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Abstract

Of the two phases in glass production, namely pressing phase and
blowing phase, this study will be concerned with glass flow in the
pressing phase. At temperatures above 600°C, one can consider glass
flow as a highly viscous Newtonian fluid. Then using Stokes' equation
in cylindrical coordinates in a slowly varying geometry the profile of
velocity and pressure is determined and compared with a fully numer
ical method. Two cases are considered, namely a stationary and a
moving plunger. The result shows that there is a good agreement be
tween the approximate analytical solution and the numerical solution.
Then the formula of velocity and pressure is applied to find the total
force on the plunger.

1 Introduction

Glass is a useful material in the packing industry. For example, glass is widely
used as packing material in the food industry. The production of glass forms
goes more or less along the following lines. First, grains and additives, like
soda, are being heated in a tank. Here gas burners or electric heaters provide
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the heat necessary to warm up the material up to some 1200°C. At one end
the liquid glass comes out and is led to a pressing or blowing machine. To
obtain a glass form a two-stage process is often used. First (figure 1), a blob
of hot glass falls into a configuration consisting of a mould and plunger. As
soon as the entire glass drop has fallen into this mould, the plunger starts
moving to press the glass. This process is called the pressing phase. At the
end, the glass drop is reshaped into an intermediate jar form. This product is
called a parison. After a short period of time, inserted for cooling purposes
(the mould is kept at 500°C) , the parison is blown to its final shape in
another mould (figure 2). This process is called blowing phase. The contents
of this report concerns with glass flow in the pressing phase in manufacturing
glass jars or parisons.

Figure 1: Pressing Phase

2



Figure 2: Blowi~g Phase

There are two cases that will be discussed, namely, the stationary plunger
and the moving plunger. The shape of the mould and plunger are arbitrary
(provided of slow variation), but for the evaluated examples we assume the
shape of plunger and mould to be parabolic. Using the method of small
variation, we determine the velocity and pressure profile distribution and
compare the results with numerical results.

2 Governing Equations and
Dimensional Analysis

In this section, we shall give the governing equations describing the glass flow.
Then we discuss the consequences of making that equation dimensionless.

According to [6], the motion of glass at temperatures above 600°C can
be described by the Navier-Stokes equation for incompressible Newtonian
fluids. In view of the geometry of plunger and mould, we choose cylindrical
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coordinates. The Navier-Stokes equations, describing the conservation of
momentum, and the equation for conservation of mass are in cylindrical
coordinates (r ,0,z) (see [3])

(1)

(2)

(3)

(4)

(7)

(6)

(5)

where: v, w, and u denote respectively the r, 0, and z component of the
velocity, p denotes the pressure, p denotes the density, and TJ denotes the
dynamic viscosity.

Then we assume the problem to be axisymmetric. This means that the
O-component of velocity as well as all derivatives with respect to 0 vanish.
The problem to be solved is therefore in the two dimensional (r, z)-plane; see
figure 3. Thus, we deal with a two dimensional problem and the equations
(1-4) above become:

(
8u 8u 8u) 8p (82u 82u 18u)p -+u-+v- =--+7] -+-+--
8t 8z 8r 8z 8z2 8r2 r 8r

p (8v +u8v + v 8v) = _8p + TJ (8
2
v + 8

2
v + ~ {}v _ ~)

8t 8z 8r {}r 8z2 8r2 r 8r r2

{}u 8v v
{}z + 8r +;:- = 0

We want to find an approximate solution of equations (5-7) above and as the
first step, we make those equations dimensionless. To make a dimensional
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~I--- Plunger

Figure 3: Position of Axes in Configuration

analysis we scale on a typical velocity V, typical length L, density p and
viscosity T}:

z = Lz*, pV2 * t = L t*r = Lr*, u = Vu*, v = Vv*, p = --p ,
Re V

(8)

(9)

(10)

where Re = pVLIT} is Reynolds' number. We substitute the above scaling
into equations (5-7) to obtain the following equations for the dimensionless
quantities (we will further ignore the asterisks *):

(
au au au) ap a2u a2u 1 au

Re -+u-+v- =--+-+-+--ot oz or oz oz2 or2 r or

Re (ov +uov +vov) = _op + 02v + 02V + ~ ov _ ~
at oz ar or az2 ar2 r or r2

ou av v
az + or +;: = 0

According to [2], a typical velocity of the plunger, that can be used as a
characteristic velocity, is V = 10-1 m/s. During the process, the velocity of
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the plunger is nearly constant. As a characteristic length scale, the average
thickness of the parison, say L ~ 1O-2m, is a proper choice. According to
[2], the dynamic viscosity of glass varies greatly with temperature, but for
a temperature around 800°C it is in the order of 104 kgjs m. The density of
glass is 2500 kgjm3 • Therefore we, obtain a Reynolds number Re = 2.5 x 10-4

•

Because the Reynolds number is small, we can ignore the left hand side
of the equations (8-9) and we get:

op 02U 02U 1 OU

oz = oz2 + or2+ -;. or (11)
op 02V 02V 1 ov v
or = OZ2 + or2+ -;. or - r 2 (12)

o= ou + ov + ~ (13)
oz or r

The above equations are called Stokes' equations. Notice that since the
Reynolds number is small, we use pV 2 / Re as the scaling pressure. If we
would choose pV 2 as the scaling pressure, there would be no pressure gradient
to drive the flow, and we would obtain U = v = 0 as solution of the equations
(11-13). It would mean that there is no motion, which is obviously not what
we want.

3 The Temperature Remains Constant

Although in viscous fluid flow usually the energy equation is ignored, because
in an incompressible Newtonian fluid with constant viscosity it is not coupled
to the equations of motion (1-3), this is not obvious in the present problem.
The high viscous forces (the Reynolds number is very small) might generate
heat by friction, such that the temperature rises and the (highly temperature
dependent) viscosity decreases. (To be sure: this will be seen not be the case.)

To investigate this possibility we will analyse the energy equation and
estimate the order of magnitude of the various terms.

