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Abstract 

Detailed modeling of multiphase gas-liquid flows is necessary to improve their description 
and ultimately design and optimization. In such models, often the free surface dynamics are 
neglected. While this is a valid assumption in specific cases, often surface dynamics cannot 
be ignored to accurately describe the column hydrodynamics. In this work, the in-house 
Euler-Lagrange model is expanded to include a Front-Tracking (FT) free surface, to increase 
its’ valid predictive window. The stability limits of the interface tracking have been tested with 
a highly deformed surface in a Rayleigh-Taylor case. Moreover, the study of single bubbles 
showed an increase in velocity fluctuations near the surface, which under the right conditions 
can develop into large-scale surface waves. Finally, the model is compared to experimental 
data: the results confirm the validity of excluding free surface dynamics in disperse, 
homogeneous conditions but found significant differences in bubble breakup rates near the 
interface. In addition, the dynamics of the column is significantly affected in the vicinity of the 
surface. Further study is warranted to characterize the behavior of the free surface and its’ 
impact on the hydrodynamics in more heterogeneous conditions. 
 
 
Keywords; Front-Tracking, Discrete Bubble Model, Computational Fluid Dynamics, Free 
Surface, Multiphase Flow.  
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Nomenclature 

Notation  
u   Fluid velocity [m s-1] Eö Eötvös number 
v   Bubble velocity [m s-1] Re Reynolds number 
O Big O notation for order I   Identity matrix 
h cell length [m] n   Normal vector 

x  Width coordinate [m] t   Tangential vector 
y  Depth coordinate [m] [ ] , [ ]fs Interface jump 

z  Height coordinate [m] s Interpolated velocity [m s-1] 
p   Pressure [Pa] M Second derivative  
g   Gravitational acceleration [m s-2] d Fractional cell distance [-] 

F   Force [N] S Surface area [m2] 
m   Mass [kg] w Weighing Factor [-] 

r   Bubble position [m] H Phase Indicator [-] 

 

Greek Letters  

   Volume fraction [-]    Shear rate [s-1] 

   Density [kg m-3]   

τ   Stress tensor [N m-2]   
   Dynamic viscosity [Pa s]    

   Kinematic viscosity [m2 s-1]   

   Surface tension [N m-1]   

 

Subscripts  

l   Liquid VM   Virtual Mass 

f   Fluid W   Wall 

b   Bubble D   Drag 

G   Gravitational L   Lift 

P   Pressure   

 

Abbreviations  

DNS Discrete Numerical Simulations SLIC Simple Line Interface Calculation 
DBM Discrete Bubble Model PLIC Piecewise Linear Interface 

Construction 
TFM Two Fluid Model FT Front Tracking 
VOF Volume of Fluid FS Free Surface 
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1 Introduction 

Bubble column reactors represent a class of multiphase reactors where a 
discontinuous gas phase is present, usually injected, into a continuous liquid or solid-
liquid suspension. They typically exhibit excellent heat and mass transfer 
characteristics, are simple in construction and maintenance, and have low catalyst 
attrition rates compared to fluidized beds [1]. They are common throughout chemical, 
petrochemical and biochemical industries, and are typically used for reactions such as 
chlorination, polymerization, hydrogenation, oxidation, wastewater treatment and the 
Fischer-Tropsch process [2].  
 
To further improve the design and optimization of these reactors, detailed knowledge 
of the transport phenomena is of great importance. Despite the widespread use of such 
unit operations, the hydrodynamics behavior and its interlink with mass/heat transfer 
and chemical reaction, especially at high gas fractions, is still poorly understood. 
Currently, experimental techniques to gain insights in heterogeneous bubbly flows are 
limited. Optical techniques such as Particle Tracking Velocimetry (PTV), Particle Image 
Velocimetry (PIV) or Laser Doppler Anemometry (LDA), are unfeasible due to the large 
number of bubbles that prevent optical access [3]. On the other hand, numerical 
modelling of bubble columns offers a possible approach to improve the understanding 
of these systems, overcoming the typical limitations of experimental techniques. 
 
In the field of numerical modeling, Computational Fluid Dynamics (CFD) has been 
increasingly applied since the rise of computational power has reduced the required 
time to obtain detailed solutions. Generally, a multi-scale perspective is adopted where 
different scales correspond to different level of details [4], displayed in Figure 1. 
 

 
Figure 1, different scales of multiphase modelling, from left to right: Front Tracking (FT) based DNS; Euler-

Lagrange based Discrete Bubble Model (DBM); Euler-Euler based Two-Fluid model (TFM) 
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At the smallest scale there are Direct Numerical Simulations (DNS) which use methods 
such as Front-tracking (FT) or Volume of Fluid (VOF) to accurately solve the 
instantaneous Navier-Stokes equations. This requires significant computational time 
but can provide insight into the necessary closures needed for larger, less resolved 
models. Phenomena at the meso-scale are typically solved through the use of Volume 
Averaged Navier-Stokes equations. Euler-Lagrange methods, such as the Discrete 
Bubble Model (DBM), use Lagrangian tracking of individual simplified bubbles, while 
the surrounding liquid phase is treated as a continuum and solved on an Eulerian grid. 
Euler-Euler approaches solve both phases as interpenetrating continua. This type of 
model loses a lot of information on bubble dynamics but is suitable for a larger scale 
and can include disperse free surface tracking.  
 
The in-house developed Discrete Bubble Model (DBM) has been expanded extensively  
and it has been used in many publications; some large contributions are described in 
the works of: Delnoij et al [5], Darmana et al [6] and Lau et al [7]. During these years 
many modifications were made to create an accurate model for disperse bubbly flows. 
To work towards extending the model further towards: denser regimes, thin geometries 
and larger scales, previously neglected free surface dynamics will have to be 
described.  
 
Currently, the way DBM currently handles boundary conditions, depicted below in 
Figure 2, has no-slip conditions on the column bottom surface and side walls, while the 
top is set to free-slip. Gas bubbles are injected through discrete points at the bottom, 
which correspond to the nozzles. As the equation of continuity preserves the total liquid 
volume in the column, liquid must flow up when a bubble enters and flow down when 
a bubble leaves. To facilitate this, a series of slits with a defined pressure boundary 
condition is placed just below the column top. These simplified boundary conditions 
were found to be of limited impact on the hydrodynamics of the system for the modelling 
of: wide geometries, disperse regimes and sub-meter scales [6]. When these 
conditions are not met, more heterogeneous flow conditions can occur, potentially 
leading to large wave formation at the surface.  
 
The main topic of this work will be to remove these slits and replace them with a 
detailed capturing of free surface dynamics. To achieve this, techniques commonly 
used for DNS scale simulations will be used.  
 

 
Figure 2,Overview of boundary conditions in DBM where flag 1 denotes an interior cell, flags 2 and 3 denote free-

slip and no-slip respectively, flag 4 denotes a defined pressure cell, and flag 5 denotes a corner cell. 
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1.1 Overview of DNS techniques  

Interface tracking/capturing methods, required to model the free surface, usually 
belong to the domain of DNS. While a large number of techniques are available in 
literature, the choice of the model has to take into account the compatibility with the 
existing DBM. So, while body fitted methods have been used to successfully model 
multi-phase flows with high accuracy and no interface dispersion [8], their 
implementation in DBM is unfeasible.  Other methods solving Euler’s equations instead 
of the Navier-Stokes equations are also not desired.  
 
