C(s) P (s)r e u y

−

Fig. 1: Linear closed-loop system configuration.

description

Σlin :

{
ẋ = Ax+Br,

y = Cx+Dr,
(1)

where x(t) ∈ Rn, t ∈ R is the system’s state-vector, r(t) is
the exogenous input to the system, y(t) ∈ Rny the system’s
output, and A,B,C,D are system matrices of appropriate
dimensions. We will consider multiple LTI configurations of
the open-loop interconnection P (s)C(s), in order to satisfy
some scenarios where fundamental performance limitations
related to overshoot are faced, which is to follow. Addi-
tionally, let (AP , BP , CP , DP ) be the state-space realization
of P (s) with state-vector xp(t) ∈ Rnp . We assume initial
condition xp(0) = 0 and no feedthrough from the plant
input to its output, i.e., DP = 0. Moreover, in order to avoid
any unstable pole-zero cancellations in the interconnection
P (s)C(s), we assume the following from this point on.

Assumption 1: The state-vector x(t) of the feedback in-
terconnection includes all states of the plant and controller.

LTI control setups as in Fig. 1 suffer from well-known
performance limitations [3], as already discussed in the
introduction. Before explicitly stating these configurations



that induce LTI performance limitations, each configuration
requires the system to be ‘internally stable’, such that all
states of the plant and controller are bounded for any
bounded input. For linear systems as in (1) such a stability
definition in combination with the assumption above is
equivalent to A being a Hurwitz matrix (all eigenvalues of
A have strictly negative real part), because if a linear system
is asymptotically stable at zero input, then it has bounded
solutions for any bounded input. However, we require an
‘internal stability’ definition, which can be employed for
both linear and nonlinear feedback interconnections. As such,
we employ input-to-state stable (ISS), which guarantees
boundedness of the state vector in the presence of a bounded
input, as defined below.

Definition 1: [24] A continuous function α : [0, a) →
[0,∞) is said to belong to class K, if it is strictly increasing
and α(0) = 0. A continuous function β : [0, a)× [0,∞) →
[0,∞) is said to belong to class KL, if, for each fixed s, the
mapping r 7→ β(r, s) belongs to class K with respect to r
and, for each fixed r, the mapping s 7→ β(r, s) is decreasing
with respect to s and β(r, s)→ 0 as s→∞.

Definition 2: [24] A closed-loop system with state x(t) ∈
Rn, t ∈ R is said to be input-to-state stable (ISS), if there
exist a KL-function β and a K-function γ such that for
any initial state x(0) ∈ Rn and any bounded input w, i.e.,
supt≥0 ‖w(t)‖ <∞, any corresponding solution x : R≥0 →
Rn satisfies for all t ∈ R≥0

‖x(t)‖ ≤ β (‖x(0)‖, t) + γ

(
sup

0≤τ≤t
‖w(τ)‖

)
. (2)

For linear closed-loop systems as in (1), ISS is indeed
equivalent to the matrix A being a Hurwitz matrix. Moreover,
two of the limitations, which are considered in this paper,
require the notions of rise-time and overshoot, as defined
below.

Definition 3 (Seron et al. [3, p. 13]): The rise time of the
closed-loop system is defined as

tr := sup
δ∈R>0

{
δ : y(t) ≤ t

δ
for all t ∈ [0, δ]

}
. (3)

Definition 4 (Seron et al. [3, p. 14]): The overshoot is
the maximum value by which the output exceeds its final
setpoint value:

yos := sup
t∈R≥0

{−e(t)} . (4)

With these notions of rise-time, overshoot, and ISS now
defined, the following theorems from [3] provide some initial
insight into LTI performance limitations.

Theorem 1 (Open-loop integrators, [3]): Suppose that
the closed-loop system (1) is ISS, its state-vector satisfies
Assumption 1 with xp(0) = 0, and r(t) is a unit-step. Then,

(i) if lim
s→0

sP (s)C(s) = c1, 0 < |c1| <∞, we have that

lim
t→∞

e(t) = 0,
∫ ∞

0

e(t) dt =
1

c1
;

(ii) if lim
s→0

s2P (s)C(s) = c2, 0 < |c2| <∞, we have that

lim
t→∞

e(t) = 0, (5)
∫ ∞

0

e(t) dt = 0. (6)

The proof for Theorem 1 and all following results in
this section can be found in their respective sources. Let
us elaborate on the statements in Theorem 1. Observe that
the condition lims→0 s

niP (s)C(s) = cni , 0 < |cni | < ∞
with ni ∈ Z≥1 implies that there are ni integrators in the
open-loop P (s)C(s), i.e., the open-loop can be described
by P (s)C(s) = L̃(s)/sni , where lims→0 L̃(s) = cni

. Here,
1/cni

is the steady-state error to an input R(s) = 1/sni+1

in Laplace-domain. To show the latter, note that the closed-
loop sensitivity is denoted by S(s) = 1/(1+P (s)C(s)) and
Laplace-transform of the error to an input R(s) = 1/sni+1

is given by

E(s) = S(s)R(s) =
s−1

sni + L̃(s)
. (7)

Then, with application of the final value theorem, we get

lim
t→∞

e(t) = lim
s→0

sE(s) = lim
s→0

1

sni + L̃(s)
=

1

cni

. (8)

For example, for ni = 1 this implies that there is one open-
loop integrator and 1/c1 is the steady-state error to a unit-
ramp input r(t) = t with Laplace transform R(s) = 1/s2.

Moreover, for a unit-step r and zero initial state xp(0) = 0,
the error signal e is positive at first. Hence, Theorem 1 (ii)
shows that a change in sign of e(t) is required due to (6),
such that overshoot is unavoidable for any LTI controller
if two open-loop integrators are present. This is one of the
three limitations that we will illustrate that can be overcome
by exploiting HIGS-based control, i.e., no overshoot in the
output. Theorem 1 illustrates the potential benefits of integral
control, where the steady-state error to the step response is
zero as in (5), while on the other hand potentially introducing
overshoot. Furthermore, Theorem 1 (ii) implies exactly two
open-loop integrators. Additionally, some of the results in
Theorem 1 actually apply more generally as shown in the
following corollary.

Corollary 1: (6) holds for two or more open-loop integra-
tors and (5) holds for one or more open-loop integrator(s).

Proof: The proof is very similar to the proof of
[3, Theorem 1.3.2]. Let the input be a unit step, with
corresponding Laplace transform R(s) = 1/s. Next, note
that if the open loop has ni open-loop integrators, i.e.,
P (s)C(s) = L̃(s)/sni where lims→0 L̃(s) = cni , it follows
that

S(s) =
sni

sni + L̃(s)

and thus if ni ≥ 2, we get
∫ ∞

0

e(t) dt = lim
s→0

E(s) = lim
s→0

sni−1

sni + L̃(s)
= 0.

Lastly for ni ≥ 1, with application of the Final Value



Theorem, we obtain

lim
t→∞

e(t) = lim
s→0

sE(s) = lim
s→0

sni

sni + L̃(s)
= 0,

which concludes the proof.
From Theorem 1 (i) another fundamental LTI performance

limitation follows under certain conditions on the rise-time,
as in the following proposition.

Proposition 1 ([18]): Consider an ISS closed-loop system
(1) which satisfies lims→0 sP (s)C(s) = c1, 0 < |c1| <
∞, i.e., a single open-loop integrator, where its state-vector
satisfies Assumption 1 with xp(0) = 0 and r(t) is a unit-
step. If the rise-time tr > 2/c1, the unit-step response y(t)
overshoots, i.e., there exists t0 ≥ 0 such that e(t0) < 0.

Whereas the discussion in this section focuses on open-
loop integrators up until this point, open-right half plane
(ORHP) open-loop poles likewise imply overshoot in the
step-response, as in the next theorem.

Theorem 2 (ORHP open-loop poles, [3]): Consider Fig.
1, and suppose that the open-loop plant has a pole at s = p,
such that Re(p) > 0. Moreover, suppose that its state-vector
satisfies Assumption 1 with xp(0) = 0 and that r(t) is a
unit-step. Then, if the closed-loop system (1) is ISS, it holds
that ∫ ∞

0

e−pte(t) dt = 0, (9)

and ∫ ∞

0

e−pty(t) dt =
1

p
.

For a real pole p > 0 it follows that e−pt > 0 for all t ≥ 0.
Therefore, with similar argumentation as for (6), it follows
that a change in sign of e(t) is required in order to satisfy the
integral constraint in (9), which implies overshoot. However,
for an ORHP pole an even stronger result follows from
Theorem 2, which also provides a (non-zero) lower-bound
on the amount of overshoot, as in the following corollary.

Corollary 2 ([3]): Suppose that a system plant P (s) has
a real pole at s = p > 0. If the closed-loop system (1) is
ISS, its state-vector satisfies Assumption 1 with xp(0) = 0,
and r(t) is a unit-step, then for any linear time-invariant
controller C(s), its step-response y(t) must exhibit overshoot
and satisfies the following inequality:

yos ≥
(ptr − 1)eptr + 1

ptr
≥ ptr

2
, (10)

where tr is the rise time as in (3).
From the previous discussion, we can explicitly state the

following three LTI performance limitations. Recall that for
each limitation, we require the closed-loop system to be ISS
and the state-vector to satisfy Assumption 1 with initial state
xp(0) = 0. Moreover r(t) is assumed to be a unit-step signal.
Then,

1) a single open-loop integrator implies overshoot, pro-
vided that the response is sufficiently slow, as in Propo-
sition 1;

2) two open-loop integrators imply overshoot, directly
from (6) in Theorem 1 (ii);

3) a real ORHP open-loop pole implies overshoot, with a
lower-bound on the overshoot specified in Corollary 2.

Finally, for each limitation we require zero-steady state-error
limt→∞ e(t) = 0, for appropriate setpoint tracking.

The aim of the first part of this paper is to show that
with HIGS-based control, we can overcome the three funda-
mental LTI performance limitations above. As such, we will
formally introduce the HIGS and formulate the problem in
the next section.

Remark 1: Similar to the LTI performance limitations
related to overshoot, a nonminimum-phase zero in the open
loop causes undershoot in an LTI system configuration,
as shown in [2], [3], [25]. Moreover, [25] shows that for
nonminimum-phase nonlinear systems, undershoot is in-
evitable, i.e., it is not possible to track a unit-step r without
undershoot for any (linear or nonlinear) controller.

III. HIGS DESCRIPTION AND PROBLEM FORMULATION

In this section, we will first provide a description of
the Hybrid Integrator-Gain System (HIGS), followed by a
formulation of the problem that we will tackle in the next
section. First, we will introduce HIGS, for which multiple
descriptions. For instance, in [15], an extended projected dy-
namical system (ePDS) formulation of a closed-loop system
with HIGS was adopted. Here, we adopt a piecewise linear
(PWL) system formulation of HIGS as in [12], which is
shown to be equivalent to the ePDS-based description in
[15]. Accordingly, an open-loop HIGS element is formulated
by the following PWL system with discontinuous right-hand
side

H :





ẋh = ωhz if (z, u, ż) ∈ F1,

xh = khz if (z, u, ż) ∈ F2,

u = xh,

(11a)
(11b)
(11c)

with xh(t) ∈ R the state of the HIGS element, input z(t) ∈ R
and its time-derivative ż(t) ∈ R, and its generated output
u(t) ∈ R. The parameters ωh ∈ [0,∞) and kh ∈ (0,∞]
denote the integrator frequency and gain value, respectively.
Moreover, F1 and F2 denote the regions in R3 where the
different subsystems are active. Whenever the system evolves
according to mode 1 given in (11a) it is said to be in
integrator mode. When mode 2 is active as in (11b), it is
referred to as being in the gain mode. By design, the union
of these sets defines the [0, kh]-sector, or

F := F1 ∪F2 =

{
(z, u, ż) ∈ R3 | zu ≥ 1

kh
u2
}
, (12)

where the flow sets of the two modes are given by

F1 := F \F2, (13)

F2 :=
{

(z, u, ż) ∈ R3 | u = khz ∧ ωhz2 > khżz
}
. (14)

The design of the subsets F1 and F2 in (11) is based on
the desire for the control structure to primarily exhibit the
integrator dynamics in (11a), while also having its input-
output relation constrained to the sector [0, kh], as illustrated
in Figure 2. Note that (z, u) ∈ F implies equal sign for



z

u u = khz

F = F1 ∪ F2

F1

F1

⊃ F2

Fig. 2: Schematic representation of the sector F and the two
flow sets F1 and F2 in the (z, u)-plane.

the input and output of the HIGS. This is different from
a linear integrator, which upon reaching the setpoint would
have to empty its buffer (the state of the integrator) before
the control signal has the same sign as its input. If the sign
of the controller in- and output is not equal, the controller
effectively pushes the plant away from its setpoint for a
period of time, which shows the strength of the same-sign
property of HIGS. Moreover, the non-smooth continuous
output signal of the HIGS might be favourable over reset
integrators such as the Clegg integrator [6], which might
excite higher-order dynamics due to discontinuities in the
control signal. For a more in-depth discussion about HIGS,
we refer the reader to [12].

With HIGS now defined, we can roughly state the problem
addressed in this work as follows. Show that by including a
HIGS-element in the otherwise LTI system, we can overcome
the fundamental LTI performance limitations described in
Section II, provided that the resulting closed-loop system is
ISS, the state-vector (now including the HIGS state) satisfies
Assumption 1 with initial condition xp(0) = 0, and that
the conditions which lead to overshoot in the LTI case are
satisfied.

In the next section, we will first introduce the general
HIGS-based configuration used to tackle the limitations,
followed by an illustrative example for each induced funda-
mental LTI performance limitation being overcome by HIGS-
based control.

IV. HIGS-BASED CONTROL OVERCOMING LTI
LIMITATIONS

We consider the system configuration as in Fig. 3, where,

P
C1(s) H (·) C2(s) P (s)r e z u û y

−

Fig. 3: Closed-loop system configuration with HIGS-
element.

as before, the (LTI) plant has transfer function P (s). The
controller C2(s) is likewise an LTI-element, which could
therefore (in theory) be integrated into P (s). However, for

clarity, we leave it as an individual element, which is required
for stability of the overall closed-loop system in some of the
examples to follow. Moreover, H (·) is the nonlinear HIGS-
element used to overcome the limitations as discussed in
Section II in combination with C1(s) and C2(s), that has
input z(t), which is the output of the LTI-element C1(s).
Note that the location of H and C1(s) within the system
configuration cannot trivially be interchanged, as this would
change the input to the HIGS-element and therefore affect
time instances at which H (·) switches its mode of operation.

