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Summary

One of the steps of a lithography process is the exposure of a wafer (a silicium thin circular slice
which is typically 300 [mm] in diameter) to a light source, which moves over the wafer to make
nanometer geometric patterns in the wafer. This process induces heat in the wafer which leads
to expansions of the wafer. These expansions degrade the quality of the image projected by the
light source. To minimize this degradation the expansions are predicted using a Finite Element
Method (FEM) model. These predictions are used to position the wafer such that the expansions
are best counteracted. Since the expansions cannot be directly measured the accuracy of this
process depends fully on the FEM model. Therefore, the more accurate this model is the better
the thermal expansions can be predicted and the better the wafer can be positioned. This results
in a lithography process than can make even smaller patterns on the wafer and hence can produce
more powerful and energy efficient computer chips.

To increase the accuracy of the FEM model the considered spatial domain must be discretized
in smaller and smaller elements. However, by decreasing the element size, the computing time
increases. To increase the efficiency (in terms of accuracy and computing time) of the FEM
model, Model Order Reduction (MOR) techniques can be applied on the FEM model resulting
in a Reduced Order Model (ROM). These MOR techniques might reduce the FEM model size by
eliminating the unnecessary details.

Because the considered FEM model has many states (upto 106 states) a Krylov based MOR
technique is chosen. This is an iterative MOR technique which is very suitable for systems with
many states. This technique uses an expansion point in the Laplace domain at which the transfer
function of the ROM approximates the transfer function of the full order model. Additionally, this
expansion point influences the projection matrix that projects the high-dimensional state-space
of the full-order model onto the lower dimensional state-space of the ROM. In this report it is
shown that the expansion point highly influences the efficiency of the ROM. However, calculating
the optimal expansion point efficiently is a great challenge.

The optimal expansion point, is first calculated a posteriori using a grid search. By analysing
the optimal expansion point it was observed that the optimal expansion point should be chosen
such that the width of the temperature field is the same as the width of the projection basis, used
to reduced the FOM. Therefore this method is named width matching. Using this insight, it is
shown that the real expansion point can be numerically calculated a priori efficiently by a grid
search that uses the width of one temperature field and the width of one projection column (that
depends on the expansion point). Calculating the real expansion point using this method results
in an expansion point that is very similar to the a posteriori calculated optimal real expansion
point. The width matching method reduces the computational cost to calculate the expansion
point significantly. To reduce the computational cost further the width matching technique is
implemented semi-analytically. This semi-analytic technique can reduce computational cost even
further by calculating the expansion point a priori in some cases.
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Chapter 1

Introduction

1.1 Motivation and background

ASML is the market leader in lithographic machines, which mass-produce computer chips. Com-
puter chips contain nanometer geometric electric connection patterns which conduct electrons
through the chips. The smaller these patterns are, the more energy efficient the chips are and the
more patterns fit on a specific area, which increases computer power per area. The lithography
process makes these very detailed patterns and is at the heart of every ASML machine. The
lithography process uses an ultraviolet light source which shines through a blueprint of the desired
pattern (the mask). The pattern is then scaled, focussed, and projected on a thin slice of silicon
(the wafer) using optics. The wafer is coated with a light sensitive coating (photoresist) which
interacts with the light. Figure 1.1 shows the ultraviolet light source that projects the patterns
on the wafer.

Figure 1.1: Overview of a ASML waferscanner machine. The zoomed-in image shows the light
source and the wafer underneath it. Source: www.asml.com/company/what-we-do

After exposure, the undesired silicon (typically the unexposed areas) are etched away, reveal-
ing the desired pattern. New layers are stacked on top of the previous layer, creating a three-
dimensional structure. These layers must be positioned very accurately on top of each other in
order to guide the electrons from one layer to another. Nowadays the smallest feature size of the
patterns are in the nanometer range and therefore a sub-nanometer overlay accuracy is needed in
order to stack the layers on top of each other. The accuracy with which two layers can be stacked
on top of each other is called the overlay error.
To obtain the desired overlay error, the wafer is positioned below the light source using an accurate
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CHAPTER 1. INTRODUCTION

mechanical control loop. Classically, the set-point for this mechanical control loop did not consider
the heat-induced wafer deformations. However, the light source induces heat on the wafer, causing
undesired expansions of the wafer. In order to project the pattern at the desired position during
the heating of the wafer, the wafer must be positioned at a slightly different location and the
set-point for the mechanical control loop needs to be changed. Since the expansions of the wafer
cannot be directly measured, the positioning of the wafer relies on the models that can predict
these expansions. The overlay error can thus be reduced based on these predictions, by changing
the setpoint for the position of the waferstage.
The more accurate the model is, the better the thermal expansions can be predicted and the better
the wafer can be positioned. This results in a lithography process that can make even smaller
patterns on the wafer, increasing the efficiency of the chips and increasing the computing power
per volume. However, more accurate computer models tend to require more computational power,
hence there is a trade-off between computing time and accuracy. The available computational
power in the state-of-the-art wafer scanners seriously limits the accuracy of the thermomechanical
wafer models. Therefore, there is a need for more efficient high-accuracy models for the expansion
caused by heating.

The current thermomechanical model describes the displacements resulting from a moving heat
load in two spatial dimensions. Since the heat load is linearly moving in time over the wafer, the
current model is Linear Time Varying (LTV). Solving this LTV FEM (Finite Element Method)
model requires many computational resources. Since the computational resources are limited, the
current LTV FEM model can only be solved for a very coarse grid (typical element size is ≈2
[mm]). However, because the heat load is moving with a significant speed the element size must
be kept small enough in order to accurately capture the temperature and displacement behaviour
of the wafer. This is not possible with the current models due to large computational cost.
To give an idea of the necessary mesh size needed to accurately capture the temperature beha-
viour, the mesh size should be at least twice as small as the radius of a (Gaussian distributed)
heat load and at least two time steps are needed for the time that the heat load travels along one
element [15]. ASML expects that a minimum mesh size 0.5 [mm] is necessary. This mesh size
would result in a model of high order that requires many computation resources (computing time
and/or computing power) to solve.

A strategy to reduce the computational costs is to first solve the LTV FEM for a small area
of the wafer and thereafter use superposition to describe the behaviour of the entire wafer [14].
Although this strategy reduces the computational costs, it still requires too many computational
resources to solve the LTV, two spatial dimensional FEM accurately. To give an indication, the
two spatial dimensional model (describing the thermal expansion in the smaller domain) can have
up to 106 states.
To reduce the computational cost further it is desired to write the system as a Linear Time
Invariant (LTI) system instead of a LTV system. This can be done by changing the coordinate
system from the wafer (fixed frame) to the light source (moving frame). This results in a LTI
model which can still have up to 106 states. The benefit of this approach is that now Model
Order Reduction (MOR) techniques can be applied on the LTI FEM model. These techniques
reduce the model size by eliminating the unnecessary details. This results in more accurate models
using the same computational resources, because a ROM (with the same number of states as the
non-reduced model) contains more essential information.

1.2 Objectives

This thesis focuses on the last step to obtain an efficient model. The challenge is to find and
optimize a MOR technique that results in a model which has a maximum displacement error of
0.1 [Å] over the entire spatial and time domain, is applicable to a system of very large size large
size (up to 106 states) and uses the least amount of computational resources. Additionally, the
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CHAPTER 1. INTRODUCTION

MOR technique must give a stable reduced order system. An error bound and minimal use of
memory are desirable.

The two-dimensional wafer heating model is of interest for the application. However, reducing
a two-dimensional model is requires more computational resources and is harder to visualize then
reducing an one-dimensional model. Presumably the same MOR technique can be used for the
one- and two-dimensional model. Therefore the focus is to obtain a MOR technique that results
in an efficient one-dimensional thermomechanical model. The obtained MOR will thereafter be
tested on the two-dimensional thermomechanical model.
Summarizing, the research problem can be stated as follows. Find and optimize a suitable MOR
technique for the one-dimensional LTI thermomechanical model that accurately describes the
displacement fields that result from a moving heat load and which can be applied on the two-
dimensional thermomechanical model which is of high order.

1.3 Outline

The remainder of this report is structured as follows. In Chapter 2 the considered model and the
properties of it are described. In Chapter 3 a suitable MOR technique for the considered problem
will be chosen. In Chapter 4 this MOR technique will be optimized. This results in a new technique
which optimizes the chosen MOR technique. In Chapter 5 a semi-analytical approach is taken to
implemented this new technique. In Chapter 6 the conclusions are recommendations are given.
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Chapter 2

Thermomechanical model

In this chapter the considered thermomechanical model is derived and the characteristics of it are
shown.

2.1 Model description

In this section the derivation of the considered thermomechanical wafer heating model is given.
In order to make patterns over the entire wafer (typically 300 mm in diameter) the ultraviolet

light beam moves in a meandering path over the wafer. This induces a heat load in the wafer, see
Figure 2.1.

Figure 2.1: Impression of the meandering of the light source over the wafer.

The temperature fields resulting from the heat input can be calculated by a thermal model.
Subsequently, the displacements fields are calculated using a mechanical model. These steps are
schematically shown in Figure 2.2.

Figure 2.2: Schematic representation of the considered thermomechanical model

In a general thermo-mechanical model the thermal model is also influenced by the mechan-
ical model (dashed arrow in Figure 2.2). However, in the considered situation, this coupling is
negligible.

To efficiently calculate the temperature fields resulting from the light source, that moves in
a meandering path over the wafer, the following steps are taken, [14]. First, the temperature

Model order reduction for moving heat loads 5



CHAPTER 2. THERMOMECHANICAL MODEL

fields resulting from the scanning of a single field (schematically indicated by the black contoured
rectangular in Figure 2.1) are calculated. Thereafter, by using superposition, the temperatature
fields of the entire wafer are calculated. Finally, the edge effects can be calculated by the method of
images, [14]. These steps are executed in the thermal model block, see Figure 2.2. The mechanical
part of the thermomechanical model shown in Figure 2.2, calculates the displacement fields of the
entire wafer that result from the computed temperature fields.

The considered thermomechanical model is a two spatial dimensional model that is based on
several assumptions on the environment and support structure of the wafer, see Figure 2.3.

Figure 2.3: Substrate (wafer) with the parts of the support structure that are relevant for the
assumptions made.

Figure 2.3 shows the heat load moving over the wafer (substrate) and the support structure
of the wafer. It is assumed that the light source moves in y-direction with a constant velocity v.
Initially, the reference coordinate frame (x, y, z) is chosen to be fixed to the wafer. The heat load
is applied in a rectangular area that is called the slit. The slit sizes are denoted by Wslit (this is
the slit in the y-direction) and Lslit (this is the slit dimension in the x direction). The support
structure of the wafer consist of a burl layer and two other layers. The burl layer accounts for the
mechanical and thermal coupling between the wafer and layer 1. It consist of many small bumps
and a backfill gas in between. This gas conducts heat and has a small heat capacity. Therefore
the heat capacity is neglected, and the burl layer acts as a thermal resistance only. Layers 1 and
2 are assumed to have constant temperature due to the high thermal resistance of the burl layer
and the high heat capacity of the layers 1 and 2.

In the mechanical model the burl layer is modelled as a shear layer (an orthotropic material
without Poisson effect). The wafer and layers 1 and 2 are modelled as an isotropic material. The
deformation of these layers is assumed to be negligible. Furthermore, it is assumed that the top
area and edges of the wafer have stress free boundary conditions. The burl layer applies a shear
stress on the bottom of the wafer.

2.1.1 Thermal model

Using these assumptions the thermal Partial Differential Equations (PDEs) have been derived
which describe the temperature of the wafer as a function of time and position. These PDEs
form the basis of the thermal model, Figure 2.2. In this project, we focus on the overlay error for
which a two-dimensional model can be used. Therefore only the PDE is given that describes the
temperature in two spatial dimensions (the in-plane/ overlay dimensions), see [13]:

ρc
∂T̂

∂t
= k

∂2T̂

∂x2
+ k

∂2T̂

∂y2
− hT̂

Hsub
+

q

Hsub
Bx(x)B(y − vt)u(t), (2.1)

where t denotes time, v is the velocity of the moving heat source [m/s], ρ [kg/m3] is the mass
density, c [J/K/kg] is the heat capacity, T̂ [K] is the average temperature along the thickness of
the wafer, k [W/m/K] is the thermal conductivity, h [W/m2/K] is the thermal conductance of
the burl layer, Hsub [m] is the thickness of the wafer, q [W/m2] is the applied surface heat load,
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CHAPTER 2. THERMOMECHANICAL MODEL

u(t) the time dependent input signal and B(y) is a block function that is 1 for ys1 ≤ y ≤ ys2 and
0 otherwise: B = 1[ys1,y

s
2 ](y). Parameters ys1 and ys2 denote the most left and right coordinate of

the domain where the original block heat source is not zero, typically −ys1 = ys2 = 1
2Wslit = 2.3

[mm] and Bx is the heat input in the x-direction. It is assumed that the light source moves in
y-direction with a constant velocity v. We consider equation (2.1) on the infinite spatial domain
(x, y) ∈ R2 and in the time domain t ∈ [0, tfinal], where tfinal denotes the time that it takes to scan
a single field, typically tfinal ≈ 0.1362 [s]. The temperature field (of the considered single field)
after tfinal must also be calculated, since this information is necessary to calculate the entire wafer
temperature field using superposition, [14]. However, since after tfinal no input is present we only
consider the time domain t ∈ [0, tfinal].

Since an accurate two-dimensional model requires many computational resources to solve and
the heat load is moving in only one direction (the y direction), an one-dimensional model offers a
better starting point for analysis and MOR. The one-dimensional model is formed by neglecting
the effects in the x-direction, the direction perpendicular to the velocity direction. This gives the
PDE in one spatial dimension y, the velocity direction:

ρc
∂T̃

∂t
= k

∂2T̃

∂y2
− hT̃

Hsub
+

q

Hsub
B(y, t)u(t). (2.2)

This one-dimensional model will be considered in this thesis.
So far the models are derived in a coordinate frame y that is fixed to the wafer. This results in
a LTV model because the position of the input is time-dependent. A typical heat load profile
(input) is shown in Figure 2.4a.

Figure 2.4a shows the time-dependent input. To reduce computational cost it is desired to
re-write the LTV system as a LTI system, see Section 1.1. Since only the input is time-dependent,
this can be done by changing the fixation of coordinate system from the wafer to the light source,
which can be described by the change of coordinate: ζ = y−vt. Because the wafer is geometrically
and material wise uniform (except for the wafer edges) the resulting model is LTI. A typical input
in the ζ coordinate is shown in Figure 2.4b. Indeed, the position of the applied heat load is
constant in time.

The PDE in one spatial dimension that describes the system in ζ coordinates is given by, [13]:

ρc

(
∂T̃

∂t
− v ∂T̃

∂ζ

)
= k

∂2T̃

∂ζ2
− hT̃

Hsub
+

q

Hsub
B(ζ)u(t), (2.3)

where T̃ depends on ζ and t instead of, as in equation (2.2), on y and t.

2.1.2 Mechanical model

The mechanical model describes the wafer displacements under influence of temperature, as de-
picted in Figure 2.2. Similarly as for the thermal model, the two-dimensional mechanical model
is found by averaging over the thickness of the wafer. The mechanical model in two dimensions is
given by, see [13]:

Y Hsub

1− ν2

(
∂2ûx
∂x2

+
(1− ν)

2

∂2ûx
∂ζ2

+
(1 + ν)

2

∂2ûζ
∂x∂ζ

)
− kbûx =

αY Hsub

1− ν
∂T̂

∂x
,

Y Hsub

1− ν2

(
∂2ûζ
∂ζ2

+
(1− ν)

2

∂2ûζ
∂x2

+
(1 + ν)

2

∂2ûx
∂x∂ζ

)
− kbûζ =

αY Hsub

1− ν
∂T̂

∂ζ
,

(2.4)

where Y [GPa] denotes the Young’s modulus of the wafer, Hsub [m] is the thickness of the wafer,
ûx, ûζ [m] are the displacement fields in the x- and ζ-directions, respectively, ν [-] is the Poisson
ratio, kb [N/m3] denotes the burl stiffness per supported area, α [1/K] is the Coefficient of Thermal
Expansion (CTE) of the wafer, and T̂ [K] the thickness-averaged temperature of the wafer. The
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CHAPTER 2. THERMOMECHANICAL MODEL

one-dimensional PDE follows by neglecting the effects in the x-direction in the second equation of
(2.4):

Y Hsub

1− ν2

∂2ũζ
∂ζ2

− kbũζ =
αY Hsub

1− ν
∂T̃

∂ζ
. (2.5)

In the ζ-coordinate frame that is attached to the moving light source, the wafer geometry is
considered constant. Therefore, the mechanical model in y-coordinates is of the same form as
(2.5), but in y-coordinates the spatial derivatives are taken w.r.t. y instead of ζ.
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(a) Applied heat load b(y, t)u(t) of the fixed frame model with
v = 0.276 [m/s].
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(b) Applied heat load b(ζ)u(t) of the moving frame model with
v = 0.276 [m/s].

