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ABSTRACT

Abstract

In the design of transmission systems for electric vehicles, the transmission is often optimized based on a
selected electrical machine (EM) with a fixed efficiency map. However, the EM and transmission are
coupled, in a way that varying the design of the EM will influence the performance of the transmission.
Therefore, the aim of this study is to investigate a combined optimization approach of variable flux
reluctance machines (VFRMs) with single speed, twin-speed, and continuous variable transmission (CVT)
for electric vehicles, subject to design and performance constraints. To provide a benchmark for this
study, a base model of a 12-stator/10-rotor pole (12/10) VFRM is created for a BMW i3 vehicle. The
three transmission systems are coupled to the EM and an optimization on energy consumption is performed.

Moreover, to gain insight in variations in the efficiency map of the VFRM, a sensitivity analysis is
performed whereby geometric parameters are varied. This is used to further optimize the transmission
ratios. Furthermore, downscaling of efficiency maps in transmission design often occurs. Therefore, in
order to see the influence of down-scaling of the VFRM, several down-scaled versions are analyzed using
finite element (FE) simulations. The results show that, for the optimized VFRM in this study, an increase
in split ratio proves to increase the efficiency at peak torque, which provides the possibility to reduce the
transmission ratios while keeping the performance constraints of the vehicle. Moreover, the efficiency
map of downscaled machines changes shape and magnitude in relation to a linear torque scaled efficiency
map.
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Electric Drive System Design - Towards integration of variable flux
reluctance machines and transmission systems

Zuurbier, M.M.J.

Eindhoven University of Technology, Eindhoven, The Netherlands, Email: mariuszuurbier@gmail.com

ABSTRACT

In the design of transmission systems for electric vehicles, the
transmission is often optimized based on a selected electrical
machine (EM) with a fixed efficiency map. However, the EM
and transmission are coupled, in a way that varying the design
of the EM will influence the performance of the transmission.
Therefore, the aim of this study is to investigate a combined opti-
mization approach of variable flux reluctance machines (VFRMs)
with single speed, twin-speed, and continuous variable transmis-
sion (CVT) for electric vehicles, subject to design and perfor-
mance constraints. To provide a benchmark for this study, a base
model of a 12-stator/10-rotor pole (12/10) VFRM is created for a
BMW i3 vehicle. The three transmission systems are coupled to
the EM and an optimization on energy consumption is performed.
To gain insight in variations in the efficiency map of the VFRM,
a sensitivity analysis is performed whereby geometric parame-
ters are varied. This is used to further optimize the transmission
ratios. Furthermore, downscaling of efficiency maps in transmis-
sion design often occurs. Therefore, in order to see the influence
of down-scaling of the VFRM, several down-scaled versions are
analyzed using finite element (FE) simulations. The results show
that, for the optimized VFRM in this study, an increase in split
ratio proves to increase the efficiency at peak torque, which pro-
vides the possibility to reduce the transmission ratios while keep-
ing the performance constraints of the vehicle. Moreover, the
efficiency map of downscaled machines changes shape and mag-
nitude in relation to a linear torque scaled efficiency map.

Keywords: variable flux reluctance machine, combined optimization,
continuous variable transmission, electric vehicles

1 INTRODUCTION

The electrical machine (EM) is a key component in (hybrid)
electric vehicles (EVs/HEVs) and therefore the design is aimed at high
torque/power densities, wide speed range, overload capability, high
efficiency, low cost and weight, fast acceleration and deceleration,
while satisfying the desired performance and reliability expecta-
tions [1]. Many types of electrical machines have been proposed
for electric vehicles, including induction machine (IM), permanent
magnet (PM) machine, and switched reluctance machine (SRM) [2–5].

The IMs have been utilized in, for example, Tesla Roadster and
Model S. Since the highest efficiency region of IMs is obtained in
a high-speed region, it is considered that the IMs are more suitable
for sports cars. PM machines have been widely used for EVs/HEVs
as well, such as Nissan Leaf and Toyota Prius. In contrast to IMs,
PM machines are usually operated more efficiently at relatively
low speed, which indicates that they are more suitable for urban
drive [2]. However, both types of machines suffer from dissipating the
rotor heat. One of the advantages of reluctance machines, whereby
the heat sources are placed in the stator, is that the generated heat
in the stator can be relatively easily dissipated. Other advantages
include low material costs, robust stator and rotor structures, and ease
of manufacture. Hence, these machines are becoming interesting
candidates for applications that concern the cost and reliability.

1.1 Variable Flux Reluctance Machine
Among various types of reluctance machines, three-phase DC-

excited reluctance machines are currently becoming more and more
popular [6]. These type of machines have both DC field winding and
armature winding located in the stator. Apart from the advantages
inherited from SRMs, they are, especially, improved in the aspects of
torque ripple and power electronic circuit, since three-phase excita-
tion is implemented and utilization of commercial 3-phase inverter is
feasible [7]. Different from DC-excited flux switching machines
(DCEFSM) with a relatively complex winding configuration, the
VFRM, which is a relatively novel type of DC-excited reluctance
machine, has concentrated windings. This configuration is beneficial
to reduce the end winding length and to obtain a higher fill factor,
which reduces the copper losses.

1.2 Combined transmission and electrical machine opti-
mization

This study is focused on the integrated design of different trans-
mission systems and the geometric optimization of the VFRM as
main traction source in electric vehicles. In Fig. 1, the powertrain of
an electric vehicle is visualized on the left. The WLTP drive cycle
utilized in this study, provides a velocity and acceleration profile to
the vehicle. These profiles are further translated by the vehicle model
to the required torque and rotational speed at the wheels. In this
study, the utilized vehicle parameters are based on the BMW i3. The
transmission converts the required wheel torque to the required torque
from the electrical machine. The electrical machine requires a certain
current and voltage to supply this torque which is generated by the
battery and the power electronics.

Optimization problem:

min J1 (x)+ J2(x,y)

s.t. g1,2(x,y) ≤ 0

      h1,2(x,y) = 0

Electrical machine:

min J1 = - ηEM(x)

s.t. g1(x) ≤  0

     h1(x) = 0

Transmission:

min J2 = Ecy(x,y)

s.t. g2(x,y) ≤  0

     h2(x,y) = 0

Solver

x*,y*J(x,y)

J(x,y)*

x

y

J1(x) J2(x,y)
Trans-

mission

Electrical 

machine

Power 

electronics

Battery

Vehicle

Drive 

cycle

v(t), a(t)

Tveh(t),ωveh(t)

I(t), U(t)

x

y

xy

I(t), U(t)

Figure 1: Integrated transmission and EM optimization in a powertrain
for EVs.

Not only the electrical machine and transmission are important
parameters to increase the powertrain efficiency, the power electronics



and the battery system have a high influence as well. This can be opti-
mized by itself [8], or by integration with the power electronics and
the electrical machine [9,10]. However, in this study, the focus is com-
pletely on the integration of the electrical machine and transmission
system.

In literature, some papers focus on transmission design individually,
whereby, investigating optimal shifting strategies [11–13], while oth-
ers focus on transmission design with an integration of variable torque
and speed curves of the electrical machine, which are not optimized
based on the transmission [14, 15]. However, as can be seen from
the optimization problem in Fig. 1 (right), whereby x represents the
geometric parameters of the electrical machine and y is the vector
of parameters of the transmission systems, there is mutual coupling
between the transmission and the electrical machine. This means that
varying the design of the EM will influence the performance of the
transmission. Hence, this study investigates the results of optimizing
both the transmission and EM system.

In [10,11], the authors show that continuously variable transmission
and two-speed transmissions are the two most promising transmis-
sions for pure electric vehicle in different vehicle classes. Therefore
in this study, three transmission systems are selected, i.e., a fixed gear
(FGT), a twinspeed transmission (TST), and a continuously variable
transmission (CVT). The transmission systems are optimized towards
minimum energy consumption, subject to certain inequality (g2) and
equality (h2) constraints on the ratio choices, including acceleration
performance, road gradient, and vehicle speed, which will be dis-
cussed in Section 4. Since the energy consumption is influenced by
the efficiency map of the electrical machine, the coupling between the
two systems is taken into account. Therefore, in the global optimiza-
tion problem, both the efficiency map and the gear ratios are used to
optimize the energy consumption.

1.3 Research structure
To investigate the integrated design, first, a base model of the

VFRM is developed. This base model is designed to have equal torque
and power ratings as the PM machine that is currently inside the BMW
i3. In Section 2, a rudimentary block coordinate descent optimization
method is utilized to minimize the EM cost function J1 subject to the
constraints g1 and h1. In order to obtain a full efficiency map of the
VFRM and to get insight into the extended speed ratio, field weaken-
ing is applied to the optimized model. To see the robustness of the
optimized model, in terms of torque production and efficiency, a sensi-
tivity analysis is performed in Section 3. Furthermore, it is interesting
to understand how the geometric parameters of the VFRM influence
the resulting efficiency map. Therefore, for individual variations in
three geometric parameters, efficiency maps are obtained. In Section 4
the vehicle model and the transmission types are introduced. The opti-
mization towards energy consumption is presented together with the
corresponding constraints g2 and h2. In Section 5, the transmission
is optimized according to the base model of the VFRM. The global
optimization problem is addressed here, by looking at the geometric
parameter variations on the overall energy consumption and choices
for gear ratios. The transmission systems are also optimized for a
downscaled version of the VFRM, whereby the torque is introduced
as a decision variable in the optimization problem. However, to inves-
tigate the influence of down-scaling of rated torque for EMs, several
down-scaled versions of the optimized VFRM are simulated in a FE
program and discussed. In Section 6, the VFRM and its variations on
geometric parameters are benchmarked with the initial PM machine in
the BMW i3. Lastly the conclusion and recommendations for future
research are presented in Section 7.

2 VFRM GEOMETRY AND OPTIMIZATION

The base design of the VFRM in this study, aims to have equal
torque and power ratings as the PM machine that is currently inside
the BMW i3, i.e., 75 kW for 150 Nm at 4800 rpm (125 kW peak for

250 Nm at 4800 rpm). As a constraint, the outer diameter is set to
be 260 mm. This constraint is based on various machines for electric
vehicles, such as the Toyota Prius 2010 [2], the Toyota Prius 2004
and the Toyota Camry [16]. The maximum voltage of the electrical
machine is limited by the battery set in the BMW i3, which has a
voltage level of 353 V.

The expressions of voltage (U) and torque (T ) in dq-axis of the
VFRM are [17],

Ud = ωe Lq Iq , (1)

Uq = (M̂ f a I f −Ld Id)ωe , (2)

TEM =
3
2

Pr [M̂ f a I f Iq +(Ld − Lq) Id Iq] , (3)

Iq = Îa cos(γ), (4)

Id = Îa sin(γ), (5)

where M̂ f a is the amplitude of the fundamental in the mutual induc-
tance between field and armature windings in [H], Ld and Lq are
respectively the d- and q-axis inductance in [H], Id and Iq are re-
spectively the d- and q-axis current in [A], I f is the DC field current
in [A], Îa is the amplitude of the armature current in [A], ωe is the
electric speed in [rad/s], Pr is the number of rotor poles, and γ is the
commutation angle.

