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Introduction 

At the turn of the 19th century it was generally believed that all the laws of 
physics were basically found. There were only a few "exceptions" which would 
soon be resolved. Two of these exceptions resulted in the two major pillars 
of modern physics: Quantum mechanics and the theory of relativity. At present 
there are again physicists who believe that it is possible to find one single "theory 
of everything". 

There is, however, one major difference with the situation of one century ago. 
It is no Jonger believed that having such a theory would enable us to predict the 
future of the universe. This radical change in insight v.:as obtained by studying 
nonlinear dynamica! systems. 

The difference between linear and nonlinear systems may be most easily ex
plained by considering a simple pendulum (without damping) . Suppose that the 
pendulum is oscillating and that the amplitude of the oscillation is A. If Ais small 
enough, the pendulum behaves as a linear dynamica! system. This means that 
an oscillation with amplitude 2A is also possible: the addition of two (or more) 
solutions, is again a possible solution. On the other hand, if the amplitude is 
large this is no longer true. The amplitude may become so large that the turning 
points correspond to the pendulum standing upside down. When the amplitude 
is increased even further, the pendulum will start to move in circles, instead of 
just oscillate. This solution can no Jonger be written as a sum of oscillations. 

From this simple example we may learn two things. First, a nonlinear system 
may be regarded as a Iinear system when it is close to its equilibrium state. 
Second, the character of solutions may change suddenly when some parameter 
in the system is changed (such a sudden change is often called a bifurcation). In 
spatially extended systems such transitions may lead to the foniiation of complex 
patterns. 

Another important characteristic of a nonlinear dynamica! system is that it 
may display chaotic behaviour. In such a chaotic state, information about the 
initia! condition of the system is lost linearly in time. This implies that in order 
to predict the future of such a system inde:fi.nitely, the precision with which t he 

3 



4 Introduction 

initial state must be specified increases exponentially with the recession of the 
prediction horizon. Another way of stating this is to say that an arbitrary small 
perturbation of the system may produce completely different behaviour at later 
times. It is precisely the requirement of infinite accuracy that prevents us from 
predicting the future indefinitely. 

These two interesting aspects of nonlinear systems, namely pattern formation 
and disordered behaviour, will be the main themes in this thesis. Here some of 
the background of these two themes will be presented. Many of the statements 
made here will be made more precise and/or clear in forthcoming chapters. 

A system that has been used as a paradigm for pattern formation is Rayleigh
Bénard convection. In this system a fluid layer, confined between two flat plates, 
is heated from below as described by Bénard (1900) and Rayleigh (1916). When 
the temperature difference between the two plates becomes high enough, the uni
form conducting state becomes unstable and a pattern of rolls is formed. This roll 
pattern exhibits secondary instabilities when the temperature difference is further 
increased. These secondary instabilities may produce more complicated patterns. 
Much of the present knowledge about pattern forming systems sterns from the 
investigation of this convection experiment. Recently Cross & Hohenberg (1993) 
have reviewed the field of pattern formation outside equilibrium. 

In this thesis the focus will be on an even older experiment, named after 
Michael Faraday who described this experiment already in 1831 (Faraday (1831) ). 
Faraday's investigations started with the observation of sand particles on a plate 
that was made to vibrate by using a violin bow. His paper of 1831 describes 
this experiment in detail. This paper has an appendix in which he describes the 
same type of experiments using a layer of fluid (water or mercury) instead of sand 
particles. This last experiment is now known as the Faraday experiment. 

Althóugh this experiment appears to be rather primitive to our standards, 
some of the basic features of the phenomenon were already described in Faraday's 
paper. He noted that the waves that appear on the surface of the fluid layer 
oscillate at a frequency which is half t~e driving frequency. This observation 
was a large step in the understanding of this phenomenon since before the time 
of Faraday it was generally believed thp,t the surface was stationary instead of 
oscillating. Faraday also observed that a certain minimum amount of power had 
to be applied before waves would appear on the surface and that the patterns 
that appear have a square symmetry regardless of the shape of the container in 
which the fluid layer is kept. 

This last feature is another clear illustration of the character of nonlinear 
systems. For a linear system it would be impossible to have a pattern that does 
not have the same symmetry as the system itself. In a linear system a pattern 
must be composed of the linear eigenmodes of the system, all of which satisfy the 
same boundary condition at the edges of the system. A square pattern may then 
only exist in a system that has a square geometry. Therefore, the appearance 
of square patterns in arbitrary geometry clearly shows the nonlinear character of 
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the Faraday experiment. 
Since the time of Faraday the basic principle of the experiment has not 

changed although the implementation has improved. The experiment consists 
of a fiuid layer that is oscillated vertically using a large loudspeaker (instead of 
a bow). If the drive strength is large enough, the fiuid surface wil! become un
stable and waves will be excited. This excitation of waves is called a parametric 
resonance. This name is used because we may also regard the oscillation of the 
fiuid layer as an effective modulation of the acceleration of gravity, one of the 
parameters in the system. 

The wavelength of the excited waves, which are also called Faraday waves, 
depends on the driving frequency used. For low driving frequencies this wave
length is larger than for high driving frequencies. In order to compare different 
experiments the ratio of the size of the system L over the wavelength À is often 
used. This quantity is called the aspect ratio1l. 

The reason for investigating Faraday waves instead of Rayleigh-Bénard con
vection is that the time scales of the interesting phenomena are much fa.ster. 
Whereas in convection experiments typical time scales are of the order of hours, 
it is seconds for Faraday waves. This fa.ster time scale has the advantage that 
experiments now can be done in less than a day, whereas for Rayleigh-Bénard 
convection they may last for weeks. 

The long duration of convection experiments makes it hard to keep the con
ditions constant over such a long time. However, the Faraday experiment also 
has its own difficulties. Here, it is the internal resonances of the construction 
that limit the homogeneity of the most important control parameter, the driving 
amplitude. This has been a major point of concern during the research described 
in this thesis. 

As the driving amplitude is increased the patterns that appear near onset 
become unstable and the fiuid surface becomes disordered both in space and 
time. At this point we enter the regime of "spatio-temporal chaos" which is the 
other main theme in this thesis. 

The term "spatie-tempora! chaos" needs further clarifi.cation. The meaning 
of the term "chaos" as it is used here is distinct from the common meaning of the 
word. Chaos stands for the disordered behaviour of nonlinear dynamica! systems 
that have only a few degrees of freedom. Such systems may be described by a 
small nurnber of ordinary differential equations. Systems that have both space 
and time dependence are described by partial differential equations and wil!, in 
genera!, not have a small number of degrees offreedom. The disordered behaviour 
of such systems may range from spatio-temporal chaos to turbulence. 

In the past decades much effort has been invested in understanding (low di
mensional) chaos. Because the number of degrees of freedom is small, it is possi-

l) Recent theoretica! insights show that it is not correct to use this aspect ratio to.compare 
the "sizes" of different experiments. See the discussion in Sec. 2.5 
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ble to compute properties of the phase space of a chaotic system like the fractal 
dimension of attractors and Lyapunov exponents (which quantify the sensitive 
dependence on initial conditions). For spatially and temporally chaotic systems 
the high dimensionality of phase space prevents access to phase space quantities. 
Still, for numerical simulations on model systems phase space quantities may be 
computed (at the cost of considerable computational effort). 

In an experiment it is only possible to measure quantities that are based on 
configuration space, w hich is three dimensional in case of Faraday waves (one time 
dimension and two spatial dimensions). Using the above mentioned numerical 
simulations on model systems, a link between phase space and configuration 
space quantities may be established. This is an active field of research which is 
extremely important for the interpretation of experimental results. 

The existence of low dimensional chaos in the Faraday experiment has been 
demonstrated by Ciliberto & Gollub (1985). This type of chaos exists in this 
experiment at low driving frequencies where the wavelength of the Faraday waves 
is large compared to the size of the container. This means that the whole surface 
is essentially in phase and that there is no interesting spatial dependence. When 
the driving frequency is increased the wavelength decreases, spatial fiuctuations 
become important and the regime of spatio-temporal chaos is entered. 

The term spatio-temporal chaos, like the term chaos, also has a somewhat 
restricted meaning in another sense. By this term we do not mean fully developed 
hydrodynamic turbulence. This is the disordered behaviour of the flow of a 
fiuid. Turbulence has an extra property which spatio-temporal chaos Jacks. In 
turbulence, disorder is present on a whole range of length scales, whereas in 
spatio-temporal chaos there are only a few relevant length scales. The boundary 
between spatio-temporal chaos and turbulence is not sha.rp as is the boundary 
between chaos and spatio-temporal chaos. 

1.1 Thesis overview 

The two main themes, discussed in the introduction, wil! be treated in this thesis. 
The first part of the thesis is mainly concerned with pattern formation close to 
the onset of Faraday waves. Here a comparison between the experiment and the 
theory of pattern formation is the centra! issue. In later chapters the emphasis 
shifts to the spatially and temporally disordered state. The centra! question there 
is whether it is possible to find quantities that give more insight in the nature of 
the disorder. 

This thesis starts with a review of the present theory on pattern formation 
in Faraday waves in chapter 2. Both the linear theory, which describes the basic 
instability, and a weakly nonlinear theory will be presented. In chapters 4 and 
5, after a detailed description of the experiment in chapter 3, the predictions of 
theory will be compared to experimental results. 



Thesis overview 7 

Chapter 4 deals with the basic phenomenology of the experiment. The se
quence of patterns that occurs when the driving amplitude is increased (the "sce
nario") is shown. Apart from the above mentioned comparison of these results 
with theory, the disordered behaviour far above threshold is described. 

In chapter 5 the behaviour of the Faraday waves on short time scales is inves
tigated. Again, the results may be compared to the predictions of theory when 
the driving amplitude is close to the threshold amplitude. For higher driving am
plitudes a number of interesting phenomena are observed, which are important 
new input for a future extension of the weakly nonlinear theory. 

In chapter 6 results will be discussed that were obtained fora driving frequency 
at which the system is neither large· nor small. It appears that in this case the 
boundaries put restrictions on the disordered behaviour of the surface leading to 
a disordered state that has a nontrivial time average. These results may be placed 
in the context of the theory of symmetrie chaos (see e.g. Chossat & Golubitsky 
(1988) ). Although this theory is normally restricted to low-dimensional chaotic 
systems, it appears to be useful even in systems that are moderately large and, 
consequently, have a large number of degrees of freedom . 

Finally the spatio-temporal chaos in the Faraday experiment is investigated 
in chapter 7. While disordered Faraday waves do not have the hierarchical spatial 
structure of turbulence, it is shown that a phenomenon called "intermittency" 
exists, like in turbulence. Intermittency in turbulent fiows is the existence of 
regions with relatively low turbulent intensity between regions with high activity. 
It is sbown that the intermittency tbat is observed in the Faraday experiment is 
caused by the existence of coherent (symmetrie) structures that exist fora short 
time in an otherwise disordered state. 

In chapter 8 the question whether it is possible to find a connection between 
quantities that can be measured in experiments and phase space quantities is 
addressed. This is done by investigating a nonlinear partial differential equation 
which shows spatio-temporal chaos: the Complex Ginzburg-Landau equation. 
This equation bas the same basic form as the equation that describes the slow 
variation of the amplitude of Faraday waves. For this system the number of 
degrees of freedom as á function of one of its parameters has been calculated by 
Egolf & Greenside (1995). A new way for determining a correlation lengtb scale 
of a chaotic solution of this equation bas been found tbat allows the establishment 
of a connection with the number of degrees of freedom. 

The thesis ends witb a concluding chapter in which the basic conclusions of 
the work are presented. Furthermore, an outlook for future work is given. 
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Pattern formation in the 
Faraday experiment 

In this chapter a review will be given of some recent developments in the under
standing of pattern formation in the Faraday experiment. This understanding 
has been based on theoretica! results and methods that have been obtained in 
other pattern forming systems. The field of pattern formation outside equilibrium 
bas recently been reviewed by Cross & Hohenberg (1993) . 

Since the appearance of this review, two new results extending the theory on 
pattern formation in the Faraday experiment discussed in the review have been 
published. The first result concerns the linear theory in the presence of viscosity. 
This theory is treated in a paper by Kumar & Tuckerman (1994); it extends the 
early results of Benjàmin & Ursell (1954) who treated the inviscid case. The 
other result is on the weakly nonlinear theory describing pattern formation near 
onset. In a recent thesis by Zhang (1994) earlier results of Milner (1991) were 
improved by including (weak) damping. Both new results will be discussed in 
this chapter. 

2.1 Introduction to pattern formation 

A pattern forming system can be considered as a genera! nonlinear dynamica! 
system of the form 

81U(x, t) = .F(U, V · U, · · ·; f). (2.1) 

Here U is a set of functions ui (x, t), j = 1, · · "n. The vector x may, in principle, 
be d-dimensional; here we will consider only the two-dimensional case since we 
are primarily interested in two dimensional patterns1>. The set of equations (2.1) 
has to be completed by suitable initia] and boundary conditions. 

l) Here we are only interested in the patterns themselves; the hydrodynamic fields that wil! 
be considered later are three-dimensional. 
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Pattern formation occurs when the uniform state U = 0 Ioses its stability 
when the con trol parameter r is increased above a critical value f e · This basic 
instability may be analyzed by linearizing the equations and investigating the 
behaviour of Fourier modes with a specific wave vector k2l 

(2.2) 

This procedure results in an eigenvalue problem 

.CU = O"U, (2.3) 

where .C is the linearized version of the operator :F. The linear operator .C has a 
set of eigenvalues O";(k); we consider the eigenvalue O" with the largest real part 
which as a function of the control parameter increases from negative to positive 
values and therefore determines the linear stability of the system. 

The value of the control parameter for which the system becomes unstable is 
re. It is customary to introduce a reduced control parameter 

(2.4) 

where r e# 0. 

Re(cr(k)) 

k 

~t=O 
t < O 

Figure 2.1: Typical behaviour of the growth rate Re (D"(k,E)). 

The behaviour of Re ( D"( k, E)) detetmines the type of instability which occurs. 
A large class of systems behaves as shown in Fig. 2.1. For these systems the 
function Re(D"(k)) has a maximum for some wave number kc. Without loss of 
generality we may assume this maximum to be quadratic. As the control pa
rameter r is increased the curve Re ( D"( k)) shifts up and reaches the instability 
threshold Re ( D"( ke)) = 0 at E = 0. For E > 0 a whole band of wave numbers has 
become unstable. 

2) All vectors and higher order tensors will be in boldface (e.g. k) . A unit vector will be 
denoted as k. 
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Other possibilities for the behaviour of Re (O"(k, é)) include the situation where 
the maximum occurs at kc = 0 or where there are several maxima. Another 
important possibility is the situation where Re ( O"(O, é)) = 0 for all é. 

The situation shown in Fig. 2.1 is relevant to the Faraday experiment as will 
be demonstrated in the rest of this chapter. In the case of Faraday waves the 
instability occurs at kc f:. 0 and Im(O"(kc)) = w0 f:. 0. For an infinitely <leep fluid 
layer which is also infinitely large in the horizontal directions the wavenumbers 
at k = 0 are marginally stable. This will be neglected in the theory described in 
this chapter. 

Inside the linearly unstable regime a weakly nonlinear analysis can be ca.rried 
out. At é = 0 a circle of wave vectors with length kc has become marginally stable. 
For small positive values of the control parameter (0 < é « 1) an annulus of wave 
vectors bas become unstable. Therefore a slow modulation in space and time of 
the basic solution (2.2) is now possible. The solution may now be expanded in 
modes of the form 

(2.5) 

with lkil = kc and Ai a complex amplitude that varies slowly in space and time. 
A genera! form describing the space-time evolution of the amplitudes Ai is 

(2.6) 

where {)il is the angle between two wave vectors ki and k1 and kf a unit vector 

perpendicular to ki . The properties of the underlying physical system enter 
through the coefficients To , Ço, kc and /3( rJ). Equations of this form will be called 
envelope equations. If there is no spatial dependence they will be called amplitude 
equations. Not all authors make this distinction and use the term amplitude 
equations for both cases. 

There are several procedures for deriving this equation for any particular 
system. The form of this equation, however, is quite genera! and may be writ
ten down using symmetry arguments only. A standard procedure to derive this 
type of equation from the underlying hydrodynamics is described in Newell & 
Whitehead (1969) and Segel (1969) . In this method the procedure is to formally 
separate the slow and fast time and length scales. A derivation of an amplitude 
equation for the Faraday experiment using this method was performed by Milner 
(1991) and later by Zhang (1994). Their equations only differ in the values of 
the coefficients; the form of their equations is as in (2.6) which is to be expected 
since the symmetries are the same. 

The constants To, Ço, kc and r e may all be derived from linear theory alone. 
The result of such a calculation for the Faraday experiment is presented in §2.3.2. 
The linear theory gives us the critica! wave number kc and the critica! value of 
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the control parameter re together with Re(u(k,€)). The time scale To and the 
length scale fo are the parameters for the parabolic extreme of the growth rate: 

Re(u(k)) = 2_ (€ -ÇJ(k - kc)2). 
To 

(2.7) 

We immediately see that 

1 
(2.8) 

To 

(2.9) 

The length scale Ç0 sets the scale of spatial variations of the amplitude. There
fore it is a good candidate for defining an aspect ratio for the system. In con
vection experirnents Ç0 is of the order of the basic wavelength of the pattern and 
there is therefore no need to make the distinction. For the Faraday experiment 
Àc = 27r / kc and Ç0 may be of different order of magnitude; Ç0 even diverges for 
vanishing damping. In this case it is necessary to use the length scale fo instead 
of the basic wavelength. 

After a genera! description of the governing equations of the Faraday effect 
in Sec. 2.2 the linear theory for both the inviscid and the viscous case wil! be 
reviewed in Sec. 2.3. In Sec. 2.4 the derivation of an amplitude equation for the 
Faraday experiment based on the work of Zhang (1994) wil! be presented. Using 
this equation and its coefficients it is possible to predict which patterns wil! be 
selected near onset. Finally, in Sec. 2.5 the definition of the aspect ratio will be 
discussed, using the theoretica! results. 

2.2 Governing equations and boundary condi
tions 

We consider a system consisting of two layers of immiscible and incompressible 
fl.uids superimposed on each other as shown in Fig. 2.2. The fl.uid in the lower 
layer has kinematic viscosity v1 and density p1 ; the viscosity of the fl.uid in the 
top layer is v2 , its density is p2 (with p1 > p2). The depths of the two layers are 
h1 and h2 respectively; either one may be infinitely <leep. The interface between 
the two fl.uids has a surface tension a. The layers are considered to be infinite in 
the horizontal direction. 

The whole system is forced to osci!late vertically with a periodic forcing func
tion f (t). In this dissertation we wil! only consider single-frequency forcing: 
f(t) = fcos(S1t). Ina frame of reference co-moving with the container this forc
ing is equivalent toa modulation of the acceleration of gravity: g(t) = g0 - f (t). 
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h, P, v, 

Cl 1 f(t) 

h, p, v, 

Figure 2.2: Genera[ situation in the Faraday experiment. The system 
consists of two ft.uid layers which oscillate in the vertical 
direction. The system is infinite in the horizontal direction. 

The linear theory that will be presented in Sec. 2.3 can be extended to include 
multi-frequency forcing without much difficulty (Kumar & Tuckerman (1994)). 
For the non-linear theory this case was also considered by Zhang (see Zhang 
(1994), chapter 4). For the experiments to be described in forthcoming chapters 
only single-frequency forcing was used, hence the restriction to this case. 

The equations of motion for each fluid layer are: 

atul + (U1. V)U1 

V·U1 o, 

(2.10) 

(2.11) 

where l = 1, 2 labels the two layers and U 1 and Pi are the velocity and pressure 
fields in each of the layers. These equations have to be completed with boundary 
conditions at z = -h1 , z = h2 and at the interface which is located at z 
((x, y, t). 

At z = (-1)1h1 we have a non-slip boundary condition 

U1=0, (2.12) 

which is equally valid in the case that one or both of the layers are infinitely <leep. 
At the free surface, located at z = ((x, y, t), the velocity field must be con

tinuous. Therefore, the kinematic boundary condition at the free surface reads 

(2.13) 

where we have defined the velocity U of the free surface. The fluid interface 
remains at z = (at all times. Therefore the material derivative d(( - z)/dt = 0 
(cf. Lamb (1932), §9) . This results in 

8t( + (U · V)( = U · ê" (2.14) 
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which can also be written as 

(2.15) 

with 

(2.16) 

the norm.al to the surface pointing from fluid layer 1 into fluid layer 2. Here V11 
is the horizontal derivative. Note that V 11 ( = V( since ( = ((x, y, t). 

The dynamic boundary condition is given by the change in norm.al stress 
acting on the two sides of the interface due to the surface tension a. This change 
is given by (cf. Landau & Lifshitz (1987), §61) 

(2.17) 

where "' = V · Îl is the local curvature of the free surface and O' is the stress 
tensor which is given by 

O"z = - Pzl + u;. (2.18) 

Here P the pressure field as before and er; = p1v1(VU + (VUl) the viscous 
stress tensor which reads in cartesian coordinates 

(2.19) 

Equations (2.10) and (2.11) together with the boundary conditions describe 
the full hydrodynamic problem. In the next section we wil! discuss the linear 
stability of this set of equations. Section 2.4 is devoted to the derivation of 
amplitude equations and the mechanism for selecting a pattern just above the 
onset of waves. 

2.3 Faraday waves, linear theory 

The first attempt to gain theoretica! understanding of the Faraday instability was 
made by Benjamin & Ursell (1954). They show that, in a linear approximation, 
the surface can be described by a Mathieu equation. Their derivation is only 
valid in the absence of viscosity. Kumar & Tuckerman (1994) derive a set of 
equations that are also valid in the presence of viscosity. Since the inviscid case 
gives a more direct physical insight, this case will be considered first. Next the 
linear equations, including viscosity, derived by Kumar and Tuckerman will be 
presented together with their derivation and stability analysis. 
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2.3.1 Linear theory without viscosity 

Benjamin and Ursell consider the situation of one layer of an ideal, incompressible 
fluid which is oscillated vertically with a periodic acceleration j(t) = rcos(Dt). 
The flow in the top layer is neglected here and a uniform pressure P0 is applied 
to the fluid from above. The indices indicating the layer will be dropped in this 
subsection since layer 1 is now the only layer present. 

In the absence of viscosity, potential theory can be applied. Introducing a 
velocity potential cp(x, y, z, t) such that U = Vcp, the equations of motion (2.10) 
and (2.11) reduce to 

p 1 2 
Ot<fJ + - + -U + g(t)z 

p 2 
F(t), (2.20) 

(2.21) 

where g(t) = g0 - f (t) as before. The function F(t) results from integrating the 
Euler equations and may be put equal to P0 / p with P0 the pressure applied to 
the fluid from above. This particular choice simplifies some of the expressions 
that follow. 

At the bottom of the layer, located at z = -h we have 

ozcp = 0. (2.22) 

The kinematic boundary condition at the free fluid surface z = ( (2.14) now reads 

at(+ (U · V11)( = Uz = az'P· (2.23) 

This condition can be linearized by performing a Taylor expansion around z = 0 
and subsequently omitting products of(, Ux, Uy, Uz and their derivatives. The 
result is 

(2.24) 

which is now evaluated at z = 0. 
Neglecting the viscous term in the dynamic boundary condition (2.17) we 

obtain 
P - Po = CXK-, (2.25) 

which is known as Laplace's formula (see e.g. Landau & Lifshitz (1987)). We 
can linearize the expression for the surface curvature by putting r;, = -V'ij( 

Using the linearized dynamic boundary condition (2.25), the pressure may be 
eliminated from equation (2.20). Omitting the quadratic term U2 /2 the resulting 
equation reads 

(2.26) 

at z = 0. 
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A boundary condition for the Laplace equation 'V2 cp = 0 (2.21) at z = 0 
can now be obtained by differentiating (2.26) with respect to time and inserting 
(2.24): 

(2.27) 

Assuming a horizontally infinite layer the solutions of the Laplace equation 
with the linearized boundary conditions (2.22) at z = -h and (2.27) at z = 0 
may be written as 

(2.28) 

where x and k are now vectors in the x, y-plane and k = lkl can take any real 
value. 

Inserting the form (2.28) in 'V2cp = 0 and using the boundary condition at 
z = -h we obtain fk(z) = Ccosh(k(z + h)). Using the boundary condition at 
z = 0 we arrive at the equation for the time-dependent coefficients ak(t). The 
coefficients ak(t) satisfy the Mathieu equation (McLachlan (1947)) 

-----;} + tanh(kh) -k3 + g(t)k ak = 0. d2a (ll! ) 
dt p 

(2.29) 

In the absence of the driving force (f = 0) this equation describes a simple 
harmonie oscillator with a natura! frequency obeying the dispersion relation 

w~ = tanh(kh) (;k 3 + g0k) . (2.30) 

The surface displacement may be written as ((x, t) = bk(t)eikx_ The time 
dependent coefficients ak(t) and bk(t) are related through the linearized kinematic 
boundary condition (2.24) . Therefore the coefficients bk(t) also obey the Mathieu 
equation (2.29). 

The driving force J (t) = r cos(nt) is a periodic function of time. According 
to Floquet's theorem the solutions ak(t) of the Mathieu equation (2.29) can be 
written as 

(2.31) 

where À is complex and <I>(t) is a periodic function with period 27r/rl. The 
exponential e2"À/O. is called the Floquet multiplier. Fourier expanding <I>(t) gives 

00 

ak(t) = eÀt L: ak,nemn.t (2.32) 
n=-oo 

Substituting (2.32) in the Mathieu equation (2.29) leads to an infinite set of 
coupled equations for the Fourier coefficients ak,n: 
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Figure 2.3: Instability tongues for an ideal fluid of a = 18.3x10-3 N m-1 

and p = 885 kg m-3 and infinite depth. The regions inside 
the tongues correspond to exponentially growing solutions 
with real Floquet multipliers altemating between positive and 
negative values indicated by + 1 and - l, respectively. The 
driving frequency is D/27r = 160 Hz. 

where w3 = tanh(kh) (ak3/p+ g0k) as before and q = tanh(kh)f/2. Practically, 
this set can be solved by truncating the Fourier series for <I>(t) such that -N < 
n< N. 

Since the Mathieu equation is a second order differential equation, there are 
two Floquet multipliers in the system: µ 1 = e21f>"/n and µ 2 = e2û·2/n correspond
ing to the two independent solutions a1 and a2. The relation between the two 
multipliers may be derived (see Landau & Lifshitz (1960), §27) by multiplying 
the equations ä1 + w 2(t)a1 = 0 and ä2 + w2(t)a2 = 0 by a2 and a1 respectively 
and subtracting, where w2 ( t) is a shorthand notation for the prefactor of a in the 
Mathieu equation. This procedure results in fi (a1a2 - a1a2 ) = 0, or 

(2.34) 

with C an arbitrary constant. Since the original equation is invariant under a 
time translation over 21r /0, and the l.h.s. of (2.34) gets multiplied by µ 1µ 2 by 
such a translation, it follows that 

(2.35) 

Furthermore, since the coefficients in the Mathieu equation are real, both a and a• 
are solutions. This irnplies that either µ1 = µ2 or both µ 1 and µ 2 are real. In case 
of complex Floquet multipliers we have 1µ112 = lµ2 l2 = 1. Therefore, solutions 
with complex Floquet multipliers do not grow. For real Floquet multipliers we 
have µ 1 = 1/ µ 2 and we have a growing solution. 
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Let À = µ + i'IJ, then the imaginary part 'IJ of À can be taken in the inter
val (-D/2, D/2]. Because of the above properties of the Floquet multipliers we 
can restrict ourselves to the interval [O, D/2]. The end points of this interval 
correspond to real Floquet multipliers; the other values have complex Floquet 
multipliers . 

A real and positive Floquet multiplier corresponds to 'IJ = 0. The solution is 
then (apart frorn the exponential growth with e11.t) periodic with period 27r /D; i.e. 
a harmonie response. Solutions with real and negative Floquet multiplier have 
'IJ = 0/2 and are (again apart from exponential growth) periodic with period 
47r /D; a subharmonic response. Solutions with complex Floquet multipliers are 
in genera! quasiperiodic. Only when 'IJ = Or/ s with rand s integers and relatively 
prime (r < 2s), the solution is again periodic (period 27rs/f2) . 

Figure 2.3 shows the stability diagram for the Mathieu equation for values of 
a and p that correspond to the fiuid that was used in experiments described in 
this thesis. In this calculation the fiuid layer is assumed to be infinitely <leep. 
The diagram consists of regions ('tongues') where the solutions are exponentially 
growing (with exponent µ > 0). The solutions outside these tongues correspond 
to complex Floquet multipliers. These solutions are marginally stable and will 
therefore never be excited in the experiment. The unstable tongues alternate 
between positive and negative (real) Floquet multipliers, indicated by +1 and 
- 1 in the figure. 

Apart from the exact periodicities 47r /D, and 27r /D, there is an approximate 
periodicity of 47r /m0., where m counts the tongues going from left to right. For 
vanishing driving (r = 0) and marginally stable solutions (µ = 0) this approx
imate periodicity becomes exact. Under these conditions we have the relation 
wJ = 732 + 27Jn0, + n20,2 . For 'IJ = 0 this results in n 20,2 = wJ; for 'IJ = 0/2 we 
have (n + 1/2)2D.2 = wJ. 

The width of the resonance tongues decreases with m. In fiuids with viscosity 
the tongues will be rounded off. This affects the higher order tongues more than 
the lower order ones. This explains the fact that in experiments only a response 
corresponding to the first tongue (w0 = D/2) is observed near onset. 

The theory so far has not included viscosity and can therefore make no predic
tions about the actual values of e.g. the stability threshold. In the next section 
the linear theory including viscosity will be reviewed on the basis of the paper 
by Kumar and Tuckerman. 

2.3.2 Linear theory for viscous fluids 

The configuration considered by Kumar and Tuckerman is the situation shown 
in Fig. 2.2. The main objective is to linearize the governing equations and its 
boundary conditions. Finally we will arrive at equations that only contain the 
vertical velocity component wand the surface displacement ((x, y, t) as variables. 

Again, the equations of motion (2.10) and (2.11) can be linearized around the 
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flat rest state U 1 = 0, P1(t) = -p1g(t)z. The perturbation fields u 1 and p1 then 
obey 

1 2 
--Vp1 + V1"il Ui, 

PI 
V · u1 = 0. 

