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Comparison of Enriched Computational Homogenization Schemes

Applied to Pattern-Transforming Elastomeric Mechanical

Metamaterials

S.O. Sperlinga, O. Rokoša, M.M. Ameena, R.H.J. Peerlingsa,∗, V.G. Kouznetsovaa,
M.G.D. Geersa

aMechanics of Materials, Department of Mechanical Engineering, Eindhoven University of Technology,
P.O. Box 513, 5600 MB Eindhoven, The Netherlands

Abstract

Elastomeric mechanical metamaterials exhibit unconventional mechanical behavior owing to
their complex microstructure. A clear transition in effective stiffness is observed, related
to the transformation of the structural cellular pattern. In the post-transformed region,
non-local material behavior plays a prominent role in the effective stress-strain response.
Consequently, strong size effects are observed. Classical computational homogenization,
based on scale separation, is unable to capture such size effects, forcing the employment of
alternative methods. Second-order computational homogenization is armed with the ability
to capture strain gradient effects at the macroscopic scale, accounting for non-local effects.
Alternatively, a micromorphic computational homogenization method has been proposed
that is tailored to pattern-transforming metamaterials requiring kinematic communication
between adjacent cells. Both methods are compared for three distinct loading cases: infinitely
wide compression, infinitely wide bending and compression of finite specimens. The ensemble
average of the direct numerical simulations for a family of translated microstructures serves
as a reference solution. A qualitative and quantitative analysis is provided for each numerical
example, followed by conclusions.

Keywords: Mechanical metamaterials, cellular solids, computational homogenization,
strain gradient continuum, micromorphic continuum

1. Introduction

Mechanical metamaterials are characterised by their exotic material properties owing
to their engineered structure. Due to extensive research in recent years, various types of
metamaterials have found dedicated applications in distinct fields of engineering including
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Figure 1: (a) Sketch of the two-dimensional elastomeric metamaterial considered, including geometrical
parameters, and (b) example of a computed stress-strain response in compression.

the automotive and aerospace industries (Prawoto, 2012). An interesting subgroup of such5

materials, receiving significant scientific attention, is called elastomeric metamaterials. Here,
the extraordinary material behavior is based on the transformation of recurrent patterns
within the structure during compression. The pattern reconfiguration yields a change in
effective material properties such as Young’s modulus or Poisson’s ratio (Wu et al., 2015;
Florijn et al., 2014; Hu et al., 2013; Coulais, 2016). One of the earlier works, by Mullin10

et al. (2007), shows that the pattern transformation and corresponding change in effective
properties is initiated by buckling of the individual ligaments between cells.

The pattern transformation of hexagonal cellular structures has been investigated by
Gao et al. (2018), where two distinct re-configurations were found. It was shown that the
wall thickness to cell size ratio dictates the post-buckling pattern and associated acoustic15

characteristics. Wu et al. (2015) evaluated the effect of microstructural buckling on the
effective stress-strain path for a triangular structure built from kagome lattices. It was found
that pre-bending the kagome lattices prevents the buckling instability, allowing a smooth
structural re-configuration and avoiding abrupt changes in the mechanical response. The
in-plane and out-of-plane buckling behavior of square cellular plates was studied by Nikman20

and Akbarzadeh (2018). Here it was concluded that the ratio between length and thickness
governs the buckling mode and therefore determines the pattern switch.

The current study focuses on elastomeric metamaterials containing periodically arranged
circular holes. A schematic representation is provided in Figure 1a, illustrating also the un-
derlying square unit cell, its size l and hole diameter d. The specimen width and height are25

denoted by W and H. When applying compressive loading to such a structure, an overall
stress-strain diagram as depicted in Figure 1b is acquired. The diagram is split into two parts
by a vertical dashed line, indicating the so called bifurcation strain. At this applied compres-
sive strain, the pattern of periodically distributed circles transforms into an arrangement of
alternating ellipses, showing an abrupt transition in effective stiffness. The pattern transfor-30

2
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Figure 2: Deformation of a subsection consisting of 4 × 4 cells for (a) 1% and (b) 7.5% compressive strain.
The norm of the Green–Lagrange strain E, formulated as

√
E : E, is indicated by the color, plotted on the

deformed structure.

mation and resulting mechanical response has been thoroughly investigated, e.g. by Mullin
et al. (2007), Bertoldi et al. (2008), Hu et al. (2013), or Coulais (2016). Figure 2 illustrates
the deformation for a subsection of 4 × 4 unit cells at 1% compressive strain (i.e. in the
pre-bifurcation regime) and 7.5% compressive strain (i.e. in the post-bifurcation regime)
from an quasi-infinite specimen. Ameen et al. (2018b) observed that in the post bifurcation35

regime, the pattern formation (Figure 2b) is suppressed at the boundaries containing pre-
scribed displacements. The suppressed pattern, located at specimen edges, gradually relaxes
towards the specimen centre, forming a so called boundary layer. Within a boundary layer,
kinematic communication between unit cells govern the mechanical response, conforming to
the notion of non-local material behavior. The degree of non-local influences on the effective40

stress response is determined by the percentage of boundary layer compared to the specimen
size. Consequently, a scale ratio effect is observed where the macroscopic height affects the
mechanical behavior. The scale ratio is defined as the ratio between the macroscopic and
microscopic size, e.g. H/l in the vertical direction (Figure 1a).

Full scale finite element simulations are generally expensive from the computational per-45

spective. Consequently, computational homogenization schemes are a common substitute
for acquiring the effective material response. Classical computational homogenzation, as de-
scribed by e.g. Kouznetsova et al. (2001), can provide accurate results for structures where
the macroscopic specimen is much larger than the length scale of its underlying microstruc-
ture. However, macroscopic kinematic communication, where the microstructure at one point50

communicates with the microstructure of points in close proximity, is not incorporated. As
a result, this method is proven inaccurate by Ameen et al. (2018a) for low scale ratios.

