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Abstract A methodology for the characterization of
particle structures, especially networks, is developed.
This scheme combines 3D image analysis techniques
with graph theory tools for the simplification of a struc-
ture of thick agglomerates to its skeleton. The connec-
tivity graph of the initial structure is compared with
the one of the corresponding skeleton, as a measure of
simplification. Examples are used to illustrate the ef-
fectiveness of our scheme. Particle structures obtained
by Brownian Dynamics simulations are characterized
qualitatively and quantitatively. Instead of looking at
the characteristics of the structure at the level of the
individual particles or neighborhoods of particles, our
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scheme results in quantitative measures of the network,
e.g. the number density of branch-points, the degree of
branch-points, and the thickness and the orientation of
the branches.

1 Introduction

Suspensions of particles have been a matter of scien-
tific interest since the beginning of the 20th century
[1, 2]. These systems have a lot of applications, e.g. in
the food industry [3], cosmetics [4], medicine [5] , wa-
ter treatment [6], paint [7], and ceramics [8]. Their mi-
crostructure is interesting both from a scientific and an
industrial point of view. The microstructure determines
the macroscopic properties of the suspension, especially
the mechanical ones [9, 10]. In the following, we focus on
the characterization of the microstructure of this kind
of systems, and especially of network structures.

Many techniques have been used for the characteri-
zation of the arrangement of the suspended particles in
a suspension, often using only two-particle correlations.
The most common is the pair-correlation function, g(r)
[11, 12, 13, 14, 15, 16], and related to that the frac-
tal dimension [17, 18]. The radial pair-correlation func-
tion is a powerful tool that quantifies the distribution
of the inter-particle distances, which, however, give an
accurate description only if the structure is homoge-
neous and spherically symmetric. The cylindrical pair-
correlation function in two dimensions is another exam-
ple [19, 20]. To quantify the orientation of the connector
vector between any two bonded particles, the second
Legendre polynomial, S2 [20], is used, which quantifies
the orientation of the bond direction with respect to an
external (imposed) direction.
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The information obtained by studying the relative
arrangement of only two particles is many times insuf-
ficient, so a variety of techniques have been developed
concerning the nearest neighbors (O(10)) of particles.
The Voronoi tessellation is a characterization technique,
which is used in various kinds of systems [21, 22, 23, 24,
25], particularly, for the characterization of glass form-
ing polymers [26] and in the context of self assembly
[27]. For the Voronoi polyhedra, one can quantify their
coordination number, the so-called isoperimetric quo-
tient, and the principal moments of inertia [28], which
in turn are used for defining measures for prolateness,
oblateness, and sphericity/uniformity. The Voronoi tes-
sellation, in combination with its dual Delaunay tes-
sellation [29], is used for determining voids, between
atoms or particles [30, 31]. Furthermore, adaptive com-
mon neighbor analysis in combination with neighbor
distance analysis are used mainly for crystalline sys-
tems [32], where the Voronoi polyhedra are highly per-
turbed by slight alternations of the coordinates. An-
other technique that provides information about the
heterogeneity of networks particularly on intermediate
length-scales is the Minkowski functionals or quermass
integrals [15], based on integral geometry. With this
technique, the heterogeneity and the pore-size distri-
bution can be analyzed on di↵erent length scales. An-
other analysis technique is based on the gyration tensor
[33, 20], calculated for certain clusters of particles, as
one can extract information about the size, shape [33],
and main orientation [20] of the cluster. Particularly, for
analyzing the arrangements of particles in colloidal gels,
various other techniques have been employed, namely,
the distributions of bond angle [13], angles in bonded
triangles [13, 32], length of straight paths [34], pore size
[35], and the contact distributions [16].

All the above methods require the positions of the
particles, although they are not always accessible ex-
perimentally. For low-volume fractions, the characteri-
zation of colloidal-particle structures can be performed
by electron microscopy [36, 37, 38, 39] or by static
scattering techniques [40, 41], where the latter are di-
rectly related to the pair-correlation function, g(r). In
denser systems, multiple scattering is observed, which
needs to be eliminated or at least limited, e.g., by cross-
correlation techniques [42, 43], index matching [44], or
complementary small-angle neutron scattering [45, 46].
The pore-size distribution can be measured in solids,
and even under certain conditions in fluids (Cryo-SEM)
[14, 47]. The most detailed local structural and dynam-
ical information in dense systems has recently been ob-
tained with confocal laser scanning microscopy. This di-
rect visualization technique has been used to study col-
loidal gels and glasses [48, 49, 50, 51] via time-resolved

determination of the three-dimensional positions of the
particles.

Many characteristics of the particle arrangement can
be obtained by the techniques summarized before, how-
ever, in networks other features are of interest as well.
Networks are observed in colloidal suspensions [13], neu-
ral systems [52], polymers [53] and elsewhere [54]. The
characterization of colloidal networks could give some
insight about the microscopic characteristics that gov-
ern the properties of network as a whole, i.e. mechani-
cal properties [9], and transport properties through the
network itself [55] and through the suspending medium
[56]. For networks, the amount of branch-points (BP),
the degree of BP (how many branches emerge form a
BP), the thickness of the branches, the existence of per-
colation, and the number of clusters are key features.
These features can be assessed qualitatively by visual
inspection (“pattern recognition”), however, it is di�-
cult to perform a quantitative analysis of networks with
thick branches and BP in an automated way. To identify
the essence of the structure by exploring the character-
istics of the neighborhoods of particles (Voronoi) or by
cluster analysis turns out to be cumbersome, if not im-
possible, due to the extensive thickness of the structures
(too many particles, with Voronoi cells of small vol-
ume and isotropic shape); the essential features of the
structure are actually blurred by the multitude of par-
ticles. It is proposed in this paper to analyze such thick
structures by a combination of an image analysis tech-
nique called skeletonization [57, 54], and a connectivity
graph analysis [58]. Analysis techniques for connectiv-
ity graphs have been developed and used extensively in
the past [59, 60], however, rather than simplifying the
connectivity graph of the structure, we apply a simpli-
fication on the actual structure. Given the 3D image
of a structure, the skeletonization technique makes use
of a parallel medial thinning algorithm [61] for the re-
duction/thinning of the structure to an infinitely thin
representation. The characterization of osteocytes has
already been performed with this kind of techniques
[57, 54], although it is also used for other applications,
e.g., testing the geometry of porous media obtained by
3D printing [62]. Assessment of the local thickness of
particle-structures is possible, defined in terms of the
sphere of maximum radius that fits in the structure at
that point [63]. The connectivity of the final structure
can be simplified using tools of connectivity-graph anal-
ysis. The simplification can result to a totally simplified
graph, highlighting the essential connectivity between
the nodes/particles. As totally simple graph, we define
the graph that has zero global and local clustering co-
e�cients.
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In this work, an e↵ort towards the complete quan-
titative characterization of particle networks is made,
especially when thick sub-structures are present. The
full detail on the particulate level is going to be trans-
lated to the network level, leading to a simplified skele-
ton where BP and branches can be quantified easily.
This paper is organized as follows. First, our scheme
for structure simplification is introduced in Sec. 2, dis-
cussing in detail also the pre- and post-processing of
the structure. After introducing characterization tools
for the skeletonized network-structure in Sec. 3, the
procedure is validated on some characteristic examples
in Sec. 4. The e↵ect of resolution when converting the
particle-structure into a 3D binary (voxel) representa-
tion is examined in Sec. 5. In Sec. 6 configurations ob-
tained by Brownian Dynamics (BD) simulations [64]
with di↵erent interaction potentials are analyzed and
compared. Conclusions are drawn in Sec. 7.