(2.36) 

(2.37) 

The pressure and tangential components of u 1 can be eliminated from (2.36) by 
operating with ê, · V x V x resulting in: 

where w1 is the vertical velocity in layer l. 
The no-slip boundary condition (2.12) gives (using (2.37)) 

0, 

0, 

(2.38) 

(2.39) 

at z = (-1)1h1. The condition for 8,w1 comes from the tangential components of 
the no-slip condition (2.12) combined wîth (2.37). Agaîn this result is also valid 
if one or both of the layers have infinite depth . 

Next we consider the kinematic boundary conditions at the interface z = 
((x, y, t). From (2.13) and again using (2.37) we obtain 

W\ = W2 := W, 

8,wi = 8,w2 = 8,w, (2.40) 

where we have defined the z-component of the velocity of the interface as w. 
These boundary conditions may be linearized by keeping only linear terms in 
their Taylor expansions around z = 0. This linearization again gives equations 
(2.40), except that they must now be evaluated at z = 0 instead of at z = (. 
Linearizing the surface condition (2.14) in the same way as was used before in 
deriving (2.24) we obtain 

(2.41) 

which must again be evaluated at z = 0. 
The last boundary condition to be considered is the dynamic boundary con

dition at the free surface. In terms of the field p1 and in cartesian coordinates 
the stress tensor reads 

a1,ij = -(p1 - P1g(t)z)8ii + a!,ij• (2.42) 

with u' the viscous stress tensor as before. 
The dynamic boundary condition (2.17) in Cartesian components is now given 

by 
(2.43) 
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Our objective is to linearize this condition and obtain an expression containing 
( and w1 only .. The first step in linearizing is to om1t powers of Vn( in the 
expressions for n and K: 

(2.44) 

(2.45) 

The tangential components of (2.43), expressing the continuity of the tan
gential stresses across the interface, can be rewritten by taking the horizontal 
divergence of these two components. Omitting products of derivatives of(, Ux 

and uy we obtain 

111(V'fiw1 + 8, Vn · u1.11) = 112(\7fiw2 + 8, v 11 · u2,11 ). (2.46) 

The tangential velocities may again be eliminated using the incompressibility 
equation (2.37) resulting in 

111(\i'fi - 8;)w1=112(\lij- 8;)w2. (2.47) 

In these equations 711 = pw1 is the dynamic viscosity of the respective fluid layers. 
The normal component of (2.43) may be linearized in the same way. The 

result is 
P2 - P1 + (P1 - P2)g(t)( + 2(111 -112)8,w = aV'IT( · (2.48) 

We can eliminate the pressure from this equation using the linearized N avier
Stokes equation (2.36). Taking the horizontal divergence and using (2.37) results 
in 

V'fip1 = (p18t - 1]1 \72)8,wz. (2.49) 

Together with (2.48) we finally get 

((p2 - P1)8t - (112 -111)(0; + 3\i'IT))o,w = ((P2 - P1)g(t) + Q\i'fi)V'"(. (2.50) 

In summary, the full linearized hydrodynamic system is defined by 

(àt - v1\72)\72w1 = 0, (2.51) 

with boundary conditions at z = (-1)1h1 

and at the interface z = 0 

Wz = 0, 

8,w1 = 0 

(2.52) 

(2.53) 

W1 = W2, (2.54) 

8,w1 8,w2, (2.55) 

81( = w, (2.56) 

~11(\lfi - 8;)w = o, (2.57) 

(~P8i - ~11(a; + 3\i'IT))à,w (~pg(t) + a\70)\70( (2.58) 
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with b..p = P2 - P1 and b..T) = T/2 - T/1· 
At this point we have found a linear set of equations for w1 and (. This set 

has to be completed with horizontal boundary conditions. For a system that 
is unbounded in the horizontal direction the normal modes are trigonometrie 
functions. Substituting w1(x, z, t) = w1(z, t)ékx and ((x, z, t) = ((t)eikx we can 
replace the operator V'~ by -k2 . The main goal is now to investigate the stability 
öf these normal modes. 

Again we can use Floquet theory to solve the stability problem. We may 
expand the fields w1(z, t) and ((z, t) as 

w1(z, t) (2.59) 
n=-oo 

00 

((t) = eü•+i1')t L: (neinnt, (2.60) 
n = - co 

with e(µ+itil 2,,./n the Floquet multiplier as before. For the same reasons as in 
the previous section we can restrict our attention to 0 :::; 1'J :::; 0./2. Kumar 
and Tuckerman claim that in the case 0 < {) < 0./2 the Floquet multipliers are 
always of magnitude less than or equal to one. Therefore they do not correspond 
to growing solutions, analogous to the situation foi; the Mathieu equation. Thus 
only the case 1'J = 0, the harmonie case, and 1'J = 0./2, the subharmonic case, 
are relevant. These two cases correspond to (real) Floquet multipliers which are 
positive for the harmonie case and negative for the subharmonic case. 

Substituting (2.59) into (2.51) we obtain for each layer and for each Fourier 
component a fourth order ODE in z 

(2.61) 

with solutions 

(2.62) 

where 
2 k2 µ+ i('l'J+nn) 

qln = + · 
V1 

(2.63) 

The eight coeffi.cients (four for each layer) can be expressed in terms of ( n 
using the boundary conditions (2.52)-(2.57). Equation (2.58) is the only equation 
containing the driving force and therefore couples different Fourier modes. This 
equation may be written in the form 

(2.64) 

It is possible to reformulate this problem as an eigenvalue problem where the 
eigenvalues are the driving amplitudes r and the eigenmodes have components 
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Figure 2.4: Instability tongues for a viscous fluid with 11 = 3.19 cS, a = 
18.3 x 10-3 N m-1 and p = 885 kg m - 3 in layer 1 and air 
in layer 2. Both layers are infinitely deep. The dashed lines 
correspond to the inviscid case. The driving frequency is 
f!/21r = 160 Hz. 

(n· The critica! curve may be easily found by puttingµ= 0 and setting '8 = f!/2 
(subharmonic case) or '8 = 0 (harmonie case) and solving this eigenvalue problem 
numerically. 

In Fig. 2.4 the critica! amplitude is plotted as a function of the wave number 
k for the same values a and p as in Fig. 2.3 and a viscosity 11 corresponding 
to the fluid used in the experiments described in this thesis; air is assumed in 
the upper layer. We again see a set of tongues, now starting at higher driving 
amplitudes as already anticipated in §2.3.1. 

From the figure we see that under typical experimental circumstances (r / g0 < 
10) linear theory predicts that only waves within the first resonance tongue wil! 
be excited. The critica! wave number is k1:, corresponding to the lowest minimum 
in the function r(k). For the critica! driving amplitude we have re = r(ke)· 
In chapter 4 these theoretica! values of ke and re will be compared to their 
experimental values. 

Apart from the critica! wave number ke and the critiçal acceleration re the 
linear theory also predicts the time dependence ((t). This function may be cal
culated using the cornponents of the eigenvectors (n and (2.60). The fast time
dependence of ((t) is subject of chapter 5. 

2.4 Amplitude equations and pattern selection 

The linear stability problern considered so far only predicts the critica! wave 
number, ke, its growth rate To, critica! forcing amplitude re and the coherence 
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length Ç0 . Another important question is which kind of pattern is selected above 
onset (r > re)· In many single-frequency forcing Faraday experiments it has 
been found that when the wavelength Àc is sufficiently smaller than the size of the 
container, L, a stationary square pattern appears (Ezerskii et al. (1986), Tufillaro 
et al. (1989), Gollub & Ramshankar (1991), Christiansen et al. (1992), Bosch & 
van de Water (1993)), even in circular geometries. 

A first attempt to explain this phenomenon directly from the hydrodynamics 
was made by Milner (1991). He derived envelope equations for the inviscid case; 
damping was included in a phenomenological way. Since the basic form of the 
envelope equations for the Faraday experiment is given by (2.6) , the result of 
such a derivation is an expression for its coefficients. While To, Ç0 and kc can be 
found using linear theory only, (3( 19) must be obtained from a nonlinear analysis. 
Milner's equations correctly predict square patterns to be favoured above rolls 
and hexagons. However, his coefficient (3(19) has a divergency due to the way the 
damping was introduced. 

This paper by Milner inspired further work on this kind of theory for the 
Faraday effect. In this section recent results of Zhang (1994) (see also Zhang 
(1995)) wil! be discussed. It is beyond the scope of this dissertation to present 
the complete derivation here. Therefore only the main line of reasoning will be 
presented along with the main results. Again, the final result of this calculation 
will be expressions for (J( 19) which may then be used in predicting which pat tem 
will be selected near onset of Faraday waves. 

2.4.1 Quasi potential equations 

We consider a horizontally infinite and infinitely deep layer of a weakly dissipative 
fluid. For such a weakly dissipative flow the flow may everywhere be regarded 
as potential except for a thin layer near the fluid surface. This viscous boundary 
layer was already present in the linear theory of Kumar and Tuckerman, presented 
in the previous section and was described by the exponent q1n for every linear 
mode. Zhang develops a so-called Quasi Potential Approximation (QPA) to the 
full hydrodynamic problem to incorporate this layer. The presence of this vortical 
surface layer is modelled by modifying the boundary conditions for the flow which 
is assumed to be potential everywhere else. 

The hydrodynamic problem was already presented in Sec. 2.2. In order to be 
able to estimate the relative orders of magnitude of the terms in these equations 
they have to be non-dimensionalized. Zhang uses a characteristic wave number k0 

and a characteristic frequency w0 to non-dimensionalize length- and time-scales. 
These scales can be defined using the linear theory of the previous section where 
w0 = D/2 and k0 = kc (the critica! wave number). Instead, Zhang uses the 
dispersion relation (for an infi nitely <leep layer) from the inviscid theory (2.30) 
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to define k0 : 

with w0 = 0./2 as before. 

2 a 3 
w0 = goko + -k0 , 

p 

The non-dimensionalized equations take the form 

1 2 
8tU+(U · V)U = -Vp+ Re\! U, 

V·U = 0 

with boundary conditions at z = ((x, y, t) 

8t( 

j1 + (V()2 

ä·e·ft 
b·e·ft 

p - G(t)( - 2_ft · e · ft 
Re 

= u. ft 

0 

0 

(2.65) 

(2.66) 

(2.67) 

(2.68) 

(2.69) 

(2.70) 

(2.71) 

where ao = akJ/ pw5 and G(t) = Go-fo cosflt with Go= gok0/w5 , fo = fko/4w5 
(note that G0 + a0 = 1 by definition). For the dimensionless variables U, (, "
and e the same notation is used as for the corresponding dimensional variables. 
The pressure has been redefined as before as p = (P + pg(t)z)k5/(pw5) and the 
vectors a and b have been introduced which form a locally orthonormal right
handed coordinate system together with ft (defined in (2.16)). The rate of strain 
tensor e is given by e = 4(VU + (VUf). The Reynolds number is given by 
1/ Re= vk5fw0 . 

The velocity field U and the pressure field P can be decomposed in an irro
tational and a rotational component as 

U = Vi.p + V' x A, 
1 

p = -oicp - 2" · u + Pn 

(2.72) 

(2.73) 

with u = V(/). The first two terms in the r.h.s. of (2.73) represent the pressure 
due to the irrotational part of the flow and P, is the excess pressure required for 
the rotational part of the flow. 

The resulting equations may be solved by an expansion in the boundary layer 
thickness 8 which is of order Re- 'h. Following the approach of Lundgren & 
Mansour (198S), Zhang arrives at the following set of quasi potential equations 
(QPEs), correct to order 1/ Re, for the free surface waves: 

\72cp = 0, (2.74) 
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with effective boundary conditions at the free surface z = ( 

(2.75) 

(2.76) 

where dt = àt + u · V is the substantial time derivative and Aa and Ab are 
the components of the vector potential A along the ä and b directions. The 
dynamica! equations for Aa and Ab are 

dtAa + (ä · dtb)Ab +~eb· Vu· n = ((ä- b) ·Vu· b + n ·Vu · n) Aa, 

(2.77) 

dtAb + (b · dtä)Aa - 2_ä ·Vu· n = ((b - ä) ·Vu· ä + n ·Vu· n) Ab. 
Re 

(2'.78) 

The Aa and Ab components of the vector potential A are of order 1/ Re; the 
normal component does not appear in these equations because it is of order 
Re- 3h. Therefore, the viscous corrections to the boundary conditions of the 
potential flow in the bulk are of order 1/ Re. 

We may compare the two boundary conditions (2.75) and (2.76) to the results 
of the inviscid linear theory of §2.3.l. We see that there is a viscous correction 
to the kinematic boundary condition (2.23) which comes from the normal com
ponent of the rotational velocity component of the flow. There are three viscous 
correction terms in the dynamic boundary condition (2.76) . The first term comes 
from the potential part of the flow and is linear. The other two come from the 
rotational part of the flow and give a nonlinear contribution (the terms involve 
products of Vu and Aa or Ab) in the weak damping (Re» 1) limit considered 
here. Linear viscous correction terms are neglected since they are higher order in 
l/Re. 

This set of equations has been derived without any assumption on the mag
nitude of the wave amplitudes, the only assumption being Re » 1, the weak 
damping limit. Therefore these equations are still fully nonlinear in the wave 
amplitude. The QPEs are a well controlled approximation in this weak damping 
limit. The next step taken by Zhang is to neglect the nonlinear viscous correc
tion terms . . This step is not well-controlled since there is no a priori relation 
between small damping and a small wave amplitude. Zhang claims, on the ba
sis of a comparison between analytica! and numerical results with experiments, 
that for weakly damped and weakly nonlinear Faraday waves these linear damp
ing quasi-potential equations (LDQPEs) give a good description. The role of 
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the nonlinear viscous terms apparently is not significant for pattern formation in 
weakly damped Faraday waves. 

Elimination of the nonlinear viscous terms and simplifying the QPEs results 
in the following LDQPEs: 

with boundary conditions at z = ( 

and for z --. oo 

V 2 cp = 0, 

a.cp = o. 

(2.79) 

(2.80) 

(2.81) 

(2.82) 

2.4.2 Two-Dimensional form of the LDQPEs and their 
solutions 

Amplitude equations for Faraday waves are equations for the surface only. There
fore it is convenient to write the LDQPEs in a two-dimensional form that only 
involves variables at the free surface. The potential <p is a solution of the Laplace 
equation (a harmonie function} and therefore it is fully determined by its value 
on the boundaries. 

A first step towards such a two-dimensiönal form is to introduce a surface 
velocity potential 

<I>(x, y, t) = cp(x, y, ((x, y, t), t), (2.83) 

which is just the value of <p on the surface. From here on the symbol V will 
denote the horizontal gradient V11. 

Rewriting the boundary conditions (2.80) and (2.81) using this surface poten
tial and again omitting nonlinear viscous terms results in 

where On<fJ = Îl · (V + ê.8. )cp. All variables, except the normal derivative On'P 
may now be evaluated without using the z-dependence. 
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The relation between the normal derivative àn'P and <I> is given in terms of 
the Dirichlet-Neumann operator Ó(() (Craig (1991), Craig & Sulem (1993)): 

(2.87) 

This operator Ó( () is a linear operator that depends on the shape of the free 
surface nonlocally. This operator has a Taylor expansion in terms of ( and its 
spatial derivatives at z = 0. Inserting this expansion the resulting equations, 
correct to third order in ( and <I> are 

2 2 A 

-V (+D<I>-V·((V<I>)+ 
Re 

~V2 ((2D<I>) - D((D<I>) + v ( (D((D<I>) + ~ç2v2<I>), 
2 2 • ( 2) 1 A 2 1 ( )2 -V <I> - (G t) - Qo\7 ( + -(D<I>) - - V<I> & . 2 2 

-D<I> (çv2<I> + D((D<I>)) __,. ~0 v. (vç(vç)2), 

(2.88) 

(2.89) 

where Dis a linear nonlocal operator. Although this operator is nonlocal in real 
space, it is local in wave number space where it is just a multiplication with the 
wave number k. 

Equations (2.88) and (2.89) are two-dimensional and correct to third order 
in (. It is, however, not difficult to include higher order terms. Since we are 
interested in pattern selection near onset it suffi.ces to include up to third order 
nonlinearities in the description. These two-dim.ensional nonlocal linear damping 
quasi potential equations are the starting point of the derivation of Standing 
Wave Amplitude Equations (SWAEs). For this derivation the solutions of the 
linearized equation!;l must be found. These equations read 

2 2 A 

Ot( = Re V ( + D<I>, (2.90) 

ài<I> ~e V2<I>- (Go - Qo\72)(- 4f0 sin(2t)(. (2.91) 

In these equations the forcing function J(t) = -fsin(Dt) was used instead of 
our previous definition j (t) = r cos(Dt). This particular definition will simplify 
the expressions for the solutions of these equations (see equations (2.107) and 
(2.108) below). Since this redefinition corresponds toa trivia! time translation it 
does not affect the physics. 

After two-dimensional Fourier transform, which transforms the operator D 
into a simple multiplication by k, and rewriting of the.se equations we obtain 

2 4 2 ( 3 4 4 . ( )) àt (1; + Rek 81(1; + Gok+ Qok + Re2 k + 4fok sm 2t (1; 0, (2.92) 

. k<I>k - ài(k - .2_k2(k 0. (2.93) 
Re 
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Note that (2.92) is a modified Mathieu equation including damping for the Fourier 
mode (k. This result may be compared to the result from the inviscid linear theory 
(equation (2.29)), which corresponds to the case 1/Re = 0. A comparison with 
the Kumar and Tuckerman result is not straightforward since their result still 
contains explicit references to the z-coordinate, which have been eliminated here 
at the cost of introducing nonlocal operators. 

Zhang proceeds to solve these equations perturbatively by introducing a book
keeping expansion parameter t: « 1 such that î' = 2/ Re = q 0 and r 0 = t:f0 , 

where î'o and fo are assumed to be of CJ(l). The expansion is in the damping 
parameter î' which is equivalent to an expansion in the driving amplitude f'o since 
î' = f 0 near onset. Since î' « 1 the term proportional to ')'2 may be neglected. 
The wave number is expanded as k = 1 + t:D..k + · ·" 

Near onset the amplitudes of (k grow in time but at a slower time scale than 
that for the subharmonic oscillation. Therefore a slow time scale T = ä is 
introduced. The solutions can now be written as 

cko)(t, T) + t:ck1) + .. " 
<I>~o> ( t, T) + t:4>~1) + . . " 

The time derivative Ot must be replaced by Ot + t:àr . 
At CJ(t:0) we have 

with solution 

d0>(t, T) = Ak(T) cost+ Bk(T) sint, 

4>~0> (t, T) = -Ak(T) sint+ Bk(T) cost. 

At CJ(t:1) we have 

(2.94) 

(2.95) 

(2.96) 

(2.97) 

(2.98) 

(2.99) 

8[ck1) + ck1l = - (20rBk + 2(î'o + fo)Bk +(Go+ 3ao).6.kAk) cost 

+ (28rAk + 2(î'o - fo)Ak - (Go+ 3ao)D..kBk) sint 

+2fo(Bk cos 3t - Ak sin 3t), (2.100) 

<t>11> - àkck1) = ( àrAk + î'oAk - D..kBk) cost 

+( 8rBk + î'oBk + D..kAk) sint. (2.101) 

In order to prevent secular behaviour the coefficients in front of the cost and 
sint terms in (2.100) must vanish. This results in 

D..k 
BrAk = Uo - î'o)Ak + 2 (Go + 3o:o)Bk, 

.6.k 
8rBk = - Uo + î'o)Bk - 2 (Go + 3ao)Ak. 

(2.102) 

(2.103) 
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The eigenvalues of this set of linear equations are 

(2.104) 

This result is the expression for the growth rate for the Faraday instability, which 
is indeed of the general form (2.7), sufficiently close to the critical wave number 
(t:.k ~ 0). The eigenvectors corresponding to a-+ and a-... are 

M_ = 

( Jo + J JJ - ( ~k (Go + 3ao)) 2 
) and 

-~k(Go + 3ao) 

( 
-M(Go + 3ao) ) 

2 l:>.k . 2 
Jo+ Jo - (2-(Go + 3ao)) 

(2.105) 

(2.106) 

respectively. Exactly at resonance (i.e. k = 1, t:.k = 0), the growing mode 
M+ = (2J0 , 0) has Bk = 0. The growing linear eigenmode for the system (2.90) 
and (2.91) is then given by (setting the bookkeeping expansion parameter e = 1) 

((x, t) = (cost+ fo sin 3t + · · ·) f, ( Ai(t)eik1x +e.c.) , 
4 j=l 

(2.107) 

<I>(x, t) = (-sint+ f 0 cost+ 3fo cos 3t + · · ·) f, ( Ai(t)eik1x +e.c.), (2.108) 
4 j=l 

where the sum is over a set of wave numbers with arbitrary directions. At onset 
(fo = 1) this mode is the linear neutral solution and forms the basis for the 
weakly nonlinear analysis performed by Zhang. Note that the expression in front 
of the summation in (2.107) corresponds to equation (2.60) in the linear viscous 
problem (with µ = 0 and iJ = 0/2). The values of (0 and (±i have now explicitly 
been calculated (where it should be kept in mind that the definition of the time 
origin has changed). 

The result of the weakly nonlinear analysis is a set of standing wave amplitude 
equations (SWAEs) . The derivation of these equations is very technica! and wil! 
therefore not be repeated here. In the next section only the result wil! be given 
along with a discussion of the consequences for pattern selection near onset. 

2.4.3 Standing wave amplitude equations and pattern 
select ion 

The standing wave amplitude equations (SWAEs) describe the slow time evolu
tion of the amplitudes Ai in (2.107) and (2.108). Note that this slow time scale 
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is not related to the slow time scale in the previous section. The SWAEs have 
the following form 

~8tA1 = €A1 - g(l)IA11
2A1 + f, g(c1i)IA11 2A1 

'Y l=l(l-h) 

(2.109) 

where j = 1, 2, · · ·, N, é = (f0 - 'Y)h (which is the expansion parameter in the 
derivation of the SWAEs) and c11 = cos(i?i1) = k1 · k1. As was already stated 
in the introduction, the form of this amplitude equation is very genera!. The 
connection with the actual physical system lies entirely in the coefficients in the 
equation. The expressions for the coefficients g(l) and g( c11) are given by Zhang's 
theory and are reproduced in Appendix A. These expressions form the centra! 
result of Zhang's weakly nonlinear analysis. 

There are a number of physically interesting features in the SWAEs and its 
coefficients g that are worth discussing before we will investigate the pattern 
selection process. 

• Equations (2.109) do not include quadratic terms. This absence is caused 
by the invariance of the original hydrodynamic equations under the time 
translation t --> t + 27r /n (one period of the driving force) . This time trans
lation induces ( --> -( because of the subharmonic response and therefore 
Ai --> -A1. Therefore the SWAEs must be invariant under such a sign 
change, which excludes terms proportional to even powers of Ais. 

• There is a three-wave resonant interaction. This resonance occurs when the 
interaction of two modes Ai and A1 with wave vectors k1 and k1 respectively, 
introduces a mode B with wave vector ki+ k1 which satisfies the dispersion 
relation at 2w0 (see Fig. 2.5(a) ). The modes Ai and A1 both satisfy the 
dispersion relation (2.65) which reads in its dimensionless form G0 + a0 = 1 
(see after (2.71) for the definitions of G0 and a0 ). The mode B then has a 

wave number K = 2kocos(i91lf2) = koJ2(1 +c1d· Therefore the resonance 
condition is 

(Go+ 2a0(1 + c11)) J2(1 + Cj1) = 4. (2.110) 

This resonance is not caused by the drive but occurs for capillary-gravity 
waves in genera!. 

As may be seen from the expressions for the coefficients in Appendix A, 
this resonance may cause divergencies in these coefficients. Therefore, in 
terms where the denominator would vanish due to the resonance, terms of 
order 'Y2 have been retained in order to prevent divergencies. Away from 
resonance these terms are small and do not affect the consistency of the 
derivation. 

The angle for which this resonant interaction occurs is plotted as a function 
of a0 in Fig. 2.5(b). For a0 < ~ triad resonance is not possible. At a0 = & 
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Figure 2.5: (a) Mode B is generated by a nonlinear interaction of A; 

and A1 and resonates if 1'J;1 = TJ]~>. (b) Resonancè angle TJ]~> 
as a function of the capillarity parameter a0 

the resonant angle is z~ro. For a0 > ! . the resonant angle increases to its 

final value for c11 = 21/3 - 1 at TJj~l ~ 74.9°. Since there are no quadratic 
terms in the amplitude equations, the triad resonance has to enter through 
the cubic nonlinear terms I'epresenting four-wave interactions~ The cubic 
nonlinear coefficient g(c;1) has a peak at the resonance angle TJ)~l. Neglecting 
viscous damping causes a divergence of g(c;1) towards +oo. This divergency 
was already encountered in Milner (1991). 

The triad resonance appears to be governing the selection of the square 
pattern near onset as will be discussed below. Decreasing a0 to 1/3 shifts 
the resonant angle to zero. It will be shown that in this case the square 

. state is no Jonger stable and other states can be stable instead. 

• The derivation of this result and the result itself is different from the earlier 
work by Milner (1991) . Milner also derives a coupled set of standing wave 
amplitude equations with nonlinear coefficients g( c;1) proportional to the 
linear damping coefficient /. However, Milner needed nonlinear viscous 
terms in his phenomenological damping function to obtain these nonlinear 
damping terms; the linear viscous term in his damping function gives no 
nonlinear contribution to the dam ping. Recall that in the present derivation 
only linear viscous terms have been retained which also contribute to the 
nonlinear dam ping in this case3l. 

3) Following Zhang we make a distinction between nonlinear viscous terms, which are nonlin
ear terms proportional to 1/ Re in the fluid equations, and nonlinear damping terms, which are 
nonlinearterms proportional to 1/Re in the Amplitude equations. 
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Zhang shows that even the linear viscous terms obtained by phenomenolog
ically introducing a dissipation function are incorrect and therefore also the 
nonlinear terms obtained are questionable. The question whether nonlin
ear viscous terms in the QPA formulation should be kept in the derivation 
of amplitude equations remains open and may be answered by comparison 
with experiments. 

• There is an amplitude limiting effect by the driving force. This amplitude 
limiting effect is not due to dissipative terms in the original hydrodynamic 
problem and is therefore also present in case of an inviscid fiuid. In the 
derivation Zhang has put fo ='Yin the linear solutions (2.107) and (2.108). 
Therefore the contributions due to the driving f 0 appear together with the 
contributions from the linear viscous terms. 

This amplitude limiting effect is caused by nonlinear interaction of the 
higher harmonie terms proportional to r 0 in the linear neutra! solution 
(2.107) and (2.108). This nonlinear interaction produces terms that are 
7r /2 out of phase with the primary, mode thereby possibly damping or 
limiting the wave amplitude. 

Such an interaction results in a phase shift of ((t) which is observable in 
experiments. In chapter 5 it will be demonstrated that the phase of the 
square pattern is indeed shifted with respect to the phase of the linear 
neutra! mode. 

In Fig. 2.6(a) the coefficient g(l) is shown as a function of the capillarity 
parameter a 0 fora value of 'Y = 0.06 which is typical for the experiments presented 
in this thesis. The peak at a0 = 1/3 is a result of the triad resonant interaction. 
Figure 2.6(b) shows the coefficient g( Cjt) as a function of Cjt = cos '/Jjl for the same 
value of 'Y and a 0 = 0.92, which again corresponds to the experiments. 

lt is easily verified that g(l) = ! Jim g( Cjt)· This is caused by the fact that 
CJr-1 

there are twice as many contributions to the cubic nonlinear term from two 
modes making an angle with each other as contributions from only one mode. 
Furthermore g(Cjt) = g(-ci1) due to the fact that separation angles 'IJ and 7r - 'IJ 
are equivalent for standing waves. 

We now proceed to investigate the pattern selection near onset. The equations 
(2.109) can be written in gradient form 

(2.111) 

where :F is the Lyapunov functional 

(2.112) 
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Figure 2.6: The behaviour of the nonlinear coefficients in the standing 
wave amplitUde equations for 'Y = 0.0637. (a) The self
interaction coefficient g(l) as a function of a 0 . (b) The 
coefficient g(cj1) for a 0 = 0.92. 

This function is a monotonously decreasing function of time since 

(2.113) 

The limit state for t ---> oo must therefore be stationary in the amplitudes Ai· 
The only stable states are states that correspond to local minima of the Lyapunov 
function. 

The nontrivial stationary solutions with magnitudes of all N standing waves 
equal (IAil = IA11f=0) are easily obtained from (2.109): 

€ 

N 
g(l) + I: g(cj1) 

l= l (l;éj) 

The values of the Lyapunov function for this solution are 

(2.114) 

(2.115) 

The most favoured pattern is the pattern that minimizes the Lyapunov function. 
For regular patterns, i.e. patterns that have N wave vectors with equal am

plitude separated by angles 7r / N, the value of the Lyapunov functions can be 
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obtained numerically using the expressions for the coefficients in Appendix A 
and (2.115).It appears that the square state (N = 2) has the lowest value of the 
Lyapunov function for all experimentally relevant values of 'Y and a0 except for 
a small parameter regime around a0 = 1/3 and 'Y < 0.08. Therefore the square 
state is preferred among other regular patterns except in this small parameter 
regime. Near a0 = 1/3 solutions with a higher number of wave vectors become 
most preferred. The number of wave vectors involved in forming the pattern 
increases when 'Y is decreased. 

For a silicon oil which typically has ratio of surface tension to density a/ p ~ 

2 x 10-5 m3 / s2 , the point a0 = 1 /3 occurs at 0/27r ~ 25 Hz and a corresponding 
wave length >. ~ 15 mm. In order to be able to observe that the square pattern 
indeed becomes unstable at this driving frequency, the container size L should be 
much larger than >.. If the wave length is comparable to the size of the system, 
boundary effects are dominant and only a discrete set of wave numbers will be 
available. In this case the theory is no Jonger valid. 

The less favoured patterns may either be metastable (local minima of F) 
or unstable. Zhang performs a limited stability analysis for regular patterns of 
N = 1, 2, 3. This analysis is limited because in the framework of the SWAEs only 
a limited class of perturbations are allowed (an important class of perturbations 
that cannot be treated using the present results involves spatial modulations). 
Therefore this limited stability analysis can identify unstable solutions but can 
not prove stability. 

