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1. Introduction 

The past year has shown a major step forward in the field of trapping and cooling atomic 
gas samples. In the summer of '95 the group of Eric Cornell and Carl Wieman of the 
Joint Institute for Laboratory Astrophysics (JILA) in Boulder, Colorado, succeeded for 
the first time in forming a Bose-Einstein condensate in a gas of 87Rb atoms [1]. This 
was followed almost immediately by claims of Bose-Einstein condensation (BEC) in an 
atomic 7Li gas sample by Hulet et al. at Rice University in Houston [2], and of BEC 
with 23Na atoms by Ketterle et al. at MIT [3]. There is no doubt that in the near future 
the phase transition to BEC will also be achieved for atomic hydrogen, the element 
the quest for BEC in atomic gases started with. These successes were consequences of 
a new technique of cooling atoms to temperatures much lower than can be reached by 
normal laser-cooling techniques, namely evaporative cooling [4]. In the following this 
cooling method will be treated in more detaiL However, one should note that with 
this technique record temperatures of 20 nano-Kelvin have been reached [1]. This is 
probably the lowest temperature ever observed in the universe. 

The first chapter of this thesis serves two purposes. First a brief summary is given 
of some fundamental aspects of the physics of cold atoms and the experimental context 
of this thesis. In the second place some central concepts which are not treated in detail 
in the other chapters will be discussed here. 

1.1 Bose-Einstein condensation 

The BEC phenomenon has a long history. Almost 70 years ago Einstein, inspired by 
a manuscript of the Indian physicist Bose, predicted that at sufficiently low temper
atures and high densities (but still dilute) a system of particles with integral spin, 
so-called bosons, will have the lowest single-particle state occupied in macroscopic par
ticle numbers [5]. This is accompanied by a first-order phase transition and is called 
Bose-Einstein condensation. One can consider this state of matter as a separate phase 
besides the solid, liquid and gas phases to which sometimes the plasma phase is added. 
It is believed that BEC is responsible for the superfiuidity of 4 He and for the phe
nomenon of superconductivity, in which case Cooper pairs of electrons undergo BEC. 

The phenomenon of BEC is a remarkable manifestation of quantum mechanical 
behavior and can only be understood in that context. According to quantum mechanics 
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to every particle a wave can be assigned with a characteristic de-Broglie wavelength, 

(27rli) 2 

2mE' 
(1.1) 

with 1i Dirac's constant, m mass, and E the kinetic energy of the particle. Recent 
developments in cold atom physics have made it possible to demonstrate the concept 
of a de-Broglie wave for an atom as a whole in a very direct way: various types of atom 
interferometers have been developed [6] with the unique possibility to measure phase 
shifts of the wavefunction [7] and with promising applications e.g. as inertial sensors 
and in nanometer-scale lithography [8]. BEC may be considered as the most striking 
phenomenon stemming from the wave character of atoms. It occurs in a gas when the 
de-Broglie wavelengths of the atoms become comparable with the mean inter-particle 
distance or, equivalently, when the density of the system in phase space is of the or
der of one particle per unit cell of size 1i3 . Under these circumstances the quantum 
mechanical wavefunction becomes a macroscopic concept characterizing a macroscopic 
number of atoms in the same state, similar to the concept of an electric field in a laser 
or in the radiation field of an antenna. As mentioned above, it is believed that both 
the superfluidity of 4He and the phenomenon of superconductivity are realizations of 
BEC. But these condensing systems are far from being noninteracting gases, for which 
the paradigm of BEC has originally been formulated: relatively strong interactions 
between the condensing particles greatly complicate the theoretical analysis and the 
experimental behavior. For more than 15 years groups have been cooling and com
pressing clouds of atoms in a quest to produce and observe a Bose-Einstein condensate 
in a near-ideal gas. If the density of the gas is low, as is required for a real gas to 
approximate an ideal gas, this condition requires extremely low temperatures. After 
almost a decade of BEC attempts in atomic hydrogen cooled by cryogenic means [9] it 
was realized that the critical densities for BEC associated with cryogenic temperatures 
were still too high and gave rise to heating and loss of density due to the formation 
of molecules in three-body collisions, which is called recombination or dimerization. 
Already in these experiments the study of collisions between cold atoms proved to be 
essential in interpreting experiments and in predicting experimental results. A sub
stantial part of the theoretical effort was contributed by the Eindhoven Theoretical 
Atomic Physics / Quantum Electronics group. 

In 1984, in view of the difficulties of the cryogenic scheme, the interest shifted to 
the realization of BEC at much lower densities and temperatures using the technique 
of magnetic trapping of atoms in combination with evaporative cooling, according to 
a proposal by Hess [4]. In the course of this work a 1000-fold increase in phase-space 
density was achieved [10, 11]. The recent breakthrough, however, was due to the 
availability of the technique of laser cooling for gases of alkali atoms, as well as the 
possibility of easier observation using lasers [1, 2, 3]. Work along these lines started 
about five years ago, shortly after the appearance of a theoretical paper by Vigue 
pointing out that the realization of BEC in this way would be virtually impossible 
again due to the rapid formation in three-body collisions of diatomic molecules in each 
of the many available. molecular states. Theoretical work of our group on the physics 
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of cold collisions has been vital for the final success. Apart from the above-mentioned 
three-body recombination, collisions are also crucial for the efficiency of the evaporative 
cooling scheme: elastic "good" collisions should be frequent enough for the rapid and 
continuous re-establishment of a high-velocity tail of the thermal distribution after each 
evaporation of the highest-energy atoms, thus leading to rapid cooling of the remaining 
gas. Also, two-body "bad" inelastic collisions can cause transitions from trapped atomic 
spin states to untrapped states and thus to loss of density, or to lower-energy trapped 
states and thus to heating of the gas sample. Using such knowledge, experimental 
groups have been able to select experimental circumstances with a favorable ratio of 
"good" to "bad" collisions. 

Another vital aspect related to collisions is the sign of the so-called scattering 
length. On the time scale of two-body collisions all properties of a dilute ultracold 
gas can be expressed in terms of a single (continuum) quantity, the scattering length 
a, a characteristic parameter for the interaction between two atoms at low collision 
energy. Both in 3D and in 2D scattering situations, it can be defined as the (positive 
or negative) radial displacement of the collisional radial wavefunction outside the range 
of the interaction, relative to the interaction-less case. Considering the form sink( r - a) 
of this radial wavefunction, where k is the asymptotic wavenumber, a may be considered 
as the radius of an equivalent hard sphere, if one admits also negative values. For a long 
time it is known that a positive value of a is needed for the formation of a stable Bose 
condensate in a homogeneous gas sample [12], so that it is of vital importance to know 
its value for the various alkali gases. This subject too is dealt with extensively in this 
thesis. Very recently, new insights have become available on the phenomenon of BEC 
in the inhomogeneous situation of a gas sample in a trap potential. We will address 
this topic later on in this chapter. Suffice it to say here that in the inhomogeneous case 
a stable condensate may exist also for negative a if the number of atoms is below a 
certain maximum depending on a. It is clear, however, that in this case too the value 
of a is a crucial quantity, the knowledge of which is of considerable importance. 

Previous work of our group has shown that the scattering length shows in some 
situations a resonance behavior as a function of the magnetic field strength. This 
opens the possibility to turn a stable Bose condensate into an unstable one and vice
versa, both in the case of a homogeneous and in the case of an inhomogeneous situation. 
The possibility to study the reaction of the condensate to this change is an exciting 
prospect and is one of the motivations behind this thesis work: a considerable part of 
this thesis is, apart from the study of collisional loss processes, devoted to the study 
of the scattering length and the location of the resonances. 

In the following part of this chapter a number of the subjects which have been 
mentioned above will be worked out in more detail. We start with a brief summary of 
the experimental context of this work. 

1. 2 Experimental context 

The work described in this thesis is concerned with theory. It may be helpful, however, 
to deal briefly with some aspects of the experiments carried out in the field. 
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Chapter 1 

1.2.1 The static magnetic trap 

As pointed out above, a major circumstance contributing to the success of the recent 
BEC experiments has been the shift from the cryogenic confinement of atoms to the 
wall-free confinement in a static magnetic trap, first for hydrogen and later for alkali 
atoms. The idea behind this trapping method is the creation of a local potential well 
by the shift in internal energy under the influence of an inhomogeneous magnetic field. 
The principle is illustrated by the hyperfine diagram of the ground state of H and that 
ofNa (Fig. 1.1). Under the influence of the hyperfine interaction the electronic ground 
state level (ls for H, 3s for Na) splits into two new levels, with f = i ± t· We use 
lower case symbols for single-atom quantum numbers (upper case symbols are used for 
two-atom quantum numbers) associated with the total spin vector f = i + s with i 
standing for the nuclear and s for the electron spin. The Zeeman interaction causes 
a further splitting in states which are denoted by If, mt} for any field strength. Two 
kinds of states exist: states which have increasing energy and states with decreasing 
energy with increasing magnetic field. These are called low-field and high-field seeking 
states, respectively. 

In principle, storage of atoms in the state with the lowest energy is most favorable, 
as all processes which cause transitions to other states are in this case endothermal. 
The problem is, however, that in free space no magnetic field maximum can exist, so 
that it is impossible to use this state to trap atoms. The only states which come into 
consideration are the highest states of both hyperfine manifolds. Other states have, 
due to the so-called interatomic exchange interaction, a relatively short lifetime and 
are therefore not appropriate for trapping. Note that the exchange interaction, which 
equals the difference VT Vs of the triplet and singlet interactions, conserves the total 
MF of the two atoms together. 

There exists a notable difference between the above-mentioned highest states. The 
highest state of the upper manifold is called the doubly spin polarized state. Here, 
electron and nuclear spin are fully stretched and point in the same direction. The 
result is that the spin structure does not change as a function of the magnetic field. 
This is certainly not the case for the highest state of the lower manifold. It is this 
property that can cause resonance behavior in the collisions of atoms for specific field 
strengths. 

Note that a low-field seeking state is absent in the lower hyperfine manifold of 
atomic hydrogen (see Fig. 1.1). Furthermore, H has the advantage that atoms in the 
doubly polarized state, which interact by means of the triplet (S = 1) interaction, 
cannot form molecules directly as this potential is too weak to support bound states. 
Formation of singlet (S = 0) molecules may proceed in a magnetic trap during three
body collisions by the much weaker magnetic dipole-dipole interaction between the spin 
magnetic moments of the atoms, which flips the electronic spins of either one or two of 
the three colliding H atoms so that singlet bound states can be formed including the 
transfer of momentum and binding energy to the third atom. In the case of atomic H 
three-body recombination has been studied already for a long time in our group. See 
for instance Refs. [13, 14, 15, 16]. 

In the case of alkali atoms the triplet potential does support bound states and one 
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Figure 1.1: a: Hyperfine diagram for ground-state H. Levels are usually indi
cated a to d in order of increasing energy. b: Hyperfine diagram for ground 
state Na. Energy in Kelvin, magnetic field in Tesla. The big spheres denote 
the nucleus, the small spheres the (outer) electron. 

expects recombination in three-body collisions to take place on a much faster time
scale, because in this case no spin flip due to the dipolar interaction is needed. The 
much stronger interatomic triplet interaction then induces the necessary exchange of 
energy and momentum between a two-atom subsystem and the third atom to form a 
bound triplet dimer. Both this process and the process of spin relaxation in two-body · 
collisions, pointed to above, are important ingredients of this thesis. This latter subject 
too has a long tradition in the group. However, results of this thesis made it possible 
to go beyond the order of magnitude estimates of previous work [17, 18, 19] in the case 
of alkali atoms. 

1.2.2 Laser cooling 

A clear advantage of alkali atoms compared to hydrogen is the availability of cw lasers 
for the purpose of cooling. The simplest picture for laser cooling is that of an atom 
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moving in the direction opposite to an almost resonant laser beam. Repeated cycles of 
absorption of a laser photon and the subsequent spontaneous emission of a photon in a 
random direction decrease the velocity of the atom. While the momentum transfer tak
ing place during the absorption of a laser photon is always opposite to the momentum 
of the atom, no net momentum transfer is involved on the average in the spontaneous 
emission. This principle is used to slow down thermal atom beams to temperatures of 
the order of 100 mK [20, 21]. 

A similar approach is possible by using two opposite laser beams, detuned slightly 
below the atomic resonance frequency. Because of the Doppler shift the atom will be 
excited more efficiently by the laser beam that is opposite to the direction of its motion. 
This principle can also be used for cooling an atomic gas sample in three dimensions 
applying opposite pairs of laser beams in three perpendicular directions. The minimum 
temperature that one expects to achieve in this way is given by the so-called Doppler 
limit, which is determined by the balance between the cooling forces and the heating 
due to spontaneous emission. The Doppler limit is given by kBTDoppler = nr /2, with r 
the spontaneous emission rate of the upper state, and is equal to 240p,K for Na atoms. 
In actual laser cooling experiments in 1988 the temperature turned out to be lower 
than the Doppler limit [22]. An explanation was soon given in terms of the interplay 
of the spatial inhomogeneities of the laser field and the degeneracy of the atomic levels 
involved. What happens essentially is that atoms are repeatedly optically pumped to 
a state in which they have to 'climb uphill', i.e. they lose kinetic energy in traversing 
spatial intervals with increasing potential energy due to the light shift induced by the 
laser light. 

A more fundamental temperature limit is called the recoil limit, which is determined 
by the spontaneous emission of a single photon, ~kBTrecoii = 1i2 k2 /2m. Cooling below 
this recoil limit, necessary to reach BEC conditions, is achieved by means of evaporative 
cooling. This process will be briefly dealt with in the following subsection. A possible 
competing scheme is the so-called Velocity Selective Coherent Population Trapping 
(VSCPT) method [23, 24]. In its 1D version, a two-level atom is subjected to two 
opposite laser beams (wave numbers ±k along the z-axis) with circular polarizations 
CJ+ and CJ_. This gives rise to a so-called A configuration (see Fig. 1.2) and the existence 
of an associated 'Dark state': 

ID(O)) = lmz = -1,pz = 0 -1ikz) + lmz = +1,pz = 0 + 1ikz), (1.2) 

a superposition of correlated internal and external atomic states that is not coupled 
to the excited atomic states by the laser field, where Pz stands for the z-component 
of the momentum. For understanding the VSCPT method it is of importance to 
point to the existence of a set of other dark states, D(P), arising from D(O) by a 
Galilei transformation along the z-axis. It can be shown that this state is coupled to 
"bright" ground states by the kinetic energy term in the Hamiltonian [24]. As long as 
P is significantly different from 0, atoms are repeatedly excited by the laser light and 
deexcited by spontaneous emission. The excitation occurs within a A configuration at 
the instantaneous P value; spontaneous emission will result in another A configuration, 
in particular to one with smaller momenta P. In this way a gradual diffusion takes place 
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Figure 1.2: A configuration of a two level atom with three Zeeman sublevels 
used in VSCPT. 

in the direction of the Dark state D(O) resulting in a distribution over P values around 
0 with a width D.P gradually decreasing to a fraction of the laser photon momentum 
fik. This technique has already been successfully applied in one and two dimensions, 
and temperatures of a tenth of the recoil temperature have been achieved [25]. Very 
recently, also results of three dimensional VSCPT with a final temperature of 1/22 
times the recoil limit have been reported (26]. In principle, at the densities needed for 
BEC, collisions between atoms in almost dark states could give rise to transitions to 
'Bright states' IB(P')) in the ground-state part of Hilbert space, which are subsequently 
rapidly depopulated by laser excitation even for small P, thus obstructing the cooling 
process. This effect does not seem to be a practical limitation (27]. 

For the sake of completeness we also mention a second successful lasercooling tech
nique for subrecoil cooling, namely Raman cooling [28]. The basic idea is the same two 
effects as characterize VSCPT: a vanishing absorption rate of light for atoms around 
v = 0 and a drift and diffusion in velocity space bringing the atoms into the v ~ 0 
region where they remain trapped and accumulate. In the Raman cooling method cool
ing is achieved using sequences of Raman pulses of varying frequency, width, detuning 
and propagation direction. Raman cooling has recently reached temperatures of TR/70 
(3 nK) in ID [29] and 0.75 TR in 2D [30]. 

For a comprehensive review of the subject of laser cooling the reader is referred to 
[31]. 
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1.2.3 Rf-induced evaporative cooling 

The principle of evaporative cooling of an atomic gas sample in a static magnetic 
trap was already explained in the foregoing. The practical implementation in the re
cent experiments is based on a gradual lowering of the potential wall enclosing the 
atoms, leading to escape of atoms with the highest energies. In this way the tail of 
the Maxwell-Boltzmann distribution is continuously cut off. By elastic collisions the 
distribution again goes to a Maxwell-Boltzmann distribution, now with a lower temper
ature, however. Until now all successful BEC experiments have made use of rf fields to 
decrease the depth of the magnetic trap. How rf-induced evaporative cooling works can 
be explained as follows. Consider an atom with three Zeeman sublevels (for instance 
the lower hyperfine manifold of 7Li, 23 Na or 87Rb) in a magnetic field. In Fig. 1.3 the 

~m,.~1.N+5 

- . m,.=O,N+4 
·.···-~---
/' --- ....... ··~ 
. . / . m,. ~1.N+3 

m,=-1 ~- m,.=1,N+1 

mF =O,N 

-E---.....L..---m,.=O .. • m,.=-I,N-1 

m,.= 1 

~m,=I.N-3 

· · m,= O,N-4 

~m,=-1,N·5 

Figure 1.3: Left part of the figure shows the splitting of an atomic level with 
three Zeeman sublevels as a function of magnetic field. The applied rf field has 
a frequency w0 and the resonant magnetic field strength is equal to B0 • On the 
right the dressed state manifolds are shown which result from the coupling of 
the bare Zeeman levels by the rf field. In one manifold also the diabatic levels 
are shown. The total number of photons is given by N. Note that the lowest 
state has its maximum energy at the point where the rf field is resonant. 

energy splitting is shown as a function of B. An rf field that couples the levels causes 
the eigenstates of atom + field to be superpositions of the eigenstates without rf inter
action. These new eigenstates, so-called dressed states, fall into manifolds, which differ 
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in photon number. The behavior of the dressed states as a function of the detuning of 
the frequency and the strength of the rf field is identical for the various manifolds. In 
the figure the dressed state energy levels in a few manifolds are shown as a function 
of magnetic field strength (or detuning). In each of the manifolds the energy of the 
lowest dressed state (low-field seeking at lower field strengths) shows a maximum at the 
resonant field strength B0 • Choosing the rf frequency appropriately in the case of an 
atom in a magnetic trap, the field dependence of this lowest level actually corresponds 
to a position-dependent potential with a barrier height that can be lowered gradually 
by decreasing the rf frequency, thus leading to a shallower potential well. From the 
experimental point of view it is of importance to know the influence of this additional 
rf field on the atomic collisions. Collisions between atoms dressed by an rf field are 
therefore treated in this thesis. 

Although not of direct relevance in this thesis work, it is of interest to point out 
how different groups have solved the problem of Majorana spin Hips. In each of the 
experimental magnetic traps the field strength vanishes at the bottom of the well. In a 
small environment of this point the moving atom feels a magnetic field with a rapidly 
varying direction, so that the adiabatic condition for the spin precession is locally 
not fulfilled. In other words an atom moving across this environment cannot follow 
the field adiabatically and transitions occur to untrapped spin states. The group in 
Boulder solved this problem by rotating the trap as a whole in space: the TOP (Time 
Orbiting Potential) trap. The rotation frequency is high enough so that the external 
motion of the atoms cannot follow the rotation and feels effectively a time-averaged 
potential, with its deepest point at a non-vanishing field value. On the other hand, 
with respect to the internal motion the frequency is low enough that the spin precession 
feels the instantaneous field and can follow it adiabatically. At MIT a blue-detuned 
laser, focussed at the bottom of the well provides for a repulsive potential which keeps 
the atoms away. 

1.2.4 Other experimental applications 

The experimental field for which the methods and results of this thesis are relevant is 
wider than the field sketched above. We briefly mention experiments to improve time 
standards with cold atoms like the cesium fountain clock and the cryogenic hydrogen 
maser, precision experiments with the purpose to search for a permanent electric dipole 
moment of atoms (violation of space inversion and time reversal symmetry), experi
ments in the field of atom optics (interference of atomic de-Broglie waves, construction 
of atom mirrors and other optical elements) and finally all experiments in the field of 
cold collisions. 

1.3 The scattering length 

In the foregoing we already mentioned the concept of the scattering length, a fun
damental quantity for ultralow temperature collisions, and its role in determining all 
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properties of a dilute ultracold atomic gas. Already in the forties it has been shown 
that different interaction potentials have identical low-energy scattering properties if 
their scattering lengths are equal [32, 33]. In particular the elastic angle-integrated 
cross section for identical bosons is given by 

(1.3) 

In practice one makes use of the above by replacing actual interactions by pseudo
potentials, proportional to a Dirac delta function, in order to simplify calculations in 
a field theory formulation of the many-body dynamics of an atomic gas [34]. In the 
mean field approximation the Schrodinger equation for a particle in a zero-temperature 
homogeneous weakly interacting Bose condensate can be written as [12] 

(1.4) 

where N is the number of particles in the condensate. For negative a this equation does 
not have a stable solution. As pointed out above, it is therefore of extreme importance 
to know the value of a for the various alkali gases and in particular its sign. Two of 
the three recent successful BEC experiments [Boulder, MIT] were carried out for alkali 
atoms for which the work of the Eindhoven group predicted positive a values: for the 
87Rb atoms used in the Boulder experiment the prediction was made in Refs. [35, 36], 
for the 23Na atoms in the MIT experiment the prediction is described in this thesis. 

It was realized since some years that in experimental situations where the spatial 
inhomogeneity associated with a trapped gas sample is too large for the homogeneous 
theory to be a reasonable approximation, a more complicated stability analysis would 
be needed. Recently, such a treatment has become available [37]. It suggests that 
stable solutions of the Schrodinger equation exist for negative a, when the number of 
atoms in the condensate is below a certain maximum. The BEC experiment of Hulet's 
group at Rice University is the only case in which a stable Bose condensate is claimed 
in an atomic species (1Li), for which this thesis work predicted a negative a value. Sug
gestions have been made that the actual number of condensate atoms is larger than 
the maximum value. Further experimental and theoretical work is needed to decide 
whether a real discrepancy exists in this case. We will not go into further detail, as the 
many-body aspects are outside the scope of this thesis. Independent of the conclusion, 
however, it is clear that knowledge of the scattering length is of extreme importance 
for the study of a Bose condensate. 

