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Nomenclature

Abbreviation Description

AFM Atomic force microscopy
AM Amplitude modulation
CMS Component mode synthesis
DOF Degree(s) of freedom
FEM Finite-element method
FRF Frequency response function
LPC Limit point of cycles
MAC Modal assurance criterion
MEMS Micro-electro-mechanical systems
MSF Modal scale factor
OBD Optical beam deflection
ODE Ordinary differential equation
PD Period doubling
PRF Peak repulsive force
PSD Power spectral density
SFD Squeeze-film damping
TSI Tip-sample interaction
UHV Ultra-high vacuum
VD Viscoelastic dissipation
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List of symbols

Description Parameter Unit
Atomic separation distance a0 m
Cross-section area of cantilever beam A m2

Free-air amplitude A0 m
(Viscous) damping constant of cantilever beam c N·s/m
Young’s modulus of cantilever beam Ec Pa
Reduced Young’s modulus of tip-sample contact Er Pa
Frequency f Hz
Excitation frequency fe Hz
Eigenfrequency for mode n fn Hz
Excitation amplitude (force) Fe N
Separation distance cantilever-sample surfaces h m
Height of cantilever beam H m
Hamaker constant Ha J
Second moment of inertia I m4

Stiffness of cantilever beam k N/m
Knudsen number Kn -
Cantilever tip length l m
Length of cantilever beam L m
Effective mass of cantilever beam me kg
Mass per unit length of cantilever beam m̄ kg/m
Ambient pressure pa Pa
Quality factor Q -
Tip radius R m
Reynolds number Rk -
Absolute temperature T K
Width of cantilever beam W m
Work of adhesion per unit area WD N·m/m2

Cantilever response/tip displacement xr m
Tip-sample separation distance Z m
Angle of inclination w.r.t. base α rad
Surface energy per unit area γ N·m/m2

Dynamic viscosity coefficient of tip-sample contact area ηn Pa·s
Effective dynamic viscosity coefficient (of surrouding fluid) ηe Pa·s
Dynamic viscosity coeffient (of surrounding fluid) η0 Pa·s
Poisson’s ratio ν -
Modal damping factor ξ -
Mass density (of surrounding fluid) ρ0 kg/m3

Mass density of cantilever beam ρc kg/m3

Squeeze number σ -
Angular frequency ω rad/s
Angular excitation frequency ωe rad/s
Angular eigenfrequency for mode n ωn rad/s
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Summary

The ultimate aim of this thesis is to derive a mathematical model for the non-linear dyna-
mical interaction between the microbeam and the tip-sample interaction (TSI) forces in
dynamic mode Atomic Force Microscopy (AFM). This model can be used to maximize the
contact forces more accurately for e.g. nano-patterning. The non-linear, rapidly changing and
hysteretic behavior of the TSI forces makes their accurate estimation difficult in dynamic mode
AFM. Therefore, fundamental understanding of the cantilever dynamics is essential. Similar
to a sharp band-pass filter, the microbeam only passes the frequency content of the tip-sample
interaction force which is located near its resonance frequencies. The non-linearities in the TSI
force introduce higher harmonic components in the cantilever motion. These superharmonic
components act as effective driving forces that excite the vibration of the higher eigenmodes
of the cantilever, whenever the frequency of a superharmonic component is close to that of
an eigenmode. The main objective is to understand the effects of higher order cantilever
modes on the TSI, and exploit their effect to maximize contact forces near the first non-linear
harmonic resonance, which is desirable for nano-patterning purposes. For this purpose, the
TSI force is adjusted via operation parameters of the amplitude-modulated (AM) AFM, such
that mask modification can be performed in a controlled manner, i.e. apply nanometer-scale
alterations to wafer masks for lithography processes.

The AFM cantilever beam is modeled using the finite-element method, resulting in a multi-
degrees-of-freedom (DOF) model. The number of DOF of the linear beam is reduced by
applying a component mode synthesis technique based on free-interface eigenmodes and
residual flexibility modes, which offers a large reduction of the computation time needed for
analysis, whereas decrease in accuracy of the system response is only small. The steady-state
dynamic behavior of the mechanical system, containing local non-linearities and periodic
external loads, is investigated with a numerical bifurcation analysis toolbox in Matlab, called
MatCont. From the analysis, it can be concluded that a reduced multi-DOF model with
at least 4 DOF is required for reasonable convergence of the dynamic behavior near the
first resonance. It is also observed that the superharmonic components in the cantilever
motion can attenuate or strenghten the TSI force, depending on the phase difference with
respect to the harmonic motion, and when the corresponding resonances have only limited
damping. Experimental results are provided that qualitatively verify the predicted behavior;
the contribution of the sixth superharmonic component on the cantilever motion increases
considerably when its frequency approaches the second eigenfrequency. Furthermore, the
observed sharp transitions in the response amplitude are desirable for nano-patterning purpo-
ses, since only a small difference in the excitation frequency is required for a significant change
in the TSI force. This means that quick switching between the AFM modes of imaging and
nano-machining is possible, which reduces the overall duration of the process and makes drift
control less complicated.

Therefore, the mathematical model shows great potential for the prediction of the steady-state
motion of an AFM cantilever beam, and of the effects of the higher order cantilever modes on
the TSI force. In the future, optimal sets of input parameters for a certain microbeam-sample
system may be developed for the case of dynamic mode nano-patterning. Moreover, due to the
contribution of higher order modes, additional information from the higher order harmonics
can be used for mapping and possibly identification of material properties of samples.
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1 Introduction

The atomic force microscope is a versatile instrument that enables measurement and surface
manipulation in the nanometer scale, and is able to obtain atomic resolution in ultra-high
vacuum (UHV), in ambient conditions, and in liquid environments. In conventional Atomic
Force Microscopy (AFM), a cantilever with a sharp tip, also called a probe, attached to
it is scanned over the surface of a sample, and information about the topography image is
obtained by measuring the deflection of the cantilever. Topography imaging can be considered
the most common application, where the surface contour of the sample is mapped while
scanning. Recent advances in the field of AFM have increased its application to beyond
topography imaging, such as nano-mechanical properties mapping [1], thermal conductivity
measurements [2], and chemical composition mapping of the sample surface [3].

In literature, several modes for the AFM are distinguished based on scanning conditions
[4]. The cantilever is snapped-in to the sample surface in contact or static mode, where the
deflection of the cantilever is kept contstant with feedback control. In dynamic mode, the
probe is excited at a fixed frequency while being scanned across the sample. One of the main
dynamic AFM modes is amplitude-modulated (AM) AFM, also called tapping mode AFM,
where the probe is excited at or near its fundamental resonance frequency using a piezo-electric
actuator. Furthermore, the set-point oscillation amplitude, which is in the order of 100 nm
for imaging applications, is maintained by feedback control. Dynamic AFM has been devised
to avoid constant contact and shear stresses between the cantilever tip and sample, and
consequently, reduce the time the tip interacts strongly with the sample. However, the probe
encounters both attractive and short-range repulsive forces in each oscillation cycle. The
attractive van der Waals forces are dominant at distances in the order of 10 nm, whereas the
repulsive contact forces become dominant at distances smaller than 1 nm.

The non-linearities in the tip-sample interaction (TSI) force introduce higher harmonic compo-
nents in the cantilever motion. These superharmonic components act as effective driving
forces for the vibration of the higher eigenmodes of the cantilever, whenever the frequency of
a higher harmonic is close to that of an eigenmode. The cantilever beam mainly gets affected
by the first harmonic average of the TSI force, due to its sharp band-pass characteristics.
Therefore, the usual observed parameters, which are the amplitude and phase shift in the
case of AM-AFM, are limited to the cantilever stiffness, resonance frequency, and quality
factor associated with the first eigenmode. This fact makes it difficult to reconstruct the
non-linear interactions from the motion of the cantilever, thus the TSI forces are not directly
available via these measurements. Several techniques exist that aim at estimating the TSI
forces by either introducing auxiliary excitation signals with a different frequency [5], or
altering the geometry of the cantilever beam to excite higher bending modes [6] [7]. These
methods achieve a more efficient excitation of the higher eigenmodes and, therefore, obtain
more information about the interaction forces. Different surface characteristics of the sample
can be studied from the accurate estimation of the TSI forces, such as adhesion strength [8],
sample stiffness [9], and surface potential.

As the interaction force between the cantilever tip and sample is strongly localised, dynamic
mode AFM can be used for mask modification, wherein e.g. nanometer-scale adjustments are
applied to wafer masks for lithography processes. Various nano-patterning techniques have
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been devised that use AFM, including scratching, thermal lithography, dip-pen lithography, or
dynamic plowing [10]. The main benefit of dynamic mode over scratching in contact mode is
the reduction of lateral forces on the sample surface. In the case of AM-AFM, the TSI force can
be tuned in a controlled manner by changing the excitation frequency of the cantilever without
interrupting the imaging process, i.e. the pattern is transferred to the sample in each tracing
scan line, whereas the patterned sample is imaged in retracing scan line [11]. This allows the
AFM to quickly switch between imaging and nano-machining, therefore, the overall duration
of the process is much less and drift control is less complicated. In order to perform mask
modification in a controlled manner, fundamental understanding of the non-linear dynamical
interaction between the microbeam and the external forces is essential. The ultimate aim
of this thesis is to derive a mathematical model for this non-linear interaction, and hence
implement it to determine contact forces in AFM more accurately.

As it is mentioned before, the superharmonic components in the cantilever motion enable
excitation of the higher eigenmodes of the cantilever. The oscillation of higher eigenmodes can
contribute to the increase or decrease of the indentation of the sample surface and, therefore,
the TSI force. In the scope of this project, the main objective is to understand the effects
of higher order cantilever modes on the TSI, and exploit their effect to maximize contact
forces near the first non-linear harmonic resonance, which is desirable for nano-patterning.
For this purpose, the TSI force is adjusted via operation parameters of the AM-AFM, which
are: excitation amplitude, excitation frequency, and tip-sample separation distance in static
equilibrium. To achieve the above objective, the report covers the following:

1. Derivation of a non-linear dynamic model for an inclined cantilever beam. The relevant
aspects to include in this model are: excitation signal, attractive and repulsive inter-
action forces during an oscillation cycle, dissipation effects, and determination of the
required number of degrees of freedom (DOF).

2. Numerical bifurcation analysis of the steady-state dynamic behavior of the harmonically
excited mechanical system. This analysis is performed with numerical continuation
procedures in MatCont, which is a continuation toolbox for ordinary differential equa-
tions (ODEs) in Matlab.

3. Experimental validation of the numerical results from the dynamic model on a commer-
cial AFM set-up at TNO Optomechatronics. The focus is on the qualitative validation
of the superharmonic effects due to the second eigenmode on the oscillation amplitude
at the cantilever tip.

First, the different modeling aspects for a microbeam-sample system are introduced in Chapter
2. This chapter includes the discussion of several attractive and repulsive interaction forces
between the cantilever tip and the sample surface, as well as some typical non-conservative or
dissipative interactions in AM-AFM. The fundamentals and the derivation of the non-linear
dynamical model are discussed in Chapter 3. The obtained multi-DOF model is implemented
in the MatCont toolbox for numerical bifurcation analysis of the steady-state motion, as
discussed in Chapter 4. Experimental validation of several observations from the numerical
simulations is performed on a commercial atomic force microscope at TNO Delft, which is
elaborated in Chapter 5. Finally, the conclusions of the thesis and several recommendations
for future work are provided in Chapter 6.

TU/e 3



2 Modeling aspects

In order to derive a dynamic model for the AFM cantilever with harmonic excitation and local
non-linear interactions, a coordinate system is presented in Figure 2.1. Furthermore, Figure
2.1 shows a schematic model of an inclined cantilever beam, which is driven by a piezo-electric
actuator at the cantilever base, near the sample surface. The geometric parameters L, W ,
and H are the length, width, and height of the microbeam, respectively. Furthermore, the
parameters α, Z, l, and h(z, t) are the inclination angle, tip-sample separation distance, tip
length, and separation distance between the microbeam and sample surfaces, respectively.
The Cartesian frame {O,~e} is located at the base of the microbeam, with O the origin and
~e = [~ex ~ey ~ez] the set of three mutually orthogonal unit vectors indicating the x, y, and
z-directions. The unit vector ~ez is oriented along the length of the beam, whereas ~ex and
~ey are oriented along the height and width of the microbeam, respectively. The flexural
displacement at the tip location is assumed to be xr(t) = x(z = L, t). Therefore, the response
is equal to xr,o(t) = xr cosα with respect to the frame {O,~eo}, i.e. perpendicular to the
sample surface, for the assumptions of cosα ≈ 1 and abscence of lateral tip forces. The
concept of effective mass is introduced, since the AFM cantilever beam can be considered as
a mass-containing spring, where the flexural displacement of the homogenously distributed
mass is varying along the length of the beam. Several analytical procedures to calculate the
effective mass of the microbeam are elaborated in Section 2.1.

Figure 2.1: Schematic model of an inclined cantilever beam oscillating near the sample surface

During each cycle in AM-AFM, strong interaction forces between the cantilever tip and the
features on a sample exist, encountering both attractive and short-range repulsive forces. For
relatively large separation distances, the tip experiences attractive forces, mainly as a result of
the van der Waals interaction with the sample surface. When close to the sample surface, the
tip experiences short-range repulsive forces as a result of Pauli and electrostatic repulsion, and
strong short-range attractive forces as a result of e.g. metallic, covalent, ionic, or hydrogen
bonding interactions. The amount of damage applied to the tip or sample surface in AFM
is mainly determined by the maximum amount of repulsive force, which is called the peak
repulsive force (PRF). Several interaction forces between the cantilever tip and the sample
surface are discussed in Sections 2.2 - 2.5. Finally, some typical non-conservative or dissipative
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interactions in (AM-)AFM, whose energy transfer mechanisms are related to the environment
or to the material properties of the structure, are discussed in Section 2.6.

2.1 Analytical derivation of effective mass

The concept of effective mass is used in AFM, since the mass of a cantilever beam is distri-
buted over the axial direction z, i.e. over the whole beam length L, and the flexural
displacement x(z) is varying along this axial direction. In Sections 2.1.1 - 2.1.3, several
analytical procedures based on the static bending mode, the first dynamic bending mode,
and on eigenmode normalization are used to derive the effective mass, where it is assumed
that the mass of a cantilever beam is distributed homogenously along its length.

2.1.1 Static bending mode

Relative to origin O and assuming a transversal static force at z = L, the static bending
mode has the form x(z) ∝ −z3 + 3z2L. Considering a harmonic oscillation of the beam,
the velocity distribution along the beam is proportional to the deflection v(z) = Cpx(z) [12].
The constant of proportionality Cp is determined by the boundary condition v(L) = vmax,
i.e. the maximum velocity vmax occurs at the free end of the beam, therefore obtaining
Cp = vmax/2L

3. The maximum velocity at position z along the beam results in:

v(z) =
vmax
2L3

(
−z3 + 3z2L

)
. (2.1)

Using Equation (2.1) for the velocity distribution along the beam, the (maximum) kinetic
energy can be obtained by integration along the beam length [12]:

Ekin =
1

2

∫ L

0

mcant

L
v2(z)dz =

1

2

∫ L

0

mcant

L

v2
max

4L6

(
−z3 + 3z2L

)2
dz (2.2)

=
1

2

(
33

140
mcant

)
v2
max =

1

2
me,Sv

2
max.

Therefore, the effective mass for a harmonic oscillation of a cantilever beam turns out to be
me,S = (33/140)mcant ≈ 0.2357mcant with mcant the mass of the cantilever, when considering
the static bending mode.

2.1.2 Dynamic bending mode

For the dynamic bending of a cantilever beam, the eigenfrequencies and corresponding eigen-
modes are considered for single-span beams based on Euler-Bernoulli beam theory, where
shear, longitudinal, and torsional deformation effects, and rotary inertia are not modelled.
The theory is valid if the ratio between the length and height of the microbeam is relatively
large; L/H > 10. When dynamic equilibrium, i.e. the balance of forces and moments, is
applied to the (x, z)-plane of a differential element of the beam, the equation of motion is
defined as:

∂2

∂z2

(
EI(z)

∂2x

∂z2

)
+ m̄(z)

∂2x

∂t2
= f(z, t), (2.3)
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where the tranverse displacement at any point z and time t is denoted by x(z, t), and the
transverse force per unit length by f(z, t) [13]. The system parameters are the mass per unit
length m̄(z), Young’s modulus E, and second moment of inertia I(z). The eigenfrequencies
and mode shapes are obtained by considering the homogeneous solution of Equation (2.3),
i.e. when f(z, t) = 0. The free-response function is given by x(z, t) = φn(z) sin(ωnt), in
which φn(z) is the mode shape function and ωn is the angular eigenfrequency for mode n.
Substitution of the aforementioned response function into Equation (2.3) gives the following:

d4φn(z)

dz4
− β4

nφn(z) = 0. (2.4)

The general solution of Equation (2.4) is given by:

φn(z) = A1 cosh(βnz) +A2 cos(βnz) +A3 sinh(βnz) +A4 sin(βnz), (2.5)

wherein Ai with i = 1, ..., 4 are integration constants to be evaluated from the boundary
conditions, and βn = (m̄ω2

n/EI)1/4 from which the eigenfrequency ωn for mode n can be
determined. In this case, a cantilever is considered which is clamped on one end and is
free on the other end, which correspond to the boundary conditions φ(0) = φ(0)′ = 0 and
φ(L)′′ = φ(L)′′′ = 0, respectively, whereby the prime denotes differentiation with respect to z
[13]. Substitution of these boundary conditions into Equation (2.5), results in the following
expression for the the mode shape function [14]:

φn(z) = cosh(βnz)− cos(βnz)− σn(sinh(βnz)− sin(βnz)) (2.6)

with the parameters σn and βn given by:

cos(βnL) cosh(βnL) + 1 = 0, (2.7)

σn =
cos(βnL) + cosh(βnL)

sin(βnL) + sinh(βnL)
,

where the first equation of (2.7) is called the characteristic equation. The same procedure
as for static bending in Section 2.1.1 is applied, where a harmonic oscillation is considered
throughout the beam, therefore, the velocity distribution is proportional to the deflection;
v(z) = Cpφ(z). The constant of proportionality Cp is determined by imposing the condition
v(L) = vmax, which results in the following expression for the velocity distribution:

v(z) =
vmax

[cosh(βnL)− cos(βnL)− σn(sinh(βnL)− sin(βnL))]
φn(z) (2.8)

with φn(z) given by Equation (2.6). The effective mass me,D of the cantilever beam is obtained
by implementing Equation (2.8) into the expression for the (maximum) kinetic energy:

Ekin =
1

2

∫ L

0

mcant

L
v2(z)dz =

1

2
me,Dv

2
max. (2.9)
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For comparison of the effective masses derived from the static bending and dynamic bending
forms; the ratio between the effective masses of Equations (2.2) and (2.9) is me,D/me,S ≈
1.060606 regarding the first eigenmode. Therefore, the effective mass obtained from the
dynamic bending form is approximately 6.06% higher with respect to that obtained from
the static bending form of the cantilever beam. The corresponding ratio between the free
resonance frequencies is ω0,D/ω0,S ≈ 0.971008, which means that the free resonance frequency
of the dynamic bending form is 2.8992% lower than that of the static bending form.

2.1.3 Eigenmode normalization

The cantilever beam is considered to be a linear, undamped component with degrees of free-

dom (DOF) x =
[
xI xB

]T
, where xB is a boundary DOF, which is loaded by an external

force Fex, and internal loads Fnl(ẋB, xB) caused by adjacent local nonlinearities. The internal
DOF xI are not loaded. The equations of motion of the system are given by:

Mẍ+ Kx =

[
0I

Fex − Fnl(ẋB, xB)

]
, (2.10)

where M and K are the mass and stiffness matrices, respectively. The above matrices are
often obtained by finite-element discretization. The displacement field of the linear component
is approximated by a single mode φ:

x =

[
xI
xB

]
=

[
φI
φB

]
p =

[
φI/φB

1

]
xB (2.11)

with φI and φB the parts of the eigenmode corresponding to the unloaded DOF and loaded
boundary DOF, respectively, and p a scaling parameter. The eigenmodes are determined by
implementing the eigenvalue problem to the system of (2.10):[

−ω2
nM + K

]
φn = 0 (2.12)

with ωn and φn the angular eigenfrequency and corresponding eigenmode for mode n. Using
the transformation of (2.11), the equations of motion can be reduced to the following single
degree of freedom model based on q = xB:

me,B q̈ + ke,Bq = Fex − Fnl(q̇, q) (2.13)

with the effective mass me,B and stiffness ke,B defined as:

me,B =
φTMφ

φ2
B

, ke,B =
φTKφ

φ2
B

. (2.14)

In this case, the transversal displacement of the free end of the clamped cantilever beam is
considered as the boundary degree of freedom xB to which a certain transversal force Fex and
non-linear forces Fnl are applied. Furthermore, the mass and stiffness matrices of Equation
(2.10) can be obtained by e.g. considering the cantilever beam as a continuous system and
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dividing it into Euler-Bernoulli beam elements. The element mass and stiffness matrices are
respectively:

Me =
ρALe

420


156 22Le 54 −13Le

22Le 4L2
e 13Le −3L2

e

54 13Le 156 −22Le

−13Le −3L2
e −22Le 4L2

e

 , Ke =
EI

L3
e


12 6Le −12 6Le

6Le 4L2
e −6Le 2L2

e

−12 −6Le 12 −6Le

6Le 2L2
e −6Le 4L2

e

 (2.15)

with ρ the mass density of the beam material, A the cross-section area, Le the length of
the beam element, E Young’s modulus of elasticity, and I = WH3/12 the second moment
of area. The Euler beam element has two nodes and has two DOF per node: a transversal
displacement ux(z) in x-direction, and a rotation θy(z) around the y-axis, as it is represented
in Figure 2.2. The transversal displacements correspond with transversal forces Fx(z), and
the rotations correspond with moments My(z).

Figure 2.2: Sign convention of an Euler-Bernoulli beam element

The accuracy of the effective mass and stiffness values obtained from (2.14), depends on the
amount of beam elements used for the calculation. For comparison of the effective masses
derived from the static bending form and the eigenmode normalization method; the ratio
between the effective masses of Equations (2.2) and (2.14) is me,B/me,S ≈ 1.060602 for 10
Euler elements, and it is approximately 1.060606 for 100 Euler elements, regarding the first
eigenmode. Therefore, as expected, this ratio converges to the ratio me,D/me,S ≈ 1.0606 as
mentioned in Section 2.1.2. This means that the values of the effective masses obtained from
the dynamic bending form and the eigenmode normalization method are roughly 6% higher
than the value of the effective mass obtained from the static bending form. The corresponding
ratio between the free resonance frequencies is ω0,B/ω0,S ≈ 0.971010 for 10 Euler elements,
and it is approximately 0.971008 for 100 Euler elements.

2.1.4 Summary

Table 2.1 contains the relative differences of the effective mass and free resonance frequency
between the first dynamic bending mode and the static bending mode, and between the eigen-
mode normalization method and the static bending mode. These values are with regard to
the first eigenmode, and their derivations are elaborated in Sections 2.1.1 - 2.1.3. The values
for the normalization method are, as expected, very close to those of the dynamic bending
mode for a decent amount of elements used in the calculation.

Table 2.1: Comparison of cantilever properties with respect to the static bending mode

Method Effective mass ratio Resonance frequency ratio

Dynamic bending mode 6.0606 % -2.8992 %

Eigenmode normalization 6.0606 % (10 elem.) -2.8990 % (10 elem.)
6.0606 % (100 elem.) -2.8992 % (100 elem.)
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Since the AM-AFM operates near the first resonance frequency, it can be concluded that
one should apply either the method based on the dynamic bending mode or on eigenmode
normalization in order to derive the effective mass of the cantilever beam.

2.2 Long-range attractive interactions

Three distinct types of forces contribute to the total long-range interaction between polar
molecules, which are collectively known as the van der Waals force: the induction force, the
orientation force, and the dispersion force [15]. Long-range interactions of van der Waals type
arise from electromagnetic field fluctuations that could result from e.g. thermal fluctuations.
Field fluctuations are universal and, therefore, the van der Waals forces are ever-present,
independent of the chemical composition of the surfaces or the medium. The (London)
dispersion force is the main contribution to the van der Waals force, because it acts between
all molecules or atoms, and it may be attractive or repulsive. The dispersion force is a
force between neutral atoms/molecules without a permanent dipole moment, and it can be
described as a spontaneous formation of fluctuating electric dipoles which attract each other,
and it is of quantum-mechanical nature. When the tip geometry is assumed to be a sphere
and the sample is assumed to be a flat, semi-infinite solid, the dispersion force is represented
as follows [12]:

Fvdw(xr) = − HaR

6(xr cosα+ Z)2
, (2.16)

where Ha is the Hamaker constant, R the tip radius, Z the average offset or tip-sample
separation, α the inclination angle of the microbeam, and xr(t) the instantaneous tip displace-
ment at z = L. The London theory of dispersion forces has two shortcomings: it assumes that
atoms and molecules have a single ionization potential, and it cannot handle the interactions
of molecules in a solvent. Furthermore, the van der Waals interaction of Equation (2.16) is
assumed to be additive, which means that the total force between two groups of atoms is
the sum of each pair of atoms between the two groups. More information about the van der
Waals interaction is available from [15] and [16].

2.3 Capillary forces

A liquid bridge or meniscus may be formed between the tip and the sample in part due to
the capillary condensation of water at surface contact sites, which can have a profound effect
on the adhesion strength of junctions. In ambient conditions a thin film of water is adsorbed
on hydrophilic surfaces and at close proximity of the cantilever tip and sample surface, the
separation scales with the Kelvin radius rK , which is indicated in Figure 2.3. The Kelvin
radius rK = (1/r1 + 1/r2)−1 is the mean radius of curvature when the condensate is in
thermodynamic equilibrium with the surrounding vapor. The meniscus force prevents the tip
from pulling off from the surface due to its high surface energy, and it is dependent on the
separation distance. The Laplace pressure contribution can be used to consider the effect of
a liquid condensate on the adhesion force between a macroscopic sphere and a surface. The
Laplace pressure PL in the liquid is equal to [16]:

PL = γL

(
1

r1
+

1

r2

)
≈ γL
r1
, (2.17)
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since r2 � r1. In Equation (2.17), γL is the surface energy of the liquid, and the radii r1 and
r2 are defined in Figure 2.3. The Laplace pressure PL acts on a cantilever tip with radius
R and area πx2 ≈ 2πRd between the two surfaces, thus pulling them together with a force
F ≈ −2πRdγL/r1. Approximating (d+D) ≈ 2r1 cos θ and for small φ, the Laplace pressure
contribution to the adhesion force can be expressed as [15]:

FC(D) = −4πRγL cos θ

(
1− D

2r1 cos θ

)
= −4πRγL cos θ

(1 +D/d)
, (2.18)

Figure 2.3: Schematic of a formed menis-
cus between the tip and sample surface

where D = xr cosα+Z is the tip-sample separation
distance, and parameters d and θ are defined in
Figure 2.3 [15]. Furthermore, Sahagún et al.
[17] concluded that in AM-AFM, capillary bridges
only form when the relative humidity exceeds
50%, because of the short contact times and
the strong dependence of water condensation on
relative humidity. The abscence of any capillary
formation between the sample and cantilever tip
can also be assumed when the set-up is operated in
a low humidity environment such as dry nitrogen or
vacuum, or when the considered force is negligibly
small with respect to the van der Waals force.

2.4 Electrostatic forces

The trapping of electrostatic charge in dielectric surfaces could give rise to long-range inter-
action forces. Electrostatic interaction can also occur when the cantilever tip and sample
surface are conductive and are at different potentials [12]. The electrostatic or Coulomb force
between two charged atoms or ions is stronger than most chemical binding forces, and can
therefore play a dominant role in a given experiment. When the cantilever tip is modeled
as a sphere-ended cone, and the sample by a flat surface, the electrostatic or Coulomb force
between the tip and the sample surface results as [16]:

FE(x) ∼=
λ2

0

4πε0
ln

(
l

4(xr cosα+ Z)

)
, (2.19)

where ε0 is the vacuum dielectric constant, and l the cone length. The cone may be approxima-
ted by a charged line of constant charge density λ0 for small aperture angles θ ≤ π/9 [16]:

λ0 = 4πε0∆V

[
ln

(
1 + cos θ

1− cos θ

)]−1

. (2.20)

In Equation (2.20), ∆V is the voltage difference between the tip and sample, and θ the
aperture angle of the cone. The potential difference ∆V is determined by the applied bias
voltage and the difference of the work functions between the cantilever tip and sample surface.
The work function can be defined as the minimum energy to bring an electron from the solid
to a certain distance outside the solid, whereby the kinetic energy of the electron outside the
solid is considered as zero [12]. Due to the work function difference, zero bias voltage does not
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correspond to a vanishing electrostatic force. As long-range electrostatic forces are undesirable
in the AM-AFM set-up, the bias voltage is chosen for which the potential difference becomes
approximately zero.

Another electrostatic force arises when considering AFM in a solution, since all surfaces
of high dielectric constant in water or other liquids are charged. Investigation of morphology
and mechanical properties of biological samples using AFM often requires its operation in
the native solutions of the samples. Advantages of operating in a liquid environment are
elimination of capillary forces, reduction of van der Waals forces, and reduced tip and sample
contamination [18]. Solution forces arise whenever the molecules of a liquid are compelled
to order in almost discrete layers between two surfaces. The charging mechanism is either
dissociation of surface groups or adsorption of ions from the solution. The final surface charge
is balanced by a region of counterions of equal and opposite charge. Some of these counterions
are bound to the surface in the so-called Stern layer, while others form an atmosphere of ions
near the surface known as the electric double-layer. The theory modeling the interactions
of the surfaces taking into account only van der Waals and double-layer forces is called
Derjaguin-Landau-Verwey-Overbeek (DLVO) theory, and can be found i.a. in the work of
Capella and Dietler [16].

2.5 Short-range repulsive interactions

The surfaces of two bodies are deformed when they are brought into mechanical contact,
whereby the elastic or plastic deformation depends on the applied load and the properties of
the materials. Contact mechanics models provide analytical relations for the elastic defor-
mation and applied force between the cantilever tip and the sample surface. In Sections 2.5.1
- 2.5.5, the different theories with each their own assumptions will be presented.

2.5.1 Hertzian contact model

The Hertzian contact theory is one of the first contact mechanics models, and it takes into
account neither surface forces nor adhesion. The tip is considered as a smooth, elastic sphere,
while the sample is assumed to be a rigid, flat surface. Therefore, the maximum normal stress
is located at the center of contact. The cantilever tip is pressed onto the flat sample surface
with a normal force equal to [16]:

FH(δ) =
4

3
Er
√
R δ3/2, (2.21)

where R is the sphere radius, and δ the deformation displacement of the spherical tip, normal
to the sample surface. The deformation of the sphere as function of the contact radius a is:
δ = a2/R. Furthermore, the reduced (constant) Young’s modulus Er is defined by:

1

Er
=

1− ν2
t

Et
+

1− ν2
s

Es
, (2.22)

in which Et and Es are the Young’s moduli of the tip and the flat sample surface, respectively,
and νt and νs are the Poisson’s ratios of the tip and sample surface, respectively. The schema-
tics of the Hertzian contact model for the spherical tip and sample surface are shown in
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Figure 2.4. This theory describes the contact area for smooth macroscopic contacts, and is
applicable only to homogeneous, isotropic materials that exhibit no attractive surface forces
[19]. Another assumption is that the contact radius a is much smaller than the sphere radius
R, so that the sphere can be approximated as a paraboloid. The deformation is therefore small
and confined to the mutual contact area, without considering lateral extension. Moreover,
Hertzian contact theory cannot be used to calculate sample deformations by assuming a rigid
tip. When a rigid spherical punch on an elastic surface is considered, Sneddon analysis has
to be employed [16]. By simply summing the Hertz and Sneddon deformations, i.e. tip
and sample deformations, whenever surface forces are negligible, one can obtain the total
deformation in an AFM measurement.

2.5.2 Johnson-Kendall-Roberts (JKR)

The Johnson-Kendall-Roberts (JKR) theory [20] considers a spherical tip that deforms elasti-
cally under the influence of any externally applied load, as well as the attractive intersurface
forces that pull the two surfaces together, which gives rise to a finite contact area even under
zero external load. The sphere deformation occurs in the vertical direction, i.e. normal to
the sample surface, therefore, lateral deformation does not occur. Moreover, the JKR theory
considers only short-range forces inside the contact region, which means that long-range forces
outside the contact area are neglected. The contact radius a between a spherical tip and a
sample plane, including adhesion forces, is at mechanical equilibrium [16]:

a =

(
3R

4Er

(
FJKR + 2Fad,J +

√
4Fad,JFJKR + 4F 2

ad,J

))1/3

, (2.23)

where R is the sphere radius, FJKR(δ) is the external force, and the reduced Young’s modulus
Er is given by Equation (2.22). Furthermore, the sphere will detach from the sample surface
when the adhesion or pull-off force Fad,J is reached, which is defined as follows:

Fad,J =
3

2
πRWD = 3πRγ (2.24)

Figure 2.4: Elastic sphere on
a rigid surface in the abscence
(Hertz) and presence (JKR)
of adhesion [15]

with WD the Dupré energy of adhesion or work of adhesion
per unit area at contact, and γ the surface energy per unit
area. The central displacement or deformation of the sphere as
function of the contact radius a is: δ = a2/R−2

√
πWDa/2Er.

The JKR theory contains hysteresis during unloading; a neck
links the tip and sample, and separation wil occur abruptly at
a contact radius of as = ac,0/

3
√

4 = 0.63ac,0, where the radius
of contact under zero load is given by: ac,0 = 3

√
3Fad,JR/Er

[15]. The schematics of the JKR model are shown in Figure
2.4, in which the formed neck due to adhesion forces is also
illustrated. One difficulty with this theory is that it predicts
an infinite (tensile) stress at the edge or perimeter of the
contact area. The reason for this is that only the forces inside
the contact area are considered, and the theory implicitly
assumes that the attractive forces act over an infinitely small

TU/e 12



range [16]. Finally, the JKR contact model is suitable for highly adhesive systems with low
stiffness and large tip radius.