2 Method of simplification of thick networks

In this section, we introduce a technique for the reduc-
tion of a network of particles to the bare skeleton of
the actual structure. For that purpose, we employ an
already developed method called skeletonization [54].
In this section, we describe the methodology we use,
with all the steps presented in the flowchart in Fig. 1.
The procedure includes some pre-processing steps, the
creation of a 3D binary image, and the actual skele-
tonization process, where the actual reduction of the
structure happens, see Subsec. 2.1. The result of this
process is a skeleton (backbone of filled voxels) in the
form of a 3D binary image. This skeleton is subjected to
refining or simplification, see Subsec. 2.2, before the ac-
tual quantitative characterization of the network takes
place.

2.1 Skeletonization

In this section, the 3D image creation and skeletoniza-
tion of our structures is described. Our purpose is to
characterize structures of particles obtained by particle-
based simulations. However, the method can be also ap-
plied to configurations obtained by experimental tech-
niques [36, 54]. In the rest of this section, the steps
that are necessary for numerically-obtained structures
are discussed, and a distinction is made as far as the
experimental configurations is concerned.

Initially, an empty 3D mesh tessellating the simula-
tion box is drawn and a blank (all voxels set equal to
zero) binary image is created. For the discretization, the
voxel size is chosen such that the radius of the particles

Rp is commensurate to 10 voxels, i.e., Rp = 10 avox,
with avox being the edge length of the voxel. The vol-
ume of a particle is represented by the voxels whose
centers are separated from the center of the particle by
less than 1.10Rp, see Fig. 2b. Additionally, particles
that are bonded (condition for a bond between parti-
cles i and j is |rij |  2.20Rp in our case, where rij is the
inter-particle vector) are represented by an additional
cylinder of diameter 2.20Rp, between the bonded par-
ticles, see Fig. 2b. The reason for choosing the diameter
of the particles slightly larger than the actual value is
to create su�ciently solid necks between bonded par-
ticles. Empty voxels between bonded particles are un-
wanted, as such empty voxels would result in artifacts,
since the thinning process (in the skeletonization) is
initiated from the empty voxels next to the surface. All
the bond-cylinders are introduced to avoid empty vox-
els between closely packed particles, e.g., close random
packing. The intention is that closely packed particles
appear as one body in the skeletonization process, to
avoid any empty voxels between the particles. Another
reason for choosing this bond-length originates from
the interaction potential used to generate the structure:
the ratio U exv/kBT is lower than 10% at a distance of
2.2Rp, where U exv is the excluded volume potential and
kBT , the thermal energy. In case of polydisperse sys-
tems, the above procedure would have to be amended.
For any pair of particles with radii Rp,i and Rp,j , a
bond should be identified if the inter-particle distance
satisfies the condition |rij |  1.10 (Rp,i + Rp,j). And,
the cylinder representative of the bond should have a
diameter equal to the diameter of the smaller of the two
particles.

There is still a chance of finding empty voxels be-
tween closely packed particles in the form of cavities, a
cavity being a domain of empty voxels that is smaller in
extent, in every direction, than the size of the periodic
simulation box. Cavities inside the structure create a
surface of voxels after the skeletonization. Despite the
fact that cavities are of large topological significance
[65, 66, 67], in the systems studied in this paper (i.e.,
colloidal particles structures) only cavities between par-
ticles in close distances are expected. As this is not of
interest in this paper, these cavities are filled, see Fig.
2c. In order to assess the severity of filling the cavities,
their number density and volume fraction are quanti-
fied,

nc =
Nc

Np
, (1)

�c =
Vc

V
, (2)

before actually applying the filling. Here, Nc is the total
number of cavities and Np is the number of primary
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Fig. 1: Flowchart of the basic steps of our methodology.

particles, while Vc is the total volume of all the cavities
and V is the volume of the box. Normalized in this
way, the quantities are defined in a way that they are
independent of the size of the box.

As already mentioned, the steps necessary for pro-
cessing experimentally obtained structures are also dis-
cussed. The only step that is necessary for experimental
results is the last one concerning the filling of the cav-
ities. This step is related to the technique with which
the structure has been measured, and an appropriate
choice needs to be made with respect to the filling of
cavities. The reason cavities are unwanted during the
skeletonization process were mentioned earlier. Another
experimental issue is the noise of the image, and small
artefacts created by the method with which the image
is obtained [54].

After representing the actual structure as a 3D bi-
nary image, we use a 3D medial axis thinning algorithm
[61] for reducing it to a one-voxel-thick skeleton. This
technique is used to determine network structures in
biological systems [57, 54]. It was developed for non-
periodic systems. However, we intend to use it for con-
figurations that comply with periodic boundary condi-
tions. To avoid issues of periodicity, we use as an input
an image that has an edge length of 2L, where L is the
box-length or the primary structure. Our primary box
is located exactly in the middle of the image, and it
has an extra layer of L/2 thickness in every direction
which is created by using periodic images of the pri-
mary box. The e↵ect of choosing the thickness of the
extra layer di↵erent from L/2 is not studied further in
this paper, because the structures we will be analyzing

have their characteristic features on length scales sig-
nificantly smaller than L/2, and so this choice is not
expected to lead to any limitation. The output of the
skeletonization is a 3D binary image, where the skele-
ton is represented by the filled voxels, which are located
on a cubic grid. Finally, the actual skeleton is obtained
by deleting the extra-layers of thickness L/2 from the
primary box.