2.1 Stator/rotor pole
A lot of stator/rotor pole combinations are possible for the VFRM.

Commonly used combinations in literature [18–20] are: 6/5, 6/8,
12/10, 12/11, 12/13, and 12/14. In this study the 12/10 topology is
selected based on the advantages it provides in comparison to other
topologies, explained as follows:

• An odd number of rotor poles leads to unbalanced magnetic pull,
which can result in higher noise, hence combinations such as
6/5, 6/7, 12/11, and 12/13 are not desired [21–23].

• For a balanced rotor topology, the commonly discussed topolo-
gies are 6/4, 6/8, 12/10, and 12/14. However, for 6/4 or 6/8
topologies, the even harmonics are superimposed, which means
a high even order of harmonics may exist in back-emf, while
in 12/10 or 12/14 topologies the even harmonics are canceled
out [21, 24, 25]. Therefore, 12/10 or 12/14 VFRMs are more
preferred.

• The electric frequency is linear to the number of rotor poles.
Compared to a 12/14 geometry, the 12/10 geometry has a lower
number of rotor poles, which means a lower electric frequency
that is beneficial for the power electronics [20].

The material NO27 is used as stator and rotor material in this
design. This material is designed to improve the performance of
energy efficient applications and specific for high-speed rotational
motors, which makes it usable for hybrid and fully electric vehicles
[26].

2.2 Block coordinate descent optimization method
A rudimentary block coordinate descent method over n = 8 geo-

metric parameters is performed to minimize the cost function, subject
to its equality and inequality constraints, as provided below [27].
The block coordinate descent method, generates the next iterate
xk+1 = (xk+1

1 , ...,xk+1
n ), given the current iterate xk = (xk

1 , ...,x
k
n) ac-

cording to the iteration
xk+1

i ∈ arg min
ξ∈Xi

f (xk+1
1 , ..., xk+1

i−1 ,ξ , xk
i+1 , ...,x

k
n ), i = 1, ...,n (6)

Thus, at each iteration, the cost function is minimized with respect
to each of the block coordinate vectors xk

i , taken in cyclic order. The
order of the coordinate vectors is obtained by empirical evidence of
parameter influence on the cost function [21] and is evaluated after the
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Figure 2: Optimized Geometric design of the VFRM.

sensitivity analysis. The block coordinate descent method is discussed
in more detail in Appendix A.1, whereby a minimization of stack
length is discussed as well.

minimize
x1,...,xn

−ηEM(x1, ...xn)

subject to wbase−4800
2π
60

= 0 ,

TD,rated(x1, ...xn)−150 = 0 ,

TD,peak(x1, ...xn)−250 = 0 ,

R3−130 = 0 ,
Rsh−30 = 0 ,

lgap−0.5 = 0 ,
x3−1≤ 0 ,

x5−36≤ 0 ,
Tcoil(x1, ...xn)−150≤ 0 ,

Tpeak(t = 7.8s)(x1, ...xn)−180≤ 0 ,

0.75− cos(φ(x1, ...xn))≤ 0 ,
xi > 0, i = 1, . . . ,n.

{x1, ...,xn}> = {Aspect ratio (
Lsk

2R3
)

AC coil area / DC coil area ratio (
Sac

Sdc
)

Split ratio (
R1

R3
)

Rotor tooth arc (β2)

Stator tooth width (α1)

Stator yoke height (hsy)

Rotor tooth bottom arc (β1)

Rotor tooth height (R1−R0)}

(7)

where ηEM is the efficiency of the VFRM, ωbase is the base speed
in [rad/s], TD,rated and TD,peak are the rated and peak torque in [Nm],
R3, R1 and Rsh are respectively the stator outer, rotor outer, and shaft
radius in [mm], lgap is the airgap length in [mm], Lsk is the stack length
in [mm], Sac and Sdc are respectively the coil areas for armature and
field windings in [mm2], Tcoil and Tpeak are respectively the steady
state coil temperature and the coil temperature after peak power in

[°C] and cos(φ) is the power factor.
The cost function of the optimization can be expressed as,

ηEM =
TD,rated ωbase

TD,rated ωbase +PCu +Piron
, (8)

where PCu and Piron are respectively the copper and iron losses in [W].
After the block coordinate descent optimization is performed for the
n parameters in one cycle, the cost function is decreased, whereby
obtaining more optimal variables, e.g. {xk+1

1 , ...,xk+1
n }. However,

since the parameters are interacted with each other, the global optimum
may not be reached. In order to achieve a result that is closer to the
optimal result, this optimization is performed multiple (z) times, until
both stopping criteria are reached,

|ηz+1−ηz| ≤ ε1 ,

|S3D,e f f ect,z+1−S3D,e f f ect,init | ≤ ε2 ,
(9)

with ε1 and ε2 respectively at 5 ·10−4 and 5 ·10−3.
The optimization starts with the nominal operating point, for which

an initial estimation of the 3D effect (S3D,e f f ect ), at 0.9, and the
coil temperature, at 150 °C, is made. The initial coil temperature is
determined in line with the NEMA insulation class. The value for the
3D effect is a reduction factor in torque production due to the leakage
effect in the end windings as discussed in Appendix A.4, which is
influenced by the geometric design of the machine. The required
torque in the 2D simulation is calculated as,

T2D =
TD,rated

S3D,e f f ect(x1, ...xn)
(10)

The fill factor, the ratio of the copper area of the electrical con-
ductors, to the provided slot area, is set to 0.6 for both AC and DC
coils. The power factor (cos(φ)), which is defined as the ratio of the
active power (Pactive) to the apparent power (Sapparent ) in the circuit,
is calculated as,

Sapparent =Urms Irms , (11a)

Pactive =
1
T

∫ T

0
U(t) I(t)dt , (11b)

cos(φ) =
Pactive

Sapparent
. (11c)

The torque and voltage waveforms in the optimization are derived
by the transient magnetic 2D finite element (FE) model using the
software Altair [28]. The steady-state temperature distribution is
derived using static 2D FE thermal model. This model uses the iron
loss (hysteresis, eddy current and excess losses) together with the
copper loss, including the end winding Joule loss, as input of the heat
source. The copper losses are calculated according to:

PCu = I2
a,rms Rac + I2

f Rdc

= (JaSac)
2 Rac +(JaSdc)

2 Rdc ,
(12)

Ri = ρCu(T )
lw
Aw

= ρCu,0 (1+αi (Tcoil −0))
lw
Aw

,

(13)

whereby Ia,rms is the root mean square (RMS) of the armature current
in [A], I f is the field current in [A], Ja is the rms current density for
the ac coils, and the mean current density for the dc coils in [A/mm2],
Ri is the copper resistance in [Ω], lw and Aw are the length and cross
section area of the copper wires, ρCu,0 is the copper resistivity at 0°C
and αi is the resistivity temperature coefficient.

The iron losses are calculated in the FE model by the Bertotti
equation,

Piron = Phys +Peddy +Pexcess

= kh Bαh
m f βh +σ

d2

12
(

dB
dt

)αc + ke (
dB
dt

)αe ,
(14)



where Phys, Peddy, and Pexcess are the classical eddy-current loss, hys-
teresis loss, and excess loss in the core, respectively. kh, αh, and βh
are the hysteresis coefficients, σ is the conductivity, d is the thickness
of the electrical steel sheets, ke is the excess loss coefficient, and B is
the instantaneous flux density. The coefficients in (14) are obtained
by measurement data provided by Punch Powertrains.

A water cooling system is assumed at the outer part of the VFRM
with a coolant temperature of 65 °C and a heat transfer coefficient (hc)
of 1000 W/(m2K). The temperature coefficient of air is set to 0.024
W/(m2K) and for the NO27 material to 55 W/(m2K).

The three most important geometric parameters are discussed sepa-
rately as follows, and a more detailed analysis is provided in Appendix
A.2.

2.2.1 Aspect ratio

In Fig. 20 the influence of the aspect ratio (AR), defined as
Lstack/(2R3) (stack length / stator outer radius), is shown. As can
be seen, by varying the aspect ratio from 0.43 till 0.52, the steady state
coil temperature can vary up to a range of 40 °C whereby the effi-
ciency is varying with almost 2%. Apparently, a higher efficiency can
be reached by increasing the length of the machine. However, there
is a trade-off between the machine size and the efficiency. Therefore,
the choice is based on the aforementioned constraints, i.e., the lowest
value of aspect ratio is selected as long as the temperature in the coil
is below 150 °C and the other constraints are met. Based on Fig. 20,
an aspect ratio of 0.45 is selected, meaning a total machine length of
0.45 · 260 = 117 mm.
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Figure 3: Performance data for a varying aspect ratio.

2.2.2 AC coil area / DC coil area ratio

The torque is strongly related to both the field and armature currents
as can be seen from (3). Assume the same current density in the coil
areas, the expression of (3) becomes,

TEM =
3
√

2
2

Pr M̂ f a J2
a Sdc Sac . (15)

Hence, for a certain torque level, the current density is minimized
when the ac coil area is equal to the dc coil area. It means, the
efficiency is maximized if the ac coil area/dc coil area ratio is 1.
However, a high field current is generally desired for a high power
factor. It means that when the ratio Sac/Sdc decreases, the power
factor increases, due to the relationship as given in (1) and (2). As can
be seen, the q-axis voltage increases and the d-axis voltage decreases
when the ac coil area decreases, leading to a smaller phase angle or
in other words, a higher power factor. Therefore, there is a trade off
between the efficiency and power factor. Considering the constraint
of the power factor, the ratio is selected as 0.63 based on Fig. 21 that

gives the maximized efficiency when the power factor is larger than
0.75.

2.2.3 Split ratio
The determination of the split ratio, R1/R3 (rotor outer radius /

stator outer radius), is considerably influenced by the saturation level
in the machine. A higher split ratio means a larger airgap area, hence,
the flux density can be reduced to reach the same torque, indicating
a lower magnetomotive force. However, since for increased split
ratio the coil area is reduced, the resistance is accordingly increased.
Therefore, the split ratio strongly links to the copper loss. At 150 Nm,
the machine is highly saturated, although the resistance is increased
by a larger split ratio, the reduced current still lead to an increased
efficiency. Based on the efficiency in Fig. 22, the selected split ratio is
0.65.

2.3 Optimized results
The optimized design dimensions of the VFRM after three opti-

mization rounds (z = 4) are provided in Table 1.

Table 1: Dimensions of the optimized VFRM.
Parameter Description Value Unit
lgap Airgap length 0.5 mm
Lsk Stack length 117.9 mm
Rsh Shaft radius 30 mm
R0 Rotor inner radius 57.6 mm
R1 Rotor outer radius 84.6 mm
R2 Radius to stator slot inner side 117.2 mm
R3 Stator outer radius 130 mm
βr1 Rotor tooth outer arc 13 °
βr2 Rotor tooth inner arc 29 °
αs Stator tooth arc 13.5 °
Nac Number of ac windings 7 -
Ndc Number of dc windings 5 -

The optimized VFRM is able to operate at a rated torque of 150
Nm and 4800 rpm base speed with an efficiency of 93.84 %. The
performance and data of the VFRM are provided in Table 2 including
rotor mass, steady-state coil temperature and power factor. With a
transient thermal FE model, the maximum operation time at peak
torque is determined. The machine is able to operate at the 250 Nm
peak for at least 13 seconds until the coil temperature reaches 170 °C
such that an insulation class H can endure. The number of ac and dc
turns is determined based on the maximum voltage at the rated torque
level and the maximum available battery voltage. Assuming the use of
space vector modulation, the number of turns is set to be 7 for single
AC coil and 5 for single DC coil, such that the phase voltage and DC
winding voltage do not exceed the battery voltage.