2.5.3 Derjaguin-Muller-Toporov (DMT)

In Derjaguin-Muller-Toporov (DMT) theory [21], the cantilever tip modeled by an elastic
sphere is deformed according to Hertzian theory. However, in addition to the external load
FH(δ) of Equation (2.21), also the forces acting between the two bodies outside the contact
region are taken into account. These forces alone produce a finite area of contact. When an
external load is applied, the area of contact is increased, and when a negative load is applied,
the contact area diminishes until it reaches zero. At this point, the adhesion or pull-off force
reaches its maximum value. Therefore, the deformed contact profile remains the same as in
the Hertzian theory, but with an overall higher load due to adhesion. The spherical tip is
pressed onto the flat sample surface with a contact force [16]:

FDMT (δ) =
4

3
Er
√
R δ3/2 − Fad,D, (2.25)

where R is the sphere radius, δ the deformation of the spherical tip, and the reduced Young’s
modulus Er is given by Equation (2.22). The deformation of the sphere as function of the
contact radius a is: δ = a2/R. Furthermore, the adhesion or pull-off force Fad,D is defined as:

Fad,D = 2πRWD = 4πRγ (2.26)

with WD the Dupré energy of adhesion or work of adhesion per unit area at contact, and γ
the surface energy per unit area [22]. The molecular forces Fad,D act in a ring-shaped zone
of noncontact adhesion, but are assumed not to be able to change the profile outside the
contact area from the Hertzian profile. The main drawback in the DMT theory is therefore
the neglect of the deformation due to attractive forces close to the edge of the contact [23]. As
mentioned before, the contact area goes to zero at the pull-off force, and the radius of contact
under zero load is given by ac,0 = 3

√
3Fad,DR/4Er. Finally, the DMT theory is applicable for

describing systems with stiff contacts, low adhesion forces and small tip radius, and there is
no singularity in the contact stresses.

In the work of Garcia et al. [24], three different non-conservative or dissipative processes
are considered for the DMT-model, namely: surface energy or adhesion hysteresis, long-range
dissipative interfacial interactions, and viscoelastic behavior. The surface energy hysteresis
indicates that the energy obtained by combining two surfaces into one interface is less than
that required to separate one interface into two surfaces. Furthermore, the long-range dissipa-
tive interfacial forces are calculated by using a time-dependent power law interaction where
the strength of the force depends on whether the probe approaches or retracts from the sample
surface. Finally, the time-dependent viscous force is obtained by using a Voigt model, and
by assuming that the contact area and sample deformation are calculated by the Hertzian
contact model. The function for the viscoelastic damping is given in Section 2.6.3.
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2.5.4 Maugis theory using Dugdale model

As it can be derived from Sections 2.5.2 and 2.5.3, the JKR and DMT theories apply to two
significantly different situations. The Maugis theory [23] is the most complete theory in that it
applies to all materials, from large rigid spheres with high surface energies to small compliant
bodies with low surface energies. This theory connects the limits of the JKR and DMT
models, resulting in a continuous transition between the two models, and determines contact
parameters for the entire range of material properties. A Dugdale potential is considered in
order to describe attractive forces between contacting spheres, in which a constant adhesional
stress σ0 acts between the surfaces over an annular region with width δt around the contact
area, therefore, the work of adhesion is W = σ0δt. The full range of material properties is
described by a dimensionless parameter λ, which is also called the transition parameter:

λ = σ0
3

√
9Rr

2πWE2
r

, (2.27)

where the effective radius 1/Rr = 1/Rt+1/Rs with Rt and Rs the radii of the tip and sample
contact, respectively, and W the Dupré energy of adhesion or work of adhesion. A large value
for λ occurs for more compliant and adhesive bodies, whereas a small value for λ occurs for
small and rigid materials with low surface energies. The following dimensionless parameters
are introduced for the contact radius a between the tip and sample surface, the indentation
distance δ, and the applied force F :

Ā =
a

3
√
πWR2/K

, F̄ =
F

πWR
, δ̄ =

δ
3
√
π2W 2R/K2

(2.28)

with K = 4Er/3, for which the reduced Young’s modulus Er is given by Equation (2.22).
By using the dimensionless parameters of (2.28), a set of parametric equations is obtained,
which can be found i.a. in [16] and [23]. In general, the JKR model applies when λ > 5
and the DMT model applies when λ < 0.1, while values between 0.1 and 5 correspond to the
transition regime [19]. Furthermore, the expression for the indentation reduces to δ = a2/R
for λ → 0 (DMT) and to δ = a2/R − 2

√
πWa/2Er for λ → ∞ (JKR). The same accounts

for the adhesion force, where the function reduces to F = 2πRW for λ → 0 (DMT) and to
F = 3πRW/2 for λ → ∞ (JKR). Since the Maugis theory describes the transition between
the JKR and DMT models, the assumptions of homogeneous, isotropic, and linear-elastic
contact between a sphere and a plane are implemented, for which the contact radius a is
much smaller than the sphere radius R, and the loading is purely in the normal direction.

2.5.5 Tatara model

The Tatara’s contact mechanics model [25] is suitable to describe the elastic interactions
between the cantilever tip and a finite soft matter, and it contains both vertical and lateral
displacements during a soft body compression. The model explicitly considers that the
sample has finite dimensions, therefore, the deformation happens symmetrically at both the
tip-sample and the sample-substrate interfaces. Figure 2.5 illustrates the deformation of an
elastic sphere in the case of a one-point-contact, i.e. when the sample is considered as a
half-space. This means that Rs > Rt, with Rt and Rs the radii of the tip and sample contact,
respectively. The tip-sample interaction force FT (δ) is given by the following equation [26]:
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FT (δ) =
nv

23/2
δ3/2 +

3n2
v

8nl
δ2 +

15n3
v

211/2n2
l

δ5/2, (2.29)

where the vertical and lateral constitutive parameters, nv and nl respectively, are given by:

nv =
4

3

√
RrEr, nl =

4πEtRtEsRs
6 + νt − 2ν2

t + νs − 2ν2
s

. (2.30)

Figure 2.5: Deformation of an
elastic sphere according to Tatara
contact mechanics [26]

In Equations (2.29) and (2.30), δ is the indentation of
the sample surface, the reduced Young’s modulus Er is
defined in Equation (2.22), and the effective radius 1/Rr =
1/Rt + 1/Rs. Furthermore, Et and Es are the Young’s
moduli of the tip and the sample surface, respectively, and
νt and νs are the Poisson’s ratios of the tip and sample
surface, respectively. Tatara’s theory can be considered
as an extension of the Hertzian contact theory, which
removes two of the main assumptions inherent to the classic
model of Hertz, namely the limitation of small imposed
deformations and a constant Young’s modulus. In the
work of Liu et al. [27], the classical Hertz theory was found to be in good agreement with
experimental results for δ/(2Rs) ≤ 0.1, and the implementation of Tatara’s model for the
compression of an elastomeric sphere gives good agreement with experimental results for
0.1 ≤ δ/(2Rs) ≤ 0.37.

The main advantage of this theory is that is allows for the full calculation of the deformed
shape of the sphere, or sample surface, for large strains which cannot be calculated by the
Hertzian theory. However, the theory is still confined to the cases of homogeneous and
isotropic spheres. A significant disadvantage of the model is the lack of consideration of
adhesion and interfacial friction [27].

2.5.6 Choice of contact model: adhesion map

In the work of Johnson et al. [28], the Maugis theory based on a Dugdale force-separation
law, as discussed in Section 2.5.4, is outlined in order to construct an adhesion map with the
nondimensional parameters λ and F̄ . The elasticity parameter λ can be interpreted as the
ratio of elastic deformation resulting from adhesion to the effective range of surface forces,
and the load parameter F̄ is the ratio of the applied load to the adhesive pull-off force. Their
definitions are given in (2.27) and (2.28). The appropriate contact mechanics model for AFM
applications is therefore dependent on the size and elasticity of the spheres, and the load to
which they are subjected. In general, the JKR theory applies to large, compliant spheres
corresponding to values of λ > 5, while the DMT theory appears to be more appropriate for
small, stiff spheres corresponding to values of λ < 0.1 [28].
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2.5.7 Summary

Contact mechanics models implement continuum elasticity theories in order to describe the
contact, and optionally adhesion forces, between finite bodies under an external load. The
Hertzian model, which is discussed in Section 2.5.1, is one of the first contact mechanics models
and describes the problem for elastic spheres without adhesion forces. Since then a variety
of other models have been developed, including the Johnson-Kendall-Roberts (JKR) and
Derjaguin-Muller-Toporov (DMT) models, which are elaborated in Sections 2.5.2 and 2.5.3,
respectively. The aforementioned models provide analytical relations between deformation
and applied force, and they have become the standard contact models for AFM studies [22].

However, the JKR and DMT-models apply to different situations: the DMT model is suitable
for describing stiff contacts with low adhesion forces and small tip radius, whereas the JKR
model should be the choice for contacts characterized by relatively low stiffness, high adhesion
forces, and large tip radius. The Maugis-Dugdale theory, which is discussed in Section 2.5.4,
connects the JKR and DMT limits and determines contact parameters for the entire range of
material properties [23]. Maugis theory using a Dugdale model can therefore be seen as the
most complete theory in that it applies to all materials, from large rigid spheres with high
surface energies to small compliant bodies with low surface energies. However, numerical
implementation of this model is considerably more complicated with respect to the other
contact models. When one wants to include both normal and lateral displacements during a
soft body compression, Tatara’s model can be implemented, which is elaborated in Section
2.5.5. This theory allows for the full calculation of the deformed shape of the sample contact
for large strains which cannot be calculated by the Hertzian theory.

When neglecting the energy dissipation in the tip-sample contact, the short-range repulsive
force in the normal direction can be calculated using one of the considered models that are
discussed in Sections 2.5.1 - 2.5.5. For the DMT model in particular, several non-conservative
processes are mentioned in Section 2.5.3, and can be found in the work of Garcia et al. [24].
One of the non-conservative processes is the viscoelastic dissipation, which will be discussed
in Section 2.6.3. Furthermore, all the considered contact models include neither plastic defor-
mations, nor energy dissipations in the plastic region. An overview of the characteristics of
the contact mechanics models is given in Appendix A.

2.6 Dissipation effects

There are several mechanisms of energy dissipation in Micro-Electro-Mechanical Systems
(MEMS), which can be classified into extrinsic or external, and intrinsic or internal. Extrinsic
mechanisms are related to the environment of the moving structure, while intrinsic mechanisms
are related to the material of the structure and its method of fabrication. The most common
extrinsic dissipation mechanisms include losses into the surrounding fluid due to viscous
damping, losses due to acoustic radiation, and losses into the structure mounts, which are
called support or anchor losses [35]. Each source of energy loss can be described quantitatively
in terms of a corresponding quality factor Qi = 1/(2ξi) with ξi the dimensionless damping
ratio. The total or effective quality factor Qe can be expressed in terms of the individual
quality factors as:
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Intrinsic damping mechanisms are discussed in Section 2.6.1, whereby the focus is on thermo-
elastic damping, since it can be considered the main contribution for materials subjected to
cyclic stress. In Section 2.6.2, the external mechanism of anchor loss is elaborated, which
arises from uncancelled shear forces and moments at the end supports. Energy dissipation
in AM-AFM also occurs due to viscoelastic and possibly plastic dissipation effects upon tip-
sample contact, and due to squeeze-film damping, which is caused by compression of the
surrounding medium between the cantilever and substrate surfaces. The extrinsic damping
mechanisms of viscoelastic dissipation and squeeze-film damping are elaborated in Sections
2.6.3 and 2.6.4, respectively.

2.6.1 Intrinsic damping

Intrinsic damping mechanisms depend primarily on the material and geometric properties
of the structures, and the amount of intrinsic damping in MEMS is in general much lower
than extrinsic damping due to environmental effects. However, intrinsic damping increases
significantly with miniaturization of devices and can limit the quality factors of microstructures
in the micro and sub-micro scales. There are many mechanims that contribute to intrinsic
damping, such as relaxation phenomena and surface losses due to metal, oxide, or water
layers. Another dominant source is thermoelastic damping, also called internal friction, that
can occur in any material subjected to cyclic stress, and it becomes a significant source of
energy loss when the period of cyclic stress approaches a structure’s thermal constant [35].
Thermoelastic damping results from the irreversible heat flow generated by the compression
and decompression of an oscillating structure, where the side under compression contains
a higher temperature. This variation in temperature causes a thermal gradient inside the
material, which adjusts itself to allow for a thermal equilibrium. However, the energy used
in this adjustment cannot be restored, even if the structure returns to its original state of
zero-bending stress.

In practice, the extraction of the quality factor for free oscillations of the microbeam could
be done by an analysis of the power spectral density of cantilever displacement fluctuations
in contact with a thermal bath, as it is elaborated in Section 5.2. In this procedure, it can
be assumed that the total energy loss is caused by intrinsic dissipation mechanisms and by
anchor loss, which is discussed in Section 2.6.2.

2.6.2 Anchor loss

Anchor or support losses arise from uncancelled shear forces and moments at the end supports,
which transfer energy from the vibrating structure to the substrate through propagating
waves. At relatively high frequencies, it becomes the main loss mechanism in extensional
mode resonators. For micromechanical resonators, control of the vibrational energy exchange
between the resonator and its support(s) is highly desirable, since resonators with high
quality factors are attained by suppressing the energy transfer, which allow realization of
ultrasensitive devices. In order to increase the quality factor, one could implement a different
design for the micromechanical resonator such that the anchor loss is reduced, e.g. resonators
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could be anchored to the substrate at their nodal points to reduce the energy coupled to
the substrate [36]. Another technique is based on impedance mismatch, where e.g. by alter-
nating the cross-section of the resonator, one could obtain little energy coupling between the
resonator and the base. In the work of Taş et al. [36], this isolation mechanism to eliminate
the anchor loss is implemented by using quarter-wavelength beams with alter- nating width
and equal thickness. The method has several advantages with respect to other isolation
methods, namely the fabrication process is relatively simple and no other type of material
is required for the structure. Furthermore, an analytical expression for support losses of a
cantilever beam is derived by Hao et al. [37], using the assumption that the contribution from
the shear forces on the energy loss is much greater than those of the moments:

Qs = αs

(
L

H

)3

, (2.32)

where L and H are the length and thickness of the microbeam, respectively, and αs is a
coefficient depending on the mode of vibration and the Poisson’s ratio. When assuming a
Poisson’s ratio of 0.28, which corresponds to materials such as silicon, the coefficients αs are
given for several vibration modes of a cantilever beam in Table 2.2 [35].

Table 2.2: The coefficients of anchor loss in Equation (2.32)

Mode no. 1 2 3 4 5

αs 2.081 0.173 0.064 0.033 0.020

2.6.3 Viscoelastic behavior

Energy dissipation due to viscoelastic damping occurs when the cantilever tip makes contact
with the sample surface, and could be significant when the viscosity coefficient and/or the
rate of deformation upon contact are relatively high. A time-dependent, non-linear viscous
force in the normal direction, i.e. perpendicular to the sample surface, is defined as [24]:

Fv(δ, δ̇) = ηn
√
Rδ

dδ

dt
, (2.33)

where R is the tip radius, δ the deformation of the spherical tip, normal to the sample
surface, ηn the dynamic viscosity coefficient of the tip-sample contact in the normal direction,
and δ̇ = dδ/dt the differential of the deformation with respect to time t. The viscoelastic
dissipation defined in Equation (2.33), is obtained by using a Voigt model, and by assuming
that the contact area and sample deformation are calculated by the Hertzian contact model.

2.6.4 Squeeze-film damping

Squeeze-film damping is considered the most common and dominant dissipation mechanism
in MEMS. Many devices employ microstructures with a large surface-to-volume ratio, such
as microbeams and microplates. The phenomenon of squeeze-film damping occurs as a result
of the massive movement of the fluid underneath the cantilever beam, which is resisted by
the viscosity of the fluid. This gives rise to a pressure distribution underneath the beam,
which may act as a spring and/or a damping force. Studying the effect of squeeze-film dam-
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ping on a microstructure requires analyzing the reaction of the fluid due to the motion of the
microstructure, therefore, interaction between the cantilever tip and the sample surface is not
included. The functions given in this section are derived for structures whose dimensions are
in the order of micrometers. Since typical AFM applications use microbeams with a tip length
of several micrometers, it is assumed that the formulated expressions are valid for describing
the squeeze-film damping effect.

Figure 2.6: Coordinate definition
of two parallel rigid plates with
harmonically moving upper plate

Continuum models based on the Reynolds equation could
be used to derive the squeeze-film damping coefficient,
when the corresponding assumptions comply with the
AFM set-up. The assumptions of laminar and continuum
flow are validated with the Reynolds number and Knudsen
number, respectively. The definitions of these universal
numbers and the aforementioned validation with regard
to the experimental set-up, are given in Appendix B.1.
The complete list of assumptions for the derivation of
the Reynolds equation is given in the work of Younis
[35]. In practical MEMS applications, the aforementioned
assumptions of the Reynolds equation might not be
completely satisfied, or are even inherently violated in
certain designs. These violations and their effects have been studied and correction factors
have been proposed to enable the use of a modified version of the Reynolds equation. One
of the correction factors is the effective dynamic viscosity coefficient ηe, for which various
models can be proposed [35]. The model of Veijola et al. [40] is widely used, since it is valid
over a wide range of the Knudsen number, namely Kn ≤ 1, and thereby extends the validity
of the Reynolds equation to the non-continuum regimes [41]:

ηe =
η0

1 + 9.638Kn1.159
, (2.34)

where η0 is the dynamic viscosity coefficient of the surrounding medium under the Standard
Temperature and Pressure (STP) condition, and Kn the Knudsen number given by Equation
(B.2). The model is an empirical approximation of the expression proposed by Fukui and
Kaneko [42], based on the Boltzmann transport equation. As mentioned before, the continuum
approaches to model squeeze-film damping are based on the Reynolds equation. There are two
major approaches to solve this equation with regard to the amount of compressi- bility of the
considered fluid; one is attributed to Blech [43], which solves the compressible form, and the
other is attributed to Starr [44], which considers the incompressible Reynolds equation. The
analytical expressions for the stiffness and damping coefficients due to squeeze- film damping,
respectively ksq and csq, that are derived from the compressible-gas model for the parallel
rigid plate structure in Figure 2.6, are given by [43]:

ksq =
64σ2paA

π8d

∑
m,n

1

(mn)2 [(m2 + β2n2)2 + (σ/π2)2]
, (2.35)

csq =
64σpaA

π6ωd

∑
m,n

m2 + β2n2

(mn)2 [(m2 + β2n2)2 + (σ/π2)2]
,
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with A = WL the area of the microplate, pa the ambient pressure, d the original gap height
between the beam and sample surfaces, and β = W/L the ratio between the width and
the length of the cantilever beam. In Equation (2.35), m and n describe the structure’s
eigenmodes in the x- and y-directions, respectively, and only odd numbers of m and n are
implemented due to the requirement of symmetry in both x- and y-directions. Furthermore,
the dimensionless squeeze number σ is defined as:

σ =
12Aωeηe
pad2

, (2.36)

Figure 2.7: Non-dimensional damping and
spring forces against σ for the case of a rec-
tangular plate with β = 0.1, m = n = 1

where ωe is the angular excitation frequency.
The squeeze number σ of Equation (2.36) repre-
sents a measurement of the compressibility of
the fluid. Low values of σ indicate an incom-
pressible fluid, whereby the gas can escape the
gap easily due to the relatively slow oscillation.
A high squeeze number indicates that the spring
contribution of the gas becomes significant,
since the gas cannot escape the gap due to the
relatively fast oscillation, i.e. a compressible
fluid. The squeezed fluid has both spring and
damping effects between these two extremes of
σ, where the cut-off squeeze number σc is the
value for σ at which the spring and damping
forces are equal. An analytical approximation
for σc is presented in [43]:

σc = π2(1 + β2). (2.37)

Figure 2.7 depicts the non-dimensional damping force F̄c = csqωd/(paA) and spring force
F̄k = ksqd/(paA) versus the squeeze number σ for a rectangular plate with β = 0.1, and with
regard to the first eigenmode, i.e. m = n = 1. According to Equation (2.37), the cut-off value
is then σc = 9.97, see also Figure 2.7. For the experimental AFM set-up, parameter σ varies
between 0.0848 and 0.1987, whereas the cut-off value is equal to σc = 10.65. Since σ � σc,
the assumption of incompressible fluid can be implemented. This means that the stiffness or
spring effect of squeeze-film damping is neglected, since the variation in pressure with time is
relatively small. The resulting non-linear damping coefficient for a rectangular plate of length
L and width W is obtained using the model of Starr [44]:

csq(x) =
ηeLW

3

h(z, t)3
fc(β) with h(z, t) = Z + (x(z, t) + l) cosα+ (L− z) sinα. (2.38)

In Equation (2.38), Z is the tip-sample separation distance, l the tip length, α the inclination
angle of the cantilever beam with respect to the base, x(z, t) the flexural displacement of the
cantilever beam at location z, and h(z, t) the separation distance between the microbeam and
sample surfaces [45]. Furthermore, function fc(β) gives the correction factors for a rectangular
plate, where the values of these factors as function of β = W/L are listed in Table 2.3. As it
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can be seen, the inclusion of the correction factor fc(β) has a significant effect on the value
of csq(xr), since the ratio β can vary considerably for different types of AFM microbeams.

Table 2.3: The function fc(β) for the case of a rectangular plate [35]

β 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

fc(β) 0.94 0.87 0.81 0.75 0.69 0.63 0.57 0.52 0.47 0.42

Besides the analytical approximations based on the Reynolds equation, the amount of squeeze-
film damping could be calculated using several compact semi-analytical formulas for the
unsteady, viscous hydrodynamic function of slender microbeams oscillating near rigid walls,
as presented in the work of Tung et al. [38]. The hydrodynamic function and the derivation of
the quality factor, which includes intrinsic and squeeze-film damping, are given in Appendix
B.2. Finally, a displacement-dependent function for the non-linear damping coefficient of this
dissipation mechanism can be experimentally obtained from the frequency response functions
at various tip-sample distances Z, as it is elaborated in Section 5.3.

2.7 Conclusions

In this project, the experimental set-up consists of the Bruker Fastscan AFM system, where
amplitude-modulated Atomic Force Microscopy (AM-AFM) is used as detection scheme. AM-
AFM or tapping mode AFM can be performed in ambient conditions, in ultra-high vacuum
(UHV), or in a liquid environment. The amplitude-modulated detection scheme is usually
applied under ambient conditions, for which the quality factor Q < 500, due to dissipation in
air. The minimal detectable amplitude change translates via the slope of the resonance
curve to a minimal detectable frequency shift and, therefore, to the resolution obtained
for the tip-sample separation distance. This means that a larger slope of the resonance
curve, which corresponds with increasing quality factor, results in a higher resolution of the
separation distance. However, high quality factors in AM-AFM lead to unacceptably long
time required to build up the steady-state oscillation amplitude after a transient, because of
the low bandwidth. Therefore, AM-AFM imaging/patterning is not suitable for applications
in UHV due to the high quality factors. The same reasoning can be used for dynamic mode
AFM in liquid environments, where Q is decreased to relatively low values, since the energy
loss is significantly more than in air. This corresponds to the reduction of the force sensitivity
of the AFM during the imaging of soft samples, and to the reduction of the imaging resolution.
Operation of the AFM in liquid environments is usually applied for investigation of biological
samples, which require that the sample remains in the native solution.

Several interaction forces that could play a significant role in dynamic mode AFM are elabo-
rated in Sections 2.2 - 2.5. The long-range interaction due to the van der Waals force is
included in the non-contact region of the non-linear dynamic model, since it is ever-present,
independent of the chemical composition of the surfaces or the medium. Since the AFM set-up
is placed in ambient conditions, a thin film of water or meniscus can be formed between the
tip and the sample surface, which causes significant adhesion or capillary forces. Capillary
bridges only form when the relative humidity exceeds 50%, because of the short contact times
between the cantilever tip and sample surface in AM-AFM, and the strong dependence of
water condensation on relative humidity [17]. In this case, the capillary formation is assumed
to be absent, since the relevant system set-up is placed in an environment with low humidity
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level. The long-range interactions due to the electrostatic forces could play a dominant role in
the experimental set-up when the cantilever tip and sample surface are at different potentials.
Therefore, the applied bias voltage for the AFM set-up is chosen such that the potential
difference becomes approximately zero, as it is mentioned in Section 2.4. Furthermore, the
double-layer forces described by DLVO theory are not implemented in the model, since the
set-up is not placed in water or in a solution.

Regarding the repulsive forces upon contact, a summary of the considered contact mechanics
models is given in Section 2.5.7. The above contact mechanics models neglect plastic deforma-
tions of the materials, and only contain theories dealing with elastic continuum contact
mechanics, in which the cantilever tip and sample are assumed to be continuous elastic
media [16]. The reason for exclusion of plastic deformations is the strong dependence on
the variations in the contact area and on the dislocation process in a certain material, which
requires a detailed analysis to characterize the plastic zones of each dislocation. Furthermore,
the contact mechanics models describe contact areas on macroscopic level, and are only
applicable to homogeneous, isotropic materials. The Hertzian contact mechanics model of
Section 2.5.1 is implemented in the non-linear dynamic model, since it is suitable to describe
the contact forces in dynamic mode nano-patterning with high-stiffness materials. The sample
material for the experimental set-up is sapphire or α-Al2O3, which can be considered as a
high-stiffness material, since the Young’s modulus is circa Es = 345 GPa. Next to the Hertzian
contact forces, the non-linear dynamic model has a constant van der Waals force in the contact
region in order to provide a continuous function for the tip-sample interaction and, therefore,
prevent numerical complications, as it will be elaborated in Section 3.1. In this manner, the
added van der Waals force is similar to the adhesion term Fad,D of Equation (2.25) in the
DMT contact model. Moreover, the Hertzian contact model allows for integration of the
formula for viscoelastic dissipation, as given by Equation (2.33). Intrinsic and squeeze-film
damping are considered as the two most important contributions to energy dissipation, and
are therefore included in the non-linear dynamic model, whereas anchor or support loss is
assumed to be negligible for the mechanical system.

In the following chapter, a multi degree-of-freedom (DOF) model is derived for the cantilever
beam from Figure 2.1, based on the finite-element method. Harmonic motion is prescribed
at the clamping and local non-linearities are added at the free end of the beam to account
for interaction forces with the sample. Moreover, squeeze-film damping is added. This model
is used for numerical bifurcation analysis of the steady-state dynamic behavior. However,
first 1-DOF models are employed for the fundamental understanding of non-linear cantilever
dynamics near the first non-linear resonance in dynamic mode AFM. One of the limitations
of 1-DOF models is that these models obviously cannot simulate the effects of higher-order
modes near the first non-linear resonance. Neither can these models account for the effects
of the geometry and location of the tip on the cantilever dynamics [18]. Another limitation
is that the 1-DOF model provides solutions corresponding to the vertical displacement of the
cantilever, while in practice the detecting system of the AFM measures the rotation angle of
the cantilever tip. This could result in some inaccuracy in data explanation, since there is no
proportional relation between the vertical displacement and rotation angle of an oscillating
cantilever when higher modes are involved.
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3 Non-linear dynamic model

This chapter considers the derivation of a non-linear dynamic model for the considered system
with local non-linearities and harmonic external loads. The single degree-of-freedom (DOF)
models provide insightful understanding of physical factors governing the motion of the
cantilever near the first resonance, however, one of the limitations of 1-DOF models obviously
is that these models cannot simulate the cantilever dynamics involving higher-order modes
besides the fundamental one, as it is mentioned in Section 2.7. Therefore, 1-DOF models are
only considered for the fundamental understanding of the non-linear dynamical behavior of the
microbeam due to the harmonic external excitation, in Section 3.1. This section also considers
the implementation of the 1-DOF model in the function definition file of MatCont, which is
a numerical bifurcation analysis toolbox in Matlab, and the inclusion of several dissipation
effects in the model. The AFM cantilever beam is modeled using the Finite-Element Method
(FEM), which results in a multi-DOF model, in Section 3.2. This multi-DOF model is reduced
and, subsequently, the steady-state behavior of the reduced model is analyzed. Among others,
the superharmonic resonances due to the higher eigenmodes near the fundamental resonance
frequency are studied.

3.1 1-DOF model

In this section, a 1-DOF model is studied to analyze the motion of an AFM cantilever, which
includes non-linear contact between the cantilever tip and sample surface, and harmonic
excitation. Figure 3.1 shows the coordinate definition for the cantilever beam with respect to
the flat sample surface. The AFM microbeam is driven at its base by a piezo-electric actuator,
for which the angular excitation frequency ωe is chosen near the fundamental resonance
frequency. The resulting harmonic displacement of the cantilever base xdit(t), also called the
dither signal, has an amplitude of Ae, which results in a flexural displacement x at the free
end of the beam. When the cantilever beam is bent in static equilibrium, a static deflection or
offset ∆L of the cantilever is present, as indicated in Figure 3.1. The tip-sample interaction
(TSI) force Fts(dts) is a function of dts = x cosα + Z, with the offset Z being the distance
between the cantilever tip and sample in static equilibrium, and α the inclination angle with
respect to the cantilever base. In this case, the inclination α = 0 with regard to Figure 2.1.

Figure 3.1: Cantilever beam with harmonic excitation and TSI force [12]

For a rectangular cantilever in ambient conditions or in vacuum, the steady-state dynamic
behavior of the flexural displacement x of the beam can be approximated using the following
lumped 1-DOF model [4]:
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where parametersme, c, and k represent the effective mass, damping coefficient, and cantilever
stiffness for the first eigenmode, respectively. The state variable ẋ = dx/dt is the first
derivative of the displacement with respect to time. The cantilever base is excited with a
continuous harmonic excitation signal Fdit(t) = Fe sin(ωet), where Fe is the force amplitude.
Furthermore, the TSI force is described by the following continuous function [46]:

Fts(dts) =


−HaR

6d2
ts

, dts = x cosα+ Z ≥ a0

−HaR

6a2
0

+
4

3
Er
√
R (a0 − dts)3/2 , dts = x cosα+ Z < a0

(3.2)

In Equation (3.2), Fts(dts) includes the long-range attractive van der Waals force, and the
Hertzian contact model to describe the short-range repulsive force perpendicular to the sample
surface, which are discussed in Sections 2.2 and 2.5.1, respectively. In order to provide a
continuous function for the TSI force in (3.2), and prevent numerical complications, a constant
van der Waals force of Fvdw = −HaR/6a

2
0 is added to the Hertzian contact forces. In this

manner, the added van der Waals force is similar to the adhesion term Fad,D of Equation (2.25)
in the DMT contact model. The interaction parameters Ha, R, and a0 represent respectively
the Hamaker constant, tip radius, and atomic separation distance. The reduced Young’s
modulus of the contact surfaces, Er, is defined in Equation (2.22). In Appendix C.2, a short
analysis is given regarding the static deflection of the above system of equations, in order
to examine the contributions of the various forces as function of the tip-sample separation
distance Z. The contributions of the TSI force Fts(dts) and the stiffness force Fs(x) = kx to
the overall deflection force FSD = Fts − Fs, are indicated in Figure C.1.

Equations (3.1) are implemented in MatCont, which is a numerical continuation toolbox in
Matlab. MatCont allows the numerical study of the steady-state behavior of parameterized
non-linear ordinary differential equations (ODEs), however, it only supports autonomous
ODEs. Since the time variable cannot be explicitly used in the function definition file of
MatCont, Equations (3.1) are transformed to an equivalent autonomous model. Furthermore,
the 1-DOF lumped parameter model is made non-dimensional to improve numerical conditio-
ning, such that the continuation run in MatCont can comply with the tolerances set in the
options structure. The conversion of the system of equations (3.1) to a non-dimensional,
autonomous system is elaborated in Appendix C.3. The resulting system of equations (C.6)
is implemented in the function definition file. Since the microbeam is a harmonically forced
system in amplitude-modulated AFM, the steady-state motion may consist of periodic orbits.
Therefore, a continuation run from an initial periodic orbit, which has been computed by
standard numerical time integration, can be started in MatCont. In this case, the non-linear
time integration algorithm is based on an explicit Runge-Kutta (4,5) formula, namely the
Dormand-Prince pair [47]. Figure 3.2 shows several amplitude-frequency diagrams that result
from the continuation runs. Both diagrams show the steady-state dynamic behavior for the
same system properties, except for the interaction parameters. For clarification purposes, the
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attractive van der Waals and repulsive contact forces for the left diagram are exaggerated
with factors of 100 and 2.86, respectively, with respect to the right diagram. The values of
the system parameters that are used for producing Figure 3.2, can be found in Table C.1.

Figure 3.2: Fundamental resonance peaks for free-air oscillation and non-linear interaction
between the cantilever tip and sample, regarding two different system set-ups

The occurrence of softening behavior due to the attractive van der Waals forces, and the
sharp transition to hardening behavior upon contact, can be observed in Figure 3.2 (a). The
included subfigure shows the (static) TSI force Fts(dts) against the tip displacement x, where
the free-air oscillation, the attractive regime, and the repulsive regime are indicated with
numbers 1 to 3, respectively. These attractive and repulsive interactions cause local shifts in
the resonance peak, namely a negative or attractive force causes softening (shifting to a lower
frequency), which is labeled with number 2, and a positive or repulsive force causes hardening
(shifting to a higher frequency), which is labeled with number 3. Figure 3.2 (b) shows the
resonance peak for a set of realistic values of the interaction parameters. In this case, the
softening behavior is not significant with respect to the hardening effect. The simulation
results obtained by continuation in MatCont are validated with the results from standard
time integration for discrete excitation frequencies, as discussed in Appendix C.4. Figure
C.2 shows that these results correspond with each other, therefore, it can be concluded that
the continuation procedure as implemented in MatCont gives an accurate description of the
system’s steady-state dynamic behavior.