The scattering length can be determined in several ways. When the interaction po
tential is known sufficiently accurately from an ab-initio calculation, like in the case of 
H, the scattering length can be determined from a low-energy continuum wavefunction, 
either in the form of a radial integral or from the asymptotic phase-shift (see Fig. 1.4). 
For atoms heavier than H the interaction potentials are generally not sufficiently ac
curately known. In this connection it should be noted that the scattering length is 
extremely sensitive to the fine details of the potential. Variations of the potential of 
the order of the uncertainties in ab-initio potentials can easily lead to variations of a 
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Figure 1.4: Zero-energy scattering states for the 7 Li and 23 Na triplet interac
tion. The scattering length can be found by extrapolating the solution at large 
distances to the r-axis or by comparing at large distances with the solution for 
the interaction-less (V= 0) situation (straight line). 

over the whole real axis. Still, by extrapolation of certain quantities from the exper
imental bound-state spectrum to the continuum, a can be determined rather reliably 
for elements like 7Li and 23 Na, as will be shown in the two following chapters. In this 
case the energy spacings of highly-excited bound two-body states are used. 

A closely related method uses the absolute binding energy of the highest bound state 
in combination with some theoretical knowledge of the potential. A version based on 
a two-photon transition carried out by Hulet's group has thus led to a determination 
of the highest bound state of triplet 7Li2 and thereby to a verification of the scattering 
length determined in chapter 2 [38]. 

For still heavier atoms, the missing information about the potentials becomes too 
serious. Fortunately, an approach still available is the method of photoassociation [39], 
where one can probe the ground-state wavefunction by irradiation of laser light. In this 
way the scattering lengths of both stable isotopes of Rb have been determined [35, 36] 
and the scattering length for the singlet interaction potential of Li verified [40]. 

A final method to determine the value of a is the observation of collisional frequency 
shifts for a hyperfine transition. This method has been suggested and applied in the 
case of the atomic Cs fountain [41], using the measurements in Ref. [42]. These shifts 
reveal indirect information on the potential and can be used to extract the quantities 
which are of concern for ultracold collisions, such as the scattering length. 
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1.4 Some aspects of the determination of a for Li 

and Na 
The effective Hamiltonian for the collision between two ground-state atoms is given by 

-2 2 

H = ~ + vc + L v;hf + v;z 
2p, i=l • • ' 

(1.5) 

where the first term represents the kinetic energy for the relative motion with J.t the 
reduced mass, vc the central interaction and Vhf and vz represent the one atom 
hyperfine and Zeeman interactions. The central interaction, vc, is the effective form 
of the sum of all Coulomb interactions between electrons and nuclei. 

In the case of the s = t ground-state hydrogen and alkali-atoms we have to deal 
with two kinds of central interactions, depending on the value of the total electron spin: 
singlet (S 0) and triplet (S = 1). The central interaction is conveniently written as 

V"= PsVs + PrVr , (1.6) 

with Vs, Vr the triplet and singlet potentials and Ps, Pr projection operators on the 
singlet and triplet two-body space. The difference Vs - Vr is usually referred to as 
the exchange interaction Vex· The singlet potential is the most attractive one, with 
for instance 15 zero angular momentum bound states for hydrogen, while the triplet 
interaction does not support a bound state at all. Fig. 1.5 shows the singlet and triplet 

-s:l .... 
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Figure 1.5: Li2 singlet (S 0) and triplet (S = 1) ground state potentials. 

curves for lithium. Only at relatively large distances (r ~ 20a0 ) the sum of the one
atom hyperfine and Zeeman interaction is of the same order of magnitude as the central 
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interaction. This is an important region for collisions, as hyperfine changing transitions 
will take place here. Bound states which do not penetrate to this region only undergo 
a small perturbation from Vhf and vz. In chapter 5 of this thesis we will look at the 
highest bound states which do penetrate here. 

We will now focus in more detail on the potential curve. By spectroscopic methods 
one often measures energy distances of the deeper bound states. By means of the 
Rydberg-Klein-Rees (RKR) procedure [43] it is possible to construct this part of the 
curve from the information on the energy spacings. On the other hand, the behavior for 
large distances can be calculated rather accurately and can be expressed in a multipole 
expansion with the most important term C6fr6 , the induced dipole-dipole van der 
Waals interaction. Often these terms are calculated by different methods and agree 
very well. Besides the often missing information about parts between the theoretical 
tail and the RKR curve some uncertainty remains in the RKR curve. The RKR 
procedure is a semi-classical method and as such can produce errors. When using the 
output to reproduce the input (energy spacings) one is bound to find differences. To 
correct these one often makes use of the Inverse Perturbation Analysis (IPA) method 
[44]. 

1.4.1 Inverse Perturbation Analysis 

The IPA method is used in this thesis to improve the Li triplet and Na singlet curves 
with the purpose of determining, among others, the scattering length. See chapters 2 
and 3. Because the method will not be explained in these chapters, it will be described 
here. 
In the ideal situation the potential, V(r), is known exactly and the SchrOdinger equa
tion, 

(1.7) 

gives the exact rovibrational eigenfunctions WvJ and (experimental) eigenvalues EvJ· 

In the non-ideal situation we dispose of a potential V 0(r) and find 

(~: + V0(r)) ~vJ (1.8) 

This starting potential V0(r) needs an r-dependent correction LlV(r) to give the real 
eigenstates and eigenvalues. When one writes this correction as a sum of some suitably 
chosen basis functions li(r), 

LlV(r) = L e;fi(r), (1.9) 
i 

and applying first order perturbation theory, one ends up with a linear least-squares 
problem with 

l:; c;(~vJ I J; I ~vJ)) 2 

O'vJ 
(1.10) 
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Figure 1.6: Differences for the ground state singlet Na potential of experi
mental and theoretical energy eigenvalues [Here !:lEvJ = (EvJ - Eoo)ca.lc -
( EvJ E00 )exp J before (dashed lines) and after IPA (solid lines) for a number 
of rovibrationallevels. Note that 1 cm-1 ~ 1.44 Kelvin . 

where !:lEvJ = EvJ- E~1 . With the correction that is found by solving the least squares 
problem a new potential is constructed V 1 ( r) :::;;: V0 ( r) + !:l V { r) and the whole procedure 
is restarted until one reaches convergence. In practice different basis functions are 
chosen. Kosman and Hinze for instance, use a set of Legendre polynomials ~(x) [45]. 
This has the disadvantage that large oscillations can appear outside the r interval where 
one wants to adjust the potential . A better choice is that of Vidal and Scheingraber 
[44], 

!:lV(r) L:c;P;(x)e-x
2n, 

i 
(1.11) 

with n in the range 1 :::; n :::; 5 and x the rescaled radius. It is important how x 
depends on r. When one takes x as a linear function of r, so that x = -1 for r = r min 

and x:::;;: 1 for r = Tmax, where Tmin and Tmax are around the inner respectively outer 
turning point of the highest measured bound state, too much emphasis is put on the 
outer region of the highly anharmonic potential, see Fig. 1.5. Vidal and Scheingraber 
improve this by choosing 

(1.12) 

where re is the distance where the potential is deepest. 
The energy levels of the Li and Na ground state potentials have been almost com

pletely measured up to the continuum [46, 47]. The point r = Tmax lies close to or in 
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the region where the reliable multipole expansion applies. In this case we found it is 
necessary to adopt another choice of basis functions, 

~V(r) = Z:CiPi(x)e-ox
2 

, (1.13) 
i 

with the value of a between 4 ::; a ::; 8 to avoid a significant shift of the potential at 
r = r max. In Fig. 1.6 an impression is given of the corrections that can be made by 
the IPA method for the singlet state of Na2. Note that we nse the lowest rovibrational 
level ( v = 0, J = 0) as reference. The IPA procedure gives impressive improvements. 
However, certain differences between experimental and calculated energy levels persist. 
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Figure 1. 7: Value of the scattering length a as a function of ~f/J for the specific 
case of the 7 Li2 triplet state. When the scattering length goes from - oo to oo 
an additional level enters into the bound-state spectrum. 

By looking at the extra phase ~f/J that is needed for separate levels to make the final 
difference between calculated and measured level spacings zero we can check the reli
ability of the potentials This phase is directly related to additional corrections in the 
potential by the WKB expression: 

(
2J.t(E- ~V(r)))d 

n} r ' (1.14) 

Extrapolating this extra phase to the continuum gives a value and an error bar for 
the scattering length, as will be shown in chapters 2 and 3. Finally, in Fig. 1. 7 the 
behavior of the scattering length as a function of this extra phase is shown. The usual 
variation in rp we find is of the order of 0.1 radians ( 3 % of 1r). It is also clear from this 
figure that values of the scattering length can occur for which no definite sign can be 
assigned. 
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Chapter 1 

1.5 Contents of this thesis 

The following chapters are based on papers, published in the literature, and address 
different topics in the field of collisions of ultracold atoms. Chapter 2 concerns the 
scattering length of ultracold 7Li atoms trapped in the f = 2, m1 = 2 hyperfine state. 
In the chapter 3 the scattering length of the other hyperfine state that is well-suited 
for BEC experiments is studied, together with the scattering length for both types 
of states for 23 Na. Resonance behavior during collisions of trapped 6Li, 7Li and 23Na 
atoms is studied in chapter 4. Chapter 5 addresses the highest states of the bound 
23Na2 system, of special significance for the nearby low-energy part on the other side 
of the continuum threshold. The following two chapters deal with the loss processes 
caused by two- and three-body collisions. Finally, in the last chapter collisions of atoms 
in a radiation field are studied. 
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Abstract 

We have improved the theoretical triplet ground state potential of 7Li2 by means of an 
inverse perturbation analysis, and find that the diatomic scattering length for 7 Li atoms 
in the f=2, mr=2 ground state hyperfine level is negative. The consequences of this 
result for achieving Bose-Einstein condensation in a trapped ultracold 7Li gas sample 
are addressed. 

The ideal degenerate quantum gas, consisting of indistinguishable particles with de 
Broglie wavelength A > n-113 , where n is the density of the gas, is a fundamental 
paradigm of quantum statistical mechanics. Yet there are no observations of even a 
weakly interacting gas in the degenerate quantum regime. In a weakly interacting 
gas, the interactions are due to binary collisions; multiple-body collisions occur so 
infrequently that their effect can be neglected. Unlike quantum liquids, the properties 
of a weakly interacting quantum gas may be calculated using perturbation theory 
[1]. The realization of a weakly interacting degenerate quantum gas may provide 
the opportunity to observe and study the most spectacular predictions of quantum 
statistical mechanics, Bose-Einstein condensation (BEC) and gaseous superfluidity, in 
a well-characterized, simple system. 

The most attractive candidate to observe these phenomena is a spin-polarized gas 
of atomic hydrogen atoms, which as composite particles obey Bose-Einstein statistics 
[2]. Spin-polarized ground state H interacts via the largely repulsive triplet potential. 
The attractive van der Waals interaction between atoms produces a 6 K deep well at 
intermediate range, but this well is too shallow to support bound states. Spin-polarized 
atomic hydrogen gas is predicted to remain gaseous even for temperatures approaching 
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zero. The most promising strategy for realizing BEC in atomic hydrogen now appears 
to be (light-induced [3]) evaporative cooling of a spin-polarized H gas sample in a 
magnetic trap with a three-dimensional magnetic field minimum [4]. However, despite 
intense effort the necessary low temperature and high density required to observe BEC 
have not yet been attained. The most recently published results are n :::::l 1014 cm -a and 
T :::::l 100/.LK [5], which is about a factor of three above the condensation temperature 
at this density. 

Magnetically trapped spin-polarized alkali atmns might also be used to investigate 
weakly interacting quantum gases. There has been much progress in the past few years 
in trapping alkali atoms and manipulating them using laser radiation [6]. In particular, 
alkali atoms have been cooled to near the "recoil limit" TR = (1ik) 2 /(mkB), where k is 
the wave number of the near-resonant laser radiation and m is the mass of the atom. 
T R ranges from 0.2/.LK for Cs to 61.LK for Li atoms laser cooled on their principal optical 
transitions. Laser radiation at the corresponding wavelengths for these transitions is 
easily generated since they are in the visible or near-infrared portion of the spectrum. 
Li is an attractive candidate for these experiments. There are two stable isotopes of Li 
: 7Li obeys Bose-Einstein statistics, while 6Li obeys Fermi-Dirac statistics. Therefore, 
it is possible to compare both quantum statistics with a single experimental set-up. Li 
has clear advantages from the theoretical point of view relative to the heavier alkalis. 
Because of the small number of electrons the diatomic interaction potentials of the Li2 

system can be calculated more accurately. In particular, for the work to be described 
below, there is close agreement between different calculations of long range dispersion 
and exchange potentials which play a decisive role in ultracold collisions. In this respect, 
Li + Li is an interesting intermediate system between H + H, for which it has been 
possible to calculate the ground state potentials rigorously [7] and the heavier alkali 
diatoms, for which the uncertainties are far larger. Furthermore, the S=O and 8=1 
potentials are much less attractive than for the heavier alkalis, which combined with 
the low atomic mass leads to a lower number of widely spaced bound levels close to the 
continuum. As a consequence, it is far easier to derive a value for the scattering length 
from spectroscopic data alone than, for instance, for Cs where very small changes in 
the potential induce sizable differences in the scattering length and even in the number 
of bound levels, although much progress has been made to derive the scattering length 
from measured frequency shifts in a cesium atomic fountain [8]. In addition, the much 
weaker atomic S · f hyperfine interaction makes it possible to devise simple models 
for the competition of exchange forces and hyperfine coupling in ultracold atom-atom 
scattering [9]. Finally, the largely unknown role of the spin-spin interaction [10, 11] 
(which makes the dipolar decay rate of the density of a heavier alkali gas in a magnetic 
trap so uncertain) is expected to be virtually absent in Li + Li, again because of the 
low Z value. 

Although alkali atoms are attractive for these investigations, spin-polarized alkali 
atoms are not as weakly interacting as spin-polarized hydrogen. For example, the depth 
of the van der Waals well in the triplet potential of Li is 480 K and is predicted to 
support 10 bound vibrational energy levels for 6Li and 11 for 7Li [12]. Many more bound 
levels will be supported by the triplet potential of the heavier alkali atoms. On a time 
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scale during which three-body collisions can be neglected, however, these bound levels 
are not formed and a description of the properties of the gas in terms of a single quantity, 
the two-body s-wave scattering length a= -lim tan 80(k)jk, is appropriate at ultracold 

k->0 
temperatures (k I a I« 1). The sign of a then turns out to be of crucial significance. 
a > 0 represents an effectively repulsive potential and collisions can be modelled as 
those between hard spheres of radius a. The thermodynamic properties of such a gas 
can be obtained as a power series expansion in the parameter (na3 )

112 [1]. For negative 
values of the scattering length the interaction is effectively attractive and the Rose
condensed state is predicted to be unstable in a spatially homogeneous system [13]. 
Also other features are lost which are characteristic of BEC: 1) The usual discussion of 
the Bose condensate in terms of a Bogoliubov transformation [13] crucially depends on 
a positive value of the scattering length [14], 2) Closely connected with this the quasi
particle concept breaks down, 3) The quartic term for the free energy as a function of 
the order parameter ('ljl) is negative, precluding the application of the Landau theory 
of second-order phase transitions. It is not clear at present how this situation changes 
in the inhomogeneous situation of a trap experiment. It is possible in principle that 
a fractionally significant occupation of a single-particle ground state occurs in such 
an experiment as a transient phenomenon. The zero point energy may help stabilize 
the system against collapse for some time. A treatment of the inhomogeneous time
dependent Bose system with a< 0 does not exist in literature. It is clear, however, on 
the basis of the above-mentioned aspects of the homogeneous system that a negative 
sign of a will have profound influence on a possible transient BEC type state occurring 
in such an experiment. For instance the Hartree-Fock equation for the condensate 
wave function, known as the Gross-Pitaevskii equation [15], does not have a solution. 
At the present time, the many fascinating questions associated with the dynamics 
of an inhomogeneous Bose gas with a negative scattering length remain unexplored 
theoretically as well as experimentally. This underlines the importance of determining 
the sign of a for the various alkali gases for which BEC is attempted experimentally. 

In this paper we present results of calculations which show that the scattering 
length for the scattering of two Li ground state atoms with mr=2 is negative. 
Apart from the sign of the scattering length, knowledge of the Li + Li interaction 
potentials is crucial for predicting the rate of decay of a trapped Li gas sample due to 
dipolar relaxation and three-body recombination. Work along this line is planned as a 
continuation of this project. 

The starting point of the present work was the 6Li triplet ground-state potential 
obtained by Zemke and Stwalley [12] via a "dense" Rydberg-Klein-Rees analysis of 
spectroscopic data from Ref. [16] and the addition of short- and long-range analytical 
parts. Using this potential for 7Li we calculate a scattering length -16 ao < a < -10 a0 

depending on the values of the dispersion and exchange parameters. When solving the 
Schrodinger equation for the 7Li2 triplet levels, however, we find discrepancies D.EvJ 
with the spectroscopic term values which exceed the experimental uncertainties. In 
view of this, we have improved the potential by means of an inverse perturbation 
analysis (IPA) [17]: a correction D. V is obtained in the form of a linear combination 
Li Cifi(r) of suitably chosen basis functions. Equating the first-order energy perturba-
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tions to the desired energy shifts produces a set of linear equations for the coefficients ci, 
which allows A V to be calculated. This procedure is repeated until convergence, using 
the new "unperturbed" eigenfunctionsin every iteration. The experimental data set 
includes the v:::; 7levels from Ref. [16]. It is now being extended and improved by new 
measurements. Preliminary results [18] support the quality of the IPA potential derived 
here. In Fig. (2.1) we present the discrepancies AEvJ = (EvJ Eoo)calc- (EvJ- Eoo)exp 
for all bound v :5 7 levels before and after IPA. 

We consider the potential thus obtained to be sufficiently accurate to determine the 
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Figure 2.1: Differences of experimental and theoretical energy eigenvalues 
(AEvJ = (EvJ - Eoo)calc - (EvJ - Eoo)exp) before (dashed lines) and after 
IPA (solid lines) for rovibrationallevels with v :5 7. The values of v corre-
sponding to the lines can be recognized by their maximum J values, which are 
indicated by the arrows. 

scattering length in the following way. We define a phase difference iP(E, J) between 
radial solutions of the Schrodinger equation at energy E < 0 and angular momentum 
J found by outward and inward integration starting with regular boundary conditions. 
We consider only high levels for which this phase has an unambiguous value in the 
classically allowed region. We define tP as a continuous function of energy, equal to 
v · 1r for E equal to an eigenvalue EvJ· Calculations for various choices of V(r) in
dicate that the differences of tP with E and J over the relevant E and J ranges are 
negligibly changed by reasonable changes in V. This is clear intuitively, since differ
entiation of the phase fjJ :::: J k(r)dr with respect to E or J(J+l) tends to emphasize 
the dependence on the more reliable long-range potential. We therefore assume that 
our IPA potential describes sufficiently accurately the variations of ifJ(E, J) with E and 
J and determine the change Af/J in f/J(O, 0) needed to fit the differences of the higher 
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measured levels. Fig. (2.2) shows the discrepancies between measured and calculated 
energy differences for the v = 6, 7, 8 and 9 levels as a function of fl</> or equivalently 
vv. The diagram also shows the value of the scattering length, which can be calcu
lated for each value of </>(0, 0). The fl</> values for the various energy splittings do 

VD 
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Figure 2.2: Discrepancies between measured and calculated energy differences 
(left axis, solid lines) and scattering length (right axis, dashed line) as a function 
of fl</> or vv. The (v + 1, J)- (v, J) combinations for the lines from above to 
below at !:J.<f> = 0 are: (8,9)-(7,9), (8,11)-(7,11), (8,6)-(7,6), (8,4)-(7,4), (7,11)
(6,11), (7,9)-(6,9), (7,6)-(6,6), (7,4)-(6,4), (9,4)-(8,4) and (9,6)-(8,6). 

indeed differ by small parts (3% at most) of the period 1r. Furthermore, very small 
changes of </>(0, 0) are apparently sufficient to fit the experimental values. We find 
-0.04 < !:J.<f> < +0.035 or 10.79 < vv < 10.81. For the scattering length we find 
a negative value : -19.9 a0 < a < -12.2 a0 • Varying the dispersion and exchange 
coefficients over their error bars [12] enlarges this interval to -27.8 a0 <a< -7.1 a0 . 

As in the case of Cs [19, 11] the upper level of the lower hyperfine manifold is 
another possible candidate for BEC (1Li: f=1, mr = -1). This state is also a low-field 
seeking state for magnetic fields less than 140 G, but at higher fields the sign of its 
Zeeman shift reverses due to hyperfine mixing. This imposes a rather low maximum 
trap depth of only 1 mK. The existence of this alternative in the case of the alkalis is 
of great importance, since it may be essential for avoiding the "relaxation explosion" 
upon crossing the BEC phase transition line which has been predicted [20] for the case 
of magnetically trapped H: The magnetic dipole decay rate for the f= 1, mr -1 state 
goes to zero for B -t 0. It will be necessary to derive the 7Li singlet potential in 
order to carry out the coupled-channel calculations necessary to derive the scattering 
length for the scattering of mr = -1 atoms. Like in the case of Cs [11] it is to be 
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expected that resonances will show up for particular values of the external magnetic 
field [21]. The ability to change the sign of the scattering length by a variation of B 
in the environment of a suitable resonance is an intriguing possibility. 

In conclusion, we have found convincing evidence for a negative sign of the scat
tering length for 7Li + 7Li triplet scattering and discussed its implications for the 
collective quantum behavior of an ultra-cold 7Li gas sample in a magnetic trap. 
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Abstract 

We have determined the scattering length of the ground state 7Li + 7Li singlet poten
tial from spectroscopic data on the highest S=O bound states. Combining this with a 
previously obtained triplet value we find the first example of an alkali atom hyperfine 
state (the 7Li mr=-1 state) for which the scattering length is positive. This implies 
a stable Bose condensate in future attempts to realize Bose-Einstein condensation in a 
magnetically trapped ultracold gas sample. We also predict magnetic-field dependent 
resonances in the collision between atoms in the hyperfine state studied. 

After the first successes of atom cooling and trapping schemes, now almost a decade ago, 
there has been a tremendous development both in the diversification of experimental 
methods and in the types of applications. With respect to the latter, we mention as 
examples the ambitious goals of realizing" optical" elements like atom cavities [1], and 
attempts to exploit the increase of the coherence time of atomic states possible via 
atomic fountains for doing precision experiments such as the development of inertial 
sensors [2] or the observation of a CP violating electron electric dipole moment [3]. 
The most ambitious goal, however, is the achievement of Bose-Einstein condensation 
(BEC), Le. the realization of the atomic equivalent of a laser mode filled with many 
photons. 

