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Summary

Model reduction for infinite-dimensional systems with
application to managed pressure drilling

The drilling of hard-to-reach wells imposes increasingly stringent require-
ments on the safety of drilling operations. In particular, the down-hole pressure,
i.e., the pressure of the drilling fluid at the bottom of the wellbore, needs to be
controlled at safe levels. In fact, the associated pressure window is so narrow
that the downhole pressure cannot be maintained reliably within this window
by using traditional pressure control techniques. To improve the quality of the
downhole pressure control, the method of managed pressure drilling has been in-
troduced. In managed pressure drilling, the downhole pressure is controlled by
applying a surface back-pressure through a choke valve with a variable opening
at the surface of the drilling rig. To further improve the precision of downhole
pressure control, manual managed pressure drilling and automatic control have
recently been combined, leading to automated managed pressure drilling. Even
though this approach has brought about significant performance and safety im-
provements in drilling and enabled the drilling of previously undrillable fields,
there are still control requirements which existing pressure control systems fail
to fulfill. These shortcomings are partly due to the fact that relatively simple,
lumped-parameter, models for the hydraulics in the well are being used in the
design of such pressure control systems. In particular, these models are often
obtained by ignoring key dynamical aspects of the fluid flow behavior in the
drilling system, such as the advective nature. This thesis studies, in two parts,
the model complexity reduction of nonlinear distributed-parameter, i.e., infinite-
dimensional, models for managed pressure drilling operation.

The first part of the thesis deals with the modeling and model reduction of
the hydraulics in a managed pressure drilling system. In Chapter 2, a complex
high-fidelity two-phase fluid flow model in terms of hyperbolic partial differen-
tial equations is developed for drilling systems with managed pressure drilling
equipment. The high accuracy of this model for single-phase flow drilling scen-
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arios has been verified by confronting it with field data obtained from real-world
drilling operations. On the basis of this high-fidelity model, in Chapters 3 and
4, automatic model order reduction techniques have been employed to develop
simple and highly representative, i.e., control-oriented, hydraulics models. The
approach proposed in Chapter 3 is based on the spatial discretization of the
infinite-dimensional model developed in Chapter 2. Namely, the high-fidelity
model is first approximated by a high-order, finite-dimensional model in terms
of ordinary differential equations with local nonlinearities, which are due to the
nonlinear boundary conditions of the system. After casting this model into a
Lur’e-type model form, a nonlinear model order reduction technique is employed
to construct an approximative, low-order model of the same form. In the model
reduction approach proposed in Chapter 4, the advective nature of the infinite-
dimensional model of Chapter 2 is captured by a low-order system of delay
difference equations. This delay model is combined by another model of ordin-
ary differential equations to compensate for effects of the dynamics governing
the shape changes of the traveling waves associated with distributed variables
along the flow path of the drilling system. These dynamics occur due to gravit-
ational and frictional effects. The approximative model is constructed by using
a data-based moment-matching approach to accurately approximate the relev-
ant input-output transfer functions of the original infinite-dimensional model.
To demonstrate the relevance of this hydraulics delay model in the design of
industrial pressure control systems, a pressure control system has been designed
based on this model. After applying this controller to the high-fidelity model,
it has been shown that the novel controller provides a significant performance
improvement over state-of-practice existing pressure controller.

The second part of the thesis is inspired by an observation arising from the
first part. Namely, the underlying observation is that the wave propagation ef-
fect essential to infinite-dimensional models for managed pressure drilling can
be effectively captured by delay system models. This gave rise to the desire to
develop model reduction techniques for such delay system models themselves.
The second part of the thesis presents two techniques for the delay-dependent
model order reduction of a class of time delay systems in Chapters 5 and 6.
Both presented techniques preserve stability properties and the delay nature of
the original time delay system. Moreover, both techniques provide guaranteed,
a priori computable error bounds on the accuracy of the obtained reduced-order
models. These techniques rely on the definition of observability and control-
lability energy functionals that conceptually characterize controllability and ob-
servability properties of the considered time delay systems. Those functionals,
however, cannot directly be used for the purpose of model order reduction, as it
is challenging, if not impossible, to compute those functionals exactly. Alternat-
ively, it is shown that there exist computable Lyapunov-Krasovskii functionals,
described by quadratic terms, that can bound and approximate these observab-
ility and controllability energy functionals. Those approximative functionals are
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characterized by matrix variables, which are solutions to a set of matrix inequal-
ities. These matrix variables are used as a basis for constructing a balancing
transformation that is subsequently used for model order reduction by trunca-
tion. The main benefits of the technique presented in Chapter 5 with respect
to the existing literature are, first, to extend the class of time delay systems
that can be reduced and, second, to alleviate the large conservatism often as-
sociated with delay-independent model reduction techniques for delay systems.
In the proposed technique, the approximative functionals are characterized by
matrix variables which are used in the procedure of model reduction. This, how-
ever, compromises the tightness of the bounds on the energy functionals and,
consequently, degrades the quality of model approximation when used for struc-
tured/parameterized model reduction of delay systems. To tackle this problem,
in Chapter 6, we propose an extended model order reduction approach which,
alternatively, uses slack matrix variables for balancing. In that technique, the
slack variables are enforced in the matrix inequalities in a way that those do
not appear explicitly in the approximative functionals. This, as a crucial prop-
erty, allows for structured/parametrized model reduction without imposing any
structure on the matrices characterizing the approximative functionals, which,
in turn, enhances the feasibility and quality of model reduction.

Summarizing, this thesis presents model reduction techniques which enable
the automatic construction of simple, yet highly accurate, hydraulics models
for managed pressure drilling operations. These control-oriented models are
intended to facilitate the design and implementation of pressure control systems
which can provide a higher level of safety and control performance compared
to existing pressure control systems in drilling industries. The other major
contribution of the thesis is the development of two novel delay-dependent model
order reduction techniques for linear time delay systems.
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Chapter 1

Introduction

Abstract-This chapter presents a high-level introduction to this thesis. It starts
with a brief description of rotary drilling systems and managed pressure drilling
(MPD) and describes the motivation for the research in this thesis, in Sections 1.1
and 1.2. Next, in Section 1.3, it provides a high-level literature review on model-
ing and model reduction for MPD and reviews state-of-the-art pressure control
systems, which is followed by a literature review on time delay systems. This
chapter also presents, in Sections 1.4 and 1.5, the objectives and main contri-
butions of the thesis. More detailed literature reviews on dedicated topics are
included in the introductory sections of the individual chapters. A list of the
publications is provided in Section 1.6. Finally, an outline of the thesis is given
in Section 1.7.

1.1 Rotary drilling

Since antiquity, humankind has been making wells to access or direct under-
ground waters for irrigation and drinking [17, 148]. Getting access to oil reser-
voirs has been another important reason for digging wells in areas were oil reser-
voirs where close to the surface. The early wells were dug by hand and shallow
in depth. It was not until the early 19th century that man began to use mod-
ern machinery, such as steam engines, for the creation of wells. For instance,
steam-powered cable-tool drilling, where a heavy and pointy chisel is lifted and
dropped repeatedly to crush the rocks and formation under its impact, made it
possible to drill deeper and faster than ever before [26].

Soon, the depletion of close-to-surface, easy-to-reach reservoirs gave rise to
an urgent need for deeper and directional wells. Traditional well-construction
techniques such as cable-tool drilling are however incapable of making such wells.
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To meet this need as well as the increasingly high demand for oil and gas,
modern rotary drilling methods have emerged in the early 1900s. Rotary drilling
enabled the construction of both deep offshore and onshore wells of sophisticated
trajectories, which was impossible before.

As can be seen in the schematic in Fig. 1.1, the main components of a typical
rotary drilling rig are the rig, drill bit, drillstring, wellbore, rig pumps and
casings. The drillstring is a typically long string consisting of stands of steel
pipe which are screwed onto each other. The drill bit is the main cutting tool
in a drilling system and it is attached to the bottom end of the drillstring. The
drillstring receives torque from powerful motors (usually included in an assembly
called the top drive which is installed at the drilling rig) and transmits it to the
drill bit to cut through rock. From the top, a circulating liquid, often called
drilling mud, is pumped into the drillstring. The mud leaves the drillstring at
the bottom of the well through nozzles in the bit to enter the annulus, that
is, the gap between the wellbore and drillstring. After leaving the drillstring,
the mud flows up through the annulus and transports the now suspended rock
cuttings to the surface. In addition to the task of suspending and transporting
the cuttings, keeping the wellbore pressurized and maintaining the structural
integrity of the well is another crucial function of the mud.

Specifically, the wellbore pressure is required to be maintained within pres-
sure bounds, often called the drilling window, determined by the pore and frac-
ture pressures, see Fig. 1.1. The former is the pressure of the confined hydrocar-
bons in the drilled formation and reservoir. The fracture pressure, by contrast,
is the minimum pressure required to fracture the formations. If the wellbore
pressure is below the pore pressure, fluids from the surrounding formation or
reservoir can flow into the wellbore. An unwanted influx into the wellbore is
called a kick. Kicks, especially gas kicks, can rapidly grow into catastrophic
well-control events such as the 2010-Deepwater Horizon blowout in the Gulf of
Mexico [24], which took lives and caused severe economical and environmental
crises. For a review of some of the most destructive blowouts, see [64]. On the
opposite side, a wellbore pressure that exceeds the fracture pressure can crack
the formation and cause lost mud circulation, and, potentially, a subsequent drop
in the hydrostatic head (pressure) which in turn may initiate kicks. Moreover,
it can degenerate the permeability and, consequently, the productivity of reser-
voirs.

Ignoring transients in the pressure evolution, the pressure at the bottom of
the well consists of three constituents:

1. The hydrostatic pressure due to the weight of the mud column in the
annulus.

2. The frictional pressure losses along the annulus.

3. The surface pressure.
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Figure 1.1. An illustration of the collapse, pore and fracture pressures and the
drilling window, next to a schematic of a drilling rig and well (inspired by [20]).

In typical rotary drilling systems, the annulus is exposed to ambient air at the
top and the surface pressure thus equals the atmospheric pressure. In these
systems, the objective of pressure control, that is, to maintain the downhole
pressure within the drilling window, is primarily achieved by adjusting the mud
density, and, seldomly, if ever, through the mud flow rate to manipulate the
frictional pressure [125]. Since this method is highly inaccurate, it suits drilling
into formations with wide drilling windows. It is remarked that the frictional
pressure loss increases with the length of the well. This fact exerts a limit on
the maximum length of the well because the downhole pressure must remain
within the drilling window for both full and zero mud flow circulations. We
also note that, in general, it is not possible to maintain the pressure within the
drilling window everywhere along the wellbore, see Fig. 1.1, where the wellbore
pressure is shown by a thin orange line. As clearly seen, it is not possible to fit
this line within the drilling window for the entire length of the well. For this
reason, after drilling a section of the well, steel cylinders called casing are run
into the well and cemented in place to encase and protect that section of the
well. Consequently, pressure control needs to be practiced only in the open-hole
section of the well, the lowermost section which has not been cased off and, thus,
is prone to kicks and mud losses.
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1.2 Managed pressure drilling

Associated with narrow drilling windows, hard-to-reach reservoirs cannot be
reached using conventional drilling methods. Managed pressure drilling (MPD)
is a drilling method that has addressed this issue of narrow drilling windows. The
international association of drilling defines MPD as “an adaptive drilling process
used to precisely control the annular pressure profile throughout the wellbore.
The objectives are to ascertain the downhole pressure environment limits and to
manage the annulus hydraulic pressure profile accordingly” [123].

In a standard MPD setup, as opposed to conventional drilling systems, the
annulus is sealed off at the top with a rotating control device (RCD) which directs
the return flow to a choke manifold equipped with variable-opening choke valves,
see Fig. 1.1. This combination of the RCD and choke valves, for a given pump
flow rate, provides a variable surface back-pressure downstream the choke, often
called the choke pressure. This variable back-pressure provides the convenience
of changing the wellbore pressure much faster than by changing mud density.
As such, MPD enhances safety of drilling operations and improves accuracy in
drilling operations [123, 54]. Furthermore, compared to conventional drilling,
MPD reduces the number of required casing operations for the same length of
the well, reduces the non-productive time, speeds up drilling operations and
improves the rate of penetration (ROP) [125, 114], which largely determines
drilling efficiency. MPD also makes it possible to circulate out small to medium
size kicks without a need to halt drilling [98, 74].

In the beginning, MPD operations were performed manually, i.e., by a human
operator. However, efficiency and safety in manual MPD are restricted to a
large extent by human factors. This also limits the range of operations that
MPD is capable of. One such operation is, for instance, compensation for heave
motions in floating drilling rigs. To address these shortcomings of manual MPD
and reach the full potential of the MPD setup, automatic control has been
employed in MPD [125, 116]. Real-life drilling operations have evidenced that
automated MPD is capable of automatically tackling many well-control events
without (excessive) operator intervention [21] or halting drilling. This thesis is
focused on automated MPD and closely related modeling (complexity) aspects
concerning the pressure dynamics in the well.

1.3 Modeling, model reduction and controller
design for MPD

To motivate the research objectives of this thesis, this section presents a concise
literature review. This review covers the topics of modeling, model reduction
and controller design for MPD, as well as model reduction for time delay systems.
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1.3.1 Modeling and model reduction for MPD

Today, mathematical models are widely used for simulation and design purposes
in drilling. Drilling simulators serve purposes such as training drilling crews and
monitoring the well condition while drilling [30, 151]. Commercial multi-phase
flow simulators such as OLGA, LedaFlow and DrillBench [18, 86], which are
widely used in drilling simulators, rely typically on highly complex mathematical
models of fluid flows. By contrast, models used for (control) design purposes
need to be of significantly lower complexity to be amenable to (system-theoretic)
design and analysis techniques. Still, these models should be accurate enough in
terms of capturing essential static and dynamic aspects of interest of a drilling
system.

To lower the chance of control failure in automated MPD during drilling
operations, the performance of the control system should be evaluated through
simulation studies before the practical implementation of the control system.
The complexity of a hydraulics simulation model that is used for this purpose
should be restricted to control-relevant system aspects so that the simulations
remain tractable for controller assessment and the source of control issues can
be easily identified and addressed. Simulation speed matters in these models be-
cause the design and assessment of a pressure controller usually demand intensive
and repetitive simulations. Indeed, such a model can be obtained by making a
proper trade-off between high-complexity simulation and low-complexity design
models mentioned above. Existing hydraulics models such as those in [80, 153,
149, 140] are not comprehensive enough in the sense that those do not capture
all important control-relevant aspects of a drilling system. The main challenge
in constructing such a simulation model is to identify the most control-relevant
aspects of a drilling system and incorporate all those aspects in a model. The
accuracy of these models should be verified by comparing those to data ob-
tained from representative, real-life MPD operations. Moreover, the simulation
of such models, which typically come in the form of partial differential equations
(PDEs), relies on discretization schemes. These schemes are typically incapable
of preserving all model aspects. Therefore, another challenge is to provide a ded-
icated numerical scheme that can effectively preserve control-relevant aspects of
the simulation model while running simulations.

As far as the design of pressure controllers for MPD automation is concerned,
four of the most important model aspects are the mass-transport (slow) dynam-
ics of the flow (whether single- or multi-phase) in the drillstring and annulus,
fast hydraulics transients of the pressure dynamics, the steady-state behavior of
the flow and the physical boundary conditions in MPD, especially at the surface
and bottom of the well. These aspects can to a large extent be captured by
models in terms of nonlinear hyperbolic PDEs. On the one hand, these models,
including the simulation models, are too complex to be considered as design
models for control, and, on the other hand, a truly simple design model is gener-
ally incapable of preserving all these system aspects accurately; thus, trade-offs
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are to be made in modeling for controller design.

For instance, the popular work in [71] sacrifices the wave-propagation effect
to arrive at a simple model of ordinary differential equations (ODEs) from a
hyperbolic PDE model. Variants of this ODE model can be found in [158, 89].
This type of models has been used in [56, 63, 71, 154, 158, 142] for MPD-relevant
control and estimation problems. Since these models have been developed for
single-phase flow drilling systems, such ODE models have a limited capability
in describing scenarios where two-phase flow situations arise. ODE models of
comparable complexity for two-phase flow systems can be found in [112]. Such
a model was used in [111, 112] for control and estimation purposes. This type
of models have been derived by discarding fast pressure transients as well as the
dynamics of gas transportation. The simplified two-phase model in [4] ignores
the fast pressure dynamics but incorporates the phenomenon of gas migration
through a single advection PDE, which has been used for controller purposes
in [12, 117]. The work in [5] uses steady-state models for stability analysis of
MPD operations. All these simplified models were obtained following insightful
physics-based procedures for model simplification, thus it is readily known what
aspects it preserves and which it discards. A more detailed review of these
models can be found in [7].

Another perspective to obtain low-complexity models is pursued by discret-
ization of hydraulics PDE models. Namely, in this approach high-complexity
PDE models are discretized by using discretization schemes to obtain simpler,
finite-dimensional, models in terms of ODEs (or difference equations) [83, 84,
110, 112, 96]. As opposed to the previously mentioned approach, it is in general
either challenging or impossible to clearly specify which model aspects, and to
what extent, are preserved during discretization. To make sure that a desirable
aspect, such as the wave-propagation effect in drilling systems, is preserved to an
acceptable degree, a high-resolution discretization needs to be performed. This,
however, leads to high-order (i.e., complex) discretized models which is a seri-
ous downside from the perspective of control and estimation, as the high model
order hampers the design and implementation of controllers. Nonetheless, it is
remarked that there exist dedicated discretization techniques that, irrespective
of resolution, can guarantee the preservation of certain model properties such as
stability, physical energy, and model structures [79, 32, 78, 115].

To remedy this issue of high-order discretized models, automatic model order
reduction techniques, which can strike an efficient balance between complexity
and accuracy, can be used, typically applied after (a high-resolution) discret-
ization. Namely, high-resolution discretization ensures the preservation of key
system properties in the discretized model to an acceptable accuracy, and an
automatic model reduction technique reduces the order of the discretized model
while guaranteeing the preservation of its properties and, potentially, providing
measures on the accuracy of reduction. There is only a handful of publications
where automatic model reduction is used in modeling for drilling and MPD. An
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example is the work in [83], which derived a low-order linear ODE model for
single-phase flow MPD scenarios by using an automatic model order reduction
technique after discretization. In [93], linear model order reduction was used
for the reduction of MPD-relevant controllers. In [94], system identification was
used to construct a low-order linear model for MPD control purposes. Nonlinear
model reduction has yet not received much attention in MPD automation, even
though drilling, especially MPD, is a highly nonlinear process. The main sources
of these nonlinearities are the distributed frictional effects along the flow path
and nonlinear characteristics of the drill bit and choke. Changes in the physical
parameters of the drilling system along its flow path can also cause local non-
linearities and modeling issues. These distributed and local nonlinearities make
the task of model reduction for MPD challenging.

Another relatively new model-complexity reduction approach for MPD auto-
mation is pursued by using time-delay models. Namely, it is known that the
boundary input-output behavior of hyperbolic PDE systems without source
terms can be exactly described by models in terms of delay-difference equations
[34], also known as continuous-time difference equations (CTDEs). D’Alembert’s
formula is a well-know example that provides a transformation between the wave
equation and delay-difference equations [37, 77]. The work in [95] has used this
property and derived a simple CTDE model which was used for compensating
heave motions. Source terms (i.e., gravitational and frictional effects) were, how-
ever, ignored in [95]. Indeed, the presence of the coupling source terms leads to
integro-difference systems with complex kernel functions [38]. The complexity
of these kernel functions calls into question the suitability of such models for
controller synthesis. Therefore, a main challenge of this approach is to preserve
the effects of the source terms in the reduced-complexity time delay model in
such a way that such kernel functions do not arise.

1.3.2 Pressure controller design for MPD

A pressure controller should be able to maintain the downhole pressure within
the drilling window at a reference pressure during normal drilling operations,
such as pipe connection, casing and tripping. Typically, a maximum deviation
of ±2.5 bar from the reference pressure is acceptable. The pressure controller
should additionally be able to steer the downhole pressure to its reference as
quickly as possible when the downhole pressure deviates from its reference due
to, for instance, running into high- or low-pressure zones, loss of rig pumps and
choke plugging events [55].

Given the fact that automated MPD (relative to manual MPD) can bring
substantial financial and safety benefits [125], the design and implementation of
pressure controllers have gained much popularity in the drilling industry. In,
e.g., [143, 116, 158, 56, 63, 94], pressure controllers were designed based on a
low-order design model elaborated on in [71] or other low-order ODE models.
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Since these design models do not capture the wave-propagation effect, these con-
trollers are in general incapable of (effectively) suppressing external disturbances
and unwanted propagating pressure waves along the well. It was reported in [84]
that the controller in [116] does not effectively compensates for heave motions
while a controller with a higher order can provide a more satisfactory perform-
ance. In [112], a proportional-integral (PI) and model-predictive controller were
compared in a pipe connection scenario. The PI controller was tuned by using
a low-order model and the model-predictive controller used a high-order model
obtained from the discretization of a two-phase flow model. It was observed
that the model-predictive controller outperformed the PI controller in a variety
of ways. Even worse situations can arise. Namely, controllers designed based
on simple models without taking the wave-propagation effect into account can
become a source for generating undesirable propagating pressure waves in case
of fast control actions. To make these shortcomings less significant, pressure
controllers are often designed to have slow responses and generate gentle con-
trol actions. One downside of such a slow controller, among other things, is
that larger kicks and mud losses can occur. Moreover, additional hardware is
required to protect drilling equipment from the impacts of the propagating pres-
sure waves. There are works where pressure controllers are directly designed
based on (linear) hyperbolic PDE models [65, 144]. These controllers theor-
etically provide the best performance because the underlying models capture
essential control-relevant aspects of a drilling system highly accurately. How-
ever, controller design based on distributed PDE models is challenging because
existing control theory for these models is less developed compared to models
in terms of ODEs or delay-differential equations. Furthermore, these techniques
typically lead to pressure controllers described by distributed-parameter models.
The practical implementation of such controllers is rather challenging too, and
it generally demands controller discretization [15]. Discretization can, however,
degrade the performance of the controller.

Hence, design and implementation of pressure controllers is challenging from
several perspectives. The first challenge arises due to the fact that accurate
hydraulics models are in general too complex. Moreover, downhole measure-
ments are either not available or, if available, are noisy, delayed, inaccurate
and performed at slow sampling rates. These measurements are more suitable
for parameter estimation and model tuning rather than for feedback control.
Drilling systems are highly uncertain and nonlinear processes, which gives rise
to additional control challenges.

1.3.3 Model order reduction for time delay systems

The observation that the wave-propagation effect in drilling systems can be de-
scribed by time delay systems motivates a desire to pursue the problem of model
order reduction for time delay systems. Another reason for preferring time delay
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models over PDE models in MPD automation is that powerful controller design
and analysis techniques are available today for low-order time delay systems,
see, e.g., [48, 100].

Model order reduction for linear time delay system has received consider-
able attention in recent decades. For instance, delay-preserving model reduction
techniques were proposed in [69, 152, 134]. These techniques, however, neither
preserve stability properties of the original model nor provide a priori bounds
on the reduction error. By contrast, the model reduction techniques developed
in [157, 82, 156, 22] can preserve stability properties and provide error bounds.
The proposed techniques in [157, 82] however lead to non-convex problems that
restricts their applicability to low-order systems. The decomposition technique
in [156] relies on the satisfaction of a small-gain condition and is most effect-
ive when the delay affects only a low-dimensional part of the system dynamics.
The work in [22] proposed a balancing-type, delay-independent model reduction
technique. The fact that this technique is delay-independent restricts its applic-
ability to special classes of delay systems. Moreover, it leads to conservative error
bounds when the delay is small. The literature review indicates the importance
of developing a delay-dependent model order reduction technique that can cover
a larger class of time delay systems but does not rely on involved mathematical
computations.

Given the fact that drilling systems are subject to parametric uncertainties,
it is also desirable to have model order reduction techniques that can also be
used effectively for the model reduction of time delay system with uncertainties.
It is known that for delay-free system the so-called extended model reduction
technique can facilitate the procedure of model reduction for uncertain delay-
free systems [136]. However, there is still no such technique available for time
delay systems.

1.4 Research objectives of the thesis

The literature review of the previous section has highlighted challenges that give
rise to the research objectives detailed in this section. The research objectives
can be divided in two categories: those that aim at modeling and model reduction
for MPD automation specifically and those which concern the model reduction
for time delay systems in general. The first group of the objectives is formalized
as follows:

1. To construct a hydraulics simulation model that suits assessment of (MPD-
based) pressure control systems for drilling systems. The model should be
representative enough in the sense that it captures the aforementioned hy-
draulics aspects of a drilling system as well as aspects that can be detri-
mental to control performance in automated MPD.
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2. To construct reduced-complexity models for MPD systems that facilitate
design and implementation of pressure control systems for MPD scenarios.

3. To validate the simulation model and the reduced-complexity models by
confronting those to data obtained from real-world MPD operations.

4. To evidence the applicability of the reduced models by using those in the
design of novel pressure controllers that outperform existing pressure con-
trollers in terms of kick/mud loss attenuation and robustness against the
wave-propagation effect.

An observation that MPD scenarios can be described by models in terms of
delay-differential equations has motivated the following research objectives of
this thesis:

5. To develop a delay-structure preserving model order redcuton technique for
linear time delay systems. This technique should preserve stability proper-
ties and provide an a priori bound on the reduction error to enable quality
certification of the reduced-order model.

6. To develop a model reduction procedure that, in addition to the require-
ments in the item 5 above, facilitates model reduction for time delay sys-
tems with model parameters and physical structures (for instance, the in-
terconnection of a system and a controller) that need to be preserved.

1.5 Contributions of the thesis

The effort made to accomplish the research objectives in Section 1.4 has led
to findings that can be split into three categories: contributions concerning the
modeling for MPD, contributions to model reduction and controller design for
MPD automation, and contributions to model order reduction for time delay
systems. This thesis also provides comparisons of the obtained models with
field data for model validation purposes. A more detailed description of the
contributions of this thesis is as follows:

1. Fit-for-purpose modeling for MPD-relevant simulations: This contribu-
tion, which is reported in Chapter 2, is a model-based simulation platform
suitable for controller performance assessment in MPD scenarios. This
platform consists of a hydraulics model and numerical tooling to support
simulation for fast testing of drilling scenarios. Suitable for MPD-relevant,
two-phase flow drilling scenarios, the model establishes a trade-off between
complex models used in commercial drilling simulators and simple models
used for controller design purposes.

In the proposed model, interactions among various parts of a drilling sys-
tem are formulated in terms of boundary conditions. The complexity of the
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model is limited to contain control-relevant, hydraulics aspects of a drilling
system dynamics that are essential for the assessment of the closed-loop
performance in automated MPD. For the numerical implementation of the
model, a characteristics-based method is adapted to solve the nonlinear
boundary conditions, and a dynamical model is proposed for the drill bit
to circumvent numerical issues arising at low pump flow rates. Since effects
of variations in the cross-sectional area of the flow path on transient and
steady-state responses of the system can be significant and detrimental to
closed-loop performance if not taken into account, a strategy is proposed
to accurately preserve these effects during numerical implementations.

2. Control-oriented models for MPD obtained by model reduction techniques:
Reported in Chapters 3 and 4, this contribution is the development of auto-
matic model reduction techniques aiming to construct low-complexity, but
representative, hydraulics models for the design of pressure controllers for
single-phase flow drilling systems. Specifically, the approach proposed in
Chapter 3 is based on a spatial discretization of a variant of the infinite-
dimensional model developed in Chapter 2. Namely, the high-fidelity
model is first approximated by a high-order, finite-dimensional model in
terms of ODEs with local nonlinearities, which arise due to the nonlinear
boundary conditions of the system. After casting this model into a Lur’e-
type model form, a nonlinear model order reduction technique is employed
to construct an approximative, low-order model of the same form. The
presented model reduction procedure in Chapter 3 preserves stability prop-
erties of the original high-order model irrespective of the reduction order.
In this contribution, the issue of variations in the cross-sectional area of
the flow path is also addressed.

Contradictory to Chapter 3, where the reduced-order model is entirely
described by ODEs, Chapter 4 constructs reduced-complexity models in
terms of time delay equations. In the model reduction approach proposed
in Chapter 4, the advective nature of the infinite-dimensional model is
captured by a low-order system of delay-difference equations. This delay
model is combined with another model in terms of ODEs to approxim-
ate effects of the source terms, i.e., gravitational and frictional effects,
thereby addressing the issue of complex kernel functions. This approxim-
ative model is constructed by a data-based (moment-matching) approach
which approximates the relevant input-output frequency response func-
tions of the original infinite-dimensional model. We remark that this tech-
nique also preserves the nonlinearities to the boundary conditions in MPD.

3. Model validation with field data: To evidence the predictive capabilities
of the simulation model in Chapter 2 and of the reduced-order model
in Chapter 3, these models are validated for relevant single-phase-flow
MPD scenarios by comparing those with sets of field data obtained from
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commissioning tests of an automated MPD system. The data used in this
respect were provided by Kelda drilling controls.

4. Novel pressure controller design for MPD: To evidence the relevance of
the low-complexity hydraulics delay model of Chapter 4 for the design of
industrial pressure control systems, a novel pressure controller has been
designed on the basis of that model in the same chapter. This control-
ler is designed by using Lyapunov-Krasovskii stability theorems and it
guarantees the local stability of the closed-loop system. After applying
this controller to the underlying (original) high-fidelity model, it has been
observed that the proposed controller, which uses only the surface pres-
sure measurements, provides a significant performance improvement over
state-of-practice pressure controllers, in terms of robustness against the
wave-propagation effect and the rise time in response to step changes in
the reservoir pressure.

5. Novel model reduction techniques for time delay systems: The other major
contribution of the thesis is the development of two novel delay-dependent
model order reduction techniques for linear time delay systems. Reported
in Chapters 5 and 6, this contribution is inspired by an observation arising
from Chapter 4. Namely, the underlying observation is that the wave-
propagation effect essential to infinite-dimensional models for MPD can
be effectively captured by delay system models.

Both presented techniques for model reduction of delay systems preserve
stability properties and the delay structure of the original time delay sys-
tem as well. Moreover, they provide guaranteed, a priori, computable er-
ror bounds on the accuracy of the obtained reduced-order models. These
techniques rely on the definition of observability and controllability energy
functionals that conceptually characterize controllability and observability
properties of time delay systems. Those functionals, however, are not dir-
ectly used in the model reduction procedure because it is generally chal-
lenging to compute those functionals exactly. Alternatively, it is shown
that computable Lyapunov-Krasovskii functionals, described by quadratic
terms, can be used to bound and approximate these observability and
controllability energy functionals. Those approximative functionals are
characterized by matrix variables, which are solutions to a set of matrix
inequalities. These matrix variables are used as a basis for constructing a
balancing transformation that is subsequently used for model order reduc-
tion by truncation.

The benefits of the technique presented in Chapter 5 are, first, to extend,
with reference to existing work on the literature, the class of time delay
systems that can be reduced and, second, to alleviate the large conser-
vatism (in terms of, e.g., error bound) associated with delay-independent
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model reduction techniques. In this method, the approximative function-
als are characterized by matrix variables which are used in the procedure
of model reduction. However, this can compromise the tightness of the
bounds on the energy functionals and, consequently, degrades the quality
of model approximation when used for parameterized or structured model
reduction of delay systems.

This problem is addressed in Chapter 6, where we propose an extended
model order reduction approach which, instead, uses slack matrix variables
for balancing. The slack variables are enforced in the matrix inequalities
such that those do not arise explicitly in the approximative functionals.
This property enables structured/parametrized model reduction of lin-
ear time delay systems without imposing any structure on the matrices
characterizing the approximative functionals, which, in turn, improves the
feasibility and quality of model reduction.

1.6 Publications

The main contributions of this thesis have been published as the following journal
papers and a book chapter in the next subsection.

1.6.1 Peer-reviewed journal articles

• S. Naderi Lordejani, B. Besselink, M. H. Abbasi, G. -O. Kaasa, W. H.
A. Schilders, N. van de Wouw “Control-oriented modeling for managed
pressure drilling automation using model order reduction,” IEEE Trans-
actions on Control Systems Technology, In press, 2020.

• S. Naderi Lordejani, B. Besselink, A. Chaillet, N. van de Wouw “Model
order reduction for linear time delay systems: a delay-dependent approach
based on energy functionals,” Automatica, vo1 112, pp. 108701, February
2020.

• S. Naderi Lordejani, M. H. Abbasi, N. Velmurugan, C. Berg, J. A.
Stakvik, B. Besselink, L. Iapichino, F. Di Meglio, W. Schilders, N. van
de Wouw, “Modeling and numerical implementation of managed pressure
drilling systems for evaluating pressure control systems,” SPE Drilling &
Completion, May 2020, SPE-201108-PA.

• S. Naderi Lordejani, B. Besselink, W. H. A. Schilders, N. van de Wouw
“Model complexity reduction and controller design for managed pressure
drilling,” Submitted to IEEE Transactions on Control Systems Technology.

https://ieeexplore.ieee.org/document/9099213
https://ieeexplore.ieee.org/document/9099213
http://www.sciencedirect.com/science/article/pii/S0005109819305643
http://www.sciencedirect.com/science/article/pii/S0005109819305643
http://www.sciencedirect.com/science/article/pii/S0005109819305643
https://www.onepetro.org/journal-paper/SPE-201108-PA
https://www.onepetro.org/journal-paper/SPE-201108-PA
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1.6.2 Peer-reviewed book chapter

• S. Naderi Lordejani, B. Besselink, A. Chaillet, N. van de Wouw “On ex-
tended model reduction for linear time delay systems,” To appear as a book
chapter in a volume of the International Series of Numerical Mathematics.

1.6.3 Other peer-reviewed journal articles

The author of this thesis has also contributed as a co-author to the following
publications, which concern Chapters 2 and 3.

• M. H. Abbasi, L. Iapichino, S. Naderi Lordejani, W. H. A. Schilders, N.
van de Wouw “Reduced basis method for managed pressure drilling based
on a model with local nonlinearities,” International Journal for Numerical
Methods in Engineering, Special issue, April 2020.

• M. H. Abbasi, S. Naderi Lordejani, N. Velmurugan, C. Berg, L. Iapichino,
W. H. A. Schilders, N. van de Wouw “A Godunov-type scheme for the drift
flux model with variable cross section,” Journal of Petroleum Science and
Engineering, vol. 179, pp. 796-813, August 2019.

• M. H. Abbasi, S. Naderi Lordejani, C. Berg, L. Iapichino, W. H. A.
Schilders, N. van de Wouw “An approximate well-balanced upgrade of
Godunov-type schemes for the isothermal Euler equations and the drift-
flux model with laminar friction and gravitation,” International Journal
for Numerical Methods in Fluids, In press, 2020.

1.6.4 Peer-reviewed articles in conferences and
colloquiums

Below is a list of the articles appeared in conference proceedings and colloquiums.

• T. C. P. F. Leenen, S. Naderi Lordejani, B. Besselink, W. H. A. Schilders,
N. van de Wouw “Data-based model reduction for a class of hyperbolic sys-
tems with application to control-oriented modeling for managed pressure
drilling,” In proceedings of the 21st IFAC World Congress, Berlin, Ger-
many, July 2020.

• S. Naderi Lordejani, T. C. P. F. Leenen, B. Besselink, W. H. A. Schilders,
N. van de Wouw “Model reduction for hyperbolic systems with applica-
tion to managed pressure drilling,” ENOC 2020, Lyon, France, July 2020
(postponed to 2021).

• S. Naderi Lordejani, B. Besselink, N. van de Wouw “An extended model
order reduction technique for linear delay systems,” In proceedings of the
58th IEEE Conference on Decision and Control, Nice, France, December
2019.

https://onlinelibrary.wiley.com/doi/full/10.1002/nme.6362
https://onlinelibrary.wiley.com/doi/full/10.1002/nme.6362
http://www.sciencedirect.com/science/article/pii/S0920410519304267
http://www.sciencedirect.com/science/article/pii/S0920410519304267
https://onlinelibrary.wiley.com/doi/full/10.1002/fld.4921?af=R
https://onlinelibrary.wiley.com/doi/full/10.1002/fld.4921?af=R
https://onlinelibrary.wiley.com/doi/full/10.1002/fld.4921?af=R
https://ieeexplore.ieee.org/abstract/document/9029350
https://ieeexplore.ieee.org/abstract/document/9029350
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• S. Naderi Lordejani, B. Besselink, M. H. Abbasi, G. -O. Kaasa, W. H. A.
Schilders, N. van de Wouw, “Control-oriented modeling and model order
reduction for managed pressure drilling systems,” 4th International Col-
loquium on Nonlinear Dynamics and Control of Deep Drilling Systems,
Stavanger, Norway, May 2018.

• S. Naderi Lordejani, B. Besselink, M. H. Abbasi, G. O. Kaasa, W. H. A.
Schilders, N. van de Wouw, “Model order reduction for managed pres-
sure drilling systems based on a model with local nonlinearities,” IFAC-
PapersOnLine, vol. 51, no. 8, pp. 50–55, January 2018.

1.7 Outline

The rest of this thesis consists of three parts and six chapters in total. Each
chapter, except for the last chapter, is a reprint or extension of the published or
submitted papers in Section 1.6 and is, thus, self-contained. Part I of the thesis
consists of Chapters 2, 3 and 4, and it covers the contributions of the thesis
to modeling and model reduction for MPD systems. Specifically, Chapter 2
present and validates a fit-for-purpose two-phase fluid flow model for simulation
purposes. Chapters 3 and 4 present model-based and data-based model reduc-
tion techniques for single-phase flow MPD systems. Additionally, in Chapter 3,
the accuracy of the reduced model is evidenced by confronting it to field data,
whereas, in Chapter 4, a novel pressure controller is designed and compared with
existing controllers. In Part II, which consists of Chapters 5 and 6, results on
model reduction for time delay systems are reported. In particular, Chapter 5
presents a delay-dependent model reduction technique and Chapter 6 reports an
extended model reduction technique for time delay systems. Finally, in Part III,
conclusion and recommendations for future research are presented in Chapter 7.

https://www.sciencedirect.com/science/article/pii/S2405896318306840
https://www.sciencedirect.com/science/article/pii/S2405896318306840
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Chapter 2

Modeling and numerical
implementation for managed

pressure drilling for the
assessment of pressure controllers

Abstract-Automated Managed Pressure Drilling (MPD) is a method to enhance
downhole pressure control performance and safety during drilling operations. It
is becoming more common to use model-based simulation for the evaluation of
pressure control systems designed for MPD automation before using those in
the field. This demands a representative hydraulics simulation model which
captures the relevant aspects of a drilling system. This chapter presents such a
model and, additionally, an approach to numerically implement that model for
simulation studies. The complexity of this simulation model should be limited
to, firstly, support effective numerical implementation and, secondly and most
importantly, to allow for the analysis of the behavior and performance of the
automated pressure control systems during the controller design phase. To this
end, aspects of a drilling system that can considerably affect the performance
of the automated MPD system are captured in the model. This hydraulics
model incorporates both the distributed and multi-phase flow nature of a drilling
system. Moreover, it captures nonlinear boundary conditions at the inlet of the
drillstring, at the drill bit and choke manifold, and also the variations in the
cross-sectional area of the flow path. Model validations against field data from
real-life MPD operations and simulations of industry-relevant scenarios indicate
that these aspects are effectively captured in the model and preserved during

This chapter is based mainly on [104] and partially on [8].
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the numerical implementation.

2.1 Introduction

Conventionally, the task of pressure control is accomplished by changing the
mud density during drilling operations. However, this method of controlling
the pressure is slow and inaccurate, and it lacks a means of compensating and
responding to transient pressure fluctuations (e.g., occurring during pipe connec-
tion operations, drilling into high-pressure formations or vertical motions of the
drillstring). Besides, this method cannot be used for the drilling of deep wells
with narrow drilling windows because of its low accuracy. To overcome such
drawbacks of conventional pressure control methods, managed pressure drilling
(MPD) has been introduced. A main objective of MPD is to provide a means
of fast, accurate and efficient control of the bottom-hole pressure (BHP), as op-
posed to conventional methods. As we illustrate in Fig. 2.1, in MPD, the annulus
is sealed off at the top with a rotating control device to direct the mud flow from
the annulus to a choke valve with a variable opening (see, e.g., [143, 55]). This
equipment, which is often accompanied by a back-pressure pump, pressurizes
the fluid inside the wellbore by providing an active back pressure. The back
pressure, and thus the BHP, can be controlled by manipulating the choke open-
ing. In automated MPD systems, the task of manipulating the choke opening
is primarily performed by an automatic pressure control system. This enhances
safety and performance and reduces drilling time and cost [56]. In particular, if
equipped with advanced control systems, automated MPD can make it possible
to handle many well-control events automatically without operator intervention
and using conventional well-control methods [21].

A control system designed for automated MPD should pass some virtual
and representative test scenarios on a simulation level before it can be used
in the field. These are performed because any failure in the drilling system,
especially in the pressure control system, can have catastrophic consequences.
Training new operators for drilling operations and well control incidents in a
controlled environment, as well as well monitoring, are other important reasons
for performing model-based simulation studies in drilling, [30, 151]. However,
simulations performed for training purposes often need to be well-supported by
graphical interfaces, which is not the case when it comes to controller design.
These simulations rely on a mathematical model of the drilling system dynamics,
the complexity of which varies depending on the required purpose. In particu-
lar, the complexity of an MPD model developed for testing pressure controllers
should be limited to facilitate the performance analysis and design of the control
system by neglecting less important system aspects. Such a model, called the
simulation model in this context, should only contain aspects of a drilling sys-
tem considered in the controller design, and aspects that are not considered in
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Figure 2.1. A simplified schematic diagram of a drilling system with MPD
equipment.

the controller design but can have detrimental effects on the performance of the
controller. Models used in the controller design are called the design models. A
design model is often much simpler than a simulation model because it usually
contains only the mass transport dynamics, neglecting the distributed nature of
drilling systems; see, e.g., [112, 71, 117, 39, 4].The following are a number of
the drilling aspects that can be detrimental to the performance of an automated
MPD system.

• Pressure-wave propagation: Pressure controllers are usually dependent on
simplified models in which pressure dynamics (i.e., wave-propagation ef-
fects) are ignored partially [84] or totally [143, 71, 110, 4, 12, 117, 39]. The
essential time scale associated to these dynamics can be in the range of
tens of seconds, or even minutes in the case of gas influx into the wellbore.
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Not only can such dynamics deteriorate the control performance, but they
can also cause instability [118], if not accounted for during the controller
design stage;

• Dynamics of the flow in the drillstring: in many cases, e.g., in [3], the
dynamics of the flow in the drillstring (as opposed to the flow through
the annulus), whether fast or slow, are ignored throughout the controller
design stage. This part can, however, have a significant contribution to
the system behavior, e.g., by changing the location of the major resonance
frequencies of the system or generating additional resonance frequencies.
Thus, the closed-loop performance in practice can be worse than expected
from simulation studies if system aspects imposed by the drillstring are
ignored in the design model;

• Nonlinear behavior of the drill bit: once the drillstring flow path is ignored
in the design model, the drill bit is replaced by an independent source of
flow. The flow through the bit is, however, nonlinearly dependent on the
pressure drop over the bit. In particular, in the case of standpipe pressure
control during gas influxes, this nonlinearity can be detrimental.

• The variable structure (i.e., switching nature) of the model: this variable
structure is induced mainly by the presence of a non-return valve in the
bottom-hole assembly. During operations such as pipe connection, the
non-return valve usually remains closed, changing the system properties
and behavior;

• Lastly, variations in the cross-sectional area of the flow path: these vari-
ations, especially those in the annulus, may have significant contribution
to frequency responses of a drilling system. Therefore, if not included in
the design model, these aspects may compromise the control performance.

Other dynamical effects, such as temperature transients, evolve so slowly, see,
e.g., Fig. 14 in [30], that these can be neglected in the simulation model. These
effects may be modeled in terms of uncertainties in the system parameters.
Effects such as well expansion can also be approximately lumped into the system
parameters, see,e.g., [19].

In this chapter, we rely on physical simplifications to derive a simulation
model for MPD which is consistent with the modeling choices above. The simu-
lation of the resulting model is based on a numerical discretization method. As
these numerical methods are incapable of exactly preserving all the character-
istics of the model, particular care should be taken in choosing, developing and
using these numerical methods. Thus, we also provide a dedicated numerical
approach for the simulation of this model.

The majority of existing hydraulics simulation models for drilling are single-
phase models, often based on the (isothermal) Euler equations, [83, 108], and
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two-phase models, which are often based on either the two-fluid model or the
Drift-Flux Model (DFM), see, e.g., [145, 80, 112, 140, 149, 7, 29]. In MPD
modeling, it is key to specify the boundary conditions of the system carefully
because exactly these boundary conditions differentiate MPD from conventional
drilling methods and are means of applying control inputs. Moreover, one should
consider the fact that the flow path in a drilling system, from the rig pump to drill
bit all the way up to the choke, experiences discontinuities in its cross-sectional
area. These discontinuities have a considerable contribution to the transient and
steady-state behavior of the flow and pressure along the flow path. These issues
have not been addressed adequately in the literature. [80] showed, by means of
simulations and experiments on test wells, the predictive capabilities of the DFM
for drilling operations. Though providing an advanced numerical setting for the
simulation of their model, they performed their studies in a conventional drilling
setting, not MPD. They did also not consider variations in the cross-sectional
area of the flow. The work by [153] is similar to [80], but the drilling model is
solved with a different numerical scheme to improve the solution accuracy. [4]
used the DFM as a basis for simulating the annulus, testing controllers and model
complexity reduction for MPD. The issue of variations in the cross-sectional area
was, however, not addressed. A similar hydraulics model was studied in [149],
where only the annulus was considered in the model and an extrapolation method
was used for solving the considered boundary conditions for simulations. [140]
used the two-fluid model for the simulation of the flow in the annulus. [30]
provided a survey on advances in drilling simulators, but no technical details
were given on the underlying mathematical models. In this chapter, we propose
a model for two-phase MPD drilling operations based on the DFM. This model
takes all the relevant aspects, mentioned above, into account.

The main contribution of this chapter is a simulation platform suitable for
evaluating controller performance for MPD operations, which includes both the
physical model and the tool to implement it. In particular, a comprehensive for-
mulation of a hydraulics model for MPD-relevant two-phase flow drilling scen-
arios is presented first. In this model, interactions between various parts of
a drilling system are formulated in terms of boundary conditions. The com-
plexity of the model is limited to contain control-relevant hydraulics aspects of a
drilling-system dynamics that can in some way be detrimental to the closed-loop
performance of an automated MPD. The developed model allows for the simu-
lation of many drilling scenarios ranging from making pipe connections, choke
plugging and choke swapping, and bit-nozzle plugging to liquid and gas influx
scenarios. Then, we provide a numerical approach to support simulation tooling
for fast scenario testing. In particular, we adapt a characteristics-based method
to solve the nonlinear boundary conditions, and also propose a dynamical model
for the drill bit to circumvent numerical issues which arise at low pump flow
rates. Because the effects of variations in the cross-sectional area of the flow
path can be significant both on transient and steady-state response of the sys-
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tem, we explicitly address these variations during the numerical implementations
of the model. Finally, we validate the hydraulics model for relevant MPD scen-
arios of single-phase flow by comparing it with a set of field data obtained from
commissioning tests of an automated MPD system.
Outline. Section 2.2 is devoted to providing a short introduction to the DFM.
Next, the mathematical modeling of the system is discussed in Section 2.3. The
steady-state solution of the model is discussed afterwards in Section 2.4. After
completing the modeling part, we present a numerical approach for the imple-
mentation of the model in Section 2.5, which is later illustrated by means of a
simulation study in Section 2.6. Conclusions are presented in Section 2.7.

