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Preface

This report is submitted in partial fulfillment of the requirements for the degree Master of
Science in Systems & Control and for the degree Master of Science in Mechanical Engi-
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working for two university degrees in parallel. The research is conducted on the interface
of two research fields: the field of control and the field of materials science. The research
is supervised by prof.dr. S. Weiland from the Control Systems (CS) research group within
the Electrical Engineering Department and dr.ir. J.J.C. Remmers from the research group
Mechanics of Materials (MoM) within the Mechanical Engineering department. Two ad-
visors are involved, both working towards a doctoral degree and researching the Additive
Manufacturing for ceramics. Advisor ir. S. Westbeek studies the multiphysical modeling of
the photopolymerization for ceramics by means of multi-scale finite element simulations and
ir. T.M. Hafkamp focuses on the in-situ measurement and control of photopolymerization.
A partially involved party is the AMSYSTEMS Center, providing an experimental set-up
for validation purposes. The AMSYSTEMS Center is a joint innovation center of TNO and
the High Tech Systems Center of Eindhoven University of Technology.
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Abstract

Additive manufacturing (AM) through photopolymerization is a prominent technique in
which a photopolymer is selectively solidified towards a near net shape part, typically in
a layer-wise manner. Photopolymerization-based AM is widely adopted in the high tech
sector, but industry still faces several challenges to improve repeatable product quality. It
is commonly recognized that an in-depth understanding and monitoring of the curing pro-
cess and the control thereof has a great potential to lead to end products of better quality.
This motivates the research on closed-loop control of the curing process and the build-up of
material properties.

This research contributes to the development of a control-oriented model in the form of a
state-space description that describes the full multiphysical photopolymerization process in
terms of curing kinetics, heat flow, strain and stress evolution. This work focuses on one
spatial dimension, but there is potential to expand to higher dimensions. In terms of control,
the work introduces a novel extension to the quadratic tracking framework to anticipatively
control nonlinear systems. For this purpose, an updating strategy is proposed based on se-
quential linearization of the nonlinear model.

The work can be considered as a twofold proof of principle. Firstly, the potential of model-
based control of the material property evolution is demonstrated by means of simulation
and is experimentally validated to a certain extent. Secondly, the extension to the quadratic
tracking framework has been validated via simulation and has been implemented in practice
to control the curing degree of a resin.
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Chapter 1

Introduction

Rapid prototyping has flourished over the past decade and quickly evolved into industrialized
additive manufacturing (AM), also know as 3-D printing. The basic types of AM may be
categorized into seven groups [1]. One of the more prominent types of AM is stereolithogra-
phy, also known as vat photopolymerization [2]. The technique of vat photopolymerization
comprises the processes where liquid photopolymers, usually contained in a vat, are selec-
tively cured by delivering some type of energy, typically in the form of ultraviolet (UV)
light. Additive manufacturing has progressed tremendously over the last years, however
there are still issues that have to be resolved which currently prevent the vast adoption of
photopolymerization for AM purposes. Among these issues are the insufficient repeatability
and consistency of the produced parts. Other challenges lie in minimizing residual stresses,
preventing crack formation and increasing the feasible product size. It is commonly rec-
ognized that an in-depth understanding, monitoring of the curing process and the control
thereof is crucial to lead to end products of better quality [3]. This motivates research on
closed-loop control of the curing process and the build-up of material properties.

1.1 Background

The process chain of the vat photopolymerization can be described stepwise as illustrated
in Fig. 1.1. In the first step, the machine is filled with a polymer resin and the plate is
mounted that supports the product during the build. A 3-D model is cut into slices and
the parameters for the build process are set. During the build process, layers are printed
consecutively. Between the printing of layers, the build plate is slightly lowered. When the
product is finished, the excess slurry is removed before taking out the product. The part is
cleaned after the separation from the build plate.

1. Fill machine 
& load build plate

2. Machine
setup

3. Build 4. Excess slurry
removal

5. Part removal
& separation

6. Part cleaning

Figure 1.1: Vat photopolymerization process chain; image adapted from [4].
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Introduction

In the field of vat photopolymerization there are different methods to illuminate the resin.
The most common types are either based on vector scanning or on a mask projection. An
illustration of both types is depicted in Fig. 1.2. The vector scanning method is based on
a moving actuator, illuminating a tiny portion of the resin with a single laser beam. The
mask projection systems project a two-dimensional array of beams. The array of beams
is created via a system that consists of a Digital Micromirror Device (DMD) and possibly
multiple mirrors and lenses. The ultraviolet light source is aimed at the DMD which is able
to divert a portion of the light into a beam dump and project the remaining image onto the
photopolymer which enables to cure an entire layer at once.

UV light source

Recoater

Product
Vat

PlatformUncured resin

(a) Laser scanning system.

on off on

Beam dump

UV light source
Projection lens

DMD

Input bitmap

(b) Digital mask projection system.

Figure 1.2: Two major types of vat photopolymerization techniques. The core components
are indicated; image adopted from [5].

The modeling of stereolithography has been described extensively in literature [6]. Modeling
of the stereolithography process started with Jacobs’ cure depth model [2]. In later work, the
effect of stacking layers has been investigated [7]–[10]. On the other hand, the physics have
been described more intensively depending on the illumination source which influences the
polymerized profile [11]–[14]. The mechanical properties start to build up during the solidi-
fication of the resin. The transition point from liquid to solid is referred to as the gel point.
From the gel point onward, there exist relations to describe the elastic, viscous and even
plastic properties depending on the level of conversion [2], [15]–[21]. Stress builds up as a re-
sult of chemical shrinkage due to solidification and thermal expansion due to the exothermic
photopolymerization process. The multiphysical modeling of the vat photopolymerization
process for ceramics is treated in a 2-D setting by means of a finite element framework [22].
The described model may also be used for pure resins. However such finite element frame-
work is not intended for control purposes and is rather computationally expensive.

Even though a control system is inherently present in AM machines, the actual material and
geometry transformation are controlled in an open-loop manner. In literature, few studies
show feedback control on processes similar to vat photopolymerization. First of all, in [23],
[24], the cure height in a bottom-up vat photopolymerization is controlled. Here an online
parameter estimation algorithm is used, which does not require an accurate or detailed
model. The cured height is measured with an interferometer and filtered using a Kalman
filter. In [25], iterative learning control is applied to improve the obtained geometry by
measuring the difference between the actual geometry and reference geometry. The stiffness
of a 3-D printed leaf spring is controlled by using different infill densities as control variables
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in [26], [27]. In [28], the cure level deviations are minimized over the layer’s depth for a thick
resin-infused glass fiber composite. This study also proposes a control scheme for multi-
layered parts using a temperature and cure level observer. Recently, the control of the curing
degree was illustrated as a proof of principle [29]. For this purpose, a proportional-integral
(PI) controller is used to demonstrate that feedback control can successfully compensate for
material perturbations to achieve the same final degree of conversion.

1.2 Research objective

The main research objective of this work is to demonstrate that mechanical properties, which
build up during photopolymerization, can be controlled.

The control of mechanical properties can be considered at various spatial scales. To illustrate
this and confine the scope of this research, a roadmap to control the mechanical properties
in vat photopolymerization is depicted in Fig. 1.3.

on off on

Input bitmap

AM machine scale:

3-D MI    O

cured resin

uncured resin

z

layer/voxel scale:

1-D SI    O
(sub-)voxel scale:

0-D SISO

M
P

PI

Chemical
reaction

Polymer
Monomer
Photoinitator
Photon

SolidLiquid

Bottum-up approach

Figure 1.3: Bottum-up approach illustrating the different scales to control the vat photopoly-
merization process; image adopted from [4].

At the smallest scale, one can consider the chemical reaction itself where monomer is con-
verted into polymer. In control jargon, this can be considered a single-input single-output
(SISO) problem where the input is the light intensity and the output the degree of conver-
sion. At the largest scale, one can consider the entire three-dimensional AM machine. This
is a multi-input and infinite-dimensional problem (MI∞O). The inputs are the light inten-
sity and the spatial projection onto the resin. The infinite dimensionality of the problem is
considered in the sense that the degree of conversion has to be controlled at infinitely many
points in the 3-D space. The focus of this research lies in simplifying the spatial nature
to one spatial dimension with the incident light intensity as boundary input. This scale is
considered as a first useful step to move towards full 3-D MI∞O control. This work does not
focus on a specific task, but on the development of a generic framework that can be used for
different control objectives.
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After defining the scope and spatial scale, the main research objective is divided into the
following research questions:

(i) How can the photopolymerization process of a layer be modeled as a 1-D boundary
control problem?

(ii) How can the curing degree throughout a layer be controlled by means of the boundary
input?

(iii) How can the curing degree throughout a layer be related to mechanical properties?

(iv) If it is possible to control the curing degree, how can the mechanical properties be
controlled by means of inferential control?

(v) Can the advantage of feedback control be shown by means of experimental validation?

1.3 Outline

This report is outlined as follows. A modular description of multiphysical photopolymer-
ization is developed and described in Chapter 2. The different submodels are treated con-
secutively. The signal-based interconnection of these submodels is captured in a nonlinear
control-oriented representation and a case study to cure a single layer is introduced. In
Chapter 3, the nonlinear model is linearized and a novel extension to the quadratic tracking
problem is formulated as an optimization problem with a quadratic cost function subjected
to the approximated dynamics. To find the optimal control law for the true nonlinear system,
an updating strategy is introduced that aids in finding an appropriate nominal trajectory to
linearize around. A state estimator is introduced to estimate and control variables that are
not directly measured.

To show the flexibility of the control strategy, the control of material properties in a single
layer is demonstrated by means of simulations in Chapter 4. Three cases are shown with
different control objectives of which one case shows the control of a nonmeasured variable.
Chapter 5 describes a twofold proof of principle. The control algorithm is implemented
in an experimental set-up to control the curing path of a resin over time. This chapter
illustrates the potential of model-based controlling material properties during polymerization
and it demonstrates an application of the novel control strategy. Finally, in Chapter 6 the
conclusions of this work are presented and several suggestions for future work are given.

TU/e 4



Chapter 2

Modeling the Photopolymerization
Process

This chapter is devoted to the modeling of the photopolymerization process. Since this is
a multiphysical process spanning multiple research domains, a modular approach is taken
where the full model consists of the signal-based interconnection of smaller models. This
approach enhances the capability to interchange and make connections between certain sub-
models at a later stage.

If one would consider the model as a block-scheme, the photopolymerization process can be
divided into submodels as depicted in Fig. 2.1. Here ΣI describes the irradiation model. It
describes the level of light intensity which is received by each material point. The polymer-
ization in terms of reaction kinetics is described in Σp and the evolution of the temperature
field is described in ΣT. The build-up of material properties such as strain and stress are
incorporated in ΣM. The total model is defined as the signal-based interconnection between
the respective submodels, denoted as Σ := {ΣI,Σp,ΣT,ΣM}.

Throughout this study, the complexity of the model is deliberately restrained in order to
obtain a confined and control-oriented model. It is however kept in mind that the possibility
to add more phenomena should exist. For now only the most significant phenomena are
included. This means that effects such as photo-bleaching and heat absorption are omitted.
Also, the deformation of the continuum will not be fed back to the other submodels in order
to update the coordinates of each material point.

incident light
intensity

irradiance received by 
each point in vat

material
properties

temperature in each 
point in vat

degree of conversion
in each point in vat

Irradiation
model

Photopolymerization
model

Temperature
model

Materials
model

Figure 2.1: Schematic overview of the photopolymerization model Σ, consisting of four
submodules with their respective in- and outputs; image adapted from [4].
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Modeling the Photopolymerization Process

In the remainder, a one-dimensional domain Ω is considered as illustrated in Fig. 2.2. The
coordinate z ∈ [0, L] describes the depth coordinate of a material point. The incident light
intensity is denoted by I0. The top boundary is denoted by Γt and the bottom boundary by
Γb.

Figure 2.2: One-dimensional illustration of the illuminated resin in the domain Ω with
boundaries Γ. The incident light intensity, I0, is a boundary input.

The specific submodels are described consecutively, starting with the irradiation model.
Thereafter, the domain is spatially discretized and the complete model is described in state-
space form. Finally, a specific case is introduced which is the curing of a single layer.

2.1 Irradiation

The first fundamental phenomenon is the attenuation of light. The light intensity decreases
as a function of path length through the medium. The light attenuation can be described as a
loss of radiant power as a result of absorption or scattering. In traditional photopolymeriza-
tion, a homogeneous polymer resin is typically used. In such cases, without light scattering,
the light attenuation is absorption dominated and the Beer-Lambert law relates the optical
attenuation to the attenuating species, their absorptivity and the path length in the medium
[30], [31]. The absorbance, also called optical density, may be described by Beer-Lambert’s
law which states that

A = − log10

(
I(z)

I0

)
= a [κ] z. (2.1)

Here, I(z) is the light intensity at depth z and I0 is the incident light intensity. The coor-
dinate z is thus the path length that the beam travels in the absorbing medium. The light
intensity is sometimes also referred to as radiant power. The molar absorptivity is described
by a and [κ] denotes the concentration of the absorbing species. As described in [32], [33],
the light intensity at coordinate z can be rewritten into

I(z) = I0 exp (−βz) (2.2)
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Modeling the Photopolymerization Process

where β = ln(10)a [κ]. Rewriting Eq. (2.1) into Eq. (2.2) might not be obvious and is there-
fore shown in Appendix A.1. Often the result above is written in terms of the penetration
depth defined as Dp = 1

ln(10)a[κ] , resulting in

I(z) = exp

(
− z

Dp

)
I0. (2.3)

The penetration depth is the depth where the irradiance has reduced to 37% of its initial
value [1], [2]. Considering the domain Ω, the irradiance attenuation can schematically be
illustrated as shown in Fig. 2.3, where the exponential decay of the incident irradiance I0 is
graphed and the penetration depth Dp is indicated.

Figure 2.3: Exponential decay of the irradiance with respect to the traveled path length in
the medium.

For the one-dimensional problem with time-varying incident light intensity, the specific mod-
eling of ΣI is completed and may be described as

ΣI := I(z, I0(t)) = exp
(
− z
Dp

)
I0(t) in Ω (2.4)

where the time t ∈ R+ and I0(t) ∈ R+. Note that the incident light intensity, and thus also
the actual light intensity, can not be negative. The input of this submodel is the incident
light intensity I0(t) and the output the irradiance profile over depth and time I(z, t).

Several authors have successfully shown how to adapt Beer-Lambert’s law and what the
implications are when using more complicated resins such as ceramic slurries. In case inclu-
sions are mixed in the resin, the standard form of Beer-Lambert’s law is no longer applicable
and there is a significant impact of light scattering [34]–[38]. Also, the absorbance of the
reactive species is subjected to change during photolysis and diffusion of reactive species
[39]. Some resins bleach during photopolymerization. This means that the attenuation de-
creases over time [40]–[44]. During this study it is assumed that the resin is pure and of the
non-photobleaching type, hence Beer-Lambert’s law is applicable [39].

TU/e 7



Modeling the Photopolymerization Process

2.2 Reaction kinetics

The main principle of photopolymerization is the curing of a liquid monomer M into solid
polymer P as a result of polymerization, induced by light initiation. Therefore, in its simplest
form the conversion may be written as

M → P. (2.5)

The degree of conversion is often used to quantify the amount of monomer that is converted
into polymer, defined as

p =
[M ]0 − [M ]

[M ]0
(2.6)

where [M ] is the concentration of monomer and [M ]0 is the initial concentration of monomer
[45]. Throughout this study, this quantity is referred to as the curing degree.

Obviously, the actual reaction kinetics are much more involved than Eq. (2.5) [46], [47].
Typically one can distinguish two approaches in modeling the reaction kinetics, namely
mechanistic modeling or a more empirical, also named phenomenological type of modeling.
A mechanistic model is based on the actual species balances. A phenomenological model is
not based on first principles, but the curing degree is calculated more directly [48], [49].

Resins used for photopolymerization are typically composed of monomer and photoinitiator.
Additives might be added such as stabilizers, ceramic particles or reactive diluents [1]. Two
resin types are commercially available. These are acrylate based or epoxy- and vinylether
based. The acrylate based resins can be described by free-radical reaction kinetics. The
epoxy- and vinylether based resins can be described by slightly different cationic kinetics
[50]. Resins may be blends of not only acrylate but also epoxy- and vinylether [47]. The
first and most used resins are however acrylate-based and therefore driven by free-radical
polymerization [34], [46].

Typically, the degree of conversion as a function of the exposure E takes the shape of a sigmoid
function where the gel point reflects an abrupt increase in viscosity and the formation of the
polymer network. Photo-induced curing may be subdivided into phases; the initiation or
induction, the propagation and the termination phase. The phases are depicted in Fig. 2.4.