In almost all of these applications collisions between atoms play a crucial role. 
The trade-off involved is the maximalization of the density to improve signal-to-noise 
ratios, versus the minimalization of the influence of perturbing collisions. In the case 
of BEC the role of collisions is even more essential. Elastic collisions are needed for 
efficient evaporative cooling schemes and for establishing the thermal equilibrium state 
of BEC on the two-body collision time scale. Furthermore, the elastic scattering length 
a = -lim 60(k)/k, with 60 the s-wave phase shift, has to be positive for the Bose 

k->0 
condensate to be stable [4]. Also other features characteristic of BEC are lost when a 

29 



Chapter 3 

is negative [5]. Finally, inelastic collisions are to be avoided as they transfer trapped 
atoms to untrapped states. 

Of the atomic species involved in these cooling experiments, atomic hydrogen is the 
only element for which the interatomic interactions active during the collisions are ac
curately known from first principles. For obvious reasons we are far from that situation 
in the case of alkali atoms, although these atoms offer great experimental advantages 
compared to atomic hydrogen by the availability of powerful laser manipulation meth
ods. The purpose of this publication is to point to a first example of an alkali atom 
where the relevant collision processes between cold ground state atoms in arbitrary 
hyperfine states can be described in sufficient detail to make meaningful predictions, 
in particular about the fundamental possibility of BEC. In this connection it is empha
sized that one does not need the detailed potential to describe cold collision processes. 
Temperatures and densities in traps can· be so low that three-body collisions may be 
left out of consideration. The formation of two-atom bound states then does not occur, 
thus also avoiding the unfavorable prospects that atomic alkali gas samples originally 
appeared to have for the envisaged experiments [6]. For the remaining two-body elastic 
and inelastic scattering problem it is possible [7, 5] to summarize the entire "history" 
of the collision over a radial range r < r0 where the potential is least known, in terms 
of a single phase of the pure singlet or triplet radial wave function at r0• This phase 
information can be extracted from a restricted set of experimental data. Sufficient 
knowledge of the r > r0 potential then enables one to predict the full S-matrix for all 
elastic and inelastic (exchange+ dipolar) collision processes initiated by cold atoms in 
arbitrary ground state hyperfine levels. 

In this Letter we want to show that this almost ideal situation is realized in the 
case of the lithium isotopes. Making use of previous work on the triplet problem [5] 
and a study of the pure singlet bound states to be presented below, we are able to 
predict the full 36 x 36 scattering matrix fors-wave 7Li + 7Li exchange scattering in 
arbitrary magnetic fields. We are also able to predict the behavior of the non-vanishing 
partial waves, as well as the even larger set of magnetic dipole relaxation rates, and 
the properties of all ground state 6Li + 6Li and 7Li + 6Li scattering processes. Here 
we will restrict ourselves to the value of the scattering length for the upper state f=1, 
ill£= -1 of the lower hyperfine manifold (see Fig. 3.1), which is a promising candidate 
for realizing the BEC phase transition: atoms in this state can be trapped magnetically, 
while their decay is almost totally suppressed by a centrifugal barrier [8, 9]. 

It is the purpose of the BEC experiments to create the experimental circumstances 
for the condensation process on the two-body elastic time scale. The properties of an 
ultracold (k I a I< 1) trapped gas of single hyperfine state atoms can then rigorously 
be described in terms of the scattering length. It is known already for a long time that 
doubly-polarized atomic hydrogen has a positive scattering length. Despite the com
pelling a > 0 condition for BEC, no example of an alkali atom has been indicated as yet 
which satisfies it. In the case of the cesium atom an analysis [7] of collisional frequency 
shifts in an atomic fountain [lO]led to a negative scattering length for both the doubly
polarized hyperfine state and the upper state of the lower hyperfine manifold, with the 
possible exception of isolated resonances. For 7Li atoms in the doubly-polarized f=2, 
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Figure 3.1: Energies of 1Li hyperfine states, labeled I fmr) as a function of 
magnetic field. 

mF2 hyperfine state, which interact via a pure triplet potential, we have also been 
able to conclude that the scattering length is negative [5]. 

To show that it is positive for the mr=-1 state, we turn to a determination 
of the missing singlet phase information, starting from a state-of-the art potential [11]. 
We make use of the fact that any error L! V8 (r) in this potential leads to an error in the 
phase mismatch <P8 (E, l) of the singlet bound state wave functions obtained by inward 
and outward radial integration, given by 

L'!<Ps(E, l) = 1'2 

L!kdr 
r1 

(3.1) 

in the WKB approximation, with k = kE,l(r) the local radial wave number and r 1(E, l) 
and r2(E, l) the inner and outer turning points. Differentiation of this quantity with 
respect to E or l(l + 1) tends to put greater emphasis on the contribution from an 
interval close to the outer turning point where the motion is slow [5]. As a consequence, 
it seems reasonable to follow a procedure in which the potential is assumed to predict 
reliably the linear E and l( l + 1) dependences of the phase-mismatch in the appropriate 
limited E and l(l + 1) ranges, but to allow for a shift L'!<P8 (0, 0). Fig. 3.2 shows 
the discrepancies between experimental [12] and calculated energy differences between 
the highest measured rovibrational levels as a function of this shift, keeping the first 
derivatives constant. 
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Figure 3.2: Discrepancies between measured and calculated energy differences 
(left axis, solid lines) and scattering length (right axis, dashed line) as a function 
of~ <P. The ( v + 1, J) ( v, J) combinations for the lines from above to below at 
~<P = 0 are: (39,10)-(38,10), (39,5)-(38,5), (39,6)-(38,6), (39,1)-(38,1), (39,0)
(38,0), (38,14)-(37,14),(38,6)-(37,6),(38,5)-(37,5), (38,1)-(37,1), (38,0)-(39,0), 
( 40,1)-(39,1 ), ( 40,0)-(39,0), ( 40,5)-(39,5),( 40,6)-(39,6). 

Clearly, there is close agreement between values of ~<Ps(O, 0) as determined from 
the various pairs of energy levels, the total variation being only 2% of 71". Furthermore, 
the shifts as such are also small, which illustrates the quality of the potential even 
without previous inverse perturbation analysis [5]. We find -0.02 < ~<P(O, 0) < 0.05. 
The same figure shows the value of the singlet scattering length as a function of this 
phase. We obtain 34 a0 < as < 36 ao. Varying the dispersion and exchange parameters 
over their error bars [11] enlarges this interval to 32 ao < as < 38 a0 • 

By itself this positive value does not open possibilities for BEC, since for none of the 
hyperfine states the two-body spin state has pure singlet character. In combination with 
the previously determined triplet scattering length, however, we do have the necessary 
information to calculate the scattering length for atoms in the hyperfine state f=1, 
mr=-1, which is a field-dependent superposition of triplet and singlet states. The 
simplest way of calculating the associated a1_ 1(B) is to identify it with the weighed 
average of as and aT, 

al-l,DIS =aT+ ~(as- aT) sin2 29, (3.2) 

with e the hyperfine mixing angle, using the S=O and 8=1 probabilities in the I 1 -
1, 1 - 1} two-body spin state as weight factors. As shown in Fig. 3.3 (dashed curve) 
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Figure 3.3: Value of the scattering length for mr=-1 state as a func
tion of magnetic field following from coupled channels calculation (CC) and 
Degenerate Internal States (DIS) approximation. 

this leads to a negative scattering length for all B. The above approximation is valid 
when the differences of the two-atom internal energy eigenstates coupled during the 
collision can be neglected. Considering the relatively weak hyperfine coupling in the 7Li 
atom, comparable to that in the H atom, one might expect this Degenerate-Internal
States (DIS) approximation [13, 14] to be excellent. Carrying out a coupled-channel 
calculation for the s-wave collision, however, including the coupling to the closed (fi,f2 ) 

= (1,2) and (2,2) channels with total spin magnetic quantum number -2, we fortunately 
find a positive scattering length over the whole field range where the f=1, mr=-1 
hyperfine state is low-field seeking (B < 0.014 T). 

For larger values of the magnetic field, Feshbach-type resonances show up due to the 
proximity of the collision energy to quasi-bound states in the closed-channel subspace 
[9]. Their widths are determined by the strength of the coupling of these states with 
the open-channel subspace. As the resonances occur outside the field interval where 
trapping is possible, they are not of direct interest for BEC. A possible experiment to 
observe them might involve the preparation of a cloud of cold f=1, mr=-1 atoms in 
a magnetic trap at lower fields, followed by its release in a stronger field of suitable 
strength and the observation of the hyperfine-changing decay processes. Alternatively, 
one might study the collision of two such atomic clouds, launched at different times in 
an atomic fountain. Note that the energy position of each of the resonances relative 
to threshold can be changed at will by varying the magnetic field, thus offering the 
fascinating possibility to study cold collisions with a resonance behavior for a quasi
bound state that turns into a bound state by crossing the continuum threshold as a 
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function of B. 
In view of its interest for future cold atom experiments, we now calculate the 

resonance structure via a simple eigenvalue problem. Compared to a previous treatment 
[9, 15] of the resonances in the case of Cs atoms a few aspects are different. First, the 
hyperfine interaction is more than a factor 10 weaker. On the other hand, due to 
the lower atomic mass, the highest bound levels are more widely spaced, resulting 
in roughly five times larger energy splittings between the highest subsequent singlet 
and triplet levels. Together, these two aspects provide for a much weaker singlet-triplet 
mixing, greatly simplifing the calculation of the resonance spectrum. For any value of B 
we separately diagonalize a submatrix of the hyperfine + Zeeman, yhf + yz, interaction 
in a pure singlet and in a pure triplet subspace, each restricted to a single rovibrational 
state. yhr may be effectively replaced by the equivalent diagonal expression 

yhf-+ ;~;§. f-+ a~r {F(F + 1)- S(S + 1)- I(I + 1)}, (3.3) 

with S, I and F two-atom quantum numbers. The resulting singlet v = 41, J = 0 
state is only weakly field dependent via the nuclear Zeeman term. In the subspace 
spanned by the four v = 10, J 0, (SI)F, MF=-2 states we find the eigenvalues 
presented in Fig. 3.4. The associated eigenstates tend to the simple coupled I(SI)F MF) 
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Figure 3.4: Energies of highest singlet (S=O) and triplet (S=l) bound states 
as a function of magnetic field. At B=O the degeneracy of the triplet state is 
lifted by the hyperfine interaction. Also shown (dashed line) is the threshold 
energy of the I 1 - 1, 1 - 1} collision channel. Resonances occur when this line 
intersects with a bound state. 

and decoupled ISlvfsiM1) bases in the limit of weak and strong fields, respectively. 
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Fig. 3.4 also shows the B-dependent continuum threshold in the entrance channel for 
a collision of two atoms in the f=1, mr=-1 state, denoted by I 1 - 1, 1 - 1). Cold 
collision resonances occur where this threshold crosses a bound-state level. We find 
almost perfect agreement of the coupled-channel resonance positions with this simple 
calculation. Clearly, the wider resonance with a width of approximately 0.012 T is a 
pure singlet state, while the narrow one is pure triplet. Its small width, only a few 
Gauss, is due to the fact that in this region of B the decoupled basis prevails, so that 
the hyperfine coupling is not effective in coupling the Ms=-1 entrance channel with 
the + 1 quasi-bound state. 

Taking into account the uncertainty in the potentials we find the field values at 
which the resonances cross the continuum threshold to be 

0.078 < Bs=o < 0.137 T, 0.194 < Bs=l < 0.235 T. 

It is emphasized that a measurement of these field positions could further reduce the 
(already rather limited) uncertainty in the potential parameters. 

We conclude that we have found the first example of an alkali atom for which all 
ground state collision processes can be rather accurately predicted. In addition, one 
of the 7Li hyperfine states offers favorable prospects for the observation of BEC, the 
Bose condensate being stable for the magnetic field range in which this state can be 
magnetically trapped. Furthermore, we predict zero-energy resonances for specific field 
values, which offer prospects for interesting observations of (time-dependent) resonance 
behavior in cold-atom collisions. 

We finally summarize the results of a calculation along similar lines for a cold gas 
of Na atoms on the basis of the state-of-the-art triplet and singlet potentials [16]. For 
the upper (triplet) state of the higher hyperfine manifold we find a positive scattering 
length, 76 < aT < 185 ao. For the alternative choices of long-range parameters cited 
but not selected in [16], this interval is extended to 45 < aT < 185 a0 • For the upper 
state of the lower manifold the original potential yields a value 56 < a1_ 1 < 154 a0 at 
B=O, which continues to be positive over the complete field range where this state is 
trappable. In this case, however, the alternative long-range choices enlarge this interval 
to -36 < a1-1 < 154 ao, so that a negative sign cannot be completely excluded. The 
above t::.E t::.ljJ diagrams can also be used to replace unreliable potential points by 
more reliable ones. It turns out that a slight shift of the outermost RKR singlet turning 
point which is considered to be uncertain in ref. [16], brings the intersection points with 
the abscis very close together. In this way we find a1_ 1 to be positive: 64 < a1_ 1 < 152 
a0 (37 < a1_ 1 < 152 a0 for the alternative dispersion parameter choice). There is a 
clear need to improve both the singlet and triplet potentials using more extensive and 
accurate spectroscopic data and dispersion calculations, or else more direct information 
on the scattering length from the analysis of cold collisions. 
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Abstract 

We investigate the resonance properties of ultra-cold ground state 6Li+6Li, 7Li+ 7Li and 
23Na+23Na collisions. The locations of various resonances and their corresponding error 
bounds due to the uncertainty of the inter-atomic potentials are presented. Also the 
resonance widths are computed using rigorous coupled channels calculations, as well as 
a modified version of Feshbach theory valid for strong fields. 

4.1 Introduction 

Laser cooling of neutral atoms continues to be a rapidly growing field of activity with a 
remarkable diversity of new methods and applications. Illustrative of this diversity are 
recent developments like gravitational Sisyphus cooling [1], rf-induced evaporative cool
ing [2] and 3D velocity-selective coherent population trapping [3]. The past year has 
also shown a rapid development in the determination of the long range interactions be
tween atoms by photo-association of ultra-cold atoms [4] and by measuring the highest 
bound levels of the ground state potentials [5]. One of the crucial quantities searched 
for is the elastic scattering length, which governs the stability of the condensate in 
Bose-Einstein condensation experiments: it must be positive in order to give a stable 
condensate. In [6] it was found that for specific values of the magnetic field resonances 
in the scattering length show up. These resonances offer the possibility to change the 
value of the scattering length and allow one to make it not only positive but also large, 
a condition for efficient evaporative cooling. Apart from this, resonance behavior in 
ultra-cold collisions is interesting on its own. Resonances would undoubtedly give rise 
to fascinating phenomena, in particular the structure of the two particle correlation 
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function will be totally different locally or over the whole gas sample in the trap, with 
associated consequences for the gas properties (e.g. equation of state). Furthermore, 
knowing the exact positions of the resonances allows one to extract the positions of 
the highest bound levels of the 8=0 singlet and 8=1 triplet potentials, which by their 
proximity to the continuum threshold help greatly to reduce the uncertainty about the 
interactions of ultra-cold atoms. 
In a recent search for theses-wave scattering resonances in 87Rb [7] unfortunately none 
were found. The problem with the heavier alkali-atoms such as rubidium and cesium 
is that the ground state potentials are not sufficiently known to theoretically predict 
the positions of the resonances. In the case of Li and Na, however, we believe the 
potentials to be accurate enough for this purpose. In this paper we briefly review the 
Feshbach theory of resonances in the light of ultra-cold atom collisions and look for the 
positions of resonances for the collisions of various di-atom combinations. Apart from 
the bosonic species 7Li and 23 Na we also consider the fermion 6Li. As is well-known, 
ultra-cold collisions have characteristic properties for fermionic atoms. Anti-symmetry 
requires the system to have odd collisional orbital angular momentum if we are consid
ering atoms in the same spin state. As the number of partial waves needed to describe 
a scattering process decreases with the kinetic energy, for sufficiently low energy the 
interaction will be almost exclusively p-wave. This means that a centrifugal barrier 
will keep the atoms apart, reducing the non-resonant phase-shift (potential scattering) 
almost to zero. Any resonances will therefore show up clearly, approaching the ideal 
Breit-Wigner shape without interference from a background phase-shift. 

4.2 Cold collisions in traps 

A common way to trap neutral atoms is to use a static magnetic field. One drawback 
is that it is impossible to create a local maximum for a static electro-magnetic field 
in free space. One is therefore limited to atomic (hyperfine) states that are low-field 
seeking over some range of the external field. A more recent technique involves the use 
of a microwave field, which avoids the restriction to low-field seeking states imposed by 
a static field. The microwave trap has been demonstrated in the past year for cesium 
[8]. Another trapping method where one is not limited to specific hyperfine states is 
the far-off-resonance optical dipole trap [9]. An interesting recent proposal is trapping 
atoms by means of focused high power infrared lasers [10] which would make it even 
possible to trap different atomic species simultaneously and study their mutual collision 
properties. 

Cold collisions are commonly described by the coupled channels method [12, 13]. 
The effective total Hamiltonian of the system is written as the sum of a part H0 with 
eigenstates I { a:,B}) (so called channels) tending asymptotically to a single symmetrized 
separate-atom product of internal states I a) and I ,B), and an interaction part V 
coupling the channels. Expanding the total scattering state '1}1 in this basis with f.-
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dependent coefficients, 
W = L ~{ai3}(f') I {a/3}), ( 4.1) 

{a/:1} 

and substituting this in the SchrOdinger equation, one is led to a coupled- channels 
problem, a set of coupled differential equations for the relative-motion wave function 
w {c./3} ( f'). The extremely low collision velocities characteristic of ultra-cold collisions 
generally allow one to restrict the set of coupled channels to electronic ground states 
and the relative motion to the lowest partial waves l only. In addition, symmetry 
considerations and the associated conservation laws make it possible to group the set 
of channels into uncoupled subsets. 

If, at the total energy E, the available asymptotic relative kinetic energy in a 
channel is positive, the channel is called open. Otherwise it is closed. A value of E, 
such that a particular channel opens, is a so-called threshold energy. The coupling of 
the open and closed subspaces of Hilbert space is crucial for the existence of Feshbach 
resonances. In the following we will be interested in the special features of Feshbach 
resonances occurring in cold collisions, i.e. close to threshold in a particular collision 
channel. 

4.3 Feshbach resonances near threshold 

Two types of resonances play a role in collisions: shape or potential resonances and Fes
hbach resonances. The first occur when a potential barrier creates quasi-bound states 
in the continuum, which after a while decay into a free state. A Feshbach resonance, of 
most concern in this paper, results when true bound states belonging to a closed chan
nel subspace match the energy of open channels and a coupling exists between them 
so that temporary transitions are possible during the collision process. The Feshbach 
theory of resonant states provides a way to calculate the S-matrix element Sii for the 
transition from an open channel i to another open channel j in the neighbourhood of a 
resonance. We briefly recapitulate the essential steps in order to provide the necessary 
background needed a) to understand the special features resulting from the proxim
ity to a channel threshold, b) to introduce the concepts needed to discuss a modified 
(strong-field) version of Feshbach theory in Sect. IV. C. For a more complete descrip
tion the reader is referred to the literature [14]. The total Hilbert space describing the 
spatial and spin degrees of freedom is subdivided into a closed-channel subspace Q, 
comprising (part of) the closed channels and a complementary open channel subspace 
P, containing at least the open channels. Feshbach resonances occur as a result of 
transitions from P to Q and back to P during a collision. Introducing operators P and 
Q, projecting on P and Q, the total Schrodinger equation of the system is split into 
two coupled equations: 

(E- Hpp)Wp 

(E- Hqq)Wq 
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with Wp := Pw, Wq := Qw, ,Hpp := PHP, Hpq := PHQ, etc. 
Eq. ( 4.3) is formally solved by using the Green operator E+_!HQQ, with E+ E + iO: 

1 
-::::--H-:-:--H Q p w p 

QQ 

Substituting this result in ( 4.2) we get 

(4.4) 

(4.5) 

where Heff = Hpp + HpqE+-1HQQHqp. The second term in this effective Hamiltonian 
can be interpreted in terms of a temporary transition from P-space to Q-space, prop
agation in Q-space en then re-emission into P-space. The next step is expanding the 
Green operator in discrete eigenstates and (energy normalized) continuum eigenstates 
of Hqq: 

1 
(4.6) 

If the total energy E is close enough to a discrete bound state energy e0 we can forget 
the remaining terms and ( 4.5) reduces to 

(E (4.7) 

with the formal solution 

(4.8) 

where I wt) is an eigenstate of Hpp with an incoming wave in channel i. We can solve 
for I Wp} by multiplication from the left with (</JB I Hqp and find 

(</JB I Hqp 1 wt) 
{ I 1 I ) . C 4.9) </JB Hqp E+-HppHpq </JB 

The amplitude Si; for the transition to channel j is determined by the asymptotic 
behavior of W p: 

so._ 21fi (wj 1 Hpq 1 </JBH</JB! Hqp 1 wt) 
J' E- eo- {</JB I Hqp E+-HppHpq I </JB) 

(4.10) 

We see that apart from the "direct" term SJ; resulting from coupling within P-space 
alone, the amplitude of an outgoing wave in channel j will include a term arising from 
coupling of the incoming wave in channel i to the bound state in Q-space followed by 
coupling of this state to channel j. If we have only one open channel i we can write 
the above expression as 

(4.11) 
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where r 21r I (<PB I HPQ I wt) 12 represents the width and D. the so-called resonance 
shift. 

In the case of ultra-cold collisions of ground-state alkali-atoms, it is the combination 
of single-atom hyperfine and Zeeman interactions which determines the threshold of the 
various channels at the specific magnetic field strength and thus determines the open 
and closed channel subspaces. The Coulomb interaction force, specifically the exchange 
part proportional to the difference of singlet and triplet interactions, determines the 
couplings HPQ and HQP of the open channels to a quasi-bound closed-channel state. 
Fig. 4.1 shows schematically the energy relationships in P and Q space, needed for 
a Feshbach resonance to show up. For simplicity we have taken both spaces one
dimensional. 

