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Summary

Numerical Simulation Methods for Phase-

Transitional Flow

The object of the present dissertation is a numerical study of multiphase flow of one
fluid component. In particular, the research described in this thesis focuses on the
development of numerical methods that are based on a diffuse-interface model (DIM).
With this approach, the modeling problem posed by the presence of moving bound-
aries in the flow domain, namely the interfaces between different phases, can be solved
in a way that preserves the characteristic physical features related to the interfaces,
such as surface tension and phase transitions. The first, largest part of the disserta-
tion describes how to apply the DIM formulation that has been adopted, commonly
identified as Korteweg formulation, in numerical simulations, without altering the
physical parameters of the fluid. The issues of stability and accuracy of the solution,
which can be severely compromised by the elliptical and dispersive nature of the set
of governing equations, are extensively discussed. Therefore, before discretizing the
governing equations a transformation of variables is performed, which removes the
most important dispersive terms and greatly increases the stability of the numerical
method. The latter is tested on several benchmark two-phase flow problems and for
various grid refinements, when a Van der Waals equation of state is used and the
temperature is in the vicinity of the critical value. To study the behavior of the flow
when the temperature and the velocity fields are coupled, not only isothermal but
also non-isothermal simulations are performed and analyzed. This includes a phase-
transitional flow where the initial temperature field is such that latent heat plays a
major role.

Next, the feasibility of a combination of the DIM formulation with Large Eddy
Simulation (LES) for turbulent multiphase flow, which is typical in several industrial
applications, is explored and tested on one of the isothermal flow simulations. First
the various subgrid terms resulting from filtering the governing equations are assessed
in an a priori analysis, and different models for the most important subgrid terms
are evaluated. Subsequently, a real LES is performed with the best subgrid model
based on this analysis and its results are compared with filtered results from a direct
numerical simulation.



x Summary

The research carried out for DIM and DIM-LES simulations is intended as the
first step towards the development of models for interface mass and heat transfer that
can be applied in commercial flow solvers for turbulent phase-transitional flow on
industrial problems. Therefore, this research represents an ideal bridge towards the
last part of the dissertation, in which a CFD (Computational Fluid Dynamics) model
is developed and tested for an industrial application of turbulent phase-transitional
flow: the direct-contact condensation of superheated steam injected in water. This
model is implemented in the commercial CFD software package ANSYS Fluent. The
purpose of this work is twofold. On the one hand, a condensation model for the mass
transfer rate at the steam–water interface, based on kinetic gas theory, is tested by
comparison of the results with experiments conducted at the Department of Mechan-
ical Engineering of TU/e within the scope of the same research project. By testing
the phase change model, useful information can be obtained on the grid requirements
and the turbulence model. On the other hand, comparison with experiments, also
conducted at TU/e, can be made for the case of steam injected in a fully developed
turbulent cross-flow of water in a square duct. To this purpose, results are shown
for a three-dimensional simulation performed for the assigned geometry of the exper-
imental setup and for one set of operating conditions used in the experiments. All
simulations performed with Fluent are based on a Volume-of-Fluid (VOF) multiphase
formulation and on the Reynolds-averaged Navier-Stokes (RANS) equations approach
for turbulent flow. Both are typically adopted in the industrial two-phase flow CFD.



Chapter 1

Introduction

This thesis describes the numerical research that has been carried out within the frame
of the project “Rapid Heating with Direct Steam Injection”, funded by the Dutch
Technology Foundation (STW). This project aimed to conceive a simulation model
for future design of systems of direct heating via steam injection. This technique is
adopted, for example, in the dairy industry for the sterilization of milk products that
are meant to have a long shelf life. The basic idea is to heat a liquid flow by means of
injection of superheated steam through multiple nozzles to get homogeneous heating.
With the technology currently available the temperature of the liquid flow, which is
preheated in heat exchangers, can be locally raised up to 150–160 � (source: Stork
BV). This range of temperatures ensures the destruction of those spores that survive
the indirect heating treatment.

Direct heating by steam injection does present, however, some inconveniences. It
is energy consuming because less heat can be regenerated than with indirect heating.
Also, exposing the dairy product to heavy heat treatment can lead to an unacceptable
degradation of taste. Hence, a compromise has to be found between the necessity of
a safe, long-lasting sterilization and the constraints of taste preservation and energy
saving. The satisfaction of all constraints can be reached by simultaneously increasing
the steam temperature and decreasing the heating time. Currently, with a typical
volumetric flow rate of 30 m3/h, the dairy product is heated up to 150 � in less than
a second and kept at constant temperature for about 4 seconds (source: Stork BV),
after which flash-cooling is applied.

Higher mixing and heat transfer rates can be obtained not only by varying the
operating conditions, but by changing the geometry and the configuration of the
injection system. The available literature on direct steam injection is mostly limited
to the case of steam injection in a stagnant liquid, which typically is water. Moreover,
there is only little study of the interface topology and of the unsteady character of the
condensing steam plume when unstable condensation regimes occur in a cross flow.

An experimental study of these phenomena has been performed by Clerx at TU/e
within the framework of the aforementioned project, for several operating conditions,
with and without cross flow, and for the case of one injection nozzle of assigned geom-
etry and dimensions. The scope of the experimental work has been the investigation
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of the time-dependent topology of the steam plume in terms of size, shape and cycle
frequency, and of the interaction of the plume with the cross flow in terms of momen-
tum and heat exchange. The experiments are also meant to provide validation data
for numerical work. Some typical findings of the experimental work are described in
Clerx and Van der Geld (2009), and will be extensively discussed in Clerx’s Ph.D.
dissertation and in a later publication.

The availability of ready-to-use models for the complex phenomena occurring at
the fluid interfaces in phase-transitional flow represents one of the challenges of the
next generation of commercial CFD solvers. The user should be able to calibrate a
number of parameters in order to develop a general model for phase change according
to the type of flow (laminar, turbulent, compressible, incompressible) and the operat-
ing conditions. In other words, the phase-change model should be sufficiently robust
and flexible to work under different conditions and give accurate results.

The fulfilment of this task poses several problems, for the solution of which the
numerical research described in this dissertation presents a possible method. A multi-
phase flow field is far more difficult to solve than if only one fluid phase were present,
because of the presence of free boundaries, the interfaces. They represent the fluid
zones where all thermodynamically relevant processes in a flow with phase transition
occur: phase separation, mass, momentum and heat transfer. This explains the great
effort made in recent decades to devise mathematical formulations of the multiphase
flow field intended for numerical applications. A brief review of the classes of methods
can be found in the introduction of Chapter 2. Here, it is worth to remark that many
of the most common multiphase methods, such as the Volume-of-Fluid (VOF) method
described in Chapter 5, alter the physical representation of the interfacial boundaries,
for example, by artificial smoothening, or by treating them as singularities with con-
centrated properties such as surface tension. The reason for these approaches is that
in reality the typical interface thickness is on the order of few molecule diameters at
normal conditions (i.e. far from the critical point of the substance), and no mesh used
in industrial applications would be able to capture it.

Avoiding the computational problems posed by the microscopic scale of the in-
terface, however, has benefits as well as drawbacks. On the one hand, it becomes
possible to perform numerical computations on larger domains, on the other hand all
relevant information on the physical phenomena at the interfacial scale is inevitably
lost. This results in the absence of any reference data for the development of mass
and heat transfer models. The research presented here aimed to explore a possible
way of filling this gap.

The starting point has been the so-called Diffuse Interface Method (DIM). Its most
attractive feature is that, in its original formulation dating to Van der Waals’ (Van
der Waals, 1894) and Korteweg’s (Korteweg, 1901) work on capillarity, the interface
is modeled as a thin but finite layer of fluid where properties such as mass density,
molecular viscosity, thermal conductivity, vary continuously between the values in the
bulk phases. Such a description of the flow field preserves the physical properties of
the interface better than other models, and therefore appears to be the most suitable
if physical information needs to be extracted for use in macroscopic phase-change
models.
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Despite the clear advantages, DIM approaches have not met the same success as
others. This can be explained from the problems that DIM approaches encounter
when they have to be applied numerically. The typical interfacial length scale is
such that, in relatively large computational domains, the required grid resolution is
unaffordable. On the other hand, an excessive coarsening of the grid would lead to
numerical instabilities due to dispersive terms that appear in the DIM formulation of
the Navier-Stokes equations. Also, DIM requires the fluid properties to be expressed
as continuous functions of mass density and temperature.

A multigrid approach may not always be convenient, because of the strong un-
steadiness of the interface, or because of the presence of several interfaces in locations
that are a priori unknown. Scaling the interface thickness is possible, but it requires
to carefully modify the thermodynamic properties of the fluid in order to preserve
physical characteristic quantities such as surface tension.

In the present work, the numerical implementation of the Korteweg diffuse-interface
model has been made with the intention of retaining the actual interface thickness
while using Cartesian uniform grids. The choice of this kind of grids helps to inves-
tigate the minimum grid resolution constraint for stable and accurate results. This
is particularly important in view of an extension of Large Eddy Simulation (LES)
techniques for turbulent flow to DIM. Typically LES calculations are performed on
quite coarse grids.

Hence, in the future, phase-change models used in industrial codes could be made
more accurate by using the physical information provided by DIM or LES–DIM re-
sults.

The steps undertaken in the work are briefly highlighted in what follows. Firstly,
a numerical method for isothermal diffuse-interface model has been developed and
tested on typical two-phase benchmark simulations, such the retraction of a drop
in non-equilibrium with its vapor, and the binary drop collision. A cubic equation
of state needs to be added to the system of governing equations to account for the
coexistence of phases. To the purpose of minimizing the computational cost, the
assumption of near-critical conditions has been made, so that the thickness of the
interface is not too small compared to the size of the domain, and latent heat is negli-
gible. The discussion of the method and of the simulations is the object of Chapter 2.
In Chapter 3, the isothermal assumption is removed, and the method is also tested on
a phase-change simulation where latent heat plays a major role. The results of sev-
eral head-on binary drop collision simulations at different Weber and Prandtl numbers
highlight the effect of temperature variations on the dynamics of the collision. Chap-
ter 4 describes a study of feasibility of the combination of the diffuse-interface model
with LES, and represents a first attempt to test possible models for the interfacial
subgrid terms that originate from filtering the diffuse-interface governing equations.
This analysis is performed via an a priori and an a posteriori study of the subgrid
terms for the case of the isothermal drop retraction treated in Chapter 2. Also, grid
resolution requirements are analyzed. Chapter 5 is devoted to the simulations carried
out for the direct-contact condensation of steam injected in water. A phase-change
model is described and applied to laminar and RANS (Reynolds-Averaged-Navier-
Stokes) turbulent simulations, performed with ANSYS Fluent software. Results are
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discussed and compared with Clerx’s experimental data.



Chapter 2

Isothermal two-phase flow
with a diffuse-interface model

This chapter is based on the article appeared in International Journal of Multiphase
Flow, Vol. 36 (2010), pages 558–569, with title “A diffuse-interface approach to two-
phase isothermal flow of a Van der Waals fluid near the critical point”, by A. Pecenko,
J.G.M. Kuerten, and C.W.M. van der Geld.

2.1 Introduction

Over the past decades, a great deal of effort has been addressed towards mathemati-
cally consistent descriptions of flows in the presence of interfaces, that is surfaces of
separation between different thermodynamic phases of a single compound or between
different fluids. Such multiphase/multifluid flows occur in numerous industrial ap-
plications and geophysical phenomena. From a physical point of view, interfaces are
never sharp, but they can be regarded as thin layers of fluid where properties such
as mass density, pressure and viscosity change continuously between the values of the
bulk fluid regions. Methods that treat the interfaces as finite portions of the fluid
domain are called diffuse-interface methods.

Although a diffuse-interface method seems the most natural approach, computa-
tional methods that make use of the assumption of zero interface thickness are at
present more popular in the literature. They are called sharp-interface methods. The
main reason for their widespread use is probably the small numerical grid spacing
required for the resolution of the interface in a diffuse-interface method. In the case
of one-component multiphase systems, the interface thickness depends solely on tem-
perature and becomes infinite at the critical point where only the gaseous phase of
a substance exists. At temperatures that are not in the vicinity of the critical value,
the thickness of a liquid-vapor interface typically attains the order of a few molecule
diameters. Consequently, a direct numerical simulation aiming to capture both the
scales of the size of the interface thickness and those of the order of a typical drop or
bubble diameter is unfeasible.
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In a diffuse-interface method a unique set of governing equations describes the
complete two-phase domain and no interface tracking or reconstruction, necessary
in sharp-interface methods, is required. From this point of view, diffuse-interface
methods present the same advantages over the tracking methods as the Level-Set
method does. In the latter, however, determining the actual position of the interface
requires the solution of an additional evolution equation for a level function. Moreover,
the explicit form of such equation depends on the particular problem considered (see
for example Mulder, Osher, and Sethian 1992).

Here, an extra contribution to the stress tensor, which accounts for the capillary
stresses at the interface, is added to the momentum conservation equation, instead.
The usual choice for this tensor is the second-order frame-invariant Korteweg ten-
sor, which depends on the mass density and its spatial derivatives (Korteweg 1901),
and represents long-ranged molecular interactions (Bongiorno, Scriven, and Davis
1976). Continuum-type formulations of flows with fluid surfaces of separation that
adopt Korteweg’s stress tensor have also been used for multifluid problems, such as
displacements of a fluid into another miscible and more viscous fluid in porous envi-
ronment (Chen et al. 2001) or in capillary tubes (Chen and Meiburg 2002). In such
cases, Korteweg stresses originate from concentration gradients.

For a multiphase flow of the same fluid component, including Korteweg’s tensor
in the momentum equation makes the mass density continuous everywhere in the do-
main. Moreover, there is no need to introduce singularities in order to include surface
tension in the equations. This is an advantage over other one-fluid formulations since
topological changes of the interface in dynamical conditions, as well as integral prop-
erties such as surface tension, are accounted for in the solution. Hence, no special
treatment for complex, time-dependent interface topologies is required.

Another advantage of the diffuse-interface method with Korteweg’s stress tensor
is that the thickness of an interface is not artificially increased, as in some sharp-
interface methods like the Volume-of-Fluid method. Moreover, phase transitions are
accounted for in the governing equations in a physical way.

Recently, it has been shown (Lamorgese and Mauri 2009) that it is possible to
apply the diffuse-interface approach to two-phase flows and capture the finite interfa-
cial zones with sufficient accuracy on uniform grids that do not require an excessively
large number of nodes. For this application to be successful two conditions have to
be met. First, the two-phase system should be close to the critical temperature and
second, the characteristic length of the computational domain should be sufficiently
small so that only a few drops and/or bubbles can be present. In some applications
of the diffuse-interface method with Korteweg’s formulation of the capillary tensor
(Jamet et al. 2001) these conditions are relaxed by artificially increasing the interface
thickness. Although the use of an artificial thickness enables larger computational
domains and wider ranges of temperature, the thermodynamic behavior of the fluid
has to be modified, which leads to modifications in macroscopic properties as well
(Jamet et al. 2001, Verschueren et al. 2001).

Numerical solution methods for the governing equations of the diffuse-interface
method with Korteweg’s stress tensor for a liquid-vapor flow have to cope with two
additional problems, compared to single-phase flow. First, the Korteweg tensor leads
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to dispersive behavior of the solution, since it contains a second-order spatial deriva-
tive of the mass density. Second, an equation of state, which captures the behavior
of both liquid and vapor phases, such as the Van der Waals equation, always has a
non-convex part. This leads to mixed hyperbolic-elliptic nature of the set of governing
equations, instead of the purely hyperbolic nature for an ideal gas, and prevents the
application of standard numerical methods for compressible flow simulation.

In this paper we will develop a numerical method suitable to cope with these
two problems and apply it to several standard cases for two-phase flow in two and
three spatial dimensions. The advantage of the present method over other methods
used in the literature is that it is applied after a transformation of the dependent
variables, which removes the major terms responsible for the dispersive nature of the
set of equations. The transformation of variables is based on the work developed in
Cockburn and Gau (1996) for one-dimensional, inviscid phase transitions in solids.
The transformation is possible if the Reynolds number based on the interface thickness
is not too large. We will show that the transformation stabilizes the numerical method
significantly and hence allows the use of coarser grids.

We focus on isothermal liquid-vapor flows near the critical temperature, for which
the choice of the Van der Waals equation of state is the most natural. In a diffuse-
interface method, viscosity and capillarity coefficient should be continuous functions
of mass density. The numerical results will be validated by comparing the surface
tension found from the radius of a liquid drop in steady state and the pressure drop
over the interface with its theoretical value at thermodynamic equilibrium (Cahn and
Hilliard 1958, Cahn 1959).

The paper is structured as follows. In Section 2.2 we briefly recall the derivation
of the Korteweg tensor when the capillarity coefficient is a general function of mass
density, and we describe the set of governing equations for an isothermal two-phase
flow of a pure substance. Also, the consequences of a non-monotonic equation of
state are briefly discussed and an energy equation is derived. In Section 2.3 the
transformation of variables is introduced. Section 2.4 presents the numerical method
and a one-dimensional simulation that demonstrates the stability of the method. In
Section 2.5 we discuss the results of a two- and three-dimensional simulation of the
retraction of a liquid drop in vapor to its equilibrium shape. For this problem the value
of the surface tension in steady state is compared with its theoretical value, a grid
refinement study is performed and the advantage of the transformation of variables is
demonstrated by a comparison of results with and without transformation. Section 2.6
shows the results of two simulations of the two-dimensional binary droplet collision
with subsequent coalescence, at different Weber number. Finally, in Section 2.7 some
conclusions are drawn.

2.2 Governing equations

In this section, we outline the derivation of the Korteweg tensor that we adopt and
we present the system of governing equations. A suitable approach for the derivation
of the Korteweg tensor for two-phase flow of a pure substance, in which the mass
density exhibits large variations in space, is calculus of variations. The basis of the
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theory is the second law of thermodynamics, which states that the extrema of the free
energy correspond to equilibrium. We consider a closed volume of fluid V with total
mass M. Thus, the equilibrium condition of a single-component two-phase fluid can
be found by minimizing the total Helmholtz free energy of the system

Ftot = Fb + Fs, (2.1)

where Fb refers to the two bulk phases, while the term Fs accounts for the interfacial
contribution. In Cahn and Hilliard (1958) it is shown that the free energy density of
an isotropic medium can be expanded as a Taylor series of even powers of the mass
density gradient norm. By neglecting higher order terms and integrating over a given
volume V of fluid, (2.1) can be written in the so-called Landau-Ginzburg form

Ftot =
∫

V

ρf(ρ)dV (2.2)

=
∫

V

[
ρf0(ρ) +

1
2
K(ρ)|∇ρ|2

]
dV , (2.3)

where ρf(ρ) is the total free energy density, ρf0(ρ) represents the free energy density
of the bulk phases and 1

2K(ρ)|∇ρ|2 is the lowest non-zero term in the expansion,
which is due to the presence of interfaces. Here, we follow Cahn (1959) in making the
assumption that the coefficient K, also called gradient energy coefficient, is indepen-
dent of the mass density gradient. However, we assume that K is a function of mass
density, which is the most general assumption in the isothermal case we consider. For
the case of constant K, a derivation of (2.3) can be found in Van der Waals (1894)
and, more recently, in Pismen (2001), where an expression for K is also obtained.
Extension of the procedure to binary mixtures of Van der Waals fluids can be found
in Molin and Mauri (2007).

The thermodynamic equilibrium of a fixed volume of liquid and vapor of a single
substance corresponds to a minimum of Ftot. An Euler-Lagrange equation can be
derived for the functional L = I − λρ, where I is the integrand in (2.3), and λ,
the Lagrangian multiplier needed to conserve mass M, can be identified with the
chemical potential (Cahn 1959, Pismen 2001).

In Anderson et al. (1998), the variational procedure is elucidated for the case of
constant K, which leads to a special form of the more general capillary stress tensor
T. If a gradient energy coefficient depending on mass density K(ρ) is chosen, the
minimization of Ftot with the mass conservation constraint leads to the following
expression for the Korteweg tensor (Papatzacos 2000)

T = {−ρ2f0
ρ + ρK(ρ)4ρ +

1
2
(ρK(ρ))ρ|∇ρ|2}I − K(ρ)∇ρ⊗∇ρ, (2.4)

where ρ2f0
ρ can be identified with the thermodynamic pressure p, 4ρ is the Laplacian

of ρ and I the identity tensor. The subscript ρ denotes derivative with respect to mass
density. In this paper, we will use (2.4) as capillary stress tensor. This form of the
Korteweg tensor is a special case of the one obtained in Korteweg (1901) from purely
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mechanical considerations, which reads in its original formulation (Aifantis and Serrin
1983b)

T = {−p + α4ρ + β|∇ρ|2}I + δ∇ρ⊗∇ρ + γ(∇⊗∇)ρ,

where α, β, γ and δ are functions of temperature and mass density that depend on
the substance.

Typically, in the literature on two-phase flows of a pure substance, the assumption
γ = 0 is made and the Korteweg tensor can be simplified to (Dunn and Serrin 1985)

T = {−p + ρc4ρ +
1
2
(ρc)ρ|∇ρ|2}I − c∇ρ⊗∇ρ, (2.5)

where c plays the role of a macroscopic capillarity coefficient, directly related to the
surface tension, and is a function of temperature and mass density but not of the
mass density gradient. By identifying the capillarity coefficient c with the gradient
energy coefficient K(ρ) in (2.3), the equivalence of (2.4) and (2.5) can be seen.

The governing equations of two-phase flow in non-equilibrium conditions are now
obtained by addition of the divergence of the capillary stress tensor to the right-hand
side of the Navier-Stokes equation of momentum conservation, which then reads in
conservative form

(ρu)t + ∇ · (ρuu) = ∇ · (d + T), (2.6)

where the subscript t denotes time derivative, u is the velocity vector, and d denotes
the viscous stress tensor with the Newtonian linear stress-strain relation

dij = µ(ρ)
(

∂ui

∂xj
+

∂uj

∂xi

)
+ η(ρ)(∇ · u)δij ,

where δij is the Kronecker tensor and η is the second viscosity coefficient. In the
isothermal case, where the thermodynamic pressure p is a known function of mass
density, a closed system of governing equations appears if the Navier-Stokes equation
is supplemented with the continuity equation for the liquid-vapor system

ρt + ∇ · (ρu) = 0 . (2.7)

As remarked in the introduction, the Van der Waals equation of state is an appro-
priate choice for liquid-vapor flows near the critical temperature. Hence, at a given
temperature we will use as equation of state

p(ρ, T ) =
RT

M − bρ
ρ − a

M2
ρ2, (2.8)

where R is the universal gas constant, T the prescribed absolute temperature, M the
molar mass, and a and b are two constant coefficients empirically determined for the
particular substance. Although this equation represents the isothermal behavior of
a fluid below the condensation point and above the saturation point, each isotherm
contains an unphysical region of negative compressibility dp/dρ < 0. This region is
highly sensitive to small perturbations, since for any value of density between the
two points of infinite compressibility dp/dρ = 0 the system evolves towards phase
segregation (Fig. 2.1).
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Figure 2.1. A Van der Waals isotherm below the critical point in the (p, ρ) plane. The hori-
zontal solid line represents the saturation pressure psat at the assigned temperature. The ver-
tical lines mark the different regions of the solution domain according to the equation of state.
VS= vapor stable, VM= vapor metastable, PM= phase mixture, LM= liquid metastable, LS=
liquid stable. The unstable region of phase separation corresponds to the phase mixture (PM).

Van der Waals (1894) developed a mean-field theory of capillarity where a constant
value for the gradient-energy coefficient K is assumed. Nevertheless, he recognized
the possibility that K depends on the local thermodynamic state (ρ, T ). In more
recent works, like Bongiorno et al. (1976), this issue has been investigated in the
context of a molecular theory of the interface. Here we will make a particular choice
for the functional dependence of K on ρ, as shown in Section 2.3.

2.2.1 Energy equation

Dunn and Serrin (1985) describe the incompatibility of Korteweg’s original formula-
tion of the tensor T with the entropy condition in the classical form of the Clausius-
Duhem inequality, unless the total energy balance equation is modified by postulating
the existence of an unconventional, additional rate of supply of mechanical energy,
which the authors call “interstitial working”. When T has the formulation as in (2.4),
the related extra rate of working reads K(ρ)Dρ

Dt∇ρ.
The purpose of this section is to derive an equation for the evolution of the total

energy for the case of a compressible two-phase flow that is assumed to be isothermal.
Through this derivation we will show that the rate of working K(ρ)Dρ

Dt∇ρ allows to
extend the isothermal approximation for compressible flow to the two-phase case. It
is useful to recall that a compressible, viscous, single-phase flow in a fixed volume
can only be approximately isothermal. Unlike the incompressible case, where kinetic
energy strictly decreases in time provided that its flux through the domain boundaries
is equal to zero, compressible flow is affected by the reversible conversion of kinetic
into internal energy.

Compared to single-phase isothermal flow, the two-phase situation also involves
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another form of energy besides the kinetic energy, which is due to the presence of
interfaces. The total energy density of the system therefore reads

ρe =
1
2
ρ|u|2 +

1
2
K(ρ)|∇ρ|2 , (2.9)

where the last term on the right-hand side is the interfacial energy density. This
is the expression of total energy density for which we intend to derive an evolution
equation.

Differentiation of both sides of (2.9) with respect to time and substitution of the
continuity and momentum equations yields after some calculus:

∂(ρe)
∂t

+∇ · (ρeu) = ∇ · ((d + T) · u)−∇ ·
(

K(ρ)
Dρ

Dt
∇ρ

)
− Φ + p∇ · u. (2.10)

The second term on the left-hand side is the convective transport. The first term on
the right-hand side describes the transport of total energy by viscous and interfacial
forces and pressure. The second term on the right-hand side is, as anticipated, the
interstitial working and is also present if the assumption of isothermal flow is not
made.

In contrast with these three terms, the last two terms on the right-hand side
convert energy. The third term on the right-hand side, Φ, is the energy dissipation
caused by viscosity, and is given by

Φ = 2µ(ρ)
[
u2

x + v2
y + w2

z

]
+ η(ρ)(∇ · u)2 +

µ(ρ)
[
(uy + vx)2 + (uz + wx)2 + (vz + wy)2

]
,

where u, v and w are the Cartesian components of velocity and x, y and z are the
Cartesian coordinates. The energy dissipation is strictly positive if

µ(ρ) > 0 (2.11)

η(ρ) ≥ −2
3
µ(ρ) . (2.12)

When these conditions are satisfied, the total energy of the isothermal two-phase
system strictly decreases by viscosity and is conserved by the capillary forces. The
last term on the right-hand side of (2.10), also present if the flow is single-phase, is
the reversible part of the energy conversion, identically zero only if the flow is exactly
incompressible. However, in regions where the mass density does not vary much, i.e.
far from interfaces, the two-phase flow will in good approximation be incompressible
and this term will be small.

