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Abstract

Gaining insight in the acoustic properties of sound radiating objects is of increasing interest regarding
noise source identi�cation and the analysis of response dynamics. By performing sound measurements
in the near-�eld of the radiating source, Near-�eld Acoustical Holography can be utilised to recon-
struct the intermediate sound pressure �eld and normal velocity distribution on the surface of the
radiator. Con�ning the attention to cylindrical radiators, the methods of equivalent sources and
Fourier based NAH are selected for further evaluation. During the research presented in this thesis,
the reconstruction performances of both methods of interest are evaluated in terms of the accuracy of
the normal velocity reconstructions. The Fourier based NAH method is implemented as a benchmark,
providing a reference with regard to the method of equivalent sources. This enables one to asses the
applicability of a reconstruction method that is not limited to the geometry of the radiator and global
coordinate frame.

Both an experimental set-up and numerical model are constructed to evaluate the NAH perfor-
mances under various conditions. The measurement method utilised during the experiments is based
on the assumption of axi-symmetry of cylindrical structures. However, the measurement data reveals
that this assumption does not hold for the non-purely axi-symmetric structure under consideration.
Consequently, this lead to disregarding the experimental data in the comparison of the NAH meth-
ods. A good understanding of the underlying physics corresponding to the reconstruction settings
of ESM based NAH is obtained. The Fourier based NAH benchmark is successfully implemented,
providing the means to address the challenges regarding �nite aperture e�ects and wavenumber do-
main processing. The accuracy of the normal velocity reconstructions are evaluated over a variety of
measurement distances and frequencies, utilising reference data to determine the error of the recon-
struction. Evaluation shows that the ESM based NAH reconstructions present errors in the range of
42.48 to 126.46 percent, whilst the application of Fourier based NAH results in the reconstruction
errors in the range of 0.68 to 3.39 percent. A meaningful assessment regarding the ESM based NAH
performances can not be obtained, the reconstructions are subjected to an increase in noise blow-up
over increasing measurement distances.

The noise blow-up in the solutions of the ill-conditioned ESM based NAH problems can be addressed
by means of regularisation. A demonstration in terms of SVD truncation is provided, however, future
research regarding the e�ects of truncation with respect to the selection of the reconstruction settings
is necessary to obtain a proper implementation. In addition, adaptations in the experimental set-up
are required in order to compare the NAH methods under physical measurement conditions.
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Nomenclature

Symbol Quantity Unit

α Slope variable
ηs Structural loss factor
εnrms Normalised Root Mean Square Error %
ζ Damping ratio
θ Angle of launch rad
λ Wavelength m
ν Poisson's Ratio
νk Kinematic viscosity m2/s
ρ Density kg/m3

σ Singular value
Σ Matrix of singular values
τsvd SVD truncation factor %σmax
ψ Acoustic Potential J
ω Angular frequency rad/s
c Phase velocity of wave m/s
Cond Condition number of matrix
d Thickness mm
E Young's modulus Gpa
f Frequency Hz
Fexc Excitation force N
G Green's function
G Transfer matrix of Green's function
hi Linear Predictive Filter coe�cient
hd Element size divider
H Transfer function N/ms−1

Hn Hankel function of the �rst kind
Jn Bessel's equation of the �rst kind
k Wavenumber rad/m
kv Virtual linear spring sti�ness N/m
Kn Modi�ed Bessel's equation
K Sti�ness matrix
L Length mm
Mobs Number of microphones or observers
M Mass matrix
n Integer number of cycles or samples
ndofs Number of degrees of freedom *
N Number of samples in microphone aperture
Nsou Number of equivalent sources
NFFT Length of frequency domain signal
n normal vector
p Sound pressure Pa
pcurve Perfectly Matched Layer curvature parameter
Pbpo Linear Predictive Filter order
Pn Helical wave spectrum
P Sound pressure vector or matrix
q complex amplitude of equivalent source
Qh Energy dissipation per cycle J
q̂ Response amplitude matrix
Q Source strength vector
Q̂ Excitation force matrix
(r, φ, z) Cylindrical coordinate frame
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R Reconstruction parameter in terms of radial distance m
r Position vector
spml Perfectly Matched Layer scaling factor
smin Minimum global element size
Sv Virtual surfaces of equivalent sources
Sxx Power Spectral Density W/Hz
Syx Cross Power Spectral Density W/Hz
t Time s
un Reconstructed normal particle velocity m/s
U Matrix of left singular vectors
Uns Reconstructed normal velocity vector of radiating surface
V Matrix of right singular vectors
Wh Maximum potential energy per cycle J
(x, y, z) Cartesian coordinate frame
X Angular spectrum of system input
x Coordinate vector
x′ Scaled coordinate vector
y Cartesian coordinate or distance m
Y Angular spectrum of system output
Yn Bessel's equation of the second kind
z Longitudinal coordinate or direction
F Fourier Transform
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List of abbreviations and acronyms

2D-FFT . . . . . . . . . . Two-dimensional Fast Fourier Transform

BPO . . . . . . . . . . . . . Border Padding Order

CPSD . . . . . . . . . . . . Cross Power Spectral Density

ESM . . . . . . . . . . . . . Equivalent Source Method

FRF . . . . . . . . . . . . . . Frequency Response Function

IIR . . . . . . . . . . . . . . . In�nite Impulse Response

LPBP . . . . . . . . . . . . Linear Predictive Border Padding

MEMS . . . . . . . . . . . Microelectricalmechanical Systems

MUMPS . . . . . . . . . MUltifrontal Massively Parallel sparse direct Solver

NAH . . . . . . . . . . . . . Near-�eld Acoustical Holography

PML . . . . . . . . . . . . . Perfectly Matched Layer

PLL . . . . . . . . . . . . . . Phase Locked Loop

PSD . . . . . . . . . . . . . . Power Spectral Density

SNR . . . . . . . . . . . . . . Signal-to-Noise Ratio
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1 Introduction

1.1 Background and motivation

Gaining insight in the acoustic properties of sound radiating objects is of increasing interest, ranging
from the �elds of product development to structural dynamics. In order to obtain this understand-
ing, acoustic measurements are conducted in the proximity of the object. By determining the inverse
solution of the acoustic wave equation, the sound distribution between the acoustic radiator and mea-
surement plane can be determined. This enables one to reconstruct the sound sources and bending
waves on the surface of a radiating object. The process of measurement based analysis to derive the
sound distribution towards the surface of the source is known as inverse acoustics.

Perhaps the most extensively discussed measurement based method is Acoustical Holography in-
troduced by A.F. Metherell et al (1967, [1]) and B.P. Hildebrand et al(1972, [2]). Inspired by the
developments in optical holography, an acoustic hologram is obtained by measuring the sound pres-
sure along a plane in the source free half space. By solving the inverse problem the hologram is
back propagated towards the source plane, allowing for the reconstruction of the three dimensional
acoustic image of the source. Although limited in terms of spatial resolution, localization of sound
sources on the surface of the radiating object is realised.

E.G. Williams and J.D. Maynard (1980, [3]) managed to improve on the spatial resolution, by per-
forming measurements in the near-�eld of the acoustic radiator. By including the decaying evanescent
waves in the reconstruction it is possible to retrieve higher wavenumber spatial information. Fur-
thermore, it is shown that the reconstruction of the acoustic image is not limited solely to acoustic
pressure, but also allows for the reconstruction of the �uid velocity and intensity vector. These im-
provements set the basis of the application of Near-�eld Acoustical Holography (further denoted as
NAH) in engineering problems.

The foundations set by E.G. Williams and J.D. Maynard has through the years led to the devel-
opment of a vast variety of di�erent inverse acoustic methods. Characterizing the methods based on
the key properties regarding the computation of the blackbox, the following primary groups can be
distinguished:

� Fourier Transform: Applies both forwards and inverse two-dimensional Fourier Transforms to
determine the back propagation of the spatial hologram in wavenumber domain.

� Wave expansion: Approximates the source acoustic image based on the expansions of indepen-
dent basis wave functions.

� Numerical Inverse Approximation: Applies a numerical approximation of the Helmholtz Integral
Equation to describe the geometric and vibro-acoustic relation between the source boundary
surface and hologram plane.

� Other

The application of NAH is particularly interesting regarding the analysis of radiating structures of
a cylindrical geometry. This is a widely utilised basic geometrical shape, ranging from aircraft fuse-
lages to rocket fuel tanks and any many other examples. In order to obtain an e�ective method for
industrial applications, fast and simple methods are required that are capable of providing accurate
reconstructions in terms of the normal velocity distribution and sound radiation characteristics of the
vibrating surface. This enables one to analyse the response dynamics and identify noise sources in
cylindrical structures by means of time-e�cient and cost-e�ective sound �eld measurements.

Although a vast selection of NAH methods have been derived, not every option is applicable in
the reconstruction of acoustical images corresponding to radiating cylindrical bodies. This is due to
the complexity of the emitted sound �eld, presenting fundamental di�erences in comparison with the
radiated �eld of surfaces of in�nite radius [4].

Dynamics & Control - TU/e 1
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With regard to the simplicity of implementation and computation, the method of Fourier based
NAH and the Equivalent Source Method (further denoted ESM) are selected to perform the inverse
acoustics involving cylindrical radiators. Utilising two-dimensional Fourier Transforms, the method
of Fourier based NAH is capable of computing the back propagation of the wavenumber spectrum
by means of an inverse propagator [5]. The application of Fourier based NAH has proven to be
e�ective in terms of reconstruction performances for various applications, and can be implemented
as a benchmark by incorporating cylindrical coordinates [6], [7]. The method of ESM based NAH
falls in the category of 'Numerical Inverse Approximation' and is derived as the simpli�cation of the
Inverse Boundary Element Method. By means of a superposition of elementary sources positioned
within the boundary surface of the arbitrary shaped radiator, ESM based NAH approximates the
Helmholtz Integral Equation and computes the back propagation by means of Green's functions [8].

The use of the selected NAH methods pose several advantages and disadvantages with respect to
the NAH application. The method of Fourier based NAH is limited in terms of the number of mea-
surement points and is subjected to �nite aperture e�ects. Due to the use of the Fourier Transform,
the applicability is restricted to planar, spherical and cylindrical source geometries and corresponding
global coordinate frames [5]. Wheares ESM based NAH can be utilised for arbitrary shaped radiators
and is independant of the coordinate frame, the free allocation or con�guration of the equivalent
sources can be problematic. Little or no a priori knowledge of the noise source is required, whilst
suitable image resolutions can be achieved [9]. The question remains if the ESM based NAH method
is capable of providing suitable reconstruction accuracies, allowing for the application of NAH without
the limits posed by the Fourier based NAH counterpart.

1.2 Research objectives

The main goal of this study is to compare the performances of the ESM based NAH method with
the Fourier based NAH benchmark in terms of the accuracies of the normal velocity reconstructions.
Utilising sound pressure �eld measurements retrieved in the source free region of the cylindrical ra-
diator, both methods are used to perform the back propagation towards the acoustic source and
reconstruct the normal velocity distributions. By means of the comparison, it can be assessed if the
method of ESM based NAH is capable of obtaining similar reconstruction accuracies with regard to
the benchmark.

The �ndings are of a particular interest with regard to future NAH utilisations, to evaluate if the
reconstructions can be performed by means of a fast and simple method that is not dependant on a
global coordinate frame and the geometry of the radiating source. In addition, the study can pro-
vide extra insights regarding the e�ects of processing the back propagation in spatial domain and
wavenumber domain.

The sub-goals that are associated with the main goal correspond to the implementation of the NAH
methods of interest. In order to apply Fourier based NAH for benchmark purposes, the challenges
regarding the processing of the acoustic data in wavenumber domain and occurrence of �nite aperture
e�ects are to be addressed. The implementation of ESM based NAH requires the evaluation of the
e�ects regarding the selection of the reconstruction settings. The settings are con�ned to the selection
of the number of equivalent sources and relative radial positioning with respect to the surface of the
cylindrical radiator.

1.3 Approach

The evaluation of the reconstruction performances is conducted by means of an experimental set-up
and numerical model, utilising the experimental and numerical data as input and as a reference for
the NAH methods of interest. The experimental set-up is constructed to gather input data that
is subjected to measurement noise and measurement error, in order to evaluate the reconstruction
methods under physical measurement conditions. The numerical dataset is utilised to obtain the
theoretical performance or 'ideal' accuracy, evaluating the NAH reconstructions in the absence of the
limits posed by the data acquisition equipment.

Dynamics & Control - TU/e 2
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The experimental set-up will consist of a freely suspended thin walled cylindrical shell, which will be
subjected to external (harmonic) exciting forces. The radiated sound pressure �eld in the exterior or
source free region is measured in an anechoic room by means of the planar Sorama CAM1K micro-
phone array. The retrieved sound pressure data is processed to the frequency domain and is utilised
as the input data for the NAH back propagation procedures. Laservibrometer measurements are con-
ducted to obtain the local normal velocity response of the vibrating cylinder, providing the reference
data which is required to evaluate the NAH reconstructions of the normal velocity distribution on
the surface of the radiator.

The COMSOL Multiphysics software package is utilised to construct a three-dimensional Finite El-
ement Method model, which poses similar purposes with respect to the experimental set-up. By
means of the Structural Mechanics Module and Acoustics Module, the steady state response of the
harmonically excited cylindrical shell and corresponding structure-�uid interaction with the acoustic
domain are modelled. In correspondence with the experimental set-up, similar conditions regarding
the geometry of the radiator, boundary conditions and measurement parameters are implemented in
the numerical model. Truncation of the acoustic domain is applied to simulate a source free region
of in�nite size. The sound pressure �eld and local normal velocity are computed to provide the input
data and reference data for the NAH methods. Additionally, the numerical model can be used to eas-
ily vary the measurement parameters (exemplo gratia the measurement distance and sensor density)
to study the e�ects without the time-consuming measurement process.

The research conducted in this thesis will consist of both the implementation of the numerical model
and the comparison between the NAH methods of interest. The numerical model will be validated
by means of the experimental set-up. Modal analysis will be performed to evaluate the structural
mechanics and a comparison in terms of the radiated sound �elds will be conducted to evaluate the
structure-�uid interaction. It must be noted that it is not within the scope of this thesis to obtain
great correspondence between the numerical model and experimental set-up, the validation is per-
formed to asses if the physics regarding the numerical model are plausible. With regard to the NAH
methods, the numerical data can be utilised to implement the methods and address the corresponding
challenges without experiencing the distortions associated with measurement noise. The experimental
data allows for the evaluation of the NAH performance in terms of the applicability in true "physical"
radiation problems. The comparison in terms of NAH performances will be conducted for various
frequencies and measuring distances, subjecting the methods to input data consisting of various wave
contents.

Dynamics & Control - TU/e 3
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2 Theory

This Chapter provides a brief introduction to the sound radiation resulting from radiating cylindrical
shells and presents the means to perform inverse acoustics utilising the NAH methods under consid-
eration. Per the NAH method of interest, the principles upon which the method is based is presented
and accompanied by a short discussion regarding the application in the inverse acoustics problem
involving �nite radiating cylinders. Additionally, the challenges involved in the implementation of
the NAH methods are presented in preparation of the research conducted in Chapter 4.

2.1 Sound radiation from circular cylindrical shells

Sound is the �uctuation of pressure around the equilibrium state, propagating through a medium
as a wave in both time and space. Considering an inviscid compressible �uid, the propagation of
disturbances governs the homogeneous wave equation. Introducing the cylindrical coordinate frame
(r,φ,z) and time t, the pressure �uctuation p can be described as

δ2p

δr2
+

1

r

δp

δr
+

1

r2
δ2p

δφ2
+
δ2p

δz2
=

1

c20

δ2p

δt2
, (2.1)

in which c0 represents the phase velocity of the propagating longitudinal acoustic wave. The prop-
agation medium of interest considered throughout this thesis is air which, under the assumption of
the ambient conditions of a temperature of 20 ◦ Celsius and atmospheric pressure of 105 Pascals,
typically presents a density ρ0 of 1.2 kg/m3 and phase velocity c0 of 343 m/s.

With regard to acoustic radiation, any structure presenting an oscillating displacement can be con-
sidered a source of sound. This displacement can be introduced by subjecting the structure to a
time-varying load, giving rise to the propagation of structural waves which are typically of compress-
ing and �exural nature. Assuming that the kinematic viscosity νk of the propagation medium of
interest under ambient conditions can be approximated by νk ≈ 1.5 · 10−5 m2/s , the e�ects regard-
ing shear stresses in the medium outside the viscous boundary layer are considered negligible. This
limits the structure-�uid energy transfer to the transversal direction. Consequently, the structural
wave phenomena of interest regarding the sound radiation are reduced to the propagation of �exural
waves comprising both shear waves and bending waves.

Con�ning the attention to thin walled circular cylindrical shells, the acoustic radiation is typically
dominated by the elastic deformation of the cross-sectional shape. In contrast to radiating rods or
vibrating plates, the overall propagation of structural vibrations is complicated due to the introduc-
tion of a curvature of �nite radius. The dependant variables of the radiating cylinder (for instance
stress, de�ections and other parameters describing the deformation) are dependant on all three co-
ordinates, giving rise to the coupling of the deformation in the transversal and in-plane directions.
Consequently, the �exural waves travelling along the longitudinal dimension are coupled to the waves
travelling in the azimuthal direction [4].

The closed envelope of the cylindrical shells provides continuity in terms of the radial deforma-
tions and corresponding slopes in the circumferential direction. This introduces spatial periodicity
in the azimuthal direction regarding both the structural vibrations and radiated sound �eld. If one
is to navigate around the circumference of the vibrating cylinder under steady state conditions, a
repetition in terms of surface and acoustic quantities is observed.

Dynamics & Control - TU/e 5
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The coupling of the �exural waves and occurrence of spatial periodicity in the azimuthal direction
induces helical shaped structural vibrations, in which the wave propagates in time in a spiralling
manner along the longitudinal axis of the cylinder. Introducing the radiating cylinder of radius rs,
acoustic wavelength λ, longitudinal structural wavelength λz and azimuthal structural wavelength
λφ, the helical shaped structural wave can be presented by Figure 2.1,

z
φ

r

r

λ

λ

z

φ

s

θ λ

Figure 2.1: Representation of the helical shaped structural wave, demonstrating the spiralling of the phase
front along the longitudinal axis of the cylinder of radius rs. The propagation is described in
terms of the structural wavelengths λz and λφ, utilising the decomposition of the corresponding
direction vectors to describe the angle of launch θ of the acoustic waves.

in which the propagation of the phase front is represented by the spiral and θ denotes the angle of
launch of the radiated acoustic wave.

The time-harmonic excitation of the cylindrical shell gives rise to the structural propagation of a
mixture of helical waves containing various various wavelengths. Due to the typical dispersive nature
of structural vibrations in solids, variations in the phase velocities can be observed. The bend-
ing waves propagate through the solid with a phase velocity of cz or cφ (conform the direction of
propagation) which is determined by the material and geometrical properties of the radiator. The
dispersive characteristics of the bending waves in solids give rise to a relation in terms of the phase
velocities and frequency of the vibration [6]. In contrast to the frequency dependence of the acoustic
wavelengths propagating through the inviscid �uid, this relation is non-linear which can initiate the
occurrence of both subsonic and supersonic structural waves. As a consequence, di�erent natures of
sound propagation are introduced and the e�ective radiation of the acoustic source into the far-�eld
is a�ected.

Directing the attention to the longitudinal structural waves with λz, the variation in e�ective ra-
diation can be explained by means of the coincidence e�ect. This states that, in the cases involving
λz larger than the acoustic wavelength λz > λ, e�ective radiation is obtained as the acoustic wave
is typically of a propagating nature. The angle of launch or trace angle θ is in the positive radial
direction and the energy of the supersonic wave is radiated into the far-�eld of the source. As λz → λ,
the trace angle θ → 0, reaching the point of coincidence. In theory, this point is associated with an
in�nite pressure or particle velocity radiated by a structure of in�nite length as the radiated sound
waves travel parallel to the structural vibrations on the radiating surface. Degradation of the e�ective
radiation takes place in the subsonic cases involving λz < λ, giving rise to the hydrodynamic short
circuiting of the emitted sound �eld. The adjacent regions in the vibrating structure cancel their
respective contributions in terms of the sound radiation, limiting the propagation of the acoustic
power into the far-�eld of the source. This is associated with the occurrence of evanescent acoustic
waves, which represent the inability regarding far-�eld radiation by means of an exponential decay
in space.

Dynamics & Control - TU/e 6
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Additional e�ects regarding the radiation and hydrodynamic short circuiting are observed with respect
to the circumferential waves with λφ. The propagation of circumferential sound waves is subjected to
radial divergence, which in contrast to the evanescence involving λz < λ, poses a limit with regard to
the short circuiting condition. Due to the spatial periodicity and continuity in azimuthal direction,
only 'n' integer cycles can be observed. This introduces a dependence in terms of λφ = 2πr

n with
respect to the increasing radius r of the wavefront. As the radial propagated distance increases, an
corresponding increase in λφ is obtained as well. The hydrodynamic short circuiting is limited by the
propagation distance, as for a su�cient distance λφ will become larger than λ. The radiated wave is
no longer evanescent and will continue the propagation into the far-�eld region [5].

2.2 Equivalent Source Method

The method of equivalent sources is based on the principle that the sound �eld emitted by a com-
plex radiator can be constructed by means of a simpli�ed model comprising of the superposition of
elementary sources. Introducing the arbitrary shaped radiator in Figure 2.2, the exterior radiation
problem can be divided into the surfaces describing the measurement plane, surface of the radiator
and the retracted virtual surface of equivalent sources Sv.

n

rh

ro

Measurement surface

S

Surface of radiator 

v

s

rs

Figure 2.2: Representation of the exterior radiation problem, presenting the measurements positions with
location vector rh on the measurement surface and equivalent monopole sources with vector ro
on the virtual surface Sv within the interior of the radiating source.