In the foregoing we introduced the orthodox version of Feshbach theory, in which 
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Figure 4.1: Coupling between a scattering state and a bound state in a closed 
channel. The atoms approach each other with total energy E on the potential 
curve V(r) of the open channel. At a certain kinetic energy the total en
ergy matches that of a bound state (bold line) in the closed channel potential 
(dashed line). 

the P and Q subspaces are defined in a straightforward way in terms of the sum of 
the internal atomic Hamiltonians. As a consequence, H PQ does not contain a Zeeman 
or hyperfine part, but is proportional to Vs - Vr. There is therefore no reason to 
expect HPQ to be a weak perturbation. In the strong-field limit a new version of 
Feshbach's theory can be formulated in which HPQ has a different meaning: essentially 
the ( 81 ~) · (i1 - i2) part of the total hyperfine interaction, to be denoted as V_!'f in the 
following (see eq. {4.22) below). This HPQ term does represent a weak perturbation 
in the strong field limit. 
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To formulate this new version we note that for strong fields v~r plays a negligible 
role at large inter-atomic distances, S, Ms, I, M1 being the appropriate good quantum 
numbers. It does, however, play a significant role in the radial region of the hyperfine 
avoided crossings. Effectively therefore we can neglect it beyond a certain distance 
rd [11]. In that situation the cannel spin states have definite S, Ms,l, M1 and the 
projection operators P and Q commute with the Coulomb part of the inter-atomic 
interaction, so that Hpq is effectively equal to v~r instead of being proportional to 
Vs- Vr. This has the important advantage that Hpq is a weak perturbation, which 
implies that the resonance shift 6. can be expected to be small, so that the position 
of the resonances will be close to the eigenvalue of I 4;0) in the isolated Q- space, i.e. 
neglecting vhr. Furthermore, the expression for the resonance width reduces to 

(4.12) 

in which both I 4;0} and I wt) are pure singlet or triplet states. 
We now specialize the foregoing equations to that of ultra-low collision energies. The 
case which will be of most interest in the following is that of one open channel (Eq. 
( 4.11)) with both atoms in the same initial spin state, threshold energy Eth and collision 
energy E; = E Eth· At low the surviving s-wave part of wt is proportional to 
Vfi,...., E;'4 in the limited r-range of the exchange interaction [15]. As a consequence, 
expressing the background amplitude in terms of a scattering length ao, s~ = e-2ik;ao' 

Eq. ( 4.11) reduces to: 

S;; e-2ik;ao (1- . 2iCk; ) (4.13) 
zCk;- eres 

where C > 0 and fres eo+6.(E; 0)-Eth(B) is the actual resonance position relative 
to threshold. Writing the right hand side as e-2ik;a, we find for the total scattering 
length a(B) including the resonance: 

a(B) ao 
c 

(4.14) 
fres 

where ao and C are only weakly dependent on B. In practice, the resonance contribu
tion to a(B) shows up only for B values close to the magnetic field strength B0 where 
the resonance crosses the threshold. There it is crucial to take the B-dependence of 
fres into account in the form 

fres(B) = (2JL;(Bo) f.Lo(Bo))(B Bo) (4.15) 

with f.L;(B) the single-atom magnetic moment of the initial hyperfine state and f.Lo(B) 
the magnetic moment of the two-atom resonance state. We thus have finally 

c 1 
a( B) = a0 - --:--::--:---~-:- ..,.,.--,-

2JL;(Bo) - f.Lo(Bo) B Bo 
(4.16) 

Fig. 4.2 illustrates this equation, both for a positive and a negative difference of mag
netic moments. 
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Figure 4.2: The two figures on top show the energy of the two-atom resonance 
state and the channel threshold as a function of B: upper-left for negative 
magnetic moment of the bound state (solid line) and positive single atom 
magnetic moment of the initial hyperfine state (dashed line), upper-right vice 
versa. The corresponding behavior of the scattering length as a function of 
magnetic field is shown below. The former situation applies to atoms in the 
lowest hyperfine state and to strong magnetic fields (> ahr/ p,8 ) when atoms 
are in the upper state of the lower hyperfine manifold. The latter situation 
applies to low magnetic fields for atoms in the upper state of the lower hyperfine 
manifold. An arbitrary value of a0 was selected. 

4.4 Determination of the location of resonances 

In this section we describe a calculation which indicates roughly at which magnetic 
field strengths resonances are expected to occur at threshold. The idea is to calculate 
the position of discrete two--body states with the appropriate quantum numbers as a 
function of B, considering the hyperfine coupling as a small perturbation. Comparing 
these energies with the (B-dependent) threshold energy of the collision channel con
sidered, will give us the desired B values. The effective Hamiltonian of the two-body 
system is of the form [13, 16] 

(4.17) 

where L: Hint represents the internal energy of the two atoms, i.e. the sum of the 
hyperfine and Zeeman interactions, vc is the central (Coulomb) interaction and Vd 
the magnetic dipole interaction. Previous studies [12, 17] indicate that an effective 
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Hamiltonian of this form provides for a description of observable quantities to the 
percent or even pro mille level. 
The central interaction depends only on I r I, and therefore conserves orbital angular 
momentum l and total spin F ( F = § + f where §stands for the total electron spin and 
f is the total nuclear spin), as well as their projections mz and MF. It also conserves 
§ and fseparately and can be decomposed in singlet and triplet terms: 

ye Vo(r)Po + Vi(r)Pl (4.18) 

where the Ps operator projects on the singlet, 8=0, or triplet, 8=1 subspace. The 
dipole interaction, on the other hand, is not invariant under independent rotations of 
spatial and spin degrees of freedom as it depends on relative orientations in space of 
orbital and spin degrees of freedom and thus may change F and MF. Since the dipole 
interaction is much weaker than the central interaction, however, and since we are not 
interested in dipolar rates here, we will neglect this term in the following. 
The internal Hamiltionian of a single atom is taken to be 

H int ahf ... 7 ( . ) B = r;:rs • ~ + "feSz - 'Yn~z z (4.19) 

where ahf is the hyperfine constant, 8 is the electronic spin and i is the nuclear spin. 
The first term is the hyperfine interaction and the second is the Zeeman interaction. 
The energy levels of atoms with nuclear spin i = ~ and i = 1 are shown in Fig. 4.3. 
We will label the one-atom hyperfine states with I /, m1), where f = i + 8, although 
f is only a good quantum number for zero B field. Asymptotically the central inter
action can be neglected and the two-body system is described by the eigenstates of 
each of the atoms separately. The scattering channels at infinity are therefore labeled 
as I {!I m/!, hmh}±), with +denoting the symmetrized and the anti-symmetrized 
spin states: depending on the orbital angular quantum number l and the atomic species 
(1Li and 23Na behave as bosons, 6Li as a fermion) symmetrized or anti-symmetrized 
spin states are needed. 
For small r-values it is more convenient to use a basis which exploits the fact that the 
central interaction is much stronger than the hyperfine or Zeeman interaction. Depend
ing on the strength of the magnetic field the set I (8/)FMF) or the set I 8M8 IM1) 

offers more advantages. In Fig. 4.4 we give an example of the adiabatic energy curves 
together with their labels in the two different regions of r. In between these regions 
none of the sets is a "good" diagonal basis-set, the adiabatic states will be mixtures of 
different basis states. 

4.4.1 Singlet and triplet potentials 

In a previous paper [18] we have shown how we have improved the Li triplet potential, 
obtained by Zemke and Stwalley [19] via a "dense" Rydberg-Klein-Rees analysis of 
spectroscopic data and the addition of short and long-range analytical parts, by Inverse 
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Figure 4.3: Energies of hyperfi.ne states, labeled lfmJ), as a function of mag
netic field, for atoms with nuclear spin i = 1 and i = ~ (E and B scales in 
arbitrary units). 
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Perturbation Analysis (IPA). Recent measurements [5] support the quality of this IPA 
potential. We have also been able to find the uncertainty left in the triplet as well 
as in the singlet potential [18, 20]. In the case of Na we started from the state of 
the art potentials from Ref. [21, 22]. We further improved the Na singlet interaction 
with IPA. Unfortunately there are insufficient experimental data to also improve the 
Na triplet potential. To get an idea of the remaining error in the potentials we look 
at the phase mismatch 4>(E, l) at a suitable meeting point of small-rand large-r parts 
of the wave function obtained by outward and inward integration of the Schr&Unger 
equation. 4>( E, l) is expected to be zero at the energy of a bound state. In the WKB 
approximation, with k = kE,l(r) the local wave number and r 1(E,l) and r2 (E,l) the 
inner and outer turning points, the error is given by 

D.4>(E, l) 1~
2 

D.k(r)dr (4.20) 

Differentiation of this quantity with respect to E and l(l + 1) emphasizes the depen
dence on the contribution from an interval close to the outer turning point where the 
"classical" motion is slow and the potential is already more reliable. It is therefore plau
sible [18, 20] that the derivatives of 4>(E, l) with respect toE and l(l + 1) are already 
described accurately by the present best singlet and triplet potentials and to allow 
only for a shift b.f/>(0, 0) at E = l = 0. By looking at the discrepancies between the 
experimental and calculated energy differences of the highest measured bound states 
as a function of this shift for the 7Li singlet and triplet potential the following ranges 
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Figure 4.4: 23 Na+23 Na adiabatic energy curves for zero magnetic field. For 
small r-values the states are labeled I (SI)FMF) and for larger-values the 
curves are described by the eigenstates of the internal Hamiltonian of each of 
the atoms separately. 

were found [18, 20] 

-0.02 < llif>s=o < 0.05 and - 0.04 < llif>s=l < 0.035 

For 6Li we adopt the same ranges. This is justified by the fact that our 7Li IPA curve 
differs only slightly from the 6Li Dense RKR curve, which indicates that adiabatic cor
rections are small. It should be noted that the above uncertainty in the shift is small, 
only a few percent of the period 1r, confirming the quality of the potentials. 

Recently the highest l = 0 bound state of 7Li triplet has been measured and was 
found at a distance of 598 ± 2 mK below the continuum [5]. This measurement com
pletely pins down the position of the 7Li triplet resonances, as will be shown in the 
following. 

That the above mentioned phase method also can be used to improve the potentials 
is illustrated by the Na singlet interaction. In Fig. 4.5 the discrepancies between exper
imental [23] and calculated energy differences for the highest measured rovibrational 
levels as a function of the shift llif> for the Na singlet potential, which we obtained by 
the IPA, is shown. Clearly the shift b.if> for Ev=62,J-Ev=6l,J. which are the highest mea
sured levels, is significant. However, according to Ref. [21] the outermost RKR turning 
point is subject to a relatively large uncertainty. Fig. 4.6 shows the !lE- b..if> diagram 
that we obtained after a suitable shift of this point. Apparently, the shift of this single 
RKR turning point brings the intersection points with the abscissa remarkably close 
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Figure 4.5: Discrepancies between measured and calculated energy differ
ences (left axis, solid lines) for the Na singlet potential as a function of 11</J. 
The ( v + 1, J) - ( v, J) combinations for the lines from above to below at 
11</1 = 0.3 are: (59,15)-(57,15), (59,13)-(57,13), (57,13)-(56,13), (57,15)-(56,15), 
(56,15)-(55,15), (60,13)-(59,13), (60,15)-(59,15), (61,15)-(60,15), (61,13)
(60,13), (62,13)-(61,13), (62,15)-(61,15). 

together. We thus find the following ranges for the phase-shift: 

-0.04 < 11</Js=o < 0.00 and 0.3 < 11<Ps=I < 0.3 

Compared to the above-mentioned other potentials, the uncertainty in the Na triplet 
interaction is rather large due to the fact that only a relative small number of bound 
levels for this state has been measured, with a rather low resolution. However, recent 
measurements of the elastic cross section of Na atoms in the f l,m1 = -1 state [2] 
give an elastic scattering length (±(92 ± 25) ao) which is close to the middle of the 
interval where we predicted it to be (64 < a1_ 1 < 152a0). This points to the fact that 
the uncertainty in the triplet potential given above is rather overestimated. 

Apart from the errors in the" inner" parts of the potentials the dispersion coefficients 
C6, C8 , C10 too have certain error bounds. These errors may move the analytical part 
of the potential curve up or down relative to the bottom and thus affect the positions 
of the energy levels. To determine the effect of this uncertainty in the potential on 
the bound state energy levels, the experimental data points were also shifted to match 
the maximum and minimum analytical tails, respectively. Calculating the positions 
of the presently unknown (except the 7Li triplet) highest 2-body energy levels in the 
following, we will take into account the combined effect of the uncertainties in the long 
range part and in the inner part of the potentials. 
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Figure 4.6: Discrepancies between measured and calculated energy differences 
(left axis, solid lines) for the Na singlet as a function of fj.ifJ after shifting the 
outermost RKR point. The (v + 1, J)- (v, J) combinations for the lines from 
above to below at lj.ifJ = 0.3 are: (59,15)-(57,15), (59,13)-(57,13), (57,13)
(56,13), (56,13)-(55,13), (57,15)-(56,15), (56,15)-(55,15), (60,15)-(59,15), 
(60,13)-(59,13), (61,15)-(60,15), (61,13)-(60,13), (62,13)-(61,13), (62,15)
(61,15). 

4.4.2 Bound State Energy levels 

The method we now follow to find the bound levels, will consist of calculating the 
energy of the highest bound levels of the singlet S=O and triplet S=1 ground states 
and include the hyperfine and Zeeman interaction: 

"""' Hint ahr (- ..,. - ..,. ) ( S I ) B L....J = 1j! 81 • Z1 + 82 · Z2 + 'Ye z - 'Yn z z · ( 4.21) 

Neglecting the mixing of different (SI) combinations by the (81 - 82) • (i1 - i2 ) part of 
the total hyperfine interaction, 

ahf (- -:' - -=') ahf (- -) (-=' -=') ahf (- -) (-=' -=') vhf vhf 1j! 81 • Z1 + 82 • Z2 = 
2
/i2 81 + 82 • Z1 + Z2 + 

2
/i2 S1 - 82 • Z1 - Z2 := + + _ , 

( 4.22) 
these states are characterized in the zero-field limit by the total spin and total spin
projection quantum numbers F and MF and are written as I v, l (SI)FMp). 
This approximation is justified except for very close-lying singlet and triplet levels 
(within a distance of about ahr). Note that 81 - 82, being antisymmetric in 1 and 2, 
couples symmetric (i.e. triplet) electronic spin states and antisymmetric (i.e. singlet) 
states. Due to the differences in electronic and nuclear gyro-magnetic ratios, as an 
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external magnetic field is applied bound states will be mixtures of various I ( S I)F M F) 
states with different F. For very strong fields each of the eigenstates approaches a state 
with definite total electronic spin (Sand Ms) and total nuclear spin (I and M1), so 
that in this limit these are the good quantum numbers. These basis states are denoted 
as I SM8 IM1 } and the bound states are likewise characterized by I v,l SM8 IM1 }. 

We illustrate the above by considering two Na atoms in the I f = 1, m1 = -1} state. 
In this case we have two atoms in the same spin state, requiring that l be even to form 
a symmetric total wave-function. In all cases, symmetry considerations require that 
the sum l + I + S be even. Note that this rule applies to both bosonic and fermionic 
alkali atoms: the permutation symmetry of the electronic spin states is determined by 
( -1) l-S, that of the nuclear spin states by ( -1) 2i-1 • From the above requirement of 
even l, we thus haveS+ I= even for 23Na. Taking into account that the (conserved) 
total Mp = -2, so that F ~ 2, we have the possibilities 

s 1 --4 { 1=1---+ 
I 3---+ 

F=2 
F = 2,3,4 

S=O ---+ I=2---+ F=2 

The structure of these four triplet and one singlet states is easily derived, both in 
the weak field and strong field limits, provided we write the hyperfine interaction 
in the approximation explained above as v~r = ~S · f Clearly, this term conserves 
S, I, F, Mp. Since the same is true for the Coulomb part of the inter-atomic interaction, 
this determines the set of good quantum numbers in the zero-field (and weak-field) 
limit. As pointed out above, the external field does not conserve F. It does conserve 
S, Ms,l, M1 , however. This defines the set of good quantum numbers in the strong
field limit. We conclude that in the S · f approximation the problem of finding the 
two-body bound states can be solved in terms of uncoupled orbital and spin states. 
The orbital problem leads to a set of eigenstates in a pure singlet or triplet potential, 
the spin problem to the states 

weak B-field strong B-field 
I (SI)FMp} I SMslMI) 
1 (02)2- 2) --4 1 oo2- 2} 
I (11)2 2) --4 ll-11 1) 

{ 1 (13)2- 2) { 11- 13- 1) 
I (13)3 2} --; 1103- 2} 
1 (13)4 2} 1113- 3) 

for extreme fields and easily calculable superpositions for intermediate field strengths. 
For each orbital state, a multiplet of spin levels is thus obtained by calculating the 
matrix elements of the internal Hamiltonian in the I (SI) FM F) basis and diagonalizing 
this matrix. Fig. 4.7 shows the energies of the v = 14, l 0 triplet and v = 65, l 0 
singlet bound states. Also shown is the open channel threshold energy of the I 1 
1, 1 - 1} collision channel. It is seen that there is reason to expect resonant behavior 
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Figure 4.7: Energies of the singlet (8=0) v 65,1 = 0 and triplet (8=1) 
v = 14, l = 0 bound states as a function of magnetic field. At B=O the 
degeneracy of the triplet state is lifted by the hyperfine interaction. Also 
shown (dashed line) is the threshold energy of the I 1 1, 1 - 1) collision 
channel. Resonances occur when this line intersects a bound state curve. 

at magnetic field values of B = 0.105 T and B = 0.185 T. 
A rigorous way to find the exact location of the resonances is to solve the coupled 

channels equations numerically. The result is obtained in the form of the S-matrix 
elements. Rapid change in an S-matrix element indicates a resonance. With a single 
channel open, elastic S-matrix elements can be written as e2M(k), where 6 is known as the 
phase-shift and k stands for the wavenumber. A quantity of crucial importance for the 
achievement of BEC is the so-called scattering length a, defined as a = -limk ..... o ti(k ). 
Fig. 4.8 shows the value of the scattering length for the collision of two atoms in the 
I f 1, m f = -1) state following from a rigorous coupled channels calculation. Clearly, 
we find perfect agreement of the resonance positions obtained from the simple bound 
state model and the positions from the coupled channels calculations. 
It is of importance to point to a basic difference of the present calculations with those 
of Ref. [6]: for 23Na and for the Li isotopes we now have detailed knowledge of the 
relevant properties of singlet and triplet potentials available, so that our theoretical 
results do not represent order of magnitude estimates but rather accurate predictions 
with narrow error limits. As stated before, uncertainties in the potentials will shift 
the bound state levels up or down, resulting in a shift of the position of the resonance. 
Taking account of the uncertainties left over for the Na potentials we find the resonance 
position at 0.084 < B < 0.134 T. In Table 4.1 we summarize the calculations along 
similar lines for 6Li, 7Li and 23 Na. We only consider states which are stable against 
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Figure 4.8: Value of scattering length for f=l, mf=-1 state as a function of 
magnetic field following from coupled channels calculation. 

exchange relaxation. Note that all resonances are predicted at field values large relative 
to ahr/ /lB, where the strong-field limit is valid. 

4.4.3 Resonance widths 

In the previous section we found the locations of the resonances corresponding to the 
singlet and triplet closed channel bound states. We will now concern ourselves with 
their widths. We want tp predict these in the strong-field limit which, as we have seen, 
turns out to apply for all predicted 6Li, 7Li and 23Na resonances. In that limit it is 
profitable to adopt the modified version of Feshbach's theory considered above, leading 
to Eq. ( 4.12) for the width. Since we know the closed channel bound state I if>o) to be 
a pure singlet or pure triplet state, its wavefunction can be determined by numerical 
integration of the Schrodinger equation. In order to evaluate ( 4.12), we will need 
to look more closely at the scattering state I wt) in the case of a low-energy collision 
between ground state atoms. In the following we will take the specific singlet resonance 
of 6Li in the I f ~' m1 = -t) state as an example. The two-atom combinations 
that give a total magnetic quantum number Mp = -1 form a five-dimensional spin 
subspace. These states can be expressed in the convenient I SMsi Mz) basis. The 
mixture of SMsiM1 ) states in the entrance channel spin state If= t, m1 = -t, f = 
!,m1 = is 

{ 
1 1 1 1 }+ I----- ) 
2 2' 2 2 

= /32 1112- 2) + {fa? 11 - 120) a/31102- 1) (4.23) 
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atom I fmt) state Bres bound state 

I 6Li I! !> 11.7 mT < B < 26.5 mT J38,1,(01)1-1) 

0.337 T < B < 0.384 T 19, 1, (12)3- 1) 

IH> 6.4 mT < B < 21.0 mT I 38, 1, {01)11) 

0.332 T < B < 0.382 T I 9, 1, (12)31} 

0.332 T < B < 0.382 T 1 9, 1, (lO)ll) 
7Li Il-l} 0.078 T < B < 0.137 T I 41, o, (o2)2- 2} 

0.233 T < B < 0.237 T 110, o, (13)4- 2} 

Ill) 0.052 T < B < 0.082 T 1 41, o, (02)22} 

0.205 T < B < 0.209 T 110, 0, (13)42) 

0.205 T < B < 0.209 T jlO, 0, (ll)22) 
23Na Il-l} 0.084 T < B < 0.134 T 114, 0, (13)4- 2} 

0.148 T < B < 0.172 T 114, 0, (13)3- 2) 

Ill} 0.016 T < B < 0.068 T jl4, 0, (13)42) 

0.03 T < B < 0.075 T 114,0, (11)22) 

0.09 T < B < 0.185 T 114, 0, (10)32} 

Table 4.1: Location of resonances for different atoms, different entrance chan

nels and various bound states (indicated by quantum numbers at zero magnetic 

field) from wbicb tbe resonances result. 

where 

a = cose, 
p = sine, 

11 - 100) + a/3 I 001 1) , 

e ~arctan ( 2V2 ) 
2 1 + 2('Ye + 'Yn)~B 

From these expressions it is seen that the singlet contribution vanishes for large values 
of the field. At large fields the state is a mixture of the triplet states I 1 - 120) 
and I 1 - 100). This confirms the assumption of pure singlet or triplet channel spin 
states in the modified Feshbach theory. Since v~r couples the above triplet channels 
to 8=0 only, we can expect resonances with only very narrow widths for triplet bound 
states, which will probably be very difficult to observe. This again is confirmed by 
the rigorous results for the resonances obtained with our coupled-channel calculations. 
The resonance width for a singlet bound state, on the other hand, is determined by 
Eq. (4.12) taking the form 

r = 21r I (cPs=o I v~r I wt=l) 1
2, (4.24) 

where c/Js=o is the singlet bound state and wL1 is a triplet scattering state, i.e. a 
p-wave continuum wavefunction. Working out spin matrix-elements we finally get 

r = 21ra~f (! dfcfJs=o(fJiJ!s=l(T) r' (4.25) 
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with c/Js=o( f) and \11 S=l (f) the spatial parts of the bound and scattering wave functions. 
We conclude that the bound state has to be a p-wave state too. Numerical integration 
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Figure 4.9: Energy dependence of real part of S-matrix element at the magnetic 
field giving a resonance at 0.25 mK (dashed curve) and at 1 mK. 

of (4.25) yields the resonance widths as a function of collision energy. In Table 4.2 

E (mK) rFesh (mK) rcc (mK) 

0.25 0.0094 0.010 

0.50 0.026 0.030 

1.00 0.074 0.081 

2.00 I 0.20 0.22 

Table 4.2: Resonance widths of the 6Li singlet resonance for collision energies, 

calculated with modified Feshbach theory (f'Fesh) and with coupled channels 

calculation (rcc). 

these are compared to the values resulting from a rigorous numerical solution of the 
coupled channels equations. The agreement between the two is good, justifying our 
strong field approximation and modified Feshbach theory. 
The energy dependence seen in the table is of the form E312, and is due to the scattering 
wave function \11. This can be seen from the low energy behavior of the free part of the 
radial wavefunction: 

. 1 (kr)l+1 

VkrJt(kr) -+ v'k (2l + 1)!! (4.26) 

Thus the width goes with E1+112• Fig. 4.9 shows the dependence of the width on E and 
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Figure 4.10: B-dependence of real part ofS-matrix element with kinetic energy 
of 0.5 mk (dashed), 1 mK (dotted) and 2 mK in incoming channeL 

Fig. 4.9 shows the B dependence for different energies. Note the ideal Breit-Wigner 
shape of the resonances due to the fact that the non-resonant phase shift is zero. We 
now turn to a calculation of the widths of the complete set of resonances obtained by 
the rigorous coupled channels calculation. Table 4.3 summarizes the widths of the 
resonances from Table 4.1 along the B scale for kinetic energies of 1 J,£K and 10 J,£K in 
the corresponding scattering channel. The table shows a large variation in width for 
different resonances. Small widths can be explained by the fact that the interaction is 
not efficient in coupling the entrance channel with a quasi-bound state. An example is 
the resonance corresponding to the bound state 110,0 (13)4- 2) for 7Li. In the B-field 
region where the resonance is found the entrance channel is almost pure triplet. The 
bound state is also an 8=1 state. The v__~>r part of vhr, however, couples only triplet 
with singlet states. 