In the system of equations (3.1), the intrinsic dissipation mechanisms and possibly anchor or
support loss are included in the damping coefficient c, of which the value is maintained in the
following. Subsequently, two dissipative forces are added to the system of equations (3.1),
namely viscoelastic dissipation (VD) upon contact and squeeze-film damping (SFD). First,
the non-linear viscoelastic force of Equation (2.33) is added to the TSI force of (3.2). The
total force Fts(x, ẋ) is then defined as follows [18]:

Fts(x, ẋ) =


−HaR

6d2
ts

, dts ≥ a0

−HaR

6a2
0

+
4

3
Er
√
R (a0 − dts)3/2 − ηn

√
R(a0 − dts)ẋ, dts < a0

(3.3)
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In Equation (3.3), ηn is the dynamic viscosity coefficient of the tip-sample contact in the
normal direction. The interaction force Fts(x, ẋ) remains a continuous function over the total
oscillation distance, since the Hertzian contact force and the viscoelastic dissipation term are
equal to zero at the separation distance of dts = x cosα + Z = a0, which prevents certain
numerical complications with regard to time integration schemes.

Figure 3.3: Viscoelastic interaction force (left), and the total tip-sample interaction force (right)
for 1-DOF models with DMT contact mechanics and including or excluding VD

Figure 3.3 shows the viscous force Fv(x, ẋ) according to Equation (2.33), and the TSI force
Fts(x, ẋ) of (3.3) against the tip displacement x, for a total of five oscillations in steady-state
motion obtained from numerical time integration at a fixed excitation frequency. The black,
dashed lines indicate the transition between the non-contact and contact regions, at distance
xc cosα = a0−Z, and the applied values of the system parameters can be found in Table C.1.
Furthermore, a relatively high value for the viscosity coefficient is applied, namely ηn = 2200
Pa·s, for clarification of the occurring hysteresis effect. Depending on the velocity direction
of the cantilever tip, the force Fv(x, ẋ) is either repulsive or attractive. The right diagram
contains the interaction force for the models excluding (green) and including viscoelastic
dissipation (blue), as defined in Equations (3.2) and (3.3), respectively. In this case, the
viscoelastic damping force increases considerably with respect to the term for the intrinsic
damping force Fd(ẋ) = cẋ upon contact. Upon further indentation of the sample, the
viscoelastic force Fv(x, ẋ) is positive or repulsive, and upon departure or change to positive
velocity direction, the force becomes negative or attractive. This causes hysteresis in the total
interaction force Fts(x, ẋ) in a contact cycle. Moreover, the maximum repulsive force or peak
repulsive force (PRF) decreases with approximately 7.6% in this case, with respect to the
1-DOF model excluding viscoelastic dissipation.

The dissipation effect of squeeze-film damping is caused by cantilever vibrations that squeeze
the fluid in and out of the region between the cantilever beam and sample surface, as it is
elaborated in Section 2.6.4. The expression for the damping force Fsq(x, ẋ) of this dissipation
effect is based on Equation (2.38), and is given by [35]:

Fsq(x, ẋ) = csq(x)ẋ =
η0W

3L

((x+ l) cosα+ Z)3 ẋ, (3.4)

TU/e 26



Figure 3.4: Squeeze-film damping coefficient (left), and corresponding damping force (right) for
1-DOF model including DMT contact mechanics and VD, against the tip displacement

where csq(x) is the non-linear damping coefficient, l the tip length, and η0 the dynamic
viscosity coefficient of the surrounding medium. Furthermore, W and L are the width and
length of the cantilever beam, respectively. The distance between the cantilever beam and
sample surfaces is assumed to be h(L, t) = (x(L, t) + l) cosα + Z at the location of the
cantilever tip. Equation (3.4) is implemented in the system of equations (3.1), wherein the TSI
force Fts(dts) is replaced by the expression given in (3.3). Figure 3.4 shows the squeeze-film
damping coefficient csq(x) and force Fsq(x, ẋ) against the tip displacement x for the above
system. The results are for free-air amplitude and a total of five oscillations in steady-state
motion obtained from numerical time integration at a fixed excitation frequency. The values
of the corresponding system parameters are given in Table C.1, and inclination α = 0. The
left diagram of Figure 3.4 shows that the damping coefficient csq(x) increases approximately
linearly when the cantilever approaches the sample surface, for the considered range of the
separation distance h(L, t). The dependency of csq(x) on the flexural displacement x in the
range of interest is low. When the tip length l would be relatively smaller with respect to
h(L, t), the rate with which csq(x) increases with decreasing x, would be significantly higher;
according to csq(x) ∝ 1/h(L, t)3. The right diagram shows that the damping force Fsq(x, ẋ)
becomes positive when the velocity direction is positive and vice versa, and that the maxima
occur at x = 0, since the cantilever beam has its maximum velocity at this position.

Figure 3.5: Fundamental resonance peaks for
models including and excluding SFD

The dimensionless variables as introduced in
Appendix C.3 are substituted in the 1-DOF
model including viscoelastic dissipation and
squeeze-film damping, in order to perform con-
tinuation runs in MatCont. This results in the
non-dimensional system of equations of (C.7),
with the TSI force defined in (C.9), which is
implemented in the function definition file of
MatCont. Figure 3.5 shows the corresponding
amplitude-frequency diagrams, for which the
applied values of the system parameters are
given in Table C.1. In Figure 3.5, the system
behavior including the squeeze-film damping
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force (red, black) is compared to the system behavior excluding this damping force (blue).
All models used in Figure 3.5 contain equal system properties, except for the cantilever tip
length l regarding the red and black graphs. The total damping due to the squeeze-film effect
can become significant, which results in a decrease of the PRF. It is noted that the cantilever
tip does not even make contact with the sample surface for the black graph, because of the
relatively small tip length of l = 5.5·10−6 m.

3.2 Multi-DOF model

In this chapter, the AFM cantilever is modeled using the Finite-Element Method (FEM),
resulting in a multi degrees-of-freedom (DOF) model. Euler-Bernoulli beam elements are
used that contain two degrees of freedom per node: a transversal displacement ux,i in the
x-direction and a rotation θy,i around the y-axis, where i is the node number, as indicated
in Figure 2.2. The transversal DOF are loaded by transversal forces Fx,i and the rotational
DOF are loaded by moments My,i. Figure 3.6 shows a schematic representation of the AFM
cantilever beam model with p nodes, corresponding to a total of p − 1 beam elements. The
global mass matrix M and stiffness matrix K for the considered system can be obtained by
assembling the mass and stiffness element matrices of each beam element, which are given
in (2.15). Since there are two DOF per node, the global matrices for the free-free beam are
initially of size (2p, 2p).

Figure 3.6: FEM model of the AFM cantilever with prescribed displacement and TSI force

As it is indicated in Figure 3.6, there are boundary conditions present at the first and at
the last node of the FEM model. The beam structure is guided at the base, resulting in a
prescribed transversal displacement ux1 = xdit(t) and zero rotation θy1 = 0. At the last node
of the FEM model, a non-linear tip-sample interaction force Fts(uxp, u̇xp) and a point-mass
mt, representing the tip mass, are present. The point mass mt is included in the global mass
matrix M, at the element corresponding to the last transversal displacement of the model.
The equations of motion for the system, consisting of a linear elastic component with a local
non-linearity, are:

Mẍ+ Bẋ+ Kx = F (ux1, uxp, u̇xp) , (3.5)

where B is the viscous damping matrix. Matrices M, B, and K are all of size (nx, nx), where

nx = 2p − 1. The nx-column x =
[
xtB, x

t
I

]t
, where superscript t indicates the transpose of a

vector, contains the degrees of freedom. It is partitioned in an nI -column xI with unloaded
internal DOF, and in an nB-column xB with loaded boundary DOF, i.e. the externally loaded
DOF, ux1, and interface DOF, uxp, loaded by a local non-linearity. In this case, external loads
are only present at the first and last transversal displacements of the FEM model, which means
that nB = 2 and nI = nx − nB. Furthermore, the nx-column F =

[
F tB, 0

t
I

]t
contains the
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loads at the boundary DOF, namely an excitation force at the base resulting in a prescribed
displacement ux1 = xdit(t), and a tip-sample interaction force at the free end of the beam. The
function for the interaction force Fts(uxp, u̇xp) including viscoelastic dissipation, is defined in
Equation (3.3).

When squeeze-film dissipation is included in the system of (3.5), the global damping matrix
becomes displacement-dependent; B(uxp). Squeeze-film damping is assumed to be a function
of only the transversal displacement uxp of the last node, which is assumed to correspond
to the tip location, because of the following two reasons. First, the inclination angle of
the cantilever beam is circa α = 12◦ in typical AFM set-ups, and the cantilever tip has a
length of several micrometers, therefore, it is assumed that the bulk of the damping due to
squeeze-film effects occurs at the end of the beam. Second, it allows for easy implementation
in the multi-DOF model, since the transversal displacement of the last node, uxp, appears
explicitly in the reduced model after application of the component mode synthesis (CMS)
technique, which is discussed later in this section. The non-linear damping coefficient due to
squeeze-film dissipation, csq, of Equation (2.38) is adjusted as follows:

csq(uxp) =
ηeLW

3

h(L, t)3
fc(β) with h(L, t) = Z + uxp(t) cosα+ κl cosα. (3.6)

It is noted that only the squeeze-film damping effect due to the first bending mode is taken into
account in Equation (3.6). The variable h(L, t) is the effective distance between the micro-
beam and sample surfaces at the tip position, α is the inclination angle of the cantilever beam
with respect to the base, and ηe is the effective dynamic viscosity coefficient of the medium as
given by Equation 2.34. The distance h(L, t) is mainly determined by the factor 0 ≤ κ ≤ 1,
which indicates the ratio between the tip length and the above separation distance. This factor
is implemented in Equation (3.6), because the geometry of the cantilever tip contributes to
the squeeze-film dissipation. Furthermore, function fc(β) gives the correction factors for a
rectangular plate, of which the values as function of β = W/L are listed in Table 2.3.

The number of DOF of the linear components for system (3.5) is reduced by applying a
CMS technique based on free-interface eigenmodes and residual flexibility modes, see e.g.
[48] and [49]. CMS techniques offer a large reduction of the computation time needed for
expensive numerical analysis, whereas simultaneously the decrease in accuracy of the system
response is only small, if the frequency spectrum of the nx-column with loads F = [F tB, 0

t
I ]
t

ranges from zero till the cut-off frequency fc = ωc/2π, and if the assumption of proportional
damping is justified, as discussed in Appendix D.1. Free-interface elastic eigenmodes with
eigenfrequencies below the cut-off frequency are kept in the reduced model. Residual flexibility
modes are defined for the boundary DOF and give static corrections based on the deleted
free-interface eigenmodes. Two different methods in order to derive a reduced multi-DOF
model for the mechanical system with local non-linearities and harmonic external excitation,
are elaborated in Appendix D. The difference between the two methods is the order of
implementation with regard to the boundary conditions and the reduction of the number of
DOF. The first method implements the boundary conditions before the reduction procedure,
whereas the second method implements the condition regarding the prescribed motion at the
base, after applying the CMS technique. These methods are discussed in Appendices D.2 and
D.3, respectively.
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3.2.1 Analytical eigenfrequencies and eigenmodes

In order to validate the linear undamped part of the multi-DOF model of (3.5), without
tip mass mt, the exact expressions for the eigenfrequencies and corresponding eigenmodes
for single-span beams are used, which are obtained from Euler-Bernoulli beam theory. This
means that rotary inertia and shear, longitudinal and torsional deformation effects are not
included in the model. The partial differential equation of motion of the beam is given in
Equation (2.3). The general solution of the homogeneous part of (2.3), i.e. f(z, t) = 0, is
then derived by defining the response function in terms of the mode shape function φn(z)
and the angular eigenfrequency ωn for bending mode n, for which the expression is given
in Equation (2.5). By implementing the boundary conditions of a certain beam system in
the general solution of (2.5), the characteristic equation and subsequently the corresponding
eigenfrequencies and eigenmodes of the beam structure can be obtained. In this case, the
single-span beam structure is clamped at z = 0, since the displacement at the base of the
cantilever beam is prescribed, and has a free end at z = L. The corresponding boundary
conditions are φ(0) = φ(0)′ = 0 and φ(L)′′ = φ(L)′′′ = 0, respectively, with the prime
denoting differentiation with respect to the longitudinal direction z [13]. By implementing
these boundary conditions in the general solution, the mode shape function of Equation (2.6) is
obtained, with the characteristic equation and parameter σn as defined in (2.7). Furthermore,
the angular eigenfrequencies are derived from the following expression:

ωn = β2
n

√
EI

m̄
, (3.7)

where the parameters m̄, E, and I are the mass per unit length, the Young’s modulus,
and the second moment of area, respectively. The values of βn for the different bending
modes n of the microbeam can be obtained by solving the characteristic equation of (2.7),
resulting in β1 = 1.8751 for the first eigenmode, β2 = 4.6941 for the second eigenmode [14],
etc. The obtained analytical eigenfrequencies and eigenmode shapes can be used to validate
the accuracy of the reduced finite-element models for the undamped beam structure with
free-clamped boundary conditions; see Appendix D for the two reduced models.

3.2.2 Validation of the reduced models

The eigenfrequencies and eigenmodes of the two reduced finite-element models from Appendix
D are compared with each other in order to decide which model forms the best approximation
of the unreduced model. Table 3.1 summarizes the eigenfrequencies that are obtained from
the solutions of the eigenproblems for the different models of the considered system, i.e. the
free, undamped vibrations of a clamped-free cantilever beam. These eigenfrequencies are
given for the analytical solution, as given by Equation (3.7), for the unreduced finite-element
model, and for the reduced finite-element models obtained by methods 1 and 2. The natural
frequencies for the unreduced and reduced multi-DOF models are derived from Equations
(D.2) and (D.18), respectively. Furthermore, the presented results are calculated for the
system properties given in Table E.1, using 20 beam elements. In the reduced models based
on methods 1 and 2 from Appendix D, respectively 5 and 4 DOF are present, which means
that only the first two free-interface elastic eigenmodes are kept. As it can be seen in Table 3.1,
the obtained eigenfrequencies fi [Hz] of the unreduced finite-element model are, as expected,
almost equal to those of the analytical solution. For both reduced finite-element models,
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the decrease in accuracy of the lowest two eigenfrequencies is small. However, the difference
increases rapidly starting from the third eigenfrequency, especially for the first method. The
reason for the better approximation of the second method, is that next to the two kept
free-interface elastic eigenmodes, the transformation matrix T of (D.1) contains a rigid body
mode and only 2 residual flexibility modes, whereas in the case of method 1, there are 3
residual flexibility modes. It is noted that the reduced finite-element model based on the
second method, remains with 4 DOF in the end, due to the prescribed displacement of ux1.

Table 3.1: The eigenfrequencies [Hz] of the first four eigenmodes for the analytical solution, the
unreduced model, and the reduced models obtained from methods 1 and 2 (Appendix D)

Mode Analytical Unreduced Method 1 Method 2

1 3.8196·104 3.8196·104 3.8195·104 3.8196·104

2 2.3937·105 2.3937·105 2.3937·105 2.3938·105

3 6.7025·105 6.7026·105 7.6132·105 6.8714·105

4 1.3134·106 1.3135·106 1.9560·106 1.4378·106

The modal assurance criterion (MAC) is a technique to determine the degree of correlation
between different mode shapes, and it does not need any estimate of the system matrices [49]:

MAC[i, j] =
|φHR,iφj |2(

φHR,iφR,i

)(
φHj φj

) , 0 ≤ MAC[i, j] ≤ 1. (3.8)

In Equation (3.8), φR,i is the ith eigenmode of the reduced model in terms of the original
coordinates, φj is the jth eigenmode of the unreduced model as derived from (D.2), and
superscript H indicates the Hermitian transpose. In this case, only real modes of undamped
systems are evaluated, therefore, the Hermitian transpose is equal to the normal transpose.
The MAC-number is always between 0 and 1, where a value of 1 means that φR,i is just a
multiple of φj . Normalization does not influence the MAC-number. The only requirement is
that the measurement locations or the DOF of one FEM model correspond to those of the
other model, i.e. φR,i and φj must have the same number of DOF. Therefore, the eigencolumns
φr,i resulting from the eigenproblem of the reduced system, Equation (D.18), have to be
transformed back to the original coordinates. The transformations are equal to:

φR,i = T−1
m T φr,i (3.9)

φR,i = Tm(2 : ny, 2 : ny)
−1 T (2 : ny, 2 : nz) φr,i (3.10)

for methods 1 and 2, respectively. The definition of the transformation matrices Tm and
T of Equation (3.9) can be found in Appendix D.2, and those of (3.10) can be found in
Appendix D.3. The MAC-numbers obtained by comparing the modes of the unreduced
model and the two reduced models, are given in Table 3.2. The first two diagonal elements
have a value close to 1 for both methods, indicating that the first two eigenmodes of the
reduced models correspond well to those of the unreduced model. The values of the diagonal
elements are lower for the higher eigenmodes. Furthermore, as it can be derived from Table
3.2, the MAC-numbers corresponding to the third and fourth eigenmodes of the models are
considerably lower for the first method, in comparison with those of method 2. Therefore,
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based on these results and on the differences in eigenfrequencies of Table 3.1, the second
reduction method is preferred for further analysis of the reduced multi-DOF system.

Table 3.2: MAC-numbers of the first four eigenmodes for the unreduced model (columns) and
the reduced models obtained by methods 1 and 2 (Appendix D)

Mode 1 Mode 2 Mode 3 Mode 4

Method 1
Mode 1 0.9999999998528 0.3849002759959 0.0624661810727 0.0876848695245
Mode 2 0.3849039010145 0.9999999996232 0.2353385267030 0.0659569406637
Mode 3 0.0990930099085 0.2773771797836 0.9030014206966 0.3514265444519
Mode 4 0.0818043161407 0.0305513224919 0.1131846319715 0.7529588342431

Method 2
Mode 1 0.9999999999784 0.3848900367708 0.0624643093826 0.0876828922161
Mode 2 0.3849404219833 0.9999972713846 0.2359779606456 0.0660796487011
Mode 3 0.0664336422155 0.2583831037744 0.9875338891790 0.1413028226591
Mode 4 0.1182104080568 0.1191825451780 0.2182604303506 0.9010385784436

The difference in the eigenmode shapes between the unreduced and the reduced models, is
also visually represented in Figure 3.7. Each eigenmode of the reduced models is normalized
using the modal scale factor (MSF) [49]:

MSF [i, j] =
φHj φR,i

φHj φj
. (3.11)

The MSF is a measure for the normalization difference between a mode φj of the unreduced
model and a mode φR,i of the reduced model. As can be seen in Figure 3.7, the mode shapes
of the first two eigenmodes are approximately the same for the considered models, whereas
the difference in the mode shapes increases significantly for the third and fourth eigenmodes.
The preference for the second method is especially clear for the fourth eigenmode, where the
mode of the first method deviates considerably from the mode of the unreduced model.

Figure 3.7: The mode shapes of the first four normalized eigenmodes for the unreduced model
and the reduced models obtained from methods 1 and 2 (Appendix D)

In the following, the focus is on the dynamical properties of the reduced model that is obtained
by implementing the second method, for which the derivation is elaborated in Appendix D.3.
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In order to decide whether the results of the reduced model are converged within reasonable
limits, the eigenfrequencies of the linear undamped beam and the steady-state dynamic
behavior of the non-linear AFM cantilever system are considered for different amounts of
modes included in the reduction matrix T of (D.1). The minimum amount of modes in this
transformation matrix is equal to three; one rigid body mode and two residual flexibility
modes. In Appendix E.2, the table contains the eigenfrequencies of the undamped, reduced
linear model, fr,i, for the inclusion of nk kept free-interface elastic eigenmodes in the aforemen-
tioned reduction matrix, and these are compared with the eigenfrequencies of the unreduced
model, fi. The presented results are calculated for the system properties given in Table E.1,
and using 50 beam elements. The total amount of eigenmodes resulting from the reduced
multi-DOF model, i.e. the number of DOF, is equal to nr = nk + 2. The reason for this is
that the boundary condition regarding the prescribed displacement at the cantilever base, is
applied after implementation of the CMS technique, resulting in the removal of one degree of
freedom; the transversal displacement ux1.

A threshold value of 0.1% is used for the maximum difference between the eigenfrequencies of
the reduced and unreduced models; the underlining in each column of the table in Appendix
E.2 indicates which eigenmodes comply to this threshold value. For 2 ≤ nk ≤ 6, the first
nk eigenmodes of the reduced multi-DOF model are within the threshold value. However,
this amount decreases to nk − 1 for 7 ≤ nk ≤ 9, i.e. when more higher eigenmodes are
included in the reduced model. This means that the inclusion of nk elastic eigenmodes in the
reduction procedure is not necessarily equal to an accurate response of the first nk eigenmodes
that result from the reduced multi-DOF model. In fact, the amount of resulting eigenmodes
that comply to the given threshold is dependent on the amount of modes included in the
reduction matrix of (D.1). The aforementioned can be explained by the increase in the initial
relative difference between the eigenfrequencies of the reduced and unreduced models, for
when a higher eigenmode is considered, as it is shown in Figure E.1. Since this project
considers reduced multi-DOF models with a maximum of nk = 3 elastic eigenmodes, the first
nk eigenmodes comply to the threshold value. There are two exceptions; namely for nk = 0,
the first eigenfrequency of the reduced model complies with the threshold, whereas none of
the resulting eigenfrequencies comply with this threshold for nk = 1. Therefore, the minimum
amount of elastic eigenmodes is recommended to be nk ≥ 2 for when the reduced multi-DOF
model is implemented for numerical (bifurcation) analysis.

Figure 3.8 shows the amplitude-frequency graphs containing the steady-state dynamic behavior
near the non-linear resonances corresponding to the first bending mode that are obtained
from MatCont. These results are given for 2-DOF till 5-DOF models, which are derived by
including nk = 0 till nk = 3 elastic eigenmodes in the reduction procedure of the second
method. Furthermore, the presented results are calculated for the system properties given in
Table E.1, and for modal quality factors equal to Q1 = 100, and Qi = 5 for mode i > 1. The
vertical axes give the minimum transversal displacement at the last node, which is assumed
to correspond to the location of the cantilever tip; the response is equal to xr = ux51. The
dotted lines indicate the regions of instability, and the red circles indicate the limit point
of cycles (LPC) or fold bifurcations. The transitions between the non-contact and contact
regions, at xc cosα = a0 −Z, are given by the horizontal dashed lines. The definitions of the
modeled TSI forces and the above transition are given in Equation (3.3).
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Figure 3.8: Steady-state dynamic behavior regarding the first eigenmode for 2-DOF till 5-DOF
models derived by implementing method 2 (Appendix D.3), and using equal system properties

In general, the eigenfrequencies fr,i, as given in Appendix E.2, converge to a value that is lower
than their initial value when increasing the number of eigenmodes in the reduced multi-DOF
model. There is one exception regarding the above statement; the first eigenfrequency of the
3-DOF model converges to a value that is higher than the current value. And as it is mentioned
before, none of the eigenfrequencies resulting from the 3-DOF model, corresponding to the
inclusion of nk = 1 elastic eigenmode, comply with the given threshold value. This deviation
in the first eigenmode of the 3-DOF model can also be seen in Figure 3.8 (a), where the
corresponding graph is shifted to the right with 167 Hz. The reason for this deviation is
unclear; mainly because it only occurs for the first eigenmode when including nk = 1 elastic
eigenmode in the CMS technique. In Figure 3.8 (b), the difference between the steady-state
dynamic behavior of the 4-DOF and 5-DOF models is visually indistinguishable, therefore,
the first eigenmode has been converged within the aforementioned acceptable threshold and
does not contain any notable deviations in the steady-state movement for when at least nk =
2 elastic eigenmodes are included in the transformation matrix of (D.1).

3.3 Conclusion

In Section 3.2, two different methods are considered in order to obtain a reduced multi-DOF
model for the AFM cantilever beam with harmonic excitation and local non-linearities. The
first method implements the boundary conditions before the CMS technique, whereas the
second method implements the condition regarding the prescribed motion at the base, after
applying the CMS technique. These methods are discussed in Appendices D.2 and D.3, respec-
tively. Subsequently, the dynamical properties of the reduced multi-DOF models based on the
two different methods, are validated with respect to that of the unreduced model in Section
3.2.2. From the comparison of the eigenfrequencies and eigenmodes of the different models, it
is evident that the model based on the second method results in the best approximation of the
unreduced model. Furthermore, numerical continuation is performed for the reduced model,
that is derived from the second method, including tip-sample interaction. The resulting
steady-state dynamic behavior and eigenfrequencies of the mechanical system are considered
for different amounts of modes included in the transformation matrix T , in order to decide
whether the results of the reduced model are converged within reasonable limits. It can be
concluded that the reduced multi-DOF model with at least 4 DOF, corresponding to nk = 2,
is required for reasonable convergence of the first eigenmode.
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4 Numerical bifurcation analysis of the multi-DOF model

This chapter describes the numerical bifurcation analysis of the reduced multi-DOF model
that is obtained by implementation of the component mode synthesis (CMS) technique, and
that is derived and validated in Section 3.2. The steady-state dynamic behavior of the
periodically excited mechanical system is obtained from continuation analysis in MatCont,
which is a numerical bifurcation analysis toolbox in Matlab. MatCont allows the numerical
study of parameterized non-linear ordinary differential equations. The main objective of
this study is to understand the effects of higher order cantilever modes on the tip-sample
interaction (TSI), and exploit their effect to maximize contact forces near the first non-linear
harmonic resonance. The aim is to control the TSI force via operation parameters of the
AM-AFM, such that the AFM can quickly switch between the modes of imaging and nano-
machining. When these modes are performed sequentially in one run, the overall duration of
the process is much less and drift control is less complicated [11]. In this manner, optimal
sets of input parameters for a certain microbeam-sample system can be developed in the case
of dynamic mode nano-patterning. Moreover, due to the contribution of higher eigenmodes,
additional information from the higher harmonics can be used for mapping and possibly
identification of material properties of samples.

The steady-state motion of the considered system is called a harmonic orbit, in case the
oscillation period equals the excitation period. When the periodic orbit has an oscillation
period of n times the period of the excitation, where n ∈ N, it is called a 1/n subharmonic
orbit. The (sub)harmonic cantilever motion can contain only the frequencies that are integer
multiples of the base frequency; in case of harmonic motion, harmonic and superharmonic
components are present [6]. Similar to a sharp band-pass filter, the microbeam only passes
the frequency content of the tip-sample interaction force which is located near its resonance
frequencies. Therefore, the effects of the other frequency components of the interaction force
are usually undetectable and the motion of the cantilever is nearly harmonic, when none of the
superharmonic frequency components approximately coincide with any resonance frequency
of the microbeam.

In Sections 4.1 and 4.2, the steady-state motion will be considered for a conventional, uniform
cantilever beam and for a linearly-tapered cantilever beam, respectively. The tapered geome-
try, for which the width is a linear function of the axial coordinate, is proposed in order
to tune the cantilever dynamics such that the second or third eigenfrequency is equal to an
integer multiple of the fundamental resonance frequency. The different geometries only result
in an adjustment of the element mass and stiffness matrices; the Euler-Bernoulli beam element
matrices of (2.15) are implemented for the uniform microbeam, whereas the beam element
matrices for the tapered beam are derived from the work of He et al. [50]. The derivation
of an Euler-Bernoulli beam element for a tapered beam, wherein the width and height are
linear functions of the axial coordinate, is provided in Appendix E.3.

The focus is only on the superharmonic (anti-)resonances of the second and third eigenmodes,
since only for these modes, the corresponding effects can be observed in the measurement data
of the validation experiments. Depending on the cantilever design and the sampling frequency
of the detector system, one can usually measure up to and including the third eigenmode,
since the measurement data with regard to even higher eigenmodes may contain aliasing.
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Furthermore, the (super)harmonic resonances of the fourth and higher order eigenmodes are
relatively small with respect to noise. In order to observe superharmonic components of a
certain eigenmode i in the resonance peak of the first eigenmode, the modal damping factor
ξi and the tip-sample separation distance Z are decreased, and/or the excitation amplitude
Ae is increased.

4.1 Superharmonic components of the second eigenmode

The considered mechanical system initially contains 42 degrees of freedom, corresponding to
20 beam elements. The number of DOF of the linear components is reduced by applying
a CMS technique based on free-interface eigenmodes and residual flexibility modes, as it is
elaborated in Chapter 3.2. The results in the following subsections have been calculated
for a 4-DOF model, which is obtained after applying the second reduction procedure from
Appendix D.3. The implemented modal quality factors Qi = 1/2ξi are equal to Q1 = Q2

= 200, corresponding to low damping, and Q3 = Q4 = 5, corresponding to high damping,
i.e. superharmonic effects are not expected. Section 4.1.1 considers the steady-state dynamic
behavior for a conventional, rectangular AFM cantilever beam with uniform cross-section.
In Section 4.1.2, a tapered geometry is proposed in order to tune the cantilever dynamics
such that the second eigenmode is equal to an integer multiple of the fundamental resonance
frequency; f2 = 6f1.

4.1.1 Uniform microbeam

Figure 4.1: First resonance including bifurca-
tions for a uniform beam-sample system

The periodic solutions or steady-state motion
are considered for a rectangular cantilever beam
with uniform cross-section. The steady-state
behavior near the first non-linear harmonic
resonance is shown in Figures 4.1 and 4.2. The
values for the system properties, which are
given in Table E.1, are applied in both figures.
The operation parameters are the excitation
amplitude Ae and the tip-sample separation
distance Z; the excitation amplitude is equal
to Ae = 0.7 nm, and the separation distance Z
is the variable of which the value is decreased in
Figure 4.2. The vertical axes give the minimum
transversal displacement at the last node, which is assumed to correspond to the location
of the cantilever tip; the response is equal to xr = ux21. The solid and dotted lines
indicate, respectively, the regions of local stability and instability, and the colored circles
on the amplitude-frequency graphs indicate the limit point of cycles (LPC) and period
doubling (PD) bifurcations. The transitions between the non-contact and contact regions,
at xc cosα = a0−Z, are given by the horizontal dashed lines. The definitions of the modeled
TSI forces and the above transition are given in Equation (3.3). As it can be seen in the
considered figures, a LPC bifurcation occurs before contact between the cantilever tip and
sample surface, due to the attractive van der Waals force. A subsequent LPC bifurcation
marks the onset of stiffening behavior, which by the very stiff nature of the contact, induces
a large frequency shift.
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In Figure 4.2, two stable high-amplitude branches exist from 83.10 kHz till 84.42 kHz due to
period doubling bifurcations upon decreasing the tip-sample separation distance. There are
in total 6 PD bifurcations observed upon contact, where only the additional branches of the
first PD bifucation from the left are obtained in the continuation run. Figure 4.2 (b) provides
a zoom-in of the observed bifurcations, which are labeled with ”P1” till ”P6” regarding the
PD bifurcations, and with ”L1” till ”L3” regarding the LPC bifurcations. It is noted that the
unstable branch from the LPC bifurcation, L1, connects to the PD bifurcation, P6, on the
lowest unstable branch in the contact region. For the considered rectangular microbeam with
clamped-free boundary conditions, the first two eigenfrequencies equal f1 = 80.821 kHz and
f2 = 506.610 kHz. Therefore, the frequency ratio between the first two eigenmodes is equal
to f2/f1 = 6.268. The second mode is not an integer multiple of the first mode, however,
a superharmonic component of the second mode becomes significant in the high-amplitude
branch(es) of the first resonance peak upon contact, namely at fe = f2/6 = 84.435 kHz (near
P3) in Figure 4.2. The influence of the second eigenmode on the response amplitude, around
the aforementioned frequency, is not directly deductible from Figure 4.2 (b). However, it
appears that there is a sudden increase in the slope of the response amplitude around fe = 83.3
kHz for both branches in the contact region, due to the above superharmonic component. It is
ensured that the considered superharmonic is present upon contact, because the modal quality
factors are equal to Q1 = Q2 = 200 and Q3 = Q4 = 5. Other superharmonic components
of the second eigenmode, at fe = f2/n with n ∈ N, are not present in the contact region of
the considered subfigure. Furthermore, the excitation frequency of fe = f2/6 is located very
close to frequency hysteresis on the upper, 1/2-subharmonic branch, which means that there
is not much reliability with regard to the stability of the corresponding steady-state motion
during nano-patterning.

Figure 4.2: First resonance peak including a superharmonic component due to the second eigen-
mode at 506.610 kHz, with (b) a zoom-in on the observed bifurcations in the contact region

Several points are indicated with ”F1” till ”F4” on the amplitude-frequency graphs in Figure
4.2 (b), of which the maximum TSI force, max(Fts), and the corresponding minimum response
displacement, min(xr), are given in Table 4.1. This table also provides the response velocity
of the cantilever tip right before contact with the sample surface, (ẋr)xc , where the transition
between the contact and non-contact regions occurs at distance xc cosα = a0−Z. The amount
of indentation also depends on the corresponding acceleration of the cantilever tip, however,
the focus in this analysis is only on the above response velocity. For points F1 till F3 on
the 1/2-subharmonic branch, there are two contact moments per excitation period, therefore,
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two values are given for each of the above parameters. As it can be derived from Table 4.1,
the amplitude of the pre-contact velocity and the TSI force for one excitation period increase
from point F1 to F3. It is noted that a higher response velocity (ẋr)xc results in a smaller
indentation, and therefore lower interaction force, considering the two contact moments
for points F1 and F2. The pre-contact velocity and resulting interaction force increase
significantly for one of the contact moments at point F3, of which the corresponding excitation
frequency is relatively close to f2/6 = 84.435 kHz. For the same excitation frequency on the
lower branch, at point F4, period doubling is not present and the corresponding pre-contact
velocity is lower than that at point F3. Therefore, the results of Table 4.1 indicate that the
period doubling bifurcation induces a higher response velocity (ẋr)xc during one excitation
period, when compared to the lower branch between P2 and P3. It can also be stated that a
higher response velocity right before contact only results in an increase of the TSI force near
the sixth superharmonic of the cantilever motion, regarding the contact moments during one
time period of points F1 till F3. One can conclude that the higher amplitude upon contact
is a consequence of the resulting effects of the period doubling bifurcation, one of which is
the phase difference between the harmonic and sixth superharmonic motion, which will be
discussed later in this section.