Table 2: VFRM data and performance.
Parameter Description Value Unit
Irot Rotor inertia 0.0729 kgm2

mrot Rotor mass 15.3 kg
Trat Rated torque 157 Nm
Tpeak Max torque 250 Nm

Torque ripple @ Trat 11.8 %
Ja Current density 5.75 A/mm2

Tcoil Coil temperature 131.6 °C
cos(φ) Power factor 0.78 -
ηEM Efficiency 93.84 %

2.4 Field weakening
The number of turns for AC and DC windings is chosen such

that the maximum voltage level is fully utilized at rated torque and



base speed. However, when the motor speed exceeds the base speed,
the voltage level increases as can be seen from (1) and (2). In order
to keep the voltage level below the battery voltage, field weakening
needs to be applied, ensuring that,

U =
√

U2
d +U2

q 6Udc .

For PM-machines field weakening is normally performed by intro-
ducing a negative d-axis current, while for VFRMs it is possible to
make use of dc excitation. Field weakening for this machine can be
performed in various approaches, namely: reducing the field current
only, reducing both the field and armature currents, and introducing a
negative d-axis current [19,21]. In this study, a negative d-axis current
is utilized for field weakening, whereby the field current is kept con-
stant. In Appendix A.5 the field weakening algorithm is discussed in
more detail. In Fig. 4 the fundamental and the maximum AC voltage
for the maximum continuous power are shown over the mechanical
speed of the motor. It can be seen, that the fundamental voltage does
not exceed the battery voltage. However, it has to be mentioned that
the maximum voltage increases significantly when the speed is over
20.000 rpm due to the harmonics. This can be reduced by current har-
monic injection, but is not taken into account in this study. Reducing
the field current in the field weakening region might provide a higher
efficiency as discussed in [19]. However, an optimization should be
performed to determine the ratio between field and armature current
in relation to the commutation angle, which is not provided in this
paper.
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Figure 4: Maximum and fundamental AC voltage level for constant
power in the field weakening region.

The efficiency map of the designed VFRM, which is created by this
field weakening algorithm, is shown in Fig. 5. The highest efficiency
of 95.23% is reached at 80.8 Nm and 7025 rpm. It can be seen that
the highest efficiency region is at the medium speed range, making it
optimal for normal driving conditions. In the calculation, only copper
losses and iron losses have been included. However, losses such as
skin effect (the tendency of current to displace the surface of the
conductor) and proximity effect (the redistribution of current caused
by the field of neighboring conductors in the wires) are not taken into
consideration, since the winding layout is not specified.

Figure 5: Efficiency map of the optimized VFRM.

2.5 Stepped rotor skewing
For higher comfort while driving with the VFRM as main traction,

the torque ripple can be reduced either by rotor skewing or by har-
monic injection [29, 30]. In this section the influence of rotor skewing
on the torque ripple is analyzed. The torque ripple at 150 Nm, 4800
rpm is 11.8 % as can be seen in Table 2. In [29] an expression is
introduced for the influence of rotor skewing on the 6th harmonic of
the torque ripple,

Tf f 6 =−
3
2

L̂ f 6 Pr I2
f [sin

(
6θe +θ f 6−3Pr θsk

)

+ sin
(
6θe +θ f 6 +3Pr θsk

)
] ,

(16)

Tf ,ph6 ≈
15Pr M̂ f a5 I f (̂I)a

4
[cos

(
6θe +θ f a5−2.5Pr θsk

)

+ cos
(
6θe +θ f a5 +2.5Pr θsk

)
] ,

(17)

where Tf f 6 and Tph6 are respectively the torque induced by the self
inductance of DC-field windings and by the mutual inductance be-
tween field and armature windings of the 6th torque harmonic, θe
is the rotor position in electric angle, θsk is the skewing angle, and
L̂ f 6, M̂ f a6, θ f 6, and θ f a6 are the amplitudes and initial angles in the
6th harmonic of L f and M f a, respectively. The torque ripple mainly
relies on these two components. In [29] it is proved that these two
torque ripple sources can be canceled out when θsk is close to 3°and
3.6°respectively.

The dimensions of the rotor tooth arc can influence the contributions
of Tf f 6 and Tph6 to the total torque ripple. Hence, the selection of θsk
varies with machine designs. Saturation changes both the magnitudes
and phases of inductances, therefore, the relationship between the
torque components may alter between non-saturated and saturated
machines. As a result, it influences the relationship between the
torque ripple and skewing angle as well [29]. To see this behavior,
three different torque levels have been simulated, namely 10, 160, and
250 Nm. The results are shown in Fig. 6a. It can be seen that, for
this design, by properly selecting the skewing angle, torque ripple
can be reduced by at least 60% for both non-saturated and saturated
situations.

However, due to rotor skewing, the average torque level in the
machine changes. The relation for average torque in a skewed machine
to the average torque in an un-skewed machine is expected to be [29]:

T ′ave
Tave

= cos
(

Pr θsk

2

)
(18)

To validate this, the torque level of the skewed machine to the un-
skewed machine is shown in Fig. 6b for the three torque levels. It can
be seen that for 60% reduction in torque ripple, the average torque
reduces with no more than 5%.
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Figure 6: Ratio of torque ripple (a) and mean torque (b) in a skewed
machine to an un-skewed machine for different saturation levels.

2.6 Scaled machine design
In order to see how the efficiency map of the system varies when a

smaller torque speed envelope is required for the transmission, three
scaled designs of this optimized VFRM are obtained. This can be



linked to how transmission systems are conventionally optimized with
a scaled efficiency map. The efficiency is then compressed towards
the downscaled machine map. In this section, it will be shown how
the efficiency map changes for different scaled designs and what
the influence is. The torque of VFRMs is linked to, among others,
the outer radius, the stack length, the coil areas, and the current
density. An equation of torque estimation related to dimensions is
provided in [21] for DCEFSM. Due to the similarity between VFRM
and DCEFSM, this equation is used in this section as well, given as,

TEM,i ∼ SAC,i SDC,i J2
a,i Dg,i Lsk,i ,

∼ R2
3,i R2

3,i J2
a,i R3,i x3,1 R3,i 2x1,i ,

∼ R6
3,i J2

a,i x1,i x3,1 ,

(19)

whereby x1,i and x3,i are respectively the aspect ratio and the split ratio
of machine i, Dg is the airgap diameter, and TEM,i, R3,i, and Ja,i are
respectively the rated torque, the outer radius, and the current density
of machine i.

The scaling method used in this section is implemented while
keeping generally the ratio among all radial parameters the same.
Only the length of the airgap is fixed. This leads to the relationship
given by the following equations, whereby ST is the scaling factor,

ST =
TEM,2

TD,rated
, (20)

2R6
3,2 x1,2 = 2R6

3,1 x1,1 ST , (21)

R3,2 = S
1
6
T R3,1 , (22)

ωbase,2 = ST ωbase,1 , (23)

ωEM,max,2 = ST ωEM,max,2 , (24)
As shown in (19), both the dc and ac coil areas are quadratically linked
to the machine radius, R3 and the airgap diameter is linearly related
to R3. Moreover, if the aspect ratio is kept constant for scaling, the
machine length is also linearly related to R3. As a result, the torque
shows a 6th order relationship to R3. To verify this scaling equation,
three scaled machines have been designed and simulated. The radius
is respectively decreased from 130 mm to 126, 121.5, and 110 mm.
With the reduction of the outer machine radius, a fixed current density
set to 0.5 A/mm2, and the less optimized geometries, the obtained
torque levels from FE analysis are as shown in Fig. 7b. The blue line
is obtained by (20) and the red dots represent the FE results. These
results validate the 6th order relationship in a non-saturated VFRM.

However, this relationship is not valid when the machine is sat-
urated. To investigate the influence of saturation, the three scaled
machines have been simulated with a fixed current density of 5.75
A/mm2. The obtained torque levels from FE analysis are respectively
from 157 Nm to 137, 118, and 76 Nm, which is provided in Fig. 7b.
If (19) is still used, the torque level is respectively 128, 104, and
56 Nm, which means that the difference can go up to 35%. Instead,
curve fitting shows an almost 4th order relationship between radius
and torque.
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Figure 7: Torque scaled results for (a) unsaturated and (b) saturated
situations.

Furthermore, to see the influence of a downscaled torque speed
envelope on the shape of the efficiency map, the efficiency maps for
the three machines have been analyzed. For the machine with 109
mm radius and a torque level of 76 Nm (FE results) the efficiency
map is shown in Fig. 8a. The red lines represent the 157 Nm base
model whereby the torque is linearly scaled by 76/157 to compress
the efficiency map. The nominal and maximum speeds are not scaled
for both machines. It can be seen that the maximum efficiency for
the machine simulated in FEM, is much lower than for the linearly
scaled efficiency map. For the machine with linearly scaled efficiency
map, the maximum value is 94.72%, while the FE result shows only
93.41%. In addition, these two maximum efficiency values are located
at different torque levels. Moreover, if the linearly scaled efficiency
map is compressed both in the torque and speed levels, as is shown in
Fig. 8b, the difference between the two efficiency maps becomes even
higher. In that case the maximum efficiency of the 76 Nm machine
reaches only 91.67%.
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Figure 8: The efficiency map for the 76 Nm scaled machine in com-
parison to the *linearly scaled base (157Nm) model for torque (a) and
both torque and speed scaling (b).

The above analysis shows that the expected torque level of the
VFRM can be calculated by the use of an exponentiation for the radius.
However, the order of exponentiation changes from non-saturated to
saturated situations. On the other hand, both the non-linear magnetic
behavior and the downscaled non-optimized version of the machine
change the shape of the efficiency map. Hence, it is significantly
different from a linearly compressed efficiency map. Therefore, such
linearly compressed efficiency map does not provide realistic results.

3 SENSITIVITY ANALYSIS

To see the behavior of the geometric parameters, a sensitivity
analysis has been performed on all the individual parameters. Each pa-
rameter is individually increased or decreased by a certain percentage.
First, the current density is set fixed at 5.75 A/mm2 to calculate the
torque production. The results are presented in Fig. 9. The parameters
are ordered by their influence on the torque. As can be seen, the aspect
ratio, ratio of ac to dc coil area and split ratio are the most relevant
factors. For the aspect ratio, the torque increases as the machine length
increases. For the ACDC ratio, as explained in Section 2.2, as long
as the ACDC ratio is smaller than 1, the larger the ac coil area, the
higher the torque.