The most commonly used numerical methods currently employed for detailed 
simulations of multiphase flows are based on the one-fluid approach, where one set of 
continuity and momentum equations are solved using locally varying parameters such 
as viscosity and density, based on the local phase fraction. These methods mainly 
differ in how to track the marker or indicator function that identifies each phase. This 
approach is relatively straight forward, compared to others, to implement in the DBM, 
as it will not require additional momentum equations to be solved and allows for the 
inclusion of surface tension.  
 

Table 1, Overview of techniques for multi-fluid flows (van Sint Annaland et al [9].) 

Method Advantages Disadvantages 

Level-Set Conceptually simple 
Easy to implement 
 

Limited accuracy 
Non-conservative 

Lattice 
Boltzmann 

Accurate 
Accounts for substantial topology 
changes in interface 
 

Difficult to implement 
Merging and breakage of 
interfaces occurs automatically 

Shock 
Capturing 

Straightforward implementation 
Abundance of advection schemes 
available 
 

Numerical diffusion 
Fine grids required 
Limited to small discontinuities 

Marker 
Particle 

Extremely Accurate 
Robust 
Accounts for substantial topology 
changes in interface 
 

Computationally expensive 
Redistribution of marker particles 
required 

SLIC VOF Conceptually simple 
Straightforward extension to three 
dimensions 

Numerical diffusion 
Limited Accuracy 
Merging and breakage of 
interfaces occurs automatically 

PLIC VOF Relatively simple 
Accurate 
Accounts for substantial topology 
changes in interface 
 

Difficult to implement in three 
dimensions 
Merging and breakage of 
interfaces occurs automatically 

Front 
Tracking 

Extremely Accurate 
Robust 
Accounts for substantial topology 
changes in interface 
No artificial merging or break-up 

Mapping of interface mesh onto 
Eulerian mesh 
Dynamic remeshing required 
Coalescence and break-up of 
interfaces requires sub grid 
model 
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1.1.1 One Fluid Based Methods 

 
In Table 1 an overview of commonly used techniques in multi-fluid flows can be found. 
The detailed modelling of multiphase flows originated with the Marker and Cell (MAC) 
method designed specifically for free-surface and multiphase flows [10]. It was quickly 
followed by early developments of the Volume of Fluid (VOF) method. One of the 
critical simplifying features of VOF/PLIC algorithms is that it does not attempt to 
reconstruct the interface as a chain of joined segments (a continuous chain of 
segments) but rather as a discontinuous chain with asymptotically small discontinuities. 
 
These early types of VOF methods such as the simple line interface calculation (SLIC) 
of Noh & Woodward [11] or SOLA-VOF of Hirt & Nichols [12] were quite impressive for 
their time. The jumps in the interface were of an order of accuracy O(h) for the 
reconstructed interface. It wasn’t until the development of improved VOF methods, 
such as the piecewise linear interface construction (PLIC) method [13], which behaves 
in O(κh2) for sufficiently small curvatures, that multiphase modelling improved enough 
to find a widespread use in academia. While the PLIC method is highly accurate for 
low curvatures all information is lost at scales smaller than the grid size h, if the 
curvature is large [14].  
 
VOF methods are all interface capturing methods, in which material properties are 
advected through the use of a scalar indicator function, to a sharp interface of discrete 
gradient. Another approach, also derived from the original MAC method, are interface 
tracking methods, where markers representing an interface are advected directly with 
the flow. From the exact locations of these markers, the physical parameters can then 
be reconstructed, which leads to a Dirac-delta representation of the surface which is 
infinitely sharp and therefore very accurate. In this class, Front-Tracking (FT), originally 
developed by G. Tryggvason [15] combines highly accurate interface representation 
with robust modeling of surface tension, at the cost of somewhat higher complexity 
than an interface construction approach. 
 
Front tracking seems especially interesting in the modeling of the free surface. As the 
current DBM model is performance limited in its grid resolution, a highly accurate 
method such as FT would still allow for capturing the surface dynamics. In addition, a 
high amount of previous experience with this method is available in the research group, 
with a functioning model for DNS scale bubbles being available. Parts of this model 
can be used for adaptation into DBM. For these reasons, Front-Tracking has been 
selected to model the free surface in the DBM. 
 

1.2 Thesis outline 

In this work, the DBM is expanded including the in-house FT mode to capture the free-
surface, previously neglected at the meso-scale. In Chapter 2, the two models 
employed are described. In Chapter 3 an extensive validation is performed to 
characterize the implementation and recommendations for further possible 
improvements are discussed. In Chapter 4 the new model is compared to the old 
model, adopting a square column with available experimental data as a base case. 
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2 Model Description 

The combined DBM-FT model is an Euler-Lagrange model that has an Eulerian 
continuous fluid phase using the one-fluid approach. This fluid can either be the 
continuous gas phase or the continuous liquid phase. These will be referred to by the 
subscripts 𝑓, 𝑔 and 𝑙 respectively. The interface between these phases is explicitly 
tracked using the Front Tracking method. Material properties vary across the interface 

and are determined by an indicator scalarH . This indicator is reconstructed from the 
location of the interface and is equal to 1 in the liquid phase and 0 in the gas phase. 
Density (Equation (2.1)) is averaged across the interface while kinematic viscosity 
(Equation (2.2)) is harmonically averaged, kinematic averaging is used because it was 
shown to improve the accuracy of the tangential stresses at the interface [16]. 
 

  1f l gH H        (2.1) 

  1
f gl

f l g

H H
 

  
     (2.2) 

The discontinuous phase is described in a Lagrangian manner which treats each 
bubble as individual point-masses. This phase will be referred to by the subscript 𝑏. 
 

Fluid phase hydrodynamics 

 
The governing equations for the fluid flow field are given by the incompressible volume-
averaged Navier-Stokes equations, consisting of the continuity equation, as seen in 
Equation (2.3), and the momentum conservation equation, as seen in  Equation (2.4).  

   0
f

f
t





 


u   (2.3) 

 
 

   f

f f f f f f f b fp
t




      

 
        

  

u
uu τ g F F   (2.4) 

The above formulation of equations implicitly describes the standard kinematic and 
dynamic conditions at the interface. When changing the reference frame to consist of 
a small control volume moving with the interface, all non-gradient terms approach zero. 
Satisfying the kinematic condition of conservation of momentum at the interface (the 
interface moves exactly with the velocity of the fluid at the interface). Integrating the 
normal components yields Equation (2.5), also known as the jump condition. This 
shows that the normal stresses at the interface are balanced by the surface tension. 
Integrating the tangential components would show the tangential stresses are 
continuous across the interface, satisfying the dynamic condition [15]. 
 

 f fs
p 

      Ι τ n F n   (2.5) 
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Bubble Dynamics 

 
Newton’s laws of motion are used to track the dynamics of each individual bubble. 
 

 
bd

dt


r
v    (2.6) 

 b G P D L VM W

d
m

dt
     

v
F F F F F F   (2.7) 

The contributing forces are: GF , the gravitational force; PF , the pressure force; DF , the 

drag force; LF , the lift force; VMF , the virtual mass force and WF , the wall force. The 

definitions and accompanying closures for these forces can be found in Table 2.   A full 
description of these forces can be found in the works of Lau et al [7] and Roghair et al 
[17].  Coalescence and breakup of bubbles is also included as described by Lau et al 
[7]. 
 