Second-order computational homogenization incorporates a generalized continuum for-
mulation at the macroscale in order to account for non-local effects emerging from the mi-
croscale. Anthoine (2010) applied second-order homogenization to functionally graded ma-55

terials to quantify the grading characteristics. The intrinsic length scale which influences
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the higher order stiffness can be directly related to the graded microstructure of the ma-
terial. Forest and Trinh (2010) used the same method to investigate the size effect of
representative volume elements (RVEs) for elastic and elastoplastic composites subjected to
quadratic Dirichlet boundary conditions. The research conducted by Noels and Nguyen60

(2014) studied the behavior of elastic and elastoplastic materials containing a cellular hexag-
onal microstructure through second-order computational homogenization. Via comparison
to full numerical simulations, it was concluded that this approach accurately predicts the
behavior of structures consisting of repeated hexagonal patterns, but the method fails for
high degrees of macroscopic imperfections. To the best of the authors’ knowledge, a similar65

study for elastomeric metamaterials containing periodically arranged circular holes has not
been conducted.

Rokoš et al. (2018) introduced a novel computational homogenization framework for cel-
lular elastomeric metamaterials. Here, a micromorphic continuum formulation is adopted
at the macroscale to incorporate kinematical coupling between cells. The essence of the70

adopted approach lies in the decomposition of the displacement field into slow and fast vary-
ing components. Additionally, a predefined fluctuation field corresponding to the pattern
transformation is integrated, incorporating prior knowledge of the microstructural defor-
mation. The method was compared to direct numerical simulation (DNS) results obtained
by Ameen et al. (2018b) for infinitely wide compression, analysing the accuracy of the ef-75

fective mechanical response predicted by the micromorphic homogenization method on a
macroscopically one-dimensional case. However, different loading cases have so far not been
considered for this method.

The present article aims to compare the performance of the above two enriched compu-
tational homogization schemes for elastomeric mechanical metamaterials experiencing pat-80

tern transformations. Thereby providing an evaluation of the second-order homogenization
method for these materials and investigation of the micromorphic method for distinct loading
cases. Both methods include an enhanced continuum description at the macroscale, allowing
to account for relevant size effects. The most notable distinction between these methods is
the lack of prior deformation knowledge of the second-order method.85

The remainder of this paper is organized as follows. The computational methodology is
discussed in Section 2. First, the reference solution is introduced, consisting of an ensemble
average of the DNS results for a family of translated microstructures. Subsequently, the
classical, first-order computational homogenization method is briefly explained, followed by
the second-order method. To finalise the methodology section, the micromorphic homoge-90

nization method is examined an a brief reflection on the methods’ distinctions is provided. In
Section 3 the distinct loading cases are described and the results obtained with the different
methods are compared and discussed. Finally, an overall summary and conclusions based
on the results are presented in Section 4.

Throughout this paper, the following notation conventions are used:95

- scalars: a

- vectors: ~a = ai~ei

- second-order tensors: A = Aij~ei~ej

- third-order tensors: 3A = Aijk~ei~ej~ek
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- ~a ·~b = aibi100

- A ·~b = Aijbj~ei

- A : B = AijBji

- 3A : 3B = AijkBkjl~ei~el

- 3A
... 3B = AijkBkji

- transpose AT, AT
ij = Aji105

- left transpose 3ALT, ALT
ijk = Ajik

- gradient operator ~∇~a = ∂ai
∂Xj

~ei~ej

- divergence operator ~∇ · ~a = ∂ai
∂Xi

2. Homogenization methodologies

This section provides a concise overview of the employed homogenization theory in rela-110

tion to elastomeric mechanical metamaterials. As a starting point, classical computational
homogenization is discussed, where the assumption of wide scale separation rules out size ef-
fects. Subsequently, from the fundamentals of the classical (first-order) method, the extended
second-order method is elaborated, incorporating Mindlin’s strain gradient continuum at the
macroscale. Finally, the micromorphic homogenization method including a decomposed de-115

formation field is examined.
In what follows, computational homogenization solutions are compared against DNS

results to evaluate their accuracy. In the present case, the DNS results contain highly os-
cillatory solutions for the deformation field. Additionally, the oscillatory solutions for the
deformation field tend to translate in accordance with the microstructural position relative120

to the macroscopic sample. To provide a representative reference to assess homogeniza-
tion accuracy, an ensemble average solution consisting of DNS results including a family of
translated microstructures is established. Averaging the deformation fields obtained by each
translated microstructure will filter out the oscillations, and construct a macroscopically
smooth solution similar to the homogenization solutions. The applied ensemble averaging125

method conveniently omits the requirement of introducing an arbitrary averaging operator.
For the reference solution, each translated microstructure has an equal probability of oc-
currence. (Ameen et al., 2018a; Drugan and Willis, 1996; Smyshlyaev and Cherednichenko,
2000).

In Figure 3a, a schematic representation of the macroscopic specimen in the reference
configuration is given. The domain is denoted by Ω and bounded by the boundary Γ. The
vector ~ζ is related to the translated position of the microstructure with respect to its reference
position. Due to the periodicity of the cellular pattern, considered as microstructure, the
translation of a full unit cell, i.e. ~ζ = l ~e1 + l ~e2, will recover the microstructural reference
position. Consequently, the domain including the required microstructural translations spans
~ζ ∈ Q = [0, l)× [0, l). The reference solution is obtained by

~u( ~X) =
1

|Q|

∫
Q

~u( ~X, ~ζ) d~ζ, (1)

where ~u( ~X, ~ζ) denotes the displacement field belonging to the microstructure translated by130

~ζ 6= ~0. The deformation field for the reference solution ~u( ~X) is obtained numerically by
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Figure 3: Sketch of boundary value problem with domain Ω and boundary Γ, where Dirichlet and Neumann
conditions act on boundary segments ΓD and ΓN. (a) Illustration of a microstructural translation ~ζ (in blue),

the point ~X + ~ζ (in red) has an equivalent relative microstructural position in the reference configuration

as ~X translated by ~ζ. (b) Schematic picture of the computational homogenization scheme including the
microscale problem in reference (bottom right) and deformed (bottom left) configuration corresponding to

macroscopic point of interest ~X.

discretizing the integral formulated in Eq. (1) into a set of grid points over Q and calculating
the DNS solution for each translated microstructure included.