Figure 2.4: Heat load of the system in y coordinates and ζ coordinates.
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2.2 Discretization of the one dimensional PDEs

A common approach (and the current approach at ASML) to solve a PDE (infinite dimensions)
is to discretize the PDE by a FEM, i.e. to create a FEM model. The first step to derive the FEM
model is to write the thermal PDE (equation (2.3)) in the weak form:∫ +∞

−∞
ρcφ̃

∂T̂

∂t
dζ =

∫ +∞

−∞

(
ρcvφ̃

∂T̃

∂ζ
− k∂φ̃

∂ζ

∂T̃

∂ζ
− hφ̃T̃

Hsub

)
dζ+∫ +∞

−∞
φ̃

q

Hsub
B(ζ)dζ u(t)

(2.6)

where φ̃(ζ) is a test function. Now a uniform discretization grid with p points (nodes) is defined
as:

ζ1 < ζi < . . . < ζp (2.7)

Note that this limits the infinite spatial domain to the finite domain [ζ1, ζp], which can still be
chosen. The nodes ζi in this grid form the boundaries of each element. For every element a shape
function is defined N̂i(ζ) which is 1 for ζ = ζi and 0 in all other nodes ζ = ζj , j 6= i, and defined
by linear interpolation for the values in between. For the discretization of (2.3), the temperature
is written as a linear combination of these shape functions:

T̃ (ζ, t) ≈
p∑
i=1

Ñi(ζ)xi(t) = Ñ (ζ)x(t). (2.8)

Here xi(t) is the temperature in the i-th node at ζ = ζi and time t, Ñ is the row vector of the
shape functions, and x(t) is the column vector of nodal temperatures. The test function φ̃(ζ) is
approximated by the same shape functions.

φ̃(ζ) ≈
p∑
i=1

Ñi(ζ)ϕ̃i = ϕ̃T Ñ T (ζ). (2.9)

Substituting equations (2.8) and (2.9) in (2.6) gives:

ϕ̃T
∫ ζp

ζ1

ρcÑ T (ζ)Ñ (ζ)dζ
∂x

∂t
=ϕ̃T

∫ ζp

ζ1

(
ρcvÑ T (ζ)

∂Ñ (ζ)

∂ζ
− k∂Ñ

T (ζ)

∂ζ

∂Ñ (ζ)

∂ζ
− hÑ T (ζ)N̂ (ζ)

Hsub

)
dζ x+

ϕ̃T
∫ ζp

ζ1

Ñ T (ζ)
q

Hsub
B(ζ)dζ u(t).

(2.10)
Since this equation should hold for all ϕ̃ ∈ Rp, we conclude that:

E
∂x

∂t
= Ax(t) + bu(t), (2.11)

where

E =

∫ ζp

ζ1

ρcÑ T (ζ)Ñ (ζ)dζ,

A =

∫ ζp

ζ1

(
ρcvÑ T (ζ)

∂Ñ (ζ)

∂ζ
− k∂Ñ

T (ζ)

∂ζ

∂Ñ (ζ)

∂ζ
− hN̂ T (ζ)Ñ (ζ)

Hsub

)
dζ,

b =

∫ ζp

ζ1

Ñ T (ζ)
q

Hsub
B(ζ)dζ.

(2.12)

Note that the difference between the system with v = 0 and v > 0 is the velocity dependent term
in matrix A of the FEM. This velocity dependency causes the system matrix A to be asymmetric.
If the velocity is set to zero (v = 0) the system matrix A becomes symmetric.
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Similar as for the thermal model, first the weak form is derived for the mechanical model (2.5):∫ +∞

−∞

(
−Y Hsub

1− ν2

∂φ̃

∂ζ

∂ũζ
∂ζ
− kbφ̃ũζ

)
dζ = −

∫ +∞

−∞

αY Hsub

1− ν
∂φ̃

∂ζ
T̃ dζ. (2.13)

Now using the approximation of the temperature (2.8), the test function (2.9) and the approxim-
ation of the displacements:

ũζ(t) = Ñ (ζ)ũ(t), (2.14)

where ũ(t) is the column vector of nodal displacements, equation (2.13) gives, similar like (2.10)

Kũ(t) = Lx(t), (2.15)

where

K =

∫ ζp

ζ1

(
Y Hsub

1− ν2

∂Ñ T (ζ)

∂ζ

∂Ñ (ζ)

∂ζ
+ kbÑ T (ζ)Ñ (ζ)

)
dζ

L =
αY Hsub

1− ν

∫ ζp

ζ1

∂Ñ T (ζ)

∂ζ
Ñ (ζ)dζ.

(2.16)

Here L is the thermal load matrix and K is the stiffness matrix. Equation (2.15) is the mechanical
FEM. Combining (2.11) and (2.15) gives the thermomechanical model that is considered in this
report. This thermomechanical model can be written in a state space form:

Eẋ(t) = Ax(t) + bu(t)

y(t) = Cx(t),
(2.17)

where matrices E ∈ Rp×p, A ∈ Rp×p are the system matrices and b ∈ RpÖ1 is the input column,
which are all defined in (2.11). Column x ∈ RNÖ1 are the nodal temperatures. Output y(t) ∈ Rp×1

are the nodal displacements calculated using the mechanical model: C = K−1L, (2.15). Which
can be computed because K−1 is invertible for the considered problem. Note, y = ũ(t).

2.3 Simulation of the moving frame model

The derived one-dimensional FEM model will be used to obtain a suitable MOR technique instead
of the two-dimensional model. This choice is made because the one-dimensional model is easier
to visualize and requires less computational resources to calculate. The MOR technique that
will be derived can presumably also be used for the two-dimensional FEM model because the
two-dimensional model has the same characteristics in the y-direction.

To obtain an efficient MOR method it is essential to understand the one-dimensional model
characteristics. The temperature fields and displacement fields are analysed for two cases. The
first case is taken with as velocity of the moving heat source v = 0 [m/s] and the second with
v = 0.276 [m/s]. The former describes the system in the case where the source nor the wafer
is moving in time and the latter describes the problem with the given heat source velocity. The
former case can be very useful after the heat source is not present at the considered spatial domain.
Since the system matrices are symmetric, this case offers a good starting point to apply MOR to.
Note that this situation is the same as the fixed reference frame system (in y coordinates) since
v = 0 [m/s].

The one-dimension FEM model is given by (2.11) and (2.15). The differential equations are
discretized using 500 spatial nodes (states) and is solved for 500 time instances. This number of
nodes and time instances of the original model are used throughout the report. The FEM is solved
using the Matlab function ode15s with an absolute and relative tolerance of 10−8 [-]. A stiff ODE
solver is used because the eigenvalues of the considered system are diverse. The parameters that
are used throughout the report are given in Table 2.1.

Model order reduction for moving heat loads 11
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Table 2.1: Parameters used in the calculation of the thermomechanical model

Parmeter Symbol Value Unit
Final considered time tfinal 0.1362 s

Applied heat load q 0.575 W/m2

Width of the slit in y-direction Wslit 4.6 mm
Length of the slit in x-direction Lslit 26 mm

Substrate thickness Hsub 0.775 mm
Substrate heat capacity cp 705 J/kgK

Substrate thermal conductivity k 149 W/mk
Substrate mass density rho 2329 kg/m3

Young’s modulus of the wafer Y 167 [GPa]
Thickness of the wafer Hsub 77,5 [mm]

Burl stiffness per supported area kb 1.209e12 [N/m3]
Coefficient of thermal expansion α 2.4e-6 [1/K]

Poisson ratio ν 0.3 [-]

2.3.1 Velocity v = 0.276 [m/s]

To get more insight in the model, first the temperature fields are calculated using (2.11) with
the input (b(ζ)u(t)) shown in Figure 2.4b. Figure 2.4b shows that the thermal source (input) is
fixed in space and is non zero in the considered time domain t ∈ [0, tfinal], with tfinal = 0.1362 [s].
The considered spatial domain is taken as: ζ ∈ [ζ1, ζp] = [−100, 50] [mm]. This domain is used
throughout this report in the case v = 0.276 [m/s]. The wafer underneath the thermal source
moves from the right to the left. The resulting temperature fields are shown in Figure 2.5.

Figure 2.5: Temperature fields of the moving frame FEM with v = 0.276 [m/s]. The wafer is
moving from right to left under the light source.

The temperature field around ζ = 0 [mm] (where the heat source is located) steeply increases
(relative to position) because this area of the wafer has not been heated before. On the left side
of the yellow/ orange area a much lower gradient is present. This lower gradient is present due to
conduction to the surrounding wafer material that has been heated before.
The resulting displacements are calculated with (2.16) and are shown in Figure 2.6.
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Figure 2.6: Displacement fields of the moving frame FEM with v = 0.276 [m/s]. The displace-
ment fields result from the temperature fields shown in Figure 2.5. The color blue denotes the
negative ζ direction and the yellow and green colors denotes the positive ζ direction.

2.3.2 Velocity v = 0 [m/s]

The same heat input (b(ζ)u(t)) as for v = 0.276 [m/s] is used for this case, see Figure 2.4b, and
the same time domain is considered as for v = 0.276 [m/s]. The considered spatial domain is taken
as ζ ∈ [ζ1, ζp] = [−50, 50] [mm]. This domain is used throughout this report in the case v = 0
[m/s]. The resulting temperature fields (calculated with (2.11)) are shown in Figure 2.7. Figure
2.7 shows that the temperature fields in this situation are symmetric. The displacement fields
(calculated with (2.16), resulting from the temperature fields shown in Figure 2.7, are shown in
Figure 2.8.

Figure 2.8 shows that the resulting displacement fields are antisymmetric.
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Figure 2.7: Temperature fields of the moving frame FEM with v = 0.

Figure 2.8: Displacement fields of the moving frame FEM with v = 0 [m/s]. The displacement
fields result from the temperature fields shown in Figure 2.7. The color blue denotes the negative
ζ direction and the yellow and green colors denotes the positive ζ direction.



Chapter 3

MOR method

Many computational resources are necessary to accurately calculate the temperature fields at many
time instances. To reduce the computational cost, while still having a reasonable accuracy, MOR
techniques can be used. Numerous MOR techniques are available for discretized LTI systems.
This chapter aims to give a broad overview of the available MOR methods. Thereafter, the most
suitable MOR method will be chosen.

3.1 Brief overview of MOR methods (preliminaries)

In [4], MOR methods are divided into three catagories, all based on a model. Namely, Krylov
subspace based MOR methods, Mode displacement methods and balanced truncation. A fourth
technique that will be discussed is Proper Orthogonal Decompositon (POD). This technique uses
the output data and is not based on a model. These four techniques are well explained in the
references [4], [2], [9], and [12].
A single-input LTI system (without feed-through matrix), such as the given thermomechanical
model (2.17), can be written as:

Eẋ(t) =Ax(t) + bu(t)

y(t) =Cx(t),
(3.1)

where A ∈ Rp×p and E ∈ Rp×p are the system matrices, p denotes the number of states of the
original model, b ∈ Rp is the input matrix, C ∈ Rp×p is the output matrix, x(t) ∈ Rp is the state
vector and y(t) is the output. MOR methods generally calculate projection matrices W ∈ Cp×N
and V ∈ Cp×N , where N denotes the number of states of the reduced system (N � p). Note that
the matrix E is invertible, so (3.1) does describe a system of ODEs, and not a system of DAEs.
The projection matrices are used to calculate the Reduced Order Model (ROM) using the Full
Order Model FOM (3.1) and are denoted by the hat:

Ê ˙̂x(t) = Âx̂(t) + b̂u(t)

ŷ(t) = Ĉx̂(t)
(3.2)

with:
Ê = WHEV

Â = WHAV

b̂ = WHb

Ĉ = CV.

(3.3)

where: WHV = I. If W = V this is known as the Petrov-Galerkin projection, [5]. Note that in
the above equations the hermitian conjugates can be replaced by the standard transpose when V
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and W are real. The matrix V can be used to obtain the approximated state vector:

x̃(t) = Vx̂(t) (3.4)

Note that since N � p, the ROM can be solved much faster. The aim is to find matrices V and
W such that x̃(t) ≈ x(t). MOR methods calculate the projection matrices V and/or W.

The mode displacement methods are based on the idea that the displacements can be repres-
ented as:

x(t) =

q∑
j=1

φjηj(t), (3.5)

where φj is the j-th eigenvector and ηj is typical referred to as the set of model coordinates,
[4]. The mode displacement method uses a limited number of free vibration modes to represent
the dynamics of the structure. To construct the matrix V the basis x is truncated by keeping
only the first N mode shape vectors. The most importance drawback of this method is that it
is computational demanding, since the eigenvalues of the original model must be calculated to
obtain the projection basis. Therefore, this method is not suited for the considered problem.

The balanced truncation MOR methods uses a Singular Value Decomposition (SVD) and
Gramians defined as the solution of the Lyapunov equations:

APE + EHPAH + bbH = 0

(E−1A)HQ+Q(E−1A) + CCH = 0
(3.6)

Here, P is the controlability Gramian and Q is the observability Gramian. The calculation of the
Gramians is computational demanding for large systems (p ≥ 103) and therefore not suited for
the considered system. Iterative methods are available to calculate these Gramians for large-scale
systems [3], but these will initially not investigated further.

Another method that uses SVD is POD. This method calculates the SVD of the data matrix
(with the time depending state vector as columns). The resulting decomposed matrices are then
used to reduce the system. Since this method uses an SVD, it requires many computational
resources to obtain a ROM. However, this method is optimal in the 2-norm error (calculated using
the original and reduced data matrix) and will therefore be used as a reference MOR method. It
is explained in more depth in section 3.2.
In contrast to the previous discussed methods, Krylov methods are suited for large scale systems,
[1] and can therefore be suitable to reduce the considered system. A Krylov method is explained
in section 3.3.

3.2 Proper Orthogonal Decomposition

Proper Orthogonal Decomposition (POD) uses a data set, containing snapshots of the state vector.
A snapshot x(ti) are the states x of the system at time instance ti. The data set is constructed
as: X = [x(t1), . . . ,x(ti), . . . ,x(tq)] ∈ Rp×q.
POD calculates an orthonormal basis (Φ = [φ1,φn, . . . ,φN ] ∈ Rp×N ) that minimizes the 2-norm
between the data set X and the projection of X on the subspace spanned by Φ. This basis Φ is
then used to reduce the system with V = W = Φ, see (3.2). The computation of Φ will now be
discussed in more detail. For a given projection basis Φ, the projection of the data column xj is

given by: x(tj) =
∑N
n=1 〈x(tj),φn〉φn. The error that should be minimized is thus given by

J(φ1, . . . ,φN ) =

q∑
j=1

||xj −
N∑
n=1

〈xj ,φn〉φn||2 (3.7)

This function should be minimized over all orthonormal basis {φn}n≤N . We can extend the basis

{φn}n≤N , n ≤ N to a basis {φn}n≤p of Rp, on which we can represent wj =
∑p
n=1 〈xj ,φn〉φn.
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Then the error: xj −
∑N
n=1 〈xj ,φn〉φn can also be rewritten as:

∑q
n>N 〈xj ,φn〉φn. Since the

columns of φ are orthonormal, the optimization J function can be written as:

J(φ1, . . . ,φN ) =

q∑
j=1

||
p∑

n>N

〈xj ,φn〉φn||2 =

p∑
n>N

q∑
j=1

〈xj ,φn〉2

=

q∑
n>N

φTnXXTφn

(3.8)

If the basis {φn} is taken as the eigenvectors of XXT , then {φn} can be chosen as orthonormal
(since XXT is real symmetric) and XXTφn = λnφn, thus:

J(φ1, . . . ,φN ) =

p∑
n>N

φTnλnφn =

p∑
n>N

λn. (3.9)

Note that XXT is positive definite, so that all eigenvalues λn are non-negative and J is minimal
if the summation runs over the smallest eigenvalues. It can be shown that choosing φn as the
eigenvectors of XXT that correspond to the largest eigenvalues, is indeed the choice of {φn} that
minimizes J . The optimal orthonormal basis (V = W = Φ) is thus given by the eigenvectors
corresponding to the largest N eigenvalues of XXT .

