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1

INTRODUCTION

1.1 Geophysical fluid dynamics

Geophysical fluid dynamics (GFD) is the branch of fluid mechanics that concerns the large-scale
flows in the atmosphere and the oceans. These flow phenomena are governed by the rotation of the
Earth and by density stratification. A well-known example of the influence of the Earth’s rotation
is the flow in high and low pressure cells in the atmosphere: on the Northern Hemisphere flows are
deflected to the right by the Coriolis force, resulting in a cyclonic (i.e. counterclockwise) circulation
inside low pressure cells, and anticyclonic circulation inside high pressure cells. Density stratification
implies that the (mass) density of the flow medium is not constant, but a function of the spatial coor-
dinates (in general the height). Particularly, oceanic water becomes saltier and colder, and therefore
more dense with increasing depth. Analysis of the equations that describe the motion of a rotating
and stratified fluid shows that these effects only affect flows that have typical length scales larger than
a few kilometers, see Pedlosky (1979). The study of geophysical fluid dynamics is essential in order
to gain a better understanding of the behaviour of the atmosphere and the oceans, and is therefore
of major importance for weather prediction. More recently, issues as climate change and the deple-
tion of ozone above the Arctic and Antarctic regions (see, e.g., McIntyre 1989) have added to the
increasing interest in GFD.

An important property of geophysical flows is the fact that they usually can be considered as quasi
two-dimensional (Q2D). Very large-scale motions in the atmosphere can, based purely on their ge-
ometry, be considered as two-dimensional (2D): Their horizontal scale is much larger (of the order of
1000 km or more) than their vertical scale (the thickness of the atmosphere, approximately 10 km).
In addition, in flows that are governed by a background rotation or a density stratification vertical
motions (i.e., in the direction of either the rotation vector or the gravity force, respectively) are sup-
pressed, and this also contributes to the 2D character of geophysical flows. In a stratified fluid it is
the buoyancy force that opposes vertical motions. In a rotating fluid a mechanism, explained by the
so-called Taylor-Proudman theorem, causes the flow to become uniform in the vertical direction. In
contrast to everyday three-dimensional (3D) flows, 2D flows possess a rather counterintuitive prop-
erty, called self-organization. Initially random small-scale motion on a 2D domain eventually trans-
forms into a number of larger coherent structures, called vortices, in which the fluid rotates either
clockwise or counterclockwise (McWilliams 1984). These vortices interact with each other, where
same-signed vortices have been found to merge and thereby grow in size when they approach each
other sufficiently close. Oppositely signed vortices can form pairs that start to move around in the
flow. In reality purely 2D flows do not exist, of course, but observations in nature and in laboratory
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experiments have revealed that coherent vortex structures also arise in flows that are governed by a
background rotation or a density stratification. Such vortices are usually referred to as being Q2D,
because although their dynamics is comparable to that of purely 2D vortices, their structure is essen-
tially 3D.

1.2 Examples of vortices in nature

Similar to the high and low pressure cells in the atmosphere also in the oceans vortices can be found, in
a large range of scales. Many examples of these vortices (or eddies) are given by McWilliams (1985)
and Kostianoy & Belkin (1989). Eddies that exist at the ocean’s surface can be traced relatively eas-
ily by satellite (infrared) imaging, as they usually contain water with a typical temperature signature.
Examples of surface eddies are the Gulf Stream Rings near the eastern coast of Canada (Cheney &
Richardson 1976 and Olson 1979), Kuroshio Warm Core Rings off the coast of Japan (Matsuura &
Kamachi 1989), eddies in the Agulhas current system near South Africa (Lutjeharms 1989), eddies
in the Bay of Biscay (Pingree & Le Cann 1992) and so-called mushroom-like currents in the Arctic
region (Federov & Ginsburg 1989). The subsurface eddies are more difficult to find. Generally, they
have a pancake-like appearance and exist at various depths in the oceans. Usually their existence is
demonstrated by lowering neutrally buoyant floats at specific (but ’arbitrary’) depths in the ocean.
Therefore, subsurface vortices are often found by chance, and it is remarkable that they are never-
theless frequently observed (Richardson 1993). The most famous ones are the so-called Meddies, or
Mediterranean eddies, which are formed by warm salty Mediterranean water that intrudes in the At-
lantic Ocean near Gibraltar (see, e.g., McDowell & Rossby 1978, Armi et al. 1988, Marshall 1988
and Prater & Sanford 1994). Recently, results of a detailed in situ oceanographic investigation (see
Bower et al. 1997) provide a reasonable explanation for the generation mechanism of Meddies. In
short, the authors found evidence that the Meddies are formed by the detachment of the current of
Mediterranean water from either the southern or the western Portugese coast. This process results
in clockwise rotating vortices at a depth of typically 1 km, that have a diameter of 20-200 km and a
vertical extent of 200-1000 m. Based on this formation mechanism Bower et al. (1997) estimated
a Meddy formation rate of 15-20 Meddies per year. In one case reported in the literature, a Meddy
was found to exist for a period of over two years, see Armi et al. (1989). Another region of abundant
’sightings’ of subsurface vortices is the Arctic region (Hunkins 1974), where the eddies are usually
formed by the intrusion of cold and fresh melting water in the warmer and salty (stratified) seawater.
The presence of an ice cover may cause some interesting decay processes of such Arctic vortices, see
e.g. Ou & Gordon (1986) and Chao & Shaw (1996). Even an interaction between two subsurface ed-
dies, resulting in their coalescence, has been observed in nature, see Cresswell (1982). Recently, also
an entirely new generation mechanism for eddies in the ocean has been proposed by Speer (1998).
Seawater from the ocean floor can be heated by the presence of a hot magma chamber just under
the seabed. This may result in a so-called hydrothermal plume of hot water that rises to a level in
the water column where it is neutrally buoyant. There it spreads out radially, becomes affected by
the rotation of the Earth and forms an anticyclonic eddy. This process has in fact been confirmed by
oceanographic data by Lupton et al. (1998).

Vortices can also be generated in the (laminar) wake behind an object in a flow, where a so-called
Von Karman vortex street is formed, see Kundu (1990). Examples of such vortex streets in the at-
mosphere have been reported, e.g., in the flow downstream of the island Jan Mayen, in the North At-
lantic Ocean, see Baines (1995), and similarly in the wake of one of the Aleutian Islands (Alaska), see
Kundu (1990). In a homogeneous environment a turbulent wake will not result in such a nice regular
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vortex street, but it was found that in a stratified fluid the collapse of a turbulent wake behind an object
does result in a very persistent vortex street, even for very high Reynolds and Froude numbers, see
Spedding (1997). In some applications such a vortex street can be regarded as very inconvenient, like
for a submarine moving through a stratified ocean, because the wake might give away the trajectory
and the position of the craft. Also sudden changes in the direction of a submarine have been found to
result in the formation of large vortex structures, see Voropayev et al. (1999). Probably this specific
problem has been the reason for the numerous laboratory experiments that have been published in
the past (and even more that have been classified and never published) on the wakes behind ’bluff
bodies moving through a stratified fluid’, see, e.g., Pao & Kao (1977), Lin & Pao (1979), Chomaz et
al. (1993), Spedding et al. (1996) and Spedding (1997).

1.3 Balanced flows

Separate investigations of both the evolution of turbulence in (nonstratified) rotating fluids and in
(nonrotating) stratified fluids have revealed that in the first case the fluid organizes in columnar vor-
tices, whereas in the second case thin pancake-like vortices are formed. In a rotating stratified fluid
these two contrasting scenarios will be in competition, yielding lens-like eddies as shown in labora-
tory experiments by, e.g., Hedstrom & Armi (1988) and Bormans (1992). In these lens-like vortices
there are three possible forces in balance: the Coriolis force1, due to the background rotation, a pres-
sure gradient force, due to disturbances in the density distribution and the centrifugal force.

Four typical force balances for a vortex in a rotating stratified fluid are illustrated in figure 1.1.
The fluid motion in such a vortex can either be cyclonic (i.e. with the same sense of rotation as the
Earth) or anticyclonic (in opposite sense). This means that on the Northern Hemisphere the vortex ro-
tates (when viewed from above) counterclockwise or clockwise, respectively. In figure 1.1 the sense
of rotation is indicated schematically by the direction of the vertical arrow. In (relatively rapidly) ro-
tating fluids the Coriolis force FCor is balanced by a pressure gradient force FPres. Pressure gradients
in a stratified fluid are caused by deformations of the isopycnals (i.e. planes of constant density), as
illustrated by the planes 1 and 2 in figures 1.1(a) and (b). An anticyclonic vortex can be formed by
the presence of a high pressure region, where the isopycnals in the core diverge (a). Such a region will
yield an outflow that is deflected to the right by the Coriolis force. Eventually this results in a circu-
lar flow, balanced by the Coriolis force (directed radially inwards) and a pressure gradient force that
is directed radially outwards. In contrast, a cyclonic vortex is formed by a low pressure region; the
isopycnals in the vortex core converge (b). The deflection of the inflow now results in a circular flow
with a pressure gradient force directed radially inwards and the Coriolis force directed radially out-
wards. Such vortices (cyclonic and anticyclonic) are in so-called geostrophic balance. Under certain
flow conditions the centrifugal force FCentri inside the vortex can become so large, that it completely
balances the Coriolis force, see figure 1.1(c). It is then possible to have a balanced anticyclonic vortex
with no signature in the density distribution; the isopycnals are all horizontal. Such type of motion is
called inertial. For relatively weak background rotation the Coriolis force can become so small that
the force balance inside the vortex is formed only by the centrifugal force and a pressure gradient
force, as shown in figure 1.1(d). The vortex is then said to be in cyclostrophic balance, and can rotate
in either direction. For most types of eddies in the ocean rotation plays an essential role, but espe-
cially for the much smaller vortices in the wake of an object in a stratified ocean, or for very rapidly

1No detailed discussion of rotating fluids will be given here, but the reader may refer to Kundu (1990) or Pedlosky
(1979). For now it should only be recognized that the Coriolis force is always directed perpendicular to the flow velocity,
deflecting the flow to the right (as on the Northern Hemisphere).
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FIGURE 1.1: Schematical drawings of the different kinds of force balances in a vortex in a rotating stratified
fluid. The pictures show the free surface of the fluid (upper line) and two planes of constant density (isopycnals)

1 2. P1 is the pressure in the core of the vortex, P2 is the pressure at some distance from the symmetry axis
of the vortex (vertical dotted line). The horizontal arrows indicate the directions of the Coriolis force, the pres-
sure gradient force and the centrifugal force. The pictures represent: (a) An anticyclonic vortex in geostrophic
balance, with P1 P2. (b) A cyclonic vortex in geostrophic balance, with P1 P2. (c) An anticyclonic vortex
in inertial balance, with P1 P2. (d) A vortex in cyclostrophic balance (both rotation directions are possible),
with P1 P2.

rotating eddies, effects of a background rotation can be of limited importance. Such vortices are thus
governed by the cyclostrophic balance.

This thesis aims at describing the structure and interactions of cyclostrophically balanced vortices
in a nonrotating stratified fluid. There are several motivations to study this specific subject. In order
to fully understand the complex behaviour of geophysical flows it is important to know the roles of
both rotation and stratification on the flow separately. Furthermore, stratified fluids (either two-layer
or linearly stratified) are often used as laboratory equivalents to study purely 2D turbulence and the
process of self-organization, see, e.g., Maassen et al. (1999), or to study the interaction scenarios of
(supposedly) 2D vortices, see, e.g., van Heijst & Flór (1989), Meleshko & van Heijst (1994a), Ver-
zicco et al. (1995), Trieling et al. (1997) and Schmidt et al. (1998). Although the behaviour of these
vortices is shown to be indeed in close agreement with that of purely 2D vortices, the vortices in a
stratified fluid have an essentially 3D structure, which has not been investigated in detail yet. Decay-
ing turbulence in a (3D) stratified fluid is itself also an interesting subject for research, because its
final stage has similarities to the self-organization in 2D flows. Van Heijst & Flór (1989) described
how the injection of a turbulent cloud of fluid in a linearly stratified fluid resulted in the formation of
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a single dipolar vortex structure, i.e. a circular pancake-like structure consisting of two semicircular
counterrotating patches of fluid. Decaying stratified turbulence, generated by moving a rake through
a stratified fluid, has also received considerable attention, see, e.g., Hopfinger (1987), Browand et al.
(1987), Yap & van Atta (1993) and Fincham et al. (1996). Similar to decaying 2D turbulence, strat-
ified turbulence eventually results in the formation of vortices as well. The study of the 3D structure
of these vortices might be a good starting point in understanding the interactions of these vortices that
exist at equal, but also at different vertical levels.

1.4 Thesis overview

This thesis considers three aspects of vortices in a (linearly) stratified fluid. First, the 3D structure, the
cyclostrophic balance and the decay of axisymmetric vortices (monopoles) are investigated. Flór &
van Heijst (1996) and Trieling & van Heijst (1998) have studied such vortices previously and found a
strong decay of the flow at the vortex’ symmetry plane, due to vertical diffusion of momentum. They
derived expressions for the decay of the vortex, based on velocity data measured at the symmetry
plane of the vortex. In the present study, a fully 3D time-dependent description of the velocity field of
a pancake-like vortex in a stratified fluid is proposed and compared with some laboratory experiments.
Furthermore, it will be shown how the centrifugal force inside the vortex is balanced by a pressure
gradient force, when the linear density distribution is slightly altered inside the vortex, see also figure
1.1(d). This perturbation of the density distribution will decay in time together with the velocity field
of the vortex. However, the stratifying agent of the fluid is salt, and the large difference in the time
scales of the diffusion of momentum and of salt results in a convective flow in the decaying vortex.

The second aspect of a monopolar vortex is its possible instability to azimuthal perturbations.
An important characteristic of a monopolar vortex in a stratified fluid is the presence of a ring of
oppositely signed vertical vorticity. Under certain conditions this ring can become unstable and break
up into two or more vortices with a sense of rotation opposite to that of the core vortex. Such a vortex
with two satellites is called a tripole. Numerical simulations of forced 2D turbulence have shown the
spontaneous emergence of a tripole (Legras et al. 1988) and it proved to be a stable structure as well.
Details of the formation process of a tripole in purely 2D flow have been described by Orlandi & van
Heijst (1992) and Carton & Legras (1994). The tripole has also been found in laboratory experiments
in a rotating fluid (van Heijst & Kloosterziel 1989, van Heijst et al. 1991) and in a stratified fluid
(Flór et al. 1993, Flór & van Heijst 1996). Recently, the 3D aspects of the azimuthal instability of
a columnar vortex in a rotating fluid have been investigated by Orlandi & Carnevale (1999). In this
thesis a similar analysis is presented for an unstable Q2D pancake-like vortex in a stratified fluid.
Even more complicated multipolar vortices have also been found to exist. Carnevale & Kloosterziel
(1994) have described the formation (both by numerical simulations of 2D flows and in a laboratory
experiment in a rotating fluid) of a triangular vortex, i.e. a vortex with a triangular core surrounded
by three satellite vortices. In contrast to the tripole, this structure proved to be rather unstable and
probably for this reason it has never been observed in 2D turbulence. The next multipolar vortex is
the square vortex, with a square-shaped core and four satellites. In this thesis results of laboratory
experiments in a stratified fluid are presented that illustrate the formation of both vortex types, the
triangular and the square vortex, see Appendix A.

The third aspect that is studied in detail is the interaction between two vortices. The essentially
shielded structure of the vortices in a stratified fluid has important implications for their mutual inter-
actions. Such interactions are vital for the formation of increasingly larger vortex structures during
the evolution of stratified turbulence. Previously, it was found by 2D numerical simulations that two
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oppositely signed shielded vortices can form a compact dipole, see Couder & Basdevant (1986). We
have performed laboratory experiments with two interacting shielded vortices in a stratified fluid and
the dipole that was formed has been investigated in detail. The most important process for decaying
2D turbulence is the merger between two monopoles with the same sense of rotation. For two equally
signed shielded monopoles, the shielding can prevent this merger from taking place, see Valcke &
Verron (1997). This process will be illustrated by laboratory experiments as well.

The tools that are used throughout this thesis to investigate the behaviour of vortices in a strat-
ified fluid are laboratory experiments and numerical simulations with a finite-differences code. It
was found to be rather difficult to perform detailed 3D velocity and density measurements on thin
pancake-like vortices. The experiments, however, provide very useful (qualitative) flow visualiza-
tions, that clearly illustrate the processes that take place in the stratified fluid. The results of some
numerical simulations have been compared closely with the available experimental data to gain in-
sight in the validity of the simulations. In addition, other numerical simulations have been performed
to obtain detailed information on the dynamics of the vortices that could not be obtained experimen-
tally. Furthermore, numerical simulations could be performed for regimes that were beyond the ex-
perimental conditions.

This thesis is organized as follows: In chapter 2 some necessary theoretical background is pre-
sented and the numerical and experimental methods are described. The structure and dynamics of
axisymmetric vortices (monopoles) are investigated in chapter 3. In chapter 4 the azimuthal instabil-
ity of shielded monopolar vortices is discussed and the 3D structure of a tripole in a stratified fluid is
visualized. In chapter 5 interactions between two shielded monopoles are investigated, and also the
3D structure of a dipole is described. The general conclusions of this study are given in chapter 6.
This chapter also gives an outlook on newly raised and yet unanswered questions.



2

GENERAL THEORY AND METHODS

2.1 Stratified flows

2.1.1 BASIC EQUATIONS

The term stratified flow is used to describe the motion of a density-stratified fluid (also referred to as
a stratification). In such a fluid the density is a function of one or more of the spatial coordinates.
Density differences in a fluid can be caused by temperature gradients or by differences in the concen-
tration of a substance that is dissolved in the fluid, for example salt. In this thesis it will be assumed
that density differences are caused only by differences in the salt concentration (i.e. the salinity). The
equations governing the motion of such a stratified fluid are given by

Dv
Dt

p gez
2v (2.1)

1 D
Dt

v 0 (2.2)

DS
Dt

2S (2.3)

S (2.4)

where v u is the velocity vector with components in the x y z -direction, p the pressure,
the fluid density, g the gravity acceleration, the dynamic viscosity, S the salinity, a functional

relationship between the salinity and the fluid density, the diffusivity of salt in water and ez the unit
vector in the z-direction. The gravity force is thus pointing in the negative z-direction.

The equation of state, that links the salinity S to the fluid density has not been specified yet. In
figure 2.1 a graphical representation of this relationship is given as well as the change in the kinematic
viscosity ( ) of the fluid due to changes in the salinity. Apparently, the functional relationship

can, within the range of experimental conditions, be approximated by a linear function. The de-
pendence of the kinematic viscosity on the salinity is of the order of 30% for the range shown; for the
density changes that are relevant in the experiments ( may vary from 1 03 g cm 3 to 1 05 g cm 3),
however, the viscosity variations will be of the order of a few percent only. We will therefore assume
a constant kinematic viscosity from here on.

An important simplification of the equations of motion (2.1-2.2) for a stratified fluid is obtained
when density changes in the fluid are neglected except within the gravity term in equation (2.1). This
approximation was introduced by Boussinesq in 1903 (see, e.g., Kundu 1990). First, the density and

9
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FIGURE 2.1: (a) Fluid density and (b) kinematic viscosity of a NaCl solution as a function of the salinity S at
a temperature of 20 C (Weast 1988). (The maximum amount of NaCl that can be solved in water of 20 C is
359 g/l.)

pressure are expanded around a homogeneous basic state, that is in hydrostatic balance. The pressure
and density are then written as

p x t p0 z p x t (2.5)

x t 0 x t (2.6)

where 0 is a constant reference density, p0 z the corresponding hydrostatic pressure, and x x y z
the position in the fluid. The variables p and thus represent the pressure and density differences
in a stratified fluid with respect to a homogeneous fluid with density 0 in hydrostatic balance. By
doing so, dividing by 0 and using the hydrostatic balance, dp0 dz 0g, it is possible to write
equation (2.1) as

1
0

Dv
Dt

1

0
p

0
gez

2v (2.7)

Under the assumption that 0, the correction 0 in the inertia term can be neglected, and the
density changes appear only in the gravity term. Besides, it can be shown that the term 1 D Dt
in the continuity equation (2.2) can be neglected in this case, see Kundu (1990). In other words, the
flow can be considered as incompressible. This simplification of the equations of motion for a strat-
ified fluid is called the Boussinesq approximation, and the corresponding set of equations is given
by

Dv
Dt

1

0
p

0
gez

2v (2.8)

v 0 (2.9)
D
Dt

2 (2.10)

where the expression (2.10) is obtained by applying a linear relationship between S and and using
(2.6).
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An important property of a stratified fluid is that whenever a fluid parcel is displaced in the z-
direction by a distance from its equilibrium position, it will experience (in a first order approxima-
tion) a buoyancy force g d dz (per unit volume) that tends to bring the parcel back to its equilibrium
level. The equation of motion for such a fluid parcel (neglecting the effect of viscosity) is given by

d2

dt2
g

d
dz

(2.11)

The resulting motion, with the initial displacement of the parcel given by 0, is

t 0exp iNt (2.12)

where N is called the buoyancy frequency, defined by N2 g d dz, with the dimension rad s 1.
It represents a measure of the strength of the stratification. When d dz 0 N becomes a complex
number, and equation (2.12) indicates that small perturbations grow exponentially; such a stratifi-
cation is gravitationally unstable. On the other hand, when d dz 0, the real part of the solution
(2.12) describes a vertical oscillation of the fluid parcel with an amplitude 0 and a frequency N.

In contrast to this free oscillation of a fluid parcel one could also induce waves by forcing fluid
parcels in a stratified fluid to oscillate at a specific frequency1. These forced internal waves have the
peculiar property that they propagate in a direction that depends on the forcing frequency and on
the local buoyancy frequency. The relationship between the frequency of forced internal waves and
the direction of their propagation is given by

N
cos (2.13)

(see, e.g., Turner 1973) where is the angle between the wave fronts and the vertical axis, as illus-
trated in figure 2.2. The wave fronts propagate in a direction which is given by the wave vector k, and
fluid parcels oscillate along the direction perpendicular to k. Equation (2.13) shows that waves with
a frequency higher than the buoyancy frequency are not supported by the stratification. Waves forced
with a frequency N cause fluid parcels to oscillate in the vertical direction (as for a freely os-
cillating parcel), whereas low frequency waves ( N) are characterized by fluid motion in almost
horizontal shear layers. Besides, local differences in the buoyancy frequency can result in locally
different propagation angles for the internal waves.

2.1.2 TURBULENCE IN DENSITY STRATIFIED FLUIDS

The property of a stratified fluid to restore perturbations in the density distribution results in a different
behaviour of the decay of so-called stratified turbulence, compared to turbulence in homogeneous
fluids. The understanding of the behaviour of stratified turbulence is of great importance for the study
of flows in the atmosphere and in the oceans (Lilly 1983). Stratified turbulence has been studied
extensively in laboratory experiments and in numerical simulations (for a review see Hopfinger 1987).
In the literature three different kinds of laboratory experiments on stratified turbulence have been
reported. The first kind of experiment implies the horizontal or vertical motion of a grid through a
stratified fluid (see, e.g., Browand et al. 1987 and the references therein and Yap & van Atta 1993).
The stratified wake collapse is a second example of stratified turbulence, in which the evolution of
an initially turbulent wake behind an object towed through a stratified fluid is investigated (see Lin

1Such waves are, for example, generated by oscillating a horizontal cylinder vertically in a linearly stratified fluid, see
Mowbray & Rarity (1967).
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FIGURE 2.2: Sketch of the propagation of internal waves in a linearly stratified fluid in the r z plane. The
waves propagate in the direction of the wave vector k. The angle between the wavefronts and the z-axis is given
by . Fluid particles oscillate in a direction parallel to the wave fronts, as indicated by the arrows.

& Pao 1979, Chomaz et al. 1993 and Spedding et al. 1996). A third example is the collapse of a
turbulent patch or jet in a stratified fluid (see, e.g., Wu 1969, Flór & van Heijst 1994, Flór et al. 1994,
Lemckert & Imberger 1995, and Fonseka et al. 1998).

The evolution of turbulence in all these experiments is characterized by an initially turbulent stage
which shows not much difference with turbulence in a nonstratified fluid. This initial stage is followed
by a collapse of the turbulence, where specifically vertical motions are strongly suppressed and the
initially isotropic turbulence becomes noticeably anisotropic. The fluid motion becomes organized
by the coalescence of small-scale vortices, forming increasingly larger structures. Finally, quasi two-
dimensional (Q2D) flow results, which consists of thin pancake-like vortices. This collapse stage is
also accompanied by the emission of internal waves that propagate away from the generation region.

Decaying turbulence in a stratified fluid has been studied numerically by Riley et al. (1981). In
this paper a theory is proposed that describes the two different flow regimes during the decay of strat-
ified turbulence, in the limit of a low Froude number2: (1) the generation of internal waves and (2)
the Q2D flow in which the flat pancake-like vortices are formed. The theoretical model by Riley et
al. (1981) was extended by Lilly (1983). That model also describes the initial stage (in which the
Froude number is still large) of approximately three-dimensional turbulence and it even includes the
effects of a background rotation. The model of Lilly will be described here in short (but without the
effect of rotation) to illustrate the emergence of the three different kinds of flows in a stratified fluid.
The analysis is based on the fact that, depending on the use of different scalings of various terms in
the Boussinesq equations, different flow regimes can be distinguished.

At this point it is convenient to decompose the density and pressure deviations and p (which
are defined as the deviations of the stratified fluid from a homogeneous fluid) in a part (indicated by
a bar) that represents a linear density profile that is time independent and in hydrostatic balance, and
a perturbation with respect to this linear profile (indicated by a tilde):

p x t p z p x t (2.14)

x t z x t (2.15)

By using N2 g 0 d dz and the hydrostatic balance d p dz g, the Boussinesq equations

2The Froude number can be seen as a measure of the relative importance of inertial forces over buoyancy forces. A
low Froude number thus means either a strong stratification or low fluid velocities.



2.1 Stratified flows 13

(2.8-2.10) can be rewritten in the form

Dv
Dt

1

0
p

0
gez

2v (2.16)

v 0 (2.17)
D
Dt

N2
0

g
2 (2.18)

For now, effects of viscosity and diffusion of salt are neglected in the analysis. The equations are
rewritten in a nondimensional form (omitting symbols that indicate the nondimensionality of the vari-
ables). For the first flow regime a length scale L, velocity scale V, and advective time scale Ta L V
are introduced. The density perturbation is scaled by 0 N2 L g and the pressure p is assumed to be
of the order 0V2. This leads to a scaled momentum equation similar to (2.16), but with a factor 1 F2

in the buoyancy term, where F V N L is the Froude number3. This implies that when the buoy-
ancy force is relatively weak (i.e. when either the stratification is weak or when flow velocities in the
direction of the density gradient are high) we have F 1 and the flow can still be regarded as 3D.
This case describes the initial stage of turbulence in a stratified fluid, which is hardly affected by the
stratification and shows a quite close resemblance to turbulence in homogeneous fluids.

When the stratification becomes relatively more important, two different flow regimes can be de-
scribed, based on the use of different time scales, the advective time scale Ta as before and a buoyancy
time scale Tb N 1. A description of the internal wave regime is obtained by using the buoyancy
time scale Tb . Again all velocities are scaled by V. It is then assumed that the vertical pressure gradi-
ent in the momentum equation, p z, is of the same order of magnitude as the buoyancy term, g (in
other words, there are no pressure driven flows in the vertical direction). Furthermore, it is assumed
that t is of the same order as the buoyant advection, d dz, where is the vertical velocity.
Therefore, the density fluctuations are now scaled by F 0 N2 L g and the pressure by 0V2 F. The
set of equations that describes the flow is consequently given by:

v
t

F v v p ez (2.19)

v 0 (2.20)

t
F v 0 (2.21)

These equations transform into the linear equations of motion for internal waves, when F 1 (see,
e.g., Kundu 1990), and therefore describe the internal waves that are observed during the decay of
stratified turbulence.

To explain the occurrence of the pancake-like vortex structures a different scaling has to be ap-
plied. The vertical velocity will not be scaled by V anymore, like the horizontal velocities u and .
In order to obtain an appropriate scaling for it is assumed that the horizontal pressure gradients are
of the same order as the nonlinear inertial term in the horizontal components of the momentum equa-
tion. Again the vertical pressure gradient and the buoyancy term are assumed to be of the same order
and also t and d dz are of the same order. Time is now scaled by the (horizontal) advective

3It should be noted here that the terminology of the Froude number is not consistent throughout the literature. There
have been many different definitions that were all called the Froude number. An interesting historical note about this
”Froude number for everything syndrome” is presented by Baines (1995). The Froude number in this thesis is defined
by the square root of the ratio between the inertia force and the buoyancy force, and is usually referred to as the internal
Froude number.
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time scale Ta. This leads to the new scalings for the pressure p of 0V2 , for the density fluctuation
of F2

0 N2 L g and for the vertical velocity of F2V. This yields the equations

vH

t
vH H vH F2 v H

z H p (2.22)

F2

t
vH H F2

z
p
z

(2.23)

H vH F2

z
0 (2.24)

t
vH H F2

z
0 (2.25)

The subscript H refers to the horizontal x y -plane. For F 1 the horizontal and vertical motions
completely decouple in these equations, and purely two-dimensional (2D) flow results for which a
stream function x y z can be defined by vH x ez H x . These equations then describe
the end stage of stratified turbulence, that consists of flat vortex structures with vertical velocities that
are much smaller than the horizontal velocities, and the structures seem to have no vertical coupling4.
The vertical momentum equation now only describes the hydrostatic balance. The buoyancy equation
(2.25) shows that vertical velocities will generate buoyancy, but for F 1 these do not affect the Q2D
flow, see (2.22). In the next section a few models are described for the vortex structures that can be
found in such a Q2D flow.

The theory above describes only how three different flow regimes (3D turbulence, internal waves
and Q2D flow) can be obtained for the high and low Froude number limits of the Boussinesq equa-
tions. Obviously, there is also an intermediate stage for moderate Froude numbers, called the nonequi-
librium regime, see Spedding (1997), during which potential energy, created by overturning motions,
is reconverted into kinetic energy. This regime is therefore characterized by a substantially lower
decay rate of the kinetic energy, than the 3D turbulent regime and the Q2D regime. Experimental
evidence for this intermediate regime, with a substantially lower energy decay rate, was given by
Spedding (1997) for the decay of the initially turbulent wake of a sphere in a stratified fluid, and also
recently by Maassen et al. (1999) for freely-decaying stratified grid turbulence.

2.2 Vortices in 2D and Q2D flows

2.2.1 QUASI 2D VORTICES

Two-dimensionality of vortices in laboratory experiments can be achieved in several ways. Dipolar
vortices generated in the wake behind a cylinder towed through a soap film (as in the experiments
of Couder & Basdevant 1986) are 2D owing to the large aspect ratio of the horizontal to the vertical
length scales of the flow domain. The same argument applies to vortices created in experiments with
very thin layers of a homogeneous (nonrotating) fluid (see Antonova et al. 1985 and 1990). For fluid
flow in a rotating tank, it can be shown that when the applied rotation is strong enough the motion
in the tank (except for bottom and sidewall boundary layers, of course) is uniform in the direction of
the rotation vector, i.e. the motion is organized in vertical columns and is therefore approximately
2D. This property is described by the Taylor-Proudman theorem and the columns arising in the fluid
are called Taylor columns, or more rarely Proudman pillars (see, e.g., Pedlosky 1979). In a density

4It should be noted that for low Froude numbers an expansion in powers of F would be more appropriate. However,
for illustrative purposes simply putting F 0 is a fair approximation.
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FIGURE 2.3: Schematic representations of the vorticity distribution of various types of vortices reported of in
the literature: (a) shielded monopole, (b) dipole, (c) tripole, (d) triangular vortex and (e) square vortex. The
arrows indicate the net rotation or translation (for the dipole) of the vortex.

stratified fluid we have seen that the buoyancy force effectively opposes fluid motion in a direction
parallel to the gravity force. In the previous section it was shown how initially isotropic turbulent
motion in a stratified fluid eventually results in planar Q2D flow, which (in contrast to fluid motion in
rotating flows) will not be uniform in the vertical direction. The flow consists of a several pancake-
like (or discus-like) vortices.

In this section some basic theory of purely 2D vortices will be presented and some examples of
vortices in geophysical flows will be given. Then the dynamics of vortices in a stratified fluid is ex-
plained by the Ertel theorem and the energy balance equation.

2.2.2 MODELS OF 2D VORTICES

In 2D flow in the x y -plane with v u 0 there is only one nonzero component of the vorticity
vector v 0 0 . Besides, a stream function may be defined for the flow field by
v ez , where ez is the unit vector pointing in a direction perpendicular to the flow field. By
definition the vorticity and the stream function are related by 2 . The vorticity equation that
describes the 2D flow is given by

t
J 2 (2.26)

where

J
x y y x

(2.27)

is the Jacobian operator. The equation is obtained by taking the curl of equation (2.8) under the as-
sumptions that z 0 and g 0. For (nearly) inviscid and stationary flows one can approximate
the Jacobian by J 0, which means that there exists an integrable functional relationship

F . Models that can be found in the literature on vortex motion in 2D flows are either aimed at
finding this specific functional relationship between and for various flow types, or they prescribe
a vorticity distribution based on the assumption of a specific -relationship.

Numerical simulations of evolving 2D flows by McWilliams (1984) have revealed that initially
random vorticity distributions organize in coherent vortex structures. In a numerical simulation of
forced 2D turbulence by Legras et al. (1988) several types of these vortex structures could be distin-
guished. A classification of vortices has been made based on the spatial arrangement of the vorticity
and examples are sketched in figure 2.3. Axisymmetric vorticity distributions, either single signed
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or consisting of a core surrounded by a shield with oppositely signed vorticity, are called monopoles
(a) and contain net angular momentum. A dipole (b) consists of two closely packed semicircular
patches of oppositely signed vorticity. A symmetric dipole translates along a straight path, while the
path will be curved when the vorticity is distributed asymmetrically. A perturbed shielded monopole
has been observed to transform into a tripolar vortex (c), see, e.g., van Heijst & Kloosterziel (1989),
Carton et al. (1989), van Heijst et al. (1991) and Orlandi & van Heijst (1992). This vortex has an
elliptical core surrounded by two satellite vortices, which originate from the oppositely signed vor-
ticity shield. Like the monopole, the tripole rotates in a direction defined by the sign of the vorticity
in the core. That means (when viewed from above) a clockwise rotation for negative and counter-
clockwise rotation for positive . Vortices similar to the tripole, but with even more satellites around
the core have also been found, not only in numerical simulations (Morel & Carton 1994), but also in
laboratory experiments in a rotating fluid (Kloosterziel & van Heijst 1991, Carnevale & Kloosterziel
1994 and Beckers & van Heijst 1998) and in a stratified fluid (Flór & van Heijst 1996 and Appendix
A of this thesis). Such vortices are named after the shape of their cores, like the triangular (d) and
the square (e) vortex.

A monopolar vortex is called isolated if the area integral over the vorticity (i.e. the net circulation)
is zero. A useful analytical expression for the vorticity distribution of a particular isolated monopolar
vortex was given by Carton et al. (1989):

r 1 1
2 r exp r (2.28)

where is a parameter that controls the steepness of the vorticity profile. For 2 the profile is
called isolated Gaussian, because the associated stream function represents a Gaussian distribution.
In figure 2.4(a) the vorticity distribution according to equation (2.28) is displayed for four different
values of . A linear stability analysis (for an inviscid flow) of the profile (2.28) has shown that for
values of 1 85 the initial circular vortex is azimuthally unstable to small perturbations, so that
the outer ring of opposite vorticity breaks up into a number of satellite vortices as illustrated in figure
2.3(c-e) (see Carnevale & Kloosterziel 1994 and Orlandi & Carnevale 1999). Which wave number
in the perturbation will grow fastest was found to depend on the value of . Figure 2.4(b) shows
how the growth rate of the wave numbers n 2 3 and 4 depends on . A perturbation with wave
number n 2 can eventually transform a shielded monopole into a tripole, whereas n 3 may result
in a triangular vortex, etc. In chapter 4 the growth of azimuthal perturbations is investigated in more
detail.