Utilising the continuum of elementary sources positioned on Sv, the sound pressure �eld in the
arbitrary point with position vector rh can be represented by Equation (2.2),

p(rh, ω) = iρ0ck

∫
Sv

q(ro)G(rh, ro)dSv(ro), (2.2)

in which q(ro) represents the complex amplitude of the elementary sources with location vectors
ro and G(rh, ro) represents the free space Green's function. As shown by G.H. Koopmann et al
(1984, [9]), the integral representation presented in Equation (2.2) is considered the equivalent of
the Helmholtz Integral Equation, providing the means to describe the sound �eld in the source free
region using the known surface quantities of the radiating source. Con�ning the attention regarding
the equivalent sources to monopoles, the wave propagation in free space from the equivalent source
with position vector ro to the arbitrary observer with position vector r can be described by means of
the Green's function presented in Equation (2.3)

G(r, ro) =
e−ik||r−ro||

4π ||r− ro| |
, (2.3)

in which the e−iωt sign convention is adopted. The sign convention is applied to all the time-harmonic
equations presented throughout this thesis.
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In practice, the integral representation is approximated by the discrete set of Mobs observers or
microphones on the measurement plane and Nsou equivalent sources positioned on the retreated
source plane Sv. Evaluating the discrete representation of the superposition of equivalent sources in
all Mobs positions with vector rh,m , the complete radiation problem can be reduced to the discrete
set of linear equations presented in Equation (2.4). In Equation (2.4)

Ph = iρ0c0kGhpQ, (2.4)

the vector Ph = [p(rh,1, ω), ..., p(rh,m, ω)]
T ∈ CMobs contains the sound pressure values with location

vectors rh,m. Ghp ∈ CMobs×Nsou is the complex transfer matrix containing the free space Green's
functions G(rh,m, r0,n) describing the propagation between the positions of the equivalent sources and
microphones with location vectors of respectively ro,n and rh,m. The vector Q = [qo,1, ..., qo,Nsou

]
T ∈

CNsou represents the complex amplitudes of the equivalent sources [10].

The inverse of the discrete set of linear equations presented in Equation (2.4) can be applied to
perform ESM based NAH, utilising measurements of the sound pressure �eld retrieved the measure-
ment plane to solve the inverse acoustics problem. With regard to Equation (2.4), Q is considered
unknown during the back propagation process and is to be computed in order to describe the con-
tributions of the equivalent sources with respect to the radiated sound �eld. Utilising Equation
(2.5)

Q =
1

iρ0c0k
G−1hpPh, (2.5)

Q is approximated by means of the inverse of Ghp describing the back propagation to plane Sv. The
derivation of the source contributions in Q allows for the reconstruction of the acoustic quantities
near the surface of the radiating source and any arbitrary plane between the radiator and the mea-
surement plane.

The reconstruction process of the acoustic quantity of interest involves the forward propagation from
Sv to the plane of interest, emphasizing the role of the retreated distance of equivalent sources with
respect to the surface of the radiator. The sound pressure vector Ps at the surface of the radiator
can be determined by means of Equation (2.6)

Ps = iρ0c0kGspQ. (2.6)

in which Gsp(rs,m, ro,n) ∈ CMobs×Nsou is applied to describe the propagation from the monopoles on
Sv to the reconstruction points with location vectors rs,m. With regard to the size of respectively
Ghp, Q and Gsp it must be noted that the number of reconstruction points equals the number of
observers on the measurement plane.

In order to visualize and asses the standing wave patterns resulting from the summation of structural
vibrations, the reconstruction in terms of the particle velocity is required. Utilising the linearised
Euler's equation un = − 1

iωρo
Op, the particle velocity un can be determined by means of the gradient

of the sound pressure distribution. Limiting the propagation in terms of the particle velocity to
the normal direction, the normal velocity distribution vector Uns can be determined by means of
Equation (2.7)

Uns = − 1

iρ0c0k
GsvQ, (2.7)

in which Gsv ∈ CMobs×Nsou is the complex transfer matrix describing the normal derivatives of matrix
Gsp, Gsv(rs, ro) =

δGsp(rs,ro)
δns

[10].
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Con�ning the shape of the radiator to a cylinder, the normal derivative of the Green's functions
reduces to the expression presented in Equation (2.8)

δGsp(rs,m, ro,n)

δns
=

δ

δr

(
e−ik||rs,m−ro,n||

4π ||rs,m − ro,n| |

)
· cos(θ) (2.8)

in which θ describes the angle between the normal vector ns and the vector through the points with
position vectors rs,m and ro,n in the cylindrical coordinate frame [11].

The application of ESM based NAH involves multiple challenges with respect to the approxima-
tion of Q and computation of the transfer matrices. Evaluation is required in order to obtain suitable
reconstruction settings. The superposition of elementary sources poses no limits with regard to the
allocation of the number and positions of the monopoles in the interior of the complex radiator and is,
as mentioned in Chapter 1, independent of the coordinate frame and geometry of the measurement
grid. This can enable one to a�ect the accuracy of reconstruction by means of the manipulation
of the source grid con�guration. The e�ects regarding the reconstruction are dependant on many
factors involving the geometry of the radiating source, measurement conditions and wave contents of
the radiated sound �eld. Assuming that the cylindrical sound pressure �eld is measured by means
of a cylindrical coinciding measurement plane, the source grid manipulation can be limited to the
number of equivalent sources and relative positioning of the cylindrical shaped Sv with respect to the
radiating surface.

Directing the attention to the number of sources, G.H Koopmann et al (1989, [9]) shows that the
accuracy of reconstruction improves over the increasing number of sources as the degree of discreti-
sation of the integral representation is reduced. This, however, comes with the limits regarding a
�xed number of measurement positions, as the increase of the number of monopoles initiates the
trade-o� in terms of the reconstruction resolution and blow-up of noise in the inverse solution. As
demonstrated by M.E.V. Pinho et al (2004, [8]) and E.F Grande et al (2017, [10]), the increase of Nsou
sources (relative to a �xed Mobs measurements) improves the reconstruction capabilities regarding
the representation of the spatial variations whilst simultaneously increasing the size of the inversion
problem. The increasing size of the inverse problem initiates ill-conditioning, leading to the increase
of the noise sensitivity of the inverse solution. In order to obtain suitable reconstruction accuracies,
the trade-o� in terms of the number of sources with respect to the ill-conditioning of the ill-posed
problem is required.

In addition to the selection regarding the number of monopoles, the retreat distance of Sv with
respect to the surface of the radiator is determining for the performances of the ESM based NAH
procedure. The retreat distance is essential to prevent singularities in the solution of the sound �eld
near the surface of the radiator. N.P Valdivia et al (2006, [12]) and M.R. Bai et al (2011, [13]) demon-
strate that the selection of the retreat distance Rret is dependant on many factors including Nsou, the
geometry of the radiator and measurement conditions (speci�cally measurement distance and lattice
spacing of the measurement grid). A trade-o� is presented in terms of preventing singularities in the
solution and the capabilities in terms of describing the spatial variations of the sound �eld under
consideration. This a�ects the reconstruction accuracy of the solution as the ill-conditioning of the
inverse problem is initiated by the increasing back propagation distance between the measurement
plane and source plane.

Besides the raised challenges involving the settings of the source grid, regularisation of the inverse
problem is an important topic as well. The inverse problem is typically ill-posed due to the presence
of the (rapid) decaying evanescent waves, the back propagation process involves the ampli�cation of
the evanescent waves and measurement noise. Regularisation of the inverse problem is particularly
interesting if the problem is severely ill-conditioned, which can be initiated by the reconstruction
settings. The ill-conditioning is accompanied by the blow-up of (measurement) noise in the inverse
solution. Regularization of the inverse problem involves the trade-o� in terms of discarding useful
higher resolution wave information and eliminating the noise contents of the sound �eld (including
non-distinguishable wave information).
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2.3 Fourier based Near-�eld Acoustical Holography

The Fourier based NAH method is considered fundamentally di�erent with respect to the method of
equivalent sources, applying two-dimensional Fourier transformations to process the spatial informa-
tion in wavenumber domain. Utilising the method of separation of variables, the sound pressure in
the arbitrary position (r, φ, z) in the exterior domain of the cylindrical radiator can be expressed by
the general solution of the Helmholtz Equation presented in Equation 2.9,

p(r, φ, z, ω) =

∞∑
n=−∞

einφ
1

2π

∫ ∞
−∞

An(kz, ω)eikzzHn(krr)dkz, (2.9)

in which An is an arbitrary constant. In order to satisfy the wave equation, kr is determined by the
product kr =

√
k2 − k2z [5]. In Equation (2.9), the spatial periodicity in φ is represented by means

of the �nite sum over n integer azimuthal cycles. Hn(krr) denotes the Hankel function of the �rst
kind and is constructed from the linear combination of the Bessel's Equations of the �rst and second
kind Hn(krr) = Jn(krr) + iYn(krr). The linear combination of the nth order oscillatory functions are
utlised to describe the typical radial diverging nature of the propagating cylindrical sound waves [5].

Introducing the two-dimensional Fourier transformations (further denoted 2D-FFT) consisting of
respectively a Fourier series and Fourier Transform, the spatial aperture data is decomposed in the
longitudinal wavenumbers kz and n integer azimuthal cycles. The helical wave spectrum Pn(r, kz) is
obtained by means of Equation (2.10).

Pn(r, kz) =
1

2π

∫ 2π

0

dφ

∫ ∞
∞

p(r, φ, z)e−inφe−ikzzdz (2.10)

Utilising Equations (2.9) and (2.10), the forward propagation of the sound pressure �eld for every
cylindrical hologram of radius rs →∞ can be computed by means of the measured surface quantities
of the radiator. E.G. Williams et al (1999, [5]) shows that the forward propagation can be described
in terms of the relationship between the helical wave spectra of two coinciding cylindrical planes with
di�erent radii. Utilising the helical wave spectrum obtained at the surface of the cylinder of rs, the
ratio of Hankel functions presented in Equation (2.11)

Pn(r, kz) =
Hn(krr)

Hn(krrs)
Pn(rs, kz) (2.11)

can be applied to describe the relationship in the helical wave spectra conform to the planes with
rs and the arbitrary r > rs. The ratio in Hankel functions is denoted the radial propagator and
describes the outward radial divergence of the cylindrical sound waves in terms of both amplitude
and phase.

Remark 2.1 The application of the helical wave spectrum allows for the decomposition of the ra-
diated sound �eld in terms of propagating and evanescent waves. With regard to the discussion
of evanescent waves in Section 2.1, the radial propagator presented in Equation (2.11) can used to
provide a mathematical representation of the radial diverging and decaying behaviour.

The subsonic longitudinal waves with λz < λ correspond to the wavenumbers kz > k, resulting
in an pure imaginary kr =

√
k2 − k2z as the wave components are located outside the radiation circle.

By subjecting the Hankel functions to imaginary arguments, the ratio depicted in Equation (2.11) is
replaced by the ratio in modi�ed Bessel Equations presented in Equation (2.12)

Kn(k′rr)

Kn(k′rrs)
≈
√
rs
r
e−k

′
r(r−rs), (2.12)

in which k′r =
√
k2z − k2. Under the assumption of a large argument it can be demonstrated that the

ratio approximates a exponential decaying (and radial diverging) wave. The normal velocity is typi-
cally in phase quadrature with the sound pressure, preventing the energy radiation into the far-�eld
of the source [5].
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The decaying nature regarding λφ < λ can not be represented in terms of the imaginary wavenum-
bers kr. However, E.G. Williams demonstrates that, by means of a �xed argument of the Hankel
functions and an asymptotic expansion in n→∞, the ratio in Hankel function reduces to the power
law expression presented in Equation (2.13)

Pn(r, 0) ≈
(rs
r

)n
Pn(rs, 0), (2.13)

in which kz is set to zero for the demonstration purposes. In contrast to the exponential decaying
longitudinal waves, the power law decay is accompanied by a slight radiation of acoustic energy in
to the far-�eld. In correspondence with Section 2.1, the short circuiting is limited due to the radial
divergence and Equation (2.13) holds for the condition 2πr

λ < n, [5].

The relationship presented in Equation (2.11) provides the foundation of Fourier based NAH, in
which the inverse product can be utilised to solve the inverse acoustics problem. Utilising the helical
wave spectrum retrieved at the measurement plane with radius rh > rs, the back propagation can
be computed to the surface rs and any arbitrary plane of radius rs < r < rh. The sound pressure
�eld is back propagated both in terms of amplitude and phase and can be obtained per frequency of
interest by means of the two-dimensional Inverse Fourier transformations (further denoted 2D-IFFT)
presented in Equation (2.14).

p(rs, φ, z) =

∞∑
n=−∞

einφ
1

2π

∫ ∞
−∞

Pn(rh, kz)
Hn(krrs)

Hn(krrh)
eikzzdkz (2.14)

The mathematical operations regarding the process of 2D-FFT, back propagation and 2D-IFFT
utilised to reconstruct the sound pressure �eld on the surface of the cylindrical radiator can be
summarized by means of Equation (2.15)

p(rs, φ, z) = F−1z F−1φ

{
Hn(krrs)

Hn(krrh)
FzFφ[p(rh, φ, z)]

}
, (2.15)

in which Fφ and Fz (and corresponding inverses) denote respectively the Fourier transformations
(and inverse) of the 2-D aperture in φ-dimension and z-dimension.

In correspondence with Section 2.2, one is interested in the reconstruction of the normal velocity
distribution on the radiating surface by means of the measured sound pressure �eld. Conform the
representation in terms of Fφ and Fz in Equation (2.15), the normal velocity un in (rs, φ, z) is
obtained by means of Equation (2.16)

un(rs, φ, z) = F−1z F−1φ

{
−ikr
ρ0c0k

H ′n(krrs)

Hn(krrh)
FzFφ[p(rh, φ, z)]

}
, (2.16)

in which the ratio −ikrρ0ck
H′n(krrs)
Hn(krrh)

is denoted as the pressure-to-normal velocity inverse propagator [5].
In Equation (2.16), H ′n describes the derivative of the Hankel function with respect to the argument
krr and can be computed by means of Equation (2.17) , [14].

H ′n(krr) =
δHn(krr)

δkrr
=
nHn(krr)

krr
−Hn+1(krr) (2.17)
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The application of Fourier based NAH poses several challenges with regard to the reconstructions
of the structural vibrations in �nite structures and back propagation in wavenumber domain. The
standing wave patterns of the �nite cylinder are decomposed into the combination of in�nite helical
waves by means of 2D-FFT, which can violate the assumptions regarding continuity and periodicity
of the signal. This primarily concerns the cases involving measurement apertures which are smaller
than the size of the radiator, presenting discontinuities at the borders of the aperture. This implies
the presence of non-�tting periodic signals which are in con�ict with the assumptions of the Fourier
Transform. Consequently, spectral leakage of the wavenumber contents to neighbouring wavenum-
bers is introduced during the (discrete) 2-D Fourier Transform sampling. The wavenumber spectrum
representation of the spatial data is a�ected, resulting in the (signi�cant) distortion of the recon-
structions obtained by the Fourier based NAH procedure.

With regard to the application in Cylindrical NAH, the aforementioned �nite aperture e�ects re-
main limited to the longitudinal direction. As discussed in Section 2.1, the aperture in azimuthal
direction is typically spatially periodic and continuous as the result of the closed envelope. This is
represented by the sum of n integer cycles in Equation (2.14). In contrast to the continuum of waves
in the z-dimension, the �nite sum can be perfectly described by the (discrete) Fourier series [5], [4].
In order to obtain suitable reconstruction accuracies, the �nite aperture e�ects in the longitudinal
direction are to be addressed. Corresponding to the works of E. Moers (2016, [6]) and R. Scholte
(2009, [15]), aperture extrapolation and spatial windowing can be utilised to reduce the e�ects re-
garding signal leakage and to avoid the signal loss of the original aperture data which is associated
with the procedure of spatial windowing.

In correspondence with the application of ESM based NAH, the use of Fourier based NAH is char-
acterised by the ill-conditioning of the problem due to the implementation of evanescent waves. The
use of the inverse propagator entails the ampli�cation of the amplitude of the evanescent wavenumber
domain. The domain consists of both useful and higher resolution evanescent wave information and
measurement noise, which can give rise to the blow-up of noise in the solution. Regularization of the
wavenumbers can be utilised to reduce the blow-up of noise in the inverse solution and associated
distortion of the reconstructions. This involves the trade-o� in terms of discarding higher resolution
spatial information and removal of measurement noise [16].
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3 Experimental set-up and numerical model

In order to perform the assessment regarding the performances of the NAH methods of interest, both
an experimental set-up and numerical model are realised to obtain the required data. This chapter
is separated into two parts, of which the �rst part discusses the requirements, considerations and
derivation of the experimental set-up and numerical model. The second part highlights the means
to gather, process and evaluate the experimental and numerical data. A comparison of the results is
provided by means of modal analysis and assessment of the radiated sound pressure �elds.

3.1 Experimental set-up

The experimental set-up is constructed in an anechoic room to retrieve the data required to evaluate
the application of the NAH methods under physical circumstances, subjecting the reconstruction
processes to both measurement errors and measurement noise.

The radiated sound pressure �eld data of the cylindrical acoustic source will be obtained by means
of the Sorama CAM1K microphone array. In addition, laser interferometry will be utilised to obtain
the local normal velocity of the vibrating cylinder This provides the reference data for evaluation
purposes regarding the response dynamics and accuracy of the NAH reconstructions. The source
object under consideration is a galvanized steel cylindrical ventilation shaft with the approximate
dimensions of; length Lcyl of 1004 mm, radius Rcyl of 200 mm and wall thickness dcyl of 1 mm.

To accommodate for both the acoustic source object and the measurement equipment, the following
requirements and considerations are taken into account to obtain a suitable set-up:

� Provide free-free support conditions of source object, adjustable in horizontal and vertical po-
sition.

� Aim for a high structural sti�ness to reduce the distortion of the vibration of the cylinder due
to the propagation of structural vibrations.

� Implement damping elements to avoid the propagation of structural vibrations towards the
microphone array.

� Strive for a open structure, reducing the re�ective surface area near the source object and allow
for the free allocation of the measurement equipment.

� Capable of providing a �xed position of CAM1K array, adjustable in position relative to the
acoustic source.

� Strive for a minimal re�ective surface area near the microphone array.

� Provide a controlled variation in measurement distance.
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The resulting design of the experimental set-up is presented in Figure 3.1,

1
9
0
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y

z

11901890

φ

Adjustable suspension

                 point

Cylindrical shell

Laservibrometer

Figure 3.1: Tri-metric view of the experimental set-up, presenting the main frame with the source object
suspension, adjustable CAM1K microphone array support and a demonstration of the laservi-
brometer measurement positions.

providing a tri-metric view of the main frame integrating both the source object suspension and
adjustable CAM1K microphone array support. With the overall dimensions of 1890 by 1190 by 1900
mm the source object is suspended at a suitable height of approximately 1250 mm (with respect to
the centerline), depreciating the re�ections from the concrete �oor. In order to further reduce the
re�ections, the concrete �oor is provided with acoustic insulating foam. In Figure 3.1, the presented
directions of the laservibrometer measurements are preselected to retrieve the required normal veloc-
ity data.

The main frame is constructed from 45-by-45 mm aluminium extrusion pro�le, obtaining a trade-o�
in availability of materials and structural sti�ness. Additional cross members are introduced in the
XZ, XY and YZ planes to increase the bending sti�ness and torsional sti�ness over respectively the
x- and y-axis. The torsional sti�ness over the z-axis is suppressed to introduce an internal degree
of freedom, removing the backlash in the supportive feet resulting from overconstraining the con-
struction. To account for any remaining unevenness in the concrete �oor, both the main frame and
laservibrometer frames are provided with levelling feet and butyl rubber damping rings.

The free-free supports of the thin walled cylinder are realised by suspending the source object in
butyl rubber elastic bands. Prior to the assembly of the experimental set-up, the butyl rubber is pre-
streteched to diminish the occurrence of visco-elastic e�ects. With an experimentally approximated
linear sti�ness of 200 N/m per individual rubber elastic band, the total suspension is considered
of negligible e�ect with respect to the dynamic behaviour of the source object. By minimizing the
contact area between the suspension and source object a (very) lightly damped structure is obtained.
This will bene�t the overall simplicity of the numerical model and the experimental retrieval of the
free vibration data at lower frequencies. The application of the elastic suspension introduces rigid
body modes of non-zero frequencies which can be disruptive during the measurements.
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In order to avoid con�ict with both the �rst �exural modes of the vibrating source object and accu-
racy of the measurements, it is of great interest to obtain a trade-o� in the frequency and amplitude
of the rigid body modes [17]. This is realised by adjusting the suspension points of the main frame,
allowing for the decomposition of the spring sti�ness into the horizontal and vertical components.

Figure 3.2 presents the CAM1K microphone array frame which is constructed to accurately posi-
tion the microphone array relative to the source object.

576

645

1100

695

CAM1K array

x

y

zφ

Figure 3.2: Tri-metric view of the CAM1K frame construction, introduced to support the CAM1K micro-
phone array and provide the relative positioning with respect to the source object of interest.

The CAM1K frame is produced from aluminium sheet material, obtaining the desirable structural
sti�ness with a minimum re�ective surface area. This is of great interest with regard to the acoustic
measurements, minimizing the disturbing re�ections in close proximity of the sensor array.

The CAM1K microphone array is oriented "row-wise" with respect to the longitudinal direction
of the cylindrical source object. This is favorable regarding the Fourier based NAH reconstructions,
obtaining greater controllability of the parallelism between measurement plane and source plane (by
means of the tilt over x-axis). Due to the omni-directionality of the individual MEMS microphones
comprising the microphone array, slight deviations in the tilt angle over z-axis are of a lesser con-
cern [18].

The applicability of the supporting frame in terms of providing the relative positioning is demon-
strated in Figure 3.3, presenting a part of the total measurement set-up and directions of motion of
the CAM1K microphone array.

Adjustment plate Column main frame

x

y

z
φ

Figure 3.3: Tri-metric view of the CAM1K supporting frame and part of the main frame, representing the
directions of translations and rotations required for the measurements.
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In Figure 3.3, a coarse continuous stroke in y-direction is obtained by means of repositioning the
extrusion pro�le along the columns of the main frame. This allows one to control the tilt angle
over the z-axis. The adjustment plate provides the translation along the z-axis, tilt over x-axis and
discrete positioning of the CAM1K array along y-axis. The discrete positioning (with a total stroke
of 30 mm and stepsize of 5 mm) is considered bene�cial with respect to experiments with varying
measurement distances. By prescribing the coarse position of the array prior to the experiments, the
discrete y-position remains the singular variable of interest. Consequently, a greater agreement in
between measurements with varying measurement distances can be realised.