In the absence of convection effects the energy conservation law is in
general given by [3]

oot (pe) + 'V. (pve) = -p'V.v - 'V.q + r:'Vv (14)

where e denotes the internal energy per unit of mass, q is the heat flux due
to heat conduction, and r denotes the viscous stress tensor. In a fluid, e may
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be given by
e = cpT

where Cp is the heat capacity at constant pressure and T is the absolute
temperature. A common constitutive equation for q is Fourier's law

q = -k\lT

where k is the heat conductivity. In Newtonian fluids, a linear relationship
is assumed between the viscous stress tensor and the deformation rate of the
fluid element, expressed in the rate-of-strain tensor \lv + (\lV)T:

or:

(
8Vi 8Vj)

Tij = TJ -+-
8xj 8Xi

where TJ is the dynamic viscosity.
In an axisymmetric, incompressible, stationary flow with constant Cp and

k we have in cylindrical coordinates

When we make dimensionless on characteristic values as follows

r = Lr*, z = Lz*, v = V v*, u = Vu*, T = Tl + b.T T*

while b.T = To - Tl , we find (we ignore the asterisks *)
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where Reynold number Re = pVLlry, Eckert number Ee = V 2 IepDt.T, Prandtl
number Pr = rycplk, which are related to the Peclet number Pe = RePr.
When we substitute the following typical values

T1 : temperature of the mould = 500°C,
To: temperature of the glass = 800°C,
ry: dynamic viscosity of the glass at 800°C = 104 kg s/m
p: the density of glass = 2500 kg/m3

Cp : heat capasity of glass is = 1100 J jkg°C
k: thermal conductivity of glass is = 1.7 W jmOC
V: a typical velocity of the plunger is = 10-1 mjs
L: a typical length scale for the parison is = 10-2 m

we get the corresponding dimensionless numbers

1 -4
Pe = 6.2 x 10 ,

Ec -4
Re = 1.2 x 10 .

Both are very small, so we can ignore the heat conduction and thermal
production terms (the second and third term in equation 15) because they
are much smaller than the convection (first) term, and finally the energy
equation simplifies to:

fJT aT
u-+v- = o.az ar

This equation is solved by the system

dz = u dr = v dT = 0
dt 'dt 'dt '

so the temperature remains constant along streamlines, and if we start with
a uniform temperature field, it will remain uniform everywhere.

Note that if the wall temperature is kept constant at a significantly lower
level than the bulk temperature, there will be very small boundary layer
near the wall, where the radial conduction term becomes comparable with
the convection terms:

aT a2T
pcpu {)z f'V k fJr2 •

For the moment this will be ignored.
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4 Slowly Varying Geometry

In this section we shall discuss the method which is used to obtain an ap
proximate analytical solution of equations (11-13).

The geometry of plunger and mould, which have a slowly varying diame
ter, suggests to use the method of slow variation [1] to solve equation (11-13).
Since the diameter of the top of the plunger and the bottom of the mould
does not vary slowly, the present approach is valid only after a certain dis
tance away from the plunger top in the narrow channel between plunger and
mould. However, as the glass is practically at rest between mould bottom
and plunger top, this area will hardly appear to affect the duet flow.

We introduce the slow variable Z = eZ, with £ is a dimensionless small
parameter (see [4]). Then we assume that u, v, and p are only dependent
on e and Z via the variable Z, and that they can be expanded into a power
series of e. We want to determine the power of e in leading order of the
series. Therefore we introduce the scaling:

u(r,z) = U(r,Z;e), v(r, z) = £nV(r, Z; e), p(r, z) = em P(r, Z; e).

We substitute the above scaling into equations (11-13), to get:

(16)

(17)

(18)

Using the homogeneity of the order of magnitude, from equation (18), we
obtain n = 1. From equation (16), since we can ignore the term e2fPUjoZ2,
we obtain: m = -1. Therefore we obtain the power series:

U = Uo(r, Z) + eU1(r, Z) + .
V = eVO(r, Z) +e2VJ.(r, Z) + .
P = £-1 Po(r, Z) + PI (r, Z) + .

For the rest, we only consider the leading order term. Since n
m = -1, equations (16-18) become:

9
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(19)

(20)

(21)

Next we want to solve the system of differential equations above, and we
need some boundary conditions that will be discussed below.

5 Stationary Plunger Case

As mentioned in the introduction, we shall consider two cases namely, the
stationary plunger and the moving plunger. In the former case, the plunger
and the mould do not move and we assume that there is a pressure from
below that causes glass to move upward, generating a given flux QV£2.
Next, we assume the no-slip boundary condition, i.e., the velocity of the flow
equals the velocity of the boundary. Since both plunger and mould do not
move, we have the glass velocity being zero at plunger and at mould. For
future reference, to allow other (slip) boundary conditions, we will make a
strict distinction between the normal and tangential component. Let r =
R1(ez) and r = R2 (ez) denote the radius from z-axis to plunger and mould,
respectively. So we can write the equation for the surface of the plunger as

S(r, z) = R1(ez) - r = 0,

and the gradient (with is normal to the surface) is

\IS = -e,. +eR~(ez)ez,

so that the surface unit normal vector n may be given by:

\IS
n = II\lSII

and the surface unit tangent vector t by:

t= eR~(ez)er+ez

IleR~(ez)er+ezll
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Since the plunger is solid, the normal component of the velocity of the glass
is zero at the plunger, and we have

V·n = 0,

where

So we obtain:
(22)

Since the tangential component of the velocity of the glass is zero at the
plunger, we have

v·t = O.

So we have
c2VO(R1(cz), z)R1(cz) + UO(R1(cz), z) = O.

Since c is small, we have for the tangential component:

and the normal component becomes:

(This is of course just what we knew already from the no-slip condition.) In
a similar way, we obtain the boundary conditions for the mould, namely:

Now, using the boundary conditions above, we solve equation (19-21). From
equation (20), we obtain:

Po = Po(Z). (23)

This means that the pressure is a function of Z only and independent of r.

Next, consider equation (19)

82UO 18Uo dPo--+--=-
8r2 r 8r dZ

with solution
1 2dPO

Uo = 4r dZ +A(Z)lnr +B(Z)
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(24)

(25)

where A and B are constants of integration. Using boundary conditions
Uo = 0 at r = R1 , and Uo = 0 at r = R2 , we obtain

A(Z) = (R~ -R~) dPo

4In (~) dZ

B(Z) = (R~InRl - RnnR2) dPo

4ln (~) dZ

and so:

Uo= ~ (r2 _R~ In (k) _R~ In (~ ) ) dPo
4 In (~) In (~) dZ

Next, using equation (24) and a given flux Q, we want to determine the
pressure gradient (dPo/dZ). In this case, we assume the flux is given and is
described by the equation:

l
R2

Q = 27l" Uo(r, Z)r dr = constant
R1

or:

Q = 27l" ((Ri - R~)In (~) + (R~ - R~)2) dPo

16In (~) dZ

or:

dPo (8/7l")Qln (~)

dZ = (R1- R~) In (~) +(R~ - RD2

Note that in dimensionless form, but with unstretched z- coordinate, we have
just:

dp dPo
dz dZ

Using equation (25), we can determine the axial component of velocity in
equation (24). Finally, consider equation (21),

12



or: a auo
ar(var)+r az = 0

Therefore we obtain:

va = A(Z) _ ~Jr auodr
r r az

where:

~J aUod = (
d2Po)r r az r dZ2

(26)

and the constant of integration A(Z) can be found using boundary conditions:
va = 0 at r = R1 , or va = 0 at r = R2 . It can be checked that both boundary
conditions give the same constant of integration. We obtain:

A(Z) = (
d2Po) (R~ (R~ - RD _ Rt) +
dZ

2
16ln (~) 16

(
dPo) ((R~ R~ - Rt (1 +2ln (~))) (~ - ~)) +
dZ 16ln2 (~)

(
dPo) (2R~R2R~ - 2RiR~ (1 +2ln (~)) + 2RIR~R~ - ¥)
dZ 161n (~)

= ~~ [dPO {R~ (R~ - RD _ R4 }]

16 az dZ In (~) 1

For the next section, we shall make a picture of the axial and radial compo
nent of velocity, and compare with numerical results.
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5.1 Results

In this section we will consider plots of equation (24) and (26), so we define
plunger and mould, respectively, as follows:

R1(c:z) = 0.1~,

R2(c:z) = 0.8JZ.