We conclude that the hope of predicting resonance phenomena in the low-field seek
ing region for the highest states of the lower hyperfine manifold for 6Li, 7Li and 23Na 
is apparently not fulfilled. It should be noted, however, that the predicted resonances 
might be observable with newly proposed and developed trapping schemes [8, 9, 10]. 
We have found the positions of these resonances and calculated their widths. Exciting 
phenomena may be expected to take place in a trap at locations where the field value 
corresponds to a resonance. In addition, the observation of these resonances in such 
an experiment would provide a measure of the quality of the inter-atomic potentials 
derived in our group and reduce the uncertainty associated with them. 

54 



Resonances in ultra-cold collisions 7Li and 23 Na 

atom I fmJ) state bound state AB for Ekin= 1 ttK in Gauss AB for Ek;n= l01-1K in Gauss 

I 6Li I!-~> 138,1 (01)1- 1) 0.000025 0.0008 
I 9, 1 (12)3- 1} < < 

I Hl I 38,1 (01)11) 0.000025 0.0008 

I 9,1 (12)31) < < 
& 19,1 (10)11} 

7Li ll- 1} 141,0 (02)2- 2) 1.22 3.84 

110, 0 (13)4- 2} 0.001 0.004 

Ill} 1 41, o (02)22) 0.85 2.7 

110,0 (13)42) 0.002 0.006 
& 110,0 (11)22} 

23Na 11-1) 114,0 (13)4 - 2) 0.20 0.63 
114,0 (13)3- 2) 0.094 0.30 

I 

Ill} 114,0 (13)42) 0.0008 0.0026 
114,0 (11)22) 0.45 1.48 
114,0 (10)32) 0.038 0.123 

Table 4.3: The widths of the resonances from Table I. 
The widths of the 6 Li triplet resonances were too small for these low energies 

to be calculated. We found a width of 16 x w-6 Gauss for a kinetic energy of 

10 mK. The & sign denotes that this bound state overlaps with the previous 

one so that no separate widths could be determined. 
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Abstract 

Using a multi-channel bound-state method we predict the highest bound states of the 
23Na di-atom system, closely related to the collisional behavior of ultra-cold atoms. 
The results agree well with a model where the hyperfine interaction is treated in first 
order perturbation theory, except for the triplet level closest to the continuum, which 
we predict to be very weakly bound. This level is responsible for the large, positive 
scattering length of the mt = ±f states of the lower hyperfine manifold. Its experimental 
observation would confirm our prediction of a stable Bose condensate. 

Collisions between cold atoms play an important role in the rapidly developing field of 
.laser cooling experiments. They are interesting as a largely unexplored kind of colli
sions in a new temperature regime [1] and are crucial in determining fundamental limits 
on the accuracy in precision experiments like the cesium atomic frequency standard 
[2, 3], and in determining trapping times in neutral atom traps [4]. 

Despite the rapid recent developments, the description of cold collisions is still far 
from complete due to insufficient knowledge of inter-atomic potentials. Fortunately, 
compared to thermal and super-thermal collisions the ranges of energy E and of or
bital angular momentum l involved are so small that knowledge of most of the singlet 
and triplet potentials is not needed: information on the inner potential parts enters 
collisional observables only in the form of a cumulated radial phase ,P(E = 0, l = 0) at 
a rather large radius r0 , together with its first derivatives d,PjdE and d,Pjd[l(l + 1)] at 
E = 0, l = 0 [5, 6, 7]. This reduces the needed information considerably: only these 
parameters and the relatively better known outer potential parts are to be determined. 

A second advantage of cold collisions is the possibility, associated with their prox
imity to the threshold of the continuum, to extrapolate various quantities through 
threshold both in the upward and downward direction. Information on the highest 
bound states can be used to derive the scattering lengths [5, 6, 7] and vice-versa. With 
this in mind, experimental groups are presently focussing on the determination of the 
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location of such highly-excited states by means of two-photon experiments in Li2 [8], 
Na2 [9] and Rb2 [10]. The present paper is a contribution to this type of approach. 
Specifically, our purpose is to use a multi-channel bound state method to predict the 
location and other properties of the highest discrete Na2 states, which can be used as 
a guide in the ongoing experiments. 

In previous papers [6, 7] we have improved the state-of-the-art Na theoretical sin
glet potential curve by an Inverse Perturbation Analysis (IPA) and obtained bounds 
on the uncertainty in the inner part of the singlet and triplet potential, characterized 
by !::l.rjJ(E = 0, l = 0). From these potentials we derived the scattering length for colli
sions of Na atom pairs in the f = 1, m1 = ±1 states of the lower hyperfine manifold 
and in the doubly-polarized f = 2, m! = ±2 states [11]. The latter was found to 
be a2,2 = 106:~~ and the former a1,_1 = 86:~g. Recently, Ketterle's group at MIT 
has measured the elastic cross-section for collisions of f = 1, mt = -1 atoms [12]. 
From the low-energy cross-section they find a1_ 1 = ±(92 ± 25), in agreement with our 
prediction. We now proceed, using our present knowledge of the Na+Na interaction 
properties, to predict the highest N a2 bound states which have not yet been seen by 
2-photon spectroscopy or other methods. 

The Hamiltonian for the system of two ground state Na atoms can be written 
effectively as [13, 14] 

-2 2 

H = '!!.__ + L v:hf + v:z + vc 
2J.L i=l ' ' 

(5.1) 

where the first term is the kinetic energy for the relative motion of the atoms with J.L 

the reduced mass, Vhf and vz are the single-atom hyperfine and Zeeman terms, and 
the two-atom interaction term vc is the central interaction, i.e. the effective form of 
the sum of all Coulomb interactions between electrons and nuclei. For the specific 
form of the above interaction terms we refer to Ref. [13, 14]. The central interaction 
conserves the orbital angular momentum quantum numbers l and m1 and the total spin 
projection MF = mh + mh where lis the total one-atom spin vector (/ = s + i, with 
sand i the one-atom electron and nuclear spin, respectively). At large inter-nuclear 
distances the central interaction can be neglected and the two-atom hyperfine states, 
denoted as I {!I, m fp h, m /2} +), where the + symbol stands for symmetrization, are 
the most appropriate basis to describe the asymptotic channels in a scattering problem. 
For small r the central interaction is much stronger than the hyperfine interaction. In 
this region the basis I (SI) FM F) is to be preferred. Here, S and I stand for the total 
(two-atom) electron and nuclear spin quantum numbers, respectively. As most bound 
state wavefunctions do not extend beyond the distance where the exchange part of the 
central interaction is of the same order of magnitude as the hyperfine interaction, it is 
usually permitted to neglect the hyperfine interaction. In this paper, however, we are 
interested in the highest bound levels which do extend to distances where the hyperfine 
avoided crossings are located and even beyond. An extreme example of the dominant 
role of the hyperfine mixing in such states has been studied by Demtroder's group [15] 
for Cs2, in which case it even leads to a significant amount of mixing of electronic 
parities g and u. The central interaction couples all two-atom hyperfine states with 
the same MF, so that the Schrodinger equation for a scattering or bound-state problem 
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oth order state E (oth order) E (1'1 order) E (coupled-channels) I v, l (SI)F) states 

0.043 0.043 j15, 0 (13)4) 

UB UB 115,0 (11)2) 

S= 1,v 15,1 = 0 -0.002 UB UB 115,0 (11)1) 
-0.016 -0.016 115,0 (13)3) 

UB UB jl5, 0 (11 )0) 
UB -0.077 j15, 0 (13}2) 

S = 0, V = 65, l == 0 -0.033 UB UB j65, 0 (00)0} 
UB UB I 65, o (o2)2) 

-0.127 -0.127 114,0 (13)4) 
-0.157 -0.156 114,0 (11)2} 

S = l,v = 14,1 0 -0.171 -0.186 -0.186 114,0 (13)3) 
-0.186 -0.186 114,0 (11)1} 
-0.200 -0.200 114,0 (11)0) 
-0.229 -0.230 114,0 (13)2} 

S = 0, V 64, l = 0 -0.458 -0.458 -0.462 I 64, o (02)2) 
-0.458 -0.465 I 64, o (oo)o) 
-0.900 -0.900 j13, 0 (13)4) 
-0.929 -0.929 j13,0 (11)2) 

S = l,v = 13,l 0 -0.944 -0.959 -0.959 j13, 0 (13)3) 
-0.959 -0.959 113,0 (11)1) 
-0.979 -0.979 j13,0 (11)0} 
-1.003 -1.002 113,0 (13)2) 

, S=O,v=63,l=O -1.723 -1.723 -1.725 I 63, o (02)2) 
-1.723 -1.726 1 63, o (oo)o) 

Table 5.1: Positions of Na2 l = 0 bound levels. UB stands for "unbound". All 
energies in cm -l 

can be formulated as a coupled-channels problem in the hyperfine basis. 
Our method to predict the location and other properties of the multi-channel bound 

states is essentially an extension of a continuum coupled-channels method for cold atom 
collisions [13, 16] to below threshold. Schrodinger's equation is rewritten as a set of 
coupled equations 

(5.2) 

where the columns of the solution matrix E_ represent a complete set of linearly inde
pendent solutions and C stands for the coupling matrix. The rows correspond to the 
mutually coupled hyperfine channels. In contrast to the continuum case the (discrete) 
eigenvalue E is unknown. Guessing a value for E, the set (5.2) is solved in the outward 
radial direction up to an inter-atomic distance beyond the hyperfine avoided crossings, 
where C becomes diagonal. The boundary conditions for the columns of this solution 
Fin near the origin are arbitrary as long as they are independent and regular. In the 
outer region a similar set of equations, decoupled in the hyperfine basis, is solved in the 
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inward direction starting with regular asymptotic bound-state boundary conditions at 
infinity, yielding a diagonal solution matrix out' A necessary and sufficient condition 
for the existence of a single solution in the internal solution space which fits smoothly 
onto one in the outer solution space is a vanishing Wronskian determinant: 

) -0 out - {5.3) 

This condition is only met at the discrete energies of the bound states. Special care 
is taken to use a form [17] for the starting conditions as well as for the Wronskian 
determinant that is of such high order in the radial step size as to be consistent with 
the order of the radial integration method [1]. 

Before presenting the results of the coupled channels bound state calculation it 

S=O S=l <S!lF 

v=15 
0.0 

v=l4 

-0.5 v=64 

- (13)4 -a (11)2 

(13)3/(11)1 

(,) -1.0 (11)0 

'-" v=13 
(13)2 

~ 

-1.5 

v=63 

-2.0 

Figure 5.1: Positions of Na2 bound states predicted using the multi-channel 
bound state method. The dashed line is the onset of the continuum for MF=-2 
to +2. The I v 15, l = 0 (13}2) level is very weakly bound. 

is instructive to discuss a model in which the hyperfine interaction is treated in first 
order perturbation theory. It can be written as 

where S and fare the total electron and nuclear spin of the two-atom system and ahr 

stands for the hyperfine constant. The term v~r mixes singlet and triplet states and 
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Laser cooling and the highest bound states of the Na di-atom system. 

can be neglected when the energy spacing between subsequent singlet and triplet levels 
is large relative to ahr. For v_~r the following expression applies: 

V!r a:r [(F(F + 1)- S(S + 1)- I(J + 1)] (5.5) 

Bose-Einstein statistics requires S +I+ l to be even, which makes it easy to derive the 
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Figure 5.2: Energy of I v = 15, l = 0 (13)2) level as a function of added triplet 
phase, .1-<,b(O, 0) (below) and corresponding scattering length a 1_ 1 (above). 

bound-state energies from the pure singlet and triplet levels in combination with the 
hyperfine splittings given by (5.5). In Table 5.1 the results of this first-order calculation 
and those of a rigorous multi-channel calculation are presented for l = 0. To be specific 
we restricted ourselves to the case of a vanishing magnetic field. Note the splitting of 
the S = 0 levels due to the repulsion by nearby S = 1 states, which is a consequence 
of the coupling by V.!'r in second order and leads to an effective i 1 • l; coupling of the 
nuclear spins (15]. Fig. 5.1 shows the multi-channel results. Note the strong "compres
sion" oflevels close to the continuum in accordance with the Stwalley-Le Roy-Bernstein 
formula for long-range molecules [18, 19], and the fact that the hyperfine splitting is 
small relative to the spacing between successive singlet and triplet levels. 

From the table it is seen that in almost all cases the rigorous multi-channel calcula
tion gives results in close agreement with the first-order predictions. This is especially 
true for the F = 1, 3 and 4 states, since V.!'f couples only (SI)F states with a common 
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F value. For the above F values, however, only a single (SI) combination is possible. 
A remarkable difference between the two calculations is associated with the high-

I v, l (SI)F} state E I v,l (SI)F} state E 
114,4 {13}4} -0.0004 113, 7 {12)3} -0.306 

114,4 (13)3} -0.055 113, 7 (10)1) -0.335 

114,4 (13)2} -0.104 113, 7 (12)2) -0.350 

114,3 (12)3) -0.061 113,7 (12)1) -0.379 

114,3 (10)1} -0.095 113,6 (13)4) -0.437 

114,3 (12)2) -0.108 113,6 (11)2) -0.466 

114,3 (12)1) -0.138 113,6 (13)3) -0.496 

114,2 (13)4} -0.087 113,6 (11)1} -0.496 

114,2 (11)2) -0.118 113,6 (11 )0) -0.510 

114,2 {13}3} -0.146 113,6 {13)2) -0.540 

114,2 (11)1) -0.146 1 64,6 (02)2) -0.104 

114,2 (11)0) -0.162 I 64,6 (oo}o) -0.108 

114,2 (13}2) -0.190 I 64, 5 (03}3) -0.197 

114, 1 (12}3) -0.129 1 64,5 (01)1} -0.203 

114,1 (10)1) -0.158 I 64, 4 (o2)2) -0.285 

114, 1 (12)2} -0.172 I 64,4 (oo)o) -0.288 

114, 1 (12)1) -0.201 164,3 {03)3} -0.351 

113,8 (13)4) -0.130 164,3 {01)1) -0.356 

113,8 (11)2} -0.160 I 63, 11 {03)3} -0.112 

113,8 (13)3) -0.190 163,11 {01)1) -0.114 

113,8 (11 )1) -0.190 I 63, 10 {02)2} -0.361 

113, 8 (11 )0) -0.204 I 63, 10 (oo)o) -0.362 

113, 8 {13)2} -0.234 

Table 5.2: Energies (in cm-1) of highest N~ bound levels. 

est triplet level. The first order model predicts the 1(13)2) state to be in the continuum, 
whereas the multichannel calculation predicts it to be very weakly bound [20]. Exper
imental confirmation of this prediction is of crucial importance, since it would confirm 
the previously predicted [6] positive sign of the scattering length a1_ 1 needed for the 
stability of the condensate in ongoing attempts to realize Bose Einstein condensation 
in a gas of ultra-cold f = 1, m1 -1 Na atoms [22]. As pointed out above, present 
experimental evidence has only confirmed the predicted large absolute value of a1_ 1 

but not its sign. 
The above predictions are based on the central values for the singlet and triplet 

phases l/>(0, 0) determined in Ref [6, 7]. The range of uncertainty ~l/>(0, 0) in these 
phases obtained in the same work gives rise to an error bar on the positions of the 
levels. As the uncertainty in the singlet potential is much smaller than that of the 
triplet potential the predictions for the singlet levels are the most accurate ones. For 
the highest S 0 level, for instance, we find ~E to be between + 0.013 and -0.003 
cm-1

. In Fig. 5.2 the dependence of the I v 15, l = 0 (13)2} level on an extra triplet 
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phase ~4>(0, 0) is shown together with the corresponding scattering length a1_ 1. Note 
the strong increase of the latter for the bound state approaching threshold. A typical 
error bar for the lower triplet states is ±0.04 cm-1. 

In the foregoing we restricted ourselves to the N~ l = 0 levels. The same multi
channel method can be used to predict also the l "!- 0 levels, which are of less importance 
for 2-photon experiments initiated with cold atoms. In view of other types of 2-photon 
experiments [23, 15] attempting to locate bound states close to the continuum, we also 
present the energies of the most weakly bound states with l # 0 (see Table 5.2). 

Summarizing, we have predicted the positions of the highest Na2 singlet and triplet 
bound states on the basis of a multi-channel bound-state method. In general, the 
differences with a model in which the hyperfine interaction is treated in first order 
are small. For l = 0 the highest triplet level forms an exception as our multi-channel 
method predicts the I v = 15, l = 0 (13)2) state to be bound in contrast to the first
order model. Similar deviations from first order are expected on an even larger scale 
for heaver alkalis such as Rb2 and Cs2• 
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Abstract 

In view of recent successful evaporative cooling experiments reaching temperatures in 
the nK range, we discuss ground-state two-body inelastic and three-body decay rates 
of dilute cold atomic gas samples at ultralow temperatures. We present theoretical 
low-temperature two-body decay rates in alkali-atom systems using recently obtained 
information on two-body potentials. The rates show an oscillating structure as a function 
of temperature and magnetic field which can be understood in terms of the interference 
of initial and final radial waves. 

The recent breakthrough [1] in the ongoing attempts to realize the Bose- Einstein 
condensed phase in a dilute quantum gas by evaporative cooling (see also Ref [2, 3, 4]) 
makes it increasingly important to predict the rates of the two-body inelastic and three
body collisional decay mechanisms of the gas density in the T ---.. 0 temperature limit 
since these are expected to control primarily the lifetime of the condensate. Some recent 
work addresses this question [5, 6]. In this paper we present some results for 2-body 
inelastic collisional rates for T ---.. 0, calculated by a rigorous quantum-mechanical 
approach and using recently obtained information on two-body potentials. Also a 
discussion is devoted to three-body decay in this limit. 

Let us first discuss the inelastic decay rate due to two-body exchange collisions. As 
an example we consider the transitions 

(1,-1)+(2,+1) ___.. (1,-1)+(1,+1) 
-+ (1, 0) + (1, 0) (6.1) 

due to exchange collisions in either 7Li, 23Na or 87Rb, using the notation {!, m1) for 
single-atom hyperfine states. The processes (6.1) may be of importance&'> a loss mech
anism in gravitational sisyphus cooling [7, 8]: they are exothermal and, moreover, the 
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Figure 6.1: Exchanges-wave (upper curves) and d-wave (lower curves) relax
ation rates Gi-f for the processes (2, +1) + (1, -I) -+ (I, +I)+ (I, -1) and 
(2, +I)+ (I, -1) -+ (1, 0) + (1, 0) in Na as a function of energy in the initial 
channel. 

final (1, 0) and (1, +1) states are high-field seeking. Fig. 6.1 shows the energy depen
dence of the rate constants of processes (6.1) before thermal averaging at zero magnetic 
field, calculated by means of the quantum mechanical coupled-channels method using 
the triplet and singlet Na-Na potentials of Ref. [9, 10]. Note that the rates go to a 
finite limit for the collision energy E in the entrance channel going to 0. This is in 
agreement with Wigner's threshold law [11]. Previously, (finite) values for the same 
T = 0 relaxation rates were obtained by our group in the case of spin-polarized hydro
gen [I2, I3]. If one would apply the semi-classical approximation, expected to be valid 
at higher energy [I4], to describe the radial motion at ultralow collision energies in the 
initial channel, one would obtain a rate going to infinity as E-112 (see also Fig. 6.3 
below). This is also the conclusion of Ref. [5]. Note that the quantum suppression 
effect indicated in that paper is a relative suppression of the rigorous quantum rates 
compared to semi-classical values. It is not an absolute suppression in the sense that 
quantum rates go to zero for T -+ 0. In this connection it is of interest to point to 
an important difference of 3D quantum reflection with that of ultracold atoms against 
a superfl.uid helium film which is essentially a ID scattering phenomenon. Although 
the s-wave radial Schrodinger equation in 3D has the same fundamental form as the 
ID Schrodinger equation, the quantum reflection phenomenon is different in 3D and 
ID. This can be illustrated most easily by comparing the scattering of a wave with 
long wavelength and amplitude 1 by a hard object in 1D and 3D. In ID the destructive 
interference of the reflected wave with the incoming one reduces strongly the total wave 
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amplitude with respect to 1 within a distance of the order of the wavelength. In 3D 
the scattered wave spreads out isotropically, so that the strong destructive interference 
extends only over a small fraction of a wavelength. Quantitatively this. follows for 
general potentials from the expression (1/kr)sink(r a) for the total wavefunction in 
the region just outside the scatterer, which goes to the finite value 1 afr for k----+ 0, 
whereas the total wave in lD will behave like sin k(z- a), going to zero as k(z a). 

Next we turn to the process of relaxation of the doubly~ polarized atomic states due 
to the magnetic dipolar spin~spin interaction. The rate constant for this process is 
given by 

(6.2) 

with k; and k1 the initial and final wave vectors. In Eq. (6.2) the normalization of 
the T~matrix element is taken to be such that its lowest order form in terms of the 
interatomic interaction is 

TJ;(kt,k;) =I (eikrr)*ve;f,.rd3r . (6.3) 

Treating the weak dipolar interaction Vd to first order and the central (singlet~triplet) 
potential to infinite order, we have 

(6.4) 

where u; and Uf are distorted waves. In Eqs. (6.3) and (6.4) we have suppressed the 
spin degrees of freedom in the notation. 

