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“We are never far from the lilt and swirl of living water.
Whether to fish or swim or paddle, of only to stand and gaze,
to glance as we cross a bridge, all of us are drawn to rivers,

all of us happily submit to their spell.
We need their familiar mystery.

We need their fluent lives interflowing with our own.”

— John Daniel,
The Far Corner: Northwestern Views on Land, Life, and Literature.
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Chapter 1
Introduction

Sediment transport processes and vortices are both ubiquitous in nature, contributing to
the shaping of landscapes and the evolution of surrounding flows. Vortices can move
heavy particles, such as sediment, toward their core and lift them from the ground. This
phenomenon has been observed for millennia, from the ancient Greeks stirring wine in a
cup, or now more commonly, coffee or tea (Tigner, 1974; Lugt, 1983). Once in suspension,
the particles can even be transported by the vortices over long distances, as evidenced by
the destruction caused by tornadoes (Pepper, 1975).

The transport of sediment particles is essential in both natural and industrial processes,
having a great influence on the environment and numerous human activities (Yalin, 1972;
Shao, 2008; Julien, 2010; Lazarus et al., 2016). In the environment, silt and sand are
transported in rivers, estuaries and along coasts (van Rijn, 1993; Kok et al., 2012), leading
to the formation of ripples, dunes, and determining the evolution of rivers (Frey and
Church, 2009; Constantine et al., 2014; Vercruysse et al., 2017), channels (Aagaard et al.,
1997; Wu et al., 2000; Caviedes-Voullième et al., 2017), and coastlines (Wright and Short,
1984; Dally and Dean, 1984; Shand and Bailey, 1999; Aagaard et al., 2004; Montreuil
and Bullard, 2012; Simeone et al., 2016; Limber and Barnard, 2018). Sediment can also
be transported into harbors, where the deposition of sediment in navigation channels
can be hazardous to ship traffic (Berthot and Pattiaratchi, 2006; Zhang et al., 2013). In
cases when pillars and groynes obstruct the flow, severe scour might lead to the failure of
structures such as bridges (Lagasse et al., 1995; Johnson and Dock, 1998; Sumer et al.,
2001; Heidarpour et al., 2010). Equally important is the transport of sediment in man-
made water systems, where the presence of suspended sediment can cause severe quality
problems in drinking-water (Lodhi et al., 1998; Davies-Colley and Smith, 2001; Dodds
and Whiles, 2004; Islam et al., 2015). The transport of sediment also influences the
turbidity of water, which can be destructive for fish habitats and have an effect in the
ecosystem (Henley et al., 2000; Barnard et al., 2013; Burchard et al., 2018; Díez-Minguito
and de Swart, 2020). Moreover, sediment can act as a catalyst, carrier, and storage agent
of other forms of pollution such as the residual discharge of industry, mining, dredging,
and agriculture (Long, 2006; Macklin et al., 2006; Pollock et al., 2014). Despite the role
of sediment as a pollutant, sediment can also be beneficial, as it can produce low amounts
of turbidity that can protect aquatic species from predation (Abrahams and Kattenfeld,
1997). Furthermore, too little sediment deposition can lead to the erosion of riverbanks
and coastal areas, causing land loss and destroying the nearshore habitats (Stanley, 1996;
Jones et al., 2008; Roebeling et al., 2013; Mentaschi et al., 2018).

Although there have been numerous studies on sediment transport by both eolian and
fluid flows, obtaining accurate descriptions of these transport processes is challenging.
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The presence of a large range of length scales, particle sizes and types, a boundary con-
sisting of loose particles, particle-particle and fluid-particle interactions, lead to a complex
interplay between a variety of physical processes (Amoudry and Souza, 2011; Pähtz et al.,
2020). This generates a multifaceted problem which often requires the use of knowledge
of different fields such as morphodynamics, hydrodynamics, loose-boundary hydraulics,
sediment structure formation in granular media, among others. Because of this, a signifi-
cant amount of the knowledge on sediment transport processes is either based on empir-
ical, conceptual or simplified physics models (Merritt et al., 2003). In particular, there is
abundant literature on the sediment transport produced by currents and waves (Madsen
and Grant, 1977; Hoefel and Elgar, 2003; van Rijn, 2007a,b; Lu et al., 2015; Franz et al.,
2017; Chou et al., 2018), tidal currents (Heathershaw, 1981; Lee, 2010; Davis and Dal-
rymple, 2011), and turbidity currents (Middleton, 1993; De Cesare et al., 2001; Meiburg
and Kneller, 2010; Shringarpure et al., 2012; Azpiroz-Zabala et al., 2017), for example.
However, in comparison with these types of flows, the sediment transport capabilities of
vortices and the changes they can produce in the morphology of their surroundings have
been investigated rather scarcely. Vortices are of interest since their velocity and pressure
distribution could locally enhance the transport of sediment in comparison to unidirec-
tional flows. Therefore, since vortices are a common and often persistent feature in flows,
they could be a relevant sediment transport mechanism in both environmental and indus-
trial flows.

This thesis focuses on studying the transport capabilities of aquatic, columnar vor-
tices, whose axis of rotation is perpendicular to the sediment bed (bottom boundary).
This type of vortex mimics large-scale, environmental vortices, which tend to behave in
a two-dimensional (2D) or quasi-two-dimensional (Q2D) way due to the inverse-energy
cascade, where energy from small scales is transmitted to larger scales (Kraichnan, 1967;
Matthaeus and Montgomery, 1980). In environmental flows, this characteristic property
of 2D and Q2D flows is a consequence of three factors: background-rotation (Baroud
et al., 2003; Afanasyev and Wells, 2005; Deusebio et al., 2014), stratification (van Heijst
and Flór, 1989; Maassen et al., 2002), and geometrical confinement (shallowness) (Tabel-
ing et al., 1991; Jirka, 2001). Since large-scale geophysical and environmental flows are
usually subjected to at least one of these three factors, the Q2D nature of these flows im-
plies that both the atmosphere and the ocean are full of vortices. Notable examples of
atmospheric vortices are hurricanes, while the Gulf Stream rings and the Agulhas rings
are vortices that are shed from oceanic currents.

In addition to the tendency to form larger structures, vortices in the presence of
background-rotation tend to evolve toward columnar structures aligned with the axis of
rotation. This behavior is associated with the Taylor-Proudman theorem, which states that
variations in the direction of the axis of rotation are suppressed. Due to the preferential
motion in a plane, vortices subject to rotation are commonly considered to be 2D. While
there exists different vortex types, the most basic is the monopolar vortex, which consists
of a patch of fluid rotating around a common center. Another common, but slightly more
complex structure is the dipolar vortex, which consists of two counter-rotating vortices.

Previous small-scale experiments and numerical simulations have shown that, when
considering simplified 2D dynamics, vortices are capable of trapping passive tracers within
their core (Babiano et al., 1987; Crisanti et al., 1991, 1992; Velasco-Fuentes et al., 1995;
Provenzale et al., 1995; Boffetta et al., 1996; Eames and Flór, 1998; Provenzale, 1999;
Wells and van Heijst, 2003; Nicolau del Roure et al., 2009). Treating particles as pas-
sive tracers is a common first approximation of the behavior of particles in atmospheric,
oceanic, and coastal flows (Davis, 1987; Beron-Vera et al., 2008; García-Olivares et al.,
2007; LaCasce, 2008; Weiss and Provenzale, 2008). This has been useful in studying the
transport and dispersion of pollutants, biological material, suspended sediment, dust, and
other types of particles. However, since the behavior of inertial particles in a flow depends
on the particles properties (material, size, shape) (Le Roux, 2005), there can be significant
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differences to that of a passive tracer. For example, when particles are small compared
to the changes in the flow, the density difference between the particles and surrounding
fluid determine where particles accumulate in a vortex: particles lighter than the fluid
accumulate within vortex cores and denser particles accumulate outside of the core due
to the centrifugal force (Julien, 1986; Ungarish, 1990, 1991; Crowe et al., 1995).

While studies on 2D vortices provide insight into the dynamics of particles in a vortex
field, the presence of a bottom (such as the sea floor) induces three-dimensional effects
that break the 2D character of the flow (van Heijst, 2014). These 3D effects are remi-
niscent of the “tea leaves problem” (Einstein, 1926), which describes the accumulation
of tea leaves at the bottom of a cup when water is stirred due to a radially inward mo-
tion at the bottom and axially upward motion in the center. These motions emerge due
to the difference in the centrifugal force between the water surface and the bottom of
the cup, where the velocity of the flow is zero. Similar dynamics have been studied in
"tornado-like" vortices (Kuo, 1971; Jischke and Parang, 1974; Rotunno, 1979; Nolan and
Farrell, 1999), which are characterized by very strong swirling motions and the radial
convergence of fluid at the bottom. This fluid convergence can cause sediment particles
to move toward the core of the vortex, where they are brought into suspension by the
upward flow. Examples of the displacement of sediment by radially inward motions is
commonly observed in atmospheric vortices, such as dust devils (Sinclair, 1974; Snow,
1984; Greeley et al., 2003), tornadoes (Pepper, 1975; Magsig and Snow, 1998; Lewellen
et al., 2008), and hurricanes (Sapsis and Haller, 2009). Although comparatively less ref-
erenced, vortices in aquatic media can also displace sediment, playing a role in the trans-
port of sediment in beaches (Shibayama and Horikawa, 1982), tidal inlets (Amoroso and
Gagliardini, 2010), rivers (Ferguson et al., 2003), and along coasts (Cook, 1970; MacMa-
han et al., 2006). Even large-scale vortices such as oceanic gyres can transport sediment
(Berloff et al., 2002). In industrial configurations, the transport of heavy particles by
swirling flows toward their core is also relevant, for example, in erosion measurement
devices (Gust, 1991), combusters (Apte et al., 2003; Chen et al., 2009), and whirlpool
vats (Diakun and Jakubowski, 2010; Jakubowski et al., 2019; Stachnik and Jakubowski,
2020). Some examples of different types of vortices transporting sediment are shown in
Fig. 1.1.

Due to the displacement of sediment, changes in the morphology of the region can
occur. For example, aquatic vortices play a role in the evolution of headlands (Berthot
and Pattiaratchi, 2006), inlets (Tambroni et al., 2005; de Swart and Zimmerman, 2009),
rivers (Ferguson et al., 2003; Mariotti et al., 2013), tidal channels (Cruz and Noernberg,
2020), deltas (van der Vegt et al., 2006; van der Vegt et al., 2009), straits (Takasugi et al.,
1994a,b), and the surf-zone (Kumar et al., 2011). Vortices can even play a role in the
formation of seafloor features (Rebesco et al., 2014; Falcini et al., 2016). Such changes
in the morphology can in turn can have an impact on the surrounding flow and affect the
dynamics of the vortex. Both the topic of morphodynamics and the changes it can produce
in the flow are of considerable interest to many practical applications. Such is the case
of the conservation of channels and harbors, where changes in the morphology can affect
navigation and require dredging, which leads to large maintenance costs (van Rijn, 2005;
Zhang et al., 2013). Taking into account the role of vortices in the transport of sediment
can benefit the description and modeling of both the hydrodynamics and morphodynamics
of regions where vortices commonly and frequently form, such as harbors, piers, tidal
inlets, and deltas. However, several questions remain regarding the sediment transport
capabilities of vortices, for example: how is sediment captured and suspended by a vortex?
What is the influence of the vortex vertical velocities and the particles’ settling velocity on
the transport of sediment? What changes can vortices produce in the morphology of the
sediment bed? What is the effect of particle loading on the vortex?

To address these questions, laboratory experiments and numerical simulations are
used in this thesis to determine the most relevant processes and parameters that describe
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(a) (b)

(c) (d)

Figure 1.1: Photographs of three different vortices transporting sediment: (a) A large
dust devil in Arizona, USA on June 10, 2015 (Credit: NASA.gov); (b) tornado south
of Dimmitt, Texas on June 2, 1995 (Credit: NOAA Photo Library, OAR/ERL/NSSL); (c)
vortex generated by a rip-tide in Rockingham, Western Australia (Credit:Scott Patman,
June 2013); (d) vortices observed around Long Island (Credit:NASA Earth Observatory
images by Jesse Allen).
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the sediment transport capabilities of columnar, generic, aquatic vortices. To achieve this
goal, we analyze the transport capacity of the boundary layer that forms beneath a vortex
by studying one of the most well-known swirl flows, the spin-down flow. Additionally,
the sediment transport capabilities of monopolar and dipolar vortices, are determined by
quantifying the net sediment transport as a function of the vortex properties. These two
vortical structures were chosen since they are archetypal flows in nature.

The key theoretical aspects needed to understand this work are given in Chapter 2,
with emphasis on the effects of rotation on the flow, the modeling of vortices, and the
modeling of particle motion. These topics are concerned with the formation of columnar
vortices and the interaction of inertial particles with a flow.

In Chapter 3, a description of the photogrammetric technique developed and imple-
mented to measure the changes on an underwater sediment bed is presented. This tech-
nique uses a single camera and a digital projector to measure the height of a given surface.
This implementation incorporates refraction at an interface allowing for measurements
through a deformed or changing water surface. The digital projector provides flexibility
in choosing projected patterns and has a high frame rate, which allows the increase of
the spatial and temporal resolution of the measurements in a simple and straight-forward
way.

In Chapter 4, we analyze the interaction between a vortex core and a sediment bed
by experimentally studying a spin-down flow over a particle bed. This flow was selected
because it is a simple model for the core of a monopolar vortex due to its similar velocity
distribution. Furthermore, this flow has been studied extensively, and it is well under-
stood under a variety of conditions, allowing us to study the relevant processes in the
flow/particle bed interaction. Changes in the sediment bed driven by the spin-down flow
are quantified by means of the light-attenuation technique.

Chapter 5 presents an experimental study of the transport of sediment and associ-
ated changes in the bed by a generic translating monopolar vortex. This chapter focuses
on determining the parameters that control the sediment transport capabilities of trans-
lating, columnar, monopolar vortices by systematically varying the vortex strength and
translation velocity and quantifying the net sediment transport as a function of the vor-
tex properties. Three different measurement techniques were used to obtain information
about the flow velocities, the sediment in suspension, and the net changes in the bed.
Experiments without a sediment bed were also performed and compared to their counter-
parts with sediment to gain insight into the possible effects of the changes in the sediment
bed and particle loading on the vortex.

In Chapter 6, the sediment transport capabilities of large-scale tidal dipolar vortices
are studied. For this, simulations are performed using a state-of-the-art coastal model. The
objective of this chapter is to analyze the sediment transport capabilities of large scale
vortices, the influence of the flows shallowness, the role turbulence has at these scales,
and the sensitivity of the net sediment transport to the particle properties. Additionally,
the relevance of the vertical velocities of the vortex on the net sediment transport at
such large scales is analyzed by removing the influence of the vertical velocities on the
suspended sediment.

Finally, the main conclusions and a brief outlook are presented in Chapter 7.



Chapter 2
Theory

This chapter presents a brief summary of the theoretical background necessary to un-
derstand this thesis. First, the general equations that describe a fluid in motion with
and without background rotation are given. Second, two of the simplest vortex models,
Lamb-Oseen and the Rankine vortex model, are described. Next, a brief description of
boundary layers is given, focusing on the characteristic boundary layers that develop un-
der a swirling flow. Additionally, a brief description of turbulent diffusion in geophysical
flows is given. Lastly, the equations that describe the behavior of particles in a flow are
briefly discussed.

2.1 Equations of fluid motion
The motion of a Newtonian fluid is described by the Navier-Stokes equation, which rep-
resent the rate of change of momentum of a fluid by the forces acting on it, and the
continuity equation, which represents the conservation of mass. These equations are,
respectively,

∂u

∂t
+u ·∇·∇·∇u =− 1

ρ
∇∇∇p +ν∇2u+ F

ρ
, (2.1)

∂ρ

∂t
=−∇·∇·∇· (ρu), (2.2)

where u is the fluid velocity vector, t is time, ∇∇∇ is the gradient operator, p is the pressure, ρ
is the fluid density, ν is the kinematic viscosity of the fluid, and F are external body forces
per unit volume acting on the fluid (for example, gravity g). For this thesis, it is assumed
that the density of the fluid is a constant fluid property, i.e. it does not change in position
or time. Similarly, ν is considered constant in experiments since it is a good approximation
of the dissipative effects in laboratory scales. However, this is not the case for geophysical
flows and requires a different interpretation. A brief discussion of the geophysical case is
given in subsection 2.4. The left side of (2.1) can be rewritten with the use of the material
derivative, defined as Du/Dt = ∂u/∂t +u ·∇·∇·∇u, which expresses the acceleration of a fluid
element as a function of its velocity change in time and on its convective acceleration. In
the case of an incompressible fluid, (2.2) is reduced to

∇·∇·∇·u = 0, (2.3)

which indicates that the velocity field of the flow is divergence free.
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Since this thesis focuses on the dynamics of vortices, it is convenient to characterize
the flow by its vorticity ωωω, which is a vector field that describes the local spinning motion
of the flow

ωωω=∇×∇×∇×u, (2.4)

where the operator ∇×∇×∇× is commonly referred to as the curl of the vector field.
The momentum equation can also be written in terms of the vorticity ωωω, transforming

(2.1) into
Dωωω

Dt
=ωωω ·∇·∇·∇u+ν∇2ωωω+ 1

ρ
∇×∇×∇×F, (2.5)

where (ωωω·∇·∇·∇)u is the vortex stretching term, which represents the tilting and stretching of
vortex lines.

Related to the vorticity, the amount of swirl in the flow within a closed curve C is the
circulation Γ, defined as

Γ=
∮
C

u · d`=
Ï

S
ωωω ··· n̂ dS. (2.6)

Here, the Stokes theorem has been used to redefine the line integral bound by the dif-
ferential length element d` of the curve C as a surface integral of ωωω, where n̂ is the unit
vector outward to the surface S enclosed by the contour C.

2.1.1 Background rotation
For flows subjected to background rotation, such as atmospheric and oceanic flows which
are largely influenced by the rotation of the earth, it is convenient to describe the fluid
motion relative to the rotating frame of reference. Considering the reference frame given
by the unit vectors ê1, ê2, ê3 which rotates with a steady angular velocity Ω and has
x = (x1, x2, x3) as its corresponding position vector, the Navier-Stokes equation (2.1) in
a rotating frame is given by

Du

Dt
+2Ω×××u =− 1

ρ
∇∇∇P +ν∇2u+ F

ρ
, (2.7)

where the 2Ω××× u term represents the Coriolis acceleration, F represents external body
forces per unit volume under the rotation frame of reference, and P = (p−|Ω×××x|2/2) is the
reduced pressure, which contains the effect of the centrifugal acceleration expressed as the
gradient of a potential: Ω××× (Ω×××x) =∇∇∇(|Ω×××x|2/2) ≡∇∇∇Φc . When gravity is included in the
Navier-Stokes equation , it is represented by the gradient of the potential Φg since it is a
conservative force. Both the gravitational and centrifugal potentials are usually included
in the potential Φt =Φg +Φc , such that, P = p −ρΦt .

The vorticity equation (2.5) in a rotating frame is given by

Dωωω

Dt
= (2Ω+ωωω) ·∇·∇·∇u+ν∇2ωωω+ 1

ρ
∇×∇×∇×F, (2.8)

where the incompressibility and constant density condition have been used to derive (and
simplify) the equation. The value of 2Ω is often referred to as the background vorticity
or planetary vorticity in the case of geophysical flows. The sum (2Ω+ωωω) is referred to
as absolute vorticity. For flows that are affected by the Earth’s rotation, it is common to
express the planetary vorticity as a function of the Coriolis parameter f , such that f =
2Ωsinθ, where Ω is the norm of the rotation vector Ω and θ is the Earth’s latitude.

2.1.2 Dimensionless numbers
It is convenient, and common, to define non-dimensional numbers to characterize the
flow according to the relative importance of the terms in the Navier-Stokes equation. By
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assigning a velocity scale U and a length scale L representative of the flow, the order of
magnitude of the terms in (2.1) or (2.7) can be estimated. By neglecting the less relevant
terms in the Navier-Stokes equation, a simplified description of the flow can be obtained.
Assuming that there are no external non-conservative body forces (F = 0), three of the
most commonly defined dimensionless numbers in geophysics are

Ro ∼ [u ·∇·∇·∇u]

[2Ω×××u]
= U

ΩL
, (2.9)

Re ∼ [u ·∇·∇·∇u][
ν∇2u

] = U L

ν
, (2.10)

Ek ∼
[
ν∇2u

]
[2Ω×××u]

= ν

ΩL2
, (2.11)

with Ro the Rossby number, Re the Reynolds number, and Ek the Ekman number. Here, [·]
is used to represent the typical magnitude of the advection, diffusion, and rotating terms
of the Navier-Stokes equation. Both Ro and Ek are typical dimensionless numbers in flows
with background rotation and are used to assess the importance of rotation with respect
to advection and viscous forces, respectively. On the other hand, Re is a dimensionless
number common to descriptions of both rotating and non-rotating flows, representing the
ratio of inertial to viscous forces in a fluid. Very large Re-values serve as an indicator
of chaotic, turbulent flows due to the small effect of viscosity. Notice that these three
numbers are related, such that Ek = Ro/Re.

2.1.3 Geostrophic flow
For sufficiently strong rotation rates (Ro ¿ 1, Ek ¿ 1) and quasi-steady flows (∂u/∂t ≈ 0)
without external forcing (F = 0), the viscous and inertial terms become negligible in the
bulk of the flow in comparison with the Coriolis acceleration term. In such a case, (2.7) is
reduced to

ρ (2Ω×××u) =−∇∇∇P . (2.12)

This balance between the Coriolis force and the pressure gradient force is called geostrophic
balance. When the flow is in geostrophic balance, the flow velocity is perpendicular to the
pressure gradient (u ⊥∇∇∇P).

Taking the curl of (2.12), we obtain one of the most remarkable results of flows dom-
inated by rotation,

(Ω·∇·∇·∇)u = 0, (2.13)

which states that changes in the velocity of the flow in the direction of the rotation axis
are suppressed. This is known as the Taylor-Proudman theorem.

To better understand the Taylor-Proudman theorem, it is common to use a Cartesian
coordinate system rotating with a rate Ω =Ωk̂. In this example, all velocity components
are independent of the vertical coordinate z,

∂u

∂z
= 0. (2.14)

Using (2.14), the continuity equation (2.3), and considering a velocity field in Cartesian
coordinates u = (u, v, w), it is found that

∂u

∂x
+ ∂v

∂y
= 0. (2.15)

which states that there is no divergence or convergence of fluid in any plane (x, y) perpen-
dicular to the axis of rotation. This indicates that geostrophic flows tend to organize in the
form of vertically aligned columns. It is important to note that (2.14) does not exclude
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constant w-values. However, if w is zero at any level, then it is zero for all heights z. In
such cases, the flow is entirely two-dimensional (2D).

Although the Taylor-Proudman theorem does not strictly hold in the presence of bound-
aries since there must be a velocity gradient in u and v due to friction, the flow motion
can be considered predominantly 2D. It is expected that only a small horizontal divergence
is produced due to the presence of top and bottom boundaries. Furthermore, while the
Taylor-Proudman theorem is only valid for Ro ¿ 1 and Ek ¿ 1, the formation of columnar
structures continues to be observed in weakly-unsteady flows, where Ro ∼O(1) (van Heijst
and Clercx, 2009).

2.2 Columnar Vortices
Due to the influence of Earth’s rotation, stratification, and geometrical shallowness (larger
horizontal extent than vertical), the dynamics of geophysical flows are considered to be
comparable to that of 2D flows. In the case of a flow subject to background rotation, its 2D
behavior is caused by the suppression of the flows variation in the direction of the axis of
rotation. As consequence, the flow exhibits the inverse energy cascade, where the energy of
small-scale motions is transmitted into larger coherent structures like vortices (Kraichnan,
1967; Matthaeus and Montgomery, 1980; Boffetta and Ecke, 2012). These vortices rotate
in a clockwise or counter-clockwise manner and can interact with each other, such that
vortices rotating in the same direction merge, and those of opposite rotation form pairs
that move in the flow. Since flows subject to background rotation can be approximated
by a 2D flow, vortices tend to evolve toward columnar structures as stated by the Taylor-
Proudman theorem. This means that, while the structure of vortices is intrinsically 3D,
their dynamics are comparable to that of purely 2D flows. Because of this, geophysical
vortices are usually referred to as being Q2D. The 2D and Q2D behavior of geophysical
flows can be mimicked in laboratory experiments by adding background rotation. In such
cases, the fluid motion occurs predominantly in a plane perpendicular to the rotation axis.
This has been observed and reported in numerous experiments since the pioneer work by
Taylor (1923).

To describe vortices with background rotation, it is convenient to treat (2.7) and (2.3)
in cylindrical coordinates x = (r,θ, z) due to the geometry of the problem. Here, the vertical
axis is parallel to the rotation axis, such that Ω=Ωk̂. This redefines the velocity vector to
u = (ur ,uθ , w) and the vorticity vector to ω= (ωr ,ωθ ,ωz ). For simplicity, the vortex flow is
treated as axisymmetric, for which (2.7) and (2.3) are rewritten to

∂ur

∂t
+ur

∂ur

∂r
− uθ

2

r
−2Ωuθ +w

∂ur

∂z
=− 1

ρ

∂p

∂r
+ν

[
∂2ur

∂r 2
+ ∂

∂r

( ur

r

)
+ ∂2ur

∂z2

]
, (2.16a)

∂uθ
∂t

+ur
∂uθ
∂r

+ uθur

r
+2Ωur +w

∂uθ
∂z

= +ν
[
∂2uθ
∂r 2

+ ∂

∂r

( uθ
r

)
+ ∂2uθ

∂z2

]
, (2.16b)

∂w

∂t
+ur

∂w

∂r
+w

∂w

∂z
=− 1

ρ

∂p

∂z
+ν

[
∂2w

∂r 2
+ 1

r

∂w

∂r
+ ∂2w

∂z2

]
, (2.16c)

∂ur

∂r
+ ur

r
+ ∂w

∂z
= 0. (2.16d)

For the case of a 2D monopolar vortex, its swirling motion can be considered a purely
azimuthal flow u = (0,uθ ,0) as a first approximation. This reduces (2.16) to only the radial
component of the momentum equations,

uθ
2

r
+2Ωuθ =− 1

ρ

∂p

∂r
. (2.17)
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This balance between the centrifugal acceleration (uθ
2/r ), the Coriolis acceleration, and

the radial pressure gradient is referred to as gradient flow balance. While this balance
permits for four distinct vortex types (Holton and Hakim, 2012; Hopfinger and van Heijst,
1993), two of them are stable: a cyclonic vortex around a low-pressure core, and an anti-
cyclonic vortex around a high-pressure core. The name cyclonic indicates a vortex that
rotates in the same direction as the background rotation, while anti-cyclonic indicates a
vortex that rotates in the opposite direction to Ω. If the Coriolis force is neglected (or
zero), (2.17) is reduced to

uθ
2

r
= 1

ρ

∂p

∂r
, (2.18)

which is referred to as the cyclostrophic balance. This balance allows for both clockwise
and anti-clockwise rotation around a center of low pressure. While there are many models
of 2D monopolar vortices that are a solution of (2.17) or (2.18), in this thesis we focus on
describing only two vortex models: the Lamb-Oseen vortex and the Rankine vortex.

The Lamb-Oseen vortex is a smooth, axisymmetric solution of the viscous 2D Navier-
Stokes equation, with its azimuthal velocity and vertical vorticity component given by,
respectively,

uθ =
γ0

2πr

[
1−exp

(
−r 2

R2
t

)]
, (2.19a)

ωz = γ0

πR2
t

exp

(
−r 2

R2
t

)
, (2.19b)

where γ0 is the initial flow circulation and Rt =
√

R2 +4νt is the core radius, which in-
creases from its initial size R over time due to viscous diffusion. Since the Lamb-Oseen
vortex possesses continuous and non-singular distributions of its flow quantities, it is a
simple way to approximate the velocity distribution of monopolar vortices. In this thesis,
we make use of the vorticity profile to characterize the vortices generated in experiments
and simulations.

The second vortex model used, the Rankine vortex model, is one of the simpler and
better established purely azimuthal vortex model of the steady, inviscid, axisymmetric, 2D
Navier-Stokes equation. In this model, the azimuthal velocity is composed of two parts: a
linear increase in velocity (solid-body rotation) representing the vortex core, followed by
a 1/r decrease (free vortex) which represents the surrounding flow. This combination of
flows leads to a piece-wise representation of the velocity profile

uθ =
{
γ0r if r < R,
γ0
r if r > R,

(2.20)

where γ0 is the intensity of the vortex and R is the radius at which the maximum velocity
of the flow is reached. The vorticity of the Rankine vortex is given by

ω=ωz k̂ =
{

2γ0k̂ if r < R,
0 if r > R,

(2.21)

which indicates that vorticity is only non-zero within r < R, the defined vortex core. It is
worth noting that in this thesis only the basic time-independent Rankine vortex model is
considered. However, the viscous decay of the Rankine vortex and that of vortices with
u = (0,uθ ,0) can be given in terms of a Fourier-Bessel series (Aboelkassem et al., 2005).
Both the velocity and vorticity of the Rankine and the Lamb-Oseen vortex models are
shown in Fig. 2.1.

Although the Rankine vortex is an idealized 2D model with zero radial velocity, it is
a reasonable first approximation for the velocity of certain monopolar vortices. This is



2.2 Columnar Vortices 11

𝑟𝑅

𝑢𝜃 = 𝛾0𝑟
𝑢𝜃

𝜔𝑧

Figure 2.1: Schematic of the azimuthal velocity uθ and vertical vorticity ωz distribution
of the Lamb-Oseen and Rankine vortex model. The broken red line indicates the typical
azimuthal velocity distribution of a real vortex, the black line represents the velocity of
the Rankine vortex, and the green line the velocity of the Lamb-Oseen vortex. The blue
and pink lines represent the radial vorticity distribution of the Rankine and Lamb-Oseen
vortex, respectively.

because, far from boundaries, ur and w tend to be an order of magnitude smaller (or
negligible) when compared to the azimuthal velocity component uθ. On the other hand,
near the boundaries ur and w might not be negligible since the velocity of the flow needs
to adjust to the solid boundary due to friction. It is common to assume that the velocity
of the flow relative to the boundaries decreases to zero u(x, t ) = 0, which is referred to as
a no-slip boundary condition.

The effect of a solid bottom on a swirling flow can be qualitatively understood by
analyzing the force balance within the fluid. Far from the bottom, the swirling motion
is the primary feature of the flow, and is governed by a balance between the pressure
gradient and the centrifugal force (2.18). Near the bottom, the motion of the fluid is
weaker since viscosity reduces the velocity of the flow, causing the centrifugal force to
diminish. As the radial pressure gradient remains unchanged, the cyclostrophic balance
is broken near the bottom. This causes fluid to move radially inward close to the bottom,
and since the fluid is divergence-free according to (2.3), axially upward. This flow is
known as a secondary flow. A detailed mathematical description of this secondary motion
is given in Section 2.3.1. The secondary motion described here is typically observed in a
fluid-filled cup with tea leaves (or sugar) at the bottom. When the cup is stirred, the tea
leaves are transported radially inwards, piling up and forming a heap. This effect is also
known as the tea leaves paradox (Einstein, 1926).

The region where the velocity of the flow adjusts to the no-slip condition is known as
a boundary layer. Since boundary layers are immediately adjacent to the bottom, they are
a key link between the flow and a sediment (granular) bed. In this thesis, the interaction
of a vortex core with a sediment bed is studied by generating a flow with the velocity
distribution of a Rankine vortex over a granular bed.
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Figure 2.2: Schematic of a boundary layer over a flat plate and the velocity distribution
of the flow.

2.3 Boundary layers
The concept of boundary layer was first introduced by Prandtl (1927), who proposed that
flows with large Re-values can be divided into two regions: i) the boundary layer, which
is layer near the boundary where viscosity is non-negligible; and ii) an essentially inviscid
flow outside of the viscous layer. This division is a first-order approximation of a real flow,
as it is assumed that the adjustment from the mainstream velocity u0 to the velocity of
the boundary occurs only within the viscosity dominated layer, while outside, the inviscid
equations hold. A sketch of the division of the flow and the change in velocity is shown in
Fig. 2.2.

To estimate the thickness of a boundary layer δ, dimensional analysis is used. Similar
to (2.10), the dimensions are given by a characteristic length scale L and a characteristic
velocity, which is defined by the mainstream velocity U = u0. However, since viscous
effects are assumed to be restricted to the boundary layer, the viscous term is characterized
by the length scale δ, which yields ν∇2u = νu0/δ2. By considering that the viscous and
advective terms are of the same order within the boundary layer, its thickness is given by

δ=
√
νL

u0
= L√

ReBL
, (2.22)

where ReBL = u0L/ν is the Reynolds number defined by the mainstream velocity. Hence,
for large ReBL-values, the boundary layers are much smaller than the typical length scale
of the mainstream flow. Because of this, it is reasonable to consider that the pressure
variation between the main flow and the boundary layer is negligible, meaning that the
pressure from the bulk of the flow is impressed upon the boundary layer.

