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S.AMENVATTING 

Vloeistof-vloeistof druppelkolommen worden in de procesindustrie 

gebruikt voor het uitvoeren van scheikundige reacties en als warmte

en stofwisselaar. In vele gevallen is het rendement van deze doorgaans 

1n tegenstroom bedreven kolommen niet zo hoog, doordat een sterke 

axiale menging in de continue fase bijvoorbeeld de concentratie van 

een van de reactanten of de drijvende kracht voor het overdrachts

proces verlaagt. Deze axiale menging wordt voornamelijk teweeggebracht 

door een circulatiestroming van de continue fase over de gehele hoogte 

van de kolom. Deze circulatiestroming beweegt 1n het centrum van de 

kolom met de druppels mee en langs de wand 1n tegengestelde richting. 

In dit proefschrift wordt een eenvoudige methode beschreven om deze 

circulatiestroming te onderdrukken en daarmee ook de ongewenste axiale 

menging te verminderen. De methode berust op de stabiliserende werking 

van een dichtheidsgradient, waarbij de dichtheid in opwaartse richting 

afneemt. Zo'n negatieve dichtheidsgradient kan in het geval van een 

tegenstroomkolom verkregen worden met behulp van een positief tempe

ratuurverschil tussen de fase, die aan de top aan de kolom wordt 

toegevoerd, en de fase, die onderaan de kolom wordt binnengevoerd. 

In bet proefschrift wordt gesteld dat bet optreden van een circula

Uestroming in een isotherme druppelkolom een sterke gelijkenis ver

toont met het verschijnsel van convectieve stromingen in fluida 

onder invloed van een positieve dichtheidsgradient. Dankzij deze 

analogie is snel in te zien, dat door superpositie van een voldoend 

grote negatieve dichtheidsgradient deze circulatiestroming weer 

onderdrukt kan worden. 

In een aantal proefopstellingen zijn experimenten uitgevoerd. Hieruit 

blijkt het gunstige effekt van een positief temperatuurverschil over 

de kolom: de axiale menging neemt af en het rendement van de kolom 

wordt hoger. 
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Aan de hand van temperatuur- en drukmetingen wordt de schuifspanning 

berekend, die de stroming op de wand uitoefent. Uitgezet tegen de 

hoogte is deze schuifspanning afWisselend positief en 

Dit duidt er op, dat de stroming langs de wand meermalen van richting 

verandert. 

In goede overeenstemming hiermee zijn de resultaten van een lineaire 

stabiliteitsanalyse voor de toestand van uniforme stroming van beide 

fasen. Deze resultaten geven aan, dat i?en specii'ieke verstoring met 

het patroon van een aantal stationaire circulaties boven elkaar snel 

aangroeit. Het aantal cellen in dit dominante circulatiepatroon neemt 

toe naarmate het aangelegde positieve temperatuurverschil over de 

kolom grater is. De van de circulaties in aangrenzende cellen 

is tegengesteld. 

Zowel uit de stabiliteitsanalyse als uit de volgt, dat 

het effekt van een positief temperatuurverschil over de kolom sterk 

bepaald wordt door de waarde van de van de druppels: 

naarmate de slipsnelheid grater is, wordt het aantal circulaties, 

dat ontstaat ten gevolge van een temperatuurverschil, 

kleiner. Derhalve wordt dan de mcuc,~"o minder gereduceerd en gaat 

het rendement minder omhoog. 
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sm~Y 

In process industry, liquid-liquid spray columns are used for 

carrying out chemical reactions and for mass and heat transfer 

operations. In many cases the of these columns, which 

are usually operated countercurrently, is rather low. This is caused 

by the presence of a large amount of axial mixing in the continuous 

phase which reduces the concentration of a reactant, the driving 

force for the transfer process, etc •• This axial mixing is mainly 

brought about by an overall circulation of the continuous phase over 

the total height of the column, The circulation is upward in the 

centre of the column and downward along the wall, if the droplets 

are rising, and is just the reverse, if the droplets are heavier 

than the continuous phase and hence fall. 

The subject of this thesis is a simple method to suppress the 

overall circulation and, consequently, to reduce the axial 

The method is based on the stabilizing action of a density 

at which the decreases with height. In a countercurrently 

operated spray column such a negative density gradient is obtained 

by heating the phase at the top of the column and 

the phase fed to the bottom. 

In this thesis an analogy is raised between the occurrence of a 

circulation in an isothermal spray column and the phenomenon of 

convective instabilities in fluid layers under the action of a 

positive • Guided by this analogy, the 

of a 

tion 

for suppressing the overall circula-

Experiments are described which have been carried out in some 

laboratory columns. In this way, the favourable effect of a positive 

temperature difference on the axial mixing and on the of 

column has clearly been demonstrated. 
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On the basis of temperature and pressure measurements the shear stress 

of the fluid flow acting upon the wall of the column has been calcu

lated. It appears that this shear stress as function of height is 

alternately positive and negative. This 1s indicative of several 

changes in direction of the flow along the wall. 

This agrees very well with the results of a linearized stability 

analysis which has been carried out for the state of uniform flow 

of both phases. By means of such an analysis it has been found that 

a specific disturbance of a stationary circulation character rapidly 

develops. The number of circulation cells of this dominating distur

bance increases with increasing positive temperature difference 

between top and bottom of the column. The circulations in neigh

bouring cells are of opposite sense. 

From both the stability analysis and the experimental investigation 

it follows that the applicability of a positive temperature difference 

to reduce the mixing depends on the value of the slip velocity 

of the droplets: the number of circulations that arises when the 

column is subjected to a specific positive temperature difference, 

decreases with increasing slip velocity. Hence, the reduction of the 

mixing and the improvement of the efficiency is smaller at a higher 

slip velocity. 
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Introduction 

1.1 The history of the investigation 

About twelve years ago Unilever-Emery (Gouda, Netherlands) 

and the Laboratory of Physical Technology of the Eindhoven 

University of Technology (Eindhoven, Netherlands) started 

a joint investigation into the hydrolysis of fat. The 

actual hydrolysis was carried out by Unilever-Emery in 

countercurrently operated liquid-liquid spray columns at a 

pressure of more than 50 bar and a temperature of 260 °c. 

Such spray columns generally have a height of 20 or 25 m 

and a diameter of about 1 m. In the process as it is usual

ly operated, the water is fed to the top of the column, is 

applied as the dispersed phase falling through the contin-

' uous fat phase and is discharged at the bottom. The fat 

is fed to the bottom and converted in the body of the 

column into fatty acid which is withdrawn from the top. As 

the water drpplets not only react with the fat, but also 

extract the glycerol, which is the second product of this 

equilibrium reaction, the fat is converted almost complete

ly in the countercurrent operation. 

During the first stages of the investigation it was found 

[1] that the amount of axial mixing of the continuous 

phase actually limited the conversion of the fat obtained 

in the process in that it decreased the driving force for 

reaction and mass transfer. For this reason, it was 

necessary to gain a better understanding of the mechanisms 

contributing to this axial mixing and to find methods for 

suppressing them. 
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In this joint investigation Wijffels [2,3,4] found that 

the major part of the axial mixing in the spray columns 

originated from the presence of a large-scale circulation 

of the continuous phase over the entire height of the 
column. In the centre of the column the continuous phase 

moves in the same direction as the droplets; along the 

wall it flows in the opposite one. 

on this basis a theoretical model was developed which 

gave a good description of the observed circulation and 

the related axial mixing. The main assumption in this 

model is that the two-phase flow in the spray column will 

tend to a condition in which the vertical pressure gra

dient is at a minimum. 
Obviously, in a spray aolumn the state of uniform flow of 

the two phases is hydrodynamiaally unstable and develops 

into a airaulating mode of flow. Uniform flow, in this 

context, is defined as the state in which the dispersed 

phase particles are evenly distributed over the cross

section of the column and both phases move at a velocity 

which is constant over that cross-section (plug flow). 

In the process industry, circulations and the related 

axial mixing are generally undesired. Therefore, it is 

attractive to induce minimum circulation in the continuous 

phase by the supply of the dispersed phase or, if that is 

impossible as it seems to be, to counteract the induced 

circulation by means of additional measures. Such a measure 

is the application of redistribution trays as in destil

lation towers. Another attempt to reduce axial mixing is 

the use of a rotating disc contactor (RDC). In the joint 

investigation it was shown that it is also possible to 

reduce axial mixing by applying a number of narrow hori

zontal baffles against the wall of the column which were 

supposed to break the flow along the wall and hence the 

circulation. The width of the baffles should be only 10% 

of the column diameter [5]. Drawbacks of this latter con

struction are an increase of coalescence of the drops 

resulting in a less good mass transfer and a reduced 
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capacity of the column. 

All these methods, however, are mechanical solutions for 

the actually unresolved problem of the undesired presence 

of a circulation of the continuous phase. Furthermore, 

filthiness and corrosion are troublesome consequences of 

the application of internals. 
Later on (1971), the idea was born to reduce mixing in a 

spray column by application of a higher temperature at the 

top than at the bottom (positive temperature gradient) so 

that the density would decrease with height. This is a 

natural, i.e. non-mechanical method to try and reduce the 

instability of the original system. 

At this stage mention must be made of the connection exist

ing between this investigation and some other investigat

ions on vertical two-phase flow systems which were carried 

out in the Eindhoven Laboratory of Physical Technology. All 

of them concerned two-phase systems in which the slip 

velocity of the particles is equal to or larger than the 

linear velocity of the continuous phase. Systems in which 

the slip velocity is dominated by the continuous phase 

velocity and hence the dispersed phase particles are 

"entrained" were not considered. In the systems which were 
studied, turbulence was absent or played no part of importance. 

The main theme of these investigations was formed by the 

question of the natural stability or instability of these 

two-phase systems. The physical stabilizing mechanism -if 

present- was looked for, and methods were attempted to 

introduce stabilizing mechanisms -if not or not sufficient
ly present by nature. 

Rietema and Ottengraf [6} had found a stable circulation 

over the entire length in a laminar bubble column, which 

resulted in the formation of a stable bubble street in the 

centre of the column. The only requisite for the occurrence 

of this phenomenon was the presence of a few narrow verti
cal baffles. A theoretical model was built in which the 



assumption of the tendency of the system towards the con

dition of minimum energy dissipation is crucial. In a 

separate investigation it was tried to suppress such a 

circulation by reducing the pressure at the upper end of 

the column in order to induce an increased expansion of 

the rising bubbles. It was claimed that in this way a 

stabilizing negative gradient of the density of the dis

persion could be obtained, provided that conditions were 

chosen such as to keep the slip velocity constant during 

expansion. This idea, however, did not prove to yield 

satisfactory results. 

In this context the work of Mutsers [7,8] must also be 

mentioned. He concluded that the stability of homogeneous

ly expanded fluidized beds can only be explained by assign

ing elastic properties to the powder phase caused by inter

particle forces. If further expansion decreases these 

interparticle forces, the homogeneous bed does no longer· 

resist disturbances, and rapidly rising pockets of contin

uous phase ("bubbles") will arise. The bed becomes "hete

rogeneously" fluidized. 

Large-scale circulations in liquid-liquid spray columns 

(2-4] and in bubble columns [6] as well as bubbles in 

fluidized beds [7.,8] can be seen as phenomena of demixing 

of the two phases owing to the natural instability of the 

uniform state of flow: disturbances will develop into one 

of these degenerate states. 

The criteria to be fulfilled for the uniform state of flow, 

and the boundaries with the degenerate states of circulat

ing and bubbling are not known. 

Let us n9w return to the applicability of a positive tem

perature difference to reduce the mixing in a spray column. 

In meteorology (Lomonosov, 1753, see [9]) and geology, the 

importance of negative and positive density gradients for 
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the occurrence of free (or natural) convection currents 
has been recognized a long time. The same explanation 

was initially given to the experiments of B~nard (1900), 

though later on it appeared that surface tension effects 

at the free surface of the horizontal layer played 

the reajor part in them [10, II]. In connection with 

this experience in several fields of science, we wonder

ed whether the application of external conditions 
resulting in the appearance of a density gradient should 

also influence the stability of two-phase flow systems. 

It was also wondered whether stabilizing density gradients 

would possibly be present naturally in systems which 

appear to be stable and whether suitable methods could be 

found to stabilize systems which are unstable by nature. 

Another question was whether a gradient in the density of 

the continuous phase or a gradient in the density of the 

dispersion as a whole would promote the stability of a 

two-phase system. 

I.2 An outline of the present investigation 

Against the above background of scientific curiosity and 

intriguing problems, in November 1973 a request for a 

grant was submitted to the Netherlands Organization for 

the Advancement of Pure Research {ZWO). It was proposed to 

start an investigation, entitled "The hydrodynamic stabili

ty of two-phase flow systems", in which a general theory 

should be developed. For that purpose a grant was awarded 

by ZWO for the period from July I, I974 to July I, 1977. 

The goal of the theoretical part of the investigation was 

to be the adequate description of the hydrodynamic behav

iour of dispersed two-phase flow systems by means of a 

number of equations representing mass, momentum and energy 

balances. In spite of large amounts of previously publish

ed work, the correct form of the momentum balance equations 

was still controversial: how to account for the interaction 

forces between the individual particles and those between 
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the two phases. These balances, however, form the basis 

for an analysis of the hydrodynamic stability and hence 

had to be known exactly. Such a stability analysis would 

have to provide criteria for stability and for the kind 

of the degenerate state in the case of instability. 

The experimental work was to include observations on 

spray columns, bubble columns and liquid-solid fluidized 

beds and contain measurements of circulation velocities 

and circulation patterns, axial mixing coefficients, 

pressure and density gradients, diameter and velocity of 

bubbles and effective viscosity coefficients. 

Now, this thesis does not cover the immense field of all 

the above-mentioned theoretical questions and experiments. 

It restricts itself primarily to liquid-liquid spray 

columns. For, during the investigation, experiments carried 

out on spray columns were very successful and appeared to 

yield so much information that the experimental program 

for this type of two-phase flow was extended substantially. 

Furthermore, the experiments on bubble columns and fluid

ized beds were less successful. 

With respect to the theoretical work, stability analyses 

were carried out on the basis of momentum balances which 

were carefully derived for the general case of dispersed 

two-phase flow. The stability analyses yielded, for a 

liquid-liquid spray column, findings which supported the 

experimental results very well indeed. Owing to limitations 

inherent in the linear stability analysis employed, no 

conclusions could be drawn for the general case of vertical 

two-phase flow. Hence, the general criteria for stability 

versus instability and for the possibility of existence of 

the degenerate modes of bubbling and circulating have not 

yet been found. With some reserve, however, it may be con

cluded from experimental observations made on bubble 

columns as well as from the stability analysis carried out 

for spray columns that it is not the dispersion density 
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gradient, but the density gradient in the continuous phase 

that is related with the hydrodynamic stability of and 
mixing in the dispersed system. 

1.3 The contents of this thesis 

As extensively reported in the preceding section, during 

this investigation more emphasis was gradually placed on 

the stability of and mixing in the liquid-liquid spray 

columns. Hence, this thesisis mainly devoted to this sub

ject. Only the third chapter deals with dispersed two

phase systems in general. It should be added that both the 

measuring methods and the theoretical analysis described in 

the other chapters may also be applicable to other dispers

ed two-phase flow systems. 

This thesis consists of four chapters and two appendices. 

Three chapters and the first of the two appendices 

are actually papers submitted to technical journals. Some 

of them (Chapter 2, Appendix 1) have in the meantime been 

accepted for publication. Below I have listed the journals 

to which the separate. papers have been submitted: 

Chapters 2 and 3 

Chapter 4 

Appendix 1 

Trans.Instn.Chem.Engrs. 

Ind.Eng.Chem.Fundamentals 

Chem.Eng.J. 

Another paper will shortly be written on the basis of chap

ter 5. 

The papers now forming the chapters 2 and 3 deal with the 

experimental results obtained in the spray columns. The 

paper of chapter 4 gives the derivation of the momentum 

balance equations for dispersed two-phase flow systems. Use 
is made of them in chapter 5 which mentions some results 

from a linearized stability analysis for spray columns. 

These confirm the experimental findings of chapter 3. 

The paper on spontaneous drop formation from a liquid jet 

has been included in this thesis as Appendix 1, since in 
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chapter 3 use is made of the results. In Appendix 2 I have 

collected some tabular material with respect to the experi

ments of chapters 2 and 3, which is too extensive for papers 

in journals. 

As usual in the papers from our laboratory, the man who 

bears the first responsibility is mentioned as the first 

author. This means that he carried out the experiments and 

elaborated the experimental results. The theoretical work, 

on the other hand, is generally the result of thorough dis

cussion and exchange of ideas between the authors, although 

here too the outline of the paper was set by the first

mentioned author. 
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synopsis 

In the first two parts of this series on mixing and flow 

patterns in liquid-liquid spray columns Wijffels and 

Rietema developed and verified a theoretical model for a 

tall circulating spray column. This model underlies the 

proposition that in order to reduce the axial mixing in 

a spray column the overall circulation must be suppressed. 

An analogy is raised between the occurrence of circula

ting flows in dispersed two-phase flow systems and the 

phenomenon of convective instabilities. in fluid layers 

and columns when heated from below. 

For this reason the effect of a negative density gradient, 

realized as a positive temperature gradient between top 

and bottom, upon the axial mixing has been investigated in 

several tall spray columns. Actually a gradient of 10° C/ 

m can reduce the axial mixing to half the isothermal 

amount. The favourable effect upon column performance is 

also shown: the efficiency increases with more than 10%. 

The influence of slip velocity and of quality of heat 

exchange upon the attainable reduction of mixing is dis

cussed. A plot correlating the efficiency with a so-called 

mixing index can be used to decide whether application of 

a density gradient to reduce the mixing is attractive in a 

specific case. 
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1. Introduction 

It is generally recognized that in continuous-flow 

operations with two phases such as absorption, extrac

tion, heat transfer, and in two-phase chemical reactors, 

the effective rate coefficient is lowered by the 

phenomenon or axial mixing. Hence, a larger number of 

true transfer of reaction units is required than if no 

axial mixing occurred. The abrupt change or jump in 

concentration or temperature of an incoming stream as it 

enters the column, is characteristic of axial mixing in 

that phase. In this paper only axial mixing in the con
tinuous phase of two-phase flow systems will be consi

dered. 

Many authors have measured axial mixing in bubble columns 

(1-12] and in liquid-liquid spray columns (13, 14} 

without regarding its physical backgrounds and mechanisms. 

But it is very instructive to analyze the mechanisms 

contributing to this phenomenon. The mixing in the con

tinuous phase is brought about in several ways: 

- molecular diffusion, playing a minor part in two-phase 

flow systems: 

- turbulent diffusion caused by turbulent flow in the 

column and by the movement of the dispersed phase 
relative to the continuous phase: a measure of these 

contributions is formed by the Reynolds number with 

respect to column diameter and particle diameter 

respectively: 

- wake entrainment by the dispersed phase particles; 

- overall circulation of the continuous phase over the 

entire length of the column. 

It has been shown by Wijffels and Rietema [15, 16, 17} 

that the contribution of an overall circulation to the 

axial mixing of the continuous phase dominates the other 

contributions, provided that the ratio of column radius 

R to droplet diamete}:" d is large. 
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It is just the domination of the overall circulation in 

the mixing process that may enable the reduction of 

this mixing. Since the overall circulation is the only 

consequence of the flow of the dispersed phase particles 
that exceeds the scale of the particles and further 

is not encountered in the case of a single moving 

particle, it is the only contributing mechanism to 

mixing that may be inhibited or affected. For this 

reason, .the models for circulatory two-phase flow sys

tems which have been developed in our laboratory [15, 

18] will first be discussed. 

A negative density gradient applied to a spray {or bubble) 

column is expected to suppress the overall circulation and 

consequently to reduce the axial mixing of continuous 

phase. Its mechanism can be made clear by the following 

reasoning: suppose that a volume element at height z and 

with density p is displaced by the overall circulation to 

height z + dz, where the prevalent density is p + dp; then 

this displacement will be counteracted by a force dp g. 

In a spray column operated countercurrently such a negative 

density gradient is easily realized by adjusting a positive 

temperature difference between top and bottom of the column. 

Experiments carried out in our laboratory and concerning 

the influence of a positive temperature gradient upon mix

ing and flow behaviour in tall spray columns will be pre

sented in two articles. In the first, changes in mixing 

characteristics of these columns and its consequences for 

column performances will be dealt with. In the second, 

observed changes in flow patterns in these columns due to 

a positive temperature gradient will be communicated. 



2. Theoretical model for circulating spray and bubble 

columns 

Circulations in spray columns had already been found by 

many investigators [19-22]. Towell et al.[23] were the 

first workers mentioning overall circulation in a bubble 

column. Reith et al. [24,25] denied the existence of such 

overall circulation, while according to De Nevers [26] a 

stable circulation would only be obtained by using vertic
al baffles. However, several other authors [27-30] really 

measured circulation of continuous phase. 

Rietema and Ottengraf [18,31] were the first to develop a 

theoretical model for a tall laminar bubble column with an 

even air supply over the bottom cross-section. In broad 

outline, but with a different criterion and applied espe

cially to mixing behaviour, the same model was also used 

for a tall spray column by Wijffels and Rietema, who 

presented it for the first time at the C.R.E.Symposium in 

1968 [32] and in its final form in 1972 [16,17]. 

The main feature of the Eindhoven model for the flow 

condition of tall bubble and spray columns is the 

presence of overall circulation of the continuous phase, 

although, as must be emphasized, at both ends of the 

column the supply of the two phases was evenly distributed 
over the horizontal cross-section. The occurrence of 

such circulation is explained by the presence of density 

differences between the central core (radius b) over 

which the dispersed phase is homogeneously distributed, 

and a thin layer near the wall (thickness o = R-b) being 

free of or poor in dispersed phase. The continuous phase 

in the central part travels in the same direction as the 

dispersed phase particles, while the continuous phase in 

the wall layer moves in the opposite direction. Photo

graphs of ink injections [15, 17] and observations by 

other investigators [33] confirm the validity of this 

concept. The model neglects end effects and assumes the 

absence of a radial pressure gradient in order to 
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describe the flow with vertically aligned velocities 

only. 

On the basis of this concept and using additional 

criteria - that of a stationary pressure gradient or 

that of minimum energy dissipation - theoretical 

expressions for the velocity profile of the continuous 

phase have been derived [16, 18]. In the case of the 

spray column the solution for the velocity profile was 

used to come to predictions on the mixing behaviour in 

the continuous phase. On the analogy of Taylor's famous 

approach of solute transport by a stream of non-uniform 

velocity combined with diffusional-mixing in radial 

direction, the mixing may be conceived as a diffusional 

process and may be described with an effective 

(diffusional-) mixing coefficient. This procedure was 

followed by SchUgerl [34] to describe gas mixing in 

fluidized beds and was indicated also by Danders et al. 