2.2 Drift-flux model

This section provides a short introduction to the DFM [51] because it is the
cornerstone of the MPD model to be developed. Flow behavior in a transmission
line can, to some extent, be described by the DFM. Because of its relative
simplicity yet favorable capabilities in capturing the pressure and mass-transport
dynamics of two-phase flows, the DFM is probably the most widely used model
in literature on the control and simulation of two-phase flow drilling scenarios [7].
Consisting of two mass-conservation equations and one combined momentum-
conservation equation, the DFM reads as

∂q

∂t
+
∂f(q)

∂x
= S, (2.1)

with

q =

 q1

q2

q3

 :=

 ρlαl
ρgαg

ρlαlvl + ρgαgvg

 ,
f =

 ρlαlvl
ρgαgvg

ρlαlv
2
l + ρgαgv

2
g + p

 ,
S =

 Γl
Γg
s

 ,
(2.2)

where x ∈ [0, L] and t ≥ 0 are the spatial and time variables, respectively,
with L being the length of the computational domain and the well in this case.
The volume fraction, density, velocity and pressure are denoted by α = α(t, x),
ρ = ρ(t, x), v = v(t, x) and p = p(t, x), respectively, where the subscript l denotes
the liquid phase and g refers to the gas phase. The vector of primitive variables
(individual variables which have a clear physical meaning) is indicated by uT =
[αl, ρl, vl, αg, ρg, vg, p], while q represents the vector of conservative variables,
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and f(·) is the flux function. The source term is represented by s(u, t, x), and
Γl and Γg model mass exchange between the phases, a phenomenon which is
ignored in this chapter, and flow exchanges between the wellbore and formation.
The source term consisting of a gravitational and frictional term is given by

s(u, t, x) = ρmg sin (θ)−2ν(u)ρmvm|vm|
D

, (2.3)

where g and θ(x) are the gravitational acceleration and the inclination of the
transmission line with reference to the horizontal direction, and D is hydraulic
diameter. Moreover, ρm = αlρl + αgρg and vm = αlvl + αgvg are the mixture
density and velocity, respectively. Here, ν is the Fanning friction factor which is
in general a challenging parameter to determine. It is well-known that drilling
muds in general exhibit non-Newtonian behaviors [122]. There are a number
of models describing these types of flows, such as the Herschel-Bulkley, Bing-
ham plastic and the Power Law model. Of these three, the three-parameter
model of Herschel-Bulkley is the most accuratebecause it includes the other two
models as special cases. However, the respective equations are highly nonlin-
ear and challenging to solve and, moreover, complex models with too many
parameters are less useful from a control and estimation perspective. Here, we
adapt the two-parameter Power Law model to trade off between complexity
and accuracy. In this model, we define the Generalized Reynolds number as
Re = ρmvmDeff/µm,app, where Deff = 4nmD/(3nm+ 1) is the effective diameter
and

µm,app = µnmm

(
3nm + 1

4nm

8vm
D

)nm−1

, (2.4)

is the apparent mixture viscosity [122]. Here, nm = αlnl +αg, with nl being the
liquid behavior index, is the mixture behavior index, and µm = αlml + αgµg,
with µl and µg the liquid and gas viscosity, respectively, is the mixture viscosity.
The Fanning friction factor for laminar flow, when Re < 3250−1150nm, is given
by

ν =
16

Re
, (2.5)

while for the turbulent flow, when Re > 4250− 1150nm, ν is the solution to

1√
ν

+ 4 log

0.27ε

Deff
+

1.26n
−1.2
m(

ν(1−nm2 )Re
)n−0.75

m

 = 0, (2.6)

where ε is the pipe roughness [122]. As can be seen, the equation in (2.6) is
highly nonlinear and no exact explicit solution is currently available to it; thus,
we use an approximate solution (see Appendix A.1). For transition flow, when
Re ∈ [3250, 4250] − 1150nm, we compute ν by a linear interpolation from (2.5)
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and (2.6). We stress again that one can use a different frictional model depending
on the application and required accuracy; [91] provides a review of these models.

Remark 2.1. The Power Law model is in general considered to be complex
when it comes to the design of controllers and estimators for MPD automation,
given that it is far less common compared with simpler Newtonian models used
for these purposes.

Remark 2.2. Using mixture parameters and variables µm, ρm and vm is a
common approach to extend liquid frictional models to two-phase flows. Likewise,
we have used a mixture-behavior index nm to be able to use the Power Law model
for two-phase flow scenarios.

The DFM is completed by four other equations to be, potentially, solvable
uniquely. These, often known as the closure laws, can be expressed as

p− p0 − c2l (ρl − ρ0) = 0, (2.7a)

p− c2gρg = 0, (2.7b)

αl + αg − 1 = 0, (2.7c)

vg − vl − Φ(u) = 0, (2.7d)

where p0, ρ0, cl and cg are the reference pressure, liquid reference density,
sound velocity in the liquid and sound velocity in the gas, respectively. Equa-
tions (2.7a) and (2.7b) two equations are, respectively, known as the equations
of state (EOSs) for the liquid and gas. An EOS describe the state of matter
in terms of physical variables such as temperature, density and pressure. EOSs
can be rather complex in general, but we here use linear variants approximating
only the relation between pressure and density, as in (2.7a) and (2.7b). We note
that these equations still capture the liquid and gas compressibility. Moreover,
the volume balance between the phases is imposed by (2.7c), and the slip law
(2.7d) describes the relative velocity between the two phases depending on the
function Φ(·). Here, the slip law is given by [68]

Φ(u) = C0(u)vm + Vd(u)− vl, (2.8)

where the C0(·), Vd(·) are the distribution parameter and drift velocity, respect-
ively. Several descriptions, which are mostly obtained based on experiments
and function fitting, for these parameters can be found in the literature. De-
pending on well conditions, mud properties and expected drilling scenarios, a
particular description of these parameters can be selected to be used in the hy-
draulics model, assuming only bubbly and slug flows. For a review of a variety
of descriptions for these parameters and their validity conditions, see [25].

It can be shown that the DFM admits three distinct eigenvalues in a wide
region of the variable space, see [46]. These eigenvalues are λ1 = vg, λ2 = vg−cm,
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λ3 = vg + cm, with cm(u) the sound velocity in the mixture. Currently, no exact
analytical expression is available for cm(u). Thus, we use an approximation of
cm(u) based on the local definition of the bulk moduli, as follows:

cm(u) =

√
βm(u)

ρm(u)
, (2.9)

where βm is mixed bulk modulus, defined as βm = βlβg/(αlβg + αgβl), with
βg = p and βl = c2l ρl the bulk moduli of gas and liquid, respectively [3];

2.3 MPD Description and Hydraulics Modeling

Consulting Fig. 2.1, an MPD system may be simply regarded as two equivalent
hydraulic-transmission lines (or simply pipes) which are connected through a
drill bit in the middle and one of which ends up with a controllable choke valve.
The exposed zone of the annulus (so-called open-hole section) is susceptible to
gas and liquid influx from the surrounding formations that might potentially
contain hydrocarbons. Therefore, to have a good description of the flow and
pressure transients along the flow path, it is necessary to use a multi-phase flow
model for the annulus. However, except in some specific drilling operations, such
as operations performed in underbalanced drilling, it is quite reasonable to use
a single-phase flow model to describe the flow in the drillstring.

2.3.1 Hydraulics modeling

The DFM, as in (2.1), can be used only for the description of the flow lines
with constant cross-sectional area, while in practice there are variations in the
cross-sectional area of the flow path, due to changes in the diameter of pipes
and open hole, that affect the flow behavior. This urges the use of a modified
version of the DFM that accounts for the variations in the cross-sectional area.
The modified DFM for the annulus is [126]:

∂(Aaqa)

∂t
+
∂fa(Aaqa)

∂x
= AaSa +

∂Aa
∂x

Pa, (2.10)

where Aa(x) is the cross-sectional area of the annulus and we have denoted
Pa := [0, 0, pa]T . In this context, a sub/superscript a refers to the annulus and
a d to the drillstring. Compared with the model (2.1), changes in the cross-
sectional area lead especially to the term Pa∂Aa/∂x. We should note that t,
x, qa, fa(·) and Sa are the same as in (2.1) computed from the variables in the
annulus. In the annulus, as illustrated in Fig. 2.1, x = 0 marks the well bottom
and x = L is a point in the annulus that is in the same level as the choke.
Moreover, Da = Din−do, with Din the diameter of the annulus and do the outer
diameter of the drillstring, and θa(x) = −θ(L− x).
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As will be explained in later sections, we need to switch between the primitive
variables ua and the conservative ones qa to numerically solve the model under
development. Based on the closure laws in (2.7) and also the relation between
the vectors qa and ua, as in (2.2), we derive the following relation for the pressure
in terms of conservative variables:

pa =
−b+

√
b2 − 4d

2
, (2.11)

where b = ρ0c
2
l − p0 − c2l qa,1 − c2gqa,2 and d = −(ρ0C

2
l − p0)c2gqa,2. Next, given

the pressure from (2.11), (2.7a) and (2.7b) can be used to compute ρl and ρg,
respectively. Next, the definition of qa leads to expressions for the volume frac-
tions,

αl =
qa,1
ρl

,

αg =
qa,2
ρg

.
(2.12)

Next, we can compute vl using

vl =
qa,3 (1− C0αg)− qa,2Vd

qa,1 + C0αgqa,2
. (2.13)

Then, from the slip law (2.7d), with (2.8), we obtain

vg =
C0αlvl + Vd

1− C0αg
. (2.14)

Remark 2.3. Depending on the choice of C0(u) and Vd(u), if these paramet-
ers are dependent on vl and vg, then (2.13) and (2.14) can become nonlinear
equations with respect to vl an vg which need to be solved simultaneously using
nonlinear solvers. However, these are often independent of vl and vg.

As already mentioned, the main reason for using a two-phase model for the
annulus is to enable modeling of a gas influx from the formation into the annulus.
By contrast, it is reasonable to use a single-phase flow model for describing the
flow behavior inside the drillstring. It is worth mentioning that there are certain
drilling operations, such as operations in underbalanced drilling, where some rate
of gas is intentionally injected into the drillstring. This gas injection in turn gives
rise to a two-phase medium in the drillstring. The following isothermal Euler
equations accounting for the variations in the cross-sectional area describe the
flow behavior in the drillstring,

∂(Adqd)

∂t
+
∂fd(Adqd)

∂x
= AdSd +

∂Ad
∂x

Pd, (2.15)

where fd (Adqd) = [Adρv,Adρv
2 +Adpd]

T , Sd(ud, t, x) = [0, sd(ud, t, x)]T , Pd :=
[0, pd]

T . Moreover, ρ = ρ(t, x), v = v(t, x), pd = pd(t, x) are the mud density,
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velocity and pressure profiles along the drillstring. The vectors of primitive
and conservative variables are indicated by ud = [ρ, v, pd]

T and qd = [ρ, ρv]T ,
respectively. Moreover, Ad(x) is the cross-sectional area of the drillstring. For
the drillstring, x = 0 marks a point in the drillstring that is in the same level
as the pump whereas x = L marks its outlet at the bit. To avoid unnecessary
notational complexities, we do not use a subscript to refer to the primitive
variables in the drillstring, except for the pressure. As before, sd is the source
term acting on the flow in the drillstring, and the same model as in (2.3) is
used to determine it, with the mixture variables and parameter reducing to
liquid variables. Moreover, we have Dd = din, with din the inner diameter of
the drillstring, and θd(x) = θ(x). The EOS considered for the liquid in the
drillstring is the same as (2.7a), the one used in the annulus.

Remark 2.4. It should be noted that (2.15) may be obtained from (2.10) by
setting αg = 0.

2.3.2 Boundary conditions

To potentially be able to solve (2.10) and (2.15) uniquely, one needs to specify a
set of boundary conditions. In this regard, a careful observation of Fig. 2.1 re-
veals that the hydraulics behavior of an MPD system is largely dictated by three
main physical boundary conditions, which are the boundaries at the drillstring
inlet, the bit together with the behavior of the formation around the open hole,
and the choke valve, as the annulus outlet.

The boundary condition at the drillstring inlet is expressed in a general form
as

fibc (ρ (t, 0) , v (t, 0) , t) = 0, (2.16)

where fibc(·, ·, ·) is the boundary condition at the drillstring inlet, and it is
determined depending on the ongoing drilling operation. For example, during
normal operations, when the drillstring is connected to the mud pump, we can
define

fibc := Ad (0) ρ (t, 0) v (t, 0)− Jp (t) , (2.17)

where Jp(t) denotes the mass-flow rate of the mud pumped into the drillstring.
As another example, during a bleed-off operation, an operation to slowly release
the trapped pressure within the drillstring before detaching it from the top-
derive, a valve equation should be used to model this boundary condition. Next,
at the bottom of the well, one can write three boundary equations, consisting
of the bit equation that describes the liquid mass-flow rate through the bit in
terms of the pressure drop over the bit, the liquid mass-balance equation between
both sides of the bit and the gas balance between the formation and annulus,
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respectively:

Ad(L)ρ(t, L)v(t, L)− cdAnz

√
2ρ(t, L)r (pd(t, L)− pa(t, 0)) = 0,

(2.18a)

Ad(L)ρ(t, L)v(t, L)+J lres(pa(t, 0), pres)−Aa(0)αl(t, 0)ρl(t, 0)vl(t, 0) = 0,
(2.18b)

Jgres(pa(t, 0), pres)−Aa(0)αg(t, 0)ρg(t, 0)vg(t, 0) = 0,
(2.18c)

where the function r(e) =

{
e, if e > 0
0, if e ≤ 0

is used to model the non-return valve

installed above the bit inside the Bottom-Hole Assembly (BHA), Anz is the
effective area of the bit nozzles and cd is the discharge coefficient. Also, J lres(·, ·)
and Jgres(·, ·) respectively represent the mass-flow rates of the liquid and gas
exchanged between the wellbore and the formation with a pressure pres, known
as the reservoir pressure. Here, we approximate these variables using a linear
static reservoir model as follows (see, e.g., [5]):

J ires = κir (pres − pa(t, 0)) , i = g, l, (2.19)

where κi is the production index for the phase i. Coupling with a more intricate
reservoir model is also possible and it can be substituted into (2.19). However,
near wellbore reservoir modeling is out of the scope of this chapter.

Remark 2.5. We note that, in many drilling scenarios, it is realistic to assume
that the flow J ires, i = g, l, takes place only at the bottom of the well, leading to
Γg = 0 and Γl = 0, as in (2.2). Nonetheless, there are also scenarios where it is
important to consider a distributed reservoir model along the open hole. In this
chapter, we model such scenarios through the terms Γl and Γg, as in (2.2). In
particular, by considering a section of the annulus of the infinitesimal length of
dx over the interval [x, x+ dx], the mass-balance equation for the phase i = g, l
in this section (or simply a control volume) is given by

d

dt
dJi(t) = J iin(t)− J iout(t) + dJ ires(t), (2.20)

where dJi is the mass of the flow in this control volume whereas J iin and J iout are
the inlet and outlet mass-flow rates and dJ ires is the rate of the mass exchange
between this control volume and the formation surrounding it. In this equation,
we have

dJi(t) =

∫ x+dx

x

Aa(ξ)αi(t, ξ)ρi(t, ξ) dξ,

J iout(t) = Aa(x+ dx)αi(t, dx)ρi(t, x+ dx)vi(t, x+ dx),

J iin(t) = Aa(x)αi(t, x)ρi(t, x)vi(t, x),

(2.21)
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for i = g, l. Substituting (2.21) into (2.20) leads to

d

dt

∫ x+dx

x

Aa(ξ)αi(t, ξ)ρi(t, ξ) dξ = Aa(x)αi(t, x)ρi(t, x)vi(t, x)

−Aa(x+ dx)αi(t, x+ dx)ρi(t, x+ dx)vi(t, x+ dx)

+

∫ x+dx

x

Aa(ξ)Γi(ξ) dξ,

(2.22)

which is the weak form to the following PDE

∂ (Aaαiρi)

∂t
+
∂ (Aaαiρivi)

∂x
= AaΓi

Now, we determine the term Γi. We assume that we have a distributed reservoir
model of the form

Γi[kg/s/m
3] = κi(x) (pres(t, x)− pa(t, x)) ,

where κi(x) is the distributed production index for phase i = g, l.

Next, at the top side of the annulus, the boundary condition is determined
by the choke equation describing the mass-flow rate of the mixture through the
choke as a function of the pressure drop over the choke (see, e.g., [40])

Jc(t, ua(t, L))− Jbpp(t)− Juc (ua(t, L)) = 0,

Jc(t, ua(t, L))−
nc∑
i=1

kc,iGi(zc,i(t))
√

2ρm(t, L)r (pa(t, L)− p0) = 0,
(2.23)

where kc,i, zc,i and Gi(·) are the choke-flow factor, the choke opening and
the choke characteristic of the choke valve i, respectively. Here, nc is the
number of choke valves in the MPD setup and Jbpp(t) is the mass-flow rate
from the backpressure pump. Moreover, Juc = Aa(L)αl(t, L)ρl(t, L)vl(t, L) +
Aa(L)αg(t, L)ρg(t, L)vg(t, L) is the mass-flow rate upstream the choke, whereas
Jc is that downstream the choke. Again, more accurate models of multi-phase
flow through a valve can be derived to replace (2.23).

The combination of Eqs. (2.7) through (2.23) constructs our MPD simulation
model. Specifically, in this model, we have accounted for variations in the cross-
sectional area of the flow path and also the nonlinear boundary conditions of an
MPD system. The MPD model has now been specified, and next the steady-state
solution of the system can be found using this model.

2.4 Steady-state solution of the model

Clearly, to be able to solve the MPD model derived in the preceding section,
an initial condition is required. Because most of the drilling time is occupied
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by normal drilling operation, it is reasonable to start a simulation study from a
drilling-ahead condition. In this case, the system shows a steady-state behavior;
therefore, all the derivatives with respect to the time variable t can be discarded
from the Equations (2.10) and (2.15), resulting in the steady-state differential
equations

dfa(Aaq̄a)

dx
= AaS̄a +

∂Aa
∂x

P̄a,

dfd(Adq̄d)

dx
= AdS̄d +

∂Ad
∂x

P̄d.

(2.24)

Now, using the closure laws (2.7) together with (2.24), we obtain

dȳa(x)

dx
= M−1

a (ȳa)Ha(ȳa, x),

dȳd(x)

dx
= M−1

d (ȳd)Hd(ȳd, x),

(2.25)

where ȳd(x) = [v̄, ρ̄]T , ȳa(x) = [v̄l, v̄g, ᾱg, p̄a]T , with the macron bar (i.e., )̄
indicating the variables and vectors in the steady state. Moreover,

Ma =


1− ∂Φ

∂v̄g
−1− ∂Φ

∂v̄l
− ∂Φ
∂ᾱg

− ∂Φ
∂p̄a

(1− ᾱg) ρ̄l 0 −ρ̄lv̄l vl(1−ᾱg)

c2l

0 ᾱgρ̄g ρ̄g v̄g
ᾱg v̄g
c2g

(1− ᾱg) ρ̄lv̄l ᾱgρ̄g v̄g 0 1

 , Md =

[
ρ̄ v̄
ρ̄v̄ c2l

]
,

Ha = S̄a −
dAa
dx


0

(1−ᾱg)ρ̄lv̄l
Aa

ᾱg ρ̄g v̄g
Aa
0

 , Hd = S̄d −
1

Ad

dAd
dx

[
ρ̄v̄
0

]
,

(2.26)

with Φ(·) as in (2.8). The boundary conditions of the system of ordinary dif-
ferential equations (4.30) are given by the physical boundary conditions (2.16),
(2.18) and (2.23) in the steady-state conditions:

(Adρ̄v̄)|x=0 − J̄p = 0,

(Adρ̄v̄)|x=L − (Aa (1− ᾱg) ρ̄lv̄l)|x=0 + J lres (p̄a(0), p̄res) = 0,

Jgres (p̄a(0), p̄res)− (Aaᾱgρ̄g v̄g)|x=0 = 0,

(Adρ̄v̄)|x=L − cdAnz

√
2ρ̄(L)r (p̄d(L)− p̄a(0)) = 0,

(Aaᾱlρ̄lv̄l +Aaᾱgρ̄g v̄g)|x=L + J̄bpp

−
nc∑
i=1

kc,iGi(z̄c,i)
√

2ρ̄m(L)r (p̄a(L)− p0) = 0.

(2.27)

Eq. (4.30) together with (2.27) construct a two-point boundary-value problem
in terms of x as the independent variable.
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Note that the presence of dA/dx, which contains impulses caused by area
discontinuities in A(x), in the steady-state equations (4.30) causes discontinuities
in the steady-state solution. After we have initialized our problem by solving
(4.30), we start with the numerical implementation of the model in the sequel.

The developed model in this chapter includes the system dynamics and as-
pects that are essential to the control performance. Considering only the control-
relevant aspects of the system in the model keeps its complexity relatively low,
such that it permits, for example, a semianalytical assessment of its dynam-
ical properties (an assessment that relies partially on theoretical analyses and
partially on numerical analyses). For instance, semianalytical analyses are used
in [41]. This type of assessment can be computationally expensive, if not im-
possible, in the case of high-complexity models. Moreover, simulation studies
performed during the controller design might need to be performed multiple
times. Thus, it is important for these simulations to run fast. Moreover, the
relatively low complexity of the model will allow designers and engineers to
more easily identify the reason for or the source of problems in the case of poor
simulation results.

2.5 Numerical implementation

The MPD model derived previously cannot be solved analytically because of its
complexity (e.g., infinite-dimensional nature and nonlinearities). To solve and
then use this model for simulation purposes, we use a numerical scheme based on
a finite-volume method (FVM) discretization. As illustrated in Fig. 2.2, in the
FVM [88], the spatial domain of a hyperbolic partial-differential equation (PDE)
is divided into a finite number of control volumes or cells. All the variables are
assumed to have a predefined distribution in each control volume. As illustrated
in Fig. 2.2, the spatial domain is discretized into N cells denoted by Gi =
(xi−1/2, xi+1/2), i = 1, 2, ..., N , of length ∆x, with xi+1/2 = i∆x as the ith cell
interface and xi = (i − 1/2)∆x marking the middle point of that cell. The
variable Uni (Qni ), with n ∈ N as the time instant, is an approximation of the
spatial average of the vector u(n∆t, x) (q(n∆t, x)) over Gi and the approximate
variables at right- and left-hand sides of each interface are indicated by U− and
U+, respectively. Here, ∆t is the timestep size. A finite-volume Godunov-type
method has the general form [88]

Qn+1
i = Qni −

∆t

∆x

(
F
(
U+∗
i+1/2, U

−
i+1/2

)
− F

(
U+
i−1/2, U

−∗
i−1/2

))
+∆tSni , (2.28)

where F (·, ·), a conventional numerical flux function assuming a fixed cross-
sectional area, is determined by the numerical scheme, and Sni = S(Uni , n∆t, xi)
is the discretized source term. A starred variable U∗, yet to be computed, is
an update of the variable U which accounts for variations in the cross-sectional
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area of the flow. Note that, since the same formula as in (2.28) is used for
solving both of (2.10) and (2.15), the sub/superscripts a and d are omitted for
readability. The timestep size ∆t is determined based on the Courant-Friedrichs-
Lewy (CFL) condition [35]. In particular, the numerical implementation of the
DFM (2.1) has been extensively studied in the last few decades (see, e.g., [47]).
These studies mostly aim at developing accurate but computationally low-cost
numerical schemes for computing the numerical flux function.

Un
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2
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x 1
2

x1
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u(n∆t, x)

xi− 1
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Figure 2.2. An illustration of a spatial discretization performed in FVM.

To treat the variations in cross-sectional area of the flow path of the MPD
model, the method proposed in [78] for (2.15) and an extension of that method
proposed in [8] for the modified DFM (2.10) are exploited here to compute the
starred variables in (2.28). In this method, we enforce the Rankine–Hugoniot
jump conditions [76, 102] into the numerical schemes through a coordinate trans-
formation to ensure the preservation of this condition at the location of the dis-
continuities in the area during numerical implementations. In particular, when
updating the variables in the cell Gi, we assume that the neighboring cells Gi−1

and Gi+1 have the same geometries as Gi and use this transformation to com-
pute the equivalent of the variables in those cells, considering this change of
geometry. In this way, we are still able to use a Godunov setting with numerical
flux functions as in (2.28) to numerically solve our MPD simulation model. Fol-
lowing this approach, U+∗

d = [ρ+∗, v+∗]T of the interface i+1/2 in the drillstring
is obtained through a nonlinear coordinate transformation that is given in terms
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of the following system of equations:

ρ+∗v+∗A−d − ρ
+v+A+

d = 0,(
v+∗)2 − (v+

)2
+ c2l ln

(
ρ+∗

ρ+

)2

= 0,
(2.29)

where A− and A+ denote, as illustrated in Fig. 2.2, the cross-sectional area
A immediately at the left- and right-hand side of an interface, respectively.
Moreover, U−∗d of the interface i− 1/2 is obtained by replacing the superscripts
+ and − by − and +, respectively, in (2.29) and then solving the resulting
equation. Next, U+∗

a for the DFM of the annulus is obtained by a coordinate
transformation given by the following equations together with closure relations
(2.7a) through (2.7d) and (2.8) (i.e., the starred variables in U+∗

a must satisfy
the closure laws): (

α+∗
l ρ+∗

l v+∗
l

)
A−a −

(
α+
l ρ

+
l v

+
l

)
A+
a = 0,(

α+∗
g ρ+∗

g v+∗
g

)
A−a −

(
α+
g ρ

+
g v

+
g

)
A+
a = 0,

α+∗
l ρ+∗

l

ρ+∗
g

(
v+∗
l

2

)2

+ α+∗
g

(
v+∗
g

2

)2

−
α+
l ρ

+
l

ρ+
g

(
v+
l

2

)2

−α+
g

(
v+
g

2

)2

+ c2g ln

(
ρ+∗
g

ρ+
g

)2

= 0.

(2.30)

As before, U−∗a of the interface i−1/2 is obtained by replacing + and − in (2.30)
with − and +, respectively.

Remark 2.6. It should be noted that the third equation in (2.30) has been derived
under the assumption that one of the phases, either liquid or gas, is dominant
in terms of void fractions, in the cells under consideration.

Remark 2.7. It is possible that the system of equations (2.30) becomes infeasible
or has multiple solutions. See [8] for further details.

Remark 2.8. A close observation of (2.29) reveals that variations in the pres-
sure profile pd(t, x) in the drillstring due to changes in the cross-sectional area
at the location of these changes are not significant. This is mainly because the
mud velocity v in the drillstring is far smaller than the sound velocity cl. On the
contrary, when there is gas inside the annulus, variations in the cross-sectional
area can cause considerable variations in the pressure. Given this explanation,
without losing much accuracy, one can assume that ρ+∗ = ρ+ for the drillstring
and solve only the mass-balance equation of (2.29), which is linear, for comput-
ing v+∗.

Remark 2.9. We reasonably assume that A(x) is piecewise continuous, with
a discontinuity occurring only at a cell interfaces such that A(x) is constant in
each cell Gi (i.e., for x ∈ (xi−1/2, xi+1/2), i ∈ {1, 2, ..., N}).
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Remark 2.10. Rankine–Hugoniot jump conditions can also be exploited to ad-
dress other discontinuities in the distributed parameters of the model on a nu-
merical level. One such parameter can be the sound velocity of the liquid which
indeed varies along the well, especially at locations where a layer of casing starts
or ends.

After computing Qn+1
i from (2.28), the vector of primitive variables are com-

puted using (2.11) through (2.14). It is noted that if a first-order scheme is used,
a uniform distribution is considered for the variable û(n∆t, x), an approximate
of u(n∆t, x), within a cell Gi, thus

û(n∆t, x) = Uni , x ∈ (xi− 1
2
, xi+ 1

2
). (2.31)

When a second-order scheme is used, this approximation is obtained by a linear
interpolation as follows:

û(n∆t, x) = Uni + (ux)
n
i (x− xi) , x ∈ (xi− 1

2
, xi+ 1

2
), (2.32)

where (ux)ni is an approximate of the exact derivatives ∂u(n∆t, x)/∂x at x = xi,
computed using a flux limiter, see, e.g., [147].

In the next subsection, we explain how to combine the implicit boundary
conditions of the problem with the numerical scheme used for updating the
internal domains of the model.

2.5.1 Boundary conditions treatment.

Expanding the scheme (2.28) for i = 1 and i = N reveals explicit dependencies
on U0 and UN+1, and also implicit dependencies on U−1, UN+2 for the case of
second-order schemes. These variables are required to incorporate the boundary
conditions of the boundary value problem in the described scheme in the preced-
ing section. Extrapolation is a common method for determining the boundary
variables. It is effective and can provide accurate results if there are no source
terms in the model [120]. It however lacks a sound theoretical support and can
cause large spikes in the solution in the presence of source terms. Contrary to
extrapolation, a method known as the characteristics-based method [33] offers
more accurate and reliable solutions and it also has a more reliable theoret-
ical foundation. This method involves decomposing a two-point boundary value
problem into two initial value problems and solving those separately at their
respective boundaries. Now, by the use of a nonlinear coordinate transforma-
tion and approximations, the DFM with the closure laws (2.7a) through (2.7d)
can be decomposed into its characteristic equations. In this form, two of the
PDEs describe the propagation of the pressure waves, also called fast dynamics
of the DFM, inside the domain and one of the PDEs, called the slow dynamic,
describes the migration of the gas phase. For the DFM (characterizing flow in
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the annulus), these relations come in the following form, see [47]:

αg(1− C0αg)
d1pa
d1t

+ pa
d1

d1t
αg = 0, (2.33)

d2pa
d2t
− ρlcm (vg − vl)

d2αg
d2t

− ρlαl (vg − vl + cm)
d2vl
d2t

= (vg − vl + cm) sa,

(2.34)

d3pa
d3t

+ ρlcm (vg − vl)
d3αg
d3t

− ρlαl (vg − vl − cm)
d3vl
d3t

= (vg − vl − cm) sa,

(2.35)

where in this case we have defined di/dit := ∂/∂t + λa,i∂/∂x, i = 1, 2, 3, which
is a directional derivative along the vector V = [1, λa,i]

T , with λa,i being an
eigenvalue of the DFM of the annulus. Eqs (2.33) through (2.35) correspond to
the gas-volume wave traveling at a speed λa,1 = vg downstream the annulus,
the pressure waves propagating at λa,2 = vl − cm upstream the annulus and
the pressure wave travelling at a speed of λa,3 = vl + cm towards the choke,
respectively. Next, the characteristic relations of the isothermal Euler equations
describing the single-phase flow in the drillstring are given by

∂pd
∂t
− λd,1

∂pd
∂x
− clρ

∂v

∂t
− clρλd,1

∂v

∂x
= clsd, (2.36)

∂pd
∂t

+ λd,2
∂pd
∂x

+ clρ
∂v

∂t
+ clρλd,2

∂v

∂x
= −clsd, (2.37)

where (2.36) corresponds to the pressure wave travelling upstream the flow with
a velocity of λd,1 = v−cl, while (2.37) corresponds to the pressure wave travelling
the opposite direction at a velocity of λd,2 = cl + v.

Remark 2.11. Note that the characteristic relations (2.33)-(2.35) are obtained
under several simplifying assumption such as an incompressible liquid phase,
∂C0(u)/∂u = 0 and ∂Vd(u)/∂u = 0, and that αgρg � αlρl holds, because other-
wise the derivation of such relations is highly challenging, if not impossible. Nat-
urally, these assumptions lead to some degree of inaccuracy in the computation
of the boundary variables. Nonetheless, for small gas volume fractions αg (less
than 0.25) at the boundaries, these assumption are rather realistic, especially
when managed pressure drilling operations are supported by high-performance
kick detectors and pressure control systems that prevent large gas kicks. Note
that the relations (2.36) and (2.37) are exact.

In the remainder of this section, we propose a method for computing the
boundary variables based on the characteristic relations (2.33) through (2.37)
together with the physical boundary conditions introduced previously.
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We solve the drillstring inlet boundary condition in (2.16) together with the
characteristic relation (2.36), forming an initial value problem as

fibc(ρ(t, 0), v(t, 0), t) = 0,

∂pd
∂t
− λd,1

∂pd
∂x
− clρ

∂v

∂t
− clρλd,1

∂v

∂x
= clsd.

(2.38)

This partial differential algebraic equation, if solved at x = 0, gives ud(t, 0) =
[v(t, 0), ρ(t, 0)]T . However, finding the analytical solution of this nonlinear par-
tial differential algebraic equation is challenging. Therefore, we solve (2.38)
numerically by performing a first-order Euler discretization (both spatial and
temporal) on (2.38), yielding

fibc(ρn0 , v
n
0 , n∆t) = 0,

pnd,0 − p
n−1
d,0

∆t
− clρn−1

1

vn0 − vn−1
0

∆t
= − (λd,1)

n−1
1

pn−1
d,0 − p

n−1
d,1

∆x

− cl (ρλd,1)
n−1
1

vn−1
0 − vn−1

1

∆x
+ clsd

(
Un−1
d,1 , (n− 1)∆t, 0

)
,

(2.39)

where the variables ρn0 and vn0 , the solutions of (2.39), are approximations of
ρ(n∆t, 0) and v(n∆t, 0), respectively, and the notation (·)ij stands for the term
inside the parentheses evaluated at the time instant i and the point xj in the
discretized spatial domain. The resulting nonlinear algebraic equation (2.39),
together with the equation of state (2.7a), can be solved with a proper zero-
finder algorithm, such as a Newton solver. After this equation is solved, we
can compute Und,0 = [vn0 , ρ

n
0 ]T and Qnd,0 = [ρn0 , ρ

n
0 v

n
0 ]T , as required in (2.28) for

the drillstring. At the bottom of the well, we take a similar approach. At this
boundary, there are couplings between the boundary variables in the annulus and
those in the drillstring, and nine unknown boundary variables in total with seven
boundary equations and closure laws. These together with the characteristic
equations (2.37) and (2.34) construct an initial value problem that is solved
numerically at this boundary to compute the boundary vectors Und,N+1 and Una,0
(as well as Qnd,N+1 and Qna,0). However, using a numerical method similar to
the one described previously is computationally expensive because it involves
solving a nine-dimensional nonlinear algebraic equation. Moreover, it can cause
numerical oscillations when the flow through the bit is close to zero, which is
the case during, e.g., a pipe connection operation. Therefore, here we connect
the two boundaries at both sides of the bit through an intermediate ordinary-
differential equation as follows (For the derivation, see Appendix A.2):

ż(t) '

{
ξ (z(t),∆pdh(t)) , for z(t) > 0,

max{0, ξ (z(t),∆pdh(t))}, for z(t) = 0,
(2.40)
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where ∆pdh(t) = pd(t, L−∆l/2)− pa(t,∆l/2) and

ξ =
2Ad(L)Aa(0)

∆l(Ad(L) +Aa(0))

(
∆pdh −

z2

2ρ(t, L−∆l/2)(Aacd)
2 +

s̃a
Ad(0)

+
s̃d

Aa(L)

)
.

(2.41)
with z(t) being an approximate of the mass-flow rate Jbit(t) through the bit,
and s̃a and s̃d as in (A.9) in Appendix A.2. Moreover, the operator max{·, ·}
in (2.40) is used to account for the non-return valve installed in the drillstring
to prevent a backflow from the annulus into the drillstring and we take ∆l as
a parameter that determines the inertia of the dynamics of z(t). Now, using
the other characteristic relation in the drillstring and performing an Euler dis-
cretization over space and time, we can approximately compute the drillstring
boundary variables at the bit by solving

zn −Ad(L)ρnN+1v
n
N+1 = 0,

pnd,N+1 − p
n−1
d,N+1

∆t
− clρn−1

N

vnN+1 − v
n−1
N+1

∆t
= (λd,2)

n−1
N

pn−1
d,N − p

n−1
d,N+1

∆x

+ cl (ρλd,2)
n−1
N

vn−1
N − vn−1

N+1

∆x
− clsd(Un−1

d,N , (n− 1)∆t, L−∆x/2),

(2.42)

where vnN+1 and ρnN+1 are approximates of the boundary variables v(n∆t, L),
ρ(n∆t, L), respectively, and zn, an approximate of z(n∆t), is obtained from the
time discretization of (2.40) using an Euler method, i.e.,

χj = χj−1 +

{
∆tzξ

(
χj−1,∆pn−1

dh

)
, for χj−1 > 0,

∆tz max(0, ξ
(
χj−1,∆pn−1

dh

)
), for χj−1 = 0,

j = {1, ...,m}.

zn := χm,
(2.43)

Here, χ is an auxiliary variable such that χ0 = zn−1 and ∆tz is the corresponding
discretization timestep size. Note that, to avoid numerical oscillations when the
timestep ∆t is large, we can design ∆tz to be smaller than ∆t. To this end, we
set ∆tz = ∆t/m, m ∈ N, where m is chosen to be large enough.

Analogously, we can compute Una,0, as an approximate of ua(n∆t, 0), by
solving the following system of nonlinear algebraic equations as a result of spatial
and temporal discretization of (2.34) using the Euler method with (2.18b) and
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(2.18c):

zn + J lres(p
n
a,0, pres)−Aa(0) (αlρlvl)

n
0 = 0,

Jgres(p
n
a,0, pres)−Aa(0) (αgρgvg)

n
0 = 0,

pna,0 − pn−1
a,0

∆t
−
(
ρlcm

(
vg − vl

))n−1

1

αng,0 − αn−1
g,0

∆t

− (ρlαl (vg − vl + cm))
n−1
1

vnl,0 − v
n−1
l,0

∆t
=−

(
λa,2

)n−1

1

pn−1
a,1 − p

n−1
a,0

∆x

+
(
λa,2ρlcm

(
vg − vl

))n−1

1

αn−1
g,1 − α

n−1
g,0

∆x

+
(
λa,2ρlαl (vg − vl + cm)

)n−1

1

vn−1
l,1 − vn−1

l,0

∆x

+ (vg − vl + cm)
n−1
1 sa(Un−1

a,1 , (n− 1)∆t, 0).

(2.44)
Note that the above equations in (2.44) need to be solved together with the
closure laws to return (generally) a unique solution. After solving (2.42) and
(2.44), we can compute Qnd,N+1 and Qna,0. At the choke boundary, the initial
value problem consists of the choke equation (2.23), and all closure laws of the
DFM (2.7a) through (2.7d) together with the two characteristic equations (2.33)
and (2.35). This problem is approximated in terms of a nonlinear algebraic
equation, similar to (2.39), using a first-order Euler discretization over space
and time domains. The solution of the resulting algebraic equation is then used
to compute Una,N+1 and Qna,N+1.

Remark 2.12. If a second-order scheme is used, in addition to the boundary
vectors Ua,0 and Ua,N+1, the vectors Ua,−1 and Ua,N+2 also need to be determ-
ined. Although these variables are less crucial than the boundary variables for
the accuracy of the MPD model, the way we compute these can have a signi-
ficant effect on the solution. A common approach in this regard is to assume
that Ua,−1 = Ua,0 and Ua,N+2 = Ua,N+1. Nonetheless, one can use more ad-
vanced approaches such as the one proposed in [121], which comes at a higher
computational expense.

2.6 Field data comparisons and simulation
studies of industry-relevant scenarios

To evaluate the predictive capabilities of the simulation model and the perform-
ance of the proposed numerical implementation of the model, simulations and
model validations against experimental data are performed in this section.
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Figure 2.3. The diameter of the annulus and drillstring of the drilling well
used in the model-validation studies.

2.6.1 Comparisons with field data

We have performed comparisons for single-phase flow scenarios between the hy-
draulics model presented in this chapter and field data obtained during com-
missioning tests of an MPD operation on a real drilling well. These tests were
performed after running casing and before resuming drilling ahead at the length
of 1647 m to adjust the MPD control system. The geometries of the drillstring
and wellbore are reported in Fig. 2.3. The other parameters used in the model
are listed in Table 2.1. The considered measurements correspond to a time
period when the drillstring was stationary. In this experiment, the mass flow
of the mud pumped into the drillstring varies between low, medium and high
values at different rates.

In this chapter, instead of identifying Gi(zc,i) as a function of zc,i, we approx-
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Parameter Symbol Value Unit

Length of the well L 1647 m
Average well inclination θ̄ 1.08 rad
Liquid bulk modulus βl 0.94×109 Pa
Reference pressure p0 105 Pa
Liquid density at p0 ρ0 1210 kg/m3

Number of chokes nc 2 -
Choke-flow factor kc,1 0.0026 m2

Choke-flow factor kc,2 0.0026 m2

Liquid viscosity µl 0.177 Pa.s
Liquid-behavior index nl 0.93 -
Bit nozzles area Anz 5.69×10−4 m2

Bit discharge coefficient cd 0.8 -

Table 2.1. Parameters used in the hydraulics model for model validation.

imate it as a function of time, i.e., we compute the implicit choke characteristic
G(t) from the measurements and use it in our simulations. In particular, we use
the following relation to approximately compute G(t) :

G(t) =

2∑
i=1

Gi(zc,i) '
Jc(t)

kc,1
√

2ρc(t)r(pc(t)− p0)
, (2.45)

where pc(t) = pa(t, L) and ρc(t) = ρa(t, L) are the measured pump pressure
and flow density upstream the choke, and it is assumed that kc,2 = kc,1. The
choke flow Jc(t) is also a measured variable in this equation. We note that this
relation is directly obtained from the choke equation in (2.23). The pump-flow
rate together with the choke-opening signals and implicit choke characteristic
G(t) are reported in Fig. 2.4.

In Fig. 2.5, the measured and simulated mass-flow rates Jc are plotted com-
pared with the measured pump-flow rate Jp. We can observe a good match
between these two signals. Since the entire length of the wellbore was cased
throughout this scenario, we have set J lres = 0. Next, we compare the meas-
ured and simulated pressure signals at the choke and pump. In Fig. 2.6, the
modeled and measured choke pressures pc are compared, where a good match is
observed between the measurements and the model. The quality of this match
is also an indication of the good accuracy of the implicit choke characteristic
G(t). Moreover, by comparing Fig. 2.6 with Fig. 2.5, reporting the flow rates,
during periods when the pump flow is steady, we can observe that transients
in the choke pressure pc correspond to transients in the choke flow Jc. This is
due the compressibility of the mud, which is well captured by the hydraulics
model. The model-based and measured pump pressures pp = pd(t, 0) are plot-
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Figure 2.4. Field data: (top) the pump mass-flow rate, (bottom) the choke-
opening signals zc,1 and zc,2 and the implicit choke characteristic G(t).

ted in Fig. 2.7. We can clearly see a good match between these two signals.
However, there are some discrepancies between the two signals as well. These
discrepancies are primarily due to imperfections in the Power Law model, used
for computing the friction factor in (2.3). We could expect a higher accuracy
by using more advanced frictional models, such as the Herschel-Bulkley model,
but at the expense of additional computational complexity and one additional
parameter to identify. A careful observation of the pump- and choke-pressure
measurements reveals that there is a delay of about 4 seconds between transients
in the pump pressure and those in the choke pressure, which is exactly due to
the fact that pressure waves propagate at the limited speed of the sound velo-
city. These delays are well-captured by the model, which is another indication
of the high predictive capability of the hydraulics model in terms of capturing
fast transients and wave-propagation effects. Moreover, in Fig. 2.6, the high
accuracy of the surface pressure control system of MPD can be well observed,
when comparing the measured choke pressure to its reference.

2.6.2 Simulation studies

In this part, we present simulation studies. The geometries of the drillstring
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Figure 2.5. A comparison between the measured and modeled choke mass-flow
rates, together with the measured pump flow.

and the annulus considered in the simulations are reported in Fig. 2.8, and the
parameters are listed in Table 2.2.

In this section we attempt, among other things, to convey the importance
of having a simulation model for which the complexity is kept relatively low by
including pressure control-relevant aspects of an MPD system. This is achieved
by demonstrating through simulations that theoretical analyses based on simple
design models and simulation studies are not always sufficient for obtaining a
comprehensive and reliable assessment of an MPD pressure-control system, and
further types of assessments (semianalytic assessments for instance) based on a
simulation model might be needed. This type of assessment might itself become
impossible if the simulation model includes irrelevant or less-relevant aspects
that can cause excessive complexity. However, these type of assessments are
beyond the scope of this chapter.

To compute the numerical flux functions Fa(·, ·) in (2.28) for the DFM of
the annulus, a second-order flux-vector-splitting (FVS) scheme is used [46]. For
the drillstring, a first-order upwind scheme [88] is used to compute Fd(·, ·) in
(2.15). To obtain a simpler numerical implementation and without losing much
accuracy, we linearized the flux function fd(·) in (2.15). After this linearization,
which is obtained by considering cl � v(x), for all x ∈ (0, L) except at the
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Figure 2.6. A comparison between the measured and modeled choke pressures,
together with the reference for the choke pressure as the reference for the MPD
pressure-control system.

location of the discontinuities in the area of the drillstring, the flux function
in (2.15) reduces to fTd (qd) = [ρv, c2l ρ], which is now linear in terms of qd.
The maximum value that the timestep size ∆t can take is determined by the
Courant-Friedrichs-Lewy (CFL) condition, which is a necessary condition for the
convergence of a numerical solution as in (2.28). To compute the timestep size,
we use the relation

∆t = CFL
∆x

λ̄
, λ̄ = max{|λa,1|, |λa,2|, |λa,3|, |λd,1|, |λd,2|}, (2.46)

where CFL is called the CFL number that should be less than unity [35]. Note
that while one can choose different timesteps for the drillstring and the annulus
in computing (2.28), here we choose both to be equal and assume that λ̄ = cl.
For the case when there is gas in the annulus, the timestep (2.46) can be highly
conservative (in the sense that it is chosen much smaller than the maximum value
it can take) for computing (2.28) for the annulus, causing a diffusive solution
for the annulus. This is because even for small values of αg in a cell, the sound
velocity in that cell can drop substantially.

We perform the simulations for three common and representative drilling
scenarios as described below:
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Figure 2.7. A comparison between the measured and modeled pump pressures.

• For the first case study, we run the implemented model for a choke plug-
ging scenario, that is, a contingency where the choke effective area drops
because of, for example, partial or complete blockage of the orifice by
drilling cuttings. Here, we replicate such a scenario by a sudden decrease
in the choke-flow factor kc,1 in (2.23) during drilling ahead.

• Making a pipe connection is a common, normal drilling operation that
takes place approximately every 2 to 10 hours, depending on the rate of
penetration. A pipe-connection operation entails halting drilling by slowly
ramping down the pump flow to zero and, then, bleeding off the trapped
pressure inside the drillstring by opening a bleed-off valve. Afterwards, the
top drive is detached from the drillstring, and a new stand of drillpipe is
screwed onto the drillstring. After that, the rig pump flow is ramped up
again, resuming the drilling.

• Gas influx, or gas kick, and subsequent gas migration in the annulus is
the third scenario that will be studied. A kick usually happens when the
reservoir pressure exceeds the well pressure, which can occur for reasons
such as drilling into a high-pressure zone, a pressure drop during a pipe
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Figure 2.8. Diameter and cross-sectional area of the annulus and of the drill-
string considered for the simulation case studies.

connection or swab and surge effects. We simulate such a scenario by
increasing the reservoir pressure to replicate running into an unexpected
high-pressure zone.

For a detailed description of these scenarios and their importance in benchmark-
ing for MPD automation, see HYDRA deliverables in [67].

Regarding the control system, a simple pressure-control system is used to
maintain the downhole pressure during these scenarios. We design this control
system using a simple lumped-parameters model in [71]. This model consists of
three ordinary differential equations, and in this model wave-propagation effects
are compromised in exchange for simplicity. Although this model is derived
from a single-phase flow assumption, it partially accounts for two-phase scenarios
through the parameters related to the bulk moduli. A comparison between this
design model and the simulation model is provided in Table 2.3.

Remark 2.13. The focus of this chapter is not on controller design, and the
used controller does not necessarily provide a satisfactory pressure-control per-
formance. The focus is rather on assessing how certain model/system aspects,
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Parameter Symbol Value Unit

Length of the well L 4000 m
Well inclination θ(x) π/2 rad
Liquid bulk modulus βl 1.1×109 Pa
Sound speed in gas cg 316 m/s
Reference pressure p0 105 Pa
Liquid density at p0 ρ0 1500 kg/m3

Number of chokes nc 1 -
Choke-flow factor kc,1 0.0025 m2

Average velocity Vd 0.5 m/s
Liquid viscosity µl 0.04 Pa.s
Gas viscosity µg 5×10−6 Pa.s
Liquid-behavior index nl 0.95 -

Bit nozzles area Anz 5.77×10−4 m2

Spatial discretization step size ∆x 12.5 m
Bit control volume length ∆l 1.5 ∆x m
Gas production index κg 8×10−7 kg/(Pa.s)
Bit-discharge coefficient cd 0.8 -
Profile parameter C0 1.1 -
Number of discretization cells N 320 -
CFL number CFL 0.9 -
Discretization parameter m 20 -

Table 2.2. The simulation parameter values.

taken into account in the proposed model, affect closed-loop-system performance.