Different then for the aspect ratio and the ACDC ratio, the torque
production for varying the split ratio up to 10% is lower than the
original torque production. By largely decreasing the split ratio, there
is more room for the winding area, hence, the magnetomotive force
(mmf) significantly increases since the current density is kept the same.
However, such increased mmf further saturates the machine, therefore,
leading to a lower torque. On the other hand, by largely increasing
the split ratio, the required mmf is much smaller, which results in a
smaller torque.

In Appendix A.6 the torque production and the sensitivity of the
aspect ratio, ACDC ratio, split ratio, and rotor pole arc are each
investigated in more detail. Relations between the torque production
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Figure 9: Torque level for varying geometric parameters with fixed current density

and the amount of variation for constant current density have been
plotted, whereby the geometric parameters where varied from 90%
to 110% of its initial value (xi {0.9 ... 1.1}). Curve fitting has been
applied to these results to obtain the relations, which are shown in (25)
to (28).

TAR = 1.57x1 , (25)

TACDC =−0.012x2
2 +3.04x2−27.66 , (26)

TSR =−0.16x2
3 +30.49x3−1335 , (27)

TRA =−0.0091x2
4 +1.71x4 +77 . (28)

Furthermore, to investigate the influence on the efficiency at the
rated working point, the efficiency variation for the first three affecting
parameters is visualized, as shown in Fig. 10. The current density has
become a variable to obtain the 2D rated torque level of 157 Nm. It
can be seen that the level of efficiency follows a similar pattern as the
level of torque production for the aspect ratio and the ACDC ratio.
For the split ratio, the efficiency is much lower with a 10% decrease,
due to the magnetic saturation in the material.
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Figure 10: Efficiency level for varying geometric parameters for 157
Nm.

From the presented results in Fig. 9 and Fig. 10, it can be concluded
that the split ratio is a more sensitive geometric parameter. Therefore,
in Fig. 11, the efficiency map at constant torque region for the vary-
ing split ratio is presented. The efficiency maps for the aspect ratio
variation and the ACDC ratio variation are provided in Appendix A.6.

These results can give insight into which parameters should be
varied in order to receive the best efficiency regions where the most
operating points for driving are located. For the split ratio it can be
seen that, when most operating points are in the low torque region,
a lower value is preferred. This means that there are wider regions
of high efficiency. When high vehicle acceleration performance is
required, e.g. high efficiency at high torque, an increased split ratio
would be beneficial.
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base model.

4 TRANSMISSION SYSTEMS

The optimization problem for an EV with a fixed-gear (FGT), a
twinspeed (TST), and a continuously variable transmission (CVT)
will be introduced below. The CVT is assumed to be of the pushbelt
variator type actuated by electromechanically actuation (Empact CVT)
[31, 32].

4.1 Vehicle dynamics model
The vehicle dynamics model described in [33] is based on the

rolling resistance, air drag losses and gradient resistance. In this study,
a rotating mass of the transmission is added, which gives a resistive
force on the vehicle as,

Fveh(t) = h0 +h1 v(t)2 +h2 a(t) , (29)
with the parameters hi defined as,

h0 = msys gCr; h1 =
1
2

ρair Cd A f ;

h2 = msys (1+mrot);
(30)

where, msys is the complete system mass in [kg], g is the gravitational
acceleration in [m/s2], Cr the rolling resistance coefficient, ρair the
air density in [kg/m3], Cd the air drag resistance coefficient, A f the
frontal vehicle area in [m2], and mrot the percentage of rotating mass.
The system mass is a function of the transmission components mtr,
the vehicle mass mveh, and the mass of the electrical machine mEM ,



as shown in (31). The battery size can be highly influenced by the
optimization on electrical machine and transmission system. However,
since the battery is not the focus of this study, a fixed mass is taken
into account, integrated in the vehicle mass.

msys = mtr +mveh +mEM (31)
The vehicle that is used in this study is the BMW i3 for which the
corresponding vehicle parameters are provided in Table 3 [34].

Table 3: BMW i3 vehicle parameters.
Parameter Description Value Unit
A f Frontal area 2.38 m2

Cr Rolling resistance coefficient 0.0174
Cd Drag resistance coefficient 0.29
mrot Rotating mass 0.02 %
mveh Vehicle mass 1180 kg
Rwh Wheel radius 0.3498 m
ρair Air density 1.2 kg/m3

The optimization is focused on the minimization of vehicle energy
consumption over a given drive cycle. Hence, the cost function is
expressed as,

E(t) =
∫ tend

tstart

P(t)dt =
∫ tend

tstart

Fveh(t)v(t)dt , (32)

which can be written as a function of the distance of the drive cycle
(xtot ), to

Ecy(τ) =
1

xtot

n

∑
i=1

viFveh,i ∆t µEM µtr , (33a)

where µχ =

{
1

ηχ
, for Fveh,i > 0

ηχ , for Fveh,i < 0
(33b)

for χ ∈ {EM, tr} , (33c)

xtot =
n

∑
i=1

vi ∆t . (33d)

Here Ecy is the energy consumption over the drive cycle in [Wh/km]
and ηEM and ηtr are the efficiency of the electrical machine and the
transmission, respectively.

The BMW i3 is initially driven by a single speed transmission
with a ratio 1:9.665 which ensures a maximum vehicle speed of 150
km/h [34]. In order to see the behavior of this vehicle with different
transmission systems, it is necessary to keep the initial performance
constraints of the vehicle in mind. These constraints cover the maxi-
mum speed of the vehicle, the maximum acceleration over a range of
speed, and the minimum road gradient that can be climbed. The per-
formance constraints of this vehicle can be found in Table 4, whereby
the first three specs are provided by the BMW group [35] and the
specification on road gradient is established by Punch Powertrains.
The torque requirement due to the road gradient is calculated in (34),

θgrad = tan−1(
αroad

100
) , (34a)

Tgrad = Rwh mveh g
(
Cr cos

(
θgrad

)
+ sin

(
θgrad

))
, (34b)

whereby Rwh is the wheel radius in [m], θgrad is the road gradient
and Tgrad is the required torque for the gradient in [Nm].

Table 4: BMW i3 performance constraints.
Parameter Description Value Unit
vmax Maximum speed 150 km/h
a0−60 0 - 60 km/h 3.8 s
a0−100 0 - 100 km/h 7.3 s
αroad Min road incline 30 %

4.2 Transmission types

For each transmission type, an optimization on energy consumption
is performed with the gear ratio values as the optimized parameters is
executed. In this study the optimization is performed on the optimized
variable flux reluctance machine and on the original permanent magnet
machine of the BMW i3. The layout and the specifications of the
three transmission systems are given in Fig. 12. Depending on the
transmission type, the ratio can be time dependent. The transmission
ratio is defined as,

r(t) =





r1 ∀t, for FGT
rT ST (t), for TST
rcvt(t)r1, for CVT

(35)

whereby the TST ratio is varying between the optimal two gear ratios
and the CVT operation range is limited between an underdrive rmin,cvt
and an overdrive value rmax,cvt ,

rT ST (t) ∈ {r1,r2} ∈ R2 , (36)

rmin,cvt ≤ rcvt(t)≤ rmax,cvt . (37)

4.2.1 Single speed transmission

The torque and speed transfer from the wheels to the electrical ma-
chine is achieved via the direct drive connection and can be expressed
as in (38) to (42). The efficiency loss due to the transmission and the
inertia from the electrical machine is taken into account. With the
torque and speed of the electrical machine the operating efficiency
can be obtained from the efficiency map of the EM.

ωEM(t) = ωtr(t) = ωwh(t)r(t) (38)

dωEM(t)
dt

=
dωtr(t)

dt
=

dωwh(t)
dt

r(t) (39)

Ttr(t) =
Twh(t)

r(t)
µtr (40)

Ptr(t) = ωtr(t)Ttr(t) (41)

TEM(t) =
dωEM(t)

dt
JEM +Ttr(t)

{
1 , if Ptr(t)> 0
fb , if Ptr(t)6 0

(42)

where ωtr and ωwh are respectively the transmission and wheel rota-
tional speed in [rad/s], Ttr and Twh are respectively the transmission
and wheel torque in [Nm], JEM is the inertia of the rotating part of
the electric machine in [kg/m2], and fb is the regenerative braking
fraction.

The constraints, as provided in Table 4, determine the minimum and
maximum transmission ratios that can be used. These performance
limitations are expressed as,

rmax =
wEMmax Rwh

vmax
, (43)

rmin =
Tgrad

ηtr TEMmax

, (44)

whereby vmax is the required minimum topspeed in [m/s], ωEM,max is
the maximum motor speed in [rad/s], Tgrad is the torque required to
drive a road with 30% gradient in [Nm], and TEM,max the maximum
motor torque in [Nm]. The performance constraints on maximum
acceleration, is based on simulation of the vehicle parameters and
driving parameters and the maximum EM torque, racc = f (TEMmax).

With these constraints, the optimization of the single speed trans-
mission can then be written as:

minimize
r(t)

Ecy(r(t))

subject to rmin− r(t)≤ 0 ,
r(t)− rmax ≤ 0 ,
racc− r(t)≤ 0 ,
TEM(r(t))ωEM(r(t))µEM−PEM,max ≤ 0 .
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Figure 12: Transmission layouts.

4.2.2 Twinspeed transmission

The layout of the twinspeed transmission is developed by Punch
Powertrain using two planetary gearsets and a final drive connection
to the wheels [36]. Two control algorithms are used to determine
the most optimal gear ratio combination in relation to the energy
consumption. The first one (Twinspeed1) makes use of a rule-based
controller [37], which determines a fixed shift strategy based on the
drive cycle. The shift strategy is dependent on the vehicle speed
and pedal position (Zpos). The shift map is based on two parameters,
namely the ramp of the shift line (s1) and the minimum gear difference
(s2). These parameters are used to determine the upshift vup and
downshift vdn speed of the vehicle as follows [37],

vup = a1+ s2 + s1 Zpos , (45)

vdn = a2+ s2 + s1 Zpos , (46)
where a1 and a2 are predefined vectors for the up and downspeed
based on the pedal position obtained from [37]. Similarly, this ap-
proach utilizes (38) to (42), where rT ST (t) determines when gear
ratio 1 and 2 are used based on the upshift and downshift speed in
combination with the pedal position throughout the drive cycle. The
optimization problem, with the four optimization variables can be
written as:

minimize
r1(t) ,r2(t) ,s1 ,s2

Ecy(r(t))

subject to rmin− r2 ≤ 0 ,
r1− rmax ≤ 0 ,
r1−15≤ 0 ,
r2− r1 ≤ 0 ,
racc− rT ST (t)≤ 0 ,
TEM(r(t))ωEMr(t)µEM−PEM,max ≤ 0 ,

whereby gear ratio 15 is the maximum gear ratio due to the design
constraint for twinspeed transmission by Punch Powertrain. A down-
side of the twinspeed strategy with a rule based controller is that,
during the entire cycle, the gear ratios are determined before the start
of the cycle. This results in suboptimality in the results, e.g. while
driving a hill [38]. Therefore, a second algorithm (Twinspeed2) is
introduced, whereby the energy consumption for the complete drive
cycle is calculated both by gear ratio 1 and 2. For each time step, the
gear ratio that ensures the lowest energy consumption at this specific
point is selected. However, since this means that the drive cycle has
to be known beforehand, the approach can only be used for backward
simulations. A comfort factor can be implemented, which restricts
the number of switchings during a drive cycle. For twinspeed 2, the
optimization constraints as provided for the optimization problem for
twinspeed 1 hold, but the minimization needs to be performed only
with use of r1(t) and r2(t) since a shift map is not created.