100

D
eg

re
e 

of
 c

on
ve

rs
io

n 
p 

(%
)

ExposureMaterial
hardening

Gel point;
crit. exposure

Induction
period

liquid viscosity increase solid

Figure 2.4: Curing degree with respect to exposure, divided into three phases where the gel
point indicates the transition from liquid to solid; image adopted from [4], [49].
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Modeling the Photopolymerization Process

2.2.1 Mechanistic model

The free radical reaction kinetics may be described by three steps, namely the initiation, the
propagation and the termination as described by the scheme [46]

Radical formation I + ephoton
rd−→ 2R•

Initiation M +R• ri−→ P1•

Propagation M + Pn•
rp−→ Pn+1•

Termination by combination Pn •+Pm•
rt−→ Pn+m

Termination by disproportionation Pn •+Pm•
rt−→ Pn + Pm

During initiation, the photoinitiator species I decompose into a pair of free radicals R• as
a result of absorbing photons with free energy ephoton. Here, rd denotes the rate constant of
the reaction for catalyst dissociation. Subsequently, the free radical reacts with a monomer
molecule at initiation rate constant ri to create a chain-initiating radical P1•. This chain
radical reacts with monomers in the propagation reaction with rate constant rp. Termination
occurs via combination and disproportionation at a combined termination rate rt.

Typically, the photochemical initiation in terms of concentration per unit of time can be
described as

Ri = 2ψIa (2.7)

where ψ is the quantum yield for photoinitiation and Ia the absorbed light intensity. The
monomers are consumed in the initiation step as well as during the propagation step. The to-
tal rate of monomer disappearance, also called rate of polymerization, may thus be described
as

d[M ]

dt
= −Ri −Rp (2.8)

where Rp is the rate of propagation. Since the number of monomers consumed during
initiation is negligible with respect to the monomers consumed during propagation it may
be assumed that

d[M ]

dt
= −Rp. (2.9)

The rate of propagation is the sum of many individual propagation steps. Since this step is
captured with a single rate constant, the rate of propagation can be expressed as

Rp = rp[P•][M ] (2.10)

where [P•] is the total concentration of chain radicals. To clarify, this comprises all radicals
of size P1• and larger. Often, a steady-state assumption is made with respect to the concen-
tration [P•] [45], [46], [51]. The amount of radicals increases rapidly and almost immediately
becomes constant. This steady-state assumption implies that the rate of initiation equals
the rate of termination and thus

Ri = Rt = 2rt[P•]2. (2.11)

Rearranging the latter and substitution of Eqs. (2.7), (2.10) and (2.11) in Eq. (2.9) results
in

d[M ]

dt
= −rp[M ]

(
ψIa
rt

) 1
2

. (2.12)
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This is a rather simple differential equation to describe the depletion of the monomer species.
In more advanced models, the kinetic rate constants are typically made temperature depen-
dent via an Arrhenius-type relation [46]. Similarly, the parameters can be reformulated to
take oxygen inhibition into account [13].

Identifying each of these parameters individually is generally difficult in practice. To over-
come this issue, the parameters may be lumped into a single parameter L. The absorbed
intensity is simply a fraction of the actual intensity at a certain cross-section, which means
that Eq. (2.12) results in the differential equation

d[M ]

dt
= −L[M ]

√
I. (2.13)

Lumping the parameters is already considered to be on the interface of a full phenomenologic
model. The monomer depletion described by Eq. (2.13) can be rewritten to a differential
equation for curing degree by differentiating Eq. (2.6) with respect to time and substituting
Eq. (2.13) in order to obtain

dp

dt
= L (p− 1)

√
I. (2.14)

2.2.2 Phenomenological model

A different style to model the reaction kinetics is to directly define a differential equation
describing the evolution of the curing degree without taking into account the actual reaction
mechanics [6]. The typical form of such phenomenological model is

dp

dt
= r(T )f(p)Ib (2.15)

where r(T ) is a temperature dependent rate constant and f(p) is a function of the curing
degree. The constant exponent b ∈ [0.5, 1] [6]. For instance, in its simplest form f(p) =
(1 − p)m for an mth order reaction. Then the reaction kinetics as a function of the z-
coordinate and time may be written as

∂p(z, t)

∂t
= r (1− p(z, t))m I(z, t)b (2.16)

where it is assumed that the rate constant r is temperature independent. Taking m = 1 and
b = 0.5 gives the model described by Eq. (2.14). The reaction could also be modeled as an
autocatalytic reaction of the form

∂p(z, t)

∂t
= (r1 + r2p(z, t)) (1− p(z, t))m I(z, t)b (2.17)

where r1 and r2 are two different rate constants [6]. Such autocatalytic form has a time
evolution shaped similar to a sigmoid-like curve, including an induction period. Hence any
of the differential equations for p(z, t) can be incorporated in Σp. For now, an mth order
reaction kinetic model as described by Eq. (2.16) is used to define the submodel

Σp :=

{
∂p(z,t)
∂t = r (1− p(z, t))m I(z, t)b in Ω

p(z, 0) = p0(z) in Ω0
(2.18)

where the input of this submodule is the light intensity I(z, t) and the output is the curing
degree p(z, t). The curing degree and the initial condition p0(z) are both bounded between
zero and one.
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2.3 Heat propagation

Polymerization is an exothermic process. This heat source and the heat transfer via con-
duction and convection is often modeled with the conservation law for energy leading to the
partial differential heat equation

ρcp
dT

dt
= ∇ · (k∇T ) + ∆Hp

dp

dt
(2.19)

where ρ is the density of the medium, cp its heat transfer coefficient; T the absolute tem-
perature and k the thermal conductivity. The parameter ∆Hp is referred to as the heat of
polymerization. Some authors also take the heat absorbed by the photoinitiator into account
[32]. For the one-dimensional problem the heat equation can be written as

ρcp
∂T (z, t)

∂t
=

∂

∂z

(
k
∂T (z, t)

∂z

)
+ ∆Hp

∂p(z, t)

∂t
. (2.20)

Convection is assumed at the top boundary Γt which can be denoted as

k
∂T (0, t)

∂z
= h (T∞ − T (0, t)) , (2.21)

where T∞ is the ambient temperature. This law is also referred to as Newton’s law of cooling.
A Neumann boundary condition, resembling perfect insulation, is assumed at the bottom of
the layer Γb which gives

∂T (L, t)

∂z
= 0. (2.22)

A transformation to the deviation from the ambient temperature via T̄ (z, t) = T (z, t)− T∞
completes the modeling of ΣT which is defined as

ΣT :=


ρcp

∂T̄ (z,t)
∂t = ∂

∂z

(
k ∂T̄ (z,t)

∂z

)
+ ∆Hp

∂p(z,t)
∂t in Ω

k ∂T̄ (0,t)
∂z = −hT̄ (0, t) at Γt

∂T̄ (L,t)
∂z = 0 at Γb

T̄ (z, 0) = T̄0(z) in Ω0

(2.23)

where the input of this submodule is the curing degree p(z, t) and the output the deviation
from ambient temperature T̄ (z, t). The initial condition T̄0(z) is a real-valued function.

2.4 Stress and strain evolution

Mechanical properties build up as the resin cures. This process is referred to as solidification.
From the gel point onwards, relations exist between the curing degree and elastic, viscous
and plastic properties [2], [15]–[19]. To model the material behavior in terms of strains
and stresses, one can opt for a so-called quasi 3-D setting as depicted in Fig. 2.5. Here a
slender specimen is considered where dx and dy are small with respect to L. The specimen
is subjected to boundary conditions that yet have to be defined.
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Figure 2.5: Slender quasi 3-D domain that is considered to model the material behavior.
The material is subjected to the incident light intensity I0.

In continuum mechanics, three-dimensional constitutive relations and quantities are often
denoted as tensors. The total strain tensor εtot is decomposed into

εtot = εel + εch + εth (2.24)

where εel is the infinitesimal linear elastic strain tensor, εch are the strains resulting from
chemical shrinkage and εth are the strains resulting from temperature change. It is assumed
that the material shrinks linearly and in an isotropic fashion due to curing, written as

εch = εch
maxpI (2.25)

where εch
max is a negative scalar indicating the maximum shrinkage strain and I is the second

order unit tensor. Similarly, it is assumed that the material expands linearly and in an
isotropic fashion due to increasing temperature. Hence,

εth = α (T − T0) I (2.26)

where α is the thermal expansion coefficient and T0 is the initial temperature. If it is then
assumed that the specimen initially has temperature T (z, 0) = T0(z) = T∞, Eq. (2.26) can
be written as

εth = αT̄I. (2.27)

Differentiating the hydrostatic chemical strain with respect to time and writing it as initial
value problem gives

ε̇ch = εch
maxṗ (2.28)
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with εch(z, 0) = εch
0 (z). Similarly one can rewrite the hydrostatic thermal strain in differential

form as
ε̇th = α ˙̄T (2.29)

with εth(z, 0) = εth
0 (z).

Linear uniaxial elastic behavior can be described by σ = Eε, known as Hooke’s law. Here,
the elastic constant E, known as the Young’s modulus relates the uniaxial stress σ and the
uniaxial strain ε. The 3-D equivalent, known as the generalized Hooke’s law defines the
constitutive relation which reads

σ = 4C : εel, (2.30)

where σ is the second order stress tensor and 4C is the fourth order elastic stiffness tensor
[52]. The second order stress tensor is symmetric, σ = σ>, since rotational equilibrium
holds. As a result, the fourth order elastic strain tensor, 4C, is also symmetric. Taking into
account the path independence of elastic deformations and assuming that the material is
linear elastic and isotropic, one can rewrite the elastic stiffness tensor as a function of the
Lamé constants λ and µ as

4C = λII + 2µ 4IS (2.31)

where 4IS = 1
2~ei~ej (δilδjk + δikδjl)~ek~el, named the 4th order symmetric unit tensor and

δij is the Kronecker delta [52]. Often one uses engineering moduli which can be obtained
from classical tensile tests instead of Lamé constants which relate via λ = Eν

(1+ν)(1−2ν) and

µ = E
2(1+ν) . Here ν denotes Poisson’s ratio. In terms of engineering shear strains γ and

using Voigt notation, the constitutive relation σ = 4C : εel can be written in matrix form

as σ = 4Cεel, where σ := [σxx, σyy, σzz, τxy, τxz, τyz]
>, ε :=

[
εel
xx, ε

el
yy, ε

el
zz, γ

el
xy, γ

el
xz, γ

el
yz

]>
and 4C the 4th order stiffness matrix. This relation in matrix form is written as

σxx
σyy
σzz
τxy
τxz
τyz

 =
E

(1 + ν)(1− 2ν)



1− ν ν ν 0 0 0
ν 1− ν ν 0 0 0
ν ν 1− ν 0 0 0
0 0 0 1−2ν

2 0 0
0 0 0 0 1−2ν

2 0
0 0 0 0 0 1−2ν

2





εel
xx

εel
yy

εel
zz

γel
xy

γel
xz

γel
yz

 . (2.32)

The solidification of the resin may be described by a conversion dependent Young’s modulus
E(p) [17], [22]. In this work, it is assumed that the Poission’s ratio is constant throughout
polymerization. A relatively simple form to express such conversion based elasticity is via
a piecewise linear function. The stiffness up to the gel point pgel is very low and constant,
i.e. E0Epol where E0 � 1 and Epol is the Young’s modulus at p = 1 [17]. The conversion
dependent Young’s modulus can thus be written as

E(p) =

{
E0Epol for p < pgel(

1−E0
1−pgel (p− pgel) + E0

)
Epol for p ≥ pgel.

(2.33)

It has to be noted here that in the liquid phase, for small p, the material properties are
somewhat ambiguous. Since the emphasis is on the build-up of material properties, this has
little influence as the build-up starts from the gel point onward. The conversion dependent
Young’s modulus as described by Eq. (2.33) is depicted in Fig. 2.6, where E0 = 10−3 and
Epol = 2 GPa.
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Figure 2.6: Curing dependent Young’s modulus with 5th order polynomial approximation.

To omit the discontinuous nature of the Young’s modulus, it can be approximated by an nth

order polynomial with conditions Eapprox(0) = E0 and
dEapprox(p)

dp = 0 as

Eapprox(p) = c0︸︷︷︸
=E0

+ c1︸︷︷︸
=0

p+ c2p
2 + c3p

3 + c4p
4 + c5p

5 + . . .+ cnpn.

The constants c2 to cn can be obtained via a least-squares curve fit. A resin with inclusions
such as ceramic particles can be represented with a similar fourth order stiffness matrix [53].
In such case, the same matrix entries are dominant.

Depending on the application, different boundary conditions may be applied. For now it is
assumed that either the strain or the stress is fixed for each of the six components. The stress
vector is rearranged such that the unknown and known parts are separated as σ =: [σuk, σk]>

and similarly for the strains as ε =: [εk, εuk]>. The stiffness tensor is separated in Eapprox(p)
and 4C̄. Therefore, these relate via 4C = Eapprox(p) 4C̄. The stress-strain relation can be
written as [

σuk

σk

]
= Eapprox(p)

[
4C̄11

4C̄12
4C̄21

4C̄22

] [
εk

εuk

]
. (2.34)

Rearranging the unknowns to the left-hand side results in[
εuk

σuk

]
=

[
−4C̄−1

22
4C̄21

1
Eapprox(p)

4C̄−1
22

Eapprox(p)
(

4C̄11 − 4C̄12
4C̄−1

22
4C̄21

)
4C̄12

4C̄−1
22

][
εk

σk

]
. (2.35)

This can now be differentiated with respect to time and written as initial value problem[
ε̇uk

σ̇uk

]
=

[
−4C̄−1

22
4C̄21

1
Eapprox(p)

4C̄−1
22

Eapprox(p)
(

4C̄11 − 4C̄12
4C̄−1

22
4C̄21

)
4C̄12

4C̄−1
22

] [
ε̇k

σ̇k

]

+

[
0 d

dt

(
1

Eapprox(p)

)
4C̄−1

22
d
dt (Eapprox(p))

(
4C̄11 − 4C̄12

4C̄−1
22

4C̄21

)
0

] [
εk

σk

] (2.36)

where the initial conditions are defined as εuk(z, 0) = εuk
0 (z) and σuk(z, 0) = σuk

0 (z). Note
that d

dt (Eapprox(p)) = d
dp (Eapprox(p)) ṗ and similarly d

dt

(
Eapprox(p)−1

)
= d

dp

(
Eapprox(p)−1

)
ṗ

and are thus a function of the curing rate ṗ.
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This completes the modeling of ΣM. For the one-dimensional problem as a function of time
and z-coordinate it is defined as

ΣM :=



ε̇ch(z, t) = εch
maxṗ(z, t) in Ω

ε̇th(z, t) = α ˙̄T (z, t) in Ω
ε̇uk(z, t) = f

(
ε̇k(z, t), εk(z, t), σ̇k(z, t), σk(z, t), p(z, t), ṗ(z, t)

)
in Ω

σ̇uk(z, t) = f
(
ε̇k(z, t), εk(z, t), σ̇k(z, t), σk(z, t), p(z, t), ṗ(z, t)

)
in Ω

εch(z, 0) = εch
0 (z) in Ω0

εth(z, 0) = εth
0 (z) in Ω0

εuk(z, 0) = εuk
0 (z) in Ω0

σuk(z, 0) = σuk
0 (z) in Ω0

(2.37)

where f
(
ε̇k(z, t), εk(z, t), σ̇k(z, t), σk(z, t), p(z, t), ṗ(z, t)

)
denotes the corresponding function

described in Eq. (2.36). The input of this module are the curing degree p(z, t) and temper-
ature profile T̄ (z, t) as well as their derivatives. The boundary conditions define the known
stresses and strains. A similar derivation for linear visco-elastic material behavior, subjected
to an unknown strain εuk, is included in Appendix A.2. In the remainder of this work, the
linear-elastic material model is used.

2.5 Spatial discretization

To deal with the difficulty of controlling a partial differential equation, it may be discretized
to obtain a set of ordinary differential equations. The z-coordinate z ∈ [0, L] is uniformly
discretized as

zi = (i− 1)∆z where i = 1, 2, . . . , N. (2.38)

Here N is the number of spatial nodes, including the boundary nodes. Hence the spacing
between the nodes equals

∆z =
L

N − 1
, (2.39)

as shown in Fig. 2.7.

(a) Uniformly discretized domain with
boundary input I0.

(b) Uniformly discretized domain repre-
sented as set of nodes.