Following the work in [71], this control system is made up of two parts:
a proportional-integral (PI) controller that regulates the surface pressure pc
through the choke opening zc as the control input, and an estimator that gener-
ates a reference for the controller from the surface and downhole measurements
and also the reference given for the downhole pressure p∗dh. The reference gener-
ator consists of a parametrized model, approximating the surface pressure based
on a given reference for the downhole pressure, and an estimator that gener-
ates an estimate for the parameters of this model. This estimator is designed
with a recursive least square (RLS) method with a forgetting factor, see [109].
Assuming laminar flow, the parametrized model is given by

p∗c(t) = p∗dh(t)− (Jc(t)− Jbpp(t))(1− θf (t))F − (1− θg(t))G, (2.47)
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Model condition Simulation model Design model

Complexity 5 PDEs+5 CL 3 ODEs
Number of dimensions 1D 1D
Number of phases 2 1
Captures liquid-liquid flows Yes No
Captures gas-liquid flows Yes No
Captures flow compressibility Yes No
Captures wave propagation Yes No
Captures gas migration Yes No
Captures liquid influx Yes Yes
Captures gas influx Yes No
Captures flow-pattern transitions Yes No
Captures variation in CSA Yes No
Isothermal condition assumption Yes Yes
Radially homogeneous flow assumption Yes Yes
Axial flow assumption Yes Yes

Table 2.3. Conditions of the simulation model vs. the design model. CL =
closure laws, CSA = cross-sectional area.

where

F =

∫ l

0

32µl
Aa(x)D2

a(x)ρ0
dx,

G = g

∫ l

0

ρ0 sin (θa(x)) dx,

θf (t) and θg(t) are the to-be-estimated parameters, the estimates of which are

indicated by θ̂f (t) and θ̂g(t), respectively. Here, we assume that the surface
measurements are available at a high sampling rate while the downhole meas-
urements are performed at a low rate, which is often the case in realistic drilling
scenarios. Here, we take the downhole sampling period during normal opera-
tions to be ∆te = 20 seconds. In practice, and especially in the case of long
wells, there is also some delay in transmitting the downhole measurements to
the surface because of the use of mud-pulse telemetry. However, we here assume
that the downhole data are immediately available after measurement. Moreover,
we assume that the only choke, described by (2.23), has a linear characteristic
in its operating range (i.e., G1(zc,1) = zc,1 for 0 ≤ zc,1 ≤ 1, and G1(zc1) = 0 and
G1(zc,1) = 1 for zc,1 < 0 and zc,1 > 1, respectively). However, one can consider
more complex characteristics for the choke through G(·).
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Figure 2.9. Simulation results for a choke plugging event: (left) the choke,
downhole, and pump pressure signals while comparing the design model with
the simulation model; (right) snapshots of the spatial velocity profile for the
simulation model before and after the event.

2.6.3 Results for a choke plugging scenario.

Here, the results for a choke plugging scenario are shown. In this scenario, the
choke-flow factor kc,1 drops by 50% from its nominal value at t = 400 seconds.
Because a laminar flow has weaker damping effects on propagating pressure
waves and an objective of this subsection is to illustrate distributed aspects
of the model, we consider a laminar flow with nl = 1 along the entire flow
path in this scenario. The corresponding results are reported in Fig. 2.9, on
the left-hand side of which are the pressure signals for both the design model
and the simulation model, and on the right-hand side of which are snapshots
of the liquid velocity along the flow path. As seen from the left-hand side of
Fig. 2.9, the overall closed-loop responses in both models are similar; the design
and simulation models show close dynamical behaviors in this scenario. The
difference between the two models in terms of the steady-state values of the
pressures pc and pp is because the compressibility of the liquid is not captured
in the design model.

The developed simulation model in this chapter captures the wave-propagation
effects to a large extent and these effects can be clearly observed in the left fig-
ure (for the simulation model) in the time-delays that exist between the time
when the pressure wave is generated at the surface and the times when it affects
the downhole and pump pressures. In addition, the jagged behavior observed
in the pressure signals in this figure is due the wave-propagation effects. A
more insightful illustration of this effect is given in the right figure by the snap-
shots of the liquid velocity along the flow path at a variety of instances of time.
In particular, this figure illustrates the propagation and reflection of pressure
waves when striking obstacles (such as the bit) and geometrical changes in the
flow path. As can be seen, right before the choke gets plugged, the system is
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Figure 2.10. Mass-flow rates of the mud pump and the back-pressure pump
in the connection scenario.

experiencing a (almost) steady-state condition. When the choke is plugged at
t = 400 seconds, it causes some fluctuations in the velocity (and also pressure)
profiles of the system that keep propagating along the system afterwards, until
those are mitigated on a longer time scale, due to 1) frictional effects and control
suppression and 2) numerical dissipations.

Summarising, these results show the value of the proposed model in the scope
of the performance evaluation of MPD control systems.

2.6.4 Results for a pipe-connection scenario.

Next, we present the simulation results in a pipe-connection scenario. The res-
ults are presented for two sets of control parameters to further illustrate how
neglecting the fast transients (such as wave-propagation effects resulting from
the distributed nature of the system) in the design model can deteriorate the
closed-loop performance.

In this scenario, the mass-flow rates of the mud pump and the back-pressure
pump change as in Fig. 2.10. When the pump flow-rate reaches a level less
than one-half of its nominal value, we stop sampling the downhole variables
and updating the estimator to replicate a realistic connection scenario during
which the downhole measurements are not available because of the lack of mud
circulation.
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Figure 2.11. Simulation results for a pipe-connection scenario for the Para-
meter Set 1: the choke, downhole and pump pressure signals from (left) the
design model and (right) the simulation model.

We first implement this scenario by considering the set of control parameters,
referred to as the Parameter Set 1, which are designed to lead to slow and gentle
control signals and a rather slow closed-loop system in terms of recovering from
disturbances such as changes in the pump flow. We report the results of these
simulations in Figs. 2.11 and 2.12. We apply the controller to both the design
model and simulation models. It is observed from Fig. 2.11, that the simulation
model exhibits a transient behavior that is similar to that of the design model.
This observation indicates that the simulation model reduces to the design model
when the operations are performed slowly, such as in pipe connections. We have
also shown the flow and pressure drop of the bit in Fig. 2.12. As expected, when
the pressure drop is negative (i.e. pd(t, l)−pa(t, 0) < 0) the flow through the bit
Jbit becomes zero because of the non-return valve.
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Figure 2.12. Simulation results for a pipe-connection scenario for the Para-
meter Set 1: (left) the pressure drop over the bit and the flow through it and
(right) the adaptive parameters of the estimator.
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Results of these simulations can, however, be misleading as it might lead one
to conclude that the distributed nature of a drilling system with MPD need not
be taken into account while designing a pressure controller. To show that this
can be a wrong conclusion and to further highlight the considerable effects of
the distributed nature the system on the closed-loop performance, we repeat the
same simulation scenario, but with the second set of control parameters, referred
to as the Parameter Set 2, which should lead to faster control signals and better
closed-loop performance in terms of recovering from disturbances. The results
are plotted in Fig. 2.13. As expected, the closed-loop performance with the
design model as the plant has improved. However, the response quality when
this controller is applied to the simulation model has degraded unexpectedly.
This has the following important implications:

• The simulation model is more realistic than the design model, and it
provides a more accurate prediction of the flow and pressure behavior in a
drilling system.

• One should not rely only on the theoretical results derived from the design
model and the simulations on a high-fidelity simulation model because
those might show perfect performance in some scenarios and poor per-
formance in yet other scenarios. This can be because this controller with
the parameter Set 2 results in closed-loop dynamics that are too fast that
the fast dynamical aspects of the drilling system (such as the pressure
wave-propagation effects) are no longer negligible.

• By having the time scale of the fast dynamics of the system, we can already
predict intuitively which PI control parameters can result in poor perform-
ance without needing to perform time-consuming simulations on the sim-
ulation model. However, doing so might be challenging or even impossible
when the control system is more complicated.

In such cases, one approach to determine the performance of the closed-loop sys-
tem can be performing semianalytical system analyses together with simulation
studies on the simulation hydraulics model, which includes only the pressure
control aspects of MPD to allow for fast analyses and also simulations.

2.6.5 Results for a gas influx scenario.

This subsection illustrates the ability of the hydraulics model to capture gas in-
flux and migration scenarios in the annulus in a closed-loop setting with MPD.
Throughout this scenario, the pump flow rate is kept constant at Jp = 60 kg/s.
A rapid 4% increase in the reservoir pressure pres is applied at t = 400 seconds,
resembling the scenario of encountering a high pressure zone while drilling. Be-
fore this time, the flow is single phase all along the flow path. Here, we assume
that we can detect the resulting gas kick and also identify the new reservoir



54 Chapter 2. Modeling and numerical implementation for MPD

4 6 8 10 12 14 16 18 20 22 24

20

40

60

Design model

4 6 8 10 12 14 16 18 20 22 24
640

650

660

670

4 6 8 10 12 14 16 18 20 22 24
0

0.5

4 6 8 10 12 14 16 18 20 22 24

20

40

60

80
Simulation model

4 6 8 10 12 14 16 18 20 22 24
640

650

660

670

4 6 8 10 12 14 16 18 20 22 24
0

0.5

Figure 2.13. Simulation results for a pipe-connection scenario for the Para-
meter Set 2: the choke, downhole and pump pressure signals from (left) the
design model and (right) the simulation model.

pressure some time after it begins. Afterwards, a new reference, larger than
the reservoir pressure, is set for the downhole pressure to prevent further gas
influxes into the wellbore. To prevent a potential control failure, this operation,
updating p∗dh, is performed slowly. We should mention that a common practice
when a kick occurs is to control the pump pressure rather than the downhole
pressure.

The simulation results are depicted in Figs. 2.14 and 2.15. The choke, down-
hole and pump pressures are shown on the left-hand side of Figs. 2.14. On the
right-hand side of this figure, we illustrate the choke opening together with the
parameters of the estimator. We can clearly observe that when the gas reaches
the surface, it leads to a rapid change in the choke opening. Moreover, the gas
expansion in the annulus causes θ̂g to be increasing for some time, as expected,
given the fact that gas-expansion phenomenon lowers the hydrostatic pressure
in the annulus. Fig. 2.15 gives an illustration of the gas migration and its effects
on the flow rate through the choke. We can see from snapshots of the gas void
fraction αg, on the right-hand side of Fig. 2.15, that as the kick moves closer
to the surface it expands more because of a lower pressure. Gas expansion is
also illustrated in Fig. 2.16. The gas expansion also increases the mass-flow rate
of the choke, as can be clearly observed from Jc(t). On the contrary, when the
kick reaches the surface and starts leaving the annulus through the choke, the
mass-flow rate of the choke rapidly drops, starting at around t = 33.5 minutes.
Moreover, the steady-state difference between the accumulative mass of the in-
flux and the accumulative mass of the gas through the choke shows that the used
scheme does not exactly preserve the mass-flow rate. In order to obtain more
accuracy in this respect, one may adapt well-balanced schemes that are more
capable in preserving the steady-state response, see, e.g., [32, 10]. However, in
general, this type of scheme is highly expensive computationally. It is observed
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Figure 2.14. Simulation results for the gas-influx scenario: (left) the choke,
downhole and pump pressures and (right) the choke opening with the adaptive
parameters of the estimator.

that the control system successfully, in terms of remaining stable, circulated out
the kick in this scenario. However, it is not unreasonable to expect the failure of
the designed control system in events such as a choke plugging when there is a
two-phase flow in the annulus. The reason for this is large changes in the system
behavior that can occur in such cases. In particular, even for small amounts of
gas-void fraction αg, the sound velocity of the flow in the annulus drops drastic-
ally, causing the fast dynamics of the system to stop being regarded as fast.
This observation, again, implies the importance of performing a semianalytical
assessment of the performance of a pressure control system based on simulation
models, in addition to simulation studies.

2.6.6 Simulations starting from a transient state.

In general, drilling systems with automated MPD are close to some steady-
state condition for most of the drilling time. Therefore, it is reasonable to start
the simulation of many drilling scenarios from a steady state of the hydraulics
model. Nonetheless, a reliable MPD control system should also show robustness
to situations where the system is already in a transient state when the control
system takes over the control task. Therefore, in this part, we present simulation
results which have been started from a transient initial condition. To design a
transient initial condition for these simulations, we consider a steady state of
the model without any gas in the wellbore and, then add a pocket of gas to
perturb it. The gas migration corresponding to this scenario is reported on the
right0hand side of Fig. 2.17. In this figure, the snapshot caught at the zero
time shows the considered initial condition for αg. The pump, downhole and
choke-pressure signals are reported on the left-hand side of Fig. 2.17. These
simulations show that this hydraulics model and the numerical tool can also be
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Figure 2.15. Simulation results for the gas-influx scenario: (left) mixed mass-
flow rate downstream the choke Jc, mass-flow rate of the gas influx Jg

f and that
of the gas through the choke Jg

c , and accumulative mass of the gas-influx and
that of the gas through the choke, and (right) snapshots of the gas void fraction
αg along the annulus.
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Figure 2.16. Simulation results for the gas-influx scenario: the total volume
of the gas in the wellbore over time.

used to simulate drilling scenarios starting from a transient.
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Figure 2.17. Simulation results for a transient initial condition: (left) the
pump, downhole and choke-pressure signals and (right) snapshots of the gas-
void fraction αg along the annulus.

2.7 Conclusions

A two-phase hydraulics model in the form of a two coupled systems of partial-
differential equations has been derived for managed pressure drilling (MPD).
The model complexity is limited by incorporating only the mass transport and
pressure dynamics and other aspects of an MPD system that can affect the per-
formance of a pressure-control system in real-world drilling scenarios. Therefore,
it provides a basis for evaluating the performance of pressure-control systems in
virtual test scenarios. Moreover, an approach has been presented for numer-
ical implementation of the model. Variations in the cross-sectional area of the
flow path as well as the nonlinear boundary conditions are often not considered
in the controller design procedure but do exist in reality and can significantly
jeopardize the performance and stability of a pressure-control system. These
aspects have been captured in the model and accounted for during numerical
implementations. The predictive capability of the model and the performance
of the numerical implementations have been demonstrated through illustrative
case studies representing a choke plugging, connection and gas-influx scenario.
Through these studies, we have also demonstrated the importance of keeping
the complexity of an MPD-simulation model low. The developed model is not
suitable for handling scenarios related to vertical motions of the drillstring, such
as washing-stand and tripping scenarios. Adding this aspect to the model can be
the focus of further research. In addition, we have illustrated the high accuracy
of the model by comparing it with field data from a real-life drilling well for
single-phase flow scenarios.





Chapter 3

Control-oriented modeling for
managed pressure drilling

automation using model order
reduction

Abstract-Automation of Managed Pressure Drilling (MPD) enables fast and
accurate pressure control in drilling operations. The performance that can be
achieved by automated MPD is determined by, firstly, the controller design and,
secondly, the hydraulics model that is used as a basis for controller design. On
the one hand, such hydraulics model should be able to accurately capture es-
sential flow dynamics, for example, wave-propagation effects, for which typically
complex models are needed. On the other hand, a suitable model should be
simple enough to allow for extensive simulation studies supporting well scenario
analysis and high-performance controller design. In this chapter, we develop
a model order reduction approach for the derivation of such a control-oriented
model for single-phase flow MPD operations. In particular, a nonlinear model
order reduction procedure is presented that preserves key system properties such
as stability and provides guaranteed (accuracy) bounds on the reduction error.
To demonstrate the quality of the derived control-oriented model, comparisons
with field data and both open-loop and closed-loop simulation-based case studies
are presented.

This chapter is based on [105] and [108].
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3.1 Introduction

To access underground resources such as oil, gas and geothermal energy, deep
wells often need to be drilled. While drilling a well, a fluid, called drilling mud,
is circulated through the drilling system to transport drilling cuttings to the sur-
face and to keep the wellbore pressurized and maintain the structural integrity
of the well. In particular, the pressure at the bottom of the wellbore should be
kept above a lower limit to prevent influx of liquid and gas into the wellbore
from surrounding formations, otherwise disastrous well control events, such as
the Deepwater Horizon blowout [24], can occur. In addition, the bottom-hole
pressure should be kept below an upper pressure bound to avoid fracturing the
formations and prevent lost mud circulation, which can cause pressure drop if
not detected. These objectives are conventionally accomplished by adjusting the
mud density during drilling. However, this method of pressure control alone is
slow and inaccurate and it lacks a means of compensating transient pressure fluc-
tuations caused by, for instance, drilling into a high pressure zone and variations
in the mud flow rate.

To overcome the drawbacks of the conventional pressure control method, the
method of managed pressure drilling (MPD) has been introduced a few decades
ago, see, for example, [143], [125]. In MPD, the annulus is sealed off at the
top with a rotating control device and the mud is circulated out of the well
through a choke valve, see Fig. 3.1. This combination provides a back-pressure
that can be actively controlled by changing the choke opening to compensate
for fluctuations in the downhole pressure [71]. In automated MPD, the back-
pressure is controlled by an automatic control system.

The performance of this control system not only depends on the controller
itself but also on the underlying hydraulics model based on which the control sys-
tem is designed. This model should be accurate enough to capture the essential
hydraulic characteristics of the system and, at the same time, the complexity of
the model should be restricted to facilitate the application of established system-
theoretic analysis and controller design techniques. Existing low-complexity
models, such as the model in [71], are, however, incapable of capturing essen-
tial transient dynamics, such as the propagation of pressure waves. Ignoring
such phenomena in modeling and controller design can cause a failure in the
accomplishment of control objectives, such as guaranteeing that the downhole
pressure stays within the aforementioned pressure bound. Specifically, in the
case of longer wells (longer than 4000 m), the wave-propagation effect becomes
so significant [141] that it can cause instability issues [84]. The goal of this
chapter is to construct a high-fidelity, though low-complexity, hydraulics model
suitable for MPD automation.

For many drilling scenarios, the system hydraulics can be described by linear
hyperbolic partial differential equations (PDEs) and a set of boundary equations.
The equations describing these boundary conditions are nonlinear, but these



3.1 Introduction 61

ρc, pc Jc, p0, ρ0

choke

rotating
control device

d
rillstrin

g

pp

mud pump

g

ξ = l

ξ
=

0, p
dh

zc

a
n

n
u

lu
s

Jp

Din

din

Figure 3.1. A simplified schematic diagram of a drilling system operated using
MPD.

nonlinearities act only locally, that is, at the boundaries. For controller design,
we are more interested in finite-dimensional and low-order models of ordinary
differential equations (ODEs), for which control theory is well-developed. A
finite-dimensional model can be obtained by spatially discretizing the PDE. In
this case, the order of the finite-dimensional model is dependent on the resolution
of the discretization, the discretization scheme and the desired accuracy in the
preservation of the properties of the infinite-dimensional model. Preservation
of the wave-propagation effect is of particular interest, which requires a high-
resolution discretization, due to the dominant advective nature of hyperbolic
systems. Moreover, there are local variations in the cross-sectional area of the
flow path which can potentially cause additional local nonlinearities in the finite-
dimensional model [8]. Thus, finite-dimensional models resulting from the spatial
discretization of PDEs are generally of high order, nonlinear and not suitable for
existing controller design techniques or may lead to high-order controllers that
are challenging to implement in real time.

Model reduction may be employed to obtain low-order approximates of the
resulting finite-dimensional model such that system key properties, including
stability and accuracy, are preserved. During the last decade, control-oriented
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hydraulics models obtained from physics-based model-complexity reduction have
gained popularity in MPD automation [143, 71, 3]. These models are obtained by
ignoring the distributed nature of the hydraulics of a drilling system. Another
perspective to physics-based model reduction is given by using low-resolution
spatial discretization methods [84, 112, 96]. This approach has drawbacks sim-
ilar to the physics-based approach, as low-resolution discretization methods are
generally not capable of accurately capturing the wave propagation phenomenon.
Contrary to these two approaches, the high potential of model-complexity reduc-
tion through model order reduction techniques has only rarely been employed
in MPD automation. In [93], a linear model reduction method is used for the
reduction of complex controllers designed for MPD systems. In [83], a staggered-
grid approach was taken to derive a high-order MPD-relevant hydraulics model.
This model was then reduced using a linear model order reduction technique.
In [11], data-based techniques were employed for deriving linear control-oriented
MPD models. Nonlinear model order reduction for MPD automation has not
yet received much attention.

In this chapter, given 1) the infinite-dimensional (PDE) model combined with
2) local nonlinearities, the resulting (discretized) model is a nonlinear system
comprising high-order linear dynamics with local nonlinearities. In our previous
work [108], we studied model reduction of an earlier version of this hydraulics
model based on the method in [23], which preserves key system properties such
as L2 stability. We also provided a guaranteed and computable bound on the
reduction error of the reduced order system. For controller purposes, availability
of such an error bound is important for two reasons: 1) the error bound is a
measure of the accuracy of the reduced model and, 2) it can be used as a bound
on the modeling uncertainty induced by reduction that can be useful in the
design of robust controllers [113]. In this chapter, we extend the work in [108]
from three perspectives. First, we extend the nonlinear finite-dimensional, but
high-order, hydraulics model by considering interactions with formations and
addressing variations in the cross-sectional area of the flow path. Additionally,
comparisons with field data are provided to evidence the accuracy of the model.
Second, the complexity of the resulting nonlinear model is reduced by taking
a bounded-realness preserving approach to model reduction. This approach
guarantees the preservation of stability properties irrespective of the reduction
order. Third, we illustrate the importance of preserving the wave-propagation
effect in a control-oriented model through closed-loop simulation case studies.

Outline. Section 3.2 is devoted to the mathematical modeling of the system. In
Section 3.3, the proposed model order reduction procedure is described. Model
validation and illustrative simulation results are presented in Section 3.4 and,
finally, conclusions presented in Section 3.5.

Notation. The notation R refers to the field of real numbers, and L2 is the space

of functions x : [0,∞) → Rn with bounded norm ‖x‖2 = (
∫∞

0
xT (t)x(t) dt)

1/2
.

We define δx := x − x̂, with x̂ an approximate of x. A block-diagonal matrix
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with A1, ..., Am on the diagonal is represented as blkdiag{A1, · · · , Am}, and
Im is the m × m identity matrix. Sub-/superscripts ‘a’ and ‘d’ are used to
distinguish between, respectively, the annulus and drillstring and their respective
variables and parameters. A sub-/superscript ‘p’, for pipe, is used when model
developments apply to both annulus and drillstring.

3.2 Mathematical modeling

This section focuses on hydraulics modeling for MPD. An infinite-dimensional
hydraulics model is presented first, and then it is discretized to obtain a finite-
dimensional ODE model.

3.2.1 Infinite-dimensional model

A common modeling approach in drilling is so-called U-tube modeling, where
the drillstring and annulus are regarded as pipes connected in the middle in
a “U” shape. The behavior of a 1D single-phase laminar flow in a pipe (by
discarding energy equations) can be described by a PDE system as (see [71, 126]
and references therein)

∂ (ϕρ)

∂t
+
∂ (ϕρν)

∂ξ
= ϕΓ,

∂ (ϕρν)

∂t
+
∂
(
ϕρν2 + ϕp

)
∂ξ

= −ϕ
(
ρg sin θ +

32µρν

ρD2

)
+ p

∂ϕ

∂ξ
,

(3.1)

where ξ ∈ [0, l] and t ≥ 0 are the spatial and time variables, respectively, and
l is the length of the pipe. The variables ρ(t, ξ), ν(t, ξ), p(t, ξ) are the density,
velocity and pressure of the fluid, respectively. Moreover, ϕ(ξ), D(ξ) and θ(ξ) are
the cross-sectional area, hydraulic diameter and inclination of the pipe. Finally,
µ and g are the liquid viscosity and the gravitational acceleration, respectively,
and Γ is the distributed flux of liquid exchange between the flow path and the
formation/reservoir. The equation of state is chosen as in [71], i.e.,

p = c2l (ρ− ρ0) + p0, (3.2)

where cl is the speed of sound in the mud, and p0 and ρ0 are the reference
pressure and density, respectively.

Assumption 3.1. The variations in the area of the pipe occur in the form of a
limited number of discontinuities, i.e., ϕ(ξ) is piecewise constant.

This assumption is in agreement with the geometry of a typical drilling sys-
tem, see [8, 104]. In a single-phase flow drilling system, the flow velocity ν(t, ξ) is
far smaller than cl. Thus, we may ignore the term ϕρν2 in (4.1) when comparing
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it to the term ϕρc2l , which arises in (4.1) due to (4.2). Moreover, given that the
variations of density compared to ρ0 are also small, we assume that 1/ρ ≈ 1/ρ0.
Furthermore, we assume that the flux exchange can occur only at a single point
at boundaries which leads to Γ = 0. Applying these assumptions together with
Assumption 3.1, (4.1) reduces to a linear PDE system of the form

∂q

∂t
+ Ψ

∂q

∂ξ
= −F (ξ)q, (3.3)

with

q =

[
ρ
ρν

]
,Ψ =

[
0 1
c2l 0

]
, F =

[
0 0

g sin θ 32µ
ρ0D2

]
.

Remark 3.1. We note that (3.3) holds for the entire flow path ξ ∈ [0, l] except at
the location of the discontinuities in the cross-sectional area. At those locations,
we still describe the flow behavior by (4.1).

Remark 3.2. We use two models of the form (3.3) to describe the flow in
the annulus and drillstring, respectively. For the drillstring, ξ = 0 and ξ = l
respectively correspond to the location of the pump outlet at the surface and the
bit, while for the annulus these respectively refer to the bottom of the well and
the choke inlet at the surface.

Remark 3.3. The hydraulic diameter of the drillstring is given by its inner
diameter, i.e., Dd = din, while that for annulus is given as Da = Din − do, with
do the outer diameter of the drillstring and Din the wellbore diameter. Moreover,
we have θd(ξ) = −θa(l − ξ).

For a drilling system in an MPD setting, we define boundary conditions as
follows:

Jp(t)− ϕd(0)ρd(t, 0)νd(t, 0) = 0, (3.4a)

Jb(t)− ϕd(l)ρd(t, l)νd(t, l) = 0, (3.4b)

Jb(t)− ϕa(0)ρa(t, 0)νa(0, t) + Jres(t) = 0, (3.4c)

Jb(t)− fb(ρd(t, l)− ρa(t, 0)) = 0, (3.4d)

Jc(t)− clΣnzi=1kc,iGi (zc,i(t)) fc (ρa(t, l), ρco(t)) = 0, (3.4e)

with [145]

fb(x) = Anzcdcl
√

2ρ0 max (0, x), (3.5a)

fc(x, ρco) = sgn(r)
√
|r|, r = 2x(x− ρco). (3.5b)

In these equations, Jp, Jb and Jc represent the pump, bit and choke mass flow
rates, respectively. Moreover, nz, kc,i, zc,i(t) and Gi(·) are, respectively, the
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number of choke valves, the flow factor, opening and characteristic of the choke
i = 1, ..., nz, and ρco is the density corresponding to the pressure downstream
the choke pco, whereas Anz and cd are the area and the discharge coefficient of
the bit nozzles, respectively. In (3.4c), Jres represents the lumped flow exchange
between the reservoir and the wellbore and it is governed by a linear equation
of the form [63]:

Jres(ρ
a(t, 0), t) = −kresc

2
l (ρa(t, 0)− ρres(t)) , (3.6)

where kres is the production index and ρres(t) is the density corresponding to
the reservoir pressure pres(t) through (4.2). Note that ρa(t, 0) is the downhole
density ρdh(t), which is related to the downhole pressure pdh(t) through (4.2).

Remark 3.4. Here, it is assumed that influx from the reservoir has the same
properties, for example, density, as the drilling mud. To be able to handle cases
where this assumption does not hold, multiphase flow models, such as the drift-
flux model, see Chapter 2, should be used for describing the flow in the annulus.
These models are, however, highly nonlinear. Moreover, we note that the method
proposed in this chapter can be used with more advanced reservoir model such

as Jres = −kresc
2
l

∫ ξ2
ξ1

(ρa(t, δ) − ρres(t, δ)) dδ, where ρres(t, ξ) is the distributed
reservoir density.

Remark 3.5. The max(·) operator in (3.5a) is used to model a non-return value
installed above the bit in the drillstring. This valve is open only if pd(t, l) >
pa(t, 0).

3.2.2 Finite-dimensional model

To derive a finite-dimensional approximate of the infinite-dimensional model in
(3.3), we use a first-order spatial discretization scheme known as Kurganov-
Tadmor (KT) [79]. The discontinuities in the cross-sectional area can signific-
antly contribute to the system behavior. At the location of these local area
variations, where the system behavior is described by (4.1), the velocity and the
pressure can experience rapid changes. To incorporate effects of these variations
into the numerical scheme, we combine the KT scheme with the method proposed
in [78]. Hereto, the spatial domain is discretized into n cells Ci = (ξi−1/2, ξi+1/2)

of length ∆ξ, with ξi+1/2 = i∆ξ called the ith cell interface and ξi = (i−1/2)∆ξ
marking the middle point of this cell. We next make further simplifying, but
realistic, assumptions.

Assumption 3.2. The discontinuities in the area can only occur at ξ = ξi+1/2,
i ∈ {1, 2, ..., n}.

Assumption 3.3. The change in the area at a discontinuity is relatively small
such that ν(t, ξ)� cl holds.
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With these assumptions, the discretization of (3.3) leads to

Q̇i(t)=A1M
−
i−1Q

i−1(t)−Ai2Qi(t)+A3M
+
i+1Q

i+1(t), (3.7)

for i = 1, 2, . . . , n, and where Qi(t) is an approximate of the spatial average of
the vector q(ξ, t) over the cell Ci. Also, A1 = λ

2 I2 + 1
2∆ξΨ, Ai2 = F (ξi) + λI2,

A3 = λ
2 I2 −

1
2∆ξΨ, with λ = cl

∆ξ and Im the m×m identity matrix. Moreover,

M±i = diag{1, φi/φi∓1}, with φ the discretized cross-sectional area ϕ(ξ) of the
flow path and M−0 = M+

n+1 = I2.

Remark 3.6. In (3.7), M±i represents a type of local coordinate transformation
with respect to the geometry, which is inspired by [78]. To derive this transform-
ation, we used Assumption 3.2 and Assumption 3.3. Assumption 3.2 enables us
to consider the conservation of mass over all the interfaces and Assumption 3.3
makes changes in the density over a discontinuity in the area negligible, which in
turn makes local nonlinearities due to the variations in the area negligible. Note
that the preservation of effects of the impulsive term pdϕ/dξ in (4.1) (due to
discontinuities in the area ϕ) in the finite-dimensional model is enabled through
this transformation.

Expanding (3.7) for i = 1 and i = n, one encounters dependencies on Q0 and
Qn+1. We consider these as approximates of the boundary variables q(t, 0) and
q(t, l), respectively. Taking the approach in [47], one arrives at

Q0 = awα+
R1

φ1
Jp

in, Q
n+1 = −awβ +

R2

φn
Jp

o , (3.8)

where Jp
in and Jp

o are the mass flow rates at the inlet and outlet of the pipe, and
α(t) and β(t) are the solutions of

α̇(t) = −λα(t)− L2 (F (x1)− λI2)Q1(t),

β̇(t) = −λβ(t)− L1 (F (xn)− λI2)Qn(t),
(3.9)

with λ = cl/∆x, L1 = 0.5[cl, 1], L2 = 0.5[−cl, 1], aw = [−2/cl, 0]T , R1 =
[1/cl, 1]T and R2 = [−1/cl, 1]T . In view of their fast dynamics, the equations in
(3.9) are assumed to be always in their steady states, i.e., α̇(t) = 0 and β̇(t) = 0,
for all t ≥ 0. Therefore, we can solve (3.9) in terms of Q and plug the solution
into (3.8) to eliminate dependencies on α and β.

Finally, with these explanations, combining (3.7)-(3.9), we write the hydraul-
ics model describing the flow behavior in a pipe in a state-space form as{

ẋp(t) =Apxp(t) +Bp
uu

p(t) +Bp
ww

p(t),

vp(t) =Cp
vx

p(t),
(3.10)
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where xp = [(Q1)
T
, . . . , (Qn)

T
]T ∈ R2n is the state vector and up = Jp

in, wp = Jp
o

are the inputs. Moreover, we define the boundary densities as the outputs, i.e.,

vp := [vp
1 , v

p
2 ]T = [Q0

1, Q
n+1
1 ]T ∈ R2, (3.11)

where the approximations Jp
in ≈ φ1Q

0
2 and Jp

o ≈ φnQ
n+1
2 have been used in

the derivation of the output equations in (3.10) to avoid the occurrence of feed-
through terms.

Next, we consider one model of the form (3.10) for the annulus and one for
the drillstring. By a suitable combination of those, we derive a finite-dimensional
model for the entire system, for which we define x := [xTd , x

T
a ]T ∈ Rnc , nc = 4n,

as the state vector. The definition of vp and the boundary conditions (3.4)
leads to the following nonlinear finite-dimensional model for a single-phase MPD
process:

Σlin :

 ẋ(t) = Āx(t) + B̄uu1(t) + B̄ww(t),
v(t) = C̄vx(t),
vr(t) = C̄vrx(t),

(3.12)

Σnl : w(t) = h (v(t), u2(t)) (3.13)

where vT = [v1, v2], containing the density drop over the bit v1 := vd
2 − va

1 and
density at the choke v2 := va

2 , is a vector of internal outputs, and vTr = [vd
1 , v

a
1 ]

contains densities at the pump and downhole. Here, we consider a vector of
the densities at the pump, downhole and choke as the output of the system
and define yT := [vTr , v2]. The exogenous inputs to the system are the pump
flow Jp(t), the choke openings, the density downstream the choke ρco(t) and the
reservoir density ρres(t):

uT1 := [Jp, kresc
2
l ρres],

uT2 := [clΣ
nz
i=1kc,iGi (zc,i) , ρco].

(3.14)

Moreover, we have

hT (v, u2) = [fb(v1), u21fc(v2, u22)], (3.15)

where the nonlinearities fb and fc are the result of the nonlinear boundary
conditions, see (3.4).

Remark 3.7. The model in (3.12) and (3.13) is in the form of a feedback
interconnection of a linear subsystem Σlin and a nonlinear, but low-dimensional,
mapping Σnl. This interconnection is represented by Σ = (Σlin,Σnl).

Remark 3.8. In general, the flow in the drillstring is turbulent for normal mud
flow rates. Although we have considered a linear friction model in this chapter,
effects of turbulent flow in the drillstring can be partially captured in the model
by considering a lumped local nonlinear function. In particular, we lump these
effects in the bit equation (3.5a) through Anz.
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3.3 Nonlinear model order reduction

To effectively preserve properties such as the wave-propagation effect of a drilling
system in the finite-dimensional model Σ, the discretization should be performed
over a fine spatial grid. However, fine gridding results in a high-order ODE model
which is too complex for the design and implementation of pressure controllers.
Model order reduction methods can address this issue by obtaining a low-order
approximation of a high-order model while preserving key system properties.
In Σ, the nonlinearities appear only locally, enabling us to exploit linear model
reduction techniques to reduce system complexity by reducing only its linear
part Σlin, as explained in the sequel, after some model reformulation.

3.3.1 Model reformulation

To facilitate the model order reduction procedure and the involved analyses,
we first need to transform the model into a suitable form by performing some
loop transformations. To this end, it is reasonable to change the origin of
the system to an equilibrium point x∗ and denote the transformed system by
Σ∗ = (Σ∗lin,Σ

∗
nl). Note that x∗ corresponds to the nominal inputs u∗1 and u∗2.

The linear subsystem Σlin, and naturally Σ∗lin, is not asymptotically stable as it
has one pole at zero, modeling physics of scenarios with unequal incoming and
outgoing mass flow rates. Therefore, we perform a loop transformation that acts
as an output feedback on the linear subsystem and stabilizes the linear subsys-
tem Σ∗lin, resulting in a closed-loop linear subsystem Σ̄lin, and subsequently Σ̄nl.
It is noted that this stabilizing output feedback Hv, see Fig. 3.2, is designed
based on the properties of the nonlinear mapping Σ∗nl, because an MPD pro-
cess is open-loop stable [5] due to the choke valve. We note that the reservoir
can also have stabilizing effects. After performing this loop transformation and
stabilizing the linear subsystem, we can guarantee the stability of the origin of
the interconnected system Σ∗ by showing that the interconnection satisfies some
small-gain condition. However, this condition is often a conservative one. To
further alleviate the conservatism associated with the small-gain condition, given
that the internal connections are multidimensional, we use a scaling matrix S.
After performing these loop transformations, the block diagram in Fig. 3.2 is
obtained. In this block diagram, Cy is a matrix that extracts y from the vec-
tor [vTr , v

T ]T . We pursue the reduction by considering the reformulated model
Σ∗ = (Σc

lin,Σ
c
nl) which reads as

Σc
lin :


ż = Az +Buũ1 +Bww̃s,

ṽs = Cvz(t),

ṽr = Cvrz(t),

(3.16)

Σc
nl : w̃s = h̃c(ṽs, ũ2), (3.17)
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+
ṽ

ṽr
Cy

ũ2

Figure 3.2. A block diagram of the system with the loop transformations.

where z = x − x∗, vs = S−1v and ws = Sw − SHvv. A tilde “˜” indicates the
difference between a variable and its operational value denoted by ∗, and

h̃c(ṽs, ũ2) = hc(ṽs + v∗s , ũ2 + u∗2)− hc(v∗s , u
∗
2),

with

hc(vs, u2) = Sh(Svs, u2)− SHvSvs. (3.18)

In the next section, we describe the proposed model reduction procedure.

3.3.2 Model order reduction procedure

The particular structure of Σ∗ enables us to reduce the model complexity by only
reducing the linear subsystem using existing model order reduction techniques
for linear systems. We require such a reduction procedure to have two main
properties: 1) stability properties of Σ∗ should be preserved in the reduced
system, indicated by Σ̂∗, regardless of the reduction order k, that is, the order
of Σ̂∗. The benefit of this property is that the user can freely select the reduced
order model to tradeoff between accuracy and complexity, and 2) The reduction
method should well preserve the low-frequency behavior of the system, especially
the steady-state response. The steady-state response becomes important when
the reduced hydraulics model is to be used for estimation. In addition to these
two main properties, a model order reduction method should also preserve the
feedback interconnection structure of Σ such that all the inputs and outputs
keep their physical interpretations.
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The so-called balanced singular perturbation method [90] is perhaps the most
popular model reduction method for linear systems that preserves the steady-
state response and can well-approximate the low-frequency behavior of a system.
There is another model reduction method that preserves the bounded realness
property of a bounded real system [113]. As shown in [103], if this method
is combined with a singular perturbation model approximation, the overall re-
duction technique, called bounded real singular perturbation (BRSP), remains
bounded-real preserving. In this chapter, we use the BRSP technique for redu-
cing the linear subsystem in line with the above reduction objectives. Consider
hereto the following definition.

Definition 3.1 ([113]). An asymptotically stable linear system with matrix
transfer function G(s) is said to be strictly bounded real if GT (−jω)G(jω) < I,
for all ω ∈ R.

Remark 3.9. The H∞-norm of strictly bounded real systems is smaller than
one.

Lemma 3.1 ([103]). The asymptotically stable, minimal realization in (3.16) is
strictly bounded real if and only if the algebraic Riccati equation

AP + PAT +BBT + PCTCP = 0, (3.19)

with B = [Bu Bw] and CT = [CTv CTvr], possesses two symmetric and positive
definite solutions P = Pmin ∈ Rnc×nc and P = Pmax ∈ Rnc×nc such that Pmax >
Pmin > 0.

Next, we define a bounded real balanced realization [113].

Definition 3.2. A strictly bounded real system is said to be in a bounded real
balanced realization if

Pmin = P−1
max = diag{σ1, σ2, ..., σnc}, (3.20)

where 1 > σ1 ≥ σ2 ≥ ... ≥ σnc > 0 are the bounded real singular values of Σc
lin.

Given that Pmax and Pmin are positive definite and symmetric matrices, there
exists a nonsingular coordinate transformation z = Tζ, with T ∈ Rnc×nc , for
which the transformed system in ζ-coordinates satisfies (3.20). The existence of
T follows from basic results in linear algebra on simultaneous diagonalization of
matrices, see, e.g., [66].

Model reduction of the bounded real balanced system via a singular perturb-
ation method preserves the bounded realness as well as the steady-state solution.
In particular, we have the following lemma based on a result in [103].
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Lemma 3.2. Let the linear subsystem Σc
lin be asymptotically stable, minimal

and strictly bounded-real. Then, the reduced-order model

Σ̂c
lin :


˙̂
ζ = Âζ̂ + B̂uũ1 + B̂w ˆ̃ws,

ˆ̃vs = Ĉv ζ̂ + D̂vuũ1 + D̂vw
ˆ̃ws,

ˆ̃vr = Ĉvr ζ̂ + D̂yuũ1 + D̂yw
ˆ̃ws,

(3.21)

with ζ̂ ∈ Rk, the reduction order k such that 1 ≤ k < nc, ˆ̃vs, ˆ̃vr ∈ R2, obtained
by model order reduction of Σc

lin via BRSP is asymptotically stable, minimal and

strictly bounded real. Moreover, the H∞-norm of the error system Σc
lin − Σ̂c

lin is

bounded by the gain εlin = 2
∑n
j=k+1 σj. In addition, both Σc

lin and Σ̂c
lin have the

exact same frequency response functions at zero frequency.

Remark 3.10. It should be noted that even though there are no feedthrough
terms in the output equations of the linear model Σc

lin, such terms appear in the

reduced model Σ̂c
lin to enforce the preservation of the steady-state response.

Finally, the interconnection of the original nonlinear mapping Σc
nl and the

reduced linear subsystem Σ̂c
lin leads to the total (nonlinear) reduced-order system

Σ̂∗ = (Σ̂c
lin,Σ

c
nl). Next, we discuss the properties of this system.

3.3.3 Properties of original and reduced-order systems

Under certain conditions, it can be guaranteed that the described model order
reduction technique preserves stability properties and provides a computable
bound on the reduction error in terms of the L2-induced system norm for the
reduced-order nonlinear system Σ̂∗ (see [23] for properties of this norm and also
the notion of incremental L2 gain). These properties will be stated formally in
form of a lemma and theorem in this section.

Lemma 3.3. Let Σc
lin in (3.16) be an asymptotically stable, minimal and strictly

bounded-real realization. Moreover, let the interconnection Σ∗ = (Σc
lin,Σ

c
nl) sat-

isfy the small-gain condition, i.e.,

µwv < 1, (3.22)

with µwv an upper bound for the incremental L2-gain of Σc
nl from ṽs to w̃s.

Then, the origin of Σ∗ is asymptotically stable and it has a bounded incremental
L2-gain (from input ũ = [ũ1, ũ2]T to ỹ) with bound

γyu =
√

2 max (γ̄yu1
, γ̄yu2

) . (3.23)

Here, γ̄yu1 = γyu1 + γywµwv/(1 − µwv) and γ̄yu2 = γywµwu2/(1 − µwv) are the
incremental L2-gains of the over-all system from ũ1 and ũ2 to ỹ, respectively.
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The (incremental) L2-gains through Σc
lin from w̃s and ũ1 to ỹ are indicated by

γyw and γyu1 , respectively. Finally, µwu2 is the incremental L2-gain of Σc
nl from

ũ2 to w̃s.

Proof. The proof is found in Appendix A.

Theorem 3.1. Let Σc
lin be asymptotically stable, minimal and strictly bounded-

real, and Σ̂c
lin an approximate of Σc

lin obtained via the BRSP model reduction
with the error bound εlin in Lemma 3.2. Moreover, assume that the feedback
interconnection Σ̂∗ = (Σ̂c

lin,Σ
c
nl) is well-posed, i.e., the equation ˆ̃vs = Ĉv ζ̂ +

D̂vuũ1 + D̂vwh̃c(ˆ̃vs, ũ2) exhibits a unique solution with respect to ˆ̃vs for every

ζ̂ ∈ Rk, ũ1 ∈ R2 and ũ2 ∈ R. In addition, let (3.22) hold. Then, the following
statements hold:

1. The system Σ̂∗ has a bounded incremental L2-gain and its origin is asymp-
totically stable for ũ = 0.

2. For trajectories with zero initial condition, the output error ỹ − ˆ̃y = δỹ is
bounded as ‖δỹ‖2 ≤ ε‖ũ‖2, with ‖.‖2 denoting the L2-signal norm and the
gain

ε =

√
2εlinγyv max (1, µwu2)

(1− µwv)2 , (3.24)

where γyv is the 2-norm of Cyblkdiag{I2, S}.

Proof. The proof is found in Appendix A.

Remark 3.11. As mentioned before, the loop transformations and the change
of coordinate of Σ have been used to ease the analyses of this section. Basic-
ally, after we have computed the balancing transformation T , we can ignore
all the scaling matrices involved in the loop transformations and directly reduce
the linear subsystem. Afterwards, to recover the original structure of the inter-
connection, we can apply an output feedback-like loop transformation for −Hv,
resulting in the reduced order system Σ̂ = (Σ̂lin,Σnl).

3.3.4 Designing the loop transformations

Due to the square roots in fc(·) and fb(·), see (3.5), the function h(·, ·) in (3.15)
and, thus, h̃c(·, ·) in (3.17), are Lipschitz only locally. Therefore, we restrict our
analysis to a particular region R of the domain of h(·, ·) where µwv is bounded.
We define:

R :=
{
v ∈ R2, u2 ∈ R2

∣∣ pc ∈ [p
c
, p̄c], Jb ∈ [Jb, J̄b],

u21 ∈ [u21, ū21], pco ∈ [p
co
, p̄co]

}
.

(3.25)

where pc is the flow pressure at the choke, which is related to the choke density
v2 through (4.2). It is recalled that Jb is related to v via the bit equation (3.4d).
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Moreover, the upper and lower bars in (3.25) are used to denote, respectively,
the upper and lower limits of a variable. The region R corresponds to a region
Rc in the input space of h̃c(·, ·). It is remarked that all properties of the reduced
model Σ̂ hold locally and those can be guaranteed provided v and u2 remain in
R, which is the case in many MPD scenarios for a large enough region R.

The matrices Hv and S should be designed in such a way that Σc
lin is strictly

bounded-real and, additionally, the small-gain condition (3.22) is satisfied over
Rc. Considering the error bound (3.24), a smaller µwv leads to a smaller error
bound ε. However, a small µwv results in larger L2-gains for the linear system.
This in general leads to larger εlin, as the quality of BRSP model reduction is
generally decreasing for systems with increasing gains. Here, as a trade-off, we
design these parameters such that µwvγvw, with γvw the (incremental) L2-gain
of Σc

lin from w̃s to ṽs, is minimized for µwv = γvw in Rc. We take a two-step
approach which provides a heuristic for this minimization problem. In the first
step, we consider a relatively small initial set R and design Hv such that h−Hvv
has the smallest Lipschitz gain overR. Next, noting that hc(·, ·) is a multi-input-
multi-output mapping, S is designed such that diagonal elements of ∇vhc, the
gradient of hc with respect to vs, have equal Lipschitz gains. To this end, we
design

S =
√
µ∗vw

(
∇vh̄−Hv

)−1/2
, (3.26)

for µ∗wv = 1, where µ∗wv is a desirable value for µwv. This choice of S ensures that
µwv ≤ µ∗wv. Afterwards, if Σc

lin is strictly bounded-real, R can be enlarged. After
designing R and ensuring that Σc

lin is still bounded-real, we set µ∗wv =
√
µwvγvw

and use (3.26) to design the final S.

3.4 Model validation and illustrative case
studies

In this section, the validity of the hydraulics model is assessed by comparing it
with measured data obtained from real-world MPD operations in Section 3.4.1.
After model validation, the quality of the reduced-order model is illustrated by
means of industry-relevant simulation case studies in Section 3.4.2. Four models
M1-M4 are considered in this section: M1 is the high-order model Σ and is used
as the reference model, M2 is the proposed reduced-order model Σ̂ of order k, M3
is a finite-dimensional model of order k which is obtained in a similar way as M1,
i.e., using direct discretization, but with n = k/4, and M4 is a commonly-used,
third-order hydraulics model obtained from a physics-based model complexity
reduction [71].
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Figure 3.3. The geometry of the drillstring and annulus of the well used in
model validation: (thin black lines) real geometry, (thick lines) geometry of the
finite-dimensional model.

3.4.1 Model validation

We evaluate the accuracy of the high-order model M1 by comparing it to field
data obtained from a drilling well in Asia with the geometry reported in Fig. 3.3
and parameters presented in Table 3.1. It is noted that depending on ∆ξ, the
geometry of the flow path which is used to construct the high-order finite-
dimensional model can be slightly different form the original geometry of the
well. This difference is due to the limited resolution of discretizations.

We have discretized the geometry such that the volume of the flow path is
preserved in each grid-element. The average inclination of the well is 63.4o.
The lumped parameters µ and Anz are determined by minimizing steady-state
errors between the simulated and measured pump pressures for a scenario with
significant changes in the pump flow rate. Furthermore, cl is determined by
using knowledge on the length of the well l and the measured time difference
∆tf between the onset of fluctuations in the measured pressure signals at the
choke and pump and using the formula cl ≈ 2l/∆tf . The drilling system has two
parallel chokes, i.e., nz = 2. Here, instead of identifying the choke characteristics
Gi(·), i = 1, 2, we compute the implicit combined choke characteristic G(t)
from the measurements. In particular, we use the choke equation (3.4e) to
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Parameter Value Unit

l 1647 m
cl 930 m/s
µ 0.232 Pa.s
cd 0.8 -
p0 105 Pa
ρ0 1210 kg/m3

Anz 4.855× 10−4 m2

θa 1.1065 rad
kres 0 m3/(Pa.s)
n 150 -
nz 2 -
g 9.81 m/s2

Table 3.1. Parameter values used for model validation.

approximate G(t) as follows:

G(t) =

2∑
i=1

kc,iGi(zc,i) '
Jc(t)√

2ρc(t)r(pc(t)− pco(t))
, (3.27)

where all the variables in the right-hand side in (3.27) are measured signals. We
have considered a scenario which consists of:

1. Changes in the setpoint for the choke pressure of the MPD system.

2. Changes in the pump mass flow rate.

We note that the data set used for this scenario is different from the one used
for identifying the model parameters µ, Anz and cl.