[32] for spray columns. On the same basis and using the 

calculated velocity profile, Wijffels [15-17] derived 

( 1) 

Plotting eq. (l) as Eax,eff/vs d versus R/d a parabolic 
curve was obtained indicating the growing contribution 

of the overall circulation at increasing ratio of R to 

d. Experimentally determined values of E ff in ax,e 
several spray columns of different diameters were satis-

factorily close to the parabolic curve indicating a 

satisfying applicability of the flow model. A similar 

Taylor-like approach was used by Okhi and Inoue [35] and 

by Mashelkar and Ramachandran [36] for a bubble column. 

Crabtree and Bridgwater [37] have modelled the liquid 

motion induced by a chain of bubbles in a viscous liquid. 

Their model bears a strong resemblance to the work of 

Rietema and Ottengraf. 

17 



A number of investigators, working at Cambridge 

University, initially supposed the overall circulation 

of continuous phase in dispersed two-phase flow systems 

to be intimately connected with an uneven supply of 

either the continuous phase or the dispersed one. Hence, 

a great deal of research was done in systems with 

deliberately induced liquid circulation (gulf stream 

effect) [38-41). Whalley [39], however, also cites from 

the literature evidence of liquid circulations in bubble 

columns which have been uniformly aerated. Hills [42], 

from the same laboratory, applied, in a model for a 

bubble column, assumptions similar to those of the 

Eindhoven school and measured radial non-uniformity of 

velocity and voidage in a quite analogous manner as 

Pavlov [29]. 

3. The suppression of circulatory flows 

The tendency of a uniformly d,ispersed two-phase flow 

system to develop circulatory flows suggests an analogy 

with convective instabilities in fluid layers when heated 

from below. Since Benard in 1901 reported his experiments, 

innumerable investigators found that a positive density 

gradient induces circulatory motions in an otherwise 

quiescent state, provided that the tendency of conduction 

and viscosities to redistribute horizontally the tempera

ture and the velocities is not too large. The density 

gradient can be obtained by applying a temperature dif

ference to the system, as in the classical experiments 

of Benard, but may also be due to an unequal solute 

concentration. 

It is believed that supplying dispersed phase to a layer 

or column of continuous phase results in similar circu

latory instabilities of that continuous phase. Any homo

geneous dispersed two-phase flow system is expected to be 

inherently unstable. In this line of thought many intri-
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guing questions arise: about. the influence of the densi

ty difference between both phases and about the part ver

tical walls play. In their analysis of the stability of 

fluidized beds, Medlin, Wong and Jackson [43] also com

pared the particle circulation patterns with convective 

motions in fluid layers. 

It is now suggested that the tendency of a dispersed 

two-phase system to develop circulatory motions may be 

reduced by imposing an additional negative density 

gradient upon the two-phase system, also when it is 

primarily used as a mass exchanger or a chemical reactor. 

In the case of a spray column in countercurrent operation 

such a gradient is most easily realized by heating the 

phase which enters the column at the top. It is readily 

concluded that as a consequence of the suppression of the 

overall circulation of the continuous phase the effective 

axial mixing will decrease also. 

The application of a positive temperature gradient to 

reduce axial mixing has. already been attempted in a wash 

column for solid polymer particles in a polymerization 

process [44]. Several investigators [45-49] studying heat 

transfer in a liquid-liquid spray column found that 

hot-top operation was more favourable or that greater 

positive temperature differences improved the performance 

of a column, From experimental results of Sukhatme and 

Hurwitz [33] it can be concluded that supplying hot con

tinuous phase at the bottom brings about stronger circu

latory motions than hot dispersed phase. Such findings 

were always explained [50] with the recognition that a 

hot-top operation lines up with the natural heat-flow 

direction and that natural convection currents must be 

used wisely. 
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4. Experimental apparatus 

The experiments were carried out in four columns, labelled 

A to D, with different dimensions and with different drop 

sizes, which are recorded in table 1. 

The common feature of all experiments was the countercur

rent flow operation and the external recirculating of the 

two phases. To reduce axial mixing, before supplying them 

to the columns, the one fed at the top was heated and the 

other one, entering at the bottom, was cooled. The tempe

rature profile of the continuous phase, resulting from 

the heat exchange between the two phases, was measured 

with copper-constantane thermocouples. The welded tips of 

the thermocouple-wires (0.5 and 0.2 mm) jutted out of 

stainless steel covers (outer diameter 2 and 3 mm). The 
columns were insulated with glass wool to prevent heat 

losses. 

Table 1. Summary of experiments 

D d L Gd number 
series column of 

[em] [mm] [m] [kg/min] experiments 

1 A 11 4 1.25 .74 6 

2 B 15 8 5.00 .28 6 

3 c 15 1 4.90 1. 08-1.27 8 

4 c 15 1 5.70 1. 08-1.14 4 

5 c 15 1 5.59 1. 08-1.10 4 

6 c 15 1 5.86 1.10 25 

7 c 15 1 6.30 1.10 5 

8 c 15 1 5.86 1.17 7 

11 D 45 3 6.50 22.3 6 

12 D 45 3 6.50 22.3-27.4 13 

13 D 45 3 6.50 27.8 8 
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The first series of exploring experiments took place in a 

perspex column (A), 11 em in internal diameter and 125 em 

long. A mixture of kerosene and trichloroethylene with a 

density greater than that of water (the continuous phase) 

was used as the dispersed phase. Therefore, the dispersed 

phase was fed to the top and entered through an annular 

stainless steel head containing in its bottom 50 holes of 

1 mm in diameter with a mutual distance of 10 mm. The re

sulting drops had a diameter of about 4 mm and a slip 

velocity of 7 em/sec. The continuous water phase was sup

plied at the bottom through a distributor ring with holes 

directed sidewards: it left the column via an overflow. 

Only the dispersed phase was recirculated externally. 

Afterwards a second series of 6 experiments was carried out 

in a 15 em column of 5 m length (column B) with the same 

liquids. Supply and outlet of the two phases occurred in a 

similar way as in column A, but now the drops had a diame

ter of about 8 mm and a slip velocity of 9 em/sec. 

A large number of experiments was carried out in columns 

labelled C with an internal diameter of 15 em ~nd a length 

varying between 4.90 and 6.30 m. They were built up by 

compiling Quickfit glass sections of different length, 

between which metal flanges were fitted to allow for the 

introduction of measurement probes. Against the advantages 

of easy and cheap construction a serious disadvantage of 

using tbese Quickfit sections must be mentioned: tye 

widen somewhat at their ends (about 3 or 4%) . 

A flow sheet of the plant used with the columns C is given 

in figure 1. Temperatures were measured at the centre-line 

of the column. Kerosene ("Shell Sol K") of which the phy

sical properties are presented in table 2, was used as the 

dispersed phase. Special attention was now paid to obtain

ing droplets of uniform diameter to prevent residence time 

distribution of the droplets due to differences in slip 

velocity. Droplets having equal diameters arise owing to a 
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Table 2. Liquid properties 

used p at 20° c co a 
Liquid in p 

series [kg/m3] [kJ/kg oC] [J/kg(oC)2] 

kerosene + 
trichloro- 1,2 1050 
ethylene 

Shell Sol K 3 to 8 782.1 2.068 4.605 

Shell Sol K 
+ 11,12 767.4 2.039 4.187 

Shell Sol T 

kerosene + 
tetrachloro- 13 899.3 1. 721 4.187 
ethylene 

Table 3. Properties of water 

p at 20°C 998.2 kg/m3 

0 4.187 kJ/kg °C cp 
a 0 kJ/kg (oC) 2 

in eq. (7) : a1 4190.48 kJ/m3 °C 

a2 -.46 kJ/m3 (oC) 2 

a3 .05 kJ/m3 (oC)3 
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spontaneous breaking-up of liquid jets issuing from needles 

[51]. The dispersed phase was supplied to the column at the 

bottom via 187 highly finished stainless steel needles (in

ternal diameter 450 ~m, external diameter 800 ~m, length 

5 em), the upper end of which is bevelled at an angle of 

45° (figure 2). The needles had been fastened in a head, 

made of "Celeron", with a synthetic resin. Both synthetic 

materials were chosen to minimize heat transfer to the 

Fig.l Flow sheet of experimental plant used with columns 

C: a. column; b. kerosene storage tank; e. water 

storage tank; h. electrical heaters; g. seal the 

position of which arranges the location of the 

coalescing zone in the column; k. coalescer filled 

with glass wool to remove water. 
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hole for 
water disehar 

a 
breather 

hole for 
water discharge 

c 

needles 

breather 
needles 

Fig.2 Details of column construction: 

b 

a. part of the bottom of columns c. 
b. one needle in more detail. 

c. part of bottom of column D. 

kerosene before or during passage through the needles. The 
needles had been placed honey-comb-wise l em apart. In this 

way a perfect distribution over a horizontal cross-section 

was obtained. At the adjusted dispersed phase flow rate 
the diameter of the resulting uniform droplets was about 1 

mm (slip velocity 4 em/sec). 

The continuous phase (demineralized water) was fed to the 

top, beneath the layer of coalescing kerosene drops, 

through either a ring or a spider-like distributor, both 

with holes directed sidewards. 

Especially the second type of water distributor (figure 3) 

provides for a very even supply and took little space. 

The water discharge at the bottom of the column took place 

at six points in the wall just above the head of needles 

(figure 2a) . 
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Because of the very low superficial water velocity in the 

column (about 0.05 em/sec) this discharge was expected to 

be sufficiently uniform over the cross-section. 

Finally, experiments were also carried out in column D 

with a diameter of 45 em. It consisted of a stainless 

steel tube 5 m long provided at either end with a Quick

fit glass section of equal diameter and having a length of 

0.75 m. The flow sheet of this plant resembles that of 

figure 1; only the heat transfer equipment was scaled up 

because of the higher through-puts of both phases. The 

majority of the temperatures was measured at a distance 

L 

t/12.5mm 

(9x) 

Fig.3 The spider-like water supply device of columns c. 
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from the centre-line equal to two-thirds of the column 

radius. Only at certain heights were they also measured 

at the centre-line and at one-third of the radius. The 

dispersed phase in the experiments of the series 11 and 12 

was kerosene (a mixture of "Shell Sol K" and "Shell Sol 

T")~ that in series 13 was a mixture of kerosene and 

tetrachloroethylene. The physical properties of these 

liquids were measured and are recorded in table 2. Now 

the dispersed phase entered the column via 583 stainless 

steel needles having an internal diameter of 1.5 mm and 

placed in a honey-comb arrangement 17.5 mm apart. The dia

meter of the resulting uniform drops was about 3 mm. In an 

attempt to improve ~he water discharge, an additional 

section of small height was added to the bottom of the 

column. It was separated from the latter by means of a 

perforated plate. From underneath this section all needles 

which served for the feed of the dispersed phase ran through 

the perforations of this plate (see figure 2c). The water 

was forced to flow through the narrow annuli around the 

needles~ it left the column via twelve holes in the wall 

of this extra section. 
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5. The equations of the heat transfer process 

On the basis of the model of Wijffels and Rietema it is 

assumed that to describe heat transfer in our spray 

columns, plug flow with axial mixing holds for the contin

uous phase and plain plug flow for the dispersed phase. 

The equations for the stationary heat transfer process 

in a column with perfect isolation of the walls then run 

as follows: 

G ~ (c T ) +Add { e:E dd (p c T ) } - K AS (T -Td) = 0 (2) cdz pee z ax z epee c 

and 

(3) 

In the case of an infinitely good heat transfer between the 

phases Tc Td = T. Summation of the eqs. (2) and (3) then 

yields: 

(4) 

Solving eq. (4) for constant values of dispersed phase hold

up, mixing coefficient, heat capacities and densities, the 

familiar relations of Miyauchi and Vermeulen [52} are ob

tained. A constant temperature gradient will exist over the 

entire length of the column, if the heat extraction coeffi

cient A = Gccpc/Gdcpd is unity. If indeed 6p (=pc-pd) and 

hold-up are independent of temperature, it should be expect

ed that then reduction of axial mixing is uniform over the 

entire height of the column. 

To include the so-called free convection effects, heat 

capacities and densities are allowed to vary with temperat

ure. With sufficiently large accuracy we have 

c 
pc 

c , 
pa 

(5) 

(6) 
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d ( c T) 
dz Pc pc 

where pc is supposed to be a parabolic function of the 

temperature. 

(7) 

Integrating eq. (4) from 0 to z and substituting in it eqs. 

(5) to (7) and the boundary condition at the continuous 

phase exit, yields 

2 0 0 
(acGc - adGd)'F + (cpcGc - cp:lGd)T + Gd (cp:lTd) f - Gc (cpcTc) e + 

+ AeEax (a1 + a2T + a3~) : = 0 (8) 

where the subscripts e and f denote exit and feed. An 

exact solution of eq. (8) is not possible, since mixing 

actually is the result of the flow condition and therefore 

Eax cannot be written as an explicit function of temperat

ure or height. Substituting in (8) %(T~e + Tee> and 

f<Tde - Tee) as mean values of T and ~z and inserting a 

mean value of the volume fraction e, a mean effective axial 

mixing coefficient Eax can be determined. However, local 

values of E could be calculated with eq.(8), if the ax 
temperature gradient could be measured locally. As will 

be seen from the experimental temperature profiles, the 

local temperature gradient can be determined only with 

large uncertainty. 

The performance of the spray column can be expressed by the 

efficiency n which will be defined as the ratio between the 

temperature change of either of the two phases actually 

achieved by the heat transfer process in the column, and the 

temperature difference between the two phases at their inlet 

positions. In our investigation n is related to the contin

uous phase; hence 

(9) 
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According to Pavlica and Olson [53] a parameter being very 

sensitive to the effect of mix.ing on column performance is 

given by 

T - Tst 
ce · · ce 

Tpf _ Tst 
ce ce 

(10) 

It can be conceived as a mixing index ranging from zero for 

stirred-tank performance (st) to unity for piston flow (pf). 

This mixing index can easily be calculated only if the heat 

exchange between the two phases is infinitely good. Then 

the values of T~! and T~! can be determined from overall 

heat balances. These balances result in the following 

equations for T ce 

(11) 

E!gg_!!Q~ (supposing Tdf < Tcf' see appendix 1): 

if .p < 

c~c + 2acTdf 
Tee = Tdf ( 12) 

0 (13) 

where ~ is the ratio of Gc to Gd. 

An accurate value of .p, which must be substituted in the 

equations (11) to (13), is easily obtained from an overall 
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heat balance 

(cpdTd)e- (cpdTd)f 

(cpcTc)f- (cpcTc)e 
(14) 

This relation is very opportune since temperatures can be 

measured more accurately than mass flow rates can be ad

justed by rotameters. 

To determine the efficiencies nc of a stirred tank or a 

plug flow apparatus, the same procedure must be followed 

as to calculate the mixing index Yc of eq. (10). In the 

case of a plug flow satisfying the condition of eq. (12) it 

is easily seen that 

1 (15) 

In our experiments water was used as the continuous phase 

(a ~ 0). Hence we have for higher values of <P: c 

0 
2adTcf 

0 + ad(Tcf + Tdf) cpd + pf cpd 
<P > nc < 1 

0 0 
c <jlcpc pc 

pf 
where the condition as well as the expression for nc 

depends upon Tcf" 

6. Experimental results 

(16) 

A summary of all experiments is presented in table 1. More 

extensive tables with experimental data can be obtained 

from the authors on request. 

In the first two series of exploring experiments the ratio 

R/d was rather small and, according to eq. (1), circulating 

flows could be expected to be of minor importance. End 

effects were considerable, especially in column A, since 
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T[°C] 

1
.---------------,//// 

dispersed// 

40 
phas~~/ 

20 

exp. 2.4 

1.0 

Fig.4 Measured temperatures in exp. 2.4 (column B). 

Lines have been calculated with an analogue computer. 

-as appeared later- insufficient care had been taken in 

introducing the two phases evenly over the cross-section 

of the column. Owing to the large size of the drops the 

heat exchange between the two phases was rather poor. 

In all experiments the hold-up of dispersed phase was 

about 1.5 or 2%. An example of a measured temperature 

profile is shown in figure 4. Theoretical temperature 

profiles can be obtained by solving eqs. (2) and (3), with 

appropriate boundary conditions, for constant values of 

hold-up, mixing coefficient, heat capacities and densities 

[52]. With an analogue computer the best fit of the theo

retical curves to the measured points was found, yielding 

approximate values of the number of transfer units N
0 

and 

mixing coefficient E The best fit of theory to experi-ax 
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ment is also shown in figure 4. The approximate values of 

E of all experiments of series 1 and 2 have been plotted 
ax 

versus the applied positive temperature gradient in figure 

5, from which the favourable action of this temperature 

gradient will be evident. It must be realized, however, 

that the reduction of axial mixing might mainly be due to 

suppression of that mixing that is caused by entrance 

effects. 

I 
• 

20 

10 

2 10 20 30 

Fig.5 Mean effective axial mixing coefficient ve~sus 
applied positive temperature gradient for the expe

riments of series 1 and 2 (columns A and B). 

When operated isothermally, this column exhibits a strong 

circulatory behaviour (since R/d = 75}. Mixing effects due 

to an uneven introduction of the two phases over the cross

section of the column have well been eliminated by using 

specially designed supply-devices. A large number of expe-
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riments (series 3 to 8) have been carried out in column C, 

all with the same liquids (water and kerosene), but with 

varying column lengths and flow rates, as indicated in 

table 1. Furthermore, the sequence of compiling the Quick

fit glass sections of the column as well as the number of 

them differed from series to series. In this way the in

fluence of widened ends of the sections upon the flow and 

mixing behaviour was investigated. In all experiments the 

hold-up was 3 to 4%. Stationary temperature profiles were 

not determined before 8 hours after the process conditions 

were changed. Measured temperature profiles will be pre

sented in part IV of this series. 

2 6 10 14 

--- l.\Tt [oc;m] 
L 

Fig.6 Mean effective axial mixing coefficient versus 

applied positive temperature gradient for the expe
riments of series 6, 7 and 8 (column C). 
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Fig.? Mixing index versus applied positive temperature 

gradient for a number of experiments of series 3, 

6 and 7 (column C). 

Since in all experiments the exit temperature of the 

kerosene was equal to the local water temperature, it was 

concluded that the heat exchange between the two phases 

was good enough to put Tc = Td = T over the entire length 
of the column. Hence, it was possible to calculate mean 

effective axial mixing coefficients for all experiments 

by means of eq. (8). In figure 6 this quantity has 

been plotted versus the applied positive temperature 

gradient for all experiments of the series 6, 7 and 8. 

The effect of this gradient upon column performance as 

indicated by the mixing index yc can be seen from figure 

7 for those experiments of series 3, 6 and 7 in which the 

mass flux ratio ' was between rather narrow limits. The 
mixing index appeared to be strongly influenced by ,. 

Because of the varying sequence of compiling the column 

sections as well as their varying number the amount of 
mixing in column C differed from series to series. In each 
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series the favourable action of the applied positive tem

perature gradient was striking however. It is easily seen 

that the axial mixing is reduced to about half the amount 

in the isothermal column owing to an applied positive 

gradient of 10° C/m. Finally, it was verified experiment

ally that a negative temperature gradient results in a 

substantial decrease in mixing index. 

6.3 Column D _________ .,. 

Three series of experiments have been carried out in 

column D. The hold-up of dispersed phase was 2.5 to 3% 

(series 11 and 12) and about 5% {series 13). The quality 

of heat exchange between the phases and their density 

difference were the parameters which varied. 

In series 11 the heat exchange between the two phases 

appeared to be infinitely good. Unfortunately, owing to 

the solving of rubber used in the column, the kerosene 

became yellow. Besides, some component. of "Shell Sol T" 

dissolved in the water in the form of very tiny droplets. 

After the experiments of series 11 the water was replaced 

by fresh water and the kerosene was treated with active 

carbon. In series 12 the heat exchange between the two 

phases appeared not to be infinitely good. It is not clear 

why and how this decrease in quality of heat exchange 

arose. Anyhow, the two phases had unequal temperatures at 

every height. 

The density difference and hence the slip velocity of the 

drops was deliberately changed in series 13 to investigate 

the effect of a temperature gradient at a different cir

culation strength, which according to eq. (1) is strongly 

determined by the slip velocity. 

From figure 8, in which the efficiency nc has been plotted 

versus the applied positive temperature gradient, it is 

seen that indeed the quality of heat exchange and the slip 

velocity are important parameters. In the case of very 

good heat exchange (series 11) mixing is reduced in spite 
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of the high slip velocity, but the reduction is smaller 

than that in column C, where the slip velocity is lower.*) 

If the heat exchange is poor (series 12 and 13), mixing 

can only be reduced at low slip velocities (series 13). It 

is evident that the performance of column D is not so good 

as that of column C at the same mass flux ratio (series 6). 

Owing to the finite heat exchange between the phases in 

the series 12 and 13, the coefficient~ and the mixing ax 
index yc cannot be calculated with eqs. (8) and (10) to 

(13) • 

1 
.8 

.7 

.6 

2 

series 6+7 
!/.1~.53 

series 13 

~
2

11 ? !/,1~.53 

series 12 
-----'ol.....,.r---'1'.---,g._- !/.1~.55 

6 10 14 

--- 6Tt [oC/m] 
L 

Fig.8 Efficiency versus applied positive temperature gra

dient for experiments of different series, but with 

comparable mass flux ratios. 

*) This effect more clearly appears from a comparison of 
the values of the axial mixing coefficients in series 
6 and 11 (see table 2 of this thesis and figure 6 of 
this chapter). 
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7. Conclusions 

According to the model of Wijffels and Rietema [16,17] the 

axial mixing of the continuous phase in a liquid-liquid 

spray column is dominated by overall circulation. The 

reduction of axial mixing dealt with in this article, must 

be due to the suppression of this overall circulation. It 

was obtained byadjustinga positive temperature difference 

between top and bottom of the column that results in a 

negative density gradient. 

This result gives support to the hypothesis that the 

introduction of a light dispersed phase into a column 

of continuous phase is equivalent to heating such a 

column from below (applying a negative temperature gra

dient). 

From the experiments it can be concluded that the 

applicability of a positive temperature gradient for 

reducing mixing in the continuous phase depends upon the 

value of the slip velocity and the quality of the heat 

exchange between the two liquids. For, if the.slip 

velocity is high, a strong overall circulation will 

exist which is more difficult to suppress than if the 

slip velocity is low. Likewise, a poor heat exchange 

between the liquids results in an additional heat flow 

to the dr?plets and hence the effective.density gradient 

in the continuous phase is reduced substantially. 