Rubber padding is applied at the contact interfaces of the separate parts comprising the experi-
mental set-up to further reduce the propagation of (remaining) structural vibrations. Bolt holes and
slot holes are systematically placed to avoid signi�cantly overconstraining the structure and to re-
move tight production tolerances. In addition, end stops in the adjustment plate are implemented as
a safety precaution to prevent damaging the CAM1K microphone array circuitry.
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3.2 Numerical model

The numerical model is introduced to compute the measurement noise free sound pressure �eld under
variable sensor density and measurement conditions, allowing for the evaluation of the "ideal" accu-
racy of the NAH reconstructions. The numerical model is derived within the COMSOL Multiphysics
software package, utilizing the Structural Mechanics and Acoustics Module to describe the sound
pressure �uctuations resulting from transversal motions occurring in the source object. Separating
the multiphysics model into the structural dynamics and acoustics domain the three regions in Figure
3.4 can be presented, in which both the region of truncation and acoustics constitute the acoustic
domain.

y

z x

y

zx

R air

dtrunc

Truncation region

Acoustic region

Structural region

φ

Figure 3.4: Schematic representation of the numerical multiphysics model in terms of the cross-sectional
views over the XY and YZ plane. The numerical model can be divided into the three regions
regarding structural mechanics, acoustics and truncation.

The following assumptions are contemplated to reduce the complexity of the numerical model.

Assumption 3.1 Both the structure and �uid domain are governed by linear equations, con�ning
the numerical problem to small elastic deformations. The oscillatory acoustic pressure in the acoustic
domain is considered negligible compared to the hydrodynamic pressure [4].

Assumption 3.2 The structure and �uid domain are homogeneous, precluding refraction and vol-
ume reverberation in the acoustic medium. [4].

Assumption 3.3 The acoustic medium is considered inviscid (kinematic viscosity of air νk = 1.5 ·
10−5 m2/s), neglecting viscosity (shear) e�ects of the �uid domain at the structure-�uid interface.
The transfer of loads between the structure and acoustic medium remains limited to the direction
normal to the source object [4], [6].

Assumption 3.4 Due to the occurrence of thin shell deformation, the displacement of the shell
surface can be limited to the normal direction. Applying Kirchho�'s Hypothesis, it can be stated
that the transversal strain and shear occurring in the shell are negligible [4], [6].

Assumption 3.5 The excitation behaviour is considered harmonically steady state, neglecting initial
transient behaviour occurring in the structural and acoustic domains.

Frequency domain studies are conducted to obtain the steady state structural and acoustic response at
certain frequencies of interest in the range of f ∈ [0, 400] Hz . The modelling of the regions presented
in Figure 3.4 will be discussed in the following subsections, emphasizing on the considerations and
choices involved.
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3.2.1 Structural mechanics

The Structural Mechanics Module is utilized to model the steady state response of the thin walled
cylindrical shell subjected to an external harmonic exciting force. Following assumption 3.1 and as-
suming time-invariance, the steady state response is determined by solving the linearized Langrangian
equation of motion in frequency domain presented in Equation (3.1)(

−Mω2 + K
)
q̂ = Q̂, (3.1)

in which M ∈ RN×N and K ∈ RN×N represents the mass matrix and sti�ness matrix, and q̂ and Q̂
represent the amplitudes of the response and excitation force, respectively.

The acoustic source considered in Section 3.1 is represented by a circular cylindrical shell with dimen-
sions: length Lcyl,num of 1000 mm, outer radius Rcyl,num of 200 mm and wall thickness dcyl,num of 1
mm. Assuming that the acoustic source is produced from mild (galvanized) steel the following mate-
rial properties are assigned: density ρ of 7850 kg/m3, Young's modulus E of 200 GPa and Poisson's
ratio ν of 0.33 [-]. Subsequent to Assumptions 3.4 and 3.1 it is advised to model the cylindrical shell
as a three dimensional surface, representing the transversal direction by means of a mathematical
model [19]. Modelling the cylindrical shell as a solid is discouraged, as this will give rise to a blow-up
in the required number of degrees of freedom and instability in the solution.

In order to attenuate the deformation of the cylindrical shell near the resonance frequencies, struc-
tural damping is incorporated to model the losses within the material. This is required to prevent
the blow-up in the solution of the shell deformation, giving rise to unstable and non-linear solutions
in the acoustic domain. The structural damping is introduced to represent the hysteric losses in the
structure subjected to a cyclic external force, modelling the energy dissipation as a function of the
internal friction. By introducing a phase lag in the stress and strain of the material (equivalent of
the surface area in the hysteric cycle), frequency independent energy dissipation proportional to the
amplitude of excitation is obtained [20]. The implementation of the frequency independent structural
losses is preferred over the Rayleigh viscous damping model, as the frequency dependent Rayleigh
model does not represent a physical model of damping. The Rayleigh model is generally di�cult to
implement and is, with regard to the frequency dependence and in contrast to the hysteric damping
model, not in agreement with the experimental �ndings presented in the literature [20], [21].

Con�ning the excitation to a sinusoidal response, the Structural Mechanics Module implements the
structural damping in terms of a complex sti�ness. Introducing the isotropic structural factor ηs
[-], the sti�ness matrix becomes complex in the form K(1 + jηs). Consequently, the matrices q̂ and
Q̂ presented in Equation (3.1) will represent complex amplitudes. In COMSOL, the structural loss
factor is de�ned by Equation (3.2)

ηs =
1

2π

(
Qh
Wh

)
, (3.2)

as the ratio of energy dissipation per cycle Qh over the maximum potential energy per cycle Wh,
approximating twice the damping ratio ηs ≈ 2ξ (ξ � 1) near the resonance frequencies [19]. A value
of ηs = 0.01 is selected to represent the structural damping in the lightly damped linear system,
compensating for the increased sti�ness in the experimental case. This topic will be further discussed
in the experimental numerical modal analysis performed in Section 3.3.

In order to constrain the cylindrical shell in free space and obtain correspondence with the free-
free suspension introduced in Section 3.1, virtual linear springs are utilised to suppress the rigid body
modes. The suspension of the experimental set-up is numerically represented by the set of virtual
springs presented in Figure 3.5, assigning a spring sti�ness kv of 200 N/m in each point of suspension
in respectively the x-, y- and z-direction.
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Figure 3.5: Schematic overview of the numerical model, representing the elastic suspension as collections of
virtual linear springs acting on the individual points of suspension. The plane of symmetry is
de�ned along the YZ plane of the coordinate frame.

The virtual springs are incorporated in the numerical model as an isotropic sti�ness matrix with
elements kv. By applying the springs to boundary surfaces representing a �nite contact surface, sin-
gularity in the solution (hence in�nite stresses in the element nodes) is avoided.

Evaluating Figure 3.5, plane symmetry along the longitudinal axis can be assigned to signi�cantly
reduce the computational e�orts. Assuming that the circumferential position of the excitation is
typically determining for the orientation of the azimuthal modes, the location of excitation (in the
direction normal to the surface) can be limited to the YZ plane. Resulting, plane symmetry can be
assigned along the longitudinal axis cross-sectioning the point of excitation.

Discretisation of the surface model is provided by triangular elements of the Mindlin-Reissner type,
applying second order shape functions to properly describe the bending behaviour. This aids in the
prevention of shear-locking, providing the proper element interpolation required to avoid the intro-
duction of arti�cial shear stresses resulting from the under determination of the element strains [22].

Remark 3.1 The Mindlin-Reissner type shell elements used in COMSOL account for the transverse
shear deformation, such that both thick walled and thin shells can be modelled. This is conform the
Mindlin and Kircho� shell hypothesis, respectively, which may seem in contradiction to Assumption
3.4. However, it is shown that the transverse shear remains negligible [23].

Global mesh settings are derived by means of mesh convergence, studying the convergence in the
solution of the eigenfrequencies over the increasing number of degrees of freedom. Introducing the
element size divider hd [-], the number of degrees of freedom ndofs is varied by performing a para-
metric sweep over the minimum global element size smin = 0.2

(2hd) m. The convergence in both the
number of degrees of freedom and solution of the eigenfrequency analysis is evaluated for the highest
eigenfrequency of interest in the range of f ∈ [0, 400] Hz.
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Presenting the evaluation in Figures 3.6 and 3.7, convergence in the solutions is obtained at a element
size divider value of hd = 3.5. With a total of 2.8 · 104 degrees of freedom, numerical sti�ening of the
discretised model is minimised whilst obtaining a desirable trade-o� in the computational e�orts and
accuracy of the solution.
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Figure 3.6: Convergence in the number of de-
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element size divider hd, correspond-
ing to mode m = 2, n = 5 .

Local mesh re�nement is applied at the edges of the boundaries of the constraints and excitation force,
utilizing edge elements to improve the aspect ratio and element quality at a local level. The maximum
element growth is set to 1.30 [-] to limit the di�erence in size of adjacent elements. Applying the
settings derived in Table 3.1 the overall mesh statistics presented in Table 3.2 are obtained, in which
the minimum element quality is related to the mesh discretisation around the boundary condition
surface areas of limited �nite size.

Table 3.1: Global mesh settings of the shell
boundary surface.

Maximum element size 0.20 m
Minimum element size 0.03 m
Maximum element growth rate 1.30 [-]
Curvature factor 0.10 [-]

Table 3.2: Achieved mesh statistics of the
shell boundary surface.

Number of triangular elements 2246
Number of edge elements 218
Minimum element quality 0.61 [-]
Average element quality 0.98 [-]

3.2.2 Sound radiation

The Acoustics Module is applied to model the structure-�uid interaction, obtaining the radiated
sound pressure �eld resulting from the transversal motions occurring in the vibrating cylindrical shell.

Following Assumptions 3.1 and 3.5, the Pressure Acoustics Interface is utilised to describe the free
space wave propagation by means of the solution to the (inhomogeneous) Helmholtz equation in fre-
quency domain. Introducing the acoustic potential ψ(r, ω) , the Helmholtz equation can be expressed
by Equation (3.3) [

O2 + k2(r)
]
ψ(r, ω) = f(r, ω), (3.3)

in which f(r, ω) represents the vibrating shell as the acoustic source [24]. This is limited to the
solution in the near-�eld region of the acoustic source. Regarding the solution of the radiated sound
�eld in the far-�eld, Assumptions 3.2 and 3.4 are applied to obtain the acoustic pressure �eld by
means of the Helmholtz-Kirchho� Integral Equation.
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Utilising both the Neumann and Dirichlet conditions in terms of the sound pressure and normal
derivative perpendicular to the surface of the source S, the Helmholtz-Kirchho� Integral presented
in Equation 3.4

p(r) =

∫
S

(G(rs, r)Op(rs)−G(rs, r)p(rs)) · n dS, (3.4)

expresses the solution at any arbitrary point p(r) outside the closed radiating source [25].

The acoustic region is modelled as a sphere with a radius Rair of 0.5 m with respect to the cen-
ter of the cylindrical shell. Although this is signi�cantly larger than the area of interest, this is
considered bene�cial with respect to the natural attenuation of non-physical re�ections occurring
at the outer boundaries. In addition, the spherically shaped domain provides a smooth continuous
interface for the truncation region. Assuming ambient conditions and a temperature of 20 ◦ Celsius,
a density ρ of 1.2 kg/m3 and phase velocity c0 of 343 m/s are assigned.

Discretisation of the acoustic domain (excluding PML's) is provided by means of second order tetrahe-
dral elements. In order to properly resolve the wavelengths a minimum of 6 second order elements are
required in the direction of travel. Con�ning the wavelengths of interest to the range λ ∈ [0.86,∞]m
(corresponding to the frequency range f ∈ [0, 400] Hz under the ambient conditions) a maximum
element size of 0.142 m is obtained. The resulting COMSOL mesh settings and corresponding statis-
tics are presented in Tables 3.3 and 3.4, in which the curvature factor and element growth rate are
utilised to provide continuity in the meshes at the shell-acoustic interface.

Table 3.3: COMSOL mesh settings of the
acoustic region.

Maximum element size 0.14 m
Minimum element size 0.09 m
Maximum element growth rate 1.30 [-]
Curvature factor 0.10 [-]

Table 3.4: COMSOL mesh statistics of the dis-
cretised acoustic region.

Number of tetrahedral elements 87643
Minimum element quality 0.20 [-]
Average element quality 0.75 [-]

3.2.3 Truncation of the computational domain

Regarding (acoustic) wave equation problems, truncation of the computational model plays an im-
portant role in managing the region of interest. Whereas some problems are truncated by nature or
present a signi�cant decay in the solution, this is typically not the case in free space wave equation
problems. In order to avoid spurious re�ections at the outer boundaries of the model and, conse-
quently, a�ecting the region of interest, attenuation of the outgoing waves is essential.

Subsequent to Assumption 3.1 and performing the computation in frequency domain, Perfectly
Matched Layers (further denoted PML's) can be utilised to mimic an open and non-re�ecting in�nite
domain, providing both the truncation and elimination of outgoing waves [25]. By imposing a coor-
dinate transformation of the virtual domain into the complex plane, decaying terms are introduced
to the wave propagation. This is considered bene�cial in contrast to absorbing boundary conditions.
The boundary conditions are, due to a lack in accuracy and mismatch in material properties with
the acoustic domain, incapable of fully attenuating outgoing waves [26].
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According the COMSOL Reference Manual [27], coordinate stretching is realised by scaling the coordi-
nate vector x over the PML layer as a function of the dimensionless coordinate ξ ∈ [0, 1]. Introducing
the unit vector nξ and stretching function f(ξ), the scaled coordinate vector x′ is obtained with
Equation (3.5)

x′ = x0 + nξf(ξ), (3.5)

in which x0 represents the unscaled coordinate vector x projected onto the acoustics-PML interface.
Con�ning the attention regarding f(ξ) to the polynomial stretching function, the scaling of nξ is
described by Equation (3.6)

fp(ξ) = spml λ ξ pcurve(i− 1), (3.6)

as the function of the scaling factor spml [-], curvature parameter pcurve [-] and acoustic wavelength
λ. The polynomial stretching function can be applied for radiation problems consisting of a mix of
di�erent wave types, using the dimensionless coordinate ξ presented in Equation 3.7

ξ =
nξ · x− x0

dtrunc
, (3.7)

to relate the scaling to the geometric thickness dtrunc of the PML region [27].

The PML is modelled as a layer of thickness dtrunc of 0.5 m enclosing the acoustic domain, and
is set to "cylindrical" to describe the coordinate stretching in radial, longitudinal and both radial and
longitudinal direction. Discretisation of the PML region is provided by a swept mesh of prism elements
to ensure a proper transition at the acoustic-PML interface and avoid a poor overall element quality.
A minimum of 8 elements in radial direction is advised in order to properly resolve the wavelength
of interest and describe the polynomial stretching [27]. Con�ning the frequency range of interest to
f ∈ [0, 400] Hz, the global mesh settings presented in Table 3.5 are obtained. The maximum and
minimum element size results in a total of 9 prism elements in direction of the thickness.

Table 3.5: COMSOL user de�ned mesh settings of the PML region

Maximum element size 0.06 m
Minimum element size 0.04 m
Maximum element growth rate 1.30 [-]
Curvature factor 0.10 [-]

Regarding the �nite dimensions of the PML region, the level of wave attenuation can be varied by
scaling the e�ective thickness. In the case of a proper mesh solution, the scaling enables one to tune the
PML performance without being required to model a substantial domain volume. This is particularly
useful in the case of large angles of incidence, as this compensates for the longer wavelengths that are
observed by the PML. The e�ective thickness is evaluated by varying the scaling factor in the range
spml ∈ [1, 12] and observing the attenuation in PML region and occurrence of possible artefacts in
the near-�eld of the acoustic source.
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The PML performance is assessed by evaluating the convergence in the Sound Pressure Level and
acoustic pressure for a varying spml ∈ [1, 12] in the radial direction for the highest resonance frequency
of interest of 395.2 Hz. Figure 3.8 illustrates the solutions as a function of the radial distance travelled,
representing the Sound Pressure Level on the left hand side and acoustic pressure on the right hand
side. The radial direction is de�ned as the vector starting from the cartesian coordinates (x,y,z) =
(Rcyl,num, 0, 0.75 Lcyl,num), travelling in the positive x-direction towards the outer boundary of the
numerical model.
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Figure 3.8: Sound Pressure Level (left) and acoustic pressure (right) as a function of the radial distance
travelled. Evaluated at 395.2 Hz for a varying spml ∈ [1, 12]. The direction of travel is de�ned by
the vector in the positive x-direction, starting in the point (x,y,z) = (Rcyl,num, 0, 0.75 Lcyl,num).

Con�ning the attention to the attenuation in terms of the Sound Pressure Level in Figure 3.8, an
optimum is obtained at the scaling factor spml of 8. The occurrence of an optimum is in correspon-
dence with the expectations as a poor spml corresponds to underdamping and high spml corresponds
to overdamping, both initiating re�ections at the outer boundaries of the PML domain. This e�ect
is demonstrated in Appendix A.1, in which the Sound Pressure Levels are evaluated in both the XY
and YZ plane for respectively the factors spml of 4 and 12.
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In addition to the evaluation of the sound pressure in radial direction, the sound pressure is evaluated
in the near-�eld of the source in respectively the longitudinal and azimuthal direction. This is
presented in Figure 3.9, in which the longitudinal direction is evaluated on the left hand side and the
azimuthal direction is evaluated in the right hand side. Utilising a stand-o� distance of 50 mm, the
sound pressure along longitudinal dimension is evaluated along the vector between the coordinates
(x,y,z) = (Rcyl,num + 50, 0, 0) and (Rcyl,num + 50, 0, Lcyl,num). Subsequently, the evaluation along
circumferential dimension is performed at the radius of 250 mm (Rcyl,num + 50) with longitudinal
coordinate z of 0.75 Lcyl,num. Evaluating the sound pressure in all respective directions of interest,
a trade-o� in terms of the computational e�orts and minimization of spurious re�ections is obtained
at the factor spml of 8.
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Figure 3.9: Sound pressure for a varying spml ∈ [1, 12], evaluated at 395.2 Hz in longitudinal (left) and
azimuthal (right) direction. Sub-�gure (a) is evaluated in the longitudinal direction, starting in
the coordinates (x,y) = (Rcyl,num + 50, 0). Sub-�gure (b) is evaluated along the circumference
at the stando� distance of 50 mm and longitudinal coordinate 0.75 Lcyl,num.

The occurrence of remaining re�ections is introduced by the discretisation of the acoustic wave equa-
tion in the PML region and occurrence of the large range in incidence angles at the acoustic-PML
interface [27]. Although the acoustic domain (constituting both the acoustic region and PML region)
is modelled as a sphere to obtain a continuous and smooth transition, this comes at the cost of large
angles of incidence between the outgoing waves at the acoustic-PML interface and the direction of
coordinate stretching within the PML domain.

This e�ect is demonstrated by evaluating the PML domain in terms of Sound Pressure Levels in
the XY and ZY plane of the numerical model. Presenting Figure with the XY and YZ plane on
respectively the left and right hand side, it can be concluded that the PML is capable of attenuating
radial outgoing waves, providing up to 100 dB attenuation from the acoustic-PML interface to the
outer PML boundary. In the YZ plane presented in Figure 3.10 the e�ects of cylindrical coordinate
stretching within the spherically shaped domain is evident, providing an overall poorer attenuation
of outgoing waves.
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Figure 3.10: Sound Pressure Level over the XY plane (left) and YZ plane (right) of the numerical model,
evaluated at the resonance frequency of 395.2 Hz and spml of 8. The XY plane is obtained at
z = 0.75Lcyl,num and the YZ plane is in correspondence with the plane of symmetry.

One must note that the PML mesh and PML performance settings are derived for the highest fre-
quency of interest. Utilising the derived settings for lower frequencies of interest yields improved
attenuation capabilities. The discretisation of the wavelength in PML domain is improved, and
smaller angles of incidence are occurring due to the lower longitudinal modes (more speci�cally lon-
gitudinal mode m=0). This is demonstrated in Appendix A.2 for the resonance frequency of 144.6
Hz, which corresponds to the Rayleigh mode of m = 0, n = 5. The Sound Pressure Level attenuation
in PML domain remains optimal at the scaling factor 8, however, it is indicated that the occurrence
of spurious re�ections remains minimal despite the scaling factor. This is in correspondence with the
expectations as the angle of incidence remains close to normal, not requiring additional scaling to
increase the e�ective thickness of the layer.

Evaluating the �ndings regarding the frequencies of 144.6 Hz and 395.2 Hz it is suggested that it is
bene�cial to model the acoustic domain as a cylinder. Although this requires three connecting PML
regions (respectively surrounding the cylinder and positioned at both ends) it is expected to improve
the occurrence of spurious re�ections. The cylindrical domain will be more conform the cylindrical
coordinate stretching utilised in the model, and it is expected that smaller angles of incidence will
occur at the acoustic-PML interface.
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3.3 Experimental-numerical modal analysis

Experimental and numerical modal analysis is performed to evaluate the correspondence in the steady
state behaviour of the experimental set-up and numerical model. A qualitative analysis of the struc-
tural dynamics is provided utilising the mobility Frequency Response Function (further denoted FRF).
The mobility is evaluated by assessing the velocity response of the system subjected to an external
(harmonic) exciting force.

Directing the attention towards the numerical model, the FRF mobility is obtained by perform-
ing a frequency sweep over the excitation frequency fexc in the range of fexc ∈ [0, 400] Hz. The
steady state velocity response is computed by subjecting the cylindrical shell to the excitation force
Fexc,z = Re

{
50ei2πfexct

}
, utilising the MUMPS direct solver (relative tolerance 0.001 [-]) to solve

the numerical model. Corresponding to the application of the spring boundary conditions presented
in Chapter 3.2, the excitation force is applied on a �nite surface area to avoid singularity in the
solution. In order to signi�cantly reduce the computational e�orts, the acoustic domain and corre-
sponding structure-�uid interaction are not taken into account during the modal analysis.