The data sets belong to commissioning tests of an MPD operation at a well
length of 1647 m, after running a casing and before resuming drilling ahead.
The inputs to this scenario are reported in Fig. 3.4. In the considered scenario,
the drillstring is stationary and the MPD control system regulates the choke
pressure to a given setpoint, see Fig. 3.5 (bottom).

In Fig. 3.5, we report on the measured and simulated pump pressure pp and
choke pressure pc. It is noted that the simulated pump pressure is obtained from
vr1 through (4.2). We can observe a good agreement between the measurements
and simulation results during both transients and the steady-state. In particular,
we observe that even though the distributed nonlinearities due to friction in
the drillstring are lumped into the parameter Anz, the model still accurately
predicts the pump pressure for a significant range in the pump flow rate. A
careful observation of Fig. 3.4 reveals that around t = 529 seconds some error
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Figure 3.4. Choke signals and the pump mass flow rate (input variables) from
measurements used in model validations.

occurs in the control system that causes an abrupt decrease in zc,2. This abrupt
change initiates a sharp pressure front that keeps propagating along the annulus
for some time, generating a staircase-like pattern in the choke pressure, which
has been magnified in Fig. 3.6 for a better illustration. Indeed, the effect of
such wave-propagation effect is also captured by the model. Even though the
model shows high capability in capturing the wave-propagation effect, there are
still discrepancies between the model and the system, especially in terms of
accurately capturing the pressure fronts. Reasons for such discrepancies can
be, for instance, unmodeled phenomena in the hydraulics of a drilling system or
inaccuracies in the choke flow measurements which translates into a less accurate
choke characteristic G(s). We observe that the model M1 also exhibits a good
accuracy in capturing the delay ∆tf between pressure fluctuations at the choke
and pump sides of the system. The measured and simulated mass flow rates
Jc are plotted in Fig. 3.7, in comparison to the measured pump mass flow rate
Jp. Fluctuations in the choke flow for a fixed pump flow rate are due to the
liquid compressibility and the flexibility of the well structures. The good match
between these fluctuations in the measured and simulated flows illustrates the
fact that M1 also captures these phenomena, which are all lumped into cl, with
a good accuracy.
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Figure 3.5. Comparisons between measurements and simulations: (top) pump
pressures, and (bottom) choke pressures, the pressure downstream the choke pco
and the setpoint for the choke pressure.
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Figure 3.6. Comparisons between measurements and simulations: zoomed
view of the pc data in Fig. 3.5 showing the staircase-like pattern in the choke
pressure due to the wave-propagation effect.

3.4.2 Simulations for model reduction results

After validating the accuracy of the high-order model M1, the focus of this part is
on the performance evaluation of the proposed model order reduction method.
Here, we consider an MPD-operated drilling system with the parameters and
geometry reported in Table 3.2 and Fig. 3.8, respectively. We consider a spatial
grid for discretization of the PDE of n = 150, leading to nc = 600. The nominal
inputs are taken as J∗p = 51 kg/s, z∗c = 0.33, where nz = 1, and the nominal
reservoir density ρ∗res is designed such that J∗res = 0, i.e., ρ∗res = ρ∗dh. The region
R corresponds to pc ∈ [2, 40] bar, Jb ∈ [25, 62] kg/s and zc ∈ [0.1, 0.36]. We
consider ρco(t) = ρ0, which allows us to treat it as a parameter, thereby reducing
the dimension of u2 in (3.14) to one, i.e., u2 = clkczc, where G1(zc) = zc has
been assumed.
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Figure 3.7. Comparisons between measurements and simulations: choke and
pump mass flow rates.
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Figure 3.8. The geometry of the drillstring and annulus of the well used in
the model reduction simulations.
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Parameter Value Unit

l 2320 m
cl 980 m/s
µ 0.035 Pa.s
cd 0.8 -
p0 105 Pa
ρ0 1260 kg/m3

Anz 5.77× 10−4 m2

θa 1.4451 rad
kres 6.3×10−6 m3/(Pa.s)
n 150 -
kc 0.002 m2

g 9.81 m/s2

Table 3.2. The simulation parameters used for model reduction.

With this choice ofR, and the corresponding design for Hv and S, µwv = 0.83
and Σc

lin has a Hurwitz A matrix and H∞-norm less than one, implying the strict
bounded realness of this system. Therefore, we can apply the described nonlin-
ear model order reduction procedure of Section 3.3 to our system while locally
guaranteeing stability properties of the reduced-order model and providing an
error bound.

The resulting bounded real singular values are plotted in Fig. 3.9. The error
bounds εlin and ε as functions of the reduction order k are plotted in the same
figure. We observe that for reduction orders larger than 20, the error bound
becomes comparatively small, meaning that an approximate model of order k =
20 can result in a sufficiently accurate model approximation. However, stability
properties of Σ̂ and the boundedness of the error bound can still be guaranteed
for arbitrarily smaller reduction orders 1 ≤ k, which is not the case with the
reduction approach in [108]. It should also be noted that the error bound ε
can be conservative, as in its computation we have made several conservative
approximations on L2 gains.

Next, we perform comparative studies. We have performed in Fig. 3.10 a
comparison between the frequency response functions of Σc

lin in M1 and M3 and

of Σ̂c
lin in M2. We observe a good match between the high-order model M1 and

the reduced-order model M2 up to medium frequencies and it is able to partially
preserve the oscillatory behavior of the frequency response function, which is
exactly related to the wave-propagation effects and the distributed nature of the
system. Contrary to this, while having the same order as M2, the model M3
preserves the frequency properties of M1 only in low frequency ranges. This
shows that M3 is incapable of reproducing the wave-propagation effects.
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Figure 3.9. Bounded real singular values and error bounds versus reduction
order.

3.4.2.1 Open-loop simulations

For further comparisons, we perform time-domain simulations for realistic scen-
arios, where events of choke plugging and loss of suction are studied. Choke
plugging is a critical event that occurs during MPD operations due to cuttings
blocking (partially or fully) the choke. In practice, there are strategies to handle
a choke plugging event. It is common practice to equip an MPD system with
a stand-by choke installed in parallel with the main choke and to perform a
choke swapping operation. Given that the detection of a plugged choke and
then performing a choke swapping takes some time, a choke plugging event is
usually followed by some pressure fluctuations in the wellbore. Loss of suction
refers to an event where the pump flow drops from its normal rate. The drop is
typically followed by a decrease in the choke opening to prevent a large decrease
in the downhole pressure. In this event, there can also be rapid changes in the
pump flow rate which can also cause fluctuations in the pressure profile of a
drilling system. The inputs corresponding to these scenarios in the simulations
are shown in Fig. 3.11. For the choke plugging scenario, the simulation results
for the choke pressure pc and pump pressure pp are reported in Fig. 3.12. We
clearly observe that the reduced-order nonlinear model M2 provides a highly ac-
curate response approximation of the original nonlinear model M1 both during
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Figure 3.10. Comparison between the magnitude of frequency response func-
tion of Σ̂c

lin in M2 with those of Σc
lin in M1 and M3 without scaling matrices

(only from the first three inputs to the first three outputs for a better visibility).

transients and in the steady state. To more thoroughly study the capability of
M2 in capturing the wave-propagation effect, we consider a spike in the choke
opening, as shown in Fig. 3.11. This spike is to model fluctuations in the choke
opening due to, for instance, saturations in the control system and mistakes by
human operators. This causes a sequence of dissipative spike-like fluctuations in
the pressures which is a phenomenon exactly due to the wave-propagation effect.
We observe that M2 well captures this effect, while M3, in spite of having the
same order as M2, does not reconstruct this important effect.

The results of the second scenario are shown in Fig. 3.13. The reduced model
provides an accurate approximation of M1 also in this scenario. We have also
considered a spike in the pump flow rate, given that fluctuations in the pump
flow rate occur quite often in the field. We observe that this spike in the flow
leads to subsequent fluctuations in the pressures due to the wave-propagation
effect, which is well preserved in M2 but not in M3, as observed form Fig. 3.13.
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Figure 3.11. The inputs to the system for the time domain simulations.
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Figure 3.12. Comparison between time domain responses of the high-order
model M1 and the low-order models M2 and M3: a choke plugging event followed
by a spike in the choke opening.
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Figure 3.13. Comparison between time domain responses of the high-order
model M1 and the low-order models M2 and M3: a loss of suction event followed
by a spike in the pump flow.

3.4.2.2 Closed-loop simulations

Closed-loop simulation results are presented in this section to further illustrate
the importance of preserving the wave-propagation effect in a control-oriented
hydraulics model. The control system is based on [63]. We apply this control
system to M1, M2 and, in addition, to M4, in which the wave-propagation
effects are compromised in exchange for simplicity. In this section, we intend
to illustrate that as long as the control objective is to provide a relatively slow
closed-loop system (to have a small bandwidth in a linear context), the controller
design can be performed based on low-order models similar to M4. However,
when the controller should be faster, in terms of recovering from disturbances and
tracking references, it becomes crucial to use more accurate hydraulics models
such as M2 where the wave-propagation effect is, at least in approximation,
preserved. If such effects are not accounted for during the controller design
stage, instability of the closed-loop system may result. The simulations are first
performed for a low-gain control system which provides a slow control response.
Then, the simulations are repeated with a high-gain controller, which improves
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Figure 3.14. Comparison between M1, M2, and M4 in a closed-loop setting:
the downhole pressure pdh responses for low- and high-gain controllers.

(i.e., makes faster) the closed-loop response with the design model M4. We
consider ρres(t) as a disturbance and increase it from ρ∗dh by 5% (resulting in
5% increase in the reservoir pressure pres) abruptly at t = 80 seconds. The
choke opening zc is the control input and the pump flow Jp is kept fixed at
J∗p . From Fig. 3.14, where the downhole pressure is plotted, we observe that
with the low-gain controller, the closed-loop responses with M1 and M2 are
very close and similar to that with M4. However, with the high-gain controller,
although the closed-loop response with M4 has improved, those of M1 and M2
have significantly degraded compared to the previous case with the low-gain
controller. This analysis shows that if model M4 would be used for controller
design, and one would apply it to a realistic model (or the real system) in which
the wave-propagation effect is present, a very undesirable response may result.
This further demonstrates the need for more accurate (though still simple enough
to serve as basis for controller design) models, such as model M2. We observe a
similar behavior for these models in Fig. 3.15, where the flow exchange is plotted.
In particular, we observe that the performance of the high-gain control in terms
of stopping the flow exchange is improved compared to the low gain control,
while it drops when the same high-gain controller is applied to either M1 or M2.
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Figure 3.15. Comparison between M1, M2, and M4 in a closed-loop setting:
flow exchange between the formations and wellbore for low- and high-gain con-
trollers.

From these simulations, we conclude that to be able to design high-performance
MPD controllers, it is crucial that the distributed aspects of the system are
reflected in the design model and the control system is accommodated for these
aspects.

3.5 Conclusion

A nonlinear model order reduction technique has been presented for control-
oriented modeling for managed pressure drilling automation. By using a high-
resolution discretization scheme, a finite-dimensional, though high-order, model
has been derived for this system. The resulting finite-dimensional model can
be decomposed into a feedback interconnection of a high-order linear and low-
dimensional nonlinear mapping. The good accuracy of this model, especially in
terms of capturing the wave-propagation effect, has been verified by comparing
it against data from real-world MPD operations. The particular structure of
this model permits a nonlinear model reduction procedure that guarantees the
preservation of key system (stability) properties and provides a computable re-
duction error bound in L2-norm for any order of the reduced model. Moreover,
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closed-loop simulations with a flow control system have illustrated the import-
ance of preserving the wave-propagation effect in a control-oriented hydraulics
model. Furthermore, simulation results illustrate the effectiveness of the presen-
ted model order reduction approach for managed pressure drilling automation.





Chapter 4

Model complexity reduction and
controller design for managed

pressure drilling

Abstract-Automation of Managed Pressure Drilling (MPD) allows for fast and
accurate pressure control in drilling operations. The achievable performance
in automated MPD with model-based controllers is determined by the control-
ler and, indirectly, also by the hydraulics model used for controller synthesis.
On the one hand, such a hydraulics model should accurately capture essential
flow dynamics of the system such as, e.g., wave propagation effects, for which
typically complex models are needed. On the other hand, a suitable model
should be simple enough to facilitate high-performance controller design as well
as to support fast simulation studies supporting well scenario analysis. This
chapter shows that low-order models in terms of delay differential equations can
effectively meet these requirements. Moreover, we propose a data-based model
reduction technique to construct these low-order delay models. Next, based on
this reduced-complexity model, a novel controller is designed to regulate the
downhole pressure. Simulation results confirm that this controller outperforms
existing pressure controllers in realistic drilling scenarios related to mitigation
of liquid kicks encountered when drilling into high- or low-pressure zones.

4.1 Introduction

Energy resources such as oil and gas are often trapped within deep layers of
the earth crust. Deep wells need to be drilled to access these resources. In the

This chapter is based on [87] and [107].
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drilling process of a well, a liquid, called drilling mud, is pumped in the wellbore
to transport drilling cuttings to the surface and to enable the adjustment of the
wellbore pressure. Specifically, the pressure at the bottom of the well should
ideally be maintained at the pressure in the formations surrounding the well-
bore. This crucial requirement is related to the desire to prevent kicks, that is,
unwanted flow of gas and liquid from the formation or reservoir into the wellbore,
or to avoid fracturing the formation and prevent lost mud circulation, which can
potentially cause a pressure drop if not addressed in time. Kicks can grow into
catastrophic well control events such as the Deepwater Horizon blowout [24] (for
a list of other serious blowouts, see [64]).

Downhole pressure control is conventionally practiced by adjusting the mud
density during drilling. However, this method of pressure control is slow and
inaccurate, while also lacking a means of compensating transient pressure fluc-
tuations caused by, for instance, drilling into a high pressure zone and heave mo-
tions [42]. To overcome these shortcomings of the conventional pressure control
method, the method of managed pressure drilling (MPD) has been introduced,
see, e.g., [123, 125]. In MPD, the annulus is sealed off at the surface with a
rotating control device and the mud is circulated out of the well through a choke
valve, see Fig. 4.1. This combination provides a back-pressure that can be act-
ively controlled by changing the choke opening. In automated MPD, the choke
valve, thereby the back-pressure, is controlled by an automatic pressure-control
system [71, 125]. The performance of this control system depends on the pres-
sure controller, which, in turn, is typically based on an underlying hydraulics
model. This model should be accurate enough to capture the essential hydraulic
characteristics of the system. At the same time, the complexity of the model
should be restricted to facilitate the application of established system-theoretic
analysis and controller design techniques.

Available low-complexity hydraulics models, such as the model in [71, 158],
are, however, incapable of capturing essential transient dynamics, such as the
wave propagation effect (also known as the waterhammer effect). Ignoring such
phenomena in modeling and controller design can bring about a failure in the
accomplishment of pressure control objectives [84], such as guaranteeing that
the downhole pressure remains within a safe bound around its reference. In
particular, in the case of longer wells (longer than 4000 m), the wave propagation
effect becomes so significant [141] that instability issues can arise [84] when this
effect is not properly taken into account during controller synthesis.

As discussed in [105], pressure control systems for MPD are conventionally
designed to be slow to, among other things, avoid such stability issues. As such,
these controllers are also slow in kick and mud loss attenuation. Furthermore,
fast control action by these controllers can initiate undesirable propagating pres-
sure waves which are harmful and can damage the drilling equipment. The goal
of this chapter is to show that a pressure control system designed based on a new
low-complexity model which captures accurately the wave propagation effect can
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Figure 4.1. A simplified schematic diagram of a drilling system operated using
MPD.

outperform conventional pressure controllers.

For many drilling scenarios, the system hydraulics can be described by linear
hyperbolic partial differential equations (PDEs) and a set of boundary equations.
The equations describing these boundary conditions are nonlinear, but these
nonlinearities act only locally, i.e., at the boundaries. However, system analysis
and controller design techniques developed for this type of PDE models are
still relatively elementary and mostly focus on stabilization aspects rather than
control performance. Namely, the complexity of these models currently hampers
the design of controllers that can meet more advanced performance criteria.

As an approach to address complexities associated to these PDE models,
model reduction techniques have gained popularity in MPD automation in the
last two decades. In [71, 11, 112, 63], low-order approximative models in terms
of ordinary differential equations (ODEs), obtained by ignoring the distributed
nature of the hydraulics of a drilling system, have been proposed and used for
pressure controller design. Low- to medium-resolution spatial discretization is
another model reduction approach which has been pursued in drilling automation
[84, 112, 110, 96]. A recently developed approach to constructing low-order,
but accurate, hydraulics models is to apply automatic model order reduction
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techniques to the models resulted from the high-resolution spatial discretization
[105, 83, 9]. A new perspective to this problem has been presented in our
preliminary work [87], the rationale of which is explained next.

We known that the boundary input-output behavior of hyperbolic PDE sys-
tems without source terms can exactly be described by models in terms of delay-
difference equations [34], also known as continuous-time difference equations
(CTDEs). A well-known example is D’Alembert’s formula which represents a
transformation between the wave equation and delay-difference equations [77].
The presence of coupling source terms, however, leads to integro-difference sys-
tems with complex kernel functions [38]. The complexity of these kernel func-
tions brings into question the potential of such models for controller synthesis.
The work in [95] ignored the coupling source terms to obtain a delay-difference
model. This model was used to design a pressure controller for the rejection of
heave-induced pressure fluctuations. Contrary to [38], in [87], we have used ap-
proximations to avoid the occurrence of distributed delay terms and kernel func-
tions. Namely, we have shown that a special class of hyperbolic PDE systems
with coupling source terms can effectively be approximated by a combination of
low-order models in terms of CTDEs and ODEs. In this chapter, we exploit the
fact that PDE models developed for single-phase flow drilling scenarios fall also
into that class of models and propose to design pressure controllers on the basis
of such low-complexity models.

The main contributions of this chapter are as follows. First, we build upon
our previous results in [87] and construct a low-order hydraulics time-delay model
which is highly accurate in modeling single-phase hydraulics in MPD systems in
general and liquid kicks scenarios specifically. The latter aspect is the essential
novelty with respect to [87]. Second, we exploit the desirable properties of this
model and design a novel model-based pressure controller on its basis. Given
the fact that this model well captures the wave-propagation effect, the proposed
controller, as opposed to conventional pressure controllers, comes with robust-
ness against this effect. Thanks to this robustness, the controller can be tuned
for fast transient performance without encountering stability issues due to the
wave-propagation effect. Indeed, if tuned appropriately, the presented controller
can even attenuate pressure fluctuations generated due to the wave-propagation
effect, given the fact that this effect is captured in the model. The effectiveness
of the proposed reduced-complexity modeling and controller design strategy is
evidenced by means of a simulation-based study of real-life drilling scenarios.

Outline. Section 4.2 is devoted to the mathematical modeling of single-phase
flow (managed pressure) drilling systems. In Section 4.3, the proposed model
complexity reduction procedure is described. The controller design technique is
presented in Section 4.4. Simulation results are presented in Section 4.5 and,
finally, conclusions in Section 4.6.

Notation. The notation R and C refer to the field of real and complex num-
bers, respectively. The space of all absolutely-continuous functions that map the
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interval [a, b] into Rn is shown by C([a, b],Rn). A block-diagonal matrix with
A1, ..., Am on the diagonal is represented as blkdiag{A1, · · · , Am}, and Im is
the m×m identity matrix.

4.2 Mathematical modeling for MPD

For many drilling scenarios, a drilling system with MPD can be described by a
system of linear PDEs with nonlinear boundary conditions [1]. In particular, to
model the hydraulics of a drilling system, we use the so-called U-tube modeling
approach. In this approach, the drilling system is modeled as two connected
pipes which respectively model the drillstring and annulus of the drilling system,
see Fig. 3.1. The flow behavior in each of these pipes is then modeled by a set of
isothermal Euler equations [145, 71] of the following form (see [71] and references
therein):

∂ρi
∂t

+
∂ρiνi
∂ξ

= 0,

∂ρiνi
∂t

+
∂pi
∂ξ

= −ρig sin θi −
32µiρiνi
ρ0d2

i

, i = a,d,

(4.1)

where subscripts a and d are used to distinguish between, respectively, the annu-
lus and drillstring and their respective variables and parameters. Here, ξ ∈ [0, l]
and t ≥ 0 are the spatial and temporal variables, respectively, l [m] is the length
of the well, and ρi(t, ξ) [kg/m3], vi(t, ξ) [m/s] and pi(t, ξ) [Pa] represent the fluid
density, velocity and pressure, respectively. Moreover, θi [rad] , µi [Pa s], di [m]
and g [m/s2] represent the well inclination, viscosity of mud, hydraulic diameter
and gravitational acceleration, respectively, and ρ0 is the density that is meas-
ured at the reference pressure p0. In this formulation, the pressure is related to
the density through a linear equation of state as follows:

pi = c2l (ρi − ρ0) + p0, (4.2)

where cl is the speed of sound.

Remark 4.1. For the drillstring, dd = din, where din is the inner diameter of
the drillstring. The hydraulic diameter of the annulus is given by da = Din− do,
where Din is the wellbore diameter and do is the outer diameter of the drillstring.
Moreover, θd = −θa.

The boundary conditions of this system are given by the equations describing
the bit model, mass conservation over the bit, choke and pump, and read

Adηd(t, l)−Anzcdcl
√

2ρd(t, l)(ρd(t, l)− ρdh(t)) = 0, (4.3a)

Adηd(t, l)−Aaηa(t, 0) + Jres(t) = 0, (4.3b)

Aaηa(t, l)− kcclG(zc(t))
√

2ρc(t) (ρc(t)− ρ0) = 0, (4.3c)

Adηd(t, 0)− Jp(t) = 0, (4.3d)
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respectively. Herein, ηi := ρivi is the momentum, and ρdh(t) := ρa(t, 0) and
ρc(t) := ρa(t, l) are the downhole and choke densities, respectively, whereas Ad

[m2], Aa [m2], Anz [m2], cd [-] and kc [m2] are the area of the drillstring, area of
the annulus, area of the bit nozzles, discharge coefficient of the bit nozzles and the
flow factor of the choke. Furthermore, Jp [kg/s], zc [-] and G(·) are, respectively,
the pump mass-flow rate, the choke opening and the choke characteristic, which
is a non-decreasing function. Moreover, Jres is the flow exchange between the
reservoir and wellore, and it is described by the reservoir model. In this chapter,
we use the following reservoir model:

Jres(t) = kresc
2
l (ρres(t)− ρdh(t)) , (4.4)

where kres [m s] is the production index of the reservoir and ρres is the density
corresponding to the reservoir pressure pres. In this formulation of the boundary
conditions, a kick and lost circulation take place when Jres > 0 and Jres < 0,
respectively.

In an MPD configuration, the main control inputs are the pump mass-flow
rate Jc and the choke opening zc, while ρres can be considered as a disturbance
input.

Next, we write (4.1) in perturbation coordinates ρ̃i(t, ξ) = ρi(t, ξ) − ρ∗i (ξ),
η̃i(t, ξ) = ηi(t, ξ) − η∗i (ξ), i = a,d, with respect to the steady-state solution ρ∗i ,
η∗i , i = a,d, that corresponds to the nominal (input and disturbance) values z∗c ,
J∗p and ρ∗res. This change of coordinates leads to the following PDE model:

∂Q

∂t
+ Ψc

∂Q

∂ξ
+ FcQ = 0, Q(0, ξ) = 0, (4.5)

where QT (t, ξ) = [qTd (t, ξ), qTa (t, ξ)] is the vector of distributed variables in the
perturbation coordinates with qTd = [ρ̃d, η̃d] and qTa = [ρ̃a, η̃a] being the vectors
of the perturbed distributed variables in the drillstring and annulus, respectively.
Moreover, we have Ψc = blkdiag{Ψ,Ψ} and Fc = blkdiag{Fd, Fa}, where

Ψ =

[
0 1
c2l 0

]
, Fi =

[
0 0

g sin θi
32µi
ρ0d2i

]
. (4.6)

In the perturbation coordinates, the boundary conditions (4.3) can be written
in a vector form as follows:

Π1

[
Q(t, 0)
Q(t, l)

]
−Π2ψ

(
Γ

[
Q(t, 0)
Q(t, l)

]
, ud(t)

)
= 0, (4.7)

where ud ∈ Rp is the vector of exogenous (perturbed) inputs, including control
input and disturbance, and ψ is in general a nonlinear function. Moreover,
Π1 ∈ R4×8, Γ ∈ Rm̄×8 and Π2 ∈ R4×p̄ are given matrices. Here, m̄ is the
dimension of the first argument of ψ and p̄ is the dimension of this function. For
details, see (A.26) and (A.27) in Appendix A.5.



4.2 Mathematical modeling for MPD 95

Remark 4.2. The elements of the input ud are defined depending on the drilling
scenario under consideration. In this chapter, we only consider scenarios where
J̃p = 0 and, thus, define uTd (t) = [z̃c(t), ρ̃res(t)], where z̃c(t) = zc(t) − z∗c and
ρ̃res(t) = ρres(t)− ρ∗res.

Furthermore, we assume that for some matrix Γ̄ ∈ Rm×m̄, the output is given
by

y(t) = Γ̄Γ

[
Q(t, 0)
Q(t, l)

]
. (4.8)

In this chapter, the output is a vector of the perturbed pump, downhole and
choke densities, ρ̃p, ρ̃dh and ρ̃c as defined below (4.3), respectively. Note that
ρ̃c(t) = ρc(t) − ρ∗c , ρ̃dh(t) = ρdh(t) − ρ∗dh and ρ̃p(t) = ρp(t) − ρ∗p, where ρp(t) =
ρd(t, 0) is the mud density at the pump.

Remark 4.3. In (4.5), the term FcQ models the in-domain interactions among
the components of Q and it is known as the coupling source term. We also
mention that the high accuracy of such a model as in (4.1) and (4.3) has been
validated in [105] by comparing it with field data from real-life MPD operations.

To facilitate the model reduction procedure of the next section, we first re-
formulate the model in the perturbation coordinates described by (4.5), (4.7)
and (4.8). This model can be decomposed into a feedback interconnection of
a linear subsystem and a nonlinear mapping, where the latter represents the
nonlinearities in the boundary conditions. This decomposition is motivated by
the fact that the nonlinearities occur in the model only locally (i.e., through the
boundary conditions), and by the fact that it enables us to reduce the model
complexity by only reducing the complexity of the linear PDE part and leaving
the structure of the static nonlinearities intact. In particular, the system de-
scribed by (4.5), (4.7) and (4.8) can be cast into a feedback interconnection of
an infinite-dimensional linear system Σ and a nonlinear mapping ψ(·, ·) as

Σ :



∂Q

∂t
+ Ψc

∂Q

∂ξ
+ FcQ = 0,

Q(0, ξ) = 0,

Π1

[
Q(t, 0)
Q(t, l)

]
= Π2v(t),

w(t) = Γ

[
Q(t, 0)
Q(t, l)

]
,

y(t) = Γ̄w(t),

(4.9)

v(t) = ψ(w(t), ud(t)), (4.10)

where w(t) ∈ Rm̄ is the output of the infinite-dimensional part of Σ and v(t) ∈ Rp̄
is its input, see Fig. 4.2.
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Σ

ud(t)

v(t)

ψ(·, ·)

Γ̄
y(t)

w(t)

Σ̂

ud(t)

v̂(t)

ψ(·, ·)

Γ̄
ŷ(t)

ŵ(t)

Figure 4.2. A block diagram of the reformulated model: (left) before reduc-
tion, (right) after complexity reduction.

Given the system in (4.9), (4.10), the objective is to approximate the input-
output behavior of this system from the input ud to the output y with a model
of a lower complexity, allowing for faster yet accurate time-domain simulations.
More importantly in the scope of this chapter, this model should possess a
structure that facilitates the design of high-performance controllers, while still
capturing the wave-propagation effects characteristic to such hyperbolic PDEs.
Considering Fig. 4.2, the model complexity reduction problem in this chapter is
pursued by approximating Σ by a model Σ̂ of desirable properties, which are yet
to be introduced.

Remark 4.4. It is noted that the model Σ is indeed obtained by linearizing the
nonlinear model (4.3) and (4.5) around an operating profile that corresponds
to nominal inputs z∗c , J∗p and ρ∗res. Constructing Σ in this way guarantees Σ
to be asymptotically stable, because the single-phase flow drilling systems have
inherently stable hydraulics [6].

In view of our model reduction objectives, let us now present the transfer
function of Σ from v to w, i.e., of the linear, infinite-dimensional, part of the
system in (4.9), (4.10).

Lemma 4.1. Consider the linear system Σ in (4.9). The matrix transfer func-
tion T (s) of this system from the input v to the output w in the Laplace domain
is given by

T (s) = Γ

[
I4

eΞ(s)l

](
Π1

[
I4

eΞ(s)l

])−1

Π2, (4.11)

where s ∈ C is the Laplace variable and Ξ(s) = blkdiag{Ξd(s),Ξa(s)}, with the
diagonal elements Ξi(s) = −Ψ−1 (sI2 + Fi), for i ∈ {a,d}, and exp(Ξ(s)ξ) =
blkdiag{exp(Ξd(s)ξ), exp(Ξa(s)ξ)}.

Proof. By applying a Laplace transformation to the PDE in (4.9), we obtain

sQ(s, ξ) + Ψc
∂

∂ξ
Q(s, ξ) + FcQ(s, ξ) = 0, (4.12)
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where Q(s, ξ) = L(Q(t, ξ)), with L(·) the Laplace operator. This equation can
also be written in the form

∂

∂ξ
Q(s, ξ) = Ξ(s)Q(s, ξ), (4.13)

with Ξ(s) = −Ψ−1
c (sI4 + Fc). Note that for fixed s, (4.13) is a linear, ordinary

differential equation with the independent variable ξ. Thus, its general solution
is given by

Q(s, ξ) = eΞ(s)ξX(s), (4.14)

where X(s) is obtained from the boundary conditions. Specifically, the eval-
uation of (4.14) for ξ = 0 and ξ = l together with the use of the boundary
conditions in (4.9) results in

Π1

[
eΞ(s)0

eΞ(s)l

]
X(s) = Π2V (s),

where V (s) = L(v(t)). Solving this equation leads to

X(s) =

(
Π1

[
I4

eΞ(s)l

])−1

Π2V (s).

Now, the use of this result, along with (4.14), in the output equation in (4.9)
yields (4.11).

Remark 4.5. The explicit expression of exp(Ξi(s)ξ), i ∈ {a,d}, in Lemma 4.1
is given by

eΞi(s)ξ = e−αξ

[
m11(s, ξ) − s+f22

c2β(s) sinh (β(s)ξ)

− s+f11β(s) sinh (β(s)ξ) m22(s, ξ)

]
, (4.15)

with

m11(s, ξ) = cosh (β(s)ξ) +

(
α− f21

c2

)
sinh (β(s)ξ)

β(s)
, (4.16)

m22(s, ξ) = cosh (β(s)ξ) + (α− f12)
sinh (β(s)ξ)

β(s)
, (4.17)

and β(s) =
√
α2 + (s+ f22)(s+ f11)/c2 − f12f21/c2 and α = (f12 + f21/c

2)/2,
for

Fi =

[
f11 f12

f21 f22

]
, i ∈ {a,d},

in (4.6) and where the subscript i has been dropped from the elements of Fi as
well as from α and β for notational simplicity.
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Remark 4.6. To obtain this explicit form, one may use an implication of the
Cayley-Hamilton theorem, saying that a matrix function that has a polynomial-
matrix expansion of any order larger than the dimension of that matrix can be
expressed by a matrix polynomial of an order less than the dimension of the mat-
rix. We define the matrix function h(Ξi) := exp(Ξiξ), which admits a matrix-
polynomial expansion of infinite order. Therefore, this function of dimension
two can be simplified in the form of a matrix polynomial of order one as follows:

h(Ξi(s)) =

1∑
k=0

ck(s, ξ)Ξki (s),

where ck, k = 0, 1, are scalar functions to be determined. Given the fact that the
above equality must also hold for the eigenvalues of Ξi(s), we obtain

h(λ1) = c0(s, ξ) + c1(s, ξ)λ1,

h(λ2) = c0(s, ξ) + c1(s, ξ)λ2,

where λ1(s) = −α + β(s) and λ2(s) = −α − β(s) are the eigenvalues of Ξi(s).
These provide enough equations to uniquely determine c0 and c1 if λ1 and λ2 are
distinct. Solving these equations and performing some algebraic manipulations,
one arrives at (4.15).

In the next section, we construct a model of reduced complexity by replacing
Σ in (4.9) by a system of an appropriate delay structure. The latter system
is constructed by matching its transfer function to that of Σ, as derived in
Lemma 4.1.

4.3 Reduced-complexity time delay model

In this section, we present a data-based method for constructing the reduced-
complexity model Σ̂ that should approximate Σ in (4.9). As a stepping stone
towards this goal, we first motivate an appropriate structure for Σ̂.

4.3.1 Model structure

By neglecting the source term in (4.9), that is, if we assume Fc = 0, the model
reduces to a number of pure advection equations. It is well-known that such
an advection equation is a representation of a time delay of l/cl seconds. This
implies that Σ in the absence of source terms can be modeled by a system of
continuous-time difference equations (CTDEs), which represent transport phe-
nomena in hyperbolic PDE systems. Source terms, however, cause distributed
in-domain couplings among the traveling waves along the spatial domain. These
interactions especially affect the low-frequency behavior of the system Σ. We
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can show that exp(Ξi(s)l), i = {a,d}, in (4.11), which determine the trans-
fer function T (s) of Σ, converges to a periodic behavior of a period of 2πcl/l
at high frequencies (see Appendix A.6 for details). The periodic behavior of
exp(Ξi(jω)l), which is hence also induced in T (jω), is a manifestation of the
advective nature of the system. Thus, we conclude that in the presence of these
source terms, the system behavior is composed of two dominating aspects:

• advection,

• dynamics governing the average shape of advective waves at the boundar-
ies, which have a slow and smooth nature.

As mentioned before, the (advection-induced) transport aspects can be modeled
by CTDEs. This is the dominating aspect at high frequencies. Because the
second aspect has the largest contribution to the system response at low fre-
quencies, this can be accurately modeled using a system of ODEs.

Remark 4.7. The ODE part is also inspired by the fact that physics-based
model complexity reduction of PDE models by ignoring the wave propagation
effects leads low-order ODE models [71]. From a physical perspective, a careful
observation reveals that the output response of the PDE can be decomposed into
a slow and smooth response and an (damped) oscillatory response. The CTDE
is indeed responsible for capturing the oscillatory behavior while the ODE part
captures the slow, smooth response and the damping effects in the oscillation.

This explanation motivates us to consider for Σ̂ a structure which consists
of an interconnection of a CTDE model Σctde and an ODE model Σode. Here,
we adopt a parallel interconnection between Σctde and Σode, as illustrated in
Fig. 4.3, with the following realizations

Σode :

{
E1ẋ1(t) = A1x2(t) +B1v̂(t),

ŵ1(t) = C1x1(t) +D1v̂(t),
(4.18)

Σctde :

{
E2x2(t) = −A2x2(t− τ) +B2v̂(t),

ŵ2(t) = C2x2(t),
(4.19)

where x1(t) ∈ Rn1 , x2(t) ∈ Rn2 and ŵ = ŵ1 + ŵ2. The state of the CTDE is
given by the function segment x2,t : [−τ, 0] → Rn2 , and its initial condition is
indicated by x2,0 ∈ C([−τ, 0],Rn2). We assume that the matrix E1 in (4.18) is
invertible.

Now, the model Σ̂ can be written in the following form

Σ̂ :

{
Eẋ(t) = Ax(t) +Adx(t− τ) +Bv̂(t),

ŵ(t) = Cx(t),
(4.20)
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Σctde

ŵ(t)v̂(t)

Σ̂

Σode

+

Figure 4.3. A block diagram of the proposed structure for Σ̂.

where we have x = [xT1 , x
T
2 ]T ∈ Rn, C = [C1, C2], E = blkdiag{In1

, 0n2
}, A =

blkdiag{E−1
1 A1,−E2}, Ad = blkdiag{0n1

,−A2} and BT = [(E−1
1 B1)T , BT2 ].

Next, we present a method for the construction of the realizations in (4.18)
and (4.19).

4.3.2 Data-based model construction

In this section, which is based on [87], we introduce a method that constructs
an approximating model based on an input-output description of the original
system in the Laplace domain. This method is based on the work [139] and
[138]. It is applicable to a class of systems that can be represented by a transfer
function of the form

T̂ (s) = CK−1(s)B, (4.21)

where C ∈ Rm̄×n, B ∈ Rn×p̄, and K(s) comes with a general structure of the

form K(s) =
∑N
k=1 hk(s)Ak. Here, {h1(s), ..., hN (s)} is a linearly independent

set of functions such that hk : C → C is meromorphic for k = 1, ..., N [139].
The structured transfer function (6.61) represents a large class of systems. For
example, the transfer function of a CTDE system (as for (4.19)) can be written
in this form by taking h1(s) = 1 and h2(s) = exp(−τs), and a first-order ODE
structure (as for 4.18) by h1(s) = s and h2(s) = −1, both for N = 2. The data-
driven method proposed in [139] supports constructing (approximate) system
models with a transfer function of the form (6.61) that satisfy certain interpol-
ation conditions. To use this method, we first define which data of the transfer
function T (s) (to be approximated by T̂ (s)) is available. This data is obtained
by evaluating T (s) at certain (interpolation) points in the complex plane. It is
assume that the data sets {λi, ri, wi, µi, li, vi}ni=1, for which

T (λi)ri = wi, lTi T (µi) = vTi , i = 1, 2, ..., n, (4.22)
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holds, are given. Here, n is the number of interpolation points, λi, µi ∈ C are the
interpolation points, ri ∈ Cp̄, li ∈ Cm̄ are the right and left tangential-direction
vectors and wi ∈ Cm̄, vi ∈ Cp̄ are the corresponding system responses. The
data λi and µi and directions ri and li can be chosen arbitrarily provided T (s)
is well-defined at these points.

The approach by [139] enables us to construct a realization (6.61), such that
its transfer function satisfies the interpolation conditions

T̂ (λi)ri = T (λi)ri = wi, (4.23)

lTi T̂ (µi) = lTi T (µi) = vTi , (4.24)

for all i = 1, 2, ..., n. For convenience, we collect the interpolation data in a
matrix form as

Λ := diag(λ1, ..., λn),

R := [r1, ..., rn],

W := [w1, ..., wn],

M := diag(µ1, ..., µn),

L := [l1, ..., ln],

V := [v1, ..., vn].

(4.25)

Next, we present theorems which allow for the construction of realizations for
Σctde and Σode on the basis of the interpolation data. The ODE part Σode of
the reduced realization Σ̂ can be constructed using following result.

Theorem 4.1. For the data in (4.25), let {λi}ni=1 ∩ {µi}ni=1 = ∅, and sup-
pose that T (s) is well-defined for every s ∈ {λi}ni=1 ∪ {µi}ni=1. Moreover, let
(E1, A1, B1, C1) be given by

[E1]i,j =
lTi wj − vTi rj
µi − λj

, i, j = 1, .., n,

[A1]i,j =
µiv

T
i rj − lTi wjλj
λj − µi

+ lTi D1rj , i, j = 1, ..., n,

B1 = V T −D1R,

C1 = W − LTD1,

(4.26)

for a given D1 ∈ Rm̄×p̄. Then, the realization of Σode given by (4.18) with
transfer function

Tode(s) = C1 (sE1 −A1)
−1
B1 +D1,

satisfies the interpolation conditions in (4.23) and (4.24).

Proof. This theorem presents a specific case of results in [139], where a detailed
proof can be found.

Likewise, the result in the next theorem allows for the construction of the
CTDE part Σctde of the approximate model.
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Theorem 4.2. For the data in (4.25), let {λi}ni=1 ∩ {µi}ni=1 = ∅, and sup-
pose that T (s) is well-defined for every s ∈ {λi}ni=1 ∪ {µi}ni=1. Moreover, let
(E2, A2, B2, C2) be given by

[E2]i,j =
e−τµivTi rj − lTi wje−τλj

e−τµi − e−τλj
, i, j = 1, ..., n,

[A2]i,j =
vTi rj − lTi wj
e−τλj − e−τµi

, i, j = 1, ..., n,

B2 = V T ,

C2 = W.

(4.27)

Then, the realization Σctde given by (4.19) with the transfer function

Tctde(s) = C2

(
E2 + e−τsA2

)−1
B2,

satisfies the interpolation conditions in (4.23) and (4.24).

Proof. This theorem presents a special case of results in [139], where a detailed
proof can be found.

Remark 4.8. The data matrices M , Λ, V , W , L, R and the order n in Theorem
4.2 are not the same as those in Theorem 4.1, although this may appear to be the
case because of the abuse of notation. Indeed, we have two distinct sets of data.
In particular, M1, Λ1, V 1, W 1, L1, R1 and n1 will denote the interpolation data
that are used for the ODE part, and M2, Λ2, V 2, W 2, L2, R2 and n2 contain
the interpolation data used for the construction of Σctde using Theorem 4.2.

The procedure of constructing the reduced model Σ̂ is detailed in Algorithm 1.
This algorithm first constructs a realization for Σctde from transfer function data
of the original PDE model, while choosing the interpolation points in the high-
frequency range. Namely, the PDE dynamics are well approximated by the
CTDE in that range, see Section 4.3.1. Next, given Σctde, the model Σode is
constructed such that it approximates the difference between T (s) and Tctde(s)
in the low-frequency range.

Remark 4.9. The feedthrough matrix D1 in Theorem 4.1 is set to 0 in Algorithm
1. This makes it possible for limω→∞ T (jω) = Tctde(jω), following the fact that
limω→∞ Tode(jω) = D1.

Remark 4.10. Choosing the optimal location of the interpolation points in
Algorithm 1 is beyond the scope of this chapter. Nonetheless, we employ Al-
gorithm 1 itself inside another minimization algorithm to optimally locate the in-
terpolation points. The cost function of this minimization problem is a weighted,
frequency-limited H2-norm, and the region of the complex plane where the in-
terpolation points can lay in is specified in that algorithm. The algorithm also
enforces the exponential stability of the reduced system Σ̂ by constraints on the
eigenvalues of E−1

1 A1 and −E−1
2 A2.
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Algorithm 1: Construction of Σctde and Σode

Input: M1, Λ1, L1, R1, D1, M2, Λ2, L2, R2, V 2, W 2, and T (s) in
(4.11)

Output: Realizations (E1, A1, B1, C1, D1) and (E2, A2, B2, C2) for Σode

and Σctde

1 Construct (E2, A2, B2, C2) and Tctde(s) from M2, Λ2, V 2, W 2, L2 and
R2 using Theorem 4.2.

2 For T (s) as in (4.11), compute the error transfer function
Te(s) := T (s)− Tctde(s).

3 Compute W 1 and V 1 based on Te(s) from M1, Λ1, R1 and L1.
4 Construct(E1, A1, B1, C1) and Tode(s) using Theorem 4.1 by

interpolating Te(s) for M1, Λ1, V 1, W 1, L1, R1 and D1.

Remark 4.11. Even though the interpolation points can take real parts, we
chose to restrict those to the imaginary axis only. This keeps the possibility open
to construct Σctde and Σode from frequency response data obtained from real-life
measurements.

In summary, we have exploited properties of CTDE and ODE models to con-
struct a low-order, accurate hydraulics model for MPD scenarios. In this model,
the CTDE part is primarily responsible for capturing the wave-propagation ef-
fects, while the ODE part improves the approximation accuracy in the low-
frequency range, by compensating for effects of the coupling source terms and
capturing the slow dynamics of the system. The effectiveness of this model ap-
proximation approach is illustrated in Section 4.5.1. In the next section, we
use this low-order delay model to design a pressure-control system for drilling
scenarios.

4.4 Pressure controller design

In this section, we use the reduced-complexity delay model to design a pressure
control system to prevent/attenuate liquid kicks and mud losses by appropriately
controlling the downhole pressure pdh. Hereto, a Lyapunov-Krasovskii design
approach for descriptor time delay systems is taken.

Let us first rewrite Σ̂ in (4.20) in a more tractable form

Σ̂ :


Eẋ(t) = Ax(t) +Adx(t− τ) +Buu(t) +Bdd(t),

ym(t) = Cmx(t),

yp(t) = Cpx(t),

(4.28)

where u = v̂1 is the considered control input and d = v̂2 is an unknown disturb-
ance to the system (with v̂T = [v̂1, v̂2] in (4.20)). We recall that d represents the
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perturbed reservoir density ρ̃res. Moreover, Bu and Bd are the relevant parts
of B in (4.20). Furthermore, ym is the measured output, while the unmeasured
signal yp is the performance output, and Cm and Cp are the relevant parts of C
in (4.20). It is noted that ym contains the perturbed (approximate) pump and
choke densities whereas yp is the perturbed (approximate) downhole density.

The primary control objective is to design u such that limt→∞(yp(t)−d(t)) =
0, while ensuring stability of the closed-loop system. Moreover, the controller
should satisfy some performance energy measure. Following the linear reservoir
model in (4.4), this objective ensures the attenuation of liquid kicks and lost
mud circulations.

Remark 4.12. We note that u = v̂1 is a virtual control input, and after design-
ing it, we need to convert it into the physical input z̃c (related to choke actuation).
For this, we use the fact that u = ψ1(ym, z̃c) to design z̃c (ψ1 is the first element
of ψ). Following the definition of ψ in Appendix A.5, we obtain

z̃c(t) =

√
2ρ∗c (ρ∗c − ρ0) (u+ z∗c − T37ym,2(t))√
2 (ym,2(t) + ρ∗c) (ym,2(t) + ρ∗c − ρ0)

− z∗c ,

where it is recalled that ym,2 is the measured perturbed choke density ρ̃c and T37

is as in (A.25). To simplify the controller design procedure, we have discarded
the effects of the bit-induced nonlinearities in ψ on Σ̂, i.e., ψ3 and its corres-
ponding inputs and outputs have been omitted from the model. This is justified by
the assumption of fixed pump flow, which makes the effects of this nonlinearity
insignificant.

Now, we make the following realistic assumption resembling the scenario of
suddenly running into high- or low-pressure zones while drilling ahead.

Assumption 4.1. The reservoir density d(t) is a piecewise constant function
of time.

4.4.1 Feedforward controller

Given the fact that the open-loop system is asymptotically stable, we start with
the design of a feedforward controller, assuming momentarily that d(t) is known.
This controller should have the following structure:

u(t) = Kffd(t), (4.29)

where Kff is the feedforward control gain. To design this gain, we consider the
equilibrium equation (associated to (4.28)):

0 = (A+Ad)x∗ +Buu
∗ +Bdd, (4.30)
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where the star ∗ indicates the variables at the equilibrium point for d(t) = d,
with d constant (note that for d 6= 0, the steady-state solution of (4.28) is not
zero anymore). If A+Ad is nonsingular, for x∗, we obtain

x∗ = −(A+Ad)−1 (Buu
∗ +Bdd) . (4.31)

The substitution of x∗ from (4.31) into the equation of the performance output
in (4.28) yields

y∗p = −Cp(A+Ad)−1 (Buu
∗ +Bdd) .

Given the control objective, which is y∗p = d, we obtain

d = −Cp(A+Ad)−1 (Buu
∗ +Bdd) .

Finally, we can solve this equation for u∗ to obtain u∗ = Kffd, which leads to

Kff = −1 + Cp(A+Ad)
−1
Bd

Cp(A+Ad)
−1
Bu

. (4.32)

Remark 4.13. The feedforward controller requires the steady-state gain given
by Cp(A+Ad)

−1
Bu to be nonzero (note that this is a scalar term). From a

physical perspective, this requirement is met, because any change in the input
z∗c leads to a change in p∗dh in practice. Moreover, the regularity of the matrix
A+Ad is guaranteed by the asymptotic stability of the reduced system, which is
enforced by the model reduction algorithm, see Remark 4.10.

4.4.2 State-feedback control

In practice, we are interested in the transient response of the system as well.
For this reason, we extend the controller in (4.29) with a state-feedback term,
leading to a control law of the form

u(x̃) = −Ksf x̃(t) +Kffd, x̃ = x− x∗, (4.33)

where x∗ is given in (4.31) and Ksf is the state-feedback gain, yet to be designed.
Later, we will design an observer that reconstructs x̃ from measured data.