Now consider as an example the transition 

(2, +2) + (2, +2)- (2, +2) + (2, +1) (6.5) 

at a field B =/: 0. In this case both u; and u1 are pure triplet waves with l; = 0 and 
lt = 2. For small k;, kt remains finite and u;(k;, f') goes to an isotropic function in the 
radial range where the dipolar transition takes place and is given by the above function 
(1/kr)sink(r a)~ 1- afr. As a consequence, Tfi and G;_,f go to a finite constant, 
again in agreement with Wigner's threshold law [11] and Ref. [5] 

The rate of the process (6.5) for Na is presented in Fig. 6.2, together with those 
of all other possible final channels. At higher collision energies d~wave and higher 
partial wave contributions would have to be added as in Fig. 6.1, but we leave them 
out since they are not relevant for the ultralow temperatures under consideration. The 
oscillating behavior which is seen in Fig. 6.2 for some of the final channels is analogous 
to that for atomic hydrogen [15, 16] and is most easily understood by approximating 
the distorted waves by plane waves, 

- .... I 1 Tt;(kf, k;) "'r2o = h(kJr);jo(k;r)dr , (6.6) 

and expanding the radial integral in powers of k;jkf [15]: 

r2o ~ ( 1- :~ + .... ) (6.7) 
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Figure 6.2: Dipolar relaxation rates Gi-f for the doubly polarized (2, +2) Na 
gas for B= 1 mT as a function of energy. The symbols (h, mb) + (/2, m h) 
denote the final collision channel. 

which leads to 
~[ 9kBT ] Gi-J(B, T) I'V V '-"t:\D J 1- 4~E(B) + .... (6.8) 

In Fig. 6.3 we compare the quantummechanical dipolar rate of Fig. 6.2 for the specific 
process (6.5) with that in the semi-classical approximation, i.e. using radial WKB 
wavefunctions. Clearly, at ultralow energies the semi-classical rate goes to infinity as 
E-112, overestimating the quantum rate by more than two orders of magnitude at 1 
mK and more than three at 1 ILK. 

In Fig. 6.4 the relaxation rates for zero temperature as a function of magnetic field 
are shown, calculated by the full coupled-channels method. In agreement with (6.2) 
processes for which the exothermal energy ~E(B) goes to 0 for B ---> 0 have a negligible 
phase-space available for decay, so that their rate goes to 0 (see also Eq. (6.2)). The 
oscillations in some of the channels are again due to the interference of initial and final 
radial wavefunctions, as described previously in Eq. (6.6). The exact B-field locations 
of the oscillations in the coupled-channel results can be reproduced by taking triplet 
distorted waves in the radial integral r20 , i.e. the oscillations depend on the specific 
properties of the triplet potential. In Fig. 6.5 we give the same field dependent dipolar 
rates for 7Li. Comparison of the present rates for Na, calculated with the recently 
obtained potentials and accumulated radial phase [9, 10], with results in an earlier 
publication [17] shows that the dominant rates differ less than one order of magnitude. 
Understandably, the weaker transitions are more sensitive to potentials. 
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Figure 6.3: Dipolar relaxation rate G(2,+2)+(Z,+2) ...... (Z,+l)+(Z,+Z) for B= 1 mT 
calculated with semi-classical approximation (dashed line) and with a quantum 
mechanical calculation (solid line). 

We now turn to three-body recombination. The possibility that the rate for this 
process might show a suppression phenomenon, as a consequence of which it would 
vanish for T __. 0, has been considered recently [6]. This result would be inconsistent 
with the results of work in our group on spin-polarized atomic hydrogen several years 
ago [18], in which the zero-energy limit of the three-body collisional wavefunction 
was calculated for three doubly spin-polarized hydrogen atoms by solving the Faddeev 
equations rigorously for E 0. The resulting wavefunction has finite values for the 
three atoms at relative distances where it should vanish according to the prediction of 
Ref. [6]. To discuss the low-energy limit let us take the rate constant expression for 
three-body dipolar recombination [18], 

1fmk f j - - - - 2 
L; ..... J = 

6
(
2
1rli)3 dk1 I T1;( vlm k1, k; Ki) 1 , (6.9) 

analogous to Eq. (6.2) with vlm the quantum numbers of the final diatom rovibrational 
state, k1 the final relative atom-diatom wave-vector and k;, K; the initial Jacobi wave
vectors. To first order in Vd, T1i is given by an integral 

(6.10) 

in 6D configuration space. The plane-wave parts of the u; and Uf functions are nor
malized as exponential plane waves. In particular, as eifi.·ii for u; with i? the 6D initial 
wave-vector. Ref. [6] points out that the suppression of the initial wave would take 
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quantity 1 + B / B 0 with B0 = a/fire = 0.0316 T is plotted logarithmically. 
The symbols (h, m1J + (h, m h) denote the final collision channel. 

place already in the free case because of the positive 6D centrifugal term 15/8f.Lp2 oc
curring in the 6D radial wave equation for the lowest hyperspherical partial wave. It 
should be noted, however, that in the low-energy approximation the free wave u? is 
again isotropic and equal to 8J2(/'i,p)/(/'i,p)2 (see also the plane wave expansion in any 
dimension in hyperspherical coordinates in Ref. [19]). For /'i, ---4 0 this function tends 
to 1 as it should. On the other hand the solution of the 6D radial wave equation which 
is normalized as a sine £miction at infinity is equal to J 2(/'i,p)(/'i,p/2)112 and this indeed 
tends to 0 in the limit /'i, ---4 0 for fixed finite p. 

In summary, we have presented new predictions for low-temperature two-body de
cay rates in alkali-atom systems using recently obtained information on two-body elastic 
collision properties. The dipolar decay rates show an oscillating structure as a function 
of temperature and magnetic field, which find their origin in the relative displacements 
of the oscillation patterns in the l; = 0 initial and l 1 = 2 final radial wavefunctions with 
varying k 1 (or k; and k 1). Finally we also discussed the behavior of the three-body 
recombination rate in the zero-energy limit. 
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Abstract 

Using the knowledge of two-body collision properties that has recently become available, 
we estimate the three-body recombination rate for doubly spin-polarized ultracold gas 
samples of 1Li, 23Na and 87Rb on the basis of the Jastrow approximation. We find that 
only recombination leading to the formation of the highest two-body bound states is 
important. The rate for the highest bound level with zero angular momentum is found 
to increase strongly with the absolute value of the two-body scattering length. 

7.1 Introduction 

One of the main goals of neutral atom cooling and trapping experiments is achieving 
the low temperatures and high densities needed to obtain Bose-Einstein condensation 
(BEC). The past year has shown a rapid growth in phase space density towards or 
even beyond the critical line of the phase transition by several authors [1, 2, 3, 4]. 
With the recent breakthrough to BEC by Anderson et al. [1] it becomes of increasing 
importance to explore the limits to BEC as imposed by inelastic two-body collisions 
and by three-body recombination. In this paper we concentrate on the latter process 
in a cold gas sample of doubly-polarized atoms, leading to the formation of triplet 
ground-state dimers and thus to decay of the atomic density and to heating of the gas. 
During the last decade much effort has been devoted to calculating the three-body 
recombination rate constant L for doubly spin-polarized atomic hydrogen [5, 6, 7, 8]. 
For the alkali atomic species the only published calculation is the estimate in Ref. [9] 
for Cs. We will now apply the same approximative method to estimate L for cold 
gas samples of 7Li, 23Na and 87Rb making use of the recently obtained triplet collision 
parameters for these alkali atoms [10, 11, 12, 13]. The information obtained from an 
analysis [14] of experimental collisional frequency shifts of the cesium atomic fountain 
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clock is not of sufficient accuracy to enable us to include Cs in our calculations on the 
same footing as the above-mentioned alkali systems. 

An important difference of the alkali-atom recombination process with the previ
ously considered case of atomic hydrogen is the existence of triplet two-body bound 
states of alkali atoms. This makes recombination possible in three-body collisions with
out spin-flip, enhancing the rate by about 10 orders of magnitude [9] with respect to 
that in H. 

This paper is organized as follows. In Sec. II we describe our method of calcula
tion in more detail than in Ref. [9], starting with some general aspects of the three
body recombination process, introducing the Jastrow approximation and describing 
the numerical approach. In Sec Ill we present our results. A summary and outlook is 
formulated in Sec IV. 

7.2 Method 

7.2.1 Rate constant for recombination 

Figure 7.1: Coordinates used for three-body scattering. It is assumed that 
particles 2 and 3 recombine. 

We first introduce the notation to be used in the following. Leaving out temporarily 
the identical-particle aspects, we assume that in a collision of three initially free atoms 
1,2 and 3, particles 2 and 3 form a molecule in the final state, while particle 1 remains 
free. It is then customary to use Jacobi coordinates r, R, where r is the radius vector 
from 2 to 3, and R the radius vector from the center-of-mass of 2 and 3 to 1 (see Fig. 
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7.1). The conjugate (Jacobi) momenta are: 

1 ( -2 1ik3 

2 -if = -fikl 
3 

where fik; is the momentum of atom i. 

(7.1) 

(7.2) 

We start from a rigorous expression for the transition probability per unit of time 
for recombination in a three-body collision, assuming normalization in a large six di
mensional ( 60) volume V x V of the combined r and R spaces: 

Wfi 2: L 2
: I (<Pt I V(r12) + V(r13) I \]i~+)) 1

2 li(EJ E;) . (7.3) 
v!m ft 

Here I (Pt) is a stationary state I 'Pvtm)® I ift) of a Hamiltonian H 1 obtained from the 
total Hamiltonian H = Ho + V by subtracting the interactions of particle 1 with the 
remaining particles, I 'Pvlm) denoting a particular molecular bound state and I ift} a 
momentum ei~enstate of atom 1 relative to the molecular center-of-mass. The state 
I11!Yl) I]!~+ (Pi, Qi)) is the rigorous three-body eigenstate including the sum V of all 
interactions, which is asymptotically equal to the free state l'ii, Qi) of three free atoms 
supplemented with outgoing scattered parts. For the interaction operator V we will 
consider only a sum of (triplet) pair interactions, 

V Vi2 + Vi3 + \123 . (7.4) 

The transition probability (7.3) is sometimes considered as a rigorous variant of an 
approximate expression based on Fermi's golden rule, which would contain a continuum 
eigenstate I j1-+l,i/) of H1 as an "unperturbed" state instead of l11!~+l). Note that we 
omit the (trivial) electron-nuclear spin parts in our notation. 

We now take the limit V - oo leading to a 8-function normalization of momentum 
eigenstates. Furthermore, we take care of the identical-particles aspect by replacing 
I w~+)) with a symmetrized state )68 I \]i~+l), where S is a sum of 3! permutations. 
By multiplying the rate by 3 (taking into account the three different final states with 
each of the bound pairs 2-3, 1-3 or 1-2), the following transition probability is found 
[6]: 

(7.5) 

In a gas of N atoms we have ( r ) ~ ~3 
three-particle systems, so that the decay 

rate equation is given by 

(7.6) 

Here Otherm stands for thermal averaging over all initial states. Dividing by the volume 
V we find the rate of decay of the density: 

dn = -Ln3 (7.7) dt , 
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with L = (L(ff;., t]i)}therm and 

L(ff;.,t]i) m2 (21r1i) 1 Lqf I dfJJI (<Pi I V(r12) + V(r13) I Sw~+)) 12 (7.8) 
61i v!m 

The summation is over all triplet diatom states, qf is determined by energy conserva
tion, while the integration is over all directions of iiJ. 

7.2.2 Zero-temperature limit and Jastrow approximation 

We uow make use of the fact that the initial state is one with three ultracold atoms, 
the experimental temperatures in the nK range being small relative to the depth of 
the two-body potentials at the relevant radii r O(a) in the initial channel as well as 
to the binding energies of the two-body bound state dominant in the final channels. 
This allows us to use the T - 0 limit [15] which implies the replacement Pi = t]i = 0 in 
the thermal average: L = L(O, 0). Thus, to calculate the recombination rate, only the 
triplet interaction potential, the bound state wavefunctions in this potential and the 
three-body scattering state I Sw~+)} for zero energy are needed. The triplet potential 
and the bound states of this potential are, at least for Li and N a, easily obtained since 
accurate potential curves for the ground state triplet interaction have been constructed 
[10, 11]. The main problem is to find the three-body scattering state, i.e. the solution 
of the Schrodinger equation (Ho+ V) I w~+)) = E I w~+)) forE 0. In the past this 
state has been calculated rigorously for the case of three hydrogen atoms by means of 
the Faddeev formalism [6, 7, 8]. Even in this case, where the triplet interaction has no 
bound states, this turned out to be a tedious calculation. In Ref. [7] it was found that 
the initial scattering state could be well approximated by a Jastrow-like product [16] 
of three two-atom zero-energy scattering states, lP&+>, (see Fig. 7.2): 

sI w~+>} 6 1P~+>(r12) 1p&+>(r23) 1P&+>(r31) (21rn)3, 2 • (7.9) 

Note that the Jastrow form (7.9) is rigorous when one of the particles is sufficiently 
far away and that it also fulfills the condition for Bose symmetry. To test the Jastrow 
approximation we compared the results for calculations of the recombination rate in 
atomic hydrogen to the results of calculations with the exact initial state for various 
values of the magnetic field. The difference turned out to be at most 15 %. Clearly, 
because of the existence of many bound di-atom states in the triplet potential, the 
Jastrow approximation will be less accurate in the case of alkali atoms. This will 
particularly be the case in the part of configuration space where all three particles 
are closely together. In this relatively small part of space, however, the wavefunction 
oscillates rapidly and in calculating the final matrix-element these oscillations will tend 
to integrate out. 

On the basis of (7.9) the matrix-element in the expression for the rate constant can 
be written as 

(cPt I V(r13) + V(r23) I SWl+)} = I df I dR IP:1m(f) ~;;~~~~: (V(p+) + V(p-)) x 

6 IP&+>(r)IP~+>(p+)IP~+l(p-) (21r1i)3
/

2 (7.10) 
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Figure 7.2: Two-atom zero-energy scattering state for 23 Na. Inset: rapidly 
oscillating inner part. 

where p± R ± r !. Making use of the properties of the spherical harmonics Ytm, 
three of the six integration variables, i.e. the Euler angles defining the orientation of 
the 1-2-3 triangle in space (see Fig. 7.1) can be eliminated and we are left with 

{<PJ I Vha) + V(r23) I Sw~+)) = 961f2}/~(qJ)(i1 )* j R2dRjl(q1R/1i) x 

j r 2dr cp:1 (r)cp~+)(r) X (7.11) 

J dxPz(x)V(p+)cp~+)(p+)cp~+)(p-) D!,even • 

Here j 1(qJR) is a spherical Bessel function, P1(x) is a Legendre polynomial, and x = 
cos( B) with(} the angle between rand R (see Fig. 7.1). From this expression it is clear 
that the free atom in the final state has orbital angular momentum quantum numbers 
equal to l and -m, whicll is easily understood on the basis of angular momentum 
conservation: the initial state has total orbital angular momentum L = 0 and the 
dimer has quantum numbers l, m. Note that the V(p+) and V(p-) parts of (7.10) 
compensate one another for odd l as they should in view of the Base symmetry under 
exchange of atoms 2 and 3, while they are equal for even l. 

The expression (7.12) contains products of rapidly oscillating functions (see Fig. 
7.2), whicll may easily give rise to numerical problems without a careful choice of 
integration variables. This indeed turns out to be the case: after carrying out the 
X-integration the integrand of the r integral shows for each fixed value of R rapid and 
"chaotic" oscillations which are increasingly difficult to handle for increasing atomic 
mass. The x-integral, for instance, involves simultaneous variations of the p+ and p-
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variables which distort the original regular WKB-like oscillations of the p+ and p
dependent radial wavefunctions. As a way out, we take the magnitude of the vectors 
p+ and p as integration variables, as well as the angle ()' between them: 

(tPJ I V(rl3) + V(r23) I sw~+)} = 967r2}j~(tiJ)(i1 )* J p+ 2dp+V(p+)tp~+)(p+) X 

J p- 2dp-<p~+)(p-) X (7.12) 

j dx'jz(qJR/Ii)<p:1 (r)<p~+)(r)Pz(x) , 

with x1 cos(O'). For the dominant bound dimer states close to the continuum the 
functions lf'vz(r) and tp~+)(r) show almost identical fast oscillations, so that in the r
interval concerned the resulting local sin2 function can be replaced by ~· Furthermore, 
the expression (7.12) has the advantage that the potential V(p+) which would also 
disturb the regular oscillations of the integrands of the previous integrations, is included 
in the last integration. Fig. 7.3, which shows the intermediate result of the x' and p-

oo,------------------------------------. 

l.j..j 

0 

.f3 -150 ...... 
§ -~ -200 ,... 
0 

-350 '-' ________ ....__ ______ __j _______ _.J._ _____ ___j 

0 250 500 750 1000 

p+ (units of a0) 

Figure 7.3: Integral Gvz(p+) f p- 2 dp- <p~+)(p-) f dx' jz(qJRfn) <p;1(r) 
tp~+)(r) 11(x) as a function of p+ for the 23 N~ state v = 15, l = 0. 

integrations, illustrates the disappearance of the irregular oscillations achieved in this 
way. 

7.3 Results 

In Tables 7.1 and 7.2 the partial recombination rates to specific bound states (v, l) are 
given for the production of the highest two-body bound states of 7Li and 23 Na. The 
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1 

Final state (v,l) Binding energy (K) Partial rate, Lvl (cm6 /s) 
10,2 0.337 1.98 xlO 28 

10,0 0.598 2.03 x1o-29 

9,6 1.477 1.29 x1o-30 

9,4 3.279 1.67 xlo-29 

9,2 4.504 1.32 xlo-29 

9,0 5.046 3.75 xlo-32 

8,10 2.711 6.33 xl0-36 

8,8 7.181 4.95 xl0-32 

8,6 10.949 4.05 xl0-31 

8,4 13.829 1.03 x1o-32 

8,2 15.709 6.09 xl0-32 

8,0 16.525 1.07 xl0-30 

7,14 3.077 8.12 xl0-39 

7,12 11.071 2.13 x10-34 

7,10 18.291 2.57 xlo-30 

7,8 24.504 2.46 xl0-31 

7,6 29.551 1.28 xl0-30 

7,4 33.280 7.16 xl0-31 

7,2 35.763 1.44 xlo-32 

7,0 36.814 1.65 xl0-31 

Table 7.1: Partial three-body decay rates for 7Li. 

partial rates Lvl decrease with increased binding energy and also show a systematic 
decrease at the highest l values considered. Both tendencies can be understood by 
overlap arguments. Final states which are weakly bound have optimal overlap with 
the initial state of three slow atoms so that a weaker perturbation operating in a larger 
part of space is sufficient to induce a transition. For higher orbital angular momenta l 
the atoms are pushed to larger distances, i.e. the Bessel function j 1 is small in a larger 
radial range, so that the overlap will decrease. 

Next we turn to the recombination rate for 87Rb, which is of particular relevance 
in view of the recent successful BEC experiment. The detailed potential curve for Rh 
is not yet known, but we know the long range part (r > 30a0) and the locations of the 
highest bound states relative to the continuum from recent cold atom photo-association 
work [12, 13]. This allows us to calculate the three-body rate rather reliably, since the 
recombination rate tends to be dominated by contributions from larger interatomic 
distances. This is confirmed by detailed calculations in which we compared recombi
nation rates for a number of different r < 30a0 parts of the potential. The latter were 
obtained from an ab-initio potential [17], and adjusted to give correct values for the 
scattering length and highest bound state energies [13]. We found L to vary by at 
most a factor of 3. In Table 7.3 we present the resulting total recombination rates for 
7Li, 23Na and 87Rb. Note that the decay rate for 87Rb is predicted to be a factor of 
50 smaller than that for the two other atoms, which clearly is of great importance for 
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Final state (v, l) Binding energy (K) Partial rate, Lvl (cm6 /s) 

15,0 0.002 1.64 xl0-28 

14,4 0.064 1.82 xlo-30 

14,2 0.188 4.56 xl0-30 

14,0 0.246 6.78 xlo-30 

13,8 0.251 1.12 xlo-30 

13,6 0.692 2.16 xl0-30 

13,4 1.035 5.30 xl0-30 

13,2 1.260 2.63 xl0-30 

13,0 1.358 8.61 xl0-31 

12,12 0.389 8.49 xl0-39 

12,10 1.349 1.39 xl0-32 

12,8 2.201 2.31 xlo-33 

12,6 2.905 2.91 xlo-31 

12,4 3.438 9.11 x1o-31 

12,2 3.784 3.74 xlo-31 

I 12,0 3.933 6.17 xlo-32 

Table 7.2: Partial three-body decay rates for 23 Na. 

Bose-Einstein condensation experiments. 

atom L (cm0 /s) 
1Li 2.6 xlO -:.r~ 

23Na 2.0 xlQ-28 
s7Rb 4 xlo-30 

Table 7.3: Total three-body decay rates. 

The fact that L apparently depends only on the tail of the potential might imply 
that it could be expressed as a simple function of the scattering length. A simple 
dependence on aT is indeed suggested by Eq. (7.12). If the intermediate result of the 
x' and p- integrations is considered as constant in the relevant p+ region then the p+ 
integral f p+2dp+V(p+)cp~+>(p+) is just the expression for the zero energy T-matrix, 
which is equal to the two-body scattering length. Detailed calculations show that the 
amplitude of the intermediate result of the x' and p- integrations depends only weakly 
on the scattering length for not too extreme values of this latter quantity. A strong 
dependence of the total L on the scattering length also follows from an even simpler 
picture of the three-body collision than has been used in the foregoing: the impulse 
approximation [18]. To facilitate physical insight into this picture we turn to the inverse 
process of recombination: break-up of a dimer by the collision with an atom, for which 
the transition amplitude is the complex conjugate value. In the picture of the impulse 
approximation the dimer state is Fourier-analyzed as a superposition of all possible 
relative momentum eigenstates of the two atoms. The "incident" atom is affected by 
each of the states in the superposition separately and collides with one of the atoms 
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only. The transition amplitude to a particular free three-atom state is then equal to the 
probability amplitude of the dimer relative momentum state multiplied by a two-body 
scattering amplitude [19]. Since at the relevant low temperatures, the latter is equal 
to the scattering length, the question comes up to what extent L is proportional to a}. 
To investigate this for 23 Na we varied the scattering length by deepening gradually the 
inner part of the potential, thereby shifting the radial nodes beyond this range, and 
calculated the dominant partial recombination rate £ 15,0 • The result is shown in Fig. 
7.4. Apparently, there is a considerable scatter around the a~ dependence. In any case 

10"" 

('I 
Eo< 10 ... + + 

= + + --~ 10-'' 
10 s 
(.) -....:I 10"" 

10 -38 

-500 -400 -300 -200 ·100 0 100 200 

a (units of a0) 

Figure 7.4: Value of the partial recombination rate £ 15,0 divided by the square 
of the scattering length as a function of the value of the triplet scattering 
length. 