Remark 3.2 Neglecting of the structure-�uid interaction is equivalent to performing the modal
analysis under vacuum conditions. Subsequent to Assumption 3.3 presented in Chapter 3.2, the
e�ects of performing the analysis in vacuum results in disregarding the mass loading of the surrounding
acoustic domain (air) onto the cylinder. Eigenfrequency analysis shows that a vast improvement in
computation time can be obtained, whilst the deviation in natural frequency remains lower than 0.2
percent.

In the experimental set-up, the mobility FRF is obtained during transient analysis by measuring the
normal velocity response of the cylindrical shell subjected to a hammer impact. Under the assump-
tion of pseudo periodicity, Fourier Analysis can be applied to obtain the harmonic dynamic behaviour
in frequency domain. By processing the pseudo periodic input signal with the Fourier Transform,
initial transient behaviour is neglected and the signal is considered deterministic [17].

In order to evaluate the vibrational response of the cylindrical shell and asses possible di�erences
in modeshapes, the modal analysis consists of a driving point measurement and series of nine cross
point measurements. The locations of evaluation and excitation are presented in Figure 3.11, in
which the direction of excitation and laservibrometer measurements are indicated by the arrows.
Due to restrictions regarding the experimental set-up and the assumption of half plane symmetry,
the measurements are limited to a single quadrant of the vibrating cylinder.
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Figure 3.11: Locations of evaluation and excitation utilised during the experimental and numerical modal
analysis. The arrows indicate the direction of the impact with force Fexc and direction of
normal velocity measurements.
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The impact excitation is provided by the PCB 086B03 Modal impact hammer, measuring the impact
force by means of the included force transducer. The normal velocity response data is retrieved by
means of the the Polytec OFV3000 Laservibrometer controller and OFV302 sensorhead. The SigLab
20-42 signal analyser is selected to perform both the data acquisition and post-processing. Calibration
of the sensors is provided by means of pendulum experiments (impact hammer) and shaker excitation
experiments (laservibrometer), evaluating the sensor sensitivity and output linearity with respect to a
reference accelerometer and the manufacturer's listed speci�cations. The impact hammer is provided
with a Te�on tip to obtain a trade-o� in the frequency content and corresponding force levels of
the input signal. By limiting the contact sti�ness between the impact hammer and cylindrical shell,
proper excitation of the frequency range of interest is realised whilst non-linear behaviour (or plastic
deformation) of the thin walled structure is avoided.

The response measurements are performed with the Siglab 20-42 and Polytec laservibrometer settings
presented in Tables 3.6 and 3.7. Regarding the Siglab signal analyzer, the settings are derived to
obtain a suitable measurement time and frequency bin size of the resulting FRF. With a measure-
ment time of 3.2 seconds, a trade-o� in noise introduction and natural damping of the response is
obtained. With respect to the settings of the laservibrometer, it is required to apply the "Phase
Locked Loop" (further denoted PLL) demodulation method to obtain the lower frequency response
data. It is not recommended to apply the tracking �lters, evaluation shows that the application of
the approximation based velocity tracking �lters can introduce illusive harmonics in the regions with
poor signal-to-noise ratios (further denoted SNR).

Table 3.6: Derived Siglab 20-42 data ac-
quisition settings.

Record length 8192 samples
Frequency range [0, 1000] Hz
Sampling frequency 2160 Hz
Measuring time 3.2 s

Table 3.7: Derived Polytec OFV-3000 LVM
controller settings.

Bandwidth 5000 Hz
Velocity sensitivity 125 mm/s/V
Velocity decoding mode PLL
Tracking �lter O�

In addition to the settings presented in Tables 3.6 and 3.7, a total of 10 measurements are performed
to obtain the FRF information in a single measurement point. In order to esnure quality of the
measurements, it is advised to apply overload rejection and double hit rejection. This is essential
to prevent clipping of the time domain data and to avoid con�icts regarding the quasi periodicity
assumption of the transient input signal.

Prior to the FFT processing, the SigLab system is utilised to window both the force input and
velocity output signal. A Boxcar window is applied to the input excitation signal to suppress the
noise after the duration of impact. The velocity response signal is windowed (from the moment of
impact) by means of an Exponential window, dampening the response towards zero at the end of the
window. Although the attenuation introduces some virtual damping, it is considered bene�cial in
terms of the reducing signal leakage. In addition, the attenuation remains limited due to the obtained
trade-o� regarding the measurement time and the natural damping of the dynamic system.
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The Siglab window settings applied during the measurements (utilised in combination with triggering
and averaging of the measurements) are presented in Table 3.8, in which the percentages are expressed
in terms of the measurement time and amplitude of the signal under consideration.

Table 3.8: Siglab 'User Modal' settings, utilised to describe the double hit rejection, Boxcar window and Ex-
ponential window. The settings are expressed in terms of percentages with respect to the measuring
time and signal amplitude.

Double hit rejection amplitude 10 %
Double hit delay time 5%
Boxcar window width 5%
Exponential decay 1%

With respect to the experimentally obtained FRF's, Siglab is utilised to derive the transfer function
over the in- and output of the system. In the numerical case, the FRF mobility is obtained by divid-
ing the velocity spectrum (resulting from the frequency sweep) by the constant input force spectrum.
Con�ning the attention to the magnitude of the mobility FRF's, a qualitative assessment of the ex-
perimental and numerical steady state responses is provided to determine the correlation in terms of
natural frequencies and system parameters. In addition, the coherence of the experimental in- and
output data is evaluated to determine the quality of the experimentally obtained FRF's. With regard
to the deterministic nature of the impulse excitation under quasi periodic conditions it must be noted
that the evaluation of the coherence remains limited to the indication of non-linear behaviour, assess-
ment of the quality of excitation and evaluation of the presence of measurement noise and leakage [17].

Evaluating the mobility and coherence in all of the cross point and driving point measurements
of interest, good correspondence is obtained in the frequency range f ∈ [0, 230] Hz. A demonstration
is provided in Figure 3.12, corresponding to the measurements performed in respectively locations 9
(driving point) and 2 (cross point). The FRF mobility magnitude plots and coherence plots of the
remaining measurement locations are presented in Appendix B.1.
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Figure 3.12: Magnitude plots of the experimentally and numerically derived mobility FRF and corresponding
coherence plot of the experiment, obtained during the cross point measurement and driving point
measurement performed in respectively evaluation point 9 and 2.

In general, there is an adequate correspondence in the response dynamics in the lower frequency
range in which both the experimental set-up and numerical present a similar course in resonances
and anti-resonances. The frequency range is limited by the experimental results, presenting an overall
poor mobility response at higher frequencies. The poor response is possibly due to the limited energy
input (typically decreasing over frequency) provided via hammer excitation and is disadvantaged by
the high elasticity of the thin elastic walls of the cylindrical shell.

With respect to the overall response of the dynamic system, closely spaced modes are presented
in both the experimental and numerical case. An example is presented in Figure 3.13, providing a
magni�cation of an arbitrary resonance frequency pair for the cross point measurement performed in
location 5.
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Figure 3.13: Magnitude plot of the experimentally and numerically derived mobility FRF and corresponding
coherence plot of the experiment, obtained during the cross point measurement performed in
evaluation point 5.

Dynamics & Control - TU/e 29



D&C 2018.041 Experimental set-up and numerical model

The occurrence of closely spaced modes correspond the response of (nearly uniform and axi-) sym-
metric systems. Closely spaces modes arise from symmetric systems (presented with repeated roots
or eigenvalues of the characteristic equations) subjected to large damping or to slight asymmetries
and other structural deviations [28]. The corresponding modeshapes are not necessarily identical and
can be subjected to a circumferential rotation with respect to the analytical modeshape. The man-
ifestation of closely spaced modes complicates the analysis of the dynamic response due to coupling
and repetition of eigenvalues. Linear combined or coupled modeshapes can be presented, di�culting
the separation and identi�cation of individual modes.

Regarding the measurements performed in locations 1 till 6, additional dynamics in the experimental
results are observed at the frequencies of approximately 20, 50 and 150 Hz. This is the direct result of
the rigid body modes of the freely suspended system. By subjecting the cylinder to translations and
rotations in the YZ plane, large deviations in the measurement position of the laservibrometer are
initiated. Consequently, the true point of interest is not maintained and additional response dynamics
are observed.

The remaining discrepancies between the numerical and experimental results are corresponding to
the expectations. Evaluation of the resonance frequencies suggests that the experimental set-up is
presented with a larger sti�ness, which is a direct result from the di�erences in overall geometry.
Whereas the thin walled cylinder is modelled as a uniform cylindrical shell with a wall thickness
dcyl,num of 1 mm, the cylinder provided in the experimental set-up is presented with a spiralling
edge along the longitudinal axis. A schematic representation of the spiralling edge, also denoted as a
'spiral locking seam', as well as a cross-sectional view is presented in Figure 3.14.
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Figure 3.14: Schematic representation of the spiral locking seam and approximate speci�cations, presented
in terms of a side view of the cylinder and cross-sectional view of the locking seam. The locking
seam is realised by folding the contiguous plate material over each other to form a raised edge,
which in turn is folded onto the cylindrical surface to create the locking seam.

The spiral locking seam, commonly used for the production of air ducts and ventilation systems, is
introduced during the production process in order to obtain a cylindrical structure from �at sheet
material. The thin walled cylinder presented in Figure 3.14 is obtained by folding the contiguous plate
material over each other along a spiral in the longitudinal direction. In contrast to other production
methods (exempli gratia longitudinal seams, welding and other methods commonly applied by the
industry), the spiral locking seam can provide an increase in the overall (buckling) sti�ness against a
reduction in weight. It is suggested that the absence of this geometry in the numerical model is the
primary reason of the observed di�erence in structural sti�ness.
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In addition to the di�erences in overall geometry and corresponding sti�ness, the deviation in material
properties can be presented as a secondary cause. A comparison in the weight of the physical cylinder
and the numerical model reveals a large di�erence in density. Whereas the weight of the experimental
object is approximated at 6.9 kg, the cylinder in the numerical model is estimated at 9.6 kg. The
signi�cant discrepancy suggests that di�erent material properties are involved and that the a priori
material assumptions (of mild galvanized steel, Section 3.2) regarding the experimental object may
be incorrect. In order to obtain greater correspondence in terms of the frequency and amplitudes at
resonance, one may consider to adjust the material properties and increase the structural loss factor
in the numerical model. However, further improvement is not within the scope of this thesis.

3.4 Comparison of the radiated sound pressure �elds

In order to assess the underlying sound radiation physics and the correspondence between the numer-
ical model and experimental set-up, evaluation of the radiated sound pressure �elds is performed by
means of a quantitative and qualitative analysis. The evaluation is limited to the sound �elds evalu-
ated in the near-�eld region of the source object. The measurement distance Rh of 50 mm is selected
to retrieve the acoustic data and to prevent higher wavenumber spatial aliasing. In correspondence
with the �ndings regarding the FRF mobility plots, the evaluation of the standing wave patterns is
limited to the frequency range f ∈ [10, 230] Hz such that the rigid body modes and the poor high
frequency responses can be neglected.

Directing the attention towards the experimental set-up, one must note that the CAM1K micro-
phone array is provided with a �xed position relative to the cylindrical source. This design choice
is utilised to signi�cantly reduce the complexity of the measurement set-up and is in correspondence
with Assumption 3.6, suggesting that the cylindrical sound pressure �eld can be obtained by utilising
a single measurement position whilst varying the circumferential position of excitation. During this
procedure, only the data that corresponds to the row of microphones positioned along the centerline
of the cylinder is of interest.

Assumption 3.6 The orientation of the modeshapes of interest in the azimuthal direction are de-
termined by the azimuthal position of the hammer impact excitation.

The process of obtaining the sound pressure �eld is demonstrated in Figure 3.15, presenting a
schematic frontal view of the experimental set-up on the left hand side and the virtual measurements
composing the cylindrical sound pressure �eld with a single point of excitation on the right hand side.

Utilising Assumption 3.6 the point of excitation with force Fexc is varied along the circumferen-
tial direction in order to measure the response at the circumferential distance N∆φ relative to the
excitation. It is suggested that this is the virtual equivalent of utilising the �xed excitation position
in the cylindrical sound pressure �eld and measuring the response at varying azimuthal positions.
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Figure 3.15: Schematic overview of the experimental set-up (depicted left), representing the �xed positions of
the CAM1K microphone and varying excitation positions. Under Assumption 3.6 the variation
in excitation positions is utilised to obtain the measurements in the cylindrical sound pressure
�eld, virtually representing the radiated �eld due to a single point of excitation (right).

The measurements are performed for 17 (N = 17) positions which are distributed over half the
circumference of the cylindrical shell, utilising only the single row of microphones of interest to retrieve
the required data. In correspondence with the assumption regarding half plane symmetry of the sound
pressure �eld over the YZ plane, the 17 measurements are mirrored to obtain the full cylindrical sound
pressure �eld. The resulting sound pressure �eld consists of the total of 32 measurement along the
circumferential direction with coordinates φ ∈ [0, 2π] rad and 32 measurements along the longitudinal
direction with coordinates z ∈ [0, 0.62] m.

Remark 3.3 The longitudinal position of the sound pressure �eld refers to the position within the
aperture and does not correspond to the position on the cylindrical surface. As stated in Chapter
3.1, the microphone array is �xed in the center of the cylinder, limiting the longitudinal dimension
of the aperture to the width of the array Larray of 0.62 m. With regard to the length of the cylinder
Lcyl this initiates an o�set in the longitudinal direction of ∆zoff of 0.19 m.

Data acquisition is provided by the Siglab 20-42 system and Sorama CAM1K acquisition unit to
retrieve the data regarding the impact force, normal velocity and radiated sound pressure. The impact
force and normal velocity data are retrieved for normalisation and validation purposes. During the
analysis, the �xed sample rate fs of 46875 Hz is applied to retrieve the acoustic data [29]. The Siglab
20-42 system utilises the settings corresponding to the modal analysis presented in Tables 3.6 and 3.7.
Residual noise measurements are performed in anticipation of the acoustic measurements in order to
assess the background noise and noise contribution of the data acquisition equipment. The process is
described in Appendix B.2, from which can be concluded that the equipment (speci�cally the fans of
the laservibrometer controller) introduces additional disturbances at the frequencies of approximately
215 and 340 Hz.
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The Sorama data acquisition unit is not provided with a triggering option, limiting the applicability
in terms of averaging. A single measurement is performed per excitation position. Due to the lack
of the trigger, the maximum measurement time tmeas of 5 seconds is applied to allow for the initial-
isation of the measurement and the retrieval of the complete acoustic response data. The retrieved
microphone array data is presented in terms of 31 signed bits in a matrix of size (fs · tmeas)-by-1024,
presenting the data of all the 1024 individual microphones for every time sample. The matrix requires
additional pre-processing in order to obtain suitable sound pressure data in the frequency domain.
The data is converted to Pascals and the DC o�set of each individual microphone is addressed by
subtracting the average value of the array from each microphone signal. The two dimensional matrix
is reshaped to a three dimensional matrix of size (fs · tmeas)-by-32-by-32 in order to provide a spatial
representation of the data conform the array con�guration per individual time and frequency sample.

In correspondence with the modal analysis, the response data of each individual measurement is
attenuated by means of an exponential window. The exponential decay is de�ned individually for
each measurement of interest, as the lack of triggering capabilities introduces variations in the mo-
ment of impact in the range timp ∈ [1.08, 1.55] s with respect to the measurement time frame. The
response data is attenuated by means of the exponential �lter presented in Equation (3.8)

w(t) = e−(α·tmeas)tvec , (3.8)

in which α [-] controls the slope and tvec = tmeas − timp [s] represents the remaining window after
the moment of impact. Subsequent to the variation in timp, the �lter slope variable α is varied in
the range α ∈ [0.35, 0.50] [-] in order to account for the variation of timp and to properly attenu-
ate the response signal. The values of α are selected to obtain an amplitude lower than 0.01 Pa
at the end of the time frame, minimizing signal leakage whilst avoiding signi�cant suppression of
the response. The input data retrieved from the triggered impact force measurements are windowed
by means of a Boxcar �lter, fully attenuating the input signal after the initial 160 ms of the timeframe.

In order to signi�cantly reduce the computational e�orts, the FFT processing of both the input
data and response data is limited to the frequency range f ∈ [0, 500] Hz. Additionally, the input
force data is zero padded during the FFT process to obtain a frequency bin size similar to the response
frequency spectrum. This allows for the means of normalisation in terms of the input force.

Conform Figure 3.15, the response frequency spectra are combined and mirrored to construct the
cylindrical sound pressure �elds in which each individual measurement corresponds to a di�erent
azimuthal position. The data is gathered in a three dimensional matrix of size 500-by-32-by-32, pro-
viding a spatially representation of the sound pressure �elds in terms of the coordinates φ and z for
every frequency f ∈ [0, 500] Hz.

The frequencies of interest of the vibrating acoustic system are selected by evaluating the magni-
tude plot of the FRF's of individual microphones. An example is presented in Figure 3.16, in which
the FRF magnitude plots of the microphones corresponding to the coordinates of the cylindrical
aperture (φ, z) = ( 12π, 0.56), (π, 0.32), (1

1
2π, 0.06) are presented.
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Figure 3.16: FRF magnitude plot of several individual microphones comprising the cylindrical sound pres-
sure �eld, measured in the positions (φ, z) = ( 1

2
π, 0.56), (π, 0.32) and (1 1

2
π, 0.25) at a mea-

suring distance Rh of 50 mm.

The �ndings correspond to the modal analysis regarding the frequency range of interest, which re-
mains limited to the range f ∈ [10, 230] Hz. The observations relating to the various ratios in the
resonance amplitudes of the closely spaced modes will be discussed after the evaluation of the radiated
sound pressure �elds. With respect to both the modal analysis and FRF magnitude plot presented in
Figure 3.16, the frequency pairs of 96.6 - 99.8 Hz and 142.9 - 144.6 Hz are selected for the qualitative
and quantitative comparison with the numerical model.

The numerical model is utilised to derive the radiated sound pressure �elds corresponding to the
resonance frequencies of interest. The cylindrical sound pressure �eld is evaluated in a similar 32-
by-32 measurement grid used in the experimental set-up. The experimental measurement set-up is
mimicked, in terms of image resolution, to put emphasis on the evaluation regarding the e�ects of
measurement error and noise with respect to the reconstruction accuracy of the NAH methods. In ad-
dition, multiple measurement distances can be implemented to study the e�ects of the measurement
distance.

Remark 3.4 Due to the computational e�orts involving the elastic harmonic deformation of the
cylindrical shell and corresponding sound radiation, the radiated sound pressure �elds are evaluated
for only the undamped natural frequencies of interest. The frequencies are determined by means of
an eigenvalue analysis of the complete acoustic system. In contrast to the numerical modal analysis,
mass loading of the air domain is taken into account. The error in terms of natural frequency and
corresponding modeshapes are considered negligible as the damping ratio ξ approximates half the
structural loss factor ξ ≈ 0.005 [-] near the resonance frequencies [19].

The qualitative analysis is limited to the evaluation of the radiated sound �eld in terms of the radiated
image, assessing the overall presentation and number of maxima and minima. The quantitative
analysis is performed by evaluating the Normalised Root Mean Square (NRMS) error between the
experimental and numerical radiated image for multiple coordinates of interest.
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Normalisation is utilised in order to obtain a common dimensionless [0,1] scale in between the nu-
merical model and the experimental retrieved sound pressure �elds. Prior to this process regarding
the experimental data, normalisation of the individual measurements is utilised to correct for the
variation in input forces. This is achieved by means of the Power Spectral Density (denoted PSD)
of the output and the Cross Power Spectral Density (denoted CPSD) between in- and output of the
vibrating system. Utilising the frequency domain data, the PSD and CPSD are determined according
to Equations 3.9 and (3.10)

Sxx =
|X(ω)|2

NFFTx
, (3.9)

Sxy =
X(ω)∗Y (ω)

NFFTy
, (3.10)

in which Y represents the output of the system, ∗ denotes the complex conjugate, X represents the
input of the system and NFFTi represents the length of the frequency domain signal. By deriving the
Transfer Function H(ω) =

Syx(ω)
Sxx(ω

as the ratio in CPSD and PSD, a common [Pa/N] scale in between
the individual measurements is obtained. In order to allow for the comparison with the numerical
results, additional normalisation by the maximum real part of the sound pressure amplitude is utilised
to obtain the dimensionless [0,1] scale (limited to the real part of the acoustic image). The numerical
data is normalised by the (constant) input force to obtain the [Pa/N] scale. Subsequently, supple-
mentary normalisation by the maximum real part of the amplitude is applied to obtain the [0,1] scale.

The experimentally obtained normalised sound pressure �elds of interest, corresponding to the fre-
quency pairs of interest of 156.6 - 159.4 Hz and 96.6 - 99.8 Hz are presented in respectively Figure 3.17
and in Appendix B.3. In correspondence with the experiments, the numerical sound pressure �elds
of the frequency pairs of 142.6 - 144.6 Hz and 88.4 - 90.0 Hz are presented accordingly in Figure 3.17
and in Appendix B.3. One must note that the in-phase or real components of the sound pressure are
presented, which are associated with the wave components presenting a net �ow of energy radiating
away from the source.
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Figure 3.17: In-phase components of the experimentally and numerically obtained normalised sound pressure
�elds, observed at the measuring distance Rh of 50 mm. The experimental sound pressure �elds
(left) are observed at 156.6 Hz (a) and 159.4 Hz (c), the numerical sound pressure �elds (right)
are retrieved at 144.6 Hz (b) and 142.9 Hz (d).

The numerical sound pressure �elds are in agreement with the expectations regarding the mode
shapes. Non-identical modeshapes are presented in which the point of excitation is corresponding
with a local maxima or minima. Both Rayleigh modeshapes and Love modeshapes are presented,
presenting respectively symmetry and asymmetry in longitudinal direction. The asymmetry observed
in the Love modeshape is presented as half a longitudinal mode with 180 degrees phase di�erence in
between the ends of the cylinder. The (numerical) frequency pair of 142.9 - 144.6 Hz presented in
Figure 3.17 corresponds to the mode m = 0, n = 5, whereas the frequency pairs of 88.4 Hz - 90.0 Hz
presented in Appendix B.3 corresponds to the mode m = 0, n = 4.

