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Abstract

Flexural waves can induce considerable structural distortions on thin structures and have
been well known as dominating their low-frequency vibration performance. In order to
effectively attenuating flexural waves, the panel designs based on LRAMs (locally resonant
acoustic metamaterials) are being considered as the potential solutions, which can produce
the wide low-frequency stopping bands without needing the large dimensions. For enabling
the fast concept validation on practical LRAM panels which may be arbitrarily complic-
ated, the numerical approaches are being adopted, among which FEM (finite element
method) stands as a representative. Nevertheless, along with the increasing macroscopic
dimension, the computational cost of FEM-based DNS (direct numerical simulation) rap-
idly grows and becomes unbearable in many cases. To overcome these challenges, several
homogenization methods for LRAM panels have also been proposed in recent years, which
enable the low-cost and high-accuracy analysis in the subwavelength range. However, most
of them are far from general applications since for instance, either particular designs or
certain studies are focused on, and potentially mutual interplays between body and flexural
waves are neglected.

Hence, a homogenization method applicable to general LRAM panels is presented in this
contribution. It is essentially developed by integrating two homogenization methods in [1]
and [2], which are well applicable to general LRAM solids and quasi-static heterogeneous
panels, respectively. In details, a lamina-level separation of scales is first defined, and the
micro and macroscales follow the continuum beam/shell descriptions, respectively. Apply-
ing the generalized macroscopic deformation and downscaling transition then leads to a
series of lamina-level boundary conditions, which are used to complement the microscopic
boundary value problem. After solving for it, the macroscopic resultant-form responses
are obtained and a transient homogenization framework is prepared. Further making the
small deformation assumption enables a reduced description of the unit cell by employing
the Craig-Bampton mode synthesis technique, such that the internal dynamics can be ad-
equately captured using only a limited number of localized modes. The resulting compact
microscopic equations are next upscaled and assembled together with the original macro-
scopic equations. Eventually, an enriched continuum beam/shell kinematically described
by the macroscopic and emergent DOFs (degrees of freedom) is achieved. This procedure
reduces the direct on-line multiscale analysis to an enriched single-scale analysis, with the
significantly improved computational efficiency.

The first numerical validation is on the steady-state wave analysis of an infinite LRAM
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panel, whose unit cell takes a classical negative mass design. The dispersion eigenvalue
problems of the homogenized LRAM unit cell model are derived within FEM framework
and the resulting spectra are compared with the reference solutions from FEM-based Bloch
analysis. Meanwhile, a homogenizability evaluation procedure based on the infinite host
panel is introduced. The second numerical validation targets at the macroscopic analysis of
a finite LRAM panel. The enriched macroscopic problem of the homogenized model is for-
mulated and implemented using IGA (isogeometric analysis). Corresponding macroscopic
steady-state and transient responses are compared with those computed by FEM-based
DNS. These case studies demonstrate a high on-line computational gain of the developed
homogenization method, roughly two orders of magnitude, while a comparable accuracy
remains against the standard method in the frequency range of homogenizability.
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Chapter 1

Introduction

Along with the environmental and economic requirements, the demands of the lighter but
stronger material designs are constantly increasing in the modern society [9]. Various
lightweight materials and designs have been successfully deployed in recent decades. For
instance, natural fibre composites (see Fig. 1.1(a)) have brought attractive environmental
and low-cost benefits to many construction applications. They consist of conveniently
available natural fibres and biodegradable resins and can be used as not only the non-
bearing but also structural elements [10, 11]. Besides, the current massive use of the
aluminium-based designs (see Fig. 1.1(b)) is helping a lot in the vehicle weight reduction,
thereby improving the fuel economy [12, 13].

Aluminium 

Steel 

(a) 

 

(b) 

 

Figure 1.1: Some lightweight material designs: (a) wood-based composite beams as the
architectural components [3] and (b) aluminium-based parts utilized in the Cadillac CT6
sedan [4].

However, most lightweight structures are assemblies of different fundamental thin struc-
tures. Taking the modern Hague central station as one more intuitive example (see
Fig. 1.2), one may identify a large number of beam, plate and tube structural elements
in its roof and framework. A high stiffness to mass ratio has detrimental impacts on the
noise and vibration isolation characteristics, leading to poor performance of thin struc-
tures in this aspect [14]. According to the mass law and sound bridge principle [15], such

A general homogenization method for LRAM panels 1



CHAPTER 1. INTRODUCTION

disadvantages become even more notable in the low-frequency regime.

Beam 

Plate 

Tube 

Figure 1.2: The Hague central station consisting of a few thin components [5].

Therefore, conventional designs of thin structures present an apparent trade-off between
the weight reduction and wave attenuation purposes. This places a need for the innovative
engineering solutions that circumvents such an issue in an effective and convenient manner.

1.1 Dominance of the flexural wave at the low fre-

quency

In order to achieve general guidelines on improving vibration performance of lightweight
material designs, the wave propagation properties in thin structures should be sufficiently
understood. Their low-thickness property enables the simultaneous existence of a variety of
body and structural waves, e.g. compression, shear, flexural, torsional and Rayleigh-Lamb
waves. The latter two largely depend on the structural configurations so the following is
restricted to discuss the first three, which are relatively common.

The typical dispersion spectrum of an infinitely long homogeneous beam, together with
its free deformation modes is illustrated in Fig. 1.3. It can be seen that as the compression
wave propagates, each material particle moves along the in-plane direction while the shear
wave drives each material particle to slide transversely. Attributed to the high membrane
and traverse shear stiffness, their deformation amplitudes are in fact quite limited. Unlike
body waves, the flexural wave endues both transverse linear and rotational motions to each
through-thickness material line. It is naturally dispersive and has a far shorter wavelength
at the low frequency, thereby able to induce the large structural distortion. Accompanied
by the growing transverse shear effects, the flexural wave eventually merges with the shear
wave at the high frequency.

Moreover, comparing the fluid pressure and beam flexural wave branches in Fig. 1.3
reflects that as the frequency increases, their wave number ratio rapidly rises. Hence, the

2 A general homogenization method for LRAM panels
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F
re

qu
en

cy

Wave number

Low-frequency
zone I

II

III

I

II

III

O

Figure 1.3: The typical dispersion spectrum of an infinitely long homogeneous beam based
on [6]. The flexural, shear and compression modes are separately represented by “I”, “II”
and “III”. The pressure wave branch of a coupled reference fluid medium is denoted by a
red dotted line.

transverse wave vector of the vibrating beam when carrying the flexural wave can even
coincide with the wave vector in the adjacent fluid. In this case, the equivalent transverse
impedance of the beam becomes comparable to sound impedance of the fluid, resulting
in a strong power exchange between them together with a high sound (mostly the noise)
radiation towards the far field [6]. Note that such a phenomenon is hard to take place
when the beam carries body waves.

From the simple case study above, one may conclude that the flexural wave plays a
dominating role for low-frequency vibration performance of a thin structure, and how to
effectively isolate it needs more attention.

1.2 LRAM panel design-based flexural wave attenu-

ation

In recent years, LRAM (locally resonant acoustic metamaterial) panel designs have been
considered as the potential solutions for attenuating flexural waves in lightweight struc-
tures. Various LRAM beams [16, 17, 18, 19, 20], plates [21, 22, 23, 24] and shells [25, 26, 8]
have demonstrated the wide frequency bandgaps with respect to subwavelength flexural
waves, while not needing the large dimensions. Moreover, via adjusting the unit cell ma-
terial and geometrical parameters, both size and position of such a stopping band can be
tuned, thus allowing a high design flexibility and adaptability [27, 28, 29]. This method

A general homogenization method for LRAM panels 3
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can also be integrated with other traditional solutions like introducing the viscous damping
effects, to reach a better attenuation performance.

It is well-known that the flexural wave propagation is composed by two dependent mo-
tions, i.e. the out-of-plane linear and rotational motions (see the mode “III” in Fig. 1.3).
Many analytical models of LRAM panels indicate that their attractive characteristics are
essentially achieved by reducing at least one governing motion, intuitively generating neg-
ative mass or bending stiffness effects [30, 31, 32, 7, 28].

(a)

F
re

qu
en

cy

Wave number

F
re

qu
en

cy

O

O

Wave number

Host

Resonator

Host

Resonator

Dynamic mass

Dynamic bending stiffness

Negative Positive

Negative Positive

(b)

Figure 1.4: The (a) dispersion spectra of the infinitely long LRAM beams carrying flexural
waves, with negative mass (top) and bending stiffness (bottom) effects, respectively, and
(b) related dynamic material properties versus the frequency, based on [7]. The colourful
arrows represent the directions of opening the frequency bandgaps.

Negative mass effects can be easily understood by imagining an infinitely long LRAM
beam, to which a series of out-of-plane linear resonators are periodically attached. For the
purely subwavelength flexural wave propagation, the dispersion spectrum of this system
together with its dynamic mass are shown in the upper half of Fig. 1.4. Such a unit cell
design enables the resonator linear motion to directly couple with out-of-plane motion of
the host, with an opposite phase above the locally resonant frequency and thereby inducing
a negative mass interval. Consequently, the forward energy propagation of the flexural wave
in the host to be protected is suppressed, and a stopping band is opened up to the point

4 A general homogenization method for LRAM panels



CHAPTER 1. INTRODUCTION

where the strong local resonance subsides and the dynamic mass reverts to a positive value.
One way to achieve the negative bending stiffness is attaching a series of in-plane tor-

sional resonators. The dispersion spectrum and dynamic bending stiffness of such a config-
uration is depicted in the lower half of Fig. 1.4. The resonator torsional motion couples with
tension and compression of the host upper surface, with the opposite phase and resulting
negative bending stiffness in a narrow interval below the locally resonant frequency. Sup-
pressing the membrane motion of the host upper surface indirectly stops the fibre rotation
such that the flexural wave propagation is attenuated.

Many theoretical parameter studies have indicated that the normalized negative mass-
induced bandgap size is dominated by mass fraction of the resonator (more generally speak-
ing, inclusion) and almost independent to its resonant frequency, i.e. cut-on frequency,
while the negative bending stiffness-induced bandgap is determined by both elastic inertia
fraction and cut-on frequency [7, 19, 23, 20, 28]. In the low-frequency regime, negative
mass effects are accordingly far stronger than negative stiffness effects and capable to open
the wider stopping band, with a given resonator mass. Hence, negative mass effects are
attracting more interests in flexural wave attenuation applications of lightweight LRAM
panels.

1.3 Challenges in analysing LRAM panels

The analytical unit cell models can provide remarkable convenience for understanding fun-
damental attenuation mechanisms of flexural waves in LRAM panels. However, practical
LRAM panels may have arbitrarily complicated unit cells, macroscopic configurations (even
with the non-periodicity) and boundary conditions (see two finite structures in Fig. 1.5).
Furthermore, both body and flexural waves may propagate together and exhibit mutual
interplays, like under the asymmetric unit cell configurations and in the closed LRAM
shells [25, 26, 8]. In these cases, the simplified analytical models become inapplicable.
Additionally, the complexities of the unit cells, rigorous assembly requirements, limited
measurements, expensive facilities etc. make comprehensive experimental investigations
on LRAM panels uneasy to perform, at least during the concept design phase.

Hence, a variety of numerical techniques are frequently employed for the purpose of
fast concept verification. As a representative, FEM (finite element method) has become a
generally accepted approach based on a large number of practical validations [16, 17, 21, 18,
22, 19, 23, 25, 20, 8, 26, 24]. Nevertheless, the computational burden of FEM-based DNS
(direct numerical simulation) is heavy in many situations. For instance, a quite fine mesh
along the thickness direction is especially required to reliably capture the higher-order unit
cell behaviour, yielding the high computational cost (including the storage cost). In pace
with the increasing macroscopic dimension to be investigated, such a problem may become
computationally prohibitive.

For facing the challenges above, a few homogenization methods able to analyse hetero-
geneous panels with the internal dynamics have recently been developed [33, 34, 35, 28, 36].
A pronounced advantage is demonstrated on reducing the computational cost, without
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Figure 1.5: Two practical LRAM panel designs with negative mass effects: (a) flat plate
and (b) cylindrical shell [8].

significant loss of accuracy in the low-frequency regime. They however usually target at
either particular designs or certain studies, for which the analytical derivations are readily
available. For example, homogeneous host panels with regularly attached resonators and
composite panels alternately cascaded by different homogeneous segments are considered in
[28, 36] and [34, 35], respectively. The focus in [33] is on studying the scattering behaviours.
Another shortcoming is that only the flexural wave propagation is taken into account dur-
ing these formulations, thereby neglecting the couplings between different waves. More
relevant details will be discussed in Chap. 2. Conspicuously, the approaches presented
in the current literature remain far from the applicability to homogenize general LRAM
panels and further development work is needed.

1.4 Scope and outline

Based on the arguments above, the overall project goal is defined as the development
and implementation of a general homogenization method for locally resonant acoustic
metamaterial panels (see Fig. 1.6), which allows

• Employing arbitrary micro and macroscopic layouts, and boundary conditions.

• Capturing both body and flexural waves under the subwavelength range, at low cost
but accurately.

6 A general homogenization method for LRAM panels
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(a)
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Figure 1.6: From the (a) full-scale to (b) homogenized LRAM panel.

This thesis is organized as follows.

• In Chap. 2, a brief review on the existing homogenization techniques for LRAMs and
conventional heterogeneous panels is given.

• In Chap. 3, the generalized continuum beam/shell description suitable for dynamic
heterogeneous panel is established, to be later adopted as the macroscopic description.

• In Chap. 4, a general dynamic homogenization framework for LRAM panels is for-
mulated, by combining the key concepts introduced in Chaps. 2 and 3.

• In Chap. 5, FEM-based numerical implementation of the microscopic problem is
first elaborated. Next, the Craig-Bampton mode synthesis technique is applied to
derive a reduced model of the unit cell. Combining the reduced model and upscaling
transition finally yields the desired enriched macroscopic continuum beam/shell.

• In Chap. 6, the dispersion eigenvalue problems for the homogenized unit cell model
are derived. The resulting spectra of an infinite LRAM panel are then compared
with those obtained by the Bloch analysis. Meanwhile, the infinite host panel is in
particular studied to enable handy evaluation of the homogenizability in advance. At
the end, the homogenization-induced computational gain and deviation are detailed.

• In Chap. 7, IGA-based (isogeometric analysis-based) numerical implementation of
the enriched macroscopic problem is elaborated and applied to study the macro-
scopic steady-state and transient responses of a finite LRAM panel, against results
from FEM-based DNS. The accompanying computational gains and deviations in
two analyses are discussed as well.

• In Chap. 8, a few general conclusions and recommendations are listed.
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Chapter 2

Literature review

LRAM panels combine the characteristics of both locally resonant effects and conventional
heterogeneous panels. Aiming to exact constructive guidelines on cheaply analysing gen-
eral LRAM panels, the existing representative homogenization methods for LRAMs and
conventional heterogeneous panels are reviewed.

2.1 Homogenization of LRAMs

The early enriched continuum theory proposed by Mindlin [37] provides the applicability for
elastodynamic analysis of heterogeneous materials. It employs extra macroscopic kinematic
fields to condense contribution of the internal dynamics, yielding the so-called microscopic
inertia to enrich the homogenized macroscopic medium. This principle is then extended
to deal with LRAM models containing certain localized modes [38]. However, there has
been no major development in this concept towards modelling LRAMs for a long time.
The other class of notable methods is the asymptotic homogenization [39, 40, 41]. In the
aspect of investigating wave propagation properties in the infinite heterogeneous media,
such a technique has exhibited both comparable accuracy and far higher computational
efficiency than the traditional Bloch analysis. Nevertheless, most of them revolve around
deriving the analytical solutions with respect to a few specific configurations, like a beam
lattice assembled by a series of grid-like rectangular unit cells [39, 41] and a layered bi-
material containing the orthotropic phases [40]. Indeed, these asymptotic homogenization
approaches have brought some successes or potentials on low-costly analysing LRAMs, but
are mathematically rigorous and restricted to simple structural layouts, thereby limiting
their applications at the practical level.

Driven by the challenges above, a couple of transient computational homogenization
frameworks are then established [42, 43, 2, 44], by extending the traditional frameworks
for quasi-static heterogeneous materials [45]. They demonstrate remarkable low-cost ad-
vantages, and allow for arbitrary configurations and boundary conditions. The structural
periodicity is not required as well so that multiple types of unit cells can be considered
together. On the other hand, since associated separations of scales are usually defined
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under the subwavelength assumption and classical uniform averaging is employed, those
approaches may not work satisfactorily in the high-frequency Bragg scattering regime. One
latest attempt to break this limitation is introduced in [46]. Anyway, the former class of
homogenization techniques is already reliable enough to study LRAMs in the low-frequency
range.

Because of the generality, physical clarity and extremely high efficiency, the enriched
continuum description-based homogenization method [2] among them is especially high-
lighted. Under the linear elasticity and subwavelength assumptions, it enables a closed-form
description of arbitrary macroscopic continuum, explicitly enriched by the internal dynam-
ics. The more attractive benefit is that the high cost of solving the multi-scale dynamic
problem is mitigated by reducing it to that fully at the macroscopic scale. This character-
istic is achieved by applying the Craig-Bampton mode synthesis technique [47] to reduce
the unit cell model. More elaborately, the total microscopic dynamic response is decom-
posed as the quasi-static and internal dynamic parts, the latter of which is represented by
a few number of eigenmodes to capture the local resonances. The condensed microscopic
balance of momentum is then upscaled, merely containing limited emergent field variables
to be solved together with the conventional ones at the macroscale. A set of closed-form
constitutive and inertial relations in terms of various effective material properties are pro-
duced as well, implying clear physical meanings [48, 49]. Since such an off-line reduction
procedure is required only once, the on-line multi-scale analysis converts to a single-scale
enriched manner, yielding a great computational gain. Its effectiveness on different types of
LRAM studies including the dispersion analysis, frequency response analysis and transient
analysis have been displayed in [2, 48, 49].

It must be pointed out that these transient homogenization frameworks are developed
under the full continuum solid description at both micro and macroscales, so that only
for LRAMs whose embedded unit cells contain no higher-order bending deformation and
free boundary. As a result, they may not be directly applied to study lightweight LRAM
panels with the (mostly) single-layer configurations, (approximately) free top and bottom
surfaces, and simultaneous propagation phenomena of both body and flexural waves.

Based on the classical thin beam/shell description, limited attempts to homogenize
LRAM panels have recently been carried out, able to capture the subwavelength flexural
wave propagation (no body wave is considered). The effective medium theory [33, 28] and
asymptotic expansion [34, 35, 36] are often employed, yielding various analytical homogen-
ization solutions for either certain designs or investigations. For instance, the applicable
scope of the approaches in [28, 36] is limited to LRAM panels constructed by the homo-
geneous host panels and periodically distributed resonator attachments. The derivations
in [34, 35] are located at the cascade-form composite panels assembled by different ho-
mogeneous segments. Specific formulations to investigate the near and far-field scattering
phenomena are focused on in [33], where the localized modal terms need to be known
in advance. To one’s best knowledge, few generalized description-based homogenization
frameworks for LRAM panels have so far been presented.
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2.2 Homogenization of the conventional heterogen-

eous panels

As argued previously, successful development of the computational homogenization frame-
works for general LRAM solids benefits from extending the traditional frameworks for the
quasi-static heterogeneous solids. Naturally, the point of departure for homogenizing gen-
eral LRAM panels may be the classical frameworks for quasi-static heterogeneous panels.
[50, 1, 51, 52, 53].

An early general multi-scale framework is given in [50], based on the thick continuum
beam/shell theory. It is applicable to both thin and thick sheets, arbitrary micro and
macroscopic layouts, and boundary conditions. After that, a variety of improvements
or modifications have been proposed, e.g. those compatible to the standard beam/shell
element formulation and implementation [1], without requiring the high-cost scale-coupled
computation [52] and targetedly reduced for the layered or stacked composite panels [51,
53].

In the following, the homogenization approach presented in [1] is highlighted for its
standardized form and applicability to most thin panels. The macro and microscales are
described by the thin continuum beam/shell and through-thickness solid continuum re-
spectively. The kinematics of the macroscopic continuum shell are established with respect
to both membrane deformation and bending of the reference surface. The downscaling
transition produces a series of lamina-level displacement boundary conditions, enabling to
simulate bending behaviour of the unit cell but without directly needing the high-order de-
scription. Solving the microscopic problem then gives the macroscopic stress and moment
resultants, accompanied by the tangent stiffness terms which explicitly show the coup-
ling effects between the membrane deformation and bending. As a result, no additional
through-thickness integration scheme is required at the macroscale, significantly mitigat-
ing the overall computational cost. Another pronounced characteristic is that the whole
formulation is performed under the corotational laminar basis, allowing for convenient
application to curved panels.

Clearly, it is possible to extend this mentioned method by adding the inertial effects to
study propagation of both body and flexural waves in the dynamic thin panels, following
a transient homogenization manner as well. Furthermore, notice that the subwavelength
range is frequently concerned for LRAM panels and thereby the above reduction technique
becomes adoptable, providing one more acceleration option and accordingly leading to the
single-scale enriched continuum beam/shells. To summarize, the alliance of two homogen-
ization methods in [1] and [2] potentially enables the fast analysis and concept validation
of general LRAM panels. Such a feasibility is going to be explored in this contribution,
with the framework establishment detailed in Chaps. 3∼ 5 and numerical validation cases
given in Chaps. 6 and 7.
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Chapter 3

Generalized description of a
continuum beam/shell

The kinematic description of a continuum shell (to be later used at the macroscale) is
established in terms of linear motion of the reference point and rotation of the director,
followed by the generalized deformation mappings. Departing from the point-level balance
of linear momentum in the continuum solid theory, the strong form of this continuum shell
is then derived by introducing the through-thickness integrals, leading to balance equations
of the linear and rotational momentum resultants respectively. Associated weak form is
further achieved via the weighted residual approach. These kinematic description, and
strong and weak forms are automatically compatible to the continuum beam, which can
be treated as a degraded version of the continuum shell.

3.1 Kinematics

The initial and current configurations of a continuum shell with necessary notations are
illustrated in Fig. 3.1. Here the initial configuration is depicted as a flat shell, but the
subsequent formulation allows to account for the early curvature (if any) such that be-
comes appropriate in the large deformation case as well. In order to handily parametrize
the kinematics, a reference surface is defined as the middle between the top and bottom
surfaces. All material points with the same distance from the reference surface constitute
a lamina. Each material line normal to the midsurface under the initial configuration is
defined as a fibre. Furthermore, a corotational laminar basis is adopted (marked by the
superscript “c”), such that the plane (~ec

1, ~e
c
2) is tangent to the reference surface and ~ec

3

normal to this tangent plane. The corotational laminar basis rotates rigidly along with the
continuum shell deformation and can thus be regarded as a local Cartesian vector basis.

Based on the notations and definitions above, the material position under the initial
configuration is written as

~X = ~Xr + η ~D, (3.1)

where the subscript “r” denotes the reference surface, ~D the director which is an upward
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Figure 3.1: The (a) initial and (b) current conficurations of a continuum shell.

directional vector of the fibre, η the out-of-plane coordinate along the fibre, belonging to
the thickness domain H = [−H/2, H/2], and H the total shell thickness.

According to the continuum shell theory, the current material position is analogously
expressed as (using the 1st-order Taylor expansion along the thickness direction)

~x = ~xr + η~d, (3.2)

where ~d denotes the current director. Note that ~d is generally non-coincident to normal of
the reference surface ~n, for enabling description of the fibre length change and transverse
shear effects. Further subtracting eq. (3.1) from eq. (3.2) gives the displacement field as

~u = ~ur + η~b, (3.3)

where ~ur reflects the reference displacement induced by the linear motion and ~b the nor-
malized bending displacement induced by the rotation.

Taking the 1st and 2nd-order material time derivatives of eq. (3.3) yields the velocity
and acceleration fields respectively as

~̇u = ~̇ur + η~̇b, (3.4a)

~̈u = ~̈ur + η~̈b, (3.4b)

Here ~̇b · ~d = 0 and thereby ~̈b includes the variations of both magnitude and direction

(namely the centripetal acceleration and typically small) of the rotation-induced velocity ~̇b.
Conspicuously, the continuum shell theory largely reduces complexity of the dimensional
description, through splitting linear motion of the reference point and rotation of the
director. Both of them become functions of a single in-plane spatial variable ~ξ (see Fig. 3.1),

which can be mapped to the in-plane projection of ~Xr, while one more must be used to
parametrize the independent variables (to be argued soon) in the continuum solid theory.