Let us now study properties of the closed-loop system resulting from the
control law (4.33). The closed-loop dynamics are obtained by substituting this
control law into (4.28):

E ˙̃x(t) = Acx̃(t) +Adx̃(t− τ) + (A+Ad)x∗ + (BuKff +Bd) d,

with Ac = A−BKsf . The use of (4.30) implies that

E ˙̃x(t) = Acx̃(t) +Adx̃(t− τ), (4.34)

which represents the closed-loop (time-delay) dynamics. The feedback gain Ksf

should be designed such that the closed-loop dynamics (4.34) have a desirable
transient performance while it is guaranteed to be asymptotically stable. Hereto,
we present the following result.
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Theorem 4.3. Let there exist symmetric, positive definite matrices P1 and U ,
and matrices P2 and K̄, an invertible matrix P3, and a scalar αc such that

Φ11 ∗ ∗ ∗ ∗
Φ21 Φ22 ∗ ∗ ∗

τΛ
(
AP −BK̄

)
τΛAdP −a−1

c P1 ∗ ∗
QhP 0 0 −Iq ∗
γK̄ 0 0 0 −Ip

 < 0, (4.35)

with Φ11 = PTAT +AP + U − K̄TBT −BK̄ − αcΛTP1Λ, Φ21 = PTATd + αcΛTP1Λ
and Φ22 = −U − αcΛTP1Λ, holds for a given matrix Qh, a given scalar γ,
Λ = [In1

, 0n1×n2
] and

P =

[
P1 0
P2 P3

]
.

Then, for Ksf = K̄P−1, the closed-loop system dynamics (4.34) is asymptotically
stable. Moreover, the inequality∫ ∞

t

(
x̃T (t)QThQhx̃(t) + γ2u2

sf(t)
)
dt < Vc(x̃t), (4.36)

holds. Here, usf = −Ksf x̃, and the functional Vc reads

Vc(x̃t) = x̃T (t)EP̄ x̃(t) +

∫ t

t−τ
x̃T (s)Ū x̃(s)ds

+ ταc

t∫
t−τ

t∫
θ

˙̃xT1 (s)P̄1
˙̃x1(s) dsdθ,

(4.37)

with P̄ = P−1, P̄1 = P−1
1 and Ū = P−TUP−1.

Proof. The proof can be found in Appendix A.7.

Indeed, (4.36) is our performance measure for control. Here, Qh and γ are
design parameters that enable us to influence the transient response of the closed-
loop system. In general, a larger γ, being a weight on the control action, leads to
a smaller control signal usf(t) while a large Qh, being a weight on the transient
response, makes the closed-loop system response faster. This tradeoff can be
understood by realizing that the cost function in the left-hand side of (4.36) is
heuristically minimized by tightening and minimizing its upper bound Vc(x̃0).
As a computationally tractable huristic for minimizing Vc(x̃0), we minimize P−1

1 .

4.4.3 Observer design

Clearly, the control law (4.33) is not implementable in practice because the states
x̃ are neither measurable nor have a clear physical meaning. For this reason,
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we next design an observer-based, state-feedback controller, which only requires
the output measurements ym. The corresponding control law has the following
form:

u(t) = −Ksf(x̂(t)− x∗) +Kff d̂(t), (4.38)

where x̂(t) and d̂(t) are estimates for x(t) and d, respectively. These estimates
are obtained from the following observer:

˙̂
d(t) = L1 (ym(t)− ŷm(t)) ,

E ˙̂x(t) = Ax̂(t) +Adx̂(t− τ) +Buu(t) +Bdd̂(t)

+ L2 (ym(t)− ŷm(t)) ,

ŷm(t) = Cmx̂(t),

ŷp(t) = Cpx̂(t),

(4.39)

where L1 and L2 are the observer gains to be designed.
Now, we study the closed-loop system dynamics (4.28), (4.38) and (4.39). To

this end, we define e := x− x̂ and ed := d− d̂, and obtain the error dynamics

ėd(t) = −L1Cme(t),

Eė(t) = (A− L2Cm) e(t) +Ade(t− τ) +Bded(t),
(4.40)

where we have used ḋ = 0 from Assumption 4.1. Now, we rewrite the input as
u = −Ksf x̃+Kffd+Ksfe−Kffed. Substituting this into (4.28) and using (4.30)
leads to

E ˙̃x(t) = (A−BuKsf)x̃(t) +Adx̃(t− τ) +BuKsfe(t)−BuKffed(t). (4.41)

The (error) dynamics in (4.40) and (4.41) can be written asE ˙̃x(t)
Eė(t)
ėd(t)

 =

A−BuKsf BuKsf −BdKff

0 A− L2Cm Bd
0 −L1Cm 0

 x̃(t)
e(t)
ed(t)


+

 Ad 0 0
0 Ad 0
0 0 0

 x̃(t− τ)
e(t− τ)
ed(t− τ)

 .
This formulation of the closed-loop dynamics clearly illustrates a type of separ-
ation principle, implying that the exponential stability of the error dynamics in
(4.40) guarantees the exponential stability of the closed-loop system. We exploit
this fact to design L1 and L2 independently of Ksf . By defining zT := [ed, e

T ],
(4.40) can be written in the form

Ēż(t) =
(
Ā− LC̄

)
z(t) + Ādz(t− τ), (4.42)
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where Ē = blkdiag{1, E}, Ād = blkdiag{0, Ad} and

Ā =

[
0 0
Bd A

]
, L =

[
L1

L2

]
, C̄ =

[
0 Cm

]
.

We have the following statement on the stability of (4.42).

Theorem 4.4. Consider the error dynamics (4.42) of the observer. Let there
exist a matrix Q2, nonsingular matrices Q3 and S, and positive definite, sym-
metric matrices H, M and Q1, and a scalar αo for which Θ11 ∗ ∗

ĀTd S
T + M̄ −H − M̄ ∗

Q− ST + αoSĀ− αoL̄C̄ αoSĀd Θ33

 < 0, (4.43)

with Θ11 = SĀ+ ĀTST +H − M̄ − L̄C̄ − C̄T L̄T+Qo, Θ33 = −αo
(
S + ST

)
+ τ2M̄

and M̄ = Λ̄TM Λ̄, holds for a given matrix Qo = QTo ≥ 0, Λ̄ = [In1+1, 0(n1+1)×n2
]

and

Q =

[
Q1 0
Q2 Q3

]
.

Then, for L = S−1L̄, the error dynamics of the observer are asymptotically
stable. Additionally, the inequality∫ ∞

t

zT (s)Qoz(s) ds < Vo(zt), (4.44)

holds, where the functional Vo reads as

Vo(zt) =zT (t)ĒQz(t) +

∫ t

t−τ
zT (s)Hz(s) ds

+ τ

t∫
t−τ

t∫
θ

żT1 (s)Mż1(s) dsdθ.

(4.45)

Proof. The proof can be found in Appendix A.8.

Similar to results presented in Theorem 4.3, (4.44) functions as a performance
measure for the observer. The weighting matrix Qo can be considered as a
parameter by means of which the convergence rate of the state z(t) in (4.42) can
be influenced.

Remark 4.14. The results in Theorems 4.3 and 4.4 are derived by exploiting
analysis and controller synthesis technique for delay descriptor systems [50, 127,
48].
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Parameter Value Unit Parameter Value Unit

da 0.0953 m Aa 0.02613 m2

dd 0.1088 m Ad 0.0093 m2

l 2320 m θa 1.4455 rad
cl 980 m/s g 9.81 m/s2

Anz 5.77× 10−4 m2 cd 0.8 -
ρ0 1260 kg/m3 µ 0.035 Pa· s
kc 0.002 m2 kres 6.3×10−6 ms

Table 4.1. Parameters of the drilling system.

Summarizing, in this section, we have designed an (observer-based) state-
feedback pressure controller for the attenuation of liquid kicks and mud losses
for single-phase flow MPD scenarios. This controller has been designed based
on the reduced-complexity delay model proposed in Section 4.3. To implement
this controller, only the surface pressure measurements are required. Moreover,
degrees of freedom have been provided to enable the heuristic enforcement of a
desirable transient control performance. The next section presents illustrative
simulation results on realistic drilling scenarios.

4.5 Simulation case studies

In this section, we study the performance of the proposed pressure controller
through numerical examples for a drilling system with the parameters listed
in Table 4.1. We first study the accuracy of the reduced-complexity model by
comparing it against the original model in the frequency domain. Afterwards,
the controller designed on the basis of the reduced delay model of Section 4.3
is applied to the original model in (4.9) and (4.10) to evaluate its perform-
ance in comparison to an existing pressure controller from [158] and an intuitive
proportional-integral (PI) pressure controller. The former controller has been
designed based on a variant of a commonly used, low-complexity model which
does not capture the wave-propagation effects [71].

4.5.1 Model reduction

In this example, we use the proposed technique in section 4.3 to obtain the
reduced model Σ̂ for the considered drilling system dynamics. It is recalled that
the input to Σ is v, whereas its output w consists of the perturbed pump density
ρ̃p, downhole density ρ̃dh and choke density ρ̃c. Here, the reformulated model Σ
in (4.9) is indeed that of the linearized model around an operating profile that
corresponds to z∗c = 0.3, J∗p = 51 kg/s and ρ∗res = ρ∗dh.
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To construct the realization of Σctde, we have taken 6 pairs of complex
conjugate interpolation points on the imaginary axis in the frequency interval
|ω| ∈ [104 − 0.07π/τ, 104 + 2π/τ ], where we can be confident that T (jω), the
frequency response function of Σ, is almost completely periodic. This leads to
n2 = 6. For Σode, by contrast, we select only 4 pairs of complex conjugate inter-
polations points on the imaginary axis in a low frequency range of |ω| ∈ (0, 1.5],
leading the order of this subsystem to be n1 = 4. As expected, see Remark 4.10,
all the poles of Σode are located in the open left-half complex plane and those of
Σctde are located inside the unit circle. This guarantees the exponential stability
of the reduced model Σ̂ for v̂ = 0.

A comparison between the frequency response function T̂ (jω) of the reduced
system Σ̂ and that of the original system Σ is reported in Fig 4.4. From this
figure, a highly accurate model approximation is observed in the high frequency
range, while a relatively less accurate approximation is achieved in the lower
frequency ranges. To improve the accuracy of the approximation at the lower
frequencies, one can increase the order n1 of Σode. However, we here prefer to
settle for a less accurate model in exchange for an approximative model Σ̂ of a
lower order because lower n1 and n2 limit the computational burden of solving
the matrix inequalities in (4.35) and (4.43).

4.5.2 Closed-loop simulations

Now, let us compare in this section the performance of the observed-based, state-
feedback pressure controller presented in Section 4.4 to the pressure controller
presented in [158] and a PI pressure controller. At the start of all simulations in
this section, the system is at its steady state. Following this, we take x̂0 = 0 and
ŵ(0) = 0 in all simulations. The reservoir pressure, as a disturbance input, is
depicted in Fig. 4.5. This reservoir pressure resembles the scenarios of suddenly
running into a high-pressure zone and, subsequently, into a low-pressure zone.
Such a scenario was also considered for the evaluation of pressure controllers in,
e.g., [65].

The controller in [158] has been designed on the basis of a simplified second-
order model which only consists of the slow pressure dynamics of a drilling
system. In this model, the fast dynamics responsible for the wave propagation
effects are compromised in exchange for simplicity. This switching pressure
controller consists of three observers which estimate the bit flow, the reservoir
pressure and the flow exchange between the reservoir and wellbore. The control
law of [158] in terms of the perturbed choke volumetric flow rate ∆qc [m3/s] can
be written in the following form:

∆qc(t) = ksσ(t) (∆pdh(t)−∆p̂res(t)) + q̂bit(t), (4.46)

where ∆ is used to indicate the variables of this control system in their respective
perturbation coordinates. Moreover, ks is a design parameter and p̂res and q̂bit
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Figure 4.4. Comparison between the magnitude of the frequency response
function of Σ with that of Σ̂. The inputs are ψ1 and ψ2, and the outputs are
the perturbed pump, downhole and choke densities.

are the estimated reservoir pressure and the estimated flow exchange between the
reservoir and wellbore, respectively. Furthermore, σ(t) is a switching variable.
The estimated variables and the switching signal are solutions to

∆ ˙̂qbit(t) = −γ1(∆pp(t)−∆p̂p(t)),

∆ ˙̂pp(t) =
βd
Vd

(∆q̂bit(t) + l1(∆pp(t)−∆p̂p(t))) ,

˙̂qres(t) = γ2(∆p1(t)−∆p̂1(t)),

∆ ˙̂p1(t) = q̂res(t)−∆qc(t) + l2(∆p1(t)−∆p̂1(t),

∆ ˙̂pres(t) = γ3(∆p1(t)−∆p̂2(t)),

∆ ˙̂p2(t) = k̄res (∆p̂res(t)−∆pdh(t))−∆qc(t)

+ l3 (∆p1(t)−∆p̂2(t)) ,

σ(t) =

{
1, |q̂res| < q̄res,
0, otherwise.

(4.47)

In these dynamics, γ1, γ2, γ3 and l1, l2, l3 are design parameters, whereas q̂res
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Figure 4.5. The reservoir pressure pres considered in the simulations.

and p̂p are estimates of the reservoir flow and the pump pressure, respectively.
Moreover, pp is the measured pump pressure and ∆p1 = Va/βa∆pc+Vd/βd∆pp,
with Va and Vd being the volume of the annulus and drillstring, respectively.
Here, β = c2l ρ represents the bulk modulus. Finally, q̄res is a threshold parameter
for the switching action, and the constant k̄res is an approximation of kres/ρdh(t).
Note that in this controller ∆pdh = ∆pp for a fixed pump flow rate.

Remark 4.15. To apply the controller (4.46) to the system, the choke volumet-
ric flow rate ∆qc should be converted to the choke opening z̃c. To this end, we
use the choke equation in (4.3c) to obtain

z̃c(t) =
(∆qc(t) + q∗c )

√
(ym,2(t) + ρ∗c)√

2 (ym,2(t) + ρ∗c − ρ0)
− z∗c .

We also consider a PI pressure controller in our comparative studies. This
controller is given by [60]

z̃c(t) = −kp (q̃p(t)− q̃c(t))− ki
∫ t

0

(q̃p(s)− q̃c(s)) ds, (4.48)

where qc is the measured choke volumetric flow rate and qp is that of the pump,
and ki and kp are the integral and proportional gains of the PI controller. This
controller works based on the error between the pump and choke flow rates.
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Figure 4.6. The time response of the closed-loop system with the proposed
controller for the downhole and estimated reservoir pressures applied to Σ̂.

Clearly, any error between qc and qp (at the same pressures) in the steady state
is due to a flux exchange between the reservoir and the wellbore, and regulating
this error to zero ensures that the downhole pressure is tracking the reservoir
pressure. It is recalled that in this study, we have considered scenarios with a
fixed pump flow rate and, subsequently, q̃p = 0. Nonetheless, it should be noted
that even though the structure of the PI controller is quite elementary, the PI
controller alone is rarely if ever used in practice because it requires accurate and
instantaneous choke flow measurements. Flow measurements are usually not
accurate enough in practice for this purpose.

In the first part of the closed-loop simulations, we study the performance of
the presented controller by applying it to the reduced delay model Σ̂, without
considering the nonlinearities. After making sure that the performance of the
controller is satisfactory in this setting, we apply it to the original nonlinear
model described in (4.9) and (4.10). For these simulations, we have set Qh =
0.16Cp and γ = 3.7.

Fig. 4.6 depicts the estimated reservoir pressure p̂res in comparison to the
downhole pressure pdh response. The corresponding control input zc is illustrated
in Fig. 4.7. We observe that not only does the downhole pressure track the
reservoir pressure with zero steady-state error, but it also exhibits a relatively
fast transient response (fast relative to existing results in, e.g., [158]). Fig. 4.6
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Figure 4.7. The choke opening for the closed-loop system with the reduced
model Σ̂ and the proposed controller .

also depicts that the estimated reservoir pressure converges to its true value
pres with zero steady-state error. In spite of the fact that the reservoir pressure
changes abruptly, initiating undesirable sharp propagating pressure waves in
the flow path, it is clear from Fig. 4.6 that the controller effectively attenuates
the subsequent fluctuations and provides a smooth downhole pressure response
during the transients. We attribute this desirable performance of the controller
to the fact that it has been designed based on a model in which the wave-
propagation effects have been preserved. A comparison between the (perturbed)
pump, downhole and choke pressure is reported in Fig. 4.8. One can observe
from this figure that the wave propagation-induced pressure fluctuations have
been attenuated also in the pump and choke pressure signals. We note that
such fluctuations are undesirable because those are detrimental to the drilling
equipment and the reservoir productivity. In particular, those can intensify wear
and tear in the drilling equipment such as sensors installed in the bottomhole
assembly and choke manifold. Now, we investigate effects of the weight on the
control action γ on the controller performance by redesigning Ksf for γ = 0.1
and γ = 500 and performing a comparative simulation study. It is noted that all
the other design parameters remain unchanged and the same as before. In all
these simulations, we fix the variable αc at αc = 0.38. Results of this comparison
for the downhole pressure and the choke opening are reported in Fig. 4.9. This
figures shows that a larger γ leads to a smoother control signal with smaller
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Figure 4.8. The time response of the closed-loop system with Σ̂ and the
proposed controller for the perturbed pump, downhole and choke pressures.

osculations during transients, as expected.

Next, we apply the proposed controller (for γ = 3.7) to the original nonlinear
PDE model in (4.9) and (4.10), expecting to observe a closed-loop response sim-
ilar to what we have observed for Σ̂ in the previous part. We should expect this
similarity because of the good accuracy of the approximate model. To imple-
ment the PDE model, we have discretized it using a staggered-grid discretization
scheme, see, e.g., [19]. At the same time, we also apply the controllers in (4.46)
and (4.48) to Σ for the sake of a comparative study. The parameters of these two
controllers are listed in Table 4.2. It is noted that the gains of the PI controller
are designed by trial and error in such a way that a fast rise time in response to
step changes in the reservoir pressure is obtained.

We have reported the downhole pressure response pdh in Fig. 4.10.



116 Chapter 4. Model complexity reduction and controller design for MPD

0 50 100 150 200
-10

-5

0

5

10

0 50 100 150 200
0.25

0.3

0.35

Figure 4.9. Comparative study on the performance of the proposed controller
for a variety of the design parameter γ.
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Figure 4.10. Comparison in terms of the downhole pressure response between
the performance of the proposed controller, PI controller and that from Zhou,
2011 [158] applied to the original nonlinear model.



4.6 Conclusions 117

Parameter Value Parameter Value
l1 7.3×10−7 γ1 0.075
l2 0.61 γ2 0.093× 10−4

l3 0.57 γ3 1.24× 107

ks 1.3× 10−3 q̄res 0.5 [lit/s]
ki 1 kp 1.3×10−3

Table 4.2. Parameters used in the PI controller and the controller from [158].

From this figure, we can clearly deduce that in terms of transient response,
the proposed controller outperforms the other two controllers, whereas all con-
trollers provide similar steady-state performances. In particular, the proposed
controller has a faster response in terms of the downhole pressure tracking the
reservoir pressure. A faster downhole pressure response is an advantage because
it reduces the size of kicks and mud losses. Moreover, for the PI controller and
the controller from [158], we can clearly observe undesirable wave propagation-
induced fluctuations in the downhole pressure, while the pressure response with
the proposed controller is smoother. Indeed, not only are these controllers in-
capable of attenuating these fluctuations, but the resulting closed-loop system
can also not be guaranteed to maintain its stability in the presence of these
fluctuations. Fig. 4.11 shows the choke opening signals for these three control-
lers. As anticipated, we observe that the proposed controller has a faster control
action. The closed-loop responses for the choke and pump pressures are depic-
ted in Fig. 4.12. As expected, we can also observe severe fluctuations in these
pressure signals for the controllers from the literature.

We mention that in real-life drilling systems, special pressure dampers are
usually installed at the pump side of the flow path to passively damp such
pressure fluctuations and protect the rig pumps from the resulting impacts.
Clearly, the possibility to damp such fluctuations in an active way by means of a
control system can have benefits such as lowering construction and maintenance
costs of a drilling rig.

4.6 Conclusions

In this chapter, a data-based model reduction technique has been presented for
control-oriented modeling for managed pressure drilling automation in single-
phase flow drilling scenarios. The new structure proposed for the reduced model
consists of a system of continuous-time difference equations and a system of
ordinary differential equations. The former part is in a class of time delay sys-
tems and it is responsible for accurately capturing the wave propagation effect
of the original PDE-based hydraulics model, while the latter part of the reduced
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Figure 4.11. The choke opening signal zc for the proposed controller, PI
controller and that from Zhou, 2011 [158] applied to the original nonlinear
model.

model ensures approximation of the slow hydraulics in a drilling system. In
view of its high accuracy, yet low complexity, the reduced-complexity model has
been used to design a new pressure control system for preventing/attenuating
liquid kicks and mud losses. Results on synthesis conditions for stability and
performance have been presented. This controller, which only requires the sur-
face pressure measurements, has been compared to existing pressure controllers
designed based on a model that does not capture the wave propagation effect.
By means of simulation studies, it has been shown that the proposed control-
ler outperforms existing controllers in terms of the rise time for the downhole
pressure, which leads to smaller kicks and losses, and attenuation of undesirable
pressure fluctuations due to the wave-propagation effects.
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Figure 4.12. Comparison in terms of the choke and pump pressure responses
between the performance of the proposed controller, the PI controller and that
from Zhou, 2011 [158] applied to the original nonlinear model.
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Model order reduction for
time delay systems





Chapter 5

Model order reduction for linear
time delay systems: a

delay-dependent approach based
on energy functionals

Abstract-This chapter proposes a model order reduction technique for asymp-
totically stable linear time delay systems with point-wise delays. The presented
delay-dependent approach, which can be regarded as an extension of existing bal-
ancing model order reduction techniques for linear delay-free systems, is based
on energy functionals that characterize observability and controllability proper-
ties of the time delay system. The reduced model obtained by this approach
is an asymptotically stable time delay system of the same type as the original
model, meaning that the approach is both stability- and structure-preserving. It
also provides an a priori bound on the reduction error, serving as a measure of
the reduction accuracy. The effectiveness of the proposed method is illustrated
by numerical simulations.

5.1 Introduction

Engineering systems such as drilling systems, traffic systems and electric circuits,
as well as phenomena in economics and biology, can often be described by models
in terms of delay differential equations [45, 75]. For complex engineering systems,
however, such models might be of high order, i.e., described in terms of a high

This chapter is based on [106].
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number of state variables, which complicates analysis and may prohibit the
design of controllers. For instance, robust control techniques in, e.g., [62] can be
applied effectively only to low-order delay systems. To address these issues of
model complexity, this chapter presents a method for model reduction of linear
time delay systems.

For the problem of model order reduction of systems in terms of ordinary
differential equations, many techniques, such as balanced truncation [101], have
been proposed over the past four decades (for an overview, see [14]). Model
order reduction techniques for systems in terms of delay differential equations
have also been considered, mainly by extending those of delay-free systems.
We may split these into two main categories: 1) methods approximating the
time delay system by a low-order, finite-dimensional model, and 2) structure-
preserving methods that preserve the infinite-dimensional nature of the delay
system. The majority of the existing methods are of the first category, as analysis
and design based on a finite-dimensional model enables the use of classical well-
developed techniques (e.g., for controller design). The Padé approximation has
probably been the most popular method for finite-dimensional approximation of
delay systems [81]. After a Padé approximation, the resulting finite-dimensional
model can be further reduced using conventional model order reduction methods.
In [99], such a finite-dimensional approximation is obtained by performing a
spectral discretization and using Krylov subspace projection. Methods based on
series expansions [53, 97], including the Padé approximation as a special case,
and formulating the model reduction problem as aH∞- orH2-norm optimization
problem [157, 43] are other examples from the first category.

In this chapter, we are interested in infinite-dimensional, but low-order,
model approximations, because for a given order of the reduced model, a re-
duced model in terms of delay differential equations has in general the potential
to be more accurate than a finite-dimensional approximation of the same order
[156]. Moreover, the preservation of the delay nature enables the preservation
of some other desirable properties of the model such as stability [124, 59]. As
another example, wave-propagation effects [2] can often be captured through
delays that should be preserved in a low-complexity model. In addition, power-
ful analysis and controller design techniques are available today for time delay
systems, e.g., [100].

We can further divide structure-(i.e. delay-)preserving reduction methods
into two major groups. Firstly, methods exist that preserve the model struc-
ture, but not necessarily stability properties of the high-order model. As a result,
these methods usually lack a measure on their accuracy, e.g., an error bound.
Among these are position balancing [69] and methods that are developed based
on series expansions and Krylov subspace projection, such as Laguerre expan-
sion [152] and Laurent series expansion, where the latter is closely related to
moment matching for time delay systems [134]. The second group of methods,
in which the contribution of the current chapter also belongs, not only preserves
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the model structure, but also preserves stability properties and provides com-
putable and guaranteed error bounds. The method proposed in [157] is one such
method. However, it is a delay-independent approach applicable to a limited
class of systems. Moreover, it can lead to conservative model approximations
for decreasing delays. A delay-dependent variant of this method can be found
in [82]. In practice, the applicability of the methods in [157, 82] is however
limited to delay systems of low order, as the reduction procedure relies on the
solution of sets of non-convex matrix inequalities. The method proposed in [156]
provides an alternative perspective by decomposing the delay system into a feed-
back interconnection of a high-order delay-free subsystem and a low-dimensional
delay-dependent operator, and employing a conventional model order reduction
method to reduce the system by reducing only the delay-free subsystem. This
method generally leads to conservative results (especially for increasing delays),
as it relies on the satisfaction of a small-gain condition. Moreover, it is ef-
fective if the delay effects are local, in the sense that the delay only affects a
lower-dimensional part of the state-variables in the right-hand side of the delay
differential equation. The proposed method in the current chapter is not limited
by such restrictions.

In this chapter, inspired by balanced truncation for finite-dimensional sys-
tems, we define energy functionals that provide a measure of observability and
controllability of delay systems. However, the exact computation and charac-
terization of these functionals is challenging, motivating the definition of com-
putable delay-dependent functionals which, as a contribution of this chapter,
are shown to bound the energy functionals. The delay dependency of these
bounds, which are in the form of Lyapunov-Krasovskii functionals [48], makes
these tighter than delay-independent variants. Characterized by the solution
to matrix inequalities, these quadratic bounds are used to perform a balancing
transformation to sort the state components of the delay system according to
their relative importance from an input-output perspective.

The main contribution of this work is the development of a delay-dependent
model reduction method for time delay systems, endowed by taking into account
the size of the delay during the balancing procedure, as an extension to prelimin-
ary delay-independent results in [22]. The main benefits of this delay-dependent
extension are to, first, enlarge the class of time delay systems that can be reduced
and, second, to reduce the typically large conservatism of the delay-independent
results for small delays, without sacrificing the performance for large delays.
We will prove that the presented model order reduction method preserves both
asymptotic stability and the infinite-dimensional nature of the time delay system
while also providing an a priori computable, delay-dependent error bound. This
error bound represents a measure of the accuracy of the model approximation,
and it can be used in, e.g., robustness analyses and design of robust controllers.

Outline. After introducing notation, a problem statement is given in Section
5.2, whereas Section 5.3 introduces and characterizes the observability and con-
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trollability energy functionals. Section 5.4 is devoted to the description of the
proposed delay-dependent model order reduction procedure, for which feasibil-
ity conditions are presented in Section 5.5. Numerical examples are presented
in Section 5.6 and conclusions are presented in Section 5.7.
Notation. Throughout the chapter, R and C refer to the fields of real and
complex numbers, respectively. The Euclidean norm of a vector x ∈ Rn is de-
noted by |x| =

√
xTx. The space of all functions x : [a, b] → Rn with bounded

norm ‖x‖22 =
∫ b
a
|x(t)|2 dt is denoted by L2([a, b],Rn), whereas L∞([a, b],Rn)

indicates the space of all bounded piecewise continuous functions mapping [a, b]
into Rn. The notation Cn = C([−τ, 0],Rn) refers to the Banach space of abso-
lutely continuous functions that map the interval [−τ, 0] into Rn. Moreover,
Wn = W([−τ, 0],Rn) refers to the space of functions ϕ ∈ Cn with square-
integrable derivative, i.e., ϕ̇ ∈ L2([−τ, 0],Rn) for ϕ ∈ Wn [75]. A block-diagonal
matrix with A1, ..., Am on the diagonal is represented as blkdiag{A1, · · · , Am},
and Im denotes the m×m identity matrix. The transpose and conjugate trans-
pose of a matrix A are denoted by AT and AH , respectively. Finally, a star ∗ in
a symmetric matrix represents a symmetric term.

5.2 Problem statement

Consider a time delay system Ω with point-wise delay in the state variables as

Ω :


ẋ(t) = Ax(t) +Adx(t− τ) +Bu(t),

y(t) = Cx(t) + Cdx(t− τ) +Du(t),

x0 = ϕ,

(5.1)

where x(t) ∈ Rn , u(t) ∈ Rm and y(t) ∈ Rp are the state vector, input and
output, respectively, and τ denotes a constant time delay. We assume there
exists a constant τ̄ > 0 such that for each τ ∈ [0, τ̄ ], the system is asymptotically
stable for zero input. For t ∈ R, the function segment xt : [−τ, 0]→ Rn denotes
the state of Ω at the time instance t with xt(θ) = x(t + θ) for θ ∈ [−τ, 0]. The
initial condition is given by ϕ, such that x(t) = ϕ(t), t ∈ [−τ, 0].

The objective is to find a reduced-order model Ω̂ that closely approximates
the input-output behavior of Ω. We emphasize that due to the fact that the
state belongs to Cn, the system Ω has an infinite-dimensional nature in addition
to the finite number of dynamical equations describing it. In this chapter, model
order reduction is accomplished with regard only to the latter aspect, i.e., by
reducing the number of the dynamical equations of Ω. In particular, Ω̂ should
have the following characteristics:

• k < n, with k the order of the reduced-order model Ω̂;

• the infinite-dimensional nature of Ω is preserved in Ω̂, i.e. Ω̂ is also a time
delay system;
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• for each delay in [0, τ ], the reduced-order model Ω̂ is asymptotically stable
in the absence of input (u = 0);

• the error norm |y(t)− ŷ(t)|, with ŷ(t) as the output of Ω̂, is small in some
sense, and the corresponding error system satisfies an a priori computable
error bound;

• the approximation procedure entails solving only algebraic equations.

5.3 Characterization of observability and
controllability functionals

In this section, we introduce observability and controllability energy functionals
for the time delay system (5.1), and then provide computable functionals that
upper/lower bound those energy functionals. These energy functionals give some
measure of observability and controllability of the system and their bounds are
used for the purpose of model order reduction by truncation.

Before presenting the results of this section, we present a technical lemma
(see, e.g., [36]).

Lemma 5.1. Consider a system of the form (5.1). If xt0 ∈ Wn for t0 ∈ R and
u ∈ L∞([t0, t1],Rm) for t1 ≥ t0, then xt ∈ Wn for t ∈ [t0, t1].

5.3.1 Observability functional

The observability energy functional of a system characterizes the output energy
of that system for a non-zero initial condition and zero input. A formal definition
is given below [22, 69].

Definition 5.1. The observability functional of the system (5.1) is the functional
Lo : Cn → R defined as

Lo(ϕ) =

∫ ∞
0

|y(t)|2dt, (5.2)

where y(·) is the output of the system (5.1) for the initial condition x0 = ϕ and
zero input.

We note that the existence of the observability functional in (5.2) is guar-
anteed by asymptotic stability of the system Ω for u = 0. Computing the
observability functional of this system is, however, challenging, if not impossible
in general (see, e.g., [73]). This motivates the next lemma, that provides a
computable, quadratic, delay-dependent functional shown to upper-bound the
observability functional of Ω.
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Lemma 5.2. Consider the asymptotically stable system (5.1). If there exist
symmetric matrices Q > 0, Qa ≥ 0, and a scalar αo > 0 such that

Mo =


N11 QAd + αoQ CT τATQ
∗ −αoQ−Qa CTd τATdQ
∗ ∗ −Ip 0
∗ ∗ ∗ −α−1

o Q

 ≤ 0, (5.3)

with N11 = QA+ATQ− αoQ+Qa, then the functional Eo :Wn×L2([−τ, 0],Rn)→
R defined as

Eo(ϕ, ϕ̇) = E1
o(ϕ) + E2

o(ϕ̇), (5.4)

with

E1
o(ϕ) = ϕ(0)TQϕ(0) +

∫ 0

−τ
ϕT (s)Qaϕ(s) ds, (5.5a)

E2
o(ϕ̇) = αoτ

∫ 0

−τ

∫ 0

θ

ϕ̇T (s)Qϕ̇(s) dsdθ, (5.5b)

satisfies

Eo(ϕ, ϕ̇) ≥ Lo(ϕ), (5.6)

for all ϕ ∈ Wn and with Lo as in Definition 5.1.

Proof. Since ϕ ∈ Wn and u(t) = 0, xt ∈ Wn for all t ≥ 0, due to Lemma 5.1.
Consequently Eo(xt, ẋt) is well-defined for each t ≥ 0. We can compute an upper
bound for its time-derivative along the trajectories of the system (5.1) for zero
input u(t) = 0, t ≥ 0. For E1

o(xt) from (5.5a), we have

Ė1
o(xt) = ẋT (t)Qx(t) + xT (t)Qẋ(t) + xT (t)Qax(t)

− xT (t− τ)Qax(t− τ) =: ξTo (t)N1ξo(t),
(5.7)

where ξTo (t) := [xT (t), xT (t− τ)] and

N1 =

[
QA+ATQ+Qa QAd

∗ −Qa

]
. (5.8)

Next, we compute an upper bound for the time-derivative of E2
o(ẋt) in (5.5b) in

terms of ξo. From (5.5b) and the use of the Leibniz integration rule, we obtain

Ė2
o(ẋt) = αoτ

∫ 0

−τ
ẋT (t)Qẋ(t) dθ − αoτ

∫ 0

−τ
ẋT (t+ θ)Qẋ(t+ θ) dθ

= αoτ
2ẋT (t)Qẋ(t)− αoτ

∫ 0

−τ
ẋT (t+ θ)Qẋ(t+ θ) dθ.

(5.9)
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Now, to compute an upper bound for the second term in the right-hand side of
(5.9), we use Jensen’s inequality [58] and the Newton–Leibniz formula, resulting
in

−αoτ
∫ t

t−τ
ẋT (s)Qẋ(s) ds (5.10a)

≤ −αo
(∫ t

t−τ
ẋT (s) ds

)
Q

(∫ t

t−τ
ẋ(s) ds

)
(5.10b)

= −αo(x(t)− x(t− τ))
T
Q (x(t)− x(t− τ)) (5.10c)

=: ξTo (t)N2ξo(t). (5.10d)

where

N2 = αo

[
−Q Q
∗ −Q

]
. (5.11)

Substituting ẋ(t) from (5.1), for u = 0, into the first term in the right-hand side
of (5.9) yields, for K = τ [A Ad],

αoτ
2ẋT (t)Qẋ(t) =: αoξ

T
o (t)KTQKξo(t), (5.12)

The summation of the relations (5.7), (5.10d) and (5.12) leads to an upper
bound on the time-derivative of Eo(xt, ẋt) along the solution of (5.1) for u = 0
as

Ėo(xt, ẋt) ≤ ξTo (t)

(
2∑
i=1

Ni + αoK
TQK

)
ξo(t). (5.13)

Considering that |y(t)|2 = |[C,Cd]ξo|2, see (5.1) with u = 0, one concludes that
if

2∑
i=1

Ni + αoK
TQK +

[
CT

CTd

] [
C Cd

]
≤ 0, (5.14)

then Ėo(xt, ẋt) ≤ −|y(t)|2. Integration of both sides of this inequality over the
interval [0, T ] leads to

Eo(xT , ẋT )− Eo(x0, ẋ0) ≤ −
∫ T

0

|y(t)|2dt. (5.15)

In this case, recalling the asymptotic stability of the system for u = 0, that
implies that limT→∞Eo(xT , ẋT ) = 0, and also the fact that x0 = ϕ, one obtains

Eo(ϕ, ϕ̇) ≥ Lo(ϕ), (5.16)

as follows from (5.15) for T →∞ and Definition 5.1.
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It thus remains to be shown that (5.3) implies (5.14). In fact, it is readily
observed that (5.3) and (5.14) are equivalent. Namely, by a Schur complement
(note that α−1

o Q > 0) (5.14) is equivalent to
2∑
i=1

Ni Cv KTQ

∗ −Ip 0
∗ ∗ −α−1

o Q

 = Mo.

The latest inequality is exactly the same as (5.3), and if it is satisfied for some
αo > 0, and Q, Qa with the afore-mentioned properties, then the inequality
(5.16) holds accordingly, and this completes the proof.

5.3.2 Controllability functional

A controllability functional characterizes the minimum input energy required by
a system, of the form (5.1), to reach from the zero-state to a final state ϕ. A
formal definition of this functional is provided below [22, 69].

Definition 5.2. The controllability functional of the system (5.1) is the func-
tional Lc : Dn → R defined as

Lc(ϕ)= inf
u

{∫ 0

−∞
|u(t)|2 dt

∣∣∣∣∣u∈ L2 ∩ L∞
(

(−∞, 0] ,Rm
)
,

lim
T→∞

x−T = 0, x0 = ϕ

}
,

(5.17)

where xt is the solution of (5.1) for u(·) that satisfies the above and Dn ⊂ Cn
is the domain of Lc, that is the space of function segments ϕ for which Lc is
well-defined.

Remark 5.1. We note that this definition is stated regardless of the stability
properties of the system.

The following lemma provides a computable lower-bound on the controllab-
ility energy functional.

Lemma 5.3. Consider the system (5.1). If there exists symmetric matrices
P > 0, Pa ≥ 0, and a scalar αc > 0 such that

Mc =


M11 AdP + αcP B τPAT

∗ −αcP − Pa 0 τPATd
∗ ∗ −Im τBT

∗ ∗ ∗ −α−1
c P

 ≤ 0, (5.18)
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with M11 = AP+PAT−αcP+Pa, then the functional Ec :Wn×L2([−τ, 0],Rn)→
R defined as

Ec(ϕ, ϕ̇) = E1
c (ϕ) + E2

c (ϕ̇), (5.19)

with

E1
c (ϕ) = ϕT (0)Rϕ(0) +

∫ 0

−τ
ϕT (s)Raϕ(s) ds, (5.20a)

E2
c (ϕ̇) = αcτ

∫ 0

−τ

∫ 0

θ

ϕ̇T (s)Rϕ̇(s) dsdθ, (5.20b)

R = P−1 and Ra = P−1PaP
−1, satisfies

Ec(ϕ, ϕ̇) ≤ Lc(ϕ), (5.21)

for all ϕ ∈ Dn ∩Wn and Lc as in Definition 5.2.

Proof. We first compute the time-derivative of Ec(xt, ẋt) along the trajectory of
the system (5.1) for an initial condition belonging toWn and the bounded piece-
wise continuous input u(t), such that Ec(xt, ẋt) is well-defined due to Lemma 5.1.

For the first component E1
c (xt) = xT (t)Rx(t) +

∫ t
t−τ x

T (s)Rax(s) ds, we easily
obtain

Ė1
c (xt) =: ξTc (t)M1ξc(t), (5.22)

where ξTc (t) := [xT (t), xT (t− τ), uT (t)] and

M1 =

 RA+ATR+Ra RAd RB
∗ −Ra 0
∗ ∗ 0

 .
Next, we consider the time-derivative of E2

c (ẋt) in (5.20b). Noting that E2
c (ẋt) =

αcτ
∫ 0

−τ
∫ t
t+θ

ẋT (s)Rẋ(s) dsdθ, we obtain

Ė2
c (ẋt) = αcτ

2ẋT (t)Rẋ(t)− αcτ
∫ 0

−τ
ẋT (t+ θ)Rẋ(t+ θ) dθ, (5.23)

where the Leibniz integral rule is employed. Now, we aim to bound the right-
hand side of (5.23) by some function in terms of ξc(t). To this end, note that

−αcτ
∫ 0

−τ
ẋT (t+ θ)Rẋ(t+ θ) dθ (5.24a)

= −αcτ
∫ t

t−τ
ẋT (s)Rẋ(s) ds (5.24b)

≤ −αc
(∫ t

t−τ
ẋT (s) ds

)
R

(∫ t

t−τ
ẋ(s) ds

)
(5.24c)

=: ξTc (t)M2ξc(t), (5.24d)
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where (5.24c) follows from the application of Jensen’s inequality, and M2 in
(5.24d) is given by

M2 = αc

 −R R 0
∗ −R 0
∗ ∗ 0

 .
Now, substituting ẋ(t) from (5.1) into the first term on the right-hand side of
(5.23) yields

αcτ
2ẋT (t)Rẋ(t) =: αcξ

T
c (t)LT (τ)RL(τ)ξc(t), (5.25)

where L(τ) = τ [A,Ad, B]. Then, the summation of the results in (5.22), (5.24d)
and (5.25) gives an upper bound for the time-derivative of Ec along the traject-

ories of (5.1). After adding and subtracting |u(t)|2, we obtain

Ėc(xt, ẋt) ≤ ξTc (t)

(
3∑
i=1

Mi + αcL
TRL

)
ξc(t) + |u(t)|2, (5.26)

where M3 = blkdiag{0, 0,−Im}. Assume that

3∑
i=1

Mi + αcL
TRL ≤ 0, (5.27)

such that Ėc(xt, ẋt) ≤ |u(t)|2 along the trajectories of (5.1). In this case, integ-
ration of (5.26) over the interval [−T, 0] yields

E(x0, ẋ0)− E(x−T , ẋ−T ) ≤
∫ 0

−T
|u(t)|2 dt, (5.28)

for any u(·) with the aforementioned properties. Now, consider any such input
that, additionally, belongs to L2((−∞, 0],Rm) such that the corresponding solu-
tion of (5.1) satisfies x0 = ϕ ∈ Wn and also limT→∞Ec (x−T , ẋ−T ) = 0. Then,
we obtain

Ec(ϕ, ϕ̇) ≤
∫ 0

−∞
|u(t)|2 dt, (5.29)

such that the result (5.21) holds as a consequence of Definition 5.2.
To complete the proof, it remains to be shown that the satisfaction of (5.18)

is equivalent to the satisfaction of (5.27). To this end, we define R := P−1,
Ra := P−1PaP

−1. It is observed that pre- and post-multiplication of (5.18) by
blkdiag{R,R, Im, R} and the application of Schur complements to the results
lead to (5.27).

Remark 5.2. Given the fact that the solutions to the matrix inequalities in
(5.3) and (5.18) may not be unique, we solve those in the presence of appropri-
ate cost functions to form optimization problems involving matrix inequalities.
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In this way, the solution space of these inequalities can be limited to solutions
more suitable for model reduction. In this chapter, we choose the cost functions
to be Jc = trace(P ) and Jo = trace(Q), which is a heuristic to obtain tight
bounds on the observability and controllability functionals [130]. The resulting
minimization problems may be formulated as{

min Jo = trace(Q),

s.t. (5.3), Q = QT > 0, Qa = QTa ≥ 0, αo > 0,
(5.30)

{
min Jc = trace(P),

s.t. (5.18), P = PT > 0, Pa = PTa ≥ 0, αc > 0.
(5.31)

It should also be mentioned that for fixed αo and αc, the matrix inequalities
(5.3) and (5.18) reduce to standard linear matrix inequalities (LMIs) with regard
to Q,Qa and P, Pa, respectively. This property can be exploited to facilitate the
procedure of solving (5.30) and (5.31) by allowing for the combination of an LMI
solver with a line search over αo and αc.

Remark 5.3. The delay-independent results of [22] can be considered as a spe-
cial case of the results of this chapter. In particular, by considering αo and αc
as free parameters and letting these converge to zero, the inequalities (5.3) and
(5.18) become equivalent to their counterparts in [22].

5.4 Model order reduction by truncation

We are now in a position to explain how a general model of the form (5.1) can be
reduced through a truncation procedure. Generally, in a truncation procedure,
we consider a partitioned form of x(t) and xt (and ϕ) as follows:

x(t) =

[
x1(t)
x2(t)

]
, xt =

[
x1,t

x2,t

]
, ϕ =

[
ϕ1

ϕ2

]
, (5.32)

where x1(t) ∈ Rk and ϕ1 ∈ Wk, with 1 ≤ k < n. The corresponding partitioning
of the system matrices is of the following form:

A =

[
A11 A12

A21 A22

]
, Ad =

[
Ad,11 Ad,12

Ad,21 Ad,22

]
, B =

[
B1

B2

]
,

C =
[
C1 C2

]
, Cd =

[
Cd,1 Cd,2

]
.

(5.33)

Using this partitioning, a reduced-order approximation of (5.1), denoted by Ω̂,
is obtained by truncation of the dynamics corresponding to x2. Such an approx-
imate model reads

Ω̂ :


ζ̇(t) = A11ζ(t) +Ad,11ζ(t− τ) +B1u(t),

ŷ(t) = C1ζ(t) + Cd,1ζ(t− τ) +Du(t),

ζ0 = ϕ̂,

(5.34)
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where ζ(t) ∈ Rk, ŷ(t) ∈ Rp is an approximate of y(t), and ϕ̂ ∈ Wk is the initial
condition.

The system Ω̂ approximates x1 in the partitioned coordinate. As can be
clearly seen from (5.34), this model approximation preserves the delay structure.
Moreover, if the matrices Q and P satisfying Lemmas 5.2 and 5.3 in Section 5.3
have a particular structure, then the described model order reduction method
will enjoy some other important properties. In particular, such properties of Q
and P will allow us to guarantee stability preservation and compute an a priori
error bound on the reduction. As a stepping stone, first, it is shown that the
observability and controllability energy functionals of the reduced-order system
can be characterized in terms of those of the original (high-order) system.

The next lemma provides a characterization of the observability functional
of the reduced-order system.

Lemma 5.4. Let condition (5.3) hold for a scalar αo > 0 and symmetric
matrices Q > 0 and Qa ≥ 0 of the form

Q =

[
Q1 0
0 Q2

]
, Qa =

[
Qa,11 Qa,12

Qa,21 Qa,22

]
, (5.35)

with Q1, Qa,11 ∈ Rk×k. Then, the observability functional L̂o : Wk → R of the

reduced-order system (5.34) exists, and the functional Êo :Wk×L2([−τ, 0],Rk)→
R given as

Êo(ϕ̂, ˙̂ϕ) = Ê1
o(ϕ̂) + Ê2

o( ˙̂ϕ), (5.36)

with

Ê1
o(ϕ̂) = ϕ̂T (0)Q1ϕ̂(0) +

∫ 0

−τ
ϕ̂T (s)Qa,11ϕ̂(s) ds, (5.37)

Ê2
o( ˙̂ϕ) = αoτ

∫ 0

−τ

∫ 0

θ

˙̂ϕ
T

(s)Q1
˙̂ϕ(s) dsdθ, (5.38)

satisfies Êo(ϕ̂, ˙̂ϕ) ≥ L̂o(ϕ̂) for all ϕ̂ ∈ Wk.

Proof. The matrices Q, Qa and the scalar αo are such that (5.3) holds. Thus,
for any matrix Ψ of appropriate dimensions it can be show that

ΨTMoΨ ≤ 0, (5.39)

withMo as in (5.3). Choosing Ψ = blkdiag{ψ,ψ, Ip, ψ}, with ψ = [Ik 0k×(n−k)]
T ,

and exploiting the block-diagonal structure of Q, it is straightforward to show
that (5.39) leads to an inequality of the form (5.3), in terms of Q1, Qa,11 and

αo, for the reduced-order system Ω̂. Given the fact that α−1
o Q1 > 0, this implies

that an inequality of the form (5.15) holds for the reduced-order system. In
particular, by following a procedure similar to the proof of Lemma 5.2, it can be
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shown that applying (5.39) to the time-derivative of Ê(ξt, ξ̇t) along the solutions
of Ω̂ for u = 0 leads to

˙̂
E(ξt, ξ̇t) ≤ −|ŷ(t)|2.

Next, integration of this result over the interval [0, T ], T ≥ 0, yields

Êo(ϕ̂, ˙̂ϕ) ≥
∫ T

0

|ŷ(t)|2dt+ Êo(ξT , ξ̇T ), (5.40)

Given the fact that Êo(ξt, ξ̇t) ≥ 0 for all ξt ∈ Wk, we obtain Êo(ϕ̂, ˙̂ϕ) ≥ L̂o(ϕ̂)
for all ϕ̂ ∈ Wk, which is obtained by considering T →∞ in (5.40). This result,
together with the fact that Êo(ϕ̂, ˙̂ϕ) is bounded, further implies the existence of
L̂o(ϕ̂) for all ϕ̂ ∈ Wk.