Directing the attention towards the experimentally obtained sound pressure �elds, large discrepancies
with respect to the numerical results are observed. From a global perspective, it is suggested that the
second mode in the experimental mode pairs corresponds to the primary mode in the numerical mode
pairs. Large di�erences in between neighbouring measurements comprising the experimental sound
pressure �elds are observed, posing di�culties with respect to the identi�cation of the modeshapes.
One may suggest that a very slight correspondence in the radiated patterns is obtained, however this
remains limited to only a small number of measurements. This is demonstrated in the experimental
sound pressure �elds corresponding to the frequencies of 159.9 Hz and 99.8 Hz presented in respec-
tively Figure 3.17 and Appendix B.3. The occurrence of the local maxima and minima present a very
limited correspondence with respect to the Love modes observed in the numerical data.
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The quantitative analysis is performed to evaluate to global trend in the local maxima and minima,
determining the NRMS error in between the in-phase components of the experimental and numerical
sound pressure �elds. Per frequency of interest, 5 points of evaluation are selected which are located
near the local maxima and minima presented in the numerical data. It is encouraged to refrain from
the evaluation of the "zero response" regions, as these can be poorly represented in the numerical
data. The NRMS error is computed by means of Equation (3.11)

εnrms =

√
1
N

∑N
n=1

(∣∣Re{pnexp}∣∣− |Re {pnnum}|)2
1
N

∑N
n=1

∣∣Re{pnexp}∣∣ · 100%, (3.11)

in which N [-] is the total number of measurements, pnexp is the nth experimental sound pressure
sample and pnnum is the nth numerical sound pressure sample. The following coordinates of the
cylindrical aperture are utilised to perform the evaluation.

� fexp = 96.6, 99.8 Hz versus fnum = 88.4, 90.0 Hz: (φ,z) = (0.5π,0.52), (0.25π,0.52), (0, 0.52),
(1.75π, 0.10) and (1.5π, 0.10).

� fexp = 156.6, 159.6 Hz versus fnum = 142.9, 144.6 Hz: (φ,z) = (1.5π,0.1), (20/32π,0.1) (1.5π,0.52)
(20/32π,0.52) (4/32π,0.52)

The results regarding the normalised RMS error are presented in Table 3.9. The results are conform
the �ndings of the qualitative analysis, presenting large errors between the experimental and numerical
sound pressure �elds. The values exceeding 100 percent suggest that a random generated sound
pressure �eld is more conform to the numerical results in comparison with the experimental data.
Regarding both the qualitative and quantitative analysis, it is concluded that the experimental results
dot not correspond with the numerical results.

Table 3.9: Evaluation of the experimental and numerical obtained sound pressure �eld in terms of εnrms
[%].

fexp [Hz] fnum [Hz] εnrms [%]
96.6 90.0 116.4
99.8 88.4 85.9
156.6 144.6 121.1
159.6 142.9 130.6

Assuming that the measurement errors (for instance the point and angle of excitation with respect
to the surface of the cylinder) are considered negligible with regard to the presented discrepancies
between experimental and numerical results, it is suggested that the dissimilarities are introduced
by the method of excitation utilised during the experiments. A twofold of possible explanations can
be proposed which are in con�ict with Assumption 3.6, both relating to the variation in excitation
position whilst maintaining a stationary sensor position. This can possibly give rise to numerous
disturbing e�ects in the case of systems presenting symmetry and closely spaced modes.

An possible explanation for the errors introduced in the experiments is the presentation of mode
shapes of the closely spaced modes with preferred orientations in space and a mutual rotation in
azimuthal direction. This can be introduced by deviations in the (axi-) symmetry of the mechanical
system, possibly resulting from errors in the geometry (for instance dents and out-of-roundness) or
deviations in material properties.
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A similar occurrence is perceived in the works of P. Kindt et al (2009, [30]) regarding the deformation
of tires due to discontinuities in the road. P. Kindt observes that the deviation in the symmetry
of the tyre, introduced by a static deformation due to loads exerted to the tyre, gives rise to a
shift in the repeated roots of the system. A split of the repeated roots of the unloaded tyre into two
single roots is initiated, introducing an azimuthal rotation in between the corresponding mode shapes.

In the case of a possible preferred orientation of the modeshapes in circumferential direction, the
position of the excitation is determining for the standing wave pattern presented at the frequency of
interest. This can be demonstrated by means of the sketch presented in Figure 3.18, representing a
single mode pair with a azimuthal rotation between the individual mode shapes.

y

z x

Fexc

φ

Δφ

Figure 3.18: Schematic representation of the cross sectional view, presenting mode shape pairs with a pre-
ferred mutual orientation in azimuthal direction. Due to deviation in the axi-symmetry the
modeshapes present a preferred circumferential orientation in space.

By changing the position of excitation along the circumferential dimension the ratio in closely spaced
modes contributing (and dominating) to the standing wave pattern changes accordingly, as one mode
is more e�ectively excited than the remainder. Consequently, various standing wave patterns are
measured as the superposition of excited modes is a�ected by the changing ratio. The experimental
cylindrical sound pressure �eld lacks consistency, presenting a di�erent standing wave pattern for each
row comprising the radiated sound pressure images. The e�ects regarding the variation in standing
wave patterns are not presented in the numerical model as only a single location of excitation is
considered.
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In addition to the works of P. Kindt et al (2009), the explanation can be supported by evaluating the
FRF magnitude plots for various azimuthal measurement positions. Figure 3.19 presents the FRF
magnitude plots of the transfer function H(f) for various measurement positions in the range φ ∈
[0, 12π] and �xed longitudinal position z of 0.56 m, which corresponds to the longitudinal coordinate
of excitation.
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Figure 3.19: FRF magnitude plot of the transfer functions H(f) =
syx

Sxx
in the frequency range f ∈ [0, 230]

Hz, obtained at the aperture coordinates (φ, z) = (0.00,0.56), ( 1
8
π,0.56), ( 5

16
π,0.56) and

( 1
2
π,0.56) with a measurement distance Rh of 50 mm.

In Figure 3.19, multiple evaluation points of interest (including the driving point) are selected along a
quarter of the circumference. In correspondence with the expectations, an apparent change in ratios
of the resonance frequencies is observed for various azimuthal positions of evaluation. Depending on
the mode of interest, this e�ect will be most distinct at speci�c frequencies and measurement posi-
tions. The occurrence of the changes in ratio of resonance frequencies is acknowledged, suggesting
the possibility with respect to the disturbances of the radiated acoustic image. Additionally, it is ob-
served that the e�ects regarding the ratios in resonance amplitudes are ampli�ed by the spiral locking
seam. The location of excitation with respect to the spiral locking seam seems to be determining
for the amount of structural damping. As a consequent, it is possible that the closely spaced modes
are presented as a single resonance peak (depending on the longitudinal point of evaluation) as the
superposition in both frequency and modeshape.

Apart from the problems arising from the variation in the azimuthal position of excitation, one
may speculate that complex modes can be introduced by the closely spaced modes and the geometry
of the cylinder utilised during the experiments. The linear combination of the excited modes can
be subjected to phase di�erences in between various maxima, giving rise to complex wave patterns
with the appearance of a "travelling" wave. It can be speculated that this is initiated by the spiral
locking seam presented in Figure 3.14, which is capable of either introducing deviations in symmetry
or introducing a non-proportional distribution of the damping (with respect to the sti�ness) along
the cylinder [17]. The superposition can be subjected to respectively repeated roots or a deviation in
resonance frequency (with respect to the natural frequency). As a possible consequence, the result-
ing wave pattern can be presented with complex valued eigenvectors and the maxima and minima
comprising the pattern can reach their respective maximum absolute magnitudes at di�erent time
samples.
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The occurrence of complex modes can complicate the overall evaluation of the radiated sound pressure
�elds (exemplo gratia determining the level of correlation between experiments and numerical results)
as the interpretation of the radiated images is no longer straight forward. With regard to the numer-
ically obtained sound pressure �elds, it can be concluded that complex modes are not presented. The
cylinder is modelled without the spiralling locking seam and the real valued eigencolumns of the pro-
portionally damped model equal to those of the undamped case. In the case of the possibly complex
valued experimental sound pressure �elds, one would expect to observe the travelling wave during
the modal analysis, presenting di�erences in phase with respect to the input signal (the response at
resonance frequency is no longer in quadrature with the input excitation). This is not studied, the
presentation of complex modes remains a hypothesis or speculation.

The conclusions regarding the explanations concerning the nature of the deviations in the experi-
mental sound pressure �eld remain indecisive. It is suggested that Assumption 3.6 is only applicable
to purely axi-symmetric cylinders, allowing for the point of excitation to prescribe the azimuthal
orientation of the modeshapes. Due to deviations in the axi-symmetry of the experimental object,
the measurement method is considered unsuitable. The cylindrical image is a�ected by the perceived
variation in standing wave patterns due to the preferred orientation of the modeshapes in space. The
'size' of the introduced error is unknown and the question remains to what degree it is a�ecting the
capabilities of the measurement set-up. It is decided to discard the experimental results for further
analysis and implementation in the NAH reconstructions. The research will be limited to the nu-
merical data, thus refraining from the evaluation of the NAH reconstruction accuracy under physical
measurement conditions.

In order to provide suitable experimental data during future experiments, it is suggested to provide
a single point of excitation. This requires a revision of the experimental set-up, or more speci�cally
the equipment involved. It is advised to utilise a cylindrical array to measure the sound pressure
�eld along the circumference, whilst providing the excitation in a single point of interest. It may be
interesting to provide the excitation by means a electromechanical shaker, to assure proper energy
input of the system and address the bias with regard to the errors in the position of excitation.
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4 Near-�eld Acoustical Holography: sound pressure processing

This chapter discusses the processing of the sound pressure data regarding both ESM and Fourier
based NAH, presenting the considerations and choices involved in obtaining suitable reconstruction
conditions. The �ndings and conditions will be utilised in Chapter 5 to evaluate and compare the
performances of the NAH methods in terms of reconstructing the normal velocity near the surface of
the vibrating cylindrical source.

4.1 Equivalent source based Near-�eld Acoustical Holography

The application of ESM based NAH is based on the computation of the inverse transfer matrices
and source strength vectors to describe the back propagation from measurement plane towards the
radiating source. During the reconstruction process, the settings regarding the source grid con�gura-
tion and retreat distance (with respect to the surface of the source) are key parameters regarding the
resulting reconstruction. In order to obtain suitable settings and allow for a meaningful comparison
with the Fourier based NAH benchmark, evaluation regarding the e�ects of the parameters is required.
In correspondence with the �ndings presented in Section 3.4, the evaluation and implementation of
ESM based NAH in this thesis is limited to numerical data.

Remark 4.1 The ESM reconstruction process primarily involves the computation of the source
strength vector Q by means of the inverse of the transfer matrix Ghp. As the nature of Ghp can
be typically non-square (Nsou 6= Mobs), Singular Value Decomposition (SVD) is utilised to obtain
the Moore-Penrose pseudo inverse. This is realised by the Matlab function pinv.m, computing the
pseudo-inverse as the generalization of the matrix inverse (sharing similar properties of a true inverse).
The pseudo inverse G+

hp is obtained by Equation (4.1)

G+
hp = VΣ+U∗ (4.1)

in which V contains the right singular vectors of Ghp, U denotes the left singular vectors, ∗ represents
the complex conjugate and Σ+ is the pseudo-inverse of the diagonal matrix containing the singular
values of Ghp. By computing Σ+, the source strength vector Q can be determined by the set of
linear equations presented in Equation (4.2)

Q =
1

iρ0c0k
VΣ+U∗Ph . (4.2)

During the evaluations presented in the following sub-sections, the nature of the system of equation
can vary from being overdetermined (Nsou < Mobs) to being underdetermined (Nsou > Mobs). In the
case of Nsou < Mobs an unique solution for Equation (4.2) can be obtained by minimizing the l2 norm
of the residual product ‖Ph − iρ0c0kGhpQ‖2. This is not su�cient in the case involving Nsou > Mobs,
as the underdetermined system of equations can have in�nite available solutions. A suitable and
unique solution is obtained in terms of minimum energy. This is achieved by minimizing the number
of non-zero entries in Q whilst minimizing the norm ‖Q‖2 subjected to ‖iρ0c0kGhpQ−Ph‖2 .
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4.1.1 Evaluation of the source grid con�guration

In summary of Chapter 2, the selection of the source grid con�guration and measurement grid are de-
termining for the accuracy of reconstruction. Con�ning the evaluation to the �xed (Mobs,φ,Mobs,z) =
(32, 32) measurement grid presented in Section 3.4, the selection of the number of sources determines
the size of the ill-posed inversion problem and noise sensitivity of the solution. Evaluation of various
source grid densities is required in order to asses the trade-o� in reconstruction accuracy and ill-
conditioning of the problem. The �ndings are utilised to obtain suitable settings for further analysis
and comparison with the Fourier based NAH reconstructions under various measurement conditions.

The e�ects regarding the trade-o� in the inverse solution are evaluated for cylindrical shaped source
con�gurations (coinciding with the measurement grid) by varying the even distributions of monopoles
in the longitudinal and azimuthal direction. The accuracy of reconstruction is assessed at the recon-
struction planes with radial distance Rrec of 5 mm (with respect to the surface of the radiating
source) by means of the NRMS error εnrms between the reconstructed sound pressure �eld and ref-
erence sound pressure �eld obtained at Rrec.

Taking into account both the real and imaginary part of the sound pressure �elds of interest, εnrms
is computed by means of Equation (4.3)

εnrms =

√
1

NM

∑N
n=1

∑M
m=1 (|Pref (n,m)| − |Prec(n,m)|)2

1
NM

∑N
n=1

∑M
m=1 |Pref (n,m)|

· 100%, (4.3)

in which Pref represents the reference sound pressure image, Prec the reconstructed sound pressure
image, and (n,m) denotes the sample along the �rst and second dimension. In Equation (4.3), εnrms is
determined over the complete (Mobs,φ,Mobs,z) = (32,32) grid of reconstruction points and observers.
The ill-conditioning of the problem is monitored by means of the condition number Cond(Ghp) of the
transfer matrix Ghp, providing the means of measuring the noise sensitivity of the solution. Con�ning
the attention to the non-square matrix Ghp, Cond(Ghp) is determined by Equation (4.4)

Cond(Ghp) =
∥∥Ghp

∥∥
2

∥∥∥G+
hp

∥∥∥
2

=
σmax
σn,min

, (4.4)

as the product of the 2-norms of Ghp and G+
hp. This is the equivalent of the ratio in the largest

singular value σmax and smallest non-zero singular value σn,min of the SVD of Ghp [31].

The evaluation is performed for various source grids, varying the number of sources Nsou in the
range Nsou,φ = Nsou,z ∈ [8, 64]. The variation allows for the evaluation of the overdetermined, de-
termined and underdetermined systems of equations. In order to gather initial insights regarding the
e�ects of the retreat distance Rret, both the values Rret of 25 and 50 mm (retreated with respect
to the surface of the cylinder) are applied. Utilising the measurement distance Rh of 50 mm, the
evaluation is executed for the frequencies of 142.9 and 209.4 Hz. Figure 4.1 presents the evaluation in
terms of εnrms and Cond(Ghp), in which the �ndings conform the frequencies of 142.9 Hz and 209.4
Hz are depicted on respectively the left hand side and right hand side.
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Figure 4.1: Assessment of εnrms and Cond(Ghp) as the function of increasing Nsou, evaluating εnrms over
the complete (Mobs,φ,Mobs,z) = (32,32) reconstruction grid. The assessment is performed for
the frequencies of 142.9 Hz (left) and 209.4 Hz (right), Rret of 25 (blue) and Rret of 50 (red)
mm at the reconstruction plane Rrec of 5 mm. The reconstructions are performed with the
numerically sound pressure �eld obtained at Rh of 50 mm.

The general course regarding both εnrms and Cond(Ghp) depicted in Figure 4.1 are in accordance
with the expectations. A transition from the overdetermined system to the underdetermined system
of equations is presented,involving the blow-up of the ill-conditioning and εnrms of the solution. The
blow-up in Cond(Ghp) at the transition is in correspondence with the works of M.E.V. Pinho et al
(2004, [8]) and P.A. Nelson et al (2000, [31]). Similar occurrences are presented during their works
involving di�erent geometries of the radiator, distributions of monopole sources and other parameters
which can a�ect the conditioning of the inverse problem.

Figure 4.1 presents a striking stagnation in terms of the blow-up of both Cond(Ghp) and εnrms
over increasing source grid densities. This is against the initial expectations as one would expect to
observe a trade-o� in between the increasing ill-conditioning of the inverse problem (increasing size
Ghp) and decrease of εnrms as the function of the increasing number of sources. The stagnation can
be explained by means of a brief evaluation of the singular values. The subjects regarding SVD,
singular values and the application in ESM based NAH will be further discussed in Section 4.1.3 and
Appendix C.2.
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The evaluation of the singular values shows that the increase of Nsou is not accompanied with an im-
provement in terms of the reconstructions due to the numerical instability introduced by the smallest
singular values. This is particularly of interest with regard to the undetermined systems of equa-
tions, which are subjected to very low singular values. Evaluation of the singular values distributions
demonstrates that the increase of Nsou initiates the increase in the "energy" of the singular values
associated with the dominant and higher spatial (evanescent) harmonics of the reconstruction. Con-
vergence regarding this matter is obtained for Nsou → 64 [-], suggesting a theoretical limit from the
singular value point of view. Although improvements regarding the representation of the higher spa-
tial variations are observed in the singular values, the blow-up of noise resulting from the numerical
instability in the ill-posed problem dominates the reconstruction. Consequently, the reconstructions
cannot bene�t from the increased number of equivalent sources, giving rise to the stagnation presented
in Figure 4.1. The ratio σmax

σn,min
remains in the similar order of magnitude and the reconstructions are

subjected to a similar order of numerical instability.

Figure 4.1 presents an initial insight in the e�ects regarding Rret with respect to Cond(Ghp) and
εnrms. The retreat distance is one of the determining factors in the distance of back propagation
from the measurement plane to the source plane, hence, a�ecting the conditioning of the problem
in terms of the blow-up of noise in the solution. Although the Rret of 25 mm presents a smaller
back propagation distance and smaller Cond(Ghp) in comparison with Rret of 50 mm, a signi�cant
di�erence in εnrms can be obtained for overdetermined systems. This occurrence is introduced by
the lack of smoothing and possible mismatch in exponential decay, which will be further studied in
Section 4.1.2.

A qualitative assessment of the e�ects regarding the selection of Nsou is performed by means of
the reconstructions presented in Figure 4.2. In Figure 4.2, the reference sound pressure �eld retrieved
at Rrec of 5 mm is compared to the reconstructions. The reconstructions are obtained by means of
the source grid con�gurations of (Nsou,φ, Nsou,z) = (8,8), (24,24) and (64,64) monopoles, respectively.
The evaluation is performed in terms of the in-phase components of the sound pressure �elds obtained
at 142.9 Hz, utilising the settings Rret of 50 mm and Rh of 50 mm to compute the reconstructed
images.
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Figure 4.2: Qualitative comparison in the in-phase components of the reference (a) and reconstructed sound
pressure �elds (b, c, d) for various source grid con�gurations obtained at the reconstruction
plane Rrec of 5 mm and frequency of 142.9 Hz. The reconstructions are performed with Rret of
50 mm and the measured sound pressure �eld obtained at Rh of 50 mm. The sound �eld images
are presented on the (Mobs,φ,Mobs,s) = (32,32) measurement grid.

Evaluating Figure 4.2, the reconstruction performed with the (Nsou,φ, Nsou,z) = (8,8) sources typically
presents a poor resolution. The number of equivalent sources is too little to describe the spatial
variation of the sound pressure �eld. A vast improvement in terms of the qualitative description of
the spatial variation or harmonics is obtained with the (24,24) source grid, presenting an overall good
correspondence with respect to the reference �eld. The reconstruction is subjected to (a con�ned
amount of) interference, giving rise to both the destructive and constructive contributions in terms of
the reconstruction of the local maxima and minima. The reconstruction conform the (64,64) source
grid is a proper example of an ill-conditioned reconstruction. The noise blow-up is apparent and the
qualitative agreement with respect to the reference sound pressure distribution is limited. Similar
reconstructions are obtained for the remainder of the underdetermined problems under consideration,
presenting correspondence in terms of the maxima, minima and the blow-up of noise.

Remark 4.2 It must be noted that during the computation of Q, the complete source grid is utilised
to describe the sound pressure �eld for the individual observers on the measurement grid. One may
suspect that this can give rise to a con�ict in terms of the sound radiation physics conform a curved
surface in free space, stating that the contributions of the equivalent sources are limited to the sources
located within the direct �eld of the individual microphones. Per microphone of interest, one can
limit the contribution of equivalent sources to those who are part of the direct sound �eld by means
of a geometrical condition. This so called "direct �eld condition" is introduced and elaborated in
the Appendix C.1. Utilizing the azimuthal coordinate based condition, the possible physical con�ict
can be studied by evaluating the e�ects regarding the elimination of contributions of sources located
outside the direct �eld of the microphones.

Evaluation shows that the application of the direct �eld condition is not bene�cial in terms of the
reconstruction accuracy and reconstructed image. Although the condition initiates an improvement
regarding the conditioning of Ghp, it is suggested that the limited number of remaining sources ini-
tiates poorer resolutions, increase in the occurrence of interference patterns and increase in overall
noise sensitivity. From the evaluation it can be concluded that, although the relative contributions
regarding the sources outside the direct �eld are minimal with respect to the contributions of the
direct �eld, the the non-direct �eld contributions are crucial to describe the radiated cylindrical sound
pressure �elds.
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4.1.2 Evaluation of the retreat distance

In addition to the con�guration of equivalent sources, the selection of the retreat distance plays a
crucial role in the accuracy of reconstruction. Summarizing Chapter 2, the selection of the retreat
distance involves a trade-o� in singularities in the solution and reconstruction error. Assessment of
the trade-o� under various source grids is required to gain understanding regarding the dependence
of Rret with respect to the lattice spacing of both measurement and source grid. The �ndings are
utilised to obtain suitable settings for future evaluation with respect to the Fourier based benchmark.