2.1. Classical computational homogenization

Computational homogenization is a multi-scale technique, incorporating the microstruc-135

ture when calculating effective material characteristics for macroscale problems. This method
provides a powerful numerical tool for macroscopically homogeneous but microscopically
heterogeneous materials. The heterogeneous microstructure must consist of distinguishable
components containing length scales much lager than the molecular dimensions, so that con-
tinuum theory is a valid assumption. In computational homogenization, the microstructure140

is captured by a representative volume element (RVE). The RVE must be large enough to
accurately capture the effective material properties, but small enough to allow for efficient
computation. Bertoldi et al. (2008) investigated the buckling modes of elastomeric cellu-
lar patterns for different RVE sizes using refined eigen analysis. They concluded that the
eigenmodes vary with the number of unit cells, however, for RVEs containing 2n × 2n for145

(n = 1, 2, ...) unit cells share the same first eigenmode (local buckling). Secondly, the nomi-
nal buckling stress remains constant for RVE sizes 2n× 2n (n = 1, ..., 5), while uneven RVE
sizes converge towards this value. As a result of these findings, they concluded that the RVE
size of 2× 2 unit cells is representative for infinite structures. Hence, throughout this paper,
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a RVE size of 2 × 2 unit cells is adopted for all homogenization simulations. The macro-150

scopic field quantities, i.e. stress and stiffness in a single point, are obtained by averaging
the microscopic quantities over the RVE domain. Figure 3b provides a schematic picture
illustrating the concept of classical computational homogenization applied to elastomeric
mechanical metamaterials.

The evolution of the macroscopic problem is governed by the balance law

~∇ · P T( ~X) = ~0, ~X ∈ Ω, (2)

omitting body forces. Here, P denotes the macroscopic first Piola–Kirchhoff stress tensor and
Ω the macroscopic domain. For the current problem, the macroscopic constitutive relation

P = f( ~X,F ( ~X)), ~X ∈ Ω, (3)

is not available in closed form. Alternatively, the global mechanical response relies on the
underlying microstructure corresponding to each macroscopic material point. Consequently,
a micro-macro scheme is adopted where two separate boundary value problems are solved.
The evolution of the microstructure is governed by the balance equation

~∇m · P T
m( ~Xm) = ~0, ~Xm ∈ Ωm, (4)

where Pm denotes the microscopic first Piola–Kirchhoff stress tensor at microscopic point
~Xm on the RVE domain Ωm. For the microscopic problem, constitutive relations of all
microstructural components are available. Additionally, it is assumed that the microstruc-
ture is periodic in the vicinity of the macroscopic material point, justifying the application
of periodic boundary conditions on the RVE boundary. The applied average deformation
on the microscopic problem is determined by the deformation gradient F extracted from
the macroscopic problem. From the microscopic solution, the macroscopic field quantities
are obtained through averaging of the resulting microscopic quantities. For instance, the
macroscopic stress is defined as

P ( ~X) =
1

|Ωm|

∫
Ωm

Pm dΩm, ~X ∈ Ω, (5)

conforming to the Hill–Mandel condition. Using the obtained macroscopic stress and stiffness155

quantities, the macroscopic problem can be solved. For the problem at hand, an iterative
scheme is adopted where the macroscopic deformation gradient is updated until convergence
is reached. This results in an integrated scheme where macro- and micro-problem are solved
in parallel. Both the microscopic and macroscopic boundary value problems are solved using
the finite element method, where for the current homogenization scheme, a microscopic160

(RVE) problem is solved for each integration point belonging to the macroscopic problem.

2.2. Second-order computational homogenization

One may regard the second-order homogenization method as an extension of its classical
counterpart. The second-order method relies on the Taylor expansion of the displacement
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field around a macroscopic point truncated after the second term, whereas the classical165

method is based on the same Taylor expansion truncated after the first term. The second
term accounts for strain gradient effects, but requires an extended continuum formulation.
In this section the second-order computational homogenization theory is discussed follow-
ing the lines of Kouznetsova et al. (2004), incorporating Mindlin’s strain gradient contin-
uum (Mindlin, 1965; Mindlin and Eshel, 1968) on the macro level, but enforcing a classical170

continuum for the microscale problem. The derivation of the extended balance equation is
presented first. Subsequently, the relations between micro and macro quantities are exam-
ined, followed by the non-homogeneous boundary conditions for the microscale problem.

Introducing the higher order stress 3Q and gradient of the deformation gradient ~∇F =
3G, the variational form of the internal work for a strain gradient continuum is defined as

δWint =

∫
Ω

(
P : δF T + 3Q

... δ3G

)
dΩ (6)

=

∫
Ω

(
P : ~∇δ~u+ 3Q

... ~∇(~∇δ~u)T

)
dΩ.

Applying integration by parts and the divergence theorem, one obtains

δWint =−
∫

Ω

{
~∇ · (P T − (~∇ · 3Q)T)

}
· δ~u dΩ

+

∫
Γ

~N · (P T − (~∇ · 3Q)T) · δ~u dΓ +

∫
Γ

~N · 3Q : ~∇δ~u dΓ, (7)

where ~N is the unit outward normal to the surface Γ. Since the internal work is equal to the
external work and Eq. (7) must hold for an arbitrary δ~u, the non-classical balance equation
reads

~∇ · (P T − (~∇ · 3Q)T) = ~0, (8)

where body forces have been neglected for simplicity.
Note that C1 continuity is required over the entire domain Ω to obtain the gradient of the175

deformation gradient at every point. From a finite element perspective this poses a problem
since the conventional shape functions have C0 continuity. This is resolved by resorting to a
mixed finite element formulation introducing a so called relaxed deformation gradient field.
The gradient of the displacement field and the relaxed deformation gradient field are coupled
via a Lagrange multiplier field.180

In addition to the macroscopic first Piola-Kirchhoff stress defined in Eq. (5), the higher
order macroscopic stress is obtained from the RVE solution via

3Q =
1

2|Ωm|

∫
Ωm

(
P T

m
~Xm + ~XmPm

)
dΩm. (9)

Note that no higher order microscopic stresses are present in the integral formulations since
the RVE contains a classical continuum description. This circumvents the issue of higher
order characterisation of the microstructural problem. However, to enforce the gradient
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Figure 4: Schematic representation of the square RVE consisting of 2 by 2 unit cells including associated
parameters.

effects occurring at the macroscopic scale, on the micro problem, an alternative description
of the boundary conditions is required. This is elaborated in the following.185

The starting point for deriving the microscopic boundary conditions is the Taylor series
expansion, truncated after the second term

∆~xm = F ·∆ ~Xm +
1

2
∆ ~Xm · 3G ·∆ ~Xm + ~w, (10)

where ∆~xm and ∆ ~Xm are finite line elements in the deformed and reference configuration of
the RVE problem, respectively. The microfluctuation field is denoted by ~w. From Eq. (10),
the microscopic deformation gradient is determined as