Figure 2.7: One-dimensional illustration of the discretization. Each node holds six variables.
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For most of the previously mentioned submodels, the submodel can simply be sampled at
the points z = zi. Hence, the discretized irradiation model can be defined as

ΣI,d := I(zi, I0(t)) = exp
(
− zi
Dp

)
I0(t) for i = 1, . . . , N. (2.40)

Similarly, the discretized curing model is defined as

Σp,d :=

{
ṗ(zi, t) = r (1− p(zi, t))m I(zi, t)

b for i = 1, . . . , N
p(zi, 0) = p0(zi) for i = 1, . . . , N.

(2.41)

Discretizing the temperature submodel ΣT is less straightforward [54]. The spatial derivatives
may be approximated with a Taylor series expansions of T̄ (z, t) about the point z = zi at
arbitrary time t. This Taylor series expansion is equal to

T̄ (z, t) = T̄ (zi, t) + (z − zi) ∂T̄ (z,t)
∂z

∣∣∣
zi

+ (z−zi)2
2

∂2T̄ (z,t)
∂z2

∣∣∣
zi

+ (z−zi)3
3!

∂3T̄ (z,t)
∂z3

∣∣∣
zi

+ . . . (2.42)

which evaluated at z = zi+1 and z = zi−1 gives

T̄ (zi+1, t) = T̄ (zi, t) + ∆z
∂T̄ (z, t)

∂z

∣∣∣∣
zi

+
(∆z)2

2

∂2T̄ (z, t)

∂z2

∣∣∣∣
zi

+
(∆z)3

3!

∂3T̄ (z, t)

∂z3

∣∣∣∣
zi

+ . . . (2.43)

and

T̄ (zi−1, t) = T̄ (zi, t)−∆z
∂T̄ (z, t)

∂z

∣∣∣∣
zi

+
(∆z)2

2

∂2T̄ (z, t)

∂z2

∣∣∣∣
zi

− (∆z)3

3!

∂3T̄ (z, t)

∂z3

∣∣∣∣
zi

+ . . . (2.44)

Subtraction of Eq. (2.44) from Eq. (2.43) gives

T̄ (zi+1, t)− T̄ (zi−1, t) = 2∆z
∂T̄ (z, t)

∂z

∣∣∣∣
zi

+ 2
(∆z)3

3!

∂3T̄ (z, t)

∂z3

∣∣∣∣
zi

+ . . . (2.45)

and addition gives

T̄ (zi+1, t) + T̄ (zi−1, t) = 2T̄ (zi, t) + (∆z)2 ∂
2T̄ (z, t)

∂z2

∣∣∣∣
zi

+
2(∆z)4

4!

∂4T̄ (z, t)

∂z4

∣∣∣∣
zi

+ . . . (2.46)

Solving Eq. (2.45) for ∂T̄ (z,t)
∂z

∣∣∣
zi

gives

∂T̄ (z, t)

∂z

∣∣∣∣
zi

=
T̄ (zi+1, t)− T̄ (zi−1, t)

2∆z
+O

(
(∆z)2

)
. (2.47)

This is a first order central difference approximation of ∂T̄ (z,t)
∂z

∣∣∣
zi

. Solving Eq. (2.46) for

∂2T̄ (z,t)
∂z2

∣∣∣
zi

gives

∂2T̄ (z, t)

∂z2

∣∣∣∣
zi

=
T̄ (zi−1, t)− 2T̄ (zi, t) + T̄ (zi+1, t)

(∆z)2
+O

(
(∆z)2

)
, (2.48)

which is a second order central difference approximation of ∂2T̄ (z,t)
∂z2

∣∣∣
zi

. Substituting the

second order spatial derivative after neglecting the higher order terms into the heat equation
evaluated at z = zi gives

ρcp
∂T̄ (zi, t)

∂t
= k

T̄ (zi−1, t)− 2T̄ (zi, t) + T̄ (zi+1, t)

(∆z)2
+ ∆Hp

∂p(zi, t)

∂t
. (2.49)
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This result directly holds for i = 2, . . . , N −1. The approximation for i = N can be obtained
using the boundary condition and a so-called ghost point for i = N +1. Using the first order

central difference approximation of ∂T̄ (z,t)
∂z

∣∣∣
zi

, the boundary condition at z = zN = L may

be written as
T̄ (zN+1, t)− T̄ (zN−1, t)

2∆z
= 0. (2.50)

From this result, it can be concluded that T̄ (zN+1, t) = T̄ (zN−1, t). This may be used in
Eq. (2.49) where i = N which gives

ρcp
∂T̄ (zN , t)

∂t
= k

2T̄ (zN−1, t)− 2T̄ (zN , t)

(∆z)2
+ ∆Hp

∂p(zN , t)

∂t
. (2.51)

A similar approach can be taken to approximate the heat equation at node i = 1. The
boundary condition at z = z1 = 0 can be written as

k
T̄ (z2, t)− T̄ (z0, t)

2∆z
= −hT̄ (z1, t). (2.52)

Rewriting this for T̄ (z0, t) gives

T (z0, t) = T (z2, t)−
2h∆z

k
T (z1, t), (2.53)

which can be used in Eq. (2.49) where i = 1. This results in

ρcp
∂T̄ (z1, t)

∂t
= k
−2T̄ (z1, t) + 2T̄ (z2, t)

(∆z)2
− 2h

∆z
T̄ (z1, t) + ∆Hp

∂p(z1, t)

∂t
. (2.54)

After discretizing z ∈ [0, L] as zi = (i − 1)∆z and substitution of the approximations, the
discrete system ΣT,d is obtained and is defined as

ΣT,d :=


ρcp

∂T̄ (z1,t)
∂t = k−2T̄ (z1,t)+2T̄ (z2,t)

(∆z)2
− 2h

∆z T̄ (z1, t) + ∆Hp
∂p(z1,t)
∂t

ρcp
∂T̄ (zi,t)

∂t = k T̄ (zi−1,t)−2T̄ (zi,t)+T̄ (zi+1,t)
(∆z)2

+ ∆Hp
∂p(zi,t)
∂t for i = 2, . . . , N − 1

ρcp
∂T̄ (zN ,t)

∂t = k
2T̄ (zN−1,t)−2T̄ (zN ,t)

(∆z)2
+ ∆Hp

∂p(zN ,t)
∂t

T̄ (zi, 0) = T̄0(zi) for i = 1, . . . , N.

(2.55)

Spatially discretizing the last submodel is again straightforward. One can sample at the
points z = zi which defines the system

ΣM,d :=



ε̇ch(zi, t) = εch
maxṗ(zi, t) for i = 1, . . . , N

ε̇th(zi, t) = α ˙̄T (zi, t) for i = 1, . . . , N
ε̇uk(zi, t) = f

(
ε̇k(zi, t), ε

k(zi, t), σ̇
k(zi, t), σ

k(zi, t), p(zi, t), ṗ(zi, t)
)

for i = 1, . . . , N
σ̇uk(zi, t) = f

(
ε̇k(zi, t), ε

k(zi, t), σ̇
k(zi, t), σ

k(zi, t), p(zi, t), ṗ(zi, t)
)

for i = 1, . . . , N
εch(zi, 0) = εch

0 (zi) for i = 1, . . . , N
εth(zi, 0) = εth

0 (zi) for i = 1, . . . , N
εuk(z, 0) = εuk

0 (zi) for i = 1, . . . , N
σuk(zi, 0) = σuk

0 (zi) for i = 1, . . . , N.

(2.56)

The total discretized model is the signal-based interconnection of the submodels and may
thus be written as Σd = {ΣI,d,Σp,d,ΣT,d,ΣM,d}, in which the submodels are described by
Eqs. (2.40), (2.41), (2.55) and (2.56). The latter result is useful since it can be converted
into a control-oriented model as a state-space representation of the form ẋ(t) = f(x(t), u(t)),
where x(t) denotes the state of the system and u(t) the input. Due to the discretization, the
state of the system x(t) is now of finite dimension.

TU/e 17



Modeling the Photopolymerization Process

2.6 Nonlinear state-space description

To gather all the differential equations from the submodels, the state vector is defined
as x(t) := [p(t), T̄ (t), εch(t), εth(t), εuk(t), σuk(t)]>. Here, p := [p1(t), . . . , pN (t)]> ∈ P :={
p(t) ∈ RN | 0 ≤ p(t) ≤ 1

}
, T̄ := [T̄1(t), . . . , T̄N (t)]> ∈ RN , εch(t) := [εch

1 (t), . . . , εch
N (t)]>

∈ RN and εth(t) := [εth
1 (t), . . . , εth

N (t)]> ∈ RN . It is important to note that the curing degree
p(t) resides is in a very confined space and is bounded between zero and one. The amount
of unknown strains and stresses per node depends on the boundary conditions applied. This
implies that the boundary conditions define the dimensions of these variables. The amount
of unknown strains in a node is denoted as nε,uk and the amount of unknown stresses as
nσ,uk where the sum of both amounts to six. Then εuk(t) := [εuk

1 (t), . . . , εuk
N (t)]> ∈ RNnε,uk

and σuk(t) := [σuk
1 (t), . . . , σuk

N (t)]> ∈ RNnσ,uk . Combining the above means that x(t) ∈ X :=
P × R3N+6N where the first 3N account for the temperature, chemical strain and thermal
strain. The 6N account for the unknown strains and stresses. The initial state at t = 0 is
defined as x0 := [p0, T̄0, ε

ch
0 , ε

th
0 , ε

uk
0 , σuk

0 ]>. It is important to note that the light intensity
cannot be negative which means that there is an input constraint, hence one can define
the input u(t) := I0(t)b ∈ U := R+. Now, the dynamics may be written in a state-space
representation of the form ẋ = f(x(t), u(t)) as

ṗ(t)
˙̄T (t)
ε̇ch(t)
ε̇th(t)
ε̇uk(t)
σ̇uk(t)


︸ ︷︷ ︸

ẋ(t)

10N

=



g(p(t))u(t)
GT̄ (t) + jg(p(t))u(t)
εch

maxg(p(t))u(t)
αGT̄ (t) + αjg(p(t))u(t)

fεuk
(
ε̇k(z, t), εk(z, t), σ̇k(z, t), σk(z, t), p(z, t), ṗ(z, t)

)
fσuk

(
ε̇k(z, t), εk(z, t), σ̇k(z, t), σk(z, t), p(z, t), ṗ(z, t)

)


︸ ︷︷ ︸

f(x(t),u(t))

10N

(2.57)

where the nonlinear function f : X × U 7→ R10N . The nonlinear function g : P 7→ RN+
considering that p(t) ∈ P and is defined as

g(p(t)) =


r(1− p1(t))m exp

(
− z1b
Dp

)
...

r(1− pN (t))m exp
(
− zN b

Dp

)
 . (2.58)

The constant j =
∆Hp
ρcp

. The matrix G relates the temperature flow between the nodes as

described by Eq. (2.55) and is equal to

G =


−2ζ − ξ 2ζ 0 . . . 0 0 0

ζ −2ζ ζ . . . 0 0 0
...

...
...

. . .
...

...
...

0 0 0 . . . a −2ζ ζ
0 0 0 . . . 0 2ζ −2ζ


where ζ = k

ρcp(∆z)2
and ξ = 2h

ρcp(∆z) . The functions fεuk and fσuk describe the stress-strain

differential equations for all nodes consecutively as
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fεuk

(
ε̇k(z, t), εk(z, t), σ̇k(z, t), σk(z, t), p(z, t), ṗ(z, t)

)
=

−4C̄−1
22

4C̄21ε̇
k
1(t) + 1

Eapprox(p1(t))
4C̄−1

22 σ̇
k
1(t)

+ d
dt

(
1

Eapprox(p1(t))

)
4C̄−1

22 σ
k
1(t)

...

−4C̄−1
22

4C̄21ε̇
k
N (t) + 1

Eapprox(pN (t))
4C̄−1

22 σ̇
k
N (t)

+ d
dt

(
1

Eapprox(pN (t))

)
4C̄−1

22 σ
k
N (t)


(2.59)

and

fσuk

(
ε̇k(z, t), εk(z, t), σ̇k(z, t), σk(z, t), p(z, t), ṗ(z, t)

)
=

Eapprox(p1(t))
(

4C̄11 − 4C̄12
4C̄−1

22
4C̄21

)
ε̇k

1(t) + 4C̄12
4C̄−1

22 σ̇
k
1(t)

+ d
dt (Eapprox(p1(t)))

(
4C̄11 − 4C̄12

4C̄−1
22

4C̄21

)
εk

1(t)
...

Eapprox(pN (t))
(

4C̄11 − 4C̄12
4C̄−1

22
4C̄21

)
ε̇k
N (t) + 4C̄12

4C̄−1
22 σ̇

k
N (t)

+ d
dt (Eapprox(pN (t)))

(
4C̄11 − 4C̄12

4C̄−1
22

4C̄21

)
εk
N (t)

 .
(2.60)

2.7 Single layer

Suppose that a semi-infinite layer of resin is equally illuminated as depicted in Fig. 2.8. The
highlighted section is enlarged and its schematic drawing is already discussed and depicted
in Fig. 2.5. Due to periodicity, the specimen is entirely fixed in the (x, y)-plane and therefore
εtot
xx (z, t) = εtot

yy (z, t) = 0. Illumination of this specimen will result in a chemical and thermal
strain which is equal in all three principal directions and will not induce any shear. Hence
γtot
xz (z, t) = γtot

xz (z, t) = γtot
yz (z, t) = 0. The material is free to deform in z-direction. If one

assumes that the material relaxes immediately in this direction σzz(z, t) = 0.

Figure 2.8: Equally illuminated thin layer which is considered to be semi-infinite in the
(x, y)-plane. The highlighted square can be considered as the slender quasi 3-D specimen
shown in Fig. 2.5.

Since the total strains in x-direction and y-direction are both zero, the total strain variable
may be written as εtot

xx (z, t) = εtot
yy (z, t) = 0 implying that εel

xx(z, t) = −εch
xx(z, t) − εth

xx(z, t)

and εel
yy(z, t) = −εch

yy(z, t) − εth
yy(z, t). Considering the specimen in two-dimensional planes,

the constraints may be illustrated as shown in Fig. 2.9.
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(a) Fully fixed constraints in
the (x, y)-plane.

(b) Constraints in the (x, z)-
plane.

(c) Constraints in the (y, z)-
plane.

Figure 2.9: Two-dimensional illustrations of the specimen subjected to constraints.

The absence of shear enables to reduce the stress-strain relation from six-dimensional to
three-dimensional. Furthermore, the problem is symmetrical in the (x, y)-plane hence εxx =
εyy. This reduces the unknown stresses σuk to a scalar equation. The only unknown strain
is εzz which also can be described by a scalar equation. The reduced state-space description
for this particular case is derived and described in Appendix A.3.

2.8 Discussion

In this chapter, a novel control-oriented model has been developed that describes the full
multiphysical photopolymerization in terms of curing kinetics, heat flow, strain and stress
evolution. The modular modeling approach gives the opportunity to interchange submod-
els without affecting the other dynamics. Although each of the submodels is presented with
relatively simple dynamics, one can easily include more dependencies between the submodels.

In control theory, systems are often described in a state-space representation which is a
mathematical model of the system where the variables are related by first-order differential
equations. Casting the multiphysical photopolymerization in this framework and dealing
with the distributed parameter nature of this system opens the field of control and enables
to apply well established control techniques in order to close the loop at a new level in AM;
the level of material properties.

The behavior of the system subjected to a possibly time-varying light intensity can easily
be analyzed by solving the differential equation with a numerical integration procedure such
as the Runge-Kutta method. The model can be used to solve a one-dimensional problem
as illustrated for the case of a single layer, but there is also potential to expand to a higher
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dimension. Also, the model can be reduced to a zero-dimensional problem by considering a
single node. An extension can be made to simulate multiple layers by doubling the size of
the state vector and using the end conditions of the first simulation as initial conditions for
the second.

TU/e 21





Chapter 3

Control of the Photopolymerization
Process

Capturing the vat photopolymerization process in a control-oriented form as state-space de-
scription opens up a field of control techniques. The model consists of a significant amount
of variables and is highly nonlinear. In current literature there is little written, without
much consensus, about strategies to achieve beneficial material properties to improve prod-
uct quality in the most general sense. For this reason, the aim is to opt for a flexible control
strategy in the sense that it should accommodate for different objectives and is tunable based
on engineering intuition. Finally, taking into account the small time-scale in industrial ap-
plications, ideally the real-time computational cost should be low.