In correspondence with Section 4.1.1, the e�ects regarding the variation in Rret will be evaluated in
terms of εnrms between the reference and reconstructed sound pressure �eld, Cond(Ghp) and a qual-
itative assessment of the corresponding sound pressure reconstructions at Rrec. The retreat distance
is varied in the range Rret ∈ [0, 75] mm, and εnrms is evaluated over the complete (Mobs,φ,Mobs,z) =
(32,32) grid on the reconstruction plane. Additionally, the evaluation is performed for (Nsou,φ, Nsou,z)
= (16,16), (32,32) and (48,48) sources to study the e�ects of Rret with regard to the nature of the
system of equations and lattice spacing of the source grid.

The evaluation is performed by means of the input sound pressure �eld obtained at Rh of 50 mm.
Figure 4.3 presents the evaluation in terms of both εnrms and Cond(Ghp), depicting the �ndings
corresponding to the frequencies of 142.9 Hz and 209.4 Hz on respectively the left hand side and right
hand side of the �gure.
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Figure 4.3: Assessment of εnrms and Cond(Ghp) for various source grids as the function of increasing
Rret, evaluating εnrms over the complete (Mobs,φ,Mobs,z) = (32,32) reconstruction grid. The
assessment is performed for the frequencies of 142.9 Hz (left) and 209.4 Hz (right) at the recon-
structions plane Rrec of 5 mm, utilising Rh of 50 mm to perform the reconstructions.
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The general course regarding both εnrms and Cond(Ghp) as the function of the increasing Rret are
in correspondence with the expectations, presenting a good representation of the trade-o� in singu-
larity and blow-up of the reconstruction error. Figure 4.3 demonstrates that, despite the blow-up
of Cond(Ghp), improvements regarding εnrms are achievable by means of a proper selection of the
reconstruction settings. The overall e�ects regarding the variation of Rret and evaluation for multiple
source grid con�gurations is in correspondence with the works of M.R. Bai et al (2011, [13]), who
performed extensive research regarding the optimal retreat distances for various measurement and
source conditions. With regard to the evaluation at the frequency of 142.9 Hz, the SVD computation
fails to obtain a converged solution for the matrices U and V (within the default number of itera-
tions) which is required to compute the product G+

hp for the determined and underdetermined case
at very low Rret. A solution in terms of the least squares sense is not obtained. It is suggested that
the issues regarding singularity in Ghp give rise to this problem as the majority of the elements in
Ghp approach zero.

Figure 4.3 presents a good (quantitative) description of the underlying physics involving the vari-
ation of Rret. In general, the increase of Rret initiates a smoothing e�ect with respect to the spatial
variations of the reconstruction. The smoothing e�ect results from the increasing compactness of
the source grid in the φ-dimension over increasing Rret, giving rise to the increase of the relative
contributions of the equivalent sources. This is of a particular interest with regard to overdetermined
systems which can be subjected to perceivable interference patterns. The bene�cial e�ects regarding
the smoothing of the radiated image are limited over the variation in Rret. As the ratio Rret

Rcyl
→ 1

and the source grid approaches the con�guration of a line source, the elements of Ghp approaches
similar values. The matrix will no longer be diagonally dominant and the corresponding blow-up in
the ill-conditioning will complicate the inversion process [9].

As demonstrated in Figure 4.3, the e�ects regarding the trade-o� in smoothing and ill-conditioning
are dependant on the Nsou under consideration. With regard to the �ndings, it is expected that
the εnrms curves regarding (Nsou,φ, Nsou,z) = (16,16) and (32,32) will present a similar course with
respect to �ndings conform the source grid (Nsou,φ, Nsou,z) = (48,48) over larger retreat distances.

In addition to the perceived limit regarding Rret and the blow-up of Cond(Ghp), a secondary limit
regarding Rret and the ability to represent the decaying nature of evanescent waves can be suggested.
As postulated by N.P. Valdivia and E.G. Williams (2006, [12]), it can be di�cult the obtain corre-
spondence in terms of the natural radial decay of the monopoles and the exponential (or powerlaw)
decay of the evanescent waves. The increase in Rret is accompanied by the increase of the mismatch
in exponential (or power law) spatial decay, depreciating the resolution of the reconstruction as the
evanescent wave information is not e�ectively utilised. The secondary limit introduces the trade-o�
with regard to the smoothing e�ect over increasing Rret.

The qualitative e�ects regarding the variation of Rret can be demonstrated by means of the re-
constructions presented in Figure 4.4. In Figure 4.4, the in-phase components of the reconstructed
sound pressure �elds corresponding to the frequency of 142.9 Hz and Rh of 50 mm are presented for
Rret = 12.5, 37.5 and 62.5 mm. The reconstructions are obtained for both the (Nsou,φ, Nsou,s) =
(16,16) and (48,48) source grid, depicted respectively on the left hand side and right hand side of the
�gure.
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Figure 4.4: Comparison in the real components of the sound pressure reconstructions at the plane Rrec
of 5 mm for various Rret. The reconstructions corresponding to the Nφ, Nz = (16,16) and
(48,48) source grid are presented on respectively the left hand side and right hand side. The
reconstruction are performed at the frequency of 142.9 Hz, utilising the measurement distance Rh
of 50 mm. The sound �eld images are presented on the (Mobs,φ,Mobs,s) = (32,32) measurement
grid.
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The reconstructions involving the overdetermined system with (Nsou,φ, Nsou,z) = (16,16) sources pro-
vides a good depiction of the smoothing e�ect of the retreat distance. As the ratio Rret

Rcyl
→ 1 , the

reconstruction is typically dominated by the appearance of interference patterns (excluding the cases
involving singularity). The poor number of sources introduces destructive interference, leading to
overall poor reconstruction accuracy due to the occurrence of high valued local maxima and minima.
As Rret increases, an overall improvement from both a quantitative and qualitative point of view
is observed. The relative contribution of equivalent sources increases, smoothing the local maxima
and minima as observed at Rret = 12.5 mm. The e�ects regarding the mismatch in exponential
decay over increasing Rret are negligible as the source grid under consideration is limited in terms
of representing the higher spatial harmonics of the evanescent waves. The e�ects will increase over
increasing source grids as observed in the case of (Nsou,φ, Nsou,z) = (48,48) sources.

The variation of Rret for the underdetermined system of (Nsou,φ, Nsou,z) = (48,48) sources pro-
vides a depiction of the e�ects regarding the noise a�ected reconstructions. As the back propagation
distance between measurement plane and source plane increases, the reconstruction is subjected to
smoothing, a decrease in the higher resolution and blow-up of the (numerical) noise. Although the
(Nsou,φ, Nsou,z) = (48,48) grid should bene�t from the increased capability in terms of representing
the evanescent waves, increased performances are not obtained due to the noise blow-up occurring in
the current ESM based NAH implementation.

With respect to the �ndings presented in Figure 4.3 and the variation of Rret ∈ [0, 75] mm it is
suggested to increase the range of evaluation during future research. Although the current range is
considered applicable for the assessment of the e�ects and underlying physics involving Rret, it is
expected that a further decrease in εnrms can be obtained for overdetermined systems. This is not
within the scope of this thesis, the current �ndings are considered suitable for the implementation
and evaluation with regard to the Fourier based NAH benchmark. E�ects that are related to the
frequency or modality of the wave pattern under consideration can not be excluded based on the
presented �ndings. If one would subject the method to experimental data (or an increased noise
�oor), it is expected that the e�ective range regarding the selection of a suitable Rret will be limited.
The e�ects resulting from the introduction of measurement noise will a�ect the ill-conditioning of
the inverse problem and di�erentiability of the higher spatial evanescent waves, emphasizing on the
trade-o�s involving the selection of Rret.

4.1.3 Discussion: Truncation of singular values

The computation of the pseudo-inverse product G+
hp by means of the SVD allows for the regular-

ization of the ill-posed inverse problem by means of the truncation of singular values. This can be
utilised to address the numerical instability associated with the smallest singular values and reduce
the blow-up of the noise in the inverse solution of the underdetermined systems observed in Section
4.1.1. The truncation process involves the trade-o� in terms of discarding the useful higher resolution
wave information and the smallest singular values associated with the noise blow-up. Appendix C.2
elaborates on the subject of SVD and the truncation of singular values and provides a brief demon-
stration of the e�ects regarding the reconstructions of the sound pressure �elds.

Insu�cient �ndings regarding the SVD truncation of singular values are gathered during the work
presented in this thesis. The selection of the degree of truncation is dependant on the ESM based
NAH settings and measurement conditions involved. In order to be able to properly apply trunca-
tion it is advised to extend the research and include the parameters regarding RRet, Rh, Nsou and
frequency of the radiated sound �eld.
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The impact regarding the truncation settings can be demonstrated by re-evaluating the variation in
the source grid con�gurations as discussed in Section 4.1.1. In correspondence with Appendix C.2,
the truncation tolerance τsvd = 1−5 [% σmax], de�ned as the percentage times the maximum singular
value, is applied to provide the comparison in between the regulated and non-regulated case (conform
Section 4.1.1). The evaluation is performed for the frequencies of 142.9 Hz and 209.4 Hz and uses
the settings Rret = 50 mm and Rh = 50 mm to perform the reconstructions. The �ndings regarding
εnrms are gathered in Figure 4.5, representing the frequencies of 142.9 Hz on the left hand side and
209.4 Hz on the right hand side.
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Figure 4.5: Assessment of εnrms and Cond(Ghp) over increasing source grid dimensions, evaluating εnrms
over the complete (Mobs,φ,Mobs,z) = (32,32) reconstruction grid. The evaluations are performed
with and without the truncation of singular values (respectively red and blue) at the frequencies
of 142.9 Hz (a) and 209.4 Hz (b), utilising τsvd = 1−5 %σmax, Rret = 50 mm and Rh = 50
mm.

As depicted in Figure 4.5, the e�ects regarding τsvd with respect to εnrms can yield vast improvements
in comparison with the underdetermined and non-regulated cases. This is in correspondence with
the expectations presented in Section 4.1.1, presenting the impact of truncation with regard to the
settings of the reconstruction process. It is strongly advised to proceed the research regarding this
subject during future research to obtain su�cient �ndings and ensure a proper application. This
will be of particular interest regarding experimental data, as the data is typically subjected to an in-
creased noise �oor and, consequently, the associated challenge regarding the distinction of the higher
wavenumber evanescent wave information.

In order to minimize the e�ects with respect to the noise blow-up in the inverse solutions, the settings
of (Nsou,φ, Nsou,z) = (24,24) and Rret = 75 mm will be utilised during the remainder of this thesis.
This will limit, to some extend, the capabilities regarding the representation of the higher resolution
evanescent wave information. By using these settings, the blow-up can be limited and the comparison
with the Fourier based NAH benchmark can be conducted. In correspondence with Chapter 1, the
comparison in terms of the normal velocity reconstructions can be performed for various measurement
distances.
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4.2 Fourier based Near-�eld Acoustical Holography

The application of Fourier based NAH is typically subjected to signal loss, signal leakage and noise
blow-up when the size of the sound radiating objects exceeds the dimension of the microphone aper-
ture. In order to minimize these e�ects, additional processing of the acoustic data in both spatial
domain (pre-2DFFT) and wavenumber domain (post-2DFFT) is required. The �ndings presented
in the works of R. Scholte are utilised to derive the methods, select suitable settings and realise an
appropriate benchmark for evaluation purposes.

In contrast to Section 4.1, the discussion in this section is limited to the implementation of the
means to tackle the challenges posed in Chapter 2. As discussed in Chapter 1, Fourier based NAH
is introduced as a benchmark to provide a reference with respect to the reconstruction accuracy of
ESM. Consequently, an elaborate evaluation of the methods, settings and results regarding Fourier
based NAH is not within the scope of this thesis.

4.2.1 Data extrapolation and spatial windowing

Summarizing Chapter 2, one of the main challenges involving Fourier based NAH is to avoid signal
leakage and signal loss. Under the assumption of a continuous and periodic aperture, the FFT process
samples the aperture data in a 2-D periodic manner in order to obtain the wavenumber spectrum
of the spatial data. During this process, any discontinuity presented at the border of the aperture
(implying a �nite aperture and, consequently, non-�tting periodic signals) results in leakage of the
spectral power into other wavenumbers comprising the aperture data. In cylindrical NAH, the �nite
aperture e�ects remain limited to the longitudinal dimension. The closed envelope of the radiat-
ing shell implies spatial periodicity and continuity in the azimuthal direction, limiting the need for
anti-leakage and signal loss measures to the longitudinal direction [5]. The �nite aperture e�ects in
the original cylindrical aperture are minimized by combining aperture data extrapolation and spatial
windowing.

Data extrapolation is applied in order to increase the aperture size, allowing for proper signal atten-
uation and minimization of leakage into the original aperture. In general, padding techniques can be
utilised to pad the original border data outwards to increase the size of the aperture in longitudinal di-
rection. For each row of interest, the sound pressure vector P(zn) = [p(z1), p(z2), ..., p(zN )] consisting
of N samples is extrapolated to the left and right hand side of the aperture, corresponding to re-
spectively [p(zN+1), p(zN+2), p(zN+3), ...] and [..., p(z−2), p(z−1), p(z0)]. The available techniques are
di�erent in terms of the padding mechanism which determines the values of the extrapolated samples.

Linear Predictive Border Padding (Further denoted LPBP) is selected to extrapolate the aperture
data in longitudinal direction. Utilising a linear predictive �lter and Auto-regressive model, LPBP
is capable of extrapolating the aperture data by means of an approximation based on a number of
previous samples. In contradiction to Zero Padding, Basic Border Padding and other extrapolation
methods involving non-data reliant sampling, the use of the approximation based extrapolation is
bene�cial in terms of providing continuity of the extrapolated data and the (�rst) derivatives at the
original aperture borders [15]. The discontinuity and lack of smoothness between the original aper-
ture and border padded domain is addressed, minimizing leakage from this interface into the original
aperture and avoiding the corresponding reconstruction errors. This remains problematic in case of
the non-data reliant extrapolation methods, as the discontinuities cannot be addressed by means of
a spatial window without a�ecting the acoustic information.
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Assuming that the radiated sound pressure �eld can be expressed as a �nite sum of impulse responses
and the system is LTI, linear predictive �ltering can be implemented by means of an In�nite Impulse
Response (further denoted IIR) �lter. Introducing the �lter coe�cients hi the border padded aper-
ture p̃b(zs) can be expressed by the IIR di�erence equation presented in Equation (4.5) as a linear
combination of Pbpo previous samples

pb(zs) =

Pbpo∑
i=1

hi pb(zs−i), (4.5)

in which s = N + 1, N + 2, .., Nb−N
2 with Nb the number of samples of the extrapolated aperture and

pb(zs) = p(zs) for s = N + 1− Pbpo, ..., N [32]. As advised by R. Scholte et al (2009, [15]), the Burg
method is applied to determine the �lter coe�cients hi by �tting an Autoregressive model over the
set of Pbpo initialisation samples. The application of the model is particularly useful in the case of
data provided with measurement noise (considered imperfect predictable and of stochastic nature),
but is also considered suitable to approximate the �lter coe�cients in case of the numerical data
(subjected to numerical noise and a �nite discrete character).

The extrapolation procedure is repeated for every sound pressure vector P(zn) comprising the sound
pressure �eld, during which the order Pbpo ∈ [1, N − 1] of the IIR �lter is the main parameter. Al-
though not entirely straightforward, it is advised to apply a �lter order of Pbpo ∈ [5, 10] in the case
of (unknown) radiated sound pressure �elds presenting modal patterns to obtain a trade-o� in RMS
error and computational e�orts [15]. In regard to the numerical data and the lack of measurement
noise, a lower order Pbpo of the IIR �lter will su�ce. More in-depth discussion regarding the topics
of LPBP and application of IIR �lters is presented in [15] and [32].

The e�ects of implementing LPBP to extrapolate the aperture data is displayed in Figure 4.6, which
compares the unconditioned radiated sound pressure �eld observed at a measuring distance of Rh 50
mm and frequency of 142.9 Hz to the extrapolated sound pressure �eld in both spatial and wavenum-
ber domain.
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Figure 4.6: Comparison of the unconditioned radiated sound pressure �eld (left hand side) and LPBP ex-
trapolated radiated sound pressure �eld (right hand side), observed at a measuring distance of
Rh of 50 mm and frequency of 143 Hz. The sound pressure �elds are compared in both spatial
domain (top) and wavenumber domain (bottom). LPBP is applied with a factor of Nb

N
= 15 and

�lter order Pbpo of 6.

As observed in Figure 4.6 the aperture data is extrapolated in a physical �tting way, providing con-
tinuity at the aperture - border padded domain interface. Depending on the mode of interest and
corresponding trend in the data, larger maxima and minima can be presented outside the original
aperture. This does not a�ect the �nal sound pressure and normal velocity reconstructions as the
extrapolated data is only applied to minimize �nite aperture a�ects and will be discarded after the
2D-IFFT process. The e�ects of neighbouring data points with respect to the reconstruction of a
single data point is considered negligible.

A striking observation regarding the extrapolation is the introduction of additional (numerical) noise
and additional illusive circumferential wave components due to leakage in both the longitudinal and
azimuthal direction. As observed and stated by R. Scholte (2009, [15]), the numerical errors are
introduced by the LPBP procedure due to the �nite and discrete character of the data. Although
a concluding remark remains absent, it is shown that the higher wavenumbers are subjected to an
increase in (numerical) noise. With regard to the introduction of additional circumferential wave
components, it is suggested that this is caused by the lack of periodicity in the azimuthal direction
of the extrapolated domain. The longitudinal extrapolation is performed for each individual row
comprising the sound pressure �eld and does not take into account the physics corresponding to the
azimuthal direction. Consequently, discontinuities in azimuthal direction are introduced and the pe-
riodicity condition can be violated. The problems regarding the additional discontinuities in spatial
domain and introduction of (possible) illusive wave components in k-space domain are not considered
to be of a destructive e�ect, spatial windowing and wavenumber �ltering is yet to be implemented.

In addition to the minimization of leakage and spatial aliasing back into the original aperture,
data extrapolation provides additional bene�ts with regard to the data resolving capabilities of the
wavenumber domain or spectral image. More speci�cally, the resolving power of the DFT process is
increased as a larger number of bins are available for the interpolation process in the wavenumber
domain. This relation is presented in Equation (4.6),

∆kz =
2π

Nb ∆z
(4.6)

in which the bin size ∆kz is directly e�ected by the number Nb of spatial samples in the total aperture
and the (�xed) sensor resolution ∆z in the longitudinal direction.
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By representing the spatial domain information on a �ner wavenumber grid, a better representation
of the underlying physics in longitudinal direction is obtained [5]. The increased resolving capabilities
allows for a better distinction between highly evanescent, evanescent and propagating wave compo-
nents and can be utilised to improve the performance of the wavenumber �lter. The e�ect of the
increased resolving power is clearly presented in Figure 4.6, in which the components at n = ±5 [-]
are presented on a �ner kz grid.

Remark 4.3 The increased resolving capabilities of the spectral image does not represent an increase
in spectral resolution. The extrapolation process provides an increased number of sampling bins in
wavenumber domain, upsampling the already retrieved spatial information. The spectral resolution
remains unchanged as this is determined by physical measurement parameters such as the measure-
ment resolution (sensor density) and measurement distance (capability of resolving evanescent wave
data from the noise �oor).

Two dimensional spatial windowing is utilised to attenuate the extrapolated signal, preventing leak-
age and signal distortion within the original aperture by suppressing the discontinuities presented
at the borders of the padded domain. The signal attenuation is limited to the longitudinal direc-
tion as the original aperture is typically continuous or spatially periodic in φ and discontinuous in z [5].

In order to limit the signal attenuation to the longitudinal direction, the 2-D spatial window is
constructed from a Boxcar window along the φ-dimension and Tukey window along the z-dimension.
With regard to the attenuation along z and in correspondence with the �ndings of R. Scholte et al
(2012, [32]), the Tukey window provides a suitable trade-o� in signal attenuation and signal loss. The
(1-D) Tukey window as expressed by Equation (4.7) consists of �at plateau and cosine taper on each
end of the plateau,

w(n) =


1
2

[
1 + cos

(
2π
α

(nb−1)
(Nb−1) − π

)]
, nb <

α
2 (Nb − 1),

1, α
2 (Nb − 1) + 1 6 nb 6 Nb − α

2 (Nb − 1),
1
2

[
1 + cos

(
2π
α

(
1− (nb−1)

(Nb−1)

)
− π

)]
, Nb − α

2 (Nb − 1) < nb,

(4.7)

in which nb represents the longitudinal sample in the range nb ∈ [1, Nb] and α ∈ [0, 1] determines the
width of the cosine taper.

An example of the 2-D spatial window is provided in Figure 4.7, in which the plateau can be utilised
to prevent signal attenuation of the original aperture.
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Figure 4.7: Normalised 3-D schematic representation of a 2-D spatial window comprising of a Tukey window
in the �rst dimension and Boxcar window in the second dimension.
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Signal loss is prevented by coinciding the �at plateau of the Tukey window to the original aperture,
whilst leakage is minimized by attenuating the signal in the extrapolated domain. This is obtained by

means of α = 1−
(
Nb

N

−1)
, providing the attenuation of the extrapolated data in the cosine tapered

lobe of width αNb

2 . The remaining width of the rectangular window
(
1− α

2

)
Nb coincides with the

original aperture.