Fm = (~∇m∆~xm)T = F + ∆ ~Xm · 3G + (~∇m ~w)T. (11)

To conform to the classical averaging theorem given by

F =
1

|Ωm|

∫
Ωm

Fm dΩm, (12)

two requirements have to be satisfied, the first one being

1

|Ωm|

∫
Ωm

∆ ~Xm dΩm = ~0, (13)

which is satisfied by simply shifting the coordinate system to the RVE centre, i.e. ~Xmc =
~0. Consequently, the finite line elements in the reference configuration can be defined as
∆ ~Xm = ~Xm − ~Xmc = ~Xm. The second requirement the system has to satisfy is

1

|Ωm|

∫
Ωm

(~∇~w)T dΩm =
1

|Ωm|

∫
Γm

~w ~Nm dΓm = 0, (14)

9



in Eq. (14) the divergence theorem is used to transform the volume integral into an integral

along the boundary Γm, where ~Nm denotes the outward unit normal.. Figure 4 provides a
schematic representation of the RVE domain in combination with the boundary segments,
where R, L, T, B denote the right, left, top and bottom boundaries, respectively. Note
that in the concerned case ~NmT

(ΓmT
) = − ~NmB

(ΓmB
) and ~NmR

(ΓmR
) = − ~NmL

(ΓmL
), so that

relation (14) is satisfied if

~w(ΓmT
) = ~w(ΓmB

) and ~w(ΓmL
) = ~w(ΓmR

), (15)

employing periodicity on opposite edges. Nevertheless, for the very probable case that
3G 6= 30, a non-periodic deformed shape is obtained. Hence, periodicity is employed in
a generalized sense, defined as follows

~xmR
= ~xmL

+ 2lF · ~NmR
+ 2l2η ~NmR

· 3G · ~NmT
, (16)

~xmT
= ~xmB

+ 2lF · ~NmT
+ 2l2ξ ~NmT

· 3G · ~NmR
, (17)

where ξ and η are parameters indicating the normalized position. The corner nodes 1, ..., 4
are prescribed according to Eq. (10), neglecting the microfluctuation. Finally, to relate the
microscopic variables to the macroscopic gradient of the deformation gradient the following
must hold ∫

ΓmL

~w dΓm = ~0 and

∫
ΓmB

~w dΓm = ~0, (18)

which is also enforced on the right and top boundary through the periodicity conditions. In
terms of position vectors, the following non-homogeneous constraint equations are obtained∫

ΓmL

∆~xmL
dΓm = F ·

∫
ΓmL

~XmL
dΓm +

1

2
3GLT :

∫
ΓmL

~XmL
~XmL

dΓm, (19)∫
ΓmB

∆~xmB
dΓm = F ·

∫
ΓmB

~XmB
dΓm +

1

2
3GLT :

∫
ΓmB

~XmB
~XmB

dΓm. (20)

2.3. Micromorphic computational homogenization

Micromorphic continuum theory is based on the introduction of additional kinematic
variables capturing the microstructural displacement field, including non-local effects on the
macro level. The Cosserat continuum (Cosserat and Cosserat, 1909) is labelled a micromor-190

phic continuum where the additional kinematic variables take the microstructural rotations
into account. In the paper of Rokoš et al. (2018), the micromorphic theory is used to con-
struct a homogenization framework tailored for cellular elastomeric metamaterials. Here, the
characteristic deformation mode corresponding to the pattern transformation is integrated
in the displacement field and an additional variable controls the magnitude of this mode.195

The point of departure for the micromorphic homogenization framework is the decom-
position of the displacement field as

~u( ~X, ~ζ) = ~v0( ~X) +
n∑

i=1

vi( ~X)~ϕi( ~X, ~ζ) + ~w( ~X, ~ζ). (21)

10



Be mindful of the fact that the notion of ensemble averaging is included and that the decom-
position described in Eq. (21) is for a fixed microstructural translation ~ζ. Also, the domain

for ~ζ is extended to Q = [0, 2l)× [0, 2l) since the periodicity of the structure Q corresponds
to the periodic cell in the reference configuration that repeats the patterning mode in the
microstructure. The vector fields ~ϕi( ~X, ~ζ), i = 1, ..., n, denote the long-range spatially corre-200

lated modes. These modes are regarded as characteristic micro-deformation patterns of the
microstructure considered. The scalar functions vi( ~X) regulate the magnitudes of ~ϕi( ~X, ~ζ)

over Ω. The remaining fluctuation field is represented by ~w( ~X, ~ζ). Since the fluctuational

field is assigned a zero mean and the vector modes ~ϕi( ~X, ~ζ) are periodic over the microstruc-

ture domain, the vector function ~v0( ~X) corresponds to the mean effective displacement field.205

For the concerned problem, only one spatially correlated mode is considered (i.e. n = 1, as
described in Rokoš et al., 2018). Hence, the term v1~ϕ1 dictates the non-local effects between
neighbouring cells.

To establish the computational homogenization routine for the micromorphic continuum,
additional approximations are made solving two issues for the microfluctuation field, i.e. that210

(i) ~w must be calculated for the entire domain Ω, and (ii) for each microstructure translated

by ~ζ in Q. To approximate ~w, instead of solving over the entire domain, the microfluctuation
field can be calculated for a periodic cell around the point of interest on Ω ( i.e. an integration
point of the macro mesh). This assumption is justified by knowing that the displacement field
components ~v0 and v1 vary slowly so that they can be approximated by a linear expansion215

within a small neighborhood of the concerned macroscopic point. Additionally, periodicity
is assumed for the microfluctuation field ~w. The corresponding approximate displacement
field takes the form

~u( ~X + ∆ ~X, ~ζ) ≈ ~̃u( ~X,∆ ~X, ~ζ) = ~v0( ~X) + ∆ ~X · ~∇~v0( ~X)

+ [v1( ~X) + ∆ ~X · ~∇v1( ~X)]~ϕ1( ~X + ∆ ~X, ~ζ) (22)

+ ~w( ~X + ∆ ~X, ~ζ),

where ∆ ~X represents a small variation of the spatial coordinate. The deformation gradient
is written as