Fig. 7.4 shows convincingly that the recombination rate depends very sensitively on 
ar with a tendency to rapidly growing rates for larger I ar I values. We should stress, 
however, that it is certainly not the scattering length alone which determines the order 
of magnitude of the total recombination rate. As the potential is made deeper, at some 
point it is possible to have a state with l 2 as the highest bound state. The partial 
decay to this state then becomes the dominant process (see Table 7.4). 

7.4 Conclusions 

We have calculated the three-body decay rate for doubly spin-polarized ultracold gas 
samples of 7Li, 23 Na and 87Rb based on two-body collision information which has 
recently become available for the above atomic species on the basis of spectroscopic 
data and cold-atom photo-association experiments. These atomic species play a key 
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L1s,o (cm6/s) 

1.7 xlO 28 

1.0 xlo-29 

9.8 xl0-35 

1.0 xl0-30 

9.5 xl0-30 

5.3 xl0-29 

6.3 xl0-26 

L1s,z (cm6/s) 

-
-

3.3 xl0-33 

8.4 xw-3o 
4.2 xlo-29 

3.2 xl0-27 

3.5 xl0-24 

Table 7.4: Partial three-body decay rates for 23 Na with adjusted potentials. 

role in the recent BEC experiments. Experimental results [1] indicate that three-body 
recombination is an important process in these experiments, the loss rate determining 
the lifetime of the condensate probably being a result of this mechanism. In view of 
the ultralow temperatures obtained experimentally we approximate the rate L by that 
in the T -+ 0 limit. L is a sum over partial rates for formation of the various dimer 
rovibrational states and is dominated by one or a few of the highest bound states. Note 
that the recombination rate in Bose condensate has to be divided by six becanse of 
Bose statistics [20]. 
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Abstract 

We study collisions between dressed ground-state atoms in a full coupled-channels ap
proach. In this way we examine collisions in the microwave trap, in the a-c cryogenic 
hydrogen maser and in the context of rf-induced evaporative cooling. The results for 
dressed H atoms confirm earlier results obtained within the so-called Degenerate Internal 
States (DIS) approximation. 

The concept of dressed atoms [l] has been shown to be a fruitful approach in the 
field of trapping and cooling atoms. It has been very useful in designing and explain
ing new cooling schemes such as Sisyphus cooling [2] and trapping methods such as 
the microwave trap [3]. The success of the recent Bose-Einstein condensation (BEC) 
experiments [4, 5, 6] is to a great extent based on evaporative cooling where the rf 
field dresses the atoms and causes atoms with the highest kinetic energy to go to an 
untrapped spin state. By lowering the frequency of the rf field the effective depth of 
the trapping potential well is lowered leaving the remaining atoms in the trap with 
lower and lower kinetic energy. One of the crucial questions in connection with the 
application of an rf- or microwave field is whether the field dressing will turn "good" 
collisions into (partly) "bad" collisions, i.e. open up inelastic spin channels leading to 
unwanted density decay and heating. 
The idea to use a dressed-state picture to describe collisions of cold atoms in a radiation 
field was proposed in connection with an applied near-resonant laser field by Julienne 
[7]. Subsequently, coupled-channels calculations for such cold optical collisions have 
been successfully carried out using dressed states [8, 9]. However, collisions where the 
atoms are dressed by rf or microwave fields have thus far only been calculated in the 
so-called Degenerate Internal State (DIS) approximation [10]. This is a fundamentally 
different situation: whereas for optical collisions the coupling with neighboring mani
folds occurs through spontaneous emission, for the present low frequency radiation field 
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such a coupling takes place via the exchange interatomic interaction or via the mag
netic dipole interaction. Also, in this case the atoms interact only through electronic 
ground-state potentials, which are well known for H, Li [lt] and Na [12]. In this paper 
we present results of full coupled-channels calculations of these dressed atom collisions. 
We consider three cases: the microwave trap for H, the cryogenic H (a-c) maser and 
Na atoms in a static magnetic trap including an rf field for forced evaporative cooling 
[6]. 

8.1 Method 

8.1.1 Dressed States 

For a general background we briefly recapitulate the dressed state concept [13]. We 
consider a two level system, consisting of an internal atomic ground state and a single 
internal excited state which are coupled by an rf or microwave field. We denote the 
upper atomic eigenstate by le} and the lower one by lg}. The atom can be described in 
terms of a fictitious spin-1/2 system, where the state le) is considered as the spin-up 
state and lg} as the spin-down state. Taking the zero point of energy halfway the two 
levels the (internal) Hamiltonian can be written as 

(8.1) 

with O'z a Pauli spin matrix. The part of the Hamiltonian which represents the single
mode radiation field can be written as 

(8.2) 

with at and a the creation and annihilation operators for a photon in the mode with 
frequency We· Finally, the interaction of the field with the atom is written as 

Hat,f = ~ (atu_ + au+) , (8.3) 

where Wr is the so-called Rabi frequency and n stands for the average number of pho
tons. When there is no interaction between the radiation field and the atom, the 
eigenstates of the total Hamiltonian are the so-called manifolds separated by energy 
1iwc. The manifolds consist of states lg, N) and le, N- I} with energy difference M, 
where N stands for the photon number and {J We - w0 for the detuning. 
With the interaction included the eigenstates become superpositions of the states 
le, N - 1} and lg, N}: 

I IN) 

I2N) 
cosBie, N- 1) +sin Big, N) , 

-sinBie,N -1} +cosB!g,N} 
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with eigenvalues 

(8.5) 

in which sin2B = wr/f'l, cos2B = -6/f'l and n = Jo2 +w;. 

8.1.2 Collisions of dressed atoms 

In this section we will look at collisions of dressed atoms. Ref. [7J contains the es
sential new ideas on the role of dressed states in collisions, while Refs. [8, 9] describe 
the implementation in a coupled-channels scheme. The effective Hamiltonian for the 
collision of two atoms in a radiation field is 

-2 

H = ~I.L + vc + vd + L (Hat+ Hat,f) (8.6) 

where vc is the central (Coulomb) interaction and Vd the magnetic dipole interaction. 
Both Hat and Hat,f were introduced in the previous section. When the atoms are far 
apart the eigenstates of H are the two-atom dressed states which can be described by 
the following symmetrized and normalized states: 

l{ll}N} = cos2 BI{ee},N-2}+ 
1 

sin2BI{eg},N-1)+sin2 0I{gg},N} , (8.7) 

I{12}N} = 
1 

sin2BI{ee},N-2}+cos20I{eg},N-1)+ ~sin2BI{gg},N} 

I{22}N) sin2 BI{ee},N-2} ~sin2BI{eg},N l)+cos2 BI{gg},N) , 

with energies 

E{u}N 

E{l2}N 

E{22}N 

= (N- l)liwc + lif't 
(N- 1)/iwc , 

= (N l)liwc -lif't 
(8.8) 

These states correspond to the incoming and outgoing asymptotic two-body collision 
channels [7]. In this basis the coordinate-space representation of the scattering wave
function is given by 

L F{ij}NlmlYtm(f)l{ij}N} 
{ij}N!m r 

(8.9) 

To find collision properties such as the S-matrix one has to integrate the Schrodinger 
equation which can be written as [14, 15] 

(
-li2 d2 l(l + 1)1i2 

) 

2/.L dr2 + 2/.LT2 + EiN + EjN E F{ij}Nlm(r) = 

L c{ij}Nlm,'{i1j1}N1l 1m1(r)F{i1j 1}N1l1m1(r) , (8.10) 
{i'j'}N'I'm' 
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where E;N are the energies of the individual dressed atoms and 

Czm{ii}N,l'm'{i'i'}N'(r) = l-1(lm{ij}NIVc(r) + Vd(T)Il'm'{i'j'}N'). (8.11) 

By transforming to the bare-state basis this matrix can be evaluated in terms of bare 
state coupling-matrix elements. In this respect the central and dipolar interaction only 
couple bare states which have the same value of N. Details of the numerical calculation 
can be found in Ref. [14, 15]. There is no fundamental difference with coupled channels 
calculations for atoms trapped in static magnetic traps except that the number of 
coupled channels can be larger in the dressed state case because a dressed state is 
usually a superposition of different bare states. Furthermore, if a specific channel is 
coupled with a channel in a manifold with different N and in turn this latter channel is 
coupled with channels in other manifolds, the channel under consideration is coupled to 
these other channels in higher order. In principle an infinite number of channels might 
be necessary to calculate scattering properties of some definite channel. However, our 
results fortunately show that the inclusion of channels to which a specific incoming 
channel is coupled directly is sufficient in practice to calculate the needed scattering 
properties. In physical terms this means that the collision takes place on a time scale 
too short for the rf interaction to cause such an indirect transition. 

8.1.3 Dressed atom collisions in the DIS approximation 

In calculating collisional transitions between atomic states dressed by a radiation field, 
a considerable simplification occurs when the DIS approximation is applied [10]. One 
then neglects the Rabi oscillation during collisions. This makes it possible to express 
the elastic and inelastic scattering amplitudes between pairs of dressed states in terms 
of amplitudes between bare states, writing out both the initial and final dressed states 
by means of (8.7). S-matrix elements for transitions between bare atomic states follow 
from a much simpler field-less coupled-channels collisional calculation. We will refer to 
this as the dressed-DIS approximation to distinguish it from the normal bare-DIS ap
proximation [15] in which the bare atomic coupled-channels problem is further reduced 
to separate triplet and singlet potential scattering problems by neglecting the hyperfine 
splitting. Since the rigorous coupled-channel atomicS-matrix elements are known from 
previous papers [15, 16], we restrict ourselves here to the less far-reaching dressed-DIS. 
Its range of validity is difficult to assess rigorously. Roughly, for the approximation 
to apply, the radial range where the exchange interaction Vs - Vr is comparable to 
liwr should be so narrow that the system behaves diabatically in passing through this 
range to short distances and back. Classically speaking, the precession angle of the 
fictitious spin analogue system should be small during these passages. Note that the 
system need not be diabatic with respect to the hyperfine precession. The latter would 
correspond to the bare-DIS. Taking into account that the photon number N is con
served the dressed-DIS S-matrix element for a collision with incoming state I{22}N) 

88 



Collisions of dressed ground-state atoms 

and outgoing state I{12}N) can for instance be written out as 

S{12}N,{22}N ~sin 26 (- sin2 
6S{ee},{ee} cos 26S{eg},{eg} + cos2 

6S{gg},{gg}) 

(8.12) 
The dressed-DIS approximation has in the past been used to calculate the loss rate of 
atoms trapped in a resonant microwave trap [10]. These results give us the opportunity 
to check our program and to investigate the validity of the dressed-DIS approximation 
in this context. 

8.2 The microwave trap 

The principle of the microwave trap is based on the creation of a trapping potential 
for a specific dressed state by applying a position-dependent microwave amplitude [10] 
with a local maximum in free space. The advantage of a microwave trap over an optical 
trap is the extremely low spontaneous emission rate. The advantage compared to a 
static magnetic trap is that atoms can be trapped in the lowest energy state so that 
spin relaxation can be reduced. Recently, trapping of Os atoms in a microwave trap 
has been demonstrated [17]. 

In the following we will concentrate on the microwave trap for hydrogen. A hydrogen 
atom has four hyperfine states which are enumerated from low to high energy as la), 
lb}, le} and Id}, see Fig. 8.1. At high magnetic field electron spin resonance is possible 
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le} 
0.05 

g 
w 

0.00 
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Figure 8.1: Hyperfine diagram for ground-state atomic hydrogen 

between the jb) and le) states and between the la} and Id} states. Here we will only 
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consider the pair Jb) and Jc} as the two-level system to compare our results with Ref. 
[10]. We thus have lg) = Jb} and le) = le). From the previous section it is clear that 
atoms in the dressed state J2N) have a decreased internal energy in a region of increased 
rf power and will thus be trapped. We are therefore interested in two-body collisions 
with the initial channel {22}N, given in Eq. (8.7). In spin-exchange decay, which is 
governed by the central interaction, the total two-atom MF value is conserved as well 
as the photon number. It is easily seen that this allows only transitions within the 
same manifold to take place. These processes are endothermal and can be neglected 
if n is large enough [10]. The dipole interaction, on the other hand, which permits 
an exchange of angular momentum between internal and external degrees of freedom 
and therefore does not conserve MF, causes transitions to lower manifolds. More 
specifically, transitions to all two-body states (8.7) with I:::!.N = -1,-2 are allowed. It 
is easy to see that in the DIS approximation the S-matrix element for the decay from 
I{22}N) to J{ll}N -1) is given by 

s{ll}N-1,{22}N = ~ sin2 B sin 20 ( s{bc},{cc} s{bb},{bc}) (8.13) 

For large magnetic field values the S-matrix element S{bb},{ocJ is equal to -S{oc},{cc} 

and all S-matrix elements for the decay from {22}N in this situation can be expressed 
in terms of S{ocJ,{ccJ and S{bb},{cc}· From the experimental point of view it is more 
interesting to discuss rate constants. These can be defined in terms of S-matrix elements 
by [15]: 