Since the thickness of the boundary layer tends to be small, the adjustment from u0
to the velocity of the boundary also occurs in a small region. The steep velocity gradient
that develops, is related to the vertical shear-stress,

τ= ρν∂u

∂z
+ρν∂w

∂x
. (2.23)
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Although the analysis of boundary layers discussed here is focused on laminar flows,
high Re-values boundary layers become turbulent, with unsteady motions characterizing
the internal structure of the layer. These turbulent motions increase the momentum diffu-
sion rate when compared to the molecular diffusion rate in laminar boundary layers. The
turbulent motions can even cause the separation of the boundary layer from the surface,
breaking down the laminar approximation (Goldstein, 1948). A more in-depth derivation
of both laminar and turbulent boundary layers for different flow configurations can be
found in the classical text by Schlichting et al. (1960). Due to the geometry of the prob-
lem studied in this thesis, focus is placed on the structure of boundary layers that develop
under a swirling flow.

2.3.1 Boundary layers under a swirling flow
By dividing the flow into a bulk part and a boundary layer, a simple approach is taken
to determine the dynamics of a vortex near the horizontal boundaries. This piece-wise
representation of the flow allows us to gain insight into the main mechanisms at play of
a vortex over a solid bottom and study the effect of a vortex over a sediment bed. The
problem analyzed is further simplified by considering that the largest contribution to the
development of the bottom boundary layer is due to the vortex core. Since the velocity
distribution within the vortex core is well approximated by a linear increase in velocity
much like the core of the Rankine vortex, see (2.20), the solid-body rotation flow provides
one of the simplest flow configurations to study the bottom boundary layer beneath a
vortex.

The configuration of a flow in solid-body rotation over a flat boundary is a classical
and well-studied problem (Schlichting et al., 1960), typically defined by a bulk of fluid
with a constant angular velocity ΩF over a solid, flat, and infinite disc which rotates
with an angular velocity Ωb . The normal vector of the disc is directed parallel to the z-
axis, with the origin placed at the center of the disc. This configuration is analogous to
a rotating flow with an azimuthal velocity uθ = ΩF r over a boundary with background
rotation Ω=Ωb .

Depending on the angular velocity of the bulk of the flow and that of the disc, three
characteristic boundary layers develop: (i) when the fluid rotates over a stationary disc
(Ωb = 0) the resulting boundary layer is known as the Bödewadt boundary layer (Böde-
wadt, 1940); oppositely, (ii) when the fluid is stationary and the disc is rotating (ΩF = 0),
a von Kármán boundary layer (von Kármán, 1921) forms; lastly, (iii) in the cases where
the rotation rate of the flow is of similar magnitude to that of the rotation rate of the disc
(||ΩF || ≈

∣∣|Ωb |
∣∣), the boundary layer formed is referred to as the Ekman boundary layer

(Ekman, 1905). By redefining the Rossby number (2.9) as

Ro = ∆Ω

Ω
= ΩF −Ωb

Ωb
, (2.24)

the three boundary layers mentioned can be considered part of a wider class of three-
dimensional boundary layers known as the Bödewadt, Ekman, von Kármán (BEK) family
of rotating flows (Lingwood, 1997). In this parametrization, the Ro → ∞ indicates the
formation of a Bödewadt boundary layer and Ro → −1 the formation of a von Karman
boundary layer; The Ekman boundary layer is formed for ||Ro|| ¿ 1. The Ro-values that
do not fall in this classification indicate the formation of intermediate BEK rotating flows.

The behavior of the BEK family can be qualitatively understood by following the de-
scription given in the “tea-cup paradox” (as discussed in Sec. 2.2). When the rotation rate
of the fluid exceeds that of the bottom (Ωb <ΩF ), fluid flows radially inwards within the
boundary layer and rises parallel to the rotation axis. In contrast, when the angular veloc-
ity of the bottom is larger than the fluid (Ωb >ΩF ), fluid flows downwards and radially
outwards.
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The undisturbed base-flow velocity profiles for the BEK flow family can be represented
using the similarity principle (as fist identified by von Kármán, 1921, for the rotating disc
case). This supposes a constant boundary layer thickness, radially increasing radial and
azimuthal velocity components, and a radially independent vertical velocity component.
Although the flow is also considered quasi-steady to determine the base-flow, in reality
the boundary layers are non-stationary since the bulk of the flow adjusts to the angular
rotation of the disc if no forcing is implemented.

In this thesis, we focus only on a description of the Bödewadt and Ekman boundary
layers. A quantitative description of the von Kármán boundary layer model is not given
here, but can be found in several texts (von Kármán, 1921; Schlichting et al., 1960; Rogers
and Lance, 1960; Greenspan and Howard, 1963; Faller, 1963; Lingwood, 1997).

Bödewadt boundary layer

The equations describing the Bödewadt boundary layer are given by the Navier-Stokes
equation and the continuity equation in cylindrical coordinates, in which the azimuthal
derivatives are zero since the flow is axisymmetric (2.16). For convenience it is assumed
that the fluid is radially unbounded and that the surface of the fluid is infinitely far away.
Additionally, the time derivatives are eliminated (∂/∂t = 0) by considering the flow as
quasi-steady. To simplify the notation, the velocity components in cylindrical coordinates
are chosen such that u = (ur ,uθ , w) = (u, v, w). The corresponding boundary conditions of
the problem are

z = 0 : u = 0, v = 0, w = 0 (2.25a)

z →∞ : u→0, v →ΩF r. (2.25b)

It is also convenient to introduce in place of z the non-dimensional axial coordinate

ζ= z

√
ΩF

ν
, (2.26)

where the height is scaled by the thickness of the boundary layer δB = √
ν/ΩF . Further-

more, the velocity components can be scaled and rewritten as

u = rΩFF (ζ), v = rΩFG(ζ), w =
√
νΩFH(ζ), (2.27)

where F , G, and H are non-dimensional functions. The pressure is also rewritten based
on the cyclostrophic balance (2.18) yielding

P = 1

2
ρΩF

2
(
r 2 +P(ζ)

)
, (2.28)

where P is a function with dimensions of length squared.
Substituting the scaled velocity components (2.27) and the pressure (2.28) in (2.16),

we obtain the following set of four coupled ordinary differential equations:

F2 −G2 +HF ′−F ′′+1 = 0, (2.29a)

2GF +HG′−G′′ = 0, (2.29b)

HH′−H′′+
(
ΩF

ν

)
P ′ = 0, (2.29c)

2F +H′ = 0, (2.29d)

where ′ indicates differentiation with respect to ζ. The boundary conditions (2.25) of
(2.29) are redefined to

ζ= 0 : F = 0, G = 0, H= 0 (2.30a)

ζ→∞ : F→0, G→1. (2.30b)
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Figure 2.3: Scaled radial F , azimuthal G, and axial H velocity components of the Böde-
wadt boundary layer obtained with (2.29) and (2.27).

The previous set of equations and their boundary conditions form a closed set of equations
necessary to determine F , G, and H. For P, it is assumed that the pressure in the viscous
layer near the disc is equal to that in the bulk of the fluid (∂P(ζ)/∂z = 0), indicating that
the pressure is constant with respect to z.

The set of equations in (2.29), with (2.30) as boundary conditions, can be solved
numerically or by means of a power series expansion around z = 0 and an asymptotic
expansion at z →∞ (Bödewadt, 1940). A representation of the scaled velocity components
(2.27) obtained by the solution of (2.29) are shown in Fig. 2.3.

Ekman boundary layer

The Ekman boundary layer is formed when both the bottom and fluid are rotating. While
the similarity principle used in the Bödewadt flow can also be used for the Ekman bound-
ary layer, for Ro ¿ 1 an analytical solution can be obtained by using the linearised Navier-
Stokes equation (the advection terms are neglected). The following derivation is based on
the solution presented by Cushman-Roisin and Beckers (2011).

In the linearised approach, the derivation of the Ekman layer is simplified by consid-
ering a quasi-steady, unbounded, rotating flow over a rotating infinite disc. Since this
configuration is analogous to a flow rotating with an angular velocity ΩF over a disc,
both of which are in a rotating frame of reference with a rotation rate value of Ωb , it
is convenient to use the Navier-Stokes equation with background rotation in cylindrical
coordinates. For further simplification, the flow is considered axisymmetric. Since the
background rotation is chosen as Ω =Ωb k̂, the Coriolis force is represented by the terms
(2Ωuθ) and (−2Ωur θ̂) in the right hand side of (2.16a) and (2.16b), respectively. Follow-
ing the description of the Bödewadt boundary layer, the velocity components in cylindrical
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coordinates are given by u = (ur ,uθ , w) = (u, v, w) to simplify the notation. Therefore, in
the rotating frame of reference, the boundary conditions given by the relative velocity of
the flow with respect to the bottom disc are

z = 0 : u = 0, v = 0, w = 0 (2.31a)

z →∞ : u→0, v →∆Ωr, (2.31b)

where ∆Ω = ΩF −Ωb , as described in (2.24). Since the flow far from the boundary is
quasi-inviscid, it is assumed to be in geostrophic balance (2.12). For the dimensionless,
linearised, rotating Navier-Stokes equation with a velocity uI = (uI , vI , wI ) and pressure
pI , this yields

2k̂×××uI =−∇∇∇pI . (2.32)

However, at the boundary, viscous effects must be incorporated in the equation, trans-
forming the dimensionless rotating Navier-Stokes equation to

2k̂×××uE =−∇∇∇pE +Ek∇2uE , (2.33)

where uE = (uE , vE , wE ) and pE are the velocity and the pressure in the boundary layer,
respectively, and Ek = ν/(Ωb H2) is the Ekman number, with the depth of the fluid as the
flows’ characteristic length scale.

Since the boundary layer has a very small thickness, the pressure of the bulk of the
flow is imprinted directly onto the boundary layer, such that pE ≈ pI → ∂pE /∂z = 0. This
allows us to substitute equation (2.32) into (2.33), to obtain in the horizontal direction

−2vE =−2uI +Ek
∂2uE

∂z2
, (2.34a)

2uE = 2uI +Ek
∂2vE

∂z2
. (2.34b)

These equations are combined by defining a complex velocity

Φ= (uE + i vE )− (uI + i vI ). (2.35)

The solution obtained with Φ is then expressed in the radial and azimuthal velocity com-
ponents (u, v). The vertical velocity component w is then determined by means of (2.16d).
Using the boundary conditions of each velocity component (2.31), yields

uE =−∆Ωr sin(ζ)e−ζ, (2.36a)

vE =∆Ωr
[

1−cos(ζ)e−ζ
]

, (2.36b)

wE = 2∆Ω
∫

0

z
sin(s/δE )e(−s/δE ) d s, (2.36c)

where s is a stand-in variable and ζ = z/δE is the height scaled with the thickness of the
boundary layer δE = √

ν/Ωb . Figure. 2.4 shows the velocity components of the Ekman
boundary layer (uE , vE , wE ) scaled by ∆Ωr and δE∆Ω, respectively.

The derivation of the Ekman layer presented here is valid for Ro ¿ 1 since non-linear
effects play significant roles as Ro ∼O(1). However, it has been noted by Benton and Clark
(1974) that there are two ranges of non-linearity Ro ≤ 0.5 and Ro > 0.5. In the Ro ≤ 0.5
range, nonlinear processes produce only quantitative changes to the linear theory.

2.4 Turbulent diffusion in geophysical flows
In all the previously described and derived equations, viscous effects were considered to
be represented by the kinematic viscosity of the fluid ν. This is a good approximation of
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Figure 2.4: Scaled radial uE /(∆Ωr ), azimuthal vE /(∆Ωr ), and axial wE /(δE∆Ω) velocity
components of the Ekman boundary layer obtained according to (2.36a).

the dissipative effects that takes place in laboratory scales. However, this is not the case
for environmental and geophysical flows, where their associated scales lead to enormous
Re-values when considering the kinematic viscosity (for water ν∼ 1.0×10−6 m2 s−1). Since
the Reynolds number compares the importance of the advective and viscous terms of the
Navier-Stokes equation (2.1), such large values imply that the flow is turbulent and sug-
gests that viscosity is unimportant. Nevertheless, since a constant ν does not consider the
interaction of the large-scale flow with the smallest scales of motion (where kinematic vis-
cosity is effective), it is a poor representation of momentum diffusion in geophysical flows.
To account for these interactions, it is common to use the Reynolds-Averaged Navier-Stokes
equation (Kajishima and Taira, 2017), which describes the mean flow and incorporates
the effect of turbulent motions through the Reynolds-stresses. However, this increases the
number of variables required to be solved, leading to a closure problem.

To reduce the difficulty of solving the Reynolds-averaged equation it is common to
use the Boussinesq closure hypothesis to expresses the Reynolds-stresses as a function of
the mean velocity gradients, the kinetic energy of the velocity fluctuations k, and the
turbulent (or eddy) viscosity νt . In other words, with this approach, the six unknown
Reynolds-stresses are reduced to: k and νt . Furthermore, the use of the eddy-viscosity
model, shapes the Reynolds-averaged equation to be analogous to (2.1) and (2.7), where
viscous effects are represented by νE = ν+νt , the effective viscosity. It is important to note
that, while the molecular viscosity is a property of the fluid, the eddy viscosity is a property
of the flow.

To determine both k and νt , different equations, or relations, are added to the basic
equation governing the balance momentum of the fluid. For a brief description of some
of the most popular turbulence models, see Alfonsi (2009). In this thesis, we use the k −ε
model, which determines both k and νt by solving two additional equations, one for the
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transport of the kinetic energy of turbulence k, and the rate of dissipation of turbulence ε.
The eddy viscosity is then determined by the relation

νt =Cν
k2

ε
, (2.37)

where Cν is a non-dimensional constant. The coupling between turbulence and the mo-
mentum equation is achieved through the effective viscosity.

In geophysical flows, it is common to separate νt into horizontal AH and vertical AV
components due to the large difference in scales. These parameters are case dependent,
and their variations are of orders of magnitude. For instance, values in the atmosphere can
reach AH ∼ 109 −108 cm2 s−1, AV ∼ 105 cm2 s−1, while typical values in the ocean can be of
AH ∼ 105−108 cm2 s−1, AV ∼ 1−102 cm2 s−1 (Pedlosky, 2013). In the coast, values can also
reach AH ∼ 105 cm2 s−1 (Colbo, 2006), while AV varies significantly due to stratification
having values of ∼ 1−5×102 cm2 s−1 (Geyer and MacCready, 2014).

Since large-scale, coastal dipoles are studied in chapter 6, turbulent eddy viscosity is
implemented to account for the exchange of energy and momentum. In the remaining
chapters, a constant kinematic viscosity ν is considered since laboratory experiments are
used to study the transport of sediment by a swirling boundary layer (chapter 4) and a
moving monopolar vortex (chapter 5).

2.5 Equations of motion of particles
In this subsection, the forces acting on an individual particle in suspension are addressed.
As a first approximation, it is common to consider particles as passive tracers, which are
particles with negligible mass and size. Since this corresponds to negligible inertia, parti-
cles follow the flow exactly, instantaneously adapting to any changes in the velocity of the
flow u. In other words, the velocity of a particle is given by

up = u(x, t ). (2.38)

This approximation is commonly used in the research of the mixing capabilities of flows
(Aref, 1984; Ottino, 1989; Aref, 2002). Additionally, it is important for particles used in
Particle Image Velocimetry (PIV) measurements to act as tracer particles to obtain accurate
measurements of the velocity field of the flow (Jakobsen et al., 1996; Adrian, 2005; Raffel
et al., 2007). However, there are many situations where the particles’ finite size and mass
cannot be neglected, causing the particles velocity to differ from that of the carrier fluid
(for reviews see Michaelides, 1997, 2003). In such cases, the dynamics of a particle in a
carrier flow can be determined by analyzing the forces acting on the particle.

For a particle of density ρp submerged in a rotating viscous fluid with a density ρ f
and an angular velocity Ω, its motion can be described by,

ρp
dup

d t
= (ρp −ρ f )g k̂ −2ρpΩ×up + (ρp −ρ f )Ω2r r̂ +Fh , (2.39)

where r is the distance of the particle from the axis of rotation (Bush et al., 1994). The
terms in the right hand side of this equation represent (in order), ρp g the gravitational
force acting on the particle, ρ f g the hydrostatic buoyancy, 2ρpΩ×up is the Coriolis force,
ρpΩ

2r r̂ the centrifugal force acting on the particle, ρ f Ω
2r r̂ the pressure gradient coun-

teracting the centrifugal force, and lastly, Fh represents the hydrodynamical force caused
by the relative motion of the particle with respect to the fluid.

Most forces in (2.39) can be determined if both the particle and flow properties are
known. However, Fh is determined by integrating the dynamic stresses over the surface of
the particle. In the case of a laminar flow around the particle, the fluid force on a particle
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is composed by the fluid stresses present in the undisturbed flow and by the fluid stresses
from the disturbed flow caused by the no-sip boundary at the particle surface. These fluid
stresses can be divided into normal and shear stresses working on the particle surface,
such that,

Fh =
Ó

S
T ·dS, (2.40)

where S is the surface of the particle and T =−P1+τ is the sum of the pressure tensor and
the deviatoric stress tensor, respectively (Happel and Brenner, 2012).

Since the magnitude and functional form of Fh depends on the particle’s relative ve-
locity, size, and shape, a dimensionless number similar to (2.10) is used to characterize
the particle properties and relative flow velocity. This number is known as the particle
Reynolds number, and is given by

Rep = Up`

ν
, (2.41)

where Up = |up−u| represents the characteristic relative velocity of the particle in the flow
and ` the characteristic length scale of the particle. For simplicity, it is common to consider
the particles as spheres with a diameter d , where the characteristic length scale is given
by the particle’s radius `= d/2.

The use of Rep provides valuable insight into the behavior of the flow around the
particle, such as if it is laminar or turbulent. Additionally, it can help to determine the
dominating parameters in the particle-flow interaction. For example, when Rep ¿ 1, the
frictional forces exerted on the particle are predominant and the inertial forces are ne-
glected. This is known as the Stokes regime, where the flow around the particle can be
considered laminar. However, for Rep & 1, the flow around the particle is turbulent and
requires both the inertial and frictional forces to describe the behavior of the particle.

2.5.1 Stokes regime
For Rep ¿ 1 and considering that d/L ¿ 1, Maxey and Riley (1983) derived the equation
of motion for a solid sphere by integrating the stresses produced by both disturbed and
undisturbed velocity fields. In this derivation, the rotation of the sphere, particle-boundary
and particle-particle interactions are neglected. This resulted in the following equation

mp
dup

d t
= m f

Du

Dt
+

m f

2

[
dup

d t
− D

Dt

(
u+ d2

40
∇2u

)]

−3πdρνq+
(
mp −m f

)
g+ 3

2
πd2ρν

∫ t

0

1p
t − s

dq

d s
d s,

(2.42)

where mp = (1/6)πd3ρp represents the mass of the spherical particle, d/d t = ∂/∂t +(up ·∇)

is the material derivative taken along the particle’s trajectory, m f = (1/6)πd3ρ is the mass
of fluid displaced by the particle, g is the gravitational acceleration, q = up−u−(1/24)d2∇2u
is a relative velocity vector, and s is a in-place variable. Each of the terms presented in this
equation represents, in order, from left to right: (i) the force exerted on the particle by
the undisturbed fluid, the pressure-gradient of the flow. (ii) The added-mass effect, which
accounts for the displacement of fluid when the particle moves, giving the particle an
apparent increase in mass. (iii) The third term represents the Stokes drag caused by the
fluid’s viscosity. (iv) The fourth term is the net buoyancy force, and (v) the fifth term (the
integral) is called the Basset-history force which describes the diffusion of vorticity away
from the particle due to viscosity (Basset and Strutt, 1888). The terms (1/24)d2∇2u are
the Faxén correction terms, which account for the spatial variation of the flow across the
particle when its size is larger than the velocity gradient length scale.
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Evaluating all the terms in (2.42) leads to complicated non-linear integro-differential
equations, which require large computational efforts to solve, especially when multiple
particles are present. To solve the equations efficiently, some terms are commonly ne-
glected: the Faxén correction terms can be neglected by considering only particles that
are much smaller than the length over which the velocity of the flow changes. The Basset-
history term can also be neglected since it is considered that the Stokes-drag largely ac-
counts for the viscous effects. Although the Basset-history term is frequently neglected on
such a basis, it has been shown by Armenio and Fiorotto (2001) that the Basset-history
force has a small effect on the particle motion, accounting for ∼ 1% of particle dispersion.
Furthermore, it was also shown that, in comparison with the Stokes-drag, the added mass
term is negligible.

Equation (2.42) can also be simplified by considering heavy particles, where the den-
sity ratio between the moving particles and carrier flow is large (ρp /ρÀ 1). In such cases,
the Stokes drag and the net buoyancy are the primary forces that describe the motion of
a particle in a fluid (Hjelmfelt and Mockros, 1966). This reduces (2.42) to that of a point
particle with finite mass

dup

d t
= 1

τp
(u−up −ws ĝ ), (2.43)

where ĝ is the unit vector pointing in the direction of the gravitational force and

τp = d2ρp

18ρν
, (2.44)

ws =
(
ρp −ρ)

18ρ

d2g

ν
, (2.45)

where τp is the particle relaxation time, which represents the time scale a particle requires
to adjust to the velocity of the surrounding flow; and ws is the settling velocity which
describes the tendency of particles to fall from suspension. In particular, since this settling
velocity is obtained in the Stokes regime, it is commonly referred to as the Stokes-settling.

2.5.2 Outside the Stokes regime
In the case of sediment particles, such as sand (ρp = 2650kgm−3, d = 0.2 ∼ 2mm), the Rep -
values typically obtained are of an order of O(1−50). Therefore, (2.43) does not strictly
hold. However, Michaelides (2003) proposed an empirical correction to account for added
drag force when Rep < 85, modifying the original drag force term in (2.42) to

Fdrag = (1+0.15Re0.687
p )3πdρν

(
up −u

)= (1+ f
(
Rep

)
)FStokes. (2.46)

With this correction, the relaxation time and the settling velocity of the particle are modi-
fied to

τp = d2ρp

18ρν(1+ f
(
Rep

)
)

, (2.47)

ws =
(
ρp −ρ)

18ρ

d2g

ν(1+ f
(
Rep

)
)

. (2.48)

These modified parameters indicate that, in this Rep regime, both the relaxation time and
the settling velocity of a particle are slightly over-estimated when only using the Stokes
regime approximation.
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2.5.3 The Stokes number
Equation (2.43) is a first approximation of the response of a particle to the surrounding
flow. It indicates that a particle in a steady flow will tend toward the velocity of the carrier
fluid while being hindered by its settling due to gravity. The characteristic time scale at
which the particle adapts to the flow is given by τp . If associated to the time scale of the
carrier flow τ f = L/U , the ratio between the particle relaxation time and the fluid time
yields the dimensionless number known as the Stokes number

St = τp

τ f
, (2.49)

which serves to indicate the responsiveness of a particle to the surrounding flow. For St ¿
1, the particle follows the flow well, while large St -values indicate that the surrounding
flow has a limited influence on the motion of the particle.

2.6 Initiation of sediment motion
Consider now particles at rest on a bottom surface surrounded by a fluid. For particles to
be transported, the force keeping particles at rest must be overcome by the forces exerted
by the surrounding flow. This initiation of particle motion under the action of the flow is
known as incipient motion. Once set in motion, particles can be suspended into the bulk
of the fluid or remain near the bottom, depending on the velocity components of the flow
and the onset of turbulence.

Despite the years of research into the initiation of motion of sediment, a fundamental
understanding on its underlying mechanisms is incomplete. This is because the initiation
of motion is highly sensitive to the particle properties (size, shape, density), packing condi-
tions, exposure to the flow, the surface morphology, and the turbulence that develops near
the bottom (Sutherland, 1967; Kirchner et al., 1990; Ninto and Garcia, 1996; Papanico-
laou et al., 2001, 2002). Because of this, multiple approaches have been used to describe
the initiation of motion of sediment, (for an in-depth review of different modelling ap-
proaches see Dey and Ali, 2018). In this thesis, we focus on the classical deterministic
description of non-cohesive sediment, which is based on instantaneous forces acting on a
particle.

As shown in Fig. 2.5, a first approximation of the forces acting on a spherical particle
are the reduced gravity FG (sum of gravity and buoyancy), the drag force FD , the lift force
FL , and the friction force F f . These forces are given, respectively, by

FG = π

6

(
ρp −ρ)

d3g , (2.50)

FD = π

8
CDKd2ρu2

b , (2.51)

FL = π

8
CLd2ρu2

b , (2.52)

F f =µ(
FG −FL

)
, (2.53)

where K is a coefficient accounting for the particle exposure to the flow, CD the drag
coefficient, CL the lift coefficient, µ the friction coefficient. Additionally, ub is the velocity
of the flow at a vertical distance z = αd from the bottom, where α is a coefficient that
depends on the particle’s dimensions. The velocity ub is typically determined by the law
of the wall, which states that the velocity of the flow is a function of the distance from the
solid boundary

u

u∗
=A

( z

δ

)
, (2.54)
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Figure 2.5: Schematic of the forces acting on a sediment particle located at the bottom of
a sediment bed.

where δ= ν/u∗ is the boundary layer thickness and u∗ is the so-called shear velocity, given
by

u∗ =
√
τb /ρ f , (2.55)

where τb is the bed shear stress. From dimensional arguments and experiments (Schlicht-
ing et al., 1960; Nezu and Rodi, 1986), it has been established that the flow velocity is
well represented near the boundaries by

ub

u∗
= 1

κ
ln

(
z

z0

)
, (2.56)

where κ ≈ 0.41 is the von Kármán constant, z is the distance from the bottom, and z0 is
the roughness length, which is the distance above the bed where the flow velocity goes to
zero.

From the forces acting on the particle, two force balances can be proposed to deter-
mine the horizontal and vertical incipient motion a particle. The condition for a particle to
attain horizontal motion, that is slide, can be determined by considering the force balance
between the drag force FD and the friction force F f

π

8
CDKd2ρu2

b =µ
(π

6

(
ρp −ρ)

d3g − π

8
CLd2ρu2

b

)
, (2.57)

such that for FD < F f a particle will not move, while for FD > F f the particle will slide. On
the other hand, the condition for a particle to be picked-up by the flow, is determined by
the balance between the lift force FL and the reduced gravity FG acting on the particle

π

6

(
ρp −ρ)

d3g = π

8
CLd2ρu2

b . (2.58)

These balances indicate that for the incipient movement of a particle to occur, a critical
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flow velocity uc must be reached for a particle to slide or be lifted, respectively yielding

u2
cs

g ′d => 4

3

µ

CD +µCL
, (2.59)

u2
cl

g ′d > 4

3

1

CL
. (2.60)

Here, g ′ = g (ρp /ρ−1) is the reduced gravitational acceleration and the subscript indicates
the critical velocity necessary for the particle to slide (s) or be lifted (l). Using (2.55) and
considering that the velocity of the flow at the particle can be given by (2.54), the left
hand side of both (2.59) and (2.60) can be rewritten as

Sh = τb

ρg ′d = u2∗
g ′d , (2.61)

where Sh is known as the Shields parameter, which is a ratio of the fluid force to the re-
duced weight of the particle (Shields, 1936). This parameter is a functional representation
of the particles threshold of motion and is based on a critical value Shcr such that parti-
cles initially at rest are moved once the Shields parameter exceeds Shcr (Sh > Shcr ). This
critical value can also be expressed based on the shear stress, meaning that for a fluid to
commence transporting sediment initially at rest, the shear stress τb exerted by the fluid
must exceed a critical value τcr . In other words, the basic criteria of motion is Sh > Shcr
or τb > τcr (Fleming and Hunt, 1977).

Due to the dependence of the lift, friction and drag forces on the particle properties
and the velocity of the flow, it is common to consider the right hand side of the force
inequalities (2.59)-(2.60) as a function of the shear Reynolds number Re∗ = u∗d/ν. By
relating Sh and Re∗, it is possible to empirically determine the threshold of initiation of
motion of particles (Shields, 1936). In practice, this is a considerably useful relation, as
it is not feasible to calculate the critical shear stress analytically on a river bed where
thousands of grains are present. A review on the application of the Shields parameter is
given by Garcia (2008).



Chapter 3
Morphology measurement
technique: Single-camera
photogrammetry

3.1 Introduction
The development and continued advancement of digital technologies have led to the im-
provement of digital imaging, increasing image resolution, acquisition speed, memory
storage and decreasing transfer time. This has helped propel a variety of research areas
and applications that use images as a foundation for both qualitative and quantitative
analysis. One such application is photogrammetry, which uses multiple images of a sub-
ject (each from a different position) to derive information about its three-dimensional
structure. This is done by using perspective projection (Longuet-Higgins, 1986) or trian-
gulation (Sansoni et al., 1997), where knowledge of the orientation of the image planes
and the position of the imaging device (camera) are used to determine the position and
structure of the object (or surface) in the image.

Photogrammetry has been used in a wide variety of applications such as topographic
modelling (Remondino and El-Hakim, 2006), morphometric measurement of corals (Bythell
et al., 2001), archaeological surveys (Henderson et al., 2013; McCarthy and Benjamin,
2014), and several topics in geomorphology (Pyle et al., 1997; Lane, 2000; Westaway
et al., 2003; Keutterling and Thomas, 2006; Haneberg, 2008; Marzolff and Poesen, 2009).
Furthermore, since photogrammetry is non-intrusive, it is capable of measuring very deli-
cate structures at different scales, such as solar sails and antennas (Giersch, 2001; Pappa
et al., 2001), or the deformation of flapping micro-wings (Curtis, 2009). It has also been
used for surface flow visualization (Karthikeyan and Venkatakrishnan, 2011) and even for
the measurements of a free water surface (Rupnik et al., 2015). The capability of pho-
togrammetry to measure surfaces in a non-intrusive way makes it a good alternative to
quantify changes in sediment beds in laboratory experiments (Stojic et al., 1998; Baglio
et al., 2001; Rieke-Zapp and Nearing, 2005; Peter Heng et al., 2010; Stancanelli et al.,
2011) and in coastal monitoring (Holman and Stanley, 2007).

Photogrammetry competes with several other techniques (each with its own advan-

The content of this chapter has been adapted from González-Vera, A. S., Wilting, T. J. S., Holten,
A. P. C., van Heijst, G. J. F., & Duran-Matute, M. 2020. High-resolution single camera photogrammetry
incorporation of refraction at a fluid interface. Experiments in Fluids, 61 (1), 3.
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tages and limitations) due to the ample range of applications for coastal and river en-
gineering and in fundamental research of sediment-bed morphodynamics. For example,
despite the poor spatial resolution, point gauges (Lança et al., 2013) have been thoroughly
used to measure the sediment bed thickness due to the high temporal resolution. The de-
vices used for this type of measurements range from photo sensors (Ballio and Radice,
2003) and ultrasonic sensors (Best and Ashworth, 1994; Coleman et al., 2003), to in-
frared beams (Richards and Robert, 1986; Robert, 1988). Although the spatial resolution
can be improved by using multiple point gauges, it is often costly and intrusive (Sheppard
and Miller, 2006). It is also possible to measure the sediment bed thickness using elec-
trical field attenuation (De Rooij et al., 1999) or light attenuation (Munro and Dalziel,
2005), but these methods require complex, specific measurement setups, for example, a
particular type of particles. Compared with planar laser sheet illumination (Younkin and
Hill, 2009), photogrammetry has the clear advantage of being able to measure the bed
thickness over an area and no real disadvantage in terms of accuracy (Foti et al., 2011).
Photogrammetry has been compared with two more traditional techniques (calibrated pile
and echosounder) to measure the scour hole around a pile (Porter et al., 2014). In this
case, photogrammetry proved to be superior in terms of accuracy to the echosounder for a
much more affordable price. The advancement of digital imaging allows photogrammetry
to provide measurements with increasingly higher spatial and temporal resolution, which
is ideal for measuring evolving sediment beds.

The photogrammetric techniques used to measure changes in a sediment bed consist of
a projection device and at least one acquisition device (a camera). The use of two cameras
in a stereoscopic array is also possible (Peter Heng et al., 2010; Sumer et al., 2012; Foti
et al., 2011). The projection device, which is either a digital projector or a laser, projects a
certain pattern (usually composed of dots) onto the bed. The use of light patterns reduces
the errors related to the positioning of the measuring points in comparison to feature
recognition (Foti et al., 2011). The changes in the projected pattern due to changes in
the surface are registered by the camera. Changes in a free water surface have also been
measured with this technique (Gomit et al., 2013; Cang et al., 2019).

Previous studies have used photogrammetry to measure changes in the morphology of
a sediment bed inside a flume (Butler et al., 2002; Stancanelli et al., 2011). However, mea-
suring through the water interface is a common problem, which depends on the amplitude
of the disturbances and on the distance from the measurement plane to the interface (as
discussed by Akutina et al., 2018, for Particle Tracking Velocimetry measurements through
a free surface). Dynamic measurements were obtained by Baglio et al. (2001) but did not
account for distortions produced by the lens or effects due to refraction. A similar system
was implemented in a study by Sumer et al. (2012), where corrections for lens distor-
tions were included but refraction was not modelled correctly. Analytical, geometry-based
corrections have also been implemented to account for refraction by Butler et al. (2002);
Dietrich (2017). A solution to reduce the effect of refraction is to use underwater cameras
(Porter et al., 2014; Foti et al., 2011), but this is not always possible, and in some cases,
it can affect the flow. In a more recent study, the refraction at the water interface was
taken into account during the calibration while using a pattern composed of parallel lines
to measure underwater objects and the thickness of a sediment bed (Cebrián-Robles and
Ortega-Casanova, 2016). In this method, since the calibration is based on a fixed water
depth, each change in water level would require a new calibration. This considerably
increases the preparation required in experiments where the water depth varies.