Analogously, one can use the properties of the controllability functional of
the original system to characterize the controllability functional of the reduced
system, as formally stated in the following lemma.

Lemma 5.5. Let condition (5.18) hold for a scalar αc > 0 and symmetric
matrices P > 0, Pa ≥ 0 of the form

P =

[
P1 0
0 P2

]
, Pa =

[
Pa,11 Pa,12

Pa,21 Pa,22

]
, (5.41)

with P1, Pa,11 ∈ Rk×k, and L̂(ϕ̂) : Dk → R is the controllability functional of

the reduced system (5.34). Then, the functional Êc : Wk × L2([−τ, 0],Rk) → R
given as

Êc(ϕ̂, ˙̂ϕ) = Ê1
c (ϕ̂) + Ê2

c ( ˙̂ϕ), (5.42)

with

Ê1
c (ϕ̂) = ϕ̂T (0)R1ϕ̂(0) +

∫ 0

−τ
ϕ̂T (s)Ra,11ϕ̂(s) ds, (5.43)

Ê2
c ( ˙̂ϕ) = αcτ

∫ 0

−τ

∫ 0

θ

˙̂ϕ
T

(s)R1
˙̂ϕ(s) dsdθ, (5.44)

R1 = P−1
1 and Ra,11 = P−1

1 Pa,11P
−1
1 , satisfies Êc(ϕ̂, ˙̂ϕ) ≤ L̂c(ϕ̂) for all ϕ̂ ∈

Dk ∩Wk.

Proof. The proof is similar to that of Lemma 5.4 and it is omitted for the sake
of brevity.

Lemmas 5.4 and 5.5 imply that the observability and controllability func-
tionals of the reduced-order system can be obtained by relevant parts of the
energy functionals of the original system (5.1) when Q in (5.5) and P in (5.20)
are block-diagonal as in (5.35) and (5.41), respectively.
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Next, we define a partially-balanced realization of a time delay system. Af-
terwards, it is explained how a system satisfying (5.3) and (5.18) can be trans-
formed into such a particular form by a proper coordinate transformation, called
the balancing transformation. These will enable us to later state the other main
properties of the described model order reduction method.

Definition 5.3. A realization as in (5.1) is said to be partially-balanced if there
exists symmeteric matrices Q > 0, Qa ≥ 0 and a scalar αo > 0 satisfying (5.3),
symmetric matrices P > 0, Pa ≥ 0 and a scalar αc > 0 satisfying (5.18), and,
additionally, P and Q are such that

P = Q = Σ = blkdiag{σ1Im1 , σ2Im2 , · · · , σqImq}. (5.45)

Here, the constants σi > 0, satisfying σi > σi+1, i ∈ {1, ..., q − 1}, are called
singular values and Σqi=1mi = n.

The matrices Q and P play a similar role as the gramians in balanced trunca-
tion for finite-dimensional systems. Therefore, it is natural to expect that there
exists a coordinate transformation T dependent on Q and P that transforms
(5.1) into a partially-balanced form. The next lemma states this result in a
formal manner.

Lemma 5.6. Let there exists symmetric matrices Q > 0, Qa ≥ 0 and a scalar
αo ≥ 0 satisfying (5.3), and symmetric matrices P > 0, Pa ≥ 0 and a scalar
αc > 0 satisfying (5.18). Then, there exists a coordinate transformation x(t) =
Tz(t) such that the realization in the new coordinates is partially-balanced, i.e.,
the nonsingular matrix T can be chosen such that TTQT = T−1PT−T = Σ,
with Σ, as in (5.45), being the solution (for Q and P simultaneously) of (5.3)
and (5.18).

Proof. Since Q and P are both positive definite symmetric matrices, there exists
the nonsingular matrix T such that TTQT = T−1PT−T = Σ, with Σ as in
(5.45) [66]. Next, we need to show that the realization obtained as a result of the
coordinate transformation x = Tz is partially-balanced. To this end, we multiply
(5.3) with blkdiag{TT , TT , Ip, TT } and its transposition respectively form the
left and right, and also multiply (5.18) with blkdiag{T−1, T−1, Im, T

−1} and its
transposition form the left and right, respectively. Now, exploiting the resulting
inequalities, it is straightforward to show that the system realization in the
new coordinate satisfies (5.3) and (5.18) for the symmetric matrices and scalars
TTQT > 0, TTQaT ≥ 0, αo > 0 and T−1PT−T > 0, T−1PaT

−T ≥ 0, αc > 0,
respectively. This, along with the fact that TTQT = T−1PT−T = Σ, implies
that the realization in the new coordinate is partially-balanced, which follows
from Definition 5.3.

In the literature on finite-dimensional systems, a realization of a system is
said to be balanced if 1) the states that are easy to observe are those which are
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simultaneously easy to control, and vise versa, and, 2) the state components are
absolutely ordered in terms of their contribution to the input-output behavior of
the system [61]. However, the transformed system due Lemma 5.6 does not fully
fulfill these properties, mainly because the balancing procedure is performed only
with respect to x(t) in a finite-dimensional Euclidean space while the state of a
time delay system is a function segment, xt in this case. For this reason, we use
the term “partially-balanced realization”, rather than “balanced realization”,
to emphasize that the infinite-dimensional system Ω in the new coordinates is
balanced only with respect to x(t), and not its full state. It is also worth noting
that since Q and P are dependent on the time delay τ , the transformation T is
delay-dependent accordingly.

The model order reduction method described above preserves not only the
delay-structure of the system but also its stability properties. More precisely,
we provide the following result.

Theorem 5.1. Let the system (5.1), which is asymptotically stable for zero
input, be in a partially-balanced realization and consider the reduced-order system
(5.34) obtained by truncation for k such that k = Σri=1mi for some r > 0 and mi

as in Definition 5.3. Then, the reduced-order system Ω̂ is asymptotically stable
for zero input.

Proof. The proof is found in Appendix A.9.

Remark 5.4. If one of the inequalities (5.3) and (5.18) holds strictly, then the
asymptotic stability of the reduced system (5.34) for zero input is immediately
concluded. This point stems from the fact that the strict satisfaction of these
matrix inequalities is equivalent to the satisfaction of those which are sufficient
for asymptotic stability of time delay systems of the form (5.1) (see, e.g., [48]).

Remark 5.5. Choosing the reduction order k as in Theorem 5.1 ensures that
Σ1 ∈ Rk×k and Σ2 ∈ R(n−k)×(n−k), respectively the upper-left and lower-right
blocks of Σ, have no singular values in common. If Σ1 and Σ2 have common
singular values, it cannot be guaranteed that the reduced-order system is asymp-
totically stable, i.e., that the state trajectory of reduced system converges to zero
for zero input. For an example of such a case, for delay-free systems, see [119].
However, whether or not Σ1 and Σ2 have common singular values, the conver-
gence of the output of Ω̂ to zero for zero input is still guaranteed, as a consequence
of Lemma 5.4.

It is natural that when the original and reduced-order systems are both
asymptotically stable for zero inputs, the corresponding error system is also
asymptotically stable. The asymptotic stability of the error system in turn im-
plies a bounded reduction error and the existence of an error bound accordingly.
In general, this error bound can be computed after construction of the error
system, which is possible after model order reduction is performed. As will be
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stated in the following theorem, an interesting property of the proposed delay-
dependent model order reduction method is the availability of a guaranteed an
a priori error bound without the need of directly studying the error system (i.e.,
without the need for first performing a reduction to a prescribed order).

Theorem 5.2. Let the asymptotically stable system Ω, as in (5.1), be in a
partially-balanced realization, as defined in Definition 5.3, and consider the reduced-
order system Ω̂, as in (5.34), obtained by truncation for k = Σri=1mi for some
r > 0. Moreover, let αc = αo = α. Then, for any common input function
u ∈ L2([0, T ],Rm) ∩ L∞([0, T ],Rm) and initial conditions ϕ = 0 and ϕ̂ = 0 for
(5.1) and (5.34), respectively,∫ T

0

|y(t)− ŷ(t)|2 dt ≤ ε2

∫ T

0

|u(t)|2 dt,

for all T ≥ 0 and where the error bound ε is given as

ε = 2

q∑
i=r+1

σi, (5.46)

with σi as in (5.45).

Proof. The proof is found in Appendix A.10.

Remark 5.6. Theorem 5.2 guarantees the error bound (5.46) only if αo = αc =
α. This demands making some changes to the optimization problems (5.30) and
(5.31), and defining a new common cost function such that these two optimiza-
tion problems are unified into one. Here, we choose the new cost function to be
the error bound (5.46), which can again be solved by a combination of an LMI
solver and a line search over α.

Remark 5.7. It should be mentioned that compared to its delay-independent
counterpart in [22], the delay-dependent model order reduction method in this
chapter presents an improvement in two aspects:

1) for small delays the new method provides tighter error bounds and more
accurate reduced-order models. This stems from the fact that the space of
feasible P and Q in this method is larger and less conservative compared
to the delay-independent method, especially for small delays, which in turn
leads to tighter bounds on the observability and controllability functionals.

2) the class of systems that can be reduced is extended by relaxing conditions
that were necessary for the delay-independent method to be feasible. For
instance, one such condition was A − Ad being Hurwitz, which is usually
not the case when the delay occurs in the feedback channel of a closed-loop
controlled system. By contrast, it is no more a necessary condition for the
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Algorithm 2: Construction of the reduced-order model Ω̂

Input: The system matrices A,Ad, B,C,Cd of original system Ω in
(5.1), and the the reduction order k

Output: The system matrices A11, Ad,11, B1, C1, Cd,1 of the

reduced-order model Ω̂ in (5.34)
1 Solve the optimization problem in (5.30) and (5.31), for a common α

such that αo = αc = α in view of Remark 5.6, to find P and Q.
2 Use P and Q in a balancing algorithm, as in, e.g., [85], to compute the

coordinate transformation matrix T as in Lemma 5.6.
3 Construct the partially-balanced system A = T−1AT , Ad = T−1AdT ,

B = T−1B, C = CT , Cd = CdT .
4 Check if k satisfies the condition in Theorem 5.1. If it does not, either

increase or decrease k such that the new k meets this condition.
5 Partition the the partially-balanced system of step 3 for k in the form of

Eqs (5.32) and (5.33)
6 The system matrices of the reduced-order time delay model Ω̂ are given

by A11, Ad,11, B1, C1, Cd,1 and D.

new method to be feasible. Furthermore, contrary to the delay-independent
method, the proposed method can also be applied to systems with a non-
Hurwitz A matrix, which can, for instance, be the case for closed-loop
systems with an unstable plant.

A summary of the proposed delay-dependent model order reduction tech-
nique is presented in Algorithm2.

5.5 Feasibility of the matrix inequalities

In this section, we briefly discuss feasibility conditions for the proposed model
order reduction method. Clearly, the feasibility of this model order reduction
method is equivalent to the feasibility of the matrix inequalities (5.3) and (5.18),
which guarantees the existence of the matrices P = PT > 0 and Q = QT > 0.
To the best of the author’s knowledge, there are no generic straightforward
methods to guarantee the feasibility of the matrix inequalities. It is remarked
that this situation is also encountered in stability analysis for time delay systems,
where feasibility of the LMI (as, for instance, verified through LMI solvers)
is a sufficient condition for stability. Nonetheless, for the matrix inequalities
in Lemmas 5.2 and 5.3, feasibility is guaranteed for sufficiently small delays.
Namely, by assumption, the system in (5.1) is asymptotically stable for all τ in
some interval [0, τ̄ ] with τ̄ > 0, which implies that A+Ad is Hurwitz (resulting
from the case τ = 0). This leads to a sufficient condition as in the following
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statement:

Statement 5.1. Let the matrix A+Ad be Hurwitz. Then, there exists a positive
scalar ε for which the matrix inequalities in (5.3) and (5.18) are feasible for all
τ ∈ [0, ε).

Proof. The proof of Statement 5.1 can be found in Appendix A.11.

In addition, necessary conditions for the feasibility of the matrix inequalities
can be given. A number of such conditions are derived and stated below.

Statement 5.2. A necessary condition for the inequalities in (5.3) and (5.18)
to hold is that

αo ≤ ᾱ, αc ≤ ᾱ, for ᾱ =
2

τ2
min

1≤i≤n

(
|Re(λi)|
|λi|2

)
, (5.47)

where λi is the ith eigenvalue of the matrix A+Ad.

Proof. The proof of Statement 5.2 can be found in Appendix A.12.

Statement 5.3. If A− Ad is a non-Hurwitz matrix, a necessary condition for
(5.3) and (5.18) to hold is that

|λ̄m| ≤
2

τ
, (5.48)

with λ̄m being an eigenvalue of A−Ad with the largest modulus in the right-half
complex plane.

Proof. The proof of Statement 5.3 can be found in Appendix A.13.

Statement 5.4. Let A be a non-Hurwits matrix and λ̄ be an eigenvalue of A
which has the largest modulus in the right-half complex plane. Then, a necessary
condition for (5.3) and (5.18) to hold is that

∣∣λ̄∣∣ ≤ √2− τ2σ2
d

τ
, (5.49)

where σd is the smallest singular value of Ad.

Proof. Proofs of Statement 5.4 is found in Appendix A.14.

Remark 5.8. It is noted that σd = 0, in cases where rank(Ad) < n. In that
case, the condition in (5.49) reduces to

∣∣λ̄∣∣ ≤ √2

τ
.
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Statement 5.1 implies that provided A+Ad is Hurwitz and τ is small enough,
the matrix inequality optimization problem is always feasible, irrespective of
any other properties of the system. Moreover, this statement implies that when
τ → 0, the inequalities (5.3) and (5.18) converge to standard observability and
controllability Lyapunov inequalities for delay-free systems [135]. In other words,
the proposed model order reduction technique reduces to the generalized bal-
anced truncation for delay-free systems when τ = 0. To solve the optimization
problem introduced in Remark 5.2, we will exploit in the numerical examples
the condition in (5.47). In particular, we perform a line search over the variable
α, as introduced in Theorem 5.2. Herewith, we exclude part of the infeasible
space of α and shrink the search space by (5.47) in Statement 5.2, which is help-
ful in solving the optimization problem. As discussed in Remark 5.7 and also
reflected in Statement 5.1, unlike delay-independent matrix inequalities, A−Ad
being Hurwitz is no more a necessary feasibility condition in the delay-dependent
technique. Still, A−Ad cannot be any matrix, but it must satisfy necessary con-
ditions such as the one in Statement 5.3. Finally, Statement 5.4 is intended to
stress that though A does not have to be a Hurwitz matrix, it still needs to
satisfy some necessary conditions for the matrix inequalities to be solvable.

5.6 Illustrative examples

This section illustrates the results via examples. The proposed model order
reduction method is compared with the delay-independent method in [22] and a
decomposition method in [156]. All the involved matrix inequalities are solved
by the LMI solver YALMIP [92].

5.6.1 Example 1: comparison of delay-dependent and
delay-independent techniques

In this academic example, we consider a system of the form (5.1) described by
the following system matrices:

A =


−0.91 −0.62 1.61 0.06 0.27 0.38

0.11 −0.18 −0.51 0.04 0.02 −0.08
0.05 0.03 −0.18 0.02 0.06 0.17
0.02 0.29 1.63 −0.80 −0.16 0.05
−0.10 −0.21 0.01 0.14 −0.11 0.25
−0.03 0.46 −0.49 −0.03 −0.12 −1.11

 ,



142 Chapter 5. Model order reduction for linear time delay systems

Ad =


0.74 0.66 −0.34 −0.21 −0.21 0.23
−0.14 −0.26 0.24 0.11 0.21 0.07

0.09 0.04 −0.37 0.05 −0.01 −0.06
−0.35 0.01 −1.01 −0.38 −0.71 −0.65

0.39 0.20 −0.12 0 −0.08 0.15
−0.75 −0.33 1.26 0.07 0.40 0.01

 ,

B =
[

0.61 −0.11 0.14 0.31 0.13 −0.27
]T
,

C =
[

3.20 −1.00 29.5 2.00 8.40 8.50
]
,

Cd =
[
−4.5 −38.2 −6.5 −5.6 1.7 2.0

]
,

D = 0.3 .

On the laft-hand side of Fig. 5.1, the singular values obtained for the delay-
dependent and delay-independent methods are compared for τ = 1.6 s. It is
observed that the former gives smaller singular values than the latter. Consider-
ing the singular values from the delay-independent method, a fairly sharp decay
is observed from the second singular value to the third. Thus, we may approx-
imate the system with a second-order model (k = 2) and still expect a good
approximation. For the delay-dependent approach, a much better accuracy can
already be expected at lower orders, due to the smaller singular values. Next, the
error bounds are compared. As seen from the right-hand side plot in Fig. 5.1, for
k = 2, the delay-dependent method gives much tighter error bounds ε for small
delays. As expected (see Remarks 5.3 and 5.7), as the delay increases, the error

1 2 3 4 5 6
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102

proposed delay-dependent method
delay-independent method of [22]
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Figure 5.1. Comparison of the delay-dependent and delay-independent meth-
ods: (left) singular values for τ = 1.6 s, (right) error bounds as a function of τ
for the reduction order k = 2.
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bound from the proposed method converges to that of the delay-independent
method.

In Fig. 5.2, the frequency response function (from input u to output y) of the
original modelG(jω) is compared to those of the reduced-order models, indicated
by Ĝ(jω), obtained from the delay-independent, proposed delay-dependent and
the decomposition methods, for τ = 1.6 s and k = 2. Clearly, the approximation
from the delay-dependent method is more accurate in terms of the H∞-norm
of the error system G(jω) − Ĝ(jω) than for the other methods. Moreover, the
stability of the reduced model from the decomposition method is not guaranteed
and no a priori error bound is given by this method as the required small-gain
condition does not hold. The lower accuracy of this method is because Ad is
full-rank.

10-2 10-1 100 101 102
10-1

100

101

102

10-2 10-1 100 101 102

10-2

100

102

Figure 5.2. Comparison of the delay-dependent method with the delay-
independent and decomposition methods: (top) magnitude of the frequency
response functions, (bottom) error bounds and the magnitude of the error sys-
tems for k = 2.
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5.6.2 Example 2: application to a vehicular platooning
model

This example illustrates another benefit of the proposed model reduction tech-
nique: the extension of the class of systems that can be reduced.

To this end, we consider the model order reduction problem of a controlled
platoon of N vehicles from [133]. We consider N = 8 vehicles in the platoon,
which are described by a model (after applying the control law) as follows:

δ̇i(t) = vi+1(t)− vi(t),
v̇i(t) = ai(t),

ȧi(t) = −ai(t)
c

+
ks
c
δi(t− τ) +

kv
c

(vi+1(t− τ)− vi(t− τ)) ,

(5.50)

for i = 1, ..., 7, and where δi, vi and ai are the spacing error, the velocity and
the acceleration of the vehicle i, respectively. For each vehicle it takes some time
for the acceleration and deceleration commands to take effect due, for example,
to delays in the fuel and braking systems. This phenomenon is modeled by the
input delay τ , which is taken to be τ = 0.005 s in this example. We also take
c = 0.25 s, kv = 2.5 s−1 and ks = 0.875 s−2, as in [133]. The leader vehicle has
the index i = 8 and it is described by

v̇N (t) = aN (t),

ȧN (t) = −aN (t)

c
+
kv
c

(u(t)− vN (t)) ,
(5.51)

where u, the reference velocity of the platoon, is the input. The output is taken to
be the summation of all the spacing errors, i.e., y(t) = ΣN−1

i=1 δi(t). Augmenting
(5.50), (5.51) and considering the output lead to a time delay model of the form
(5.1) of order n = 23. It is trivial to show that this model can not be reduced
by using the delay-independent approach from [22] because A − Ad is a non-
Hurwitz matrix. Alternatively, we use the delay-dependent method presented in
this chapter.

The singular values obtained for the proposed method compared to those
for the decomposition method are plotted on the left-hand side of Fig. 5.3. A
comparison between the frequency response function G(jω) of the original model
with those, indicated by Ĝ(jω), of the reduced models for k = 5 is provided on
the right-hand side of Fig. 5.3. Clearly, the proposed method gives a more
accurate model approximation. Moreover, the error bound ε = 1.66 obtained by
the proposed method is far smaller than ε = 93.55 by the decomposition method.
Further, it turns out that in terms of preserving the steady-state response, the
method in [133] yields a better model approximation for k = 5, whereas the
proposed method is superior in terms of the H∞-norm of the error system. This
was an expected result, because in [133] the preservation of steady-state behavior
is enforced (through a proper selection of the expansion points).
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Figure 5.3. Comparison of the delay-dependent and decomposition methods:
(left) singular values, (right) magnitude of the frequency response functions for
k = 5.

5.7 Conclusions

We presented a balancing-type model order reduction approach for time delay
systems based on delay-dependent functionals and matrix inequalities that provide
a characterization of observability and controllability properties of the system.
The solutions to the matrix inequalities are used as a basis to transform the sys-
tem into a partially-balanced form, where the system states are sorted in order
of their relative contribution to the input-output behavior of the system. This
approach allows for reducing the system by truncating the states with the smal-
lest contribution, while not only preserving stability properties and the delay
structure of the original system but providing an a priori computable bound on
the reduction error. The effectiveness of the proposed method and the benefits
of the delay-dependent nature of the approach have been illustrated through
illustrative examples.





Chapter 6

On extended model order
reduction for linear time delay

systems

Abstract-This chapter presents a so-called extended model reduction technique
for linear delay differential equations. This technique preserves the infinite-
dimensional nature of the system and facilitates the preservation of properties
such as physical interconnection structures and system parameterizations (un-
certainties). It is proved in this chapter that the extended model reduction tech-
nique also preserves stability properties of the time delay system and provides a
guaranteed a priori bound on the reduction error. The extended model reduction
technique relies on the solution of matrix inequalities that characterize control-
lability and observability properties for time delay systems. This work presents
conditions on the feasibility of these inequalities, and studies the applicability of
the extended model reduction to a spatio-temporal model of neuronal activity,
known as delay neural fields. Lastly, it discusses the relevance of this technique
in the scope of model reduction of parameterized (uncertain) time delay systems
and controller reduction, which is supported by numerical examples.

6.1 Introduction

Models in terms of delay differential equations have extensively been used to
describe engineering systems such as, e.g., mechanical and electric/electronic
systems [2, 128]. Systems of delay differential equations have also been used to
model phenomena in, for instance, economics and biology [75]. Such models can,
however, be complex in the sense that they consist of a large number of delay
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equations. This complexity can complicate or even prohibit simulation, analysis,
or controller synthesis. This work presents a model order reduction technique
to address this issue of model complexity of time delay systems.

In the course of the past four decades, a myriad of model order reduction
techniques have been proposed for linear delay-free systems. Balanced trun-
cation [101] is probably the most popular of these (see [137] for an overview).
Parallel to these efforts, the model reduction problem of time delay systems has
also been studied, though to a much lesser extent. A common approach in the
model complexity reduction of time delay systems is approximating the time
delay system by a finite-dimensional model of, potentially, low order [81, 99,
13]. This approach has been motivated by the fact that currently analysis and
design based on finite-dimensional models is in general more appealing, as it
allows for the use of well-developed classical systems and control theory. Non-
etheless, delay-structure preserving methods, i.e., methods that preserve the
infinite-dimensional nature of the time delay system during model reduction,
have also gained considerable attention [156, 157, 134, 22, 16, 69, 27, 152].
This attention is because reliable analysis and controller synthesis techniques
are available today also for time delay systems [48, 100]. In addition, for a
particular order of the reduced model, a reduced model in terms of delay differ-
ential equations has the potential to be more accurate than a finite-dimensional
approximation of the same order [129]. In addition to the delay structure, in
many cases, it is beneficial to preserve other desirable properties of the original
model in the reduced-order model. Important examples are stability properties,
structures of physical interconnections (e.g., the interconnection of a system
and a controller) and the presence of uncertainties and model parameters. This
chapter presents such a structured/robust model reduction technique for linear
time delay systems.

Specifically, the main contribution of this chapter is the introduction of a so-
called extended balanced truncation procedure for time delay systems. Following
[22], bounds on controllability and observability energy functionals are defined,
and a model reduction procedure is constructed based upon those. These bounds
were characterized by matrices which are solutions to a set of matrix inequalities.
Compared to the results in Chapter 5, the current work introduces additional
degrees of freedom in the computation of (bounds on) these functionals through
the use of slack variables. The presented model order reduction procedure is mo-
tivated by the technique of extended balanced truncation for finite-dimensional
systems in [130, 136], which is known to enable structured/robust model reduc-
tion [131].

In this work, we will show that the extended model reduction technique is
useful for the structured model reduction of closed-loop time delay systems and
also for delay systems with polytopic uncertainties. We will also prove that
this technique preserves both asymptotic stability and the infinite-dimensional
nature of the time delay system. Moreover, we show that it provides an a priori
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computable and guaranteed delay-dependent error bound. We also study the
feasibility of the matrix inequalities by presenting necessary and sufficient con-
ditions on the feasibility of those matrix inequalities. Lastly, this work studies
the applicability of the extended model reduction technique to models in neur-
oscience. Namely, a method for dropping the spatial dependency in a particular
model of neural fields is presented, leading to a high-order time delay system.
The extended model reduction technique is then applied to reduce the order
of the resulting neural model without spatial dependency. This contribution is
presented as a numerical example.
Outline. After introducing notation, a detailed problem statement is given
in Section 6.2. Section 6.3 introduces and gives a characterization of the ob-
servability and controllability energy functionals. Section 6.4 is devoted to the
description of the proposed delay-dependent model order reduction procedure
and easy-to-check feasibility conditions for it are discussed in Section 6.5. We
present system-theoretic applications of the proposed technique in Sections 6.6
and 6.7. Numerical examples, especially for the application of neural fields, are
provided in Section 6.8 and conclusions are presented in Section ‘6.9.
Notation. The set of real (non-negative) numbers is indicated by R (R≥0), and
the Euclidean norm of a vector x ∈ Rn is denoted by |x|, which is defined as |x| :=√
xTx. The notation L2([a, b],Rn) is the space of functions x : [a, b]→ Rn which

have a bounded norm ‖x‖2 = (
∫ b
a
|x(t)|2 dt)1/2, whereas L∞([a, b],Rn) is the

space of bounded, piecewise continuous functions mapping [a, b] onto Rn. The
Banach space of absolutely continuous functions which map the interval [−τ, 0]
onto Rn is indicated by Cn = C([−τ, 0],Rn). Furthermore, Wn =W([−τ, 0],Rn)
refers to the space of bounded functions ϕ ∈ Cn with square-integrable derivative
in a weak sense, i.e., ϕ̇ ∈ L2([−τ, 0],Rn) for ϕ ∈ Wn [75, 49]. A block-diagonal
matrix with A1, . . ., Am on the diagonal is represented as blkdiag{A1, · · · , Am},
and Im is the m × m identity matrix. The notation P > 0, for P ∈ Rn×n,
means that P is a symmetric, positive definite matrix. Matrix transposition and
conjugate transposition are shown by the superscripts T and H, respectively. A
star ∗ in a symmetric matrix represents a symmetric term.

6.2 Problem statement

In this chapter, we consider a time delay system Ω of the form

Ω :


ẋ(t) = Ax(t) +Adx(t− τ) +Bu(t),

y(t) = Cx(t) + Cdx(t− τ) +Du(t),

x0 = ϕ.

(6.1)

Here, x(t) ∈ Rn is the state vector, u(t) ∈ Rm and y(t) ∈ Rp are the external
input and the output, respectively, while τ is a constant time delay. We assume
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that for all τ ∈ [0, τ̄ ], with a constant τ̄ > 0, the system is asymptotically stable
for zero input. For t ∈ R, the function segment xt : [−τ, 0] → Rn denotes
the state of Ω at the time instance t, where xt(θ) = x(t + θ) for θ ∈ [−τ, 0].
The initial condition of the system is given by ϕ ∈ Cn, such that x(t) = ϕ(t),
t ∈ [−τ, 0].

The objective is to approximate Ω by an asymptotically stable model Ω̂ of
order k < n which has the same delay structure as Ω. Moreover, the input-output
behavior of Ω̂ should be close enough, in some measurable sense, to that of Ω. In
addition, the model reduction procedure itself should be applicable to time delay
systems with polytopic uncertainties/parameterizations and it should facilitate
structured model order reduction (that is, a model order reduction procedure
which preserves physical interconnection structures in a system) for time delay
systems.

It is noted that since the state of Ω belongs to Cn, it has an infinite-
dimensional nature in addition to the, potentially large, finite number of dy-
namical equations (i.e., state equations) describing it. In this chapter, model
order reduction is pursued with respect to only the latter aspect.

6.3 Observability and controllability
inequalities

In this section, we define observability and controllability functionals for the
time delay system Ω. These functionals are, however, in general challenging to
compute exactly. Therefore, we then define computable Lyapunov-Krasovskii
functionals that upper/lower bound these energy functionals. We also provide
matrix inequalities that characterise these bounds. The solution to these inequal-
ities is later used as a basis for an extended model order reduction procedure.

First, the observability energy functional of a system characterizes the output
energy of that system for an initial condition and zero input, and it can thus be
regarded as a measure of observability. We give the following definition, which
is taken from [22] (see [69] for a similar definition).

Definition 6.1. The observability functional of the system (6.1) is the functional
Lo : Cn → R≥0 defined as

Lo(ϕ) =

∫ ∞
0

|y(t)|2dt, (6.2)

where y(·) is the output of the system (6.1) for the initial condition x0 = ϕ and
zero input u = 0.

We note that the existence of the observability functional in (6.2) is guaran-
teed by the asymptotic stability of the system Ω for u = 0.
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In addition to the observability functional, the development of a balancing-
based model reduction procedure requires information on the controllability
properties of the time delay system. In this regard, we consider the follow-
ing definition of the controllability functional as a measure of controllability, see
again [22] (and [69]).

Definition 6.2. The controllability functional of the system (6.1) is the func-
tional Lc : Dn → R≥0 defined as

Lc(ϕ)=inf

{∫ 0

−∞
|u(t)|2dt

∣∣∣∣∣u∈L2 ∩ L∞
(

(−∞, 0] ,Rm
)
, lim
T→∞

x−T =0, x0 =ϕ

}
,

(6.3)
where xt is the solution of (6.1) for u that satisfies the above and Dn ⊂ Cn is
the domain of Lc, that is the space of function segments ϕ for which Lc(ϕ) is
well-defined.

Generally, the a priori computation of the observability and controllability
functionals (6.2) and (6.3) is a challenging task [69]. The following lemmas
present quadratic functionals characterized by computable matrices which can
approximate and upper- and lower-bound Lo(ϕ) and Lc(ϕ), respectively.

Lemma 6.1. Consider the asymptotically stable system (6.1). Let there exist
symmetric matrices Q > 0, Qd > 0, Q̄ > 0 and S > 0, and a scalar αo for which

Mo =


SA+ATS +Qd − Q̄ Q̄+ SAd Q− S + αoA

TS CT

∗ −Qd − Q̄ αoA
T
d S CTd

∗ ∗ −2αoS + τ2Q̄ 0
∗ ∗ ∗ −Ip

 < 0, (6.4)

holds. Then, the functional Eo :Wn × L2([−τ, 0],Rn)→ R≥0 defined as

Eo(ϕ, ϕ̇) = ϕT (0)Qϕ(0) +

∫ 0

−τ
ϕT (s)Qdϕ(s) ds

+ τ

∫ 0

−τ

∫ 0

θ

ϕ̇T (s)Q̄ϕ̇(s) dsdθ,

(6.5)

satisfies

Eo(ϕ, ϕ̇) ≥ Lo(ϕ), (6.6)

for all ϕ ∈ Wn and with Lo as in Definition 6.1.

Before presenting a proof for this theorem, we give a technical lemma [36].

Lemma 6.2. Consider a system of the form (6.1). If xt0 ∈ Wn at t0 ∈ R≥0

and u ∈ L∞([t0, t1],Rm) for t1 ≥ t0, then xt ∈ Wn for all t ∈ [t0, t1].
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Now, we can prove Lemma 6.1.

Proof. Because ϕ ∈ Wn and u(t) = 0, we have xt ∈ Wn for all t ≥ 0, due to
Lemma 6.2. Consequently, Eo(xt, ẋt) is well-defined for t ≥ 0. For the time
derivative of Eo(xt, ẋt) along the solutions of (6.1) for zero input, we obtain

Ėo(xt, ẋt) ≤ 2ẋT (t)Qx(t) + xT (t)Qdx(t)− xT (t− τ)Qdx(t− τ)

+ τ2ẋT (t)Q̄ẋ(t)− (x(t)− x(t− τ))
T
Q̄ (x(t)− x(t− τ)) ,

(6.7)

where Jensen’s inequality [58], which requires Q̄ = Q̄T > 0, and the Newton-
Leibniz formula have been used. Next, we incorporate the slack variables S and
αo. To this end, we consider the term 2(xT (t) + αoẋ

T (t))S(Ax(t) +Adx(t− τ)− ẋ(t)).
Given (6.1), this term is always zero for u = 0 and t ≥ 0. Therefore, adding it
to the right-hand side in (6.7), we obtain

Ėo(xt, ẋt) ≤ 2ẋT (t)Qx(t) + xT (t)Qdx(t)− xT (t− τ)Qdx(t− τ)

+ τ2ẋT (t)Q̄ẋ(t)− (x(t)− x(t− τ))
T
Q̄ (x(t)− x(t− τ))

+ 2 (x(t) + αoẋ(t))
T
S (Ax(t) +Adx(t− τ)− ẋ(t)) .

(6.8)

Next, by adding and subtracting the term |y(t)|2, with y(t) from (6.1) for u = 0,
to the right hand-side of (6.8) and writing the resulting inequality in a compact
form, we obtain

Ėo(xt, ẋt) ≤ ξTo (t)M̄oξo(t)− |y(t)|2,

where M̄o results in Mo as in (6.4) after applying a Schur complement with
respect to the output matrices C and Cd, and ξTo (t) := [xT (t), xT (t− τ), ẋT (t)].
This result implies that if M̄o < 0, and equivalently Mo < 0 due to the Schur
complement, then Ėo(xt, ẋt) < −|y(t)|2; of which integration of both sides on
the interval [0, T ] yields

Eo(xT , ẋT )− Eo(x0, ẋ0) ≤ −
∫ T

0

|y(t)|2dt. (6.9)

Now, given the facts that Eo(xT , ẋT ) → 0 for T → ∞, due to the asymptotic
stability of the system for zero input, and that x0 = ϕ, (6.9) implies that

Eo(ϕ, ϕ̇) ≥ Lo(ϕ), (6.10)

which follows from Definition 6.1, completing the proof.

The following lemma provides a characterization of a computable lower-
bound on the controllability energy functional.
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Lemma 6.3. Consider the system in (6.1). If there exist symmetric matrices
P > 0, Pd > 0, P̄ > 0 and R > 0, and a scalar αc such that

Mc =


AR+RAT + Pd − P̄ P̄ +AdR P −R+ αcRA

T B
∗ −Pd − P̄ αcRA

T
d 0

∗ ∗ −2αcR+ τ2P̄ αcB
∗ ∗ ∗ −Im

< 0, (6.11)

then the functional Ec :Wn × L2([−τ, 0],Rn)→ R≥0 defined as

Ec(ϕ, ϕ̇) = ϕT (0)Uϕ(0) +

∫ 0

−τ
ϕT (s)Udϕ(s) ds

+ τ

∫ 0

−τ

∫ 0

θ

ϕ̇T (s)Ū ϕ̇(s) dsdθ,

(6.12)

with U = R−1PR−1, Ud = R−1PdR
−1, Ū = R−1P̄R−1, satisfies

Ec(ϕ, ϕ̇) < Lc(ϕ), (6.13)

for all ϕ ∈ Dn ∩Wn and Lc as in Definition 6.2.

Proof. Because the proof is similar to that of Lemma 6.1, we have dropped it
for the sake of brevity.

Remark 6.1. The variables S, αo in (6.2), and R, αc in (6.11) are referred to
as the slack variables. By contrast, Q,Qd, Q̄ and U,Ud, Ū (also P, Pd, P̄ ) which
characterize the energy functionals (6.5) and (6.12), respectively, are referred to
as the main decision variables.

Remark 6.2. The introduction of the slack variables into the matrix inequalities
(6.4) and (6.11) follows from an idea in [48]-Chapter 3, where a free term with
slack variables is added to the derivative of an energy functional to alleviate the
conservatism of stability criteria of time delay systems. Inspired by extended
model reduction for delay-free systems [130], we use the idea of slack variables
here to enhance a model reduction procedure for time delay systems such that
the quality of model approximation is improved and structured/parameterized
reduction of these systems is facilitated. In particular, we can freely set S = Q,
αo = τ2ᾱo, and R = P and αc = τ2ᾱc, with ᾱo and ᾱc being some positive
scalar variables. Substituting these into (6.4) and (6.11), while imposing the
constraints Q̄ = ᾱoQ and P̄ = ᾱcP , one can recover the matrix inequalities
introduced in Chapter 5 for τ 6= 0. The structured/parameterized reduction is
yet to be discussed.



154 Chapter 6. On extended model order reduction for time delay systems

6.4 Model order reduction by truncation

Next, we explain how a general model of the form (6.1) can be reduced through
a truncation procedure. To this end, consider a partitioned form of x(t) and xt
(and ϕ) as

x(t) =

[
x1(t)
x2(t)

]
, xt =

[
x1,t

x2,t

]
, ϕ =

[
ϕ1

ϕ2

]
, (6.14)

where x1(t) ∈ Rk and ϕ1 ∈ Wk, with 1 ≤ k < n. The corresponding partitioning
of the system matrices is

A =

[
A11 A12

A21 A22

]
, Ad =

[
Ad,11 Ad,12

Ad,21 Ad,22

]
, B =

[
B1

B2

]
,

C =
[
C1 C2

]
, Cd =

[
Cd,1 Cd,2

]
.

(6.15)

Using this partitioning, a reduced-order approximation of (6.1), denoted by Ω̂,
is obtained by truncation of the dynamics corresponding to x2. Such an approx-
imate model reads

Ω̂ :


ζ̇(t) = A11ζ(t) +Ad,11ζ(t− τ) +B1u(t),

ŷ(t) = C1ζ(t) + Cd,1ζ(t− τ) +Du(t),

ζ0 = ϕ̂,

(6.16)

where ζ(t) ∈ Rk and ŷ(t) ∈ Rp is an approximate of y(t), and ϕ̂ ∈ Wk is the
initial condition of the reduced model.

The system Ω̂ approximates x1 in the partitioned coordinate. As can be
clearly seen from (6.16), this model approximation preserves the delay structure
of the time delay system. Moreover, as shown in the sequel, it guarantees the
preservation of stability properties and provides a computable a priori error
bound, under certain conditions. To present these central properties, we first
show that the observability and controllability energy functionals of the reduced-
order system can be characterized in terms of those of the original system Ω.

Lemma 6.4. Let (6.4) hold for a scalar αo and symmetric matrices Q > 0,
Qd > 0, Q̄ > 0 and S > 0 of the form

S = blkdiag{S1, S2}, S1 ∈ Rk×k, (6.17)

Then, the observability functional L̂o : Wk → R≥0 of the reduced-order system

(6.16) exists, and the functional Êo :Wk × L2([−τ, 0],Rk)→ R≥0 given as

Êo(ϕ̂, ˙̂ϕ) = ϕ̂T (0)Q11ϕ̂(0) +

∫ 0

−τ
ϕ̂T (s)Qd,11ϕ̂(s) ds

+ τ

∫ 0

−τ

∫ 0

θ

˙̂ϕT (s)Q̄11
˙̂ϕ(s) dsdθ,

(6.18)
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with Q11, Qd,11 and Q̄11 respectively the upper left k× k subblocks of Q, Qd and

Q̄, satisfies Êo(ϕ̂, ˙̂ϕ) ≥ L̂o(ϕ̂) for all ϕ̂ ∈ Wk.

Proof. The matrices S, Q, Qd and Q̄, and the scalar αo are such that (6.4) holds.
Thus, for any full-column rank matrix Ψ of appropriate dimensions it holds that

ΨTMoΨ < 0, (6.19)

withMo as in (6.4). Choosing Ψ = blkdiag{ψ,ψ, ψ, Ip}, with ψ = [Ik 0k×(n−k)]
T ,

and exploiting the block-diagonal structure of S, it can be shown that (6.19) leads
to an inequality of the form (6.4) in terms of S1, Q11, Qd,11, Q̄11 and αo for the

reduced-order system Ω̂. This implies that the reduced-order system satisfies an
inequality of the form (6.9). In particular, by following a procedure similar to
the proof of Lemma 6.1, it can be proved that by using (6.19) the time-derivative

of Êo(ζt, ζ̇t) along the trajectory of Ω̂ for u = 0 satisfies
˙̂
Eo(ζt, ζ̇t) <≤ −|ŷ(t)|2.

Next, the integration of this inequality over the interval [0, T ], T ≥ 0, yields

Êo(ϕ̂, ˙̂ϕ) ≥
∫ T

0

|ŷ(t)|2dt+ Êo(ζT , ζ̇T ). (6.20)

Given the fact that Êo(ζt, ζ̇t) ≥ 0 for ζt ∈ Wk, and following Definition 6.1, we
obtain that Êo(ϕ̂, ˙̂ϕ) ≥ L̂o(ϕ̂) for all ϕ̂ ∈ Wk, which is obtained by considering
T → ∞ in (6.20). This result and boundedness of Êo(ϕ̂, ˙̂ϕ) further imply the
existence of L̂o(ϕ̂) for all ϕ̂ ∈ Wk.

The next lemma gives a similar characterization for the controllability func-
tional of the reduced-order model.

Lemma 6.5. Let (6.11) hold for a scalar αc and symmetric matrices P > 0,
Pd > 0, P̄ > 0 and R > 0 of the form

R = blkdiag{R1, R2}, R1 ∈ Rk×k. (6.21)

Moreover, let L̂c : Dk → R≥0 be the controllability functional of the reduced-

order system (6.16). Then, the functional Êc : Wk × L2([−τ, 0],Rk) → R≥0

given as

Êc(ϕ̂, ˙̂ϕ) = ϕ̂T (0)U11ϕ̂(0) +

∫ 0

−τ
ϕ̂T (s)Ud,11ϕ̂(s) ds

+ τ

∫ 0

−τ

∫ 0

θ

˙̂ϕT (s)Ū11
˙̂ϕ(s) dsdθ,

(6.22)

with U11, Ud,11 and Ū11 respectively the upper-left k × k subblocks of U,Ud and

Ū , satisfies Êc(ϕ̂, ˙̂ϕ) ≤ L̂c(ϕ̂) for all ϕ̂ ∈ Dk ∩Wk.

Proof. The proof is similar to that of Lemma 6.4.
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Given R as in (6.21) and the satisfaction of (6.11), it can be shown that
an inequality of the same form and in terms of P11, Pd,11, P̄11 and R1 holds

for the reduced-order model Ω̂ in (6.16). Likewise, there is also an equality of
the form (6.4) for the reduced-order model. As a result, Lemmas 6.4 and 6.5
imply that the observability and controllability functionals of the reduced-order
system can be obtained by relevant parts of the energy functionals of the original
system (6.1) when S in (6.4) and R in (6.11) are block-diagonal as in (6.17) and
(6.21), respectively. We stress that there is no structure required in the energy
functionals themselves, but only in the slack variables. These structures on the
slack variables are crucial as without those the properties of the reduced-order
system (6.16) cannot be guaranteed.

Next, we define an extended-balanced realization of Ω.

Definition 6.3. A realization as in (6.1) is said to be extended balanced if there
exists symmetric matrices S > 0, Q > 0, Qd > 0, Q̄ > 0, and a scalar αo
satisfying (6.4), symmetric matrices R > 0, P > 0, Pd > 0, P̄ > 0, and a scalar
αc satisfying (6.11), and, additionally, S and R are such that

S = R = Σ = blkdiag{σ1Im1
, σ2Im2

, · · · , σqImq}. (6.23)

Here, the constants σi > 0, satisfying σi > σi+1, i ∈ {1, ..., q − 1}, are extended
singular values and Σqi=1mi = n.

As S and R are symmetric positive definite matrices, there exists a coordinate
transformation T which transforms (6.1) into an extended balanced form, as
stated in the next lemma, the proof of which follows from standard results in,
e.g., [44].

Lemma 6.6. Let there exists symmetric matrices S > 0, Q > 0, Qd > 0
and Q̄ > 0, and a scalar αo satisfying (6.4), and symmetric matrices R > 0,
P > 0, Pd > 0 and P̄ > 0, and a scalar αc satisfying (6.11). Then, there exists a
coordinate transformation x(t) = Tz(t), with T ∈ Rn×n, such that the realization
in the new coordinates is extended balanced, i.e., the nonsingular matrix T can
be chosen such that TTST = T−1RT−T = Σ, with Σ, as in (6.23), being the
solution (for S and R simultaneously) of (6.4) and (6.11).

Remark 6.3. In the literature on finite-dimensional systems, a realization is
said to be balanced if 1) the states that are easy to observe are those which are
also easy to control, and vice versa, and, 2) the state components are ordered
in terms of their contribution to the input-output behavior of the system [61].
However, the transformed system due to Lemma 6.6 does not fully possess these
properties. This is because the balancing procedure is based on the slack variables
S and R, which do not explicitly contribute to the energy functionals (6.5) and
(6.12). Moreover, the balancing procedure is performed in a finite-dimensional
Euclidean space with respect to x(t), while the state of a time delay system is a
function segment.
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An interesting feature of the presented model order reduction technique is
that it guarantees the preservation of stability properties, as stated in the fol-
lowing theorem.

Theorem 6.1. Let the system (6.1), which is asymptotically stable for zero
input, be in an extended-balanced realization and consider the reduced-order sys-
tem (6.16) obtained by truncation for k≥ 1. Then, the reduced-order system Ω̂
is asymptotically stable for zero input.

Proof. As (6.1) is in an extended-balanced realization, there exist a diagonal
matrix S > 0, and matrices Q > 0, Qd > 0 and Q̄ > 0, and a scalar αo such that
(6.4) holds. Thus, for any full-column rank matrix Ψ of appropriate dimensions
it holds that

ΨTMoΨ < 0, (6.24)

with Mo as in (6.4). Since S is diagonal (recall Definition 6.3), we can write it
in a block-diagonal form as S = blkdiag{S1, S2}, where S1 ∈ Rk×k corresponds
to the reduced model Ω̂ and S2 to the truncated dynamics. Now, we choose
Ψ = blkdiag{ψ,ψ, ψ}, with ψ = [Ik 0k×(n−k)]

T . With this choice of Ψ and
exploiting the block-diagonal structure of S, (6.24) implies that

ΨTMoΨ=

AT11S1 + S1A11 +Qd,11 − Q̄11 ∗ ∗
ATd,11S1 + Q̄11 −Qd,11 − Q̄11 ∗

Q11 − S1 + αoS1A11 αoS1Ad,11 Θ33

< 0, (6.25)

where Θ33 = −2αoS1 + τ2Q̄11, Q11 > 0, Qd,11 > 0, Q̄11 > 0 are the upper-left
k × k blocks of Q > 0, Qd > 0 and Q̄ > 0, respectively. Now, using results
from [48], Chapter 3, it is easily verified that (6.25) is a sufficient condition for
the asymptotic stability of the reduced order system for all time delays in the
interval [0, τ ].

It should be mentioned that one may use the inequality (6.11) to prove this
theorem in a similar way.

Theorem 6.2. Let the asymptotically stable system Ω as in (6.1) be in an exten-
ded balanced realization, as defined in Definition 6.3, and consider the reduced-
order system Ω̂, as in (6.16), obtained by truncation for k = Σri=1mi for some
r > 0. Moreover, let αo = αc = α. Then, for any common input function
u ∈ L2 ∩ L∞([0, T ],Rm) and initial conditions ϕ = 0 and ϕ̂ = 0 for (6.1) and
(6.16), respectively, ∫ T

0

|y(t)− ŷ(t)|2 dt ≤ ε2

∫ T

0

|u(t)|2 dt,

for all T ≥ 0 and where the error bound ε is given as

ε = 2

q∑
i=r+1

σi, (6.26)
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with σi as in (6.23).

Proof. The proof can be found in Appendix A.15.

Remark 6.4. Given Remark 6.2, the proposed extended model reduction tech-
nique in this chapter recovers the model reduction technique proposed in Chapter 5
as a special case. Thus, the technique of this chapter can outperform that of
Chapter 5 in terms of error bound, at the cost of additional complexity in the
characterization of the bounds on the energy functions.

6.5 Feasibility of the matrix inequalities

In this section, we discuss feasibility conditions for the proposed model order
reduction method. As this method relies on the matrix inequalities (6.4) and
(6.11), we give easy-to-check conditions (both necessary and sufficient) for exist-
ence of solutions to these matrix inequalities for a common scalar αc = αo = α,
as required for the application of Theorem 6.2.