2.2 Simplification of a skeleton

As already mentioned, the skeleton needs post-processing
after the skeletonization. Of highest importance in a
network is the existence and location of branch-points
(BP). To this end, we identify the neighboring vox-
els by applying a distance criterion for defining bonds,
rcut = 1.05

p
3 avoxel. To locate the neighboring voxels

of a skeleton voxel, one should check if some of the 26
neighboring voxels (implied by the grid) also belong to
the skeleton. The criterion thus covers the neighbors
with a common face, edge, or corner (maximum dis-
tance of

p
3 avoxel). However, there are some issues aris-

ing from this, admittedly natural, choice of a distance
criterion. The problem is that if two branches emanate
from a common point, there is a high probability that
the first voxels of the branches heading out from the
BP are also neighbors to each other. This means that
there will be small triangles of bonded voxels. This is
unwanted, as this would eventually result in more than
one branch-point on the length scale of one primary
particle’s radius, i.e. voxel length. Therefore, one must
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(a)

(b)

(c)

Fig. 2: (a) Schematic representation of the initial struc-
ture of particles (blue), in a cubic grid. (b) Configura-
tion of the particles (blue circles), and binary represen-
tation (squares). The blue squares are part of a particle
and the red ones part of a bond. (c) Same configuration
as in (b), where the pixels belonging to a cavity have
been filled (green squares).

post-process the skeleton to simplifying it in this re-
spect.

Identification of the BPs proceeds along the follow-
ing steps. First, we determine the voxels that have more
than two bonds, and the connectivity between these
voxels, see Fig. 3. If there are connected components in
this graph, we replace them by one voxel at the posi-
tion of the center of mass of the voxels that belong to
that component. This new voxel inherits the connectiv-

Fig. 3: Example of immediate connectivity between
branch-points of a skeletonized structure. Only the
branch-points and the connections between them are
depicted, while the rest of the voxels are ignored in this
graph. The colors indicate the di↵erent clusters of con-
nected branch-points.

ity/bonds from its “parents”, where “parents” are the
voxels that it is replacing. Then, we reproduce the skele-
ton with the updated voxels and bonds. The reproduced
skeleton may contain triangles of voxels, which relate to
a few voxel branches attached to BPs of the skeleton. If
there are triangles in the graph, we replace them with
one voxel in their center of mass. This new voxel inherits
the connectivity/bonds from its “parents”. In the case
that long bonds are created by the replacement process,
we try to shorten these bonds. For this purpose, we add
voxels in the middle of the inter-voxel separation vec-
tor (bond), if rbond > 2 avoxel, so that rbond 

p
3 avoxel.

Finally, one does not want several BPs in a volume oc-
cupied by a single primary particle, so an additional
step is needed for the proper quantification of the BPs,
see Sec. 3.

In the end, three smoothing steps are applied to the
resulting skeleton, where the position of all the voxels
that have two bonds is altered according to

r
new
i = wri + (1� w)

ri�1 + ri+1

2
, (3)

where i± 1 denotes the connected voxels, and w is the
weight of the smoothing step, in our case w = 1/3. If
w = 0, the position of the voxel moves exactly in be-
tween the two voxels, and if w = 1, the voxel stays
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at its original position. The reason why one should ap-
ply some smoothing steps is that the position of the
skeleton voxels is dictated by the grid of the binary im-
age used during skeletonization. The smoothing steps
help to get rid of unnatural kinks in the skeleton. How-
ever, a large number of smoothing steps would result
in shrinkage of closed structures, as for example circles,
and other unwanted distortions of the structure.

2.3 Quantification of simplification

Before we proceed with applying the simplification, we
introduce the global and local clustering coe�cients for
estimating the complexity of the connectivity graph.
The global clustering coe�cient is defined by the num-
ber of triangles divided by the number of triads present
in the graph [68, 69]. The local clustering coe�cient of
a node is the number of connections between its neigh-
bors, divided by the amount of potential connections
between its neighbours. It becomes unity on a fully con-
nected graph (every vertex is connected to every other
vertex) and has typical values ranging from 0.1 to 0.5
in many small-world real-life networks [70].

By following the simplification procedure presented
in Secs. 2.1,2.2, we obtain a skeleton of the simplest pos-
sible connectivity, i.e., there are no parallel edges, trian-
gular connections, etc. All the closed triangles, and in-
terconnected 3-bonded voxels have been simplified. The
e↵ectiveness of the simplification is investigated with
the global clustering coe�cient and the bonds per par-
ticle/voxel. The global clustering coe�cient, and also
the local clustering coe�cient of the nodes, has a finite
value on the initial connectivity graphs of the struc-
tures. However, after the application of our simplifica-
tion scheme these measures (both global and local clus-
tering coe�cient) drop to zero, which corresponds to
the disappearance of triangles or complex connections,
between the nodes. So our final connectivity is far sim-
pler than the initial one. The bonds per voxel is reduced
in comparison to the bonds per particle, as a result of
the simplification.

2.4 Particle-to-voxel transition

The structures targeted for simplification are structures
of particles of certain size. However, for turning the
structure to a 3D-binary image, a certain resolution,
avoxel, has to be chosen. This resolution should be ca-
pable of capturing the characteristics of the structure
microscopically, and be able to roughly represent the
spherical surfaces in terms of general shape (i.e., mul-
tiple voxels per surface of one particle). To this end,

the resolution of the binary image should be much finer
than the particle-size, which means that multiple voxels
in a row are needed to span the diameter of a primary
particle. Conclusively, the resulting simplified skeleton
has significantly more voxels in absolute numbers than
primary particles. That being said, one should note that
the skeletonized structure is less complex than the orig-
inal one, as the reduction of the clustering coe�cients
shows (see Subsec. 2.3).

3 Characterization of a simplified skeleton

The structure of the totally simplified, and thus easier
to characterize, skeleton described in Sec. 2 is quanti-
fied in terms of branch-points (BP) (number density,
degree), branches (thickness, orientation), existence of
percolation, and number of clusters. Details concerning
these characteristics are given in the following.

The BPs are identified by the number of their bonds
to neighboring voxels in the simplified skeleton. Every
voxel bearing three or more bonds is identified as a BP.
As already mentioned in Subsec. 2.2, it is unphysical
to have more than one BP in a volume occupied by a
single primary particle, however, this artefact can arise
due to the skeletonization procedure (during the reduc-
tion of the medial surface to the medial axis, the paths
created depend on the resolution and the noise of the
medial surface ) [61]. To avoid such unphyisical situa-
tions, we proceed as follows. We identify the BPs that
have |rIJ |  2Rp, where indices I, J refer to BPs, and
we introduce bonds between these BPs. We neglect the
rest of the skeleton (voxels that are not BPs), and then
the independent clusters of this new connectivity graph
are counted as BPs. This step is needed due to the na-
ture of the technique and the structures of particles.
Similarly it has been found [61] that when a noisy bi-
nary image is skeletonized, first one obtains the medial
surface, and then this can be reduced to the medial
axis, although the medial axis for di↵erent resolution
is influenced by the noise on the surface. Therefore, a
plane where all the voxels have one of the three coor-
dinates (x, y, z) equal, will be reduced to one branch,
however, the same surface with noisy voxel positions is
going to create multiple branches. This problem is more
prominent when curved planes are present. In this pa-
per, only the medial axis is used, and not the medial
surface. After this BP-reduction step, the number den-
sity of branch points per volume is given by

