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Abstract 

Process industries often obtain their raw materials from mining or agricultural industries. These raw materials usu- 
ally have variations in quality which often lead to variations in the recipes used for manufacturing a product. Another 
reason for varying the recipe is to minimize production costs by using the cheapest materials that still lead to a satis- 
factory quality in the product. A third reason for using recipe flexibility is that it may occur that not all materials for the 
standard recipe are available. If variations in supply and demand are large, keeping sufficient safety stock to cope with 
these variations may incur prohibitive high costs. This means that the costs of keeping safety stock should be balanced 
with the costs of sometimes using more expensive recipes. The question now is for what situations and to what extent 
the use of recipe flexibility is justified. In this paper we study this question by means of a small scale model, For this 
simple situation we derive a decision procedure to balance safety stock costs and flexibility costs. This procedure is ap- 
plied to a range of different situations, that are characterized by a set of parameter values, in order to determine for 
which situations recipe flexibility should be used. © 1998 Elsevier Science B.V. All rights reserved. 

Keywords: Recipe flexibility; Inventory; Simulation 

1. Introduction 

Dur ing  the last decade, various articles have 
been published on produc t ion  control  in process 
industries. Most  o f  these articles focus on the typ- 
ical characteristics o f  process industry as corn- 

*Corresponding author. Fax: +31 40 246 4531; e-mail: 
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pared to the discrete manufac tur ing  situations. In 
this body  of  literature two extreme types o f  process 
industry can be distinguished: the process/flow in- 
dustry and the batch/mix industry (Fransoo and 
Rutten,  1994). Process/flow is defined as a manu-  
facturer who produces  with minimal interruptions 
in any one product ion  run or  between product ion  
runs o f  products  which exhibit process characteris- 
tics such as liquids, fibers, powders,  gases etc. 
Batch/mix is defined as a process business which 
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primarily schedules short production runs of  prod- 
ucts (Connor, 1986). In this paper we concentrate 
on the batch/mix process industry. 

Batch/mix process industries often obtain their 
raw materials from mining or from agricultural in- 
dustries. These raw materials have natural varia- 
tions in quality. For example, crude oils from 
different oil fields have different sulfur contents 
and different proportions of naphtha, distillates 
and fuel oils. Oil refinery designs, production plans 
and operating schedules must account for this 
variability in crude oil qualities (Taylor et al., 
1981). May (1984) observed that material variabil- 
ity implies that the real characteristics of the mate- 
rial are usually not known until the production 
process is started. The specific quality of  a batch 
of raw material sometimes even determines which 
product will be produced (Rice and Norback, 
1987). 

Variations in raw material quality often lead to 
variations in bills of material (or recipes) (May, 
1984; Cokins, 1988). For  example, variation in 
the moisture contents, acidity, viscosity or concen- 
tration of active ingredients in different raw mate- 
rials may cause variations in raw material 
proportions required to make a finished product 
according to the quality specifications (Taylor 
et al., 1981). This variation in raw material quality 
is one reason for using recipe flexibility. 

A second reason for using flexible recipes is to 
minimize the total materials costs to produce the 
finished product. Then for each production order 
a recipe is determined such that the finished prod- 
uct quality specification is met with a combination 
of available raw materials which produces least 
costs. For  example, a pet food may have specifica- 
tions for the minimum amount of  protein, carbo- 
hydrates and fat per pound of  pet food; however, 
the proportions of  various materials may be varied 
depending on their current price, quality and avail- 
ability. Here recipe flexibility is used to minimize 
product costs. 

A third reason for varying the recipe of a prod- 
uct is that at the time of production one or more of  
the raw materials which are required for the stan- 
dard recipe are not available. An option could be 
to postpone production until all materials are 
available, but often this is not allowed because of 

the customer service required. Generally, the fin- 
ished products are commodities which can be sup- 
plied by many manufacturers and for which a 
short, standard lead time must be used in the mar- 
ket place to maintain competitiveness (Rutten, 
1995). Thus postponing production often is not a 
realistic option. The other option is to produce 
the finished product with a different recipe. This 
leads to higher product costs since the recipe with 
the minimum costs will be the standard recipe. 
However this standard recipe can only be applied 
if all raw materials required are available. One 
way to avoid the use of  alternative (and more ex- 
pensive) recipes is to make sure that always suffi- 
cient materials are available, that is, work with 
high stock levels. How much stock is required de- 
pends on the variability in materials demand and 
supply over the stacked lead time. 

So to avoid the use of  alternative more expen- 
sive recipes always sufficient raw materials should 
be available to cope with the demand. This condi- 
tion can be satisfied in either of  two ways: 

1. The demand for finished products and the 
supply of replenishment orders can be predicted 
with certainty over a horizon which covers the pro- 
duction throughput time plus the raw materials re- 
plenishment time (the stacked lead time). 
Implicitly we assume that all raw materials re- 
ceived are exactly according to their quality speci- 
fication. Often however, raw materials have to be 
rejected or graded differently than ordered (May, 
1984). This supply uncertainty in the replenish- 
ment orders of  specific raw materials must be add- 
ed to the requirements uncertainty to get the total 
uncertainty that the materials planner has to cope 
with. 

2. Sufficient raw materials safety stock is kept to 
cope with the cumulated demand uncertainty over 
the stacked lead time. In a commodity market, the 
customers usually demand short delivery lead 
times. Therefore, unless production and replenish- 
ment lead times are very short, the only means to 
avoid the use of  alternative recipes is to have suf- 
ficient safety stock. 

In this paper we consider the use of recipe 
flexibility from a cost point of view, under the con- 
dition that delivery performance should be very 
high; thus shortage costs are not modeled explicitly 
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but expressed as a minimal service level. Cost fac- 
tors that play a role for the problem considered 
are: 
• the inventory costs; 
• the recipe costs (materials used); 
• the ordering costs. 