The isothermal approximation (2.10) for a two-phase (liquid and vapor) compress-
ible flow of one component is reasonable if the thermodynamic state is little below
the critical point of the substance, since latent heat ∆h(T ) due to phase change tends
to zero as the critical condition is approached. Therefore, for liquid-vapor systems
close to the critical temperature, phase transitions lead to only small temperature
changes. For this reason, although the isothermal assumption is only a first step in
the development of a diffuse-interface method for the general non-isothermal case, it
is not, however, without physical significance.



12 Isothermal two-phase flow with a diffuse-interface model

2.3 Transformation of variables

As already noted in the introduction, a numerical solution method for the governing
equations of the diffuse-interface approach has to be able to cope with two additional
problems compared to a numerical method for compressible single-phase flow. First,
the non-monotonic Van der Waals equation of state leads to a mixed hyperbolic-
elliptic system of equations in the inviscid case. Second, the highest-order spatial
derivatives of mass density in the Korteweg tensor lead to dispersive behavior of the
solution.

In Cockburn and Gau (1996) a study on the computation of the approximate solu-
tions of the shock tube-like problem of one-dimensional phase-transition propagation
in solids is presented. Similar as the diffuse-interface model with a Van der Waals
equation of state, this problem is characterized by a non-monotonic constitutive law.
Hence, in the inviscid case, the nature of the system of equations is mixed hyperbolic-
elliptic. Cockburn and Gau (1996) extend the classical concept of weak solutions for
purely hyperbolic systems by adding a viscous and a capillary term to the momentum
equation, and by studying the limiting solutions of the new set of equations when the
viscosity and the capillarity coefficient vanish while a dimensionless parameter that
depends on the ratio of these two coefficients is kept constant. Stable and accurate
solutions, also for nonzero values of the capillarity coefficient, have been obtained
after application of a transformation of variables to the governing equations, which
removes the dispersive term, caused by capillarity.

The model we present here differs in two respects from the one studied in Cock-
burn and Gau (1996). First, we deal with a real substance with finite macroscopic
properties like viscosity and surface tension. Hence, the viscosities µ and η and the
capillarity coefficient K are given non-zero functions of mass density. Second, we use
an Eulerian frame of reference. We will illustrate, however, that it is still possible to
apply a transformation of variables that removes the major dispersive terms from the
momentum equation.

In the transformation we apply, mass density remains unchanged, whereas the
new velocity vector û is given by

ρu = ρû − ν0(ρ)∇ρ , (2.13)

where ν0(ρ) is an arbitrary function of mass density having the dimension of kinematic
viscosity. The transformed governing equations read

ρt + ∇ · (ρû) = ∇ · (ν0∇ρ) (2.14)
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for mass conservation, and

(ρû)t +∇ · (ρû⊗ û) +∇p = ∇ · (µ(∇û + (∇û)T )
)

+∇ ((η − ν0ρ)∇ · û)+

∇
((

ρK − ν0

ρ
(η − ν0ρ)

)
∇2ρ

)
−∇ ·

((
K +

ν2
0

ρ
+

2µν′0
ρ

− 2µν0

ρ2

)
∇ρ⊗∇ρ

)
+

∇ · (ν0(∇ρ)⊗ û) +∇ · (ν0û⊗∇ρ)−∇ (ν0û · ∇ρ)− 2∇ ·
(

µν0

ρ
∇∇ρ

)
+

∇
(
{(−η + ν0ρ)

ν′0
ρ

+
ην0

ρ2
+

1
2
(K + ρK ′)}|∇ρ|2

)
(2.15)

for momentum conservation. Note that the two governing equations are still in conser-
vative form. Moreover, since the physical quantities µ, η and K are functions of mass
density only, and mass density is unchanged by the transformation, these quantities
still satisfy the same functional dependence.

2.3.1 The choice of K(ρ)

As in Cockburn and Gau (1996) it is possible to choose the viscosity coefficient ν0(ρ)
in such a way that the amount of dispersion in the transformed set of equations is
kept limited. In particular, the terms in (2.15) with third-order derivative to the same
spatial coordinate vanish if

ν2
0 −

(
2µ + η

ρ

)
ν0 + ρK = 0 . (2.16)

The relevant solution of this equation is

ν0 =
2µ + η

2ρ
+

1
2

[(
2µ + η

ρ

)2

− 4ρK

] 1
2

(2.17)

provided that

K ≤ 1
4ρ

(
2µ + η

ρ

)2

. (2.18)

In the following we will assume a specific functional dependence of K(ρ) and µ(ρ),
which gives rise to a particularly attractive set of transformed equations. First of all,
we will follow the usual Stokes hypothesis for the second viscosity coefficient η = − 2

3µ.
If we further assume that

µ(ρ) = c1ρ (2.19)

and
K(ρ) = c2/ρ (2.20)

with c1 and c2 constants, the viscosity coefficient ν0 given by (2.17) becomes inde-
pendent of mass density:

ν0 =
2
3
c1 +

(
4
9
c2
1 − c2

) 1
2

, (2.21)
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which is strictly positive, provided that c2 ≤ (4/9)c2
1.

The possible values of the macroscopic quantity related to capillarity, namely the
surface tension, are not restricted by the choice made for the coefficient K, as will
be shown in Section 2.5. Moreover, apart from the advantage of the possibility of a
transformation which removes the major dispersive term in the governing equations,
this form for K(ρ) has two further advantages. First, the resulting expression for the
Korteweg tensor obtains its most simple form, since substitution of (2.20) in (2.4)
cancels the term with |∇ρ|2 and yields

T = {−p + c2∆ρ}I − c2

ρ
∇ρ⊗∇ρ . (2.22)

Second, the term with the highest order spatial derivative in the stress tensor becomes
linear in ρ. This will simplify modeling of the equation in case large-eddy simulation
will be adopted as a solution method, as is envisaged for future work.

Since (2.16) and (2.20) yield

K +
ν2
0

ρ
− 2µν0

ρ2
=

ην0

ρ2

and
K + ρKρ = 0

respectively, more terms in the transformed momentum equation (2.15) vanish: the
diagonal terms in the divergence of the tensorial product (∇ρ ⊗ ∇ρ) cancel some of
the terms in the gradient of |∇ρ|2.

In one dimension, the transformed momentum equation obtains a particularly
simple form:

(ρû)t + (ρû2)x + [p(ρ)]x = (
4
3
c1 − ν0) (ρ ûx)x + (ν0ûρx)x , (2.23)

with ν0 given by (2.21). Note that the factor ( 4
3c1 − ν0) in the dissipation term is

always positive due to (2.21).
However, the range of applicability of the transformation of variables is not limited

to the case of µ and K given by (2.19) and (2.20) respectively. If other expressions are
taken for µ or K, the coefficient ν0 will be a function of ρ. This will lead to additional
terms in the set of transformed equations.

Once the parameter ν0 has been chosen with the aid of (2.19) and (2.20), the
transformed conservation equations (2.14), (2.15) with the unchanged equation of
state (2.8) are ready to be discretized and integrated. The numerical scheme that has
been used to this purpose is described in the next section.

2.4 The numerical method

The differential equations (2.14), (2.15) and the equation of state (2.8) are discretized
on a Cartesian uniform grid. The spatial discretization and the time integration
methods are extensions to two and three dimensions of the method by Cockburn
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and Gau (1996). As a first step a finite-volume method is applied for the spatial
discretization. This leads to a system of ordinary differential equations, one for each
variable in each grid point.

Hence, the semi-discrete scheme reads in three dimensions:

d

dt
Ui,j,k =

1
∆x

(
F(U)i+ 1

2 ,j,k − F(U)i− 1
2 ,j,k

)
+

1
∆y

(
G(U)i,j+ 1

2 ,k − G(U)i,j− 1
2 ,k

)
+

1
∆z

(
H(U)i,j,k+ 1

2
− H(U)i,j,k− 1

2

)
, (2.24)

where Ui,j,k denotes the vector of the conserved variables ρ and ρû in grid point
(i, j, k) and F(U), G(U) and H(U) denote the vectors of the fluxes in the x, y and
z directions respectively. The spatial discretization method is second-order accurate
and is based on central differencing: in the grid point (i + 1/2, j, k) an arbitrary
variable u is discretized as

ui+ 1
2 ,j,k =

1
12

(−ui−1,j,k + 7ui,j,k + 7ui+1,j,k − ui+2,j,k) ,

and its first and second derivatives with respect to the direction x are discretized
respectively as

∂u

∂x
|i+ 1

2 ,j,k =
1

∆x
(ui+1,j,k − ui,j,k)

∂2u

∂x2
|i+ 1

2 ,j,k =
1

2(∆x)2
(ui−1,j,k − ui,j,k − ui+1,j,k + ui+2,j,k) .

In order to describe the time integration method, we denote the right-hand side
of (2.24) by A(U)i,j,k. Numerical instabilities due to the non-monotonic behavior
of the Van der Waals isotherm (2.8) near the critical point are prevented by using
a three-stage, third-order accurate Total Variation Diminishing Runge-Kutta time-
integration scheme (Shu and Osher 1988), which reads

U(1)
i,j,k = U(n)

i,j,k + ∆tA(U(n))i,j,k (2.25a)

U(2)
i,j,k =

3
4
U(n)

i,j,k +
1
4

[
U(1)

i,j,k + ∆tA(U(1))i,j,k

]
(2.25b)

U(n+1)
i,j,k =

1
3
U(n)

i,j,k +
2
3

[
U(2)

i,j,k + ∆tA(U(2))i,j,k

]
. (2.25c)

The solution U(n+1)
i,j,k is then used to obtain the physical velocity vector u by means

of relation (2.13).
The time step ∆t is chosen according to the Courant-Friedrichs-Lewy (CFL) con-

dition

∆t ≤ Γ∆x

(
dp

dρ

)− 1
2

, (2.26)
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where Γ is an empirical constant value smaller that unity, and
(

dp
dρ

)−1/2

is the max-
imum value of the reciprocal of the speed of sound at the prescribed temperature.
Other characteristic velocities are negligible in the test cases that we consider.

2.4.1 One-dimensional test simulation

In the following, we present results obtained from one-dimensional simulations with
the assumptions (2.19), (2.20). These simulations provide useful indications on the
method. First, they show how the numerical solutions converge when the grid is
refined. Since the equation of state is non-convex, the stability of the numerical
method is not obvious when mass density assumes values that lie in the intrinsically
unstable part of the solution domain. Therefore, it is important to test the method
for the case of a one-dimensional two-phase system with unstable initial condition.
Second, the results show the advantages of the use of the transformation of variables.
To that purpose we have compared solutions with and without transformation of
variables for exactly the same problem, i.e. the same physical parameters and initial
and boundary conditions and the same computational grid.

In the test case chosen the initial velocity is equal to zero, whereas the initial
mass density equals 120 kg/m3 onto which a small high wave-number perturbation is
superposed. This initial value of mass density is within the unstable part of the phase
diagram and any perturbation should lead to phase separation. Symmetry conditions
are applied at both boundaries. Simulations have been performed on uniform grids
consisting of 200, 400 and 800 points for the case with and without transformation of
variables, while the time step varies with the grid spacing according to CFL condition
(2.26). For all cases the same spatial discretization and time integration methods
are applied. All simulations show a gradual initial increase of the perturbation until
phase separation occurs, after which the phase boundaries move. Eventually, a steady
solution is obtained, which consists of several liquid drops in a vapor background.

In Fig. 2.2 an enlargement of the solutions is shown at the time in which the
phase separation has already occurred, but the steady state is not yet reached. Sev-
eral conclusions can be drawn. First of all, both the simulations with and without
transformation of variables converge to the same solution when the grid is refined.
However, simulations without transformation require approximately twice as many
grid points to obtain the same accuracy as simulations with transformation. In order
to assess the behavior of the two methods quantitatively, in Table 2.1 we calculate
the L2−norm of the errors of each simulation with respect to a simulation performed
on 3200 grid nodes using the transformation of variables, at the same instant of time
as in Fig. 2.2. The errors, which are normalized with the L2−norm of the solution on
the reference grid, show that the transformation leads to the most accurate solution
for any grid refinement considered here. Furthermore, they show that both meth-
ods converge quadratically in agreement with the predicted order of accuracy of the
discretization scheme.

Moreover, although hard to see in the figure, the solution on the grid with 200
points contains high wave-number oscillations in the case without transformation. The
method with transformation also yielded a stable, albeit rather inaccurate, solution on
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Figure 2.2. Simulation of an isothermal two-phase flow of a pure substance in a one-
dimensional domain, for different grid refinements, with and without application of the
transformation of variables. Top: mass density. Bottom: velocity. Left: transformation
of variables. Right: no transformation. Solid lines: 800, marker: 400, dash-dotted lines:
200 grid points.

Transformation Grid points Error

yes 800 8.8 · 10−3

yes 400 3.4 · 10−3

yes 200 8.7 · 10−2

no 800 1.57 · 10−2

no 400 6.9 · 10−2

no 200 2.8 · 10−1

Table 2.1. L2−norm of the errors of each one-dimensional simulation with respect to a
reference simulation performed on 3200 grid nodes using the transformation of variables, at
the same instant of time as in Fig. 2.2. The errors are normalized with the L2−norm of the
solution obtained on the reference grid.

a grid with only 100 grid points, whereas the method without transformation turned
unstable shortly after the phase separation on the same grid.

We remark that in Fig. 2.2, as well as in the other simulations shown next, the
length of the computational domain is expressed in nondimensional units due to the



18 Isothermal two-phase flow with a diffuse-interface model

scaling properties of the method described in Section 2.3. In particular, if the Carte-
sian coordinates are scaled by a reference length L, coefficients c1 and c2 in (2.19),
(2.20) scale as 1/L and 1/L2 respectively.

In the next section, the classical multi-dimensional test case of retraction of an
initially ellipsoidal drop will be discussed, for which the grid convergence will be
analyzed and results obtained with and without transformation will be compared.

2.5 Drop retraction

In this and in the next section, the method described above is applied to two isother-
mal liquid-vapor problems, widely used in the literature to test two-phase simulation
methods: the so-called drop retraction and two-drops collision. For the first prob-
lem, a grid refinement study has been performed with and without application of the
transformation of variables. Moreover, the steady-state result will be compared with
an analytical solution.

2.5.1 Two-dimensional simulations

The problem of the retraction of an initially elliptical drop in its vapor is well suited
to test a numerical method for simulation of two-phase flow, since in the absence of
gravity and other external forces it is purely driven by interfacial forces. Equilibrium
of a liquid drop that is surrounded by quiescent vapor of the same substance requires
the curvature of the interface to be uniform. If this is not the case, the pressure
gradient and the capillary forces at the interface are unbalanced, giving rise to a
nonzero velocity field in the vicinity of the interface that tends to reshape the drop
into a circle. In steady state the equilibrium at the interface is described by the
Laplace equation, which reads in two dimensions:

pl − pv =
σ

R
, (2.27)

where pl and pv denote the pressure in the liquid and in the vapor bulk phase respec-
tively, R is the radius of the drop and σ is the surface tension coefficient for the given
substance at the prescribed temperature. In three dimensions the Laplace equation
is:

pl − pv =
2σ

R
. (2.28)

All simulations start from an initial mass density of the form:

ρ(x, y) = ρav −∆ρ tanh
(

100
(x− x0)2 + 2(y − y0)2

x2
0 + y2

0

− 3
)

,

where ρav and ∆ρ are the average and difference of the mass densities of the liquid
and vapor in equilibrium at the actual temperature, and x0 and y0 are the coordinates
of the center of the ellipse. The two bulk equilibrium values of mass density can be
calculated from the isothermal Van der Waals equation of state by applying Maxwell’s
rule of equal areas (Aifantis and Serrin 1983a). This initial condition corresponds
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to an elliptical drop in vapor, but the width of the interface is much larger than
its equilibrium value. The initial velocity is set to zero. Since the solution has
reflectional symmetry in both the x- and y-direction only a quarter of the domain
is simulated. Symmetry boundary conditions are applied at all boundaries of the
domain. Simulations are performed on a uniform Cartesian grid with 200, 400 and
800 points in the two directions and for both the cases of presence and absence of the
transformation of variables (2.13).

Due to the difference in radius of curvature along the interface the drop will start
deforming. The capillary force leads to oscillations in the shape of the drop, which
are damped by the action of viscosity. After a long time a steady state is reached in
which the drop has approximately a circular shape (Yue et al. 2004). Theoretically,
the radius of the drop in steady state is determined by (2.27) and the total mass
in the computational domain, which is constant because of the symmetry boundary
conditions applied. Fig. 2.3 shows isolines of the mass density in the initial state and
the final steady state.
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Figure 2.3. Retraction of an elliptical drop surrounded by quiescent saturated vapor. a
Initial state. b Steady equilibrium state. The interface is represented by means of density
isolines. Length is in arbitrary units.

A characteristic interfacial Reynolds number for this simulation, as proposed in
Lamorgese and Mauri (2009), is defined as the ratio of capillary to viscous forces:

Re =
ρ2

crRTd2

Mµ2
l

,

where ρcr denotes the critical value of mass density, d the interface thickness and µl

the dynamic viscosity of the liquid phase at equilibrium with its vapor. For the case
in Fig. 2.3 Re is approximately 500.

In order to study grid convergence, results of the steady state mass density and
pressure are presented for the case with transformation of variables in Fig. 2.4 on a
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line through the center of the drop. The figure shows the results on the three grids
considered here. The results on the two finest grids collapse, whereas the position
of the interface between the liquid and vapor is slightly shifted on the coarsest grid.
Moreover, the profiles of mass density have the same shape on all three grids. An
increase in the number of grid points only leads to an increase of the number of grid
points on the interface. The results of the pressure show the typical behavior caused
by the Korteweg tensor. In steady state, the pressure is not constant but the sum of
pressure and capillary forces is. This typical shape of the pressure is not a numerical
artifact, as can be inferred from the similarity of the results on the two finest grids.
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Figure 2.4. Retracting drop in two dimensions. Dashed lines: 2002, marker: 4002, solid
lines: 8002 grid points. a steady-state pressure profile b steady-state mass density profile.

2.5.2 Validation

Next, a validation of the method is performed by comparing results of the simulations
with analytical results. An important physical quantity in a two-phase system is sur-
face tension, since it macroscopically represents the effect of capillarity. Therefore, an
accurate calculation of this parameter is an essential requirement for any multiphase
computational method. Equation (2.27) or (2.28) can be used to obtain the value of
surface tension based on the numerical solution in steady state. The following ana-
lytical expression for the surface tension holds if the width of the interface is small
compared to the radius of the drop or bubble (Van der Waals 1894):

σ =
∫ R2

R1

K(ρ)
(

dρ

dR

)2

dR , (2.29)

where R1, R2 are the inner and outer radii of the diffuse interface respectively and
we have retained the dependence of the capillarity coefficient K on mass density.
Following Cahn and Hilliard (1958), and Cahn (1959), and using expression (2.3) for
the total free energy, we can rewrite (2.29) as

σ = 2
∫ ρ2

ρ1

[
1
2
K(ρ)∆f(ρ)

] 1
2

dρ . (2.30)
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Here ∆f(ρ) denotes the excess Helmholtz free energy density when a unit volume of
a mixture of liquid and its saturated vapor with average mass density ρ is converted
into a uniform phase of the same mass density (Cahn 1959).

Thus, the analytical calculation of surface tension is reduced to the calculation
of ∆f(ρ), which can be done for given temperature and equation of state as follows.
The general equation of state reads

Tds − de = pd

(
1
ρ

)
,

where T is the temperature, and e and s are the specific internal energy and the
specific entropy respectively. From the definition of the Helmholtz free energy density
f = ρ(e− Ts), it follows at isothermal conditions that

d(f/ρ) =
p(ρ)
ρ2

dρ .

The Helmholtz free energy can be found by integration over mass density if the equa-
tion of state p(ρ) is known. A liquid-vapor mixture at the same temperature and with
homogeneous mass density equal to ρ would have the following free energy density:

feq(ρ) = f(ρv) + (ρ− ρv)
f(ρl)− f(ρv)

ρl − ρv
, (2.31)

where ρl, ρv are the mass density of liquid and of its saturated vapor respectively.
Finally, we can write ∆f(ρ) as

∆f(ρ) = f(ρ) − feq(ρ) . (2.32)

Substitution of (2.32) in (2.30) leads, for our choice of temperature, capillarity coeffi-
cient and parameters in the equation of state (2.8), to the theoretical value of surface
tension σ = 6.961× 10−4 N/m.

This can be compared with the values obtained from the numerical results and
(2.27), which are collected in Table 2.2. The shape of the interface is never exactly
circular on a Cartesian mesh. The corresponding difference between maximum and
minimum drop radius is used to estimate the error in the surface tension included
in the table. For the simulations which employ the transformation of variables the
discrepancy between the numerical and theoretical value of surface tension ranges
from 3.4% on the coarsest grid to 0.05% on the finest grid. Moreover, the decrease in
the error caused by the non-circular shape of the drop reduces in agreement with the
second-order accurate spatial discretization scheme employed in the method. As in
the one-dimensional test case discussed in the previous section, the method without
transformation requires a finer grid to work well. The numerical solution on the
grid with 200 points in each direction did not converge to a steady state and the
corresponding surface tension, which is based on a time average, is far from the
theoretical value. On the finer grids the differences between the steady solutions of
both methods are within the error estimate.
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Dimension Transformation Mesh σ × 104 (N/m)

2 yes 2002 7.20± 0.17
2 yes 4002 7.017± 0.083
2 yes 8002 6.965± 0.024
2 no 2002 10.20± 0.17
2 no 4002 7.048± 0.070
2 no 8002 6.971± 0.017
3 yes 2003 6.98± 0.16
3 yes 4003 6.943± 0.079

Table 2.2. Numerically obtained surface tension for various grids, for two- and three-
dimensional simulations with and without transformation of variables.

2.5.3 Three-dimensional simulations

For the method where the transformation of variables is applied, three-dimensional
simulations of the same test case have been performed on two Cartesian uniform
meshes with 2003 and 4003 grid points. In order to save calculation time, the re-
flectional symmetry in all three directions has been used and only one eighth of the
domain has been calculated. Results for the surface tension based on these simulations
are included in Table 2.2. The accuracy of the estimation is significantly better than
in two dimensions at the same grid resolution. However, the fact that the difference
between numerical and theoretical surface tension hardly decreases with increasing
grid size for two grids suggests that this is a coincidence.

2.6 Two-drop collision

Two-dimensional, isothermal head-on collision between two identical liquid drops sur-
rounded by vapor is a second classical benchmark simulation for multiphase simulation
methods (Nobari et al. 1996). In this test case the interface undergoes topological
changes, which lead to coalescence. Coalescence occurs because of attractive forces
between molecules on the nearby interfaces of the two droplets. The benefit of the
diffuse-interface approach over sharp-interface methods is that these forces are in-
cluded in the formulation. No explicit reconnection of the interface at the moment of
the closest approach of the two drops is required. In the same way break-up of a drop
into two smaller drops occurs automatically if the interface is constricted too far.

As a test case we consider two initially circular drops in vapor with a sharp inter-
face in a divergence-free velocity field, which consists of four vortices in such a way
that the centers of the drops initially approach each other. Due to this approaching
velocity and due to the smoothing of the interface the two drops approach each other
so closely that the attractive intermolecular forces lead to coalescence. The initial
velocity field and the initial shape of the droplets are shown in Fig. 2.5.

Symmetry boundary conditions are applied on all boundaries. The initial velocity
field satisfies these boundary conditions. Since the solution has reflectional symmetry
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Figure 2.5. Initial velocity field and droplet shape for the two-drop collision test case.

in both directions, only a quarter of the domain is simulated. The computational grid
is uniform and has 800 points in each direction. The numerical simulation is performed
in the formulation with transformation of variables. Isolines of mass density are shown
at several equidistant times, starting from the initial time, in Figs. 2.6-2.7. After the
coalescence of the drops the curvature of the interface is far from uniform and the
drop keeps deforming until a state of equilibrium is reached in which the single drop
is circular again. Since the problem conserves total mass, the radius of the final drop
depends on the total initial mass in the domain and on the equilibrium values of mass
density in the bulk liquid and vapor.

The Weber number for this type of problem, defined as

We =
ρV 2D

σ
,

with ρ the drop mass density, V the magnitude of the relative impact velocity of the
drops and D the drop diameter, is recognized to be the only parameter that affects the
way coalescence takes place (Schotland 1960). If the magnitude of the initial velocity
field is increased, We is also increased and causes the drops to experience stronger
deformation during coalescence. It is quite well known that the formation of so-called
satellite drops is bound to occur if high-velocity jets are formed during coalescence, see
for example Mansour and Lundgren (1990), and Van der Geld and Vermeer (1994). In
the simulation that we present in Fig. 2.8, the Weber number based on the maximum
magnitude of the velocity field imposed at time t = 0 is 40 times larger than in the
simulation of Figs. 2.6-2.7, and we have removed the reflectional symmetry in both
directions so that the calculation of the solution is extended to the entire domain,
since now the centers of the two colliding drops are not placed in line. The first
picture shows a stage of the coalescence of the two drops. The two next pictures show
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Figure 2.6. Two-dimensional head-on collision between two identical liquid droplets in
vapor. From left to right and top to bottom: time evolution of the simulation at equidistant
times. Three isolines of mass density are shown: one at 10%, one at 50% and one at 90%
of the liquid mass density in equilibrium.

that in a later stage of this process the formation of satellite droplets is predicted:
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Figure 2.7. Two-dimensional head-on collision of two identical liquid droplets in vapor.
From left to right and top to bottom: time evolution of the simulation at equidistant times,
with larger time interval than in Fig. 2.6. Three isolines of mass density are shown: one at
10%, one at 50% and one at 90% of the liquid mass density in equilibrium.

reflection of compression waves due to boundary conditions causes local fluctuations
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of the mass density, from which satellite droplets originate if conditions are favorable.
This is the case in the simulation considered here, as the ratio p/pcr between the
value of assigned pressure and the critical pressure is approximately equal to 0.95.
At this stage of the coalescence process, bubble formation inside the central drop
also appears. While satellite droplets are generated by compression waves in the
vapor phase, bubbles originate by effect of rarefaction waves in the liquid phase. This
phenomenon is similar to the formation of cavitation bubbles, and is known to occur
even at ambient pressure when a drop impinges at high velocity on a solid surface
(Harlow and Shannon 1967, Fujimoto et al. 2000). Expansion waves generated at the
impact with the surface propagate, reflect and interact to produce areas of that low
pressure that bubbles are formed inside the drop. In a similar manner bubbles are
created in the situation described here.

The fourth picture is right after the coalescence of the central drop with satellite
droplets. Finally, the two last pictures show the configuration just before and after
the so-called pinch-off of the central drop.