In order to describe the time-domain performance limita-
tions and some of the properties of the closed-loop intercon-
nection in Fig. 3, a time-domain representation of the closed
loop is required. First, let the state-space realization of the
plant transfer function P (s) be given by

ΣP :

{
ẋp = APxp +BP û,

y = CPxp +DP û,
(15)

where xp(t) ∈ Rnp is its state-vector, û(t) ∈ R is the input to
the plant, y(t) ∈ R is the plant output, and AP , BP , CP , DP

are system matrices of appropriate dimensions. As previously
mentioned, we assume initial condition xp(0) = 0 and no
feedthrough from the plant input û to its output y, i.e., DP =
0. Similarly, let (Aq, Bq, Cq, Dq), q ∈ {C1, C2} be the state-
space realization of the linear controllers C1(s) and C2(s)
of the interconnection in Fig. 3.

Due to the piecewise linear (PWL) nature of the HIGS,
the closed-loop interconnection, as depicted in Fig. 3, can be
represented as

Σ :

{
ẋ = Aix+Biw, if (z, u, ż) ∈ Fi, i ∈ {1, 2},
y = Cx,

(16)

with state vector x(t) = [xp(t)
>, û(t), u(t), z(t)]> ∈ Rn,

performance output y(t), which is the output of the plant,
and exogenous input w(t) = [r(t), ṙ(t)]>. The derivative of
the input signal ṙ is required in w in what follows, as a
result of non-zero feedthrough from the input of C1(s) to its
output, i.e., DC1

6= 0. Moreover, Fi, i ∈ {1, 2}, denote the
flow sets of the integrator-mode and gain-mode, respectively,
as in (12) – (14). In the following sections, Ai, Bi, i ∈ {1, 2},
and C will be provided for each of the systems considered,
when necessary.

All three situations described in Section II feature LTI
configurations, which induce overshoot. In what follows, it
is first shown that by using HIGS-based control, overshoot
can be avoided with zero steady-state error limt→∞ e(t) =
0. Afterwards, a stability analysis is carried out in order to
establish ISS of the closed-loop system (16), for each of the
three configurations.

Remark 2: In what follows, a unit-step setpoint r(t) is
assumed, i.e., r(t) = ȳ for all t ≥ 0 and r(t) = 0 otherwise,
with ȳ = 1. However, because of certain properties of the
closed-loop interconnection with HIGS, the results can be
extended towards any other step input with different size
ȳ ∈ R. An elaborate description and proof of this statement
can be found in Appendix A.



A. Single open-loop integrator without overshoot

Consider a closed-loop interconnection as in Fig. 3 of a
simple-integrator plant, with transfer function P (s) = 1/s,
and LTI controllers C1(s) = C2(s) = 1, alongside a
HIGS-element H (·). In order to investigate whether the
fundamental LTI limitation in Proposition 1 is overcome, the
following (analytical) procedure is followed:

1) For a unit-step input r(t) = 1:
a) Obtain an analytical description of the error dynamics

for all t ≥ 0 is obtained.
b) Determine whether the system switches between the

integrator and gain modes and at what time(s).
c) Given the above, conclude whether or not the output

response ystep(t) overshoots and if limt→∞ estep(t) =
0, i.e., zero steady-state error for setpoint tracking.

2) For a unit-ramp input r(t) = t:
a) Obtain an analytical description of the error dynamics

for all t ≥ 0 is obtained.
b) Determine whether the system switches between the

integrator and gain modes and at what time(s).
c) Given the above, determine the steady-state error to

the ramp input, which is required to determine the
rise time in Proposition 1.

Note that a steady-state error to a unit-ramp input is re-
quired in order to satisfy Theorem 1 (i), as otherwise the
condition lims→0 sP (s)C(s) = c1, 0 < |c1| < ∞ (for an
interconnection as in Fig. 1) cannot be satisfied. However,
this condition is not well-defined for a nonlinear system. As
such, we define the steady-state error to a unit-ramp for the
HIGS-based controller, as a nonlinear equivalent of (8) with
ni = 1, as

lim
t→∞

eramp(t) :=
1

c1
, (17)

where c1 (in the linear case commonly referred to as the
velocity constant) is used to determine whether the rise
time condition tr > 2/c1 in Proposition 1 is satisfied, i.e.,
sufficiently slow tracking.

The remainder of this section follows the procedure above,
starting with a derivation of the closed-loop error dynamics
accompanied by a more detailed derivation in the appendix.

1) Unit-step input: We approach Proposition 1 by first
determining an analytical expression of the output response
of the plant y(t) to a unit-step reference signal r(t) = 1.
Since y(t) = r(t)− e(t) = 1− e(t), we only need to derive
an expression for the error signal, from which the output
response naturally follows. Moreover, we consider a plant
that is initialized in the origin; i.e., xp(0) = 0 such that
e(0) = 1− y(0) = 1.

For this single open-loop integrator system with HIGS
subject to a unit-step, the dynamics are given by

estep(t) =

{
cos(
√
ωht), t ∈ [0, ts),

cos(
√
ωhts)e

−kh(t−ts), t ≥ ts,
(18a)

ystep(t) = 1− estep(t), (18b)

where the switching time is given by ts =

1√
ωh

arctan
(

kh√
ωh

)
. The full derivation can be found

in Appendix B.
With (18), an expression of the error dynamics e(t) for

all time t ≥ 0 is found. We can now determine whether
or not the the output response y(t) overshoots. Consider
cos(
√
ωht), for which the output response does not overshoot

if it is non-negative for all t ∈ [0, ts]. Resolving this, gives
the following equivalent:

cos(
√
ωht) ≥ 0, t ∈ [0, ts],
√
ωht ≤

π

2
, t ∈ [0, ts],

√
ωhts ≤

π

2
,

arctan

(
kh√
ωh

)
≤ π

2
,

where this last equation is always satisfied, as the range of
the arctan(·) function is (−π/2, π/2). Since the exponential
term in (18) is less than one because of its negative exponent,
it can be concluded that y(t) ≤ 1 for all time t > 0, so
no overshoot in the step-response. Moreover, the closed-
loop exponentially converges to the setpoint; i.e., e(t) → 0
exponentially as t → ∞, such that the steady-state error is
zero.

We have determined the dynamics of the feedback in-
terconnection in Fig. 3 with a HIGS-element as controller
and P (s) = 1/s as plant. We have concluded that the
dynamics do not cause overshoot. However, we still need
to determine c1 in Theorem 1 in order to determine the
rise-time tr (how slow the system should be), which in
turn is needed to overcome the limitation in Proposition 1.
This requires the steady-state error of the same HIGS-based
feedback interconnection, but now subject to a unit-ramp
input instead of a unit-step. This will be investigated in the
next section before concluding.

2) Unit-ramp input: We consider the ramp input r(t) = t.
Again, we consider a system that starts out in the origin; i.e.,
y(0) = 0.

For this single open-loop integrator system with HIGS
subject to a unit-ramp input, the dynamics are given by

eramp(t) = (19a)



1√
ωh

sin(
√
ωht), t ∈ [0, ts),

1
kh

+
(

1√
ωh

sin(
√
ωhts)− 1

kh

)
e−kh(t−ts), t ≥ ts,

yramp(t) = 1− eramp(t), (19b)

where the switching time is given by ts =
2√
ωh

arctan
(

kh√
ωh

)
. The full derivation can be found

in Appendix C.
Following, from the definition in (17), we have

c1 =
1

limt→∞ eramp(t)
= kh.

Hence, according to Proposition 1, we have determined that
any LTI system will overshoot if tr > 2/c1 = 2/kh, which
we will use in the following to show that we have overcome



the limitation.
If we can find a combination of the parameters kh, ωh

such that
tr > 2/c1 = 2/kh, (20)

then we have overcome the limitation, since the output
response ystep(t) does not overshoot for any kh, ωh, while
overshoot is inevitable for any LTI controller. The rise time
tr, as defined in (3), is determined from the tangency of
ystep(t) with the line ŷ(t) := t/tr [18]. Thus, we seek
the pair (t∗, tr), t∗ > 0, satisfying ystep(t∗) = ŷ(t∗) and
ẏstep(t∗) = ˙̂y(t∗), such that no previous intersections occur
(equal ystep(t) = ŷ(t), but with ẏstep(t) 6= ˙̂y(t) for t < t∗).
Let kh = 1.5, ωh = 0.25. Then the rise time (with tangency
of the line ŷ to ystep) is tr ≈ 3.50 > 2/kh = 4/3 which
satisfies (20). Therefore, we have overcome the limitation.

A numerical simulation shows that the closed-loop inter-
connection including the HIGS-element tracks the reference
step without overshoot, as depicted in Fig. 4.

Fig. 4: Step response y(t) and control output û(t) for the
closed-loop system configuration with HIGS-based control
and one open-loop integrator. The dashed line indicates the
rise-time line ĥ(t) = t/tr.

In Fig. 5, trajectories are shown that provide more insight
into the switching behaviour of the HIGS. It can be seen
that the element is initiated in integrator-mode and remains
within that mode until reaching the sector boundary u =
khz with integrator dynamics pointing out of the sector
[0, kh], initiating a switch to gain mode. From that point,
the trajectories (exponentially) converge towards the origin,
without initiating another mode switch.

B. Two open-loop integrators without overshoot

Next, we consider the fundamental LTI performance limi-
tation in Theorem 1 (ii), which implies overshoot for any LTI
system with two (or more) open-loop integrators. Consider
a closed-loop interconnection as in Fig. 3 of a double-
integrator plant, with transfer function P (s) = 1/s2, and
LTI controller C2(s) = 1, alongside a HIGS-element H (·).

In order to overcome the fundamental LTI limitation in
Theorem 1 (ii) with no overshoot, the error signal e(t) should
be non-negative for all time t ≥ 0 with zero steady-state

(a) HIGS input z(t) versus HIGS output u(t)

(b) Error e(t) versus its derivative ė(t)

Fig. 5: Trajectories of the HIGS-controlled system with one
open-loop integrator.

error, i.e., limt→∞ estep(t) = 0. Therefore, the plant output
has to satisfy y(t) ≤ 1. Additionally, we assume initial
condition xp(0) = 0 for the state of the plant, which is
described by ÿ = û, which implies that both y(0) = 0 and
ẏ(0) = 0, in other words, zero initial position and velocity.
Specifically, the output moves from ẏ(0) = y(0) = 0 to
limt→∞ y(t) = 1. Therefore, we can conclude that ÿ(t) > 0
for some t > 0 in order to move (accelerate) from the
origin to the setpoint. More specifically, since we require
zero steady-state error and no overshoot, the system is not
allowed to accelerate indefinitely, thereby inducing a sign
change in ÿ to ‘slow down’ the system. This likewise induces
a sign change in the controller output û(t) = ÿ(t). The latter
holds more generally for any open-loop interconnection with
two or more integrators, because the factor 1/s2 can be split
from the remainder of the (linear) dynamics of the plant, i.e.,
P (s) = (1/s2) · P̃ (s).

In the linear case a sign change in the control signal, with-
out a sign change in the error signal, would be impossible,



as a sign change in û(t) implies that e(t) has to change
sign as well due to linearity. As a consequence of the same-
sign property of HIGS, including a HIGS-element as the
first element in the controller interconnection would likewise
result in a sign-change in the error signal and, therefore,
overshoot. In particular, in that case e(t) is the input to
HIGS and its output u(t) would not change sign if e(t) is
not allowed to change sign, i.e., a sign change in the control
signal cannot be achieved without a sign change in the error
signal.

In order to alleviate this problem, a filter in front of the
HIGS-element is proposed. By choosing a particular C1(s)
similar to the one in [21], it is shown that the HIGS-based
controller can overcome the limitation. This PD-like filter is
given by

C1(s) = kp

(
s

ωc
+ 1

)
, (21)

where ωc = |1 + 4j/π|ωh/kh is the cross-over frequency of
the describing function of a HIGS-element. Its output signal
is given by z(t) = kp(e(t) + ė(t)/ωc). The choice of C1(s)
is motivated by the fact that the error signal has to go to zero
without a change of sign, such that its time-derivative ė(t)
is non-positive during some time interval t ∈ [a, b] for some
b > a ∈ R≥0 (for all time t > 0 in this specific controller
configuration). It will be shown that a sign-change in z(t)
is possible due to non-positivity of ė(t) without requiring a
sign-change in e(t), thereby avoiding overshoot.

In [21], a more detailed insight is provided into the design
philosophy that motivates the specific choice for C1(s) as in
(21). There, the controller interconnection C1(s)→H (·)→
C2(s) is such that its corresponding describing function
(details to follow in Section V) has similar magnitude char-
acteristics as a linear integrator, while the interconnection
also achieves zero steady-state to a step-input, but with
less induced phase lag. However, in this part of the paper,
we do not apply such a describing function analysis to
compare the frequency-domain characteristics of the HIGS-
based controller to a linear equivalent. Instead, we only
employ the time-domain property of C1(s) that allows for
a change of sign of the HIGS-input, as discussed in the
previous paragraph.

Because of the complexity of determining the mode
switching times of the HIGS-element, a numerical analysis is
performed instead of an algebraic analysis. We show that the
described system configuration overcomes the limitation (no
overshoot) for the following choice of parameters: kp = 10,
kh = 1, and ωh = 1/2. As can be seen in Fig. 6, the output
converges to the unit-setpoint without overshoot and zero
steady-state error.

