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Preface 

Preface 

In this thesis I present results that were obtained during my research at the Eindhoven Univer
sity of Technology, from 1992 until 1996. The subjects of study were linear codes and their 
connections withother partsof mathematics, in particular with geometry. Some of the results 
are accepted for pubheation in internationaljournals; the papers on which large parts of the 
thesis are based are, in chronological order of writing: 

• MDS Codes from Hyperelliptic Curves. In R. Pellikaan, M. Perret, S.G. Vlädut, edi
tors, Arithmetic, Geometry and Coding Theory, pages 23-34, Berlin-New York, 1996. 
Walter de Gruyter. 

• Almost MDS Codes. Designs, Codes and Cryptography, 9(2): 143-155, 1996. 

• The Generalized Hamming Weights of Some Hyperelliptic Codes. Joumal of Pure and 
Applied Algebra, to appear. 

• Codes Spanned by Quadratic and Hermitian Forms. IEEE Transactions on lnformation 
Theory, 42(5): 1600-1604, 1996. 

The links between coding theory and geometry are plentiful. At the beginning of the thesis 
some of these links are highlighted. Special interest will be given toa theoretica! upper bound 
on codes, the Singleton bound. A focal point in this thesis will be codes that have parameters 
near this Singleton bound. 

A canonical way to obtain codes near this bound is to use algebraic geometrie curves of small 
genera. Codes that arise from algebraic curves are called algebraic geometrie codes. A con
siderable part of the thesis is devoted to the study of the parameters of algebraic geometrie 
codes that arise from eertaio classes of curves, the elliptic and hyperelliptic curves. 

Codes that achieve equality in the Singleton bound are well studied. Codes that are very close 
to the bound, without actually attaining it, have had far less attention. In this thesis we study 
such codes. Using geometrical tools we derive bounds on the parameters of such codes, and 
give some constructions. 

In studying links between codes and geometrical objectsoften the most interesting codes arise 
from the most interesting geometrical objects. Of all geometrical objects, quadries and Her
mitian varieties are amongst the most beautiful. We end the thesis by constructing classes of 
codes from these objects. 

Acknowledgrnents. Here I would like to express my gratitude tosome of the people who 
have made this thesis possible. First of all I wish to thank dr. G.R. Pellikaan. His continuing 
support throughout the four year period of my research and the many discussions we had, 
made the thesis into what it has become. Next I wish to thank prof.dr. H.C.A. van Tilborg, 
for his careful reading of the manuscript and his advise during the final (and hardest) stages 
of my research. 
Furthermore I am grateful to prof.dr. J.W.P. Hirschfeld, prof.dr. T. H!ilholdt and prof.dr. A.E. 
Brouwerfortheir support and their valuable remarks which helped to improve the manuscript. 
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we shared an office at the university. Our cooperation lead to results that are incorporated in 
Chapter 4 of this thesis. 
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ica! Studies in Cambridge fortheir hospitality during my visits. 
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Chapter 1 

lntroduction: Parameters of Codes and 
Related Objects 

1.1 Error-Correcting Codes 

1.1.1 Error-correcting codes 

The fini te field of q elements will be denoted by IFq. A code C is a subset of the vector space 
IF;. The n will be referred to as the length of the code. If C is a vector space itself, it is 
called a linear code. The dimension of C will be denoted by k( C). In this thesis, unless stated 
otherwise, all codes will be Jinear codes. The vector space IF; is equipped with the Hamming 
metric. Given a vector x E IF;, its Hamming weight is defined as 

wt(x) =#(i I x;# 0}. 

Here, and throughout the thesis we will write #S to denote the cardinality of a setS. 

The Hamming distance between two veetors x and y E IF; is defined as 

d(x, y) = wt(x- y) =#{i I x;# y;}. 

The minimum distance of a code C is defined as 

d(C) = min{d(x, y) I x, y E C, x# y} = min{wt(c) I c E C \ {0}}. 

The length, dimension and minimum distance are called the fundamental parameters of a 
code; we say that code C has parameters [ n ( C), k( C), d ( C)], or [ n, k, d] for short. 

A (k, n)-matrix G the rows of which are a basis for the codeCis called a generator matrix 
for C. Then c = {xT G I x E IF~}. The dual code is defined as c.L = {d E IF; I Gd = 0}. 
The code C.L is a Jinear code with parameters [n, n - k, d.L ]. A generator matrix H for C.L 
is called a parity check matrix for C. lt is easy to see that C = {c E IF; I H c = 0}. 

Let C be a code. If a generator matrix for C, or a parity check matrix for C has an all-zero 
column, we say that C is degenerate. lt is easy to see that d, d.L 2: 2 is a sufficient condition 
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for a code to be non-degenerate. 

Fora code C let Ai denote the number of codeworcts in C of weight i, for all i = 0, 1, ... , n. 
The set {(i, Ai) I i = 0, I, . ... n) is called the weight distribution of C, and the polynomial 
A(z) = :L7=o Aizi is the weight enumerator of C. Although there is no clear conneetion 
between the minimum distance of a code and the minimum distance of the dual code, there 
is a beautiful relation between the weight enumerators, due to MacWilliams [59]. 

Theorem 1.1.1 (MacWilliams Transform) Let A(z) be the weight enumerator of an [n, k] 
code C, and B(z) the weight enumerator ofthe dual code C.L. Then 

l B(z) = (1 + (q - l)z)n A . ( 1-z ) 
l+(q-l)z 

Let C be a code. Then any code obtained from C by permmation of coordinates and multipli
cation of coordinates by nonzero constants is called equivalent to C. Equivalent codes have 
the same fundamental parameters and weight distributions. All code parameters considered 
in this thesis will be invariants under the group of actions just descri bed, the monomial group. 
A code C with minimum distance d can correct up tot (C) = L d~I J errors per codeword. 
CodeCis said to have error-correcting capacity t (C). Codes that have a high minimum dis
rance, and hence error-correcting capability, will be referred to .as good codes. By a high min
imum disrance we mean high in the sense of being close to theoretica! upper bounds (see the 
next section), or high compared to other codes having the same length, the same dimension, 
and that are defined over the same field. 

1.1.2 Bounds on codes 

For given q, n and k we can de fine 

Dq (n, k) = max{d I an [n, k, d] code exists over IFq ). 

Oetermining the exact values of Dq (n, k) is one of the fundamental problems in coding theory. 
In this section we look at some upper bounds on Dq (n, k). Many theoretica! upper bounds 
can be found in the literature. Here we wil! reeall the ones that are most important to us in 
this thesis. 

We wil! start with the bound that motivated almost the complete thesis. 

Theorem 1.1.2 (Singleton bound) Dq(n, k) :::; n- k + 1. 

The bound was first proved by Singleton in 1964 in [76] . The following definition is natura! 
in this context. 

Definition 1.1.3 The Singleton defect of an [n, k, d] codeCis s(C) = n - k + 1 - d . 

Codes that achieve equality in the Singleton bound are wel! studied. 

Definition 1.1.4 A code C with s(C) = 0 is called maximum distance se parabie (MOS for 
short). MOS codes of dimensions k = 0, I, n - I and n are trivial. 
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Most results on MOS codes were obtained by using geometrie argurnents. For the geometrie 
description of MOS codes, see Sec ti on 1.2.2. 

Apart from MOS codes, in this thesis we will also look at codes that have a smal! positive 
Singleton defect. 

Other bounds that play an important role in this thesis are the Hamming bound and the Gries
mer bound. For proofs we refer the reader to the standard text books on coding theory, such 
as [60] or [56]. 

Theorem 1.1.5 (Hamming bound) Let C be an [n , k, d] code over IB'q . Then 

L(d-1)/2J ( ) L ~ (q-Ir~qn-k_ 
i=O l 

Theorem 1.1.6 ( Griesroer bound) Let C be an [n, k, d] code over IB'q . Then 

k - 1 I dl n> L--.,.. 
- i=O q' 

1.1.3 Generalized Hamming weights 

Recently, other parameters besides the fundamental parameters n, k and d became a popular 
subject of study: the generalized Hamming weights. For an arbitrary code D we define the 
support as 

supp(D) = {i I there is ad E D with d; of: 0}. 

Let C be a code with parameters [n, k, d]. For any r , 1 :::; r :::; k wedefine the r-th generalized 
Hamming weight as 

d, = min{#supp(D) I Dis an r-dimensional subcode of C} . 

The sequence of numbers [d1, d2 , ••• , dk] is often referred to as the weight hierarchy of the 
code. 

Since the definition of generalized Hamming weights by Wei in [86], many papers have ap
peared that investigate these parameters for different classes of codes. There are many rea
sans for studying the generalized Hamming weights of certain.codes, a few of which are the 
following. 

The weight hierarchy 

• describes the performance of codes when applied in the cryptographical system of a 
wire tap channel of type II. This is the original motivation in Wei 's paper; 

• gives more insight in the structure of codes. For instance, the generalized Hamming 
weights of the dual code are completely determined if all generalized Hamming weights 
of the original code are known (see Lemma 1.1 .7); 
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• is useful for analysis of the trellis complexity of codes [52]; 

• can be used in the determination of the weight distri bution of irreducible cyclic codes. 
Th is is where the generalized Hamming weights appeared first in 1977 [ 46]. 

Some of the codes for which the generalized Hamming weights have been determined are for 
instance: Reed-Muller codes, codes meeting the Griesmer bound, higher dimensional Her
mitian codes, projective codes from quadrics, some geometrie Goppa codes, semiprimitive 
codes, Kasami codes, Grassmannian codes, some product codes. 

Two easy results on the generalized Hamming weights wil! be needed later in the thesis. The 
proofs can be found in Wei's paper [86] . 

Lemma 1.1.7 Let C be an [n, k, d] code with generalized Hamming weights d1, d2 ... , dk. 
Then it holds that 

1. (monotony) d; < d;+ 1 for all i= I, 2, .. . , k- 1. 
2. (duality) Cl. has generalized Hamming weights d;J.. satisfying 

{df, dz.l.., ... , d;_k} = {1, 2, . .. , n) \ {n + 1 - dt, n + 1 - d1 , . .. , n + 1 - dk}. 

1.1.4 Algebraic geometrie codes 

We wil! start by giving the very general definition of an evaluation code. Fora prime power q, 
let PG(r, q) and AG(r, q) denote the projeelive and affine geometry obtained from the finite 
field !Fq respective1y. Consicter a set P = {P1 , P1, . .. , Pn} c PG(r, q) or AG(r, q) of n 
points. Consicter a vector space V of functions P --+ IF;. Under the linear evaluation map 
defined as 

evp: V---+ !F; f ~ (f(Pt). j(P1), ... , f(Pn)), 

the image of V is a vector space in IF;, and wil! be called an evaluation code. 

It is clear that every code C is an evaluation code. Indeed, take as set P the columns of the 
generator matrix of C, and as functions the coordinate functions. More interesting examples 
of evaluation codes are the following two classes . 

Example 1.1.8 (Reed Solomon codes) Let P c AG (I, q) be a set of n distinct nonzero 
points, so P consists of n elementsof the field !Fq . Let k be a fixed integer satisfying 0 < 
k < q. Take as a vector space V all polynomials in one variabie of degree at most k - 1. Let 
C be the evaluation code defined by P and V. Then C is called a Reed Salomon code. Code 
C has parameters [n, k, n- k + 1] and satisfies the Singleton bound with equality: the code is 
MOS. Let G be a generator matrix for C. Let G' be a matrix obtained from G by multiplying 
each column with a nonzero element of !Fq. Then G' is a generator matrixfora code that is 
equivalent to C. Codes that are obtained in this way from Reed Solomon codes are called 
Generalized Reed Salomon codes. 

Example 1.1.9 (Projective Reed Muller codes) Consicter the following construction of an 
evaluation code. Take as the set Pa fixed set of representatives of all points of PG(r, q), in 
a fixed order (note that different representatives or orderings willlead to equivalent codes). 
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Let m > 0 be a fixed integer. Take as vector space V all homogeneaus farms of degree m. 
Then the code obtained by evaluating all elements of V in the points of P is called the m-th 
order Projective Reed-Muller code R(r, m). For the fundamental parameters of these codes 
see [55] and [78]. 

We will now give the classica] definition of an algebraic geometrie code. This beautiful idea 
is due to Goppa, see [41, 42, 43] . First we introducesome notation on algebraic curves. As 
general references for the theory of curves we refer the reader to [39], [80] and [63]. We 
illustrate the definitions by an example. 

Let X be an absolutely irreducible smooth projective curve over 1Fq of genus g. 

Example 1.1.10 Let i > 0. Consicter thefollowing homogeneaus cubic equation over the 
field k = IF2;: 

x3 + y3 + z3 = o. 

It is easy to check that H (X : Y : Z) = X3 + Y3 + Z3 has no singular points over k, 
and that H (X : Y : Z) is irreducible over all fini te extensions of k. Hence the set of zeros of 
H (X : Y : Z) over the algebraic ciosure k defines an absoiuteiy irreducible smooth projective 
curve 11.. A wel! known result yields that the genus of a nonsinguiar plane curve of degree d 
equals ~ (d- 1) (d- 2) (see for example [39], Chapter 8, Proposition 5). In our exampie we 
find that 7-t has genus one. 

Thesetof points on X that are defined over an extension field !Fq; of !Fq are called the !Fq;
rational points of X. !Fq-rational points of X will be called rational. The set of !Fq-rational 
points of X will be denoted by X (lFq). Orbits of !Fq; -rational points that are not defined over 
any smaller field, under the action of Gal(!Fq; j!Fq). are called rationat places of degree i. Ra
tional points are exactly the rational places of degree one. 

Example 1.1.11 (Example 1.1.10 continued) The rational points of 7-t over IF2 are 

Pt (0 : 1 : 1) 
Pz (1 : 0: 1) 
p3 (1 : 1 : 0) 

Let ex be a primitive element of IF4 satisfying ex2 = ex + I. The IF4-rational points of 1-i are 

Pt (0 : 1 : 1) 
Pz (1 : 0: 1) 
P3 (1 : I : 0) 

P4 (0 : I : ex) 
Ps (1 : 0 : ex) 
P6 (I :ex : 0) 

P1 (0 : 1 : ex') 
Ps (1 : 0 : ex2 ) 

P9 ( 1 : ex2 : 0) 

The three pairs (P4 , P1 ), (Ps. P8 ) and (P6, P9) form orbits under Gal(IF4/1Fz) and hence de
fine three piaces of degree two over IF2 . To find the IF2-rationai places of degree four we have 
to find the rationai points of 7-{ over IF16. lt tums out that the above list of nine points de
fined over IF4 already exhausts all points over IF16, so that we can conclude that there are no 
IF2-rational piaces of degree four. 

A divisor D is a forma) sum of pi aces, D = L n p P, with P running over the set of rational 
places, np E Zand finitely many np nonzero. The degree of divisor D = L npP is defined 
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as deg(D) = L np deg(P). The support of divisor D is thesetof places P with np #- 0. 
The divisors form a group under coefficientwise actdition which is called the divisor group 
Div(X). The divisors of degree zeroforma subgroup, denoted by Div0 (X) . 

Let X be a curve with defining ideal/ C IB'q[Xo. X 1, ... , Xn]. Then the coordinate ring of 
X is defined as 

r(X) = IB'q[Xo. X1 .... , Xn]/ !. 

The function field IB'q (X) of the curve X is the set of rational functions that are defined on X 
modulo the equations defining the curve /, so 

IB'q (X) = (~ I g. h E r(X) homogeneaus of the Same degree, h #- 0}. 

Let f = ~ E IB'q (X) be a rational function on X. Then g = 0 defines a hypersurface Y. The 
intersection divisor of Y with the curve X is defined as the divisor X · Y = L n p P where P 
runs over all rational points and np is the intersectien multiplicity of Y and X at P (see [39] 
Chapter 3). Likewise, h = 0 defines a hypersurface Z with intersectien divisor X · Z with 
X. The divisor of the rational function fis defined as (/) = X · Y- X · Z . Divisors that 
are di visars of rational functions are called principal divisors. Since g and h are of the same 
degree, Bézout's theorem implies that principal divisors have degree zero. 

The principal divisors forma subgroup of Div0 (X), denoted by Prin(X). The divisor class 
group, or Picardgfoup, of X is defined asthefactor gr6up-Pic(X) = Div0 (X)/ Prin(X). 

The relation ~ defined on divisors as D ~ E if and only if D - E is a principal divisor, is an 
equivalence relation. In the divisor class group, D and E are the sarne elements. 

We can alsodefine a partial order on thesetof divisors. Call a divisor D = L np P ef!ective 
if all np ~ 0. For two divisors D and E we write D ~ E if D- Eis effective. 

To a divisor D we can associate the following vector space of rational functions: 

L(D) = {f E IB'q(X) I (f) ~ -D} u (0}. 

The dimension of L(D) as a vector space over IB'q will be denoted by l(D) . There is exactly 
one divisor class of divisors of degree 2g - 2 such that l(K) = g for all divisors K in this 
class. Such divisors K are called canonical divisors, and the class is called the canonical 
class. 

Let D be a divisor. The linear system I Dl is defined as the set of all effective divisors that 
are equivalent toD. The degree of the linear system I Dl is defined as deg(IDI) = deg(D). 
The linear system I DI has the structure of a projective space of dimension I (D) - 1 over IB'q. 
Indeed, the map 

L(D)\(0}/IB';-----+ IDI ! ~------+ (/) + D 

is a bijection. The dimension of I Dl is defined as l(D) - 1. 

The following is one of the most important results in the study of curves. It is concemed with 
determining l(D). For proofs see for example Chapter 2 in [63] or Chapter I in [80]. 



1.1 Error-Correcting Codes 7 

Theorem 1.1.12 (Riemann-Roch) Let D be a divisor and let K be a canonical divisor. Th en 
l(D) = deg(D) + 1 - g + l(K - D). 

If deg(D) > 2g - 2 then deg(K - D) < 0 fora canonical divisor K. In this case the 
Riemann-Roch theorem states that /(D) = deg(D) + 1 - g. A divisor D for which l(D) > 
deg(D) + 1 - g is called a special divisor. 

The following result on l(D) wiJl also be needed later. For a proof we refer the reader to 
Section 1.6 in [80] and Theorem 5.4 in [ 45]. The definition and properties of hyperelliptic 
curves and hyperelliptic divisors are given in Section 2.2. 

Theorem 1.1.13 (Ciifford) Let D be a divisor with 0 :S deg(D) :S 2g - 2. Then 

1 
l(D) :S l deg(D) + 1. 

Furthermore, equality occurs if and only if either D = 0 or Dis a canonical divisor; or ifthe 
curve is hype relliptic and D is a hyperelliptic divisor. 

Example 1.1.14 (Example 1.1.10 continued) Consider the following divisor: D = P3 + 
h+ h Theorem 1.1.12 gives l(D) = deg(D) + 1- g + l(K- D) = 3 + 1- 1 + 0 = 3, 
where we note that l(K- D) = 0 since deg(K- D) = deg(K)- deg(D) = 0- 3 < 0. We 
will determine a basis forthespace L(D). Trivially, we have 1 E L(D). Now, note that the 
function X has intersectien divisor P1 + P4 + P1 with 1t. Moreover, Y and Z have intersectien 
divisors P2 + P5 + P8 and P3 + P6 + P9 = D with H respectively. If we set / 1 = X I Z and 
h = Y I Z we can compute their principal divisors: 

(/J) P1 + P4 + P1 - D 

(/2) P2 + Ps + Ps- D . 

We conclude that L(D) = ( 1, f 1 , /2} . To find the canonical classis in this case trivial. Indeed, 
the class has di mension 1 and consists of divisors ofdegree 0; this must be the class consisting 
of the divisor 0 only. 

Nowwearereadytodefinealgebraicgeometriccodes. ForasetP = {P1 , ... , P") ofrational 
points of X and a divisor G of X with deg(G) < n and supp(G) n P = 0, wedefine the 
algebraic geometrie code C(X, P, G) as the image of the evaluation map 

The code C(X , P, G) is linear, and the parameters [n , k, d] can be estimated as follows. 

Theorem 1.1.15 Code C(X, P, G) hasparameters[n, k, d] withk = l(G) 2: deg(G)+1-g 
and d 2: n - deg(G). 

Proof. The assertions follow immediately from the Riemann-Roch Theorem and the fact that 
a principal divisor has degree zero. 0 

The lower bound on the minimum distance, d 2: n - deg(G), is called the Goppa lower 
hound. 
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Corollary 1.1.16 Code C(X, P, G) has Singleton defect s::; g. 

Since we wil! be interested in the exact value of the minimum distance and in the generalized 
Hamming weights of algebraic geometrie codes in genera!, weneed the foilowing result from 
[90] and [66]. 

Theorem 1.1.17 Code C(X,.P, G) has generalizedHamming weights 

d, = n- max{s I P1. P2, ... , P., EP distinct,l(G- PI- P2- · · ·- Ps) = r}. 

Proof. The subcodes of C(X, P, G) that have zeros at the positions corresponding to the 
points P1 , P2 .... , Ps are exactly the codes C(X, P, G -PI - P2- · · ·- P5 ) . 0 

The dual code of an algebraic geometrie code C (X, P, G) wil! also be called algebraic ge
ometrie. If K is a canonical divisor, then cl. is equivalent to C(X. P. LPo• p - G + K). 
We can use Theorem 1.1.15 to estimate the parameters of this code. Instead we like to show 
how Lemma 1.1. 7 and Theorem 1.1.17 can be used to estimate these parameters. 

Theorem 1.1.18 Let C = C(X. P. G). Then Cl. has minimum distance d l. 2: deg(G)-
2g + 2. 

Proof. Let m = deg(G). We first show that for r > g the generalized Hamming weights of 
Care d, = n + r - m - 1 + g. Indeed, let D be a divisor 0 ::; D ::; LPEP Pof degree 
s < m- 2g + 2. l)len Riemann-Roch yields that l(G - D) = m + 1 - g- s. 

From the duality part of Lemma 1.1.7 we see that dl. 2: n- min{d, I d, = n- k + r}. This 
proves the theorem. 0 

The length of an algebraic geometrie code is upper bounded by the number of rational points 
on the curve. The following is a famous bound. For proofs we refer the reader to Sections 
V.2 and V.3 of [80]. 

Theorem 1.1.19 (Hasse-Weil-Serre) Let N be the number of rational points of a curve of 
genus g over 1Fq. Then 

IN- (q + 1)1::::: gl2y/qj . 

Definition 1.1.20 Let X be a curve of genus g with N rational points over IFq. Then X is 
called a maximal curve if N = q + 1 + 2g -Jéj. 

Evidently, maximal curves can only exist over fields of square order. 
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1.2 Point Sets in Projective Space 

1.2.1 Codes and their geometry 

There are two canonical ways of interpreting a nondegenerare code geometrically. The first 
one is the following. Let C be a nondegenerare code. Consider the columns of a generator 
matrix of C as a multiset of points in affine or projeelive space. Since multiplication of a 
column of the matrix by a nonzero constant yields the generator matrix of an equivalent code, 
we wil! mainly look at projeelive spaces. The multiset of points in projective space that is 
obtained in this way from a generator matrix G will be denoted by Q. 

The second canonical geometrie description of a nondegenerare code can be obtained simi
larly by tak:ing the columns of a parity check matrix of the code as points insome projective 
space. The multiset of points that is obtained in this way from a parity check matrix H wiJl 
be denoted by H. 

We wil! use the following definitions. Consider the projeelive space lP' = PG(r, q) . A sub
space of dimensïon t in lP' is called a t -fiat. A subset of n points { P1 , P2 , . •• , Pn} C lP' is said 
to be in general position if they are not contained in an (n - 2)-flat. 

We can now express the fundamental parameters of the code as properties of the multisets Q 
andH.. 

Theorem 1.2.1 Let C be a code with parameters [n, k] with generator rru1trix G and parity 
check rru1trix H. Then the multiset Q conesponding to G consistsof points of PG(k- 1, q) 
and the points ofthe multiset 7i conesponding to Hare in PG(n- k- 1, q). Moreover, the 
following are equivalent. 

1. C has minimum distance d. 
2. Any d - 1 points of'H are in general position, and there is a set of d points in 7i that is 

dependent. 
3. Any hyperplane in PG(k - 1, q) intersects Q in at most n - d points. 

Dually, the following are equivalent. 

1. c.l has minimum distance d.l. 
2. Any d.l - I points of Q are in general position, and there is a set of d .l points in Ç that 

is dependent. 
3. Any hyperplane in PG(n - k- 1, q) intersects 7i in at most n - d.l points. 

It is clear that if the dual distance is at least three, then the multiset Ç is just a set. The same 
holds in the dual case. 

Example 1.2.2 (Hamming codes) Let H be the matrix with as columns thesetof all points 
of PG(r, q). Then the code C that has H as a parity check matrix is called a Hamming code. 
The fundamental parameters of C are [</> (r, q), </> (r, q)- r - I, 3], where </> (r, q) is the num ber 
of points in PG(r, q) : </>(r, q) = (q'+1 - 1)/(q - 1). The dual codes of Hamming codes are 
called Simplex codes. Simplex codes have parameters [</>(r, q), r + 1, q'] and all non-zero 
codewords have weight q' . 
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Th is geometrie interpretation of a code is well known and was already used insome of the ear
liest papers in coding theory (see for example [12]). More recently, the multisets of points as
sociated with a code are called projective system.s. For more on projective systems see Chapter 
1.1 in [83]. In Problem 1.1.9. of [83] the reader is challenged to "rewrite existent books on 
coding theory in terrns of projective systems". 

Also the generalized Hamming weights have a natura! interpretation in this geometrical con
text. In the language of projeelive systems the following result was used in [ 49] to determine 
the generalized Hamming weights of some codes associated to Hermitian varieti~s (see Sec
ti on 1.2.3). 

Theorem 1.2.3 Let C be a code with parity check matrix H and corresponding multiset H. 
Then the following are equivalent. 

1. C has r-th generalized Hamming weight d,. 
2. Any (n~k-1-r)-flat intersectsH in at most n-d, points, and there is an (n-k-1-r)

flat that intersects H in exactly n - d, points. 

1.2.2 Special point sets in projective space 

The relation between codes and point sets in projeelive space in the previous section motivates 
the study of special sets of points in projective space. 

Definition 1.2.4 A multiset of n points in PG(r, q) such that every subset of size I is in general 
position, is called an n-set of kind I. 

We already saw that these objects are in fact [n, n - r - 1,:::: I+ l] codes. 

Definition 1.2.5 An n-set of kind r + 1 in PG(r, q) is called an n-are. 

MDS codes and n-arcs are equivalent objects. Most of the results on MDS codes are obtained 
by studying the geometry of n-arcs. There is a vast literature on MDS codes and n-arcs, most 
of which is concerned with the maximumlengthof an MDS code. For an [n, k, d] MDS code 
with k:::: q it can be shown that n ..::: k + 1. For nontrivial MDS codes (in which case k < q , 
Theorem 1.3.4) there is the following famous conjecture. 

Main Conjecture on MDS codes. Fora nontrivial [n, k , n - k + 1] MDS code we have that 

{ q+2 
n < 

- q + 1 
if q is even and k = 3 or q - 1 
otherwise. 

The Main Conjecture on MDS codes is proved forsome parbeular values of k and q, for ex
ample in the cases k :S 5 and the cases q ..::: 19. Fora recent survey on the latest results on 
the MDS conjecture and related problems, see [47]. 
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1.2.3 Quadries and Hermitian varieties 

Points on hypersurfaces are canon i cal candidates for obtaining parity check matrices of codes. 
Quadratic and Hermitian hypersurfaces are amongst the most beautiful objects to choose from. 
In this sec ti on we wil! define quadratic and Hermitian farms, and consicter the points at which 
these farms van i sh. Then we will discuss the codes that are obtained by taking as parity check 
matrices the matrices of points in these zerosets. An excellent reference for quadratic and 
Hermitian forms is [ 48], Chapters 22 and 23. 

A quadratic form Q is a homogeneaus polynomial of degree two in several variables, say Q E 

1Fq[x0, x 1, ... , x,]. The group of projective basis transformations, PGL(r + 1, q ), acts on the 
set of quadrics. A quadratic form R that is the image of Q under such projectivities is called 
projectively equivalent to Q. If a quadratic farm Q E !Fq [x0, x 1, ... , x,] is not projectively 
equivalent to a form that has fewer than r + 1 variables, we say it is nondegenerate. There 
are one or two projectively distinct nondegenerate quadratic farms, depending on whether r 
is even or odd, respectively. Canonical farms of these nondegenerate quadratic farms are: 

• x~+ x 1x2 + x3x4 + · · · + x,_1x, for reven. These are called parabolic. 

• xox1 + X2X3 + · · · + Xr-tXr for r odd. These are called hyperbolic. 

• f(xo, x 1) +x2x3 + · · · +xr-JXr for r odd. Here f(xo, XI) is an irreducible homogeneaus 
farm of degree two. These are called elliptic. 

Degenerate quadratic farmscan be reduced to one of the canonical farms in fewer than r + 1 
variables. The minimum number of variables in such a reduced farm is called the rank of the 
quadratic form. In this terminology, nondegenerate quadratic farms are farms of rank r + 1. 

Let Q E 1Fq[Xo, x 1, ... . x,] be quadratic form. Thesetof points of PG(r, q) in which Q 
vanishes, is a called a quadric. In the terminology, we wiJl not really distinguish between 
quadratic forms and the corresponding quadrics. We can speak for instanee of a nondegener
ale hyperbalie quadrie in PG(r, q) . This should cause no confusion. 

Geometrically, degenerate quadries are cones. A quadrie in PG(r, q) of rankpis geometri
cally a cone with as vertex an (r - p )-flat which is joined toa quadrie that is nondegenera te in 
a (p- 1)-flat. Although the quadrie may be degenerate, we still cal! it parabolic, hyperbalie 
or elliptic, if its nondegenerate part is of that type. 

Example 1.2.6 Let ex be a primitive element of IF4 with cx2 = ex + I. Consicter the quadratic 
form Q E !F4[xo. x1. x2, X3, x4] defined by 

Q (xo, X1 , x2, X3, X4) = x~ + x1x2 + x i + cxx2x4 + x~. 
To find the rank of Q we apply the following basis transformation: 

xo ~--+ Yo + Y3 

X] !--+ Yl + Y2 + CiY4 

X2 !--+ Y2 

X3 !--+ Y3 

X4 !--+ Y4 
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Under this projectivity, Q maps to the quadrie Q' = y~ + YIY2- We conclude that Q is a 
degenerate quadrie of rank three. Quadrie Q is a parabol ie quadrie because its nondegenerate 
part (which is Q') is parabolic. Geometrically Q is a cone, and is the join of a Iine (the vertex 
of the cone, in this case corresponding to the Iine y0 = y1 = y2 = 0) to a plane parabolic 
quadrie (in this case Q'); see Figure 1.1. 