Standing consistency with the overall goal which targets at thin structures (see Chap. 1),
the subsequent formulation is restricted to such a thin continuum shell whose thickness
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is far smaller than its out-of-plane radius of curvature. Accordingly, the Kirchhoff-Love
theory (degrading as the Euler-Bernoulli theory when the continuum beam is discussed)
[54] becomes adequate, i.e. all fibres remain straight, inextensible and normal to the
midsurface during the deformation process (intuitively identifiable from Fig. 1.3 as well).

For convenience of the derivation process, a decomposition operation under the coro-
tational laminar basis is defined. The out-of-plane and in-plane components of a vector
are separately represented by (~̃•) and (~̂•), such that (~̃•) = (~•) · ~̃ec~̃ec (~̃ec = ~e c

3 in fact for the
continuum shell) and (~̂•) = (~•) · (I− ~̃ec~̃ec), where I is an identity tensor. Moreover, this
notation definition is extended to the tensors constructed by the in-plane or out-of-plane
projected vectors, like (ˆ̂•) = (~̂•)(~̂•) and (˜̂•) = (~̃•)(~̂•).

The deformation of an infinitesimal material line can now be parametrized via correlat-
ing the current to initial configurations as

d~x = F · d ~X, (3.5)

with the total deformation gradient tensor given by

F = (~∇0~x)C =

(
∂~xr

∂ ~Xr

)C

+ η

(
∂~d

∂ ~Xr

)C

+ ~d ~D, (3.6)

where ~∇0 = ∂(•)/∂ ~Xr + ∂(•)/∂η ~D is the gradient operator with respect to ~X and the
superscript “C” the conjugate of a 2nd-order tensor or complex scalar.

With assitance of the previous decomposition definition, equation (3.5) is thus recon-
structed by [1]

d~̂x = (ˆ̂F + η ˆ̂K) · d ~̂X, (3.7a)

d~̃x = ˜̂F · d ~̂X − 1

2
~̃ec ˆ̂K .. d ~̂Xd ~̂X, (3.7b)

with
ˆ̂F = ( ~̂∇0~̂xr)

C, ˆ̂K = ( ~̂∇0
~̂d)C, ˜̂F = ( ~̂∇0~̃xr)

C, (3.8)

which denote the in-plane deformation gradient tensor, deformation curvature tensor and
in-plane gradient of the transverse position component, respectively. Here ~̂∇0 = ∂(•)/∂ ~Xr

for short and detailed derivation procedure towards eq. (3.7) based on the 2nd-gradient con-
tinuum solid theory can be found in App. A. Notice that the transverse shear deformation
gradient tensor ˜̂ε = ~̃ec~̂d (or ˆ̃ε ) has been neglected above, according to the assumption that
each fibre remains normal to the reference surface so that no relative sliding takes place
between the laminae. Besides, it can be investigated that ˜̂F reduces to 0 under the corota-
tional laminar basis but in general nonzero under a fixed Cartesian vector basis. Therefore,
the in-plane displacement is attributed to both in-plane linear motion and rotation of the
director, while the out-of-plane displacement only rotation of the director.
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3.2 Strong formulation

In absence of the body force contribution1, the material point-level balance of linear mo-
mentum can be expressed as

~∇ · σ(~x)− ~̇p(~x) = ~0, ∀~x ∈ V , (3.9)

with ~̇p(~x) = ρ(~x)~̈u(~x). Here ~∇ = ∂(•)/∂~xr + ∂(•)/∂η~d denotes the gradient operator with
respect to ~x, σ the Cauchy stress tensor (symmetric as long as the rotational equilibrium
is satisfied at each material point), ~p the linear momentum, ρ the mass density and V the
body domain. Based on the decomposition definition above, equation (3.9) can then be
expanded as

∂

∂~xr

· ( ˆ̂σ + ˆ̃σ) +
∂

∂η~d
· ( ˜̃σ + ˜̂σ)− ~̇p = ~0, (3.10)

where the independence and orthogonality between the in-plane and out-of-plane coordin-
ates have been employed to eliminate the cross terms.

To achieve the forms compatible with the continuum shell kinematics, equation (3.10) is
subsequently utilized in two different ways, enabling description of the balances of force and
moment resultants through the thickness separately. First, integrating eq. (3.10) directly
along the fibre yields the balance of linear momentum resultant as

∂

∂~xr

· [ ˆ̂N(~xr) + ˆ̃N(~xr)] + ~̃ec · [ ˜̃σ(~xr) + ˜̂σ(~xr)]
∣∣∣+H

2

−H
2

− ~̇P (~xr) = ~0, ∀~xr ∈ Ar, (3.11)

with the stress resultant and linear inertial resultant respectively given by

N =

∫
H
σ dη, (3.12a)

~̇P =

∫
H
ρ~̈u dη. (3.12b)

Here Ar denotes surface domain of the reference lamina. The definite integral term above
can be typically removed by considering the stress-free top and bottom surfaces, so it is
possible to simplify eq. (3.11) as

∂

∂~xr

· ( ˆ̂N + ˆ̃N)− ~̇P = ~0. (3.13)

On the other hand, multiplying η on both sides of eq. (3.10) gives

η
∂

∂~xr

· ( ˆ̂σ+ ˆ̃σ) + η
∂

∂η~d
· ( ˜̃σ+ ˜̂σ)− η~̇p = ~0. (3.14)

1Due to the small thickness, body forces and also those distributing on the top and bottom surfaces (if
any) may be implicitly taken into account, by exerting the equivalent transverse boundary tractions.
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By making use of the chain rule

∂

∂~xr

· [η( ˆ̂σ + ˆ̃σ)] =
∂η

∂~xr

· ( ˆ̂σ + ˆ̃σ) + η
∂

∂~xr

· ( ˆ̂σ + ˆ̃σ), (3.15a)

∂

∂η~d
· [η( ˜̃σ + ˜̂σ)] =

∂η

∂η~d
· ( ˜̃σ + ˜̂σ) + η

∂

∂η~d
· ( ˜̃σ + ˜̂σ), (3.15b)

and noticing that ∂η/∂~xr = ~̂0 and ∂η/∂η~d = ~̃ec, equation (3.14) can be rewritten as

∂

∂~xr

· [η( ˆ̂σ + ˆ̃σ)] +
∂

∂η~d
· [η( ˜̃σ + ˜̂σ)]− ~̃ec · ( ˜̃σ + ˜̂σ)− η~̇p = ~0. (3.16)

Next, integrating eq. (3.16) along the fibre yields the balance of rotational momentum
resultant as

∂

∂~xr

·[ ˆ̂M(~xr)+ ˆ̃M(~xr)]+~̃e
c ·[η( ˜̃σ+ ˜̂σ)]

∣∣∣+H
2

−H
2

−~̃ec ·[ ˜̃N(~xr)+ ˜̂N(~xr)]− ~̇Q(~xr) = ~0, ∀~xr ∈ Ar, (3.17)

with the couple-stress resultant and rotational inertial resultant respectively given by

M =

∫
H
ησ dη, (3.18a)

~̇Q =

∫
H
ηρ~̈u dη. (3.18b)

Since the stress-free top and bottom surfaces are employed, and the out-of-plane normal
stress resultant is unimportant even for a thick continuum shell, one may reduce eq. (3.17)
as

∂

∂~xr

· ( ˆ̂M + ˆ̃M)− ~̃ec · ˜̂N − ~̇Q = ~0. (3.19)

Collecting eqs. (3.13) and (3.19) and defining necessary (typical) boundary conditions
give a complete mixed-field strong form problem of the continuum shell, reading

find (~ur,~b) ∈ (U1,U1), such that : (3.20a)

~̂∇ · ( ˆ̂N+ ˆ̃N)− ~̇P = ~0, (3.20b)

~̂∇ · ( ˆ̂M+ ˆ̃M)− ~̃ec · ˜̂N− ~̇Q = ~0, ∀~xr ∈ Ar, (3.20c)

~ur = ~u∗r on Cr,u, ~b = ~b∗ on Cr,b, (3.20d)

~t = ~t∗ on Cr,t, ~m = ~m∗ on Cr,m, (3.20e)

Here ~̂∇= ∂(•)/∂~xr for short, and U1 denotes the 1st-order Sobolev function space to enforce
the finite energy constraint, Cr contour domain of Ar, ~t the traction resultant and ~m the
couple-traction resultant. Notice that the restricted boundary conditions have no influence
on generality of the continuum shell description above.
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A couple of comments on eq. (3.20) are listed as follows. According to the thin con-
tinuum shell theory, the fibre is always normal to the reference surface, implying an in-
finitely high transverse stiffness and no transverse shear deformation. Therefore, a plane
stress state assumption is appropriate and ˜̂N (or ˆ̃N) becomes zero automatically, followed
by a zero ˜̂M (or ˆ̃M). However, this is in fact impossible due to the requirements from
the balance equations where for instance, the transverse inertial effects exist. To deal with
such a contradiction, the commonly adopted way is that the assumption of zero transverse
shear deformation is only employed in formulation of the kinematic relations, but relaxed
in the total balance equations. Correspondingly, the out-of-plane balance of momentum
resultants are disregarded during the solution procedure. If necessary, one may evaluate
˜̂N and ˜̂M in the post-processing stage.

In addition, the fibre inextensibility assumption is also slightly violated by the plane
stress state, where the thickness change is allowed. Nevertheless, this contradiction is
always compensatable in some degree, with assistance of the compatible constitutive rela-
tions.

3.3 Weak formulation

Aim to degrade the pointwise requirement on solutions of the strong form problem above,
associated weak form is derived using the weighted residuals approach. Taking the scalar
products of eq. (3.20b) with the test function ~vr and eq. (3.20c) with the test function ~c,
respectively, and performing corresponding surface integrations overAr gives their weighted
residuals forms as ∫

Ar

~vr · [ ~̂∇ · ( ˆ̂N+ ˆ̃N)− ~̇P ]dA = 0, ∀~vr ∈ U1, (3.21a)∫
Ar

~c · [ ~̂∇ · ( ˆ̂M+ ˆ̃M)− ~̃ec · ˜̂N− ~̇Q ] dA = 0, ∀~c ∈ U1, (3.21b)

where ~vr and ~c with ~̃c = −|~̂c|2~d (namely the centripetal component) are the test functions

of ~ur and ~b, respectively. Both ~vr and ~c are required to vanish at associated Dirichlet
boundaries.

Making use of the chain rule gives

~̂∇ · [( ˆ̂N+ ˆ̃N) · ~vr] = ~vr · [ ~̂∇ · ( ˆ̂N+ ˆ̃N)] + ( ~̂∇~vr)
C .. ( ˆ̂N+ ˆ̃N), (3.22a)

~̂∇ · [( ˆ̂M+ ˆ̃M) · ~c] = ~c · [ ~̂∇ · ( ˆ̂M+ ˆ̃M)] + ( ~̂∇~c)C .. ( ˆ̂M+ ˆ̃M), (3.22b)

and then substituting eq. (3.22) to eq. (3.21) yields∫
Ar

~̂∇ · [( ˆ̂N+ ˆ̃N) · ~vr] dA−
∫
Ar

( ~̂∇~vr)
C .. ( ˆ̂N+ ˆ̃N) dA−

∫
Ar

~vr · ~̇P dA = 0, (3.23a)∫
Ar

~̂∇ · [( ˆ̂M+ ˆ̃M) · ~c] dA−
∫
Ar

( ~̂∇~c)C .. ( ˆ̂M+ ˆ̃M) dA

18 A general homogenization method for LRAM panels
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−
∫
Ar

~c · (~̃ec · ˜̂N) dA−
∫
Ar

~c · ~̇Q dA = 0. (3.23b)

Furthermore, based on the Gauss’s theorem∫
A

~∇ · (~•) dA =

∫
C
~n · (~•) dC, (3.24)

where C is closed contour (or surface) of the surface (or body) domain A and ~n the unit
outward normal of C, equation (3.23) can be rewritten as∫

Ar

( ~̂∇~vr)
C .. ( ˆ̂N+ ˆ̃N) dA+

∫
Ar

~vr · ~̇P dA =

∫
Cr,t
~vr · ~t dC, (3.25a)∫

Ar

( ~̂∇~c)C .. ( ˆ̂M+ ˆ̃M) dA−
∫
Ar

~c · (~̃ec · ˜̂N) dA+

∫
Ar

~c · ~̇Q dA =

∫
Cr,m

~c · ~m dC, (3.25b)

where the boundary conditions listed in eq. (3.20) have been exerted.
Assembling eq. (3.25) finally leads to a complete mixed-field weak form problem, reading

find (~ur,~b) ∈ (U1,U1), such that : (3.26a)

Wint +Wkin = Wext, ∀(~vr,~c) ∈ (U1,U1), (3.26b)

with the internal, kinematic and external weighted residuals respectively given by

Wint =

∫
Ar

( ~̂∇~vr)
C .. ˆ̂N dA︸ ︷︷ ︸

membrane deformation

+

∫
Ar

( ~̂∇~c)C .. ˆ̂M dA︸ ︷︷ ︸
bending

+

∫
Ar

( ~̂∇~vr)
C .. ˆ̃N dA−

∫
Ar

~c · (~̃ec · ˜̂N) dA+

∫
Ar

( ~̂∇~c)C .. ˆ̃M dA︸ ︷︷ ︸
transverse shear deformation

, (3.27a)

Wkin =

∫
Ar

~vr · ~̇P dA︸ ︷︷ ︸
linear motion

+

∫
Ar

~c · ~̇Q dA︸ ︷︷ ︸
rotation

, (3.27b)

Wext =

∫
Cr,t
~vr · ~t dC︸ ︷︷ ︸
force

+

∫
Cr,m

~c · ~m dC︸ ︷︷ ︸
moment

. (3.27c)

Notice that in spite of various stress and couple-stress resultants can contribute to the in-
ternal energy above, ˆ̂N and ˆ̂M are well known as the dominating roles for a thin continuum
shell. Besides, the higher-order ~̃c is far smaller than ~̂c and thereby correlated energy terms
are frequently negligible as well. Anyway, the original form of eq. (3.27) is reserved here
for generality.

To solve eq. (3.26), the compatible inertial and constitutive relations are required and to
be identified via the enriched continuum description-based homogenization (see Chaps. 4
and 5).
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Chapter 4

Dynamic homogenization framework
development

For allowing an arbitrary unit cell configuration of the macroscopic continuum shell, a
through-thickness continuum solid description is adopted at the microscale, with the in-
ertial effects employed and followed by its strong and weak forms, respectively. The ho-
mogenization framework applicable to the dynamic case is then formulated. In details, a
lamina-level separation of scales is defined under two long wavelength assumptions, which
take both body and flexural waves into account. The generalized macroscopic deformation
mappings are imposed on the unit cell, resulting in the appropriate lamina-level boundary
conditions through the downscaling transition. Further the microscopic boundary value
problem is constructed and after solving for it, the macroscopic resultant-form responses of
interest are achieved via the upscaling transition. Again, the whole developed theoretical
framework is immediately compatible to the continuum beam.

4.1 Separation of scales

Under the complete continuum solid description (at both scales), the recent enriched con-
tinuum description-based homogenization technique has been confirmed able to reliably
capture dynamic behaviours of LRAMs in the body subwavelength range [2, 48, 49]. Hence,
its definition of the separation of scales is taken as the departure point, reading

Matrix : lmat << min{λbo

mat}, (4.1a)

Inclusion : linc ≤ min{λbo

inc}, (4.1b)

where l and λbo denotes representative size and characteristic body (marked by the su-
perscript “bo”) wavelength of a constituent under some given excitation, and multiple
constituents for the matrix and inclusion (marked by the subscripts “mat” and “inc” re-
spectively) are allowed. Equation (4.1) implies that each matrix constituent is treated
under the long body wavelength assumption, first enabling to carry the macroscopic vari-
ation. Moreover, since the long wavelength is mostly accompanied by a low frequency,
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the matrix inertia becomes unimportant (still exists) against its deformation, leading to a
quasi-static behaviour. The inclusion constituent is whereas treated in one more relaxed
way such that the internal inertial effects induced by the local resonances can be captured.

When it comes to homogenization of LRAM panels to be respectively described by the
thin (or even thick) continuum shell and solid at the macro and microscale, the flexural
wave propagation along the in-plane direction must be further taken into account. Note
that transverse propagation of the body wave becomes negligible due to the small thickness.
Accordingly, a lamina-level definition of the separation of scales is adoptable, reading

Matrix : hmat << min{λfl

mat}, lAmat << min{λbo

mat, λ
fl

mat}, (4.2a)

Inclusion : hinc << min{λfl

inc}, lAinc ≤ min{λbo

inc, λ
fl

inc}, (4.2b)

where the superscript “A” denotes the lamina level (see the microscopic lamina surface
domain Am in Fig. 4.1) and “fl” the flexural wave, and h reflects representative thickness
of a constituent. In order to describe the bending behaviour appropriately, there is the
thickness limitation for each constituent first, depending on the employed continuum shell
theory (namely an extra long wavelength assumption). The requirements on lA in each
lamina are to guarantee that both in-plane body and flexural waves can be described
sufficiently in their independent subwavelength ranges, analogous to those given in eq. (4.1).
Hopefully, the locally resonant phenomena in LRAM panels can be depicted properly, using
this modified definition of the separation of scales.

4.2 Macroscopic description

As mentioned above, the continuum shell description (see Chap. 3) is employed at the
macroscale (marked by the subscript“M”) and recapped as below. Let VM give the mac-
roscopic body domain and AM,r the reference surface domain. The current position and
displacement of each macroscopic material point separately read

~xM = ~xM,r + η~dM, (4.3a)

~uM = ~uM,r + η~bM, (4.3b)

where ~xM,r and ~dM denote the current reference position and director, respectively, η the out-

of-plane coordinate, and ~uM,r = ~xM,r− ~XM,r and ~bM = ~dM− ~DM the displacement components
induced by linear motion of the reference point and director rotation independently.

Under the corotational laminar basis, the small deformation of a macroscopic infinites-
imal fibre is parametrized as

d~̂xM = (ˆ̂FM + η ˆ̂KM) · d ~̂XM, (4.4a)

d~̃xM = ˜̂FM · d ~̂X−
1

2
~̃ec ˆ̂KM

.. d ~̂XMd ~̂XM, (4.4b)
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with various in-plane deformation gradient tensors (~∇M ≈ ~∇M,0) generalized by

ˆ̂FM = ( ~̂∇M~̂xM,r)
C, ˆ̂KM = ( ~̂∇M

~̂dM)C, ˜̂FM = ( ~̂∇M~̃xM,r)
C. (4.5)

The macroscopic governing equations are provided by the balances of linear and rota-
tional momentum resultants (see eq. (3.20)), reading

~̂∇M · [ ˆ̂NM(~xM,r) + ˆ̃NM(~xM,r)]− ~̇PM(~xM,r) = ~0, (4.6a)

~̂∇M · [ ˆ̂MM(~xM,r) + ˆ̃MM(~xM,r)]− ~̃ec · ˜̂NM(~xM,r)− ~̇QM(~xM,r) = ~0, ∀~xM,r ∈ AM,r, (4.6b)

where NM and MM denote the macroscopic stress and couple-stress resultants, respectively,

and ~̇PM and ~̇QM the macroscopic linear and rotational inertial resultants, respectively.
Furthermore, through neglecting all energy terms related to the transverse stress states in
eq. (3.26), it is selective to simplify the weak form of eq. (4.6) (see eq. (3.26)) as∫
AM,r

( ~̂∇M~vM,r)
C .. ˆ̂NM AM +

∫
AM,r

( ~̂∇M~cM)C .. ˆ̂MM dAM +

∫
AM,r

~vM,r · ~̇PM dAM

+

∫
AM,r

~cM · ~̇QM dAM =

∫
CM,r,t

~vM,r · ~tM dCM +

∫
CM,r,m

~cM · ~mM dCM, ∀(~vM,r,~cM) ∈ (U1,U1),

(4.7)

where ~vM,r and ~cM are the test functions of ~uM,r and ~bM, respectively, ~tM and ~mM the mac-
roscopic traction and couple-traction resultants, respectively, and CM,r the closed contour
of AM,r. Notice that although the boundary conditions above only display as the external
loadings or prescribed displacements, they are not intrinsic limitations of the macroscopic
continuum shell description under deformation, and other boundary condition types are
possible. Relevant details are unimportant for the following formulation so temporarily
skipped. The macroscopic resultant-form responses needed in eq. (4.7) are to be later
derived by the computational homogenization, together with the inertial and constitutive
relations.

4.3 Microscopic description

To each macroscopic fibre, a full-3D (three-dimensional) microscopic unit cell (marked by
the subscript“m”) is associated and sketched in Fig. 4.1. Here a low out-of-plane curvature
has been considered, for consistency with the thin continuum shell theory.

Let ~xm denote the current position of any material point in the microscopic body do-
main Vm. Under the continuum solid description, the microscopic deformation can be
parametrized as

d~xm = Fm · d ~Xm, (4.8)

with the deformation gradient tensor specified by

Fm = (~∇m,0~xm)C. (4.9)
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Figure 4.1: A full-3D through-thickness unit cell: (a) embedded in the macroscopic con-
tinuum shell and (b) magnified configuration. The detailed internal heterogeneities are
undisplayed.

Corresponding kinematics are optionally described by the linear displacement and infin-
itesimal strain fields (~∇m ≈ ~∇m,0), reading

~um = ~xm − ~Xm, (4.10a)

εm =
1

2
(Fm + FC

m)− Im, (4.10b)

which are measured under a microscopic Cartesian vector basis, coinciding with associated
macroscopic corotational laminar basis.

At each microscopic material point, the balance of linear momentum without the body
force contribution can be expressed as

~∇m · σm(~xm)− ~̇pm(~xm) = ~0, ∀~xm ∈ Vm, (4.11)

with ~̇pm(~xm) = ρm(~xm)~̇um(~xm) to capture the microscopic inertial effects. Notice that the
stress tensor σm may contain the out-of-plane components, and the ambient terms exerted
by rigid-body linear motion and rotation of the macroscopic fibre exist in the inertia
~̇pm. Suitable boundary conditions for completing eq. (4.11) are to be determined in the
subsequent downscaling transition.

Further multiplying both sides of eq. (4.11) with the test function ~vm, and utilizing the
chain rule and Gauss’s theorem together give its weak form as∫

Vm

(~∇m~vm)C .. σm dVm +

∫
Vm

~vm · ~̇pm dVm =

∫
Sm,t

~vm · ~tm dSm, ∀~vm ∈ U1, (4.12)

where ~vm denotes the test function of ~um and Sm the closed surface of Vm. Note that ~vm

vanishes at the microscopic Dirichlet boundary and ~tm above is not in the resultant form,
distinguished from that at the macroscale.
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The constitutive relation to make eq. (4.12) solvable is generalized as

σ̇m(~xm, t) = Cm(~xm, t) .. ε̇m(~xm, t), (4.13)

which is time and history-dependent, enabling description of the non-linear material be-
haviour. Here C denotes a 4th-order tangent elasticity tensor and t the time point. All
constituents are assumed with the completely rigid bondings to ensure the perfect load
and deformation transition.

4.4 Homogenization framework

4.4.1 Macro-to-micro scale transition

Applying the generalized in-plane deformation gradient tensors ˆ̂F M, ˆ̂K M and ˜̂F M to the
unit cell yields the lamina-level microscopic relative position field as

∆~̂xm = (ˆ̂FM + η ˆ̂KM) ·∆ ~̂Xm + ∆~̂wm, (4.14a)

∆~̃xm = ˜̂FM ·∆ ~̂Xm −
1

2
~̃ec ˆ̂KM

..∆ ~̂Xm∆ ~̂Xm + ∆~̃wm, (4.14b)

with ∆~xm = ~xm − ~xm,r, ∆ ~Xm = ~Xm − ~Xm,r and ∆~wm = ~wm − ~wm,r. Here ~Xm,r denotes the
reference position (marked by the subscript “r”, namely center of the 1st-order Taylor ex-
pansion), which locates on reference (or middle) lamina of the unit cell to match kinematic
description of the macroscopic fibre and becomes ~xm,r after deformation, the microscopic

corotational laminar basis at ~Xm,r coincides with associated macroscopic one and thereby
the microscopic Cartesian vector basis, and ~wm reflects the microfluctuation field induced
by the internal heterogeneities, and is far smaller than the macroscopic deformation mag-
nitude. Although the decomposition in eq. (4.14) usually depends on location of the
microscopic corotational laminar basis, it can be approximately performed with respect to
the microscopic Cartesian vector basis, due to a large out-of-plane radius of curvature.