In column C, where the heat exchange always was infinite

ly good and the slip velocity was rather small, it was 

found that mixing can be reduced to half the isothermal 

amount (fig. 6) and the efficiency of the column can be 

improved with more than 10% (fig. 8) by applying a tem

perature gradient of 10° C/m, while the mixing index 

then increases with about 20% (fig. 7). 
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In fig. 9 the mixing index has been plotted versus the 

efficiency for a large number of experiments of the 

series 3 to 8 and 11. The spread in this figure is main

ly caused by the varying mass flux ratio +• For some 

values of ~ and Tcf are the theoretical values of n~t 
and n~f also indicated, which have been calculated with 

eqs. (9), (11), (15) and (16). Straight lines running up 

to the point (yc = 1, nc = 1) are suggested for the 

lower values of ~- The effect of temperature on heat 

capacities is illustrated by figure 9: no prediction on 
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Fig.9 Mixing index versus efficiency for experiments of 

most series, but with the indicated mass flux ratios. 
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the correlation between efficiency and mixing index can 

be given in an intermediate traject of values of the mass 

flux ratio ~. This is caused by the undeterminateness of 

the exit temperatures of both phases in this traject of 

values of 4> (see appendix l),It appears that an increase 

of the mixing index corresponding to a decrease of the 

mixing always results in a higher efficiency of the 

transfer process. Hence, in a column with low efficiency 

when operated isothermally, a low value of the mixing 

index indicates that it is attractive to reduce the 

axial mixing by applying a positive temperature gradient. 
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Appendix 1 

Consider a heat exchanger, in which the two phases are in 

direct contact with each other and the heat exchange is 

infinitely good (Tc = Td = T). The apparatus is operated 

countercurrently and assume that there is no axial mixing 

in either phase. Then the heat balance runs as 

0 (Al) 

Allowing heat capacities of the two phases to vary with 

temperature according to eqs. (5) and (6), this balance 
can be written as 

39 



where 41 is the mass flux ratio Gc/Gd 

c
0 

+ 2adT 
Provided that 41 ~ ~p_d ______ _ 

c~c + 2acT 

everywhere in the column 

dT 
dz 0 or T = Tk = constant 

0 

It is further assumed that Tdf ~ Tcf and hence 

{A2) 

{A3) 

(A4) 

(AS) 

Taking a heat balance over that end of the column to which 

the continuous phase is fed, we obtain, provided that 

condition {A3) applies: 

Gc { Tcf {c~c + acTcf) - Tk {c~c + acTk) } = 

= Gd {Tde(c~d + adTde) - Tk(c~d + adTk)} 

or 

co + a. {T f + Tk) 
.p pc c c l -0 

Tcf - Tde 
CEd + ad{Tde + Tk) 

{Tk - Tde) 0 c + a (T f + Tk) 
.p J2C c c 

0 
cpd + ad{Tde + Tk) 

{A6) 

(A7) 

If .P has such a value that the coefficient of {Tk-Tdel is 

positive, it follows with (AS) that 

(A8) 

Substituting {A8) in the condition to be satisfied by .p it 

follows that (A8) applies if 
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(A9) 

By means of a similar reasoning based upon a heat balance 

over the other end of the heat exchanger, it follows that 

(AlO) 

if 

(All) 

In the range of $ intermediate between the limits (A9) and 

(All) no conclusion about Tee' Tde and Tk beyond (AS) can 
be drawn. Condition (A3) with T = Tk makes it possible 

that the temperature is not constant over the entire 

length of the column. 

Appendix 2 

In this appendix it will be verified whether the axial 

mixing coefficient in our spray columns when operated 

isothermally is satisfactorily predicted by eq. (1), 

which has been given by Wijffels and Rietema [17]. To 

this end the values of Eax as determined in the experi

ments with temperature gradient have been plotted versus 

this gradient. The value of Eax in the isothermal column 

has been estimated by extrapolation. As already discussed 

above, the axial mixing varied somewhat from series to 

series because of differences in column composition. The 

isothermal values of most series have been compared with 

eq. (1) in figure 10. 

Taking it roughly, the deviations of our values from eq. 

(1) are not larger than those of the original values of 

Wijffels and Rietema [17]. Further inspection reveals 



Eax 
Wijffels [17] 

vsd • 
0 series 3 
X 4 
0 5 

* 6+7+8 

• 11 

100 

10 100 ---R/d 

Fig .10 Comparison of the isothermal axial mixing coeffi

cients for our columns with the curve of eq. (1). 

Wijffels' experimental values are also indicated. 

that eq. (1) predicts less well in the case of the 1 mm 

droplets in column C than for the 3 mm droplets in 

column D, although the ratio R/d is equal. This finding 

brings out that eq. (1) oversimplifies the mixing process 

and does insufficient right to the complicated flow 

around and between the droplets. In the case of very 

small droplets the flow around them may be disturbed less. 

Consequently, radial exchange may be rather poor, resul

ting in axial mixing over larger distances, i.e. in 

larger axial mixing. The smallest diameter occurring in 

the experiments of Wijffels, however, was about 2.5 mm. 
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Furthermore, it is remembered that eq. (1) serves as 

ready reference instead of the proper relation which has 
been derived, but which is rather difficult to apply. We 

now suggest that eq. {1) may be improved by including the 

Reynolds number with respect to the droplet in its coef

ficients. we shall consider this in a future publication. 
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Symbo ::.s used 

a 1 ::::: constant in eq. (7) (-) 

a 2 constant in eq. (7) (-) 

a 3 constant in eq. (7) (-) 

A cross-sectional area of the column (m2 ) 

b radius of the core (m) 

cp heat capacity (m2;s 2 0 c) 

d = droplet diameter (m) 

D column diameter (m) 

Eax axial mixing coefficient (m2/s) 

g gravitational acceleration (m/s 2 ) 

G mass flow rate (kg/s) 

K = coefficient of heat exchange (kg/s 3 °C) 

L height of column or depth of layer (m) 

number of transfer units (= KSL ) (-) 
ucpccpc 

volumetric flow rate (m3Js) Q 

r = radial coordinate (m) 

R column radius (m) 

S specific surface of dispersed phase (m2;m3 ) 

T = temperature (°C) 

v linear velocity (m/s) 

vs = slip velocity (m/s) 

z vertical coordinate (m) 
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= temperature coefficient of heat capacity 
(m2/s2 oC2) 

y = mixing index, eq. (12), (-) 

A 

thickness of wall layer (m) 

= difference (-) 

e: =volume fraction of continuous phase (m3;m3) 

11 = efficiency, eq. (11), (-) 

A = extraction coefficient (-) 

p density (kg/m3 } 

a = non-dimensional vertical coordinate (= y) (-) 
~ = mass flux ratio (= Gc/Gd} (-) 

Subscripts 

c = continuous phase 

d = dispersed phase 

e = exit 

f = feed 

eff = effective 

Superscripts 

o = at 0°C 

pf = piston flow 

st = stirred tank 
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Synopsis 

Experiments in tall spray columns are reported, in which 

pressure and temperature were accurately measured as a 

function of the height in the column. By means of these 

profiles and the Barnea-Mizrahi relation between the 

slip velocity of particles and their volume fraction, 

the shear stress acting upon the wall of the column was 

calculated as a function of height. 

From these shear stress profiles and in view of the tem

perature profiles the favourable effect of the applica

tion of a higher temperature at the top than at the bot

tom is concluded: the overall circulation which occurs 

in an isothermally operated system is split up into 

smaller circulations. Circulations in neighbouring zones 
are of opposite sense. It is supposed that the question 

whether and to what degree splitting up will take place 

is dependent, among other things, on the value of the 
slip velocity. 
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1. Introduction 

Further to the work of Rietema and Ottengraf [1] and 

Wijffels and Rietema [2, 3] it was emphasized in the 

third part of our series of papers [ 4] *) that in isother

mally operated bubble and spray columns, axial mixing in 

the continuous phase is mainly caused by overall circu

lation. Moreover, the present authors reported there 

that the effective axial mixing of the continuous phase 

was substantially reduced by the application of a higher 

temperature at the top than at the bottom. Such a posi

tive temperature difference results in a negative densi

ty gradient in the column. It was concluded that in the 

presence of such a gradient the overall circulation is 

suppressed. This paper deals with this suppression as it 

appears from the flow pattern of the continuous phase. 

An effect of the negative density gradient on this flow 

pattern was also suggested by the temperature profiles 

in the columns. Several examples of such profiles mea

sured in a column 584 em long and 15 em in diameter 
(column c, series 6) are presented in figure 1. The de

tails of these experiments were given in part III [4]. 
Figure 1 clearly reveals that at constant mass flux ratio 

~ but with increasing positive temperature difference, 

the profiles not only become steeper, but can also be di

vided into more distinct straight sections with different 

slopes. It should be emphasized that these profiles were 

measured after eight hours of stationary process condit

ions and furthermore that they appeared to be reproducible. 

Therefore, this picture clearly suggests anincreasing num~ 

ber of mixing zones, each with its own effective axial 

mixing coefficient. 

The model of Wijffels and Rietema [2,3] describing the 

circulatory behaviour of isothermal spray columns dis

tinguishes a central core (radius b) over which the dis

persed phase particles are homogeneously distributed, and 

*) Chaptar 2 of this thesis 
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Fig.l Temperature profiles of some experiments of series 6. 

The mass flux ratio ~ is about constant, while the 

temperature difference ~Tf varies. 

a thin layer near the wall that is free of dispersed phase. 

Since in the largest part of the core both phases move in 

the same direction, whilst the spray column is operated 

countercurrently, there must be a rather rapid flow of 

continuous phase in that wall layer. Their model further 

includes the presence of a sublayer (thickness 0) directly 

adjacent to the wall that is very thin with respect to the 

droplet free wall layer {i.e.o<< R-b) and which has a lam

inar viscosity different from that of the major part of 
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the column. Owing to this model the boundary condition for 

the velocity of the continuous phase vc=vcw=O at r=R may be 

combined with vc>>O at r=R-o and approximated by vc=vcwfO 
at r=R. Wijffels and Rietema further derived that in large 

columns with a low value of the hold-up of dispersed phase: 

vcw (1) 

This approximate value of vcw shows that the shear stress 

at the wall attains such high values that it can no longer 

be ignored as is done by many authors. 

Therefore, in the present investigation very precise press

ure measurements were carried out along the height of the 

column to obtain the shear stress at the wall as a function 

of height. In this way very strong indications have been 

obtained from sign changes of this shear stress that the 

overall circulation breaks up into several small ones when 

the column is subjected to a negative density gradient. 

2. Theoretical considerations 

A balance of forces acting upon a thin horizontal slice 

of a large spray column in the stationary state (see 
figure 2) leads to 

2 
R 'w - ~--dz pg 

Here p is the mean density of the dispersion 

and 'w denotes the fluid shear stress acting upon the 

wall. This balance of forces uses a few additional 
assumptions: 

(2) 

(3) 

(a) the very thin droplet-free wall layer can be ignored 

in the calculation of the mean density, and 
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(b) radial pressure, hold-up and temperature gradients 

are absent. 

So, the local shear stress at the wall can be calculated 

if the local pressure gradient and the local mean density 

are known. For this purpose the pressure is measured and 

the mean density calculated, both as functions of height. 

The height dependence of the mean density is not only 

caused by density variations of both phases with tempera

ture, but also by the non-constancy of their volume frac

tions, which strongly depend on the slip velocity of the 

droplets. 

From the resulting profile of the shear stress at the 

wall versus height and from 

T = -Jl (.dv c) 
w c .dr w 

(4) 

it is easy to draw conclusions about the direction of the 

continuous phase velocity along the wall. In the case of 

an isothermal spray column it is expected that this pro

cedure also points to an overall circulation, in 

conformity with the model of Wijffels and Rietema [2]. 

z+dz-

z-

Fig.2 Horizontal slice of the spray column. 
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When vd and v denote the superficial velocities of 
0 co . 

dispersed and continuous phase, respectively, the slip 

velocity is defined by: 

(5) 

where velocities are reckoned positive when directed up

wards. 

The balance of forces acting upon a single particle in 

an infinite medium is simplified in the stationary state 

to a balance between gravity, buoyancy and drag force: 

where the drag coefficient CD® depends on the Reynolds 

number 

Re
00 

= Pc lvsool d 

'~~c 

(6) 

(7) 

It is easily verified in the familiar plot of CD® versus 

Re® (5] that, in a restricted Re
00 

interval., CD® can be 

expressed with fairly good accuracy as 

c = m Ren Doo oo 
(8) 

where m and n depend on the Re
00 

interval considered. 

Barnea and Mizrahi [6, 7] suggest that a relation similar 

to eq. (8) for a single particle also holds for a repre

sentative particle of a swarm, provided that all hindrance 

effects of neighbouring particles are incorporated into 

the definitions of drag coefficient CD and Reynolds number 

Re. These authors distinguish three hindrance effects 

and hence three correction factors: 

(a) a factor E owing to the effective mean density, which 

results in a reduced buoyancy with respect to a 

single particle; 
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(b) a factor [1 + K3 (1-e) 1/ 3] owing to back-flow effects 

in a multi-particle system, which result in an in

creased drag force; and 
(c) a factor owing to the hindrance of the motion of the 

particles and the fluid, which increases the momen
tum transfer and hence the drag force. This is 
equivalent to an increased apparent viscosity coef
ficient: 

K
1 

(1-e) 
(9) 

Then the Reynolds number is defined as 

Pc lv I d Re = .s 
llc 

(10) 

and the drag coefficient as 

C = C ( v s .. )2 __ __;;;e __ --;1-,/"'3 
D Dm v s . 1 + K3 ( 1-e ) 

( 11) 

(12) 

where m and n are equal tom and n in eq. (7) 'in corres

ponding Re., and Re intervals. The constants K1, K2 and K3 
are empirical constants. 

Substitution of eq. (6) in eq. (11) and of eqs. (5), (10) 

and (11) in eq. (12) yields 

4· Pc· ._, Pd gd e = 

3 Pc 1 + K (1-e)l/3 
3 

( 
Pcd)n ·(vdo ~co. ) 2 1 vdo . Vco l n m --- --- - --- --- - ----Ps 1-e e 1-e e (13) 

from wich e can be calculated as a function of temperatu
re, provided that· functions of temperature are known for 

Pc' Pd' Pc and Pd' and hence for d, v and v co do" 

57 



3. The pressure measurement 

Pressures were measured in the columns C and D. Details 
of column construction and process conditions were given 
in part_m [ 4] ;.. ) • Here only the method of pressure measu

rement will be discussed. 
A series of tappings has been made along the wall of the 

column. Because of the necessary accuracy, the final 

pressure measurements in column C were carried out ac
cording to the scheme of figure 3 (series 8). Instead of 

a set of two-liquid manometers originally used [8], we 

now employed an inductive pressure difference gauge 

(made by "Hottinger Baldwin Messtechnik"), which permit
ted measurement of differences of 0.1 Pa. The connecting 

tubes were passed through a second column filled with 

water recirculated externally to ensure a constant tem
perature over height. Care was taken that parts of the 

connecting tubes positioned outside this column were 

horizontal to avoid vertical density gradients. Pressure 
differences between ten tappings were measured by means 

of only one gauge thanks to a mechanical switch, connec
ting consecutively two neighbouring tappings to the 

gauge. This switch consisted of three discs, of which 
the middle one rotated. By means of an ingenious system~) 

of grooves this disc supplied the connection between the 
junctions at the outer discs. The construction of this 
switch was such that there was no liquid leakage between 

the discs. The signal of the gauge was amplified, passed 
through a filter for elimination of high frequency vi

brations born from pumps or so, and finally recorded. 

* ) chapter 2 of this thesis 

**) designed and made in the Eindhoven laboratory. 
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b 

/ / 

Fig.3 Scheme of the pressure measuring method: a. spray 

column; b. mechanical switch; c. pressure difference 
gauge; d. amplifier; e. high frequency filter; 
f. recorder. 

4 • . .The. ac.curacy .o.f. .1" w 

The use of the inductive pressure difference gauge reduced 

the measuring errors substantially. The inaccuracy of the 

gauge (smaller than 1% of the full scale) and of estimating 

temperature in the connecting tubes (about 0.1 °C) were 

the principal sources of errors, resulting in a relative 
error in the actual pressure gradient smaller than 

0.008%. 

An error analysis_ was carried out with eq. (13). Esti

mating the errors in measuring throughputs of both 
phases and temperatures makes 
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100 1 ~€ 1< 41~d 1 + 0.08 (14) 

Using a stroboscope, we found that the formation of drop

lets in the column took place in the same way as that 

from a single needle, which was reported elsewhere [9]. 

Therefore, it is justified to use results obtained with 

a single needle. To account, however, for slight varia

tions in the flow rate per needle, the relative error in 

dis estimated to be 2%, hence that in e is <0.16%. 

The error in the mean density is estimated with eq. (3) 

to be given by 

~~PI< o.2l~€l + o.o8 10-
3 ( 15) 

where the last term stems from inaccuracy in the densi

ties. Substituting eq. (14) in eq. (15) yields 

l:pl < 0.04% (16) 

Finally, substitution of the estimated relative errors of 
d p and~ in dz 

1
1::. I< 400 ·jt:.p I + 400 1/::.(dl/dz) I (17) 'w P . dp dz 

which follows from eq. (2), results in ll::.•w I < 0.2 Pa. 

5. Results in column c 

Exact pressure measurements with the inductive pressure 

difference gauge were carried out in series 8 in column 

c. In the figures 4 to 8 measured temperature and pres

sure profiles of some of these experiments have been 

plotted. Profiles of the shear stress at the wall have 

been calculated with eqs. (2), (3), (9) and (13) and are 

presented at the top of the figures 4 to 7. The values 

of the quantities used in these calculations, if not 

mentioned in part III [4], are given in table 1. The 
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Fig.4 Temperature, pressure and shear stress profiles for 

the isothermally operated spray colu~n c. 

value of K3 used by us differs from that given by Barnea 

and Mizrahi [6]. This is elucidated in the appendix. 

Figure 4 presents the profiles of an isothermally opera

ted spray column (exp. 8.7). It is seen that' is nega-w 
tive over the entire length of the column, correspond-

ing to a downwardly directed water flow along the wall. 

This result confirms the theory of Wijffels and Rietema 

[2]. There is another method to verify the correctness 
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aT.,=41°C 
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/ 
I 
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.4 
a 

Fig.5 Temperature, pressure and shear stress profiles for 

spray column C operated with a positive temperature 

difference between top and bottom. 

of this isothermal rw-profile: The pressure at the bot

tom of the column is measured in isothermal stationary 

operation just before and some time after simultaneous 

shutting off the supply of both phases. The pressure 

difference ~p' thus found can be ascribed to the dis

appearance of the shear stress which acted upon the wall 

of the column before shutting off: 
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7 w[Pa] 

f+.2r-------------------------------~ 

6lf=50.5°C 
q, = .45 

exp. 8.3 

~----~----~----~------L-----~0 
.4 1.0 

Fig.6 Temperature, pressure and shear stress profiles for 

spray column C operated with a positive temperature 

difference between top and bottom. 

L 
2rr R J 

0 

(18) 

The value of the integral can also be determined from the 

calculated iw-profile for the operation before shutting 

off. Both values of the integral for some experiments are 

compared in. table 2 and a good agreement in concluded. 
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Fig.7 Temperature, pressure and shear stress profiles for 

spray column C operated with a positive temperature 

difference between top and bottom. 

Results in column C with a positive temperature differen

ce will now be discussed. From figure 9 it is seen that 

the hold-up decreases with height. This is caused by the 

increasing slip velocity of the droplets, which continu

ously expand during their rise. It is supposed that the 

alternation of flat and steep slopes in the hold-up pro

files of figure 9 and in the temperature profiles of 

figure 5 to 8 is related to the path of the shear stress 
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Fig.8 Temperature, pressure and shear stress profiles for 

spray column c operated with a positive temperature 

difference between top and bottom. 

profiles at the top of figures 5 to 8. Circulations in 

neighbouring zones are of opposite sense, as is evident 

from the alternating sign of 'w along the height of the 

coiumn. The interpretation of the 'w profiles is rather 

difficult, especially at the extremities of the column, 

where the pressure gradient can be determined rather inac-
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Table 1 Liquid properties and constants used in the 

calculation of the shear stress profiles in 

column C (series 8). 

PC 1000.9 - 0.055 T - 0.004 T2 kg/m3 

pd 797.0 - 0.743 T kg/m3 

llc 1. 618 - 0.0364 T + 0.0003 T2 mPa.·s 

lld 2.598 - 0-0542 T + 0.00044T2 mPa.s 

d 1.06 mm 

m 12.25 -
n -0.535 -
K1 1.67 -
K2 1.00 -
K3 0.50 -

Table 2 Values of the integrated shear stress profiles 

as determined by the two methods indicated. 

L L 
f 
0 

Tw dz from f T 
0 

dz w from 

exp. no. shutting off steady-state 

experiment Tw-profile 

8.7 -0.90 -0.95 

8.8 -0.59 

8.9 -1.19 -1.18 

8.10 -0.51 -0.99 
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curately only. Comparison with the corresponding temperat

ure profiles is often indispensable to draw valid conclus

ions about the actual flow pattern. As an example: the path 

of , near the top and the bottom of exp.8.1 (figure 5) is w 
not in conformity with the temperature profile and there-

fore is considered to be wrong. As from figure 1, it seems 

to be justified to conclude from figures 4 to 8 that with 

increasing positive temperature difference the number of 

circulations that arises by splitting up of the isothermal 

r.-----E -------, 

I} 

.037 -. I} 

• I} 

• I} 

* 
- * 

* 

.033-
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.029 1- q, 

I} 45 . 46 

* 62 
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8.5 

.025 .__ __ _j_I ___ L.._I __ ...J.I ___ ...____I __ ......J 

0 .4 1.0 
(f 

Fig.9 Profiles of hold-up versus height for some experim

ents of series 8 (column C) as calculated by use of 

eq. (13) • 
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overall circulation increases. An increase of the mass flux 

ratio makes the splitting up more pronounced (figs. 7 and 8). 

The splitting up process may be affected by the .presence 

of the widenings of the Quickfit sections of which the 

column exists. This conclusion stems from the observation 

that the temperature profile changed, when the sequence 

of compiling sections of different lengths was varied. 

This is illustrated in figure 10, which shows experiments 

from the series 3, 4 and 6 [4]. These profiles are diffe

rent with respect to the exact position of the changes 

in slope. The experiments of series 8, particularly the 

isothermal ones, however, justify the conclusion that the 

magnitude of the temperature difference between the two 

ends of the column actually decides whether and to what 

degree splitting up really takes place. 