Figure 1.1: The quadrie Q 

A Hermitian_Jorm is an elem~~t U E 1Fq2[x0 , x1 , ... , x,] such th~t U = L u;,jx;xj and 
u;,j = uj,;. Analogously to the quadratic form case we speak of nondegenerate and degener
ate forms, and of the· rank of a form. In the Hermitian case there is only one canonical non
degenerale form. This is xci+1 + xr+i + · · · + xç+1• Thesetof points in PG(r, q2) in which 
U vanishes is called a Hermitian variety. Again, similar to the case for quadratic forms, de
generate Hermitian forms geometrically represent cones. 

Example 1.2.7 The first example of a Hermitian varietyin this thesis, we already encoun
tered in Example 1.1.10. It that example, H (X : Y : Z) = X3 + Y3 + Z 3 is a Hermitian form 
over IF4 . Thesetof zerosof H in the projeelive plane PG(2, 4) is a Hermitian variety, in this 
case a Hermitian curve. 

The standard way of obtaining codes from quadratic or Hermitian forms is the following. Let 
F be a nondegenerate form ( quadratic or Hermitian). Let H be the matrix obtained by putting 
representatives of the projective points in which F vanishes as columns. Then H is a par
ity check matrix of a code. The regularity of nondegenerate quadratic and Hermitian forms 
has as a consequence that the resulting codes have very rich structure. There is an extensive 
Iiterature on these codes. They were first studiedas early as in 1952 in the papers by Bose 
(see for instanee [13]). Because of the existing classification and the abundance of results on 
quadratic and Hermitian forms, many other parameters of these codescan be determined, like 
the weight distributions and the generalized Hamming weights, see [67] and [49]. Since the 
hyperpiarre sections of these regular forms are again very regular, the resulting codes have 
only few nonzero weights. It should not be surprising that many more beautiful objects can 
be obtained from these forms and their codes. 

In Chapter 4 we will use another construction to obtain codes from quadratic and Hermitian 



1.2 Point Sets in Projective Space 13 

farms. This construction is similar to the Projective Reed Muller codes which were al ready 
introduced in Section 1.1.4 as a special family of evaluation codes. 

1.2.4 Matroids 

Matraid theory is the abstract study of linear independence. Regarding Theorem 1.2.1 it is 
clear that this is of importance for coding theory. For an exposition of the theory of matroids, 
see [87]. 

Definition 1.2.8 A matraid is an ordered pair (E, I) consisting of a finite set E and a collec
tion! of subsets satisfying the following conditions: 

1. 0 EI 
2. If I E I and I' c I, then I' E I 
3. If h, hE I and I hl < I hl, then there is an e Eh\ h such that hU {e} EI. 

The elements of I are called the independent sets. Subsets of E that are notindependent are 
called dependent. Minimal dependent sets are called circuits. 

The name matraid and the conneetion with coding theory follow from the following definition 
and theorem. 

Definition1.2.9 Let A beau (r,n) matrixover!Fq. LetE = {1,2, ... ,n) andletibethe 
collection of subsets of E that index se~ of independent columns of A. Then the pair (E, I) 
defines a matroid denoted by MA· It is called the vector matroid of A over !Fq. 

Theorem 1.2.10 Let C be a code with parity check matrix H. Then thefollowing are equiv
alent. 

1. C has minimum distance d. 
2. The minimum size of a circuit of the vector matraid M H is d. 

Although vector matraids provide many important examples of matroids, notall matraidscan 
be obtained as a vector matroid. It is notabie that many of the properties of linear codes can 
be stated more generally as properties of matroids. For example, the MacWilliams relation 
between the weight enumerators of a code and its dual code follow immediately from the 
duality relations between the Tutte polynomials of a matraid and its dual ([87], Section 15.7). 
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1.3 The Statistica} Conneetion 

1.3.1 Orthogonal arrays 

Many of the early results in coding theory were found by people studying statistica} designs 
of experiments, see for example [ 12]. In this sec ti on we will give some links between coding 
theory and statistical objects. 

The following general i zation of a set of mutually orthogonal Latin squares, due to C.R. Rao 
[71], reveals some of the design-theoretic properties of codes. 

Definition 1.3.1 An n x M matrix A with entries from a set of l 2: 2 elements, is an orthog
onal array of si ze M, n constraints, l levels, strength t and index À, if each t x M submatrix 
of A contains all!' possible t-tuples exactly À times as a column (soM= M'). Such an array 
will be denoted by OA~. (t, n, l). If the columns of A form a linear space over the finite field 
!Fq, the orthogonal array is linear. 

For ways in which orthogonal arrays can be used in the design of experiments we refer the 
reader to the early papers [71], [12] and [13] and a recent survey paper [47]. 

The following result by R.C. Bose and K.A. Bush [13] gives the link between error correcting 
codes and orthogonal arrays. 

· Theörëm 1.3.2 The following are equivalent: 

1. Cis an [n, k, d] code with Singleton defect s(C) = s 
2. The n x qn-k matrix A having as columns the codewordsof C.l is a linear orthogonal 

array OAqs(d- I, n, q). 

The objects of study of Bush in his paper [ 17] were orthogonal arrays of index one, the linear 
ones of which are equivalent to MDS codes under the above correspondence. He obtained two 
well known results. The first one is a construction of linear orthogonal arrays of index unity 
that achieve the maximum length in the Main Conjecture on MDS codes. The corresponding 
codes, as codes, first appeared in [72]. These are the well known Reed-Soloman codes that 
we already encountered in Example 1.1.8. Bush's second well known result is referred to as 
the Bush bound. 

Theorem 1.3.3 (Bush bound) Let A be an OA 1 (t, n, l). lf l ~ t, then n ~ t + I. 

For linear orthogonal arrays of index one, the Bush bound specifies to the following well 
known result for MDS codes. 

Theorem 1.3.4 Let C be an [n , k, n - k + I] MDS code. Then, if Cis nontrivial, k < q. 

1.3.2 Combinatorial designs 

Definition 1.3.5 Let X be a set of v elements and B a collection of k-element subsets of 
X, called blocks, with the property that any t-element subset of X is contained in exactly 
À blocks. Then the pair (X, B) is called at - (v, k, À) design. 
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The following result by Assmus and Mattson (see (2] and [31) is a very strong tooi to obtain 
designs from codes. 

Theorem 1.3.6 Let C be an [n, k, d] code with dual distance d1.. Let w = n if q = 2 and 
othenvise the la"rgest integer such that 

w+q-2 d 
w- < q -1 . 

defme wl. analogously for the dual code. Suppose there is an integer t with 0 < t < d such 
that Cl. has at most d - t nonzero weights among 1, 2, ... , n - t. Then jor each i with 
d :::: i :::: w the supports of the codewords ofweight i in C yield at-design. Similarly,jor 
each j with dl.:::: j :::: min{wl., n- t} the supports ofthe codewords ofweight jin Cl. jorm 
at-design. 

From this theerem we see that the codes most likely to give rise to good designs are the ones 
with high minimum distance and few distinct weights in the dual code. Not only design
theoretically such codes are important. A code with few nonzero weights trtay yield interest
ing association schemes or even distance regular graphs. For instance, let C be a two-weight 
code, so codeworcts in C can only have two nonzero weights. If Cl. has minimum distance 
at least three, then C gives rise to a strongly regular graph (see [28]). 

Let C be a code. The number sof nonzero weights in the dual code Cl. always is at least the 
error-correcting capacity t of the code. Codes for which these numbers are equal a.t;e called 
perfect codes. Codes for which s = t + 1 are called unijormly packed. Perfect and unifonnly 
packed codes have been a topic of intensive research, see for exarnple Chapter 7 in [56] and 
Chapter 6 in [60]. 

All in all, having few distinct weights contributes to the combinatorial beauty of a code. 
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1.4 Contents of the Thesis 

1.4.1 Resumé of equivalences 

In this section we reealleet the equivalent objects spread out over the previous sections. 

Theorem 1.4.1 The following are equivalent objects. 

1. A nondegenerate [n, k, d] code with parity check matrix H 
2. A multiset 7-{ of n points in PG(n - k - 1, q), notall contained in a hyperplane, such 

that every subset of d - 1 points is in general position, and there is a subset of d points 
that is dependent. 

3. A vector matraid M H of veetors in JF;- k with minimum circuit length d. 
4. A linear orthogonal array of parameters OAqs (d - 1, n , q ), with s = n - k + 1 - d. 

1.4.2 Contents of the thesis 

The focal point of this thesis is the class of codes that have a small Singleton defect, and the 
geometry of these codes. The ways in which geometry plays a role in the study of these codes 
in this thesis are threefold. Firstly we look at algebraic geometrie codes (Chapter 2). Secondly 
we use geometrie methods to obtain bounds on codes of Singleton defect one (Chapter 3). 
Finally we use geometrie objects to construct a new class of codes (Chapter 4). 

Chapter 2. In this chapter of the thesis we study algebraic geometrie codes arising from 
elliptic and hyperelliptic curves. 

In Section 2.1 we look at codes from elliptic curves. These codes are either MOS (Singleton 
defect zero) ar almast MOS (Singleton defect one). We outline several proofs of the Main 
Conjecture on elliptic MOS codes, and summarize several interesting results. 

In Section 2.2 we introduce hyperelliptic curves. We give definitions, examples and proper
ties. Moreover we derive a lemma that will be used in Sections 2.3 and 2.4. 

In Section 2.3 we prove the Main Conjecture on MOS codes for algebraic geom.etric codes 
arising from hyperelliptic curves, if the si ze of the field is large. Moreover we give examples 
of hyperelliptic MOS codes. This sectionis basedon [10] . 

Si nee, in the light of MOS and al most MOS codes, it is important to know the exact minimum 
distance of algebraic geometrie codes, in Section 2.4 wedetermine all generalized Hamming 
weights (sa in particular the minimum distance) of a class of hyperelliptic codes. For this 
class of codes we also look at the weight distributions. Part of this section has appeared in 
[11]. 

Chapter 3. In this chapter we study almast MOS codes (Singleton defect one). In particular 
we use geometrie properties of almast MOS codes to derive bounds on the lengths of such 
codes. The question hereis if we can do better than the infinite family of almast MOS codes 
we encounter in Chapter 2: the elliptic codes. The results indicate that for specific parameters 
one can indeed find almast MOS codes of lengths exceeding those of elliptic codes, yet a 
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general construction seems hard. Most of the results on almost MDS codes are obtained by 
looking at particular geometrie objects associated with such codes, called tracks. Part of this 
chapter has appeared in [8] . 

Chapter 4. Algebraic geometrie codes are a special class of evaluation codes. The beauty of 
geometrieobjectsas quadries and Hermitian varieties suggests another construction of eval
uation codes. In Chapter 4 we use quadratic and Hermitian forms to obtain interesting codes, 
many of which have the highest minimum distance known for any code of the same length 
and dimension. The construction of these codes has appeared in [9]. Apart from the funda
mental parameters we also determine the dual distances of these codes, and discuss some of 
their combinatorial structure. 
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Chapter 2 

Codes from Elliptic and Hyperelliptic 
Curves 

2.1 Elliptic Curves and their Codes 

2.1.1 Codes from curves of genus zero 

The most trivia} example of a curve is the projeelive lîne. Projeelive Iines are the curves of 
genus zero. From the point of view of algebraic geometrie codes, curves of genus zero seem 
very interesting. Indeed, from Corollary 1.1.16 it fellows that for such codes equality holds 
in the Singleton bound: the codes are MDS. Unfortunately, as fellows from the next theorem, 
these codes are already completely classified (fora proof see for example Propositions 11.3.3 
and II.3.5 in [80]). 

Theorem 2.1.1 The algebraic geometrie codes arising from curves of genus zero are exactly 
the Generalized Reed Solomon codes and their extensions. 

Of these codes al most everything is known. For example, the fundamental parameters and the 
weight distributions have completely been determined. Indeed, these can be easily derived 
from the MacWilliams identities since the codes are MDS. 

Nevertheless, many interesting families of codes arise from these Generalized Reed Sol om on 
codes by applying special techniques. lt is for example well known that the family of subfield 
subcodes of the Generalized Reed Soloman codes, the class of alternant codes, includes the 
families of classica! Goppa codes and the family of BCH codes. Moreover there exist long 
alternant codes which meet the Gilbert-Varshamov bound. We will pay no further explicit 
attention to codes from the projeelive Iine in this thesis. 

2.1.2 Curves of genus one: elliptic curves 

Contrary to the case of curves of genus zero, the curves of genus one give rise to very inter
esting algebraic geometrie codes that were nol previously known. In this sec ti on we will state 
some of the remarkable properties of these curves, and in the next sec ti on we willlook at the 



20 Codes from Elliptic and Hyperelliptic Curves 

codes. 

Elliptic curves are the curves of genus one. These are exactly the nonsingular plane cubics. 
An example of such a curve is given in Example 1.1 .1 0. 

For the number of points of an elliptic curve we have a more exact result than the bound given 
in Theorem 1.1.19. The following theorem is from [32, 85]. 

Theorem 2.1.2 Let N denote the maximum numher of points on an elliptic curve over IFq. 
with q = p' and p prime. Then 

N- { q + L2Jqj 
- q + L2JqJ + 1 

if PI L2.Jqj and e 2: 3, e odd, 
otherwise. 

Much of the beauty of these curves sterns from the fact that thesetof rational points form an 
abelian group, which is isomorphic to the divisor class group. Without stating the exact result 
we note that the abelian groups that can be obtained as the divisor class group of an elliptic 
curve have been determined exactly (see Theorem 2.4.31 in [83]). 

Example 2.1.3 As in Example 1.1.1 0, consider again the elliptic curve '}-{ defined by the 
equation X3 + Y3 + Z3 = 0 over IF4. We already saw that the curve has nine rational points, 
and considering Theorem 2.1.2 this is the maximal number for an elliptic curve over IF4. The 
group structure of rational points is defined as follows. Fix one point, say P1, as the zero of 
the group. Let P and Q be two points on'}-{, then from the Riemann-Roch Theorem we find 
that l(P + Q- P1) = 1. Hence there is a unique point R such that P + Q ~ R + P1• In the 
group the addition of P and Q is defined to be R. To decide whether the group structure is 
'l-/(9) or Z/(3) x 'l-/(3) note the following. A tangent to any of the nine points of the curve 
intersects the curve at that point with multiplicity three. This shows that 3P; = 3Pj for all i 
and j. Hence the group must be 'l-/(3) x 'l-/(3). 

2.1.3 Codes from elliptic curves 

The abundance of structure of elliptic curves makes it easier to obtain results on the algebraic 
geometrie codes that can be obtained from them. Algebraic geometrie codes obtained from 
elliptic curves will be called elliptic codes. Same of the first papers on algebraic geometrie 
codes give an extensive analysis of these codes, discussing the parameters and encoding and 
decading algorithms (see [36, 62]). 

The bound on the parameters, Corollary 1.1.16, implies that the codes wil! have a Singleton 
defect of at most one. Hence the code is either MDS, or is an [n, k, n - k] code. Certainly 
in the light of the Main Conjecture on MDS codes, it is interesting to know whether long 
MDS codes can be constructed from elliptic curves. The rich structure of the curves made it 
possible for many people to come up with the proof of the Main Conjecture on MDS codes 
for elliptic codes. We will sketch some of the proofs later. 

From the MacWilliams transfarm (Theorem 1.1.1) itis easy to deduce that the weightdistribu
tion of elliptic codes is completely determined up to one variabie (there aren+ 1 MacWilliams 
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relations and a total of n unknowns). Knowing for instanee the number of codeworcts of min
imal weight determines the weight enumerator completely. It is straightforward to translate 
the questions about the number of codeworcts of a certain weight to questions about the group 
of the curve (see for example Section 3.2.2. in [83]). Since all possible abelian groups that 
can occur in this way are known, one can deduce results on the weight enumerators of elliptic 
codes. For more on the weight distri bution of elliptic codes also see Section 2.4.6. 

Other parameters we can consicter are the generalized Hamming weights of elliptic codes. 
Let C be an elliptic code with parameters [n, k, d]. If C is an MOS code, then all generalized 
Hamming weights follow frorn the monotony part of Lemma 1.1.7: 

d, = n- k + r for r = I, . . . , k . 

If C is not an MOS code, then d1 = d = n - k. From the pro of of Theorem 1.1.18 it is in 
this case immediate that d, = n - k + r for r 2: 2. 

From the duality result on generalized Hamming weights in Lemma 1.1.7, the previous result 
yields the generalized Hamming weights of the dual code. 

We end this section by sketching some of the proofs of the Main Conjecture forelliptic MOS 
codes. 

Katsman-Tsfasman's proof. The first proof of the Main conjecture on elliptic MOS codes 
appeared in [53]. It runs as follows. 

Let C(X, P, G) be an elliptic MOS code with n = #P 2: q + 2. Then prove that for large 
q every elementhof the group of rational pointscan be written as a sum h = h 1 + h 2 with 
h 1 • h2 E Pand h 1 # h2. Similarly,one proves thatfor large q every such h can be written as a 
sum of three distinct elementsof P. What we want to show is that for any l we can write such 
an h as a sum of l distinct elementsof P. Choose q so large that P contains many conjugate 
pairs (what we mean by this will be clear later). Then, for even l we can write h = h1 + h2 + 
122 conjugate pairs in P. For odd l we can write h = h1 + h2 + h 3 + 123 conjugale pairs in P. 
Hence for these large values of q, any element is a sum of l distinct elements of P, and the 
corresponding codes are not MOS. Katsman and Tsfasman are left with the cases q :::; 25, 
the smallest of which can be ruled out using classica! results on arcs. For the remaining cases 
one can use the explicit group structure to rule out the existence of long elliptic MOS codes. 
In their paper, this is left as an exercise. 

Munuera's proof. In his paper [64] Munuera introduces a property that certain divisors 
can have, that, if fulfilled, implies the Main Conjecture. He proves this property and hence 
the Main Conjecture on MOS codes forelliptic curves if q 2: 16 and for curves of genus two 
if q > 83. We will not go into detail here, but refer to the proof of the Main Conjecture for 
hyperel liptic MOS codes inSection 2.3. There we generalize Munuera's result for curves of 
genus one and two to arbitrary hyperelliptic curves. 

SJ'Sndergaard 's pro of. S0ndergaard 's pro of of the Main Con jecture [77] originally uses the 
result of Munuera to show that the Main Conjecture holcts for elliptic MOS codes for q 2: 
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19. Instead, also the Katsman-Tsfasman pro of can be used. The interesting ingredient of her 
pro of of the remairring cases is the way in which she rules out all cases in which the curve has 
an even number of points. We sketch the idea. 

Let A be an abelian group and let t, I :::; t :::; #A- 1, be an integer. A subset P c A is called 
a t-sum generator of A if every element of A can be written as the sum of exactly t distinct 
elements of P . Let M (t , A) be the minimal number such that every Pof si ze #P > M (t, A) 
is a t-sum generator of A. In their paper [74]. Roth and Lempel derive many results on the 
value of M(t, A). In particular, for#A even they completely deterriline M(t, A). S~ilndergaard 
uses their results to rule out all cases in which the curve has an even number of points. The 
remairring casescan still be resolved by looking at the possible groups of rational points. 

Walker's proof. Walker's proof of the Main Conjecture [84] proceeds along more geomet
rie lines than the previous ones. The idea of her proof is however very similar to Munuera's 
proof. She proofs the Main Conjecture on elliptic MDS codes by proving the stronger state
ment that for large q, the largest lengthof an elliptic MDS code is up per bounded by ~q (from 
Munuera's work we will see at the end of this section that asymptotically this can be improved 
to !q). This yields a proof for the Main Conjecture if q ~ 19. For the remairring cases she 
refers to the other papers in which these cases are proved. 

Chen and Xu's proof. In [23] Chen and Xu prove the Main Conjecture for MDS codes 
from plane curves ifthe di mension of the code is insome interval, and q is large compared to 
the genus of the curve. For the particular case of genus one curves, their method proves the 
Main Conjecture if q is large. Their prove is geometrie, and we will not go into detail here. 

Other results on elliptic MDS codes Apart from the Main Conjecture, many other results 
are obtained for MDS elliptic codes. In [65] and [64] it is proved that the only elliptic MDS 
code oflength q + 2 is the [6, 3, 4] hexacode over IF4 and the curve must be the unique (up to 
isomorphism) elliptic curve with 9 points over IF4 ; this is the curve we encountered in Example 
1.1.10. Moreover it is shown there that for q tending to infinity, the maximum length of an 
MDS elliptic code is upperbounded by ~. The claim that ~ is asymptotically the right answer 
if the curve has an even number of iFq-rational points, is only proved for the case q odd. These 
upper bounds also follow from [74] . 

In [58] Liu and Kumar bound the maximum length of an MDS elliptic code as a function of 
the redundancy of the code. Their methods differ completely from all other presented here. 
The results obtained are weaker than the corresponding ones in [64]. 

In [75] Shokrollahi studies three type of constructions forelliptic codes, and determines in 
which cases these are MDS. In his constructions the si ze of P, n = #P, is close to the total 
number of rational points, and the only MDS codes he fincts are ones of dimensions 1, 2, n- 2 
and n - 1. 



2.2 Hyperelliptic Curves 23 

2.2 Hyperelliptic Curves 

2.2.1 Definition and examples 

In this section we define hyperelliptic curves and state some of their properties. The definî
tions and results will be illustrated by an example. An absolutely irreducible smooth curve 
X is called hype relliptic if its genus is at least two and there exists a morphism (a map that 
on each affine part is given by polynomials)of degree two from X to the projeelive line. This 
morphism is unique and wil! be denoted by rf>, see Figure 2.1 . X allows a unique involution 
(conjugation), which is called the hype relliptic involution and which wil! be denoted by a, 
that interchanges the preimages of a point under r/>. The fixed points of a are called hyperel
liptic points. For rational points P, divisors of the form P +a (P) as wellas sets of the form 
{ P, a (P)} are called hyperelliptic, or conjugated pairs. The hyperelliptic pairsforma linear 
system of degree two and dimension one. Such systems are denoted by gi, and any hyperel
liptic curve has a unique gi. If P E X (lFq) then there is a unique point Q, namely Q = a (P), 
such that P + Q E gi. The number of rational points P such that 2P E gJ (these are the 
hyperelliptic points) is at most 2(g + 1) in the case q is odd, and at most g+ 1 in the case q 
is even. Divisors that consist of sums of conjugated pairs are called hype relliptic divisors. 

Remark 2.2.1 Elliptic curves also allow a morphism of degree two to the projective line. 
This morphism is in general not unique. For a fixed morphism the resuJts stated above for 
hyperelliptic curves also hold forelliptic curves. 

In this chapter, Poo is a fixed hyperelliptic point and 7t = {H1 , H2 , ... , Hh} is thesetof all 
(not necessarily IFq-rational) hyperelliptic points on X different from P00 • In the case q odd 

we have that h = 2g + 1 and 'L;!t H; ~ (2g + l)P00• In the case q even we have h :::; g. 
As a general reference on hyperelliptic curves we refer the reader to Section IV.5 in [ 45] or 
Section VI.2 in [80]. 

x 

PG( l ,q) 

Figure 2.1: Hyperelliptic curve 

To be able to do explicit computations, weneed to know which equations define hyperelliptic 
curves. In [ 1] it is shown that any hyperelliptic curve has a (singular) plane model of the 
following form. 
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Theorem 2.2.2 Let X be a hype relliptic curve of genus g over IF'q. Then, if q is odd, X has 
a plane model of the farm 

l = f(x), 

where f(x) is asquare-free polynomial ofdegree 2g+ 1 or2g+2. The plane model is singular 
at infinity. IJ deg(f) = 2g + 1 then the point at infinity ramifies and X has only one point at 
infinity. IJ deg(f) = 2g + 2 then X has two or zero points at infinity de pending on whether 
the coefficient of x 2g+2 in f (x) is a square or a non-square respectively. The hyperellip tic 
involution is given by a : y 1-+ -y. 
IJ q is even, X has a plane model of the farm 

2 fz(x) 
Y + Y = ftz(x)' 

where fi (x) are polynomials of degree deg(f;(x)) S i (g + 1 ). The hyperelliptic involution 
is given by a : y ~---+ y + 1. 

To illustrate the definitions, we now give an example. 

Example 2.2.3 Consider the curve X with plane affine model/+ y = x 5 + x 3 +x defined 
over IF'4 . Let a E IF'4 be a primitive element. Then the curve is a hyperelliptic curve of genus 

. . two with the following nine IF'4-rational points, written projectively. 

Pt (0 : 0 : 1) Ps (a : 0 : 1) 
p2 (0 : 1 : 1) 
p3 (l:a:1) 

p6 (a : I : 1) 
p1 (a2 : 0: 1) 1 P9 1 <o : 1 : o) 1 

p4 (1 : a 2 : 1) Ps (a2 : 1 : 1) 

The morphism 4> of degree two that maps X to the projective line is defined as follows. For 
1 S i S 8 it maps points P; = (X : Y : Z) to (X : Z), and it maps P9 to the point at infinity 
(1 : 0). 

The hyperelliptic involution acts on these points in the following way. For i = 1, 2, 3, 4 we 
have a(P2;-1) = P2; and a(P2;) = P2;_1, and finally a(P9) = P9 which means that P9 is the 
only hyperelliptic point defined over IF'4. 

In this case we can write down all divisors in the linear system gi as sums of rational points. 
lndeed, gJ = {Pt + P2, ?3 + ?4, Ps + h P1 + Ps, 2P9}. 

Th is example will be continued in the next section where we will exhibita method to find out 
whether two divisors are equivalent. 

Algebraic geometrie codes constructed from hyperelliptic curves wîll be called hyperelliptic 
codes. 

The motivation for studying hyperelliptic curves is twofold. First of all, all curves of genus 
two are hyperellip tic curves. Hence, af ter the trivia! projeelive line of genus zero and the wel! 
understood and much studied elliptic curves of genus one, curves of genus two are a natura! 



2.2 Hyperelliptic Curves 25 

continuation. Especially when you are interested in algebraic geometrie codes that have a 
small Singleton defect, as we are in this thesis, curves of genus two should be studied. 

The secend motive for studying hyperelliptic curves, is that although they are notendewed 
with as much structure as the elliptic curves, there is still enough structure to be able to obtain 
results. 

In this chapter of the thesis we will prove some results on hyperelliptic codes. The research 
that lead to these results came from the following questions: 

• Are there any long hyperelliptic MDS codes? 

• What are the exact fundamental parameters of hyperelliptic codes? 

• What can be said about theether parameters of hyperelliptic codes, such as the gener-
alized Hamming weights, and the weight distribution? 

In Sectien 2.3 we will prove the main conjecture for hyperelliptic MDS codes if the si ze of the 
field is large, and compute some interesting examples of MDS codes that can be constructed 
as hyperelliptic codes. In Sec ti on 2.4 we will determine all generalized Hamming weights of 
a class of hyperelliptic codes. Moreover we look at the weight distributions of these codes. 

Part of the motives that lead to the research of the questions above, also motivated the research 
of the almast MDS codes, see Chapter 3. Indeed, one can ask the question: can we obtain 
hyperelliptic codes from curves of genus two that have the sameSingleton defect as an elliptic 
code (which is, at most one), and langer codeword length? In Chapter 3 we study bounds on 
the lengths of the class of codes that have Singleton defect one, a class that includes the elliptic 
codes. 

2.2.2 Some results on divisors of hyperelliptic curves 

One of the reasans that makes life easy if one computes with hyperelliptic curves, is the fact 
that for a hyperelliptic curve we have the unique reduction property (URP) (see [20]). Let 
D be an effective divisor. By replacing all conjugale pairs in D by 2P00 we can write D ~ 
D' + mP00 with D' such that a(P) rJ supp(D') if P E supp(D'). We say that D reduces to 
D' and cal! D' semi-reduced. From the Riemann-Roch theorem it follows that every effective 
divisor can be reduced uniquely toa semi-reduced divisor of degree ::: g; such divisors are 
called reduced divisors. Thus the URP yields that every effective divisor D is equivalent to a 
unique divisor afthefarm D' + c P00 , with D' an effective divisorof degree at mostg with nei
ther conjugated pairs nor P00 in supp(D') (in [20) Cantor describes an algorithm that reduces 
divisors in the case q odd; for the case in which q is even see for example [7]). We will con
tüme the example of the hyperelliptic curve of the previous section, and show the reduction 
of some divisors. 

Example 2.2.4 (Example 2.2.3 continued) We will continue Example 2.2.3 by demonstral
ing the reduction of divisors and the URP in two cases. 
Firstly, suppose we want to reduce the divisor D1 = P1 + P3 + P4 + P9. Replacing conjugated 
pairs by 2P9 yields D1 ~ P1 + 3P9, which is not only semi-reduced, but even reduced, since 
deg(P1) = l .:S: 2=g. 
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Fora more complicated example, suppose we want to reduce divisor D2 = P2 + 2P3 + P8. The 
reduction method described by Cantor in [20], but adapted for the case q even, proceeds as 
follows . We associate two polynomials to the divisor D2 , namely a(x) which has as its zeros 
the x-coordinates of the points in the support of D2, with appropriate multiplicities, and b(x) 
which should satisfy: 
i) deg(b) < deg(a) 
i i) b(x;) = y; for (x;, y;) ranging through the points in the support of D2 . In particular, if 
a point P appears with a coefficient m in D2 , then b(x) - y should interseet the curve with 
multiplicity m at P. 
In our case we find a (x) = (x + 0) (x + 1) 2(x + a 2) and, si nee b (x) - y and X shou1d have the 
sametangent at P3 we find b(x) = ax2 +x+ 1. The principal divisors of a(x) and b(x) - y 
are easy to compute: 

(a) 

(b- y) 

Pt + P2 + 2P3 + 2P4 + P1 + Ps - 8P9 

2P2 + 2P3 + Ps- SP9. 

If we de fine for m;. n; 2: 0 the divisor 

min I tm;(P;- P9), tn;(P;- P9)) = tmin(m;,n;)P;- (tmin(m;,n;)) h 

we have min{(a), (b- y)} = P2 + 2P3 + Ps - 4P9 = D2- 4P9. _Now we are readyfora . 
redüction step. Compute 

a'= 
(b+y)(b+y+l) 

a a a 

and 
b' = b + 1 mod a'. 

What we find is a'(x) = x and b' (x) = 0. Computing the principal divisors we find that 
(a') = P1 + P2 - 2P9 and (b'- y) = P1 + 2Ps + 2P7- 5P9 , and from the way we computed 
these we see that D2 - 4P9 ~ min{ (a'). (b'- y)} = P1 - P9. Since deg(a') ::; 2 = g, we 
can stop and find that D2 ~ P1 + 3P9 , which was the same as the reduced D1. 

To conclude, we have computed D1 ~ D2 ~ P1 + 3P9. From the polynomials a, b, a' and b' 
we can find the rational function that has as its principal divisor D2 - D1. Indeed, this follows 
from the principal divisors below. 