nBP =
NBP

Np
, (4)

where NBP is the absolute number of BPs, and Np is
the again amount of primary particles. By way of its
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normalization, nBP is independent of system size. In
addition, also the average degree of the BPs can be
studied, hdBPi. The degree of a BP, dBP, is defined as
the number of bonded voxels in the simplified skele-
ton. For the BPs that are replaced during the final step
(several BPs inside a primary particle), we use the aver-
age degree of the replaced BPs as the degree of the new
BP. The di↵erence of the average degree of the replaced
BPs with the actual degree of the new BP is insignif-
icant for the structures studied in this paper. These
numbers could di↵er in some specific cases, e.g. a BP
with large volume and few branches emerging from it;
in this situation, the averaged degree would be larger
due to the complicated connections emerging from the
skeletonization of the BP, while the degree of the re-
placed BP would be the number of branches emerging
from it.

The characterization of the branches of a network
has two components. The first one concerns quantifying
the local orientation of the branch, and the second is
the estimation of its thickness. The orientation is de-
fined as êi = (ri�2 � ri+2)/|ri�2 � ri+2| for every voxel
i, where i is neither a BP nor directly connected to a
BP, and the notation i ± 2 refers to the next-nearest
neighbors along the branch. This definition of the ori-
entation is such that is forward-backward symmetric.
Also, it is good to avoid defining orientations based on
the directly bonded voxels, since then only 26 discrete
directions (13 orientations) would be possible due to the
representation on a cubic grid. Choosing voxels that are
four bonds apart alleviates this problem substantially.
The resulting orientation is an approximation of the
tangent of the skeleton at the specific point. For the
estimation of the thickness of a branch, we consider the
orientation êi of the branch at that specific point on
the skeleton ri; in the plane perpendicular to that ori-
entation, we search (starting from the center, i.e., the
point on the skeleton) for the edge of the primary im-
age/structure, an idea similar to [71]. Specifically, a grid
with voxel size avoxel is created on the plane. The pix-
els on the plane/grid obtain their values with respect to
the nearest voxel belonging to the initial binary image,
see Fig. 4. The nearest to ri empty voxel is located,
and the thickness of the branch dB(i) = 2 dmin,i is cal-
culated for every i, where dmin,i is the distance between
ri and the nearest empty pixel. The average of all the
values, i.e. for all voxels belonging to a branch, will give
the average branch thickness, hdBi. This quantity will
be measured in units of Rp.

The orientation vector defined above and used for
the determination of the branch thickness can also be
used, obviously, to quantify the orientation distribution,
namely in terms of the second Legendre polynomial, S2,

defined as

S2,û(n̂) =
3

2
h(n̂ · û)2i �

1

2
, (5)

with orientation vectors n̂ of the skeleton and refer-
ence orientation û, both of unit length. S2 is an average
measure of the orientation with respect to a reference
orientation û. It takes the value �0.5 if the distribu-
tion of the orientation vector n̂ contains only vectors
perpendicular to û, it is zero if the distribution of the
orientation vector is isotropic, and it equals unity for a
distribution of orientation which contains only vectors
parallel to û . Often, the reference orientation is taken
one of the main directions x, y, z.

One could assume that, once the BP-reduction has
been applied, also the branches themselves would need
to be reduced. However, since the need for BP-reduction
originates from noise in the medial surface, the reduc-
tion of branches is not necessary, as they already belong
to the medial surface. As a consequence, we argue that
the results concerning thickness and orientation of the
branches will not be altered by reducing the branches.
For more details on this point, see Sec. 5.

The existence of percolation in each direction of the
box is also investigated. One tries to establish in-box
pairing between any two voxels that are close to two
opposite faces of the simulation box (“close to” imply-
ing that they have a bond crossing that respective face
of the box).

The number density of the number of clusters, ncl, is
defined by identifying the number of independent com-
ponents in a connectivity graph of the skeleton. This
quantity is reported again with the same normalization
as BP number density, Eq. 4.

4 Validation of the proposed procedure

Some example structures are used to explore the suit-
ability of the technique. The examples are chosen to
prove that the procedure outlined above can handle the
issues described in Introduction (i.e., the existence of
thick branches, thick BPs). Also, the possible existence
of cavities is covered in one of the examples. The conclu-
sions of this section serve as validation of the proposed
procedure for reducing particle-structures only, and no
further measurements or quantitative results about the
resulting skeleton are presented in this Section.

For the example structures, an FCC crystal struc-
ture is used to create them. Initially, the whole box is
filled in with an FCC crystal structure of points. The
di↵erent structures are then created with a distance
criterion from a line or circle. The resulting structures
of particles are a thick chain of particles, two hollow
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(a)

(b)

Fig. 4: (a) Example of skeleton structure (red), where specific voxels of skeleton (black) are indicated together
with the orientation vector defined by the skeleton at this point (green). (b) A zoomed-in view of the indicated
voxels, with the plane normal to skeleton-orientation vector.

structures: a ribbon with a tunnel in the middle and a
chain with a cavity in the middle, and finally a multi-
structure of a torus and a rounded cylinder. All the
structures presented in this Section are not obtained
by simulations of a physical system. They were created
as example structures to which our procedure can be
applied for testing.

All our structures have periodic boundary condi-
tions. However, some of the structures are smaller than
the box, i.e. they do not span the box in any direction.

4.1 Thick chain

A simple example, c.f. Fig. 5, is used to demonstrate the
technique. Indeed, the skeletonization technique man-
ages to reduce a thick chain of particles to a thin line of
voxels, as expected. One can observe the final skeleton
together with the initial image in Fig. 5b.

4.2 Hollow structures

A more complicated example of a ribbon with a tunnel,
see Fig. 6, is used to further test the technique. One can
observe the final skeleton in Fig. 6b. The structure is
successfully simplified, and the closed loop is preserved.

An example of a cylinder with a cavity inside, see
Fig. 7, is used to illustrate the importance of filling
cavities. The resulting skeletonized structure contains a
blob of voxels around the (original) cavity in the mid-
dle. This structure is unwanted for the characterization
of the skeleton, as explained earlier. This problem is
solved by filling the cavities that are not connected to
the planes of the box, i.e., by using the procedure de-
scribed in the previous section.