6.· ResuTts in ·column D 

In most experiments carried out in column D, which has 

been described in full detail in part III [4], the heat 

exchange between the two phases was not very good 

(series 12 and 13). Because of this experimentally obser

ved fact, the volume fraction ~ could not be calculated 

through the use of eq. (13), since this equation has been 

derived for the isothermal condition of the two phases 

without additional free convection effects around the 

particles. For this reason Tw-profiles were not calcula

ted for column D. 

It may be justified, however, to draw carefully some 

conclusions from the temperature profile, as was also 

done for the experiments in column c. Furthermore, some 

information was obtained from temperature measurements 

at different radial positions (r = 0 1 1/3 R and 2/3 R) 

at five different heights. 
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Fig.10 Temperature profiles of experiments of different 

series in column ~ showing the effect of column 

construction. 

In figure 11 a temperature profile of an experiment of 

series 11 has been plotted. All temperatures at the cen

tre line appear to be lower than those at two-third of 

the column radius, indicating an upward flow of colder 

continuous phase in the centre. Nevertheless, it is 

rather hazardous to conclude that the overall circulation 

of the isothermal state is not split up into smaller cir

culations by a temperature difference. The efficiency of 

the heat exchange process in the column does increase 

quite well in series 11 with increasing temperature 

difference [4]. This is indicative of a reduced mixing 

and circulation. ·Furthermore, the picture is confused by 

the numerous bends in the temperature profiles and by the 
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Fig.11 Temperature profile of an experiment in column D 

(series 11). Radial temperature differences are 

also indicated. 

strong end effect at the bottom of the column. Figure 12 

shows the temperature profile of an experiment from 

series 13 (smaller slip velocity [4]). Three of the five 

central temperatures are higher than the 2/3 R-tempera

tures. This phenomenon observed in most experiments of 

series 13 submits a downward flow of water in the centre 

of a long part of the column and consequently a split-
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Fig.l2 Temperature profile of an experiment in column D 

(series 13). Radial temperature differences are 

also indicated. 

ting up of the overall circulation. Now again conclu

sions must be drawn very carefully, but in this case the 

possibility of splitting up is well compatible with the 

observed improvement of the heat exchange efficiency 

owing to the application of a positive temperature dif

ference [4]. 
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7. Conclusions 

The overall circulation of continuous phase observed in 

an isothermally operated spray column is split up into 

several smaller circulations by the action of a positive 

temperature difference in the column. This conclusion is 

drawn from profiles of the shear stress 'w acting upon 

the wall of column c versus height. The continuous 

phase circulates in adjacent mixing zones in opposite 

direction. This picture becomes more pronounced with in

creasing mass flux ratio. A larger positive temperature 

difference seems to promote a further splitting up. An 

important consequence of this process of splitting up of 

the overall circulation is a substantial reduction of 

axial mixing in comparison to the isothermal state [4]. 

Firm conclusions about the behaviour of column D, with 

larger drops and hence higher slip velocities, are dif

ficult to draw owing to lack of sufficiently reliable 

experimental data. From figures 1, 11 and 12 it does 

appear that the splitting up of the overall circulation 

becomes less probable with increasing slip velocity. This 

would be in agreement with the idea that the slip veloci

ty is a good measure of the tendency towards circulating 

behaviour as a consequence of the introduction of disper

sed phase. This aspect will be the subject of a separate 
paper. 
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Appendix 

This appendix deals with the value of the empirical coef

ficient K3, which is used to correct the drag force on a 
particle in a multi-particle system for back-flow 

effects. 
Barnea and Mizrahi [6] who introduced this method of 
correction of drag, found values of K1 , K2 and K3 by 

means of a trial and error analysis for experimental 
results in the creeping flow region as reported in the 

literature. These values (K1 = 5/3: K2 = 1 ; K
3 

= 1) 

were then also used to correlate slip velocity and hold
up in systems where the particle Reynolds number is sub

stantially higher. 
Inspection of the same experimental work in the litera

ture as used by the above~entioned authors, however, 
revealed that the dependence of the slip velocity on the 
hold-up is described better by a value of K3 that is not 

constant with increasing particle Reynolds number. 
From the definitions of Re and Re as· given by eqs. (7) 

"" 
and (10), and with eq. (9), it follows: 

.2 .. li . + 3 lid i li + 2.5 lid K1(1-e:) f 
Re Re .. c 

2~5(lic + "' VS"" 3(li + ) exp lid} 1-K
2 

(1-e:) c lld . 

(A1) 

or, for a solid particle: 

Re = Re 
. vs { K 1 (1-e:) } 

(A2) 
"" VS"' 

exp 1-K (1-e:) 
2 

Substituting eqs. (8) and (12) in the definitions of the 
drag coefficient c0 as given by eq. (11) yields: 

m Ren = m * Re~ * ( vvSs"')2 __ .;;;e __ ......,.,.. 

l+K (1-e:) 1/3 
3 

* * where m and n depend on Re, and m and n on Re
00

• 

Elimination of Re from (A3) by (A2) and rearrangement 

finally leads to; 
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* 

[ 

* Re·.n 

K3 = . (1-~)1/3: --· -R-e":":"~- ( 

v.s .. ) 2+n \ nKT (1-e) } 
e v- exp i 1-K (1-d 

s ' 2 
(A4) 

From (A4) it follows that K3 is a function of Re .. , unless 

both Re .. and Re are very small (i.e. for creeping motion). 

The experimental data in the literature also used by 

Barnea and Mizrahi [6] were now substituted in (A4). In 

this way the K3-values at different Reynolds numbers as 

plotted in figure 13 were obtained. The coefficient K3 
obviously decreases with increasing Reynolds number and 

runs to a limiting value of about 0.5. Such a decreasing 

value of K3 corresponds with a decreasing effect of back

flow owing to the decreasing laminarity of the flow 

around the particle • 

. 04 .12 .20 .28 

---ReO) 

Fig.l3 Plot of K3 versus the Reynolds number Re .. as 

calculated from literature data. by use of eq.(A4) 
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symbols used 

b = radius of the core: (m) 

CD drag coefficient (-) 

d droplet diameter (m) 
g gravitational acceleration (m/s2 ) 

K1 = constant, eq. (9), (-) 

K2 = constant, eq. (9) 1 (-) 

K3 back-flow correction factor (-) 

L height of the column (m) 
m coefficient, eq. ( 8) 1 (-) 

n = exponent, eq. ( 8) 1 (-) 

p = pressure (Pa) 
p' = pressure (Pa) 
r radial coordinate (m) 
R = column radius (m) 
Re = particle Reynolds number, eq. ( 10) 1 (-) 
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T 

v 

p 

a 

= temperature (°C) 

linear velocity (m/s) 

= slip velocity (m/s) 

= vertical coordinate (m) 

= difference, or error (-) 

=volume fraction of continuous phase (m3;m3 ) 

= dynamic viscosity (Pa.s) 

= apparent dynamic viscosity of the continuous phase 

in a multi-particle system (Pa,s) 

= density (kg/m3 ) 

=non-dimensional vertical coordinate (=z/L), (-) 

shear stress acting upon the wall (Pa) 

mass flux ratio (-) 

Subscripts 

c continuous phase 

d = dispersed phase 

f feed 

w at the wall 

o superficial 

m = for a single particle in an infinite medium 

r radial 
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Abstract 

The momentum balances for the two phases in a fluidized 

system as derived by Anderson and Jackson (1967) are 

shown to be incorrect. Starting from the same local 

equations as these authors, using the same averaging 

procedure, but choosing a different interpretation of 

the interaction force between the phases, we derive a set 

of equations of motion for the two phases which is shown 

to be correct by application to a few simple examples of 

dispersed two-phase flow. 

1. Introduction 

The analysis of the behaviour of a dispersed two-phase 

systemniquid-solid and gas-solid fluidized bed, 

liquid-liquid spray column, bubble column, etc.) is 

generally started from the so-called equations of motion 

and of continuity for each phase separately. 

There is a general consensus of opinion on the equations 

of continuity. The equations of motion, or momentum 

balances, however, are still controversial, as will be 

shown further on. Various derivations of the equations 

of motion have been presented, but nearly all of them 

are based upon intuitive reasoning and most of them 

apply to solid particles only. 

Anderson and Jackson (1967), however, try to exclude 

intuitive reasoning and, by using a mathematically well

defined averaging procedure, try to derive the equations 

of motion starting from the Navier-Stokes equations for 

the momentum transport in a fluid and Newton's law for a 

single particle. In spite of this rigorous approach 

Anderson and Jackson, too, use intuitive reasoning at a 

later stage, especially in the interpretation of the 

interaction force between the two phases. We will show 

that this interpretation contains a serious mistake. 
Using their integration method and recognizing the 
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special features of fluid particle systems, we will come 

- again partly using intuitive reasoning - t~ a somewhat 

different interpretation of the interaction force. Our 

interpretation will finally lead to equations of motion 

which seem to be more generally acceptable. This will be 

explained on the basis of their application to a few 

simple and easily recognizable situations, for which the 

equations of Anderson and Jackson are easily shown to be 

wrong. 

2. General considerations 

As a dispersed two-phase system we conceive a mixture of 

two phases of which the scale of dispersion is at least 

two orders of magnitude (10 2 x) smaller than the scale 

of the apparatus, equipment or natural surroundings in 

which it is present or through which it moves. The scale 

of dispersion is defined as the avecage distance between 

the interfaces which are formed by the distinct phases. 

As a further restriction we mention the requirement that 

the phase ratio should be a continuous function in space 

coordinates and in time. The phase ratio is defined as 

the ratio of the volume occupied by one phase to the 

volume occupied by the other phase averaged over a scale 

which is at least one order of magnitude larger than the 

scale of the dispersion and at least one order of magni

tude smaller than the scale of the apparatus~ equipment 

or natural surroundings holding it. 

Formally, a dispersed two-phase system may consist either 

of two continuous phases or of one continuous and one 

dispersed phase. 

A continuous phase is characterized by the fact that any 

arbitrary point lying in the space occupied by this phase 

can be connected with any other point in this space by a 
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continuous line in such a way that all points of this 

line are also in this same space. 

A dispersed phase is characterized by its segregation 

into discrete particles each of which is entirely sur

rounded by continuous phase so that it has a closed boun

dary. Now, it is not possible to connect a point in one 

particle with a point in another particle },y a line 

without passing the boundaries of these particles. 

Generally, in doing so one will also pass through the 

continuous phase. In certain cases, however,. it might 

be possible that some particles are in contact with each 

other and the above-mentioned connection line passes 

through the contact point between these particles and so 

will not pass through the continuous phase. 

If coalescing and redispersion are excluded, so that each 

particle maintains its identity, then a specific velocity 

can be attributed to each particle, which is the velocity 

of its mass centre. Of course, inside the particles 

velocity differences may occur ~.g. the particle might 

rotate around its mass centre if it is solid, or an internal 

vortex ring might occur if the particle is fluid). As a 

consequence of such velocity differences inside a fluid 

particle, this particle might change its shape. As long 

as the particle maintains its identity and provided that 

no volume changes occur as a consequence of pressure 

variations, chemical reactions, etc., the deformation of 

the particle averaged over time, however, must be zero 

or at least very small. 

In the remainder of this paper it is supposed that the 

dispersed phase particles do not rotate at all or that 

their rotations have no effect upon the mean overall 

motions of the two phases. 
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If both phases were continuous (indicated by indices 1 

and 2, respectively), then the momentum equations should 

be symmetrical, which means that by exchanging the in

dices 1 and 2 the set of two equations is transformed in 

itself. 

If the system consists of a continuous phase (indicated 

by subscript c) and a dispersed one (subscript d), any 

deviation of the property of symmetry must be the 

consequence of one or more specific properties by which 

the dispersed phase is characterized. If in the 

derivation of the momentum equations not any use is made 

of these specific properties, the symmetrical character 

of these equations cannot be lost. 

3. Continuity of shear stress and pressure 

In a continuous phase the functions of shear stress and 

pressure will be continuous in space and time. When we 

pass the interface between the two phases, however, this 

might not be true. 

If both phases are fluid, the interfacial tension can 

generally not be ignored. Especially if there is a dis

persed fluid phase, it is the interfacial tension which 

causes each separate particle to keep its identity. 

3.1 The shear stresses in the two phases 

We will consider a very thin slice on either side of a 

curved interface in a two-fluid-phase system in more 

detail (fig. 1). The balance of the tangential forces 

upon it provides a relation between the shear stress 

components T 1 and T 2 in the two phases and the interfacial 
tension: 
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--..Interface 

fig. 1, Curved slice containing the interface of two 

phases. 

or 1'1 - 1'2 
ay 

- ax 

0 

3.2 The pressures of the two phases 

(1) 

When r and r denote the radii of curvature of the phase 
X y 

interface, pressures of the two phases differ·by 

P - p - (llp) = Y(r1x + r1Y) 1 2 - interface 

provided that it is assumed that the flow of the two 
phases is in a temporarily frozen state. 

(2) 

If rx and ry are always either both positive or both 
negative in sign, the boundaries must be closed and ap
parently we are dealing with a dispersed phase. Conse
quently, if we suppose that both phases are continuous, 
the radii of curvature are opposite in sign anywhere. The 
interfaces will be "saddle shaped" surfaces of which one 
radius of curvature, say rx, is much larger than the 
other one. Then eq. (2) can be approximated by 

1 
p1 - p2 = y

ry 
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Furthermore, the pressures p 1 and p2 , and hence their 

difference, are continuous functions in space, if both 

phases are continuous. 
In this paper we restrict our attention to systems 

in which the scale of dispersion is about constant. 

Hence, it is concluded that p 1 - p2 is constant too. 
Next, the frozen state is allowed to flow freely again. 

The pressure difference now is continuous in space as 
before, but is no longer constant owing to differences 

in accelerations and shear stress effects in the two 

ph~ses. Hence, it is expected that(!_+ !_)will adjust 
rx ry 

itself and that either the two phases will demix or one 

continuous phase will contract into a dispersed phase. 
In both new states, pressures are no longer continuous with 
space. It is concluded that the state of two continuous 

phases is not stable. This conclusion agrees with the 
generally observed tendency of a two-phase system towards 

the state of minimum surface energy. 

So, two continuous phases cannot coexist permanently, 

unless an inert solid carrier (wall, packing material) is 
present. In that case viscous shear stresses along the 
solid boundaries are capable of supporting pressure 

differences in a continuous phase. In the present treat
ment the presence of a solid carrier and hence coexisten
ce of two continuous phases will be left out of conside
ration. We will confine ourselves, therefore, to two

phase systems consisting of one continuous phase and one 

dispersed phase. 

3.3 Definitions of the shear stress tensors 

Now only the pressure of the continuous phase can be 

measured by external sensors. The pressure p2 and also 
the shear stress tensor ;&.2 refer to the flow condition 

of the interior of the di"spersed phase particle. It is 

obvious that in a cross-section of the system normal to 
the direction of flow p2 can have different values in the 
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individual particles, depending on their sizes. 

Analogously, ~2 may cause internal circulation, but is 

not related to the average motion of the particle or the 

dispersed phase. Hence is not to be confused with the 

shear stress tensor ~' which arises from interaction and 
exchange of momentum between separate individual parti

cles either by direct permanent contact between these 

particles or by collisions, attraction or repulsion if 

there is no permanent contact or no contact at all. 

If we define ~ as the shear stress tensor of the conti

nuous phase and write 

5 ! !!.k ·~ dS = vf v 
p p 

dV (3) 

it must be kept in mind that ~c and ~2 , too, are diffe

rent from each other. Here ~ inside the particle is the 

imaginary continuation of ~ outside the particle. The 

presence of the dispersed phase particles does contribute 

to an increased transport of momentum in the continuous 

phase, which effect is usually accounted for by introdu

cing a correction for the viscosity coefficient of the 

continuous phase. The extent to which internal circula

tion in the particle takes place, determines the degree 
of increased momentum transport. 

Between ~ and , however, there can be a great dis
crepancy, as is illustrated by the example of gas being 

dispersed in a liquid, in which case approaches zero. 

4. The equations of continuity 

As mentioned before, there is no disagreement about the 

formulation of the continuity equations. By taking a 

mass balance over a stationary volume element Ax Ay Az in 

a way similar to the well-known procedure for a one

phase system these equations are easily found. 

We now choose the following notation: 
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Continuous phase 

volume fraction 

mass flux 

Dfsp'erse'd phase 

1-e: 

mass average velocity 
dens! ty 

!!cl 
~ 
pd 

The total mass balance leads straightforwardly to the 

total continuity equation: 

(lp rr -". <!!.c + !!cl l 

For the phases separately it is found that: 

d ( e: p ) 

and 

If the densities are constant, these latter equations 

reduce to 

-'V.e:V 
-c 

and 

\/,(1-e:}~ 

86 

(4} 

(5) 

(4a} 

(Sa} 



5. The momentum equations 

As shown in the appended table (see also Van Deemter 

(1967)), the momentum equations have been formulated in 

the literature in various ways. The differences mainly 

relate to three points: 

(a)Some authors start from the motion of an element of the 

dispersed system as a whole and either apply a volume 

averaged velocity W defined by 

W = EV + (1-E)V~ (Hinze (1962)) - -c --u 

or use a mass average velocity ~ defined by 

pw = EP v + (1-E) pdv~ (Wijffels ( 1970); Taganov et - c-c --u 
al. ( 1968)) 

The shear stress tensor I of the dispersed system as a 

whole per unit area of dispersed system is then also 

worked out in terms of ~and~, respectively. 
(b)Differences of opinion exist on the way in which the 

total stress tensor ~ is distributed over the momentum 

balances of the two phases. 

(c)Finally, different interpretations are given of the 

interaction force per unit volume dispersed system. 

Some authors include in this term part of the pres

sure gradient. 

With regard to point (a), it should be pointed out that 

momentum transport of the two phased cannot be corre

lated either with ~ or with ~· but is the sum of the 

momentum transport of each phase separately and hence 

equals n v + n~v~. As far as (b) is concerned, when T -c-c --u--u =c 
is the stress tensor acting in the continuous phase, 

defined per unit area continuous phase, the force per 

unit volume dispersed system, which is due to the acting 

of this stress tensor must be = V.Elc· 
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authors kind of interaction pressure gradient term shear stress term in 
two-phase force in balance balance 
system c D T c D T 

Van Deemter and general < 1-d 'Vp+K <.Ys; > -'Vp 0 -'V ·Jc -'V. J.o. 
Vander Laan (1961) 

Jackson (196 3) fluidized a 0 0 0 (1-e:) Pc{.9:'"' ~ + -'Vp 
beds 

-v .'Vv +F(v ) -;:: -;:: - -s 
Hinze (1962) general U-e:l 'Vp+K <.Ys;> -'Vp 0 -'Vp -'V 0 -'V. J, 

Pigford and fluidized ~.<.Ys;> -e:'Vp - (1-e:) 'Vp 0 0 
Baron (1963) beds 

Murray (1965) fluidized (1-e:) P~K<.Ys;l 0 -'Vp -(1-e:) 'V ·J.o. -e:'V.Jc+ 
beds 

-(1~e:) 'V •J.o. 

Sparenberg (1965) general F(v ) -e:'Vp - (1-e:) 'Vp 0 0 --s 

Ruckenstein and fluidized F(v ) -e:'Vp -(1-e:) PJl 0 -'V ·J.o. 
Tzeculescu ( 1967) beds 

--s 

Anderson and fluidized (1-e:)'Vp+(1-e:)'V.!c -'Vp -'Vpd -'V.T -'V ·J.o. 
Jackson (1967) beds 

=c 
+F(v ) --s 

Taganov and liquid- K <.Ys;> -'Vp -'Vpd -'V.T -'V.J.o_ 
Romankov (1968) solid 

=c 

fluidized 
beds 

Wijffels (1970) general K<.Ys;l -e:'Vp -(1-e:)'Vp -'Vp 

i 

-e:'V.T. -(1-e:)'V.T -'V • J,-'V •ltl 
i 

=I -'V.~ 



authors 

Taganov et al. 
(1971) 

Drew and 
Segel (1971) 

this work 

kind of interaction pressure gradient term in shear stress te:r:m in 
two-J;ilase balance balance 
system c D T c D 

gas-solid F(v ) I - (1~e:) Vp-Vpd 
fluidized - -s 

beds 
general, pVe:+F(v ) -Ve:p -V(1-e:)pd -V,e:T -v. (1-e:)~ 
but applied --s =c 

to fluidi-
zed beds 

general pVe:+F(v ) 
- -s. -Ve:p -v (1-e:)p -Vp -V.e:T -'1/,(1-e:)~ =c 

I 

Table 

summary of controversial terms in the momentum balances 

according to the different authors. c, D and T refer to 

the continuous phase,· the dispersed phase and the 

dispersion as a whole, respectively. The indication 

fluidized beds includes fluidization with gas as well as 

with liquid. 

T 

-v.~ 

-V.e:lc+ 
-'IJ. (1-e:)~ 



Equally, the contribution to this force from the stress 

tensor acting in the dispersed phase must be = v. (1-e) 

and hence the total stress tensor ~ = e~ + (1-e)~. 

In powder and soil mechanics the particle-particle inter

action is usually defined differently, viz. per unit volume 

dispersed system, thus = (1-e) 

The interaction force ~d between the two phases referred 

to in point (c) will be defined by us as the negative 

value of the integral of the fluid stresses acting on the 

total particle surface area that is contained in a small 

volume element of the dispersed system. ~cd' therefore, 

must contain a term ~(ys) which is determined by the so

called slip velocity Ys between the two phases. This slip 

velocity is defined by Ys = Ya - Yc· The force ~(y5 ) should 

be equal to zero if Ys = 0. 

fig. 2. Illustration of way of accounting for the 

particles which intersect the boundary of an 

element. 

Now, before taking momentum balances over a stationary volu

me element fix fiy fiz, we must decide what to do with those 

particles, which are cut by the boundaries of this volume 

element. These particles will belong to this volume element 

only partly and, therefore, summing up all momentum flows 

and all forces acting upon this element, we are dealing 
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with p2 and which, as mentioned above, have no direct 

relation with the motion of the dispersed phase. This dif

ficulty seems too serious to be ignored, as was done by 

Van Deemter and VanderLaan (1961). We suggest, therefore, 

that the volume element should wholly include the volume of 

all particles which are intersected by the boundary surfaces 

(see figure 2). In this way only the amount of dispersed 

phase in this volume element is slightly raised. In working 

out the total momentum balance, only the pressure p as de

fined in the continuous phase is incorporated in this balan

ce, the same holding true later for the momentum balances 

for each phase separately. At the boundaries of the volume 

element 8x8yAz, a fraction Ep acts on the continuous phase 

and a fraction (1-E)p acts on the dispersed phase. The in

corporation of only the continuous phase fluid pressure p 

is in fact the first deviation from the property of symme

try as a consequence of the discrete particle character of 

one of the two phases. 