In particular, in Fig. 7, the HIGS input z(t) and output
u(t) show a change in sign, while e(t) ≥ 0 for all t ≥ 0.
The zero-crossing of z(t) can be explained by the fact that
at that point e(t) < −ė(t)/ωc, i.e., the time-derivative of the
error ė(t) weighted with e(t) causes a change of sign in z(t).
Moreover, three mode-switches are observed. The HIGS-
element initializes in integrator-mode in the first quadrant

Fig. 6: Step response y(t) and control output û(t) for the
closed-loop system configuration with HIGS-based control
and two open-loop integrators.

of the (z, u)-plane as in Fig. 7a before it switches to gain-
mode. In gain-mode, the trajectories then move towards the
origin. When entering the third quadrant of the (z, u)-plane, a
mode switch occurs back to integrator mode, before the final
switch back to gain-mode at which point the error dynamics
exponentially converge towards the origin.

Remark 3: For a practical implementation of (21) and the
existence of a state-space realization thereof, a proper high-
pass filter is used for approximating the error derivative ė,
which results in

C1(s) = kp

(
1

ωc

s

τs+ 1
+ 1

)
, (22)

where τ > 0 is chosen sufficiently small.

C. ORHP open-loop pole without overshoot

As a final result, we are going to consider the fundamental
LTI performance limitation in Corollary 2, which implies
overshoot (with a guaranteed lower bound) for any LTI
system with an ORHP open-loop pole. Consider a closed-
loop interconnection as in Fig. 3 of a plant, with transfer
function P (s) = 1/(s − p), with p = 1 an ORHP open-
loop pole, alongside a HIGS-element H (·). In order to
overcome the fundamental LTI limitation in Corollary 2 with
no overshoot and zero steady-state error, we again require
the error signal e(t) to be positive for all time t ≥ 0, while
experiencing a sign change in the plant input û(t). More
specifically, since P (s) = 1/(s − p) we have that û(t) =
ẏ(t) − py(t) and we want to achieve that for t → ∞, we
get y(t) → 1 with ẏ(t) → 0. This implies that û(t) → −1.
Due to linearity, any LTI controller cannot achieve a negative
control output if the error signal is required to be positive
for all t ≥ 0, which implies overshoot. Furthermore, for the
exact same reasons as those in Section IV-B, this cannot
be achieved if the HIGS-element is the first element in the
interconnection (with input e(t)). We refer the reader to [21]
for a more extensive analysis of overcoming this specific
limitation with HIGS, for a higher-order interconnection of
plant and controller.



(a) HIGS input z(t) versus HIGS output u(t)

(b) Error e(t) versus its derivative ė(t)

Fig. 7: Trajectories of the HIGS-controlled system with two
open-loop integrators.

Similar to Section IV-B, we achieve a change in sign of the
control output û(t), while e(t) ≥ 0 for all t ≥ 0, through an
application C1(s) as in (21). Moreover, we let C2(s) = 1/s
in order to achieve linear integrator characteristics within
the controller combination C1(s) → H (·) → C2(s), as the
HIGS by itself cannot reach zero steady-state error for a
step-input, if no linear integrator is present in the open loop.

Let kp = 10, kh = 1, and ωh = 1/4. A numerical
simulation shows that the closed-loop interconnection tracks
the reference step without overshoot, as depicted in Fig. 8.
Note that the control output û indeed converges to -1 and
achieves a zero-crossing without inducing overshoot in the
step-response y(t).

In Fig. 9, trajectories are shown that provide more insight
into the switching behaviour of the HIGS. Note the zero-
crossing in the HIGS-input z(t), accompanied by error-
dynamics converging towards the origin without a change of
sign. The rationale for the sign-change of z(t) is analogous
to the the one provided for Fig. 7 in Section IV-B.

Fig. 8: Step response y(t) and control output û(t) for the
closed-loop system configuration with HIGS-based control
and an ORHP open-loop pole.

(a) HIGS input z(t) versus HIGS output u(t)

(b) Error e(t) versus its derivative ė(t)

Fig. 9: Trajectories of the HIGS-controlled system with an
ORHP open-loop pole.



D. Stability of the closed loop

Each of the three LTI performance limitations considered
so far, assume input-to-state stability (ISS) of the closed-
loop system (16), as defined in Definition 2. So far, stability
has been implicitly assumed through simulations, specifically
only for a unit-step input. In this section sufficient conditions
for ISS are provided. In particular, ISS is established for each
interconnection by solving linear matrix inequalities (LMIs),
of which the feasibility implies the existence of a piecewise
quadratic (PWQ) Lyapunov function.

Recall the piecewise linear representation of a general
HIGS-controlled system in (16) with state vector x(t) =
[xp(t)

>, û(t), u(t), z(t)]> ∈ Rn. The matrices Ai, Bi, i ∈
{1, 2} are given in (23), (24), where (Aq, Bq, Cq, Dq), q ∈
{P,C1, C2}, denotes the state-space realization of each of
the linear subsystems of the interconnection in Fig. 3. The
third row of A2, B2 is found through differentiating the
algebraic constraint u = khz in integrator-mode. Moreover,
the performance output y(t), which is the output of the plant,
is obtained with C =

[
CP 0 0 0

]
. Note that for each

system in Section IV, there exists no feedthrough from the
plant input to its output, i.e., DP = 0.

In order to verify ISS of the closed-loop system (16), we
employ an analogous method as in [26]. It is also good to
note that in [15], HIGS-controlled systems (with a single
HIGS-element) are shown to be well-posed for reference
and disturbance signals r(t) and d(t) that belong to the
class of piecewise Bohl functions, see [15, Def. 2.1 & 2.2],
which includes a step input. Therefore, the following stability
results establish ISS and not pre-ISS as defined in [16,
Def. 4].

The method for establishing ISS in [26] relies on an
appropriate partitioning of the three-dimensional space F ,
in which HIGS operates, followed by imposing conditions
in the form of LMIs per partition, the feasibility of which
implies ISS. We will not repeat the full derivation from [26]
and only highlight some essential details. First, the chosen
partitioning is a simplicial partitioning, which constructs sim-
plicial cones with negative counterparts, with the objective
to construct PWQ Lyapunov functions, of the form

Vi(x) = x>Pix = x>F>i ΦFix, i ∈ N := {1, . . . , N},
where Fi ∈ Rr×n is the so-called continuity matrix sat-
isfying Fix = Fjx for all x on a boundary shared by
two polyhedral regions, and Φ ∈ Sr×r is a symmetric
matrix that contains the decision variables. Each function
Vi is active within a certain simplicial cones, denoted by
Si. An advantage of the chosen partitioning in [26] is that
an additional continuity condition, often imposed by means
of an equality constraint over the boundaries of each of the
PWQ functions, see e.g. [27], is unnecessary, as continuity on
the edges follows naturally by design. The following (rough)
description of three types of linear matrix inequalities (LMIs)
establishes ISS of the closed-loop system (16), if these LMIs
are feasible.

1) Pi � 0 for all x in the cone Si for all i ∈ N ;

2) A>1 Pi+PiA1 ≺ 0 for all x in the cone Si for all i ∈ N ;
3) A>2 Pi + PiA2 ≺ 0 for all x in the intersection of the

cone Si with ker Π for all i ∈ M ⊂ N , where Π =[
0 0 0 −kh

]
, such that Πx = u− khz;

For all three of the LMI types, described above, the
S-procedure is applied to ensure positive- or negative-
definiteness within a certain region. Moreover, for the third
LMI type in the list, Finsler’s lemma is applied to ensure that
its feasibility is only required on the sector line u = khz in
gain-mode, as described in [26, Section IV.C].

As proven in [26], the feasibility of the above LMIs
ensures that the combination of all Vi classifies as a non-
smooth ISS-Lyapunov function for the closed-loop system
(16), as defined in [28, Definition 3.2]. By virtue of [28,
Theorem 3.5], the existence of such an ISS-Lyapunov func-
tion for the PWL system (16), establishes that this system
is ISS. Observe that the above set of LMIs is a simplified
version of the set used in [26, Theorem 1]. The above set
of LMIs is exclusively applied to establish ISS of the closed
loop, whereas the set of LMIs in that study guarantees ISS of
the closed loop and additionally determines an upper-bound
on its L2-gain.

The above procedure has been applied to the three system
configurations in Section IV, for which the LMIs are indeed
feasible when applied to a partitioning of six simplicial cones
Si. Hence, ISS of the closed-loop system (16) is guaranteed
for each of the three configurations.

As such, for each of the configurations, we have deter-
mined (a) ISS of the closed-loop system (16), (b) no over-
shoot in the step-response, (c) zero steady-state error, and (d)
have determined that the configuration satisfies conditions,
which lead to overshoot for any LTI controller. Moreover, the
state-vector for each system, as determined by the matrices
Ai, Bi, i ∈ {1, 2}, as in (23) and (24), satisfies Assumption
1 with initial state of the plant xp(0) = 0. Therefore,
we can now conclude that the three proposed HIGS-based
control strategies have overcome the three fundamental LTI
performance limitations.

To conclude this part, we have shown that HIGS-based
control can overcome all fundamental LTI performance lim-
itations, that have likewise been overcome by any other type
of nonlinear element, specifically, by reset control elements
and variable gain control (VGC). Up until this point, we
have focussed on the time-domain performance of HIGS-
based control, specifically centred around overcoming the
three fundamental LTI performance limitations.

In the next section, the second part of this paper
commences, where we investigate the performance of an
industry-standard system with a specific application of
HIGS-based control.

Remark 4: Similar sufficient conditions exist for analyz-
ing performance in terms of energy of the closed-loop
system, characterized by the H2-norm and L2-gain. This
is achieved by solving LMIs that employ partitioning of
the HIGS’ sector in order to provide the least conservative
bounds on the performance criteria, inspired by [10], [26].
However, the systems considered in this part of the paper
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are not designed for optimal performance in terms of fast
response or optimal H2-norm and L2-gain, but rather with
the focus on simplicity in overcoming the fundamental LTI
performance limitations, as discussed in Section II, through
HIGS-based control. Moreover, a stable linear equivalent
of the HIGS-based controller in Fig. 3 does not exist for
the three systems in consideration, as replacing the HIGS-
element in the closed-loop interconnection, by either a simple
integrator, ωh/s, or the linear (magnitude-)equivalent of
HIGS’ describing function, khωc/(s+ωc), does not lead to a
stable system. This also further indicates additional stability
advantages of HIGS-based control, due to its quasi-linear
phase advantage over LTI alternatives. Clearly, other stabi-
lizing linear controllers exist for the three different plants,
but these do not compare well to the HIGS-based controller.
As consequence of a lacking linear equivalent and a HIGS-
based controller that is not optimized for these performance
measures, a true performance analysis based on the H2-norm
and L2-gain is not carried out. Nevertheless, in Appendix D
a note on the H2-norm of the system is provided, without
explicitly comparing this measure to another setting.

V. CASE STUDY INTO A FLOATING MIRROR SYSTEM

So far, we have discussed some fundamental (time-
domain) limitations of LTI control and the possibility of
HIGS-based controllers overcoming these performance lim-
itations. While the results in the previous section are of
academic value, in this section we additionally showcase the
usefulness of HIGS in industry-standard problems, by con-
sidering an example inspired by a real-life control problem.

In particular, we consider a case study of a high-precision
motion control system with HIGS-based control, for which
we will provide an extensive analysis into its quasi-linear
frequency-domain behaviour and a frequency- and time-
domain performance analysis. We treat a simple floating
mass plant, with transfer function P (s) = 1/(ms2) and
mass m ∈ R>0, by applying a HIGS-based PI3D controller
in interconnection with a HIGS-based second-order lowpass
filter, where the PI3D controller includes three integrators.
The motivation of such a control configuration can be found
in high-precision mechatronics, specifically, the control of
mirrors in lithography machines, where such a mirror can be
approximated by a floating mass within the machine. Note
that only feedback control is considered here, while feed-

forward control would additionally be required to achieve
optimal performance.

In linear control, adding integrators to the controller is
a well-known tool to improve low-frequency disturbance
rejection properties. However, adding linear integrators nec-
essarily adds phase lag, which compromises time-domain
performance, such as an undesired increase in overshoot. By
using nonlinear integrators, you typically likewise add phase
lag, but with a possible phase advantage when compared
to the linear case. Dealing with this trade-off has been the
focus of numerous studies into nonlinear integrators, such
as a PI2D controller with reset-integrators [29]. Despite the
advantages of reset control, an inherent disadvantage is the
discontinuity in its control signal. HIGS might serve as a
potential remedy, as its output signal is continuous, albeit
non-smooth, thereby inducing a more gentle control signal
which, potentially, does not spike a system’s higher-order
dynamics as much.

HIGS was first introduced in [12], where it was used
alongside a PID-controller (essentially resulting in a PI2D-
controller) to illustrate stronger low-frequency disturbance
attenuation, without amplification in the higher-frequency
range. Such amplification is typically associated with adding
linear integrators as a result of the waterbed effect underlying
Bode’s Sensitivity Integral. Following this research were
multiple extensions into HIGS’ properties and performance.
For example, in [13] the lowpass characteristics of the HIGS’
describing functions were exploited to create a HIGS-based
lowpass filter. Both studies discuss control configurations
with a single HIGS-element. The first use of multiple HIGS-
elements, of which the combination forms a bandpass filter,
is found in [22] and more recently in a PID+LP controller
configuration in [23]. In the latter two studies, an assumption
on the parameters of the systems is introduced, such that the
HIGS-based elements have negligible interference, thereby
allowing the closed-loop dynamics to be described by indi-
vidual describing functions of each of the HIGS-elements in
certain frequency ranges.

In this section, we will likewise deal with the trade-off
between low-frequency disturbance attenuation and time-
domain performance by showing advantages of using HIGS-
based integrators and a HIGS-based lowpass filter in a
PI3D+LP controller of a floating mass. The remainder of
this section is organized as follows, in Section V-A we in-



troduce the control structure by means of a linear PI3D+LP-
controller. Then, in Section V-B we introduce describing
functions, which are used to describe HIGS-equivalent filters
of the linear integrators and second-order lowpass filter.
This is followed by a discussion on the adequacy of using
element-wise describing functions to describe the full quasi-
linear frequency-domain characteristics of the HIGS-based
controller in Section V-C. To conclude the case study, a
time-domain performance analysis is performed in Section
V-D, in which one important topic is the predictability of
the describing function analysis of the preceding sections.