The Linear Quadratic tracking (LQ-tracking) framework fits these requirements, however as
the name suggests it is designed for linear systems [55]. Therefore, the framework has to
be extended to accommodate for nonlinear systems which is done in this work by means of
an updating strategy based on the sequential linearization of the nonlinear system. Typi-
cally not every variable is measured, certainly in the vat photopolymerization process, and
therefore may be estimated. Measurements are often corrupted by noise. A framework to
estimate unmeasured variables from corrupted measurement data and a model of the sys-
tem is the Kalman filter, or for the nonlinear system the extended Kalman filter (EKF).
The combination of the optimal LQ-tracking controller and the Kalman filter is commonly
referred to as the Linear Quadratic Gaussian (LQG) tracking framework.

The nonlinear system to control is described by ẋ(t) = f(x(t), u(t)), where f(x(t), u(t)) is
the particular system described in Section 2.6. First, the system is linearized. Then the
optimal control problem is formulated for the nonlinear system with time-varying weights.
Here, the full proof is given and some technicalities to compute the optimal control law are
highlighted. The updating strategy is described and finally a state estimator is introduced
in the form of the extended Kalman filter.
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3.1 Linearized system

The function f(x(t), u(t)), as described in Section 2.6, can be approximated with the Taylor
expansion around the operating point (x∗, u∗) as

ẋ(t) = f(x(t), u(t)) = f(x∗, u∗) +
∂f(x(t), u(t))

∂x(t)

∣∣∣∣
(x∗,u∗)

(x(t)− x∗)

+
∂f(x(t), u(t))

∂u(t)

∣∣∣∣
(x∗,u∗)

(u(t)− u∗) + H.O.T.

(3.1)

where H.O.T. stands for higher order terms.

With the boundary conditions used in the academic problem described in Section 2.7, the
origin of the system is a fixed point. This means that ẋ = 0 for x = 0 and u = 0. If one
would only take into account the first order derivatives and approximates around the fixed
point (x∗, u∗) = (0, 0), the function f(x(t), u(t)) may be approximated as

ẋ(t) ≈ ∂f(x(t), u(t))

∂x(t)

∣∣∣∣
(0,0)︸ ︷︷ ︸

A

x(t) +
∂f(x(t), u(t))

∂u(t)

∣∣∣∣
(0,0)︸ ︷︷ ︸

B

u(t) (3.2)

resulting in a linear system denoted as ẋ(t) = Ax(t) +Bu(t).

Linearizing around a time-varying nominal trajectory (x∗(t), u∗(t)) on the interval t ∈ [0, T ]
and defining the state and input perturbation as ∆x(t) = x(t) − x∗(t) and ∆u(t) = u(t) −
u∗(t), enables to approximate the function f(x(t), u(t)) as

ẋ(t) = f(x(t), u(t)) = f(x∗(t), u∗(t)) +
∂f(x(t), u(t))

∂x(t)

∣∣∣∣
(x∗(t),u∗(t))︸ ︷︷ ︸

A(t)

(x(t)− x∗(t))︸ ︷︷ ︸
∆x

+
∂f(x(t), u(t))

∂u(t)

∣∣∣∣
(x∗(t),u∗(t))︸ ︷︷ ︸

B(t)

(u(t)− u∗(t))︸ ︷︷ ︸
∆u

+H.O.T.

(3.3)

Neglecting the higher order terms enables to rewrite this result to

ẋ ≈ A(t)x(t) +B(t)u(t) + f(x∗(t), u∗(t))−A(t)x∗(t)−B(t)u∗(t)︸ ︷︷ ︸
d(t)

(3.4)

where d(t) is an additive term solely dependent on the nominal trajectory. The lower the
magnitude of the perturbation variables the better the approximation represents the actual
nonlinear system. For the linearization, the Jacobians with respect to the state and the
input are required which are derived and presented in Appendix B.1 for the case of a single
layer described in Section 2.7.

3.2 Quadratic tracking problem with time-varying weights for
nonlinear systems

The aim is to track a time-varying reference xref(t) on the interval t ∈ [0, T ] with the system
described by a nonlinear state-space representation of the form

ẋ(t) = f(x(t), u(t)) (3.5)
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with initial condition x0 := x(0). This nonlinear system is approximated with Eq. (3.4)
along a nominal trajectory (x∗(t), u∗(t)) on the interval t ∈ [0, T ]. If the nominal trajectory
is defined, the component d(t) is known over the entire time horizon. Similarly, the time-
varying matrices A(t) and B(t) are solely dependent on x∗(t) and u∗(t).

In order to pose an optimization problem, the cost criterion J is defined as

J(x0, xref, u) :=

∫ T

0

(
e(t)>Q(t)e(t) + u(t)>R(t)u(t)

)
dt+ e(T )>QT e(T ), (3.6)

where tracking error e(t) = x(t)− xref(t). The criterion penalizes tracking errors and input
in a square integrable sense, i.e. as an L2-norm. The time-varying weighting functions on
error and input are symmetric and positive (semi-) definite, i.e. Q(t) ≥ 0 and R(t) > 0 for
all t ∈ [0, T ]. The terminal weight QT ≥ 0 is symmetric and positive semi-definite. The
time-varying weights may be defined as

Q(t) = θQ(t)Q̄ (3.7)

and
R(t) = θR(t)R̄, (3.8)

where the time-varying scalars θQ(t) and θR(t) define how the weight matrices Q̄ and R̄ vary
over time for all t ∈ [0, T ].

Given an initial condition x0 ∈ X0 := Rn̄, where n̄ is the state dimension, and an a-priori
known reference signal xref ∈ Xref := {xref : [0, T ]→ Rn̄}, the finite time optimization prob-
lem can be defined as

min
u

J(x0, xref, u)

subject to ẋ(t) = A(t)x(t) +B(t)u(t) + d(t)
(3.9)

where the input signal u ∈ U := {u : [0, T ]→ Rm̄} and the function J : X0 × Xref × U → R.
The parameter m̄ denotes the input dimension. For the specific state-space description con-
sidered in Section 2.6, n̄ = 10N and m̄ = 1.

Theorem I:
Given the initial condition x0, the reference trajectory xref(t) on the interval t ∈ [0, T ] and
the optimization problem given by Eq. (3.9), the cost is represented as

J (x0, xref, u) := V (x0, 0)

+

∫ T

0
||u(t) +R(t)−1B(t)>P (t)x(t) +R(t)−1B(t)>r(t)||2R(t)dt

(3.10)

where the norm ||φ(t)||2R(t) := φ(t)>R(t)φ(t) and the scalar function

V (x(t), t) := x(t)>P (t)x(t) + 2x(t)>r(t) + c(t) (3.11)

in which matrix function P (t), the vector function r(t) and the scalar function c(t) are defined
as the unique solutions of the differential equations with boundary conditions

Ṗ (t) = −
(
P (t)A(t) +A(t)>P (t)− P (t)B(t)R(t)−1B(t)>P (t) +Q(t)

)
(3.12a)

P (T ) = QT (3.12b)
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ṙ(t) = −
(
A(t)> − P (t)B(t)R(t)−1B(t)>

)
r(t) +Q(t)xref(t)− P (t)d(t) (3.13a)

r(T ) = −QTxref(T ) (3.13b)

and

ċ(t) = r(t)>B(t)R(t)−1B(t)>r(t)− xref(t)
>Q(t)xref(t)− 2d(t)>r(t) (3.14a)

c(T ) = xref(T )>QTxref(T ). (3.14b)

The cost function described by Eq. (3.10), and thus the optimization problem described by
Eq. (3.9), is minimized by the optimal control law

uopt(t) = −R(t)−1B(t)> (P (t)x(t) + r(t)) . (3.15)

The optimal value of the cost criterion is given by V (x0, 0).

Proof Theorem I:
For any state trajectory, Eq. (3.11) is a Lypunov function

V (t) = x(t)>P (t)x(t) + 2x(t)>r(t) + c(t) (3.16)

which can be differentiated with respect to time to obtain

V̇ (t) = ẋ(t)>P (t)x(t)+x(t)>Ṗ (t)x(t)+x(t)>P (t)ẋ(t)+2ẋ(t)>r(t)+2x(t)>ṙ(t)+ċ(t). (3.17)

For the remainder of this proof, the function arguments are left out to improve readability.
The optimization problem is subjected to the system ẋ = Ax+Bu+d which after transposing
may be written as ẋ> = x>A>+u>B>+d>. Substitution of the latter and the finite horizon
Riccati equation, described by Eq. (3.12a) gives

V̇ = x>A>Px+ u>B>Px+ d>Px− x>
(
PA+A>P − PBR−1B>P +Q

)
x

+ x>PAx+ x>PBu+ x>d+ 2x>A>r + 2u>B>r + 2d>r + 2x>ṙ + ċ.
(3.18)

Rewriting gives

V̇ = x>
(
PBR−1B>P −Q

)
x+ u>B>Px+ x>PBu+ 2x>A>r + 2u>B>r

+ 2x>ṙ + ċ+ d>Px+ x>Pd+ 2d>r.
(3.19)

Via completion of the squares, the norm
∥∥u+R−1B>Px

∥∥2

R
= u>B>Px+x>PBu+u>Ru+

x>PBR−1B>Px can be used to rewrite V̇ into

V̇ = −x>Qx− u>Ru+
∥∥∥u+R−1B>Px

∥∥∥2

R
+ 2x>A>r + 2u>B>r + 2x>ṙ + ċ

+ d>Px+ x>Pd+ 2d>r.
(3.20)

Addition of x>Qxref−x>Qxref+x
>
refQx−x>refQx−x>refQxref+x

>
refQxref which amounts to zero

and similarly addition of −r>BR−1B>r+r>BR−1B>r−2x>PBR−1B>r+2x>PBR−1B>r
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results in

V̇ = −x>Qx+ x>Qxref + x>refQx− x>refQxref − u>Ru

+
∥∥∥u+R−1B>Px

∥∥∥2

R
+ 2u>B>r + 2x>PBR−1B>r + r>BR−1B>r

+ 2x>A>r + 2x>ṙ − 2x>PBR−1B>r − x>Qxref − x>refQx+ d>Px+ x>Pd

+ ċ− r>BR−1B>r + x>refQxref + 2d>r.

(3.21)

The norm of u+R−1B>Px+R−1B>r can be written as∥∥∥u+R−1B>Px+R−1B>r
∥∥∥2

R
=
∥∥∥u+R−1B>Px

∥∥∥2

R
+ u>B>r + r>Bu

+ x>PBR−1B>r + r>BR−1B>Px+ r>BR−1B>r.

The scalar u>B>r = r>Bu and similarly x>PBR−1B>r = r>BR−1B>Px. The same holds
for x>Qxref = x>refQx and x>Pd = d>Px. Using the above enables to rewrite V̇ into

V̇ = − (x− xref)
>Q (x− xref)− u>Ru+

∥∥∥u+R−1B>Px+R−1B>r
∥∥∥2

R

+ 2x>
(
A>r + ṙ − PBR−1B>r −Qxref + Pd

)
+ ċ− r>BR−1B>r + x>refQxref + 2d>r.

(3.22)

Substitution of the auxiliary differential equations ṙ and ċ given by Eq. (3.13) and Eq. (3.14)
simplifies the result further to

V̇ = − (x− xref)
>Q (x− xref)− u>Ru+

∥∥∥u+R−1B>Px+R−1B>r
∥∥∥2

R
. (3.23)

Integration of V̇ from t = 0 to t = T gives∫ T

0
V̇ dt = −

∫ T

0

(
(x− xref)

>Q (x− xref) + u>Ru
)

dt

+

∫ T

0

∥∥∥u+R−1B>Px+R−1B>r
∥∥∥2

R
dt.

(3.24)

Integrating the left-hand side and, from this point on, using function arguments gives

V (T )− V (0) = −
∫ T

0

(
(x(t)− xref(t))

>Q(t) (x(t)− xref(t)) + u(t)>R(t)u(t)
)

dt

+

∫ T

0

∥∥∥u(t) +R(t)−1B(t)>P (t)x(t) +R(t)−1B(t)>r(t)
∥∥∥2

R
dt.

(3.25)

Rewriting (x(t)− xref(t)) as the tracking error e(t) and rearranging gives∫ T

0

(
e(t)>Q(t)e(t) + u(t)>R(t)u(t)

)
dt+ V (T ) = V (0)

+

∫ T

0

∥∥∥u(t) +R(t)−1B(t)>P (t)x(t) +R(t)−1B(t)>r(t)
∥∥∥2

R
dt.

(3.26)

Now one can substitute the Lypunov function at time t = 0 and t = T which equal V (0) =
x(0)>P (0)x(0) + 2x(0)>r(0) + c(0) and V (T ) = x(T )>P (T )x(T ) + 2x(T )>r(T ) + c(T ). This
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results in∫ T

0

(
e(t)>Q(t)e(t) + u(t)>R(t)u(t)

)
dt+ e(T )>QT e(T )︸ ︷︷ ︸

J(x0,xref,u)

= x>0 P (0)x(0)

− 2x(0)>r(0) + c(0) +

∫ T

0

∥∥∥u(t) +R(t)−1B(t)>P (t)x(t) +R(t)−1B(t)>r(t)
∥∥∥2

R
dt.

(3.27)

To obtain the latter it is used that x(T )>QTxref(T ) = xref(T )>QTx(T ). Since x(0)>P (0)x(0)+
2x(0)>r(0) + c(0) is constant, the optimal input minimizing the cost J is

uopt(t) = −R(t)−1B(t)> (P (t)x(t) + r(t)) . (3.28)

�

Theorem II: Suppose that the nominal trajectory (x∗, u∗) converges to a solution (x, u) of

ẋ = f(x, u) in a L2 sense, i.e.
∫ T

0 |x
∗(t) − x(t)|2 + |u∗(t) − u(t)|2dt → 0. Then, for any

reference trajectory xref, the cost J(x0, xref, u) defined by Eq. (3.6) with x generated by the
approximate system ẋ = A(t)x+B(t)u+ d(t) converges to the cost J(x0, xref, u) with x gen-
erated by ẋ = f(x, u).

In particular, the optimal cost of the optimization problem subjected to the approximated
dynamics

min
u

J(x0, xref, u)

subject to ẋ(t) = A(t)x(t) +B(t)u(t) + d(t)
(3.29)

with x(0) = x0 and u ∈ U converges to the optimal cost of the optimization problem subjected
to the true nonlinear model

min
u

J(x0, xref, u)

subject to ẋ(t) = f(x(t), u(t))
(3.30)

with x(0) = x0 and u ∈ U .

Proof Theorem II:
In case the nominal trajectory is equal to the actual state trajectory, the approximation of
the nonlinear system is perfect. Revisiting the Taylor approximation of the nonlinear system
given by

ẋ(t) = f(x(t), u(t)) = f(x∗(t), u∗(t)) +
∂f(x(t), u(t))

∂x(t)

∣∣∣∣
(x∗(t),u∗(t))︸ ︷︷ ︸

A(t)

(x(t)− x∗(t))︸ ︷︷ ︸
∆x

+
∂f(x(t), u(t))

∂u(t)

∣∣∣∣
(x∗(t),u∗(t))︸ ︷︷ ︸

B(t)

(u(t)− u∗(t))︸ ︷︷ ︸
∆u

+H.O.T.

(3.31)

shows that if the nominal trajectory, in the limit, has converged to the actual state trajectory
in a L2 sense, the perturbation variables ∆x(t) and ∆u(t) vanish. This means that in the
limit a perfect approximation of the nonlinear state-space form is achieved.

�
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To conclude, in case a perfect linearization is achieved, the optimal control law for the actual
nonlinear system is obtained. The control scheme is visualized in Fig. 3.1. To compute the
anticipative signal at a particular time instance uAN(t), the entire time window t ∈ [0, T ] of
xref(t) is used, hence the control scheme shown is not entirely signal-based.

Figure 3.1: Quadratic tracking control scheme with time-varying weights and full state
feedback. The control input is composed of a feedback term and an anticipative term, where
the system Σr needs the entire time window of xref(t).