When worked out, the total momentum equation in vector 

notation runs: 

a it ( !!c + !;} ) 

(6) 

In the same way the momentum balance for each phase can be 

derived if we take into account the afore mentioned inter

action force between the two phases. Since Ecc. is tht~ 

force which the dispersed phase exerts on the continuous 

phase per unit volume of the whole system, so that a force 

-Ecd is exerted on the dispersed phase by the continuous 

phase, we find: 

-~.(n v) - ~.(£<)- ~(Ep) +EPa+ F d -c-c -c c4- -c (7) 
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-V. (Qdyd) - V. { (1-E:) } - V{ (1-E:)p} 

(8) 

So far the derivation of the momentum balances has been 

fairly straightforward. A difficulty arises, however, 

when we interpret the interaction force ~d.' and it is in 
the interpretation of this force that further asymmetry 

might be introduced. 

6. The integration method of Anderson and Jackson 

The continuum model of which use has so far been made ta.kes 

into account smoothed variables only, which are obtained 

by averaging point variables over fairly large regions. 

The detailed motion of, around and between the dispersed 

phase particles is overlooked in favour of the description 

in terms of macroscopic quantities. 

In their description of fluidized beds Anderson and 

Jackson (1967) introduced an integration method for these 

point variables, in which they make use of a weighting 

function g(r), which is~ 0 for all r, decreases monotoni
cally with increasing r, possesses derivatives g(n) (r) 

of all orders for each value of r and which is normalized 

so that 

f 
V<» 

g(r)dV 1 

in which the integration is stretched out over the whole 

space. The radius r
0 

of the weighting function defined by 

ro 
4~ f g(r) r 2dr 1/2 

0 

should be large compared to the particle size and the 
average distance between the particles and should be small 

compared to the size of the equipment considered. It could 
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be argued that this integration method fails in the 

neighbourhood of the walls of the system, at places where 

abrupt transitions of particle concentrations are present, 

in the vicinity of solid objects in the system or in the 

vicinity of gas bubbles in heterogeneously fluidized beds. 

But this is not an objection against this integration 

method in particular,since all conceivable integration 

methods as well as measuring methods have these drawbacks. 

The total space of the two-phase system is split up into 

the space V occupied by the continuous phase and the coo 
space Vdoo occupied by the dispersed phase. According to 

Anderson and Jackson the local porosity (or volume frac

tion continuous phase) 

f 
v 

g(r-s)dV 
-- s 

(9) 

coo 

where the integration is carried out over the space V coo 
only. 

Any point property a~ of the continuous phase is supposed 

to consist of a local mean value a and a local fluctua-c . 
tion a" which arises from the complicated paths of indivi-c 
dual particles and the distortion of fluid streamlines 

around and between the particles. Fluctuations owing to 

turbulent flow of either phase are left out of considera

tion. 

Hence ac' = a + a" c c 
The relation between ac and a~ is given by 

e:(r)a (r) 
- c·- f 

v 
C"' 

a' (s )g (r-s)dV c- -- s (10) 

In the same way for point properties ad of the dispersed 

phase it holds that ad = ad + ad where 

(11) 
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Of course, the total space Vd~ can be regarded as the. sum 

of the volumes occupied by all particles present and hence 

also 

where E denotes summation over all particles. 
P"' 

7. The int.eraction force !:cd 

Anderson and Jackson (1967) state that the interaction 
force 

= - E f g(r-r ) 
P"" -p - -p 

( 12) 

(13) 

in which f is the force exerted by the surrounding fluid -p 
on a single particle p with its mass centre at the posi-

tion r : 

f -p 

-p 

(14) 

in which ~k denotes the outward normal to the particle at 

points on the surface of the particle and SP is the sur
face area of the particle. 

We believe that this statement of Anderson and Jackson is 

not correct and that in accordance with their own theory 

the interaction force should be put as: 

(15) 

Although at first glance one does not expect a great dif

ference between the two notations (expecially since the 

variation of the weighting function g over the radius of 

one particle is only small), it will appear that there is 

a marked difference which has an appreciable effect on the 
form of the momentum equations. 

94 



This will be shown by working out the contribution to Ecd 

of the fluid pressure p. 

F = E f (p+p")£k g(E,-~)dSS -cdp 
P"" sP 

= E f P.!lk g(E_-~)dSS + E f p"£k g(E_-~)dSs 
P"' sP P"' s p 

The first part of the right-hand side of (16) can be 

written as 

I: f g(r-s)V p dV 
P"" vP - - s s 

in which derivation use is made of the equality 

( 16) 

(17) 

Now, if we assume that both Vp and p vary little over the 

radius of the weighting function (since their variation is 

only significant over distances equal to the size of the 

equipment), they may be placed outside the integrals, and 

it is found that 

This relation and its derivation are entirely equivalent 

to relation (33) of Anderson and Jackson (1967). 

So it is found that starting from (16) 

(HJ) 
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The last term of (18) cannot be worked out further. As to 

this term it can be remarked that the variation p" of p' 

around a particle is among other things due to the form 

drag on the particle caused by the slip velocity of the 

particle through the surrounding fluid. This last term, 

therefore, should be included in that part of ~d which 

is entirely due to this slip. ·rhis part of !.ca will be 
called F (v ) • 

- -s 

In an analogous derivation starting from (13) and (14), it 

is found that: 

F* = E g(r-r ) f (p+p") nk dS -cdp - -p 
sP 

- s 
P"' 

(1-e:)ilp + E g(=:_-=:_p) f p" n dS (19) 
sP 

-k s 
P"' 

Comparison of (18) and (19) shows that the difference 
between the terms pile: and (1-e:)ilp is indicative of the 

difference between !ca and ~a· This difference cannot be 
made up by the difference between the last terms of (18) 

and (19). It is tempting to proceed along similar lines in 

the further development of the remaining part ~dT of !ca· 

A manipulation similar to the one carried out with 'ii'p and 

p, viz. placing both factors outside the integrals on the 

basis of the assumption that they vary little over the 

radius of the weighting function, is not allowed for 'ii'~ ' =c 
and ~· as will be reasoned here. ~c is related directly 
to variation of the fluid velocity. 

Let us consider a one-dimensional flow problem, which is 

defined as a problem in which the velocity vector y has 

only one component that might depend on the directions 

perpendicular to the direction of flow, and in which 

further the viscous momentum flux has only one component 

and is also perpendicular to the direction of flow. Sup

pose that Txy is not constant and that there is a velo-
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city gradient ov /ax decreasing with x. Then a particle cy 
will have a zero slip velocity when its velocity in 

the y-direction is equal to the velocity vcy(x
0

) which 
the fluid would have at the mass centre x

0 
of the particle 

if the particle would be absent (see fig. 3). If the 
particle is a rigid one with the same density as the sur

rounding fluid, however, it will move with a velocity 

vdy' which is the average of the fluid velocity at its 
boundaries. In that case its slip velocity is not zero 

and in the situation shown in fig. 3 it will lag behind. 

fig. 3. Rising particle in a non-uniform velocity 

field. 

So, the slip velocity of a particle can be unequal to zero 

as a consequence of the total action of lc on it, even if 
all other forces are zero or balance each other. Hence it 

is not allowed to ignore the variation of ~-lc and lc over 
the diameter of a particle. 

It is, therefore, believed that the part F d entirely ' -c '[ 
belongs to that part of the interaction which is related 

to the slip velocity. The same holds true for the second 
term on the right-hand side of equation (18). Especially 
at higher Reynolds numbers the variation p" integrated 
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over the surface of the particles gives rise to the well

known form drag acting on the particle as a result of the 

slip velocity. 

Remembering now that F (v ) is that part .of the total in---s 
teraction force which is determined by the slip velocity 

(and which at low Reynolds numbers and at no accelerations 

is proportional to the slip velocity), we put, therefore, 

-cF d = pVe + F(v ) 
- -s 

(20) 

where F(v ) E J T • !!k g(_E-,!!)dSs + - -s s ""C 
P"" p 

E J C:tc II + p"o).!!k g(_E-,!!)dSs 
P"' sP 

with which the equations (7) and (8) reduce to 

-v. (n v ) - v. (e:T ) - e:Vp + e:p q + F(v ) 
-c-c . ""C C""' - -s 

(21) 

and 

a 
at (~) = -v. (~!.ci) - v:{ (1-e)l.a.} - (1-e:)Vp + 

+ ( 1 -e:)pd~- !(~s) 
(22) 

8. Testing the equations by reference to a few simplified 

examples 

In order to check if the finally obtained formulation of 

the momentum equationsare reasonable, we will apply them 

to a few examples which are very much simplified and 

therefore are very good test cases, where our intuition 

cannot be much wrong. 

In all these examples we will suppose that the flowing 

dispersed systems are in a steady state, while the flow 

is only one-dimensional. In these cases eqs. (21) and (22) 

reduce to: 
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0 (2la) 

0 (22a) 

It follows that: 

-Vp = -~{e~c + (1-e)~}+ Pi (23) 

(24) 

where p 

8.1 The dispersed phase is solidified and its velocity is 

zero 

In this case there is an infinitely strong interaction 
between the dispersed particles, and between these par

ticles and the walls of the apparatus which contains the 

dispersed system. 
This means that all the shearing stresses which occur in 

the system and are generated by the externally applied 
pressure drop and by the action of gravity are carried by 

the dispersed particles and transferred by these parti
cles towards the walls of the apparatus. The consequence 

is that ~c = 0 everywhere. The dispersed phase does not 
move and in the continuous phase there is no velocity 

gradient. Hence: 

-v.(l-e)~ = -vp +Pi and (23a) 

F(v ) = eVp - ep g --s c (24a) 

This situation refers to the well-known packed bed. 
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8.2 The dispersed system is a concentrated slurry for 

which pc = pd = p 

Now it is found that: . 

F(v) = (1-e:)V.e:I. - e:V. (1-e:),L:, 
- -s =c -u 

(24b) 

This latter equation suggests that the slip velocity 

depends on ~c and on ~, which seems reasonable. If, for 
instance, the friction between the separate particles and 

between these particles and the wall is strong enough, 

there will certainly be a difference in velocity between 

the two phases (compare the extreme case of a packed bed). 

On the other hand, if, for instance, the apparent 
viscosity of the dispersed phase would be equal to that 

of the continuous phase, the system would behave as a 
homogeneous fluid (the densities of the two phases being 

the same already) and hence both phases would move any

where with the same velocity, so that the slip velocity 

would be equal to zero. Hence also !<~s) = 0 and 

(1-e:)V.e:l..c = e:V.(l-e:)~ 

If furthermore e: would be constant, as would be expected, 

the reasonable result l.c = ~ follows, which seems to be 
consistent with the expectation that now ~ is continuous. 

through both phases. 

These reasonable results do not follow from the equations 
of Anderson and Jackson {1967), which in our notation 

read like: 

a 
'IT <!!ci) -v. (!!ci~) - (1-e:)v.~c - v.~- (1-e:)Vp + 

+ (1-e:)p a- F*(v) 
d..i!. - -s. (26) 

100 



In the special situation of steady state one-dimensional 
-flow, where pc = pd = p, the equations of Anderson and 

Jackson lead to: 

F*(v) = -e:V.-r. - -s =a 
( 27) 

which means that the slip velocity would be determined by 

~ only, which result is highly unlikely. 

8.3 Bubble column with bubble street 

In a bubble column the bubbles form the dispersed phase. 

The density of the bubbles can be ignored,so pd = 0. 

When the bubbles are rising freely, there is no direct 

interaction between the separate bubbles and hence ~ = 0. 

Assuming again steady state one-dimensional flow, we find 

by addition of the separate momentum equations that 

vp = -v. + e:Pc.9:. (23c) 

where Vp =-~ = constant and ~e:~ only yields ~ ~r (e:rTc) 

I 
I I 
I I 
9o 0 0 10 0 OOb 
OooO 00AOOI 

-- -:oooo"'i'o~60,---

l po o o 01 o o o o ! .,., 
•0 0 0 0 0 0 0 Oi cR 
9 o o o lo o 0 o, 

__ 9..QQ.2..Q.!oo.o..~-- _ 
!oooooooo 1 

<j> oo oolo o 001 
I I I 
I I I 

1 I r- 1 

o b R 

fig. 4. Bubble column exhibiting a bubble street. The 

radius of a bubble street must be taken so far 

inwardly that there is not any bubble which is 
completely outside the street, 
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Hence, integration, with t = 0 for r c 
0, yields 

(28) 

Suppose there is a co~axial bubble street with radius b 

(see fig. 4) as treated by Ottengraf and Rietema (1970). 

If it is assumed that through the bubble no momentum is 

transported at r = b, it holds 

E:T = T 1 

cb cb 

where t' is the shear stress in the annular liquid. c 
In this annulus it now holds that 

Rt' - bt' == cR cb 

In the bubble core e:bt cb 

R2-b2 
-2-

Summing eqs. (30) and (31), with eq. 

d R2 R2-b 2 b 2 
Rt' = - ~ g g cR dZ ~ - PC ---2-- - e:pc ~ 

(29) , gives: 

(29) 

(30) 

(31) 

(32) 

This result could have been found also straightforwardly 

by making a force balance over a horizontal slab of the 

bubble column (see fig. 4). This makes it very probable 

that our equations are indeed also valid for the case of 

bubble systems. 

The equations of Anderson and Jackson (1967), on the othe.' 

hand, now lead to 

(33) 

Together with the boundary condition e:tcb = t~b at r = b, 
this equation leads to a result which is in conflict with 

the overall force balance. 
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Note 

After the completion of the manuscript our attention was 

drawn to the work of Drew and Segel (1971) who derive 

general averaged equations for two-phase flows. When 

applied to a fluidized bed their equations resemble ours 
and differ from those of Anderson and Jackson (see table). 

In their general equations, however, several terms occur 

without distinct physical back-ground, about which 

assumptions must be made when applied to real systems. 

Therefore, we prefer our derivation being more generally 

applicable. 
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The effect of a positive temperature gradient upon the 

hydrodynamic stability as predicted by a stability analysis 

1. Introduction 

In chapter 2 of this thesis, or [1], it was suggested that 

the phenomenon of circulations in spray columns, or general

ly in vertical homogeneously dispersed two-phase flow 

systems, resembles the convective instabilities in one

phase systems which occur as a consequence of heating from 

below ("Benard cells"). In this analogy the supply of dis

persed phase at the bottom of a column filled with contin

uous phase corresponds to the supply of heat from below. 

Guided by this analogy, it was claimed that the introduc
tion of a negative density gradient (i.e. density decreas

ing with height) will counteract the destabilizing force 

of the "dispersed buoyancy". In the case of a countercur

rently operated spray column such a gradient is easily 

obtained by heating the phase entering at the top and cool

ing the phase that is fed to the bottom. The experiments 

indicated that the effect of such a positive temperature 

difference depend·s upon the magnitude of the slip velocity 

of the droplets [1]. 
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Again guided by the analogy between "thermal" and "dis

persed" buoyancy, the stability of a liquid-liquid spray 

column subject to a restabilizing density gradient is in~ 

vestigated theoretically by means of a linearized stability 

analysis. Such an analysis is also frequently used in 

studying the behaviour of fluid layers heated from below 

[2, 3, 6, 7]. 

The principle of linearized stability states [2] that, 

under mild conditions, instability can be concluded from 

an analysis of the linearized equations for the disturb

ance of a steady or time-periodic solution of the Navier

Stokes equations. Thus for instability it is sufficient to 

consider infinitesimal disturbances to which the lineariz

ed equations apply. Of course, the criteria obtained from 

linearized theory can only give sufficient conditions for 

instability. A linearized analysis cannot provide suffic

ient conditions for stability, since a state which is 

judged stable by linear theory may actually be unstable to 

disturbances of finite size. In many, but not all cases, 

however, the prediction of stability following from an 

analysis of the linearized equations is in good agreement 

with experiments. 

Lord Rayleigh [3] was the first of a long row of investig

ators to study theoretically the instability of fluid 

layers heated from below. The name of B~nard is still con

nected with the convective motions in such systems, 

although he took his observations (in 1900-1901) in a sys

tem in which the instability was caused by surface tension 

variations at the free surface of the layer instead of by 

buoyancy [4, 5]. A thorough treatment of the linear hydro

dynamic stability theory on the buoyancy-driven convection 

was given by Pellew and Southwell [6]. Over the years the 

phenomenon was also investigated for geometrical configur

ations different from the infinitely extended horizontal 

layers [7-11]. 

In the literature on fluidization, linearized stability 

analyses have been widely used to investigate the instabi-
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lity of homogeneous fluidization (i.e. without bubbles) or 

to derive a criterion for the transition from homogeneous 

to heterogeneous (i.e. bubbling) fluidization [12-19]. 

Recently, Medlin et al. [20, 21] found by means of a linear 

stability analysis that, depending on the pressure drop 

over the distributor, convective instabilities (similar to 

B~nard cells) or bubbles should develop in fluidized beds. 

The present chapter deals with the linearized hydrodynamic 

stability of a liquid-liquid spray column and with the 

phenomenon of circulations of continuous phase, both in 
dependence on a positive temperature difference over the 

column. 

2. Some basic ideas of linear stability analysis 

In a linearized stability analysis, the velocity, the hold

up, the pressure and the temperature field of the two-phase 

flow system under consideration are represented by the sum 

of a basic steady-state value and an infinitesimal time

dependent disturbance. Actually, such a small disturbance 

is the first term of a Taylor series expansion around the 

steady-state value of the fields. The linearization further 

implies that, in the equations of motion, products of dis

turbances and their derivatives may be ignored. Then the 

linearized equations for the disturbances are obtained by 

taking the difference of the equations of motion for the 

disturbed field and the corresponding equations for the 

steady-state. The linearized equations thus obtained are 

further reduced to a non-dimensional form, from which the 

development of the disturbances is determined. The form of 

the disturbances and the calculation of their growth factor 

will be discussed later on in relation with the present 

problem. 

Generally, a whole spectrum of possible disturbances is in

vestigated which are characterized by a wave number k in 

some direction. In stability analyses a "neutral stability 

curve" is usually generated [6, 10]. Such a curve relates 
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a non-dimensional group of system parameters, like the 

Rayleigh number for the Benard cells, to that wave number 

k for which the growth factor is zero. So, the neutral 

stability curve describes the most extreme conditions at 

which disturbances corresponding with a certain value of k 

are yet damped. To determine these neutral stability con

ditions it is often assumed,that all disturbances are time

independent at neutral stability, i.e. both the real 

and the imaginary part of the growth factor may be taken 

equal to zero. Under certain conditions and for certain 

systems of specific geometry it can be proved [6, 10, 22] 

that this additional assumption about the imaginary part 

is valid. In other cases the justification of the assump

tion is taken for granted. For the present two-phase flow 

systems it does not seem feasible to justify rigorously 

the above assumption regarding neutral stability. As an 

additional complication the number of independent parame

ters is much larger than in the Benard problem. Therefore 

a different approach, similar to that of Medlin et al. 

[20, 21], will be pursued here. The growth factor of the 

disturbances will be determined as a function of the wave 

number k for a restricted number of combinations of system 

parameters. These parameter combinations are carefully 

chosen such that the calculations can be expected to eluc

idate the dependence of the growth factor on the main para

meters. 

In the analyses concerning the phenomenon of Benard cells, 

the stability of the state of rest is investigated against 

disturbances which ultimately will develop into circulat

ing convection currents. Analogously, in vertical dispersed 

two-phase flow systems, the stability of the state of uni

form flow of the two phases against disturbances of similar 

character is investigated. This uniform flow, in which the 

velocities are vertically aligned and velocities, hold-up, 

pressure and temperature are constant in a horizontal 

cross-section, denies the presence of the walls of the 

colUmn and therefore is somewhat artificial. However, 
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transfer processes in tubular apparatus are generally des

cribed by the models of plug flow with superposed axial 

mixing and of plain plug flow. The subject of this thesis 

is the reduction of the axial mixing. Hence, the concept 

of uniform flow is an attractive starting-point for the 

analysis. 

It has been common practice since Rayleigh (3] to solve 

the linearized equations by the method of separation of 

variables. Thus the disturbances are represented by pro

ducts of, functions of time and of the separate space coordi
nates. In the•Benard cell problems, however, the presence of 

rigid non-conducting lateral walls does not allow separat

ion of variables, since ~ot all boundary conditions can be 

satisfied (23-25]. Pellew and Southwell [6], therefore, 

considered the idealized case of "slip walls", i.e. boun

daries over which the flow can slip. Some authors studying 

convection currents in vertical columns of fluid [8, 10] 

got round this problem by assuming per'iodicity of the dis

turbances in the vertical direction (the column is assumed 

to be long) instead of in the horizontal plane 

[3, 6, 7]. It will be shown that for the present case of a 

circulating spray column the method of separation of varia

bles can be used with due observance of all boundary con

ditions. 

3. The equations of motion for the spray column 

The present stability analysis is based upon the mass bal

ances for the two phases, the two momentum balances as 

derived in a paper (26] and the thermal energy 

balance for the dispersion, viz. 

a 
-- EP + v.n = o at c -c (1) 

(2) 

a 
~t n + v.n v + V.E< + tVp- EP a- F(v ) 
a -c -c-c •c 0' - -s 0 (3) 
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(5) 

where the mass fluxes n and n~ denote e:p v and -c -u c-c 
( 1-e:) p·d~, respectively. In the thermal energy balance 

it is assumed that the two phases have the same tempe

rature everywhere (i.e. there is an infinitely good heat 

exchange between the two phases) • 

Since we will restrict the analysis to liquid-liquid 

spray columns in which the hold-up of dispersed phase is 

only about a few percent, it is justified to put~= 0. 