 

Table 2, Table of forces and closures used in DBM-FT 

Forces Closures 

G b b
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p b
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16 32
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D
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D
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2.1 Numerical Implementation 

To solve the coupled momentum and continuity equations, a projection-correction 
method based on the work of Chorin [18] is used.  Time stepping is done through first 
order forward Euler steps, with the bubble dynamics being resolved on a much finer 
timescale than the other operations. An exception to this first order approach is the 
movement of the free surface interface, which makes use of fourth order Runge-Kutta 
time stepping. As seen in Figure 3, the bubble dynamics and interface operations are 
resolved before the flow field, allowing for an implicit treatment of physical parameters. 
The convection terms are treated explicitly using the second order Barton scheme [19], 
which behaves similarly to the Minmod scheme, albeit showing slightly more numerical 
diffusion. The reason this scheme is used is that it was found to be very stable in 
presence of discontinuities. The viscous stress tensor is treated fully explicitly, as well 
as the surface tension and gravity source terms. 
 
 
 

 
Figure 3, Order of Operations for DBM-FT 
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The discretization is performed on a staggered grid as seen in Figure 4.  One exception 
to this, is that density at the cell faces in the z-direction is not interpolated but is 
calculated directly, in order to improve numerical stability due to too high pressures 
being assigned right above the surface if the surface was slanted due to a wave or 
other disturbance. This effect leads to spurious large velocities occurring right above 
the surface, rapidly deforming the mesh and generating other instabilities. 
  

 
Figure 4, Grid Structure 

 

Stability Criteria 

Three stability criteria must be observed. So that stable operation is guaranteed, all 
simulation parameters were chosen to meet the following Conditions: 
 
First there is the Courant-Friedrichs-Lewy condition due to the explicit treatment of the 
convection [20].  

1
yx z

u tu t u t

x y z

 
  

  
 (2.8) 

Due to the explicit treatment of the viscosity, the viscosity criterion must also be 
obeyed. 

 
     

2 2 2

1

2

t t t

x y z

   

   
    

 (2.9) 

Due to the explicit treatment of the surface tension, there’s a criterion as seen in 

Dijkhuizen et al [21]. 

  



 
 

3

24

l g x
t  (2.10) 
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y-velocity
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2.1.1 Initialization and Structure of the Interface 

The free surface consists of an unstructured mesh made out of connected, triangular 
markers. For each of them, it’s neighboring markers, walls and points are stored. The 
points are advected with the flow while the markers are used to determine physical 
effects such as surface tension or phase fractions. The logic of the mesh is based on 
the right-hand rule: looking down on a normally oriented marker from above, the 
neighbors are stored in memory following an anticlockwise direction. Using Figure 5 as 
an example: taking marker 1 as the marker of reference, if marker 0 is stored as its first 
neighbor, marker 2 should be stored as its second neighbor and marker 6 as its third 
neighbor. The same logic also extends to attached points. Furthermore, the point must 
always have the same index as the marker in the anti-clockwise direction. So, again if 
marker 1 has marker 0 as its first neighbor. Point 2 will have to be the first attached 
point, while points 1 and 3 will have to be the second and third attached points 
respectively.  
 
The initial interface is initialized as a flat plane, 
where points are placed equally spaced in a 
square lattice at the desired height and 
resolution. Each of the generated squares is 
subdivided into an even and odd marker, which 
is then stored in memory together with the 
connectivity of neighboring markers and points. 
Finally, the corresponding markers are attached 
to the side walls of the column. 
 
The wall is stored in memory with an index of -1. 
This choice resulted in an easier treatment of the 
wall points, compared to the use of an extra layer 
of ghost markers outside of the domain. Making 
use of ghost markers may be desirable at a later 
stage if the model needs to be extended to 
include a dynamic contact angle. However, for 
the current scale of interest this is of very limited 
use, and so the simplified approach was taken. 

2.1.2 Marker Advection 

Sousa et al [22]. found that advection of the interface using first order velocity 
interpolation led to the imprinting of the Eulerian grid onto the interface. The presented 
solution in their article is the development of a filter to suppress the formation of these 
imprints. Dijkhuizen et al [21] instead proposed to use a third order spline as shown in 
Equation (2.11). 
 

          

  

        
1 1 1

2 2 2

, , , , , , , , , , , , ,

0 0 0

( , , ) 1 1 1
x i x a y b z c x i a j b k c x a x i a y b y j b z c z k c

a b c

s x y z d d d u d M d M d M  (2.11) 

Where d refers to the fractional distance to the velocity node in each direction and M

refers to the second derivative of the velocity. This spline allows for smooth transition 
between velocity nodes, thus avoiding the imprinting of the Eulerian grid. Another 
advantage of this spline is that it is independent for each velocity component in every 
direction. Favoring an easy subdivision of the marker advection. This technique is 

 
Figure 5 Structure of mesh after 

initialization 
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combined with a fourth order Runge-Kutta time integration, to accurately capture highly 
curved streamlines. 
 
To avoid wall markers crossing the boundary as a consequence of the non-
monotonicity of the spline, a first order interpolation is employed for their advection. 
This combined with the no-slip boundary condition normally applied to the walls, leads 
to static points at the walls. However due to dynamic changes in local liquid height the 
wall attached points must still move. As this wetting of the wall is decidedly a sub-grid 
phenomenon at the resolutions of operation, smoothing is used to flatten the wall 
attached points, leading to a contact angle always approaching 90 degrees. 

2.1.3 Phase Fraction Determination 

Multiple methods exist to determine the phase fraction. The simplest method, as used 
by Udaykumar et al [23], is to loop over the markers and set the density on the fixed 
grid as a function of the shortest normal distance from the interface. This method is 
inaccurate when two marker elements are close together, such as in a thin film or local 
folding of the interface. Another method, proposed by Tryggvason et al [15], avoids this 
problem by assigning a steep gradient on the fixed grid, which cancel each other out 
when locally folded. At high density ratios, a region in which we operate almost 
exclusively, this method can lead to overshoots and undershoots of the physical 
properties, even leading to negative densities that must be filtered out. It also requires 
the solution of a computationally expensive Laplacian function. 
 
The method implemented in this 
work is based on the work of 
Dijkhuizen et al [21], in which each 
marker is divided into smaller sub-
triangles all individually bounded by 
a single cell. The calculation of the 
center of mass and distance to the 
cell face in the projection direction (   
Figure 6), allows for exact 
determination of the phase fraction in 
each cell to within machine 
accuracy. This method is 
computationally efficient and avoids 
the overshoots and undershoots 
present in Tryggvason's approach. 
On the other hand, it leads to very 
sharp density gradients which were 
found to lead to discontinuities in the velocity field for nearly empty cells when subjected 
to gravity and surface tension source terms. This was due the pressure gradient being 
smeared over the density gradient, leading to a spurious high-pressure region just 
above the surface. To avoid this problem, the density field is not interpolated when 
needed at the cell face but, each cell face has its density computed in the same manner 
as the cell centers by shifting the reference frame of the phase fraction determination.   

   Figure 6, Determination of the phase fraction 
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2.1.4 Surface Tension 

The handling of the surface tension is based on the work of Deen et al [24]. To 
summarize, the individual pull-force of marker i acting on marker m can be computed 
from its normal vectors and joint tangent (Equation (2.12)), the reverse is also true for 
the pull-force of marker m acting on marker i (Equation (2.13)). 
 