(b- y) = 2P2 + 2P3 + Ps - SP9 

(x) Pt + P2- 2P9 

( b -x y) -PI+ D2- 3P9 

(x + 1) P3 + P4 - 2P9 

( b - y ) D2 - Dt. 
x(x + 1) 

This example will be continued inSection 2.3 where we construct a famous code from this 
curve. 
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As we see from the example, it is relatively easy to find the reduction of a divisor and to check 
whether divisors are equivalent. This is important if one is interested in actually computing 
parameters of AG codes that arise from hyperelliptic curves. We have written a Pascal com
puter program called MDSHyp, that red u ces divisors for curves of genus two, and that com
putes certain codes that can arise from such curves, particularly those that have a Singleton 
defect of at most one. Most examples of hyperelliptic codes that appear in this thesis were 
computed with the use of this program. 

Now we prove a usefullemma. It is a generalization of a lemma proved in [10] . It also shows 
that the reduction of a divisor is unique. The lemma wil! be used in the following two sections. 

Lemma 2.2.5 Let X be a hype relliptic curve of genus g. Let D be an effective divisor ofthe 
form 

D=T+sP00 

of degree t + s with T a semi-reduced divisor .of degree t. Then we have 

l(D) = I L~J + 1 
t+s+1-g 

if2t + s ~ 2g - 2, 

if2t + s > 2g - 2. 

Proof. Since the dimension of the vector space L (D) doesnotchange if we extend the ground 
field IFq (Theorem III.6.3 in [80]) , we will prove the lemma in the case of the algebraically 
closed field iFq . In this case we can write T ~ Pt + · · · + P, with P; # P 00 and P; # a (Pi) 
for i # j . Suppose P; #Pi for i# j. 

We prove the case s even, the case s odd being quite similar. Let D' = P1 + · · · + P, + 
P1+t + a(P,+t) + · · · + P,+s/2 + a(P,+sJÜ ~ D. Set D" = Pt + a(Pt) + · · · + P, + 
a(P,) + P,+l + a(P,+t) + · · · + P,+s/2 + a(PI+s/2). Let f; for i= 1, .. . , t + ~ be such that 
(/;) = 2Poo- P;- a(P;). 

First suppose that 2t + s ~ 2g - 2. Then L(D') C L(D") = ( 1, f~o ... , fr+s;2). Since it · 
holds that (ft, .... f,) n L(D') = {0} we find l(D) = l(D' ) ~ ~ + 1. The equality follows 
from l(D) ~ l(s P00) = ~ + 1, where inthelast equality we use Clifford's Theorem (Theorem 
1.1.13). 

Now let 2t + s > 2g - 2. Then L(D') C L(D") = (I, ft , . .. , fr+sf2, ht , ... , h,_g+s/2) 
forsome rational functions ht, .. . , h,_g+s/2· Again we have L(D') n Ut •... . f, ) = {0}, 
so l(D) = l(D' ) ~ t + s + 1 - g. From the Riemann-Roch theorem we have that l(D) ~ 
t + s + 1 - g which completes the proof. 

If some of the P; coincide, say Pt = P2 = · · · = Ps, then the proof proceeds as above but 
with C!t) = 2Poo- P1- a(Pt) and h = ft2 • /3 = !? .... , Is= fj'. D 
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2.3 MDS Codes From Hyperelliptic Curves 

2.3.1 Introduetion 

In Sec ti on 1.1 .2 we introduced MDS codes as codes for which equality in the Singleton bound 
holds. InSection 1.2.2 we stated the Main Conjecture on MDS codes. Determining the max
imum length of MDS codescan be considered a classical problem. The construction of codes 
from curves opens a new way of confronting the problem. For codes arising from curves of 
genus zero the Main Conjecture is trivially fulfilled . InSection 2.1.3 we summarized vari
ous proofs of the Main Conjecture on MDS elliptic codes. In this section we will state some 
results on the maximum length of MDS codes arising from hyperelliptic curves, the class of 
curves which includes all curves of genus two. InSection 2.3.2 we translate bath lhe prop
erty of being MDS and lhe Main Conjecture on MDS codes into algebraic geometrie terms. 
InSection 2.3.3 we will prove the main result of this section, namely lhat fora fixed genus g 
there is a q0 such lhat for all q > q0 lhe Main Conjecture on MDS codes holds for codes con
structed on hyperelliptic curves of genus g over IFq. This generalizes [64] in which Munuera 
obtained the result for curves of genus two, and completes the results in [7]. InSection 2.3.4 
we wil! give some explicit examples of MDS codes that can be constructed from hyperellip
tic curves. We conclude by mentioning several olher results on hyperelliptic MDS codes in 
Section 2.3.5. 

2.3.2 Algebraic geometrie MDS codes 

In this section, X denotes an absolutely irreducible smoolh curve over a finite field IF9 . The 
algebraic geometrie (AG) codes lhat can be obtained from X are denoted by C(X, P, G), 
following the definitions of Section 1.1 .4. 

The following translation of the property for an AG code C(X, P, G) to be MDS into alge
braic geometrie terms is well known. 

Lemma 2.3.1 Let C = C(X; P, G) be anAG [n, k] code. Then Cis MDS ifand only iffor 
every k-tuple of distinct points P1 , •• • , Pk E P, it holds that 

l(G - Pt - · · · - Pk) = 0. 

Proof. Th is follows immediatel y from Theorem 1.1.17. 0 

The following result exposes more of the structure of MDS codes. It generalizes Lemma 
2.3.1. 

Theorem 2.3.2 Let C = C(X, P, G) be an AG [n, k] code. Then Cis MDS if and only iffor 
every m-tuple of distinct points Pt, ... , P m E P, m = 0, ... , k it holds that 

l(G- Pt- · · · - Pm) =k-m. 

Proof. Let C = C(X, P, G) be an [n, k] code. Lemma 2.3.1 implies that Cis MDS if and 
only if for for every k-tuple of distinct points P1, .. . , Pk E P, it holds that 
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The theorem follows by observing thatl(G) = k and l(G- P) ~ l(G)- 1 for all rational 
points P. Fora proof of this last fact see for example Lemma 1.4.8. in [80]. D 

Remark 2.3.3 From Theorem 2.3.2 it is immediate that the weight enumerator of an MOS 
code is completely determined by its parameters and the field IFq, a fact that can be easily 
shown otherwise (for instanee by using the MacWilliams transform). Also the generalized 
Hamming weights of MOS codes follow immediately from the theorem (cf. Theorem 1.1.17). 

Remark 2.3.4 If deg(D) ~ 2g -I , then Dis nonspecial. The requirement ofTheorem 2.3.2 
is trivially fulfilled if deg(G)- m ~ 2g - I, or if m .::0 deg(G) + 1 - 2g. So the statement 
ofTheorem 2.3.2 is only interesting in the case m ~ deg(G) + 2- 2g. 

Let mAc(k, q) be the maximumlengthof a nontrivial algebraic geometrie MOS code of di
mension k over IFq. The Main Conjecture on algebraic geometrie MOS codes (see Section 
1.2.2) can be formulated as: 

m c(k, ) < { q + 2 if q is ~ven and k = 3 or k = q- 1 
A q - q + 1 otherw1se. 

We now translate the Main Conjecture on AG MOS codes into termsof algebraic geometry. In 
fact, following Munuera [ 64], we replace the condition of being MOS by a stronger condition 
on certain divisor classes and prove this condition in specific cases later. 

Given X , P and C = C(X, P, G) as before and t, I < t .::0 Ï - 2 an integer, we consicter 
the following set of divisor classes 

C,(P) = {P1 + · · · + P, I P; EP and all distinct }/ ~. 

where ~ denotes the eqilivalence relation on divisors. The set C, (P) can have the following 
property. 

C[X, P , t]: There is a class in C, (P) such that for every pair of points R, S E P this class 
has a representative D such that neither R norS are in supp(D). 

Munuera proved the following result in [64]. To understand the relation between the property 
C[X, P, t] and the lengthof MOS codes we include his proof. Reeall that the linear system 
associated with a divisor D equals thesetof effective divisors equivalent to D; it is denoted 
by IDI . 

Theorem2.3.5 Suppose C[X ,P, t]holdsforsome t, 1 < t .::0 Ï - 2, andletC(X, P,G) 
he an [n, t + 2] MDS code. Then n .::0 q + 1. 

Proof. Set k = t + 2. Let C = C(X, P , G) be an [n, k] MOS code with 3 < k .::0 Ï · 
C[X , P, k- 2] holds, so we can take aclass [D] E Ck_2 (P) thatsatisfies C[X, P, k- 2]. Let 
P1 + · · · + Pk- 2 E [D]. Let P; E P. Then #IG- P1- · · · - Pk-2- P;l ~ l. Let E; be an 
effective divisor of degree g such that 

G - PI - . . . - pk-2 ~ P; + E; . 
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Then allelementsof the set (P; + E; I P; E P} are different. For, suppose P; + E; = 
P1 + E1, i =I= j. Then set E' = E; - P1 = E1 - P; (so E' is effective) and we find 
E; = PJ + E' and EJ = P; + E' . Let Q1 + · · · + Qk-2 E [D] be such that P;, PJ =/= Q, for 
1 :::; r :::; k - 2. Then we have 

G- Q1 - · · · - Qk-2 ~ P; + PJ + E', 

so 
G ~ Q1 + · · · + Qk-2 + P; + PJ + E', 

and there exists a nonzero codeword in C with at least k zeros, which contradiets with C being 
MOS. 
Since#IG- P1- · · ·- Pk-2l = q+ 1, we haven= #P:::; #IG- P1- · · · - Pk-2 l = q + 1.0 

Corollary 2.3.6 Suppose C[X , P, t] holr.lJfor all t, 1 < t :::; ~- 2. Thenfor all [n, k] MDS 
codes C(X, P, G) with 3 < k < n- 3 it holds that n:::; q + 1. 

Proof. Si nee the dual of an AG MOS code is an AG MOS code this immediately follows from 
Theorem 2.3.5. 0 

2.3.3 Hyperelliptic MDS codes 

Hyperelliptiç_ curves 

For definitions and properties of hyperelliptic curves we refer to Section 2.2. For reasans of 
convenience, we wil! restate a particular farm of Lemma 2.2.5. 

Let P c X (IFq) be a set of n distinct rational points of X. For t 2: 0, we define 

P, ={PI+···+ Pr I P; EP, P; =/= PJ. a(PJ) if i=/= j}. 

So supports of elements of P, do not contain conjugated pairs. Then the following holds for 
a hyperellip tic curve X. 

Lemma 2.3.7 Let X be a hyperelliptic curve of genus g, P C X(IFq) and t 2: 0. For all 
DE P 1 we have 

l(D) = 11 
t-g+ I 

ift:::; g, 

ift > g. 

Proof. This is an immediate consequence of Lemma 2.2.5. 

MDS codes of small dirneusion 

0 

Lemma 2.3.7 has the following immediate consequence on the propertyC[X, P, t] in the case 
of hyperelliptic curves. 

Theorem 2.3.8 Let X be a hyperelliptic curve over IFq and Pa set ofn rationat points on .1'. 
Suppose 0 :::; t :::; g. Then C[X, P, t] holr.iJ· if and only if t is even and P contains at least 
~ + 2 conjugated pairs. 
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Proof. Let t :'S g. First suppose that t is even and P contains at least ~ + 2 conjugated pairs. 
Let D = P1 + a(P1) + · · · + Pl/2 + a(P,12) with P; , a(P;) E P for i = 1, . .. , ~- Then 
C[X, P, t] holds for the class [D]. 
Now suppose t. is odd or P contains at most ~ + 1 conjugated pairs. Let D = P1 + · · · + 
P, + Ps+l + a(Ps+l) + · · · + P(t-..)/2 + a(P(t-s)/2), P; i= a(P;) for 1 :::: i < j :::: s, be a 
representative of an arbitrary class in C, (P). If s = 0 then t must be even and C[X, P, t] does 
not hold for the class [ D] since P contains at most~+ 1 conjugated pairs. Now assume s > 0 
and suppose Q1 + · · · + Q, ~ D. By Lemina 2.3.7 this is only possible if Q 1 + · · · + Q, = 
P, + · · · + Ps + Tr+I +a(T,+J) + · · · + T(r -s)/2 +a (T(t-s)/2). This proves that the supports of 
all divisors of the form Q1 + · · · + Q, ~ D agree in a nonzero number of points P1, ... , P., 
(they differ only in conjugated pairs). 
Th is implies that in this case C[X, P. t] can never hold. 0 

Remark 2.3.9 From this we see that for large genus g the property C[X. P. t] is strong. As 
an example, fora hyperelliptic curve of genus 3, we see that C[X, P, 3] never holds for any 
set P. 

We have seen some negative resul ts fort :::: g. We will now concentrate on the cases t = g + 1 
and t = g + 2. We will use the following lemma. 

Lemma 2.3.10 Let X be a hype relliptic curve of genus g over IFq and let P be a set of n 
rational points. Then 

if neven, 

if n odd. 

Proof. The lemma follows directly if we note that the number of elements of P, is minimal 
if the number of conjugated pairs in Pis maximal, so equal to LtnJ conjugated pairs. From 
each chosen pair one element has to be chosen. 0 

Theorem 2.3.11 Let X he a hyperelliptic curve of genus g over 1Fq and let P be a set of n 
rational points. Then C [X, P. g + 1] holds if 

#Pg+I > 2h, 

where h is the size ofthe divisor class group: h = #Pic(X). 

Proof. Note that all equivalent elements from Pg+l must have disjoint support. Also note 
that in order to prove C[X. P, t] it is enough to show that there is a class of divisors of degree 
t containing at least three divisors of the form P1 + · · · + P, with distinct P; E P having 
disjoint support. The theorem follows from the fact that there are at most h classes of divisors 
of degree t. [J 

The following theorem is an analogue of the preceding one. 
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Theorem 2.3.12 Let X be a hypere/liptic curve of genus g over IFq and let P be a set ofn 
rational points. Then C[X, P, g + 2] holds ij 

ln- IJ #Pg+2 > 2h -- ' 
g+l 

where h = #Pic(X). 

Proof. Suppose C[X, P, g + 2] does not hold. Let K; be a divisor class in Cg+2 (P) and let 
P, Q E P be such that every representative in K; has nonzero intersectien with { P, Q}. A 
maximal set of elements of Pg+2 in K; cannot be bigger than {P + .C1 } u { Q + .Cz}, where 
.C1 c (P \ { P})g+t and .C2 c (P \ { Q})g+t are sets of equivalent divisors which have mutually 

disjoint supports. Hence any divisor class in Cg+2(P) can contain at most 2l;~~ J elements 

from Pg+l· 

This proves that if#Pg+l > 2h l;~\ J there must be a class which contains more than 2l;~\ J 
elements from Pg+l• hence C[X , P, g + 2] holds. D 

We will now state some numerical results. Using the general upper bound h ::::: (.jëj + I )2K 

(which fellows from Theorems V.l.l5 and V.2.1 in [80]), Lemma 2.3.10 tagether with The
orems 2.3.11 and 2.3.12 yield the following. 

Corollary 2.3.13 Let X be a hypere/liptic curve ofgèïiïi~· g and P a set of q + 2 points. 

1. Let g = 2. Then C[X, P, 3] holds for q > 24, so for q > 24 there are no [q + 2, 5] 
MDS codes arising from X. Similarly, C[X, P, 4] hold.s ij q > 33, and then there are 
no [q + 2, 6] MDS codes arising from X. 

2. Let g = 3. Then C[X, P, 4] hold.s for q > 91, so for q > 91 there are no [q + 2, 6] 
MDS codes arising jrom X. Similarly, C[X, P, 5] holds ij q > 112, and then there are 
no [q + 2, 7] MDS codes arising jrom X . 

3. Let g = 4. Then C[X, P, 5] holdsfor q > 369, so for q > 369 there are no [q + 2, 7] 
MDS codes arising from X . Similarly, C[X, P, 6] holds ij q > 435, and then there are 
no [q + 2, 8] MDS codes arising from X . D 

A non-existence theorem for hyperelliptic MDS codes 

After having seen some negative results for t :::; g and some positive results for t = g + 1 
and t = g + 2, we now explain how this can help us in the situation that we want to prove 
non-existence of [q + 2, k] MDS codes if q is large. In the proof of the case g = 2 Muriuera 
eliminates the case that k is odd by showing C[X, P , 3]. In that way the proof is reduced to 
the easier case where k is even. We saw in Remark 2.3.9 that in general it wil! not work to 
prove C[X, P, 3], yet we can prove C[X, P, g + 1] and C[X, P, g + 2] if q is large enough. 
Analogously to Munuera's work we can reduce the cases where kis odd to the cases where 
k is even. To simplify notatien we introduce the following definition. For integers k, N1 and 
g wedefine 

lk + 1 J ll J l3g - 1 J B(k,N1,g)= - 2- +3+ 2_N1 + - 2- · 
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Theorem 2.3.14 Let X be a hype relliptic curve of genus g over IF'q with N1 = #X(IFq) and 
h = #Pic(X). Then there are no nontrivial [n, k] AG MDS codes arising from this curve 
with 3 < k < n - 3 and n > q + 1 in the following cases: 

1. n ~ l ki 1 J + 2 + L ~ N1 J + g and any of the following Jour conditions is satisfied 

a. n > q + 2, or 
b. k even and n = q + 2 even, or 
c. k even, k < i and n = q + 2 odd, or 
d. k odd, k > ~ and n = q + 2 odd 

2. giseven,n = q+2, C[X , P,g+1]andn ~ B(k,N1,g) 
3. gis odd, n = q + 2, C[X, P , g + 2] and n ~ B(k, N1 , g). 

Proof. 

l. Let Pc X(IF'q) and G be such that C(X, P, G) is an [n , k] AG code, with k > 3. We 
now prove C[X, P, t] fort = k - 2 in the followîng two cases: 

a. t even. It is enough to prove that there exist at least i + 2 divisors of degree 2 in 
the gl with support in P, none of them of the form 2P. In fact, in this case, if the 
divisors are given by Q; + a ( Q;) for 1 :::; i :::; i + 2, then 

and it satisfies C[X, P, t], since all divisors in the gi are equivalent. Now let 

l = #{P E X(!Fq) I 2P in the g~) . 

Then l :::; 2(g + 1) . Moreover the number of divisors V in the gl with supp(V) c 
X (IF'q) is given by 

N1 - l N1 +l 
l+-2-=-2-. 

Note that N1 is odd if and only if lis odd. The number of divisors V in the gi with 
supp(V) rt. Pis at most N1 - n . The number of V in the gi with supp(V) c P is 
therefore at least 

Nt +i 
- 2-- (Nt -n), 

and the number of those not of the form 2P is at least 

Nt + z N1 - z r N1 l - 2- - I - (NI - n) = - 2- - (NI- n) ~ 12 - g - 1 - (N1 - n) , 

where we use the fact that l is odd if and only if N1 is odd. Hence it is enough to 
prove that 

(2.1) 

If we remark that k = t + 2 we find that (2.1) holds for AG codes for the values 
stated in the theorem. 
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b. t odd. Suppose Cis a nontrivial [n, k] AG MOS code with k odd. If n > q + 2 then 
the shortened code C' of Cis an AG MOS code with parameters [n- 1, k- 1]. We 
can substitute this in the case k is even to find that such a code cannot exist for the 
values stated in the theorem. If n = q + 2 and the conditions of the theorem are 
satisfied, then the dual of C is an AG MOS code which satisfies the conditions for 
the case k is even, and the result fol!ows. 

2. Suppose gis even and C[X, P, g + 1] holds. Set t = k- 2 2: g + I. In order to prove 
C[X, P. t] it is enough to show that P contains at least 

lt-g-IJ 
2 +g+3 

conjugated pairs, none of the form 2P. For if this is the case then let Q;, a ( Q;) for 
1 ~. i ~ '-rl + g+3 be such pairs. Let theclass [R1 +· · ·+R8+d satisfy C[X. P, g+ 1]. 
Th en 

[Ri + · · · + Rg+l + Ql + a(QJ) + · · · + Q<r-g-!)/2 + a(Q(t-g-l)JÜ] E C,(P) 

and it satisfies C[X, P. t]. Using the bound of case 1 on the number of pairs Q;, a ( Q;) 
(the right hand side of equation (2.1)), this part of the theorem fol!ows. 

3. Now suppose gis odd and C[X, P, g + 2] holds. Set t = k- 2. As in the preceding 
case, in order t?yrove C[X, P. t] it is enough to show that P contains at least 

lt-g-2J 
2 +g +4 

conjugated pairs, none of the form 2P. Using the bound of case 1, the proof is com
pleted. 0 

We can derive a resu1t on the Main Col\iecture for MOS codes arising from hyperelliptic 
curves ifwe look at the worstcases in Theorem 2.3.14 and include the results on C[X, P , g + 
1] and C[X. P, g + 2]. Simplifying (yet weakening) the result drastically we obtain the fol
lowing. 

Corollary 2.3.15 The Main Conjecture on MDS codes holds for [n, k] codes arising from 
hyperelliptic curves of genus g over IFq with g + 3 < k < n - g - 3 if 

2g+2(r~l + 1) > 2C.Jq + 1?8 lq +IJ 
g+2 g+l 

and 
q- 8 

g ~ 4.y'q + 6 

Proof. Take the worst cases in Theorems 2.3.11, 2.3.12 and 2.3.14: n = q + 2, N1 = q + 
I + g L2.y'qj , h = (.y'q + I fs and since the dual of an AG MOS code is AG MOS, we can 

take k ~ L ~ J = L ~ J. o 
We can now state the main result of this section. 
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Corollary 2.3.16 For jixed genus g there is a qo such thatfor all q > qo the Main Conjecture 
holds jor MDS codes arising jrom hype relliptic curves of genus g over lF'q. 

Proof. For MOS codes of dimensions k, g + 3 < k < n - g - 3 this fellows from Corollary 
2.3.15. For dimensions k:::; g + 3 and k :=: n- g- 3 this fellows from [51] . D 

Numerical results 

Table 2.1 cernprises numerical results on the Main Conjecture of MOS codes arising from 
hyperellip tic curves of genus 2, 3 and 4 over lF'q. For every genus g, the entries in the table 
are the smallest q for which we have proved that the properties stated in the columns hold, 
where M.C. stands for Main Conjecture. They are obtained by substituting worst possible 
values n = q + 2, N1 = q + 1 + g L2.Ji1J , h = (.Ji1 + 1)2K and k = L ~ J into Theorem 
2.3.14. 

g n 2: B(k, N1. g) C[X , P,g +I] C[X,P,g+2] M.C. 

2 86 25 34 86 
3 178 92 113 178 
4 298 370 436 370 

Table 2.1: Smallest values of q for which the conditions are satisfied 

Reinark 2.3.17 The fact that the Main Conjecture holds for the values stated in the table for 
MDS codes of dimension at most six does not follow from Theorem 2.3.14 for g = 3 and 4. 
However, in [51] it is proved that the Main Conjecture holds for all MOS codes of dimeosion 
6 if q > 121. 

Remark 2.3.18 Since q is a prime power, we can decrease the entries in the table to the first 
prime power. For example, in the case g = 2 we obtain that the Main Conjecture holds for 
q > 83 which is the same as Munuera's result in [64]. As remarked in [7], using aresult by 
Stark [79], we can extend this result to q > 73 with possible exception q = 81. 

Remark 2.3.19 If the genus is at least four, we see that the performance of the results is dom
inated by the difficulty of proving the Main Conjecture for smal! dimensional MOS codes. In 
order to obtain results for curves of higher genus that are of the same order as the ones in the 
table, we need better bounds on the length of MOS codes of smal! dimension. 

2.3.4 Exarnples of hyperelliptic MDS codes 

In this sectien we wil! give some examples of MOS codes that are AG codes arising from 
hyperelliptic curves. Except for the first example, we restriet ourselves to the smallest case: 
MOS codes of dimension three from hyperelliptic curves of genus two. Except for the first 
one, the examples were constructed with the help of the computer program MOSHyp. 
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Example 2.3.20 Let X be a hyperelliptic curve of genus g. Take P such that it contains at 
most one point of every conjugatedpair. Let G ~ 2g P00 , so L(G) = (!,x , x2 , ... , x8). It 
is easy to see that the resulting code is MOS, and even that it is a Generalized Reed Salomon 
code (P can be considered a subset of the projective line, see Theorem 2.1.1 ). 

This is not the only way to construct Generalized Reed Soloman codes on curves of genus 
two. The following two codes are also examples of such codes. 

Example 2.3.21 Take X : y 2z3 = x 5 + 4xz4 + z5 over IFs. Take G ~ P + Q + 2P00 with 
P = (0: 1 : 1), Q = (1 : 4: 1) and P00 = (0: 1 : 0). TakePas thesetof all conjugated 
pairs with x-coordinate in {2, 3, 4). The resulting code is a [6, 3, 4] MOS code. 

Example 2.3.22 Take X : y2z3 = x 5 -x3z2 +x2z3 +z5 over IF7 . Take G ~ P+ Q+ R+ P00 

with P = (0 : 1 : 1), Q = (3 : 4 : 1), R. = (2 : 6 : 1) and P 00 = (0 : 1 : 0). Let P consist of 
all conjugated pairs with x-coordinate in {0, 2, 4, 5). Then the resulting code is an [8, 3, 6] 
MOS code. 

Except for Generalized Reed Solomon codes, we can also obtain some other examples. The 
following two codes are examples of complete arcs. These are MOS codes that cannot be 
extendedtoa Jonger code without loosing the property of being MOS. The completenessof 
the arcs was checked by computer. 

·· · Example 2.3.23 Take X : y2z3 = x5-~4x3z2 + 9xz4 over IF13 . Take G ~ P-+ 3P00 , with 
P = (0 : 0 : 1) a hyperelliptic point and P 00 = (0 : 1 : 0). Take for P all conjugated 
pairs with x-coordinates in {1 , 3, 6, 7, 9}. The resulting code is a [10, 3, 8] code, which is a 
complete are. 

Example 2.3.24 Take X : y 2z3 = x 5 + 13x4z + 5x3z2 + 11x2z3 + 5xz4 + 15z5 over IF17. 
Take G ~ P + 3P00 with P = (8 : 0 : 1) a hyperelliptic point and Poo = (0 : 1 : 0). Take 
for P all conjugated pairs with x-coordinate in {0, 1, 3, 5, 9, 15}; Then the resulting code is 
an MOS code with parameters [12, 3, 10], which is a complete are. 

Remark 2.3.25 In the above examples, except for Example 2.3.20, the sets P consist of con
jugated pairs. Also note that in all examples, except for Example 2.3.21, the divisors G satisfy 
G ~ a ( G). Si nee inthesets P that yield Reed Solomon codes in Example 2.3.20 there are 
no conjugated pairs at all, it is remarkable that these particular choices of P and G give rise 
to long MOS codes. 
This is certainly not always the case though. The curve withaffine equation y2 + y = x 5 + 1 
over IF16 yields MOS codes of parameters [13, 3, 11] (which are complete arcs) that are not 
of this forrn. 

There are infinitely many more examples of MOS codes arising from hyperelliptic curves. 
One of them, probably the most interesting one, will be our last example. In [64] Munuera 
proved that the only MOS code of length exceeding q + 1 arising from elliptic codes, is the 
[6, 3, 4] hexacode over IF4 . The following example, which is the continuation of Examples 
2.2.3 and 2.2.4, shows that this code is certainly amongst those constructible from hyperel
liptic curves. 
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Example 2.3.26 (Examples 2.2.3 and 2.2.4 continued) Take X : y 2z3 + yz4 = x5+x 3z2+ 
xz4 over IF4 . Take G ~ P + 3?00 with P any of the points of X. Let P be thesetof points 
P = X (IF4) \ { P, a ( P), P 00 }. For any choice of P the resulting code is the [ 6, 3, 4] hexacode. 

To illustrate the power of the unique reduction property (URP) and the results of the computer 
program MDSHyp, this example will be discussed in more detail. Let P be any of the IF4-

rational points of the curve, where we use the numbering as in Example 2.2.3, and Iet G = 
P + 3 P9• Let P = X (IF4) \ { P, a ( P), P9 }. According to Lemma 2.3.1 we see that in order 
to prove that the code C (X, P, G) is MDS it is enough to show that l ( G - Q - R - S) = 0 
for all distinct triples Q, R, S E P. Th is is equivalent to showing that G f Q + R + S + T, 
and G f 2Q + R + S, for distinct points Q, R, S EP and T E X(IFq) . 

Using the computer program MDSHyp to compute reductions of divisors, we can delermine 
all divisors equivalenttosomeG that are of the form Q + R + S + Tand 2Q + R + S, 
with Q, R, S, T E X(IF4 ) . The results are given in Table 2.2. The divisors G of the form 

G ~G G ~G 

PI+ 3P9 PI + p3 + p4 + p9 P3 + 3P9 PI + p2 + p3 + p9 
PI + Ps + P6 + P9 P3 + Ps + P6 + P9 
PI + P1 + Ps + P9 P3 + P1 + Ps + P9 

2PI + Pz + P9 2PI + P4 + P1 
P2 + 2?3 + Ps 2Pz + P4 + P6 
Pz + 2P4 + P6 2P3 + P4 + P9 
2Pz + Ps + P1 2P4 + Ps + Ps 

G ~G G ~G 

Ps + 3P9 PI + Pz + Ps + P9 P1 + 3P9 PI + Pz + P1 + P9 
P3 + P4 + Ps + P9 p3 + p4 + p1 + p9 
Ps + P1 + Ps + P9 Ps + P6 + P1 + P9 

PI+ p3 + 2P6 PI+ P4 + 2Ps 
Pz + P6 + 2Ps Pz + 2P6 + Ps 
p4 + p6 + 2?7 P3 + 2Ps + Ps 
2Ps + P6 + P9 2P7 +Pa+ P9 

Table 2.2: Divisors that are equivalent to divisor G 

P + 3P9 that are not in the table are the conjugate of some G' that does appear in the tahle. 
The divisors that are equivalent to such a divisor G are merely the conjugates of the ones in 
the table that are equivalent to G'. 

From Table 2.2 we see that the sets P of the form P = X (IF4 ) \ { P, a (P), P 00 } indeed satisfy 
the requirements stated above to yield MDS codes. 
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2.3.5 Other results on hyperelliptic MDS codes 

In this section we list some related results on hyperelliptic MDS codes. The first thing to 
mention is the workof Munuera [64]. Although he did nat generalize his methods for curves 
of genus two to arbitrary hyperelliptic curves, his ideas are the basis for the proof given in 
this section. 

In [6], Berry provespartsof the Main Conjecture for algebraic geometrie codes arising from 
plane curves ar hyperelliptic curves. His proof in the hyperelliptic case only differs in detail 
from the one that is presented above. 