Table 4.1: Maximum interaction force, corresponding minimum response displacement, and
response velocity right before contact for different excitation frequencies in Figure 4.2 (b)

fe [kHz] | f2 − 6fe | [kHz] min(xr) [nm] (ẋr)xc [·10−3 m/s] max(Fts) [·10−7 N]

82.437 (F1) 11.989 1. -31.373 -3.60361 1.14698
2. -31.299 -3.96770 0.92022

83.245 (F2) 7.140 1. -31.485 -4.18493 1.51609
2. -31.456 -6.36706 1.41795

84.053 (F3) 2.290 1. -31.647 -8.80573 2.11268
2. -31.465 -3.00878 1.44889

84.053 (F4) 2.290 -31.352 -5.55340 1.08321

In order to describe the transitions in the steady-state dynamic behavior of the microbeam,
several phase portraits, time histories, and Fast Fourier Transforms (FFT) for the interaction
force Fts, the excitation xdit, and the response displacement xr are given at different excitation
frequencies in Appendix E.5. Figures E.5 and E.6 show the aforementioned diagrams at
excitation frequencies of fe = 82.437 kHz and fe = 83.245 kHz, respectively, which correspond
to points F1 and F2 in Figure 4.2 (b). The phase portrait and FFT diagrams are also given
at an excitation frequency of fe = 84.053 kHz, or point F3, in Figure 4.3. The phase portraits
are a geometric representation of the steady-state trajectories of the dynamical system in
the phase plane, wherein the harmonic component is elliptical for free-air amplitude. Upon
contact, the sixth superharmonic motion can be recognized by the six additional ”circles”
in the harmonic motion. The transitions between the non-contact and contact regions, at
xc cosα = a0−Z, are given by the dashed lines in the phase portraits and time histories. The
FFT diagrams have been obtained by resampling the variable-time simulations with a fixed
time step, corresponding to a sampling frequency of 11 MHz and 500 excitation periods, in
which no windowing has been applied. The non-linear time integration algorithm is based on
an explicit Runge-Kutta (4,5) formula, namely the Dormand-Prince pair [47], for which the
maximum time step equals 6·10−8 s. The black dashed lines in the FFT diagrams indicate the
first and second eigenfrequencies of the linear beam, whereas the blue dashed lines indicate
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the frequencies equal to fe and 6·fe, i.e. the harmonic and sixth superharmonic frequencies. It
is noted that an additional peak occurs between two consecutive superharmonic components
due to the period doubling bifurcation.

Figure 4.3: Phase portrait and FFT diagram in terms of modulus for the interaction force, the
excitation, and the response displacement regarding Figure 4.2 (b); fe = 84.053 kHz (F3)

Table E.2 provides the moduli or absolute amplitudes of the harmonic and sixth superharmonic
components of the cantilever motion, respectively | xr |S1 and | xr |S6, from the above FFT
diagrams. This table also provides the phase difference between the above superharmonic
components, (∆φ)S1

S6, for which the derivation is discussed in Appendix E.4. In correspondence
with Figure 4.3, it can be derived that the difference between the positions of the vertical lines
at the second eigenfrequency and sixth superharmonic frequency decreases, and the modulus
| xr |S6 increases significantly, as the excitation frequency approaches the value of f2/6 =
84.417 kHz. The contribution of the sixth superharmonic motion with respect to that of the
harmonic motion at a certain excitation frequency, χS6 =| xr |S6 / | xr |S1, is determined from
the moduli in Table E.2. It is found that χS6 = 4.48% at point F3, whereas χS6 = 2.31% at
point F1. Furthermore, the phase difference between the harmonic and sixth superharmonic
motion equals (∆φ)S1

S6 = -89.4◦ at point F3. The above phase difference ensures that the
minima of the considered harmonic and superharmonic waves are closer together at a certain
moment during one time period, therefore, wave superposition results in an increase of the
indentation, as it is evident from Figure 4.4.

The time history obtained from numerical time integration at point F3 is shown in Figure
4.4 (a). The time has been normalized with respect to the initial value of the corresponding
graph, and the two subfigures provide a zoom-in of the minimum response displacement
during one excitation period, wherein period doubling is present. In theory, the cantilever
beam is oscillating with all the superharmonic components, i.e. the integer multiples of
the base frequency, of which the absolute amplitudes are shown in the FFT of Figure 4.3.
When a superharmonic component of the cantilever motion is not near an eigenfrequency,
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the corresponding amplitude can be negligible. Figure 4.4 (b) gives the superposition of the
harmonic and sixth superharmonic waves at point F3, for which the corresponding amplitudes
and phase difference are provided in Table E.2. It is evident that the sixth superharmonic
motion contributes to the increase of the surface indentation. In correspondence with the
results of Table 4.1, the phase of the harmonic and sixth superharmonic motion at point F3 is
synchronized in a way that the velocity of the cantilever tip is increased right before contact
with the sample surface. Hence, the cantilever tip indents the sample surface more and,
consequently, applies a higher TSI force; the maximum TSI force for one excitation period
at point F3 is 95.04% higher with respect to that at point F4. Since the superharmonic
components are purely excited by the TSI force, the phase difference between the harmonic
and sixth superharmonic motion in steady-state conditions does not change from one cycle
to the other.

Figure 4.4: Time-response diagrams at fe = 84.053 kHz (F3), with (a) numerical simulation,
and (b) wave superposition of the harmonic and sixth superharmonic motion

For clarification, the time domain and FFT diagrams are also obtained at an excitation
frequency of fe = 84.053 kHz on the lower branch in the contact region, corresponding to
point F4, and are given in Figure E.7. These diagrams indicate that period doubling does not
occur on the considered lower branch. Figure 4.5 shows the time-response diagrams obtained
from time integration, and for the superposition of the harmonic and sixth superharmonic
motion. Similar qualitative behavior is observed in the superposed wave, as in Figure 4.4
(b). From Table E.2, it can be derived that the phase difference equals (∆φ)S1

S6 = -87.6◦ for
point F4, which is approximately equal to that at point F3. Moreover, it is found that χS6

= 4.27%, whereas | xr |S1 is 23.15% lower with respect to point F3, which could explain the
smaller indentation of the sample surface at point F4.

Figure 4.5: Time-response diagrams at fe = 84.053 kHz (F4), with (a) numerical simulation,
and (b) wave superposition of the harmonic and sixth superharmonic motion
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Figure 4.6 shows the steady-state motion for the same cantilever-sample system that is excited
near the first resonance frequency. The tip-sample separation distance equals Z = 45 nm,
and the excitation amplitude Ae is the variable of which the value is increased in Figure
4.6 (b). An intermediate step in the transition from Figure 4.1 to Figure 4.6 (b), i.e. the
development of the steady-state dynamic behavior upon increasing Ae, is shown in Figure 4.6
(a). The sudden increase in the response amplitude occurs around fe = 82.56 kHz due to
the period doubling bifurcation; there are in total 4 PD bifurcations observed upon contact,
where only the additional branches of the first PD bifurcation from the left are obtained in the
continuation run. For this situation, it also applies that the corresponding unstable branch
from the LPC bifurcation connects to the first PD bifurcation from the left on the lower
branch. From Figure 4.6 (b), it is evident that increasing the excitation amplitude results in
the same qualitative behavior as decreasing the separation distance.

Figure 4.6: First resonance peaks including the observed bifurcations and a superharmonic com-
ponent due to the second eigenmode at 506.610 kHz, for a uniform beam-sample system

4.1.2 Linearly-tapered microbeam

Figure 4.7: First resonance including bifurca-
tions for a tapered beam-sample system

The cantilever beam with tapered geometry is
modeled by implementing the Euler-Bernoulli
beam elements of (E.10), wherein the width
and height are linear functions of the axial
coordinate. In this case, only the width of
the cantilever beam varies linearly, according
to: W1 = W0(1 + σ) with W0 the width
of the microbeam at the clamping, W1 the
width of the microbeam at the free end, and σ
the design parameter for tuning the cantilever
dynamics. For the cantilever in Section 4.1.1,
the frequency ratio between the first and second
eigenmodes is approximately equal to f2/f1 =
6.27. The width of the microbeam is adjusted such that the second eigenfrequency is equal to
an integer multiple of the fundamental resonance frequency; a frequency ratio of f2/f1 = 6.01
is obtained for σ = −0.18. This value corresponds to the result obtained in the work of
Keyvani et al. [6]. The periodic solutions or steady-state motion are considered for the
tapered microbeam with rectangular cross-section. The steady-state behavior near the first
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non-linear harmonic resonance is shown in Figures 4.7 and 4.8. The values for the system
properties, which are given in Table E.1, are applied in both figures. The tip-sample separation
distance is equal to Z = 45 nm, and the excitation amplitude Ae is increased from 0.7 nm in
Figure 4.7 to 1.05 nm in Figure 4.8. In Figure 4.7, a zoom-in is provided around 83.86 kHz,
wherein two LPC bifurcations and one PD bifurcation are present. These bifurcations are also
present around 84.01 kHz in Figure 4.8. There are in total 3 PD bifurcations observed upon
contact, where only the additional branch of the first PD bifurcation from the left is obtained
in the continuation run. Figure 4.8 (b) provides a zoom-in of the observed bifurcations,
which are labeled with ”P1” and ”P2” regarding the PD bifurcations, and with ”L1” till
”L4” regarding the LPC bifurcations. It is noted that continuation from the PD bifurcation,
P2, results in an unstable branch that seems to end at the LPC bifurcation, L2, or at the
nearby PD bifurcation between L1 and L2. The steady-state solutions from time integration
at increments of frequency from point P2, also indicated that several stable branches are
present due to additional bifurcations or due to non-periodic behavior. For this reason, the
branch(es) from point P2 are not shown in Figure 4.8.

Figure 4.8: First resonance peak including a superharmonic component due to the second eigen-
mode at 501.886 kHz, with (b) a zoom-in on the observed bifurcations in the contact region

For the considered microbeam with clamped-free boundary conditions, the first two eigen-
frequencies equal f1 = 83.480 kHz and f2 = 501.886 kHz, therefore, the superharmonic
component of the second eigenmode occurs at fe = f2/6 = 83.648 kHz upon contact. As it
is the case for the uniform microbeam in Section 4.1.1, the influence of this superharmonic
component on the response amplitude, around the aforementioned frequency, is not directly
deductible from Figure 4.8 (b). The similarities are the occurrence of period doubling shortly
before the excitation frequency of fe = f2/6, and a sudden increase in the response amplitude.
Other superharmonic components of the second eigenmode, at fe = f2/n with n ∈ N, are not
present in the contact region of the considered subfigure.

Table 4.2: Maximum interaction force, corresponding minimum response displacement, and
response velocity right before contact for different excitation frequencies in Figure 4.8 (b)

fe [kHz] | f2 − 6fe | [kHz] min(xr) [nm] (ẋr)xc [·10−3 m/s] max(Fts) [·10−7 N]

83.480 (F1) 1.008 1. -47.043 -7.49018 1.62181
2. -46.779 -2.22228 0.78015

85.149 (F2) 9.009 -47.498 -12.98639 3.46417
89.323 (F3) 34.053 -48.123 -17.59192 6.64736

TU/e 42



Several points are indicated with ”F1” till ”F3” on the amplitude-frequency graphs in Figure
4.8 (b), of which the maximum TSI force, max(Fts), and the corresponding minimum response
displacement, min(xr), are given in Table 4.2. This table also provides the response velocity of
the cantilever tip right before contact with the sample surface, (ẋr)xc , where subscript xc is the
distance of the transition between the contact and non-contact regions. Since period doubling
is present for point F1, there are two contact moments per excitation period, therefore, two
values are given for each of the above parameters. As it can be derived from Table 4.2,
the amplitude of the pre-contact velocity (ẋr)xc increases from point F1 to F3, resulting
in a larger indentation and a higher TSI force. This means that the pre-contact velocity
and the resulting interaction force are lower near the excitation frequency of fe = f2/6 =
83.648 kHz, in contrast to the uniform cantilever beam of Section 4.1.1. In this case, the
sixth superharmonic motion causes an immediate increase of the response amplitude at the
fundamental resonance frequency upon contact, and the response amplitude continues to
increase significantly, except for the interval between points P2 and L2, when performing a
forward frequency sweep. It is noted that the maximum TSI force at point F3 is 91.89%
higher than that at point F2.

Figure 4.9: Phase portrait and FFT diagram in terms of modulus for the interaction force, the
excitation, and the response displacement regarding Figure 4.8 (b); fe = 83.480 kHz (F1)

The transitions in the steady-state dynamic behavior of the microbeam are described using
several time domain diagrams and the FFT for the interaction force Fts, the excitation xdit,
and the response displacement xr at different excitation frequencies, which can be found in
Appendix E.5. As it is mentioned in Section 4.1.1, the FFT diagrams have been obtained
for a sampling frequency of 11 MHz and for 500 excitation periods, in which no windowing
has been applied. Figure 4.9 shows the aforementioned diagrams at an excitation frequency
of fe = 83.480 kHz, i.e. at point F1. It is noted that an additional peak occurs between
two consecutive superharmonic components due to the period doubling bifurcation. Upon
contact, the sixth superharmonic motion can be recognized in the phase portrait by the six
additional ”circles” in the harmonic motion. Figures E.8 and E.9 show the time domain and
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FFT diagrams at excitation frequencies of fe = 85.149 kHz and fe = 89.323 kHz, respectively,
which correspond to points F2 and F3 in Figure 4.8 (b).

Table E.3 provides the moduli or absolute amplitudes of the harmonic and sixth superharmonic
components of the cantilever motion, respectively | xr |S1 and | xr |S6, from the above FFT
diagrams. This table also provides the phase difference between the above superharmonic
components, (∆φ)S1

S6, for which the derivation is discussed in Appendix E.4. In correspondence
with Figure 4.9, it can be derived that the difference between the sixth superharmonic
frequency and the second eigenfrequency decreases, as the excitation frequency approaches
the value of f2/6 = 83.648 kHz. Furthermore, the contribution of the sixth superharmonic
motion with respect to the harmonic motion, χS6 =| xr |S6 / | xr |S1, increases from 2.93% at
point F1 to 3.62% at point F2, whereas it decreases considerably to 2.68% at point F3. This
indicates that the superharmonic effect on the sample indentation is greatest just above the
aforementioned excitation frequency.

Figure 4.10: Time-response diagrams at fe = 83.480 kHz (F1), with (a) numerical simulation,
and (b) wave superposition of the harmonic and sixth superharmonic motion

Figure 4.10 (a) shows the time-response diagram obtained from time integration at point F1,
where the time has been normalized with respect to the initial value of the corresponding
graph, and the two subfigures provide a zoom-in of the minimum response displacement
during one excitation period. Figure 4.10 (b) gives the superposition of the harmonic and
sixth superharmonic waves at the considered point, of which the corresponding amplitudes
and phase difference are provided in Table E.3. The phase difference equals (∆φ)S1

S6 = -94.4◦

at point F1, for which the sixth superharmonic motion ensures a steeper slope in the response
displacement right before contact with the sample surface. This in turn results into a higher
pre-contact velocity of the cantilever tip and, therefore, a larger indentation for the superposed
wave. The above phase difference is approximately equal to that at point F3 in Section 4.1.1,
i.e. near the excitation frequency of f2/6 for the uniform beam. Therefore, it can be stated
that for (∆φ)S1

S6 ≈ -90◦ the harmonic and sixth superharmonic motion are synchronized in
a way that the velocity of the cantilever tip is increased right before contact, resulting in a
higher TSI force.

Figure 4.11 shows the time-response diagrams obtained from time integration, and for the
superposition of the harmonic and sixth superharmonic motion at point F2. For this excitation
frequency, the phase difference equals (∆φ)S1

S6 = -31.8◦, for which the sixth superharmonic
motion contributes to the reduction of the surface indentation with respect to the harmonic
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motion. The shape of the superposed wave can be recognized in the solution of the numerical
simulation, which proves the significant contribution of the considered superharmonic motion.
In correspondence with Table 4.2, the increase of the modulus | xr |S1 with 3.44% from point
F1 to F2, is probably the cause for the significant increase of the sample indentation between
these points. It is noted that the phase difference equals (∆φ)S1

S6 = 138.1◦ for point F3; this
corresponds to an increase of the surface indentation for the superposed wave, which is in
contrast to point F2. Therefore, the gradual increase of the response amplitude between
points F2 and F3 in Figure 4.8 (b), can be explained by the transitions in the phase difference
(∆φ)S1

S6 and the increase of the excitation frequency, that ensure a higher pre-contact velocity
of the cantilever tip.

Figure 4.11: Time-response diagrams at fe = 85.149 kHz (F2), with (a) numerical simulation,
and (b) wave superposition of the harmonic and sixth superharmonic motion

In the work of Keyvani et al. [6], a tapered geometry for the AFM cantilever beam is proposed
in order to minimize the TSI forces. This work contains a quantitative comparison between
the uniform beam and the linearly-tapered beam with f2/f1 = 6, where both cantilevers
have equal spring constant, first resonance frequency, and quality factor. The analysis shows
that the peak repulsive force for the tapered microbeam is on average 70% less than for a
conventional, uniform cantilever beam, when the excitation frequency is near the fundamental
resonance frequency. The reduction in the indentation, and therefore the TSI force, is
caused by self-synchronization of the first two eigenmodes of the cantilever beam. Since
the corresponding frequency ratio is approximately equal to an integer number, the motion
of the cantilever remains periodic. This implies that the phase difference between the first
two modes in steady-state conditions does not change from one cycle to the other, due to the
fact that the second eigenmode is purely excited by the TSI force.

4.2 Superharmonic components of the third eigenmode

The considered mechanical system initially contains 42 degrees of freedom, corresponding
to 20 beam elements. The results in the following subsections have been calculated for a
5-DOF model, which is obtained after application of the CMS technique, as it is elaborated
in Chapter 3.2. The implemented modal quality factors are equal to Q1 = 200, Q3 = 350,
and Qi = 5 for mode i = {2, 4, 5}. Section 4.2.1 considers the steady-state dynamic behavior
for a conventional, rectangular cantilever beam with uniform cross-section. In Section 4.2.2,
a tapered geometry is proposed in order to tune the cantilever dynamics such that the third
eigenfrequency is equal to an integer multiple of the first resonance frequency; f3 = 18f1.
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4.2.1 Uniform microbeam

Figure 4.12: First resonance including bifurca-
tions for a uniform beam-sample system

The superharmonic components of the third
eigenmode are considered for the steady-state
motion near the first non-linear harmonic
resonance regarding a rectangular cantilever
beam with uniform cross-section. The steady-
state behavior or periodic solutions near the
fundamental resonance frequency are shown in
Figures 4.12 and 4.13, for which the values of
the system properties are given in Table E.1.
The operation parameters are the excitation
amplitude Ae and the tip-sample separation
distance Z; the separation distance is equal
to Z = 45 nm, and the excitation amplitude
Ae is the variable of which the value is increased in Figure 4.13. The vertical axes give
the minimum transversal displacement at the last node, which is assumed to correspond
to the location of the cantilever tip; the response is equal to xr = ux21. The solid and
dotted lines indicate, respectively, the regions of local stability and instability, and the colored
circles on the amplitude-frequency graphs indicate the limit point of cycles (LPC) and period
doubling (PD) bifurcations. The transitions between the non-contact and contact regions, at
xc cosα = a0 − Z, are given by the horizontal dashed lines. The definitions of the modeled
TSI forces and the above transition are given in Equation (3.3).

For the considered rectangular microbeam with clamped-free boundary conditions, the first
three eigenfrequencies equal f1 = 80.821 kHz, f2 = 506.602 kHz, and f3 = 1.41897 MHz.
Therefore, the frequency ratio between the first two eigenmodes is equal to f2/f1 = 6.268,
and the frequency ratio between the first and third eigenmodes is equal to f3/f1 = 17.557. The
second and third modes are not integer multiples of the first mode, however, superharmonic
components of these modes do occur in the high-amplitude branch of the first resonance peak
upon contact. In Figures 4.12 and 4.13, the superharmonic component of the third mode
occurs at fe = f3/17 = 83.469 kHz, where a sudden increase of the response amplitude is
present in the amplitude-frequency graphs. Moreover, the superharmonic component of the
second mode at fe = f2/6 = 84.417 kHz can be present upon contact in Figure 4.13. It is
expected that the observed effects in the high-amplitude branch are due to the third mode,
because the modal quality factors are equal to Q2 = 5 and Q3 = 350. Other superharmonic
components of the second or third eigenmodes, at fe = fi/n with i = {2, 3} and n ∈ N,
are not present in the contact region. Figure 4.13 (b) provides a zoom-in of the observed
bifurcations, which are labeled with ”P1” regarding the PD bifurcation, and with ”L1” till
”L4” regarding the LPC bifurcations. The high-amplitude branch becomes unstable between
points P1 and L2, which corresponds to the range from 83.974 kHz till 84.047 kHz.

TU/e 46



Figure 4.13: First resonance peak including a superharmonic component due to the third eigen-
mode at 1.41897 MHz, with (b) a zoom-in on the observed bifurcations in the contact region

Several points are indicated with ”F1” till ”F3” on the amplitude-frequency graphs in Figure
4.13 (b), of which the maximum TSI force, max(Fts), and the corresponding minimum
response displacement, min(xr), are given in Table 4.3. This table also provides the response
velocity of the cantilever tip right before contact with the sample surface, (ẋr)xc , where the
transition between the contact and non-contact region occurs at distance xc cosα = a0 − Z.
The amount of indentation also depends on the corresponding acceleration of the cantilever
tip, however, the focus in this analysis is only on the above response velocity. As it can
be derived from Table 4.3, the response velocity (ẋr)xc increases from point F1 to F3, and
the higher pre-contact velocity results in a larger indentation, and therefore a higher TSI
force. It is noted that the relative increase of the TSI force from point F2 to F3 equals
96.51%, whereas the relative increase of the corresponding pre-contact velocity equals 14.26%.
Therefore, the results indicate that the significant increase of the indentation and interaction
force at point F3 are mainly due to a phase difference between the harmonic component and a
certain superharmonic component, and less due to the speed of the cantilever tip right before
contact with the sample surface. The effects of phase synchronization between superharmonic
components of the cantilever motion will be discussed later in this section.

Table 4.3: Maximum interaction force, corresponding minimum response displacement, and
response velocity right before contact for different excitation frequencies in Figure 4.13 (b)

fe [kHz] | f3 − 17fe | [kHz] min(xr) [nm] (ẋr)xc [·10−3 m/s] max(Fts) [·10−7 N]

83.084 (F1) 6.550 -47.055 -8.75473 1.66254
83.649 (F2) 3.068 -47.209 -12.05533 2.23968
84.862 (F3) 23.677 -47.696 -13.77473 4.40127

In order to describe the transitions in the steady-state dynamic behavior of the microbeam,
several phase portraits, time histories, and Fast Fourier Transforms (FFT) for the interaction
force Fts, the excitation xdit, and the response displacement xr are given at different excitation
frequencies in Appendix E.5. Figures E.10 and E.11 show the aforementioned diagrams at
excitation frequencies of fe = 83.084 kHz and fe = 84.862 kHz, respectively, which correspond
to points F1 and F3 in Figure 4.13 (b). The time domain and FFT diagrams are also given at
an excitation frequency of fe = 83.649 kHz, or point F2, in Figure 4.14. In the phase portraits,
the seventeenth superharmonic motion can be recognized by the seventeen additional ”circles”
in the harmonic motion upon contact. The transitions between the non-contact and contact
regions, at distance xc cosα = a0 − Z, are given by the dashed lines in the time domain
diagrams. The FFT diagrams have been obtained by resampling the variable-time simulations
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with a fixed time step, corresponding to a sampling frequency of 20 MHz and 600 excitation
periods, in which no windowing has been applied. The non-linear time integration algorithm
is based on an explicit Runge-Kutta (4,5) formula, namely the Dormand-Prince pair [47],
for which the maximum time step equals 3·10−8 s. The black dashed lines in the FFT
diagrams indicate the first three eigenfrequencies, whereas the blue dashed lines indicate the
frequencies equal to fe, 6 ·fe, and 17 ·fe, i.e. the harmonic excitation frequency, and the sixth
and seventeenth superharmonic frequencies.

Figure 4.14: Time domain diagrams and FFT in terms of modulus for the interaction force, the
excitation, and the response displacement regarding Figure 4.13 (b); fe = 83.649 kHz (F2)

Table E.4 provides the moduli or absolute amplitudes of the harmonic, sixth superharmonic
and seventeenth superharmonic components of the cantilever motion, respectively | xr |S1,
| xr |S6, and | xr |S17. This table also provides the phase difference between the harmonic
and above superharmonic components, (∆φ)S1

S6 and (∆φ)S1
S17, for which the derivation is

discussed in Appendix E.4. In correspondence with Figure 4.14, the difference between the
positions of the vertical lines at the third eigenfrequency and seventeenth superharmonic
frequency decreases, and the modulus | xr |S17 increases significantly, as the excitation
frequency approaches the value of f3/17 = 83.469 kHz. The same principle applies to the
modulus | xr |S6, for when the excitation frequency approaches f2/6 = 84.417 kHz; there
is a reduction in the frequency difference between the sixth superharmonic component and
second eigenmode. The contribution of the sixth and seventeenth superharmonic motion
with respect to that of the harmonic motion, respectively χS6 =| xr |S6 / | xr |S1 and
χS17 =| xr |S17 / | xr |S1, are determined from the moduli in Table E.4. It has been found
that these contributions are greatest for χS6 = 1.47% at point F3, and for χS17 = 0.85% at
point F2, with regard to the considered points F1 till F3. It is noted that the second eigenmode
is strongly damped, however, the resulting moduli of the sixth and seventeenth superharmonic
motion are in the same order. This means that, in general, the superharmonic components of
the third mode have less impact on the response amplitude near the fundamental resonance
frequency than those of the second mode.
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Figure 4.15: Time-response diagrams at fe = 83.084 kHz (F1), with (a) numerical simulation,
and superposition of harmonic and (b) 6th superharmonic or (c) 17th superharmonic motion

The time-response diagram obtained from time integration at point F1, which is located at the
local reduction of the response amplitude in the contact region, is shown in Figure 4.15 (a).
The time has been normalized with respect to the initial value of the corresponding graph.
Figures 4.15 (b) and (c) give the superposition of the harmonic and sixth superharmonic
motion, and the superposition of the harmonic and seventeenth superharmonic motion, respec-
tively, at the considered point. The amplitudes and phase difference of the superharmonic
waves are derived from Table E.4, and for clarification of the effects on the superposed
wave, these amplitudes have been multiplied by a factor of 4. The differences in the wave
form between the superposed waves and Figure 4.15 (a), can be explained by the fact
that the cantilever motion also contains other non-negligible superharmonic components.
Furthermore, the phase differences equal (∆φ)S1

S6 = -140.9◦ and (∆φ)S1
S17 = 101.4◦. It is

evident that the sixth superharmonic motion contributes to the increase of the indentation of
the sample surface, since it induces a larger slope and, therefore, a higher response velocity
right before contact. In contrast, the seventeenth superharmonic motion induces a change in
the slope direction right before contact, which contributes to a lower pre-contact velocity of
the cantilever tip. It can be stated that the local reduction of the surface indentation is mainly
a consequence of the phase difference between the harmonic and seventeenth superharmonic
components of the cantilever motion.

Figure 4.16: Time-response diagrams at fe = 83.649 kHz (F2), with (a) numerical simulation,
and superposition of harmonic and (b) 6th superharmonic or (c) 17th superharmonic motion

The time-response diagram obtained from time integration at point F2, which is located at the
increase of the slope of the response amplitude, is shown in Figure 4.16 (a). Figures 4.16 (b)
and (c) give the superposition of the harmonic and considered superharmonic components of
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the cantilever motion, where the amplitudes of the superharmonic waves have been multiplied
by a factor of 4 for clarification of the effects on the superposed waves. The phase differences
are equal to (∆φ)S1

S6 = 38.9◦ and (∆φ)S1
S17 = 99.7◦. In contrast to point F1, the sixth

superharmonic motion contributes to the reduction of the pre-contact velocity and, therefore,
the sample indentation. The superposed wave of Figure 4.16 (c) indicates that the considerable
increase of the response amplitude is due to the seventeenth superharmonic component of the
cantilever motion.

Figure 4.17: Time-response diagrams at fe = 84.862 kHz (F3), with (a) numerical simulation,
and superposition of harmonic and (b) 6th superharmonic or (c) 17th superharmonic motion

Similar time-response diagrams are obtained at point F3, which is located in the region of
constant response amplitude, and are given in Figure 4.17. In order to clarify the effect
on the superposed wave, a multiplication factor of 4 has been applied to the amplitude
values of the superharmonic waves, which are given in Table E.4. The corresponding phase
differences equal (∆φ)S1

S6 = 56.9◦ and (∆φ)S1
S17 = 23.7◦. It is evident that the minima of the

harmonic and seventeenth superharmonic motion are approximately in anti-phase, and that
the sixth superharmonic motion contributes to the reduction of the pre-contact velocity, as
it is the case for point F2. In correspondence with Table 4.3, the pre-contact velocity does
not increase significantly between points F2 and F3, due to the transition in the slope right
before tip-sample contact in Figure 4.17 (b). Furthermore, both the sixth and seventeenth
superharmonic components contribute to the increase of the sample indentation, which results
in the higher TSI force at point F3. As it is mentioned before, χS6 = 1.47% at point F3,
whereas χS17 = 0.82% at the same point, which means that the high-amplitude region above
84.05 kHz in Figure 4.13 is partially caused by the sixth superharmonic motion.

The steady-state motion of the mechanical system is compared for equal system properties
and operation parameters, but for different sets of modal damping factors, in order to
evaluate the effect of the superharmonic components of the second and third eigenmodes
on the response amplitude near the fundamental resonance frequency. Figure 4.18 shows the
steady-state dynamic behavior near the first non-linear harmonic resonance, for which the
system properties are given in Table E.1. The values of the operation parameters equal Ae =
1.05 nm and Z = 45 nm. The given modal damping factors ξi for mode i, can be converted
to modal quality factors according to: Qi = 1/2ξi.
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Figure 4.18: First resonance peaks for equal system properties and different sets of modal
damping factors, with focus on superharmonic components of (a) second and (b) third modes

In both subfigures, the black graphs have modal quality factors of Q1 = 200 and Qi = 5 for
modes i = {2, 3, 4, 5}, therefore containing an assumed harmonic motion. The blue graph
in Figure 4.18 (a) has modal quality factors of Q1 = Q2 = 200 and Qi = 5 for modes
i = {3, 4, 5}, therefore, the emphasis is on the superharmonic components of the second
eigenmode. The same qualitative behavior is observed as in Section 4.1.1. Comparison of
the two amplitude-frequency graphs in Figure 4.18 (a) indicates that the period doubling
bifurcations are caused by the sixth superharmonic component of the cantilever motion, at
fe = f2/6 = 84.435 kHz. The blue graph contains a sudden increase in the response amplitude
from 83.50 kHz till 84.36 kHz upon contact, with regard to the upper branch containing period
doubling. In Section 4.1.1, it is stated that the considered increase in the slope of the response
amplitude is most likely due to the sixth superharmonic component of the cantilever motion,
therefore, it can be concluded that a lower damping for the second eigenmode ensures a
larger indentation of the sample surface for the uniform microbeam. Another stable branch
is present in the contact region, of which the response amplitude is lower than or equal to
that of the black graph.

The blue graph in Figure 4.18 (b) has modal quality factors of Q1 = Q3 = 200 and Qi = 5 for
modes i = {2, 4, 5}, therefore, the emphasis is on the superharmonic components of the third
eigenmode. It is evident that there is a reduction of the response amplitude from 81.52 kHz
till 83.86 kHz in the contact region, when compared to the black graph. As it is mentioned in
this section, the local reduction of the sample indentation is mainly a consequence of the phase
difference between the harmonic and seventeenth superharmonic motion. It can be concluded
that a lower damping for the third eigenmode ensures the reduction of the indentation of the
sample surface and, therefore, the TSI force for the uniform microbeam.

Table 4.4: Maximum TSI force upon contact for different excitation frequencies in Figure 4.18

fe [kHz] fe/f1 [-] max(Fts) [·10−7 N] max(Fts) [·10−7 N] max(Fts) [·10−7 N]

Black Blue (a) Blue (b)

1 82.000 1.01459 1.63261 1.46341 1.52633
2 83.000 1.02697 2.16421 2.43540 1.47322
3 83.800 1.03687 2.40432 2.96222 2.27658
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Table 4.4 gives a quantitative comparison of the maximum TSI force, corresponding to Figure
4.18. Around the excitation frequency of fe = 82.0 kHz, a local reduction of the indentation
is present in the blue graph of Figure 4.18 (a). It is noted that the maximum TSI force of the
considered graph is 10.36% lower with respect to that of the black graph, which corresponds
to an assumed harmonic motion, at fe = 82.000 kHz. However, the response amplitude and
resulting interaction force become higher than that of the steady-state solution of the assumed
harmonic motion in the upper branch containing period doubling. For an excitation frequency
of fe = 83.800 kHz, i.e. after the sudden increase of the slope, the maximum TSI force is
23.20% higher with respect to that of the black graph. In Figure 4.18 (b), the blue graph has
a local minimum in the response amplitude at fe = 82.977 kHz. For the nearby excitation
frequency of fe = 83.00 kHz, it is found that the maximum TSI force is 5.31% lower with
respect to that of the black graph.