  ,i m mi i   F t n   (2.12) 

  ,m i mi m   F t n   (2.13) 

The net surface tension force is given by the summation of all six pull forces acting in 
tandem. However, the contribution of the pull-forces of marker m on its neighbors 
cancel each other out, leaving a simplified expression for the computation of the 
surface tension, where only the normal of the neighboring markers and the shared 
tangents have to be computed. 
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, , , , , ,

1
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  F F F t n t n    (2.14) 

The force of these individual markers is then mapped to the Eulerian cells using a mass 
weighing stencil as in Deen et al [24], modified to also include the local bubble fraction. 
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While the jump equation described in Equation (2.5) shows an exact implementation 
of the boundary conditions at the interface at an infinitely small reference frame, at 
courser grid resolutions spurious currents can occur, usually due to small pressure 
fluctuations commonly seen when operating at high density ratios. To counter this, a 
discontinuous pressure jump is also calculated to oppose the surface tension [25]. 
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2.1.5 Bubble – Fluid Coupling  

To couple the interface momentum transfer between the Lagrangian and Eulerian 
reference frames, a polynomial mapping technique is used both to interpolate Eulerian 
quantities to the Lagrangian point location and vice versa [7]. 
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As shown in Equation (2.20) the interfacial drag, virtual mass, lift and wall forces are 
mapped back onto the Eulerian grid. Body forces are not mapped as they are not a 
force acting on a bubble through the liquid. The mapping function is shown in Equation 
(2.21). 
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          (2.21) 

Where the weighing factors are determined in the same way for all directions. Using  
x-direction (Equation (2.22)) as an example: a clipped polynomial based on the one 
used by Lau et al [7] is used, the major difference is that it does account for the local 
fluid density to not subject the gas phase to excessive force when near the interface. 
Formally the bubbles should not map a force to the gas phase. To obtain this a possible 
extension to the current implementation may be to fold back the forces acting on the 
gas phase back onto the liquid phase, as currently is done for the forces mapped onto 
the boundary nodes. 
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  (2.22) 

Bubble Removal 

 
Bubbles are removed as soon as they touch the interface, the same approach taken 
by Asad et al [26] and Jain et al [27] for VOF based approaches. Compared to the base 
model, this leads to slightly earlier removal of the bubble, as in that case the bubble is 
only removed as the center of mass passes the outer face of the upper boundary cell. 
This approach is likely responsible of an under-resolving of the local bubble-surface 
dynamics, although bubbles still cause the interface to rise locally while approaching 
and the opposite when deleted. A more accurate modeling of the merging process 
might be desirable in case foaming or similar mechanisms need to be studied.  
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2.1.6 Conservative Remeshing  

As the mesh is continually moving, regions of higher and lower resolution form as a 
consequence of the distortion and movement of the points. Low resolution regions, as 
the name implies, lose details of the surface dynamics locally, which is undesired and 
creates instabilities. Moreover, phase fraction determination is also based on markers 
only being able to be subdivided into a maximum of 27 sub-triangles each bounded by 
a single cell. A single marker crossing too many cells will not be properly subdivided, 
creating holes in the used projection method, and leading to severe overestimation of 
the local phase fraction. On the other hand, regions of too high mesh resolution are 
both computationally expensive and in extreme cases can lead to floating point errors 
in the summation of the projection method. 
 
To keep an optimal mesh resolution and marker aspect ratio, four elementary 
remeshing operations are performed; edge splitting, edge collapsing, edge swapping 
and edge smoothing, as depicted in Figure 7. Edge splitting and edge collapsing add 
and remove points respectively and their logic is based on the work by Roghair et al 
[17], extended to work with a non-closed surface connected to a wall. Edge swapping 
is used in a reduced capacity compared to the implementation by Roghair. In an ideal 
quality mesh, each point is connected to six other points through a shared marker edge. 
The splitting and collapsing operations inherently change these number of vertices. 
When a point is reduced to only three attached vertices, further splitting and collapsing 
operations can lead to the formation of double folded markers or pyramids. As these 
are incompatible with the smoothing algorithm used and will invariably lead to crashes, 
edge swapping is used to ensure each point always has at least four vertices. The 
further quality enhancing criteria are disabled as these were dependent on scripts from 
the book of William H. et al [20] which were incompatible with open surfaces. 
 

 
Figure 7, Elementary remeshing operations in DBM-FT. 

 
Finally, volume conservative edge smoothing based on Kuprat et al [28] is used to 
smooth out the local variation of the normal of the points. Again, this method was based 
on closed surfaces, thus it had to be adapted to be able to function on open surfaces. 
While smoothing successfully corrects errors on the edges and flattens the wall 
attached markers, the operations at the wall are no longer conservative. For normal 
bubbly flow cases, this lead to a slow loss of volume over long runtimes and had to be 
corrected through additional volume conservation. The corner region is also less stable 
than the other parts of the mesh, with much more frequent remeshing occurring there. 
Overall, the smoothing behavior is one of the main limiting features of the current 
model, and a full extension to a volume conservative smoothing designed for open 
surfaces is highly recommended to further increase the usability of the model. 
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3 Verification and Validation 

As the model has undergone significant changes as compared to the DBM model, 
verification and validation are necessary to ensure that the behavior corresponds to 
the correct physical counterpart. To achieve this, the flow is characterized for cases of 
single, double and three phase flows. In Table 3, the default simulation parameters 
throughout all cases are shown, these are in use unless stated otherwise. 
 

Table 3, Default simulation parameters 

Parameter Value Unit 

Liquid Density 1000   
-3kg m     

Gas Density 1.25   
-3kg m     

Liquid Dynamic Viscosity 31 10    Pa s   

Gas Dynamic Viscosity 51.8 10    Pa s  

 t - Flow Solver 31 10    s  

 t - Bubble Solver 55 10   s  

Averaging Window 20 200   s  

Surface Tension 27.3 10   
-1N m     

Gravitational Constant 9.81 
-2m s     

Minimum Edge Length 0.2       

Maximum Edge Length 0.5       

 
 

3.1 Single Phase Flow 

The first thing to be verified is to ensure the behavior of the flow solver in the case of 
single phase flow is consistent with analytically behavior, in order to ensure that further 
differences in the analysis of the results are related to the addition of free surface and 
not due to inconsistencies in single phase results. The dimensionless velocity profile 
for laminar flow in a square duct has an analytical solution available, as per Equation 
(3.1) seen in Holmes et al [29] 
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where B and H are respectively the breadth and height of the column cross section.  

While   and   represent the reduced breadth and height in the closed interval [-1,1]. 
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As the fully developed flow profile is only determined by scale and geometry, a high 
viscosity was used to ensure fast convergence. The simulated domain of 5 cm by 5 cm 
by 25 cm reached fully developed flow within 8 cm for all five grid resolutions (varying 
from 15 to 45 cells per 5 cm) as visible in Figure 8. However, as shown by the 
increasing axial velocity with fine grid resolution, a grid independent solution is not yet 
reached. We can however compare the dimensionless velocity profiles, with each 
profile being normalized to its own maximum velocity. 
 