We investigate under what conditions recipe 
flexibility should be used to achieve minimal total 
costs. Recipe flexibility interacts with stock levels, 
in particular the safety stock. However it is well 
known that the reorder batch size interacts with 
the amount of safety stock required to achieve a 
certain delivery performance. And the batch size 
in turn affects the reorder frequency, and therefore 
the reordering costs (see Silver and Peterson, 
1985). So ideally we should investigate the use of 
recipe flexibility under various conditions regard- 
ing batch size, safety stock and reorder frequency. 
Since there are still more factors which might have 
an impact on the use of recipe flexibility, like the 
variance in demand, the variations in material 
quality, the replenishment lead time etc., a com- 
plete investigation would require a very large and 
complex research design. 

Therefore we decided to research the recipe 
flexibility issue under one particular inventory con- 
trol policy. We decided to use an (R, S) inventory 
replenishment policy with R equal to the basic pe- 
riod during which demand occurs and production 
takes place. This implies a maximum (re)order fre- 
quency and a minimal ordering batch size; in fact 
the average replenishment batch size per material 
is equal to the average demand per day. In this set- 
ting the average inventory level is equal to the safe- 
ty stock plus the average daily usage ( =  the 
average daily replenishment batch), which sum is 
equal to the order-up-to level. After the analysis 
of this daily replenishment case the results ob- 
tained are discussed for the more general situation, 
based on a model which also contains ordering 
costs and batch related stock costs. 

But first, for the daily replenishment case, we 
study the question under what conditions, or to 
what extent, raw materials safety stocks should 
be used to cope with uncertainty, and under what 
conditions, or to what extent, alternative more ex- 
pensive recipes should be used. It will be clear that 
the answer to this question depends on: 

• the uncertainty in demand and supply, both in 
timing and material quality; 

• the costs of keeping stock; 
• the costs of using an alternative recipe. 

We study this issue at hand of a small scale 
model. In Section 2 we present the case situation 
which gave rise to this study. In Section 3 we for- 
mulate a simple, quantitative model of the situa- 
tion under investigation and we derive a decision 
procedure that balances safety stock costs and flex- 
ible recipe costs. Next in Section 4, we apply the 
procedure for a range of different situations that 
may occur in practice, characterized by a set of pa- 
rameter values, in order to determine for which of 
these situations recipe flexibility should be used. In 
Section 5 we position the results of Section 4 in a 
more general inventory model. Finally in Sec- 
tion 6, conclusions are given. 

2. The case situation 

This study is based on a company that is part of 
a large dairy corporation. The company manufac- 
tures milk replacers for calves. A milk replacer is a 
powder that can replace mother's milk when it is 
dissolved in water. Approximately 100 different 
types of milk replacers are being made on order, 
with a total annual amount of 60,000 metric tons. 
A milk replacer is produced by blending a number 
of raw materials (powders). Every product is de- 
fined by its recipe definition, some constraints on 
raw materials and on their properties (e.g. fat and 
protein). In most cases a recipe uses six or seven 
raw materials. The final recipe for an individual 
order is computed with use of linear program- 
ming. The results of this computation (quantities 
of raw materials) are used by the process computer 
to control the production facilities in the factory. 
Fig. 1 shows the production process. 

The main production process consists of blend- 
ing raw materials in a mixer. The raw materials 
and final products are stored in silos. To prevent 
the powder from sticking, the complete factory is 
climate conditioned. There are 48 raw materials si- 
los of 25 tons each, which makes the total inven- 
tory capacity approximately 1200 metric tons. In 
practice, the average inventory in the silos is near 
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Fig. 1. General flows of material in milk replacer manufacturing. Raw materials arrive in two different forms: bulk or packed. Raw 
materials are homogenized in a mixer before they can be used for production and then are stored in a silo. To produce a product, 
the computed quantities of raw materials are collected in a mixer and blended. The products can be delivered in two different forms: 
bulk or packed. 

800 metric tons. The run-out time of  the factory 
( =  the time the factory can produce without 
new deliveries of  raw material) is only two days, 
because of  the heavy usage of some raw materials. 
Besides the silos, a large warehouse is available for 
stocking materials. In this warehouse raw materi- 
als first must be packed in bags and when needed 
they have to be unpacked again, which gives extra 
handling costs. 

Since quality variations occur in raw materials, 
each delivery of  a raw material is stocked in a sep- 
arate (empty) silo. Before the raw material is 
stocked, it is homogenized. Homogenizing is mix- 
ing a single delivery of  raw material to create a ho- 
mogeneous raw material. After stocking, a sample 
is taken and tested in the laboratory for determin- 
ing the exact properties. After stocking a raw ma- 
terial in a silo and after the results of  the 
laboratory tests are known, a raw material is avail- 
able for production. 

Inventory is controlled via an (R,s,Q) system 
(cf. Silver and Peterson, 1985). Periodically the in- 
ventory levels are examined. If  the inventory level 
falls below a historically determined level, a quan- 
tity Q is ordered. A large part of  the 20 main raw 
materials is delivered by another firm of  the corpo- 
ration. This firm processes raw milk into various 
products. Some of  the residues of  this process are 
the raw materials for the milk replacers manufac- 

turer. It may occur that more raw material is pro- 
duced than is ordered by the milk replacers 
manufacturer. Then the agreement is that the milk 
replacers manufacturer accepts all raw materials 
that are sent by the other firm. This sometimes 
can cause an overflow of  certain raw materials. 
A small part of  the raw materials is ordered exter- 
nally, in which case the firm can control the quality 
and quantity to be delivered. 

A production plan is made once a week. Orders 
are scheduled for production one day before deliv- 
ery, in order to have sufficient time to analyze and 
inspect the product. The total weight of  the orders 
per day must stay below the capacity of  the avail- 
able mixers. Next, the customer orders are trans- 
lated to production orders, which means that the 
customer order is split into parts of  25 metric tons 
(volume of  the mixer). Finally, the production 
plan is put into the process computer, together 
with the recipe definition per product. Just before 
the production process of  an order starts, the 
raw materials use of  the order is optimized within 
the limits of  the currently available raw materials. 