4.2.2 Linearly-tapered microbeam

Figure 4.19: First resonance including bifurca-
tions for a tapered beam-sample system

The tapered geometry of the cantilever beam is
modeled by implementing the Euler-Bernoulli
beam elements of (E.10), wherein the width
and height are linear functions of the axial
coordinate. In this case, the width of the AFM
cantilever beam is the only variable, according
to: W1 = W0(1 + σ) with W0 the width
of the microbeam at the clamping, W1 the
width of the microbeam at the free end, and σ
the design parameter for tuning the cantilever
dynamics. For the cantilever in Section 4.2.1,
the frequency ratio between the first and third
eigenmodes is approximately equal to f3/f1 =
17.55. The width of the microbeam is adjusted
such that the third eigenfrequency is equal to an integer multiple of the fundamental resonance
frequency; a frequency ratio of f3/f1 = 18.00 is obtained for σ = 0.092. The periodic
solutions or steady-state motion are considered for the tapered microbeam with rectangular
cross-section. The steady-state behavior near the first non-linear harmonic resonance is shown
in Figures 4.19 and 4.20. The values for the system properties, which are given in Table E.1,
are applied in both figures. The tip-sample separation distance is equal to Z = 45 nm, and
the excitation amplitude Ae is increased from 1.05 nm in Figure 4.19 to 1.4 nm in Figure 4.20.

For the considered microbeam with clamped-free boundary conditions, the first three reso-
nance frequencies equal f1 = 76.686 kHz, f2 = 489.957 kHz, and f3 = 1.38021 MHz. One of
the superharmonic components of the third eigenmode occurs at fe = f3/18 = 76.678 kHz,
resulting in a steep increase of the response amplitude around the aforementioned frequency,
as it can be seen in Figures 4.19 and 4.20. In Figure 4.20, another superharmonic component of
the third mode occurs at fe = f3/17 = 81.189 kHz, and the superharmonic component of the
second mode at fe = f2/6 = 81.660 kHz can be present upon contact. Other superharmonic
components of the second and third eigenmodes, at fe = fi/n with mode i = {2, 3} and n ∈ N,
are not present in the contact region. Figure 4.20 (b) provides a zoom-in of the observed
bifurcations, which are labeled with ”P1” and ”P2” regarding the PD bifurcations, and with
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”L1” and ”L2” regarding the LPC bifurcations. The high-amplitude branch becomes unstable
between points P1 and L1, which corresponds to the range from 81.702 kHz till 81.776 kHz.

Figure 4.20: First resonance peak including superharmonic components due to the third eigen-
mode at 1.38021 MHz, with (b) a zoom-in on the observed bifurcations in the contact region

Several points are indicated with ”F1” till ”F3” on the amplitude-frequency graphs in Figure
4.20 (b), of which the maximum TSI force, max(Fts), and the corresponding minimum
response displacement, min(xr), are given in Table 4.5. This table also provides the response
velocity of the cantilever tip right before contact with the sample surface, (ẋr)xc , where
subscript xc is the distance of the transition between the contact and non-contact regions. As
it can be derived from Table 4.5, the response velocity (ẋr)xc increases from point F1 to F3,
which results in a larger indentation of the sample surface and, therefore, a higher TSI force. It
is noted that the relative increase of the TSI force from point F1 to F2 equals 168.43%, whereas
the relative increase of the corresponding pre-contact velocity equals 7.79%. Therefore, the
data indicate that the significant increase of the indentation and resulting interaction force at
point F2 are mainly due to certain phase differences between the harmonic and non-negligible
superharmonic components of the cantilever motion, and less due to the speed of the cantilever
tip at the sample surface. From point F2 to F3, the relative increase of the TSI force equals
10.66%, whereas that of the corresponding pre-contact velocity equals 86.28%. The effects of
phase synchronization between superharmonic components of the cantilever motion will be
discussed later in this section.

Table 4.5: Maximum interaction force, corresponding minimum response displacement, and
response velocity right before contact for different excitation frequencies in Figure 4.20 (b)

fe [kHz] | f3 − 18fe | [kHz] min(xr) [nm] (ẋr)xc [·10−3 m/s] max(Fts) [·10−7 N]

76.686 (F1) 0.141 -46.952 -7.26316 1.30820
78.220 (F2) 27.748 -47.509 -7.82890 3.51157
81.287 (F3) 82.962 -47.589 -14.58383 3.88594

The transitions in the steady-state dynamic behavior of the microbeam are described using
several time domain diagrams and the FFT for the interaction force Fts, the excitation xdit,
and the response displacement xr at different excitation frequencies, which can be found in
Appendix E.5. As it is mentioned in Section 4.2.1, the FFT diagrams have been obtained for
a sampling frequency of 20 MHz and for 600 excitation periods, in which no windowing has
been applied. Figure 4.21 shows the aforementioned diagrams at an excitation frequency of
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fe = 76.686 kHz, or point F1. Upon contact, the eighteenth superharmonic motion can be
recognized in the phase portrait by the eighteen additional ”circles” in the harmonic motion.
The black dashed lines in the FFT indicate the first three eigenfrequencies, and the blue
dashed lines indicate the frequencies of the superharmonic components under consideration.
The harmonic frequency coincides with the first eigenfrequency, whereas the eighteenth super-
harmonic frequency approximately coincides with the third eigenfrequency. Figures E.12 and
E.13 show the time domain and FFT diagrams at excitation frequencies of fe = 78.220 kHz
and fe = 81.287 kHz, respectively, which correspond to points F2 and F3 in Figure 4.20 (b).

Figure 4.21: Phase portrait and FFT diagram in terms of modulus for the interaction force, the
excitation, and the response displacement regarding Figure 4.20 (b); fe = 76.686 kHz (F1)

Table E.5 provides the moduli or absolute amplitudes of the harmonic component, and of
the sixth, seventeenth and eighteenth superharmonic components of the cantilever motion,
which are respectively | xr |S1, | xr |S6, | xr |S17, and | xr |S18. The ratios between the
moduli of the above superharmonic components and the modulus of the harmonic motion are
given by χS6 =| xr |S6 / | xr |S1, χS17 =| xr |S17 / | xr |S1, and χS18 =| xr |S18 / | xr |S1.
This table also provides the phase difference between the harmonic and above superharmonic
components, (∆φ)S1

S6, (∆φ)S1
S17, and (∆φ)S1

S18, for which the derivation is discussed in Appendix
E.4. In correspondence with Figure 4.21, the modulus | xr |S18 is relatively high compared
to the other superharmonic components, since the excitation frequency is near the value
of f3/18 = 76.678 kHz at point F1. When increasing the excitation frequency, there is
a considerable reduction of the modulus of the considered superharmonic component. For
point F3, the excitation frequency is near the values of f3/17 = 81.189 kHz and f2/6 =
81.660 kHz, therefore, there is a significant increase of the moduli of the sixth and seventeenth
superharmonic components of the cantilever motion; χS6 = 0.25% and χS17 = 0.02% at point
F1, whereas χS6 = 1.35% and χS17 = 1.16% at point F3.
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Figure 4.22: Time-response diagrams at fe = 76.686 kHz (F1), with (a) numerical simulation,
and (b) wave superposition of the harmonic and eighteenth superharmonic motion

Figure 4.22 (a) shows the time-response diagram obtained from time integration at point F1,
where the time has been normalized with respect to the initial value of the corresponding
graph, and the subfigure provides a zoom-in of the minimum response displacement. Figure
4.22 (b) gives the superposition of the harmonic and eighteenth superharmonic waves at the
considered point. The amplitudes and phase difference of the superharmonic waves are given
in Table E.5, and for clarification of the effects on the superposed wave, these amplitudes
have been multiplied by a factor of 6. The contribution of the eighteenth superharmonic
motion to that of the harmonic motion is equal to χS18 = 0.57%, which is considerably
larger than the contributions of the sixth and seventeenth superharmonic motion that are
mentioned before. Furthermore, the phase difference equals (∆φ)S1

S18 = 125.6◦, for which the
minima of the harmonic waves are almost coincident. From another FFT diagram that is
obtained at an excitation frequency of fe = 76.954 kHz in Figure 4.20 (b), i.e. near the
sharp transition in the slope of the response amplitude, it is evident that the modulus of the
eighteenth superharmonic has increased significantly compared to point F1; χS18 = 0.81%. It
can be concluded that the sharp increase in response amplitude at the fundamental resonance
frequency is due to the eighteenth superharmonic motion. This transition is desirable for
nano-patterning purposes, since only a small difference in the excitation frequency is required
for a significant change in the TSI force, therefore, quick switching between imaging and
nano-machining is possible.

As it can be derived from Table E.5, the modulus | xr |S6 is at least two times greater than
modulus | xr |S18 at point F2, and the corresponding phase difference of (∆φ)S1

S6 = -129.6◦

ensures that the sixth superharmonic motion contributes to the increase of the pre-contact
velocity of the cantilever tip and, therefore, the sample indentation. This in turn results in an
increase of the TSI force, which is in correspondence with the data of Table 4.5. Furthermore,
a local reduction of the surface indentation is present upon contact, from 79.876 kHz till 80.792
kHz in Figure 4.20 (b). From the FFT diagram that is obtained at an excitation frequency
of fe = 80.778 kHz, i.e. near the local minimum of the response amplitude, it is derived that
the sixth superharmonic motion contributes to the reduction of the pre-contact velocity and
the sample indentation, whereas the seventeenth superharmonic motion contributes to the
increase of the indentation. Moreover, the modulus | xr |S6 is a factor 1.62 greater than the
modulus | xr |S17, and the modulus | xr |S18 is negligibly small at the considered point. It can
be stated that the local reduction of the indentation is caused by the sixth superharmonic
component of the cantilever motion.
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Figure 4.23: Time-response diagrams at fe = 81.287 kHz (F3), with (a) numerical simulation,
and superposition of harmonic and (b) 6th superharmonic or (c) 17th superharmonic motion

The time-response diagram obtained from time integration at point F3 is shown in Figure 4.23
(a). Figures 4.23 (b) and (c) give the superposition of the harmonic and sixth superharmonic
waves, and the superposition of the harmonic and seventeenth superharmonic waves, respec-
tively, at the same point. The amplitude values and phase difference of the superharmonic
waves are given in Table E.5, and for clarification of the effects on the superposed wave, these
amplitudes have been multiplied by a factor of 4. For this excitation frequency, the phase
differences equal (∆φ)S1

S6 = 44.0◦ and (∆φ)S1
S17 = -50.5◦. From Figure 4.23 (b), it is evident that

the sixth superharmonic motion induces a change in the slope direction right before contact
with the sample surface, which contributes to a lower pre-contact velocity and, therefore, a
smaller indentation. In Figure 4.23 (c), the superposed wave induces a larger indentation of
the sample surface with respect to the harmonic motion with frequency fe. The shape of the
superposed wave can be recognized in the solution of the non-linear simulation, which proves
the significant contribution of the considered superharmonic motion. From another FFT
diagram, obtained at an excitation frequency of fe = 81.594 kHz, it is derived that (∆φ)S1

S6

= 45.2◦, which is approximately equal to that at point F3. This means that the considerable
increase of the response amplitude upon contact, in Figure 4.20 (b), is mainly caused by the
seventeenth superharmonic motion. Furthermore, χS17 = 1.46% and χS6 = 1.29% at the
considered point. It can be stated that the contribution of the seventeenth superharmonic
component on the cantilever motion increases significantly for a short frequency range above
the excitation frequency of fe = f3/17 = 81.189 kHz.

4.3 Conclusion

The non-linearities in the tip-sample interaction (TSI) force introduce higher harmonic compo-
nents in the cantilever motion. These superharmonic components act as effective driving forces
that excite the vibration of the higher eigenmodes of the cantilever, whenever the frequency
of a superharmonic component is close to that of an eigenmode [5]. In this chapter, the main
objective of the numerical bifurcation analysis is to understand the effects of higher order
cantilever modes on the TSI, and exploit their effect to maximize contact forces near the first
non-linear harmonic resonance. Consequently, optimal sets of input parameters for a certain
microbeam-sample system can be developed in the case of dynamic mode nano-patterning.
The aim is to control the TSI force via operation parameters of the AM-AFM, such that
the AFM can quickly switch between imaging and nano-machining. Moreover, due to the
contribution of higher eigenmodes, additional information from the higher harmonics can be
used for mapping and possibly identification of material properties of samples.
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In Sections 4.1 and 4.2, the superharmonic components of the second and third eigenmodes
are considered on the first non-linear harmonic resonance for the uniform microbeam and
the tapered microbeam, for which the width is a linear function of the axial coordinate. The
tapered geometry is proposed in order to tune the cantilever dynamics such that the second or
third eigenfrequency is equal to an integer multiple of the fundamental resonance frequency.
It is noted that the use of lock-in amplifiers is inherently limited for e.g. nano-patterning
purposes when two eigenfrequencies of the microbeam are integer multiples. Several notable
observations can be made from the qualitative analysis; a summary of the simulation results
is given in Table 4.6. First, a LPC or fold bifurcation occurs before tip-sample contact
when performing a forward frequeny sweep, due to the attractive van der Waals force. The
subsequent LPC bifurcation marks the onset of stiffening behavior, which by the very stiff
nature of the contact, induces a large frequency shift. In this chapter, the observations in
the steady-state motion have been made for a periodically excited mechanical system with
a stiffness of approximately k = 3.06 N/m, as it can be derived from Equation (E.1). In
general, a larger cantilever stiffness results in higher TSI forces [4].

Second, the superharmonic components in the cantilever motion can have a significant contri-
bution to the increase or decrease of the sample indentation and, therefore, the TSI force. This
is mainly observed in simulations for which the corresponding resonances have only limited
damping. The contribution of a certain superharmonic component with respect to that of
the harmonic motion is determined from the ratio of the corresponding moduli or absolute
amplitudes, that are derived from the Fast Fourier Transform (FFT) of the numerically
obtained periodic solution. It is found that the contribution of a certain superharmonic
component on the cantilever motion increases significantly when its frequency, which is equal
to n · fe with n ∈ N, approaches a resonance frequency of the microbeam. In Section 4.2,
the second eigenmode is strongly damped in order to evaluate the superharmonic effects of
the third eigenmode. However, the contribution of the sixth superharmonic component, at
an excitation frequency of fe = f2/6, is larger than that of the superharmonic components
of the third eigenmode, especially for the uniform microbeam. This means that, in general,
the superharmonic components of the third mode have less impact on the response amplitude
near the fundamental resonance frequency than those of the second mode, unless the system
is altered to excite the third eigenmode more efficiently. In Section 4.2.1, a quantitative
comparison of the maximum TSI force is given for the uniform microbeam-sample system,
where the superharmonic effects of the second and third eigenmodes are evaluated on the
response amplitude near the fundamental resonance frequency. It is evident that the sixth
superharmonic component of the cantilever motion contributes to the sudden increase in the
slope of the response amplitude, therefore, it can be concluded that a lower damping for the
second eigenmode ensures a larger indentation of the sample surface. Furthermore, a lower
damping for the third eigenmode ensures the reduction of the indentation and resulting TSI
force, because of the seventeenth superharmonic motion at fe = f3/17.

Furthermore, an increase of the indentation can be achieved when the phase between the
harmonic and a certain superharmonic component of the cantilever motion is synchronized in a
way that the speed of the AFM cantilever tip is increased right before contact with the sample
surface. Hence, the cantilever tip indents the sample surface more and, therefore, applies a
higher TSI force. Since the superharmonic components are purely excited by the interaction
force, the phase difference between the harmonic and a certain superharmonic component in
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steady-state conditions does not change from one cycle to the other [6]. In this chapter, the
phase difference between the harmonic and a certain superharmonic component is defined at
a fixed moment in time, corresponding to a minimum response displacement for the harmonic
motion. The derivation of this phase difference is given in Appendix E.4. In Section 4.1, it
is found that the phase difference between the harmonic and sixth superharmonic motion is
approximately equal to (∆φ)S1

S6 = -90◦ near the excitation frequency of fe = f2/6, for which
the sixth superharmonic motion ensures a steeper slope in the response displacement right
before contact with the sample surface. This in turn results into a higher pre-contact velocity
of the cantilever tip and, therefore, a larger indentation of the sample surface.

It is observed that the tapered beams, for which the second or third eigenfrequency is an
integer multiple of the first eigenfrequency, contain a sharp increase in the response amplitude
at the fundamental resonance frequency. These transitions are desirable for nano-patterning
purposes, since only a small difference in the excitation frequency is required for a significant
change in the TSI force. This means that quick switching between the modes of imaging
and nano-machining is possible. Moreover, it is desirable that the superharmonic component
occurs close to the fundamental resonance frequency, since the domains of attraction of the
desired high-amplitude steady-state solutions decrease near boundaries of frequency hysteresis,
i.e. the existence of multiple stable solutions at the same excitation frequency. An advantage
of the considered microbeams with linearly-tapered geometry with respect to other system
alterations, is the production simplicity; the geometry is not too complex and no other
material is required in the production process.

Table 4.6: Summary of the simulation results of the AFM cantilever beams given in Chapter 4

Superharmonic components of the second mode (Q2 = 200, Q3 = 5)
Cantilever Frequency Observations
Uniform fe = f2/6 1. Additional 1/2-subharmonic branch due to PD bifurcation

f2 = 6.27f1 2. Sudden increase in slope of response amplitude; higher TSI force
Sec. 4.1.1 w.r.t. harmonic motion

3. (∆φ)S1
S6 ≈ −90◦ upon contact; higher pre-contact velocity of tip

Tapered fe = f2/6 1. Sudden increase in response amplitude at fe = f1 due to PD bifur-
f2 = 6.01f1 cation; indentation and TSI force increase gradually with higher fe
Sec. 4.1.2 2. fe-ranges in high-amplitude branch where 6th superharmonic

contributes to the reduction of the indentation
3. (∆φ)S1

S6 ≈ −90◦ upon contact; higher pre-contact velocity of tip

Superharmonic components of the third mode (Q2 = 5, Q3 = 350)
Cantilever Frequency Observations
Uniform fe = f3/17 1. Local reduction of indentation before fe = f3/17; lower TSI force

f3 = 17.56f1 w.r.t. harmonic motion
Sec. 4.2.1 2. (∆φ)S1

S17 ≈ 100◦ upon contact; sudden increase of indentation
fe = f2/6 1. Moduli of 6th and 17th superharmonic are in the same order

2. (∆φ)S1
S6 contributes to limited increase of pre-contact velocity;

response amplitude remains approximately constant
Tapered fe = f3/18 (∆φ)S1

S18 = 126◦; sharp increase in response amplitude at fe = f1
f3 = 18.00f1 fe = f3/17 1. Local reduction of indentation before fe = f3/17; reduction of pre-

Sec. 4.2.2 contact velocity due to 6th superharmonic
2. Sudden increase in slope of response amplitude; mainly due to
17th superharmonic
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5 Experimental validation

Part of the results of Chapter 4 will be validated by experiments. The primary goal of
the experiments is the qualitative validation of the effect of the sixth superharmonic of the
second eigenmode on the response amplitude, i.e. the oscillation amplitude at the cantilever
tip, near the first non-linear harmonic resonance. In this project, the measurements were
performed on the Bruker Fastscan AFM system, using a NCHV-model Bruker AFM probe
[51]. Due to the selected cantilever and the maximum sampling frequency of the optical
beam deflection (OBD) sensor in this set-up, only the superharmonic components of the
second eigenmode can be observed in the measurement data, since the data with regard to
the third and higher eigenmodes may contain aliasing. Several amplitude-frequency diagrams
are produced by executing stepwise forward and backward frequency sweeps, where sudden
transitions in the response, called frequency hysteresis, can be observed at the limit point of
cycles (LPC) or fold bifurcations. Power spectral density diagrams are obtained at several
excitation frequencies in order to validate that the amplitude of the sixth superharmonic
component becomes larger with respect to that of the harmonic motion, when its frequency
is near the second eigenfrequency.

Depending on the sample properties, noise level, and operation parameters, the higher harmo-
nics of the non-linear response and/or the excitation may or may not be detected. Because
the cantilever is highly frequency selective, it mainly gets affected by the first harmonic
average of the tip-sample interactions [11]. This means that, similar to a sharp band-pass
filter, the cantilever beam mainly passes the frequency content of the interaction force, which
corresponds to its fundamental resonance frequency and attenuates the lower and higher
frequency content [6]. In the case of conventional amplitude-modulated (AM) AFM, the
amplitude and phase shift are limited to the cantilever stiffness, resonance frequency and
quality factor associated with the first eigenmode. This fact makes it impossible to fully
reconstruct the tip-sample interactions from the motion of the cantilever, therefore, the forces
are not directly available via measurements.

The working principle of an AM-AFM set-up is elaborated in Section 5.1. The data acquisition
of the steady-state motion for incremental or decremental steps of the excitation frequency
is also covered in this section. The intrinsic cantilever properties are obtained by exploiting
thermal noise measurements, i.e. free oscillations of the cantilever beam, as discussed in
Section 5.2. The derived cantilever properties are used as input parameters for the correspon-
ding continuation or bifurcation simulations in MatCont, and therefore allow for comparison
between the measurement and numerical data. Section 5.3 presents the experimental deriva-
tion of the effective quality factor including the squeeze-film damping effect. The displacement-
dependent function for the non-linear damping coefficient of this dissipation mechanism can
be experimentally obtained from the frequency response functions at various tip-sample
separation distances. The measurements including non-linear tip-sample interactions for
qualitative validation of the observations in the MatCont simulation results, are discussed
in Section 5.4.
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5.1 AM-AFM set-up

The measurements were performed on the Bruker Fastscan AFM system, using a NCHV-model
Bruker AFM probe, which is a silicon microbeam of rectangular shape [51]. The applied
sample material is sapphire, or α-Al2O3 [52]. The schematic representation of an AFM set-up
is given in Figure 5.1, where the system implements the working mechanism of AM-AFM, also
called tapping mode. For amplitude modulation, the cantilever beam is excited at or near its
first natural frequency with a pre-determined free-air amplitude in the order of 100 nm, using a
piezo-electric actuator. When the cantilever tip comes in the proximity of the sample surface,
it experiences long-range attractive forces and repulsive forces upon contact, which cause the
response amplitude to change. The detector measures the deflection of the cantilever, and is
an optical beam deflection (OBD) sensor for the considered set-up. It is ensured through a
feedback controller, which is usually a proportional-integral-derivative (PID) controller, that
the oscillation amplitude of the microbeam is maintained at a pre-determined setpoint value
by adjusting the distance between the cantilever tip and the sample surface. For typical
AM-AFM systems, the sample stage is moved in the vertical or z-direction to maintain the
tip amplitude at a constant value, and along the xy-plane for raster-scanning a certain area
of the sample surface, as it is indicated in Figure 5.1. However, for the Bruker AFM system,
the cantilever stage is driven by a piezo-electric actuator, and it is moved in the vertical or
z-direction to maintain the setpoint value for the oscillation amplitude.

Figure 5.1: Schematic diagram of the working principle of an AFM set-up [12]

The separation distance between the undeflected probe and the sample surface is unknown
as it depends on the sample profile, and it changes by lateral motion and thermal drift of
the set-up. This separation distance can only be derived from the cantilever motion induced
by interaction with the sample [53]. One can set the initial separation distance by lifting the
cantilever up in contact mode. In Figure 5.1, the feedback electronics obtain the deflection
value for each tapping instant from the lock-in amplifier. This lock-in amplifier estimates the
control signal and breaks it down into amplitude and phase. For the considered measurements
in this project, the cantilever deflection is measured for incremental or decremental steps of
the excitation frequency, which is acquired from the raw data of the OBD sensor, and not
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from the demodulated data of the lock-in amplifier. The lock-in amplifier typically extracts
one given frequency from a noisy (time) signal, therefore, the superharmonic influences due
to the second eigenmode would be discarded. The cantilever deflection is obtained from the
OBD sensor with a sampling frequency of fs = 14.06 MHz, and each scope shot contains
the steady-state motion of the cantilever tip for a recorder duration of at least 0.01 s. The
forward and backward frequency sweeps are derived from the scope shots at each frequency
step once steady-state dynamic behavior is achieved. Since the time signals in the scope shots
contain (measurement) noise, the average (peak-to-peak) amplitudes are determined with a
routine in Matlab. For the derivation of the average amplitudes of the steady-state cantilever
motion, the Matlab-function ”mspeaks” is used on the time-domain data, as it is discussed
in Appendix F.1. This function applies robust peak detection in raw, noisy signals. However,
one must take into account the possible occurrence of certain bifurcations or non-harmonic
responses. For example, period doubling bifurcations; these bifurcations cause two different
oscillation amplitudes in two times the original time period, which could be averaged out.
Power Spectral Density (PSD) diagrams are obtained from the time signals that contain
the steady-state motion for a great amount of excitation periods. In this case, it has been
observed from the PSD diagrams that period doubling bifurcations did not appear in the
obtained measurement data, therefore, ”mspeaks” could be used for filtering the time signals.

5.2 Derivation of intrinsic cantilever properties

First, the effective mass and stiffness values of the cantilever beam need to be determined
via calibration routines, since fabricated cantilevers typically have a large spread with respect
to these properties. The first step of the routine is to calibrate the gain between read-out
voltage and tip displacement by imposing a known displacement of the tip with respect to the
cantilever base. Subsequently, the cantilever stiffness, which is defined as the ratio between
static tip forces and static tip displacement, is calibrated. In this chapter, the above is done
by exploiting thermal noise measurements. The extraction of intrinsic cantilever properties,
namely the eigenfrequency fn, quality factor Qn and specifically the modal stiffness kn of
the nth cantilever oscillation mode from thermal noise is done by an analysis of the power
spectral density of cantilever displacement fluctuations in contact with a thermal bath. The
thermal bath provides a source of excitation with a force spectral density that is constant over
the entire frequency range. In a displacement noise measurement of a cantilever with a high
quality factor Q, the spectrum analyser measures the total spectral density of the cantilever
displacement noise dxtot,n(f) for the nth oscillation mode, which is represented as [54]:

dxtot,n(f) =

√
2kBT/(πknfnQn)

(f2/f2
n − 1)2 + (f/(fnQn))2

+
(
dxds,n

)2
, (5.1)

where f is the frequency, kB the Boltzmann constant, T the absolute temperature, and dxds,n
the assumed white noise floor of the detection system. The value for the last parameter is
determined by averaging the spectral density of the off-resonance regions. The cantilever
properties fn, Qn and kn for oscillation mode n are determined from curve-fitting Equation
(5.1) over the measurement data. Therefore, a measurement of the tip displacement or the
corresponding power spectral density in a region around a certain resonance n allows the
determination of the modal stiffness kn without knowledge of other cantilever properties,
such as the cantilever shape and dimensions, or the mass distribution. The last step of the
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calibration routine is identification of the effective mass me,n of the cantilever beam. The
relevant system property is derived from the relation: me,n = (2πfn)2/kn, which is defined
for undamped, free vibrations. For the considered NCHV-model Bruker AFM probe, only the
stiffness k1 for the first oscillation mode is calibrated. The stiffness and first eigenfrequency
are equal to k1 = 40 N/m and f1 = 370.33 kHz, resulting in an effective mass of me,1 =
7.39·10−12 kg. The aforementioned value for the effective mass is compared to the values
resulting from the analytical procedures as discussed in Section 2.1. Since the total mass of
the considered silicon microbeam is unknown, it is estimated by using the nominal values for
the geometry of this model [51]; L = 117 µm, W = 33 µm, and H = 3.5 µm. The mass density
of silicon is given as ρc = 2329 kg/m3 [52]. Therefore, the effective mass is equal to me,S =
7.42·10−12 kg considering the method based on the static bending mode, and it is equal to
me,D = me,B = 7.86·10−12 kg considering the methods based on the dynamic bending mode
and eigenmode normalization. No statement can be made about which analytical procedure
gives a better estimation, since the actual values for the geometrical parameters can deviate
from what is given above, however, it confirms that both procedures provide reasonable values
for the effective mass of the microbeam.

5.3 Derivation of the squeeze-film damping coefficient

Figure 5.2: Squeeze-film damping
coefficient extraction in first mode

The response amplitude of the microbeam during an
oscillation cycle determines the modification depth in
nano-patterning, and is affected by i.a. the squeeze-film
damping (SFD). This dissipation effect causes a decrease
in the effective quality factor Qe due to the pressure
distribution between the microbeam and the sample
surface. The effective quality factor is derived from a
fit of the Frequency Response Function (FRF) around
the first eigenmode of the cantilever motion for various
tip-sample separation distances Z, and for a relatively
small oscillation amplitude, which means with respect
to the original gap height between the cantilever tip
and the sample surface; the free-air amplitude of the
cantilever beam in steady-state motion is approximately
equal to A0 = 51 nm. The considered free-air amplitude
measurements are performed in ambient conditions, and the data is acquired from the OBD
sensor. Since a linear response is assumed for the cantilever motion, i.e. only the first eigen-
mode is excited, the SFD can be calibrated on this mode. Furthermore, the contribution of
the higher modes related to this dissipation effect is difficult to derive from the measurement
data, and in general, not significant. Subsequently, a displacement-dependent function for
the non-linear damping coefficient csq(xr) can be derived from the obtained trend in quality
factor values. The values of the effective quality factor Qe, which includes intrinsic damping
and squeeze-film damping, are determined using the half-power bandwidth method, and are
given in Table 5.1.

Table 5.1: Measured effective quality factors Qe for several separation distances Z

Separation distance Z [nm] 5000 3000 1000 750 500

Effective quality factor Qe [-] 426.7 405.4 374.9 372.4 368.5
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The tip-sample separation distances Z are selected in the range of 500 nm till 5 µm in order
to minimize additional external forces, since the working range of the van der Waals force is
within several to hundreds of nanometers, and the corresponding free-air amplitude is A0 =
51 nm. To derive the amount of intrinsic damping, it is assumed that squeeze-film damping
is negligible for the distance of Z = 5 µm. According to Equation (2.31), the contributions
of the intrinsic damping and squeeze-film damping to the effective quality factor Qe can be
defined as follows:

1

Qe
=

1

Qsq
+

1

Q1
, with Qsq =

√
k1me,1

csq
. (5.2)

Parameters k1, me,1, and Q1 are the modal stiffness, effective mass, and quality factor of
the first mode, respectively. Here, Qsq and csq(xr) are the quality factor and the damping
coefficient due to squeeze-film damping, respectively, whose values can be derived from
Equation (5.2). Subsequently, a linear curve-fit is applied to the measurement data, as it
can be seen in Figure 5.2. Therefore, the following function for the SFD force Fsq(xr, ẋr) is
implemented in the multi-DOF model, in order to obtain simulation results that correspond
to the measurements of this cantilever model:

Fsq(xr, ẋr) = csq(xr)ẋr, with csq(xr) = p1(Z + xr) + p2. (5.3)

In Equation (5.3), p1 = -1.695·10−3 and p2 = 7.21·10−9, whose values are determined from
the curve-fit in Figure 5.2. The state variable xr is the displacement of the cantilever tip,
and ẋr is the first derivative of the displacement with respect to time, i.e. velocity of the
cantilever tip. Equation (5.3) is implemented in the multi-DOF model of Section 3.2.

5.4 Frequency sweep measurements

This section considers the frequency sweep measurements for qualitative validation of the
amplitude-frequency diagrams obtained by the MatCont simulation results, presented in
Chapter 4. The frequency sweeps are obtained from the steady-state cantilever motion,
for incremental or decremental steps of the excitation frequency. The free-air amplitude
measurements for the fundamental resonance are discussed in Section 5.4.1, and the measure-
ments including non-linear interaction between cantilever tip and sample surface are discussed
in Section 5.4.2.

5.4.1 Free-air amplitude measurements

As it is mentioned in Section 5.1, the measurements were performed on the Bruker Fastscan
AFM system, using a NCHV-model probe of Bruker [51]. The measured intrinsic properties
of this cantilever model are given in Table 5.2. Figures 5.3 (a) and (b) show the measured
first and second resonance frequencies, which are equal to f1 = 370.28 kHz and f2 = 2.27371
MHz. The peak-to-peak (P-P) amplitude on the vertical axes is calculated with Equation
(F.2) in Appendix F.1. Another resonance peak is present near that of the first eigenmode,
namely at an excitation frequency of fe = 379.27 kHz, as it can be seen in Figure 5.3 (a).
This additional resonance peak is indicated with ”resonance A” in Table 5.2. In general, the
occurrence of such resonances may have different causes, for example the presence of torsional
vibration modes. Another possible explanation is that the fundamental resonance frequency
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of the cantilever clamp is close to that of the microbeam, because both components are similar
in terms of mass. Currently, the presence of resonance A is not fully understood.

Figure 5.3: Measured forward frequency sweeps of the (a) first and (b) second resonance peaks,
where an additional resonance is present near the first eigenfrequency

Table 5.2: Measured intrinsic proper-
ties of the AFM microbeam

Property Value Unit

Stiffness 40.0 N/m
First resonance 370.28 kHz
Resonance A 379.27 kHz
Second resonance 2.27371 MHz
Ratio fA/f1 1.0243 -
Ratio f2/f1 6.1406 -
Quality factor Q1 427 -
Quality factor Q2 291 -

The aforementioned undesirable features in the
experimental AFM set-up could also affect the
second resonance in Figure 5.3 (b), where additional
resonances cause broadening on the right-hand side.
However, the broadening of the second resonance
peak could also be the result of transient effects,
which occur when the sweep rate is too high. This
means that the excitation frequency is incrementally
increased or decreased before steady-state motion is
reached. From the measured deflection data that
is given in Appendix F.4, it is evident that the
forward and backward frequency sweeps of different
measurements around the second eigenfrequency do not differ much from each other. One
may conclude that the observed broadening of the second resonance peak in Figure 5.3 is due
to an undesirable feature in the mechanical system or readout, and not due to the sweep rate.