To avoid the limitations caused by camera positioning and the restrictions of the cali-
bration with water, a version of the photogrammetric technique which is capable of mea-
suring the morphology of a sediment bed through the air-water interface using a single
calibration, is described in this chapter. This version of the technique makes use of a sin-
gle camera and a single digital projector. We exploit the advantages that using a digital
projector gives: flexibility when choosing the patterns, the size and distribution of the
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Figure 3.1: Example of a dot pattern projected on a surface. The pattern sent to the
projector consists of a number of elliptical white patches separated by a distance Λe and
pixel diameter Λ. (a) Image sent to the digital projector. (b) Photograph of the pattern
projected onto a flat surface.

measuring points, the number of patterns projected and their rate of projection. To incor-
porate the effects of refraction through an interface, we use Snell’s law. This is done in
such a way that a single (dry) calibration for both the camera and the projector can be
used for measurements under any water height provided that the position of the interface
is known. Furthermore, this calibration also allows to take other optical effects (such as
lens deformations) into account.

This version of the measurement technique has then four main advantages: 1) it al-
lows for measurements through an interface (e.g. a free surface), 2) the flexibility gained
from using a digital project allows for high temporal and spatial resolutions, 3) to eas-
ily incorporate other measurements, such as flow velocity measurements through Particle
Image Velocimetry (PIV), and 4) to tailor the technique to a wide variety of experimental
setups. However, the technique has certain limitations as well. For example, the position
of the interface has to be accurately known, and measurements have to be performed
under clear-water conditions.

To show the robustness of the method, surface measurements are performed under
different test conditions. For this, two different experimental setups were used. In the
first setup, complex objects and a stationary sediment bed are measured under a flat and a
parabolic air-water interface. In the second experimental configuration, we measured the
sediment bed height distribution under an oscillating flow (and oscillating water surface
height). For this latter case, the flow velocities are simultaneously measured with PIV.

The chapter is organized as follows. A description of the developed method is given
in section Sect. 3.2. In Sect. 3.3, the first experimental setup is described, and results of
the reconstruction of the complex objects and surfaces are presented. The setup and the
results for the oscillating flow are presented in Sect. 3.5. Results are discussed in Sect. 3.6,
and the conclusions are outlined in Sect. 3.7.

3.2 Method
The measurement technique uses a digital projector set at an angle and a single overhead
camera that looks vertically down. The projector is used to project a series of images
onto the surface to be measured, consisting of a number of elliptical bright patches over
a black background. When the images are projected, each patch generates a light ray,
originating from the projector and intersecting with the illuminated surface. The position
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Figure 3.2: Two-dimensional schematic of the measurement technique. The digital pro-
jector is positioned at a height HP and under an angle θ, projecting a set of dot patterns
onto an arbitrary surface with a height h(x, y). The camera is placed at a height HC , look-
ing vertically down. As an example, two projected dots are indicated by the black dots.
The position of these projected dots without the surface h is indicated by the red dots.
With the camera, photographs of the projected patterns are obtained. The blue lines indi-
cate the light rays originating at the dot and captured by the camera, whereas the dotted
lines indicate the light rays without the surface h. The black lines indicate the light rays
from the projector.

of these intersections depends on both the angle and position of the projector and position
of the surface. The size of the elliptical patches and the projector’s angle are such that
these patches are viewed (and recorded) by the overhead camera as circular dots when
projected onto a horizontal surface. All dots have a pixel diameter Λ and are separated by
a distance Λe , as shown in the projected image (Fig. 3.1a) and on the image recorded by
the camera (Fig. 3.1b). Depending on the height distribution of the illuminated surface,
the projected image will deform from the perspective of the camera.

The local surface height at a dot position can be determined by relating this dot in the
recorded images to their respective originating light ray. This is equivalent to finding the
intersection between the light ray going from the projector to the surface and the light ray
going from the dot to the camera. A two-dimensional schematic of this is shown in Fig. 3.2.
Since each dot is a point measurement, a three-dimensional surface reconstruction is made
using all the measurements obtained from all ray intersections. In this way, increasing the
number of dots per image (reducing Λe) increases the resolution of the reconstruction, but
this has limits since increasing the density of dots per image can lead to dot overlapping.
Another option is to increase the number of projected images and combine their results.

Since the light rays obtained from both the camera and the projector are based on
images, the location of the projected dots and measured height is given in pixels (X ,Y ).
To transform this information into real-world coordinates (x, y), both the camera and the
projector are calibrated. This also accounts for the deformation of the images caused by
the projection angle, the focal length, and the warping produced by the camera lens.
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Figure 3.3: Photographs of the calibration plate at two different heights: (a) h = 1.5cm
and (b) h = 19.5cm. The plate consists of a 23×23 grid of white dots, each with a diameter
of 0.5cm and separated by 2.5cm from center to center.

3.2.1 Camera calibration
The camera calibration is done by using images of a surface with known dimensions and
coordinates, such as a square grid. In our case, a flat 60cm×60cm plate (from here on
referred to as the calibration plate) is photographed in the same horizontal position at dif-
ferent heights. The plate has on top an equidistant array of 23×23 white circular dots, each
with a diameter of 0.5cm and a 2.5cm spacing between them. As shown in Fig. 3.3, even
though the plate is only displaced vertically, the number of pixels between each white dot
changes. This means that the relation between pixel and real-world coordinates is height
dependent, such that x = F (X ,Y ,h) and y = G(X ,Y ,h). Using a third-order polynomial fit
(Soloff et al., 1997), we relate the pixel location (X ,Y ) of the white dots in the calibration
plate to their real-world position for each height (x, y,h). In other words, a surface fit is
made for each height hi , where the subscript i indicates the different number of heights
the plate was placed.

To determine the real-world location associated to a pixel for any height, we take a
virtual square grid in pixel-space, where the position of the grid points are (Xl ,Yl ). The
real world coordinates of these pixel positions at every calibration height (xl , yl ,hi ) are
obtained using the previously calculated third order polynomial fit. Afterwards, using the
real-world coordinates of each point of the virtual grid at all calibration heights hi , lines
are constructed using least squares. Each line passes through the real-world location of
a virtual grid point and its corresponding locations at all different hi . These lines are
analogous to the light rays from optical geometry. A two-dimensional schematic of this
approach is shown in Fig. 3.4.

By extending the calculated lines in space to a predefined plane h = h0 (typically the
bottom of the domain so that h0 = 0mm), the virtual grid is defined at the lowest plane
(X0,Y0). Each line in space is then redefined as a Euclidean vector C = [d xc ,d yc ,d zc ], with
its origin at (xc,0, yc,0,h0 = 0mm). This vector is made non-dimensional and normalized in
the vertical so that d zci = 1. This means that, for each pixel k, there is a vector Ck with its
associated components and origin. Each of the components of Ck is determined by using a
third order polynomial fit for X and Y and is strictly valid within the calibration area, but
it can be extended outside the calibration area as long as the fit used remains within the
accuracy desired by the user. An example of a calibration is shown in Fig. 3.5, where the
lines in space are obtained from the fit through eight planes. For a correct calibration, the
lines in space intersect with the virtual grid points and converge in a small region where
the camera is located.
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Figure 3.4: Two-dimensional schematic representation of the camera calibration. The
calibration plate is positioned at two example heights z = [h1,h2]. Two points of the plane
x1 and x2 are indicated by solid black ellipses, where their corresponding lines in space are
represented by black lines. An arbitrary plane is shown at h1 < z < h2 with its intersections
shown as empty ellipses. The real-world locations of two given pixels pertaining to a
virtual grid as a function of z are given by the two blue lines. The intersections of these
lines with the calibration planes are indicated by solid red dots. Using the fitting functions
f1(X ,Y ) and f2(X ,Y ), the real-world positions for the these intersections are calculated.
These positions are used to construct in physical space the lines joining all points within
the measurement area to the camera. All these lines are redefined as vectors with an
origin [xc,0, yc,0,h0] and components [d xc ,d yc ,d zc ].
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Figure 3.5: Three-dimensional view of the camera calibration using the calibration plate
at eight different heights between 16 mm and 196 mm above the bottom.
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Figure 3.6: (a) Image of the lines in space obtained from the projector calibration. (b)
Two-dimensional representation of the lines in space obtained for both camera and pro-
jector via calibration. The red squares and circle indicate the position of the intersections
of the projector and camera lines, respectively.

3.2.2 Digital projector calibration
In a similar way to the camera calibration, the digital projector’s calibration requires cap-
turing a series of images projected on horizontal planes at different heights hi . At each
plane height, all the images used to perform the measurement need to be projected and
photographed. For given images, changes in the dot position are only due to the height
difference. To determine the location of each dot, either an ellipse or a circle can be fitted
to each bright patch to find a centroid, transforming each image to a list of (X ,Y ) posi-
tions. Although the shape of the dot depends on the height distribution of the surface onto
which it is projected, we assume that the center of the dot remains relatively unaffected.

Using the camera calibration, the pixel location of all projected dots in an image
(Xp ,Yp ) are translated to real-world coordinates (xp , yp ) for each height hi . Analogous
to the procedure in the camera calibration, these real world coordinates are used to con-
struct lines in space using a linear regression method (least squares). These lines are
then treated as vectors P = [d xp ,d yp ,d zp ], with an origin in (xp,0, yp,0,h0 = 0mm). Here,
(xp,0,yp,0) is the horizontal real-world position of the projected dot at the bottom of the
tank. Similar to the camera vector Ck , each projected dot j has a vector P j associated to
it which is non-dimensional and normalized along the vertical, i.e. d zp = 1.

An example of lines in space constructed from the images composed of randomly
placed dots projected at different heights is shown in Fig. 3.6a. For a correct calibration
of the digital projector, the constructed lines in space pass through their corresponding
projected dots and converge in a small region in space, which coincides with the posi-
tion of the projector when modelled as a pin-hole source. Figure 3.6b shows, in a two-
dimensional configuration, the superimposed lines in space obtained via calibration of
both the camera and the digital projector.

Once both the camera and the projector are calibrated, the intersection (or smallest
distance) between a vector P j and a vector Ck , indicates the local height of the illuminated
surface. As a first test, we reconstructed the position of the horizontal plate used for
calibration at the different heights. Figure 3.7 shows the RMS error of the measured
values of the calibration plate at different heights when compared to their true values. The
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Figure 3.7: Root-mean-square error ERMS of the reconstruction of the calibration plate at
the different heights used for the calibration. Square markers indicate the value calculated
for each level while the dashed line indicates the average value.

average RMS error associated to the technique in this particular configuration is 0.4mm.

3.2.3 Refraction
In the calibration procedure, the measured surface, camera and projector are in the same
medium (air). However, measurements can still be performed when another transparent
medium is present without changing the calibration procedure or making a different cal-
ibration, for example, when the surface to be measured is underwater. This is done by
accounting for refraction. This change of medium means that the direction of the calcu-
lated vectors P and C will be modified.

To calculate the change of each vector when passing from a medium with a refractive
index n1 toward the medium with the refractive index n2, the vectorial form of Snell’s law
is used,

n1vi ×××n = n2vt ×××n, (3.1)

where n is the unit vector normal to the interface between the two media, and vi , vt are
the unit directional vectors of the incident and transmitted line in space, respectively. Each
incident vector vi , is calculated by defining the direction vectors of both the camera and
projector at the interface height HI . This is done by using P and C to locate the position
of the crossing (xI , yI , HI ) for each direction vector.

To calculate vt , we express it as a function of vi and n, since these directional vectors
lie on the same plane (plane of incidence). This yields

vt =αvi +βn, (3.2)

where α and β are unknown. To determine α, we take the cross-product of (3.2) with n
and substitute (3.1), to obtain

α= n1

n2
. (3.3)

Additionally, since the directional vectors (n,vi ,vt ) are normalized, the inner product of
(3.2) with itself yields the following quadratic equation

β2 +2αβ〈n,vi 〉+α2 −1 = 0, (3.4)
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Figure 3.8: (a) Side and (b) top view of the first experimental setup. It is composed of a
square tank of 1×1×0.35m3, a digital projector 1©, and a camera 2©. The tank was filled
with water up to a height H . The setup is placed on top of a rotating table 3©. The dashed
line represents the measurement area limited by the size of the projected images.

the solution of which is used to determine β. If no solution is found, total internal re-
flection occurs. By substituting (3.3) and the solution of (3.4) into (3.2), the transmitted
directional vector vt for each line in space (for each vector P j and Ck ) is determined. By
finding the intersection, or the smallest distance, between the new directional vectors (for
both camera and projected dots) the local height of the illuminated surface submerged in
the medium with refractive index n2 is measured.

3.3 Reconstruction of objects
To show the capability of the developed technique, the height and shape of different ob-
jects and surfaces was measured. The examples treated here show the precision of the
method, and for some extreme cases, the limitations.

3.3.1 Experimental setup: Rotating table
The experimental setup (shown in Fig. 3.8) consisted of a 1×1×0.35m3 square Plexiglas
tank which was placed on top of a computer-controlled rotating table. The tank was filled
to a height H = 21.6cm with water, with a refractive index n2 = 1.333. The position of
the interface HI is the height of the water layer, which is here a constant: HI = H . A
MEGAPLUS Es 2020 camera, with a resolution of 1600× 1200 pixels, was positioned at
a height HC = 2.06m above the tank looking vertically down. This gave a field of view
of approximately 0.76×0.61m2, which was displaced (30cm, 24cm) from the geometrical
centre of the tank.

A TH683 BENQ digital projector, with a maximum resolution of 1920×1080 pixels, was
placed at a height HP ∼ 109cm from the bottom of the tank and approximately 55.5cm
away from the centre of the camera’s field of view. The projector was set to an angle of
θp ∼ 21°, illuminating an area of 0.73×0.375m2 inside the field of view of the camera. This
defined the effective measurement area or region of interest. Projected images consisted of
a series scattered dots, as shown in Fig. 3.1. In total, 120 different images were projected
for each measurement to densely cover the entire field of view. Two different resolutions
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were used one with about 50 points per images and one with 300 points per images. These
images were generated by creating ellipses with their centroids defined by a uniform grid
in the x direction while in the y direction its position is given by the semi-random MATLAB
function rand. The position of the camera and projector was the same as in Sect. 3.2.1 and
Sect. 3.2.2, giving a spatial resolution of 5mm and a height RMS error equal to 0.4mm.
This configuration was chosen as default. The effect of the angle of the projector and the
size of the projected dots is discussed in Section. 3.3.2.

3.3.2 Results
Three different types of tests were performed to determine the effectiveness of the mea-
surement technique. First, a well defined and previously measured surface was chosen
to verify that the method was capable of measuring the correct local height. Next, differ-
ent objects with known dimensions were measured to test the technique under extreme
slope conditions. Finally, after the method is shown to work, a sediment bed with differ-
ent height distributions was measured. For these measurements, the water surface height
remained flat at a constant level.

The first surface measured was an undulated plate with a sinusoidal shape. To obtain
a reference, the undulated plate characteristics where obtained by taking a calibrated side
picture of the plate, obtaining an average crest height of 1.9cm, a trough height of 1.2cm
and a wavelength λ ≈ 3cm. The undulated plate was placed on top of the calibration
plate and a false bottom, shifting the surface upward by 1.55cm. This displacement was
measured with a micrometre. This means that the average crest height was hM = 3.45cm
and the trough height hm = 2.75cm when measured from the bottom of the tank. An
image showing the height measurement of the undulated plate is shown in Fig. 3.9. The
measurement yields an average crest height of 3.5cm, an average trough height of 2.6cm
and a wavelength λR = 2.95cm. It is concluded that there is an excellent agreement, both
visually and quantitatively, with a root mean square error of ERMS ≈ 0.3mm.

Effects of array configuration and pattern characteristics

Further tests of the measurement technique were done by changing the position of the
projector. Four distinct angles were chosen to show how the components of P change.
To measure (approximately) the same region of interest, the height of the digital projec-
tor had to be changed accordingly. As shown in Fig. 3.10a, there is an increase in the
magnitude in the horizontal components of the vector P = [d xp ,d yp ,d zp ] for the largest
angle θ. This means that the sensitivity of the measurement technique to changes in
height depends on the angle of the projector. Due to the increased sensitivity, a larger
displacement in the dot positions can lead to a reduction of the overall error, as shown
in Fig. 3.10b. However, for large θ, large height variations (or gradients) can cause an
overlap of dots when viewed from the overhead camera, significant deformations of the
dots, or non-illuminated regions in the surface due to the casting of shadows. This has
a negative effect on the measurements, since it can lead to problems identifying the pro-
jected dots, an incorrect relation of dots (and positions) for a given pattern, and a lack of
measurements in the shadowed area. An example of where shadowing and an incorrect
dot relation occurs due to missing dots is shown in Fig. 3.11a where we show an attempt
to reconstruct three cylinders of different heights. Although it is possible to mitigate the
incorrect identification of dots by using a more advanced detection/relation algorithm
or by manually relating only visible dots as shown in Fig. 3.11b, the shadowing cannot
be reduced unless the projector angle is decreased. The deformation of the dots can be
slightly avoided by projecting smaller dots, but depending on the distortion produced, a
different detection algorithm is recommended. Here, the centroids of the light patches in
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Figure 3.9: (a) Results of the measurement of an undulated plate, where every dot
corresponds to a measurement point from the 120 low resolution images. (b) Three-
dimensional reconstruction of the plate obtained through cubic interpolation. (c) Com-
parison of the undulated plate as obtained from a side photograph with the data for
30mm < y < 35mm for low and high resolution measurements.
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Figure 3.10: (a) Root-mean-square value of the horizontal (x, y) components of P =
[d xp ,d yp ,d zp ] as a function of the angle of the digital projector θ. (b) Root-mean-square
error ERMS as a function of θ.

the recordings are found by fitting circles when the distortion is small. Ellipses can also
be fitted to the light patches for larger distortions.

Changes in the position and angle of the camera are expected to have similar conse-
quences as changing the position and view of the digital projector. Therefore, it is also
possible to increase the sensitivity of the measurements by changing the angle of the cam-
era. However, analogously to the shadowing, there can be a loss of information due to
the blocking of the field of view, as shown to the left of the cylinder in x ∼ 150mm in
Fig. 3.11(b). Because of this, the preferred configuration of the camera in this setup is
to be looking vertically down and with sufficient height to observe the region of inter-
est. Despite the similarities with the projector, the only way to increase the resolution of
the measurement is to use a high-resolution camera or reduce the distance between the
camera and the region of interest.

We also examined the effect of the projected pattern, in particular, the dot size on
the measurement error. For this, the projected dots pixel diameter Λ (as submitted to the
projector) was changed from Λ = 4pixels to Λ = 40pixels while maintaining the distance
between them constant (Λe = 44pixels). The mean diameter of the dots in the images
taken by the camera is almost equivalent to those submitted: they range from 6.6pixels
to 46pixels as computed by the detection algorithm. Here, we used the high-resolution
configuration with 300 dots per images to ensure that the error is due to the dot size and
not to a lack of resolution. As shown in Fig. 3.12, the RMS error calculated with the mean
subtracted remains relatively constant for Λ. 20pixels but shows an increase for larger
values of Λ. The error increases with Λ from Λ∼ 25pixels, which is equivalent to a dot size
of 30pixels in the images obtained by the camera. Since the wavelength λ of the undulated
plate is of about 60pixels in those images, we conclude that the error increases drastically
when the dot diameter is larger than λ/2. In such cases, the dot size acts as a filter. An
additional problem when projecting large dots is that the total amount of light increases,
which can lead to detection problems due to, for example, reflections.

The RMS error without subtracting the mean increases for both small and large pro-
jected dots. For the small dots, this problem is due to an underestimation of the dis-
placement of each dot’s centroid, leading to an underestimation of the measured surface
height. Notice that the measurements with Λ= 10pixels give the best results. However, the
calibration was only performed with Λ= 10pixels, probably favoring this dot size. Further-
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Figure 3.11: Three-dimensional reconstruction of three cylinders obtained when using
different methods to relate the dots found in images to their respective lines in space. (a)
Dots in images are related to the closest line in space (after deformation). (b) Dots are
related to their respective line in space by hand selection. The smallest cylinder has a
height of 1.1cm and a diameter of 11.85cm; the tallest cylinder has a diameter of 6.25cm
and a height of 18.1cm while the last cylinder has a height of 17cm and a diameter of
9.1cm. Two measurements with different locations for the cylinder are used to show the
different types of error.
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Figure 3.12: Root-mean-square of the error as a function of the diameter of the projected
dots Λ. Two distinct cases are considered: with and without the mean of the height
variation. The same pattern (with equal number of dots and distribution) is used for each
case. Only Λ is increased.

more, the method to find the centroid by fitting a circle or an ellipse has problems as the
dot diameter approaches 4pixels, when dots are distorted due to large height gradients,
and when there is a large variation in the dots size within a single image due to large
changes in height.

Additional changes can be made to each pattern by increasing the separation Λe be-
tween the dots. This effectively changes the resolution per image. The resolution can be
increased as long dots do not overlap or their position is not inverted. For these cases, a
larger distance between dots (a smaller density of dots per image) can improve the mea-
surement since the possible locations to which a dot can be related are reduced. Reducing
the number of points per images can be compensated by increasing the number of images.

While the values of the error as a function of the dot size and the projector angle are
limited to the setup described in Section 3.3.1, it is possible to apply the same approach
regardless of the configuration. Therefore, it is recommended that the angle of the projec-
tor should be set based on an initial estimation of the height distribution of the measured
surface. This way, the sensitivity of the method to changes in height is optimized for the
setup while avoiding the casting of shadows. The projected pattern characteristics should
be chosen based on the camera position (i.e. the resolution) and the dot size relative to
the typical horizontal length scales to be measured. Depending on the pattern chosen and
its distribution, a number of projected images can be set to determine the horizontal res-
olution of the measurement. The lower the density of the dots per image, the larger the
number of images that is needed to maintain the horizontal resolution. However, there
might be restrictions in the amount of images that can be projected in a given time due to
both the camera acquisition and projection rates and typical time scales of the flow above
the measured surface.

Granular surface measurements

To test the measurement technique on a granular surface, small white polystyrene particles
were added at the bottom of the experimental setup until a sediment bed of thickness h '
1.6cm was formed. The particles have an average diameter d = 280µm and a density ρp =
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1.2gcm−3. Due to the density difference, particles settle and produce a sharp interface
with a well defined surface.

To determine if small-scale structures can be properly measured, a “flat” particle bed
was measured before and after being disturbed. The bed was disturbed by generating a
flow over the particle bed. The reconstruction of the sediment bed is shown in Fig. 3.13.
As can be seen, the technique is capable of measuring the ripples produced after the
disturbance, which had a height of less than 1mm.

3.4 Reconstruction with a curved water surface
To demonstrate the possibility of measuring through an interface of any shape, a test
surface was measured under a parabolic interface. To do this, the experimental setup was
set to rotate at a constant angular velocity Ω. As described in the classical problem known
as Newton’s bucket, the free water surface of a rotating container follows a parabolic curve
given by

HI(r ) = Ho + (Ωr )2

2g
, (3.5)

where g is the gravitational acceleration, r =
√

x2 + y2 is the distance from the axis of
rotation, and Ho is the height of the water layer at the centre when in rotation. This
height is determined by volume conservation since the same volume of water is contained
in the tank with or without rotation. For a square tank with side L, this means that

Ho = H − Ω2

12g
L2, (3.6)

where H is the height of the water with the tank at rest. Using (3.6) and (3.5), the
water surface height is calculated throughout the domain. The water surface height in the
measurement region is shown in Fig. 3.14. Implementing this position-dependent height
in the refraction calculation of each line in space allows measuring submerged surfaces
inside the rotating tank, for any value of Ω.

To test this approach, the undulated plate is used. The initial water layer height was
the same as in previous measurements, H = 21.6cm. To produce a pronounced parabolic
deformation of the free water surface, Ω as set to ∼ 1.5rads−1, leading to Ho = 19.7cm.

Figure 3.15 shows the reconstruction of a section of the undulated plate under the
parabolic water surface, together with the reconstruction of the plate under a flat water
surface. Both reconstructions have a shape similar to the actual surface, but they show
an almost constant height difference. The height of the undulated plate measured under
a parabolic water surface is underestimated throughout the domain by 2.5mm. While
the underestimation diminished when reducing Ω, the correct height was only recovered
when Ω = 0rads−1. When removing the average height before computing the root mean
square error ERMS of the reconstructed surface under rotation, the error decreased con-
siderably to ∼ 0.5mm, as shown in Fig. 3.16. This indicates that the underestimation in
height is systematic.

By artificially changing the value of Ho obtained with (3.6), we found that the RMS
difference (without removing the averaged height) decreases to less than 1mm when
Ho ≈ 19.25cm, as shown in Fig. 3.17. As Ho increases or decreases from this value, the
overall error of the reconstruction increases linearly with a slope of about 0.475. Meaning
that an error of 1mm in the position of the interface results in an error of less than half
of that in the measurement. The effect of the error in the location of the interface on
the accuracy of the measurement depends on the total depth (as also found by Akutina
et al., 2018, for 3D Particle Tracking Velocimetry through an interface) and the angle of
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Figure 3.13: Three-dimensional reconstruction of an initially “flat” sediment bed (a) be-
fore and (b) after a producing a local disturbance. Both images show the reconstruction
of features even with small heights in the order of 1mm. The increased height measured
at x = 0mm is due to the presence of a plate used for reference.
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Figure 3.14: Water surface height in the measurement region calculated with use of (3.6)
for a rotation rate Ω= 1.5rads−1 and H = 21.6cm.

the projector. A uniform error in the water height results in a tilt in the reconstruction.
However, this tilt can be easily corrected for if there is a reference height.

The error in the results obtained using the value of Ho calculated with (3.6) is probably
due to an error in the computation of the total water volume and the rotation rate of the
table. In particular, we observed that the side-walls of the tank are slightly convex with a
larger deformation at the top than at the bottom. A direct measurement of the water layer
height could yield a smaller error.

3.5 Measurements through a time-varying water
surface

It was shown in the previous sections that the photogrammetric technique is capable of
measuring the height of submerged surfaces under a static water layer as long as the
interface height is known. However, it is also of interest to consider how to implement
this technique in cases where the submerged surface to be measured, the interface, or
both vary in time.

An example of interest is the evolution of a sediment bed under an oscillating channel
flow, where both the interface and sediment bed vary in time. Here, a sinusoidally varying
water height with a period T forces a flow through a channel. This flow exerts a time
dependent shear stress τ(t ) on the sediment bed. If the shear stress exceeds a critical value
τ(t ) > τcr , particles are set into motion, leading to the local erosion and accumulation of
sediment across the channel.

To test the developed measurement technique with an oscillating water height and
an evolving sediment bed, a second experimental setup was used. In this setup, the pho-
togrammetric technique is combined with Particle Image Velocimetry (PIV) to measure
both the flow velocity field and the evolving sediment bed height distribution.
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Figure 3.15: Height comparison between the three-dimensional reconstructions obtained
with and without rotation. The semi-transparent surface is the reconstruction obtained
without rotation. The solid surface is the reconstruction with rotation.
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Figure 3.16: Root-mean-square error ERMS of the reconstruction of the undulated plate
calculated along x, y-directions, respectively. The blue line represents the root means
square error calculated from the difference of height measured from the undulated plate,
while the red lines represent the root mean square error calculated without the mean
values.
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Figure 3.17: Root-mean-square error ERMS of the reconstruction of the undulated plate
under rotation as a function of the height of the water layer at the center of the water tank
Ho . The diamond marker indicates the ERMS-value obtained by calculating Ho with (3.6).
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3.5.1 Experimental setup: tidal channel
Figure 3.18a shows the setup used to test the photogrammetric technique under a moving
water surface. It consisted of a 1.5×1.0×0.3m3 perspex tank, partially filled with water to
a height H . Inside the tank, a plate of 1.0×1.0×0.08m3 was placed as a false bottom. The
water layer thickness was between 5cm and 8.5cm above this false bottom. Two curved
metal barriers were positioned on top of the false bottom to form the tidal channel with
a length of 65cm and width of 21cm. This defines our region of interest. The channel
openings were rounded, with a radius of 9cm, to avoid erosion on the sediment bed due
to strong convergence and separation of the flow. The tank was divided by the channel
into an open area, representing the sea side, and a semi-enclosed basin or estuary.

Inside the channel, an oscillating flow was produced by inducing a change in the
water level at the sea side with a vertically moving piston. The piston was partially sub-
merged 3cm in the water layer and moved sinusoidally up and down with a period T = 21s
and amplitude Lpi ston = 3cm. The cross-sectional area of the piston Api ston = 1000cm2

remained constant throughout all experiments. Two flow reversals occur during each pe-
riod, transitioning from ebb to flood at t = (2n − 1)T /2 and flood to ebb at t = nT with
n = 1,2,3, ...

Over the false bottom, opaque cylindrical polystyrene particles were added until a 2cm
sediment layer was formed. Particles have a density of ρp = 1.055gcm−3, with particle size
distributions d10 = 1.7mm, d50 = 2.1mm, d90 = 2.9mm, and maximum size of d10 = 4.0mm.
The small density difference between water and sediment was chosen to increase the
mobility of the particles, making the sediment transport easily noticeable.

On top of the setup, two cameras were placed at a height HC = 177cm above the false
bottom, looking vertically down. Camera 1 (ALLIED PIKE) has a resolution of 1388×1038
pixels, while camera 2 (MEGAPLUS Es 2020) has a resolution of 1600×1200 pixels. Both
operate at 30fps. A MH530 BENQ digital projector operating at 60fps was mounted behind
the tank at a height HP = 161cm. Since the positioning of both camera and projector was
different from the experimental setup described in Sect. 3.3.1, new calibrations were made
for both camera and projector.

Measurements of the flow velocity were performed using Particle Image Velocimetry
(PIV). For this, the water surface was used as the plane of measurement to avoid in-
terference from suspended sediment particles. As tracer particles, we used COSPHERIC
UVYGPMS-0.97 600 ∼ 710µm, fluorescent, polyethylene micro-spheres, with a density
ρt = 0.980gcm−3. These particles are illuminated by four pulsed UV-LED lights (Lz4-
44UV00, Led Engin) which are positioned next to the channel as shown in Fig. 3.18b.
Ultra violet illumination was used to cause the particles to emit a yellow-green light (with
wavelength 365nm). Calculations of the velocity fields are performed using commercial
software (PIVview3C), developed by PIVTEC.

3.5.2 Morphodynamic measurement implementation
To implement the photogrammetric technique on this time varying problem, the projection
and recording time must be small in comparison with time scales of the flow and the
sediment bed evolution. This can be achieved by reducing the number of projected dot
patterns or increasing the projection rate. In this setup, to reduce the time required for
measurements, only 15 dot patterns were projected. These patterns consisted of an array
of 10×20 dots arranged in a square grid, with a dot size (at the sediment surface) of 2.5d50.
Each consecutive image is slightly shifted in the x- and y-direction to measure over the
entire channel. This means that the region of interest is covered by 3000 measurement
points, giving a spatial horizontal resolution of 4.5mm. Figure 3.19 shows a photograph of
the first projected image with a schematic of the change in position for each consecutive
image. The order of projections was chosen to average out a small systematic error in
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Figure 3.18: Schematic representation of the side (a) and top view (b) of the second
experimental setup used. It is composed of a 1.5×1.0×0.3m3 rectangular tank, a digital
projector 1©, two CCD cameras 2©, 3©, an EC-motor 4© which oscillates with a piston 5©.
Walls 6© are used to divide the tank into three regions, a semi enclosed basin 7©, a tidal
channel 8©, and the sea side 9©. The measurement area is indicated by a dashed box.
Via four UV LED lights 10© tracer particles are illuminated. The water level height H is
measured at point 11©.
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Figure 3.19: (a) Photograph of the projected pattern and (b) schematic representation of
the change in position for the projected dot patterns. Each number corresponds to one of
the fifteen patterns. The position at which each pattern is projected is follows the order
shown in (b). A collection of four sections is shown. The grey dots indicate four out of the
200 dots from the first projection.

the measurements produced by the changing water level observed when testing the setup.
Images are projected/recorded during each flow reversal, where v f low ∼ 0cm (causing
τ(t ) < τcr ) to avoid movement in the particle bed while performing measurements. Due to
a slow communication between the program submitting the images and the projector, the
working frame-rate of the projector (60fps) could not be used for the measurements. Each
dot pattern was projected and recorded within 0.075s meaning that the total measurement
time was 2.1s during each flow reversal (i.e. 10% of the oscillation period). However, this
time could be reduced by using better hardware and more efficient way of submitting the
images.