Substituting eq. (4.14) to eq. (4.9) decomposes Fm in each lamina as

ˆ̂FA

m(η) = [ ~̂∇m,0(∆~̂xm)]C = ˆ̂FM + η ˆ̂KM + [ ~̂∇m,0(∆~̂wm)]C, (4.15a)

˜̂FA

m(η) = [ ~̂∇m,0(∆~̃xm)]C = ˜̂FM − ~̃ec ˆ̂KM ·∆ ~̂XM + [ ~̂∇m,0(∆~̃wm)]C, (4.15b)

which is readily connected to FM to extract the downscaling transition relations. The
initially orthogonal unit cell configuration (with an infinite radius of curvature) illustrated
in Fig. 4.1 is just for paradigm, and in order to achieve a general formulation, its geometrical
speciality is avoided.

In the traditional homogenization frameworks for continuum solids [55, 56], the unit cell
is allocated to each macroscopic material point such that FM is required to equate with the
volume average of Fm. One may call it as a volume-level homogenization requirement. For
the continuum shell, the unit cell is however correlated to each through-thickness material
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line, thus requiring FA
M along the macroscopic fibre equal to the surface average of FA

m on
associated microscopic lamina. Clearly, it can be regarded as a lamina-level homogenization
requirement and yields a modified downscaling transition, reading

ˆ̂FA

M(η) =
1

Am(η)

∫
Am

ˆ̂FA

m(η) dAm, (4.16a)

˜̂FA

M(η) =
1

Am(η)

∫
Am

˜̂FA

m(η) dAm, ∀η ∈ H, (4.16b)

where η = 0 specifically denotes the reference lamina and Am lamina area measured under
the microscopic corotational laminar basis. By utilizing the decomposition form of FA

M

ˆ̂FA

M = ˆ̂FM + η ˆ̂KM, (4.17a)

˜̂FA

M = 0, (4.17b)

equation (4.16) can then be rewritten as∫
Cm

∆~̂wm(η)~̂nm(η) dCm = 0, (4.18a)∫
Cm

∆~̃wm(η)~̂nm(η) dCm = ~̃ec ˆ̂KM ·
∫
Am

∆ ~̂Xm(η) dAm, ∀η ∈ H, (4.18b)

where the Gauss’s theorem has been applied to obtain the along-contour integrals, and
Cm denotes the closed contour of Am, with the unit outward normal ~nm. Without loss
of generality, a unit cell continuously stacked by some low-curvature (planar or curved)

rectangular laminae can be chosen and ~Xm,r is set at the unit cell center for convenience.
In this case, each lamina holds an in-plane geometrical symmetry, reading∫

Am

∆ ~̂Xm dAm = ~0, (4.19)

and substituting eq. (4.19) to eq. (4.18) finally gives the compact lamina-level constraints
on ∆~wm as ∫

Cm
∆~̂wm~̂nm dCm = 0, (4.20a)∫

Cm
∆~̃wm~̂nm dCm = 0. (4.20b)

Equation (4.20) is usually too weak for the small unit cell and can be satisfied by sev-
eral stronger assumptions, like prescribing zero microfluctuations or enforcing periodicity
of the microfluctuations on each lamina boundary. They are actually linked to the uni-
form displacement boundary conditions and periodic boundary conditions, respectively, in
the classical homogenization theory. It has been extensively confirmed that the periodic
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boundary conditions can provide better convergence for the effective quantities versus the
unit cell size [57] and thereby also selected here. Notice that in the dynamic case, the
assumption of the periodic boundary conditions is violated since for example, the Bloch-
Floquet boundary conditions actually hold in the steady wave propagation. Nevertheless,
it remains acceptable with support of the quasi-static assumption on the matrix.

The unit cell chosen above initially has the in-plane geometrical periodicity on each lam-
ina boundary, accompanied by anti-periodicity of the normal vector distribution. Hence,
one may identify that eq. (4.20) is always automatically satisfied when

∆~̂w−m(ξ, η) = ∆~̂w+
m(ξ, η), (4.21a)

∆~̃w−m(ξ, η) = ∆~̃w+
m(ξ, η), ∀η ∈ H, (4.21b)

where ξ specifies the in-plane local coordinate along the lamina contour and the superscripts
“−/+” a tied (or opposite) transverse boundary pair (B/F: back/front and L/R: left/right).
Note that exerting the periodic boundary conditions on the microfluctuation field further
leads to anti-periodicity of the lamina-level tying tractions (to be proved in Chap. 5), and
such an important property will be employed in the subsequent upscaling transition.

4.4.2 Microscopic boundary value problem

Equation (4.12) are subsequently complemented to achieve a microscopic boundary value
problem. The Dirichlet boundary conditions follow the compact macro-to-micro scale
transition relations given by eq. (4.21). Since a plane stress state is assumed at the macro-
scale, there is no traction on both top and bottom boundaries (marked by the superscripts
“U” and “D”, respectively) of the unit cell, reading

~tUm = ~0 on SU

m, (4.22a)

~tDm = ~0 on SD

m, (4.22b)

as the Neumann boundary conditions.
At present, the microscopic boundary value problem can be summarized as

find ~um ∈ U1, such that : (4.23a)

Wint +Wkin = Wext, ∀~vm ∈ U1, (4.23b)

with various weighted residuals given by

Wint =

∫
Vm

(~∇m~vm)C .. σm dVm, (4.24a)

Wkin =

∫
Vm

~vm · ~̇pm dVm, (4.24b)

Wext =

∫
Sm,t

~vm · ~tm dSm. (4.24c)
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and the (explicit and implicit) boundary conditions

∆~w−m = ∆~w+
m on Sm,u, (4.25a)

~um = ~u∗m on Sm,u, (4.25b)

~tm = ~t∗m on Sm,t. (4.25c)

It should be mentioned that eq. (4.25a) holds true only when the unit cell has a large
radius of curvature and generally, it must be expressed in the decomposition form under
the microscopic corotational laminar basis (see eq. (4.21)). Revisiting the establishment
procedure of the downscaling transition relations, one may realize that although no balance
of rotational momentum is taken into account at the microscale, it has been implicitly
reflected by a series of lamina-level boundary conditions, enabling to simulate bending-like
behaviour of the unit cell.

4.4.3 Micro-to-macro scale transition

After solving the defined boundary value problem, both stress and kinematic states at the
microscale can be readily homogenized towards the macroscale, based on the Hill-Mandel
principle [58]. In details for the continuum solid, the volume average of the virtual work
on the unit cell is equal to that at associated macroscopic material point, as a volume-level
homogenization operation. When it comes to the continuum shell, the macroscopic stress
and kinematic states are however described in their resultant forms integrated along the
thickness. Therefore, the Hill-Mandel principle needs to be implemented in a compatible
manner, reading

δW A

m = δW A

M, ∀δ~um ∈ U1, (4.26)

which equates the reference lamina average of the virtual work on the unit cell δW A
m to that

along associated macroscopic fibre δW A
M. One may call it as a lamina-level homogenization

operation.
Notice that rigid-body linear motion and rotation of the macroscopic fibre produce the

ambient (kinematic) work but no local (deformation) work on the unit cell. Hence, the
total virtual work per unit area of its reference lamina can be expanded as

δW A

m =
1

Am,r

∫
Vm

(σm
.. δ ~∇m~um + ~̇pm · δ~um) dVm

=
1

Am,r

∫
Vm

[σm
.. δ ~∇m(∆~xm) + ~̇pm · δ∆~xm] dVm︸ ︷︷ ︸

local work

+
1

Am,r

∫
Vm

~̇pm · δ~uM dVm︸ ︷︷ ︸
ambient work

, (4.27)

with requirements of the macroscopic kinematic description given by

Am,r = Am(0), (4.28a)

δ~uM = δ~uM,r + ηδ~bM, (4.28b)
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where δ∆~xm and δ~uM denote the local (under the fixed microscopic Cartesian coordinate
system) and ambient parts of δ~um, respectively. By repeating the similar procedure as done
to achieve eq. (4.12) and making use of eq. (4.22), equation (4.27) can now be rewritten in
terms of the transverse boundary tractions and decomposed as

δW A,loc

m =
1

Am,r

∫
S̃m

~tm · δ∆~xm dSm, (4.29a)

δW A,amb

m =
1

Am,r

∫
S̃m

~tm · δ~uM dSm, (4.29b)

where the superscripts “loc” and “amb” marks the local and ambient terms, S̃m transverse
boundary of the unit cell, specifically the same as Sm,u in eq. (4.25).

Substituting eq. (4.14) to eq. (4.29a) yields the form reflecting contributions by the local
membrane deformation, bending and microfluctuation effects, reading

δW A,loc

m =

(
1

Am,r

∫
S̃m

~̂tm∆ ~̂Xm dSm

)
.. δ ˆ̂FC

M +

(
1

Am,r

∫
S̃m

~̃tm∆ ~̂Xm dSm

)
.. δ ˜̂FC

M

+

(
1

Am,r

∫
S̃m

η~̂tm∆ ~̂Xm dSm

)
.. δ ˆ̂KC

M −
(

1

Am,r

∫
S̃m

~̃tm ·
1

2
~̃ec∆ ~̂Xm∆ ~̂Xm dSm

)
.. δ ˆ̂KC

M

+
1

Am,r

∫
S̃m

~̂tm · δ∆~̂wm dSm +
1

Am,r

∫
S̃m

~̃tm · δ∆~̃wm dSm. (4.30)

By considering periodicity of the microfluctuations and anti-periodicity of the tractions on
the tied boundaries, and zero in-plane gradient of the transverse position component at
the macroscale, equation (4.30) can then be simplified as

δW A,loc

m =

(
1

Am,r

∫
S̃m

~̂tm∆ ~̂Xm dSm

)
.. δ ˆ̂FC

M

+

[
1

Am,r

∫
S̃m

(
η~̂tm∆ ~̂Xm − ~̃tm ·

1

2
~̃ec∆ ~̂Xm∆ ~̂Xm

)
dSm

]
.. δ ˆ̂KC

M. (4.31)

Analogously, it is also possible to expand eq. (4.29b) in terms of contributions of the
ambient linear motion and rotation, reading

δW A,amb

m =

(
1

Am,r

∫
S̃m

~tm dSm

)
· δ~uM,r +

(
1

Am,r

∫
S̃m

η~tm dSm

)
· δ~bM. (4.32)

According to eq. (4.7), the total virtual work on the macroscopic fibre can be naturally
written as

δW A

M = ˆ̂NM
.. δ ~̂∇MuM,r + ˆ̂MM

.. δ ~̂∇M
~bM + ~̇PM · δuM,r + ~̇QM · δ~bM, (4.33)

where δ ˆ̂FC
M and δ ˆ̂KC

M are also alternative to δ ~̂∇MuM,r and δ ~̂∇M
~bM, respectively, from the work

point of view. At the end, substituting eqs. (4.31)∼ (4.33) together to eq. (4.26) gives the
upscaling transition relations, with various macroscopic responses given by

ˆ̂NM =
1

Am,r

∫
S̃m

~̂tm∆ ~̂Xm dSm, (4.34a)
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ˆ̂MM =
1

Am,r

∫
S̃m

(
η~̂tm∆ ~̂Xm − ~̃tm ·

1

2
~̃ec∆ ~̂Xm∆ ~̂Xm

)
dSm, (4.34b)

~̇PM =
1

Am,r

∫
S̃m

~tm dSm, (4.34c)

~̇QM =
1

Am,r

∫
S̃m

η~tm dSm. (4.34d)

Equation (4.34) enables convenient calculation of the macroscopic resultant-form re-
sponses, purely with assistance of quantities on the unit cell transverse boundary. It has
to be pointed out that different from the quasi-static problem where ~Xm,r can be omitted
due to equilibrium of the boundary tractions (more accurately speaking, in each lamina),

the macroscopic stress states in the dynamic problem are dependent to ~Xm,r and also mi-
croscopic inertial effects. Moreover, both ~̂tm and ~̃tm on S̃m may contribute to ˆ̂MM and
the transverse traction-related term in eq. (4.34b) essentially reflects the relative sliding
between the laminae, induced by the transverse shear effects.

Following the macroscopic assumption of zero transverse shear deformation, one may
selectively neglect the out-of-plane shear stress term ˆ̃σm (or ˜̂σm) in the stress states, leading
to ˆ̂MM fully determined by ~̂tm but not for the kinematic states, where ~̃tm is still important
to carry the transverse inertial effects. In other words, only the microscopic kinematic
states can upscale their out-of-plane components. Within this simplification, applying the
lamina-level Gauss’s theorem, chain rule and eq. (4.11) can next convert eq. (4.34) to a
series of volume integral forms, reading

ˆ̂NM =
1

Am,r

∫
Vm

ˆ̂σeff

m dVm =
1

Am,r

∫
Am,r

(∫
H

ˆ̂σeff

m dη

)
dAm, (4.35a)

ˆ̂MM =
1

Am,r

∫
Vm

η ˆ̂σeff

m dVm =
1

Am,r

∫
Am,r

(∫
H
η ˆ̂σeff

m dη

)
dAm, (4.35b)

~̇PM =
1

Am,r

∫
Vm

~̇pm dVm =
1

Am,r

∫
Am,r

(∫
H
~̇pm dη

)
dAm, (4.35c)

~̇QM =
1

Am,r

∫
Vm

η~̇pm dVm =
1

Am,r

∫
Am,r

(∫
H
η~̇pm dη

)
dAm, (4.35d)

with
ˆ̂σeff

m = ˆ̂σm + ˙̂~pm∆ ~̂Xm, (4.36)

which contains the coupling relations between the macroscopic stress states and microscopic
inertial effects. Equation (4.35) intuitively tells that the macroscopic responses can be
obtained through homogenizing corresponding microscopic through-thickness resultants
in the reference lamina, indeed consistent to formulation of the macroscopic resultants.
Nevertheless, equation (4.34) is more computationally efficient than (4.35) and can be
significantly reduced through a particular implementation (see Chap. 5), so the former one
is preferred in practice.
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Chapter 5

Towards an enriched continuum
beam/shell

The numerical implementation of the microscopic boundary value problem is first clari-
fied, which directly departs from a full-3D unit cell for the continuum shell and also later
degrades it as a pseudo-3D one appropriate to the continuum beam (to be adopted in
the later numerical validations). Within FEM framework and small deformation assump-
tion, the exertion of those lamina-level boundary conditions to the discretized microscopic
balance equations is then elaborated. Next, according to the long wavelength condition,
the Craig-Bampton mode synthesis technique is adopted for further reduction and recon-
struction of the unit cell model. At last, recalling the upscaling transition to the reduced
model enables redefinition of the macroscopic governing equations, in description of an en-
riched single-scale continuum beam/shell and accompanied by the compatible closed-form
constitutive and inertial relations.

5.1 Numerical implementation of the microscopic

problem

5.1.1 Finite element discretization

The established microscopic boundary value problem (see eq. (4.23)) can be solved using
any appropriate method. In the following, it is implemented with FEM and the discussion
scope is restricted to the small deformation case, leading to eq. (4.13) suitably specified as
a linear elastic form, reading

σm(~xm) = Cm(~xm) .. εm(~xm). (5.1)

Employing the finite element discretization constructs the microscopic displacement
field on the approximate physical domain, i.e. the microscopic body domain Vh

m here like

~uh

m(~xh

m) = N˜ T

m(~xh

m)~u˜m, (5.2)
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where N˜ m denotes the standard scalar basis function column (= 1 on its associated node
but vanishes on the other nodes), ~u˜m the nodal linear displacement vector column, and the
superscript “h” represents the approximation and “T” the transpose of a matrix. Then
following the the Galerkin approach, one may approximate test function of the displacement
field using the basis functions above as well, reading

~vh

m(~xh

m) = N˜ T

m(~xh

m)~v˜m. (5.3)

Note that ~um,i and ~vm,i are constants on each node, and it is thus possible to express spatial
gradients of the displacement field and its test function directly as

~∇m~u
h

m = (~∇mN˜ m)T~u˜m, (5.4a)

~∇m~v
h

m = (~∇mN˜ m)T~v˜m, (5.4b)

where N˜ m requires to be at least 1st-order piecewise derivable.
Taking eqs. (5.1)∼ (5.4) together back to eq. (4.12), and further extracting the constant

columns ~u˜m and ~v˜m outside the integrals give

~v˜T

m ·
[∫
Vh

m

(~∇mN˜ m) · Cm · (~∇mN˜ m)T dV h

m

]
· ~u˜m + ~v˜T

m ·
[∫
Vh

m

N˜ mρmN˜ T

m dV h

m

]
· ~̈u˜m

= ~v˜T

m ·

[∫
Sh

m,t

N˜ m
~tm dSh

m

]
, ∀~vm,i ∈ R, (5.5)

where the mass density has been uniformed as a tensor, and R represents the real number
domain. Since eq. (5.5) holds true for any ~vm,i, a series of standard discrete balance
equations of linear momentum can next be formulated as

Bm · ~u˜m + Wm · ~̈u˜m = ~f˜m, (5.6)

with the assembled microscopic stiffness tensor and mass tensor matrices, and external
nodal force vector column respectively given by1

Bm =

∫
Vh

m

(~∇mN˜ m) · Cm · (~∇mN˜ m)T dV h

m , (5.7a)

Wm =

∫
Vh

m

N˜ mρmN˜ T

m dV h

m , (5.7b)

~f˜m =

∫
Sh

m,t

N˜ m
~tm dSh

m. (5.7c)

Equation (5.6) has to be complemented with the boundary conditions, namely the zero-
traction conditions on the top and bottom surfaces and lamina-level periodic boundary
conditions. The former type is straightforward, while the latter one should be adjusted in
a compatible way to FEM framework, like fully in terms of the nodal displacements.

1In general, these integrals are to be further rewritten through the isoparametric transformation and
Gauss quadrature rule, enabling a more high-efficiency computation.
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5.1.2 Lamina-level periodic boundary conditions

By substituting eq. (4.14) to eq. (4.21), the lamina-level periodic boundary conditions are

first expressed in terms of ∆ ~Xm, reading

∆~̂x+
m −∆~̂x−m = (ˆ̂FM + η ˆ̂KM) · (∆ ~̂X+

m −∆ ~̂X−m), (5.8a)

∆~̃x+
m −∆~̃x−m = −1

2
~̃ec ˆ̂KM

.. (∆ ~̂X+
m∆ ~̂X+

m −∆ ~̂X−m∆ ~̂X−m), ∀η ∈ H, (5.8b)

where ˜̂FM = 0 has been recalled. Since the absolute measure of ~Xm,r does not play a role

in the unit cell analysis, one may take ~Xm,r = ~0 and thereby ∆ ~Xm = ~Xm for simplicity.
With assistance of the position transformation relations, equation (5.8) can then be

rewritten in terms of ~Xm and ~um as

~̂u+
m − ~̂u−m = ( ˆ̂HM + η ˆ̂KM) · ( ~̂X+

m − ~̂X−m), (5.9a)

~̃u+
m − ~̃u−m = −1

2
~̃ec ˆ̂KM

.. ( ~̂X+
m
~̂X+

m − ~̂X−m
~̂X−m), (5.9b)

where ˆ̂HM = ˆ̂FM − ˆ̂I, denoting the in-plane displacement gradient tensor. Extra rigid-body
motion is allowed in ~um above and has to be constrained to enforce that the overall rigid-
body kinematic fields (marked by the superscript “rb”), for instance that displacement
and acceleration fields are equal to the ambient fields. Because of no rotation around the
fibre axis and the long wavelength condition, this issue can be easily worked out, through
fixing microfluctuations of two microscopic nodes which belong to different laminae but
in the quasi-static matrix, yielding ~urb

m = ~uM = ~uM,r + η~bM. The remaining overall rigid-
body kinematic fields have almost invisible contributions in the microscopic equilibrium
and thereby their consistent requirements are unimportant.

The front, back, left and right boundaries are constrained on unit cell of the continuum
shell (see Fig. 4.1), with the in-plane geometrical symmetry of each lamina reading

~̂X F

m(η) + ~̂XB

m(η) = 2ξ1(η)~e c

1 , (5.10a)

~̂XR

m(η) + ~̂X L

m(η) = 2ξ2(η)~e c

2 , (5.10b)

~̂X F

m(η)− ~̂XB

m(η) = Wm(η)~e c

2 , (5.10c)

~̂XR

m(η)− ~̂X L

m(η) = Lm(η)~e c

1 , (5.10d)

which approximately holds true even when the initial configuration is already deformed.
Here ξj, j = 1, 2 denotes the local scalar coordinates along ~e c

j , belonging to the segment
domains L1 = [−Lm/2, Lm/2] and L2 = [−Wm/2,Wm/2], and Lm and Wm in-plane length
and width of the lamina separately. Making use of eq. (5.10) allows for the targeted
simplification of eq. (5.9) as

~̂uF

m − ~̂uB

m = ( ˆ̂HM + η ˆ̂KM) · ( ~̂X F

m − ~̂XB

m), (5.11a)
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~̂uR

m − ~̂uL

m = ( ˆ̂HM + η ˆ̂KM) · ( ~̂XR

m − ~̂X L

m), (5.11b)

~̃uF

m − ~̃uB

m = −1

2
~e c

3

ˆ̂KM
.. ξ1Wm(~e c

1~e
c

2 + ~e c

2~e
c

1), (5.11c)

~̃uR

m − ~̃uL

m = −1

2
~e c

3

ˆ̂KM
.. ξ2Lm(~e c

1~e
c

2 + ~e c

2~e
c

1). (5.11d)

Based on the notations employed in Fig. 4.1, the microfluctuations of nodes 1 and 5
are fixed for convenience, yielding ~um,1 = ~uM,1 + HM,1 · Xm,1 and ~um,5 = ~uM,5 + HM,5 · Xm,5,
respectively. Substituting the preset ~um,1 in the decomposed form to eq. (5.11) immediately
leads to displacements of the corner nodes 1, 2 and 4 on the bottom surface as

~̂um,i = ( ˆ̂HM + η1
ˆ̂KM) · ~̂Xm,i + ~̂uM,1, (5.12a)

~̃um,i = −1

2
~̃ec ˆ̂KM

.. ~̂Xm,i
~̂Xm,i + ~̃uM,1, i = 1, 2, 4. (5.12b)

Similarly, the prescribed displacements of the corner nodes 5, 6 and 8 on the top surface
can be expressed together as

~̂um,i = ( ˆ̂HM + η5
ˆ̂KM) · ~̂Xm,i + ~̂uM,5, (5.13a)

~̃um,i = −1

2
~̃ec ˆ̂KM

.. ~̂XM,i
~̂XM,i + ~̃uM,5, i = 5, 6, 8. (5.13b)

Here η1 = −H/2 and η5 = H/2.
The low out-of-plane curvature property of the unit cell implies

~̂X F

m(η)− ~̂XB

m(η) ≈ ~̂Xm,4 − ~̂Xm,1, (5.14a)

~̂XR

m(η)− ~̂X L

m(η) ≈ ~̂Xm,2 − ~̂Xm,1, ∀η ∈ H, (5.14b)

so that Lm and Wm are almost constant for all laminae. Substituting eqs. (5.12)∼ (5.14)
together to eq. (5.11) further results in

ˆ̂HM · ( ~̂X F

m − ~̂XB

m) =
(~̂um,4 − ~̂um,1) + (~̂um,8 − ~̂um,5)

2
, (5.15a)

ˆ̂HM · ( ~̂XR

m − ~̂X L

m) =
(~̂um,2 − ~̂um,1) + (~̂um,6 − ~̂um,5)

2
, (5.15b)

ˆ̂KM · ( ~̂X F

m − ~̂XB

m) = −(~̂um,4 − ~̂um,1)− (~̂um,8 − ~̂um,5)

H
, (5.15c)

ˆ̂KM · ( ~̂XR

m − ~̂X L

m) = −(~̂um,2 − ~̂um,1)− (~̂um,6 − ~̂um,5)

H
, (5.15d)

1

4
~e c

3

ˆ̂KM
.. Wm(~e c

1~e
c

2 + ~e c

2~e
c

1) =
~̃um,4 − ~̃um,1

Lm

, (5.15e)

1

4
~e c

3

ˆ̂KM
.. Lm(~e c

1~e
c

2 + ~e c

2~e
c

1) =
~̃um,2 − ~̃um,1

Wm

, (5.15f)
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where ~̃um,2 − ~̃um,1 and ~̃um,4 − ~̃um,1 are in fact replaceable by ~̃um,6 − ~̃um,5 and ~̃um,8 − ~̃um,5

separately as well. Eventually, by taking eq. (5.15) back to eq. (5.11), the displacement
relations between the tied boundaries can be expressed purely in terms of those prescribed
displacements as

~̂uF

m − ~̂uB

m =

(
1

2
− η

H

)
(~̂um,4 − ~̂um,1) +

(
1

2
+
η

H

)
(~̂um,8 − ~̂um,5), (5.16a)

~̂uR

m − ~̂uL

m =

(
1

2
− η

H

)
(~̂um,2 − ~̂um,1) +

(
1

2
+
η

H

)
(~̂um,6 − ~̂um,5), (5.16b)

~̃uF

m − ~̃uB

m = −2ξ1

Lm

(~̃um,4 − ~̃um,1), (5.16c)

~̃uR

m − ~̃uL

m = − 2ξ2

Wm

(~̃um,2 − ~̃um,1), (5.16d)

which provides a series of uniform tying constraints and can be handily applied to eq. (5.6).