2.7 Conclusions

The objective of the present paper was the development of a stable and accurate
numerical method for isothermal two-phase flow of a pure substance near the critical
point, which takes into account the finite thickness of the interface. The adoption
of a diffuse-interface approach requires the incorporation of the tensor of capillary
stresses. Together with a non-convex two-phase equation of state, such as the Van
der Waals equation, this leads to a system of equations with dispersive and elliptic
properties. A stable numerical solution method has been developed that is based on a
transformation of the dependent variables and on a Total Variation Diminishing time
integration technique.

The accuracy of the numerical method and its grid convergence have been assessed
for the problem of the retraction of an initially non-spherical drop in vapor, both in
two and in three spatial dimensions. The resulting surface tension compares well with
its theoretical value. Moreover, it has been demonstrated that the transformation of
variables allows the usage of coarser grids without losing accuracy. Thus, local grid
refinement can be avoided at the interfacial zones if the size of the computational
domain is not too large compared to the thickness of the interface.

The numerical method has also been applied to the isothermal head-on collision
between two identical drops. The significance of this test case is twofold. First,
unlike other two-phase models, rupture of the colliding interfacial films and subsequent
coalescence of the two drops are reproduced by the numerical simulation without any
need of an additional model. Second, the method proves to be able to capture the
time evolution of interfaces undergoing major topological changes, such as the pinch-
off of a smaller drop after the coalescence when the characteristic Weber number is
sufficiently high.

It can be concluded that the numerical method described here is a useful alterna-
tive to other implementations of the diffuse-interface model for isothermal two-phase
flows. In the results shown here we have chosen the dynamic viscosity to be a lin-
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Figure 2.8. Two-dimensional, asymmetric collision of two liquid droplets in vapor at high
initial velocity, with symmetry boundary conditions. From left to right and top to bottom:
time evolution of the simulation at arbitrary subsequent times. The isoline of mass density
is shown at the average value of the liquid and vapor mass density in equilibrium.
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ear function of mass density and the gradient energy coefficient, K, to be inversely
proportional to mass density. The transformation of variables can also be applied
in more general conditions, but then the kinematic viscosity coefficient ν0 will be a
function of mass density and the transformed set of equations will contain additional
terms. However, condition (2.18) limits the possibility of removing the dispersive
terms from the equations for the transformed variables to moderate values of the
Reynolds number based on the interface thickness.



Chapter 3

Non-isothermal two-phase
flow with a diffuse-interface
model

This chapter is based on the article submitted in June 2010 to International Journal
of Multiphase Flow with title “Non-isothermal two-phase flow with a diffuse-interface
model”, by A. Pecenko, L.G.M. van Deurzen, J.G.M. Kuerten, and C.W.M. van der
Geld.

3.1 Introduction

Diffuse-interface methods (DIM’s) have recently received increasing attention from
researchers working on numerical simulation of multiphase flow. Compared to the
other family of multiphase modeling approaches, the so-called sharp-interface meth-
ods, DIM’s exhibit the attractive feature of requiring a single set of governing equa-
tions to solve the entire flow domain, including the region occupied by the interface.
The latter is treated in DIM’s as a layer of fluid that has a small but finite thickness,
so that fluid properties such as mass density, pressure, viscosity, heat conductivity
and temperature are continuous functions of the spatial coordinates. A mathematical
description of phase-transitional flow is obtained by incorporating in the classic form
of the Navier-Stokes equations for single-phase flow a stress tensor that ensures local
mechanical equilibrium at the phase boundaries. This tensor represents the action
of the interfacial capillary forces, and can be expressed in a frame-invariant, second-
order form, commonly known as Korteweg’s stress tensor (Korteweg, 1901). In this
paper we restrict our analysis to compressible liquid-vapor flows of one fluid compo-
nent, for which Korteweg’s stresses are functions of the spatial derivatives of mass
density. However, by replacing the mass density with the concentration, Korteweg’s
tensor can also be applied to multicomponent systems (Chen et al., 2001; Chen and
Meiburg, 2002).
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By including Korteweg’s formulation of the capillary stress tensor in the Navier-
Stokes equations, phase transitions are accounted for automatically and in a physical
way. In particular, the dynamics of interfaces in phase-transitional flow is provided by
the evolution of the mass density field. This is a clear advantage over methods that
need to locate the interface with an extra mathematical tool like an evolution equation
or a singularity. On the other hand, DIM’s have to solve stability and accuracy issues
related to the mathematical aspects of the formulation. This is due to the dispersive
behavior of the solution, which is caused by third-order spatial derivatives of the
mass density stemming from the divergence of Korteweg’s tensor, and to the unstable
nature of the system of governing equations when a non-monotonic equation of state
like the Van der Waals equation is used.

In Pecenko et al. (2010), a transformation of the dependent variables in the con-
servation equations for the isothermal two-phase flow was proposed, which, in com-
bination with a Total Variation Diminishing (TVD) time integration method, gives
stable and accurate results on uniform Cartesian grids without requiring very fine
resolutions. For this method to be successful, at least two conditions have be satis-
fied. First, the fluid should be close to its critical point in order to have an interfacial
thickness not too small compared to the size of the computational domain. This con-
dition makes it possible to capture the interface without scaling, which requires the
modification of the thermodynamics of the fluid in order to preserve characteristic
physical properties such as surface tension (Verschueren et al., 2001). Second, the
interfacial Reynolds number based on the interface thickness and defined as the ratio
of capillary to viscous forces (Lamorgese and Mauri, 2009) should not be too large in
order for the transformation of variables to be applicable.

In the present work, a diffuse-interface formulation is applied to the non-isothermal
case. The presence of the energy conservation equation in the set of governing equa-
tions enforces a revision of certain aspects of the computational method devised for
the isothermal situation. A transformation of variables like the one described in
Pecenko et al. (2010) is, in principle, also applicable to the conservative form of the
energy equation, but it would imply a prohibitive increase in the complexity of the
governing equations. Also, the number of constraints that the physical parameters of
the fluid, viz. dynamic viscosity, heat conductivity and capillarity coefficient, should
satisfy in order to keep dispersion limited, would increase, thus restricting the ranges
of applicability of the method. For these reasons, no transformation of variables is
used here. This choice necessitates the adoption of finer grids than the grids used in
the isothermal simulations.

Since we want to meet the condition on the interface thickness mentioned above,
the restriction to near-critical thermodynamic state is kept here, and a Van der Waals
equation of state is adopted. It will be investigated how the stability properties of
the test cases studied in Pecenko et al. (2010) are influenced by the presence of the
energy equation and the resulting temperature variations. This investigation will be
complemented by a linear stability analysis of the governing equations in both the
isothermal and the non-isothermal case.

The structure of the paper is the following. In Section 3.2 a relation between the
specific internal energy and the independent thermodynamic variables of the problem
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is derived, and the conservative form of the energy equation for the two-phase for-
mulation adopted here is shown, with the emphasis on the additional terms due to
the presence of phase boundaries. Finally, the continuity and momentum equations
are recalled. Section 3.3 describes the discretization scheme and the time integration
method used. In Section 3.4 we show results of a one-dimensional simulation with
initial condition in the unstable region of the phase diagram, and we compare the
results with the analogous, isothermal simulation. Next, we perform a linear stability
analysis of the governing equations, which explains the results and is also used to
validate the numerical method. In Section 3.5 a series of two-dimensional simulations
for three different test-cases is presented and discussed. Results of the drop retraction
simulation are used to assess the accuracy of the numerical method by comparing the
numerical value of the surface tension with its theoretical value, and by performing a
grid-convergence study. Next, a simulation of the direct-contact evaporation of a cir-
cular drop is presented to test whether the method can be applied in situations where
latent heat due to phase change plays a major role. Finally, several simulations of the
head-on collision of two identical circular drops are shown for various combinations
of Weber and Prandtl numbers, and the effect of the temperature distribution on the
collision dynamics is discussed. In Section 3.6 the conclusions are summarized.

3.2 The governing equations

The system of governing equations for non-isothermal, compressible, two-phase flow
of a Newtonian fluid consists of three conservation equations and two equations of
state for the pressure and the specific internal energy respectively. The conserved
parameters are mass, momentum and total energy. The latter differs from the corre-
sponding quantity for a single-phase flow by a term related to the presence of a surface
of separation of finite thickness between the two phases. This term is proportional to
the integral of the square of the L2−norm of the mass density gradient. Thus, the
total energy density equals

ρE = ρe +
1
2
ρ|u|2 +

1
2
KE |∇ρ|2 , (3.1)

where ρ indicates the mass density, e the specific internal energy, u the velocity vector,
and KE is a gradient energy coefficient that is assumed constant in the following
(Anderson and McFadden, 1997; Anderson et al., 1998).

The second and the third term on the right-hand side of (3.1) represent the density
of kinetic and interfacial energy respectively, and they would also be present if the
fluid were isothermal. The first term on the right-hand side accounts for thermal
energy. In order to have this term in an explicit form, an equation of state for the
specific internal energy e needs to be given.

If the flow were incompressible or, instead, compressible but with values of pressure
much smaller than the critical value so that the assumption of ideal gas would hold,
then an energy equation of state would be given by

e− e0 =
∫ T

T0

cv(T )dT ,
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where the subscript 0 denotes a thermodynamic reference state, and cv(T ) the specific
heat at constant volume as a function of temperature. Since in this paper we mainly
pay attention to one-component, compressible flow in a thermodynamic state close
to the critical point, the energy equation of state must also include the mass density
as independent thermodynamic variable. After some calculus the general equation of
state for the specific internal energy reads in differential form (Panton 2005)

de = cv(ρ, T )dT +
1
ρ2

(
p(ρ, T ) − T

∂p

∂T

∣∣∣∣
ρ

)
dρ . (3.2)

It follows that the total differential of the specific entropy

ds =
de

T
− p

ρ2T
dρ (3.3)

reads

ds =
cv(ρ, T )

T
dT − 1

ρ2

∂p

∂T

∣∣∣∣
ρ

dρ . (3.4)

Integration of (3.2) between the thermodynamic state of reference and an arbitrary
state (ρ, T ) yields

e(ρ, T ) = e0 +
∫ T

T0

cv(ρ0, T )dT +
∫ ρ

ρ0

(
p(ρ, T ) − T

∂p

∂T

∣∣∣∣
ρ

)
dρ

ρ2
. (3.5)

For liquid/vapor flows in the vicinity of the critical temperature the Van der Waals
equation is an appropriate equation of state for the pressure, and reads

p(ρ, T ) =
RT

M − bρ
ρ − a

M2
ρ2 , (3.6)

where R is the universal gas constant, M the molar mass, and a and b are two constant
coefficients, which are empirically determined and depend on the chosen substance.

In order to express the internal specific energy as a function of temperature and
pressure, we substitute (3.6) into the second integral on the right-hand side of (3.5):

∫ ρ

ρ0

(
p(ρ, T ) − T

∂p

∂T

∣∣∣∣
ρ

)
dρ

ρ2
=

a

M2
(ρ0 − ρ) .

Moreover, the following relation can be readily obtained from (3.4):

∂cv

∂ρ

∣∣∣∣
T

= − T

ρ2

∂2p

∂T 2

∣∣∣∣
ρ

. (3.7)

For a Van der Waals fluid, the right-hand side of (3.7) is identically zero. Conse-
quently, specific heat at constant volume is only a function of temperature. Since in
the ideal gas region (i.e. for small values of mass density compared to the critical
mass density) cv hardly depends on temperature, we can assume that cv is constant
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for a Van der Waals fluid. Thus, the specific internal energy as given by equation
(3.5) can be cast in the simple form

e(ρ, T ) = e0 + cv(T − T0) +
a

M2
(ρ0 − ρ) . (3.8)

Such linear relation can be used to calculate the temperature from the specific
internal energy and the mass density, once the reference state has been chosen. Here
we take the critical state as the reference. Thus, at an arbitrary thermodynamic state
determined by the pair of values (e, ρ) temperature is given by

T (e, ρ) = T0 +
1
cv

(e− e0) − a

M2cv
(ρ0 − ρ) . (3.9)

The availability of this explicit expression enables the usage of the conservation
equation of total energy instead of an evolution equation for temperature, since (3.9)
makes it possible to calculate heat transfer caused by conduction from e (and E).
Conductive heat transfer occurs in the conservative form of the total energy equation,
namely

∂(ρE)
∂t

+ ∇ · (ρEu) = ∇ · ((d + T) · u) − ∇ · q − ∇ · jE . (3.10)

This equation is valid in the absence of body forces and heat sources. Symbols
introduced in (3.10) are discussed in the following.

The different contributions to the transfer of energy can be separated between
“classical”, meaning that they are also present when the flow is single-phase, and
“non-classical”, i.e. only due to the presence of interfaces between the two phases.
The former consist of three terms: the rate of work done on the fluid by the pressure
p and by the viscous stress tensor d respectively, and the net heat flow rate, given
by the divergence of heat flux q. If conduction represents the only significant form of
heat transfer, q is expressed as a function of temperature by the Fourier law

q = −k∇T , (3.11)

k being the coefficient of thermal conductivity of the fluid.
The viscous stress tensor is assumed to follow the constitutive law for Newtonian

fluids. With the further assumption that the so-called Stokes hypothesis holds, the
tensor reads

d = −2
3
µ(∇ · u)I + µ

(∇u + (∇u)T
)

, (3.12)

where µ is the dynamic viscosity coefficient, I is the identity tensor, and (∇u)T

denotes the transpose of the strain-rate matrix.
The two non-classical terms on the right-hand side of (3.10) are typical of the

diffuse-interface approach that is adopted in this work. These are the rate of working
done on the fluid by the capillary stress tensor T, and the divergence of the non-
classical energy flux jE through the interface.

The tensor T is also named Korteweg tensor since it has been derived by Korteweg
(1901) on the basis of purely mechanical considerations, and reads in its original
formulation (Aifantis and Serrin, 1983b)

T = {−p + α4ρ + β|∇ρ|2}I + δ∇ρ⊗∇ρ + γ(∇⊗∇)ρ,
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where α, β, γ and δ are functions of temperature and mass density that depend on
the substance, and 4ρ denotes the Laplacian of ρ. It is customary to include the
pressure in the definition of this tensor, and to assume γ = 0. Hence, the Korteweg
tensor can be simplified to (Dunn and Serrin, 1985)

T = {−p + ρc4ρ +
1
2
(ρc)ρ|∇ρ|2}I − c∇ρ⊗∇ρ . (3.13)

Here c plays the role of a macroscopic capillarity coefficient, directly related to the
surface tension and function of temperature and mass density but not of the mass
density gradient. We assume c constant and equal to the gradient energy coefficient
K that appears in the total Helmholtz free energy density

ρf(ρ, T ) = ρf0(ρ, T ) +
1
2
K|∇ρ|2 , (3.14)

where the superscript 0 denotes the bulk phases. Hence, the expression (3.13) for T
is simplified to (Anderson and McFadden, 1997; Anderson et al., 1998):

T = {−p + ρK4ρ +
1
2
K|∇ρ|2}I − K∇ρ⊗∇ρ . (3.15)

The other non-classical term in (3.10) is the divergence of the energy flux jE
through the interface, which is parallel to the direction of the density gradient. With
the hypothesis KE = K constant, jE reads

jE = −K
Dρ

Dt
∇ρ . (3.16)

In Dunn and Serrin (1985), this is referred to as interstitial working. Physically, it
represents compressibility effects in the interfacial region, since it is identically zero
if the flow is incompressible, that is when Dρ/Dt ≡ 0. By means of the continuity
equation

Dρ

Dt
= −ρ(∇ · u) , (3.17)

jE can be written in a form that is more suitable for usage in the energy equation:

jE = K(ρ∇ · u)∇ρ . (3.18)

Consistently with the hypothesis of constant gradient energy coefficient, there is no
gradient term in the total entropy density of the system (Anderson and McFadden,
1997). Consequently, the non-classical entropy flux through the interface (Wang et
al., 1993) is absent, and the local entropy balance equation reads

ρ
Ds

Dt
+

1
T
∇ · q = −q · ∇

(
1
T

)
+ ṡprod , (3.19)

where s denotes specific entropy, and ṡprod is the volumetric rate of entropy produc-
tion. In Anderson and McFadden (1996), it is shown that the form (3.16) of jE is
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thermodynamically consistent with the requirement of strictly positive entropy pro-
duction in the presence of thermal and viscous dissipation, when the heat flux is
given by the Fourier law (3.11) and the viscous stress tensor is in the form (3.12).
The energy equation and the entropy equation can also be derived by taking an ex-
ternal potential energy into account, for example gravitational energy (De Groot and
Mazur, 1984). It is noted that the conservative Korteweg body force, represented by
the divergence of tensor T, can be expressed in terms of an external potential energy,
namely the interfacial energy. Relations like (3.15) follow from an entropy production
equation via irreversible thermodynamics (Antanovskii, 1996).

To close the system of governing equations, an equation for the momentum has
to be provided next to the energy equation (3.10), the equations of state (3.6), (3.9)
and the continuity equation, which reads in conservative form

∂ρ

∂t
+ ∇ · (ρu) = 0 . (3.20)

Since the flow has more than one phase, the presence of the interface must be taken
into account in the momentum equation, as the local rate of change of momentum
also depends on the forces acting on the phase boundaries. Hence, the divergence
of the capillary stress tensor T must be added to the right-hand side of the classical
Navier-Stokes equation for single-phase flow, leading to

∂(ρu)
∂t

+ ∇ · (ρuu) = ∇ · (d + T) . (3.21)

This equation is also in conservative form. Thus, the set of governing equations
is now complete, and all differential equations have been expressed in conservative
form, which is convenient for Finite Volume discretization, as will be shown in the
next section, where the full set of equations is solved numerically.

3.3 The numerical method

In the previous section, the governing equations that are used in our numerical model
have been discussed. The system of equations to be solved consists of three differ-
ential equations in conservative form, namely equations (3.10), (3.20), (3.21), and of
two algebraic equations of state (3.6), (3.9). The unknown variables are ρ, p, e,u, T ,
that is as many as the available equations. Hence, the system is closed, and its
time-dependent solution can be calculated numerically at any given instant of time,
provided that initial conditions for ρ, T,u are assigned, together with boundary con-
ditions. Initial and boundary conditions will be specified for each simulation test-case
in the following sections.

Because of the conservative form of the differential equations, it is natural to
use the Finite Volume method for the space discretization. In this way, total mass,
momentum and energy are automatically conserved over the entire fluid domain.

As a first step of the discretization procedure, an ordinary differential equation is
written for each of the three conserved variables ρ, ρu, ρE, and for each node of the
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computational grid. This so-called semi-discrete scheme thus reads in two dimensions
and on a Cartesian mesh

d

dt
Ui,j =

1
∆x

(
F(U)i+ 1

2 ,j − F(U)i− 1
2 ,j

)
+

1
∆y

(
G(U)i,j+ 1

2
− G(U)i,j− 1

2

)
, (3.22)

where Ui,j denotes the vector of the conserved variables in the grid point (i, j), and
F(U), G(U) are the vectors of the fluxes of the conserved variables in the x and y
direction respectively. The formulation of the Finite Volume method that we use is
the cell-centered. Thus, every grid point is the center of a quadrilateral cell of area
∆x∆y, and the fluxes are evaluated on the boundaries of each cell.

The spatial discretization method adopted is second-order accurate and based on
central differences. The generic variable u is discretized in the grid point (i + 1/2, j)
as

ui+ 1
2 ,j =

1
12

(−ui−1,j + 7ui,j + 7ui+1,j − ui+2,j) ,

and its first and second partial derivatives in the x-direction are discretized in the
same grid point as

∂u

∂x

∣∣∣∣
i+ 1

2 ,j

=
1

∆x
(ui+1,j − ui,j)

∂2u

∂x2

∣∣∣∣
i+ 1

2 ,j

=
1

2(∆x)2
(ui−1,j − ui,j − ui+1,j + ui+2,j) .

Analogous relations hold for the derivatives in the y-direction. The evaluation of the
left-hand side of the semi-discrete scheme (3.22) obviously requires the choice of a time
integration method. When a non-monotonic equation of state for the pressure like
the Van der Waals equation is used, particular care is needed if the thermodynamic
state of the fluid is in the vicinity of the critical point. In this case, for any given
value of the temperature there is an unphysical region of the (p, ρ)-plane of negative
compressibility dp/dρ < 0 (Fig. 3.1), where small perturbations of the mass density
grow exponentially towards phase separation. Such an intrinsic instability in the set of
governing equations can lead to numerical instabilities that prevent the solution from
converging. As shown in Shu and Osher (1988), a Total Variation Diminishing (TVD)
time integration scheme can significantly increase the stability of the computation.
We apply the same three-stage, third-order accurate TVD Runge-Kutta scheme as
used by Cockburn and Gau (1996), who also deal with a non-monotonic constitutive
relation. By denoting the right-hand side of (3.22) as A(U)i,j , the time integration
scheme reads

U(1)
i,j = U(n)

i,j + ∆tA(U(n))i,j (3.23a)

U(2)
i,j =

3
4
U(n)

i,j +
1
4

[
U(1)

i,j + ∆tA(U(1))i,j

]
(3.23b)

U(n+1)
i,j =

1
3
U(n)

i,j +
2
3

[
U(2)

i,j + ∆tA(U(2))i,j

]
. (3.23c)
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Figure 3.1. A Van der Waals isotherm below the critical point in the (p, ρ) plane. The hori-
zontal solid line represents the saturation pressure psat at the assigned temperature. The ver-
tical lines mark the different regions of the solution domain according to the equation of state.
VS= vapor stable, VM= vapor metastable, PM= phase mixture, LM= liquid metastable, LS=
liquid stable. The unstable region of phase separation corresponds to the phase mixture (PM).

The time step ∆t is chosen according to the Courant-Friedrichs-Lewy condition

∆t ≤ Γ∆x

(
dp

dρ

)− 1
2

, (3.24)

Γ being an empirical constant value smaller than unity, and
(

dp
dρ

)−1/2

the maximum
value of the reciprocal of the speed of sound at the constant value of temperature that
is initially assigned in our simulations. Other characteristic velocities are negligible
in the test cases that we consider.

At each stage of each time step pressure and temperature are updated by means of
the equations of state (3.6), (3.9), and then used in the calculation of the right-hand
side of (3.22).

In the next sections we present results of simulations in one and two spatial di-
mensions obtained by implementing the numerical method previously described onto
a Cartesian mesh with uniform grid spacing.

3.4 One-dimensional simulation and linear stability
analysis

An important parameter in non-isothermal flows is the Prandtl number, Pr, which
describes the relative importance of momentum and heat diffusivity. It is defined as

Pr =
µ/ρ

k/ρcp
=

cpµ

k
,
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with cp the specific heat at constant pressure. In many practical cases the Prandtl
number is approximately constant. As an example, for temperatures between 0� and
1000� and at atmospheric pressure the Prandtl number of air varies with only 2%.
Therefore, in the examples shown in the sequel of the paper we define the Prandtl
number assuming a constant value. It is noted, however, that for a Van der Waals
fluid near the critical point variations of cp can be significant, which would cause the
Prandtl number to vary, even for a thermal conductivity proportional to the dynamic
viscosity. Here, the latter will be assumed to be the case, but also cp will be taken to
be constant.

In this paper we will always use a linear dependence of both thermal conductivity
and dynamic viscosity coefficient on mass density:

k(ρ) = c1ρ (3.25)
µ(ρ) = c2ρ , (3.26)

with c1 and c2 two arbitrary constants. Note, however, that the same numerical
method can be used in case of a more general dependence of these two quantities on
mass density and/or temperature.

In the following we will compare the results of a non-isothermal simulation and an
isothermal simulation for a one-dimensional example in which the initial density is in
the unstable regime and the fluid is initially at rest. In order to explain differences
and for validation purposes a linear stability analysis of this case is performed as well.

3.4.1 Unstable initial density

In this section results are shown of one-dimensional simulations for both the isother-
mal and the non-isothermal situation. Since the equation of state (3.6) is non-convex,
the stability of the numerical method is not obvious when mass density assumes val-
ues that lie in the intrinsically unstable part of the solution domain. Therefore, it is
important to test the method for the case of a one-dimensional two-phase system with
unstable initial condition. Moreover, the results provide useful insight into the effect
of the energy equation on the stability properties of the solution. To that purpose,
we have performed two simulations for exactly the same problem, i.e. the same phys-
ical parameters, initial and boundary conditions, and computational grid, the only
difference being the absence or presence of the energy equation in the set of equations.

In the test case chosen the initial velocity is equal to zero, and the initial tem-
perature is taken as T0 = 290K, which is close to the critical value. This isotherm
is plotted in Fig. 3.1, where the corresponding region of instability for the solution
is denoted by “phase mixture”. If the initial value of mass density is chosen within
this region, any perturbation, regardless of its magnitude, will lead to phase separa-
tion. Therefore, we have superposed a small perturbation onto the unstable value of
ρ = 120 kg/m3. Symmetry conditions have been applied at both boundaries. Both
simulations have been performed on a uniform grid of 800 points. The time step has
been set according to the CFL condition (3.24).

In Fig. 3.2 the mass density profile at time t = 0 and at arbitrary subsequent
instants of time is shown for the two simulations. At t = 0, the system is in the
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Figure 3.2. One-dimensional simulations with identical initial conditions, in the isothermal
(a) and non-isothermal (b) case. The dot-dashed line refers to time t = 0. The dashed and
solid lines refer to subsequent arbitrary instants of time. Note that in b these instants are
250 times larger than for the corresponding lines in a, showing that phase separation is
slower in the non-isothermal case in agreement with the linear stability analysis. Flow time
is expressed in seconds. Mass density is in kg/m3 units. Domain length is in arbitrary units.

state of phase mixture. This highly unstable condition soon evolves towards phase
separation, with peaks and troughs located in the stable regions of the phase diagram,
which correspond to the liquid and the vapor phase respectively. Note that in Fig. 3.2b
the mass density profiles are plotted at instants that are 250 times larger than in the
isothermal picture. Hence, in the non-isothermal case the phase-separation process is
significantly slower, and is accompanied by a change in the temperature distribution
(dashed line in Fig. 3.3). Eventually, both the isothermal and the non-isothermal
simulations show the coexistence of two phases separated by traveling interfaces.
Note, however, that in the isothermal case the equilibrium values that the mass density
reaches in the two phases are different from those of the non-isothermal case. This is
due to the different state of saturation reached in the latter case (solid line in Fig. 3.3),
and can be explained with the heat released by condensation, which has increased the
temperature of the system.

3.4.2 Linear stability analysis

The striking difference between the isothermal and non-isothermal simulations that
have been shown in the previous subsection is the rate at which the initial mass
density disturbance grows in time. A linear stability analysis of both situations can
shed light on the physical origin of this difference. To this end, we linearize the
governing equations around a reference state in the unstable regime in the following
way:

ρ(x, t) = ρi + ερ̂ ei(βx−ωt),

u(x, t) = εû ei(βx−ωt)

and
T (x, t) = Ti + εT̂ ei(βx−ωt),
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Figure 3.3. Temperature distribution for the non-isothermal, one-dimensional simulation
shown in Fig. 3.2b. Lines refer to the same instants of time as in Fig. 3.2b. Temperature is
expressed in Kelvin degrees.

where the constant values ρi and Ti denote the initial mass density and temperature,
ε ¿ 1 is a perturbation parameter, i the imaginary unit, β the real wave number
of the disturbance and ω the complex angular frequency. The variables with a hat
denote the amplitudes of the perturbations. Substitution in the governing equations
and retention only of the terms that are linear in ε gives a system of linear equations
for the amplitudes of the perturbations. The dispersion relation between β and ω is
found by requiring a zero determinant.