In [81], Li-Zhong Tang claims to attack the Main Conjecture for hyperelliptic codes. As 
pointed out to me by Judy Walker in personal communication, he fails to prove the Main 
Conjecture for hyperellip tic codes. Tang tries to prove the general case of hyperellip tic codes 
completely analogous to Munuera's proof of the genus two case. This requires in particu
lar a proof for property C[X, P, 3]. As we noted already in Remark 2.3.9, this is impossible 
for hyperelliptic curves of genus at least three. Indeed, Tang only claims to prove the Main 
Conjecture on MDS codes arising from hyperelliptic curves of genus g over Wq when 

. q-5 3 2 
g < mm( 4(Jq + l)'log12(Jq-1)2(q -3q + 14q)}, 

so in particular g < 3. 

Hao Chen proved in [23] aresult quite similar to the one proved in this section. In [21] he 
also proves, tagether with Liqing Xu, a similar result for codes arising from plane curves. In 
this case however, they only prove the Main Conjecture for large q if the dimension of the 
code is within some intervals. Their results have appeared in [22]. 

Intheir recent paper [24], Hao Chen and Stephen Yau imprave on Corollary 2.3.15. By cir
cumventing proving C[X, P, g + 1] and C[X, P, g + 2] , they prove the Main Conjecture for 
hypeHiptic MDS codes fora wider range of q than is done in this chapter. 
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2.4 The Generalized Hamming Weights of Some Hyperel
liptic Codes 

2.4.1 Introduetion 

In Section 1.1.3 we introduced the notion of generalized Hamming weights of linear codes, 
and discussed the applications of these code parameters. In Section 1.1.4 we expressed the 
generalized Hamming weights of AG codes in algebraic geometrie terminology. In this sec
tion we willlook at a specific class of AG codes arising from hyperelliptic curves, and deter
mine all generalized Hamming weights. For definitions and properties of hyperelliptic curves 
we refer to Section 2.2. 

In Section 2.4.2 we will prove some results on hyperelliptic curves that we need in Section 
2.4.3 in order to determine the complete set of generalized Hamming weights of the special 
class of codes described later in this section. To show that good examples of such codes exist, 
in Section 2.4.4 we will construct a class of hyperelliptic curves that meet the Hasse-Weil
Serre bound and have a maximum number of hyperel liptic points. Munuera proposed another 
proof of results obtained in Section 2.4.3. His proof is outlined inSection 2.4.5. We wil! end 
the study of this class of codes by studying whether the weight distri bution can be determined 
for these codes. 

Let X be a hyperel!iptic curve of genus g. Reeall from Section 2.2 that we denote by P00 a 
fixed hyperelliptic point and by 1t the complete set of hyperelliptic points different from P00 . 

Here we consicter algebraic geometrie codes C(X, P, G), where Pis a set of n rational points 
and G is a divisor satisfying the following conditions: 

I. For any rational point P E P we have that a ( P) E P, where a denotes the hyperelliptic 
involution; 

2. Divisor Gis a hyperelliptic divisor with deg(G) < n. This .i.·.1plies that G ~ 2lP00 for 
some l with 21 < n . 

From C!ifford's theorem (Theorem 1.1.13) and the Riemann-Roch theorem (Theorem 1.1.12) 
we find that the dimension of codes satisfying these conditions is k = l + 1 if l :::; g - I and 
k = 2l + 1 - g if l > g - I. The class of these codes will be called HAG codes. Remark that 
the class of HAG codes includes the most studied form of algebraic geometrie code: codes 
C(X, P, G) with G = mP00 and P all rational points on the curve except P00 . 

Let C . = C(X, P, G) be an HAG code with parameters [n, k, d] arising from a hyperellip
tic curve X of genus g . The generalized Hamming weights of the code C are denoted hy 
d1 = d, d2 , . . • , dk. Munuera [66] proved the following bounds on the generalized Hamming 
weights of C: 

d, ~ n- deg G + 2(r- I) 
d, = n- k + r 

if 1 :::; r :::; min{k, g} 
if g < r :::; k. 

Munuera could even prove equality in the firstequation ifP contains enough conjugated pairs. 
In this chapter we will prove a converse to Munuera's results which allows us to delermine 
all generalized Hamming weights. This also generalizes [89], in which Xing determines the 
minimum distance of these codes in the case l > g - I and q odd. For l = g we will show 
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that Xing's restilt is incorrect, and we wil! correct it. Our approach differs completely from 
Xing's proof. 
In the remainder of this section we wil! assume all codes to be HAG and we will no Jonger 
include the (hyperelliptic) curve in the definition ofthe codes. This simplifies the notation for 
a general HAG code to C (P, G). 

2.4.2 Results on divisors of hyperelliptic curves 

In this section we will prove some technica! facts on hyperelliptic curves that we will need in 
the next.sectiön to prove the main result. The main ingredients of the proofs are the unique 
reduction property (URP) ~f divisors and Lemma 2.2.5, bothof which are described in Sec ti on 
2.2. 

Lemma 2.4.1 Let W; E 71. be such that I:;= I W; ~ r P00 with every W; appearing at most 
twice in the sum. Then either every W; appears exactly twice in the sum, or r = 2g + I and 
every W; appears exactly once in the sum (in this case {W; I i = I, ... , 2g + I} = 7-f.). The 
last case cannot occur if q is even. 

Proof. Replacing all the points that appear double in the sum L W; by 2P 00 (reduction) yields 

forsome l, 0 :::; l ::=: 2g + I if q is odd, and 0 :::; l :::; g if q is even. First suppose l :::; g. By the 
URP this is impossible unless l = 0, in which case every point appears twice in the original 
sum. 
Now suppose l ::: g + I. Then q is odd. Reeall from Section 2.2 that 

so we find 

2g+l 

LH; ~ (2g + 1)P00 , 

i=l 

2g+l 

L Hj- W;1 - • · · - W;1 ~ (2g +I -l)P00 • 

}=1 

Now 2g + I - l :::; g. Using the URP this is impossible, unless l = 2g + I, in which case 
every point appears exactly once in the original sum. 0 

The following lemma gives a lower bound on the degree of a divisor that reduces to a sum of 
hyperelliptic points and that is itself nota sum of hyperelliptic points. 

Lemma 2.4.2 Let E be an effective divisor of degree e with P E supp(E) and a (P) ~ 
supp(E) forsome point P. Suppose for hyperelliptic points H1, ... , H., 0 ::'S u :::; g we 
have 

E ~ H, +···+Hu+ (e- u)P00 • 

Then e ::: 2g + I - u. 
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Proof. Let E' be a divisor of degree e' such that E ~ E' + (e- e')P00 , and E' has no hyper
elliptic pairs nor P00 in its support. Then 

E' ~ H1 +···+Hu+ (e'- u)P00 . (2.2) 

If e' s g the URP implies that there is an effective divisor A ~ (Ie'- u I) Poo such that either 
H1 + · · · + H" +A = E' or H1 + · · ·+Hu = E' +A. Both possibilities are impossible since 
E' has at least one nonhyperelliptic point in its support. Hence we can assume e' > g. 
From Lemma 2.2.5 we have that l(E') = e' + 1- g (note that from (2.2) we have l(E') > 1). 
Suppose es 2g- u, so e's 2g- u . Then l((e'- u)P00 ) 2: l((2e'- 2g)Poo) = e'- g + 1 
(Clifford's theorem). This shows that the number of effective divisors that are equivalent to 
(e'- u) P 00 is at least the number of effective divisors that are equivalent to E'. Tagether with 
equation (2.2) this implies thatthese numbers must be equal and we find 

E' = H1 + ··· +Hu+ A, 

forsome effective divisor A ~ (e'- u) P 00 . Th is is impossible, since E' contains at least one 
nonhyperelliptic point in its support. 0 

The next lemma gives bounds on the generalized Hamming weights d, for 1 s r S g. 

Lemma 2.4.3 Let P be a set of n distinct rationat points on a hyperellip tic curve X of genus 
g. Let G ~ 2IP00 with 21 < n. Let I s r s g. Then the r-th generalized Hamming weight 
ofthe code C(X, P, G) is d, = n- 21 + 2(r- 1) + 8for some8, 0 s 8 s g- r + 1. 

Proof. The lower bound 8 2: 0 was proved by Munuera in [66]. The upper bound follows 
from the generalized Singleton bound (follows from Lemma 1.1.7; see [86]) : d, s n- k + r. 
We distinguish between two cases. 
First suppose I 2: g. Then k = 2/ + 1 - g and we find d, = n- 21 + 2(r - 1) + 8 s 
n - 21 - 1 + g + r from which the lemma fellows. 
In the case I s g- 1 we have k = I+ 1 and we find d, = n- 2/ + 2(r - 1) + 8 s n -I- 1 + r 
and the lemma also fellows immediately. 0 

Lemma 2.4.4 LetS be a divisor with deg(S) s g + r- 2 and I(S) = r, with S ~ F + mP00 

forsome semi-reduced divisor F of degree f. Then 2f + m s 2g - 2 and m = 2r - 1 or 
2r- 2. 

Proof. Firstsuppose 2f +m > 2g -2. Then Lemma 2.2.5 yields r = I(S) = I(F +mP00 ) = 
f + m + 1 - g S r - 1 which is a contradiction. 
Hence 2f + m S 2g- 2 and Lemma 2.2.5 gives r = l(S) = I(F + mP00 ) = LIJ+ 1 which 
proves the lemma. D 

2.4.3 The generalized Hamming weights 

In this sectien we delermine all generalized Hamming weights of the special class of hyper
elliptic codes we consicter here: the HAG codes. 

Let wl • ...• w,,, E 1-i be IF'q-rational hyperelliptic points and let P;. (J (P; ), i = I, .... 7f be 
pairs of distinct conjugated IF'q-rational points of X. Then we have the following proposition. 
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Proposition 2.4.5 Let P = {W1, .. . , W"'' P1, a(P1), .. . , P:;r, a(Prr)) and G ~ 2IP00 with 
21 < n = 2rr + w. Suppose the code C(P. G) has r-th generalized Hamming weight d, = 
n- 21 + 2(r- 1) + 8fors·ome 8 ~ 0. 
Then rr ~ I - r + 1 - 8 in any of the jollowing cases: 

1. 8 + (J) < 2g + 2; 
2. I ::::; r + g - 1. 

Proof. Suppose d, = n - 21 + 2(r - 1) + 8. Then, af ter reindexing the points of P, there is 
a divisor 

D = W1 + · · · + Wm + P1 + a(PJ) + · · · + Ps + a(Ps) + Q1 + · · · + Qr 

with W;, P;, Q; E P, a(Q;) =I= Q1 for all i, j, and deg(D) = 21- 2r + 2-8, such that 
I( G-D) = r. From Lemma 2.4.3 we find 8 ::::; g- r + 1. If 8 = g- r + 1 the pro of is finished, 
since in this case 2rr + 2g + 1 ~ 2rr + w = n > 21 implies that rr ~ I - g = I - r + 1 - 8. 
Hence from now on we can assume 8 ::::; g - r . 

Since deg(G- D) = 2(r - 1) + 8 ::::; g + r - 2 we can apply Lemma 2.4.4 to the divisor 
G - D to find that G ~ D + 2 (r - 1) P oo + F for söme effective divisor F of degree 8. Hence 
we can write 

(21- 2r + 2)Poo ~ 

W1 + · ·-· + Wm + P1 + a(PJ) + · · · + P-. + a(Ps) + Ql + · · · + Qr + F. (2.3) 

Since P contains all conjugates of its points we have rr ~ s + t. We want to give a lower 
bound ons+ t. 

Camparing equation (2.3) withits conjugate yields 

Ql + · · · + Qr + F ~ a(QJ) + · · · +a(Qr) +a(F). 

Si nee the reduced divisor of Q1 + · · · + Qr + F must also be invariant under conjugation we 
have by the URP 

Q1 + · · · + Qr + F ~ H;1 + · · · + H;u + (t + 8- u)Poo. 

with 0 ::::; u ::::; g and H;1 E H Substitution in equation (2.3) yields 

W1 + · · · + Wm + H;1 + · · · + H;u ~ (m + u)Poo. 

Since the W; are pairwise distinct and the H;i are pairwise distinct (reduction), we can apply 
Lemma 2.4.1. We are Jeft with two cases. The first case is the case in which {W1 , •••• Wm} = 
{H;1, ... , H;.). In the second case m +u = 2g + 1 and {W1, ... , Wm} U {H;1, ... , H;11 } = 
H 

1. Suppose {W1, .. . , Wm} = {H;1 , ... , H;11 ). Then m = u and since t + 8 ~ u we find, 
comparing degrees in equation (2.3), that 21- 2r + 2 = m + 2s + t + 8 ::::; 2s + 2t + 28 
and we find rr ~ s + t ~ I - r + 1 - 8 so the pro of is finished in this case. 

2. Suppose m+u = 2g+ 1 and {W1, •••• W111 }U{ H;1 , • • • , H;11 } = H We again distinguish 
between two cases. 
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a. Suppose m +u = 2g + 1 and t > 0. Lemma 2.4.2 implies that t + 8 2: 2g + 1 -u. 
We again find that t + 8 2: m, and the result follows as in case 1. 

b. Suppose m +u = 2g + I and t = 0. Now 8 2: u and m ::=: w. If we note that m + 8 
is even by camparing degrees in (2.3) fort = 0, this yields 8 + w 2: 2g + 2. This 
possibility cannot occur if any of the two conditions of the proposition is satisfied. 
Indeed, the con tradietion is immediate in the case 8 + w < 2g + 2. For the other 
case, assume that l ::=: r + g - I. Then the degree of the equivalent divisors in 
equation (2.3) is at most 2g. Th is is only possible if m = u which contradiets with 
m +u = 2g + 1. 0 

Remark 2.4.6 The first condition in Proposition 2.4.5 is always satisfied if q is even. Indeed, 
if q is even, then w ::=: g. From Lemma 2.4.3 we find that 8 ::=: g, so that 8 + w ::=: 2g. 

We can use Proposition 2.4.5 to prove the following converse of a proposition by Munuera 
[66]. 

Proposition 2.4.7 Let P = {W1 , .. . , W0, , P1, a(P1), .. • , P" , a(P" )}and G ~ 2lP00 with 
2l < n = 2:rr + w. Let 1 ::=: r ::=: g. Then the code C(P, G) has r-th generalized Hamming 
weight d,, with 

d, = n - 21 + 2(r- 1) <=> :rr 2: l- r + I. 

Proof. Suppose :rr 2: l - r + 1 and let 

Then l(G- D) = l(2(r - 1)P00) = rand we find d, ::=: n - deg(D) = n - 21 + 2(r - 1). 
Equality follows from Lemma 2.4.3. 
Now suppose d, = n- 2l + 2(r- 1). Then Proposition 2.4.5 implies :rr 2: l- r + 1 (note 
that w ::=: 2g + 1 ). 0 

In the case where :rr 2: l Proposition 2.4.7 determines all generalized Hamming weights. We 
wil! now determine the generalized Hamming weights of the HAG codes in the general case. 

Theorem 2.4.8 Let P = {W1 , •.. , W0, , P1, a(PJ), .. . , P", a(P")} and G ~ 2lP00 with 
21 < n = 2:rr+w. Let 1::. = max{/-:rr , 0}. Then the code C(P, G) has generalizedHamming 
weights 

· ·1 n- 21 + 2(r- 1) +min{!::.- r + 1, 2g + 2- w} 
d, = n - 2l + r - 1 + 1::. 

n - 2l + 2(r - 1) · 

n - k+r 

Here k = l + 1 ijl::=: g- 1 and k = 2l + 1- gijl 2: g. 

ij!::=: r ::=: min{l- g , !::.} 
ijl- g +I :S r :S !::. 
ij!::.+1 :S r :<::: g 
ij g + 1 :S r :S k . 

Proof. The case r 2: 1::. + 1 follows from Proposition 2.4.7 for r ::=: g and from the results of 
Munuera [66] for r > g . From now on we can assume r ::=: !::., and l 2: :rr . 

We wil! first prove the lower bounds of the theorem. Suppose r ::=: l- g. Take 8 < min{!::. 
r + I, 2g + 2- w}. Then :rr < l- r +I - 8 and 8 + w < 2g + 2. Proposition 2.4.5 implies 
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that d, f=- n- 2l + 2(r- I)+ 8. Hence d, 2: n- 2l + 2(r- I)+ min{L'i- r + 1, 2g + 2- w) . 

N ow suppose r 2: l - g + 1. In this case take 8 < L'1 - r + I, and again Proposition 2.4.5 
implies that d, f=- n - 2l + 2(r - 1) + 8, so d, 2: n - 2l + r - I + L'i . · 

To prove equality, first note that n = 2ir + w = 2l - 2L'i + w > 2l and so w > 2L'i . We 
distinguish between two cases. We first show that d, :=: n - 21 + r - I + L'i. Since w > L'1 
we can write 

and define the divisor 

with P;, a(P;), W; E P. Now l(G - D) 2: l(2W6 _,+2 + · · · + 2W6 ) = rand we find 
d, :=: n - deg(D) = n - 2[ + r - 1 + Ci. 

Now, for r :=: l- g, we show d, :=: n- 2l + 2r + 2g- w. Note that 2L'i < w :=: 2g + 1 and 
so Jr = l- L'1 2: l- g- 1. Hence we can write 

G ~ H1 + · · · + H2g+l + P1 + a(PJ) + · · · + Pt-g-1 + a(PI-g-1) + Poo. 

and define 

D = wl + ... + w., +PI+ a(Pt) + ... + Pl-r-g + a(PI-r-g). 

Again we find that l(G - D) 2: l((2r - 2)P00) = r and the proof is complete. 

Setting r = 1 in Theorem 2.4.8 gives the minimum distance of the codes. 

Corollary 2.4.9 The code C = C(P, G) as in Theorem 2.4.8 has minimum distance 

d={n-2l+fi 
n - 2l + min{L'i, 2g + 2- w) 

ifl::: g 
iflO::g+l. 

0 

Remark 2.4.10 If L'1 = l :=: g then applying Corollary 2.4.9 to code C(P. G) gives the fun
damental parameters [n, l + I, n -l]. The code is MOS and more specific, it is a Generalized 
Reed Salomon code. 

Remark 2.4.11 In the case l = g Corollary 2.4.9 differs from the result by Xing in [89]. 
Stated in the notation we adopt here, Xing claims that the minimum distance of HAG codes, 
with q odd, and l 2: g equals 

d = n- 2l + min{L'i, 2g + 2- w). 

Going through a specific exarnple yields that Ccirollary 2.4.9 gives the correct value for the 
minimum distance. Indeed, take a hyperelliptic curve of genus g over a field 1Fq that has 2g +2 
1Fq-rational hyperelliptic points. Take L'1 = l = g and w = 2g + 1. Then the resulting code 
is a Generalized Reed Sol om on code with parameters [2g + 1, g + 1, g + 1]. whereas Xing's 
result would yield d = 2. 
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Using the relation between the generalized Hamming weights of a code and its dual code 
(Lemma 1.1.7), we are able to derive the generalized Hamming weights of the dual code of 
C = C (P. G). In particular, we can de termine the minimum distance of the dual of an HAG 
code. N ote that in general this dual code will not be an HAG code. lndeed, in Section 1.1.4 
we saw that the dual of code C is equivalent to a code C (P, G') , wi th G' = L PEP P - G + K 
and K a canonical divisor. Such a divisor G' is nota hyperelliptic divisor in general . 

Corollary 2.4.12 Let C = C(P , G) bedefinedas in Theorem 2.4.8. Then the minimum dis
tanee of the dual code is 

12 if!l<landl5::g-l 
dJ. = l + 2 if 6.. = l and l 5:: g - 1 

21- 2g + 2 ijl 2: g. 

2.4.4 Examples: a class of maximal hyperelliptic curves 

In order to construct interesting long HAG codes, we need hyperelliptic curves with both 
many IFq-rational points and many hyperelliptic points. These goals seem to oppose each 
other, and they do so if the genus of the curve is smal! compared with the si ze of the ground 
field. In this sectien we will give examples of curves that attain the Hasse-Weil-Serre bound 
(Theorem 1.1.19) and have the maximum possible number of hyperelliptic points. 

Let q be odd. From Theorem 2.2.2 we see the following. A hyperelliptic curve X of genus 
g has a (singular) plane model of the form y2 = f(x), with f a square-free polynomial of 
degree 2g + 1 or 2g + 2. The finite hyperelliptic points of X are in one-one correspondence 
with the zerosof f(x). If f has degree 2g + 1, X also has an infinite hyperelliptic point. For 
N, the number of 1Fq-rational points on X, we have two wel! known bounds: 

N < {2q+2 
- q + 1 + g L2,foJ 

trivia! bound 
Hasse-Weil-Serre bound. 

If g > ~· the trivial bound is stronger that the Hasse-Weil-Serre bound. The following 

proposition establishes equality in the Hasse-Weil-Serre bound if the genus is just below ~. 

Proposition 2.4.13 Let g 2: 2 such that p = 2g + I is a prime power. Set q = p 2. Let N be 
the number ofiFq-rational points on the hypere/liptic curve X with plane model 

l = xP + x. 

Then X has genus g, contains 2g+21Fq-rational hype relliptic points, and N = q+ 1 +2g fo. 

Proof. Let a be a primitive element in IFq . Then (xP +x) splits as 

2g - 1 

(x P +x) = x TI (x - a <p+IJ(i+I /21) . 

i=Ü 
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Hence X has 2g + I finite hyperelliptic points. The infinite point brings the total number to 
2g + 2. 

Let f(x) = x P +x and f3 E IF'q. Then f(fJ) = Tr({J) E IFP, where Tr denotes the trace
function from IF'q to IF p· Since IF P consists of thesetof p + 1 powersof elementsin IF'q we find 
that f ({3) is either 0 or a square in 1Fq . The zerosof f (x) correspond to the p + 1 hyperelliptic 
points, and the x E IF'q for which f (x) is a square correspond to pairs of conjugated points. 
This gives a total number of points of N = p + I + 2(q - p) = q + 1 + (q - p) = 
q + 1 + (p- 1)p = q +I+ 2gp = q + 1 + 2g.fo. D 

Remark 2.4.14 The class of curves given in Proposition 2.4.13 is a subclass of a more gen
eral class of maximal curves that also includes the Hermitian curves. These can be found in 
Examp1e VI.4.2. of [80]. 

To end this sec ti on we will give the parameters of some HAG codes and that have a minimum 
distance that exceeds the Goppa lower bound given in Theorem 1.1.15. From Proposition 
2.4.7, which shows in this case that rr :::; 1- 1, we see that exceeding the lower bound can only 
occur forcomparatively smal! minimum distances. Indeed, d = n-21+min{ö, 2g+2-cv} = 
2rr +cv- 2! + min(ö, 2g + 2- cv) :::; 21 - 2 +cv- 2! + 2g + 2- cv= 2g. 

Example 2.4.15 Tab1e 2.3lists parameters of some codes that can be obtained from the curves 
of Proposition 2.4.13. All codes in.the table have a minimum distance that exceeds the Goppa 
lower bound. 

Field genus Example of code 
IF2s 2 [45,41,4] 
IF49 3 [91,86,4] 

3 [91,84,6] 
IF's1 4 [151 ,147,4] 

4 [152,145,6] 
4 [153,143,8] 

IFI21 5 [229,224,4] 
5 [229,222,6] 
5 [229,220,7] 
5 [231 ,220,8] 
5 [231 ,218,10] 

Table 2.3: Examples of HAG codes with parameters exceeding the Goppa lower bound 

2.4.5 An alternative proof of the generalized Hamming weights 

In a private communication, Carlos Munuera pointed out to me that determining the weight 
hierarchy of a hyperelliptic code is easy once the minimum distance is determined. Here is 
his result. 
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Theorem 2.4.16 Let X be a hype relliptic curve, and let H E gl. Then we have the following 
relation between the generalized Hamming weights of C(P, G), with dimension k, and its 
subcode C (P, G - (r - 1) H) arising from X: 

dr(C(P, G)) =min{ dJ (C(P, G- (r- 1)H)), n- k + r}. 

Proof. If dr ( C (P, G)) = n - k + r then there is nothing to prove. Hence we assume dr < 
n- k + r. If D, 0 ~ D ~ LPeP P, is a divisor such that l(G- D) :::: r, with deg(G
D) ::S r + g - 2, we can apply Lemma 2.4.4 to find that G- D ~ (r - 1)H + E with 
E :::: 0. Hence every such divisor D gives rise toa codeword of weight n - deg(D) in the 
code C(P, G - (r - 1)H). So we have proved 

dr(C(P. G)):::: d1(C(P, G- (r- l)H)). 

To prove the converse, note that l(G - D- (r- 1)H) ::S l(G - D)- r + 1 (this follows 
for instanee from Lemma 1.6.12 of [80] together with Clifford's Theorem). If D, 0 ~ D ::S 
LPeP P, is a divisor of maximum degree such that l(G- D- (r- l)H):::: 1, then it also 
satisfies l ( G - D) :::: r, and hence 

dr(C(P. G)) ::Sn- deg(D) ::S d,(C(P, G- (r- l)H)). 

This completes the proof. 0 

Theorem 2.4.16 suggests the following method for determining the generalized Hamming 
weights of hyperelliptic codes. First de termine the minimum distance of the codes. For HAG 
codes this can be done either the way Xing did it in [89], or by a simplified version of the pro of 
given above. Then use Theorem 2.4.16 to obtain all generalized Hamming weights. 

In our proof we show that it is possible todetermine all generalized Hamming weights at once. 
The beauty of Theorem 2.4.16 is, that it works for general choices of G, once the minimum 
distance of the codes is known. 

2.4.6 Remarks on the weight distribution of elliptic and hyperelliptic 
codes 

We have shown that the generalized Hamming weights of the particular hyperelliptic codes 
studied in this chapter only depend on the numbers JT, wand l. Forelliptic codes similar re
sults can easily be obtained. lndeed, we already sawinSection 2.1.3 that the weight hierarchy 
of an elliptic code is completely determined by its minimum distance. The minimum distance 
is easy todetermine forelliptic codes defined in a si mil ar way as the hyperelliptic HAG codes. 
Before we state the result we need some notations. 

As we already noted in Remark 2.2.1 elliptic curves share many of the properties of hyper
elliptic curves. Let X be an elliptic curve. Fix a morphism ljJ from X to the projective line. 
Morphism ljJ induces an involution a on the points of X. Points P for which P = a ( P) wil! 
be called points of order two. In the group of rational points these points satisfy 2P = 0. 
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Proposition 2.4.17 Let X be an elliptic curve over 1Fq. and Q afixed point of order two on 
X. Let P = {Wt. Wz, ... , W«> , P, , a(P1), . . . , Prr. a(Prr )} be a set ofn distinct 1Fq-rational 
points, with Wi points of order two, Wi i= Q. Let G be a divisor of degree 2! < n = 2:rr + w 
such that G ~ 21 Q. Then the elliptic code C = C(P, G) has minimum distance d = n - 2! 
except in the case where :rr = I - 1 and w = 3, in which case C is MDS with parameters 
[n,n -1, 2]. 

Proof. Since w =:::; 2g + 1 = 3, and 2l < 2:rr + w we can assume that :rr ::::, l - 1. There are 
two cases: 

1. Suppose :rr 2: l . Then we can write 

Th is shows that there is a codeword c with zeros at positions corresponding to the points 
P1 , a ( P1), . . . , P1, a ( P1) . So c has weight n - 21 and the pro of is finished in this case. 

2. Suppose :rr = l - 1. Since 21 < n we must have w = 3, and the code has parameters 
[21+ 1, 21, 1] or [21+ 1, 21, 2]. Minimum distance 1 only occurs if divisor Gis equivalent 
to a sum of 21 points from P . This is impossib1e because of the following equivalences 
of divisors: 

and 

We conclude that the code has parameters [n, n - I, 2] in this case. D 

In the remainder of this chapter we consicter the following question: can the weight distribu
tion of these particular elliptic or hyperelliptic codes be determined if we know the numbers 
:rr, w and 1? In genera!, the answer to this question is "no" in both cases as we will show in 
the following sections. For certain classes of hyperelliptic codes of low dimension the answer 
is however "yes". The weight distributions in this case wil! be determined at the end of this 
section. 

EIJiptic codes 

Let X be an elliptic curve. Let X have N points consisting of w points of order one or two 
and let :rr = (N - w) /2. The numbers :rr and w only depend on the curve and not on the: 
morphism of X to the projective line (different morphisms lead to a different group law on 
the group of points, but not to different group structures). Let Q denote a fixed point of order 
two. Let P be thesetof all rational points of X and let G be a divisor with G ~ 21Q and 
deg(G) = 21 < N . Consider the code C = C(X, P, G). 

The weight distri bution of C is completely determined by the group of rational points G. Of
ten N determines the group, and in these cases indeed :rr and w delermine the weight enu-
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merator. There are two cases where N does not determine the group; see Theorem 2.4.31 in 
[83]. 

The first case is if q is nota square, char(q) = 3 mod 4, N = q + 1. Then either G is cyclic 
or G = Z/(if) x Z/(2). These casescan be distinguished by considering UJ. Indeed, in the 
cyclic case UJ = 2 and .in the other case UJ = 4. 

The other case is more generaL This happens whenever (q, m) = 1 with m = N - (q + 1) 
and lml ~ 2-Jq. Then G = Z/(A) x Z/(B) with BIA and Blq - 1. Moreover, any such 
group can be realized as the group of ratio na! points of some elliptic curve. To show that N, or 
even n and UJ, do not deteirnine the weight enumerator in this case, we con si der the following 
example. Let X 1 be an elliptic curve over IF13 with 16 points and group G = Z/ (8) x Z/ (2). 
Then there are 472 quadruples of distinct points that add up to 0. For the curve X2 defined 
over IF13 with group G = Z/(4) x Z/(4) we find 464 such quadruples. Observe that both 
curves have UJ = 4, but give rise to codes C(X;, P, 4Q) with different numbers of minimum 
weight codewords. 

We conclude that in the case of elliptic codes the weight distri bution is nol completely deter
mined by the numbers n, UJ and l only. 

Hyperelliptic codes 

The general case. To show that fora general hyperelliptic code the weight distri bution is 
not completely determined by the numbers n, UJ and l only, it will suffice to give an example. 
Later we will show that for a specific class of hyperelliptic codes it is possible to determine 
the weight distri bution from these numbers only. 