The typical production control characteristics 
in this case situation are: 
• Production is on order. 
• Customer orders are all accepted one week in 

advance, some are accepted two to three weeks 
ahead (see Fig. 2). 
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Fig. 2. Accepted orders in relation to the lead time of  raw materials in the milk replacers case. 

• Shortages are not allowed in the market, due to 
the strong competition. Therefore, shortage 
costs are very high. 

• Raw materials arrive with variable properties, 
and are not homogeneous. 

• There is a push of  some of  the raw materials 
from another firm of  the corporation. 

• The factory has a high investment level, because 
of the silos and the climate control system. Thus 
inventory is expensive, not so much because of  the 
materials costs, but mainly because of the invest- 
ments required for stock keeping facilities. 

• The usable stocking capacity is limited. External 
stocking is possible but will imply additional 
(handling) costs. 

• Inventories are controlled by means of  an 
(R,s,Q) system. The reorder levels are deter- 
mined historically. 

• Orders are optimized just before production of 
an order starts. Orders are optimized one by 
one (single-blend). 
The management of  this factory was very much 

concerned with the variations in the quality and 
quantity of materials supplied, which, in their view, 
might lead to the need for much storage space; at 
least if the use of  more expensive recipe should 
be avoided. The question therefore was how to de- 
termine whether more expensive recipes should be 
used instead of more storage space, and under 
which conditions this policy should be applied. 

For  most companies that use recipe flexibility 
like the milk replacers company, determining the 
best recipe is very complex and usually some kind 
of optimization technique is used. This complexity 
obstructs a clear analysis of the use of recipe flex- 
ibility. Nevertheless, the principle of recipe flexibil- 
ity is that one raw material can be replaced by 
another raw material (Rutten and Bertrand, 
1993). So in order to gain insight into when to 
use recipe flexibility, we study this issue at hand 
of a small scale model, reducing the number of fin- 
ished products and raw materials to the minimal 
amount possible. 

3. Balancing safety stock costs versus recipe 
flexibility costs in a small scale model 

We study the situation with two finished 
products denoted by x 1 and x2, and two raw ma- 
terials denoted by a and b (see Fig. 3). In stan- 
dard recipes, product Xl uses (per unit of 
demand) one unit of raw material a, and product 
x2 uses (per unit of demand) one unit of raw ma- 
terial b. However, product x2 can also be pro- 
duced using raw material a (one unit per unit 
demand). Since we assume that alternative reci- 
pes are more expensive, the cost of raw material 
a will be higher than the cost of raw material b. 
Product xl can only be produced using raw ma- 
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products x, x2 

raw materials a b cost a > cost b 

Fig. 3. Two products are produced using two raw materials. 
Product Xl uses one unit of raw material a per unit of demand; 
product x2 uses one unit of raw material b per unit of demand. 
However, product x2 can also be made from one unit of raw 
material a per unit of demand. 

terial a, hence there must always be sufficient in- 
ventory of  raw material a. Normally,  there will 
also be inventory of  raw material b for product 
x2, but in case of  a shortage, product x2 can also 
be produced out of  a. I f  however product x2 uses 
a this may affect the service level of  product xl. 
We can hold sufficient inventory of  raw material 
b to avoid the use of  the alternative, this gives 
certain inventory costs; or we can hold less in- 
ventory of  b and use the alternative; this gives 
an increase in recipe costs. Consequently, one 
must make a trade-off between the inventory lev- 
el of  raw material b and the use of  the alternative 
a in this situation. Instances of  the characteristics 
of  this simple model can also be found in other 
sectors in industry; for instance in semiconductor 
manufacturing, a higher quality dye can replace a 
lower quality dye (Flapper, 1989). 

We must compare  the total costs in case no rec- 
ipe flexibility is allowed with the total costs in the 
case where the use of  recipe flexibility is allowed. 
When recipe flexibility is allowed, in the small scale 
model two things will happen. 

First, suppose that in 1-ct (the a service level is 
defined as the number  of  times no stockout occurs) 
of  the cases an out of  stock situation for the stan- 
dard raw material of  product x2 occurs and the al- 
ternative is tried for. If  successful, material a will 
be used for product x2 and this will decrease its 
availability for product xl. This leads to a reduc- 
tion in service level for product xl.  The magnitude 
of  the reduction depends on the level of  safety 
stock of material a. 

Second, using the alternative material will result 
in an increase in the costs of  product x2. A fraction 

fi of  product x2 will be filled from the standard ma- 
terial b (fl is defined as the fraction of demand for 
product x2 directly filled from stock of  material b) 
and a fraction 1- f l  will be filled from the alterna- 
tive material a. Suppose that producing product x2 
out of  material a costs p times the costs of  produc- 
ing it out of  material b, denoted by ch. Thus the av- 
erage costs for product X2 would be: flct,+( 1 - f l )pch  
and the increase in cost per unit would be 
(p-1) (1- f l ) .  

From the reasoning above it follows that when 
using recipe flexibility it is impossible to separate- 
ly control the service levels of  xL and xz just 
by manipulating the S-levels of  a and b. For  in- 
stance, we could decrease the Sh-level such that 
the actual service level for product x2, using recipe 
flexibility, is equal to 97% (suppose the target ser- 
vice level equals 97%). This however will increase 
the number  of  occasions where a will be used for 
x2 and will decrease the availability of  a for prod- 
uct xl. Thus the service level for product xl will 
decrease. Suppose we try to compensate for this 
by increasing the Su-level to the extent that the 
service level of  xl is again 97%. Then the service 
level for x2 will increase also, because the proba- 
bility of  success when trying the alternative recipe 
increases. 