First, the following lemma shows that the feasibility of the inequalities is
always guaranteed for sufficiently small delays provided A+Ad is Hurwitz.

Lemma 6.7. Let (6.1) be asymptotically stable for τ = 0. Then, there exists a
positive scalar ε for which the matrix inequalities in (6.4) and (6.11) are feasible
for all τ ∈ [0, ε).

Proof. The fact that the system (6.1) is asymptotically stable for τ = 0 implies
that Ac := A + Ad is Hurwitz. Therefore, there exists a matrix Q = QT > 0
such that

ATc Q+QAc + CTc Cc < 0, (6.27)

where Cc = C + Cd. The strict inequality in (6.27) guarantees the existence of
a (large) ᾱ > 0 such that

QAc +ATc Q+ CTc Cc +
(
QAd −Qd + CTc Cd

)
×
(
ᾱQ+Qd − CTd Cd

)−1(
QAd −Qd + CTc Cd

)T
< 0.

(6.28)

Following a Schur complement, this inequality implies that[
QAc +ATc Q+ CTc Cc QAd −Qd + CTc Cd

∗ −ᾱQ−Qd + CTd Cd

]
+ τ2ᾱ

[
ATc
ATd

]
Q
[
Ac Ad

]
< 0,

(6.29)

for all τ ∈ [0, εo) provided εo is sufficiently small. It can be shown that this
inequality is equivalent to (6.4) for S = Q, α = τ2ᾱ and Q̄ = ᾱQ. Thus, in-
equality (6.4) also holds for all τ ∈ [0, εo). A similar argument can be performed
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about the feasibility of (6.11), i.e., we can show that there exists a sufficiently
small εc such that (6.11) becomes feasible for all τ ∈ [0, εc). The definition
ε := min{εo, εc} completes the proof of Lemma 6.7.

Next, we present necessary conditions for the feasibility of (6.4) and (6.11)
in terms of upper bounds on the delay τ .

Lemma 6.8. Let Am := A − Ad be a non-Hurwitz matrix and λ̄m be an ei-
genvalue of Am which has the largest modulus in the right-half complex plane.
Then, a necessary condition for (6.4) and (6.11) to hold is that

τ <
2

|λ̄m|
. (6.30)

Lemma 6.9. Let A in (6.1) be a non-Hurwitz matrix and λ̄ be an eigenvalue of
A which has the largest modulus in the closed right-half complex plane. Then, a
necessary condition for (6.4) and (6.11) to hold is that

τ <

√
2

|λ̄|2 + σ2
d

, (6.31)

where σd is the smallest singular value of Ad.

Proof. We present proofs for Lemmas 6.8 and 6.9 jointly, and based only on
(6.4). First, we eliminate the slack variables from (6.4) by multiplying it from
the left and right by[

In 0 AT 0
0 In ATd 0

]
, and

[
In 0 AT 0
0 In ATd 0

]T
,

respectively. This procedure results in[
QA+ATQ− Q̄+Qd + τ2AT Q̄A QAd + Q̄+ τ2AT Q̄Ad

∗ −Q̄−Qd + τ2ATd Q̄Ad

]
< 0. (6.32)

This inequality further implies that[
ATmQ+QAm − 4Q̄+ τ2ATmQ̄Am QAd + 2Q̄+Qd + τ2ATmQ̄Ad

∗ −Q̄−Qd + τ2ATd Q̄Ad

]
< 0.

(6.33)
Namely, this can be shown by the left and right multiplication of (6.32) by[

In −In
0 In

]
, and

[
In −In
0 In

]T
,

respectively. Considering its upper-left block, the inequality in (6.33) now im-
plies that

ATmQ+QAm − 4Q̄+ τ2ATmQ̄Am < 0.
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Let v be an eigenvector of Am for the eigenvalue λm = µm + jωm. Then, left
and right multiplication of this inequality by vH and v implies

2µmv
HQv + (τ2|λm|2 − 4)vHQ̄v < 0. (6.34)

Now, we consider only eigenvalues in the right-half complex plane. Namely, if
µm ≥ 0, the satisfaction of (6.34) requires that τ < 2/|λm| and Q̄ > 0. This
result establishes (6.30).

Next, we prove Lemma 6.9. The feasibility of (6.32) implies that

ATQ+QA− Q̄+Qd + τ2AT Q̄A <0, (6.35)

−Q̄−Qd + τ2ATd Q̄Ad <0, (6.36)

respectively, as follows from considering the block-diagonal elements. From
(6.36), we obtain that −Q̄ + τ2ATd Q̄Ad < Qd. Using this result in (6.35), we
conclude the necessity of the following inequality:

ATQ+QA− 2Q̄+ τ2AT Q̄A+ τ2ATd Q̄Ad < 0. (6.37)

Now, if we take v as an eigenvector of A corresponding to an eigenvalue λ which
lies in the closed-right half complex plane, (6.37) implies that

2Re(λ)vHQv +
(
τ2|λ|2 + τ2σ2

d − 2
)
vHQ̄v < 0.

Since Re(λ) ≥ 0, this relation cannot be feasible without the satisfaction of
(6.31).

Remark 6.5. We note that the conditions provided by Lemmas 6.8 and 6.9 are
only necessary conditions and not sufficient, i.e., they imply the infeasibility of
the matrix inequalities if those conditions do not hold.

Remark 6.6. The condition of Lemmas 6.8 and 6.9 are more beneficial and
practical when the model order reduction problem of feedback control systems
with delays in the feedback channel is concerned, especially for systems with an
unstable plant, leading to a non-Hurwitz A. In these system, the matrix A−Ad
is often non-Hurwitz.

Next, we present a result that is helpful in solving the matrix inequalities.
Namely, given the couplings among α and the slack matrices in (6.4) and (6.11)
(assuming that αo = αc = α, in view of Theorem 6.2), these inequalities are
nonlinear. To still enable solving these inequalities by using existing techniques
for linear matrix inequalities, we perform a line search over α. For the line search
to become more efficient, bounds on the search space for α should be provided.
The following lemma provides such lower bound.
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Lemma 6.10. Consider A, and define Am := A − Ad and let λ and λm be
arbitrary eigenvalues of A and Am, respectively. Then, a necessary condition
for the matrix inequalities (6.4) and (6.11) to hold is that

α > max{τ2Re(λ),
τ2

4
Re(λm)}. (6.38)

Proof. Here, we use only (6.4) to derive this inequality. The term (Mo)33 (the
(3,3) component of Mo) implies that

Q̄ <
2α

τ2
S, (6.39)

which follows from the fact that (Mo)33 is a diagonal element. Using this result
along with the fact that (Mo)11 < 0, we can conclude that

SA+ATS +Qd −
2α

τ2
S < 0. (6.40)

Let Av = λv, i.e., v is an eigenvector corresponding to the eigenvalue λ of
A. Then, left and right multiplication of the above inequality with v and vH ,
respectively, implies that

vHSAv + vHATSv − 2α

τ2
vHSv + vHQdv < 0.

This, in turn, leads to (
2Re(λ)− 2α

τ2

)
vHSv < 0.

Since S > 0, this inequality holds only for α > Re(λ)τ2. Following a sim-
ilar procedure, it can be shown that the satisfaction of (6.4) also requires α >
Re(λm)τ2/4, with λm an eigenvalue of Am. The fact that these hold for all
eigenvalues of A and Am leads to (6.38).

Remark 6.7. Clearly, the lower bound in (6.38) becomes zero when A and
A−Ad are both Hurwitz, given the fact that α < 0 is not allowed because of the
fact that (Mo)33 must be negative definite.

In next sections, we discuss benefits of the extended model reduction in the
structured and parameterized model order reduction for time delay systems.

6.6 Application to structured model order
reduction

If the states of a system have a particular physical meaning that should be
preserved in the reduced model, a structured reduction technique should be
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Ωp

w(t− τ)v(t)

v(t− τ) w(t)

u(t) y(t)

Ω̂p

ŵ(t− τ)v̂(t)

v̂(t− τ) ŵ(t)

u(t) ŷ(t)

delay
τ τ

delay delay delay
ττ

Ω̂cΩc

Figure 6.1. A closed-loop system with measurement and actuation delays:
(right) original system, (left) after structured model order reduction.

used (see [132] for a detailed discussion). An example is given by the reduction
of a plant and/or controller in a closed-loop setting. One approach to this
problem in the case of delay-free systems is to impose a proper block-diagonal
structure to the gramians in conventional balancing techniques. This approach,
however, compromises the flexibility and feasibility of equations involved and
can, moreover, deteriorate the accuracy of the approximation by compromising
the tightness of the bounds on the energy functionals Lo and Lc. Alternatively,
in extended structured model reduction, by virtue of the fact that the slack
variables do not explicitly appear in the functionals, these structures are imposed
to the slack variables [130]. In this way, such enforced structures on the main
decision variables can be avoided. With the proposed technique in this chapter,
we can take one step further and speak of extended structured reduction for
time delay systems.

The structured model reduction of closed-loop systems with measurement
and actuation delays, as in the left-side of Fig. 6.1, is one of the applications of
this technique. More precisely, assume that the plant Ωp is given as

Ωp :


ẋp(t) = Apx(t) +Bpuu(t) +Bpvv(t),

y(t) = Cpyx(t),

w(t) = Cpwx(t),

(6.41)

with xp(t) ∈ Rnp , and the controller Ωc is described by

Ωc :

{
ẋc(t) = Acxc(t) +Bcw(t),

v(t) = Ccxc(t),
(6.42)

with xc(t) ∈ Rnc . Then, the closed-loop system in the presence of delays in the
feedback channel can be described by a model of the form (6.1) with xT (t) =
[xTp (t), xTc (t)], and C = [Cpy, 0], Cd = 0, D = 0 and

A =

[
Ap 0
0 Ac

]
, Ad =

[
0 BpwCc

BcCpw 0

]
, BT = [BTpu, 0]. (6.43)
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The objective is to perform model reduction that preserves the feedback
structure of the closed-loop system, i.e., the state vector of the reduced system
ζT (t) = [ζTp (t), ζTc (t)] is such that ζi(t) ∈ Rki , 1 ≤ ki < ni, in (6.16) is only a
function of xi(t), i ∈ {p, c}. For this desirable structure to be preserved during
model reduction, the balancing transformation T should have a proper block-
diagonal form, obtained by enforcing a block-diagonal structure on S and R as
follows:

S = blkdiag{Sp, Sc}, R = blkdiag{Rp, Rc}. (6.44)

where Sp, Rp ∈ Rnp×np . Summarizing, we propose the following corollary.

Corollary 6.1. Consider a closed-loop system as in Fig. 6.1 with stable Ωp
and Ωc described, respectively, by (6.41) and (6.42) and a measurement and
actuation time delay τ . Let us write this system in the form (6.1) with the
realization (6.43). Moreover, let the inequalities (6.4) and (6.11) admit solutions
of the form (6.44). Then, there exists an extended balancing transformation of
the form T = blkdiag{Tp, Tc} that results in Σs = blkdiag{Σp,Σc}, with Tp,Σp
and Tc,Σc corresponding to the plant and controller, respectively, where both Σp
and Σc individually have the properties of Σ in (6.23). Moreover, T preserves
the feedback structure of the original system and the system obtained by the
truncation of any k < np +nc state components of the extended-balanced system
is asymptotically stable and the corresponding error bound is twice the summation
of all distinct truncated singular values.

6.7 Application to parameterized model
reduction

An extended model reduction procedure as presented in the previous sections is
also suited for the system-theoretic application of parameterized model reduc-
tion. Namely, a large class of parameterized time delay systems can be written
in the form of time delay systems with a polytopic parameterization of the form

Ωδ :


ẋ(t) = Aδx(t) +Adδx(t− τ) +Bδu(t),

y(t) = Cδx(t) + Cdδx(t− τ) +Dδu(t),

x0 = ϕ.

(6.45)

where the subscript δ denotes a polytopic parameterization such that a para-
meterized matrix Mδ is defined as Mδ :=

∑d
i=1 δiMi, where Mi, i = 1, ..., d, is

a given matrix and δ ∈ ∆ with ∆ = {δ ∈ Rd|δi ≥ 0,
∑d
i=1 δi = 1}. It is assumed

that for all δ ∈ ∆, this system has the same stability properties as the system
in (6.1).

Although the methods in Chapter 5 can be generalized to enable the reduc-
tion of this type of systems, that can result in low-quality model approximations
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and conservative error bounds, if not infeasible. On the other hand, the exten-
ded model reduction technique improves both the feasibility and the accuracy of
model approximation for this type of systems. This is due to the fact that in an
extended model reduction method, we can assign a polytopic structure to the
main decision variables to increase the degrees of freedom in the model reduction
procedure. In methods such as those in Chapter 5 and [22], the main decision
variables Q and P are directly used in computing the balancing transformation,
and assigning a polytopic structure to those complicates the reduction proced-
ure (see [155], for parameterized model reduction of delay-free systems to get an
idea about complexities that can arise when assigning parametric structures to
P and Q).

In the extended technique, for the parameterized system in (6.45), the in-
equality (6.4) is adapted to the following form:

Moδ =


Θ11 Q̄δ + SAdδ Qδ − S + αoA

T
δ S CTδ

∗ −Qdδ − Q̄δ αoA
T
dδS CTdδ

∗ ∗ −2αoS + τ2Q̄δ 0
∗ ∗ ∗ −Ip

 < 0. (6.46)

where Θ11 = SAδ+ATδ S+Qdδ−Q̄δ. By virtue of the properties of the polytopic

uncertainty/parameterization, it can be shown that Moδ =
∑d
i=1 δiMoi (note

that S =
∑d
i=1 δiS) with

Moi =


SAi +ATi S +Qdi − Q̄i Q̄i + SAdi Qi − S + αoA

T
i S CTi

∗ −Qdi − Q̄i αoA
T
diS CTdi

∗ ∗ −2αoS + τ2Q̄i 0
∗ ∗ ∗ −Ip

, (6.47)

for i = 1, ..., d. This implies that if there exist matrices Qi > 0, Q̄i > 0, Qdi > 0,
i = 1, ..., d, and S > 0, and a scalar αo such that Moi < 0 for all i = 1, ..., d,
then Moδ < 0. This result together with a similar adapted inequality Mcδ < 0
provides matrices S and R required for reducing (6.45) by pursuing the same
procedure as in Section 6.4.

Remark 6.8. The error bound obtained from the parameterized technique is
robust in the sense that it holds for all δ ∈ ∆. Moreover, it can be shown that
the reduced system is asymptotically stable and it has the same parameterization
as the original one.

6.8 Examples

This section presents numerical examples. The involved matrix inequalities are
solved using the softwares CVX [57] and YALMIP [92].
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Figure 6.2. Singular values of the academic example.

6.8.1 An academic example

For this example, we use the proposed extended technique for the reduction of
the model of Example 1 in Section 5.6.1 of Chapter 5. In this example, the
original model with τ = 1.6 s is of order n = 6 and it is approximated by a
model of order k = 2. As can be seen in Fig. 6.2, the extended singular values
obtained from the proposed technique are generally smaller than the singular
values for Example 1 in Section 5.6.1. As a result, the error bound obtained
with the proposed technique ε = 11.06 is significantly smaller than the error
bound ε = 15.26 obtained in Section 5.6.1. A comparison between the frequency
response functions of the original model G(jω) and the reduced-order model
Ĝ(jω) is provided in Fig. 6.3. We observe, however, that in terms of the H∞-
norm of the error system E(jω) = G(jω)−Ĝ(jω), the model reduction technique
of Chapter 5 outperforms the proposed one.

6.8.2 Application to delay neural fields

In this example, we study the application of the extended model reduction tech-
nique to a model which describes the spatio-temporal interactions between neural
populations in the brain. For comparison, we have also applied the position
balancing technique in [69] to this model. Contrary to the bounds on energy
functions used in this chapter, position balancing relies on matrices that char-
acterize the exact observability and energy functionals for a restricted class of
functionals. These matrices are solution to a set of differential equations which
are solved approximately [70].
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Figure 6.3. Frequency response functions and error bounds in the academic
example.

This model is known as a delayed-neural fields model (see [28] for a survey)
and is in the form of integro-differential equations:

liẋi(r, t) = −xi(r, t)

+ si

 n∑
j=1

∫
R
wij(r, r

′)xj(r
′, t− τij(r, r′)) dr′ + Ii(r, t)

 ,
(6.48)

for i = 1, ..., q, where q is the number of considered neuronal populations. The
compact set R ⊂ R describes the spatial domain containing the neuronal popu-
lations; it is assumed here to be uni-dimensional for simplicity. Moreover, r ∈ R
is the spatial variable and xi(r, t) represents the neuronal activity of population
i at time t ≥ 0 and position r ∈ R; wij : R×R → R is a bounded function such
that wij(r, r

′) describes the synaptic strength between location r′ in population
j and location r in population i. The constant li > 0 is the time decay constant
of population i and Ii : R×R→ R denotes the exogenous input to population i;
τij : R×R → [0, τ̄ ], τ̄ ≥ 0, is the self (for i = j) or mutual (for i 6= j) time delay
resulting from the non-instantaneous communication between neurons, due to
the finite velocity of signals along the axons. The continuously differentiable
function si : R→ R describes the excitability of population i.

To be able to rewrite (6.48) in the form (6.1), we first assume that the
self time delays are zero (τii = 0) and the mutual delays are all fixed and
equal, i.e., τij(r, r

′) = τ for all i 6= j and all r, r′ ∈ R. With this assumption,
and after linearizing the system around an operating profile x∗i (r) for the input
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Ii(r, t) = I∗i (r) (see [31] for details), the approximate model has the form

L ˙̃x(r, t) =− x̃(r, t) + S

∫
R

(
W1(r, r′)x̃(r′, t) +W2(r, r′)x̃(r′, t− τ)

)
dr′

+ SĨ(r, t).

(6.49)

where x̃T := [x̃1, ..., x̃q] with x̃i = xi − x∗i , ĨT := [Ĩ1, ..., Ĩq] with Ĩi = Ii − I∗i ,
L = diag{l1, ..., lq} and W1 = diag{wii}, for i = 1, ..., q, and W2 = [wij ] −W1,
for all i, j = 1, ..., q. Finally, S = diag{s̄1, ..., s̄q}, where the values s̄i result from
the linearization of the function si.

In the absence of delays (τij(r, r
′) = 0), an approach was proposed in [150]

to analytically reduce the dynamics of the infinite-dimensional dynamics (6.48)
to a finite-dimensional differential equation by assuming that the kernels wij
can be decomposed on a finite basis of spatial functions. Following this idea,
we assume that Wi(r, r

′), i = 1, 2, is a so-called Pincherle-Goursat Kernel, i.e.,
there exist Xi(r) ∈ Rq×Ni and Yi(r) ∈ Rq×Ni , Ni ∈ N, such that

Wi(r, r
′) = Xi(r)Y

T
i (r′). (6.50)

We note that Xi(r) contains the basis vectors of Wi. We further assume that
there exists ĩ(t) ∈ RN1+N2 , for which the decomposition Ĩ(r, t) = X(r)̃i(t),
with X = [X1, X2], holds. Given the structure of Wi in (6.50) and of Ĩ, we
approximate the solution x̃ as x̃(r, t) = X̃(r)v(t), where

X̃(r) =
[
X1(r) X2(r) Xe(r)

]
, (6.51)

can be regarded as a reduction basis (albeit depending on the spatial variable).
In (6.51), Xe(r) ∈ Rq×Ne denotes a potential enrichment of this reduction basis
over the elements X1 and X2, which result from the structure of Wi. Moreover,
v(t) ∈ Rn with n = N1 + N2 + Ne is an unknown vector the driving dynamics
of which are yet to be obtained.

Remark 6.9. We note that the structure of this approximation separates the
effect of the spatial and temporal variables.

Then, the substitution of (6.50) and the approximation (6.51) into (6.49)
leads to

LX̃(r)v̇(t) = −X̃(r)v(t)+SX1(r)K1v(t)+SX2(r)K2v(t−τ)+SX̃(r)̃i(t), (6.52)

where Ki =
∫
R Y

T
i (r′)X̃(r′) dr′, i = 1, 2. This equation holds for every r, so we

can multiply both sides of (6.52) by X̃T (r) from the left. Then, integration of
both sides of the resulting equation over R leads to

Mlv̇(t) = (M1K1 −M)v(t) +M2K2v(t− τ) +Msĩ(t),
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Parameter Value

L diag{10, 20}
S diag{20, 20}
R [0, 2.5] ∪ [12.5, 15]× 10−3

τ 0.03 s
w11 0

w12 −30 exp

(
−|r−r

′−1.32×10−2|2
0.06

)
w21 38 exp

(
−|r−r

′−1.25×10−3|2
0.06

)
w22 −2.55 exp

(
−|r−r

′|2
0.03

)

Table 6.1. Parameters of the neural field.

where

Ml =

∫
R
X̃T (r)LX̃(r)dr, M1 =

∫
R
X̃T (r)SX1(r)dr,

M2 =

∫
R
X̃T (r)SX2(r)dr,Ms =

∫
R
X̃T (r)SX(r)dr,

M =

∫
R
X̃T (r)X̃(r)dr.

(6.53)

Clearly, if Ml is invertible, this equation can be written in the form (6.1) by
defining

A = M−1
l (M1K1 −M) , Ad = M−1

l M2K2, B = M−1
l MsF,

C =

∫
R
C̄(r)X̃(r) dr, Cd = 0, D = 0.

Here, we have considered ĩ(t) = Fu(t) with F ∈ R(N1+N2)×m and u(t) ∈ Rm as
the input. We note that F is defined such that the elements of u are independent.
Moreover, C̄(r) ∈ Rp is the distributed output matrix. Namely, we consider
outputs of the form y(t) =

∫
R C̄(r)x̃(r, t) dr. Given the complexity of wij and

the enrichment basis Xe, the dimension of X̃(r) and, subsequently, the order n
of the time delay system describing the dynamics of v(t) can be large.

In this example, we consider a neural field with the parameters reported in
Table 6.1. The input is given by Ĩ1(r, t) = 0 and Ĩ2(r, t) = (1+r) exp(−r2/0.03)u(t)
and the output is characterized by C̄(r) = [1, 0.1]. After computing X1(r) and
X2(r), where a truncated Taylor series expansion has been exploited (for details,
see Appendix A.16) and considering Xe = 0, we obtain a system of the form
(6.1) of order n = 9, and FT = [1, 1, 0, ..., 0]. The frequency response function
of this system between the input u and the output y is represented by Gv(jω).
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Figure 6.4. The singular values σk and the error bound ε as a function of the
reduction order k.

The corresponding singular values resulting from the application of the ex-
tended model order reduction technique in comparison to those from the position
balancing technique are plotted in Fig. 6.4. In the same figure, we have reported
the reduction error ε, for the extended technique, as a function of the reduc-
tion order k. It is observed that the singular values from the position balancing
technique are smaller than those from the extended method. However, we note
that the position balancing technique does not provide an a priori error bound,
neither does it guarantee the stability of the reduced system. We observe a quick
decay in the singular values from the extended technique after k = 2. Thus, we
may approximate the dynamics of v(t) by a model, with the frequency response
function represented by Ĝv(jω), of order k = 2 and expect an accurate model
approximation.

In the left-hand side of Fig. 6.5, the frequency response function G(jω) of
the original (linearized) model in (6.49) is compared to Gv(jω) and Ĝv(jω). In
contrast, in the right-hand side of Fig. 6.5, we have presented the frequency
response function of the error system G(jω)−Gv(jω), and of the error systems
Gv(jω)−Ĝv(jω), of both model reduction techniques. This figure also shows the
error bound ε = 0.0053 obtained from the extended technique for k = 2. From
this figure, we can clearly observe the high accuracy of the approximation from
the extended technique. The approximate model from the position balancing
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Figure 6.5. Comparison between the transfer functions of the original, reduced
and error systems in the neural field example.

method is slightly more accurate. We note that G(jω) is obtained by performing
a spatial discretization over a grid of 200 cells, and the same grid has been used
to numerically compute the matrices in (6.53). The error between G(jω) and
Gv(jω) stems from the limited resolution of the discretization and also the Taylor
series expansion.

Remark 6.10. In addition to slightly outperforming the presented model reduc-
tion technique in terms of accuracy, position balancing relies on the computation
of delay Lyapunov equations which only require asymptotic stability of the model
(instead of solutions to matrix inequalities as in (6.4) and (6.11)). Nonethe-
less, we stress that position balancing neither provides guarantees on stability
preservation nor gives an a priori bound on the reduction error.

We stress that the assumption made here requires a strong separation between
spatial and temporal evolution of (6.49) as well as a spatially uniform delays.
Further work is needed to relax these requirements.

6.8.3 Structured model reduction

In this example, we consider the structured model reduction of the feedback
system (6.43) with τ = 0.45 s,

Ap =

[
0 1

−0.1 −3

]
, Ac =

[
0 1
−1 −20

]
, Bpu =

[
0.05

1

]
,

Bc =

[
0
1

]
, Bpv =

[
0

1.2

]
, CTpw =

[
1
10

]
, CTc = −

[
2

0.1

]
,

(6.54)
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Figure 6.6. Frequency response functions and error bound in the example on
structure-preserving model reduction.

and Cpy = Cpw. The objective is to perform a structured model order reduction
that preserves the feedback structure of the system using the technique proposed
in Section 6.6, as it is not feasible by using the method presented in Chapter 5.

The structured singular values obtained from the proposed method are Σp =
diag{19.12, 18.61} and Σc = diag{17.97, 0.31}. It is clear from Σp that trunca-
tion of any of the plant states results in a large error bound and it can cause a
poor model approximation. Conversely, there is a large difference between the
singular values of the controller. Therefore, we do not reduce the plant, but
only truncate the state of the transformed controller that corresponds to the
smallest singular value in Σc. In this way, we can still expect a good closed-loop
model approximation. To have a comparison between the reduced-order and
the original closed-loop systems, the frequency response function (from input
u to output y) of the original closed-loop system G(jω) is compared to that
of the reduced-order system, indicated by Ĝ(jω), in Fig. 6.6. Clearly, the ap-
proximation is highly accurate in terms of the H∞-norm of the error system
E(jω) = G(jω)− Ĝ(jω).

6.8.4 Robust model reduction

In this example, we investigate the application of the extended model order
reduction technique to the model reduction of a system with parametric uncer-
tainties. Hereto, we consider a wave equation which has a damping factor in the
forward direction. The wave equation, together with the considered boundary
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conditions and the initial condition, is given by

∂

∂t
q1(t, ξ) + c

∂

∂x
q1(t, ξ) = 0.025fq1(t, ξ), (6.55)

∂

∂t
q2(t, ξ)− c ∂

∂x
q2(t, ξ) = 0, (6.56)

q1(t, 0) = β1q2(t, 0) + u(t), (6.57)

q2(t, l) = β2q1(t, l), (6.58)

q1(0, ξ) = 0, (6.59)

q2(0, ξ) = 0, (6.60)

where t ≥ 0 and ξ ∈ [0, l] are the temporal and spatial variables, respectively.
Here, l = 1000 m is the length of the spatial domain. Moreover, qi(t, ξ) ∈ R,
i = 1, 2, are the distributed variables, c = 1000 m/s is the wave speed, and f is
a damping/amplifying factor. We take f to be uncertain, but we assume that
the upper and lower bounds of it are known as f ∈ [0.5, 10.5]. Moreover, β1 = 1
and β2 = 0.7, and u(t) is the input. The output is given by

y(t) = q1(t, l). (6.61)

From the literature, it is know that this system can be modeled by delay-
difference equations [34]. However, in this chapter, for the sake of illustration,
we discretized the first PDE describing q1 (6.55) to obtain an approximative
model of it in terms of ordinary-differential equations (ODEs), whereas we write
the other PDE (6.56) in terms of an equivalent delay equation, that is, we can
show that q2(t, 0) = q2(t− τ, l), with τ = l/c.

To perform the discretization, the spatial domain of the first PDE is discret-
ized into n cells of length ∆ξ. In the discretization scheme, Qi(t) approximates
the spatial average of q1(t, ξ) over the ith cell and satisfies

Q̇i(t) = γ1Qi−1(t)− γ2Qi(t), i = 1, 2, . . . , n, (6.62)

with γ1 = c/∆ξ and γ2 = c/∆ξ − 0.025f . In this formulation, we approximate
Q0(t) ≈ q1(t, 0). Following the fact that q2(t, 0) = q2(t− τ, l), and by using the
boundary conditions (6.57) and (6.58), we can further write Q0(t) ≈ β1β2Qn(t−
τ)+u(t), where the approximation q1(t, l) ≈ Qn(t) has been used. Finally, using
(6.62) together with these relations and the approximation y(t) ≈ Qn(t), we
obtain a model of the form (6.1) with C = [0, 0, · · · , 1], Cd = 0 and

A =


−γ2 0 0

γ1
. . .

. . .

. . .
. . . 0

0 γ1 −γ2

 , Ad =

[
0 γ1β1β2

0 0

]
, B =

[
γ1

0

]
.
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Figure 6.7. The singular values σk and the error bound ε as a function of the
reduction order k, for the robust model reduction.

We can then write this model as a time delay system with polytopic uncertainties,
due to uncertainties in f , in the form of (6.45) with d = 2. The order of this
model, determined by the resolution of the discretization, is chosen to be n = 25.
The frequency response function of the discretized model from input u to output
y is denoted by G(jω).

The presented robust/parameterized model order reduction method has been
applied to this model with polytopic uncertainties. Fig. 6.7 presents the resulting
extended singular values σk in comparison to the error bound ε as a function
of the order k of the reduced system. Based on this figure, we choose k = 4.
Note that σi and ε are independent of δ. Fig. 6.8 reports the frequency response
function of the original model G(jω) of order n = 25 in comparison to the
reduced-order model Ĝ(jω) of order k = 4 for the extremal values f = 0.5 and
f = 10.5. We observe that for both extremal values of f , the model reduction
results are quite accurate. We also observe, in the subfigure on the right-hand
side of Fig. 6.8, that in both cases, the H∞-norm of the error system G(jω) −
Ĝ(jω) is smaller than the a priori obtained error bound, as expected.

6.9 Conclusions

In this chapter, by introducing slack variables in the computation of bounds on
the energy functionals, we have obtained an extended model reduction technique
for linear time delay systems. This technique exhibits more flexibility compared
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Figure 6.8. (Left) comparison between the frequency response function of
the original system G and the reduced-order one Ĝ, and (right) error bound
in comparison to the frequency response function of the error system for the
extremal values of the uncertain parameter f .

to its existing counterparts, making it interesting for purposes such as para-
meterized and structured model reduction. Moreover, the proposed technique
preserves stability properties and also provides a computable error bound. We
have numerically evaluated the performance of the proposed method by applying
it to a feedback control system and to a model of neural fields in the brain.
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Chapter 7

Conclusions and
recommendations

7.1 Conclusions

It has been evidenced that automated managed pressure drilling (MPD) brings
significant safety and financial improvements, when compared to manual MPD
and conventional drilling. For instance, it reduces the non-productive time dur-
ing drilling operations and circulates out small- to medium-size kicks automatic-
ally, thereby significantly lowering the probability of the occurrence of blowouts.
However, the design and implementation of automated MPD is quite a challen-
ging procedure because drilling operations are performed under extremely harsh
and uncertain conditions of the deep layers of the earth crust. MPD automation
usually demands accurate, yet low-complexity, hydraulics models for simulation
and design purposes. To meet these challenges, partially, we have defined six
research objectives for this thesis, as listed below.

1. To construct a hydraulics simulation model that suits the assessment of
(MPD-based) pressure control systems for drilling systems. The model
should be representative enough in the sense that it captures the aforemen-
tioned hydraulics aspects of a drilling system as well as aspects that can be
detrimental to control performance in automated MPD.

2. To construct reduced-complexity models for MPD systems that facilitate
design and implementation of pressure control systems for MPD scenarios.

3. To validate the simulation model and the low-complexity models by con-
fronting those to data obtained from real-world MPD operations.
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4. To evidence the applicability of the reduced models by using those in the
design of novel pressure controllers that outperform existing pressure con-
trollers in terms of kick/mud loss attenuation and robustness against the
wave-propagation effect.

5. To develop a delay-structure preserving model order redcuton technique for
linear time delay systems. This technique should preserve stability proper-
ties and provide an a priori bound on the reduction error to enable quality
certification of the reduced-order model.

6. To develop a model reduction procedure that, in addition to the require-
ments in the item 5 above, facilitates model reduction for time delay sys-
tems with model parameters and physical structures (e.g., the interconnec-
tion of a systems and a controller) that need to be preserved.

Our efforts to address these objectives have lead to a number of contributions to
the fields of 1) modeling, model reduction and controller design for MPD auto-
mations, and 2) model reduction for time delay systems. These contributions
can be summarized as follows:

1. Fit-for-purpose modeling for MPD-relevant simulations: This contribu-
tion, which has been reported in Chapter 2, follows from the reasearch
objective 1, as mention above. This contribution has led to a model-based
simulation platform suitable for controller performance assessment in MPD
scenarios. It consists of a hydraulics model and numerical tooling to im-
plement the model in software. The model establishes a trade-off between
complex models used in commercial drilling simulators and simple models
used for controller design purposes.

2. Control-oriented models for MPD obtained by model reduction techniques:
This contribution has been reported in Chapters 3 and 4, and it concerns
the use of automatic model reduction techniques to develop low-complexity,
but representative, hydraulics models for the design of pressure controllers
for single-phase flow drilling systems. This contribution is the outcome of
our efforts to accomplish the second research objective of the thesis.

Specifically, the approach proposed in Chapter 3 has been based on a spa-
tial discretization of a variant of the infinite-dimensional model presented
in Chapter 2. Namely, the high-fidelity model is first approximated by a
high-order, finite-dimensional model in terms of ODEs with local nonlin-
earities. This model has then been cast into a Lur’e-type model form and
a nonlinear model order reduction technique has been used to construct an
approximative, low-order model of the same form. The presented model
reduction procedure preserves stability properties of the original high-order
model irrespective of the reduction order.
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In contrast, Chapter 4 has constructed reduced-complexity models in terms
of time delay equations. In the model reduction approach developed
in Chapter 4, the advective nature of the infinite-dimensional hydraul-
ics model is captured by a low-order system of delay-difference equations.
This delay model is combined with another model of ODEs to approximate
effects of the source terms, i.e., gravitational and frictional effects. This ap-
proximative model is constructed by a data-based (moment-matching) ap-
proach which approximates the relevant input-output frequency response
functions of the original infinite-dimensional model.

3. Model validation with field data: To accomplish Objective 3, the simulation
model in Chapter 2 and the reduced-order model in Chapter 3 have been
validated for industry-relevant single-phase flow MPD scenarios by com-
paring those with field data obtained from real-life MPD operation. These
validation results have evidenced the predictive capacity of the developed
hydraulics models.

4. Novel pressure controller design for MPD: The desire in Objective 4 for
using the developed reduced-complexity model for controller design has led
to this contribution, which has been reported in Chapter 4. This contri-
bution has presented the development of a novel pressure controller based
on the reduced-complexity delay model developed in the same chapter.
Lyapunov-Krasovskii theorems have been used to design this controller.
The controller guarantees the local stability of the closed-loop system.
This controller uses only the surface pressure measurements, and after ap-
plying it to the underlying (original) high-fidelity model, we observed that
the proposed controller provides a significant performance improvement
over state-of-practice pressure controllers. This improvement can be eval-
uated in terms of robustness against the wave propagation effect and the
rise time in response to step changes in the reservoir pressure.

5. Novel model reduction techniques for time delay systems: The last contri-
bution of this thesis was to develop two novel delay-dependent model order
reduction techniques for linear time delay systems in an attempt to meet
the 5th and 6th research objectives of the thesis, as mentioned previously.
These techniques have been detailed in Chapters 5 and 6.

These techniques both preserve stability properties and the delay structure
of the original time delay system, and provide guaranteed, a priori, com-
putable error bounds on the accuracy of the obtained reduced-order mod-
els. The proposed techniques have been developed based on a definition
of observability and controllability energy functionals that conceptually
characterize controllability and observability properties of time delay sys-
tems. Those functionals, however, have not been directly used in the model
reduction procedure because it is generally challenging to compute those
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functionals exactly. Instead, it has been shown that computable Lyapunov-
Krasovskii functionals, described by quadratic terms, can be used to bound
and approximate these observability and controllability energy functionals.
Those approximative functionals were characterized by matrix variables,
which are solutions to a set of matrix inequalities. These matrix variables
were used as a basis for constructing a balancing transformation that was
subsequently used for model order reduction by truncation.

The benefits of the technique presented in Chapter 5 are, first, to extend,
with reference to existing work in the literature, the class of time delay
systems that can be reduced and, second, to alleviate the large conser-
vatism (in terms of, e.g., error bound) associated with delay-independent
model reduction techniques. In this method, the approximative function-
als are characterized by matrix variables which are used in the procedure
of model reduction. However, this can compromise the tightness of the
bounds on the energy functionals and, consequently, degrades the quality
of model approximation when used for parameterized or structured model
reduction of delay systems.

This issue has been addressed in Chapter 6, where we have proposed
an extended model order reduction approach which, alternatively, used
slack matrix variables for balancing. The slack variables were enforced
in the matrix inequalities in such a way that those did not arise ex-
plicitly in the approximative functionals. This property enabled struc-
tured/parametrized model reduction of linear time delay systems without
imposing any structure on the matrices characterizing the approximative
functionals, which, in turn, improved the feasibility and quality of model
reduction.

7.2 Recommendations

There still remains many territories in the field of MPD automation to be ex-
plored and countless questions and issues remain to be addressed. In this section,
we highlight a number of these challenges and recommend high-level solutions
to meet these challenges. We also present recommendations for future research
directions.

7.2.1 Recommendations with respect to Chapter 2

The simulation model presented in Chapter 2 can still be extended from several
perspectives. For instance, the model does not capture the vertical motions of
the drillstring. These motions are especially important when it comes to the
simulation of heave motions (in offshore drilling) and tripping scenarios which
cause swab and surge effects. The vertical motion of the drillstring leads the



7.2 Recommendations 181

flow path to have a time-varying cross-sectional area, which can probably be
described by a simple advection equation. It thus remains to modify the model
by incorporating the temporal variations of the area.

Furthermore, the drift-flux model can be replaced by the two-fluid model to
enable the simulation of more advanced drilling scenarios, such as the migration
of pockets of gas. Specially, the current model is less accurate for scenarios
where the gas fraction is larger than 25%, while the two-fluid model maintains
its accuracy for all gas fractions. However, it is remarked that the numerical
implementation of the two-fluid model is more challenging. Developing numerical
techniques that are more powerful in preserving essential properties of PDE
models such as the drift-flux model and two-fluid model is a active research
area, which can be explored further.

Couplings between fluid dynamics and mechanical dynamics of the drillstring
have been ignored in this thesis. Another direction for future research can be
the study of the drillstring dynamics in the presence of fluid dynamics and vice
versa. In particular, when it comes to the study of the stick-slip vibrations in
the drillstring, it seems that the effects of the fluid dynamics are so significant
that should not be ignored.

Moreover, it is recommended to investigate the validity of the hydraulics
model of Chapter 2 for two-phase flow scenarios as well. Model validation studies
for single-phase flow scenarios have already been a challenging task. However,
we expect that this research direction to face many more challenges, especially
because it demands to tune multiple model parameters and also because drilling
data usually suffer from inaccuracies and offsets. Preliminary results on this
research direction have been reported in HYDRA deliverables D 5.5 and D 5.6.

7.2.2 Recommendations with respect to Chapters 3 and 4

In the presented techniques in Chapters 3 and 4, the distributed nonlinearities
due to friction have been ignored. An immediate, but interesting, research dir-
ection is to develop a nonlinear model order reduction technique that can reduce
the model complexity in the presence of the related distributed nonlinearities.

Furthermore, drilling systems are highly uncertain. However, we have not
considered all parametric uncertainties in the models developed in these two
chapters. Thus, the next recommended research direction is to develop appro-
priate parameterized model reduction techniques on the basis of the presented
model reduction techniques.

Furthermore, the delay-difference model in Chapter 4 is currently obtained
by a data-based technique. But, it is claimed that this model has a closed-
form state-space realization that can be obtained analytically. We recommend
to investigate this claim and develop a technique to compute this realization
analytically.

Moreover, the presented reduced-complexity model and the subsequent pres-

https://cordis.europa.eu/project/id/675731/results
https://cordis.europa.eu/project/id/675731/results
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sure controller can be extended to incorporate changes in the pump flow rate.
Furthermore, it has been shown that for certain classes of source terms in hyper-
bolic systems (with unilateral couplings), the model approximation of Chapter 4
becomes exact, i.e., the hyperbolic model can be exactly described by a singular
model in terms of delay-differential equations. This probably leads to an analyt-
ical technique, as opposed to the current interpolation-based technique, for the
computation of an approximative time delay model for the case of bidirectional
coupling source terms.

A stability analysis for the closed-loop nonlinear system is currently missing
in Chapter 4. This can provide an interesting problem for further research.

Extending these results to two-phase flow scenarios is another ambitious re-
search direction. In particular, the eigenvalues of the drift-flux model are state-
dependent and highly dependent on the gas distribution along the flow path.
Therefore, a time-delay model that is to approximate the drift-flux model should
be one with state-dependent delays.

Intelligent pressure control systems are currently missing in MPD automa-
tion. Exploring potentials of artificial intelligence for this purpose is highly re-
commended. In particular, drilling systems are associated with severe complex-
ities and uncertainties, and artificial intelligence and learning control techniques
can probably provide prescriptions to partially remedy these issues. Nonetheless,
given the complexity of drilling systems and limitations in measurements, data-
based intelligent control techniques should be used together with model-based
techniques for them to be efficient and come with ample reliability.

7.2.3 Recommendations with respect to Chapters 5 and 6

The techniques presented in these two chapters were inspired by stability analysis
techniques which already exist for time delay systems. Thus, it is recommended
to further extend other stability criteria to the area of model order reduction.
In particular, the techniques presented in Chapters 5 and 6 can be extended to
time delay systems with uncertain time delays, or systems with distributed delays
can also be an option. However, these extensions have now become relatively
straightforward. Another direction with respect to these chapters which is worth
investigating is to further explore the associated optimization problems with the
involved matrix inequalities which provide a characterization of the functionals
approximating the observability and controllability properties of the time delay
system. A researcher who is interested in this direction may want to study topics
such as the feasibility of the optimization problem and developing cost functions
that lead to the most suitable solution for model reduction. Developing the
singular perturbation version of the model reduction techniques in these two
chapters is another challenging and interesting research direction to take into
consideration.

There are systems which are modeled by high-dimensional (i.e., order) hy-
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perbolic partial differential equations. Simulation, analysis and design for these
type of models is rather challenging due to the large number of partial differ-
ential equations involved. It seems that model reduction techniques similar to
those developed in Chapters 5 and 6 can be used to reduce the complexity of
such high-order hyperbolic models as well. An interesting research direction is
to investigate this problem by defining relevant functionals that can approx-
imate observability and controllability properties of such distributed systems.
These functional if characterizable by suitable positive-definite matrices might
be usable to develop a balancing-type model reduction procedure.
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Appendix A

Proofs and derivations

A.1 Approximate solution for turbulent flows

We here present an approximate solution to (2.6) based on a first-order Taylor
series expansion. From (2.6), we define

H(ν) :=
1√
ν

+ 4 log

0.27ε

Deff
+

1.26n
−1.2
m(

ν(1−nm2 )Re
)n−0.75

m

 , (A.1)

such that H(ν) = 0. Next, we take

ν = ν0 −∆ν, (A.2)

where

ν0 =
1

16
(

log
(

0.27ε
Deff

+ 5.74
Re0.9

))2 , (A.3)

is a well-known approximate solution to Colebrook equation, which is recovered
from (A.1) for nm = 1, see [146]. Moreover, ∆ν is a parameter that is to be
approximated. Now, using a Taylor expansion of H(ν) around ν0, we obtain

H(ν) ≈ H(ν0)−H ′(ν0)∆ν, (A.4)

where H ′(ν0) = dH
dν (ν0) is available analytically. Following (A.4), designing ∆ν

as

∆ν =
H(ν0)

H ′(ν0)
, (A.5)
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leads to H(ν0−∆ν) ≈ 0. Substituting this design of ∆ν into (A.2) further leads
the following explicit approximation for the friction factor:

ν ≈ ν0 −
H(ν0)

H ′(ν0)
. (A.6)

One can expand this equation to obtain a closed-form description of it to re-
duce the computational burden during simulations. Our numerical evaluations
verified the high accuracy of this approximate solution over a wide range of
Reynold’s numbers and 0.6 < nm < 1.4.

A.2 Derivation of the dynamical bit equation

The bit equation is obtained by considering a control volume filled with only
liquid over the bit, as illustrated in Fig. A.1, and averaging the momentum
conservation equation for liquid over the control volume. For the first and second
halves of this control volume, each of the length ∆l/2, located in the drilling
and annulus, we obtain, respectively

∆l
2

drillstring

annulus

control volume

bit

Figure A.1. A schematic of the control volume assumed over the bit to facil-
itate solving the boundary equations at the bit.

∆l

2

dz(t)

dt
= Ad(L)

( z2(t)

Ad(L)ρ(t, L−∆l/2)
− z2(t)

Ad(l)ρ(t, L)

+ pd(t, L−∆l/2)− pd(t, L)
)

+ s̃d(t),

(A.7)

∆l

2

dz(t)

dt
= −Aa(0)

( z2(t)

Aa(0)ρa(t,∆l/2)
− z2(t)

Aa(0)ρa(t, 0)

+ pa(t,∆l/2)− pa(t, 0)
)

+ s̃a(t),

(A.8)
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where z(t) is an approximation of the average mass-flow rate in this control
volume, which also gives an approximation of the flow through the bit. Note
that we have also assumed a single-phase flow in the one-half of this control

volume that is in the annulus. Moreover, s̃d = Ad(L)
∫ L
L−∆l/2

sd(ud, t, x) dx and

s̃a = Aa(0)
∫∆l/2

0
sa(ua, t, x) dx. These terms can be approximated as follows:

s̃d(t) ' Ad(L)
∆l

2
sd

(
Ud,N , t, L−

∆l

2

)
,

s̃a(t) ' Aa(0)
∆l

2
sa

(
Ua,1, t,

∆l

2

)
.

(A.9)

Next, considering that ρ(t, L−∆l/2) ' ρ(t, L) and ρa(t,∆l/2) ' ρa(t, 0), sub-
tracting (A.7) from (A.8) results in

Aa(0)pa(t, 0) +Ad(L)pd(t, L) = Aa(0)pa(t,∆l/2)

+Ad(L)pd(t, L−∆l/2)− s̃d(t) + s̃a(t).
(A.10)

Now, given the bit equation in (2.18a), we have

pd(t, L)− pa(t, 0) =
1

2ρ(t, L)

(
z(t)

cdAn

)2

, z > 0. (A.11)

If we solve (A.10) and (A.11) for pd(t, L) and pa(t, 0) and substitute the solution
into the summation of (A.7) and (A.8), we obtain the bit equation (2.40).

A.3 Proof of Lemma 3.3

To prove the first statement of this lemma, we use the theory of dissipative
systems. Given the fact that Σc

lin is asymptotically stable with an H∞-gain
smaller than one, see Remark 3.9, there exists a Lyapunov function V (z) ≥ 0
such that

V̇ ≤ |w̃s|2 − |ṽs|2, (A.12)

for ũ1 = 0. Now, considering (3.22), which implies |w̃s| ≤ µwv|ṽs|, for ũ2 = 0,
we obtain

V̇ ≤ (µ2
wv − 1)|ṽs|2, (A.13)

Because the linear subsystem Σc
lin is not necessarily minimal from w̃s to ṽs, V̇ (z)

is only negative semi-definite. However, the result in (A.13) implies, following
LaSalle’s invariance principle [72], that the trajectories of the system for ũ = 0
approach the invariant set {z ∈ Rnc | V̇ (z) = 0}, which is contained within the
set {z ∈ Rnc | w̃s = 0} (note that w̃s = 0 follows from ṽs = 0), because V̇ = 0
implies w̃s = 0. Given the minimality of Σc

lin, this invariant set contains only
the origin, i.e., z = 0. This implies that Σ∗ has a locally asymptotically stable



190 Appendix A. Proofs and derivations

origin for z(0) ∈ Rnc and ũ = 0. Next, we prove the second statement; for Σc
nl,

we have
δw̃s = hc (ṽs, ũ2)− hc

(
ˆ̃vs, ˆ̃u2

)
,

which leads to

δw̃s = hc (ṽs, ũ2)− hc

(
ˆ̃vs, ũ2

)
+ hc

(
ˆ̃vs, ũ2

)
− hc

(
ˆ̃vs, ˆ̃u2

)
.