A model for the vorticity distribution inside a dipole was given by Lamb5 in 1906. This model
is based on the assumption that there exists a linear relationship, k2 , between the vorticity and
stream function6, inside a circular region of radius a (see, e.g., Batchelor 1967):

r 2kU
J0 ka J1 kr sin for r a

r 0 for r a
(2.29)

with U the translation velocity of the dipole and J0 and J1 Bessel functions of the first kind (of zeroth
and first order, respectively). A drawback of this vortex model is that the vorticity distribution has a
discontinuous radial derivative at the edge of the dipole. Therefore, the Lamb dipole is (in contrast to
the isolated monopole model) not an entirely physically realistic description of a vortex; in a viscous
flow the discontinuity will immediately be smoothed. In figure 2.5 a contour plot and a cross-section

5A similar model was published independently by Chaplygin several years earlier, see Meleshko & van Heijst (1994b).
6The stream function is in this case calculated in a frame comoving with the dipole.
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FIGURE 2.4: (a) Radial cross-sections of the vorticity distribution of an isolated vortex according to equation
(2.28) for four different values of . (b) Growth rate (in arbitrary units) of three azimuthal perturbations as a
function of the steepness parameter (Carnevale & Kloosterziel 1994).

of the vorticity of the Lamb dipole are shown. Dipoles have been studied in laboratory experiments
in, e.g., soap films (by Couder & Basdevant 1986), in rotating fluids (see, e.g., Velasco Fuentes &
van Heijst 1994) and in stratified fluids (see, e.g., Voropayev et al. 1991 and Flór & van Heijst 1994).
The -relationships that were obtained for the dipoles in these experiments did not only manifest
linear shapes, but also sinh-like and many other nonlinear relationships have been found. Couder &
Basdevant (1986) found that these nonlinear -relationships could be attributed to noncompact
vortex dipoles. The subject of (nonlinear) -relationships of dipoles will be further addressed
in chapter 5.

2.2.3 GEOPHYSICAL VORTICES

In nature, the large scale flows in the atmosphere and oceans are governed by rotation (of the Earth)
and density stratification. Consequently, these flows may become Q2D, depending on the relative
strengths of rotation and stratification. Density stratification of the ocean is caused by a combination
of salinity and temperature gradients. Just below a well-mixed surface layer there is a region, called
the thermocline, with a strong temperature stratification, and in which the buoyancy frequency attains
a distinct maximum value. Probably the most documented type of vortical motions in the ocean can
be found in this region: the so-called submesoscale coherent vortex (SCV), described in detail in a
review paper by McWilliams (1985). In other papers these eddies are also referred to as salt lenses
(as in Marshall 1988), or intrathermocline eddies (ITE) (by Kostianoy & Belkin 1989).

SCVs are monopoles, usually rotating in anticyclonic sense7. Their horizontal size ranges from
approximately 10 to 100 km, and they have a vertical size ranging from 200 to 1000 m. Further-
more, these vortices have a stratification minimum in the centre, i.e. a local thickening of isopycnal
layers inside the vortex, giving them the appearance of a double-convex lens as illustrated in figure
1.1(a). Their cores contain water with more or less homogeneous chemical properties, such as salin-
ity, temperature and sulphur and oxygen concentrations. The lifespan of one of these eddies has been
observed to be up to at least two years (Armi et al. 1988 and Armi et al. 1989). A remarkable ob-

7McWilliams (1985) argues that ”No cyclonic SCV has yet been observed with sufficient completeness that its iden-
tification as such is indisputable. If cyclonic SCVs exist, they are certainly in the minority”.
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FIGURE 2.5: (a) Vorticity contours of a Lamb dipole according to (2.29). Dashed lines indicate negative vor-
ticity, solid lines positive vorticity. (b) Cross-section of the vorticity of the Lamb dipole in (a) for x 0.

servation concerns an eddy that contained water characteristic for the Mediterranean Sea (because of
their origin these vortices are dubbed Meddies), which was found near the Bahamas (McDowell &
Rossby 1978), some 6000 km away from the Strait of Gibraltar8. The propagation mechanism of these
vortices is not yet well understood and still forms the subject of extensive modelling9. McWilliams
(1985) provided an extensive classification of SCVs into 13 different types, and a similar survey (of
ITE observations) was presented by Kostianoy & Belkin (1989). It is beyond the scope of this thesis
to give a description of these various types of SCVs, but they have been categorized in general by
different sizes, ways of generation, depths of appearance in the ocean (at the surface, at mid-depth or
near the bottom) and their locations around the world.

A nonaxisymmetric type of oceanic vortices is the so-called mushroom-like current (Fedorov &
Ginsburg 1989). These vortex dipoles are often observed in satellite images by the motion of passive
scalars, such as floating ice in the Arctic regions or near-surface temperatures. Three mechanisms of
the formation have been mentioned in the literature. They are often driven by a wind forcing, gener-
ated by the outflow of fresh water from rivers into the ocean or formed by jets of fresh water caused
by melting ice.

Azimuthal instability of oceanic vortices (e.g., the formation of a tripole) is very difficult to demon-
strate, because it requires a large number of velocity measurements at different positions in the vortex
(see Mied et al. 1983). However, certain vortices appear at the water surface and they can be traced
by satellite infrared measurements. In one publication the existence of a tripolar structure in the Bay
of Biscay was indeed demonstrated (see Pingree & Le Cann 1992).

In all studies concerning oceanic vortices, the dynamical balance inside the eddies is assumed to
be quasi geostrophic, which implies a balance between horizontal pressure gradients, the centrifugal
force and the Coriolis force, see also figure 1.1. The relative importance of these forces can be ex-
pressed by the Rossby number Ro V f L and Froude number F V N L, with V the characteristic
velocity, L the length scale and f 2 sin the Coriolis parameter, representing the component of
the Earth’s rotation vector perpendicular to the Earth’s surface (where is the geographical latitude).

8Even more of similar observations are given by Kostianoy & Belkin (1989).
9The motion of SCVs has for example been attributed to the planetary effect and to the interaction of the vortex with

external flows such as large-scale shear (see, e.g., Beckmann & Käse 1989 and Walsh 1995).
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FIGURE 2.6: Schematic illustration(side-view) of the deformation of two isopycnals 1 and 2 above and below
a vortex column with diameter D in a stratified fluid. (a) The density field is unperturbed, (b) the vortex is
compressed, (c) the vortex is stretched.

Consequently, there is a competition between a columnar structure (for N f 1) and a pancake-
like structure (for N f 1) of the vortex. A typical value of N f in the region where Meddies are
formed is 25 (Walsh & Pratt 1995).

2.2.4 ERTEL’S THEOREM

Changes in the density gradient have an effect on the vorticity distribution of a vortex in a strati-
fied fluid. A theorem has been derived by Ertel in 1942 (see, e.g., Pedlosky 1979), that relates these
changes in the density gradients to changes in the vorticity. First, the vorticity equation is obtained
by taking the curl of equation (2.1), yielding

t
v v

p
2

2 (2.30)

With the assumption that is a conserved quantity for each fluid element (D Dt 0) and that vis-
cous effects are negligible, the vorticity equation (2.30) can be rewritten as

D
Dt

0 (2.31)

This equation is known as Ertel’s theorem, and the conserved quantity between the brackets is called
the potential vorticity. Ertel’s theorem can be understood by the following example: Consider an ax-
isymmetric vortex, with homogeneous vorticity and with diameter D, in an undisturbed stratified
fluid as illustrated in figure 2.6(a). The fluid inside the vortex tube between the isopycnals 1 and

2 is then in solid body rotation. When, by some means, the isopycnals 1 and 2 are brought closer
together as shown in figure 2.6(b), conservation of mass requires that the diameter D of the vortex
increases, while conservation of angular momentum demands that the vorticity decreases. An oppo-
site effect can be observed in figure 2.6(c), where the vortex has been elongated. The diameter has
decreased and the vorticity has increased. These processes are equivalent to the conservation of the
quantity zd dz, as stated by Ertel’s theorem in equation (2.31). An increase in the density gradi-
ent d dz will result in a decrease of the vorticity z and vice versa. These processes are known as
compression and stretching of the vortex.

2.2.5 THE ENERGY BALANCE OF A STRATIFIED FLOW

Ertel’s theorem indicates the possibility to transform potential energy, in the form of perturbed isopy-
cnals, into kinetic energy. It is thus useful to define the potential energy that is stored in a density
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FIGURE 2.7: The displacement of a fluid parcel in a linear stratification z . A parcel (A) initially at z
z1 is displaced an amount z to z z2. The deviation of the density of the fluid parcel with the density of
the surrounding fluid is . To satisfy the conservation of mass, a second parcel (B) has to be displaced in the
opposite direction.

perturbation in a stratified fluid (see also Verzicco et al. 1997). Multiplying equation (2.16) by 0v
yields an equation for the conservation of energy:

1
2 0v2

t 0v v v v p g 0 v 2v (2.32)

Integration over the volume of interest gives the total energy balance of the flow in a stratified fluid10.
The total energy balance of a stratified flow is thus given by

d
dt

1
2 0v2 dV 0v v v dV g dV 0 v 2v dV (2.33)

The term on the left-hand side represents the rate of change of kinetic energy (per unit volume). The
term g indicates the rate of production or annihilation of potential energy (per unit volume) and
the last term on the right-hand side represents the dissipation of kinetic energy. The nonlinear term
on the right-hand side equals zero for purely azimuthal axisymmetric flows.

The way in which potential energy is generated is illustrated in figure 2.7. It shows schemati-
cally the displacement z of a fluid parcel A from z1 to z2, which leads to a density deviation

0 N2 g z. The change in potential energy of this fluid parcel due to its displacement is g z.
From the fact that and z always have equal signs it can be concluded that for any density pertur-
bation , the change in potential energy of the fluid is positive. In other words, deviations from the
mean density gradient always lead to an increase in the potential energy of the fluid. It should be
noted that conservation of mass implies that when one parcel is displaced in the fluid, at least one
other parcel has to be displaced in the opposite direction. In a very simplified way this is indicated in
figure 2.7 where the rise of parcel A results in the displacement of a parcel B from z2 to z1. In con-
trast, in a homogeneous fluid such an exchange of two fluid parcels would not attribute to the change
of the potential energy.

10The term containing the pressure gradient is eliminated, provided the integration volume is large enough that veloc-
ities are negligible at the volume boundary. In that case v p dV pv dV pv ndA, where n is the
outward normal vector at the surface element dA.
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FIGURE 2.8: (a) Typical result from a probe calibration: the fluid density as a function of the probe output
voltage. The data are fitted with a quadratic function. (b) Typical density profile measured using a conductivity
probe.

2.3 Experimental methods

This thesis deals with the structure and interaction of Q2D vortices in a linearly stratified fluid. Most
of the laboratory experiments reported here have been performed in a square tank of size 80 80 40
cm3. In this section the experimental methods that have been used are outlined.

2.3.1 DENSITY STRATIFICATION

A linear density stratification can be established by applying the two-tank method, described in detail
by Fortuin (1960) and by Oster & Yamamoto (1963)11. Two communicating vessels, A and B, are
filled with fresh and salt water, respectively. Fluid is pumped out of vessel A which initially contains
fresh water and, because of the connection between the two vessels, salt water from vessel B flows into
vessel A where it is mixed with the fresh water. The fluid in vessel A therefore becomes increasingly
salty. It is pumped into the experiment tank through a porous tube located at the bottom of the tank.
This filling process eventually results in a stably stratified fluid in the experiment tank and the fluid
density in the tank increases approximately linearly with the depth.

Density measurements have been performed by the use of conductivity probes12 (see Davies 1992
and references therein for a description of the instrument). To determine the fluid density from the
output voltage of the probes, the probes need to be calibrated. Typically 18 salt solutions, with in-
creasing densities ranging from 1 00 1 11 g cm 3, were used to measure both the probe output
voltage, and the fluid density by means of a refractometer. Figure 2.8(a) gives the results of a typ-
ical calibration of a conductivity probe. A least-squares regression was used to define an analytical
relationship between the probe output voltage and the fluid density. The response of the probe is not

11Density gradient experiments are in fact much older. Already in 1630 Galileo Galilei described an experiment in-
volving a density gradient. He reported: ”In the bottom of a vessel I placed some salt water and upon this some fresh
water; then I showed them that the ball (of wax) stopped in the middle and that when pushed to the bottom or lifted to
the top it would not remain in either of these places but would return to the middle” (see Oster & Yamamoto 1963).

12Micro-Scale Conductivity Instrument, model 106, by Precision Measurement Engineering. See for details also Head
(1983).
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FIGURE 2.9: (a) Device used in the laboratory experiments to generate a monopolar vortex by the ’tangen-
tial injection method’. Fluid is injected through the vertical tube and flows tangentially into the cylinder. (b)
Schematic representation of the experiment tank: particles float at approximately half the fluid depth and are
illuminated from the sides by two light sheets, produced by slide projectors. On top a video camera is mounted,
that records the particle motion on video tape.

entirely linear; the relationship is to a good approximation given by a quadratic function. The analyt-
ical expression V for each probe is then used in a procedure that was developed to read the data
from the probes into a computer and to store them on disk. The output of the probe is sampled at a
rate that can be adjusted between 10 and 500 Hz.

The conductivity probes could be mounted on a traversing mechanism that moves a probe verti-
cally through the stratification at a typical speed of 6 cm s 1. The traversing mechanism is driven by
a step motor which is controlled by the same program that also samples the probes. The position of
the traversing mechanism, and therefore the depth of the probe in the stratification, is determined by
the output voltage of a potentiometer that records the number of revolutions of the step motor. The
output from the potentiometer is sampled in a way similar to the data-acquisition of the probes13. The
density measurements result in a (continuous) relationship between the fluid depth z and the density

z . A typical density profile measured with a conductivity probe is given in figure 2.8(b). A lin-
ear density gradient is not affected by diffusion, because the diffusion operator 2 is a second order
spatial derivative. However, at the bottom of the tank and at the water surface there can be no flux of
density (salt) in the z-direction, and therefore the density gradient has to meet the condition d dz 0
there. This means that diffusion only destroys the density profile at the water surface and at the bot-
tom, as can be seen in figure 2.8(b), but not in the middle of the tank. The mean density gradient
in the tank thus remains constant for a rather long time (one to two weeks). The (local) buoyancy
frequency of the fluid can easily be determined from the measured density profile by calculating the
density gradient: N2 z g z.

2.3.2 GENERATION OF VORTICES AND EVALUATION OF THE FLOW FIELD

Vortices are generated by means of the so-called tangential injection method (described by Flór & van
Heijst 1996). Fluid with matched density is injected horizontally along the inner wall of a bottom-
less, thin-walled cylinder, which is positioned at a certain level in the stratification, see figure 2.9(a).

13For the data-acquisition of the probes and the potentiometer, and for the step motor control of the traversing mecha-
nism a simple 386-pc is used, equipped with a DT2812 Data Acquisition Board (Data Translation) and a CY512 Stepper
Motor Controller (Cybernetic Micro Systems).
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FIGURE 2.10: (a) ’Streaks’ of moving particles obtained in a particle tracking experiment. The motion of the
neutrally buoyant tracer particles is recorded by a video camera and stored on tape. (b) Velocity field found
by following the tracer particles in time. (c) Interpolated velocity field on a grid of 30 30 points, calculated
by a spline interpolation method.

An amount of fluid V is injected during a period t at an injection rate defined by Q V t.
The injection results in a circular flow inside the cylinder, and a monopolar vortex is formed after
the cylinder is carefully removed, either by lifting it out of the fluid, or lowering it to the bottom of
the tank. During this removal care is taken that the cylinder is moved vertically in order to prevent
the just created vortex from becoming vertically sheared by motion induced at different levels. The
removal should also be very slow, in order to prevent the generation of internal waves. To avoid these
disturbing effects, the elevation speed should be no larger than approximately 1 cm s 1.

To obtain quantitative information of the velocity field of the vortex, small polystyrene particles
(of about 1 mm in diameter and with a density of approximately 1 04 g cm 3) are added to the strat-
ification and float at their neutrally buoyant level in the fluid, see figure 2.9(b). These tracer particles
are illuminated from the side by a light sheet, produced by slide projectors. The thickness of this light
sheet is typically of the order of 5 mm. Above the tank a video camera is mounted, that records the
particle motions on video tape. After the experiment the tape can be processed with the DigImage
system, developed by Dalziel (1992), to determine the horizontal velocity field of the fluid at the level
that has been illuminated by the light sheet. Therefore, the positions of all tracer particles (that show
as bright spots on a dark background) on the video image are determined by sampling the video tape
each 0.2 s. The sampled images are digitized (in so-called frames) and the positions of various bright
spots are determined each time step. The trajectory of a specific particle is then found by identifying
the spots in subsequent images that correspond to the same particle. This procedure of recognizing
particles and matching the particles in different frames is called the particle tracking technique.

The velocity of each particle can now be determined (as long as the particle can be identified) by
averaging the observed translation of the particle over a specific time period. This time period usually
varies in the different experiments from 2 to 15 s, depending on the maximum velocity of the flow.
Figure 2.10(a) shows the streaks that indicate the motion of particles in an experiment. The unstruc-
tured velocity field found by the two-dimensional particle tracking procedure, shown in figure (b),
is then interpolated on a rectangular grid (c) by a spline interpolation method (described by Nguyen
Duc & Sommeria 1988 and further developed by Trieling, unpublished). Various grid dimensions
have been used in different experiments, and for each interpolated velocity distribution the grid di-
mension that was used will be stated in the text where necessary. The vertical vorticity component
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and the stream function can now easily be calculated numerically at each grid point.

2.4 Numerical simulations

In order to study vortices in a stratified fluid into detail also numerical simulations have been per-
formed with a finite-differencesscheme of the time dependent incompressible3D Navier-Stokesequa-
tions developed by Verzicco & Orlandi (1994, 1996). This code has been adapted to enable the sim-
ulation of flows in a linearly stratified fluid.

2.4.1 BASIC EQUATIONS

The equations of motion for the incompressible flow in a linearly stratified fluid are first written in the
Boussinesq approximation, as given by the equations (2.16-2.18). Here the fluid density and pressure
have been written with respect to the initial state of rest, defined by a linear density profile . Variables
with a tilde denote deviations from this linear density profile. The state of rest is assumed to be in
hydrostatic balance.

All the equations are nondimensionalized14 by a typical length scale L, a velocity scale V and a
time scale L V. The density perturbation (with respect to the linear density profile), is scaled by a
typical density difference ( N2 L 0 g), and the perturbation pressure p is scaled by 0V2. This
yields five nondimensional equations, for the five variables: v, p and ;

v
t

v v p
1
F2

ez
1

Re
2v (2.34)

v 0 (2.35)

t
v

1
ScRe

2 (2.36)

Three nondimensional numbers can be identified here: the Froude number, the Reynolds number and
the Schmidt number, which are defined as

F
V L

N
10 1 1 (2.37)

Re
V L

102 103 (2.38)

Sc 1 102 (2.39)

where N is the buoyancy frequency, the kinematic viscosity of water and the diffusivity of salt
in water. Note that the ’real’ Schmidt number equals Sc 700, but in the numerical simulations the
number has been varied.

14It is important to note that the nondimensionalization method that is used here may perhaps be not the most obvious
one. The type of flow that will be simulated in this thesis is characterized by relatively small vertical velocities and small
vertical fluid displacements, i.e. the flow is Q2D. One may therefore object that the Q2D scaling, that has been used
to obtain the set (2.22-2.25), is more appropriate. In that case the density perturbation is scaled by F2 N2L 0 g and
the vertical velocity is scaled by F2V. For small Froude number flows (i.e. a relatively strong stratification) these
scalings indeed yield better approximations for the order of magnitude of the (dimensional) variables and in the later
stages of the evolution of the flow. However, in the initial stages of the flow evolution the vertical velocity and the density
perturbation can still be approximated by V and N2L 0 g and the use of the present scaling is justified.
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2.4.2 NUMERICAL SCHEME

Two different numerical schemes have been used for the simulations that are described in this the-
sis. One scheme solves the Boussinesq equations and the density equation in a Cartesian coordinate
system (x y z), see Verzicco & Orlandi (1994), the other in a cylindrical coordinate system (r z),
see Verzicco & Orlandi (1996). Solving the equations in the cylindrical system has the advantage to
perform simulations for axisymmetric flows (as will be described in chapter 3) by using only two co-
ordinates, r and z, thus reducing computation time. Due to the CFL-condition (u t l 1) there is a
link between the local velocity u, the time step t and the local mesh size l. Therefore, the cylindri-
cal coordinate system is only useful to simulate flows with small velocities near the axis r 0 where
the mesh size is very small (like the formation of a tripole from an unstable monopole, see chapter
4). Flows that are not (initially) axisymmetric (like the interactions between two vortices, described
in chapter 5) are better simulated by using the numerical scheme in the Cartesian coordinate system.

In both schemes (cylindrical and Cartesian) the three velocity components, the pressure (perturba-
tion) and the density (perturbation) are defined on a staggered grid, with central, second-order accu-
rate finite differences, i.e. l 2, used to discretise the equations of motion in space. The pressure
and density are defined at the centres of the computational cells, whereas the different velocity com-
ponents are defined at the centres of the cell boundaries that are perpendicular to the directions in
which the velocities point. In the Cartesian coordinate system the variables q q1 q2 q3 define
the velocity components v u in the x x y z directions, respectively. In the cylindrical
coordinate system, with velocity components r z , singularities can arise in the equations of
motion at r 0. The only velocity component, however, that is evaluated at this position is r . The
problem can therefore be overcome by defining the variable q1 rr instead, which simplifies the
discretisation as q1 0 at r 0. The other variables are then q2 and q3 z .

The equations of motion for q are discretised in time, where the nonlinear (advective) and buoy-
ancy terms are calculated explicitly by using a third-order Runge-Kutta scheme, and the discretization
of the viscous term is implicitly by using a Crank-Nicolson technique. The time-advancement of the
numerical scheme is thus second-order accurate in time, i.e. t 2, and uses a so-called fractional-
step method, which consists of four steps. (1) The velocity field q m 1 at the new timestep m 1 is
approximated by q by using the pressure gradient p m from the previous timestep. This approxi-
mation for the pressure gradient introduces an error in the velocity field, that can be accounted for by
the introduction of (the gradient of) a scalar quantity, i.e. q m 1 q , where is a constant
of proportionality. (2) can be obtained from the Poisson equation that results by applying the con-
servation of mass to the new velocity field 2 q, because q m 1 should be divergence-free.
Due to the fact that q m 1 and q both satisfy the same conditions at the wall, the necessary boundary
condition to solve the Poisson equation is given by 0. (3) Substitution of and q in the equa-
tion mentioned in step (1) yields the correct velocity field q m 1 at the new timestep. (4) Finally, the
correct pressure p m 1 at the new timestep can be calculated by the substitution of the correct velocity
field q m 1 in the equations of motion. An extensive description of the time-advancement procedure
and the spatial discretisations of all terms in the equations of motion (in cylindrical coordinates) is
given by Vega et al. (1996) and Verzicco & Orlandi (1996).

2.4.3 INITIAL AND BOUNDARY CONDITIONS

The equations (2.34-2.36) are solved numerically, subject to a specific initial condition and with the
appropriate boundary conditions. The initial state of the flow is defined by the three velocity com-
ponents v r z r z or v x y z u , and furthermore by the initial density distri-
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bution, prescribed in terms of the density perturbation . Chapter 3 deals specifically with defining
these initial conditions for an axisymmetric vortex in a stratified fluid.

The flow is simulated with lateral stress-free walls. For the cylindrical coordinate system this
implies that at r R

r 0 and
r r

0 (2.40)

In the cylindrical domain the flow has periodic boundary conditions in the azimuthal direction. In
case the flow remains axisymmetric during its evolution the numerical scheme can still be used by
taking all derivatives in the azimuthal direction to be zero, thereby saving computational time. In the
z-direction periodic boundary conditions are used as well, which means that deviations of the linear
density profile at the free surface and at the bottom of the tank are not taken into account. It is assumed
that this simplification of the boundary conditions in the vertical direction has no consequences for
the flow evolution: The vortices in the numerical simulations will always be located at sufficient dis-
tance from these upper and lower boundaries, as will also be the case for the vortices in the laboratory
experiments.



3

AXISYMMETRIC VORTICES IN A LINEARLY

STRATIFIED FLUID

This chapter is an adapted version of the paper entitled ’Dynamics of pancake-like vortices in a stratified fluid:
experiments, model and numerical simulations’, by M. Beckers, R. Verzicco, H.J.H. Clercx and G.J.F. van
Heijst, submitted to the Journal of Fluid Mechanics (1999).

3.1 Introduction

Coherent vortex structures are abundant features in flows in stratified media. In many laboratory stud-
ies it has been shown that decaying turbulence in a stratified fluid, generated by moving rakes, grids
or bluff bodies through the fluid, eventually results in a large number of flat pancake-like vortex struc-
tures. By mutual interactions these vortices increase in size and decrease in number. The organization
of stratified turbulence into coherent vortex structures has some analogies with the process of self-
organization in two-dimensional (2D) flows, see McWilliams (1984). Vortices in a stratified fluid,
though, have a three-dimensional (3D) structure. Two factors, which are not present in 2D flows,
play an important role in the evolution of such 3D vortices in stratified turbulence: vertical shearing
motions and vertical diffusion of momentum.

The vertical structure of vortices in a stratified fluid has so far only been studied for arrays of vor-
tices that arise in the late-time wake of a sphere towed through a linearly stratified fluid, see Pao &
Kao (1977), Chomaz et al. (1993), Spedding et al. (1996) and Bonnier et al. (1999) and for freely de-
caying stratified grid turbulence, see Fincham et al. (1996). The latter authors have proposed a model
for the structure of Q2D vortices behind a grid towed through a stratified fluid. The vortex lines in
these structures appear to form connections between different vortices at different levels in the fluid,
and eventually reconnect to make closed loops. A similar model has been suggested by Pao & Kao
(1977) for the vortices in the wake of a sphere in a stratified fluid. Furthermore, the decay of dipo-
lar vortices due to diffusion of vorticity in a direction perpendicular to the flow field was described
by Flór et al. (1995). Several models were studied by these authors to describe this vertical diffu-
sion process. These models were extended by Trieling & van Heijst (1998) for a monopolar vortex
by including also radial diffusion. Despite the substantial number of previous studies, the vorticity
distribution in three dimensions of a single vortex has not been investigated into detail yet. The mod-
els, mentioned previously, only describe the fluid motion in one single horizontal plane. The role of
the density in the dynamics of a vortex has been recognized by Flór & van Heijst (1996). They es-
timated the strength of the perturbation of isopycnals for a vortex that is in so-called cyclostrophic

27
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balance. Only very recently, density measurements inside vortices (in the far-wake of a sphere towed
through a stratified fluid) have been reported by Bonnier et al. (1999). They observed that isopycnals
(i.e. planes of constant density) are indeed depressed above the vortex and elevated below the vortex,
confirming that the vortices are in cyclostrophic balance. Furthermore, they found that an identical
density structure could be measured for far-wake vortices originating from either laminar or turbulent
near-wakes. This suggests that the specific density structure is fairly universal for Q2D vortices in a
stratified fluid.

In this chapter a model is proposed that describes the 3D structure of a single axisymmetric vortex
in a linearly stratified fluid, and the temporal evolution of the vorticity and density distributions of this
vortex. The model is based on the assumption that there is only an azimuthal velocity component.
It is then found that the initially linear density profile inside the vortex is perturbed. The model is
compared with results from both laboratory experiments and numerical simulations, in order to assess
its validity.

This chapter is organized as follows: in the following section the results of laboratory experiments
will be presented. The diffusion model will be exposed in section 3.3 and the dynamics of monopolar
vortices be further investigated by the use of numerical simulations described in section 3.4. Next, a
comparison is made between the experimental results, the diffusion model and the numerical simu-
lations. Finally, a summary of the results in this chapter is given.

3.2 Observations on axisymmetric vortices in a stratified fluid

In this section the results of a few simple laboratory experiments of monopolar vortices in a linearly
stratified fluid are presented. The experimental setup has been focussed on the investigation of two
important properties of these vortices: diffusion of the vorticity distribution of the vortex, and the
density distribution inside the vortex. The experimental techniques that have been used are described
in chapter 2.

3.2.1 VORTICITY MEASUREMENTS

In the past, laboratory experiments of vortices in a stratified fluid have already revealed that diffusion
of momentum, especially in the direction perpendicular to the fluid motion, plays an important role
in the dynamics of these structures, both for dipoles (Flór et al. 1995), and for monopoles (Flór &
van Heijst 1996 and Trieling & van Heijst 1998). The fluid motion inside the vortices is planar and
initially concentrated in a thin layer, but due to diffusion this pancake-like structure gradually thickens
in time. Consequently, the strength of the fluid motion in the horizontal symmetry plane of the vortex
decreases in time, and in layers above and below the vortex the flow will first increase in strength, but
later it will decrease as the vortex continues to thicken.

In this investigation the vertical structure of a monopolar vortex is studied by measuring the de-
crease of the maximum value of the vertical vorticity z at different vertical levels in the vortex (with
gravity acting in the negative z-direction). In these experiments the monopolar vortex is created by the
tangential injection method, which is described in detail in chapter 2. The symmetry plane (z 0) of
the vortex is the level at which the fluid is injected. The flow velocity inside the vortex is determined
by tracking neutrally buoyant tracer particles, that are illuminated from the side by a horizontal light
sheet, see chapter 2 for details about the data acquisition. Two series of experiments are described. In
the first series the reproducibility of the vortices is tested. Four experiments, performed under equal
experimental conditions are compared. In the second series the vorticity distributions of four vortices
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FIGURE 3.1: (a) Typical radial cross-section of the vorticity distribution of a monopolar vortex, with the vor-
ticity scaled by its maximum value and the radius scaled by the radius of the core: r 3 cm. (b) Decay of the
maximum value of the vorticity (scaled by the initial values) for four different monopolar vortices (indicated
by different symbols), created under equal experimental conditions (Q 2 22 cm3 s 1, V 50 cm3 and
N 1 9 rad s 1).

are measured at four different levels in the flow. At each of these four levels the vorticity distribution
can thus be monitored during the complete course of the decay of the vortex.

In figure 3.1(a) a typical radial cross-section of the vertical vorticity (at z 0) of a shielded
monopole is shown. The profile for an isolated Gaussian vortex, given by (2.28) with 2, is shown
by the dashed line. One may conclude from this figure that the vortices, created by the tangential
injection method, are in quite close agreement with such a shielded vorticity distribution1. A conve-
nient parameter to describe the evolution of the vortex is the maximum vorticity value. In order to
investigate the reproducibility of monopoles that are created under equal experimental conditions, the
decay of this maximum vorticity value is measured as a function of time for four vortices and shown
in figure 3.1(b). The moment that the tangential fluid injection is stopped is defined as t 0. After
approximately ten seconds the injection cylinder is removed and the motion of the tracer particles
can be recorded. Although one can observe considerable differences in the vorticity values at some
times, the characteristic shape of the decay for all vortices is the same.

In a second series of experiments similar measurements of the maximum value of z have been
performed, but this time the planes at which the vorticity distribution was measured were situated at
different vertical levels: z 0, 1.0, 2.0 and 3.0 cm. The figures 3.2(a-d) show the results of these
experiments, respectively. The evolution of the maximum vorticity shows that at z 0 diffusion of
momentum causes a rapid decrease of the strength of the vortex. At other levels in the vortex (z 0)
the maximum vorticity first increases and subsequently decreases again. Furthermore, it is found that
the higher the level in the vortex is at which the strength is measured, the later the maximum vortex
strength is reached. These observations suggest that momentum diffuses from the symmetry plane in
the vertical direction and causes a thickening of the vorticity distribution of the vortex.

It is difficult to make accurate estimates of the experimental errors of the data in figure 3.2, but
a few general remarks can be made. An error in the value of the maximum vorticity can, e.g., be

1In chapter 4 the influence of the steepness parameter is investigated in more detail, but in this chapter it is assumed
that the radial distribution of the vorticity of the vortex is characterized by 2.
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FIGURE 3.2: Evolution of the maximum value of the vorticity of a monopole in four different experiments (per-
formed under equal experimental conditions) measured at four different levels in the vortex: (a) z 0, (b)
z 1 0 cm, (c) z 2 0 cm and (d) z 3 0 cm. The injected amount of fluid was V 50 cm3, and the
injection rate was Q 2 22 cm3 s 1. The buoyancy frequency was for this experiment N 1 9 rad s 1.

caused by inaccurate velocity measurements, due to errors during the particle tracking procedure.
This is, however, not very likely, because the velocities in the present experiments are relatively small.
Therefore, the tracking period (i.e. the period over which the velocity of a particle is calculated each
time) and the sampling frequency at which the videotape is sampled can be chosen carefully. A more
important source of errors is the lack of particles in the centre of the vortex. Interpolation of the
velocity field then yields inaccurate velocity gradients and vorticity values in the core of the vortex.
Furthermore, the discretisation of a measured velocity field onto a (coarse) regular grid can cause a
smoothing of strong vorticity gradients in the flow. Another source of errors is the thickness of the
light sheet that illuminates the tracer particles, which is of the order of 0 5 cm, in combination with a
certain distribution in the density of the tracer particles. The tracer particles are then not necessarily
all at the same level in the fluid. This means that for a thin structure as the pancake-like vortex the
velocity measurements can become inaccurate due to contributions of tracer particles at various levels
in the vortex. It is therefore difficult to attribute the scatter in the maximum vorticity values in figure
3.2 to a specific process. A more systematic contribution to the inaccuracy of the vorticity values is
the presence of a large-scale circulation in the experiment tank. It has been shown by Flór (1994) that
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FIGURE 3.3: Vertical distribution of the maximum values of the vorticity, fitted by a normal distribution with
0 9 cm for the experiment in figure 3.2 (at t 20 s).

various types of forcing in a linearly stratified fluid may eventually result in a slow, but very persistent
solid-body rotation of the stratified fluid within a bounded domain. Such a solid-body rotation with
a rotation period of approximately 10 minutes can still be associated with a ’background’ vorticity
value of 0 02 s 1. This effect becomes especially of importance at the later stage of the decay
of the vortex. These issues will be continued in section 3.5 where the experimental and numerical
results are compared.

One might wonder how the planar flow field is distributed in the vertical direction, and how we
can define the thickness of the vortex. The most obvious vertical distribution of the flow field is Gaus-
sian, because this type of distribution arises naturally when diffusion acts on a layer with an initially
zero thickness (i.e. a Dirac delta function distribution of the initial horizontal flow field). An approx-
imation of the thickness of the vortex can be found in figure 3.3, where the maximum vorticity values
from the experiment shown in figure 3.2 at t 20 s have been plotted as a function of z and, although
we have only four measurements, the values compare quite well with a Gaussian (or normal) distri-
bution given by

z max exp
z2

2 2
(3.1)

where can be considered as the thickness of the vorticity distribution. The thickness of the distri-
bution shown in figure 3.3 is 0 9 0 1 cm.

3.2.2 DENSITY MEASUREMENTS

In chapter 1 a short description of balanced vortices in a (rotating) stratified fluid was given. It was
shown that for a nonrotating stratified fluid a pressure gradient force is needed to balance the centrifu-
gal force inside the vortex. It is thus to be expected that the density distribution inside the vortex might
be disturbed. Therefore, density measurements have been performed during the generation and suc-
cessive decay of a monopolar vortex, by traversing a conductivity probe vertically through the centre
of the vortex before, and several times after the injection cylinder was removed. Results of these mea-
surements are shown in figure 3.4, where in (a) the density profile of the undisturbed fluid is given
just before the start of the injection, in (b) the profile at t 1 s, just after stopping the injection, in (c)
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FIGURE 3.4: Vertical density profiles measured in the centre of a monopolar vortex, at four different times.
The vortex is created by the tangential injection method. At t 0 the injection is stopped and at t 10 s the
injection cylinder is removed. The different pictures show the profile: (a) Before the injection, (b) just after the
injection, but with the cylinder still present, (c) at t 22 s and (d) at t 43 s. The experimental parameters
are Q 2 22 cm3 s 1, V 50 cm3 and N 1 0 rad s 1.

at t 22 s and in (d) at t 43 s. Each dot in the graphs corresponds to one density sample, and the
position of the cylinder has been marked by the two horizontal dashed lines. The probe was sampled
with a frequency of 250 Hz, and the traversing velocity of the probe was approximately 8 cm s 1.
Due to the disturbing wake that is formed behind the probe, each time it moves through the stratifica-
tion, it was in the present experiment not possible to perform more density measurements at smaller
intervals.