The continuous phase is assumed to be Newtonian, so 

r = -~ (~v + ~v T) + (£ ~ - K ) =I (V.v ) =c s-c -c 3s s -c 
(6) 

where the superscript T denotes that the transpose of 

the labelled matrix is to be taken. The first coefficient 

of viscosity is supposed to include the effect of the 

presence of the dispersed phase particles and hence is 

corrected with a factor c 1 given by Barnea and Mizrahi 

[27, 28] and also used in chapter 3 of this thesis [29]: 

The coefficient Ks in eq. (6) is the so-called bulk 

viscosity which generally cannot be ignored with respect 

to the first viscosity coefficient [30, 31]. It is 

assumed here that K = K 7 where Kc is the bulk viscos-e c 
·ity of the continuous phase. 
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The force F(v ) was not specified in the paper on the mo- -s 
mentum balances [26]. The slip velocity (v = v"'- v) of -s -u -c 
a dispersed phase particle strongly depends on the hold-

up. As in chapter 3 [29], the drag on a single particle 

is given by [27, 28]: 

f -pd (8) 

In the case of a parti-
~s 

cle accelerating in respect of the surrounding continuous 

phase, there is another force, necessary to accelerate the 

added mass. According to Zuber [32], this second contribut

ion to the force F(v ) is given by - -s 

f -pa (9) 

where Bs = B 1+2! 1-E) and B is the added mass coefficient 

for a single particle. The relative acceleration ~t ~s' 
however, is not a well-defined quantity. Anderson and 

Jackson [16] mention the following two definitions: 

d a + vyd vv (10) 
dt 

v at v Yd . - v -s -s -c -c 

and 

d a + V(yd v ) (11) 
dt v at v Yd . --s -s -c 

As contrasted with [16], the defini~ion (10) is preferred 

here, because in the case of a stationary floating particle 

(~t = 0 and ~ = Ql in a flow in a non-constant area duct 

(Vv f O) only eq.(10) yields the non-zero relative accel-
--c 

eration which is actually present. The force K(~s) in the 

momentum balances is now given by 

F(v ) - -s 
6(1 -E) (f d + f ) 

1Td3 -p -pa 
(12) 
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Finally, the terms in thethermal energybalance (5) repre

senting dissipation, heat conduction and compression ef

fects are ignored as being small with respect to the 

remaining terms. 

In view of the above-mentioned assumptions and on substit

ution of the constitutive relations, the equations (3) to 

(5) can be written as 
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+ EVp - EP g - V. EP (VV + VV T) + c- s -c -c 

2 + V.E(-
3 

pS- K ) I(V.V) + 
s = c 

3 dn-1 P -n P n+1 (1-E) [ 1 + K
3 

(1 -E) 1/3] x - 4 m s c 

+ 3 dn-1 P -n P n+1(1-E)[1 + K3(1-E)1/3] x 
:;riD s c 

- (yd- Ycl • jm dn-1 Ps-n Pcn+1 (1-E) x 

n+1 
[1 + K3 0-El

113 J IYd- Ycl 

- (yd - v ) • B (1-€) p -c s c 

0 

(yd - v ··) + -c 

0 (13) 

(15) 



4. Sensitivity of particle motion to abrupt lateral forces 

A motorcar running on a straight motorway is sensitive to 

lateral wind, depending on its speed and construction. The 

higher its speed, the higher is also the sensitivity and 

the larger its deviation from the straight track. 

In a similar way, a particle r~s~ng with a constant, rather 

large speed will deviate easily from its vertical path when 

it is subjected abruptly to a lateral force. This can be 

explained by means of a relaxation time which is necessary 

for the flow pattern around the particle to adjust to the 

new sitaution. During this relaxation time the separation 

point of the boundary layer around the particle must shift 

and the wake behind the particle has to overturn so that it 

is again "behind" the particle. At Reynolds numbers above 

270 vortex shedding will complicate this process of adjust

ment. Therefore it is concluded that at the very beginning 

of the action of the lateral force there is no form drag in 

lateral direction. Hence, a sharp reduction of the initial 

lateral drag coefficient is to be expected. This reduction 

will be larger for higher Reynolds numbers. 

The case of an abruptly imposed velocity in a direction dif

ferent from that of the prevailing stationary motion, how

ever, has not been encountered in the literature. On the 

other hand, experiments are reported [33, 34] which show 

the development of the flow around a cylinder in the case 

of acceleration of either the cylinder or the surrounding 

fluid, in both cases starting from the state of rest. At 

the initial instants of such a motion the flow is essen

tially of a potential-flow nature and hence the form drag 

is zero. Furthermore, in a potential-flow field (~c=O) the 

skin friction component of the drag exerted on the cylin

der may be ignored. In both papers [33, 34] the drag coef

ficient starts from zero at the onset of the motion. 
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The effect of acceleration upon the drag coefficient in 

several kinds of particle motion, however, is still very 

controversial. Torobin and Gauvin [35) give a very exten

sive review on this problem. Hughes and Gilliland [36] 

concluded that drag coefficients during the acceleration 

period are much larger than those for steady motion. This 

conclusion was mainly based upon Basset's analysis of 

creeping motion. Other authors [37, 38] studied the motion 

of droplets which were injected as a spray into an air 

stream, and found strongly decreased drag coefficients 

(see [35]). More recently, Herringe [39] reported on ex

periments with free falling spheres in'oscillating liquids 

and concluded that the drag coefficient is reduced by 

acceleration. 

In all these and other cases where a reduced drag coeffi

cient was concluded [35], the added mass concept alone 

appeared to be completely inapplicable, since it would 

need added mass coefficients B ranging froreas high as 1000 

down to negative values. Efforts to correlate B with the 

magnitude of the acceleration, as by Odar [40], also gave 

no improvement [39]. 

Therefore, for lack of literature data, it is impossible to 

predict the reduction of the initial drag coefficient in 

the case of an abruptly imposed velocity in lateral direc

tion. A correction factor w < 1 is introduced here which 

is yet to be determined, experimentally or otherwise. 

The drag force for the undisturbed motion of a (spherical) 

particle follows from eq. (8): 

f * pdz c *.'!!. d
2 .! p 1 v * 1 v * [ 1 D 4 2 c s s 

+ K3 (1-E*) 1/3] (Sa) 

p *I d 
where c

0
* m(Re*)n , Re* = 1-E* and v * are 

Vs s 
the hold-up and the slip velocity of the undisturbed motion. 
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At the moment of abruptly imposing an additional velocity 

field v 1 = (v 1 v 1
) whereby I 1 I<< I vs* I and hence -s sr ' sz ' 

lv * + v 'I ~ lv *I, the instantaneous drag force on the -s -s s 
particle is given by 

f 
pdz 

=c*!!.d21
p lv*l(v*+v 1

) [1+ D 4 2 c s s sz K (1-E*) 1 / 3 ] 
3 

(8b) 

and 

f pdr (8c) 

In these expressions the effect of a disturbance of the 

hold-up (£ = £* + E 1
) has not yet been included. 

5. The linearized equations for the disturbances 

In view of the geometry of the liquid-liquid spray column, 

cylindrical coordinates will be used from now on. In con

formity with the theory of the preceding papers of this 

thesis, all velocities are assumed to have zero tangent

ial components. 

As already indicated, the instability of the state of uni

form flow of the two phases will be investigated. To that 

end, first the equations of motion for this uniform flow 

(set I) are derived from the general eqs. (1), (2), (13), 

(14) and (15). In addition to the properties of uniform 

flow already mentioned (vertical velocities only and no 

gradients in radial direction), it is assumed that the 

hold-up (1-£) is constant over the height of the column, 

even in the case of a vertical temperature gradient. The 

values of the flow variables in this idealized initial 

state are denoted with an asterisk: vc*' vd*, E*, p*(z) 

and T*(z). 

Next, this state of uniform flow is thought to be subject

ed to a field of infinitesimal disturbances. Hence, each 

of the variables ~· ~· e, p and T is represented by the 
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sum of its asterisk value and an infinitesimal disturb

ance, which is denoted with a prime. This representation 

is substituted in eqs. (1), (2), (13), (14) and< (15). 

Regarding the density disturbances pc' and pd' which should 

be taken into account, the following simplifying assump
tions are introduced: 

-the motion is as if the phases are incompressible except 

that the density changes are not ignored in the gravity 

terms of the momentum balances. 

-these density changes are induced by changes of temperat

ures and not by pressure, hence for both cases 

p' = -pST' (16) 

where S is the thermal expansivity. 

Further it is assumed that 

-the viscosity coefficients and the specific heats do not 

depend on temperature. 

Introduction of these three simplifications results in the 

"Oberbeck-Boussinesq" equations [2, 41]. 

The force F(v) is determined from eq.(12) with£ replaced - -s 
by£*+£'. The constituent !pd is given by eqs.(8b), (8c), 

except that (1-£*) 1/ 3 is to be replaced by (1-£*-£') 113 , 

thus accounting for the disturbance of the hold-up. Like-

wise, in eq. (9) for f , £ as occurring in is replaced -pa 
by£*+£' throughout, and in eq.(12), the coefficient 

(1-E) is replaced by (1-£*~£ 1 ). 

After the substitution of the disturbed flow variables in 

the equations of motion, these equations are linearized in 

the disturbances, i.e. products of infinitesimal quantities 

or their derivatives are ignored. This results in a set of 

linear differential equations for the disturbed state (set 

II). By taking the difference of the equations of set II 

and the corresponding ones of set I, a set of differential 

equations for the disturbances is obtained (set III) • The 

latter equations can be modified somewhat in the following 
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way: 

as occurring in the axial momentum balances is elim

inated by means of the continuity equations for the dis

turbances. 

- Vp* + pc*g and Vp* + pd*g as occurring in the axial mo

mentum balances are eliminated by means of eq. (24); VT* 

in the thermal energy balance is replaced by 

In addition, the radial and axial momentum balances of set 

III for the continuous phase are replaced by the corres

ponding balances for the total dispersion. Some terms in 

the thermal energy balance are ignored as being small with 

respect to the remaining terms. 

Finally, the disturbances are written in a non-dimensional 

form by introduction of the non-dimensional variables 

n 

V I 
cr 

TV:*T' c 

p' 

P lv *12' c c 

v .I 

dr 
TV:*T' ucz = 

c 

£I 

a = £*' 0 

vcz 
Tv-::*1' c 

r 
1P 

V I 

dz 
TV:*T' c 

z 
:E and 

Then the resulting set of non-dimensional linear different

ial equations in ucr' udr' ucz' udz' IT, a and 0 is found 
to be 

~ (! + ~~) + a + n1a 0 ( 17) R ~ ucr acr ucz 

1-e:* L (t + :~) + cr udz - D2a 0 (18) ~ R udr = 
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c.!. + K) 
2 a a + 1-~;:* 

D2 + 
Rec a-o u £"""* p udr 3 a~; cz 

1 L a n 0 +- 'R = ~;:* a~; 

* _1/J _ -B*D u + _ €_ 
(udr - ucr) + s 1 cr u * Fr s m 

0 

1 
K) 

2 de + L)u + D1 - (3 + 
Rec 30 ""€ 

u + 
a~; cr cz 

4 
K) 

R 2 a2 L 2 c a ) a -(3 + 
Re -2 u - 'R -+--

L cz ; a; a; c ao 

+ 1-£* 
pD2 

1 LTI+ 1 
(l. + 

~ udz +-
Frm £* ao 

- 4 
L Grm 

(1 + 1'-~;:* 
p$)0 0 R Re 2 ~ = 

c 

* 1 
-B*D u + ...L. (udz - u.cz) + (p + B*) D2udz s 1 cz u * Fr s s m 

1 K3 (£*) 2 
+ L II ao - 3 (1-£*)2/3 + K (1-£*} 

3 

_1_o.+ 
Frn'l 

u cz 
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L Grm 
- 4--- PB0 

R Rec2 
0 

1-~;:* B*u Ec D u + ~ * s s m 1 cz 

- 1-£* B*u * EcmD2udz £* s s 

1 * p r,;D 0 + 0 £ 2 

1- * + P 1;; udz + 
£ 

- p l;o. + £)10 + £ 

( 19) 

(20) 

ucz + 

(21) 

+ 

(22) 

(23} 



pd * tld Ks vc * cpd 
where p = -.-, tl - r; , K -, uc * lv;T' llc 

, 
c PC pc lls 

vd * v:s * 
* * D1 <L + * L) ud TV:*T' us lv;T' <1T uc acr 

c 

and D2 

Furthermore, the equations contain the following well

known non-dimensional numbers: 

the Reynolds number 

a modified Froude number 

a modified Eckert number 

a modified Grashof number 

Re c 
2R Pc*lvc*l 

lls 

pc* lvc*l2 

Pc* - pd* gL 

P *lv *12 c c 

6c(Tcf - Tdf) gR3 

(ps/pc*)
2 

The modified Froude number enters into the eqs. (20), (21) 

and (22) through the coefficient 

P * n 1+K (1-E*) 1 / 3 
l4 m dn-1 .....£_ lv *In lu * lu * L __ 3 ____ _ 

lls s s s E* 

which stems from the expression eq. (Sa) for fpd~· 

Indeed, it is easily derived from the momentum balances for 

the uniform flow that this coefficient is equal to 

(Vp* + (p * - P *) gL c d (24) 

It is suggested now that 1/Frm is indicative of the 

strength of the force inducing instability, on the analogy 

of the Rayleigh number in one-phase systems heated from 
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below, and that 4(!./R)Gr /Re 2 is indicative of the m c 
strength of the stabilizing force. 

6. The form of the disturbances 

The disturbances are functions of time r and the axial and 

radial coordinates a and (. In appendix A it is pointed out 

that, for a circulating spray column, the disturbances can 

be represented by products of separate functions of the 

single variables r, a and (, which satisfy all boundary 

conditions. According to the theory of Fourier series, a 

function of a defined on the interval O~a~1 can be expand

ed in a series of exponential functions which converges to 

the given function under certain conditions. In a cylin~ 

drical configuration, a function of the radial variable ( 

can be expanded in a series of Bessel functions (theory of 

Fourier-Bessel series). Hence, the disturbances are taken 

to vary with a according to the exponential function eikna 

and with (according to the Bessel function Jn(~(), where 

k, t and n are yet to be determined. Thenthetime depen

dence is necessarily also represented by the exponential 

function esr 
sr ikna Each disturbance, therefore, is of the form e e 

Jn(i() multiplied by an amplitude that is independent of 

r, a and (. These disturbances are substituted in eqs. 

(17) to (23) and the differentiations are carried out. Then 

the Bessel functions and the exponential functions have to 

be chosen such that for each equation all terms contain the 

same function of r, a and (. Each equation can now be di

vided by these common factors of its terms. As a result a 

linear system of algebraic equations is obtained for the 

amplitudes of the disturbances. It should be emphasized 

that the present method of separation of variables only 

works provided that the coefficients of eqs. (17) to (23) 

do not depend on time and space coordinates. 

Regarding the Bessel functions Jn(~() to be used, it is 

observed that eqs. (17) to (23) involve the differential 
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a 1 a · 
operators~ and (~+~),where the latter operator ap-

pears in combination with ucr and udr only. Therefore, 

because of [49]: 

and hence 

(.!. + .£__) J (.U;) = i J (i!;) + T-n J (i!;), 
1; a~; n n-1 1; n 

the Bessel function to be chosen for ucr and udr must be 

of the first order (n=1) while the other disturbances in

volve a Bessel function of zero order (n=O). The para
meters i, and k (in eikncr) are determined by the boundary 

conditions for the disturbances. In appendix A it is found 
that k is an integer, wheres i must be a zero of the Bessel 

'function J 1 , the smallest zero being i = 3.832. In the 

present analysis k is taken to be a positive integer, k 

1, 2, 3 ••. The coefficients (in esT) peing complex is 

written ass sr + isi. 
In general, the amplitudes of the disturbances will be 

complex. Thus each amplitude is represented by the product . e . 
of its modulus and a phase factor e~ 
In summary, the disturbances are of the following form: 

ucr lucri 

udr ludrl 

ucz luczl 

udz I ndz I 

IT I rr I e 

(l I a I e 

e 101 e 

ie 1 e 

e 
ie 2 

e 
ie

3 

e 
ie 4 

ie 5 

ie 6 

ie 7 

e ST eikncr ( ) 
J1 i!; 

e ST eikncr 
Jo(i!;) 

(25) 
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The physical quantities are identified with the real parts 

of these expressions. 

As compared to previous stability analyses of fluidized 

beds [12-19], the present analysis is essentially differ

ent because of the introduction of cylindrical coordinates 

and the use of Bessel functions, and because boundary con

ditions are fully accounted for. In the previous analyses 

[12-19] thestability of any volume element of the dispersed 

system is investigated irrespective of any boundary condit

tion. 

The velocity disturbances will be discussed now in more 

detail. Omitting for a while the factor eST their real 

parts are given by 

In appendix A it is derived that 63 = 64 =:!:.I· The 

values of 61 and 62 cannot be determined from boundary 

conditions. However, provided that they are different 

from zero, the values of e1 and 62 are immaterial in the 

present analysis. In the remainder of this chapter 61 and 

e2 are taken equal to -~. A plot of the field of radial 

and axial velocity disturbances in a column is presented 

in figure 1 fork 2 and ~ = 3.832. From this pattern and 

from sinilar ones for other values of k it is easily con

cluded that the wave number k gives the number of circul

ating cells in the vertical direction. These patterns of 

the velocity disturbances (with ~ = 3.832) are strongly 

suggestive of the multiple circulation behaviour of spray 

columns as reported on in chapter 3, or [29]. Plots 

like figure 1 but for disturbances of a form corresponding 

with values of ~ larger than 3.832 will be left out of 
consideration, since in practice such circulation patterns 
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Fig.1 Plot of the field of radial and axial velocity dis

turbances for k=2, 1=3.832, at •=0 and omitting the 

moduli of the amplitudes. 

have never been observed. The resemblance of plots like 

figure 1 and the actually observed circulation patterns in 

spray columns gives confidence that the result e3 = e 4 = ± ~ 
is valid. It is possible to prove the validity of this 

result strictly by solving the set of equations for the 

disturbances. 
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Apart from the moduli lurl and luzl' the pattern of figure 

1 represents the imposed field of disturbances at the 

moment T=O. The factor exp(sT) in eqs.(25) describes the 

behaviour in time. The real part sR of s determines 

whether and how fast the disturbances will grow. 

The part played by the imaginary part si will be discussed 

now. Starting from T=O, the real part of the vertical 

velocity disturbance of the particle is given by 

u = dz ( 27) 

It is assumed now that a particle during its rise with the 

uniform flow remains at the same location of the "disturb-

ance wave", i.e. 

kno + constant 

corresponding to a constant wave velocity -si/kn. In a 

first approximation, the particle moves with the non

dimensional undisturbed velocity ud*· Hence, 

(28) 

(29) 

Finally, the non-dimensional growth factor sR and.the 

frequence si are converted into the dimensional quantities 

a and w by means of 

lv *I c a = --L- SR (30) 

and 

lv *I c 
w = --L- si ( 31) 

7. Solution of the instability problem 

By subsitution of relations (25) in eqs. (17) to (23), a 

set of linear equations in the amplitudes ncr' ndr' ncz' 
ndz I IT I (i and 0 is obtained, viz. 
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t L- + ikTI a + (s + ikTI *)-R ucr cz uc a 

[ S + ikTI 

1 
-E* 

u * c 

0 

* E* -[B (s + ikTI U *) + s c 
u * ·s 

• 
+ [(p + a;)(s + ikTI ud*) + E 

u * s 

0 

0 

i !! _2_] 
R Re c 

0 

1 iki ~ (! + 2 
-(3 + K) ii + [s + iknuc * + K)k R 

Re cr 3 L c 

i L 2 
iicz 

1-E* 
P (s + R Re I + 

~ + 
c 

+ 1 
Frm 

- 4 -
L Grm -a pSG= 0 
R Rec2 

-[B*(s+iknu*)+uE** 1 ] s c Fr s m 

iknu *) 
d iidz 

+ ~ 1] 
u * Fr 

1 K3 (E *) 2 

s m 

L Grm 
- 4 - -- pSG 

R Re 2 
c 

3 (1 -E*)2/3 + 

0 

ii -dz 

1 
+ .E* 

P r;a + 

(32) 

(33) 

(34) 

(35) 

2 
~+ 
Re 

c 

iknii + 

(36) 

(37) 
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Addition of eqs. (32) and (33) yields: 

L n + 1-c* L 1-c* 
~ u ~ - nd + iknu + ---- iknudz + R cr ~ R r cz c* 

- iknu *& = 0 s 

which will be used instead of eq. (32). 

( 38) 

( 39) 

The set of eqs. (33) to (39} has a solution for the ampli

tudes different from the zero-solution,if and only if the 

determinant of the matrix formed by the coefficients of 

these equations, is equal to zero: 

det ~ = 0 ( 40) 

where ~ is a 7x7 matrix. This condition is understood as 

an equation in s having solutions which depend on the 

values of the remaining parameters. The method of solving 

the complex variable s from eq. (40) where ~ contains com

plex elements, is treated in appendix B. The complex root 

with the largest real part determines the instability of 

the system and hence is the only one which will be discuss

ed. The present analysis differs from that by .Hedlin et al. 

[20, 21], which was restricted to real roots of s, in ob

taining complex roots. 

As already discussed, the elements of ~ have to be con

stants. Therefore, the effects of a vertical hold-up 

gradient, of temperature-dependent viscosities and expans

ivities, and of non-flat velocity profiles cannot be in

corporated in the coefficients of eqs. (33) to (39). This 

means that mean values must be taken for hold-up, visco

sities and velocities, as was actually done. The instabil

ity of a kind of flow different from the presently inves

tigated uniform flow cannot be treated by means of the 
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procedure described in this paper. 

Hence, the instability of any circulator mode of flow has 

to be investigated in a different way, e.g. by means of 

the Bubnov-Galerkin method or some other method of weighted 

residuals [42]. In these methods the unknown solutions of 

the set of equations (17) to (23) are expanded with respect 

to sets of specified trial functions where the expansion 

coefficients are determined such as to give the "best" 

solutions to the set of equations. Such methods have been 

widely used in analyzing thermoconvective flows in one

phase systems [42, 43, 44]. A related method, which also 

uses a set of functions with unknown coefficients to be 

determined, was pursued by Medlin et al. [20, 21]. A more 

extensive treatment of these methods is beyond the scope 

of this paper. 

8. Results 

The main purpose of the stability analysis in this paper 

is to investigate the effect of a positive temperature 

difference 6Tf (=Tcf - Tdf) on the hydrodynamic instability 

of spray columns. To enable a comparison of the analytical 

results with the experimental findings of chapter 3 [29], 

experimental values have been assigned to the relevant 

parameters. Four analyses were carried out: two, labelled 

C1 and C2, are related to experiments of series 8 in 

column C (see chapters 2 and 3), and two, labelled D1 and 

D2, are comparable with experiments in column D (series 13 

and 11, respectively). The values of the parameters are 

summarized in tables 1 and 2. In all analyses, 6Tf and the 

wave number k are the parameters which are varied system

atically, whilst t = 3.832. The values to be assigned to ~ 

will be discussed below. 
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units C1 C2 Dl D2 

kg/m 3 1000 1000 1000 1000 Pc 

kg/m 
3 

797 797 917 782 pd 

13c 
oc-1 (-0.66 + 0.174 T = 0.0022 T2 + 0.0000146 T3)x 10-3 

ad 
oc-1 0.00095 0.00095 0 ', 00095 0.00095 

llc mPa.s 0.8 0.8 0.8 0.8 

lld mPa.s 1.4 1.4 1.4 1.4 

c kJ/kg oc 4.19 4.19 4.19 4.19 
pc 

cpd kJ/kg oc 2.22 2.22 1.84 2.18 

L m 6.0 6.0 6.5 6.5 

R em 7.5 7.5 22.5 22.5 

d mm 1.0 1.0 3.0 3.0 ' 

* 
vd cm/s 4.1 4.7 7.5 12.0 

v* cm/s -0.051 -0.068 -0.15 - 0.12 
c 
* m3/m3 0.966 0.97 0.957 0. 975 E 

m - 12.25 12.25 5.4 5.4 

n - -0.535 -0.535 -0.37 -0.37 

Table 1 

Kl [-] 1.667 

K2 [-] 1.0 

K3 [-] 0.5 

B [-] 0.5 and 0 

R. [-] 3.832 

K [-] 3 

Table 2 Tdf [OC] 5 
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10~r--------------------------------. 