A. From linear controller design to HIGS-based control

The use of an integrator and lowpass filter are often key
to achieve proper low-frequency input disturbance attenu-
ation and output noise rejection, respectively, for optimal
performance of high-precision motion systems. Including
more integrators (in-series) into the control configuration,
will enhance low-frequency disturbance attenuation, which
by itself is favourable for the performance of motion systems.
However, due to induced phase lag of adding integrators,
high-frequency amplification is inevitable in the linear case,
which also negatively affects the closed-loop bandwidth and
transient response. We first consider the linear controller and
then strive to improve the performance of this controller
by replacing linear elements by their HIGS-equivalent. In
general, such an approach is not necessarily optimal for a
nonlinear control design. Nonetheless, our approach is the
(current) optimal choice in terms of (quasi-)linear analysis
and comparability.

Consider the closed-loop interconnection in Fig. 10 of the
PI3D+LP controller. In the linear case, we have Ci1 = Ci2 =
Ci3 = 1/s, such that the I3 part of the controller is an
interconnection of an integrator with an inverse second-order
high-pass filter as follows.

I3(s) =
ωi1
s

s2 + 2βiωi2s+ ω2
i2

s2
, (25)

where ωi1 is the integrator-gain of the first integrator, ωi2
is the cut-off frequency of the inverse high-pass filter, and
βi its dimensionless damping coefficient. The structure of
the I3-controller, as illustrated in Fig. 11, is motivated by
its low-frequency disturbance attenuation, having a slope of
-3 in its magnitude (60 dB/decade decay) for frequencies
below the high-pass cut-off frequency ω < ωi2, while acting
as a single integrator with 20 dB/decade decay at higher
frequencies ω > ωi2. Consequently, the induced phase lag
has an asymptote of −270◦ at ω < ωi2 and an asymptote of
−90◦ at ω > ωi2. The latter is a requirement for closed-loop
stability, which for a correct choice of parameters results
in positive gain and phase margin of the overall open-loop
transfer function. Moreover, the second-order lowpass filter
in the linear case is given by

Clp(s) =
ω2
lp

s2 + 2βlpωlps+ ω2
lp

, (26)

where ωlp and βlp are its cut-off frequency and dimensionless

damping coefficient, respectively. The full PI3D+LP control
structure, as represented in Fig. 10, can then be given by

C(s) = kp

(
1 + I3(s) +

s

ωd

)
Clp(s), (27)

where kp is the proportional gain and ωd is the differentiator
cut-off frequency.

In order to move from the linear controller in (27)
to a HIGS-equivalent controller which is denoted as
H {PI3D+LP}, we strive to derive similar magnitude charac-
teristics by replacing the three linear integrators Ci1, Ci2, Ci3
and the linear lowpass filter Clp with HIGS-equivalent alter-
natives. In order to talk about the frequency-domain char-
acteristics of the HIGS equivalent, we rely on a describing
function analysis as discussed in the next section.

B. Describing functions of HIGS-equivalent filters

When applying such linear reasoning, as in the previous
section, to motivate the control structure of nonlinear alter-
natives for integrators, such as HIGS or reset, performance
trade-offs are generally not completely avoidable. However,
using linear reasoning might still provide design insight for
the HIGS-based controller, which is the primary reason for
this design procedure.

Following, although being an approximation, (first-order)
describing function analysis can provide useful informa-
tion about the frequency-domain behaviour of the indi-
vidual HIGS-elements H as described by (11) in the
H {PI3D+LP}-controller. A first-order describing function
is the complex mapping from a sinusoidal input z, to its
first harmonic in the corresponding output u, denoted by
D(jω) ∈ C. Consider such a sinusoidal input signal

z(t) = ẑ sin(ωt), t ∈ R≥0,

with ω ≥ 0 its frequency in rad/s and ẑ ∈ R its amplitude.
The describing function is then given by

D(jω) =
a1 + b1j

ẑ
, (28)

where a1, b1 ∈ C are the first Fourier coefficients of the fun-
damental harmonic. For a HIGS-element H its describing
function from its input z to output u is analytically derived
(see also [22]) as

D(jω) =
ωh
jω

(
γ

π
+ j

e−2jγ − 1

2π
− 4j

e−jγ − 1

2π

)

+ kh

(
π − γ
π

+ j
e−2jγ − 1

2π

)
,

(29)

where γ = 2 arctan(khω/ωh) ∈ [0, π] is the mode-switching
time-instance. The describing function (29) demonstrates
magnitude characteristics similar to a first-order lowpass
filter, with a maximum phase advantage of 51.85◦ and
cross-over frequency ωc = |1 + 4j/π|ωh/kh. Moreover,
note that the describing function D(jω) is input-amplitude
independent. These properties have motivated the use of
HIGS in the design of additional filters, which posses similar
magnitude characteristics as key linear control elements, such
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Fig. 10: Closed-loop configuration of the linear and HIGS-equivalent PI3D+LP controller in interconnection with the plant
P (s) = 1/(ms2). The dashed red square contains the I3 part of the controller.

Fig. 11: Example Bode diagram of the considered I3-
controller structure of a simple integrator in interconnection
with an inverse high-pass filter.

as weak integrators, lead/lag filters, and lowpass filters, but
with improved phase behaviour (from a describing function
perspective) when compared to these linear filters. To this
end, we aim to improve the linear design by replacing
the linear integrators and lowpass filter by the HIGS-based
alternatives for the purpose of (a) improving on the linear
frequency- and time-domain performance and (b) good com-
parison with the linear equivalent.

As such, we consider a general control structure of an
augmented HIGS filter Hf , where f ∈ {i1, i2, i3, lp}
denotes the subscript of the specific augmented HIGS filter,
as depicted in Fig. 12 (see also [23]). In this context,
augmentation signifies the use of LTI in- and output filters
Vf (s) and Wf (s), used for shaping the describing function
of the augmented filter Hf .

Vf WfH (t,ωh)
z̃ z u ũ

Fig. 12: The HIGS augmented with linear filters Vf (s) and
Wf (s), used for shaping the describing function of the
interconnection.

Applying the linearity of the filters Vf (s) and Wf (s) in
combination with the HIGS describing function in (29), the
describing function of the augmented filter Hf reads

Df (jω) = Vf (jω)D(jω)Wf (jω). (30)

Constructing the HIGS-equivalent H {PI3D+LP}-controller
requires the construction of four HIGS-equivalent filters
that resemble the magnitude characteristics of the three
linear integrators Hi1,Hi2,Hi3 as well as the second-order
lowpass filter Hlp. For the HIGS-equivalent characterization,
we replace controllers Cf (s) in the interconnection of Fig.
10 by their HIGS-equivalent controllers Hf , with f ∈
{i1, i2, i3, lp}. Before moving on to how the in- and output
filters of the HIGS-equivalent integrators and lowpass filter
are constructed, we note the following, which illustrates the
redundancy of the gain-mode parameter kh in the presence
of a loop gain.

Remark 5: HIGS in its original form in (11) has two
parameters, the gain-mode parameter kh and the integrator
frequency ωh. However, in the presence of a simple loop gain
in interconnection with the HIGS-element, kh is redundant.
This can be seen directly from (11). Here, if we take a HIGS-
element in interconnection with a simple gain k∗ ∈ R>0

and let kh = 1 and ωh = ω∗h/k
∗, then the output of the

interconnection of the two is the same as a single HIGS-
element with kh = k∗ and ωh = ω∗h. This illustrates that we
can set kh = 1 (or essentially to any other positive scalar)
for all HIGS-elements and tune only its integrator frequency
ωh, as well as tuning the simple loop gain k∗. Hence, this
practically simplifies quasi-linear loopshaping by fixing the
gain-mode parameter kh.

As a result of Remark 5, due to the presence of a loop-
gain for each of the HIGS-elements in the interconnection
as in Fig. 10, we set kh = 1 for every HIGS-element from
this point onward, thereby removing kh in the equations to
follow. Hence, the corresponding linear in- and output filters
for the HIGS-equivalent integrators are chosen such that

Vf (s)Wf (s) =

(
1 +

s

ωcf

)
1

s
, f ∈ {i1, i2, i3}, (31)

where ωcf = |1 + 4j/π|ωhf
coincides with the cross-over

frequency of (29) with ωh = ωhf
. Similarly, for the HIGS-



equivalent second-order lowpass filter, we require

Vlp(s)Wlp(s) =

(
1 +

s

ωclp

)
ω2
lp

s2 + 2βlpωlps+ ω2
lp

, (32)

where ωclp = |1 + 4j/π|ωhlp
coincides with the cross-over

frequency of (29) with ωh = ωhlp
. The PD-like term in

(31) and (32) is understood to compensate for the low-pass
magnitude characteristics of the HIGS’ describing function
D(jω), see e.g. [13], such that (30) has similar magnitude
characteristics as a linear integrator or lowpass filter, respec-
tively. The induced phase lead of the multiplication of the
PD-term and D(jω) attributes to the overall decreased phase
lag of (30).

The corresponding frequency-domain characterization of
such a HIGS-equivalent integrator and lowpass filter is shown
in Fig. 13 (in black), with the linear equivalent filters (in
grey). The phase advantage of both HIGS-equivalent filters
is clearly visible.
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Fig. 2: Describing function of (a) a linear integrator Ci(jω) and
HIGS-equivalent integrator Di(jω) (left), and (b) a linear low-pass
filter Clp(jω) and HIGS-equivalent low-pass filter Dlp(jω) (right).

Remark 1. From a time-domain perspective, the order of the
filters in Fig. 1, and consequently the particular choice for
Vf (s) and Wf (s), is important for system performance. The
order directly affects how the higher harmonics generated
by the HIGS are propagated through the controller. An
appropriate choice typically depends on the particular use
of the filters within the controller structure, the disturbances
acting on the closed-loop system, and the specific plant
characteristics.

A. HIGS-Equivalent PID Controller

Before presenting the HIGS-based control design, consider
the following linear PID-type feedback control structure as
is commonly used in many (industrial) applications:

C(s) = kp

(
1 +

ωi
s

+
s

ωd

)

︸ ︷︷ ︸
PID

ω2
lp

s2 + 2βωlp + ω2
lp︸ ︷︷ ︸

low-pass

, (8)

where kp is the proportional gain, ωi, and ωd are the integra-
tor and differentiator cut-off frequencies, respectively, ωlp is
the low-pass cut-off frequency, and β is the dimensionless
damping coefficient. While the integrator and low-pass filter
are key for attaining sufficient (input) disturbance and noise
rejection, at the same time the induced phase lag may have
a detrimental effect on time-domain performance of the
closed-loop system. In this regard, the (frequency-domain)
properties associated with the previously discussed HIGS-
equivalent filters (see Fig. 2) make their use in (8) appealing.
Adopting the linear control configuration in (8), the nonlinear
configuration depicted in Fig. 3 is proposed.

On the basis of this configuration, the following specific
choice for the in- and output filters Vi(s),Wi(s) is made:

Vi(s) = 1 and Wi(s) =

(
1 +

s

ωci

)
ωi
s
, (9)

which satisfies (6), whereas Vlp(s),Wlp(s) are chosen as

Vlp(s) =

(
1 +

s

ωclp

)
ω2
lp

s2 + 2βωlps+ ω2
lp

, (10)

and Wlp(s) = 1, which satisfy (7). Note that other choices
are possible. However, as the switching behaviour of the
HIGS in (1) depends on the time-derivative of the input
signal, the choices (9) and (10) assure the signals to be
C1-differentiable upon entering the second HIGS, i.e., the
nonlinear element associated with the low-pass filter.

kpHi Σ

kp

(
1 + s

ωd

)

Hlpe v w

CHIGS

Fig. 3: HIGS-based controller CHIGS, in which the HIGS-based
integrator Hi and HIGS-based second-order low-pass filter Hlp are
constructed as in Fig. 1.

One must realize that the main philosophy behind the
structure in Fig. 3 stems from the frequency-domain inter-
pretation associated with (8). That is, the predictive value
of a linear frequency-domain control design toward time-
domain performance expressed by disturbance rejection and
noise sensitivity properties. For the HIGS-based design in
Fig. 3 such predictive value is generally lost. Especially,
when interference of the two nonlinearities results in even
more deviation from the anticipated behaviour. In this regard,
it seems reasonable to specify a design guideline that limits
the possibility for interference beforehand, such that a (first-
order) describing function analysis may still yield a mean-
ingful frequency-domain result. Such a particular guideline
is provided in the next section.

III. FREQUENCY-DOMAIN SEPARATION

Based on the preceding discussion, consider the following
sufficient condition for avoiding interference of the two
nonlinearities within the control design such as proposed in
Fig. 3.

Proposition 1 (Frequency-domain separation condition).
Consider the HIGS-based controller as depicted in Fig. 3.
If the integrator frequency of the HIGS associated with the
HIGS-equivalent integrator filter, Hi, is chosen as ωhi

<
ρ
√
ωiωd, where ρ =

√
2/(khi |1 + 4j/π|), then choosing the

integrator frequency of Hlp as

ωhlp
> c2ρ

√
ωiωd (11)

with c2 > 1 sufficiently large, results in the nonlinear effects
induced by Hi and Hlp due to a harmonic input signal,
to be sufficiently contained as to admit a frequency-domain
characterization given by

Dc(jω) = kp

(
1 +Di(jω) +

jω

ωd

)
Dlp(jω), (12)

where Di(jω) and Dlp(jω) are the describing functions of
the individual filters, given in (5).

Fig. 13: Describing function of a linear integrator Ci(jω) and
HIGS-equivalent integrator Di(jω) (left, and a linear lowpass
filter Clp(jω) and HIGS-equivalent lowpass filter Dlp(jω)
(right) [23].

Note that the main philosophy of using HIGS-based filters
based on describing functions, as in this section, stems from
the frequency-domain interpretation associated with the lin-
ear equivalent in (27). Notably, the frequency characteristics
provide a predictive value for time-domain performance in
terms of, e.g., disturbance rejection and noise sensitivity
properties. For the describing function based analysis of the
HIGS-equivalent, such predictive value is generally lost, par-
tially caused by the lack of superposition principle. However,
for the describing function to still provide some meaningful
value and design insight, we will provide guidelines on how
these individual augmented filters Hf as described by (30)
can be used to describe the dynamics of the entire HIGS-
based PI3D+LP controller and relevant closed-loop transfer
functions in an appropriate way, in the following section.