In the isothermal case, where the equation for temperature is absent, a quadratic
equation for ω results:

ω2 +
4
3
iνiβ

2ω − αiβ
2 − ρiKβ4 = 0. (3.27)

Here, as in all following equations, the subscript i indicates that a quantity is evaluated
at the initial mass density, so that νi = ν(ρi) denotes the kinematic viscosity at time
t = 0, and

αi =
(

∂p

∂ρ

)

T,i

is the square of the initial value of the speed of sound at constant temperature.
Equation (3.27) shows that the isothermal case has two solutions ω1,2 for the angular
frequency:

ω1,2 = ±β

[
αi −

(
2
3
νiβ

)2

+ ρiKβ2

]1/2

− i
4
3
νiβ

2 . (3.28)
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In the absence of viscosity and capillarity, i.e. ν = K = 0, and in the case αi > 0,
that is in the stable region of the phase diagram, the angular frequency is a real, linear
function of the wave number, ω1,2 = ±βα1/2, and the solutions are two families of
acoustic waves that propagate with speed ±(∂p/∂ρ)1/2. When ν 6= 0 the presence of
viscosity introduces dissipation as a negative imaginary part of the angular frequency
ω, which acts as damping. Finally, in the region of the phase diagram where liquid and
vapor phase coexist, the capillarity coefficient K introduces dispersion as a nonlinear
dependence of the real part of ω1,2 on β.

In the unstable part of the phase diagram, however, where αi < 0, one of the
solutions (3.28) has a positive imaginary part, which results in the exponential growth
eIm(ω)t of the perturbation. After a finite time the perturbation becomes so large,
that the linear approximation is no longer valid.

The non-isothermal case is more difficult to analyze, since the dispersion relation
is cubic in ω:

(ω2 +
4
3
iνiβ

2ω − αβ2 − ρiKβ4)(cvρiω + ikiβ
2)− Ti

ρi
ζ2
i ωβ2 = 0. (3.29)

In this expression

ζi =
(

∂p

∂T

)

ρ,i

.

The first term between parentheses on the left-hand side of (3.29) is the determinant
of the system of linear equations in the isothermal case. It follows that when either
specific heat cv or heat conduction coefficient ki or diffusivity ki/cvρi is large, the
situation is physically isothermal. Also, when ζi is small the pressure is hardly in-
fluenced by a change in temperature, and the linearized equation for temperature is
effectively decoupled from the other two equations.

However, in most occasions in the unstable regime of the phase diagram, the last
term in (3.29) is of importance, and the stability behavior of the non-isothermal and
isothermal cases is different. For given values of the parameters of the problem, the
most unstable mode can be determined as that value of β for which ω has the largest
positive imaginary part. Figure 3.4 shows how the imaginary part of the angular
frequency of the most unstable mode varies with the wave number β in the two
cases. The most unstable perturbation grows approximately 100 times faster in the
isothermal case. This explains the difference in behavior found in the simulations
shown in Figs. 3.2-3.3. The stability analysis shows that the values of the capillarity
coefficient and viscosity do not have any influence on this result, whereas the value of
thermal conductivity does.

The linear stability analysis has also been used to validate the numerical sim-
ulation method. To this purpose, two one-dimensional simulations have been run
with an initial, small sinusoidal perturbation with wave number corresponding to
the largest Im(ω) for the isothermal and the non-isothermal case respectively. The
two simulations are shown in Fig. 3.5 at various instants of time. In the non-
isothermal case the instants of time plotted are approximately 100 times larger. Since
the amplitude of the initial perturbation grows in every time step as eIm(ω)∆t, the
growth rates can be determined numerically from the change in amplitude of the
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Figure 3.4. Imaginary part of the angular frequency of the most unstable mode according to
linear stability theory, as a function of the nondimensional wave number in the isothermal
(solid line) and non-isothermal case (dashed line). L is the length of the domain.

perturbations. By denoting the amplitude by A(t), the growth rate is calculated as
Im(ω) = (1/∆t) log[A(t + ∆t)/A(t)].
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Figure 3.5. One-dimensional simulation with initial perturbation superposed onto the un-
stable value of mass density ρ = 120 kg/m3 (dotted line), in the isothermal (a) and non-
isothermal (b) situation. The wave length of the initial perturbation corresponds, in both
cases, to the largest positive value of Im(ω). The dot-dashed, dashed and solid lines refer
to subsequent arbitrary instants of time, namely t = 1.2 µs, t = 1.5 µs, t = 1.7 µs in a,
t = 0.11 ms, t = 0.12 ms, t = 0.135 ms in b.

In Fig. 3.6 the calculated imaginary part of the angular frequency is plotted for
a number of time steps. Comparison with the highest theoretical value in Fig. 3.4
shows good approximation of the results predicted by linear stability analysis in both
simulations, until the perturbation becomes so large that the results of the linear
stability analysis can no longer be applied.
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Figure 3.6. Calculated growth rate of the initial perturbation for the simulations in Fig. 3.5
versus time. a Isothermal case. b Non-isothermal case.

3.5 Two-dimensional simulations

In this section, we show two-dimensional, non-isothermal simulations for the following
two-phase flows: the retraction of a non-circular drop, the direct-contact evaporation
of a circular drop, and the head-on collision of two identical circular drops. In all
cases the liquid phase is immersed in the vapor phase, which initially is at rest.
The problems of the drop retraction and drop collisions are typical test cases in the
literature on numerical multi-phase models, and they are generally treated under the
assumption of isothermal conditions. Here we remove this assumption and study the
effect of heat conduction on drop dynamics.

The three test cases have the following purposes. The drop retraction problem has
been chosen to validate the numerical method by comparing the numerically obtained
value of surface tension with its theoretical value. The test case of the evaporation of
a circular drop is meant to study the effect of latent heat. Finally, the drop collision
case serves to analyze the effect of the temperature field for various values of the
Weber and Prandtl numbers.

For all simulations shown the computational grid is Cartesian and uniform, and
symmetry boundary conditions are applied at all boundaries. If initial conditions
have reflectional symmetry in both directions, the solution will retain this symmetry
in time, and the simulations can be performed on a quarter of the domain.

3.5.1 Drop retraction

In what follows we discuss the classical problem of the retraction of a non-circular
liquid drop surrounded by its vapor. The initial conditions are as follows. The initial
temperature is taken constant and slightly below its critical value. The corresponding
values of saturation pressure and mass densities in the bulk phase can be calculated
from the isothermal Van der Waals equation of state (3.6) by applying Maxwell’s rule
of equal areas (Aifantis and Serrin, 1983a). The initial velocity is set to zero. The
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initial condition for the mass density is of the form:

ρ(x, y) = ρav −∆ρ tanh
(

100
(x− x0)2 + 2(y − y0)2

x2
0 + y2

0

− 3
)

, (3.30)

where ρav and ∆ρ are, respectively, the average and the difference of the mass densities
of the liquid and vapor in equilibrium at the actual temperature, and x0 and y0 are the
coordinates of the center of the drop. This initial condition corresponds to an elliptical
diffuse interface, but the width of the interface is much larger than its equilibrium
value.

If the Bond number Bo = gR2∆ρ/σ is assumed small enough to neglect gravity
(g being the gravitational acceleration, R an average radius of the non-circular drop,
and σ a reference value of surface tension) and no other external force is present,
the equilibrium state is solely governed by interfacial forces. To be in mechanical
equilibrium, the liquid drop must have uniform curvature. If this is not the case, the
pressure gradient and the capillary forces at the interface are unbalanced, giving rise
to a nonzero velocity field in the vicinity of the interface that tends to reshape the
drop into a circle. Hence, due to the initial non-uniform radius of curvature along
the interface, the drop will start deforming and oscillating about the circular shape
with decreasing amplitude because of the damping exerted by viscosity (Miller and
Scriven, 1968). After a long time a steady state is reached, in which the drop has a
circular shape.

In Fig. 3.7 isolines of the mass density in the initial state and in the final steady
state are shown. At the steady state mechanical equilibrium at the interface is de-
scribed by the Laplace equation, which reads in two dimensions:

pl − pv =
σ

R
, (3.31)

where pl and pv denote the pressure in the liquid and in the vapor bulk phase re-
spectively, R is the radius of the drop, and σ is the surface tension coefficient for the
steady-state value of temperature.

Typically, the drop-retraction problem is used in the literature to test compu-
tational methods that adopt different approaches in simulating the dynamics of the
interfaces. To this purpose, the isothermal assumption is most often made, since it
allows to validate numerical results by measuring the value of the surface tension from
models that depend on the rheology of the fluids. An example of this application can
be found in Yue et al. (2004).

In Pecenko et al. (2010), two- and three-dimensional simulations of the isothermal
drop-retraction problem have been presented and discussed. In such a case the set
of governing equations consists of continuity and momentum equations (3.20), (3.21),
plus the Van der Waals equation of state (3.6). The isothermal approximation was
justified because of the choice of near-critical initial conditions: latent heat involved
in phase changes occurring at a temperature close to the critical is small, and the
related temperature variation can be reasonably neglected. When an equation for
the total energy is included, we expect that the value of temperature at steady state
will be very close to the initial, near-critical value. The number of time steps needed
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Figure 3.7. Retraction of an elliptical liquid drop surrounded by its vapor. a Initial state.
b Steady equilibrium state. The interface is represented by means of lines of constant mass
density in kg/m3 units. Lengths are in arbitrary units. The overall domain measures 2× 2.
Prandtl number is approximately equal to 1.

to reach a state that can be considered as steady can be large, depending on the
ratio of viscous to capillary forces, but also, for the non-isothermal situation, on the
relative importance of the rates of momentum and thermal energy diffusion, i.e. on
the value of the Prandtl number. The larger the value of Pr, the longer it will take
to reach thermal equilibrium. For the drop-retraction case, however, we show results
for Pr ' 1. The effects of a higher Prandtl number will be discussed for the binary
droplet collision test case later.

Simulations have been performed on three grids with 200, 400 and 800 grid points
in each of the coordinate directions. In Fig. 3.8 we show the time evolution of the
temperature profile on the horizontal axis of symmetry for the case with 4002 grid
points and for half of the domain length in the x-direction. Starting from a uniform
initial profile, temperature distribution soon becomes non-uniform in the vapor phase.
Values of temperature are in both phases slightly lower than the initial condition. This
is due to the evaporation of part of the liquid phase, when the drop contracts from
the initial shape under the action of surface tension. Because of thermal resistance
in the vapor, temperature in the vapor phase is lower in the vicinity of the interface,
and increases in the direction of the bulk vapor phase. This is well predicted by the
simulation where, due to (3.25), heat conductivity is proportional to mass density.
For the same reason, the temperature profile inside the drop, where mass density
variations are negligible, remains homogeneous, and after a transient reaches a value
that hardly changes with time. This result is in agreement with the well-known fact
that heat diffusivity in liquids is generally small. The process that eventually leads
to a steady-state profile (not shown in the figure) is slow because of wave reflections
from the boundaries.

Since surface tension is a property of the substance that solely depends on tempera-
ture, it is possible to calculate its value based on the results of the numerical simulation
and compare it with the theoretical value. By applying the Laplace equation (3.31) at
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Figure 3.8. Drop retraction simulation. Temperature profile on a horizontal line through
the center of the drop, at arbitrary subsequent times. Due to symmetry, only half of the
length of the domain is considered. x = 1 denotes the center of the drop.

the steady state, the simulation with 4002 grid points yields σ = 0.297 ± 0.009 N/m
for surface tension. The uncertainty is due to the adoption of a rectangular mesh.
This causes the shape of the interface to be never exactly circular. The theoretical
value of surface tension can be calculated as

σ =
√

2
∫ ρ2

ρ1

[K∆f(ρ)]
1
2 dρ , (3.32)

where ∆f(ρ) denotes the excess Helmholtz free energy density when a unit volume of
a mixture of liquid and its saturated vapor with average mass density ρ is converted
into a uniform phase of the same mass density (Cahn, 1959). For given capillarity
coefficient K, temperature and equation of state, the integrand in (3.32) can be esti-
mated as described in Pecenko et al. (2010). For our choice of K and the parameters
in the equation of state (3.6), relation (3.32) gives, at the same temperature previ-
ously considered for the numerical estimation, the value σ = 0.29718 N/m, which is
very close to the result obtained with (3.31) in the above.

Finally, a grid-convergence analysis is shown in Fig. 3.9 in terms of the time
evolution of the drop radius in the x−direction. The results for the two finest grids
almost collapse due to the quadratic accuracy of the space discretization scheme
adopted.
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Figure 3.9. Drop retraction simulation. Time evolution of the drop radius measured in the
x−direction, for various grid refinements. Solid line: 8002, dashed line: 4002, dot-dashed
line: 2002 grid points. Time is expressed in arbitrary units.

3.5.2 Direct-contact evaporation of a drop

Consider a flow consisting of liquid and vapor phase of the same component in a fixed
domain. Depending on the initial thermodynamic state of the two phases, phase
change is possible from vapor to liquid and viceversa. Since latent heat plays a role
at the boundary between the two media affected by phase change, it is customary in
the literature to refer to such situation as direct-contact phase change. In order to
study the effect of latent heat in the two-phase model adopted in the present work,
the test-case of the evaporation of a circular liquid drop surrounded by the pure vapor
phase at rest has been simulated as an example of phase change where latent heat is
the predominant source of heat exchange.

Initially, the liquid inside the drop is assumed to be at saturation conditions at a
prescribed temperature Tl0 , where the subscripts ’l’ and ’0’ denote the liquid phase
and the time t = 0. The initial pressure in the liquid phase, pl0 , and in the vapor
phase, pv0 , are both equal to the saturation pressure psat(Tl0), which is calculated
from the isothermal Van der Waals equation for Tsat = Tl0 . The vapor is initially in
a superheated state with temperature Tv0 = Tl0 + 50 K. In both phases the initial
value of mass density follows from the equation of state. For both temperature and
mass density the initial values in the bulk phases are connected by smooth functions
which extend over a length on the order of 10% of the drop radius. The initial
velocity is set to zero in the entire computational domain. The Prandtl number is
assumed constant throughout the simulation and equal to the value taken for the drop
retraction simulation. The simulation has been performed on a grid with 4002 nodes.
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The prescribed initial conditions result in evaporation of the drop. In Fig. 3.10
lines of constant mass density are shown at subsequent instants of time, until the
drop has completely evaporated.

In Fig. 3.11 the temperature field is depicted at the initial instant of time and
at a time just after the complete evaporation of the drop. The concentric isotherms
in Fig. 3.11b result from reflections at the rectangular boundaries around the drop,
and correspond to the mass density waves similar to those observed experimentally
in the generation of ring-shaped shock waves (Hoefer et al., 2006). Although not
included in these figures, a steady state of quiescent vapor at constant mass density
and temperature is eventually reached, when reflection waves from the boundaries
have been damped away by the action of viscosity.

In Fig. 3.12 profiles of mass density and temperature along the horizontal line of
symmetry of the domain are plotted for half of the domain length and at different
times. It can be observed that the temperature profile remains homogeneous inside
the drop, so that the largest temperature gradient is exactly located at the outer
side of the interfacial layer. In the bulk vapor phase, the temperature gradient is
almost uniform for each of the times depicted, and the profile of temperature has a
smooth shape. This behavior of the temperature field is in good agreement with the
conclusions in Lee and Ryley (1968): the heat needed for evaporation is transported
by convection from the bulk vapor phase to the interface, where conduction becomes
the predominant mechanism of heat transfer. On the liquid side of the interface,
however, heat diffusivity is small compared to the vapor phase, thus the temperature
inside the drop remains homogeneous and close to the initial value. Once the drop has
completely evaporated, the temperature field evolves towards equilibrium by means
of thermal waves that reflect on the boundaries, as seen in Fig. 3.11b. The action of
viscosity will eventually dissipate all oscillations, and the system will reach a steady
state.

3.5.3 Head-on binary drop collision

In many industrial and environmental applications collision of droplets plays an im-
portant role. Therefore, the dynamics of colliding droplets was studied extensively,
in particular experimentally and at isothermal conditions. In the literature various
categories and subcategories of drop collision have been recognized, which are iden-
tifiable with the role of dimensionless driving parameters. A report of experimental
results on binary collision of water drops can be found, for instance, in Ashgriz and
Poo (1989). In Chesters (1991), the dynamics of flow-driven particle collision, film
rupture, coalescence is described analytically.

From a numerical point of view, simulating the rupture of the drop interfaces
before coalescence may require special treatments in certain multiphase models. For
instance, in Nobari et al. (1996), where a front-tracking method is used, the interface
has to be artificially ruptured at a prescribed time to make coalescence possible. In
Pecenko et al. (2010), we have shown numerical simulations of binary drop collisions,
for both the head-on and the off-centered type, where we have used the isothermal
version of the diffuse-interface model described in this paper. Unlike sharp-interface
methods, the diffuse-interface model does not require explicit reconnection of the
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Figure 3.10. Evaporation of a circular drop. Mass density distribution at different times.
Top-left: initial condition. Bottom-right: after complete evaporation of the drop. The other
snapshots refer to arbitrary instants of time in between. Lengths are in arbitrary units. The
overall computational domain measures 2 × 2. The Prandtl number is approximately equal
to 1.
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Figure 3.11. Drop evaporation simulation. Lines of constant temperature at the initial
state (a) and after complete evaporation of the drop (b).
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Figure 3.12. Drop evaporation simulation. Profiles of mass density (a) and temperature
(b) on a horizontal line through the center of the drop at different stages of the simulation.
Time t = 800 (dash-dotted line) is after complete evaporation of the liquid phase. The x-
coordinate is normalized with half of the length of the domain. The center of the drop is
located at x = 1.
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interface at the moment of the closest approach of the two drops, and allows the
break-up of a drop into two smaller drops to occur automatically. Since coalescence of
drops occurs because of the attractive forces between the molecules on the outer layer
of the interfaces, the isothermal diffuse-interface model has shown to be particularly
suitable as these forces are already included in the mathematical formulation of the
model. Here, we intend to extend this approach to the non-isothermal situation.

For not too low values of the Reynolds number and for isothermal head-on colli-
sions of spherical drops, the parameters characterizing the dynamics are the diameter
ratio and the Weber number. The latter is defined as (Ashgriz and Poo 1989)

We =
ρV 2Ds

σ
,

with ρ the drop mass density, V the magnitude of the relative impact velocity of the
drops, and Ds the smaller drop diameter.

If both drops have equal size D, then We = ρV 2D/σ is the only parameter
that affects the way collision takes place (Schotland 1960), since it represents the
ratio of the kinetic to the interfacial energy. The larger this ratio, the stronger the
deformation of the drops will be. For given drop size and physical properties of the
fluid, the magnitude of We, hence the type of head-on collision, solely depends on
the magnitude of the relative velocity.

However, in the non-isothermal case it stands to reason to expect that temperature
will affect the collision dynamics. In the present paper no external heat source is
considered, but, since we adopt a non-isothermal model, the velocity and temperature
fields are coupled. In order to capture the dynamic effect of the time evolution of the
temperature field on the collision process, simulations have been performed for two
values of the Prandtl number, namely Pr = 1 and Pr = 150.

In all simulations the initial temperature has again been taken uniform and close
to its critical value. Also, the initial values of the mass density in the two bulk
phases are the same as in the drop retraction case. In order to set the drops in
motion, a rigid-body velocity is applied to both drops at the initial time parallel to
their center-to-center line, whereas the vapor is at rest. This kind of step-like initial
condition on the velocity field, although irrealistic, is here assumed for simplicity. In
all simulations the centers are placed slightly further than one diameter apart, as it
can be seen on Fig. 3.13. The amount of collision energy depends on the magnitude
of the velocity impulse given to the drops and on the loss caused by friction in the
ambient fluid. However, the magnitude of the initial relative velocity is taken here as
reference value in the estimation of the Weber number. Since each drop has V/2 as
initial velocity magnitude, the value of velocity used to calculate We is simply given
by 2(V/2) = V . Thus, the initial configuration is the same for all simulations and
is shown in Fig. 3.13. Symmetry boundary conditions are applied on all boundaries.
Since the solution has reflectional symmetry in both directions, only a quarter of the
domain is simulated. The computational grid is Cartesian and uniform, and has 400
points in each direction.

In Fig. 3.14 the case with We = 1.2 and Pr = 1 is shown. Due to the enhanced
condensation conditions caused by the initial velocity field, coalescence occurs and
is permanent, although the amount of kinetic energy at impact is not high. After
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Figure 3.13. Configuration at time t = 0 for all two-dimensional head-on drop collision
simulations shown in the following. The liquid droplets are identical and immersed in their
vapor. Here only the isoline of mass density at the average value of the liquid and vapor
mass density is shown. Lengths are in arbitrary units.

conversion of the kinetic energy of each drop into surface energy, the resulting single
drop reaches a maximum deformation, at which energy conversion starts acting in
the opposite direction. Next, a similar process of oscillating shape develops as in the
drop retraction test case. Viscous dissipation eventually damps the oscillations, and
a steady circular drop remains. Since the total mass is conserved, the radius of the
final drop depends on the total initial mass in the domain and on the values of mass
density in the bulk phases.

Next, a larger Prandtl number is used, keeping We unchanged. Results are shown
in Fig. 3.15. The drops are only slightly deformed during their motion, but they do not
coalesce, although their initial kinetic energy is the same as in the previous simulation.
The different behavior can be explained with the behavior of the temperature field
(see Fig. 3.16). One of the consequences of the boundary conditions is the reflection of
mass density waves at the boundaries. Via de Van der Waals equation, mass density
is connected to temperature. In the non-isothermal computations of this paper, mass
density waves turn out to be connected to temperature waves. Although the initial
condition is isothermal, temperature at the interface changes rapidly because of the
condensation enhanced at the frontal end of a drop, which is the end moving towards
the other drop, and because of the evaporation at the back end. This is clearly seen
in the top picture of Fig. 3.16. At the frontal end temperature is increased, due
to condensation, at the rear end temperature is decreased due to evaporation. In
between the two drops, compression of the vapor layer leads to local temperature
increase. These temperature changes cause fluctuations that travel in the form of
waves in the fluid and are reflected at the boundaries. Temporal changes of the
temperature are induced at each location in the computational domain. In the bottom
picture of Fig. 3.16 the temperature peaks near the boundaries of the computational
domain are caused by the traveling temperature wave. In the center of the domain,
a similar wave propagation has occurred. A particularly interesting feature of these
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Figure 3.14. Head-on drop collision with We = 1.2 and Pr = 1. From left to right and
top to bottom: time evolution of the simulation at arbitrary subsequent times. The isoline of
mass density is shown at the average value of the liquid and vapor mass density.

x

y

0 0.4 0.8 1.2 1.6 2
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

x

y

0 0.4 0.8 1.2 1.6 2
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

x

y

0 0.4 0.8 1.2 1.6 2
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

x

y

0 0.4 0.8 1.2 1.6 2
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

x

y

0 0.4 0.8 1.2 1.6 2
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

x

y

0 0.4 0.8 1.2 1.6 2
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

Figure 3.15. Head-on drop collision with We = 1.2 and Pr = 150. From left to right and
top to bottom: time evolution of the simulation at arbitrary subsequent times. The isoline of
mass density is shown at the average value of the liquid and vapor mass density. The last
picture depicts the steady state.
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Figure 3.16. Temperature profiles along the horizontal symmetry axis of the domain for the
drop collision simulations at We = 1.2 shown in Figs. 3.14-3.15. The profiles refer to two
instants of time when the drops are still approaching each other. Solid and dash-dotted lines
denote the lower and the higher value of the Prandtl number, respectively.
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pictures is the effect of the Prandtl number: in the simulation at low Pr, heat is
easily diffused to the surroundings, wheras at the higher Prandtl number this process
is hampered. Hence, temperature differences and temperature gradients are higher
in the high-Prandtl case, and the persistence of temperature peaks locally leads to
a larger pressure between the two drops. Although this local increase in pressure is
partially compensated by the capillary forces to ensure local mechanical equilibrium,
it results, however, in a local velocity field that increases the distance between the
two drops. We recall, however, that our computations are two-dimensional, which
hampers comparison with experimental results.

In order to provide more favorable conditions for coalescence, we increased the
Weber number to We = 45. The value of the Prandtl number has been kept the
same as in Fig. 3.15. Results are shown in Fig. 3.17. Because of the higher value of
the relative impact velocity V , the amount of kinetic energy at the moment of the
collision is large enough to obtain a stronger elongation of the drops in the vertical
direction. During this process the vapor film between the two drops becomes thinner
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Figure 3.17. Head-on drop collision with We = 45 and Pr = 150. From left to right and
top to bottom: time evolution of the simulation at arbitrary subsequent times. The isoline of
mass density is shown at the average value of the liquid and vapor mass density.

and thinner, until the distance between the two interfaces is so small that molecular
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attractive forces lead to rupture of the interfacial film and coalescence. Then, the
waist of the drop that has been produced by coalescence is continuously squeezed
and stretched, converting kinetic energy into interfacial energy and back. A steady
state will eventually be reached by means of the usual mechanism of oscillations of
decreasing amplitude under the action of viscosity. The vapor inclusions inside the
drop, which have been observed experimentally, are a consequence of the hampered
diffusion of heat at Pr = 150. Later, the two inclusions collapse into a single small
bubble, which eventually condenses.

It is well known from experiments that deformation after collision may be so strong
to cause the pinch-off of drops. To investigate this, we have further increased the
Weber number to We = 124 and repeated the simulation for Pr = 1 and Pr = 150.
The case with Pr = 1 (Fig. 3.18) shows that, during the process of conversion of
kinetic into surface energy after coalescence, the drop does not reach a maximum
deformation but continues to stretch. Eventually, the central neck becomes so thin
that its surface tension energy can no longer compensate the residual part of the
kinetic energy. Hence, the drop separates into two smaller, identical drops plus a
satellite droplet in between. From this time on, the system configuration consists
of three drops, each oscillating around its equilibrium shape. The formation of the
satellite droplet is experimentally known (Bradley and Stow 1978, Ashgriz and Poo
1989). In steady state only the larger drops persist, while the satellite drop has
evaporated.