5 
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Figure 5.1: A pseudo-3D through-thickness unit cell of which the width direction is sup-
pressed: (a) embeded in the macroscopic continuum beam and (b) magnified configuration.

On the other hand, through assuming a consistent configuration and suppressing the
kinematics along one in-plane direction, like the width direction, one may readily degrade
unit cell of the continuum shell as appropriate to the continuum beam2. A pseudo-3D
configuration is naturally achieved and sketched in Fig. 5.1, where only the left and right
boundaries are constrained.

Under notations illustrated in Fig. 5.1, the displacement relations between the left and

2The continuum beam with a non-rectangular cross-section, e.g. the cylindrical beam is also allowed
but then the lamina-level boundary conditions requires a matching elaboration.
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right boundaries can be written as

~̂uR

m − ~̂uL

m =

(
1

2
− η

H

)
(~̂um,2 − ~̂um,1) +

(
1

2
+
η

H

)
(~̂um,3 − ~̂um,4), (5.17a)

~̃uR

m − ~̃uL

m = ~̃0, (5.17b)

which is directly reduced from eq. (5.16), with the top and bottom corner nodes respectively
prescribed as

~̂um,i = ( ˆ̂HM + η1
ˆ̂KM) · ~̂Xm,i + ~̂uM,1, (5.18a)

~̃um,i = −1

2
~̃ec ˆ̂KM

.. ~̂Xm,i
~̂Xm,i + ~̃uM,1, i = 1, 2, (5.18b)

and

~̂um,i = ( ˆ̂HM + η4
ˆ̂KM) · ~̂Xm,i + ~̂uM,4, (5.19a)

~̃um,i = −1

2
~̃ec ˆ̂KM

.. ~̂Xm,i
~̂Xm,i + ~̃uM,4, i = 3, 4. (5.19b)

Here η1 = −H/2 and η4 = H/2.
To summarize, the practical implementations on the lamina-level periodic boundary

conditions in the continuum beam and shell cases are formulated in a similar manner. The
prescribed displacements are always expressed in terms of the macroscopic displacement
(ambient contribution) and corner positions on the microscopic top and bottom surfaces
(local contribution). The tying constraints are linear relations between displacements of
the (retained) independent and (tied) dependent nodes (more rigorously speaking, DOFs
(degrees of freedom)). Hence, it is possible to concentrate them in a general form.

The prescribed in-plane and out-of-plane displacements are first generalized as

~̂u˜m,p = ˆ̂I˜m,p · ~̂uM,r + ˆ̂HM · ~̂X˜ m,p + (ηˆ̂I˜m,p) · ~̂bM + ˆ̂KM · (η ~̂X˜ m,p), (5.20a)

~̃u˜m,p = ˜̃I˜m,p · ~̃uM,r −
1

2
~̃ec ˆ̂KM

.. ˆ̂X˜ m,p + (η˜̃I˜m,p) · ~̃bM, (5.20b)

with

η =

ηDD 0

0 ηUU

 , ~̂X˜ m,p =

 ~̂X˜ D
m,p

~̂X˜ U
m,p

 , ˆ̂X˜ m,p =

 ˆ̂X˜ D
m,p

ˆ̂X˜ U
m,p

 . (5.21)

Here the quantities on the top and bottom surfaces have been grouped for convenience
of expression, ~uM has been decomposed as two components ~uM,r and ~bM, η exhibiting the
superscript is a diagonal scalar submatrix filled by η related to associated lamina, and
ˆ̂X˜ m,i = ~̂X˜ m,i

~̂X˜ m,i for short. Just taking unit cell of the mentioned continuum beam (i =
1, 2, 3, 4) as an paradigm, one may specify eq. (5.21) as

ηDD =

−H
2

0

0 −H
2

 , ~̂X˜ D

m,p =

 ~̂Xm,1

~̂Xm,2

 , ˆ̂X˜ D

m,p =

 ~̂Xm,1
~̂Xm,1

~̂Xm,2
~̂Xm,2

 , (5.22a)
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ηUU =

H2 0

0 H
2

 , ~̂X˜ U

m,p =

 ~̂Xm,4

~̂Xm,3

 , ˆ̂X˜ U

m,p =

 ~̂Xm,4
~̂Xm,4

~̂Xm,3
~̂Xm,3

 . (5.22b)

Next, the tying constraints between the independent and dependent nodes (marked by
the subscripts “i” and “d” separately) are concentrated as

[
Tm,i Tm,d

] [~u˜m,i

~u˜m,d

]
= ~0˜, (5.23)

where Tm denotes the assembled linear relations. If defining a dependency matrix Tm,di =
−T -1

m,dTm,i, one may then rewrite eq. (5.23) as

~u˜m,d = Tm,di~u˜m,i, (5.24)

which is more convenient to implement and readily removed from eq. (5.6).
Through splitting the independent and dependent node sets, it is possible to partition

eq. (5.6) as Bm,ii Bm,id

Bm,di Bm,dd

 ·
~u˜m,i

~u˜m,d

+

Wm,ii Wm,id

Wm,di Wm,dd

 ·
~̈u˜m,i

~̈u˜m,d

 =

~f˜m,i

~f˜m,d

 , (5.25)

and further substituting eq. (5.24) to eq. (5.25) leads to its reduced form completely in
terms of the independent nodes, reading

B∗m · ~u˜m,i + W∗
m · ~̈u˜m,i = ~f˜

∗
m,i, (5.26)

with

B∗m = Bm,ii + Bm,idTm,di + T T

m,diBm,di + T T

m,diBm,ddTm,di, (5.27a)

W∗
m = Wm,ii + Wm,idTm,di + T T

m,diWm,di + T T

m,diWm,ddTm,di, (5.27b)

~f˜
∗
m,i = ~f˜m,i + T T

m,di
~f˜m,d. (5.27c)

5.2 Model reduction and reconstruction

5.2.1 Craig-Bampton reduction

The discretized microscopic boundary value problem above can be solved straightforwardly
after applying eq. (5.20). However, since the time dependency is taken into account and
especially when the microscopic structure is complicated (a large number of DOFs are
required for the reliable description), the on-line computational cost is still high, even in
case of a tiny unit cell.
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As stated in Chap. 4, the matrix behaviour is quasi-static and thereby the interfaces
between the unit cells can be regarded as sufficiently stiff. Following this declaration,
the Craig-Bampton mode synthesis technique [47] becomes adoptable to achieve a re-
duced description of total dynamic response of the unit cell (a substructure of the whole
macroscopic system) under the prescribed boundary kinematics [2]. It allows individual
analysis for each unit cell and then the global macroscopic dynamic response is obtained
by assembling those local responses, implying an excellent compatibility to the established
multi-scale framework.

Two different classes of separable modes are included in the condensed basis, saying
the constraint and fixed-boundary modes, as drawn in Fig. 5.2. Here unit cell of the con-
tinuum beam is selected just for convenience of clarification, and its dimensional simplicity
is never employed. The constraint modes are nothing else than the quasi-static deformation
after removing the inertial effects, which permit the instantaneous kinematic compatibility
between the unit cells. The fixed-boundary modes are namely a set of eigenmodes of the
internal dynamics with the prescribed nodes being fixed, which contain information related
to the locally resonant effects in each unit cell. Since only one generalized displacement
magnitude is required to parametrize each eigenmode, it leads to cheap description of the
internal and also total dynamic responses. Those two modes will be worked out separately
and then superposed to reach the total solution. It must be pointed out that at a high fre-
quency where the matrix exhibits the non-negligible elastic inertia, the eigenmode analysis
above can no longer give an adequate description of the microscopic dynamics.

As a preparation phase of the mentioned subproblems, the independent nodes are split
as prescribed and free node sets first, denoted by the subscripts “p” and “f”, respectively.
Hence, equation (5.26) can be partitioned asB∗m,pp B∗m,pf

B∗m,fp B∗m,ff

 ·
~u˜m,p

~u˜m,f

+

W∗
m,pp W∗

m,pf

W∗
m,fp W∗

m,ff

 ·
~̈u˜m,p

~̈u˜m,f

 =

~f˜∗m,p

~f˜∗m,f

 , (5.28)

where ~f˜∗m,p is essentially the same as ~f˜m,p and ~f˜∗m,f identical to ~0˜m,f, since no external force
exists on the free nodes after removing tying constraints.

Quasi-static deformation:

As explained above, the instantaneous quasi-static deformation is achieved by omitting
the inertial effects in eq. (5.28). The kinematic contribution induced by the prescribed
displacements on those free nodes can then be solved and collected as~u˜qs

m,p

~u˜qs
m,f

 =

Im,p

S

 · ~u˜m,p, (5.29)

with the static condense tensor matrix (also known as the Schur complement) given by

S = −(B∗m,ff)-1 ·B∗m,fp. (5.30)
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Figure 5.2: The Craig-Bampton mode synthesis for pseudo-3D unit cell of the continuum
beam: (a) initial state, (b) quasi-static deformation under the prescribed displacements
and (c) internal dynamic behaviour under the fixed prescribed nodes. The lamina-level
periodic boundary conditions are employed on the transverse boundaries, and nodes 1, 2,
3 and 4 are prescribed.

Here the superscript “qs” denotes the quasi-static deformation and Im,p the assembled
identity tensor matrix, in a diagonal form to enforce ~u˜qs

m,p = Im,p · ~u˜m,p.
Equation (5.29) immediately provides the constraint mode required in the reduced basis

and through substituting it to eq. (5.28), the governing equations for the quasi-static
response can be expressed explicitly in terms of the prescribed displacements as

Bqs

m · ~u˜qs

m,p + Wqs

m · ~̈u˜qs

m,p = ~f˜m,p, (5.31)

with the condensated stiffness and mass tensor matrices respectively read

Bqs

m = B∗m,pp −B∗m,pf · (B∗m,ff)-1 ·B∗m,fp, (5.32a)

Wqs

m = SCT ·W∗
m,ff · S + 2Wm,pf · S + W∗

m,pp. (5.32b)

Here the superscript “CT” denotes the transpose of a 2nd-order tensor or complex scalar
matrix where each element is conjugated.
Internal dynamics:
The internal dynamics compensate the disregarded inertial effects in the first subprob-
lem and are responsible for capturing the locally resonant effects. Associated solution is
expressed as a superposition of eigenmodes, achieved by fixing those prescribed nodes,
reading ~u˜dy

m,p

~u˜dy
m,f

 =

~0
~φ

 ζ˜, (5.33)

where the superscript “dy” denotes the internal dynamics, ~0 the assembled zero vector
matrix, enforcing ~u˜dy

m,p = ~0˜, ~φ the assembled eigenmode matrix with the size Nd and each
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column as a normalized modal displacement vector field ~φ˜n and ζ˜ the assembled column
of corresponding generalized displacement amplitude ζn (namely a modal DOF), n =
1, 2, 3, ..., Nd. Both ~φ˜n and ζn are unknown and ~φ˜n is to be extracted through the subsequent
eigenvalue analysis, while ζn is available only when two scales are coupled and solved at
the macroscale.

Through taking eq. (5.33) back to eq. (5.28) and employing the harmonic solution form,
a series of eigenvalue problems are obtained as

(B∗m,ff − ω2
nW

∗
m,f) · ~φ˜n = ~0˜, n = 1, 2, 3, ..., Nd, (5.34)

with the normalization condition determined by

~φ˜
T

n ·B∗m,ff · ~φ˜n = 1, (5.35)

where ωn denotes the eigenfrequency (sorted in an ascending manner) correlated to ~φ˜n. Nd

has been considered as sufficiently large, ensuring the highest ωn several times higher than
the desired frequency limit to be captured. Note that in the frequency range of interest,
it is mostly unnecessary to take all eigenmodes into account and only a few activating
the locally resonant effects are important for constructing the reduced basis. A simple
eigenmode selection criterion will be introduced later, through the quantitative evaluation
on the contributions of various localized modes.
Linear superposition:
Linearly combining eqs. (5.29) and (5.33) reconstructs the total unit cell response as~u˜m,p

~u˜m,f

 =

~u˜qs
m,p + ~u˜dy

m,p

~u˜qs
m,f + ~u˜dy

m,f

 =

Im,p
~0

S ~φ

 ·
~u˜m,p

ζ˜

 , (5.36)

which implies that the direct solution towards ~u˜m,f has been converted to that for ζ˜, only
containing a very limited number of DOFs.

At present, one may substitute eq. (5.36) to eq. (5.28) and combine eqs. (5.31) and (5.34),
yielding a reduced dynamic problem than eq. (5.26) as

Bqs

m · ~u˜p + Wqs

m · ~̈u˜p + ~W cpζ̈˜ = ~f˜m,p, (5.37a)

ω2
resζ˜ + ζ̈˜ = −( ~W cp)T · ~̈u˜m,p, (5.37b)

with the Nd-column coupling relation vector matrix given by

~W cp = SCT ·W∗
m,ff · ~φ+ Im,p ·W∗

m,pf · ~φ. (5.38)

Here ω2
res is a diagonal scalar matrix filled by a set of ω2

n. Since no geometrical property is
specified, the reduced description above is applicable to unit cells of both continuum beam
and shell.
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5.2.2 Enriched continuum description-based reconstruction

When eq. (5.37) is solved, the macroscopic resultant-form responses can be readily eval-
uated based on the early established homogenization framework (see Chap. 4). However,
in order to avoid the direct surface integrals given by eq. (4.34), one may utilize the fact
that all external forces on the transverse boundaries follow the periodic boundary condi-
tions. The simplified formulas for the continuum beam case are subsequently derived as
the examples.

At four corner nodes shown in Fig. 5.1, due to the prescribed displacements, the external
reaction forces ~fm,i, i = 1, 2, 3, 4 exist, which are split from associated total tying tractions.
In addition, a set of (remaining) tying tractions are required to guarantee eq. (5.17). Each
tying constraint satisfies the zero virtual work condition, leading to

~̂tR

m · δ~̂uR

m + ~̂tL

m · δ~̂uL

m + ~̂tL

m,1 · δ~̂um,1 + ~̂tL

m,2 · δ~̂um,2 + ~̂tL

m,3 · δ~̂um,3 + ~̂tL

m,4 · δ~̂um,4 = ~0, (5.39a)

~̃tR

m · δ~̃uR

m + ~̃tL

m · δ~̃uL

m = ~0, (5.39b)

which indicates that for each in-plane tying constraint, a ~̂tR
m is not only accompanied by a

tied ~̂tL
m but also attached by a ~̂tL

m,i (or ~̂tR
m,i, depending on the integration domain selection)

on nodes i, i = 1, 2, 3, 4, respectively, while a ~̃tR
m is only accompanied by a tied ~̃tL

m in each
out-of-plane tying constraint.

Then substituting the differential form of eq. (5.17) to eq. (5.39) yields

(̂~tL

m + ~̂tR

m) · δ~̂uL

m +

[
~̂tL

m,1 −
(

1

2
− η

H

)
~̂tR

m

]
· δ~̂um,1 +

[
~̂tL

m,2 +

(
1

2
− η

H

)
~̂tR

m

]
· δ~̂um,2

+

[
~̂tL

m,3 +

(
1

2
+
η

H

)
~̂tR

m

]
· δ~̂um,3 +

[
~̂tL

m,4 −
(

1

2
+
η

H

)
~̂tR

m

]
· δ~̂um,4 = 0, (5.40a)

(̃~tL

m + ~̃tR

m) · δ~̃uL

m = 0, (5.40b)

which holds true for any displacement perturbation. Therefore, the relations between the
tying tractions can be identified as

~̂tR

m = −~̂tL

m =
~̂tL

m,1

1/2− η/H
= −

~̂tL
m,2

1/2− η/H
= −

~̂tL
m,3

1/2 + η/H
=

~̂tL
m,4

1/2 + η/H
, (5.41a)

~̃tR

m = −~̃tL

m, (5.41b)

which indeed implies anti-periodicity of the lamina-level tying tractions, employed during
the previous upscaling transition (see Chap. 4).

Through the above particular implementation, equation (4.34a) for evaluating ˆ̂NM can
be rearranged as

ˆ̂NM =
1

Am,r

(~̂f m,1
~̂Xm,1 + ~̂f m,2

~̂Xm,2 + ~̂f m,3
~̂Xm,3 + ~̂f m,4

~̂Xm,4)

+
1

Am,r

(∫
S̃L

m

~̂tL

m
~̂X L

m dSm +

∫
S̃L

m

~̂tL

m,1
~̂Xm,1 dSm +

∫
S̃L

m

~̂tL

m,4
~̂Xm,4 dSm

)
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+
1

Am,r

(∫
S̃R

m

~̂tR

m
~̂XR

m dSm +

∫
S̃L

m

~̂tL

m,2
~̂Xm,2 dSm +

∫
S̃L

m

~̂tL

m,3
~̂Xm,3 dSm

)
. (5.42)

Moreover, according to the geometrical property given by eq. (5.14), it is possible to con-
tinuously rewrite eq. (5.42) as

ˆ̂NM =
1

Am,r

(~̂f m,1
~̂Xm,1 + ~̂f m,2

~̂Xm,2 + ~̂f m,3
~̂Xm,3 + ~̂f m,4

~̂Xm,4)

+
1

Am,r

∫
S̃L

m

(̂~tL

m + ~̂tL

m,1 + ~̂tL

m,4) ~̂Xm,1 dSm +
1

Am,r

∫
S̃L

m

(̂~tR

m + ~̂tL

m,2 + ~̂tL

m,3) ~̂Xm,2 dSm, (5.43)

and employing eq. (5.41a) finally reduces eq. (5.43) to

ˆ̂NM =
1

Am,r

(~̂f m,1
~̂Xm,1 + ~̂f m,2

~̂Xm,2 + ~̂f m,3
~̂Xm,3 + ~̂f m,4

~̂Xm,4). (5.44)

The remaining surface integrals in eq. (4.34) to evaluate ˆ̂MM, ~̇PM and ~̇QM can be reduced
to more computationally efficient forms as well, with assistance of eq. (5.41). Assembling
force and position quantities related to nodes 1, 2, 3 and 4 in the column forms gives a
series of compact formulas as

ˆ̂NM =
1

Am,r

~̂f˜
T

m,p
~̂X˜ m,p, (5.45a)

ˆ̂MM =
1

Am,r

(η~̂f˜ m,p)
T ~̂X˜ m,p, (5.45b)

~̇PM =
˙̂~P M +

˙̃~P M =
1

Am,r

ˆ̂I˜T

m,p · ~̂f˜ m,p +
1

Am,r

˜̃I˜T

m,p · ~̃f˜ m,p, (5.45c)

~̇QM =
˙̂~QM +

˙̃~QM =
1

Am,r

ˆ̂I˜T

m,p · (η~̂f˜ m,p) +
1

Am,r

˜̃I˜T

m,p · (η~̃f˜ m,p). (5.45d)

Here η maps ~̂f˜m,p and ~̃f˜m,p to associated moment columns, and ~̇PM and ~̇QM are decomposed
for convenience of the subsequent reconstruction.

By repeating steps above, it is easy to prove that eq. (5.45) can also be applied to
compute macroscopic resultants of the continuum shell, where the quantities related to
nodes 1, 2, 4, 5, 6 and 8 are accordingly needed to construct necessary matrices and
columns. Its detailed derivation procedure is simply skipped here.

The homogenized constitutive and inertial relations are to be identified based on reduced
description of the unit cell. After substituting eqs. (5.20) and (5.37a) to eq. (5.45) and
applying the orthogonality between the in-plane and out-of-plane coordinates, the explicit
forms of various macroscopic responses are summarized as below.
In-plane stress resultant:

ˆ̂NM =
1

Am,r

( ~̂X˜ T

m,p

ˆ̂Bqs

m · ˆ̂I˜m,p)
LC︸ ︷︷ ︸

≡O1

·~̂uM,r +
1

Am,r

( ~̂X˜ T

m,p

ˆ̂Bqs

m
~̂X˜ m,p)

LC .. ˆ̂HC

M
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+
1

Am,r

[ ~̂X˜ T

m,p

ˆ̂Bqs

m · (ηˆ̂I˜m,p)]
LC︸ ︷︷ ︸

≡O1

·~̂bM +
1

Am,r

[ ~̂X˜ T

m,p

ˆ̂Bqs

m(η ~̂X˜ m,p)]
LC︸ ︷︷ ︸

≈O2

.. ˆ̂KC

M

+
1

Am,r

( ~̂X˜ T

m,p

ˆ̂Wqs

m · ˆ̂I˜m,p)
LC︸ ︷︷ ︸

≈O2

·¨̂~uM,r +
1

Am,r

( ~̂X˜ T

m,p

ˆ̂Wqs

m
~̂X˜ m,p)

LC ..
¨̂̂
HC

M

+
1

Am,r

[ ~̂X˜ T

m,p

ˆ̂Wqs

m · (ηˆ̂I˜m,p)]
LC︸ ︷︷ ︸

≈O2

·
¨̂~bM +

1

Am,r

[ ~̂X˜ T

m,p

ˆ̂Wqs

m(η ~̂X˜ m,p)]
LC︸ ︷︷ ︸

≈O2

..
¨̂̂
KC

M

+
1

Am,r

[( ~̂W cp)T ~̂X˜ m,p]
Tζ̈˜. (5.46)

In-plane couple-stress resultant:

ˆ̂MM =
1

Am,r

[(η ~̂X˜ m,p)
T ˆ̂Bqs

m · ˆ̂I˜m,p]
LC︸ ︷︷ ︸

≡O1

·~̂uM,r +
1

Am,r

[(η ~̂X˜ m,p)
T ˆ̂Bqs

m
~̂X˜ m,p]

LC︸ ︷︷ ︸
≈O2

.. ˆ̂HC

M

+
1

Am,r

[(η ~̂X˜ m,p)
T ˆ̂Bqs

m · (ηˆ̂I˜m,p)]
LC︸ ︷︷ ︸

=O1

·~̂bM +
1

Am,r

[(η ~̂X˜ m,p)
T ˆ̂Bqs

m(η ~̂X˜ m,p)]
LC .. ˆ̂KC

M

+
1

Am,r

[(η ~̂X˜ m,p)
T ˆ̂Wqs

m · ˆ̂I˜m,p]
LC︸ ︷︷ ︸

≈O2

·¨̂~uM,r +
1

Am,r

[(η ~̂X˜ m,p)
T ˆ̂Wqs

m
~̂X˜ m,p]

LC︸ ︷︷ ︸
≈O2

..
¨̂̂
HC

M

+
1

Am,r

[(η ~̂X˜ m,p)
T ˆ̂Wqs

m · (ηˆ̂I˜m,p)]
LC︸ ︷︷ ︸

≈O2

·
¨̂~bM +

1

Am,r

[(η ~̂X˜ m,p)
T ˆ̂Wqs

m(η ~̂X˜ m,p)]
LC ..