The 2D spatial window is applied in combination with the LPBP extrapolation to precondition
the spatial information prior the 2D FFT process. The e�ects of preconditioning is compared with
the unconditioned case in Figure 4.8, in which the unconditioned and preconditioned wavenumber
domains and reconstructed sound pressure �elds are compared at the hologram distance of Rrec of 5
mm and frequency of interest of 142.9 Hz. As previously discussed, the extrapolated aperture domain
is discarded during the reconstruction process. It can be concluded that the pre-processing of the
acoustic data is bene�cial in terms of minimizing leakage into the original aperture and resulting
distortion of the radiated patterns.
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Figure 4.8: Comparison of the radiated and reconstructed sound pressure �elds for the unconditioned case
(left) and preconditioned case (right). The wavenumber domain plots (top) are observed at the
frequency of 142.9 Hz and measuring distance Rh of 50 mm. The reconstructed sound pressure
�elds (bottom) are reconstructed at the hologram distance Rrec of 5 mm with respect to the
cylindrical surface. Preconditioning is applied with a Nb

N
factor 15, �lter order Pbpo of 6 and the

2-D spatial window.
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With regard to Figure 4.8, it can be stated that the unconditioned reconstruction is dominated by the
discontinuities presented in the original aperture. Signi�cant leakage and high wavenumber distortion
are introduced during the inversion process. In correspondence with the works of R. Scholte et al
(2009, [15]), it is observed that the preconditioning process of LPBP extrapolation and 2-D spatial
windowing is bene�cial in terms of reducing the distortion and leakage. The higher wavenumber
components presented in both the unconditioned and extrapolated case are addressed by the spatial
window, utilising the Tukey window to attenuate the longitudinal dimension of the aperture.

The 2-D spatial window is not capable of suppressing the discontinuities in azimuthal direction,
resulting in the remaining distortion of the presented reconstructed image. As mentioned during the
process of extrapolation, discontinuities in azimuthal direction are introduced in the extrapolated do-
main due to the nature of the row-wise extrapolation process. The observed perturbations at higher
'n' remain due to application Boxcar window along this dimension. Wavenumber regularization can
be utilised to further reduce the e�ects of higher wavenumber noise.

It is expected that the non-regularised images will present an increasing distortion at higher fre-
quencies of interest and larger measurement distances. The increase in both frequency and mea-
surement distance will distort the images due to the increased higher wavenumber noise blow-up
and azimuthal leakage, which can not be successfully addressed by solely the preconditioning. With
regard to the increase in the measurement parameters, wavenumber regularisation will be essential
to provide meaningful reconstructions close to the surface of the radiating source.

4.2.2 Wavenumber regularization

In summary of Chapter 2 and the conclusions presented in the previous sub-section, it is advised to
apply regularization of the (numerical) evanescent wave data in order to resolve the issues with respect
to the ill-conditioning of the problem. The complications arise during the inversion process towards
the surface of the source, in which the evanescent waves are subjected to an ampli�cation in terms of
the amplitude. The process of ampli�cation includes the noise in the evanescent wavenumber domain,
leading to the blow-up of noise and distortion of the reconstructed images (particularly if the noise
levels exceeds the amplitude of the evanescent wave components) [16]. Wavenumber regularization is
introduced to �lter the evanescent wave components and obtain a trade-o� in the noise blow-up or
ill-conditioning of the solution and the reconstruction resolution. A �lter and suitable corresponding
�lter settings are selected to regularize the axial and circumferential decaying waves.

In correspondence with the works of R. Scholte et al (2008, [16]) and E. Moers (2016, [6]), the
cosine tapered �lter Hkco,α

reg presented in Equation (4.8) is selected to perform the wavenumber regu-
larization. In Equation (4.8)

Hkco,α
reg (kt) =


1 , kt < (kco − αkco)

0.5 + 0.5cos
(
kt − π (kco−αkco)

2αkco

)
, (kco − αkco) 6 kt 6 (kco + αkco)

0 , kt > (kco + αkco)

, (4.8)

the slope of the tapered region is de�ned by α ∈ [0, 1] [-] and kco describes the the wavenumber cuto�
(in terms of obtaining the value Hkco,α

reg = 0.5 during tapering). In comparison with wavenumber
�lters containing in�nite slopes, the use of a smooth �nite sloped �lter can be bene�cial in terms
of smoothing the solution and reducing the ringing e�ects after the 2D-IFFT process (applicable
to broadband sources). The selection of the �lter slope involves the trade-o� in ringing, possible
attenuation of useful wave information and passing of higher wavenumber noise. With regard to the
�ndings of R. Scholte et al (2008, [16]) and the discrete tonal nature of the wavenumber spectra
under consideration, the value α = 0.3 [-] is selected to describe the �lter slope. The wavenumber
cuto� kco remains the �lter parameter of interest, proper selection is required to obtain suitable �lter
performances.
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In order to evaluate the e�ects of �ltering longitudinal wave components and, �ltering both longitu-
dinal and circumferential wave components with respect to the resulting reconstruction, the following
equations regarding the variable kt [rad/m] are introduced to describe the 'shape' of the �lter in the
wavenumber spectrum. In Equations (4.9) and (4.10),

kt =

√
k2z +

(n
r

)2
(4.9)

kt =
√
k2z (4.10)

the variable kt is de�ned as the function of kz or both kz and the product n
r = ks.

Equations (4.9) and (4.10) are applied to obtain a cylindrical and rectangular wavenumber �lter
shape. 3-D representations are provided in Figure 4.9, in which the settings kco = 30 rad/m and α
= 0.3 [-] are applied to demonstrate the �lter shapes.

(a) Rectangular (b) Circular

Figure 4.9: 3-D representations of the rectangular and circular shaped wavenumber �lters, presented in re-
spectively Figure (a) and Figure (b), utilising the �lter cuto� kco = 30 rad/m and �lter slope
α = 0.3 [-] for demonstration purposes.

The rectangular shaped �lter presented in Figure 4.9 can be utilised to distinguish only in terms the
longitudinal kz wave components, whereas the circular shaped �lter allows for �ltering both longitu-
dinal and azimuthal wave components. One must note that the �lter shapes are similar in terms of
the crosssection (over kz), which is determined by the function Hkco,α

reg . With regard to the �ndings
presented in the previous Section, the clear distinction in �lter shape allows for the evaluation of the
e�ects regarding noise and perturbations (corresponding to speci�c dimensions of the cylinder) with
respect to the accuracy of the reconstructions.

The performance of the wavenumber regulazation �lters as a function of kco is evaluated in terms
of the NRMS error between the preconditioned regularized reconstruction and the reference sound
pressure �eld obtained at the distance Rref of 5 mm with respect to the surface of the radiating
cylinder. The NRMS error εnrms is evaluated for the complete 32-by-32 measurement grid, varying
kco ∈ [0, 150] rad/m and α ∈ [0.1, 0.9] [-] (for demonstration purposes). An example is presented
in Figure 4.10, demonstrating the performances of the rectangular and circular shaped �lter for the
frequency of interest fint of 142.9 Hz on respectively the left hand side and right hand side.
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Figure 4.10: Comparison of the wavenumber �lter performance in terms of εnrms as the function of kz,co ∈
[0, 40] rad/m for the rectangular and circular �lter shape, presented in respectively Figure
(a) and Figure (b). εnrms is evaluated over the complete 32-by-32 measurement grid, at the
frequency of 142.9 Hz, reference distance Rref of 5 mm and for various �lter slopes α ∈ [0.1, 0.9]
[-].

The NRMS error depicted in Figure 4.10 is expressed only in terms of the kz-component kz,co. In
general, the poor selection of a low kco results in the over-regularization of the solution. Useful
wavenumber information is discarded and the resulting reconstruction is subjected to a poor reso-
lution. In contrast to the previous statement, the improper selection of a high kco can yield poor
reconstruction accuracies due to the noise blow-up in the ill conditioned inverse problem. The e�ects
with regard to the noise blow-up are not presented in the limited wavenumber cuto� range of Figure
4.10.

With regard to Figure 4.10, a similar performance of the �lters is observed at this particular frequency
reaching a minimum NRMS error of εnrms ≈ 0.2%. Whereas the rectangular �lter is bene�cial in
terms of obtaining a strong distinction in kz components, the circular allows for a trade-o� in �ltering
both kz and n components. At very low kco values an overall εnrms reaching 100 percent is observed,
suggesting that εnrms exceeds the mean value of the reference sound pressure �eld (also denoted
Coe�cient of Variation). Although the �lters present a similar performance at this frequency and the
rectangular �lter provides increased �ltering conditions in kz components, it is suggested to utilise
the circular shaped �lter during future reconstructions. As stated in the previous subsection, sound
pressure �elds at higher frequencies of interest are subjected to larger perturbations regarding the
azimuthal wave components. This increases the need for �ltering in this direction. In regard with ex-
perimental data (subjected to large perturbations in both the kz and n dimension) it is expected that
the circular shaped �lter will yield improvements in terms of reconstruction accuracies in comparison
with the rectangular �lter.
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In correspondence with the previous subsection, an example of the implementation of wavenumber
regularization is presented. In Figure 4.11, a comparison is provided between the preconditioned
un�ltered case and the preconditioned �ltered case in terms of both the k-space domain and result-
ing reconstruction of the sound pressure �eld. Similar settings regarding the preconditioning and
reconstruction are utilised.
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Figure 4.11: Comparison of the preconditioned and preconditioned plus �ltered wavenumber domain and
reconstructed sound pressure �eld corresponding to the radiated sound pressure �eld observed
at the frequency of 142.9 Hz and Rh of 50 mm. The sound pressure �eld is reconstructed at
Rrec of 5 mm, utilising the LPBP factor Nb

N
= 15 and �lter order Pbpo = 6 for preconditioning.

Wavenumber regularization is applied with the circular function, kco = 46.0 rad/m and α =
0.3 [-].

In Figure 4.11 the circular shaped �lter is applied to perform the wavenumber regularization. With
regard to the εnrms plot presented in Figure 4.10, the wavenumber cuto� kco = 46.0 rad/m is
selected to obtain the smallest reconstruction error (with regard to the �xed slope α = 0.3). The
lower boundary of the regularised wavenumber domain plot presented in Figure 4.11 (b) is limited to
0 dB, to prevent the −∞ values in the colorbar due to the truncation of the sound pressure.
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As observed in the k-space plots of the preconditioned un�ltered (a) and preconditioned �ltered case
(b) in Figure 4.11, the wavenumber �lter is capable of addressing both the the kz and n higher
wavenumber noise and errors resulting from the extrapolation and spatial windowing process. If one
would have selected the rectangular shaped �lter to perform the regularization, the higher wavenum-
ber errors along n-dimension would remain and distort the reconstructed image. The resulting sound
pressure reconstructions of the preconditioned and both preconditioned and �ltered case are presented
in respectively the sub�gures (c) and (d) of Figure 4.11. By applying the wavenumber regularization,
the noise blow-up is addresses and the reconstructed image presents an increased spatial resolution.
The resulting reconstruction accuracy after wavenumber regularization is in accordance with the ex-
pectations with regard to the reconstruction of (narrow band) modal patterns.

With regard to experimental data the necessity of wavenumber regularization increases as the data
is subjected to measurements errors and measurement noise. Additional attention is required with
regard to the trade-o� in noise blow-up and possible loss of useful wave information due to the in-
creased "sensitivity" of the ill-conditioned inverse problem. Regarding the εnrms plot presented in
Figure 4.10, one would expect to observe a blow-up in the reconstruction error at larger wavenumber
cuto�s.
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5 Comparison in normal velocity reconstructions

The �ndings presented in Chapter 4 regarding the settings of ESM based NAH and the implemen-
tation of Fourier based NAH benchmark allow for a comparison in terms of the performances of the
NAH methods. In correspondence with Chapter 1, the comparison is limited to the reconstructions
of the normal velocity un distributions. This is considered the quantity of interest with regard to the
purpose of source identi�cation and the analysis of the response dynamics of vibrating structures.
The evaluations are performed for various measuring distances in order to gain insight regarding the
di�erences between the spatial domain processing and wavenumber domain processing of the back
propagation problem. As discussed in Section 3.4 the research will be limited to numerical data.

The reconstructions of the un distributions are evaluated by means of a quantitative and qualita-
tive analysis, assessing the NRMS error in between the reconstructed and reference normal velocity
distribution and the corresponding reconstructed images. Taking into account both the real and
imaginary parts of the un distributions, the evaluation of εnrms is performed in a limited number
of local coordinates which correspond to the modal analysis conducted in Section 3.3. Due to the
limited size of the microphone aperture and longitudinal o�set ∆zoff of 0.19 m, only 5 of the 9 cross
point measurement locations are utilised during the evaluation. A schematic overview is presented in
Figure 5.1, depicting the positions and direction of the measurement and excitation and indicating
the size of the measurement aperture (dashed line).
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Figure 5.1: Locations of the normal velocity evaluations in the numerical model, corresponding to the FRF
mobility evaluation points presented in Section 3.3. The dashed line depicts the microphone
aperture, the arrows indicate the direction of the normal velocity measurements and excitation
force Fexc.

The points of evaluation and excitation presented in Figure 5.1 are selected in order obtain correspon-
dence with the experimental set-up. It must be noted that, due to the experimental measurement
method presented in Section 3.4, the direction and location of Fexc are not conform the modal anal-
ysis performed in Section 3.3.

In order to avoid con�icts in the numerical multi-physics model, the un evaluation is performed
on a reconstruction plane close to the surface of the source. Taking into account the structure-�uid
interaction, the reconstructions and reference values are obtained at the plane with distance Rrec
of 5 mm with respect to the radiating surface. During the evaluation, Rh is varied in Rh = 25, 50
and 75 mm to subject the NAH methods to increasing back propagation distances and, consequently,
increasing radial divergence and exponential decay of the wave contents. Additionally, the reconstruc-
tions are evaluated for fint = 142.6, 144.9, 209.4, 211.1 and 390.7 Hz to assess the e�ects regarding
the modality of the sound �eld under consideration and possible frequency dependence.
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In correspondence with the discussion in Section 4.1.3, the ESM based NAH reconstructions will
be performed without SVD truncation. The settings concerning the source grid con�guration and
retreat distance will be con�ned to (Nsou,φ, Nsou,z) = (24,24) sources and Rret of 75 mm with respect
to the surface of the radiating source. Regarding the Fourier based NAH reconstructions, the LPBP
factor Nb

N = 15 is selected in order to provide a suitable wavenumber bin size and obtain a trade-o� in
the wavenumber resolving capabilities and computational e�orts. Conform to the works of R. Scholte
et al (2008, [16]), the Linear Predictive Filter order Pbpo is set to 6 (the number of previous samples
utilised during the extrapolation process). Wavenumber regularization is performed with the 'circu-
lar' shaped �lter to allow for the distinction in both the longitudinal kz and azimuthal n components
of the wavenumber domain. The wavenumber cuto� kco is selected per individual reconstruction of
interest to obtain suitable benchmark reconstructions. During the quantitative analysis of the re-
construction accuracy in terms of εnrms, the �ndings regarding Cond(Ghp) and kco are gathered to
monitor the underlying physics of the ESM and Fourier based NAH reconstruction processes.

The �ndings regarding εnrms for various Rh and fint are presented in the bar plots in Figure 5.2. In
Figure 5.2, the results regarding the ESM based NAH and Fourier based NAH reconstructions are
presented on respectively the left hand side and right hand side.
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Figure 5.2: Quantitative evaluation of the ESM and Fourier based NAH un reconstructions for various
frequencies and measurement distances. The ESM based NAH reconstructions are evaluated
in terms of εnrms,esm and Cond(Ghp) (left), and the Fourier based NAH reconstructions are
assessed by means of εnrms,fou and kco (right). The reconstruction errors are determined over
5 points of evaluation.
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Evaluation of εnrms,esm in Figure 5.2 clearly depicts that the performance regarding the reconstruction
of un is signi�cantly diminished with regard to the respective sound pressure counterpart presented
in Section 4.1. The evaluation can be a�ected by the limited number of N = 5 local coordinates to
determine εnrms,esm, giving rise to an increased sensitivity with regard to deviations presented in the
reconstructed standing wave pattern (exemplo gratia the e�ects regarding interference and noise). In
addition, the general course in terms of cond(Ghp) shows that the inverse problem becomes severely
ill-conditioned over increasing Rh. The increased back propagation distance initiates the blow-up of
noise in the inverse solution despite the use of the countermeasures discussed in Section 4.1.3.

Overall, the �ndings regarding the course presented in terms of kco and the overall magnitude of
εnrms,fou are conform to the expectations of the Fourier based NAH benchmark. One would assume
to observe an increase in εnrms,fou as the function over Rh and fint. The increasing Rh and fint are
accompanied by the decreasing di�erentiability of the evanescent wave components with respect to the
noise �oor, as the evanescent decay increases and the wavenumber components approach the higher
wavenumber noise. Evaluation of the k-space domains shows that, despite the increase in Rh and fint,
a clear distinction can be made in between the wave components of the tonal spectra and the noise
perceived at the higher wavenumbers. It is expected that the aforementioned e�ects will be presented
in terms of the trade-o� in εnrms,fou and kco if one would subject the reconstructions to measurement
noise (increased noise �oor) or utilise point-like acoustic sources with broadband wavenumber spectra.

Evaluating the general course of εnrms,fou over Rh in Figure 5.2, the reconstruction error corre-
sponding to Rh of 25 mm is not in accordance with the expectations. The increased kco at lower Rh
suggest that more higher resolution wave information is retrieved, which should be accompanied by
an improved reconstruction. Con�ning the evaluation to the frequency of 142.9 Hz, spatial aliasing
of the structural wave components can be excluded. The Nyquist criterion is not violated, as the
wavelength of approximately 0.14 m (conform kco ≈ 45 rad/m) is properly resolved by the cylindrical
measurement grid with the longitudinal sensor resolution ∆z = 0.02 m and azimuthal sensor resolu-
tion ∆φ = 0.044 m. It is possible that the deviation in the expected course of εnrms,fou is a�ected by
the implemented wavenumber �lter and number of measurement points used during this evaluation.
As discussed in Section 4.2, the wavenumber �lter and corresponding �lter performances are assessed
in terms of the sound pressure reconstructions and the complete 32-by-32 measurement grid. With
respect to the un reconstructions, minute discrepancies in kco and the limited number of evaluation
points may initiate a deviation in εnrms,fou. This, however, remains doubtful as one would expect to
observe a random spread in terms εnrms,fou over Rh and fint.

Directing the attention towards the ESM based NAH reconstructions, the e�ects regarding the noise
blow-up and the signi�cant magnitude of εnrms,esm can be explained by means of the comparison
in terms of the ESM and Fourier based NAH reconstructed images presented in Figure 5.3. The
reconstructions are evaluated for Rh of 25, 50 and 75 mm (presented respectively from left to right)
and the frequencies of 142.9 Hz (sub�gures a - f) en 390.7 Hz (sub�gures h - l). It must be noted
that the evaluation of the reconstructions is con�ned to the imaginary part of the reconstructed un
distributions. A 90 degrees phase shift is introduced during the computation of the normal velocity by
means of the sound pressure gradients. The imaginary part of the un distribution is in correspondence
with the in-phase part of the sound pressure �eld.
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(b) ESM, 142.9 Hz, Rh 50 mm
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(g) ESM, 390.7 Hz, Rh 25 mm

Z [m]

P
h

i 
[r

a
d

]

 

 

0 0.2 0.4 0.6

0

2

4

6

[ms
−1

]

−0.5

0

0.5

1

(h) ESM, 390.7 Hz, Rh 50 mm
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Figure 5.3: Comparison in the imaginary part of the reconstructed normal velocity �elds, obtained via ESM
and Fourier based NAH at Rrec of 5 mm. The reconstructions are evaluated for the frequencies
of 142.9 Hz (a - f), 390.7 Hz (g - l) and measurement distances Rh of 25, 50 and 75 mm
(depicted from left to right). The reconstructions are depicted on the 32-by-32 microphone array
grid.
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The Fourier based NAH benchmark presents, from a qualitative point of view, no distinctive di�er-
ences in between the measurements involving di�erent Rh. The e�ects regarding the decrease in kco
over increasing Rh result in no perceivable e�ect.

Regarding the ESM based NAH reconstructions, only the reconstructions involving Rh of 25 mm
are in close correspondence (qualitatively) with the Fourier based NAH benchmark. An overshoot
in terms of both the real and imaginary part of un is observed and local maxima and minima are
presented due to the (limited) occurrence of interference. This is initiated by the selected reconstruc-
tion settings, providing restricted capabilities in terms of describing the spatial variations and overall
smoothing of the reconstructed image. With regard to the selected source grid (Nsou,φ, Nsou,s) =
(24,24), it is expected that an increase of Rret outside the range Rret ∈ [0, 75] mm evaluated in
Section 4.1.2 can be bene�cial. Improvements regarding the accuracy of the reconstruction can be
obtained as the image is further smoothened and the e�ects regarding the mismatch in exponential
decay remain limited.

In addition to the observed overshoot, it is apparent that the increasing Rh initiates severe ill-
conditioning of the inverse problem. A transition from a qualitative (near) smooth image to noise
dominated reconstruction is observed. With regard to the reconstructions involving Rh of 75 mm,
one can choose to counteract the noise blow-up by reducing Nsou to (Nsou,φ, Nsou,z) = (16,16) and
to obtain a more overdetermined system. By performing the reduction in the source grid, similar
reconstruction accuracies with respect to the cases of Rh of 25 and 50 mm can be obtained. This,
however, comes at the cost of the increased interference and decreased representation of the higher
spatial harmonics in the reconstructions.

The current implementation of ESM based NAH is not capable of obtaining meaningful recon-
structions over increasing Rh, preventing the comparison with respect to the Fourier based NAH
benchmark. In order to provide a proper assessment of the e�ects of the measurement conditions
with respect to the spatial domain and wavenumber domain processing of the inverse problem, future
research should be conducted with regard to the regularization of the ESM based NAH (pseudo)
inversion process. A discussion regarding regularisation by means of the truncation of singular values
is presented in Section 4.1.3 and Appendix C.2, providing a brief demonstration of the e�ects and
possible bene�ts. In addition to the discussion presented in Section 4.1.3, it is recommended to eval-
uate the e�ects of τsvd over an increased range of of evaluation in Rret. This can be interesting for
the underdetermined systems under consideration, as the consideration in terms of Rret, smoothing
and the possible mismatch in exponential decay of the evanescent waves increases. The proper imple-
mentation of SVD truncation can improve the �ndings presented in Figure 5.3 as a better description
of the dominant and higher spatial harmonics can be provided, without experiencing the destructive
e�ects of noise blow-up, interference and lack of overall smoothing.