Since POD involves a numerical demanding eigenvalue decomposition of the data matrix, and
this data matrix must be calculated using the FOM, this method cannot be applied on large
(q > 103 states) systems, [1]. Nevertheless, since this method gives an optimal (in the 2-norm)
reduced system, this method can be used as a benchmark method.

3.3 Moment matching

Krylov methods are more suited for systems with many states, such as the considered thermo-
mechanical model. Therefore this MOR method is chosen. The drawbacks of this method are that
the performance is generally speaking less than the methods based on SVD and no error bound
can be estimated a priori, [2]. Additionally these methods may result in unstable systems, even if
the FOM is stable, [2]. Since these Krlyov based MOR methods are the only MOR methods that
can be applied on very large systems, this MOR method will be investigated in more depth.

Krylov methods can calculate a ROM that matches the transfer function of the FOM at a
specific frequency, [2]. This can be a complex frequency or pole location. The frequency response
of the original system in descriptor form (3.1) can be described by the transfer function (h(s) =
Y (s)/U(s)), which is given by:

h(s) = C(sE−A)−1b. (3.10)

Approximating the transfer function of the original system around a desired frequency point s = σ
can be done using a Taylor approximation. Remarkably, it is shown in the sequal of this section
(see also Appendix B) that N coefficients of the Taylor approximation (moments) of (3.10) can
be matched by a N -th order reduced system, see [11]. Therefore, this method is also referred to
as moment matching.
The Taylor series expansion of the transfer function up to order N is given by:

h(σ + s̃) =h(σ) +
h(σ)(1)

1!
s̃+

h(σ)(2)

2!
s̃2 + . . .+

h(σ)(N)

(N − 1)!
s̃N−1 +O(s̃N )

=C(σE−A)−1b−C(σE−A)−1E(σE−A)−1bs̃+

. . .+ (−1)nC((σE−A)−1E)n(σE−A)−1bs̃n + . . .+

(−1)N−1C((σE−A)−1E)N (σE−A)−1bs̃N−1 +O(s̃N ).

(3.11)
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Using the definitions:
P = −(σE−A)−1E

r = (σE−A)−1b,
(3.12)

equation (3.11) can be rewritten to:

h(σ + s̃) = C(I + s̃P + s̃2P2 + . . .+ s̃N−1PN−1)r +O(s̃N ). (3.13)

By defining the moments of the transfer function h(s) as

mn = CPnr, (3.14)

equation (3.13) can be rewritten to

h(σ + s̃) =

N−1∑
n=0

mns̃
n +O(s̃N ). (3.15)

Substituting the definitions (3.3) with V = W in (3.12) and (3.14) gives the moments of the
reduced system

m̂n = CV︸︷︷︸
Ĉ

{
−(σVHEV −VHAV)−1(VHEV)

}n︸ ︷︷ ︸
P̂n

(σVHEV −VHAV)−1VHr︸ ︷︷ ︸
r̂

= ĈP̂nr̂.

(3.16)
It is proven in Appendix B that by using projection matrices V = W such that:

Pnr ∈ column spanC(V), for: n = 0, 1, . . . , N − 1 (3.17)

the reduced system (3.2) matches N moments

mn = m̂n for: n = 0, . . . , N − 1. (3.18)

Note that N moments are matched for an arbitrary output C, therefore this method is named
one-sided moment matching (only the input matrix is used). Reducing based on the input and the
output matrix is named two-sided moment matching and matches 2N moments at the expansion
point with an N -th order ROM. For the given problem, the output matrix is square and of size p×p
and therefore the one-sided moment matching method is used. For one-sided moment matching
W = V.
The basis vectors Pnr, with n = 0, . . . , N − 1 span a Krylov space:

KN (P, r) := spanC
{
r,Pr,P2r, . . . ,PN−1r

}
(3.19)

The basis of the Krylov space in (3.19) is in general badly conditioned, especially for large order
ROMs. Therefore, (3.19) is orthogonalized using the stabilized Gram-Schmidt process. The
calculation of the Krylov space and the orthonormalization using the stabilized Gram-Schmidt
process is implemented by the Arnoldi algorithm, see algorithm 1 in Appendix C. Therefore this
MOR method will be referred to as the Arnoldi MOR method. The output of the Arnoldi algorithm
is the projection basis V (the orthonormalized Krylov space (3.19)) that is used in (3.2). Worth
mentioning is that the Arnoldi algorithm predecessor is the power method, which can approximate
the largest eigenpair.

For a complex shift (σ) the input matrices of the Arnoldi algorithm P and r will be complex
valued (see definitions (3.12)), which results in complex projection matrices. Thus the resulting
system matrices of the reduced order model will be complex. This is undesired since the temper-
atures and displacements do not have a complex part. To avoid this, we observe that (B.3) holds
for any basis for which:

Span(V) ⊇ KN {P, r} . (3.20)
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Thus by choosing the basis V such that:

Span (V) = Span
{
<(r),=(r), <(Pr),=(Pr), . . . , <(PN−1r),=(PN−1r)

}
. (3.21)

the moments are still matched and the projection matrix will be real. Here, < and = denote the
real and imaginary part. The drawback is that the basis (3.21) necessary to match an imaginary
or complex shift is twice as large as the basis (3.20) that is necessary to match a real expansion
point σ (if a real basis is required). Note that the basis (3.21) also matches the complex conjugate
expansion point σ̄.

The Krylov method can also approximate the transfer function at multiple expansion points, σn

with n = 1, . . . , N . In this example we take N as the number of expansion points and as the order
of the ROM. First N projection columns are calculated by using N times the Krylov space K1.
These columns are then used to construct the projection matrix VCom =

{
K1(σ1), . . . ,K1(σN )

}
.

Finally the Arnoldi algorithm is used to orthonormalize the VCom matrix, which results in matrix
V. Note that (σnE − A)−1b ∈ span (V) and therefore matches the moments at N expansion
points σn, with n = 1, . . . , N .

Stability of the reduced system is a requirement of the chosen model reduction method. For the
case v = 0 stability is guaranteed, since system matrices A and E are symmetric, see the proof in
Appendix B.1. However, for non-symmetrical system matrices, which is the case for v > 0 stability
of the reduced system cannot be guaranteed. For the considered problem, no unstable reduced
systems are observed when the original system is of considerable size (p > 50), see Appendix B.1
for more information. This can however not be guaranteed. Therefore, stability is checked after
the ROM is calculated.

3.4 Optimal expansion point literature

Calculating the optimal expansion point σ a priori, i.e. without calculating many ROMs, was still
an open problem before 2008, [1, page 416-417]. Since the expansion point has a great influence
on the resulting errors of the reduced model w.r.t. the FOM; finding the optimal expansion point
is an active research field. Since 2008 at least two authors have published a method to calculate
the expansion a priori. These are shown in this section.

3.4.1 RK-ICOP algorithm

In [5] it is stated that a well-approximated transfer function does not necessarily result in a good
approximation in the time domain and no method exists to calculate a single expansion point
based on a time-domain perspective. To link the time domain and the frequency domain the SISO
transfer function H(s) = c(sI−A)b is written as the Laplace transform of the impulse response
h(t)

H(s) =

∫ ∞
0

h(t)e−stdt. (3.22)

In [5] it is proven that, using the definitions (3.22) the n-th moment can be written as:

mn =
(−1)n

n!

∫ ∞
0

tne−σth(t)dt. (3.23)

Laguerre basis functions are used to approximate the impulse response of the original system. The
free variable in the Laguerre functions is the parameter αLag. In [5] it is shown that this parameter
can be used for the expansion point σ. Assuming E = I, calculating σ can be done by:

σ = αLag =

√
cTAYAT c

cTYc
, (3.24)
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where c is an output column and Y the solutions of the Lypanuov equation:

AY + YAT + X = 0 (3.25)

with X is the controllability Gramian. Note that this method can calculate an expansion point
σ only for a Single Input Single Output (SISO) system, while the considered problem is Single
Input Multiple Output (SIMO). Computing the Gramians is computational demanding and for
that reason an iterative approach to approximate the Gramians is taken in [5]. Therefore this
method is named Rational Krylov Iterative Calculated Optimal Point (RK-ICOP). If the impulse
response is available, calculating the Gramians is not necessary because the impulse response can
directly be used to calculate the expansion point. The impulse responses are examined on the
time interval t ∈ [0,∞). However, in the given moving heat load problem only the first 0.1362
seconds are of interest. The drawbacks of the RK-ICOP algorithm can be summarized as:

1. This method is only applicable to SISO systems.

2. Two Gramians must be calculated which is computational demanding. In [5] the computa-
tional cost is reduced by using an iterative method for the calculation of the Gramians.

3. Focusses on t ∈ [0,∞) and not on a restricted time interval.

Hence, this method is not suited for the considered problem.

3.4.2 Realization-independent H2-approximation, IRKA

The MOR technique implemented by the IRKA algorithm minimizes the H2 error of the FOM
and the ROM. This H2 error can be written as:

||H(iω)− Ĥ(iω)||H2 =

√
1

2π

∫ ∞
−∞
||H(iω)− ĤN (iω)||2dω, (3.26)

where H(iω) is the transfer function of the FOM and Ĥ(iω) is the transfer function of the ROM.
In [7], it is shown that at the minimum it holds that

H(−λn) = Ĥ(−λn), (3.27)

where λn is a pole of the ROM, with n = 1, . . . , N and N the order of the ROM. The MOR
technique (implemented by the IRKA algorithm) calculates an N -th order ROM such that (3.26)
is minimized and (3.27) is statisfied. This is done by finding N expansion points

{
σ1, σ2, . . . , σN

}
,

which are chosen at the mirror image of the poles of the ROM. Since the poles of the ROM are not
known, an iterative method is used that converges to the poles of the ROM that satisfies (3.27).
The algorithm that implements this method is named the Iterative Rational Krylov Algorithm
(IRKA), [7].

In the considered problem, the time domain error is must be as small as possible. Obtaining a
ROM that has a minimum H2 error does not consequently result in a small time domain error if a
limited time domain is considered. Tests have indeed shown that this is the case for the considered
problem. Therefore, it is assumed that a better MOR technique can be designed for the considered
problem.
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Chapter 4

Optimal expansion point

The thermal model (2.11) can be reduced by applying the Krylov MOR technique, described in
Section 3.3 for a given expansion point σ. This results in a ROM of the form (3.2). How to
choose the expansion point is unknown, but its choice is of great influence on the accuracy of
the resulting reduced model. Which expansion point to take will be determined in this chapter.
First the optimal expansion point is calculated a posteriori using a grid search, Section 4.1. A
key insight will be obtained by inspecting the projection basis for this optimal expansion point.
In Section 4.2 we will use this key insight to calculate the expansion point a priori (i.e. before
calculating any reduced models with different expansion points) by a new method named width
matching.

4.1 A posteriori grid search

The ROM is calculated using (3.2), where the projection matrix V(= W) is calculated using the
one-sided Arnoldi algorithm to find an orthonormal basis of the Krylov subspace: KN (P(σ),R(σ)),
for a given order of the ROM N . For a real expansion point the basis (3.19) is used and for the
imaginary or complex expansion point the basis (3.21) is used. The only unknown in this approach
is the expansion point σ, which can in principle be chosen anywhere in the complex plane. The
approximate state vector resulting from this approach is computed from (3.2)–(3.4) and is denoted
by x̃(σ,N, t). Often, the expansion point is chosen as σ = 0. However, we will see that this choice
is not optimal for the considered problem.
Since the thermal ODE model consumes significant more time to solve than the mechanical model,
it is of most interest for model reduction. Therefore, the analysis of the optimal expansion point
will be made for the thermal ODE model. Hence, the error of interest is the temperature error
etem

RMS defined by

etem
RMS =

√√√√ 1

p2

p∑
i=1

p∑
j=1

e2
j,i with:

ej,i = x̃j(σ,N, t = ti)− xj(t = ti),

(4.1)

where ti denotes the time instant (p time instants are uniformly distributed between t = 0 and
t = tfinal). The state vector x (used in (4.1)) is calculated using the FOM (3.1). The optimal
expansion point is the point which results in a ROM which has the most accurate mean state
vector x̃ over all time instances. Using (4.1), this can be written as:

σopt(N) = arg min
σ

(
etem

RMS

)
= arg min

σ

√√√√ 1

p2

p∑
i=1

p∑
j=1

e2
j,i

 (4.2)

The optimal choice of the expansion point is yet unknown and therefore the optimal expansion
point will be calculated a posteriori by a grid search. As indicated in (4.2) the expansion point
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that results in the smallest temperature error will be taken as the optimal expansion point.
The grid search will be done for three cases: σ ∈ R, σ ∈ iR and σ ∈ C. To reduce computational
cost while still having a reasonable accuracy, the expansion point grid is logarithmic. For the
real (σ ∈ R) and imaginary (σ ∈ iR) expansion point, the grid consist of 500 expansion points
between 10−1 [Hz] and 102 [Hz]. The order of the reduced system ranges from N = 1 up to
N = 20 states for v = 0 and from N = 1 up to N = 30 states for v = 0.276 [m/s]. For the
complex shift (σ ∈ C), the grids for the real and imaginary part of σ consist of 50 logarithmic
distributed points between 10−1 and 102, which results in 2.500 expansion points σ ∈ C. The
standard reference model is used to calculate etem

RMS. This model has 500 spatial nodes (in the
considered spatial domain: ζ ∈ [−50, 50] [mm]) and is evaluated for 500 time instances (in the
considered time domain: t ∈ [0, tfinal] [s]).

4.1.1 Results for v = 0

The (real, imaginary and complex) expansion points that result is the smallest temperature error
are calculated with the three grid searches. The resulting temperature errors etem

RMS as a function of
the order of the ROM N are shown in Figure 4.1. Twice as many projection columns are necessary
to calculate the ROM for imaginary or complex expansion points, (see (3.21)). Therefore only
the even orders of are shown for the ROMs calculated using a complex expansion point. In
Figure 4.1 the standard choice for the expansion point σ = 0 in the Krylov method and POD
are added as reference. Due to the tolerances used in the time integration of the ODEs the error
does not decrease further after approximately 20 states. Figure 4.1 shows that shifting significantly
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Figure 4.1: Temperature errors (etem
RMS (4.1)) for v = 0 [m/s] as a function of the reduced system

size N for the not-shifted (black line), optimal shifted Arnoldi method using the optimal real (green
line), imaginary (blue line) and complex expansion point (red line).

reduces the temperature error and that the Krylov method with optimally chosen real and complex
expansion points approximates the accuracy of the POD method very well. The optimal imaginary
expansion point error does give a significantly higher error for the same order of the ROM than
the optimal real and complex expansion points, the reason why is yet unknown. Choosing one
expansion point σ for the entire Krylov basis (3.20) is shown to be effective in this case.

The optimal expansion points corresponding to the temperature errors shown in Figure 4.1 are
shown in Figure 4.2.
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Figure 4.2: The optimal real, imaginary and complex expansion point as function of N , corres-
ponding to Figure 4.1.

Figure 4.2 shows a global trend; an increasing optimal expansion point frequency for increasing
orders of the ROM. To explain this global trend, the matrix V is analyzed. This matrix is at the
heart of the chosen Krylov MOR method (see equation (3.2)) and can therefore give an explanation
for this result.

Figure 4.3 shows the columns of matrix V constructed using the Arnoldi algorithm and two
different Krylov spaces. To calculate the upper plot, the Krylov space with σ = 0 is used and for
the lower plot the optimal real expansion point (σ ≈ 7.39 [Hz]) is used.