 
Figure 8, Axial Velocities along x = 2.5 cm, y =2.5 cm. Five different grid resolutions across the cross section are 

shown, varying from 15 to 45 cells per 5 cm. 

 
 
  
In Figure 9 the dimensionless velocity profiles for all five cases are depicted. As visible, 
the shapes of these profiles agree well with the expected analytical result. To see the 
differences, the absolute and relative errors are compared to the analytical solution. 
 

 
Figure 9, Dimensionless velocity profiles for five different grid resolutions 
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To characterize the discretization error, we use the standard error determination and 
order of convergence definitions [30]. As seen in Figure 10, the behavior of the absolute 
and relative local errors is quite different, with a smooth parabolic shape in the absolute 
case and a more extreme behavior of the relative error closer to the walls. The rate of 
convergence for the absolute L2 error approaches the expected second order behavior 
very closely (shown in Table 4), showing proper implementation of the second order 
Barton scheme. 
 

 
Figure 10, Absolute and Relative L2 errors at y=2.5 cm. 

 
The relative error of the velocity profile remains within 5% for all cases, even for the 
extremely low 15 cell case. It is important to note that all these errors are errors in the 
dimensionless shape of the velocity profile, this is not the only error present. Namely, 
there is also an error in the magnitude of the velocity as seen in Figure 8, while second 
order convergence is reached for the shape of the velocity profile. The overall rate of 
convergence for these combined errors may be lower as the absolute error would be 
a weighed combination of both these errors. 
 
 

Table 4, rate of convergence of the L2 absolute error 

Grid 
Rate of 

Convergence 

15  1.9788  

21  1.9898  

31 1.9949  

41  1.9965  
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3.2 Two Phase Flow 

3.2.1 Interface Boundary Conditions  

To ensure the proper implementation of the one fluid approach, the interface boundary 
conditions must be validated. Two validation cases are shown here, draining or raising 
the liquid from the domain for the kinematic condition and the lid driven cavity flow 
problem for the dynamic condition. 

3.2.1.1 Kinematic Condition 
 
The easiest way to verify if the movement of the free surface satisfies the kinematic 
condition of no flow through the interface, seen in Equation (3.2). 
  

  0fs
fs

   
 

u u n  (3.2) 

is to check the draining or filling of a vertical square duct with free slip boundary 
conditions on the side walls and fluid inflow at the bottom boundary for filling, and top 
boundary for draining. The outflow boundary, which is the opposite location of the 
inflow boundary, is set to a defined pressure condition. 
 
Preliminary results resulted in finding that the boundary conditions in the corners were 
not properly specified, with no velocity components being resolved there. This also 
affects the bubble dynamics in the bubbly flow case near the corner as the local 
velocities were improperly communicated in that region, this is likely of limited impact 
on the bubble dynamic as very few bubbles reach the corner due to the relatively high 
lubrication forces present there. After updating the boundaries of the old DBM code to 
also include velocities in the corner nodes. the results (seen in Figure 11) match 
expected behavior exactly, confirming a proper implementation of the kinematic 
condition.  

 
Figure 11, Changing of the liquid height over time compared to analytically expected behavior 
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3.2.1.2 Dynamic Condition 
 
To verify the implementation of the dynamic condition it is necessary to introduce a 
mechanical force to agitate the domain. The simplest mechanical driving force acting 
on a viscous fluid with constant density, while leaving the simple cubic or rectangular 
domain intact, is the tangential in-plane motion of a bounding wall. This is a validation 
case, usually referred to as the lid driven cavity problem, which is researched 
extensively, and many solutions are available for comparison.  
 
First the behavior for the one phase case is verified. A pseudo 2D high resolution 
domain is compared to the 2D solutions available from Ghia et al [31]. Height and width 
are equal for an aspect ratio of 1 and the liquid velocity at the wall is set to a Reynolds 
number of 400, to ensure laminar flow allowing to neglect turbulence. The boundary 
conditions are no slip for the left, right and bottom walls, and the velocity is imposed at 
the top moving wall while free slip at the front and back walls mimics an infinite domain 
in the depth, ensuring a pseudo 2D configuration is reached. As seen in Figure 12 the 
results match well with those found by Ghia. 
 
 

 
Figure 12, Dimensionless x-velocity profile through vertical center for the single phase top driven lid case, with a 

pseudo-2D column of grid dimensions 101x5x101. Compared to solutions found by Ghia et al. At 𝑅𝑒 = 400 and 

aspect ratio 𝛤 = 1 
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This case can be used for the validation of the dynamic condition, which in essence 
ensures that parallel stresses are continuous and equal across the interface and 
normal stresses are opposed by surface tension. For this reason, a domain consisting 
of two equal density liquids considered immiscible and separated by an interface (and 
thus surface tension) in the middle is generated. In this domain, the top and bottom lids 
are moving, in a similar way as it was explained in the previous paragraph. 
 
The results of the velocity magnitude contours (Figure 13b) are then compared to two 
other simulations: a simulation with two separate domains (one top and one bottom lid 
driven) as shown in Figure 13a and a simulation where the full domain is filled with a 
single liquid and the flow is driven by both the top and bottom lids, as shown in Figure 
13c. Since the domain is small with low velocities, the expectation is that surface 
tension dominates enough to keep a flat interface of near minimal area. As a 
consequence, the velocity contours of the b case are expected to be nearly identical to 
the contours in case a, with a clearly defined vortex in each liquid, unaffected by the 
other liquid flow, as opposed to the single vortex of case c. As seen below this case 
matches the expected behavior, with only a small difference seen near the interface, 
caused by the small curvature of the interface which is still obtained, showing that 
stresses are properly treated at the interface. 
 

 
Figure 13, three simulations showing the velocity magnitude contours [m s-1] for fully developed flow. Simulation 

(a) is two separate domains, one top driven and the other bottom driven. Simulation (b) is one domain with two 

immiscible equal density liquids separated by an interface. Simulation (c) is one domain fully filled with one liquid. 
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3.2.2 Rayleigh-Taylor Instability 

The Rayleigh-Taylor instability is used to provide insights into the stability and 
convergence of the solution. In Figure 14, cross-sections of the interface are depicted 
for four different grid resolutions. All runs were stable in their operation but due to the 
very complex geometries simulated, underwent significant slowdown in computational 
time. Vortex formation is clearly present, and highly dependent on grid resolution. In 
case 2b the interface does not successfully create the vortex as seen in the other 
cases, instead a very thin lip is formed. Upon inspection of the results over time, it 
becomes clear that at this intermediate resolution it was resolved enough to create a 
thin finger of liquid similar to the other cases, but was not resolved enough to create a 
proper vortex, instead letting the above liquid collapse onto itself. A grid independent 
solution is not yet reached even at the high-resolution case, as the amplitude of the 
wave still increases with every case. Overall, it can be concluded that stable operation 
for the free surface can be done with significantly more complex geometries than the 
expected use-case and is therefore unlikely to be a limiting factor in model stability. 
 

 
Figure 14,Snapshots of interface location after 0.5 seconds.  (a) horizontal slice across the x-plane through the 

center of the domain, (b) diagonal slice across the xy-plane, corner to corner through the center of the domain. For 

grid resolutions: (1) 30*30*60; (2) 45*45*90; (3) 60*60*120; (4) 75*75*150. Domain size 15cm*15cm*30cm. Density 

ratio = 2. 
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3.2.3 Surface Tension and Sloshing 

To validate that surface tension also smoothly returns an interface to its minimal area, 
three cases are used. In the first case the momentum equation is adapted to only 
include surface tension and pressure terms (Equation (3.3)). Its effect is to deform the 
interface by its instantaneous driving force. 
 