In the simulation at the higher Prandtl number (Fig. 3.19), the drop created by
coalescence is stretched in the direction perpendicular to the collision trajectory until
a maximum vertical elongation is reached, beyond which the drop begins to contract
and expand alternately according to oscillation modes of decreasing amplitude. Hence,
the simulation again differs from the previous case at the same We because of the
effect of the higher value of the Prandtl number. While the drop is reaching the
maximum deformation, the increase in interfacial area and, therefore, in interfacial
energy, occurs at the expense of the energy content of the surroundings. The related
local decrease in temperature, which would be quickly diffused in the case of low
Pr, here results in a local rise of the surface tension. Thus the neck can stretch,
without tearing apart, up to the maximum elongation of the drop, after which the
usual oscillatory dynamics gradually leads to a circular steady state. Note again, like
in the high Pr simulation of Fig. 3.17, the presence of two small bubbles trapped
inside the liquid phase during the coalescence process.

3.6 Conclusions

In this work, we have extended the numerical method that we have developed for
isothermal simulations of phase-transitional flow of a Van der Waals fluid (Pecenko et
al., 2010) to non-isothermal simulations. This method is based on the diffuse interface
approach. Hence, the presence of the interface, which is modeled as a layer of fluid
of finite thickness, is accounted for by the second-order, frame-invariant Korteweg
tensor of capillary stresses. The non-classical terms in the energy equation related to
two-phase flow are the rate of working done by the capillary tensor, and the energy



3.6 Conclusions 57

x

y

0 0.4 0.8 1.2 1.6 2
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

x

y

0 0.4 0.8 1.2 1.6 2
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

x

y

0 0.4 0.8 1.2 1.6 2
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

x

y

0 0.4 0.8 1.2 1.6 2
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

x

y

0 0.4 0.8 1.2 1.6 2
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

x

y

0 0.4 0.8 1.2 1.6 2
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

x

y

0 0.4 0.8 1.2 1.6 2
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

x

y

0 0.4 0.8 1.2 1.6 2
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

x

y

0 0.4 0.8 1.2 1.6 2
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

Figure 3.18. Head-on drop collision with We = 124 and Pr = 1. From left to right and
top to bottom: time evolution of the simulation at arbitrary subsequent times. The isoline of
mass density is shown at the average value of the liquid and vapor mass density. The last
picture depicts the steady state.
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Figure 3.19. Head-on drop collision with We = 124 and Pr = 150. From left to right and
top to bottom: time evolution of the simulation at arbitrary subsequent times. The isoline of
mass density is shown at the average value of the liquid and vapor mass density.
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flux through the interface due to the density gradient. Since in our formulation of the
diffuse-interface approach there is no artificial spreading of the interface thickness and
the computational grid is uniform, the physical interface thickness should not be too
small compared to the size of the simulation domain. Therefore, application of the
method is restricted to temperatures close to the critical temperature. This implies
that the ideal gas approximation has to be replaced by a non-monotonic equation of
state like the Van der Waals equation.

The dispersive nature of the Korteweg tensor can lead instability of the numer-
ical method when the grid is relatively coarse. The adoption of the Van der Waals
equation of state, however, alters the mathematical nature of the system of govern-
ing equations, as it introduces a source of ellipticity in the governing equations. A
one-dimensional linear stability analysis of the governing equations shows that the
sensitivity of the solution to small perturbations in the unstable part of the phase
diagram is significantly altered compared to the isothermal case. Depending on the
coefficient of heat conduction, the growth rate of the most unstable perturbation can
be decreased by a factor of 100 in the non-isothermal situation.

The numerical method is based on a finite-volume discretization, and makes use
of a Total Variation Diminishing time-integration technique that has been applied
before in problems of elliptical nature, and that we have already adopted for the nu-
merical simulation of the isothermal problem. In this paper, the method has been
tested on one- and two-dimensional problems. The one-dimensional simulations have
shown that the method remains stable even when a physically unstable initial con-
dition is prescribed. The two-dimensional simulations considered in this paper have
been chosen for various reasons. The retraction of a non-circular drop in near-critical
conditions has served to check the accuracy and the grid-convergence of the method,
by taking the surface tension coefficient as reference quantity. The simulation of
the evaporation of a circular drop by direct contact with its superheated vapor has
tested the numerical method in a case where a temperature gradient leads to a phase
change with non-negligible latent heat, and therefore yields significant variations in
the temperature distribution. Finally, several simulations of the head-on collision of
two identical, circular drops surrounded by vapor, in a near-critical initial thermo-
dynamic state, have been performed. In these simulations, the combined influence
of the Weber number and the Prandtl number on the collision dynamics has been
analyzed. The results show that the values of these two numbers can have a large
effect on the occurrence of coalescence and on the formation of satellite drops after
coalescence. The different temperature distribution due to a different value of the
Prandtl number affects both the pressure field, through the equation of state, and the
surface tension, which depends on the local value of temperature, and in this way the
dynamics of the collision process. These simulations have shown the capabilities of
the numerical method to predict typical features of phase-transitional flow, such as
coalescence, bouncing and pinch-off.

The method that we developed can be regarded as a stable and accurate simulation
tool for non-isothermal two-phase flow, which works well for cases where latent heat
is important. Furthermore, it needs no artificial smoothing of the interface and no
local grid refinement. However, in order to keep the number of grid cells limited, the
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method is applied to situations where the interface thickness is comparable with the
size of the simulation domain.



Chapter 4

Filtering approach for
isothermal two-phase flow
with a diffuse-interface model

4.1 Introduction

This chapter describes a study on the combination of the Diffuse Interface Method
for isothermal two-phase flow, treated in Chapter 2, and the large-scale simulation
approach, which in the literature on turbulent flow is known as Large Eddy Simulation
(LES). LES, which earliest applications date back to the late ’60s and early ’70s,
differs from Direct Numerical Simulation (DNS) in the range of length scales of the
flow quantities that are actually calculated. While DNS provides the flow field up to
the smallest length scales present in the flow, LES aims to solve the large-scale part of
the solution, and to model the effects of the small scales on the resolved scales. From a
physical point of view this approach is possible, since the non-universal character of a
specific flow (energy content, geometric effects, anisotropy) is exhibited by the larger
scales, whereas the smallest scales represent, to some extent, a universal, dissipative
effect (Kolmogorov 1941). Large Eddy Simulation allows the calculation of turbulent
flows at much higher Reynolds numbers than possible with DNS. Solving such flows
by DNS is unfeasible, as the required computational grid is far too fine.

LES does not calculate an ensemble-averaged solution, as, for example, the RANS
(Reynolds-Averaged-Navier-Stokes) approach does. In RANS the effects of all turbu-
lent scales on the average flow are modeled. In contrast, in LES the large-scale part
of the solution is calculated and this is still time dependent.

Building up an LES for a given flow problem consists of several steps. The first step
is the decomposition of the flow variables into a large-scale and a residual contribution.
Mathematically, this operation is carried out by applying an analytical filter operator.

The second step is the derivation of the filtered governing equations, that describe
the evolution of the large-scale flow field. This step is done analytically and yields
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subfilter-scale terms, which are mainly due to filtering the nonlinear terms of the
equations. Their common feature is the impossibility to express them in terms of the
filtered flow variables only.

The next step is to convert the filtered equations into a discretized form suitable
for a numerical solution method. To this purpose, the filter operator has to be put
into a discrete form, and a grid resolution has to be chosen adequately in relation to
the width of the filter.

The final step consists of closing the system of discretized filtered equations by
modeling the effects of the part of the flow field that lies beyond the resolution limits
of LES on the resolved scales, and is commonly referred to as subgrid-scale modeling.
Modeling the subgrid terms is the undisputed challenge of LES.

Not much research on LES of compressible two-phase flow can be found in lit-
erature. Most of the work concerns the interaction between the turbulence and the
dynamics of the interface. Some studies have been carried out on the subgrid terms
for isothermal two-phase flow with a sharp-interface approach (Labourasse et al.,
2007). In this chapter the quality of well-known models for subgrid terms in single-
phase flow will be assessed for the two-phase subgrid terms produced by filtering
the diffuse-interface equations described in Chapter 2. As a reference test-case the
isothermal drop retraction DNS has been chosen, because the attention can then be
focused on the interfacial terms, which are functions of the mass density but not of
the velocity field.

The drop retraction simulation has a low Re (see Chapter 2), and can hardly
be considered turbulent. However, it is here postulated that the two-phase subgrid
terms do not strongly depend on the type of flow. Furthermore, Liu et al. (1994) have
shown that several conclusions drawn by comparing low-Re LES with experimental
data do not significantly change when Re is increased.

The chapter is structured as follows. In Section 4.2 the DIM governing equations
are briefly recalled. Section 4.3 presents the full analytical derivation of the filtered
equations, a discussion of the subfilter-scale terms, and an introduction to the issue
of the grid resolution in relation to the filter width. Section 4.4 describes in detail
the so-called a priori analysis of the two-phase subgrid terms. In Section 4.5 a brief
explanation of the main differences between implicit and explicit filtering for LES
is made, before describing the filtering procedure adopted here in the calculation of
the filtered solution. This solution is then compared to the solution obtained from
filtering the DNS data, for what is called a posteriori analysis. Section 4.6 contains
the main conclusions of the work.

4.2 The unfiltered governing equations

In this section, the system of governing equations of isothermal two-phase flow with
the Diffuse Interface Method (DIM) is briefly recapitulated. In Chapter 2 the main
features of this method have been outlined. The DIM is characterized by the use of
a second-order, frame-invariant tensor of the interfacial capillary stresses, commonly
attributed to Korteweg (Korteweg 1901). A variational procedure leads to the most
general expression of Korteweg’s tensor for the two-phase flow of one component under
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the isothermal assumption, namely

T = {−ρ2f0
ρ + ρK(ρ)4ρ +

1
2
(ρK(ρ))ρ|∇ρ|2}I − K(ρ)∇ρ⊗∇ρ , (4.1)

where ρ2f0
ρ is the thermodynamic pressure p, K(ρ) a capillarity coefficient, 4ρ the

Laplacian of ρ, I the identity tensor, and the subscript ρ denotes derivative with re-
spect to mass density. The usage of (4.1) requires an explicit expression for the gradi-
ent energy coefficient K(ρ) that appears in the interfacial energy density 1

2K(ρ)|∇ρ|2.
The choice

K(ρ) = c/ρ , (4.2)

c being a constant, leads to the most simple form of the tensor T, since substitution
of (4.2) in (4.1) yields

T = {−p + c4ρ}I − c

ρ
∇ρ⊗∇ρ . (4.3)

This choice is particularly beneficial in the context of filtering, as the highest order
spatial derivative in the tensor becomes linear, which avoids, as will be shown later,
the presence of an extra subfilter-scale term in the derivation of the filtered equations.

Also beneficial to the derivation of the filtered equations is the adoption of the
conservative form of the governing equations, as this enables the straightforward ap-
plication of the so-called Favre filter for the velocity components. This filter avoids
the presence of subfilter-scale terms in the continuity equation.

Thus, the system of governing equations reads

ρt + ∇ · (ρu) = 0 (4.4)

for conservation of mass, and

(ρu)t + ∇ · (ρuu) = ∇ · (d + T) (4.5)

for conservation of momentum. The subscript t denotes time derivative, u is the
velocity vector, d is the viscous stress tensor for a Newtonian fluid

dij = µ(ρ)
(

∂ui

∂xj
+

∂uj

∂xi

)
+ η(ρ)(∇ · u)δij , (4.6)

with µ the dynamic viscosity, δij the Kronecker tensor and η the second viscosity
coefficient. The latter is taken according to Stokes’ hypothesis η = −(2/3)µ. The
form chosen in Chapter 2 for µ(ρ) is retained here:

µ(ρ) = c1ρ . (4.7)

Finally, the compressible nature of the flow requires an equation of state for the
pressure. Since we restrict our analysis to liquid-vapor flows in the vicinity of the
critical point, the adoption of the Van der Waals equation of state is the most natural.
Thus, the system of governing equations is closed by the relation

p(ρ) =
RT

M − bρ
ρ − a

M2
ρ2, (4.8)
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where R is the universal gas constant, T the absolute temperature, M the molar mass,
and a and b are two constant coefficients empirically determined for the particular
substance.

Equations (4.4), (4.5) and (4.8), together with relations (4.1) and (4.6) and with
appropriate initial and boundary conditions, fully determine the isothermal two-phase
flow of a Newtonian fluid. Hence, these are the equations that have to be discretized
in space and time for the purpose of a Direct Numerical Simulation (DNS) on a
sufficiently fine computational grid. Results of this work for the diffuse-interface
model previously described have been shown and discussed in Chapter 2.

Since in this chapter, as already remarked in the introduction, we intend to explore
the feasibility of a reliable Large Eddy Simulation for isothermal two-phase flow mod-
eled via a diffuse-interface approach, a filtering operator has to be applied to the set
of governing equations. The mathematical properties of this operator are extensively
discussed in the next section.

4.3 Analytical derivation of the filtered equations

In what follows, a filter operator, denoted by an overline, is applied to each term of the
governing equations (4.4), (4.5), (4.8). The general definition of the filtering operation
has been introduced by Leonard (1974) to decompose a function of space and time
f(x, t) into two contributions, both still space- and time-dependent, representing the
wave components of f with wavelength respectively larger or smaller than a prescribed
cut-off value. In physical space this quantity is a length scale commonly referred to
as the filter width ∆, and the filter operation can be regarded as the extraction of the
large-scale part from f .

The decomposition of f into its large- and small-scale parts is not unique but
depends on the choice of the filter function and width. Formally, the decomposition
always reads

f(x, t) = f(x, t) + f ′(x, t) , (4.9)

where the first term on the r.h.s. is the filtered part and the second term the residual
or subfilter-scale part. The mathematical operation of filtering a function f(x, t) over
a domain Ω is linear, and consists of calculating the integral

f(x, t) =
∫

Ω

G∆(x)(x− ξ,x)f(ξ, t)dξ , (4.10)

where the kernel G∆(x) is a function of the vector (x−ξ) and the position x, normalized
over the domain Ω. Hence,

∫

Ω

G∆(x)(x− ξ,x)dξ = 1 .

The dependence of G on the position x means that the filter width ∆ is assumed to
vary with x. This prevents the filtering operation from commuting with differentiation
with respect to spatial coordinates, whereas commutativity with differentiation with
respect to time is satisfied.
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The filter is said to be homogeneous, i.e. G∆ = G∆(x − ξ), if the width ∆ does
not depend on the position, although it can depend on the Cartesian direction. With
this hypothesis the filter operation in (4.10) is the convolution

f(x, t) =
∫

Ω

G∆(x− ξ)f(ξ, t)dξ . (4.11)

This homogeneous filter operator commutes with partial derivatives.
For compressible flow it is customary to use, in addition to the “bar-filter” (4.11),

a density-weighted filter, commonly called Favre filter (Erlebacher et al. 1992), which
is defined for a given flow variable f as

f̃ =
ρf

ρ
. (4.12)

Similarly to decomposition (4.9), a Favre decomposition of the variable f can be
defined:

f = f̃ + f ′′ , (4.13)

where the term with the double prime is the residual. The Favre filter is linear, but
does not commute with partial derivatives unlike the homogeneous bar-filter.

Next, the filtered governing equations are derived. The purpose is to obtain a set
of equations for the filtered flow variables. Through this operation several additional
terms appear in the equations. Application of a homogeneous filter to the continuity
equation (4.4) yields

ρt + ∇ · (ρu) = 0 . (4.14)

By adopting the Einstein summation convention of repeated indices and denoting the
partial derivatives by the subscript xj , the previous equation can be written as

ρt + (ρuj)xj = 0 , (4.15)

where uj is the velocity component in the xj−direction. Definition (4.12) is used to
obtain

ρt + (ρũj)xj = 0 . (4.16)

Note that the filter operation has introduced no extra term with respect to the un-
filtered continuity equation. This is solely due to the adoption of the Favre filter to
the velocity components.

Next, filter G∆ is applied to the momentum equation (4.5). In the following,
the pressure will be separated from the other terms of the capillary tensor (4.3), for
which the notation Tij is used. Therefore, the momentum equation (4.5) in the generic
Cartesian direction xi reads:

(ρui)t = −(ρuiuj)xj − [p(ρ)]xi + (dij)xj + (Tij)xj . (4.17)

Filtering the term on the l.h.s. yields (ρũi)t. The filtered convective term (ρuiuj)
gives by the use of definition (4.12)

ρuiuj = ρũiuj . (4.18)
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In general, ρuiuj 6= ρũiũj . The difference is the so-called residual stress tensor or
subfilter-scale stress tensor

ρτij = ρ(ũiuj − ũiũj) . (4.19)

Many efforts have been devoted to the study of this term in the literature on turbulent
single-phase flow.

Similarly, the other nonlinear terms that appear in equation (4.17) lead to addi-
tional subfilter-scale terms for pressure, viscous and capillary stresses. In the following
of this section, the subfilter-scale terms will be indicated with the short notation SFS.

The complete filtered momentum equation eventually reads

(ρũi)t = −(ρũiũj)xj
− (ρτij)xj

− [p(ρ)]xi
+

− [p(ρ)− p(ρ)]xi + [dij(ρ, ũ)]xj +

+ [dij(ρ,u)− dij(ρ, ũ)]xj
+ [Tij(ρ)]xj

+

+ [Tij(ρ)− Tij(ρ)]xj
,

(4.20)

Beside the convective SFS term ρτij , three other SFS terms appear in this equation.
The presence of the pressure SFS term

p(ρ)− p(ρ)

is caused by the nonlinearity of the equation of state (4.8). This term is absent in
the case of compressible single-phase flow if the ideal gas equation of state, which is
linear, is adopted. Here, bar-filtering the Van der Waals equation yields

p(ρ) = RT

(
ρ

M − bρ

)
− a

M2
ρ2 , (4.21)

whereas
p(ρ) = RT

ρ

M − bρ
− a

M2
ρ2 . (4.22)

The SFS term for the pressure, therefore, is given by the difference between the
right-hand sides of (4.21) and (4.22).

The presence of the viscous SFS term

dij(ρ,u)− dij(ρ, ũ)

is caused not only by the choice of a variable dynamic viscosity, but also by the non-
commutativity of the Favre filter operator with the partial derivative. To show this,
the viscous tensor (4.6) is written after bar-filtering:

dij(ρ,u) = c1

(
ρ

∂ui

∂xj
+ ρ

∂uj

∂xi
− 2

3
δijρ

∂uk

∂xk

)
, (4.23)

where relation (4.7) has been used. All terms on the r.h.s. have the same form, thus
application of definition (4.12) of the Favre filter to, for example, the first term yields

ρ
∂ui

∂xj
= ρ

∂̃ui

∂xj
,
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where a direct dependence on the filtered velocity ũi is yet to be obtained. Inter-
changing the Favre filter with the partial derivative produces a commutation error,
which can be regarded as an extra viscous SFS term, apart from the term due to the
variable µ. The part of the viscous stress tensor that is directly expressed in terms of
the filtered flow variables in the equation (4.20) reads

dij(ρ, ũ) = c1ρ

(
∂ũi

∂xj
+

∂ũj

∂xi
− 2

3
δij

∂ũk

∂xk

)
. (4.24)

Hence, the viscous SFS term dij(ρ,u)−dij(ρ, ũ) arises partly from nonlinearities due
to the dynamic viscosity and partly from non-commutativity of the Favre filter with
partial derivatives.

Analogous considerations can be applied to the tensor Tij . From (4.3) one can
immediately see that the only nonlinear quantity, other than the pressure, is the
tensorial product term. Bar-filtering this term yields

(
c

ρ
∇ρ⊗∇ρ

)

ij

= c
ρxi

ρxj

ρ
+ c

[(
ρxi

ρxj

ρ

)
− ρxi

ρxj

ρ

]
, (4.25)

where the second term on the r.h.s. represents the SFS part of the tensor Tij . The
large-scale part of this tensor thus reads

Tij(ρ) = c

(
ρxixi

− ρxi
ρxj

ρ

)
. (4.26)

All terms on the r.h.s. of the filtered momentum equation (4.20) have now been ana-
lyzed. Up to this point, no discretization of the filtered equations on a computational
mesh has been taken into account. In practice, however, the filtering approach for a
given discrete data set is used in combination with a projection operator that samples
the solution from the original finer grid to a coarser LES grid. By denoting with F∆

the filter operator with width ∆ and with Ph the projection operator that has h as
sampling interval, the filtered flow field is obtained on the grid of spacing h as

û = Ph[F∆(u)] . (4.27)

The most common choices for h are h = ∆ and h = 1
2∆. These choices minimize

the computational cost at the price of a poor resolution of the smallest length scales
in the filtered flow field. Discretization errors, hence, will not only depend on the
accuracy of the numerical method, but also on the ratio ∆/h, which gives the number
of grid points available for the smallest resolved scale ∆ of the filtered flow field.

In the next section, the issue of the discrete calculation of the restricted filtered
DNS data is treated, in order to introduce the a priori analysis of the subfilter-scale
terms. To this purpose, the fully resolved flow field of the isothermal drop retraction
described in Chapter 2 will be filtered and projected.

4.4 A priori analysis

The analytical derivation of the filtered equations has shown that the filtering op-
eration produces subfilter-scale terms, which are absent in the original governing
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equations, and are caused by the impossibility of expressing nonlinear quantities as
functions of the filtered variables.

In the case of LES, where the filtered variables ρ, ũ are calculated on a given grid of
spacing h ≤ ∆ and represent the resolved scales, the effect of the unresolved scales on
the resolved scales has to be modeled, and this is commonly referred to as subgrid-scale
(SGS) model. Such a model is usually an explicit function of the resolved variables.
Therefore, two sources of error, physical and numerical, are associated with LES. The
physical error in LES is clearly dependent on the subgrid-scale model. The numerical
error is due to the discrete representation of the filtered field, and, as remarked in the
previous section, not only depends on the discrete approximation of the derivatives
but also on the ratio ∆/h. In the present work, however, the issue of discretization
errors in LES is not treated. For a discussion of this problem see for example Vreman
(1995), Ghosal (1996), Carati, Winckelmans, and Jeanmart (2001).

In what follows, the term subfilter will be replaced by the term subgrid, since this
term is more customary in the LES nomenclature.

In order to validate a SGS-model, two methods of analysis can be followed, a priori
and a posteriori analysis. The former is treated in this section, while the second is
described in Section 4.5.3.

In a priori analysis no actual LES is performed, but reference data of the unfiltered
flow field, which can be obtained from either DNS or experimental results are required.
In particular, a DNS on a sufficiently fine grid can be regarded as the exact solution.
As shown in Fig. 4.1, the energy spectrum of a turbulent flow decays to zero at high
wave numbers. Therefore, if the grid spacing is much smaller than the smallest scales
that contain significant energy, the effect of the discretization error is kept under
control (Ghosal 1996).

The first step in the a priori analysis consists of filtering the DNS data according
to a given bar-filter kernel G∆, and projecting the filtered quantities on a coarser grid
with grid spacing h, with h ≤ ∆. The energy spectrum associated with the restriction
of the filtered DNS flow field on the coarser grid (thicker solid line in Fig. 4.1) shows
the overall loss in the energy content with respect to the complete flow field. The
unresolved region of the energy spectrum is what the subgrid-scale terms represent.
Since the complete DNS flow field is available, the subgrid-scale terms can therefore
be calculated on the coarse grid, thus providing both the information on their orders
of magnitude and the reference for the subgrid model assessment. The correlation
between the actual SGS term and a model for that term gives the level of agreement
or quality of the spatial structure of the model. Next, the first step in the a priori
analysis is described.

4.4.1 Filtering and projecting the DNS data

In Sect. 4.3 the filter operation has been introduced for continuous variables. In
the case of discrete variables, both filtering and differentiation operators have to be
discretized as well. To this purpose, it is convenient to regard the filtering operation
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Figure 4.1. Example of typical turbulent flow energy spectrum in the wave number space
(from Carati, Winckelmans, and Jeanmart, 2001). Thin solid line: DNS. Thick solid line:
LES. Dashed line: filtered DNS data. The vertical line denotes the filter cut-off wave number.
For simplicity, the discretization is represented as a cutoff filter having the same width as the
bar-filter. The letters denote the energy spectrum of the LES flow field (A), the difference
in the energy spectrum between DNS and the resolved LES field (B), and the portion of the
energy spectrum that is lost in LES due to the unresolved scales (C). The latter region can
therefore be regarded as the part of the energy spectrum which lies beyond the resolution limits
of LES.

of a variable f(x) as a local averaging process on a given sample interval ∆, i.e.

f(x) =
1
∆

∫ x+∆
2

x−∆
2

f(ξ)d(ξ) . (4.28)

The kernel of the corresponding filter, commonly called top-hat or box filter, reads in
three dimensions

G∆(x− ξ) =

{
1

∆3 if |xi − ξi| ≤ ∆/2 (i = 1, 2, 3)
0 otherwise .

(4.29)

The discrete counterpart of f(x) is obtained by calculating the integral on the
r.h.s. of (4.28) in grid point xj by means of a quadrature formula. This yields for a
symmetric stencil with N + 1 grid points centered in xj :

f j =
N/2∑

l=−N/2

wlfj+l , (4.30)

where N = ∆/∆x, ∆x is the grid spacing, and wl are weights that depend on the
choice of the quadrature formula. The trapezoidal rule with N = 2, for example, has
weights w−1 = w1 = 1/4 and w0 = 1/2. If a higher order approximation is required
on the same stencil, Simpson’s weights can be used.
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In the case of filtered DNS data sets, the filtered quantities (4.30) are defined on
each node of the DNS grid. Hence, to the purpose of the a priori analysis, they need to
be restricted onto the coarser LES grid of spacing h ¿ ∆x. This is done by sampling
the nodes xj every h/∆x intervals on the DNS grid. Note that such operation results
in a loss of information, which reflects into an additional discretization error when
calculating partial derivatives in the filtered equations. Not only the choice of the
finite difference scheme, but also the different values that partial derivatives assume
on the finer and on the coarser grid for the same discretization formula will cause
numerical errors.

Furthermore, another source of numerical error introduced by the discrete differ-
ential operator, here denoted by δ, is related to the problem of commutativity between
this operator and the filter. In the continuous filtered equations (4.16), (4.20), the
partial derivatives of bar-filtered variables are exact, meaning that no commutation
error occurs if the order of application of the analytical homogeneous bar-filter ker-
nel G∆ and of the differentiation operator is inverted. Hence, the following property
holds:

∂f

∂x
=

∂f

∂x
. (4.31)

When both differentiation and filter are discrete operators, they should preserve the
property of commutativity in order to allow a direct use of equations (4.16), (4.20).
However, the numerical filter operator (4.30) and the discrete differentiation operator
only commute on the DNS grid, as can easily be shown. The discrete counterpart of
(4.31),

δf

δx

∣∣∣∣
xj

=
δf j

δx
(4.32)

does not hold if the partial derivative is calculated on the LES grid. A Taylor series
expansion shows that the extension of (4.32) to the LES grid introduces a dispersive
error, which acts as an extra subgrid term. Hence, the linear terms of the governing
equations will also yield, after filtering, projecting and discretizing, nonzero subgrid
terms. In the following of this chapter, however, the assumption is made that all
errors of this type are small compared to the modeling error. Next, the subgrid terms
are calculated for the case of the isothermal, three-dimensional drop retraction treated
in Chapter 2.