Figure 4.3 shows that increasing the expansion point frequency increases the spatial frequency
of the columns of matrix V. The optimal real expansion point concentrates the matrix in the
domain where a significant increase of temperature occurs, see Figures 4.3 and 2.7. This can
be explained by the fact that the matrix V is used to construct the approximated state vector
(x̃(t) = Vx̂(t)), the matrix V must thus approximately span the temperature field for every time
step. The temperature fields are nearly zero near the edges of the domain at all time instances,
see Figure 2.7. Hence, the columns of V, corresponding to the optimal expansion point, are nearly
zero near the edges of the domain and therefore it is possible to achieve a higher resolution around
ζ = 0. If the temperature field is limited to a small domain compared to the entire domain, the
shifted frequency can concentrate the columns of V in this range of interest and therefore boost
the performance of the Krylov method. Using this key insight the number of a posteriori defined
points in the expansion point search grid can drastically be reduced, see Section 4.2.
In Figure 4.3 the projection columns are shown for a reduction size of N = 5. For lower order
reduced models, for example N = 3, the columns 1 up to 3, shown in Figure 4.3, do not change
when the expansion point frequency is kept constant. Only the columns 4 and 5 are not present.
This means that in order to approximately span the same temperature field for a reduction size
N = 3 instead of N = 5, the columns 1 up to 3 must be wider. This can be obtained by decreasing
the expansion point frequency, see Figure 4.2. This analysis, an decreasing optimal expansion for
decreasing orders of the reduced model, explains the global trend shown in Figure 4.2.

To explain the local behaviour of the optimal real expansion point at orders of the ROM 4
and 5 (the green line in Figure 4.2), the temperature error as a function of the expansion point is
shown in Figure 4.4. The orange line in Figure 4.4 shows two local minima for N = 4 and N = 5,
which can cause the decrease of the expansion point for a higher order of the reduced model. Why
two local minimums are present is unknown. Figure 4.4 also shows that if the optimal expansion
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Figure 4.3: The columns of matrix V corresponding to N = 5 in Figure 4.1. The (maximum)
normalized temperature field at the last time instance t = tfinal: xfinal

norm is added as reference.

point is picked in the domain between the local minimums, the resulting temperature error is still
small.

A straightforward approach would be to reduce the spatial domain such that the significant
increase in temperature can just be captured in this spatial domain and use the not shifted σ = 0
Arnoldi algorithm to reduce this model. There are two reasons why this approach does not result
in an efficient ROM. Firstly, the columns are not concentrated enough near ζ = 0 using σ = 0,
see Figure 4.3, resulting in poor results. Secondly, the displacement domain must be much wider
to capture the relevant displacements, and it is convenient to keep the spatial grids used for the
temperature and thermal model the same. Hence, it is convenient to use a domain that is larger
than the domain that captures only the temperature field.

4.1.2 Results for the moving reference frame with velocity

The same method is applied for the case v = 0.276 [m/s]. The optimal expansion point in this
case is found using the same expansion point grids (σ ∈ R, σ ∈ iR, σ ∈ C) as for the case v = 0.
The resulting temperature errors, corresponding to the optimal expansion point, as a function of
the size of the ROM N are shown in Figure 4.5.

Figure 4.5 shows that the optimal real shifted Arnoldi algorithm can still significantly reduce
the temperature error but results in a larger error than the POD method. A complex shift can
slightly increase the accuracy of the ROM but is still not as good as the POD method. For the
corresponding optimal expansion points, the same global trend as for v = 0 [m/s] is observed;
the optimal expansion point frequency increases as the order of the ROM increases. This can be
explained by the same analysis as for v = 0, in Section 4.1.1.
Using multiple expansion points can possibly increase the accuracy of the Krylov method but this
is more complex than using only one expansion point. Since the temperature error can be reduced
significantly using only one expansion point, this approach is chosen.

The projection basis can possibly give more insight in why one expansion point is less optimal
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Figure 4.4: Temperature error as a function of σ ∈ R for N = 4 and N = 5.

than using the POD model reduction method. The corresponding projection basis from Figure
4.5 for N = 5 for the optimal shifted (using real and complex shifts) and POD reduction method
are shown in Figure 4.6.

Figure 4.6 shows that the first projection columns of the POD reduction method approximates
the shown temperature field better then the first projection columns of the Krylov method. A
complex expansion point gives more flexibility to adjust the expansion point such that the pro-
jection columns approximately span the temperature field. However, it seems that the shape of
the projection columns calculated with the POD method cannot be made using only the system
and input matrices. This might explain why the POD method is more accurate then the Krylov
method. The fact that only one expansion point for the entire matrix V is used can also clarify
why the shifted Arnoldi method is not as accurate as the POD method. Because using more
than one expansion point to construct the matrix V (as in the IRKA method) gives more design
freedom to construct the matrix V.
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Figure 4.5: Temperature errors (etem
RMS, see 4.1) for v = 0.276 [m/s] as a function of the reduced

system size N for the not-shifted (black line), optimal shifted Arnoldi method using the optimal
real (green line), imaginary (blue line) and complex expansion point (red line).
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Figure 4.6: The columns of matrix V corresponding to N = 4 in Figure 4.5. The (maximum)
normalized temperature field at the last time instance t = tfinal: xfinal

norm is added as reference.
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4.2 Calculating the expansion point a priori

For the optimal expansion point the projection matrix V is concentrated near the significant
increase in temperature. Hypothetically, this observation can be used to calculate the expansion
point a priori.

This approach is attractive because the grid search method to find the optimal expansion
point σ uses many computational resources since for every expansion point in the grid a ROM
is solved. After many reduced systems are calculated, the optimal expansion point is determined
based on the minimum temperature error. To calculate this error the solution of the FOM must
be calculated. To reduce computational cost, it is desired to calculate the optimal expansion point
a priori without solving many ROMs and the FOM. Additionally, this approach can possibly give
more insight in the optimal expansion point.

4.2.1 Width matching to calculate the expansion point a priori

To calculate the expansion point a priori, the key insight from Section 4.1 is used. This insight is
that the optimal expansion point should be chosen such that the matrix V is concentrated near
the locations where a significant temperature increase occurs. The proposed method makes use of
this idea by calculating the expansion point such that the width of the matrix is as wide as the
domain where a significant temperature increase occurs. Therefore this method is named width
matching.

To define a width of the projection basis (consisting of projection columns), the non-orthonormalized
projection columns of the Krylov space KN (P, r) are used. This basis is badly conditioned, es-
pecially for higher orders of the reduced model. However, this is not a problem for the proposed
method, since the basis {fn} is not used to reduce the model but only to calculate the expansion
point. Note that orthogonalization does not change the span of the basis. The used projection
columns are taken as the maximum normalized (non-orthogonal) Krylov basis (3.19):

fn =
Pn−1r

||Pn−1r||∞
, (4.3)

where || ||∞ denotes the maximum norm. The resulting basis vectors are shown in Figure 4.7. At
least for the case v = 0, the most simple normalization is the maximum normalization because this
normalization results in simple analytic expressions and dimensionless amplitudes of the matrix
and temperature field. Numerical tests have shown that normalizing the projection columns by
the maximum-norm or by the 2-norm does have a negligible influence on the expansion points
shown in Chapter 4.

The width of the columns fn should match the width of the temperature field. To take into
account the temperature field at t = tfinal the temperature field at t = tfinal is taken. The
temperature field used for width matching is defined by

xfinal := x(t = tfinal),

xfinal
norm :=

xfinal

||x||∞
,

(4.4)

The width of a data column f is calculated by:

Supportε(f) = {ζj | | fj | > ε}
Width(Supportε(f)) = max(ζ)

ζ∈Supportεf

− min(ζ)
ζ∈Supportεf

(4.5)

where ε is the tolerance, denoted by the horizontal dashed line in Figure 4.7, f is a (normalized)
data column and max and min denote the maximum and minimum, respectively. The temperature
width (WT) is now calculated using:

WT = Width(Supportε
(
xfinal

norm

)
) = ζT2 − ζT1 , (4.6)
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Figure 4.7: matrix f (with σ = 5 [Hz] for v = 0 [m/s] and σ = 12 [Hz] for v = 0.276 [m/s]) and
temperature field xfinal

norm. The plots show the ζ coordinates corresponding to a tolerance of 10−5.

these coordinates ζT1 and ζT2 denote the left and right temperature support coordinate, see Figure
4.7. Using the temperature field at a time t < tfinal would result in a too small WT . Note
that calculating the temperature field width WT is done by calculating the FOM. To reduced
computational cost, the width WT can possibly be estimated by a model of lower order than the
FOM.

Since the matrix consist of multiple columns, the width of this basis is defined as the widest
column. The width of the subspace basis {f1, f2, . . . , fn, . . . , fN}, with fn defined as (4.3), can thus
be calculated by:

WV = max
n∈{1,...,N}

{Width(Supportε (fn))} = ζV2 − ζV1 , (4.7)

where ζV1 and ζV2 are the left and right support coordinate of the projection columns, see Figure
4.7. Note that the columns fn depend on the expansion point σ, so that WV depends on σ. The
width of the matrix V (WV ) and the used temperature field (WT ) as a function of the expansion
point σ (for ε = 10−6) is shown in Figure 4.8.

The expansion point frequency is the frequency at which the width of the projection basis is
equal to the width of the used temperature field. This is at the intersection of the dashed black
line and the green line, shown in Figure 4.8 for N = 5. The figure is made by using the same
real expansion point grid as used for the a posteriori grid search, defined in Section 4.1. The grid
search implementation to find the expansion point a priori using width matching is named the
width matching grid search.
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Figure 4.8: WV as a function of σ. Note that the domain is 100 [mm] wide. The used subspace
is the non orthonormalzed Krylov space: K(P, r) and ε = 10−7.

For a real expansion point σ, the matrix V is calculated by orthonormalizing the Krylov space
(3.19), see line 8 in the Arnoldi Algorithm 1. Orthonormalization modifies the vectors of the
Krylov space (3.19), which is visualized in Figure 4.9.
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Figure 4.9: Effect of orthonormalization of the second projection column f2. The blue line
indicates the first projection column, the yellow line the second projection column after orthonor-
malization fo2 and the orange line indicates the non-orthonormalized projection column f2.

Figure 4.9 shows that due to orthonormalization the projection column f2 is modified, resulting
in the vector fo2 . The orthonormalization process amplifies the amplitudes of f2 in the domain
where the previous vector f1 is small and the vector f2 is non zero, see Figure 4.9. Since the
vectors fn with n > 1 are orthonormalized, this effect holds for fn, with n > 1. To exclude this
effect in the calculation of WV , the non-orthonormalized projection columns are taken, i.e. (for
a real expansion point) the vectors of the Krylov space (3.19) are used to calculate the width of
the projection basis (WV ).
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4.2.2 Results of width matching

The results of choosing the expansion point such that the width of the matrix equals the width
of the temperature field, see Subsection 4.2.1, is shown in this section. First the results for v = 0
[m/s] are shown, thereafter the results for v = 0.276 [m/s].

Results for v = 0 [m/s]
The results for v = 0 [m/s] for three tolerances; ε = 10−1, ε = 10−5 and ε = 10−9, are shown in
Figure 4.10.
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Figure 4.10: Temperature errors (etem
RMS, see 4.1) for v = 0 [m/s] as a function of the reduced

system size N for the not-shifted (black line), POD (dashed black line), and shifted using the
expansion point calculated by the proposed method using tolerances 10−1, 10−5 and 10−9.

Figure 4.10 shows that the method is successful for a wide range of tolerances and that the ob-
tained accuracy is comparable to the accuracy of the POD method. The corresponding expansion
points are shown in Figure 4.11.

Figure 4.11 shows that the expansion point calculated with the proposed technique is not very
sensitive to the chosen tolerance, nevertheless, the tolerance of 10−1 approximates the optimal
real expansion points the best for high orders. Concluding from Figure 4.11 is that the optimal
expansion point can be calculated accurately using the proposed width matching method for v = 0.

Results for v = 0.276 [m/s]
Choosing the expansion point σ not equal to 0 can decreases the error when v is set to 0.276 [m/s],
see Figure 4.5. If the proposed width matching method works in the case with v = 0.276 [m/s],
will be tested next. Three tolerances that show good results are: ε = 10−1, ε = 10−5, ε = 10−7.

Figure 4.12 shows that the expansion points calculated by width matching gives nearly as
good results as by using the optimal real expansion point. For low ROMs, the lower the tolerance
the better the results. For higher orders of the ROM this effect decreases, see Figure 4.12. This
decrease can be explained by the shape change of the projection vectors fn, see Figure 4.7, see for
example the green line in Figure 4.7. This line does not decrease exponentially as the blue line.
The corresponding expansion points are shown in Figure 4.13.

Figure 4.7 shows that the expansion point is more sensitive to the tolerance in the case v = 0
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Figure 4.11: Expansion points as a function of N for three tolerances, corresponding to Figure
4.10. The tolerances shown in the legend are used to calculated the width of the columns and
temperature fields.

then for the case v = 0.276 [m/s]. This gives an indication why the tolerance of ε = 10−9 that was
used for the case v = 0 [m/s] does not work well for the case v = 0.276 [m/s].

Figure 4.13 shows that the expansion points calculated a priori using a tolerance of 10−1

(the green line in Figure 4.13) approximates the optimal real expansion points (the pink line in
Figure 4.13) the most accurate of all tolerances. This tolerance has a corresponding width WT
of 35.6 [mm]. The decrease in the optimal expansion point (the pink line in Figure 4.13) can
be explained by the same behaviour as observed for v = 0, see Figure 4.4. Figure 4.7 indicates
that in this domain the most significant temperature increase is located. Using a tolerance of
ε = 10−7 to calculate the field widths is still accurate for a reduced system size larger than 10
states. The expansion point (calculated using width matching) is in this situation (v = 0.276
[m/s]) more sensitive to the tolerance than for v = 0 [m/s]. This could be caused by the fact that
the temperature fields vary more w.r.t. time for v = 0.276 [m/s] than for v = 0 [m/s] or by the
fact that the temperature fields are asymmetric when v = 0.276 [m/s].

The computing times for the a posteriori grid search method (Section 4.1) and the a priori
numerical width matching method (Section 4.2), implemented by the width matching grid search,
are shown in table 4.1. Both grid searches uses the same real expansion point grid, defined in
Section 4.1.

Cpu times v = 0.276 [m/s], N=30 v=0 [m/s], N=20
A posteriori grid search 180 [s] 180 [s]

Width matching grid search 50 [s] 27 [s]

Table 4.1: Computing times for the grid search techniques (Section 4.1) and the numerical width
matching (Section 4.2). The used computer has an installed CPU which runs at 2.5 GHz and has
8 GB RAM.

Table 4.1 shows that the computational cost to calculate the expansion point can drastically
be reduced by calculating the expansion point a priori using width matching. For the a posteriori
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Figure 4.12: Temperature errors (etem
RMS (4.1)) for the moving reference frame with v = 0.276

[m/s] as a function of the reduced system size N for the not-shifted (σ = 0), POD, and optimal
real shifted using the expansion point calculated by the proposed method using tolerances 10−1,
10−5 and 10−7. In the legend A1 denotes the one sided Arnoldi algorithm.

grid search the FOM, and many ROMs must be calculated (see Section 4.1), while for the width
matching technique only the width of one temperature field must be known. The implementation
of the width matching method by the width matching grid search is probably not the most efficient
implementation. Reformulating the width matching grid search problem as an optimization prob-
lem can presumably significant decrease the computational cost of the numerical width matching
technique. Due to time constraints on the project this is not implemented and is therefore left as
a recommendation.

For the proposed width matching method, the width of a single temperature field is required.
To calculate this width, the solution of the FOM is still required or can be approximated by a lower
order model than the FOM. By formulating an analytic expression for the temperature field, the
computational cost to calculate the width of the temperature field WT can possibly be reduced.
Additionally, if the projection columns can be calculated analytically, the expansion point can
possibly be calculated analytically using the width matching technique. This is investigated in
the next chapter.
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Figure 4.13: Expansion points as a function of N for several tolerances, corresponding to 4.12.
The tolerances shown in the legend are used to calculated the width of the columns and temperature
fields.