Remark 6: Due to linearity, as long as the constraints
(31) and (32) are satisfied the order of multiplication of
(30) is irrelevant to the frequency-domain characteristics.
As such, the choice of Vf (s) and Wf (s) is somewhat free.
However, the choice for the input filter Vf (s) affects the
switching instance of the HIGS-element, therefore affecting
the time-domain performance of the system. This effect is
not captured in the describing function analysis, which illus-
trates the discrepancies of the describing function method in
optimizing time-domain performance. This exact effect has
already been illustrated in Section IV-B and IV-C, where a
PD-like input filter C1(s) is required to obtain no overshoot
in the step-response, while this cannot be achieved without
an input filter in front of the HIGS-element.

C. Towards closed-loop frequency-domain characterization

In this section, we aim to apply the describing functions of
each augmented filter, as in (30), to describe the dynamics
of the full H {PI3D+LP} controller. First of all, it should
be noted that using the describing function of individual
nonlinear filters to obtain the describing function of the
overall filter (containing multiple nonlinearities) cannot gen-
erally be justified. In such an overall describing function
analysis, the input to nonlinear elements following the first
one is generally not purely sinusoidal. Hence, the second
and following nonlinear elements have inputs that contain
other frequency components compared to the frequency of
the initial input sinusoid, i.e., the mapping from the purely
sinusoidal input of the overall controller to the first harmonic
in its output can become inaccurate. Taking a HIGS-element
as an example, its output (especially for input frequencies
around its cross-over frequency ωc) is non-sinusoidal except
for the asymptotes ω → {0,∞}.

In [23] a HIGS-based PID+LP controller is derived and
tested on a motor-load motion system, where a single HIGS-
based integrator is in interconnection with a HIGS-equivalent
second-order lowpass filter. Here, the use of multiple de-
scribing functions to describe the full controller (frequency-
domain) dynamics is deemed possible by placing a design
condition (see [23, Prop. 1]) on both of the HIGS’ integrator
frequencies, ωhi

and ωhlp
. In particular, by assuming that

the lowpass gain ωhlp
> αωhi for some sufficiently large

α > 1, it is shown that interference of the nonlinearities is
negligible. Part of the reasoning is that the point at which
the HIGS-equivalent lowpass filter’s nonlinear behaviour
starts to appear (i.e., mode switches), the PD-action of the
PID controller dominates the HIGS-equivalent integrator.
Therefore, the input to the lowpass filter is nearly sinusoidal
and consequently only Dlp(jω) plays a role in the full
controller’s describing function. While this part of the design
condition likely translates to the PI3D+LP controller in con-
sideration in this paper, the interference of the nonlinearities
between the three integrators is inevitable. Notably, it is not
possible to find a (reasonable) design condition for which the
nonlinearities (mode-switches) of the three HIGS-integrators
do not interfere, as all three are supposed to operate similarly
in the low-frequency range with the goal of improved low-



frequency disturbance attenuation. Moreover, by applying
a quasi-linear reasoning, the inverse high-pass filter in the
I3-controller requires a cut-off frequency sufficiently lower
than the open-loop gain cross-over frequency (first 0 dB
crossing of the open-loop interconnection) in order to achieve
sufficient phase margin for stability purposes. One non-
reasonable, yet feasible condition would be to pick the
integrator gains ωhi1 , ωhi1 of the second and third HIGS-
equivalent integrator Hi2,Hi3 sufficiently high, such that
it can be argued that the HIGS-elements practically only
operate in gain-mode. However, in the same fashion this
would eliminate all performance advantages of using a
second and third HIGS-element in the first place.

Consequently, interference of the nonlinearities between
the three integrators is indeed inevitable and a describing
function representation is debatable, if it is constructed
from the three describing functions of the individual HIGS-
elements. Nonetheless, we introduce the following describing
function representation of the HIGS-equivalent triple integra-
tor of the linear filter I3(s) in (25).

DI3(jω) = ωi1Di1(jω)
[
1 + 2βiωi2Di2(jω)

+ ω2
i2Di2(jω)Di3(jω)

]
,

(33)

with all in- and output filters of the three describing functions
Di1(jω), Di2(jω), and Di3(jω) satisfying (31). Similarly,
we introduce the following frequency-domain characteriza-
tion of the full HIGS-equivalent controller H {PI3D+LP} of
the linear PI3D+LP controller in (27).

DC(jω) = kp

(
1 +DI3(jω) +

jω

ωd

)
Dlp(jω), (34)

where Dlp(jω) is the describing function of the HIGS-
equivalent lowpass filter with in- and output filter satisfying
(32). Note that even though the frequency-domain represen-
tation of the triple integrator in (33) is not entirely justified,
it is still dominated by the PD-part of the controller in (34)
for high frequencies. Furthermore, if it is assumed that

lim
ω→∞

DI3(jω) = ωi1Di1(jω), (35)

then this assumption would signify that (33) is a good
frequency-domain approximation of the triple integrator for
high frequencies, where the HIGS-equivalent triple integrator
acts as the single HIGS-equivalent integrator Hi1 with gain
ωi1. Therefore, under the assumption in (35), the inverse
high-pass filter in the HIGS-based I3-controller acts as a
static gain at high frequencies. This assumption has been
verified through (closed-loop) simulation, as depicted in
Fig. 14. As observed in Fig. 14, for a sinusoidal input
with frequency 1000 Hz the contribution of the second
HIGS-equivalent integrator Hi2 is approximately a factor
104 smaller than the first HIGS-equivalent integrator Hi1,
whereas the relative contribution of Hi3 is even smaller.

As such, the full controller acts like a PID+LP controller at
high frequencies. Consequently, the same frequency-domain
separation condition as in [23, Prop. 1] can be used to
motivate the correctness of (34) for sinusoidal reference r

Fig. 14: Simulation results which depict the relative con-
tributions of the HIGS-equivalent integrators Hf , f ∈
{i1, i2, i3}, in the full HIGS-based I3-controller, to a ref-
erence r(t) = sin(2π · 1000t).

at high frequencies.
Proposition 2: Consider the HIGS-based controller as de-

picted in Fig. 10 (replacing linear controllers Cf by their
HIGS-equivalent Hf , f ∈ {i1, i2, i3, lp} under the as-
sumption that the inverse high-pass filter’s contribution is
negligent at ω > c2ρ

√
ωi1ωd. If the integrator frequency

of the HIGS-equivalent integrator filter Hi1 is chosen as
ωhi1

< ρ
√
ωi1ωd with ρ =

√
2/|1 + 4j/π|, then choosing

the integrator frequency of Hlp as

ωhlp
> c2ρ

√
ωi1ωd, (36)

with c2 > 1 sufficiently large, results in the nonlinear effects
induced by Hi1 and Hlp due to a harmonic input signal to
be sufficiently contained as to admit the characterization in
(34) at frequencies ω > c2ρ

√
ωi1ωd.

The reasoning which affirms Proposition 2 is the same as
in [23], under the assumption in (35), i.e., the PD-part of the
controller dominates the I3-part such that the only notable
nonlinear contribution in (34) is described by Dlp(jω), at
frequencies ω > c2ρ

√
ωi1ωd.

So far in this section, the accuracy of the describing
function method for approximating the frequency-domain
behaviour of H {PI3D+LP} is discussed. However, using
multiple HIGS-elements in an interconnection likewise intro-
duces a different requirement for existence of solutions. The
switching behaviour between a HIGS’ integrator- and gain-
mode is partially dependent on the time-derivative of its input
signal, which means that the input of a HIGS-element should
be of class C1 (continuously differentiable) for solutions to
exist. In order to assure C1-differentiability of the input to
the second element, a strictly proper linear filter is required
in between the output of the first HIGS and the input to
the second, because the output of a HIGS-element is non-
smooth continuous, i.e., class C0. Hence, the filters Vf and
Wf should be chosen appropriately, such that the closed-loop



interconnection, as depicted in Fig. 10, fits this condition.
Choosing the filters differently, might still yield results for
a numerical simulation due to numerical estimation of the
(in theory not existing) time-derivative of the second HIGS’
input at the switching instances, but the validity of these
results is then highly questionable.

Therefore in the design of the filters, it should be con-
sidered that (a) the input to the HIGS-elements is (at least)
C1-differentiable, (b) that the frequency of the HIGS-based
triple integrator and lowpass is separated in accordance to
Proposition 2, and (c) that the choice of in- and output filters
affects time-domain performance as discussed in Remark 6.
Accordingly, we design two different sets of HIGS-based
filters. The first set, denoted by ‘HIGS I’ in what follows, is
aimed to reduce overshoot in the step-response and the other,
denoted by ‘HIGS II’, with the intention of minimizing the
settling time of the step-response, which are both further
investigated in the next section. For system HIGS I, we
apply the following in- and output filters for the HIGS-based
integrators to satisfy the differentiability condition as well as
the requirement (31).

Vi1(s) = 1 +
s

ωci1
, Wi1(s) =

1

s
,

Vi2(s) = F (s)

(
1 +

s

ωci2

)
, Wi2(s) =

1

s
F−1(s),

Vi3(s) = F (s), Wi3(s) =

(
1 +

s

ωci2

)
1

s
F−1(s)

(37)

and ωhi2
= ωhi3

such that Di2 and Di3 are equivalent,
whereas the stable filter F (s) := (τs+1)−1 with sufficiently
small τ < 1 ensures C1-differentiability of the input to
the second and third HIGS-based integrators, Hi2 and Hi3.
Moreover, the in- and output filter for the HIGS-based
lowpass of system HIGS I are chosen as

Vlp(s) =
ω2
lp

s2 + 2βlpωlps+ ω2
lp

, Wlp(s) = 1 +
s

ωclp
, (38)

which satisfy (32).

For system HIGS II, we similarly apply the following
in- and output filters for the HIGS-based integrators and
lowpass.

Vi1(s) = 1, Wi1(s) =

(
1 +

s

ωci1

)
1

s
,

Vi2(s) = F (s), Wi2(s) =

(
1 +

s

ωci2

)
1

s
F−1(s),

Vi3(s) = F 2(s), Wi3(s) =

(
1 +

s

ωci2

)
1

s
(F−1(s))2,

(39)

Vlp(s) = F (s)
ω2
lp

s2 + 2βlpωlps+ ω2
lp

,

Wlp(s) =

(
1 +

s

ωclp

)
F−1(s).

(40)

In what follows, we use the system parameters provided in
Table I, which are obtained using rules of thumb and quasi-

linear loop-shaping. Here, the integrator-frequency ωhlp
of

the HIGS-equivalent lowpass satisfies the separation condi-
tion (36).

TABLE I: Mirror mass m and controller parameters for the
linear and HIGS-equivalent PI3D+LP controllers, obtained
from rules of thumb and quasi-linear loop-shaping.

Linear HIGS I HIGS II
m 70 70 70 kg
kp 3.10 · 107 3.10 · 107 3.10 · 107 N
ωi1 21.05 · 2π 21.05 · 2π 21.05 · 2π rad/s
ωi2 5.71 · 2π 5.71 · 2π 5.71 · 2π rad/s
βi 0.3 0.3 0.3 -
ωd 52.63 · 2π 52.63 · 2π 52.63 · 2π rad/s
ωlp 1000 · 2π 1000 · 2π 1000 · 2π rad/s
βlp 0.7 0.7 0.7 -
ωhi1

- 2ωi1 ωi1/5 rad/s
ωhi2

- ωi2/2 ωi2/2 rad/s
ωhlp

- ωlp/2 ωlp/2 rad/s

In order to further check correctness of the describing
function of the HIGS-based PI3D+LP controller DC(jω)
and the choice for in- and output filters, we will investigate
the closed-loop sensitivity transfer function S(jω) = (1 +
P (jω)DC(jω))−1 in comparison to its linear counterpart
Sl(jω) = (1 + P (jω)C(jω))−1 and the sensitivity function
S̄(jω) = (1 +P (jω)D̄C(jω))−1 (based on the true describ-
ing function D̄C(jω)) from a sinusoidal reference signal r(t)
to the error signal e(t). The latter is computed by calculating
the first Fourier coefficients a1, b1 ∈ C of the error signal,
through a time-series simulation of the closed-loop system to
a sinusoidal reference signal r(t) = sin(ωt), t ∈ R≥0, with
amplitude 1, for a range of frequencies ω ∈ 2π · [100, 104]
rad/s. Then, if e(t) is assumed to be periodic with period
T = 2π/ω seconds, the first Fourier coefficients can be
calculated through (see e.g. [30])

a1 =
ω

απ

∫ t0+α2π/ω

t0

e(t) cos (ωt) dt,

b1 =
ω

απ

∫ t0+α2π/ω

t0

e(t) sin (ωt) dt,

(41)

where t0 ∈ R>0 is a time-shift used to shift the calculation to
the point where the system behaves with a (periodic) steady-
state response. α ∈ Z≥1 is an integer factor that is introduced
to average out numerical errors inherent to the simulation, by
integrating over α periods as opposed to the standard single
period. Note that for any analytical signal e(t) with period
T , this factor α is redundant and can be left out.

Note that periodicity of the error signal is not guaranteed
for nonlinear control and requires a proof. However, such
a proof is far from trivial for a system with four HIGS-
elements, as in this case study. Hence, we assume that
periodicity of the error-signal is guaranteed for HIGS I & II,
for a sufficiently high sampling frequency of fs ≥ 106 Hz
(in a discrete-time simulation environment), with the same
period as the input. We provide argumentation to support this



claim based on simulation results, in Appendix E. Note that
fs ≥ 106 Hz is significantly higher than typical sampling
rates used in industry. Therefore, for setpoints that induce
very fast switching of the HIGS (e.g., a high-frequency sinu-
soid), output periodicity might not be practically achievable.