The change in the water level height ∆H , is given by the ratio between the water
volume displaced ∆V = Apiston ·Lpiston and the total area of the domain Atot, such that

∆H = ∆V

Atot − Apiston
∼ 0.43cm. (3.7)

The change in height propagates along the channel with a wave velocity cw = √
g ·HW ≈

100cms−1, as obtained using a shallow-water approximation. This means that the time
required for a surface disturbance to travel across the full domain is approximately 2s.
Since this time is much smaller than the oscillation period, it is assumed that the water
level rises and decreases simultaneously across the setup. This means that measurements
can be taken under an approximately flat layer of water. However, due to the flow, small
disturbances in the water surface are still expected.

To determine the effect of the changing water level on the measurements, the height
of the bottom (h0 = 0cm) is computed with a stationary water level H = 6.3cm and during
flow reversal with two different mean water levels H = 6.3 and 7.5cm. As seen in Fig. 3.20,
the measurements taken during flow reversal differ from those under the stationary water
layer. During flow reversal, an offset of 0.5mm is observed over the entire length of the
channel, with an increase in the scatter of the calculated height. This increase in scatter
can be explained by the small disturbances at the water surface, while the small offset can
be explained by the small increase in the overall water level. A similar effect is observed
in Sect. 3.4, where there is an underestimation of the overall height measured caused by
an incorrect water level height. Since the offset and slight increase in scatter are small
compared to the initial bed configuration (differing by almost two orders of magnitude),
the error is considered within the bounds of the measurement technique.
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Figure 3.20: Height measurement of the bottom of the channel h0 = 0cm during flow
reversal and under stagnant conditions. Red and green dots indicate the measurements
during flow reversal with H = 7.5cm and 6.3cm, respectively. Measurements of the bottom
plate with a stagnant H = 6.3cm water layer are indicated by the blue dots.

3.5.3 Implementation of PIV measurements
It is now common to use PIV to measure a two-dimensional velocity field of a flow. Hence,
only a brief description including the most relevant aspects is included here; for more
detailed information, the guide written by Raffel et al. (2007) is recommended for con-
sultation. PIV consists in capturing a moving distribution of tracer particles as a sequence
of images. Each of these images is then subdivided into smaller windows which are corre-
lated with the ones in subsequent images taken a time period ∆t later. Here, the minimum
value of ∆t is determined the frame rate of the camera. However, additional restrictions
are imposed because measurements of the sediment bed also take place in the same re-
gion of interest. Ideally both measurements should take place simultaneously. For this,
the illumination and capture of images for one technique should not interfere with those
of the other. To remedy this, images are captured out of phase with those required by
the other measurement technique. In essence, this means that the projected dot patterns
used for the morphology measurements are recorded only when the tracer particles are
not illuminated and vice versa.

To acquire the morphology and PIV measurements out of phase within a very short
time span, we use the fact that the digital projector does not illuminate continuously. In
fact, it projects twice the same image every 1/60s with a time interval ∆tp between each
projection. In this way, recordings for the morphology measurements are taken when
the patterns are projected, while images for the PIV technique are taken during the time
interval ∆tp when no light is emitted by the projector. To synchronize the projector, UV
LED lights and cameras, a function generator and a triggering box are used. Both cameras
and the power source of the UV LED lights are connected to the trigger box, while the
trigger box itself and the digital projector are connected to the function generator. For
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Figure 3.21: Example of the height distribution h(x, y, t = 0s) of the sediment bed at the
beginning of an experiment. The graph shows the 3000 measurement points taken of the
surface of the sediment bed.

these experiments, the digital projector is used to synchronize both cameras (operated in
asynchronous edge-triggered mode) and the LEDs by sending a signal (pulse) when the
projection image changes. This signal is given by the vertical sync (Vsync) of the projector
and is related to its frame rate. This type of interlinked image acquisition has also been ap-
plied by Dalziel et al. (2007) for simultaneous PIV and synthetic schlieren measurements,
where an LCD monitor was used instead of a digital projector to synchronize the cameras
used. By choosing to project only secondary colors (like yellow), the time interval ∆tp is
extended slightly from 3ms to 4.5ms.

The activation by the Vsync occurs as follows. When a Vsync is detected, the function
generator sends two block pulses to the trigger box, one directed to the camera used for
PIV (camera 2) and the second to the power supply of the UV LED lights. The UV LED
lights are activated for 4.7ms, overlapping the exposure time of the PIV camera (4.5ms).
The camera used for morphodynamic measurements is triggered after the UV LED lights
are deactivated, with an exposure time of 15ms to capture the two consecutive projections
of the same dot pattern. The pulse for the cameras is extended beyond the next Vsync to
force the system to a constant 30fps. The activation of the cameras occurs only when the
trigger signal changes from being under to being over 3V. Both the PIV camera and the UV
LED lights are active when the digital projector is not projecting and image. The camera
used for morphodynamic measurements captures two consecutive projections of the same
dot pattern.

3.5.4 Results
For the experiment, a flat 2cm sediment layer was made in the channel. Disturbances
are then produced in the bed to observed their evolution in time. Measurements of the
sediment bed in the channel are taken for over 500 tidal periods. Two measurements of
the sediment bed are performed after every five periods during the transition from flood
to ebb and during the transition from ebb to flood. An example of an initial disturbed
sediment bed height h(x, y, t = 0s) with H = 7.6cm is shown in Fig. 3.21. In this figure, each
dot represents a height measurement, showing the location of three heaps of sediment: a
small one near the entrance of the channel to the semi-enclosed basin (x ∼ 85cm) with a
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height h ∼ 3.5cm and two large ones at x ∼ 110cm and x ∼ 130cm with maximum heights
of 4.2cm.

Figure 3.22, shows the evolution of the sediment bed. For the case shown, the patch
initially located at x ∼ 110cm migrated in the negative x-direction. Furthermore, it grew
as it travelled, filling the complete width of the channel within 150 forcing periods. The
migration speed of this patch was approximately 6.5×10−5 cms−1 or 0.014cm/T . A similar
behavior was observed for the patch initially at x ∼ 130cm, growing in height and width
as it moved toward the left.

The flow is visualized by superimposing the velocity field (u, v) with the vertical vortic-
ity field (ωωω·k̂ = ∂v/∂x−∂u/∂y). The vorticity fields obtained using PIV for t = 5T, 125T, 250T
and 375T are shown in Fig. 3.23. An increase in vorticity can be seen in a region near
x = 113cm. In the beginning of the experiment t = 0T, 5T , this area corresponded to the
maximum height in the sediment bed. Once t > 250T , the highest vorticity remained near
x = 110cm where the height of the sediment bed is the lowest. Measurements of the water
surface velocity field were performed at t = 0T, 5T, 125T, 250T, 375T and 500T . The tidal
velocity averaged across the channel at x = 105cm is shown in Fig. 3.24, where an asym-
metry between the peak flood and peak ebb current and its duration is observed. The
peak of the tidal velocity during flood is 2.8cms−1, while during ebb it is −3.0cms−1. The
duration of the flood and ebb was 11 s and 10 s, respectively.

3.6 Discussion
As discussed by Porter et al. (2014), the main drawbacks of using photogrammetry to
measure a sediment bed under a water layer is the temporal resolution and the intru-
siveness of the cameras on the flow or the refraction caused by the air-water interface.
However, with the improvements made to the photogrammetric technique, these issues
can be overcome. This can make the photogrammmetric technique presented here a vi-
able measurement method for submerged, evolving surfaces, as long as the measurements
occur in a shorter time scales than the changes in the surface to be measured.

As shown in previous sections, the developed photogrammetric technique is capable of
reconstructing a variety of surfaces, even while submerged in water. Only one calibration
for the camera and projector is needed to perform experiments with different water levels
as long as the camera and projector are kept in the same position. For the setups used
in this study, the RMS error was less than 1mm. This demonstrates the robustness of
the technique in dealing with refraction at an interface. This is relevant for experimental
morphology measurements since cameras do not need to be placed underwater, avoiding
disturbing the flow and not requiring water drainage to perform the measurements.

However, if the location of the interface is incorrect, the calculated components of the
refracted vectors will be affected, leading to an incorrect height reconstruction. For the
photogrammetric technique, the error depends on both the water depth and the projection
angle. For this chapter, we estimated indirectly the position of both the parabolic and the
moving water surface. For more accuracy or more complexly varying water surfaces, the
technique could be combined with measurements of the water surface using, for example,
synthetic schlieren (Moisy et al., 2009).

The choice of camera and projector and their location (including the projection angle),
the size and distance between the dots, the location of the interface, the material com-
posing the surface to be measured, the vertical and horizontal size of the disturbances to
be measured, they all affect the accuracy of the method. This means that there is a large
amount of possible configurations, and hence, a well-defined set of design rules would
require further research. However, some guidelines can be derived from the results pre-
sented in this chapter: 1) a larger angle of the projector with respect to the vertical results
in a more sensitive measurement, but it finds limitations due to the reflection of light from
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Figure 3.22: Bed morphology measured during the transition from flood to ebb at t =
5T, 125T, 250T and 375T . It is observed that the initial perturbations migrate and grow,
covering the entire width of the channel after 150 periods.



3.6 Discussion 50

80 90 100 110 120 130

x (cm)

25

20

15

10

y
(c
m
)

-4

0

4

ω(s−1)

80 90 100 110 120 130

x (cm)

25

20

15

10

y
(c
m
)

-4

0

4

ω(s−1)

80 90 100 110 120 130

x (cm)

25

20

15

10

y
(c
m
)

-4

0

4

ω(s−1)

80 90 100 110 120 130

x (cm)

25

20

15

10

y
(c
m
)

-4

0

4

ω(s−1)

Figure 3.23: Measured vorticity fields (color) and velocity field (arrows) taken during
flow reversal between flood to ebb, at t = 5T, 125T, 250T and 375T , where T is the tidal
period.
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Figure 3.24: Averaged velocity 〈v(t )〉 inside the channel at x = 105cm. The measurements
are taken at t = 0T, 5T, 250T and 500T .

the interface and the possible casting of shadows from the patterns that emerge, and 2)
the diameter of the dots should be at least one third of the horizontal length scales to be
measured, about three times larger than the typical grain size so as to filter those length
scales, and larger than about 5 pixels (both in the images sent to the projector and those
captured by the camera) to avoid detection problems.

In a way, the fact that we cannot provide a complete set of design rules results from
the flexibility offered by the method, particularly, due to the use of a digital projector.
This flexibility is extremely helpful, since the size of the dots, their separation, and their
distribution can be optimized for each setup and surface measured. In addition, multiple
and different pattern configurations can be used without any difficulty. For example, while
developing the technique, we used two types of patterns: random and ordered ellipses.
Ordered patterns can achieve a larger dot density and their characteristics are easier to de-
fine, while a random distribution can improve correct detection and reduce aliasing when
the apparent movement of the dots exceeds the spacing given by the projected pattern (as
also discussed by Dalziel et al., 2007, for a pattern matching technique). However, there
does not seem to be, in general, a clear superiority of either one. What is true for both is
that the configuration of the pattern must be made with care. This is because, depending
on the height distribution of the measured surface, projected dots can merge or vanish
due to shadowing. If not accounted for, the lack of dots (or overlapping) can lead to
non-measurable areas or an incorrect correlation of a detected dot to its originating ray.

Furthermore, using a digital projector allows for the projection of many patterns in a
short time. For example, the projectors mentioned in this chapter could conceivably run at
60fps. This allows for the measurement of a non-static sediment bed, provided movement
occurs due to bedload transport, that there are clear-water conditions, that the cameras
work at the same frame rate, and that the changes in the sediment bed and the free surface
are relatively slow compared to that frame rate. The projection of many patterns could
also allow to project patterns with multiple characteristics (e.g. dot size) and choose, a
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posteriori, the best one or even a combination of patterns.
Digital projectors also allow for the projection of colored patterns, which can improve

the measurements through a water surface when monochromatic light is used since light
diffraction is wavelength dependent (Kolaas et al., 2018). While this was tested in our
first experimental configuration, no significant difference was observed in terms accuracy
in preliminary experiments. It is thought, however, that this was due to the type of cam-
era or to the colors chosen to maximize the brightness of the dots, which reduced the
displacement. However, it is expected that the light wavelength will have a larger effect
for monochromatic patterns (especially those in the extremes of the visible light spectra)
or for larger water depths.

However, the use of a digital projector comes with a caveat. Since projectors are not
designed for precision measurements, certain features that might improve their intended
function as projectors for presentations and movies might interfere with the accuracy of
the measurements. In particular, we observed that the projected images were, sometimes,
changing in time. It is then important to first test the behavior of the digital projector.

3.7 Conclusions
This chapter describes the implementation of the photogrammetric technique using a sin-
gle camera and a digital projector. Improvements on the original method are performed
by reconstructing the light rays that emerge from the camera and the projector and using
the intersection of these lines in space to measure the local height of a surface. The de-
veloped method also accounts for refraction effects when a different medium is present
by using Snell’s law to calculate the deviation of the light rays at the interface between
media. This allows for the measurement of submerged surfaces while only using a single
calibration. Deformations due to the projection angle and due to the camera lens are also
included by performing calibrations of the digital projector and camera.

Since a local implementation of Snell’s law is used, a correct reconstruction of the
light rays from both projector and camera is obtained even through non-flat and varying
water surface. This is shown by performing measurements through a parabolic and a
vertically oscillating air-water interface. Additionally, both the morphology and velocity
fields of the flow can be obtained by alternating/sequentially capturing images for the
photogrammetric technique and for PIV.

The error of the measurement technique for the configurations used in this thesis was
ERMS < 1mm even when working with sediment particles. However, the accuracy should
be estimated for each setup due to the large flexibility offered by the technique. In fact, the
accuracy depends on several factors, such as the angle of the projector, the type of surface
measured, the camera resolution and location, the chosen pattern, the water height, and
the accuracy in the location of the interface. Although the dependence of the error in the
measurement as a function of some of these factors was explored, the particular values are
limited to this setup. While more research is needed to give general rules for an optimum
implementation, this chapter illustrates what the technique can achieve.

As shown, the developed photogrammetic technique produces accurate, non-intrusive,
high spatial and temporal resolution measurements of a surface, even when submerged in
water. Furthermore, the method allows for a tailored approach for its implementation in
an experimental setup, making this a valuable technique for the measurement of evolving
sediment beds.



Chapter 4
Sediment transport by a
spin-down flow

4.1 Introduction
The phenomenon studied here is reminiscent of the “tea leaves problem” used to explain
the formation of meanders in rivers (Einstein, 1926). In that explanation, tea leaves at
the bottom of a cup are collected at the center when the water is stirred because the cen-
trifugal force is weaker at the bottom that at the surface. This gives rise to the secondary
circulation that is radially inward at the bottom and axially upward in the center. Although
this is a useful and simple explanation, its is necessary to delve into the characteristics of
the bottom boundary layer where the flow and the sediment interact to gain a detailed
description of the transport of sediment under swirling flows.

To obtain this description, a spin-down flow, obtained by decelerating a fluid-filled ro-
tating cylindrical container over a solid bottom, is ideal because the flow and the bound-
ary layer are well-controlled and well-defined (see Batchelor, 1951; Schlichting et al.,
1960; Greenspan and Howard, 1963; Benton and Clark, 1974, for in-depth reviews of
spin-up/down flows). Futhermore, the radial profile of the azimuthal velocity is a good
approximation of the velocity profile in the core of a vortex. As mentioned in Section 2.3.1,
the von Karman boundary layer, the Ekman boundary layer, and the Bödewadt boundary
layer are quintessential and thoroughly described examples of the boundary layers under a
swirling flow. These boundary layers are three-dimensional prototypical flows (Crespo del
Arco et al., 2005), which have been used as simple models for turbomachinery (Johnston,
1998) and geophysical swirling flows (Pedlosky, 1967; Beardsley, 1969; Eliassen, 1971;
Hill, 1996).

Previous studies on the interaction between a spin-up/down flow and a granular bot-
tom inside of a cylinder (Thomas, 1994; Thomas and Zoueshtiagh, 2007; Caps and Van-
dewalle, 2003) have observed the emergence of spiral patterns on the sediment bed. In
particular, those studies focused on the number of ripples or spiral arms that form, on
the azimuthal angle of the spiral arms, and on the generating mechanism. However, the
parameter space explored was limited (focusing primarily on spin-up flows), and there
were no measurements of the sediment volume displaced to quantify the efficiency of the
flow in transporting sediment. These two limitations impede us from having a thorough

The content of this chapter has been adapted from González-Vera, A. S., Duran-Matute, M., &
van Heijst, G. J. F. 2018. Morphodynamics of a sediment bed in a fluid-filled cylinder during spin-down:
An experimental study. Physical Review Fluids, 3(12), 124306.
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understanding and quantification of the transport capacity of the spin-down flow. This, in
turn, allows us to gain insight into the sediment transport capacity of vortices.

To address these limitations, we performed an experimental study in which a spin-
down flow was generated over a bed of light plastic particles. The light weight of the
particles allowed the exploration of a large region of the parameter space. Changes in the
bed thickness were measured using a Light Attenuation Technique based on the work by
Munro and Dalziel (2005). The net volume of displaced particles is quantified by compar-
ing the bed thickness measured at several instants across the domain with the initial bed
thickness. Both complete and partial spin-down experiments were performed, i.e. with
the tank coming to a complete stop or being only partially decelerated. This allows us to
distinguish the effect of background rotation. For all experiments, a total radial force is
calculated based on the exerted bottom shear stress obtained through the classical laminar
boundary layer solutions. The net radial transport of particles is described as a function of
this force. This approach was chosen to simplify the analysis of the transported sediment.

The present chapter is organized as follows. A detailed description of the problem is
given in Sec. 4.2. The experimental setup is described in Sec. 4.3. Results are presented
in Sec. 4.4, first focusing on the qualitative description of changes in the morphology,
followed by the quantitative measurements of the net sediment transport. Results are
discussed in Sec. 4.5, and the conclusions are outlined in Sec. 4.6.

4.2 Description of the problem
In the initial stage of the experiment, a liquid-filled cylinder with a flat sediment bed at the
bottom is rotating under solid-body rotation at a rate Ωi . Then, its velocity is impulsively
decreased to a lower value Ω f .

The decrease in rotation rate results in a difference in angular velocity ∆Ω =Ωi −Ω f
between the bulk of the fluid and its surrounding boundaries, including the sediment bed.
A boundary layer develops with a radially inward flow with the velocity magnitude pro-
portional to ∆Ω. Due to conservation of mass, the radially inward flow is compensated by
an upward flow parallel to the rotation axis. Subsequently, the relative flow slowly decays,
and the fluid adjusts slowly until it reaches the new angular velocity of the container in a
process commonly referred to as “spin-down”.

The hydrodynamic spin-down problem is governed by three non-dimensional param-
eters: the Rossby number (2.9), the Reynolds number (2.10), and the aspect ratio Ar =
H/R, where H is the fluid height and R is the radius of the cylinder. Here the characteristic
length and velocity scale of the flow are R and U = ∆ΩR, respectively. This redefines the
Rossby and Reynolds numbers as Ro =∆Ω/Ω f (2.24) and Re =∆ΩR2/ν (6.9), where ν is
the kinematic viscosity of the fluid. Furthermore, since the fluid height and the radius of
the tank remain unchanged, Ar is kept constant with a value close to 1. For this value
of Ar , the flows evolution is governed by the effects of the boundary layer at the bottom
(Benton and Clark, 1974).

As described in Section 2.3.1, based on the value of Ro two well-known extreme cases
of the spin-down flow can be identified: the Bödewadt flow (Ro =∞), and the Ekman-type
flow (Ro ¿ 1). These boundary layers have a qualitatively similar structure, each with a
thickness given by

δB =
√
ν/(∆Ω), (4.1)

for the Bödewadt flow (Bödewadt, 1940), and by

δE =
√
ν/Ω f , (4.2)

for the Ekman-type flow (Batchelor, 1967).
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Figure 4.1: Value of τ∗r in the bottom boundary layer obtained numerically as a function
of Ro.

Since part of the experiments are of intermediate Ro-values, they do not fit either the
Bödewadt or Ekman cases. However, as these intermediate flows are categorized as part
of the BEK-family of rotating flows (Lingwood, 1997), the behavior of the flow is still
qualitatively similar. This allows us to redefine the boundary layer thickness based on the
scale of the angular velocity used in the experiments, such that

δ=
√

ν

∆Ω+Ω f
. (4.3)

This definition is useful to estimate the boundary layer thickness of any BEK-flow since it
is valid for all Ro-values, including the extreme cases when Ω f = 0 (Bödewadt flow) or
∆Ω¿Ω f (Ekman-type flow). Although δ is time dependent for the Bödewadt flow, it is
approximated as a constant since the typical decay time of the flow, which governs the
changes in the boundary layer thickness, is much longer than the typical time scale for the
changes in the bed and the duration of an experiment.

For a granular bed, the particles are set into motion due to the shear stress τ exerted by
the flow on the bed, following the common understanding of sediment motion (Fleming
and Hunt, 1977). This requires τ to exceed a critical value τcr , which depends on the
density ρp , shape, and diameter d of the particles (Paphitis, 2001; Le Roux, 2005). If
the value of τcr is exceeded, a net displacement of particles will occur and will differ
depending on the magnitude of τ. Depending the net particle displacement changes in
the bed morphology can occur.

To calculate the radial shear stress exerted in a solid flat bottom by a spin-down flow
we use the relation:

τr = ρ f ν
∂ur

∂z
=
ρ f ν∆Ωr

δ

∂u∗
r

∂z∗ , (4.4)

where ρ f is the density of the fluid, and u∗
r , z∗ are the non-dimensional radial velocity

and vertical coordinate, respectively. Following subsection 2.3.1, w can be approximated
as independent of r , such that ∂w/∂r = 0. To calculate the dimensionless shear stress τ∗r =
∂u∗

r /∂z∗ and its dependence on the value of Ro, the stationary and axisymmetric equations
of a rotating flow over a flat disc are solved numerically, following the methodology used
by Rogers and Lance (1960) and by Schlichting et al. (1960). As shown in Fig. 4.1,
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as extreme (both small and large) Ro-values are approached (i.e. for both Ekman or
Bödewadt-type flows) τ∗r remains constant, with a transition between these two values
occurring in the range of 10−2 . Ro . 102. This transition occurs because the thickness
of the boundary layer increases for high Ro-values and diminishes for low Ro-values,
reducing and increasing τr respectively.

Integrating the radial shear stress over the domain and assuming that τr does not vary
with the morphology changes, the total radial force Fr is given by

Fr =
Ï
D

τr d A = 2πρ f ν

∫
R

(
∆Ωr

δ

∂u∗
r

∂z∗
)

r dr = 2

3
πρ f νR3∆Ω

δ
τ∗r . (4.5)

Furthermore, using the general definition (4.3) of δ, substituting it in (4.5), and utilizing
the definitions of Re and Ro, we obtain the total radial force:

Fr = 2

3
πρ f ν

2τ∗r Re3/2
(
1+ 1

Ro

)1/2
= 2

3
πρ f ν

2F∗
r , (4.6)

where
F∗

r = τ∗r Re3/2
√(

1+Ro−1
)

(4.7)

is the dimensionless total radial force. From this, it is understood that the force exerted by
the spin-down flow increases with both the imposed velocity difference and the presence
of rotation, being able to obtain the same magnitude of force with different values of Re
and Ro. This is because the boundary layer thickness decreases as the Ro-value is reduced,
leading to a larger shear stress, and therefore, stronger forces on the bed.

For this study, a single type of particles is used, for which it is assumed that a single
value of τcr can represent the critical shear stress necessary to set particles in motion.
Since the particle properties are kept fixed, we characterize the experiments by two non-
dimensional parameters: Re and Ro. For convenience, we will describe the experiments as
a function of the inverse of the Rossby number Ro−1, so that for experiments with Ω f = 0,
Ro−1 = 0. Note that the total force (4.6) increases with increasing values of both Re and
Ro−1.

4.3 Experimental setup
The experimental setup (Fig. 4.2) consisted of two concentric plexiglass containers, an
outer square tank (with dimensions 58×58×53 cm3) and a inner cylindrical tank with a
radius of R = 24.4cm, which were placed on top of a computer-controlled rotating table.
Both containers had an open top and were filled to a height H = 28cm with a brine so-
lution, with density ρ f = 1.021gcm−3 and viscosity ν ∼ 1.0×10−6 m2 s−1. The outer tank
was used to avoid optical deformations when viewing from the side. Below the tanks, an
illumination bank composed of an array of nine fluorescent tubes was placed. A white
acrylic sheet was placed between the lights and the containers as a light diffuser to in-
crease the homogeneity in the illumination. A camera was positioned directly above the
tank’s centre, looking vertically down. A second camera was positioned on the side of the
tank, in such a way as to properly observe the complete surface of the particle bed.

Inside of the cylindrical tank, translucent, spherical polystyrene particles were added
until a layer of thickness hp ' 2cm was formed at the bottom. The particles had a diameter
d = 583±14µm, and a density ρp = 1.05gcm−3. Measurements of the mean and standard
deviation of d were provided by the particles manufacturer (Micro-Beads) with the use
of a Beckman-Coulter Multisizer 3 3.51. The size variation was further decreased by
sifting the particles. The low density difference and small particle size was chosen so that
particles would be responsive to the flow. Using the values of the particle properties, the



4.3 Experimental setup 57

𝛺𝛺

①

②

③

④

⑤
⑥𝑧𝑧

⑦

Figure 4.2: Schematic of the experimental setup used, consisting of a rotating table 1©, a
base containing the light source 2©, an outer square tank 3©, an interior cylindrical tank
4©, a layer of particles of height hp 5© and side 6© and top 7© cameras.

velocity of the spin-down flow, and assuming that the behavior of particles is within the
Stokes-regime, the Stokes number (as defined in subsection 2.5.3) is calculated as

St = tp

t f
= ρp d2∆Ω

18νρ f
. (4.8)

For the experiments presented in the current chapter, 0.0294 ≥ St ≥ 0.0053. This means that
our results are limited to particles that respond quickly to changes in the flow.

Each experiment began by increasing the angular speed of the rotating table up to
a rotation rate Ωi (of up to 2.5rads−1). This had to be done slowly to avoid disturbing
the flat particle bed. Once the system had reached an angular speed Ωi and the fluid
had achieved a solid-body rotation, the rotating table was decelerated to a lower rotation
rate Ω f to produce the spin-down flow. The deceleration rate of the rotating table was
dΩ/d t ∼ −0.2rads−2 and is restricted due to the mechanical limitations of the table. For
the experiment with the largest ∆Ω-value (∆Ω = 1.5rads−1), the deceleration rate of the
table had to be set to −0.1rads−2.

Depending on the value ofΩ f , experiments are classified as partial spin-down (Ω f > 0)
or as complete spin-down (Ω f = 0). The rotation and deceleration rates for the exper-
iments were limited by the technical specifications of the rotating table. As for ∆Ω, its
values were chosen based on the rotation rate difference necessary to move the particles
when Ω f = 0. For the sediment used in the experiments, the minimal rotation rate differ-
ence necessary to begin moving individual particles at the surface of the particle layer was
∆Ω ≈ 0.2rads−1. Each experiment was recorded for a duration of four minutes. To have
a well defined initial condition for all experiments, care was taken to achieve a uniform
particle bed thickness. The values of ∆Ω and Ω f are made dimensionless by using the
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redefined Re and Ro numbers given in section 4.2. Under these definitions, Re can be
increased by enlarging ∆Ω, while Ro is increased by increasing the background rotation
Ω f -value. The values of Ωi , Ω f , ∆Ω, Re and Ro for the 29 different experiments are
presented in Table 4.1.

Table 4.1: Table with the imposed initial rotation rate Ωi and final rotation rate Ω f for all
experiments. The ∆Ω, Re number and Ro number for each experiment is also presented.

Ωi (rad/s) Ω f (rad s−1) ∆Ω (rad s−1) Re Ro

0.3 0 0.3 17,900 ∞
0.411 0.111 0.3 17,900 2.703

0.744 0.444 0.3 17,900 0.6757

0.9 0.6 0.3 17,900 0.5

1.2 0.9 0.3 17,900 0.3333

1.6 1.3 0.3 17,900 0.2308

1.9 1.6 0.3 17,900 0.1875

2.58 2.28 0.3 17,900 0.1316

0.4 0 0.4 23,800 ∞
0.463 0.063 0.4 23,800 6.349

0.65 0.25 0.4 23,800 1.6

0.8 0.4 0.4 23,800 1.0

1.2 0.8 0.4 23,800 0.5

1.6 1.2 0.4 23,800 0.3333

1.9 1.5 0.4 23,800 0.2667

2.3 1.9 0.4 23,800 0.2105

0.5 0 0.5 29,800 ∞
0.54 0.04 0.5 29,800 12.5

0.66 0.16 0.5 29,800 3.125

0.9 0.4 0.5 29,800 1.25

1.2 0.7 0.5 29,800 0.7143

1.7 1.2 0.5 29,800 0.4167

2.1 1.6 0.5 29,800 0.3125

2.46 1.96 0.5 29,800 0.2551

0.6 0 0.6 35,700 ∞
0.7 0 0.7 41,700 ∞
0.8 0 0.8 47,600 ∞
0.9 0 0.9 53,600 ∞
1.5 0 1.5 89,300 ∞
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Figure 4.3: Reconstructed average bed thickness hp compared with the bed thickness
measured at every level used for the performed calibration z. Error bars indicate the
standard deviation of the reconstruction.

4.3.1 Light Attenuation Technique (LAT)
Changes in the distribution of the particle layer thickness caused by the spin-down flow
were determined by using a Light Attenuation Technique (LAT) based on previous work
by Munro and Dalziel (2005). This method requires illuminating the particle layer from
below. The intensity of the light that passes through the bed decreases due to reflec-
tion, refraction, and absorption. The recorded light intensity I can then be correlated
to the particle bed thickness hp , which varies across the domain (x, y). In order to ob-
tain measurements of the bed thickness from I (x, y), an empirical relation based on the
Beer-Lambert law was used:

h = d

[
1

α
log

(
I

I0

)]1/p
, (4.9)

where h is the reconstructed height distribution for each pixel in the domain, I = I (x, y)
the light intensity measured, I0 = I0(x, y) is the light intensity for a reference thickness
hr e f , d is the particle diameter, and α and p are calibration parameters. However, due
to spatial inhomogeneities in the illumination, a pixel-wise calibration was used. This
requires rewriting (4.9) as

hp =
(

Ai j −Bi j log I
)Ci j

, (4.10)

where A, B and C are coefficient matrices for each pixel in the measurement area which
are of equal size as I and the i , j sub-indices represent the row and column, respectively,
of each matrix element. The values of the coefficient matrices in (4.10) were determined
by taking multiple reference measurements of I at defined thicknesses of the particle layer
(measurements were made from 0 to 2cm every 0.25cm) and finding the best fitting curve
for each pixel value. Figure 4.3 shows the comparison between the reconstructed thickness
of the particle bed using the calculated calibration and the reference bed thickness.

Using this method to measure the bed thickness has the benefit of providing informa-
tion dynamically in time since the thickness of the bed is reconstructed from the recorded
light intensity. However, since the particle bed could not be perfectly flattened, there was
an error associated to the reconstruction of the particle bed. The standard deviation in
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the error is of approximately three times the mean particle size. The accuracy of the mea-
surement is further diminished by changes in the particle packing and the presence of
suspended particles. Nonetheless, once particles settle and stop moving, the accuracy of
the method is regained. Further increases in the error occurred when background rotation
is present (Ω f > 0) due to the deformation of the water surface when. These differences in
the water surface height were small (maximum difference of ±0.7cm), producing a change
in the pixel to physical length conversion from 0.0509cm/pixel to 0.0520cm/pixel. Since
this yielded an increase in error close to 6% for the case with the highest background ro-
tation (Ω f = 2.28rads−1), the error caused by the water surface deformation was deemed
negligible. No light intensity changes were observed to occur due to the surface deforma-
tion.

4.4 Results
The radially inwards secondary motion and the primary azimuthal flow exert a shear stress
τ on the surface of the particle layer. If this stress is larger than the critical shear stress
τcr , particles move, describing spirals while travelling radially inward. Flow instabilities,
particle-particle interactions, and the effect of the changing bed on the flow, all contribute
to a rich morphodynamical behavior of the sediment bed. One of the interesting conse-
quences of this morphodynamical behavior is the formation of patterns on the particle
bed.

4.4.1 Patterns in the particle bed
The emergence of patterns is a property observed in all the experiments performed, re-
gardless of the net amount of sediment displaced. How patterns emerge and what their
defining characteristics are depend on the values of the dimensionless parameters of the
experiment. These parameters are the Re and Ro numbers, which are related to the inten-
sity of the background rotation and the magnitude of the rotation rate difference, respec-
tively. We classify the experiments into six categories depending on the pattern observed
at the end.

For the smallest Re (1×104 .Re . 3×104) and Ro−1-values, a spiral pattern emerges on
the particle bed due to the inward spiralling transport of the particles. As shown Fig. 4.4a,
this pattern is characterized by predominant spiral ripples, secondary small radial ripples,
and a circular area with radius rcr in the center of the tank where particles do not move.
Small increases in Ro−1 or Re-values causes more particles to be displaced, causing the
spiral and radial ripples to increase in height and rcr to diminish.