Furthermore, the natural frequencies are calculated for the torsional vibration modes of the
NCHV-model microbeam of Bruker, in order to validate whether a torsion mode is present
in the frequency range of the first two bending modes or not. The analytical formulas for the
natural frequencies of the torsion modes of an uniform microbeam, are derived from the work
of Blevins [14], and are also provided in Appendix F.2. The following ranges are used for the
geometrical parameters and the Young’s modulus of the microbeam: Ec = 112 - 185 GPa, L
= 115 - 120 µm, W = 28 - 38 µm, and H = 2.8 - 4.2 µm, where the ranges of the geometrical
parameters correspond to the minimum and maximum values of the NCHV-model [51]. From
Equation (F.3), it can be derived that the minimum and maximum values for the natural
frequeny of the first torsion mode are equal to: ft,1 = 17.3658 - 23.3147 MHz. This frequency
range does not coincide with the eigenfrequencies of the first two bending modes, therefore,
it can be stated that the observed undesirable features in the measurement data are not due
to torsional vibration modes.
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The most credible reason for the emergence of the additional resonance is that the second
eigenmode is excited by the non-linearities of the dither piezo-electric actuator. Since the
actuation is considerably non-linear, a significant amount of energy could occur in the sixth
superharmonic component at an excitation frequency of fe = f2/6 = 378.952 kHz. This
frequency value is very close to that of the resonance frequency fA in Table 5.2. The Power
Spectral Density (PSD) diagram obtained at fe = fA = 379.271 kHz in Figure 5.3 (a),
is given in Figure F.7 of Appendix F.5. From the PSD diagram, it is evident that the
sixth superharmonic component is present at the corresponding frequency of 2.27555 MHz.
However, the contribution of the sixth superharmonic component on the cantilever motion
with respect to that of the harmonic component, χS6 =| xr |S6 / | xr |S1, is insignificant; χS6

= 2.74·10−5%.

When the separation distance Z between the oscillating microbeam and the sample surface
decreases, a frequency shift of the first non-linear harmonic resonance occurs due to the
variation in the force gradient [12]. Several free-air amplitude measurements have been
performed for different tip-sample separation distances Z in order to demonstrate that the
shift of the fundamental resonance frequency is not significant. The feedback control for the
z-height is deactivated, i.e. open-loop control is applied. For a free-air amplitude of circa
A0 = 51 nm and a separation distance of Z = 5 µm, the first eigenfrequency equals f1 =
370.329 kHz, which is approximately equal to the value obtained from the thermal noise
measurements. When the separation distance is decreased to Z = 100 nm, the corresponding
first eigenfrequency equals f1 = 370.275 kHz, which means that the observed frequency shift
of the first eigenmode is equal to ∆f1 = 54 Hz. This implies that only the first resonance is
excited during the following experiments with tip-sample interaction.

As it is mentioned in Section 5.1, the sampling frequency for obtaining the cantilever deflection
from the OBD sensor is equal to 14.06 MHz, resulting in a folding frequency of 7.03 MHz.
This value is at least 3 times higher than the second eigenfrequency, which is required for
detecting the superharmonic components of the second eigenmode in the cantilever motion.
Each scope shot contains the steady-state motion of the cantilever tip for a recorder duration
of at least 0.01 s. This value for the recorder duration ensures that steady-state motion is
reached for each frequency step during a frequency sweep, i.e. transient effects are not present
in the measurement data. The selected recorder duration in combination with a frequency
step of ∆fe = 27 - 50 Hz near the first eigenfrequency and ∆fe = 301 Hz near the second
eigenfrequency for the forward or backward sweep, results in an average measurement time
of about three minutes. During this time, the pre-determined tip-sample separation distance
Z will experience drift that cannot be measured. This drift increases significantly when the
total measurement time lasts more than tens of seconds, therefore, reproducibility of the
measurement data is proven to be difficult. However, qualitative validation is still possible.
The reason for significant increase of drift is that the separation distance Z is unknown due
to its dependence on the sample profile, and it changes by lateral motion and thermal drift of
the set-up. This separation distance can only be derived from the cantilever motion induced
by interaction with the sample, where the initial separation distance can be set by lifting the
cantilever up in contact mode. When the amount of drift or deviation in distance Z become
significant, incorrect values for the oscillation amplitude are obtained by the OBD sensor,
which can result in output voltage saturation.
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5.4.2 Measurements including non-linear interaction

In the following, the measurements with non-linear interaction between the cantilever tip
and the sample surface are considered, which have been performed for different values of
the free-air oscillation amplitude A0 and the tip-sample separation distance Z. The applied
sample material is sapphire, i.e. α-Al2O3 [52], which corresponds to a high-stiffness contact.
For these measurements, the feedback control for the z-height has been deactivated, i.e.
open-loop control is applied. All measured forward and backward frequency sweeps can be
found in Appendix F.4. As it can be seen in the measurement data of Figures 5.4, 5.5, and
5.7, sudden jumps in the oscillation amplitude are present due to frequency hysteresis, i.e. the
existence of multiple stable harmonic solutions at the same excitation frequency. It is evident
from the frequency sweeps that the increase in surface indentation is equal to 18 nm till 25 nm,
whereas a realistic value for the indentation is only several nanometers. The above observation
is likely caused by the significant increase of drift or the deviation in the tip-sample separation
distance, due to the development of high interaction forces upon contact. The superharmonic
component of the second mode occurs near an excitation frequency of fe = f2/6 = 378.95
kHz in the high-amplitude branch of the first resonance peak upon contact. This value is
only reached for the measurement shown in Figure 5.5, however, the influence of the second
eigenmode can also be observed at lower excitation frequencies in the other measurements.
Other superharmonic components of the second eigenmode, at fe = f2/n with n ∈ N, are not
present in the contact region.

Figure 5.4: Measured forward and backward frequency sweeps at the first resonance frequency,
with free-air amplitude A0 = 170 nm and separation distance (a) Z = 50 nm, or (b) Z = 45 nm

Figure 5.4 (a) shows the measured forward and backward frequency sweeps for a free-air
amplitude of A0 = 170 nm and a tip-sample separation distance of Z = 50 nm. This value
used for A0 is high compared to the conventional values for imaging where, in general, A0

= 10 - 100 nm [12]. However, the non-linear effects in the high-amplitude branch upon
contact during measurements with tip-sample interaction were not observed for lower values
of A0, for which the causes are unclear. The minimum response amplitude, min(xr), on
the vertical axes is defined in Equation (F.1). In Figure 5.4 (a), a sudden increase in the
response amplitude seems to occur in the forward sweep, near an excitation frequency of fe
= 371.2 kHz. This transition is most likely not due to the superharmonic component at
fe = f2/6 = 378.95 kHz, but due to the aforementioned increase of the distance Z by drift
upon contact. Another possible cause is the period doubling bifurcation, however, it has been
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observed from Power Spectral Density (PSD) diagrams that these bifurcations are not present
in the measurement data. PSD diagrams are obtained at several excitation frequencies of the
forward sweep, which are indicated by the red circles, and are given in Figure F.8. The
observed (superharmonic) frequencies in the corresponding steady-state motion are listed in
Table F.3, and the absolute amplitudes of the first and sixth superharmonic motion are given
in Table F.7. It can be derived from the PSD diagrams that the absolute amplitude of the
sixth superharmonic motion increases significantly when the excitation frequency approaches
the value of f2/6 = 378.95 kHz. The contribution of the sixth superharmonic component
with respect to that of the harmonic motion is determined from the ratio of the absolute
amplitudes; χS6 =| xr |S6 / | xr |S1. It is derived from Table F.7 that χS6 = 7.79·10−5% at
point 2, and χS6 = 8.50·10−3% at point 4.

Figure 5.4 (b) shows the measured forward and backward frequency sweeps for a free-air
amplitude of A0 = 170 nm and a separation distance of Z = 45 nm, i.e. the separation
distance is decreased with 5 nm with respect to Figure 5.4 (a). The transition to the contact
region should occur for min(xr) = -45 nm, whereas the transitions in the backward sweep seem
to occur around min(xr) = -58 nm at fe = 371.15 kHz, and around min(xr) = -53 nm at fe =
369.03 kHz. As it is mentioned before, a possible reason for this is the gradual increase in drift
and separation distance Z upon contact. Furthermore, there is a sudden jump in the response
amplitude from -58.4 nm to -69.1 nm in the backward sweep, due to frequency hysteresis at
fe = 371.15 kHz, which is followed by a local reduction of the response amplitude upon
decreasing the excitation frequency. These alternations between different stable branches
are caused by reduction of the domains of attraction regarding the different steady-state
solutions. Since the mechanical system contains a considerable amount of drift and noise,
fluctuations arise in the response amplitude of the steady-state motion, therefore, switching
can occur between the domains of the various stable solutions. PSD diagrams are obtained
at several excitation frequencies of the forward sweep, which are indicated by the red circles,
and are given in Figure F.9. The considered values for the excitation frequency are equal
to those in Figure 5.4 (a). The observed (superharmonic) frequencies in the corresponding
steady-state motion are listed in Table F.4, and the absolute amplitudes of the first and sixth
superharmonic motion are given in Table F.7. From the above table, it can be derived that
χS6 = 8.10·10−5% at point 2, and that χS6 = 1.02·10−2% at point 4. This means that, as
expected, the contribution of the sixth superharmonic motion is larger than that in Figure
5.4 (a), i.e. upon decreasing the tip-sample separation distance with 5 nm.

Figures 5.5 (a) and (b) show the non-linear harmonic resonances obtained from the continua-
tion analysis in MatCont, and from the measured frequency sweeps, respectively. The free-air
amplitude equals A0 = 170 nm, and the tip-sample separation distance equals Z = 40 nm,
i.e. the separation distance is decreased with 5 nm with respect to Figure 5.4 (b). First,
the simulation results of Figure 5.5 (a) are considered, where the dotted line indicates the
unstable periodic orbits, and the red circles on the amplitude-frequency graphs indicate the
LPC bifurcations. The numerical model initially contains 42 degrees of freedom, which
corresponds to 20 beam elements. As it is elaborated in Chapter 3.2, the number of DOF
of the linear components is reduced by applying a CMS technique based on free-interface
eigenmodes and residual flexibility modes, and using reduction method 2 from Appendix D.3.
The simulation results have been calculated for a 5-DOF model (nk = 3), which is obtained
after the reduction procedure. The cantilever beam is modeled with tapered geometry by
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implementing the Euler-Bernoulli beam elements of (E.10), according to: W1 = W0(1 + σ)
with W0 the width of the microbeam at the clamping, W1 the width of the microbeam at the
free end, and σ the design parameter for tuning the cantilever dynamics. The width of the
microbeam is adjusted such that the frequency ratio between the first two eigenmodes is equal
to f2/f1 = 6.141 as reported in Table 5.2, which is obtained for σ = -0.094. Furthermore, the
implemented values of the system properties and operation parameters are listed in Table F.2.
The values of the geometrical parameters and Young’s modulus of elasticity, regarding the
cantilever beam, are chosen such that the stiffness and first resonance frequency are within
the ranges of the considered NCHV-model microbeam of Bruker [51]. Furthermore, the
vertical axis gives the minimum transversal displacement at the last node, which is assumed
to correspond to the location of the cantilever tip; the response is equal to xr = ux21. The
transition between the non-contact and contact regions, at xr cos(α) = a0−Z, is given by the
horizontal dashed line. The definitions of the modeled TSI forces and the above transition
are given in Equation (3.3). For the considered rectangular microbeam with clamped-free
boundary conditions, the first two eigenfrequencies from the model are equal to f1 = 323.352
kHz and f2 = 1.98563 MHz. The superharmonic component of the second eigenmode occurs
at fe = f2/6 = 330.939 kHz in the high-amplitude branch of the first resonance peak upon
contact, which results in a considerable increase in the slope of the response amplitude. One
can observe that there is a loop at the transition to the unstable branch above the excitation
frequency of fe = 332.13 kHz.

Figure 5.5: First resonance peaks obtained from (a) simulation in MatCont, and (b) measured
backward frequency sweeps, with A0 = 170 nm and separation distance Z = 40 nm

Figure 5.5 (b) shows two measured backward sweeps for the considered set of operating
conditions. All the measurements for this set can be found in Figure F.5, wherein different
start or end points of the frequency sweeps are indicated by the dashed lines. The minimum
response amplitude, min(xr), on the vertical axis is defined in Equation (F.1). Initially, the
second backward sweep follows a branch with gradually increasing response amplitude. The
reason for the above observation is that the additional resonance peak, resonance A in Figure
5.3 (a), is located around the excitation frequency of fe = 379.2 kHz. Subsequently, there
is a sudden jump in the response amplitude from -59.2 nm to -67.0 nm at fe = 379.89 kHz,
which indicates the transition to the contact region. As it is mentioned before, the mechanical
system contains a considerable amount of physical noise sources, causing fluctuations in the
steady-state motion. Therefore, switching can occur between the domains of attraction of
the various stable solutions. The above reasoning is also applicable to the local decrease
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of the response amplitude around fe = 370.91 kHz, where alternations between different
stable branches are present. Furthermore, it appeared to be difficult to obtain a reasonable
representation of the stable high-amplitude branch upon contact, when performing a forward
frequency sweep. This is the reason for presenting two backward sweeps in Figure 5.5 (b).

In Figure 5.5 (b), the first backward sweep follows the low-amplitude branch of the first
resonance peak. It is evident that there is no overlap between the high-amplitude branches
of the considered backward sweeps, which causes the difference in the amplitude ranges for
frequency hysteresis; there is a sudden jump from -39.1 nm to -29.2 nm at fe = 368.72 kHz for
the first backward sweep, whereas it is from -57.5 nm to -41.0 nm at fe = 369.11 kHz for the
second backward sweep. The absence of overlap could be a property of the mechanical system,
i.e. there are more than one stable branches present in the considered frequency region, which
are not modeled by the analytical multi-DOF system. However, the significant increase of the
distance Z by drift upon contact is a more likely explanation for the observed effect. PSD
diagrams are obtained at several excitation frequencies of the second backward sweep, which
are indicated by the red circles, and are given in Figure F.10. The observed (superharmonic)
frequencies in the corresponding steady-state motion are listed in Table F.5, and the absolute
amplitudes of the first and sixth superharmonic motion are given in Table F.7. The relative
frequency difference between the second eigenmode and the sixth superharmonic component
of the cantilever motion is equal to (∆f)S6

2 = 0.01% at point 4. As it can be derived from
Table F.7, the contribution of the sixth superharmonic motion is equal to χS6 = 9.10·10−3%
at point 3, and it is equal to χS6 = 1.38·10−1% at point 4. Furthermore, χS6 at point 3
is approximately equal to that at point 4 in Figure 5.4 (b), which corresponds to an equal
excitation frequency. It is clear that the contribution of the sixth superharmonic motion
increases significantly when its frequency is near or equal to the second eigenfrequency.

Figure 5.6: Time histories of response xr at fe/f1 = 1.02346, with (a) numerical simulation, (b)
superposition of harmonic and sixth superharmonic motion, and (c) measurement data

Figure 5.6 shows the time histories of xr obtained from numerical time integration and from
the experiments, corresponding to Figure 5.5, for a frequency ratio of fe/f1 = 1.02346. The
time has been normalized with respect to the initial value of the corresponding graph. In
Figure 5.6 (b), the superposition is given for the harmonic and sixth superharmonic motion,
where the absolute amplitudes and phase difference for the harmonic waves are obtained from
the Fast Fourier Transform (FFT) of the simulation results. Figure 5.6 (c) contains the raw
measurement data of the OBD sensor. The numerical model and the microbeam used in the
considered measurements, differ in first natural frequency, but contain the same frequency
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ratio between the first two eigenmodes. Therefore, similar qualitative behavior is expected
for equal frequency ratios fe/f1. The given ratio corresponds to an excitation frequency of
fe = 330.939 kHz for Figures 5.6 (a) and (b), whereas it is equal to fe = 378.952 kHz for
Figure 5.6 (c). These excitation frequencies are located close to the frequency f2/6, where
a superharmonic component of the second eigenmode is present. Moreover, the excitation
frequency is located at the significant increase of the slope of the response amplitude in Figure
5.5 (a). From the superposition in Figure 5.6 (b), it is evident that the sixth superharmonic
motion contributes to the increase of the sample indentation and, therefore, the TSI force.
Furthermore, the differences in shape between Figures 5.6 (a) and (b) can be explained by the
fact that the cantilever motion also contains other non-negligible superharmonic components.
Since the contribution of the sixth superharmonic motion is relatively high, a similar shape
as that of the superposed wave can be recognized in the measurement data of Figure 5.6 (c).

Figure 5.7: Measured forward and backward
frequency sweeps at the first resonance peak,
with A0 = 136 nm and Z = 30 nm

Measurements including TSI are also perfor-
med for a lower free-air amplitude compared
to the above measurements, in order to vali-
date whether similar qualitative behavior is
observed in the steady-state motion or not.
Figure 5.7 shows the measured forward and
backward frequency sweeps for a free-air
amplitude of A0 = 136 nm and a tip-sample
separation distance of Z = 30 nm, which
means that the transition to the contact region
should occur for min(xr) = -30 nm. This
seems to comply with the forward frequency
sweep, since the slope in the response ampli-
tude decreases significantly from the above
distance, at fe = 368.87 kHz. The backward sweep contains alternations between the
low- and high-amplitude branches in the frequency range of 371.41 - 372.38 kHz, due
to noise-induced jumps between stable solutions. PSD diagrams are obtained at several
excitation frequencies, which are indicated by the red circles, and are given in Figure F.11.
The observed (superharmonic) frequencies in the steady-state motion are listed in Table F.6,
and the absolute amplitudes of the first and sixth superharmonic motion are given in Table
F.7. From the above table, it can be derived that the contribution of the sixth superharmonic
motion is equal to χS6 = 1.18·10−4 at point 3, and it is equal to χS6 = 2.99·10−3 at point 4.

5.5 Conclusion

In Section 5.4, the forward and backward frequency sweep measurements are considered for
qualitative validation of the observations in the MatCont simulation results, given in Chapter
4. The following results of Chapter 4 are validated in experiments: the occurrence of frequency
hysteresis, the presence of stiffening behavior upon contact, increase of the contribution of the
sixth superharmonic component on the cantilever motion when its frequency approaches the
second eigenfrequency, and the effect of this superharmonic component on the indentation of
the sample surface.

TU/e 70



First, the free-air amplitude measurements for the fundamental resonance frequency are dis-
cussed in Section 5.4.1, where an additional resonance is observed near the first eigenfrequency
of the microbeam. The most credible reason for the emergence of the additional resonance
is that the second eigenmode is excited by the non-linearities of the dither piezo-electric
actuator. Since the actuation is considerably non-linear, a significant amount of energy could
occur in the sixth superharmonic component at an excitation frequency of fe = f2/6.

In Section 5.4.2, the frequency sweep measurements include non-linear interaction between
the cantilever tip and sample surface. The sudden transitions that are present in the slope of
the response amplitude, comply with stiffening behavior. Especially hardening, i.e. shifting to
a higher frequency, is observed upon contact. For the considered measurements, an increase of
18 nm till 25 nm for the indentation is observed, whereas a realistic value for the indentation
is only several nanometers. The reason for this is the average measurement time of about
three minutes, in which the pre-determined tip-sample separation distance Z will experience
drift that cannot be measured. Furthermore, sudden jumps between the high-amplitude
branch upon contact and the low-amplitude branch occur due to frequency hysteresis, i.e.
the existence of multiple stable harmonic solutions at the same excitation frequency. The
alternations between different stable branches are caused by reduction of the domains of
attraction regarding the different steady-state solutions.

Power Spectral Density (PSD) diagrams of the experimental results verify that the contribu-
tion of the sixth superharmonic component with respect to that of the harmonic component
of the cantilever motion, increases significantly when its frequency approaches the second
eigenfrequency. From these PSD diagrams, it can also be concluded that the contribution
of the sixth superharmonic motion increases considerably when one reduces the tip-sample
separation distance Z, whereas the system properties and other operation parameters remain
the same. The sudden transitions in the response amplitude of the high-amplitude branch(es)
that are observed in the numerical simulations, are not clear from the measured amplitude-
frequency diagrams. This is partially caused by the significant increase of the deviation in
the separation distance Z, due to the development of high interaction forces upon contact.
In Figure 5.6, the time-response diagrams obtained from numerical time integration and
from the experiments are compared for excitation frequencies close to the frequency f2/6.
The numerical results show that the superposition of the harmonic and sixth superharmonic
motion contributes to the increase of the sample indentation and, therefore, the TSI force.
Since the contribution of the sixth superharmonic motion is relatively high, a similar shape
as that of the superposed wave can be recognized in the measured time response, i.e. the raw
measurement data of the OBD sensor, of Figure 5.6 (c).
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6 Conclusions and recommendations

In the previous chapters, an outline for the development of a mathematical model is given
for the atomic force microscope. The ultimate aim of this thesis is to derive a mathematical
model for the non-linear dynamical interaction between the microbeam and the external
forces in Atomic Force Microscopy (AFM), which is subsequently implemented in numerical
bifurcation analysis for qualitative validation of the steady-state dynamic behavior. The
objective is to understand the effects of higher order cantilever modes on the tip-sample
interaction (TSI), and exploit their effect to maximize contact forces near the first non-linear
harmonic resonance, which is desirable for nano-patterning purposes. For this purpose, the
TSI force is adjusted via operation parameters of the amplitude-modulated (AM) AFM, such
that mask modification can be performed in a controlled manner.

Several notable observations can be made from the qualitative analysis. First, it can be
concluded that a multi degrees-of-freedom (DOF) model with at least 4 DOF is required for
reasonable convergence of the first eigenmode. Second, it is observed that the superharmonic
components in the cantilever motion can have a significant contribution to the decrease or
increase of the indentation of the sample surface and, therefore, the TSI force. This is
mainly observed in simulations for which the corresponding resonances have only limited
damping. Whether a certain superharmonic component attenuates or strenghtens the TSI,
depends on the phase difference with respect to the harmonic motion. An increase of the
indentation can be achieved when this phase difference is synchronized in a way that the
speed of the AFM cantilever tip is increased right before contact with the sample surface.
Hence, the tip indents the sample surface more and, therefore, applies a higher TSI force.
The experimental validation in Chapter 5 verifies the model outcome: the contribution of
the sixth superharmonic component on the cantilever motion increases significantly when its
eigenfrequency approaches the second eigenfrequency. Furthermore, it is observed that the
tapered beams, for which the second or third eigenfrequency is an integer multiple of the first
eigenfrequency, contain sharp transitions in the response amplitude at the first resonance
frequency. These transitions are desirable for nano-patterning purposes, since only a small
difference in the excitation frequency is required for a significant change in the TSI force,
which allows for quick switching between imaging and nano-machining modes. Therefore,
the obtained mathematical model shows great potential for the prediction of the steady-state
motion of an AFM cantilever beam. As a next step, numerical bifurcation analysis using
the MatCont toolbox can be applied to obtain optimal sets of input parameters for a certain
microbeam-sample system in the case of dynamic mode nano-patterning.

Several recommendations can be provided for future work. The considered multi-DOF model
contains the Hertzian contact mechanics model, which is discussed in Section 2.5.1, in order
to describe the repulsive interaction force upon contact. The Hertzian contact model is
suitable to describe the contact forces in dynamic mode nano-patterning with high-stiffness
materials, and it allows for integration of the formula for viscoelastic dissipation, as given by
Equation (2.33). However, this contact model only provides the analytical relations between
applied force and normal deformation. When one wants to include both normal and lateral
displacement during a soft body compression, Tatara’s model can be implemented, which
is elaborated in Section 2.5.5. Futhermore, this theory allows for the full calculation of
the deformed shape of the sample contact for large strains which cannot be calculated by the
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Hertzian theory. The Tatara contact mechanics model is therefore interesting to implement in
the multi-DOF model of the mechanical system, when one wants to perform nano-patterning
on soft or low-stiffness samples.

The dissipation effect of squeeze-film damping is described by the model of Starr [44], which
is given by Equation (2.38). The squeeze-film damping is assumed to be a function of only
the transversal displacement uxp of the last node, which is assumed to correspond to the
tip location, for which the reasons are given in Section 3.2. Another method based on
semi-analytical formulas in order to describe the squeeze-film dissipation is given in Appendix
B.2, however, the implementation of this method in the considered multi-DOF model is more
complicated and requires much more computation time. For future work, it is recommended
to implement a model for this dissipation effect, which considers the squeeze-film damping for
the whole length of the microbeam. The reason is that the squeeze-film damping may have a
significant effect on the oscillations of the different eigenmodes.

From the numerical bifurcation analysis of the multi-DOF model in Chapter 4, it is concluded
that an increase of the indentation can be achieved when the phase between the harmonic and
a certain superharmonic component of the cantilever motion is synchronized in a way that
the speed of the AFM cantilever tip is increased right before contact with the sample surface.
Hence, the cantilever tip indents the sample surface more and, therefore, applies a higher TSI
force. There are many factors that determine the phase difference between the superharmonic
components of the cantilever motion, e.g. material properties of the microbeam and sample,
and excitation frequency. For future work, one could investigate which of these factors have a
significant contribution to the phase difference, such that a method for tuning this difference
can be developed in order to attenuate or strenghten the TSI forces.

As it is mentioned in Chapter 4, the motion of the cantilever should contain multiple frequency
components in order to capture more information on the TSI force [6]. For this reason, either
the input dither signal or the system, consisting of the cantilever beam and the environment,
can be altered. Introducing an auxiliary input signal with a different frequency, which is called
the multi-modal operation mode, one or more higher modes of the cantilever are excited
simultaneously. According to [55], multi-frequency AFM has the ability to significantly
enhance the resolution and the imaging throughput, and the ability to discern material
properties. In general, multi-frequency AFM exploits forcing signals at two frequencies which
are located on different resonances. The above dual-frequency forcing method is usually
applied to the first and second eigenmodes. Preliminary experiments of TNO Optomechatro-
nics have indicated that dual-frequency forcing signals, implemented near a single resonance
frequency, are far more effective than one harmonic forcing signal with regard to throughput
[53]. For future work, one could investigate which periodic forcing signals in multi-frequency
AFM maximize the TSI forces, such that optimal forcing signals can be developed for mask
modification on nanometer scale. Consequently, one could develop the control set-up regarding
the practical implementation of a multi-frequency forcing signal.

There were some unforeseen setbacks during the preparation phase of the experiments. The
MPP-33220 model microbeam of Bruker was initially implemented in the AM-AFM system,
which contains a relatively low first resonance frequency, namely f1 = 38 - 47 kHz. For this
microbeam model, the maximum sampling frequency of the OBD sensor allows for detection of
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at least the first three eigenmodes and their superharmonic components in the first non-linear
harmonic resonance. However, the sharp transition in the high-amplitude branch during
measurements with non-linear interaction was not observed for this microbeam model, for
which the causes are unclear. Due to time constraints, a conventional microbeam with first
resonance frequency of f1 = 370 kHz has eventually been implemented in the AM-AFM
set-up, for which the measurement results are discussed in Chapter 5. This corresponds to
the fact that only the first two eigenmodes could be detected for the above measurements.
For future experiments, it is recommended to implement a cantilever beam for which the first
resonance frequency is as low as possible with regard to the maximum sampling frequency of
the OBD sensor.

As it is mentioned in Chapter 5, the separation distance between the undeflected probe
and the substrate surface is unknown as it depends on the substrate profile, and it changes by
lateral motion and (thermal) drift of the set-up. This tip-sample separation distance can only
be derived from the cantilever motion induced by interaction with the substrate, which can
be assessed since the cantilever deflection and the probe position can be measured directly
in typical AFM set-ups. Since the deviation in the tip-sample separation distance increased
significantly during measurements with non-linear interaction between the cantilever tip and
sample surface, it is recommended to implement a method for drift control in the detection
scheme of AM-AFM, for future experiments.

In Chapter 5, it is mentioned that it is difficult to reconstruct the tip-sample interactions
from the cantilever motion, therefore, the forces are not directly available via measurements.
The experimental set-up as suggested in the work of Tamer et al. [56] can be applied for
the estimation of the TSI forces, wherein the set-up utilizes two cantilevers with different
fundamental resonance frequencies, and each their own OBD sensor. Measurements for
experimental validation of the numerically obtained TSI forces using the above set-up were
not performed in this project due to time constraints, however, it is recommended for future
projects regarding numerical modeling of the non-linear dynamical interaction between the
cantilever tip and sample surface.
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A Contact mechanics models - summary

Table A.1: Characteristics of the contact mechanics models that are considered in Section 2.5

Contact Elasticity Application Adhesion Dissipation

mechanics references viscoel. region

Hertz Continuous, Non-adhesive contact, 1. No surface forces Dissipation

Eq. (2.21) non-linear elastic small deformations 2. Neglect of long-range not included

Sec. 2.5.1 materials with for compression and forces outside the

constant Young’s impact [29] [30] [31] contact area

modulus λ < 0.1, F̄ > 100 (applies to all models)

JKR Non-linear 1. Description of 1. Finite contact area at Viscoelastic

Eq. (2.23) elastic defor- contact area on zero applied load (and plastic)

Sec. 2.5.2 mations, macroscopic level; 2. Hysteresis during un- dissipation

neglect of also applicable loading; separation not included

plastic region on nanoscale occurs abruptly

2. High adhesion, 3. Infinite (tensile) stress

λ > 5, F̄ < 5000 at the edge of the

[16] [22] contact area

DMT See the 1. Description of 1. Adhesion causes an See the

Eq. (2.25) JKR-model contact area on overall higher load JKR-model

Sec. 2.5.3 description macroscopic level; 2. Similar to Hertzian description

also applicable profile outside contact

on nanoscale area; not influenced by

2. Low adhesion, adhesion force

λ < 0.1, F̄ < 100 3. Neglect of deforma-

[11] [18] [32] [33] tion due to attractive

forces close to the edge

of contact

Maugis- See the Used in AFM Continuous transition See the

Dugdale JKR-model applications [19] between JKR and DMT; JKR-model

Sec. 2.5.4 description 0.1 < λ < 5, F̄ < 500 theory applies to all description

materials

Tatara See the 1. Large deformations; Absence of adhesion Dissipation

Eq. (2.29) JKR-model includes vertical and forces [27] not included

Sec. 2.5.5 description lateral displacements

2. Soft matter inter-

actions [26] [27] [34]

0.1 ≤ δ/(2Rs) ≤ 0.37

DMT with See the Used in AFM 1. See the DMT-model Sample defor-

dissipation JKR-model applications [24] description mation based

Sec. 2.5.3 description λ < 0.1, F̄ < 100 2. Model can include on Hertz model,

energy dissipation due to reduction of

adhesion hysteresis [24] PRF; Eq. (2.33)
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B Squeeze-film damping

The definitions of the Reynolds and Knudsen numbers, and the validation of the assumptions
regarding laminar and continuum flow for the experimental AFM set-up are given in Appendix
B.1. The method based on semi-analytical formulas for the unsteady viscous hydrodynamic
function of slender microbeams, is given in Appendix B.2.

B.1 Fundamentals

The motion of the volume of fluid in the presence of body forces is described by the Navier-
Stokes equation, which is a nonlinear partial-differential equation. The included body forces
are i.a. gravity, net pressure acting on the volume, inertia forces, and viscous forces. Normali-
zation of the equation variables enables comparison among the contribution of the various
forces in the equation, resulting in a number of nondimensional or universal numbers. These
universal numbers regarding air and viscous damping in MEMS, allow classification of a
certain flow, and therefore the use of certain simplifications to the equation of motion. One
of them is the Reynolds number Rk, which is the ratio of the unsteady fluid inertia to the
viscous fluid stresses [38]:

Rk =
ρ0ωeW

2

4η0
(B.1)

with ρ0 the mass density of the fluid, ωe the angular excitation frequency, W the width of the
cantilever beam, and η0 the dynamic viscosity coefficient of the surrounding medium under
the Standard Temperature and Pressure (STP) condition. The flows of fluid can be classified
into laminar or turbulent depending on this number; if Rk < 2300, the flow is said to be
laminar, which means that the fluid flows in parallel layers with no mixing among them.
Otherwise, it is said to be in turbulent or chaotic state, or in transient state to turbulence.
In MEMS, Rk is generally much less than the aforementioned threshold value of 2300, and
hence the flow is considered laminar. This indicates that one can neglect the effect of inertia
forces of the fluid in MEMS, since these effects are much less than the viscous forces.

Furthermore, in MEMS applications involving interaction with gas, questions could be raised
about whether the gas should be modeled as a continuum or as individual molecules. A key
parameter that adresses this issue is the Knudsen number Kn:

Kn =
λfp
h
, with λfp =

η0

√
2R̄aT

pa
. (B.2)

In Equation (B.2), the parameter λfp is the mean free-path of gas molecules [39]. It is defined
as the average distance that a gas particle travels between two successive collisions. The
parameters h, R̄a, pa, and T are the characteristic length related to the physical problem,
which in this case is the separation distance between the microbeam and sample surfaces, the
individual gas constant, the ambient pressure, and the absolute temperature, respectively. In
the case of air, the gas constant is equal to R̄a = 286.9 J/(K·kg). Based on the Knudsen
number, the flow can be divided into four regimes: continuum flow when Kn < 0.01, slip flow
when 0.01 < Kn < 0.1, transitional flow when 0.1 < Kn < 10, and free molecular flow when
Kn > 10 [35]. The fluid motion is governed by the Navier-Stokes equations in the continuum
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regime, and slip flow can be described by modifying the zero-velocity boundary conditions
in the Navier-Stokes equations in order to account for the gas rarefaction effect, which is
the reduction of the mass density near the solid boundaries. In the molecular regime, the
intermolecular collisions can be neglected and the fluid is governed by the Boltzmann transport
equation. For the experimental AM-AFM set-up, parameter Kn varies between 0.0049 and
0.0074, therefore, one can assume that the fluid motion is mainly governed in the continuum
regime.