4.4.2 Subgrid terms for the drop retraction test-case

By top-hat-filtering and projecting the results given by DNS of the isothermal drop
retraction of Chapter 2, pressure, convective, viscous and capillary SGS-terms are
calculated on a given LES grid. For the calculation of the viscous and capillary terms
the spatial derivatives of unfiltered quantities are calculated on the DNS grid, whereas
the spatial derivatives of filtered quantities are calculated on the coarser LES grid.
Two DNS simulations are considered, with 4003 and 2003 points respectively on a
uniform Cartesian mesh. The computational domain is cubic with length L. The
discrete DNS data is filtered by using the quadrature formula (4.30) with weights
according to the trapezoidal rule. The filter width ∆ adopted is the same for both
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DNS data sets, and equal to the LES grid spacing h = L/50, which implies that an
LES grid with 503 points is considered.

The order of magnitude of all SGS terms is monitored during the whole simulation
and quantified by the discrete L2−norm. Results are shown in Fig. 4.2(a). The most
important result of this figure is that the L2−norm of the pressure subgrid term is
an order of magnitude larger than the L2−norm of the capillary subgrid terms. The
magnitudes of the other two subgrid terms are negligible compared to the pressure
subgrid terms. Moreover, the figure shows that, for the test-case considered, there is
no substantial difference between finer and coarser DNS grid for an accurate calcu-
lation of the pressure and the capillary subgrid terms, whereas the viscous subgrid
terms and the subgrid stress tensor are strongly influenced by the DNS grid resolu-
tion. The cause of this difference lies in the dependence of the latter two types of
subgrid terms on the velocity field. Accurate calculation of the velocity field and its
spatial derivatives requires a finer grid than accurate calculation of the mass density.
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Figure 4.2. Time evolution of the L2−norm of the exact subgrid terms for the case of
the isothermal, three-dimensional drop retraction treated in Chapter 2. From top to bottom:
pressure (psg), capillary (Tsg), viscous (dsg) and convective (τ) subgrid terms. (a) 4003

(solid line) and 2003 (dot-dashed line) DNS data sets top-hat-filtered with the same filter
width ∆ and projected onto a LES grid with 503 points. The filter width is taken equal to
the LES grid spacing h. (b) Comparison of the filtered 4003 DNS data set in the cases of
projection onto 503 (solid line) and 1003 (dashed line) grid points. The filter width is again
taken equal to the LES grid spacing. Time is in arbitrary units.

In Fig. 4.2(b) the effect of the filter width ∆ on the magnitude of the subgrid
terms is shown for the finer DNS grid, by varying ∆ and keeping ∆ = h. As could be
expected, the magnitude of almost all subgrid terms increases with the filter width.
This implies that the subgrid model becomes more important if an LES is performed
on a coarser grid. The most important subgrid term, the pressure term, scales ap-
proximately with ∆2. The ratio between the magnitude of the pressure subgrid term
for the two filter width is approximately 3.3. In the first stages of the simulation,
where the solution is still far from equilibrium and consequently the velocity field
is unequal to zero, the convective subgrid terms behave similarly. In contrast, the
capillary subgrid terms are approximately linearly proportional to the filter width.
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Just like the convective subgrid terms, the viscous subgrid terms are only important
in the initial stages of the simulation and in that stage of the simulation they scale
approximately linearly with the filter width.

In the next section, the information provided by the calculations presented here is
used to assess the quality of models for the pressure subgrid contribution

(
p(ρ)− p(ρ)

)

and the capillary subgrid contribution
(
Tij(ρ)− Tij(ρ)

)
, which, from the previous

analysis, appear to be dominant over the other subgrid terms in the test-case studied
here.

4.4.3 Modeling of the two-phase subgrid terms

The previous analysis has shown that during the entire drop-retraction simulation the
two-phase subgrid terms exceed the single-phase subgrid terms by at least two orders
of magnitude. Therefore, in the present work the attention will be focussed on the a
priori analysis of models for the pressure and the capillary subgrid terms.

The order of magnitude of the single-phase subgrid terms should be compared
with the order of magnitude of the filtered terms in order to assess their importance.
For reasons of stability, however, a subgrid model will be adopted for the SGS stress
tensor. Since no solid walls are present in the flow configuration Yoshizawa’s eddy
viscosity model will be adopted. Based on their small order of magnitude, the viscous
subgrid terms will be disregarded altogether.

As recalled in the Introduction, the topic of subgrid modeling for multiphase flow
is not studied in literature on LES as widely as for single-phase flow. Moreover, the
mathematical form of the interfacial subgrid terms depends on the type of multiphase
formulation, sharp- or diffuse-interface. Therefore, two models which have been stud-
ied in the single-phase flow literature on the subgrid stress tensor, namely the gradient
and the similarity model, will be considered here for the interfacial subgrid terms.

The gradient model

The gradient model has originally been developed by Clark, Ferziger, and Reynolds
(1979) for incompressible flow. Here, the mathematical procedure described in Vre-
man (1995) for the derivation of a gradient model for compressible flow is followed.
The starting point is Taylor’s series expansion of the integrand f(ξ) around x that
appears on the r.h.s. of (4.28). Substitution of the Taylor series yields

f(x) = f(x) +
1
24

∆2 d2f

dx2

∣∣∣∣
x

+ O(∆4) , (4.33)

in one spatial dimension, and in three dimensions

f(x) = f(x) +
1
24

3∑

k=1

∆2
k

∂2f

∂x2
k

∣∣∣∣
x

+ O(∆4
k) , (4.34)

where ∆k, k = 1, 2, 3, are the filter widths in the Cartesian directions.
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The pressure subgrid term is defined as

psg = p(ρ) − p(ρ) .

By applying expansion (4.34), the first term on the r.h.s. can be written as

p(ρ) = p(ρ) +
1
24

3∑

k=1

∆2
k

∂

∂xk
(pρρxk

) ,

and, after some calculus,

p(ρ) = p(ρ) +
1
24

3∑

k=1

∆2
k

[
(ρxk

)2pρρ + ρxkxk
pρ

]
, (4.35)

where pρ and pρρ respectively denote the first and second order derivative of pressure
with respect to mass density. Expansion (4.34) can also be applied to the filtered
mass density, giving

ρ = ρ +
1
24

3∑

k=1

∆2
kρxkxk

. (4.36)

Substitution of (4.36) in p(ρ) and Taylor expansion around ρ(x) eventually yields

p(ρ) = p(ρ) +
1
24

3∑

k=1

∆2
kρxkxk

pρ . (4.37)

The pressure subgrid term is obtained by subtraction of the r.h.s. of (4.37) from the
r.h.s. of (4.35), yielding

p(ρ)− p(ρ) =
1
24

3∑

k=1

∆2
k(ρxk

)2pρρ .

This expression still contains the unfiltered mass density, but it can be turned into
an expression in terms of ρ by noting that (4.36) implies ρ = ρ + O(∆2

k). In a similar
way the derivative of pressure can be calculated in ρ. Hence, the gradient model for
the pressure subgrid term psg reads:

pG
sg =

1
24

3∑

k=1

∆2
k(ρxk

)2pρρ , (4.38)

where G denotes the type of model. The model (4.38) is accurate up to O(∆4
k).

An analogous procedure can be followed to derive the gradient model of the cap-
illary subgrid terms

Tij(ρ)− Tij(ρ) = c

[(
ρxiρxj

ρ

)
− ρxi

ρxj

ρ

]
.
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To avoid excess of notation in what follows, the capillarity coefficient c/ρ is written
as K(ρ). After some calculus, the gradient model for the capillary subgrid terms(
K(ρ)ρxiρxj −K(ρ)ρxi

ρxj

)
reads

Tij |Gsg =
1
24

3∑

k=1

∆2
k

[
2K(ρ) ρxixk

ρxjxk
+

+ 2Kρ ρxk
(ρxixk

ρxj
+ ρxjxk

ρxi
)+

+ Kρρ(ρxk
)2ρxi

ρxj

]
,

(4.39)

where Kρ and Kρρ denote the first and the second order derivative of K with respect
to ρ. These derivatives are evaluated in ρ. Again, model (4.39) is accurate up to
O(∆4

k).

The similarity model

The second model that is adopted here for the two-phase subgrid terms has been
originally developed, like the gradient model, for the subgrid stress tensor (Bardina,
Ferziger, and Reynolds 1980). It is based on the concept of scale-similarity within
the energy spectrum of the flow, which states that “the energy transfer from all
unresolved scales to resolved scales is dominated by the transfer from the first, largest
unresolved scale to the smallest resolved scale. This transfer across scales is similar
to the energy transfer from the smallest resolved scale to the next smallest resolved
scale”. This implies that unresolved quantities (φ) can be effectively approximated

by extrapolating their values from their resolved scales (φ, φ, φ, etc.). Hence, the
model estimates the effects of the unresolved scales by a simple extrapolation from the
smallest resolved scales. For the subgrid stress tensor in a compressible flow, Bardina’s
original model reads ρτij |S = ρũiũj − ρũi ρũj/ρ. This model can be calculated in an
LES, as it depends on the filtered flow variables ρ and ũ only.

Application of the similarity concept to the pressure subgrid term yields

pS
sg = p(ρ) − p(ρ) , (4.40)

and to the capillary subgrid terms:

Tij |Ssg = c

[(
ρxi

ρxj

ρ

)
− ρxi

ρxj

ρ

]
. (4.41)

In practice, the second filter of the bar-filtered variables consists of the application of
(4.30) on each node of the LES grid of spacing h and using the three-points trapezoidal
rule to approximate the integrals. In this way, the double-filtered flow variables can
be obtained everywhere on the LES grid.

In the next subsection, both models discussed here are compared to the real sub-
grid terms for both the pressure and the capillary subgrid terms for the drop retraction
simulation.
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4.4.4 A priori assessment of the models for the two-phase sub-
grid terms

To quantify the agreement between the modeled subgrid-scale terms (denoted with
the letter M ) and their exact values (denoted with the letter E) on the LES grid, it
is useful to define a correlation coefficient C(M, E) as

C(M,E) =
< ME >

(< M2 >< E2 >)1/2
, (4.42)

where the notation <> indicates the average over all grid points. If the model and
the exact value are totally uncorrelated, then C(M, E) = 0, whereas C(M,E) = 1
represents the ideal case in which the model is a constant multiple of the exact value.
Hence, the values assumed by the correlation coefficient throughout the simulation
provide a measure of the quality of the model. However, as it has been observed in
the literature on a priori analysis of subgrid stress tensor models in single-phase flow,
one has to bear in mind that indications provided by the correlation coefficient need
a careful interpretation. Low values of the coefficient do not automatically imply
a poor solution of the large-scale flow field when the subgrid model is adopted in
the LES equations, provided that turbulent dissipation is well predicted (Reynolds
1989, Meneveau 1994). Higher values of the coefficient, on the other hand, do not
guarantee larger accuracy, since the model may give rise to numerical instability if
the dissipation of the model is insufficient (Vreman, Geurts, and Kuerten, 1994).
Therefore, the results of the a priori analysis have to be supplemented by the results
of actual LES, which are discussed later in this chapter.

Figure 4.3 shows the results for the pressure subgrid term. The correlation co-
efficient between exact and modeled subgrid term is higher for the gradient model
than for the similarity model, regardless of the DNS grid size and filter width. The
correlation for the similarity model decreases when the filter width is increased. The
DNS grid size, on the other hand, does not seem to significantly affect the correlation
in either model, which again indicates that the coarser DNS grid is sufficiently fine to
accurately compute the subgrid terms. The quality of the gradient model is consis-
tent with the dependence of the magnitude of the pressure subgrid term on the filter
width. Indeed, the gradient model inherently assumes a quadratic dependence on ∆.

The correlation coefficients for the subgrid terms generated by filtering the non-
linear part of the capillary tensor Tij behave radically differently. Fig. 4.4 shows
these correlation coefficients for the finest DNS grid and smaller filter width and for
one diagonal and one off-diagonal component of the capillary subgrid tensor. The
other components of this tensor behave similarly. Here, the similarity model provides
a higher correlation than the gradient model, although remarkably lower than the
correlation for the pressure subgrid term. This is consistent with the observed linear
scaling of the magnitude of the capillary subgrid terms with ∆.

Remarkably, the correlation coefficients for the diagonal component of the sub-
grid tensor are smaller than for the off-diagonal components. In the test simulation
considered, however, the diagonal components of Tij are the most important, since
they ensure the local mechanical equilibrium on the drop surface by balancing the
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Figure 4.3. Time evolution of the correlation coefficient C(M, E) between the exact pressure
subgrid term E and the corresponding model M , for the case of the isothermal drop retraction
and for various grids. Lines have the same meaning as in Fig. 4.2. (a) M= gradient model.
(b) M=similarity model. Time is in arbitrary units.
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Figure 4.4. Time evolution of the correlation coefficient C(M, E) between the exact capillary
subgrid terms and the corresponding gradient models, for the case of LES grid with 1003

nodes. Top lines: off-diagonal subgrid terms. Bottom lines: diagonal subgrid terms. (a)
M= gradient model. (b) M=similarity model. Time is in arbitrary units.

pressure. Moreover, the magnitude of the capillary subgrid terms is smaller by almost
an order of magnitude than the magnitude of the pressure subgrid term. Hence, it
is more important to accurately model the pressure subgrid term than the capillary
subgrid term. Just like for the pressure subgrid term, the correlation coefficients for
the capillary subgrid terms hardly depend on the DNS grid size and on the filter
width.

The behavior observed for the two models in the a priori analysis indicates a pref-
erence for the gradient model. This model gives the best correlation for the pressure
subgrid term, which is the term with the largest order of magnitude. Moreover, the
gradient model is less expensive in terms of computer power, since it does not involve
additional filtering of the LES solution. The very good overall a priori performance
of the gradient model is shown in Figure 4.5, where the exact value and the gradient



4.5 Solution of the filtered governing equations for the drop
retraction 77

model of the sum of the pressure subgrid term and the diagonal capillary subgrid
term are plotted on the horizontal line through the center of the drop, in the case of
LES grid with 1003 nodes.
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Figure 4.5. Profiles along the x−direction of the exact value (solid line) and of the gradient
model (dot-dashed line) of the sum of the pressure subgrid term and the diagonal capillary
subgrid term, in the case of LES grid with 1003 nodes. Domain length is in arbitrary units.
The center of the drop is placed in x = 1.

In the next section, the issue of the most appropriate filtering approach for the
DIM-LES equations is discussed, and the subgrid model adopted for the subgrid stress
tensor is briefly described. Finally, an a posteriori analysis of the subgrid models is
presented.

4.5 Solution of the filtered governing equations for
the drop retraction

4.5.1 The choice of the filtering approach for the LES equa-
tions

In the previous sections, the assumption has been made that the discrete filter oper-
ator applied to the governing equations commutes with the discrete space differenti-
ation operator up to a certain order, which depends on the type of filter. Commu-
tativity with space differentiation is necessary to obtain filtered equations with the
same structure as the unfiltered equations, and is only satisfied by the homogeneous
filter in (4.11). However, even when a discrete homogeneous filter is used, or when
variable filter widths for each direction are required like in inhomogeneous turbulent
flow, commutation errors arise (Ghosal and Moin 1995).

Another source of errors is intrinsic in the numerical calculation of the filtered
equations, being associated with the finite-difference discretization schemes and the
time-marching scheme of the solution. These numerical errors, mainly truncation er-
rors, can even become dominant on the magnitude of the exact subgrid terms (Ghosal
1996, Kravchenko and Moin 1997).
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In order to reduce the magnitude of truncation errors by increasing the accuracy
of the spatial discretization, one approach requires a grid size h sufficiently smaller
than the filter width ∆, and lets the discrete differential operator act itself as a filter
that cuts off scales smaller than the grid spacing (Rogallo and Moin 1984). With this
method, often referred to as implicit filtering since no actual filtering is performed,
the problems related to the choice and application of a suitable filter function for the
particular turbulent flow are avoided. Furthermore, this approach makes it possible
to avoid the closure problem for the filtered equations by letting the numerical errors
play the role of “implicit” subgrid terms (Boris et al. 1992).

The implicit filtering approach, however, suffers from several limitations (Vasilyev
and Lund 1997, Pope 2000). The most important drawbacks of this approach are
the intrinsic impossibility of grid-independent solutions and the absence of any repre-
sentation of the unresolved scales, which cannot be distinguished from the numerical
errors. The adoption of the implicit filtering approach is not advisable for the diffuse-
interface equations used here, since the DIM model already requires sufficiently fine
grids to capture the actual thickness of the interface.

Another way to increase the accuracy and stability without an excessively fine
grid is the use of high-order finite difference schemes. This option also has its dis-
advantages, mainly due to the increasing truncation error at the smallest resolved
scales, which can yield incorrect simulations of the small-scale dynamics (Lund and
Kaltenbach 1995).

The advent of a class of filters that commute with the space differential operator
up to any order of accuracy for arbitrary boundary conditions (Vasilyev, Lund, and
Moin 1997) has opened the way to explicit filtering. The advantages of this approach
over the implicit filtering are discussed in Vasilyev and Lund (1997) and in Lund
(1997). In the present context of two-phase flow with a diffuse interface, some of
these advantages are particularly beneficial. The decoupling of the choice of the filter
width from the grid spacing allows to calculate the filtered equations on coarser meshes
than if implicit filtering were used, and the separation between numerical and physical
subgrid scales makes it possible to fine tune the subgrid models by comparison with
the available filtered DNS results. In Sect. 4.5.3 more details are given on the type of
explicit filter applied in this work.

4.5.2 The model for the subgrid stress tensor

The subgrid stress tensor can be written by separating its isotropic and anisotropic
parts as:

ρτij = ρτa
ij +

2
3
ρk , (4.43)

where the superscript a denotes the anisotropic part, and

k =
1
2
τkk (4.44)

represents the generalized turbulent kinetic energy. In the present work, the anisotropic
part is modeled by means of the classic Smagorinsky model (Smagorinsky 1963, Ro-
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gallo and Moin 1984):
ρτa

ij = ρ (CS∆)2 |S(ũ)|Sij(ũ) , (4.45)

where
Sij(ũ) =

∂ũi

∂xj
+

∂ũj

∂xi
− 2

3
δij

∂ũk

∂xk

is the strain rate associated to the filtered velocity field, |S(ũ)| is the scalar quantity

|S(ũ)| =
(

1
2
Sij(ũ)Sij(ũ)

)1/2

,

and CS is a non-dimensional constant. The quantity (CS∆)2 |S(ũ)| has the same
dimensions as a kinematic viscosity, and is known as eddy viscosity νS .

The isotropic part of the subgrid stress tensor is not modeled in incompressible
flow, and is simply added to the filtered pressure. This operation results in a modified
pressure (Rogallo and Moin 1984), which represents the pressure solved by the LES,
whereas the filtered pressure itself remains unknown. In LES of compressible flow,
where the pressure is an explicit function of the other flow quantities, subgrid models
are also used for the quantity k. If the tensor τij is required to be positive semidefinite,
and the Smagorinsky model (4.43) is adopted, it can be shown that the following
inequality holds:

k ≥
√

3
2

(CS∆)2 |S(ũ)|2 .

This relation suggests to adopt the following model for k (Yoshizawa 1986):

k = Ck∆2|S(ũ)|2 , (4.46)

with Ck = 0.0886 for CS = 0.16.

4.5.3 Calculation of the LES solution and comparison with
filtered DNS

In Sect. 4.5.1 it has been remarked that the explicit filtering approach allows a better
control of the different contributions to the total simulation error. In the present DIM
approach there is even a larger need for an explicit filter than in LES of incompressible
flow, since the filtered solution cannot be captured with a central spatial discretization
method in the neighborhood of the interface, if the filter width is of the same order
or larger than the physical interface thickness. Without artificial dissipation or an
upwind discretization at least around five grid points are required within the interface.
This restriction would hamper application of LES to the diffuse-interface method.

An explicit filtering procedure generally requires three steps: choice of the ratio
∆/h between explicit filter width and grid resolution, choice of the filter operator
and choice of the subgrid model. The last two choices affect the modeling error,
whereas the first choice affects the influence of truncation errors on the smallest
scales retained by the filter. Theoretically, explicit filtering allows to decouple the
effect of the numerical method on the solution from the rest, provided that ∆ À h.
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In practice, in order to limit the computational cost of LES, the choice ∆ = O(h) is
preferred, at the expense of the smallest scales of the LES flow field, which are only
marginally resolved (Rogallo and Moin 1984). Here, the ratio ∆/h = 2 has been used.
The issue of the subgrid models has already been treated in Sect. 4.4 and Sect. 4.5.2.

In respect of the choice of the form of the filter, the discrete filter (4.30) with
weights given by the trapezoidal or the Simpson formula with N = 2 provides exam-
ples of standard explicit filters with filter width equal to twice the LES grid resolution.
In these cases the commutation error with the differential operator is of second order in
the filter width. Commutative filters with 7-point or 11-point symmetric stencils can
reach fourth and sixth order respectively (see for example Brandt 2006). In Bogey
and Bailly (2004) a class of discrete, finite-difference schemes is introduced, which
avoids the problem of numerical instabilities that may affect the use of symmetric
stencils like (4.30). The spurious short waves that are produced by the standard,
central finite-difference schemes can be eliminated by replacing the coefficients of the
stencil with damping functions, which smooth the solution while keeping the overall
dissipation small. The idea is immediately extendable to the discrete filtering stencil
(4.30), which is replaced by the following stencil:

f j = fj − σ

N/2∑

l=−N/2

dlfj+l , (4.47)

with d−l = dl, and σ a constant that is usually chosen between 0.1 and 0.2 to improve
stability. Increasing the number of stencil nodes, N , helps to control the dissipative
effect on the spectrum of wave components of the solution. Moreover, the coefficients
dl can be optimized to minimize the integral dissipation in a large range of wave
numbers.

Table 4.1 shows the coefficients for the 13-point stencil that has been adopted
here to filter the flow variables. The value 0.2 has been taken for the parameter σ, for
both mass density and momentum components. The filter operation has been applied
after every time step. The numerical method consists of the same finite-volume spatial
discretization and TVD-Runge Kutta time integration method as applied to the DNS
in Chapter 2. Next, comparison of LES with filtered DNS results is shown for the
case of 1003 LES grid points.

The LES has been performed by solving the system of filtered governing equations
with the subgrid closure models on a grid consisting of 100 points in each direction.
This implies that a factor of 4 is gained in each direction compared to the DNS.
Moreover, due to the larger mesh spacing, according to the CFL criterion also the
time step can be chosen four times larger than in the DNS. Hence, apart from the time
necessary to compute the subgrid terms and to apply the explicit filter, a factor of 256
in computing time is gained. The boundary conditions for the filtered flow variables
are the same as for the unfiltered variables. The initial conditions are calculated by
filtering those of the DNS. The solution obtained from the LES, which represents
the filtered flow variables, is then used for comparison with the analogous quantities
given by filtering the DNS results at the same moment of time. This is an a posteriori
analysis of the subgrid model, which means that the effect of the subgrid models on
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Coefficients Values

d0 0.190899511506
d±1 −0.171503832236
d±2 0.123632891797
d±3 −0.069975429105
d±4 0.029662754736
d±5 −0.008520738659
d±6 0.001254597714

Table 4.1. Coefficients of the optimized selective filter with 13-point symmetric stencil used
after every time step of the LES calculation.

the calculated filtered solution is analyzed. Hence, this analysis provides a measure
for the total LES error, which consists of both numerical and physical errors.

In Fig. 4.6 a comparison between LES results and the filtered DNS is shown in
terms of the mass density and of the radii of the drop in the Cartesian directions.
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Figure 4.6. Comparison of LES with filtered DNS results on a uniform Cartesian grid with
1003 points for the drop retraction test-case. (a) Magnification of the ρ(x) profile through
the center of the drop at steady state. Solid line: filtered DNS. Dashed line: LES calculation.
(b) Time evolution of the x− (top lines) and y− (bottom lines) radii of the drop from initial
to steady state. Solid and dashed lines: filtered DNS. Dotted and dot-dashed lines: LES
calculation. Time is in seconds.

The picture for the mass density represents a magnified portion of the ρ(x) profile
through the center of the drop at steady state, and shows a very good agreement
between LES and filtered DNS data. The same level of agreement is also shown by
the time evolution of the x− and y− radii of the drop. The two values follow the
corresponding values of the filtered DNS very closely throughout the entire simulation,
and overlap shortly after the collapse of the values of the other data set.
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4.6 Conclusions

The aim of this work was to explore the subgrid closure problem related to the system
of filtered diffuse-interface governing equations in the isothermal case. Compared to
the single-phase filtered equations for compressible flow, this system of equations con-
tains unconventional subgrid terms for which well-assessed models are not available.
The starting point of the present study has been the DNS solution of the three-
dimensional, isothermal drop retraction problem treated in Chapter 2. This test case
emphasizes the importance of the pressure and capillary subgrid terms, since they
appear to be dominant over the other subgrid terms. An a priori analysis has been
conducted, where two models used in single-phase flow for the subgrid stress tensor,
namely the gradient and the similarity model, have been adapted and tested against
the exact values of the subgrid terms, stemming from the DNS. The results have
shown that the gradient model is preferable over the similarity model, mainly be-
cause of the high correlation with the exact value of the dominant pressure subgrid
term.

In the LES the subgrid stress tensor, which represents the transfer of kinetic
energy from the resolved to the subgrid scales, has been modeled via the classic
Smagorinsky-Yoshizawa model. The LES equations have been closed with the de-
scribed subgrid models, and their solution has been calculated for the drop retraction
test-case by explicitly filtering the flow variables after every time step. This opera-
tion has been carried out by means of a low-dissipative filter scheme, which ensures
numerical stability. Comparison of the LES results with corresponding filtered DNS
data has shown very good agreement. However, this result cannot be generalized
straightforwardly, but represents a first attempt towards future development of the
combination between the Diffuse Interface Method and Large Eddy Simulation for
turbulent, two-phase flow. One of the main problem, which still has to be solved, is
the extension of this method towards coarser LES grids.



Chapter 5

Direct-contact condensation
of steam injected in water

5.1 Introduction

In this chapter, a condensation model for the injection of superheated steam in water
is tested for laminar and turbulent simulations performed with the ANSYS Fluent
CFD software. Commercial packages such as Fluent do not, in general, include phase-
change models, thus leaving to the user the task of implementing a model suitable
for the specific phase-transitional flow. An appropriate choice also depends on the
multiphase formulation of the governing equations. In the present work the instanta-
neous two-phase flow field is solved according to the Volume-of-Fluid method (VOF)
(Hirt and Nichols, 1981). As will be shown later, the implementation of the kinetic
condensation model that has been adopted here can be done in such a way that the
volumetric mass flow rate through the interface is calculated straightforwardly from
the solution of the VOF set of equations. Other choices for both the multiphase for-
mulation and the phase-change model are possible, although literature does not show
many examples for commercial CFD software. A different approach than the one
used here is, for example, the thermal phase-change model used in three-dimensional
simulation of direct steam injection in stagnant water by Gulawani et al. (2006).