F T(~̃u( ~X,∆ ~X, ~ζ))− I = ~∇m
~̃u( ~X,∆ ~X, ~ζ), (23)

where the symbol ~∇m denotes the differentiation with respect to the small scale variable ∆ ~X.
In the subsequent step, consider the microstructural reference configuration ~ζ = ~0 and the
translated configuration ~ζ 6= ~0 sketched in Figure 3a. Consider a point ~X on domain Ω, when
the microstructure is translated by ~ζ, the relative position of point ~X with respect to the
microstructural pattern changes, this relative microstructural position is equivalent for point
~X + ~ζ in the microstructural reference configuration. As a consequence, it is assumed that
the constitutive law at point ~X for which the microstructure is translated by ~ζ, coincides
with that of point ~X + ~ζ in the reference situation. This assumption is mathematically
formulated as

Ψ( ~X, ~ζ, F̂ ) = Ψ( ~X + ~ζ,~0, F̂ ), (24)
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for some energy density function Ψ and arbitrary deformation gradient F̂ . A similar proce-
dure can be applied to the deformation gradient

F (~u( ~X, ~ζ)) ≈ F (~̃u( ~X,~0, ~ζ)) ≈ F (~̃u( ~X, ~ζ,~0)). (25)

Combining the translation of the constitutive law in combination with the approximation of
the deformation gradient, the energy density at a point ~X + ~ζ is estimated as

Ψ( ~X, ~ζ,F (~u( ~X, ~ζ)) = Ψ( ~X + ~ζ,~0,F (~u( ~X, ~ζ)) ≈ Ψ( ~X + ~ζ,~0,F (~̃u( ~X, ~ζ,~0)). (26)

The approximate definition of the energy density only has to be evaluated on the reference
microstructure for a small region around the point ~X. As a consequence of interchanging220

the small scale parameter ∆ ~X with the shift vector ~ζ, the region around the macroscopic
point ~X to be considered is equal to the periodic cell Q.

To more clearly indicate the distinction between the microscopic and macroscopic prob-
lem, a change of variables is adopted. Hereafter, ~Xm = ~ζ, Q is replaced by Ωm = [−l, l]×[−l, l]
and ~∇m = ∂/∂ ~Xm, where the subscript m refers to quantities of the microscopic problem.
Due to all the assumptions made above, the principle of virtual work can be written as

δWint =
1

|Ωm|

∫
Ω

∫
Ωm

∂Ψ( ~X + ~Xm,~0,F )

∂F T︸ ︷︷ ︸
P ( ~X, ~Xm)

:

{
~∇δ~v0( ~X) + ~∇δv1( ~X)~ϕ1( ~X + ~Xm,~0)

+
[
δv1( ~X) + ~Xm · ~∇δv1( ~X)

]
~∇m~ϕ1( ~X + ~Xm,~0) + ~∇mδ ~w( ~X + ~Xm,~0)

}
d ~Xmd ~X,

(27)

where an expression similar to Eq. (22) has been used for the variation δ~̃u. Making use of
the divergence formula, the following set of macroscopic balance equations can be obtained

~∇ ·ΘT = ~0, (28)

~∇ · ~Λ− Π = 0, (29)

where the following definitions of the homogenized stress quantities have been introduced

Θ( ~X) =
1

|Ωm|

∫
Ωm

P ( ~X, ~Xm) d ~Xm, (30)

Π( ~X) =
1

|Ωm|

∫
Ωm

P ( ~X, ~Xm) : ~∇m~ϕ1( ~Xm,~0) d ~Xm, (31)

~Λ( ~X) =
1

|Ωm|

∫
Ωm

P T( ~X, ~Xm) · ~ϕ1( ~Xm,~0) + ~Xm[P ( ~X, ~Xm) : ~∇m~ϕ1( ~Xm,~0)] d ~Xm. (32)

For the microscopic problem, the classical balance equation given in Eq. (4) is solved for only
one microstructural translation over the 2l × 2l RVE domain located at each macroscopic
point ~X. In addition to balance Eq. (4), orthogonality of ~w to ~ϕ1 needs to be enforced. This225
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creates separated microscale (Eq. (4)) and macroscale (Eqs. (28) and (29)) problems, which
is the essence of a computational homogenization scheme.

Reflecting on all previously discussed methods, each homogenization method remains
at a classical continuum formulation on the microscale problem. The classical method also
employs an classical continuum description on the macro level, while the second-order method230

extends the balance equation including higher order stresses arising from strain gradients.
The micromorphic method introduces an additional balance law governing the macroscopic
mechanical behavior. On a final note, the micromorphic scheme has prior knowledge of the
typical shape belonging to the pattern transformation, the classical and second-order method
have no prior material knowledge of any kind.235

3. Numerical examples and comparison

This section provides a performance analysis of the previously discussed homogenization
methodologies applied to pattern transforming elastomeric metamaterials. The accuracy of
the enriched homogenization solutions is determined by their proximity to the reference so-
lution, whereas the classical homogenization solution is the current standard. Three distinct240

loading cases are evaluated, comparing the kinematic behavior and mechanical response ob-
tained by each discussed method. First, an infinitely wide specimen loaded in compression
is examined, followed by an infinitely wide specimen subjected to bending. Finally, a finite,
rectangular specimen subjected to a compressive load with two free boundaries experiencing
auxetic effect is considered.245

The elastomeric base material, adopted in all examples below, behaves in a hyper-elastic
manner. The strain energy density is described by a two-term I1-based Mooney-Rivlin model,
which in two-dimensional setting reads as

W (F ( ~X)) = c1(I1 − 2) + c2(I1 − 2)2 − 2c1logJ +
K

2
(J − 1)2, (33)

where I1 indicates the first invariant of the right Cauchy–Green tensor C = F T · F , and
J represents the determinant of F . The parameters c1, c2 and K are material constants
which can be obtained via experiments. In the current study, these parameters are set to
c1 = 0.55 MPa, c2 = 0.3 MPa, and K = 55 MPa conforming to the experimental data
obtained by Bertoldi et al. (2008).250

The microstructural geometry is defined by a square unit cell with edge length l =
9.97 mm and a circular hole of diameter d = 8.67 mm positioned at its centre; recall the
schematic illustration shown in Figure 1a. In all cases, the number of unit cells along the
horizontal as well as vertical direction is an integer value.