B.2 Hydrodynamic function

Several compact semi-analytical formulas for the unsteady viscous hydrodynamic function
of slender microbeams oscillating near rigid walls, are presented in the work of Tung et
al. [38]. These semi-analytical formulas are extensively validated by three-dimensional,
transient flow-structure simulations, as well as previous experiments performed in the field
by other researchers. The assumptions of small amplitude oscillations with respect to the
cantilever width W and gap height d, and of negligible non-linear inertia terms in the Navier-
Stokes equation, allow the use of the unsteady Stokes equation. From the Stokes equation, a
hydrodynamic loading theory is developed that is valid for large gaps tending to structures
oscillating in unbounded fluid on one hand, and small gaps with strong squeeze-film effects
on the other hand. The aforementioned semi-analytical formulas that are derived from this
theory, make it possible to predict the quality factors and natural frequencies of multiple
modes of microcantilever beams near rigid walls in diverse low Knudsen and squeeze number
applications. However, these formulas are only applicable to long, thin beams of uniform
cross-section. The general form of the complex-valued hydrodynamic function is [38]:

Γ(Rk, Hk) = ΓR − iΓI = 10ΓL , (B.3)

where ΓR and ΓI are the magnitudes of the real and imaginary portions of the hydrodynamic
function. The imaginary part of Γ(Rk, Hk) represents the fluid damping, while the real part
represents the added mass effect of the surrounding fluid. Furthermore, ΓL is defined as
follows:

ΓL(RL, HL) = a1 + a2RL + a3R
2
L + a4R

3
L + a5R

4
L + a6RLHL + a7HL + a8H

2
L (B.4)

+ a9H
3
L + a10H

4
L + a11RLH

2
L + a12R

2
LHL + a13RLH

3
L

+ a14R
3
LHL + a15(RLHL)2 + a16(RLHL)3.

In Equation (B.4), HL = log10(Hk) with Hk = 2 · h(z, t)/W , and RL = log10(Rk) with
Reynolds number Rk given in Equation (B.1). The coefficients ak with k = 1, ..., 16 are
complex-valued and given in Table B.1 for different ranges of values of the unsteady Reynolds
number Rk. These ranges are also called the low-Rk, moderate-Rk and high-Rk regimes
which correspond to 10−2 < Rk < 5, 5 < Rk < 800 and 800 < Rk < 104, respectively. When
the AFM microcantilever is excited inertially by means of a dither piezo in the vicinity of a
substrate, the Frequency Response Function (FRF) is given by [38]:
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H(iω) =
x(ω, z = L)

xdit(ω)
=

[
ω2 +

π

4m̄
ρ0ω

2W 2(ΓR − iΓI)
]
φn(L)

∫ L
0 φn(z)dz[

ω2
n − ω2 − π

4m̄
ρ0ω2W 2(ΓR − iΓI) + iωc

] ∫ L
0 φ2

n(z)dz
, (B.5)

where x(ω, z = L) is the tip displacement relative to the base, xdit(ω) the amplitude of the
absolute base displacement, c the coefficient of structural damping of the beam, and m̄ the
mass per unit length of the beam. Furthermore, ωn is the natural frequency of the nth
eigenmode of the cantilever beam, and φn(z) is the corresponding modeshape normalized
such that φn(L) = 1. The hydrodynamic function Γ = ΓR − iΓI is given in Equation (B.3).
Subsequently, the quality factor Qn of eigenmode n can be determined from the FRF by using
the half-power bandwidth method.

Table B.1 is provided in the work of Tung et al. [38], and contains the values of the coefficients
for the hydrodynamic function as defined in Equations (B.3) and (B.4).

Table B.1: Values of coefficients in the semi-analytical formula for the hydrodynamic function

Rk = 10−2-5 Rk = 5-800 Rk = 800-104

Real Imaginary Real Imaginary Real Imaginary

a1 0.447563 1.166451 0.454992 1.048232 0.115690 −0.055778
a2 −0.128094 −0.939118 −0.123600 −0.671922 0.041530 −0.052844
a3 −0.026524 0.041405 −0.050658 −0.167450 0.000631 −0.042005
a4 0.015513 0.006618 0.030315 0.096639 −0.011091 −0.022982
a5 0.004567 −0.000518 −0.004347 −0.012839 0.001875 0.004113
a6 −0.162957 0.205767 −0.199080 0.414505 −0.042464 −0.116570
a7 0.037071 −1.480452 0.053699 −1.621577 −0.216779 −0.647854
a8 0.291576 1.084622 0.196494 1.122649 0.153418 0.541078
a9 −0.094668 0.043579 −0.143066 0.294719 −0.077252 −0.482199
a10 −0.100082 −0.214250 −0.049848 −0.228261 −0.040086 −0.021487
a11 −0.083228 0.127148 0.003749 0.159247 0.050556 0.206033
a12 0.017776 0.066614 0.033247 0.110112 0.025747 0.090325
a13 −0.015890 −0.033979 0.070494 −0.430455 0.012889 0.055147
a14 0.024807 −0.005172 0.001729 −0.038745 −0.003101 −0.010253
a15 0.017239 0.022154 0.006254 −0.086469 −0.006375 −0.058274
a16 −0.010929 0.017535 −0.004849 0.025019 −0.001033 0.001208
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C Numerical modeling of the 1-DOF system

This appendix contains information about the various force contributions in static deflection,
and the implementation in the function definition file of MatCont regarding the 1-DOF model,
which can be found in Appendices C.2 and C.3, respectively. Furthermore, the validation of
the simulation results from the continuation procedure in MatCont, is given in Appendix C.4.

C.1 Data of system properties

Table C.1: System properties and input values of the 1-DOF models in Section 3.1

Figure (F)
F. C.1, 3.3 1, F. 3.2 (a), F. 3.2 (b) F. C.2 (b) F. C.2 (c) F. C.2 (d)

3.4 2, 3.5 C.2 (a)

Parameter Value Value Value Value Value Value Unit
k 40 40 40 40 40 40 N/m
Q 100 50 50 100 400 100 -
Ha 1.29e-19 1.29e-17 1.29e-19 1.29e-19 1.29e-19 1.29e-19 J
R 1e-8 1e-8 1e-8 1e-8 1e-8 1e-8 m
Er 7e10 2e11 7e10 1e9 1e9 5e10 Pa
ao 2.4e-10 2.4e-10 2.4e-10 2.4e-10 2.4e-10 2.4e-10 m
Z 1.4e-8 3.5e-8 3.5e-8 5e-9 8e-9 8e-9 m
Fe 8e-9 4e-8 4e-8 4e-9 1e-9 4e-9 N

1. η = 2200 Pa·s
2. η = 800 Pa·s, L = 2.5e-4 m, W = 2.8e-5 m, l = 1e-5 m, η0 = 1.81e-5 Pa·s

C.2 Static deflection

Figure C.1 shows the static deflection plots of the system of equations (3.1) and (3.2), in
which the total static deflection force FSD = Fts(x + Z) − Fs(x) with Fs(x) = kx (Hooke’s
law), is given against the offset distance Z in the left column, and against the displacement of
the cantilever tip x in the right column. Static deflection indicates that the time-dependent
variables, which are the excitation signal Fdit(t), state velocity ẋ, and state acceleration ẍ are
set to zero. The applied values for the system parameters can be found in Table C.1.

In the left upper plot of Figure C.1, the force FSD is given for several fixed values of the
tip displacement x, namely x = -20, -30, and -40 nm, and using a stiffness of k = 40 N/m.
The transition from the non-contact region to the contact region occurs at a separation
distance of Z = ao − x with ao = 0.24 nm, resulting in an increase of the static deflection
force FSD. The graphs shift upward for increasing tip displacement, because of the increase in
the contribution of the stiffness force Fs(x). The right upper plot shows the static deflection
force FSD for different values of the stiffness k, namely k = 10, 25, and 40 N/m, using a fixed
value for the offset distance; Z = 25 nm. Therefore, the transition to the contact region occurs
at an equal value for the tip displacement regarding the graphs in the right upper plot. For
distances x > ao − Z, the force FSD will eventually consist of only the stiffness contribution
Fs(x). Furthermore, the bottom plots of Figure C.1 are given for x = -25 nm in the left
column, and for k = 10 N/m in the right column. The graphs are zoomed-in on the transition
from the non-contact region to the contact region, in order to indicate the contributions of the
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attractive van der Waals force and the repulsive force to the total tip-sample interaction and
static deflection forces. In the left bottom plot, the contributions of Fts(x+Z) are translated
upwards with an additional force of F = −kx = -40 · -25 [nm] = 1·10−6 N in order to give
a qualitative representation with respect to the force FSD. The same accounts for the right
bottom plot, where the contributions of the force Fts(x+ Z) are translated upwards with an
additional force of F = k(Z − ao) = 10 · (25 [nm] - 0.24 [nm]) = 2.476·10−7 N.

Figure C.1: Static deflection force FSD for varying tip-sample separation distance Z and flexu-
ral displacement x, where the different force contributions of FSD are given in the bottom plots

C.3 System definition in MatCont

The 1-DOF lumped-parameter model with the unit of displacement in the order of nanometers,
is converted to a non-dimensional model, such that the continuation run in MatCont can
comply with the tolerances set in the options structure. The system of equations (3.1) can
be written as follows:

meẍ+ cẋ+ kx = Fdit(t) + Fts(dts). (C.1)

In Equation (C.1), five quantities are involved when the interaction parameters of the TSI force
Fts(dts) are not considered, namely me, k, c, Fe and ωe. One quantity can be eliminated by
making Equation (C.1) dimensionless. Hereto, the dimensionless time τ and the dimensionless
displacement ζ are introduced:

t =

(
1

ω0

)
τ =

√
me

k
τ, x =

(
Fe
k

)
ζ, (C.2)
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where ω0 is the fundamental resonance frequency for undamped, free vibrations. Substitution
of the dimensionless variables of (C.2) in Equation (C.1) leads to the following non-dimensional
equation of motion:

d2ζ

dτ2
+

1

Q

dζ

dτ
+ ζ =

Fts(Dts)

Fe
+ sin(Ωrτ). (C.3)

In Equation (C.3), the variable tip-sample distanceDts, the frequency ratio Ωr, the fundamental
resonance frequency ω0, and the quality factor Q are defined as follows:

Ωr =
ωe
ω0
, ω0 =

√
k

me
, (C.4)

Q =

√
kme

c
=

1

2ξ
, Dts =

(
Fe
k

)
ζ cosα+ Z.

Furthermore, MatCont only supports autonomous ordinary differential equations (ODEs);
the solution is independent of the time at which the initial conditions are applied. Since the
system of (C.3) is non-autonomous, time τ cannot be explicitly used in the system definition.
Therefore, polar coordinates are applied in order to derive an autonomous system:

u(τ) = r(τ) cos(θ(τ)), v(τ) = r(τ) sin(θ(τ)), (C.5)

ṙ = r(1− r2), θ̇ = Ωr.

Substitution of (C.5) in Equation (C.3) gives the following system of equations:

ż1 = z2 (C.6)

ż2 = − 1

Q
z2 − z1 +

Fts(Dts)

Fe
+ v

u̇ = u− Ωrv − (u2 + v2)u

v̇ = v + Ωru− (u2 + v2)v

with state variables z1 = ζ and z2 = ζ̇, and the interaction force Fts(Dts) is given by (3.2), for
which the dimensionless tip-sample distance Dts is defined as in (C.4). The coordinates u(τ)
and v(τ) describe a circle whose radius r(τ) converges to the value 1 over time. When visco-
elastic and squeeze-film dissipation are included in the mechanical system, as it is discussed
in Section 3.1, the following dimensionless system of equations is obtained:

ż1 = z2 (C.7)

ż2 = −
(

1

Q
+
Csq
D3
cs

)
z2 − z1 +

Fts(Dts)

Fe
+ v

u̇ = u− Ωrv −
(
u2 + v2

)
u

v̇ = v + Ωru−
(
u2 + v2

)
v
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In Equation (C.7), the parameter Csq and variable Dcs are defined as follows:

Csq =
η0W

3Lω0

k
, Dcs =

(
Fe
k

)
ζ cosα+ Z + l cosα, (C.8)

which are a measure for the squeeze-film damping coefficient, and the separation distance
between the cantilever and sample surfaces, respectively. The TSI force Fts(Dts), including
the time-dependent viscous force of Equation (2.33), is given by:

Fts(ζ, ζ̇) =


−HaR

6D2
ts

, Dts ≥ a0

−HaR

6a2
0

+
4

3
Er
√
R (a0 −Dts)

3/2 − ηnFeω0

k

√
R(a0 −Dts)ζ̇, Dts < a0

(C.9)

C.4 Validation of MatCont continuation results

The second-order ODE of (C.3) can be solved with a non-linear time integration method. The
same time integration algorithm is used as for the continuation run in the MatCont toolbox,
namely the Runge-Kutta (4,5) integration scheme, for which the solver function is called
”ode45” in Matlab. This function ensures faster computations and more accurate results,
since the algorithm calculates the derivative at a point, checks whether the value is greater
than or less than the tolerance, and alters the step size accordingly.

Figure C.2: Fundamental resonance peaks for tip-sample interaction, which are obtained from
non-linear time integration and from the continuation procedure in MatCont
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Figure C.2 shows the amplitude-frequency diagrams for several system set-ups with different
values for the system parameters, which are given in Table C.1. The black graphs are
the results obtained by continuation from a periodic orbit in MatCont, which are validated
with the results from non-linear time integration at increments/decrements of the excitation
frequency fe, indicated by the red circles. In order to obtain the stable high-amplitude solu-
tions when using time integration analysis, the initial conditions of the next frequency value
are set equal to the displacement and velocity values of the last point in the steady-state
solution of the present frequency value. Furthermore, the timespan of the integration routine
is made dependent on the time period, since the time period Tτ of the non-dimensional model
(C.3) is variable; Tτ = 2π/Ωr = 2πω0/ωe. The timespan is set equal to a whole number of
periods; [0, N · Tτ ] with N an integer number for which the steady-state solution is reached.
As it can be seen in Figure C.2, the results from MatCont agree very well with those obtained
from non-linear time integration, and it can be concluded that the continuation procedure as
implemented in MatCont gives an accurate description of the system’s steady-state dynamic
behavior.
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D Derivation of the multi-DOF system

This appendix elaborates on two different methods in order to derive a multi-DOF model for
the AFM cantilever beam with an excitation force at the base and a tip-sample interaction
force at the free end of the beam. The difference between the two methods is the order of
implementation with regard to the boundary conditions and the reduction of the number of
DOF. The number of DOF of the linear components is reduced by applying a component
mode synthesis (CMS) technique, as discussed in Section D.1. The first method implements
the boundary conditions before the reduction procedure, while the second method implements
the boundary condition regarding the prescribed motion at the base, after applying the CMS-
technique. These methods are discussed in Sections D.2 and D.3, respectively.

D.1 CMS method of Ritz

The number of degrees of freedom of the linear components for a system with local nonlineari-
ties is reduced by applying a component mode synthesis technique based on free-interface
eigenmodes and residual flexibility modes. On empirical grounds it has been concluded in
linear dynamics that the Ritz-approximation of the component displacement field in general
offers a large reduction of the number of DOF and consequently of the computation time
needed for analysis, whereas simultaneously the decrease in accuracy of the system response
is only small. However, it is required that the frequency spectrum of the nx-column with
loads F =

[
F tB, 0

t
I

]t
ranges from zero till some cut-off frequency fc = ωc/2π [Hz], and that the

assumption of proportional (or modal) damping is justified [48]. The definition of proportional
damping is given in Section D.1.1. The Ritz-approximation is as follows:

x ≈ Tp, T =
[
Φk ΦB

]
, p =

[
ptk ptB

]t
(D.1)

with pk and pB the generalized coordinates corresponding to the elastic eigenmodes and
residual flexibility modes, respectively. The columns of the (nx, nk) matrix Φk consist of
the kept elastic eigenmodes φi, which are the mass-normalized solutions (φtiMφi = 1) of the
undamped eigenproblem for ωi ∈ (0, ωc] (i = 1, ..., nk):(

−ω2
iM + K

)
φi = 0, (D.2)

where M and K are the global mass and stiffness matrices, respectively. The procedure
regarding the mass-normalization of eigenmodes is discussed in Section D.1.2. The (nx, nB)
matrix ΦB with residual flexibility modes is defined as follows:

ΦB =
[
K−1 − ΦkΩ

−2
kk Φt

k

] [
IBB 0tIB

]t
, (D.3)

where Ωkk is a (nk, nk) diagonal matrix with the kept angular eigenfrequencies ωi lower than
or equal to ωc. In Equation (D.3), a residual flexibility mode is defined for each boundary DOF
and guarantees unaffected static load behavior of the reduced system model. Furthermore,
the above Ritz-approximation holds for statically determinate systems. When the system can
move as a rigid body, an alternative formulation can be applied, e.g. the CMS technique of
Rubin [49]. The CMS method of Rubin is discussed in Section D.1.3, and it is implemented in
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Section D.3. Finally, using transformation (D.1), the reduced component equations become:

T tMT p̈+ T tBT ṗ+ T tKTp = T tF (D.4)

⇒Mrp̈+ Brṗ+ Krp = Fr.

In Equation (D.4), the matrices are Mr = T tMT , Br = T tBT , and Kr = T tKT , and the
force column is Fr = T tF . The resulting equations of motion of the reduced system can be
implemented into Matlab or MatCont for time integration analysis.

D.1.1 Proportional damping

In order to implement the Ritz- or Rubin-approximation, the assumption of modal or propor-
tional damping is required. This means that the damping matrix B has the following form:

ΦtBΦ = 2 Ξ Ω ⇒ B =
(
Φt
)−1

2 Ξ Ω Φ−1 (D.5)

with Ξ =


ξ1 0 · · · 0
0 ξ2 · · · 0
...

...
. . .

...
0 0 · · · ξn

 , Ω =


ω1 0 · · · 0
0 ω2 · · · 0
...

...
. . .

...
0 0 · · · ωn

 .

This type of modal damping is only applicable in the case of mass-normalized eigenmodes,
which means that ΦtMΦ = I. The procedure of mass-normalization of eigenmodes is elabo-
rated in Section D.1.2. In Equation (D.5), the matrix Ξ contains the dimensionless damping
coefficients ξi, and matrix Ω contains the angular eigenfrequencies ωi for modes i = 1, ..., n.
Therefore, the damping of all the considered eigenmodes in matrix Φ can be tuned separately.

D.1.2 Mass-normalization of eigenmodes

The set of eigencolumns φi, i = 1, ..., nx corresponding to an eigenfrequency ωi are obtained
from the eigenproblem of Equation (D.2). In order to obtain mass-normalized eigenmodes,
the diagonal terms of ΦtMΦ need to be equal to 1. Therefore, when φtiMφi = ui, the elements
of eigenmode φi must be multiplied with 1/

√
ui. Furthermore, the off-diagonal terms need to

be equal to zero. When m rigid body modes are present in an unconstrained system, these
modes correspond to an eigenfrequency ωi = 0 [rad/s] with multiplicity m. According to
the degeneracy theorem, it is possible to construct a mass- or stiffness-orthogonal basis of
m eigencolumns spanning a subspace of dimension m, which is orthogonal to the remaining
nx −m eigencolumns. This orthogonal basis is not unique, because any linear combination
of the associated eigencolumns is also an eigencolumn. First, the pair of eigencolumns φ1

and φ2 are considered. The column φ1 is fixed and for the updated column of φ2, a linear
combination of the two eigencolumns is taken, and it is made mass matrix orthogonal to φ1

by the following [49]:

φ∗2 = φ2 + αφ1, (D.6)

where the condition φt1Mφ∗2 = 0 is required, resulting in:
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α = −φ
t
1Mφ2

φt1Mφ1
. (D.7)

The above procedure is repeated for the combinations
[
φ1, φi

]
, i = 2, ...,m. This results

in a m-dimensional subspace consisting of the eigencolumn φ1, which is mass-orthogonal to
the (m− 1)-dimensional subspace [φ∗2, ..., φ

∗
m]. Subsequently, the procedure of fixing the first

eigencolumn and updating the remaining columns, is repeated for the (m − 1)-dimensional
subspace. The final result is a subspace of m mutually mass-orthogonal eigencolumns, leading
to a complete set of nx mass-orthogonal eigencolumns for the system.

D.1.3 CMS method of Rubin

When a rigid body mode is present in a system, the inverse of the stiffness matrix K−1 in
Equation (D.3) does not exist. The Rubin-approximation is as follows:

x ≈ Tp, T =
[
Φk Φr ΦB

]
, p =

[
ptk ptr ptB

]t
, (D.8)

where the columns of the (nx, nr) matrix Φr consist of the rigid body modes, and pr are the
corresponding generalized coordinates. The expression of (D.3) can be adjusted as follows:

ΦB =
[
ΦdΩ

−2
dd Φt

d

] [
IBB 0tIB

]t
, (D.9)

where Φd is the (nx, nx − nR) matrix with nR = nr + nk, consisting of the deleted elastic
eigenmodes, i.e. the eigenmodes that are not kept in Φk, and exluding the rigid body modes
[49]. Furthermore, Ωdd is a (nx − nR, nx − nR) diagonal matrix with the corresponding
eigenfrequencies. The derivation of the transformation matrix T for the Rubin-approximation
is elaborated in Section D.3.

D.2 Method 1: boundary conditions before eigenvalue-based reduction

For the first method, the boundary conditions ux1 = xdit(t) and θy1 = 0 are implemented
before reduction of the number of DOF. The external loads, which are the harmonic excitation
and tip-sample interaction force, are applied on the second and last nodes of the FEM model,
respectively. The coordinates ux2, θy2 and uxp then become the loaded boundary DOF in
column xB, in correspondence with Equation (3.5). Therefore, a total of 3 residual flexibility
modes must be taken into account when applying the Ritz-approximation, as it is discussed
in Section D.1.

Reduction: prescribed displacement

The global mass and stiffness matrices, M and K respectively, of Equation (D.10) are obtained
from the element matrices given in (2.15). The elements of these matrices are indicated with
mi,j and ki,j , where i and j are the row and the column, respectively. When the mass
of the cantilever tip, mt, is included in the system of equations, this point mass is added
to the element (nx − 1, nx − 1) of the global mass matrix M, which corresponds to the
transversal displacement uxp of the last node. Furthermore, R1Fts is a column that contains
the tip-sample interaction force, corresponding to the transversal displacement uxp, as follows:
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Mẍ+ Kx = R1Fts ⇔ (D.10)

 m1,1 m1,2 m1,3:nx

m2,1 m2,2 m2,3:nx

m3:nx,1 m3:nx,2 Mt




üx1

θ̈y1

üx2

θ̈y2
...
üxp
θ̈yp


+

 k1,1 k1,2 k1,3:nx

k2,1 k2,2 k2,3:nx

k3:nx,1 k3:nx,2 Kt




ux1

θy1

ux2

θy2
...
uxp
θyp


=



0
0
0
0
...
1
0


Fts

The boundary conditions are a prescribed displacement at the base, ux1 = xdit(t), and a
clamping condition at the base, θy1 = 0. The first condition results into additional forces
on the right-hand side of Equation (D.10), and into the removal of the first DOF. The last
condition results into the removal of the second row and second column of the global matrices.
The following is then obtained:

Mt


üx2

θ̈y2
...
üxp
θ̈yp

+ Kt


ux2

θy2
...
uxp
θyp

 =


0
0
...
1
0

Fts + k3:nx,1 ux1 +m3:nx,1 üx1 (D.11)

⇔ Mtq̈ + Ktq =
[
Rb1 k3:nx,1 m3:nx,1

] Ftsux1

üx1


Transformation: ordering of loaded boundary and internal DOF

In order to implement the component mode synthesis technique, discussed in Section D.1,
the column q needs to be reordered such that the boundary DOF qB =

[
ux2 θy2 uxp

]t
are

grouped together:

y =

[
qB
qI

]
= Tmq, Tm =



1 0 0 0 · · · 0 0
0 1 0 0 · · · 0 0
0 0 0 0 · · · 1 0
0 0 1 0 · · · 0 0
0 0 0 1 · · · 0 0
...

...
...

...
. . .

...
...

0 0 0 0 · · · 0 1


(D.12)

with qI the unloaded, internal DOF. Substitution of y = Tmq of (D.12) into Equation (D.11)
results in the following:

TmMtT
−1
m ÿ + TmKtT

−1
m y = Tm

[
Rb1 k3:nx,1 m3:nx,1

] Ftsux1

üx1

 (D.13)

⇔ MB ÿ + KBy = FB
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Reduction: component mode synthesis technique

The transformation based on the Ritz-approximation is given in (D.1) of Section D.1. The

following regrouping of the elastic eigenmodes Φk =
[
φtB,k φtI,k

]t
and the residual flexibility

modes ΦB =
[(
φBB
)t (

φBI
)t]t is applied:

y =

φB,k φBB

φI,k φBI

[pk
pB

]
= T1 p, y =

[
qB
qI

]
(D.14)

with pk and pB the generalized coordinates corresponding to the elastic eigenmodes and the
residual flexibility modes, respectively. From the first row of (D.14), the following is obtained:

qB = φB,kpk + φBBpB ⇒ pB =
(
φBB
)−1

(qB − φB,kpk) (D.15)

p =

[
0kB Ikk(
φBB
)−1 −

(
φBB
)−1

φB,k

] [
qB
pk

]
= T2 z, p =

[
pk
pB

]
Substitution of (D.15) into Equation (D.14) gives the following transformation matrix T for
the reduction of the number of DOF, which also allows expression of the reduced model in
terms of the physical boundary coordinates qB =

[
ux2 θy2 uxp

]t
:

y = T1T2 z = T z, T =

[
IBB 0Bk

φBI
(
φBB
)−1

φI,k − φBI
(
φBB
)−1

φB,k

]
(D.16)

Finally, substitution of (D.16) into Equation (D.13) results in the reduced component model:

T tMBT z̈ + T tKBTz = T tFB ⇒ Mrz̈ + Krz = Fr, z =

[
qB
pk

]
(D.17)

Implementation of proportional damping

After the reduction process using the Ritz-approximation, the proportional or modal damping
matrix Br is derived from the following eigenproblem:(

−ω2
r,iMr + Kr

)
φr,i = 0, (D.18)

where Mr and Kr are the mass and stiffness matrices of the reduced model as defined in
Equation (D.17). The eigenvectors φr,i and angular eigenfrequencies ωr,i from Equation (D.18)
define the damping matrix Br according to Equation (D.5). The resulting equation for time
integration analysis in Matlab and/or MatCont is therefore:

Mrz̈ + Brż + Krz = Fr, z =

[
qB
pk

]
(D.19)
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Inclusion of squeeze-film damping

As it is mentioned in Chapter 3.2, it is assumed that the bulk of the damping due to squeeze-
film effects occurs at the end of the beam. Because of this assumption, Equation (3.6) is
only applied at the tip position, corresponding to the transversal displacement uxp, in the
multi-DOF system:

Mrz̈ + (Br + Cr(uxp))ż + Krz = Fr, Cr = csq(uxp)


0
0
1
0k

 [0 0 1 0k
]

(D.20)

Dimensionless model

The dimensionless time τ and the dimensionless displacement ζ are introduced:

t =

(
1

ωr,1

)
τ, z = Asζ (D.21)

with ωr,1 the first angular eigenfrequency resulting from the eigenproblem of the reduced
system, Equation (D.18), and As the scaling parameter regarding the displacement amplitude.
Substitution of the dimensionless parameters of (D.21) in Equation (D.20) leads to the follo-
wing dimensionless equation of motion:

d2ζ

dτ2
+ C1

dζ

dτ
+ C2ζ = C3Fr, (D.22)

where the matrices of Equation (D.22) are defined as follows:

C1 =
1

ωr,1
M−1

r (Br + Cr), C2 =
1

ω2
r,1

M−1
r Kr, C3 =

(
1

Asω2
r,1

)
M−1

r (D.23)

Furthermore, the function for the tip-sample interaction force Fts(uxp, u̇xp) including visco-
elastic dissipation, is defined in Equation (3.3). The dimensionless parameters of (D.21)
also have to be implemented in the aforementioned function for the tip-sample interaction,
and in the function for the input dither signal corresponding to the prescribed transversal
displacement ux1.

D.3 Method 2: eigenvalue-based reduction before prescribed displacement

The second method considers implementation of the reduction procedure, based on the Rubin-
approximation of Section D.1.3, before accounting the prescribed transversal displacement ux1

in the model. The external loads, which are the harmonic excitation and tip-sample inter-
action force, are applied on the first and last nodes of the FEM model, respectively. In this
case, the coordinates ux1 and uxp are the loaded boundary DOF, resulting in a total of 2
residual flexibility modes. One starts with the model given in (D.10). Since the cantilever
beam is clamped at the first node, which corresponds to θy1 = 0, the following is obtained:
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[
m1,1 m1,3:nx

m3:nx,1 Mt

]


üx1

üx2

θ̈y2
...
üxp
θ̈yp


+

[
k1,1 k1,3:nx

k3:nx,1 Kt

]


ux1

ux2

θy2
...
uxp
θyp


=



0
0
0
...
1
0


Fts, q =



ux1

ux2

θy2
...
uxp
θyp


(D.24)

⇔ Mbq̈ + Kbq = Rb2Fts

where ny = nx − 1 is the size of the mass and stiffness matrices, Mb and Kb respectively.
When the mass of the cantilever tip, mt, is included in the system of equations, this point
mass is added to the element (ny−1, ny−1) of the global mass matrix Mb, which corresponds
to the transversal displacement uxp of the last node.

Transformation: ordering of loaded boundary and internal DOF

In order to implement the component mode synthesis technique, which is discussed in Section
D.1, the column q needs to be reordered such that the loaded boundary DOF qB =

[
ux1 uxp

]t
are grouped together:

y =

[
qB
qI

]
= Tmq, Tm =



1 0 0 0 · · · 0 0
0 0 0 0 · · · 1 0
0 1 0 0 · · · 0 0
0 0 1 0 · · · 0 0
0 0 0 1 · · · 0 0
...

...
...

...
. . .

...
...

0 0 0 0 · · · 0 1


(D.25)

with qI the unloaded, internal DOF. Substitution of y = Tmq of (D.25) into Equation (D.24)
results in the following:

TmMbT
−1
m ÿ + TmKbT

−1
m y = TmR

b
2Fts (D.26)

⇔ MB ÿ + KBy = FB

Reduction: component mode synthesis technique

Since only the boundary condition of θy1 = 0 has been implemented at this stage, the
beam system can be considered as a guided-free cantilever beam. The first eigenmode of
the system will therefore correspond to a rigid body mode, where the entire structure can
move up and down without elastic material deformation. The transformation based on the
Rubin-approximation takes rigid body modes into account, as it is mentioned in Section D.1.

The rigid body mode Φr =
[
φtB,r φtI,r

]t
, the elastic eigenmodes Φk =

[
φtB,k φtI,k

]t
and the

residual flexibility modes ΦB =
[(
φBB
)t (

φBI
)t]t are regrouped as follows:
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y =

φBB φB,r φB,k

φBI φI,r φI,k

pBpr
pk

 = T1 p, y =

[
qB
qI

]
(D.27)

with pB, pr and pk the generalized coordinates corresponding to the residual flexibility modes,
rigid body mode and elastic eigenmodes, respectively. From the first row of (D.27), the follo-
wing equation is obtained:

qB = φBBpB + φB,rpr + φB,kpk ⇒ pB =
(
ΦB
B

)−1
(qB − φB,rpr − φB,kpk) (D.28)

p =

(φBB)−1 −
(
φBB
)−1

φB,r −
(
φBB
)−1

φB,k
0rB Irr 0rk
0kB 0kr Ikk

qBpr
pk

 = T2 zr, p =

pBpr
pk


Substitution of (D.28) into Equation (D.27) gives the following transformation matrix T for
the reduction of the number of DOF, which also allows expression of the reduced model in
terms of the physical boundary coordinates qB =

[
ux1 uxp

]t
:

y =T1T2 zr = T zr, (D.29)

T =

[
IBB 0Br 0Bk

φBI
(
φBB
)−1 −φBI

(
φBB
)−1

φB,r + φI,r −φBI
(
φBB
)−1

φB,k + φI,k

]

Finally, substitution of (D.29) into Equation (D.26) results in the reduced component model:

T tMBT z̈r + T tKBTzr = T tFB ⇒ MRz̈r + KRzr = FR, zr =

qBpr
pk

 (D.30)

Reduction: prescribed displacement

Equation (D.30) with qB =
[
ux1 uxp

]t
can be expressed in the following form:

 mR
1,1 mR

1,2:nz

mR
2:nz ,1 Mr



üx1

üxp
p̈r
p̈k

+

 kR1,1 kR1,2:nz

kR2:nz ,1 Kr



ux1

uxp
pr
pk

 =

(
FR1
Fr

)
, (D.31)

where the mass and stiffness matrices, MR and KR respectively, are of size (nz, nz). The
boundary condition regarding the fixed transversal displacement ux1 = xdit(t) at the base
of the cantilever beam, is now implemented in Equation (D.31), which results in additional
forces on the right-hand side of the equation due to the stiffness and intertia contributions:
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Mr

üxpp̈r
p̈k

+ Kr

uxppr
pk

 = Fr +
[
kR2:nz ,1 mR

2:nz ,1

] [ux1

üx1

]
(D.32)

⇒Mrz̈ + Krz = Fr +
[
kR2:nz ,1 mR

2:nz ,1

] [ux1

üx1

]
, z =

uxppr
pk


Equation (D.32) gives a direct expression for the transversal displacement uxp, corresponding
to the displacement of the cantilever tip.