Remark 5.1 In addition to the aforementioned �ndings and results, it is observed that the un
reconstructions present an increased sensitivity with respect to noise, the reconstruction settings
and ill-conditioning of the inverse problem in comparison with the sound pressure reconstructions
presented in Chapter 4. This is occurring for both the ESM and Fourier based NAH methods and is
perceived throughout the literature. Insu�cient �ndings are gathered to explain this phenomenon. It
is advised to conduct future research regarding the contributions of individual sources in the pressure-
to-normal velocity transfer matrix Gsv and, based on the �ndings presented in the works of E. Moers
(2016, [6]), evaluate the wavenumber sampling of the discrete pressure-to-normal-velocity inverse
propagator.
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6 Conclusions and recommendations

Concluding statements regarding the performances of the ESM based NAH method in compari-
son with the Fourier based NAH benchmark can not be postulated. A good understanding of the
underlying physics regarding the reconstruction settings of ESM based NAH is obtained, and the
implementation of Fourier based NAH and the measures to address the corresponding challenges are
successful. It is shown that regularisation of the ill-conditioned inverse problem conform the method of
equivalent sources is essential. The current comparison with respect to the benchmark under varying
measurement distances is not considered meaningful, as the reconstruction errors of ESM based NAH
and Fourier based NAH vary in respectively εnrms,esm ∈ [42.48, 126.46] % and εnrms,fou ∈ [0.68, 3.39]
%. The ESM based NAH solutions are subjected to noise blow-up over increasing measurement dis-
tances, which are to be addressed during future research by means of regularisation. A demonstration
regarding the regularisation of the ESM based NAH inverse problem by means of SVD truncation is
provided, from which it can be concluded that signi�cant improvements can be established. Future
research regarding the topic of SVD truncation is required in order to be capable of providing proper
assessments regarding the e�ects of truncation with respect to the selection of the reconstruction
settings.

The evaluation of the reconstruction performances of the NAH methods of interest is limited to
the data retrieved from the numerical model. The reconstructions are performed without the mea-
surement errors and raised noise �oor which are associated with physical data acquisition. The
current implementation of the measurement method in the experimental set-up and corresponding
assumption regarding axi-symmetry of the radiating source are insu�cient. The application of a �xed
microphone array position and varying circumferential excitation position are in con�ict with regard
to the use of the non-purely axi-symmetric cylindrical shells. Due to deviations in the symmetry,
the closely spaced modes present a preferred azimuthal orientation in space which adversely a�ects
the experimental radiated sound �eld. In order to avoid the aforementioned e�ects, it is advised
to henceforth utilise a �xed point of excitation and measure the radiated sound �eld by means of
a cylindrical microphone array. Additionally, this allows for signi�cant improvements regarding the
data acquisition as the complete sound �eld can be retrieved during a single measurement.

With regard to the gathered �ndings concerning the ESM based NAH reconstructions it can be
concluded that it is interesting to increase the range of evaluation regarding the retreat distance
Rret. This relates to the determined and underdetermined systems of equations, for which additional
improvements regarding εnrms may be achieved for Rret > 75 mm. In addition, it can be postu-
lated that the supposed con�ict regarding the sound radiation physics and contribution of equivalent
sources outside the direct �eld of the observers of interest is not applicable. The complete source grid
is required to describe the spatial variations in the local sound pressure �eld of the observer.

By implementing the recommendations presented in this thesis and addressing the aforementioned
di�culties, the research regarding the applicability of ESM based NAH in physical radiation problems
can be pursued. This allows one to determine if ESM based NAH can be a suitable reconstruction
method, in which the geometry of the radiator and global coordinate frame are no longer limiting the
NAH capabilities.
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Appendices

A Complimentary COMSOL �gures

A.1 Evaluation of PML scaling factors

(a) XY plane, spml = 4 (b) YZ plane, spml = 4

(c) XY plane, spml = 12 (d) YZ plane, spml = 12

Figure A.1: Sound Pressure Level in the XY planes (left) and YZ planes (right), evaluated at the frequency
of 395.2 Hz and scaling factor spml of 4 (a,c) and spml of 12 (b,d). The XY plane is obtained at
the longitudinal coordinate 0.75Lcyl,num and the YZ plane is in correspondence with the plane
of symmetry.
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A.2 Evaluation of PML perfomance at 144.6 Hz

(a) Sound Pressure Level (a) acoustic pressure

Figure A.2: Sound pressure Level (left) and sound pressure (right) as a function of the radial distance
travelled. Evaluated at 144.6 Hz for a varying scaling factor spml ∈ [1, 12]. The direction
of travel is de�ned by the vector in the positive x-direction, starting in the point (x,y,z) =
(Rcyl,num, 0, 0.75 ∗ Lcyl,num).

(a) Longitudinal direction (b) Azimuthal direction

Figure A.3: Sound pressure for a varying scaling factor spml ∈ [1, 12]., evaluated at 144.6 Hz in the lon-
gitudinal (a) and azimuthal (b) direction. The evaluation in the longitudinal direction starts
in the coordinates (x,y) = (Rcyl,num + 50, 0). The azimuthal direction is evaluated along the
circumference at the stando� distance of 50 mm and longitudinal coordinate of 0.75Lcyl,num.

Dynamics & Control - TU/e 72



D&C 2018.041 Complimentary COMSOL �gures

(a) XY plane (b) YZ plane

Figure A.4: Sound Pressure Level over the XY plane (left) and YZ plane (right), evaluated at the resonance
frequency of 144.6 Hz and scaling factor spml of 8. The XY plane is obtained at the longitudinal
coordinate z = 0.75Lcyl,num and the YZ plane is in correspondence with the plane of symmetry.
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B Experimental Numerical Analysis

B.1 Mobility FRF's
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(a) Evaluation point 1
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(b) Evaluation point 3
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(c) Evaluation point 4
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(d) Evaluation point 5

Figure B.1: Numerical and experimental mobility plots and corresponding coherence of the cross point measurements
performed in respectively evaluation points 1, 3, 4 and 5.
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(a) Evaluation point 6
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(b) Evaluation point 7
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(c) Evaluation point 8
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(d) Evaluation point 10

Figure B.2: Numerical and experimental mobility plots and corresponding coherence of the cross point measurements
performed in respectively evaluation points 6, 7, 8 and 10.
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B.2 Residual noise measurements

Noise measurements are performed in anticipation of the acoustic measurements to evaluate the noise
�oor and noise contributions from (residual) background sources and the data acquisition equipment.
The measurements are performed in absence of the vibrating dynamic system.

The contributions and correlation of noise sources are evaluated by comparing the Auto PSD of
a single reference channel to the CPSD's of several channels with respect to the reference channel.
With regard to the Sorama CAM1K microphone array, channel (16,16) located in the center of the
array is selected as the reference. The reference is compared to channels (5,5), (5,16), (5,27), (16,5),
(16,27), (27,5), (27,16), (27,27) which are evenly distributed over the surface area of the array.

In correspondence with the acoustic measurements performed in Chapter 3.4, the frequency range is
limited to the range f ∈ [0, 500] Hz. The spectral densities are obtained by means of the "pwelch.m"
and "cpsd.m" Matlab functions, utilising Hanning windows and zero overlap to retrieve the spectral
data. The process is performed twice, once with only the background noise (and consequently the
Sorama DAQ) and once including LVM DAQ. The resulting Auto PSD's and CPSD's are presented
in Figure B.3.
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Figure B.3: Residual noise evaluation of the background and data acquisition equipment, excluding and in-
cluding the laservibrometer DAQ (respectively top and bottom). The Auto PSD's of the reference
channel (16,16) are depicted left. The mean CPSD's and corresponding standard deviations are
depicted right (respectively blue and red). CPSD is determined in respect to the reference for
the channels (5,5), (5,16), (5,27), (16,5), (27,5), (27,16) and (27,27).
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With regard to the lower frequency range of both noise measurements, a correlation in noise cor-
responding to background noise sources and the typical 50 Hz harmonics (also known as "electric
hum") is observed. Con�ning the attention to the upper bound of the frequency range, additional
correlated noise is observed in the measurements involving the laservibrometer DAQ at the approxi-
mate frequencies of 215 and 340 Hz. Evaluation shows that the noise contributions to these particular
frequencies and the higher corresponding harmonics are produced by the fans of the laservibrometer
controller. The noise at remaining frequencies in both cases is considered uncorrelated, the Auto
PSD does not exceed the mean of the CPSD.

B.3 Sound �eld comparison at 96.6 Hz and 99.8 Hz

Z [m]

P
hi

 [r
ad

]

 

 

0 0.1 0.2 0.3 0.4 0.5 0.6
0

1

2

3

4

5

6

[−]

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(a) Experimental, f = 96.6 Hz

Z [m]

P
hi

 [r
ad

]

 

 

0 0.1 0.2 0.3 0.4 0.5 0.6
0

1

2

3

4

5

6

[−]

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(b) Numerical, f = 90.0 Hz
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(c) Experimental, f = 99.8 Hz
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(d) Numerical, f = 88.4 Hz

Figure B.4: Comparison in the real part of the experimentally and numerically obtained normalised sound
pressure �elds, observed at the measuring distance Rh of 50 mm. The experimental sound
pressure �elds (left) are observed at 96.6 Hz (a) and 99.8 Hz (b), the numerical sound pressure
�elds (right) are retrieved at 90.0 Hz (c) and 88.4 Hz (d).
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C Additional topics Equivalent Source Method

C.1 Direct Field Condition

In summary of Chapter 2, ESM based NAH approximates the radiated sound pressure �eld of an
arbitrary source by means of a superposition of equivalent sources located within the interior of the
radiator, utilizing free space Green's functions to describe the propagation between monopole sources
and observers. In contradiction to planar NAH, the application of ESM in cylindrical NAH can
give rise to a con�ict regarding the sound radiation physics of a closed envelope in free space. The
disagreement arises when both the measurement plane and source plane are subjected to curvature,
limiting the physical sound pressure propagation between monopoles and observers to the monopoles
located in the direct �eld of the observer of interest. This is not in correspondence with the general
implementation ESM based NAH which utilizes the complete equivalent source grid to describe the
sound pressure �eld (and propagation with respect to) of a speci�c observer along the measurement
plane. From a physical point of view, this general implementation includes the non-physical contribu-
tions of equivalent sources located outside the direct �eld of the observer of interest. In order obtain
an understanding of the underlying physics regarding the elementary wave superposition, the e�ects
regarding limitations in source contributions are brie�y studied.

The introduction of a direct �eld condition will impose limitations regarding the monopole source
contributions with respect to the sound pressure �eld perceived by the observers along the measure-
ment grid. A demonstration is be provided by means of the schematic overview presented in Figure
C.1, depicting the transversal cross-sectional view of the radiation problem.

R

meas

source

R

Observer Source

φφ
obstan

0, 2π
β

Figure C.1: Cross-sectional view of the sound radiation problem, demonstrating the direct �eld condition
in terms of relative azimuthal positions of the observer and equivalent sources. Based on the
azimuthal positions of the monopoles on plane Rsource, the sources perceived within the direct
�eld of the observer on plane Rmeas are limited by angle β.

An arbitrary observer in location (Rmeas, φobs) and series of elementary sources are placed on respec-
tively the measurement plane and along half the circumference of the source plane. With regard to
Figure C.1 and the sound propagation physics involving radiating cylinders, the sources contribut-
ing to the direct sound �eld of the observer (depicted black) are bounded by the tangents of the
source plane through the point (Rmeas, φobs). The condition remains limited to the azimuthal direc-
tion due to parallelism of the measurement plane and source plane along the longitudinal direction.
The remainder of the sources (depicted grey) do not contribute to the direct sound �eld, the physical
contribution can be excluded based on the circumferential position relative to the observer of interest.
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Utilizing Figure C.1, the geometric condition presented in Equation (C.1) is derived to describe the
range in the azimuthal coordinates φsou,n of the elementary sources corresponding to the direct �eld
as perceived by the the observer in location φobs,m.

φobs,m − cos−1
(
Rsource
Rmeas

)
6 φsou,n 6 φobs,m + cos−1

(
Rsource
Rmeas

)
, (C.1)

The proposed condition can be implemented to compute the sound pressure transfer matrix Ghp by
means of Equation (C.2)

Ghp|m,n = g(rh,m, ro,n) =


−eik|rh,m−ro,n|

4π|rh,m−ro,n| , φsou,n ∈
[
φobs,m ± cos−1

(
Rsource

Rmeas

)]
0 , φsou,n /∈

[
φobs,m ± cos−1

(
Rsource

Rmeas

)] , (C.2)

which excludes the sound pressure �eld contributions of monopole sources positioned outside the
direct �eld with respect to the observer of interest. In addition, this accounts for the computation
of the source strength vector Q and resulting sound pressure reconstructions in terms of the limited
source contributions.

The implementation of the direct �eld condition in the transfer matrix Ghp can pose multiple bene�ts
with regard to the computation of the (pseudo) inverse product G+

hp, the source strength vector Q
and the resulting sound pressure reconstructions. A brief evaluation regarding the performance of
the direct �eld condition is provided by assessing the reconstructions with and without the condition
in terms of Cond(Ghp) and a qualitative evaluation of the sound pressure reconstructions for various
source grids. The reconstructions are performed in agreement with Section 4.1, utilising Rret of -50
mm and the source grids (Nsou,φ, Nsou,z) = (8,8), (24,24) and (64,64). The reconstructions are evalu-
ated at the plane Rrec of 5 mm and frequency of 142.9 Hz, utilising the sound pressure �eld observed
at Rh of 50 mm.

The condition numbers of Ghp and in-phase components of the reconstructed sound pressure �elds
for the various source grids are presented in respectively Table C.1 and Figure C.8. Evaluation shows
that, although a vast improvement in the overall conditioning of the inverse problem can be obtained,
a qualitative improvement of the reconstructed image is not realised.

Table C.1: Evaluation of condition number Cond(Ghp) over various source grids for ESM without and with
the implementation of the direct �eld condition (respectively 'regular' and 'conditioned').

(Nsou,φ, Nsou,z) Regular ESM Conditioned ESM
(8,8) 4.37 · 102[−] 1.75 · 102[−]
(24,24) 1.09 · 107[−] 4.4 · 106[−]
(64,64) 1.35 · 109[−] 5.33 · 108[−]

In most cases involving the direct �eld condition, ESM based NAH fails to provide a meaningful
reconstruction. Deterioration of the reconstructions is observed, which seems to be greatly a�ected by
reconstruction settings involved. Although the contributions from the monopoles positioned outside
the direct �eld of the observer of interest are limited relative to the contributions of the direct �eld,
it is observed that the elimination of said contributions yields destructive e�ects. Evaluation shows
that the reconstruction performance (without the means of regularization of the inverse problem) is
reduced by the number of remaining sources. It is suggested that the remaining sources are incapable
of properly describing the spatial changes and give rise to an increased sensitivity to noise. It can be
concluded that, despite the con�ict in terms of sound radiation physics, the non-physical contributions
are crucial to describe the cylinder radiated sound pressure �elds.
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Figure C.8: Comparison in the in-phase components of the sound pressure reconstructions at the plane Rrec
of 5 mm at frequency of 142.9 Hz for various (Nsou,φ,Nsou,z) con�gurations and �xed Rret of
50 mm. The regular ESM reconstructions are presented on the left hand side, reconstructions
involving the direct �eld condition are presented on the right hand side. The input sound
pressure �eld is obtained at the measuring distance Rh of 50 mm. The reconstructions are
presented on the (Mobs,phi,Mobs,z) = (32,32) reconstruction grid.
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C.2 SVD and the truncation of singular values

Singular Value Decomposition is a factorization method that allows for the decomposition of complex
matrices into a set of linear independent components and orthonormal bases. Introducing the complex
non-square matrix A ∈ CN xM , one can obtain the SVD by means of the following Equation

A = UΣV∗ (C.3)

in which U ∈ CN xN contains the left singular vectors, V ∈ CM xM contains the right singular
vectors, ∗ denotes the complex conjugate and Σ ∈ RN xM is the diagonal matrix containing the
singular values. From a geometric point of view, the SVD of the complex mapping matrix A can be
interpreted as the decomposition into the matrices describing the orthonormal bases in the domain
and co-domain of A (respectively the columns of V and U) and singular values σi describing the
semi-axis or gains with respect to the orthonormal bases. The SVD is typically used to compute the
(numerical) rank of large matrices, provide least-squares �ts of large sets of data and compute the
pseudo-inverse of non-square matrices [33].

Con�ning the attention to the transfer matrix Ghp, the SVD can be interpreted as the decompo-
sition into a set of linear independent components each providing a contribution in terms of energy in
their corresponding principal directions. Subjecting Ghp into Equation (C.3), U can be interpreted
as the series of orthogonal basis functions describing the '�eld harmonics' or modeshapes on the
measurement plane and V representing the orthogonal basis functions describing the source plane
harmonics [34]. The singular values on the diagonal of matrix Σ describe the relation between the
individual modeshapes of the measurement plane and source plane by means of a single real valued
number. Besides the computation of the pseudo-inverse as demonstrated in Chapter 4, the factoriza-
tion of Ghp allows for the manipulation of the reconstruction process.

One can distribute the singular values of the SVD factorization of Ghp as sketched in Figure C.9, in
which the total number of 'N' samples is limited by the smallest dimension of Ghp. The distribution
can be divided into three separate regions, each providing their own respective contribution in terms
of describing the sound radiation harmonics.

σ

index

σ
max

0

1 N

Zone I Zone II Zone III

Figure C.9: Sketch demonstrating the distribution of singular values associated with acoustic problems. The
distribution, presented from largest to smalles singular value, is divided into 3 regions corre-
sponding to their respective contribution in terms of the cylindrical sound radiation physics.
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In Figure C.9 the �rst zone is associated with the dominant propagating wave harmonics of the
acoustic problem. The (limited number of) singular of the highest value dominate the reconstruction
in terms of energy, representing the global maxima and minima of the reconstructed sound pressure
�eld. The singular values corresponding to Zone II are related to the higher spatial variations of the
radiated sound pressure �eld and includes (a part of) the decaying evanescent waves. Zone II, also
denoted the 'transition zone', can be utilised to improve the resolution of the reconstruction in terms
of the transition in between global maxima and minima. Zone III is represents the smallest singular
values which can be associated with noise and indistinguishable rapid decaying wave harmonics [35].

With regard to the presented distribution, it is most interesting to obtain a trade-o� in the truncation
of the singular values positioned in Zone II and Zone III in order to remove the disruptive blow-up
in the reconstruction resulting from the smallest singular values. This will reduce the numerical
instability observed for the underdetermined systems presented in Section 4.1.1 and 4.1.2 and allows
for the suitable representation of the source plane harmonics. A demonstration of the truncation of
singular values will be provided to assess the possible bene�ts for future research.

The e�ects regarding the truncation factor are brie�y evaluated both in terms of the reconstruc-
tion error εnrms between the reference �eld and reconstructed sound pressure �eld and a qualitative
assessment of the resulting reconstructions. With regard to the SVD computation in Matlab, the
truncation factor τsvd is de�ned as a percentage of the maximum singular value σmax. The evaluation
is performed for (Nsou,φ, Nsou,z) = (16,16), (32,32) and (48,48) sources, varying the τsvd in the range
τsvd ∈ [1−7, 1] %σmax. Figure C.10 present the �ndings in terms of εnrms for the frequencies of 142.9
Hz (left) and 209.4 Hz (right), utilizing Rrec of 5 mm, Rret of 50 mm and Rh of 50 mm to perform
the reconstructions.
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Figure C.10: Evaluation of εnrms between the reconstructed and reference sound pressure �eld at Rrec
of 5 mm over various truncation tolerances τsvd, determining εnrms over the complete
(Mobs,φ,Mobs,z) = (32,32) reconstruction grid. The evaluation is performed for various source
grid con�gurations at the frequencies of 142.9 Hz (a,left) and 209.4 Hz (b,right), utilising Rret
of 50 mm and the �eld obtained Rh of 50 mm.

In correspondence with the expectations, the bene�ts resulting from the truncation of singular values
are limited to the determined and underdetermined case. Improvements regarding εnrms are obtained
as the smallest non-zero singular values are discarded, addressing the numerical instability by remov-
ing the contributions in terms of noise and non-distinguishable rapid decaying wave harmonics. This
can not be obtained in terms of the overdetermined (Nsou,φ, Nsou,z) = (16,16) case, which is limited
in terms of the very poor singular values and corresponding blow-up in the ill-posed back propagation
process.
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The e�ects of truncation with respect to the resulting reconstruction can be presented by means of
Figure C.11. In Figure C.11, the reconstructions involving the truncation factors τsvd of 1−7, 1−5,
1−1 and 1 [% σmax] are compared in terms of the in-phase components of the sound pressure �elds.
The qualitative assessment is performed for the frequency of 142.9 Hz, (Nsou,φ, Nsou,z) = (48,48)
sources, Rret of 50 mm and Rh of 50 mm.
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Figure C.11: Qualitative comparison in the in-phase components of the reference (a) and reconstructed
sound pressure �elds (b, c, d) for various source con�gurations obtained at the reconstruction
plane Rrec of 5 mm for the frequency of 142.9 Hz and Rret of 50 mm. The reconstructions
are performed with the measured sound pressure �eld obtained at Rh of 50 mm.

The reconstructions presented in Figure C.11 provide a suitable assessment of the underlying physics
involving the truncation of singular values. As τsvd increases, more and more of the higher spatial
decaying spatial variations are truncated. As demonstrated by the case of τsvd = 1 [ % σmax], one can
overshoot the amount of truncation and remove useful and important wave harmonics. Consequently,
the reconstruction presents a very poor resolution and is unable to represent the spatial variations.
The reconstruction corresponding to τsvd of 1−1 [ % σmax] represents the truncation of singular
values positioned in Zone II, discarding the harmonics associated with the higher and decaying wave
harmonics. Consequently, only the global maxima and minima can be represented and the remainder
of the reconstructions regarding the transitions between the global maxima is lacking. A trade-o� in
terms of discarding useful wave information and addressing the noise blow-up can be obtained with
τsvd of 1−5 [ % σmax], providing the means to properly describe the transition between the global
maxima and minima.
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