¨̂̂
KC

M

+
1

Am,r

[( ~̂W cp)T(η ~̂X˜ m,p)]
Tζ̈˜. (5.47)

In-plane linear inertial resultant:

˙̂~P M =
1

Am,r

(ˆ̂I˜T

m,p · ˆ̂Bqs

m · ˆ̂I˜m,p)︸ ︷︷ ︸
≡O1

·~̂uM,r +
1

Am,r

(ˆ̂I˜T

m,p · ˆ̂Bqs

m
~̂X˜ m,p)︸ ︷︷ ︸

≡O1

.. ˆ̂HC

M

+
1

Am,r

[ˆ̂I˜T

m,p · ˆ̂Bqs

m · (ηˆ̂I˜m,p)]︸ ︷︷ ︸
≡O1

·~̂bM +
1

Am,r

[ˆ̂I˜T

m,p · ˆ̂Bqs

m(η ~̂X˜ m,p)]︸ ︷︷ ︸
≡O1

.. ˆ̂KC

M

+
1

Am,r

(ˆ̂I˜T

m,p · ˆ̂Wqs

m · ˆ̂I˜m,p) · ¨̂~uM,r +
1

Am,r

(ˆ̂I˜T

m,p · ˆ̂Wqs

m
~̂X˜ m,p)︸ ︷︷ ︸

≈O2

..
¨̂̂
HC

M

+
1

Am,r

[ˆ̂I˜T

m,p · ˆ̂Wqs

m · (ηˆ̂I˜m,p)]︸ ︷︷ ︸
≈O2

·
¨̂~bM +

1

Am,r

[ˆ̂I˜T

m,p · ˆ̂Wqs

m(η ~̂X˜ m,p)]︸ ︷︷ ︸
≈O2

..
¨̂̂
KC

M

+
1

Am,r

(ˆ̂I˜T

m,p · ~̂W cp)ζ̈˜. (5.48)
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Out-of-plane linear inertial resultant:

˙̃~P M =
1

Am,r

(˜̃I˜T

m,p · ˜̃Bqs

m · ˜̃I˜m,p)︸ ︷︷ ︸
≡O1

·~̃uM,r +
1

Am,r

[˜̃I˜T

m,p · ˜̃Bqs

m · (η˜̃I˜m,p)]︸ ︷︷ ︸
≡O1

·~̃bM

+
1

Am,r

[
˜̃I˜T

m,p · ˜̃Bqs

m ·
(
−1

2
~̃ec

)
ˆ̂X˜ m,p

]
︸ ︷︷ ︸

≡O1

.. ˆ̂KC

M +
1

Am,r

(˜̃I˜T

m,p · ˜̃Wqs

m · ˜̃I˜m,p) · ¨̃~uM,r

+
1

Am,r

[˜̃I˜T

m,p · ˜̃Wqs

m · (η˜̃I˜m,p)]︸ ︷︷ ︸
≈O2

·¨̃~bM +
1

Am,r

[
˜̃I˜T

m,p · ˜̃Wqs

m ·
(
−1

2
~̃ec

)
ˆ̂X˜ m,p

]
︸ ︷︷ ︸

≈O3

..
¨̂̂
KC

M

+
1

Am,r

(˜̃I˜T

m,p · ~̃W cp)ζ̈˜. (5.49)

In-plane rotational inertial resultant:

˙̂~QM =
1

Am,r

[(ηˆ̂I˜m,p)
T · ˆ̂Bqs

m · ˆ̂I˜m,p]︸ ︷︷ ︸
≡O1

·~̂uM,r +
1

Am,r

[(ηˆ̂I˜m,p)
T · ˆ̂Bqs

m
~̂X˜ m,p]︸ ︷︷ ︸

≡O1

.. ˆ̂HC

M

+
1

Am,r

[(ηˆ̂I˜m,p)
T · ˆ̂Bqs

m · (ηˆ̂I˜m,p)]︸ ︷︷ ︸
≡O1

·~̂bM +
1

Am,r

[(ηˆ̂I˜m,p)
T · ˆ̂Bqs

m(η ~̂X˜ m,p)]︸ ︷︷ ︸
≡O1

.. ˆ̂KC

M

+
1

Am,r

[(ηˆ̂I˜m,p)
T · ˆ̂Wqs

m · ˆ̂I˜m,p]︸ ︷︷ ︸
≈O2

·¨̂~uM,r +
1

Am,r

[(ηˆ̂I˜m,p)
T · ˆ̂Wqs

m
~̂X˜ m,p]︸ ︷︷ ︸

≈O2

..
¨̂̂
HC

M

+
1

Am,r

[(ηˆ̂I˜m,p)
T · ˆ̂Wqs

m · (ηˆ̂I˜m,p)] ·
¨̂~bM +

1

Am,r

[(ηˆ̂I˜m,p)
T · ˆ̂Wqs

m(η ~̂X˜ m,p)]︸ ︷︷ ︸
≈O2

..
¨̂̂
KC

M

+
1

Am,r

[(ηˆ̂I˜m,p)
T · ~̂W cp]ζ̈˜. (5.50)

Out-of-plane rotational inertial resultant:

˙̃~QM =
1

Am,r

[(η˜̃I˜m,p)
T · ˜̃Bqs

m · ˜̃I˜m,p]︸ ︷︷ ︸
≡O1

·~̃uM,r +
1

Am,r

[(η˜̃I˜m,p)
T · ˜̃Bqs

m · (η˜̃I˜m,p)]︸ ︷︷ ︸
≡O1

·~̃bM

+
1

Am,r

[
(η˜̃I˜m,p)

T · ˜̃Bqs

m ·
(
−1

2
~̃ec

)
ˆ̂X˜ m,p

]
︸ ︷︷ ︸

≡O1

.. ˆ̂KC

M +
1

Am,r

[(η˜̃I˜m,p)
T · ˜̃Wqs

m · ˜̃I˜m,p]︸ ︷︷ ︸
≈O2

·¨̃~uM,r

+
1

Am,r

[(η˜̃I˜m,p)
T · ˜̃Wqs

m · (η˜̃I˜m,p)] ·
¨̃~bM +

1

Am,r

[
(η˜̃I˜m,p)

T · ˜̃Wqs

m ·
(
−1

2
~̃ec

)
ˆ̂X˜ m,p

]
︸ ︷︷ ︸

≈O3

..
¨̂̂
KC

M

+
1

Am,r

[(η˜̃I˜m,p)
T · ~̃W cp]ζ̈˜. (5.51)
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Here the superscript “LC” represents the left conjugate of a higher-order tensor and O
means a zero quantity. As indicated in eqs. (5.46)∼ (5.51), many terms are either identically
zero or negligible (under certain conditions). Necessary justifications on Oi, i = 1, 2, 3 are
listed as follows.

• O1: They are identically zero since ˆ̂I˜m,p and ηˆ̂I˜m,p belong to the null space set of ˆ̂Bqs
m .

The former one implies the rigid-body linear motion imposed by the prescribed nodes
while the latter one the rigid-body rotation.

• O2: These terms reflect the cross-couplings among the macroscopic stress and kin-
ematic states. They are generally nonzero but all disappear when the unit cell exhibits
both in-plane and out-of-plane symmetries, with ~Xm,r as the inertial center. In this
case, the reference surface physically behaves like a neutral surface. The symmetric
unit cell design will be focused on in the coming numerical validation and thus such
cross-couplings are accordingly omitted.

• O3: They are contributed by the out-of-plane elastic inertia and actually nonzero.
Nevertheless, the separation of scales implies that the microscopic variation in the

matrix is far smaller than the macroscopic one, resulting in ~̃ec
¨̂̂
KM

.. ˆ̂X˜ m,p <<
˜̃I˜m,p · ¨̃~uM

so one may optionally disregard these terms.

To the end, the homogenized constitutive and inertial relations above can be summarized
as a few compact closed forms, reading

ˆ̂NM = Cmm

M

.. ˆ̂HC

M + Dll

M

..
¨̂̂
HC

M +
1

Am,r

Nd∑
n=1

hlm

n ζ̈n, (5.52a)

ˆ̂MM = Cbb

M

.. ˆ̂KC

M + Drr

M

..
¨̂̂
KC

M +
1

Am,r

Nd∑
n=1

hrt

n ζ̈n, (5.52b)

~̇PM = ρll

M · ~̈uM,r +
1

Am,r

Nd∑
n=1

~j lm

n ζ̈n, (5.52c)

~̇QM = ρrr

M · ~̈bM + +
1

Am,r

Nd∑
n=1

~jrt

n ζ̈n, (5.52d)

with a list of through-thickness quantities given by

Cmm

M =
1

Am,r

( ~̂X˜ T

m,p

ˆ̂Bqs

m
~̂X˜ m,p)

LC, (5.53a)

Cbb

M =
1

Am,r

[(η ~̂X˜ m,p)
T ˆ̂Bqs

m(η ~̂X˜ m,p)]
LC, (5.53b)

Dll

M =
1

Am,r

( ~̂X˜ T

m,p

ˆ̂Wqs

m
~̂X˜ m,p)

LC, (5.53c)
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Drr

M =
1

Am,r

[(η ~̂X˜ m,p)
T ˆ̂Wqs

m(η ~̂X˜ m,p)]
LC, (5.53d)

ρll

M =
1

Am,r

(I˜T

m,p ·Wqs

m · I˜m,p), (5.53e)

ρrr

M =
1

Am,r

[(ηI˜m,p)
T ·Wqs

m · (ηI˜m,p)], (5.53f)

hlm

n = ( ~̂W˜ cp

n )T ~̂X˜ m,p, (5.53g)

hrt

n = ( ~̂W˜ cp

n )T(η ~̂X˜ m,p), (5.53h)

~j lm

n = I˜T

m,p · ~W˜ cp

n , (5.53i)

~jrt

n = (ηI˜m,p)
T · ~W˜ cp

n . (5.53j)

Here the superscripts “me” denotes the membrane deformation, “be” the bending de-
formation, “lm” the linear motion, “rt” the rotation and “mm”, “bb”, “ll”, “rr” the self-
couplings, CM is the 4th-order generalized quasi-static effective elasticity tensor, DM the
4th-order generalized quasi-static effective elastic inertia density tensor and ρM the gener-
alized quasi-static effective mass density tensor, and hn and ~jn reflect coupling effects of
the nth modal DOF on the macroscopic stress and kinematic states, respectively. Notice
that each localized mode can couple the body and flexural waves simultaneously, and it
induces at least one nonzero hn (symmetric as long as no locally rotational coupling takes
place) or ~jn. Similar to CM, DM and ρM, ~jn and hn together with ωn are effective material
properties of the unit cell as well.

Those extracted properties can be evaluated together to determine the principal eigen-
modes for minimizing construction of the reduced basis. First, the generalized modal mass
and elastic inertia fractions are computed by [49]

µρn,aa =
Jn,aa
ρM,aa

, (5.54a)

µDn,abab =
Hn,ab

DM,abab

, n = 1, 2, 3, ..., Nd, (5.54b)

where the superscripts “lm”, “rt”, “ll” and “rr” have been omitted, Jn = ~jn~jn/Am,r and
Hn = hnhn/Am,r, specifying associated modal mass and inertia density tensors, and Jn,aa
and Hn,abab are their scalar components separately.

Theoretically speaking, summarizing modal fractions of the (relatively low-order) loc-
alized modes in eq. (5.54) equates to total generalized mass and elastic inertia fractions of
the inclusions respectively as

µρinc,aa =

N∗
d∑

n=1

µρn,aa, (5.55a)

46 A general homogenization method for LRAM panels



CHAPTER 5. TOWARDS AN ENRICHED CONTINUUM BEAM/SHELL

µDinc,abab =

N∗
d∑

n=1

µDn,abab, (5.55b)

where N∗d denotes total number of the localized modes. Therefore, the minimal reduced
basis can be constructed by scanning the original eigenmode set from the low to high order,
up to that eq. (5.55) is approximately satisfied. This procedure is a direct extension from
the mode selection criterion employed and confirmed in [48, 49], where however only the
linear motion terms are taken into account. An exemplary quantitative validation will be
given in Chap. 6.

As mentioned early, ζn needs to be solved at the macroscale. Substituting eq. (5.20)
after the mode selection, to eq. (5.37) upscales balance equations of the internal dynamics
as

ω2
nζn + ζ̈n = −( ~̂W˜ cp

n )T · ¨̂~u˜m,p − ( ~̃W˜ cp

n )T · ¨̃~um,p, n = 1, 2, 3, ..., N∗d ,

= −[( ~̂W˜ cp

n )T · ˆ̂I˜m,p] · ¨̂~uM,r − [( ~̂W˜ cp

n )T ~̂X˜ m,p]
..

¨̂̂
HC

M − [( ~̂W˜ cp

n )T · (ηˆ̂I˜m,p)] ·
¨̂~bM

− [( ~̂W˜ cp

n )T(η ~̂X˜ m,p)]
..

¨̂̂
KC

M − [( ~̃W˜ cp

n )T · ˜̃I˜m,p] · ¨̃~uM,r

−
[
( ~̃W˜ cp

n )T ·
(
−1

2
~̃ec

)
ˆ̂X˜ m,p

]
︸ ︷︷ ︸

≈O3

..
¨̂̂
KC

M − [( ~̃W˜ cp

n )T · (η˜̃I˜m,p)] · ~̃bM,

(5.56)

where the second last term is also negligible by referring the above justification on O3.
Then through applying the definitions of hn and ~jn in eq. (5.53g-j), it is possible to rewrite
eq. (5.56) as

ω2
nζn + ζ̈n = −~j lm

n · ~̈uM,r −~jrt

n · ~̈bM − hlm

n
..

¨̂̂
HC

M − hrt

n
..

¨̂̂
KC

M. (5.57)

Back to eq. (3.20) and with supplementary of eq. (5.57), the macroscopic governing
equations can be redefined as follows.
Macroscopic balances of linear and rotational momentum resultants:

~̂∇M · ( ˆ̂NM + ˆ̃NM)− ~̇PM = ~0, (5.58a)

~̂∇M · ( ˆ̂MM + ˆ̃MM)− ~̃ec · ˜̂NM − ~̇QM = ~0. (5.58b)

Upscaled microscopic balance of linear momentum:

ω2
nζn + ζ̈n +~j lm

n · ~̈uM,r +~jrt

n · ~̈bM + hlm

n
..

¨̂̂
HC

M + hrt

n
..

¨̂̂
KC

M = 0, n = 1, 2, 3, ..., N∗d . (5.59)

Homogenized constitutive and inertial relations:

ˆ̂NM = Cmm

M

.. ˆ̂HC

M + Dll

M

..
¨̂̂
HC

M +
1

Am,r

N∗
d∑

n=1

hlm

n ζ̈n, (5.60a)
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ˆ̂MM = Cbb

M

.. ˆ̂KC

M + Drr

M

..
¨̂̂
KC

M +
1

Am,r

N∗
d∑

n=1

hrt

n ζ̈n, (5.60b)

~̇PM = ρll

M · ~̈uM,r +
1

Am,r

N∗
d∑

n=1

~j lm

n ζ̈n, (5.60c)

~̇QM = ρrr

M · ~̈bM +
1

Am,r

N∗
d∑

n=1

~jrt

n ζ̈n. (5.60d)
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Figure 5.3: The principal steps to homogenize a LRAM panel described by the continuum
solid at the microscale towards an enriched continumm beam/shell at the macroscale,
within FEM framework.

Conspicuously, by introducing a series of emergent field variable ζn (also called as an
emergent DOF) and upscaling the microscopic balance of linear momentum, the macro-
scopic continuum beam/shell are enriched. Notice that those emergent field variables which
carry the internal dynamics do not explicitly show up in the macroscopic investigation.
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For the purpose of clarity, the whole procedure involved above to achieve an enriched
continuum beam/shell is illustrated in Fig. 5.3 and recapped as below.

• Performing the finite element discretization on weak form of the microscopic balance
of linear momentum.

• Exerting lamina-level boundary conditions in terms of prescribed displacements of
the corner nodes and linear relations between the tied boundary nodes.

• Applying the Craig-Bampton mode synthesis technique to reconstruct the total solu-
tion by a set of reduced basis, and expressing it in a superposition form of the
quasi-static deformation and internal dynamic responses, leading to the reduced unit
cell model.

• Upscaling the microscopic balance of linear momentum and assembling it with other
homogenized relations to redefine the macroscopic governing equations, yielding an
enriched continuum beam/shell description.

It should be highlighted that the reduced microsocpic problem requires to be solved only
once in an off-line way, readily giving the time-independent effective material properties
and a minimal eigenmode set to formulate the enriched continuum beam/shell equations
at the macroscale. As a result, the on-line multi-scale analysis is simplified as an enriched
single-scale analysis, implying far lower computational cost.
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Chapter 6

Numerical validation on an infinite
panel

The developed homogenization method is first validated for analysing the steady-state
wave propagation in an infinite LRAM panel. Using the plane wave transformation, the
dispersion eigenvalue problems of the enriched continuum beam/shell are formulated. A
representative LRAM unit cell with negative mass effects is then designed, followed by a
homogenizability evaluation in advance, based on the infinite host panel analysis in absence
of the local resonances. Next, both subwavelength body and flexural wave properties of the
homogenized infinite LRAM panel are investigated, and the resulting spectra are compared
to the standard solutions from the Bloch analysis. Finally, relevant computational gain
and deviation characteristics of the homogenization method are discussed.

6.1 Dispersion eigenvalue problem formulation under

the enriched continuum description

6.1.1 Relaxation of the macroscopic governing equations

To conveniently arrive at the desired dispersion eigenvalue problems, the original mac-
roscopic governing equations (see eq. (5.58)) are first decomposed as the in-plane and
out-of-plane balances, reading

~̂∇M · ˆ̂NM −
˙̂~P M = ~0, (6.1a)

~̂∇M · ˆ̃NM −
˙̃~P M = ~0, (6.1b)

ˆ̂∆M
.. ˆ̂MM − ~̃ec · ˙̃~P M − ~̂∇M ·

˙̂~QM = 0, (6.1c)

~̂∇M · ˆ̃MM −
˙̃~QM = ~0, (6.1d)

where ˆ̂∆ = ~̂∇ ~̂∇ for short. Notice that this procedure is just optional but suggested when
the weak form is not required, like for studying an infinite medium.
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Due to lack of the constitutive relations for ˆ̃NM and ˆ̃MM, equation (6.1) currently
cannot be solved unless the artificial transverse stiffness is employed and set as high as
possible, to approximately enforce the assumption of zero transverse shear deformation.
However, such an action may induce the shear locking phenomenon and even lock the
displacement solution onto zero [59], especially when the thickness is very small and thereby
is not recommended. Here the other path is selected, i.e. tailoring the original governing
equations with assistance of the subsequent ideas.

• As clarified in Chap. 3, the assumption of zero transverse shear deformation is strictly
obeyed in the kinematics but weakened in the total balance equations, allowing to
disregard the out-of-plane balances of momentum resultants given by eqs. (6.1b)
and (6.1d).

• Because of the small thickness assumption H << λfl, the contribution from the
higher-order rotational inertia of the fibre becomes negligible, compared to the trans-

verse linear inertia, namely ~̂∇M ·
˙̂~QM << ~̃ec · ˙̃~P M in eq. (6.1c).

Accordingly, a relaxed version of the redefined governing equations together with the
compatible constitutive and inertial relations (obtained from eqs. (5.58)∼ (5.60)) are sum-
marized as below.
Relaxed macroscopic balances of linear and rotational momentum resultants:

~̂∇M · ˆ̂NM −
˙̂~P M = ~0, (6.2a)

ˆ̂∆M
.. ˆ̂MM − ~̃ec · ˙̃~P M = 0. (6.2b)

Relaxed upscaled microscopic balance of momentum:

ω2
nζn + ζ̈n +~j lm

n · ~̈uM,r + hlm

n
..

¨̂̂
HC

M + hrt

n
..

¨̂̂
KC

M = 0, n = 1, 2, 3, ..., N∗d . (6.3)

Relaxed homogenized constitutive and inertial relations:

ˆ̂NM = Cmm

M

.. ˆ̂HC

M + Dll

M

..
¨̂̂
HC

M +
1

Am,r

N∗
d∑

n=1

hlm

n ζ̈n, (6.4a)

ˆ̂MM = Cbb

M

.. ˆ̂KC

M + Drr

M

..
¨̂̂
KC

M +
1

Am,r

N∗
d∑

n=1

hrt

n ζ̈n, (6.4b)

˙̂~P M = ˆ̂ρll

M · ¨̂~uM,r +
1

Am,r

N∗
d∑

n=1

~̂j lm

n ζ̈n, (6.4c)

˙̃~P M = ˜̃ρll

M · ¨̃~uM,r +
1

Am,r

N∗
d∑

n=1

~̃j lm

n ζ̈n. (6.4d)
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6.1.2 k − ω form

The plane wave transformation in an infinite medium reads

(•) = 〈•〉ei(~k·~x−ωt), (6.5)

where 〈•〉 denotes the transformed quantity, i the imaginary unit, ~k = k~ew the wave vector,
~ew the waver direction, k = 2π/λ the wave number, ω = 2πf the angular frequency.

Inserting eq. (6.5) to eqs. (6.2)∼ (6.4) yields the transformed balance equations, reading

i~̂k · 〈 ˆ̂N〉M − 〈
˙̂~P 〉M = ~0, (6.6a)

i~̂k · i~̂k · 〈 ˆ̂M〉M − ~̃ec · 〈 ˙̃~P 〉M = 0, (6.6b)

ω2
n〈ζ〉n − ω2

(
〈ζ〉n + ~̂j lm

n · 〈~̂u〉M,r + ~̃j lm

n · 〈~̃u〉M,r + hlm

n
.. i~̂k〈~̂u〉M,r + hrt

n
.. i~̂k〈~̂b〉M

)
= 0,

n = 1, 2, 3, ..., N∗d , (6.6c)

with the transformed constitutive and inertial relations respectively given by

〈 ˆ̂N〉M = (Cmm

M − ω2Dll

M) .. i~̂k〈~̂u〉M,r − ω2 1

Am,r

N∗
d∑

n=1

hlm

n 〈ζ〉n, (6.7a)

〈 ˆ̂M〉M = (Cbb

M − ω2Drr

M) .. i~̂k〈~̂b〉
M
− ω2 1

Am,r

N∗
d∑

n=1

hrt

n〈ζ〉n, (6.7b)

〈 ˙̂~P 〉M = −ω2

ˆ̂ρll

M · 〈~̂u〉M,r +
1

Am,r

N∗
d∑

n=1

~̂j lm

n 〈ζ〉n

 , (6.7c)

〈 ˙̃~P 〉M = −ω2

˜̃ρll

M · 〈~̃u〉M,r +
1

Am,r

N∗
d∑

n=1

~̃j lm

n 〈ζ〉n

 , (6.7d)

where the zero terms due to the orthogonality between the in-plane and out-of-plane co-
ordinates have been omitted.

Recalling the assumption of zero transverse shear deformation and consideration of
small deformation, one may have the geometrical relation between ~̂bM (reflecting angular
displacement of the fibre) and ~̃uM,r in a thin continuum beam/shell as

~̂bM = − ~̂∇M(~̃ec · ~̃uM,r). (6.8)

Then applying eq. (6.5) to eq. (6.8) gives

〈~̂b〉M = −i~̂k~̃ec · 〈~̂u〉M,r. (6.9)
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By utilizing eq. (6.9) to eliminate 〈~̂b〉M, and substituting eq. (6.7) into eq. (6.6) to

eliminate 〈 ˆ̂N〉M, 〈 ˆ̂M〉M, 〈 ˙̂~P 〉M and 〈 ˙̃~P 〉M, it is possible to formulate a compact k − ω form
eigenvalue problem as [

Bk−ωM (~k)− ω2Wk−ω
M (~k)

]
· Ũk−ωM = Õ, (6.10)

with

Bk−ωM =


k2~̂ew · Cmm

M · ~̂ew 0 ~0˜T

~0 k4ˆ̂ew : Cbb
M : ˆ̂ew~̃e

c 0˜T

~0 ~0 ω2
res

 , (6.11a)

Wk−ω
M =


ˆ̂ρll

M + k2~̂ew ·Dll
M ·~̂ew 0 1

Am,r
[(~̂j˜ lm)T − ik~̂ew ·(h˜ lm)T]

~0 ~̃ec · ˜̃ρll
M + k4ˆ̂ew :Drr

M : ˆ̂ew~̃e
c 1

Am,r
[~̃ec ·(~̃j˜ lm)T + k2ˆ̂ew : (h˜ rt)T]

~̂j˜ lm + ikh˜ lm ·~̂ew
~̃j˜ lm + k2h˜ rt : ˆ̂ew~̃e

c I

 ,
(6.11b)

Ũk−ωM =


〈~̂u〉M,r

〈~̃u〉M,r

〈ζ˜〉

 , (6.11c)

in which ˆ̂ew = ~̂ew~̂ew for short.