4.2.3 Continuously Variable Transmission

Compared to stepped transmissions, a CVT can change its gear
ratios without power interruption and the infinite number of ratios (in
the given interval) helps multi-speed EV running smoothly, similar
to single speed EVs [11]. The efficiency of the CVT used in this
study is based on the efficiency of the electromechanically actuated
CVT (Empact CVT) as found in [31]. In this work, the efficiency
is integrated as a function of both input torque (Tin(t)) and pulley
ratio (rcvt(t)). In Fig. 14, the efficiency of the Empact CVT is shown
for three different pulley ratios. Different operating regions of the
CVT are depicted in Fig. 13. The CVT ratios are bounded between
0.45 and 2.25 [31]. The CVT system is scaled up from 150 Nm to
a maximum torque of 250 Nm. However, the efficiency map is not
changed. From 150 Nm to 250 Nm the efficiency is at the same level
as that of 150 Nm. The optimization model as described for single
speed transmissions holds for the CVT system with the added ratio
constraints.

Figure 13: Operating regions of the CVT.

In this work, slip on the variator is not taken into account. Therefore
the output speed of the CVT (ωEM) can directly be calculated based
on the wheel speed and the pulley ratios.

TEM =
Twh

r(t)
1

ηcvt
(47)

ωEM = ωwh r(t) (48)

dωEM

dt
=

dωwh

dt
r(t)+

dr(t)
dt

ωtr (49)

The optimization of the CVT system, as implemented in this study,
maximizes the combined efficiency of both the CVT system and the
electrical machine efficiency, i.e., rcvt(t) = f (ηcvt ,ηEM). Hence, the
CVT does not follow the optimal operating line of the electrical ma-
chine. In Appendix C the operating principle of the CVT is discussed
in more detail.



(a) LOW / underdrive ratio with slip control (b) Medium ratio with slip control (c) Overdrive ratio with slip control
Figure 14: Efficiency of the Empact and CK2 transmission [31].

4.3 Scaled machine optimization
In [11] it is shown that for single speed transmission, most of the

operating points are spread over a low torque wide speed region due
to the gear ratio. While for twinspeed transmission, due to the double
gear ratio, the operating points are varying between low torque - high
speed and high torque - low speed. This provides a possibility to
reduce the rated torque and maximum speed of the electrical machine.
However, it has to be noted that for the BMW the PM machine is
already tightly optimized towards its performance. Both conventional
scaling of the torque speed map and scaling via simulation of the elec-
trical machine is performed in this study. The optimization approach
for conventional scaling can be written for single speed transmission
as:

minimize
r(t) ,TEM,2

Ecy(r(t) , TEM,2)

subject to rmin(TEM,2)− r(t)≤ 0,
r(t)− rmax ≤ 0 ,

racc(TEM,2)− r(t)≤ 0 ,
TEM(r(t))ωEM(r(t))µEM−PEM,max ≤ 0 ,

When the rated torque scales down, the maximum torque will scale
accordingly as well as the ratio between rated and peak torque is
kept fixed. Since both rmin and raccc are a function of maximum
torque, they are directly a function of the scaled torque TEM,2. In this
approach, the efficiency at each torque and speed is compressed with
the scaling factor, as discussed in 2.6. This means that the efficiency
values in the constant torque region only vary position but maintain the
same magnitude, which might not always be the case, as is discussed.
However, to see the influence in whether scaling needs to be applied
it can give a good insight in the transmission operating points.

5 COMBINED MACHINE AND TRANSMISSION OPTIMIZATION

In this section, the optimized VFRM will be utilized in the transmis-
sion gear ratio optimization. The optimization on each transmission
system is shown whereby the constraints are provided. The energy
consumption of all transmission types is given. Then, the results of
the sensitivity analysis are implemented and conclusions are drawn
based on this approach.

5.1 Transmissions
Single speed transmission

In Fig. 15a, the results of an exhaustive search applied to the vehicle
with a single speed transmission is depicted. According to the figure,
the optimal gear ratio for the lowest energy consumption would be
near 7.4. However, due to performance constraints of the vehicle, this
gear ratio is not sufficient. Three constraint lines are shown in this
figure from where the line at gear ratio 5.35 is the constraint due to
the 30 % gradient (rlb), the line at 26.4 is due to the minimum top
speed of 150 km/h (rub), and the line at 13.4 is due to the performance
constraints (rper f ormance). From the figure, it can be seen that the gear

ratio is dictated by the performance of the vehicle. The best single
speed gear ratio is found at 13.6 and yields an energy consumption of
132.6 Wh/km. In Fig. 16, the operating points of this transmission
are indicated as black dots. The corresponding transmission and
performance parameters are given in Table 5.

Twinspeed transmission
The twinspeed transmission could improve the efficiency of the overall
drive cycle due to the double gear ratio. This makes it possible to drive
both at high speed and at high torque in an efficient region. However,
because the efficiency of the twinspeed is slightly lower than that of
the single speed transmission and the mass is a factor 2.6 higher, it
might be that the overall vehicle energy consumption is similar or
even higher. The gearshift strategy of the twinspeed transmission is
given in Fig. 15b, which is obtained by optimization via a nonlinear
programmer solver and the selection of the gear ratios in Fig. 15c. The
operating points are shown in Fig. 16 where they are represented as
magenta dots. The optimal transmission parameters and performance
indicators are provided in Table 5.

It can be seen that the energy consumption for the twinspeed trans-
mission is even higher than that of the single speed transmission. As
already mentioned, the rule-based controller which provides the shift-
ing strategy is a suboptimal controller for this optimization problem.
Using a free gear selection mode provides a lower energy consump-
tion in this situation. The gear selection for the most optimal energy
consumption is shown in Fig. 15c. The results of this optimizer can be
found as ’Twinspeed 2’ in Table 5 with the accompanying operating
points in Fig. 16 in the color red. It can be seen that the points for TS2
are not similar to the points of TS1, which means that the rule-based
controller is not always to pick the most optimal points. The difference
in energy consumption between TS1 and TS2 is 1.4 Wh/km, whereby
TS2 is more optimal than the single speed transmission. However, the
increased switching between gears for the TS2 transmission reduces
the comfort of driving. The gear ratios are obtained by a nonlinear
optimization algorithm and verified by an exhaustive search.

Since two gear ratios can be used, it might be possible to reduce
the rated torque and maximum speed of the VFRM. As one of the
gear ratios is designed for driving over a hill, while the other is
responsible for driving at top-speed. However, the combination of the
gear ratios may be limited due to the acceleration performance of the
vehicle. This will be discussed further in Section 5.2.

Continuously variable transmission
The CVT system uses it ratio coverage to determine the highest ef-
ficiency in each step. For each time step, the optimal CVT ratio is
determined based on the efficiency of the electrical machine and the
efficiency of the CVT system, i.e., rcvt(t) = f (ηcvt ,ηEM). When im-
plemented on the designed VFRM machine the energy consumption
is obtained to be 142.2 Wh/km with an optimal final drive of 6.9. This
energy consumption is much higher than for both single speed and
twinspeed transmission. This can be explained based on the lower
efficiency of the CVT (' 92% max) in relation to single speed (97%)



and twinspeed (96%) transmission and the higher mass of the CVT
system. The optimal operating points of the CVT are given in Fig. 16
as green dots. It can be seen that the system tries to create as high
torque as possible in order to obtain the highest combined efficiency
of the CVT and electrical machine. This can be related to Fig. 14
where it is shown that the highest efficiency of the CVT for all modes
is reached for the highest input torque. The top speed of the system
is similar as with twinspeed transmission and the acceleration profile
shows high improvements in relation to single speed transmission,
making it more desirable from a performance viewpoint.
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(d) CVT ratio selection for the VFRM.
Figure 15: VFRM transmission optimization results.

Table 5: VFRM and transmission optimization results.

Parameter Single
speed

Twin-
speed1

Twin-
speed2 CVT Unit

r1 13.6 15 14 7
r2 - 7.6 5.5 -

rcvt - - - 0.45-
2.25

s1 - 42.7 - -
s2 - 43.8 - -
Ecy 132.6 133.4 132.2 142.9 Wh/km
vmax 216 218.8 214.5 216 km/h
a0−60 3.74 3.59 3.75 3.3 s
a0−100 6.92 7.3 7.07 6.7 s

Figure 16: Operating points for the transmissions on the VFRM.

5.2 Scaled machine design
For the three transmission systems, the optimization on the VFRM

is performed with the added scaled torque variable (TEM,2) as mini-
mizer, as explained in Section 4.3. This means that, initially the torque
speed map of the VFRM is scaled in the conventional way, whereby
the efficiency points are shifted. The results of this optimization are
provided in Table 6.

Table 6: VFRM torque speed scaled transmission optimization results.

Parameter Single
speed

Twin-
speed1

Twin-
speed2 CVT Unit

TEM,2 144 145 144 144 Nm
r1 13.9 15 15 6.9
r2 - 9.9 5.8 -

rcvt - - - 0.45-
2.25

s1 - 34.8 - -
s2 - 37.8 - -
Ecy 132.5 133.6 131.9 142.2 Wh/km
vmax 210 211.8 208 210 km/h
a0−60 3.79 3.66 3.64 3.5 s
a0−100 7.3 7.3 7.26 7.16 s

It can be seen that the optimization algorithm only reduces the
torque by around 5 Nm for all transmissions in order to find the
optimized value. Since the efficiency at high torque for the VFRM is
only around 90%, the acceleration performance of the vehicle works
as an active constraint on the single speed and twinspeed ratios, as
can be seen in Table 5. However, this is not the case for CVT. For
a downscaled machine a lower maximum torque is available, thus
the acceleration can utilize a lower torque value. This means that a
higher gear ratio would be required in order to overcome the active
constraint. Nevertheless, since for twinspeed the highest gear ratio
is limited to 15, the rated torque cannot be reduced highly. For CVT
however, the highest efficiency is reached at high torque such that, if
the rated torque decreases the efficiency will decrease as well. Hence,
the energy consumption increases.

5.3 Split ratio variation
In Section 3 the influence of the split ratio on the optimized VFRM

is shown. When the split ratio is increased the efficiency at low torque
increases related to the base design, while if the split ratio decreases
the efficiency at high torque increases, which is beneficial for high



acceleration. Simulations have been performed on both increasing and
decreasing the split ratio and optimizing the transmission system. The
results show that for a 10 % increase in split ratio, the acceleration
performance cannot be reached. Since the acceleration performance
already constrained the transmissions for the optimized VFRM it
might be possible to reduce the energy consumption for a decreased
split ratio. This would reduce the gear ratio required to achieve the
acceleration since higher efficiency is obtained at high torque.