The initial density profile is close to linear (a), and the associated buoyancy frequency is N
1 0 rad s 1. Just after the injection is stopped, but with the cylinder still present, it is clearly observed
that the density profile inside the vortex is perturbed (b). Note that such a density profile cannot be as-
sociated with a homogeneously mixed layer that might arise due to the injection of the fluid. The sole
presence of an amount of homogeneous fluid indeed can create a density anomaly inside the cylin-
der (a volume of 50 cm3 of fluid inside the cylinder with a radius of 5 cm will result in a well-mixed
layer of fluid with a thickness of approximately 0.6 cm). But in contrast to the density profile shown
in figure 3.4(b), such a layer of homogeneous fluid would result in a density profile with a buoyancy
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frequency minimum at the symmetry plane. In the present experiment isopycnals are apparently de-
flected downward in the upper half of the vortex, and upward in the lower half, creating an increase of
the density gradient inside the vortex. This characteristic feature of the density profile can be observed
for quite some time, but the amplitude of the perturbation decreases as the strength of the vortex de-
cays (c). Due to this decay of the vortex the density perturbation eventually disappears completely
(d). Obviously, during the formation of the vortex fluid has been accelerated radially outwards by the
centrifugal force. Consequently, by following conservation of mass, fluid has been transported verti-
cally from above and below the vortex towards the symmetry plane, causing the density perturbation
as can be observed in figure 3.4. In section 3.5 this mechanism will be further investigated.

3.3 The diffusion model

In order to describe and explain the properties of the vortices in the laboratory experiments a model
has been developed for an axisymmetric vortex in a linearly stratified fluid. It describes the decay of
a vortex due to viscous diffusion, and will therefore be called the diffusion model. First, the assump-
tions that have been used in the model are described, then the velocity and vorticity distributions,
based on this vortex model, are derived. Finally, the density distribution associated with this vortex
model is determined.

3.3.1 QUASI 2D, AXISYMMETRIC FLOW

In chapter 2 it was shown that for low Froude number stratified flows the fluid motion can approxi-
mately be described as 2D at every horizontal level. Thus consider a monopolar (axisymmetric) vor-
tex in such a fluid with a stable linear density stratification for a small Froude number. To analyse the
flow a cylindrical coordinate system is introduced, with r the radial, the azimuthal and z the vertical
(or axial) coordinate. In terms of this coordinate system, gravity acts in the negative z-direction, i.e.
g gez, with ez being the unit vector in the vertical direction. In this model, vertical fluid motion
is assumed to be absent ( z 0). Combined with axisymmetry, i.e. 0, it is shown using mass
conservation ( v = 0) that also radial fluid motion is absent ( r 0). The density and pressure are
both written in terms of the perturbations (indicated by tildes) of and p with respect to a fluid with
a linear density gradient, see (2.14-2.15). Summarizing we have a Q2D axisymmetric flow with

r z t r 0 z 0 and 0 (3.2)

The term quasi is used to refer to the fact that, although there is no vertical velocity, the flow still
has a dependence on z. The equations of motion in cylindrical coordinates for this type of flow are
in the Boussinesq approximation (2.16) reduced to

2

r
1

0

p
r

(3.3)

t

2

r2

1
r r r2

2

z2
(3.4)

0
1

0

p
z 0

g (3.5)

The expressions (3.3–3.5) represent the radial, azimuthal and vertical components of the equation for
conservation of momentum, respectively. The radial and vertical components of these equations de-
scribe the so-called cyclostrophic and hydrostatic balances. The azimuthal component is a diffusion
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equation in two dimensions, and it indicates that the flow is entirely governed by diffusion. Solving
the Boussinesq equations, satisfying appropriate initial and boundary conditions, then yields expres-
sions for the velocity r z t , pressure p and density distributions.

The vorticity distribution of the vortex is obtained by considering the vorticity vector in a cylin-
drical coordinate system as given by

r z
1
r

z

z
r

z
z

r
1
r

r
r

1
r

r (3.6)

Under the assumptions of a Q2D axisymmetric flow the vorticity vector has only components in the
radial and vertical directions:

z
0

1
r

r
r

(3.7)

Note, that under the assumptions for this model (3.2) the azimuthal component of the vorticity equals
zero.

3.3.2 SOLVING THE DIFFUSION EQUATION

At this point it is convenient to write the equation for in a nondimensional form. Therefore, a
velocity scale V and a length scale L are introduced, which will be defined later in this chapter. The
time is scaled by L V . By applying this particular scaling (3.4) becomes

t
1

Re

2

r2

1
r r r2

2

z2
(3.8)

where symbols indicating the nondimensional character of the variables have been omitted. The
Reynolds number that is introduced is defined by

Re
V L

(3.9)

The diffusion equation (3.8) is solved by the method of separation of variables, the details of
which are given in appendix A of this chapter. This method yields an expression for the velocity
given by

r z t

0 0

A k J1 kr C l cos lz exp
1

Re
k2 l2 t dk dl (3.10)

in which the functions A k and C l are determined by the initial velocity distribution. Already in
the laboratory experiments by Trieling & van Heijst (1998) it was observed that the vorticity distribu-
tion of a monopole in a stratified fluid is characterized by a core of one sign of vorticity, surrounded
by a ring of oppositely signed vorticity, like the distribution shown in figure 3.1(a). They showed
that for these isolated monopolar vortices the distribution of the vertical vorticity z in the symmetry
plane of the vortex (z 0) can be fitted very well by the model, introduced by Carton et al. (1989) and
given in (2.28). The value for the steepness parameter in this model could be well approximated
by 2. We will use this model to represent the radial part of the velocity distribution:

0

A k J1 kr dk 1
2r exp r2 (3.11)
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The radial distribution of the stream function associated with this velocity distribution has a Gaussian
shape. The model is therefore referred to as the isolated Gaussian vortex model. The function A k
can now be given by the following Hankel integral,

A k k

0

1
2 u exp u2 J1 ku u du

1
8 k2exp 1

4k2 (3.12)

see Oberhettinger (1972).
The initial vertical distribution of the (azimuthal) fluid motion in the vortex yields an expression

for the function C l . No exact model is presently available that describes the vertical distribution
H z . For a monopolar vortex an attempt has been made in the previous section to model its vertical
structure by a Gaussian distribution in the vertical direction. Based on this approximation a similar
distribution is assumed as initial condition for the diffusion model. This yields the following expres-
sion for C l :

0

C l cos lz dl
1

2
exp

z2

2 2
(3.13)

where L is a nondimensional constant representing the initial thickness of the vortex. The
function C l can be found by using a Fourier cosine transformation:

C l
2

0

1

2
exp

z2

2 2
cos lz dz

1
exp 1

2
2l2 (3.14)

Substitution of A k and C l in the expression for the azimuthal velocity (3.10), and by using
Hankel and Fourier transforms once more, an analytical expression for can be derived (see ap-
pendix A for details),

r z t
r

2 2 2 4
Re t 1 4

Re t 2
exp

z2

2 2 4
Re t

exp
r2

1 4
Re t

(3.15)

The radial and vertical vorticity components are, according to their definitions,

r z
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36 Axisymmetric vortices in a linearly stratified fluid

In figure 3.5 the results of the diffusion model are presented graphically. First, the vertical com-
ponent of the vorticity distribution is displayed for four different times. In figure 3.5(a) z is shown
as a function of the radial coordinate (for z 0) and in (b) as a function of the vertical coordinate (for
r 0). Then, in (c), the azimuthal velocity at z 0 is shown as a function of r. Finally, (d) shows
the decay of the maximum vorticity value (i.e. in r 0) at four different vertical levels in the vortex.

The definition of the Reynolds number of the vortex is based on a length scale L and velocity
scale V. It can be seen in figure 3.5(a) that for t 0: z 0 at r 1. The length scale L can thus be
interpreted as the initial radius of the core of the vortex. In order to find a physical meaning for the
velocity scale V, it should be realised that the vorticity components in the model have been scaled
by V L. In nondimensional variables the maximum value of the vertical vorticity component (i.e. at
r 0, z 0 and t 0) is given by 1 2 , see (3.17). Thus when the maximum vorticity value
of a vortex is measured (and denoted here by M ), the value for the velocity scale can be interpreted
as V 2 M . This means that the Reynolds number for a pancake-like vortex is defined by Re

2 M L . The fact that the thickness of the vortex is introduced in the Reynolds number is
not surprising. It is a result of the use of the vertical Gaussian distribution for in the model (3.13);
the integral over z for this distribution is constant for all values of .

The vortex grows in both the radial and the vertical direction, due to viscosity, as can be observed
in the figures 3.5(a-b). The radial and vertical growth of the vortex can be quantified by the temporal
evolution of the radius where the vorticity z changes sign, denoted by r t , see (3.17), and by the
evolution of the thickness of the vortex, denoted by z t :

r t 1 4
Re t z t 2 2

Re t (3.18)

From expression (3.17) it can be found that the decay of the vortex, based on the evolution of the
maximum value of the (vertical) vorticity at r 0 and z 0, is given by

z max t
1

2 2 4
Re t 1 4

Re t 2
(3.19)

For the present kind of Q2D flow with axial symmetry, it is possible to introduce one single vari-
able r that describes both vorticity components z and r . The vorticity vector can be written
as

r z
1
r z

0
1
r r

(3.20)

Lines of constant are then vortex lines, because a vortex line is given by

dr

r

dz

z
(3.21)

so that along a vortex line one has

1
r r

dr
1
r z

dz
1
r

d 0 (3.22)

3.3.3 THE DENSITY DISTRIBUTION

With the analytical expression for the velocity distribution from the diffusion model, it is possible
to derive an expression for the distribution of the density perturbation r z inside the vortex. The
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FIGURE 3.5: The results of the diffusion model for a vortex with 0 2. (a) The vertical component of the
vorticity as a function of r, at z 0 and (b) as a function of z, at r 0. (c) The azimuthal velocity as a function
of r, at z 0. The distributions at (i) 4t Re 0, (ii) 0 25, (iii) 0 50 and (iv) 2 0 have been plotted. (d) The
decay of the maximum value of z (at r 0) as a function of 4t Re for (I) z 0, (II) z 0 2, (III) z 0 4 and
(IV) z 0 6.

cyclostrophic balance (3.3) gives a relationship between the radial pressure gradient and the velocity
distribution r z t , and the vertical gradient of the pressure is determined by the hydrostatic bal-
ance (3.5). It is convenient at this point to switch to nondimensional variables. In correspondence
with the numerical simulations the density is nondimensionalized by N2 L 0 g, the velocity by
V and the pressure p by 0V2 . The lengths r and z are nondimensionalized by L. Symbols that indi-
cate nondimensionality of the variables are again omitted. The balance equations (3.3) and (3.5) are
rewritten as:

p
r

2

r
(3.23)

p
z

1
F2

(3.24)

where F V LN is the Froude number. The pressure is eliminated by cross-differentiating the equa-
tions (3.23) and (3.24) and subtracting them. This yields an expression equivalent to the so-called
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FIGURE 3.6: (a) Stability diagram indicating for which values of F and the initial density profile is
(un)stable. (b) Examples of a stable (F 0 3) and unstable (F 0 6) density profile for a vortex with 0 2.

thermal wind relation for a rotating-stratified flow:

F2 2
r z r

0 (3.25)

This equation indicates that a vertical shear of the azimuthal velocity is only possible under the given
assumptions (3.2), if isopycnals (i.e. planes of constant density) are distorted and not horizontal any-
more, resulting in a non-zero radial density gradient.

Consider the velocity r z t of the flow as given in (3.15). Substitution of this expression in
(3.25) and integration, while demanding that 0 if r yields

r z t
F2z
4

1

2 2 4
Re t

2

1

1 4
Re t

3 exp
2z2

2 2 4
Re t

exp
2r2

1 4
Re t

(3.26)

In summary, the real fluid density can be expressed in terms of the nondimensional variables z and
by

x 0
N2 L 0

g
[ x z] (3.27)

where 0 is a constant reference density. The term proportional to z represents the linear density
profile and the term with is the perturbation with respect to this profile. A remarkable observation
is the fact that for certain combinations of F and expression (3.26) represents an unstable density
distribution. The criterion for the stability of a stratified fluid is given by z 0, meaning that
the density of the fluid should always increase with the depth. By using (3.27) this criterion can be
written as

z
1 (3.28)

Substituting (3.26) for r 0 and t 0 yields that the distribution of inside a vortex should satisfy

F2

16 4
1

2z2

2
exp

z2

2
1 (3.29)
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in order to be stable. In figure 3.6(a) the stability diagram in F -space is given. Two examples
are shown in figure 3.6(b): for 0 2 and F 0 6 the deformed density profile contains a region
with a positive density gradient, whereas for F 0 3 and the same the density gradient is always
negative. This implies that for certain combinations of F and a vortex might not be able to exist,
according to the diffusion model.

It is important to note that in this diffusion model the time dependence of follows directly from
the decay of . This is somewhat remarkable, since temporal changes of can only be caused by
diffusion of salt (the stratifying agent) or by vertical transport of fluid elements, see equation (2.36).
However, under the conditions used in the diffusion model (i.e., z 0, 0 and consequently

r 0) the equations (2.34) and (2.36) are decoupled. Equation (2.34), in a reduced form given by
the set (3.3–3.5), is therefore sufficient to describe an instantaneous relationship between the velocity
field , the pressure p and the density perturbation . The time dependence in r z t is thus given
by the assumption that the decaying vortex is always in cyclostrophic balance, although a physical
mechanism for the decay of is not provided. The decay of the maximum value of the density per-
turbation is given by

max t
F2

8 e 2 2 4
Re t

3
2 1 4

Re t 3
(3.30)

Note that the maximum value occurs for z 0, whereas the minimum value occurs for z 0 and

min max, due to symmetry around z 0. The expression for max t thus describes how the max-
imum value of the density perturbation decreases in time, based on the assumption that the flow field
of the vortex is always in cyclostrophic balance, while it diffuses due to viscosity.

3.3.4 INTERPRETATION OF THE VORTICITY DISTRIBUTION

For an axisymmetric flow the vorticity vector is given by:

r z z
r

z
z

r
1
r

r
r

(3.31)

In figure 3.7 sketches of the flow field of a vortex are presented from different perspective views in
order to illustrate the definitions of the various vorticity components. First the cylindrical r z
and Cartesian x y z coordinate systems are shown in figure 3.7(a). The circle in the x y -plane
represents the azimuthal fluid motion (with velocity ) in the vortex at the symmetry plane z 0 .
Locally the cylindrical coordinate system is defined by the unit vectors er , e and ez. The ’rectangle’
defines the r z -plane, and one can observe that in this picture it coincides with the x z -plane. The
three thick arrows with the indications b , c and d represent the perspective of the reader when
viewing figures 3.7(b,c,d).

The definition of the vorticity (3.31) shows that the shear of the velocity field in the r z -plane
determines the sign of the vorticity component in the -direction. Similarly, shear in the r - and the

z -plane defines the signs of the z and r components, respectively. The sign of a specific vortic-
ity component can be deduced by analysing the motion of an infinitesimally small fluid parcel in the
flow field and by applying the so-called corkskrew rule. Clockwise motion of the fluid parcel means
that the vorticity vector points into the plane of motion; the sign of the vorticity component is then
positive, and vice versa for counterclockwise motion of the fluid parcel. In figure 3.7(b) the fluid mo-
tion inside the vortex is viewed from below. The continuous line represents the velocity distribution

r at the vortex symmetry plane, given by equation (3.11). In the core of the vortex, the vorticity
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FIGURE 3.7: (a) Sketch of the orientation of the Cartesian coordinate system x y z and the cylindrical coor-
dinate system r z . (b) Definition of the vertical vorticity component z, (c) the radial vorticity component

r and (d) the azimuthal vorticity component . See text for details.

component z is positive, because r r 0. The vorticity vector then points in the positive ez

direction, i.e. into the plane of the paper. In the tail of this particular velocity distribution the vertical
vorticity component z is negative, because r r 0. Due to the finite thickness of the vortex,
the azimuthal flow inside the vortex has a vertical shear as shown in figure 3.7(c). The continuous
line represents the Gaussian distribution of in the vertical direction given by equation (3.13). This
implies that r is positive above the vortex symmetry plane and negative below the symmetry plane.
Finally, the vorticity component can be associated with the velocity field in the r z -plane, as
sketched in figure 3.7(d). No specific velocity distribution can be drawn here as an example, because
both z and r are assumed to be zero for the flow described by the diffusion model, implying that no
such azimuthal vorticity component exists. However, in ’real flows’ this component is not completely
absent as will be illustrated by the numerical simulations discussed in the next section. The arrows
in figure 3.7(d) indicate the two types of shear ( z r 0 and r z 0) in the r z -plane that
both contribute to a positive value of .
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FIGURE 3.8: Spatial distributions in the r z -plane of the vorticity and density perturbation for a typical initial
condition used in the diffusion model. (a) z r z , (b) r r z , (c) r z , (d) r z . The increments in the
values represented by the contours are 0 05, 0 02, 0 005 (with 0 2 and F 0 23).
Continuous contours represent positive values, dashed contours represent negative values.

3.3.5 SUMMARY OF THE DIFFUSION MODEL

The complete diffusion model is now given by the expressions for the azimuthal velocity r z t ,
the two vorticity components r r z t and z r z t and the initial density perturbation r z , as
given in the equations (3.15, 3.16, 3.17, 3.26), respectively. The decay of the vortex is described
by (3.19) and (3.30). Figure 3.8 represents the spatial distributions of the vorticity components, the
vortex lines and the density perturbation, for a pancake-like axisymmetric vortex in a stratified fluid.
Solid lines indicate positive values, dashed lines indicate negative values. The vortex has a core with
positive vertical vorticity, surrounded by a ring with negative vorticity (a). The radial vorticity is
positive in the upper part of the vortex and negative in the lower part (b). Due to the absence of
the contours of are vortex lines. These lines form closed loops2 inside the fluid (c). The vortex
has an antisymmetric distribution of the density perturbation about the plane z 0. Above this plane
isopycnals are deflected in a downward direction ( 0), whereas below this plane they are deflected
upwards ( 0) (d).

2Vortex lines that end at the surface of the fluid would indicate that fluid at the surface moves. For a vortex at a con-
siderable distance from the surface, as in our laboratory experiments, this is not the case and vortex lines should form
closed loops inside the fluid.
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3.4 Numerical simulations

The diffusion model that has been derived in the previous section describes how the strength of the
vortex decreases in the course of time due to diffusion. Besides, it shows how a linear density dis-
tribution is perturbed by the presence of the vortex, due to the cyclostrophic balance: Isopycnals are
deflected towards each other. It is obvious that a decrease in the strength of the azimuthal velocity
field will also yield a decrease in the perturbation of the isopycnals. Such a change in the density
perturbation can either be caused by diffusion of salt or by advection. Advection of the isopycnals
probably plays the most important role during the decay of the vortex, because salt diffuses on a much
larger time scale than momentum. The diffusion model, however, does not account for such an ad-
vection, because it assumes no vertical and radial velocities: r 0 and z 0. To understand the
importance of these velocity components during the decay of a vortex, numerical simulations of the
flow in a stratified fluid have been carried out. Furthermore, these simulations can demonstrate un-
der which conditions the relatively simple diffusion model is still appropriate enough to describe the
evolution of a vortex in a stratified fluid sufficiently well.

In section 2.4 a description of the numerical code is given, and details about the finite difference
method can be found in Verzicco & Orlandi (1996). In order to better understand the role of the cy-
clostrophic balance in a vortex, the results of three numerical simulations with different initial condi-
tions are compared first. Then, the effects of variations of Re, F, Sc and the initial vortex thickness

on the dynamics of the flow are investigated. Finally, the energy balance of the vortex and the 3D
structure of vortex lines are studied.

3.4.1 INITIAL CONDITIONS

The initial conditions that are used in the numerical simulations are the same as those used in the
diffusion model, i.e.

r r z 0 0 (3.32)

r z 0
1

8

r
exp

z2

2 2
exp r2 (3.33)

z r z 0 0 (3.34)

r z 0
F2z

16 4
exp

z2

2
exp 2r2 (3.35)

Three initial situations are considered: In case 1 the response of the stratified fluid on an initial pertur-
bation of the density r z , without imposing any velocity field, is investigated. The initial density
distribution is sketched in figure 3.9(a). In the region where isopycnals are depressed the density per-
turbation is negative, and where is positive the isopycnals have been elevated. The meaning of the
(nondimensional) variable in terms of the ’real’ (dimensional) displacement of an isopycnal H
can easily be derived by considering that has been nondimensionalized by N2 L 0 g d dz L.
The amount of displacement of an isopycnal for a certain value of is thus given by:

H
d
dz

1

N2 L 0 g L (3.36)

A value of 0 01 thus represents a displacement of the isopycnal by one percent of L, the radius
of the vortex core. It is to be expected that in case 1 the (nondimensional) buoyancy force Fbuo
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FIGURE 3.9: (a) Sketch of the shape of two isopycnals ( 1 for z 0, 2 for z 0) for the density perturbation
given by (3.35). (b) Schematic drawing of the circulation pattern induced by the buoyancy force due to the re-
lease of a density perturbation as in (a). (c) Schematic drawing of the circulation pattern due to the centrifugal
force in a vortex that is (initially) not cyclostrophically balanced.

1 F2 ez, see equation (2.34), will immediately bring the disturbed isopycnals back to their orig-
inal positions (dashed lines). This process is illustrated in figure 3.9(b). Due to the conservation of
mass, the vertical motion of the isopycnals will induce a radially inward flow, and probably a tempo-
rary circulation pattern will be formed as indicated by the arrows.

In case 2 the initial flow is given by the velocity distribution r z (3.33), but no perturbation of
the density distribution is prescribed. This situation is sketched in figure 3.9(c). Initially the isopyc-
nals ( 1 and 2) are horizontal (continuous lines), but due to the centrifugal force Fc, caused by the
velocity field, fluid will move radially outwards. This generates a circulation pattern as illustrated by
the arrows, and consequently, the isopycnals will become deformed (dashed lines). This process is
called the cyclostrophic adjustment of the vortex.

Finally, in case 3 both the velocity distribution r z and the associated density perturbation
r z are prescribed, so that the initial vortex is cyclostrophically balanced. This simulation can

then illustrate how this balance is maintained during the decay of the vortex.
The nondimensional parameters that are used in these simulations3 are Re 100, F 0 3, Sc

10 and 0 4. The influence of these parameters on the flow evolution will be investigated later
on.

Case 1: The response of a stratified fluid to an initial density perturbation
In a stably stratified fluid all isopycnals, i.e. planes of constant density, are horizontal, but when

locally such an isopycnal is elevated or depressed the buoyancy force will restore the hydrostatic bal-
ance by forcing the isopycnal back to its original level. The response of the stratified fluid to the
density perturbation sketched in figure 3.9(a) is shown in figure 3.10. Contour plots of the azimuthal
vorticity and of the density perturbation in the r z -plane are shown in figures 3.10(a) and (b),
respectively. As explained by figure 3.7(d), gives an impression of the flow field in the r z -plane.
Positive can be associated with clockwise shearing motions, and vice versa. The contours of
illustrate that immediately after the initialization of the flow, indeed a circulation pattern is gener-

3For case 1 we have no initial velocity field, i.e. no definition of the velocity scale V. Therefore, it would have
been more appropriate to define the Grashof number Gr instead, see Turner (1973). This number describes the rela-
tive importance of buoyancy over viscosity. It is generally used for flows that are driven by buoyancy and is defined by
Gr N2L4 2 Re2 F2 .
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(a)

(b)

r z case 1.

r z case 1.

t 0 t 1 t 2 t 3

FIGURE 3.10: Contour plots of the azimuthal vorticity r z in (a), and of the density perturbation r z in
(b) for t 0 1 2 and 3, for the numerical simulation case 1. The initial condition of the density perturbation is
given by (3.35). The increments in the contour values are 0 0005 and 0 002 and the parameters
of the simulation are 0 4, Re 100, F 0 3 and Sc 10.

ated, as was sketched in figure 3.9(b) and isopycnals move back to their undisturbed positions, as
indicated by the strong decrease of the values of . During the adjustment process the isopycnals
overshoot their equilibrium positions, and eventually this results in the generation of internal waves,
clearly illustrated by the elongated, inclined - and -patches.

Similar adjustment processes to localized perturbations of the density distribution of a stratified
fluid have been reported by Wu (1969), Hartman & Lewis (1972) and Terez & Knio (1998). These
papers describe the repons of a stratified fluid to the presence of a region with partially mixed or ho-
mogeneous fluid. In fact such a region can be represented by a perturbation as in figure 3.9(a), but
with isopycnals deflected in the opposite way. Also these adjustment processes result in the genera-
tion of internal waves.

Case 2: The initially unbalanced vortex
The diffusion model has shown that cyclostrophic balance of a vortex in a linearly stratified fluid is

only possible when the isopycnals are deformed inside the vortex. This conclusion from the diffusion
model can be investigated by studying the response of a stratification to an initial velocity distribution
according to (3.33), but without its accompanying density perturbation. Figures 3.11(a,b) show con-
tour plots of the azimuthal vorticity and of the density perturbation in the r z -plane at four times.
Indeed, as illustrated in figure 3.9(c), the centrifugal force inside the vortex causes a (secondary) cir-
culation in the r z -plane. In figure 3.11(a) one observes, immediately after the initialization, an
azimuthal vorticity distribution that can be associated with counterclockwise circulation in the re-
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(a)
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r z case 2.

r z case 2.

r z case 3.

r z case 3.
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FIGURE 3.11: Contour plots of (a,c) r z t and (b,d) r z t at times: t 0 1 2 and 4. The results of
case 2 are shown in (a,b), those of case 3 in (c,d). For case 2 the initial velocity distribution inside the vortex
is defined by (3.33); there is no initial density perturbation. For case 3 the initial velocity distribution is given
by (3.33) and the density perturbation by (3.35). The increments in the contour values are 0 0005 and

0 002. The parameters of the simulations are 0 4, Re 100, F 0 3 and Sc 10.
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FIGURE 3.12: (a) Evolution of the maximum value of the density perturbation max. (b) Evolution of values of
2
z , 2

r (for case 3) and of 2, integrated over the computational domain dV , for the three cases.

gion z 0 and clockwise circulation for z 0. At the same time isopycnals above and below the
vortex are deflected towards the vortex symmetry plane z 0: 0 for z 0 and 0 for z 0.
In other words, the circulation in the r z -plane has resulted in a density perturbation, that eventually
provides the necessary pressure gradient force to balance the centrifugal force. The vortex is then in
cyclostrophic balance. Just as in the previous case, the sudden adjustment of the flow results in the
generation of internal waves, that are radiated away from the origin.

Case 3: The initially balanced vortex
One might expect that a vortex that is initially in cyclostrophic balance will show none (or perhaps

only very little) adjustment, because the centrifugal force is already balanced. Figure 3.11 presents
the results of a simulation for such an initially balanced vortex. However, some secondary circulation
at later times, and also changes in the shape of the density perturbation, can be observed. The reason
for this behaviour is the decay of the vortex due to diffusion. The strength of the vortex decreases
in time, so the flow only remains in balance when the radial pressure gradient (due to the perturba-
tion of the density) also decreases. It was already mentioned that diffusion of salt, in general, cannot
account for such a fast decay of the density perturbation, because salt diffuses at a much larger time
scale than momentum. Consequently, a buoyancy driven flow will arise, similar to the one illustrated
in figure 3.9(b), until the centrifugal force and the pressure gradient force inside the vortex are again
in balance. Such a circulation pattern can indeed be observed in the azimuthal vorticity distribution in
figure 3.11(c): There is a clockwise circulation in the upper part and a counterclockwise circulation
in the lower part of the vortex.

The adjustment between the velocity and density distribution (in order to keep the vortex in cy-
clostrophic balance during its viscous decay) is a continuous, rather than an iterative process, as sug-
gested above. Evidence for this can be found in figure 3.12(a), where the maximum value of the den-
sity perturbation max is displayed as a function of time, for the three cases presented. The strongest
decay of max is of course found for case 1, because here no force is present to balance the density
perturbation. The oscillations in max are caused by the internal waves that are emitted. In case 2 the
initially absent density perturbation grows rapidly, reaches a maximum value, and subsequently de-



3.4 Numerical simulations 47

cays. The density perturbation in case 3, initially the same as in case 1, decreases of course much
slower than observed for case 1, because the pressure gradient force is now balanced by the centrifu-
gal force inside the vortex. The line indicated by max t in 3.12(a) represents the behaviour of the
maximum density perturbation according to the diffusion model, see (3.30). Eventually the values of

max for the vortices in the cases 2 and 3 almost seem to coincide with max t . Note furthermore that
internal waves are almost absent for case 3, indicating that the initial condition is indeed close to an
equilibrium solution4.

The amplitude of the -production can be regarded as a measure of the deviation of the vortex
from the Q2D diffusion model, in which 0. Therefore, the volume integrals of 2 have been cal-
culated over the whole computational domain. These values are shown in figure 3.12(b) as a function
of time, for the three cases that were investigated. It is clear that the vortex with the initial density
perturbation (case 3) can be better approximated by a Q2D flow, than the vortex in case 2, where
a density perturbation needs to be generated in order to satisfy cyclostrophic balance. Furthermore,
equivalent integrals have been calculated for 2

r and 2
z for case 3. These values are at least two orders

of magnitude larger than the integral over 2 and this illustrates that (for the present parameters) the
influence of the secondary circulation on the mean flow is relatively small. This has also been checked
for the distributions of r r z and z r z for the cases 2 and 3 (in case 1 r 0 and z 0), and
indeed no remarkable influences of the secondary circulation on the main flow could be observed for
the present simulation.

3.4.2 THE INFLUENCE OF Sc, F AND Re

The Schmidt number, defined by Sc , gives the ratio between the diffusivities of momentum and
salt. For a vortex in a stratified environment this ratio has an important influence on the flow dy-
namics. We have seen in figure 3.11(c) that a difference between the time scales for the diffusion
of momentum and of salt results in a secondary circulation during the decay of the vortex. In that
simulation a Schmidt number of Sc 10 has been used, but in fact for the diffusivity of salt in water
the Schmidt number is even much larger: Sc 700. For a thermally (instead of salt) stratified fluid
a similar mechanism will take place, but here the ratio between the diffusivities is usually called the
Prandtl number5.

To investigate the effect of the Schmidt number in more detail similations similar to case 3 were
performed, but now for Sc 1 10 50 and 100. For the (imaginary) case of Sc 1 one might expect
that the initial density perturbation decays exactly as fast as the velocity distribution, and it might
suggest that a vortex can stay in cyclostrophic balance during its decay, without the generation of a
secondary circulation. Figure 3.13 shows the results of the comparison between the temporal evo-
lutions of the maximum values of the density perturbation max and of the azimuthal vorticity max

for different Sc numbers. Indeed for Sc 1 the decay of the density perturbation, see figure 3.13(a),
agrees very well with the diffusion model, represented by the line max t . The vortex is thus very
close to cyclostrophic balance during its decay. For higher values of Sc this appears not to be the
case, because initially the decay of the density perturbation is slower than in the diffusion model.

4The nondimensional buoyancy period is given by Tb V L 2 V LN 2 F 2 (for F 0 3). This period
indeed corresponds to the time between three minima in max for case 1.

5For thermally stratified water the Prandtl number has a value of Pr 7 (at 20o C), and for thermally stratified air
an even smaller number is found Pr 0 7 (at 20o C). This latter case is particularly interesting, because for Pr 1
momentum diffuses faster than the stratifying agent (in this case temperature). This type of flow is governed by an entirely
reversed dynamics. In order to illustrate this contrast two cases, one with Sc 0 5 and another with Sc 2, are compared
in appendix B.
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FIGURE 3.13: (a) Decay of the maximum values of the density perturbation max for Sc 1 10 50 and 100
(with Re 100, F 0 3 and 0 4) and the decay according to the diffusion model (3.30). (b) Temporal
evolution of the maximum value of as a function of time for the same cases.

Also the production of azimuthal vorticity, which can be regarded as an indicator to what extent the
flow deviates from the flow predicted by the diffusion model, shows that for Sc 1 the secondary
circulation is very small, figure 3.13(b). However, it is not exactly zero, since the diffusion of mo-
mentum and density (salt) are not governed by the same equations, viz.

t
v r
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r2
(3.37)

t
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2 (3.38)

Due to the difference between the diffusion terms and will evolve differently, even when initially
r 0, z 0 and Sc 1. This results in an inbalance in the vortex and the generation of a secondary

flow (i.e. r and z are no longer zero), because
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where the initially balanced terms are written between brackets. Due to a complicated coupling be-
tween the equations of motion, the secondary flow ( r and z) can then again influence the evolutions
of and .

It may seem remarkable that for Sc 10 50 and 100 there is only little difference between the
evolutions of max and max. This is, however, due to the fact that for Sc 10 the characteristic time
scale for the diffusion of salt can already be regarded as very large, compared to the decay time scale
of the vortex. Even larger values of Sc do not alter these results substantially, see figure 3.13(b)6. It
is hardly possible to perform well resolved simulations for realistic values of the Schmidt number,

6Note that for Sc 100 convergence tests have been performed and no noticeable differences could be observed for
simulations with 1292, 2572 and 5132 gridpoints. The gradients of decrease much faster by the redistribution of due
to the secondary circulation pattern, than by (numerical) diffusion.
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FIGURE 3.14: As in figure 3.13, but now for simulations with three different Froude numbers (with Re 100,
Sc 10 and 0 4).

i.e. Sc 700, particularly for higher Reynolds numbers. Fortunately, however, the results shown in
figure 3.13 indicate that it is reasonable to perform numerical simulations of axisymmetric vortices
in a linearly stratified fluid with Sc 10, without dramatic changes in the flow dynamics compared
to the experimental conditions (Sc 700).

The Froude number represents the relative strength of the inertial force and the buoyancy force
in the flow. It was shown in (3.36) that the deflection of the isopycnals inside a vortex is directly
proportional to the density perturbation, H L , and the expression (3.26) indicates that the density
perturbation is proportional to F2. In other words, the smaller the Froude number is, the smaller is the
deflection of the isopycnals and the weaker the secondary circulation during the decay of the vortex
will be. It is therefore obvious that fluid motion inside a vortex in a linearly stratified fluid can be
better approximated by strictly 2D flow when F becomes smaller. This is illustrated in figure 3.14,
where for three different values F 1 0, F 0 3 and F 0 1 the maximum values of and are
plotted as a function of time. The comparison with the diffusion model clearly shows that for the
lowest Froude number the differences for max are almost negligible, and, furthermore the production
of tends to vanish as F decreases.

The influence of the Reynolds number has not been investigated in detail here. In the next chapter
a section is devoted to its effect on both axisymmetric and azimuthally unstable vortices. In general,
Re will change the time scale of the diffusion of momentum and of salt by the same amount, as can
be seen by comparing (3.37) and (3.38). Simulations were performed, similar to case 3 (Re 100)
with Re 500 and Re 1000 (both with F 0 3) and, when plotted as a function of 4t Re the
decay of the maximum value of z results in three exactly similar graphs. In section 3.5 comparisons
will be made between the laboratory experiments and numerical simulations. It was found that for
these experimentally investigated vortices the Reynolds number is of the order Re 500.

3.4.3 THE INFLUENCE OF : STRETCHING AND COMPRESSION OF A VORTEX

The numerical simulations revealed an interesting feature of the decay of a vortex in a linearly strati-
fied fluid: The buoyancy force can cause a stretching of the vortex and the centrifugal force can cause
a compression of the vortex. For the simulations in case 2 and 3 it was argued that the secondary cir-
culation has no significant influence on the main flow , but this is not always true. The secondary



50 Axisymmetric vortices in a linearly stratified fluid

circulation becomes not only stronger for high Froude number flows, see figure 3.14(b), but also for
vortices with a smaller initial thickness, as will be shown here. When strong enough, the secondary
circulation can indeed affect the main flow of the vortex. Simulations were performed for three dif-
ferent values of : 0 2 0 4 and 0 8. In section 3.2 a value has been estimated for the initial
thickness of a vortex obtained in a laboratory experiment. It was found that 0 9 cm (see figure
3.3), and with L 3 cm, see figure 3.1(a), this yields L 0 3. The value of 0 8 is thus
not very likely for ’real vortices’, but should be regarded here as an asymptotic case. For this value
of , the vortex is more spherical, instead of pancake-like.

Figure 3.15 shows results of the simulations for different values of with the evolution of the
maximum values of z, in (a) and (b), and the evolution of the radius of the vortices, in (c) and (d). In
(a) and (c) the results are shown for vortices without an initial density perturbation, whereas the vor-
tices in (b) and (d) are initially cyclostrophically balanced. The dashed lines represent results from the
diffusion model, equations (3.18) and (3.19), for the same values of Re and . Figure 3.15(a) shows
that especially for small ( 0 2) the maximum vorticity value z max of an initially unbalanced
vortex decays much faster than predicted by the diffusion model. The enhanced decay of the vortex is
also accompanied by a rapid growth of the radius of core of the vortex, r in figure 3.15(c). The radial
growth of the vortex is caused by the secondary circulation that is induced during the cyclostrophic
adjustment of the vortex, as sketched in figure 3.9(c). Due to the absence of a radial pressure gradient
inside the vortex, fluid spreads out radially. The conservation of mass then implies a deflection of the
isopycnals, which were initially horizontal, towards the vortex symmetry plane, as illustrated in fig-
ure 3.16(a), until the centrifugal force is balanced. By using the conservation of angular momentum
it can then be understood that fluid inside the vortex (at z 0) spins down and loses vorticity.