Let Xt be the curve over IF11 of genus two defined by the equation y 2 = x 5 + 2x2 +x + 5. 
It has 17 points, with n = 8 and UJ = 1. Let X2 be the curve over IF11 of genus 2 defined 
by the equation y 2 = x 5 + 2x2 + 2x + 4. It also has 17 points, with n = 8 and UJ = 1. 
Considerthe codes Ct (16) = C(XJ. X1 (IF11) \ {Poo}. 6Poo), Ct (17) = C(Xt, X1 (lFll) , 6Poo). 
C2(16) = C(X2, X20F11) \ {Poo}. 6Poo) and C2(17) = C(X2, X2(1Fn). 6P00 ). The codes 
C1 (16) and C2 (16) have parameters [16, 5, 10] and the codes C1 (17) and C2 (17) have param
eters [ 17, 5, 11]. Computing the weight distributions of these codescan be done in two ways. 
The first one uses Cantor reduction of divisors to reduced divisors. This is implemenled in the 
program MDSHyp, and can be used todetermine the number of codewordsof low weights 
in the code and its dual. The MacWilliams relations (Theorem 1.1.1) provide the tooi for de
termining the full weight distribution. The second way of obtaining the weight distri bution 
is by finding a basis for L(6P00) (which is particularly simple here), constructinga generator 
matrix for the code, and use a program like GUAVA [73] to compute the weight distribution. 

We have applied both methods to all four codes. Th is yields the weight distributions given in 
Table 2.4. 

We conclude that as with elliptic codes, in the case of hyperelliptic codes the weight distri
bution is, in genera), not completely determined by the numbers n, UJ and l only. 
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i A; i A; 
0 1 0 1 

10 720 10 720 
11 720 11 620 
12 6880 12 7380 
13 18080 13 17080 
14 46080 14 47080 
15 52400 15 51900 
16 36170 16 36270 

i A; i A; 
0 1 0 1 

11 840 11 860 
12 1240 12 1060 
13 8080 13 8680 
14 20080 14 19080. 
15 47160 15 48060 
16 50760 16 50340 
17 32890 17 32970 

Tab1e 2.4: The weight di*~butions of codes C1 (16), Cz ( 16}, C1 (17), and C2 ( 17) 

The weight distri bution of a class of hyperellip tic codes. Lei X be a hyperellip tic curve 
of genus g over 1Fq. Let P be a set of n rationat points, consisting of rr conjugated pairs, and 
w points that are not conjugates of each other. Note that we do nat restriet these w points 
to hyperelliptic points only. Let G be a hyperelliptic divisor of degree 21, with 21 < 2g. 
Then code C(X, P, G) has length n and dimeosion 1 + 1 (Ciifford's theorem). The minimum 
distance is easi1y seen to be the sarne as the result for the HAG codes (Corollary 2.4.9) where 
the w points in P all had to be hyperelliptic. The result is as follows. 

Lemma 2.4.18 Code C as defined above has minimum distance 

d = { n- l- rr ifrr < l 
n-21 ifrr~l . 

We will now show that for the codes we consider in this paragraph the weight distribution 
can be determined comp1ete1y. To be able to do this, it is convenient to rewrite the weight 
enumerator of a code. We follow [53]. Let A(z) be the weight enumerator of a code C with 
parameters [n , k, d], so 

n 

A(z) = LA;z;. 
i=O 

where A; denotes the number of codewordsof weight i in C. Let a be an integer a ~ n- d. 
Then wedefine W(x) =x" A( l ) , so 

x 

a 

W (x) =x"+ L An-iXi . 

i=O 
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Now we rewrite W(x) in the following form: 

a 

W(x) = xn + L B;(x- 1);, 
i=O 

with 

and 

A;= t (-1)n+i+j( j .)Bj . (2.4) 
. . n -z 
J=n-1 

The B; have the following interpretation. Fora set I c (1 , 2, ... , n} let C(l) denote the 
subcode of C that has zeros at positions I . Let k(l) = dim(C(I)) . Then 

B; = L clul - 1). 
/c(l , ... ,n),#l=i 

Th is shows that determining the weight distri bution is equivalent to determining the k(l) for 
all sets I. For the class of codes we consider, these numbers are easy to determine. 

Theorem 2.4.19 Let X be a hype relliptic curve of genus g over IF'q . LetP be a setofn points 
of X, consisting of n conjugated pairs and w points that are not conjugates of each other. 
Let G be a hyperelliptic divisor of degree 2l < 2g. Then the weight enumerator of code 
C(X, P, G) is determined (using (2.4)) by the numbers Bm. m = 0, I, ... , 2l, given by 

Bm = L n L 2j n ~ s (J) • (ql+s-m+l - 1). lm/2J ( ) (m-2s ( ') ( )) 

s=max(O,m-/) S j=O } m - 2s -} 

Proof. Let I c (1 , 2, ... , n} be a set of size m. Denote by Ï thesetof points in P corre
sponding to the indices in I. Determining the numbers B; splits into two parts: finding k(I) 
for certain classes I, and counting the number of elements I in such classes. 

Suppose Ï consists of s conjugated pairs and t points that are not conjugates of each other, so 
m = 2s + t. Number the points in Ï as follows: 

We wil! now show 
k(l) _ { l + s - m + 1 

- 0 

Let H be a fixed element of the gi. Then 

if m.::; l + s 
otherwise. 

G - P1 - a(PJ) - · · · - Ps - a(Ps) - Ql - · · ·- Qr ~ (l - s)H - Ql - · · · - Q 1 

~ (l - s - t)H + a (QJ) + · · · + O'(Qr). 
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First suppose that m :s l + s, so t :s l- s. Then Lemma 2.2.5 implies 

k(l) l(G- Pt- a(Pt)- · · ·- Ps- a(P,.)- Qt- · · ·- Q1 ) 

l((l- s- t)H + a(Q1) + · · · + a(Qt)) 

l-s - t+1 

l+s-m+l 

Nowsupposem > l+s,sot > l-s. Then 

k(l) l(G- Pt- a(Pt)- · · ·- P,- a(Ps)- Qt- · · ·- Q1 ) 

l(a(Q1) + · · · + a(Q1)- (t + s -l)H). 

Lemma 2.2.5 gives that l(a(Q1) + · · · + a(Q1)) = 1, so L(a(Q 1) + · · · + a(Q1)) = (1). 
This implies that k(/) = 0 in this case. 

We now count the number of sets Ï of si ze m consisting of s conjugated pairs and t points that 
are not conjugates of each other. There are (;) possibilities to choose s pairs out of JC. Out 
of the remaining points we have to choose t = m - 2s without choosing a conjugated pair. 
Suppose we choose j of the points amongst the remaining 2n-2s points that form conjugated 
pairs, and the remaining m-2s- j among the w points. The number of possibilities for doing 
this equals 

( n - s) ( w ) 2 j j m"_ls· - ·j · . 

Summing for all possible values of j and combining it with the result for k(/) we get the 
values of Bm as stated in the theorem. 0 



Chapter 3 

Almost MDS Codes 

3.1 Introduetion 

MDS codes are codes meeting the Singleton bound. Bath for theory and practice, these codes 
are very important and have been studied ex.tensively. Codes near this bound, but not attaining 
it, have had far less attention. In this chapter we study codes that almast reach the Singleton 
bound. 

Since we wil! be interested in the geometrical and combinatorial properties of certain codes 
in this chapter, we refer the reader to Theerem 1.4.1 . 

3.1.1 MDS codes 

Before wedefine almost MDS codes we reeall some facts on MDS codes, see Sectiens 1.1.2 
and 1.2.2. From Theorem 1.4.1 we see that MDS codes, n-arcs and linear orthogonal arrays 
of index. unity are equivalent objects. 

As a1ready remarked in Chapter 1, the earliest results on MDS codes were obtained by Bush 
in [ 17], using the general setting of (not necessarily linear) orthogonal arrays. We reeall the 
Bush bound from Section 1.3.1. 

Theorem 1.3.3 Let A be an OA1 (t, n, l) . lf l :5 t, then n :5 t + 1. 

In the special case of (linear) MDS codes, Theorem 1.3.3 together with the fact that the dual 
of an MDS code is MDS, yield the wel! known result that fora nontrivial [n, k, n - k + 1] 
MDS code we have that k < q and n- k < q. 

One of the main problems in the theory of MDS codes is determining the maximum length 
of an MDS code. Reeall the following famous conjecture. 

Main Conjecture on MDS codes: Fora nontrivial [n, k, n - k + 1] MDS code over !Fq we 
have that n :5 q + 2 if q is even and k = 3 or q - 1, and n :5 q + 1 otherwise. 

The Main Conjecture is proven in a number of cases, for instanee for MDS codes of dimen-
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sions k :S 5 and for MDS codes over fields of at most 19 elements, see Section 1.2.2. 

In his paper [ 17], Bush discovered linear orthogonal arrays of strength unity that achieve the 
maximum 1ength in the conjecture. The corresponding codes are the extended Reed Solomon 
codes. 

3.1.2 Almost MDS codes 

We are now ready to define almost MDS codes. 

Definition 3.1.1 A code C with Singleton defects(C) = 1 is almost MDS (AMDS for short). 
AMDS codes of dimensions k = I, n - 2, n - 1 and n are called trivia!. 

Since it is easy to construct trivia! AMDS codes of arbitrary lengths, we will only be consict
ering nontrivial AMDS codes. 

Unlike the MDS case, the dual of an AMDS code need not be AMDS. To distinguish this 
property we follow Dodunekov and Landgev [35]in the following definition. 

Definition 3.1.2 A code C with s(C) = s(C.L) = 1 is a near MDS code. 

In their paper [35], a preliminary version of which was published as [34], Dodunekov and 
Landgev study near MDS codes. Some of their results were discovered independently by the 
author and will be presented in this chapter. 

As in the MDS case we define sets of points in projective space that reflect the property of 
being AMDS. 

Definition 3.1.3 An n-track is a set of n points in PG(r, q) such that every r of themarein 
general position. The maximum size of an n-track in PG(r, q) is denoted by J-L(r, q). 

Theorem 1.4.1 yields that AMDS codes, n-tracks and Iinear orthogonal arrays of index q are 
equivalent objects. Hence J-L(r, q) is the maximum length n for which there exists an [n, n
r - 1, r + 1] code over IFq. Equivalently, J-L(r, q) is the maximum number of constraints of 
a linear orthogonal array of index q and strength r. The maximum Iength of an [n, n - r -

1, r + 1] near MDS code is denoted by J-L • (r, q). 

The aim of this chapter is to derive bounds on J-L(r, q) and find properties of AMDS codes, 
or equivalently, of tracks. We will use the construction of shortening codes, that is taking all 
codeworcts that have a 0 at a fixed position, and deleting that position. The shortened code 
of an [n, k, d] has parameters [n - 1, k - 1, d] and thus has the sameSingleton defect as the 
original code. In the language of tracks it means that one projects the n~track from one of 
its points onto a hyperplane. The resulting set is clearly an (n - 1 )-track. Th is proves the 
following. 

Lemma 3.1.4 J-L(r, q) ::; J-L(r - 1, q) + I. 
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3.2 Upper Bounds on J-i(r, q) 

In this sec ti on we distinguish between two cases: r < q and r :;:: q . 

3.2.1 The case r < q 

In view of Theerem 1.4.1, the following is a well known result. 

Theorem 3.2.1 JJ,(2, q) = q2 + q + 1. 

Proof. The projective plane is a maximal set that satisfies the conditions fora track. 0 

Remark 3.2.2 The codes achieving the value in Theerem 3.2.1 are examples ofthe Hamming 
codes which we encountered in Example 1.2.2. 

The next theerem general i zes aresult by Gulati [ 44]. 

Theorem 3.2.3 Let q = pm forsome prime number p. Furthermore let q and r satisfy the 
following three conditions: 

I. q ::; 19 or r ::; 5 or r :;:: q- 3 
2. q > r > 2. 
3. q is odd or 3 < r < q - I. 

Th en 

JJ,(r, q) :=; q(q - r+3)+1. (3.1) 

A necessary condition for equality in ( 3.1) is that r = q - p1 + 3 forsome l ::; m. 

Proof. Let K be an n-track in PG(r, q), and let Pt . .. . , Pr-1 E K. For the q + 1 hyper
planes S1, .•. , Sq+l that contain Pt . ... , P,_ 1 we have that S; n Kis an are in PG(r- 1. q). 
Condition 1 of the theerem implies that the Main Conjecture on MDS codes holds for codes 
of dimension rover IF'q . Since q > r by Condition. 2, this yields that IS; n KI ::; q + I by 
Condition 3. Since two S; only meet in the (r- 2)-flatspanned by P1, ••. , P,_1 we have that 

n = IKI ::; r- 1 + (q + 1)((q + 1)- (r- 1)) 

q(q - r + 3) + 1. 

Th is proves (3.1 ). Now suppose that equality holds in (3.1 ), so IK I = q (q - r + 3) + 1. If 
Sis any (r - 1)-fiat, then in order to obtain equality we have that if IK n SI :;:: r - 1, then 
IK n SI = q + I. Now consicter all (r- 2)-flats passing through the points P1 , ••• , Pr- 2· 

Each of these intersects K in either r - 2 points (the points P1, ••• , P, _2 ) or q + 1 points (a 
complete are). Hence there must be an integer m such that 

m((q + 1)- (r- 2)) + r- 2 = q(q- r + 3) + 1 

and so we find that 
q- r + 31q 

which implies that q - r + 3 = p1 forsome l ::; m. 0 
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Remark 3.2.4 The first condition in Theorem 3.2.3 is needed to assure that the Main Con
jecture on MDS codes ho1ds for codes of dimension r over !Fq. The condition can be rep1aced 
by other cases in which the Main Conjecture is known to be true. 

Tagether with the fact that for any q there exist ovoids (sets of q 2 + 1 points in PG(3, q) with 
the property that there are no 3 collinear, for examp1e elliptic quadrics; see Sectien 1.2.3), 
Theorem 3.2.3 proves the q odd case, q > 3, of the following resu1t, which was first proved 
for odd q in [ 13]. The pro of for theeven case is due to Qvist [ 69]. 

Theorem 3.2.5 For q =j:. 2 we have JJ.,(3, q) = q2 + 1. 

We end this section by camparing the bound in Theorem 3.2.3 to several other well known 
coding bounds (see Section 1.1.2). Both the Griesroer and Plotkin bound give no resu1ts on 
the parameters of these codes. The Hamming bound however, aften gives sharper bounds 
than the resu1t of Theorem 3.2.3. 

Theorem 3.2.6 

Proof. The theorem follows from app1ying the Hamming bound (Theorem 1.1.5) to codes .of 
parametérs [n , n- r- i,~+ 1). D 

In the special case r = 4, the first undecided case, this yields the following bound. 

Corollary 3.2.7 

(4 ) < q - 3 + J8q5 + q2 - 6q + 1 . 
JJ.,,q_ 2q-2 

Theorem 3.2.3 coincides with the Hamming bound for r = 2 and impraves on the Hamming 
bound for r = 3. Although our bound is worse than the Hamming bound for most other r, 
for r near q Theorem 3.2.3 again impraves on the Hamming bound. As an example, take 
q = 9 and r = 8. The Hamming bound yie1ds that the 1ength of an [n, n - 9, 9] code is 
upperbounded by n :::: 40, while Theorem 3.2.3 yields that n :::: 36. 

3.2.2 The case r ~ q 

We start by giving a general upper bound on the maximum 1ength of [n, k, dJ codes over !Fq 
with d > q. It generalizes the Bush bound (Theorem 1.3.3) for linear orthogona1 arrays. 

Theorem 3.2.8 Let C be an [n, k, d] code with Singleton defect s and d > q. Then 

qs+l _ 1 
n < d -2+2..:...._ __ 

- q-1 
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Proof. Set r = n-k- 1. Then the columns of the parity check matrix of C can be considered 
as a setKof n points in PG(r, q), nor - s + 1 in a subspace of codimension (s + 1). Fix 
P1, P2 , . . . , P, _5 E K and consider the (r - s)-flats S;, i = I ... , (q•+l - I)j(q - 1), 
passing through them. For i = 1, ... , (qs+l - 1)/(q - 1) the setS; n Kis an are with 
r- s = d- 2:;:: q- I, so by Theorem 1.3.3 IS; n KI ::::: r- s + 2 and we find 

qs+l _ 1 q'"+l _ 1 
IKI:::::r-s+2 =d-2+2 , 

q-1 q-1 

which proves the theorem. D 

For tracks the result of Theorem 3.2.8 is the following. 

Corollary 3.2.9 Let r :;:: q. Then J-l(r, q) ::::: 2q + r + 1. 

In Sec ti on 3.4 we wil! delermine all codes near this up per bound, namely the codes with n = 
2q + r + 1 or n = 2q + r. 
Corollary 3.2.9 impraves on the Plotkin and Hamming bound for these codes, and on the 
Griesroer bound for r < 2q. For r :;:: 2q the result of the Griesroer bound is strong: there are 
no AMDS codes with r :;:: 2q . This was also noted by Dodunekov and Landgev in [35]. 

Theorem 3.2.10 /fC is an [n, n- r- 1, r + 1] AMDS code, then r < 2q. 

Proof. Let r :;:: 2q. Then the Griesmer bound states 

n :;:: L ~ :;:: (r + 1) + 3 + L ~ :;:: (r + 1) + 3 + (n - r - 3) = n + 1 
n-r-2~ + 11 n-r-2 ~ + 11 
~ q ~ q 

which is a contradiction. D 

As also was remarked in [35], we can improve on this bound by rephrasing the following resuJt 
from projeelive geometry. Aplane 3-arc is a set of points in PG(2, q) with at most 3 points 
on a line. The matrix having the points of a plane 3-arc as columns is a generator matrix of 
an [n, 3, n - 3] code. The converse is also true so that the concepts of a three-dimensional 
AMDS code and a plane 3-arc are equivalent. Aresult by Th as [82] shows that for q > 3 the 
number of points on a plane 3-arc cannot exceed 2q + 1. This has the following conseguence 
for AMDS codes. 

Theorem 3.2.11 Let C be an [n , n - r - 1, r + 1] AMDS code over Fq. q > 3, with r ::::: n - 4. 
Then r < 2q - 2. 

Proof. Shorten the code n - r - 4 times. The resulting code is equivalent to a plane 3-arc of 
size r + 4, and so r + 4 ::::: 2q + 1. D 

We now give a version of Theorem 3.2.11 for the case r = n - 3. 

Theorem 3.2.12 The mm:imal nfor which there exists an [n, 2, n - 2] code over Fq is n = 
2q +2. 
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Proof. Let G be the generator matrix of an [n, 2, n - 2] code. Without loss of generality 
we assume that the first row of G has ones at the first w positions followed by n - w zeros, 
w 2: n - 2. At the first w positions of the secondrow of G every element of IFq may occur 
only twice. This proves w _:s 2q and hence n _:s 2q + 2. It is clear that equality can occur. D 

Theorem 3.2.12 can be used to give the values of f.L(r, q) for r = 2q - I and r = 2q - 2. 

Corollary 3.2.13 Ij q > 3 then f.L(2q- 1, q) = 2q + 2 and f.L(2q - 2, q) = 2q + 1. 

Proof. Let r = 2q- I or r = 2q- 2. Then r 2: 2q- 2 and Theorem 3.2.11 yields r 2: n- 3, 
so f.L(r, q) _:s r + 3. Equality follows from Theorem 3.2.12. D 

3.3 Duality and Near MDS Codes 

As remarked inSection 3.1.2, the dual of an AMDS code need in general not be AMDS. Nev
ertheless, Dodunekov and Landgev show in [35], that for r 2: q this is the case. 

Theorem 3.3.1 Let C be an [n, n-r -I, r +I] AMDS code. lfr 2: q then C.i is also AMDS, 
so C is near MDS. 

lf some part of the Main Conjecture on MDS codes holds we can give a bound on the Singleton 
defect of the dtial code C.l in the case r < q. 

Theorem 3.3.2 Let C be an AMDS code over IFq with r < q. Let q < 19 or r _:s 5 or 
r 2: q - 3. Then 

s(C.l).:s{q-r+2 
q -r + 1 

ij q even and r = 3 or q - 1 
otherwise. 

Pro of. Let C be an [ n, n- r - 1, r + 1] code and let the dual distance bed .1 . Th en shortening 
by the dual distance ( construction Y1 in [60], page 592) yields an [n- d.l , n - r- d.i . r + 1] 
MDS code. Since the conditions of the theerem imply that for these parameters the Main 
Conjecture holds, this implies that n - d.l _:s q + 2 if r 3 or q - 1 and q even, and 
n - d.l _:s q + 1 otherwise. This proves the theorem. D 

Remark 3.3.3 As in Remark 3.2.4, the conditions on q or r that are needed to assure the 
validity of the Main Conjecture on MDS codes in Theorem 3.3.2 can be replaced by other 
cases in which the Main Conjecture is proven. 

Remark 3.3.4 Since there exist codes with parameters [q2 + q + 1, q2 + q- 2, 3] and [q 2 + 
1, q2 -3, 4], we have as aconsequenceoftheabove theorem thatthereexist [q2+q+ I , 3, q2] 

codes (these are Simplex codes) for arbitrary q and [q2 + 1, 4, q2 - q] codes for q odd (for q 
even the dual of the code obtained from the elliptic quadrie also has parameters [q2+ 1, 4, q2 -

q ], but this fact does not follow immediately from Theorem 3.3.2). These parameters are quite 
good. 
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3.4 Extremal AMOS Codes 

In this sectien we will find all [n, n- r -I, r + 1] codes, r :::: q, that (almost) reach the upper 
bound of Corollary 3.2.9, more precisely n = 2q + r + 1 or n = 2q + r. It will turn out 
that these codes only exist over small fields. We use the following form of the MacWilliams 
identities (Theorem 1.1.1) relating the weight distri bution A; of code C to the weight distri
bution Af of the dual code Cl. (for this form of the identities, see for example [60] Chapter 
5). 

v = 0, ... ,n. 

For near MDS codes the following recursion on the Af can be deduced from this identity. 
See also [35] for a similar result. 

An- k 

( n ) t-l (n - k -i) 
(q' - l) k + t - t; t - i Af+i t = 1, ... , n - k. (3_2) 

This proves the well known fact that for near MDS codes the weight enumerator is known 
as soon as the number of minimal weight codeworcts has been determined. This was already 
noted for the special case of e1liptic codes in Section 2.1 .3. 

In the extrema! cases, where n differs at most one from the upper bound in Corollary 3.2.9, 
we can count the number of codeworcts of minimal weight. 

Lemma 3.4.1 Let C be an [n, n- r- 1, r + 1] code with r :::: q. For the number of minimal 
weight codewords Ar+ I we have 

Ar+l = 

c:Jcq2- l) 

(i I) 
c:~)q(q- 1) 

('i !) 

ifn = 2q + r + 1, 

ifn = 2q + r. 

Proof. We restriet to the case where n = 2q +r + 1 (the second case is quite the same). Let K 
be an n-track in PG(r, q) . The number of minimal weight codewordsis equal to q - I times 
the number of dependent (r + 1)-tuples of points of K. Fix r - 1 points P1, ••• , P,_1 of K. 
Then there are q + 1 (r- 1 )-fiats containing them and in each of them there is exactly one pair 
of points completing P1, • •. , P,_1 toa set of r + l dependent points (they !ie in an (r - 1)
flat). Hence there are (q- 1) (q + 1) minimal weight codewords with support containing r- l 
fixed coordinates. If we note that in this way we count every minimal weight codeword c~ :) 
times, this completes the proof. 0 

Using equations (3.2) we find the following result. 
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Theorem 3.4.2 Let C be an [n, n- r- I, r + 1] almast MDS code with r ::::_ q. Thenfor the 
number of codewordsof low weight of Cl. we have: 

n=2q+r+1 n = 2q +r 

Aiq_l 0 
c:~)q(q- 1) 

('i!) 
c:~)<q2- 1) 

A{q ( n )i=! 
(ril) r-I r 

Aiq+l 0 0 

A{q+2 0 Hr:2)q(q ~ 1)(q- 2) 

A~+3 5C:2)q<q- O<q- 2) -Hr:3)q(q- l)(q- 5) 

A{q+4 -K:3)q<q - 1)(q- 3) J\i(,:4)q(q- 1)(q- 3)(2q2 + 3) 

Corollary 3.4.3 Let C be an (n, n- r- 1, r + 1] almast MDS code with r ::::_ q. 
Ij n = 2q + r + 1 then C is one of the following codes: 

q parameters description 
2 {7,4,3] Hamming code 
2 {8,4,4] extended fi;_mming code 
3 {10,6,4] punctured Golay code 
3 {ll,6,5] Golay code 
3 {12,6,6] extended Golay code 

Ij n = 2q + r then C is one of the following codes: 

q parameters description 
2 {6,3,3] punctured Hamming code 
2 {7,3,4] Simplex code 
3 {9,5,4] shortened punctured Golay code 
3 {10,5,5] shortened Golay code 
3 {11,5,6] dual Golay code 

Proof. From Theorem 3.4.2 we find that q = 2 or q = 3 in the case n = 2q + r + 1 and 
q = 2, 3, 4 or q = 5 in the case n = 2q + r (otherwise some Af wou1d be negative). For the 
cases q = 2 and q = 3 note that the Golay and Hamming codes are uniquely determined by 
q, n, k and d (this is trivia! in the case of the Hamming code; for the Golay code see [68]). 
Since the automorphism group of the Golay code is at least 2-transitive (it is the 4-transitive 
Mathieu group M(ll); see Chapter 20 in [60]) the shortened and punctured Golay codes are 
also unique. The automorphism group of the Hamming code is transitive (it is equivalent to 
a cyclic code), so also the punctured code is unique. 

Over IF4 the cases that have to be checked are: [12, 7, 5], [13, 7, 6] and [14, 7, 7] (note that 
Theorem 3.2.11 implies that r < 2q - 2 = 6). By Theorem 3.3.1 the duals of these codes 
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have minimum distance 7. Applying Corollary 3.2.13 shows that these codes cannot ex i st. 
This proves the q = 4 case. 

Over IF5, Theorem 3.2.11 implies that the following cases have to be checked: [15, 9, 6], 
[16, 9, 7], [17, 9, 8]. Again Corollary 3.2.13 together with Theorein 3.3.1 yields the nonex
istence of these codes. D 

Remark 3.4.4 Except for the cases mentioned in this section we have that Corollary 3.2.9 
can be sharpened to J,L(r, q) ::; 2q + r - 1. 

3.5 Quadratic Embedding of a Plane 3-Arc 

In this section we show that the existence of an [n, 3, n- 3] code implies the existence of an 
[n, n - 6, 6] code. We use the following embedding: 

tj>: PG(2, q) ---+ PG(5, q) 

tj>(xo: XJ : xz) = (x~: XoXI : XoX2: x~: x1x2: xi). 

To prove the theorem weneed the following lemma due to Ying and I.keda [91]. Their proof 
makes use of a more general theorem by Justesen, Larsen, Jensen, Havemose and H0holdt 
[50] . Pellikaan gave the following direçt proof. 

Lemma 3.5.1 Any five points P1, Pz, P3, P4, Ps on a plane 3 -are are mapped by t/> to five 
independent points in PG(5, q). 

Proof. Suppose the points tj> ( P;), i = 1, . . . , 5, in PO( 5, q) are dependent, so they !ie in the 
intersection of two hyperplanes. This means that the P1 , Pz, .. . , Ps lie in the intersection of 
two plane quadrics. By Bézout's theorem (see [39] section 5.3), the quadries must have a line 
in common containing at least four of the P;, i = 1, .. . , 5. This contradiets with P; lying on 
a plane 3-arc. D 

Theorem 3.5.2 lfthere exists an [n, 3, n- 3] code over IFq. then there is an [n, n- 6, 6] code 
over lFq. 

Proof. The columns of the generator matrix of an [n, 3, n - 3] code over lFq form a plane 
3-arc in PG(2, q). Applying tj> tothese columns yields n points in PG(5, q), every 5 of which 
are in general position by Lemma 3.5.1. The resulting matrix is a parity check matrix of an 
[n, n - 6, 6] AMDS code. D 

3.6 Lower Bounds on J.i,(r, q) 

3.6.1 Classical constructions 

Using algebraic geometrie codes we can construct an infinite class of AMDS codes. Indeed, 
elliptic codes are near MDS codes. 
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Theorem 3.6.1 Let q = pm. Then,for all r, I :::; r < 2q 

'(r, ) > { q + L2.Jq"J if p I L~.Jq"J and m;::: 3, m odd 
1-L q - q + L2.Jq"J + I otherwtse. 

The above result from Tsfasman and Vliidu1 ([83] Chapter 3.2) was also used in [35]. For 
more properties of elliptic codes see also Sec ti on 2. I .3. Constructing other infinite classes of 
AMDS codes of considerable length appears to be hard. 

Apart from the infinite class of elliptic codes, the quadratic residue codes are natura! candi
dates to be AMDS (they include the maximal [8, 4, 4] over IF'2, [I 2, 6, 6] over IF'3 and [ 12, 6, 6] 
over IF'4). For the construction of these codes we refer the reader to Chapter 16 of [60]. Using 
a com.puter to find the real minimum distances.of quadratic residue codes over smal! fields 
we find the following almast MDS codes. 

Theorem 3.6.2 The following QR codes are self dual AMDS codes. 

Field parameters Field parameters 

IF'2 [8, 4, 4] IF'9 [20, 10, 10] 
IF'3 [ 12, 6, 6] . JF11 [20, 10, 10] 
IF'4 [12, 6, 6] IF'13 [18, 9, 9] 
!F's [12, 6, 6] IF'17 [20, 10, 10] 

Remark 3.63 Over larger fields th~ .construction of AMDS codes by means o~ quadratic 
residue codes results in codes of poor length. The QR construction gives no nice results in 
these cases. 

For smal! q the maximum sizes of plane 3-arcs are known, see [4]. The case q = 11 of the 
next theerem was recently proved in [61]. 

Theorem 3.6.4 The nuJXimum lengthof a plane 3-arc is given by: 

lql3 4 5 7 8 9 11 1 
n 9 9 11 15 15 17 21 

For q = 13 the nuJXimum lengthof a plane 3-arc is bounded by 23 :::0 n :::0 27. 

Rephrasing this result in terms of AMDS codes and using the quadratic embedding 1/J of Sec~ 
tion 3.5 we find the following. 

Corollary 3.6.5 AMDS codes with the following parameters exist: 

Field plane 3-arc embedded code 

IF3 [9. 3, 6] [9. 3 , 6] 
IF'4 [9, 3, 6] [9, 3, 6] 
!F's [11,3,8] [11,5,6] 
IF1 [15, 3, 12] [15, 9, 6] 
!F's [15, 3, 12] [15, 9, 6] 
IF'9 [17, 3, 14] [ 17. II, 6] 
IFII [21, 3, 18] [21. 15, 6] 
IF13 [23, 3, 20] [23,17,6] 
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3.6.2 Computer constructions 

In cooperation with Simeon Bali a computer program was written to construct tracks in spaces 
of low dimensions over small fields. The results are twofold: complete search for tracks and 
random constructions of long tracks. We give the results and methods in both cases. 