  1nu t p

   F   (3.3) 

For a cubic column of 5 cm length in each dimension the surface is then disturbed by 

a sine wave in the x and y directions. Densities are unchanged as compared to the 

standard simulation parameters, but the gravitational constant is set to zero. In Figure 

15 below, the interface is depicted, for the case of no smoothing. Imprinting of the 

Eulerian grid onto the mesh is clearly visible. This is likely a result of the first order 

mass weighing stencil used, as when using equal density liquids, the interface does 

not show the same response. 

   
Figure 15, Top view of interface, no smoothing, time at t = 0 s, t= 0.3 s and t= 0.6 s 

 
In Figure 16 this same case is shown with smoothing. Smoothing entirely removes the 
imprinting as seen above. There also appears to be a preference towards generating 
semi spherical shapes whenever possible. There is still some noise present in the 
corners and the occasionally close to the wall. In the corners, the selection criteria for 
remeshing and smoothing in general can be tightened, as for certain geometries the 
combination of edge swapping and smoothing can occur in unnecessarily rapid 
succession. 
 

 
Figure 16 Top view of interface, normal smoothing, time at t = 0 s, t= 0.3 s and t= 0.6 s 

 
For the next case the previous equation is extended to also take into account previous 
velocities so that inertia is now considered (Equation (3.4)). 
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  1n nu u t p

    F   (3.4) 

Apart from the initial jump due rapid flattening of the wall attached markers, this shows 
a smooth progression, stabilizing towards a completely flat plane. Overall surface 
tension appears to be implemented correctly, though the rate of flattening the wall 
attached markers is quite rapid, until smoothing is extended to using a method fully 
suited for open surfaces, it may be better to initialize interface profiles that start of flat 
at the walls.  

 
Figure 17, surface area over time. 

 
Finally, another case is run, where for a smaller cubic domain with edge length 5 cm, 
no slip boundary conditions and other conditions as per the standard simulation 
settings, a single sin wave with an amplitude of 4 percent of the height is left to 
normalize under force of gravity and surface tension. The highest and lowest points of 
the interface are then plotted over time (Figure 18). The overall progression smoothly 
tends towards the neutral 50% height of the column, indicating proper volume 
conservation. The first few waves however, reach higher than the initial wave height, 
this is an effect that persist on different scales, resolutions, remeshing settings, 
boundary conditions and inclusion and omission of the surface tension. It may be that 
this is due to the presence of a higher mode of oscillation, causing the single wave to 
also experience some local distortion of the wave profile. But further investigation is 
recommended. 

 
Figure 18, heights of the highest and lowest interface points over time. 
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3.3 Single Bubble Case 

 
To characterize the bubble-surface interactions and show the impact of the free surface 
on the flow, a single bubble case is simulated. This single bubble case injects bubbles 
into a higher resolution domain of 0.833 mm per grid cell, 2.5 cm width and depth and 
5 cm height.  This is also an efficient way of generating a less disperse regime than the 
normal bubble flow case. Due to the relatively large size of the bubble as compared to 
the domain size, it is likely that significant surface effects develop over time.  
 
 

 
 

 
Figure 19, Effect of single bubble on surface. 

 
 

Deformation on the surface due to bubble “merging” is shown in six steps (Figure 19): 
First, the bubble approaches the surface causing the surface to get pushed away from 
the bubble. The movement is damped as the bubble has a certain slip velocity with the 
local liquid, causing the bubble to approach the surface significantly faster than it 
moves up. Next the bubble is removed, and the surface quickly pushed down. After 
this the liquid wake of the bubble reaches the surface again pushing it up, this effect is 
stronger than the actual bubble movement itself. Finally, the surface normalizes.  
 

Bubble Removal 

In Figure 20 a series of snapshots for the bubble removal in both the base and the free 
surface case is depicted. For the base case, the approaching bubble first creates a 
predominantly radially dominated velocity vector pushing the liquid to the side towards 
the outflows. Upon reaching the top wall the velocity vector rapidly becomes more 
axially dominated and continues to increase in magnitude as the bubble is leaving the 
domain. It appears that the mapping function used (Equation (2.22)), still folds back 
forces into the domain even though the bubble itself is already over 50% out of the 
domain.  Also apparent is the liquid entering the domain as the bubble is removed (also 
depicted in Figure 24). For the interface case, the presence of the free surface results 
in liquid above the bubble getting pushed up, instead of to the side. This much 
smoother variation in the local velocity vectors will lead to significantly lower shear 
stresses in this region as compared to the base case. Upon bubble removal, the 
velocity field temporarily “collapses” towards the point where the bubble was located 
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to preserve the mass balance. This is another undesired consequence of the current 
handling of the bubble removal. 
 

 
Figure 20, four subsequent snapshots of bubble removal. For each pair DBM(left) and DBM-FS(right) 
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Figure 21, Velocity magnitude in corner below the upper boundary. 

 
 

 
Figure 22, relative pressure in corner below upper boundary 
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In Figure 21 and Figure 22, velocity magnitudes and relative pressures in the corner of 
the domain just below the surface are depicted. Upon entering of the first bubble some 
noise is visible in the velocity magnitude, this is due to the way the volume conservation 
works, only bubbles fully detached from the sparger are counted. For bubbles this large 
relative to the domain size, this abrupt introduction will cause the surface to quickly 
spike up to its’ new height, mainly due to volume conservation rather than 
hydrodynamics.  
 
Some further apparent differences are the much larger velocity fluctuations for the free 
surface case, but an overall lower velocity magnitude. The lowered magnitude could 
be an effect of the earlier bubble removal, but there is also a possibility that the jumping 
of the interface due to the volume conservation causes a loss of momentum. A positive 
effect is the much more stable pressure in the system in the free surface case, while 
there are small spikes visible, again due to bubble removal, these spikes are also 
present for the base case, and overall have a much greater magnitude. 
 
 

 
Figure 23, late time snapshot of single bubble case, showing formation of surface waves. 

 
As the flow develops, the small-scale velocity fluctuations of the free surface case 
become dynamic enough to create large waves at the free surface (Figure 23). This is 
a clear example of free surface dynamics having an impact on the flow, even though 
this case is significantly smaller than the large bubbly flow case, conditions are created 
which are heterogeneous enough to significantly affect the hydrodynamics.  
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Bubble Breakup 

Another difference between the cases is that for sufficiently developed flow, 
occasionally bubbles in the base case start undergoing breakup, collapsing into several 
smaller bubbles, depicted in Figure 24. What is interesting is that all these occurrences 
happened when the bubble had already crossed the domain boundary for more than 
50%. Placing new, smaller bubbles back in the domain, with some rather strong effects 
on the flow field. This makes it apparent that there are significant shear stresses 
present at the top of the domain for the base case, in a boundary cell where flow is not 
resolved. Perhaps breakups should be restricted in this region. 
 
 

 

 
Figure 24, top-view of bubble breakup for bubble already leaving the domain for DBM(left) compared to bubble 

approach for FT (right). 