4.3 Torus and rounded cylinder

One can see three more complicated examples in Fig.
8. These examples contain a torus structure (thick ring
of particles) and a rounded cylinder structure. These
structures can be seen as separate structures in Fig.
8a, in contact at four di↵erent points in Fig. 8b, and in
total contact in Fig. 8c.

One can observe the di↵erence in the final skeleton
between the di↵erent initial images. In Fig. 8a, one can
see the two disconnected components of the skeleton.
The first is the simplification of the rounded cylinder
structure, and the second of the torus structure. The
shape of the skeleton thus properly represents the ini-
tial image. In Fig. 8b, one can see the same components
of the skeleton inter-connected. The connections are lo-
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(a) (b)

Fig. 5: Thick chain. (a) Original arrangement of particles (dark blue). (b) Corresponding skeleton (dark blue),
with superposed original particles (light blue).

(a) (b)

Fig. 6: Hollow structure. (a) Original arrangement of particles (dark blue). (b) Corresponding skeleton (dark blue),
with superposed original particles (light blue).

cated on the points of contact. In Fig. 8c, one can ob-
serve only a thin chain of voxels as skeleton. This hap-
pens because the two structures (torus and cylinder)
are expanded in such a way, that the whole structure
is a big agglomerate of voxels with no empty voxels,
neither tunnels nor cavities. This example is also a sign
that one should be careful with the creation of the ini-
tial image. The increase of the radius of the particles
should be done with care, since the structure may be
altered as in this case. The solution we propose is, as
detailed in the previous section, a slight increase of the
radius of the particles to avoid small gaps due to the

geometry of our primary particles, the introduction of
cylinders to the particles we consider as bonded, and
the coverage of the cavities of the structure.

5 Resolution analysis

In this section, we use a structure of an anisotropic
network structure, to examine how the results of the
structure quantification change upon variation of the
number of voxels used per particle radius. In particu-
lar, an initial assessment of the region of trust for the
resolution is made by computing the accessible volume.
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(a) (b)

Fig. 7: Thick chain with a cavity in the interior. (a) Original arrangement of particles (dark blue). (b) Corresponding
skeleton (dark blue) if cavity-filling is not employed, with superposed original particles (light blue); voxels with
more than two bonds in the skeletonised structure are colored green.

Afterwards, in addition to the resolution levels of 2, 5,
10 reported above, also the resolutions of 15, 20 and 25
voxels per particle radius (Rp) are studied.

The accessible or free volume of the structure is the
space that is not covered by a particle and is quantified
in an analytic/exact way by using the method devel-
oped by Dodd et al. [72], and is then compared with
the computed accessible volume (based on empty vox-
els) from binary images of di↵erent resolutions (2-30
voxels/radius) created from the same snapshot (stud-
ied in this section), in order to determine a region of
trust for the resolution, see Fig. 9. It is found that be-
yond a resolution of 10 voxels/radius, the value for the
accessible volume of the discretized image converges to
a value really close to the one calculated analytically.
The variations after a resolution of 10 voxels/radius are
small deviations originating from representing spherical
particles on a cubic grid. Therefore, a small deviation
(of O(0.01%)) of the numerical from the analytical re-
sult is to be expected, and can not be gotten rid of by
increasing the resolution further.

The results concerning the filling of the cavities can
be found in Fig 10, for the BP (number density, degree)
in Fig 11, for the branches (thickness, orientation) in
Fig. 12, and for percolation and number of clusters.

One can observe in Fig 10 that higher resolution
results in a higher number density of cavities, because
smaller gaps between the particles become apparent at
higher resolution. However, higher resolution leads to a
lower volume fraction of cavities, because the cavities
close to the surface of the structure find paths to con-

nect with the outside; the smaller gaps found at higher
resolutions are quite small, leading to a decrease in the
volume fraction. The result is that the number den-
sity is increased, although the volume fraction decreases
and convergence is reached after 10 voxels/radius for
the volume fraction and after 20 voxels/radius for the
number density of cavities.

Fig. 11 shows that the number density and aver-
age degree of the BPs converge as the resolution is in-
creased. The ratio between subsequent resolutions con-
firms this fact. The increase observed in number density
upon increasing the resolution (at low resolutions) oc-
curs because smaller pores (not cavities) in the struc-
ture become visible, resulting in more short branches
with simpler connectivity (lower degree). The results
of Fig. 11 refer to the case when BP-reduction has
been applied. To illustrate the significance of the BP-
reduction, we present in Appendix A a regular grid with
a known amount of BPs; it is observed that the number
density of BPs increases, and does not converge in the
absence of BP-reduction, which is unphysical.

The results in Fig. 12 show that the average thick-
ness of the branches remains quite constant for resolu-
tions equal to or higher than 5. In this range, the dif-
ferences are quite small, namely on the order of Rp/20,
which is comparable to the pixel-edge length. The orien-
tation becomes stronger the higher the resolution, how-
ever, the variations being relatively small. This slight
variation in orientation can be interpreted by the fact
that more branches are present at higher resolution,
and the e↵ect of orientation is more pronounced for
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(a)

(b)

(c)

Fig. 8: Torus with cylinder. Original particle arrange-
ment (light blue) and skeleton (dark blue), in di↵erent
states of contact: (a) totally separated, (b) four-point
contact , and (c) total contact.
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Fig. 11: E↵ect of changing the resolution, in terms of
the number of voxels per particle radius, on the number
density nBP (a), and average degree hdBPi of BPs (b),
for the anisotropic network structure. The grey area
depicts the region of trust.

more detailed skeletons. This issue could be resolved
with removing the smaller branches.

We study percolation and number density of clusters
for a resolution of 2, 5, 10, 15, 20 and 25 voxels per
particle radius. The structure is percolating in x�, y�,
and z�directions for every resolution, and the number
density of clusters is 4.0 ⇥ 10�3 for a resolution of 2,
and 3.0 ⇥ 10�3 for the rest of the resolution values.
This suggests that the procedure of getting a binary
representation of the actual structure with the bonds
being represented by cylinders is robust.

In conclusion, one observes that all the presented
measures converge when the resolution is increased. Our
technique is producing more nodes in the connectivity
graphs due to the finer resolution of the voxels com-
pared to the particles, however, this fact is not influ-
encing our measures or the complexity of our graphs
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Fig. 12: E↵ect of changing the resolution, in terms of the
number of voxels per particle radius, on the thickness
hdBi (a) and orientation in di↵erent directions S2,i (b)
of branches, for the anisotropic network structure. The
grey area depicts the region of trust.

in terms of global clustering coe�cient. The choice of
resolution depends on the structure characteristics one
wishes to resolve. If one wishes to fully resolve the
cavities in terms of their number density, one should
use a resolution of 20 voxels/radius. However, if one
wishes to resolve only the network characteristics, i.e.
BPs, degree, thickness, orientation, a resolution of 10
voxels/radius is su�cient. The resolution of 10 vox-
els/radius is used for the rest of this paper.