Complete search for tracks. lf both r and q are smal! it is possible to do a complete search 
for alllong tracks in PG(r, q). A back-track algorithm was implemenled to execute this. Start
ing point would be the trivia! r + I-track consisting of the unit vectors. The running time was 
greatly reduced by incorporating the following idea. If the code corresponding to the track, 
with parameters [n, n - r - 1, r + 1]. has codewords of weight r + 2, then it contains an 
(r + 3)-track that is projectively equivalent to one of very few possible (r + 3)-tracks. If, on 
the other hand, the [n, n - r - 1, r + 1] code has no codeworcts of weight r + 2, one can 
show it is a very exceptional object, which hardly ever exists. Using this idea, one can start 
the algorithm with a very limited number of tracks of si ze r + 3 insteadof tracks of si ze r + 1. 
We will now make these ideas more precise. 

Proposition 3.6.6 Let C be a code withparameters [n, n-5, 5] defined over IFq. thatcontains 
no codewordsof weight 6 and n 2: 7. Then C is equivalent to the [7, 2, 5] code over Ifs with 
generator matrix 

( 1 1 1 1 1 0 0 ) 
G= 0 1 2 3 4 1 0 . 

Proof. Let C be a code with parameters [n, n- 5, 5] defined over IFq. withno codewordsof 
weight 6 and n 2: 7. Let D be a code obtained by shortening code C at n - 7 positions. Th en 
Dis a [7, 2, 5] codewithno codewordsof weight 6. We will determine all possibilities for 
code D. 
Write the parity check matrix of D in the following form: 

( 

1 0 0 0 0 1 xo ) 
0 1 0 0 0 1 x, 

H = 0 0 1 0 0 1 X2 . 

0 0 0 1 0 1 X3 

0 0 0 0 1 Û X4 

Since D only contains codewordsof weights 5 and 7, vector x = (x0, x 1, .•• , x4) must satisfy 
the following two conditions: 

• wt(x) = 4 
• wt(x- À(l, 1, 1, 1, 0)) E {3, 5} for all À E IFq. À# 0. 

First suppose that x4 # 0. Without loss of generality we have that x = (0,1, a, b, 1). lf 
a = 1 the second condition is not satisfied for À = b. If a # 1, we find that the vector 
x- a(l, 1, 1, 1, 0) =(-a, 1- a, 0, b-a, 1) must have weight 3 or 5. Hence a= b. Now 
the second condition is not satisfied for À = I. We conclude that there is no such vector x. 
Now suppose that X4 = 0. The two conditions on x imply that q = 5 .and without loss of 
generality x = (1, 2, 3, 4, 0). The code D that is obtained from this x is the [7, 2, 5] code 
with generator matrix G as above. It is easy to see that code D cannot be extended to an 
[8, 3, 5] code. 0 
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Proposition 3.6.7 Let C be a code with parameters [9, 3, 6] dejined over 1Fq. that contains 
no codewords of weight 7. Then C is equivalent to a code with generator matrix 

(
10011 1 

G= 0 1 0 0 1 a 
001101-a 

a 
1 - a 

where a E IFq satisjies a2 - a+ 1 = 0. Moreover, any such matrix G is the generator matrix 
of a [9, 3, 6] code that contains no codewords ofweight 7. 

Proof. Let C be a code with parameters [9, 3, 6] defined over 1Fq, withno codewordsofweight 
7. Write the parity check matrix of C in the following form: 

1 0 0 0 0 0 xo Yo 
0 1 0 0 0 0 X! Y1 

H= 0 0 1 0 0 0 1 X2 Y2 
0 0 0 1 0 0 1 X3 Y3 
0 0 0 0 1 0 1 X4 Y4 
0 0 0 0 0 0 xs Ys 

In the remainder of the proof we will write s = (1 , 1, 1, 1, 1, 0). Since C contains no code
wordsof weight 7, veetors x = (xo, x1 . ... , xs) and y = (yo, Y1 . ... , Ys) must satisfy the 
following three conditions: 

• wi{x) = wt(y) = 5 
• wt(s- Àx), wt(x- Ày), wt(s- Ày) E {4, 6} for all À E IFq. À i- 0 
• wt(s- ÀX- J.LY) E {3, 5, 6} for all À, J.L E IFq. À, J.L -j. 0. 

We will first determine x. Without loss of generality, x = (0, 1, a, b, c, 1). Sinces-x must 
have weight four we find that either a = 1, b = 1 or c = 1. We take c = 1. Si nee s- tx also 
must have weight four we find that b = a. We conclude that 

x= (0,1,a,a,l,l), 

forsome a E IFq. a # 0, 1. 
Taking linear combinations of vector y with s, we find si mil ar to x that y can be either of the 
following possibilities: 

1. y = (1,0,d,d,1,g) forsomed,g -j.O,d-j.a 
2. y = (1,0,d,1,d,g) forsomed,g # 0. 

We will now prove that possibility 1 cannot occur, and then praeeed with possibility 2. 

1. y = (1,0,d,d,1,g). 
Then x- y = (-1, 1, a-d, a-d, 0, 1- g) must have weight four, so g = 1. Then 
s- x- y = (0, 0,1- a- d,1- a-d, -1, -2) must have weight three, so q must 
be even. Let a, f3 E 1Fq \ {0}. Consider the vector z = (aa + f3d)s + ax + f3y . Then 
wt (z) .:s 4 and it is easy to see that one can always choose et and f3 such that wt (z) = 4. 
This concludes our remarks on the first possibility of y. 

2. y = (l,O, d,1,d,g). 
In this cases- x- y = (0, 0, 1- a-d, -a, -d, -g- 1) must have weight three, so 
either g = -1 or d = 1 - a. 
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If g = -1, then d =a since (a+ l)s- x- y = (a , a, 1 - d, 0, a - d, 0) must have 
weight three. In this case x- ay = (-a, 1, a - a 2 , 0, 1 - a2 , 1 +a) must have weight 
four. This is impossible since a i= 0, 1. 
As a final case, let d = 1-a and g i= -1. Then s + gx- y = (0, g + 1, ag +a, ag, a+ 
g, 0) must have weight three which implies g = -a, so 

y = (1, 0, 1 -a, 1, 1- a, -a). 

Thevector -as+ax+y =(-a+ 1, 0, (a -1)2 , a 2 -a+ 1, 1-a, 0) musthave weight 
three. So a must satisfy a 2 - a + 1 = 0. This completes the pro of of the first part of the 
proposition. 

In the remaioder of this proof we have to show that any matrix G of the form given in the 
proposition is the generator matrix of a [9, 3, 6] code without codeworcts of weight seven. 
Consider the codeword z given by . 

z = (f.L + 1, À+ 1, 1 + Àa + f.L(l- a), 1 + Àa + f.L, 1 +À+ f.L(l- a ), À - f.La). 

We have to show that if À and f.L are such that two of the coordinates of z are zero, then a third 
one is zero. However tedious, this is straightforward to check. 0 

Remark 3.6.8 It is easily verified that. the [9, 3, 6] codes in with generator matrix G as in 
Proposition 3.6.7 have dual distance at least three. The codes are therefore near MDS. Apply
ing the Assmus Mattson Theerem (Theorem 1.3.6) we find that the supports of codewords of 
weight si x form 2-designs. Over IF3 and IF4 the codes are two-weight codes and yield strongly 
regular graphs. 
Without proof we state that the weight distribution of the [9, 3, 6] codes is given by 

i A; 

0 1 
6 12(q-1) 
8 9(q- 3) (q- 1) 
9 (q- 4)2 (q - 1) 

Corollary 3.6.9 Let C be a code with parameters [n, n- 6, 6] defined over lFq, withno code
words ofweight 7 and n ::: 9. Then either 

1. q = I mod 6 or 
2. q = 22; forsome i > 0 or 
3. q = 3; forsome i > 0. 

Proof. Let D be the code that is obtained by shortening C at n - 9 positions. Then D is a 
[9, 3, 6] code withno codewordsof weight seven. From Proposition 3.6.7 we find that a 2 -

a + 1 = 0 must have solutions in IFq. The salution a = - 1 only occurs if q = 3; forsome i . 
For other q the equation only has solutions if (a + I) (a2 - a + 1) = (a3 + 1) = 0 has solutions. 
If q is even this implies that a is an element of order 3 in the multiplicative group IFq \ {0}, so 
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q = 22; forsome i > 0. If q is odd a is an element of order six in the multiplicative group 
IFq \ {0}, which implies that 61q - 1. 0 

N ow suppose that a code C with parameters [ n, n-r - I. r + 1] contains codeworcts of weight 
r + 2. Then C is equivalent to a code with a parity check matrix of the form 

( 

l 0 0 · · · 0 1 Xo ao o ao 1 • • • ao n-r- 3 ) 

0 1 0 · · · 0 1 XJ al 0 a1 I · · · a1 n- r-3 
H - . ' ' - . . . . . . . . . . 

0 • • • • • • • • . . . . . . . . . 
0 0 0 1 1 x, a,,o ar,l ar,n-r-3 

Let r be the group consisting of all 5 x 5 submatrices of matrices of the form P · (I I -1). 
Here P is a 5 x 5 permutation matrix, I is the 5 x 5 identity matrix, and 1 is the all one vector. 
Then r stahilizes thesetof fi.rst r + 2 columns of matrix H. Sineer is large (#r = (r + 2) !), 
we ex peet that the group has large orbits on the veetors x = (x0 , x 1, ••• , x,). Th is is useful, 
since veetors in the same orbit under r yield equivalent tracks of size r + 3 and only one 
representative per orbit has to be considered in the computer program. 

Wedidacomplete search for tracks in PG(4, 5) and PG(5, 5). From Proposition 3.6.6 and 
Corollary 3.6.9 we find that in this case long [n, n - r - 1, r + 1] codes must contain code
worcts of weight r + 2. The orbits that had to be considered in the case of PG(4, 5) are 
x = (0, 1, l , 2, 2), x = (0, 1, 1, 2, 3) and x = (0; 1, 2, 3, 4). In the case of PG(5, 5) we 
only had two-örbits, x = (0."1.-1, 2, 2, 3) and x = (0, 1,-1, 2, 3, 4Y, In both cases the pro
gram determined that the maximumlengthof a track is 12. Note that the Hamming bound 
is in fact very poor in these cases (in PG(4. 5) this states n ::; 20 and in PG(5, 5) this states 
n ::; 14). Parity check matrices of optima! codes of length twelve are given in the following 
theorem. 

Theorem 3.6.10 The following parity check matrices give optima/ AMDS codes over lfs: 

• PG(4, 5): [12, 7, 5] code: 

(i 
0 0 0 0 1 

~) I 0 0 0 4 2 1 4 0 
0 1 0 0 3 3 2 1 4 
0 0 1 0 3 3 0 2 
0 0 0 3 3 4 3 

• PG(5, 5): [12, 6, 6] code: 

1 0 0 0 0 0 0 1 2 2 3 
0 1 0 0 0 0 1 I 
0 0 I 0 0 0 I 0 2 3 4 
0 0 0 1 0 0 2 2 1 0 3 
0 0 0 0 1 0 3 2 0 4 
0 0 0 0 0 4 3 3 4 2 
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Random constructions for tracks. For q = 5 we searched for tracks in PG(6, 5). This 
yielded the following result. 

Theorem 3.6.11 The following matrix is a parity check matrix for an [ 11, 4, 7] AMDS code 
over IFs. 

1 0 0 0 0 0 0 1 1 1 
0 1 0 0 0 0 0 3 2 0 
0 0 1 0 0 0 0 2 4 1 
0 0 0 1 0 0 0 2 3 2 
0 0 0 0 1 0 0 1 0 3 
0 0 0 0 0 1 0 1 0 2 
0 0 0 0 0 0 0 2 

In PG(4, q) (yielding [n, n- 5, 5] codes) the search gave the following improvements on the 
constructions mentioned above. 

Theorem 3.6.12 The following parity check matrices give AMDS codes: 

• PG(4, 7): [20, 15, 5] code: 

(

1 0 0 0 01 1 1 1 1 1 1 1 1 1 1 1 10 1) 
0 1 0 0 0 1 0 4 3 2 1 0 3 6 6 2 4 4 1 5 . 
0 0 1 0 0 1 2 5 3 2 5 6 4 0 1 3 1 3 2 0 
0 0 0 1 0 1 1 3 2 4 6 2 0 4 6 3 2 5 5 3 
0 0 0 0 1 1 6 4 4 1 2 3 2 6 3 5 6 1 2 2 

• PG(4, 8): [19, 14, 5] code; the numhers i, 1 :S i :S 7, denoting elements a/- 1, ex being 
the primitive element in IF8 satisfying ex3 + ex + 1 = 0: 

(

1 0 0 0 011110111 
0 1 0 0 0 1 2 1 4 1 7 6 5 
0 0 1 0 0 1 7 0 7 6 4 1 1 
0 0 0 1 0 1 5 3 6 7 .o 7 4 
0 0 0 0 1 1 4 4 I 2 6 6 4 

I 1 1 1 1 I ) 
4 7 2 6 7 5 
332552 
2 I 3 6 7 2 
2 0 6 7 3. I 

• PG(4, 9): [20, 15, 5] code; the numhers i, 1 ::; i :S 8, denoting elements exi- 1, ex being 
the primitive element in IF9 satisfying ex2 + 2ex + 2 = 0: 

( ~~~~~~~ 0 0 1 0 0 I 3 
0 0 0 I 0 I 6 
0 0 0 0 I I 

1 1 I 1 1 0 1 I 1 1 1 ;~I ) 3 8 8 I 3 1 5 7 2 6 8 3 
0545676 I564 
8 4 0 7 0 1 4 2 8 8 2 3 
2 5 7 2 4 2 7 4 8 0 0 

• PG(4, 11): [24, 19, 5] code: 

( ~ ~ 
0 0 
0 0 
0 0 

0 0 0 
0 0 0 
1 0 0 
0 1 0 
0 0 

1 I 1 1 
9 2 80 3 1 
6 2 6 5 8 
7 1 4 1 3 10 
703860 

0 1 111 I ~:1 ~91) 5 1 4 2 9 5 3 10 6 10 
63 9 82 047 2 8 
57 438 242 2 9 
9 10 10 3 10 10 1 9 7 8 
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q 
d r 2 3 4 5 7 8 9 11 
3 2 7 13 21 31 57 73 91 133 
4 3 8 10 17 26 50 65 82 122 
5 4 11 11 12 20-30 19-36 20-43 24-57 
6 5 12 12 12 15-31 15-37 17-44 23-58 
7 6 9 11-15 13-28 14-34 17-39 18-49 
8 7 10 11 -16 13-20 14-35 18-40 18-50 
9 8 11 13-21 14-23 19-36 19-50 
10 9 12 13-22 14-24 20-26 20-51 
11 10 14-23 14-25 16-27 18-44 
12 11 15-24 15-26 16-28 18-32 
13 12 15 15-27 16-29 18-33 
14 13 16 16-28 17-30 18-34 

Tab1e 3.1: Bounds on the 1engths of AMDS codes 

3.7 A Table of Jl-(r, q) 

In this sec ti on we will exp1icitly compute the up per bounds and camparethem with the 1ower 
bounds by putting them in a table. We have chosen to make a table of t-t(r, q) ·but we also 
could have taken t-t' (r. q) (the up per bounds in the right upper corner would be considerably 
lower). 

Remark 3.7.1 The entries in the table be1ow are implied by the following results: 

• For q = 2, 3 and 4 the results are well known [15] . 
• For q = 5 and r = 4, 5 the precise values for t-t(r, q) follow from the complete searches 

as described in Section 3.6. 
• For r = 2 see Theorem 3.2.1, for r = 3 see Theorem 3.2.5. 
• For r = 4, .... q - 1 and q =f=. 5 the Hamming bound is used together with Lemma 

3.1.4, except for (r, q) = (6, 7). (8, 9) and (10, 11) where Theorem 3.2.3 is used. 
• For r = q . .... 2q - 3 use Remark 3.4.4. 
• The cases r = 2q - 2 and 2q - I follow from Corollary 3.2.13. 
• The bound r < 2q is Theorem 3.2.10. 
• The codes giving the 1ower bounds for r = 4, ... . 2q - 3 are constructed in Sec ti on 3.6 

or are shortened versionsof these, except for the [16, 2, 14] and [15, 2, 13] codes over 
F8 whose existence follows from Theorem 3.2.12 and Lemma 3.1.4. 

3.8 Related Results 

In this section we will state other results that are obtained in relation to almost MDS codes. 

Above we have already abundantly referred to the papers [35, 34] by Landgev and Dodunekov, 
where they study near MDS codes Calmost MDS codes for which the dual code is also al most 
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MDS). Apart from what is mentioned above, they also delermine all binary near MDS codes 
and they have some results on the weight distributions of near MDS codes. 

In [70], Sanjay Rajpal studiespaving codes. These are codes with parameters [n, k, d], with 
1 < k < n - 1, for which the vector matraid over IFq only has circuits of cardinality k or 
k + 1 (such matraids are called paving matroids, see [87] Section 2.3). From Theorem 1.4.1 
we see that paving codes are exactly the MDS and almast MDS codes. In his paper Rajpal 
proves the duality Theorem 3.3.1, and proves that for an [n, k] paving code over IFq, one has 
that n :::=.: 4q and k :::=.: 2q. Moreover, he conjectures that there are no [ 4q, 2q] pa ving codes 
over 1Fq for q > 3. These results are all proved in this chapter. 

In a series of papers [38, 37, 88], Faldum and Willems study codes of smal! Singleton defect. 
They generalize the duality result (Theorem3.3.1 ). Using properties of generalized Hamming 
weights they prove that the dual of a q-ary code with Singleton defect s :;:: 1 and minimum 
distance d > qs is almast MDS. For codes satisfying these restrictions they derive upper 
bounds on the dimension and code length similar to the ones given above for almast MDS 
codes. Moreover they de termine all codes for which equality holds in all bounds. Finally, they 
study a particular combinatorial property of these codes, related to a conjecture by Assmus 
and Mattson. 

In [54], Kl(ilve impraves the upper bound on the number of codeworcts of minimal weights in 
near MDS codes given by Dodunekov and Landgev in [35] and [34]. Moreover he considers 
the probability of undetected errorforthese codes. 

The quaternary codes with parameters [11, 6, 5] and [12, 6, 6] are unique. This is proved 
by Dodunekov and Landgev in [33] . They also show that there are exactly two quaternary 
[10, 4, 6] codes. 

In a recent survey paper [ 47], Hirschfeld and Storme describe both the classica! results and 
the new directionsof coding theory, fini te geometry, stalistics and their links. They have also 
included a section on tracks. 
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Chapter 4 

Codes Spanned by Quadratic and 
Hermitian Forms 

4.1 Introduetion 

In this chapter we will consider codes the codeworcts of which are the evaluation of quadratic 
and Hermitian forms in the points of the projective space PG(r, q). For this to make sense we 
will rather consider PG(r, q) which is a set of fixed representatives ofthe points ofPG(r, q), in 
a fixed order. By abuse of notation we will still refer to PG(r, q) as being the projective space 
itself. The construction of these evaluation codes is very similar to the Projective Reed Muller 
codes (see Example 1.1.9) but different from thè most studied codes associated to quadries 
and Hermitian varieties (see Section 1.2.3). 

To simplify notation we introduce two definitions: 

e (r, q) nurnber of points in PG(r, q) 

ljJ(s; r, q) = number ofPG(s, q) in PG(r, q) 

qr+l _ 1 

q-l 

(qr+l _ 1)(qr _ 1) ... (qr-.•+1 _ 1) 

(qs+l _ l)(qs _ 1) ... (q- 1) 

For the basic properties of quadratic and Hermitian forms we refer the reader to ·Sec ti on 1.2.3. 
We will state some additional properties here. 

A bililiear form is an element B (x, y) E IF'q [xo, x1, ... , Xr, yo, Y1, ... , Yr] that is linear in 
both arguments x = (xo, x1, ... , Xr) and y = (yo, Yl, ... , Yr). The bilinear form B (x, y) is 
called symmetrie if B(x, y) = B(y, x). Let B(x, y) be a symmetrie bilinear form. Thesetof 
veetors V E w;+ I satisfying B (x' V) = 0 for all x E w;+ I' is a vector space in AG (r + 1' q), 
called the radical of the bilinear form. 

AquadraticformisanelementF E IF'q[x0,x1 , •.. ,xr]suchthatF(J..x) = J..2F(x)forany 
À E IF'q and B(x, y) := F(x + y) - F(x) - F(y) is bilinear. There is the following relation 
between the rank of the quadratic form F and the dimeosion of the radical of the associated 
bilinear form. 
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Lemma 4.1.1 Let F E IFq[Xo, XI, ... , x,] be a quadratic form of rankpand let B(x, y) de
note the associated biline ar form Let W denote the ra die al of B. Then the ( affine) dimension 
ofW equals 

dim(W) = { r + 2- P if q is ~ven and Fis parabalie 
r + 1 - p otherwzse. 

Proof. Using linear transformations F can be written in one of the three canoniCal forms 
given inSection 1.2.3. The Lemma follows after computing the radical of the bilinear forrns 
associated to these canonical forms. 0 

The set of all quadratic forms form a vector space over IFq which we will cal! the quadratic 
space. 

The codes associated to these quadratic forms that we will consider are evaluation codes (see 
Sec ti on 1.1.4) that are constructed as follows. Take a subspace V of the quadratic space. Then 
the code will be the image of V under the evaluation map 

ev : V -----+ IF;, F ~ (F(x) I x E PG(r, q)). 

The codes are linear codes over IFq of length n = 8 (r, q). 

A Herrnitian forrn is an element F E 1Fq2[x0, XI, ...• x,] such that F(ÀX) = Àq+l F(x) for 
. ... . any À E 1Fq2 and B(x, y) := F(x + y) ::- F(x)- F(y) is bilinear over IFq. We can~so give 

the following characterization of these forms. Let H be an (r + 1) x (r + 1) unitary matrix 
-T - . 

over 1Fq2• so H = H where H = (hÎi) for H = (hij). Then H defines a Hermitian form 

F (x) = x HxT. In this notatien the radical of the bilinear form is thesetof veetors v E IF'i1 
q 

satisfying vH = 0. It is easy to see that the rank of the Hermitian form F equals r +1 minus 
the dimeosion of the radical of the associated bilinear forrn B. As with the quadratic forms, 
also the Herrnitian forms forrn a vector space over IFq. We will cal] this space the Hermitian 
space. 

The codes associated to the Herrnitian forms are constructed as in the quadratic case. Now 
however, we evaluate in all points of PG(r, q2): the code is the image of some vector space 
V of Hermitian forms under the map 

F ~ (F(x) I x E PG(r, q2)). 

We will prove that these codes are linear codes over 1Fq of length n = e (r, q2). 

In this chapter we will delermine good choices for the vector spaces of forms with respect to 
the minimum distance of the resulting codes. We will do this by first considering the codes 
associated to the whole vector space, in both the quadratic and Hermitian cases. We will de
termine the weight distri bution of these codes in Sections 4.2.1 and 4.3.1 respectively. These 
codes are beautiful objects in many ways; oot only do they have a large minimum distance, 
but also the codewords only have few distinct nonzero weights. 

The minimum distance of the codes we consider is determined by the largest number of ze
ros of quadratic and Hermitian forrns. One of the consequences of the classification of these 
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farms (see Section 1.2.3) is, that the number of zeroscan easily be ctetermined. These num
bers are given in Sections 4.2.1 anct 4.3.1. 

Apart from studying the codes obtained from all quadratic or Hermitian forms we wil! also 
stucty smaller vector spaces of such farms that do not contain any farms with many points. 
We can find large subspaces of such farms, yielding interesting codes. This is done in Sec ti on 
4.2.2 for the quadratic case, and inSection 4.3.2 for the Hermitian case. 

InSection 4.4 wedetermine lower bounds on the minimum di stances of the duals of the codes 
spanned by quadratic and Hermitian forms. Th is is used in descrihing the combinatorial struc
ture of some of the codes. 

We end the chapter by computing some explicit parameters of the codes we constructed. We 
will camparetheir parameters with the best codes known inSection 4.5. 

Remark 4.1.2 Although we are not immediately concerned about the actual implementation 
of the codes we wil! construct, we want to note that the codes are easily encodable and de
codable. This follows from the fact that the codes can be thought of as subcodes of the well 
studied Reed Muller codes, for which many algorithms have been developed. It should not 
be hard to find fast and efficient algorithms for this special class. 

For more background and results on quadratic and Hermitian farms we refer the reader to 
Chapters 22 and 23 of [ 48] or [ 19]. 

We will end this introduetion with a short overview of the properties of cyclic codes that are 
used in the construction of the codes. 

Cyclic codes. A cycliccodeis a code Cwith the following property: 

if C = (co, c, ... , Cn-1) E C, then (en-I, Co, CJ . .. , Cn-2) E C. 

In the context of cyclic codes it is convenient to consicter the index i of a word as an element 
of Z/(n). Consicter the bijeetion q; between w; and IF'q[x]j(xn- I) 

rp((co, C], ... , Cn-t)) =Co+ C1X + · · · + Cn-!Xn-l. 

Then ideals in the ring IF'q[x]j(x"- 1) correspond one-to-one to cyclic codes in w;. It is 
common practice not to distinguish between codeworcts and the corresponding polynomials 
under rp; we wil! talkabout codeworcts c(x ) when in fact we mean the vector and vice versa. 
Si nee IF'q[x ]/(x"- 1) is a principal i deal domain, every cyclic codeCis generated by a unique 
polynomial g (x), the generator polynomial: 

C = {c(x) I c(x) = r(x)g(x) mod (x"- 1), r(x) E IF'q[x]). 

lnstead of descrihing a cyclic code by its generator polynomial g (x), one can describe the 
code by thesetof zerosof g(x) in an extension of IF'q . From now on we assume that n is 
relatively prime with q. Let a be a primitive n-th root of unityin an extension field IF'q' · A 
subset J of {0, 1, . . . , n - 1} is called a defining set of a cyclic code C if 

C = {c(x) E IF'q[x]j(x"- 1) I c(aj) = 0 for all j E J}. 
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The complete defining set, or zero set J ( C) of C is defined as 

J(C) =(jE {0, 1, . .. ,n -1} I c(exj) =Oforallc E C}, 

so J ( C) is the set of cyclotomic cosets of elements of 1: 

J(C) = Utqij I i= 0, 1, ... ,n- 2}. 
jeJ 

The complete defining set gives an immediate lower bound on the minimum distance of the 
code, called the BCH_ bound. This states that the minimum di stance of C is at least d if J ( C) 
contains d - I subsequent elements (modulo n). The BCH bound can be considered as a 
special case of the van Lint-Wilson bound. To explain this bound we need the following no
tation. Let ex be a primitive n-th root of unity. Corresponding to a set A = {exi' , ai2 , • •• , exi1 } 

we de.fine a matrix 

( 

1 exil . . . ex<n-l)iJ ) 
I ai2 . . . ex<n-l)i2 

M(A) = . . . . . . . . . . 
I exit . . . ex<n-!)it 

For a set I c { 1, 2, .. . , n} w~ d~note by M (A) 1 the submatrix of M (A) .consisting of the 
columns indexed by I. The following result is one of the most powerful tools in the problem 
of determining the minimum distance of cyclic codes. A proof and applications to binary 
cyclic codes can be found in [57]. 

Theorem 4.1.3 (van Lint-Wilson bound) Let C be a cyclic code of length n with zero set 
J . We write R = {exj Ij E 1}. Let A and B besets ojn-th roots ofunity such that AB C R. 
Suppose I C {I, 2, . . . , n} is the support of a codeword in C. Then 

rank(M(A)1) + rank(M(B)1) .:5 #I. 

We will apply this theorem in Section 4.4 to codes that are closely related to cyclic codes. 
The adjustments to Theorem 4.1.3 that are required are straightforward. 

The complement of the zero set of Cis called the check set of C. Th is is the complete defining 
set of the dual code C.L. From Delsarte's Theorem [29] (Theorem 11 of Chapter 7 in [60]) 
the following well known fact can be deduced. If S denotes the check set of the cyclic code 
C defined above, then the codewordsof C can be written in the form 

c = (Tr(/(1)), Tr(f(a)), ... , Tr(/(exn-2))), 

where j(x) = Ljes ajxj with aj E lFqe and Tr is the trace function from IFqe to IFq. This way 
of writing the codewordsis called the trace description of cyclic codes. Thus cyclic codes are 
evaluation codes. 
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4.2 Codes Spanned by Quadratic Forms 

4.2.1 The quadrie code CQ 

Let F E IF9 [x0 , x1 , ... , Xr] be a quadratic form. Then, depending on whether Fis parabolic, 
hyperbalie or elliptic, we say that F has character 1, 2 or 0 respective1y. 

For the number of zerosof a quadratic form we have the following theorem (Theorem 22.5.1 
in [ 48]). 

Theorem 4.2.1 Let F be a quadratic farm in PG(r, q) of character wand rank p. Then the 
number ofzeros of Fis 

8(r- 1, q) + (w- 1)q(2r-p)/2 . 

The quadratic space is a vector space over_!'g. The code obtained by evaluating all quadratic 
farms in the quadriespace in all points of PG(r, q) is called the quadrie code CQ, also known 
as the second order projeelive Reed-Muller code (see Example 1.1.9). We have the following 
theorem. 

Theorem 4.2.2 The code CQ is a fine ar code over IF9 with parameters 

e (r + 2) r r-I [ (r, q), 2 , q - q ]. 

lt has r + 2 nonzero weights if r is odd and r + 1 nonzero weights if r is even. The weight 
distribution is: I a(s) 

A,= ~(s) 

where 

ifi = 0 
ifi = w(s) 
ifi = v(s) 
ij i = qr 
otherwise, 

1 (s-1)/2 

a(s)= l(q- 1)1/>(s; r, q)q<s+ll214 (q<•+l)/2 + 1) n (q2i+t- I) for 1 _:::: s _:::: r, s odd 
i=l 

· 1 2 (s-1)/2 . 

b(s) = 2_(q- 1)1/>(s; r,q)q(s+I) 14(q(.<+l)/ 2 - 1) n (q2t+l -1) for 1 _:::: S _:::: r, S odd 
i=l 

r s/2 

c = (q _ 1) I: t~>cs: r,q)q'·(s+2)/ 4 n<q2i+l _ 1). 
s=Ü 

s=Ümod2 

andforO _:::: s _:::: r, s odd 

w(s) qr _ q(Zr-s-1)/2 

v(s) qr + q(2r-s- l)J1_ 
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Proof. The lengthof the code CQ equals the number of points in PG(r, q), so n = B(r, q) . 
The dimeosion of CQ equals the dimeosion of the space of all quadries in PG(r, q), which is 
('~2). 

For the weight distri bution of CQ weneed to knowhow many quadratic farms of each kind 
(degenerate and nondegenerate) there are in PG(r, q). These numbers follow immediately 
from Theerem 22.6.2 in [ 48] . The weights of the corresponding codewords fellow from The
erem 4.2.1. Note that all parabalie quadrics, degenerate and nondegenerate, have the same 
number of points. 