For single speed transmission the gear ratio could be reduced from
13.6 till 12.2 due to the performance constraint. However, the overall
energy consumption is higher due to the lower efficiency at low torque.
The energy consumption is increased from 132.6 Wh/km to 133.3
Wh/km. For all transmission systems the gear ratios were reduced due
to the optimizers, however the energy consumption was increased in
all cases as well. It might be possible to reduce the energy consump-
tion by increasing the split ratio. However, to achieve this, several
efficiency maps over the range of increase from 0 to 10% should be
obtained and implemented in the transmission optimization.

6 BENCHMARK BMW I3 PM MACHINE & OPTIMIZED VFRM
In this section, the results of the transmission optimization on the

initial PM machine of the BMW i3 are discussed and related to the
designed VFRM.

6.1 BMW i3 Permanent magnet machine
The parameters of the permanent magnet machine are given in

Table 7. The efficiency map belonging to the system is given in Fig. 17.
It can directly be seen that the efficiency of the PM machine is higher
over a larger torque speed region. The efficiency at peak torque is up
to six percent higher than for the VFRM, therefore, the performance
constraints for acceleration will be less influencing the gear ratio
selection. Due to a higher efficiency, the machine can produce higher
wheel torque and therefore accelerate faster. The top speed of the
vehicle is more difficult to obtain. The maximum motor speed of the
PM machine is limited to 11500 rpm, which is almost 3 times as low
as for the VFRM.

Table 7: BMW i3 electric machine parameters [35].
Electric machine parameter Value Unit
Electric motor mass 48 kg
Rated torque 150 Nm
Maximum torque 250 Nm
Base speed 4800 rpm
Maximum speed 11500 rpm
Rated power 75 kW
Maximum power 125 kW
Motor inertia 0.1 kgm2

Regenerative braking 50/125

Figure 17: BMW i3 permanent magnet machine efficiency map [39].

In Appendix D, the transmission optimization on the efficiency
map is elaborated. The final optimization results are shown in Fig. 18
and Table 8. It can be seen that the overall energy consumption for
each of the three transmission systems is lower than for the VFRM.
This is due to the high efficiency that the permanent magnets can
generate in relation to the DC field windings of the VFRM. Even at
peak torque, the PM machine operates at around 95% efficiency, while
for the VFRM only around 90% efficiency is reached. Hence, the
constraint on acceleration performance provides more freedom for the
PM machine.
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Table 8: BMW i3 transmission results.

Parameter Single
speed

Twin-
speed1

Twin-
speed2 CVT Unit

r1 9.57 10.6 12 6.5
r2 - 6.35 5.67 -

rcvt - - - 0.45-
2.25

s1 - 37.6 - -
s2 - 48.9 - -
Ecy 129.9 128.6 127.74 138.2 Wh/km
vmax 157.8 221 220.2 223.2 km/h
a0−60 3.8 3.57 3.11 2.78 s
a0−100 6.9 7.3 6.34 6.45 s

6.2 Results and discussion
In Fig. 19a, the energy consumption for the four systems as intro-

duced before is shown, whereby:
• VFRM: The optimized VFRM machine.
• VFRM SR + 10%: The optimized VFRM machine with an

increased split ratio by 10%.
• VFRM scaled (-4%): The optimized VFRM machine with lin-

early scaled torque speed characteristics to 144 Nm.
• PM-BMW: The initial PM machine in the BMW i3.
It can be seen that in all designs the CVT has a significant higher

energy consumption than the single- and twin-speed transmission.
The twinspeed transmission without rule based controller has the
lowest energy consumption for all cases, but the difference with single
speed transmission is minimal. In order to see whether one of these
transmissions would be significantly better more geometric parameter
variations should be investigated. Based on the results in Fig. 19a, it
would be logical to decide on the single speed transmission due to
the less complicated transmission design and therefore, lower costs of



the system. In order to obtain similar energy consumption with the
CVT and the FGT (break-even), the efficiency of the FGT reduces.
However, then the vehicle performance is no longer satisfied. To
obtain similar Ecy, ηFGT = 90% and r(t) = 14.4.

Furthermore, in Fig. 19b the optimized gear ratios for the transmis-
sion systems are shown. It can be seen that the gear ratios for single-
and twin-speed for the PM machine are significantly lower than for
the VFRM machine. This is due to the acceleration performance of
the vehicle. As discussed in Section 5, the performance operates as an
active constraint on the transmission. Due to the high efficiency of the
PM machine at peak torque, the performance constraint is at a much
lower gear ratio. As can be seen from the split ratio variation, higher
efficiency is reached at peak torque, the gear ratio is slightly lower in
relation to the optimized machine. Since the scaled machine utilizes a
lower rated torque, the peak torque will decrease linearly. Therefore,
the performance ensures an even higher gear ratio is required.
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Figure 19: Benchmark of the three designed VFRMs and the initial
PM machine of the BMW with (a) the minimized energy consumption
and (b) the optimized gear ratio.

7 CONCLUSION AND FUTURE RESEARCH

In this paper, a combined design optimization of three transmission
systems with a 12/10 VFRM is performed. The VFRM is initially
optimized via block coordinate descent optimization at the nominal
operating point (150 Nm at 4800 rpm). Efficiency maps have been
created by use of a field weakening algorithm, whereby the speed is
capable to be extended by six times the base speed in the constant
power regime. A maximum efficiency of 95.23% is reached with
implementation of copper and iron losses. This makes the total ef-
ficiency lower then for the PM machine (max 97%). However, due
to the robust structure, low material cost, and concentrated winding
configuration it can be an attractive choice for the industry. It is shown
that the torque ripple can be reduced by at least 60% with no more then
5% average torque reduction. A sensitivity analysis of the geometric
parameters is performed, which revealed linear and quadratic relations

to describe the torque production. The aspect ratio, ACDC ratio, and
split ratio have shown to be the most sensitive parameters, whereby,
for geometric variation of 10%, up to 10% torque variations and 2.8%
efficiency variation is produced.

From the three transmission systems, it has become clear that
twinspeed provides the lowest energy consumption for both the opti-
mized VFRM and the PM machine of the BMW i3. The twinspeed1
transmission has, in relation to twinspeed2, a slightly higher energy
consumption due to the suboptimal gearshift controller that is used.
However, by constantly shifting between the most efficient gear ra-
tios, the comfort of driving will be decreased and shifting losses will
increase. Therefore, single speed transmission is a better fit for the
system. The Empact CVT shows a higher energy consumption, which
is mostly due to the lower efficiency of the system and to the higher
system mass. Since the acceleration performance of the BMW op-
erates as an active constraint on the transmissions, the split ratio of
the VFRM has been increased. Increasing the split ratio has shown
to give higher efficiency at high torque. However, this results in a
lower efficiency at low torque, where most of the operating points are
located. Hence, for single speed and 10% increase in split ratio, the
gear ratios were reduced by 10 %, but the overall energy consumption
increased by 0.5%.

Furthermore, downscaled versions of the VFRM are designed,
yet not optimized, based on the relation between torque and radius.
The obtained torque results by FE analysis show a 6th order relation
in non-saturated and a 4th order relation in saturated situations.
Moreover, both the non-linear magnetic behavior and the downscaled
non-optimized version of the machine change the shape of the
efficiency map. Therefore, linearly scaled efficiency maps do not
provide realistic results.

In this study, the focus has been on the optimization of the EM
and transmission design. A relatively simple transmission model
has been used to create insight in the coupling of the systems. In
future research, a more detailed transmission system can be included,
e.g. a more sophisticated loss model for the CVT, to obtain more
realistic results. Furthermore, in the calculation of the efficiency map
of the VFRM, skin effect and proximity effect are not included. A
more detailed map can be produced by adding these losses and by the
creation of a winding design in the motor. Due to the high reduction
of torque ripple by rotor skewing the vibrations and thus the noise in
the VFRM will be reduced. However, it could be the focus of further
research to predict the natural frequency of vibration modes in this
type of VFRM and to investigate reduction possibilities to make the
VFRM more attractive for automotive applications. Lastly, since the
focus of this study has been on the integration of EM and transmission,
other components such as power electronics and battery systems have
not been included. However, the integration between all four of these
systems will have a high influence on the energy consumption of the
vehicle. It would be interesting to combine all the components on a
system design level to create a complete optimization problem with
all integrations included.
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APPENDIX

A VARIABLE FLUX RELUCTANCE MACHINE

In this section, a more detailed analysis is given regarding the
VFRM design and optimization approach. The optimization steps
as given in the report are highlighted, the 3D simulation model is
discussed, the field weakening algorithm is explained in more detail,
and the sensitivity analysis is elaborated.

A.1 Block coordinate descent method

As discussed in Section 2.2, the optimization on the electrical
machine is performed via a block coordinate descent method whereby
parameter sweeping is applied. In this section the sequential steps are
provided. Starting with k = 1, the first geometric parameter, the aspect
ratio, is swept to determine the influence in efficiency and machine
length. While sweeping this parameter, the other optimization vari-
ables, k = 2 till n, are fixed. The result is a minimization algorithm
with only one optimization variable, subject to the initial constraints.
Since the minimization is to find the minimum stack length with the
highest efficiency, the optimization on aspect ratio, e.g. x1, is per-
formed purely on stack length. After obtaining the optimal value in
the provided grid, e.g. xk+1

1 , the second parameter is swept. For this
optimization the obtained optimal parameter for i = 1 is used, together
with the fixed parameters of i = 3 till n. This is continued for all n
parameters.
k = 1

minimize
x1

Lsk(ξ )

subject to hv (ξ ,xk
2 , ...,x

k
n) = 0 for v = 1, .., p.

gw (ξ ,xk
2 , ...,x

k
n)≤ 0 for w = 1, ...,q.

k = 2
minimize

x2
−ηEM(xk+1

1 ,ξ ,x3o, ...,xno)

subject to hv (xk+1
1 ,ξ ,xk

3 , ...,x
k
n) = 0 for v = 1, .., p.

gw (xk+1
1 ,ξ ,xk

3 , ...,x
k
n)≤ 0 for w = 1, ...,q.

.

.

.
k = n

minimize
xn

−ηEM (xk+1
1 , ...,xk+1

n−1,ξ )

subject to hv (xk+1
1 , ...,xk+1

n−1,ξ ) = 0 for v = 1, .., p.

gw (xk+1
1 , ...,xk+1

n−1,ξ )≤ 0 for w = 1, ...,q.
whereby h j and gk are the equality and inequality constraints as intro-
duced in Section 2.2. After the block coordinate descent optimization
is performed for the n parameters in one cycle, e.g. {xk+1

1 , ...,xk+1
n }.

However, since the parameters have interaction with each other, the
global optimum may not be reached. In order to obtain a final result,
closer, in terms of cost function output, to the optimal result, this opti-
mization is performed multiple (z) times, until both stopping criteria
are reached,

|ηz+1−ηz| ≤ ε1 ,

|S3D,e f f ect,z+1−S3D,e f f ect,init | ≤ ε2 .
(50)

A.2 Optimization

The results of the second optimization procedure, which gives the
VFRM geometry of this study (after three optimization rounds), is
shown below.
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Figure 20: Performance data for a varying aspect ratio.
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Figure 21: Performance data for a varying ACDC ratio.
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Figure 22: Performance data for a varying split ratio.
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Figure 23: Performance data for a varying rotor pole arc.
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Figure 24: Performance data for a varying stator teeth arc.