With the above in mind, the frequency-domain characteris-
tics of the linear and HIGS-based controllers and sensitivity
function is depicted in Fig. 15, which includes the describing
function of both HIGS I and HIGS II. Here, the true de-
scribing function of the H {PI3D+LP} controller, D̄C(jω),
is calculated using the parameters in Table I, a sample rate
of fs = 106 Hz, and t0 = 0.1 s to better approximate the
steady-state response. The time-series simulation is ran in
a discrete-time environment, which induces a phase delay.
To compensate for this phase delay, the obtained describing
function is multiplied by ejω/fs in order to obtain D̄C(jω).
Note that the computed true describing function D̄C(jω)
of HIGS I & II follows its corresponding element-wise
describing function DC(jω) closely for most frequencies,
but with a slight disparity for lower frequencies, as seen
in Fig. 15a. For system HIGS II, D̄C(jω) shows a more
significant difference (when compared to DC(jω)) than for
system HIGS I, as well as slightly worse low-frequency
disturbance attenuation. The latter can be understood as a
result of a relatively low integrator frequency ωhi1 = ωi1/5
in the first HIGS-equivalent integrator of HIGS II, such that
the integrator-mode term in its describing function becomes
relatively less prevalent when compared to the gain-mode
term, see (29). HIGS II does show a phase advantage for
frequencies around 10 Hz, compared to HIGS I and the linear
controller.

These differences further illustrate that an element-wise
describing function cannot trivially be used to fully describe
the HIGS-based triple integrator frequency dynamics, as in
(33), because the three HIGS-equivalent integrators operate
in the same low frequency range. However, the contribution
of the inverse high-pass filter in the triple integrator DI3(jω)
is negligible around the bandwidth, see the assumption
in (35). Hence, the nonlinear effects of the HIGS-based
controller around the bandwidth are mainly originating from
the first HIGS-equivalent integrator Hi1 and the HIGS-
equivalent lowpass filter Hlp, with negligible contributions
of the HIGS-equivalent inverse high-pass filter, constructed
from Hi2 and Hi3. Therefore, the design does provide a
somewhat useful guideline in terms of estimating closed-loop
bandwidth.

Moreover, the describing functions indicate a phase ad-
vantage, inherent of using HIGS-based filters, around the
low- and high-frequency range of the controller. Likewise,
the sensitivity function, as depicted in Fig. 15b, indicates
the superior characteristics of DC(jω) and D̄C(jω), where
it is observed that the sensitivity crosses the 0 dB mark at a
higher frequency, indicating an increased bandwidth, while
admitting similar low-frequency disturbance attenuation and
a lower peaking amplitude.

So far in this section, we have discussed the relevance
and performance predictability of using a describing function

(a) PI3D+LP controller.

(b) Sensitivity.

Fig. 15: Frequency-domain characteristics of (a) the full con-
troller and (b) the sensitivity for the linear controller (red),
the HIGS-based describing function controller of HIGS I
(black) and HIGS II (blue), and the computed true describing
function of HIGS I (circled black) and HIGS II (circled blue).

analysis to describe the H {PI3D+LP} controller in compar-
ison to its linear counterpart. In the next section, we will
investigate how the frequency-domain characteristics from
the describing function predict time-domain performance of
the HIGS-equivalent system, by studying the response to a
step-input and a third-order setpoint with (input-)disturbance.
Importantly, we will show that both HIGS-equivalent systems
outperform the linear counterpart.

Remark 7: The controller describing functions DC(jω)
and D̄C(jω) and corresponding sensitivity functions, as
depicted in Fig. 15, change both in magnitude and phase
characteristics for a different choice of HIGS-integrator
frequencies ωhi1

, ωhi2
, ωhlp

, especially for values differing
largely from their respective linear gains ωi1, ωi2, ωlp, i.e.,
for ωhf

= βωf , f ∈ {i1, i2, lp} with the factor β ∈ R>0

either large or small. Moreover, for large (β � 1) or small



(β → 0) respective differences, the low-frequency distur-
bance attenuation or noise suppression properties deteriorate
(which also negatively affect closed-loop bandwidth) and the
disparity between DC(jω) and D̄C(jω) becomes more ap-
parent, which indicates that DC(jω) is only a relatively good
estimate of the true describing function for β close to one.
This is also highlighted in Fig. 15, where it was observed that
HIGS II has a more significant disparity between DC(jω)
and D̄C(jω) than HIGS I, partially attributed to the fact that
ωhi1

= ωi1/5 for HIGS II, in other words, small β. This
demonstrates that in a controller design with multiple HIGS-
elements (when a model of the plant dynamics is available),
the computation of a true describing function through closed-
loop time-series simulation is recommended, in order to (a)
compare to the element-wise describing function and (b)
have a better approximation of the frequency-domain char-
acteristics for quasi-linear loop-shaping purposes. Moreover,
very large or small values for β are generally undesirable
in any HIGS-based design, as this would cause the HIGS-
element(s) to operate nearly exclusively in either gain- or a
weak integrator-mode, respectively.

Remark 8: We do not provide some characterization of
stability for the HIGS-controlled systems, as this is beyond
the scope of this work. Instead, we only implicitly assumed
its stability through convergence to a steady-state in the
simulations, as well as the stability of the quasi-linear
frequency characteristics, described by DC(jω). Therefore,
proving stability of this system could be a part of future
research.

D. Time-domain performance analysis

Consider the two separate closed-loop interconnections
of the linear PI3D+LP controller and its HIGS-equivalent
with the floating mass plant, with transfer function P (s) =
1/(70s2), as depicted in Fig. 10. For the HIGS-based
controllers HIGS I & II, all linear filters are replaced by
their respective HIGS-equivalent integrators and (second-
order) lowpass filter. Recall that the configuration HIGS I is
designed to optimize for overshoot in the step-response, and
the configuration HIGS II is designed to optimize the settling
time of the step-response. The controllers are designed
using rules of thumb and quasi-linear loop-shaping (see e.g.
[31]) in order to obtain the control parameters provided in
Table I. In this section, we will investigate the time-domain
performance of the linear controller C(s), as in (27), and
two different HIGS-based controllers with (element-wise)
describing function DC(jω), as in (34). First, we study the
step-response of these systems, motivated by the fact that (a)
the step-response is often used as an industry benchmark of
a system and (b) that we can inspect whether it is possible
to achieve no overshoot, which is implied for any linear
controller because the plant has two open-loop integrators,
as discussed in Section II. Additionally, we consider the
response of the systems subject to a third-order setpoint with
input-disturbance, which better reflects a real setpoint for
such a floating mass.

The in- and output filters for the HIGS-equivalent con-
figurations for optimized overshoot (HIGS I) and optimized
settling time (HIGS II) are given in (37) – (38) and (39) –
(40), respectively. As mentioned in Remark 6, these in- and
output filters are chosen to satisfy (31) and (32), such that
the describing function of each HIGS-equivalent filter has
similar magnitude characteristics as its linear counterpart.
However, the specific choice of the filters for systems HIGS
I & II is the result of intuitive design with the objective of
reducing overshoot and settling-time in the step-response of
the H {PI3D+LP} controller, respectively. It should be noted
that both systems are designed to do considerably better in
terms of overshoot (not exclusively HIGS I), when compared
with the linear design. As such, consider the step-response
of the linear and HIGS-controlled systems depicted in Fig.
16.

Fig. 16: Step-response of the linear system (red), configu-
ration HIGS I optimized for minimal overshoot (black), and
configuration HIGS II optimized for minimizing settling time
(blue).

Observe that nearly no overshoot is achieved for system
HIGS I (0.03% overshoot) with slightly faster settling time
than the linear controller. On the other hand, by displacing
the PD-term of the first and second HIGS-equivalent integra-
tors of HIGS I from the input filters to their corresponding
output filters (resulting in HIGS II), overshoot increases, but
settling time is reduced by more than 60% when compared
to configuration HIGS I and the linear controller (for settling
time ts with error signal e(t) within 1% of the setpoint, i.e.,
|e(t)| < 0.01µm for all t ≥ ts).

This exact effect of reducing overshoot in the step-
response by using a PD-like input filter, has likewise been
used and explained in Section IV, where this input-filter was
necessary to eliminate overshoot in the presence of an open-
loop ORHP pole or double integrator. In that section, it is
explained that by applying such an input filter, the input to
the HIGS can change sign without requiring a sign-change
in the error-signal, which would indicate overshoot. Similar
reasoning applies here, where the PD-like filters in HIGS



I likewise cause a sign-change in the HIGS-input, thereby
decreasing the control effort of the controller, essentially
‘slowing down’ the step-response, even before the setpoint
is reached. The result is less overshoot in the step-response.
This further explains that the sign-change of the HIGS-input,
induced by the PD-like input filter, causes a dip in the step-
response corresponding to HIGS I when the trajectory almost
reaches the setpoint at t ≈ 0.004 s. Moreover, both HIGS
I & II outperform the linear PI3D+LP-controller in terms
of overshoot and settling time, but with a slower rise-time,
which is inherent to HIGS-based control. However, in the
context of high-precision motion control, the settling time
of the system is often significantly more important than the
rise-time.

Furthermore, all three systems have two open-loop (linear)
integrators. As such, by application of Theorem 1 (ii),
overshoot for any linear controller is guaranteed. However,
the HIGS-based controller for system HIGS I in Fig. 16
(black) admits only 0.03% overshoot. Moreover, overshoot in
the step-response for HIGS I can be nearly (asymptotically)
eliminated by taking ωhi1 → 0. Consequently, this causes a
trade-off in terms of an increased settling time for decreasing
values of ωhi1

, which is generally undesirable in any high-
precision motion system where low settling time can be
critical.

The step-response of a (motion) system is often used as
a criterion to judge time-domain performance of a system.
However, one can argue that in a high-precision motion
control environment, the setpoint is generally not a simple
step-signal. Hence, we will now investigate the response of
the three systems (linear, HIGS I, and HIGS II) to a third-
order setpoint, which is additionally subjected to a harmonic
disturbance. To that end, consider the block scheme of the
feedback interconnection with input disturbance in Fig. 17,
where the controller C denotes either the LTI or HIGS-
equivalent PI3D+LP controller.

∑
P (s)r e u y

−

∑

d

C

Fig. 17: Block scheme of the controlled floating mass system.

The (input) disturbance is described by

d(t) = Ad sin(ωdt+ φd),

with Ad = 1000µm, ωd = 10 · 2π rad/s, and φd = π/5
rad. Time-domain simulations of the (sampled) error signal
e(t) for all controllers are shown in Fig. 18a, together with
the scaled motion profile (dashed grey). Additionally, a root-
mean square representation through (the square root of) the
cumulative Power Spectral Density (cPSD) is provided in
Fig. 18b.

From Fig. 18 it can be seen that both HIGS-based con-
trollers give rise to (comparable) enhanced disturbance at-
tenuation, without deteriorating transient performance. More-
over, it can be seen that configuration HIGS II shows slightly

(a) Raw sampled error-signal data from simulation.

(b) Square root of the cPSD of the error signal. The solid lines
represent the simulation results and the dashed lines represent a
prediction based on the (quasi-)linear system description using the
element-wise describing function.

Fig. 18: Simulation results presenting (a) the raw sampled
error signal e(t) and (b) a cumulative root-mean square
representation of the error signal for the linear system (red),
the configuration HIGS I optimized for small overshoot
(black), and the configuration HIGS II optimized for low
settling time (blue).

less low-frequency disturbance attenuation, as expected from
the discussion around Fig. 15 in the prevoius section, but
less higher harmonics when compared to HIGS I. While
both HIGS I & II show distinct non-linear responses, caused
by HIGS mode-switches as observed in Fig. 18a, the cPSD
representation clearly shows a significant higher amount of
higher harmonics present in the linear configuration. Fur-
thermore, the predicted root-mean square representations of
the HIGS-based controllers (dashed), which are constructed
using their respective describing function DC(jω) as in (34),
show a favourable results when compared to the actual sim-
ulation outcomes (solid). Therefore, there is a discrepancy



in the prediction of the quasi-linear system, which can be
attributed to the inaccuracy of the approximate description
of the HIGS-equivalent triple integrator DI3(jω) as in (33),
where the three HIGS-elements operate in the same fre-
quency range. Here, the input to the second and third integra-
tor is affected by the nonlinearities in the preceding HIGS-
element(s). However, the predicted response still provides a
fair estimate of the supposed root-mean square representation
of the error-signal, such that approximate frequency-tuning
may fairly predict the improved time-domain behaviour of
the HIGS-based controllers in terms of low-frequency dis-
turbance rejection and noise response. These results are very
similar to the HIGS-based PID+LP design in [23], which
likewise show comparable low-frequency disturbance rejec-
tion properties compared to the linear system, while showing
clear improvements in the high-frequency range. Moreover,
in [23] the predicted root-mean square representation of the
error is near-accurate for the HIGS-controller abiding the
frequency separation condition. In our results, both HIGS
I & II satisfy the analogous frequency separation condition
(36), yet show a more inaccurate prediction using the quasi-
linear description, as observed in Fig. 18b. This further
demonstrates that this inaccuracy is likely caused by the
inaccurate description of DI3(jω). Note that the prediction
for the linear case in Fig. 18b (red dashed) is equivalent to
the simulation results, as expected.

Overall, it can be observed that the HIGS-based design
boasts favourable properties in both the step-response and
the response to a third-order setpoint. The same conclusion
is drawn from the describing function analysis. There, the
HIGS-based controllers have a phase advantage over the
linear counterpart, which can serve as a prediction for
faster settling of the HIGS-based design. Moreover, when
inspecting Fig. 18b similar conclusions can be drawn as in
the sensitivity function of the HIGS-based design based on
the describing function in Fig. 15b, where both show similar
low-frequency disturbance attenuation when compared to the
linear case, but with favourable magnitude characteristics in
the higher frequency range. The latter illustrates that the
HIGS-based design, where its describing function is used
for quasi-linear loop-shaping purposes, still provides some
predictive value into the actual frequency- and time-domain
performance, similar to linear controller design. This can be
useful in a systematic quasi-linear system design for HIGS-
based control systems where a model of the plant is available,
such that the approximate closed-loop performance can be
predicted using the describing function of the H {PI3D+LP}
controller DC(jω), before running physical experiments to
assess the true performance. It should be noted that for
(other) HIGS-based controllers with large deviations DC(jω)
when compared to D̄C(jω), as discussed in Remark 7, the
predictive value that DC(jω) can provide before simulation
or physical experiments is generally lost.