(27)
(28)

In making pictures for the axial and radial components of the velocity, we
choose four different intervals namely, 5 ~ z ~ 10, 10 ~ z ~ 15, 15 ~ z ~ 20,
and 20 ~ z ~ 25. For each interval, we draw both component of velocity
at z equal to the midpoint of the interval. This means that we consider
both component of velocity as a function of r only. Then we compare the
approximate analytical solution with the numerical solution, as obtained by
SEPRAN, in figures 4 and 5.

14
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Figure 4: Comparison Between Numerical and Analytical Result For Axial
Component of Velocity
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Figure 5: Comparison Between Numerical and Analytical Result For Radial
Component of Velocity
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The comparison between numerical and analytical values of radial (v)
and axial (u) component of velocity for stationary plunger case can be seen
in the tables (1-4). From the pictures and these tables it is shown that
the difference between approximation of analytical solution and numerical
solution is small, so the result is quite good.

In making the pictures and calculating the components of velocity above,
we used the value of the flux which is obtained numerically for each interval
namely:

Interval The value of flux
5 - 10 0.892373

10 - 15 2.710154
15 - 20 5.475011
20 - 25 9.205173

In figure 6 we show a stream line pattern of the glass flow. In figure 7 we

Stream Line
7

6.8

6.6

6.4

6.2

N 6

5.8

5.6

5.4

5.2

5
0.2 0.4 0.6 1.2 1.4

Figure 6: Streamline pattern of glass flow

show the pictures of the pressure gradient (as a function of z) for each of the
intervals mentioned before. The sign of pressure gradient is negative since
the glass moves from higher pressure part to the lower pressure part.
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-0.3
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-0.14 -0.17

-0.18
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-0.'9

-0.18
-0.2
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j-o.211 -0, j. ! -0.221-0.22
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Figure 7: Pressure gradient as a function of z
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6 Moving Plunger Case

In this case we consider the plunger going down with constant speed, say -c,
c > O. As in the first case, we shall solve equation (19-21), but with other
boundary conditions than in the stationary case. The difference is that since
the plunger goes down and causes glass to move upward through a different
shape, the value of the flux is not constant for every level of z.

We shall discuss the boundary conditions first. We assume the glass to
stick to the plunger so that the glass velocity at the plunger = the velocity
of the plunger. So we have at the plunger, Uo = -c and VO = O. Since
the plunger goes down, now the position of the plunger is time dependent.
Therefore we define the equation of the plunger as:

S = r - R1(e(z + et - h)) = 0, (29)

where t is time, and h is the offset of the plunger along the z-axis. Differen
tiating S with respect to t yields:

dS . (. )R' 0cit=r-ez+c 1=

or indeed:
evo = e(Uo+ c)R~ = 0 at r = R1 •

Now we consider the boundary conditions for the mould. Since the mould
does not move, we still have the same boundary conditions as those in the
stationary plunger case, i.e:

Uo = VO = 0

Next, we want to solve equation (20). In a similar way as the stationary
plunger case, we obtain:

1 2dPo
UO =4r dZ +A(Z)lnr+B(Z)

Using boundary conditions: Uo = -c at r = R1 and Uo = 0 at r = R2 , we
obtain:

19



So we have:

Va - ~ (r2_ R21n (if;) _R2In (~)) dPa _ c In (~) (30)
- 4 2 1n (~) 1 In (~) dZ In (~)

Now using equation (30) and the equation for the flux

l
R2(~Z)

flux = 271" Var dr,
Rl(~(Z+ct-h»

we want to find the pressure gradient. As mentioned above, the value of
the flux is not constant, and we need to find a formula to calculate the flux.
Suppose we want to know the value of the flux at a certain level of z, say Zl

(see figure 8). We can use Gauss' Theorem to calculate the value of the flux.

51 51

Figure 8: Sketch of the control surfaces to calculate the flux.

Since glass is an incompressible fluid, we have:

1\7.vdV = 0,

where v = Vaez + c:Voer • Using Gauss' Theorem this yields

r v.ndS = o.
Jan
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or,

[ y·ndS + [ Y·ndS + [ Y·ndS = 0
lSl lS2 lS3

Since velocity y = 0 at the mould we obtain:

[ y·ndS = 0
lS2

Meanwhile:

[ y.n dS = 271" [R
2

Uor dr
lSl lRl

We want to calculate JS3 Y·ndS. Using equation (29), we obtain:

cR~ez - er
n = ----;======::;=;:

j1 + (cRU 2

Since dS = j1 + (cRU 2dz and Y = -cez, we get:

[ Y.ndS = -71" r l

2ccRIR~dz
lS3 lzo

= -71"C [R~ J:~
= -71"CR~(cZl + cet - ch)

(31)

(32)

since at the plunger top, given by z = Zo, the radius vanishes: R1(c(Zo +et 
h)) = O. So, using equation(31) we obtain:

l
R2 (ez)

flux = 271" Uordr = 71"cR~(c(z + et - h)).
R l (e(z+ct-h))

Using equation (30) and (32), we can determine the pressure gradient as
follows. We have

l
R2

71"CRi = 271" Uor dr
Rl

After simplification, we obtain:

1 2-cRl =
2 (

(Rt - Ri) In (t) + (Ri - R~ )2)
16ln (~)

21

dPo
dZ +



8cR2ln (&) - 4c(R2 - R2)1 R i 2 1

16ln (~)

or

or

dPo 4c(R~ - R~)
-------:.....,,...=.......,:--~---

dZ (Ri - R~) In (~) - (R~ - R~)2

dPo 4c

dZ = R2_ R2 _ (R2 + R2)ln (&)
2 1 2 1 R i

Note that in unstretched coordinates this is

dp dPo
dz dZ

(33)

Finally consider equation (19). Using a similar way as with the stationary
plunger case, we get:

(34)

where:

!Jr8UO dr= ( d2Po) (r3 +rR~(1-21n(k)) -R~(1+2In(~))) +
r az dZ2

16 161n(~)

(
dPo) ((R~r(1-21n(k)) -R~r(1+21n(~))) (~-~)) +
dZ 161n2 (~)

(
dPo) (2R2R~1' (1 - 21n(f;)) - 2R1R~r (1 + 21n(~)) +2r (¥ - ¥-))
dZ 161n (~)

4
(

( ~) ( 1 - 21n(k )) - (~) (1 + 2ln(~ )) )
+cr () ,

16ln2 ~

and the constant of integration A(Z) can be found using the boundary con
ditions: va = 0 at r = R1, or va = 0 at r = R2• It can be checked that
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both boundary conditions give the same constant of integration. Therefore
we obtain:

A(Z) = (d2Po) (R~ (R~ - Ri) _Ri) +
dZ

2
16ln (~) 16

(dPO) ((Ri (1 + 2ln (~)) - R~R~) (~ - ~)) +
dZ 16ln2 (~)

(dPO) (2R~R2R~ - 2RiR~ (1 +2ln (~)) +2RIR~R~ -¥) +
dZ 16ln (~)

R2~- (~) (1+2In (~))
4c 1 ( )

16ln2
~

= ~~ [dPO (RnR~ - Ri) _R~)]
16 az dZ In (~)

~ R'

-cR~ R2 -it (1 +2ln (R2))
4ln2 (~) R1

6.1 Results

Alike the stationary plunger case, in this section we will presents plots of
the axial and radial component of the velocity (equations 30 and 34), and
compare the results with numerical results. In this case, we define the plunger
and the mould respectively as r = 0.1J z +et - 1, with c = 1, and r = 0.8.jZ,
so:

In figures 9 and 10 we show some pictures and values of u and v at z = 5
and at different times. The results are tabulated in (5-8). From the picture
and the tables, we see that the difference between numerical and analytical
solution is very small. So the result is surprisingly good!

Finally, in figure 11 plots of the pressure gradients are given.
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7 Total Force On The Plunger

Since we are interested in the real, physical quantities, we return for a mo
ment to a dimensional formulation. Later, we will turn to the dimensionless
form.

The (minus) fluid stress tensor P for an incompressible Newtonian fluid
is given by:

P == pI - T

or:
Pij = p8;j - 7ij

where I = (8ij ) is the unit tensor

8.. _{I
1) - 0

if Z = J
if i =I- j

and T denotes the viscous stress tensor. In Newtonian fluids, a linear rela
tionship is assumed between the viscous stress tensor and the deformation
rate of the fluid element, expressed in the rate-of-strain tensor \lv + (\lV)T:

or:

(
aVi aVj)

7ij ="7 -+-
aXj ax;

where "7 is the dynamic viscosity.
P describes the stress applied by the fluid to a surface in the following

way. Assume we have a surface S with unit normal vector n, defined out of
the fluid, then the stress applied to S, in a point of 5, is given by the vector

So the force (= stress x surface) in direction ek, applied to an infinitesimal
surface element dS, is given by:

(P .n) ·ek dS = I: Pkjnj dS.
j
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P(Jz = Pz(J = 0

Per = Pre = 0

In our case, we have in cylindrical coordinates:

ov
Prr = p - 2." or

v
Pee = p - 2.,,-

r
au

P zz = p - 2." oz

Pzr = Prz = -." (:~ + ~~) .
We assume for a certain moment in time that the surface S is given by:
R1(z) - r = 0, with unit normal:

R~(z)ez - er
n = ~========::::o==:;;:;:Jl + R~(z)2

so the stress in the z-direction is given by:

A (circular) surface element is given by

so the total force on the plunger between z=a and z=b is given by:

b

Total force = 27r J{(p -2."~~) ~ (z) +." (:~ + ~~) } R1(z) dz. (35)
a

z = Lz*,r = Lr*,v = Vv*,u = l/u*,

We want to find the total force especially if a denotes the top of the plunger.
First of all, we make equation (35) dimensionless, and scale:

pV
2

* ."V *p=-p =-p.
Re L

(36)

Substituting the above scaling into equation (35), and noting that R1 = LRi,
and R~ = Ri', we obtain (we ignore again from here on the asterisks *):

Total force

= 27r"'VLl b

{ (p - 2:~) R~(z) + (:~ + ~~) } R1(z) dz.
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(37)

As we have done before, we will use the method of a slowly varying duct
radius to calculate the total force. So, we introduce:

Z = ez, P = e-1 Po, u = UO, v = eVO·

Substitute this into equation (36), we obtain:

Total force

= 27r
TJVL leb

{(Po_2c20UO) dR1 + (c20VO + OUo)} R1(Z)dZ.
c ea oZ dZ oZ or

For small c, we obtain the approximate total force on the plunger as
follows:

TJV L rb
{ dR1 OUo}

Total Force = 27r-c- lea Po dZ + or R1(Z) dZ.

From (37) we return to the unstretched form:

Total Force = 21fTJV L l b

(PR~ (z )R1(z) + ~~ R1(z)) dz (38)

From the previous sections we already obtained:

op 4c

oz - R2 _ R2 _ (R2 + R2)ln (&)
2 1 2 1 R 1

(39)

(41)

From equation (39) above, we can calculate the pressure P by numerical
integration. Also we have already got the axial component of the velocity.

u= ~ {r2 _ R~ In (k) _R~ In (~) } op _ c In (~ ) (40)

4 In (~) 1n (~) aZ In (~:)

From equation (40) above, we obtain:

au _ ~ op {2r _ ~ (R~ -R~) }+ c
ar - 40z r In (~) r In (~)

Since we are concerned with the total force on the plunger, we have to cal
culate ou/or at r=R1.
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7.1 Results

For the calculation of the approximate total force, we choose values of the
parameters as follows: dynamic viscosity of glass is 'f/ = 104 N s/m2 = 105

g/ scm, dimensionless of speed of plunger is: c = 1, speed of plunger is 10
cm/s, a typical length scale of the parison is 1 cm, and equations for plunger
and mould respectively as follows:

R 1 = 0.1viz + ct - h,

where t denotes the time and h is the offset of the plunger along the z-axis,
where h = 1. Next we calculate the total force:

lb(t) ( ou )
Total Force = 27r'f/VL pR~(z)Rl(Z) +~Rl dz

a~) ur
(42)

Note that the lower and upper bound of the integration is a function of time.
We choose the lower bound of integration as the top of the plunger, and
the lower bound is the fluid level, moving upwards while the plunger moves
down. Since the speed of plunger is -c we obtain for a(t)

a(t) = a(O) - ct.