Rolls are unstable if g( c1i) < 1 for some value of c1j. This is always the 
case in the experimentally accessible parameter regime of 'Y and a 0 . Near a0 = 
1/3 the square pattern, which is no Jonger the preferred state in this regime, is 
actually unstable whereas hexagons or triangles (N = 3) are stable with respect 
to perturbations allowed by the SWAEs. 

2.5 System size considerations 

The theory discussed above was concerned with Faraday waves at or near onset of 
the instability. In the experimental work focus is on the regime far above thresh
old (t: > 0.1) where the system displays spatio-temporal chaos. As discussed in 
chapter 1 it is important to know the system size in terms of a correlation length 
scale Ç. Using the theoretical background in this chapter it is possible to calculate 
the actual relevant length scales for the experimental system. 

The two relevant length scales are the cri tical wavelength Àc = 27r / kc and the 
length scale Ç0 . Both length scales follow from the linear theory in §2.3.2. The 
critical wave number is the wave number that has the lowest threshold forcing 
amplitude r. The length scale fo is calculated from the curvature of the critica! 
curve Re(<J(k)) using (2.8) and (2.9). 
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Using (2.104) it is also possible to obtain an analytica! expression for Ç0 : 

Ço = 
_To iJ2Re(<J(k))I · 

2 8k2 
k=ko,f=-y 

which reads in dimensional units 

Go+ 3ao 
2v'2'Y ) 

(2.116) 

(2.117) 

The direct (numerical) calculation using the procedure of Kumar and Tuckerman 
is preferred because it does contain viscous corrections to the dispersion relation 
neglected in the weakly nonlinear analysis. The analytica! result has the advan
tage of giving more insight. The length scale Çb sets the typical length scales for 
modulations of the amplitudes A1 and is often cailed the correlation length, sug
gesting that this length scale is the same as the length scale Ç which determines 
the number of degrees of freedom of the system. 

In many papers (Ezerskir et al. (1986), Tufillaro et al. (1989), Christiansen et 
al. (1992), Bosch & van de Water (1993)) the system size is expressed in terms of 
the ratio of the size of the container L over the wavelength À. This is in analogy 
with convection experiments where the wavelength is also the typical length scale 
on which interesting variations (like defects and grain boundaries) occur. In that 
case Çb ex: >.0 and either length scale may be used for a definition of the aspect 
ratio. 

In the weak damping limit of the Faraday experiment ('Y « 1) the correlation 
length Ç0 » 1 and diverges for 'Y ---+ 0. Therefore the ratio L/Çb should be used 
as an aspect ratio. However, it is not clear whether the length scale Çb continues 
to be the relevant length scale when ê > O.L The weakly nonlinear theory is not 
capable of answering this question. 
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Experimental setup and data 
• processing 

This Chapter deals with the experiment and the data processing. The mechanica! 
construction is discussed with special emphasis on the detection and reduction of 
internal resonances. These resonances have to be suppressed in order to obtain 
a homogeneous excitation of the Faraday waves. Next the choice for the fluid 
is motivated together with a demonstration of the importance of controlling the 
temperature of the experiment accurately. 

The experiments in forthcoming chapters make use of images of the fluid 
surface. In this chapter, the way these images are formed is described. Further
more, this imaging process is investigated numerically which produces insight in 
the nature of the mapping from the fluid surface to an image. 

Finally, the data acquisition and processing is described. The type of experi
ments to be described later demand a large amount of data from the experiment. 
The way in which this information is reduced to amounts that can be processed 
with the present resources is discussed. 

3.1 Mechanica! construction 

In the theory discussed in chapter 2 a perfectly homogeneous vertical forcing was 
assumed which is also exactly sinusoidal. It is a true challenge to meet these 
requirements in the experiment as accurately as possible. One of the advantages 
of the Faraday experiment over Rayleigh-Bénard convection is its fast time scale, 
as was already discussed in the introduction to this thesis. On the other hand, 
convection experiments have a very precise control over the Rayleigh number 
(6.Re/Re ,._.., 10- 5 ; see e.g. Kolodner (1991)), which is the control parameter in 
these experiments. This is an advantage over Faraday experiments which have to 
rely on mechanica! constructions with their own internal resonances that cause 
the forcing to be inhomogeneous. 

35 
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Figure 3.1: Construction A with support at the edges of the container. 

The mechanica! construction must be designed for .vertically oscillating a con
tainer filled with a layer of fluid at driving frequencies of the order of 100 Hz. 
Therefore resonances of individual parts of the construction should either be 
much lower than 100 Hz or much higher. The latter option was chosen which 
means building a rigid construction. 

The exciter is a Brüel and Kjffir 4808 vibration exciter which produces a 
maximum force of 112 N; it is driven using a NF Electronic Instruments 1930A 
frequency synthesizer. The exciter head has a diameter of 62 mm, whereas the 
container has an outer dimension of D = 150 mm. The construction has a hollow 
conical shape to transmit the force from the exciter to the container. Such a 
construction is superior to one using pillars that have been used by others (e.g. 
Christiansen et al. (1992)) and that was rejected in an early stage of the project. 

Two types of support for the container were used and are shown in Figs. 3.1 
and 3.2. The first construction (A) has a support at the edges of the container. 
The other construction (B) has a support at 2/3 of the radius of the container. 
Other differences between the constructions are that in A bolts are used to as
semble the construction whereas thread and glue are used in construction B . The 
stiffness of both constructions is not optima! because holes are present in each 
conus in order to visualize the waves . The visualization method is described in 
Sec. 3.3. 

In bath constructions the container consists of two 5 mm thick glass plates 
separated by a perspex ring. In case of construction A the perspex ring may 
be easily interchanged thus allowing experiments in different geometries. Bath 
square and circular containers were used in experiments. For construction B only 
a circular container is available. The sides of the square container are L = 80 mm; 
the diameter of the circular cel! is L = 127 mm. The cel! in construction B has 
a diameter of L = 130 mm. 



M echanical construction 37 
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Figure 3.2: Construction B with support at 2/3 of the radius of the con
tainer. 

An important disadvantage of construction B is that a considerably smaller 
part of the surface can be visualized. This favoured construction A with respect 
to B in some of the experiments, although the homogeneity of acceleration is 
better in construction B. Excitation homogeneity will be discussed in detail in 
§3.l.2 after a discussion of the amplitude measurement in §3.l.l 

3.1.1 Amplitude measurement 

The most important control parameter, apart from the driving frequency, is the 
excitation amplitude. This amplitude is measured using a Michelson interfer
ometer based on a He-Ne laser beam (see Fig. 3.3). One of the beams of this 
interferometer is reflected on the top of the container. For construction A the 
beam is reflected directly on the polished covering aluminium ring; in case of 
construction B a small mirror is attached to the top perspex ring. 

The peak to peak displacement can now be measured by counting light-dark 
transitions in the interferometer signa!. From the number of fringes in one driving 
period, N, t he forcing acceleration, r, may be calculated using 

r = n2>.N 
8 ' 

(3.1) 

where >. is the wavelength of the laser light (>. 632.8 nm) and Q/27r is the 
driving frequency as before. The factor 8 has two reasons. The first is the fact 
that in one period the container travels over a distance 4A where A is the peak 
amplitude. Since N is measured over one complete period it must be divided by 
4 in order to get the number of fringes corresponding to A. The remaining factor 
of 2 comes from the fact that the reference beam is reflected on the container 
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He-Ne/aser 

Figure 3.3: Sketch of the Michelson interferometer. Solid lines: normal 
setup; dashed line: differential setup. All components except 
the co-moving mirror(s) are mounted on a heavy aluminium 
block which is standing in a layer of sand to reduce parasitic 
vibrations. The lens is used to magnify the fringes. 

surface. A container displacement of >../2 thus gives an optica! path difference of 
>.. . 

Theoretically (displacement) amplitudes can now be measured to an accuracy 
of >../8 (at a typical excitation amplitude of A = 30 µm, the relative accuracy is 
then 2x10-3). However, this measurement is also contarninated with background 
noise coming from other vibrations. Due to these fluctuations, which are generally 
not in phase with the drive, the number N is fluctuating. Assurning that the 
background fl.uctuations have a vanishing time average, N may be averaged over 
more than one period to get a better estimate for the amplitude. This assumption 
is valid as long as the driving amplitude is larger than the fluctuations, which is 
always the case in experirnents, and as long as the fluctuations are not in phase 
with the drive. In the absence of driving, fl.uctuations typically give a count rate 
of 0.3 pulses per driving period. The relative accuracy achieved rnay be irnproved 
to 2 x 10-4 by averaging. This is justified since the interference signal certainly 
includes information on .sub-wavelength scales. The number N is reproducible to 
within 0.1 count per period when averaged. 

A point of concern with the interferometric amplitude measurement is vibra
tions of the interferometer with respect to the container that are caused by the 
exciter. These vibrations add to the measured amplitude even after averaging 
since they have the sarne frequency as the drive. An interferometer is not capable 
of distinguishing between different kinds of oscillations. By mounting the whole 
interferometer on a heavy aluminium block which is placed in a layer of sand 
these parasitic vibrations are damped as much as possible. 
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Many other experimenters (Douady (1990), Christiansen et al. (1992), Ed
wards & Fauve (1994)) use piezoelectric accelerometers which are mounted di
rectly on the container and measure container accelerations only. A major prob
lem with these transducers is the fact that they need to be calibrated absolutely. 
This leads to a systematic (relative) error of a few percent whereas the interfer
ometer has, in principle, a relative accuracy of 2 x 10-4 . Furthermore, mounting 
of such an accelerometer on the construction might infiuence its motion. This is 
the reason for using interferometry instead of an accelerometer. 

In order to make comparisons between different experiments a reduced am
plitude as introduced in chapter 2 is used: 

r-re N-Ne 
ê=---=---

fc Ne 
(3.2) 

where f e is the critica! amplitude and Ne the corresponding number of fringes 
counted in a drive period. The uncertainty in E: is mainly determined by the 
uncertaility in the determination of fe. Note that the contribution to r due to 
mechanica! resonances that are in phase with the excitation wil! cancel in the 
expression for E: if the reasonable assumption is made that their magnitude is 
proportional to r. 

The critica! amplitude is determined visually. The driving amplitude is ad
justed several times both below and above the critica! point and the damping or 
excitation of waves is observed in order to determine re. No hysteresis was found 
in any of the experiments indicating that the bifurcation is always supercritical. 

The most sensitive way to obtain the exact position of re makes use of the 
CCD-camera (see §3.4.2 below). The timing of the camera shutter can be ad
justed such that wave maxima replace minima in two subsequent snapshots. The 
detection of waves now corresponds to a detection of motion, to which the human 
eye is very sensitive. 

The critica! amplitude may be determined to a relative accuracy of 2 x 10-3 . 

This number refers to the accuracy obtained assuming that the amplitude mea
surement is exact in itself. This is only true if there are no inhomogeneities in the 
excitation which is not the case in genera!. The inhomogeneity of the excitation 
is discussed in the next section. These inhomogeneities cause the Faraday waves 
to only appear in the center of the container near onset. 

3.1.2 Homogeneity of acceleration 

The conical structures are specially designed to suppress resonances of the whole 
construction that would cause an inhomogeneous driving amplitude. Two meth
ods for measuring excitation inhomogeneities were used. The first method, here
after called method 1, is a direct measurement of driving amplitudes on different 
points of the construction. The second method, method Il, indicated in Fig. 3.3 
by the dashed lines, uses a differential setup of the interferometer. In this setup 
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the reference beam is also refl.ected on the construction. The measured amplitude 
is now a difference amplitude and includes phase information. 

Method 1 was used to measure amplitude differences between the center of the 
bottom plate and the edge. The result is shown in Fig. 3.4(a) where the distor
tion Ó1= (rcenter - redge)/redge is plotted as a function of the driving frequency. 
Construction B bas a distortion which is hardly significant while construction 
A shows a large increase in distortion with frequency. In order to perform this 
measurement the covering glass plate had to be removed and a small mirror was 
attached to the bottom plate. The omission of the top glass plate causes a change 
of the mechanica! properties of the whole construction. Therefore the outcome 
of this measurement bas to be interpreted with some caution. 
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Figure 3.4: Inhomogeneity of the excitation as a fun ction of the driv
ing frequency. ( a) Using direct amplitude measurements on 
the edge and at the center of the container. Solid line: con
struction A; dashed line: construction B. Positive values 
indicate that the center amplitude is higher than the ampli
tude on the edge. {b) Using the differential interferometer 
with beams on two diametrically opposed points on the edge 
of the container. Solid line: construction A; dashed line: 
construction B. 

This direct amplitude measurement does not include phase information. In 
principle the center and the edge may be in anti-phase but with the same ampli
tude. In that case method 1 would still measure zero distortion. The differential 
setup was used to measure amplitude differences between two points diametri
cally opposed to each other on the edge of the container. This measurement 
cures the problem because it is phase-sensitive. In this case both the covering 
glass plate and the fl.uid were present. The distortiön ó11 , which is the ratio of 
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the differential amplitude over the actual amplitude, is plotted as a function of 
frequency in Fig. 3.4(b) 

For both constructions there is a resonance-like behaviour in the differential 
measurement. This resonance can not be attributed to one single part of the 
construction since resonances of the individual parts of the construction are all 
much higher than 100 Hz. Therefore, there must be another explanation for this 
behaviour. 

A tilted motion of the whole construction may cause this effect. In case of 
construction B the pattern near onset and for driving frequencies above 220 Hz is 
not centered but shifted to one side of the container whereas at lower frequencies 
this pattern is centered. This is a strong indication for such a tilted motion for this 
construction. A similar behaviour was not observed for the other construction. 
The cause of the inhomogeneity in this case is therefore still unexplained. 

Note that it is not necessary to have a resonance for generating an inhomo
geneity. The differences between center and edge found in construction A may 
be due to a forced oscillation far from resonance. 

Three driving frequencies were used in experiments. The different experi
ments are summarized in Table 3.1 with their respective measured excitation 
inhomogeneities. Although all these experiments will be discussed in detail in 
forthcoming chapters a comparison of the excitation homogeneities and its con
sequences is given here. 

The lowest driving frequency used is 0/27r ~ 80 Hz (see chapter 6). In this 
regime experiments in the square geometry were done which is only possible in 
construction A. At this frequency the distortion in construction A is 81 ~ 8n ~ 
1 % (not shown in Fig. 3.4). 

0,/27r Construction Geometry Distortion 
Hz mm 81(%) 8n(%) 
80 A 80 x 80 square 1 1 

160 A 0127 circular 5 3 
160 B 0130 circular < 1 1 
240 A 0127 circular 8 2 
240 B 0130 circular -1 7 

Table 3.1: Summary of the different types of experiments. 

The driving frequency that was used most often is 160 Hz. Only experiments 
in a circular geometry were performed. In this case the distortion in construction 
A is 5% from the direct measurement and 3% from the differential measurement. 
For construction B the distortion from the direct measurement is below 1 % while 
it is 1 % from the differential measurement. Due to the better imaging possibilities 
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most of the experiments on the statistical properties of the spatially and tempo
rally chaotic state were still performed in the first construction. In chapter 7 a 
comparison of the data from the two constructions will be given. No significant 
differences between the two constructions were found in that case. 

Christiansen et al. (1992) found an eight-fold quasi pattern and a hexagonal 
pattern at a high (wavelength) aspect ratio. This result was reproduced at a 
driving frequency of 240 Hz which yields a (wavelength) aspect ratio of L/).. = 60. 
Both patterns could only be found in construction A which has a (differential) 
distortion of 2% in this case which is bet ter than the 7% rneasured for construction 
B. It appears not to be possible to generate these patterns in construction B. 
This indicates that the differential rnethod for measuring distortions gives a more 
relevant number for pattern forrnation since the difference between center and 
edges gives, at this driving frequency, a distortion of ó1= 8% in construction A 
compared to Ór= -1% for construction B, which would suggest that construction 
B is better. At a driving frequency of 240 Hz it is not possible to reach the 
disordered regime because of exciter power limitations. Therefore no experiments 
in the spatially and temporally disordered regime were performed at this driving 
frequency. 

The infl.uence of excitation inhomogeneity is important in determining the 
threshold amplitude for excitation of Faraday waves as will be discussed in chap
ter 4. F'urthermore the appearance of patterns near onset is infiuenced by this 
inhomogeneity as was already discussed above. Far above threshold there is no 
possibility for comparison of the results with theory. As will be shown in chapter 
7 at least some of the statistical quantities measured did not show any dependence 
on the construction used. 

From the differences between the two constructions some designing guidelines 
may be found. A support at 2/3 of the radius of the bottom plate effectively 
reduces the differences in amplitude over this plate. This is a consequence of the 
fact that the eigenmodes with the lowest eigenfrequencies will have a nodal circle 
in this position. At the same time this construction is more sensitive towards 
a tilting motion. It is still possible that a construction which has all the reso
nances of its parts well below 100 Hz will yield a better excitation homogeneity. 
However, it remains questionable whether the same homogeneity as in convection 
experiments can be obtained. 

3.2 Fluid and temperature control 

The container is filled to a height of 10 mm with a low viscosity methyl silicon oil. 
The brand name of the oil is Tegiloxan 3 and it is manufactured by Goldschmidt 
AG (Essen, Germany) . This oil has at T = 21.0 °C a kinematic viscosity v = 
3.397 cSt1l, a density p = 892.4 kg m - 3 and a surface tension of o: = 18.3 x 

!) 1 cSt = 10- 6 m 2 / s 
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10-a Jm-2. 

This oil was chosen because its properties do not change very much over 
time. Earlier experiments with n-butanol suffered from the fact that this fl.uid is 
hygroscopic. This problem also troubled the work in the group of Gollub (see the 
comments in Gollub & Ramshankar (1991) on their earlier results in Tufillaro et 
al. (1989)) . Another advantage is the fact that the oil does not evaporate very 
much and, due to the low surface tension, forms a thin, smooth layer instead of 
droplets on the covering glass plate, which does not infl.uence the visualization of 
the waves. 

The oil wets the plexiglass vertical wall very well such that after a while the 
complete inside of the container is covered with a thin layer. This leads to a 
boundary condition that is "soft". The topic of boundary conditions will be 
discussed in detail in chapter 4. 

3.2.1 Temperature control 

The temperature of the whole construction is kept constant to within ±0.03 °C. 
To this end the whole construction is placed in a temperature controlled room 
with temperature that varies ±0.1 °C. The value of the temperature, however 
constant, could not be adjusted at will. The temperature during experiments 
was always around 21 °C. 

The construction is insulated from the (heat producing) exciter with a tem
perature controlled heat exchanger (see Figs. 3.1 and 3.2). Due to the insulation 
by the glass plates and the perspex ring the temperature fluctuations inside the 
container are down to ±0.03 °C. 

The light source is another important heat source. It is a standard incandes
cent halogen lamp which illuminates a multi-stranded optical fibre after passing 
through a heat filter. Therefore the heat of the lamp cannot reach the fl.uid layer. 
The heat produced by absorption of the incident light in the fl.uid surface can be 
neglected. This may be concluded from the fact that no significant temperature 
rise is observed when the light source is switched on. 

The influence of the temperature is directly measurable in the critical ampli
tude. In Fig. 3.5 the temperature dependence of the critica! amplitude is shown 
for two different driving frequencies and in construction B. Since the pattern ap
pears in the center of the container first, the center amplitude must be used as the 
critica! amplitude. In case of construction B and at the two driving frequencies 
used here, this correction is negligible and has not been applied. 

The temperature coefficient of the critica! amplitude may be compared with 
the predictions of linear theory. The critica! amplitude depends on temperature 
through the density, surface tension and viscosity. The temperature coefficient 
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Figure 3.5: Temperature dependence of the critical amplitude for con
struction B, Dl27r = 120Hz (a) and Dl27r = 160Hz {b). 
The dashed lines show the predicted slope dr cl dT based on 
linear theory and temperature dependencies of p, v and a. 

may be expressed as 

22 

drc are dv are dp are da 
dT = Bv dT + ap dT + àa dT' 

(3.3) 

The temperature dependencies of the parameters are at T = 21 °C: dvldT = 
-0.0517cStlK, dpldT = -l.30kglm3 K and daldT = -0.l x 10-3 JlmK 
(these numbers were measured using facilities of the Rheology group at the Uni
versity of Twente). The derivatives of re with respect to p, v and a may be 
calculated using linear theory and are given for two different driving frequencies 
in Table 3.2. 

Dl27r ar cl àv 
Hz glcSt 
120 0.464 0.503 -0.0255 
160 0.750 0.826 -0.0418 

Table 3.2: Derivatives of re with respect to v , p and cc jor two different 
driving jrequencies. Note that r is expressed in units of the 
gravitational acceleration g. 

For a driving frequency of 120 Hz the coefficient is drcldT = - 0.0221 gl K; 
for 160 Hz it is drjdT = - 0.0347 gl K. The most important contribution to the 
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temperature coefficient comes from the temperature dependence of the viscosity. 
The temperature coefficients are indicated in Fig. 3.5 by the dashed lines. Only 
the slopes of the lines are significant in this figure, the vertical offset has been 
fitted to the data. The error bars on the data points in the figure are about three 
times the size of the circles. Therefore there is agreement between theory and 
experiment on the point of the temp.erature dependence. 

In chapter 4 the absolute values of the critica! amplitude will be compared to 
linear theory in more detail. This is a more critica! test for the validity of the 
theory. 

3.3 lmaging 

The Faraday waves are visualized using a shadowgraph method. A beam of light 
shines through a hole in the conus where it is refiected by a mirror (see Figs. 
3.1 and 3.2). The light source is the exit of a multi-stranded optica! fibre that 
is illuminated by a standard halogen incandescent lamp. It is positioned in the 
focus of a Fresnel lens that is attached to the bottom of the container such that 
an almost parallel incident beam is formed. After refraction at the fiuid surface 
an image is formed on a translucent screen that is on top of the covering glass 
plate at a distance d = 20 mm above the fiuid surface. 

From an understanding of the properties of the imaging it is possible to obtain 
quantitative information about the surface wave amplitudes. In this section the 
mapping from surface to light intensities on the screen is investigated using ray 
tracing calculations. Section 3.4 describes the registering of these images. 

In Fig. 3.6(a) a typical shadowgraph image from the experiment is shown. 
The almost parallel incident beam of light is focused and defocused by wave max
ima and minima, respectively. This causes bright and <lark spots on the screen 
which are represented in a greyscale with black corresponding to the highest light 
intensities and white corresponding to <lark regions. This representation wil! be 
used throughout the rest of this thesis. Figure 3.6(b) shows the result of a ray 
tracing calculation which is discussed next. 

Figure 3.7 shows the refraction of a light ray by the surface located at z = 
((x, t). In a typical ray tracing simulation 1.6 x 108 light rays are traced as they 
emerge from the light source, refracted by the surface and finally diffused by the 
screen. The direction of the incoming light rays k. is selected assuming that the 
light source is a uniformly lit circular disk. 

The position of the intersection of the refracted ray with wave number k1 is 
calculated using Snell's law. The easiest way to achieve this is using a coordinate 
system in the plane of the norm al vector to the surface Îl and k.. In this coordinate 
system kt = cos {)t Îl +sin 1J1 IÎl where sin 1J1 = n sin 1J;, IÎl = m/lml with m = 
k; - (n · k;)n and nis the index of refraction of the fiuid. The light ray then hits 
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(a) (b) 

Figure 3.6: Light intensity distributions as measured by the camera (a) 
and calculated using ray tracing {b). The region shown is 
4.5 x 4.5 cm near the center of the container. Black cor
responds to high light intensities. The figures should be 
compared by their light intensity distributions, not by their 
wavelength and orientation. The image in ( a} has been 
corrected for inhomogeneous background illumination (see 
§3.3.1}. Similar pictures will appear in the rest of this thesis 
which have the same dimensions and colour coding. 

Screen 

Figure 3.7: Refraction of a light ray through the surface. 
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the screen at 
d - ((po, t) (k A k A ) 

P = Po + k 1,xex + 1,yey , 
t, z 

(3.4) 

where Po is the point where a beam that is not refracted would hit the screen. 
The light intensity of the refracted beam is determined using Fresnel's laws 

averaged over polarization (cf. Hecht & Zajac (1979)): 

4n 
(1 + n)2 

for sin 19; = 0, 

l= sin 219; sin 2191 ( 1 ) 
sin2(19i + 191) 1 + cos2(19; - 191) 

for 0 < sin19i ~ ~, 
(3.5) 

0 for sin 19; > ~-

The translucent screen is assumed to scatter the light with a cos2 <p distribution, 
where <p is the angle of incidence of the light ray on the screen. 

For the square pattern, approximated by two sine waves that are perpendicu
lar to each other, it is possible to calculate the light intensity distribution on the 
screen using the simulations. Figure 3.6(b) shows the resulting simulated image. 
The measured and simulated images are almost indistinguishable when compar
ing the distribution of light intensities (no attempt has been made to achieve the 
same wavelength and orientation in the image). However, a fairer comparison 
can be made by considering the corresponding distribution of intensities directly. 
This comparison is shown in Fig. 3.8. These histograms have been normalized 
and the simulated histogram is scaled such that the features for low intensities 
correspond. This is justified by the observation that the two "bumps" in the dis
tribution correspond to the dark (=white) regions and the lines connection the 
bright (= black) spots, which may therefore be identified between the two images. 

The exact form of the histogram for large intensities is mainly determined by 
details of the light source and the screen which are only poorly modelled. The 
screen itself causes speckle-like spatial fiuctuations in the image due to its fine 
structure which was not modeled. Furthermore, the bright spots are in fact im
ages of the light source. As the focal length corresponding to a wave maximum 
comes closer to the distance d between the screen and the fiuid surface, these 
images of the light source become sharper and its detailed structure becomes im
portant. The light source is, because of its fibre structure, not exactly uniformly 
lit which is another cause for the observed discrepancy in the high intensity tai! 
in the distribution. 

Wave maxima cause bright spots on the screen that become sharper as the 
light is better focused. This depends both on the distance from the fiuid surface 
to the screen and on the curvature. The local curvature of the surface is a 
combination of wave amplitude and wavelength. During a single wave period, 
that starts with a fiat surface at t = 0, wave maxima come in focus as the 
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Figure 3.8: Histograms of light intensities for a square pattern. Solid 
line: measured; dashed line: simulated. The histograms are 
normalized and the simulated histogram is scaled such that 
the low intensity features overlap. 

focal length decreases to d and may actually become defocused again if the focal 
length becomes smaller than d. The local curvature of the surface is maxima! 
at t = 7r /20. and at t = 7r /0. the surface has returned to the flat state again. 
Therefore, there exists a time 0 < t < 7r /0. where the image (such as in Fig. 
3.6(a)) is optimally sharp fora given d. For 7r/0. < t < 27r/0. the process is 
repeated at spatial points that are shifted over half a (spatial) wavelength. 

A measure of the contrast in an image is the standard deviation of the distri
bution of light intensities. Figure 3.9 shows the standard deviation in a simulated 
image of a square pattern as a function of the amplitude of the pattern. For low 
pattern amplitudes the relation between contrast and amplitude is almost linear. 
At A = 40 µm the contrast reaches a maximum which is caused by the wave 
maxima which are now exactly in focus on the screen. Using this information 
it is reasonable to conclude that for (!ocal) pattern amplitudes below 40 µm the 
relation between the light intensity on the screen and the actual wave amplitude 
is monotonous. 

As will be discussed in chapter 5 there is one point in the wave period at 
which the whole surface is close to the uniform flat state. Therefore, it is possible 
to ensure that the requirement that the local amplitude is lower than 40 µm is 
fulfilled even for high values of the driviilg amplitude by exposing the camera in 
a small window near this point. 

3.3.1 Image homogeneity 

An important part of this work is the study of statistica! properties of the disor
dered fiuid surface. For these studies it is necessary that the illumination of the 
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Figure 3.9: Standard deviation a of the distribution of light intensities. 
At the first maximum the wave maxima are exactly in focus. 
The secondary maximum is generated by light rays that are 
deftected over >../2, thus creating a 'focus' at the position of 
the wave minima. 

surface is homogeneous. Mechanical constraints conflict with the requirement of 
uniform illuminä.tion. This is in particular a problem for construction B that has 
the smallest access to the fl.uid surface due to the fact that the top of the conus 
only extends to 2/3 of the radius of the container. 

Clearly, a procedure is needed for the correction of the illumination inhomo
geneity. In the following paragraphs two different procedures are described that 
were used to perform the correction. One procedure works only in case of disor
dered surface waves that vary randomly in time; the other procedure can also be 
used for the ordered state. 

Two types of cameras, to be discussed in the next section, were used. For now 
it suffices to know that one camera produces line-image whereas the other camera 
gives a full 2D image. The line-camera is adjusted along the longest axis of the 
illuminated area producing an image of 65 mm for both constructions. For the 
2D-camera the observed area is 4.5 x 4.5 cm2 in construction A. The 2D-camera 
was not used in construction B. 

The images from the line-camera are stored in their raw form directly. The 
correction for inhomogeneous illumination is carried out off-line. From these line 
snapshots I(x, t) the time averaged intensity Ï(x) = (I(x , t))i 2l and the standard 
deviation a(x) are computed for each position x. Assuming that at each spatial 
point x the average statistical properties of the disordered wave surface are the 
same and that variations in Ï(x) and a(x) are merely due to illumination inhomo-

2l Averages are denoted by (- · ·) with a subscript indicating over which variable the average 
is taken. 
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Figure 3.10: {a) Mean and {b) standard deviation of the intensity distri
butions on a line. The data set has 32000 samples at 512 
positions taken in the spatially and temporally chaotic state. 
The driving frequency is 160 Hz and e = 0.3. The noisy 
appearance is caused by the fine structure of the screen on 
which the images of the surf ace are formed. 

geneity, a correction may be introduced as I*(x, t) = (I(x, t) - Ï(x))/a(x). The 
corrected images I*(x, t) have zero mean and unit standard deviation. This pro
cedure compensates for the loss in dynamica! range in regions of low illumination 
(at the cost of an inevitable loss in resolution). 

Figure 3.10 shows mean and standard deviation for a typical experiment at 
160 Hz in the circular container. It appears that a(x) is approximately propor
tional to Ï(x). The noisy appearance of both quantities is generated by the fine 
structure of the screen which generates a speckle-like pattern when observed from 
above. This fine structure is not a consequence of poor statistics and is repro
ducible (unless the screen is moved). Note that there is no clear structure present 
in this average on scales comparable with the wavelength. 