In short, there exists an interaction which leads 
to the ~ service level of  product x2 being always 
larger than the ~ service level of  product xl. This 
phenomenon is illustrated in Table 1 which shows 
the actual ~ service levels of  both products, the 
(relative) number of  cases where the alternative 
recipe is tried for (#alt), the mean fraction of ma- 
terial a in product x2 (fa) and the average material 
stock levels Invo and Invm as a function of  the S- 
level for material b. 

One way to solve this control problem is to let 
the use of  the alternative recipe per order depend 
on the cumulative measure of  the service level, 
which is defined as the actual service level mea- 
sured over the last 4000 periods. I f  the cumulative 
service is below the target (97%) then the use of  
the alternative recipe is allowed for the produc- 
tion order considered. I f  not, then the alternative 
recipe is not used and the complete order is back- 
logged to the next period. Using this "tuning" de- 
cision procedure, the control of  the service levels 
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Table 1 
Simulation results when using recipe flexibility 

3~ ct service level fl service level f ,  (%) #alt (%) Inva lnvb 

Xl X2 X1 X2 

2462 (85.0%) 95.61 98.65 97.58 99.31 3.79 8.67 1064 734 
2521 (87.50/0) 95.85 98.90 97.71 99.44 3.19 7.36 1074 782 
2590 (90.0%) 96.07 99.16 97.84 99.57 2.58 6.02 1084 840 
2675 (92.50/0) 96.30 99.39 97.98 99.69 1.96 4.64 1095 913 
2788 (95.0%) 96.53 99.61 98.11 99.81 1.33 3.20 1106 1014 
2967 (97.5%) 96.76 99.81 98.24 99.91 0.69 1.70 1117 1181 

Mean demand for each product is 400 units/period and a = 200. The Sa-level is kept constant at 2921, which is the (standard) 97% 
service level for a lead time of four periods. The Sb-level (denoted by S~, first column) is changed in order to vary the ~ service level of 
product x2, that results from the standard material b, from 85% to 97.5% (according to the standard order-up-to-level, see Appen- 
dix A). A more complete list of the simulation characteristics is given in Section 4. 

Table 2 
Simulation results for the case with recipe flexibility and the tuning procedure 

S~ ~ service level fl service level f ,  (%) #alt (%) Inva lnvb 

Xl X2 Xl X2 

2462 (85.0%) 95.70 96.94 97.62 98.37 3.45 7.56 1070 732 
2521 (87.5%) 95.96 96.96 97.77 98.40 2.78 6.08 1081 779 
2590 (90.0%) 96.22 96.98 97.92 98.39 2.09 4.56 1093 836 
2675 (92.5%) 96.48 97.01 98.08 98.41 1.39 3.02 1105 908 
2788 (95.0%) 96.73 97.06 98.22 98.45 0.67 1.42 1117 1008 
2967 (97.5%) 96.97 97.56 98.37 98.72 0.02 0.05 1128 1174 

The target ct for controlling the service level of product x2 is 97% in all situations. The situations are identical to the situations in 
Table 1. 

is gett ing more  complex. However  as shown in 
Table  2, the per formance  of  p roduct  x2 is much  
closer to the target. 

Table  2 also shows there is still in teract ion be- 
tween the service levels of  the two products ,  bu t  
the service level of  x2 is unde r  control .  Therefore,  
for each order-up- to  level of S~, the order-up- to  
level of  S' a can be determined.  

In  principle,  only raw mater ia l  a is used for 
manu fac tu r i ng  p roduc t  Xl, hence d e m a n d  for 
raw mater ia l  a will be equal  to the d e m a n d  for 
p roduc t  Xl. The same reasoning applies to raw 
mater ia l  b having the same demand  funct ion  as 
p roduc t  x2. We assume d e m a n d  to be Er lang dis- 
tr ibuted.  The d e m a n d  funct ion  of each raw ma-  
terial will therefore also be an Er lang funct ion  

with the parameters  inherited from the pr imal  
product .  

W h e n  we decrease the Sb-level, some demand  
for raw mater ial  b will no t  be filled from stock. 
I f  we suppose that  raw mater ial  a is always avail- 
able, then a par t  of  the non-fi l led demand  for 
raw mater ial  b (assuming a 97% target ct service 
level for p roduct  x2) will be added to the demand  
funct ion for raw mater ial  a, as sketched in Fig. 4. 
The mean  and  the shape of the demand  funct ion 
for raw mater ial  a changes as a result of  this extra 
demand.  

A first order approx imat ion  of  the new demand  
funct ion  for raw mater ial  a can be determined as 
follows. M e a n  d e m a n d  for raw mater ial  a, origi- 
na t ing  f rom b equals 



/l s: 
Raw material b 

W. G.M.M. Rutren. J. W.M. Bertrand I European Journal of Operational Research 110 (1998) 626642 633 

Raw material a 

Fig. 4. Changes in demand functions, resulting from the use of alternative recipes. 
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s (x - Sb) f(x) dx = 112. (1) 
Sb 

Then the total mean demand for raw material a 
equals 

w 

s xf’(x) dx = pa + m. 

0 

By determining f’, we know the new de- 
mand function of raw material a. Next we can de- 
termine the value of SL that gives a service level of 
CL 

The Erlang distribution is characterized by its 
two parameters, the scaling parameter 1 and an 
integer parameter n. If there is a lead time of e 
periods for reordering raw materials, the integer 
parameter becomes (e + 1)n and the resulting dis- 
tribution function for demand during the lead 
time of raw materials (plus review period) be- 
comes (demand is denoted by x) 

A(e+l)n 

ldX) = (([+ l)n - I)! 
,(e+l)n -Ax e ’ 

The shape of function f is determined by n, and 
the mean is mainly determined by R. Therefore we 
will determine the value of 2: that fulfills Eq. (2) 
and next we will determine SL by using the new 
2:. Eq. (1) can be calculated for the Erlang 
function 

lx 

.I 
(f+l)n (Asb)i 

(x - Sb)f~.~(x) dx = v eensh C i! 

&I 
i=o 

(&+1)+1 (iSb)l 

_ sbe-jsh C - 
i=O i! 