3.1. Compression of infinitely wide specimens255

The considered simulation domain spans 2l×H, where H = nv l, nv being the number of
unit cells in the vertical direction. In the horizontal direction, a fixed number of two unit cells
is included in order to capture the pattern transformation, whereas the infinite structure is
mimicked through periodicity. A schematic representation of the considered problem is given
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Figure 5: Illustration of the simulation domain and boundary conditions for a specimen with scale ratio
H/l = 4 loaded in compression. Periodic boundary conditions (PBC) are enforced along edges AD and BC
to mimic an infinitely wide structure.

in Figure 5. Here, periodic boundary conditions are enforced along the two vertical edges
AD and BC. The bottom edge AB is fixed, whereas the top edge CD is displaced downwards
by u∗. As a result of the considered kinematic constraints, the macroscopic problem can
be modelled as a one-dimensional continuum, with the following sets of essential boundary
conditions for classical computational homogenization:

u2(0) = 0, u2(H) = u∗, (34)

for the second-order method:

u2(0) = 0, u2(H) = u∗, F22(0) = F22(H) = 1, (35)

and for the micromorphic approach:

v0,2(0) = 0, v0,2(H) = u∗, v1(0) = v1(H) = 0. (36)

For all methods, the macroscopic fields are discretized by piece-wise quadratic elements
with two-point Gauss integration rule. Scale ratios up to H/l = 10 are calculated using 10
macroscopic elements, whereas simulations of all higher scale ratios have as many elements
as unit cells, i.e. H/l.

Figure 6 provides a comparison between the macroscopic kinematic quantities in pre-260

and post-bifurcation regimes for a fixed scale ratio H/l = 6. The reference solution indicates
that pre-bifurcation no strain gradients are present, which is accurately captured by the
micromorphic and classical method. The second-order scheme exhibits, however, gradient
effects close to the two boundaries. Post-bifurcation, the micromorphic method shows a
better deformation trend compared to the second-order scheme, which again exhibits too265

strong gradient effects. In both the pre- and post-bifurcation regimes, the too strong gradient
effect is caused by the kinematic constraints applied to F22 in Eq. (35). Upon their relaxation

14



1:0% Reference 1:0% Classical 1:0% Second-order 1:0% Micromorphic

7:5% Reference 7:5% Classical 7:5% Second-order 7:5% Micromorphic

u2 [mm]
-4 -3 -2 -1 0

X
2
[m

m
]

0

10

20

30

40

50

(a)

F22 [-]
0.9 0.92 0.94 0.96 0.98 1

X
2
[m

m
]

0

10

20

30

40

50

(b)

Figure 6: Comparison of (a) vertical displacement component, and (b) deformation gradient over the speci-
men height. Applied strain corresponds to 1% and 7.5% of nominal compressive strain, scale ratio H/l = 6.

(cf. Fig. 6b where F22(0) = F22(H) ≈ 0.95 instead of 1 for the ensemble average), this effect
reduces and the trend moves towards the classical solution. This would, however, introduce
larger errors in the nominal stress–strain response, also closer to the classical stress–strain270

response.
Figure 7 presents a deformed DNS configuration along with three RVEs positioned close

to the specimen’s bottom edge for each method. Here, the gradient effect on the deformation
of individual RVEs can clearly be observed for a specimen with scale ratio 6. The classical
method (Figure 7b) does not include strain gradients and provides the same compressed275

RVE pattern at each integration point, even close to the boundary. The RVE deformations
obtained by the second-order method, depicted in Figure 7c, show a gradual compression
from the bottom up. However, the pattern is not representative for what is observed in
the DNS, especially the bottom RVE near the strained boundary. The micromorphic RVEs
shown in Figure 7d mimic the DNS deformation most accurately.280

The computed nominal stress–strain diagrams are provided in Figure 8 for scale ratios 6
and 12. Here we can first observe from the reference solution that the bifurcation strain
(indicated by the black dashed vertical line) decreases for an increasing scale ratio, and that
the bifurcation strain is captured accurately by the micromorphic homogenization method
(the error in bifurcation stress is approximately 2.8% and 0.82% for scale ratios 6 and 12).For285

the classical method, which is insensitive to the macroscopic size, the stress–strain response
is the same for both scale ratios, and thus the bifurcation strain remains at u∗/H ≈ 0.0225.
Interestingly, the second-order method exhibits a reversed effect, where the bifurcation strain
increases for increasing scale ratio towards u∗/H ≈ 0.0225, which is expected since the
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Figure 7: Deformed configuration of an infinitely wide specimen with scale ratio H/l = 6, subjected to 7.5%

compressive nominal strain. (a) DNS solution corresponding to zero microstructural translation, i.e. ~ζ = ~0,
and macroscopic deformation gradient component F22 plotted against the vertical coordinate in reference
configuration, including deformed RVEs of the first three integration points, corresponding to (b) the clas-
sical, (c) second-order and (d) micromorphic computational homogenization method.
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Figure 8: Stress–strain diagram for scale ratios (a) 6 and (b) 12 obtained via classical, second-order and
micromorphic homogenization compared to the reference solution.
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Figure 9: Nominal stress in the (a) pre-bifurcation regime and (b) post bifurcation regime for scale ratios
4 ≤ H/l ≤ 36.
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Figure 10: Tangent stiffness in the (a) pre-bifurcation regime and (b) post-bifurcation regime for scale ratios
4 ≤ H/l ≤ 36.

classical solution is recovered for H/l→∞ by the second-order method.290

The effect of the macroscopic size on the stress response is shown in Figure 9, where
the homogenized stresses at u∗/H = 0.01 and u∗/H = 0.075 are plotted against scale ratios
4 ≤ H/l ≤ 36. Before the pattern transformation occurs, no non-local effects (and thus
almost no scale ratio effects) are observed in the reference, classical homogenization and
micromorphic homogenization solution (Fig. 9a). This is not the case, however, for the295

second-order homogenization scheme, which shows a too stiff response in the pre-bifurcation
regime due to the kinematic constraint F22 = 1 in Eq. (35). In the post-bifurcation regime,
the second-order and micromorphic homogenization schemes capture the overall trend, but
underestimate the effective stress. For the smallest scale ratio considered, i.e. H/l = 4,
classical homogenization introduces 30%, second-order 11.5% and micromorphic 7.5% error.300

The effective stiffness, at u∗/H = 0.01 and u∗/H = 0.075, for the included scale ratios
are given in Figures 10a and 10b. Pre-bifurcation, the scale separation diagrams for stiffness
(Figure 10a) and stress (Figure 9a) exhibit similar trends for each method. In Figure 9a, the
second-order overestimation of the stress was explained by the incorporation of nonexistent
strain gradients due to constraint F22 = 1 in Eq. (35); the same argument holds for the305

stiffness (Figure 10a). In the post-bifurcation region, however, the second-order stiffness
follows the reference trend quite accurately, relative to the micromorphic solution.