At t = 0, we choose a(O) = h = 1 and b(O) = 2. Next, we determine
an expression for b(t), from the condition of a fixed 'glass volume. We can
calculate the initial volume of glass as follows:

l
b(O) lb(O)

no = 7r R~ dz - 7r Ri dz
o a(O)

or:

no = !(O.S2 _ O.1 2)b(O)2 + !a(O)2 +O.1 2h(b(O) - a(O») = 1.275
7r

Since this volume does not change during the evolution of time, we can find
a formula for b(t) from

l b(t) lb(t)
no = 7r R~ dz - 7r Ri dz

o a(t)
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as follows

0.12(et - a(O)) + JO.1 4 (et - a(O))2 +2(0.82 - O.I2)(~O.I2(ct - a(O))2 + ~)
b(t) = 0.82 _ 0.12

or:

b(t) = 0.12(t -1) + JO.1 4 (t -1)2 +1.26(0.005(t -1)2 +1.275)

0.63

It is instructive to divide equation (42) into two parts, namely the pressure
part:

l
b(t)

21r1]VL(HO.12)) pdz
a(t)

and the shear stress part:

(43)

(44)l
b(t) au

21r1]VL ~Rl dz
a(t) ur

First we need values for the pressure, to be obtained by numerical integration
of the pressure gradient. For a given time t, we find the pressure at the points
a(t), al(t), a2(t), .. . , b(t) by integration, using the trapezoidal rule, over the
interval [a(t), b(t)], [al(t), b(t)], [a2(t), b(t)], . .. ,[b(t), b(t)]. Although there is
a singularity at the top of the plunger, it is an integrable singularity and
it gives no apparent problems. Some of values of pressure are presented in
the tables (9-11). Notice that since we assume p(b) = 0 (and the pressure
gradient is negative), we obtain a positive value of the pressure.

Using those values of the pressure, we calculate integral (43) and integral
(44) by using the trapezoidal rule. The total force can be found by adding
those values as follows:

time (sec.) pressure part shear stress part total force (Newton)
0.0 0.374552 36.210969 36.585521
0.1 0.482279 41.312029 41.794308
0.2 0.611024 46.7.53394 47.364418
0.3 0.764300 52.517984 53.282284
0.4 0.946604 58.640877 59.587481
0.5 1.163926 65.170687 66.334613
0.6 1.424657 72.227904 73.652561
0.7 1.741471 79.820620 81.562091
0.8 2.135869 88.183081 90.318950
0.9 2.653315 97.761179 100.414494
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It should be observed that the pressure part is small compared to the
shear stress part (in the order of only 2 or 3%), so the inherent inaccuracy of
the solution near the top of the plunger is probably only very little affecting
the final result.

8 Conclusions

In this study, we have discussed two cases namely stationary and moving
plunger case. In each case, we compare the analytical approximation of the
axial and radial component of velocity with the numerical solution. The
result is that there is a good agreement between those solutions, so we can
conclude that the method of a slowly varying duct is a useful tool to this
problem.
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10 Tables

z r u v
numerical analytical numerical analytical

7.5 0.2549510 0.00000000 0.00000000 0.00000000 0.00000000
0.3517479 0.02993412 0.02926644 0.00082025 0.00075480
0.4485449 0.05088425 0.04988059 0.00164212 0.00159831
0.5453419 0.06628639 0.06492209 0.00257532 0.00248840
0.6421388 0.07741054 0.07594541 0.00348329 0.00338975
0.7389358 0.08535622 0.08384562 0.00439650 0.00427198
0.8357328 0.09060128 0.08918557 0.00524204 0.00510805
0.9325297 0.09361338 0.09234232 0.00601125 0.00587330
1.0293267 0.09462396 0.09358089 0.00667718 0.00654472
1.1261236 0.09387809 0.09309465 0.00721967 0.00710054
1.2229206 0.09151486 0.09102904 0.00761758 0.00751994
1.3197176 0.08768048 0.08749622 0.00785287 0.00778281
1.4165145 0.08246950 0.08258447 0.00790672 0.00786962
1.5133115 0.07597747 0.07636456 0.00776402 0.00776127
1.6101085 0.06827604 0.06889409 0.00740712 0.00743907
1.7069054 0.05943646 0.06022055 0.00682269 0.00688461
1.8037024 0.04951261 0.05038356 0.00599397 0.00607973
1.9004993 0.03856510 0.03941653 0.00491121 0.00500651
1.9972963 0.02663008 0.02734789 0.00355494 0.00364719
2.0940933 0.01376822 0.01420201 0.00192572 0.00198417
2.1908902 0.00000000 0.00000000 0.00000000 0.00000000

Table 1: Stationary plunger (z=7.5)
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z r u v
numerical analytical numerical analytical

12.5 0.3391165 0.00000000 0.00000000 0.00000000 0.00000000
0.4428378 0.04622382 0.04532379 0.00083596 0.00085155
0.5465591 0.08047725 0.07914118 0.00182934 0.00180892
0.6502803 0.10698359 0.10510396 0.00287117 0.00283135
0.7540016 0.12734536 0.12522962 0.00392710 0.00388561
0.8577229 0.14302840 0.14075109 0.00499490 0.00494348
0.9614442 0.15474438 0.15247725 0.00602489 0.00598011
1.0651654 0.16315750 0.16096756 0.00700946 0.00697305
1.1688867 0.16862344 0.16662510 0.00792094 0.00790157
1.2726080 0.17150235 0.16974991 0.00874490 0.00874624
1.3763293 0.17200569 0.17057138 0.00946119 0.00948860
1.4800505 0.17034783 0.16929883 0.01005662 0.01011097
1.5837718 0.16667645 0.16598508 0.01051302 0.01059629
1.6874931 0.16113251 0.16083575 0.01081633 0.01092799
1. 7912144 0.15382590 0.15391574 0.01094954 0.01108989
1.8949356 0.14485255 0.14530393 0.01090183 0.01106618
1.9986569 0.13430058 0.13506655 0.01065930 0.01084131
2.1023782 0.12223735 0.12325978 0.01020772 0.01039996
2.2060995 0.10873000 0.10993169 0.00953359 0.00972703
2.3098207 0.09383028 0.09512373 0.00861994 0.00880760
2.4135420 0.07759125 0.07887184 0.00745546 0.00762689
2.5172633 0.06005547 0.06120746 0.00602405 0.00617025
2.6209846 0.04125742 0.04215821 0.00431427 0.00442316
2.7247058 0.02123211 0.02174852 0.00231204 0.00237119
2.8284271 0.00000000 0.00000001 0.00000000 0.00000000

Table 2: Stationary plunger (z=12.5)
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z r u v
numerical analytical numerical analytical