Further increases in Ro−1 or Re-values lead to a larger radial inward transport of
particles. However, depending on which parameter is varied (or if both are) and on the
magnitude of the variation, the morphology of the particle bed changes in a different way.
Examples of the patterns for different values of Re and Ro−1 are shown in Figs. 4.4 - 4.6.
Figure 4.7 shows the position of the different types of patterns in the parameter space
explored.

Increasing Re-values

When only increasing the Re-value and maintaining Ro−1 = 0 (complete spin-down ex-
periments), two typical patterns are observed, depending on the magnitude of Re. For
3×104 . Re . 5×104, particles are transported radially inward, causing the formation of
complex spirals as seen in Fig. 4.4b. This type of patterns are characterized by the eleva-
tion of the center of the particle bed (rcr = 0), a number of deep spiral ripples surrounding
it, and small areas near the tank wall with no particles. In the case of the strongest flows
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(a)

(b)

(c)

(d)

Figure 4.4: Sediment bed patterns formed for four experiments with Ro−1 = 0 and in-
creasing Re-values (increasing ∆Ω). (a) Spiral pattern that emerged in the granular bed
with Re = 29,800. (b) A complex spiral that emerged with Re = 35,700. (c) Semi-conical
dome with spiral arms that formed with Re = 41,700. (d) Conical dome that formed with
Re = 89,300. Note that higher Re-values lead to larger particle transport, causing a higher
particle accumulation at the center of the tank.
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(a)

(b)

(c)

(d)

Figure 4.5: Patterns formed in the sediment bed for four experiments with increasing
Ro−1-values (increasing background rotation) and Re = 17,900 (fixed ∆Ω). (a) Crescent
ripple pattern formed with Ro−1 = 2. (b) Transition between a crescent ripple pattern and
an annulus that occurred with Ro−1 = 3. (c) Dome with ripples formed with Ro−1 = 4.3.
(d) Spherical-cap formed with Ro−1 = 7.6. As the Ro−1-value increases, particle transport
also increases, and smaller features (ripples) in the emerging patterns diminish.
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(a)

(b)

(c)

(d)

Figure 4.6: Four examples of sediment patterns observed for experiments with Ro−1 < 1
(weak rotation) and different Re-values. (a) Simple spiral pattern that emerged with
Re = 23,800 and Ro−1 = 0.16. (b) Transition between a crescent wave pattern and a simple
spiral that emerged with Re = 23,800 and Ro−1 = 0.63. (c) Complex spiral that emerged
with Re = 29,800 and Ro−1 = 0.32. (d) Dome with ripples that emerged with Re = 29,800
and Ro−1 = 0.8.
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Figure 4.7: Diagram of the parameter space explored showing the six different types
of patterns. ♦ markers indicate the formation of spiral ripples. � markers indicate the
formation of crescent ripples. � markers indicate the formation of complex spirals. 4
markers indicate the formation of a semi-conical mound with spiral arms. 2 markers
indicate the formation of a dome with ripples along its contour. # markers indicate the
formation of a spherical-cap. Experiments with overlapping markers indicate that the
emerging pattern shares characteristics of two typical patterns.

(Re & 5×104), an even larger amount of particles is transported radially inward, leaving
areas devoid of particles and forming a pattern like the one in Fig. 4.4c. Such patterns
are characterized by a semi-conical mound surrounded by spiral arms and by a lack of
particles near the tank wall. It is referred to as a semi-cone since the center of the particle
accumulations typically remains flat.

The formation of the patterns in strong complete spin-down experiments (Ro−1 = 0)
occurs as follows. For increasing Re-values, the amount of particles transported radially
inward also increases, and particle motion becomes more turbulent, as seen in Fig. 4.8a.
Due to the inward motion, particles accumulate in the center of the tank (once rcr = 0),
elevating the central area to form a plateau (Fig. 4.8b). During this convergence process,
spiral arms develop due to the swirling motion, and the plateau increases in size as more
particles continue to move radially inward (complex spirals emerge). The velocity at
which particles converge at the center, the height at which the plateau is elevated, the
length of the spiral arms, and if areas of the domain are left without particles depend on
the Re-value.

In the case of high Re-values, once the plateau forms a portion of the particles is
brought into suspension at approximately R/2. These particles continue spiralling to-
ward the center of the tank, and with the rest of the (non-suspended) particles, cause
the plateau to be shaped into a conical mound, as is the case of Fig. 4.4d. Once the hy-
drodynamic forces weaken, the mound recedes, particles settle, spiral arms become more
defined around the plateau or mound formed, and features such as ripples develop. Both
the length and number of the spiral arms decrease as the value of Re increases.
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(a)

(b)

(c)

Figure 4.8: Photographs showing the formation of a semi-conical pattern. Images are
taken from the experiment with ∆Ω = 0.7rads−1 and Ω f = 0 (Re = 41,700, Ro−1 = 0). The
formation eventually collapses into a semi-conical mound surrounded by spirals arms.
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Increasing Ro−1 values

In partial spin-down experiments where the Ro−1-value was varied while keeping Re con-
stant (by increasing Ω f and compensating with Ωi such that ∆Ω = cte), other types of
patterns were observed. Taking as an example the experiments where Re was main-
tained at its lowest value (Re = 17,900) and Ro−1 was increased, three types of patterns
emerged. Examples of these patterns are shown in Fig. 4.5. For weak background ro-
tation (0.5 . Ro−1 . 2), a pattern characterized by a sequence of symmetrical crescent
ripples around the area where particles remain static forms (Fig. 4.5a). At higher back-
ground rotation rates (2.Ro−1 . 4) a pattern like that in Fig. 4.5c emerges, consisting in
a dome surrounded by ripples, and an area devoid of particles surrounding it. As Ro−1 > 4,
the dome compresses and becomes smoother, forming a spherical-cap, as seen in Fig. 4.5d.

The formation of these patterns occurs as follows. For weak background rotation
(0 . Ro−1 . 0.5) particles follow spiral trajectories and form simple spirals as those ob-
served in weak complete spin-down experiments. As the Ro−1 value increases (Ro−1&0.5),
particles show an increased azimuthal motion and overall smoother particle movement.
For example, for Re = 17,900 and Ro−1 ≈ 1.5, a larger swirling motion outside of the crit-
ical radius (r > rcr ) is observed, causing the initial spirals that emerge to be deformed
into a sequence of symmetrical crescent ripples. The growth rate of these crescent ripples
increases with Ro−1.

As Ro−1 is further increased, the crescent ripples overlap and form the top-half of a
torus, as shown in Fig. 4.9(a). The inner region of this half-torus is characterized by the
critical radius rcr and the outer region by an area devoid of particles. If the Ro−1-value
is high enough, the internal diameter of the half-torus reduces until its collapse (rcr → 0)
forming a particle dome, as shown in Figs. 4.9(b-c). The convergence velocity of the torus
and the height of the dome depends on the value of Ro−1. For the highest values of Ro−1

in this regime, we observed oscillations in the surface of the particle dome as it forms. As
these oscillations decay, a very smooth spherical-cap dome forms.

Once the flow weakens, features, such as ripples, develop around the annulus or dome.
These ripples become smaller as the Ro−1-value increases, completely vanishing for the
experiments with the highest Ro−1-values.

Experiments with higher Re-values (Re = 23,800, 29,800) also show the formation of a
dome by the collapse of a half-torus when Ro−1 6= 0. However, for 0.5 . Ro−1 . 1, particle
motion is akin to what is observed in complete spin-down experiments (predominant
spiralling motion). Furthermore, dome formation occurred at lower Ro−1-values due to
the increased inward transport of particles. While ripples also emerge along the dome
once the flow weakens, these are much rougher, in some cases forming folds as particles
moved. Examples of experiments with Re = 23,800, 29,800 and two different values of
Ro−1 each are shown in Fig. 4.6.

4.4.2 Net radial particle transport
For each experiment, (4.10) is used to calculate the local particle bed thickness hp (x, y, t ).
By subtracting the initial bed thickness h0 = hp (x, y, t = 0) from hp , the changes in bed
thickness are calculated:

∆h(x, y, t ) = h(x, y, t )−h0. (4.11)

An example of ∆h is shown in Fig. 4.10 with its corresponding light intensity distribution
I .

By separating the changes in bed thickness into its positive ∆h+ :∆h > 0 and negative
values ∆h− : ∆h < 0, the areas of deposition and erosion are identified. Integrating these
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(a)

(b)

(c)

Figure 4.9: Photographs showing the formation of a spherical-cap dome pattern. Im-
ages are taken from the experiment with ∆Ω = 0.4rads−1 and Ω f = 1.9rads−1 (Re =
23,800, Ro−1 = 4.75). Once the flow weakens the dome flattens and small ripples emerge
around it.
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Figure 4.10: Example of a comparison between the (a) recording of the transmitted light
intensity I and (b) its corresponding displacement field ∆h. The experiment used in this
example has parameter values of Re = 23,800 and Ro−1 = 0.625.

values over the domain, we define the deposited VD and eroded VE particle volumes

VD (t ) =Î
A
∆h+d A,

VE (t ) =Î
A
∆h−d A.

(4.12)

Since no particles are added or extracted during the experiments, the volume of particles
eroded should equal the deposited particle volume. However, this condition is not exactly
fulfilled due to measurement errors. To estimate the total error, the integral of ∆h over
the whole domain is used, i.e.,

VEr r (t ) = (VD +VE )

VT
=

Ï
A

∆h(x, y, t )

h0
d A, (4.13)

where VT =πh0R2 is the volume of the flat particle bed at the beginning of the experiment.
Since the light transmission through the particle bed decreases exponentially, the error is
larger where the bed is thicker. Therefore, we use the eroded particle volume VE to
compute the net radially displaced particle volume Vdi sp .

Even though the magnitude of Vdi sp varies for each experiment, a similar overall be-
havior in time is observed, as shown for two experiments in Fig. 4.11. This common
behavior is separated into three stages. First, there is an accumulation stage, where Vdi sp
steadily increases due to the inward particle motion driven by the spin-down flow. Then,
there is an equilibrium stage, where a nearly constant value of Vdi sp is reached since there
is a balance between the hydrodynamic and gravity forces acting on the particles. This
leads to the shape of the bed to remain static. Finally, there is a relaxation stage charac-
terized by a decrease in Vdi sp . As the flow continues to decay, the hydrodynamic forces
become weaker than gravity, pulling particles down-slope. This stage is more noticeable
for high values of Re and Ro−1, in which particles move down-slope radially outward at
the edge of the dome or steep semi-conical mound when the flow weakens.

Further insight into the net radial particle transport is gained by comparing the maxi-
mum Vdi sp of each experiment with the total radial force F∗

r acting on the particle layer,
defined in (4.7). Figure. 4.12 shows the maximum Vdi sp as a function of F∗

r . Since F∗
r

depends on both Re and Ro−1, Vdi sp increases if either Re or Ro−1 increase. Weak flows
(lowest values of Re and Ro−1) displace a small amount of particles since the exerted
shear stress is close to the critical shear stress (τ ∼ τcr ). Once the critical shear stress
value is exceeded, there is an increase of particles that are displaced toward the center of
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Figure 4.11: Temporal behavior of the net displaced particle volume Vdi sp of two exper-
iments with equal Re values but different Ro values. Circle markers indicate the exper-
iment performed with Re = 23,800 and Ro = 1.0. Square markers denote the experiment
performed with Re = 23,800 and Ro = 0.27.

the cylinder. This increase is similar for both the partial and complete spin-down experi-
ments, even though there is a difference in magnitude in the value of Re.

As F∗
r approaches the largest values, Vdi sp reaches a saturation value. However, this

behavior is not clear in cases where Ro−1 > 0. The saturation is caused by the occurrence
of particle suspension, a limit in the packing of particles, and the angle of the dome formed
in the center of the domain, where even in the cases of very high shear stress, particles
cannot continue to be displaced radially inward.

While the error associated with the measurements of Vdi sp for large values of F∗
r is

expected (mainly due to the occurrence of particle suspension), three experiments show a
large error even for low values of F∗

r . It was found that the increase of error is associated to
the presence of finer particles (dirt, debris) which entered the tank due to the open top. In
particular, in cases where background rotation is present (Ro−1 > 0), these finer particles
are separated from the particle bed and transported radially inward, accumulating close
to the center of the tank. These particles have a disproportionately large effect on the
transmitted light even if the volume fraction is negligible, adding to the measurement
error. Figure. 4.13 shows a comparison between the estimated error in time for three
experiments.

4.4.3 Minimal radius of a particle mound
Another relevant quantity related to the amount of sediment transport is the minimal
radius of the sediment mound Rmi n . This is obtained directly from the measurements,
and in this section, we relate it to the total radial force to be able to predict the minimal
extent of the particle mound. For this, we assume that the net radial force acting on a
particle on the mound surface is zero (otherwise the radius of the mound would increase
or decrease). This requires that the net gravitational force FG (gravitational force minus
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Figure 4.12: Maximum net radially displaced particle volume (Vdi sp ) as a function of the
dimensionless total radial force exerted by the spin-down flow F∗

r (4.7). Circle markers
indicate complete spin-down experiments (Ro−1 = 0) and square markers partial spin-
down experiments (Ro−1 > 0). Error bars indicate the difference between the total particle
volume when the maximum Vdi sp occurs and the initial total particle volume VT .
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Figure 4.13: Measurement of the error in time for three experiments. Each of them has
a different cause of error. O markers indicate the experiment where the largest amount
of particle suspension occurred (Re = 89,300,Ro−1 = 0). # markers indicate one of the
experiments where small particles (debris) increased the error in the measurements (Re =
17,900,Ro−1 = 0.37). 2 markers indicate an experiment where particle suspension and
small particle accumulation do not occur (Re = 23,800,Ro−1 = 1.0).
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Figure 4.14: Plot of the force balance presented in (4.16). Markers indicate the rotation
difference in each experiment: ∆Ω = 0.3rads−1 (2 markers), 0.4rads−1 (♦ markers) and
0.5rads−1 (4 markers). The fitted curve (dashed red line) follows αx +µc = Γ, where
α = (1.477±0.100)×10−6, µc = −0.02±0.03, x = ν2/(2g ′(d/2)3)F∗

r , and Γ = 3Vcn /(πR3
mi n ).

The prediction bounds are indicated by the dotted blue line.

the buoyancy force), the shear force exerted by the spin-down flow Fτ, and the net resistive
force to motion (Coulomb force) Fc , be in balance:

Fτ cosθ+Fc cosθ−Fg sinθ = 0

Fτ+ 4

3
µcπρ f g ′

(
d

2

)3
− 4

3
πρ f g ′

(
d

2

)3
tanθ = 0,

(4.14)

where θ is the slope of the particle mound surface, µc is the Coulomb resistive parameter,
g ′ = (ρp /ρ f − 1)g is the reduced gravity, g is the Earth’s gravity, and d is the particle
diameter.

Since the force applied by the flow on a particle Fτ is unknown, to solve (4.14) the
force exerted over a single particle by the spin-down flow is considered to be proportional
to the total radial force, such that Fτ = αFr . To give an expression of the angle θ as
a function of Rmi n , the shape of the dome is approximated as a cone with a circular
base, where the height of the dome h and its radius Rmi n are related to the slope by
tanθ = h/Rmi n . Furthermore, since the volume of the dome Vcn = πr 2h/3 is equal to the
volume of the initial particle layer, the slope of the dome can be written as a function
of only Rmi n [tanθ = 3Vcn /(πRmi n

3)]. Rewriting (4.14) with the previous relations, we
obtain

2

3
απρ f ν

2F∗
r + 4

3
µcπρ f g ′

(
d

2

)3
= 4

3
πρ f g ′

(
d

2

)3 3Vcn

πRmi n
3

, (4.15)

which can be simplified to

1

2

αν2

g ′(d/2)3
F∗

r +µc = 3Vcn

πRmi n
3

. (4.16)
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Figure 4.15: Minimal radius of a particle mound for the partial spin-down experiments
as a function of the dimensionless force F∗

r (4.7). The marker’s shape indicate the same
experiments as in Fig. 4.14. Error bars indicate the standard deviation in the measured
sediment bed radius. The fitted curve (dashed red line) follows (4.17), where µc = 0.

By plotting (4.16), as shown in Fig. 4.14, the values of both α and µc required for the
equivalence to hold are calculated by a fit, yielding α = (1.477±0.100)×10−6 and µc =
−0.013±0.034. It was found that α approximately coincides with the ratio between the
area of a single sediment particle and the area of the bottom of the tank (d/2)2/R2 =
1.4126×10−6. As for µc , due to its very small value, it is understood that Fc plays a
negligible role in the force balance.

Furthermore, by isolating Rmi n as a function of Re and Ro, we obtain:

Rmi n =

 3Vcn

π
[

1
2

αν2

g ′(d/2)3 τ
∗
r Re3/2

√
1+Ro−1 +µc

]


1/3

. (4.17)

From this equation and Fig. 4.15, it can be seen that the minimal radius a particle dome

can achieve is inversely proportional to F∗
r

1/3 = τ∗r Re3/2
√

1+Ro−1
1/3

.
The experiments used to validate this approximation are limited to those with Ro−1 ≥ 1

because more symmetric dome formations occur and particle suspension is low. The lack
of particle suspension is of extreme importance, since otherwise the volume of the particle
dome is not conserved.

4.4.4 Particle suspension
Particles are brought into suspension by the flow only in certain experiments, as shown in
Fig. 4.16. Small or no final rotation (small or zero Ro−1-values) and relatively strong flows
(medium to high Re-values) are required for particle suspension to occur. The amount



4.5 Discussion 73

0 2 4 6 8

Ro
−1

1

3

5

7

9

R
e
(1
04
)

Figure 4.16: Diagram of the explored parameter space showing the experiments where
particles were suspended or not. Filled symbols are experiments for which particle sus-
pension occurred during spin-down. Experiments denoted with empty symbols showed
no particle suspension. The marker’s shape indicate the same regimes as in Fig. 4.7.

of particle suspension increases for higher Re-values (complete spin-down experiments
having the largest particle suspension), and decreases for higher values of Ro−1.

To determine the cause of the particle suspension, a vertical laser sheet was used
to illuminate the tank from the side and tracer particles were added to the fluid. This
allowed us to observe the generation of turbulence at the side wall caused by centrifugal
instabilities originating from the differential rotation due to the no-slip condition (Görtler,
1954; Bien and Penner, 1971; Weidman, 1976; Neitzel and Davis, 1981; Savaş, 1987;
Denk and Dürholt, 1991; Gauthier et al., 1999). The turbulence is then advected toward
the interior of the cylinder due to the secondary motion, causing particle suspension. An
image taken with the side camera revealing the presence of the wall turbulence generated
in the tank is shown in Fig. 4.17. Unfortunately, no quantitative measurements could
be made about the amount of particle suspension due to the suspended particles quickly
travelling into and out of the illuminated volume of the laser sheet.

Although different magnitudes of the vertical velocity of the secondary motion were
achieved with different Re values, particles were not suspended (or lifted) because of this
mechanism. Turbulence appears to be the primary cause of particle suspension. However,
it was observed that the shape of the dome can lead to particle deflection, causing ad-
ditional particle suspension. In such cases, the suspension caused by this effect is much
less than that produced by turbulence, and since the roughness and asymmetric features
(such as spiral arms) decreases with higher Ro−1 values, the particle suspension due to
this mechanism also diminishes.

4.5 Discussion
The observed differences in the bed patterns reveal that both inertial and rotation effects
(characterized by Re and Ro) govern the flows dynamics, and hence, the bed evolution.
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Figure 4.17: Side view of the particle layer illuminated by a vertical laser sheet for an
experiment ∆Ω = 0.6rads−1 and Ω f = 0rads−1 (Re = 35,700, Ro−1 = 0). The side camera
is placed at a shallow angle for an oblique view. Only half of the tank is shown, with
the side-wall located on the left of the image. A mix of sediment particles and tracer
particles is used to visualize the flow. Three distinct regions are observed: (A) the surface
of the particle bed that is not completely illuminated, (B) sediment particles illuminated
by the vertical laser sheet, (C) tracer particles illuminated by the laser. In region (C)
isolated patches of high particle concentration can be observed, indicating the presence of
turbulent structures. These structures are only observed for the experiments with a low
Ro−1-value, i.e. weak background rotation.
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In particular, rotation plays a mayor role in the trajectory of particles, the regularity of the
bed patterns, and the occurrence of particle suspension.

Although particles follow a spiral trajectory regardless of the type of spin-down flow
generated, changes in the curvature of the trajectory are observed when background rota-
tion is present (Ro−1 > 0). This can be explained by following the calculation of Schlichting
et al. (1960) of the dimensionless radial and azimuthal shear stress values for the Ekman
and Bödewadt-type flows. Here, it is found that the relative magnitude of the azimuthal
shear stress increases as it approaches an Ekman-type flow. Therefore, it is understood
that as Ro−1 increases, so will the curvature of the spiral trajectory that particles follow.
This can be observed in Figs. 4.8 and 4.9, where the change in the curvature of the spiral
motion causes particles to accumulate in a different way, leading to the formation of a
plateau or a toroid.

A further effect due to background rotation (Ro−1 > 0) is the suppression of three-
dimensional motions (following the Taylor-Proudman theory). This leads to less turbulent
particle motion, thus lowering the occurrence of particle suspension as Ro−1 increases and
causing the emergence of smooth particle domes for experiments with high Ro−1-values.
In contrast, experiments with Ro−1 = 0 show significant particle suspension and motion is
observed to be more turbulent, leading to the formation of patterns composed of a number
of spirals with small features (such as ripples). These patterns are reminiscent of previous
experiments performed in granular beds (Thomas, 1994; Thomas and Zoueshtiagh, 2007;
Caps and Vandewalle, 2003), where it is discussed that type I and type II instabilities (as
described by Faller (1963) and by Savaş (1987)) play a role in the formation of patterns.
This is also consistent with the lack of smaller features as the Ro−1-value increases since
instabilities are suppressed with the presence of background rotation.

The results show that the net particle displacement can be explained by the total radial
force Fr exerted by the boundary layer on the sediment. Even if this radial force is com-
puted for a laminar, unbounded case, the curves plotted in Fig. 4.12 collapse, indicating
that the formation of patterns and the role of the side walls are secondary in determining
the net transport. The role of side walls has previously been shown to be of secondary
importance in the dynamics and evolution of spin-down flows (Greenspan and Howard,
1963; Weidman, 1976), particularly at time scales much shorter than the typical decay
time as in our experiments. However, we did observe the side walls to have an impact in
the generation of turbulence and the suspension of sediment. This is due to the no-slip
condition at the side-wall, where a differential rotation is induced, leading to centrifugal
forces that cause instabilities in the flow (Görtler, 1954; Bien and Penner, 1971; Neitzel
and Davis, 1981; Savaş, 1987; Denk and Dürholt, 1991; Gauthier et al., 1999).

While a single type of particles was used in this study, the presence of lighter and
smaller particles (debris) inside the experimental setup for three experiments, allowed us
to gain insight into the transport of lighter particles (but still heavier than the fluid). These
smaller particles are transported radially inward before the larger particles and concen-
trate in the center of the tank even for low values of F∗

r . From this, it is possible to use
a spin-down flow to separate different particle-types based on the τcr -value required to
move them. However, depending on the parameter values, the accumulation of smaller
particles formed can remain relatively intact (Ro−1 > 1) or be mixed throughout the do-
main due to turbulence (Ro−1 = 0). In the case of heavier particles, Refs. (Thomas and
Zoueshtiagh, 2007; Caps and Vandewalle, 2003; Thomas, 1994) use denser particles to
compose the sediment bed (1.8gcm−3 < ρp < 7.9gcm−3; 110µm < d < 3170µm) and also
observe (spiral) patterns, even at higher Re and Ro-values than those used in the present
study. This indicates that sediment beds consisting of other types of particles (or mixtures
of) can also develop similar patterns.

Clearly, the response of the bed to the flow depends on the particle properties. While
particle size, density, and shape might affect the patterns formed, we expect that particle
transport will occur as in this study as long as the transport remains as bed load.
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4.6 Conclusions
With the use of a simple experimental setup, we describe the effect of representative
boundary layers under a swirling flow over a particle layer in a cylindrical domain. In
particular, we describe the emergence and formation of patterns in the sediment bed, the
net radial transport, and the occurrence of particle suspension. For a given sediment type,
both the intensity of the flow (given by the Re-value) and the intensity of background rota-
tion (represented by the Ro-value) govern both the type of generated spin-down flow and
the morphodynamics of the sediment bed. In the (Re, Ro−1) parameter space explored,
six characteristic patterns were found: spiral ripples, crescent ripples, complex spirals,
semi-conical mounds with spiral arms, rippled domes, and spherical caps.

By redefining the boundary layer thickness δ of the spin-down flow, a dimension-
less force (valid for both partial and complete spin-down experiments) is defined as

F∗
r = τ∗r Re3/2

√(
1+Ro−1

)
. Although F∗

r is obtained through a simple model of a lami-
nar, stationary boundary layer without lateral boundaries, there is a good collapse of the
measured maximum net radial transport, as seen in Fig. 4.12. This indicates that the total
radial applied force is the primary cause of the radial displacement of particles. Addition-
ally, quantitative predictions about Rmi n can be made by performing a balance between
the gravity force and F∗

r if particle suspension is limited.
The force F∗

r can be increased either by increasing the table’s deceleration (increasing
the value of Re) or increasing the rotation rate (increasing the value of Ro−1). In terms of
the dynamics, these two options are very different. Increasing Re-values generate insta-
bilities, and subsequently, turbulence. On the other hand, increasing Ro-values suppresses
instabilities and three-dimensional motions. In general, our experiments show a very dif-
ferent evolution for experiments with large Re-values and Ro−1=0, when compared with
experiments with increasing Ro-values and relatively small Re-values (e.g. Re = 17,900 or
23,800).

It is then of particular interest that, in spite of these differences, measurements of
the net radially displaced particle volume Vdi sp depend exclusively on F∗

r . This indicates
that background rotation leads to flows that are more efficient in transporting sediment
to the center of the domain. This is due to a decrease in the boundary layer thickness,
and hence, an increase in the bottom shear stress. It is then concluded that the differences
in the stability of the Bödewadt and Ekman boundary layers are observed in the patterns
that form. However, the similarity in the structure of these boundary layers (including
intermediate cases) is observed in their capability to transport sediment toward the core
of swirling flows. Since the boundary layer formed under monopolar vortices is similar
to the ones studied in this chapter, the results presented are useful in understanding the
physical mechanisms involved in the capture of sediment by a vortex.



Chapter 5
Sediment transport by a
translating monopolar vortex

5.1 Introduction
As described in Chapter 4, swirling flows are capable of trapping particles due to a radi-
ally inward flow in the boundary layer, which moves particles if the shear stress exerted
τ exceeds a critical value τcr (Fleming and Hunt, 1977; González-Vera et al., 2018). Due
to this radial inflow, a vertically upward flow is driven above the boundary layer, which
exerts an upward lifting force on the particles. In swirling flows like vortices, this lift force
is further increased by the pressure deficit in the center of the vortex, enhancing the sus-
pension of particles (Greeley et al., 1981; Greeley and Iversen, 1987). These suspended
particles settle over time due to gravity or are expelled from the vortex core by the cen-
trifugal force (Julien, 1986; Ungarish, 1990, 1991; Crowe et al., 1995). This means that,
if the vortex moves, it can displace and disperse sediment from one place to another.

Despite the common presence of vortices over granular beds in both eolian and aquatic
flows, previous studies on the sediment transport capabilities of single-core vortices have
been mainly limited to the case of dust devils (Greeley et al., 2003). To our knowledge,
there have been no studies regarding the transport capabilities of single underwater vor-
tices. This is relevant to regions where vortices are common since they could be an in-
fluential sediment transport mechanism. Therefore, determining the sediment transport
capabilities of vortices can help improve the modeling of coasts and harbors, where sig-
nificant changes in the morphology occur over time due to the transport of sediment (see
e.g. Berthot and Pattiaratchi, 2006; Takasugi et al., 1994a,b).

To determine the transport capabilities of a single vortex, it is necessary to quantify the
net transported sediment, characterize the volume occupied by the suspended particles,
and establish what changes are made by the vortex in the sediment bed. In this chapter, we
study experimentally the sediment transport by a single, underwater, monopolar vortex
traveling over a flat sediment bed. Here, monopolar indicates a simple and single vortex
structure. Particles at the bed are set into motion and brought into suspension when a
strong enough vortex passes over them (Fleming and Hunt, 1977); the particles in sus-
pension travel with the vortex as it moves and settle to the bed as the vortex weakens. We
describe qualitatively and quantitatively the characteristics of the volume occupied by the

The content of this chapter has been adapted from González-Vera, A. S., van Heijst, G. J. F., &
Duran-Matute, M. (2020). Sediment transport and morphodynamics induced by a translating monopo-
lar vortex. Journal of Geophysical Research: Earth Surface, 125, e2019JF005300.
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Figure 5.1: Side (a) and top view (b) of the experimental setup. It is composed of a
1×1×0.35m3 square tank with a plastic panel placed inside to produce a height difference
1©; a sediment particle layer with initial thickness of 1.65cm in the deeper part 2©; a
vertical, flat plate perpendicular to a side-wall of the tank 3©. The tank was placed on
top of a computer-controlled rotating table 4© and was filled with water to a height H =
21.6cm. Above the tank, a digital projector 5© and two cameras that looked vertically
downward 6© were placed. Additionally, six UV-LED’s 7© were used to illuminate the
water surface. To the side of the tank, a laser projecting a horizontal light sheet was
attached to a vertically moving linear motor 8©. The region of interest is indicated by the
square with broken lines, and was determined by the area illuminated by the projector.

sediment in suspension, the net amount of sediment that is transported, and the changes
in the morphology of the particle bed as a function of the characteristics of the vortex.
The volume occupied by the suspended sediment was dynamically measured using a ver-
tically moving laser sheet which illuminated horizontal cross-sections of the region where
particles were suspended. Changes in the particle bed were measured using a single cam-
era photogrammetric technique (González-Vera et al., 2020b). The vortex characteristics
(size, strength, trajectory and velocity) where obtained using Particle Image Velocimetry
(PIV). To determine the effect of the changes in the particle bed and particle loading on
the vortex experiments without a sediment bed were also performed and compared to
their counterparts with sediment.

This chapter is organized as follows. The experimental setup and experimental tech-
niques are described in Section 5.2. The typical characteristics of the vortices are pre-
sented in Section 5.3.2. The description of the evolution of the sediment is suspension is
presented in Section 5.4.1 and the description of the changes in the bed in Section 5.4.2.
Results are discussed and conclusions presented in Section 5.5.

5.2 Experimental setup
The experimental setup is shown in Fig. 5.1. It consisted of a 1×1×0.35m3 square plexi-
glass tank placed on top of a computer-controlled rotating table. At the bottom of the tank,
a 0.95×0.3×0.016m3 plastic panel was placed to produce a difference in height within the
tank, separating the bottom into a shallow and a deep region. Above the plastic panel, a
flat vertical plate of 25cm in length was fixed perpendicularly to one of the side walls of
the tank at 3cm from the edge of the plastic panel. The tank was filled with water to a
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height H = 21.6cm from the tank bottom, having a density ρ f = 1.0gcm−3 and kinematic
viscosity ν∼ 1.0×10−6 m2 s−1. For experiments without sediment, the plastic panel at the
bottom was removed to have a perfectly flat bottom. This meant that, for all experiments
to have the same water depth, the tank was filled with water to a height H = 20cm from
the tank bottom.

Two cameras were positioned above the tank at a height Hc = 2.06m from the tank
bottom, looking vertically down. This gave a field of view of approximately 0.76×0.61m2,
which was displaced toward the wall of the tank as shown in Fig. 5.1. Small particles were
added to the deeper region inside of the tank until a sediment layer of thickness ' 1.6cm
(i.e. equal to the thickness of the plastic panel) was formed, leaving a water layer of 20cm.
Consistent initial conditions were achieved for all experiments by flattening the sediment
bed to a uniform thickness before the beginning of each experiment. Two different types of
particles were used in separate experiments since it is known that particle properties (e.g.
density, and size) affect the net transport of sediment produced by a flow (Paphitis, 2001;
Le Roux, 2005). The first type of particles (from now on referred to as PS particles) were
translucent, spherical, polystyrene particles with an average diameter d = 580µm and a
density ρp = 1.05gcm−3. The second type of particles (referred to as PMMA particles) were
smaller and heavier, with a diameter 250µm < d < 300µm and a density ρp = 1.20gcm−3.
Since the density and size of the types of particles were different, the τcr -value required
before particles initiate movement is different as well. On the other hand, the settling
velocity of the particles ws , approximated by (2.45), was similar in both cases with ws =
9.16mms−1 for PS particles, and ws = 6.81mms−1 to 9.81mms−1 for PMMA particles.
Although (2.45) is based on the Stokes drag, which is strictly valid for Re ¿ 1, it allows
us to characterize the particle based on its size and density. Further characterization is
obtained by calculating the so-called particles Stokes time (Bec et al., 2007) or its response
time τp (2.44). The relaxation time of the particle types differs by almost an order of
magnitude with τp ≈ 0.019s for the PS particles and 0.004s . τp . 0.006s for the PMMA
particles.