(4) 

Then the value of ,?k can be determined from 

Eq. (5) 

(e + l)n 
---~ 

(e + 1)n ( (e + l)“e_j~,~h(Y+‘)n 

A:, A, &I 

c (lbsb)’ 

i=O 
i! 

(e+l)n-l (JbSb)’ 

- SbeCnbsh C .l. 

I. 
i=O 

(5) 

Using this new &, the order-up-to level SL can 
be determined according to the equation given in 
Appendix A. 

Table 3 shows the simulation results when 
using the above described approximation for de- 
termining the SL value. This first order approxima- 
tion results in an a service level that is rather close 
to the target c( of 97%. For smaller values of Sk, the 
approximation shows some deviation. This can be 
explained as follows. If Sl, decreases, a larger part 
of demand for raw material b will be transferred to 
raw material a (Fig. 4). Therefore the first order 
approximation will become less appropriate. Nev- 
ertheless, even for a $-level of 85% which certainly 
does not reflect the high service level situation that 
we are studying here, the calculated SL-level gives 
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Table 3 
Simulation results for the case with recipe flexibility and the tuning procedure 

S' a S~, a service level f.,(%) #alt(%) Invo Inv~ 

Xl X2 

2983 2462 (85.0%) 96.46 96.96 3.47 7.60 1128 731 
2971 2521 (87.5%) 96.54 96.97 2.79 6.12 1128 777 
2960 2590 (90.0o/°) 96.63 96.99 2.11 4.60 1129 834 
2949 2675 (92.5%) 96.74 97.01 1.41 3.04 1130 907 
2939 2788 (95.0"/0) 96.90 97.06 0.67 1.46 1133 1006 
2929 2967 (97.5%) 97.01 97.56 0.04 0.07 1134 1172 

The Sta-level is determined with the first order approximation. The situations are identical to the situations in Table 1. 

an ~ service level of  96.46% for product 1, which is 
quite close to the target. 

Now suppose that we know all combinations of  
S' a and S~ (columns 1 and 2 in Table 3) that pro- 
duce C~xl = c% = 97% in a situation with alterna- 
tive recipes. We compare these with the order- 
up-to levels Sa and Sb that lead to ~x, = ~x2 
= 97% in the situation without use of  alternative 
recipes (in the case considered in this section 
S~ = S b  =2921). It will be clear that S'~ + S '  b 
< Sa + Sb, since with the use of  the alternative rec- 
ipe, some of the demand uncertainty for materials 
a and b is common. Due to the use of  recipe flex- 
ibility the total of  required inventory decreases 
with an amount  Sb -- S'b + Sa - S' a. 

This decrease in inventory must be valued 
and balanced against the increase in production 
costs, which can be modeled as: f ' ( p  - 1)cb per unit 
x2, where fa' is the mean fraction of  product  x2 
which is made of  alternative material a when com- 
bination (S'~, S~b) is used. To obtain the annual in- 
crease in production costs we multiply this 
number by Dx2, the annual demand for product x2. 
The total cost difference between the situation with 
and the situation without recipe flexibility can be 
modeled by subtracting the increase in production 
costs from the decrease in inventory costs 

( Sb - S'  b + (,.,ca - S',)p)cbcg - - f ' ( p  -- 1)CbDx: . (6) 

The cost ei consists of  capital investment cost per 
year related to the value of  the product, valued 
at the interest rate, plus the costs of  the capital in- 
vested in inventory related infrastructure etc. (e.g. 
silos, pipes etc.). 

Since with each combination (Sra, S~) a different 
fraction of  alternative recipe use of f~ is realized, 
the entire range of combinations can be valued 
by determining out of all combinations (Sra,S~) 
that combination such that ax~ = ~x2 = 97% for 
which Eq. (6) takes a maximum value. 

If  this maximum value is negative then it does 
never make sense to use the alternative recipe, 
for the increase in production costs is never offset 
by the decrease in inventory holding costs. How- 
ever if this maximum value is positive then the 
use of alternative recipes can lead to a decrease 
in total costs, provided of course that the right 
combination of  S'~ and S~ is used. Fig. 5 illustrates 
Eq. (6), for various combinations of (S'~, S~) from 
Table 3 for several values of p. As can be seen in 
Fig. 5, the maximum p, denoted by Pmax, for which 
it still pays to use recipe flexibility under the given 
conditions, equals 1.0254. This means that for this 
numerical example the maximum difference in 
costs per unit between the standard and the alter- 
native raw material, in case of variable recipe use, 
equals 2.54%. Since in the commodity market the 
profit margins are very small, even this small value 
can be of  significant importance. 

In Appendix B we show a method to determine 
the Pmax-value more accurate. This method can be 
used to determine for up to which Pmax-value flex- 
ible recipes should be used, depending on a num- 
ber of conditions of  the production situation. In 
Section 4 we will vary the conditions of the pro- 
duction situation and, using this method for deter- 
mining Pmax, investigate which conditions have an 
important impact on the Pmax-value. These are the 
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T 0 
value 

equation 
(6) 

-2,000 

-4,000 

2,462 

Q 

w . . . . . . ~ ~  p= 1.0150 

~ p = 1.0300 

I I I I I I 
2,521 2,590 2,675 2,788 2,967 

Fig. 5. Eq. (6) for several values of the factorp (the price increase due to using the alternative raw material). The simulated values of S~ 
are marked on the x-axis and the y-axis gives the value of Eq. (6). The factor ci is calculated as the capital investment cost related to the 
product, valued at an interest rate of 15%. Factor Cb equals 100 and annual demand for product x2 is taken 100,000 (250 days ×/0 units. 

conditions under which the use of flexible recipes 
can be more effective than increase of storage 
space. 