For the data from the 2D-camera the above procedure is not feasible because 
the amounts of data that must be stored is prohibitive (a typical experiment 
would require 5 gigabytes for just one value of e). Therefore the correction has 
to be carried out in real-time using the image processing system which will be 
discussed in the next section. Another case in which the described procedure is 
not useful is when the average state is non-trivia!. This situation actually occurs 
and is described in detail in chapter 6. 

The correction that is carried out in these cases is a division of all intensi
ties of all points in an image by the intensities at the corresponding positions 
in a previously stored background image that has no waves. A comparison of 
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this background image and the time averaged image obtained as described above 
shows that the average image is just the background image (apart from an ir
relevant multiplicative factor). Also the mean and standard deviation appear to 
be approximately proportional, as was already noted before. Therefore this cor
rection procedure is in good approximation the same as for the line-camera, the 
only difference being that the average is not subtracted (which is not essential). 
Another advantage of this alternative method is that it may be used even if the 
surface is not disordered or in case of a non-trivia! time average. 

3.4 Data acquisition 

In this section the hardware that was used to obtain images from the experiment 
is described. As was already mentioned in the previous section there are two 
types of cameras in use: a line-camera and a normal 20-camera. The 20-camera 
is hooked up to an image processing system which will also be discussed. 

For experiments in the spatially and temporally disordered state there is a 
need for gathering large amounts of data in order to be able to investigate sta
tistica\ aspects of this state. Although developments in data storage are breath
takingly fast, it is still necessary to reduce the huge amount of data from the 
experiment in order to store them. 

The fact that experiments using the full 20 images (which are lMB each) 
are not feasible is easily demonstrated in a simple calculation. In order to obtain 
enough statistics, 0(5000) snapshots are needed for each value of the driving 
amplitude. In a typical experiment, information would be gathered at 0(50) 
values of the driving amplitude. This would amount to 250 GB (GB =gigabyte) 
of data, which is prohibitive. The need for data reduction is clear. 

Two approaches have been used to achieve the required data reduction. The 
first approach is to store images on one line of the image only. This was achieved 
by using the line camera. For experiments using this technique we have to rely on 
tempora! averaging to be a substitute for spatial averaging. The other approach 
first reduces each image to only the positions of wave maxima. This scheme keeps 
the most essential information in an image and discards all information about the 
structure of these maxima. As will be demonstrated in forthcoming chapters this 
data reduction scheme still retains useful information. 

3.4.1 Line-camera 

The line-camera is home made, based on a Fairchild CCD-134 Charge Coupled 
Device (CCD) chip. This CCD-chip has 1024 pixels of which only 512 are actu
ally used in order to increase the speed of the camera. The maximum camera 
frequency when all 512 pixels are used is 40 Hz. The 512 pixels are digitized with 
12 bits. The camera is exposed for 1/4 of a wave period being 1/2 of a driving 
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period (assuming that the waves respond exactly at f'l/2) and is triggered by the 
frequency synthesizer that generates the waveform for the exciter. 

The data is stored in the memory of a dedicated measurement and control 
computer system based on a M68000 processor. This computer system (MPS) 
was developed in the Faculty of Applied Physics at the Eindhoven University 
of Technology and is described in Voskamp et al. (1989). Apart from the data 
acquisition this system also adjusts and measures the driving amplitude and 
monitors the temperature in an automated fashion. After storage of the data in 
memory the data is transmitted to the disk of a workstation for further analysis. 

3.4.2 2D-Camera 

The 2D-caniera is a Texas Instruments prototype camera. It has a high resolution 
of 1024 x 1024 pixels (non-interlaced) and is digitized with 8 bits. This camera is 
externally triggerable at a maximum frequeiicy of 10 Hz. The camera is exposed 
for 1/50 of the period of the waves. 

The contrast of the images depends crucially on the phase at which the images 
are taken as already pointed out in Sec. 3.3. In the experiments using this 
camera the contrast was made optima! using a calibration curve of the contrast 
as a function of the phase that will be presented in chaptèr 5. 

The data from the camera is processed directly by the real-time image pro
cessing system. This system is controlled by an on-line SUN workstation which 
also communicates with the MPS computer system which still controls the ex
periment. The image processing system will be discussed below. 

3.4.3 Two dimensional image processing 

The images are processed by a Max Video 20 (MV-20) real-time image processing 
system from Datacube. This system consists of a real time configurable pipeline 
which is capable of performing basic image processing operations. In what follows 
a description of the set of operations that reduces an image to a list of positions of 
local intensity maxima is discussed. It should be stressed that this data reduction 
scheme is carried out in real time, no permanent storage of the images is required. 
Although the procedure makes use of almost all the built-in features of the system 
to their limits it is possible to improve it at some points. Such an improvement 
would, however, require an even more sophisticated image processing system. 

The procedure by which an image is reduced to a list of the positions of 
intensity maxima, corresponding to wave maxima, consists of the following steps: 

• The image is corrected for the non-uniform background illumination. This 
is done by dividing the measured intensities in every pixel in a snapshot by 
the intensities of a previously stored image of the surface without waves. 
This correction ensures that not only the average light intensity is now 
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homogeneous (which could also be achieved by subtracting the background 
image) but also a correction for the dynamic range is achieved (as discussed 
before) . Only small corrections ( a factor of two at the most) can be made 
accurately, therefore the background illumination should already be more 
or less uniform. 

• The image is smoothed with a 7 x 7 Banning kernel. This means that 
the intensities in an area of 7 x 7 pixels are multiplied with a fixed matrix 
containing an approximation of a Banning ( cos2 r) filter (see e.g. Lindley 
(1991)). The result replaces the old value of the intensity in the center of 
this area. This is equivalent to a convolution of the entire image with this 
kernel. The Fourier spectrum of this kernel is given by 

( 1 1 )-l lol 7rT G(k)= -- 2 rcos2(-)J0 (kr)dr, 
4 7r 0 2 

(3.6) 

where k = 1 is the wavenumber corresponding to the radius of the kernel. 
The spectrum is independent of the orientation and real-valued due to the 
symmetry of the kernel. Figure 3.11 shows the powerspectrum G2(k/kc), 
where kc is the critica! wavenumber corresponding to the experiments at a 
driving frequency of 160 Hz. The figure clearly shows that this kernel is a 
low-pass filter as is required for smoothing. 
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Figure 3.11: Powerspectrum of the convolution kemel used for smoothing 
2D camera images. 

The size of the kernel, which determines the effectiveness of the filter, is 
limited by the possibilities of the image processing system. Better smooth
ing can be achieved with a kemel that is matched to the size of the intensity 
maxima. Such a kemel would be larger than 7 x 7. The final list of po
sitions of wave maxima does not depend on the details of the kemel; the 
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only effect of a better filter would be an increase in speed of the algorithm 
because fewer points will need to be evaluated in the next steps. 

• In four consecutive cycles pixels are selected that have higher illumination 
levels than their four nearest neighbours. Again, the maximum number of 
neighbours included is constrained by the hardware. Simulations show that 
it is more efficient to use eight nearest neighbours (more efficient means 
that fewer points are selected without changing the result) which is not 
possible using the current hardware. 

• A threshold is applied to the selected pixels in order to allow only local 
maxima that are stronger than a certain value to be counted as a true wave 
maximum. The value of the threshold is the only adjustable parameter in 
this algorithm. The results do not depend strongly on the precise value 
taken. The threshold is chosen such that for the stationary square pattern 
all wave maxima are selected and no spurious maxima appear. Spurious 
maxima may be caused by the lines that join two wave maxima. These 
lines are brighter than their surroundings and may easily be selected as 
local intensity maxima if the threshold is too low. 

• A list of wave maxima is generated and transmitted to the online SUN 
workstation. For each local intensity maximum a (small) number of pixels 
has been selected . The location of the center of mass of all intensity maxima 
is computed by the SUN workstation and stored on disk. 
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Figure 3.12: (a) Raw picture and {b) the same picture after data reduc
tion. 
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All image operations, except the last one, are performed in real time. The 
maximum sample frequency depends on the number of pixels that have to be 
transmitted to the workstation. This number depends strongly on the effective
ness of the smoothing and selection steps (steps 2 and 3) and on the actual 
number of wave maxima in an image. Typically the sample frequency is 0.5 Hz 
for images that have a maximum of about 250 wave maxima. Figure 3.12 shows 
a raw picture and the result of the data reduction. The typical data reduction 
factor for the present experiments is about 1000. 

An experiment consists of a series of amplitude settings, performed by the 
MPS system, and consecutive measurement of 0(5000) reduced images for each 
amplitude setting. Typical storage requirement for a series of 50 amplitudes is 
250MB which is no langer prohibitive. Future experiments may use the fact 
that large storage facilities become available at a rapid speed, such that more 
snapshots for each amplitude and more data per image may be stored. This is 
especially needed when experiments at larger aspect ratios are considered. 



4 

Phenomenology 

Thîs chapter deals with the basic phenomenology of the Faraday experiment. 
First of all the onset of waves itself is investigated. Section 4.1 gives a com
parison of the predictions of linear theory with the experimental results. In 
section 4.2 the patterns near onset observed in different geometries and with dif
ferent boundary conditions is discussed. The predictions of the weakly nonlinear 
theory are compared with the patterns observed in the experiment. When the 
driving amplitude is increased above its threshold value for pattern formation, 
a sequence of patterns is observed. The sequence that occurs at a driving fre
quency of 160 Hz will be discussed. Finally, in section 4.3 a first characterization 
of the order-disorder transition, which occurs at high excitation amplitudes, will 
be given using the tempora! dependence of the surface height. 

4.1 Comparison with linear theory 

There are two predictions of linear theory that can be directly tested. One is the 
critica! wave number Àc, the other is the critical forcing amplitude r c-

The critica! wavelength was measured above onset (c ~ 0.05) where a station
ary square pattern exists. In doing so it is assumed that the wavelength above 
threshold is still effectively the critica! wavelength Àc- Since the linear theory 
only predicts Àc exactly at onset this assumption does not follow from theory. A 
justification for this assumption may be found in chapter 7 where the wavelength 
of the square pattern is measured as a function of E (cf. Fig. 7.5). It is shown 
there that there is a small variation of the wavelength with E hut this variation 
is not detectable using the method for measuring the wavelength used in this 
section. 

The wavelength is measured directly on the screen using a ruler. This gives a 
number which is accurate to 1 %. Figure 4.1 shows the measured wavelength as a 
function of the driving frequency for both constructions discussed in section 3.1. 
The experiment is performed at a temperature of 20.0 °C where v = 3.453 cSt, 

56 
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100 150 200 250 
0/21T (Hz) 

Figure 4.1: Critica/ wavelength as a function of driving frequency. Cir
cles: construction A; dots: construction B; dashed line: 
theoretica[ prediction based on Cl!= iB.4 x 10-3 Jm-2 , v = 
3.453 cSt and p = 893.6 kgm-3 and infinite depth. 

p = B93.6kgm-3 and Cl!= 18.4 x 10-3 Jm-2 . For construction Band frequen
cies above 220 Hz it is no langer possible .to obtain a stationary square state. 
Therefore, the wavelength could not be measured in this regime. 

The measurements are compared to linear theory for an infinitely <leep layer, 
which is a good approximation for the frequency range shown. In order to com
pute Àc the minimum corresponding of the tongue with n = 1 (cf. Fig.2.4) was 
found numerically. The result of this calculation does not differ very much from 
the dispersion relation from the linear theory without viscosity (Eq. (2.30) with 
tanh(kh) = 1) which would produce a curve in Fig. 4.1 that is almost indistin
guishable from the dashed curve shown. 

Bath measurements are in agreement with the predictions from linear theory. 
Since the function Àc(n) depends strongly on the surface tension, this method 
is a way to measure it. The accuracy of this method is 1 %. Because Àc does 
depend only weakly on the viscosity, it is not even necessary to have a precise 
value for the viscosity for such a measurement of the surface tension. In fact, the 
dispersion relation (2.30) gives values of the wavelength that are experimentally 
indistinguishable from the predictions from the linear theory including viscosity. 

In Fig. 4.2 the critica! amplitude fc is plotted as a function of driving fre
quency fora fluid temperature of 20.0 °C. The result is again compared to Iinear 
theory using the same parameter values as before. Due to the amplitude inho
mogeneity, waves appear only in the center of the container (that has the highest 
amplitude) at onset. Therefore, the critica! amplitude corresponds to that of the 
center of the container while the amplitude is measured on the edge. The critica! 
amplitudes are therefore corrected for the amplitude difference between the edge 
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Figure 4.2: Critica[ amplitude as a function of driving frequency. Cir
cles: construction A; dots: construction B; dashed line: the
oretica/ prediction with the same parameters as in Fig. 4.1. 
M easured critica/ amplitudes have been corrected to their 
value in the center of the container based on Fig. 3.4(a). 

and the center using the results of Fig. 3.4(a): r~ = fc(l + 81 ). 

The data from construction A (support at the edges) is in agreement with 
the theory after the correction has been applied. The other construction has 
systematically higher values for the critical amplitude than predicted. There 
could be a number of causes for such a deviation: 

The measured critical amplitude may be higher due to damping that was not 
included in the theory such as froin the moving contact line at the boundaries and 
due to possible contamination of the surface (a number of these damping terms 
were discussed in the work of Milner (1991)). These damping terms, however, 
would also affect the critical amplitude in construction A since the experiments 
in this construction were performed under exactly the same conditions. Since the 
measurements in construction A are in agreement with theory, extra damping 
must be of little importance here. 

Another possible cause for the observed discrepa.ncies is the amplitude mea
surement itself. As was discussed in §3.Ll , vibrations of the interferometer itself 
(which is assumed to be in rest) may give rise toa measured amplitude that is dif
ferent from the actual amplitude of the container. However, this would affect the 
experiments in both constructions in the same way. From the agreement of the 
measurements for construction A with the predictions, it may be concluded that 
the effect of such parasitic vibrations is not measurable, at least in the frequency 
interval under consideration. 

The conclusion is that the peculiarities of the two constructions are responsible 
for the observed differences. The inhomogeneity of the acceleration across the 
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surface could only be corrected for in an approximate manner. lt should be 
remembered that, in order to measure the amplitude in the center of the container, 
the construction had to be partly disassembled. This may affect the mechanical 
properties for both constructions in a different way thus possibly accounting for 
the observed discrepancies. 

4.2 Pattern formation near onset 

In this section the patterns that exist near onset are described. There is a strong 
dependence on the vertical boundary conditions as will be shown in §4.2.1, §4.3.1 
and also in chapter 6. In §4.2.1 the linear eigenmodes that exist in a square 
container at moderate aspect ratio and with a pinned boundary condition will be 
shown. Pattern formation in a circular container with "free" boundary condition 
will be discussed in §4.2.2. A comparison with the predictions of the weakly 
nonlinear theory will be made. 

Free 
(a) (b) 

Pinned 
(c) 

Figure 4.3: The three different kinds of boundaries. Boundary (c) may 
lead to a perfectly "pinned" boundary condition /or the fiuid, 
f or which the linear mode near ons et remains stable even f or 
the highest driving amplitudes. 

The theory described in chapter 2 was formulated for a system of infinite hor
izontal dimensions. For low driving frequencies (small aspect ratios) the system 
is no Jonger large and the boundaries matter. Much effort has been invested 
in finding a vertical boundary profile that provides reproducible boundary con
ditions. For the profiles that have been used, the attachment to the boundary 
ranges from "soft" to "pinned". 

The different types of boundaries are shown schematically in Fig. 4.3. Three 
types of boundaries were used in experiments. The first is a vertical wall to which 
the fluid attaches via a meniscus. Next there is a boundary which has a step-like 
shape where the fluid is level with the step. Finally there is a boundary which 
is also step-like but the step joins the vertical wall above it smoothly in a shape 
that resembles the meniscus. 

Using this last boundary it is possible to obtain a perfectly "pinned" boundary 
condition ( ( = 0 at the boundary) . In that case the pat tern that appears near 
onset remains stable even at the driving amplitudes as high as t: = 1.4, while 
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the pattern breaks up near ê = 0.4 for boundaries (a) and (b). The step-like 
boundaries (b) and (c) show a streng mode-quantization which will be discussed 
in §4.2.l. The vertical boundary (a) does not show such a quantization, indicating 
that a boundary condition in which the fiuid joins the wall through a meniscus lets 
the system effectively appear larger than it actually is. Therefore this boundary 
condition is called "free" or "soft". 

4.2.1 Linear modes in a square container 

The linear modes in a square container with boundary condition ( = 0 at the 
boundaries are 

( ( x, y) = (0 sin ( 7 x) sin ( ~7r y) . (4.1) 

where 0 :=::; x, y :=::; L. Such a mode will be denoted as (n, m). The wave number 
of these linear modes is knm, k;m = (n2 + m2)(7r/L)2. 

D/27r Mode See Fig. 4.4 
Hz [m1,m2] 

80.60 [1,1] (a) 
80.65 [2,1] (b) 
80.90 [3,3] (c) 
81.20 [4,4] (d) 
81.50 [5,5] - (e) 
82.00 [6,6] (f) 
82.80 [7,7] 
83.00 [8,8] 

Table 4.1 : Observed modes in a square container with boundary type 
(b). All modes haven = 34 and m values as indicated. 
Note that a [2, 2] mode could not be observed. 

In a square geometry there is a degeneracy between the (n , m) and (m, n) 
modes (in what follows the convention n > m will be used). Experiments show 
only combinations of two modes (n,m1 ) + (m2 ,n), denoted as [m1 ,m2]; usually 
m1 = m 2 but when the spacing of modes becomes close (i.e. the modes are nearly 
degenerate), m1 and m2 may differ. 

In Fig. 4.4 the linear modes with n = 34 are shown. These modes exist 
in the frequency range from 80.6 Hz to 83:1 Hz and have 1157 :=::; n2 + m 2 :=::; 

1220. In this regime only modes with n = 34 are observed although theoretically 
also modes with smaller values of n but higher values of m are possible. The 
experimental results of Douady & Fauve (1988) and Douady (1990) show that 
resonance tongues corresponding to modes with higher vah.ies of m/n are narrower 



Pattern formation near onset 61 

(a) (b) 

(c) (d) 

(e) (f) 

Figure 4.4: Modes in a square container for driving frequencies in the 
range 80.6 · · · 82.0 Hz (see also table 4.1 ). 
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and that these modes have higher critica! amplitudes. Therefore, in our case the 
resonance tongues corresponding to these modes are obscured by the resonance 
tongues of the highest n-modes. 

In another experiment (Douady & Fauve (1988)) at lower aspect ratio (n"' 
15) these other modes have been observed. For this lower aspect ratio the spacing 
between the modes is wider which makes the high-m modes detectable. In that 
experiment it was also possible to generate single (n, m) or (m, n) modes. The 
patterns corresponding to these modes only occur when m ~ 0.4 n and are not 
observed in the present higher aspect ratio experiment because the resonance 
tongues are again obscured by the resonance tongues of modes with lower values 
of m/n. 

For the "free" boundary no mode quantization effect was observed. Close to 
onset a non-space filling square pattern is observed in the center of the container 
which is rotated 7r/4 with respect to the side walls. When the amplitude is 
increased the pattern becomes aligned with the side walls and resem bles a ( n, 1) + 
(1, n) mode. In this case, however, nis not necessarily integer. 

4.2.2 Pattern formation in a circular container 

The weakly nonlinear theory of chapter 2 predicts the shape of patterns at onset 
in a system that is infinitely large. I.e. it is assumed that the boundaries have 
no influence. Therefore, the patterns observed above cannot be taken indicative 
for the validity of the theory. In this respect it was more interesting to observe 
a square pattern that is not aligned with the walls in the square container with 
"soft" boundary condition. 

Before showing the patterns observed in the experiment the predictions of 
the weakly nonlinear theory for the present experiment are discussed. As was 
described in §2.4.3 the Lyapunov function for a regular pattern with N wave 
vectors that have equal amplitude determines whether one pattern is favoured 
above another. The pattern with the lowest value of the Lyapunov function is 
most favoured and stable. However, this pattern may still prove to be unstable 
when the expansion is extended to higher order in e. In Fig. 4.5 the Lyapunov 
function for patterns with N = 1 · · · 4 is shown as a function of the driving 
frequency. In the expression (2.115) for the Lyapunov function é was set equal 
to one; this has no consequence for the discussion below. 

From Fig. 4.5(a) it is clear that, except for an interval around D/27r = 
27 Hz, the square state (N = 2) has the lowest value of the Lyapunov function 
and is therefore favoured. Near D/27r = 27 Hz, in which case the capillarity 
parameter a0 ~ 1/3, other patterns become favoured. Unfortunately, at this 
driving frequency the size of the container is small compared to the wavelength 
and only the linear eigenmodes of a circular container are found experimentally. 
Experiments by Edwards and myself in a larger container (L = 32 cm, h = 0.7 cm 
and v = 7 cSt) show a hexagonal pattern in this parameter range. Patterns of 
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Figure 4.5: Lyapunov function F N as a function of the driving frequency. 
Dotted line: N = 1 (rolls); solid line: N = 2 (squares); 
dashed line: N = 3 (hexagons); dot-dashed line: N = 4 (8-
fold symmetrie quasi-pattern). Figure (b) is an enlargement 
of the region around fl/27r = 27 Hz in figure (a) . 

50 

higher symmetry were not positively identified, although they should be possible 
for this range of parameters according to the weakly nonlinear theory. In a regime 
where eight-fold patterns would be favoured a disordered pattern was observed 
with a slow time dependence. Since the parameter regime in which a given 
pattern is favoured becomes smaller for higher N, an extremely precise control 
of the experimental circumstances is required in order to separate the regimes. 

Thus, for driving frequency higher than 31 Hz the weakly nonlinear theory al
ways predicts squares for our fluid parameters. lndeed, above a driving frequency 
of ,...., 50 Hz square patterns are observed just above onset (for lower frequencies 
the boundaries are again important, giving rise to single linear eigenmodes of the 
circular container). The sequence of patterns at a driving frequency of 160 Hz 
wil! be descri bed below. 

For E: < 0.02 there exists a non-stationary pattern that is not regular and 
only exists in the center of the container. This pattern is time dependent on a 
time scale of minutes. In the interval 0.02 < E: < 0.09 the pattern is square and 
nearly stationary (see Fig.4.6(a)). This pattern fills the whole container when 
E: > 0.04 (in construction A), in agreement with the fact that for this value of 
E: the critica! amplitude has been exceeded everywhere on the surface (cf. Fig. 
3.4( a)). The square pattern rotates slowly, a full rotation by 27r was observed on a 
time scale of the order of 15 hours. There is also a slow drift of the pattern in one 
preferred direction. This direction changes when the construction is disassembled 
and reassembled again but the drift could not be eliminated. 
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(a) (b) 

Figure 4.6: Pattems at a driving frequency of 160 Hz. ( a) Square pattern 
at t: = 0.05; (b) "triangular" pattem at t: = 0.17. 

The predictions of the weakly nonlinear theory are valid in the regime t: « 
(2/ Re )2 ~ (0.06)2 . In the experiment there is a stable square pattern far beyond 
this value of t:, while the pattern near onset is irregular. 

For driving amplitudes above t: = 0.09 there exists a regime where a "tri
angular" pattern is observed (Fig. 4.6(b)). This pattern was reported earlier 
by Christiansen et al. (1992). It appears to consist of three radial waves which 
are modulated in such a way that they appear to originate in the center of the 
container and move outwards. The nature of this pattern is still unclear. 

For values of t: > 0.25 this triangular pattern becomes intermittent and finally 
disappears and a spatially and temporally disordered state remains. 

At driving frequencies higher than 220 Hz the scenario starts di:fferently. In 
agreement with earlier observations by Christiansen et al. (1992) an eight-fold 
symmetrie pattern is formed just above onset. Such an eight-fold pattern is nec
essarily non-periodic since the plane cannot be filled in any periodic way with 
octagons. However, the pattern is quasi-periodic and such patterns are there
fore also called quasi-patterns. Figure 4.7(a) and (b) show this pattern and its 
spatial power spectrum. The spectrum is coded on a logarithmic greyscale; the 
center corresponds tok= 0. Upon increasing the amplitude this eight-fold quasi
pattern becomes unstable and a stable hexagonal pattern appears instead. This 
pattern and its spectrum are shown in Fig. 4.7(c) and (d). Finally, when the am
plitude is further increased, the square pattern appears again. For completeness 
this pattern and its power spectrum are shown in Fig. 4.7(e) and (f). 

The weakly nonlinear theory does not predict the hexagons and quasi-patterns 
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(a) (b) 

(c) (d) 

(e) (f) 

Figure 4.7: Observed patterns and their power spectra at a driving fre
quency of 240 Hz (see text). 
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in this high aspect ratio experiment. For the experiment at 240 Hz we have 
a0 = 0.96 and "/ = 0.075 (recall that a0 is the dimensionless surface tension 
introduced after (2.71) in chapter 2 and"/= 2/Re). According to theory the 
square pattern would still be favoured in this regime (see Fig. 4.5). It is not 
clear what causes this discrepancy. At this frequency the wavelength aspect ratio 
is A>. = L/ À = 60 and the aspect ratio based on the correlation length scale is 
A{ = L/~ = 25. This indicates that the system is already large on both length 
scales. Therefore it is not likely that the occurrence of this pattern is a boundary 
effect. Christiansen (1993) demonstrated that the shape of the boundary <lid not 
influence the shape of the hexagons and quasi-pattern, also indicating that the 
shape of the boundaries is not important. 
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(a) (b) 

Figure 4.8: ( a) Simulated eight-fold quasi-pattern. The pattem consists 
of a sum of Jour cosines at angles 7r /8 + n1f / 4 with n = 
0, 1, 2, 3 and the result z is then passed through a nonlinear 
filter: exp(-z/10); (b} Power spectrum of the simulated and 
filtered quasi-pattern. 

Apart from the possibility that some of the assumptions in the derivation of 
the amplitude equations and its coefficients are no longer valid in this regime, 
it is also possible that the new patterns are caused by the inhomogeneity of the 
acceleration. The patterns occur exclusively in construction A where the forcing is 
increasing towards the center of the construction; the effect of this inhomogeneity 
is unknown (Christiansen et al. (1992) give no value for the inhomogeneity of 
the acceleration in their construction). At this driving frequency the pattern in 
construction B is no Jonger centered and therefore strongly infiuenced by the 
presence of the side walls. In this circumstances even the square pattern is not 
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as stable as it is at lower frequencies (the wavelength could not be measured in 
this regime, cf. Fig. 4.1). 

The power spectrum of the quasi-pattern is interesting. Because there is only 
a small region in which the quasi-pattern exists in the experiment, the underlying 
structure of the spectrum is not very clear. Nevertheless a number of peaks can be 
observed in the picture, which do not form a regular lattice. The smallest circle of 
eight bright (=black) spots corresponds to the basic wavelength of the pattern. If 
the waves were perfectly sinusoidal and if the imaging would be linear only these 
eight spots would be present. Because at least the imaging is nonlinear, higher 
harmonies are generated. Figure 4.8 shows the result of a numerical simulation 
of an eight-fold quasi-pattern with its power spectrum. The basic pattern is a 
sum of four cosines at angles 7r /8 + n7r / 4 with n = 0, 1, 2, 3. In order to generate 
higher harmonies the generated pattern was passed through a slightly nonlinear 
mapping. A comparison of the computation with the experiment reveals that 
a lot of the faint structure in the experimental spectrum is also present in the 
computed spectrum. 

4.3 The order-disorder transition and beyond 

In the preceding sections the behaviour at and slightly above onset has been 
discussed. The behaviour at higher values of the reduced amplitude has only 
been mentioned in passing. Before we proceed to investigate the spatially and 
temporally disordered state in the following chapters, it is illustrative first to 
describe the way this disordered regime is entered. 

A relatively simple method to study the order-disorder transition makes use of 
the fact that the pattern becomes time dependent (apart from the basic oscillation 
at D/2). This method consists of computing the average velocity of the wave 
maxima that are detected using the data reduction scheme of §3.4.3. 

The velocity of wave maxima may be found by associating points in two 
consecutive images and dividing their displacement by the time interval. In doing 
so, it is assumed that the time interval between the two images is short enough 
to be able to assume that the motion was uniform. 

The association of points in two successive snapshots is su btle. In between 
the two images points may be annihilated or created. Points in two consecutive 
images are associated by minimizing the distance between the associated points. 
This minimizing procedure has the constraint that only displacements less than 
a maximum distance l are allowed. This length scale l is chosen in the interval 
(>./2, >.); the resulting value of the average velocity is not sensitive to the precise 
value as long as it is in this interval. 

Association of points is only possible when the lifetime of individual wave 
maxima is larger than the sample time. Below, two experiments wil! be discussed. 
The first is for the experiments (at 81.7 Hz) in the square container. In this case 
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the sample frequency that may be achieved by the image processing system is 
2 Hz, which is fast enough to ensure a correct association. The other experiment 
is performed in the circular container at 160 Hz. For this experiment the image 
processing is too slow. Therefore a slight modification of the data reduction 
algorithm is used in this case. 

In this modified algorithm two images are first taken and stored in the memory 
banks of the image processing system. This allows the images to be taken at the 
maximum camera frequency which is 10 Hz. Next the data reduction scheme is 
applied to both images and the results are stored on disk. Only points in two 
images that belong together are used to calculate velocities. This method is fast 
enough in all cases. 

4.3.1 Square container at moderate aspect ratio 

The experiments in the square container and at moderate (wavelength) aspect 
ratio (L/).. = 17) are extremely sensitive to the vertical boundary condition. 
Experiments in all three configurations shown in Fig. 4.3 were performed. Figure 
4.9 shows the rms (horizontal) velocity of wave maxima as a function of the 
driving amplitude for boundary (a) and (b). 

1 
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Figure 4.9: Rms velocity of wave maxima as a function of the reduced 
excitation amplitude E: . Solid line: "free" boundary condi
tion; dashed line: boundary (b) of Fig. 4 .3. The excita
tion frequency is 81.7 Hz in both cases; images were taken at 
2.0425 Hz. 

For the "free" boundary (solid line) there is a discontinuous jump from an 
almost stationary state to a moving state at êc = 0.4. There is an apparent 
hysteresis between up and down scans of E:. This hysteresis is an experimental 
artefact and can be made arbitrary small by increasing the waiting time between 
amplitude settings. For the experiment in Fig. 4.9 this waiting time is 1/zh. The 
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jump is discontinuous to within the resolution of the amplitude setting (there are 
no data points on the vertical parts of the curve). 