The image analysis was implemented in MATLAB
(MATLAB 2018b, Mathworks), while the network anal-
ysis was implemented in python using the Graph tool
package [73]. The analysis of a single structure with
volume fraction 30% of 1000 particles and resolution of
10 voxels/radius takes less than 12 min on two Intel
i5 (i5-8259U) 2.3 GHz CPU and consumes about 1 GB
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RAM. It is mentioned that not all parts of the code run
in parallel.

6 Application to real structures

The general scheme presented above is now applied to
four di↵erent structures of di↵erent dynamic systems.
The structures are thin chains, thick chains, an isotropic
network, and an anisotropic network. The thin chains,
thick chains, and the anisotropic network are configu-
rations obtained from BD simulations of dielectric par-
ticles in a constant and uniform electric field in the z-
direction [74], with dipole-dipole interactions [75, 76].
The resulting structures are strongly anisotropic in the
direction of the external field. In contrast, the isotropic
network was obtained again by BD simulations of parti-
cles interacting via short-range DLVO-interactions [13].
An important parameter for these structures is the vol-
ume fraction of particles, �. The di↵erent configurations
to be analyzed have � = 0.05 for thin chains, � = 0.10
for thick chains, � = 0.20 for the isotropic network,
and � = 0.30 for the anisotropic network. In general,
one tries to establish a relation between the physics
included in the simulation and the structures obtained
from that simulation. The method presented in this pa-
per bridges this gap, o↵ering quantitative information
about the characteristic features of the structure, based
on the Cartesian coordinates of the particles.

All the structures that are going to be used have
periodic-boundary conditions. It should be mentioned
that in the connectivity graphs the e↵ect of the periodic-
boundary conditions is large. For example, this can be
seen for strings that span the box, which will be repre-
sented in the connectivity graph as closed loops, due to
boundary-crossing bonds between particles on opposite
sides of the simulation box (see Fig. 14b).

6.1 Cavities

Before presenting the results about the quantification
of the actual structures, the presence of (to-be-filled)
cavities is assessed in terms of their number density
and volume fraction; the results are listed in Table 1.

We expect the thin chains to have the lowest num-
ber density and volume fraction of cavities. This is jus-
tified by the fact that this structure is the one with
the lowest � (0.05) and the least local clustering. The
thick chains, in contrast, are expected to have more
cavities, although still less than the other structures,
i.e., the networks. The isotropic network is expected
to have more cavities due to the nature of its short-
range potential [13, 15], and the higher complexity in

Table 1: Scaled number density, see Eq. (1), and volume
fraction of cavities, see Eq. (2) of all structures.

structure nc �c

thin chains 0 0
thick chains 1.600⇥ 10�2 2.90⇥ 10�5

isotropic network 1.996⇥ 10�1 6.48⇥ 10�4

anisotropic network 6.900⇥ 10�2 1.05⇥ 10�3

terms of the form of particle-paths. The volume frac-
tion of cavities is expected to be strongly dependent
on the volume fraction � of particles, so the isotropic
network is expected to have a lower volume-fraction of
cavities than the anisotropic network. The anisotropic
network is expected to have the largest number density
and volume fraction of cavities, the main reason being
the volume fraction. In addition, the nature of the in-
teractions (repulsive in direction perpendicular to the
external field direction), could promote large-volume
cavities. One can see in Table 1, that there is large vari-
ation on the measures depending on the structure, the
variation being in agreement with the expectation. The
thin chains structure has no cavities. The thick-chains
structure has the least (non-zero) amount of cavities,
and volume fraction, in comparison to the networks.
The isotropic network has a one order of magnitude
larger number density and volume fraction of cavities.
Finally, the anisotropic network shows the highest vol-
ume fraction.

6.2 Structures

The structures under consideration are presented in
Figs. 13, 14, 15, and 16, for the thin chains, thick chains,
isotropic network, and anisotropic network, respectively.
In these figures, there are four subfigures for all struc-
tures, representing the initial structure of the primary
particles (a), the final structure of the skeleton (c), and
the connectivity of the particles in a 2D projection of
the initial structure (b) and of the final skeleton (d).
The connectivity graphs are not related to the actual
3D Cartesian positions of the particles/voxels. For all
the structure simplification presented in the following,
the term ’the skeletonization procedure” refers to the
entire procedure discussed above, including filling of the
cavities and simplification based on the connectivity
graph.

One can observe in Figs. 13a and 13c that the ini-
tial structure is preserved, i.e. it is not altered signifi-
cantly by the skeletonization procedure. This close re-
semblance of the skeletonized to the initial structure
occurs because the structure itself is simple. The only
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di↵erence is visible in the connectivity graphs, Figs. 13b
and 13d which shows that the structure is indeed sim-
plified, as desired. It shows that even the few complex
connections in the initial structure are transformed to
simple ones by our procedure. It should be mentioned
that the procedure results in more nodes in the con-
nectivity graph of the skeleton than initially present.
This happens due to the detailed voxel representation,
i.e., since the side length of a voxel is 20 times smaller
than the particle diameter, Subsec. 2.4. The simplifi-
cation is verified by the fact that the global cluster-
ing coe�cient drops from a value of 0.1224 for the ini-
tial structure to 0 in the final skeleton. The number
of bonds is 1.93 per primary particle; in contrast, the
number of bonds is 1.99 on the level of (filled) voxels.
This increase is reasonable since the voxel-level gives
more emphasis to the branches (many filled voxels are
part of a branch) than to the BPs and branch-ends, as
compared to the primary-particle level. Therefore, the
finer the voxel-representation, the more the number of
bonds per (filled) voxel approaches the value 2 (i.e.,
branch-dominated).

For the structure with thick chains, Figs. 14a, and
14c show that the initial structure is significantly sim-
plified by the skeletonization scheme. The connectivity
graphs, Figs. 14b and 14d, are simplified in terms of
bonds per particle/voxel and the local clustering coe�-
cient [77, 68]. The connectivity graph is significantly
simplified also visually, since the thick rings in Fig.
14b, representative of thick strings, are transformed
into single-voxel thick rings in Fig. 14d. The simpli-
fication is verified by the fact that the global clustering
coe�cient drops from a value of 0.3680 for the initial
structure to 0 in the final skeleton. The number of bonds
is 4.26 per primary particle; in contrast, the number of
bonds is 2.03 on the level of (filled) voxels.