3.3 Solving differential equations with endpoint conditions

It is not obvious how to solve differential equations with endpoint conditions. Therefore, an
example is shown for the finite horizon Riccati equation. The auxiliary differential equations
can be solved in similar fashion and the derivation is shown in Appendix B.2. The Riccati
differential equation and the endpoint condition are given by

Ṗ (t) = −
(
P (t)A(t) +A(t)>P (t)− P (t)B(t)R(t)−1B(t)>P (t) +Q(t)

)
(3.32a)

P (T ) = QT . (3.32b)

A new time variable which reverses time is introduced, equal to τ = T − t. Hence t = T − τ
and dt = −dτ . Substituting this into the differential equation gives

Ṗ (T − τ) = −P (T − τ)A(T − τ)−A(T − τ)>P (T − τ)

+ P (T − τ)B(T − τ)R(T − τ)−1B(T − τ)>P (T − τ)−Q(T − τ)
(3.33a)

P (T ) = QT . (3.33b)

Now, the time-reversed variables P̂ (τ) = P (T − τ), B̂(τ) = B(T − τ), Â(τ) = A(T − τ),
R̂(τ) = R(T − τ) and Q̂(τ) = Q(T − τ) are introduced. Note that P̂ (0) = P (T ) and that
d
dtP (t) = − d

dτ P̂ (τ). Substitution of these time-reversed variables gives

˙̂
P (τ) = P̂ (τ)Â(τ) + Â(τ)>P̂ (τ)− P̂ (τ)B̂(τ)R̂−1B̂(τ)>P̂ (τ) + Q̂ (3.34a)

P̂ (0) = QT . (3.34b)

This result can be solved forward in time in ordinary fashion. The solution can be trans-
formed to the normal time t via P (t) = P̂ (T − t).
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3.4 Nominal trajectory updating strategy

Key to the control strategy is that the nominal trajectory is close to the actual state tra-
jectory. If these do not align, performance will be suboptimal. A strategy is proposed that
is based on updating the nominal trajectory via sequential linearizations of the nonlinear
model. The simulation iterate is denoted with parameter i. The strategy may be described
by the following algorithm:

1. Initialization: Start with a nominal state trajectory x∗0(t) and nominal input trajectory
u∗0(t). A logical choice would be to initialize with the trajectories x∗0(t) = 0 and
u∗0(t) = 0. Another choice could be to opt for x∗0(t) = xref(t). The nominal trajectory
yields the system for the 0th iteration, indicated with i = 0.

2. Linearization: Linearize the system around the nominal trajectory to obtain

ẋapprox,i(t) ≈ Ai(t)x(t) +Bi(t)u(t) + f(x∗i (t), u
∗
i (t)−Ai(t)x∗i (t) ∗Bi(t)u∗i (t)︸ ︷︷ ︸

di(t)

. (3.35)

3. Simulation: Compute the optimal control law based on the linearized system and apply
the optimal control input

uopt
i (t) = −R(t)−1Bi(t)

> (Pi(t)x(t)− ri(t)) (3.36)

to simulate the closed-loop behavior of the true nonlinear system ẋ(t) = f(x(t), u(t))
and find the state trajectory xi(t). Here Pi(t) denotes the solution to the differential
Riccati equation with Ai(t) and Bi(t).

4. Update: For iterate i+ 1 use x∗i+1(t) = xi(t) and u∗i+1(t) = uopt
i (t) and return to step

2. If the deviation between the nominal trajectory and the obtained state trajectory
is sufficiently small, the updating may be stopped.

A sample of this updating strategy is shown in Fig. 3.2. After starting with the initial
nominal trajectories x∗0(t) = 0 and u∗0(t) = 0, the trajectories converge over the iterates i
and after a few iterations coincide with the actual nonlinear state trajectories.

(a) Updating of the nominal state trajectory
where the initial nominal trajectory x∗0(t) = 0.

(b) Updating of the nominal input trajectory
where the initial nominal trajectory u∗0(t) = 0.

Figure 3.2: Updating strategy showing the convergence over the iterates i.
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3.5 State estimation

Unmeasurable states may be estimated with a state estimator. It is often assumed that the
measurements are corrupted with additive Gaussian white noise N (µ, σ2) with mean µ and
co-variance σ2. For a linear system, the states can be estimated with the well known Kalman
filter. In this case, the system is nonlinear. Hence a slightly different state estimator, such
as the extended Kalman filter could be used [56]. The problem can be described as

ẋ(t) = f(x(t), u(t)) + w(t) w(t) ∼ N (0,W (t)) (3.37a)

y(t) = Cx(t) + v(t) v(t) ∼ N (0, V (t)) (3.37b)

where y(t) is the measurement equation. An additive process noise is denoted with w(t) and
an additive measurement noise with v(t). The continuous time extended Kalman filter has
the estimator dynamics

˙̂x(t) = f(x̂(t), u(t)) +K(t) (y(t)− Cx̂(t)) (3.38)

with gain matrix
K(t) = Φ(t)C>V (t)−1 (3.39)

in which t ∈ [0, T ]. The time-varying matrix Φ(t) is the symmetric positive definite solution
to the algebraic Riccati differential equation

Φ̇(t) = F (t)Φ(t) + Φ(t)F (t)> − Φ(t)C>V (t)−1CΦ(t) +W (t) (3.40)

where t ∈ [0, T ] and

F (t) =
∂f(x(t), u(t))

∂x(t)

∣∣∣∣
(x̂(t),u(t)).

(3.41)

Here the Jacobian of the nonlinear state equation is used which is evaluated around the
estimated state x̂(t) and actual input u(t). Unlike the discrete-time extended Kalman filter,
the prediction and update steps are coupled in the continuous-time extended Kalman filter.
Typically the initial estimate x̂(0) and P (0) are chosen based on system knowledge. The
control scheme, augmented with the state estimator, is visualized in Fig. 3.3.

Figure 3.3: Quadratic tracking control scheme with time-varying weights and state estimator.
The control input is composed of a feedback term and an anticipative term, where the
feedback term is dependent on the state estimate.
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3.6 Discussion

This chapter introduces a novel extension to the quadratic tracking framework to antici-
patively control nonlinear systems. The optimal control law is derived for the first order
Taylor approximation of the nonlinear system around a time-varying nominal trajectory. It
is proven that in case the nominal trajectory, used for the linearization of the nonlinear
system, coincides with the actual state trajectory, optimal state tracking is achieved for the
true nonlinear system. The control framework is fully flexible, it may be used for a variety of
objectives and is intuitively tunable. Although obtaining the control gains is not necessarily
easy, the time-varying control gains can be implemented as look-up tables. This implies that
there is little real-time computational cost which is relevant considering the time-scale in
industrial applications.

Since the proposed extension to the quadratic tracking framework is novel, there are still
multiple relevant questions to be answered. It would be of great value if a confined class of
systems can be described for which this control approach is feasible and thus exhibits the
converging behavior over the sequential linearizations of the nonlinear system. Theory about
the robustness and performance of the control strategy would also be valuable, but seems to
be by no means obvious.
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Chapter 4

Simulation of the Controlled
System

This chapter is devoted to analyzing the controlled system with different tracking objectives.
The considered problem is the semi-infinite thin layer introduced in Section 2.7. The control
gains are determined via the sequential linearization strategy and are implemented to con-
trol the nonlinear system of which several results are shown. Obtained results are discussed
briefly, but the main aim is to show the versatility of the model as well as its potential to be
used for different goals. Several observations are pointed out.

First, two case studies are shown with full state feedback. Finally, a case study is shown
with a limited set of measured states. In particular, only the curing degree and temperature
are measured at the top boundary Γt whereas the control goal is to track a curing degree
at Γb, i.e. on the bottom of the layer. Since the model consists of multiple states, only
the most relevant figures are shown. For completeness the remaining figures are included in
Appendices C.1 to C.3.

The parameters used for simulation purposes are described in Table 4.1. The parameters
are chosen of realistic order of magnitude. The differential equations are solved using the
explicit Runge-Kutta (4,5) formula [57], [58].
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Table 4.1: Material properties used for simulations.

Parameter Value Unit Description Source

L 5 · 10−5 [m] Thickness specimen [34]
ρ 1150 [kg/m3] Density [22]
cp 1700 [J/(kg·K)] Specific heat capacity [22]
k 0.26 · 10−1 [W/(m·K)] Thermal conductivity coefficient [22]
h 10 [W/(m2·K)] Thermal convection coefficient [28]
∆H 0.44936 [GJ/m3] Polymerization heat [32]

L 0.15 [m/(s·
√

W)] Reaction constant [39]
Dp 5 · 10−5 [m] Curing depth [6]
b 0.5 [-] Reaction exponent [6]
m 1 [-] Reaction exponent [6]
εchmax −0.05 [-] Maximum shrinkage strain [22]
ν 0.4 [-] Poisson’s ratio [22]
α 280 · 10−6 [1/K] Coefficient of thermal expansion [22]
E0 1 · 10−3 [-] Multiplication factor Young’s Modulus [22]
EPol 2 [GPa] Maximum Young’s Modulus [22]
pgel 0.2 [-] Gel point [34]

4.1 Tracking of an arbitrary curing reference

In the first case study, the aim is to track a curing degree profile. The weights are chosen
such that the error throughout the layer is equally penalized. An arbitrary reference profile
is chosen to show the capabilities of the chosen control strategy. The parameters for this
particular simulation are shown in Table 4.2. Note that this reference is not typically used
in photopolymerization.

Table 4.2: Simulation properties to track a curing reference.

Parameter Value Unit Description

Tsim 2 [s] Simulation time
N 15 [-] Amount of nodes
n 5 [-] Approximation order Young’s Modulus
p0 0 [-] Initial curing degree
T̄0 0 [K] Initial temperature deviation
εch0 0 [-] Initial chemical strain
εth0 0 [-] Initial thermal strain
εtotzz,0 0 [-] Initial total strain
σxx,yy,0 0 [MPa] Initial stress in (x, y)-plane

To illustrate the possibility for time-varying weights, Q(t) as defined by Eq. (3.7) is chosen
to be linearly increasing such that the error is penalized more over time. Therefore, θQ(t) is
chosen to linearly increase and the weight matrix

Q̄ =


IN×N 0N×N . . . 0N×N
0N×N 0N×N . . . 0N×N

...
...

. . . . . .
0N×N 0N×N . . . 0N×N

 . (4.1)
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The terminal cost in Eq. (3.6) is chosen as QT = Q̄. Since there is only a penalty on the
curing degree, the reference for the other states is chosen equal to zero and is therefore not
depicted in the remainder of this section. The weight on the control input R(t), as defined
by Eq. (3.8), is chosen constant over time where θR(t) = 10−1 and R̄ = 1. The scalar weights
over time are shown in Fig. 4.1.

Figure 4.1: Time-varying weight scalars to penalize the error and the control input used to
track a curing degree reference.

The system is simulated in closed-loop with the optimal control law described by Eq. (3.15).
The control law is obtained from the linearized system obtained from the sequential lin-
earization algorithm, described in Section 3.4, with initial nominal trajectories x∗0(t) = 0
and u∗0(t) = 0. After about five iterations, the nominal trajectory has converged to the true
state trajectory. The curing degree at the top of the layer, z = 0, in the middle of the layer,
z = 0.5L and at the bottom of the layer, z = L, are shown in Fig. 4.2. The reference for
each of these states is equal and also shown.

Figure 4.2: Tracking of the curing degree reference where the curing degree is visualized for
three different z-coordinates.

It can be observed that the effect of Beer-Lambert’s law is unavoidable which means that
always a certain deviation from the reference signal at some depth z. However, this control
strategy enables to minimize this state error optimally over the entire layer in the sense of
minimizing the pre-defined cost. Note that in case the reference would end with a curing
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degree equal to one, this error will vanish as the curing degree approaches its asymptote
throughout the layer. For this specific case, the penetration depth is chosen equal to the
layer thickness, i.e. Dp = L. In case L

Dp
� 1 there is a lot of deviation throughout the

layer since only the top nodes are sensitive to the input. In case L
Dp
� 1, all nodes receive

approximately the same light intensity and the trajectories over the layer thickness almost
coincide.

Clearly the anticipative nature of the controller can be observed at t ≈ 0.2 s and at t ≈ 0.9
s. The controller starts reacting before the ramp and step in reference approach in order to
minimize the cost over the entire time window. The control input itself is shown in Fig. 4.3.

Figure 4.3: Control input that corresponds with the tracking of the curing degree reference.

The temperature profile of the specimen is shown in Fig. 4.4. The temperature throughout
the specimen is almost equal and remains approximately equal due to the heat conduction.
After t = 1.2 s the effect of convection is clearly visible and the specimen will eventually cool
down to the ambient temperature. Note that this also implies that the thermal strain will
asymptotically return to zero.

Figure 4.4: Temperature evolution at different z-coordinates, corresponding with the tracking
of the curing degree reference.
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The principal stresses in the (x, y)−plane are depicted in Fig. 4.5 throughout the layer. The
stresses start to emerge as a result of the chemical and thermal strains that will result in a
mechanical strain. On the shown time-scale, the thermal strain dominates over the chemical
strain. As a result, the material has the tendency to expand, resulting in negative stresses.
Over time, as the temperature drops and thus also the thermal strain decreases, stresses
become positive due to the chemical shrinkage (after t = 2 s).

Figure 4.5: Stress evolution at different z-coordinates, corresponding with the tracking of
the curing degree reference.

The chemical, thermal and total strain in z-direction are included in Appendix C.1. In a
similar fashion, any other state may be tracked by altering the time-varying weight matrix
Q(t), meaning that one can also track temperature, strain or stress profiles. One can track
this at a specific position in the specimen, but also on average as illustrated with this example.

4.2 Tracking of an arbitrary stress reference

In the following case, to illustrate the versatility of the framework, an arbitrary stress profile
is tracked at the bottom of the layer. The simulation parameters are gathered in Table 4.3.

Table 4.3: Simulation properties to track a stress reference.

Parameter Value Unit Description

Tsim 2 [s] Simulation time
N 15 [-] Amount of nodes
n 5 [-] Approximation order Young’s Modulus
p0 0 [-] Initial curing degree
T̄0 0 [K] Initial temperature deviation
εch0 0 [-] Initial chemical strain
εth0 0 [-] Initial thermal strain
εtotzz,0 0 [-] Initial total strain
σxx,yy,0 0 [MPa] Initial stress
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The weight on the error, Q(t) as described with Eq. (3.7), is chosen to be constant over time,
hence θQ(t) = 10−14. The weight matrix is defined as

Q̄ =


0N×N . . . 0N×N 0(N−1)×N 0N×1

...
. . .

...
...

...
0N×N . . . 0N×N 0N×(N−1) 0N×1

0N×(N−1) . . . 0(N−1)×N 0(N−1)×(N−1) 0(N−1)×1

01×N . . . 01×N 01×(N−1) 1

 (4.2)

and the terminal weight in Eq. (3.6) is chosen as QT = 10−3Q̄. Hence, only the stress at
the bottom of the specimen is penalized. The reference for the other states is chosen equal
to zero and is therefore not depicted. The weight on the control input R(t) as defined in
Eq. (3.8) is chosen as θR(t) = 1 and R̄ = 10−3. The difference in magnitude of the weights
is due to the high magnitude of stresses. To avoid an ill-conditioned problem, the weights
are adjusted and stresses are computed in a scaled unit. The simulated stress profiles are
depicted in Fig. 4.6.

Figure 4.6: Tracking of the stress at the bottom of a thin layer. The stress is visualized for
three different z-coordinates.

Around t = 1.6 s, the resin at z = 0 is almost fully polymerized. From this point onward,
the chemical shrinkage reaches its limit, whereas the fully polymerized front propagates to
larger depths. This eventually leads to the stress graphs contracting towards each other. The
decay in magnitude is the result of convection leading to a decreasing thermal expansion.
The corresponding control input is depicted in Fig. 4.7.
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Figure 4.7: Control input that corresponds with the tracking of the stress reference.

The curing degree, temperature and strain graphs are included in Appendix C.2.

4.3 Tracking of an arbitrary curing reference with state esti-
mation

The aim of this case study is to show that unmeasured variables can also be controlled if
observable. Only two states are measured: the curing degree at the top of the specimen
and temperature at the top of the specimen. Based on these measurements and the state
estimator model, the other state variables are estimated. This is a relevant case since it is
easier to measure at a boundary of the specimen in contrary to measuring inside the specimen.
The bottom boundary is chosen because it is the furthest distance from the measurement. A
sigmoid type curing degree profile is tracked for the bottom of the specimen. The simulation
parameters are gathered in Table 4.4.

Table 4.4: Simulation properties to track a curing reference with limited measurements.

Parameter Value Unit Description

Tsim 2 [s] Simulation time
N 9 [-] Amount of nodes
n 5 [-] Approximation order Young’s Modulus
p0 0 [-] Initial curing degree
T̄0 0 [K] Initial temperature deviation
εch0 0 [-] Initial chemical strain
εth0 0 [-] Initial thermal strain
εtotzz,0 0 [-] Initial total strain
σxx,yy,0 0 [MPa] Initial stress
p̂0 0 [-] Initial curing degree estimate
ˆ̄T0 0 [K] Initial temperature deviation estimate
ε̂ch0 0 [-] Initial chemical strain estimate
ε̂th0 0 [-] Initial thermal strain estimate
ε̂totzz,0 0 [-] Initial total strain estimate
σ̂xx,yy,0 0 [MPa] Initial stress estimate
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The weight on the error, Q(t) as described with Eq. (3.7), is chosen to be constant over time.
For this purpose, the time-varying scalar θQ(t) = 1 and the weight matrix equals

Q̄ =


0(N−1)×(N−1) 0(N−1)×1 0(N−1)×N . . . 0(N−1)×N

01×(N−1) 1 01×N . . . 01×N
0N×(N−1) 0N×1 0N×N . . . 0N×N

...
...