4. The conditions for using recipe flexibility 

In Section 3 we presented a method to deter- 
mine whether the use of recipe flexibility can be 
beneficial. In this section we will investigate under 
which circumstances these benefits can be obtained 
using systematic computer simulation. We investi- 
gate in particular the effects of variation in raw 
materials quality, push in materials supply, the re- 
plenishment lead time and uncertainty in demand 
on the benefits to be obtained by using recipe flex- 
ibility. In Section 4.1 we present the general char- 
acteristics of the simulation model; in Section 4.2 
we discuss the experimental design in relation to 
the varied parameters; in Section 4.3 we present 
and discuss the simulation results. 

4.1. Simulation characteristics 

Simulations experiments are used for compar- 
ing the costs with and without the use of recipe 
flexibility for different conditions. The simulations 

are performed using a program with the following 
simulation characteristics: 

1. Every time period one order is generated for 
each product. The size of the order stems from an 
Erlang distribution with integer parameter n and 
scaling parameter 2. Thus mean demand (/~) equals 
n/2 and the variance of demand (a 2) equals n/22 . The 
mean demand for both products and the coefficient 
of variation (a/l~) are varied in the simulations. 

2. Orders are numbered at generation, and all 
orders (inclusive of backorders) are sorted on their 
number and will be considered for production in 
that order. Every time period, the order for prod- 
uct xl is generated first and the order for product 
x2 is generated next. 

3. If due to lack of raw materials, an order for 
product xl cannot be completely produced, the rest 
of the order is backlogged and has priority in the 
next period when competing for materials. If due 
to lack of materials an order for product x2 cannot 
be completely produced, the (rest of the) order is 
produced out of material a. If there is not enough 
material a, the rest of the order for product x2 is 
also backordered. There are no capacity limita- 
tions, only materials availability limitations. 

4. Every time period both raw materials are re- 
ordered, according to an (R,S) inventory system 
(cf. Silver and Peterson, 1985). The order-up-to 
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level S is derived from the demand function of  the 
main product (i.e. the S-level of  raw material a is 
based on the demand parameters  of  product  xl ,  
and the S-level of  raw material b is based on the 
demand parameters  of  product  x2). 

5. The replenishment lead time for both raw 
materials is fixed, but will be varied as a parameter  
in the simulations. 

6. One simulation run includes a transient run 
of  5000 periods (determined graphically as de- 
scribed by Welch, 1983) and a subsequent simula- 
tion run of  500,000 periods, i.e. the performance 
criteria are long-run steady state (Kleijnen, 
1987). The length of the simulation run is deter- 
mined such that the variations of  the performance 
criteria are very small, which is necessary for the 
tuning procedure described in Section 3. 

7. Measured performance indicators are: the 
and fl service levels for xl and x2, the fraction of 
product  x2 made out of  raw material a, the num- 
ber of  times product x2 tries for raw material a 
and the mean inventory levels. The ~ service level 
is defined as the number  of  times no stockout oc- 
curs and the fl service level is known as the fill rate, 
the fraction of demand directly filled from stock. 

4.2. Experimental design and parameters 

In Section 1 we mentioned the conditions that 
may affect the effect of  recipe flexibility. Variations 
in raw materials quantity and quality were men- 
tioned as a cause for using recipe flexibility. Also 
the lead time of raw materials in relation to the 
lead time to customers was introduced. The neces- 
sary amount  of  safety stock to avoid the use of  rec- 
ipe flexibility depends on the variability of  demand 
during the lead time and the target service level. 
All these parameters together determine whether 
or not recipe flexibility should be used. The pur- 
pose of  this section is to determine for the simple 
case considered the dominant  conditions for which 
the use of  recipe flexibility is economically justified. 

We distinguish uncertainty in demand and un- 
certainty in supply. Uncertainty in supply is mod- 
eled by two parameters; the variation in raw 
materials quality and the push of  raw materials. 
These parameters  are operationalized as follows. 

4.2.1. Variation in raw materials quality 
In many process industries, raw materials are 

graded at arrival. For  instance in the animal food 
industry, soya is used in which the fraction of  pro- 
tein is the main ingredient to classify soya. I f  'soya 
class I I '  is ordered, the arriving replenishment lot 
can be in class I, II  or III ,  where a higher class 
stands for more protein. Thus the grading process 
can yield a lower, but also a higher quality than 
ordered. We still consider the case with two prod- 
ucts and two raw materials and grading of raw 
materials is worked out as follows. Raw material 
a is reordered and at delivery we detect (with 
probability q) whether the raw material indeed is 
raw material a, or whether it can be classified as 
raw material b instead. The same procedure is fol- 
lowed for raw material b turning out to be a. To 
determine which raw material we received, we as- 
sume per raw material a 'Bernouilli process'  with 
a probability q that the raw material received 
equals the raw material ordered and 1 - q that 
it is not. 

4.2.2. Push in raw materials supply 
In some process industries a push in raw mate- 

rials supply can be found. This results in delivery 
of  raw materials that were not ordered for (for in- 
stance in dairy corporations). This push of raw 
materials will occupy storage capacity. These raw 
materials can be used for normal  demand or as al- 
ternative raw material. In the latter case we again 
'exchange'  storage capacity for more expensive 
recipes. This means that in the model used in the 
simulations, a push-delivery of  raw materials will 
be a delivery of raw material a. After a certain in- 
terval of  stochastic length, a delivery for raw mate- 
rial a is generated which has not been ordered by 
the inventory control function. We model a re- 
stricted storage capacity by putting a restriction 
on the total economical inventory. The total eco- 
nomical inventory cannot become larger than the 
sum of the order-up-to levels of  the raw materials. 
This creates a situation in which we must use the 
additional delivery in order to be able to reorder 
new raw materials; a push situation. The length 
of  the interval between two push-deliveries is a 
random value within 80-100% of  the lead time in 
the current run. The size of  the push-delivery stems 
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from a function with the same parameters as the 
demand function for product xl. 

4.2.3. Uncertainty in demand 
Uncertainty in demand is modeled by two pa- 

rameters per product, i.e. mean demand and the 
coefficient of  variation (a/lO of  demand. In this 
way the variability in demand can be simulated. 
Further parameters that are used are the lead time 
of raw materials and the target service level for 
measuring the performance. 