Chapter 5

Semi-analytical width matching

The results in the previous Section 4.2 show that the optimal real expansion point can be accur-
ately calculated by the assumption that the width of the temperature field and the width of the
projection basis WV for the optimal expansion point are the same. Although this method yields
an accurate ROM, this approach still uses many computational resources. To reduce computa-
tional cost and to get more insight in the relation between the expansion point and the considered
system, an analytic expression for the expansion point is desired. To write the optimal expansion
point in physical parameters, an analytic expression for both the temperature field width and the
projection basis width should be found.
First the analytic expression for the temperature field is given, thereafter the analytic expression
for the projection basis will be obtained. Finally these two analytic expressions will be combined
to formulate an analytic expression for the expansion point σ.

5.1 Analytic solution for the temperature field

The first step to find an analytic expression for the expansion point is to formulate an analytic
expression for the temperature field. First this is done for v = 0, thereafter for v > 0.

5.1.1 Analytic expression for WT if v = 0

The PDE in the reference frame fixed to the heat-load is given by (2.3). For v = 0 this PDE
reduces to:

∂T̃

∂t
=

k

ρc

∂2T̃

∂ζ2
− hT̃

ρcHsub
+
gl
ρc
Bu(t). (5.1)

In the problem considered so far, B is a block function that is 1 for ζs1 ≤ ζ ≤ ζs2 and 0 otherwise,
i.e. B = 1[ζs1 ,ζ

s
2 ](ζ). Using this block input and u(t) = 1, (5.1) is solved by discretizing (5.1), see

Section 2.2. This results in the FEM model considered so far.

However, the fundamental solution of (5.1), using B(ζ) = βδ(ζ), where β = ζs2 − ζs1 , and
u(t) = δ(t), can directly be given by (see [14]):

T̃ (ζ, t) = T0
1√
4kπt
ρc

exp

(
−ζ2ρc

4kt

)
exp

(
−ht

ρcHsub

)
, (5.2)

where T0 = gl
ρcβ. Since the width of the block-shaped heat source is only 4.6 [mm] the assumption

B(ζ) = βδ(ζ) will be used in the analytic equation for the temperature field. The assumption
u(t) = δ(t) does not hold in the considered problem since the input is u(t) = 1 for t ∈ [0, tfinal].
The temperature field for u(t) = 1 and B(ζ) = δ(ζ), at t = tfinal, can be calculated by:
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T 0(ζ, tfinal) =

∫ tfinal

t=0

T0
1√
4kπt
ρc

exp

(
−ζ2ρc

4kt

)
exp

(
−ht

ρcHsub

)
dt, (5.3)

where the superscript 0 in T 0 indicated that this is the solution for v = 0. To calculate the width
of the temperature field WT at t = tfinal, equation (5.3) must first be (maximum) normalized,
similarly as in (4.4). The maximum occurs at ζ = ζTmax = 0. The normalized temperature field is
calculated evaluating the integral (5.3) in Mathematica as

T 0
norm =

1

2 erf
(√

tfinalh
Hsub c ρ

)eψ (erf (θ+)− 1) + e−ψ (erf (θ−) + 1) , (5.4)

where:

θ± =
2 tfinal

√
h

Hsub c ρ
± |ζ|

√
c ρ
k

2
√
tfinal

,

ψ =

√
h

Hsub c ρ
|ζ|
√
c ρ

k
.

(5.5)

The temperature field (5.4) and the temperature field xfinal
norm computed from the FEM model are

shown in Figure 5.1. Note that the FEM model uses a block-shaped input and the analytic solution
uses a point source as input. As can been seen in Figure 5.1, the analytical calculated temperature
field (5.4) (which assumes a point source) does approximate the temperature field calculated from
the FEM model (which is based on a block source).

-50 -40 -30 -20 -10 0 10 20 30 40 50

0

0.5

1

-50 -40 -30 -20 -10 0 10 20 30 40 50
10

-10

10
-5

10
0

Figure 5.1: Analytically calculated normalized temperature field and the normalized temperature
field calculated by the FEM for v = 0 [m/s] at t = tfinal. The upper plot shows the temperature
field on a linear scale and the lower plot show the temperature field on a logarithmic scale.

To calculate the width of the temperature field, the equation T 0
norm = ε must be solved for ζ,

see (4.5). Unfortunately, no closed-form analytic expression exist, because the erf function and
the natural exponent are functions of the ζ variable. Therefore, ζ is calculated by evaluating
(5.4) in a large number of grid points. This results in the left and right boundary of the support
of the temperature field ζT1 and ζT2 . Because the temperature field is symmetric it follows that:
−ζT1 = ζT2 and WT = ζT2 − ζT1 = 2ζT2 , see also Figure 4.7.
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5.1.2 Analytic expression for v > 0

The PDE that describes the temperature field for v > 0 is given by

ρc

(
∂T̃

∂t
− v ∂T̃

∂ζ

)
= k

∂2T̃

∂ζ2
− hT̃

Hsub
+ glBu(t). (5.6)

To solve the differential equation (5.6) with v > 0 a transformation of the temperature field can
be used, [8]. Applying the transformation yields

T̃ (ζ, t) = exp

(
−vρc

2k
ζ

)
T̂ (ζ, t). (5.7)

Substituting (5.7) into (5.6) and dividing by ρc exp
(−vρc

2k ζ
)

gives:

∂T̂

∂t
− v

(
−vρc

2k
T̂ +

∂T̂

∂ζ

)
=

k

ρc

((vρc
2k

)2

T̂ − vρc

k

∂T̂

∂ζ
+
∂2T̂

∂ζ2

)
− h

ρcHsub
T̂ + exp

(vρc
2k

ζ
)
glBu(t),

(5.8)
which reduces to:

∂T̂

∂t
− k

ρc

∂2

∂ζ2
T̂ +

(
v2ρc

4k
+

h

ρcHsub

)
T̂ = exp

(vρc
2k

ζ
) gl
ρc
Bu(t). (5.9)

In contrast to (5.6) the first partial derivative of T̃ w.r.t. ζ is not present in (5.9). The fundamental
solution of (5.9) using B = βδ(ζ) and u(t) = δ(t) is given by, [8]:

T̂ (ζ, t) = T0
1√
4kπt
ρc

exp

(
−ρc
4k

ζ2

t

)
exp

(
−v2ρct

4k
− ht

ρcHsub

)
, (5.10)

with T0 = gl
ρcβ. Using the transformation in (5.7) the fundamental solution of (5.6) is given by:

T̃ (ζ, t) = exp

(
−vρc

2k
ζ

)
T0

1√
4kπt
ρc

exp

(
−ρc
4k

ζ2

t

)
exp

(
−v2ρct

4k
− ht

ρcHsub

)
. (5.11)

Note that substituting v = 0 in (5.11) gives (5.2). Equation (5.11) is the solution of (5.6) if
B = βδ(ζ) and u(t) = δ(t). However, in the considered situation the input u(t) = 1 from t = 0
to t = tfinal. As for v = 0, the time integral of (5.11) from t = 0 up to t = ufinal must therefore
be taken. The resulting temperature field is named T vint. The argument of the maximum of T vint is
located at ζTmax = 0. Normalizing T vint w.r.t. the maximum with t = tfinal gives:

T vnorm = exp

(
−c ρ vζ

2 k

)
1

2 erf (Ξ)

(
eψ (erf(θ−)− 1) + e−ψ (erf (θ+) + 1)

)
(5.12)

with

θ± =
tfinal

√
4h
Hsub

+ c2 ρ2 v2

k ± c ρ |ζ|
√

1
k

2
√
c ρ tfinal

,

ψ = |ζ|

√
h

kHsub
+
c2 ρ2 v2

4 k2
,

Ξ =

√
tfinal

√
4h
Hsub

+ c2 ρ2 v2

k

2
√
c ρ

.

(5.13)

The temperature field (5.12) and the temperature field calculated by the FEM are shown in Figure
5.2.
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Figure 5.2: Analytically calculated normalized temperature field (using a point source B = δ(ζ))
and the normalized temperature field calculated by the FEM (using a block source) for v = 0.276
[m/s] at t = tfinal [s]. The upper plot shows the temperature field on a linear scale and the lower
plot show the temperature field on a logarithmic scale.

To calculate the width of the temperature field T v
norm (as defined by (4.6)) the equation T v

norm =
ε must be solved for ζ. Obtaining an analytic expression is unfortunately not possible due to the
erf function and the exponents. Nevertheless ζT1 and ζT2 can be determined relative straightforward
by evaluating T v

norm in a grid of points ζj . This results in ζT1 and ζT2 .
Figure 5.2 shows that ζT2 ≈ ζV2 . Therefore calculating the expansion point using WT = WV (σ)
can also be done by solving ζT1 = ζV1 (σ) for σ, since WT = ζT2 − ζT1 and WV = ζV2 − ζV1 . Hence,
only the coordinates ζT1 and ζV1 coordinates is of interest if v > 0.

5.2 Analytic expressions for the projection basis

As for the temperature field, the starting point to formulate an analytic expression for the projec-
tion basis is the thermal PDE for the moving heat load problem (2.3):

ρc

(
∂T̃

∂t
− v ∂T̃

∂ζ

)
= k

∂2T̃

∂ζ2
− hT̃

Hsub
+ glBu(t). (5.14)

For the discretized FEM model (2.11), the projection subspace VN that results in a ROM, match-
ing the first N moments of h(s) around s = σ should satisfy (see Appendix B):

Span (VN ) ⊃ KN (P, r), (5.15)

where K denotes the Krylov space, P = (σE−A)−1E and r = (σE−A)−1b. This basis uses the
discretized system and input/output matrices.

The Krylov basis can, however, also be computed for the infinite dimensional system. To do
this, equation (2.3) is rewritten as an abstract differential equation (ADE):

ρc︸︷︷︸
E

∂T̃

∂t
=

{
k
∂2

∂ζ2
+ vρc

∂

∂ζ
− h

Hsub

}
︸ ︷︷ ︸

A

T̃ + glBu(t).
(5.16)
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When T̃ (ζ, t) is considered as the output and glu(t) as the input, then the transfer function of
(5.16) is given by:

H(s) = (sE − A)−1B. (5.17)

Analogous to the result for the discretized system, we expect that in order to match the first N
moments of H(s) at s = σ, should satisfy:

Span (VN ) ⊃ KN {P,R} , (5.18)

with:
P = (Eσ −A)−1E ,
R = (Eσ −A)−1B.

(5.19)

This statement is believed to hold but the formal proof falls outside the scope of this report.
To obtain an explicit expression forR, note that the definitions ofR in (5.19) and the definitions

of E and A in (5.16) show that R should satisfy:

−k∂
2R
∂ζ2

− vρc∂R
∂ζ

+

(
h

Hsub
+ ρcσ

)
︸ ︷︷ ︸

a

R = glB.
(5.20)

If σ = 0, R is the steady state result of the considered model. The term a in (5.20) shows that
increasing σ > 0 has the same effect as increasing the term h

Hsub
. This term influences the width

WT of R. Note that the unit of σ is [1/s]. The expansion point σ is assumed to be positive, i.e.
σ > 0.

To obtain an analytic expression for R, first the homogeneous solutions is calculated by sub-
stituting: R = eλζ in (5.20). This gives:

−kλ2eλζ − vρcλeλζ +

(
h

Hsub
+ ρcσ

)
eλζ = 0. (5.21)

Dividing (5.21) by eλζ gives:

−kλ2 − vρcλ+

(
h

Hsub
+ ρcσ

)
= 0. (5.22)

Solving (5.22) for λ gives two solutions:

λ± =
−vρc±

√
(vρc)2 + 4 c k ρ σ + 4h k

Hsub

2 k
.

(5.23)

As a consequence of σ > 0, λ+ is always positive and λ− is always negative.
As for the temperature field, the input is taken as a point source B = βδ(ζ). The solution of

R is considered in two separate regions. Since (5.22) has two roots λ±, R can be written as

R =

{
R1(ζ) for ζ ≤ 0

R2(ζ) for ζ ≥ 0
=

{
C1e

λ+ζ + C2e
λ−ζ for ζ ≤ 0

C3e
λ+ζ + C4e

λ−ζ for ζ ≥ 0.
(5.24)

Four unknowns constants C are present in (5.24). For R1, the boundary condition R → 0 when
ζ → −∞ must hold, therefore C2 = 0. For R2 a similar boundary condition holds, namely: R → 0
when ζ →∞, thus C3 = 0. The third unknown can be found by using the fact the solution should
be continuous in ζ = 0, which implies C1 = C4. The last unknown can be found by taking the
integral of (5.20) from ζ = η to ζ = −η and letting η → 0 (see [8]).

k
∂R1

∂ζ

∣∣∣∣
ζ=0+

− k ∂R2

∂ζ

∣∣∣∣
ζ=0−

= glβ. (5.25)
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Inserting (5.24) in (5.25) yields

α = C1 = C4 =
glβ

k(λ− − λ+)
. (5.26)

We thus conclude that

R =

{
R1(ζ) for ζ ≤ 0

R2(ζ) for ζ ≥ 0
=

{
αeλ+ζ for ζ ≤ 0

αeλ−ζ for ζ ≥ 0.
(5.27)

Similarly, the analytic expression for R, using a block input is derived in Appendix D.2. The
analytic solution R and the discretized solution r (using 500 spatial nodes) for v = 0 and v = 0.276
[m/s] are shown in Figure 5.3 and Figure 5.4, respectively.
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Figure 5.3: Analytic solution R using a point source and a block function and the discretized
solution r, using v = 0 [m/s]. −ζs1 = ζs2 = 2.3 [mm]

Figure 5.3 shows that the analytic solution of R using a block shape as input function and the
discretized solution r are very similar. The point source solution r does approximate the solution
r that uses a block input increasingly well for increasing |ζ|.

Figure 5.4 shows that also for v = 0.276 [m/s] the analytic expression R for the block function
input shape and the discretized solution r are approximately the same. Concluding from Figures
5.3 and 5.4 is that the analytic point source approximation can be used to approximate the tem-
perature field width.

To find the analytic expressions for PnR we observe from the Taylor expansion of the transfer
function (3.11) that the n-th derivative of R w.r.t. σ can be written as:

∂nR
∂σn

= n!
{
−(σE − A)−1E

}n
(σE − A)−1B = n!PnR, (5.28)

where R is given by (5.27) for the point source and given by (D.12) for the block input shape.
Equation (5.28) thus gives a simple expression to compute PnR using the expressions of R.
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Figure 5.4: Analytic solution R using a point source and a block function and the discretized
solution of r, using v = 0.276 [m/s]. −ζs1 = ζs2 = 2.3 [mm]

As for the temperature field, PnR must be normalized to calculate the width of the projection
basis, see (4.4). The maximum normalized projection columns can be calculated by:

PnRnorm =
PnR

max
ζ
|PnR|

=
∂nR
∂σn (ζ)

∂nR
∂σn (ζnmax)

(5.29)

where the argument of max
ζ
|PnR| is denoted by ζnmax. The normalized projection columns PnRnorm

can now be calculated from (5.28) and (5.29) using the analytic expression for R (5.27). The ex-
plicit expressions for n = 0, 1, 2, 3, 4 are given in Appendix D.1.

The columns PnR for n = 0, 1 are shown in Figure 5.5. The upper plot in Figure 5.5 shows that
PR is wider then R, as we would expect. The lower plot shows that the analytic and discretized
solutions are again very similar. We also see that for v = 0, ζnmax = 0 and that the projection
columns are symmetric so that ζV1 = −ζV2 and WV = 2ζV2 .

The results for v = 0.276 [m/s] are shown in Figure 5.6. Figure 5.6 shows that for v > 0 again
the analytic and discretized solutions are very similar and that the point source approximation
approximates the solution that is calculated using a block shaped input well for decreasing ζ
values. Therefore, the derived analytic equations for PnR, using a point source, can be used to
calculate analytically the support of the projection basis. However, for v > 0 an extra difficulty is
present, the argument of maximum of the projection columns is not located at ζ = 0, in contrast
to the situation v = 0, see Figure 5.4. Figure 5.6 suggests that the argument of the projection
columns can be calculated by solving

dPnR1(ζ)

dζ
= 0, (5.30)

for ζ = ζnmax, excluding the solution ζ = −∞.