Implementation of proportional damping

As it is the case for the first method, the proportional damping matrix is derived after the
reduction procedure. The eigenproblem of (D.18) is implemented on the reduced model as
stated in Equation (D.32). The obtained eigenvectors φr,i and angular eigenfrequencies ωr,i
define the damping matrix Br according to Equation (D.5). Therefore, the resulting equation
for time integration analysis in Matlab and/or MatCont is:

Mrz̈ + Brż + Krz = Fr +
[
kR2:nz ,1 mR

2:nz ,1

] [ux1

üx1

]
, z =

uxppr
pk

 (D.33)

Inclusion of squeeze-film damping

As it is mentioned in Chapter 3.2, it is assumed that the bulk of the damping due to squeeze-
film effects occurs at the end of the beam. Because of this assumption, Equation (3.6) is
only applied at the tip position, corresponding to the transversal displacement uxp, in the
multi-DOF system:

Mrz̈ + (Br + Cr(uxp))ż + Krz = Fr, Cr = csq(uxp)

 1
0
0k

 [1 0 0k
]

(D.34)

Dimensionless model

The dimensionless time τ and the dimensionless displacement ζ of (D.21) are introduced and
substituted in Equation (D.34). This results in a dimensionless equation of motion similar in
form to (D.22), with corresponding matrices defined in (D.23).

Furthermore, the function for the tip-sample interaction force Fts(uxp, u̇xp) including visco-
elastic dissipation, is defined in Equation (3.3). The dimensionless parameters of (D.21)
also have to be implemented in the aforementioned function for the tip-sample interaction,
and in the function for the input dither signal corresponding to the prescribed transversal
displacement ux1.
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E Numerical modeling of the multi-DOF system

This appendix contains information about the numerical modeling and validation of the
mechanical system, containing local non-linearities and periodic external loads, as derived in
Chapter 3.2. Furthermore, the time response and FFT diagrams of the numerical bifurcation
analysis of the multi-DOF system are given in Appendix E.5.

E.1 Data of system properties

Table E.1: System properties and input values of the multi-DOF models in Sections 3.2 and 4

Table (T) / Figure (F)
T. 3.1, 3.2 F. 3.8 F. 4.1, 4.2 F. 4.7, 4.8 F. 4.12, F. 4.19,

4.13, 4.18 1 4.20

System properties
Param. Value Value Value Value Value Value Unit
Ec 176e9 170e9 170e9 170e9 170e9 170e9 Pa
ρc 2329 2332 2332 2332 2332 2332 kg/m3

L 250e-6 225e-6 225e-6 225e-6 225e-6 225e-6 m
H 1.7e-6 3e-6 3e-6 3e-6 3e-6 3e-6 m
W0 28e-6 28e-6 28e-6 28e-6 28e-6 28e-6 m
W1 28e-6 28e-6 28e-6 22.96e-6 28e-6 30.58e-6 m
Ha - 1.29e-19 1.29e-19 1.29e-19 1.29e-19 1.29e-19 J
α - 15·(π/180) 15·(π/180) 15·(π/180) 15·(π/180) 15·(π/180) rad
l - 1e-5 1e-5 1e-5 1e-5 1e-5 m
κ - 0.7 0.95 0.95 0.95 0.95 -
mt 2.5e-13 2.5e-13 2.5e-13 2.5e-13 2.5e-13 2.5e-13 kg
a0 - 2.4e-10 2.4e-10 2.4e-10 2.4e-10 2.4e-10 m
Er - 70e9 70e9 70e9 70e9 70e9 Pa
R - 1e-8 1e-8 1e-8 1e-8 1e-8 m
η - 800 800 800 800 800 Pa·s
ξi - 0.005 (i=1) 0.0025 (i=1,2) 0.0025 (i=1,2) 0.0025 (i=1) 0.0025 (i=1) -

0.1 (i >1) 0.1 (i=3,4) 0.1 (i=3,4) 0.00143 (i=3) 0.00143 (i=3)

0.1 (i=2,4,5) 0.1 (i=2,4,5)

Input parameters
Param. Value Value Value Value Value Value Unit
Ae - 1.8e-9 0.7e-9 0.7e-9, 1.05e-9, 1.05e-9, m

1.05e-9 1.4e-9 1.4e-9
Z - 4.75e-8 3e-8, 4.5e-8 4.5e-8 4.5e-8 m

4.5e-8

1. Values of the modal damping factors ξi and of the input parameters are given in Section 4.2.1

The linear stiffness coefficient k of the multi-DOF system, where the structure configuration
is modeled as a uniform cantilever beam under a point load at the tip, can be estimated by
the following equation [35]:

k =
3EcI

L3 (1− ν2)
, with I =

WH3

12
(E.1)

where L, W and H are the length, width and height of the microbeam, respectively, Ec is the
Young’s modulus of elasticity, I is the moment of inertia of the (rectangular) cross-section,
and ν is the Poisson’s ratio.
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E.2 Method 2: convergence of dynamical properties
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Figure E.1: Relative difference between eigen-
frequencies of the reduced and unreduced
models for eigenmodes i = 1, ..., 6, against the
number of elastic eigenmodes nk in (D.1)

In Figure E.1, the relative difference between
the eigenfrequencies of the reduced and
unreduced models is given against the number
of elastic eigenmodes nk that is included in
the transformation matrix T of (D.1). The
aforementioned relative difference between the
eigenfrequencies of the different models is
defined as follows: ∆f =| fr,i − fi | /fi, where
fi = ωi/2π and fr,i = ωr,i/2π are derived
from Equations (D.2) and (D.18), respectively.
The initial relative difference seems to increase
with increasing eigenmode i; from ∆f = 0.06%
for mode i = 1 till ∆f = 15.93% for mode
i = 6. The results also indicate that this initial
difference for mode i decreases significantly
after inclusion of at least two more eigenmodes
in the reduction procedure.

E.3 Beam elements for linearly-tapered microbeams

This section considers the derivation of an Euler-Bernoulli beam element for a tapered beam,
wherein the width and height are linear functions of the axial coordinate, and with rectangular
cross-section. The following equations are derived from the work of He et al. [50].

Figure E.2: Schematic of a tapered beam element with varying width and height

The tapered wedge beam can be modeled by the beam element, with nodes i and i+ 1, given
in Figure E.2. The variations of width w and height h in the beam element are as follows:

w = wi

[((
(wi+1)1/tw − (wi)

1/tw
)
/(wi)

1/tw
)

(s/Le) + 1
]tw

= wi [(∆w)(s/Le) + 1]tw , (E.2)

h = hi

[((
(hi+1)1/th − (hi)

1/th
)
/(hi)

1/th
)

(s/Le) + 1
]th

= hi [(∆h)(s/Le) + 1]th , (E.3)

where s is the axial coordinate at node i, and Le the length of the beam element. The tapered
order tw and th are different for various tapered beam elements, and can be classified into
integer tapered order and fraction tapered order. Since a linearly-tapered cantilever beam is
considered in this case, the orders equal tw = th = 1. For a beam with integer taper order,
the width and height can be written as a power series:

TU/e 99



w = Cw

{
1 s/Le ... (s/Le)

n ... (s/Le)
tw
}T

, (E.4)

h = Ch

{
1 s/Le ... (s/Le)

n ... (s/Le)
th
}T

, (E.5)

where superscript T indicates the transpose of a vector. In Equations (E.4) and (E.5), the
coefficient vectors Cw and Ch are defined as:

Cw =
[
cw,0wi cw,1wi(∆w) ... cw,nwi(∆w)n ... cw,twwi(∆w)tw

]
, (E.6)

Ch =
[
ch,0hi ch,1hi(∆h) ... ch,nhi(∆h)n ... ch,thhi(∆h)th

]
. (E.7)

In Equations (E.6) and (E.7), the parameters cw,n and ch,n are binomial coefficients. Then,
the power series of area A and second moment of inertia I of the cross-section in the beam
element can be obtained:

A(z) = wh =

mA∑
n=0

CA,n(s/Le)
n = CA

{
1 s/Le ... (s/Le)

n ... (s/Le)
mA
}T

, (E.8)

I(z) =
wh3

12
=

mI∑
n=0

CI,n(s/Le)
n = CI

{
1 s/Le ... (s/Le)

n ... (s/Le)
mI
}T

, (E.9)

where the coefficient vector CA is the convolution of Cw and Ch, and CI is the convolution
of Cw and (Ch)3. Furthermore, mA = tw + th and mI = tw + 3th are the highest orders of
area and second moment of inertia of the cross-section, respectively. The mass and stiffness
matrices for a tapered beam element can be obtained according to:

Me =

mA∑
n=0

(ρA)nMe,n = ρ

mA∑
n=0

CA(n)Me,n, (E.10)

Ke =

mI∑
n=0

(EI)nKe,n = E

mI∑
n=0

CI(n)Ke,n,

where ρ is the mass density of the beam material, and E the Young’s modulus of elasticity.
The element matrices of (E.10) are only for lateral transverse motion of the tapered cantilever
beam, and therefore correspond to an Euler-Bernoulli beam element. Furthermore, the
considered matrices of the beam element are the superposition of an elementary matrix series,
which relate to the series of variable axial parameters. These series are given in the definitions
of the symmetric matrices Me,n and Ke,n:

Me,n =


m11 m12 m13 m14

m22 m23 m24

m33 m34

sym. m44

 , Ke,n =


k11 k12 k13 k14

k22 k23 k24

k33 k34

sym. k44

 , (E.11)
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where the elements of Me,n are given by:

m11 = Le

[
1

n+ 1
− 6

n+ 3
+

4

n+ 4
+

9

n+ 5
− 12

n+ 6
+

4

n+ 7

]
,

m12 = L2
e

[
1

n+ 2
− 2

n+ 3
− 2

n+ 4
+

8

n+ 5
− 7

n+ 6
+

2

n+ 7

]
,

m13 = Le

[
3

n+ 3
− 2

n+ 4
− 9

n+ 5
+

12

n+ 6
− 4

n+ 7

]
,

m14 = L2
e

[
−1

n+ 3
+

1

n+ 4
+

3

n+ 5
− 5

n+ 6
+

2

n+ 7

]
,

m22 = L3
e

[
1

n+ 3
− 4

n+ 4
+

6

n+ 5
− 4

n+ 6
+

1

n+ 7

]
,

m23 = L2
e

[
3

n+ 4
− 8

n+ 5
+

7

n+ 6
− 2

n+ 7

]
,

m24 = L3
e

[
−1

n+ 4
+

3

n+ 5
− 3

n+ 6
+

1

n+ 7

]
,

m33 = Le

[
9

n+ 5
− 12

n+ 6
+

4

n+ 7

]
,

m34 = L2
e

[
−3

n+ 5
+

5

n+ 6
− 2

n+ 7

]
,

m44 = L3
e

[
1

n+ 5
− 2

n+ 6
+

1

n+ 7

]
,

and the elements of Ke,n are given by:

k11 =
1

L3
e

[
36

n+ 1
− 144

n+ 2
+

144

n+ 3

]
, k12 =

1

L2
e

[
24

n+ 1
− 84

n+ 2
+

72

n+ 3

]
,

k13 =
1

L3
e

[
−36

n+ 1
+

144

n+ 2
− 144

n+ 3

]
, k14 =

1

L2
e

[
12

n+ 1
− 60

n+ 2
+

72

n+ 3

]
,

k22 =
1

Le

[
16

n+ 1
− 48

n+ 2
+

36

n+ 3

]
, k23 =

1

L2
e

[
−24

n+ 1
+

84

n+ 2
− 72

n+ 3

]
,

k24 =
1

Le

[
8

n+ 1
− 36

n+ 2
+

36

n+ 3

]
, k33 =

1

L3
e

[
36

n+ 1
− 144

n+ 2
+

144

n+ 3

]
,

k34 =
1

L2
e

[
−12

n+ 1
+

60

n+ 2
− 72

n+ 3

]
, k44 =

1

Le

[
4

n+ 1
− 24

n+ 2
+

36

n+ 3

]
.
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E.4 Phase difference

Figure E.3 shows the FFT diagram in terms of modulus or absolute amplitude for the TSI
force Fts, the excitation xdit, and the response displacement xr regarding point F4 of Figure
4.2 (b). This figure also provides the phase for the response displacement xr. The black
dashed lines in the FFT diagrams indicate the first and second eigenfrequencies, whereas the
blue dashed lines indicate the frequencies equal to fe and 6 · fe, i.e. the harmonic and sixth
superharmonic frequencies, which correspond to numbers 1 and 2, respectively. In Chapter 4,
the phase of the cantilever motion is obtained at the harmonic and superharmonic frequencies
of the excitation, which are equal to the integer multiples of the excitation frequency; f = n·fe
with n ∈ N. The phase φ is defined as the average value between the minimum and maximum
values of the corresponding transition, which results in φ1 = 20.4◦ and φ2 = 34.8◦ regarding
Figure E.3.

Figure E.3: FFT in terms of modulus and phase for the interaction force, the excitation, and
the response displacement regarding Figure 4.2 (b); fe = 84.053 kHz (F4)

Figure E.4: Superposition of the harmonic
and 6th superharmonic motion; Figure E.3

Since the FFT diagrams are obtained with the
Matlab-function ”fft”, the obtained phase values
correspond to the following harmonic wave forms:
A1 cos(ωet + φ1) for the harmonic motion, and
A2 cos(6ωet + φ2) for the sixth superharmonic
motion, with A1 and A2 the corresponding
amplitudes obtained from the FFT, and with
ωe = 2πfe [rad/s]. The phase difference between
two oscillations with different frequencies is not
constant. For example, the time-varying phase
difference between the above harmonic waves is
equal to 5ωet + φ2 − φ1. Therefore, the phase
difference is defined at a certain moment in time,
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for which the harmonic motion contains a minimum in the response displacement, as it is
indicated with the vertical blue line in Figure E.4. The corresponding value of time at this
position, t∗, can be obtained as follows:

ωet
∗ + φ1 = π ⇒ t∗ = (π − φ1)/ωe. (E.12)

The phase difference between the harmonic motion and the sixth superharmonic motion at
time t∗, (∆φ)S1

S6, is then:

(∆φ)S1
S6 = 6ωet

∗ + φ2. (E.13)

In Matlab, the phase difference of Equation (E.13) can be calculated with the function ”mod”,
which is the modulus after division: mod(6ωet

∗ + φ2, 2π). Furthermore, the same principle
applies for obtaining the phase difference between the harmonic and another superharmonic
motion, f.e. Equation (E.13) becomes (∆φ)S1

S17 = 17ωet
∗+φ3 for the phase difference between

the harmonic and seventeenth superharmonic motion at time t∗, with φ3 the corresponding
phase at the seventeenth superharmonic frequency in the FFT diagram.

E.5 Time domain and FFT diagrams

The time domain diagrams and Fast Fourier Transform (FFT) for the tip-sample interaction
force Fts, the excitation xdit, and the response displacement xr are given in this appendix,
regarding Chapter 4.

Superharmonic components of the second eigenmode - Uniform microbeam

The black dashed lines in the FFT diagrams indicate the first and second eigenfrequencies,
whereas the blue dashed lines indicate the frequencies equal to fe and 6 ·fe, i.e. the harmonic
and sixth superharmonic frequencies. It is noted that an additional peak occurs between two
consecutive superharmonic components due to the period doubling bifurcation.

Table E.2: Modulus and phase for different excitation frequencies (Fig. E.5 - E.7, and 4.3)

fe [kHz] | f2 − 6fe | [kHz] | xr |S1 [m] (fe) | xr |S6 [m] (6fe) (∆φ)S1
S6 [deg]

82.437 (F1) 11.989 2.3763e-8 5.4857e-10 98.4
83.245 (F2) 7.140 2.6206e-8 1.0605e-9 279.9 (-80.1)
84.053 (F3) 2.290 3.1125e-8 1.3932e-9 270.6 (-89.4)
84.053 (F4) 2.290 2.3921e-8 1.0226e-9 272.4 (-87.6)
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Figure E.5: Time domain diagrams and FFT in terms of modulus for the interaction force, the
excitation, and the response displacement regarding Figure 4.2 (b); fe = 82.437 kHz (F1)

Figure E.6: Time domain diagrams and FFT in terms of modulus for the interaction force, the
excitation, and the response displacement regarding Figure 4.2 (b); fe = 83.245 kHz (F2)
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Figure E.7: Time domain diagrams and FFT in terms of modulus for the interaction force, the
excitation, and the response displacement regarding Figure 4.2 (b); fe = 84.053 kHz (F4)

Superharmonic components of the second eigenmode - Tapered microbeam

The black dashed lines in the FFT diagrams indicate the first and second eigenfrequencies,
whereas the blue dashed lines indicate the frequencies equal to fe and 6 ·fe, i.e. the harmonic
and sixth superharmonic frequencies.

Table E.3: Modulus and phase for different excitation frequencies (Fig. E.8, E.9, and 4.9)

fe [kHz] | f2 − 6fe | [kHz] | xr |S1 [m] (fe) | xr |S6 [m] (6fe) (∆φ)S1
S6 [deg]

83.480 (F1) 1.008 4.3462e-8 1.2727e-9 265.6 (-94.4)
85.149 (F2) 9.009 4.4958e-8 1.6264e-9 328.2 (-31.8)
89.323 (F3) 34.053 4.3953e-8 1.1791e-9 138.1
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Figure E.8: Time domain diagrams and FFT in terms of modulus for the interaction force, the
excitation, and the response displacement regarding Figure 4.8 (b); fe = 85.149 kHz (F2)

Figure E.9: Time domain diagrams and FFT in terms of modulus for the interaction force, the
excitation, and the response displacement regarding Figure 4.8 (b); fe = 89.323 kHz (F3)
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Superharmonic components of the third eigenmode - Uniform microbeam

The black dashed lines in the FFT diagrams indicate the first three eigenfrequencies, whereas
the blue dashed lines indicate the frequencies equal to fe, 6 · fe, and 17 · fe, i.e. the harmonic
frequency, and the sixth and seventeenth superharmonic frequencies.

Table E.4: Modulus and phase for different excitation frequencies (Fig. E.10, E.11, and 4.14)

fe [kHz] | f2 − 6fe | [kHz] | xr |S1 [m] (fe) | xr |S6 [m] (6fe) (∆φ)S1
S6 [deg]

83.084 (F1) 8.101 4.3397e-8 3.2051e-10 219.1 (-140.9)
83.649 (F2) 4.707 4.8054e-8 4.6163e-10 38.9
84.862 (F3) 2.567 3.7120e-8 5.4383e-10 56.9

fe [kHz] | f3 − 17fe | [kHz] | xr |S1 [m] (fe) | xr |S17 [m] (17fe) (∆φ)S1
S17 [deg]

83.084 (F1) 6.550 4.3397e-8 3.6615e-10 101.4
83.649 (F2) 3.068 4.8054e-8 4.1081e-10 99.7
84.862 (F3) 23.677 3.7120e-8 3.0578e-10 23.7

Figure E.10: Time domain diagrams and FFT in terms of modulus for the interaction force, the
excitation, and the response displacement regarding Figure 4.13 (b); fe = 83.084 kHz (F1)
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Figure E.11: Time domain diagrams and FFT in terms of modulus for the interaction force, the
excitation, and the response displacement regarding Figure 4.13 (b); fe = 84.862 kHz (F3)

Superharmonic components of the third eigenmode - Tapered microbeam

The black dashed lines in the FFT diagrams indicate the first three eigenfrequencies, whereas
the blue dashed lines indicate the frequencies equal to fe, 6 · fe, 17 · fe, and 18 · fe, i.e. the
harmonic frequency, and the sixth, seventeenth, and eighteenth superharmonic frequencies.

Table E.5: Modulus and phase for different excitation frequencies (Fig. E.12, E.13, and 4.21)

fe [kHz] | f2 − 6fe | [kHz] | xr |S1 [m] (fe) | xr |S6 [m] (6fe) (∆φ)S1
S6 [deg]

76.686 (F1) 29.841 4.2655e-8 1.0560e-10 224.6 (-135.4)
78.220 (F2) 20.639 4.7571e-8 3.6267e-10 230.4 (-129.6)
81.287 (F3) 2.234 4.9004e-8 6.6153e-10 44.0

fe [kHz] | f3 − 17fe | [kHz] | xr |S1 [m] (fe) | xr |S17 [m] (17fe) (∆φ)S1
S17 [deg]

76.686 (F1) 76.545 4.2655e-8 7.1507e-12 287.3 (-72.7)
78.220 (F2) 50.472 4.7571e-8 8.4418e-11 106.7
81.287 (F3) 1.674 4.9004e-8 5.6888e-10 309.5 (-50.5)

fe [kHz] | f3 − 18fe | [kHz] | xr |S1 [m] (fe) | xr |S18 [m] (18fe) (∆φ)S1
S18 [deg]

76.686 (F1) 0.141 4.2655e-8 2.4266e-10 125.6
78.220 (F2) 27.748 4.7571e-8 1.7637e-10 32.5
81.287 (F3) 82.962 4.9004e-8 3.0943e-11 193.3 (-166.7)
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Figure E.12: Time domain diagrams and FFT in terms of modulus for the interaction force, the
excitation, and the response displacement regarding Figure 4.20 (b); fe = 78.220 kHz (F2)

Figure E.13: Time domain diagrams and FFT in terms of modulus for the interaction force, the
excitation, and the response displacement regarding Figure 4.20 (b); fe = 81.287 kHz (F3)
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F Measurement data

This appendix contains some information about the signal processing of the measurement
data in order to produce the frequency sweeps, analytical formulas in order to calculate the
eigenfrequencies for the torsional vibration of a uniform beam, and the frequency sweeps and
power spectral density diagrams of the measurement data.

F.1 Averaging procedure in scope shots

As it is mentioned in Section 5.1, the forward and backward frequency sweeps are derived
from the scope shots, which are obtained for different excitation frequencies. The scope shots
contain the steady-state dynamic behavior of the cantilever tip for a trigger (or recorder)
duration of at least 0.01 s, using a sampling frequency of 14.06 MHz.

Figure F.1: Robust peak detection in a scope shot using Matlab-function ”mspeaks” (a), where
a zoom-in of the bounded plane is shown in (b)

Figure F.1 (a) shows part of a scope shot, where the Matlab-function ”mspeaks” is used on the
measured OBD data. This function applies robust peak detection to raw, noisy peak signal
data. The rectangle encloses a part of the signal, which is also shown in Figure F.1 (b). The
red circles are the detected positive and negative-valued peaks, and the black lines indicate
the mean positive and negative-valued amplitudes of the time signal. The aforementioned
mean values are given by:

max(xr) = mean(mspeaks(xpr)), min(xr) = mean(mspeaks(xnr )), (F.1)

where max(xr) and min(xr) indicate the positive and negative-valued averages of the detected
peaks, respectively, and xpr and xnr indicate the positive and negative-valued parts of the
cantilever deflection signal. The peak-to-peak (P-P) amplitude is then defined as:

P-P amplitude = max(xr)−min(xr). (F.2)
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F.2 Torsional vibration of uniform microbeam

Figure F.2: Torsional vibration of a
uniform beam with angle θ

This section provides the formulas in order to calculate
the eigenfrequencies for the torsional vibration of a
uniform beam with clamped-free boundary conditions.
Figure F.2 shows a schematic of the considered system,
where θ is the angle of twist. The resonance frequencies
[Hz] for torsion mode i are as follows [14]:

ft,i =
λi

2πL

(
CG

ρcI

)1/2

, (F.3)

where λi = (2i − 1)π/2 in the case of a clamped-free cantilever beam, L the length of
the microbeam, ρc the mass density of the cantilever material, C the torsional constant
of cross-section, G the shear modulus, and I = WH3/12 the polar area moment of inertia of
cross-section about the axis of torsion, with W and H the width and height of the microbeam,
respectively. The definition of the shear modulus G is given in the following equation:

G =
Ec

2(1 + ν)
, (F.4)

where Ec is the Young’s modulus of elasticity, and ν is the Poisson’s ratio of the cantilever
material. Furthermore, the torsional constant C is defined as follows:

C =
κW 3H3

W 2 +H2
, (F.5)

where the coefficient κ is dependent on the ratio between the width and height of the micro-
beam; W/H. The values for κ are provided for several values of the ratio W/H in Table F.1.

Table F.1: Coefficient κ as function of the ratio W/H [14]

W/H 1 2 4 8 ∞
κ 0.281 0.286 0.299 0.312 1/3

In Section 5.4, the natural frequencies are calculated for the torsional vibration modes of the
NCHV-model microbeam of Bruker, in order to validate whether a torsion mode is present
in the frequency range of the first two transversal vibration modes or not. The following
ranges are used for the geometrical parameters and the Young’s modulus of the microbeam:
Ec = 112 - 185 GPa, L = 115 - 120 µm, W = 28 - 38 µm, and H = 2.8 - 4.2 µm, where the
ranges of the geometrical parameters correspond to the minimum and maximum values of the
NCHV-model of Bruker [51]. From Equation (F.3), it can be derived that the minimum and
maximum values for the eigenfrequeny of the first torsion mode are equal to: ft,1 = 17.3658
- 23.3147 MHz.
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F.3 System properties for MatCont simulation

Table F.2: Implemented values for the system properties and operation parameters corres-
ponding to the MatCont simulation results of Figure 5.5 (a) [51] [52]

Property Parameter Value Unit

Young’s modulus of microbeam Ec 112.5 GPa
Length of microbeam L 117 µm
Width of microbeam W 33 µm
Height of microbeam H 4 µm
Mass density of microbeam ρc 2329 kg/m3

Poisson’s ratio of microbeam νt 0.28 -
Inclination angle α 12·(π/180) rad
Tip length l 12.5 µm
Tip radius R 8 nm
Hamaker constant of sample Ha 1.52·10−19 J
Atomic separation distance of sample a0 0.476 nm
Young’s modulus of sample Es 345 GPa
Poisson’s ratio of sample νs 0.29 -
Modal damping factors 1 ξi 0.0012 (i=1) -

0.00172 (i=2)
0.1 (i=3,4,5)

Excitation amplitude Ae 0.4 nm
Tip-sample separation distance 2 Z 31 nm

1. The values of the considered intrinsic properties are derived from Table 5.2, according to: ξi = 1/(2Qi)

2. The tip-sample separation distance deviates from 40 nm, due to a deflection setpoint of approximately
9 nm in the corresponding measurements

F.4 Frequency sweeps

Figures F.3 - F.6 contain all the measured frequency sweeps at the first and second eigen-
frequencies of the contact measurements. The peak-to-peak (P-P) amplitude on the vertical
axes is calculated with Equation (F.2) in Appendix F.1. The dashed lines in Figure F.5
indicate different start or end positions of the frequency sweeps.

Figure F.3: Measured forward (FW) and backward (BW) frequency sweeps at the (a) first and
(b) second resonance frequencies, using A0 = 170 nm and Zp = 50 nm
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Figure F.4: Measured forward (FW) and backward (BW) frequency sweeps at the (a) first and
(b) second resonance frequencies, using A0 = 170 nm and Zp = 45 nm

Figure F.5: Measured forward (FW) and backward (BW) frequency sweeps at the (a) first and
(b) second resonance frequencies, using A0 = 170 nm and Zp = 40 nm

Figure F.6: Measured forward (FW) and backward (BW) frequency sweeps at the (a) first and
(b) second resonance frequencies, using A0 = 136 nm and Zp = 30 nm
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F.5 Power spectral density

This appendix contains the Power Spectral Density (PSD) diagrams regarding the frequency
sweep measurements in Section 5.4. These diagrams are obtained for a sampling frequency
of 14.06 MHz, resulting in a folding frequency of 7.03 MHz, and by applying the Hanning
window. The unit on the vertical axes is [(NOB)2/Hz], where NOB is the read-out integer
number of the OBD sensor, which is dependent on the analog-to-digital converter (ADC)
number of bits. Tables F.3 - F.6 contain the observed (superharmonic) frequencies of the PSD
diagrams, where the frequency values in bold are equal to 6 · fe, i.e. the sixth superharmonic
frequency.

Figure F.7: Power spectral density diagram corresponding to the measured forward sweep given
in Figure 5.3 (a), at an excitation frequency of fe = 379.271 kHz

Table F.3: Observed frequencies in PSD-diagram, and difference between the frequencies of the
second eigenmode and sixth Fourier component of the cantilever motion for Figure 5.4 (a)

fe [kHz] Observed frequencies in PSD-diagram | f2 − 6fe | [kHz]

1 368.498 368.54 736.94 kHz 62.722
1.10548 1.47402 1.95413 2.21096 MHz (2.76%)

2 369.328 369.21 738.68 kHz 57.746
1.10790 1.47737 1.84658 2.21605 2.58527 MHz (2.54%)

3 371.201 371.22 742.44 kHz 46.508
1.11366 1.48475 1.85597 2.22718 2.59840 MHz (2.05%)

4 374.037 373.86 747.72 kHz 29.492
1.12242 1.49628 1.87014 2.24400 2.61870 MHz (1.30%)

5 374.625 374.63 749.26 kHz 25.960
2.62242 MHz (1.14%)
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Table F.4: Observed frequencies in PSD-diagram, and difference between the frequencies of the
second eigenmode and sixth Fourier component of the cantilever motion for Figure 5.4 (b)

fe [kHz] Observed frequencies in PSD-diagram | f2 − 6fe | [kHz]

1 368.498 368.60 737.20 kHz 62.722
1.10579 1.67145 1.85605 2.21099 MHz (2.76%)

2 369.328 369.35 738.70 kHz 57.746
1.10804 1.47739 1.84674 2.21609 2.58544 MHz (2.54%)

3 371.201 371.13 742.26 kHz 46.508
1.11366 1.48479 1.85592 2.22732 2.59845 MHz (2.05%)

4 374.037 374.00 748.01 kHz 29.492
1.12221 1.49622 1.87022 2.24422 2.61822 MHz (1.30%)

5 374.625 374.57 749.28 kHz 25.960
1.87313 1.95400 2.24770 2.62241 MHz (1.14%)

Table F.5: Observed frequencies in PSD-diagram, and difference between the frequencies of the
second eigenmode and sixth Fourier component of the cantilever motion for Figure 5.5

fe [kHz] Observed frequencies in PSD-diagram | f2 − 6fe | [kHz]

1 368.505 368.31 737.03 kHz 62.682
1.10534 MHz (2.76%)

2 369.308 369.29 738.58 kHz 57.866
1.10787 1.47731 1.84660 2.21589 MHz (2.55%)

3 374.023 374.04 748.07 kHz 29.572
1.12211 1.49614 1.87018 2.24408 2.61812 MHz (1.30%)

4 378.990 378.79 758.22 kHz 0.227
1.13701 1.51579 1.89523 2.27401 2.65280 MHz (0.01%)

5 380.495 380.35 761.06 kHz 9.258
1.14141 1.52212 2.28282 MHz (0.41%)

Table F.6: Observed frequencies in PSD-diagram, and difference between the frequencies of the
second eigenmode and sixth Fourier component of the cantilever motion for Figure 5.7

fe [kHz] Observed frequencies in PSD-diagram | f2 − 6fe | [kHz]

1 368.258 368.07 736.56 kHz 64.167
1.84119 MHz (2.82%)

2 368.793 368.80 737.61 kHz 60.957
1.10641 2.58163 MHz (2.68%)

3 369.997 369.83 740.00 kHz 53.732
1.10983 2.22001 2.58984 MHz (2.36%)

4 373.154 373.14 746.28 kHz 34.789
1.11942 1.49256 1.86570 2.23884 2.61215 MHz (1.53%)

5 373.234 373.42 746.46 kHz 34.308
1.11988 1.86634 2.23938 2.61280 MHz (1.51%)
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Table F.7: Absolute amplitude of the first and sixth superharmonic components of the cantilever
motion for different excitation frequencies regarding Figures 5.4 - 5.7

fe [kHz] | f2 − 6fe | [kHz] | xr |S1 (fe) | xr |S6 (6fe)
[·104 (NOB)2/Hz] 1 [(NOB)2/Hz] 1

Fig. 5.4 (a) 1 368.498 62.722 10.05090 0.01935
2 369.328 57.746 13.71913 0.10685
3 371.201 46.508 43.84725 2.33844
4 374.037 29.492 8.16299 6.94179
5 374.625 25.960 1.79107 -

Fig. 5.4 (b) 1 368.498 62.722 2.03876 0.01056
2 369.328 57.746 15.20764 0.12314
3 371.201 46.508 21.33412 2.19904
4 374.037 29.492 33.09354 33.78030
5 374.625 25.960 4.38098 0.01912

Fig. 5.5 (b) 1 368.505 62.682 1.95039 -
2 369.308 57.866 32.90278 0.08706
3 374.023 29.572 50.93330 46.45372
4 378.990 0.227 9.69058 134.02572
5 380.495 9.258 6.13418 0.00988

Fig. 5.7 1 368.258 64.167 1.08038 -
2 368.793 60.957 4.15809 -
3 369.997 53.732 4.86297 0.05758
4 373.154 34.789 20.21534 6.03567
5 373.234 34.308 2.20938 0.00995

1. NOB: the read-out integer number of the OBD sensor, which is dependent on the analog-to-
digital converter (ADC) number of bits
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Figure F.8: Power spectral density diagrams corresponding to the measured forward sweep
given in Figure 5.4(a); from top to bottom: fe = 368.50, 369.33, 371.20, 374.04, and 374.63 kHz
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Figure F.9: Power spectral density diagrams corresponding to the measured forward sweep
given in Figure 5.4(b); from top to bottom: fe = 368.50, 369.33, 371.20, 374.04, and 374.63 kHz
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Figure F.10: Power spectral density diagrams corresponding to the measured backward sweep
given in Figure 5.5(b); from top to bottom: fe = 368.51, 369.31, 374.02, 378.99, and 380.49 kHz
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Figure F.11: Power spectral density diagrams corresponding to the measured forward sweep
given in Figure 5.7; from top to bottom: fe = 368.26, 368.79, 370.00, 373.15, and 373.23 kHz
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