 

Summary 

In aggregate, the effects of individual bubbles approaching the surface contain most of 
the significant steps of bubble-surface interactions albeit in a damped manner, 
although some physical phenomena cannot happen, such as bubble bouncing of the 
surface. A possible extension to create a more detailed interaction would to include 
lubrication and repulsion forces, directly coupling bubbles and interface. One step 
further would be detailed merging of the interface and the bubble, this is challenging 
however, as the size scales of the two elements are very different. Therefore, it would 
be unfeasible in the current model to create a front tracking mesh for the bubble as 
merges approaches the interface. Recently, work has been done using a finite-size 
Lagrangian (FSL) tracking method [32]. A similar approach may be adaptable to the 
current model. 
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4 Results 

Now that the implementation of the free surface has been validated a study is 
performed to understand the impact of surface dynamics on the hydrodynamics of a 
small bubble column. The reference case used is the available from the work of Deen 
[33]. A 15 by 15 cm column is filled with water to a liquid height of 45 cm. Air bubbles 
with a diameter of 4 mm are injected, with a superficial gas velocity of 4.9 mm/s, 
through 49 points in square pitch, the distance between the points is 6.25 mm, leading 
to a square lattice of injection points centered in the column.   Boundary conditions are 
no-slip on the bottom and the side walls. For the base case the top wall at 45 cm is set 
to free slip, while for the free surface case the top wall at 60 cm is set to defined 
pressure conditions. For the base case there are additional slits in the top of the side 
walls set to defined pressure conditions instead of no-slip. Figure 25 depicts snapshots 
of the simulation, full simulation parameters can be found in appendix A. 
 
 

 
Figure 25, two snapshots of the bubbly flow case: Left – startup; Right – developed flow. 
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As seen above the startup is characterized by a very dynamic behavior of the surface, 
with many waves forming and a strong impression of the bubble plume being visible 
on the surface. As the flow develops, the region near the surface becomes more 
disperse and homogeneous. As depicted in Figure 26-1, the surface becomes mostly 
confined to a range of one cell width, with only minor oscillations occurring due to 
bubble removal. In Figure 26-2 column bubble void fraction over time is shown. When 
looking at the initial start-up region the void fraction quickly spikes towards 0.02, 
dropping towards around 0.016 quickly afterwards.  
 
 

 
Figure 26, on the left: time averaged continuous phase fraction versus normal boundary location. On the right; 

bubble void fraction over time. 

 
 
From this spike a difference in volume conservation between the cases becomes 
apparent; in the current implementation of the volume conservative smoothing, all 
bubbles in the column are used to determine the total bubble volume and thus the 
required liquid height to ensure conservation. Bubbles still on the injection plate and 
thus only partially in the domain are not considered. This leads to a mismatch as the 
local bubble void fractions are mapped for bubbles still on the plate, causing a 
somewhat shorter spike for the interface model. When looking at the average porosity 
over time (Table 5), a lower overall void fraction is found for the interface case. This is 
partially explained by the above mismatch in volume, but also due to the removal 
criteria; bubbles in the base case are only removed after their center of mass has 
crossed the far face of the upper boundary cell, leading to a somewhat later removal 
than in the free surface case, as was discussed in chapter 3.3, this difference in void 
fraction is therefore likely to have an impact on the hydrodynamics close to the top of 
the column, as the base case still maps forces from bubbles which should have already 
left the system. 
  

Table 5, time-averaged bubble void fractions. 

Case Average b
ε   

DBM – FS 0.0159  

DBM 0.0162  
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Liquid velocities 

Next the time averaged velocities are compared between the old model, the new model 
without free surface, and the new model with free surface. The mean average liquid 
velocity in the axial direction, as defined in Equation (4.1) compared to PIV 
experimental data, as depicted in Figure 27, the velocities between the three 
simulations do not differ much at a height of 15 cm, this is expected as information from 
the free surface is unlikely travel far this deep into the column unless large surface 
waves start to form, which is unlikely for these conditions.  
 

 
1

1 tN

i

it

u u
N 

    (4.1) 

At a height of 25 cm a much better agreement with experimental data is found, as both 
the shape and magnitude of the velocities match favorably, again no significant 
difference is found between the simulations. A much larger difference is found at a 
height of 35 cm, both between the interface case and the base case. Inclusion of the 
free surface significantly reduces the mean liquid velocity close to the surface. It may 
be that this is an effect due to the timing of bubble remove, and method of volume 
conservation as discussed above. Next to this the way the bubbles are removed in the 
free surface case has a large impact on the velocity field, rapidly refilling the fluid cell 
to maintain the volume. Again, as in the 15 cm case the simulations do not agree well 
with experimental data, this time underestimating rather than overestimating.  
 
Overall the axial liquid velocity stays quite constant in its shape and magnitude across 
the column for the experimental results. On the other hand, the simulations show a 
much more diffuse progression, with axial velocities rapidly decreasing in magnitude 
with decreasing distance to the top, it may be that this behavior is due to the low grid 
resolution, as 5 mm per grid cell is too coarse to accurately represent many of the 
smaller vortex formations. 

 

 
Figure 27, mean axial liquid velocities at depth y/D=0.5 and heights (left to right); 0.35 [m], 0.25 [m] and 0.15 [m]. 

 
 
Next the large-scale velocity fluctuations are compared, as defined in Equation (4.2). 
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As seen in Figure 28, a good agreement is reached for all cases, it is interesting to note 
that the velocity fluctuations are still similar for the free surface case near the interface, 
as the magnitude there was significantly lower than other cases. Moreover, the 
increased small-scale velocity fluctuations as observed in Chapter 3.3 are either of a 
small enough scale to not affect these results or are only observed significantly closer 
to the surface. 
 

 
Figure 28, axial liquid velocity fluctuations at depth y/D=0.5 and heights (left to right); 0.35 [m], 0.25 [m] and 0.15 

[m]. 

 

Bubble velocities 

Now that the liquid profiles have been compared, the bubble velocities are also of 
interest. Starting with the axial bubble velocities, as depicted in Figure 29, in general 
these velocities are overestimated for all heights, and the only significant difference 
between simulations is the bubble velocities at 35 cm for the free surface case, which 
are lower than the others in an amount similar to the differences in the liquid velocities. 
Indicating similar slip velocities. 
 

 
Figure 29, mean axial bubble velocities at depth y/D=0.5 and heights (left to right); 0.35 [m], 0.25 [m] and 0.15 

[m]. 
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Comparing these slip velocities (Figure 30) might also lead to new insights, slip 
velocities are negatively affected by the local void fraction [34], an effect clearly visible 
in the simulation results, the higher in the column the more disperse the bubble plume 
becomes, leading to a significantly flatter slip profile. Next to this dimples near the walls 
are also observed, this is likely because of the presence of higher void fractions near 
the walls in bubbly flows for nearly spherical bubbles [35].  Overall the slip velocities 
are significantly overestimated compared to experimental data. 
 

 
Figure 30, mean axial slip velocities at depth y/D=0.5 and heights (left to right); 0.35 [m], 0.25 [m] and 0.15 [m]. 

Porosity 

As seen below in Figure 31, porosity profiles match quite well between the base case 
and the free surface case, both show a local increase of the porosity near the wall close 
to the surface. It also becomes apparent that there is a very low amount of bubbles 
present outside the central plume at a height of 15 cm, this means that it is likely that 
the bubble data not within a range 0.25 to 0.75 dimensionless width is not sufficient to 
get accurate averages. This can explain the very large mismatch for both the bubble 
velocities and slip velocities depicted above. The plume for the free surface seems to 
not be entirely centered, a longer averaging window may be necessary to average out 
the plume oscillations.  