We determine for certain values of  these param- 
eters, the (S'a, S~) values that are required to realize 
the target service level in both products with use of  
recipe flexibility, and the (Sa, Sb) values without 
recipe flexibility (fixed recipes). Next we determine 
the value of  Pmax as described in Appendix B. This 
yields the maximum per unit increase in product 
costs for which it still pays to use recipe flexibility. 
Next we change the parameter values and again 
determine the maximum per unit increase in prod- 
uct costs. The parameter values are varied by 
assigning either a high or a low value, as given in 
Table 4. By calculating the linear regression 
parameters, we can determine the dominant 
parameters. 

If we only use a high and a low value of  each 
parameter and if we want no two-factor interac- 
tions to be confounded with the main effects, then 
we have to use a resolution-IV design (Kleijnen, 
1987) which results in 16 simulation runs. 

The standard formula for calculating the order- 
up-to level, as given in Appendix A, assumes only 
demand uncertainty and no supply uncertainty. 

Therefore, this formula can only be applied to runs 
in which no supply uncertainty exists. Due to the 
supply uncertainty, the S~ and Sb levels of  the oth- 
er runs have to be increased above normal, even if 
we use fixed recipes. So we first have to find the in- 
ventory levels that are necessary to achieve the tar- 
get service level without using the variable recipe 
option (Sa and Sb). Therefore, we simulated a sit- 
uation with fixed recipes and used a double bisec- 
tion search procedure until the service level of  both 
products is within 0.05 of  the target service. The 
order-up-to levels which follow from the simula- 
tion will be used as the (S~, Sb) values in the calcu- 
lation of  the Pmax-value. 

4.3. Presentation and discussion of  simulation 
results 

The 16 runs are each simulated for six differ- 
ent S~-values and these six results are used to de- 
termine the Pmax-value of  a run. Table 5 gives 
the resulting pma~-values per run and the calcu- 
lated parameter effects (linear regression para- 
meters /3). 

As can be seen in Table 5 (the Pmax-values), the 
maximum difference in raw material costs ranges 
from 2.46% to almost 16% (15.7%, run 7) which 
is rather large for this kind of  industries. Conse- 
quently, if the price difference is smaller than the 
Pmax-value, then the use of  recipe flexibility will re- 
sult in a decrease in total costs. 

As can be seen in Table 5 (calculated effects), 
only two of  the eight parameters turn out to have 

Table 4 
Parameter values, as used in the simulations 

Parameter Low (-) High (+) 

Lead time of raw materials (periods) 
Variation in raw materials quality 
Push in raw materials supply 
Mean demand product 1 (units) 
Coefficient of variation of product 1 
Mean demand product 2 (units) 
Coefficient of variation of product 2 
Target alpha service level 

4 16 
Off On (q = 0.90) 
Off On 
400 1600 
0.5 1.0 
400 1600 
0.5 1.0 
97% 99°/,, 
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Table 5 
The Pmax-values and the calculated effects 

The Pmax-values Calculated effects 

Run  Pmax Parameter Effect Std. error 0.0081 

1 1.15073 0 1.0761 
2 1.10713 l 0.0191 
3 1.05562 2 0.0119 
4 1.02464 3 0.0079 
5 1.06269 4 0.0056 
6 1.04089 5 -0.0053 
7 1.15704 6 -0.0037 
8 1.05478 7 0.0012 
9 1.06343 8 0.0263 

10 1.10037 Two-factor confounding 
11 1.11321 12... -0.0048 
12 1.05697 13.., -0.0073 
13 1.13244 14.., 0.0058 
14 1.04666 15... 0.0095 
15 1.02635 16.., -0.0033 
16 1.02502 17... -0.0051 

18... 0.0169 

Significant 
effects: 
1 Lead time 
8 Target 

a significant effect (significance level is 95%). A 
large lead time for raw materials and a high target 
service level give the highest values for Pmax in the 
simulations (runs 1, 7, 11 and 13). The demand pa- 
rameters do not have a significant effect on the 
Pmax-value. Also interactions seem unimportant. 

The third largest fl-effect (but not significant) is 
caused by the parameter that denotes the uncer- 
tainty in raw materials quality. This non-signifi- 
cance may be due to the relatively small variation 
in quality (only 10% (1 - q) of  the delivered raw 
materials appears to be not right). However, if we 
simulate the system with a smaller q and hence a 
larger variation in quality, the situation in which 
fixed recipes are used becomes unstable (one raw 
material is almost unlimited in stock while the oth- 
er raw material has an enormous number of  back- 
orders, due to unavailability of the raw material) 
and hence the (S~, Sb) values could not be deter- 
mined. From this we can conclude that when the 
variability in raw materials increases (lower q) the 
use of recipe flexibility becomes more attractive. 

In general we therefore conclude that the use of  
recipe flexibility will be soon profitable when a 
high service level is demanded and a long lead time 
for raw materials exists. 

5. Positioning the results in a general 
inventory model 

Our research shows under which conditions 
recipe flexibility can increase the profit of  a firm. 
However this result has been obtained for the case 
where materials are daily replenished. Not  consid- 
ered is the situation where the materials are or- 
dered in larger batch sizes, and with a lower 
frequency. Given the previous analysis, this effect 
can be captured as follows. 

Let R denote the length of the review period in 
days. Consider a range of values for R, R = 
1, . . .  1, Rmax. For  each value of  R the values of 
S~ and Sb should be determined that lead to a 
97% service level. This can be done with the formu- 
lae given in Silver and Peterson (1985). Using an 
approximation or simulation, similar to the one 
used in this study for the daily replenishment case, 
the corresponding values of S'~ and S~ and the 
factor f~ can be determined for each value of  R. 