Considering the isotropic network, the complexity of
the structure in Fig. 15a still allows a reasonable sim-
plification, see Fig. 15c. The connectivity graphs, Figs.
15b and 15d, are also simplified in terms of bonds per
node, and local clustering coe�cient [77, 68]. However,
the simplification cannot be discerned by visual inspec-
tion, since the original structure is quite simple already,
and only little changes are to be expected from our
scheme. The scheme is essentially producing more vox-
els in the connectivity graph, whereby thin branches are
getting longer in the connectivity graph. Also, bonds
are crossing and the graph seems rather complicated,
although it is fully simplified in terms of global clus-
tering coe�cient, which drops from a value of 0.4519
for the initial structure to 0 in the final skeleton. The
number of bonds is 1.98 per primary particle; in con-
trast, the number of bonds is 1.86 on the level of (filled)

Table 2: Number density and average degree of BP.

structure nBP hdBPi

thin chains 0.0230 3.0000
thick chains 0.0430 3.1561

isotropic network 0.1866 3.5027
anisotropic network 0.0820 3.2955

voxels. The lower ratio of bonds per voxels in the fi-
nal state is based on the amount of ends present. The
skeletonization produces small branches when a struc-
ture has small imperfections (see also [61]), resulting
to more ends. In the literature, this e↵ect is dealt with
a technique called thresholding [54], where the small
branches are basically chopped o↵.

For the anisotropic network, the simplification of the
structure is similar to the case of the isotropic network,
see Figs. 16a and 16c. The skeletonization procedure
simplifies the connectivity graph, see Figs. 16b and 16d,
in terms of bonds per node, and local clustering coe�-
cient [77, 68]. Our procedure is capable of reducing this
complex particle structure to its essence, which was the
main goal of this paper. The simplification is verified
by the fact that the global clustering coe�cient drops
from a value of 0.3120 for the initial structure to 0 in
the final skeleton. The number of bonds is 6.43 per pri-
mary particle; in contrast, the number of bonds is 2.10
on the level of (filled) voxels.

The simplified skeletons we obtain from the four
structures presented above are further analyzed, to give
a more quantitative characterization of these structures.

6.3 Branch-points

The results concerning the number density and degree
of BP are reported in Table 2. One can observe the
di↵erences between the structures. The thin chains have
the lowest number density of BP and the lowest degree.
This was to be expected as the structure is without
significant bifurcations, see Fig. 13. The BPs that do
appear are leading to small branches and no connection
paths are present between the chains. The degree of the
BPs supports this statement, since the value of 3.0 is
the absolute minimum value of degree a BP can have
(by the definition of a BP).

The structure with thick chains has a number den-
sity of BP that is almost twice as large as for the thin
chains, although it still has a rather low value with re-
spect to the total number of particles. The average de-
gree is slightly higher than for the thin chains. These ob-
servations support the existence of more branches and
inter-connections between chains.
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(a) (b)

(c) (d)

Fig. 13: Structure of thin chains. Initial configuration in real space (a) and its connectivity graph (b); the ratio of
bonds per particle is 1.93. Simplified skeleton in real space (red) (c) and its connectivity graph (d); the ratio of
bonds per voxel is 1.99. The color in the connectivity graphs indicate di↵erent clusters of particles or voxels. In
(a), the size of the particles is reduced by a factor of 2 to increase the visibility of the structure.

The isotropic network has the highest values of all
four structures for the number density and for the aver-
age degree per BP. In the isotropic network, the number
density is one order of magnitude higher than for the
chain-structures, implying that the structures have a lot
of bifurcations, and thus (on average) shorter branches
with their thickness being influenced by the volume
fraction.

The anisotropic network has a number density and
average degree of BP higher than the thin- and thick-
chain structures, but lower than the isotropic network.

The anisotropic network has double the amount of branch
points as compared to the thick-chain structure, but
half as compared to the isotropic network.

6.4 Branches

The results concerning the characteristics of the branches,
namely their thickness and orientation, are shown in
Table 3. The thin chains show the lowest thickness
and highest orientation along the z-direction. From the
measurements of the thickness we understand that there
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(a) (b)

(c) (d)

Fig. 14: Structure of thick chains. Initial configuration in real space (a) and its connectivity graph (b); the ratio
of bonds per particle is 4.26. Simplified skeleton in real space (red) (c) and its connectivity graph (d); the ratio of
bonds per voxel is 2.03. The color in the connectivity graphs indicate di↵erent clusters of particles or voxels. In
(a), the size of the particles is reduced by a factor of 1.5 to increase the visibility of the structure.

Table 3: Average thickness hdBi and orientation of
branches in di↵erent directions, S2,i.

structure hdBi S2,x S2,y S2,z

thin chains 3.2851 �0.4612 �0.4563 0.9175
thick chains 3.4951 �0.2499 �0.2867 0.5366

isotropic network 3.9143 0.0140 0.0113 �0.0253
anisotropic network 5.5863 �0.1398 �0.1172 0.2570

are mostly one- or two-particle-thick chains. The struc-
ture with thick chains shows higher thickness, obvi-

ously, meaning there are more two- or more particle
thick chains. The di↵erence in thickness between the
thin and thick chains is rather low, due to the fact that
the thick-chain structure looks more like curved sheets
than thick cylinders. The orientation with respect to
the z-direction is weaker. The isotropic network shows
thicker branches, almost two-particle thick on average.
The orientation is indeed random, since all three values
S2,i are close to 0. This was expected as the structures
have been created with a spherical potential, and there
is no preferable direction as for the rest of the struc-
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(a) (b)

(c) (d)

Fig. 15: Isotropic network. Initial configuration in real space (a) and its connectivity graph; the ratio of bonds per
particle is 1.98. Simplified skeleton in real space (red) (c) and its connectivity graph (d); the ratio of bonds per
voxel is 1.86. The color in the connectivity graphs indicate di↵erent clusters of particles or voxels.

tures. The anisotropic network structure shows by far
the thickest branches, also because this structure has
the highest volume fraction. The orientation is weak
with a preference for orientation in the z-direction.

6.5 Percolation and Number of Clusters

The results concerning percolation and the number den-
sity of clusters are reported in Table 4. The thin chains
percolate only in the z-direction, which is the direc-
tion of the external electric field, and has the high-
est number density of clusters, as was to be expected.

Table 4: Percolation in di↵erent directions and number
density of clusters, ncl.

structure x y z ncl

thin chains No No Yes 4.8⇥ 10�2

thick chains No No Yes 1.2⇥ 10�2

isotropic network Yes Yes Yes 7.5⇥ 10�4

anisotropic network Yes Yes Yes 3.0⇥ 10�3

The thick chains also percolate the box only in the z-
direction. This structure has less clusters than the thin-
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(a) (b)

(c) (d)

Fig. 16: Anisotropic network. Initial configuration in real space (a) and its connectivity graph (b); the ratio of
bonds per particle is 6.43. Simplified skeleton in real space (red) (c) and its connectivity graph (d); the ratio of
bonds per voxel is 2.10. The color in the connectivity graphs indicate di↵erent clusters of particles or voxels. In
(a), the size of the particles is reduced by a factor of 1.2 to increase the visibility of the structure.

chain structure because more particles make bonds with
each other. Both the isotropic and the anisotropic net-
works percolate in all three directions. The amount of
clusters di↵ers significantly. The isotropic network is a
result of a di↵usion-dominated process. The number of
clusters is the lowest of all structures. So all the parti-
cles have found their way to a larger structure.