The minimum distance and the number of nonzero weights now follows immediately from 
the weight distribution. 0 

4.2.2 Large subcodes of CQ 

Codewords of low weight in CQ correspond to quadratic farms with many zeros. From The
erem 4.2.1 we see that these are exactly the hyperbalie quadries of lowest rank that appear in 
the vector space. In this sectien we determine spaces of quadratic farms of high dimeosion 
such that they contain no hyperbalie quadries of rank at most m forsome given m. 

Theorem 4.2.3 Let t :::; 'i1. Then there is a vector space of quadratic forms in PG(r, q) that 
contains no hyperbolic quadries of ranks 2, 4, . .. , 2t and which has dimension 

( r + 2) 
2 -t(r+I). 

Proof. We consider the cyclic code C, of length n = q'+1 - 1 with check set 

where (qm + 1) denotes the cyclotomic coset of qm + 1. The largest integer appearing in S, is 
q' + q'-' and the smallest one is q' + 1. Hence the BCH bound yields that C, has minimum 
distance at least q' + (q'+1 - 1) - (q' + q'-1) + 1. 

By the trace description of cyclic codes, the codéwords in C, can be written in the following 
form: 

c = (Tr(f(x)) I x E !Fq•+ l \ {0}), 

where f (x) = LJeS, aJxJ with a1 E !Fqr+I, and Tr is the trace function from IFqr+I to IFq. For 
such f (x) the traces Tr(f(x)) act as quadratic farms on !Fqr+l, which is isomorphic to the !Fq
vector space AG(r + 1, q) . Indeed, this follows after checking that Tr(f(>..x)) =À 2Tr(f(x)) 
and Tr(f (x + y)) - Tr(f (x)) - Tr(f (y)) is bilinear. 
In fact the code C, is the concatenation of q - 1 IFq-multiples of a code D which is spanned 
by quadratic farms over PG(r, q) (for all À E IFq we have that Tr(f(Àx)) = À2Tr(f(x))) . 
This situation is depicted in the followîng picture, where et is a primitive element and f3 = 
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Ct . . . Ct8(r,q)-1 

D f31q-4 D 

The code D has dimension IS11 = ('~2)- t(r + 1), and has minimum distance 

q' + (qr+J _ 1) _ (q' + qr-1) + 1 _ _ 
d :;: 1 :;: q' + q' I - q' r 

q-
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) 
Tr(/1 (x)) 
Tr(/z(x)) 

(4.1) 

Now, if one of the quadratic forms spanning D were a hyperbalie one of rank .::; 2t, the eer
responding codeword would have weight 

which contradiets (4.1). 

w B(r, q)- #zeros of quadratic form 

< B(r, q)- B(r- 1, q)- q (2r-21)/2 

q' - q'-1. 

D 

Remark 4.2.4 If q is even and r = t = 1 Theerem 4.2.3 yields a one-dimensional space V 
of quadratic forms in PG(l, q) such that no element of V is a hyperbalie quadric. It is easy 
to find a two-dimensional space of quadries with this property, namely V = (x~. x~ ) . Except 
for this special case, we conjecture that the dimension of the spaces of quadratic farms in 
Theorem 4.2.3 is maxima!, so that the codes are maximal subcodes of the quadratic code with 
respect to the minimum distance. In order to prove this it would suffice to show the following 
conjecture. Here we use the fact that there is a one-to-one correspondence between quadries 
in PG(r, q) and points in PG( ('~1), q) given by 

L a;jXiXj t--+ (aoo.a01 , .. . , a,.,). 
O~i::Ej :Sr 

If {x<1l, x<2l, ... , x<r), y(ll, ... , y<'l} c PG(r, q) is a set of 2t independent vectors, then un
der the above correspondence the point 

(xÓ1l YÓJ) + · · · + xg) yg). xÓ1lY}1l +x}1l YÓ1l + · · · +xÓ1) Y?l +x}t) YÓ1), . . .. x;!) Y;J) + · · · +x?l Y;1)) 

corresponds toa hyperbalie quadrie of rank at most 2t . 

Conjecture 4.2.5 Let 2t .::; r + 1 and suppose we are not in the case that q is even and 
r = t = 1. Consider t (r + 1) - I symmetrie bilinear farms 8 ; (x, y), 1 .:::: i .::; t (r + 1) - 1, 
acting on PG(r, q) x PG(r, q). 
Then there ü· a set of2t independent veetors {x(ll .... , x<1l, yO l, . . . , y<'l} c PG(r, q) such 
that 

( 

L Bj(X(i). y (i )) = 0 
i = l 

for all j = 1, ... , t (r + 1) - 1. 
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Remark 4.2.6 The reason why the case that q is even and r = t = 1 is omitted in the conjec
ture is the following. The bilinear form B(x. y) = xoy1 + x1 Yo vanishes exactly for dependent 
pairs x and y. Th is case corresponds to the one in Remark 4.2.4. 

Definition 4.2.7 The evaluation codes obtained from the forms constructed in the proof of 
Theörem 4.2.3 will be denoted by CQ(t). 

Theorem 4.2.8 For 2t .:5 r- 1 the code CQ(t) has parameters 

( r + 2) [B(r,q), 2 -t(r+l),q'-qr-l-i]. (4.2) 

and can have at most r + 3- 2t distinct nonzero weights ifr is odd and at most r + 2- 2t 
nonzero weights ifr is even. 
lf2t = r the code CQ(t) has parameters 

[B(r,q),r + l,q']. (4.3) 

and is a constant weight code. 
lf2t = r + 1 the code CQ(t) has parameters 

r + 1 
[B(r, q), -2-, q' + q<r-1)/2]. (4.4) 

and is a constant weight code. 

Proof. If 2t .:5 r - 1 then the minimum distance is determined by the occurrences of hyper
bolie quadries of rank 2t + 2 in the vector space. Theerem 4.2.1 gives the minimum distance 
and Theerem 4.2.3 the dimension. For the number of weights reeall that the codeworcts of 
CQ (t) are of the form 

1+1 r+l+l . 
(Tr(ytXq + wq + htgher powers) I x E !Fqr+l \ {0}), 

with y1, }'2 •. . . E !Fqr+l· The associated bilinear form can be written as 

I 
B(x, y) = Tr(xL(y)q ). 

with L(y) a polynomial of degree q'+1- 2' . Hence the di mension of the radical of B(x, y) is 
at most r + I - 2t and from Lemma 4.1.1 we find that the rank of the quadratic form is at least 
2t. So in the code only forms of rank between 2t and r + 1 appear (also note that none of the 
rank 2t quadries are hyperbolic by construction) and the number of nonzero weights easiiy 
follows from the different types of quadries that can appear in the space and their number of 
zeros. 

If 2t = r the codeworcts are of the form 

(Tr(yxq'+l) I x E !Fqr+l \ {0}), 

with y E !Fqr+l · The associated bilinear form is 

I I I 21 I 
B(x, y) = Tr(yxq y + yxyq) = Tr((yy + yq yq )xq ). 
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The rad i cal of this bilinear form is 

I 21 I 1 I 1 
{y I yy + yq y9 = 0} = {y I y = 0 or (yyq + )q- = -1}. 

Since -1 in nota (q 1 - 1)-th power in 1Fq21+1, we find that the dimension of this radical is 0, 
and hence the rank of the quadries is r + 1. The code is a constant weight code with minimum 
weight determined by parabalie quadries of rank r + 1. 

If 2t = r + 1 the codeworcts again are of the form 

(Tr(yx 91 +1) I x E IFqr+l \ {0}), 

with y E IF qr+ 1 . As above one can easily see that the dirneusion of the radical of this quadratic 
form is 0 or 2t, and hence the rank is either 0 or r + I . If we note that there are no hyperbolic 
quadries of any rank in this space, we see that the resulting code is a constant weight code 
with weight determined by elliptic quadries of rank r + 1. D 

Remark 4.2.9 In all examples that we considered (see for example Tables 4.I, 4.2; ... ,4.6) 
it turns out that for r even, code CQ (t) has in fact r + 1 - 2t nonzero weights. We state it as 
a conjecture. In Remark 4.2.1I we will discuss an idea fora possible proof. Unfortunately, 
we are not able to find a complete proof ourselves. 

Conjecture 4.2.10 Let 2t ::0 r- I with reven. Then the code CQ(t) has at rrwst r + 1- 2t 
nonzero weights. 

Remark 4.2.11 For odd q, it might be possible to prove Conjecture 4.2.10 in the following 
way. Let r be even. We adopt the notation of the proof of Theorem 4.2.8. What we want 
to show is that there are no quadratic forms of rank 2t at all (not even elliptic ones) in code 
CQ (t) . From the proof of Theorem 4.2.8 it follows that forms of rank 2t are in the code if 
and only if the linearized polynomial L(y) splits completely (in fact the zeros of L(y) are 
exactly the points in the vertex of the quadratic cone). The aim is to prove that L(y) cannot 
split completely if q is odd. Choose a 1 , a 2 , ... , a2; E IFqr+l such that the polynomial M(y) 
defined as 

21 
"'"' 2t+l-i r+l M(y) = La;L(y)q mod (yq - y) 
i=l 

has degree deg(M) = deg(L) = q'+ 1- 21 • If L(y) splits completely, we must have that 
M(y) . = y L(y), with y E IFqr+l · This gives many equations that have to be satisfied by 
a1, • • • , a21 , and this may lead to a contradiction. In fact, if one assumes L(y) to be monic 
and a1 = 1, it is easy to see that 2a1+1 = 0. This completes the proof if a1+1 "I 0 in the case 
where q is odd. 
In the case where q is even this approach will fail, since there are exarnples of L(y) that com
pletely split. In this case, the proof should focus on showing that the forms associated to these 
L(y) are not elliptic quadries of rank 2t, but parabol ie quadries of rank 2t + 1. Th is boils down 
to proving that the vertex set of the quadratic coneis merely a hyperplane in the zero-set of 
L(y), insteadof the full zero-set. No complete proof of this has been found. 

Remark 4.2.12 The constant weight codes in Theorem 4.2.8 with 2t = r are Simplex codes. 
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4.3 Codes Spanned by Hermitian Forms 

4.3.1 The Hermitian code CH 

For the number of zerosof a Hermitian form we have the following theerem (Theorem 23.2.4 
in [48]). 

Theorem 4.3.1 Let F be a Hermitianform in PG(r, q2) of rank p. Then the number ojzeros 
of Fis 

The Hermitian space of all Hermitian farms over !Fq2 is a vector space over IF'q. The code 
obtained by evaluating the set of all Hermitian farms in the Hermitian space in all points of 
PG(r, q2) is called the Hermitian code Ca. We have the following theorem. 

Theorem 4.3.2 The code Ca is a linear code over IF9 with parameters 

ft has r + 1 nonzero weights and its weight distribution is: 

where 

and 

. IJ 
A;= ~(s) 

ifi = 0 
ifi = w(s), 
otherwise, 

q2r+1 + (-1)'q2r-s 
w (s) = ..:...._ _ ___;,___;,.....:...._ 

q+l 

a(s) = (q- 1)cj!(s; r, q2)qs(s+l)/2(q2 + l)(q3- 1) ... (qs+! - ( -1)'), 

fors= 0, 1, .... r. 

Proof. We first have to show that Caisindeed a linear code over IF'q . To do this, note that 
Ca is a vector space over IF'q and that all coordinates of the codeworcts are in IF'q. Indeed, let 
x E PG(r, q2) and let H be a unitary matrix. Then 

The lengthof the code Ca equals the number of points of PG(r, q2 ). The dimeosion of Ca 
equals the dimeosion of the space of Hermitian (r + 1) x (r + I) matrices as a vector space 
over IF'q. If we let a be such that IF'q2 = IF'q (a) then the set B := fUd~) I I .:S a .:S b .:S 

r + l} U (U~!) I 1 _:sa < b _:s r + 1}. with 

(I) { 1 CUab )ij = 0 
if {i, j} = {a, b} 
otherwise 
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I Cl. 
(2) 

(Uab )ij = ~q 

if (i, j) = (a, b) 
if(i,j) = (b,a) 
otherwise, 

is cl earl y a basis of this space. Hence the dimension of eH is I BI == (r + 1) 2 . 
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For the weight enumerator weneed the number of Hermitian farms of all possible ranksin 
PG(r, q). These numbers follow immediately from Theorem 23.2.7 in [48). Tagether with 
Theorem 4.3.1 this yields the weight distribution of eH. 

The minimum distance and the number of distinct nonzero weights follow immediately from 
the weight distribution. 0 

Remark 4.3.3 The Hermitian codes eH exhibita beautiful structure in the following sense. 
Consicter a graph with as a vertex set thesetof all codeworcts of eH, and edges between code
worcts that are at maximum possible distance of each other, which means that the conespond
ing Hermitian farms differ by a farm of rank one. Then the resulting graph is distance regular: 
the Hermitian farms graph (see Section 9.5 in [14]). 

4.3.2 Large subcodes of C H 

As in the case of quadrie codes we can look at large subcodes of eH that have a higher min
imum distance. From Theorem 4.3.1 we see that the Hermitian farms of lowest even rank 
have most zeros. In the next theorem wedetermine the large spaces of Hermitian farms none 
of which has an even rank of at most m fora given m. 

Theorem 4.3.4 Let t < 'i1 . 7hen there exists a vector space of Hermitianforms in PG(r, q 2) 

that contains no Hermitianforms of rank 2, 4, ... , 2t and which has dimension 

(r + 1)2 - 2t(r + 1). 

Proof. The proof is analogous to the proof of Theorem 4.2.3. We again start with a cyclic 
code. Let C1 be the cyclic code of length n = q2'+2 - 1 over IFq with check set 

where (q2m+l + 1) again denotes the cyclotomic class of q2m+J + 1. The largest integer in S1 

is q2'+1 + q 2<r-t> and the smallest one is q 21+1 + 1. Hence the BCH bound yields that C1 has 
a minimum distance d:?:: q2t+1 + (q2r+2- 1)- (q2r+l + q2(r- t)) + 1. 

By the trace description of cyclic codes, the codeworcts in C1 can be written in the following 
farm: 

c = (Tr(f(x)) I x E 1Fq2r+2 \ {0}) , 

where f(x) = LjES, ajxj with aj E 1Fq2r+2, and Tr is the trace function from 1Fq2r+2 to IF'q. 
It is easy to see that for such f (x) the Tr(f (x)) act as Hermitian farms on 1Fq2r+2 which is 
isomorphic to AG(r + 1, q2 ), a vector space over 1Fq2· In fact the code C1 is the concatenation 
of q2 -1 IFq-multiples of a code D which is spanned by Hermitian farms over PG(r, q2 ) (for all 
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À E 1Fq2 we have that Tr(J(Àx)) = Àq+1Tr(J(x)) and Àq+ 1 E IFq). The code D has dimension 
ISrl = (r + 1)2 - 2t(r + 1), and has minimum distance 

(4.5) 

Now, if one of the Hermitian forms spanning D had even rank::: 2t. the corresponding code
word would have weight 

w e (r, q) - #zeros of Hermitian form 

which contradiets ( 4.5). 

q2r + q2r-1t+l 

< B(r,q2)-B(r-l,q2)- q+l 

q1r + q2r-2t+l 
q2r _ -=--~--

q+l 

0 

Remark 4.3.5 As in the quadratic case, we again conjecture that the dimensions of the spaces 
constructed in Theorem 4.3.4 are maxima!. For a proof of this we need to prove a statement 
similar to the one in the quadratic case, see Conjecture 4.2.5. 

Definition 4.3.6 The codes associated to the spaces of Hermitian fonns constructed in The
orem 4.3.4 wil! be denoted by CH(t). 

Theorem 4.3.7 For 2t :::; r- 1 the codes CH(t) have parameters 

2r+l 2r-21-l 
[B(r.l). (r + 1)2 - 2t(r + 1), q - q ]. 

q + l 

and can have at most r + l - 2t distinct nonzero weights. 
For 2t = r the code CH(t) has parameters 

q1r+l + qr 
[B(r, q2),r + 1, I ]. 

q+ 

and is a constant weight code. 

Proof. If 2t ::: r - 1 the minimum di stance of the code is detennined by the number of zeros 
of Hermitian fonns of rank 2t + 2, and the result follows immediately. The number of weights 
fo!lOWS from the fact that each codewordinCH (t) ÎS of the form 

21+1 1 21+3 1 . 
(Tr(y1xq + + )12Xq + + htgher powers) I x E !Fq2r+2 \ {0}) , 
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with y1, )12, .• . E 1Fq2r+2, and the associated bilinear farm can be written as 

2t+l 
B(x, y) = Tr(xL(y)q ), 

with L (y) a polynomial of degree q2'-41 . Hence the dimeosion of the radical is at most r - 2t 
and we see that only Hermitian farms of rank at least 2t + 1 appear in the code. Since the 
number of weights equals the number of distinct types of forms we see thatthere are at most 
r + 1 - 2t weights. 

If 2t = r the codeworcts can be written as 

r+l+l 
(Tr(yxq ) I x E 1Fq2r+2 \ {0}), 

where y E 1Fq2r+2· It is easy to see that the radicals of the bilinear farms associated tothese 
Herrnitian farms have dimeosion 0 or r + 1 and hence there are only nondegenerare Hermitian 
farms in the space. Hence the code is constant weight and the parameters follow immediately. 
D 

Remark 4.3.8 By taking r odd and t = ';1 we find that CH(t) is a two-weight code. In fact 
these codes yield strongly regular graphs. The graphs that can be obtained this way are wel! 
known [18]. 

4.4 The Dual Distances 

The codes CQ (t) and C H (t) that we constructed in the preceding sections only have a few non
zero weights. Todetermine whether these codes have interesting combinatorial properties the 
values of the dual distauces of the codes are important. In this sectien we determine lower 
bounds on the dual distauces and discuss some combinatorial implications thèse have. The 
main result is the following. 

Theorem 4.4.1 Let d~(t) and dk(t) denote the dual distance ofCQ (t) and CH(t) respectively. 
Th en 

[ ( :in(7J - 21 + 3) 
ift = 0 

ifq = 2 
ift > 0 

dt(t) 2: 

{ ~in{4, r - 2t + 3} 
ift = 0 

ifq > 2 
ift > 0 

and 

{ ( ~in(5J - 21 + 2) 
ift = 0 

ifq = 2 
ift > 0 

d~(t) 2: 

{ 4 ift = 0 
ifq > 2. 

min{4, r - 2t + 2} ift > 0 

The proof ofTheorem 4.4.1 is basedon the van Lint-Wilson bound. In the proofwe will need 
the following Lemma's. 
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Lemma 4.4.2 Let q = 2. Let t :S '24 and consider the binary code C = CQ(t)J.. Then 
d(C) ::::_ 7. 

Proof. Let ex E IF2r+l be a primitive element. If r is odd, let f3 = cx2(r+l)/ 2 ; if r is even, Iet 
(r+2)/2 · f3 = cx2 . Letn = 8(r,2). Define A= {cx,cx2,cx4,cx8} and B = {{3,{32,{34}. Then 

the zero set of C contains AB. A straightforward application of the van Lint-Wilson bound 
impliesthatd(C) ::::_ 6. Supposed(C) = 6. Thenthereisaset/ C {1,2, . .. ,n),#l = 6, 
with rank.(M(A)I) = 3. Then the six points r = (ai I i E I} arezerosof a linearized 
polynomial of the fonn f(x) = a.x8 + bx4 + cx2 + dx, which implies that as points they lie 
in a projective plane PG(2, 2). Withoutlossof generality we write 

If e is in the defining set of C, we have that 

Si nee e is of the form e = 2m + 1 this implies that ({31 + {32 + {33 )' = 0, and we find f3t = !32 + {33, 
contradicting #/ = 6. Hence d(C) i- 6 and the proof is complete. 0 

Lemma 4.4.3 Let ex E IFqr+J be a primitive element. Let n = () (r, q) and I C {1, 2, ... , n} 
with #I::::_ 2. Let A= {ex, cxq). Then rank(M(A)J):::. 2. 

Proof. Suppose I= {s, t) satisfies rank(M(A) 1) = 1. Then 

Expanding the determinant yields that cx<s-t)(q-l) = 1. This shows that n I (s - t), and since 

I c {1, 2, ... , n}. this implies that s = t. D 

Lemma 4.4.4 Let ex E 1Fq2r+2 be a primitive element. Let n = () (r, q2) and I C {1, 2, ... , n} 

with #I ::::_ 2. Let A = {a, cxq\ Then rank(M(A)1) ::::_ 2. 

Proof. This can be proved analogous to the proof of Lemma 4.4.3. 0 

Lemma 4.4.5 Let q = 2. Let t :S '23 and consider the binary code C = CH(t)J.. Then 
d(C) ::::_ 5. . 

Proof. Let ex E IF22r+2 be a primitive element. If r is odd, let f3 = a 2'+2 ; if r is eve~, Iet 

f3 = a 2'+1 . Let n = e (r, 4). Define A = {ex, a 4 , a 16} and B = ({3, {34}. Thenthe zero set of C 
contains AB. The van Lint-Wilson bound, tagether with Lemma 4.4.4, implies that d ( C) :::. 4. 
Suppose d(C) = 4. Then there is asetIc {1, 2, . . . , n}. #/ = 4, with rank(M(A)J) = 2. 
Then the four points r = (ai I i E I} are zeros of a linearized polynomial of the form 
f (x) = ax 16 + bx4 + ex, which implies that as points they he on a projective line PG( I, 4). 
Without loss of generality we write 
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with u4 = u. If e is in the detining set of C, we have that 

Since eis of the form e = 22m+I + 1 this implies that (/31 +u2f32)• = 0, and we find {31 = u1 /31. 
This implies that /31 and /32 are one and the samepoint in PG(l, 4), contradicting #/ = 4. 
Hence d ( C) i= 4 and the proof is complete. 0 

Proof of Theorem 4.4.1. In most cases the proof is a straightforward application of the van 
Lint-Wilson bound. The sets A and B that are used to obtain the result are in the following 
tables. · 

Case l.a: Binary CQ (t) codes. The case t = 0 follows from the cases given below for r :::: 4. 
For the cases r ~ 3 the result can be checked by hand or computer. 

For r odd: 

t ~ dl. :::: A B fJ Remark 

r+1 2 - - - Trivial 2 
r-1 4 {a,é} 2 {{J, /32) a 

2(r+1)/2 

r-3 6 {a, a 2, a 4} {{J, /32, /34} 
2(r+l)/2 

2 a 
r-5 7 {a;a2,a4,a8} . {fJ,fJ2,fJ4} a2(r+1)/2 U se Lemma 4.4.2 -2-

For reven: 

t ~ dl. :::: A B fJ Remark 

r 3 {a, a 2} {{J} 2(r+2)/2 
BCH-bound 2 a 

r-2 5 {a, a2 • a4} {fJ.Pl 
2(r+2)/2 

-2- a 
r-4 7 {a, a 2, a 4, a 8} {{J. /32. /34} 

z(r+2)/2 
U se Lemma 4.4.2 2 a 

Case l.b: Nonbinary CQ(t) codes. The case t = 0 follows from the cases given below. 

For r odd: 

t ~ dl. :::: A B fJ Remark 

r+l 2 - - - Trivia! 2 
r-1 4 {a, aq} {{J. {Jq} aq(r+l)/2 U se Lemma 4.4.3 2 

For reven: 

t ~ dl. :::: A B fJ Remark 

r 3 {a, aq) {fJ} 
9(r+2)/2 

U se Lemma 4.4.3 2 a 
r- 2 4 {a, a 9 ) {{J. {Jq) 9(r+2)/2 

U se Lemma 4.4.3 2 a 
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Case 2.a: Binary CH (t) codes. The case t = 0 fellows from the cases given below for r :;:: 3. 
For the cases r ::; 2 the result can be checked by hand or computer. 

For r odd: 

t :::: dl.:::: A B f3 Remark 

r-1 3 (a,a4 } 2 {{3} a 2
r+2 

U se Lemma 4.4.4 
r-3 5 {a, a4 • a16) 2 {{3. {34) a 

zr+2 U se Lemma 4.4.5 

For reven: 

t:S dl.:::: A B f3 Remark 

r 2 - - - Trivia! î 
r-2 4 {a, a 4) 2 {{3. {34) a 2

r+1 
U se Lemma 4.4.4 

r-4 5 {a, a4, a16) {{3. {34) 2r+1 
U se Lemma 4.4.5 -2- a 

Case 2.b: Nonbinary CH(t) codes. The case t = 0 fellows from the cases given below. 

For r odd: 

t :::: dl. :::: A B f3 Remark 

r-1 3 
2 

{{3} qr+2 U se Lemma 4.4.4 2 {a, aq } a 
r-3 4 

2 {{3. f3q2} aqr+2 U se Lemma 4.4.4 2 {a, aq } 

For reven: 

t :::: dl.:::: A B f3 Remark 

r 2 - - - Trivia! î 
r-2 4 

2 {{3. f3q2} 
qr+1 U se Lemma 4.4.4 2 {a, aq } a 

This concludes the proof of Theerem 4.4.1. 0 

In the remaioder of this sec ti on we have a closer look at the combinatorial structure of some of 
the codes CQ (t) and C H (t). Only the codes that have a dual distance that is at least the number 
of nonzero weights in the code will be considered. The number of nonzero weights in a code 
C wil! be denoted by s(C). The reasoos for restricting to codes with dl.(C) :::: s(C) are the 
following: 

• The Assmus-Mattson theerem (Theorem 1.3.6) wil! not imply the existence of designs 
if dJ..(C) < s(C); 

• Uniformly packed codes and perfect codes have dJ..(C) :::: s(C); 

• The weight enumerator can be compufed for codes with dl. ( C) :::: s ( C) (for these codes 
the MacWilliams identities can be solved.) 
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We will now give all codes CQ (t) and C 8 (t) with the property that d.L ::: s, determine whether 
some of these are perfect or uniformly packed, and apply the Assmus-Mattson theorem. If a 
binary CQ (t) code C has an odd dual distance, we also look at the code that is obtained by 
adding the all o~e vector to C, and appending an overall parity check. The resulting code has 
as many nonzero weights as C, but its dual distance is one larger that that of C. It will be 
denoted by CQ(t). 

Binary CQ (t)-codes with d.L ::: s. 

• t = 0 and r ::; 6. 

r d.L s structure of qct) d.L -_L 
r s structure of C Q (t) 

1 3 3 1 4 3 
2 7 3 perfect, 4-design 2 8 3 perfect, 5-design 
3 7 5 2-design 3 8 5 3-design 
4 7 5 2-design 4 8 5 3-design 
5 7 7 5 8 7 
6 7 7 6 8 7 

The perfect codes are the [7, 1, 7] and [8, 1, 8] binary repetition codes. 
• t > 0 and r odd. 

t d.L s 
r-3 6 6 2 
r-1 4 4 2 
r+I 2 1 2 

• t > 0 and reven. Here we assume that Conjecture 4.2.10 is true. 

t. dJ. s structure of C~(t) 

~-3 7 7 

~-2 7 5 2-design 

~- 1 5 3 uniformly packed, 2-design 
r 3 I perfect, 2-design ï 

dJ. - J. 
t s structure of C Q (t) 

~-3 8 7 

~-2 8 5 3-design 

~- 1 6 3 i.Jniformly packed, 3-design 
r 4 1 perfect, 3-design ï 

The perfect codes are Hamming codes. 



88 Codes Spanned by Quadratic and Hermitian Forms 

Nonbinary CQ(t)-codes with d.l:::: s. 

• t = 0 and r :::; 2. 

r d.l s 

1 4 3 
2 4 3 

• t > 0 and r odd. 

t d.l s 

r-1 4 4 2 
r+l 2 1 2 

• t > 0 and reven. Here we assume that Conjecture 4.2.10 is true. 

t d.l s structure of C~(t) 

~- 1 4 3 
r 3 1 perfect, 2-design 2 

.. 

The perfect codes are Hamming codes. 

Binary C8 (t)-codes with d.l :::: s. 

• t = 0 and r :S 4. 

r d.l 

1 5 
2 5 
3 5 
4 5 

s structure of C~(t) 

2 perfect, 3-design 
3 uniformly packed, 2-design 
4 
5 

The perfect code is the [5, 1, 5] binary repetition code. The uniformly packed code is 
the twice shortened binary Golay code. 

• t > 0 and r odd. 

t d.l s structure of C~(t) 

r-3 5 4 2 
r-1 3 2 uniformly packed 2 

The uniformly packed codes are two-weight codes that yield strongly regular graphs. 
See [18] . 
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• t > 0 and r even. 

Nonbinary Cn(t)-codes with dJ. 2: s. 

• t = 0 and r s 3. 

r dJ. s 

I 4 2 

2 4 3 

3 4 4 

t dJ. s 

~-2 5 5 

~- 1 4 3 
r 2 1 2 

structure of C~(t) 

uniform1y packed, 2-design 

89 

The uniformly packed codes are two-weight codes that yield strongly regular graphs. 
The columns of the generator màtrix of such a code are the points of an ovoid. These 
codes are almast MDS, see Theorem 3.2.5. 

• t > 0 and r odd. 

t dJ. s structure of c~ (t) 

r-3 4 4 2 
r-1 3 2 uniformly packed 2 

The uniformly packed codes are two-weight codes that yield strongly regular graphs. 
See [18]. 

• t > 0 and reven. 

t dJ. s 

~-I 4 3 
r 2 I 2 

4.5 Explicit Parameters of Some of the Codes 

In this section we will compare the parameters of the codes we have constructed in the pre
ceding sections with the parameters of the best codes known. Tables are known for codes over 
IF2 of lengths up to 256, and for codes over IF3 and IF4 oflengths up to 128 [ 16, 15]. These can 
be accessed through Internet at 

http://www.win.tue.nlfwin/math/dw/voorlincod.html 
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In the following tables we compare forthese lengths the minimum di stances of the best codes 
known with our codes. Tables 4.1, 4.2 and 4.3 do this for subcodes of the quadrie code CQ in 
the binary, ternary and quaternary case respectively. Tables 4.4, 4.5 and 4.6 do this for sub
codes of the Hermitian code CH in the binary, ternary and quaternary case respectively. In 
the tables, dQ(t) and dH(t) denote the minimum distances of codes CQ(t) and CH(t) respec
tively. Moreover, SQ (t) and SH(t) denote the number of nonzero weights in the codes CQ (t) 
and CH(t) respectively. 

From the tables we see that in almost all cases the codes construded are not worse than the 
best codes known. The only exceptions are some of the full quadrie codes CQ, the second 
order projeelive Reed Muller codes. In the Hermitian case we even find a ternary [91, 9, 54] 
code, which beats the best code known forthese parameters. 