For the step-like boundary (boundary (b) in Fig. 4.3) the transition is much 
more complicated. The behaviour strongly depends on the history and is hardly 
reproducible. In Fig. 4.9 one typical result is shown. Other experiments with 
this boundary (not shown) show a different behaviour at low values of€ while 
the behaviour for € > te is comparable. 

In this regime, the rms velocity for this "almost pinned" boundary is much 
smaller than for the "free" boundary. This is in agreement with the qualitative 
observation that the surface fluctuates much more rapidly in the Jatter case. 

The problems with reproducibility come from the difficulty of pinning the 
fluid to the boundary using the edge of Fig. 4.3(b). In order to achieve pinning 
of the surface, the container must be thoroughly cleaned and leveled. Once the 
fiuid bas spilled over the edge, which may easily happen in the disordered regime, 
a small amount of fluid is gathered in the sharp edge near the vertical wal! (as 
is shown schematically in Fig. 4.3). This changes the way the fiuid is connected 
to the edge in an irreproducible way and therefore changes the behaviour of the 
surface, especially for low E:. 

Not shown in Fig. 4.9 is the behaviour for the completely pinned boundary 
using the edge of Fig. 4.3(c). This boundary has the same problems with repro
ducibility but in this case it is possible to produce a completely pinned boundary. 
For such a pinned boundary the patteni remains stationary up to i;; = 1.4, which 
is extremely high compared to the i;;-values in Fig. 4.9. This pinned boundary 
could only be produced with extreme care in cleaning and leveling of the con
tainer. Once formed, this boundary remains stable over a few days. The result 
of an t-scan would produce a line with an almost zero velocity for all values of i;; 

in the figure. 

4.3.2 Circular container at high aspect ratio 

Figure 4.10 shows the rms velocity of wave maxima for the experiment in the 
circular container at a driving frequency of 160 Hz and the "free" boundary con
dition. These results were obtained in a scan of i;; that went up to € = 0.6 and 
subsequently down to i;; = 0. In this case the order-disorder transition appears 
to be continuous and there is no hysteresis between up and down scans. 

The initia! stationary square state breaks up at i;; = 0.09. At a slightly larger 
value of the control parameter (i;; = 0.13) the "triangular" state is formed. At 
t = 0.25 this pattern gives way to the spatially and temporally disordered state. 
The infiuence of this "triangular" state is observed as a slight "bump" in Fig. 
4.10. 

The results shown in Fig. 4.10 were obtained using the motion of wave maxima 
in images of the surface. Another, much simpler, way is to quantify the tempora! 
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Figure 4.10: Rms velocity of wave maxima as a function of E . The driving 
frequency is 160 Hz. The time interval between two images 
is 0.1 s, the sample frequency is 0.3 Hz. The average velocity 
is computed from N = 2000 images. 
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Figure 4.11 : Characteristic fluctuation frequency of the Faraday waves as 
a fun ction of é . 
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fluctuations from a measurement of the light intensity of the image in just one 
point. Figure 4.11 shows the result of such a measurement. 

This result has been obtained by computing the autocorrelation function from 
a time series of N = 64000 point samples taken with a photodiode. The time 
delay for which the correlation coefficient drops below 0.5 is used to define a 
characteristic fluctuation time scale. The corresponding fluctuation frequency, 
normalized with the driving frequency, is plotted in Fig. 4.11. 

The result is comparable to the result of Fig. 4.10, although much less in
formation is used in the one-point measurement. Both results contradict earlier 
work of Tufillaro et al. (1989) who found that the characteristic fluctuation fre
quency grows as (t: - t:c) 1l2 , with t:c = 0.1. The reason for this discrepancy is 
unclear. A major difference between the two experiments, however, is the work
ing fluid, which is n-butanot in the experiment of Tufillaro et al. (1989). As was 
already noted before (sec 3.2) experiments with this fiuid suffer from the fact 
that n-butanol is hygroscopic. Another difference is that the results of Tufillaro 
et al. (1989) were obtained in a square container. 

In conclusion we have found that it is possible to use these relatively simple 
techniques to identify the different regimes (square, triangular, disordered). At 
small aspect ratios there is an extreme dependence of the (horizontal) bound
ary conditions. It appears that, upon increasing the aspect ratio (which means 
increasing the driving frequency), the order-disorder transition changes from dis
continuous to continuous. It would be interesting to perform a series of experi
ments at different driving frequencies and investigate the behaviour of the phase 
transition as a function of the aspect ratio. 
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Time dependence of Faraday 
waves 

The linear theory in §2.3.2 and the linear neutral modes of §2.4.2 both predict 
the fast time dependence ((t) of the Faraday waves at onset. In this chapter this 
fast time dependence will be investigated in detail. However, we will not restrict 
our analysis to the amplitudes close to onset. 

Unfortunately, there is no way to directly measure the function ((t) in the 
experiment. All methods based on refiection or refraction of light on the fiuid 
surface are only sensitive to V(. In principle, the temporal dependence of V( 
may be found by using a small light ray that is refiected on or refracted by the 
surface (this technique was used in the work of Douady (1990)). The wave length 
of the Faraday waves in the present experiments, however, is already of the order 
of the typical size of a laser beam. Therefore, it is not easy to measure the time 
dependence for a single point on the surface. 

Despite these problems in directly measuring the displacement, information 
about the time dependence of the Faraday waves may still be obtained using 
images from the 2D-camera by performing a spatial average. In Sec. 5.1 the 
phase relation between the waves and the forcing will be investigated, which 
may directly be compared to the prediction of the linear theory. Section 5.2 
demonstrates that the variation in the contrast of a 2D image as a function of t 
contains useful information about the fast time dependence. 

In this chapter all experiments are performed at a driving frequency of 160 Hz 
in construction A. The container is circular and the "free" boundary condition 
was used. 

5 .1 Zero crossing of the surf ace waves 

It appears to be possible to locate the position of the zero crossing of the sub
harmonic waves with high accuracy. The method that is used is analogous to 
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the method that was used in finding the critica! amplitude. The camera is ad
justed such that consecutive images are separated in time by an uneven number 
of periods of the drive (b..t = (2n + 1)27r/D). In fact this is a detector for the 
subharmonic symmetry (waves with negative Floquet multiplier) since for these 
waves ((t + 27r/D) = -((t). The presence of subharmonic waves is now detected 
by the alternation of wave maxima and minima between two consecutive camera 
images. The zero crossing of the subharmonic waves corresponds to the point at 
which this alternation is absent. It is possible to find this point with an accuracy 
of 1 % of the period of the drive by changing the time relative to the drive at 
which an image is taken. From here on the term "zero crossing" wil! be used to 
indicate the zero crossing of the subharmonic wave, unless stated otherwise. 
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Figure 5.1: (a) Predicted time dependence of the Faraday waves ((t) at 
onset (solid lines) with respect to the forcing (dashed lines). 
Circle: measured zero crossing at é = 0.003. {b} Position 
of the "zero crossing" as a function of the reduced driving 
amplitude (r = t + 3/4 · 27r/r2). 

Figure 5.l(a) shows the predicted time dependence of a Faraday wave at onset 
from the linear theory of Kurnar and Tuckerrnan, together with the displacement 
of the container (the acceleration goes as cos(Dt)). The coefficients (0 and ( 1 that 
result from thi_s calculation may be compared with Zhang's result (2.107). 

Zhang's function ((t) has a zero crossing exactly at tD/27r = 3/4 (after undo
ing the time translation that was introduced), the linear viscous theory has a zero 
crossing at t0./27r = 0.750 in agreement with (2.107). However, the phases of the 
coefficients ( 0 and ( 1 are not exactly -7!' /4 and 37r /4 as in Zhang's result but differ 
by -0.015 and 0.034 radians respective!y_ The ratios of 1(0 \ / \(1 \ are 4/fo = 62.79 
for Zhang's result and 63.71 for the result of Kumar and Tuckerman. 

In Fig. 5.l(a) the observed position of the zero crossing at é = 0.003 (just 
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above threshold) is indicated with a circle. To within the experimental uncer
tainty there is agreement with the predictions. Figure 5.l(b) shows the position 
of the zero crossing as a function of the reduced driving amplitude in the regime 
where the square state exists. It appears to depend almost linearly on e. 

It is likely that this linear dependence of the subharmonic zero crossing on 
e may be explained using an amplitude expansion. To my knowledge such a 
computation has not been done yet. · 

Whereas for e very close to zero, the pattern at the zero crossing is flat, it is 
not flat for higher values of e. In the regime where the square pattern is present 
the pattern at the zero crossing consists of a square that is rotated 7r / 4 with 
respect to the original square pattern and has a wave length that is a factor ,,/2 
smaller; the wave vectors corresponding to this pattern are the vector sums of the 
wave vectors of the original square. This effect was also observed in numerical 
simulations of the linear damping quasi potential equations by Zhang (1994). 

The wave that remains visible at the zero crossing does not have the sub
harmonic symmetry since it appears as a stationary pattern. lt must have a 
positive Floquet multiplier. Such a mode may arise from a nonlinear interaction 
between the waves at kx and ky resulting in wave vectors k = kx + ky which 
has the right orientation and wave number. Linear theory predicts that a mode 
with a wave number that is a factor ,,/2 larger than kc is strongly damped but 
it may still be excited by the nonlinear interaction. There is no a-priori reason 
why this harmonie mode would have a zero crossing at the same position as the 
subharmonic wave, therefore this pattern remains visible at the zero crossing of 
the subharmonic wave. 

There is a second way in which the observed pattern may be formed. This 
is a consequence of the way images are registered. Images are exposed for a 
short time compared to the driving period but the LCD shutter that was used 
cannot be made completely dark during the rest of the time (the shutter has an 
extinction ratio of about 1800). An image thus consists of a snapshot taken at the 
moment that the shutter is open and an image that comes from the integration 
while the shutter is closed. A typical integration time (with the shutter open) is 
1/50 of the wave period (27r /n). The background integration, however, extends 
over approximately 3 periods of the waves. Assuming an image that is stationary 
during this total integration time of 3 wave periods it is easy to see that the ratio 
of the two intensities is approximately 1 to 12. This effect will therefore be visible 
in the four least significant bits of the image. 

The resulting integrated image, which may be computed using the ray tracing 
technique of Sec. 3.3, has exactly the desired wave number and orientation. If the 
fluid surface is perfectly flat at one point, a camera image .taken at this specific 
point will only show this background integrated image. The observed pattern at 
the zero crossing of the subharmonic wave, however, has much more contrast than 
can be explained by this artefact of the imaging. This indicates that this effect 
is at the most only partly responsible for its presence. Therefore, it must indeed 
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be assumed that the surf ace is not flat at the zero crossing of the su bharmonic 
wave. 

lt is interesting that it is possible to find a point in time where the alterna
tion between minima and maxima stops, even at high values of E . This procedure 
continues to work as long as the time between two consecutive images is short 
compared to the characteristic fluctuation time of the chaotic surface (which is 
hereafter called the slow time scale, even though it may become comparable with 
the fast time scale 47r/rl for high values of E). The presence of such a point im
plies that the subharmonic component of the surface motion is globally in phase. 
Furthermore it may be concluded from this observation that the subharmonic 
waves continue to have the exact periodicity 47f /0. of the subharmonic solutions 
of the Mathieu equation for all values of E considered. Unfortunately, it is not 
possible to find the zero crossing of the harmonie component of the motion using 
the same method. 
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Figure 5.2: ( a) Surface-averaged light intensity as a function of the delay 
time r and E. The delay time is expressed in units of the 
driving frequency n with r = 0 corresponding to the zero 
crossing near onset. The amplitude is increasing from top 
to bottom. The values of the reduced amplitude, E range 
from E = 0.044 to E = 0.723 in steps of !:::,.E = 0.062. (b) 
Circles: position of the maximum of the curves in figure ( a) 
as a function of E; dots: position of the zero crossing of the 
subharmonic wave determined visually. 

There is an interesting way of finding the position of the zero crossing which 
makes use of the average light intensity that reaches the camera. The amount 
of light that reaches the camera depends on the combined scattering properties 
of the wavy fluid surface and the translucent screen. The scattering by the 
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fluid surface is larger when the average local curvature of the surface is larger. 
Therefore it is to be expected that for a strongly curved surface the total light 
intensity on the camera will be smaller than for a flat surface. 

Using the image processing system, which is able to compute intensity his
tograms (such as in Fig. 3.8) in real time, it is possible to compute the average 
light intensity l(r) = (J(r;x,T))x,T of an image. Here J(r;x,T) is the light 
intensity at the point x and time T at a time delay r with respect to the drive. 
Apart from the spatial x-average there is an average over the slow time variable 
T. This second averaging is only performed to improve the statistics but is not 
essen tial. 

Figure 5.2(a) shows the mean light intensity as a function of the delay T for 
different excitation amplitudes. The time origin coincides with the zero crossing 
of the stationary square pattern that was already found before. 

At the smallest excitation amplitudes l(r) is approximately constant; at larger 
amplitudes l(r) depends almost sinusoidally on T. This is in agreement with 
the above argument. Note that when the amplitude becomes higher the top of 
the curves, corresponding to minimum average curvature of the surface, shifts 
downwards. This indicates that the harmonie component of the surface motion 
becomes more important, the effect of the backgrOund integration due to the 
limited extinction ratio of the shutter being approximately constant. The result 
is that the surface never becomes exactly flat at these high excitation amplitudes. 
Note also that the periodicityin l(T) is 27r/D since the detection is insensitive to 
the transformation ( --> -(. 

In Fig. 5.2(b) the position of the maximum average light intensity and the 
zero crossing measured using the direct visual method is plotted as a function of 
E:. Both methods agree on the position of the zero crossing near E: = 0.10 where 
both methods may be used. Therefore it will be assumed that the maximum 
in the average light intensity continues to correspond to the zero crossing of the 
subharmonic wave at high values of E:. It would be useful to be able to test this 
assumption further. For this test a faster camera is needed. Such a camera may 
then take images of the fluid surface at time intervals of just one period of the 
forcing, thus rigorously separating the fast and the slow time scales. 

A surprising result is that the position of the zero crossing does not change 
with E: after its initial linear dependence on t: for E: < 0.10. This is important input 
to further theoretical analysis; it might be due to some underlying symmetry 
which may then be exploited in a new theoretical approach. A first step, however 
would be to explain the linear shift of the zero crossing at low values of E: as 
stated before. 

The results so far indicated that the fast time dependence of the surface waves 
does contain a harmonie component which becomes stronger as the amplitude is 

· increased. In the next section a method will be presented which gives further 
evidence for the presence of this harmonie wave. Again, the fact that there is 
a harmonie response is important input for further theoretica! work. Especially 
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because it is already present in case of the square pattern, where it is to be 
expected that an extended nonlinear analysis is possible. 

5.2 Time dependence of the image contrast 

As was already pointed out earlier, it is not possible to measure the time depen
dence ((t) directly. Even if this were possible it would be hard to deduce from 
such a one-point measurement how the surface is behaving as a whole, especially 
since in genera! such a signal will be chaotic. However, it appears to be possible 
to deduce this global temporal dependence semi-quantitatively from the standard 
deviation of the distribution of light intensities in snapshots of the surface. 
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Figure 5.3: The rms-variation a of the light intensity in snapshots of the 
wave surf ace as a function of the delay time T and excitation 
amplitude. Figure (a) shows u for E < 0.30; Fig. (b} for 
E > 0.30 (on a different scale}. The same E-values as in Fig. 
5.2(a) are used. The dashed lines in (a) are the result of a 
model calculation (see text). 

The standard deviation of the spatially varying light intensity is defined as 
( )

1/2 
a(T) = (12(T;x,T))x,T-(I(T;x,T))~.T . Figure 5.3(a) shows a(T) for E < 
0.30, in the region of the square and the triangular pattern; Fig. 5.3(b) shows 
a(T) in the disordered regime at E > 0.30. Note again that u(T) has the same 
period as the drive because this quantity is invariant under ( -> -(. 

For low excitation amplitudes and, consequently, low surface wave amplitudes, 
the focal length, f, of the maximally curved surface is everywhere larger than 
the distance, d, to the screen. In this case u( T) has a maximum at T = 7r /20. and 
at T = 37r /20., where the surface is most strongly curved. For higher excitation 
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amplitudes f can become smaller than d and it is seen that O"(r) develops local 
minima at these instants (cf. Fig. 3.9 and the discussion at the end of Sec. 3.3). 

lt is reasonable to assume that the fast (t) and slow (T) time scales are well 
separated, i.e. the effect of the slow time dependence is not important in Fig. 
5.3. Therefore, the function a(r) should have the symmetry a(7r/D.-r) = O"(r) if 
((t) is subharmonic in all points of the surface. This symmetry is clearly violated 
when the driving amplitude is increased. This is another indicator that there is 
a considerable harmonie content in the surface motion. 

(a) (b) 

Figure 5.4: Triangular pattern at é = 0.17 for delay r = -0.17 27r /D. 
(a) and r = 0.2627r/D. (b), just before and just after the 
zero crossing. Note that the two patterns are qualitatively 
different, which can not be explained with a simpte sinusoidal 
time dependence of all points. 

This asymmetry is consistent with the observation that the patterns just 
before and just after the zero crossing are qualitatively different. This is demon
strated in Fig. 5.4 where the "triangular" state at é = 0.17 is shown for two 
values of r; one just before the other just after the zero crossing. 

Using the ray tracing results of Sec. 3.3 it is possible to model the measured 
O"(r) and thereby find the time dependence ((t) of the surface. For a square 
pattern with a simple sinusoidal time dependence we have 

O"(r) = c O"sim (Asin(D.r + <p)), (5.1) 

where O"sim(A) is the standard deviation calculated for a square pattern with 
amplitude A (cf. Fig. 2.1). The const ants c, A and <p may be determined in a 
least squares procedure. The calculations also allow for the integration window 
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of the camera (which includes the background integration). This procedure leads 
to an estimate for the wave amplitude; at€ = 0.07 it is A = 39 ± 2 µm. The fitted 
function is also shown in Fig. 5.3(a). It is seen that this simple sinusoidal time 
dependence of the surface leads to a reasonable reproduction of a( T) . The fact 
that the square pattern has an amplitude which is close to the first maximum in 
the simulated a(A) is not accidental: the distance d from the fluid surface to the 
screen was chosen in order to optimize the contrast of the square pattern. 

In order to qualitatively understand the admixture of the synchronous wave 
that leads to the asymmetry of a(7), we may attempt to represent the time 
dependent probability distribution function (PDF) of intensities as 

Ë'(i; 7) = ~P(i; IA1 sin(w7 + cp1) + A2 sin(2w7 + cp2)1) + 
1 
2P(i; IA1 sin(wT +epi) - A2 sin(2w7 + cp2)i), (5.2) 

where P(i; A) is the PDF of intensities, i, that was computed from ray- tracing 
simulations for a square pattern with amplitude A. The rationale of this form, 
that is one of many possibilities, is that the subharmonic and the harmonie waves 
may be either in phase or anti-phase at different points of the surface and that 
the detection is insensitive for the transformation ( --+ -(). From Ë'(i; 7) the 
standard deviation a5;m(7) may be calculated. Finally, the constants c, A1,2 and 
cp1,2 may be found in a least squares procedure. The result is shown for the curve 
at€= 0.17 in Fig. 5.3(a) . 

There are many possibilities to define a form for Ë'(i; 7). The only resolution 
of the ambiguity would be a simulation of the pattern itself, which would, of 
course, already require knowledge of the exact time dependence. Despite this 
drawback, this procedure demonstrates that at € = 0.17 the wave amplitude of 
the subharmonic component (A1 = 69 µm) has almost doubled and the maxima! 
focal length has indeed become smaller than the distance to the screen. 

When the amplitude is increased above € ~ 0.25 the triangular pattern dis
appears and the surface becomes spatially and temporally chaotic. A surprising 
feature of a(7) in this regime is that all curves (shown in Fig. 5.3(b)) now in
tersect in the same point. In this invariant point not only a but also the whole 
PDF of intensities is independent of€. This effect has not been explained but it 
may be related to the zero crossing of the harmonie wave. 

Figure 5.5 summarizes the results. The delay time 7 of the zero crossing 
(found in the previous section) and the position of the maxima of a are plotted 
as a function of the amplitude. The dashed line indicates the position of the 
point where the a(7) curves at amplitudes€> 0.25 intersect. From the figure we 
also see that the zero-crossing occurs significantly earlier than this intersection 
point. 

An important practical result is that in an experiment with disordered Fara
day waves the best contrast of wave images is obtained when the position of the 
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Figure 5.5: The delay time Tof the zero-crossing of the surf ace {circles}, 
the position of the maximum of rJ {dots) and the secondary 
maximum {dots, lower branch} are shown as a function of 
the reduced ·amplitude E. The position of the invariant point 
(see Fig. 5. 3{b)) is indicated with the dashed lines. Time 
is expressed in units Of the drive jrequency 0 with T = 0 
and T = 27r /n corresponding with the fiat phase just above 
onset. Above E = 0.50 the secondary maximum in rJ has 
ceased to exist .. The errors in the determination of the vari
ous quantities is smaller than the size of the dots in the fig
ure. The exciter crosses its equilibrium position /rom above 
at Tf'l/21r = 0.0 and 1.0 {indicated by the dotted lines}. 

exposure window is chosen at the maximum of rJ(T) . Alternative choices and ex
posure windows that span several wave periods will always give poorer images. In 
experiments to be described in the next chapters the exposure window is always 
adjusted to this optima! value. 

In conclusion, the results from this section confirm the result of Sec. 5.1 
that the surface not only responds subharmonically but also harmonically to 
the drive. This is important input for an extension of the nonlinear theory for 
Faraday waves. 
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A verage patterns in Faraday 
waves 

This chapter is an extension of the material published in Bosch et al. (1994). 

6.1 Introduction 

The experiments described in this chapter are inspired by the ideas of "symmetrie 
chaos" (Chossat & Golubitsky (1988), King & Stewart (1992)). The theory of 
symmetrie chaos states that underlying symmetries of a chaotic system are also 
present in the attractor associated with the system. Such an underlying symmetry 
in phase space is refl.ected in configuration space quantities like time averages. 

These ideas may be demonstrated in a fairly simple example. A time series, 
which mayor may not be chaotic, is generated by iterating the cubic logistic map 

(6.1) 

where À is a parameter. Figure 6.1 shows the bifurcation diagram for this map. 
Such a diagram is generated by fixing the value of À and iterating the map for 
some time in order to let transients decay. Finally the next 1000 iterates, which 
are now assumed to have converged to the attractor, are plotted. Figure 6.l(a) 
shows the attractor which results when x > 0 initially; Fig. 6.l(b) shows the 
attractor which is obtained from starting with negative values of x . The map 
(6.1) is symmetrie under the transformation x - -x. The two attractors are 
mapped onto each other by this symmetry operation. 

For À < 1 there is a trivia! (symmetrie) fixed point x = 0. At À = 1 there is a 
bifurcation to an asymmetrie fixed point. This is unlike the initia! bifurcation for 
the (quadratic) logist ic map which has an initia! bifurcation toa period-2 point. 
Increasing the value of À there is a period doubling cascade (starting from À= 2) 
leading to chaos. In this chaotic regime there are periodic windows, just as for 
the logistic map. 

81 
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At the point À = %.J3 the attractor has become large enough to include 
x = 0 and it "explodes" from an asymmetrie interval to a symmetrie interval 
which now also contains negative values of x. At this point there is a "collision" 
between the two attractors and one symmetrie attractor is formed. This is called 
a symmetry increasing bifurcation or sometimes a symmetry increasing crisis. 

(a) (b) 

Figure 6.1: Bifurcation diagram /or the cubic logistic map. (a) Start
ing with x > 0; {b) starting with x < 0. H orizontally the 
parameter .À is plotted. The shown interval is 0 ~ >. :::; 3. 
Along the vertical axis the value of x is plottéd. The val~ 
ues of x range /rom -1.5 to 1.5. The symmetry increasing 
bifurcation occurs at>.= %.J3. 

In the work of Chossat & Golubitsky (1988) and King & Stewart (1992) it is 
argued that such a symmetry increasing crisis may also occur in systems that are 
not low dimensionally chaotic and even in turbulent systems. At the point where 
two (or more) attractors, that are linked through a symmetry operation, collide, 
the behaviour of the system itself (in real space that is) displays the underlying 
symmetry in a statistica! way. Such a statistical symmetry is detectable by aver
aging the state of the system. It is then argued that this scheme does apply in 
case of Taylor-Couette flow. This is the flow between two cylinders which rotate 
with respect to each other (see e.g. Brandstater & Swinney (1987)). 

In two recent papers by Gluckman et al. (1993) and Ning et al. (1993) it was 
found that for spatially and temporally chaotic systems the measurement of the 
time averaged state, produces non-trivial results. While snapshots of the system 
showed a disordered pattern, the average state has the symmetry of the pattern 
before the order-disorder transition. How these patterns were formed was not well 
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understood, but it was found that the correlation of instantaneous patterns with 
the average strongly fluctuates and is biased towards positive values. Also, the 
contrast of the averaged state decays when the system is more strongly driven. 
In Ning et al. (1993) it was shown that the effect depends on the system size. 
For small systems the boundary is important and the system adapts its global 
state to the boundary condition, yielding a non-flat average state. As the aspect 
ratio becomes large, the average state becomes fiat, except in a small region near 
the boundary. 

Average patterns in the Faraday experiment were first observed by Gluckman 
et al. (1993). In this chapter experiments on the formation of average patterns 
are discussed which reproduce and extend their results. However, our data re
duction scheme, which reduces images to lists of positions of wave maxima, not 
only enables us to observe nontrivial time averages but also to investigate the dy
namics which lead to their formation. Furthermore, it will be demonstrated that 
the formation of a non-trivial average is an example of a symmetry increasing 
bifurcation. 

6.2 Detection of the average state 

The average state is investigated in the square container at moderate aspect ratio. 
It was shown in §4.3.1 that there is a strong dependence on boundary conditions 
in this case. Therefore, it is necessary to make a distinction between the "free" 
boundary condition and the "pinned" boundaries. 

In Fig. 6.2 time averaged states are shown for the "free" boundary. These 
time averaged states are a superposition of wave maxima from 3000 reduced 
images. Therefore, they have a rather spiky appearance compared to ordinary 
averages as shown by Gluckroan et al. (1993). The comparison, however, is not 
proper; ordinary averages should be close to a low-pass filtered version of Fig. 
6.2. 

This representation clearly illustrates the nature of the nontrivial average. 
In the disordered state, wave maxima are scattered over the surface but have a 
tendency to cluster into a new lattice. This lattice has half the wavelength of the 
original lattice. This tendency (cf. the contrast in the image) becomes weaker 
when E is increased. 

The contrast in the average is calculated by first filtering the, picture using 
a low-pass filter. The filter has a cutoff wavelength of Àc = 0.3>.. The contrast 
is then defined as the rms intensity variation in the filtered image. Figure 6.3 
shows the dependence of this contrast on E, both for the "free" and the "almost 
pinned" boundary condition. 

The contrast for the "free" boundary decays to a small value with increasing 
excitation amplitude, while the contrast for the other boundary remains rela
tively high, even for the highest excitation amplitudes. For the perfectly pinned 
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(a) (b) 

(c) (d) 

Figure 6.2: Average pattems /or the ''free" boundary condition. The re
duced excitation amplitudes are E: = 0.40, 0.42, 0.58 and 0.80 
/or figures ( a)-( d} respectively. The images are taken /rom a 
square 34 x 34 mm2 section of the cell. The capillary wave
length is>. = 4.71 mm. At E: = 0.40 the pattern is stationary. 
The distance between the points corresponds to the capillary 
wavelength. Note the dramatic change of the average as E: is 
increased /rom E: = 0.40 to 0.42. 
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Figure 6.3: Contrast of the average pattems as a function of excitation 
amplitude é. Full lines: ''free" boundary condition; dashed 
lines: "almost pinned" boundary condition. 

boundary the contrast would not decay at all. Since the results for the pinned 
boundaries are again hardly reproducible, we will now only consider the results 
for the "free" boundary. 

A key observation is that the average surface state in the disordered regime 
does not correspond to a single linear eigenmode of the surf ace (cf. §4.2.1). 
Since the wavelength in the averaged state is half the wavelength of the sta
tionary state one might be tempted to conclude that the averaged state corre
sponds to the eigenmode ((x, y) = ( 0 sin "{'x sin "{'y with n = 34 (Gluckman 
et al. (1993)) . However, this eigenmode ex.ists at a much higher excitation 
frequency. Instead, the average pattern is a superposition of the four states 
((x,y) = (0 (±sin "{'xsin ";:'y ±sin ";:'xsin "{'y) with n = 34 and m = 1. The 
superposition of these four states accounts for the half wavelength in the averages. 

For a linear imaging such a superposition would, of course, produce a zero 
result, assuming that all four modes are equally strong. In our case the super
position is nonzero due to the fact that only maxima are detected. In ordinary 
averages the nonzero result is due to the nonlinear imaging. 

The stationary state before the transition to the disordered state is one of 
the four mentioned states with the signs selected at random. Note that changing 
both signs simultaneously is equivalent to a change of 7r in the tempora[ phase of 
the eigenmode. This would go uirnoticed in experiments where the acquisition of 
images is not phase locked as in the experiments of Gluckman et al. (1993). 

The order-disorder transition is an example of a symrnetry increasing bifurca
tion. After the transition the four "attractors" corresponding to the four linear 
eigenmodes combine into one attractor which has higher (translational) symme
try. The situation here is different from that in the cubic logistic map where the 
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symmetry increasing bifurcation did not coincide with the order-disorder transi
tion. 

Another explanation for the smaller wavelength in the average would be the 
waves that are emitted from the meniscus (see e.g. Douady (1990) ). The mèniscus 
has a typical length scale of ((JI_/ pg)112 , which oscillates because of the modulated 
effective gravity. In order to conserve mass a wave will be emitted from the 
meniscus. This wave will oscillate at the driving frequency. It is easily verified that 
the wavelength of the average pattern ( Àav = 2.36 mm) does not correspond to 
the wavelength of the waves arising from the meniscus (>.m = 2.79 mm according 
to the dispersion relation (2.65) with Wo = n). Therefore this explanation does 
not hold. 