17.5 0.4062019 0.00000000 0.00000000 0.00000000 0.00000000
0.5042165 0.05480856 0.05366216 0.00086705 0.00080806
0.6022311 0.09785271 0.09599277 0.00170764 0.00170968
0.7002457 0.13264491 0.13001831 0.00268478 0.00267625
0.7982604 0.16082390 0.15776131 0.00365276 0.00368425
0.8962750 0.18383190 0.18042038 0.00467054 0.00471359
0.9942896 0.20242056 0.19884714 0.00566843 0.00574663
1.0923042 0.21730623 0.21365238 0.00664966 0.00676749
1.1903188 0.22888612 0.22528904 0.00760172 0.00776160

1.2883334 0.23756903 0.23410238 0.00851019 0.00871541
1.3833480 0.24359874 0.24036157 0.00936557 0.00961615
1.4843626 0.24722273 0.24428055 0.01015627 0.01045166
1.5823772 0.24860360 0.24603216 0.01087129 0.01121029
1.6803918 0.24790540 0.24575805 0.01150057 0.01188083
1.7784064 0.24524933 0.24357577 0.01203294 0.01245236
1.8764210 0.24075641 0.23958393 0.01245949 0.01291428
1.9744356 0.23451611 0.23386605 0.01277413 0.01325622
2.0724502 0.22662523 0.22649353 0.01296463 0.01346803
2.1704648 0.21715543 0.21752784 0.01302297 0.01353972
2.2684794 0.20617619 0.20702231 0.01293937 0.01346146
2.3664940 0.19375353 0.19502352 0.01270944 0.01322356
2.4645087 0.17994719 0.18157232 0.01231668 0.01281643
2.5625233 0.16480889 0.16670486 0.01175482 0.01223060
2.6605379 0.14838422 0.15045315 0.01101334 0.01145669
2.7585525 0.13070426 0.13284576 0.01008422 0.01048540
2.8565671 0.11181688 0.11390825 0.00896002 0.00930749
2.9545817 0.09174200 0.09366359 0.00762903 0.00791381
3.0525963 0.07051089 0.07213252 0.00607998 0.00629524
3.1506109 0.04813253 0.04933379 0.00429897 0.00444275
3.2486255 0.02462798 0.02528445 0.00227710 0.00234732
3.3466401 0.00000000 0.00000000 0.00000000 0.00000000

Table 3: Stationary plunger (z=17.5)
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z r u v
numerical analytical numerical analytical

22.5 0.4636809 0.00000000 0.00000000 0.00000000 0.00000000
0.5616531 0.06415887 0.06264787 0.00086129 0.00080999
0.6596252 0.11590391 0.11333842 0.00167939 0.00170926
0.7575973 0.15865416 0.15511650 0.00262630 0.00267366
0.8555694 0.19410418 0.18991054 0.00355933 0.00368318
0.9535416 0.22375548 0.21901936 0.00454596 0.00472069
1.0515137 0.24843795 0.24335955 0.00551839 0.00577114
1.1494858 0.26892846 0.26360214 0.00648506 0.00682097
1.2474579 0.28567787 0.28025319 0.00743745 0.00785781
1.3454301 0.29913678 0.29370377 0.00836392 0.00887015
1.4434022 0.30958165 0.30426235 0.00926031 0.00984722
1.5413743 0.31729208 0.31217658 0.01011206 0.01077877
1.6393464 0.32245388 0.31764826 0.01091388 0.01165503
1.7373186 0.32525692 0.32084403 0.01165618 0.01246663
1.8352907 0.32583205 0.32190305 0.01233208 0.01320447
1.9332628 0.32431169 0.32094280 0.01293668 0.01385975
2.0312349 0.32080378 0.31806328 0.01345893 0.01442389
2.1292071 0.31541416 0.31335037 0.01388962 0.01488850
2.2271792 0.30823506 0.30687836 0.01422227 0.01524535
2.3251513 0.29934418 0.29871193 0.01444978 0.01548636
2.4231234 0.28880815 0.28890776 0.01456619 0.01560359
2.5210956 0.27670383 0.27751575 0.01456365 0.01558920
2.6190677 0.26309676 0.26458014 0.01443481 0.01543544
2.7170398 0.24806050 0.25014028 0.01416831 0.01513467
2.8150119 0.23163277 0.23423131 0.01375905 0.01467931
2.9129841 0.21388544 0.21688478 0.01319873 0.01406186
3.0109562 0.19484376 0.19812913 0.01248264 0.01327489
3.1089283 0.17456564 0.17799004 0.01159691 0.01231100
3.2069004 0.15307852 0.15649080 0.01054063 0.01116287
3.3048726 0.13041408 0.13365258 0.00930391 0.00982322
3.4028447 0.10659419 0.10949477 0.00787307 0.00828489
3.5008168 0.08164172 0.08403502 0.00623908 0.00654042
3.5987889 0.05555774 0.05728957 0.00439018 0.00458291
3.6967611 0.02834508 0.02927329 0.00231445 0.00240514
3.7947332 0.00000000 0.00000000 0.00000000 0.00000000

Table 4: Stationary plunger (z=22.5)
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t r u v
numerical analytical numerical analytical

0.0 0.2000000 -1.00000000 -1.00000000 0.00000000 0.00000000
0.2993034 -0.68033635 -0.68097749 0.00755597 0.00790761
0.3986068 -0.46072692 -0.46289220 0.01307066 0.01353560
0.4979102 -0.29868799 -0.30251876 0.01807428 0.01796599
0.5972136 -0.17764421 -0.18053976 0.02138411 0.02153388
0.6965170 -0.08338303 -0.08663081 0.02459253 0.02435420
0.7958204 -0.01203482 -0.01462123 0.02645028 0.02645647
0.8951238 0.04134030 0.03947285 0.02788648 0.02783084
0.9944272 0.07934411 0.07837345 0.02845688 0.02844696
1.0937306 0.10421033 0.10402314 0.02820255 0.02826276
1.1930340 0.11722741 0.11785686 0.02702932 0.02722907
1.2923374 0.11972267 0.12096472 0.02508253 0.02529208
1.3916408 0.11248808 0.11419431 0.02210680 0.02239487
1.4909442 0.09635865 0.09821774 0.01817220 0.01847832
1.5902476 0.07186430 0.07357694 0.01318038 0.01348173
1.6895510 0.03964005 0.04071525 0.00715579 0.00734322
1.7888544 0.00000000 0.00000001 0.00000000 0.00000000