6.1.3 ω − k form

Solving eq. (6.10) can now produce dispersion spectrum of the homogenized unit cell, but
only the propagative wave branches are achievable. In order to find the evanescent wave
branches, the ω − k form eigenvalue problem is further derived by eliminating 〈ζ˜〉 as[
B̄ω−kM,0th(ω) + kB̄ω−kM,1st(ω) + k2B̄ω−kM,2nd(ω) + k3B̄ω−kM,3rd(ω) + k4B̄ω−kM,4th(ω)

]
· Ũω−kM (ω) = Õ, (6.12)

with

B̄ω−kM,0th =

−ω2 ˆ̂ρll
Ω(ω) 0

~0 −ω2~̃ec · ˜̃ρll
Ω(ω)

 , (6.13a)

B̄ω−kM,2nd =

~̂ew · Cmm
Ω (ω) · ~̂ew 0

~0 −~̃ec · 2ω2R(3)

Ω (ω) : ˆ̂ew~̃e
c

 , (6.13b)

B̄ω−kM,4th =

0 0

~0 ˆ̂ew : Cbb
Ω (ω) : ˆ̂ew~̃e

c

 , (6.13c)
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B̄ω−kM,1st = O, B̄ω−kM,3rd = O, Ũω−kM =

〈~̂u〉M,r

〈~̃u〉M,r

 , (6.13d)

in which a set of generalized dynamic effective mass density and elasticity tensors (marked
by the subscript “Ω”) are given by

ˆ̂ρll

Ω = ˆ̂ρll

M +

N∗
d∑

n=1

ω2

ω2
n − ω2

ˆ̂Jll

n, (6.14a)

˜̃ρll

Ω = ˜̃ρll

M +

N∗
d∑

n=1

ω2

ω2
n − ω2

˜̃Jll

n, (6.14b)

Cmm

Ω = Cmm

M − ω2

Dll

M +

N∗
d∑

n=1

ω2

ω2
n − ω2

Hll

n

 , (6.14c)

Cbb

Ω = Cbb

M − ω2

Drr

M +

N∗
d∑

n=1

ω2

ω2
n − ω2

Hrr

n

 , (6.14d)

and a 3rd-order dynamic cross-coupling coefficient tensor for the flexural wave is defined
as

R(3)

Ω (ω) =
1

Am,r

N∗
d∑

n=1

ω2

ω2
n − ω2

~̃j lm

n hrt

n . (6.15)

Notice that for the symmetric unit cell, the localized in-plane and out-of-plane modes
couple with the body and flexural waves independently. Therefore, nonzero ~̂j lm

n or hlm
n and

~̃j lm
n or hrt

n cannot simultaneously appear in eq. (6.12), for each localized mode. Moreover,
it is possible to split the mixed ω − k form eigenvalue problem above as two subproblems,
reading [

k2~̂ew · Cmm

Ω · ~̂ew − ω2 ˆ̂ρll

Ω

]
· 〈~̂u〉M,r = ~0, (6.16a)[

k4ˆ̂ew
.. Cbb

Ω
.. ˆ̂ew~̃e

c − k2~̃ec · 2ω2R(3)

Ω
.. ˆ̂ew~̃e

c − ~̃ec · ω2 ˜̃ρll

Ω

]
· 〈~̃u〉M,r = 0, (6.16b)

which demonstrates coupling effects of the localized modes on the flexural and body waves
in a more intuitive manner than eq. (6.12). One may easily identify from eq. (6.16) that
the dynamic effective mass density and elasticity related to the body wave are ˆ̂ρll

Ω and Cmm
Ω ,

respectively. The dynamic effective mass density related to the flexural wave can also be
directly identified as ˜̃ρll

Ω but its dynamic effective elasticity still needs clarification, which
are determined by both Cbb

Ω and R(3)

Ω , as shown in the following.
Linearizing eq. (6.16b) with respect to k2 such that the middle cross term on its left

side disappears, yields [
k4ˆ̂ew

.. Cbb,±
Ω

.. ˆ̂ew~̃e
c − ~̃ec · ω2 ˜̃ρll

Ω

]
· 〈~̃u〉M,r = 0, (6.17)
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where one pair of dynamic effective elasticities for the bending behaviour Cbb,±
Ω reads

Cbb,±
Ω =

[
ωRΩ ±

√
(ωRΩ)2 + ρll

ΩC
bb
Ω

]2

ρll
ΩC

bb
Ω

Cbb

Ω , (6.18)

with some scalar quantities given by

ρll

Ω = ˜̃I .. ˜̃ρll

Ω, (6.19a)

Cbb

Ω = ˆ̂ew
.. Cbb

Ω
.. ˆ̂ew, (6.19b)

RΩ = ~̃ec ·R(3)

Ω
.. ˆ̂ew. (6.19c)

It can be realized that compared to Cbb
Ω , Cbb,±

Ω further depends on the wave direction.
Nevertheless, in the case where the cross-coupling effects between ~̃j lm

n and hrt
n are extremely

weak, Cbb,±
Ω ≈ Cbb

Ω holds true except near associated locally resonant frequency. Detailed
investigations of the dynamic effective material properties above will be carried out in the
future work.

6.2 Case study of an infinite LRAM panel

For readily examining capability of the proposed homogenization method on analysing
the subwavelength body and flexural wave properties in the infinite LRAM panel me-
dium, the real and complex dispersion spectra computed by the traditional Bloch analysis
are employed as the reference solutions. The detailed derivations under the lamina-level
Bloch-Floquet boundary conditions can be found in App. B. Both Bloch analysis and
homogenization-based dispersion analysis will be implemented using MATLAB, on a stand-
ard desktop computer with an Intel (R) Core (TM) i5-4200H CPU, 2.80 ∼ 3.40GHz Clock
Speed and 4GB RAM. No parallel computation is set up.

6.2.1 Macro and microscopic configurations

For the sake of simplicity, a pseudo-3D infinitely long LRAM panel with the free top and
bottom surfaces and suppressed width direction is adopted. In this case, the continuum
beam description and adidtional plane strain state assumption along the width direction
become appropriate. The unit cell takes a classical negative mass design consisting of the
matrix, coating and core constituents [60]. Since the focus is on low-frequency vibration
resistance of the lightweight structures, the matrix material is selected as stiff and light as
possible, e.g. glass while the coating material as soft as possible, e.g. rubber and core as
heavy as possible, e.g. the tungsten.

The configurations at two scales are detailed in Fig. 6.1, with the material properties
given in Tab. 6.1. In this unit cell, matrix: external length Lm = 10.0mm, external thickness
H = 8.00mm, coating: external length l = 5.00mm, external thickness h = 3.00mm, notch
size w = 0.500mm and external boundary of the core is geometrically similar to that
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of the coating, with a scaling factor 0.5. The 2D linear quadrilateral elements are used
to discretize the unit cell domain, with the element size range 0.1 ∼ 0.5mm and the
total number of DOFs 1554. Through the eigenmode analysis under the free boundary
conditions (undisplayed), the present mesh has been confirmed to be sufficiently fine to
yield the converged solutions. Both Lm and l are in general measured along the curved
reference surface. Notice that the asymmetric unit cell design is also possible, e.g. attaching
the inclusion on one side, but then the cross-coupling terms previously neglected in the
homogenized constitutive and inertial relations (see eqs. (5.46)∼ (5.51)) must be called
back.

12 
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Figure 6.1: A pseudo-3D infinitely long LRAM panel: (a) macroscopic configuration, and
(b) unit cell with negative mass effects and generated mesh.

6.2.2 Homogenizability evaluation

The rationality of the defined separation of scales (see eq. (4.2)) is dominated by the rel-
atively stiff matrix behaviour. Therefore, an infinitely long host panel where all inclusions
(including the coating and core constituents) in Fig. 6.1(b) are removed, is particularly
studied in advance to evaluate the homogenizability limit. Such a homogenizability limit
should be naturally applicable to associated LRAM panel, due to locality of the internal
dynamics and will be confirmed later.

Two eigenmodes have been confirmed as sufficient for this host panel and taken in the
Bloch analysis. For the homogenization-based dispersion analysis, the same number of
eigenmodes is also employed in the off-line computation stage, namely Nd = 0 (the total
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Table 6.1: The material properties of the LRAM unit cell.

Constituent Property Symbol Value Unit

Glass matrix [61]

Mass density ρmat 2.05× 103 [kg·m−3]

Young’s modulus Emat 1.07× 1011 [Pa]

Poisson’s ratio νmat 0.276 [-]

Rubber coating [62]

Mass density ρcoat 1.30× 103 [kg·m−3]

Young’s modulus Ecoat 3.50× 104 [Pa]

Poisson’s ratio νcoat 0.469 [-]

Tungsten core [63]

Mass density ρcore 1.92× 104 [kg·m−3]

Young’s modulus Ecore 4.11× 1011 [Pa]

Poisson’s ratio νcore 0.280 [-]

number of eigenmodes to be solved is equal to Nd + 2 in case of the 2D configuration,
see eq. (6.10)), yielding associated effective material properties as collected in Tab. 6.2.
Automatically, one may get N∗d = 0 and thereby no emergent field variable participates in
parametric sweep of the wave numbers, i.e. the on-line computation stage.

After solving the k − ω form eigenvalue problems by two mentioned approaches, their
resulting real dispersion spectra of this host panel, together with its modal shapes at
λ = λref and homogenization-induced phase velocity (ω/k) deviations are shown in Fig. 6.2.
Here λref = 5Lm (≈ 6H under the considered unit cell configuration)1 denotes a wavelength
reference for nondimensionalizing k.

It can be seen that both body and flexural branches appear, where the later one has
a shorter wavelength at the same frequency. In the low-frequency interval far from the
Bragg scattering zone, the body wave is almost non-dispersive, exhibiting a linear relation
between the frequency and wave number. The flexural wave is always dispersive, with an
increasing phase velocity and the rotational motion is indeed negligible compared to the
out-of-plane linear motion, as indicated in the mode I. Since this panel width direction is
completely constrained, the in-plane shear deformation becomes impossible and the body
wave can be purely regarded as the compressive wave here, also confirmed by the mode II.

Combining Figs. 6.2(a) and 6.2(b) tells that as the wavelength decreases, the disper-
sion spectrum from the homogenization method gradually deviates from that the stand-
ard one computed by the Bloch analysis. Nevertheless, the high-accuracy prediction can
be maintained for all wave branches under the long wavelength condition like λ > 2λref

roughly. Another notable characteristic is that prediction performance of the homogeniz-
ation method for the flexural wave branch degrades much faster than that for the body
wave branch.

1This value in fact has a special meaning, as introduced below. For a homogeneous thin panel, the
prediction deviation on the flexural wave phase velocity in case of neglecting the transverse shear deforma-
tion (adopted in the thin continuum beam/shell theory) can be empirically expressed as ec,fl = 4(H/λfl)2.
Clearly, λfl ≈ 6H is correlated to a deviation tolerance 10%, which is often suggested in most engineering
applications and also selected as a reference wavelength for the heterogeneous host panel here.

58 A general homogenization method for LRAM panels



CHAPTER 6. NUMERICAL VALIDATION ON AN INFINITE PANEL

0 0.5 1

ec
[%

]

-10

0

10

20

30

40

50
Flexural wave
Body wave

kλref /2π [-]
0 0.5 1

f
[k

H
z]

0

20

40

60

80

100

120

BA
HM

kλref /2π [-]

II

I

(a) (b)

<2.5%

II

I

Max

0

Figure 6.2: The (a) real dispersion spectra of the infinitely long host panel obtained by
the Bloch analysis (BA) and homogenization-based dispersion analysis (HM), respectively,
and (b) homogenization-induced phase velocity deviation versus the wave number. The
regime of homogenizability is highlighted by the grey shadow.

These deviations are essentially attributed to the violated separation of scales (see
eq. (4.2)). Two causes exist, namely the long wavelength assumption against in-plane
size of the unit cell and that against its thickness. As the wavenumber increases, the
macroscopic wavelength keeps decreasing even to a magnitude comparable to the unit cell
size. Hence, the higher-order deformation effects cannot be captured properly any more
using the 1st-order homogenization, leading to the prediction deviations on both body and
flexural wave branches. On the other hand, the transverse shear effects and rotational
inertia as well become important when the macroscopic wavelength is short, able to dis-
perse a lot of energy during the flexural wave propagation (with the negligible influence
on the body wave propagation, under a symmetric unit cell configuration). Consequently,
the dynamic bending stiffness is quite overestimated using the thin continuum beam/shell
theory, generating a large positive deviation on the flexural wave phase velocity.

In all, it should be realized that the second long wavelength assumption dominates the
prediction deviation on the flexural wave branch and further the overall accuracy, for the
considered case. By selectively defining that the deviations for both branches are below
2.5% as a tolerance, the wavelength range of homogenizability can be read from Fig. 6.2(b)
as 5λref ∼ ∞, followed by a frequency range of homogenizability 0 ∼ 2000Hz.
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Table 6.2: The effective material properties of two unit cells. The other terms either
identical to zero or disregarded previosuly are undisplayed.

Unit cell Property Value Unit

Host

ρll
M 12.5~ec

1~e
c
1+12.5~ec

2~e
c
2 [kg·m−2]

Cmm
M 5.33× 108~ec

1~e
c
1~e

c
1~e

c
1 [Pa·m]

Cbb
M 4.57× 103~ec

1~e
c
1~e

c
1~e

c
1 [Pa·m3]

Dll
M 1.89× 10−4~ec

1~e
c
1~e

c
1~e

c
1 [kg]

Drr
M 1.72× 10−9~ec

1~e
c
1~e

c
1~e

c
1 [kg·m2]

LRAM

ρll
M 23.4~ec

1~e
c
1+23.4~ec

2~e
c
2 [kg·m−2]

Cmm
M 5.33× 108~ec

1~e
c
1~e

c
1~e

c
1 [Pa·m]

Cbb
M 4.57× 103~ec

1~e
c
1~e

c
1~e

c
1 [Pa·m3]

Dll
M 2.05× 10−4~ec

1~e
c
1~e

c
1~e

c
1 [kg]

Drr
M 4.00× 10−9~ec

1~e
c
1~e

c
1~e

c
1 [kg·m2]

n 1 2 3 [-]

fn 403 417 494 [Hz]
~j lm
n ∼ ~0 0.311~ec

1 0.305~ec
2 [kg

1
2 ]

hlm
n ∼ 0 ∼ 0 ∼ 0 [kg

1
2 ·m]

hrt
n ∼ 0 ∼ 0 4.48× 10−6~ec

1~e
c
1 [kg

1
2 ·m2]

n 4 5 6 [-]

fn 1499 1736 1771 [Hz]
~j lm
n ∼ ~0 0.103~ec

2 0.086~ec
1 [kg

1
2 ]

hlm
n ∼ 0 ∼ 0 ∼ 0 [kg

1
2 ·m]

hrt
n ∼ 0 1.34× 10−6~ec

1~e
c
1 ∼ 0 [kg

1
2 ·m2]

6.2.3 Dispersion analysis

Back to analysis of the infinitely long LRAM panel, by referring the frequency limit of
homogenizability 2000Hz, a sufficiently large number of eigenmodes, 11, is taken in the
Bloch analysis and therebyNd = 9 during off-line computation stage of the homogenization-
based dispersion analysis. The computed effective material properties are listed in Tab. 6.2.
As can be seen from Tab. 6.2, the effective mass and elastic inertia densities notably
increase but the effective elasticity terms almost do not change, when adding the designed
inclusions to the host unit cell, implying that the principal internal eigenmodes should
be localized. One interesting characteristic is that a large nonzero hrt

n always appears
together with each nonzero ~̃j lm

n , theoretically able to induce negative bending stiffness
effects (see eq. (6.14d)). Nevertheless, because of Cbb

M /Drr
M >> ω2 in the low-frequency

range of interest, such negative stiffness effects remain nearly invisible. Similarly, it can be
judged by Cmm

M /Dll
M >> ω2 or the extremely small hlm

n that negative membrane deformation
stiffness effects are also invisible.

The total in-plane and out-of-plane modal mass fractions of these six modes in Tab. 6.2
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are evaluated as 44.4% and 44.2%, respectively, very close to the inclusion mass fraction
46.6%. The total modal linear elastic fraction is ignorable, agreeing with small linear elastic
inertia fraction of the inclusions 5.17%. Moreover, the total modal rotational elastic inertia
fraction can be computed as 54.6%, well matching the inclusion rotational elastic inertia
fraction 57.0%. In fact, for the considered case where negative mass effects are dominating,
the evaluation on the elastic inertia fractions is unimportant. Based on these results and
following the eigenmode selection procedure introduced at the end of Chap. 5, one may
feel confident that N∗d = 6 is already sufficient to construct the minimal reduced basis.

In the following, the k − ω form eigenvalue problem of this LRAM panel under the en-
riched continuum beam/shell description is solved. The resulting real dispersion spectrum
is compared with the reference solution from the Bloch analysis in Fig. 6.3(a), accompanied
by the modal shapes at λ = λref. In addition, the dynamic effective mass density of interest
is provided in Fig. 6.3(b) for the purpose of reference.
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Figure 6.3: The (a) real dispersion spectra of the infinitely long LRAM panel obtained by
the Bloch analysis (BA) and homogenization-based dispersion analysis (HM), respectively,
and (b) dynamic effective mass density versus the frequency computed in the homogen-
ization method. The in-plane and out-of-plane mass density components are separately
represented by “11” and “22”.

Figure 6.3(a) indicates that two frequency bandgaps are opened on both body and
flexural wave branches, agreeing perfectly with the unusual negative mass intervals in
Fig. 6.3(b). These investigations can be understood from the coupling effects of associated
inclusion modes. Above their resonant frequencies, the localized in-plane linear motions
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Table 6.3: The on-line computational statistics of the dispersion analyses on the infinitely
long LRAM panel. The swept parameters in the k−ω and ω− k form dispersion analyses
are the wave number and frequency, respectively, with the total numbers shown in the
column “Sweep”. The column “Deviation” is referred to the phase velocity deviation at
the frequency limit of homogenizability.

Case Software Method Sweep Time Gain Deviation

k − ω form
MATLAB FEM-based BA 201 514 [s] − −
MATLAB FEM-based HM 201 0.603 [s] 852 1.61%

ω − k form
MATLAB FEM-based BA 5001 1310 [s] − −
MATLAB FEM-based HM 5001 2.95 [s] 444 1.61%

of the core and coating exhibit the opposite phases against in-plane motion of the matrix.
Hence, two in-plane negative mass intervals are generated independently, inducing two
stopping bands for the body wave propagation. Analogously, the localized out-of-plane
linear modes of two inclusions generate corresponding out-of-plane negative mass intervals
independently, correlated to two stopping bands for the flexural wave propagation. In
addition, it can be noticed that two localized rotational modes exert no contribution on
opening the frequency bandgaps. They are inactive during propagation of the body and
flexural waves and usually affect the torsional wave which is unconsidered in the current
case.

Comparing the real dispersion spectra obtained using two methods tells that for the low-
frequency study, the homogenization method excellently matches the Bloch analysis. The
maximal prediction deviation on the phase velocity can be evaluated as 1.61%, with the
same magnitude but below the tolerance determined from the host panel study. This gives
a clear evidence that the above homogenizability evaluation is indeed adequate. Other rel-
evant on-line computational details are summarized in Tab. 6.3 and to be later discussed2.

In order to investigate the evanescent wave properties, the complex dispersion spectra
of this LRAM panel are readily obtained by solving the ω − k form eigenvalue problems.
Note that the total numbers of eigenmodes to be solved in the ω − k form Bloch analysis
and homogenization-based dispersion analysis are different. They are determined by both
orders of associated eigenvalue problems and system DOFs, namely 44 and 8 in two ap-
proaches, respectively (see eqs. (B.11) and (6.12)). Nevertheless, only four branches (two
for the body wave and two for the flexural wave) are important and thereby selectively
stored at each swept frequency. The resulting complex dispersion and phase angle spectra
of this LRAM panel are plotted in Fig. 6.4.

An interesting phenomenon in Fig. 6.4 is that in the frequency range where no negative
effect is present, the evanescent branch can still appear for the flexural wave, while for
the body wave, only the propagative branch is activated. These evanescent branches are

2In the linear elastic case, the effective material properties, and mass and stiffness matrices are computed
off-line, and remain unchanged during the on-line solution procedure, so their computational time is
unimportant and undisplayed.
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Figure 6.4: The (a) complex dispersion spectra of the infinitely long LRAM panel obtained
by the Bloch analysis (BA) and homogenization-based dispersion analysis (HM), respect-
ively, and (b) associated phase angle versus the frequency. The propagative and evanescent
waves are separately represented by “PROP” and “EVAN”.

actually from the near-field solutions with the purely imaginary wave numbers. Moreover,
the wave number of the evanescent body wave branch is shown as purely imaginary and
thereby implies a completely exponentially decaying form. Differently, the evanescent flex-
ural wave branch has a complex wave number, yielding a exponentially decaying harmonic
form.

The powerful capability of the homogenization method is validated on capturing not
only the propagative but also evanescent waves. An easily overlooked point in Fig. 6.4(b)
is that when upward approaching the cut-off frequency of each flexural wave bandgap, the
wave number computed using the homogenization method converges towards the imaginary
zero while the reference one towards the real zero. Such a deviation essentially results
from neglecting the rotational inertia, which can contribute the 1st and 3rd-order terms in
eq. (6.16b). Applying the limit theory below the cut-off frequency, one may easily derive
that k → 0i or k → 0 if these terms are disregarded or not in eq. (6.16b) or not. In
this limit situation, the out-of-plane dynamic effective mass together with the out-of-plane
linear inertia becomes almost zero and thus the rotational inertia is pronounced. Anyway,
such a deviation is unimportant under most considered frequency conditions.

The detailed on-line computational information of the ω − k form dispersion analyses
are documented in Tab. 6.3 as well. It demonstrates a notable low-cost advantage of the
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homogenization method for the subwavelength dispersion analysis, with the on-line com-
putational speed accelerated by over two orders of magnitude against the Bloch analysis.
Such results are as expected due to far fewer DOFs of the homogenized unit cell model,
which significantly mitigates both the solution and storage cost.
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Chapter 7

Numerical validation on a finite panel

Further validation of the homogenization method is carried out on a finite LRAM panel
of which the unit cell is the same as that in the previous dispersion analysis. Here the
original macroscopic boundary value problem is first enriched using the upscaled micro-
scopic balance of momentum, accompanied with the numerical implementation within IGA
framework. Next, the macroscopic steady-state and transient responses of this LRAM panel
are studied through the enriched single-scale analysis, versus the standard solutions from
FEM-based DNS. A brief discussion on the resulting computational gains and deviations
is additionally provided at the end.

7.1 Numerical implementation of the enriched mac-

roscopic problem

The full-scale dynamic problem can be directly dealt with in a standard manner like FEM,
while formulation and implementation of the emergent enriched macroscopic problem re-
quire more elaboration.

7.1.1 Enriched weak form

As discussed in Chap. 6, the contribution from ~̇QM is negligible and thereby it is possible
to relax the early weak form (see eq. (4.7)) as∫

AM,r

( ~̂∇M~vM,r)
C .. ˆ̂NM dAM +

∫
AM,r

( ~̂∇M~̂cM)C .. ˆ̂MM dAM +

∫
AM,r

~vM,r · ~̇PM dAM

=

∫
CM,r,t

~vM,r · ~tM dCM +

∫
CM,r,m

~̂cM · ~mM dCM, ∀(~vM,r,~cM) ∈ (U1,U1), (7.1)

where ~̃cM has also disappeared along with previously disregarding ˆ̃MM.
Obeying the geometrical relation between ~̂bM and ~̃uM,r in the small deformation case

(see eq. (6.8)) yields

~̂cM = − ~̂∇M(~̃ec · ~̃vM,r), (7.2)

A general homogenization method for LRAM panels 65



CHAPTER 7. NUMERICAL VALIDATION ON A FINITE PANEL

and then applying eq. (7.2) to eliminate ~̂cM in eq. (7.1), one may achieve∫
AM,r

( ~̂∇M~vM,r)
C .. ˆ̂NM dAM −

∫
AM,r

[ ˆ̂∆M(~̃ec · ~̃vM,r)]
C .. ˆ̂MM dAM +

∫
AM,r

~vM,r · ~̇PM dAM

=

∫
CM,r,t

~vM,r · ~tM dCM −
∫
CM,r,m

~̂∇M(~̃ec · ~̃vM,r) · ~mM dCM, ∀~vM,r ∈ U2, (7.3)

where the 2nd-order Sobolev function space U2 is needed since the continuity requirement
on ~vM,r has increased by one order. Notice that ~̂bM can be similarly expressed in terms of
~̃uM,r such that will not appear in eq. (7.3), as a field variable to be solved any more.