5.2.1 Analytic expression for WV when v = 0

The projection column width is given by: WV = ζV2 − ζV1 , see (4.7). For N = 1, these coordinates
can be calculated using the (maximum) normalized first projection column, which are calculated
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Figure 5.5: The upper plot shows the normalized projection columns R and PR using a point
source as input, the lower plot shows the normalized projection columns r, R, Pr and PR using a
block function as heat input. Dis. stands for Discretized solution and Ana. for analytic solution.
The expansion point: σ = 5 [Hz], −ζs1 = ζs2 = 2.3 [mm].

by substituting (5.27) in (5.29) with ζ0
max = 0:

Rnorm =

{
Rnorm

1 (ζ) for ζ ≤ 0

Rnorm
2 (ζ) for ζ ≥ 0

=

{
eλ+ζ for ζ ≤ 0

eλ−ζ for ζ ≥ 0.
(5.31)

Solving the left and right part of Rnorm = ε for ζ gives ζV1 and ζV2 , respectively:

ζV1 =
ln(ε)

λ+
, ζV2 =

ln(ε)

λ−
. (5.32)

So far the expansion point can theoretically be a complex number. However, because ε and ζ is
real we assume that λ+ is real. Hence, σ is real. As a consequence, the proposed method can
maximum achieve an accuracy of the optimal real expansion point shown in Figure 4.1 for v = 0
[m/s] and shown in Figure 4.5 for v = 0.276 [m/s].

Recalling the observation from Chapter 4.1; for v = 0 and v = 0.276 [m/s] the ROM calculated
using an optimal imaginary expansion point is less efficient than the ROM calculated with an
optimal real expansion point, see Figures 4.1 and 4.5. Because the width matching technique does
approximate the optimal real expansion point (see Subsection 4.2.2), the accuracy of the optimal
imaginary expansion point can possibly be explained by fact that an imaginary expansion point
can never match the width of the temperature field and the projection basis and therefore results
in a less efficient ROM.

Using (4.7), WV is given by:

WV = ζV2 − ζV1 = ln(ε)

(
1

λ−
− 1

λ+

)
, (5.33)

for v = 0; λ+ = −λ− and thus for v = 0, WV is given by:

WV = ζ2 − ζ1 = 2
ln(ε)

λ−
= −2

ln(ε)

λ+
. (5.34)
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Figure 5.6: The upper plot shows the normalized projection columns R and PR using a point
source as input, the lower plot shows the normalized projection columns R, R, PR and PR using
a block function as heat input. Dis. stands for Discretized solution and Ana. for analytic solution.
The expansion point: σ = 5 [Hz]. v = 0.276 [m/s].

Now we attempt to calculate WV for N = 2. This goes similarly as for N = 1, but now the
projection basis width is determined by using the second projection column PRnorm instead of
Rnorm because the width of the second projection column is assumed to be wider than the previous
projection column(s), see Figure 4.7. All observations verified this assumption. The expression
PRnorm can be calculated by substituting (5.27) in (5.29) with n = 1, this gives:

PRnorm
1 = eλ+ζ︸︷︷︸

ι

(−λ+ζ + 1)︸ ︷︷ ︸
γ1

for ζ < 0.
(5.35)

In equation (5.35) ζ appears in the factor ι and in the factor γ1. This makes solving PR1 = ε
(5.35) for ζ more involved. In Appendix D.3 it is shown that WV for v = 0 and N = 2 is given
by:

WV =
2

λ+

(
Lam−1(− ε

e
) + 1

)
, (5.36)

where Lam denotes the Lambert function and the −1 in Lam−1 denotes the −1 branch of the
Lambert function. See Appendix D.3 for more information about this function.

We attempt to follow the same steps for N = 3. To formulate an expression for the projection
column P2Rnorm, first R in (5.27) is substituted in (5.28) with n = 2. For ζ ≤ 0, the projection
column P2Rnorm is given by:

P2Rnorm
1 = eλ+ ζ︸ ︷︷ ︸

ι

(
1

3
λ2

+ ζ
2 − λ+ ζ + 1

)
︸ ︷︷ ︸

γ2

(5.37)

In (5.37) ζ appears quadratically in the factor γ2 and in the exponential of the term ι. Therefore
P2Rnorm = ε cannot be solved for ζ analytically. This problem obstructs the analytic calculation
of WV for N > 2. Nevertheless, the analytic expressions of the projection columns can still result
in a computational effective method, as will be demonstrated in Section 5.3.1.
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5.2.2 Analytic expression for ζV1 when v > 0

For v > 0, the same analytic expressions for the first projection column R (5.27) can be used as
for the case v = 0. In this case λ± are given by (5.23). In this situation only the ζV1 is of interest
to calculate the width, since the ζT2 and ζV2 coordinates are assumed to have negligible influence
on the expansion point, see Section 5.2.2 and Figure 5.2. Note that for v > 0 the simplification
λ+ = −λ− cannot be used. For N = 1, the argument of the maximum of the projection column
is ζVmax = 0 and thus, the solution ζV1 of Rnorm

1 = ε, is given by (5.32).
For N = 2 the analytic expression PR1 is calculated by (5.28) and is given by:

PR1 = eζ λ+

(
α(1) + λ

(1)
+ α ζ

)
, (5.38)

where the superscript (1) denotes the first derivative w.r.t. σ. The function α is as in (5.26) and
λ+ is as in (5.23). Figure 5.6 shows that the argument of the maximum of the projection columns
(ζ2

max) is not 0, as it was for the case v = 0. In section 5.2 it was suggested to calculate ζ2
max from

(5.30) which uses the spatial derivative of the projection columns. The spatial derivative of (5.38)
is given by:

∂PR1

∂ζ
= exp(λ+ζ)

(
λ

(1)
+ α+ α(1)λ+ + λ

(1)
+ αλ+ζ

)
. (5.39)

Since eζλ+ 6= 0, ζ2
max can be calculated by solving (5.39) for ζ:

λ
(1)
+ α+ α(1)λ+ + λ

(1)
+ αλ+ζ = 0. (5.40)

This gives

ζ1
max = −

λ
(1)
+ α+ α(1)λ+

(λ
(1)
+ αλ+)

. (5.41)

Using this value of ζ1
max and the expression for PR in (5.29) gives:

PRnorm
1 =

PR(ζ, σ)

PR(ζ2
max, σ)

=
eζ λ+

(
α(1) + λ

(1)
+ α ζ

)
eζ

1
max λ+

(
α(1) + λ

(1)
+ α ζ1

max

)
= exp

(
λ+ζ + α(1)λ+

λ
(1)
+ α

+ 1

)
λ+

(
− α(1)

λ
(1)
+ α

− ζ

)
.

(5.42)

Solving PRnorm
1 = ε for ζ gives ζV1

ζV1 = αLam

(
− eΥε

λ+α

)
︸ ︷︷ ︸

ι

− α(1)

eα︸︷︷︸
γ

(5.43)

with:

Υ =
α(1) − αeα(1)

α2e
− e

λ+
, (5.44)

where e is the natural exponent. This expression can be used to calculate the expansion point
analytically.

5.3 Analytic expression for the expansion point

Combining the analytic expressions for WV and WT can give an analytic expression for the
expansion point σ by solving WT = WV (σ). First the case v = 0 is discussed, thereafter the case
v = 0.276 [m/s].
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5.3.1 Analytic expression for the expansion point for v = 0

Since the analytic expression of the normalized projection columns get more complicated for in-
creasing order of the reduced model N , we start with N = 1. Hereafter, the analytic solution for
N = 2 and N > 2 are discussed.

Expansion point for N = 1
For an order of the ROM N = 1 the expansion point can be calculated by solving WT = WV (σ)
for σ. To this end, first the width of the temperature field WT = 2 ζT2 , where ζT2 is computed
as described in Section 5.1.1. Since WV is given by (5.34) the expansion point σ can now be
determined from

2ζT2 = 2
ln(ε)

λ−(σ)
. (5.45)

Rewriting (5.45) to λ− and using the definition of λ− (5.23) gives:

ln(ε)

ζT2
= λ− = −

√
ρcσ

k
+

h

Hsubk
. (5.46)

Solving (5.46) for σ gives:

σ1 = − h

Hsubρc︸ ︷︷ ︸
a

+
k

ρc

(
ln(ε)

ζT2

)2

︸ ︷︷ ︸
b

.
(5.47)

Here, the subscript 1 in σ1 indicates the order of the reduced model N (N = 1 in this case).
Note that ζT2 depends on ε. Substituting the variables: Hsub = 7.75 · 10−4 [m], c = 705 [J/KgK],
h = 1500 [W/m2K], ρ = 2329 [Kg/m3], tfinal = 0.1362 [s], ε = 10−1 [-] and ζT2 = 6.71 [mm] in
(5.47) gives: a ≈ −1.18, b ≈ 10.70 and σ1 ≈ 9.52 [rad/s] ≈ 1.51 [Hz]. The result of calculating
the expansion point using width matching as described in Section 4.2 (for the block shaped input
function) results in 1.76 [Hz]. If a point source is taken as input of the FEM model then the
expansion point calculated by width matching is: 1.54 [Hz]. The difference between the analytic
and numerical result is thus mainly caused by the discretization of the (expansion point) search
grid. The difference between the two values of the expansion point is caused by the difference in
source width: for the analytic solution a point source is used and for the grid search a block input
is used.

Equation (5.47) shows that the expansion point σ1 depends on the tolerance ε. This dependency
is shown in Figure 5.7.

The expression
(

ln(ε)

ζT2

)2

is shown in Figure 5.7. The logarithmic dependency can be observed

by comparing the analytic expression of the temperature field for a point source (B = δ(ζ) and
u(t) = δ(t)) (5.2) and the projection columns (5.31). The temperature field (5.2) is an expo-
nentially quadratic function of ζ and the projection columns (5.31) are exponentially linear in ζ.
The reason why the projection columns are exponentially linear originates from the fact that the
Laplace transformation is taken from (5.16).

Although the expansion point depends on ε, a large domain ε ∈ [10−9, 10−1] does give good
results, see Figure 4.10. The temperature field widt WV corresponding to the used ε range, ranges
from [13.6, 58.2] [mm]. Figure 4.7 shows that this width range is a relatively large range to con-
centrate the projection column in. Therefore the conclusion is drawn that the width matching
method is relative robust to the tolerance ε.

Expansion point for N = 2
For the order of the ROM N = 2 the analytic expressions for WV is given by (5.36). WT is
computed in the same way as for N = 1 based on the temperature field (5.4) as described at the
end of Subsection 5.1.1. The expansion point is analytically calculated by solving WT = WV (σ).
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Figure 5.7: The term
(

ln(ε)

ζT2 (ε)

)2

of (5.47) as a function of ε.

Using WT = 2ζT2 and the expression for WV in (5.36), we find:

2ζT2 =
−2

λ+

(
Lam(−εe−1) + 1

)
(5.48)

Rewriting (5.48) to λ+ and using the definition of λ+ in (5.23) (with v = 0) gives:

λ+ =

√
ρcσ

k
+

h

Hsubk
=
−1

ζT2

(
Lam(−εe−1) + 1

)
. (5.49)

Rewriting (5.49) to σ, gives:

σ2 = − h

Hsubρc
+

k

ρc

(
−Lam−1(−εe−1)− 1

ζT2

)2

. (5.50)

Substituting the parameter values, ε = 10−1 and ζT2 = 6.8 [mm], gives: σ2 ≈ 28.51 [rad/s] ≈ 4.53
[Hz]. The numerically calculated result using width matching, calculated with the FEM model
that uses a block input function as input, is σ2 = 4.40 [Hz]. Therefore we conclude that the
analytic solution (assuming a point source) for N = 1, 2 is sufficient accurate to give more insight
in the problem.

Expansion point for N > 2
For N > 2 the expression of WV cannot be analytically calculated, since the ζ coordinate and the
variable λ appear in quadratically in γ2 and exponentially in ι in P2Rnorm

1 (5.37), see Subsection
5.2.1.

However, for a symmetric temperature field (which is the case for v = 0), ζT1 = ζV1 and ζT2 = ζV2
if WV = WT . This implies that the variable ζ in PN−1R1(ζ) (given by (5.29)) can be replaced
by ζ = ζV1 = ζT1 . After this replacement, n-th power λ variables are still present in the equation
PN−1R. Hence, for orders of the reduced model N > 2, directly analytically solving for σ is not
possible.

Nevertheless, the expansion point can be determined semi-analytically by taking the next steps:

1. Calculate the first projection column R1 by (5.27).
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2. Calculate the projection column PN−1R1 using (5.28). As explained in Subsection 5.2.1,
only this projection column is necessary since this is the projection column of the projection
basis with the largest support.

3. Calculate the left support coordinate of the temperature field ζT1 by evaluating PN−1R1 in
a number of grid points and check where it is equal to ε.

4. Normalize the projection columns using (5.29), using ζN−1
max = 0.

5. Now, the only unknown in PN−1Rnorm
1 (ζ = ζT1 ) is the expansion point σ, which can be

numerically calculated by solving PN−1Rnorm
1 = ε for σ. This is done by the solve function

in Matlab.

The results using ε = 10−1 and ε = 10−5 are shown in Figure 5.8. This figure shows that the
expansion point calculated semi-analytically does approximate the numerical result well.
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Figure 5.8: The optimal expansion point σ ∈ R found by the grid search described in Section
4.1, the expansion point for the width matching method from Section 4.2, and the expansion point
computed by the semi-analytic width matching method from this section as a function of the order
of the reduced model N , for v = 0.

5.3.2 Expansion point for v > 0

Now, the semi-analytic width matching method will be applied for v > 0. In this situation the
expansion point can be calculated by solving ζT1 = ζV1 for σ, see Subsection 5.2.2.

Expansion point for N = 1
For N = 1 the projection columns are given by (5.27).

−ζT1 =
ln(ε)

λ+(σ)
. (5.51)

Rewriting (5.51) for σ and using the definition of λ+ (5.23) gives:

σ1 = − h

ρcHsub

(
1− Hsub k

h

(
ln (ε)

ζT1
+
c ρ v

2 k

)2

+
Hsub

h

c2 ρ2 v2

4 k

)
(5.52)
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Substituting the system variables, ε = 10−1 and ζT1 = −43.2 gives: σ1 = 13.79 [rad/s] ≈ 2.19 [Hz].
Calculating σ1 for v > 0 with a point source by solving WT = WV by a grid search as in Section
4.2 gives σ1 = 2.20 [rad/s]. The difference between the two values is caused by the spacing of the
search grid. Calculating σ1 using a block shaped source gives: σ1 = 2.33 [Hz]. Since the values
of σ are very similar we conclude that the assumption B = δ(ζ) can give an accurate expansion
point for the case N = 1 and v = 0.276 [m/s].

Expansion point for N = 2
Calculating the expansion point by using the expression ζT1 = ζV1 , where ζV1 is given by (5.43),
does not result in an analytic expression for σ since in ζV1 , σ is present in the terms ι and γ, see
(5.43).

Expansion point for N > 1
No analytic expression could be calculated for the projection columns for WV if N > 1 in the case
v > 0, see Subsection 5.2.2. This originates from an additional difficulty for v > 0; in this case the
maximum of the projection columns is not located at ζ = 0 for N > 1, as observed in section 5.2,
see also Figure 5.6. To be able to calculate the projection basis width first the maximum of the
projection columns must be calculated, this is done by equation (5.30). However in this equation
the expansion point σ is unknown, which obstructs the calculation of the expansion point. There-
fore solving the derived expression is done numerically, using the optimization function fmincon
in Matlab. In here the maximum can be programmed with σ as a variable. Using an optimization
function is considered as the most efficient approach since additional information can be easily
included. Moreover this can decrease the computational cost to solve the analytic equations. To
formulated the numeric expressions as an optimization problem, the equation PN−1Rnorm

1 = ε can
be formulated as an objective function that should be minimized

PnR(ζTN−1, σ)

PN−1R(ζN−1
max , σ)

− ε, (5.53)

with:
ζN−1
max = arg max

ζ
PN−1R(ζ, σ), (5.54)

where ζT1 is calculated by using the analytically described temperature field given by (5.12). This
is incorporated in the roadmap that is used to calculate the expansion point:

1. Calculate the first projection column R1 by (5.27).

2. Calculate the projection columns PN−1R1 using (5.28).

3. Calculate the left support coordinate of the temperature field ζT1 by evaluating (5.4) in a
number of grid points. Hereafter the coordinate can be substituted in (5.53).