The process can also be explained in terms of the conservation of potential vorticity, given by
Ertel’s theorem (see section 2.2.4). For an inviscid stratified flow (without the diffusion of salt), the
potential vorticity7 defined by 1 is a conserved quantity. The deflection of the isopycnals
causes an increase of z in the core of the vortex and in order to conserve the potential vorticity,
the vorticity z inside the vortex decreases. This process is called compression of the vortex.

A vortex that is initially in cyclostrophic balance behaves differently, as is shown in figures 3.15(b)
and (d). During the decay of the vortex the deflection of the isopycnals needs to decrease. Due to the
large difference in time scales between the diffusion of momentum and salt a buoyancy driven cir-
culation pattern is generated. This causes a radially inward flow along the symmetry plane of the
vortex, as illustrated in figure 3.16(b), and a decrease of the radius of the vortex. By applying the
conservation of angular momentum (or equivalently the conservation of potential vorticity) it can be
understood that the circulation pattern can lead to an increase in the strength of the vortex. This effect
is called vortex stretching. Apparently, the dynamics is exactly opposite to the case of an initially un-
balanced vortex. The diffusion model has shown that due to the diffusion of momentum the strength
of the vortex rapidly decreases, and its radius increases. Figure 3.15(b) shows that the stretching of
the vortex therefore does not result in an increase of the strength of the vortex, but in a smaller decay
rate. And also the radius of the vortex does not decrease but the radial growth of the vortex is retarded
by the stretching process, as shown in figure 3.15(d).

The simulations show that the stretching and compression effects are much stronger for a thin
vortex (with 0 2); for 0 8 there is almost no change in the decay of the vortex visible. This
difference can be understood by considering the following simple model. Suppose that the vortex is

7Potential vorticity is usually associated with barotropic vortices in a rotating fluid (with a gradient in the background
vorticity) or with baroclinic vortices in a stratified rotating fluid. In appendix C of this chapter it is briefly explained how
this quantity can also be defined for vortices in a (nonrotating) stratified fluid.
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FIGURE 3.15: Maximum values of z (normalised by the initial values and denoted here by z max) as a func-
tion of time for an initial vortex without (a) and with (b) an initial perturbation of the density profile, for three
values of . The temporal evolution of the radius of the vortex core r for an initial vortex is shown in (c) with-
out and in (d) with an initial perturbation of the density profile. The parameters of the simulation are Sc 10,
F 0 3 and Re 100. Dashed lines represent the diffusion model, continuous lines represent the numerical
results.

represented by a cylinder of fluid with thickness H0, which is in solid body rotation with angular ve-
locity 0. The vortex is not yet in cyclostrophic balance, so during the adjustment process, see figure
3.16(a), the thickness of the vortex will decrease by an amount H. Simultaneous conservation of
mass and conservation of angular momentum then yields an expression for the relative change in
for a given relative change in H,

0

H
H0

(3.41)

where 0 and H0 are the initial angular velocity and thickness of the vortex. The equations (3.30)
and (3.36) show that H and max

3, so that 0
4. In other words, the compres-

sion process will lead to a much stronger (relative) decrease of the vorticity for a thin vortex than
for a thick vortex. This implies that the effect of the vortex compression is approximately 16 times
stronger for the vortex with 0 2 compared with 0 4. For the stretching of a cyclostroph-
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FIGURE 3.16: Illustration of the deformation of two isopycnals in a vortex. (a) During the cyclostrophic ad-
justment the vortex is compressed. (b) During its decay the vortex is stretched. The dotted lines represent the
undisturbed isopycnals 1 (for z 0) and 2 (for z 0).

ically balanced vortex the same arguments apply, so that also stretching for a thin vortex leads to a
much more profound change in the vorticity of the vortex than for a thick vortex.

3.4.4 THE ENERGY BALANCE

In section 2.2.5 it has been shown how potential energy is generated by a perturbation of the density
distribution, i.e. by moving isopycnals away from their horizontal positions. The compression or
stretching of a vortex can thus be regarded as the conversion of kinetic into potential energy, or vice
versa. For an axisymmetric vortex the energy balance of the flow (2.33) is in short notation given by
8

d
dt

Ek SP D (3.42)

where Ek is the total kinetic energy content of the flow, SP is the source of potential energy and D
represents the viscous dissipation. Potential energy can either be created at cost of Ek or annihilated
in favour of Ek, so that SP is negative when a density perturbation is created and positive when it
diminishes. Of course, dissipation causes a decrease of Ek and D is therefore always negative. In
the numerical simulations all terms can be calculated separately as a function of time. For the vortex
in figure 3.15 with 0 2 the energy balance is shown in figure 3.17(a) and (b), for an initially
unbalanced and balanced vortex, respectively. From these figures it is clear that the rate of change of
kinetic energy of the flow is mainly caused by dissipation, and that the potential energy only slighly
contributes to dEk dt. In figure 3.17(a) the term SP is first negative, showing how potential energy is
being created. Later (for t 2) SP is positive and the potential energy is again reconverted into kinetic
energy. In figure 3.17(b) it can be seen that the initial density perturbation is immediately converted
into kinetic energy and SP is always positive. Note, that during the evolution the three terms in (3.42)
are always in balance.

3.4.5 THE STRUCTURE OF VORTEX LINES

A vortex line is a curve in the fluid such that its tangent at any point gives the orientation of the local
vorticity vector (Kundu 1990), which is similar to the definition of a stream line in a velocity field.

8The integral that originates from the nonlinear inertia term becomes zero when integrated over a volume that is large
enough such that velocities vanish at the boundary; otherwise the term represents the advection of kinetic energy through
the boundary of the integration domain.
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FIGURE 3.17: Temporal evolution of the terms in the energy balance, (3.42) for the numerical simulation in
figure 3.15 with 0 2. (a) Without and (b) with an initial density perturbation.

It was shown by the diffusion model that, when is the only nonzero velocity component and when
the flow is axisymmetric, vortex lines are given by closed contours of constant r in the r z -
plane. For such type of flow the azimuthal component of the vorticity vector equals zero. Numerical
simulations have revealed that during the decay of the vortex azimuthal vorticity is always generated,
even though the initial condition prescribed a flow field with 0, see e.g., figure 3.11. Real vortex
lines can therefore not be drawn in 2D r z -planes anymore, but they will develop a 3D structure,
although they will still form closed loops. It has been shown, see Batchelor (1967), that for an inviscid
fluid with uniform density ”a material line which initially coincides with a vortex line continues to
do so”. This means that for such a fluid vortex lines are simply advected by the velocity field and,
due to the strong vertical shear z (see figure 3.7(c)), the lines are wound up in the azimuthal
direction near the symmetry plane of the vortex. For the flows described in this section vortex lines
are no longer material lines, because the present fluid is density stratified and far from inviscid. It is
therefore an intriguing question what the 3D structure of vortex lines of an axisymmetric pancake-like
vortex will be.

A 3D numerical simulation with F 1 0 was performed to obtain a better understanding of the
3D structure of the vortex lines during the evolution of the vortex. The Froude number was taken as
large as possible (i.e. F 1 0 for a vortex with 0 3), because the secondary circulation pattern
in the r z -plane becomes relatively stronger with increasing Froude number. This means that the
azimuthal vorticity component is larger and deviations of the vortex lines from the flat r z -plane are
more profound. Figure 3.18 illustrates the distribution of the three vorticity components. In figure
3.18(a) the r z -plane is shown with contours of together with contours of at the moment in
the evolution of the vortex when the maximum azimuthal vorticity value is found. The contours of
can be regarded as projections of the vortex lines on the r z -plane. The sign of in figure 3.18(a)
then indicates in which direction the vortex lines are deflected; into or out of the plane of the paper,
for positive or negative , respectively.

In 3.19(a) a top view of a few vortex lines is shown at t 0 (when the vortex lines are in fact still
contours of constant , comparable with the fifth contour 0 1 in figure 3.18(a)). The vortex lines
appear to ’start’ at positions on a circle inside the core of the vortex and ’end’ in the ring of opposite
(vertical) vorticity at the outer radius. At t 4, shown in figure 3.19(b), all vortex lines have devel-



54 Axisymmetric vortices in a linearly stratified fluid

(a) (b) (c)

FIGURE 3.18: (a) Vertical cross-section, in the r z -plane, showing contours of together with contours of
r for a numerical simulation with Re 100, F 1 0 and Sc 10 at t 4. (b) Contours of z and

(c) contours of r for the same cross-section. Increments in the contour values are given by 0 02 and
0 02.

oped a deflection in the (positive) azimuthal direction. For another set of vortex lines (comparable
with the outermost contour 0 02 in figure 3.18(a)) top views are shown in figures 3.19(c,d) for
t 0 and t 4, respectively. At t 4 these vortex lines have a slightly more complicated shape, be-
cause the vortex lines not only have a positive component, but also ’pass’ a region with oppositely
signed , see figure 3.18(a). Therefore, the top view of the vortex lines shows slightly undulated
lines. A 3D impression of the vortex lines in (c,d) is given in figures 3.19(e,f). If vortex lines sim-
ply would have been advected as material lines (as in the inviscid case), and their initial shape would
be given by the lines in figure 3.19(e), their shape at t 4 probably would be much more compli-
cated than the lines in figure 3.19(f), because the time t 4 corresponds to four full revolutions of
the initial vortex. Material lines would have a spiral-like shape in that case, in contrast to the lines in
figure 3.19(f). Note also, that due to diffusion of vorticity the torus-like shape of the vortex lines has
considerably grown in size in both the radial and the vertical direction. It is clear that the evolution
of vortex lines for a vortex in a stratified fluid can in no way be compared by material lines that are
’simply’ advected by the flow.

3.5 Comparison between experiments, model and simulations

In order to make a comparison of the experimental results with the diffusion model and the numerical
simulations, it is necessary to estimate values for the Reynolds number and Froude number. These
numbers include the initial radius of the vortex core L, the velocity scale V and the buoyancy fre-
quency N. The latter is obtained by measurement of the density profile, as described in section 2.3.
Measurement of the initial radius of the vortex core yields L 3 cm, although this value is only a
rough estimate because the vortex is not always entirely axisymmetric. Furthermore, information
about the vertical extent of the vortex is obtained by estimating , the thickness of the vortex ac-
cording to a Gaussian distribution of z in the vertical direction. From the experimental results it
appeared that 0 9 0 1 cm, yielding L 0 3. The velocity scale V can be estimated by
using the experimentally measured initial maximum value of the vertical vorticity ( M). According
to the diffusion model this relationship is given by V 2 M .
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(a) (b)

(c) (d)

(e) (f)

FIGURE 3.19: Different views on vortex lines of a vortex at t 0 (a,c,e) and at t 4 (b,d,f) for Re 100,
F 1 0, Sc 10 and 0 3. The figures (a-d) represent top views of the vortex, the figures (e,f) represent
slightly inclined side views of (c) and (d). Note, that the vortex lines in (a,b) and (c,d) are ’started’ at different
radii, see text for details. To improve the clarity of the pictures (e,f) vortex lines have only been drawn for
0 , i.e. the front half of the vortex.
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FIGURE 3.20: (a) Comparison between the experimentally obtained vorticity decay from figure 3.2 (markers)
and the diffusion model (3.45), represented by the lines. (b) Numerical results (continuous lines) for the de-
cay of a vortex for Re 500, 0 3, F 0 3 and Sc 10, also compared with the diffusion model, here
represented by the dashed lines.

The choice of the time t0, at which the Reynolds and Froude numbers are calculated, can be chosen
quite arbitrarily. In figure 3.2 t 0 has been chosen as the moment when the injection of fluid is
stopped. At that moment the vortex is not well defined, because the injection cylinder is still present
in the fluid, and the flow inside the cylinder is probably not yet well developed. It is therefore more
reliable to choose a later time to define the initial vortex and in the present experiments the choice t0

40 s seems appropriate, because it takes approximately this time to wait for the flow in the cylinder to
become adjusted and to remove the cylinder from the fluid. At this specific moment M 0 75 s 1,
yielding V 1 7 cm s 1. Combined with N 1 9 rad s 1 and L 3 cm this results in Re 500 and
F 0 3. To compare the experimental results with the diffusion model, time and vorticity are made
nondimensional by the transformations:

t t t0
V
L

(3.43)

z max z max
L
V

(3.44)

and the primes will be omitted. Figure 3.20(a) shows the vorticity decay for the laboratory experi-
ments in figure 3.2 for z 0 and z 2 cm. The decay is compared with

z max z
1

2 2 4
Re t 1 4

Re t 2
exp

z2

2 2 4
Re t

(3.45)

Especially for z 0 there appears to be a good correspondence between the experimentally observed
decay and the diffusion model. The deviation from the diffusion model for z 2 cm is most likely
caused by the inaccuracies in z and : The lightsheet has a thickness of approximately 0 5 cm and the
tracer particles have a natural spreading in their vertical distribution. Another remarkable deviation of
the measurements from the model is the slightly higher vorticity at late times in the experiments. This
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FIGURE 3.21: (a) Measured density profile from figure 3.4(c), represented in the nondimensional form ( z)
as a function of the nondimensional height z. (b) Only the part representing the perturbation with respect to
the linear stratification. Both cases are compared with the approximation according to (3.35) with F 0 7
(N 1 rad s 1) and 0 3.

is most likely to be caused by a weak background rotation in the tank, which only becomes noticeable
when the vortex rotates very slowly.

A comparison can also be made between the results of a numerical simulation and the diffusion
model, where the simulation has been initiated with the same values for the nondimensional param-
eters (Re, F and ) as found in the experiment. The vorticity decay at the two levels (z 0 and
z 2 cm) is plotted in figure 3.20(b). Apparently, the effects of stretching during the decay of the
vortex are almost absent for the present flow conditions, because there is a very close agreement be-
tween the numerical result and the diffusion model.

Finally, the perturbation of the density profile inside the vortex is investigated. In order to com-
pare the measured density perturbation from figure 3.4(c) with the predicted perturbation according
to the diffusion model, the (nondimensional) density as a function of the (nondimensional) height is
calculated by

z m z 0

N2
0 L g

z (3.46)

where m z is the measured density, 0 1 0383 g cm 3 is used as the (reference) density value
at the centre of the vortex and z is the nondimensional height, see also (3.27). Note, that due to a
weaker stratification the Froude number is larger (F 0 7) in this experiment than in the previous
case (F 0 3). In figure 3.21(a) the measured density profile is plotted as well as the density ac-
cording to the diffusion model, and in figure 3.21(b) the density perturbation (i.e. the deviation from
the linear density profile) is given together with (3.35) for r 0. Taking the inaccuracy of and F
into account, as well as the substantial amount of scatter in the density measurements, the agreement
between the experimentally measured density perturbation and the diffusion model is not too bad.
As the maximum density perturbation is max 0 2, we can estimate the maximum deflection of the
isopycnals in this experiment: Hmax L max 0 6 cm.
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3.6 Summary

In this chapter insight in the dynamics of an axisymmetric vortex in a linearly stratified fluid has been
gained by comparing the results of a few simple laboratory experiments with an analytical model and
with numerical simulations. The distribution of the vertical component of the vorticity is measured
at different levels inside the vortex. Inspired by these results, an analytical model, called the diffusion
model, is derived from the Boussinesq equations under the assumptions of axisymmetric Q2D flow,
and it is found that the evolution of a vortex under these conditions is governed entirely by diffusion.

Density measurements in laboratory experiments reveal that inside the vortex the linear density
profile is deformed: above and below the vortex isopycnals are deflected towards the symmetry plane.
The analytical model predicts a similar perturbation for a vortex that is in cyclostrophic and hydro-
static balance. Numerical simulations are performed to further investigate the behaviour of a vortex
in a linearly stratified fluid under various initial conditions. It is found that in the absence of an initial
density perturbation the centrifugal force inside the vortex induces a secondary circulation. In the
symmetry plane of the vortex fluid spreads out radially because of the centrifugal acceleration. This
implies that fluid is also transported vertically towards the symmetry plane. The isopycnals above and
below the vortex are therefore deflected and this results in a radial pressure gradient that eventually
balances the centrifugal force. The vortex is then in cyclostrophic balance.

It is found that, mainly due to vertical diffusion, the strength of the vortex rapidly decays. In order
to approximately maintain the cyclostrophic balance during this decay the extent of the deflection of
the isopycnals must decrease as well. Because momentum diffuses at a much smaller time scale than
the stratifying agent (salt), the decrease of the density perturbation is caused by a buoyancy-driven
secondary flow. Under certain circumstances (a large Froude number and a small vortex thickness) it
is shown that the secondary flow effectively stretches the vortex and this causes a smaller decay rate
of the vortex. In other words, the potential energy that is stored in the density perturbation is released
and converted into kinetic energy.

The structure of vortex lines is investigated. Initially these vortex lines form closed loops in the
r z -plane of the vortex. In case of an inviscid fluid, these lines will be advected passively with

the flow, suggesting that already after a few revolutions of the vortex a complicated spiralling struc-
ture will be formed. The present investigation shows that with viscosity present this point of view
is not valid anymore. The vortex lines will indeed develop a deflection in the azimuthal direction,
but the amount of this deflection is given by the -component. This vorticity component represents
the strength of the secondary circulation in the r z -plane, and its production depends on the Froude
number: For weak stratifications F is large and so is the deflection of the isopycnals, so that during the
decay of the vortex this results in a strong secondary circulation, whereas for small Froude numbers
only a weak circulation is formed. Consequently, vortex lines will have a more complicated shape
for weakly than for strongly stratified fluids. However, eventually, due to diffusion the -component
will decrease and the vortex lines will almost retain their initial shape.

Appendix

A. THE METHOD OF SEPARATION OF VARIABLES

Suppose that

r z t k l G r k H z l T t k l (3.47)
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is a solution of the diffusion equation (3.8). Substitution of this expression in (3.8) and dividing by
G r H z T t results in

Re
1

T

dT
dt

1

G

d2G
dr2

1

rG

dG
dr

1
r2

1

H

d2 H
dz2

(3.48)

The time-dependence has now been isolated in the left-hand side of equation (3.48), while the depen-
dence on the spatial coordinates has been isolated on the right-hand side. Consequently, the left-hand
side and the right-hand side equal the same constant, which for convenience is chosen as m2. This
results in

1

G

d2G
dr2

1

rG

dG
dr

1
r2

m2 1

H

d2 H
dz2

(3.49)

In this equation the dependence on r has been isolated in the left-hand side, while the dependence on
z has been isolated in the right-hand side. Both sides thus equal the same constant, denoted by k2.
One can now solve three separate equations:

d2G
dr2

1
r

dG
dr

G
r2

k2G (3.50)

d2 H
dz2

l2 H (3.51)

dT
dt

k2 l2

Re
T (3.52)

where for convenience l2 m2 k2 has been substituted. Solutions for these standard differential
equations are found to be

G r k A k J1 kr B k Y1 kr (3.53)

H z l C l cos lz D l sin lz (3.54)

T t k l exp
1

Re
k2 l2 t (3.55)

where A, B, C and D are constants (i.e. independent of r, z or t), to be determined by boundary and
initial conditions.

Boundary conditions are given by the constraint that the solutions should be finite for r 0 and
should vanish for r . This results in B 0. Additionally, by supposing that the fluid motion
is initially even around z 0, one finds that D 0. As there are no limitations on the domain in
the r- and z-directions, k and l are not restricted to certain discrete values. It is therefore possible
to construct a general solution r z t composed of all possible solutions r z t k l , which is
given by

r z t

0 0

A k J1 kr C l cos lz exp
1

Re
k2 l2 t dk dl (3.56)

The functions A k and C l are determined by using the initial condition of ,

r z 0

0

A k J1 kr dk

0

C l cos lz dl G r H z (3.57)
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To determine the function A k from the initial condition (3.57), the Hankel integral formula (see,
e.g., Oberhettinger 1972), represented by

f x

0

J xt t

0

f u J ut u du dt (3.58)

can be used. The radial part of the initial velocity distribution r z 0 can thus be written as

G r

0

A k J1 kr dk

0

J1 kr k

0

G u J1 ku u du dk (3.59)

and A k can be determined by the following Hankel integral:

A k k

0

G u J1 ku u du (3.60)

Hankel integrals are tabulated for various functions in Oberhettinger (1972). The function C l is
computed by applying cosine transform techniques:

C l
2

0

H z cos lz dz (3.61)

By using the expressions for A k and C l , which are given by (3.12) and (3.14), one can derive the
following expression for the velocity:

r z t

0 0

1
8k2exp 1

4

4t
Re

1 k2 J1 kr dk

1
exp

t
Re

1
2

2 l2 cos lz dl (3.62)

which can be rewritten in an analytical form given by (3.15).

B. THE DIFFERENT DYNAMICS OF A FLOW WITH Pr 1.

It has been shown in this chapter that the difference between the time scales of the diffusion of mo-
mentum and salt results in a buoyancy driven secondary circulation during the decay of the vortex.
The choice of another stratifying agent, like temperature instead of salt, and another kind of flow
medium, like air instead of water, will dramatically change the dynamics of the flow, because one
changes the time scales of diffusion as well. Such a situation may arise for (cyclostrophically bal-
anced) vortices in the atmosphere. No relevant case of such a flow has been found in the literature,
but due to the analogies of flows in the atmosphere and the oceans it is not unlikely to exist. For salt
stratified water the Schmidt number (the ratio between the diffusivity of momentum and of salt) is of
the order Sc 700, but for thermally stratified air the Prandtl number (the ratio between the diffusiv-
ity of momentum and heat, which is equivalent to the Schmidt number) is Pr 0 7. In other words,
density diffuses faster than momentum.
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FIGURE 3.22: (a) Velocity vectors in the r z -plane for a decaying (initially balanced) vortex for Sc 0 5,
0 4, Re 100 and F 1 0, at t 4. (b) The same as in (a), but now for a flow with Sc 2 0.
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FIGURE 3.23: (a) Temporal evolution of the maximum value of the density perturbation max and (b) of the
maximum vorticity z, for Sc 0 5 and Sc 2.

The differences between two (hypothetical) flows with Sc 0 5 and Sc 2 0 (with Re 100
and F 1 0) are illustrated by figure 3.22. The flow patterns, in the r z -plane at t 4 are shown.
Clearly for the case of Sc 0 5 a radially outward flow can be seen, which is compensated by a ver-
tical flow towards the symmetry plane. For Sc 2 0 a secondary circulation in the opposite direction
is found, in accordance with the decay mechanism described in section 3.4.3. For Sc 0 5, with den-
sity decaying faster than momentum, a continuous adjustment of the density distribution takes place.
Fluid is accelerated radially outwards, because the centrifugal force is not balanced and a circulation
pattern is formed that deflects the isopycnals continuously.

Figure 3.23 shows the temporal evolution of the maximum values of both the vertical vorticity
and the density perturbation. The continuous adjustment process of the vortex for the case of Sc
0 5 suggests that also the kinetic energy of the vortex will decay faster than for Sc 2. For Sc
0 5 kinetic energy needs to be converted into potential energy continuously, whereas for Sc 2 the
reversed process takes place. Figure 3.23(a) indicates that this is indeed the case. In figure 3.23(b) it
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(a) (b) (c) (d)

FIGURE 3.24: Contour plots of (a) z, (b) z z, (c) r r and (d) Q, all in the (r z)-plane, of a vortex
for F 1 0 and 0 3. The increments in the contour values for all variables are 0 1.

can be seen that also the maximum value of the density perturbation (or equivalently the maximum
deflection of the isopycnals) decays faster for Sc 1 than for Sc 1.

C. POTENTIAL VORTICITY

In section 2.2.4 Ertel’s potential vorticity was introduced. Its value is a conserved quantity when
diffusion of both density and momentum are absent, see equation (2.31). It is called potential vor-
ticity, because it illustrates the possible increase of the vorticity (mainly z), due to the release of
potential energy stored in the density field. This quantity is frequently used in discussions on vor-
tices in rotating stratified fluids. It is the purpose of this appendix to shortly illustrate its definition
for a nonrotating stratified fluid. For an axisymmetric vortex the (nondimensional) potential vorticity
Q 1 can be written in terms of nondimensional variables as

Q z z z r r
(3.63)

where we have nondimensionalized Q with V N2 gL and approximated the term 1 by 1 0 . In
this form expression (3.63) states that the potential vorticity simply equals z (the major component
of the vorticity vector in a stratified fluid), but corrected by two stretching terms, one in the vertical
direction, the other in the radial direction.

For the initial vorticity and density distributions used throughout this chapter Q can easily be
determined analytically. In figure 3.24 the structure of the potential vorticity for the initial vortex
is illustrated. First, in (a) the distribution of z r z is given. The influence of the two stretching
terms is shown separately in 3.24(b) and (c). Then in (d) the distribution of Q r z is given. For the
particular case illustrated here F 1 0 was used, because the density perturbation becomes larger for
higher Froude numbers, and therefore the deviation of Q from z becomes more profound. Figure
3.24(c) shows that the radial stretching term is of minor importance. The vertical stretching term
shows that the potential energy in the density distribution strongly contributes to Q in the core of
the vortex. The potential vorticity has not been used extensively in this chapter, because its meaning
becomes somewhat obscured by the fact that, due to diffusion of both salt (density) and momentum,
its value is not conserved anymore.
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AZIMUTHAL INSTABILITY OF MONOPOLAR VORTICES

Part of this chapter has been accepted for publication in Il Nuovo Cimento (1999) as proceedings of the Work-
shop Vortex Dynamics in Geophysical Flows held in Castro Marina (Italy), 22–26 June 1998.

4.1 Introduction

In the previous chapter the three-dimensional (3D) structure of an axisymmetric pancake-like vortex
in a linearly stratified fluid was investigated. When the vortex is placed at a considerable distance
away from the fluid free surface, there is no motion at the surface and the vortex lines close within
the fluid. This implies that a single monopolar vortex in a stratified fluid will always be surrounded
by a ring of opposite (vertical) vorticity. The vortex lines that are directed upwards in the core of the
vortex are then directed downwards in this ring such that they can indeed form closed loops.

In several studies of purely two-dimensional (2D) vortices (see, e.g., Flierl 1988 and Carton et
al. 1989) it was found that monopoles with a shielded vorticity distribution, i.e. with a ring of op-
posite vorticity, can develop azimuthal instabilities. The ring then breaks up in a number of vortices
that have a sense of rotation opposite to that of the core. Flierl (1988) investigated the instability of
circular patches with uniform vorticity surrounded by a ring of uniform oppositely-signed vorticity.
He found that the instability depends on the ratio between the extremum vorticity values in the ring
and in the core, and on the width of the outer ring. Carton et al. (1989) introduced a useful ana-
lytical expression for a continuous vorticity distribution of a shielded vortex with zero circulation,
which incorporates a steepness parameter , see (2.28). They found instability of the vortex, when
the steepness of the vorticity profile exceeds a critical value. This particular vorticity profile was also
used in several other studies to investigate the growth rates of small azimuthal perturbations for dif-
ferent wave numbers (Carton & McWilliams 1989, Carnevale & Kloosterziel 1994 and Orlandi &
Carnevale 1999). The results of these studies are summarized in figure 2.4(b). The azimuthal per-
turbation with wave number n 2 was found to become unstable, when exceeds a critical value

c 1 85. For larger values of the growth rate of the perturbation also increases. Eventually, the
n 2 perturbation can lead to the formation of a tripolar vortex, i.e. a vortex with an elliptical core
of one sign vorticity surrounded by two satellites of opposite sign (see Orlandi & van Heijst 1992 and
Carton & Legras 1994).

Although the instability type is essentially 2D it can also arise in Q2D flows in the laboratory.
A tripole formation was observed in laboratory experiments in both rotating fluids1 (van Heijst &

1Barotropic vortices in a rotating fluid are Q2D, because of their columnar appearance due to the Taylor-Proudman
theorem, but they are essentially 3D in the boundary layer at the bottom of the tank.

63



64 Azimuthal instability of monopolar vortices

Kloosterziel 1989 and van Heijst et al. 1991) and in density stratified fluids2 (Flór et al. 1993 and
Flór & van Heijst 1996). Figure 2.4(b) shows that also perturbations with wave numbers higher than
n 2 can grow, but the steepness parameter has to become increasingly larger. The result of the
growth of an instability with n 3 is a vortex with a triangular core surrounded by three satellite
vortices of opposite vorticity, see figure 2.3(d). Even such a vortex has been observed in laboratory
experiments, both in rotating and stratified fluids (Carnevale & Kloosterziel 1994, Beckers & van
Heijst 1998 and Flór & van Heijst 1996). The aim of the present study, described in this chapter, is to
investigate how the essentially 3D structure of the vortices in a stratified fluid influences their possible
azimuthal instability. More specifically, the role of viscosity and of the ambient density stratification
on the evolution of the vortices is studied.

In the next section the evolution of both axisymmetric and azimuthally perturbed monopoles in
2D flows with viscosity is investigated, because in previous studies the evolution of 2D flows was
only studied for fairly high Reynolds numbers or for even inviscid conditions. In section 4.3 results
of tripole formations in laboratory experiments are shown and the differences between several ob-
served tripoles are discussed. Then, in section 4.4, the evolution of the 3D vortices with a similar
initial velocity and density distribution as in the previous chapter (but now with higher values for the
steepness parameter ) is studied numerically. The influence of the Froude number on the tripole for-
mation is investigated and the 3D structure of a full-grown tripole is discussed. A summary of this
chapter is given in section 4.5. At the end of this chapter an appendix is included that contains details
of some of the analytical tools used throughout this chapter.

4.2 Evolution of monopolar vortices in 2D flows with viscosity

4.2.1 CIRCULARLY SYMMETRIC VORTICES

In 2D circularly symmetric flows the vorticity equation, written for a polar coordinate system r ,
is given by

t
1

Re
1
r r

r
r

(4.1)

where is defined as

1
r r

r (4.2)

The vorticity equation has been nondimensionalized by introducing a length scale L and velocity scale
V, resulting in the definition of a Reynolds number given by Re V L , like in the previous chapter.
The vorticity evolution is entirely governed by radial diffusion. The vorticity equation is solved for
a shielded vortex with an initial vorticity distribution given by

r 1 1
2 r exp r (4.3)

where is called the steepness parameter, see Carton et al. (1989). For 2 a self-similar solution
is then found for the evolution of the vorticity in time (see appendix A for the derivation):
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(4.4)

2As shown in the previous chapter, vortices in a stratified fluid are Q2D due to the absence of vertical motion, but they
have a finite vertical extent and are therefore essentially 3D.
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For values of 2 the solution of (4.1) is less trivial and numerical simulations need to be performed.
The solution of (4.1) for an initial vorticity profile (4.3) is shown in figures 4.1(a-c) for 2 4 and
6, respectively. Each figure displays radial cross-sections of the vorticity, (scaled by the maximum
value) for t Re 0 0 01 0 02 0 04 and 0 08. Here t Re is used, because for circularly symmet-
ric flows Re can be moved to the left-hand side of equation (4.1) and time can thus be redefined as
t t Re. The self-similarity of the solution for 2 can be observed in figure 4.1(a). In spite of a
radial growth of the vortex due to diffusion the ratio between the minimum and maximum vorticity
values remains constant in time. The evolutions for 4 and 6 show that diffusion causes a rapid
decrease of the (absolute value of the) ratio between the minimum and maximum vorticity and at later
times the vorticity profiles appear to be comparable with the profile 2. This is illustrated more
clearly in figure 4.1(d), where profiles of are shown at t Re 0 4. In this case also the radial co-
ordinate has been scaled by the radius r where the vorticity changes sign. The three vorticity profiles
with initially different values of all collapse onto one single curve, namely profile (4.3) with 2.
This evolution is characteristic for the large-time asymptotic behaviour of the diffusion equation (4.1)
as was described by Kloosterziel (1990). He found (by using a complicated expansion in Laguerre
polynomials) that any initial vorticity distribution that has vanishing circulation3 will eventually at-
tain the shape of the profile with 2 and consequently evolve as equation (4.4). This finding also
implies that vorticity profiles which are initially less steep (i.e. with 2) will steepen in time until
the profile resembles (4.4). A numerical simulation of the evolution of a vortex with initially 1 5
has indeed confirmed this prediction.

It is important to note that in order to obtain the profiles in figure 4.1(d) both the radius and the
maximum vorticity value of the profile at t Re 0 4 needed to be scaled. It would, however, be
more appropriate to scale the initial vorticity profiles in such a way that we know in advance that
the vorticity profile (for every initial value of ) naturally evolves towards equation (4.4), without
the need of scaling the radius and the maximum value afterwards. The initial vorticity profile can be
scaled as

r A r A 1 1
2

r
r

exp
r
r

(4.5)

where r is used to scale the initial radius of the vortex and A is the initial amplitude of the vorticity
profile. The only way now to determine the values of A and r is by using conserved quantities.
Suppose that C is a conserved quantity (to be defined later) for a 2D flow, which can be calculated
for the (initial) vorticity distribution. We have already found that the initial profile (4.5) with A2 1
and r2 1 then evolves towards (4.4). During this evolution it conserves a quantity C2 . At the
same time any other profile (4.5) with 2 is supposed to evolve also towards (4.4) so that during this
evolution the profile will conserve the quantity C C2 . By using the equality C C2 values
for A and r can be determined, but note that two conserved quantities are necessary to determine
the two unknowns. In appendix B it is investigated which (integral) quantities are constants of motion
for a 2D flow with viscosity. One of them is the total circulation dS, but this quantity is
of no use to determine A and r , because its value equals zero for all . The first integral moment
of the vorticity rdS is not conserved in time and therefore not useful either. The second integral

3Kloosterziel (1990) also considered vortices with nonvanishing circulation and found that these vorticity profiles
evolved towards a Gaussian vorticity distribution. Nonshielded vorticity profiles are not applicable to vortices in a strati-
fied fluid, but due to the fact that the diffusion equation is linear, one can consider the evolution of, e.g., two nonisolated
vortices separately and combine them such that they form an isolated vortex. This is illustrated in appendix A, where it
is shown how even shielded Rankine vortices evolve towards the 2 profile.
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FIGURE 4.1: Evolutions of 2D axisymmetric vortices with (a) 2, (b) 4 and (c) 6, showing ra-
dial cross-sections of scaled by their maximum values, for t Re 0 0 01 0 02 0 04 and 0 08 (with the
continuous line for t 0). (d) Comparison of r for t Re 0 4 for the three cases.

moment, which is in fact the angular momentum, is a conserved quantity when the total circulation
of the flow equals zero (see Saffman 1992 and appendix B) and it is defined by

L 1
2

0

2

0

r2 rd dr (4.6)

Calculation of L2 for A2 1 and r2 1 and of L A r yields that L L2 when

A r4

2 4 (4.7)

where x is the Gamma function (see appendix C). Unfortunately, A and r cannot be solved ex-
actly, because a second conserved quantity is lacking. Particularly the higher order integrals of the
vorticity are not conserved (see appendix B), and furthermore the kinetic energy and the enstrophy
are no conserved quantities.

In order to fulfill the wish to scale the vortices in advance anyway a different approach is made.
By changing the values of A and r iteratively, but satisfying (4.7), and by comparing the eventual
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8 and (b) of the radial position (r) where changes sign. The initial vorticity profiles are given by (4.5) with
A1 5 1 75 A2 1 0 A4 0 48 A6 0 40 and A8 0 35 and r according to (4.7).

evolution of the maximum vorticity value the problem of the lacking second conserved quantity is
’solved’. In figure 4.2 the temporal evolutions of max and r are given for 1 5 2 4 6 and 8.
This figure illustrates that by using an initial scaling of the vorticity profile, the vortex indeed evolves
naturally towards the self-similar solution (4.4) without the need of scaling the profile afterwards.

Figure 4.1 illustrated how profiles with 2 evolve towards a profile with 2. It is tempting
to assume that also the evolution of an initial vorticity profile with 2 can be described by a kind
of self-similar profile like (4.5), with time dependent values for t , A t and r t , but no such so-
lution of (4.1) has been found. Therefore, instead of talking about the evolution of the value of as a
function of time, it is more appropriate to characterize the evolution of a vorticity profile by the quan-
tity t min max , which is the ratio between the extreme negative and positive vorticity values.
For the evolution of the 2 profile described by (4.4) this ratio is constant: 2 e 2 0 135. For

2 the 2, but increases in time, whereas for 2 the is initially much larger than 2,
but its value rapidly decreases towards 2. This is shown in figure 4.3(a). It was investigated whether
the evolving vorticity profiles could still be approximated by an -profile at various times and this
appeared to be very well possible. The profiles in figures 4.1(b) and 4.1(c) were least-squares fitted
by the profile (4.3), and an approximate value for could be determined as a function of time. Fur-
thermore, there is an independent unique relationship between the vorticity ratio and the steepness

of profile (4.3) given by

2
exp

2
1 (4.8)

For t 0 1 2 4 and 8 the fitted values of , their corresponding values of and the curve (4.8) are
displayed in figure 4.3(b). This figure illustrates that the observed decrease of in figure 4.3(a) can
be well associated with a decreasing steepness parameter (at least as long as the vortex is circularly
symmetric).