The relaxed upscaled microscopic balance of momentum (see eq. (6.3)) correspondingly
enriches the macroscopic governing equations. Multiplying its both sides with a series of
test functions τn and followed by the integration over AM,r, leads to associated weighted
residuals form as∫
AM,r

τnω
2
nζn dAM +

∫
AM,r

τnζ̈n dAM +

∫
AM,r

τn~j
lm

n · ~̈uM,r dAM

+

∫
AM,r

τnh
lm

n
..

¨̂̂
HC

M dAM +

∫
AM,r

τnh
rt

n
..

¨̂̂
KC

M dAM = 0, n = 1, 2, 3, ..., N∗d , ∀τn ∈ U0, (7.4)

where τn denotes the test function of ζn and U0 the 0th-order Sobolev function space
(also known as the space of square integrable functions). Assembling eqs. (7.3) and (7.4)
eventually gives the enriched macroscopic weak from, with (~uM,r, ζn) ∈ (U2,U0) as the field
variables. Notice that at the macroscale, no boundary condition is explicitly needed for ζn.

7.1.2 Isogeometric discretization

The above enriched macroscopic boundary value problem is going to be implemented
through IGA [64, 65]. This method has been widely validated and accepted as especially
suitable for analysing the thin structures. The main concept is that the basis functions for
the geometrical parametrization are directly employed to construct the field variables and
following the recursion operation, they can be conveniently formulated to an arbitrarily
high order. These basis functions in IGA show a remarkable advantage on the globally
continuous derivability against the Lagrange polynomials often used in FEM, whose de-
rivatives are discontinuous between parametric pieces. Additionally, the resulting system
of equations within IGA framework is relatively homogeneous, and this may bring some
computational benefits during the solution stage.

In the continuum beam/shell theory (see Chap. 3), the overall geometry is fully charac-

terized by an in-plane spatial variable ~ξM, and applying the isogeometric parametrization
gives its approximation like

~ξh

M(~χM) = N˜ T

M(~χM)~ξ˜M, (7.5)

with the scalar global basis function column denoted by N˜ M. Equation (7.5) maps a

coordinate ~χM in the parametric domain PM to a position ~ξh
M in the approximate physical
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domain, i.e. the reference laminar surface domain Ah
M,r here. The structured collection

of the control point positions ~ξ˜M is referred as a control net and not necessarily to locate
inside the physical domain. It constitutes DOFs of the system to be formulated.

According to IGA concept, the linear combinations of the above basis functions are then
adopted to approximate the macroscopic and emergent displacement fields respectively as

~uh

M,r(~χM) = N˜ T

M(~χM)~a˜s

M, (7.6a)

ζh

n(~χM) = N˜ T

M(~χM)κ˜ s

n, n = 1, 2, 3, ..., N∗d , (7.6b)

and following the Galerkin approach yields the same approximation forms for two test
functions, reading

~vh

M,r(~χM) = N˜ T

M(~χM)~a˜t

M, (7.7a)

τ h

n(~χM) = N˜ T

M(~χM)κ˜ t

n, n = 1, 2, 3, ..., N∗d . (7.7b)

The above solution and test functions are marked by the superscripts “s” and “t”, respect-
ively. It should be mentioned that ~a˜s

M and κ˜ s
n are no longer macroscopic and emergent

displacement vector columns of the control points, respectively, but construction coeffi-
cient columns with the consistent dimensions. Conspicuously, ~a˜t

M and κ˜ t
n hold the similar

characteristics.
Because ~as

M,i, ~a
t
M,i, κ

s
n,i and κt

n,i are constants at any control point, the in-plane spatial
gradients of the displacement fields and their test functions can be immediately expressed
as

~̂∇M~u
h

M,r = ( ~̂∇MN˜ M)T~a˜s

M, (7.8a)

~̂∇Mζ
h

n = ( ~̂∇MN˜ M)Tκ˜ s

n, (7.8b)

~̂∇M~v
h

M,r = ( ~̂∇MN˜ M)T~a˜t

M, (7.8c)

~̂∇Mτ
h

n = ( ~̂∇MN˜ M)Tκ˜ t

n, n = 1, 2, 3, ..., N∗d , (7.8d)

and the 2nd-order gradients are given by

ˆ̂∆M~u
h

M,r = ( ˆ̂∆MN˜ M)T~a˜s

M, (7.9a)

ˆ̂∆Mζ
h

n = ( ˆ̂∆MN˜ M)Tκ˜ s

n, (7.9b)

ˆ̂∆M~v
h

M,r = ( ˆ̂∆MN˜ M)T~a˜t

M, (7.9c)

ˆ̂∆Mτ
h

n = ( ˆ̂∆MN˜ M)Tκ˜ t

n, n = 1, 2, 3, ..., N∗d . (7.9d)

Note that N˜ M should be at least the 2nd-order piecewise derivable.
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Substituting eqs. (7.6)∼ (7.9) together with the relaxed homogenized constitutive and
inertial relations (see eq. (6.4)) to the enriched macroscopic problem above, and then
extracting constant construction coefficient columns of the solution and test functions
outside the integrals allow to reorganize eq. (7.3) as

(~̂a˜ t

M)T ·

[∫
Ah

M,r

( ~̂∇MN˜ M) · Cmm

M · ( ~̂∇MN˜ M)T dAh

M

]
· ~̂a˜ s

M

+ (~̂a˜ t

M)T ·

[∫
Ah

M,r

( ~̂∇MN˜ M) · Dll

M · ( ~̂∇MN˜ M)T dAh

M

]
· ¨̂~a˜ s

M

+
1

Am,r

N∗
d∑

n=1

(~̂a˜ t

M)T ·

[∫
Ah

M,r

( ~̂∇MN˜ M) · hlm

n N˜ T

M dAh

M

]
κ̈˜ s

n

+ (~̃a˜ t

M)T ·

[∫
Ah

M,r

~̃ec( ˆ̂∆MN˜ M) .. Cbb

M

.. ( ˆ̂∆MN˜ M)T~̃ec dAh

M

]
· ~̃a˜ s

M

+ (~̃a˜ t

M)T ·

[∫
Ah

M,r

~̃ec( ˆ̂∆MN˜ M) .. Drr

M

.. ( ˆ̂∆MN˜ M)T~̃ec dAh

M

]
· ¨̃~a˜ s

M

+
1

Am,r

N∗
d∑

n=1

(~̃a˜ t

M)T ·

[
−
∫
Ah

M,r

~̃ec( ˆ̂∆MN˜ M) .. hrt

nN˜ T

M dAh

M

]
κ̈˜ s

n

+ (~̂a˜ t

M)T ·

[∫
Ah

M,r

N˜ M
ˆ̂ρll

MN˜ T

M dAh

M

]
· ¨̂~a˜ s

M + (~̃a˜ t

M)T ·

[∫
Ah

M,r

N˜ M
˜̃ρll

MN˜ T

M dAh

M

]
· ¨̃~a˜ s

M

+
1

Am,r

N∗
d∑

n=1

(~̂a˜ t

M)T ·

[∫
Ah

M,r

N˜ M
~̂j lm

m N˜ T

M dAh

M

]
κ̈˜ s

n

+
1

Am,r

N∗
d∑

n=1

(~̃a˜ t

M)T ·

[∫
Ah

M,r

N˜ M
~̃j lm

m N˜ T

M dAh

M

]
κ̈˜ s

n

= (~̂a˜ t

M)T ·

[∫
Ch

M,r,t

N˜ M
~̂tM dCh

M

]
+ (~̃a˜ t

M)T ·

[∫
Ch

M,r,t

N˜ M
~̃tM dCh

M

]

+ (~̃a˜ t

M)T ·

[
−
∫
Ch

M,r,m

~̃ec( ~̂∇MN˜ M) · ~̂mM dCh

M

]
, ∀~at

M,i ∈ R, (7.10)

and also eq. (7.4) as

(κ˜ t

n)T

[∫
Ah

M,r

N˜ Mω
2
nN˜ T

M dAh

M

]
κ˜ s

n + (κ˜ t

n)T

[∫
Ah

M,r

N˜ MN˜ T

M dAh

M

]
κ̈˜ s

n

+ (κ˜ t

n)T

[∫
Ah

M,r

N˜ M
~̂j lm

n N˜ T

M dAh

M

]
· ¨̂~a˜ s

M + (κ˜ t

n)T

[∫
Ah

M,r

N˜ M
~̃j lm

n N˜ T

M dAh

M

]
· ¨̃~a˜ s

M
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+ (κ˜ t

n)T

[∫
Ah

M,r

N˜ Mhlm

n · ( ~̂∇MN˜ M)T dAh

M

]
· ¨̂~a˜ s

M

+ (κ˜ t

n)T

[
−
∫
Ah

M,r

N˜ Mhrt

n
.. ( ˆ̂∆MN˜ M)T~̃ec dAh

M

]
· ¨̃~a˜ s

M = 0, n = 1, 2, 3, ..., N∗d , ∀κt

n,i ∈ R.

(7.11)

Here the orthogonality between the in-plane and out-of-plane coordinates has been exerted
to cancel a few cross terms. Equations (7.10) and (7.11) hold true for any ~at

M,i and κt
n,i

and one thus may rearrange them as a set of discrete balance equations, reading

BM · ŨM +WM · Ũ̈M = F̃M, (7.12)

with the generalized stiffness and mass matrices, and generalized external force and dis-
placement coefficient columns respectively assembled by

BM =


BM,uu

~0 ~0 ~0

~0
. . . 0 0

~0 0 BM,ζζ,nn 0

~0 0 0
. . .

 , WM =


WM,uu · · · WM,uζ,n · · ·
...

. . . 0 0

WM,ζu,n 0 WM,ζζ,nn 0
... 0 0

. . .

 , (7.13a)

F̃M =



F̃M,u

...

F̃M,ζ,n

...


, ŨM =



ŨM,u

...

ŨM,ζ,n

...


, n = 1, 2, 3, ..., N∗d , (7.13b)

which have been partitioned with respect to two mentioned classes of displacement fields,
and specified as1

BM,uu =

∫Ah
M,r

( ~̂∇MN˜ M)·Cmm
M ·( ~̂∇MN˜ M)T dAh

M 0

0
∫
Ah

M,r
~̃ec( ˆ̂∆MN˜ M) :Cbb

M : ( ˆ̂∆MN˜ M)T~̃ec dAh
M

 ,
(7.14a)

BM,ζζ,nn =

∫
Ah

M,r

N˜ Mω
2
nN˜ T

M dAh

M, (7.14b)

WM,uu =

∫Ah
M,r

( ~̂∇MN˜ M)·Dll
M ·( ~̂∇MN˜ M)T dAh

M 0

0
∫
Ah

M,r
~̃ec( ˆ̂∆MN˜ M) :Drr

M : ( ˆ̂∆MN˜ M)T~̃ec dAh
M


1In general, the inverse mapping from the parametric to physical coordinates is cumbersome and thereby

these integrals have to be completed over the parametric domain. Furthermore, the appropriate quadrature
rule is suggested for achieving a high computational efficiency.
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+

∫Ah
M,r
N˜ M

ˆ̂ρll
MN˜ T

M dAh
M 0

0
∫
Ah

M,r
N˜ M

˜̃ρll
MN˜ T

M dAh
M

 , (7.14c)

WM,ζζ,nn =

∫
Ah

M,r

N˜ MN˜ T

M dAh

M, (7.14d)

WM,uζ,n =
1

Am,r

∫Ah
M,r

( ~̂∇MN˜ M)·hlm
n N˜ T

M dAh
M

−
∫
Ah

M,r
~̃ec( ˆ̂∆MN˜ M) :hrt

nN˜ T
M dAh

M

+
1

Am,r

∫Ah
M,r
N˜ M

~̂j lm
m N˜ T

M dAh
M∫

Ah
M,r
N˜ M

~̃j lm
m N˜ T

M dAh
M

 , (7.14e)

WM,ζu,n = Am,rWT

M,uζ,n, (7.14f)

F̃M,u =


∫
Ch

M,r,t
N˜ M

~̂tM dCh
M∫

Ch
M,r,t

N˜ M
~̃tM dCh

M

+

~0˜
−
∫
Ch

M,r,m
~̃ec( ~̂∇MN˜ M)· ~̂mM dCh

M

 , F̃M,ζ,n = 0˜, (7.14g)

ŨM,u =

~̂a˜ s
M

~̃a˜ s
M

 , ŨM,ζ,n = κ˜ s

n. (7.14h)

7.1.3 Macroscopic boundary conditions

Equation (7.12) has to be complemented with the Neumann or Dirichlet boundary condi-
tions. They can be arbitrarily complex and even include some interfacial effects like the
transmission and absorption (mostly taken into account by adding the artificial damping
terms in eq. (7.12)). As mentioned in Chap. 4, the subsequent macroscopic boundary con-
ditions will be restricted to the external loadings or prescribed displacements of certain
macroscopic DOFs, without much loss of generality. As a result, the Neumann boundary
conditions become completely in terms of the given ~tM and ~mM (in fact only its in-plane
component is active) and can be straightforwardly inserted to F̃M,u, with relevant macro-
scopic DOFs still free.

The Dirichlet boundary conditions are directly exertable to ŨM,u as well, but the pre-
scribed macroscopic DOFs must be eliminated during the solution stage. For this purpose,
equation (7.12) is partitioned with respect to the prescribed and free DOFs, readingBM,pp BM,pf

BM,fp BM,ff

 ·
ŨM,p

ŨM,f

+

WM,pp WM,pf

WM,fp WM,ff

 ·
Ũ̈M,p

Ũ̈M,f

 =

F̃M,p

F̃M,f

 , (7.15)

where all emergent DOFs are regarded as free, and it is assumed that the control net has
been selected in a convenient manner such that ~a˜s

M,p = ~u˜M,r,p
2. Next, eliminating ŨM,p on

the left side of eq. (7.15) gives a reduced form as

BM,ff · ŨM,f +WM,ff · Ũ̈M,f = F̃M,f − BM,fp · ŨM,p −WM,fp · Ũ̈M,p, (7.16)

2In case of a general control net selection, the prescribed displacements at the control points can be
implemented by applying a few tying constraints to the kinematic construction coefficient columns.
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where the right-side terms are fully known and thus eq. (7.16) is solvable. Once the
kinematic construction coefficients at the free control points are prepared, the response
force field can be computed through

F̃M,p = BM,pp · ŨM,p + BM,pf · ŨM,f +WM,pp · Ũ̈M,p +WM,pf · Ũ̈M,f. (7.17)

Notice that each complete kinematic field has to be additionally recovered using eq. (7.6).

7.1.4 Steady-state solutions

In many cases, the steady-state solutions under different harmonic excitations like the
forces, displacements, velocities and accelerations are of interest. By considering that the
displacement and force fields become stable after a sufficiently long time, it is possible to
decompose the spatial-temporal ŨM and F̃M respectively as

ŨM = Ũ sd

Me
iωt, (7.18a)

F̃M = F̃ sd

Me
iωt, (7.18b)

where the purely space-dependent part is denoted by the superscript “sd”, while eiωt is the
time-dependent part.

Substituting eq. (7.18) to eq. (7.12) leads to the steady-state balance equations, reading

B̄M · Ũ sd

M = F̃ sd

M, (7.19)

with B̄M = BM−ω2WM. After analogously eliminating Ũ sd
M,p in eq. (7.19) and solving for it,

the whole displacement and force amplitude fields can be handily obtained. One concrete
case study of the frequency response analysis will be demonstrated soon.

7.1.5 Transient solutions

When more general excitation forms are applied, e.g. that containing multi-frequency
components and with a limited duration, the transient solutions are desired. Here the
Newmark method [66] will be adopted for reaching this goal. Such an implicit single-step
time-integration method has been extensively confirmed efficient and integrated in many
commercial packages. Relevant derivation and error analysis on the Newmark method
are skipped, and only the common implementation procedure for solving eq. (7.12) is
summarized as below.

Let only the Neumann boundary conditions exist for simplicity and standardization as
well. Therefore, the known quantities or those which can be initialized from eq. (7.12)
include: BM and WM (material properties), F̃M (boundary conditions), and ŨM,0, Ũ̇M,0 and
Ũ̈M,0 (initial conditions). Then for each time step tk+1 = tk+∆t (k ≥ 0 and ∆t is constant),
one repeats
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Step 1-predicting the velocity and displacement construction coefficients:

Ũ̇prd

M,k+1 = Ũ̇M,k + (1− γ)∆tŨ̈M,k, (7.20a)

Ũprd

M,k+1 = ŨM,k + ∆tŨ̇M,k + (
1

2
− β)∆t2Ũ̈M,k. (7.20b)

Step 2-computing the acceleration construction coefficients:

W ts

M =WM + β∆t2BM, (7.21a)

Ũ̈M,k+1 = (W ts

M)-1 · (F̃M,k+1 − BM · Ũprd

M,k+1). (7.21b)

Step 3-correcting the velocity and displacement construction coefficients:

Ũ̇M,k+1 = Ũ̇prd

M,k+1 + γ∆tŨ̈M,k+1, (7.22a)

ŨM,k+1 = Ũprd

M,k+1 + β∆t2Ũ̈M,k+1. (7.22b)

In order to achieve a unconditional stability and appropriate suppression of the high-
frequency numerical noises, two numerical governing parameters α and β must be carefully
selected, and the generalized-α scheme is mostly suggested, such that

β =
(1 + α)2

4
, (7.23a)

γ =
1

2
+ α, α ≥ 0. (7.23b)

Note that when the Dirichlet boundary conditions are simultaneously present, the time-
integration procedure above should be applied to eq. (7.16) with all prescribed DOFs
already removed. After obtaining the transient displacement, velocity and acceleration
construction coefficients, all transient kinematic and force fields become available. One
relevant case study of the transient analysis will be given later.

7.2 Case study of a finite LRAM panel

The macroscopic steady-state and transient responses of the homogenized finite LRAM
panel medium are readily computed using IGA, and compared with their reference solutions
obtained from FEM-based DNS. Two approaches are separately implemented in MATLAB
and COMSOL Multiphysics on the same processor platform, as employed before in the
dispersion analysis, and no parallel computation is activated.

7.2.1 Macro and microscopic configurations

A pseudo-3D finitely long LRAM panel cascaded by 50 unit cells, of which the left and
right-end midpoints are respectively prescribed and fixed is considered in the following, as
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sketched in Fig. 7.1(a). Since the bending behaviour is of the main interest, a transverse
displacement excitation is prescribed here. The consistent microscopic configuration and
finite element mesh as drawn in Fig. 6.1(b) are adopted again for each unit cell, yielding
the total number of DOFs as 71188 for FEM-based DNS. Besides, the total length of this
panel can be calculated as Ltot = 62.5H (500mm), far greater than 10H, implying that
this LRAM panel is sufficiently thin.

                  

22 

      ……             
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3e
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…… × × × × × × 
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M,in ( )u t
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Figure 7.1: (a) a pseudo-3D finitely long LRAM panel constructed by 50 unit cells and
(b) homogenized model. A time-dependent transverse displacement excitation is applied
at the left-end midpoint, while the right-end midpoint is suppressed by a hinge constraint.

Equivalently, the linear motion DOFs at two ends of the homogenized model are en-
forced, with a consistent displacement excitation on its left end and fixed right end separ-
ately, as shown in Fig. 7.1(b). A series of B-spline basis functions (1D under the continuum
beam description) are adopted to construct the field variables, and they are defined over a
uniform open knot set, reading

χ = {0, · · · , 0︸ ︷︷ ︸
p+1

, 1, 2, · · · ,m− 2,m− 1,m, · · · ,m︸ ︷︷ ︸
p+1

}, (7.24)

where p denotes order of the basis function and m total number of the spline elements,
thus supporting m+ 1 parametric points and m+ p basis functions. Notice that although
only the 2nd-order piecewise derivability is needed for each basis function (see eqs. (7.8)
and (7.9)), the 3rd-order basis function-based construction is well-known to provide the ac-
curate approximation for the quasi-static deformation of a homogeneous panel so preferred
here as well, namely p = 3.

Moreover, the control net is chosen in a specific way, reading

ξ =
Ltot

m

{
0,

1

3
, 1, 2, · · · ,m− 2,m− 1,

3m− 1

3
,m

}
, (7.25)
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which has the consistent size to the basis function collection. With this selection, a linear
mapping from the parametric to physical coordinates is achieved, enabling the handy
computation for the integrals in eq. (7.14). The other advantage of eq. (7.25) is that the
displacement constraints can be directly inserted in the displacement coefficient column.
Necessary convergence analysis with respect to m is carried out based on the eigenmode
analysis with all boundaries free (undisplayed), and m = 16 has been justified as sufficiently
fine. For the purpose of reference, the finally adopted basis functions together with the
resulting coordinate mapping are illustrated in Fig. 7.2.
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u i
n
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0

1
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(a)

(b)

Figure 7.2: (a) a collection of the 3rd-order univariate B-spline basis functions defined
over a uniform open knot set knot set and (b) associated mapping from the parametric
to physical coordinates. The control net and constructed mapping function are separately
represented by some solid circles and a red solid line.

7.2.2 Frequency response analysis

Since a transverse displacement excitation is utilized, the torsional wave is hardly activated
in the finitely long LRAM panel. Therefore, only four localized linear modes are actually
needed to enrich the macroscopic boundary value problem, namely n = 2, 3, 5, 6 in Tab. 6.2.
Based on the introduced steady-state solution procedure, a series of frequency responses of
the homogenized LRAM panel model are computed, where a frequency range 0 ∼ 2500Hz
is swept. The upper bound is deliberately taken as slightly beyond the frequency limit of
homogenizability estimated previously from the dispersion analysis, to verify if it remains
true for the frequency response analysis. The locations at 2/5 and 4/5 (ξM = 20Lm and ξM =
40Lm under the considered macroscopic configuration) of this LRAM panel are selected as
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the gauge points in all following studies. The resulting macroscopic frequency response
functions against those computed by the full-scale analysis are demonstrated in Fig. 7.3.
Here Uin and Uout denote the input and output displacement amplitudes, respectively. To
enable the comparison between two approaches, DNS results have already been taken as
corresponding through-thickness averages (in the matrix).
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f
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H
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HM

Uout/Uin [dB]

DNS
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(a) (b)

Figure 7.3: The frequency response functions of the macroscopic transverse displacements
obtained by the full-scale analysis (DNS) and enriched single-scale analysis (HM), respect-
ively, measured at two locations: (a) 2/5 and (b) 4/5 of the finitely long LRAM panel.
The beforehand estimated frequency limit of homogenizability is represented by a black
dash line. Two flexural wave bandgaps are highlighted by the grey shadows.

Many globally structural resonances and anti-resonances are displayed in Fig. 7.3, im-
plying a high complexity of vibration characteristics of the practical LRAM panel design.
They in fact result from the complicated boundary reflection effects, related to various mi-
croscopic constituents and relatively short flexural wavelength as well in such a constrained
thin structure. As desired, two wide stopping bands appear and exhibit the strong attenu-
ation effects on the flexural wave, even when the propagation distance is so limited. Their
positions and sizes also exactly match those predicted from the early dispersion spectra
(see Figs. 6.3 and 6.4).
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Figure 7.4: The (a) macroscopic steady-state transverse displacement distributions of the fi-
nitely long LRAM panel obtained by the full-scale analysis (DNS) and enriched single-scale
analysis (HM), respectively, at different excitation frequencies and (b) deformed contours
of all embedded unit cells from DNS. The deformation in (b) is magnified by a factor 40.
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Moreover, comparing the results provided by two approaches tells that the cheap ho-
mogenization method can produce the frequency response function as accurate as that by
the high-cost full-scale analysis. Especially for two frequency bandgap intervals, not only
the locations but also profiles can be perfectly predicted. The frequency is overall slightly
overestimated in the homogenization method, and the resulting shift deviation (essentially
equal to the phase velocity deviation) grows gradually as the frequency increases, as 1.52%
at the frequency limit of homogenizability. Such results are as expected according to the
defined separation of scales, and the deviation level holds a good agreement with that
previously evaluated in the dispersion analysis. After going beyond the frequency limit of
homogenizability, the homogenization method starts to fail and finally reaches a deviation
3.20% at upper bound of the selected swept frequency range. More detailed comparison
of the on-line computational performances can be found in Tab. 7.1 and will be discussed
later.