...
. . .

...
0N×(N−1) 0N×1 0N×N . . . 0N×N

 . (4.3)

The terminal weight in Eq. (3.6) is chosen as QT = 10−1Q̄. The weight on the control input
R(t) as defined in Eq. (3.8) is chosen as θR(t) = 1 and R̄ = 10−2. Hence, only the error in
curing degree at the bottom of the specimen is penalized. The reference on the other states
is chosen equal to zero and is therefore not depicted in the remainder of this section. It
is assumed that the nonlinear system is perturbed with an additive, normally distributed,
process noise w(t) via

ẋ(t) = f(x(t), u(t)) + w(t). (4.4)

The process noise has the characteristics w(t) ∈ N (0,W ), where the covariance matrix W
is chosen as

W =



IN×N · 10−2 0N×N 0N×N 0N×N 0N×N 0N×N
0N×N IN×N 0N×N 0N×N 0N×N 0N×N
0N×N 0N×N IN×N · 10−4 0N×N 0N×N 0N×N
0N×N 0N×N 0N×N IN×N · 10−4 0N×N 0N×N
0N×N 0N×N 0N×N 0N×N IN×N · 10−4 0N×N
0N×N 0N×N 0N×N 0N×N 0N×N IN×N · 1016

. (4.5)

The output equation is given by

y(t) =

[
1 01×N−1 0 01×(N−1+4N)

0 01×N−1 1 01×(N−1+4N)

]
︸ ︷︷ ︸

C

x(t) + v(t), (4.6)

where the output noise has the characteristics v(t) ∈ N (0, V ), where

V =

[
10−2 0

0 1

]
. (4.7)

The variances for the noise signals w(t) and v(t) are based on the magnitude of the signals
ẋ(t) and y(t) without noise and are chosen such that the noise signal contributes around
1% to 10% to the total signal. For the first output of y(t) this implies that the measured
curing degree is perturbed with an additive noise signal with characteristics N (0, 10−2).
Hence, the mean of the perturbation µ = 0 and the standard deviation σ = 0.1. Similarly,
the temperature measurement is perturbed by a signal with mean µ = 0 K and standard
deviation σ = 1 K. In practice, when often little is known about the noise signal, the engineer
can use the matrices W and V to tune how much to rely on the model with respect to the
measurements. The curing degree is shown in Fig. 4.9 as well as its estimate. The stresses
and estimate are depicted in Fig. 4.10.
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Figure 4.8: Curing degree at different z-coordinates and their estimates.

Figure 4.9: Tracking of a curing degree reference at the bottom of a thin layer where only
measurements from the top of the layer are used. The curing degree is shown for three
different z-coordinates with the nearly perfect state estimate.

Figure 4.10: Stress and the estimate at different z-coordinates, corresponding with the track-
ing of a curing degree reference at the bottom of a thin layer.

It can be concluded that the state-estimator estimates the actual state well and that the
control of the curing degree at the bottom of the layer is achieved with limited measurement
knowledge. In case the magnitude of the noise is increased, the quality of the estimates
deteriorate. The quality of the estimate will deteriorate most in the stress variable since it
is based on a number other estimated variables. The control input, now depending on the
state estimate is depicted in Figure 4.11. The temperature and strain graphs are included
in Appendix C.3.

TU/e 40



Simulation of the Controlled System

Figure 4.11: Control input that corresponds with the tracking of a curing degree reference
using limited measurement data.

4.4 Discussion

In three different simulation-based case studies, the material properties of a single layer are
controlled. Each case has different control objectives, demonstrating the flexibility and po-
tential of the control strategy. The last case illustrates the possibility to control unmeasured
variables via estimation with an extended Kalman filter. The reference signals are all chosen
such that they do not provoke negative control inputs. In terms of curing degree it is natural
to choose for such reference since the curing of a resin is non-reversible. For stresses this
is not so natural and one should be cautious. For the purpose of controlling a system with
input constraint as the system considered in this work, it would be useful to extend the
control strategy to cope with input constraints.
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Chapter 5

Validation of the Controlled System

This chapter revolves around the first step in validation of the controlled system. The fea-
sibility of applying model-based control with in-situ measurements is demonstrated. The
experimental set-up has been developed by the authors of [29], where a first fundamental
step has been made towards additive manufacturing of defect-free ceramic parts using con-
trol. The feasibility of real-time control of the curing reaction has been shown by means of
compensating for material perturbation using proportional-integral (PI) control.

In this work, a twofold proof of principle is illustrated. First of all, the feasibility of model-
based control is shown by means of the quadratic tracking framework. This method has
inherent advantages such as the possibility for multiple inputs and outputs, the tracking of
arbitrary reference signals on multiple state variables, the anticipative nature and for in-
stance the potential to expand to higher dimensions. Secondly, the novel extension to the
quadratic tracking framework is implemented to control the nonlinear reaction kinetics.

First, the experimental set-up is explained briefly. For further details about the methodology
and set-up; the reader is referred to [29]. To improve the workflow, simulate the effects of
quantization and predict the effect of disturbances, a tool-set is developed, built on the
previous generation for PI control. An impression of this tool-set including a Graphical User
Interface will be shown. Subsequently, a phenomenological model for the reaction kinetics
system is introduced and its parameters are estimated. Finally, the real-time tracking of an
arbitrary curing profile is shown.

5.1 Experimental set-up

The experimental set-up relies on the assumption that the control volume is small enough
that it can be considered to behave homogeneous. This scale is in the micrometer order. If
this volume is considered as zero dimensional, it can be considered as a single-input single-
output (SISO) system. The input is the light intensity I(t) and the output the degree of
conversion p(t).

Measuring the degree of conversion online is not an easy task. For this purpose, Fourier-
transform infrared spectroscopy (FTIR) is used. Measuring a volume of the micrometer
order can be achieved with attenuated total reflection (ATR). The Thermo Scientific Nicolet
6700 with Smart Orbit ATR accessory is used as sensor, since it can relate the measured ab-
sorbance to the monomer concentration. The actuator is a 405 nm LED (Bivar UV5TZ-405-
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30) with embedded controller (Raspberry Pi 3 Model B). The embedded controller supports
Matlab, which enables to use Simulink as a control scheme and to log data. This gives the
embedded control system, schematically depicted in Fig. 5.1. The master PC communicates
with the system via Ethernet.

sample in sample out

Polymer characterization
equipment (plant+sensor)

output conversion
trajectory p(t)

UV LED actuator

input irradiance
trajectory I(t)

Embedded controller

real-time measurement data communication

Master PC

Figure 5.1: Overview of the embedded control set-up. The system is obtained by augmenting
existing spectrometry equipment with an actuator, an embedded controller, and an interfac-
ing master PC; image adopted from [29].

Each sample consists of a deposited droplet of resin onto the ATR crystal. Then a 300 µm
thick spacer is placed around. Finally, the droplet is covered with a 1 mm thick quartz glass
window (Thorlabs). The ATR crystal is protruding the baseplate 200 µm and therefore the
sample is about 100 µm thick. Only the bottom few µm are measured as depicted in the
schematic overview in Fig. 5.2. The irradiance of the UV LED is assumed to be constant in
the area slightly above the 3.5 mm diameter ATR crystal. The UV LED is calibrated with a
UV power meter (Delta Ohm HD2302.0, LP471 detector). The experiments are performed in
a laboratory with ambient temperature T∞ = 20 ◦C. The considered material in this study
is Formlabs Silica which is a resin with ceramic inclusions. For this proof of principle, the
type of resin used is not significant and a phenomenological model is used to characterize
the conversion.

resin/slurry

UV light

LED

quartz cover

IR beam in

evanescent wave

air

spacer

100 μm

300 μm

IR beam out
ATR crystal

Figure 5.2: Sketch of the experimental set-up with the ATR crystal to guide the IR beam
and the LED to cure the resin; image adopted from [29].

The degree of conversion is computed from the absorbance spectrum A(ṽ, ti) as function
of the wave number ṽ ∈ [400, 4000] cm−1 at time ti [29]. An illustration of the absorption
spectrum is shown in Fig. 5.3. The baseline-corrected areas under reference peak are denoted
as Aref and the peak that corresponds to the carbon double bond is denoted as AC=C. The
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peak ratio is defined as

rpA(t) =
AC=C(t)

Aref(t)
. (5.1)

The curing degree can be computed from the peak-ratio as

p(t) = 1−
rpA(t)

rpA,0
. (5.2)

Here the parameter rpA,0 is obtained by taking the average peak ratio over the first 40
s of every measurement. The absorbance spectrum of the Formlabs Silica resin shows a
constant peak around 1720 cm−1, which is related to the C = O stretching [59]. The peak
at 1635 cm−1 corresponds to the carbon double bond and is thus an indication for the
monomer concentration [M ](t). A downside of using the FTIR spectrometer is that it is not
designed for real-time feedback. A single measurement typically takes somewhere between
tmeasurement ∈ [1.5, 2.3] s. The sample time of the control scheme is for this reason chosen
as Ts = 2.5 s. Such a large sample time has a large impact on the controlled system. For
that reason, the time-scale has to be stretched to have a reasonable amount of samples per
experiment.

Wavenumber

A
bs

or
ba

nc
e

Figure 5.3: Illustration of the infrared absorption spectrum over time in the key wavenumber
window. It can be observed that the area under the reference peak remains about constant
over time whereas the area under the carbon double-bond decreases over time; image adopted
from [29].

5.2 Tools

To improve the workflow while experimenting and mimic the actual set-up, a set of tools
have been developed. These tools enable to predict the influence of the large sample time,
delays and several disturbances such as input disturbances and parameter/measurement
uncertainty. The tool is adopted from the tools used for PI control in [29]. The previously
developed GUI and Simulink model have been adapted to correspond with the current control
scheme and updates the underlying Simulink model. The GUI shows the actual control
layout and gives the possibility to enable or disable the anticipative and feedback component
of the control input. Reference signals and control look-up tables can be loaded via this
GUI. Finally, the sample frequency can be adjusted and there is a toggle to switch between
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simulation and experiments. Under the hood, all data is logged and written to a specified
folder. An impression of these tools and the underlying Simulink control scheme is given in
Appendix D.1.

5.3 Reaction kinetics model and parameter identification

To identify the system, multiple open-loop step response experiments were performed. These
experiments consist of step inputs where a normalized input, Inorm = {0.05, 0.1, 0.2, . . . , 1.0}
is used. The absorbance spectra are measured and the curing degree is computed.

These experiments give several key insights. First of all, the monomer concentration never
vanishes which means that the resin never cures fully. This means that the degree of con-
version is bounded by a certain asymptote, denoted with p∞ [34]. The models for curing
kinetics considered thus far all have the property that the resin can fully cure to p = 1.
This can be easily solved by considering these models as a normalized curing degree which
eventually can be turned to the true curing degree by means of an output equation via

y(t) = p∞p(t). (5.3)

Another observation is that there is a clear initiation period which is light intensity depen-
dent. The lower the intensity, the longer the initiation period. Single pulse and multi pulse
experiments show that there is a certain threshold for the polymerization reaction to start.
The dark curing phenomenon is also observed. This means that as soon as the light turns
off, the reaction will still propagate on to a certain plateau. Finally, also the effect of age-
ing of the resin has major implications. This particular resin requires a significantly higher
dose of light to initiate, meaning that the properties severely change over time. The latter
observation has the consequence that in order to have a good system representation, the
parameters have to be estimated for each experiment session once again. Samples of pulse
experiments and the effect of ageing are included in Appendix D.3.

Taking into account the fact that a control-oriented system representation is desired in
the form of a single differential equation, the choice for a phenomenological model of the
autocatalytic form is made as described in Section 2.2. The model is represented by

Σp :=

{
dp(t)

dt = (r1 + r2p(t)) (1− p(t))2
√
Inorm(t)

y(t) = p∞p(t).
(5.4)

The parameter identification problem now amounts to finding the parameters z := {r1, r2, p∞}
∈ Z ⊂ R3 that fit the measurement data optimally. Optimality is considered in a least-
squares sense. Here Z is the set in which the optimal parameters reside. Suppose that in
total N experiments are performed where each experiment is numbered as i ∈ {1, 2, . . . , N}.
The time vector of the ith experiment is denoted by ti, the corresponding input by ui and the
output by yi. To determine the optimal parameters z, the nonlinear least-squares problem
is solved which is described as

min
z
||F (z, ti, ui)− yi||22 = min

z

∑
i

(F (z, ti, ui)− yi)2 . (5.5)

This optimization problem has been solved in an ad-hoc manner where the differential equa-
tion is solved using the Range-Kutta algorithm, which is nested in the least squares cost
function. Since the optimization problem is by no means convex, a multi-start procedure is
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added which starts the problem from multiple initial parameter combinations. The optimal
parameter set is found to be zopt =

{
r1 = 1.765 · 10−3 1

s , r2 = 2.276 1
s , p∞ = 0.747

}
. Two

samples are shown in Fig. 5.4.

(a) Step experiment with normalized input
Inorm = 0.1.

(b) Step experiment with normalized input
Inorm = 0.9.

Figure 5.4: Comparison of the measurement data to the model fit where r1 = 1.765 · 10−3

1
s , r2 = 2.276 1

s and p∞ = 0.747.

The other experiments with their respective model fit are shown in Appendix D.2. Clearly,
the parameters fit the model well, some deviations are observed for very low and very high
light intensities.

5.4 Tracking of an arbitrary curing reference

To demonstrate the feasibility of model-based control and the extension of the quadratic
tracking framework, a sigmoid-like reference signal is tracked. The just identified parameters
are used to obtain the control look-up tables via the sequential linearization strategy. The
time-varying weights Q(t) and R(t) are depicted in Fig. 5.5. The terminal weight QT = 107.
The reasoning behind these weight profiles lies in the sensitivity for input at low curing
degrees. It is not desired to have a very aggressive feedback gain during the initialization
phase of the reaction. A relatively large control input would result in a significant overshoot
due to the large sample time. For this academic example, a large terminal cost is used to
ensure that the final curing degree is reached. The controller is activated for a period of 100
s.

Figure 5.5: Weights to penalize errors and control input which are used to experimentally
validate the closed-loop control system.
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The first 40 s are used to determine the initial peak-to-peak ratio. Then at t = 50, the
reference and controller are initiated. At t = 150 s the controller is turned off. The resulting
closed-loop response is shown in Fig. 5.6. Multiple repetitions are performed and included
in Appendix D.4. The feedback component and the anticipative component of the control
input are shown in Fig. 5.7.

Figure 5.6: Closed-loop control of the curing degree where a sigmoid reference signal is being
tracked. The controller is turned on at t = 50 s and turned off at t = 150 s.

Figure 5.7: Closed-loop control of the curing degree where a sigmoid reference signal is
being tracked. The feedback and anticipative component of the control input are shown in
comparison with the reference signal.

The anticipative nature of the controller can be observed immediately at t = 50 s. Here,
already an input is given to cancel the exposure threshold for the polymerization to start.
The negative effect of the low sampling frequency is clearly visible. At t = 70 s, there
is a somewhat higher control input which must be held for 2.5 s resulting in a significant
overshoot. Based on the results, one can also conclude that the light intensity to overcome
the initiation period is somewhat underestimated.
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5.5 Discussion

The principle of model-based control of material properties is proven by demonstrating that
a curing degree reference can be tracked. Keeping in mind the limitations of the current set-
up, the novel extension to the quadratic tracking framework works according to expectation.

Although it is not the objective of this proof of principle, there is still performance to gain.
The model-mismatch for low light intensities may be reduced. This can for instance be
achieved by weighing experimental data for low intensities more in the model fitting proce-
dure. Also the low sampling frequency limits the performance tremendously. As of now, this
is the limiting factor to decrease the time-scale of the problem to industry standard.

The validation can be extended in two directions. First of all, one could move to the one-
dimensional domain by considering a transmission sampling method using a cuvette, rather
than reflection. Preferably, a depth-resolved degree of cure measurement. With a different
accessory, the infrared beam of the spectrometer can be redirected to measure the curing
degree in the cuvette at different height levels. On the other hand, the current set-up can be
augmented with a temperature sensor or a method to measure the strain of the specimen.
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Chapter 6

Conclusions and Recommendations

First, the main conclusions and contribution of this report are presented. Thereafter, several
suggestions and recommendations are listed for future work.