Concluding one can state for circularly symmetric 2D vortices that radial diffusion causes an evo-
lution of the steepness of the profile towards 2 (i.e. an increase or decrease of , depending on
its initial value).
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4.2.2 AZIMUTHAL INSTABILITY

Flierl (1988) analytically studied the linear stability of a circular vortex with homogeneous vorticity,
surrounded by a ring of opposite vorticity. Such a ’two-patch’ vortex was found to become unstable
when the outer annulus is narrow enough. For an isolated vortex this is equivalent to saying that the
deeper the ring of opposite vorticity is, the more unstable is the vortex. Carnevale & Kloosterziel
(1994) performed a numerical linear stability analysis for inviscid 2D vortices with a vorticity profile
given by (4.3). Their results revealed how the growth rate of the azimuthal perturbations with various
wave numbers depends on the value of the steepness parameter , see also figure 2.4(b). For 1 85
there is no growing unstable azimuthal mode, for 1 85 3 0 the mode n 2 (i.e. the onset of a
tripole) is the only unstable mode, and higher modes start to become unstable when is larger than
3. Considering the results of Flierl and Carnevale & Kloosterziel, it is believed that the decrease of

(or ) due to lateral diffusion as shown in figure 4.3(a) will have implications for the development
of azimuthal instabilities on vortices with initial values of 2.

As an illustration of the effect of viscosity on the azimuthal instability of a vortex the evolution
of a monopole with an initial steepness parameter 4 is compared for Re 1000 and Re 3000.
A small azimuthal perturbation with wave number n 2 is added to the initial velocity distribution,
yielding

r 1 sin2 r (4.9)

where r is the velocity profile corresponding with the vorticity profile (4.3) and 0 01 is the
amplitude of the perturbation. Figure 4.4 shows contour plots of the vorticity at three moments for
both cases. For Re 1000 the small initial perturbation results in the formation of a stable tripole
at t 80. For Re 3000 only initially a tripole is formed, because next the strongly elongated core
splits up into two vortices. Each vortex then pairs with one of the satellites resulting in the formation
of two dipoles, that start to move in opposite directions. Such a breakup of a shielded monopole
has been demonstrated for a vortex in an inviscid fluid by Carton & Legras (1994). They found that
whenever 3 2 for the initial vortex the dipole splitting will take place. The results in figure 4.4,
however, illustrate that the Reynolds number plays a decisive role in this dipole splitting process.
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Re 1000

Re 3000

t 20 t 40 t 80

FIGURE 4.4: Contour plots of for the 2D evolution of an initially axisymmetric vortex with 4 for Re
1000 and 3000. The evolution is shown for t 20, 40 and 80.

Early in the evolution of unstable isolated monopoles the effects of diffusion on the vortex can be
investigated by comparing the decay of the value of with the growth rate of the n 2 perturbation.
As long as the vortex is more or less circular (i.e. for the cases in figure 4.4 up to t 15) it is rea-
sonable to relate the -value to the value of by (4.8), and consequently to the growth of azimuthal
perturbations4. In figure 4.5(a) the evolution of is shown for a monopole with an initial value of

4 for four different Reynolds numbers. Figure 4.5(b) shows the corresponding increase of the
energy content of the n 2 perturbation for the same Reynolds numbers. The energy is plotted
on a semi-logarithmic scale, so that the slopes of the lines indicate the growth rate. After an initial
transient indeed displays an exponential growth for all cases, but the growth rate clearly increases
with the Reynolds number. For Re 250 the value of (or equivalently ) decreases so fast, that
the perturbation soon ceases to grow and only a very weak tripole formation takes place. For even
smaller Reynolds numbers it was found that the initial growth of the perturbation is halted completely
and no tripole is formed at all.

Based on these results two remarks should be made. In the first place, it seems remarkable that
viscous effects cause all initial vorticity profiles, even the stable ones with 1 85, to evolve to
an unstable 2 profile. This implies that a vorticity profile becomes unstable due to viscosity.
However, it should be realised that the 2 profile is only inviscidly unstable. A simulation with

2 and Re 3000 did indeed result in a slight initial growth of the wave number 2 perturbation,
but it was far too weak to become significant. It is therefore not very likely that a vortex with an initial
steepness of 1 85 eventually results in the formation of a tripole.

The second remark concerns the amplitude of the initial perturbation. In order to promote the
instability a small but nonzero perturbation should be included in the initial velocity field. Inviscid

4Note also that Flierl’s analysis has shown that azimuthal instability is not necessarily restricted to vortices with vortic-
ity profiles given by (4.3). The strict relationship between the values of and is therefore not of paramount importance.
Besides, an advantage of the use of the variable is that it can also be used to characterize the unstable vortex when it is
not axisymmetric anymore, in contrast to which is only relevant for axisymmetric profiles like (4.3).
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FIGURE 4.5: Evolution of (a) the ratio between the minimum and maximum vorticity values and (b) the kinetic
energy content of the azimuthal mode n 2 for simulations of an unstable monopole with 4 for different
values of the Reynolds number.

linear stability analysis requires that the amplitude ( ) of the initial perturbation has no influence on
the growth rate. It has been checked whether this is also the case for the present numerical simula-
tions: For Re 3000 two initial amplitudes 0 01 and 0 001 were used and indeed the growth
rate was the same for t 15. However, it takes much longer for a full-grown tripole to develop when
the initial amplitude of the perturbation is smaller. For an inviscid fluid this longer formation time has
no influence on the final tripole formation. But with viscosity present it will result in a much weaker
tripole, since the steepness of the initial vorticity profile can decrease much further. The exact shape
of the initial perturbation was found to have no influence on the final tripole formation. Carnevale &
Kloosterziel (1994) considered a perturbation of the initial vortex, which had a peak value amplitude
at the radius r where the vorticity changes sign, in contrast to the present perturbation (4.9) which is
independent of r. A simulation was performed with the initial perturbation of Carnevale & Kloost-
erziel (1994) for the case of Re 3000 and, apart from some initial deviations, the early growth rate
of this perturbation was found to be the same as for the case in figure 4.5(b).

4.3 Results of laboratory experiments

After the investigation of the purely 2D vortices in the previous section one might ask whether it is
possible to observe an unstable Q2D monopole transforming into a tripole in a laboratory experiment
in a stratified fluid? In fact, the answer (yes!) was already given by Flór et al. (1993) and Flór & van
Heijst (1996), who reported on the formation of a tripole in a stratified fluid. They made a vortex by
locally stirring the fluid with a bent rod. The monopole created in this way, soon transformed into a
vortex with an elliptical core surrounded by two satellites, but eventually this tripole axisymmetrized
and became monopolar again. In addition, Flór & van Heijst also described a tripole, although one
with very weak satellite formation, emerging from a monopole created by the tangential injection
method. The analysis in the previous section showed that a sufficiently high Reynolds number is nec-
essary to observe the formation of a full-grown tripole. We have therefore reconsidered the vortices
created by the tangential injection method and tried to obtain vortices at higher Reynolds numbers.

The experiments were performed in a linearly stratified fluid in a similar way as the experiments
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FIGURE 4.6: Photographs of a dye visualization experiment showing the formation of a tripole. The pictures
represent the flow at (a) 16 s, (b) 42 s, (c) 56 s, (d) 87 s, (e) 124 s, (f) 215 s, (g) 316 s, (h) 637 s and (i) 1150 s.
The injection parameters were Q 2 22 cm3 s 1 and V 100 cm3.
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(a) (b) (c)

(d) (e) (f)

FIGURE 4.7: Contours of vertical vorticity with increments 0 02 s 1 for a tripole formation experiment
called experiment I. The corresponding times are (a) 45 s, (b) 65 s, (c) 85 s, (d) 125 s, (e) 165 s and (f) 205 s.
The injection parameters were Q 2 22 cm3 s 1 and V 100 cm3.

described in section 3.2. The vortices were created by horizontally injecting an amount of fluid of
matched density inside a cylinder at a certain level in the fluid. After the injection was stopped (de-
fined as t 0) the flow was allowed to adjust and become circular. Then after typically ten sec-
onds, the cylinder was moved downwards to the bottom of the tank, which allowed the injected fluid
to spread radially and become cyclostrophically adjusted. In contrast to the previous experiments a
larger tangential injection cylinder was used, i.e. with a diameter d 15 0 cm and height h 5 0 cm.
This larger cylinder was necessary to obtain a flow with a higher Reynolds number, not only because
the radius of the vortex is larger, but also because the amount of injected fluid ( V) and the injection
rate (Q) could be higher without injecting fluid over the cylinder wall. The evolution of the vortex
has been studied in two ways, either by following the distribution of a passive tracer (dyed fluid), or
by tracking neutrally buoyant tracer particles. More details on the particle tracking procedure can be
found in section 2.3.

The vortices in the experiments indeed appeared to become azimuthally unstable. Figure 4.6
shows the dye-visualized evolution of an unstable vortex. Almost directly after the cylinder is re-
moved the initially circular vortex starts to deform. In figure 4.6(b) the core of the vortex becomes
slightly triangular, and in (c) two satellite vortices are seen to be formed in the periphery of the vor-
tex. A third satellite cannot be distinguished on the photographs. The core vortex then transforms
into an ellipse (d) and the two satellites take positions at either side of the core (e): a tripole has been
formed (f). The elliptical core rotates around its centre and the satellites are corotating, so that their
centres remain in one line with the core. From the moment when the tripole has been formed until
the time of the last photograph (i) (i.e. after about 20 minutes) the tripole has only performed half a
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(a) (b) (c)

FIGURE 4.8: Photographs of a dye visualization experiment of a tripole formation. The pictures represent the
flow at (a) 88 s, (b) 186 s and (c) 1061 s. The injection parameters were Q 4 44 cm3 s 1 and V 100 cm3.

(a) (b) (c)

FIGURE 4.9: Vorticity contours of an experiment, called experiment I I, performed under equal conditions as
the one in figure 4.8. The vorticity plots represent the flow at (a) 90 s, (b) 150 s and (c) 280 s. The contours of
vorticity increase with 0 02 s 1.

rotation, while it has grown substantially in size. This increase in size is caused by the entrainment
of undyed fluid between the core and the satellites, which can be clearly observed in the photographs.
Undyed fluid is first entrained by the satellites, see 4.6(e), and later also by the core vortex, see (h).
From then on entrainment of external fluid takes place both in the core and in the satellites, and in
(i) it can even be seen that fluid from one of the satellites starts being entrained by the core. These
entrainment processes provide an indication of the relative strengths of the satellites and the core of
the tripole, as will be illustrated later on.

Because dye diffuses on a much larger timescale than momentum, the dye structure may even-
tually give a ’fossilized’ impression of the flow field of the tripolar vortex. It is therefore better to
investigate also the evolution of the distribution of (vertical) vorticity in the tripole. Figure 4.7 shows
contours of the vertical vorticity measured in an experiment, called experiment I, performed under
the same conditions as the dye visualization in figure 4.6. Continuous contours represent positive
vorticity, dashed contours represent negative vorticity. In the first picture (a) at t 45 s indeed a
slightly triangular core vortex can be observed, surrounded by a ring of oppositely signed vorticity.
This ring appears to break up into three satellite vortices in (b), but two of these satellites soon merge
into one somewhat elongated vortex (c). As could also be observed in the dye pictures, the shape of
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FIGURE 4.10: Radial cross-sections of the vertical vorticity through the core and satellites of the tripoles for
(a) experiment I at 165 s ( ) and 265 s ( ) and for (b) experiment I I at 150 s ( ) and 280 s ( ).

the core then becomes more elliptical (d) and at t 165 s (e) a symmetric tripole has formed. While
the vortex decays in strength, mainly due to vertical diffusion, its rotation rate becomes slower, but its
appearance remains tripolar (f). This observation contrasts with the evolution of tripoles reported by
Flór & van Heijst (1996), because they observed an axisymmetrization of the vortex and eventually
a shielded monopole was retrieved.

The exact shape of the tripole that is eventually formed in the laboratory experiments was found to
depend on the injection parameters. In another series of experiments the injection rate was doubled,
but the amount of injected fluid was kept the same. Figures 4.8 and 4.9 show both photographs of a
dye visualization experiment and vorticity plots of a particle tracking experiment. Two remarkable
differences can be found in comparison with the two previous experiments. The core of the tripole
is far less elliptical, and there is almost no entrainment of undyed fluid (particularly not by the satel-
lites) and as a result the tripole does not grow substantially in size. In the photograph in figure 4.8(c)
it even appears as if the satellites are being wrapped around the core. This case is much more alike
the tripole described by Flór & van Heijst (1996). Figure 4.9 shows vorticity contours obtained from
a particle tracking experiment, referred to as experiment II. A parameter that conveniently character-
izes differences between the tripoles (aside from their size) is the ratio between the minimum and
maximum vorticity. Figure 4.10 shows cross-sections of the vertical vorticity for both tripoles. For
the first tripole one finds 0 35, whereas for the second 0 20 and these ratios appear to remain
more or less constant once the tripoles have been formed. The satellites are thus much stronger for the
large tripole than for the compact tripole and apparently these differences also lead to very different
entrainment processes in the tripoles, compare figures 4.6(i) and 4.8(c).

The differences between the well-developed tripoles in figures 4.6 and 4.7 and the weaker tripoles
in figures 4.8 and 4.9 can be explained by a close investigation of the initial monopoles. In a numerical
study presented in the next section it will be shown how the initial conditions influence the (possible)
formation of a tripole. To perform such a numerical study it is necessary to determine the Reynolds
and Froude numbers of the initial vortices, and to estimate the corresponding steepness parameter .
In figure 4.11 the absolute velocity of every particle in the measured flow field (Vm u2 2, with u
and the velocity components in the x- and y-directions) is plotted as a function of the distance to the
centre of the vortex, for the vortices in the particle tracking experiments I and I I at t 30 s. At this
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FIGURE 4.11: (a) Radial distributionof the absolute velocity, measured in the vortex in experiment I at t 30 s,
combined with profiles for 2 3 and 4. (b) Similarly, but now for the vortex in experiment I I.

moment both vortices are still assumed to be circular, although the amount of scatter in these figures
indicates that this is not entirely true anymore. The maximum velocity is estimated as VI 0 6
0 1 cm s 1 and VI I 0 9 0 1 cm s 1, yielding values for the velocity scales5 of VI 2 1 cm s 1

and VI I 3 2 cm s 1, respectively. Figures 4.11(a,b) also contain three velocity profiles, scaled to fit
the data, with 2 3 and 4. These profiles are based on a guess for the position where the maximum
velocity occurs. This means that there is quite a large inaccuracy when a value for is estimated for
these two velocity profiles. The present fits suggest that 3 5 1 0 for the profile in figure 4.11(a)
and 2 5 for figure 4.11(b). These values are rather inaccurate ( 1 0 or even more), but for now
it suffices to notice that I I I . The ’typical length scale’ L of the flow was defined as the radius
where the vorticity changes sign, and it can be estimated that LI 6 1 cm and LI I 5 1 cm,
for the experiments I and I I, respectively. The buoyancy frequency is fairly easy to determine from
a vertical density profile measured during the experiments: N 1 8 rad s 1. Together, these results
yield ReI 1300 400 and FI 0 20 0 06 and ReI I 1600 500 and FI I 0 35 0 11 (in
both cases determined for t 30 s). These numbers will be used in a numerical simulation later on
to illustrate the effects of these parameters on the formation of the tripoles.

4.4 Numerical simulations of unstable vortices in a stratified fluid

4.4.1 THE BALANCED INITIAL STATE

In order to investigate the azimuthal instability of pancake-like vortices like the ones in the laboratory
experiments, numerical simulations have been performed. As initial condition the velocity and den-
sity distribution need to be prescribed and similar distributions are used as in chapter 3. The initial
velocity distribution consists of a radial part that corresponds to the -vorticity profile (4.3) combined

5The velocity scale V is not directly defined as the maximum velocity, but by V 16 e 2V 3 5V , where V is
the measured maximum velocity value and 0 3 was used. This particular definition of V (and thus of Re VL
and F V LN) is in correspondence with the vortex model introduced in chapter 3, see section 3.5 for details. The same
vortex model will also be used to describe the initial conditions for the numerical simulations in the next section.
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FIGURE 4.12: Evolutions of (a) the maximum value of z and (b) of the maximum density perturbation for 3D
axisymmetric vortices with initially 2, 4, 6 and 8 (F 0 3 and 0 3).

with a Gaussian distribution in the vertical direction,

r z
1

8

r
exp r exp

z2

2 2
(4.10)

where represents the initial thickness of the vortex. In contrast to chapter 3, where only axisym-
metric vortices with 2 have been considered, this time vortices with steeper vorticity profiles are
studied. Also the initial density distribution is obtained as in chapter 3, by combining the equations
that describe cyclostrophic and hydrostatic balance inside the vortex, see (3.3) and (3.5), yielding

r z
r

2zF2

r 2
2 r z (4.11)

By integration the following expression for the initial density perturbation is obtained:

r z
F2z

4 4
exp

z2

2

r

u exp 2u du (4.12)

and, in contrast to the case of 2 for which an analytical expression could be found, the integral in
this expression should be evaluated numerically (see appendix D for details). As was noticed for the
case of 2 in chapter 3, the density profile (4.12) may become unstable for certain combinations
of F and . Other values of modify the stability diagram for 2 only marginally, which is
illustrated in appendix D. To prevent the density profile from becoming unstable the (initial) Froude
number will be limited in the simulations to F 0 8, and the (initial) thickness of the vortex will be
fixed at 0 3. Note therefore, that the currently investigated shear instability of a vortex (i.e. the
tripole formation) is not related to the gravitational instability of the initial density distribution.

4.4.2 THE EVOLUTION OF AXISYMMETRIC VORTICES

The evolution of axisymmetric vortices with various initial values of has been investigated by nu-
merical simulations. In general the spatial distributions of r , z and did not evolve dramatically
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2 6

FIGURE 4.13: Contour plots of the density perturbation r z for two vortices with initially 2 and 6,
both at two different times. The increments of the contours are 0 0005 at t Re 0 and 0 0002 at t Re
0 08.

different from the case with 2 considered in chapter 3, although there are two aspects of the evo-
lution of the pancake-like vortices worth mentioning. In the first place, it was observed that also for
a 3D vortex the distribution of the vertical vorticity z r evolves towards the 2 profile for each
initial value of . Just as for the 2D cases the initial Reynolds number determines how fast this pro-
cess takes place. Secondly, it was found that the Froude number can have a profound influence on
this evolution of the vorticity profile. As was already described in detail in chapter 3, vortices in a
stratified fluid are ’stretched’ during their decay, and for higher Froude numbers this stretching effect
increases. It will be shown in this section that stretching also affects the shape of the vorticity profile,
and this has implications for the instability of the vortex.

The first aspect, the evolution the vorticity profile due to diffusion, is illustrated in figure 4.12. The
temporal evolutions of both the maximum value of the vorticity and the maximum density perturba-
tion are shown for four vortices with different initial values of for a moderate value of the Froude
number. The line indicated by 3D in 4.12(a) represents the decay according to the diffusion model
(3.19) for an 2 vortex, and the line 2D is the self-similar solution (4.4) for a 2D vortex with 2.
In addition, it can be seen that also the maximum values of the density perturbation max evolve to
the value for the 2 vortex. To illustrate this more clearly also the evolutions of the spatial distri-
butions of r z are presented, in figure 4.13 for 2 and 6. At t Re 0 08 the distributions
of r z appear to be quite similar. These results illustrate that not only purely 2D vortices evolve
towards the 2 profile, but also pancake-like vortices in a stratified fluid. This is an important re-
sult, because it explains why laboratory experiments of monopolar vortices in a stratified fluid (see
Trieling & van Heijst 1998) usually have vorticity profiles that are in close agreement with the 2
profile. Apparently, this fact is not due to a particular property of the stratified fluid, but simply due
to lateral diffusion working on a 2D shielded circular vortex. The density stratification only ensures
a Q2D character of the flow.

The second aspect, the influence of the Froude number on the evolution of the vorticity profile can
be best understood by considering the vorticity ratio min max for various initial values of as
a function of F. These results are combined in figures 4.14(a) and (b), for 4 and 8, respectively,
and for comparison the evolution of for a purely 2D vortex is shown as well (continuous line). It can
be seen that in all cases eventually reaches the value 2 (as for a 2D flow shown in figure 4.3(a)). For
F 0 1 the decay of appears to coincide with the curve for the 2D situation, but one can observe
that decreases much faster for flows with a larger Froude number. This enhanced decay of for
increasing Froude number can be explained by the stretching of the vortex.
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FIGURE 4.14: Evolutions of for a 3D axisymmetric vortex with initially 4 (a) and 8 (b), for four
different Froude numbers. Results are shown for Re 1000.

In the previous chapter it was found (see figure 3.14) that the effect of stretching during the decay
of the vortex becomes more profound for larger Froude number flows. According to Ertel’s theorem
(2.31) vortex stretching causes an ’increase of the vorticity’6. However, the stretching only affects the
(positive) core of the vortex, where the deformation of the isopycnals is largest, and not the (negative)
ring. Therefore, the ratio min max , that already decreases due to lateral diffusion (see the
decay of for a 2D vortex in figure 4.14), will decrease even more due to the stretching of the vortex,
and this effect becomes stronger for flows with large Froude numbers. This enhanced decrease of the
value of due to stretching suggests that the Froude number can have an influence on the azimuthal
instability of the monopolar vortices in a stratified fluid.

The effect of stretching on the vorticity distribution of a vortex is illustrated in figure 4.15(a) for
two of the cases from figure 4.14(a): F 0 1 and F 0 8. The figure shows radial cross-sections
of z at the vortex symmetry plane for t Re 0 05 as well as the initial ( 4) vorticity profile. It
can be seen that lateral diffusion considerably changed the vorticity profiles and made the rings of
opposite vorticity shallower. Vertical diffusion has caused a strong decay of the maximum vorticity
value, but one can see that due to the stretching process the core vorticity value is still much larger
for F 0 8 than for F 0 1. Figure 4.15(a), however, might suggest that the profile for F 0 8 has
a ’steeper’ vorticity gradient r than the profile for F 0 1 and, consequently, is more unstable,
but this is incorrect. In figure 4.15(b) the same profiles are shown, but now scaled by their maximum
vorticity value and by their radius (i.e. the radius where the vorticity changes sign). This figure shows
that the profile for F 0 8 has a relatively weaker ring of opposite vorticity than the profile for F
0 1. Expressed in values of , the first profile is almost comparable with the 2 profile, whereas
the second profile is more comparable with an 2 5 profile, and thus more prone to instability.

4.4.3 INFLUENCE OF F AND Re ON AZIMUTHAL INSTABILITY

The hypothesis that a large Froude number has a stabilizing effect on the azimuthal instability of a
monopole has been tested by performing fully 3D numerical simulations. In all these simulations

6More precisely, it was found that due to vertical diffusion the stretching rather causes a temporary smaller decay rate
of the maximum vorticity than a real increase of the vorticity.
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FIGURE 4.15: (a) Radial cross-sections of z at z 0 for two of the axisymmetric vortices in figure 4.14(a) at
t Re 0 05 for F 0 1 and F 0 8, combined with the initial vorticity profile. (b) The same cross-sections
as in (a), but now with both the amplitude and the radius scaled, and combined with the profiles 2 0 and
2 5.

an initially axisymmetric vortex was used, with an initial velocity distribution given by (4.10) and a
density distribution given by (4.12), for a steepness parameter 4 and an initial thickness 0 3.

Before the influence of the Froude number on the tripole formation process is investigated, first
the effect of viscosity on the instability of a vortex is considered. For a purely 2D flow it was found
that lateral diffusion causes a decrease in the steepness of the vorticity profile, and this results in a
decrease of the growth rate of azimuthal instabilities. This implies that for smaller Reynolds number
flows the tripole will be less developed or, if Re is small enough, not even be formed at all. In contrast
to purely 2D flows, however, the 3D pancake-like vortices also suffer from a strong vertical diffusion
of momentum. This vertical diffusion does not influence the instability of a vortex directly (because
it cannot change horizontal vorticity gradients), but it causes a much faster decay of the Reynolds
number of the flow in the vortex symmetry plane than for a purely 2D flow and therefore horizontal
vorticity gradients are also affected faster. In this way vertical diffusion stabilizes the Q2D flow in
the symmetry plane of the vortex. This makes a pancake vortex (3D) with an initial Reynolds number
Re 3000 much more stable to azimuthal perturbations than a purely 2D vortex with the same initial
Reynolds number.

In figure 4.16 horizontal cross-sections are shown of vortices at three different moments in their
evolution, for Re 500 1000 and 5000. These cases clearly illustrate the effect of viscosity (stretch-
ing is assumed to be relatively weak, because the Froude number is rather small) and can thus be com-
pared with the 2D cases in figure 4.4, in order to assess the effects of vertical diffusion. For Re 500
the tripole formation appears to be not continued; at t 80 an almost circular core is found (the ring
cannot be seen for this choice of contours). For Re 1000 the core vortex of the 3D tripole is slightly
less elliptical than its 2D counterpart and overall the vorticity values are smaller due to vertical dif-
fusion. The case with an initial Reynolds number of 5000 illustrates that the tripole does not split
anymore into two dipoles, in contrast to the 2D vortex in figure 4.4. This difference is most likely
due to vertical diffusion.

The influence of the Froude number on tripole formation is shown in figure 4.17, where for Re
2000 two cases with F 0 16 and F 0 80 are compared. In both cases a tripole is formed even-
tually, but the satellites are much more pronounced and the core is more elliptical for the case with



80 Azimuthal instability of monopolar vortices
t 20 t 40 t 80

Re 500

Re 1000

Re 5000

FIGURE 4.16: Contour plots of z r z 0 of the evolution of an initially axisymmetric vortex (with
4, 0 3 and a perturbation n 2 with amplitude 0 01) for three different Reynolds numbers (Re
500 1000 and 5000) and with F 0 16. The increments in the vorticity values are 0 05.

F 0 16 than for F 0 80. Such a stabilizing effect was indeed predicted by the axisymmetric sim-
ulations in the previous subsection: For F 0 80 the core becomes relatively stronger so that it can
retain a much more circular shape, instead of becoming deformed by the satellites.

Apparently, both vertical diffusion and stretching influence the tripole formation process. Figure
4.18(a) shows the evolutions of for both the 2D and 3D tripole formations7 and by comparing these
evolutions the effect of vertical diffusion becomes apparent. For the 3D vortices the value of soon
becomes smaller than for the 2D vortices, and even continues to decrease, whereas for the 2D vortices

increases again when the tripoles are formed. Figure 4.18(b) compares the evolution of for two
Froude number flows, and clearly is much smaller for F 0 80, indicating that the tripole is not
so well developed as for F 0 16.

In their paper Carton & Legras (1994) distinguished three stages in the formation of a (2D) tripole.
First, in the linear stage small azimuthal perturbations grow exponentially in strength (and perturba-

7Note that the value of here characterizes the shape of the tripole by the relative strengths of the satellites and the
core and it has no relation with the steepness of the vorticity profile, because the vortex is not axisymmetric anymore.
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FIGURE 4.17: Contour plots of z r z 0 of the evolution of an initially axisymmetric vortex (with 4,
0 3 and a perturbation n 2 with amplitude 0 01) for two different Froude numbers (F 0 16 and

0 80) and with Re 2000. The increments in the vorticity values are 0 05.

tions with different wave numbers grow independently). In the second stage nonlinear amplification
takes place: different modes start to interact and the growth of the perturbations is no longer expo-
nential. Finally, a full-grown tripole is formed. In figure 4.19(a) these three stages can also be dis-
tinguished for a 3D tripole formation. The energy content of azimuthal perturbations with different
wave numbers is plotted as a function of time. The vortex is initially only perturbed by wave num-
ber n 2 so this mode has the highest energy content, but soon the energy content of the other even
modes n 4 6 and 8 etc. is seen to grow as well. The energy content of the odd modes remains of
the order of 10 10. The first stage (of exponential growth) takes place until t 20. At t 50 the
energy content of all modes reaches a maximum value, and the tripole has become full-grown. From
then on the energy content of each mode starts to decrease due to viscous diffusion. In figure 4.19(b)
the early growth of the energy content of only n 2 is shown for F 0 16 and F 0 80 and for a
corresponding tripole formation in 2D flow (all for Re 2000). It indeed shows that the growth rate
is always smaller for F 0 80 than for F 0 16, but it also indicates that the growth rate is always
smaller for a 3D vortex, compared to a 2D vortex.

4.4.4 ENERGY BALANCE OF AN UNSTABLE VORTEX

An azimuthal instability (as in the formation of a tripole) can only grow if it is able to withdraw energy
from a specific source. For vortices in a stratified fluid this source can either be the kinetic energy of
the mean flow, or potential energy contained in the density field. The azimuthal instability of a vortex
is called barotropic if the horizontal velocity shear is the energy source for the azimuthal perturbation.
It is called baroclinic if the density perturbation (or equivalently the vertical shear in the velocity8)
inside the vortex is the dominant energy source for the azimuthal perturbation of the vortex (Carton &
McWilliams 1989). This implies that azimuthal instability of flows which involve no density differ-

8See equation (3.25): A vortex in a stratified fluid can only have a vertical shear in the velocity field if the linear density
gradient is perturbed.



82 Azimuthal instability of monopolar vortices

(a) (b)
t

0 20 40 60 80

0.2

0.3

0.4

0.5

A

B

2D

3D

C

D

t

0 20 40 60 80

0.2

0.3

0.4

0.5

F=0.16

F=0.80

FIGURE 4.18: (a) Evolutions of the value of for 2D and 3D tripole formations shown in figures 4.4 and 4.16,
respectively. The letters refer to the following parameters: A: Re 2000, B: Re 1000, C: Re 2000,
F 0 16 and D: Re 1000, F 0 16. (b) The evolution of for the tripole formations at F 0 16 and
F 0 80.

ences is necessarily barotropic, like, e.g., the formation of a tripolar vortex in a rotating homogeneous
fluid (van Heijst & Kloosterziel 1989). However, for a rotating stratified fluid the instability may be-
come predominantly baroclinic (see, e.g., Saunders 1973, Griffiths & Linden 1981 and Verzicco et
al. 1997).

In section 2.2.5 the energy balance for flows in a stratified fluid was derived, see (2.33). In a
similar way it is possible to assess the relative contributions of the potential and kinetic energy of the
mean flow to the growth of the azimuthal instability, see Verzicco et al. (1997). This is done by a
decomposition of the velocity field as

v r z U r z ṽ r z (4.13)

where U is defined as the azimuthally averaged flow velocity:

U r z
1

2

2

0

v r z d (4.14)

The decomposed velocity is substituted in the Navier-Stokes equation (2.34) and its azimuthally av-
eraged part is subtracted. The resulting expression is then multiplied by ṽ r z and integrated over
the entire volume, yielding

d
dt

1
2 ṽ2 dV ṽ ṽ U dV

1
F2 z dV

1
Re

ṽ 2ṽ dV (4.15)

In short this energy balance equation can be given by

dEK

dt
SM SP D (4.16)

and it describes how the three terms SM , SP and D contribute to the rate of change of the kinetic energy
EK of the perturbation velocity field ṽ r z . The term SM represents the transfer of kinetic energy
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FIGURE 4.19: (a) Evolution of the energy n of different azimuthal wave numbers for the tripole formation
with F 0 16 and Re 2000. (b) Evolution of the energy of mode n 2 for the cases of F 0 16 and
F 0 80 and for a 2D case, all with Re 2000.

from the mean flow to the azimuthal perturbation. The second term SP represents the transformation
of potential energy contained in the (azimuthally perturbed) density field into kinetic energy of the
perturbation field. The quantity D represents the dissipation of the kinetic energy of the azimuthal
perturbation. In figure 4.20 the evolutions of the various terms in (4.16) are given for the tripole for-
mations for the cases with F 0 16 and F 0 80. For the first case (F 0 16) it can be seen that
the rate of change of the kinetic energy of the perturbation is positive until t 50, and from then on
the dissipation (D) is stronger than the source term (SM) and the tripole starts to decay. It can also
be seen that only SM contributes to the increase in the kinetic energy of the perturbation, and that
the transformation of potential energy (SP) plays no role of importance on the instability. In other
words, the instability of the vortices is predominantly barotropic. For the second case (F 0 80) in
4.20(b) the contribution of SP appears to be slightly larger, but the instability is still predominantly
barotropic. In both cases it has been checked that all contributions add up to zero, so that the balance
(4.16) is indeed satisfied.

4.4.5 A RECONSTRUCTION OF THE TRIPOLES FROM THE LABORATORY EXPERIMENTS

It is now possible to make a close comparison between the results from the laboratory experiments and
the 3D numerical simulations. In section 4.3 an attempt was made to determine values for the ’initial’
Reynolds and Froude numbers of the unstable (but yet axisymmetric) vortices that later transformed
into tripoles. This yielded ReI 1300 400, FI 0 20 0 06, ReI I 1600 500 and FI I

0 35 0 11 (in both cases determined at t 30 s), where the subscripts refer to the experiments I
and I I presented in figures 4.7 and 4.9, respectively. Furthermore, approximate values of have been
determined to be I 3 5 1 and I I 2 5 1.

The influence of these parameters is investigated with two numerical simulations, initialized by
the (modelled) velocity field (4.10) with a small mode 2 perturbation, and with parameters obtained
from the laboratory experiments, i.e. in the first simulation Re 1300, F 0 20 and 3 5,
whereas in the second simulation Re 1600, F 0 35 and 2 5. At two times, corresponding to
tI 200 s (see figure 4.7(f)) and tI I 150 s (see figure 4.9(b)) in the laboratory experiments, the vor-
ticity distributions of the simulated tripoles are shown in figures 4.21(a) and (b). Also the increments
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FIGURE 4.20: (a) Evolutions of the four terms in the energy balance (4.16) for the azimuthal instability of two
vortices for Re 2000 and F 0 16 and (d) for Re 2000 and F 0 80. (see figure 4.17).

in the vorticity of the contours correspond to those in the vorticity contour plots of the experiments. In
both cases the simulations yield a tripole which is very similar to the one obtained in the experiment,
indicating that the different parameters (Re F and ) indeed can explain the formation of different
types of tripoles. In figure 4.21(c) the cross-sections of the vorticity (scaled by the core values) are
shown for the tripoles in (a) and (b), and these agree rather well with the experiments, see figure 4.10.

In contrast to the numerical simulations in which the initial monopole is only perturbed by the
wave number n 2, the laboratory experiments also reveal the presence of the mode n 3, see, e.g.,
figure 4.7(a). This is remarkable, because linear stability analysis shows that in order to have a non-
zero growth rate for mode n 3 the value of should be larger than 3, see figure 2.4(b). But more
important, its value should even be larger than approximately 6 to have a growth rate that exceeds the
growth rate of n 2, which is necessary for the mode n 3 to become perceptible. This suggests
that the value of for the vortex in experiment I was initially even higher than the value 3.5 (found at
t 30 s). In order to show the role of higher order perturbations (i.e. n 2) a numerical simulation
was performed of an unstable vortex, which was not only perturbed by n 2, but also by a few other
modes, with initial values of 8 and Re 2000, see figure 4.22. Indeed, at t 20 the formation
of three satellites can be observed, but soon two of the satellites merge and a (slightly asymmetric)
tripole is formed. For this particular initial condition ( 8) the energy contents of the modes n
2 3 and 4 all grow exponentially, and the modes n 2 and n 3 have initially the same growth
rate. The mode n 4 has a much smaller growth rate and the energy content of all higher modes
decays, showing that these modes are not amplified. This means that there is a competition between
the formation of a tripole and a vortex with three satellites, a triangular vortex, and this can indeed
be observed in figure 4.22. At t 20 the ring of opposite vorticity clearly shows a breakup into
three satellite vortices, but soon two of these satellites approach each other so closely that they merge
(t 28) and only two satellites survive (t 40). The core becomes strongly elongated by these two
satellites and eventually a tripole is formed.