Remark 9: Recall the sensitivity characteristics of the
linear and HIGS-based controllers in Fig. 15b. Here, it is
observed that the sensitivity peaking of the HIGS-based
describing functions is lower than its linear counterpart. The

latter indicates that there is room for improvement in the
sense of H∞-based loop-shaping, with an application of
equal shaping filters which limit the sensitivity for linear
and HIGS-based control. As such, a higher proportional
gain value kp is achievable, combined with a change in the
remaining control parameters, in order to achieve the same
sensitivity peaking as the linear case, but with improved
bandwidth for the HIGS-based controllers. Consequently,
frequency characteristics for the HIGS-based design can be
improved even further, which would likely result in a better
result in the root-mean square representation of the error
signal.

VI. CONCLUSIONS

We have shown that by including a HIGS-element in
the closed-loop, it is possible to overcome fundamental
LTI performance limitations. Specifically, overshoot can be
eliminated in the step-response for three system configu-
rations with an application of HIGS-based control, under
conditions for which overshoot is guaranteed for any LTI
controller. The first limitation concerns a system with a
single open-loop integrator, for which an analytical analysis
is provided, proving that the HIGS-based design does not
exhibit overshoot. The second and third limitation deal with
overshoot induced by two open-loop integrators and an
ORHP open-loop pole, respectively, for which HIGS-based
control shows no overshoot in the step-response through
simulations. All three system results are accompanied by
a stability analysis through a specific application of piece-
wise quadratic Lyapunov functions, which, by way of the
feasibility of certain linear matrix inequalities, establishes
ISS. These results could serve as a basis towards a more
systematic design procedure for avoiding fundamental LTI
performance limitations, using HIGS-based control.

Moreover, in order to show performance advantages of
HIGS-based control in an industry setting, a case study
is conducted into a floating mass system, controlled by a
HIGS-based PI3D+LP controller, in the context of high-
precision motion control. That is, a PID controller with
three integrators for improved low-frequency disturbance
attenuation, in interconnection with a second-order low-
pass filter. This case study bridges the gap between the
academic results (overcoming the three limitations) and a
more industry-standard example, by additionally showing
the favourable performance of HIGS-based feedback control
in a high-precision motion system. Here, the HIGS-based
controller likewise shows better transient performance than
its linear counterpart, with similar possibility of (nearly)
eliminating overshoot in the step-response. Moreover, we
show that the true frequency- and time-domain closed-loop
performance can be fairly predicted through a describing
function analysis, with the right parametrization, by means
of comparing a predicted root-mean square approximation
of the error signal to simulation results. Furthermore, we
have provided multiple guidelines and insight for designing
HIGS-based controllers.



VII. DISCUSSION

The results in Section IV on overcoming fundamental LTI
performance limitations give rise to the idea of HIGS-based
controller synthesis, with the aim of systematic design for
overcoming such limitations when given a problem. While
we provide some insights that can possibly be used in such
an approach, we do not provide a full controller synthesis
approach. This could be an interesting topic for future
research. Part of this research could include an optimization
of the time- and frequency-domain performance of systems
for which overshoot is guaranteed (with LTI control), pos-
sibly (partially) characterized by the H2-norm, under the
constraint that the system does not exhibit overshoot.

Future research related to the case study in Section V,
could include more rigorous analysis on frequency-tuning
of general HIGS-based control, especially with multiple
HIGS-elements, for which there is still substantial room
for research. Such research could possibly lead to a more
systematic design of HIGS-based controllers with more
extensive guidelines on general parametrization and use of
in- and output shaping filters, which extend beyond the
simple limitation-breaking configurations of the first part of
this paper and the following PI3D+LP-specific framework.
For instance, some of the results such as the similarity
of the (computed) true describing function D̄C(jω) and
the element-wise describing function DC(jω) (under certain
parametrization) in the case study might not hold in general
for controllers with multiple HIGS-elements, or at least
requires a more extensive analysis to conclude on conditions
which do ensure similarity. Such a more general result
can possibly be found by showing that large deviations
possibly occur in general for large deviations of the HIGS
integrator frequencies ωh, when compared to the respective
linear equivalent frequency, such as the lowpass cut-off or
integrator gain. Then, if such general conditions are found,
the computation of D̄C(jω) is unnecessary, resulting in pos-
sible approximate frequency-tuning using the element-wise
controller describing function DC(jω). Consequently, a more
rigorous analysis into the general predictability of time- and
frequency-domain performance of the HIGS-based controller
describing function and its closed-loop transfer functions
(such as sensitivity) is compelling for the implementation
of HIGS in industry. On the other hand, results such as the
requirement of HIGS-input differentiability hold in general
for any system.

Other future research could include a stability analysis of
the HIGS-based PI3D+LP controller. Now, stability is as-
sumed through stability of the linear counterpart. Moreover,
steady-state convergence for the HIGS-equivalent controller
is observed through simulation, but a true stability analysis
is lacking. However, it should be possible to prove ISS
by constructing piecewise quadratic Lyapunov functions, as
is done in numerous other studies. However, this might
be relatively difficult, because the controller contains four
HIGS-elements.

Furthermore, an alternative, arguable more creative and

difficult way of applying nonlinear control, is to completely
step away from linear controllers or configurations and linear
(time-invariant) thinking, and instead exploit the system’s
knowledge to design an ‘optimal’ nonlinear controller for a
system, with certain requirements. For example, not applying
the PI(3)D+LP scheme where we replaced linear filters with
HIGS-based alternatives, as is our procedure in this paper.

Moreover, to complement the performance analysis of the
case study, the performance of the system through the H2-
norm and L2-gain could be investigated to further analyze
the transient performance and worst-case gain of the HIGS-
controlled system, respectively. Optimization of the control
parameters through H∞ quasi-linear loop-shaping, with fil-
tering to limit sensitivity peaking to a certain threshold,
likely further improves performance of the HIGS-controlled
system, in comparison with the linear counterpart.

Lastly, the computation of the true describing function
of this paper assumes that the output of the controlled
plant has the same period as the input (which is confirmed
through simulation). As such, proving such periodicity of
the output (e.g., through showing incremental ISS of the
HIGS-controlled system) could be of interest combined with
a more rigorous study into the existence and well-posedness
of solutions for multiple HIGS-elements in the control loop.
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APPENDIX

A. Scaling the step input

In this appendix, it will be shown that the results for a unit-
step input r(t) can be extended to any other step of different
size. For generality, we take any reference step signal of size
ȳ ∈ R, i.e., r(t) = ȳ for all t ≥ 0 and r(t) = 0 otherwise. In
order to show that the results generally apply for any step of
size ȳ, we use the notion of homogeneity as defined below.

Definition 5 ([32]): A function f : X → W is said to
be homogeneous of degree d with respect to the weights
(r1, . . . , rn) ∈ Rn>0 if

f(∆α(x)) = αdf(x1, . . . , xn),

for all α > 0 where ∆α(x) = (αr1x1, . . . , α
rnxn).

Using this definition, the closed-loop system with HIGS
as in Fig. 3 is required to be a homogeneous operator of
degree 1 w.r.t. unity weights ri = 1, i = 1, . . . , n, in order
to use any (positive) amplitude step-input r(t), with scaled
results, when compared to a unit-step. In order to show this,
we use the extended projected dynamical system (ePDS)
formulation of a system with HIGS as described in [15],



using a projection operator ΠS,E(x, v) to describe the PWL
system (16) as follows.

ẋ(t) = ΠS,E(x(t), A1x(t) +B1w(t)), (42)

with A1 ∈ Rn×n and B1 ∈ Rn×2 describing the dynamics
of the closed-loop interconnection if HIGS is in integrator-
mode, as in (23). The state-vector x(t) consists of the HIGS-
state xh ∈ R and the remaining linear states xl ∈ Rn−1.

Before stating the mathematical description of ΠS,E(x, v),
we note that (42) is equivalent to (16). The operator achieves
(16) by projecting the integrator-mode dynamics of the
HIGS-state onto the line u = khz, if its trajectories point
outside the sector [0, kh]. This projection requires a definition
for a tangent cone, onto which the projection takes place.

Definition 6: The tangent cone to a set K ⊂ Rn at a
point x ∈ K, denoted by TK(x), is the set of all vectors
v̂ ∈ Rn for which there exist sequences {xi}i∈N ∈ K and
{τi}i∈N, τi > 0 with xi → x, τi ↓ 0 and i→∞, such that

v̂ = lim
i→∞

xi − x
τi

. (43)

The projection operator can now be described as

ΠS,E(x, v) = arg min
v̂∈TS(x),v̂−v∈imE

‖v̂ − v‖, (44)

where TS(x) is the tangent cone to a set S ⊂ Rn at a point
x ∈ S. Here S is the set in which the states of the closed-
loop system have to reside for all time t ≥ 0. Moreover,
we have that E>x = xh, such that the image of the matrix
E ∈ Rn describes the admissible direction of projection. For
the closed-loop system with HIGS, this set in which all states
are contained can be described by the union of two convex
cones S = K ∪ −K , with

K = {x ∈ Rn | Fx ≥ 0}, (45)

where Fx is described by

Fx =

[
F1

F2

]
x =

[
−u+ khz

u

]
, (46)

where z(t) and u(t) = xh(t) are the HIGS input and output,
as in Fig. 3, respectively. In other words,

Fx ≥ 0 ⇔ u ≤ khz ∧ u ≥ 0, (47)

which is exactly the HIGS sector constraint for positive input.
Moreover, let the set of active constraints be described by

I(x) = {i ∈ {1, 2} | Fix = 0}. (48)

The tangent cone to K is then given by

TK (x) = {v̂ ∈ Rn | FI(x)v̂ ≥ 0}, (49)

resulting in the expression

TS(x) =





TK (x), x ∈ K \ −K ,

K ∪ −K , x ∈ K ∩ −K ,

−TK (−x), x ∈ −K \K ,

(50)

for the tangent cone to the sector S.
Lemma 1: The operator ΠS,E(x, v) of the closed-loop

system with HIGS as in (42) is homogeneous of degree 1
with respect to the unity weights ri = 1, i = 1, . . . , n.

Proof: Homogeneity of degree 1 implies that the
projection operator, which describes the dynamics, satisfies
ΠS,E(αx(t), αv(t)) = αΠS,E(x(t), v(t)) for any α ∈ R>0.
Note that I(αx) = I(x), as Fiαx = 0 = Fix from (48).
Therefore TK (αx) = TK (x) from (49) and it follows that
TS(αx) = TS(x). Let v(t) = A1x(t) +B1w(t). Then

ΠS,E(αx, αv) = arg min
v̂∈TS(αx),v̂−αv∈imE

‖v̂ − αv‖. (51)

Let v̂∗ := v̂/α. We have that imE = {β ∈ R | βE}.
Therefore, if v̂∗ − v ∈ imE, we have α(v̂∗ − v) ∈ imE
and we cannot generally say that v̂∗ − αv ∈ imE. Hence
for v̂ = αv̂∗, we have v̂ ∈ TS(x) (= TS(αx)) and v̂−αv ∈
imE. Combining the results gives

ΠS,E(αx, αv) = arg min
αv̂∗∈TS(αx),α(v̂∗−v)∈imE

‖α(v̂∗ − v)‖

= α arg min
v̂∗∈TS(x),v̂∗−v∈imE

‖v̂∗ − v‖

= αΠS,E(x, v), (52)

which concludes the proof.
Before noting how homogeneity of HIGS affects scaling

of the unity-step input to steps with different amplitude, we
introduce the notion of an odd function and note that HIGS
is an odd function.

Definition 7: A real-valued function f : X → Y is called
an odd function if f(−x) = −f(x).

Lemma 2: A HIGS-element as in (11) is an odd function.
Proof: The proof directly follows from inserting the

input −z into (11), which results in an output −u.
Scaling of the input naturally follows from the lemmas
above, as in the following corollary.

Corollary 3: Let x∗(t) and ẋ∗(t) be the state and its
derivative of the closed-loop interconnection in (16) for all
time t ≥ 0, as a response to the unity-step input, i.e., r(t) = ȳ
with ȳ = 1 for all t ≥ 0 and r(t) = 0. Then any other
step amplitude ȳ ∈ R, will result in the scaled state and its
derivative ȳx∗(t), ȳẋ∗(t).

Proof: Lemma 1 shows that any amplitude ȳ > 0 will
result in a similarly scaled result as opposed to the unity-
step. Moreover, as both a HIGS-element is an odd function
as well as the remainder of the closed-loop interconnection
(due to linearity), the resulting united closed-loop dynamics
is an odd function as well. This likewise demonstrates the
scaling for any ȳ < 0. Lastly, ȳ = 0 provides the trivial
response since the systems considered are ISS.

Remark 10: Note that Corollary 3 can be extended to any
scaled exogenous input w(t) = [r(t), ṙ(t)]>.

B. Single open-loop integrator unit-step input

In this appendix, we determine the closed-loop time-
domain error dynamics of the HIGS-controlled system in
Section IV-A, subject to a unit-step setpoint.

1) Integrator mode dynamics: Since the system starts at
e(0) = 1 and the HIGS has an initial condition of zero (the



buffer starts at zero), we start out with integrator dynamics.
In the integrator mode, the HIGS-element behaves as H =
ωh/s. Moreover, from Fig. 1, we can derive the transfer
function from R(s) = L {r}(s) = 1/s to E(s) = L {e}(s)
according to the sensitivity function

S(s) =
E

R
=

1

1 + H P
, (53)

such that

E(s) =
R

1 + H P
=

1/s

1 + ωh/s2
=

s

s2 + ωh
. (54)

By applying the inverse Laplace transform we get an expres-
sion for the error signal in time-domain, given by

e(t) = L −1{E}(t) = cos(
√
ωht), ∀t ∈ [0, ts), (55)

where ts would be the (first) time that the sector [0, kh]
would be violated in integrator mode, causing a switch to
gain mode. In order to determine ts, we need to find if and
when the controller state u (= controller output) hits the line
khe; i.e.,

u(t∗s) = khe(t
∗
s), (56)

where u(t∗s) =
∫ t∗s
0
ωhe(t) dt =

√
ωh sin(

√
ωht
∗
s). Substitut-

ing in (56) gives
√
ωh sin(

√
ωht
∗
s) = kh cos(

√
ωht
∗
s),

⇒ t∗s =
1√
ωh

(
arctan

(
kh√
ωh

)
+ πn

)
, n ∈ Z.