4. Since the maximum of the projection columns depends on the expansion point ζN−1
max (σ), the

maximum is programmed in the objective function fmincon in Matlab with σ as variable,
see (5.53) and (5.54). Since the maximum of an analytic expression cannot be taken in
Matlab, the projection columns are numerically evaluated at a number (100) of grid nodes.
Hereafter the maximum is determined.

5. Evaluate the function (5.53) in fmincon, using (5.54) from step 2. Hereafter the optimal
expansion point can be calculated using (5.53).

To decrease the computational cost in step 4 and 5, the additional known equation (5.30)
∂PR(ζmax1 )

∂ζ = 0 is implemented as a boundary condition in the optimization function fmincon in
Matlab. Additionally, it is known that σN−1 is nearby σN thus σN−1 is set as initial guess for
σN . Note that this initial guess can only be set if the previous N − 1 is known. σ ∈ [0, 100] is set
as variable one and ζVmax ∈ [−100, 0] [mm] is set as variable two. Using the standard tolerances
and setting, this results in the expansion points shown in Figure 5.9: Figure 5.9 shows that the
semi-analytic results approximates the numerical results well.
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Figure 5.9: The optimal expansion point σ ∈ R found by the grid search described in Section
4.1, the expansion point for the width matching method from Section 4.2, and the expansion point
computed by the semi-analytic width matching method from this section as a function of the order
of the reduced model N , for v = 0.276 [m/s].

5.4 Comparing the computing times of three methods

The analytic expression are derived to gain more insight in the expansion point relation to the
system and decrease computational cost. The time to compute the expansion points using the a
posteriori grid search (Section 4.1), width matching grid search (Section 4.2) and the semi-analytic
method (Chapter 5) are shown in table 5.1. The previous defined search grid is used for both the
a posteriori and width matching grid search. No prior knowledge of the previous expansion point
is included to calculate the expansion point semi-analytically.

Cpu times v = 0.276 [m/s], N=30 v=0 [m/s], N=20
A posteriori grid search 180 [s] 180 [s]

Width matching grid search 50 [s] 27 [s]
Semi-analytic width matching 116 [s] < 1 [s]

Table 5.1: Computing times for the grid search method (Section 4.1), numerical width matching
(Section 4.2) and the Semi-analytic method (Chapter 5). The used computer has an installed CPU
which runs at 2.5 GHz and has 8 GB RAM.

Table 5.1 shows that the computing time for v = 0 [m/s] is the smallest using the analytic
method and the largest for the grid search method. Therefore the analytic approach is preferred
when v = 0. However, for the case v = 0.276 [m/s], the quickest method is the (numerical) width
matching technique. The main reason for this is that the location of the maximum of PN−1R is
now an additional unknown in the optimization, see Section 5.3.1. It should be noted that the
computational time of the semi-analytic method can be drastically reduced when the expansion
point for order N − 1 is available. Calculating several expansion points for smaller orders N can
possibly reduce computational cost.
Note that the computational cost of the numerical width matching technique can presumably signi-
ficant be reduced by formulating the width matching problem as an optimization problem. Due to
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time constraints on the project this is not implemented and is therefore left as a recommendation.
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Chapter 6

Conclusions and recommendations

6.1 Conclusions

The objective of this thesis is to find and optimize a suitable MOR technique for a thermomech-
anical model which describes the displacement fields that result from a moving heat load and is
of high order. It is chosen to derive the model w.r.t. a moving reference frame attached to the
moving heat load, which results in a Linear Time Invariant (LTI) model. This gives the possib-
ility to apply well-known MOR techniques to the model. The original two-dimensional model is
simplified to a model in one spatial dimension. This one-dimensional model is easier to visualize
and of significant lower order, which reduces the computational cost. Presumably the same MOR
techniques for the one-dimensional model can be applied on the two-dimensional model.

To reduced the model of very high order (it can contain up to 106 states), a Krylov MOR
technique is chosen. Krylov MOR techniques have the drawbacks that no error bound can be
calculated and that stability cannot be guaranteed. However, no unstable ROMs are observer
when the FOM is of order p > 50. The Krylov MOR technique is implemented by the Arnoldi
algorithm, which calculates an orthonormal basis for a Krylov space. The Krylov space is spanned
by N vectors (N is also the order of the ROM), which can be iteratively calculated from the
system matrices, the input matrix, and the expansion point σ.

The best choice of the expansion point σ depends on the situation. In this report, a relative
short time domain, in which the heat source moves with a velocity v [m/s] over a large domain, is
considered. For problems where a relative small time domain is of interest, there are no existing
techniques to find an effective expansion point. However, the choice of the expansion point greatly
influence the performance of the Krylov MOR technique. Therefore a new method is proposed
which is better suited for the considered problem. Two situations are considered: the case that
the heat source moves with a velocity v = 0 [m/s] and with v = 0.276 [m/s].

To reduce the complexity of the problem only one expansion point is considered for the entire
Krylov space. To get insight in the optimal expansion points, first the optimal expansion points
are found a posteriori by a grid search for a real, imaginary and complex expansion points for the
cases v = 0 and v = 0.276 [m/s]. In the case v = 0 [m/s] the optimal real expansion point is nearly
as optimal as the POD MOR technique. In the case v = 0.276 [m/s], using the optimal expansion
point does result in a ROM with a high accuracy, however the POD method is more accurate.
It has been observed that the basis of the Krylov space for the optimal expansion point has the same
width as the domain where a significant temperature increase occurs. Based on this observation,
the width matching method was developed. This method calculates the real expansion point a
priori by matching the width of the region in which a significant temperature increase occurs
and the width of the basis of the Krylov space. The real expansion points calculated by the
width matching technique are very close to the optimal real expansion points found by the a
posteriori grid search method. Therefore, using the width matching technique can significant
reduce computational cost to calculate the expansion points that result in a very efficient ROM.
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One drawback of the width matching technique is that the width of the temperature field at
t = tfinal must be known. However, for the one-dimensional model, the temperature field can also
be calculated analytically. Additionally, by deriving analytic expressions of the projection columns,
the width of the basis of the Krylov space can be calculated analytically. By combining these
analytic expressions the real expansion point that matches the widths of the temperature fields
and the basis for the Krylov space can be calculated semi-analytically. To calculate the expansion
point analytically it was assumed that the light source is a point source. This assumption allowed
to calculate the expansion point semi-analytically but resulted in small difference between the
expansion point calculated by the width matching grid search. Compared to the numerical width
matching grid search to calculate the expansion point, the semi-analytically method can decrease
the computational cost in the case v = 0 [m/s]. However for v = 0.276 [m/s] the fastest method
to calculate the expansion point is the numerical width matching method.
To conclude; the proposed width matching technique can be used to efficiently compute a real
expansion point for the Krylov MOR technique which results in a ROM that is accurate and
computational efficient.

6.2 Recommendations

The results presented in this report can be extended in several ways.
Firstly, it is shown (see Figure 4.5) that a complex expansion point can result in a more efficient
ROM in the case v = 0.276 [m/s]. However, because the proposed width matching technique can
only calculate a real expansion point, the efficiency of the ROM cannot be increased by the cur-
rent width matching method. The width matching technique can potentially be done for complex
expansion points as well. Future research can possibly result in a width matching technique that
can calculate complex expansion points.
The proposed width matching method calculates only one expansion point for the entire Krylov
basis. For the symmetric temperature field for v = 0 (around the ζ = 0 axis) this is shown to
be very effective, since it approaches the accuracy of the ROM that is calculated using the POD
method. However, for the case v = 0.276 [m/s] the accuracy of the width matching method can be
improved. Taking multiple expansion points gives more design freedom and can therefore result
in a more efficient ROM. How to choose these expansion points is still an open question.

The width matching method to calculate the expansion point a priori is derived from and
applied to the one-dimensional thermomechanical model. However, the two-dimensional model
is of interest. How the width matching method should be applied to two-dimensional models is
an important topic for future research. Because the two-dimensional thermomechanical model
has the same characteristics in the y-direction the expansion points calculated with the width
matching method for the one-dimensional model could also be used for the two dimensional model.
Preliminary results have confirmed that this can result in a very efficient ROM.

In this report the time domain t ∈ [0, tfinal], with tfinal = 0.1362 [s] is considered. This is the
time domain in which the heat source moves over the considered spatial domain. In this situation
the velocity of the light source v = 0.276 [m/s]. After tfinal the heat source is not present, which
means that the velocity v can be set to v = 0 [m/s] in the model. Therefore, the results for v = 0
can be useful to calculate the temperature fields after tfinal upto 3 [s]. Because 3 [s] is a significant
larger time interval, more investigation is needed to see how the width matching method performs
in this situation.

For similar applications with a moving heat load such as: additive manufacturing, grinding,
welding, metal cutting and laser hardening of metals, the proposed coordinate transformation and
width matching technique might work well to obtain a very efficient ROM.
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Appendix A

Accuracy and computing time of
the considered model

Model Order Reduction (MOR) techniques can calculate a Reduced Order Model (ROM) of size
N based on a Full Order Model (FOM) of size p. The accuracy of the ROM is calculated by
comparing the time domain results (temperature or displacement fields) of the ROM and the
FOM. The FOM must therefore be accurate enough to be a benchmark model which can be used
to calculate the accuracy of the ROM. Additionally, the ROM can never be more accurate then
the FOM. The accuracy of the FOM increases as the order of the model increases. However, this
also increases the computational cost of the FOM. In this appendix, first the computing time of
the FOM is analysed. Thereafter the desired accuracy of the ROM and the FOM is discussed and
finally a convergence study is done to determine what the order of the FOM must be to achieve
the desired accuracy.

A.1 Computing time of the model

The time to solve the FEM has a strong relation with the number of states p. For the derived
model (2.11), this relation is shown in Figure A.1.

Figure A.1 shows that the computational cost increases as the number of states increases.
However, as the number of states increases the accuracy of the model increases. To determine how
many states are necessary to obtain an accurate FOM, first the desired accuracy of the ROM and
the FOM is discussed.
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Figure A.1: Mean (taken over five runs) computing times to solve the FEM (2.11) as a function
of the number of states p. The number of time instances is equal to the number of states p.
Therefore the solution consist of p2 data point. The considered time domain is: t ∈ [0, tfinal] [s]
and spatial domain: ζ ∈ [−50, 50] [mm]. The used computer has an installed CPU which runs at
2.5 GHz and has 8 GB RAM.

A.2 Required accuracy

The reduced order two dimensional FEM should have a maximum displacement error of 0.1 [nm]
over the entire wafer domain, see Section 1.2. This objective is also chosen for the one dimensional
FEM. The accuracy of the reference FOM must be one order of magnitude greater than the
desired accuracy of the ROM: efield

max = 0.1 [Å]. Note that the model in this report calculates the
displacement of a small domain (called a field) of the wafer. This approach reduces computational
cost, see section 1.1. The drawback of this approach is that the accuracy of the ROM and FOM
model must be greater, since the results can (in the worst case scenario) add up to a larger error
than the given desired maximum displacement errors.

A.3 Convergence study

To calculate the displacement or temperature error, first the temperatures and displacements
of a reference (fine discretized) FOM are calculated. Hereafter, the displacement/temperatures
calculated for a FEM with a coarser mesh are compared to the values of the reference FOM. Taking
the temperatures as example; the temperature difference between the coarse and reference model
is stored in the matrix Etem

error with entries etem
i,j = xtem

i,j − x̂tem
i,j , where j are the nodal positions

and i are the time steps. The superscript tem denotes the temperature. The displacements are
stored similarly with dis as superscript. The matrix Etem

error shows that when the mesh is too coarse
spurious oscillations are visible in the mode. This is shown in Figure A.2 for v = 0.276 [m/s].
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Figure A.2: Discretization error in a model that has 100 nodes and time steps compared to a
model with 6400 nodes and time steps.

A possibility to quantify the error of thermomechanical model is to take the maximum of Etem
max

over time and space.
etem

max = max
i∈{1,...,p}

= {||xi||∞} (A.1)

This maximum etem
max is shown in Figure A.3. The red line in Figure A.3 shows that the

maximum error of the model decreases when the mesh is refined. The maximum error does not
give information about the grid nodes other than the maximum, while these nodes are also of
interest to quantify the total model performance. Therefore, the Root Mean Square (RMS) error
is defined to quantify an error which takes all grid nodes into account for an uniform mesh, equation
A.2.

etem
RMS =

√√√√ 1

p2

p∑
i=1

p∑
j=1

e2
j,i, (A.2)

where i denotes the time instant (p time instants are uniformly distributed between t = 0 and
t = tfinal).

The state vector x (used in (4.2)) is calculated using the full order thermal ODE (3.1). Now
the maximum and the RMS error of the FEM for different grid sizes can be calculated. These
errors have been computed for two situations: with v = 0 and with v = 0.276 [m/s]. The accuracy
as a function of the number of grid nodes p (in time and position) is calculated using a reference
model that has 6400 nodal grid points (in position and time). The maximum and the RMS error
are shown in Figures A.3 and A.4, respectively. These figures give an indication of how many
nodes must be taken into account to achieve the desired maximum displacement error of 0.045 [Å]
for the reference FOM.

From Figure A.4 can be concluded that the reference FOM must have at least 700 nodes.

A.3.1 Simulation with v = 0 [m/s]

The same accuracy comparison for v = 0 [m/s] is done as for the model with v = 0.276 [m/s]. The
results are shown in Figures A.5 and A.6.

Ideally the reference model has a order of magnitude greater accuracy then 0.45 [Å]. This
would mean that more then 3200 nodes are necessary to have an accurate reference model. This
is significantly more than in the situation with velocity. This is caused by the fact that the
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Figure A.3: The RMS and the maximum of the temperature difference matrix Etem
error for the

non-moving reference frame FEM for different number of nodes. The number of time steps equals
the number of nodes, indicated on the x-axis.
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Figure A.4: The RMS and the maximum of the displacement difference matrix Edis
error for the

moving reference frame FEM with v = 0.276 [m/s] for different number of nodes. The number of
time steps equals the number of nodes, indicated on the x-axis.
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Figure A.5: The RMS and the maximum of the temperature difference matrix Etem
error for the

moving reference frame FEM with v = 0 for different number of nodes. The number of time steps
are the number of nodes, indicated on the x-axis.
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Figure A.6: The RMS and the maximum of the displacement difference matrix Edis
error for the

non-moving (v = 0) reference frame FEM for different number of nodes. The number of time
steps equals the number of nodes, indicated on the x-axis.
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temperature is approximately 4 times lower for the model with velocity compared to the model
with v = 0, see Figures A.4 and A.6. This explains why this model has approximately a 4 times
lower accuracy for the same number of nodes and time instances. As for the case v = 0.276 [m/s],
a typical temperature error profile is shown in Figure A.7 for the case v = 0 [m/s].
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Figure A.7: Discretization error in a model that has 100 nodes and time steps compared to a
model with 6400 nodes and time steps.
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Appendix B

Moment matching proof

Two proofs are used in this thesis; the moment matching proof and a proof to show stability of
the reduced system. These proofs are shown in this chapter.

We will prove the following result, which shows that a reduced order model of the form (3.2)
with V = W matches the first N moments at the full order model of the form (3.1) if (B.3) is
satisfied.

Theorem 1 (Moment matching). Let:

E ∈ CNÖN,A ∈ CNÖN,B ∈ CNÖ1,C ∈ CNÖ1,V ∈ CqÖN

and define mn = CPnr

m̂n = ĈP̂nr̂

(B.1)

Where:
P = −(σE−A)−1E

r = (σE−A)−1b

Ĉ = CV

P̂ = −(σVHEV −VHAV)−1(VHEV)

r̂ = (σVHEV −VHAV)−1VHb

(B.2)

If:
Pnr ∈ column spanC(V), for: n = 0, 1, . . . , N − 1 (B.3)

Then:
mn = m̂n for: n = 0, 1, . . . , N − 1 (B.4)

Proof. The proof starts by proving that the moments are matched for n = 0, thereafter the proof
continues, using induction, to prove that the moments are also matched for n > 0.