-4 
10 

0 

vJ=4.1 cm/s 

20 40 

Fig. 2 Plot of the growth factor a of the disturba'nces ver

sus the temperature difference 8Tf, with the wave 

number k as a parameter; case C1 (see tables 1 to 3). 

In figures 2 to 5 the dimensional growth factor a has been 

plotted versus the temperature difference nTf, while k is 

the parameter belonging to the different curves. Figures 

6 to 9 are plots of the corresponding dimensional frequen

cy w versus k (integers only) with 8Tf as varying para

meter. 
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10-
1 r---------------------------------~ 

-3 
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-4 
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vJ== 4.7 cm/s 

20 40 60 80 

Fig.3 Plot of the growth factor a of the disturbances ver

sus the temperature difference ATf, with the wave 

number k as a parameter; case C2 (see tables 1 to 3}. 

It is seen that in the isothermal columns as well as in 

those with a positive temperature difference, the value 

of a is always positive. Obviously, ina liquid-liquid spray 

column the state of uniform flow is hydrodynamically un

stable under all conditions. 
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a [s-~ 
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-3 
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-4 
10 

k:1 

0 

vd"= 7.5cm/s 

20 40 60 80 

Fig.4 Plot of the growth factor a of the disturbances ver

sus the temperature difference ~Tf' with the wave 

number k as a parameter; case Dl (see tables 1 to 3}. 

Figure 2 shows that for k=l already a small positive ~Tf 

is sufficient to reduce the growth factor substantially. 

For larger k, a larger temperature difference is required 

for such a substantial reduction of a. Similar conclusions 

can be drawn from figures 3 to 5. The typical curves of figures 
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10-1 

a [s-1] 

1 .• -• 

-3 
10 

-4 
10 

j-----------------------
k=3 

k=1 

vel= 12.0cm/s 

0 20 40 60 80 

Fig.5 Plot of the growth factor a of the disturbances ver

sus the temperature difference 8Tf, with the wave 

number k as a parameter; case D2 (see tables 1 to 3). 

2 to 5, however, can only be obtained if the drag coeffic

ient correction factor w is substantially smaller than 

unity. '.i'he effect of w upon a is illustrated in figure 10 

for an isothermal column: an increasing value of w yields 

a strongly decreasing value of a. To explain this result, 

134 



notice that a larger value of lJi gives rise to a larger 

force counteracting the instantaneously imposed radial 

velocity components, hence, the disturbances grow more 

slowly. For some unknown reason, this effect of l/J is not 

of the same strength at all applied temperature differenc

es: for lJi sufficiently large (but still much smaller than 

unity) the curves of a versus t~Tf exhibit a maximum. For 

values of lJi close to unity and for lower values of k, even 

negative values of a were found at small l~Tf and positive 

ones at larger t~Tf. It is felt intuitively that application 

of a positive temperature difference resulting in 

negative density gradients can never cause an increase of 

the instability. Hence, by trial and error, the largest 

value of lJi was determined at which, for all relevant values 

of k, such a maximum in the curves of a versus t~Tf does not 

occur. The values of l/J found in this way decrease with 

increasing particle Reynolds number Re, as was expected 

(see table 3). These values were used in the analyses pre

sented in figures 2 to 9. 

From figure 10 it also appears that inclusion or omission 

of the added mass term of the interaction force (corres

ponding to B ~ and B = 0, respectively) affects the 

values of a by about a factor 2 only. To avoid that the 

momentum equations contain two terms representing acceler

ation effects, the added mass terms were left out in the 

calculations of the ultimate results (figures 2 to 9, table 

3). 

analysis Re ljJ 

C1 50 0.06 

C2 60 0.05 

Dl 280 0.05 

02 450 0.035 Table 3 
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w [s-1] 
80°C 

I 
eq.(29} 

60 

-.15 

40 

-.10 
10 

-.05 

vd= 4.1 cm/s 

0 
0 4 8 12 

---k 

.6 Plot of the frequency w of the disturbances versus 

the wave number k, with 8Tf as a parameter; case Cl 

(see tables 1 to 3}. 

It appears from figures 2 to 5 that, for a specific value 

of the temperature difference, there is a minimum value of 

k at which a is at least one order of magnitude larger than 

at smaller k. This minimum value of k, denoted by ka, is a 

function of 8Tf (as an example: in figure 3, ka=5 at 8Tf= 

60 °c}. 
The profiles of w versus k (figures 6 to 9) with 8Tf as a 

parameter appear to consist of two almost straight lines 
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-15 
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I 
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vd=4.7cm/s 

0 ~--~--~--~--~----~--~----~ 
0 4 8 12 

---k 

Fig.7 Plot of the frequency w of the disturbances versus 

the wave number k, with fiTf as a parameter; case C2 

(see tables 1 to 3). 

which meet at a transition point. The value of k corres

ponding to the transition point is denoted by k (as an 
w 

example: in figure 7, k =5 at 6Tf=60 °C). Obviously, k w w 
increases with increasing 6Tf. 

The lower line of the w-k profile, with the steeper slope, 

coincides quite well with the line of eq. (29}, which has 

also been plotted in the figures. For higher 6Tf' the 
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I 80° c -.25 
eq.(29) / 

w [s-1] ) 60 

1-.20 
40 

I 
20 

-.15 

10 

-.10 

-.05 

vd"= 7.5 cm/s 

4 8 12 

k 

Fig.8 Plot of the frequency w of the disturbances versus 

the wave number k, with ~Tf as a parameter; case D1 

(see tables 1 to 3). 

lower line slightly deviates in upward direction from the 

line of eq.(29). This is ascribed to the dependence of the 

hold-up and the slip velocity on the temperature which is 

not incorporated in the stability analysis, nor in eq. 

(29) • 

'l.'he upper line of the w-k profile, with the flat slope, 

widely differs from the line of eq. (29). Therefore, the 
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Fig.9 Plot of the frequency w of the disturbances versus 

the wave number k, with 6Tf as a parameter; case 02 

(see tables 1 to 3). 

disturbances corresponding to this upper line do not fit 

into the picture of a stationary circulation pattern (like 

fig. 1). Thus, k is the maximum value for which, at a 
w 

specific value of 6Tf' a stationary mode of disturbances 

is possible. 
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.5 .96 

.5 .97 

0 .96 

0 .97 

.02 

vd'= 4.7cm/s 
.01 

.1 .2 .3 

Fig.lO Plot of the growth factor a versus the correction 

factor ~ for the lateral drag coefficient, with B 

and E as parameters; case C2 with ~Tf = 0 °C and 

k=1. 

As a very important result, it is found that, again at a 

specific value of ~Tf, always k =k • Furthermore, in table a w 
4 a comparison has been made, for corresponding values of 

the parameters, between k and k and the number of cir-a w 
culations as found from the experimental temperature and 

shear stress profiles (see chapter 3). The agreement is 

surprisingly good. Hence, a linearized stability analysis 

is a suitable method to predict the number of circulations 

which will occur in a spray column subject to a positive 
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Table 4 

stability optimum t.Tf number of number of circulations 

analysis value of k [Oc] experimental from 

from run [29] tw-profile T-profile 

analysis 

C1 5 50,5 8.3 6 5 

C1 5 61 ~.6 5 5 

C2 4 43 8.1 5 4 

C2 5 61 8.5 5 or 6 5 or 6 

01 3 40 13,6 - 3 



temperature difference between top and bottom. 

The good agreement provided by a linearized stability 

analysis is the more remarkable, because after the initial 

stage to which the linearized equations apply, the ampli

tudes of the disturbances are no longer infinitesimal. 

Then, the effect of the non·- linear terms in the equations 

of motion should be taken into account when investigating 

the subsequent development of the disturbances. It is to 

be expected that the primary effect of the non-linear terms 

is to weaken the initial exponential growth rate. In view 

of the exponential findings it is concluded that the non-linear 

terrc·.s obvj ously do not change the developnents of the initial 

stage. 

The stability analysis for an isothermally operated column 

yields ka=l and, by extrapolation, kw=O. It is only in this 

isothermal case that a result k ~k is found. On the other a w 
hand, the experiments (see chapter 3, or [29], and [47, 

48]) show the presence of a single circulation (k=l) over 

the entire length of the column. Obviously, for an iso

thermal column the stability analysis fails in predicting 

the correct k • The reason of this anomaly is not clear. 
w 

Comparison of figures 2 to 9 reveals the part played by 

the slip velocity. The stability analysis predicts that, 

at a higher slip velocity, a larger positive temperature 

difference is required to split up the overall circulation 

of the isothermal state. Hence, at a higher slip velocity, 

the actual number of circulations in a spray column sub

ject to a positive temperature difference is predicted to 

remain smaller. This result confirms a conclusion which, 

with some reserve, was already suggested in view of the 

experimental results of chapter 3 [29]. 
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9. Conclusions 

By means of a linearized stability analysis it is found 

that the state of uniform flow of the two liquid phases 

in a spray column is hydrodynamically unstable. 

For a spray column operated with a positive temperature 

difference ~Tf between top and bottom, the analysis shows 

that a specific stationary circulation pattern will 

develop from a spectrum of possible disturbances charac

terized by a wave number k. The number of circulation 

cells in this pattern is determined from two plots, one 

representing the growth factor a versus ~Tf with k as a 

parameter, and one representing the frequency w versus k 

with ~Tf as a parameter. The number of circulation cells 

that is predicted by means of these plots, increases with 

increasing temperature difference ~Tf and decreases with 

increasing undisturbed slip velocity vs*· 

The effect of the slip velocity on the predicted number of 

circulations confirms the observation from experiments 

(chapter 3, or [29]). The slip velocity is a good measure 

for the driving force for instability. ,For this reason, 

1/Frm as given by eq. (24) is suggested to be indicative 

of the strength of the destabilizing force. The larger the 

tendency is towards instability as a consequence of the 

supply of dispersed phase to the column, the smaller, of 

course, is the effect of a stabilizing density gradient. 

The number of circulations predicted by the analyses agrees 

well with the number of circulations that was actually ob

served in experiments under the same conditions (chapter 3, 

or [29]). Hence, numerical computations of the actual flow 

pattern are not necessary in these and similar two-phase 

flow systems: it suffices to carry out a linear stability 

analysis of the uniform flow. The presence of an overall 

circulation over the entire length of an isothermally oper

ated spray column, is, for some unknown reason, not pre

dicted by the present analysis. 
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The stabilizing effect of the density gradient appears to 

result in a splitting up of the overall circulation into 

a multiple circulation pattern. The results of chapter 2 

[1] regarding axial mixing coefficients indicate that 

this splitting up process reduces the axial mixing in the 

continuous phase of a spray column. 

A secondary, but important feature of the present analysis 

is the introduction of a reduced particle drag coefficient 

in a direction perpendicular to the main direction of flow. 

This result applies as long as the flow pattern around a 

particle has not adjusted itself to an abruptly imposed 

variation of external condition. Since the validity of a 

linearized stability analysis is restricted exactly to 

the very beginning of the development of the disturbance, 

the introduction of such a reduced particle drag coeffi

cient is crucial in obtaining the above-mentioned results. 
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Appendix A 

In this appendix it is first pointed out that the concept 

of "slip walls" is inherent in the Eindhoven model for the 

circulating behaviour of a tall spray column. This model 

forms the basis for the formulation of the boundary con

ditions at the wall of the column which, in the present 

analysis, are to be satisfied by the disturbances of the 

state of uniform flow. The boundary conditions determine 

the values of k and ~. 

A main feature of the model of Wijffels and Rietema (47] 

describing the circulating behaviour of isothermal spray 

columns is the presence of a thin wall layer that is free 

of dispersed phase. The effective viscosity of this drop

free layer is assumed to be equal to that of the rest of 

the column, except in a very thin sublayer directly ad

jacent to the wall. It is claimed in this model that the 

motion of the droplets does not change the apparent vis

cosity of this sublayer which therefore will exhibit the 

true viscosity at laminar conditions. Since the thickness 

of this laminar sublayer is extremely small, it is justi

fied (see also chapter 3) to set 

Analogously, no boundary conditions are imposed on the 

disturbances ucz and udz at the wall of the column: 

!;; = 1 : ucz 'I 0 

udz 'I 0 

The disturbances also have to satisfy: 

!;; = 1 : u = u ='0 cr dr 

arr 
"iiT 0 

0 

(A2) 

(A3) 

(A4) 

(AS) 
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where (A3) is self-evident, a radial pressure gradient un

equal to zero would result in radial velocities, and heat 

losses via the wall are excluded by use of isolation of 

the column (chapter 2, or [1]). 

From (A3) to (AS) it follows that 

(A6) 

i.e. i is a zero of J 1 , the lowest one being given by 

i = 3.832 [49]. Then the unequalities (A2) are satisfied 

automatically. Eq. (A6) also implies 
aucz audz 

!;; = 1 : ay- ~ = 0 (A7) 

dCl at= 0 (AS) 

where (A7) applies to the disturbances only: the velocity 

profiles calculated on the basis of the model of Wijffels 

and Rietema and found in their experiments exhibit a sub

stantial velocity gradient at the wall of the column [47, 

48] • 

Finally, eq. A6) satisfies the assumption of axial sym

metry at the centre-line of the column 

; = 0 (A9) 

a 
~ (ucz' udz' rr, a, e) = 0 (A10) 

Now it is concluded that in the present stability analysis 

of a spray column separation of variables works with due 

observance of the boundary conditions at the wall of the 

column. 

The disturbances also have to satisfy boundary conditions 

at the two ends of the column. Here, only the conditions. 

to be satisfied by the vertical velocity disturbances udz 

and ucz will be discussed. Their real parts have to be 

zero at cr=O and cr=l irrespective of the radial position. 

Writing these conditions for e.g. udz: 

(All) 
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and 

(A12) 

it easily follows that 63 = 6 4 =±;and that k is an in

teger. The present analysis is restricted to positive 

integers k = 1, 2, 3 .•.• 

Appendix B 

In this appendix the method of solution is presented for 

the equation 

det ~ = 0 (B1) 

where ~ denotes a complex 7x7 matrix. This equation is 

understood as an equation of higher degree in s. 

Equation (B1) stems from the eqs. (33). to (39). This set 

of equations is first somewhat simplified. By means of 

eq. (39) in which s does not occur, &is eliminated from 

the set. Furthermore, in all equations s does not occur 

in the coefficients of n. Obviously, fidoes not contribute 

to condition (B1). Hence, n is eliminated from the set by 

means of eq. (35). These eliminations result in a set of 

five equations in Q I ud I Q I Qd and e. The condition cr r cz z 
for a non-zero solution of this set is 

det ~· = 0 (B2) 

where ~· now is a complex 5x5 matrix. (B2) is understood 

as an equation of the fifth degree in s. (In the remainder 

of this appendix matrices will be denoted with a capital 

omitting the double underline.) 

To solve s from (B2) matrix C' is represented by 

C' =A - sB 

where s no longer occurs in the elements of A and B. 

Hence, 

(B3) 
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det(A - sB) = 0 (B4) 

-1 
From the calculations it will appear that the inverse B 

of B exists (i.e. B is nonsingular). Therefore, eq. (B4) 
-1 

can be multiplied by det(B ) to yield 

-1 
det(B A - si) = 0 (BS) 

This is the condition for a non-zero solution of 

Dy = sy (B6) 

-1 
where D represents the product B A. The roots for s in 

eq. (B2) are recognized as the eigenvalues of the complex 

matrix D. These eigenvalues are determined by reducing 

(B6) to the eigenvalue problem of a real matrix. 

To this end D is decomposed into a real and an imaginary 

part: 

D = F + iG (B7) 

where both F and G are matrices with real elements only. 

Substitution of (B7) in (B6) yields: 

(F + iG)y = sy (B8) 

Further multiplication of (B8) by -i results in 

(G - iF) y = -isy (B9) 

Equations (B8) and (B9) may be combined [4~ to read 

[F -G] [ y ] [y ] 
G F -iy :s -iy 

(B10) 

Therefore, an eigenvalue of the complex matrix D is also 

an eigenvalue of the real matrix Z: 

z = [: -:] 
(Bll) 
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Since D is a 5x5 matrix, Z is a 10x10 matrix. The matrix Z 

is reduced to a matrix of upper Hessenberg form in which 

all elements in the lower triangle are zero [45]. In the 

literature [46] there is a standard procedure to determine 

the eigenvalues of a matrix of Hessenberg form. 

The eigenvalues of Z are the original eigenvalues s of D 

and their complex conjugates s. In this way no conclusions 

can be drawn about the sign of si. To this end we consider 

the matrix -iD which can be represented as G - iF and 

which has the eigenvalues -is. The corresponding real 

matrix 

Z'=[G F] 
-F G 

has the eigenvalues -is and is. 

t-:iultiplication by i yields s and -s. Comparison of these 

values with the eigenvalues of Z reveals the actual eigen

values s of D. 

The complex inverse matrix B- 1 is determined from 

B-1 B = I (B12) 

To this end both matrices B and B-1 are decomposed in the 

following way: 

K + iL 

N + iP 

(Bl3) 

(B14) 

where K, L, N and P are real matrices. Substitution of 

(B13) and (B14) in (B12) yields 

(K + iL) (N + iP) = I (B15) 

which can also be written as 

(B16) 
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where 0 is a matrix with zero elements only. In the 

present problem it is possible to scale B such that three 

columns of K and the two complementary columns of L con-

tain zero elements only. Hence, three rows of N and 2 

rows of p are zero vectors. Let the remaining columns of 

K and L form the 5x5 matrix w. Then the non-zero rows of 

N and p form the inverse matrix w- 1 : 

w w-1 I (B17) 

The inverse of the real matrix W can be determined by 

means of a standard procedure from numerical analysis. 
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Symbols. us.ed 

A number of symbols occur without subscript and with the 

subscripts c .and d. In the 1atter cases they denote di

mensional properties of the.continuous and the dispersed 

phase, respectively, while in the first case the ratio 

of the dimensional prope~ties of dispersed and continuous 

phase is denoted. 

a growth factor (s -1) 

B added mass co.efficient (-) 

c1 = coefficient for viscosity correction, eq. (7), (-) 

c = heat capacity (m2/s2 oc) 
p 

s;, matrix of coefficients 

CD = drag coefficient (-) 

d droplet diameter (m) 

D1 differential (= a a (-) = operator -+ u * a-cr>, at c 

D2 differential operator (= .L+ u * a (-) at d a-cr>, 
E = interaction force (N) 

f = accel~ration force acting on a particle (N) -pa 
f = drag force acting on a particle (N) -pd 

(m/s2 ) g = gravitational acceleration 
I = identity matrix 
= 
k = wave number (-) 

k value of k as a determined from a set of a- liTf 
profiles, (-) 

k value of k as determined from w-k profile, (-) 
w 

K1 = constant, eq. ( 7), (-) 

K2 = constant, eq. ( 7) , (-) 

K3 = back-flow correction factor, eq. ( 8) 1 (-) 

R. = coefficient ( -) 

L = column height (m) 
m = coefficient ( -) 

n = exponent (..,) ; order of Bessel function (-) 

!! mass flux (kg/m2 s) 
p = pressure (Pa) 
r = radial coordinate (m) 
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R column radius (m) 

s non-dimensional growth factor (-) 

t time (s) 

T temperature (°C) 

u = non-dimensional velocity disturbance 
v' 

(= Tv:-*1) I (-) 

c 

U* non-dimensional velocity ( 
.. V" 

= --*-) ,. (-) 
lvc I 

u 
s 

non-dimensional slip velocity {= ~ l 1 (-) 

lvc*l 
v linear velocity (m/s) 

= slip velocity (m/s) 

vertical coordinate (m) 

non-dimensional disturbance of e 

(=£~), (-) 

6 thermal expansivity (0 c-1 ) 

~ difference (-) 

e volume fraction of continuous phase (m3;m3 ) 

~ ratio of heat capacities (= cpd/cpc), (-) 

8 phase angle 

e non-dimensional temperature disturbance 

T• 
(= T - T ) ' (-) 

cf df 

K bulk viscosity coefficient (Pa.s) 

~ dynamic visco~ity coefficient (Pa.s) 

~ = non-dimensional radial coordinate 

(=r/R), (-) 

n non-dimensional pressure disturbance 

(= * P'* 2), (-) 
Pclvc I 

P = density (k~/m3) 
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cr = non-dimensiona1 vertical coordinate 

* (= z/L),. 1-) 
t ~ .... "'. (--· ·I·V'Ld···lt. •) I <~> = non-dimensional ~·~ 

= stress tensor (Pa) 

= shear stress acting upon the wall (Pa) 

= thermal conductivity (N/s oc) 
drag coefficient correction factor (-) 

. -1 
frequency (s ) 

non-dimensional numbers 

Ec Eckert number 

Fr Froude number 
Gr Grashof number 
Re particle Reynolds number 

Rec Reynolds number with respect to column radius 

subscripts 

c denotes continuous phase 
d dispersed phase 

f feed 
i 

m 

r 

R 

s 

z 

0 

superscripts 

imaginary part 
modified 
radial 
real part 

continuous phase in a two-phase system 

vertical 
superficial 

T deno.te.s transpose 

amplitude 
disturbance 

* undisturbed state of uniform flow 
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Introduction 

With a view to application in a liquid-liquid spray 

column, drop formation owing to the spontaneous 

break-up of a liquid jet issuing from a nozzle has 

been studied in our laboratory. 

A liquid jet is formed when the veloci.ty vn through the 

nozzle exceeds a specific value,the "jetting velocity". 

If the velocity is increased further, the jet length 

first increases rapidly and then, at the "critical 

velocity", starts to decrease again. Finally, when the 

"disruptive velocity" is reached, a jet no longer exists 

and droplets are formed again at the tip of the nozzle 

[1-5]. The maximum jet length is often accompanied by 

a minimum in the diameter of the drops breaking away 

from the jet [2, 4]. 