Since we are interested in the first intersection, we get ts =
1√
ωh

arctan
(

kh√
ωh

)
.

Now that we know that u(ts) = khe(ts), we still need
to determine that the integrator dynamics point out of the
sector at this point; i.e., ωhe(ts) > khė(ts), where ė(t) =
−√ωh sin(

√
ωht). By applying some trigonometry rules, we

have

e(ts) =
1√(

kh√
ωh

)2
+ 1

,

ė(ts) =
−kh√(
kh√
ωh

)2
+ 1

,

and because kh, ωh > 0: we have e(ts) > 0, ė(ts) < 0, so
indeed ωhe(ts) > khė(ts) for any positive HIGS parameters
kh, ωh.

2) Gain mode dynamics: After the switch to gain mode at
t = ts, we consider gain mode dynamics, where the HIGS
element now behaves as H = kh. In order to make the
derivations easier, we interpret the dynamics after switch
to gain mode in a new time parameter t′ = t − ts. In
this new time, we can consider the unit-step now as a step
with different amplitude as input to the error dynamics, as
the plant has already moved closer to the setpoint value 1.
Therefore, for the gain dynamics we have r(t′) = 1−y(ts) =
e(ts) = cos(

√
ωhts) for all t′ > 0, due to the shift of the

time-axis. By applying the Laplace transform on r(t′), we

have R(s) = cos(
√
ωhts)/s. Substituting H and R(s) into

the sensitivity function (53) gives

E(s) =
R

1 + H P
=

cos(
√
ωhts)/s

1 + kh/s
= cos(

√
ωhts)

1

s+ kh
.

By applying the inverse Laplace transform we get an expres-
sion for the error signal in time-domain, given by

e(t′) = L −1{E}(t′) = cos(
√
ωhts)e

−kht′ , ∀t′ > 0.
(57)

Note that we claim (57) for all t′ > 0, since no switch back
to integrator mode occurs. In order to proof this claim, we
have to check whether ωhe(t′) ≤ khė(t

′) (as e(t′) > 0 for
all t′ > 0) holds for some t′ > 0, which would induce a
switch back to integrator mode. We have ė(t′) = −khe(t′).
Substituting gives:

ωhe(t
′) ≤ −k2he(t′) ∧ e(t′) > 0

ωh ≤ −k2h,
which is not possible as ωh and kh are positive (real) scalars.
Therefore indeed no switch back to integrator mode occurs
and we have determined the dynamics for all t ≥ 0.

By substituting t′ = t − ts back into the gain mode
dynamics, we get the full dynamics as in (18).

C. Single open-loop integrator unit-ramp input

In this appendix, we determine the closed-loop time-
domain error dynamics of the HIGS-controlled system in
Section IV-A, subject to a unit-ramp setpoint.

1) Integrator mode dynamics: Similar to the unit-step
input, the system starts at e(0) = 1 and the HIGS has an
initial condition of zero (the buffer starts at zero). Therefore,
we start out with integrator dynamics. In the integrator mode,
the HIGS-element behaves as H = ωh/s. Substituting H
and R(s) into (53) gives

E(s) =
R

1 + H P
=

1/s2

1 + ωh/s2
=

1

s2 + ωh
. (58)

By applying the inverse Laplace transform we get an expres-
sion for the error signal in time-domain, given by

e(t) = L −1{E}(t) =
1√
ωh

sin(
√
ωht), ∀t ∈ [0, ts,2).

(59)
where ts would be the (first) time that the sector [0, kh]
would be violated in integrator mode, causing a switch to
gain mode. In order to determine ts, we need to find if
and when the controller state u(t) (= controller output) hits
the line khe(t); i.e., we apply (56) again, where u(t∗s) =∫ t∗s
0
ωhe(t) dt = 1− cos(

√
ωht
∗
s). Substituting in (56) gives

1− cos(
√
ωht
∗
s) = khe(t

∗
s) =

kh√
ωh

sin(
√
ωht
∗
s),

⇒ t∗s =
2√
ωh

(
arctan

(
kh√
ωh

)
+ πn

)
, n ∈ Z. (60)

Since we are interested in the first intersection, we get ts =
2√
ωh

arctan
(

kh√
ωh

)
.



Now that we know that u(ts) = khe(ts), we still need
to determine that the integrator dynamics point out of the
sector at this point; i.e., ωhe(ts) > khė(ts), where ė(t) =
cos(
√
ωht). By making use of trigonometry, we have

ωhe(ts) =
√
ωh sin

(
2 arctan

(
kh√
ωh

))

=
√
ωh

2 kh√
ωh(

kh√
ωh

)2
+ 1

=
2khωh
k2h + ωh

,

khė(ts) = kh cos

(
2 arctan

(
kh√
ωh

))

= kh
1−

(
kh√
ωh

)2

(
kh√
ωh

)2
+ 1

=
kh(ωh − k2h)

k2h + ωh
,

and because kh, ωh > 0: we have

ωhe(ts) > khė(ts),

2khωh > kh(ωh − k2h),

ωh > −k2h,
which holds for any possible choice of kh, ωh > 0, where
positivity of kh, ωh is a requirement for HIGS-elements by
design. Hence, a switch to gain mode occurs at t = ts.

2) Gain mode dynamics: After the switch to gain mode
at t = ts, we consider gain mode dynamics, where the
HIGS element now behaves as H = kh. In order to make
the derivations easier, we again interpret the dynamics after
switch to gain mode in a new time parameter t′ = t − ts.
In this new time, we have to consider a new (shifted) input
r(t′), namely as the shifted ramp combined with a step to
compensate for the trajectory movement between time t = 0
and t = ts, such that the original reference trajectory r(t)
is shifted to r(t′). Therefore, for the gain dynamics we have
r(t′) = t′ + e(ts) = t′ + 1√

ωh
sin(
√
ωhts) for all t′ > 0,

due to the shift of the time-axis. By applying the Laplace
transform on r(t′), we have

R(s) =
1

s2
+

1√
ωh

sin(
√
ωhts)

s
.

Substituting H and R(s) into the sensitivity function (53)
gives

E(s) =
R

1 + H P
=

1

1 + kh/s

(
1

s2
+

1√
ωh

sin(
√
ωhts)

s

)

=
1

kh

1

s
+

(
1√
ωh

sin(
√
ωhts)−

1

kh

)
1

s+ kh

By applying the inverse Laplace transform we get an expres-
sion for the error signal in time-domain, given by

e(t′) = L −1{E}(t′) (61)

=
1

kh
+

(
1√
ωh

sin(
√
ωhts)−

1

kh

)
e−kht

′
, ∀t′ > 0.

Note that we claim (61) for all t′ > 0, since no switch back
to integrator mode occurs. In order to proof this claim, we
have to check whether ωhe(t′) ≤ khė(t′) (as e(t′) > 0 for all
t′ > 0) holds for some t′ > 0, which would induce a switch
back to integrator mode. We have ė(t′) = −khe(t′), which
is exactly the same as the unit-step input case. Therefore,
indeed no switch back to integrator mode occurs for any kh,
ωh > 0.

Since no switch back to integrator mode occurs, (61)
determines the steady-state response. Substituting t′ = t− ts
back into the error dynamics gives (19).

D. Performance measures for HIGS-based control

In this appendix, we first highlight two performance
measures and their significance in nonlinear control. Then,
we provide an upper-bound on the H2-norm of each of
the three systems in Section IV, using the LMIs provided
in [26]. In order to reduce conservatism, the approach for
this computation exploits partitioning that leads to piecewise
quadratic Lyapunov functions (PWQLF).

Let ‖v‖2 denote the 2-norm of a signal v, defined by the
square root of

‖v‖22 =

∫ ∞

0

v>(t)v(t) dt. (62)

We say that v ∈ L2 if (62) exists and is finite.
Definition 8: The L2-gain of a HIGS-controlled system

(16) is defined as

‖Σ‖∞ = sup
0<‖w‖2<∞

‖y‖2
‖w‖2

,

where y is the output of system (16) for initial state x(0) = 0
and input w ∈ L2.

The L2-gain of a system is typically considered to be a
worst-case steady-state root-mean-square gain from an input
to its output. The input considered in the L2-gain can vary,
depending on the application or analysis considered. An
example could be to determine the L2-gain an arbitrary input
disturbance d(t) ∈ L2 to the error e, in order to determine
its worst-case (root-mean-square) gain, which provides the
user with information on the disturbance rejection properties.
However, in our HIGS-controlled systems in Section IV, we
only inspect the mapping from a specific unit-step reference
r to the plant output y (or error signal e), instead of a worst-
case reference. As such, the L2-gain bears little significance
in a performance analysis of these systems.

A different measure, which better reflects the transient
performance of a (nonlinear) system is the H2-norm, which
can be interpreted as the energy in the response of the system
to an impulse. This characterization has been extended from
linear control to reset control systems in [9], [10]. Here,
through the use of stable input filters, the energy in the
response of the system subject to specific input signals (such
as a step) can be approximated arbitrarily close. Note that
for the closed-loop system (16) (possibly appended with
an input filter) the impulse response is obtained by setting
w(t) = 0 and considering an appropriate set of non-zero



initial conditions x(0) ∈ B that correspond to a unitary
impulse on the relevant channels. In our case, this translates
to setting the initial condition of the first element of the
controller, which is the state of C1(s). For C1(s) = 1, as
in Section IV-A, we set its initial state to z(0) = 1 and all
others to zero, i.e., x(0) =

[
0 0 0 1

]>
. For the second

and third limitation, with C1(s) as in (22) as in Section IV-B
& IV-C, we set z(0) = kp and all others to zero.

Definition 9: The H2-norm of a HIGS-controlled system
(16) is defined as

‖Σ‖2,x(0) = ‖y‖2,
where y is the output of system (16) for initial state x(0) ∈ B
with input w = 0.

While [10] provides characterizations of (the upper-bound
on) the L2-gain and H2-norm for reset control systems,
these results have been extended to HIGS-controlled systems
in [26]. The method relies on first defining an appropriate
partitioning of the three-dimensional space F in which
HIGS operates, followed by the construction of appropriate
LMIs. The chosen partitioning is a simplicial partitioning,
which constructs simplicial cones with negative counterparts
and then constructing PWQ functions for each of these cones,
similar to the procedure in Section IV-D.

We apply [26, Theorem 2] in order to provide a character-
ization of the upper-bound on the H2-norm. It is important
to note that we append the closed-loop system (16) with the
stable input filter

W (s) =
1

s+ ε
,

where ε > 0 is a small offset. Appending the system with
this filter approximates the H2-norm to a unit-step input. The
results are presented in Tbl. II.

TABLE II: The calculated upper-bound on the H2-norm
of each of the systems in Section IV: a single open-loop
integrator, two open-loop integrators, and an open right-half-
plane open-loop pole.

H2-norm
1 OL integrator 1.0006
2 OL integrators 0.4341
ORHP OL pole 1.1169

E. Periodicity of the output

In the case study in Section V, we assume that the output is
periodic with the same period as the input for a sufficiently
high sampling rate. In this appendix, we will discuss this
assumption in more detail and provide argumentation to
support this claim.

The notion of incremental input-to-state stability, denoted
by δISS, has been used in [33, Prop. 4.4] to proof that a
δISS system, forced with a periodic input with period T ,
has a state response, which asymptotically tends to a periodic
function of the same period. So far, δISS has not been shown
to hold for systems with (one or more) HIGS-elements,

which is a part of future research. However, periodicity
(with period T ) of the error signal e(t) has been confirmed
through simulation, as long as the switching times of the
HIGS-elements are sufficiently approximated. Such sufficient
approximation does, however, require very high sampling (in
a discrete-time simulation environment) for periodic inputs
whose frequencies are well above the HIGS’ integrator
frequencies, specifically at input frequencies ω � min{f ∈
{i1, i2, lp} | ωhf

}. The effects of the switching times of
HIGS are illustrated in Fig. 19 for an input frequency of
ω = 3000 · 2π rad/s for sampling rates fs = 105, 106 Hz,
which are well above the sampling rate where aliasing could
occur.

Fig. 19: Trajectories of a high-amplitude 3000 Hz HIGS in-
put (black), with corresponding HIGS output for a sampling
rate of fs = 105 Hz (blue) and fs = 105 Hz (red) with
switches occurring at t ≈ 4.59 · 10−3, 4.75 · 10−3 s.

The black line in Fig. 19 indicates the sinusoidal input
signal with high amplitude, whereas the blue and red line
indicate the corresponding HIGS outputs for fs = 105 Hz
and fs = 106 Hz, respectively. It can be seen that the
blue trajectory flows from integrator-mode into gain-mode,
in which the trajectory moves to zero in a single sample.
The correct behaviour instead would be to integrate until the
HIGS’ state reaches the sector line (equal to the input signal)
and then move along the input signal towards zero. The
crude approximation of this behaviour, combined with the
high amount of mode-switches while sampling at fs = 105

Hz (blue line), causes an error which propagates throughout
the system and therefore also to other HIGS-elements, which
likewise do not sufficiently approximate the switching times.
The result of these cumulative errors is observed to be the
introduction of sub-harmonics in the output-signal, i.e., the
period of the output becomes larger. For this specific example
with input frequency of 3000 Hz, a sub-harmonic at 1000
Hz is observed in simulation for a sampling frequency of
fs = 105 Hz (blue line), whereas such a sub-harmonic is
not present for fs = 106 Hz (red line) and more generally
any fs → ∞. More generally, it is observed that no sub-



harmonics are present at a sampling rate of fs = 106 Hz for
any input frequency ω ∈ 2π · [100, 104] rad/s, which is the
relevant spectrum in consideration for approximating the true
describing function D̄C(jω) of the H {PI3D+LP} controller.
Furthermore, for fs = 106 Hz, the contribution of higher-
order dynamics in the Fourier transform of e(t) is similar
to HIGS-based controllers with a single HIGS-element, i.e.,
no apparent increase in the contribution of other frequencies
than the fundamental harmonic.
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