3.2. Bending of infinitely wide specimens

Similarly to the previous example, the considered simulation domain spans 2l ×H with
an integer number of unit cells along the vertical direction. Figure 11 shows a sketch of the
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Figure 11: Illustration of the simulation domain and boundary conditions for a specimen with scale ratio
H/l = 4 experiencing bending. Periodic boundary conditions (PBC) are enforced along edges AD and BC
to mimic an infinitely wide structure.

simulated domain and applied boundary conditions. The two vertical edges, AD and BC,
deform periodically in combination with uniform bending. The coordinate system is shifted
to the middle of the beam, such that the neutral axis corresponds to X2 = 0. The neutral
axis is fixed in the vertical direction by constraining horizontal and vertical displacements
of the centre left and right nodes. The top and bottom edges are considered as free surfaces.
Applied boundary conditions for the classical method can be mathematically written as

~u(ΓAD) = ~u(ΓBC) + θX2~e1, (37)

for second-order method as

~u(ΓAD) = ~u(ΓBC) + θX2~e1, F11(ΓAD) = F11(ΓBC), F22(ΓAD) = F22(ΓBC), (38)

and for the micromorphic method as

~v0(ΓAD) = ~v0(ΓBC) + θX2~e1, v1(ΓAD) = v1(ΓBC). (39)

The bending angle θ is prescribed such that the nominal strain at the top and bottom edge
(computed as θH/(4l)) does not exceed 15% for all scale ratios considered. The macroscopic310

discretization used for all bending simulations consists of square quadrilateral elements with
edge size l, integrated by 2 × 2–point Gauss integration rule. The shape functions corre-
sponding to the displacement field are quadratic for the classical and second-order method
while the micromorphic macro-elements are bi-linear. The obtained homogenized solutions,
however, are converged for each method considered.315

Deformed configurations obtained for all methods are shown in Figure 12 for applied
nominal strain θH/(4l) = 0.1125, which corresponds to the post-bifurcated regime. As only
the bottom half of the specimen is subjected to compression, the pattern transformation is
limited to the lower region of the specimen, cf. Figure 12a where a DNS result is shown. The
deformed structure including RVEs for three macroscopic integration points obtained by the320
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Figure 12: (a) DNS solution for an infinitely wide specimen with scale ratio 6 bent up to θH/(4l) = 0.1125

with zero microstructural shift, i.e. ~ζ = ~0. The macroscopic deformed structures at equal strain points,
including deformed RVEs corresponding to three macroscopic integration points for the (b) classical, (c)
second-order and (d) micromorphic homogenization method. The dotted blue line indicates the deformed
contour of the ensemble–averaged solution.
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Figure 13: For scale ratio 12 the (a) bending stress-strain diagram including a zoomed view of the bifurcation
point and (b) the P11 stress component along the vertical reference coordinate at θH/(4l) = 0.1125.
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Figure 14: Bending stress in the (a) pre-bifurcation regime and (b) post bifurcation regime for scale ratios
4 ≤ H/l ≤ 28.
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classical method are shown in Figure 12b. Comparing the classical kinematical results to
those obtained via the second-order method given in Figure 12c, we observe a clear distinction
in RVE deformations. Here, the bending effect of the applied higher-order gradient is clearly
visible. The effective deformation prescribed to individual RVEs relates to a constant strain
gradient, defined as ∇0,2F11 = G211. The micromorphic method does not include such bent325

RVE profiles, as observed in Figure 12d, although the gradient of v1 mimics a similar effect.
Nominal bending stress, defined as 6M/H2, where M denotes the moment acting on

the bent specimen section, is plotted as a function of the nominal strain θH/(4l) for scale
ratio 12 in Figure 13a. Here we see that although both enriched homogenization schemes
provide similar stress–strain results, they overestimate the stress in the post-bifurcation330

regime, unlike the classical method, which is seemingly accurate in the concerned case. The
micromorphic method exhibits a clear kink when moving from pre- to post-bifurcation region,
whereas the classical and second-order method follow the reference trend in showing a more
gradual transition. The corresponding homogenized P11 stress component of the first Piola–
Kirchhoff stress tensor is shown in Figure 13b as a function of the vertical coordinate X2335

for scale ratio 12 and nominal strain θH/(4l) = 0.1125. Due to the pattern transformation,
the bottom half of the specimen displays a distinct plateau, whereas the top part shows a
linear profile. All homogenization methods considered provide an accurate prediction of the
reference solution.

The scale separation plots, given in Figures 14a and 14b corresponding to strains θH/(4l) =340

0.015 and θH/(4l) = 0.1125, capture the scale ratio effect in the pre- and post-bifurcation
region. In both pre- and post-bifurcation region, the micromorphic prediction is closer to
the reference solution than the second-order method. However, the scale ratio effect is not as
strong as for the previously discussed compression case. Surprisingly, the classical method
provides the most accurate solution for all scale ratios considered in both the pre- and post-345

bifurcated region. Note that the scale ratio of an individual DNS has a significant influence
on the stress response, while the reference solution only exhibits a mild scale effect because
of ensemble averaging.

3.3. Compression of finite specimens

For the final example, a rectangular domain spanning n × n unit cells is considered, as
shown in Figure 15. Vertical compression is induced by fixing the bottom horizontal edge
AB, while the top horizontal edge CD is displaced downwards by u∗. Unlike the infinitely
wide specimen of Section 3.1, the two vertical edges AD and BC are considered as free
surfaces, allowing for compliant boundary layers and auxetic effects to occur. In particular,
the applied boundary conditions for the second-order method are described as

~u(ΓAB) = ~0, ~u(ΓCD) = u∗ ~e2, F22(ΓAB) = F22(ΓDC) = 1, (40)

and for the micromorphic method as

~v0(ΓAB) = ~0, ~v0(ΓCD) = u∗ ~e2, v1(ΓAB) = v1(ΓCD) = 0. (41)

The macroscopic discretization used for all finite compression simulations consists of square350

quadrilateral elements with edge length l, integrated by 2× 2-point Gauss integration rule.
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Figure 15: Illustration of the simulation domain for a 4 × 4 unit cell finite specimen subjected to vertical
compressive load.