In investigating the dynamics of the formation of the average state, subject 
of the next section, not only the images of the 2D-camera but also that of the 
line-camera were used. Here the average patterns obtained using the line camera 
are shown in Fig.6.4. These averages are measured at a driving frequency of 
83.0 Hz and for boundary condition (b) of Fig. 4.3. The capillary wavelength 
is Àc = 4.62 mm at this driving frequency and the underlying linear mode is 
(34, 8) + (8, 34). This is also the observed average state in the stationary regime 
(e < 0.4). It is not easy to see this from the average on the line; the identifica
tion of this mode was made by visual inspection. At higher driving amplitudes 
small oscillations remain, which correspond to the averages observed with the 2D 
camera. These oscillations have a wavelength that is half the wavelength of the 
stationary state. 

Note also the phase difference between Fig. 6.4(a) and (b) . Apparently the 
state of the surface has changed from one of the four degenerate modes to another 
between these two measurements (such a change may be caused by the procedure 
that automatically adjusts the amplitude which may make large changes in the 
amplitude during the adjustment) . 

6.3 Dynamics of the formation of the average 
state 

There are a number of possible scenarios that may lead to a non-trivial average 
state. A first possibility is that the instantaneous fl.uid state is close to the 
average for a considerable amount of time. Gluckman et al. (1993) and (1995) 
show that the correlation of individual patterns with the average is strongly 
fl.uctuating and is biased to positive values. However, large correlations were not 
found in their experiments. From the analysis of the preceding section we know 
that the average state does not correspond to a simple linear eigenmode of the 
system; an instantaneous pattern corresponding to the average state can therefore 
never occur at the driving frequency considered, consistent with the absence of 
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Figure 6.4: A verage patterns on a line parallel to one of the sides of 
the square. The driving frequency is 83.0 Hz. The re
duced driving amplitudes are E: = 0.10, 0.30, 0.40 and 0.50 
for figures ( a)-( d) respectively. The capillary wavelength is 
Àc = 4.62mm. 
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high correlations between individual images and the average. Another possibility 
leading to a non-trivial average state is that the patterns fluctuate randomly but 
are locally close to the average. This may happen when small patches of the 
pattern are in phase with the average for some t ime. 

Another possible mechanism for the formation of a nontrivial time avèrage is 
suggested by numerical simulations of the linear damping quasi potentia). equa
tion by Zhang (1994) . In these simulations it was found that the interaction of 
subharmonic surface waves of the square pattern results in a time-independent 
component with wavenumber 2kc. Such a time-independent component may show 
up in an average. It is not clear whether the disordered state is still able to excite 
this stationary state. 

The most important advantage of using a data reduction scheme may now 
be exploited: the data from which the average state is computed can be stored 
making a detailed analysis of the dynamics possible. 

Let us first consider the 'data from the line camera. This data is suited for 
investigating the behaviour in wave number space since it contains information 
on the whole line instead of just the positions of wave maxima. For four values 
of the driving amplitude (é = 0.1, 0.3, 0.4 and 0.5) N = 32000 line images of 
M = 512 pixels un(xj), j = 0, · · ·, M -1, n = 1, · · ·, N were taken. For each line 
sample the Fourier spectrum was determined using: 

M-1 

Un(k) = L Un(Xj)H(xj)e-ikx;, (6.2) 
j=O 

where Xj = jL/(M - 1), kL/27r = 0, · · ·, M - 1 and 

(6.3) 

is a standard Banning window. Since the average is not fiat in this case, line 
images are now normalized by dividing the individual line images by an image of 
the flat state. 

This procedure enables us to determine the behaviour at different wavelengths. 
The question whether the pattern is spatially in phase with the average may now 
be answered by looking at the distribution of phases at different wavelengths. 
Figure 6.5 shows the probability distribution function (PDF) P(<p) with 'Pn(k) = 
Arg(un(k)) - (Arg(un(k)))n I)_ The PDF is shown for (a) k/kc = 0.47 and (b) 
k/kc = 1.02 and the same values of é as before. Since the phase difference <pis 
mapped back in the interval -7r < <p < 7r after the subtraction of the average of 
Arg( u( k)), the average of <p need not be zero. 

I) The average phase is subtra.cted for cosmetic reasons only, causing the peaked distributions 
to appear at cp = 0. T he average phase shows no simple dependence on the wave number; it is 
determined by the precise position of the pattern with respect to the camera. 
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Figure 6.5: Probability distribution P( cp) of the phase of the Fourier 
components at (a) k/kc = 0.47 and (b} k/kc = 1.02. cp = 0 
Corresponds to the average phase at each wave number. Note 
that, since the phase diff erence cp is mapped in the interval 
-71' < cp < 7r, the average over the distribution need not be 
zero. Dashed line: fiat distribution P(cp) = 1/27r. 

For E: ;S 0.4 the pattern is stationary (cf. 4.3.1) and the phase shows a strongly 
peaked distribution around the average. For disordered patterns (E: = 0.4 and 
0.5) the distribution of phases approaches the uniform distribution P(cp) = 1/27r. 
However, at k/k, ~ 1 a preference for some specific k-values remains even at 
E: = 0.5. 

It would be interesting to observe the distribution of phases at k/kc = 2, the 
wavelength of a possible stationary mode. Unfortunately, the data from which 
the distributions may be calculated were no longer available at the time when 
this thesis was written. 

Gluckman et al. (1995) attempt to explain the average state in terms of the 
PDF of variations of the phase of a standing wave with a wavelength equal to 
the capillary wavelength. Since they did not measure this phase variation it was 
assumed to have a Gaussian distribution with zero mean. Using this assumption 
they show that there is a non-trivia! average which has the correct wavelength. 
The fact that their predicted wavelength was correct, however, is a consequence 
of their imaging, which essentially visualizes portions of the surface which are 
locally fiat. Note that their definition of phase is not the same as the definition 
used here, their phase is a local quantity defined with respect to an assumed 
underlying standing wave, whereas in our case the phase is global since it results 
from a Fourier transform. 

There are a few other remarks to be made about Fig. 6.5. At E: = 0.5 the 
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PDF for the phase at k/kc = 1.02 is 7r-periodic. This is caused by the fact that 
there are four degenerate underlying linear modes which have a phase difference 
of 7r when measured on a line. For t: = 0.4 the distribution is no Jonger periodic. 
This is caused by the fact that during the time of the measurement a stationary 
pattern has occurred for a considerable amount of time. This value of t: is close 
to the position of the order-disorder transition making such a sudden transition 
between stationary and disordered states possible. 

The reduced two-dimensional images may be used to verify that instantaneous 
images are never close to the average state that has half the basic wavelength 
of the underlying linear modes. An image that is close to the average state .will 
show wave maxima that come closer to each other than a distance of the order of 
À to each other. The minimum distance between points is therefore an interesting 
quantity. 

Using the lists of wave maxima it is possible to make a histogram of all 
distances between wave maxima that occur in an image. In fact, such a histogram 
is identical to the correlation function when properly normalized. 

The correlation function is defined as 

C( ) = (u(x)u(x + y))x - (u(x))! 
y (u(x))~ ' 

(6.4) 

where u(x) is an image of the surface. The normalization used in this definition 
corresponds to the normalization that is commonly used in statistica! mechanics 
(see e.g. Landau & Lifshitz (1980)). 

An image consisting of positions of wave maxima only may be represented as 

with 

N 

u(x) = L ó(x - x;) , 
i = l 

{ 0 if x # 0 
ó(x) = 1 if x = 0 ' 

(6.5) 

(6.6) 

and x 1 .. xN the positions of the wave maxima in the image. Since images are 
discretized in space (pixels) x will be assumed to be discrete; hence this defini
tion of the delta function. In the definition (6.4) it is assumed that (u(x))x = 
(u(x + y))x, which is true when the distribution of wave maxima is isotropic. 

In this representation the averages (u(x))x and (u(x)u(x + y))x can be cal
culated very quickly: 

(u(x))x = 

(6.7) 
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(u(x)u(x + y))x = 

1 N N N 

= (e _ )(e _ ) L L L ó(xk - Xi)ó(xk - xi + y) 
x YI y Y2 k=I i=l j=l 

1 N N 

(e _ )(e _ )l:l:ó(x; -xi +Y) 
x YI y Y2 i= I j=l 

= 
Ny 

(6.8) 

where f" and fy are the dimensions of the image, X = X1 e_,, + X2ey and y = 
y1 e_,, + y2ey. The number of points separated by a vector y is Ny and is calculated 
by simply updating the histogram of all distances in an image. 

It is immediately seen that (u(x))x is the density of wave maxima p and 
(u(x)u(x + y ))x is the pair distribution function / 2l. 

The algorithm for computing the correlation function is of order N 2 , where 
Nis the number of maxima found in an image (typically N < 300). Normally, 
the calculation of a correlation function requires an algorithm of order M 2 log M, 
where Mis the dimension of the image (M = 1024 in our case). Furthermore, the 
operations needed for a normal correlation function are multiplications, where the 
operations are simple increments in our case. The computation of 3000 correlation 
functions takes less than a minute on a workstation. 

Figure 6.6 shows the time averaged correlation function C(x) of the surface 
at the same parameter settings as those in Fig. 6.2. The result is coded in a 
logarithmic greyscale; negative values of the correlation function are not shown. 

The correlation functions indeed show the presence of the basic wavelength, 
even at the highest amplitude, in agreement with our interpretation of the aver
age. From the correlation functions it is also clear that the patterns seem to have 
a preferred orientation parallel to the side walls (which are also parallel to the 
picture axes). There is a tendency for the correlation functions to become more 
fiuid-like (i.e. independent of orientation) towards higher driving amplitudes. 

Just above the phase transition, the patterns are tilted with respect to the 
boundary. This effect was already visible in Fig. 6.2 but it is more clear in 
the correlation functions, especially in Fig. 6.6(b ). The cause of this apparent 
misalignment is still unclear. 

It is possible to compute the tilt angle from the data by fitst computing the 
angle that every vector Xi - xi makes with the x-axis multiplied this value by 8. 
The multiplication by 8 is used to get rid of the basic symmetry in the correlation 
function. Using the factor 8 instead of the more obvious factor of 4 ensures that 
the peaks that appear at ./2>. are mapped to the same angle as the peaks at n ·.À. 

The tilt angle then is the average angle divided by 8. The result is shown in Fig. 
6.7. 
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Figure 6.6: Time averaged correlation functions for the free boundary 
condition and the same values of the amplitude as in Fig. 
6.2. Displacement zero corresponds to the center of the im
age; the maximum displacement is 4/9 times the size of the 
images in Fig. 6.2. The correlation functions are coded in a 
logarithmic greyscale. 
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Figure 6. 7: Tilt angle cp as a function of é. The dots indicate the points 
used f or Fig. 6. 2 and 6. 6; these points are on the branch with 
increasing amplitude. The final state is shifted >.f 2 in both 
the x- and y-direction with respect to the starting pattem. 

The tilt angle depends on e in a complicated way and can have both positive 
and negative values. The behaviour in the regime where the average state ex.ists 
is non-smooth. Above é ~ 0.6 it is no longer possible to define an angle, since 
the average pattern is now flat and the correlation function approximately ro
tationally invariant. Note that the figure shows the result of an amplitude scan 
which goes first up and then down. The state that is selected when the amplitude 
is again lowered in the stationary regime is different from the state with which 
the scan was started, which is refl.ected in the sign of the (small) tilt angle for 
these patterns. This is again a demonstration of the degeneracy of the four linear 
eigenmodes. 

The nature of the observed misalignment and its behaviour as a function of e 
has not been explained. 

At the smallest values of e the wave maxima remain close to the positions 
of the stationary lattice but undergo random motion. The correlation function 
(Fig. 6.6(a)) clearly shows that this random motion is uncorrelated at different 
lattice sites. This is in analogy with a thermally excited two dimensional lattice, 
hut the distribution of nodal velocities appears not to be Gaussian and shows 
that velocities are preferably directed along the boundaries. 

In the disordered regime, the correlation functions show long-range correlation 
along the axes and much shorter range correlation on the diagonals. This implies 
that there are narrow bands in bath directions that are highly coherent. A visual 
inspection of the surface shows that the main type of distortions in the disordered 
state are phase jumps along a line parallel to the boundary thus maintaining 
high correlation parallel to the boundary and destroying correlation along the 
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diagonals. 

6.4 Conclusion 

In this chapter it was shown that wave maxima in the disordered state move 
randomly but tend to cluster near the antinodes of a square lattice. This lattice 
does not correspond to a simple linear eigenmode of the surface, instead it is a 
superposition of the four degenerate linear eigenmodes in the system. 

The order-disorder transition is an example of a symmetry increasing bifur
cation. After the bifurcation, .four attractors (i.e. the four linear eigenstates) 
combine into one larger attractor which has higher (translational) symmetry. 
Unlike the transition in e.g. the cubic logistic map, the symmetry increasing 
bifurcation coincides with the order-disorder .transition. 

The appearance of the average and the surface dynamics that lead to this 
average do strongly depend on the boundary. A non-fiat average wil! only exist 
if the system is small enough for the boundaries to be important. As was already 
shown by Ning et al. (1993) in a convection experiment, there is a crossover from 
small to large systems. For small systems the average state is visible everywhere 
on the surface whereas in a large system the averages are fiat. For intermediate 
system sizes averages are only non-fiat in a region near the boundary. 

In the next chapter the behaviour for higher aspect ratios (i.e. higher driving 
frequencies) will be investigated. For these experiments there are only trivial 
time averages immediately after the order-disorder transition. This was already 
used in §3.3.1 where the averaged state (Fig. 3.lO(a)) was used to correct for 
an inhomogeneous background illumination. Since the averages are not very 
informative in this case, it is necessary to use other quantities in order to quantify 
the disorder. This is the subject of the next chapter. 
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Spatio-temporal intermittency 

Part of the material in this chapter has been published in Bosch & van de Water 
(1993). 

7.1 Introduction 

In the preceding chapters some aspects of the link between the Faraday exper
iment and pattern formation and chaos have been discussed. This chapter is 
devoted to the spatially and temporally disordered state. As was already men
tioned in the introduction this is the regime of "spatio-temporal chaos". Several 
views on the nature of spatio-temporal chaos have been proposed and wil! be 
discussed here briefly. 

One important point of view is that spatio-temporal chaos may be described 
using a thermodynamic description (Hohenberg & Shraiman (1989)). Chaos then 
acts as a local source of randomness and the system has short-ranged correlations. 
These correlations may be characterized by a correlation length scale ~ « L . The 
idea is that coarse-grained quantities that are averaged over rnany correlation 
volumes may be the subject of a thermodynamic description. 

A candidate coarse-grained quantity is the Fourier transform ü(k, t) of the 
surface height. At long wavelengths u(k, t) is an average over many coherence 
volumes and one expects that the fluctuations ~u = u(k, t) - (u(k, t))t have a 
Gaussian distribution. There exists a fluctuation-dissipation theorem that allows 
the definition of a temperature in terms of the width of this distribution and the 
response of the chaotic state to perturbations (Hohenberg & Shraiman (1989)). 
The problem of a verification of this connection is that the linear response is 
hard to get by in an experiment (unsuccessful attempts were made by Ciliberto 
& Caponeri (1990) to measure the linear response in a convection experiment). 

In this discussion the correlation length scale plays an important role. It is 
precisely the existence of a finite correlation length that discriminates spatio
temporal chaos from low dimensional chaos. The definition of this correlation 
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length scale turns out to be a nontrivial problem. In Sec. 7.2 the situation 
for the disordered surface waves is discussed; in chapter 8 the definition of a 
correlation length scale for a model system is discussed. 

Another approach to spatio-temporal chaos is based on the observation that, 
near onset of spatial disorder, systems exhibit a competition between regular 
( "laminar") and disordered ("turbulent") regions. This phenomenon is called 
spatio-temporal intermittency. 

In one-dimensional systems it was found that the distribution P(l) of the 
length l of laminar regions changes from algebraic (P(l) ,...., l°') to exponential 
(P(l) ,...., e-f3l) when a control parameter is varied (Chaté & Manneville (1988)). 
It is therefore of interest to study the precise functional form of the distribution 
of ordered regions that appear on the disordered surface. 

Finally, a third point of view of spatio-temporal chaos is that it might be 
related to fully developed hydrodynamic turbulence. Fully developed three
dimensional turbulence is characterized by decaying correlations in both space 
and time on the one hand and the existence of intermittency on the other hand. 
Intermittency is the presence of regions with relatively low turbulent activity in 
between regions with high activity, similar to the situation described above. As a 
result, the dissipation of turbulent kinetic energy is a strongly fluctuating quan
tity and distribution functions of velocity gradients are strongly non-Gaussian. 
In the past few years it has become clear that coherent structures, notably con
centrated regions of strong vorticity, are present in fully developed turbulence 
(Douady et al. (1991), Jiménez et al. (1993)). It is believed that these structures 
are related to intermittency. 

Another important aspect of turbulence is its hierarchy of scales. Energy is 
injected in the large scales and cascades through the so-called inertial range to 
the smallest length scales where it is dissipated (Kolmogorov (1941)). In spatio
temporal chaos there is no such hierarchy of scales. Typically, there is only one 
dominant length scale (for the Faraday experiment this is the wavelength of the 
Faraday ripples) . 

In this chapter it will be demonstrated that there is a decay of (spatial) 
correlation in the Faraday experiment. Furthermore it will be shown that there 
is intermittency at specific wavelengths which may be related to the emergence 
of coherent structures in the disordered surface. 

All experiments described in this chapter are performed in a circular container 
and with a driving frequency of 160 Hz. At this driving frequency the critica! 
wavelength is Àc = 2. 794 mm theoretically, yielding a wavelength aspect ratio 
A>. = 46. The aspect ratio based on the correlation length scale is A€ = 19.5. 
The "free" boundary condition was used in all cases. 
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7.2 Spatial correlations 

The decay of temporal coherence was already discussed in §4.3.2. The decay of 
spatial coherence is the subject of this section. Correlation length scales may be 
defined in several ways (see Cross & Hohenberg (1993), Sec. VII C 1 a). In this 
chapter the decay of the correlation function will be used to define a correlation 
length Ç. 

Two-dimensional correlation functions may be calculated using the same pro
cedure that was used in Sec. 6.3. The result of such a calculation is shown in 
Fig. 7.1. The shown correlation functions are the long-time average of transla
tional correlation functions of wave maxima in single snapshots. The correlation 
functions are averaged over 5000 reduced images taken at a sample frequency of 
0.5 Hz; the total averaging time is therefore 2 % h . 

In this high aspect ratio experiment the correlation functions become indepen
dent of orientation for all values of the driving amplitude if the measurement time 
is sufficiently large. The averaging time of 2 % h for the correlation functions in 
Fig. 7.1 is not large enough to obtain rotationally invariant correlation functions 
for the square and "triangular" patterns (c = 0.08 and c = 0.15, respectively). If 
the measurement time is increased to 17 h the correlation function for the square 
pattern becomes circularly symmetrie. On this time scale the square pattern is 
able to complete one full rotation. 

Since the correlation functions are rotationally invariant, it is useful to look at 
the decay of correlation as a function of the absolute value of the displacement, 
r = IYI· Figure 7.2 shows the resulting azimuthally averaged correlation function 
for the same values of c as in Fig. 7.1. 

Some care has to be taken when azimuthally averaging the 2D correlation 
functions. Near the edges of the correlation function (i.e. D.x, D.y ,...., R, where Ris 
the width of the camera image) the statistics become very poor. Therefore, a strip 
(150 pixels wide) near the edges has been discarded in the average. When this 
strip is included the correlation function at large separations has lower values 
compared to the case where this strip is discarded. This tendency could not 
be removed completely, therefore fits on the correlation function never extend 
beyond x/ À = 13. The whole image is 16 x 16 wavelengths. Without the strips 
of 150 pixels near the edges it is only 11 x 11 wavelengths. 

For the higher values of E the correlation function shows a behaviour that is 
reminiscent of the correlation function of a fluid. A remarkable difference with 
fluid correlation functions,however, is the slow decay of the correlation function, 
even at the highest excitation amplitudes. For a fluid the correlation function 
typically decays within a few oscillations (Hansen & MacDonald (1986)) . 

Figure 7.3(a) shows the maxima of the correlation function at c = 0.40 on 
a logarithmic scale. The figure shows that the decay is not exponential. The 
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(a) (b) 

(c) (d) 

Figure 7.1 : Time averaged correlation functions. The reduced excitation 
amplitudes are E: = 0.08, 0.15, 0.30 and 0.40 for figures (a)
( d) respectively. The correlation functions are plotted on a 
linear greyscale ( which is dijf erent f or the respective figures); 
the edges in the figures correspond to a displacement over 
half the camera view. For E: = 0.08 the pattern is square and 
almost stationary. The total averaging time is 2 % h in all 
cases. 
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Figure 7.2: Azimuthally averaged correlation function for the same pa
rameters as in Fig. 7.1. Note the different scale for figure 
(a). 
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Figure 7.3: Maxima of the azimuthally averaged correlation function at 
e = 0.40 on a log-lin ( a) and a log-log (b) scale. The dashed 
lines are fits. In (a) the fit is a double exponential with 
exponents -0.12>.-1 and -o.1v..-1 . In (b) thefit is ( '/>..)-0·8 . 
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decay may be approximated by a double exponential decay instead1). Fitting a 
double exponential to the data using the method of Marquardt (see e.g. Press 
et al. (1992)) gives two length scales; one of the order of the wavelength, the 
other one is about 9>.. The determination of the parameters of an exponential 
model (which is equivalent to an inverse Laplace transform) is an ill-conditioned 
problem. Small errors in the data lead to significant errors in the estimated 
exponents. Moreover, the dynamic range in the data and the number of data 
points are small. All these circumstances prevent an accurate estimation of the 
exponents; the estimated error is approximately 10%. 

In Fig. 7.3(b) the same maxima are shown on a double logarithmic scale. 
The dashed line shows an algebraic decay with exponent -0.8 that is fitted to 
the data. The interval over which an approximate algebraic decay can be observed 
extends to smaller r values than that of the exponential behaviour. 

The correlation functions of Fig. 7.3 were computed using the locations of 
wave maxima in snapshots. A more conventional approach that is followed else
where (Tufillaro et al. (1989)) is to compute correlation functions using the in
tensity information in snapshots. Long-time averages over many two-dimensional 
images then become prohibitive. However, it is possible to compute this more 
conventional correlation function using the images from the line camera. The 
spatial average must now be substituted by a time average. 

The correlation function computed using the data from the line camera is 

l) Throughout this thesis the term double exponential decay will stand for a decay that may 
be written as the sum of two exponents. 
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Figure 7.4: Maxima of the one-dimensional correlation function com
puted using the images /rom the line camera. The reduced 
amplitude is t: = 0.45. ( a) The dashed line is a double ex
ponential with exponents -0.85>.-1 and -0.10>.-1. {b} The 
dashed line corresponds to an algebraic decay with exponent 
-0.8. 

shown in Fig. 7.4 for t: = 0.45. Both a double exponential and an algebraic fit 
are shown as before. The data consist of N = 32000 line images of M = 512 pix
els each, taken at a sample frequency of 2 Hz. Although the correlation function 
is different from the previous one, the resulting exponents are (within the error 
margins) the same as before. The line data have the advantage that the range 
is slightly larger. However, the decay of the lD-correlation function appears to 
be more irregular compared to the azimuthally averaged two dimensional corre
lation function. This may be attributed to the fact that the spatial average was 
substituted by a time average. 

From the data of both the 2D and the lD camera it is not possible to make an 
unambiguous distinction between algebraic or exponential decay hut the double 
exponential fit is certainly more convincing. Theoretically it is very important 
to know whether the correlation function decays exponentially or algebraically. 
For a two dimensional equilibrium system it can be shown (Landau & Lifshitz 
(1980), §138) that the correlation must vanish for displacements tending to in
finity; there can be no long-range order. Algebraic decay is the slowest possible 
decay for such a system; this is also called quasi long-range order. Exponentially 
decaying correlation functions correspond to short-range order and a finite cor
relation length. If the correlations decay algebraically this might be taken as an 
example of "self-organized criticality" as described in Bak et al. (1987) (see also 
Cross & Hohenberg (1993), Sec. VII E 2 b). 
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The correlation functions may also be used to investigate the behaviour of the 
wavelength as a function of the driving amplitude. In section 4.1 the wavelength 
was measured for the stationary square pattern where it is known how to measure 
the wavelength. Obviously, this is impossible for an irregular, moving pattern. 
The correlation function offers two ways for finding an average wavelength for all 
values of é. First, the position of the first maximum of the azimuthally averaged 
2D-correlation function, which corresponds to the minimum distance between 
wave maxima can be used as a measure of the wavelength. Second, the oscilla
tions in the correlation function define a length scale. This length scale may be 
found by plotting the position of the maxima as a function of their order. This 
second method is analogous to a standard definition of the wavelength as the 
position of the peak in the powerspectrum corresponding to these oscillations (a 
powerspectrum will be shown below, Fig. 7.6). Figure 7.5(a) shows the resulting 
wavelengths as a function of é . 
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Figure 7.5: (a) Wavelength as a function of é as determined from the 
first maximum in C(r) (dots) and as determined from the 
oscillations in the azimuthally averaged correlation function 
(circles) . (b) Position of the wavenumber corresponding to 
the circles in figure ( a) inside the instability tongue (solid 
line). The horizontal line indicates the width of the distribu
tion of wavenumbers based on the largest correlation length 
from 7.3(a). 
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For the stationary pattern only the first method can be used because the 
correlation function has no simple periodicity. The wavelength computed using 
this method is Àc = 2.79 ± 0.01 mm which is in agreement with the value for 
t he direct visual method ( Àc = 2.80 ± 0.03 mm) and with linear theory ( Àc = 
2.794 mm). Note also that the small change of wavelength with t: for é < 0.1 
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is not measurable using the direct visual method that was used in chapter 4 for 
finding the frequency dependence of the wavelength. Therefore the wavelength 
measured in the regime of the square pattern is indeed a good approximation for 
the wavelength at onset. 

The wavelength defined using the first maximum of the correlation function 
shows a complicated behaviour as a function of ê . At the point where the trian
gular pattern substitutes the stationary square pattern (ê ~ 0.09) the wavelength 
suddenly increases followed by a more gradual decrease when ê is increased fur
ther. As may be seen from a close inspection .of Fig. 4.6(b) this method for defin
ing a wavelength is not proper since there are significant differences in wavelength 
between the triangular and square parts of the surface. For higher amplitudes 
the wavelength based on this method is constant but with a significantly larger 
value than for the square pattern. 

The difference between the two wavelengths is surprising in view of the genera! 
appearance of correlation functions that are found in the statistica! physics of 
fl.uid.s (see Hansen & MacDonald (1986)). There, the second peak is always 
found at twice the separation of the first peak. Apparently the results of Fig. 
7.5(a) point to an interesting aspect of random surface waves that, so far, eludes 
understanding. 

The wavelength determined from the oscillations in the correlation function 
shows a smooth and slow increase of the wavelength with c In Fig. 7.5(b) the 
position of the corresponding wavenumber inside the instability tongue from the 
linear theory is shown. It turns out that the average wavelength stays within the 
unstable tongue. The width of the distribution of wavelengths may be character
ized with the correlation length scale found from the double exponential decay in 
Fig. 7.3( a) . The short correlation length of ,.,, >. gives rise to a distribution that 
is much wider than the instability tongue; the distribution corresponding to the 
largest correlation length of ,.,, 9,\ is indicated in Fig. 7.5(b) by the horizon tal 
line. 

A similar but strenger result was found by Morris et al. (1993) who found that 
the average wavelength of a disordered pattern in a large aspect ratio convection 
experiment stayed within the boundary of secondary instabilities (the so-called 
Busse balloon Cross & Hohenberg (1993)). These stability boundaries were cal
culated by Busse (1978) for convection experiments but have not yet been firmly 
established for Faraday waves. 

7.3 Fluctuations in k-space 

As the basic surface structure is wave like, it is most appropriate to study its 
stochastic properties in the spectra! domain. Using the same procedure as in 
section 6.3, the Fourier spectrum for line images can be calculated. 

Figure 7.6 shows the average wave spectrum (lun(k)/2 )n at ê = 0.45, where 
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un(k) is given by (6.2). Here the individual line images u;(x) were normalized 
by subtracting the average image (which is now featureless; cf. Fig. 3.10) and 
dividing by the rms fluctuations (see §3.3.1). 
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Figure 7.6: Power spectrum (lun(k)l 2)n of surface ftuctuations measured 
on a line at t: = 0.45. 

The spectrum bears a strong resemblance to one computed from a numer
ical simulation of spatio-temporal chaos in the Kuramoto-Sivashinsky equation 
(Pomeau et al. (1984); see also chapter 8, Fig. 8.5(b)). It is flat at small wave 
numbers and drops sharply at k = kc- In the flat part of the spectrum, the power 
is evenly distributed over wavenumbers which is a kind of energy equipartition. 

Of much more interest than the average spectrum is the statistica! nature 
of the fluctuations of the instantaneous spatial spectra. Small wave vectors are 
an average over many coherence lengths and therefore provide a coarse graining. 
The spectra! fluctuations at these wave numbers can reveal whether t he coarse
grained system moves close to equilibrium. In that case, the spectra! fluctuations 
would be Gaussian. In order to show the deviation .from Gaussian statistics 
the normalized fourth moment (the kurtosis) of the spectrum is measured. It is 
defined as 

G (k) = (Re(un(k))4 )n 
4 (Re(u(k))2)~ 

(7.1) 

and is identically equal to 3 for Gaussian wave signals Re ( u( k)) . 
Figure 7.7 shows G4 (k) for a range of E values. At the lowest value of E. 

(E = 0.25), there are large deviations from Gaussianity at the l/VJ wave number 
of the triangular pattern and its higher harmonies. The pattern at this value 
of t: is chaotic and has a decaying correlation function (see Fig. 7.2). At larger 
values of the amplitude the sharp peaks in the kurtosis merge into a broad feature 
centered at k/kc = 1/./2. These k values are related to macroscopie patches of a 
definite (triangular and square) symmetry but random orientation that are seen 
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Figure 7.7: Full lines: the kurtosis G4 of spectra[ flu ctuations as a func
tion of wave number k/ kc and the reduced driving amplitude 
e. The value of G4 in the case of Gaussian fiuctuations 
(G4 = 3} for each curve is indicated by a dashed line. The 
dots at a and b point to the corresponding probability distri
bution fun ctions shown in Fig. 7.9. Results are from con
struction A . 
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to briefly exist in the disordered state. The detection of these patches ("coherent 
structures") is the subject of the next section. 