5.2.1 Measurement techniques
The effect of the vortex on the sediment bed was determined by measuring the properties
of the vortex (radius, strength, trajectory, and velocity), the region occupied by the sed-
iment in suspension, and the changes in the particle bed height. For this, three separate
measurement techniques were implemented: Particle Image Velocimetry (PIV) to deter-
mine the flow velocity field and the vortex characteristics at the water surface, a laser
scanning technique to determine the regions of suspended sediment, and a photogram-
metric technique to determine the changes in the bed.

Particle Image Velocimetry and laser scanning

To avoid interference from the sediment particles in suspension, PIV was performed at the
water surface using light, fluorescent, polyethylene micro-spheres (COSPHERIC UVYGPMS-
0.97) as tracer particles. These particles have a density ρt = 0.980gcm−3 and a diameter
of 600 ∼ 710µm. They were illuminated by six pulsed UV-LED lights (as shown in Fig. 5.1),
causing them to emit a yellow-green light (with wavelength ≈ 365nm). Calculations of
the 2D velocity field uH = (u, v) were performed using commercial software (PIVview3C),
developed by PIVTEC. We used interrogation windows of 32× 32 px with an overlap of
50%, which resulted in an average resolution of 7.8mm. The method proposed by Garcia
(2010, 2011) was used to replace the velocity outliers and smooth the velocity data to
compute the vortex size. The smoothing parameter was chosen as ∼ 0.25, without the
“robust” option to avoid over-smoothing.
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For the laser scanning measurements, a laser shining a horizontal light sheet was
attached to a vertically moving linear motor outside of the tank to measure the region
occupied by the particles in suspension. The laser illuminated horizontal cross-sections of
the tank at different depths by moving sinusoidally up and down with a period T = 1s and
amplitude Lmotor = 15.2cm. The laser’s vertical movement did not cover the entire water
column to avoid illuminating the tracer particles used for PIV measurements at the water
surface. The cross-sectional area illuminated by the laser remained constant throughout
all experiments. By combining each illuminated plane, a three-dimensional reconstruction
of the regions of high particle suspension was obtained. Due to the movement of particles
between each illuminated plane and the high amount of particles that were displaced, no
PIV measurements using the sediment particles was possible.

To measure the region of suspended sediment as a function of the vortex character-
istics, the velocity field of the flow and the volume occupied by the suspended sediment
were measured in time for each experiment. We achieved this by illuminating and captur-
ing the images used for PIV out of phase with those used by the volumetric reconstruction.
Essentially, the cross-sections of the volume occupied by the suspended sediment were re-
corded only when the tracer particles at the surface were not illuminated by the pulsed
LEDs. Since the laser-sheet illuminated continuously, a B+W F-Pro orange 550 filter was
placed on the camera used for PIV measurements. This filter blocked the light from the
laser, reduced the reflection of the UV-LEDs on the water surface, and increased the con-
trast between the background and the fluorescent particles emitting yellow-green light.

The synchronization of both cameras, the linear motor and the UV-LED lights was
done by using a PIC microcontroller (PIC16F877A), an infrared switch, and two controller
boxes. At the start of each recording, the microcontroller is activated by the linear motor
controller, sending a signal pulse to the first controller box. Once the signal is received,
camera 1 captures an image illuminated by the laser-sheet. After a 20µs delay, a pulse is
sent from controller box 1 to controller box 2, activating the UV-LED lights and capturing
an image for PIV measurements with camera 2. Both the acquisition of images used for
the PIV measurements and the volumetric reconstruction were fixed at 30fps and were
equidistant in time. This meant that 15 images were taken as the laser moved downward
and 15 images as it moved upward. However, due to the acquisition time of the images,
there is a higher resolution near the bottom and top of the water column (±Lmotor ) than
in the middle (Lmotor /2). To ensure that the period T of the linear motor remained
constant, a pulse is sent from a photo-sensor each time the laser crossed Lmotor /2. By
using the time between each signal, T is estimated and corrected if necessary.

Bed morphology measurements

Measurements of the sediment bed height were obtained via a single-camera photogram-
metric technique. The photogrammetric technique is described in detail in Chapter 3.
Hence, only a general description and the most relevant details will be given here. These
measurements were performed only before the start and after the end of each experiment.
The changes in the bed morphology due to the passing vortex were obtained by subtract-
ing the almost flat reference height distribution before the start of the experiment from
the bed height after the end of the experiment.

For these measurements, a digital projector with a maximum resolution of 1920×1080
pixels, was placed at a height HP ∼ 109cm (from the bottom of the tank). The projector
was set to an angle of either θP ∼ 21° or 25°, which illuminated an area of approximately
0.73×0.375m2 downstream of the plate. Projected images contained between 50 and 60
elliptical patches over a black background. Since the projector was placed at two different
angles, two different calibrations were required to transform the location of the projected
dots into real-world coordinates (x, y, z).

A two-dimensional schematic of the ray tracing used to measure the height of the
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Figure 5.2: Two-dimensional schematic of the photogrammetric measurement technique.
The digital projector is positioned at a height Hp under an angle θ, projecting a set of dot
patterns onto an arbitrary surface with a height h(x, y) submerged under a water layer of
height H . The camera is placed at a height Hc , looking vertically down. As an example,
three lines that originate from the projector represent the light rays from the projector.
The intersection of these lines with the bed is marked with black dots. With the camera,
photographs of the projected patterns are obtained. The solid gray lines indicate the light
rays originating at the light dots on the sediment bed and captured by the camera. The
dashed lines represent the light trajectory if there was no sediment bed and no change in
refractive index due to the change from air to water.

submerged particle bed is shown in Fig. 5.2. Since each dot is a point measurement, a
three-dimensional surface reconstruction is made by measuring the local surface height at
each dot location. To improve the resolution, 120 different images are projected. In this
way, we obtain a high horizontal resolution (∼ 7mm for the PS particles and ∼ 3mm for
the PMMA particles) while avoiding the overlap of dots when large morphology changes
occur.

Since the projector was placed at two different angles, two different calibrations
were required to transform the location of the projected dots into real-world coordinates
(x, y, z).

5.3 Vortex generation and characteristics

5.3.1 Vortex generation
To generate a single columnar vortex, boundary layer separation was induced at the per-
pendicular plate by changing the velocity of the rotating table. As discussed by van Heijst
et al. (1990), when the rotation rate of a fluid-filled tank in solid-body rotation is changed,
a domain filling circulation is generated. Due to the presence of the plate perpendicular to
one of the side walls, the circulation is deflected. This causes the boundary layer to detach
at the sharp edge of the plate and roll-up, producing an intense vortex on the lee-side of
the plate. This vortex generation method is reminiscent of the technique implemented by
Meunier and Leweke (2005), Riedinger et al. (2010), and David et al. (2018), where a
columnar vortex is generated by a moving, thin, flat plate inside a viscous fluid.
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The velocity of the rotating table was changed as follows. First, the tank was spun-up
to a predetermined rotation rate Ωi (< 0) in the clockwise direction. This was done very
slowly so that the sediment bed was not disturbed. This rotation rate remained constant
until the water reached a state of solid body rotation. Then, the rotation rate of the table
was suddenly changed toΩm (> 0) in the counterclockwise direction, producing the vortex
on the lee-side of the plate. After two seconds, the table was promptly stopped so that the
final rotation rate Ω f = 0. This deceleration weakens the shear instability that develops
at the edge of the plate. Since Ω f >Ωi , a residual current remains, advecting the vortex
away from the plate. Note that there is no background rotation once the vortex forms
and propagates over the sediment bed since Ω f = 0. Based on the velocity changes of the
table, we define two control parameters: the initial angular velocity change ∆Ω1 =Ωm−Ωi
and the angular velocity difference between the initial and final rotation rate of the table
∆Ω2 =Ω f −Ωi =−Ωi . The explored region of the parameter space is shown in Fig. 5.3.

After the first velocity change, an Ekman-type boundary layer would be expected to
form. However, its formation time of O(1/Ωm ) (Benton, 1966; Weidman, 1976) is in
general large compared to the time before the next velocity change (2 seconds). Hence,
the boundary layer still resembles the boundary layer under a flow in straight channel.
After the second velocity change, a large-scale circulation cell forms. The magnitude of
the flow velocity of this cell is approximately r∆Ω2 with r the distance to the center of
the tank (van Heijst et al., 1990). The experiments are limited in the value of ∆Ω2 so
that the large-scale circulation does not disturb the sediment bed anywhere at any time.
With the vortex located at r ≈ 250mm, it can be later seen that the velocities associated to
the vortex are at least one order of magnitude larger than those of the large recirculation
cell. Since there is no background rotation, the boundary layer that develops under this
large recirculation cell is a Bödewadt-type boundary layer (as defined in section 2.3.1).
This type of boundary layer has a secondary motion with a radial velocity inward close to
the bottom associated to them, and this makes them different to the boundary layer in a
straight channel. The magnitude of the radial velocity is about r∆Ω2/2, hence also much
smaller than the velocities associated to the vortex.

5.3.2 Vortex characteristics
In this chapter, we determine the transport of sediment as a function of the measured
characteristics of the vortex (radius a, strength Γ, and trajectory of the vortex) as it travels
over the sediment. When conceiving the experiments, it was expected that ∆Ω1 would
control the strength of the vortex, while ∆Ω2 would control the residual current and the
propagation speed of the vortex. However, this was not the case, as is shown below. For
this reason, it is necessary to compute the vortex characteristics for each combination of
the control parameters (∆Ω1, ∆Ω2).

For all experiments, a well defined vortex consistently formed at the tip of the plate.
An example of the vertical vorticity field ω(x, y) = ∂v/∂x −∂u/∂y is shown in Fig. 5.4a. Due
to a shear instability, a number of satellite vortices also formed around the main vortex
for high values of ∆Ω1. However, these satellite vortices were much weaker and seemed
to decay much faster than the primary vortex. To distinguish the primary vortex signal
from the satellite vortices, shear regions, and background noise, we used the Okubo-Weiss
parameter

OW =
(
∂u

∂x
− ∂v

∂y

)2
+

(
∂v

∂x
+ ∂u

∂y

)2
−

(
∂v

∂x
− ∂u

∂y

)2
= Sn

2 +Ss
2 −ω2, (5.1)

where Sn and Ss are the normal and shear component of strain respectively (Okubo, 1970;
Weiss, 1991). This parameter compares strain and vorticity, allowing the separation of the
flow into vorticity-dominated regions (OW < 0) and strain-dominated regions (OW > 0).
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Figure 5.3: Explored region of the parameter space defined by the angular velocity
changes ∆Ω1 and ∆Ω2. Circular red markers indicate experiments with the PS parti-
cles. Diamond blue markers indicate experiments with the PMMA particles. Green crosses
indicate experiments without a sediment bed.
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Figure 5.4: (a) Vertical vorticity field ω(x, y) of a (single) vortex formed with ∆Ω1 =
0.1rads−1 and ∆Ω2 = 0.025rads−1 at t = 24.5s. The metal plate used to generate the vortex
is shown in black. (b) Radial profile of the vertical vorticity ω of the vortex (blue dots)
and the Gaussian fitted curve (solid red line) as defined in (5.2).
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By discarding OW values above a threshold value equal to 10% of the minimum value of
OW , the primary vortex was identified since the lowest value of OW is close to the vortex
center.

The characteristics of each vortex were obtained by first locating the center of the
vortex. Then, we computed its radial vorticity distribution, as shown for one example in
Fig. 5.4b. This radial vorticity distribution is well approximated by a Gaussian (or Lamb-
Oseen) vortex, given by (2.19). For convenience, in this chapter the Lamb-Oseen vortex
profile is rewritten to:

ω(r ) =ω0 exp(−r 2/a2), (5.2)

where ω0 is the maximum vorticity and r is the radial distance from the center of the
vortex. By doing a fit, the radius of the vortex was estimated at each instant. In Fig. 5.4b,
the scatter at r ≈ 10cm is due to the satellite vortices. To compute the vortex strength, the
circulation Γ of the vortex was calculated by the line integral:

Γ(t ) =
∮

C
uH · d l, (5.3)

where C is a closed curve encapsulating the vortex and uH is the horizontal 2D vector
velocity field of the fluid. The contour C is a square with side 4a at each instant. Both
the strength and the radius of the vortex change in time. For this reason, we have chosen
to characterize the vortex using the maximum strength Γ̃ and the radius of the vortex
ã when this maximum strength is reached. Lastly, to determine the initial propagation
velocity of the vortex, the center of the vortex is obtained for each PIV image pair. We
define an average initial propagation velocity of the vortex Ux by performing a linear fit
of the distance traveled by the vortex in the x-direction for t < 15s. At the start of the
experiments, a constant propagation velocity was observed for about t . 20s. Hence, the
choice of 15s or a shorter time has little to no influence on the results.

Figure 5.5 shows the maximum strength Γ̃ as a function of a linear combination of
both ∆Ω1 and ∆Ω2, which leads to a coefficient of determination R2 = 0.93. It can be
seen here that both control parameters are important in determining the strength of the
vortex, and that a linear relationship is a good approximation. In the multivariate linear
regression, the value of CΓ is different from zero since a minimum ∆Ω1-value is required
for the boundary layer to separate at the plate and generate a vortex. Independently of
the presence of sediment, all vortices generated show the same relation between Γ̃ and
(∆Ω1,∆Ω2). Overall, a comparison between experiments with and without sediment show
differences in Γ̃ of about 5 to 15%. However, the weakest vortices or those with the lowest
∆Ω2 values show larger differences in Γ̃. These differences exceed 50% in the weakest
vortices since the signal-to-noise ratio is larger. Since no value of Γ̃ is consistently larger
when comparing between experiments with and without sediment, the effect of sediment
loading on the vortex strength is unresolved for the cases explored.

The vortex radius a did not show a clear relationship with neither ∆Ω1, ∆Ω2 nor with
a linear combination of both. This might be explained in part by the temporal variability
being larger than the effect of changing the values of the control parameters. Considering
all the experiments, the average value of the radius is 29mm with a standard deviation of
5mm.

For the vortex trajectories, we observed three distinct behaviors which depend on the
value of ∆Ω2. One example of each of these behaviors is shown in Fig. 5.6 for experiments
with ∆Ω1 = 0.15rads−1. For small values of ∆Ω2 (e.g. ∆Ω2 = 0.025rads−1), the vortices
initially travel to the right (negative y-direction). This is explained by the formation of a
small stopping vortex with opposite (negative) vorticity that joins the main vortex to form
an asymmetric dipole. Due to the larger strength of the main vortex, this dipole then turns
and propagates in the positive x-direction. For large ∆Ω2 values (∆Ω2 & 0.07rads−1), the
vortices are advected by the current and travel initially to the left (negative y-direction).
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Figure 5.5: Maximum circulation, or vortex strength, Γ̃ as a function of a two-
parameter linear regression fit: AΓ∆Ω1 + BΓ∆Ω2 +CΓ. The fit parameter values are
AΓ = 1.27×105 mm2 rad−1, BΓ = 0.81×105 mm2 rad−1 and CΓ = −0.05×105 mm2 s−1, with
a coefficient of determination of R2 = 0.93.

For intermediate ∆Ω2 values, there is a combination of both advection mechanisms, and
the vortex initially travels in a straight line in the positive x-direction. For early times,
these three behaviors are independent of the type and presence of sediment.

Figure 5.7 shows the initial speed of the vortex Ux in the x-direction as a function of
∆Ω2. For Ω2 = 0.025rads−1, the speed increases as a function of ∆Ω1 because velocity of
the dipolar structure is proportional to its strength. For ∆Ω2 = 0.075rads−1, the speed of
the vortex is independent of ∆Ω1. It is only from this point on that our initial assumption
that the propagation speed of the vortex is due to the background current and is governed
exclusively by ∆Ω2. Clearly for intermediate ∆Ω2 values, the speed still depends on ∆Ω1
but not as strongly as for smaller values.

Just as in the case of Γ̃, the propagation velocity of the vortex is similar between
experiments with and without sediment, having a 5 to 15% difference, except for weak
vortices or low ∆Ω2-values. This difference also does not show a consistent larger Ux -
value for either experiments with and without sediment. Therefore, we conclude that
in general, the presence of sediment does not influence the initial characteristics of the
vortex.

5.4 Sediment transport
In this section, the sediment transport capability of the monopolar vortex is studied. For
this, both the region occupied by suspended particles and the changes produced in the
bed are analyzed. Results are presented as follows: First, the region occupied by the
suspended sediment is characterized as a function of Γ̃ and Ux . Next, the changes in
the sediment bed are compared to the trajectory of the vortex. Lastly, the net sediment
displaced is analyzed as a function of Γ̃.
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Figure 5.7: Initial propagation velocity Ux in the x-direction of the monopolar vortex as
a function of ∆Ω2.
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Figure 5.8: Photographs of the particle suspension produced by a vortex for an experi-
ment with ∆Ω1 = 0.15rads−1 and ∆Ω2 = 0.10rads−1. To take the photographs no measure-
ments were taken. Fluorescent particles used in the PIV measurements are observed on
the water surface, at 20 cm from the sediment bed. (a) Photograph of the initial shape of
the region of particle suspension, taken at t = 3s. (b) Photograph of the fully developed
region of particle suspension taken at t = 10s. The plate is on the right side of the picture,
and the vortices are propagating from right to left.

5.4.1 Sediment in suspension
Once the vortex reaches the sediment bed, particles under the vortex are set into motion
if the vortex is strong enough. These particles follow a spiral trajectory as they approach
the vortex core. During the particle convergence, small bands appear in the sediment
bed due to the swirling motion, but vanish as more and more particles accumulate. Once
particles reach the core of the vortex, a significant amount of them move upwards driven
by the vertical flow velocities associated to the secondary motion. Close to the bed, we
also observed turbulent motion, which caused some particles to become suspended. This
forms a region of high concentration of suspended particles below the vortex core, as seen
in Fig. 5.8. Helical concentration bands form as the vortex captures more particles. These
bands are more visible for stronger vortices. As more particles are trapped, the region of
suspended particles takes a conical shape, as shown in Fig. 5.8b.

Since both types of particles show a similar behavior once in suspension, the particle
response to the flow is analyzed as a function of the vortex properties. For this, the Stokes
number (2.49) is redefined following IJzermans and Hagmeijer (2006),

St = τpΓ

a2
, (5.4)
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Figure 5.9: Example of the reconstructed region occupied by the suspension of particles
produced by a vortex with ∆Ω1 = 0.12rads−1 and ∆Ω2 = 0.09rads−1 (Γ̃= 1.6×104 mm2 s−1,
Ux = 10.47mms−1) at t = 7.53s. The vorticity field of the flow is superimposed at height
of the water surface. The colors of the contours indicate the magnitude of the vertical
vorticity ω of the vortex.

which represents the ratio of the characteristic time of the particles τp (2.44) to a char-
acteristic time of the vortex. For the PS particles 0.12 < St < 0.54, while for the PMMA
particles 0.14 < St < 0.21. For both particle types, the values of the Stokes number are
similar and smaller than unity, meaning that both types of particles are expected to follow
the vortex well.

Figure 5.9 shows an example of a reconstruction of the region of suspended particles
using the scanning laser together with the vorticity field obtained with PIV. These 3D
measurements are obtained by performing a volumetric reconstruction with each plane
illuminated by the scanning laser. From this reconstruction, the volume occupied by the
suspended particles, its bottom area, and the height the particles in suspension can reach,
are calculated. Furthermore, a comparison can be made between the position of the vortex
and the suspension produced. As shown in Fig. 5.9, the cone of suspended particles is
aligned with the vortex.

Figure 5.10 shows the maximum bottom area Ãs and volume Ṽs of the region occu-
pied by the suspended sediment as a function of the maximum vortex strength Γ̃ for all
experiments. No clear distinction is observed between the two types of particles, probably
because of the comparable settling velocity ws , relaxation time τp . For both the bottom
area and the volume, a clear linear dependence with Γ̃ is observed. The respective fits have
a coefficient of determination R2 = 0.83 and 0.86. These results suggest that the strength
of the vortex determines the volume occupied by the particles in suspension, provided that
the particle settling velocity ws is similar and the Stokes number is small.

The magnitude of the bottom shear stress exerted on the bed, the upward flow lifting
particles, and the turbulent intensity decrease as the vortex weakens. Consequently, the
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Figure 5.10: Maximum (a) bottom area Ãs , and (b) volume Ṽs of the region occupied
by the suspended particles as a function of Γ̃. The black line represents a linear fit. The
coefficient of determination for each fit is R2 = 0.83 and 0.86, respectively.

suspension of new particles ceases, and those particles already in suspension begin to
settle. This leads to the flattening of the cone of suspended particles as it moves with the
vortex until, finally, all particles settle. To estimate a time scale TV for the settling of the
particles due to the action of the vortex, we measured the time necessary for the volume
of the cone to decrease from its maximum value to 25% of it. The limit of 25% was chosen
because, as will be discussed in detail in Section 5.4.2, a mound of sediment forms at the
bed as the sediment deposits and it is difficult for some experiments to differentiate if the
sediment is still in suspension or is already part of the bed. As shown in Fig. 5.11, the
settling time TV is larger for stronger vortices. For two extreme weak cases, the shortest
times are in the order of 5s, but for most vortices, the settling time lies between 15s and
40s. As a reference, 40s is about double the time that it would take a PS particle to fall
freely through the whole water depth of 20cm. This implies that the flow slows down the
settling of the particles, even as the vortex weakens.

5.4.2 Changes in the sediment bed
We distinguish changes in the sediment bed due to the vortex strength and due to the
vortex propagation. The role of the vortex strength is exemplified by comparing the effect
on the sediment bed of two vortices with similar trajectories and propagation speeds but
different values of Γ̃, as shown in Fig. 5.12. For these two examples ∆Ω2 = 0.75rads−1,
so that the vortices are advected by the background current at approximately the same
speed. However, the values of ∆Ω1 differ so that they have a different strength. For both
experiments, there is a region of net erosion close to the plate where the vortex forms
and reaches its maximum strength. The trajectories of the two vortices are very similar
at the beginning. Both vortices travel diagonally in the positive x and y directions until
they reach the position (x, y) ≈ (160,80), where they turn to the right and start traveling in
the negative y-direction while moving away from the plate in the x-direction. It is around
the point where the vortices change direction that we observe a region of deposition in
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Figure 5.11: Typical settling time of the particles: the time that it takes for the volume of
the cone to decrease from its maximum value to 25% of it.

the bed. As the vortex travels and decays, particles settle, creating this region of net
deposition. Differences in the size and height of the regions of erosion and deposition
are evident, with the largest displaced particle volume for the strongest vortex. This
is to be expected already from the results shown in the previous section, where it was
shown that the maximum vortex strength Γ̃ governs the volume occupied by the sediment
in suspension. However, this volume is not equivalent to the net volume of sediment
displaced at the bed.

The erosion rates and bed-load transport rates of sediment are commonly modelled
as power law’s of the shear stress or the flow velocity at the (see e.g. van Rijn, 1984,
for a comprehensive description). The erosion rate of sediment E can be modelled, for
example, using the Partheniades formulation (van Rijn, 1993; van Kessel et al., 2011):

E ∝ (|~τ|−τcr )n , (5.5)

where ~τ is the shear stress at the bottom, τcr is the critical shear for the initiation of
motion, and n is an exponent that is usually taken equal to 3/2 for non-cohesive sediment
(van Rijn, 1993). If we consider that the boundary layer under the vortex is a Bödewadt-
type boundary layer, the shear stress at the bottom is related to the circulation such that
|~τ|∝ Γ3/2 (González-Vera et al., 2018). Since the evolution of the vortices is similar during
the time that they erode the bed, it is to be expected that the volume of sediment eroded
is

VD = M(Γ̃−Γcr )m , (5.6)

where Γcr is the smallest value of the circulation at which erosion occurs, M [sm cm(3−2m)]
is the eroded volume rate coefficient, and m = 9/4 = 2.25. While it is possible to formulate
(5.6) as VD = M ′(Γ̃/Γcr −1)m so that M ′ is a coefficient directly related to the eroded vol-
ume, large errors can occur when fitting experimental data, as mentioned by van Prooijen
and Winterwerp (2010).
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Figure 5.12: Changes in the particle bed for two experiments with ∆Ω2 = 0.075rads−1

and similar translating velocity: a) a weaker vortex with ∆Ω1 = 0.1rads−1, Γ̃ =
1.37×104 mm2 s−1, and Ux = 8.88mms−1, and b) a stronger vortex with ∆Ω1 = 0.15rads−1,
Γ̃= 2.16×104 mm2 s−1, and (Ux = 8.97mms−1). Positive values indicate the area of depo-
sition and negative values indicate the area of erosion.
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Figure 5.13: Normalized value of the displaced volume (VD /M)4/9 as a function of
(Γ̃−Γcr ), with M the erosion coefficient and Γcr the critical circulation for erosion. The
different markers indicate the two different types of particles. The black line corresponds
to Eq. (5.6). The parameters M and Γcr are obtained through a linear least-square fit with
the fixed exponent m = 9/4 in Eq. (5.6).

To test the validity of (5.6) and the value of the exponent m, Fig. 5.13 shows (VD /M)4/9

as a function of (Γ̃−Γcr ). The values of M and Γcr were obtained through a linear regres-
sion of V 4/9

D as a function of M4/9(Γ̃−Γcr ). This resulted in M = (3.7 ± 1.0) 10−4 s9/4 cm−3/2

and Γcr = (2.7 ± 16.4) cm2 s−1 for the lighter and larger PS particles, and M = (1.8 ± 0.5)
10−4 s9/4 cm−3/2 and Γcr = (37 ± 22) cm2 s−1 for the heavier and smaller PMMA particles.
A collapse of the results for both types of particles and a good agreement with Eq. (5.6) is
observed in Fig. 5.13. The difference in the value of M suggests that the PS particles are
easier to transport than the PMMA particles. Here we have fixed the value of the expo-
nent m. It is then reasonable to ask if other values of the exponent m would yield similarly
good results. There is only a narrow range of values for m where physically meaningful
results are obtained. For m & 2.5, the obtained values of Γcr become negative for the PS
particles, and for m . 1.5 the value of Γcr becomes larger than the minimum value of Γ̃ at
which erosion is observed.

From the parameters obtained, it is understood that the PMMA particles are more
difficult to transport because the critical circulation for erosion is larger and the value of
the erosion coefficient M is smaller. The clear difference in the value of M indicates that,
for the same value of Γ̃−Γcr , the vortices are about two times less efficient in displacing
the smaller, heavier PMMA particles. Since the volume with particles in suspension is
similar for both types of particles, this means that the concentration of PMMA particles in
suspension is lower than that of PS particles.

Next, the effect of the trajectory of the vortex on the sediment bed is exemplified by
comparing experiments with the same strength (i.e. Γ̃-value) but different trajectories, as
shown in Fig. 5.14. For all cases, there is an erosion region close to the plate followed by a
deposition region along the trajectory of the vortex. For the experiment with smallest ∆Ω2
value for which a dipole forms, the vortex first moves quickly in the negative y-direction,
and then turns to propagate in a straight line in the positive x-direction. Then, it stops for
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some time while most of sediment is deposited. For the other two experiments, the vortex
is initially taken by the current in the positive x and y-direction. After x ≈ 100mm, the
sediment starts to be deposited in the bed until x ≈ 200mm. Within this area of sediment
deposition, the vortex changes direction and starts to travel in a diagonal, but now in the
negative y-direction. With the exception of two extreme cases, the distance traveled by
the vortex within the time scale TV (L = Ux TV ), is much larger than the radius of the
vortex, as shown in Fig. 5.15. This explains the fact that the areas of the bed affected
by the vortex tend to be long and that we can clearly distinguish erosion and deposition
areas. For much slower translation velocities compared to the settling speed of sediment,
sediment could deposit back on the same place where it was eroded from.

Despite the variation in the trajectories of different vortices and different particle
types, a clear change in the direction of movement of the vortex consistently occurred
around the largest peak in the area of deposition. It is unclear if the changes in the di-
rection of the vortex trajectory around the location of the largest peak in the sediment
bed are due to the changes in the bed or the particle loading, or if it is independent of
the sediment and the maximum in the deposition area is a result of the vortex stopping or
changing direction. When comparing with experiments without sediment, vortices present
similar trajectories with a change in direction, as shown in Fig. 5.16a. This similarity sug-
gests that the peak in the sediment is rather a result of the vortex trajectory. However, as
the value of ∆Ω1 increases, the differences in trajectory between vortices over a sediment
bed and those over a solid bottom increase, as shown in Fig. 5.16b.

The volume of PMMA particles displaced is about one order of magnitude smaller than
that of PS particles. It would then be expected that the largest differences in trajectory
would be observed between experiments with PS particles and without particles. However,
this is not always the case, as seen in Fig. 5.16b. Since this difference occurs for the
strongest vortices, other non-linear mechanisms might overshadow the effect of sediment.
More experiments are necessary to ascertain the effect of the sediment on the vortex. In
other words, statistics on the deviations from a mean or typical vortex behavior should be
obtained.

5.5 Discussion and conclusions
The sediment transport capacity of a translating single vortex on a particle bed was studied
experimentally. PIV was used to measure the flow velocities at the water surface to char-
acterize and follow the vortex, while a vertically moving laser sheet was used to obtain
horizontal cross sections of the region occupied by particles in suspension. Lastly, changes
in the particle bed were measured using a single-camera photogrammetric technique. By
combining these three distinct measurement techniques, insight was gained into the sed-
iment transport processes that occur due to the vortex: their suspension, their transport
and the net changes in the sediment bed.

It is shown that monopolar vortices possess sediment transport capabilities due to
their ability to capture, suspend, and displace particles as the vortex moves. The capture
of sediment is driven by the velocities associated to the secondary motion of the bottom
boundary layer. The suspension of particles, while driven by the upward velocities of the
secondary motion and the pressure gradient force, were aided by the occurrence of turbu-
lence motions at the sediment bed. These turbulent motions are known to be able to bring
particles in suspension due to turbulent diffusion; see e.g. Noh and Fernando (1991); Ben-
nett and Best (1995); Yang and Shy (2003) for generic situations, and González-Vera et al.
(2018) (i.e. Chapter 4) for the comparable situation of a spin-down flow. As particles are
suspended, a conical region occupied by the suspended particles was formed, following
the vortex as it traveled. The quantities characterizing the region occupied by suspended
particles were primarily governed by the vortex strength Γ̃. The two types of particles used
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Figure 5.14: Changes in the particle bed for three experiments with different ∆Ω2
values but with Γ̃ ∼ 1.6×104 mm2 s−1. a) experiment with ∆Ω2 = 0.025rads−1 and Γ̃ =
1.59×104 mm2 s−1 (Ux = 11.1mms−1), b) ∆Ω2 = 0.068rads−1 and Γ̃ = 1.57×104 mm2 s−1

(Ux = 8mms−1), c) ∆Ω2 = 0.09rads−1 and Γ̃ = 1.6×104 mm2 s−1 (Ux = 10.4mms−1). Posi-
tive values indicate the area of deposition and negative values indicate the area of erosion.
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Figure 5.15: Ratio between the time required for each vortex to travel its the distance
equivalent to its radius (ã/Ux) and the effective settling time of the volume (TV ) of the
region occupied by the suspended particles as a function of Γ̃.
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Figure 5.16: Comparison of the vortex trajectories between experiments without sed-
iment and those with the two different sediment types used, PS and PMMA particles.
Two different cases are shown: (a) ∆Ω1 = 0.088rads−1 with ∆Ω2 = 0.07rads−1; (b)
∆Ω1 = 0.15rads−1 with ∆Ω2 = 0.025rads−1
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in the experiments had similar settling velocities, which meant that no discernible differ-
ence was observed in the volume occupied by the particles in suspension. In particular,
the maximum volume and bottom area of the region occupied by the suspended particles
appears to scale linearly with Γ̃.

The net displaced volume of particles was also primarily governed by the vortex
strength showing a power law relationship. Although the values of the exponent are
in agreement with classical descriptions, such sediment transport is solely explained by
the horizontal shear stress exerted at the sediment bed. However, particles are then trans-
ported due to the radially inward secondary motion toward the vortex core, where signifi-
cant upward flow velocities occur. As discussed by Alfadhli et al. (2014), vertical velocities
influence the particle transport rate in sediment beds due to the changes in critical shear
stress, increasing the transport if upward and decreasing it if downward. Therefore, in
contrast with studies of the radial exerted shear stress at the bottom boundary layer of
a rotating flow (Thomas, 1994; Caps and Vandewalle, 2003; Thomas and Zoueshtiagh,
2007; González-Vera et al., 2018), the vertical velocity induced by the pressure gradient
effect (as described by Greeley et al., 1981; Greeley and Iversen, 1987) could significantly
enhance the suspension of particles. The results in this chapter suggest that the difference
in the transport of sediment by vortices, as compared to that of a plane channel flows,
might be modeled by a larger erosion coefficient or a smaller critical shear stress.