0.1 0.2024846 -1.00000000 -1.00000000 0.00000000 0.00000000
0.3016327 -0.68053474 -0.68178183 0.00851489 0.00781394
0.4007808 -0.46124119 -0.46357291 0.01411692 0.01342025
0.4999289 -0.29913501 -0.30285688 0.01799619 0.01785796
0.5990770 -0.17734893 -0.18050838 0.02163575 0.02144821
0.6982251 -0.08310762 -0.08626618 0.02462903 0.02429906
0.7973732 -0.01133602 -0.01398168 0.02645184 0.02643566
0.8965214 0.04219670 0.04032201 0.02797589 0.02784492
0.9956695 0.08034339 0.07936595 0.02853763 0.02849384
1.0948176 0.10527143 0.10509411 0.02831250 0.02833812
1.1939657 0.11829666 0.11894370 0.02720777 0.02732654
1.2931138 0.12072710 0.12200734 0.02520208 0.02540345
1.3922619 0.11339547 0.11513510 0.02223991 0.02251019
1.4914100 0.09710046 0.09900137 0.01827841 0.001858603
1.5905582 0.07241487 0.07415014 0.01327815 0.01356867
1.6897063 0.03991685 0.04102669 0.00720653 0.00739475
1.7888544 0.00000000 -0.00000001 0.00000000 0.00000000

Table 5: Moving plunger (t=O.O, 0.1)
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t r u v
numerical analytical numerical analytical

0.2 0.2049390 -1.00000000 -1.00000000 0.00000000 0.00000000
0.3039337 -0.68130131 -0.68255780 0.00861211 0.00772409
0.4029284 -0.46214852 -0.46422735 0.01379861 0.01330985
0.5019232 -0.29931829 -0.30317595 0.01790882 0.01775509
0.6009179 -0.17723055 -0.18046531 0.02159880 0.02136748
0.6999126 -0.08270968 -0.08589629 0.02455780 0.02424835
0.7989073 -0.01069380 -0.01334212 0.02646248 0.02641860
0.8979020 0.04303310 0.04116715 0.02798179 0.02786196
0.9968967 0.08136194 0.08035147 0.02858363 0.02854289
1.0958914 0.10633774 0.10615614 0.02839404 0.02841485
1.1948861 0.11937372 0.12002056 0.02730548 0.02742466
1.2938808 0.12174543 0.12303981 0.02235317 0.02551487
1.3928755 0.11430487 0.11606634 0.02235317 0.02262512
1.4918703 0.09784835 0.09977679 0.01838048 0.01873820
1.5908650 0.07296140 0.07471724 0.01335571 0.01365490
1.6898597 0.04021432 0.04133348 0.00725440 0.00744578
1.7888544 0.00000000 0.00000001 0.00000000 0.00000000

0.3 0.2073644 -1.00000000 -1.00000001 0.00000000 0.00000000
0.3062075 -0.68276724 -0.68330686 0.00723806 0.00763783
0.4050507 -0.46260069 -0.46485684 0.01253412 0.01320409
0.5038938 -0.29956171 -0.30347688 0.01776016 0.01765707
0.6027369 -0.17746811 -0.18041112 0.02110991 0.02129136
0.7015800 -0.08217862 -0.08552141 0.02443617 0.02420177
0.8004232 -0.01003843 -0.01270256 0.02640946 0.02640502
0.8992663 0.04394218 0.04200839 0.02794062 0.02788176
0.9981094 0.08234953 0.08133027 0.02861243 0.02859393
1.0969525 0.10741983 0.10720957 0.02844061 0.02849283
1.1957956 0.12045492 0.12108784 0.02738034 0.02752337
1.2946388 0.12278774 0.12406252 0.02541945 0.02562630
1.3934819 0.11522601 0.11698842 0.02244739 0.02273962
1.4923250 0.09861646 0.10054438 0.01848653 0.0189944
1.5911681 0.07349883 0.07527849 0.01342859 0.01374044
1.6900113 0.04052080 0.04163958 0.00730193 0.00749632
1.7888544 0.00000000 0.00000000 0.00000000 0.00000000

Table 6: Moving plunger (t=0.2, 0.3)
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t r u v
numerical analytical numerical analytical

0.4 0.2097618 -1.00000000 -1.00000000 0.00000000 0.00000000
0.3084550 -0.68341095 -0.68403034 0.00716740 0.00755495
0.4071484 -0.46323618 -0.46546251 0.01245064 0.01311027
0.5058416 -0.29982721 -0.30376049 0.01765839 0.01756360
0.6045349 -0.17738465 -0.18034634 0.02104870 0.02121957
0.7032282 -0.08177779 -0.08514179 0.02438895 0.02415905
0.8019215 -0.00937786 -0.01206305 0.02640613 0.02639469
0.9006148 0.04479829 0.04284587 0.02796329 0.02790412
0.9993081 0.08333610 0.08230259 0.02866628 0.02864680
1.0980014 0.10847188 0.10825474 0.02851977 0.02857196
1.1966947 0.12150990 0.12214592 0.02747851 0.02762258
1.2953879 0.12378733 0.12507586 0.02552903 0.02573770
1.3940812 0.11612023 0.11790171 0.02256052 0.02285371
1.4927745 0.09935474 0.10130443 0.01351108 0.01890516
1.5911468 0.07403256 0.07583407 0.01351108 0.01382530
1.6901611 0.04080715 0.04194131 0.00734999 0.00754639
1.7888544 0.00000000 0.00000001 0.00000000 0.00000000

0.5 0.2121320 -1.00000000 -1.00000002 0.00000000 -0.00000000
0.3106772 -0.68386678 -0.68472948 0.00716900 0.00747524
0.4092223 -0.46364120 -0.46604549 0.01264057 0.01300539
0.5077675 -0.30012910 -0.30402757 0.01762320 0.01747440
0.6063126 -0.17717442 -0.18027143 0.02104507 0.02115184
0.7048578 -0.08138396 -0.08475766 0.02439917 0.02411995
0.8034029 -0.00871277 -0.01142362 0.02640769 0.02638740
0.9019481 0.04564832 0.04367972 0.02802525 0.02792885
1.0004932 0.08429876 0.08326866 0.02874114 0.02870138
1.0990384 0.10949542 0.10929195 0.02861766 0.02865213
1.1975835 0.12253600 0.12319512 0.02758968 0.02772224
1.2961286 0.12476150 0.12608020 0.02564778 0.02584905
1.3946738 0.11699252 0.11880652 0.02267546 0.02296737
1.4932189 0.10007671 0.10205722 0.01869493 0.01901026
1.5917641 0.07455430 0.07638424 0.01359171 0.01390950
1.6903092 0.04109003 0.04224004 0.00739708 0.00759602
1.7888544 0.00000000 -0.00000001 0.00000000 0.00000000

Table 7: Moving plunger (t=O.4, 0.5)
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t r u v
numerical analytical numerical analytical