 
Figure 31. fluid fractions at depth y/D=0.5: DBM on the left; DBM – FS on the right. Normalization in the z-

direction is done through division by the initial liquid height, color depiction is non-linear. 
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Figure 32, breakup and coalescence maps for DBM (left) and DBM-FS(right). Occurrences summed over column 

depth. Display is in natural logarithm of number of occurrences.  

Coalescence and breakup 

Depicted in Figure 32 are the breakup and coalescence rates, coalescence does not 
change much between the models but there is a very significant difference in the 
breakup rate. In the bulk of the column this rate remains similar in both cases but near 
the surface, where for the base case about half of all breakups occur, the breakup rate 
hardly differs from bulk conditions in the free surface case. This is effect, also seen in 
the single bubble case, is likely due to lower shear rates (as defined in Equation (4.3)) 
in the free surface model. 
 

  
T

  γ u u   (4.3) 

Taking the magnitude of the rate of strain tensor γ , the shear rate   is defined as 

(Equation (4.4)) : 
 

  
1

:
2

  γ γ   (4.4) 

 
Plotting these shear rates (Figure 33) indeed show significantly lower shear rates at 
the liquid height of the column. 
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Figure 33, shear rates [1/s] at surface height, DBM(left), DBM-FS(right). 

 
When the above results are compared in aggregate, it does appear that the base case 
boundary conditions are indeed a valid substitute for the free surface under these 
conditions, with limited differences between the hydrodynamics for the cases. In further 
studies it will be of great interest to quantify the differences between these cases for a 
wide variety of flow regimes. 
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5 Conclusions 

The Discrete Bubble Model has been successfully extended to include a Front-
Tracking based free surface tracking. The model has been verified to give second order 
accurate results for the single-phase duct flow case. For two phase flows both the 
kinematic and dynamic boundary conditions have been successfully implemented. 
Furthermore, complex surface geometries can be accurately tracked, as high 
amplitude Rayleigh-Taylor instabilities are successfully described. Surface tension is 
successfully implemented, although instantaneous driving forces lead to imprinting of 
the Eulerian grid onto the surface interface. Smoothing successfully remedies this, and 
significantly higher amplitude deformations due to surface – bubble interactions.  
 
These surface – bubble interactions are captured in a damped fashion as compared to 
the real physical phenomena, this was deemed to be sufficient for the meso-accuracy 
scale. Inclusion of the free surface for single bubbles was found to lead to significantly 
higher small-scale velocity variations, which under the right conditions can develop into 
large scale velocity variations due to wave formation. Pressures in the column were 
also significantly more stable as compared to the base model, though further 
improvements in this are still possible. Bubble breakup was found to be possible in 
isolated single bubbles, already having left the simulation domain. In the free surface 
case this effect is removed due to lower shear stresses present. 
 
Remeshing, volume conservation and smoothing were implemented. While remeshing 
allows to keep an optimal interface mesh, volume conservation is not handled fully 
correctly, as the current implementation may lead to a small mismatch between the 
flow solver and the movement of the interface markers upon bubble injection. 
Smoothing works as intended in the bulk conditions of the mesh, though loses local 
conservation at wall connected points. A full extension to a volume conservative 
smoothing for non-bounded surfaces is needed, so that further simulations can be done 
using mixed boundary conditions; free-slip at the free surface, which then transitions 
into no-slip with increasing distance from the interface. 
 
Implementation of the free surface had an overall limited effect on the selected bubbly 
flow case. While during column startup significant surface movement occurs, during 
stable operation the bulk of vertical interface movement was found to generally be 
confined to within one cell (5 mm). For the average velocity profiles, a difference was 
found in the mean axial liquid velocity close to the column top, this difference may be 
significant, but can also be an effect of the above-mentioned mismatch in volume 
conservation and hydrodynamics. The most significant difference was found in the 
bubble breakup rate; which were found to be lower near the column top. This was an 
effect of the lower shear rates found here.  
 
To conclude, the assumption that the influence of surface dynamics on the 
hydrodynamics of disperse bubbly flows at the meso-scale can be neglected was found 
to be reasonable in the homogeneous disperse flow regime. However, a clear effect of 
the surface is observable, for instance in the single bubble case and when considering 
breakups. This was project therefore a useful extension towards creating a model more 
fit for these conditions. 
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6 Outlook 

The new model offers a number of interesting opportunities for further study. 
Furthermore, several model extensions are also of interest. The most immediate point 
of attention is the fixing of the volume conservation for the entering of bubbles. This is 
more akin to a bugfix than a feature extension and should be relatively straightforward 
to implement. 
 
The model has also been sufficiently developed to allow for a follow-up project that is 
focused on combining simulations and experimental work, rather than model 
development.  
 
Several model extensions are of varying degrees of further interest. Foremost on this 
list is a proper extension of the volume conservative smoothing routine to be fully 
operational for non-bounded surfaces. This should also lead to proper handling of free 
slip conditions, which currently are not stable when used in combination with 
smoothing. 
 
Another adaptation of interest is changing of the current spline used in interface 
movement, replacing it with a monotonic cubic hermite interpolation. This should lead 
to improved handling of certain boundary conditions, such as free-slip conditions or 
moving boundary cases such as the lid driven cavity flows. Preventing points from 
leaving the domain which sometimes can occur when using Runge-Kutta time 
stepping. 
 
The next big extension for increasing accuracy of the model should be changing the 
way the bubbles are removed. A number of possibilities exist here with varying 
complexity. Small improvements may be possible through less abrupt bubble removal, 
avoiding the velocity and pressure spikes. Another possibility lies in the inclusion of a 
removal of the bubble in the continuity equation, followed by local depression of the 
nearby surface to ensure conservation. Finally, a full extension to detailed merging of 
the surface may be a possibility, albeit one of significant complexity. 
 
Finally, it can be interesting to look at integrating the working of the DBM species solver 
and the free surface tracker so that it can be applied to the current nucleation project, 
during the development of the model care was taken to also take into account the 
communication of these two parts of the model. However, no additional extensions 
were made for any physical coupling. Further possibilities exist in moving the free 
surface code back to the base Front-Tracking model, this can then be used as the 
basis for several new studies such as; DNS level descriptions of nucleation, the 
modelling of film boiling and nucleate boiling, or descriptions of other non-bounded 
interfaces. 
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Appendix A 

Simulation settings 
 

Parameter Value Unit 

Liquid density 1000   
-3kg m     

Gas density 1.25   
-3kg m     

Liquid dynamic viscosity 31 10    Pa s   

Gas dynamic viscosity 51.8 10    Pa s  

 t - flow solver 31 10    s  

 t - bubble solver 55 10   s  

Averaging window 20 200   s  

Surface tension 27.3 10   
-1N m     

Gravitational constant 9.81 
-2m s     

Minimum edge length 0.2       

Maximum edge length 0.5       

Domain resolution 35 10    m   

Domain dimensions 
Deen column 

0.15 0.15 0.45     m  

Domain dimensions 
Free surface column 

0.15 0.15 0.60     m  

Superficial gas velocity 0.0049   
-1m s    

 