The measurements of the vortex and the sediment bed reveal that the changes in
the morphology occur primarily along the trajectory of the vortex. It is understood that
the main displacement of particles is localized under the vortex translating path, with a
smaller portion occurring due to dispersion. The distance the particles are transported is
found to be related to velocity of the vortex since it will determine the distance traveled
before particles settle. However, the trajectories are complex showing drastic changes in
direction and speed. In some cases, the vortex even remains in a single place for some
time before resuming its translation. While it is known that changes in the bathymetry can
affect the vortex (see e.g. Zavala-Sansón et al., 2012), it is unknown what the minimum
size the deposition mound requires to have a significant effect on a vortex trajectory. Fur-
thermore, following classical explanations of conservation of vorticity (Pedlosky, 2013),
changes in the height of the sediment bed can decrease or increase the vorticity of the
vortex due to vortex stretching. This can lead to the increase of the vertical velocity which
in turn can enhance particle suspension. Such a mechanism can be an explanation for
the few cases where the vortex re-suspended a small amount of particles when the peak
suspended sediment began to decrease.

Even though the effect of vortices on the sea floor has been previously observed (see
e.g. Berthot and Pattiaratchi, 2006; Takasugi et al., 1994a), how the results reported in
the current paper translate to large scales in the ocean and along the coast requires further
research. On the one hand, such large-scale vortices tend to be much shallower, with the
ratio of the depth to the radius of the vortex much smaller than one. On the other hand,
large-scale vortices are associated to much stronger turbulence. For shallower vortices,
the vertical upward flow is expected to be weaker (see e.g. Duran-Matute et al., 2010b),
but it should remain a relevant mechanism as long as the flow velocities are larger than
the settling velocity of the particles. However, for these larger and shallower vortices,
turbulent diffusion should play a larger role in the upward transport of sediment. Even
if the relative importance of the mechanism responsible for bringing the sediment high
in the water column is different for large-scale vortices, the experiments described in the
current chapter show the large but localized effect that vortices can have on the transport
of sediment. This effect could be significant for the morphology evolution in coastal areas
where vortices tend to form.



Chapter 6
Sediment transport by a dipolar
vortex

6.1 Introduction
Vortex dipoles are coherent structures consisting of two coupled, counter-rotating vortices.
Due to this composition, they are self-propagating and have a long life-span (Hopfinger
and van Heijst, 1993). They are known to transport particles in both the atmosphere
(van der Does et al., 2016) and aquatic media (Whilden et al., 2014).

In coastal areas, dipolar vortices can form due to the effect of the coastline on the
currents. These dipoles can transport sediment (Whilden et al., 2014) and organic matter
(Nicolau del Roure et al., 2009), for example. Previous studies have associated the trans-
port of sediment by dipolar vortices to the formation of sand banks (Fujiwara et al., 1994;
Takasugi et al., 1994b; Besio et al., 2006) and have an effect on the morphodynamics of
tidal inlets (van der Vegt et al., 2009). In the Great Barrier reefs of Australia, tidal jets
and dipolar vortices transport sediment that forms mounds several kilometres away from
the reef, and they transport nutrients that are necessary for marine life to grow (Wolanski
et al., 1988). In addition, dipolar vortices can spread pollutants, extending the influence
of environmental hazards (Feng et al., 2019). For these reasons, sediment transport by
dipolar vortices can impact environmental conservation, navigation, and the maintenance
of channels and coasts.

The self-propagation and long life-span of dipolar vortices imply that sediment can be
transported over long distances. Furthermore, even if they are shallow, strong vertical ve-
locities can be present within dipolar vortices (Akkermans et al., 2008a,b). These vertical
velocities are characterized by an upward flow in the vortex cores and a span-wise vortex
at the front of the dipole (Sous et al., 2004; Lacaze et al., 2010; Duran-Matute et al.,
2010a; Albagnac et al., 2011, 2014). As discussed in Chapter 5, it is expected that these
secondary motions have an effect on sediment transport since vertical velocities and ver-
tical pressure gradients increase the suspension of particles (González-Vera et al., 2018;
La Ragione et al., 2019).

The goals of the research presented in this chapter are to determine the capability of
tidal dipolar vortices to transport sediment and to establish what mechanisms govern this
transport. For this, it is necessary to quantify the flux of sediment from the bed to the wa-
ter column, what changes it produces in the bed, and what its the associated net amount
of displaced sediment. Additionally, the effect of the vertical velocities in the dipole on
the transport of sediment are explored. These topics are studied by means of numerical
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simulations. In each simulation, a single, isolated dipolar vortex is formed. The trans-
ported sediment is quantified by measuring the sediment erosion, suspension, deposition,
and the net changes in the bed. This means that the complete sediment transport cycle
is analyzed. For all the simulations performed in this chapter, the effect of the rotation of
the Earth is considered negligible. In other words, there is no background rotation in the
simulations of the dipolar vortices.

In the simulations, the hydrodynamics are solved using a coastal three-dimensional
model that solves the equations of motion with the use of a turbulence-closure model.
The interaction with the sediment bed is modelled using a Partheniades-Krone resuspen-
sion model (van Kessel et al., 2011). This model parametrizes the erosion flux based on
the horizontal shear stress exerted by the flow and the deposition flux based on a charac-
teristic settling velocity of the sediment. Once in suspension, the sediment is transported
by the flow and diffused due to turbulence. The suspended sediment does not affect the
flow. Although the behavior of the sediment is simplified, this approach allows for a sys-
tematic study to determine the relevant mechanisms and parameters for the transport of
sediment by coastal dipolar vortices. The quantities used for the qualitative and quan-
titative description of the transport of sediment are the sediment flux from the bed, the
suspended concentration, and the net changes produced in the bed.

This chapter is organized as follows. The physical model and the domain are described
in Section 6.2. A short description of both flow and sediment numerical models is given
in Section 6.3. Results are presented in Section 6.4, first giving a qualitative description of
the dipoles formed, followed by a qualitative and quantitative description of the sediment
transport. An exploration of the importance of the vertical velocities of the dipole in the
transport of sediment is given in Section 6.4.3. Results are discussed in Section 6.5, and
the conclusions are outlined in Section 6.6.

6.2 Model description

6.2.1 Physical Model
In coastal regions, large-scale dipolar vortices are commonly generated when the tide
flows through an inlet that connects a semi-enclosed basin to the open sea. The formation
of these dipolar vortices is attributed to two similar, yet distinct, mechanisms: (i) the
flux of vorticity into the initially quiescent fluid in the form of a jet that develops two
counter-rotating vortices on its sides (Afanasyev, 2006); and (ii) the growth of boundary
layers along the walls of the inlet, which detach and roll-up to create two counter-rotating
vortices (Awaji et al., 1980; Wells and van Heijst, 2003). The aspect ratio of the inlet
φi n = Li n /Wi n (with Li n its length and Wi n its width) determines which mechanism is
dominant. For φi n < 1, the dominating mechanism is as described by (i); when φi n >
1.5, the dominant mechanism is (ii) (Shariff and Leonard, 1992; Pawlak and MacCready,
2002; Wells and van Heijst, 2003).

In this study, we are interested in the transport produced by a single dipole, requiring
the generation of an isolated dipolar vortex. This can be better achieved by inducing
a flow through a short inlet (i.e. φi n < 1) (Nicolau del Roure et al., 2009). In such a
configuration, the dipoles detach quicker from the inlet, have a stronger circulation, and
remain coherent over a longer time.

6.2.2 Model domain
The domain has a total length L ≈ 60km, which is divided into three sub-regions, as shown
in Fig. 6.1: a semi-enclosed basin, a wider channel (representing the sea), and an inlet
which connects them. The basin has a width WB = 6km and length LB ≈ 24km, while the
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Figure 6.1: Diagram of the physical domain viewed from above (not to scale).

sea side has a length LS ≈ 36km and width W = 24km. The value of W is large to minimize
the influence of the side-walls on the dipolar vortex, and the length of the sea-side LS is
large enough so the dipole does not reach the end of the domain. Values are not exact due
to the domain fragmentation used in the parallelization of the code. The dimensions of
the semi-enclosed basin are smaller than that of the sea-side to reduce the computational
time. The inlet has a length Li n = 0.6km and a width Wi n = 1.2km (φi n = 0.5). The region
of interest of the study is located at the sea-side of the inlet, where a well-defined dipole
forms. Two different uniform water depths are used: H = 20 and 40m.

To generate a dipolar vortex, the sea level height at the sea side is gradually decreased
from H +η0 to H . This forces an outflow through the inlet until the sea level reaches H
everywhere inside the basin. The change in sea level η(t ) (with respect to the mean water
depth H) is given by

η(t ) =
{
η0

[
cos

(
2πt
T

)
+1

]
if 0 ≤ t ≤ T /2,

0 if t > T /2,
, (6.1)

where η0 is the amplitude of the formation pulse and T is the period of the tide. Here,
two different sea-level changes are implemented: η0 = 1m and 2.5m, while T = 24h, i.e.
the flow corresponds to half of a diurnal tidal cycle.

Furthermore, the flow velocity at the inlet u(t ) produced by the change in the sea level
can be estimated using volume conservation given that the size of the inlet is smaller than
the tidal wavelength (de Swart and Zimmerman, 2009), so that

dVB (t )

d t
= u(t )Si n (t ), (6.2)

where Si n (t ) =Wi n (H +η(t )). Solving for u(t ) yields

u(t ) = 1

Si n

dVB (t )

d t
= ABη0

Si n

d

d t
cos

(
2πt

T

)
=−2ABη0π

Si n T
sin

(
2πt

T

)
, (6.3)

where AB is the area of the basin.

6.2.3 Quantifying the three-dimensionality of the dipolar vor-
tices

The three-dimensionality of the dipolar vortices is quantified using the strength of the
secondary motions that arise in the form of upwelling (or downwelling) in the vortex
cores (Akkermans et al., 2008a) and in the form of a spanwise vortex in front of the dipole
(Sous et al., 2004; Akkermans et al., 2008b; Lacaze et al., 2010; Duran-Matute et al.,
2010a; Albagnac et al., 2011, 2014). These secondary motions are here characterized by
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two quantities. First, as described by Akkermans et al. (2008a) and Duran-Matute et al.
(2010a), we compute the normalized horizontal divergence at the free surface

D(t ) =
∫
SH

∣∣∇·u(x, y, z = H , t )
∣∣ d x d y∫

SH

∣∣ωz (x, y, z = H , t )
∣∣ d x d y

, (6.4)

where SH is the horizontal area of the domain and ωz is the vertical vorticity component.
The horizontal divergence is considered as it is directly proportional to the vortex stretch-
ing in the vertical direction. Second, as used by Sous et al. (2004) and Duran-Matute et al.
(2010a), we compute the normalized kinetic energy of the vertical velocity component in
the vertical symmetry plane (y = 0)

Ez (t )

EH (t )
=

∫
SV

w2(x,0, z, t )d x d z∫
SV

u2(x,0, z, t )d x d z
, (6.5)

where SV is the area of the vertical symmetry plane. For both D and Ez /EH , we focus
on the maximum value in time. The scaling of these values with respect to the governing
parameters is related to the importance of the three-dimensional motions in the evolution
of the flow, indicating when the flow deviates from what would be expected from a 2D
behavior (Duran-Matute et al., 2010b,a). It is important to consider that the normalized
horizontal divergence and the normalized kinetic energy of w have limitations, as the
quantities depend on the integration area, the plane of evaluation. Furthermore, since D
and Ez /EH are integral quantities, they cannot directly quantify the importance of local
3D motions.

It is also possible to quantify the importance of the secondary motions, i.e. the three-
dimensionality of the flow, based on the more classical dimensionless parameters. For
this, we follow the same approach as Sous et al. (2004, 2005) since the flow studied is
similar to a turbulent jet forced through a nozzle. This requires establishing the integrated
momentum flux per unit mass, defined as

Q =Ui n j
2Si n (t ), (6.6)

where Ui n j is the injection speed through the inlet and Si n is its cross-sectional area.
Here, Ui n j is defined as the average velocity through the inlet:

Ui n j =
1

ti n j

∫ ti n j

0
u(t )d t , (6.7)

where ti n j = T /2 is the duration of the injection of momentum. By substituting (6.3) and
(6.1) in the previous equation we obtain:

Ui n j =
AB

T Wi n
[ln(H)− ln

(
2η0 +H

)
]. (6.8)

Based on the integrated momentum flux per unit mass and the duration of the injec-
tion of momentum, we define a modified Reynolds number,

Re =
√

Q

ν
, (6.9)

where ν is the molecular viscosity, and the confinement number

C =
√

Q

H2
ti n j . (6.10)

As defined in Chapter 2, the Reynolds number characterizes the ratio of inertia forces to
viscous forces. As for the confinement number, it characterizes the vertical confinement of
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the flow. For large C -values the flow is shallow, while small C -values correspond to a deep
flow. Furthermore, since C is a function of the flow properties, it can provide a better
estimation of the three-dimensionality of the flow than the classical geometrical aspect
ratio (H/L) (Duran-Matute et al., 2010a). These two dimensionless parameters are used
to identify each dipole simulated in a simple way.

6.3 Numerical model
The physical model, the domain, and the change in sea level are implemented in the
General Estuarine Transport Model (GETM), a baroclinic numerical model that has been
specifically designed to simulate coastal regions (see e.g. Burchard et al., 2016; Stanev
et al., 2003; Stips et al., 2004; Duran-Matute et al., 2014). It solves the three-dimensional
hydrostatic equations of motion with the Boussinesq approximation and implements the
eddy viscosity assumption by means of a turbulence closure model provided by the General
Ocean Turbulence Model (GOTM) (Umlauf et al., 2006). The transport of sediment is
implemented through a module of the Framework of Aquatic Biological Modeling (FABM).
A detailed description and documentation of GETM and GOTM can be found in Burchard
et al. (2016).

The domain implemented in the simulation is the same as in Fig. 6.1, where the origin
of the coordinate system is in the center of the inlet in the y-direction and on the sea
side of the inlet in the x-direction. The horizontal spatial resolution is ∆x = ∆y = 120m,
resulting in 500×200 grid points in the domain. The inlet has a width of 10 grid points and
a length of 5 grid points. In the vertical, terrain following σ-coordinates are implemented
with 15 layers in total. A brief description of the sigma coordinates can be found in the
Appendix, in Section A.3. In the simulations no background rotation is implemented
(Ω = 0), no meteorological forcing is exerted on the free surface, and a constant density
ρ = 1025kgm−3 is considered.

Based on the horizontal resolution, a micro-time step ∆tm = 2s was implemented for
the surface calculations to satisfy the Courant–Friedrichs–Lewy (CFL) condition, while
a macro-time step ∆tM = 20s is implemented for the 3D bulk calculations. To decrease
the computation time, simulations were done in parallel by splitting the domain into ten
sub-domains.

At the free surface, a kinematic boundary condition

w(z = η) = ∂η

∂t
+u

∂η

∂x
+ v

∂η

∂y
(6.11)

is applied. Since no meteorological forcing is present (zero surface stress), the dynamic
boundary condition at the free surface is reduced to

∂u

∂z
= 0,

∂v

∂z
= 0. (6.12)

At the bottom, a no-slip boundary condition is prescribed for the horizontal velocity com-
ponents (u = v = 0). However, this requires a special treatment since the velocity point
closest to the bottom is half a grid box away from the bottom. A logarithmic profile of the
horizontal velocity components (ub and vb) is assumed within the first layer, such that

ub = ub∗
κ

ln

(
0.5h1 + z0

z0

)
, (6.13)

vb = vb∗
κ

ln

(
0.5h1 + z0

z0

)
, (6.14)
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where ub∗ and vb∗ are the friction velocities due to bottom friction, κ= 0.4 is the von Kármán
constant, z0 = 1cm is the bottom roughness, and h1 is the thickness of the bottom layer.
The logarithmic profile is only forced at the bottom layer and evolves freely in the layers
above.

In the horizontal, the velocity is set to zero in grid cells defined as land. Additionally,
the velocity components normal to the boundaries are set to zero (zero penetrability). At
the open boundary, a Flather-type boundary condition is applied (Flather, 1976; Davies
and Flather, 1977; Flather, 1994)

u = uext −
√

g

H

(
η(t )−ηext

)
, (6.15)

where g is the gravitational acceleration, and uext and ηext are the prescribed velocity
and surface elevation at the boundary using (6.7) and (6.1), respectively. This boundary
condition allows surface gravity waves to radiate out of the domain, avoiding reflections.

6.3.1 Sediment transport module
To simulate the transport of sediment by a dipole, a the sediment transport module in
the Framework for Aquatic Biological Modelling (FABM) is coupled to GETM. Suspended
sediment is modelled with the advection-diffusion equation:

∂c

∂t
+∇∇∇·F = 0, (6.16)

where c is the concentration of sediment in suspension and F = Fa +Fs +Fd represent the
advection, settling and diffusion of sediment, respectively. These terms are written as

Fa = cuh + cwk̂, (6.17)

Fs = cws k̂, (6.18)

Fd =−κh∇∇∇hc −κv
∂c

∂z
k̂, (6.19)

where uh represents the horizontal velocity components, k̂ the vertical unity vector, w
the vertical velocity of the flow, ws the settling velocity of the sediment, ∇∇∇h the horizon-
tal components of the gradient operator, and κh and κv are the horizontal and vertical
diffusion coefficients, respectively.

At the free surface, the boundary condition of (6.16) is defined by

ws c +κv
∂c

∂z
= 0 at z = η. (6.20)

At the bottom, the erosion flux of sediment is given by a modified Partheniades-Krone
resuspension model

Eflux =
{

M0(τ/τcr −1)1.5, if τ> τcr ,

0, if τ< τcr ,
(6.21)

where M0 = 0.05gm2 s−1 is the erosion coefficient, τ is the shear stress exerted on the bed
by the flow, and τcr is the critical shear stress required for erosion to take place. The
exponent in Eflux is set to 1.5 to mimic van Rijn’s erosion formulation (van Rijn, 1993)
which better describes silt/mud erosion in the presence of sand (non-cohesive) (van Kessel
et al., 2011; van Kessel et al., 2011; van Maren et al., 2015; Sassi et al., 2015). The net
sediment flux from the bed Σflux is given by the sum of the erosion and deposition fluxes:

Σflux = Eflux +Dflux, (6.22)
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where the deposition flux is given by

Dflux = cws . (6.23)

For the simulations performed in this study, sediment classes simulated are characterized
by constant ws and τcr -values.

To avoid disturbing the sediment bed before the dipole is formed, the sediment model
is activated only after the initial pulse η has ended, with a uniform sediment bed Bi (x, y) =
265kgm−2 and with no sediment in suspension i.e. at t = T /2. In practice, the bed cor-
responds to an infinitely thick layer. As the dipole moves, sediment is brought into sus-
pension and settles over time, producing a flux of sediment from the bed which causes
the mass per unit area in the bed to vary locally in time Bc (x, y, t ). The net changes in
the sediment bed B are measured by comparing the (undisturbed) sediment bed from the
beginning of the simulation to that of the end, such that,

B(x, y) = Bc (x, y, t = tend)−Bi . (6.24)

By taking the positive values of the net changes in the bed (B+ : B > 0) and integrating
these values over the domain, we quantify the net amount of sediment displaced

Φ=
Ï
A

B+d A. (6.25)

This analysis is analogous to the quantification of the eroded sediment in Chapter 4 and
Chapter 5.

Different sediment classes are implemented in the simulations to study the effect of
the sediment properties on the transport capabilities of the dipole. For this, the settling
velocity and the critical shear stress are changed independently: four different constant
settling velocities (ws = 0.125,0.5,1.0,2.0mms−1) and three different critical shear stress
values (τcr = 0.05,0.1,0.2Pa) are prescribed in total. Values of both τcr and ws are chosen
based on previous numerical studies (van Kessel et al., 2011; Sassi et al., 2015; Defne
et al., 2019).

6.4 Results

6.4.1 Dipole dynamics
Due to the change in sea level, the injection of momentum and mass through the inlet
produces a well-defined dipolar vortex. An example in a domain with H = 20m is shown
using the vorticity field in the left column of Fig. 6.2. The dipole is composed of two sym-
metrical vortex cores of opposite vorticity; that is, the cores rotate in opposite directions.
Over time, the dipole increases in size and, due to its self-induced velocity, it propagates
away from the inlet toward the open sea. As the dipole travels away from the inlet, a trail
of vorticity is left behind, extending from the inlet to the back of the dipolar vortex.

The structure of the dipole can also be inferred from the exerted shear stress on the bed
τ, as shown in the right column of Fig. 6.2. The spatial distribution of τ is characterized by
a region of high shear between two regions of low (close to zero) shear. The local minima
of τ correspond to the location of the vortex cores where the horizontal velocities approach
zero near the center of each vortex core. The location on each minimum is displaced from
the center of the vortex core due to the propagation of the dipole. The region of high
τ corresponds to where the maximum horizontal velocities occur: the middle line of the
dipolar vortex, between the two vortex cores. Although the vorticity trail behind the dipole
can reach high vorticity values, the exerted shear at the bottom is always lower than that
produced by the dipole itself.
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Figure 6.2: Left column: color plots representing the vertical component of the vorticity
ωz . Right column: color plots showing the exerted shear stress τ for a dipole with a depth
H = 20m, and an initial sea level elevation η0 = 1m. The region shown is part of the
sea-side described in Fig. 6.1.
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Figure 6.3: Same as in Fig. 6.2, except for a simulation with a depth H = 40m and an
initial sea level elevation η0 = 1m.
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In the case of the dipoles generated in a deeper domain (H = 40m), their formation
and overall shape is similar to those in the shallower domain (H = 20m). However, sig-
nificant differences in their behavior are also observed, as shown in Fig. 6.3. The dipoles
in the deeper domain are smaller, travel farther, and remain compact for longer. Further-
more, a vorticity envelope encloses the dipole as it forms. This envelope is quickly shed
as the dipole propagates, and merges with the trail of vorticity behind the dipole, forming
other structures in the wake of the dipole.

For both depths (H = 20 and 40m), increasing the value of η0 causes the volume
and momentum flux through the inlet to increase, leading to the formation of larger and
stronger dipoles. These stronger dipoles had an increased lifetime and an increased sep-
aration between the vortex cores due to their larger size. Larger η0-values also lead to a
stronger vorticity trail behind the dipole. For simulations with H = 40m, the trail rolls-up
into a series of vortices.

Each dipole is characterized by five quantities computed for the duration of the simu-
lation: the separation a between the vortex cores (related to the dipole size), the dipole
strength Γ, its net propagation distance χ and velocity U , and the maximum exerted shear-
stress τmax. These quantities are computed using the vertically averaged velocity fields
and are determined with the use of the Okubo-Weiss parameter (OW), introduced in (5.1).
By discarding OW -values above a threshold value close to zero, the center and approxi-
mate size of each vortex core was determined. The center of the dipole was determined
by taking the middle distance between the two centers of the cores. This information can
then be used to compute the separation a between the vortex cores, and the net propaga-
tion distance χ and velocity U of the dipoles. To determine the propagation distance of the
dipole, the position of its center is followed in time. The position of the vortex at t = T /2
is then subtracted to obtain the net propagation distance χ. The propagation velocity of
the dipole U can then be calculated based on the position of the dipole in time.

The circulation of a vortex core Γ was calculated by a contour integral defined by

Γ(t ) =
∮
C

u · dl, (6.26)

where C is a closed rectangular contour enclosing one of the two vortex cores. The length
of C is defined by the diameter of the region where OW < 0 at each time step, while its
width is defined by twice the distance from the center of the vortex core to y = 0. The
dimensions of C are chosen to avoid adding the vorticity in the wake of the dipole on the
calculation of Γ and because both cores are of equal magnitude but of opposite sign.

The evolution of the quantities used to characterize each dipole are shown in Fig. 6.4.
As expected, all four are larger for larger η0-values (while keeping H constant) due to
the increased injection of momentum and mass through the inlet. When the depth of the
domain is increased, the maximum values of Γ and a decrease when compared with their
shallower counterpart due to the lower injected momentum. The decay rate of Γ and the
growth rate of a are slower in the deeper domain. All simulations show a sudden drop in Γ
at different times, which is more noticeable in the case H = 40m, η0 = 2.5m at t ≈ 90h. It is
thought that this is due to the shedding of vorticity from the dipole and the concentrated
trail of vorticity behind the dipole, which increases Γ when either are close to the dipole.

As shown in Fig. 6.4c-d, the translation velocity of the dipoles, and therefore, their dis-
tance travelled (χ), are larger in the deeper domain when compared with their shallower
counterparts. For the deeper domains, larger η0-values lead to an increase in the values of
Γ, U , and χ. In contrast, in the shallow domain, the propagation velocity and the distance
travelled by the two vortices is approximately equal despite the different Γ-values. This
similarity is attributed to the larger value of a in the η0 = 2.5m case, giving approximately
the same value for the ratio Γ/a as in the simulation with η0 = 1.0m. As discussed by Flór
and van Heijst (1994), this ratio is proportional to the propagation velocity of the vortex



6.4 Results 107

(a) (b)

(c) (d)

Figure 6.4: Graphs showing the (a) circulation Γ, (b) core separation a, (c) net propa-
gation distance χ, and (d) propagation velocity U of the vortex dipoles as a function of
time.
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Figure 6.5: Maximum value of the exerted bottom shear stress τ in the domain as a
function of time. The τ maximum is located between the two vortex cores.

(U ∝ Γ/a) . In other words, the distance between the vortex cores and their strength com-
pensate, leading to an approximately equal propagation velocity between the simulations
in the shallower domain.

Similarly to Γ, the maximum exerted shear by the dipole τmax and its decay rate are
lower for the deeper domain, as shown in Fig. 6.5. The slower decay or growth rate of
the dipole characteristics for deeper waters is attributed to the reduced effect of bottom
friction.

Further differences in the dynamics of the dipoles are observed in the vertical velocity
component w , as shown in Fig. 6.6. For the shallower depths (left column of Fig. 6.6),
there is an upward flow located in the vortex cores, corresponding to an inflow from
the boundary layer. Surrounding this inflow and trailing behind the vortex, a weaker
downward flow is present. Increasing the value of η0 causes the regions where w 6= 0
to grow, but no large change in the maximum and minimum values is observed. In the
deeper domain (H = 40m), a circular band with pronounced vertical motions is observed
in front of the dipole, in addition to the upward velocities in the cores and the downward
velocities between them (right column of Fig. 6.6).

Taking the maximum and minimum values of w , a larger magnitude of w and slower
decay rate are found for the deeper domains, having the largest values for the simulations
with η0 = 1.0m (H = 40m), as shown in Fig. 6.7. All cases show an asymmetry between
the positive and negative vertical velocities, having larger downward velocities during
(roughly) the first half of the simulations.

The importance of the vertical motions is determined by calculating the normalized
horizontal divergence D (6.4) and the normalized vertical kinetic energy Ez /EH (6.5).
As argued by Sous et al. (2005), the behavior and regime transition from quasi-two-
dimensional (Q2D) to three-dimensional (3D) depends on the vertical confinement of
the flow, given by the confinement number C , as defined in (6.10). To discuss the three-
dimensionality of the dipoles, it is then more convenient to characterize them using the



6.4 Results 109

Figure 6.6: Distribution of the vertical velocity w(x, y) at approximately mid-depth (H/2)
of two dipoles with different depths. Left column: H = 20m. Right column: H = 40m. In
both simulations the initial sea level elevation is η0 = 1m.
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Figure 6.7: Maximum upward and downward vertical velocities w within the dipole as a
function of time. Solid lines indicate the maximum positive velocity (upward), while the
broken lines indicate the maximum negative velocity (downward). The largest upward
velocities are found at the front of the dipole and within the vortex cores. The largest
downward velocities are located between the vortex cores, close to the dipoles center.
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(a) (b)

Figure 6.8: (a) Normalized horizontal divergence D (6.4) and (b) the normalized vertical
kinetic energy Ez /EH (6.5) as a function of time.

Reynolds number Re and the confinement number C . The values of H , η0, Re, and C for
each simulation are shown in Table 6.1.

As shown in Fig. 6.8, dipoles with smaller C -values reach higher values for both D
and Ez /EH than those with large C . This indicates that, the dipoles in deeper domains
have a more 3D behavior, while the dipoles in the shallower domain have weaker vertical
motions.

6.4.2 Sediment transport
The sediment module is activated after t = T /2, when the dipole is already formed. Sedi-
ment is eroded if the shear-stress τ exerted by the flow on the bed is such that τ> τcr ; as
described in (6.21). This erosion produces a net flux of sediment from the bed toward the
water column Σflux < 0, where negative values are used to indicate the loss of mass from
the bed. The eroded sediment is then brought further up in the water column by vertical
advection and vertical diffusion (6.16). This produces a non-zero suspended sediment
concentration c in the water column. As the sediment settles, the sediment bed gains
mass due to the downward flux Σflux > 0, and the suspended sediment concentration c
decreases.

We expect that the sediment transport capabilities of a dipolar vortex and the associ-
ated net changes on the sediment bed depend on the three-dimensionality of the dipole.
For this reason, we first discuss the results for large C -values (shallow domain, H = 20m)

Table 6.1: Table presenting the values of the water depth H , the initial sea level height
η0, the Reynolds Re, and the confinement number C for each simulation.

H (m) η0 (m) Re C
20 1.0 1.15×107 2,200
20 2.5 2.8×107 5,400
40 1.0 0.83×107 400
40 2.5 2.03×107 1,000
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and then for the small C -values (deeper domain, H = 40m). Lastly, we discuss the impor-
tance of the vertical velocities on the transport of sediment by comparing simulations with
and without the vertical advection of sediment.

Shallower dipoles (large C -values)

As an example of the sediment exchange between the bed and a dipole with large C -
values, the evolution of Σflux at the bed and c at mid-depth are shown in Fig. 6.9 for the
sediment class with the lowest τcr and ws -values. Initially, erosion (Σflux < 0) of the bed
occurs along the axis of the dipole, leading to suspension of sediment between the vortex
cores. This is consistent with Fig. 6.2, where the largest τ-values occur at the center of
the dipole, between the two vortex cores. As the vortex advances, the erosion of the bed
decreases to zero, and the suspended sediment is redistributed toward the front of the
dipole. Over time, the suspended sediment is transported in the form of a filament that
spirals from the front of the dipole inward toward each of the vortex cores. Since the
suspended sediment constantly settles, there is a flux of sediment toward the bed Σflux > 0
in the same regions where c > 0.

Both the sediment flux from the bed and suspended sediment concentration are de-
pendent on the properties of the sediment class. As τcr increases, the net flux of sediment
out of the bed decreases to zero as τmax → τcr . In other words, the net amount of sed-
iment eroded by a dipole decreases the larger the τcr -value. This decrease in sediment
flux from the bed (lower magnitude of Σflux < 0-values) indicates that there is less sed-
iment suspended, decreasing c. On the other hand, increasing the value of ws leads to
a decrease of sediment flux from the bed and an increase of flux toward the bed. This
change in flux is caused by the sediment settling faster, reducing the amount of sediment
suspended in the water column and causing the suspended sediment to settle faster than
it is transported.

Further insight into the effect of a dipole on the sediment bed is obtained from the
net changes in the bed. These changes are quantified by comparing the initial (uniform)
bed to its configuration at the end of the simulation, similar to sections 5.2.1 and 4.4.2.
As shown in Fig. 6.10, sediment is primarily eroded along the center of the domain, near
the inlet where the dipole is formed. As the dipole propagates and decays, the sediment
brought into suspension settles, forming regions of deposition. The distribution of these
regions of erosion and deposition depend on the local sediment flux at the bed, having
a different length and width depending on the sediment properties (ws and τcr ). In
particular, changes in ws largely influence the region of deposition: for the smallest ws -
value (Fig. 6.10a), multiple deposition areas are formed over large areas of the bed; for
the larger ws -values (Fig. 6.10b), the depth of the erosion region is smaller and a single
localized deposition area is formed. On the other hand, while changes in the τcr -value
increase or reduce the amount of sediment that is eroded, no significant difference is
observed in the distribution of the erosion and deposition regions until τmax ∼ τcr .

By calculating the net amount of sediment displaced Φ, a direct comparison between
the different sediment classes and dipoles is made. Emphasis is placed on quantifying
the displaced sediment as a function of the parameters of the sediment model (ws and
τcr ), as shown in Fig. 6.11. As in the sediment flux from the bed Σflux, the characteristics
of the sediment are reflected in the net sediment displaced. Decreasing τcr significantly
increases (by orders of magnitude) the amount of sediment displaced, while changes in
ws only produce small variations. It is expected that the decrease in Φ for larger ws -
values is due to sediment settling faster than it is advected, reintroducing sediment into
an originally eroded region. Furthermore, the faster deposition of sediment reduces the
distance over which sediment is displaced, causing the net changes in the bed to be limited
to the dipoles axis.
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Figure 6.9: Sediment flux from the bed Σflux (left column) and suspended sediment
concentration c (right column) at z = H/2 for a dipole with Re = 1.15×107, C = 2,200. The
sediment class shown is characterized by τcr = 0.05Pa, ws = 0.125mms−1.
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(a) (b)

(c) (d)

Figure 6.10: Examples of the net changes produced in the sediment bed by a dipolar
vortex with Re = 1.15× 107, C = 2,200. Four different sediment classes are shown: (a)
τcr = 0.05Pa, ws = 0.125mms−1; (b) τcr = 0.05Pa, ws = 1mms−1; (c) τcr = 0.1Pa, ws =
0.125mms−1; (d) τcr = 0.2Pa, ws = 0.125mms−1.