6.1 Conclusions

The present work contributes to the development of a modular control-oriented model de-
scribing the full multiphysical vat photopolymerization. The main focus of this work is on
a one-dimensional problem describing the spatial evolution of the curing degree which is re-
lated to the build-up of mechanical properties. To deal with the infinite dimensionality of the
problem, a nodal discretization is applied for which the partial differential heat equation is
translated to a set of ordinary differential equations. To describe the build up of strains and
stresses, a quasi 3-D domain is considered which is subjected to boundary conditions. The
resin is described with a linear elastic material model with conversion dependent Young’s
modulus. The total model consists of a signal-based interconnection of submodels that each
describe certain phenomena. The entire control-oriented model is captured in a single non-
linear state-space description enabling to close the control loop at a new level in AM; that
of material properties.

To control the system, a novel control strategy has been developed. The strategy is an
extension to the quadratic tracking framework and it uses the Taylor approximation of the
nonlinear system. To obtain an accurate approximation of the nonlinear system, a model
updating strategy is proposed, based on sequential linearization of the nonlinear model. An
optimal control input is derived for the approximated dynamics and optimality for the true
nonlinear system is proven provided that the nominal trajectory around which one linearizes
coincides with the true state trajectory. The control algorithm simply consists of a look-up
table and therefore requires little real-time computational effort.

The feasibility to control the nonlinear dynamics that describe the evolution of material
properties during photopolymerization is shown on the basis of multiple simulation-based
case studies. It is shown that arbitrary state variables of the model can be tracked in an
anticipative fashion. In addition, it is shown that nonmeasured states may be controlled by
augmenting the control scheme with an extended Kalman filter. The specific case of control-
ling the curing degree at the bottom of a layer is shown on the condition that only curing
degree and temperature are measured at the top of the layer.
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An experimental validation is performed on a set-up consisting of a spectrometer, augmented
with an ultraviolet actuator, embedded controller and master PC. The light intensity of the
actuator is used as control input to cure a single droplet of resin. With the spectrometer, one
can measure the curing degree over time, enabling to close the control loop. The parameters
for a nonlinear model that describes the curing reaction are identified. Experimental valida-
tion of the controlled system contributes in proving two principles. Firstly, the potential of
model-based control of the material properties is demonstrated by tracking a curing degree
reference over time. Secondly, the novel extension to the quadratic tracking framework is im-
plemented in practice and the algorithm is able to anticipatively control the nonlinear system.

To conclude, the anticipative control of mechanical properties in the photpolymerization
process is demonstrated by means of a one-dimensional boundary control problem and is
successfully validated to a certain extent.

6.2 Recommendations

Evidently, the model is an oversimplified representation of reality. The modular modeling
approach leaves room to expand the model and include more phenomena in order to better
represent reality. There are several phenomena that are not incorporated in the model, e.g.
dark cure. One can also argue that the material model is oversimplified and can not be
described with simply a curing dependent Young’s modulus. Introducing more dependencies
between the variables is possible, but will increase the amount of algebra required.

Regarding the proposed extension to the quadratic tracking framework, multiple questions
arise. One of the key open questions is what set of systems can be controlled with this control
strategy. It would be of great value if a confined class of systems can be described for which
this control strategy is viable. Theory about the robustness and performance of the control
strategy is valuable, but does not seem to be obvious at first sight. For systems such as the
vat photopolymerization an extension to deal with input constraints is useful. Even though
the real-time control algorithm itself is computationally cheap, computing the control gains
is relatively recourse intensive. This means that in order to make the transition to a 3-D
or a significantly more complex model, some work needs to be done in order to improve the
computational scaling.

Although the experimental validation serves as a proof of principle, there is still performance
to gain. The mismatch between the model and the curing kinetics can be reduced in order
to improve performance. A next step could be to include dark cure in the model to antici-
patively account for this phenomenon. The measurement rate of the spectrometer limits the
sampling frequency tremendously which not only negatively influences performance, but as of
now, is also the limiting factor to decrease the time-scale of the problem to industry standard.

The model validation can be pursued in two directions. First of all, the transition could be
made to a one-dimensional scale by considering a larger probing volume via depth-resolved
degree of cure measurements. On the other hand, the current set-up can be augmented with
sensors to validate states such as the temperature or the strain build-up.

Although there are multiple open questions, the promising results are considered as a step
towards real-time control of material properties at machine scale which is expected to become
increasingly important in improving AM part quality.
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Appendix A

Modeling the Photopolymerization
Process

This appendix contains material supporting Chapter 2. First Beer-Lambert’s law will be
rewritten to a function for the light intensity as a function of the z-coordinate. An additional
model for visco-elastic material behavior is described, subjected to a pre-specified strain
boundary condition. Finally, the specific state-space representation for the single layer,
described in Section 2.7, is derived.

A.1 Rewriting Beer-Lambert’s law into an irradiance expres-
sion as function of depth

Beert-Lambert’s law is described by

A = − log10

(
I(z)

I0

)
= a [κ] z (A.1)

which can be rewritten via the logarithm power law as

A = log10

(
I0

I(z)

)
= a [κ] z (A.2)

and with the logarithm product rule as

A = log10 (I0)− log10 (I(z)) = a [κ] z. (A.3)

Changing the base of the logarithms gives

ln (I0)

ln (10)
− ln (I(z))

ln (10)
= a [κ] z (A.4)

which after multiplication with ln (10) results in

ln (I0)− ln (I(z)) = a ln (10) [κ] z. (A.5)

Rearranging gives
ln (I(z)) = ln (I0)− a ln (10) [κ] z (A.6)

which may be written via the exponential function into

I(z) = exp (ln (I0)− a ln (10) [κ] z) (A.7)
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and therefore as
I(z) = exp (ln (I0)) exp (−a ln (10) [κ] z) . (A.8)

Cancellation of the natural logarithm and exponential gives

I(z) = I0 exp (−a ln (10) [κ] z) . (A.9)

Defining β = ln (10) a[κ] gives
I(z) = I0 exp (−βz) (A.10)

which completes rewriting Eq. (2.1) into Eq. (2.2).

A.2 Linear visco-elastic material model

A Linear visco-elastic material model has been investigated for a specimen subjected to a
specified strain. For this purpose a Prony series of fourth order tensors relates strain to
stress. In a one-dimensional case, linear visco-elastic behavior can be represented with a
Generalized Maxwell element as depicted in Fig. A.1.

Figure A.1: Visualization of a 1-D Generalized Maxwell element with n+1 Maxwell elements
with moduli Ei, viscosities ηi and relaxation times τi = ηi

Ei
.

Typically the multi-dimensional relation is written as Boltzman integral [60]. This relation
can be written as

σ(t) =

∫ t

τ=0

4C(t− τ) : ε̇(τ)dτ (A.11)

with Prony series

4C(t) = 4C∞ +
n∑
i=1

4Cie
− t
τi . (A.12)

Here the subscript i denotes the ith branch of the Generalized Maxwell model. The time
constant τi = ηi

Ei
. As differential equation with initial value, using Voigt notation, this may

be written as

σ̇(z, t) = 4C∞ε̇(z, t) +

n∑
i=1

σ̇i(z, t) (A.13)

where

σ̇i(z, t) = − 1

τi
σi(z, t) + 4Ciε̇(z, t). (A.14)
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Here, σi is an internal variable which represents the 3-D equivalent of the stress in the ith

branch of the Generalized Maxwell element. The initial conditions are specified as σ(z, 0) =
σ0(z) and σi(z, 0) = σi,0(z). If the stiffness matrices are separated as 4C∞ = E∞(p) 4C̄∞
and 4Ci = Ei(p)

4C̄i, the differential equation for each branch can be written as

σ̇i(z, t) = − 1

τi
σi(z, t) + Ei(p(z, t))

4C̄iε̇(z, t) (A.15)

and the total stress can be written as

σ̇(z, t) = E∞(p(z, t)) 4C̄∞ε̇(z, t) +
n∑
i=1

(
− 1

τi
σi(z, t) + Ei(p(z, t))

4C̄iε̇(z, t)

)
. (A.16)

This completes the modeling of ΣM which thus can be captured in the submodel ΣM as

ΣM :=



ε̇ch(z, t) = εch
maxṗ(z, t) in Ω

ε̇th(z, t) = α ˙̄T (z, t) in Ω
σ̇1(z, t) = − 1

τ1
σ1(z, t) + E1(p(z, t)) 4C̄1ε̇(z, t) in Ω

...
σ̇n(z, t) = − 1

τn
σn(z, t) + En(p(z, t)) 4C̄nε̇(z, t) in Ω

σ̇(z, t) = E∞(p(z, t)) 4C̄∞ε̇(z, t) +
∑n

i=1

(
− 1
τi
σi(z, t) + Ei(p(z, t))

4C̄iε̇(z, t)
)

in Ω

εch(z, 0) = εch
0 (z) in Ω0

εth(z, 0) = εth
0 (z) in Ω0

σ1(z, 0) = σ1,0(z) in Ω0
...

σn(z, 0) = σn,0(z) in Ω0

σ(z, 0) = σ0(z) in Ω0.

(A.17)

The input of this module are the curing degree p(z, t) and temperature profile T̄ (z, t) as well
as their derivatives with respect to time. Spatially discretizing this submodel is straightfor-
ward since it can be sampled at the points z = zi which defines the system

ΣM,d :=



ε̇ch(zi, t) = εch
maxṗ(zi, t) for i = 1, . . . , N

ε̇th(zi, t) = α ˙̄T (zi, t) for i = 1, . . . , N
σ̇1(zi, t) = − 1

τ1
σ1(zi, t) + E1(p(zi, t))

4C̄1ε̇(zi, t) for i = 1, . . . , N
...

σ̇n(zi, t) = − 1
τn
σn(zi, t) + En(p(zi, t))

4C̄nε̇(zi, t) for i = 1, . . . , N

σ̇(zi, t) = E∞(p(zi, t))
4C̄∞ε̇(zi, t) +

∑n
i=1

(
− 1
τi
σi(zi, t) + Ei(p(zi, t))

4C̄iε̇(zi, t)
)

for i = 1, . . . , N

εch(zi, 0) = εch
0 (zi) for i = 1, . . . , N

εth(zi, 0) = εth
0 (zi) for i = 1, . . . , N

σ1(zi, 0) = σ1,0(zi) for i = 1, . . . , N
...

σn(zi, 0) = σn,0(zi) for i = 1, . . . , N
σ(zi, 0) = σ0(zi) for i = 1, . . . , N.

(A.18)

A.3 State-space description of a single layer

In this appendix, the state-space representation described in Section 2.6 is simplified for the
case of a single layer with the specified boundary conditions described in Section 2.7. The
full state-space description, without specified boundary conditions regarding the material
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model, is described by

ṗ(t)
˙̄T (t)
ε̇ch(t)
ε̇th(t)
ε̇uk(t)
σ̇uk(t)


︸ ︷︷ ︸

ẋ(t)

=



g(p(t))u(t)
GT̄ (t) + jg(p(t))u(t)
εch

maxg(p(t))u(t)
αGT̄ (t) + αjg(p(t))u(t)

fεuk
(
ε̇k(z, t), εk(z, t), σ̇k(z, t), σk(z, t), p(z, t), ṗ(z, t)

)
fσuk

(
ε̇k(z, t), εk(z, t), σ̇k(z, t), σk(z, t), p(z, t), ṗ(z, t)

)


︸ ︷︷ ︸

f(x(t),u(t))

(A.19)

where the parameters and the function g(p(t)) are as specified in Section 2.6. The functions
that will examined are fεuk and fσuk for the specific boundary conditions. These functions
describe the stress-strain differential equations for all nodes consecutively as

f εuk
(
ε̇k(z, t), εk(z, t), σ̇k(z, t), σk(z, t), p(z, t), ṗ(z, t)

)
=

−4C̄−1
22

4C̄21ε̇
k
1(t) + 1

Eapprox(p1(t))
4C̄−1

22 σ̇
k
1(t)

+ d
dt

(
1

Eapprox(p1(t))

)
4C̄−1

22 σ
k
1(t)

...

−4C̄−1
22

4C̄21ε̇
k
N (t) + 1

Eapprox(pN (t))
4C̄−1

22 σ̇
k
N (t)

+ d
dt

(
1

Eapprox(pN (t))

)
4C̄−1

22 σ
k
N (t)


(A.20)

and

fσuk
(
ε̇k(z, t), εk(z, t), σ̇k(z, t), σk(z, t), p(z, t), ṗ(z, t)

)
=

Eapprox(p1(t))
(

4C̄11 − 4C̄12
4C̄−1

22
4C̄21

)
ε̇k

1(t) + 4C̄12
4C̄−1

22 σ̇
k
1(t)

+ d
dt (Eapprox(p1(t)))

(
4C̄11 − 4C̄12

4C̄−1
22

4C̄21

)
εk

1(t)
...

Eapprox(pN (t))
(

4C̄11 − 4C̄12
4C̄−1

22
4C̄21

)
ε̇k
N (t) + 4C̄12

4C̄−1
22 σ̇

k
N (t)

+ d
dt (Eapprox(pN (t)))

(
4C̄11 − 4C̄12

4C̄−1
22

4C̄21

)
εk
N (t)

 .
(A.21)

The six boundary conditions applying on each node are specified as εtot
xx (t) = 0, εtot

yy (t) = 0,
σzz(t) = 0 and the engineering strains γxy(t) = γxz(t) = γzz(t) = 0. Since there is no
shear, the constitutive relation between stress and strain for node i may be reduced to a
three-dimensional problem of the formσxx,iσyy,i

σzz,i

 = Eapprox(pi)

[
4C̄11

4C̄12
4C̄21

4C̄22

]εel
xx,i

εel
yy,i

εel
zz,i

 , (A.22)

where σuk
i = [σxx,i, σyy,i]

>, σk
i = σzz,i, ε

k
i = [εel

xx,i, ε
el
yy,i]

> and εuk
i = εel

zz,i. Hence the entries

of 4C̄ are equal to

4C̄11 =
1

(1 + ν)(1− 2ν)

[
1− ν ν
ν 1− ν

]
, (A.23)

4C̄12 =
1

(1 + ν)(1− 2ν)

[
ν
ν

]
, (A.24)

4C̄21 =
1

(1 + ν)(1− 2ν)

[
ν ν

]
, (A.25)
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and
4C̄22 =

1

(1 + ν)(1− 2ν)

[
1− ν

]
. (A.26)

The total strains in x-direction and y-direction are equal to zero which implies that εel
xx(z, t) =

−εch
xx(z, t)− εth

xx(z, t) and εel
yy(z, t) = −εch

yy(z, t)− εth
yy(z, t). Therefore, for node i, Eq. (A.20)

amounts to

ε̇uk
i = − 1

1− ν
[
ν ν

] [−ε̇ch
xx,i − ε̇th

xx,i

−ε̇ch
yy,i − ε̇th

yy,i

]
(A.27)

and symmetry in the x-direction and y-direction implies that ε̇ch
xx,i = ε̇ch

yy,i = ε̇ch
i and ε̇th

xx,i =

ε̇th
yy,i = ε̇th

i which allow to rewrite Eq. (A.27) into

ε̇uk
i =

2ν

1− ν

(
ε̇ch
i + ε̇th

i

)
. (A.28)

Since the unknown strain here is ε̇el
zz,i, this may be rewritten to the total strain ε̇tot

zz,i by
addition of the chemical and thermal strain which gives

ε̇tot
zz,i =

2ν

1− ν

(
ε̇ch
i + ε̇th

i

)
+ ε̇ch

i + ε̇th
i (A.29)

which after rearranging may be written as

ε̇tot
zz,i =

1 + ν

1− ν

(
ε̇ch
i + ε̇th

i

)
. (A.30)

Similarly, for node i, Eq. (A.21) amounts to

σ̇uk
i = Eapprox(pi)

1

(1 + ν) (1− ν)

[
1 ν
ν 1

] [
−ε̇ch

xx,i − ε̇th
xx,i

−ε̇ch
yy,i − ε̇th

yy,i

]
+

d

dt
(Eapprox(pi))

1

(1 + ν) (1− ν)

[
1 ν
ν 1

] [
−εch

xx,i − εth
xx,i

−εch
yy,i − εth

yy,i

]
.