The shape functions corresponding to the displacement field are quadratic for the second-
order method while the micromorphic macro-elements are bi-linear. The obtained homoge-
nized solutions, however, are converged for each method considered. Classical homogeniza-
tion results are omitted in this section.355

Figure 16 shows the deformed configuration of one half of the specimen corresponding
to scale ratio H/l = 10, which is subjected to 7.5% compressive strain (i.e. post-bifurcation
regime). In Figure 16a, the auxetic effect resulting from the pattern transformation is clearly
visible. The auxetic effect is correctly captured by both homogenization methods, as can
be concluded from Figures 16b and 16c, where the deformed macrostructures corresponding360

to the second-order and micromorphic homogenization methods are compared to the outer
contour of the ensemble–averaged reference solution. The overall shape of the soft boundary
and deformed RVEs corresponding to the top and bottom Gauss integration points are
captured slightly better by the micromorphic method. The investigated integration points
close to the middle height of the specimen are similar for both method, as little change in365

the pattern occurs there.
Obtained stress–strain diagrams, corresponding to 4 × 4 and 10 × 10 unit cell speci-

mens, are provided in Figure 17. Here we first notice that, similarly to the infinitely wide
compression case, the bifurcation strain is not captured accurately by the second-order ho-
mogenization method, whereas it is captured rather accurately by the micromorphic scheme.370

Second, in the case of the 4×4 specimen, the post-bifurcation stiffness, although comparable
for both homogenization schemes, is significantly overestimated compared to the reference
solution (which even exhibits softening). Observed softening results from the presence of
the two vertical compliant boundaries, which have a larger influence on the overall response
than the stiff boundary layers induced by the two horizontal edges. Although this effect375

rapidly vanishes for increasing scale ratios, neither of the two homogenization methods is
able to capture this phenomenon properly. In the case of the 10 × 10 uni cell specimen,

23



X1 [mm]

50 100

X
2

[m
m

]
0

20

40

60

80

(a) DNS

X1 [mm]

50 100

X
2

[m
m

]

0

20

40

60

80

(b) Second-order

X1 [mm]

50 100

X
2

[m
m

]

0

20

40

60

80

(c) Micromorphic

Figure 16: (a) Right half of deformed 10×10 unit cell specimen obtained by DNS subjected to u∗/H = 0.075

compressive strain, corresponding to zero microstructural translation ~ζ = ~0. The right half of the macro-
scopic deformed structure, including deformed RVEs positioned at three macroscopic integration points,
corresponding to (b) the second-order and (c) micromorphic homogenization method. The dotted blue line
indicates the deformed contour of the ensemble-averaged solution.

24



Reference Second-order Micromorphic

u$=H [-]
0 0.02 0.04 0.06 0.08 0.1

N
om

in
al

st
re

ss
,
P

N
22

[k
P
a]

0

10

20

30

40

50

60

(a) H/l = 4

u$=H [-]
0 0.02 0.04 0.06 0.08 0.1

N
om

in
al

st
re

ss
,
P

N
22

[k
P
a]

0

10

20

30

40

50

60

(b) H/l = 10

Figure 17: Stress–strain diagrams obtained for the case of finite specimen, corresponding to scale ratios (a) 4,
and (b) 10, obtained by second-order homogenization and micromorphic homogenization, compared to the
reference.

the post-bifurcation plateau is captured rather accurately by both homogenization schemes,
although a slight overestimation of the stiffness can again be observed.

4. Summary and Conclusions380

In this contribution, a thorough comparison of two enhanced computational homogeniza-
tion schemes applied to pattern-transforming elastomeric mechanical metamaterials has been
provided. The first method considered is the second-order computational homogenization
scheme, which is equipped with the ability to incorporate strain gradients at the macroscale,
and thus include non-local effects induced by pattern transformations. The second method,385

a micromorphic computational homogenization scheme, introduces the magnitude of the
emerging pattern as an additional macroscopic field, which captures kinematical coupling
between individual cells. Whereas the second-order computational homogenization requires
to solve a higher-order continuum problem at the macroscale, the micromorphic scheme adds
one scalar partial differential equation at the macroscale for the magnitude of the fluctuating390

pattern, in addition to the classical balance equations. Both methodologies have been com-
pared against the reference ensemble-averaged solutions, obtained through DNS by including
a series of translated microstructures. Also, the classical homogenization method is included
to illustrate the current standard in homogenization solutions. Three distinct loading cases
were evaluated to demonstrate the accuracy of the enriched methods methods: infinitely395

wide compression, infinitely wide bending, and compression of finite specimens. The most
notable conclusions drawn from obtained results can be listed as follows:
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1. Both considered enhanced homogenization schemes provide a reasonable estimate of
the effective behaviour exhibited by the elastomeric metamaterials adopted in this
study.400

2. The micromorphic homogenization scheme provides more accurate results in terms of
kinematics as well as mechanical behavior for the case of the infinitely wide speci-
men under compression. For scale ratios larger than 18, however, the second-order
homogenization scheme captures the post-bifurcation stiffness more accurately.

3. The deformed RVEs obtained by the second-order method for infinitely wide bend-405

ing coincide well with the DNS results due to the presence of the macroscopic strain
gradient in the microscopic problem. The micromorphic method lacks this ability and
hence provides less representative RVE deformations, although a gradual change of the
pattern within a single RVE is clearly visible.

4. In the case of bending, both enhanced homogenization methods significantly overesti-410

mate the effective stress in the post-bifurcation regime. In the worst case, i.e. for scale
ratio 4, the second-order and micromorphic method are approximately 38% and 15%
above the reference. The classical homogenization method provides the most accurate
prediction in both pre- and post- bifurcation regime for the scale ratios considered.

5. The auxetic effect, present in the compression of the finite specimen example, is cap-415

tured accurately by both enhanced homogenization methods. The shape of the soft
boundary, however, is slightly more accurate for the micromorphic method, as com-
pared to the second-order approach, judging by the ensemble–averaged contour.

6. The compression of finite specimens proves to be a challenging task for both enhanced
computational homogenization schemes, especially in terms of the nominal stress–strain420

response. Whereas the micromorphic method is still able to capture the bifurcation
point with reasonable accuracy, the second-order computational homogenization intro-
duces an error of the order of 50% for the 4×4 unit cell specimen. The post-bifurcation
stiffness for the 4 × 4 unit cell specimen is significantly overestimated, but converges
rapidly for increasing scale ratios judging from the 10× 10 unit cell specimen’s stress–425

strain response.
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