As a result

‖δw̃s‖2 =
∥∥∥hc (ṽs, ũ2)− hc

(
ˆ̃vs, ũ2

)∥∥∥
2

+
∥∥∥hc

(
ˆ̃vs, ũ2

)
− hc

(
ˆ̃vs, ˆ̃u2

)∥∥∥
2
.

Given the definition of incremental L2 gains for the nonlinear mapping, we can
write

‖δw̃s‖2 ≤ µwv‖δṽs‖2 + µwu2‖δũ2‖2. (A.14)

Next, we show a similar inequality for the linear system Σc
lin. Given the asymp-

totic stability of Σc
lin, we can define the input-output operator Fv : L2

2×L2
2 → L2

2

such that ṽs = Fv(ũ1, w̃s) for zero initial condition. Using this operator, we can
show as before that

‖δṽs‖2 ≤ ‖δw̃s‖2 + ‖δũ1‖2. (A.15)

where the bounded realness of the system has been exploited. The use of the
inequality (A.15) in (A.14) reveals that

‖δw̃s‖2 ≤ µwv (‖δw̃s‖2 + ‖δũ1‖2) + µwu2‖δũ2‖2.

As a result
‖δw̃s‖2 ≤

µwv
1− µwv

‖δũ1‖2 +
µwu2

1− µwv
‖δũ2‖2. (A.16)

As before, we can show that

‖δỹ‖2 ≤ γyw‖δw̃s‖2 + γyu1
‖δũ1‖2,

which, when combined with result (A.16), returns

‖δỹ‖2 ≤ γ̄yu1
‖δũ1‖2 + γ̄yu2

‖δũ2‖2, (A.17)

with γ̄yu1 = γyu1 +
γywµwv
1−µwv , γ̄yu2

=
γywµwu2
1−µwv the incremental L2-gains of the total

system Σ∗, which are bounded due to (3.22). Next, we find an upper bound in
terms of ‖δũ‖2 for the term on the right-hand side of (A.17). We can show that

(γ̄yu1
‖δũ1‖2 + γ̄yu2

‖δũ2‖2)
2 ≤ 2

(
γ̄2
yu1
‖δũ1‖22 + γ̄2

yu2
‖δũ2‖22

)
.
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Clearly

2
(
γ̄2
yu1
‖δũ1‖22 + γ̄2

yu2
‖δũ2‖22

)
≤ 2 max

(
γ̄2
yu1

, γ̄2
yu2

) (
‖δũ1‖22 + ‖δũ2‖22

)
.

Given the equality ‖δũ1‖22 + ‖δũ2‖22 = ‖δũ‖22, we finally arrive at the desirable
relation

‖δỹ‖2 ≤
√

2 max
(
γ̄yu1

, γ̄yu2

)
‖δũ‖2 .

This completes the proof.

A.4 Proof of Theorem 3.1

The subsystem Σ̂c
lin is asymptotically stable, minimal and strictly bounded real

as a result of Lemma 3.2. This, with the fact that (3.22) holds, implies, due
to Lemma 3.3, that the reduced order system Σ̂∗ has a bounded incremental
L2 gain and an asymptotically stable origin for zero input ũ = 0. This proves
the first statement. To prove the second statement, for the initial condition
ζ̂(0) = 0 of Σ̂c

lin, we define the input-output operators F̂v : L2
2 × L2

2 → L2
2 such

that ˆ̃vs = F̂v(ũ1, ˆ̃ws). The definition of this operator is allowed by asymptotic
stability of Σ̂c

lin. Now, we have

δṽs = Fv(ũ1, w̃s)− F̂v(ũ1, ˆ̃ws). (A.18)

Therefore

δṽs = Fv(ũ1, w̃s)− F̂v(ũ1, w̃s) + F̂v(ũ1, w̃s)− F̂v(ũ1, ˆ̃ws), (A.19)

which leads to
‖δṽs‖2 = ‖Fv(ũ1, w̃s)− F̂v(ũ1, w̃s)‖2

+ ‖F̂v(ũ1, w̃s)− F̂v(ũ1, ˆ̃ws)‖2.
(A.20)

Lemma 3.2 implies that

‖Fv(ũ1, w̃s)− F̂v(ũ1, w̃s)‖2 ≤ εlin‖ũ1‖2 + εlin‖w̃s‖2, (A.21)

This with ‖F̂v(ũ1, w̃s) − F̂v(ũ1, ˆ̃ws)‖2 < ‖δw̃s‖2 (recall that Σ̂clin is strictly
bounded real) results in

‖δṽs‖2 ≤ εlin‖ũ1‖2 + εlin‖w̃s‖2 + ‖δw̃s‖2, (A.22)

Using ‖δw̃s‖2 ≤ µwv‖δṽs‖2 (note that δũ = 0), we further obtain

‖δṽs‖2 ≤ εlin‖ũ1‖2 + εlin‖w̃s‖2 + µwv‖δṽs‖2, (A.23)
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which if used along with (A.16) and, again, ‖δw̃s‖2 ≤ µwv‖δṽs‖2 results in

‖δw̃s‖2 ≤
µwvεlin

1− µwv

(
1

1− µwv
‖ũ1‖2 +

µwu2

1− µwv
‖ũ2‖2

)
.

Now, for δỹ, we can also write

‖δỹ‖2 ≤ γyv (εlin‖ũ1‖2 + εlin‖w̃s‖2 + ‖δw̃s‖2) . (A.24)

Next, using (A.16) and (A.23) in (A.24) returns

‖δỹ2‖ ≤ γ̂yu1
‖ũ1‖2 + γ̂yu2

‖ũ2‖2,

where γ̂yu1
= εlinγyv/(1− µwv)2

, γ̂yu2
= µwu2

γ̂yu1
. Therefore

‖δỹ2‖2 ≤
√

2εlinγyv max (1, µwu2
)

(1− µwv)2 ‖ũ‖2,

which completes the proof.

A.5 Reformulation of the boundary conditions
in Section 4.2

We would like to transform the boundary conditions in (4.3) to the perturbation
coordinates and rewrite them in the form (4.7). It is recalled that the origin
of the new coordinates is the system steady-state solution ρ∗i and η∗i , i = a,d,
that corresponds to the nominal inputs J∗p , z∗c and ρ∗res. In the perturbation
coordinates, the equation in (4.3a) can be written as

Adη̃d(t, l) + T15ρ̃d(t, l) + T13ρ̃dh(t) + h1 (ρ̃d(t, l), ρ̃dh(t)) = 0,

where it is recalled that η̃d = ηd−η∗d, ρ̃d = ρd−ρ∗d and ρ̃dh = ρdh−ρ∗dh. Moreover,
the nonlinearity in (4.3a) has been split into a linear part and a nonlinear part
h1(·, ·). The linear part is obtained by linearizing the nonlinear terms around
the steady-state solution, leading to

T13 =
Anzcdclρ

∗
d(l)√

2ρ∗d(l) (ρ∗d(l)− ρ∗dh)
,

T15 =
−Anzcdcl (2ρ

∗
d(l)− ρ∗dh)√

2ρ∗d(l) (ρ∗d(l)− ρ∗dh)
.

Similarly, the choke equation in (4.3c) can be written in the perturbation co-
ordinates as follows:

T38η̃a(t, l) + T37ρ̃c(t)− z̃c(t)− h2 (ρ̃c(t), z̃c(t)) = 0,
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where η̃a = ηa − η∗a , ρ̃c = ρc − ρ∗c and z̃c = zc − z∗c , and the constants T38 and
T37 and the nonlinear term h2 are given by

T37 =
−z∗c (2ρ∗c − ρ0)

2ρ∗c (ρ∗c − ρ0)
,

T38 =
Aa

kccl
√

2ρ∗c (ρ∗c − ρ0)
,

h2 = T37ρc(t) + z̃c − z∗c +
zc
√

2ρc(t) (ρc(t)− ρ0)√
2ρ∗c (ρ∗c − ρ0)

.

(A.25)

This finally leads to the formulation of the boundary conditions in perturbation
coordinates as in (4.7) with the matrix Π1 given by

Π1 =


0 0 T13 0 T15 0 0 0
0 0 −krc2l −Aa 0 Ad 0 0
0 0 0 0 0 0 T37 T38

0 Ad 0 0 0 0 0 0

 . (A.26)

The function ψ is thus defined as ψ := [z̃c +h2, ρ̃res, h1]T . Considering the order
of the boundary conditions in (4.3) and the definition of ψ, we obtain

Π2 =


0 0 1
0 −kresc

2
l 0

1 0 0
0 0 0

 . (A.27)

The first argument of ψ(·, ·) is the vector [qd,1(t, l), ρ̃dh(t), ρ̃c(t)]
T , which should

be extracted from [QT (t, 0), QT (t, l)]T by Γ. Following the definition of Q in
(4.5), we thus obtain

Γ =

 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0

 . (A.28)

A.6 Periodicity of exp(Ξi(s)ξ) in Lemma 4.1

In this section, we provide an argument for the fact that exp(Ξi(jω)ξ) in Lemma 4.1
converges to a periodic behavior at high frequencies. Here, we show this fact
only for the upper-left element of this matrix, that is, we show that m11(jω, ξ)
in (4.16) converges to a periodic function for ω → +∞. To this end, we first
rewrite β(jω), defined below (4.17), as

β(jω) =
|ω|
√

(c2α2 + f11f22 − f12f21 − 1) + j f11+f22
ω

cl
.
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For this expression, we obtain

lim
ω→∞

β(jω) =
1

cl
|ω|ej(

π
2−

f11+f22
2ω ).

Now, using Euler’s formula, this limit can further be simplified as

lim
ω→+∞

β(jω) =
1

cl

(
jω +

f11 + f22

2

)
. (A.29)

This clearly implies that limω→∞ |β| =∞. Therefore, we can ignore the second
term on the right-hand side of (4.16) in the limit of ω → +∞ and write

lim
ω→+∞

m11(jω, ξ) = cosh

(
ξ

cl

(
jω +

f11 + f22

2

))
, (A.30)

where (A.29) has been substituted in (4.16). This limit can further be written
in the following form:

lim
ω→+∞

m11(jω, ξ) = cosh

(
ξ

cl

f11 + f22

2

)
cos

(
ξ

cl
ω

)
+ j sinh

(
ξ

cl

f11 + f22

2

)
sin

(
ξ

cl
ω

)
.

The function on the right-hand side of this equality is clearly a periodic function
of ω with a period of 2πcl/ξ. A similar argument can be used to show that all
other elements of exp(Ξiξ) are periodic functions with the same periods.

A.7 Proof of Theorem 4.3

First, we show that the delay-difference part of the system (4.34), i.e., 0 =
Ac,22x̃2(t) +Ad,22x̃2(t− τ) with Ac,22, Ad,22 respectively the lower-right n2×n2

blocks of Ac, Ad, is strongly stable. The satisfaction of (4.35) for a nonsingular
P3 implies that Φ11 < 0, which in turn implies

Ac,22P3 + PT3 A
T
c,22 + U22 < 0, (A.31)

with U22 being the lower-right n2 × n2 block of U . Since U22 > 0 and P3 is
full-rank, (A.31) implies that Ac,22 is nonsingular. The satisfaction of (4.35)
also implies that[

ATc,22P
−1
3 + P−T3 Ac,22 + Ū22 P−T3 Ad,22

ATd,22P
−1
3 −Ū22

]
< 0,

with Ū22 the lower-right n2 × n2 blocks of Ū . This result further implies that

ATc,22P
−1
3 + P−T3 Ac,22 + Ū22 + P−T3 Ad,22Ū

−1
22 A

T
d,22P

−1
3 < 0,
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where a Schur complement has been used. Multiplying this inequality from the
right by a non-zero vector v ∈ Cn2 and from the left by its conjugate transpose
vH , we obtain

−2
∣∣vHATc,22P

−1
3 v

∣∣+
∣∣∣Ū1/2

22 v
∣∣∣2 +

∣∣∣Ū−1/2
22 ATd,22A

−T
c,22A

T
c,22P

−1
3 v

∣∣∣2 < 0.

Thus, it holds that

−
∣∣vHATc,22P

−1
3 v

∣∣+
∣∣vHATd,22A

−T
c,22A

T
c,22P

−1
3 v

∣∣ < 0, (A.32)

where the inequality∣∣∣Ū1/2
22 v

∣∣∣2 +
∣∣∣Ū−1/2

22 ATd,22A
−T
c,22A

T
c,22P

−1
3 v

∣∣∣2 ≥ 2
∣∣vHATd,22A

−T
c,22A

T
c,22P

−1
3 v

∣∣ ,
has been used. Now, if we take v to be any eigenvector of A−1

c,22Ad,22 with the

corresponding eigenvalue λ = λ(A−1
c,22Ad,22), then (A.32) implies that

−
∣∣vHATc,22P

−1
3 v

∣∣+ |λ|
∣∣vHATc,22P

−1
3 v

∣∣ < 0,

which implies that |λ| < 1.
Next, the functional (4.37) is a Lyapunov-Krasovskii functional. For the time

derivative of this functional along the solution of (4.34), we obtain

V̇c(x̃t) = 2 (Acx̃(t) +Adx̃(t− τ))
T
P̄ x̃(t)

+ x̃T (t)Ū x̃(t)− x̃T (t− τ)Ū x̃(t− τ)

+ αcτ
2 ˙̃xT1 (t)P̄1

˙̃x1(t)− αcτ
∫ t

t−τ
˙̃xT1 (s)P̄1

˙̃x1(s)ds.

Given the fact that ˙̃x1(t) = ΛE ˙̃x(t), we can write the above in the following
form:

V̇c(x̃t) = 2(Acx̃(t) +Adx̃(t− τ))T P̄ x̃(t)

+ x̃T (t)Ū x̃(t)− x̃T (t− τ)Ū x̃(t− τ)

+ αcτ
2 ˙̃xT (t)ETΛT P̄1ΛE ˙̃x(t)

− αcτ
∫ t

t−τ
˙̃xT1 (s)P̄1

˙̃x1(s)ds.

(A.33)

Applying Jensen’s inequality [58] to the last term in the right-hand side of (A.33),
we further obtain

V̇c(x̃t) ≤ 2(Acx̃(t) +Adx̃(t− τ))T P̄ x̃(t)

+ x̃T (t)Ū x̃(t)− x̃T (t− τ)Ū x̃(t− τ)

+ αcτ
2 ˙̃xT (t)ETΛT P̄1ΛE ˙̃x(t)

− αc (x̃(t)− x̃(t− τ))
T

ΛT P̄1Λ (x̃(t)− x̃(t− τ)) .
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where x̃1 = Λx̃ has been used. Substituting (4.34) into this inequality leads to

V̇c(x̃t) ≤ ζTc (t)
(
Mc + αcτ

2GTΛT P̄1ΛG
)
ζc(t), (A.34)

with ζTc (t) = [x̃T (t), x̃T (t− τ)] and G = [Ac, Ad] and some matrix Mc.
Clearly, if

V̇c(x̃t) + x̃T (t)QThQhx̃(t) + γ2x̃T (t)KTKx̃(t) < 0, (A.35)

holds, given the fact that |λ(A−1
c,22Ad,22)| < 1 also holds, it is guaranteed that

(4.34) is asymptotically stable due to Lyapunov-Krasovskii stability theorems
(see [48], Section 3.4.4). Note that always QThQh + γ2KTK ≥ 0. We can show
that the satisfaction of the matrix inequity Θ11 ∗ ∗

ATd P̄ + αcΛ
T P̄1Λ −Ū − αcΛT P̄1Λ ∗

τP̄1Λ (A−BKsf) τP̄1ΛAd α−1
c P̄1

 < 0,

Θ11 = AT P̄ + P̄TA+ Ū − αcΛT P̄1Λ−KT
sfB

T P̄

− P̄TBKsf +QThQh + γ2KT
sfKsf ,

(A.36)

guarantees the satisfaction of the inequality (A.35). Applying Schur comple-
ments to (4.35), and then left and right multiplication of the resulting inequality
with blkdiag{P̄T , P̄T , P̄T1 } and blkdiag{P̄ , P̄ , P̄1}, reveals that (4.35) implies
(A.36). Therefore, the satisfaction of (4.35) implies the asymptotic stability of
(4.34). This completes the first part of the proof.

Next, we prove the validity of the inequality in (4.36). Integrating the in-
equality (A.35) over [t,∞) yields(

lim
t→∞

Vc(x̃t)
)
− Vc(x̃t)

+

∫ ∞
t

(
x̃T (s)QThQhx̃(s) + γ2u2

sf(s)
)
ds < 0.

The asymptotic stability of (4.34) implies that Vc(x̃∞) = 0. Thus, (4.36) follows.

A.8 Proof of Theorem 4.4

We first need to show that the delay-difference part of the error dynamics in
(4.42), i.e., 0 = Āo,22z2(t) + Ād,22z2(t − τ), is strongly stable. Here, Āo,22 and
Ād,22 are the lower-right n2 × n2 blocks of Āo := Ā− LC̄ and Ād, respectively,
and z2 = x2 − x̂2 is the lower part of z that corresponds to these matrices. To
this end, we first eliminate the variables S and αo from the inequality (4.43) by
multiplying it from the left and right by[

I 0 ĀTo
0 I ĀTd

]
, and

[
I 0 ĀTo
0 I ĀTd

]T
,
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respectively. Performing this multiplication and then applying a Schur comple-
ment reveals that the satisfaction of (4.43) implies that the following inequality
holds:  ĀToQ+QT Āo +H − M̄ +Qo ∗ ∗

ĀTdQ+ M̄ −H − M̄ ∗
τM Λ̄Āo τM Λ̄Ād −M

 < 0. (A.37)

Now, by following a similar procedure as in the proof of Theorem 4.3 in Ap-
pendix A.7, (A.37) can be used to prove that Āo,22 is nonsingular. Moreover,
it can be proved that all eigenvalues of Ā−1

o,22Ād,22 are located within the unit
circle, which implies the strong stability of the delay-difference part of the error
dynamics.

Next, following a procedure similar to the second part of the proof of The-
orem 4.3, we can show that

V̇o(zt) ≤ 2żT (t)ĒTQz(t) + z(t)Hz(t)− z(t− τ)Hz(t− τ)

+ τ2żT (t)ĒT Λ̄TM Λ̄Ēż(t)

− (z(t)− z(t− τ))
T

Λ̄TM Λ̄ (z(t)− z(t− τ)) .

Using the fact that (Ā− LC̄)z(t) + Ādz(t− τ)− Ēż(t) = 0, we can write this
inequality in the following form:

V̇o(zt) ≤ 2żT (t)ĒTQz(t) + z(t)Hz(t)− z(t− τ)Hz(t− τ)

+ τ2żT (t)ĒT Λ̄TM Λ̄Ēż(t)

− (z(t)− z(t− τ)) Λ̄TM Λ̄ (z(t)− z(t− τ))

+ 2
(
z(t) + αoĒż(t)

)T
S
(

(Ā− LC̄)z(t)

+ Ādz(t− τ)− Ēż(t)
)
,

where the last term on the right-hand side is always zero. Now, we add the term
zT (t)Qoz(t) to both sides of this inequality to obtain

V̇o(zt) + zT (t)Qoz(t) ≤ ζTo (t)Nζo(t), (A.38)

where N is the matrix on the left-hand side of (4.43) with L̄ := SL, and ζTo =
[zT (t), zT (t− τ), żT (t)ĒT ]. Given results on the stability of time delay systems
(see [48], Section 3.4.4), V̇o(zt) < 0, along with the fact the delay-difference
part of the error dynamics is strongly stable, grantees the asymptotic stability
of the error dynamics of the observer. Clearly, the satisfaction of the inequality
(4.43) implies that N < 0 which guarantees V̇o(zt) < 0, thereby the asymptotic
stability of the error dynamics. Now, integrating both sides of (A.38) over the
interval [t,∞) reveals that(

lim
t→∞

Vo(zt)
)
− Vo(zt) +

∫ ∞
t

zT (s)Qoz(s) ds < 0.
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Due to the asymptotic stability of the error dynamics, we have limt→∞ Vo(zt) =
0. This leads to (4.44) and completes the proof.

A.9 Proof of Theorem 5.1

We prove this theorem by showing that the reduced model has no poles in the
closed right-half complex plane, using the counterparts of the inequalities in (5.3)
and (5.18) for the reduced-order system Ω̂ in (5.34). Let λ ∈ C be a root of the
characteristic equation of Ω̂, i.e.,

det
(
λIk − Â(λ)

)
= 0, (A.39)

with Â(λ) = A11 +Ad,11e
−τλ, and let V ∈ Rk×d be a matrix such that(

λIk − Â(λ)
)
V = 0. (A.40)

Here, d is the geometric multiplicity of λ. Next, Lemma 5.4 implies that the
reduced system fulfils the inequality (consider the counterpart of (5.14) for the
reduced system)[

Σ1A11+AT11Σ1+Qa,11 Σ1Ad,11

∗ −Qa,11

]
+

[
CT1
CTd,1

][
C1 Cd,1

]
+ αo

[
−Σ1 Σ1

∗ −Σ1

]
+ αoτ

2

[
AT11

ATd,11

]
Σ1

[
A11 Ad,11

]
≤ 0,

where Σ1 ∈ Rk×k is the upper-left block of Σ as in (5.45). Left and right

multiplication of the above inequality by [Ik, Ike
−τλH ] and [Ik, Ike

−τλH ]H , and
considering λ = µ+ jω, with j =

√
−1, we obtain

ÂH(λ)Σ1 + Σ1Â(λ) +Qa,11

(
1− e−2µτ

)
+
[
Ik Ike

−τλH
] [ CT1

CTd,1

] [
C1 Cd,1

] [ Ik
Ike
−τλ

]
+ αoΣ1

(
e−τλ

H

+ e−τλ − 1− e−2µτ
)

+ αoτ
2ÂH(λ)Σ1Â(λ) ≤ 0.

(A.41)

Next, multiplying this result with V H , from the left, and V , from the right, and
using Â(λ)V = λV (see (A.40)), along with the fact that the forth term in the
left-hand side of (A.41) is always non-negative, yields

2µV HΣ1V +
(
1− e−2µτ

)
V HQa,11V + αof (ω̄, µ)V HΣ1V ≤ 0, (A.42)

where f(ω̄, µ) = 2e−τµ cos(ω̄)−1−e−2µτ +τ2µ2 + ω̄2, ω̄ = τω, which is obtained

by using e−τλ
H

+ e−τλ = 2e−τµ cos (ωτ) and λHλ = µ2 + ω2. It can be shown
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that, except for the origin (i.e., λ = 0), when τ > 0, and for the imaginary axis
(i.e., λ = jω, ω ∈ R), when τ = 0, the characteristic equation (A.39) cannot
have any of its roots in the closed right-half plane, since such roots cannot satisfy
(A.42).

To complete the proof (considering τ > 0, as a similar procedure can be
followed for τ = 0), it has to be shown that there are no roots of the reduced
system at the origin, i.e., λ = 0 is not a root of (A.39). Here, we complete the
proof by contradiction, i.e., it is initially assumed that λ = 0 is a root of (A.39),
and then it is shown that this assumption leads to results that contradict the
asymptotic stability of the original system (5.1). Now, for λ = 0, (A.41) results
in

ÂT (0)Σ1 + Σ1Â(0)+(C1 + Cd,1)
T
(C1 + Cd,1) + αoτ

2ÂT (0)Σ1Â(0) ≤ 0. (A.43)

Given that αoτ
2ÂT (0)Σ1Â(0) ≥ 0, there exists a matrix C̃1 with appropriate

dimensions such that ÂT (0)Σ1 +Σ1Â(0)+(C1 + Cd,1)
T

(C1 + Cd,1)+C̃T1 C̃1 = 0.
Now, left and right multiplication of V H and V by this result and using the fact
that λ = 0, we obtain

(C1 + Cd,1)V = 0, C̃1V = 0. (A.44)

Moreover, multiplication from the right of (A.43) with V and using (A.44), yields

ÂT (0)Σ1V + λΣ1V = 0. (A.45)

Next, we multiply the inequality (5.18) from the left with [I2n+m, 0(2n+m)×n]
and from the right with its transpose to obtain AΣ + ΣAT − αcΣ + Pa AdΣ + αcΣ B

∗ −αcΣ− Pa 0
∗ ∗ −Im

 ≤ 0. (A.46)

Using the Schur complement on the above, and then multiplying the resulting
inequality with [In, In] from the left and with its transpose from the right yields

Σ(A+Ad)
T

+ (A+Ad) Σ +BBT ≤ 0. (A.47)

Therefore, there must exist a matrix B̃ for which

Σ(A+Ad)
T

+ (A+Ad) Σ +BBT + B̃B̃T = 0. (A.48)

Likewise, (5.3) implies there exists a matrix C̃ such that

(A+Ad)
T

Σ + Σ (A+Ad) + (C + Cd)
T (C + Cd) + C̃T C̃ = 0. (A.49)
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Now, consider the partitioning in (5.33) and partition B̃ and C̃ similarly as
B̃T = [B̃T1 , B̃

T
2 ] and C̃ = [C̃1, C̃2]. Then, the upper-left blocks of (A.48) can be

written as

Σ1Â
T (0) + Â(0)Σ1 +B1B

T
1 + B̃1B̃

T
1 = 0. (A.50)

Multiplication of (A.50) from the left with V HΣ1 and from the right with Σ1V ,
hereby exploiting (A.45), leads to

BT1 Σ1V = 0, B̃T1 Σ1V = 0. (A.51)

Next, if (A.50) is multiplied from the right with Σ1V , one immediately concludes
that Â(0)Σ2

1V = λΣ2
1V , where the results in (A.45) and (A.51) are used. This

fact, along with (A.40) for λ = 0, implies that im(Σ2
1V ) ⊂ imV , leading to the

conclusion that there exists an eigenvector of Σ2
1 in imV , i.e. Σ2

1v = µ2v, with
v ∈ imV and µ2 the corresponding eigenvalue. Considering the definition of
Σ1, it is noted that µ is one of the singular values σ1 to σr in (5.45). Next,
multiplication of the lower-left block of (A.49) with v from the right and that of
(A.48) with Σ1v from the same side, and then using (A.44) and (A.51) results
in

(A12 +Ad,12)
T

Σ1v + Σ2 (A21 +Ad,21) v = 0, (A.52)

(A21 +Ad,21) Σ2
1v + Σ2(A12 +Ad,12)

T
Σ1v = 0. (A.53)

After multiplying (A.52) from the left with Σ2, a comparison of the results with
(A.53) leads to

Σ2
2 (A21 +Ad,21) v = µ2 (A21 +Ad,21) v, (A.54)

This implies that µ2 is an eigenvalue of Σ2
2, while the choice of the reduction

order k according to the multiplicities of the parameters σi in (5.45) ensures that
the values on the diagonal of Σ2 are distinct from µ. As a result, (A.54) implies
that (A21 +Ad,21) v = 0. Now, from this last result and (A.40) it is concluded
that for λ = 0,(

λI −
[
A11 A12

A21 A22

]
−
[
Ad,11 Ad,12

Ad,21 Ad,22

]
e−λτ

)[
v
0

]
= 0.

This result implies that the original system (5.1) has a pole at zero. This,
however, contradicts the fact that the original system is asymptotically stable.
Therefore, the assumption that the reduced-order system has a pole at zero is
not valid, which, together with the previous results, implies that the poles of
the reduced system all have negative real parts and hence Ω̂ is asymptotically
stable, and this completes the proof.
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A.10 Proof of Theorem 5.2

To prove this theorem, a one-step reduction approach is taken. In this regard,
we first take a reduced-order system of the form (5.34) which is obtained by
truncating the states corresponding to σq. This leads to a reduced-order model
with k = n−mq. Next, we define the auxiliary states

z(t) :=

[
x1(t)− ζ(t)

x2(t)

]
, w(t) :=

[
x1(t) + ζ(t)

x2(t)

]
. (A.55)

Using (5.1) and (5.34), the definitions in (A.55) lead to the dynamics

ż(t) = Az(t) +Adz(t− τ) + B̄ū(t),

δy(t) = Cz(t) + Cdz(t− τ),
(A.56)

and
ẇ(t) = Aw(t) +Adw(t− τ) +B(2u)− B̄ū(t), (A.57)

where ūT (t) = [ξT (t), ξT (t− τ), uT (t)], B̄T = [0, B̄T2 ], with B̄2 = [A21, Ad,21, B2],
and δy(t) = y(t) − ŷ(t) is the output of the error system. Now, based on the
auxiliary dynamics and the observability and controllability functionals in (6.5)
and (5.19), a functional is introduced as

V (zt, wt, żt, ẇt) = Eo(zt, żt) + σ2
qEc(wt, ẇt). (A.58)

which is well-defined as z, w ∈ Wn and u is piecewise continuous and bounded,
due to Lemma 5.1. Similar to the procedure of the proof of Lemma 5.2, the
time-derivative of Eo(zt, żt) along the trajectories of A.56 is given by

Ėo(zt, żt) = ξTz N1ξz + αoτ
2żT (t)Qż(t)− αoτ

∫ 0

−τ
żT (t+ θ)Qż(t+ θ) dθ,

where ξTz (t) = [zT (t), zT (t− τ)]. Using the fact that τ ż(t) = K(τ)ξz(t)+τB̄ū(t),
the above results in

Ėo(zt, żt) ≤ ξTz

(
2∑
i=1

Ni + αoK
TQK

)
ξz + 2ūT B̄TQz(t)

+ 2αoτ
2ūT B̄TQż(t)− αoτ2ūT B̄TQB̄ū,

(A.59)

where it is recalled that N1, N2 and K(τ) are defined in (5.8) and (5.11), re-
spectively. The satisfaction of (5.3) implies the satisfaction of (5.14). Applying
this result to (A.59), along with using |δy|2 = |[C,Cd]ξz|2, yields

Ėo(zt, żt) ≤ −|δy|2 + 2ūT B̄TQz(t)

+ 2αoτ
2ūT B̄TQż(t)− αoτ2ūT B̄TQB̄ū.

(A.60)
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Pursuing a similar procedure, the time-derivative of Ec(wt, ẇt) along the solution
of A.57 satisfies

Ėc(wt, ẇt) ≤ ξTw

(
3∑
i=1

Mi + αcL
TRL

)
ξw + |2u|2

− 2ūT B̄TRw(t)− 2αcτ
2ūT B̄TRẇ(t)− αcτ2ūT B̄TRB̄ū,

where it is recalled that Mi and L are defined in the proof of Lemma 5.3, and R
is defined in the same lemma. As the inequality (5.18) holds and it is equivalent
to the satisfaction of (5.27), we obtain

Ėc(wt, ẇt) ≤ |2u|2 −
(
2ūT B̄TRw(t)

+ 2αcτ
2ūT B̄TRẇ(t) + αcτ

2ūT B̄TRB̄ū
)
.

(A.61)

Following (A.60) and (A.61), and recalling thatQ and R have diagonal structures
due to the partially balanced form of the high-order system (see Definition 5.3),
the time-derivative of V in (A.58) satisfies

V̇ ≤− |δy|2 + σ2
q |2u|

2

+ 2ūT B̄T2 Q2z2(t) + 2αoτ
2ūT B̄T2 Q2ż2(t)

− αoτ2ūT B̄TQB̄ū− σ2
q

(
2ūT B̄T2 R2w2(t)

+ 2αcτ
2ūT B̄T2 R2ẇ2(t) + αcτ

2ūT B̄TRB̄ū
)
,

where the arguments of V are omitted to make the notation more compact, and
where Q2 and P2 are as in (5.35) and (5.41), respectively.

Next, using the facts that σ2
qR2 − Q2 = 0, w2 = z2 = x2 and taking α =

αc = αo, we obtain

V̇ ≤ −|δy|2 + (2σq)
2|u|2 − η|ū|2,

where η is a positive constant, upper bounded by ατ2(σq +
σ2
q

σ1
)λmin

(
B̄T B̄

)
.

Now, integrating the above over the interval [0, T ] gives

V |t=T − V |t=0 + η

∫ T

0

|ū(t)|2 dt ≤−
∫ T

0

|δy(t)|2 dt+ (2σq)
2
∫ T

0

|u(t)|2 dt,

where V |t=t0 indicates V (zt0 , wt0 , żt0 , ẇt0). The reduced-order system is asymp-
totically stable. This fact, together with u ∈ L2([0, T ],Rm), implies that ū ∈
L2([0, T ],R2n+m) for all T . Also, asymptotic stability of the original system
implies that 0 ≤ V |t=T < ∞. Moreover, V |t=0 = 0, because of the zero initial
condition. Therefore the left-hand side of the above inequality exists and it is
positive for all T ≥ 0, thus∫ T

0

|y(t)− ŷ(t)|2dt ≤ (2σq)
2
∫ T

0

|u(t)|2 dt.
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As a result, the one step-reduction error bound is

ε = 2σq. (A.62)

Next, following an analysis similar to the one presented in [52], which is based
on the triangle inequality, it can be shown that extending the above to multiple
one-step reductions leads to (5.46).

A.11 Proof of Statement 5.1

The matrix Ac := A + Ad is Hurwitz. Therefore, there exists a matrix Q =
QT > 0 for which the inequality

QAc +ATc Q+ CTc Cc < 0, Cc = C + Cd, (A.63)

holds. The strictness of the inequality in (A.63) guarantees the existence of a
sufficiently large αo for which

QAc +ATc Q+ CTc Cc +
(
QAd −Qa + CTc Cd

)
×
(
αoQ+Qa − CTd Cd

)−1

×
(
QAd −Qa + CTc Cd

)T
< 0.

(A.64)

holds. Note that the size of the last term in the left-hand side of the inequality
(A.64) can be made arbitrarily small through a sufficiently large αo. Following
a Schur complement, inequality (A.64) implies that

N=

[
QAc+A

T
cQ+CTcCc QAd−Qa+CTcCd
∗ −αoQ−Qa+CTdCd

]
< 0.

Therefore, the inequality

N + αoτ
2KT

c QKc ≤ 0, Kc =
[
Ac Ad

]
, (A.65)

holds for all τ ∈ [0, εo) if the positive scalar εo is sufficiently small. Using Schur
complements, it can be shown that the feasibility of (A.65) is equivalent to the
feasibility of 

QAc +ATc Q QAd −Qa CTc τATc Q
∗ −αoQ−Qa CTd τATdQ
∗ ∗ −Ip 0
∗ ∗ ∗ −α−1

o Q

 ≤ 0. (A.66)

Pre- and post-multiplication of (A.66) by

blkdiag

{[
In −In
0 In

]
, Ip+n

}
, and blkdiag

{[
In 0
−In In

]
, Ip+n

}
,
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respectively, reveals the equivalence between (A.66) and (5.3). Thus, (5.3) is also
feasible for all τ ∈ [0, εo). A similar argument can be made about the feasibility
of the inequality in (5.18), i.e., there exists a sufficiently small εc such that (5.18)
is feasible for all τ ∈ [0, εc). Choosing ε = min{εo, εc} completes the proof of
this statement.

A.12 Proof of Statement 5.2

Inequality (5.3) in the statement of Lemma 5.2 implies that[
ATc Q+QAc τATc Q

∗ −α−1
o Q

]
≤ 0.

Namely, this can be shown by the left and right multiplication of (5.3) by[
In In 0 0
0 0 0 In

]
, and

[
In In 0 0
0 0 0 In

]T
,

respectively. By taking a Schur complement, the above inequality also implies
that

ATc Q+QAc + αoτ
2ATc QAc ≤ 0. (A.67)

Let vi be an eigenvector of Ac for the eigenvalue λi, i.e., Acvi = λivi. Then,
left and right multiplication of (A.67) by vHi and vi, respectively, leads to the
necessary condition

2Re(λi) + αoτ
2|λi|2 ≤ 0. (A.68)

For (A.68) to hold, it is necessary that αo ≤ 2 mini(|Re(λi)|/|λi|2)/τ2, which
completes the proof. Note that the same condition can be obtained from (5.18).

A.13 Proof of Statement 5.3

Inequality (5.3) implies ATmQ+QAm − 4αoQ −QAd − 2αoQ−Qa αoτA
T
mQ

∗ −Qa − αoQ −αoτATdQ
∗ ∗ −αoQ

 ≤ 0, (A.69)

withAm = A−Ad. Namely, this can be shown by the left and right multiplication
of (5.3) by  In −In 0 0

0 In 0 0
0 0 0 In

 ,
 In −In 0 0

0 In 0 0
0 0 0 In

T .
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The inequality (A.69) now implies that[
ATmQ+QAm − 4αoQ αoτA

T
mQ

∗ −αoQ

]
≤ 0,

which is equivalent to

ATmQ+QAm − 4αoQ+ αoτ
2ATmQAm ≤ 0. (A.70)

Left and right multiplication of this inequality by vH and v implies the necessity
of

2Re(λm) + αo(τ
2|λm|2 − 4) ≤ 0, (A.71)

where v is a right eigenvector of Am corresponding to the eigenvalue λm, i.e.,
Amλ = vλm. Now, we consider only eigenvalues in the right-half complex plane
to obtain an αo-independent inequality. Namely, if Re(λm) > 0, the satisfaction
of (A.71) implies that |λm| ≤ 2/τ , because αo > 0. This result establishes
Statement 5.3, where λ̄m indicates the eigenvalue of Am with the largest modulus
in right-half complex plane.

A.14 Proof of Statement 5.4

The feasibility of (5.3) implies that[
ATQ+QA− αoQ+Qa αoτA

TQ
∗ −αoQ

]
≤0, (A.72)[

−αoQ−Qa αoτA
T
dQ

∗ −αoQ

]
≤0, (A.73)

Applying Schur complements, these inequalities in turn imply that

ATQ+QA− αoQ+Qa + αoτ
2ATQA ≤0, (A.74)

−αoQ−Qa + αoτ
2ATdQAd ≤0. (A.75)

Inequality (A.75) implies that −αoQ + αoτ
2ATdQAd ≤ Qa. Using this result,

the inequality in (A.74) further implies that

ATQ+QA− 2αoQ+ αoτ
2ATQA+ αoτ

2ATdQAd ≤ 0. (A.76)

Now, if we take v as an eigenvector of A corresponding to an eigenvalue λ of A
such that Re(λ) ≥ 0, (A.76) implies that(

2Re(λ)− 2αo + ατ2|λ|2
)
vHQv + ατ2vH

(
ATdQAd

)
v ≤ 0.

Given the fact that vH(ATdQAd)v ≥ |σd|2vHQv, the feasibility of the above
equation implies that

2Re(λ)− 2αo + αoτ
2|λ|2 + αoτ

2|σd|2 ≤ 0.

Since Re(λ) ≥ 0, this relation is feasible only if (5.49) holds. The same condition
can be obtained from (5.18).
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A.15 Proof of Theorem 6.2

To prove this theorem, we take a one-step reduction approach. To this end, we
first take a reduced-order system of the form (6.16) which is obtained by trun-
cating the states corresponding to the final extended singular value σq, leading
to a reduced-order model with k = n−mq. Next, we define auxiliary states

z(t) :=

[
x1(t)− ζ(t)

x2(t)

]
, w(t) :=

[
x1(t) + ζ(t)

x2(t)

]
. (A.77)

Using (6.1) and (6.16) for zero initial conditions, the definitions in (A.77) lead
to the dynamics

ż(t) = Az(t) +Adz(t− τ) + B̄ū(t),

δy(t) = Cz(t) + Cdz(t− τ),
(A.78)

and

ẇ(t) = Aw(t) +Adw(t− τ) + 2Bu(t)− B̄ū(t), (A.79)

where ūT (t) = [ζT (t), ζT (t− τ), uT (t)], B̄T = [0, B̄T2 ], with B̄2 = [A21, Ad,21, B2],
and δy(t) = y(t) − ŷ(t) is the output of the error system. Now, based on the
auxiliary dynamics and the observability and controllability functionals in (6.5)
and (6.12), a functional is introduced as

V (zt, wt, żt, ẇt) = Eo(zt, żt) + σ2
qEc(wt, ẇt), (A.80)

which is well-defined as z, w ∈ Wn (u is assumed to be piecewise continuous
and bounded) due to Lemma 6.2. Similar to the proof of Lemma 6.1, it can be
shown that the time-derivative of V along the trajectories of (A.78) and (A.79)
is upper-bounded by

V̇ (zt, wt, żt, ẇt) ≤ ξTz (t)M̄oξz(t) + σ2
qξ
T
w(t)M̄cξw(t)− |δy(t)|2

+ (2σq)
2|u(t)|2 + 2

(
zT (t) + αoż

T (t)
)
SB̄ū(t)

− 2σ2
q

(
wT (t) + αcẇ

T (t)
)
R−1B̄ū(t),

(A.81)

where M̄o is obtained by applying a Schur complement to Mo defined in (6.4)
and

M̄c := blkdiag{R,R,R, Im}−TMcblkdiag{R,R,R, Im}−1,

with Mc and R as in (6.11), and

ξTz (t) := [ zT (t) zT (t− τ) żT (t) ],

ξTw(t) := [ wT (t) wT (t− τ) ẇT (t) uT (t) ].
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Given that M̄o < 0 and M̄c < 0 due to (6.4) and (6.11), (A.81) further
implies that

V̇ (zt, wt, żt, ẇt) ≤− |δy(t)|2 + (2σq)
2|u(t)|2 + 2

(
zT (t) + αoż

T (t)
)
SB̄ū(t)

− 2σ2
q

(
wT (t) + αcẇ

T (t)
)
R−1B̄ū(t),

(A.82)
Also, recalling that S and R have diagonal structures due to the extended-
balanced form of the high-order system (see Definition 6.3), the time-derivative
of V in (A.82) satisfies

V̇ (zt, wt, żt, ẇt) ≤ − |δy(t)|2 + (2σq)
2|u(t)|2

+ 2
(
zT2 (t) + αoż

T
2 (t)

)
S2B̄2ū(t)

− 2σ2
q

(
wT2 (t) + αcẇ

T
2 (t)

)
R−1

2 B̄2ū(t),

(A.83)

where S2 and R2 are the lower-right mq ×mq blocks of S and R, respectively.

Next, using the facts that S2 − σ2
qR
−1
2 = 0, w2 = z2 = x2, for αo = αc = α,

we obtain

V̇ (zt, wt, żt, ẇt) ≤ −|δy(t)|2 + (2σq)
2|u(t)|2,

Now, integrating the above over the interval [0, T ] gives

V (zT , wT , żT , ẇT )− V (z0, w0, ż0, ẇ0) ≤−
∫ T

0

|δy(t)|2 dt+ (2σq)
2
∫ T

0

|u(t)|2 dt.

The asymptotic stability of the original system implies that V (zT , wT , żT , ẇT ) is
bounded. Moreover, V (z0, w0, ż0, ẇ0) = 0, because of the zero initial condition.
Therefore the left-hand side of the above inequality exists and it is positive for
all T ≥ 0, thus

∫ T

0

|y(t)− ŷ(t)|2dt ≤ (2σq)
2
∫ T

0

|u(t)|2 dt.

As a result, the one step-reduction error bound is

ε = 2σq. (A.84)

Next, following an analysis similar to the one presented in [52], which is based
on the triangle inequality, it can be shown that extending the above to multiple
one-step reductions leads to (6.26).



208 Appendix A. Proofs and derivations

A.16 Derivation of X(r) in Section 6.8.2

We consider wij(r, r
′), for i, j = 1, 2. This function can be written in the follow-

ing general form

Wij(r, r
′) = kij exp

(
−|r − r

′ − µij |2

2σij

)

= kij exp

(
− |r|

2

2σij

)
exp

(
−|r

′ + µij |2

2σij

)
exp

(
r(r′ + µij)

σij

)
,

for some constants kij , σij and µij . We wish to decompose wij(r, r
′) into a

multiplication of only-r and only-r′ dependent functions. However, the term
exp(r(r′ + µij)/σij) cannot be directly decomposed into such a desirable form.
To cope with this issue, we use the Taylor series approximation of order ρ of this
term to obtain

exp

(
r(r′ + µij)

σij

)
≈
[

1 r r2 ... rρ
]

×
[

1
r′+µij
σij

(r′+µij)
2

2σij
· · · (r′+µij)

ρ

ρ!σρij

]
,

where ρ is the order of approximation. With this approximation, we can now
write

wij(r, r
′) ≈ fij(r)gTij(r′)

where
fij(r) =

[
fij,0(r) · · · fij,ρ(r)

]
,

gij(r) =
[
gij,0(r) · · · gij,ρ(r)

]
,

with

fij,m(r) = rm exp

(
− |r|

2

2σij

)
,

gij,m(r′) = kij
(r′ + µij)

m

m!σmij
exp

(
−|r

′ + µij |2

2σij

)
, m = 0, 2, ..., ρ.

With this representation of w(r, r′), we may choose

X1 =

[
0
f22

]
, X2 =

[
f12 0
0 f21

]
,

Y1 =

[
0
g22

]
, Y2 =

[
0 g21

g12 0

]
.

With this choice of X1 and X2, we obtain N1 = ρ and N2 = 2ρ. We also note
that this choice of X1 and X2 leads to w11 = 0.
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[38] M. A. Davó, D. Bresch-Pietri, C. Prieur and F. Di Meglio. ‘Stability
analysis of a linear hyperbolic system with a sampled-data controller via
backstepping method and looped-functionals’. In: IEEE Transactions on
Automatic Control 64.4 (2019), pages 1718–1725.

[39] F. Di Meglio, G. O. Kaasa and N. Petit. ‘A first principle model for
multiphase slugging flow in vertical risers’. In: Proceedings of the 48h
IEEE Conference on Decision and Control (CDC) held jointly with 2009
28th Chinese Control Conference. Dec. 2009, pages 8244–8251.

[40] F. Di Meglio, G. O. Kaasa, N. Petit and V. Alstad. ‘Slugging in mul-
tiphase flow as a mixed initial-boundary value problem for a quasilinear
hyperbolic system’. In: Proceedings of the 2011 American Control Con-
ference. 2011, pages 3589–3596.

[41] F. Di Meglio. ‘Dynamics and control of slugging in oil production’. Theses.
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[92] J. Löfberg. ‘YALMIP : a toolbox for modeling and optimization in MAT-
LAB’. In: In Proceedings of the CACSD Conference. Taipei, Taiwan, 2004.

[93] H. Mahdianfar, O. M. Aamo and A. Pavlov. ‘Suppression of heave-induced
pressure fluctuations in MPD’. In: IFAC Proceedings Volumes 45.8 (2012),
pages 239 –244.

[94] H. Mahdianfar, N. Hovakimyan, A. Pavlov and O. M. Aamo. ‘L1 adaptive
output regulator design with application to Managed Pressure Drilling’.
In: Journal of Process Control 42 (June 2016), pages 1–13.

[95] H. Mahdianfar, O. Morten Aamo and A. Pavlov. ‘Suppression of heave-
induced pressure fluctuations in MPD’. In: IFAC Proceedings Volumes.
1st IFAC Workshop on Automatic Control in Offshore Oil and Gas Pro-
duction 45.8 (Jan. 2012), pages 239–244.

[96] H. Mahdianfar and A. Pavlov. ‘Adaptive output regulation for offshore
managed pressure drilling’. en. In: Int. J. Adapt. Control Signal Process.
31.4 (Apr. 2017), pages 652–673.



BIBLIOGRAPHY 217

[97] P. M. Makila and J. R. Partington. ‘Laguerre and Kautz shift approxim-
ations of delay systems’. In: International Journal of Control 72.10 (Jan.
1999), pages 932–946.

[98] K. P. Malloy, R. Stone, G. H. Medley, D. M. Hannegan, O. D. Coker,
D. Reitsma, H. M. Santos, J. I. Kinder, J. Eck-Olsen, J. W. McCaskill,
J. R. May, K. L. Smith and P. Sonnemann. ‘Managed-Pressure Drilling:
what it is and what it is not’. In: Society of Petroleum Engineers, Jan.
2009.

[99] W. Michiels, E. Jarlebring and K. Meerbergen. ‘Krylov-based model order
reduction of time-delay systems’. In: SIAM Journal on Matrix Analysis
and Applications 32.4 (Oct. 2011), pages 1399–1421.

[100] W. Michiels and S. Niculescu. ‘Stability, control, and computation for
time-delay systems’. In: edited by S.-I. Niculescu and W. Michiels. Phil-
adelphia, PA: Society for Industrial and Applied Mathematics, 2014.
eprint: http://epubs.siam.org/doi/pdf/10.1137/1.9781611973631.

[101] B. Moore. ‘Principal component analysis in linear systems: controllability,
observability, and model reduction’. In: IEEE Transactions on Automatic
Control 26.1 (Feb. 1981), pages 17–32.

[102] I. Müller and T. Ruggeri. Rational extended thermodynamics. 2nd edition.
Volume 37. New York: Springer, 1998.

[103] G. Muscato, G. Nunnari and L. Fortuna. ‘Singular perturbation approx-
imation of bounded real balanced and stochastically balanced transfer
matrices’. In: International Journal of Control 66.2 (1997), pages 253–
270.

[104] S. Naderi Lordejani, M. H. Abbasi, N. Velmurugan, C. Berg, J. Å. Stak-
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