4.4.6 THE 3D STRUCTURE OF THE TRIPOLAR VORTEX

Thusfar we have only studied the tripolar vortex by taking horizontal cross-sections of the vertical
vorticity at the symmetry plane, but it is also interesting to know how the tripole really looks in three
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FIGURE 4.21: Results of two numerical simulations, initiated with parameters comparable with the laboratory
experiments I and II. (a) Vorticity contours for simulation I with Re 1300, F 0 20 at t 60 ( 200 s)
and (b) for simulation II with Re 1600, F 0 35 at t 80 ( 150 s), and with increments I 0 057
and I I 0 031, respectively. (c) Cross-sections of the vorticity through the core and the satellites of both
tripoles (note that the sign of the vorticity has been reversed in this figure). The continuous line represents
simulation I, the dashed line represents the simulation II. The ranges of this graph are the same as in figure
4.10.

t 12 t 20 t 28 t 40

FIGURE 4.22: (a) Contour plots of of the formation of an asymmetric tripole from a 3D vortex with initially
8 and Re 2000.

dimensions. Unfortunately, the present experimental techniques are not suited to measure the fully
3D velocity field of the vortex in detail9. The present numerical simulations, however, are in such
a close agreement with the laboratory experiments, that it is assumed to be justified to investigate
the 3D structure of the tripole by using the results of numerical simulations. Figure 4.23(a) shows a
horizontal cross-section of the tripole for Re 2000 and F 0 16 at t 80 with three lines A, B
and C, representing the positions of vertical cross-sections in different r z -planes. Figure 4.23(b)
shows one of these vertical cross-sections (along line A) with contours of r z (on the left) and
of z r z (on the right) and four lines representing horizontal cross-sections, indicated by z1 to z4.
These particular vertical and horizontal cross-sections are used in figure 4.24, where the distributions
of the (vertical) vorticity and the density perturbation are shown in the various planes.

The four horizontal cross-sections are shown in figure 4.24(a) and (b) with contours of z and
. The vertical positions of the various slices correspond to those of the lines z1 4 in figure 4.23(b).

Due to the (approximate) Gaussian distribution of the vortex velocity field in the z-direction the tripole

9Three dimensional measurements of the velocity distribution of dipolar vortices in a stratified fluid have been per-
formed by A.M. Fincham (private communication).
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FIGURE 4.23: (a) Horizontal cross-section, in the r -plane at z 0, of the tripole from figure 4.17 with F
0 16 at t 80. The three dotted lines indicate the positions of vertical slices. (b) Vertical cross-section, in the
r z -plane along the line indicated by A, with contours of and z. The four solid lines indicate the positions

of horizontal slices through the tripole. For illustrative purposes the vertical scale is twice the horizontal scale
in this picture and the range of the vertical axis is from -1 to 1. (In both graphs is 0 02 and 0 0002.)

appears to be twisted in that direction. Its rotation is strongest at the symmetry plane, but it decreases
rapidly away from this plane and this causes a different orientation of the tripole at different levels.
Besides, if one assumes that the flow has its own (horizontal) Reynolds number at each level, the
development of the tripole is consequently most profound at the vortex symmetry plane, because in
this plane the Reynolds number is highest. At other levels than z 0 the core is less elliptical and
also the formation of the satellites is weaker, and in fact, at z z4 no tripole formation appears to
have taken place and the vorticity field almost resembles that of a shielded monopole.

The contours of in figure 4.24(b) only represent negative values (dashed lines), because the slices
are taken in the upper half of the vortex, where isopycnals are deflected in upward direction. For a
monopole the region where isopycnals are deflected is circular, and one might think that when the
vortex core becomes elliptical the region of obtains the same shape. However, for the tripole in
figure 4.24(b) the region of the density perturbation appears to be extended in the direction of the short
axis of the ellipse, along a line that connects the centres of the core and the satellites. Apparently, the
satellites of the tripole also induce a deflection of the isopycnals, so that the distribution of has not the
same shape as the core of the vortex. Remarkably, the exact orientation of the -distribution appears
to be slightly ahead in phase (the tripole rotates counterclockwise) compared with the distribution of

z r at the same level. This is most likely due to the fact that the deflection of the isopycnals is
mainly induced by the flow at z 0. The orientation of at z z1 indeed shows a better agreement
with the vorticity distribution at z 0 in figure 4.23(a). Just like the vorticity distribution, also the
density distribution appears to be twisted, due to the differential rotation of the flow field in the z-
direction.

Figures 4.24(c,d) show vertical cross-sections (in the r z -plane) along the three orientations,
represented by the lines A, B and C in figure 4.23(a), with contours of z and of the density pertur-
bation . The slice, indicated by A, represents the distributions of z and in the r z -plane, along
the short axis of the elliptical core and through one of the satellites. Slice C is perpendicular to slice
A and slice B is at a 45o angle with A. By comparing slices A, B and C in figure 4.24(c) it can be
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FIGURE 4.24: Figure combining both horizontal cross-sections of the tripole with contours of (a) z r and
(b) r at z z1 z2 z3 and z4, and vertical slices along the lines A, B and C in figure 4.23(a), with contours
of (c) z r z and (d) of the density perturbation r z . For all graphs z 0 02 and 0 0002.



88 Azimuthal instability of monopolar vortices

(a)

(b)

(c)

(d)

FIGURE 4.25: Three-dimensional presentation of the structure of the tripole, obtained for Re 2000 and F
0 16 at t 80, see figure 4.17. The figure shows for four cases isosurfaces of z, in each case the structure
is shown from three different spatial orientations: A side view (left figures), a top view (right figures) and a
view at approximately 45o (middle figures). Isosurfaces are drawn for the core in (a) and (b) and for the ring
of opposite vorticity in (c) and (d). Figures (a) and (b) represent the same vorticity value z 0 02 (but the
core is viewed from two orthogonal directions), for figures (c) z 0 02 and for (d) z 0 05, both with
the same orientation as for figure (a).
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seen that the (elliptical) deformation of the core only takes place in a thin region around the symmetry
plane, because at some distance above and below the symmetry plane the cross-sections in A, B and
C are very similar, indicating that the vortex is still close to axisymmetric, and the ring of opposite
vorticity is not very much deformed. In figure 4.24(d) slice A illustrates that the deflection of the
isopycnals is indeed extended to the satellites.

The vertical vorticity gives a good representation of the Q2D flow at different levels inside the
vortex. The 3D distribution of z, in the form of isosurfaces, therefore gives a convenient represen-
tation of the 3D structure of the vortex. Figure 4.25 shows four of these isosurfaces (a-d), and each
isosurface is shown from three perspective views: A horizontal ’sideview’ (figures in the left column),
a bird’s-eye view from an angle of about 45o with the horizontal (figures in the middle) and a vertical
view right from above (figures in the right column). Figures (a) and (b) in fact show the same iso-
surface, but for convenience viewed from two orthogonal orientations (compare the topview pictures
on the right in (a) and (b)). These isosurfaces represent the vorticity inside the core for z 0 02.
This particular value corresponds to the outermost contour in figures 4.23 and 4.24. The isosurfaces
clearly illustrate that only the part of the core near the symmetry plane appears to be deformed: In this
region one can see an ellipse with two filaments at both long ends, but somewhat further above and
below the core is still approximately axisymmetric. Figure (c) shows the isosurface for 0 02,
i.e. the region of opposite vorticity. This structure consists of a combination of the two satellite vor-
tices (close to the symmetry plane) and two almost axisymmetric rings of negative vorticity above and
below the satellites. It also shows clearly that only close to the symmetry plane the vorticity shielding
around the core has split into two separate (satellite) vortices, and that above and below the symmetry
plane the negative vorticity still forms an almost circular ring. Particularly the shape of the satellite
vortices becomes better visible by taking an isosurface with a higher (i.e. more negative) vorticity
value: z 0 05, shown in figure (d). In these figures the satellites appear as solitary structures,
chasing one another while circling around the core. The tails behind the satellites nicely illustrate the
vertical shear due to the differential rotation of the tripole.

4.5 Summary

In this chapter the evolution of initially axisymmetric shielded pancake-likevortices in a linearly strat-
ified fluid is investigated and compared with purely 2D vortices. As a first step the role of viscosity
on the dynamics and the instability properties of 2D isolated vortices is investigated. It is found that
for 2D circularly symmetric flows any isolated vorticity profile eventually evolves towards the same
profile due to lateral diffusion. This specific profile is characteristic for the large-time asymptotic be-
haviour of this diffusion equation as described by Kloosterziel (1990). Vorticity profiles with initially
steep vorticity gradients, or equivalently with large aspect ratios between the vorticity in the shielding
and in the core, are unstable, i.e. susceptible to shear instability. The evolution of the vorticity profile
due to diffusion implies that a vortex with an initially steep and therefore unstable vorticity profile
will become less steep and hence stable. The value of the initial Reynolds number of the flow there-
fore determines how fast the stabilization of the vortex takes place and whether an unstable vortex
will result in a tripole or not.

The process of stabilization due to viscosity also holds for 3D pancake-like vortices in a linearly
stratified fluid. However, it is found that another aspect plays a role as well. The steepness of the
vorticity profile (or the ratio shield core ) is also affected by the stretching effect caused by the
disturbed shape of isopycnals. Due to the cyclostrophic balance in the vortex, isopycnals are deflected
towards the vortex symmetry plane. During the decay of the vortex, isopycnals return to their equilib-
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rium position and the fluid column between the isopycnals is stretched. This results in an enhanced
decay of the vorticity ratio . The stretching effect becomes stronger for larger Froude numbers,
and it is therefore expected that the value of F can influence the possible formation of a tripole as
well. Fully 3D numerical simulations indeed confirm this point of view. The formation of a tripole
is compared for two cases with F 0 80 and F 0 16 (both with an initial steepness parameter of

4). The resulting tripole appears to be better developed for the case with F 0 16, whereas
for F 0 80 the shape of the vortex is still close to circular. This particular result is in contrast to
the findings by Flór & van Heijst (1996). They found that monopoles were specifically unstable for
Froude numbers F 0 1 and stable for F 0 1. The stability diagram that is presented by them,
however, does not consider the value of the Reynolds number, and the shape (i.e. the steepness) of
the initial vorticity profile. Also their suggestion that the vortex instability is baroclinic and might be
due to vortex tilting is in this chapter shown to be incorrect: The formation of a tripole in a stratified
fluid, due to shear instability, is essentially a barotropic, rather than a baroclinic, process. The com-
bined effects of the values of the Reynolds number, Froude number and steepness parameter of an
initially circular vortex on its transformation into a tripole are also studied in laboratory experiments,
and compared with numerical simulations. The parameters of the initial vortex enable explanation
of the differences in the shape of the resulting tripoles quite well, although the determination of the
initial value of (specifically) of a laboratory vortex is rather inaccurate.

Finally, the 3D structure of the tripole is investigated in a 3D numerical simulation. It is found
for the case under investigation, that the instability only takes place in a thin region near the vortex
symmetry plane. In that region the ring of opposite vorticity splits up in two satellite vortices, but
above and below this region the vortex is still approximately axisymmetric and the ring of opposite
vorticity remains almost circular.

Appendix

A. SOLUTIONS OF THE 2D DIFFUSION EQUATION

Assume a circularly symmetric 2D flow (with r 0). In this case the diffusion equation for the
azimuthal velocity is given by:

t
1

Re

2

r2

1
r r r2

(4.17)

Separation of variables using

F t G r (4.18)

gives

Re
1
F

dF
dt

k2

1
G

d2G
dr2

1
rG

dG
dr

1
r2

k2 (4.19)

where k is a constant. Solving these two standard differential equations then results in

r t

0

A k J1 kr exp
1
Re

k2t dk (4.20)
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FIGURE 4.26: (a) Graph illustrating the evolution of an isolated Rankine vortex with 1 4 3 and 2 1 3
towards the 2 profile. (b) Similar, but now for 1 16 15 and 2 1 15. All profiles have been scaled
by their maximum values and their radii. The initial vorticity distribution is shown and the profiles for t Re
0 01, 0 1 and 1 0, as well as the 2 profile, indicated by the solid line.

where J1 is the first-order Bessel function of the first kind. The function A k can be obtained by
using Hankel transforms of the initial velocity distribution, 0 r , because

A k k

0

0 u J1 ku u du (4.21)

see Oberhettinger (1972). The profile 0 r 1
2r exp r2 is taken as the initial velocity distribution.

Substitution of the expression for A k in (4.20) then leads to

r t
r

2 1 4
Re t 2

exp
r2

1 4
Re t

(4.22)

The expression for the vorticity can be derived just by its definition, yielding

r t
1

1 4
Re t 2

1
r2

1 4
Re t

exp
r2

1 4
Re t

(4.23)

For other initial velocity profiles (i.e. for profiles with 2) no analytical expressions for A k
have been found in the standard handbooks of mathematical functions, but a numerical evaluation of
the integrals (4.21) and (4.20) can provide the velocity profile at each desired time.

All isolated vorticity profiles evolve towards the self-similar solution (4.23), see Kloosterziel
(1990). As an example of this, the decay of an isolated Rankine vortex10 is illustrated. For this spe-
cific case it is more convenient to solve the 2D vorticity equation (4.1) instead, because it is possible
to compose the shielded vorticity profile by simply adding two unshielded Rankine vortices (with

10This is an isolated vortex which can be formed by adding two oppositely signed Rankine vortices, one with 1 1

and a radius R1, the other with 2 2 and a radius R2, such that 1 2 R2 R1
2, where 1 0 and 2 0 (note

that the maximum vorticity value of the shielded monopole is now given by 1 2).
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oppositely signed vorticity). In a similar way as described above (by using Hankel integrals), one
obtains an expression for the vorticity evolution for each Rankine vortex (1 and 2) given by

1 2 r t

0

B1 2 k J0 kr exp
1
Re

k2t dk (4.24)

where J0 is the zeroth-order Bessel function of the first kind, and the functions B1 2 k are given by

B1 2 k k

R1 2

0

1 2 J0 kl l dl 1 2 R1 2 J1 kR1 2 (4.25)

Here R1 2 are the respective radii and 1 2 the vorticity values of the (unshielded) Rankine vortices,
such that the circulations of both vortices are equal, but have opposite signs. The evolution of the
vorticity profile of the isolated vortex is simply given by 1 r t 2 r t .

Figure 4.26 shows for two different cases the evolution of the vorticity profiles, for the initial
situations and for three values of t Re, obtained by numerical integration of (4.24). All the vorticity
profiles have been scaled by their maximum vorticity values and their radii. The figures clearly show
that for both situations eventually the vorticity profile is in close agreement with the 2 profile.

B. CONSERVED QUANTITIES

For 2D circularly symmetric flows the total circulation is given by

dS 2

0

rdr (4.26)

where dS r dr d . By using the expression for the vorticity (4.23) it can easily be shown that
equals zero and is conserved in time.

Two properties of the decaying vortex (4.22-4.23) which are not conserved are the kinetic energy
(per unit mass)

EK
1
2

2dS
8 1 4

Re t 2
(4.27)

and the enstrophy (per unit mass)

V 1
2

2dS
2 1 4

Re t 3
(4.28)

Note, that (4.27) and (4.28) satisfy the relation dEK dt 2 Re V .
Also the first integral moment of the vorticity

I rdS 2

0

r2dr
3 2

4 1 4
Re t 1 2

(4.29)
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FIGURE 4.27: (a) Graph indicating the dependence of (4.38) on r and . (b) Diagram showing the regions in
the F plane where the density profile is unstable.

is not conserved for the case of (4.23). The second integral moment of the vorticity is the angular
momentum, which is defined as

L 1
2

0

2

0

r2 rd dr (4.30)

For the 2D axisymmetric flow given by (4.23) it can be written in a scalar notation as

L

0

r3 dr
2

(4.31)

which is indeed independent of time. It can easily be shown that for any 2D, axisymmetric, isolated
flow L is conserved, even with viscosity present. By using the diffusion equation (4.1) a recursive
expression can be derived by partial integration

d
dt

rn dS
n2

Re
rn 2dS (4.32)

This expression shows that dL dt 2 Re , indicating that the angular momentum is indeed
conserved for isolated flows. In fact, Saffman (1992) shows that every (not only axisymmetric) 2D
flow with zero circulation conserves its angular momentum.

C. ANGULAR MOMENTUM

As the angular momentum is a conserved quantity, its value should be equal for both the self-similar
solution (4.23) and any isolated initial vorticity profile that evolves towards (4.23). In order to ’tune’
the initial vorticity distribution, such that the angular momentum is indeed equal to that of the profile
(4.23) the intial vorticity profile is scaled by

r A r A 1 1
2

r
r

exp
r
r

(4.33)
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where r is used to scale the initial radius of the vortex and A is the initial amplitude of the vorticity
distribution. The expression for L then becomes

L A r4

0

R3exp R dR

0

1
2 R3 exp R dR (4.34)

where R r r has been used. By substitution of u R these integrals can easily be rewritten,
resulting in

L A r4
4 4 1

2
A r4

4

(4.35)

where x is the Gamma function (not to be confused with the circulation). By definition we can
use A2 1 and r2 1. Any other initial vorticity profile (4.33) has the same angular momentum as
a vortex with 2 when

A r4

2 4 (4.36)

D. THE INITIAL DENSITY PERTURBATION

The expression for the initial density perturbation is given by

r z
F2z

4 4
exp

z2

2

r

u exp 2u du (4.37)

see (4.12). Analytical evaluation of the integral in this expression yields

r z
F2z

4 4
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2

2

2
2 1 P

2
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where

P a b
1
a

b

0

sa 1exp s ds (4.39)

is called the incomplete Gamma function, for which a numerical solution is available in the NAG-
library. In figure 4.27(a) it is illustrated how r depends on the value of . When the initial
vorticity distribution is scaled, like in (4.5), the corresponding density perturbation is given by

R z A2 r2 F2z
4 4

exp
z2

2

2

2
2 1 P

2
2r (4.40)

It should be noted that the initial density perturbation (4.38) described by the present model may for
certain combinations of and the Froude number F result in an unstable density distribution. This
was illustrated in chapter 3, figure 3.6(a), where for the case 2 and 0 2 two density profiles
are shown for different Froude numbers. Figure 4.27(b) indicates for which combinations of F and

such an unstable density profile arises, with stability curves drawn for 2 4 6 and 8.
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INTERACTIONS BETWEEN SHIELDED MONOPOLES

Some of the results described in this chapter have been published in a paper by M.R. Schmidt, M. Beckers,
A.H. Nielsen, J. Juul Rasmussen & G.J.F. van Heijst (1998) - On the interaction between two oppositely signed
shielded monopolar vortices, Phys. Fluids 10, 3099-3110.

5.1 Introduction

In the previous chapters we have seen that a single pancake-like vortex in a stratified fluid is always
accompanied by a region of oppositely signed vorticity. For (axisymmetric) monopoles this region
of oppositely signed vorticity has the shape of a circular ring around the core of the vortex. It has
also been shown that this ring of opposite vorticity can become unstable and split up in two (or more)
satellite vortices. In this chapter the interactions between two of such shielded monopolar vortices is
discussed in more detail, and it will be shown that the region of oppositely signed vorticity plays an
important role during the interaction.

For the evolution of 2D turbulence, interactions between vortices are essential. Basically, two
kinds of interactions can be distinguished: either between two vortices with vorticity of the same sign
or between vortices of opposite sign. For a purely 2D flow such interactions usually take place be-
tween unshielded vortices. Equally signed vortices can merge into one larger vortex, and oppositely
signed vortices can form pairs, as both vortices induce a velocity in one another. An interaction be-
tween shielded vortices can be considered as a special case. McWilliams (1983) studied the collision
interaction between two oppositely signed isolated monopoles on a -plane1. Due to their drift veloc-
ities induced by the -plane the monopoles can have intersecting trajectories and (for suitably chosen
initial positions) they may hence collide. McWilliams found that the collision product consisted of a
dipolar type of flow (a ’modon’). In other words, the collision irreversibly changed the appearance
of the vortices and the interaction generated a new type of vortex. In absense of a -plane, e.g., in
a rotating fluid with constant f or in a nonrotating Q2D flow, two interacting (oppositely signed)
monopoles can also form a dipole, but only when a mechanism is present that brings the monopoles
sufficiently close to each other. Couder & Basdevant (1986) described the formation of vortex cou-
ples (i.e. dipoles) in a soap film, and performed some additional 2D numerical simulations. They
showed that the presence of a vorticity shielding around the interacting monopoles could result in the

1A -plane represents a linear approximation of the latitudinal variation of the (planetary) Coriolis parameter f
2 sin y. Here is the rotational frequency of the Earth, is the geographical latitude ( 0 at the equator and

1
2 at the North Pole) y the northward pointing coordinate and the (linear) approximation of the gradient in f .

95
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formation of a compact dipole, whereas nonshielded monopoles only form weakly linked pairs. Dur-
ing the interaction of the shielded monopoles the shielding is removed from both vortices, and this
provides a mechanism that brings the cores closer together. In a stratified fluid monopoles are always
shielded and the interaction between two oppositely signed monopoles may thus be a convenient way
to create well-defined compact dipoles. The first objective of the study presented in this chapter is to
investigate the formation of such dipoles.

Dipoles are abundant features in geophysical flows. They have been observed in the ocean by us-
ing satellite images (see, e.g., Fedorov & Ginsburg 1989), and their purely 2D counterparts have been
investigated in various numerical and theoretical studies (see Swaters 1988 and 1991, Orlandi 1990,
Hesthaven et al. 1995, Nielsen & Juul Rasmussen 1997, van Geffen & van Heijst 1998). Also many
experimental studies of dipolar vortices have been carried out in rotating fluids (Velasco Fuentes &
van Heijst 1994), in soap films (Couder & Basdevant 1986), in a layer of mercury under the action of
magnetic forces (Nguyen Duc & Sommeria 1988), in a thin layer of fluid (Antonova et al. 1985 and
1990) and in (nonrotating) stratified fluids (Maxworthy et al. 1987, van Heijst & Flór 1989, Voro-
payev & Afanasyev 1994, Flór & van Heijst 1994, Flór et al. 1995, Verzicco et al. 1995, Trieling
et al. 1998, Fonseka et al. 1998). In the experiments in a stratified fluid vortex dipoles were created
by the injection of an amount of fluid with matching density at a certain level in the stratification.
The jet (initially either laminar or turbulent) was observed to be affected by the background density
stratification, as described in section 2.1.2. Eventually, after the collapse of the 3D motion, the jet
organized in a single pancake-like (i.e. Q2D) dipole, while emitting internal waves, see Flór & van
Heijst (1994). In this thesis the interaction between two shielded monopoles (resulting in the forma-
tion of a well defined symmetric dipole) is used to study the 3D structure of a dipole in a stratified
fluid. This is the second objective of the study described in this chapter.

Merging, i.e. the coalescence of two monopoles of the same sign, has been described extensively
in the literature (see, e.g., Griffiths & Hopfinger 1987 and Melander et al. 1988). This process is vi-
tal for the formation of increasingly larger structures in the process of self-organization observed for
evolving 2D turbulence (see, e.g., McWilliams 1984, Benzi et al. 1987, Legras et al. 1988 and Clercx
et al. 1999). In general the interacting vortices will be single-signed, so without a region of oppo-
sitely signed vorticity. It was investigated by Carton (1992) how the presence of a shielding alters
(or even inhibits) the merging process between 2D vortices with piecewise-constant vorticity distri-
butions. Depending on the width (or the strength) of the shields two monopoles can indeed merge,
but the interaction can also cause each monopole to become unstable, resulting in the formation of
two tripoles or triangular vortices. In certain cases it was even observed that each shielded monopole
transforms into a tripole that subsequently breaks up in two dipoles. Interacting baroclinic2 vortices
have also received quite some attention in the past (see, e.g., Polvani et al. 1989 and Corréard &
Carton 1998), due to their relevance for oceanic flows. Specifically, the effect of shielding on the in-
teraction between baroclinic vortices was considered by Valcke & Verron (1997). They identified a
new mechanism that inhibited the merging interaction; in most cases the rings of oppositely signed
vorticity formed two lateral poles (i.e. two patches of oppositely signed vorticity were formed that
paired with the two cores, resulting in two oppositely moving dipoles) that prevented the vortex cores
from merging. They therefore concluded that merging of shielded vortices is not very likely. In this
chapter laboratory experiments will be presented with vortices in a nonrotating stratified fluid that

2Baroclinic vortices are vortices in a rotating stratified fluid. The stratification can be either linear or consisting of
multiple layers. Most interactions between ’baroclinic vortices’ are in so-called two-layer fluids, where one vortex is
situated in the upper layer, and the other in the lower layer. Interactions between vortices in a linearly stratified rotating
fluid have not yet been reported.
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FIGURE 5.1: Typical configurations of the injection cylinders to study the interaction between two shielded
monopolar vortices: (a) For two oppositely signed vortices and (b) for two equally signed vortices.

add to this conclusion.
In the next section the experimental setup is explained. In section 5.3 laboratory experiments of

interactions between two oppositely signed (shielded) monopoles are described and in section 5.4
interactions between two equally signed monopoles are investigated. Numerical simulations of in-
teracting oppositely signed vortices are described in section 5.5, and this section also gives a closer
look at the 3D structure of a dipole in a stratified fluid. Finally, section 5.6 summarizes the results of
this chapter.

5.2 Experimental setup

Laboratory experiments have been performed to study the interaction between two vortices that are
created by using the tangential injection method as described in section 2.3. In figure 5.1(a) and (b)
two typical configurations of the cylinders are shown, that have been used to obtain interacting op-
positely signed and equally signed (shielded) monopolar vortices, respectively. Various other config-
urations have been used in the experiments as well, but no significant differences in the interaction
processes were observed. In a few experiments the distance between the centres of the two cylinders
has been varied, but in all other cases the cylinders were placed against each other in order to obtain
the strongest possible interaction.

The amount of injected fluid V and the injection rate Q have been varied in the laboratory ex-
periments, but in general only symmetric interactions, i.e. interactions between vortices with approx-
imately equal (either oppositely or equally signed) strengths, have been studied. After the injection is
stopped, the flow is allowed to adjust and then the cylinders are removed from the fluid. As described
in section 2.3, small polystyrene particles have been used to measure flow velocities by using a video
recording of the particle motion and a particle tracking algorithm (the DigImage system, see Dalziel
1992). From the 2D velocity distribution the vertical vorticity component z could be calculated at
the symmetry plane of the flow (z 0). In all experiments the time t 0 is defined as the moment
when the fluid injection is stopped.
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(a) (b) (c)

(d) (e) (f)

y

x

FIGURE 5.2: Contours of z x y at z 0 for the interaction between two shielded monopoles. The contour
interval represents 0 02 s 1 and vorticity values higher than 0 4 s 1 have been omitted for clarity. Full
lines indicate positive vorticity, dashed lines negative vorticity. The displayed domain measures 46 46 cm2.
The injection rate was Q 3 7 cm3 s 1 and the injected volume per vortex was V 60 cm3. The data are
shown for (a) 69 s, (b) 89 s, (c) 119 s, (d) 159 s, (e) 204 s and (f) 259 s.

5.3 Interactions between oppositely signed monopoles

5.3.1 DIPOLE FORMATION FROM TWO INTERACTING SHIELDED MONOPOLES

Figure 5.2 presents contours of the vertical vorticity of an experiment describing the interaction be-
tween two shielded monopoles, generated by the tangential injection method as described before. In
a second experiment, performed under equal conditions and with the same injection parameters, dyed
fluid was injected: Red dye for the counterclockwise vortex and green dye for the clockwise vortex.
Photographs of this experiment are presented in figure 5.3. The first five pictures (a-e) in this figure
can be compared qualitatively with figure 5.2(a-e) as they represent the flow at approximately equal
times.

The initial vorticity distribution in figure 5.2(a) shows two counter-rotating monopoles, both sur-
rounded by a shield of oppositely signed vorticity. Couder & Basdevant (1986) used (an idealized
version of) such an initial vorticity distribution in a 2D numerical simulation. The simulation illus-
trated that during the interaction the shieldings are removed. Due to the change in the vorticity dis-
tribution the two vortex cores were pushed together. As a result the two cores formed a compact vor-
tex dipole, that started to move by its self propelling mechanism3, whereas the two shields formed

3The vorticity distribution in one half of the dipole induces a velocity in the other half and vice versa, thus the two
patches of vorticity will move together in the same direction.
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(a) (b)

(c) (d)

(e) (f)

FIGURE 5.3: Photographs of a dye visualization experiment of the dipole formation resulting from the in-
teraction between two shielded monopoles. Experimental conditions have been the same as in figure 5.2:
Q 3 7 cm3 s 1 and V 60 cm3. The pictures represent the flow at (a) 74 s, (b) 89 s, (c) 118 s, (d) 157 s,
(e) 205 s and (f) 371 s.
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FIGURE 5.4: Experimental data illustrating the evolution of the dipole: (a) Decay of the vorticity extrema of
the vortex cores as a function of time. Squares represent the positive core and the circles represent the negative
core. (b) Positions of the vorticity extrema of the dipole along the x-axis. The straight line indicates a constant
translation with U 0 12 cm s 1. (c) Cross-sections of the vorticity through the dipole at t 69 s (triangles),
119 s (squares) and 169 s (circles). (d) Evolution of the distance between the vorticity extrema.

a weaker dipole that started to move in the opposite direction. Couder and Basdevant showed nu-
merically that the interaction between two unshielded monopoles results in a dipole as well, but the
distance between the two vorticity extrema then remains unchanged, because a mechanism for bring-
ing the two vortices closer together is lacking.

The interaction process as described for a purely 2D flow by Couder & Basdevant is also observed
in the present experiments, shown in figures 5.2 and 5.3. It is observed that the shields are shed off by
the cores and advected in the (positive) x-direction, while at the same time the vortex cores undergo
a clear change in shape, from almost circular, figure 5.2(a), to semicircular, figure 5.2(d). From that
moment on the vortex cores and the initial shields are completely separated from each other. The
cores have formed a compact dipole moving in the negative x-direction, whereas the shields appear
to become organized into a dipole as well, which propagates in the opposite direction.

In contrast to purely 2D flow the vortices in the experiments show a strong decay, due to vertical
diffusion (as was illustrated in previous chapters). The decay of the dipole from figure 5.2 is illus-
trated in figures 5.4(a) and (b), where the decrease of the extremum vorticity values and their posi-
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FIGURE 5.5: )-scatter plots for four different moments of the dipole formation and evolution shown in
figure 5.2: (a) t 69 s and U 0, (b) t 119 s and U 0 09 cm s 1, (c) t 159 s and U 0 15 cm s 1,
(d) t 259 s and U 0 09 cm s 1, where U is the translation velocity of the dipole.

tions are shown as a function of time. The decrease of the maximum (and minimum) vorticity values
is rather similar to that of a single monopole. A comparison with the diffusion model for a monopole
will be made later on in this section. The position along the x-axis of the emerging dipole is given
in figure 5.4(b) and one can distinguish three different stages: (1) The formation stage (roughly until
t 150 s), in which the dipole accelerates until it reaches a certain (constant) velocity, (2) the second
stage in which the speed of the dipole is approximately constant (t 150 220 s), and (3) the decay
stage of the dipole in which the velocity of the dipole decreases. During the formation stage the two
vortex cores are pushed closer towards each other, while the ring of opposite vorticity is shed off. This
is illustrated in figure 5.4(c) where three cross-sections of the vorticity through the dipole are given
(moving in a frame of reference with the dipole). Figure 5.4(d) describes the distance between the
two vortex cores as a function of time. First, this distance rapidly decreases as the dipole is formed,
then (around t 170 s) it reaches a minimum value, after which it increases again.

The observed growth of the dipole is due to lateral diffusion, as was demonstrated for a 2D Lamb
dipole by Nielsen & Juul Rasmussen (1997): In the Euler limit (i.e. without viscosity) a Lamb dipole
evolves without changing its shape, but with viscosity present the dipole expands in all directions.
Due to the expansion of the separatrix of the dipole, fluid will become entrained into the dipole.
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(a) (b)

FIGURE 5.6: Vorticity contour plots of the dipole at t 159 s and t 259 s, combined with circles that rep-
resent the size of the dipoles according to Lamb’s dipole model.

Nielsen & Juul Rasmussen compared the evolution of a dipole for an inviscid and a viscous case and
indeed found that in the latter case particles initially outside the dipole eventually enter the dipole
from behind, whereas in the first case the particles are not entrained. Such an observation can actu-
ally be made in the dye visualization experiment in figure 5.3(e). Around t 200 s an opening is
formed at the rear of the emerging dipole while undyed fluid is entrained into the dipole, and this is
in correspondence with figure 5.4(d), which indeed shows expansion of the dipole after t 200 s.

A characteristic feature of the 2D Lamb dipole is the specific linear relationship between the
stream function of the flow and the corresponding vorticity distribution , see section 2.2.2. This
relationship can be obtained by considering a 2D, inviscid stationary flow, because under these con-
ditions the Jacobian operator J equals zero, implying that there exists an integrable functional
relationship . Such a stationary representation of the flow field of the dipole is achieved by cal-
culating the stream function of the flow in a frame moving with the dipole ( U y) where U is
the velocity of the dipole in the x-direction. The -relationship of the dipole in the laboratory
experiment (see figure 5.2) is determined and is compared with the Lamb dipole model. The velocity
of the dipole can be obtained in two ways, either by using the translation of the dipole (figure 5.4(b)),
or by minimizing the scatter on the ( )-relationship, while changing the velocity U as a free pa-
rameter (in steps of 0 01 cm s 1). The second method proved to be the most useful. The corrected
stream function is plotted against the vorticity in figure 5.5 at four different times during the dipole
formation process. At t 69 s no correction for is made, as the vortices do not yet move at that
stage, and clearly two separate branches, each one characteristic for a shielded monopole, are visible
at this stage. For each vortex the -branch can be compared with the Gaussian isolated vortex
model (2.28) with 2, yielding:

2 1 ln 2 (5.1)

and this model is represented by the drawn lines. Besides some scatter in the part that represents the
shielding (i.e. near the origin of the -plot), a reasonable agreement with the Gaussian model is
found. As the dipole develops it starts to translate. In figure 5.5(b) the ( )-scatter plot at t 119 s
is plotted, with U 0 09 cm s 1. The line that is shown here is a sinh-function fitted to the data.
In the numerical simulations by Couder & Basdevant it was shown that dipoles that are not yet well
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developed possess such a nonlinear ( )-relationship (although also other nonlinear relationships
could fit the data adequately, see, e.g., Hesthaven et al. 1995). The present experiment indicates that
this specific sinh-function also appears to be a good representation of the shape of the scatter plot
at this moment of the dipole formation. Flór & van Heijst (1994) found that also dipoles that result
from the collapse of a turbulent jet in a stratified fluid possess such a nonlinear ( )-relationship (in
contrast, dipoles that result from the collapse of a laminar jet were found to have a linear relationship).

Couder & Basdevant showed in their simulations that a dipole with such a nonlinear ( )-
relationship can transform into a dipole with a linear ( )-relationship when the two vortex halves
are brought closer together, like by the presence of a vorticity shielding around the dipole. Indeed
the ( )-relationship of the dipole in the present experiment gradually transforms into a linear one
after t 150 s. The linear ( )-relationship then appears to remain unchanged and only the vor-
ticity and stream function values decrease in time. At t 159 s, figure 5.5(c), and t 259 s, figure
5.5(d), the dipole structure has been compared with the linear ( )-relationship in Lamb’s dipole
model: k2 for r a and 0 for r a, where r a represents the radius of the dipole. The
value for k2 is thus given by the slope of the -scatter plots in figures 5.5(c) and 5.5(d), yielding
k2 0 36 cm 2 and k2 0 29 cm 2 at t 159 s and t 259 s, respectively. Lamb’s dipole model
requires that the product ka is constant (ka 3 83), because its value represents the first (non-trivial)
root of the Bessel function of the first kind of order one, i.e. J1, see equation (2.29). Therefore, the
observed decrease in the value of the slope k2 can be interpreted as due to the increase in the size of
the dipole. In figure 5.6 two circles have been drawn, representing the radius a 3 83 k of Lamb
dipoles, where the values of k were determined from the slopes of the respective -scatter plots.
The fact that the -scatter is linear and the size of the dipole agrees so well to the circle with
radius a 3 83 k illustrates that the dipole in the present experiment is well characterized by Lamb’s
dipole model.