10 11 12 13 14 15

Stator yoke height [mm]

0

500

1000

1500

L
o
s
s
e
s
 [
W

]

93

93.5

94

E
ff
ic

ie
n
c
y
 [
%

]Copper losses (slot) Iron losses Efficiency

10 11 12 13 14 15

Stator yoke height [mm]

125

130

135

140

T
e
m

p
e
ra

tu
re

 [
°C

]

0.74

0.76

0.78

0.8

P
o
w

e
r 

fa
c
to

rTemperature

Power factor

Figure 25: Performance data for a varying stator yoke.
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Figure 26: Performance data for a varying rotor teeth bottom arc.
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Figure 27: Performance data for a varying rotor teeth height.

The aspect ratio (Fig. 20) of 0.45 is selected, as discussed, based
on the temperature constraint and the trade off between efficiency
and motor size. For the ACDC ratio, the selection is based on the
active constraint of the power factor as can be seen in Fig. 21, which
gives a ratio of 0.63. The split ratio is, as discussed, considerably
influenced by the saturation level in the machine as can be seen in
Fig. 22. Based on this relation and the highest efficiency, a split ratio
of 0.65 is selected.

The rotor pole arc, which is the outer arc of the rotor teeth, is an
important parameter for the flux in the machine. An increased rotor
pole arc creates a larger overlapped area for the aligned rotor position
with the stator tooth, resulting in a higher airgap permeance, and hence
higher open-circuit flux linkage for this position. Hence, different arcs
lead to different waveforms of the open-circuit phase flux linkage, in
which the magnitude of the fundamental harmonic varies [21]. This is
also an important consideration in harmonics that influences torque
ripple [25, 29]. The highest efficiency for this operating point is found
at a rotor pole arc of 13°.

The stator tooth arc, which ensures the width of the stator tooth, is
linked with the rotor pole arc. A high overlapping region is preferred,
but wider stator teeth provide less room for the coil area. This results
in a compromise between open circuit flux linkage and copper losses
in the coil area, which can be seen in Fig. 24. For the same MMF
a smaller coil area leads to higher resistance and therefore higher
losses. The optimal stator tooth arc in selected as 13.5°for the highest
efficiency.



The maximum flux in the stator back iron is usually smaller than
in a stator tooth, due to the distribution of the flux colliding in two
directions near the stator outer diameter. Hence, for an optimal design,
the stator back iron height can be smaller than the stator tooth width.
When the back iron height reduces, the rotor outer diameter is able
to increase without reducing the coil areas, resulting in an enhanced
capability of torque production. The magnetic saturation of the stator
back iron height is the limiting factor for the maximum torque pro-
duction [21]. Since the selection of the stator back iron height can
influence the decision of the split ratio the block coordinate descent
optimization has to be performed more then once. The optimal stator
back iron height in this model is 13 mm as can be seen in Fig. 25.

The rotor teeth bottom arc is included in the optimization to see
whether the shape of the rotor teeth influences the efficiency of the
model. It can be seen in Fig. 26, that when the rotor teeth are widening
towards the inner rotor diameter the efficiency slightly increases. The
efficiency is not influenced that much by the geometry, however, the
peak magnetic saturation is highly reduced in the edges between teeth
and rotor back iron. Due to the mechanical stresses in the material at
such high rotor speeds, it is better to have a higher rotor teeth bottom
arc. The rotor teeth bottom arc considered is 32°. The extra inertia,
which is obtained by a higher rotor teeth bottom arc, has been taken
into account, but does not significantly influence the efficiency.

The selection of the rotor tooth height is mostly influenced by the
magnetic saturation in the rotor back iron. The rotor outer diameter
is decided by the split ratio. The rotor inner diameter is constrained
to be not smaller than 30 mm due to the consideration of the mechan-
ical stiffness of the shaft. In general, a large rotor tooth height is
preferred as it results in a significant difference between the aligned
and unaligned inductances and thus a high torque production [21].
However, for higher rotor tooth height, the rotor back iron height
decrease, which increases the level of magnetic saturation and reduces
the torque production. For the values as provided in Fig. 27 the influ-
ence in efficiency and torque production is almost not visible. A value
of 27 mm for the rotor tooth height is selected.

The optimized results for the second optimization round have been
summarized in Table 9. The initial starting values and the first and
third optimization round are provided here as well.

Table 9: Dimensions of the optimization rounds of the VFRM.

Parameter First
round

Second
round

Third
round Unit

x1 0.52 0.45 0.41
x2 0.588 0.63 0.65
x3 0.61 0.65 0.68
x4 0.31 0.36 12.5
x5 15 13.5 13.5 °
x6 15 13 12.5 mm
x7 29 32 32 °
x8 22 27 25 mm
Ja 5.81 5.75 6.45 A/mm2

TD,rated 170 157 160.2 Nm
ηEM 93.6 93.84 93.5 %

It can be seen that the efficiency reaches it highest value for the
second optimization round. Since for the third round the aspect ratio
is decreased a more compact machine is created, however, at the cost
of efficiency. Due to the smaller length of the machine end winding
leakage is also more influencing, a higher 3D effect was assumed,
therefore the rated torque in 2D was required to be higher. After
optimization of the third round it was concluded that this machine was
not able to withstand 7.3 seconds peak torque within the temperature
limit as provided in the optimization. With this insight, and with the
lower maximum efficiency that is generated, the second round was
selected in this study.

A.3 Rotor inertia
Due to the high rotor speed and acceleration requirement, the

inertia of the rotor has been calculated. In Fig. 28, the rotor of the
VFRM is highlighted with the accompanying parameters. Three areas
are provided, the straight rotor teeth (A1), the sides of the rotor teeth
(A2), and the rotor back iron (A3). w1 And w2 are respectively the
width of the rotor teeth and the width of the rotor teeth side.

12

3

w1

w2

R0

R1

Rsh

Figure 28: Rotor design of the VFRM.

The inertia, I, of each area can be calculated as [40],

Izz1′ =
w1 (R1−R0)

12
(w2

1 +(R1−R0)
2)ρNO Lsk , (51)

Izz2′ =
1
4 (w2−w1)(R1−R0)

12
((

1
2
(w2−w1)

2 +(R1−R0)
2)ρNO Lsk ,

(52)

Izz3′ =
π
2
(R4

0−R4
sh)ρNO Lsk , (53)

where ρNO is the density of the rotor material in [kg/m3]. The inertia
of each area can be shifted to the center of the rotor by the parallel
axis theorem [40] as in (55), where di is the distance between the two
centerlines in [m], and mi is the mass of the subsystem in [kg].

Izz,i = Izz,i′ +d2
i mi (54)

m1 = w1 (R1−R0)ρNO Lsk (55)

m2 =
1
4
(w2−w1)(R1−R0)ρNO Lsk (56)

m3 = π(R2
0−R2

sh)ρNO Lsk (57)

Izz1 = Izz1′ +(R0 +
1
2
(R1−R0))

2 m1 (58)

Izz2 = Izz2′ +(R0 +
1
3
(R1−R0))

2 m2 (59)

Izz3 = Izz3′ (60)
The final rotor mass (mrot ) and inertia (Irot )is the sum of the individual
components,

Irot = Izz3 +Pr (Izz1 +2 Izz2) , (61)
mrot = m3 +Pr (m1 +2m2) . (62)

A.4 3D simulation model
Due to the relatively short machine length, the leakage in the end

of the machine can have significant influence on the torque production
in the machine. In the 2D simulation, the leakage is not simulated but
is taken into account by providing a higher mean torque level and a
separate calculation for the end winding losses. In order to see the
influence of the end winding leakage effect, a 3D simulation has been
performed. In the 3D simulation model extra outer air regions are
provided on both sides of the machine, that entirely surround the end
windings, as can be seen in Fig. 29a. The windings are provided in
the model as rectangular beams whereby the DC windings, similar as



in the 2D model, enclose the AC windings. However, the placement
of the windings can influence the self and mutual inductance and thus
the torque production. Therefore, a second simulation model has been
developed whereby the DC windings do not enclose the AC windings
but are placed next to the AC windings with a larger radius. This is
shown in Fig. 29b.
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Figure 29: 3D simulation model with windings placed (a) on top of
and (b) next to each other.

The mutual inductance of the DC coils to the AC coils has been
calculated for 1 Ampere field current with 0°rotor position, for a non-
saturated situation. In Table 10 the self and mutual inductances for the
DC coils is shown for both the 3D and the 2D FE models, whereby
L3D,1, L3D,2, L2D,1, and L2D,2 respectively represent the inductance
with the coil positions shown in Fig. 29a and Fig. 29b for 3D and
2D simulations. It can be seen that there is almost no difference for
the mutual inductance between the two models. There is, however, a
difference between the values of the 3D and 2D simulations. This is
due to the end winding leakage which is taken into account by the 3D
model. The flux density over the stack length of the machine will be
similar in 2D and 3D and since the end winding leakage will provide
a higher mutual inductance, the value in the 3D model needs to be
higher.

Table 10: Inductances obtained by 3D and 2D FE.
Coil
conductors

Excite coil
conductor

L3D,1
[µH]

L3D,2
[µH]

L2D,1
[µH]

L2D,2
[µH]

Phase A DC 8.97 9.03 8.64 8.59

Thee mutual inductance is directly influencing the torque produc-
tion of the machine as can be seen from (3), to validate this for both
3D models the torque production has been calculated for both 0°rotor
position, at which position the mutual inductance is calculated, and
for 0 - 6°. The results can be found in Table 11.

Table 11: Torque production obtained by 3D and 2D FE.
Rotor position
(mechanical)

T3D,1
[Nm]

T3D,2
[Nm]

T2D,1
[Nm]

T2D,2
[Nm]

0° 141.5 142 149 148.5
0-6° 149.4 150 157.1 157.2

It can be seen that the difference in average torque level between
both the 2D and the 3D simulation models is not significant. This
validates the relation of mutual inductance and directly shows that
there are no higher leakage effects for one of the two models. Based
on the results of these simulations it can be concluded that neither of

the configurations shows significantly better performance but neither
of the configurations has a significant downside as well. A choice for
winding configuration could therefore be decided on ease of manufac-
turing.

A.5 Field weakening

As discussed in Section 2.4, field weakening is performed by
applying a negative d-axis current to ensure that the voltage does not
exceed the battery voltage level. The d-axis current can be applied
by increasing the commutation angle such that the d-axis current
increases, while the q-axis current decreases. However, when the d-
and q-axis current vary the torque production changes. In order to
maintain a certain torque level, a combination of armature current
and commutation angle needs to be calculated. Therefore the field
weakening algorithm is introduced, as can be seen in Fig. 30.

An initial torque point is selected at base speed, for this point the
field current, the armature current, and the commutation angle are
known. The simulation of this point provides the voltage, which is
split into the d- and q-axis component by (63) and (64).