The measured third-order moment G3 is indistinguishable from zero, indicat
ing that the distribution of Re(u(k)) is symmetrie. The behaviour of Jm(u(k)) 
is identical to the behaviour of Re ( u( k)) . · 

At large wavenumbers k the Gaussian character of the noise in the line images 
is observed. At small wavenumbers one would expect the fluctuations to become 
Gaussian because the spectra at these k-values are an effective average over many 
coherence volumes. This is not corroborated by the results in Fig. 7.7. However, 
it should be noted that the coherence length based on the theory of chapter 2 (eq. 
(2.117)) gives an aspect ratio of only 19 for the whole container and 10 for the line 
image. This may cause insufficient convergence to a Gaussian distribution. The 
conclusion is that Gaussian fluctuations are observed on intermediate scales (>. ,...., 
3>.c) but not on the largestscales. The absenèe of these large scale thermodynamic 
fluctuations is in agreement with the slow decay of correlation functions. 
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(a) (b) 

Figure 7.8: The kurtosis G 4 of spectral fiuctuations as a function of wave 
number k/kc for (a) construction A and (b) construction B 
at é = 0.35. 

At this point it is instructive to make a comparison between measurements 
in the two different constructions. Figure 7.7 was obtained from a measurement 
in construction A (support at the edges). In Fig. 7.8 a comparison between the 
results for the two constructions is made. The observed differences in excitation 
homogeneity between the two constructions appear to have no significant effect on 
the statistics of the disordered surface waves. There is, however, a large difference 
in the small-k behaviour, which is consistent with the earlier conclusion that the 
system is not yet large enough to be able to obtain Gaussian statistics at small 
wavenumbers. 
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Figure 7.9: Full lines: probability distribution functions of spectral fluc
tuations at k/ko = 0.31 and 0. 70 for curves (a) and {b), 
respectively. The distribution functions were measured at 
€ = 0.45 (see Fig. 7. 7). Dashed lines: Gaussian distribution 
functions. 

The presence of coherent structures strongly affects the statistics of the spec
tra} fl.uctuations. Figure 7.9 shows the probability distribution functions (PDF) 
of Re(u;(k)) at k/ko = 0.31 and 0.70 respectively. While the PDF is Gaussian at 
k/ko = 0.31, it has wide intermittent tails at k/k0 = 0.70. The deviations from 
a Gaussian distribution function are consistent with the long-ranged correlations 
of the surface fl.uctuations. 

7.4 Coherent structures 

Having the locations of wave maxima allows to directly search for the presence of 
coherent structures. Such a coherent structure is defined as a part of the surface 
which still has a square or triangular structure. The presence of such ordered 
regions, which may easily be seen by direct visual observation, may cause the 
intermittent tails in the PDF's shown in the previous section. A locally square 
pattern is analogous toa laminar phase in a turbulent flow. The triangular state 
may be regarded as a second laminar phase. 

A Delaunay triangulation (se.e e.g. Preparata & Shamos (1985)) is used to 
generate a graph that connects all points with their respective nearest neigh
bours. The nearest neighbours of a given point are determined by the well-known 
Wigner-Seitz construction. Fast algorithms exist that can find the Delaunay tri
angulation of N random points in O(N log N) operations (Veltkamp, private 
communication, Preparata & Shamos (1985)). The result of this procedure is 
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(a) (b) 

Figure 7.10: A snapshot of the surface and its Delaunay triangulation. 

a graph that consists of triangles connecting the wave maxima. An example is 
shown in Fig. 7.10. Using such a triangulation it is possible to find points which 
have a symmetrie surrounding. 

Points have a n-fold symmetrie surrounding when among its nearest neigh
bours, n neighbours can be found such that the vertices to the given point have 
angles of 27r /n (within a certain tolerance) . This definition adequately deals with 
the situation of a perfect square lattice which has an ambiguous triangulation. 
For the points belonging to the "triangular" pattern there is a complication. The 
3-fold symmetry is only visible in the detailed structure of the image (cf. Fig. 
4.6(b)). When only the wave maxima are considered, as is the case for the reduced 
image, they appear to have a 6-fold symmetrie surrounding instead. Therefore, 
in what follows only 4- and 6-fold symmetries are discussed. 

In Fig. 7.11 the fraction of the total number of wave maxima that have a 4,5 or 
6-fold symmetrie surrounding is shown as a function of the excitation amplitude. 
lt is believed that 5-fold surrounded points are purely accidental since they do 
not correspond to an observed pattern. Therefore the number of 5-fold points is 
a measure of for the number of symmetrie points that may be found accidentally 
and are included in Fig. 7.11 for this purpose. The result in Fig. 7.11 is not very 
dependent on the tolerance for the angle (whïch is 0.1 rad in the figure). The 
only effect of making the tolerance smaller is a decrease in the number of points 
that are found; the result of Fig. 7.11 remains qualitatively the same. 

In the region of the square pattern (t: < 0.09) the fraction of the number 
of 4-fold points is maxima! at about 75%. Points that are on the boundaries 
of the image are not counted as symmetrically surrounded because they Jack 
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Figure 7.11: Praction of 4/ 5/6- fold coordinated points as a function of 
e. A point is accepted when n links to its neighbours form 
angles that are within 0.1 rad of 2n /n. 

neighbours due to the fact that some of their neighbours are outside the view of 
the camera. The number of 75% is easily derived by noting that there are about 
250 wave maxima in the image. At the values of E under consideration the waves 
form a square lattice which has about 4 · ( J250 - 1) boundary points, which is 
approximately 25% of the total number of points. 

At Ec = 0.09 the triangular pattern appears, generating a large number of 
points which have a six-fold surrounding. This pattern has a region that still 
appears approximately square at the edges of the image. Only the center part is 
perfectly six-fold symmetrie (cf. Fig. 4.6(b)). 

Finally the transition to the disordered state is observed as a rapid decrease 
of the number of six-fold coordinated points. The number of 4- and 6-fold coordi
nated points, however, remains significantly higher than that of 5-fold eoordinated 
points. This indieates that, even in the strongly disordered regime, there are still 
remnants of the original patterns. 

An interesting question is whether these remnants oeeur as isolated points or 
as larger clusters. If all symmetrie points that are found are isolated, they may 
still be aeeidental. If, instead, these points oeeur in clusters the eonclusion is 
that locally organized patehes with a definite symmetry oeeur. These clusters 
may then be responsible for the long eorrelation length and for the intermittent 
eharaeter of the surfaee fl.uetuations. 

Using the graph strueture of the Delaunay triangulation it is relatively easy 
to find out whether symmetrie points are linked to eaeh other in clusters or not. 
In Fig. 7.12 the probability distribution funetions for the number of points in a 
cluster are plotted for the same values of E: as in Fig. 7.1, both for 4- and 6-fold 
symmetries. 
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Figure 7.12: Probability distribution functions of the number of points in 
a cluster on a log-log scale. Solid lines: 4-fold coordinated 
points; dashed lines: 6-fold coordinated points. The values 
of é are the same as in Fig. 'l.1 (é = 0.08 (square pat
tern), 0.15 ("triangular" pattern), 0.30 and 0.40 /or figures 
( a)-( d} , respectively). Note the difference in scale /or the 
stationary pattern (figure ( a)) . 
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Figure 7.12(a) shows that in the square pattern there is only one big cluster 
containing all the points that are not on the boundaries. For the triangular 
pattern there appear to be large clusters of 6-fold symmetry while there are still 
areas (near the edges of the image) with 4-fold symmetry. At the highest values 
of E: the distributions of sizes of 4 and 6-fold clusters become equal to each other. 

Interestingly, the distributions at the different values of E: > 0.08 all start with 
an initial decay that is almost algebraic (P(N) ,....., N-°'). The exponents a are 
different for the 4 and 6-fold symmetries and increase with E:. It is not possible to 
deduce from the data whether there is a transition from algebraic to exponential 
decay when E: is increased. 

From the distribution functions we may conclude that large clusters of 4 and 
6-fold symmetrie points are indeed observed. Therefore, the conclusion is that 
the observed intermittency may indeed be related to the presence of coherent 
structures with a symmetry corresponding to the patterns that appear closer to 
onset. 

7.5 Conclusion 

In this chapter it has been demonstrated that the Faraday experiment has both 
decaying spatial correlation and intermittency. 

The current experiment is not large enough to make a clear distinction be
tween exponential and algebraic decay of correlation, although exponential decay 
seems more appropriate. It appears that a double exponential decay results in 
the best description of the decay of correlation. There is no a priori reason why 
there could not be more than one physically relevant correlation length scale 
for a given system. In the next chapter a numerical example will be treated in 
which also a description with more than one correlation length scale seems most 
appropriate. 

The results of the last two sections of this chapter clearly show the presence 
of intermittency in the Faraday experiment. Intermittency is observed in non
Gaussian distribution functions of Fourier components at specific values of the 
wave number and in the appearance of large coherent structures on the surface. 
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Spatio-temporal chaos in lD 
model systems 

A (temporally) chaotic system can be characterized by Lyapunov exponents, 
which measure the sensitivity of the system to variation of its initia! conditions, 
and fractal dimensions, which quantify the amount of space-filliiigness of a tra
jectory in phase space. For a system with only a few degrees of freedom these 
quantities may be directly calculated using the trajectory of the system in phase 
space. However, since both the amount of computation and the number of points 
needed for such a calculation grow exponentially in the number of degrees of 
freedom, this can only be done for systems with only a few degrees of freedom. 
A system that is spatially and temporally chaotic typically has a large number 
of degrees of freedom. Therefore, it is not possible to calculate this number di
rectly in genera!. However, for the systems that are discussed in this chapter, it 
has been calculated (at the cost of considerable computing effortsr) by Egolf and 
Greenside. 

It is to be expected that fora system with a sufliciently large number of degrees 
of freedom a thermodynamica! description will become more useful. A system 
that is sufficiently large may then be thought of as consisting of a large number of 
essentially uncorrelated cells that each contribute a number of degrees of freedom 
such that the dimensionality of the entire system increases proportionally to the 
number of cells. In this case one would expect the number of degrees of freedom 
of such a system to be an extensive quantity that grows with the volume of the 
configuration space of the system. 

The si ze of a cell is associated' with a length scale over which the dynamics is 
strongly correlated; this length scale is the coherence length Ç. According to the 
above intuitive idea the effective number of degrees of freedom is proportional 
to L/ç1l, where L is the typical linear dimension of the system. Another way of 

I) Only one spatial dimension is assumed here. 

112 
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stating this is that the following relation holds: 

dD 
dL. Ç = C, (8.1) 

where C is a constant and dD / dL is the dimension density, i.e. the number of 
degrees of freedom that each volume element contributes to the system. Under 
this assumption the problem of finding the number of degrees of freedom may be 
reduced to finding the coherence length Ç. 

There is no hope of directly measuring the dimension density for a system like 
the Faraday experiment but in a recent paper by Egolf & Greenside (1994) this 
number has been calculated for the Complex Ginzburg-Landau (CGL) equation 
in one spatial dimension. Given this computational achievement (which requires 
the use of a large super computer) it is interesting whether it is indeed possible 
to define the coherence length scale Ç. As will be demonstrated in this chapter, 
this definition is not as straightforward as it may look. There is a still on
going discussion (Shraiman et al. (1992), Egolf & Greenside (1994), Bohr et al. 
(1994), Egolf & Greenside (1995)) about this definition. 

The coherence length Ç may be defined using the decay of a function measuring 
the decay of coherence in the system as a function of distance. One of the 
problems is that it is in genera! not possible to use just any variable in the 
system to compute this coherence. In this chapter it wil! be demonstrated that it 
is possible to make an extremely bad choice leading toa divergence of the product 
in (8.1) for the CGL equation. Another, less severe, problem is the choice of the 
coherence function itself. In this chapter ordinary correlation functions (which 
have been used in the preceding chapters) and information functions will be 
compared. 

Before we proceed to the issue of the definition of a coherence length scale it 
is necessary to introduce the CGL equation and the Kuramoto-Sivashinsky (KS) 
equation. This will be the subject of Secs. 8.1 and 8.2. Next, the definition of a 
coherence length in the KS equation is discussed which is used as a guideline to 
the definition of this length scale for the much more complicated CGL equation. 

8.1 The Complex Ginzburg-Landau equation 

The CGL equation is an example of an envelope equation as introduced in chapter 
2. It describes the slow space-time evolution of a complex field A = p0é.P. The 
CGL equation reads 

(8.2) 

where c1 and c3 are real parameters and all quantities (including x and t) have 
been non-dimensionalized. A similar equation was derived earlier in chapter 2 for 
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Faraday waves. There the coefficients followed from a treatment of the hydrody
- namics; here, the coeffi.cients c1 and c3 are treated as adjustable parameters and 

the behaviour of the solutions is investigated as a function of these parameters. 
Periodic boundary conditions on the interval 0 ~ x < L are assumed where 

L should be chosen large enough to include a large number of length scales Ç. 
Since the coherence length scale Ç is not known a priori the choice of L has to be 
checked a posteriori. In this chapter L = 1000 was used. 

The CGL equation was investigated in the regime c1 = 3.5 and c3 > 0. In this 
regime there exists a sequence of "phase transitions" with increasing c3 (Shraiman 
et al. (1992)). The first occurs at the Benjamin-Feir instability (Benjamin & Feir 
(1967)) at c3 = 1/c1 . For c1c3 < 1 there exist linearly stable plane-wave solutions. 
Beyond the transition there exists "phase turbulence". The criterion c1c3 = 1 is 
called the Newell criterion (Cross & Hohenberg (1993)). 

The criterion for stability of the uniform state A = eic3 t may easily be derived 
by investigating the growth of small perturbations in phase and amplitude. We 
assume a solution of the form 

(8.3) 

where p = p(x, t) and cp = cp(x, t) are small perturbations. To linear order in p 
and cp we obtain 

-2p + a;p - c1a;cp, 

2c3p + c1a;p + a;cp. 

After Fourier transforming these equations we obtain 

(iw+k2 +2)p 

(iw + k2 )<{J 

C1k2<{J, 

( c1k2 - 2c3)p, 

(8.4) 
(8.5) 

(8.6) 

(8.7) 

where p = p(k,w) and (jJ = <jJ(k,w) are the Fourier transforms of pand cp. There 
is a solution to this set of equations if 

Assuming k2 « 1 (long wavelength perturbations) the solutions are 

iw+ = -(1 + k 2(1 + C1C3)), 

lW_ -(1 - C1C3)k2 . 

(8.8) 

(8.9) 

(8.10) 

It is immediately clear that for 1 - c1 c3 < 0 the uniform state is unstable against 
long wavelength perturbations. 

lt may be shown that in fact all plane wave solutions, which are of the 
form A = Jl=kZé(kx+h- (ci +c3 )k2 Jt), are unstable to sideband perturbations 
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with wavelengths satisfying k1 + k2 = 2k and frequencies w1 + w2 = 2w (where. 
w = c3 - (c1 +c3 )k2) when 1-c1c3 < 0 (Newell (1974), Stuart & DiPrima (1978)). 
For c1 c3 -1 > 0 the solutions become chaotic and there exists "phase turbulence". 

The next transition is a transition from phase turbulence to "defect turbu
lence". In the phase turbulent regime the amplitude is "slaved" to the phase and 
never becomes zero; the defect turbulence regime is characterized by points with 
zero amplitude (defects), at which the phase is not defined. In these points the 
phase may change by ±271" thus changing the winding number 

1 L 

v = - j Bxcp(x, t)dx, 
271" 

0 

(8.11) 

where <P is the phase of A. Note that v is an integer value due to the periodic 
boundary conditions. 

Shraiman et al. (1992) observe that the defect density nn (the number of 
defects per unit time and per unit length) tends to zero algebraically when c3 

is decreased to c3 ~ 0.77 (c1 = 3.5 as before); following Shraiman et al. (1992) 
we will call this point L1. This result is strange because it is not clear why in 
a system of infinite size and for t ----+ oo the formation of defects is impossible 
beyond the Benjamin-Feir instability at c3 = l/c1. Egolf & Greenside (1995) 
investigated this point further and show that the decay of the defect density may 
be more satisfactory fitted using the functional form nn = exp(-,B(c3 - ë3 )-"). 

The value of ë3 was found to be significantly below 0. 77 but they were not able to 
determine whether the defect density goes to zero at the Benjamin-Feir instability 
or for some higher value of c3. In order to obtain amore accurate measurement 
of the defect density for smaller values of c3 larger systems and Jonger integration 
times must be considered, which is no Jonger feasible since the computing effort 
increases correspondingly. 

In what follows the term "phase turbulence" will still be used for the regime 
between the Benjamin-Feir instability and the L 1 transition (1/c1 = 0.286 < 
c3 < 0.77) although the question whether the defect density is really zero in this 
regime bas not been settled. 

In Fig. 8.1 space-time plots are sbown for both the amplitude pand the phase 
cp of the complex field A. Figures 8.1 (a) and (b) have c3 = 0.70, in the phase 
turbulent regime; figures 8.1 (c) and (d) have c3 = 0.82 in the defect turbulent 
regime. In Fig. 8.l(d) defects are easily identified as space-time dislocations. Us
ing the time direction as a second dimension one may go around such a dislocation 
changing the phase by ±271". 

The CGL equation was integrated using a pseudospectra! code for the right 
hand side and a standard Runge-Kutta-Merson routine for the time integration. 
A brief description of the pseudospectra] method will be presented in Appendix 
B. Simulations were carried out on a Silicon Graphics power challenge super 
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(a) (b) 

(c) (d) 

Figure 8.1: Space time plots of the absolute value p0 (a},(c} and phase 
r.p (b }, ( d} of the complex solution A of the CGL equation. 
(a),(b} Phase turbulence for c1 = 3.5, c3 = 0.70; (c),(d} de
fect turbulence for c1 = 3.5, c3 = 0.82. Time runs from 
top to bottom, the values of p0 and r.p are coded in a linear 
greyscale ranging from 0 (black} to 1.3 (white) in (a) and (c) 
and from -7r to 7r in (b) and (d). The figures show a region 
of size L/2 = 500 in the horizontal direction and T = 256 
in the vertical direction. 
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computer. The time integration routine uses a variable step-size in order to 
obtain a tolerance of 10-7 _ 
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Figure 8.2: Dimension density as a function of c3 for c1 = 3.5. Dots: 
Calculations of Egolf & Greenside ( 1995 ); solid line: dD / dL 
for the Kuramoto-Sivashinsky equation (see Sec. 8.2). The 
L1 transition occurs at c3 ~ 0.78. 

Egolf & Greenside (1994) and (1995) compute the dimension density dD/dL 
for values of c3 in the range 0.3 < c3 < 0.95. The results are shown in Fig. 
8.2. The solid line in Fig. 8.2 is the same result for the Kuramoto-Sivashinsky 
equation (Manneville (1985)) and will be discussed in the next section. 

These results were obtained by calculating one specific measure of the number 
of degrees of freedom in the system: the Lyapunov dimension De (Farmer et al. 
(1983). This Lyapunov dimension was calculated as a function of the system size 
L; the dimension density is the slope of the linear part of the function De. In 
what fellows De will be denoted simply as D and dD/dL is called the dimension 
density although other definitions are possible (Farmer et al. (1983). 

The Lyapunov dimension is defined in terms of the Lyapunov exponents of 
the system. The Lyapunov exponents are given by 

,\, = lim ~In/ óu(x, t) / , (8.12) 
t-= t óu(x', 0) a 

where /;(~',~) is the Jacobian matrix correspcmding to the dynarnics of the un
derlying PDE and I · · · la denotes the a-th eigenvalue of this infinite dimensional 
matrix. In practice the N largest eigenvalues of this matrix may be found by 
integrating along with the PDE N equations that are a Jinearization of the orig
inal PDE around the solution u (Parker & Chua (1989)) . Thus, the Lyapunov 
exponents measure the growth of small perturbations of the solution u . The Lya
punov exponents thus calculated are an average over the trajectory of the system 
in phase space. · 
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The Lyapunov dimension De is now defined as (Farmer et al. (1983) 

D - k L:~=l Ài c. - ---
- Àk+l ' 

(8.13) 

where k is the largest integer for which I:~=t .À; ?: 0. In order to be able to 
calculate this Lyapunov dimension N has to be chosen larger than k + l. Since 
this number is already large (a few hundred for c3 = 0.8 and L = 1000) the need 
for a large supercomputer is obvious. 

There area few features in Fig. 8.2 that are worth discussing. The most pro
nounced feature is that its slope seems to be discontinuous near the L1 transition. 
Although, Egolf & Greenside (1995) demonstrated that there is a non-zero defect 
density for smaller values of c3 this point is still remarkable. For low values of 
c3 the dimension density for the CGL equation smoothly joins the curve for the 
KS equation. We will comeback to this in Sec. 8.2. For c3 = 1/c1, at the point 
where the Benjarnin-Feir instability sets in, the dimension density goes to zero, 
consistent with the fact that below this point the system is stable. 

It is interesting to note that the at the L1 transition the slope of ~f (c3 ) 

increases by approximately a factor of two. Furthermore, the slope for values of 
c3 > 0.77 is approximately 2/c1 while the average slope for 1/c1 < c3 < 0.77 is 
1 / c1 . It is not clear whether this is just a coincidence or not. 

8.2 The Kuramoto-Sivashinsky equation 

In the absence of defects it is possible to obta.in an equation for the phase of A 
only (Kuramoto (1984)). This equation results from a perturbation theory in the 
small parameter t: = c1c3 -1. In the limit t: -+ 0 the CGL equation (8.2) reduces 
to the Kuramoto-Sivashinsky (KS) equation 

( 2 4 .À( 2 Oti.p X, t) = -t:àxcp - µàxt.p - 2 Oxcp) , (8.14) 

with e = (c1c3 - 1), µ = !c~(l + c5) and .À = 2(c1 + c3). A derivation of this 
equation is given in Appendix C. 

The amplitude p0 of A is "slaved" to the phase cp and obeys (correct to order 
e2 ) the equation 

(8.15) 

It is possible to set t: =µ=.À= 1 by rescaling x = O!X1 , t = (Jt' and t.p = 'Yt.p' 

with Cl!=~, f3 = µ/t:2 and 'Y = 2e/>.. Thus, the only parameter left in (8.14) 
is the system size L. 

The equation for the gradient of the phase, u = Oxt.p, 

(8.16) 
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was used in numerical simulations since <pis only defined up to an arbitrary addi
tive constant. This fact causes the average of 'P to drift in numerical simulations 
due to numerical noise which is undesirable. 

Figure 8.3: Space time plot of the solution u of the KS equation (8.16} 
for c1 = 3.5, c3 = 0.70 and L = 1000. The values of u are 
coded in a linear greyscale ranging from -0.23 (black} to 0.23 
(white). The figure shows a region of size L/2 and T = 256. 

In Fig. 8.3 a space-time plot of the solution of the KS equation (8.16) is 
shown for c1 = 3.5, c3 = 0.70 and L = 1000 (these values correspond to one of 
the simulations of the CGL equation). The same integration method as for the 
CGL equation was used. In order to test the relation (8.15) Fig. 8.4 shows both 
a;'P for the KS equation and p for the CGL equation for C3 = 0.40 (closer to 
the Benjamin-Feir transition than the simulation in Fig. 8.3). The scale in Fig. 
8.4(b) has been inverted to make a comparison easier. 

The rescaled KS-equation creates a cell structure with typical cell sizes of the 
order of the size of the critica! wavelength lc = 27rv'2. This critica! wavelength is 
easily found from the linear stability analysis which gives a growth rate a(k) = 

k2 - k4 . The extrema of this function lie at kc = ±[1h., which will therefore be 
the most unstable wave numbers. 

From numerical work of Manneville (1985) it is known that the .Lyapunov 
Dimension D for the KS equation is given by 

L 
D = 2.04- - 2.70. 

lc 
(8.17) 

Thus, the dimension density is dD / dL = 2.04/ lc, in scaled quantities. In order 
to compare this result with the result for the CGL-equation we have to use the 
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(a) (b) 

Figure 8.4: Demonstration of the approximation Be 15. ( a) a;cp for the 
KS equation; (b} p =Po -1 for the CGL equation. Both fig
ures are for c1 = 3.5 and c3 = 0.4 (e = 0.4). The greyscales 
are scaled on the minimum and maximum in each of the 
shown fields; the greyscale in Fig. (b} is inverted in order 
to make a comparison possible. The initia[ conditions were 
different for figure (a) and (b}. 

unscaled result: dD/dL = 2.04/(lc · O!) where O! is the spatial rescaling factor 
introduced after (8.15) . Expressing this relation in terms of c1 and c3 we obtain 

dD 2(c1c3 - 1) 
dL = o.230 d(l + cD . (8.18) 

This is the solid line in Fig. 8.2. 
Since we expect the KS-approximation to become better near the Benjamin

Feir transition at c3 = 1/c1, the dots should join the KS-line smoothly for c3 ---> 

1/c1 which is indeed observed. For larger values of c3 there is an increasing 
difference between the CGL and KS dimension density. There are two possible 
causes for this deviation. The first is that higher order terms, that were left out in 
the derivation of the KS equation, become more important for higher values of c3 

(and therefore of e) and change the simple sealing of dD/dL with O!. Secondly, the 
amplitude degrees of freedom come into play for higher c3 and eventually cause 
the whole KS approximation to break down when defects are formed. Figure 
8.2 shows that the CGL equation has a larger dimension density, which is to be 
expected because of the additional amplitude degrees of freedom. 
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8.3 Definition of the coherence length 

Having introduced the CGL and KS equations, we now return to the question 
of the definition of a coherence length scaJe. A commonly used way to define 
such a length scale is to determine a length scale from the exponentiaJ decay of 
a correlation function. The spatial correlation function C(r) of a field u(x, t) is 
defined as 

C(r) = (u(x + r, t) · u(x, t))x,t - (u~x, t))~,t 
(u(x, t)2)x,t - (u(x, t))x,t 

(8.19) 

In many cases, however, correlation functions have the form of (exponentiaJly) 
decaying oscillations. This makes it difficult to extract the decay exponent espe
cially when the length scaJe associated with the exponent becomes comparable 
to or smaller than the wavelength of the oscillations. Apart from this problem, a 
straightforward generalization of (8.19) for the complex field of the CGL equation 
is problematic. The reasons for these problems are the subject of §8.3.2. 

Before we proceed to this point, another way for measuring coherence, the 
Information function, must be introduced. It is defined as 

I(r) = (I[u(x, t), u(x + r, t)])x,t, (8.20) 

where I[u1 , u2] is the Mutual Information (Fraser & Swinney (1986)) between 
two signals Ut and u 2 . The Mutual Information is defined in terms of the joint 
probability distribution P( u1 , u 2) of the values of the two signals: · 

(8.21) 

where the base two log is used to express I in bits, which is thefondamental unit 
of information. In (8.21) the notation ![ut, u2] signifies that I is not a function 
of the values Ut and u 2 (since the integration is over these values) but that it is 
a functional of the distribution functions of u1 and u2• 

The mutual information has the advantage that it also measures nonlinear 
dependence of the two signals. As may be seen from the definition, I = 0 iff. 
the two signals are statistically independent, which is stronger than the linear 
independence of two signals when C = 0. In other words C = 0 does not imply 
statistica! independence whereas I = 0 does. 

Another nice property of the Mutual Information is that it is independent 
of monotonous transformations of the two signals. For an experimental situa
tion this implies that calibration of the signals is no longer necessary as long as 
the measured signal has a one to one relationship with the quantity for which 
the information function must be measured; no such invariance exists for the 
correlation function. 
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The definition (8.21) can easily be generalized to more dimensions (Fraser 
(1988)), in which case it is called "redundancy". In particular, we will use the 
four-dimensional form 

(8.22) 

where P1234 = P(u1, u2, u3 , u4 ). This redundancy measures the amount of infor
mation (in bits) that the four signals u; have in common on average; i.e. how 
much of the information is redundant. Therefore, it may be used for measuring 
coherence between the four signals. In §8.3.4 a redundancy function analogous 
to the definition (8.20) will be used. 

These tools for finding a coherence length scale will now first be used for the 
KS equation in §8.3.l. Next the results for the KS equation will be used as a 
guideline for solving the problems, mentioned in the introduction to this chapter, 
for the CGL equation in §§8.3.2 through 8.3.4. 

8.3.1 The coherence length for the KS equation 

Figure 8.S(a) shows the absolute value of the correlation function for the KS 
equation with c1 = 3.5 and c3 = 0.70. It is computed from a record of 214 points 
separated by a time interval !:i.t = 10. Figure 8.S(b) shows the corresponding 
average power spectrum which is of course related to the correlation function 
through the Wiener-Khinchin theorem. 

This correlation function is dominated by oscillations on which an exponen
tial decay is superimposed. A fit through the extrema of the correlation function 
(indicated by the dashed line) gives a correlation length scale of Çc = 15.0 which 
is about 2/3 of the length scale lc = 27rv'2a = 22.3. The oscillations in the 
correlation function correspond to the peak in the power spectrum. Interest
ingly, the wavenumber corresponding to the oscillations is slightly higher than 
the wavenumber that corresponds to Ze. 

The powerspectrum is in agreement with the results in Pomeau et ·al. (1984). 
There is almost equipartition of energy for the small wave numbers and a k-4 

power law decay at high wave numbers. 
Figure 8.6 shows the information function for the KS equation. This func

tion decays approximately according to I(r ) = ! 00 + I0e-r/ü with f,1 = 9.8 and 
! 00 = 0.029. The length scale Ç1 is of the same order as Çc. Because the infor
mation function and the correlation function are different quantities one should 
not expect the exponents 6 and E,c to be the same. Since for the Kuramoto
Sivashinsky equation all length scales, including t he correlation length, scale with 
a, relation (8.1) is trivially satisfied. 