5.3.2 MODELLING THE MONOPOLE INTERACTION

In order to make a close comparison between the laboratory experiments in this section and 3D nu-
merical simulations of the monopole interactions (of which results will be discussed later on in this
chapter) the measured velocity field of an experiment has been used as initial field. The results of
both the simulation and the experiment can then be compared qualitatively to assess their agreement.
Detailed information, which can not be obtained from the experiments, like the 3D distributions of
the vorticity and density perturbation, can then be obtained from the numerical simulation. In figure
5.7(a) the velocity field is shown (at z 0 and at an early stage) of an experiment on the interac-
tion between two monopoles. The velocity distribution can easily be interpolated on a square grid
of 65 65 grid points as illustrated in figure 5.7(b), and on such a grid the distribution of the verti-
cal vorticity can be calculated by finite differences. To obtain a nondimensional and fully 3D initial
velocity field for the numerical simulation the experimentally obtained 2D velocity field needs to be
scaled by the typical velocity scale V 2 L max (see section 3.3) and coordinates need to be
scaled by L r 3 cm, which is the radius of one of the monopoles. The variable is an estimate
of the initial thickness of the vortices (nondimensionalized by L) and max is the (dimensional) ex-
tremum vorticity value (of either the positive or the negative vortex). Then the 2D velocity field is
multiplied by a Gaussian distribution 1 2 exp[ 1

2 z 2] in the vertical direction. The thick-
ness of the vortex could not be measured very well, but it is assumed to be of the same order as for the
monopole in section 3.2: 1 cm. The velocity distribution in figure 5.7(a) represents two equally
strong (but oppositely signed) vortices with max 0 84 s 1 yielding V 2 1 cm s 1. In figure
5.7(c) a cross-section of the (scaled) vorticity distribution through the two vortices is shown (where
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FIGURE 5.7: Procedure used to match a numerical simulation with a laboratory experiment. (a) Measured
velocity field at z 0 and t 45 s. The displayed domain measures 38 38 cm2. (b) Interpolated velocity
field (at z 0) on a 65 65 grid. (c) Cross-section of the vertical vorticity through the vorticity extrema. The
solid line represents the vorticity distribution for two monopoles with 2 0, the dashed line for 2 5. (d)
Vertical density profile of the stratification used in the experiment.

y y L is the scaled y-coordinate). The lines that are drawn in this figure represent the vorticity dis-
tributions for two systems of two shielded monopoles, each one given by (2.28); the continuous line
represents the case for two monopoles with 2 0, the dashed line for 2 5. Apparently, in this
experiment the steepness parameter has for both vortices a value close to 2 0 and this value has
been used in the simulation. The relative distance between the core centres is approximately d r 3,
see figure 5.7(c). In figure 5.7(d) the density profile is shown, measured just before the experiment.
This profile is used to calculate the buoyancy frequency of the fluid at the level where the vortices are
formed, yielding N 1 86 rad s 1. Combining all these parameters gives values for the Reynolds
and Froude numbers (Re 630 and F 0 38) of the initial flow in the numerical simulation, where
t t 45 V L is the nodimensional time used in the simulation.

In figure 5.8 the results of both the laboratory experiment and the numerical simulation are shown,
using the same intervals for the vorticity contours. During the evolution of the vortices, some small er-
rors in the measured velocity distribution can sometimes cause spurious vorticity distributions, which
give the evolving measured vorticity field a much more irregular appearance than the numerical one.
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FIGURE 5.8: Comparison between the vorticity distributions at z 0 for the laboratory experiment (a-f) and
for the 3D numerical simulation (g-l). The pictures correspond to t 0 (a,g), t 7 (b,h), t 21 (c,i), t 35
(d,j), t 57 (e,k) and t 78 (f,l), where the actual time (in seconds) is given by t 1 4t 45. The contour
interval is 0 04. The values for the parameters of the simulation are Re 630, F 0 38, Sc 10 and

0 33. The injection rate in the experiment was Q 2 2 cm3 s 1 and the injected volume per vortex was
V 50 cm3 and N 1 86 rad s 1.
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(a) (b) (c)

(d) (e) (f)

FIGURE 5.9: Contour plots of at z 0 16 obtained from the numerical simulation, for the same times as
shown in figure 5.8. The increments in the contours are 0 001.

Besides these irregularities the experimental and numerical results show a very good agreement through-
out the course of the dipole formation.

During the laboratory experiments it was not possible to make detailed 3D measurements of the
density distribution, but in view of the close agreement between the experiment and the numerical
simulation, it seems fair to consider the density distribution obtained in the simulation only. As it
was not possible to assign a measured initial density distribution to the numerical simulation it was
necessary to construct an approximate initial 3D distribution of . This was done by considering the
distribution of for a set of two shielded monopoles with 2, L 3 cm, 0 33 and d r 3
for F 0 38. For each monopole is given by (3.26) and these distributions were simply added.
Figure 5.9 shows contour plots of the density perturbation at z 0 16, for which initially had
its maximum value. Although the initial density perturbation has been modelled it seems to be a
reasonable approximation, because without the right initial density perturbation the flow would first
adjust itself resulting in a compression of the vortex and the formation of internal waves, as in figure
3.11(a,b). During the dipole formation the positions of the maxima of move towards each other,
but the shape of the eventual density perturbation for the dipole is not dramatically different from the
initial condition. The 3D shape of the distribution will be discussed in section 5.5.4.

While the dipole decreases in strength, the density perturbation also decays rapidly. Figure 5.10(a)
shows how the extremum values of the vorticity of the dipole decrease in time for the laboratory ex-
periment (represented by the markers), the numerical simulation (the solid line) and for the diffusion
model for one single axisymmetric vortex (3.19) with Re 630 (dotted line). There is a close agree-
ment, not only between the decay of the flow in the experiment and in the simulation, but also between
the decay of a single monopole (described by the diffusion model) and the two vortices that form a
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FIGURE 5.10: (a) Graph showing the combined decay of the extremum vorticity values of the dipole in the
laboratory experiment (circles for the positive vortex, triangles for the negative one) and the numerical simu-
lation (solid line). The dashed line represents the decay of a monopole under the same conditions (Re 630),
according to the diffusion model (3.19). (b) Decay of the maximum values of the density perturbation in the
positive vortex (continuous line) and the negative one (dotted line) obtained from the numerical simulation.
The dashed line represents the decay according to the diffusion model (3.30) for F 0 38.

dipole. Apparently, under the present flow conditions4 the diffusion model can perfectly be applied
to describe the decay of two interacting monopoles that eventually form the two halves of a dipole
as well. In figure 5.10(b) the extremum values of the density perturbation during the simulation are
given for both halves of the dipole and compared with the decay according to the diffusion model,
see (3.30). The figure indicates that no strong adjustment process, like in figure 3.12(a), takes place
initially so that the initial density perturbation indeed appears to be a reasonable approximation for
the density distribution in the laboratory experiment.

5.3.3 OTHER SCENARIOS FOR INTERACTING OPPOSITELY SIGNED MONOPOLES

Various laboratory experiments on the interaction between two oppositely signed monopoles have
been performed, where different injection parameters have been used and the distance between the
two injection cylinders has been varied. In general most interactions resulted in dipoles, provided the
initial distance between the monopoles was not too large. The experiments are not suited to define
a definite critical separation distance, that distinguishes dipole formations from cases which showed
no interaction. However, 2D numerical simulations by Schmidt et al. (1998) have shown that the for-
mation time of a dipole as a function of the initial distance between the two monopoles reveals two
regimes, see figure 5.11. The regimes both show an exponential relationship between the formation
time T and the initial distance, but with different time constants. For d r 4 8 the distance between
the two vortex cores decreases fast while the shielding is shed off. For larger distances d r 4 8
tripolar structures are created temporarily: The shielding around each of the monopoles then rolls up
into two satellite vortices. The formation of these tripoles delays the deshielding process, but ulti-
mately the satellites merge again and are shed off by the cores and a dipole is formed after all.

Such an interaction was also obtained in a laboratory experiment shown in figure 5.12. In this

4Note that for the present experiment (and simulation) the stretching effect as described for a single monopole in
chapter 3 is to be too weak to be noticeable.
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FIGURE 5.11: Relationship between the formation time T of a dipole and the initial separation distance d r
between the centres of the two vortex cores for purely 2D flow. Figure taken from Schmidt et al. (1998).

experiment the cylinders were placed at a mutual distance of 4 4 cm (d 14 4 cm), yielding an ap-
proximate relative separation distance between the centres of the vortices of d r 4 8. This large
separation enables the vorticity shielding to be advected into the region between the two core vortices
(a). Moreover, the shielding appears to have been split up into two satellite vortices on both sides as
predicted by Schmidt et al. (1998). During their rotation around the cores, the satellites ’slip through’
the opening between the two cores, see figure 5.12(b,c). This is in contrast with the dipole formation
in figure 5.2(c) where the shieldings eventually meet at ’the rear’ of the vortex couple and can then
form a secondary dipole, that moves in the opposite direction compared to the dipole formed by the
cores. The 2D simulations by Schmidt et al. (1998) indicate that eventually a dipole is formed, but
due to the strong vertical diffusion, both vortices in figure 5.12 have considerably decayed in strength
and no dipoles are formed for this 3D case.

In another experiment with a smaller mutual distance between the cylinders (approximately 3 cm,
so d 13 cm and d r 4 3) also tripoles were observed, but this time the satellites of both tripoles
combined, and still the cores could form a dipole. It should be noted that even for smaller initial sep-
aration distances the experiments revealed that the shielding breaks up into distinct patches, see e.g.
figures 5.2(a,b) or 5.8(c,i). This suggests that in most of the laboratory experiments the interacting
monopoles are unstable. This effect will be described in more detail in section 5.5.3.

Until sofar we have only considered (more or less) symmetric initial conditions, in the sense that
both vortices are of equal (absolute) strength. One might assume that the interaction between unequal
shielded monopoles will probably lead to the formation of an asymmetric dipole, which moves along
a curved, instead of a straight path. That this is indeed the case is illustrated in figure 5.13, which
shows the results of a dye visualization experiment. The ratio of the volumes of injected fluid was
2:1, and so was the ratio between the injection rates. After the cylinders are removed the following
scenario takes place. Initially (at t 30 s) the two vortices look very similar, but the upper one (with
clockwise fluid motion) is stronger and rotates faster. The ring of opposite vorticity around the upper
vortex has split into two satellites. In figure 5.13(b) one of these satellites is entrained into the evolv-
ing dipole, where it merges with the core of the counterclockwise rotating vortex (since they have
equally signed vorticity), see figure 5.13(c). The second satellite of the upper vortex and the only
satellite of the lower vortex then pair and form a (secondary) dipole, whereas the two vortex cores
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(a) (b) (c)

(d) (e) (f)

FIGURE 5.12: Contours of the vorticity at z 0 from a laboratory experiment showing the interaction between
two shielded monopoles. The displayed domain measures 46 46 cm2. The contour interval is 0 02 s 1

and above 0 4 s 1 the vorticity contours have been omitted for clarity. Full lines indicate positive vorticity,
dashed lines indicate negative vorticity. The pictures represent the flow at (a) 70 s, (b) 110 s, (c) 150 s, (d)
190 s, (e) 230 s and (f) 270 s. The injection rate was Q 3 0 cm3 s 1 and the injected volume per vortex was

V 60 cm3.

also pair and form the primary dipole, figure 5.13(e). This primary dipole moves along a curved tra-
jectory, suggesting that it has asymmetric strength (the clockwise dipole half is stronger). Apparently,
the merger between one of the upper satellites and the lower core has not resulted in equally strong
dipole halves. At the same stage, see figure 5.13(f), the secondary dipole has not yet fully evolved to
display a preferred direction.

5.4 Interactions between two equally signed shielded monopoles

The second type of vortex interactions that has been studied is the one between two equally signed
shielded monopoles. In a similar way as described in the previous section, such interactions have
been obtained experimentally by using two tangential injection cylinders in a configuration as shown
in figure 5.1(b). Figure 5.14 shows the results of a dye visualization experiment, performed under
approximately the same conditions (N, Q and V) as the dipole formation in figure 5.8(a-f). The
pictures illustrate that the vortices transform into two dipoles that start to move away from each other.
The dipoles are formed, because apparently oppositely signed vorticity in the shieldings concentrates
in two patches on either sides of the vortex cores, see figures 5.14(b,c). Then these patches of vor-
ticity roll up into two vortices (d) that pair with the cores forming two (asymmetric) dipoles (e,f).
This interaction scenario is remarkable, because it is entirely opposite to the case of two nonshielded
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FIGURE 5.13: Images of a dye visualization experiment showing the formation of an asymmetric dipole by
the interaction between two unequal oppositely signed monopoles. The pictures represent the flow at (a) 30 s,
(b) 60 s, (c) 120 s, (d) 180 s, (e) 300 s, (f) 480 s. The injection rate was Q 3 7 cm3 s 1 and the injected
volume V 60 cm3 for the clockwise rotating vortex, and Q 1 85 cm3 s 1 and V 30 cm3 for the
counterclockwise vortex.

monopoles. It has been shown that, provided the separation distance between the vortices is smaller
than a certain critical value such interactions result in the merger of the two vortices, see e.g. Melander
et al. (1988). The presence of a vorticity shielding around the two interacting monopoles appears to
inhibit a possible merger.

The repulsive interaction of two shielded monopoles was first discovered in a study on the merger
of shielded vortices with piecewise-constant vorticity by Carton (1992). In this paper a breaking into
two dipoles was observed after the two vortices first merged, resulting in an intermediate tripolar
structure. Later Valcke & Verron (1997) numerically studied the interaction between two shielded
baroclinic vortices. Although in general these authors considered so-called two-layer baroclinic vor-
tices, they also presented two cases of the interactions between shielded barotropic (i.e. 2D) vortices.
These simulations showed the same kind of interaction as the laboratory experiment in figure 5.14.
Furthermore, Valcke & Verron illustrated that the redistribution of the vorticity in the shields is not
a result of instability of the monopoles, like the formation of a tripole (the interaction between two
monopoles with 1 did result in the same kind of dipole formation as the case with 2). In
general it was concluded that the merging of shielded vortices is very unlikely.

We have performed several experiments with different configurations of the cylinders, and all in-
teractions resulted in a separation of the two vortex cores, like in figure 5.14. In figure 5.15 the evo-
lution of the vorticity distribution at z 0 is shown for one of the experiments (a-f) and for a cor-
responding 3D numerical simulation (g-l). The initialisation procedure of the numerical simulation
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FIGURE 5.14: Photographs of a dye visualization experiment of the interaction between two equally signed
shielded monopoles. The pictures represent the flow at (a) 16 s, (b) 42 s, (c) 56 s, (d) 81 s, (e) 116 s and (f)
264 s. The injection rate was Q 2 2 cm3 s 1 and the injected volume per vortex was V 50 cm3 and
N 1 86 rad s 1.
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FIGURE 5.15: Contour plots of the vorticity at z 0 of a laboratory experiment (a-f) and a corresponding
3D numerical simulation (g-l).The pictures correspond to t 0 (a,g), t 5 (b,h), t 17 (c,i), t 28 (d,j),
t 45 (e,k) and t 61 (f,l), where the actual time is given by t 1 8t . The domain is 38 38 cm2 and
the contour interval 0 04. Further parameters are Re 500, F 0 30, Sc 10 and 0 33. The
injection rate in the experiment was Q 2 2 cm3 s 1 and the injected volume per vortex was V 50 cm3

and N 1 86 rad s 1.
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FIGURE 5.16: (a) Graph showing the combined decay of the extremum vorticity values of the dipole in the
laboratory experiment (markers) and the numerical simulation (thick line). The dotted line represents the decay
of a monopole under the same conditions (Re 500), according to the diffusion model (3.19). (b) Decay of the
maximum values of the density perturbation in both vortices (continuous line and dotted line) for the numerical
simulation.

was similar to the case described in figure 5.8. For the present simulation values for the Reynolds and
Froude number were found to be Re 500 and F 0 30, based on the experimentally measured flow
field at t 45 s. The experiment indeed shows, see figure 5.15(c), that vorticity from the shields is
advected by the cores to two opposite sides of the vortex system. Two dipoles are then formed and
start to move in opposite directions (d). As the distance between the two cores increases a patch of
negative vorticity is advected into the region between the cores. Eventually, the cores become circular
again and the negative vorticity forms a kind of a shield between them.

The vorticity contours in figure 5.15(g-l) from the numerical simulation show an excellent qual-
itative agreement with the experiment. Figure 5.16(a) gives a comparison between the decay of the
two vortex cores in the experiment (circles and triangles), in the simulation (solid line) and according
to the diffusion model (dashed line), see equation (3.19), and all three curves compare very well. The
decay of the maximum value of the density perturbation is shown in figure 5.16(b), and is not very
different from the case of two oppositely signed interacting monopoles, figure 5.10(b). The dashed
line represents the decay of max according to the diffusion model for a single monopole. Especially
for the early stage of the evolution of the vortices, the agreement is rather close. It is not clear what
causes the deviation at the end, but the deviation is approximately equally large (note the difference
in scales) for the interaction between oppositely signed monopoles, see figure 5.10(b).

5.5 Numerical investigations of monopole interactions

The interactions between oppositely signed monopoles have been studied in more detail by using
numerical simulations similar to the one of which results are shown in figure 5.8, but now for idealized
initial conditions. These simulations facilitate the investigation of the influence of several parameters
on the dipole formation process: The separation distance d r , the Reynolds and Froude numbers and
the steepness parameter of the vorticity profile of each monopole.
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FIGURE 5.17: Numerical results of a dipole formation for d r 3 0. The pictures represent the flow at t
0 20 40 60 80 and 100 and the contour increments are 0 04. The parameters of the simulations are
Re 2000, F 0 3 and 2. Note that the computational domain is twice as large in the x-direction as the
domain shown here.

5.5.1 THE SEPARATION DISTANCE

In the paper by Schmidt et al. (1998) a relationship was derived between the formation time of the
dipole and the initial separation distance between the monopoles, for the case of a purely 2D flow.
These results are summarized in figure 5.11. The formation time T of the dipole can be defined in two
ways, either by the time when the distance between the cores becomes a minimum or by the moment
when the dipole has attained its largest velocity. Which definition is used appears to be unimportant
and the (logarithmic) scale for T that has been used is in arbitrary units. It appeared that for small
separations (i.e. smaller than d r 4 8) the formation time is approximately an exponential function
of the relative distance (also for d r 4 8 an exponential function was found, but with a much larger
time constant).

Such a systematic investigation of the formation time is not repeated for the present 3D vortices,
because our 3D finite differences simulations do not offer the same spatial accuracy that was possible
for the 2D simulations by Schmidt et al. (1998). Therefore, the present investigation concentrates
only on the global diffences between two numerical simulations. The results of one of the interactions
between two monopoles (with 2 and with an initial separation distance d r 3 0) is illustrated
in figure 5.17. The interaction scenario is not very different from the one shown in the laboratory
experiments, figures 5.2, 5.3 and 5.8; the rings of opposite vorticity are shed off by the cores, this
brings the cores closer to each other and they form a dipole that starts to move in one way, while
the rings form a (much weaker) dipole that moves in the opposite direction. Similar pictures can be
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FIGURE 5.18: (a) Evolution of the distance between the two vortex cores for two different initial distances. (b)
Positions along the x-axis of the vorticity extrema for the same two cases. (c) Decay of the maximum value of
the vorticity and (d) of the maximum density perturbation. The meaning of the four lines is explained in the
text.

obtained for various initial core separations (provided that d r 5 approximately), but the time it
takes for the dipole to be formed changes. Figures 5.18(a,b) illustrate this fact with the evolutions
of the distance between the vortex cores and the x-positions of the vortices for d r 3 0 and 2 5. It
can be seen that a smaller distance between the monopoles indeed results in a faster dipole formation.
Consequently, the maximum velocity of the dipole is also larger for the case with the smaller initial
vortex separation, because vertical diffusion causes an overall decay of the vortices and the longer it
takes for the dipole to be formed, the slower it will be once formed. The smallest distance between
the two dipole halves, however, appears to be independent of the initial separation between the two
monopoles for the two cases shown here. In figures 5.18(c,d) the evolutions of max and max are
investigated. Each of these figures shows four lines representing the decay for: (1) a single monopole
according to the diffusion model, (2) a single monopole in a 3D numerical simulation (for Re 2000
and F 0 3), (3) one of the dipole halves forming in the case of the dipole formation process with
d r 2 5 and (4) similar as (3), but now for d r 3 0. Two aspects attract the attention: In the
first place, the decay of the vorticity extrema for each of the dipoles halves appears to be somewhat
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FIGURE 5.19: (a-c) -scatter plots of three dipoles generated by the interaction between two shielded
monopoles (with d r 2 5), for (a) Re 500, (b) Re 2000 and (c) Re 5000, each case at t 100 and
with F 0 3 and 0 3. The stream function has been corrected for the translation of the dipoles with
velocities U a 0 028, U b 0 064 and U c 0 080. (d-f) Cross-sections of the vorticity (scaled by the
maximum value) through the dipole for (d) Re 500, (e) Re 2000 and (f) Re 5000.

stronger than for a single monopole, and secondly, the dipole formation causes a temporal ’increase’5

in the density perturbation. This combination of an enhanced decay of the vorticity and a slower decay
of the density perturbation suggests that during the dipole formation potential energy is generated at
the cost of kinetic energy of the flow. A possible explanation for this effect is that, when the shields
around the cores are removed, the cores are allowed to expand in the lateral direction more easily.
Conservation of mass then implies a slight compression of the vortex, and, consequently, an increase
of the density perturbation.

5.5.2 THE REYNOLDS AND FROUDE NUMBERS

To investigate the effect of the initial Reynolds number on the dipole formation process, the results of
three simulations of interactions between two shielded monopoles with Re 500 2000 and 5000 are
compared in figure 5.19. In all three cases dipoles were formed and for t 100 the -scatter
plots of these dipoles are shown in 5.19(a-c). Scales of both and have been adjusted to obtain
approximately same-sized graphs. The dashed lines are drawn to illustrate the (non)linearity of the

-relationship. These scatter plots show that for Re 500 there is an approximately linear
relationship between and , similar to what could be seen for the laboratory experiment in figure
5.5. For a larger Reynolds number the -relationship appears to consist of two branches that are

5Due to the overall decay of the vortex this ’increase’ means in fact a ’slower decay’.
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FIGURE 5.20: (a) Schematic representation of the flows in and around an expanding dipole. See text for more
details. (b) Streamline pattern of a dipole in a frame comoving with the dipole. (c) Cross-section through the
dipole with distributions of the vorticity (solid line) and the corrected stream function (dashed line).

(a) (b) (c)

FIGURE 5.21: (a) Dye visualization illustrating the advection of undyed fluid into the dipole. (b) Vorticity
contours for the dipoles formed for Re 2000 and (c) Re 5000 (with in both cases 0 02 max).

slightly shifted with respect to each other. The nonlinearity around the origin of the -scatter
plot suggests that specifically along the symmetry axis of the dipole the vorticity distribution deviates
from the distribution according to the Lamb dipole model, see figure 2.5(a). Therefore, cross-sections
have been taken of the vorticity in the dipoles, shown in figures 5.19(d-f). Especially figure 5.19(f)
(Re 5000) illustrates that the vorticity distribution through the centre of the dipole is not as smooth
as for Re 500, figure 5.19(d); there appears to be a ’kink’ along the symmetry axis. For Re 2000
also such a nonlinearity in the cross-section of the vorticity can be observed, although it is very weak.

The deviation of the present dipoles from Lamb’s dipole model can be explained by the effects of
viscosity. Due to lateral diffusion of momentum (or equivalently vorticity) the dipole grows in size
and this leads to two important effects: the entrainment of fluid into the dipole and the formation of
a tail in the vorticity distribution. Figure 5.20(a) illustrates how these two mechanisms take place.
The dashed regions (1) represent dyed fluid that is trapped inside the dipole. In figure 5.20(b) the
streamline pattern is shown in a frame moving with the dipole. This pattern shows that the dipole
is surrounded by a closed streamline, called the separatrix. Fluid initially inside this separatrix will
remain there and is advected with the dipole, fluid outside the separatrix flows (in a frame comoving
with the dipole) around the dipole and towards the right. However, due to lateral diffusion the sep-
aratrix, represented by the circle (2) in 5.20(a), grows in size and eventually undyed fluid, initially
outside the dipole becomes entrained from the back of the dipole, see (3). Figure 5.20(c) presents a
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(a) (b)

y

(c)

FIGURE 5.22: (a) Vorticity contours of the dipole formed by the interaction between two shielded monopoles
for Re 2000 and F 1 0. (b) Cross-section of the vorticity (scaled by the maximum value) through the
dipole. (c) -Scatter plot of the dipole in (a) with U 0 046.

cross-section through the dipole with distributions of the vorticity and the (corrected) stream func-
tion. The position of the separatrix is indicated by the arrows and one can observe that due to viscosity
vorticity has leaked through the separatrix, as illustrated in the two circles. This fluid outside the sep-
aratrix, in figure 5.20(a) indicated by the circle (4), will not be transported by the dipole and is, due
to the translation of the dipole (5), eventually left behind (6) and forms a tail-like structure behind the
dipole.

In figure 5.21 both effects of viscosity, i.e. the entrainment of undyed fluid (a) and the forma-
tion of a vorticity tail structure (b), are illustrated. For a flow with a much larger Reynolds number
the formation of a tail is not observed (c), probably because the leakage of vorticity through the sep-
aratrix is weaker. Finally, the observed nonlinearity of the -relationship and the kink in the
vorticity cross-section, especially for higher Reynolds number flows (see figure 5.19(c,f)), need to be
explained. It is most obvious that the entrainment of fluid (with low vorticity values) along the dipole
symmetry axis causes the kink in the vorticity distribution. For a small Reynolds number flow vis-
cosity will smooth out this kink rapidly, but the higher the Reynolds number, the stronger the kink in
the vorticity distribution will be, and, consequently, the more nonlinear the -relationship will
be.

Flór & van Heijst (1994) have found scatter plots similar to that in figure 5.19 (i.e. linear and non-
linear) for dipoles created by the collapse of a laminar or turbulent jet in a stratification. Turbulent (or
’pulsed’) injections always resulted in dipoles with a nonlinear -relationship whereas dipoles
resulting from laminarly injected fluid possessed a much more linear -relationship. The au-
thors suggested that the nonlinearity might disappear when the vorticity of the dipole is corrected for
the vertical density structure, by using the potential vorticity. However, more recent 2D numerical
simulations by Nielsen & Juul Rasmussen (1997) and van Geffen & van Heijst (1998) have shown
that an initially exact Lamb dipole, i.e. a 2D vorticity structure with a linear -relationship,
eventually results in a dipole with a nonlinear -relationship. This finding supports the idea
that the nonlinearity cannot be ascribed to the density structure inside the dipole, but is most likely
due to the effects of (lateral) diffusion of the vorticity distribution and consequent entrainment.

The influence of the Froude number on the dipole formation has been investigated by comparing
the previous results for Re 500 and Re 2000 with similar simulations where F 1 0. For Re
500 no striking differences between the dipole formations with F 0 3 and F 1 0 could yet be
observed, but for Re 2000 the differences become more profound. As was found in chapter 3, the
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FIGURE 5.23: Vorticity contourplots of the interaction between two monopoles with 4 and d r 3 6.
The figures represent the flow at t 0 60 100 120 160 and 200. The increments in the vorticity contours is

0 04, and Re 2000, F 0 3 and 0 3.

effect of stretching of a vortex during its viscous decay becomes stronger for higher Froude number
flows. In chapter 4 it was shown that this stretching process can have a considerable influence on
the tripole formation from an unstable monopole. It appears that also the dipole formation process is
affected by stretching of the vortex cores. In figure 5.22 the characteristics of the dipole (obtained for
Re 2000 and F 1 0) are shown. Especially the cross-section of the vorticity in 5.22(b), which
clearly shows a kink around the centre of the dipole, indicates that the dipole is not a very compact
structure. This also results in a nonlinear -relationship, as can be seen in figure 5.22(c). It
was found that this is caused by differences in the deshielding process, when, e.g., compared with
the case of F 0 3. Due to strong stretching of the vortex cores during their decay the vorticity
shields become relatively weak. Therefore, the shields are less effective in bringing the vortex cores
closer together and a less compact dipole is formed, with a nonlinear -relationship.

5.5.3 THE STEEPNESS PARAMETER

We have thusfar only considered interactions between monopoles with a steepness parameter 2,
because this value appeared to be most relevant for the laboratory experiments, see figure 5.7(c). It is,
however, an interesting question how the value of of the interacting shielded monopoles might influ-
ence the dipole formation process6. As could be seen in the previous subsection, a relatively weaker

6It should be noted that the radius r where the vorticity profile changes sign depends on the value of . Its (nondi-
mensional) value has been defined as r 1 for the case of 2, so that r 2 1 , see (4.3). Therefore the initial
separation distance d r changes as well by changing the value of .
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ring of opposite vorticity (due to stretching) leads to a less compact dipole. Therefore it seems ob-
vious that monopoles with relatively strong vorticity shieldings (i.e. with higher values of ) will
form more compact dipoles, because the compression of the cores by the shieldings will be more
effective. By comparing the interactions between two monopoles with either 2 or 4, for
various initial separation distances, it was found that the larger value of indeed enhances the for-
mation of a compact dipole, but in return the increasing instability of the ring of opposite vorticity
can also hamper the dipole formation, depending on the initial value of d r . For a relatively small
initial distance d r the rings of opposite vorticity are easily shed off and a dipole is formed. In fact, by
comparing the cases with d r 3 0 for 2 and 4 it was found that the interaction between the
monopoles with the higher steepness parameter resulted in a much more compact dipole; it even had
a linear -relationship and the velocity of the dipole was much higher than for the one formed
by the 2 monopoles. The reason for this difference is obvious: The rings of opposite vorticity
have higher (absolute) vorticity values and therefore they induce a much larger force on the two vor-
tex cores. Consequently, the cores are pushed closer to each other and a more compact (thus faster)
dipole is formed. A larger steepness parameter, however, does not generally result in the formation
of a more compact dipole. When the initial mutual distance between the monopoles becomes larger,
the inherent instability of the monopoles with 2 can drastically affect the interaction process, as
illustrated in figure 5.23 for two monopoles with 4 and d r 3 6. Although no artificial pertur-
bation was added to the vorticity distributions of the monopoles, their mutual interaction apparently
triggers the instability of both monopoles. The vorticity shields split up into two satellite vortices, see
figure 5.23(b), and the cores become elliptical (c). Then the satellites are seriously deformed as they
pass between the two vortex cores (d,e). This behaviour initially prevents the cores from forming a
dipole, until eventually the satellites have become so weak that a dipole is formed after all, although
it is rather asymmetric7 (f).

5.5.4 THE 3D STRUCTURE OF THE DIPOLE

The 3D numerical simulations of the interactions between monopoles, and the subsequent forma-
tion of dipoles offer the possibility to investigate the 3D structure of a dipole in a stratified fluid in
more detail. For one specific case (a dipole formed from the interaction between two monopoles with
Re 2000, F 0 3 and d r 2 5) the 3D structure of the flow field will be illustrated. In figure
5.24 it is tried to visualize the particular shape of the dipole by drawing isosurfaces of the vertical
vorticity, similar to figure 4.25 for the case of a tripolar vortex. The fluid motion in a statified fluid is
predominantly 2D and the distribution of z therefore gives a good representation of ’the shape’ (or
more precisely, the 3D distribution of the Q2D flow field) of the dipole. The figure presents the iso-
surfaces of z 0 04 for four instants t 0 20 40 and 60 for the case of a dipole formation starting
with two shielded monopoles at a separation distance d r 2 5. The reader can compare this figure
with the vorticity contours at z 0 in figure 5.17 for a comparable simulation with d r 3 0. In
figure 5.24 one can observe how the vorticity rings are shed off (c) and start to move (d) to the right
and towards the reader, whereas the cores obtain a characteristic banana-like shape (c) as the dipole
is formed and starts to move to the left and away from the reader.

A closer comparison between the initial stage, the two shielded monopoles, and the dipoles at
t 80 is presented in figure 5.25. On the left-hand side the two shielded monopoles are shown and in
the pictures on the right-hand side the dipole structures (the left one formed by the cores, the right one

7The asymmetry of the vortex interaction shown in figure 5.23 is remarkable, because one would expect that the two
interacting vortices perturb each other in a symmetric way. It is therefore hypothesized that the present asymmetry may
be caused by the fact that a staggered grid is used in the simulations.
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(a)

(b)

(c)

(d)

FIGURE 5.24: The dipole formation process illustrated by isosurfaces of z 0 04. The pictures represent
the flow at (a) t 0, (b) t 20, (c) t 40 and (d) t 60. The structure is viewed from a slightly inclined angle
with the symmetry plane.
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(a)

(b)

(c)

(d)

FIGURE 5.25: Three-dimensional presentation of the initial situation with two shielded monopoles (on the left)
and the dipoles (on the right) formed by the interaction between the monopoles (obtained for d r 2 5, Re
2000 and F 0 3 and shown at t 80). The pictures show isosurfaces of z 0 04 and both the monopoles
and the dipoles are shown from four different angles (a-d), where in (a) an approximate topview is used and in
(d) a sideview. The pictures in (b) and (c) are taken from two intermediate angles.
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FIGURE 5.26: Contours of the vertical vorticity z for a dipole (generated for Re 2000, F 0 3 and d r
2 5 and shown for t 80) in different horizontal and vertical planes. See text for details on the positions of
the various cross-sections. In all figures the increment in the contours is 0 04.

by the shields). Both cases are visualised from four different perspective views. Figure (a) gives a top
view of the structures (i.e. a x y -plane with x pointing to the right and y pointing upwards), whereas
5.25(d) presents a side view (i.e. a x z -plane), with again x pointing to the right and z pointing
upwards. The figures 5.25(b) and (c) represent views from two intermediate angles. To facilitate a
convenient comparison between the isosurfaces with the previous contour plots the value z 0 04
has been chosen to represent the isosurfaces, because this value coincides with the outermost contours
in figure 5.26, which will be discussed below. The isosurface plots of the dipole clearly show the
elongated tails behind the cores due to the decreasing translation velocity of the dipole further away
from the symmetry plane.

Figure 5.26 shows three horizontal (a-c) and three vertical (d-f) cross-sections of the vertical vor-
ticity distribution of the dipole shown in figure 5.25 on the right-hand side. The lines A C in fig-
ure 5.26(d) represent the vertical positions of the slices shown in figures 5.26(a-c), whereas the lines
D F in figure 5.26(a) indicate the positions in the dipole of the vertical slices shown in figures
5.26(d-f). Obviously, the dipole is not a flat structure but has a certain thickness, as can be seen in
figure 5.26(d). The horizontal slices in (b-c) illustrate that at other levels than the symmetry plane
(shown in (a)), there appears to be a dipolar structure as well, but it is much more elongated than
at z 0 and has travelled along a shorter distance. The vertical slices (d-f) indicate that farther be-
hind, each half of the dipole appears to be split into two parts, one tail above and one tail below the
symmetry plane, giving each half of the dipole a ’banana-’, or ’boomerang’-like appearance.
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5.6 Summary

In this chapter the interaction between two shielded monopoles in a stratified fluid has been investi-
gated, both by numerical simulations and by laboratory experiments. Two cases are considered, the
interaction between oppositely signed vortices and between equally signed vortices.

In general, interactions between two oppositely signed shielded monopoles result in the forma-
tion of two dipoles by the simultaneous pairing between the two core vortices and the two shields.
The cores form a compact dipole moving in one direction, whereas the shields form a much weaker
dipole moving in the opposite direction. The compact dipole results from the fact that the shields are
shed off and push the cores closer together. The characteristics of the compact dipoles are investi-
gated in the laboratory experiments. At their symmetry plane the dipoles are well characterized by
the Lamb dipole model, i.e. they have a linear z -relationship and an almost circular shape. A
close comparison between the results of a laboratory experiment and a 3D numerical simulation is
made, by using an experimentally obtained flow field as initial condition for a simulation. A very
close agreement is found.

Interactions between equally signed shielded monopoles never result in the merger between the
two monopoles, because the vorticity shieldings prevent this from happening. The vorticity shields
roll up and form two satellite vortices. Each of the satellites then pairs with one of the cores and forms
a dipole, and the two dipoles move in opposite directions away from each other.

The influence of several parameters on the dipole formation of two interacting oppositely signed
shielded monopoles has been investigated. In general it is found that the stronger the rings of op-
posite vorticity are and the smaller the initial distance between the monopoles is, the more compact
is the dipole that is formed. The compactness of the dipole is measured by the shape of the -
relationship and the vorticity cross-section through the centres of the dipole. Noncompact dipoles
have nonlinear -relationships and show a kink in the vorticity cross-section. It is found that,
besides the initial vortex separation and the strength of the rings, the compactness of the dipoles is also
influenced by the (initial) Reynolds number and Froude number of the flow. Stretching of the vortex
cores during the decay of the vortices is enhanced for increasing Froude number flows, and this pro-
cess makes the rings of opposite vorticity relatively weaker. Consequently, the rings are less effective
in bringing the cores closer together and the resulting dipole is less compact for higher Froude num-
ber flows. Furthermore, due to lateral diffusion of momentum, the separatrix of the dipole increases
and (almost) irrotational fluid becomes entrained in the dipole along its symmetry axis. This causes
a kink in the vorticity cross-section and a nonlinearity of the -relationship. For large Reynolds
number flows the kink in the vorticity distribution not easily diffuses, and consequently the nonlin-
earity of the -relationship remains, in contrast to the nonlinearity in the -relationship for
low Reynolds number flows.
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CONCLUSIONS AND RECOMMENDATIONS

In this thesis the results are described of an investigation of the 3D structure, azimuthal instability and
interactions of shielded monopoles in a linearly stratified fluid. These results have been obtained by
performing laboratory experiments in a salt-stratified fluid and numerical simulations of the Navier-
Stokes equations under the Boussinesq approximation with a finite-differences code. Furthermore,
all results have been compared with a model of a monopolar vortex that could be derived from the
Navier-Stokes equations, under specific flow conditions.