In the present work, the testing work of the kinetic condensation model has pro-
ceeded according to a step-by-step methodology. In the first step, axisymmetric simu-
lations have been considered, hence in the absence of cross flow and gravity. Laminar
flow has been considered first, with the purpose to study the shape and size of the
steam plume and to verify whether the condensation model is able to reproduce typ-
ical features observed in the experiments. From the axisymmetric simulations useful
information can be derived concerning the requirements on grid resolution and flow
model. The subsequent step has been the simulation of RANS (Reynolds-Averaged-
Navier-Stokes) on the same axisymmetric domain as in the laminar case, for two
selected grids. The adoption of the RANS approach with the standard k–ε closure
model in combination with the Volume-of-Fluid method or other multiphase formula-
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tions is customary in literature (see for example Banerjee et al., 2002, and Gulawani
et al., 2006). Next, the condensation and flow models tested in the axisymmetric
simulations have been applied to a three-dimensional RANS simulation performed
with the same geometry and operating conditions as in one of the steam injection
experiments by Clerx and Van der Geld (2009) in the presence of a water cross flow
in a square duct. The requirements on grid resolution and size of the time step are
such that the necessary computational resources are huge. Therefore, until now the
simulation is still in a transient state and has not yet reached the time in which the
flow becomes statistically stationary or periodic in time. Hence, time-averaged flow
quantities could not yet be computed and a quantitative comparison with the exper-
imental results by Clerx is not possible. However, it is already possible to make a
qualitative comparison of for instance the shape of the steam plume. From this point
of view the results of the three-dimensional simulation can already give indications
on the reliability of the condensation model and flow model chosen. This is espe-
cially important in view of future developments of the model aiming to an accurate
calculation of the interfacial area, on which mass and heat transfer rates depend.

The structure of the chapter is the following. In Sect. 5.2 a short introduction
to direct-contact condensation and a description of the kinetic model adopted in the
simulations are given. Sect. 5.3 describes the basic concept of the Volume-of-Fluid
method and shows the two-phase governing equations that are solved in Fluent. Also,
the way in which the volumetric mass flow rate due to condensation is calculated in the
kinetic model adopted is explained. Sect. 5.4 briefly discusses the solution algorithm
that has been selected and the implementation of the condensation model. Sect. 5.5
contains an overview of the RANS approach for turbulent flow and the standard k–
ε closure model. In Sect. 5.6 results of axisymmetric simulations are analyzed for
laminar and turbulent flow and for different grids, and a grid-convergence study is
shown. Sect. 5.7 is devoted to the results so far provided by the three-dimensional
RANS simulation of steam injection in a water cross flow. These results are discussed
and compared with experimental data. Conclusions are summarized in Sect. 5.8.

5.2 Direct-contact condensation

The injection of a vapor into a subcooled liquid of the same substance represents
a widely spread method of efficient condensation, which is adopted when it is un-
necessary to keep the condensate and the liquid separated. Typical examples are
condensers, boilers and nuclear reactor coolant systems. This type of condensation is
known as direct-contact condensation, as no solid wall separates the condensing vapor
from the subcooled fluid. The absence of the wall thermal resistance and the large
interfacial area explain the high efficiency of the process.

Since the behavior of the interface affects the transfer processes between the two
phases, much experimental work has been done to categorize the various models of
direct-contact condensation, particularly in the classic case of steam injection into a
pool of subcooled water as it represents one of the most common applications. By
varying the steam injection rate and the bulk water temperature, several condensation
regimes have been observed for given injection configuration (nozzle type and size,
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Figure 5.1. Regime map for steam condensation from Chan and Lee (1982). Condensation
oscillation takes place approximately in the region labeled as ”oscillatory bubble”.

direction of injection) and pool pressure (Chan and Lee, 1982). These experimental
results allow to plot regime maps like the graph shown in Fig. 5.1.

The criteria used to bound the various regimes on such maps typically are the
location of the steam region relative to the nozzle exit and the location of bubbles
detaching from the core steam region (Chan and Lee, 1982). The operating conditions
of the experiments conducted by Clerx (Clerx and Van der Geld, 2009) correspond
to the condensation oscillation regime. This behavior typically occurs, in the case of
stagnant water, for low steam mass fluxes (≤ 125 kg m−2s−1) and intermediate to low
bulk water temperatures (≤ 75�), and is characterized by periodical growth/collapse
cycles of the steam pocket attached to the nozzle exit, without intrusion of the sub-
cooled water into the steam inlet (Gulawani et al., 2007). Pressure locally oscillates at
the same high frequencies as the steam–water interface movement (Nariai and Aya,
1986). Presence of cross flow, operating conditions, injection device, measurement
techniques, however, strongly affect the boundaries of the regimes.

In the next subsection the formulation of the condensation rate model adopted
here, which is based on the gas kinetic theory, is briefly described.

5.2.1 The kinetic model of the condensation rate

Transition of a vapor in contact with a subcooled liquid to the liquid phase occurs if the
transfer of heat from the vapor through the interface decreases the vapor temperature
sufficiently below the saturation temperature to enable nucleation of droplets. Also,
the presence of particulate matter, such as impurities, and solid walls may act as
heterogeneous condensation triggers. The latter form of condensation, however, needs
a separate model and has been disregarded in the present work, since the attention
here is devoted to the behavior of the steam plume and, in the case of non-stagnant
water, to the effects induced on the surrounding liquid flow.

Hence, the only phase-transition mechanism that is modeled here is the molecular
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mechanism illustrated in Fig. 5.2.

Figure 5.2. Molecular mechanisms of condensation and evaporation at a liquid–vapor in-
terface (from Marek and Straub, 2001).

If a sufficiently small portion of the interface is taken so that the local curvature
is negligible and the surface can be considered as planar, the local mass flux is given
by the flux of molecules (Collier, 1972)

|j| =
(

M

2πRu

)1/2
p

T 1/2
(5.1)

in either direction, M being the molecular weight, Ru the universal gas constant, p
and T the pressure and the absolute temperature.

Relation (5.1), which follows from kinetic gas theory (see for example Mostafa
Ghiaasiaan, 2008), holds for an interface at equilibrium between the vapor and liquid
phase of the same substance, for which condensation and evaporation have the same
statistical probability, so that the net mass flux through the interface

j = j+ − j− (5.2)

is zero. In practice, if either condensation or evaporation is macroscopically observed,
there is no actual thermal equilibrium at the interface. However, application of (5.1),
which makes use of the values of pressure and temperature on each side of the interface,
with adequate corrections can still provide results within an approximation acceptable
for engineering scopes.

The starting point is the assignment of different values of pressure and temperature
to the two sides of the interface (Fig. 5.3), so that the net flux of molecules from the



5.2 Direct-contact condensation 87

vapor to the the liquid phase reads according to (5.1)

j =
(

M

2πRu

)1/2
[

pv

T
1/2
v

− pl

T
1/2
l

]
, (5.3)

where the subscripts v and l denote from now on the vapor and liquid phase respec-
tively.

Figure 5.3. Interfacial molecular flux at a planar liquid–vapor interface (from Collier,
1972).

The previous relation implicitely assumes ”perfect” condensation, meaning that
all vapor molecules that impinge on the interface are absorbed by the liquid phase.
Since this situation is purely ideal, a condensation coefficient σC can be introduced
to denote the degree of incomplete condensation. By defining σC as the fraction of
molecules actually absorbed by the liquid (Prüger, 1940), the value σC = 1 denotes
complete condensation. An evaporation coefficient σE , representing the fraction of
molecules that leave the liquid phase and are absorbed by the vapor, can be defined
in a similar way. Thus, relation (5.3) can be put in Schrage’s form (Schrage, 1953):

j =
(

M

2πRu

)1/2
[
ΓσC

pv

T
1/2
v

− σE
pl

T
1/2
l

]
. (5.4)

Here, Γ is a correction factor that represents the net motion of vapor towards the
interface due to the finite mean velocity of the bulk vapor phase. Without describing
in detail the procedure, which can be found in Collier (1972) and Mostafa Ghiaasiaan
(2008), the factor Γ can be expressed as a function of the dimensionless parameter

a =
u

(2RT )1/2
, (5.5)

where u is the mean velocity of the vapor molecules crossing the interface, R is the
gas constant for the specific substance, and (2RT )1/2 represents a mean molecular
thermal velocity.

When net condensation takes place, the function Γ(a) reads (Collier, 1972):

Γ(a) = e−a2
+ aπ1/2[1 + erf(a)] . (5.6)
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A polynomial form of this function can be found by fitting the values of Γ(a) calculated
by varying a and given in tables that are available in the literature (see for example
Collier, 1972). The second-order polynomial fit gives (Liew, 2009)

Γ(a) = 0.768412a2 + 1.87680a + 0.995467 . (5.7)

In this expression a is calculated from its definition (5.5), where u can be evaluated as
the ratio j/ρv, ρv being the mass density of the vapor phase. Hence, the calculation
of the net condensation rate j by means of (5.4) has to proceed iteratively starting
from an initial guess.

Few more elements of Schrage’s formula need to be assessed before it can actually
be applied. Coefficients σC and σE are commonly assumed to be equal, σC = σE = σ,
although this assumption is based on the hypothesis of thermostatic equilibrium.
For the dynamic case, these two coefficients should be derived either empirically
from experimental data or theoretically from molecular dynamics simulations. In
both cases general results are difficult to obtain, because the range of experimental
values is large, and real gas effects can cause the theoretical prediction to diverge
significantly from observations, as in the case of water (Marek and Straub, 2001).
Restricting the analysis to this case, Rubel and Gentry (1984) found σC ' 1.2σE ,
which allows to reasonably consider the two coefficients almost equal. In Danon (1962)
the condensation coefficient of water has an observed value of 0.04, and a theoretical
value of 0.051. The reason for such low values has usually been attributed to the
effect of the presence of non-condensible gases in the vapor phase, which increase the
thermal resistance of the bulk vapor phase to the interface (Collier, 1972), thereby
spoiling the measurements.. Direct-contact condensation experiments have given a
range from 0.01 to nearly 1, depending on the setup, measurement method, water
temperature, and system pressure (Marek and Straub, 2001).

Due to the strong uncertainty of the estimations, the value of σ adopted in the
numerical simulations can only be regarded as an input parameter, which can be
adequately tuned depending on the experimental situation that the simulation aims
to reproduce. In all two-dimensional simulations presented in the following, Danon’s
observed value σ = 0.04 has been taken. Also, a three-dimensional simulation with
this value has been performed, in order to study the dynamic effects of the injection of
steam into a water cross-flow. Three-dimensional simulations performed with σ = 0.9
and σ = 0.45 have shown that, after a transient, complete condensation occurs before
the steam jet can penetrate the cross-flow.

Finally, it is necessary to establish criteria for the evaluation of the pressures and
the temperatures appearing in (5.4). A classic simplification consists in assuming that
no temperature jump occurs across the interface, so that

Tv = Tl = T , (5.8)

and that the liquid phase is at saturation:

pl = psat(T ) . (5.9)

Thus, according to (5.4) the vapor must have a local pressure pv higher than the
(local) saturation pressure in order for net condensation (j > 0) to occur. Conversely,
if pv < psat, net evaporation will occur, that is j < 0.



5.3 The Volume-of-Fluid method 89

It is worth to notice that assumption (5.8) suits well the adoption of the Volume-
of-Fluid method (see Sect. 5.3). The solution of the single set of two-phase governing
equations provides the nodal values of temperature on the whole computational mesh
at each time step. These values are then used by the Fluent solver inside a user-
defined function (UDF) to calculate the instantaneous local values of pv and pl. The
former is calculated by means of the ideal gas law

pv = ρvRT , (5.10)

where ρv is considered as a constant. Concerning the liquid phase, the assumption
(5.9) allows to take as pressure in the liquid phase the vapor pressure at saturation
given by the Antoine equation, which reads in SI units (Wichterle and Linek, 1970)

psat(T ) =
1

0.75 · 10−2
10[7.96681− 1668.21

T−45.15 ] . (5.11)

Relations (5.10) and (5.11) are plotted in Fig. 5.4 for the typical range of temperatures
in the simulations of this chapter. It is straightforward to identify on this figure the
values of temperature for which, according to model (5.4) with assumption (5.8),
condensation of steam occurs.
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Figure 5.4. Plots of the equation of state (5.10) with ρv constant (solid line) and of the
saturation pressure according to the Antoine equation (5.11) (dashed line) for the typical
range of temperatures in the simulations.

In the next section the basic concepts of the Volume-of-Fluid method are briefly
described, and the set of governing equations for the two-phase flow is shown.

5.3 The Volume-of-Fluid method

The Volume-of-Fluid (VOF) method is the oldest and most widely used among the
so-called marker function methods. The basic idea of this class of computational
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methods is that, when the Navier-Stokes equations are solved for a multifluid or
multiphase flow on a fixed grid, the different fluids or phases are identified by means
of a marker function advected by the flow. Typically, these methods rely on a ”one-
fluid” formulation, which means that a unique set of Navier-Stokes equations is solved,
with different properties for the different fluids or phases, and with interfacial terms
such as surface tension taken into account.

The way the interface is tracked, however, depends on the specific method. When
applied to multiphase flow, the VOF method tracks the interface by solving a continu-
ity equation for the volume fraction of each phase. Since the volume fraction αq of the
q-th phase varies between 0 and 1, and the volume fractions of all phases must sum to
unity in each computational cell, the calculated values of all volume fractions directly
provide the instantaneous phase distribution in the domain. In particular, those cells
where 0 < αq < 1 will give the location of the interface between the q-th phase and
one or more other phases. All other fluid properties, such as mass density, viscosity
and thermal conductivity, are calculated as volume-fraction-averaged quantities:

f =
N∑

q=1

αqfq , (5.12)

with N the total number of phases. Thus, if the number of phases present equals
two, by labeling one phase as ”primary” (subscript 1) and the other phase as ”sec-
ondary” (subscript 2), the continuity equation is solved for only one volume fraction,
for example the secondary phase, and the mass density in the generic cell is given by

ρ = α2ρ2 + (1− α2)ρ1 . (5.13)

Here, (1 − α2) represents the volume fraction of the primary phase in the same cell.
Clearly, the VOF formulation is particularly attractive for Finite-Volume-based nu-
merical solvers, such as the solver used in ANSYS Fluent, as the association between
volume fractions and control volumes is intuitive.

In a two-phase flow without any external mass source for either phase, the VOF
continuity equation reads for the secondary phase

∂

∂t
(α2ρ2) + ∇ · (α2ρ2u) = (m12 − m21) , (5.14)

where m12 and m21 are volumetric mass flow rates from phase 1 to phase 2 and vice
versa, respectively. Their evaluation must be made via the model adopted for the
phase-change mechanism, such as the kinetic model of the previous section.

Since the volume fraction fully describes the phase composition of each grid cell,
the velocity field is treated by the VOF method as if it were ”shared” by all phases.
Hence, a single momentum equation is solved, namely

∂

∂t
(ρu) + ∇ · (ρuu) = −∇p + ∇ · [µ(∇u + (∇u)T )] + ρg + Fσ . (5.15)

This equation differs from the classic single-phase momentum equation because of
the dependence on the volume fraction through ρ and µ, and because of the pres-
ence of the extra volume force Fσ representing the interfacial momentum source term
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due to surface tension σ. Therefore, with this formulation a function σ(T ) for the
temperature-dependent surface tension needs to be known. In the simulations shown
in the following of the chapter, a first-order polynomial fit has been used for σ(T ) of
water (Liew, 2009), which can be derived, for example, from data tables of the Na-
tional Institute of Standards and Technology. The volume force Fσ is then evaluated
as

Fσ = σ
ρκ∇α2

1
2 (ρ1 + ρ2)

, (5.16)

with κ = ∇ · (∇α2/|∇α2|) the local curvature of the interface, and ρ the volume-
averaged mass density computed with (5.13). The Marangoni effect due to surface
tension variations is automatically taken into account by Fluent’s solver, by means of
additional tangential stress terms (Fluent User’s Guide, 2005).

Specific energy and temperature are also shared by the phases, and a single equa-
tion is solved for the energy per unit volume ρE, namely:

∂

∂t
(ρE) + ∇ · (ρEu) = −∇(pI · u) + ∇ · (kT

eff∇T ) + Sh . (5.17)

Note that ρE is not a total energy per unit volume, as it does not include the latent
heat per unit volume due to phase change. This explains the presence of a volumetric
energy source Sh on the right-hand side of the equation. Furthermore, kT

eff is an
effective thermal conductivity shared by the phases, which accounts for the case of
turbulent flow and depends on the turbulent formulation adopted (see Sect. 5.5):

kT
eff = α2(kT

eff )2 + (1− α2)(kT
eff )1 .

The superscript T is adopted here to distinguish thermal conductivity from the tur-
bulent kinetic energy k in the following. In the laminar case, kT

eff is equal to the
thermal conductivity kT .

The volumetric energy source term Sh on the right-hand side of (5.17), in the
absence of radiation and external heat sources, is given by the enthalpy variation due
to phase change, and is calculated by Fluent on the basis of the formation enthalpy
of the two phases (Fluent User’s Guide, 2005). The condensing phase (subscript 2)
transfers its enthalpy at the volumetric rate Sh2 = m21h2, h2 being the net specific
enthalpy of phase 2 with respect to its formation enthalpy. The other phase gains
enthalpy at the volumetric rate Sh1 = Sh2 + m21(h

f
2 − hf

1 ), where the superscript f
denotes formation enthalpy. Hence, the net source of energy due to condensation is
represented by

SC
h = Sh1 − Sh2 , (5.18)

that is
SC

h = m21(h
f
2 − hf

1 ) , (5.19)

having denoted condensation with the letter C. This way of calculating the source
energy term is due to the assumption in Fluent that mass is transferred between
phases preserving the related content of energy.

The interphase volumetric rate of mass transfer m21 in (5.19) is obtained via the
condensation model. Since the condensation rate j has the dimensions of a mass
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flux, it has to be multiplied by a quantity having the dimension of the reciprocal of a
length in order to obtain the same dimensions as m21. In the VOF formulation, this
quantity can be expressed as the modulus of the gradient of the volume fraction |∇α2|,
which depends on the interface thickness (see Fig. 5.5) and represents the ”amount
of interface per unit volume”. Furthermore, to prevent the solver from interpreting

Figure 5.5. Representation of the interfacial thickness with the VOF method.

those cells that are filled with pure steam or pure water as spots of evaporation or
condensation respectively, j has also to be multiplied by the local volume fraction
of steam if j > 0 (condensation), or of water if j < 0 (evaporation). Eventually,
the expression of the volumetric mass flow rate due to phase-change that is actually
applied is

m21 = j|∇α2|α2 if j > 0 (5.20)
m12 = j|∇α2|(1− α2) if j < 0 , (5.21)

where α2 denotes the volume fraction of steam.
In the next section the numerical solution method that has been used in the

simulations is briefly described.

5.4 The Fluent solver

Fluent’s solver uses a control-volume-based solution procedure, with the discrete val-
ues of each unknown scalar stored at the cell centroids. Since the Finite-Volume
discretization technique requires to know the values of the scalar convected through
the faces of the control volume, an interpolation is made from the cell centroid values
via an upwind scheme. The solution method that has been selected is a pressure
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correction-based, segregated algorithm. Fig. 5.6 shows how the solution is advanced
at each time step. The algorithm is suitable for incompressible or mildly compressible
flow, as the pressure is coupled to the velocity field via an equation which controls
at each iteration whether the continuity constraint is satisfied. In the simulations

Figure 5.6. Time advancement of the solution with Fluent’s segregated solver.

considered here, the steam jet in the nozzle is far from the sonic conditions, and a
significant increase of velocity is only reached in the very small neck of the stretched
steam plume when the latter is about to collapse (see figures in Sect. 5.6). Such
situation, however, survives for a very short time compared to the period of oscilla-
tion of the plume, and is localized in a very small region of the domain. Thus, the
approximation of incompressible flow can be reasonably made.

The time integration method adopted is implicit, which theoretically would ensure
an unconditionally stable time marching of the solution. In practice, due to the
nonlinearities in the governing equations, the time step size may require adjustments
during the simulation in order to reduce the number of iterations needed to reach
convergence, without excessively relaxing the convergence criteria. Also, the strongly
unsteady nature of the steam plume limits the size of the time step that can be
actually used. In the case of the 3D simulation discussed in Sect. 5.7, the initial
step has been halved during the run, so that the number of iterations per time step
required to reach solution convergence has been stabilized around 5.
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Fluent requires the user to implement the phase-change model separately in a
ad-hoc user-defined function (UDF), which has to be written under the form of a
C subroutine, compiled and loaded before the solver can actually use it. Moreover,
the combination of the VOF method with the kinetic model for the condensation rate
requires in Fluent, as explained in the previous section, the knowledge of |∇α|. Hence,
the UDF has also to incorporate the calculation of |∇α| between adjacent cells.

For the simulation of direct contact condensation of a steam jet, the choice of the
two-phase model is only the first step towards the solution of the flow field. Typically
the steam bulk velocity at the injection point is such that the plume develops a
turbulent interface, across which mass and heat are exchanged between the two phases
at a higher rate than if the flow were laminar, due to the large increase of the effective
surface area. The next step, therefore, is the choice of a solution approach for the
turbulent flow field. In the following section the main concepts of the RANS approach
are recalled, and the turbulence model that has been used in the simulations is briefly
described.

5.5 The RANS approach for turbulent flow and the
k–ε closure model

Simulation of turbulent flow by means of the Reynolds-Averaged-Navier-Stokes (RANS)
approach represents an alternative to Large Eddy Simulation and is widely used in
industrial applications. The reason for such preference is that LES, although poten-
tially accurate, usually is far too costly in practical engineering problems because
of the high grid resolution required near walls. In these regions of the domain the
range of small scales to be solved rather than modeled makes the computational effort
unaffordable.

In this section the main features of the RANS solution method are highlighted.
Similarly to LES (see Chapter 4), the starting point is a decomposition of each flow
variable f in two components:

f = f + f ′ . (5.22)

Formally, this is analogous to the decomposition in filtered and residual component
described in Chapter 4. Here, the terms have, however, a different meaning than in
LES. Since the RANS approach aims to extract statistical quantities from the flow
field, the decomposition is made between a mean component f and a fluctuating
component f ′. This decomposition, commonly known as Reynolds decomposition, is
applied to each flow variable (mass density, velocity components, pressure, tempera-
ture) that appears in the set of governing equations, yielding the Reynolds-Averaged
Navier-Stokes equations.

Prior to the solution of the new set of equations, it is necessary to define the kind
of average that is performed. In the most general case, f represents an ensemble
average of a number N of different realizations fi of the turbulent flow obtained with
identical boundary conditions and with initial conditions as close as possible. To
account for the chaotic nature of turbulence, the limit of this average for N going to
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infinity provides the mean quantity

f = lim
N→∞

1
N

N∑

i=1

fi .

If the turbulence is statistically stationary, enesemble averaging can often be replaced
by the temporal average (Monin and Yaglom, 1971)

〈f〉T = lim
T→∞

1
T

∫ T

0

f(s)ds .

The next step is building up the Navier-Stokes equations for the mean flow vari-
ables. Disregarding the mathematical procedure, which can be found in the literature,
the RANS momentum equation for an incompressible single-phase flow contains the
term

∇ · (u’⊗ u’) ,

where u’⊗ u’, known as Reynolds stress tensor, needs to be modeled, as it cannot
be directly expressed as a function of the mean velocity components. This tensor
represents interactions between the fluctuating parts of the flow field, and its trace is
equal to twice the turbulent kinetic energy

k =
1
2
u′iu

′
i . (5.23)

The closure model that has been used in the simulations of this chapter is the
k–ε model. This model belongs to a class of closure models for the RANS equations,
which all derive from the idea, dating to Boussinesq’s work, of relating the Reynolds
stress tensor to the mean velocity gradients:

−ρu′iu
′
i = µt

(
∂ui

∂xj
+

∂uj

∂xi

)
− 2

3

(
ρk + µt

∂uk

∂xk

)
δij , (5.24)

where the turbulent viscosity µt is introduced as an extra unknown. With the k–ε
model two scalar transport equations are added to the system of RANS equations,
one for k and the other for the turbulent dissipation rate ε, and µt is expressed as
a function of both these quantities. In the standard version of the model, due to
Launder and Spalding (1972) and adopted in all RANS simulations of this chapter,
the turbulent viscosity reads

µt = ρCµ
k2

ε
, (5.25)

where Cµ = 0.09. The standard model is the most used of the k–ε family for its com-
bination of simplicity and versatility. It has been found to give sufficiently accurate
results for a vast class of turbulent flow situations at not too low Reynolds numbers.

When the RANS approach is applied to the VOF equations, turbulent scalars such
as k and ε, and also the components of the Reynolds stress tensor, are shared by the
phases. If gravity is taken into account, as in the three-dimensional simulation of
Sect. 5.7, and temperature gradients are present, a term of production of turbulent
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kinetic energy due to buoyancy is added to the equation for turbulent kinetic energy.
This term reads

Gbk
= βgi

µt

Prt

∂T

∂xi
, (5.26)

with β the thermal expansion coefficient, gi the xi-component of the gravitational
force and Prt a turbulent Prandtl number that is taken equal to 0.85 in the standard
model.

The k–ε transport equations for incompressible flow that are calculated in Fluent
for the standard model are:

∂k

∂t
+

∂

∂xi
(kui) =

1
ρ

{
∂

∂xj

[
(µ + µt)

∂k

∂xj

]
+ 2µtSijSij − ρε + Gbk

}
(5.27)

for the turbulent kinetic energy, and

∂ε

∂t
+

∂

∂xi
(εui) =

1
ρ

{
∂

∂xj

[(
µ +

µt

1.3

) ∂ε

∂xj

]
+ 1.44

ε

k
(2µtSijSij) − 1.92ρ

ε2

k

}
(5.28)

for the turbulent dissipation rate. The numerical coefficients are semi-empirical model
constants. The quantity Sij denotes the mean rate-of-strain tensor.

The energy equation for the mean flow field formally reads as equation (5.17), if
turbulent heat transport due to viscous heating is neglected. The effective thermal
conductivity reads in the standard k–ε model

kT
eff = kT +

cpµt

Prt
, (5.29)

where cp is the specific heat at constant pressure.
In the next section, axisymmetric laminar and RANS simulations are presented for

various levels of grid refinement, and results are discussed by comparing shape, size,
penetration depth and cycle frequency of the oscillating steam plume, in the absence
of cross flow. In Sect. 5.7 the RANS approach is applied to three-dimensional steam
injection into a water cross-flow in a rectangular duct, with the same geometry as
the setup used by Clerx (Clerx and Van der Geld, 2009), for one set of the operating
conditions used in the experiments.