To take a closer look at the global deformation behaviours, the steady-state macroscopic
displacement distributions along this LRAM panel at six representative excitation frequen-
cies are next demonstrated in Fig. 7.4(a). The first frequency is located at 250Hz, which is
below the first stopping band and where the locally resonant effects should be negligible.
The second frequency is chosen at 500Hz, which is slightly above the first locally resonant
frequency and thereby a strong localized modal coupling is expected. The third frequency
is located at 1000Hz and the fourth frequency at 1750Hz, which are between two frequency
bandgaps and inside the second stopping band, respectively. The fifth frequency is exactly
selected as the frequency limit of homogenizability, 2000Hz, where the deviation should
still be acceptable and the last frequency is 2500Hz. For the sake of reference, the deformed
contour of each embedded unit cell, i.e. macroscopic deformation of the matrix constitu-
ent obtained from the full-scale analysis is additionally provided in Fig. 7.4(b). The fine
microscopic deformation is out of the scope of interest and thus omitted in each test.

The first, third, fifth and sixth tests where the locally resonant effects are inactive such
that this LRAM panel behaves like a host panel, are discussed first. In this case, large
structural distortion can be seen from Fig. 7.4, even at a very low frequency. As the
frequency increases, the flexural wavelength rapidly decreases and the degree of distortion
is further aggravated. Then returning to Fig. 7.3, one may realize that this response
becomes more pronounced near each structurally resonant frequency, due to the extremely
high deformation magnitude. Such structural deformation is clearly dominated by the
flexural wave, which should be effectively attenuated for protecting the host panel. Another
notable characteristic is that in absence of the local resonances, the steady-state transverse
displacement distribution along this LRAM panel has an almost non-decaying harmonic
form. This provides an intuitive evidence that the mass law-related attenuation effects for
the flexural wave are negligible in a thin structure.

At the second excitation frequency 500Hz, which belongs to the first stopping band,
a strong decaying phenomenon can be observed, where the flexural wave significantly at-
tenuates in a very limited distance, and all remaining unit cells are nearly at rest. Such
a fast decay is reactivated at the fourth excitation frequency 1750Hz, belonging to the
second stopping band. These responses are attributed to coupling effects of the first and
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second localized out-of-plane modes on the matrix motion respectively, as argued in the
early dispersion analysis.

Furthermore, it can be justified from Fig. 7.4(a) that below the frequency limit of
homogenizability, the homogenization method indeed provides the reliable steady-state
response results, compared to the full-scale analysis. A large displacement amplitude
deviation appears only near the structurally resonant resonant frequency, which is in fact
indirectly aggravated by the frequency shift (see Fig. 7.3). As predicted, the resulting phase
velocity shift becomes noticeable when the frequency is above the range of homogenizability.

7.2.3 Transient analysis

Under a general excitation, the transient response is preferred, as to be argued in the
following. For generality, a non-harmonic displacement excitation with the limited duration
is readily adopted. It is composed of the constant and frequency-dependent harmonic
components, with the complete profile illustrated in Fig. 7.5. Here uin denotes the transient
displacement, Uin amplitude of the harmonic component, T the period and four periods in
total are considered.
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Figure 7.5: The profile of the non-harmonic transverse displacement excitation in the
macroscopic transient analysis: uin(t) = Uin[1− cos(2πft)], 0 ≤ t ≤ 4T .

The governing parameter for the time-integration scheme is selected as α = 0.2, and
substituting it to eq. (7.23) gives β = 0.36 and γ = 0.7 respectively3. It has been verified

3In some commercial packages, e.g. COMSOL Multiphysics, a so-called high frequency amplification
factor ρinf = 2/(1 + α)− 1 is alternatively used to determine the generalized-α scheme.
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that this elaborated time-integration scheme can suppress the high-frequency numerical
noises well, without the overdamping.

In order to keep consistency with the steady-state tests above, six transient tests at
the excitation frequencies 250Hz, 500Hz, 1000Hz, 1750Hz, 2000Hz and 2500Hz are carried
out by two approaches. The resulting macroscopic transverse displacement histories at
two gauge points are recorded in Fig. 7.6. Corresponding macroscopic displacement dis-
tributions snapshotted at t = 4T are also compared in Fig. 7.7(a), accompanied by the
deformed contours of all embedded unit cells from the full-scale analysis in Fig. 7.7(b).

Figure 7.6 demonstrates that the steady state can only be achieved after a long time.
At a relatively low frequency, the stabilization even needs more time, and each gauge
point moves downward first, although the displacement excitation at the left end is fully
positive. This can in fact be explained by that the flexural wavelength at a low frequency
is much longer than this LRAM panel, so fast boundary reflection effects at the right
end keep interfering the wave propagation. Moreover, the presence of constant component
of the displacement excitation makes the transient response profiles at two gauge points
quite different from the harmonic forms. Such results convincingly tell that the transient
analysis is important in case of applying a general limited time-dependent excitation. In
addition, the harmonic fluctuation of the transient response in each stopping band exhibits
a rapid disappearing trend, versus that outside the stopping band. This is indeed desired
and attributed to the locally resonant effects.

Moving the focus to Fig. 7.7, one may again observe that at the first, third, fifth or sixth
test without the locally resonant effects, a large distortion on this LRAM panel takes place.
At the second and fourth tests, even though only four periods pass, the significant decaying
characteristics along this LRAM panel are already visible, proving powerful effectiveness
of the local resonances on attenuating the flexural wave in the host panel.

Analysing Figs. 7.6 and 7.7 together indicate that as long as the frequency is below the
limit of homogenizability, a remarkably good match exists between the transient responses
produced by two approaches. Only the period is slightly underestimated when the homo-
genization method is utilized. The periodicity deviation (approximately equal to the phase
velocity deviation) increases with the rising frequency but can be estimated from Fig 7.6 as
overall below 1.62% among the first five transient tests, which agrees with those observed
in the previous dispersion analysis and frequency response analysis well. At the sixth test
which is out of the frequency range of homogenizability, the periodicity deviation becomes
pronounced, around 3.22% which is also close to that seen in the frequency response ana-
lysis. A considerable phase velocity shift thus takes place, as confirmed from associated
macroscopic transverse displacement distribution.

Aiming at a quantitative evaluation, the on-line computational details of the transient
analyses above are also summarized in Tab. 7.1. It demonstrates a considerable benefit of
the homogenization method for macroscopic investigation of the practical LRAM panel,
with the on-line computational gain up to three orders of magnitude against the full-
scale analysis. Predictably, the homogenization method can become more attractive when
adopted to analyse the larger LRAM panel system, especially after taking the storage cost
issue into account.
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Figure 7.6: The transient response profiles of the macroscopic transverse displacements
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the finitely long LRAM panel.
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Table 7.1: The on-line computational statistics of the macroscopic analyses on the finitely
long LRAM panel. The swept parameters in the frequency response and transient analyses
are the frequency and time, respectively, with the total numbers shown in the column
“Sweep”. The column “Deviation” is referred to the phase velocity deviation in case of
the frequency limit of homogenizability. The averaged results of six transient tests are
displayed.

Case Software Method Sweep Time Gain Deviation

Frequency COMSOL FEM-based DNS 501 535 [s] − −
response MATLAB IGA-based HM 501 0.137 [s] 3905 1.52%

Transient
COMSOL FEM-based DNS 401 52 [s] − −
MATLAB IGA-based HM 401 0.116 [s] 448 1.62%

In addition, by looking at Figs. 7.4(b) and 7.7(b) together, it can be identified that the
transverse contour of any unit cell always remains almost straight and normal to the refer-
ence surface after deformation. Its length change (expect near any standing point) seems
notable at a relatively high frequency but is in fact negligible by taking the deformation
magnification factor 40 into account. These direct observations justify that higher-order
deformation of the fibre and relative sliding between the laminae are indeed weak, and
thereby the adopted thin continuum beam/shell theory is adequate.
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Chapter 8

Conclusions and recommendations

This contribution presents a general homogenization method able to analyse LRAM panels
at low computational cost. A few important characteristics of this approach are first
recapped in the following.

• It adopts a lamina-level definition of the separation of scales such that both sub-
wavelength body and flexural waves propagating in a thin LRAM panel can be
reliably captured. The macro and microscales are described using the continuum
beam/shell and solid, respectively, allowing for arbitrary unit cell configurations, and
macroscopic layouts and boundary conditions. The downscaling transition yields a
series of lamina-level boundary conditions, which can indirectly simulate the micro-
scopic bending behaviour of the unit cell in the 1st-order approximation. Solving the
microscopic boundary value problem and applying the upscaling transition then give
the macroscopic resultant-form responses. A transient homogenization framework is
consequently prepared, applicable to both nonlinear deformation and material beha-
viours.

• Under the small deformation assumption and thus linear elastic behaviour, it is
possible to mitigate computational cost of the transient homogenization framework
above. By recalling the long wavelength assumption, the Craig-Bampton mode syn-
thesis technique becomes applicable and leads to a reduced description of the unit
cell model. Next, combining the upscaled microscopic balance of momentum, and
macroscopic balances of linear and rotational momentum resultants gives a com-
pact redefinition of the macroscopic governing equations. An enriched continuum
beam/shell is therefore achieved, where the internal dynamics are characterized us-
ing only a limited number of emergent field variables. Finally, the on-line multi-scale
analysis of the full framework further reduces to an enriched single-scale analysis,
resulting in a remarkably high computational efficiency.

The proposed homogenization method is first examined for analysing the steady-state
wave properties in an infinite LRAM panel. The unit cell follows a classical negative
mass configuration, consisting of a tungsten core, rubber coating and glass matrix and
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is discretized within FEM framework. Via the plane wave transformation, associated
dispersion eigenvalue problems of the homogenized LRAM unit cell model are derived, and
the resulting spectra are compared with the reference solutions from the Bloch analysis.
Further validation is carried out for the macroscopic analysis of a finite LRAM panel.
Corresponding enriched macroscopic problem of the homogenized model and its IGA-based
numerical implementation are detailed. They are employed to investigate both macroscopic
steady-state and transient responses of the finite LRAM panel, against results computed
by FEM-based DNS.

These case studies display a significant potential of LRAM panel design for attenuating
low-frequency flexural waves, which can cause serious distortions in thin structures. The
excellent match between the homogenization method and full-scale analysis is also con-
firmed. In the frequency range of homogenizability, an overall on-line computational gain
over two orders of magnitude is achievable by the homogenization method, with little loss
of accuracy.

To summarize, the developed homogenization method leads to an extremely reduced but
sufficiently accurate equivalent model of the full-scale medium in the subwavelength range,
thereby providing a considerable advantage for fast analysis and concept validation of the
practical LRAM panels. Nevertheless, the current validation is restricted to a relatively
simple flat LRAM panel, with the symmetric unit cell configuration and purely negative
mass effects. Hence, to achieve a comprehensive confidence, more general validation cases
are recommended, as listed below.

• LRAM panels with more complicated geometries, such as curved shells and tubes.

• LRAM panels with negative stiffness effects and even double negativities.

• The thin panels composed of multiple types of unit cells, with or without the locally
resonant effects.

• LRAM panels with the asymmetric unit cell configurations, such as where the inclu-
sions are attached on one side the matrix.
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[41] C. W. Zhou, X. K. Sun, J. P. Lainé, M. N. Ichchou, A. Zine, S. Hans, and C. Boutin.
Wave propagation feature in two-dimensional periodic beam lattices with local res-
onance by numerical method and analytical homogenization approach. International
Journal of Applied Mechanics, 10(04):1850042, 2018. 9

[42] K. Pham, V.G. Kouznetsova, and M.G.D. Geers. Transient computational homogeniz-
ation for heterogeneous materials under dynamic excitation. Journal of the Mechanics
and Physics of Solids, 61(11):2125–2146, 2013. 9

[43] T. Hui and C. Oskay. A high order homogenization model for transient dynamics of
heterogeneous media including micro-inertia effects. Computer Methods in Applied
Mechanics and Engineering, 273:181–203, 2014. 9

[44] C. Liu and C. Reina. Variational coarse-graining procedure for dynamic homogeniza-
tion. Journal of the Mechanics and Physics of Solids, 104:187–206, 2017. 9

[45] M.G.D. Geers, V.G. Kouznetsova, and W.A.M. Brekelmans. Multi-scale computa-
tional homogenization: trends and challenges. Journal of Computational and Applied
Mathematics, 234(7):2175–2182, 2010. 9

[46] A. Sridhar, V.G. Kouznetsova, and M.G.D. Geers. A general multiscale framework
for the emergent effective elastodynamics of metamaterials. Journal of the Mechanics
and Physics of Solids, 111:414–433, 2018. 10

90 A general homogenization method for LRAM panels



BIBLIOGRAPHY

[47] R.R. Craig and M.C.C. Bampton. Coupling of substructures for dynamics analyses.
AIAA Journal, 6(7):1313–1319, 1968. 10, 38

[48] A. Sridhar, V.G. Kouznetsova, and M.G.D. Geers. A semi-analytical approach towards
plane wave analysis of local resonance metamaterials using a multiscale enriched con-
tinuum description. International Journal of Mechanical Sciences, 133:188–198, 2017.
10, 21, 47

[49] A. Sridhar, L. Liu, V.G. Kouznetsova, and M.G.D. Geers. Homogenized enriched con-
tinuum analysis of acoustic metamaterials with negative stiffness and double negative
effects. Journal of the Mechanics and Physics of Solids, 119:104–117, 2018. 10, 21, 46,
47

[50] M.G.D. Geers, E.W.C. Coenen, and V.G. Kouznetsova. Multi-scale computational
homogenization of structured thin sheets. Modelling and Simulation in Materials
Science and Engineering, 15(4):S393–S404, 2007. 11

[51] F. Gruttmann and W. Wagner. A coupled two-scale shell model with applications
to layered structures. International Journal for Numerical Methods in Engineering,
94(13):1233–1254, 2013. 11

[52] Y. Cong, S. Nezamabadi, H. Zahrouni, and J. Yvonnet. Multiscale computational
homogenization of heterogeneous shells at small strains with extensions to finite dis-
placements and buckling. International Journal for Numerical Methods in Engineering,
104(4):235–259, 2015. 11
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Appendix A

From the 2nd-gradient continuum
solid to beam/shell

The continuum beam/shell with the deformation gradient effects between laminae can be
regarded as a reduced version of the 2nd-gradient continuum solid, with associated non-
linear deformation mapping from the reference to current configuration given by [37]

d~x =

(
∂~x

∂ ~X

)C

· d ~X +
1

2
d ~X · ∂

∂ ~X

(
∂~x

∂ ~X

)C

· d ~X, (A.1)

which is developed based on the 2nd-order Taylor expansion. Here the usage of ~∇ has been
avoided for clarity.

In order to joint kinematics of the continuum beam/shell and 2nd-gradient continuum
solid, an infinitesimal material line along the fibre is decomposed as the in-plane and out-
of-plane components under the corotational laminar basis, reading

d ~X = d ~̂X + d ~̃X , (A.2a)

d~x = d~̂x + d~̃x, (A.2b)

under the reference and current configurations separately. Then substituting eq. (A.2) to
eq. (A.1) gives the 1st and 2nd-order deformation gradient tensors respectively as(

∂~x

∂ ~X

)C

=

(
∂~̂x

∂ ~̂X

)C

+

(
∂~̂x

∂ ~̃X

)C

+

(
∂~̃x

∂ ~̂X

)C

+

(
∂~̃x

∂ ~̃X

)C

, (A.3a)
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∂
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∂~̂x

∂ ~̂X

)C

+
∂

∂ ~̂X

(
∂~̂x

∂ ~̃X

)C

+
∂

∂ ~̂X

(
∂~̃x

∂ ~̂X

)C

+
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∂ ~̂X

(
∂~̃x

∂ ~̃X

)C

+
∂

∂ ~̃X

(
∂~̂x

∂ ~̂X

)C

+
∂

∂ ~̃X

(
∂~̂x

∂ ~̃X

)C

+
∂

∂ ~̃X

(
∂~̃x

∂ ~̂X

)C

+
∂

∂ ~̃X

(
∂~̃x

∂ ~̃X

)C

. (A.3b)

Notice that d ~̂X = d ~Xr, d ~̃X = dη ~D, and ~D coincides with ~̃ec under the corotational laminar
basis. Corresponding physical meanings of various deformation gradient tensors in eq. (A.3)
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and their degenerate forms following the thin continuum beam/shell theory are listed as
below.

• (∂~̂x/∂ ~̂X)C: in-plane deformation gradient of the reference surface induced by the
membrane deformation, denoted by ˆ̂F;

• (∂~̂x/∂ ~̃X)C: transverse shear induced by the relative sliding between laminae, negli-
gible because of the fibres always normal to the reference surface;

• (∂~̃x/∂ ~̂X)C: in-plane gradient of the transverse position component, denoted by ˜̂F but
identically equal to 0 under the local Cartesian coordinate system;

• (∂~̃x/∂ ~̃X)C: out-of-plane gradient of the transverse position component, reflecting the
thickness change but identically equal to ˜̃I due to inextensibility of the fibres;

• ∂(∂~̂x/∂ ~̂X)C/∂ ~̂X : 2nd-order in-plane deformation gradient of the reference surface
induced by the membrane deformation, neglected under the 1st-order homogenization
framework;

• ∂(∂~̂x/∂ ~̃X)C/∂ ~̂X and ∂(∂~̂x/∂ ~̂X)C/∂ ~̃X : out-of-plane gradient of the in-plane lamina
deformation induced by the non-uniform membrane deformation along the fibre, de-
noted by ˆ̂KC~̃ec and ~̃ec ˆ̂K, respectively;

• ∂(∂~̂x/∂ ~̃X)C/∂ ~̃X : transverse shear gradient induced by the relative sliding between
laminae, negligible;

• ∂(∂~̃x/∂ ~̂X)C/∂ ~̂X : 2nd-order in-plane gradient of the transverse position component,
denoted by −(~̃ec ˆ̂K)LC;

• ∂(∂~̃x/∂ ~̃X)C/∂ ~̂X and ∂(∂~̃x/∂ ~̂X)C/∂ ~̃X : in-plane gradient of the out-of-plane gradient
of the transverse position component, reflecting the in-plane gradient of the thickness
change but negligible;

• ∂(∂~̃x/∂ ~̃X)C/∂ ~̃X : 2nd-order out-of-plane gradient of the transverse position compon-
ent, reflecting the out-of-plane gradient of the thickness change but negligible.

Substituting a series of deformation gradient tensors identified above to eq. (A.1) even-
tually yields a reconstruction form of the infinitesimal material line in the continuum
beam/shell after deformation, as shown in eq. (3.7).
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Appendix B

Dispersion eigenvalue problem
formulation under the lamina-level
Bloch-Floquet boundary conditions

B.1 A modified Bloch-Floquet theorem

The Bloch-Floquet theorem indicates that for an infinite continuum solid constructed by
periodically repeated unit cells, the displacement field on any unit cell can be written as
that on an original unit cell with a linear distance-related complex phase shift, reading [67]

~unm(~xnm) = ei
~k·(~xnm−~x0

m)~u0
m(~x0

m), ∀(~x0
m, ~x

n
m) ∈ (V0

m,Vnm), (B.1)

with the position periodicity reflected by

~ej · ~xnm = njLj + ~ej · ~x0
m, j = 1, 2, 3. (B.2)

Here the superscripts “0” and “n” denotes the original and nth unit cells, respectively, and
Lj the unit cell size along ~ej direction. When it comes to the continuum beam/shell with
the free top and bottom surfaces, the wave can only propagate along its in-plane direction
so eq. (B.1) is modified as [8]

~unm = ei
~̂k·(~̂xnm−~̂x0

m)~u0
m, (B.3)

where various vectors are measured under the corotational laminar basis.

B.2 k − ω form

Through applying eq. (6.5) to eq. (5.6) and making use of eq. (B.3), the steady-state wave
propagation analysis (in the Brillouin zone) of the whole beam/shell is reduced to the wave
dispersion analysis of a single unit cell, reading[

Bm − ω2Wm

]
· 〈~u˜〉m = 〈~f˜〉m, (B.4)
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which follows the lamina-level Bloch-Floquet boundary conditions given by

~u+
m = ei

~̂k·(~̂x+
m−~̂x−m)~u−m . (B.5)

Equation (B.5) provides a series of (in-plane) wave vector-dependent tying constraints,
which within FEM framework can be discretized as

~u˜m,d = Γm,di(~k)~u˜m,i, (B.6)

where Γm represents the assembled nonlinear relations. Substituting eq. (B.6) to eq. (B.4)
and partitioning it, one may eliminate the dependent nodes and further achieve a k − ω
form eigenvalue problem, reading[

Bk−ω
m (~k)− ω2Wk−ω

m (~k)
]
· 〈~u˜〉m,i = ~0˜, (B.7)

with the characteristic stiffness and mass tensor matrices respectively given by

Bk−ω
m = Bm,ii + Bm,idΓm,di + ΓCT

m,diBm,di + ΓCT

m,diBm,ddΓm,di, (B.8a)

Wk−ω
m = Wm,ii + Wm,idΓm,di + ΓCT

m,diWm,di + ΓCT

m,diWm,ddΓm,di. (B.8b)

Here ~f˜k−ωm,i = ~f˜m,i + ΓT
m,di

~f˜m,d = ~0˜ has been exerted, because the tying tractions are cancelled
by periodic distribution of the unit cells, and no prescribed displacement exists on any
independent node as well, implying no reaction force. After solving eq. (B.7), the real
dispersion spectrum can be obtained (also known as the Bloch analysis), which describes
the relation between the frequency and wave vector for each potential propagative wave.

B.3 ω − k form

For finding the solutions of both propagative and evanescent waves, the alternative ω − k
form eigenvalue problem is needed. In the following, an orthogonal pseudo-3D unit cell of
the continuum beam (see Fig. 5.1) is adopted as an example, and its ω − k form can be
straightforwardly derived from the previous k − ω form through a particular implementa-
tion1. First, equation (B.6) is specified as

~u˜m,d =
[
Λ(~k)Im,dd 0

]
·

~u˜m,s

~u˜m,e

 , (B.9)

with Λ = ei
~̂k·~L, denoting a complex scalar. The independent node set has been partitioned

as the source and embedded node sets (marked by the subscripts “s” and “e”, respectively)
above, and the dependent (or destination) and source node sets have the same size.

1The more general approach is to apply the Bloch-Floquet theorem to the original balance of linear
momentum and then rearrange its weak form, with ω readily extracted as the argument.
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Taking eq. (B.9) back to eq. (B.7) then givesB̄m,ss(ω) + B̄m,dd(ω) + ΛB̄m,sd(ω) + ΛCB̄m,ds(ω) B̄m,se(ω) + ΛCB̄m,de(ω)

B̄m,es(ω) + ΛB̄m,es(ω) B̄m,ee(ω)

 ·
〈~u˜〉m,s

〈~u˜〉m,e

 = ~0˜,
(B.10)

with B̄m = Bm − ω2Wm. Equation (B.10) has already provided a ω − k form eigenvalue
problem and can be directly worked out but relatively cumbersome, due to a large number
of embedded nodes. Moreover, it is possible to reduce eq. (B.10) via cancelling 〈~u〉m,e as[

B̄ω−k
m,0th(ω) + ΛB̄ω−k

m,1st(ω) + Λ2B̄ω−k
m,2nd(ω)

]
· 〈~u˜〉m,s = ~0˜, (B.11)

with the 0th, 1st and 2nd-order frequency-dependent characteristic stiffness tensor matrices
respectively reading

B̄ω−k
m,0th = B̄m,ds − B̄m,de · B̄−1

m,ee · B̄m,es, (B.12a)

B̄ω−k
m,1st = B̄m,ss + B̄m,dd − B̄m,se · B̄−1

m,ee · B̄m,es − B̄m,de · B̄−1
m,ee · B̄m,ed, (B.12b)

B̄ω−k
m,2nd = B̄m,sd − B̄m,se · B̄−1

m,ee · B̄m,ed, (B.12c)

where ΛΛC = 1 has been employed. The similar deviation procedure towards a higher-
dimensional case can be found in [68] (if interested).
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