(a) (b)

Figure 6.11: Net sediment displaced Φ as a function of the sediment properties (a) τcr
and (b) ws . The markers represent different Re-values from the simulations with a domain
of H = 20m: Re = 1.15×107 and C = 2,200 (circles), Re = 2.8×107 and C = 5,400 (squares).
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Deeper dipoles (small C -values)

As before, the evolution of Σflux and c at mid-depth for the case of the sediment class
with the lowest τcr and ws -values is used to exemplify the sediment exchange between a
dipole and the bed (Fig. 6.12). Similarly to the shallower dipoles, sediment is eroded from
the bed along the center of the dipole, producing a localized suspension of sediment that
is then redistributed. However, in contrast to the shallower dipoles (Fig. 6.9), for lower
values of C the suspended sediment concentration c is distributed more uniformly across
the dipole, with the highest concentration located within the vortex cores (not around
them). The suspended sediment remains within the vortex cores for extended periods
of time. As the dipole propagates, a trail of suspended sediment is observed behind the
dipole.

In comparison with shallower dipoles, the sediment flux produced by deeper dipolar
vortices is observed to have a slightly lower magnitude but persist for longer periods of
time. These changes in Σflux indicate that, while less sediment brought into the water
column, it remains in suspension for longer. This is consistent with the slightly lower
shear stress exerted by the deeper dipoles (as shown in Fig. 6.5) and the dipoles larger
vertical velocities (Fig. 6.6).

Although considerable differences are observed in the evolution of the suspended sed-
iment concentration and its flux between shallower and deeper dipoles, the flux of sed-
iment from and toward the bed shows the same overall dependence on the sediment
properties. That is, the net sediment flux out of the bed decreases to zero as τmax ∼ τcr or
as ws increases, while the flux of sediment toward the bed increases for larger values of
ws .

As in the case of shallower dipoles, the suspended sediment concentration and the
sediment flux from the bed are reflected in the net changes to the sediment bed. As
shown in Fig. 6.13, the maximum values of erosion and deposition are lower than those
produced by the shallower dipole. However, the regions of erosion and deposition formed
by the deeper dipoles are narrower and longer. In addition, for all cases where sediment
is eroded, two regions of deposition form, following the trajectory of each vortex core.

As shown in Fig. 6.14, the net amount of transported sediment Φ is significantly re-
duced for η0 = 1m when compared to Fig. 6.11. No sediment erosion is obtained for the
sediment classes with τcr = 0.2Pa for the case of Re = 0.83×107, C = 400. In contrast with
the net sediment transport of the dipoles with large C -values (Fig. 6.11), the variation
with respect to ws is diminished, suggesting that the vertically upward velocities maintain
sediment in suspension for longer periods of time.

6.4.3 Effect of vertical velocities on the transport of sediment
To determine the relevance of the vertical velocities on the sediment transport capabilities
of the dipole, simulations are performed with the vertical advection of sediment in (6.16)
set to zero.

Differences in the sediment transport between the simulations with and without ver-
tical advection are quantified using the differences in the vertically integrated sediment
concentration

∆cz (x, y, t ) = cz A(x, y, t )− czD (x, y, t ), (6.27)

where cz A = ∫
H cd z is the vertically integrated concentration when vertical advection is

active and czD is the vertically integrated concentration without vertical advection.
Figure 6.15 shows the suspended sediment concentration difference ∆cz for the sed-

iment class with the lowest τcr and ws -values for a shallow and deep dipole. It is ob-
served that negative values are predominant at the front of the dipole, along its axis, and
around the vortex cores, which indicate a lower concentration of suspended sediment in
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Figure 6.12: Sediment flux Σflux (left column) and suspended sediment concentration c
at mid-depth (right column) for a dipole with Re = 0.83×107, C = 400. The sediment class
used for an example is characterized by τcr = 0.05Pa, ws = 0.125mms−1.
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(a) (b)

(c)

Figure 6.13: Examples of the net changes in the sediment bed by a dipolar vortex with
Re = 0.83× 107, C = 400. Four different sediment classes are shown: (a) τcr = 0.05Pa,
ws = 0.125mms−1; (b) τcr = 0.05Pa, ws = 1mms−1; (c) τcr = 0.1Pa, ws = 0.125mms−1.
For the sediment class shown in Fig. 6.10d (τcr = 0.2Pa, ws = 0.125mms−1), no sediment
erosion is detected.

(a) (b)

Figure 6.14: Net sediment transport Φ as a function of the sediment properties (a) τcr
and (b) ws . The markers represent different Re-values from the simulations with a domain
of H = 40m: Re = 0.89×107 and C = 400 (triangles), Re = 2.0×107 and C = 1,000 (crosses).
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Figure 6.15: Suspended concentration difference ∆cz for the dipoles with Re = 1.15×107,
C = 2,200 (left column) and Re = 0.83× 107, C = 400 (right column). In both cases, the
sediment class characterized by τcr = 0.05Pa, ws = 0.125mms−1 is used.
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simulations with vertical advection of sediment in comparison to simulations without ver-
tical sediment advection. On the other hand, positive ∆c values are found in the vortex
cores. These differences between cz A and czD match with the vertical velocities shown
in Fig. 6.6, where the upward and downward velocities are consistent with the positive
and negative values of ∆c, respectively. This can be understood as downward velocities
increasing the net settling velocity of the sediment, reducing the local concentration of
suspended sediment. In contrast, the upward velocities at the vortex cores decrease the
net settling velocity of the sediment, causing sediment to remain in suspension for longer
periods of time.

Regardless of the Re and C values of the simulations, c is clearly affected by the
suppression of the vertical advection of sediment. However, there are clear differences
in the distribution of ∆c between the shallow and deep dipolar vortices. Although this is
expected due to the different velocity distributions, the magnitude of ∆c is larger for the
cases of the deeper dipoles. This indicates that vertical velocities in deep dipoles have a
larger role in the transport of sediment.

The effect of vertical velocities on the net sediment transport is also investigated by
comparing net changes in the sediment bed between the simulations with and without
vertical advection. This difference is given by

∆B(x, y) = Bz A(x, y)−BzD (x, y), (6.28)

where Bz A represents the net changes in the bed with vertical advection included, while
BzD represents the net changes in the bed without vertical advection included. As shown
in Fig. 6.16, differences in the bed occur primarily along the dipole’s axis and around
the vortex core locations. These differences show that both the deposition and erosion of
sediment is extended when vertical advection is active. However, the depth of the erosion
region is slightly reduced, since vertical advection is primarily downward along the dipole
axis, causing suspended sediment to be quickly pushed down. Additional changes in the
distribution of ∆c will depend on the properties of the sediment.

Because the net changes in the sediment bed depend on ws and τcr , ∆B also depends
on the sediment properties. For increasing ws -values, the length of ∆B > 0 regions is de-
creased, until eventually they are localized to the sides of the erosion area along the center
of the domain. For sediment classes with larger τcr -values, the sediment eroded decreases
until no significant change between simulations (with and without vertical advection) oc-
curs.

6.5 Discussion
As shown in previous sections, the three-dimensionality of dipolar vortices (characterized
by the confinement number C), has an effect on its sediment transport capabilities. This
effect is primarily reflected on the different distribution of suspended sediment and on
the net changes in the bed between shallow and deep dipoles. Although the difference in
sediment transport between shallow and deep dipolar vortices was expected due to the
presence of larger vertical velocities, insight was gained into the regions where sediment
is maintained in suspension and where settling is enhanced.

A comparison of the simulations with and without the vertical advection of sediment
show that the overall suspended sediment concentration c, the net changes to the bed
B , and net sediment transport Φ have similar distributions, and in the case of shallower
dipoles, similar values. This indicates that turbulent diffusion is the primary mechanism
by which sediment is transported along the water column in dipolar vortices with large C -
values due to the low vertical velocities. In the case of deeper dipolar vortices, turbulent
diffusion also appears to be an important transport mechanism. However, due to the
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(a)

(b)

(c)

Figure 6.16: Difference in the net changes in the bed between simulations with and
without vertical advection. The cases chosen are those with the highest confinement
number (left column) Re = 1.15× 107, C = 2,200 and (right column) the lowest C -value
Re = 0.83 × 107, C = 400. The sediment classes show are as follows: (a) τcr = 0.05Pa,
ws = 0.125mms−1, (b) τcr = 0.05Pa, ws = 1mms−1 (c) τcr = 0.1Pa, ws = 0.125mms−1.
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larger vertical velocities of dipolar vortices with small C -values, the transport of sediment
is enhanced. Despite the limited amount of simulations performed, results suggest that
the depth of the domain has influence in the transport capabilities of vortices due to the
development of vertical velocities.

While it appears that vertical velocities in a dipole only play a small role in the trans-
port of sediment, the experiments on monopolar vortices (Chapter 5), show that vortices
are capable of producing significant suspension of sediment, indicating that vertical effects
are underestimated. This strong vertical velocities are attributed to the vertical velocities
induced by the pressure gradient effect (Greeley et al., 1981; Greeley and Iversen, 1987;
Greeley et al., 2003). Since the model implemented to simulate the dipolar vortices makes
use of the hydrostatic assumption, it is expected that the vertical pressure gradient will
be underestimated. This is due to limited accuracy of the hydrostatic assumption where
high vertical velocities occur, which can alter the transport of sediment. Furthermore,
since the sediment model implemented makes only use of the horizontal shear stress τ,
the effect of vertical velocities in the erosion of sediment is not completely accounted for
(La Ragione et al., 2019). It is expected that by including the effect of vertical velocities in
the erosion model, the sediment transport capabilities of dipoles will increase due to the
vertical velocities in the vortex cores and the span-wise vortex. While a first approxima-
tion to compensate for the lack of the effect of vertical velocities might be a decrease in
the values of τcr , it is important to note that small changes in τcr produce large changes
(orders of magnitude) in the net transport, indicating that the model implemented has a
very high sensitivity to the critical shear stress.

From the simulations, it is observed that the sediment transport capabilities of dipo-
lar vortices are relevant for all cases, even though some of the τcr -values used here are
lower than those proposed in other studies (van Kessel et al., 2011; Sassi et al., 2015). In
particular, in cases where sediment is already suspended (either due to erosion from the
side-walls or is already inside of the smaller basin), dipolar vortices are capable of trans-
porting sediment away from its origin due to their self-propagation and long lifetimes. The
effect the dipole will have on the suspended particles will be larger if the settling velocity
ws of the sediment is of the order of the vertical velocities w within the dipolar vortex.
This makes dipolar vortices an important mechanism by which sediment is transported in
coastal regions.

6.6 Conclusions
The sediment transport capabilities of a tidally generated dipole have been studied by
means of numerical simulations. The flow was modelled using a coastal numerical model
with a k −ε turbulence closure model. The flux of sediment from the bed is modeled via a
modified Partheniades-Krone resuspension model. Two different domain depths are used
in the simulations to generate dipoles with varying degrees of three-dimensionality. To
characterize the dipoles, two dimensionless numbers are used: the vertical confinement
number C and the Reynolds number Re. Particular interest is placed on distinguishing
between shallow (high C -value) and deep dipoles (lowest C -value).

The evolution of the suspended sediment concentration, and consequently the net
changes in the bed, largely depend on the three-dimensionality of the dipole. Since deep
dipoles possess largely 3D dynamics, the suspension and transport of sediment is influ-
enced by the vertical velocities induced by the dipolar vortex. In contrast, shallower
dipoles present weaker vertical velocities, making turbulent diffusion the dominant mech-
anism by which sediment is suspended. Since in either case vertical velocities are present,
it is of interest to implement the effect of these velocities in erosion models, particularly
since the net displaced sediment and its associated net changes in the sediment bed are
highly sensitive to the sediment properties.
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Although a simplified model of both flow and sediment is implemented to study the
sediment transport capabilities of a dipole, it has been shown that dipolar vortices are
capable of transporting sediment over long distances and cause localized changes in the
sediment bed along the trajectory of the dipole. While the capability of the dipolar vortex
to cause erosion was not fully determined due to the restrictions of the model implemented
and the relatively low values of τcr used, it provides information on the mechanisms by
which sediment can be trapped and transported. In particular, we have gained insight into
the role of vertical velocities on the transport of sediment and its effect on the sediment
bed. Finally, it can be concluded that to accurately model the sediment transport in coastal
areas, dipolar vortices must be considered as a relevant transport mechanism.



Chapter 7
Concluding remarks

The work presented in this thesis was motivated by the interest in the sediment trans-
port capabilities of one of the most characteristic structures in fluid flows: vortices. In
particular, our aim was to gain insight into the most relevant processes and parameters
that describe the sediment transport capabilities of columnar, generic, underwater vor-
tices. In addition to being common (and often, frequently formed) structures, vortices are
of interest due to their flow configuration, which differs from that of unidirectional flows.
Particular interest was placed in studying the transport capabilities of columnar monopolar
and dipolar vortices.

To investigate the transport properties of columnar vortices, first the interaction of the
bottom boundary layer of the vortex with the sediment bed was studied. Since most of
the sediment caught by the vortex occurs near its core, focus was placed in studying the
interaction of the vortex core with the sediment bed by means of laboratory experiments.
This was done by modeling the core of the vortex with one the most simple and well
studied swirl flows, the spin-down flow. Experiments were carried out in a cylindrical tank
that was placed on top of a rotating table. Next, the effect of a translating monopolar
vortex on a sediment bed was explored, also by means of laboratory experiments. The
setup used for this study combined three distinct measurement techniques to measure the
flow velocities at the water surface, the region of occupied by suspended sediment, and
the changes in the bed. In essence, this means that the complete sediment transport cycle
could be analyzed. Lastly, the transport capabilities of a dipole are studied by numerical
simulations using the General Estuarine Transport Model (GETM). Simulations allowed
us to explore the effect of vertical velocities in the sediment transport at larger scales.

In addition to the work performed on the study of vortices, a variation on the pho-
togrammetry technique that uses a single camera and a digital projector was developed
to improve measurements of the changes produced in the sediment bed. This technique
measures the local height of a surface by reconstructing the light rays that emerge from
the projector and camera and determining where they intersect in space. Measurements of
surfaces submerged in water are achieved by implementing Snell’s law locally to calculate
the deviation of each light ray caused by refraction at the interface. This implementa-
tion allows for measurements even with non flat water surfaces, provided that the surface
distribution is known and does not vary during image acquisition.
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7.1 Conclusions
While the main results of this thesis are presented at the end of chapters 3 to 6, here
we answer the questions posed in Chapter 1, relate some of the results obtained to the
sediment transport capabilities of vortices, and make some general remarks.

To determine how sediment is captured, suspended, and transported by a vortex we
took the well-studied boundary layers under a spin-down flow as simple models for the
bottom of a vortex. Experiments show that the particle transport under swirl flows is pri-
marily governed by the radially inward flow. Despite the presence of an upward flow, the
limited suspension of particles is mainly caused by turbulence advected from the walls of
the tank. This indicates that the primary mechanism by which particles are trapped by a
vortex is the radially inward motion of its bottom boundary layer. For the case of particle
suspension, experiments of the translating monopolar vortices have shown that the suspen-
sion of particles is greatly enhanced by the vertical flow driven by the pressure gradient
force (see Greeley and Iversen, 1987; Greeley et al., 2003). While the vertical velocities of
the boundary layers in the spin-down flow were insufficient to produce suspension on their
own, the velocities in the monopolar experiments produced significant suspension. This is
expected to be related to the different generating mechanisms used in each experiment. It
is important to state that for the small time and length scales explored in the experiments,
turbulent diffusion is not large. However, when exploring the sediment transport capacity
of large-scale dipolar vortices, turbulent diffusion plays a much larger role. Particularly, in
the case of shallow flows, where turbulent diffusion is the dominating mechanism driving
the suspension of particles. In essence, both experiments and simulations have shown that
particle suspension within a vortex is driven by the vertical velocities induced at the bot-
tom boundary, the pressure gradient force, and the occurrence of turbulence. The latter
gaining importance at larger scales.

Once particles are suspended from the bed, they can remain in suspension while fol-
lowing the vortex. The maximum volume these suspended particles occupy is strongly cor-
related to the maximum vortex strength. As the vortex weakens, the suspended particles
settle in the bed, reducing the volume occupied by these suspended particles. The resi-
dence time of these particles in the vortex and the amount of particles suspended depends
on both the vertical velocities of the vortex (also related to the strength of the vortex)
and the sediment properties. From both experiments of the monopoles and simulations
of dipoles, it is shown that, where upward velocities are present, settling is hindered, al-
lowing sediment to travel farther. On the other hand, downward velocities enhance the
settling of sediment, reducing the net transport of sediment or localizing the transport to
certain areas. In other words, vertical velocities play a significant role in both the suspen-
sion of particles and the net transport of sediment. These vertical velocities are modulated
by the vortex strength and by the depth of the water column, with deeper domains allow-
ing for the development of larger vertical velocities.

The effect of a vortex on the morphology of a sediment bed was explored in both
laboratory experiments and numerical simulations. It was found that due to the capture,
suspension, and displacement of particles, a net change occurred in the sediment bed.
This change was characterized by an area of erosion followed by an area of deposition.
In particular, the regions of deposition correlate well with the vortex trajectory and occur
close to the core of the vortices. The size and location of these changes in the sediment bed
depend on the vortex strength, the sediment properties, the vortex propagation velocity,
and the trajectory of the vortex. For the case of the monopolar vortices, their trajectories
were found to be complex, having drastic changes in direction and speed.

Although the effect of particle loading on the vortex was explored by performing ex-
periments without sediment under the same conditions as experiments with sediment, no
clear effect was found. Since only very small changes developed in the vortex dynamics,
it is unclear if this was the effect of particle loading or simply caused by the experimental



7.2 Outlook 125

configuration. While this can be thought as particle loading having a minimal impact on
the behavior of the vortex, to accurately determine what these effects are, statistics on
the deviations from the typical behavior of the vortex are necessary. Additionally, it is
important to consider that the parameters explored in this study were limited, and only
two distinct particle types were used. Therefore, more experiments under a variety of
conditions are necessary to gain a better understanding of the interactions of vortices and
the particles they can transport.

In summary, vortices are capable of capturing, suspending and transporting particles
over long (relative) distances, and can cause an impact in the morphology of a gran-
ular bed as a result. The response of the sediment bed to the vortices’ intrinsic three-
dimensional structure can be a unique mechanism by which sediment is transported. This
reinforces the notion that vortices are structures which posses the capacity to transport
sediment and influence the morphology of regions where they are common, such as coasts.

The work presented in this thesis is an important step in gaining a fundamental under-
standing of the sediment transport mechanisms that determine the transport capacity and
efficiency of vortices. This is relevant to the modelling of environmental and industrial
flows since the common presence of columnar vortices can have considerable effects on
the domain due to their dynamics and their sediment (particle) transport capacity.

7.2 Outlook
Over the time span of this project, several questions emerged that could not be investi-
gated. Here, the most interesting topics of study that can further benefit the understanding
of sediment transport by vortices are mentioned.

First, it is of interest to bridge the gap between the experimental and numerical studies
performed. For example, it was shown that the dominant sediment transport mechanisms
found for monopolar and dipolar vortices are different, and might be related to the ap-
proach taken. The importance of turbulent diffusion is also increased due to the simple
erosion model implemented, which only accounts for the exerted horizontal shear stress
and not the effect of vertical velocities on the erosion of sediment. Since the suspension of
particles in vortices is found to depend on the effect of vertical velocities, it is of interest
to implement their effect on the erosion model.

Second, it of interest to determine the pressure gradient force of a generic aquatic
vortex based on its characteristics (such as size and strength). Since this pressure force has
a direct effect on the vertical velocities, studying its effect on the erosion and suspension
of particles can give much needed insight into how shear stresses are modified by vertical
motions. This will improve the modelling of sediment transport by vortices and of any
structure with strong vertical motions.

Third, three-dimensional particle tracking velocimetry (3D-PTV) can give insight into
the behavior of particles suspended and transported by the vortex. This can help de-
termine the relationship between the sediment properties and their behavior once the
sediment particles are suspended. Particular interest is placed in studying the type of tra-
jectory particles follow, their residence time within the vortex core, and the effect of the
vortex size and depth on the upward velocity of the particles.

Fourth, due to the considerable suspension of sediment that can occur, it is convenient
to determine when particle loading will affect the vortex as a function of the suspended
particle concentration. Furthermore, determine when the changes in depth of the sedi-
ment bed caused by erosion and deposition affect the dynamics of the vortex.

Lastly, although not reported here, background rotation has a significant effect on
the transport capabilities of vortices. Preliminary results show that cyclonic vortices are
strengthened, increasing their sediment transport capacity and the changes in the sedi-
ment bed. In contrast, anticyclonic vortices are subject to instabilities, which in turn cause
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the breakdown of the vortex as it brings particles into suspension. This breakdown is
observed to disperse the suspended particles originally brought into suspension across a
large area. Since many environmental flows are affected by the Earth’s rotation, it is of
interest to determine how the efficiency of a vortex to transport sediment changes based
on the strength of background rotation. For the case of anticyclonic vortices, it is of in-
terest to determine when the vortex breaks down and if the loading of particles can have
an effect on the stability of the vortex. The transport asymmetry between cyclonic and
anticyclonic vortices is particularly relevant to dipolar vortices since, in the presence of
background rotation, they are composed of an anticyclonic and a cyclonic vortex.
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The General Estuarine Transport Model (GETM) is an open-source numerical model that
was developed to simulate the hydrodynamics in coastal areas. It originated as a model
for the Sylt-Rømø Bight in the Wadden sea with the code name MUDFLAT, as it accounted
for the drying and flooding of inter-tidal flats. Since then, the single-file original code
was rewritten to a modular code, interfaced with the General Ocean Turbulence Model
(GOTM) to use its k−ε model, integrated the netCDF-library, and was parallelized to make
use of multiple processors. It can now be used as a fully baroclinic model; it includes
the transport of active and passive tracers; it is capable of calculating density, internal
pressure gradients and stratification, and it includes the surface heat and momentum
fluxes. Furthermore, higher-order advection schemes have been implemented, and it can
make use of a mode splitting technique.

A detailed description and documentation of GETM can be found in Burchard et al.
(2016) and www.getm.eu. In this appendix, only the basic equations and approximations
used are presented.

A.1 Governing equations
It is common to describe the hydrodynamics of the ocean and coastal seas by means of
the three-dimensional, hydrostatic equations of motion, with the use of the Boussinesq
approximation and the eddy viscosity assumption. In Cartesian coordinates (x, y, z), the
horizontal velocity components (u, v) are determined by

∂u

∂t
+ ∂uw

∂z
− ∂

∂z

[
(νt +ν)

∂u

∂z

]
+ ∂u2

∂x
+ ∂uv

∂y

−2
∂

∂x
Ah

∂u

∂x
− ∂

∂y

[
Ah

(
∂u

∂y
+ ∂v

∂x

)]
− f v =−g

∂η

∂x
, (A.1)

∂v

∂t
+ ∂v w

∂z
− ∂

∂z

[
(νt +ν)

∂v

∂z

]
+ ∂uv

∂x
+ ∂v2

∂y

−2
∂

∂y
Ah

∂v

∂y
− ∂

∂x

[
Ah

(
∂u

∂y
+ ∂v

∂x

)]
+ f u =−g

∂η

∂y
, (A.2)

with the vertical velocity component w calculated from the conservation of mass for an
incompressible fluid
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with t time, z the vertical coordinate which ranges from the sea floor at z = −H(x, y) to
the water surface elevation z = η(x, y, t ), g = 9.81ms−2 the gravitational acceleration, ν =
1.05×10−6 m2 s−1 the kinematic viscosity, νt the vertical eddy viscosity, Ah the horizontal
eddy viscosity, and f the Coriolis parameter.

In GETM, the vertical eddy viscosity νt and the vertical eddy diffusivity ν′t are provided
by the turbulence model of GOTM (Umlauf et al., 2006). For the simulations carried out
in this thesis, the turbulence model implemented is a second-order k − ε model since it is
suitable for modelling coastal zones (Umlauf and Burchard, 2005). This turbulence model
is coupled to GETM by the subroutine gotm which requires the input of the squared shear
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and the buoyancy frequency squared
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where ρ0 is a reference density, as an input. However, as the density of the fluid is con-
sidered constant in this thesis (ρ = ρ0), this frequency is zero for all simulations. Since
GOTM is a one-dimensional water-column model, the advection of the turbulent kinetic
energy and the turbulent dissipation is done within GETM.

A.2 Layer-integrated equations
The equations that govern the dynamics of coastal flows contain fast moving external
gravity waves and slower moving internal gravity waves. To reduce computational effort,
GETM implements a mode-splitting technique, which separates the vertically integrated
equations (external mode) from the vertical structure equations (internal mode) (Simons,
1974; Madala and Piacseki, 1977). This allows for the separate solution of the external
and internal modes, each with a time-step imposed by their respective wave speeds. In the
simulations carried out in this thesis, the density of the flow is constant, for which there is
no internal gravity waves. This reduces the severity of the restriction of the internal mode
time step since the largest internal velocities are reduced. The external mode equations
are obtained by vertically integrating (A.1), (A.2), and (A.3) over the water column, such
that the layer integrated transport is defined as
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and the layer mean velocities are given by
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In the layer-integrated form, the continuity equation is rewritten to
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where the grid vertical velocity is given by
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Thus, from the external mode, the free-surface elevation is calculated by solving the ve-
locity transport separately from the three-dimensional calculation of the velocity. The
external mode equations are less expensive to solve, though require smaller times steps
due to to the fast speed of the external gravity waves.
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Figure A.1: Layout of the model horizontal model grid in Cartesian coordinates. The
symbols used indicate: +: T-points; ×: U-points; ?: V-points; •: W-points. The inserted
box denotes grid points with the same index (i , j ). Image taken from the GETM documen-
tation.

A.3 Vertical coordinates
In three-dimensional simulations, the physical domain is vertically divided into N layers
by introducing k = 1, ..., N internal surfaces zk such that

−H(x, y) < z1(x, y, t ) < ... < zN (x, y, t ) = η(x, y, t ). (A.10)

Each surface does not intersect, depends on (x, y, t ), and defines a local layer thickness

hk (x, y, t ) = zk (x, y, t )− zk−1(x, y, t ). (A.11)

To account for the bottom terrain and the variation of the free surface, the terrain-following
σ coordinates are implemented. This coordinate transformation is defined by

σ= z −η(x, y, t )

H +η(x, y, t )
, (A.12)

or as σk = k/N −1 for each k layer. Thus, σ ranges from σ= 0 at z = η(x, , y, t ) to σ=−1 at
z =−H(x, y).

A.4 Discretization

A.4.1 Spatial discretization
For the spatial discretization, a staggered C-grid is used. As shown in Fig. A.1, the grid
consists of cubic-shaped volumes, with the edges aligned with the coordinates. Tracer
points (T-points) are localized in the center of the grid, u is calculated at the left and right
sides of the volume (U-points), while v is calculated at the top and bottom (V-points). w
is calculated in the corner of the volume (W-points). Temperature T , salinity S, density
ρ, and all tracers ci are calculated at the T-points. Turbulent quantities like νt and ν′t are
calculated on the W-points.
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Figure A.2: Scheme detailing the organisation of the time stepping. + symbols indicate
the calculation of the water surface η, while × indicate the calculation of pk and qk . The
large ×-symbol indicates the calculation of the internal mode. Image taken from the GETM
documentation.

A.4.2 Temporal discretization
Since each mode are restricted by two distinct time steps, GETM uses a macro time step ∆t
for the internal mode, and a micro time step ∆tm for the external mode. The advantage of
this method is that the free surface elevation is temporally well resolved. For the simula-
tions carried out, ∆tm is an integer fraction of ∆t . The external system of equations, that
is, the surface elevation equation and the transport equations, undergo a strict time step
constraint given by the Courant-Friedrichs-Levy (CFL) computational stability condition,
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In contrast, the time step of the internal mode is dependent on the Courant number for
advection
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which is a weaker constraint in the case of sub-critical flow. In the particular case of a
constant density, this limit is imposed by the current velocity of the 3D flow, which in
coasts is typically of an order of magnitude of 1ms−1.
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Summary

Sediment transport and morphodynamics induced by vortices

Sediment transport has significant influence in nature and human activities, making
the fundamental understanding of its driving mechanisms key to both environmental and
engineering applications. To advance our understanding on these mechanisms, the work
presented in this thesis explored the sediment transport capabilities of one of the most
basic flow structures in aquatic media, columnar vortices.

To determine the sediment transport capability of columnar vortices, it is important to
understand the processes governing the interaction of a vortex with the sediment bed. It
is also necessary to determine under which circumstances particles are suspended by the
vortex, and relate the vortex characteristics to the changes produced in the bed and the
net amount of sediment displaced. Insight into these topics is obtained in this thesis by
studying three well-defined, generic vortical flows by means of experiments and numer-
ical simulations. These configurations are the spin-down flow, and individual monopolar
and dipolar vortices, all with their axis of rotation perpendicular to the sediment bed.

In the experiments, two different measurement techniques were used to quantify the
changes in the sediment bed: the Light Attenuation Technique, and a newly developed
technique based on photogrammetry. This new technique measures the height of a sur-
face with the use of a single camera and a digital projector by projecting a pattern onto
the surface and photographing it with the camera. Differences between the recorded and
projected pattern are related to the height distribution of the surface through a calibra-
tion. The use of a digital projector gives flexibility that allows for high spatial and temporal
resolution measurements. Additionally, by implementing Snell’s law at the water-air inter-
face refraction effects are accounted for, making the photogrammetry technique capable
of measuring underwater surfaces provided the location and shape of the water surface
are known.

The first flow configuration studied, the spin-down flow, is a domain-filling flow that
arises when the angular velocity of a rotating fluid is decreased. Due to the presence of a
no-slip bottom boundary, a secondary motion is generated as the fluid adjusts to the new
angular velocity. This secondary motion consists of a radially inward and axially upward
motion. In the laboratory, the spin-down flow was generated by decelerating a fluid-filled
cylindrical tank, where the fluid is in a state of solid-body rotation. A sediment bed was
emulated by adding a particle layer at the bottom of the tank. The experiments showed
that the formation of patterns is a characteristic response of the particle bed to the flow.
Both the strength of the flow and the intensity of the background rotation (if the tank con-
tinued to rotate after the deceleration) control the resulting bed pattern and its formation
process. In spite of the different patterns observed, the radially inward transport of parti-
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cles is explained by the total force exerted by the flow in the radial direction. This force
was obtained through a simple model of a laminar, stationary boundary layer without lat-
eral boundaries. While a small fraction of particles was observed to be in suspension, this
was primarily caused by turbulence and the shape of the bed. The upward velocities of
the secondary motion were not strong enough to cause particle suspension.

The second configuration, that of a moving monopolar vortex over a sediment bed, was
also studied by means of laboratory experiments. For these experiments, the newly de-
veloped photogrammetry technique was combined with Particle Image Velocimetry (PIV)
measurements at the water surface, and with a vertically moving oscillating laser sheet
that illuminated any suspended sediment. This allowed each vortex to be characterized
(i.e. determine its size, propagation velocity and strength) and related to the volume oc-
cupied by the particles brought into suspension, the changes produced in the bed, and
the net amount of sediment displaced. Particle suspension occurs within the vortex core,
producing a conical region that moves together with the vortex. The amount of particles
captured and suspended scale primarily with the strength of the vortex. A power law re-
lationship is found between the vortex strength and the net displaced particle volume.

The last chapter of this thesis concerns the sediment transport properties of large-
scale coastal dipolar vortices. Dipoles are common and stable structures that consist of
two counter-rotating vortices that self-propagate. While coastal vortices tend to be shal-
low (larger horizontal extent than vertical), they can still drive secondary circulations
with vertical velocities of the order of the settling velocity of sediment particles. The evo-
lution of these dipolar vortices was modeled using a state-of-the-art hydrostatic numerical
coastal model: the General Estuarine Transport Model (GETM). Simulations show that up-
ward motions occur within and around the vortex cores, and strong downward motions
dominate the area between the vortex cores and at the front of the dipole. Furthermore,
in simulations that include a model for the transport of fine sediment, dipoles are shown
to erode and displace sediment, changing the morphology of the bed along the dipole’s
trajectory. The upward motions at the vortex cores maintain sediment in suspension, in-
creasing the transport distance of the captured sediment. Oppositely, suspended sediment
settles faster where downward velocities occur. Additional simulations without the ver-
tical advection of sediment indicate that turbulence is an important mechanism in the
suspension of particles by coastal dipoles.

The results presented in this thesis confirm that columnar, underwater vortices are
capable of capturing, suspending, and displacing sediment, changing the morphology of
the sediment bed. The radial and vertical velocities induced at the bottom boundary layer,
in addition to pressure gradient force, drive the capture and suspension capabilities of
vortices. The direction and magnitude of the vertical velocities in the vortex affect the
suspension time of particles when they are larger (or of the order) than the settling ve-
locity of the sediment. Therefore, under certain conditions, vortices are a viable transport
mechanism of sediment. However, a direct application of the results presented in this the-
sis to coastal areas is difficult since their relevance compared to other mechanisms (such
as waves, tides, and winds) was not explored. Nonetheless, the insight gained from this
work can improve the modeling of sediment transport in areas where vortices are com-
monly (and frequently) formed. Particularly, areas such as harbors, inlets, and navigation
channels can benefit from recognizing that vortices can have an effect in the overall trans-
port of sediment and morphodynamics.
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