5.6 Axisymmetric simulations

Optimization of steam injector design is primarily based on the knowledge of the
steam plume morphology. The latter affects the amount of interfacial area that is
instantaneously available for mass and heat transfer during condensation. For given
nozzle type and diameter and given operating conditions (steam mass flux, temper-
ature and pressure in the two phases), the shape and the size of the steam plume
depend on the condensation rate j.

Liew (2009) performed laminar simulations in the absence of cross flow on an
axisymmetric domain, for the only scope of testing the kinetic model for j by looking
at the shape and penetration depth of the steam plume. The main results of this
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analysis have been a good agreement with experiments for given values of the steam
mass flux and the subcooling temperature, and a non-negligible influence of surface
tension on both shape and penetration depth (see the sketch in Fig. 5.7), but not on
the cycle frequency of the plume.

Figure 5.7. Qualitative representation of the effect of surface tension on the shape and
penetration depth of the steam pocket. The solid line denotes a lower value of the surface
tension coefficient σ than the dashed line. From Liew (2009).

In this section, axisymmetric laminar simulations are performed for three grids,
and a grid-convergence analysis is presented. Next, turbulence is taken into account
and RANS simulations are discussed for two of the grid resolutions considered in the
laminar case. Finally, an overall comparison among all simulations is made in terms
of penetration depth and steam plume volume as functions of time.

5.6.1 Laminar simulations

For the laminar analysis, three structured Cartesian grids have been generated by
means of Gambit software. They have been obtained by successively halving the
grid-spacing. In all cases the grid has the appearence shown in Fig. 5.8. The domain
measures 0.025 m x 0.01 m. The nozzle length and diameter measure 0.005 m and
0.002 m, respectively. The grid spacing is 0.0004 m for the coarsest resolution, 0.0002
m for the intermediate, and 0.0001 m for the finest, in both directions. Such small
spacings are necessary because of the relatively small dimensions of the steam plume,
and because in the VOF formulation the cell size affects the minimum thickness of
the interface that can be actually captured (see Fig. 5.5 in Sect. 5.3). The time step
equals 4, 2 and 1 µs for the coarsest, intermediate, and finest grid respectively. With
these values of the time step, convergence is reached within a few iterations per time
step.

The initial conditions are Tsteam = 138�, Twater = 65�, α = 0 in the water
pool and α = 1 in the nozzle. The velocity in the water region is set to zero. The
operating absolute pressure of the steam is equal to 3 bar, and the steam mass density
is taken to be such that a slight superheating is given in order to account for friction
in the nozzle and in the upstream feeding pipes. Other fluid properties like dynamic
viscosity, thermal conductivity, specific heat are taken constant for the steam and the
water phase.
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Figure 5.8. Example of Cartesian structured grid used for the axisymmetric simulations.

The boundary conditions have been chosen as shown in the sketch of Fig. 5.9. In
particular, the walls are treated as non-porous, non-radiative, with no-slip condition
for the velocity and a prescribed value of temperature equal to the bulk temperature
of the adjacent phase. At the steam inlet, the steam mass flux and temperature are
assigned. The steam flux G is given a value of 35 kgm−2s−1. Together with the
assigned mass density of the steam ρst, this value of mass flux is used by Fluent to
compute the steam bulk velocity in the nozzle as G/ρst, which is used to build up a
fully developed turbulent velocity profile in the axial direction.

Figure 5.9. Sketch of the domain with the boundary conditions used for the axisymmetric
simulations.

In Fig. 5.10 the volume fraction, temperature and volumetric mass transfer rate
distributions are shown at arbitrary times for each of the three laminar simulations.
The simulation with the intermediate grid resolution has given the best agreement
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Figure 5.10. From left to right: distribution of volume fraction, temperature and volumetric
mass flow rate, each row for an axisymmetric laminar simulation, at arbitrary times. Top:
coarsest grid, t = 0.006s. Center: intermediate grid, t = 0.0082s. Bottom: finest grid,
t = 0.003s.
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with the experiments in terms of plume shape and size (Figs. 5.11–5.12). The plume
obtained with the finest grid shows the occurrence of wrinkles on the interface, indi-
cating that turbulent flow structures are present, although not captured by the other
two coarser grids.

Figure 5.11. Snapshot of the growing steam plume at an arbitrary observation time in
Clerx’s experiment without upward cross flow, and for the same operating conditions as
those of the simulations in Fig. 5.10 (from Clerx and Van der Geld, 2009).

Figure 5.12. Left: snapshot of the condensing steam plume at an arbitrary observation time
in Clerx’s experiment without upward cross flow, and for the same operating conditions as
those of the simulations in Fig. 5.10. Right: condensing steam plume in the laminar simu-
lation on the intermediate grid. The dimensions of the steam plume are in good agreement
with the experimental observations.

Hence, the next step is the removal of the laminar hypothesis and the performance
of axisymmetric RANS simulations. Prior to that, a grid-convergence analysis has
been conducted, whose results are shown in Fig. 5.13. The grid with the intermediate
level of refinement appears to be sufficiently fine to capture the phase change. In
the next subsection, the coarsest grid is disregarded, and the RANS simulations are
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performed for the other two grids.
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Figure 5.13. Grid-convergence study for the three levels of grid refinement tested in the
laminar simulations. Top-left : volume fraction. Top-right: temperature (in Kelvin). Bot-
tom: volumetric mass flow rate m through the interface (in kgm−3s−1). Dot-dashed line:
coarsest resolution. Solid line: intermediate resolution. Dashed line: finest resolution.

5.6.2 RANS simulations

Axisymmetric RANS/VOF simulations with the standard k–ε closure model have
been performed on the two finer grids previously considered. Initial conditions for
k and ε should be prescribed in such a way that convergence speed is enhanced.
This is beneficial also in the present case of unsteady flow, as the flow exhibits some
(statistical) periodicity due to the oscillating condensation regime.

As remarked in the previous subsection, the boundary conditions at the nozzle
are such that Fluent treats the pure steam flow in the nozzle as a fully developed
turbulent flow. Thus, it is possible to estimate k and ε for the steam jet with semi-
empirical relations available for fully developed turbulence, and take these values as
initial guess in the whole domain, stagnant water pool included. After a transient,
the solution in the water regions far from the jet penetration spot will show no trace
of the initial conditions for k and ε.
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The Reynolds number of the steam based on the nozzle diameter is of the order of
5000. The turbulent intensity is evaluated as I = 0.16(Resteam)−1/8. The turbulent
kinetic energy can then be calculated as k = 1.5(Usteam I)2, with Usteam = G/ρsteam

the bulk velocity of the steam in the nozzle. The turbulent dissipation rate is cal-
culated as ε = C

3/4
µ k3/2/l, where l is a characteristic turbulent scale, which can be

estimated as l = 0.07D, D being the nozzle diameter.
The calculated values of k and ε are also assigned as boundary conditions at the

nozzle inlet. All remaining boundary conditions are unchanged with respect to the
laminar simulations.

In Fig. 5.14 instantaneous snapshots of volume fraction, temperature and volu-
metric mass transfer rate are depicted for the two grids. The instants of time are
chosen such that the shape and the size of the steam plume are comparable with
those of the laminar simulation on the intermediate grid. This comparison shows a
substantial agreement with the RANS simulation performed on the intermediate grid.

Figure 5.14. From left to right: distribution of volume fraction, temperature and volumetric
mass flow rate, each row for an axisymmetric RANS simulation, at arbitrary times. Top:
intermediate grid, t = 0.01s. Bottom: finest grid, t = 0.0074s.

5.6.3 Penetration depth and volume of the steam plume

Because of the different grid resolutions that have been tested, a qualitative compar-
ison among the axisymmetric simulations cannot only be based on snapshots of the
steam volume fraction. The resolution of the interface is grid dependent. Also, the
phase of the oscillating condensation changes with the grid. However, bearing in mind
that the main purpose of the axisymmetric simulations is to test the condensation
model, a comparison can be made in terms of the penetration depth of the plume,
which is related to the shape, and the volume of the plume, which is related to the
size, as functions of time (Fig. 5.15).
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Figure 5.15. Penetration depth (a) and volume (b) of the steam plume as functions of time
for the axisymmetric simulations. Solid lines: laminar simulations. Dashed lines: RANS
simulations. Red line: coarsest grid. Black lines: intermediate grid. Blue lines: finest grid.
The penetration depth is measured along the axis of symmetry of the domain. All quantities
are expressed in SI units.

The time evolution of the penetration depth (Fig. 5.15(a)), which is measured on
the axis of symmetry of the domain, is similar for all simulations, with the exception of
the laminar simulation on the finest grid. The latter, as previously remarked, predicts
a plume shape that is radically different from the other simulations because of the
underlying turbulent flow structure. Note that the RANS simulation on the finest grid
shows a better agreement with the other simulations than the laminar simulation on
the same grid. This is not sursprising, as the RANS calculates averaged quantities and
hence smoothens the interface. All simulations, however, predict a cycle frequency
of the plume of the order of 0.01 seconds. This result is also found when looking at
the time evolution of the plume volume (Fig. 5.15(b)). Furthermore, maxima and
minima of the penetration depth agree quite well, and the almost linear increase of
the penetration depth with time has also experimentally been observed by Clerx and
Van der Geld (2009) (see Fig. 5.16).

Taking the laminar simulation on the intermediate grid as a reference, the RANS
simulation on the finest grid does not exhibit significant improvements compared to
the RANS on the intermediate grid to justify the increased computational effort, in
view of three-dimensional simulations. The order of magnitude of the intermediate
grid spacing is therefore retained in the three-dimensional RANS simulation discussed
in the next section.

5.7 Three-dimensional simulation with cross flow

This section contains results of a three-dimensional RANS–VOF simulation that has
been performed under the same operating conditions as in one of Clerx’s experiments
with steam injection in water cross flow. The computational domain is shown in
Fig. 5.17, and corresponds in geometry and dimensions to the portion of the experi-
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Figure 5.16. Penetration depth histories during consecutive condensation cycles of the
steam plume, at the same steam mass flux G as in the axisymmetric simulations. Top: same
water temperature as in the axisymmetric simulations. Bottom: lower water temperature.
From Clerx and Van der Geld (2009).

mental setup where measurements have been carried out.

L

H
D

L

g

Figure 5.17. Sketch of the computational domain for the three-dimensional simulation.

The cross section of the duct is a square with length L equal to 0.03 m. The height
H of the duct measures 0.052 m. The longitudinal axis of the cylindrical nozzle, which
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is 0.005 m long and has diameter D equal to 0.002 m, is placed 0.016 m above the
bottom section of the duct, which is the inflow section for the water.

Generation of the computational mesh with Gambit has been made by prescrib-
ing the same level of resolution as in the axisymmetric RANS on the intermediate
grid of the previous section. The result is an unstructured grid (see Fig. 5.18) with
approximately 3.5 million volume cells.

(a) (b)

Figure 5.18. Side (a) and front (b) view of the unstructured grid used in the three-
dimensional simulation.

The operating conditions for the case considered are displayed in Table 5.1. The
Reynolds number of the steam jet Rest = DUst/νst is approximately 6200, the steam
jet bulk velocity Ust = G/ρst being around 26 ms−1. The Reynolds number of
the water cross-flow Rew = LUw/νw is around 10000, with the water bulk velocity
Uw = Q/A equal to about 0.29 ms−1, A being the area of the cross section of the
duct.

Steam Water

G 41 kg m−2s−1 Q 2.6 · 10−4 m3s−1

Tst 132� Tw 25�
ρst 1.58 kg m−3 ρw 997 kg m−3

pst 2.86 bar pw 2.83 bar

Table 5.1. Operating conditions for the three-dimensional RANS simulation.

At time t = 0 the duct is entirely occupied by water, flowing in upward direction,
whereas the steam is confined in the nozzle. As already remarked for the axisym-
metric simulations with no cross flow, initial values for k and ε have to be assigned.
Here, these values are taken for the water turbulent flow, which is assumed to be fully
developed and occupies the largest part of the domain. They can be either calcu-
lated from Uw by following the same procedure as described for the steam jet in the
simulations without cross flow, or extracted by Fluent from LES or DNS data sets
of fully developed flow in a square duct, if provided by the user. The availability of
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an in-house DNS code for square-duct flow at Re=10000 has allowed to choose the
second option.

The boundary conditions are the following. At the steam inlet of the nozzle, the
temperature is equal to the prescribed Tst of the steam jet, and the mass flux G is
assigned. At the bottom of the duct, where the water flow enters the computational
domain, a fully-developed turbulent velocity profile for the streamwise component
is assigned via the DNS data set. The other two velocity components are assigned
in the same way. A typical feature of the fully-developed turbulent flow in a square
duct is the presence of two counter-rotating vortices at each corner of the cross section
(Huser and Biringen, 1993). The DNS data also provide the distributions of turbulent
kinetic energy k and turbulent dissipation rate ε. Finally, temperature is set to the
prescribed value of Tw. At the top of the duct, the outflow boundary condition is
assigned, which prescribes zero diffusion fluxes in the direction normal to the section
and corrects the mass balance. All other boundaries of the duct and the nozzle wall
are treated as non-radiative solid walls with no-slip condition for the velocity and a
fixed value of temperature equal to the bulk temperature of the adjacent phase.

Since the presence of gravity is enabled in the simulation, buoyancy forces are
accounted for by means of the Boussinesq convection model

ρw(T ) = ρw[1− β(T − Tw)] , (5.30)

with β the thermal expansion coefficient of water at Tw. The buoyancy force ρw(T )g
is added to the momentum equation. In all other terms of the other equations water
mass density is kept at its assigned constant value.

As remarked in Sect. 5.4, a very small time step has to be adopted in order to
ensure convergence to a physically meaningful solution with not too many iterations
per time step. In the three-dimensional simulation with a time step size equal to 1
µs the solution converges within on average 5 iterations per time step. Because of
the size of the time step and the number of grid cells, the simulation has been run
in parallel mode on 34 processors of the computer cluster available at TU/e. This
run has required about 3 weeks to obtain a simulation time of a few hundredths of
a second. The memory required to store the solution of the RANS–VOF system of
equations at each time step is on the order of 300 MBytes.

Due to the huge computational resources required, results are available up to a
simulation time of 0.036 seconds. This is much shorter than the observation time
in the experiments. Hence, in the following comparison with experimental results is
made bearing in mind that time averages cannot be extracted from the simulation
because there the flow is still in a transient state. On the other hand, because of
the intrinsic unsteadiness of the oscillating condensation regime, a purely qualitative
comparison can be made by looking at the instantaneous shape of the steam plume
in the simulation and in the experiments at arbitrary instants of time (Fig. 5.19). A
comparison of the cycle frequency of the oscillating plume requires a longer simulation
in order to reach an approximate statistical periodicity of the condensation regime.

Fig. 5.20 shows the experimental measurements for the mean velocity field on the
middle longitudinal cross section of the duct duct, after an observation time of 66
seconds. A wake region downstream of the steam injection point is clearly visible,
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Figure 5.19. Comparison of the shape of the steam plume between experiments (left pictures)
and simulation results (magnified in the right pictures), at arbitrary instants of time. The
dimensions of the steam plume are in good agreement with the experimental observations.
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representing the portion of the cross flow where the magnitude and the direction of
the velocity field are affected by the transfer of momentum from the steam. The
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Figure 5.20. Time-averaged velocity distribution in the middle longitudinal cross section of
the duct from Clerx’s experiments. The colormap denotes local velocity magnitude normalized
with the magnitude of the bulk velocity of the water cross-flow. Observation time equals 66
seconds.

increase in the magnitude of the water velocity is up to a factor of 1.5 in the wake
immediately downstream of the condensation region, then decays but not too rapidly,
so that the velocity field is still affected by the wake towards the outflow section of
the duct.

In Fig. 5.21 contours of the instantaneous velocity magnitude are plotted on the
middle longitudinal cross section of the duct at simulation times t = 0.012, t = 0.024
and t = 0.036 s, respectively, showing that the flow field in the duct is still develop-
ing. The other relevant quantity for comparison with experiments is the temperature
difference ∆T = T − Tw between the local value and the bulk water temperature in
the same longitudinal cross section where the velocity distribution has been analyzed.
Due to the location of the temperature probes (Fig. 5.22), however, measurements
are only available in a part of the section and not, for example, in the region near the
wall downstream of the steam injection point.

Consequently, the time-averaged distribution of ∆T as extracted from the mea-
surements looks like Fig. 5.23. A particularly interesting feature of these results is
the deep penetration of temperature gradients into the water cross flow.

Fig. 5.24 shows the instantaneous distribution of ∆T for the same subsequent
times of the simulation as in Fig. 5.21. As observed for the velocity distribution, the
regions of nonzero temperature gradients are still developing.
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(a) (b)

(c)

Figure 5.21. Instantaneous velocity distribution in the middle longitudinal cross section
of the duct at simulation time (a) t = 0.012 s , (b) t = 0.024 s, and (c) t = 0.036 s. Local
velocity magnitude is normalized with the magnitude of the water cross-flow bulk velocity and
expressed on the same scale used in the measurements.
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Figure 5.22. Sketch of the temperature measurement system adopted by Clerx. Each of
the three sensors downstream of the injection spot is shifted on ten different positions, where
temperature is measured for two minutes. Response time of these sensors is of the order of
a second.

Figure 5.23. Measured time-averaged distribution of the difference between local and water
bulk temperature on the middle longitudinal section of the duct. The black dots represent
subsequent positions of the sensors. The coordinates (0, 0) indicate the location of the longi-
tudinal axis of the nozzle.
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(a) (b)

(c)

Figure 5.24. Instantaneous distribution of ∆T for simulation times (a) t = 0.012 s, (b)
t = 0.024 s, and (c) t = 0.036 s. Note that the scale is different from the scale used in
Fig. 5.23.
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5.8 Conclusions

A phase-change model for direct-contact condensation based on the kinetic gas the-
ory has been developed and adapted to the Volume-of-Fluid two-phase formulation of
steam injection in water. The model has been implemented in a subroutine in C lan-
guage in the commercial CFD package ANSYS Fluent to calculate the instantaneous
volumetric mass flow rate through the interface, thus providing the time-evolution of
the steam plume morphology.

The model has been tested on several axisymmetric simulations for the case of a
single injection nozzle, giving good results in terms of shape of the steam plume com-
pared to experiments. These simulations have also provided indications on the grid
resolution requirement and the choice of a suitable flow model. Next, this informa-
tion has been used in a three-dimensional RANS simulation for the condensing steam
injected by a cylindrical nozzle in a perpendicular square duct, where water flows in
the fully-developed turbulent regime. The geometry of the computational domain is
the same as in the test-section of the experimental setup used for measurements. The
operating conditions correspond to those of one of the experiments.

However, the simulation time is heavily limited by the large amount of computa-
tional resources. Due to the strong unsteadiness of the phenomena to be simulated,
the size of the time step must be very small, and a large number of grid cells is re-
quired to track the interface motion. The computational domain cannot be restricted
to the injection region, because long-range effects on the cross flow have to be stud-
ied. Therefore, the simulation has not yet reached the stage where time-averaged flow
quantities can be computed. This prevents a quantitative comparison with experi-
mental results. The results obtained so far have been used for a qualitative validation
of the condensation model that has been implemented by comparing the shape of the
steam plume. Moreover, the dimensions of the steam plume are in good agreement
with the experimental observations. The instantaneous fields of temperature and ve-
locity support the reasonable expectation that a longer simulation time will converge
to the statistical experimental results. The simulation work treated in this chapter
represents, therefore, a preliminary effort towards a future increase in the complexity
of the configuration, such as interacting steam plumes generated by multiple nozzles
with different geometry.



Bibliography

Aifantis, E.C., Serrin, J.B., 1983a. The mechanical theory of fluid interfaces and
Maxwell’s rule. J. Colloid Interface Sci. 96, 517–529.

Aifantis, E.C., Serrin, J.B., 1983b. Equilibrium solutions in the mechanical theory of
fluid microstructures. J. Colloid Interface Sci. 96, 530–547.

Anderson, D.M., McFadden, G.B., 1996. A diffuse-interface description of fluid sys-
tems. NIST Int. Rep. 5887, Gaithersburg, MD.

Anderson, D.M., McFadden, G.B., 1997. A diffuse-interface description of internal
waves in a near-critical fluid. Phys. Fluids 9, 1870–1879.

Anderson, D.M., McFadden, G.B., Wheeler, A.A., 1998. Diffuse-interface methods in
fluid mechanics. Annu. Rev. Fluid Mech. 30, 139–165.

Antanovskii, L.K., 1996. Microscale theory of surface tension. Phys. Rev. E 54, 6285–
6290.

Ashgriz, N., Poo, J.Y., 1989. Coalescence and separation in binary collisions of liquid
drops. J. Fluid Mech. 221, 183–204.

Banerjee, R., Isaac, K.M., Oliver, L., Breig, W., 2002. Features of automotive gas
tank filler pipe two-phase flow: experiments and computational fluid dynamics
simulations. J. Eng. Gas Turbines Power 124, 412–420.

Bardina, J., Ferziger, J.H. and Reynolds, W.C., 1980. Improved subgrid models for
large-eddy simulation. AIAA, Paper 80–1357.

Bogey, C. and Bailly, C., 2004. A family of low dispersive and low dissipative explicit
schemes for flow and noise computations. J. Comp. Phys. 194, 194–214.

Bongiorno, V., Scriven, L.E. and Davis, H.T., 1976. Molecular theory of fluid inter-
faces. J. Colloid Interface Sci. 57, 462–475.

Boris, J.P., Grinstein, F.F., Oran, E.S. and Kolbe, R.L., 1992. New insights into large
eddy simulation. Fluid Dyn. Res. 10, 199–228.

Bradley, S.G., Stow, C.D., 1978. Collision between liquid drops. Philos. Trans. R. Soc.
London Ser. A 287, 635–675.



114 Bibliography

Brandt, T.T., 2006. Study of Large Eddy Simulation and Smagorinsky model using
explicit filtering. AIAA paper 2006–3541.

Cahn, J.W. and Hilliard, J.E., 1958. Free energy of a nonuniform system. I. Interfacial
free energy. J. Chem. Phys. 28, 258–267.

Cahn, J.W., 1959. Free energy of a nonuniform system. II. Thermodynamic basis. J.
Chem. Phys. 30, 1121–1124.

Carati, D., Winckelmans, G.S. and Jeanmart, H., 2001. On the modelling of the
subgrid-scale and filtered-scale stress tensors in large-eddy simulation. J. Fluid
Mech. 441, 119–138.

Chan, C.K., Lee, C.K.B., 1982. A regime map for direct contact condensation. Int. J.
Multiphase Flow 8, 11–20.

Chen, C.-Y., Meiburg, E., Wang, L., 2001. Miscible droplets in a porous medium and
the effects of Korteweg stresses. Phys. Fluids 13, 2447–2456.

Chen, C.-Y., Meiburg, E., 2002. Miscible displacements in capillary tubes: Influence
of Korteweg stresses and divergence effects. Phys. Fluids 14, 2052–2058.

Chesters, A.K., 1991. The modelling of coalescence processes in fluid-liquid disper-
sions: a review of current understanding. Trans IChemE, 69 A, 259–270.

Clark, R.A., Ferziger, J.H. and Reynolds, W.C., 1979. Evaluation of subgrid-scale
models using an accurately simulated turbulent flow. J. Fluid Mech. 91, 1–16.

Clerx, N., Van der Geld, C.W.M., 2009. Experimental and analytical study of inter-
mittency in direct contact condensation of steam in a cross-flow of water. Proc.
ECI International Conference on Boiling Heat Transfer.

Cockburn, B., Gau, H., 1996. A model numerical scheme for the propagation of phase
transitions in solids. SIAM J. Sci. Comput. 17, 1092–1121.

Collier, J.G., 1972. Convective boiling and condensation. Mc-Graw Hill Book Com-
pany (UK).

Danon, F., 1962. Topics in statistical mechanics of fluids. USAEC Report UCRL
10029.

De Groot, S.R., Mazur, P., 1984. Non-equilibrium thermodynamics. Dover Publica-
tions, Inc., New York.

Dunn, J.E. and Serrin, J.B., 1985. On the thermomechanics of interstitial working.
Arch. Rat. Mech. Anal. 88, 95–133..

Erlebacher, G., Hussaini, M.Y., Speziale, C.G. and Zang, T.A., 1992. Toward the
large-eddy simulation of compressible turbulent flows. J. Fluid. Mech. 238, 155–
185.



115

Fluent 6.2 User’s Guide, 2005.

Fujimoto, H., Ogino, T., Takabashi, O., Takuda, H., and Hatta, N., 2000. Bubble
formation at impingement of a liquid droplet on a solid surface. Proc. ASME FED–
2000, Vol. 253, 29–34.

Ghosal, S. and Moin, P., 1995. The basic equations for the large eddy simulation of
turbulent flows in complex geometry. J. Comp. Phys. 118, 24–37.

Ghosal, S., 1996. An analysis of numerical errors in large-eddy simulations of turbu-
lence. J. Comp. Phys. 125, 187–206.

Gulawani, S.S., Joshi, J.B., Shah, M.S., RamaPrasad, C.S., Shukla, D.S., 2006. CFD
analysis of flow pattern and heat transfer in direct contact steam condensation.
Chem. Eng. Sci. 61, 5204–5220.

Gulawani, S.S., Deshpande, S.S., Joshi, J.B., Shah, M.S., Prasad, C.S.R., Shukla,
D.S., 2007. Submerged gas jet into a liquid bath: a review. Ind. Eng. Chem. Res.
46, 3188–3218.

Harlow, F.H. and Shannon, J.P., 1967. The splash of a liquid drop. J. Appl. Phys. 38,
3855–3866.

Hirt, C.W., Nichols, B.D., 1981. Volume of Fluid (VOF) Method for dynamics of free
boundaries. J. Comp. Phys. 39, 201–225.

Hoefer, M.A., Ablowitz, M.J., Coddington, I., Cornell, E.A., Engels, P., Schweikhard,
V., 2006. Dispersive and classical shock waves in Bose–Einstein condensates and
gas dynamics. Phys. Rev. A 74, 023623. 1–24.

Huser, A., Biringen, S., 1993. Direct numerical simulation of turbulent flow in a square
duct. J. Fluid Mech. 257, 65–95.

Jamet, D., Lebaigue, O., Coutris, N., Delhaye, M., 2001. The second gradient method
for the direct numerical simulation of liquid-vapor flows with phase change. J.
Comput. Phys. 169, 624–651.

Kolmogorov, A.N., 1941. The local structure of turbulence in incompressible vis-
cous fluid for very large Reynolds numbers. Dokl. Akad. Nauk. SSSR 30, 301-305.
Reprinted in Proc. R. Soc. London A (1991), 434, 9–13.

Korteweg, D.J., 1901. Sur la forme que prennent les équations du mouvement des
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