(A.31)

Symmetry in the x-direction and y-direction implies that εch
xx,i = εch

yy,i = εch
i and εth

xx,i =

εth
yy,i = εth

i . The unknown stresses σ̇uk
i = [σ̇xx,i, σ̇yy,i]

> are also equal. Using σ̇xx,yy,i =
σ̇xx,i = σ̇yy,i one can rewrite Eq. (A.31) into

σ̇xx,yy,i = Eapprox(pi)
1

ν − 1

(
ε̇ch
i + ε̇th

i

)
+

d

dt
(Eapprox(pi))

1

ν − 1

(
εch
i + εth

i

)
. (A.32)

With the simplified differential equations for strain and stress evolution, the state-space
representation can be completed in a more compact fashion as

ṗ(t)
˙̄T (t)
ε̇ch(t)
ε̇th(t)
ε̇tot
zz (t)

σ̇xx,yy(t)


︸ ︷︷ ︸

ẋ(t)

=



g(p(t))u(t)
GT̄ (t) + jg(p(t))u(t)
εch

maxg(p(t))u(t)
αGT̄ (t) + αjg(p(t))u(t)

ϑαGT̄ (t) +
(
ϑαj + ϑεch

max

)
g(p(t))u(t)

%Ēapprox(p(t))
(
αGT̄ (t) +

(
α%+ εch

max

)
g(p(t))u(t)

)
+ %

∂Ēapprox(p(t))
∂t

(
εch + εth

)


︸ ︷︷ ︸

f(x(t),u(t))

(A.33)

where g(p(t)), G and j are defined in Section 2.6, ϑ = 1+ν
1−ν and % = 1

ν−1 . The matrix

Ēapprox(p) contains the nth order approximations of the bi-linear Young’s modulus along its
diagonal. This matrix is defined as

Ēapprox(p(t)) = diag (PEcE) (A.34)
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and the derivative with respect to time as

∂Ēapprox(p(t))

∂t
= diag (PdEcdE) diag (g(p(t))u(t)) (A.35)

in which the matrices PE = [1N , p(t), p(t)
2, . . . , p(t)n] and PdE = [1N , p(t), p(t)

2, . . . , p(t)n−1].
Similarly, the matrices cE = [c0, c1, c2, . . . , cn]> and cdE = [c1, 2c2, 3c3, . . . , ncn]>. Here
1N = [1, . . . , 1]>1×N . This completes the reduced state-space representation for the single
layer.
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Control of the Photopolymerization
Process

This appendix contains material supporting Chapter 3. First, the Jacobians of the state-
space representation for a single layer, described in Section 2.7 are derived. The strategy to
solve the auxiliary differential equations r(t) and c(t) with endpoint condition is shown.

B.1 Jacobians of the state-space representation of a single
layer

The entire state-space representation for the single layer is derived in Appendix A.3. For
this specific example, the Jacobians with respect to the state x(t) and the input u(t) are
derived.

The Jacobians have several zero entries and have the structure

∂f(x(t), u(t))

∂x(t)
=



∂ṗ(t)
∂p(t) 0N×N 0N×N 0N×N 0N×N 0N×N
∂ ˙̄T (t)
∂p(t)

∂ ˙̄T (t)
∂T̄ (t)

0N×N 0N×N 0N×N 0N×N
∂ε̇ch(t)
∂p(t) 0N×N 0N×N 0N×N 0N×N 0N×N
∂ε̇th(t)
∂p(t)

∂ε̇th(t)
∂T̄ (t)

0N×N 0N×N 0N×N 0N×N
∂ε̇totzz (t)
∂p(t)

∂ε̇totzz (t)
∂T̄ (t)

0N×N 0N×N 0N×N 0N×N
∂σ̇xx,yy(t)
∂p(t)

∂σ̇xx,yy(t)

∂T̄ (t)

∂σ̇xx,yy(t)
∂εch(t)

∂σ̇xx,yy(t)
∂εth(t)

0N×N 0N×N


(B.1)

and
∂f(x(t), u(t))

∂u(t)
=
[
∂ṗ(t)
∂u(t)

∂ ˙̄T (t)
∂u(t)

∂ε̇ch(t)
∂u(t)

∂ε̇th(t)
∂u(t)

∂ε̇totzz (t)
∂u(t)

∂σ̇xx,yy(t)
∂u(t)

]>
. (B.2)

In the remainder of this section, each of the entries will be derived. The derivative ∂g(p(t))
∂p(t)

is required for many entries and is equal to

∂g(p(t))
∂p(t) =


−rm (1− p1)m−1 e

− z1b
Dp 0 . . . 0

0 −rm (1− p2)m−1 e
− z2b
Dp . . . 0

...
...

. . .
...

0 0 . . . −rm (1− pN )m−1 e
− zNb
Dp

. (B.3)
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The partial derivatives of ṗ(t) are

∂ṗ(t)

∂p(t)
=
∂g(p(t))

∂p(t)
u(t) (B.4)

and
∂ṗ(t)

∂u(t)
= g(p(t)). (B.5)

The partial derivatives of ˙̄T (t) equal

∂ ˙̄T (t)

∂p(t)
= j

∂g(p(t))

∂p(t)
u(t), (B.6)

∂ ˙̄T (t)

∂T̄ (t)
= G (B.7)

and
∂ ˙̄T (t)

∂u(t)
= jg(p(t)). (B.8)

Similarly, the partial derivatives of ε̇ch(t) are

∂ε̇ch(t)

∂p(t)
= εch

max

∂g(p(t))

∂p(t)
u(t) (B.9)

and
∂ε̇ch(t)

∂u(t)
= εch

maxg(p(t)). (B.10)

The partial derivatives of ε̇th(t) are

∂ε̇th(t)

∂p(t)
= αj

∂g(p(t))

∂p(t)
u(t), (B.11)

∂ε̇th(t)

∂T̄ (t)
= αG (B.12)

and
∂ε̇th(t)

∂u(t)
= αjg(p(t)). (B.13)

The partial derivatives of ε̇tot
zz (t) are equal to

∂ε̇tot
zz (t)

∂p(t)
=
(
ϑαj + ϑεch

max

) ∂g(p(t))

∂p(t)
u(t), (B.14)

∂ε̇tot
zz (t)

∂T̄ (t)
= ϑαG (B.15)

and
∂ε̇tot

zz (t)

∂u(t)
=
(
ϑαj + ϑεch

max

)
g(p(t)). (B.16)

The partial derivative of σ̇xx,yy(t) with respect to p(t) is somewhat more difficult. For
this purpose, one can define the matrix Pd2E = [1N , p(t), p(t)

2, . . . , p(t)n−2] and the vector
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cd2E = [2c2, 6c3, . . . , n(n − 1)cn]>. The derivative of Ēapprox(p(t)) with respect to p(t) is
equal to

∂Ēapprox(p(t))

∂p
= diag (PdEcdE) . (B.17)

Similarly,
∂2Ēapprox(p(t))

∂p(t)∂t
= diag (Pd2E cd2E) diag (g(p(t))u(t)) . (B.18)

With the aid of the above, the first partial derivative of σ̇xx,yy(t) is equal to

∂σ̇xx,yy(t)

∂p(t)
= %diag (PdEcdE) diag

(
αDT̄ (t) +

(
α%+ εch

max

)
g(p(t))u(t)

)
+ %Ēapprox(p(t))

(
α%+ εch

max

) ∂g(p(t))

∂p(t)
u(t)

+ %
∂Ēapprox(p(t))

∂p∂t
diag

(
εch(t) + εth(t)

)
,

(B.19)

whereas the other partial derivatives are equal to

∂σ̇xx,yy(t)

∂T̄ (t)
= %αĒapprox(p(t))G, (B.20)

∂σ̇xx,yy(t)

∂εch(t)
= %

∂Ēapprox(p(t))

∂p(t)
, (B.21)

∂σ̇xx,yy(t)

∂εth(t)
= %

∂Ēapprox(p(t))

∂p(t)
(B.22)

and
∂σ̇xx,yy(t)

∂u(t)
= %Ēapprox(p(t))

(
α%+ εch

max

)
g(p(t)). (B.23)

B.2 Solving differential equations with endpoint condition

Similar to solving the finite horizon Riccati equation with endpoint condition, described
in Section 3.3, the strategy to solve the auxiliary differential equations for r(t) and c(t) is
described.

B.2.1 Auxiliary differential equation r(t)

The auxiliary differential equation for r(t) is described by

ṙ(t) = −
(
A(t)> − P (t)B(t)R(t)−1B(t)>

)
r(t) +Q(t)xref(t)− P (t)d(t) (B.24a)

r(T ) = −QTxref(T ). (B.24b)

A new time parameter reversing time is be introduced, equal to τ = T − t. Hence t = T − τ
and dt = −dτ . Substituting this into the differential equation gives

ṙ(T − τ) = −
(
A(T − τ)> − P (T − τ)B(T − τ)R(T − τ)−1B(T − τ)>

)
r(T − τ)

+Q(T − τ)xref(T − τ)− P (T − τ)d(T − τ)
(B.25a)

r(T ) = −QTxref(T ). (B.25b)
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Now, the time-reversed variables P̂ (τ) = P (T − τ), Â(τ) = A(T − τ), B̂(τ) = B(T − τ),
Q̂(τ) = Q(T−τ), R̂(τ) = R(T−τ), r̂(τ) = r(T−τ), d̂(τ) = d(T−τ) and x̂ref(τ) = xref(T−τ)
are introduced. Note that r̂(0) = r(T ), x̂ref(0) = xref(T ) and that d

dtr(t) = − d
dτ r̂(τ).

Substitution of these gives

˙̂r(τ) =
(
Â(τ)> − P̂ (τ)B̂(τ)R(τ)−1B̂(τ)>

)
r̂(τ)−Q(τ)x̂ref(τ) + P̂ (τ)d̂(τ) (B.26a)

r̂(0) = −QT x̂ref(0). (B.26b)

This result can be solved forward in time and subsequently, the solution can be transformed
to the normal time t via r(t) = r̂(T − t).

B.2.2 Auxiliary differential equation c(t)

The auxiliary differential equation for c(t) is described by

ċ(t) = r(t)>B(t)R(t)−1B(t)>r(t)− xref(t)
>Q(t)xref(t)− 2d(t)>r(t) (B.27a)

c(T ) = xref(T )>QTxref(T ). (B.27b)

A new time parameter that reverses time is introduced, equal to τ = T − t. Hence t = T − τ
and dt = −dτ . Substituting this into the differential equation gives

ċ(T − τ) = r(T − τ)>B(T − τ)R(T − τ)−1B(T − τ)>r(T − τ)

− xref(T − τ)>Q(T − τ)xref(T − τ)− 2d(T − τ)>r(T − τ)
(B.28a)

c(T ) = xref(T )>QTxref(T ). (B.28b)

Now, the time-reversed variables ĉ(τ) = c(T −τ), r̂(τ) = r(T −τ), B̂(τ) = B(T −τ), Q̂(τ) =
Q(T − τ), R̂(τ) = R(T − τ), r̂(τ) = r(T − τ), d̂(τ) = d(T − τ) and x̂ref(τ) = xref(T − τ) are
introduced. Note that ĉ(0) = c(T ), x̂ref(0) = xref(T ) and that d

dtc(t) = − d
dτ ĉ(τ). Substitution

of these gives

˙̂c(τ) = r̂(τ)>B̂(τ)R(τ)−1B̂(τ)>r̂(τ)− x̂ref(τ)>Q(τ)x̂ref(τ)− 2d̂(τ)>r̂(τ) (B.29a)

ĉ(0) = x̂ref(0)>QT x̂ref(0). (B.29b)

This result can be solved forward in time and subsequently, the solution can be transformed
to the normal time t via c(t) = ĉ(T − t).
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Simulation of the Controlled
System

This appendix contains the remaining figures from the simulations performed in Chapter 4.
First, the remaining state trajectories for the tracking of an arbitrary curing reference are
shown. Subsequently, the state trajectories for the tracking of a stress reference are shown.
Finally, the remaining figures for the last simulation are included.

C.1 Tracking of an arbitrary curing reference

The remaining state trajectories for the simulation performed in Section 4.1 are depicted in
Fig. C.1. Here, an arbitrary curing degree reference is tracked.

(a) Chemical strain evolution. (b) Thermal strain evolution.

(c) Total strain evolution.

Figure C.1: State variables at different z-coordinates while tracking a curing reference.
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C.2 Tracking of an arbitrary stress reference

The remaining state trajectories for the simulation performed in Section 4.2 are depicted in
Fig. C.2. In this simulation, an arbitrary stress reference is tracked at the bottom of the
layer.

(a) Curing degree evolution. (b) Temperature deviation evolution.

(c) Chemical strain evolution. (d) Thermal strain evolution.

(e) Total strain evolution.

Figure C.2: State variables at different z-coordinates while tracking an arbitrary stress
reference at the bottom of the layers.
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C.3 Tracking of an arbitrary curing reference with state es-
timation

The remaining state trajectories for the simulation performed in Section 4.3 are depicted in
Fig. C.3. Here, the curing degree is tracked at the bottom of the layer. Only the curing
degree and temperature at the top of the layer are measured. The figures show the true state
trajectory and the estimated state trajectory.

(a) Curing degree evolution. (b) Temperature deviation evolution.

(c) Chemical strain evolution. (d) Thermal strain evolution.

Figure C.3: State variables at different z-coordinates with their estimates. The curing degree
is tracked at the bottom of the layer while measuring at the top of the layer.
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Validation of the Controlled System

This appendix first gives an impression of the tools that are used during the experiments
and used for simulation purposes. The samples with a step light intensity input are shown
with the model fit. Then several interesting data sets are shown. Among these are pulse
experiments and the effect of ageing of the resin. Finally several repetitions of the closed-loop
response are shown.

D.1 Tools

The Simulink control scheme is depicted in Fig. D.1. Here, the closed-loop control scheme
is built as described in Chapter 3. The uncertainty model is also indicated. The figure
highlights the plant block in which a choice can be made between simulation or a connection
with the actual set-up via the Raspberry Pi. The graphical user interface is depicted in
Fig. D.2 and Fig. D.3.

Figure D.1: Impression of the Simulink control scheme in which plant model is highlighted.
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D.2 Open-loop step response experiment samples

This appendix contains a series of open-loop step experiments. In each figure, the normalized
light intensity is depicted as well as the curing degree and the model fit. The experiments
with Inorm ∈ [0.05, 0.5] are depicted in Fig. D.4 and the experiments with Inorm ∈ [0.6, 1.0]
are depicted in Fig. D.5.

(a) Step response and model fit (Inorm = 0.05). (b) Step response and model fit (Inorm = 0.1).

(c) Step response and model fit (Inorm = 0.2). (d) Step response and model fit (Inorm = 0.3).

(e) Step response and model fit (Inorm = 0.4). (f) Step response and model fit (Inorm = 0.5).

Figure D.4: Step experiments where Inorm ∈ [0.05, 0.5] and model fit where r1 = 1.765 · 10−3

1
s , r2 = 2.276 1

s and p∞ = 0.747.
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(a) Step response and model fit (Inorm = 0.6). (b) Step response and model fit (Inorm = 0.7).

(c) Step response and model fit (Inorm = 0.8). (d) Step response and model fit (Inorm = 0.9).

(e) Step response and model fit (Inorm = 1.0).

Figure D.5: Step experiments where Inorm ∈ [0.6, 1.0] and model fit where r1 = 1.765 · 10−3

1
s , r2 = 2.276 1

s and p∞ = 0.747.

D.3 Interesting open-loop experiment samples

The effect of ageing of the resin is shown in Fig. D.6 in which the response of a resin is shown
and the response of the exact same resin half a year later. Two multi-pulse experiment
measurements are depicted in Fig. D.7 illustrating the occurrence of dark cure. Finally, four
pulse experiments are depicted in Fig. D.8. Here an exposure threshold can be observed as
well as dark cure. The width of the pulses are denoted by δ.
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Figure D.6: The effect of ageing of a resin.

(a) Multiple pulses with 10 s delay and δ = 10 s. (b) Multiple pulses with 20 s delays and δ = 10 s.

Figure D.7: Response to multiple pulse inputs with Inorm = 0.05.

(a) Single pulse input (δ = 10 s, Inorm = 0.05). (b) Single pulse input (δ = 10 s, Inorm = 0.1).

(c) Single pulse input (δ = 7.5 s, Inorm = 0.1). (d) Single pulse input (δ = 5 s, Inorm = 0.1).

Figure D.8: Response to single pulse inputs.
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D.4 Closed-loop experiment samples

Two repetitions of the measurement shown in Section 5.4 are depicted in Fig. D.9. Three
samples of tracking a linear reference are depicted in Figs. D.10 and D.11. The weights for
the experiment depicted in Fig. D.10 are different than the weights for the experiment shown
in Fig. D.11.

(a) Closed-loop sigmoid tracking - experiment 2. (b) Closed-loop sigmoid tracking - experiment 3.

Figure D.9: Closed-loop sigmoid tracking.

Figure D.10: Closed-loop control of curing degree ramp reference.

(a) Closed-loop ramp tracking - experiment 1. (b) Closed-loop ramp tracking - experiment 2.

Figure D.11: Closed-loop control of curing degree ramp reference.
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