As we saw before, the codes not only have a high minimum distance; also the fact that the 
codeworcts have only few distinct weights contributes totheir beauty (see Section 1.3.2). We 
saw for instanee that the codewordsof the Hermitian code yie1d a distance regular graph, and 
that some two-weight subcodes yield strongly regular grap hs. For other subcodes C H (t) ofthe 
Hermitian codes this is no long er the case. As an example one can check that the binary three
weight code CH(l) with r = 4 and parameters [341 , 15, 160] does not yield a distance regular 
graph in the usual way. It may however be still valid that the codeworcts form an association 
scheme. 

4.6 Related Results 

Subcodes of the second order Reed Muller codes have been an object of intense study. Many 
of the ideas and constructionsin this chapter already turn up in papers published in the 1970's, 
see for example [5, 31, 40, 30]. These 'classica!' papers focus on binary codes and alternating 
bilinear forms. Similar constructions of spaces of quadratic forms to the one in this chapter 
are given in these papers. A proof of our conjecture that these spaces are maximal with respect 
to the minimum distance of the codes is given in [31] in the case of alternating bilinear forms 
over vector spaces of odd dimension. 

In [25], Jean Pierre Cherdieu studies Hermitian forms codes. By these he means the follow
ing. Let V = IF;n and let H (V) be thesetof all Hermitian forms acting on AG(2n, q). The 
the image of the evaluation map 

2n 
ev: H(V) x V~ IF: (f, v) f---+ (f(x) + v · x)xEV 

is the Hermitian Forms code. We see two differences between his codes and the ones in this 
chapter: he includes linear forms and evaluates in affine insteadof projeelive points. By com
puting certain exponential sums associated to the Hermitian forms, he determines the funda
mental parameters of the Hermitian forms codes: 

He also delermines the parameters of the (in general) nonlinear subcodes of his Hermitian 
Forms codes, that occur by taking the v E V fixed. For v = 0 these are exactly the Hermitian 
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r t [n, k] dQ(t) d best.known SQ(t) dt(t) 

1 0 [3,3] 1 1 3 -

1 1 [3,I] 3 3 1 2 
2 0 [7,6] 2 2 3 7 
2 1 [7,3] 4 4 1 3 
3 0 [ 15, I 0] 4 4 5 7 
3 1 [ 15,6] 6 6 4 4 
3 2 [15,2] 10 10 1 2 
4 0 [31,I5] 8 8 5 7 
4 1 [31,10] 12 12 3 5 
4 2 [3I,5] 16 16 I 3 
5 0 [63,21] 16 I8-21 7 7 
5 1 [63,15] 24 24 6 6 
5 2 [63,9] 28 28 4 4 
5 3 [63,3] 36 36 1 2 
6 0 [I27,28] 32 44-48 7 7 
6 1 [I27,21] 48 48-52 5 7 
6 2 [127,I4] 56 56-57 3 5 
6 3 [127,7] 64 64 1 3 
7 0 [255,36] 64 92-107 9 7 
7 I [255,28] 96 96-111 8 7 
7 2 [255,20] 112 112-116 6 6 
7 3 [255,12] 120 120-123 4 4 
7 4 [255,4] 136 136 1 2 

Table 4.1 : Parameters of binary subcodes of CQ 

codes as we defined them in this chapter, be it that he still evaluates in affine space instead of 
projective space. He also gives the fundamental parameters of the trace codes of these codes. 

In [26], Cherdieu tagether with Delcroix, Mado and Mercier delermine the weight distri bution 
of the Hermitian farms codes and their trace codes introduced by Cherdieu. 

Intherecent paper [27], B.N. Cooperstein studies the same problem as wedid in Section4.2.2, 
be it fröm a completely different point of view. As we did in this chapter, he also conjectures 
that the spaces of forms he constructs.are maximal. He proves the conjecture for the cases 
t = 1 and t = Lr; IJ, in our notation of Section 4.2.2. 
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r t [n, k] dQ(t) d best known SQ(t) dt(t) 

I 0 [4,3] 2 2 3 4 
I I [4,I] 4 4 1 2 
2 0 [13,6] 6 6 3 4 
2 1 [ 13,3] 9 9 I 3 
3 0 [40,10] I8 18-21 5 4 
3 1 [40,6] 24 24 4 4 
3 2 [ 40,2] 30 30 I 2 
4 0 [121,15] 54 63-70 5 4 
4 1 [12I,10] 72 72-75 3 4 
4 2 [ I21 ,5] 81 81 1 3 

Table 4.2: Parameters of ternary subcodes of CQ 

r t [n, k] dQ(t) d best known SQ(t) dt(t) 

1 0 [5,3] 3 3 3 4 
1 1 [5,1] 5 5 1 2 
2 0 [21,6] 12 12 3 4 
2 1 [21 ,3] 16 I6 1 3 
3 0 [85,10] 48 52 5 4 
3 1 [85,6] 60 60~61 4 4 
3 2 [85,2] 68 68 1 2 

Tabie 4.3: Parameters of quaternary subcodes of CQ 

r t [n, k] dH(t) d bestknown SH(t) dh{t) 

I 0 [5,4] 2 2 2 5 
2 0 [21 ,9] 8 8 3 5 
2 1 [21 ,3] 12 I2 1 2 
3 0 [85,16] 32 32-34 4 5 
3 1 [85,8] 40 40 2 3 

Table 4.4: Parameters of binary subcodes of CH 

r t [n , k] dH(t) d best known SH(t) d~(t) 

1 0 [10,4] 6 6 2 4 
2 0 (91,9] 54 51-55 3 4 
2 1 [91,3] 63 63 l 2 

Table 4.5: Parameters ofternary subcodes ofC8 . The (91 ,9,54] code impraves on previously 
known codes of highest minimum distance 
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r t [n, k] dH(t) d best known SH(t) d~(t) 

I 0 [ 17 ,4] 12 12 2 4 

Table 4.6: Parameters of quaternary subcodes of CH 



94 Codes Spanned by Quadratic and Hermitian Forms 



Bibliography 

[I] E. Artin. Algebraic Numbers andAlgebraic Functions. Gordon and Breach, New York, 
1967. 

[2] E.F. Assmus Jr. and H.F. Mattson Jr. New 5-designs. J. Comb. Theory, 6:122-151, 1969. 

[3] E.F. Assmus Jr. and H.F. Mattson Jr. Coding and combinatorics. SIAM Review, 16:349-
388, 1974. 

[4] S.M. Bali. On sets of points infinite planes. PhD thesis, University of Sussex, U.K., 
1994. 

[5] E.R. Berlekamp. The weight enumerators for certain subcodes of the second order bi
nary Reed-Muller codes. Info. and Control, 17:485-500, 1970. 

[6) TG. Berry. On the nonexistence of certain geometrie MDS codes. In Number-theoretic 
and algebraic methods in computer science (Moscow, 1993), pages 19-28, River Edge, 
NJ, 1995. World Sci. Publishing. 

[7] M.A de Boer. MDS Codes and Hyperelliptic Function Fields. Master's thesis, Eind
hoven University ofTechnology, 1992. 

[8] M.A de Boer. Almost MDS codes. Designs, Codes and Cryptography, 9(2):143-155, 
1996. 

[9] M.A de Boer. Codes spanned by quadratic and Hermitian forms. IEEE Trans. Inform. 
Theory, 42(5):1600-1604, 1996. 

[10] M.A. de Boer. MDS codes from hyperelliptic curves. In R. Pellikaan, M. Perret, and 
S.G. Vladut, editors, Arithmetic, Geometry and Coding Theory, pages 23- 34, Berlin
New York, 1996. Walter de Gruyter. 

[11] M.A. de Boer. The generalized Hamming weights of some hyperelliptic codes. J. Pure 
Appl. Algebra, to appear. 

[12] R.C. Bose. Onsome connections between the design of experiments and information 
theory. Bull.Inst.Intemat. Statist., 38:257-271 , 1961. 

[13] R.C. Bose and K.A. Bush. Orthogonal arrays of strength two and three. Ann. Math. 
Stat., 23:508- 524, 1952. 



96 Bibliography 

[14] A.E. Brouwer, A.M. Cohen, and A. Neumaier. Distance-Regular Graphs. Springer 
Verlag, Berlin, 1989. 

[ 15] A.E. Brouwer and T. Verhoeff. Tables of linear codes over IF2 , IF3 and IF4 . Online via 
http//www.win.tue.nUwinlmath/dw/voorlincod.html. 

[16] A.E. Brouwer and T. Verhoeff. An updated table of minimum-distartee bounds for bi
nary linear codes. IEEE Trans. Inform. Theory, 39:662-677, 1993. 

[ 17] K.A. Bush. Orthogonal arrays of index unity. Ann. Math. Stat., 23:426-434, 1952. 

[18] R. Calderbank and W.M. Kantor. The geometry of two-weight codes. Bull. Lontion 
Math. Soc., 18:97-122, 1986. 

[19] P.J. Cameron. Projeelive and PolarSpaces. QMW Maths Notes 13, University of Lon
don. 

[20] D.G. Cantor. Computing in the Jacobian of a hyperelliptic curve. Math. Comp., 48:95-
101, 1987. 

[21] H. Chen. On the main conjecture of geometrie MDS codes. Intemat. Math. Res: Notices 
(electronic), 8:6 pages, 1994. 

[22] H. Chen. On the main conjec~re of hyperelliptic MDS codes. Pn~print 1993. 

[23] H. Chen and L. X u. On the main conjecture on geometrie MDS codes arising from p1ane 
curves. Preprint 1994. 

[24] H. Chen and S. Yau. Salution to Munuera's problem on the Main Conjecture of geo
metrie hyperelliptic MDS codes. Preprint 1996. 

[25] J.P. Cherdieu. Exponential sums, codes and Hermitian forms. IEEE Trans. Inform. 
Theory, 41(6):1636-1642, 1995. 

[26] J.P. Cherdieu, A. Delcroix, J.C. Mado, and D.J. Mercier. Weight distri bution of the Her
mitian forms codes. Preprint 1996. 

[27] B.N. Cooperstein. External flats to varieties in PG(A2(V)) over firtite fields. Preprint 
1996. 

[28] P. Delsarte. Weights of linear codes and strongly regularnormed spaces. Discrete Math., 
3:47-64, 1972. 

[29] P. Delsarte. On subfield subcodes of Reed-Soloman codes. IEEE Trans. Info. Theory, 
21:575-576, 1975. 

[30] P. Delsarte. Bilinear forms over afinite field, with applications to coding theory. 1 
Combin. Th. (A), 25:226-241, 1978. 

[31] P. Delsarte and J.M. Goethals. Alternating bilinear forms over GF(q) . 1 Combin. Th. 
(A), 19:26-50, 1975. 



Bibliography 97 

[32] M. Deuring. Die Typer der Multiplikatorenringe elliptischer Funktionenkörper. Abh. 
Math. Sem. Hansischen Universität, 14:197-272, 1941. 

[33] S. Dodunekov and I. Landgev. On the quaternary [11 ,6,5] and [ 12,6,6] codes. In 
D. Gollmann, editor, Applications of Finite Fields, pages 75-84, Oxford, 1996. Ciaren
don Press. 

[34] S.M. Dodunekov and I.N. Landgev. On near MDS codes. Technica! Report LiTH-ISY
R-1563, Department of Electrical Engineering Linköping University, Sweden, 1994. 

[35] S.M. Dodunekov and I.N. Landgev. On near MDS codes. 1. of Geometry, 54:30--43, 
1995. 

[36] Y. Driencourt and J.-F. Michon. Elliptic codes over fields of characteristic 2. 1. Pure 
Appl. Algebra, 45(1):15-39, 1987. 

[37] A. Faldum and W. Willems. A characterization of codes with extreme parameters. IEEE 
Trans. Inform. Theory, 42(6):2255- 2257, 1996. 

[38] A. Faldum and W. Willems. Codes of small defect. Designs, Codes and Cryptography, 
to appear. 

[39] W. Fulton. Algebraic Curves. Benjamin, New York, 1969. 

[40] J.M. Goethals. Nonlinear codes defined by quadratic forms over G F(2) . 1nfo. and Con
trol, 31 :43- 7 4, 197 6. 

[41] V.D. Goppa. Codes on algebraic curves. Soviet Math. Dok!., 24(1):170-172, 1981. 

[42] V.D. Goppa. Codes and information. Russian Math. Surveys, 39(39):87-141, 1984. 

[ 43] V.D. Goppa. Geometry and Codes. KI uwer Academie Publishers, Dordrecht, 1988. 

[44] B.R. Gulati. More about maximal (n, r)-sets. Information and Control, 20:188- 191, 
1972, 

[45] R. Hartshorne. Algebraic Geometry. Springer Verlag, New York, 1977. 

[46] T. Helleseth, T. Kl~ve, and J. Mykkeltveit. The weight distribution of irreducible cyclic 
codes with block length n1 ( (q1 - 1) / n). Discrete Math, 18:179- 211, 1977. 

[ 47] J.W.P. Hirschfeld and L. Storme. The packing problem in statistics, coding theory and 
finite projective spaces. 1. Stat. Planning and Inference, To appear. 

[48] J.W.P. Hirschfeld and J.A. Thas. General Galois Geometries. Ciarendon Press, Oxford, 
1991. 

[ 49] J.W.P. Hirschfeld, M.A. Tsfasman, and S.G. Vladut. The weight hierarchy of higher
dimensional Hermitian codes. IEEE Trans. Inform. Theory, 40:275-278, 1994. 



98 Bibliography 

[50] J. Justesen, K.J. Larsen, H. Jensen, A. Havemose, and T. H~holdt. Construction and 
decading of a class of algebraic geometrie codes. IEEE Trans. Inform Theory, 35:811-
821, 1989. 

[51] H. Kaneta and T. Maruta. An elementary proof and an extension of Th as' theorem on 
k-arcs. Math. Proc. Camb. Phil. Soc., 105:459-462, 1989. 

[52] T. Kasami, T. Takata, T. Fujiwara, and S. Lin. On the optimum bit orders with respect 
to the state complexity of trellis diagrams for binary linear codes. IEEE Trans. lnform. 
Theory, 39:242-243, 1993. 

[53] G.L. Katsman and M.A. Tsfasman. Spectra of algebraic geometrie .codes. Peredachi 
Inform., 23:19-34, 1987. 

[54] T. Kl~ve. Near MDS codes for error detection. In Optima! Codes and Related Topics 
(Sozopol, Bulgaria), pages 103-107, 1995. 

[55] G. Lachaud. The parameters of projeelive Reed-Muller codes. Discrete Math., 81:217-
221, 1990. 

[56] J.H. van Lint. Introduetion to Coding Theory. Springer Verlag, New York, 1982. 

[57] J.H. van Lint and R.M. Wilson. On the minimum distance of cyclic codes. IEEE Trans. 
Inform Theory, 32(1):23-40, 1986. 

[58] C.M. Liu and P.V. Kurnar. On the maximum length of MDS Goppa codes on elliptic 
curves. Preprint 1987. 

[59] F.J. MacWilliams. A theorem on the distribution of weights in a systematic code. Bell 
Syst. Tech. 1., 42:79-94, 1963. 

[60] F.J. MacWilliams and N.J.A. Sloane. The Theory of Error-Correcting Codes. North 
Holland, Amsterdam, 1977. 

[61] S. Marcugini, A. Milani, and F. Pambianco. Maximal (n, 3)-arcs in PG(2, 11). Discrete 
Math., submitted. 

[62] J.-F. Michon. Codes and curves. In Applied algebra, algebraic algorithms and error
correcting codes (Rome), volume 357 of Lecture Notes in Comput. Sci., pages 22- 30, 
Berlin-New York, 1988. Springer. 

[63] C.J. Moreno. Algebraic Curves over Finite Fields. Cambridge University Press, 1991. 

[64] C. Munuera. On the main conjecture on geometrie MDS codes. IEEE Trans. Inform. 
Theory, 38:1573-1577, 1992. 

[65] C. Munuera. On MDS elliptic codes. Discrete Math., 117:279-186, 1993. 

[66] C. Munuera. On the generalized Hamming weights of geometrie Goppa codes. IEEE 
Trans. lnform. Theory, 40(6):2092-2099, 1994. 



Bibliography 99 

[67] D. Yu. Nogin. Generalized Hamming weight of codes on multi-dimensional quadrics. 
Problemy Peredachi lnformatsii, 29(3):21- 30, 1993. 

[ 68] V. Pless. On the uniqueness of the Golay codes. J. Co mb. Theory, 5:215-228, 1968. 

[69] B. Qvist. Some remarks concerning curves of the second degree in a finite plane. Ann. 
Acad. Sci. Fen. Ser. A, 1952(134):27 pp, 1952. 

[70] S. Rajpal . On pa ving matraids and a generalization of MDS codes. Discrete Appl. Math., 
60:343-347, 1995. 

[71) C.R. Rao. Factorial experiments derivable from combinatorial arrangementsof arrays. 
Jour. Royal Stat. Soc. Suppl., 9:128-139, 1947. 

[72) l.S. Reed and G. Salomon. Polynomial codes over certain finite fields . J. SIAM, 8:300-
304, 1960. 

[73) E. Roijakkers, J. Cramwinckel, and R. Baart. Manual ofGUAVA; a coding theory pack
age. Delft University of Technology, Delft, the Netherlands, 1994. 

[74) R.M. Rothand A. Lempel. t-Sum generators of finite abelian groups. Discrete Math., 
103(3):279-292, 1992. 

[75) M.A. Shokrollahi. Nonexistence theorems for MOS codes arising from elliptic curves. 
Advances inMathematics, 93:251- 281,1992. 

[76] R.C. Singleton. Maximum distance separable q-nary codes. IEEE Trans. lnform. The
ory, 10:116-118, 1964. 

[77) L. S(.:mdergaard. The non-existence of long MDS codes from elliptic curves. Preprint 
1992. 

[78] A.B. S~rensen . Projeelive Reed-Muller codes. IEEE Trans. lnform. Theory, 14:1567-
1576, 1991. 

[79) H.M. Stark. On the Riemann hypothesis in hypereliptic function fields. AMS Proc. of 
Symposia in Pure Math., 24:285-302, 1973. 

[80] H. Stichtenoth. Algebraic Function Fields and Codes. Springer Verlag, Berlin, 1991 . 

[81) L. Tang. The main conjecture on geometrie MOS codes fwm hyperelliptic curves. Chi
nese Science Bulletin, 39:974-979, 1994. 

[82) J. Th as. Some results concerning ((q+ I) (n -1 ). n)-arcs. J. Combin. Theory A, 19:228-
232, 1975. 

[83) M.A. Tsfasman and S.G. Vlädut. Algebraie-Geometrie Codes. Kluwer Academie Pub
lishers, Dordrecht, 1991 . 

[84) J.L. Walker. A new approach to the main conjecture on algebraie-geometrie MDS codes. 
Designs, Codes and Cryptography, To appear. 



100 Bibliography 

[85] W.C. Waterhouse. Abelian varieties over fini te fields. Ann. Sc i. E.N.S., 2:521-560, 1969. 

[86] V.K. Wei. Generalized Hamming weights for linear codes. IEEE Trans. lnform. Theory, 
37:1412-1418, 1991. 

[87] D.J.A. Welsh. Matroid Theory. Academie Press, London, 1976. 

[88] W. Willems. Characterization of some optima! codes. In Optima[ Codes and R,elated 
Topics (Sozopol, Bulgaria), pages 141-142, 1995. 

[89] C.-P. Xing. Hyperelliptic function fields and codes. J. Pure Appl. Algebra, 74:109-118, 
1991. 

[90] K. Yang, P.V. Kumar, and H. Stichtenoth. On the weight hierarchy of geometrie Goppa 
codes. IEEE Trans. lnform. Theory, 40:913-920, 1994. 

[91] J.Q. Ying and T. Ikeda. Analysis of the parameters of codes from Herrnitian surface 
over G F(4). Technica! Report IT93-6, IEICE, 1993. 



Index 

eH, 80 
CH(t), 82 
CQ,75 
CQ (t), 78 
C(X, P. G), 7 
C[X, P, t], 29 
C,(P), 29 
gi,23 
L(G), 6 
J,L(r, q), 54 
J,L•(r, q), 54 
P,,30 
X(IF'q), 5 

are, 10 
complete, 36 

bilinear farm, 71 
bound 

BCH, 74 
Bush, 14 
Goppa, 7, 46 
Griesmer, 3, 57 
Hamming, 3, 56 
Hasse-Weil-Serre, 8, 45 
Singleton, 2 
van Lint-Wilson, 74 

check set, 7 4 
circuit, 13 
code, 1 

AG, see code, algebraic geometrie 
algebraic geometrie, 4--8 
almast MOS, 53-69 

trivia!, 54 
AMOS, see code, almast MOS 
cyclic, 73 
degenerate, 1 
dual, 1 

elliptic, 20, 61 
evaluation, 4, 72 
Golay, 60, 88 
HAG, 39 
Harnming, 9, 60 
Hermitian, 80 
hyperelliptic, 24 
maximum distance separable, 2, 4, 53 

trivia!, 2 
MOS, see code, maximum distance sep-

arable 
near MOS, 54, 65 
perfect, 15, 87 
Projective Reed Muller, 4, 71 
quadratic residue, 62 
quadric, 75 
Reed Salomon, 4, 14 

Generalized, 4, 19, 36, 44 
Simplex, 9 
two-weight, 15, 65, 83 
uniformly packed, 15, 87 

conjugated pair, 23 
curve 

elliptic, 19 
Hennitian, 46 
hyperelliptic, 7, 23 
maxima!, 8, 46 
of genus one, 19 
of genus two, 24 
of genus zero, 19 

cyclotomic coset, 74 

degree 
of divisor, 5 
of linear system, 6 
of place, 5 

dimension of linear system, 6 
divisor, 5 



102 

canonical, 6 
effective, 6 
equivalence ~, 6 
hyperelliptic, 7, 23 
intersection, 6 
partial order :::, 6 
principal, 6 
reduced, 25 
semi-reduced, 25 
special, 7 

flat, 9 

general position, 9 
generalized Hamming weight, 3 
graph 

distance regular, 15, 81 
strong1y regular, 15, 65, 83 

group 
divisor, 6 
divisor class, 6 
Picard, 6 

Hermitian form, 12, 72 
nondegenerate, 12 
rank of, 12, 72 

Herrnitian space, 72 
Hermitian variety, 12 
hyperelliptic involution, 23 
hyperelliptic pair, 23 

linear system, 6, 23 

Main Conjecture on MOS codes, 10, 29,53 
matrix 

generator, 1 
parity check, 1 

matroid, 13 
paving, 69 
vector, 13, 69 

MDSHyp, 27, 35, 37,49 

orthogonal array, 14 
linear, 14 

ovoid, 56, 89 

parameters, fundamental, 1 

place, rational, 5 
plane 3-arc, 57 
point 

hyperelliptic, 23 
of order two, 47 
rational, 5 

projective space, 9 
projeelive system, 10 

quadratic form, 11, 71 
character of, 75 
elliptic, 11 
hyperbolic, 11 
nondegenerate, 11 
parabolic, 11 
rank of, 11, 71 

quadratic space, 72 
quadric, 11 

elliptic, 56 

radical, 71 

set of kind l, 10 
Singleton defect, 2 
support 

of code, 3 
of divisor, 6 

theorem 
Assmus-Mattson, 15, 65 
Clifford, 7 
MacWilliams, 2, 59 
Riemann-Roch, 7 

track, 54 

Index 

unique reduction property, 25, 37, 40 
URP, see unique reduction property 

weight distribution, 2 
weight enumerator, 2 
weight hierarchy, 3 



Samenvatting 103 

Samenvatting 

In ditproefschrift wordt ingegaan op een aantal aspecten van de theorie van de foutenverbete
rende codes. Foutenverbeterende codes worden gebruikt om, ook in het geval van informatie
transmissie waarbij fouten optreden, betrouwbare informatie-overdracht te waarborgen. In de 
praktijk vindt dit soort codes toepassing in bijna alle gevallen waarin sprake is van digitale 
informatie, zoals bij digitale opslag van gegevens. Een voorbeeld hiervan is de CD-speler. 

Behalve de waarde voor eventuele toepassingen van foutenverbeterende codes, is het onder
zoek naar dergelijke codes ook van theoretisch belang. Niet zelden hebben codes met een 
grote foutenverbeterende capaciteit mooie mathematische structuren, met verbanden naar an
dere delen van de wiskunde zoals bijvoorbeeld de meetkunde. Een voorbeeld hiervan is de 
klasse van algebraisch meetkundige codes. 

In het proefschrift bestuderen we het volgende: 

• Eigenschappen van de klasse van algebraïsch meetkundige codes afkomstig van hyper
elliptische krommen. Gebruikmakende van een aantal specifieke algebraïsche kenmer
ken van deze krommen kunnen we een aantal van deze eigenschappen bepalen. 

• Grenzen aan codes. Maxim urn distance separable (MDS) codes zijn een speciale klasse 
van codes die vaak worden toegepast en mooie meetkundige eigenschappen hebben. 
De codes zijn in een bepaald opzicht optimaal voor foutenverbetering. Een bekend ver
moeden in de coderingstheorie luidt dat MDS codes aan sterke restricties voldoen. We 
bestuderen een klasse van codes die bijna MDS zijn. Deze hebben vrijwel dezelfde 
foutenverbeterende eigenschappen, maar de restricties zijn zwakker dan bij MDS co
des. Gebruikmakende van hun meetkundige eigenschappen leiden we een aantal resul
taten over deze bijna MDS codes af. Bovendien bewijzen we het vermoeden voor MDS 
codes voor algebraïsch meetkundige codes afkomstig van hyperelliptische krommen. 

• Constructie van codes. Van oudsher is de theorie der eindige meetkunde nauw verbon
den met de coderingstheorie. In het proefschrift gebruiken we twee klassieke meetkun
dige objecten, kwadratische en Hermitische vormen, voor het construeren van codes 
met goede foutenverbeterende eigenschappen. 

De titel van het proefschrift kan dus op twee manieren worden uitgelegd. Enerzijds worden 
de codes zelf beschouwd als meetkundige objecten en wordenlangs deze weg resultaten af
geleid. Anderzijds worden meetkundige objecten gebruikt om codes te construeren. Beide 
aspecten komen aan bod in het onderzoek. 
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STELLING I 

Zij S een ruimte opgespannen door (d22) onatbankelijkekwadrieken Q1 , Q2 , ... , 

Q (d~2) in PG(r, q), zodanig dat 

1. geen kwadriek in S bevat een (d - 3)-dimensionale deelruimte van PG(r, q) 
2. nQ; bevat geen lijn. 

De matrix met als kolommen de punten van nQ; is de parity check matrix van een 
code met fundamenteleparameters [n, k, d], met n het aantal punten van nQ;. Voor 
d = 4 zijn op deze manier [q + 1, q- 2, 4] codes en [q2 + 1, q2 - 3, 4] codes te 
construeren. Voord = r + 2 zijn op deze manier [q + 1, q - r, r + 2] codes te 
construeren. 

STELLING 11 
Laat X de vlakke kromme zijn gegeven door x~ = {Jxox2 over IFq. met q oneven 
en f3 E IFq \ {0}. Laat verder eo = (1 : 0: 0), e1 = (0: 1 : 0) en e2 = (0 : 0: 1). 

Laat B de verzameling van ~ punten zijn bestaande uit e0 , e1, e2 en precies een 
van de punten uit elk paar l n X, waarbij l een bisecant van X door e1 is. Als B 
uitgebreid kan worden tot een if-boog, dan noemen we deze uitgebreide boog 

een uitgebreide Segre boog. ZijK een boog van lengte q + 1 in PG(~, q) met 
als punten de eenheidsvectoren en de kolommen van een circulante matrix. Zij de 
projectie van K op een vlak een uitgebreide Segre boog. Dan is q = 9 en is K de 
Glynn boog [1]. 

[1] D.G. Glynn, The nonclassical 10-arc of PG(4, 9), Di scr. Math. 59 (1986), 43-
51. 

STELLING lil 
Zij q = 2m en laat a E IFq een primitief element zijn. Laat f een irreducibel 

polynoom van graad twee zijn . De code C(f) = { mco. 1, a, . .. , aq-2, oo) I 
graad(g) ~ 2} is een 1\IDS code met parameters [q + 1, 3, q- 1]. De automorfis
megroep van C(f) is transitief en heeft orde 2(q + 1). Zij C' (f) de [q + 2, 3, q] 
1\IDS code zijn die ontstaat uit C(f) door het toevoegen van een parity check. Dan 
heeft C' (f) een auto mortismegroep van orde 2(q + 1) als q > 4 en van orde 60 als 
q =4. 

STELLING IV 

Er bestaat geen [2q + 2, k, 2q + 2 - k] algebral'sch meetkundige code afkomstig 
van een kromme van geslacht twee over IFq voor 3 ~ k :S: 2q - 2. 



STELLING V 

Zij Qo zodanig dat voor q > Qo er geen [n,. k] algebraïsch meetkundige MDS codes 
zijn afkomstig van een kromme van geslacht g over lF q met n > q + 1. Dan is 
q0 :::; lj met lj---* ak (k 4 oo), waarbij a > 1 gegeven wordt door 

STELLING VI 

1 
2(2g -1)! =a(l- -)28 . 

(i 

Zij Dk het aantal deelverzamelingen S c N x Z ter grootte k met de volgende 
eigenschappen: 

1. (0, 0) E Sen als (0, y) E S dan is y 2: 0 
2. Als (x, YJ), (x, Y2) ES met Y1 < Y2, dan is (x, y) ES voor alle Y1 < y < Y2· 
3. De graaf met als punten de elementen van Sen als kanten (x1, y1) ~ (x2, y2) 

als lx1 - X2l + IY1 - Y2l = 1 is samenhangend. 
Dan 

k = 1 
k=2 
k=3 
k 2: 4, 

met a1 = 2p ( ~ )1 - 2( t )1 (p cos(lt/>) + v sin (ltf>)). Hierin is 

7 
r Q+ 12 

s J1 3 7 49 _ Q2 + _ T2 __ Q + _ 
4 4 12 144 

T 
4> = - arctan(6.J3 óQ _ 7 ) 

1 
p = 

-6Q2- l1. 24 

V = -.J3p Q 
T' 

met 

Q = 1~ ( j 6v'm- 71 - j 6v'm + 71) 

T 1
1
2 ( /6v'm -71 +/6v'm + 71). 



STELLING VII 
Zij N (q) het maximale aantal punten op een hyperelliptische kromme van geslacht 
drie. De volgende tabel geeft grenzen aan N(q) voor q < 100: 

q 2 3 4 5 7 8 9 ll 13 16 17 19 23 

N(q) 6 8 10 12 16 18 20 24 28 34 36 40 46-48 

q 25 27 29 31 32 37 41 43 47 

N(q) 52 53-56 56-60 60-64 62-66 68-74 76-78 76-83 82-87 

q 49 53 59 61 64 67 71 

N(q) 92 92-96 98-105 104-107 102-113 110-116 116-120 

q 73 79 81 83 89 97 

N(q) 120-125 128-131 132-136 132-138 140-144 152-155 