The oscillations that were present in the correlation function do not enter 
the Information function. Instead, the Information function has a background 
value ! 00 . The value of I= depends on the ratio of the averaging time over the 
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Figure 8.5: (a) Absolute value of the Correlation function IC(r)I for the 
KS-equation with c1 = 3.5, c3 = 0.70 and L = 1000. The 
dashed line is afit through the extrema of C(r) with exponent 
Ç = 15.0. (b) Average powerspectrumfor the same data. The 
wave numbers are normalized with the length scale Ze· 
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Figure 8.6: Information function for the KS-equation with the sa me pa
rameters as in Fig. 8.5. I= = 0.0029 has been subtracted. 
The dashed line is a fit with Ç1 = 9.8. 
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Figure 8. 7: Value of I 00 for the information function of the KS equation 
as a function of ( a) the number of samples N in a fixed time 
interval T and (b) the total time T spanned by the N samples. 

correlation time and on the number of samples taken. This is illustrated in Fig. 
8.7 where the values of !00 are plotted as a function of the number of points N 
and the total integration time T . All values are computed from the same datafile 
of 214 points with !::;,.t = 10. From this datafile N points are selected spanning a 
total time interval of T. In Fig. 8.7(a) ! 00 is plotted as a function of the number 
of samples N for two different values of T; Fig. 8. 7(b) shows the behaviour as a 
function of the total time interval T. 

From Fig. 8.7(a) we see that for a fixed total integration time there is a 
value of N beyond which ! 00 no Jonger decreases. For smaller values of N ! 00 

decays algebraically. This observation is in agreement with the intuitive idea 
that increasing the number of samples is only useful when these samples are 
essentially uncorrelated. On the basis of Fig. 8. 7 it may therefore be seen that 
the typical correlation time scale for the present set of parameters of the unscaled 
KS equation is Te ~ 20. 

8.3.2 Sealing of the correlation length for the CGL equa
tion 

A straightforward definition of a correlation function for the complex field A = 
Poé" is 

C(r) = (A(x + r, t) · A*(x, t))x,t . (8.23) 

However, this definition gives rise to a problem which can be seen by making the 
comparison with the KS approximation. In the KS approximation (to order E , 
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see Appendix C) this correlation function corresponds to 

C(r) = ( ei(<p(x+r,t)-<p(x,t))) , 
x,t 

(8.24) 

since Po = 1 at this order. 
Following Shraiman et al. (1992) we may find a simple sealing relation for the 

correlation length Ç'I' associated with this correlation function. As we have seen 
in the previous section, the field Bx<p has short spatial correlations, its correlation 
length being f.c = 15.0. lt is possible to write 

r 

cp(x + r, t) - cp(x, t) = j Bx''P(X + x', t)dx' 
0 

r/{c-1 X;+l 

= L j Bx•'P(X + x', t)dx' 
J':"O "'i 

(8.25) 

where x1 = x + jf.c· For large separations lrl > f.c this sum consists of essentially 
uncorrelated terms. Therefore the differences 6,cp = cp(x + r, t) - cp(x, t) will 
have a Gaussian distribution (Pumir (1985)). Using this result we rnay write 

(8.26) 

Shraiman et al. (1992) and Egolf & Greenside (1994) find that this correlation 
function decays exponentially over some range r0 < r < r 1, where indeed r0 > f.c· 
This implies 

1 2 ) 2r 
\ ( 6, cp) ex Ç'I' , (8.27) 

where 1/Ç'I' is the decay exponent. This is evidence for the idea of "phase diffu
sion" introduced by Shraiman et al. (1992). 

The length scale E,'P may now be expressed as 

(8.28) 

where the sealing of the KS equation has been used to find the dependence on é. 

As a consequence of this sealing of the phase field, the product dD/dL · 
E,'P ex é 1/ 2é-5/ 2 --t oo as the Benjamin-Feir transition at é = 0 is approached. 
Therefore E,'P cannot satisfy the relation (8.1) and is no good candidate for the 
coherence length scale Ç. This is the problem that was already mentioned in the 
introduction. Our goal wil! now be to find another length scale which does not 
suffer from this divergency and may be used as the coherence length E,. 
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8.3.3 The coherence length for amplitude fluctuations 

In the defect turbulence regime the amplitude p plays a dominant role, whereas 
in the phase turbulent regime it is "slaved" to the phase. Therefore, it is natura! 
first to look at the correlation length for the amplitude of A(x, t). Encouraged 
by the positive results for the KS equation the Information function will again 
be used in this case. 
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Figure 8.8: ( a) Information function for the amplitude Po of the solution 
A of the CGL equation at c1 = 3.5 and c3 = 0.70 (upper 
curve) and 0.86. Offsets ! 00 = 0.00178 and 0.00154 have 
been subtracted. (b) Dimension density as afunction ofl/f,. 
Dots: Ç = f,p as determined from the exponential decay of the 
information function as in figure ( a), the dashed line is a 
linear fit; cross: exponent determined from the information 
function of Ox'P for the CGL equation; triangle: exponent 
from the information function of u, the solution of the KS 
equation. Due to the trivia[ sealing of the KS equation the 
plot f or varying c3 is given by the straight line through the 
triangle and the origin. 

The information function was calculated from a data set of 214 samples taken 
at time intervals of !::;.t = 20. The system size was again L = 1000 and c1 = 3.5 
as before. 

In Fig. 8.8(a) a plot of I(r) - ! 00 for the amplitude Po of the complex field A 
is shown for c3 = 0.70 and 0.86. This function has an almost exponential decay 
with some small oscillations left. Despite these oscillations it is possible to find 
a typical length scale from the decay of the information functions. The resulting 
values for the exponent 1/ÇP have an error of about 5%. 
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Figure 8.8(b) shows the dimension density as a function of l/Çp for values of 
c3 in the range 0.70 to 0.90. Indicated by the cross in the same figure is one 
point (with c3 = 0.70, below the L 1 transition) corresponding to an exponent 
found from the information function of Ox'P· Furthermore, the result from the
KS equation (triangle) is indicated. Due to the trivial sealing of the KS equation 
a plot for varying C3 gives a straight line through the origin and the triangle 
(indicated by the solid line) and (8.1) is trivially satisfied. 

The cross and the triangle should be close if the KS approximation is still 
valid for c3 = 0.70 (e = 1.45) since u (the solution of the KS equation) is an 
approximation for Öxt.p (from the CGL equation). Although the two points are 
already close, rescaling of the KS equation would produce a better agreement 
(the line through the origin and the triangle comes close to the cross). Recall 
that such effective rescaling of the KS equation may occur due to terms, higher 
order in e, that were neglected in deriving the KS equation. 

In contrast to what was found by Egolf & Greenside (1994) there is no diver
gency of the product dD/dL · ÇP. However, there is also only partial agreement 
with (8.1). While the dimension density depends approximately linearly on 1/Ç, 
it does not tend to zero for Ç -> oo (dashed line in Fig. 8.8(b)). This result is 
counter-intuitive since one would expect that, for an infinite coherence length, 
the number of degrees of freedom in the system is independent of the size of the 
system which means dD /dl = 0. 

Egolf & Greenside (1995) find that the dimension density is 0. 7 times a corre
lation length scale of the amplitude p. Unfortunately, it is impossible to compare 
length scales from correlation functions and information functions except for a 
few simple constructed cases. 

From the above we may conclude that the amplitude correlation length scale 
Çp ( defined using ei ther the information or the correlation function) is a good can
didate for the coherence length Ç. However, at the same time this is somewhat 
unsatisfactory since the phase degrees of freedom are no Jonger considered. This 
omission may be responsible for the fact that the dimension derisity apparently 
does not tend to zero when Çp, defined using the information function, tends to 
infinity. In the next section a method is presented that is able to use all infor
mation from the field A to determine how fast coherence is lost with increasing 
spatial separation. 

8.3.4 The coherence length for the CGL equation 

While an extension of the ordinary correlation function to complex signals proves 
to be difficult, it is relatively easy for the information function. The four dimen
sional form (8.22) may be used where u1 and u2 are the real parts of A(x + r, t) 
and A(x, t) and u3 and u4 their respective imaginary parts. This enables us to 
use all information present in the field A at once. 

Since the redundancy is based on a probability distribution in four dimensions 
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a larger data set is needed to obtain an accurate estimate of R. While 214 

points were used in the calculations in §8.3.3, the number of data points used in 
calculations of R was increased to 216 . The time-step was again D..t = 20 to remove 
correlation between solutions at different instants of time. The redundancy was 
calculated using an algorithm described by Fraser (1988). The computation of 
the redundancy function actually takes more computer power (both in memory 
requirement and CPU hours) than the simulations of the CGL equation. 
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Figure 8.9: Redundancy R /or c3 = 0.80. Dots: R - R00 ; circles: R -
R 00 - R1 e-r/€1 • The second curve is shown to demonstrate 
the existence of three exponents. R 00 = 2.533 in both curves. 
The dashed lines are fits (see text). 

Figure 8.9 shows the redundancy for c3 = 0.80 and c1 = 3.5. Two curves are 
shown; the dots show R - Roe, the circles show R - R00 - R1 e-r/6. This second 
curve is included to show that the decay is not a simple exponential as will be 
discussed below. 

One striking feature of this function is that it appears to be so smooth. This 
was not the case for the amplitude information function in the previous sub
section. lt is not a result of the increase in the number of points used in the 
calculation since the oscillations in the amplitude information functions in Fig. 
8.8( a) do not disappear when the number of samples is increased. The only effect 
of an increase in the number of samples is a decrease in the value / 00 which was 
already discussed in case of the KS equation (see the discussion at the end of 
§8.3.1). 

The redundancy does not decay with a simple exponential. Since we already 
know that there are at least two important length scales, one associated with 
the phase, the other with the amplitude fl.uctuations, we may anticipate a double 
exponential decay. In fact it turns out that three exponents are needed to describe 
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the decay satisfactory: 

R(x) = R 00 + Rie ë; + R2e ë; + R3e ë;. (8.29) 

In what follows the convention f,1 > 6 > 6 is adopted. 
As before, the 7 parameters in (8.29) may be found using the method of 

Marquardt (Press et al. (1992)). The fits are indicated by the dashed lines in 
Fig. 8.9. It is difficult to obtain reliable estimates for the errors in the fitted 
exponents. Standard estimates for these errors give values for these errors which 
are too small. Attempts to find the exponents manually result in values that !ie 
within an interval of 5% around the fitted values. 
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Figure 8.10: Dimension density as a function of the three decay expo
nents of the redundancy (a) and {b} as a function of various 
other exponents. Dots, cross and triangle: see Fig.8.8. Cir
cles: first cumulant of the Redundancy function. Dashed 
line: linear dependence fitted through the circles. The slope 
is 0.68. 

Figure 8.lO(a) shows the behaviour of the dimension density as a function of 
the three exponents. The largest length scale, f,1 , is half the correlation length f,'I' 
found by Egolf & Greenside (1994) . The dimension density appears to depend 
almost linearly on the smallest Jength scale, 6, but not convincingly. 

In order to quantify the decay of the redundancy function we may calculate its 
first cumulant, which is a weighted average of the three exponents 1/f,;, i = 1, 2, 3: 

1 1 3 R; 
~ = 2:-; 
f, R1 + R2 + RJ i= l f,; 

(8.30) 

the constant R00 is not taken into account here. The result of this procedure is 
shown in Fig. 8. lO(b) by the circles. 
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It appears that the behaviour of the dimension density as a function of the 
inverse of this length scale is linear; it is consistent with 

dD -
dL. Ç = 0.7, (8.31) 

the same result that was found for the amplitude correlation length Çp by Egolf & 
Greenside (1995). The difference with their method is that now all information, 
not just the amplitude information, of the field A has been used. The price that 
was paid is a considerable increase in the amount of computing power needed to 
calculate the redundancy function. 

At this point it is appropriate to compare the results of this subsection with 
the length scale Çp discussed in the previous subsection. There it was concluded 
that the dimension density <loes not tend to zero when Çp tends to infinity. The 
length scale based on the first cumulant of the redundancy function does not 
have this problem. In hindsight it appears that the length scale Çp may also 
be consistent with a zero dimension density for E,p --> oo if the relatively large 
errors in the determination of this length scale from the decay of the amplitude 
information function (Fig. 8.8(a)) are taken into account. 

In summary, there are three advantages of using the redundancy function 
instead of the amplitude information function . The first advantage is that the 
redundancy function appears to be more smooth, justifying attempts to fit this 
function to a model. In case of the amplitude information function even the 
proposed decay with only one exponent is questionable. Another advantage is 
the fact that the length scale defined using the decay of the redundancy function 
is in agreement with the intuitive relation (8.1) as was discussed above. For the 
length scale determined from the decay of the amplitude information function 
this agreement is not obvious. A third advantage is that the method using the 
redundancy uses all information present in the complex field A(x, t) instead of 
just the amplitude information. 

8.4 Conclusion 

In this chapter it was shown that it is, in principle, possible to find a coherence 
length scale that is directly proportional to the (Lyapunov) dimension density of 
a spatially and temporally chaotic dynamica! system. However, such a definition 
appears not to be straightforward. 

A comparison of the results of §8.3.4 with the results by Egolf & Greenside 
(1995) shows that it is possible to define such a length scale using only part of 
the information available in the CGL system. It was found that 

dD - dD 
dL . Ç ::::;j dL . E,p ::::;j 0.7, (8.32) 
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where (is the first cumulant of the Redundancy function and E,p is the amplitude 
correlation length found by Egolf & Greenside (1995) . The phase correlation 
length E,"" however, gives 

dD 
dL . Ç<p -+ 00' (8.33) 

for c3 -+ 1/ c1 due to the fact that E,'P itself diverges while the dimension density 
remains fini te. Therefore it is not a good definition of the coherence length E, . 

In case of both the Kuramoto-Sivashinsky and the Complex Ginzburg-Landau 
equations the product of the dimension density and the correlation length is of 
order unity. This makes it possible to estimate the dimension density from the 
decay of correlation or information functions. In experiments the latter functions 
may directly be measured, whereas it is impossible to find the dimension density. 

Another observation is that the KS approximation is indeed a good approxi
mation for c3 ;S 0.5. The question whether there is indeed only phase turbulence 
in this regime, which is the basic assumption in the KS approximation, remains 
open. While the defect density decays rapidly for values of c3 below the L1 tran
sition, it is not possible using today's computing power to determine whether 
nv -+ 0 at the Benjamin-Feir transition or not. 



9 

Conclusion 

In this thesis the Faraday experiment has been investigated experimentally. Dur
ing the research period the focus has been mainly on the disordered regime of 
Faraday waves. The hope was that through measuring appropriate quantities a 
link with statistica! physics and with turbulence could be established. Although 
many interesting results were obtained such a grand scheme has not been found. 
A major problem turned out to be that the experiment is smaller than was orig
inally thought; the relevant length scale is the correlation length and not the 
basic wavelength. The correlation length for a low viscosity fluid is much larger 
than the wavelength. Therefore either high viscosity fluids should be used or an 
experiment at much larger scale must be built. Since a weakly nonlinear theory 
with small damping is known the latter option is preferred. 

In a larger experiment it may also be possible to answer the question whether 
correlation functions decay algebraically or exponentially. This question is of key 
importance in relation to theoretica! models of the disordered phase. 

The research described in this thesis has been focused on fundamental ques
tions regarding pattern format ion in nonlinear surface waves. Still, the techniques 
used and even the main research subject itself may lead to important practical 
applications. In this project a significant effort was made in real-time digital im
age processing. This technique was used here to reduce the information in images 
of the surface in real-time. This allowed us to compute correlation functions in 
an efficient way and to find coherent structures in the disordered phase. 

Another result has been the precise verification of the linear theory of sur
face waves. Using this theory it is possible to accurately predict the critical 
wavenumber and the critical amplitude of the Faraday waves. An important 
practical implication of Faraday waves is that they offer a precise non-intrusive 
measurement of the surface tension of unknown fluids. It is already common 
practice to use capillary waves to measure surface tension. The accuracy of such 
measurements is reported to be 0.3% (Cinbis & Khuri-Yakub (1992)). A better 
precision could easily be obtained using the techniques in this thesis. Faraday 
waves may also be used in situations where other methods become impractical 
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such as close to the critica! point of the liquid-vapour transition (Fauve et al. 
(1992) ). 

The weakly nonlinear theory predicts the symmetry of the patterns just above 
onset. Although the theory predicts the onset patterns already fairly well, some
discrepancies were observed in a regime where the theory is claimed to be valid. 
It was found that an eight-fold symmetrie quasipattern and a hexagonal pat tern 
exist in the experiment where a square pattern is predicted. Furthermore, it has 
been found by Edwards & Fauve (1994) that for high viscosity (where the weak 
damping limit used in the theory is no longer valid) rolls are preferred above 
squares. A further development of the nonlinear theory is therefore desirable. 
From chapter 2 it is evident that such an extension is highly nontrivial. 

Finally, the, still ongoing, discussion about how to extract phase space quan
tities from experimental data has been elucidated. The main conclusion of this 
part of the work is that great care has to be taken if a link between phase space 
quantities (Jike the dimension density) and configuration space quantities (like 
correlation length scales) is to be made. Based on the results in chapter 8 it is 
possible to conclude that such a link is certainly possible in principle but com
plicated in practice. 



Appendix A 

Expressions for the coefficients 
in the SWAEs 

The expressions for the coefficients g(l) and g( cj1) are 

g(l) (A.l) 

g( Cjl) 

(A.2) 

with Cjl = cos('l9j1) = kj · k1 and Xjt for any quantity x can be obtained by 
replacing c11 by -cj1 in the expression for x, 

O:j/ 

/3j1 

Ójl = 

Vj! 

1 + Cjl - 812Ójl 

4 (Ga+ 2a:o(l + Cj1)) ' 

812 (1 + Cj1)Nj1 - (1 + Cjl - ~J2(1 + Cj1)) (Djl - 812Mj1) 

6412 (1 + cj1)2 + DJ1 - 812 Dj1Mj1 

8(1 + Cj1) ( 1 + Cjl - 9 J2(1 + Cj1)) + Dj1Nj1 

6412(1 + Cj1)2 + D J1 - B12Dj1Mj t 

3 ( 3) v 2Ójl - + /3jt - -2(1 + Cjl) + , 
4 8 J2(1 + Cjt) 
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1 1. / 2/311 
= -- + -y2(1 + Cji) - --;==== 

2 4 Jz(l + Cjt) 

and 

Mil = Go + 2ao(l + c1d' 

Dj1 = (Go+ 2ao(l + cj1)) Jzc1 + cj1) - 4, 

Nj1 (1 + c11) G +ei'+ Mj1) - ~ (19 + 7cj1) Jz(1 + ci1) . 

Note that terms containing "{2 have been retained. These terms prevent the 
coefficients /3 and 6 from diverging at the triad resonance occurring when D is 
zero. Away from resonance these terms are small and do not affect the consistency 
of the derivation. 



Appe11dix B 

The pseudo spectra! method 

Our goal is to solve numerically an evolution equation of the type 

Otu(x, t) = F(u), (B.l) 

where F depends on u and its spatial derivatives together with initial conditions 
u(x, 0) and boundary conditions. The function F may be nonlinear in u and 
its gradients. For simplicity we will here assume that the spatial domàin is the 
interval 0 < x < 27r and periodic boundary conditions. However, it is possible 
to define a spectral method on a non-periodic domain (the method will then be 
based on Chebyshev polynomials, see Canuto et al. (1988)). 

A solution with a spectral method consist of expanding the spatial dependence 
of the solution U(x) in terms of suitable basis functions 

N/2 

uN(x,t)= L ak(t)ip1<(x), (B.2) 
k=-N/2 

where the functions 'Pk(x) are the basis functions and the ak(t) the expansion 
coeffi.cients. In general the approximation will not satisfy (B.l) exactly. In the 
spectra! approximation we require that the residuals satisfy 

(B.3) 

for -N/2 $ k $ N/2, where the functions 'l/Jk(x) determine the weights of the 
residuals. 

Since we are interested in the case of periodic boundary conditions and one 
spatial dimension it is natural to take as basis functions 

'Pk(x) = eikx, 'l/Jk(x) = 2~ e-ikx, 

which satisfy the orthogonality relation 
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Using this expansion is of course equivalent to performing a Fourier trans
form of the unknown function u(x, t) and solving an equation for the expansion 
coefficients ak instead. The advantage of working in the spectra! domain is that 
derivatives with respect to x may now be simply replaced by a multiplication by 
ik. 

The method for solving the CGL or KS equation is now as follows. First 
the initia! condition is transformed to k-space. Then spatial derivatives may be 
easily calculated by simple multiplication with ik as stated. If the equations 
were linear the only point at which we would have to transform back to x-space 
is to produce output. The nonlinear terms, however, are most easily calculated 
in x-space where they are only simple multiplications instead of convolutions in 
k-space. Therefore, in order to calculate the function :F(u) a transform back 
to x-space is performed in order to calculate the nonlinear terms followed by a 
consecutive transform to k-space. 

The solution is advanced in time using a standard Runge-Kutta method (NAG 
fortran library (1987)), while each time :F(u) is evaluated as stated above. 

The term pseudospectral comes from the fact that, in order to prevent aliasing 
errors, one should pad the Fonrier transform uk with a set of at least N /2 zeroes 
before transforming back to x-space. This eliminates the aliasing error at the 
cost of an increase of computational effort of roughly 50%. From the spectrum 
for the KS equation in Fig. 8.5(b) we may see that aliasing is not a problem for 
our type of equations, since the spectrum decays rapidly for large k . Therefore 
the pseudo spectra! method is well suited for solving this equation. 



Appendix C 

Derivation of the KS equation 

In this appendix a derivation of the Kuramoto-Sivashinsky equation from the 
complex Ginzburg-Landau equation will be given. This detivation makes use 
of knowledge about the final result and is therefore not complete. However, it 
provides much insight in the kind of approximations that are used and is therefore 
useful in itself. Amore rigorous derivation may be found in the book of Kuramoto 
(1984). 

The Ginzburg-Landau equation was already given in (8.2) and reads 

BtA = A + (1 + ic1)a;A - (1 - ic3)IAl2 A, (C.l) 

We search for small perturbations of the uniform state in the form 

A = (1 + p)ei(cat+'l'l, (C.2) 

where p(x, t) and cp(x, t) are real functions. It is assumed that no defects are 
formed which implies p < 1. 

Inserting this form in the CGL equation (C.1) and separating real and imag
inary parts we obtain 

OtP 1 + p + a;p - C1 (1 + p)a;cp - 2c1ÖxPOx'P 
-(1 + p)(8xcp)2 - (1 + p)3, (C.3) 

(1 + p)Btcp = -(1 + p)c3 + c1a;p + (1 + p)o;cp + WxPÖx'P 
-c1 (l + p)(8xcp)2 + c3(l + p)3. (C.4) 

Now we introduce the small parameter E: = c1c3 - 1 and the slow space and 
time variables X = fix and T = E: 2t . The introduction of E: is justified by the 
fact that the Benjamin-Feir instability occurs at E: = 0. The rescaling of space 
and time is based on the requirement that in the KS equation all terms should 
be of equal order. 

Using the expression for E: we may express the parameter c3 in terms of c1 and 
E: as 

(C.5) 

138 



Appendix C: Derivation of the KS equation 139 

The fields p and cp are expanded as 

p 

cp 
E.Pi +é2P2 + · ·" 
écp1 + €21./)2 + .. " 

(C.6) 
(C.7) 

At order E. we obtain p1 = 0. Thus pis at least one order in E. smaller than <p .. 

This justifies the idea of phase turbulence. 
At order E.2 we obtain 

C1 2 ( ) P2 = -2ox<pi, C.8 

which is the expression already given in (8.15) when the original x and t are 
resto red. 

The next order in E. gives the time dependence of <p. At this order we have 

0 (C.9) 

(C.10) 

Using the first of these two equations p3 and cp2 may be eliminated from the 
second equation which then reads 

2 1 2 1 2 
Or'Pi = - p2 + (c1 + -)8xP2 - (c1 + -)(8xcp1) , 

~ ~ ~ 
(C.11) 

from which p2 may be eliminated using (C.8): 

(C.12) 

When this equation is rescaled back to the original x and t scales while making 
use of the fact that inserting c3 = 1/ c1 does not change the order of the equation 
we obtain the KS equation in the form given in Sec. 8.2: 

2 

Otcp = -E.o;cp - %c1 + c~)o~cp - (c1 + C3)(8"cp)2. (C.13) 
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Samenvatting 

In dit onderzoek staan twee hoofdthema's centraal. Enerzijds is dit de theorie 
van patroonvormende systemen, anderzijds is dit het fenomeen van wanordelijk 
gedrag in ruimte en tijd: spatio-temporele chaos. 

Beide hoofdthema's zijn onderzocht aan de hand van het Farad.ay experiment. 
In dit experiment worden golven opgewekt door een vloeistoflaag vertikaal te laten 
trillen. Boven een bepaalde drempelamplitude onstaan er golven, die, voor niet al 
te hoge aandrijfamplitudes, een regelmatig patroon vormen. Wordt de amplitude 
verder verhoogd dan worden deze regelmatige patronen instabiel en breken op. 
We betreden dan het regime van spatio-temporele chaos. 

In dit proefschrift wordt eerst de bekende theorie over patroonvorming in 
het Faraday experiment beschreven. Enerzijds is er de lineaire theorie, die be
schrijft bij welke amplitude het vlakke vloeistofoppervlak instabiel wordt en wat 
de golflengte is van het golfpatroon dat ontstaat; anderzijds is er een zwakke 
niet-lineaire theorie, die de vorm van patronen vlak boven de drempelamplitude 
oplevert. 

De voorspellingen van zowel de lineaire als de niet-lineaire theorie worden 
vergeleken met het experiment. Het blijkt dat de lineaire theorie zeer goed de 
golflengte en de drempelamplitude kan voorspellen. Het is zelfs mogelijk om, 
gebruik makend van deze theorie, de oppervlaktespanning van de vloeistof te 
meten. De niet-lineaire theorie voorspelt dat voor de meeste aandrijffrequenties 
een vierkant patroon ontstaat. Dit is in overeenstemming met de waarnemingen 
zolang de aandrijffrequentie niet groter is dan 220 Hz:, daarboven onstaan net 
boven de drempel patronen met 8- of 6-voudige symmetrie. 

Naast het onderzoek aan de (stationaire) patronen die bestaan vlak boven de 
drempel amplitude, is er ook onderzoek gedaan naar de wanordelijke toestand 
die ontstaat als de amplitude verder wordt verhoogd. In dit proefschrift worden 
twee experimenten in dit regime beschreven. 

In het eerste experiment is de container vierkant en wordt de aandrijffre
quentie zo gekozen dat de verhouding tussen de grootte van de container en de 
golflengte, de "aspect verhouding", 17 is. Bij deze middelgrote verhouding blijkt 
het tijdgemiddelde van het wanordelijke patroon een structuur te vertonen die in 
verband gebracht kan worden met de onderliggende lineaire eigentoestanden van 
het systeem. Hierbij is met name onderzocht wat de dynamica is die leidt tot dit 
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niet-triviale tijdgemiddelde. 
Het andere experiment werd uitgevoerd in een ronde container bij een hogere 

aandrijffrequentie. In dit geval is de aspect verhouding 45. In dit experiment 
zijn tijdgemiddelden van wanordelijke golfoppervlakken structuurloos zodat naar 
andere statistische grootheden is gekeken. Er is aangetoond dat het wanorde
lijke gedrag van de oppervlaktegolven intermittentie vertoont en dat er, zelfs bij 
hoge aandrijfamplitudes, geordende gebiedjes voorkomen op het oppervlak. Deze 
geordende gebiedjes kunnen gevonden worden door gebruik te maken van een 
speciaal ontwikkelde methode die in real-time de posities van golfmaxima vindt 
uit beelden van het oppervlak. 

Op het gebied van spatio-temporele chaos is er, tenslotte, ook een numeriek 
model onderzocht. De vraag, die hierbij voorop staat, is of het mogelijk is om 
uit het verval van correlatiefuncties het aantal vrijheidsgraden van een systeem 
te bepalen. Er is aangetoond dat dit inderdaad mogelijk is maar dat hierbij 
zeer zorgvuldig bekeken moet worden welke variabele en welke coherentie-functie 
voldoende informatie geven over de relevante vrijheidsgraden van het systeem. 
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Het voorkomen van een nietctriviaal tijdgemiddeld patroon in een wanorde
lijk systeem geeft aan dat de randen van het systeem nog steeds belangrijk 
zijn. 

L. Ning et al. Phys. Rev. Lett. 71, 2216 (1993); 
dit proefschrift, hoofdstuk 6. 

II De waargenomen intermittentie in het Faraday experiment wordt veroor
zaakt door coherente structuren. Deze structuren zijn lokaal geordende ge
biedjes die gedurende korte tijd bestaan op het wanordelijke golfoppervlak. 

Dit proefschrift, hoofdstuk 7. 

III Geheugen is er de oorzaak van dat de tijd een snelheid lijkt te hebben. 

IV Het tonen van kansdichtheidsverdelingen op een logaritmische schaal is te 
prefereren boven een weergave op een lineaire schaal. Deze manier van 
presenteren geeft meer informatie over de signifikantie van beweringen over 
de vorm van zo'n verdeling. 

V Bij het modelleren van data worden vaak transformaties uitgevoerd die het 
mogelijk maken lineaire regressie toe te passen. Meestal wordt hierbij, ten 
onrechte, voorbijgegaan aan het feit dat hiermee ook de foutenmarges mee 
transformeren. 

W.H. Press et al. Numerical recipes in C, Cambridge University Press, 
Cambridge (1992) 

VI Vanuit het gezichtspunt van een foton is de electromagnetische wisselwerk
ing lokaal en instantaan. 



VII De empiristische interpretatie van de quantummechanica leert dat het alleen 
zin heeft om te praten over eigenschappen van deeltjes als deze eigenschap
pen volgen uit metingen. Dit standpunt is echter meer in het algemeen 
geldig: de wereld komt tot ons via onze zintuigen en ons wereldbeeld wordt 
daarom bepaald door de aard van de informatie die onze zintuigen ons 
leveren. 

W.M. de Muynck On the necessity and sufficiency of local 
commutativity /or causality in quantum mechanics. 

Proefschrift, Universiteit van Amsterdam (1984). 

VIII In veel gevallen geeft de informatiefunctie vooral informatie over de sig
nifikantie van correlatiefuncties. 

IX Leven is onmogelijk in een universum dat beheerst wordt door enkel lineaire 
natuurwetten. 

X Het feit dat decentrale opwekking van energie ongunstig is voor de grote 
energie leverende bedrijven zorgt ervoor dat de ontwikkeling van duurzame 
energiebronnen ernstig vertraagd wordt. 