0.6 0.2144761 -1.00000000 -1.00000000 0.00000000 0.00000000
0.3128748 -0.68404756 -0.68540541 0.00823197 0.00739852
0.4112734 -0.46439655 -0.46660678 0.01337776 0.01291194
0.5096720 -0.30035986 -0.30427884 0.01755239 0.01738921
0.6080707 -0.17683325 -0.18018686 0.02132987 0.02108792
0.7064693 -0.08108526 -0.08436924 0.02440599 0.02408424
0.8048680 -0.00804176 -0.01078428 0.02644826 0.02638394
0.9032666 0.04646577 0.04451004 0.02809416 0.02795580
1.0016652 0.08529158 0.08422871 0.02881712 0.02875753
1.1000639 0.11052255 0.11032149 0.02872663 0.02873324
1.1984625 0.12357273 0.12423579 0.02771304 0.02782228
1.2968612 0.12573090 0.12707585 0.02576502 0.02596032
1.3952598 0.11786454 0.11970320 0.02280575 0.02308060
1.4936585 0.10078302 0.10280302 0.01879318 0.01911472
1.5920571 0.07508391 0.07692921 0.01368181 0.01399307
1.6904557 0.04135549 0.04253589 0.00744482 0.00764520
1.7888544 0.00000000 0.00000001 0.00000000 0.00000000

0.7 0.2144761 -1.00000000 -1.00916777 0.00000000 0.00000000
0.3128748 -0.68404756 -0.69176736 0.00682554 0.00732462
0.4112734 -0.46439655 -0.47101437 0.01174116 0.01282213
0.5096720 -0.30035986 -0.30723333 0.01738006 0.01730780
0.6080707 -0.17683325 -0.18202714 0.02114875 0.02102758
0.7064693 -0.08108526 -0.08534548 0.02423171 0.02405171
0.8048680 -0.00804176 -0.0110928.5 0.02634595 0.02638114
0.9032666 0.04646577 0.04470787 0.02802685 0.02798481
1.0016652 0.08529158 0.08479585 0.02883819 0.02881513
1.1000639 0.11052255 0.11113821 0.02877247 0.02881522
1.1984625 0.12357273 0.12519526 0.02778772 0.02792265
1.2968612 0.12573090 0.12808105 0.02586600 0.02607147
1.3952600 0.11786454 0.12066481 0.02289784 0.02319340
1.4936585 0.10078302 0.10363780 0.01889678 0.01921858
1.5920571 0.07508391 0.07755886 0.01375247 0.01407603
1.6904557 0.04135549 0.04288617 0.00749103 0.00769396
1.7888544 0.00000000 -0.00000001 0.00000000 0.00000000

Table 8: Moving plunger (t=0.6, 0.7)
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time interval pressure (in bar)
t = 0.0 [1.00 - 2.00] 2.421403

[1.04 - 2.00] 2.350656
[1.08 - 2.00] 2.257327
[1.12 - 2.00] 2.157960
[1.16 - 2.00] 2.055354
[1.20 - 2.00] 1.950986
[1.24 - 2.00] 1.845766
[1.28 - 2.00] 1.740303
[1.32 - 2.00] 1.635021
[1.36 - 2.00] 1.530224
[1.40 - 2.00] 1.426134
[1.44 - 2.00] 1.322915
[1.48 - 2.00] 1.220686
[1.52 - 2.00] 1.119534
[1.56 - 2.00] 1.019523
[1.60 - 2.00] 0.920697
[1.64 - 2.00] 0.823086
[1.68 - 2.00] 0.726707
[1.72 - 2.00] 0.631570
[1.76 - 2.00] 0.537677
[1.80 - 2.00] 0.445025
[1.84 - 2.00] 0.353606
[1.88 - 2.00] 0.263409
[1.92 - 2.00] 0.174420
[1.96 - 2.00] 0.086623
[2.00 - 2.00] 0.000000

Table 9: Pressure at t = 0.0 in the fluid (initial fluid level at z = 2), obtained
by integration of the pressure gradient along the interval [... - 2.00].
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time interval pressure (in bar)
t = 0.1 [0.900000 - 2.000827] 2.882149

[0.944033 - 2.000827] 2.793161
[0.988066 - 2.000827] 2.676089
[1.032099 - 2.000827] 2.552107
[1.076132 - 2.000827] 2.424837
[1.120165 - 2.000827] 2.296152
[1.164199 - 2.000827] 2.167178
[1.208232 - 2.000827] 2.038638
[1.252265 - 2.000827] 1.911019
[1.296298 - 2.000827] 1.784653
[1.340331 - 2.000827] 1.659768
[1.384364 - 2.000827] 1.536518
[1.428397 - 2.000827] 1.415006
[1.472430 - 2.000827] 1.295299
[1.516463 - 2.000827] 1.177433
[1.560496 - 2.000827] 1.061425
[1.604529 - 2.000827] 0.947278
[1.648563 - 2.000827] 0.834981
[1.692596 - 2.000827] 0.724516
[1. 736629 - 2.000827] 0.615857
[1.780662 - 2.000827] 0.508975
[1.824695 - 2.000827] 0.403837
[1.868728 - 2.000827] 0.300408
[1.912761 - 2.000827] 0.198651
[1.956794 - 2.000827] 0.098.528
[2.000827 - 2.000827] 0.000000

Table 10: Pressure at t = 0.1 in the fluid (initial fluid level at z = 2), obtained
by integration of the pressure gradient along the interval [... - 2.000827].
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time interval pressure (in bar)
t = 0.2 [0.800000 - 2.001734] 3.413067

[0.848070 - 2.001734] 3.300636
[0.896139 - 2.001734] 3.153368
[0.944208 - 2.001734] 2.998505
[0.992278 - 2.001734] 2.840717
[1.040347 - 2.001734] 2.682345
[1.088416 - 2.001734] 2.524735
[1.136486 - 2.001734] 2.368712
[1.184555 - 2.001734] 2.214793
[1.232624 - 2.001734] 2.063303
[1.280694 - 2.001734] 1.914440
[1.328763 - 2.001734] 1.768315
[1.376832 - 2.001734] 1.624983
[1.424902 - 2.001734] 1.484457
[1.472971 - 2.001734] 1.346722
[1.521041 - 2.001734] 1.211743
[1.569110 - 2.001734] 1.079470
[1.617179 - 2.001734] 0.949845
[1.665249 - 2.001734] 0.822804
[1.713318 - 2.001734] 0.698279
[1. 761387 - 2.001734] 0.576198
[1.809457 - 2.001734] 0.456492
[1.857526 - 2.001734] 0.339089
[1.905596 - 2.001734] 0.223919
[1.953665 - 2.001734] 0.110911
[2.001734 - 2.001734] 0.000000

Table 11: Pressure at t = 0.2 in the fluid (initial fluid level at z = 2), obtained
by integration of the pressure gradient along the interval [... - 2.001734].
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