The case for n = 0
We start by proving that for n = 0 the moments are matched. Note that if we can show that
r = Vr̂ then m0 = Cr = CVr̂ = m̂0. To show that r = Vr̂, we start from the definition of r in
(B.2):

r = (σE−A)−1b. (B.5)

Pre-multiplying (B.5) with (σE−A) gives:

(σE−A)r = b. (B.6)

Since r ∈ spanC(V), see (B.3), there exists a vector q0 ∈ Cq such that: r = Vq0. Inserting this
in (B.6) gives

(σE−A)Vq0 = b. (B.7)
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Pre-multiplying with VH gives:

VH(σE−A)Vq0 = VHb, (B.8)

which can be written as:
(σVHEV −VHAV)q0 = VHb. (B.9)

Pre-multiplying with (σVHEV −VHAV)−1 gives:

q0 = (σVHEV −VHAV)−1VHb︸ ︷︷ ︸
r̂

= r̂.
(B.10)

Pre-multiplying with V and that Vq0 = r gives:

r = Vq0 = Vr̂. (B.11)

Concluding: m0 = m̂0.
The case for n = 1, . . . , N − 1
The proof continues using induction over n. Therefore assume that:

VP̂n−1r̂ = Pn−1r. (B.12)

Using this induction hypothesis we must prove that:

VP̂nr̂ = Pnr. (B.13)

for 1 < n ≤ N − 1. We start by rewriting Pnr using the definition of P (3.12):

Pnr = PPn−1r = −(σE−A)−1EPn−1r (B.14)

Pre-multiplying (B.19) with −(σE−A) gives:

−(σE−A)Pnr = EPn−1r. (B.15)

Using the induction hypothesis (B.13) equation (B.15) can be rewritten to:

−(σE−A)Pnr = EPn−1R = EVP̂n−1r̂. (B.16)

Since Pnr ∈ spanC(V), see (B.3), there exists a vector qn ∈ Cq such that: Pnr = Vqn and
equation (B.16) can be rewritten to:

−(σE−A)Vqn = EVP̂n−1r̂. (B.17)

Pre-multiplying both sides with VH gives:

−VH(σE−A)Vqn = VHEVP̂n−1.r̂ (B.18)

This can be rewritten as:

−(σVHEV −VHAV)qn = VHEVP̂n−1r̂. (B.19)

Now pre-multiplying with −(σVHEV −VHAV)−1 gives:

qn = −(σVHEV −VHAV)−1VHEV︸ ︷︷ ︸
P̂

P̂n−1r̂ = P̂nr̂.
(B.20)

Pre-multiplying (B.20) with V gives:

Vqn = VP̂nr̂. (B.21)

Using Vqn = Pnr, (B.21) results in:
Pnr = VP̂nr̂. (B.22)

Multiplying this equation to the left by C, we see that the moments mn = m̂n for n = 0, 1, . . . , N−
1.
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B.1 Stability

The stability of the ROM with v = 0 is guaranteed. The stability can be guaranteed by using the
properties of the eigenvalue decomposition of the system matrices.

Theorem 2 (Stability preservation). If the system matrix A is symmetric and negative defin-
ite and the system matrix E is symmetric and positive definite, then the eigenvalues λ of the
generalized eigenvalue problem VTAVv = λVTEVv are negative for any columns of the matrix
V.

Proof. Since A is symmetric and negative definite (xHAx < 0 with ||x|| 6= 0) and the matrix E
is symmetric and positive definite (xHEx > 0 with ||x|| 6= 0) for all x 6= 0. As a result we can
conclude for an arbitrary vector x 6= 0, that:

xHAx

xHEx
< 0 (B.23)

Consider an eigenpair (λ,v) of VTAV, VTEV:

VTAVv = λVTEVv. (B.24)

Multiplying from the left with vT and dividing by vTVTEVv we see that:

vHVTAVv

vHVTEVv
= λ. (B.25)

Choosing the arbitrary vector x in (B.23) as Vv and using (B.25) gives:

λ < 0. (B.26)

To conclude: if A and E are symmetric and negative and positive definite, respectively, then: the
reduced system (3.2) is stable.

Unfortunately such result does not exist when the system matrices are not symmetric. There-
fore, for the case v > 0 the poles of the ROM are checked, after the ROM is calculated. However,
for a FOM of sizes of order N > 50 no unstable ROM are observed. The magnitude of the poles of
the FOM increase as the size p increases. Since the poles of the ROM, calculated by the Arnoldi
algorithm, approximates the FOM, it is more likely to have a stable ROM when the size p of the
FOM increase.
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Appendix C

Arnoldi algorithm

This algorithm calculates an orthonormal basis of the Krylov space (3.19). The resulting basis
vectors are called the Arnoldi vectors or, if P is real symmetric or Hermitian, the Lanczos basis
vectors. The pseudo code is given by Algorithm 1.

Algorithm 1: The one-sided Arnoldi algorithm, [12]

Input : P, r0 and N
Output : Matrix VN with orthonormal columns that span K(P, r0) and matrix HN .

1 v1 = r0
||r0||

2 For n = 1 : N − 1
3 q = Pvk
4 For j = 1 : n
5 hj,n = vHj q

6 q = q− hj,nvj
7 hn+1,n = ||q||2
8 q = q

hn+1,n

9 vn+1 = q

10 VN = [v1, . . . ,vN ]

11 HN ∈ CN ÖN

The matrix Hk is formed using hj,n and has the structure:

HN =


h1,1 h1,2 . . . h1,N

h2,1 h2,2 . . . h2,N

0 h3,2 . . . h3,N

...
. . .

. . .
...

0 . . . hN,N−1 hN,N

 (C.1)

At the N -th step the following equation holds [1]:

PVN = VNHN + RN , (C.2)

where VN ∈ Cp×N , RN ∈ Cp×N is the remainder and contains all zeros expect in the last column
N . The Arnoldi algorithm is written such that the last column of the remainder RN is orthogonal
to VN , [1]. Therefore, multiplication by HN from the left (using VH

NVN = I) gives:

HN = VH
NPVN , (C.3)

If lines 4 up to 8 are skipped in Algortihm 1, the algorithm becomes the power method. Lines
4 up to 8 are the implementation of the stabilized Gram-Schmidt process applied on the Krylov
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space. The Gram-Schmidt process orthonormalizes a set of vectors by subtracting the projection
〈vj ,vn〉
〈vj ,vj〉vj from the previous vector in the (Euclidean) space, see lines 5 and 6 in Algortihm 1. Note

that if ||qk||2 approaches zero (the vector q is very similar to the previous q) the resulting matrix
Hn will be ill-conditioned. This can be prevented by look-ahead methods [10]. The resulting
columns of the projection matrix V are a orthonormal basis of the Krylov subspace KN (P, r0).
Since Hn is upper Hessenberg the eigenvalues can be calculated efficiently, using for example the
QR algorithm [6]. The eigenvalues of Hn are called the Ritz eigenvalues. These eigenvalues con-
verge to the eigenvalues of P.

If the matrix P is symmetric, then (C.3) shows that the upper Hessenberg matrix Hk is also
symmetric, and thus tridiagonal. This means that in the orthogonalization process each new
column of V has to be orthogonalized to only the previous two vectors. This property leads to
the Lanczos algoritm. In this algorithm lines 4 up to 6 in Algorithm 1 run only with respect to
the previous 2 vectors. If P is also positive definite the method is called the Conjugate Gradient
method. These methods are computational efficient, since it only orthogonalize with respect to
the previous two vectors, [12, page 42].
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Appendix D

Analytic expressions for the
projection columns

D.1 Analytic expressions for PNR up to N = 3

For a point source the projection columns PNR are calculated by substituting (5.24) in (5.29).
The result for ζ < 0 of PnR is shown for N = 0, . . . , 3:

Rnorm
1 =eζ λ+

PRnorm
1 =

1

α(1)
eζ λ+

(
α(1) + λ

(1)
+ α ζ

)
P2Rnorm

1 =
1

α(2)
eζ λ+

(
αλ

(1)
+

2
ζ2 + 2α(1) λ

(1)
+ ζ + λ

(2)
+ α ζ + α(2)

)
P3Rnorm

1 =
1

α(3)
eζ λ+

(
α(3) + 3α(1) λ

(1)
+

2
ζ2 + λ

(1)
+

3
α ζ3 + 3α(1) λ

(2)
+ ζ + 3α(2) λ

(1)
+ ζ + λ

(3)
+ α ζ

)
+

1

α(3)
eζ λ+

(
3λ

(1)
+ λ

(2)
+ α ζ2

)
(D.1)

where (n) denotes the n-th derivative w.r.t. σ. For ζ > 0, λ+ is replaced by λ−.

For v = 0, the expressions of PmRnorm
1 for N = 1, 2, 3, 4, 5 (for ζ ≤ 0) are given by:

Rnorm
1 = eζ λ0

PRnorm
1 = eλ1ζ (−λ1ζ + 1)︸ ︷︷ ︸

γ1

P2Rnorm
1 = eλ2 ζ

(
1

2
λ2

2 ζ
2 − λ2 ζ + 1

)
︸ ︷︷ ︸

γ2

P3Rnorm
1 = eλ3 ζ

(
− 1

15
λ3

3 ζ3 +
6

15
λ3

2 ζ2 − λ3 ζ + 1

)
︸ ︷︷ ︸

γ3

P4Rnorm
1 = eλ ζ4

(
1

105
λ4

4 ζ4 − 10

105
λ4

3 ζ3 +
45

105
λ4

2 ζ2 − λ4 ζ + 1

)
︸ ︷︷ ︸

γ4

(D.2)

For v > 0, no elegant expressions are obtained so these are omitted.
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D.2 Solution of R using a block shape input function

The first (ζ < 0) projection column R for the block function input shape is the solution of the
ODE.

−k∂
2R
∂ζ2

− v ∂R
∂ζ

+

(
h

Hsub
+ ρcσ

)
R = glB, (D.3)

where B is a block function that is 1 for ζ1 ≤ ζ ≤ ζ2 and 0 otherwise, i.e. B = 1[ζs1 ,ζ
s
2 ](ζ). To find

a particular solution for the temperature field in ζ ∈ [ζs1 , ζ
s
2 ] we set R = ψ, with ψ is a constant.

Substituting this into (D.3), we find (
h

Hsub
+ ρcσ

)
ψ = gl, (D.4)

which gives

ψ =
q

ρcσHsub + h

q = Hsubgl

, (D.5)

The general solution of (D.3) can be written as:

R =


R1(ζ) for for ζ ≤ ζs1
R2(ζ) for for ζs1 < ζ < ζs2
R3(ζ) for for ζs2 ≤ ζ

=


C1e

λ+ζ + C2e
λ−ζ for ζ ≤ ζs1

C3e
λ+ζ + C4e

λ−ζ + ψ for ζs1 < ζ < ζs2
C5e

λ+ζ + C6e
λ−ζ for ζs2 ≤ ζ

(D.6)

where λ+ and λ− are defined as in (5.23). Six unknowns (C) are present in this solution. For R1

the boundary condition R → 0 for ζ → −∞ holds, therefore C2 = 0. For R3 a similar boundary
conditions holds, namely: R → 0 for ζ → ∞, thus C5 = 0. The four other boundary conditions
can be derived from the fact that the solution and its first derivative should be continuous. Thus
R1(ζs1) = R2(ζs1):

C1e
λ+ζ1 = C3e

λ+ζ
s
1 + C4e

λ−ζ
s
1 + ψ (D.7)

From R2(ζs2) = R3(ζs2) follows that:

C6e
λ−ζ2 = C3e

λ+ζ
s
2 + C4e

λ−ζ
s
2 + ψ (D.8)

From
∂R1(ζs1)
∂ζ =

∂R2(ζs1)
∂ζ follows that:

C1λ+e
λ+ζ

s
1 = C3λ+e

λ+ζ
s
1 + C4λ−e

λ−ζ
s
1 (D.9)

From
∂R2(ζs2)
∂ζ =

∂R3(ζs2)
∂ζ follows that:

C6λ−e
λ−ζ

s
2 = C3λ+e

λ+ζ
s
2 + C4λ−e

λ−ζ
s
2 (D.10)

Solving (D.7) – (D.10) gives:

C1 = ψ
λ− e

−λ+ (ζs1+ζs2)
(
eλ+ ζ

s
1 − eλ+ ζ

s
2

)
λ+ − λ−

C3 = ψ
λ− e

−λ+ ζ
s
2

λ+ − λ−

C4 = −ψλ+ e
−λ− ζs1

λ+ − λ−

C6 = ψ
λ+ e

−λ− (ζs1+ζs2)
(
eλ− ζs1 − eλ− ζs2

)
λ+ − λ−

.

(D.11)

Substituting the variables from (D.11) and using C2 = C5 = 0 in (D.6) gives:

R =
ψ

λ+ − λ−


(
λ− e

−λ+ (ζs1+ζs2)
(
eλ+ ζ

s
1 − eλ+ ζ

s
2

))
eλ+ζ for ζ ≤ ζs1(

λ− e
−λ+ ζ

s
2

)
eλ+ζ +

(
−λ+ ψ e

−λ− ζs1
)
eλ−ζ + ψ for ζs1 < ζ < ζs2(

λ+ ψ e
−λ− (ζs1+ζs2)

(
eλ

− ζs1 − eλ− ζs2

))
eλ−ζ for ζs2 ≤ ζ

(D.12)
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D.3 Expression for the width of PR for v = 0

In Section 5.2.1 the equation (5.35) that must be solved for ζ is given by:

PRnorm
1 = eζ λ+

(
1 +

λ
(1)
+ α

α(1)
ζ

)
︸ ︷︷ ︸

γ1

= ε.
(D.13)

Note that for v > 0 the maximum is not located at ζ = 0 and therefore result in a different
expression for PRnorm

1 . In equation (D.13) ζ appears twice, once in the natural exponent and
once in the term γ1. This gives some difficulties in solving the equation. To solve it we will make
use of the Lambert function. This function Lam(x) gives the solution W to the equation

x = WeW . (D.14)

The Lambert function is also called the product log function. This function must be handled
with care, since it consist of branches, see Figure D.1. To write (D.13) in the form of (D.14) we

-0.5 0 0.5 1 1.5 2 2.5 3 3.5 4

-4

-3

-2

-1

0

1

2
Lambert W function, two main branches

k=0

k=1

Figure D.1: The two main branches of the Lambert function, source: https: // nl. mathworks.

com/ help/ symbolic/ lambertw. html .

introduce the variable β and set the term γ1 from (D.13) equal to β
αλ

(1)
+

α(1)λ+

γ1 = 1 +
λ

(1)
+ α

α(1)
ζ = β

αλ
(1)
+

α(1)λ+

(D.15)

Now ζλ+ can be rewritten as a function of β

ζλ+ = β − α(1)λ+

αλ
(1)
+

. (D.16)

Using the expression (D.16), (D.13) can now be written as:(
β
αλ

(1)
+

α(1)λ+

)
e

(
β−α

(1)λ+

αλ
(1)
+

)
= ε (D.17)
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Rewriting (D.17) yields an equation in the form of (D.14)

βeβ =
εα(1)λ+

αλ
(1)
+

e

(
α(1)λ+

αλ
(1)
+

)
(D.18)

We can now use the Lambert function (D.14) to find β.

β = Lam

εα(1)λ+

αλ
(1)
+

e

(
α(1)λ+

αλ
(1)
+

) (D.19)

Equation (D.13) now yields

ζV2 =
1

λ+
Lam

εα(1)λ+

αλ
(1)
+

e

(
α(1)λ+

αλ
(1)
+

)− α(1)

αλ
(1)
+

(D.20)

For v = 0, λ+ = −λ− (see the definition of λ± (5.23)) and as a consequence: α = −gl
2kλ+

and

α(1)λ+

αλ
(1)
+

= −1. Substituting this definition of α in (D.20) gives:

ζ =
1

λ
Lam

(
−εe−1

)
+

1

λ
(D.21)

For v = 0, ζV2 = −ζV1 , thus WV is given by:

WV =
−2

λ+

(
Lam

(
−εe−1

)
+ 1
)

(D.22)

This solution can be used for the analytic expression for σ.
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