The two basic ideas of the analytical model of a monopolar vortex, used throughout this thesis,
are: (1) The flow is quasi two-dimensional (Q2D), which implies that the vertical velocity component
equals zero, but the horizontal velocity components can still depend on the vertical coordinate and (2)
the flow is axisymmetric. As a result of these two assumptions is the only nonzero velocity com-
ponent, its evolution is governed only by diffusion and the flow is in cyclostrophic and hydrostatic
balance. As initial condition for this diffusion model, the velocity field of a shielded 2D monopolar
vortex is combined with a Gaussian distribution in the vertical direction. A single vortex in a tank
filled with a stratified fluid is shielded by a ring of opposite vorticity, because it is assumed that the
lateral boundaries, the bottom of the tank and the fluid surface are at considerable distance from the
vortex, and this implies that vortex lines need to make closed loops inside the fluid. A circular vor-
tex with a core of one sign of vertical vorticity will therefore always be accompanied by a ring of
oppositely signed vorticity. The Gaussian distribution of in the vertical direction is inspired by
laboratory measurements of the flow field. By using the cyclostrophic and hydrostatic balance equa-
tions an expression for the distribution of the fluid density inside the vortex can be derived, given the
vortex velocity field. These balances result in a deflection of isopycnals towards the vortex symmetry
plane. In other words, the core of the vortex in a stratified fluid is a low pressure region, in contrast to
vortices in a rotating stratified fluid, which can be both high pressure and low pressure regions, de-
pending on their rotational direction. The amount of deflection of the isopycnals depends especially
on the Froude number of the flow: for increasing Froude numbers (i.e. weaker stratifications) a larger
deflection is needed to balance the centrifugal force of the flow inside the vortex. The diffusion model
describes how the velocity distribution inside the vortex decays in time due to lateral and vertical dif-
fusion of momentum. The amount of deflection of the isopycnals should therefore decrease as well.
For flows with a Schmidt number larger than one, i.e. with momentum diffusing faster than salt (the
stratifying agent), the isopycnals relax back to their equilibrium position due to their buoyancy, giv-
ing rise to a secondary circulation pattern. Such a circulation is not accounted for by the diffusion
model, and therefore numerical simulations are performed in order to investigate the differences be-
tween a fully three-dimensional (3D) flow and the model. For flow conditions comparable to those in
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the laboratory experiments, however, the diffusion model still gives a very good representation of the
decay of both the vorticity and the density distributions inside the vortex. Only for flows with much
higher Froude numbers the large deflection of the isopycnals leads to the stretching of the vortex dur-
ing its decay, and consequently to a temporarily smaller decay rate of the strength of the vortex. In
other words, potential energy, contained in the deflection of the isopycnals is converted into kinetic
energy of the vortex, and this leads to a deviation from the decay described by the diffusion model.

The stretching effect can have important implications for the evolution of shielded monopolar vor-
tices, because the deflection of the isopycnals affects only the core of the vortex and not the ring of
opposite vorticity. Therefore, the ratio between the vorticity value in the core and the value of the op-
positely signed vorticity in the ring can be changed by the vortex stretching. This ratio determines the
susceptibility of the vortex to azimuthal perturbations. Strong stretching then leads to a stabilization
of the vortex and a weakening of a possible tripole formation. This finding is in contrast to the hypoth-
esis that tripole formation in a stratified fluid is a baroclinic process as suggested by Flór & van Heijst
(1996). The present numerical simulations provide evidence that instability of shielded monopoles in
a stratified fluid is a predominantly barotropic process, i.e. the instability is fed by the kinetic energy
of the main flow and not by potential energy contained in the density distribution. The vortex model
for a single shielded monopole is also an ideal starting point to study the dynamics of a dipole in a
stratified fluid, because the interaction between two oppositely signed shielded monopoles yields the
formation of a dipole. Such an interaction provides a well-defined initial condition (in contrast to a
dipole resulting from the collapse of a cloud of fluid in a stratified environment, see Flór & van Hei-
jst 1994) to study the evolution of a dipole in numerical simulations. A close comparison between
the laboratory experiments and the numerical simulations could be made by using the experimentally
measured velocity field as an initial condition for a simulation. It revealed an excellent agreement,
suggesting that the experiments and the simulations can be used very well as supplementary tools to
study vortices in a stratified fuid.

There are still a large number of unsolved questions. Most importantly, the interaction between
vortices at different levels in a stratified fluid is not yet well understood. Since the 3D structure of sin-
gle vortices (like monopoles, dipoles and tripoles) is known, their interactions (like monopole inter-
actions, see chapter 5 of this thesis, dipole collisions, see van Heijst & Flór 1989 or dipole-monopole
interactions, see Meleshko & van Heijst 1994a) but now at nonequal levels can provide more informa-
tion on the evolution of coherent structures in stratified turbulence (see, e.g., Spedding et al. 1996). A
second subject that is worth further investigation is the cyclostrophic adjustment of vortices, in par-
ticular for vortices with high Froude numbers, for which the model prescribes density profiles that
are unstable. This leads to the intriguing suggestion that in certain flow regimes vortices in a strat-
ified fluid cannot exist. In order to study the details of the flow inside a vortex in a stratified fluid
experimentally, the experiments need to be scaled up. This will make it easier to perform 3D ve-
locity measurements. Perhaps, such experiments can confirm the stretching effect that was observed
here only in numerical simulations for large Froude number flows. Finally, in order to compare our
results with real geophysical flows (like in the case of Meddies or Gulf Stream Rings), it would be ap-
propriate to persue experiments in a rotating and stratified environment. In particular the transition of
cyclostrophic towards geostrophic balance inside the vortices may contribute to a better understand-
ing of the flows in the oceans and atmosphere.
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TRIANGULAR AND SQUARE VORTICES

A.1 Introduction

In the early stages of some of the tripole formation experiments, see, e.g., figure 4.6 and 4.7, it was
observed that the core of the vortex appears to become slightly triangular, while the ring of opposite
vorticity splits up into three separate vorticity patches (satellites). Soon, however, two of the three
satellites merge, and eventually a tripole is formed. Numerical simulations by Carnevale & Kloost-
erziel (1994) have shown that the formation of such an intermediate triangular vortex results from the
growth of an azimuthal perturbation with wave number n 3 on an initially axisymmetric shielded
monopole. Their simulations also showed that soon a perturbation with a wave number n 2 starts to
dominate the vortex evolution, so that eventually the unstable vortex indeed relaxes towards a tripole.
One could therefore question whether it would still be possible to create a stable triangular vortex.

Carnevale & Kloosterziel (1994) have investigated the linear stability of a 2D shielded vortex,
with a vorticity distribution given by (2.28), with respect to small azimuthal disturbances with various
wavenumbers. Their analysis demonstrated that, e.g., a wavenumber n 3 perturbation can only
grow when the steepness of the vorticity profile exceeds a certain value and, of course, when a
small initial perturbation with wave number n 3 is present in the flow field. The Reynolds number
of the flow should not be too small either, because otherwise the steepness of the vorticity profile
decreases too fast and the n 3 perturbation will cease to grow. Probably for these reasons, a full-
grown triangular vortex, evolving from a randomly perturbed shielded monopole, is not commonly
found. However, in a few laboratory experiments with (barotropic) vortices in a rotating fluid (in
which the Reynolds number is generally much higher than for vortices in a stratified fluid) triangular
vortices have been observed, see Kloosterziel & van Heijst (1991), Carnevale & Kloosterziel (1994)
and Beckers & van Heijst (1998). In all these experiments the triangular vortex appeared to be not
very stable and soon disintegrated into either two dipoles, moving in opposite directions, or into a
monopole and a dipole, depending on the details of the flow. The destabilization of the triangular
vortex is always initiated by the merger between two of the satellites. Usually a tripole can then be
observed as an intermediate state. When subsequently the core of this tripole splits up two dipoles
are formed; in other cases the tripole breaks up and forms a single dipole and a monopole. The cause
for the destabilization of the triangular vortex was found to be a competition between perturbations
with azimuthal wave numbers n 3 and n 2, see Carnevale & Kloosterziel (1994).

The growth of a wave number n 4, resulting in the formation of a so-called square vortex, i.e.
a vortex surrounded by four satellites, has not yet been observed in laboratory experiments. The cre-
ation of a square vortex or even higher order modes becomes increasingly difficult, because the for-
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(a) (b)

FIGURE A.1: Sketch of the devices (the injection cylinders) used to generate a triangular (a) and a square (b)
vortex in a stratified fluid.

mation of these multipolar vortices requires an initial vortex with a very ’deep’ ring of oppositely
signed vorticity. Furthermore, the initial perturbation of the vortex should be sufficiently close to the
desired wave number, because otherwise initial perturbations with smaller wave numbers will grow
even faster. Besides, it was shown by Carnevale & Kloosterziel (1994) that the square vortex is in-
herently unstable, and so is any vortex perturbed with even higher wave numbers.

By using a specific (but very simple) experimental technique, taking the criteria for the creation of
a multipolar vortex into account, it has been possible to create not only a triangular, but also a square
vortex in a stratified fluid. This appendix reports upon these observations.

A.2 Experimental setup

A simple experiment was designed with the purpose to generate the necessary initial conditions for the
formation of triangular and square vortices. One of the considerations in the design of the experiment
is the necessity that the vortex should only be perturbed by the desired wave number. The growth
of an n 3 or n 4 perturbation will otherwise soon be outclassed by n 2. Another aspect is
the ratio between the maximum vorticity values in the ring and in the core, which has to be large
enough. It turned out to be impossible to change the value of this ratio of the initial vorticity profile
in a very controlled manner by changing the injection parameters, so a different approach has been
used. In order to generate a vortex with a relatively weak core and a strong ring of opposite vorticity,
corresponding to a vortex with a high -value, fluid is injected tangentially in an annulus instead of
in a cylinder as for the experiments described in chapters 3 and 4. Application of this method leads
to an axisymmetric vortex with a relatively weak core of one sign of vorticity, surrounded by a strong
ring of oppositely signed vorticity.

The experimental device is shown in figure A.1. It is the same injection cylinder as was used
before, but now a smaller inner cylinder, with diameter d 6 4 cm, is placed inside the large cylinder
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(d 15 0 cm). The inner cylinder was attached to the outer cylinder by a few metal strips of width
1 4 cm and with negligible thickness. Depending on the type of vortex that is desired (triangular

or square) either three or four of these strips have been used, arranged at mutual angles of 120o or 90o,
respectively. Both devices are shown in figure A.1(a) and (b).

The vortex is now created in the same way as described in previous chapters of this thesis, by the
injection of neutrally buoyant fluid along the inner wall of the (outer) cylinder. Typically ten seconds
after the injection is stopped, the cylinder is traversed slowly to the bottom of the tank. During the
descent of the cylinder the azimuthal flow between the two cylinders is considerably disturbed by
the three, or four metal strips that slice vertically through the annular flow. It was observed that this
specific technique causes an azimuthal perturbation of the flow with the desired wavenumber (n 3
or n 4, respectively).

A.3 The triangular vortex

The experimental procedure described above indeed results in the formation of a triangular vortex, as
can be seen in the photographs of a dye visualization experiment presented in figure A.2. In the de-
vice from figure A.1(a) dyed fluid is injected. After the injection the cylinder is lowered and as soon
as the strips cross the flow three indentations are formed at the outer edge of the vortex (a). These
indentations result in the transformation of the ring of opposite vorticity into three distinct counter-
clockwise vortices (b,c). In the centre of the vortex vorticity values are still relatively low (compared
to the satellites), and therefore the core of the vortex easily becomes deformed into a triangle by the
three satellites (d). One of the satellites, the one on the top left in figure (d), appears to be slightly
weaker than the others. This spatial asymmetry induces differences in the velocities at which the
satellites circle around the core. As a result of that, the core of the vortex loses its triangular shape
(f) and the weak vortex (on the top in picture (f)) becomes elongated and is after some time almost
overtaken by the satellite behind it (h). It is not entirely clear whether the two satellites have merged
at this moment; the dye picture only shows an elongated filament. From now on the vortex resembles
a tripole. In contrast to the experiments in rotating fluids (Kloosterziel & van Heijst 1991, Carnevale
& Kloosterziel 1994 and Beckers & van Heijst 1998) no further disintegration of the tripole into ei-
ther two dipoles, or a monopole and a dipole is observed. This is mainly due to vertical diffusion that
has caused a strong overall decay of the vortex.

Because the distribution of dye could not demonstrate the possible merger between two of the
satellites, similar laboratory experiments were performed in which the vorticity field was determined
by tracking neutrally buoyant tracer particles. These experiments, in fact, have indicated that there are
two possible scenarios after the destabilization of the triangular vortex: either two satellites do merge
and a symmetric tripole is formed, or the satellites do not merge and the final structure is somewhat
asymmetric. These two cases were obtained by varying the injection rate Q and the results are il-
lustrated in figure A.3. Vertical diffusion causes a decrease of the strength of all vortices and in the
first case (a-f) the satellites seem to have stopped moving before a merger could even take place. In
figure (f) still three separate patches of oppositely signed vorticity are visible. In the second case (g-l)
the Reynolds number of flow is somewhat larger. Therefore, in this particular case a merger between
two of the satellites can take place before diffusion takes over and, apparently, a symmetric tripole is
formed, see figure A.3(k,l).



130 Triangular and square vortices

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

FIGURE A.2: Photographs of a dye visualization experiment of the formation of a triangular vortex in a strat-
ified fluid. The pictures represent the flow at (a) 15 s, (b) 20 s, (c) 39 s, (d) 75 s, (e) 100 s, (f) 208 s, (g) 325 s,
(h) 500 s and (i) 674 s. The injection parameters were Q 2 22 cm3 s 1 and V 100 cm3.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

FIGURE A.3: Two sets of contour plots of vertical vorticity for two experiments showing the formation and
decay of triangular vortices. In (a-f) the injection parameters were Q 2 22 cm3 s 1 and V 100 cm3 and
the times corresponding to the pictures are (a) 60 s, (b) 70 s, (c) 100 s, (d) 140 s, (e) 180 s and (f) 220 s. In
(g-l) Q 4 44 cm3 s 1 and V 100 cm3 and (g) 100 s, (h) 130 s, (i) 160 s, (j) 190 s, (k) 260 s and (l) 350 s.
For all pictures 0 02 s 1.
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A.4 The square vortex

After it appeared to be possible to create a triangular vortex, it was an obvious step to try to gen-
erate a square vortex as well. Such a vortex was never found before in laboratory experiments, but
Carnevale & Kloosterziel (1994) performed 2D numerical simulations of the evolution of -profiles
for 7 and 8 perturbed with an azimuthal wave number n 4 and they did observe the formation
of a square vortex. In all cases the structure eventually broke down by a synchronous double satellite
merger. As an intermediate state a tripole was then formed, but soon the core vortex was torn apart
by the satellites and two dipoles emerged, moving in opposite directions. However, also asymmet-
ric evolutions could be obtained by introducing perturbations in the strengths of the initial satellites.
In another paper, by Morel & Carton (1994), the stability of a composition of piece-wise constant
patches of vorticity was investigated. One of the structures was a vortex consisting of a patch of one
sign of vorticity, surrounded by four oppositely signed patches. Depending on the initial distance be-
tween the satellite patches and the core patch this structure either evolved towards a stable tripole, or
towards double dipole splitting. The authors called the initial structure, rather unfortunately, a pen-
tapole, as an extension of the names tripole and quadrupole for vortices with two and three satellites,
respectively. These names are not consequent for vortices with more then two satellites; the name
’quadrupole’, e.g., has also been used to refer to a vortex structure consisting of two closely packed
dipoles, see Voropayev et al. (1995). We have therefore decided to call the multipolar vortices after
the geometrical shape of their core, so ’triangular’ or ’square’ vortex.

Figure A.4 shows photographs of a dye visualization experiment, in which the device shown in
figure A.1(b) was used. The initial evolution of the vortex is quite similar to that of the triangular
vortex. This time four indentations are formed (a), because four orthogonal strips slice through the
just formed vortex, as the cylinder is moved downwards. Four semicircular satellites are formed (c)
and the core becomes square-shaped (d). Just as in the simulation by Carnevale & Kloosterziel (1994)
the square vortex is unstable and a simultaneous double satellite merger takes place (f). This results
in the formation of a tripole (h). This tripole appears to be stable and no double dipole splitting takes
place anymore. It is most likely that this is due to vertical diffusion, as all vortices have considerably
decayed in strength. As an illustration the reader can compare the dipole splitting for a 2D simulation
in figure 4.4 with the 3D case in figure 4.16, in which no such splitting takes place.

However, the tripole formation appeared to be not the only possible evolution of the square vortex.
Several experiments were performed and also an asymmetric satellite merger was observed to result
in an intermediate triangular vortex before finally a tripole was formed. Moreover, it was found that
two experiments, performed under equal conditions (i.e. with the same injection parameters) could
still yield different evolution scenarios. This is illustrated in figure A.5 where the evolutions of the
vorticity distributions of two different square vortices are shown. In the first case (a-f) indeed a tripole
is formed after the simultaneous double merger of two satellites, but in the second case (g-l) no merger
between satellites takes place and the whole vortex structure gradually decays due to diffusion. The
four satellites eventually reorganize into a circular ring of oppositely signed vorticity around an al-
most circular core vortex.

In a similar way as described in this appendix one could try to generate vortices with even higher
order instabilities and create, e.g., a pentagonal or hexagonal vortex. However, figure A.4(d) already
indicates that it is difficult to obtain four well developed satellite vortices. Besides, numerical simula-
tions by Carnevale & Kloosterziel (1994) and Morel & Carton (1994) have already shown that these
types of vortices are highly unstable and will only exist for a fraction of time. The experiments in this
appendix have shown, however, that annular vortices can rather easily become unstable. It may there-
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

FIGURE A.4: Photographs of a dye visualization experiment of the formation of a ’square’ vortex in a stratified
fluid. The pictures represent the flow at (a) 16 s, (b) 23 s, (c) 30 s, (d) 40 s, (e) 70 s, (f) 125 s, (g) 175 s, (h)
282 s and (i) 595 s. The injection parameters were Q 2 22 cm3 s 1 and V 100 cm3.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

FIGURE A.5: Two sets of contour plots of vertical vorticity for two experiments showing the formation and
decay of square vortices. The times corresponding to the pictures are (a) 50 s, (b) 70 s, (c) 90 s, (d) 120 s, (e)
160 s and (f) 220 s, and for the second experiment (g) 50 s, (h) 70 s, (i) 100 s, (j) 120 s, (k) 160 s and (l) 220 s.
For all pictures 0 02 s 1. In both experiments the injection parameters were Q 2 22 cm3 s 1 and

V 100 cm3.
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fore be worthwile to investigate the behaviour of such vortices more closer in a future study, because
of their relevance for geophysical flows, like, e.g., in the Gulf Stream Rings (Richardson 1993).
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VAN HEIJST, G.J.F. & FLÓR, J.B. 1989 Dipole formation and collisions in a stratified fluid. Nature
340, 212–215.
VAN HEIJST, G.J.F. & KLOOSTERZIEL, R.C. 1989 Tripolar vortices in a rotating fluid. Nature 338,
369–371.
VAN HEIJST, G.J.F., KLOOSTERZIEL, R.C. & WILLIAMS, C.W.M. 1991 Laboratory experiments
on the tripolar vortex in a rotating fluid. J. Fluid Mech. 225, 301–331.
HESTHAVEN, J.S., LYNOV, J.P., NIELSEN, A.H., JUUL RASMUSSEN, J., SCHMIDT, M.R.,
SHAPIRO, E.G. & TURITSYN, S.K. 1995 Dynamics of a nonlinear dipole vortex. Phys. Fluids
7, 2220–2229.
HOPFINGER, E.J. 1987 Turbulence in stratified fluids: a review. J. Geophys. Res. 92, 5287–5303.
HUNKINS, K.L. 1974 Subsurface eddies in the Arctic Ocean. Deep-Sea Res. 21, 1017–1033.
KLOOSTERZIEL, R.C. 1990 On the large-time asymptotics of the diffusion equation on infinite do-
mains. J. Engng Maths 24, 213–236.
KLOOSTERZIEL, R.C. & VAN HEIJST, G.J.F. 1991 An experimental study of unstable barotropic
vortices in a rotating fluid. J. Fluid Mech. 223, 1–24.
KOSTIANOY, A.G. & BELKIN, I.M. 1989 A survey of observations on intrathermocline eddies in
the world ocean. In Mesoscale/Synoptic Coherent Structures in Geophysical Turbulence. J.C.J. Ni-
houl and B.M. Jamart (Eds.), Elsevier, 821–841.
KUNDU, P.K. 1990 Fluid Mechanics. Academic Press.
LEGRAS, B., SANTANGELO, P. & BENZI, R. 1988 High-resolution numerical experiments for
forced two-dimensional turbulence. Europhys. Lett. 5, 37–42.
LEMCKERT, C.J. & IMBERGER, J. 1995 Turbulence within inertia-buoyancy balanced axisymmet-
ric intrusions. J. Geophys. Res. 100, 22,649–22,666.
LILLY, D.K. 1983 Stratified turbulence and the mesoscale variability of the atmosphere. J. Atmos.
Sci. 40, 749–761.
LIN, J.-T. & PAO, Y.-H. 1979 Wakes in stratified fluids. Ann. Rev. Fluid Mech. 11, 317–338.
LUPTON, J.E., BAKER, E.T., GARFIELD, N., MASSOTH, G.J., FEELY, R.A., COWEN, J.P.,
GREENE, R.R. & RAGO, T.A. 1998 Tracking the evolution of a hydrothermal event plume with
a RAFOS neutrally buoyant drifter. Science 280, 1052-1055.
LUTJEHARMS, J.R.E. 1989 The role of mesoscale turbulence in the Agulhas current system. In
Mesoscale/Synoptic Coherent Structures in Geophysical Turbulence. J.C.J. Nihoul and B.M. Jamart
(Eds.), Elsevier, 357–372.
MAASSEN, S.R., CLERCX, H.J.H. & VAN HEIJST, G.J.F. 1999 Decaying quasi-2D turbulence in
a stratified fluid with circular boundaries. Europhys. Lett. 46, 339–345.
MARSHALL, J. 1988 Submarine salt lenses. Nature 333, 594–595.
MATSUURA, T. & KAMACHI, M. 1989 The behavior of Kuroshio warm core rings near the eastern
coast of Japan. In Mesoscale/Synoptic Coherent Structures in Geophysical Turbulence. J.C.J. Nihoul
and B.M. Jamart (Eds.), Elsevier, 561–575.
MAXWORTHY, T., CAPERAN, PH. & SPEDDING, G.R. 1987 Two dimensional turbulence and vor-



140 Dynamics of vortices in a stratified fluid

tex dynamics in a stratified fluid. In Proc. of 3th. Int. Symp. on Density-Stratified Flows. Caltech,
Pasadena.
MCDOWELL, S.E. & ROSSBY, H.T. 1978 Mediterranean water: an intense mesoscale eddy off the
Bahamas. Science 202, 1085–1087.
MCINTYRE, M.E. 1989 On the Antarctic ozone hole. J. Atmos. Terr. Phys. 51, 29–43.
MCWILLIAMS, J.C. 1983 Interactions of isolated vortices. II Modon generation by monopole col-
lision Geophys. Astrophys. Fluid Dyn. 24, 1–22.
MCWILLIAMS, J.C. 1984 The emergence of isolated coherent vortices in turbulent flows. J. Fluid
Mech. 146, 21–43.
MCWILLIAMS, J.C. 1985 Submesoscale, coherent vortices in the ocean. Rev. Geophys. 23, 165–
182.
MELANDER, M.V., ZABUSKY, N.J. & MCWILLIAMS, J.C. 1988 Symmetric vortex merger in two
dimensions. J. Fluid Mech. 195, 303–340.
MELESHKO, V.V. & VAN HEIJST, G.J.F. 1994a Interacting two-dimensional vortex structures: point
vortices, contour kinematics and stirring properties. Chaos, Solitons & Fractals 4, 977–1010.
MELESHKO, V.V. & VAN HEIJST, G.J.F. 1994b On Chaplygin’s investigations of two-dimensional
vortex structures in an inviscid fluid. J. Fluid Mech. 272, 157-182.
MIED, R.P., LINDEMANN, G.J. & BERGIN, J.M. 1983 Azimuthal structure of a cyclonic Gulf
Stream ring. J. Geophys. Res. 88, 2530–2546.
MOREL, Y.G. & CARTON, X.J. 1994 Multipolar vortices in two-dimensional flows. J. Fluid Mech.
267, 23–51.
MOWBRAY, D.E. & RARITY, B.S.H. 1967 A theoretical and experimental investigation of the phase
configuration of internal waves of small amplitude in a density stratified liquid. J. Fluid Mech. 28,
1–16.
NGUYEN DUC, T. & SOMMERIA, J. 1988 Experimental characterization of steady two-dimensional
vortex couples. J. Fluid Mech. 192, 175–192.
NIELSEN, A.H. & JUUL RASMUSSEN, J. 1997 Formation and temporal evolution of the Lamb-
dipole. Phys. Fluids 9, 982–991.
OBERHETTINGER, F. 1972 Tables of Bessel Transforms. Springer-Verlag.
OLSON, D.B. 1979, The physical oceanography of two rings observed by the cyclonic ring experi-
ment. Part II: Dynamics. J. Phys. Ocean. 10, 514–528.
ORLANDI, P. 1990 Vortex dipole rebound from a wall. Phys. Fluids 2, 1429–1436.
ORLANDI, P. & VAN HEIJST, G.J.F. 1992 Numerical simulation of tripolar vortices in 2D flow.
Fluid Dyn. Res. 9, 179–206.
ORLANDI, P. & CARNEVALE, G.F. 1999 Evolution of isolated vortices in a rotating fluid of finite
depth. J. Fluid Mech. 381, 239–269.
OSTER, G. & YAMAMOTO, M. 1963 Density gradient techniques. Chem. Rev. 63, 257–268.
OU, H.W. & GORDON, A.L. 1986 Spin-down of baroclinic eddies under sea ice. J. Geophys. Res.
91, 7623–7630.
PAO, H.-P. & KAO, T.W. 1977 Vortex structure in the wake of a sphere. Phys. Fluids 20, 187–191.
PEDLOSKY, J. 1979 Geophysical Fluid Dynamics. Springer-Verlag.
PINGREE, R.D. & LE CANN, B. 1992 Anticyclonic eddy X91 in the southern Bay of Biscay, May
1991 to February 1992. J. Geophys. Res. 97, 14,353–14,367.
POLVANI, L.M., ZABUSKY, N.J. & FLIERL, G.R. 1989 Two-layer geostrophic vortex dynamics.
Part 1: Upper-layer V-states and merger. J. Fluid Mech. 205, 215–242.
PRATER, M.D. & SANFORD, T.B. 1994 A Meddy off Cape St. Vincent. Part I: Description. J.



References 141

Phys. Ocean. 24, 1572–1586.
RICHARDSON, P.L. 1993 Tracking ocean eddies. American Scientist 81, 261–271.
RILEY, J.J., METCALFE, R.W. & WEISSMAN, M.A. 1981 Direct numerical simulations of homo-
geneous turbulence in density stratified fluids. Proc. AIP Conf. Nonlinear Properties of Internal
Waves, Bruce J. West (Ed.), 79–112.
SAFFMAN, P.G. 1992 Vortex Dynamics. Cambridge University Press.
SAUNDERS, P.M. 1973 The instability of a baroclinic vortex. J. Phys. Ocean. 3, 61–65.
SCHMIDT, M.R., BECKERS, M., NIELSEN, A.H., JUUL RASMUSSEN, J. & VAN HEIJST, G.J.F.
1998 On the interaction between two oppositely signed, shielded, monopolar vortices. Phys. Fluids
10, 3099–3110.
SPEDDING, G.R., BROWAND, F.K. & FINCHAM, A.M. 1996 Turbulence, similarity scaling and
vortex geometry in the wake of a sphere in a stably-stratified fluid. J. Fluid Mech. 314, 53–103.
SPEDDING, G.R. 1997 The evolution of initially turbulent bluff-body wakes at high internal Froude
number. J. Fluid Mech. 337, 283–301.
SPEER, K.G. 1998 A new spin on hydrothermal plumes. Science 280, 1034-1035.
SWATERS, G.E. 1988 Viscous modulation of the Lamb dipole vortex. Phys. Fluids 31, 2745–2747.
SWATERS, G.E. 1991 Dynamical characteristics of decaying Lamb couples. J. Appl. Math. and
Phys. (ZAMP) 42, 109–121.
TEREZ, D. & KNIO, O.M. 1998 Numerical study of the collapse of an axisymmetric mixed region
in a pycnocline. Phys. Fluids 10, 1438–1448.
TRIELING, R.R., BECKERS, M. & VAN HEIJST, G.J.F. 1997 Dynamics of monopolar vortices in
a strain flow. J. Fluid Mech. 345, 165–201.
TRIELING, R.R. & VAN HEIJST, G.J.F. 1998 Decay of monopolar vortices in a stratified fluid. Fluid
Dyn. Res. 23, 27–43.
TRIELING, R.R., VAN WESENBEECK, J.M.A. & VAN HEIJST, G.J.F. 1998 Dipolar vortices in a
strain flow. Phys. Fluids 10, 144–159.
TURNER, J.S. 1973 Buoyancy Effects in Fluids. Cambridge University Press.
VALCKE, S. & VERRON, J. 1997 Interactions of baroclinic isolated vortices: The dominant effect
of shielding. J. Phys. Ocean. 27, 524–541.
VEGA, M.G., VERZICCO, R. & ORLANDI, P. 1996 The Impact of Dipolar Vortices on Curved
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SAMENVATTING

De geofysische stromingsleer is de wetenschap die zich bezighoudt met de grootschalige stromin-
gen in de atmosfeer en de oceanen. Dit soort stromingsverschijnselen worden beı̈nvloed door de ro-
tatie van de aarde en dichtheidsstratificatie. Daarnaast spelen de stromingen zich af in een relatief
dunne schil rondom de aarde, zodat de horizontale afmetingen (van de orde van 100-1000 km) over
het algemeen veel groter zijn dan de vertikale afmetingen (van de orde van 1-10 km). Al deze ef-
fecten zorgen ervoor dat de geofysische stromingen doorgaans worden gekenmerkt door een (bij be-
nadering) twee-dimensionaal (2D) karakter; de stromingen vinden hoofdzakelijk plaats in een rich-
ting parallel aan het aardoppervlak. Een belangrijk verschijnsel in dergelijke 2D stromingen is de
vorming van wervelstructuren (ronddraaiende stromingen) en bekende voorbeelden hiervan zijn de
hoge- en lage-drukgebieden in de atmosfeer (en in een extreem geval kan zo’n lage-drukgebied zelfs
uitgroeien tot een orkaan). Het effect van de rotatie van de aarde op deze wervels wordt duidelijk
door het feit dat op het noordelijk halfrond de lage-drukgebieden tegen de richting van de klok in
draaien en de hoge-drukgebieden met de klok mee. Op het zuidelijk halfrond is dit precies omge-
keerd. Grote atmosferische wervels worden dus gekenmerkt door een balans tussen de Corioliskracht
en een druk(gradient)kracht. Ook in de oceanen komen wervels voor, waarbij grofweg onderscheid
kan worden gemaakt tussen wervels die zich of aan het oceaanoppervlak of op enige diepte (meestal
rond 1 km diep) bevinden. De eerste soort wervels ontstaat bijvoorbeeld doordat de Golfstroom na
loslating van de kust van de Verenigde Staten begint te meanderen en wervels afschudt. Een voor-
beeld van de tweede soort wervels is de zogenaamde Meddy, ofwel Mediterranean Eddy. Dit soort
wervels ontstaat wanneer relatief zout en warm water uit de Middellandse Zee bij Gibraltar de At-
lantische Oceaan in stroomt. De zogenaamde dichtheidsstratificatie van het oceaanwater speelt
hierbij een belangrijke rol; door verschillen in het zoutgehalte en de temperatuur van het water op
verschillende dieptes hangt ook de soortelijke dichtheid van het water van de diepte af. Door zijn
specifieke dichtheid komt het water uit de Middellandse Zee terecht op ongeveer 1 km diepte, waar
platte, pannenkoek-achtige wervelstructuren worden gevormd. De Meddies transporteren het Mid-
dellandse Zee water over grote afstanden door de Atlantische Oceaan en dragen daardoor voor een
belangrijk deel bij aan de verspreiding van dit zoute water.

In dit proefschrift wordt het onderzoek naar de structuur en de interactie-eigenschappen van wer-
vels in een gestratificeerde vloeistof beschreven. Deze wervels vormen dus een vereenvoudigd model
voor wervelstructuren in de atmosfeer en de oceanen, omdat ze de effecten van de aardrotatie niet
in beschouwing nemen. Daarentegen is veel van het gedrag en de structuur van de wervels in een
(niet-roterende) gestratificeerde vloeistof nog onbegrepen. Zo worden deze wervels, vanwege hun
dunne, pannenkoek-achtige structuur, vaak gebruikt als een laboratorium equivalent voor wervels in
puur 2D stromingen (die worden bestudeerd in allerlei analytische en numerieke studies). Echter, de
laboratorium wervels hebben in werkelijkheid een drie-dimensionale (3D) structuur die tot op heden
nog niet is beschreven. Dit vormt dan ook het hoofddoel van het onderzoek dat in dit proefschrift
wordt beschreven.
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De meest eenvoudige gestratificeerde vloeistof in het laboratorium bestaat uit een laag zout wa-
ter, met daar bovenop een laag ’zoet’ water. Echter, door diffusie zal het interface tussen deze twee
lagen snel dikker worden en zal er een meer geleidelijk overgang ontstaan. In dit proefschrift wordt
daarom gebruik gemaakt van een zogenaamde lineair gestratificeerde vloeistof, waarbij het zoutge-
halte van het water rechtevenredig afhangt van de diepte. Deze situatie is in principe stabiel en kan
eenvoudig in het laboratorium worden gemaakt. De wervels worden gecreëerd door een cylinder in
de gestratificeerde vloeistof in te brengen en op een bepaalde hoogte vloeistof langs de binnenwand
van de cylinder te injecteren. Na enige tijd wordt de cylinder verwijderd en een wervel is gevormd.

Het onderzoek dat in dit proefschrift wordt beschreven kan worden onderverdeeld in vier on-
derdelen. Ten eerste worden door middel van een eenvoudig analytisch model, laboratorium expe-
rimenten en numerieke stromingssimulaties het gedrag en de structuur van axisymmetrische wervels
(monopolen) beschreven. Het blijkt dat onder bepaalde omstandigheden de aanvankelijk ronde
wervels kunnen transformeren in elliptische wervels, omringd door twee satellietwervels die in tegen-
gestelde richting draaien vergeleken met de kernwervel. Een dergelijke structuur heet een tripool
wervel. Dit instabiliteitsgedrag wordt onderzocht in het tweede deel van dit proefschrift. Vervolgens
wordt de interactie tussen twee monopolaire wervels in een gestratificeerde vloeistof bestudeerd. In
ander onderzoek is gebleken dat twee 2D wervels met dezelfde draaiingsrichting in het algemeen
kunnen samensmelten tot één wervel. Het is in dit onderzoek echter gevonden dat bij de interac-
tie tussen twee gelijke wervels in een gestratificeerde vloeistof een mechanisme kan optreden dat
de wervels juist van elkaar doet afkeren. Hetzelfde mechanisme kan er ook voor zorgen dat twee
wervels met een tegengestelde draaiingsrichting naar elkaar toe worden geduwd, waarna een nieuw
soort wervel, de dipool, ontstaat. Deze dipool wervel bestaat uit twee half-cirkelvormige wervels die
samen in één richting voortbewegen. Ten slotte wordt de vorming en het gedrag beschreven van twee
bijzondere soorten wervels die vergelijkbaar zijn met de tripool wervel. Deze wervels bestaan uit een
driehoekige danwel vierkante kernwervel, omringd door respectievelijk drie en vier satellieten. Deze
structuren heten dan ook driehoekige en vierkante wervels.
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