7 Conclusions

A procedure has been developed for systematic simpli-
fication and quantitative characterization of structures
formed by particles, with a particular interest in net-
works with thick branches and branch points. Starting
from a structure consisting of thick components, the
simplification provides a thin skeleton with minimum
connectivity. The procedure can be described in five
steps. First, the structure given by the Cartesian coor-
dinates of the particles including bonds is transformed
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into a discretized binary 3D image in terms of cubic
voxels, from which cavities are eliminated. After ap-
plying the actual skeletonization process, the resulting
skeleton is simplified with respect to the branch points
in terms of connectivity reduction and triangle elimina-
tion. Finally, the fully simplified skeleton is character-
ized. In the skeletonization scheme, several numerical
parameters can be tuned, which is discussed below.

The choices that must be made in the skeletoniza-
tion procedure concern the pre- and post-processing
steps. For the pre-processing, the resolution must be
chosen. This choice should be such that it is fine enough
to resolve the characteristics of the structure, i.e. ac-
cessible volume,but not making the computational cost
intractable, because of too many voxels in a the skele-
ton analysis. Furthermore, one needs to decide whether
to eliminate the cavities. One could choose to apply
the skeletonization without eliminating the cavities and
deal with them in the post-processing steps. The struc-
tures investigated in this paper have a low volume frac-
tion of cavities, and we consider them of minor impor-
tance for the network structure; in general, one should
be critical about the importance of cavities in the struc-
ture [66]. In addition, one can decide about including
the cylinders representing the bonds. The definition of
whether two particles are bonded is based on the fulfill-
ment of a distance criterion, that has to be set. Choos-
ing the critical value for the center-to-center distance
slightly above the sum of the two particle radii ensures
that particles are bonded when represented in the bi-
nary 3D image. The critical values can be rationalized
on the basis of the interaction potential used to acquire
these structures, as explained earlier. In the determina-
tion of the thickness of the branches, one should make
choices concerning the orientation of the normal vec-
tor of the plane, the resolution of the grid on the plane,
and the definition of the thickness in this plane. For the
orientation, one could choose to use the orientation vec-
tor of the bond, instead of the next-nearest neighbours
orientation, to determine the plane. The resolution of
the grid on the plane can be finer or coarser. And, the
thickness can be defined in ways di↵erent from our ap-
proach, e.g. identification of two empty voxels in op-
posite directions of the voxel in study, or determining
maximum sphere fitting on this point of the image [63].

Standard methods for particle detection require a
resolution of approximately 5-20 voxels per diameter of
the visualized object, for extracting the particle coordi-
nates [78, 79]. If one wishes to apply the thinning algo-
rithm presented in this paper to experimental data, one
should use a slightly higher resolution to properly image
the characteristics of the structure, since the measures

of the network characteristics (e.g. BPs) can be trusted
for a resolution that is higher than 10 voxels/radius, or
even 20 voxels/radius for the number of cavities. Exper-
imental imaging often results in di↵erent resolution in
the di↵erent spatial directions, the resolution in depth
typically being worse than the lateral resolution. In our
technique, there is no fundamental reason for the vox-
els to be cubic, and so parallelepiped voxels of unequal
edge lengths can be used in principle. In case the voxels
are strongly anisotropic, e.g. much longer in the depth-
direction than laterally, one can choose to subdivide
the voxel along its depth-direction, thereby generating
voxels that are nearly cubic.

Needless to say that the proposed procedure also
has some disadvantages. First, choices need to be made
in relation to the pre- and post-processing steps, as dis-
cussed above. Being able to make choices is in principle
not a problem, however, these choices must be conscious
and well-thought of. Second, at higher volume fractions
(� � 0.40), the technique is rather unsuitable, as the
unoccupied space is rather low. And third, the appli-
cation of the technique to a periodic system is cum-
bersome. One should be mindful about the how think
an extra layer to choose around the primary box, since
this is related to the characteristic length scale of the
structure.

This skeletonization and analysis procedure was de-
veloped for structures obtained via particle-based sim-
ulations (e.g., Brownian Dynamics), although it is fully
applicable to experimental structures as well. Also in
this case, care should be taken with the creation of the
image, since additional pre-processing may be needed.
Depending on the form of the initial structure, and the
way it was obtained, the image may need cavity fill-
ing [54]. An advantage or our scheme is its universality,
since it can be applied to structures obtained either ex-
perimentally or numerically. Being able to use one and
the same procedure for analyzing structures of di↵erent
origin is beneficial for comparing them consistently.
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Table 5: E↵ect of changing the resolution, in terms of
the number of voxels per particle radius, on the num-
ber density nBP and average degree hdBPi of BPs, for
the regular-grid structure. The index “before” refers to
before the reduction of BPs inside the diameter of a
primary particle.

resolution nBP hdBPi nBP,before hdBP,beforei

2 6.7653⇥ 10�3 6.0000 6.7653⇥ 10�3 6.0000
5 6.7653⇥ 10�3 6.0000 6.7653⇥ 10�3 6.0000
10 6.7653⇥ 10�3 6.0000 6.8710⇥ 10�3 6.0313
20 6.7653⇥ 10�3 5.7672 7.9281⇥ 10�3 5.4533

no conflict of interest.
Source data and code availability: The structures are
provided as supplementary material, and the code will
be uploaded to github, once approval from the sponsor
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Appendices

A Branch-points on a regular grid

A regular grid of 64 intersections is created with 9460
particles. The branches of it are thick FCC structures
like the ones presented in Sec. 4, see Fig. 17a. The grid
is analysed in terms of BPs for di↵erent resolutions,
and the results concerning the number density of BP
and degree of BP are presented in Table 5. The re-
sults about the skeleton before the final reduction (BPs
inside the diameter of a particle) are also presented,
nBP,before, dBP,before. One can observe that for the BPs
before the BP-reduction, at resolution of 20, additional
BPs are identified, however, they are reduced with the
elimination of BPs inside a primary-particle diameter.
In Fig. 17, one can observe the initial and final config-
uration of the regular grid, as well as the BPs before
and after the BP-reduction. It is obvious that BPs are
present in closer distances in higher resolution.
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