GafJ-H:.'./3' = ( :k ~~ L J S{a1/:11 }l1m1,{a/:l}lm- O(a'fJ'}l'm',{al:l}lm 1
2

) , 

~~~m ~ 

(8.14) 

with k the wavenumber in the initial channel. The decay of the density of trapped 
atoms in the J2N} state is given by 

Geffn2 
- 2N ' (8.15) 

and the effective rate constant calculated in the dressed-DIS approximation is given by 

cetr(B, T) = 2 (sin4 B [2 sin2 20 + (1- 4cos2 0)2
] + ~ sin2 20 cos2 0) Gcc....,bc(B, T) 

+2 (sin4 B [sin4 B + ~ sin2 28 + cos4 e]) Gcc ..... bb(B, T) (8.16) 

Note that Eq. (8.16) differs from the final expression derived in Ref. [10]. This is 
because in Ref. [10] no account was taken of the fact that transitions to states J{12}N-
1) and J{12}N- 2) cause a gain of kinetic energy that is large enough for the final 
atoms to leave the trap so th.at two atoms in stead of one are lost. Also transitions 
to J{22}N- 1) and I{22}N- 2) were not included in Ref. [10]. The contributions of 
various terms to the total rate constant and the total effective rate according to the 
dressed-DIS approximation (8.16) are shown in Fig. 8.2 for a magnetic field strength 
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Figure 8.2: Effective rate constant for dipolar relaxation as a function of the 
ratio of detuning and Rabi frequency. Solid line: DIS expression for total 
effective rate. Dashed line: Contribution of the decay to the I{22}N- 1) 
and I{22}N- 2) states. Dashed-dotted line: Contribution of the decay to the 
l{ll}N -1), l{ll}N 2), I{12}N -1) and I{12}N- 2} states. Dots: results 
of full dressed-state coupled-channels calculation. The magnetic field value is 
5 T as in Re£.{10} 

of 5 T as in Ref. [10]. Clearly, in this approximation aetr does not depend on {j and 
Wr separately, but only on their ratio which determines 9. This is also the result of full 
coupled-channels calculations, provided Wr is not too large. The dots indicate coupled
channels results for an arbitrarily low Rabi frequency Wr 21r x 107sec-1 • It is seen 
that they agree rather well with the approximate equation (8.16). 

To study the breakdown of the dressed-DIS approximation we calculated the rate 
constant for the decay from I{22}N) to l{ll}N- 1) for zero detuning as a function 
of the Rabi frequency, again for B 5T. Note that this transition is dominant for the 
decay from I{22}N). In Fig. 8.3 the results are shown. Clearly, at all practical values of 
the Rabi frequency the discrepancy is negligible. A discrepancy of order 10 % starts to 
build up only above unrealistic Wr values where the Rabi precession becomes significant 
during a collision. Note also that at such Wr values the microwave magnetic field is no 
longer negligible compared to the static field. At Wr = 21r x 3 · 1010 sec1 the energy 
distance of the initial and final dressed levels has dropped to only 15 %of the distance 
for zero Rabi frequency. At even higher frequencies the level I { 11} N 1) crosses the 
I{22}N} level and the decay channel becomes closed. In Fig. 8.4 the total effective rate 
aetr for 6 = 0 is shown as function of the Rabi frequency. The steps in Geff as a function 
of Wr are caused by the same effect of dosing of channels. The overall conclusion, 
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Figure 8.3: Dipolar rate constant G{z2}N-{ll}N-l for li = 0 as a function of 
Rabi frequency Wn illustrating breakdown of dressed-DIS approximation. 

however, is that the DIS approximation where the Rabi oscillation is neglected during 
a collision works very well in the experimentally interesting circumstances. 

8.3 The cryogenic hydrogen maser 

Another device for which a dressed state approach could in principle be useful is the 
cryogenic H maser. Hydrogen masers are the most stable frequency reference for aver
aging times from a few seconds to one hour. The basic elements are a dissociator where 
H atoms are formed from H2, a state selector to select only the upper hyperfine levels for 
creating a population inversion and a storage bulb which is located inside a microwave 
cavity tuned to the zero field a-c transition of the H atom. This D./ = 1, D.m1 = 0 
hyperfine transition at about 1420 MHz is used because its frequency is only weakly 
dependent on magnetic field near B = 0 (see Fig. 8.1). Although atoms stay inside 
the storage bulb for about 1 s, realizing an extremely long interaction time with the 
electromagnetic field, wall collisions limit the reproducibility and the accuracy of H 
masers. 

Another limitation stems from the interatomic collisions. Two-body collisions shift 
the frequency from the unperturbed hyperfine transition frequency. At an early stage 
in the development of hydrogen masers these collisional effects were calculated in the 
bare DIS approximation [18, 19, 20], in this case ignoring not only the influence of the 
microwave field during collisions but also that of the hyperfine precession. 

From these results it was found that by a procedure called spin-exchange tuning it 
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Figure 8.4: Rate constant ceff for 0 = 0 as a function of Rabi frequency Wr 

calculated in the dressed-VIS approximation (crosses) and with the coupled
channels method (triangles). 

is possible to get rid of the frequency shift due to the combined effect of spin-exchange 
collisions and cavity pulling, the total frequency offset having the form 

(8.17) 

where >.f18 is the bare-DIS value of a frequency-shift cross section, v is the collision 
velocity, r is the full atomic line-width, "Y is a constant dependent on cavity parameters, 
and D.= Qc(wcfw- wfwc) equals twice the ratio of the cavity detuning to the cavity 
resonance width. The spin-exchange tuning procedure consists of choosing D., so that 
ow does not vary with atomic density via the collisional contribution r c to the line-width 
r, a crucial result to avoid instability due to density fluctuations. By the elimination 
of ow the instability due to thermal noise became the main limiting factor of the H
maser. From this perspective, cooling down the H-maser to liquid helium temperatures 
promised to lead to an increase of the stability by about three orders of magnitude 
[21, 22, 23, 24]. 

This exciting prospect turned into a less favorable one when it was shown [25, 26] 
that a more rigorous treatment of spin-exchange collisions including the hyperfine pre
cession of spins during the collision leads to an additional, hyperfine-induced, fre
quency shift not simply proportional to r. An earlier semi-classical calculation [18] 
for thermal energies had already led to a hyperfine-induced shift of a type with less 
grave consequences. In view of its importance it became a priority to measure the 
hyperfine-induced shift and its dependence on the partial densities of the hyperfine 
states. Recently, an experiment has been carried out in an H-maser operating at room 
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temperature [27] and two other experiments in a cryogenic H-maser [28, 29]. In each of 
the three experiments the order of magnitude of the theoretically predicted hyperfine
induced shift was confirmed. With respect to its sign, however, the experiments may 
foi:m the first indication of a discrepancy. Moreover, one of the collisionalline-with 
parameters also appears to disagree with theory [30]. 

An effect that has been neglected in the existing theoretical treatment is the in
fluence of the radiation field on the collisions. In fact, this treatment is based on the 
dressed-DIS approximation. An obvious question, fitting within the framework of this 
present paper is therefore, whether deviations from the dressed DIS can be held respon
sible for the discrepancy. Estimating the strength of the microwave field by assuming 
that it gives rise to a 1r pulse on the atomic oscillators during their residence time in 
the storage bulb, we find a Rabi frequency w,. of the order of a few sec-1• Taking into 
account the short duration of a collision (:5 1 nsec), this cannot be considered a serious 
option for an explanation of the discrepancy. The smallness of the deviations from the 
dressed DIS is confirmed by a coupled-channels calculation along the lines of Sect. I. 
Corrections to S-matrix elements and to the frequency-shift cross sections >.0 , >.1 and 
>.2 [25, 26] turn out to be too small to be of importance. 

In this connection, we point out that in principle there are good reasons in favor of 
the case of a dressed-state basis for the description of atomic collisions in the H-maser, 
despite the weakness of the microwave field: the detuning 6 of the frequency Wm of 
the maser field relative to Wat is much smaller than the already small value of Wn as 
is easily shown making use of the equation for the spin-exchange cavity tuning. As a 
consequence, the asymptotic states in the incoming and outgoing collision channels are 
dressed states. We are therefore forced to deal with a quantum Boltzmann equation 
with both the density matrix and the S-matrix in a dressed-state basis. This leads to 
the equation for the rate of change of the spin-density matrix for dressed states, which 
we denote by symbols with bars, describing the collisional time evolution of the density 
matrix-element P~<~<' for the coherence of the K- and ii,' states: 

The product of S-matrix elements in this equation describes the contribution of colli
sions in which an atom in a superposition of the K- and ii,' states undergoes a collisions 
with another atom. The derivation of the equation, as well as a discussion of its phys
ical meaning is given in Ref. [26]. The prime on the summation sign indicates the 
subsidiary condition E;t- Ep- Ev = E;t' Ep.' - ev', i.e. energy conservation in each of the 
collisions described by the two S-matrix elements. Here we take into account that the 
two spatial atomic states corresponding to the two spin states occurring as subscripts 
in a p component have to be equal in view of spatial homogeneity. Note that the 
energy conservation condition refers to the dressed atomic energies, i.e. to the sum of 
Hat+ Hat,r+ Hr for the two atoms together. Expressing dressed-states in bare states by 
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means of the dressed-DIS equations of Sect. I (Eq. (8.7)) and noting that energy con
servation in terms of dressed states is to very good approximation equivalent to energy 
conservation in terms of bare states in view of the smallness of Ha1,r, we recover the 
usual expression for the rate of change of the spin-density matrix, except for a number 
of additional terms associated with a transition to a lower manifold, i.e. associated 
with the absorption of a microwave photon during a collision. Classically speaking,the 
latter contributions are due to an energy non-conserving transition caused by the time
dependent interaction term with the cavity field. Also these additional contributions 
turn out to be negligible. 

8.4 Static magnetic trap + rf field 

The last case we will consider is collisions of atoms in a static magnetic trap including 
an rf field for forced evaporative cooling. In this device a magnetic field gradient is 
created in free space and in this way the atoms in so-called low-field seeking states 
experience a trapping potential whereas atoms in high-field seeking states will not. By 
applying an rf field with certain frequency Wrf, the atoms are dressed and the adiabatic 
potential for the trappable low-field seeking state will turn over at the specific magnetic 
field where liwrr 9ttBBo. Assuming B = 0 at the center of the trap, i.e. the specific 
situation in the present Bose-Einstein condensation experiments, atoms with kinetic 
energy exceeding liwrr can thus leave the trap. By lowering the frequency of the rf field 
atoms with lower and lower kinetic energy escape, whereby the atom cloud left in the 
trap is cooled. This cooling principle made it possible recently to obtain the needed 
critical temperatures to cross the BEC phase transition line for Rb, Li and Na [4, 5, 6]. 
Temperatures as low as 20 nK have been reported [4]. One of the main concerns 
was that by dressing the atoms the exchange interaction instead of the much weaker 
dipole interaction (of relevance in the microwave trap) could cause collisional trap loss 
even for states for which this process is negligible in the conventional magnetic trap. 
This is because dressing causes eigenstates to become superpositions of different bare 
states, thus introducing components with various total M1 which could cause decay to 
untrapped states. 

Preliminary results of calculations of these processes have been used to estimate 
loss rates for rf-induced evaporative cooling in the Na set-up [33]. In this paper too we 
will focus on the specific case of ultracold Na atoms in the lower hyperfine manifold. 
For Na there are three states in this manifold so that we have to consider the dressed 
states as superpositions of three independent bare states in stead of two as in the case 
of H. This is also essential for understanding the effective modification of the edge of 
the trap potential induced by the rf field. 

We start by considering the limiting case of a weak rf field (wr -+ 0), i.e. the 
dressed-DIS approximation. In addition we take the static field B in the low range of 
linear Zeeman splittings. The bare-state S-matrix can then be evaluated in terms of 
elastic scattering in each of the channels with F = 0 and 2, where F ( F = S) is the 
total conserved spin quantum number, fbeing the total (two-atom) nuclear spin and 
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S the total electron spin. Note that F = 1 is forbidden for s-wave scattering because 
of Bose symmetry, since it would correspond to an antisymmetric spin state. Values 
for the scattering lengths aF=O and aF=2 for ultracold collisions in the F = 0 and 2 
channels can be derived from the Na+Na triplet and singlet potentials obtained [12] 
from experimental data. We find 

(8.19) 

Note that the determination of these scattering lengths is a multichannel problem, 
despite the fact that only elastic channels are open. Calling the single-atom dressed 
states 

lzN} = aal- 1, N 1} + t3tiO, N) + 1111, N + 1) (8.20) 

with z (= (-1,0, 1)) numbering the dressed states and -1,0, 1 in the right-hand side 
the Jm1= 1-1, 10, and 1+1 bare single atom hyperfine states, the S-matrix elements 
for the transition between two-atom dressed states can be found in terms of aF=O and 
aF=2· For most of the transitions we find a vanishing result. Inelastic transitions occur 
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Figure 8.5: Field-splitted energies of the iv, l(SI)F) 115, 0{13)2} level for 
detuning equal to 44.3 x 106 sec-1 (bottom of the trap) as a function of Wr cal
culated treating Hat,f as a first order perturbation. Also shown is the threshold 
energy of the collision channel (dashed line). 

only between two two-atom dressed states. This restriction turns out to be due to a 
selection rule which can be understood as follows. In the case of three bare single-atom 
basis states the dressed-state system cannot in general be represented in the form of 
a fictitious spin in an effective magnetic field. For that to be the case the energy 
splittings have to be equal. In the present situation, however, in between collisions 
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each of the atoms behaves as an elementary spin 1 particle, the external constant + 
rotating magnetic fields being too weak to decouple the electronic and nuclear spins. 
During collisions this does happen, but only via virtual transitions to closed channels. 
Since the rf field is practically constant during a collision, the total two-atom spin 
projection MF,eff is conserved, together with F. As a consequence, the collision process 
is most easily described in terms of purely elastic scattering in a basis with F and 
MF,eff as good quantum numbers. Also, the scattering is described by the same aF=O 

and aF=2 scattering lengths. This picture is confirmed by the rigorous coupled-channels 
calculations. It fully applies to the actual experimental circumstances with a static field 
B0 of order 1 mT or less. We conclude that rf-induced exchange relaxation does not 
occur in this case. 

We now turn to a search for resonances occurring in the collision of two atoms in the 
1-1 state. The presence of such a resonance would be of major importance for the study 
of Bose-Einstein condensation as in principle the scattering length can then be changed 
arbitrarily [34, 35]. In analogy to atoms in a static magnetic trap it should be possible 
to have a bound state in a closed channel crossing the energy threshold of the colliding 
atoms due to the rf interaction. Na is a good candidate for a resonance at relatively 
low values of the rf field as there is a bound state very close to the continuum, which 
is responsible for the large positive value of the fmt = 1-1 scattering length [36]. Due 
to the rf interaction the energy levels of the bound states split and some of them cross 
the collision threshold, see Fig. 8.5. We consider an experimental setup comparable 
to the one used at MIT and consider the specific case of B0 1 mT. In Fig. 8.6 the 
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Figure 8.6: Real part of elastic S-matrix element for collision energy E = 
100/l,K a.s a function of Wr for detuning of 44.3 x 106 sec-1 (bottom of trap). 

real part of the elastic S-matrix element as a function of Wr for atoms colliding at the 
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center of the trap, corresponding to a detuning of 44.3 x106 sec-1, is shown. Note 
that we define Wr to be equal to (f l,mf = -liHat,rlf = l,mf 0}/h. From 
the figure it is seen that the position of the first resonance is found not very far from 
where the first order picture predicted a possible resonance for the specific state with 
MF,eff = -1. Note that higher order perturbation terms lead to deviation from the 
linear behavior in Fig. 8.5. We estimate the width of this resonance, ~wr, at 3500 
sec-1 for a collision energy of lOOJLK. The width behaves as VE and will therefore 
be equal to about 630 sec-1 at the temperatures at which BEC has been observed 
[6]. At even higher values of wr more resonances show up. Note the broad resonance 
(~wr = 1.4 x 106 sec-1 at lOOJLK) for a Rabi frequency of 1.6 x 109 sec-1. It turns out 
that the Rabi frequency at which these resonances are found is too high to treat Ha.t,f 
as a first order perturbation. A complete determination from which specific resonances 
result requires a calculation along the lines of Ref. [36], i.e. taking the rf interaction 
fully into account in a coupled channels method. However, this goes beyond the scope 
of this publication and will be dealt with in a forthcoming paper. In Fig. 8. 7 we finally 
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Figure 8. 7: Elastic S-matrix element for collision energy E = 100JLK as a 
function of magnetic field for the specific Rabi frequency equal to 3.6 x 108 

sec-1 . 

show the elastic S-matrix element for the same first resonance as a function of magnetic 
field (or position or detuning) for a specific value of the Rabi frequency. It is clear that 
this specific resonance will turn up very locally with an estimated width of ~B;:::;:, 0.014 
Gauss at lOOJLK. For the broad resonance, however, we find a width of 1.2 Gauss at a 
collision energy of 1 nK. This means that for a collision energy of 2 JLK, the temperature 
at which BEC has been observed, this resonance will be visible over the whole trap. 
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8.5 Conclusions 

This paper deals with the most rigorous treatment of atomic collisions in an rf- or 
microwave field so far. It treats the collision partners as atoms dressed by the field 
and takes the coupling of an unrestricted number of dressed-state manifolds into ac
count in a full coupled channels approach. Previous calculations for the cases of the 
hydrogen microwave trap and the cryogenic a-c H maser have been carried out in the 
dressed-DIS approximation which neglects spin precessions in the external field during 
the collision. Our present rigorous treatment confirms the results of these previous 
treatments for realistic external field strengths. A third application is associated with 
the recent Bose-Einstein condensation experiments in which rf-induced evaporative 
cooling played an important role. We address the question whether the rf field might 
turn "good" collisions into "bad" collisions. This turns out to be not the case. Con
sidering in particular the specific case of the Na rf BEC experiments at MIT we find 
resonances in the collision of atoms trapped in the energetically lowest (dressed) state 
for experimentally accessible values of the Rabi frequency, which may have interesting 
applications in future experiments: a change in Rabi frequency provides a handle to 
change the macroscopic properties of the Bose condensate. 
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Summary 

With the realization of Bose-Einstein condensation (BEC) in an ultracold atomic 87Rb 
gas sample at the Joint Institute for Laboratory Astrophysics (JILA, Boulder), summer 
1995, the field of trapping and cooling atomic gases enters a new era. The initial success 
with Rb was followed quickly by BEC in an atomic 7Li gas sample at Rice University 
(Houston) and in a 23Na gas sample at MIT. This makes clear that one has now a wide 
range of experimental possibilities available to study the phenomenon of BEC, which 
is believed to be responsible for the superfluidity of 4He and for superconductivity. 

To observe BEC atoms are trapped in magnetic traps and cooled to very low tem
peratures (in the order of nanoKelvins). However, there are a number of conditions 
that have to be fulfilled in order to have a (stable) Bose condensate. First, inelastic 
two-body collision processes and the formation of molecules in three-body collisions, 
lead to loss of atoms from the trap. Furthermore there have to be sufficient elastic 
collisions in order to have efficient evaporative cooling, the final cooling method to
wards BEC. A third condition that one believed had to be fulfilled is that the so-called 
scattering length, a parameter used to describe elastic collisions at low temperatures, 
had to be positive. 

The first two conditions have already been studied for a long time in our group 
at the Eindhoven University of Technology. Until recently only order of magnitude 
calculations were possible in the case of alkali atoms because the interaction potentials 
were not known to sufficient accuracy. Furthermore, the scattering length is also di
rectly related to the interatomic ground state potentials. It is therefore necessary to 
construct accurate ground state potentials as input for reliable calculations of the value 
of the scattering length and the lifetime of a Bose condensate. This states concisely 
the purpose of the work described in this thesis. 

In the first chapter of this thesis the subject of Bose-Einstein condensation is treated 
in more detail and a survey is given of the experimental context, i.e. trapping and 
cooling methods. Also other essential subjects, among which the scattering length, are 
dealt with and the method we used the improve the theoretical potentials is described. 
In chapter 2 this method is applied to improve the 7Li2 triplet ground state potential. 
It is used to calculate the scattering length for the doubly spin polarized state {the 
f = 2, m1 = 2 hyperfine state). It turns out that this scattering length is negative. 
Alkali atoms do, however, have another hyperfine state which is well suited for BEC 
experiments, namely the highest state of the lower hyperfine manifold (the f = 1, m1 = 
-1 state). It is shown in the third chapter that the scattering length for 7Li atoms 
in this state, although small, is positive. Also, similar calculations for the 23 Na atom 
are reviewed here. For this atom the scattering length turns out to be positive and 
large(~ 100 ao) for both hyperfine states. These results for both Li as Na have shortly 
afterwards also been verified experimentally. 

Some years ago, work of our group demonstrated that the scattering length of the 
highest state of the lower hyperfine manifold shows resonance behavior as a function 
of magnetic field, so-called Feshbach resonances. By tuning the magnetic field we can 
vary the value of the scattering length and even change its sign, and thereby change 
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the properties of the Bose condensate fundamentally. With the availability of accurate 
potentials we can predict the position of these resonances. The resonance properties 
of 6Li, 7Li and 23 Na are studied in chapter 4. It is found that these resonances show 
up at rather high magnetic field of a few Tesla, outside the region where atoms in this 
state can be trapped. On the basis of this, a modified Feshbach theory, valid at high 
magnetic fields, is presented. 

In the following chapter we predict of the energy levels of the highest bound states of 
two ground.state Na atoms, based on the obtained information about the Na potentials. 
A multi-channel bound state method is used to calculate the bound states of the total 
effective Hamiltonian (including the hyperfine interaction). It appears that for Na in 
most cases the hyperfine interaction can be treated in first order perturbation theory. 
An important exception is the state that is responsible for the large, positive scattering 
length of the m! = ±J state of the lower hyperfine manifold. Application of the above 
more rigorous method to heavier atoms like Rb and Cs will be essential because of the 
fact that here the hyperfine interaction cannot be treated in first order. 

In the following two chapters loss processes caused by two- and three-body colli
sions are studied. The sixth chapter deals with our viewpoint concerning the problem 
whether decay rates will vanish or not for ultra low temperatures, a discussion that 
has been going on for some time in this field. Also two-body decay rates are presented 
for both Li as well as Na. In the seventh chapter three-body recombination rates are 
calculated for Li, Na and Rb. Only the decay to the highest two-body bound states 
seems to be important for this process. The dependence of the recombination rate on 
the scattering length is also studied. 

The operation of the hydrogen maser and the microwave trap requires a resonant 
radiation field to be present. This can have a profound influence on the collisions of the 
atoms, which can be described by dressed states, i.e. atoms dressed by the radiation 
field. Results of a coupled channels method for collisions of H atoms in a microwave 
trap are presented and confirm the results of the approximation (the DIS method) that 
was used in our group in the past. Next we focus on the cryogenic hydrogen maser, 
the most stable atomic clock that has been realized. Finally, the method is used for 
collisions of Na atoms in the experimental setup to achieve BEC. For specific values of 
the strength / detuning of the rf field resonances show up during the collision of the 
atoms. 

Samenvatting 

Met de realisatie van Bose-Einstein condensatie (BEC) in een ultra koud atomair 87Rb 
gas op het Joint Institute for Laboratory Astrophysics (JILA, Boulder) in de zomer van 
1995 treedt het vakgebied dat zich bezighoudt met het wandvrij opsluiten en afkoelen 
van atomaire gassen een nieuw tijdperk binnen. Dat de aanvankelijke successen met Rb 
snel gevolgd werden door BEC in een atomair 7Li gas aan Rice University (Houston) 
en in een 23Na gas op MIT maakt duidelijk dat men zich nu op meerdere fronten bezig 
kan gaan houden met het bestuderen van het fenomeen BEC, een verschijnsel waarvan 
aangenomen wordt dat het ten grondslag ligt aan het superfluide worden van 4He en 
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aan supergeleiding. 
Om BEC te kunnen waarnemen sluit men atomen op in een magnetische valkuil 

en koelt de atomen tot zeer lage temperaturen (in de orde van nanoKelvins). Er zijn 
echter een aantal voorwaarden waaraan voldaan moet worden wil zich een (stabiel) Bose 
condensaat kunnen vormen. Zo kunnen inelastische twee-deeltjes botsingsprocessen en 
de vorming van moleculen in drie-deeltjes botsingen, leiden tot verlies van atomen nit 
de valkuil. Verder moeten elastische botsingen zodanig vaak op kunnen treden dat 
afdampkoeling, de laatste stap in het proces richting BEC, voldoende efficient is. Een 
derde voorwaarde waaraan tot voor kort voldaan leek te moeten worden is dat de 
zogenaamde verstrooiingslengte, een parameter waarmee men elastische twee-deeltjes 
botsingen in het lage temperatuur gebied kan beschrijven, positief moet zijn. 

De eerste twee voorwaarden worden al geruime tijd bestudeerd binnen onze groep 
aan de Technische Universiteit Eindhoven. Tot nu toe waren in het geval van alkali 
atomen alleen grootte-orde berekeningen mogelijk vanwege het feit dat de interactie 
potentialen niet voldoende nauwkeurig bekend waren. Verder is de verstrooiingslengte 
ook direct aan deze inter-atomaire grondtoestands-potentialen gerelateerd. Het is dus 
noodzakelijk om nauwkeurige grondtoestands-potentialen te construeren wil men harde 
uitspraken kunnen doen over de waarde van de verstrooiingslengte en de levensduur 
van een Bose condensaat. Dit laatste verwoordt kernachtig het doel van het werk dat 
in dit proefschrift beschreven is. 

Het eerste hoofdstuk van dit proefschrift gaat dieper in op de materie van Bose
Einstein condensatie en geeft een overzicht van de experimentele context, o.a. worden 
hier opsluitings- en koelingsmethoden behandeld. Verder warden ook andere essenW\le 
begrippen waaronder de verstrooiingslengte nader uitgewerkt en toegelicht en wordt 
de door ons gebruikte methode waarmee theoretische potentialen verbeterd kunnen 
warden beschreven. In het tweede hoofdstuk wordt deze methode toegepast op de 7Lh 
triplet grondtoestand en wordt hiermee de verstrooiingslengte voor de botsing tussen 
twee atomen in de zogenaamde dub bel spingepolariseerde toestand (de f = 2, m 1 = 2 
hyperfijn toestand) uitgerekend. Deze blijkt negatief te zijn. Alkali atomen hebben 
echter nog een hyperfijn toestand die experimenteel zeer geschikt is voor BEC experi
menten, de bovenste toestand van het onderste hyperfijn manifold (de f = 1, m1 = -1 
toestand). In het derde hoofdstuk wordt aangetoond dat de verstrooiingslengte voor 
7Li atomen in deze toestand weliswaar klein, maar positief is. Verder komen hier 
soortgelijke berekeningen voor het 23Na atoom aan de orde. Hiervoor blijkt de ver
strooiingslengte van beide hyperfijn toestanden positief en groot (~ 100 a0 ) te zijn. 
Deze resultaten voor zowel Li als N a zijn overigens korte tijd later ook experimenteel 
geverifieerd. 

In het verleden is in onze groep aangetoond dat de verstrooiingslengte van de 
bovenste toestand van het onderste hyperfijn manifold als functie van het magneetveld 
resonantiegedrag vertoond. Deze resonanties worden Feshbach resonanties genoemd. 
Dit biedt de mogelijkheid om de waarde van de verstrooiingslengte te varieren en zelfs 
van teken te laten veranderen, en daardoor de eigenschappen van het Bose condensaat 
fundamenteel te wijzigen. Met de beschikking over voldoende nauwkeurige potentialen 
is het mogelijk om de posities van deze resonanties te voorspellen. De resonantie eigen-

104 



schappen van de elementen 6Li, 7Li en 23 Na worden in hoofdstuk 4 nader bestudeerd. 
Hieruit blijkt dat deze resonanties zich alleen bij relatief hoge velden, buiten het ge
bied waar atomen in deze toestand opgesloten kunnen worden, zullen voordoen. Aan de 
hand hiervan wordt in dit hoofdstuk een gemodificeerde Feshbach theorie, toepasbaar 
voor sterke velden, gepresenteerd. 

In het volgende hoofdstuk wordt de verkregen informatie over de Na potentialen 
gebruikt om de energie niveaus van de allerhoogste gebonden toestanden in een sys
teem van twee grondtoestands Na atomen te voorspellen. Hiervoor wordt een veel
kanalen gebonden toestands methode gebruikt waarmee gebonden toestanden van 
de totale effectieve Hamiltoniaan (inclusief de hyperfijn interactie) berekend kunnen 
worden. Voor Na blijkt dat de hyperfijn interactie in de meeste gevallen nog in 
eerste orde storingsrekening meegenomen kan worden. Een belangrijke uitzondering 
vormt de toestand die verantwoordelijk is voor de grote, positieve verstrooiingslengte 
van de m1 = ±/ toestand van het onderste hyperfijn manifold. Toepassing van de 
bovengenoemde exacte methode voor zwaardere atomen zoals Rb en Cs zal essentieel 
blijken vanwege het feit dat hiervoor de hyperfijn interactie niet meer in eerste orde 
meegenomen kan worden. 

In de volgende twee hoofdstukken worden verliesprocessen door twee- en drie deeltjes 
botsingen bestudeerd. Het zesde hoofdstuk geeft ons gezichtspunt weer inzake het al 
dan niet naar nul gaan van verliesprocessen voor ultra-lage temperaturen, een dis
cussie die al geruime tijd speelt in dit vakgebied. Hier worden tevens twee-deeltjes 
vervalsnelheden gepresenteerd voor zowel Li als Na. In het zevende hoofdstuk worden 
vervalsnelheden door drie-deeltjes botsingen berekend voor Li, Na en Rb. Alleen het 
verval naar de hoogste twee deeltjes gebonden toestanden blijkt van belang te zijn. 
Verder wordt de vervalsnelheid bestudeerd als functie van de verstrooiingslengte. 

Tenslotte worden in het laatste hoofdstuk botsingen tussen zogenaamde "dressed
states" bestudeerd. Voor de werking van de waterstof maser en de microgolf trap is de 
aanwezigheid van een resonant stralingsveld essentieel. Dit kan grote invloed hebben op 
de botsingen tussen de atom en, die beschreven kunnen word en door "dressed-states", 
d.w.z. door het veld aangeklede atomen. Resultaten van een gekoppelde kanalen 
methode voor botsingen tussen H atomen in een microgolf trap worden gepresenteerd 
en bevestigen de resultaten van een door ons eerder gebruikte benaderingsmethode (de 
DIS methode). Daarna wordt aandacht besteed aan de cryogene waterstof maser, de 
meest stabiele atoomklok die is gerealiseerd, en tenslotte wordt de methode toegepast 
op botsingen tussen N a atomen in de opstelling gebruikt om BEC waar te nemen. Hier 
blijken voor specifieke waarden van de sterkte / verstemming van het rf stralingsveld 
resonanties op te treden bij de botsing tussen de atomen. 

105 



Dankwoord 

Tenslotte wil ik nog een aantal mensen bedanken die wezenlijk hebben bijgedragen bij 
het tot stand komen van dit proefschrift. In de eerste plaats natuurlijk Boudewijn 
Verhaar voor de enthousiaste en stimulerende begeleiding. Daarnaast gaat speciale 
dank uit naar Hugo Boesten voor de discussies en het kritisch doorlezen van vele 
stukken. Verder wil ik Tom van den Berg, Eite Tiesinga en Henk Stoof bedanken 
voor de vele discussies en natuurlijk ook de stagiaires en afstudeerders, te weten Peter 
Leunissen, Anne den Boer, Jurgen van Eck, Anders Axelsson, Marco Nagtegaal, Rob 
Reijnders, Martijn Mulders en Sjef Tempelaars. 
Also I would like to thank Wolfgang Ketterle and Randy Hulet for their kind permission 
to use their BEC images. 
Tenslotte natuurlijk Sonja, die gelukkig net zo'n workaholic is als ik. 

Curriculum Vitae 

22 december 1967 

Sept. 1980- Juni 1983 

Sept. 1983 - Mei 1986 

Sept. 1986 - April 1992 

April 1992- April 1996 

Geboren te 's Gravenpolder 

VWO, Goese Lyceum te Goes 

Stedelijk Gymnasium te Breda 

Studie Technische Natuurkunde 
Technische Universiteit Eindhoven 

Onderzoeker in Opleiding bij de stichting FOM, 
werkgroep AQ-E-b, Atoomfysica en Quantum Electronica, 
Technische Universiteit Eindhoven. 

106 