As long as the flow rate through the nozzle is increased 

from the jetting velocity vj to the critical velocity 

v (at maximum jet length), the drop size is very c 
uniform according to some authors [2] or becomes even 

more uniform according to others [6,7]. An increase 

of the flow rate above the critical velocity promotes 

an increasing non-uniformity of the drop diameter 

[2-4, 6, 7]. In the disruptive stage the resulting spray 

of small droplets becomes more uniform again [2, 7]. 

So, preceding the disruptive velocity, two regimes of jet 

break-up can be distinguished [7, 8]: 

- the "varicose" region, in which reasonably uniform drops 

are formed, and 

the "sinuous" region, in which the jet breaks up into 

waves, producing a wide size distribution of drops. 

Theoretical analyses of drop formation from a liquid jet 

have been carried out by many investigators. The older 

analyses [9-11] were based on the assumption that 
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linearized equations form a sufficient basis for under

standing the breaking up process, but hence only apply to 

the varicose region. More recent theories pay special 

attention to non-linear effects to explain non-uniformity 

of the drops [12, 13]. 

Now, the purpose of the present investigation was to 

determine experimentally at which flow rate through a 

certain nozzle the spread in the diameter of drops formed 

from a jet exhibits a minimum and to determine accurately 

this uniform diameter. 

Experimental set-up 

Drop formation at a single nozzle was studied in a 

rectangular box as shown in figure 1. The nozzle was made 

of stainless steel, 5 em long, and had an internal and 

external diameter of 450 and 800 ~m, respectively. Its 

upper end was bevelled at an angle of 45° or was cut off 

perpendicularly. Although in later experiments the system 

was attached to a concrete pillar of the laboratory 

building, the results indicated that drop formation was 

insensitive to external vibrations. The spontaneous break

up of a kerosine jet issuing into water was studied with 
a stroboscope ("Strobotorch", Dawe Instruments Ltd.). 

Spontaneous break-up appeared to happen so regularly 

that at certain flow rates of the kerosine and at certain 

frequenciee:of the stroboscope a stationary picturewas 

obtained, as shown in the series of photographs, the 

experimental conditions of which are mentioned in the 

table. The frequency of the stroboscope mentioned in the 

table is the highest at which a stationary picture was 

obtained. The number N mentioned in the table is the 

number of drops formed during one flash of the strobos

cope. 
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a 

c 

I 

f2J 
'e 

fig. 1 Experimental set-up: 

a. storage bottle for kerosene; b. supply device 

with needle: c. outlet of kerosene; d. stroboscope; 

e. screen of paper; f. camera. 

Results and discussion 

To the best of the authors' knowledge this was the first 

time that a stroboscope was used to investigate the 

spontaneous break-up of a liquid jet issuing into another 

liquid. A stroboscope had been repeatedly used, however, 

to study the controlled break-up of a liquid jet in gas 

due to a vibration imposed upon the jet or nozzle [12-18]. 

Now, the present study has revealed that actually a jet 

does not exist. Without a stroboscope the very rapid 

succession of drops seems to be a continuous thread of 

liquid, of which the length depends upon the flow rate. 

In fact, however, there exists only a short stem, which 

is never longer than a few droplet diameters. Different 

stages of the process of necking-in, by which the drops 
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photo- vn N f d d 
graph 
nr. [cm/sl .[ -] [min -l] [mm] {mm) 

1 59.1 1 4348 1.36 1.36 

2 61.0 1 2715 1.60 1.60 

3 62.2 1 4878 1.36 1. 36 

4 64.8 3 2143 0.99;1.15;1.44 1.19 

5 66.0 3 2158 1.20,1.27 1.22 

6 66.6 1 6897 1.21 1.21 

7 76.1 2 5660 0.99;1.18 1.09 

8 79.2 7 1657 0.94;1.18 1.08 

9 81.1 4 3158 0.92:1.18 1.05 

10 81.7 9 1481 0.92;1.18 1.03 

11 83.6 5 2844 0.94;1.18 1.04 

12 86.1 3 5217 0.94;1.18 1.02 

13 89.9 10 1700 0.94;1.18 1.01 

14 91.1 11 1600 0.94;1.18 1.01 

15 91.1 4 4511 0.92;1.18 0.99 

16 98.7 1 25000 0.92 0.92 

17 100.0 

Table 

Formation of kerosene droplets by break-up of a jet 

issuing into water. 

are formed, are visible in several photographs. All flow 

rates exceeded the jetting velocity, which for our 

kerosene-water system is about 42 cm/s according to some 

correlations from the literature [3, 19) • 

At many flow rates very specific combinations of large 

and small drops were obtained, the dimensions of which 

are also mentioned in the table. In almost all cases the 

diametersof large and small drops were constant, but the 
relative amounts of the two kinds of drops varied. The 
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simultaneous or alternate production of large and small 

drops has been discussed earlier [6, 20], but the exact 

reproducibility of this phenomenon is probably new. At a 

velocity through the nozzle of 98.7 cm/s only the small 

drops originated. This velocity may be conceived as the 

critical velocity, which according to Hughmark [21] and 

Ranz (mentioned in [7]) is about 95 cm/s for our system. 

The volume of the large drops is about twice that of 

the small ones. The phenomenon of the formation of 

double-sized drops has already been mentioned by several 

authors [6, 20] and was named "twinning". Especially 

with small-diameter nozzles a drop must decelerate 

markedly after breaking away because the difference 

between jet velocity and steady-state rising velocity of 

the drop is large. So, the jet will overtake the small 

drop and a drop with twice the original volume arises 

with a larger rise velocity which is sufficient to 

escape. In this view the actual drop diameter is 0.94 mm, 

while 0.93 mm is predicted by a relation mentioned in 

[3]. It is, however, uncertain whether this mechanism 

prevails in our case, since large and small drops also 

occur in other sequences than alternately. Furthermore, 

the relative number of large drops decreases with 

increasing jet velocity. 

From the droplet configurationsin the photographs and 

the stroboscope frequencies mentioned in the table rise 

velocities v d of droplets or of groups of droplets were 
calculated, which are presented in figure 2. The general 

trend is that the rise velocity increases with increasing 

flow rate through the nozzle. This can only be explained 

by means of increasing entrainment of water by the rising 

chain of droplets. If can further be seen that the rnonosized 

droplets of the first photographs of the series were 

accelerated during their rise, while those of photograph 

16 were decelerated. The terminal velocities vd.., of drops 

of mean diameter d have also been plotted in figure 2. It 
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fig. 2 Rise velocity vd of the droplets (from experiments) 

and terminal velocity vdm of droplets of mean 
diameter d (calculated) versus velacity vn through 

the nozzle (dn = 450 ~m). 

is seen that the ratio vd/vdm was smaller than unity at 
low flow rates through the nozzle and increased to far 
above unity at increasing flow rate through the nozzle. 
We have no explanation for this phenomenon at this moment. 

In several photographs it can clearly be seen that 
during their rise large drops gain on the small preceding 

ones, which are ultimately pushed aside. In this way the 
earlier swarming out of the non-uniform drops as compared 
with the uniform drops can be explained. 

Several authors suggest that satellite drops can arise 
from the neck of fluid drawn out from the stem during 
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fig. 3 Mean droplet diameter d versus velocity v through n 
the nozzle (dn = 450 pm), for the system kerosene 

drops in water. 

drop break-off [8, 12, 13, 15, 16, 20], although there is 

no agreement about the exact mechanism. It must be 

stressed that our drops originated spontaneously, while 

those of other authors were formed under the action of an 

imposed vibration. In the latter case satellite drops 

usually are much smaller than the primary drops [12-16, 

18], while this is not true in our experiments. Hence 

this above-mentioned mechanism definitely does not apply 

here. 

Since in the calculation of the hold-up of dispersed 

phase in a spray column the Sauter mean diameter 

is needed; this quantity is to be determined. 
Owing to the very regular patterns of drop formation 

not more than three diameters need to be measured. 

The Sauter mean diameter has been plotted versus 
flow rate through the nozzle in figure 3. It appears 
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to decrease slowly with increasing flow rate in the 

range of interest. The jetting velocity vj and the 

critical velocity vc as calculated with relations from 

the literature (see above) are also indicated. Because 
of the slight slope of the righD-hand part of the curve 

an uncertainty of 10% in the flow rate results in an 

uncertainty of 5% only in the diameter. This is a very 

great advantage when this result is applied to a spray 

column where all needles might not receive the feed at 

the same rate. 
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Appendix 2 

This appendix contains data of the individual experiments 

in the spray columns. Column dimensions and liquid pro

perties, which were varied from series to series, have al

ready been mentioned in tables 1 to 3 of chapter 2 (Part 

III of the series of papers "Flow patterns and axial mixing 

in liquid-liquid spray columns"). Under the heading "exp. 

no." first the number of the series is given and then that 

of the experiment itself. 

Symbols and dimensions used: 

Q volumetric flow rate (cm3/s) 

T temperature (°C) 

Eax mean effective axial mixing coefficient (cm2/s) 

~ mass flux ratio (-) 

y mixing index, see chapter 2, (-) 

n efficiency, see chapter 2, (-) 

Subscripts 

c continuous phase 

d dispersed phase 

e exit 

f feed 

top in the top of the column just below the inlet of the 

continuous phase 

exp. 
Qd ~ Tcf T Tdf Tde Eax Yc nc no. ce 

1.1 11.7 .42 2 12.5 25 11 22.0 .46 
1.2 11.7 .42 2.5 14 27 12 14.9 • 4 7 
1.3 11.7 .42 2 15 29.5 12.5 16.0 .47 
1.4 11.7 .42 2.5 17.5 33 14 9.8 .49 
1.5 11.7 .42 2.5 19.5 38 16 9.9 .48 
1.6 11.7 .42 2.5 25 50.5 19.5 9.2 .47 
1.1 43.8 .23 14 21.5 24.5 19.5 22.0 • 71 
2.2 . 43.8 .23 3.5 18 24 14.5 22.3 • 71 
2.3 43.8 • 23 1.5 27.5 38 20 21.4 .71 
2.4 43.8 .23 1.5 38 51.5 26.5 19.0 • 73 
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exp. Qd $ Tcf T Tdf Tde E Yc nc no. ce ax 

2.5 43.8 .23 1 49.5 65.5 32.5 15.5 .75 
2.6 43.8 .23 1 53 70.5 34.5 14.6 • 75 
3.1 24.6 .51 26.5 15.5 10.5 21 25.4 .37 .69 
3.2 23.0 .50 33.5 16.5 9 24.5 25.9 .36 .69 
3.3 23.2 .56 33.5 17.5 9 25.5 27.4 .35 .65 
3.4 23.2 .52 46 17.5 6 33.5 20.5 .42 .71 
3.5 27.0 .52 51.5 19 7.5 38.5 19.0 .48 .74 
3.6 23.2 .52 61 21 7 45.5 15.5 .50 .74 
3.7 23.2 .51 61 21 7 44.5 16.4 .49 • 7 4 
3.8 25.0 .49 90.5 18 4.5 66.5 9.6 .68 .84 
4.1 24.2 .56 41 16.5 7 33 17.5 .50 • 72 
4.2 24.2 .59 47 18 7 38.5 16.4 .55 .73 
4.3 23.8 .60 60 21 7 49 14.4 .57 .74 
4.4 24.0 .61 91.5 22.5 3 75.5 10.3 .62 .78 
5.1 23.2 .57 61.5 13.5 1.5 51.5 8.4 .65 .80 
5.2 23.2 .59 85 15 1.5 73 6.0 .70 .84 
5.3 23.2 .57 47.5 12 .1.5 39.5 10.4 • 63 .77 
5.4 23.0 .68 5.5 32.5 48.5 16.5 30.8 .45 .63 
6.1 23.5 .56 51 21.5 11 41 17.3 .48 .74 
6.2 23.5 .55 63.5 23.5 11.5 50.5 14.8 .54 .77 
6.3 23.5 .53 51 21.5 ll. 5 40 18.2 .49 .75 
6.4 23.5 .66 51 24.5 12 43.5 18.4 .57 .68 
6.5 23.5 .67 60.5 27 12 52 16.4 .60 .69 
6.6 23.5 .46 60.5 21.5 12 44 16.8 .57 .so 
6.7 23.5 .43 51.5 19.5 11.5 36.'5 19.0 .55 .80 
6.8 23.5 .39 51 10.5 ll. 5 34.5 19.1 .58 .82 
6.9 23.5 .47 68.5 22 12 51 13.8 .62 .82 
6.10 23.5 .53 69 23.5 12 54.5 13.1 .59 .so 
6 .ll 23.5 .41 68.5 20.5 12 47.5 14.5 .65 .85 
6.12 23.5 .60 30.5 17.5 11.5 26 21.2 •. 49 .68 
6.13 23.5 • 27 30.5 14 11.5 20 21.5 .61 .87 
6.14 23.5 .60 30.5 17.5 11.5 26 21.2 .49 .68 
6.15 23.5 .63 44.5 22 ll. 5 37.5 19.6 • 53 .68 
6.16 23.5 .46 59 20.5 ll, 5 43.5 15.5 .59 .81 
6.17 23.5 .54 59.5 22.5 u.s 47.5 14.7 .54 .77 
6.18 23.5 .55 69.5 23.5 11.5 56 12.4 • 59 .79 
6.19 23.5 .54 50 21 ll. 5 40 16.6 .51 .75 
6.20 23.5 .so 42.5 19 11.5 33 18.9 • 50 .76 
6.21 23.5 • 59 80.5 24.5 11.5 68.5 8.9 .63 .81 
6.22 23.5 .55 80.5 23.5 11.5 65.5 9.8 .65 • 83 
6.23 23.5 .52 20 20 20 20 ...,. 
6.24 23.5 .60 72 24 ll. 5 60 10.9 .60 .79 
6.25 23.5 .50 49.5 22.5 14 38.5 19.0 .50 • 76 
7.1 23.5 .49 41 18 11 32 19.1 .52 • 77 
7.2 23.5 .so 51 20 11 39 18.4 • 53 .78 
7.3 23.5 .53 60.5 22 11 47.5 16.0 .55 • 78 
7.4 23.5 .55 70.5 23 11 57 12.7 .60 • 80 
7.5 23.5 .59 80 24.5 11 67.5 10.3 • 61 .80 
8.1 24.3 .60 45.5 16 4.5 37 16.4 .55 .72 
8.2 24.3 .45 45.5 13 4.5 32 17.4 .55 .79 
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exp. Qd ~ Tcf T Tdf Tde E Yc nc ce ax 
no. 

8.3 24.3 .45 55 14.5 4.5 38.5 16.5 .57 .80 
8.4 24.3 .60 55 18.5 4.5 46 14.5 ,60 • 72 
8.5 24.3 .62 65 19 4.5 55 11.7 .64 .75 
8.6 24.3 .46 65 15 4.5 46 14.3 .61 .82 
8.7 24.3 .62 21.3 21.3 21.3 21.3 -
8.8 24.3 0 22 22 22 22 
8.9 24.3 .62 23.2 23.2 23.2 23.2 -
8.10 24.3 0 22 22 22 22 

exp. Qd <P Tcf T Tc,top Tdf Tde E Yc nc ce ax no. 

11.1 484 .56 58 26.5 43.5 11 43.5 72.6 .36 .67 
11.2 484 .52 67 28.5 48 11.5 48 73.1 .38 .69 
11.3 484 • 53 74 30.5 53.5 11.5 53.5 68.7 .39 .70 
11.4 484 .46 73.5 28 49.5 11 49.5 70.6 .41 .73 
11.5 484 .54 80 31.5 58.5 12 58.5 60.5 .42 .71 
11.6 484 .51 67.5 23.5 47 5.5 47 63.5 .41 .71 
12.1 484 .61 56.5 29 44 10.5 - .60 
12.2 484 .61 63 32 48 10 .5~ 

12.3 484 .61 75.5 36.5 56 10.5 - .60 
12.4 532 .57 63.5 31 48 10.5 - . 61 
12.5 484 .54 78.5 36.5 57 10.5 - .62 
12.6 484 .54 68 32.5 50 10 .61 
12.7 484 .54 58 28 43 9.5 40 .62 
12.8 484 .44 70 28.5 46.5 10.5 43 .70 
12.9 484 .44 79 . 3 0. 5 50.5 10.5 46 .71 
12.10 600 .59 71.5 33.5 57 11 52 .63 
12.11 600 .62 71.5 34 57 11 • 6 2 
12.12 600 .62 78.5 36.5 62.5 11.5 58 .63 
13.1 516 .52 60.5 27 54 11 50 • 68 
13.2 516 .52 69 28 61 11.5 57 .71 
13.3 516 .47 60 23 52 9.5 - .73 
13.4 516 .52 51 23.5 44.5 9.5 - • 66 
13.5 516 .47 51 22 44 9.5 41 .70 
13.6 516 .47 67 26 58.5 10.5 - .73 
13.7 516 .52 59.5 26.5 52 10.5 48.5 - • 67 
13.8 516 .51 60.5 25.5 53.5 10.5 - .70 
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STELLrN GEN 

1. In tegenstelling tot voor een druppelkolorn (1) is voor 

een bellenko1oro een in opwaartse richting afnemende 

dichtheid van de continue fase geen goede remedie 

tegen axiale menging, doordat de slipsnelheid van de 

bellen ~elatief hoog is. 

(1) Dit p~oefsoh~ift 

2. In tweefasensystemen wordt de stroming en dus ook de 

menging niet beinvloed doo~ de aanwezigheid van posi

tieve of negatieve gradienten in de dichtheid van de 

dispersie als geheel. 

3. Het opbrek~n van de overall circulatie in een druppel

kolom (1) vertoont een sterke analogie met het ont

staan van circulatiepatronen in een fluidum in een 

vertikale spleet 1 dat aan ~~n zijde wordt verwarmd 

(2). Lopende gclf-instabilitei'ten (3) worden eoh.ter in 

een druppelkolom niet waargenomen. 

(1) Dit p~oefsah~i[t. 

(2) De Vaht Davis G., Mallinson G.D., J.Fluid Meah., 

1975, ?_2, 87-98. 

(J) Be~gholz R.F'., JJ'Zuid Mec,h., 19?8, §.!_, ?43-?6'8. 

4. Circulatiestromingen in een sedimentatiebassin beXn

vloeden de sedimentatie-efficiency niet in het geval 

van niet-flooculerende cteeltjes (1!. Voor flocculeren

de deeltjes kunnen zij de flocculatie bevorderen en 

daardoor de sedimentatie-efficiency verbete~en. 

(.1) Wenda 1',W.M., Rieiema K.> Ottena~aj' 3.!'.1'., 

Chem.Eng.Sc., 1977> i'!_, ;1~]-,J,)&. 



5. Ind1en in een door vloeistof gefluidiseerd bed van 

vast.e deeltjes de <Jceltjes een spreidl.ng n1>ar diameter 

vcrlonen, treedl cr boven een bcpaalde bedporositeit 

E
8 

segregatie naar deeltjesgrootte op, die weer ver

dwijn~ bij een porositeit lager dan •s· De waarde van 

c
5 

kan berekend worden met behulp van de relatie van 

Ergun en de eis van minimale potenti~le energic van de 

deeltjcs. 

6. Ncvelvormlng bij het vrijkomen van onder druk opge

slagen geGondenseerde gasscn is het gevolg van 

"flashing" (verdamping ten gcvol;e van drukverlaging) 

( 1) en kan du,; niet beschreven worden met. eeli mecha

nismc voor verneveling van niet-verd<~mpende vloeistof

fcn, zo<~ls gedaan door Opsohoor (2). (Voor een conse

quenLie hiervan: zie ook stelling 7_) 

!U :iiH'r' !'.'., t:/.a[a Ch., Irul.Eny,Chr;m.h:ooa.l!es.IJ('V., 

19~~. ~~' 257-8J2. 

(~} Opi!ohoor G., /Joofds[uk III <!an: '!'NO-r•appor•t 

"M«thodsn voor het berekenen van de gevo~gen van 

het vr•1:jkomeon van gevcr.arl·ijkr;, Si;()f[C!rl", 1s U7;tyw!r; 

j'd.>t·ru.r•i 7!1'1'/. 

7. Voor druppelljcs, die ontstaan. bij h('t vrijkomen van 

onder druk opgeslaqen gecondenseerde gassen, wordt 

door Opschoor (.1) een methode gegeven om de tijd voor 

volle(l i.ge verdamping te berekenen. D.:ze me·t:hode gc<2ft 

e~hter te kleine tijden, doordat zij niet in aanmer

king neemt, daL dc druppoltjes bij hurl ontstaan direct 

al omringd zijn dOO}' damp. 

(!) Opoehoor G., Uoofdatuk lii van: TNO-rappor[ 

"McthodeM uoo1~ het beP~ke~s~ ~a~ Ja g~v~tg~n t'•1~ 

hot vrijkomen van geuaarZijke B~offen, le uitgave 

.r~--b.t:>·u.(.-l.'f''t.- 1 :J i1 t _ 



8. Het opsplitsen van de meesleepkracht, die op een ver

sneld bewegend deeltje wordt uitqeoefend door een met 

niet~constante snelheid stromend fluidum, in drie ter

men, zeals dat door Basset (1) en Tchen (2) is gedaan, 

is in het algemeen niet zinvol voor deeltjesbewegingen 

waarbij Re > 1. 

(1) Basset A.B., PhiZ.Tvans.Hoy.Soa. London, A,. 1888, 

I!...I!_, 4J-6J. 

(2) Tahen C.M,, Ph,D,Thesis, Delft UnivePsity of 

Teahnotogy, 1947. 

9. Bet verdie.nt aanbeveling een Nedel:landse. benarning, 

bijvoorbeeld "sijpelkolom", in te voeren voor het in 

de chemische industrie gebruikte apparaat, dat in het 

Engels aangeduid wordt met "trickle bed". 

10. De tijden van voorspoed in het economische leven, die, 

naar verwacht kan worden op grand van de Kondratieff

cyclus (1), aanbreken rend 1992, zullen hun aanvangs

impuls moeten vinden in de omschakeling van aardolie 

en aardgas op een nieuwe energiedrager in industrie, 

verkeer en huishouden. 

(1) Van /Juijn J.J., Intl91•m<Jd·iair, 1977, r10 38, 1-~. 

11. De dirigent van een kerkkoor dient bij de sarnenstel

ling van het repertoire terdege rekening te houden met 

de mu~ikale smaak van de organist. 

12. Het voeren van een academische titel is niet elitair, 

rnits er gee.n rechten of plichten aan verbonden worden. 

Culernborg, 23 juni 1978 H.E.A. van den Akker 