Ud,i = Ûi sin
(
θv,i
)
, (63)

Uq,i = Ûi cos
(
θv,i
)
, (64)

whereby Ûi is the peak fundamental voltage at point i and θv,i is the
voltage angle at point i. With the voltage components at point i, the d-
and q-axis self inductance and the mutual inductance between field
and armature windings can be calculated via (65).
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2 Pr I f Iq,i

3
2 Pr Id,i Iq,i − 3

2 Pr Id,i Iq,i
ωe,i I f −ωe,i Id,i 0

0 0 ωe,i Iq,i






M f a,i
Ld,i
Lq,i


=




Ti
Uq,i
Ud,i


 (65)

The torque equation of the VFRM is rewritten in (66) such that
the commutation angle and the armature current are the only two
unknowns at the next operating point i+1. For point i+1, the speed
of the EM is calculated to maintain constant power as can be seen
in Fig. 31. Based on a chosen combination of armature current and
commutation angle, the torque is calculated by (66) and the dq-axis
components of the current are calculated based on (68) and (69).
With these current components and the inductance components of the
previous point the fundamental voltage components of point i+1 can be
calculated, see (70) and (71). Then the amplitude of the fundamental
voltage can be calculated as in (72), which needs to be below the
battery voltage level.

3
2

Pr (Ld,i−Lq,i) cos(γi+1) sin(γi+1) Î2
a,i+1+

3
2

Pr M f a,i I f cos(γi+1) Îa,i+1−Ti+1 = 0
(66)

ωe,i+1 = ωe,i
Ti

Ti+1
(67)

Id,i+1 = Îa,i+1 sin(γi+1) (68)

Iq,i+1 = Îa,i+1 cos(γi+1) (69)

Ud,i+1 = ωe,i+1 Lq,i Iq,i+1 (70)

Uq,i+i = (M f a I f −Ld,i Id,i+1)ωe,i+1 (71)

Ui+1 =
√

U2
d,i+1 +U2

q,i+1 6Udc (72)

If the voltage is not below the battery voltage, a different combination
of armature current and commutation angle needs to be selected.
Since the inductance components of the previous step are used for
the calculation of the voltage, it might be, that for large variation of
torque in the next step, the fundamental voltage from the simulation is
different. If this is the case, smaller torque variation in steps are used
or the point is simulated again with the newly obtained inductance
components.
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Figure 30: The field weakening algorithm.
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Figure 31: Iterations over the torque line in constant power region.

A.6 Sensitivity analysis
In Section 3, the relationship between torque and the influence on

the geometric parameter is described for the aspect ratio (AR), the
ACDC ratio (ACDC), the split ratio (SR), and the rotor pole outer arc
(RA). In Fig. 32, the results of the 2D simulations are shown, whereby
the geometric parameters where varied from 90% to 110% of its initial
value (xi {0.9 ... 1.1}). The current density has been set fixed to 5.75
A/mm2 to see the torque production over the range of values.

As can be seen in Figure 32, the rotor pole arc, which is the fourth
optimization parameter has a much lower influence than the first three.
However, as discussed, this can have more influence on the skewing
angle and the torque ripple production.

In Section 3 the efficiency map for variation of the split ratio has
been shown. In the Figures 33 and 34 the efficiency maps for respec-
tively the aspect ratio and the ACDC ratio variations can be found.
As can be seen, variations in the ACDC ratio only have effect in the
higher speed and higher torque region, while varying the aspect ratio
shows influence over the entire diagram. However, as discussed be-
fore, increasing the aspect ratio results in higher efficiency at the cost
of higher motor mass and size.

B PERFORMANCE MODEL BMW I3
The acceleration performance of the vehicle is obtained by utilizing
the electrical machine at maximum torque for a certain moment of
time. In the constant torque region, this means that up until the base
speed of 4800 rpm the maximum torque is only influenced by the
efficiency of the electrical machine. While, if the speed exceeds
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Figure 32: Torque production for the geometric parameter sensitivity
at Ja = 5.75 A/mm2 of: aspect ratio (a), AC to DC area ratio (b), split
ratio (c), and rotor outer pole arc (d).

the base speed, the maximum torque is linear related to the speed,
multiplied by the efficiency, see (73).

Tmax(t) = ηEM (TEM , ωEM)

{
TEM,max , for wEM(t)6 wbase
PEM,max
ωEM(t) . for wEM(t)> wbase

(73)

In order to determine the acceleration performance, a simulation
model has been designed in Simulink, see Fig. 35. Here the perfor-
mance model for the vehicle with single speed transmission is shown.
Based on Equations 29 and 30 the resistance components of the ve-
hicle are summed up in the block ’Vehicle force’ and are subtracted
from the electric machine force (FEM),

Fveh(t) = FEM(t)−Froll −Faero(t)−Finer(t) (74)
Thereafter the acceleration profile of the vehicle (aveh) and the vehicle
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Figure 33: Efficiency maps with varying aspect ratio on the 157Nm
base model.
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velocity are determined by,

aveh(t) =
Fveh(t)
mveh

, (75)

vveh(t) =
∫ T

0
aveh(t)dt . (76)

From the vehicle velocity, the electrical machine speed is determined
and used as input to calculate the available torque as in (73). When
the maximum motor speed is reached the simulation stops and the
maximum vehicle speed is obtained.

In Fig. 36 the results of the vehicle performance model for the
optimal single speed transmission on the VFRM are shown. It can be
seen that the maximum torque that can be used under the base speed
is much lower than the maximum torque that the machine is designed
for. Due to the low efficiency at low speed and high torque, the usable
maximum torque is 214 Nm. Thereafter the constant power region
starts and the torque is decreasing again. The graph for the vehicle
speed shows that acceleration to 100 km/h is reasonably fast, but it

takes some time to reach the maximum vehicle speed.
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Figure 36: Vehicle performance for the BMW i3 in combination with
the VFRM and single speed transmission: EM efficiency (a), Torque
(b), Vehicle speed (c), and vehicle acceleration (d).

C CONTINUOUS VARIABLE TRANSMISSION

The CVT system used in this study is based on the electromechan-
ically actuated CVT (Empact CVT) as discussed in Section 4.2.3. For
three operating regions (low, medium and overdrive), the efficiency
is available as a function of input torque. Slip on the variator is not
taken into account in this work, hence, the efficiency is a function of
CVT ratio and input torque,

ηCV T = f (Tin, rcvt) (77)
The output torque of the CVT for the three modes can be calculated
as,

Tout,i = ηCV T,i
Tin,i

rcvt,i
, (78)

whereby i represents the modes low, medium and overdrive with
corresponding variator ratio 0.45, 1, and 2.25. However, since the
output torque for the CVT is known due to the backwards simulation,
the input torque needs to be obtained. Therefore, the input torque is
plotted as a function of output torque in Fig. 37b, whereby the ratio of
the variator and the efficiency is taken into account,

Tin = f (Tout , ηcvt , rcvt) (79)
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Figure 37: CVT efficiency as function of input torque (a) and the input
torque fitted as function of output torque (b).



Figure 35: Performance model of the BMW i3 for single speed transmission.

From this data a fit is obtained for the input torque at the three
modes, which is represented as:

Tin,low =
Tout,low−4.1019

0.4774
, (80)

Tin,med =
Tout,med −4.6336

1.0539
, (81)

Tin,od =
Tout,od −3.6676

2.3701
. (82)

For the Empact CVT, a certain threshold torque needs to be over-
come before input torque is provided. For the low, medium, and
overdrive regions this is respectively 5, 10 and 15 Nm output torque
as obtained from the efficiency maps [31]. Based on the provided fits,
a linear lookup table has been created to calculate the input torque for
a certain output torque at a discrete set of variator ratio.

The CVT system loops over the input torque and the variator ratio,
in order to calculate the efficiency at all possible combinations of
torque and speed of the electrical machine. It then selects the torque
and speed point with the highest overall efficiency which is able to
provide the required input to the wheels. In Fig. 38, the optimal
operating points of the CVT, as discussed in Section 5, are shown on
the VFRM. The optimal operating line of the VFRM itself is shown
as well. This line is obtained by calculating the power from zero
to PEM,max for all possible combinations of torque and speed and
subsequently the highest efficiency is selected.

The figure clearly shows that the combined efficiency of the CVT
system and the VFRM is not at the same values. As discussed earlier,
the highest efficiency for the CVT system is at higher torque levels,
meaning that a lower speed is required to reach a power level. Hence,
when the efficiency for the CVT at low input torque increases, the
overall energy consumption over the drive cycle will decrease since the
optimal operating points will be closer towards the optimal operating
line of the VFRM.

D BMWI3 PM MACHINE TRANSMISSION OPTIMIZATION

In this section, the results of the optimization on the initial
permanent magnet machine of the BMW i3 are provided. In Section 6
the final results of the transmission systems on the efficiency map are
shown.

Single speed transmission
In Fig. 39a an exhaustive search is applied to the BMW i3 vehicle
with a single speed transmission. According to the plot, the optimal

Figure 38: Optimal operating line and operating points of the CVT on
the VFRM.

gear ratio for the lowest energy consumption would be 6.3. However,
due to performance constraints, this gear ratio is not sufficient. Three
lines are shown in this plot from where the line at gear ratio 5.35 is
the constraint due to the 30 % gradient, the line at 9.67 is due to the
minimum top speed of 150 km/h, and the line at 9.57 is due to the
performance constraints. It can be seen that the performance criteria
are the active constraint in this case and there is only a small feasible
domain due to the minimum top-speed of the vehicle. In Fig. 18 the
operating points of this transmission are provided as black dots. The
corresponding transmission and performance parameters are given in
Table 8.

Twinspeed transmission
As has been demonstrated in Section 5.1, the twinspeed transmission
could improve the overall efficiency for a given drive cycle. However,
with the BMW i3 efficiency map, the improvement will be minimal
since the efficiency is at similar values in almost the complete oper-
ating region. The gearshift strategy of the twinspeed transmission
is given in Fig. 39b and the gear ratio selection in Fig. 39c. The
operating points are shown in Fig. 18 where they are represented as
magenta dots. The optimal transmission parameters and performance
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Figure 39: BMW i3 transmission optimization results.

indicators are provided in Table 8.
It can be seen that the energy consumption slightly decreased for

the twinspeed transmission. However, the maximum speed of the
vehicle has increased by more than 45 percent. The gear selection
for twinspeed 2, where the transmission is constantly switching to
the most optimal modes, is shown in Fig. 39c. The results of the
optimized parameters can be found in Table 8 with the accompanying
operating points in Fig. 18, represented as red dots.

The energy consumption in for the given case is lower, as the
suboptimal controller increases the energy consumption of the vehicle.
The difference between these optimizations is around 1 Wh/km.
When for TS2 equal gear ratios are used as for TS1 it is found that the
suboptimal controller reduces the energy consumption approximately
by 0.5 Wh/km.

Continuously variable transmission
For the CVT system implemented on the PM machine, the energy
consumption is 138.2 Wh/km with an optimal final drive of 6.5. This is
a lot higher than the energy consumption for both single and twinspeed,
due to the lower overall efficiency and the higher mass of the CVT.
Similar to the twinspeed transmission, it is difficult for the CVT to
find better efficiencies in the map than is possible for single speed
due to the high-efficiency regions. The top speed of the system is
comparable to twinspeed transmission and the acceleration profile
shows high improvements in relation to single speed transmission,
making it more desirable from a performance viewpoint.