In Eq. (6) the following modification should be 
made. The values for S should all be decreased 
with half the average replenishment batch, as far 
as the material related inventory cost are con- 
cerned. For  the infrastructure related inventory 
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costs the S-values themselves are relevant. Thus 
the cost factor ei must be split up into two compo- 
nents; c~,m, the inventory cost of materials and ci,i 
the inventory cost related to the infrastructure 
needed for storage. This latter cost component is 
related to the maximum inventory level, S. 

For each value of R the total cost without using 
recipe flexibility is 

ISh(R)--~Qb(R) + [So(R)-I Qa(R)]p]CbCCm 

365 
+ [Sb(R) + Sa(R)]c~,i + cry- ,  (7) 

where cr is the reordering costs and 365 is the num- 
ber of days per year. 

For each value of R we can also determine the 
total cost with using recipe flexibility 

[S~(R) -~Qb(R) + [S'a(R) - I  Q~(R)]plcbCi,m 

+ [S~(R) + S'~(R)]ci,i +£(p - 1)cbDx2 
365 

+ Cr -'-R-- (8) 

Thus for each R we can determine whether the 
use of  recipe flexibility decreases costs by compar- 
ing the above expressions. 

For each value of R the decrease in costs by 
using recipe flexibility is 

1 
[(Sb(R) - -~Qb(R) + (Sa(R)---~Qa(R))p)cbCi,m 

365] 
+ (Sb(R)+ Sa(R))cci + Cr--R-- i 

-- -~ Qa( R ) )p)cbCi,m 

+ 

-- ((Sb(R) -- Stb(g)) -I- (Sa(R) - Sta(e))p)cbCi,m 
+ ( S o ( R )  - + S o ( R )  - S'a(R))c ,i 

-J ' (p  - 1)c~Dx2. (9) 

We see that the reordering costs and the batch 
size related inventory costs drop out in this expres- 
sion and we get an expression which is very similar 
to Eq. (6). Using the approach presented in Sec- 

tion 4 we can determine from Eq. (9) the profile 
of cost decrease by using recipe flexibility, as a 
function of R, the reorder period. 

6. Conclusions 

In this paper we studied the balancing of safety 
stock costs and recipe flexibility costs for batch/mix 
industries with high customer service requirements. 
A small scale model, containing the essential char- 
acteristics of the production situation, was built to 
study the use of recipe flexibility. We developed 
an approximation for calculating the order-up-to- 
levels in case recipe flexibility is used. In order to 
balance the safety stock costs and the recipe flexi- 
bility costs, a procedure was given to determine 
whether or not recipe flexibility should be used. 

Since the outcome of the balancing process heav- 
ily depends on the characteristics of the production 
situation, we simulated the small scale model for a 
range of conditions. For each setting of the condi- 
tions we determined when the use of recipe flexibil- 
ity gives equal costs compared to using fixed 
recipes. Two conditions turned out to have a signi- 
ficant effect. These two conditions are a long lead 
time of raw materials and a high target service level. 
In general, the use of recipe flexibility will be soon 
profitable when a high service level is demanded 
and a long lead time for raw materials exists. 

The maximum price difference between materi- 
als, for which it still pays to use recipe flexibility, 
was found to be 15.7%, which is rather large for 
this kind of industries. In the type of industry stud- 
ied, the profit margins are very small and the raw 
materials used constitute a major part of the costs. 
Consequently, if the price difference in practice is 
smaller, the use of recipe flexibility will show a de- 
crease in total costs. 

In conclusion, under certain circumstances the 
use of recipe flexibility can lead to lower costs 
when compared to using fixed recipes. For other 
circumstances, only safety stock should be used. 
These conclusions are of course limited to the 
small scale model and the numerical parameter 
values we used. However, the results for this small 
scale model provide valuable insights for studying 
more complex and realistic situations. 
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Appendix A. Calculation of the order-up-to-level 

If  demand is Erlang distributed, we can calcu- 
late the order-up-to level for an (R,S) inventory 
system with Eq. (A.1). The order-up-to level is 
based on a stockout probability of 1 - ~ ,  where 
is the desired service level 

s 

/ f~,, (x) dx (A. 1) 

0 

The Erlang distribution is characterized by its 
two parameters, the scaling parameter 2 and an in- 
teger parameter n. If  there is a lead time of g peri- 
ods for reordering raw materials, the integer 
parameter n becomes (g + 1)n and the resulting 
distribution for demand during the lead time of 
raw materials (plus review period) becomes (de- 
mand is denoted by x) 

2(e+l), 
= x(e+l)n-1 e ~x (A.2) f~,,(x) ((e + 1)n - 1)! 

The order-up-to level can then be calculated by 
replacing the general formulation of the Erlang 
function in Eq. (A.1) by Eq. (A.2), and using the 
transformation m = (g + 1)n 

s ,~m 
1)!x~-le -'~ dx = ~. (A.3) (m 

o 

Eq. (A.3) can be solved by means of partial inte- 
gration, where f(x) = x  ~-1 and g(x)dx = e-ax 
which results in: 

s 
Am Am -- 1/-1"~ ax Is 

: -  e- o 
o 

s 

, :  / (m - 1):_2e_ax dx. (A.4) ( m -  1)!_ 
0 

The first part of the right-hand side can be calcu- 
lated exactly and the second part can be reworked 
into 

s s 

2m l f xm-2e-axdx f f2,n_l(x)dx. (A.5) 

0 0 

Continuing this process will finally lead to f~,l (x), 
which can be calculated exactly 

s s 

f fz,l(x) dx = f 2e-~X dx = -e-XS + l. (A.6) 

0 0 

Combining Eqs. (A.3)-(A.5) results in 

s 

/f).,m(x) dx= 1-(~()~s)i~e-XS, m>>. 1. 
0 \ i=0 i] : 

(A.7) 

Transforming m back into (g + 1)n gives the 
equation for the order-up-to level for an Erlang 
distributed demand with lead time g for raw mate- 
rials: 

1 -  e -~s=~ ,  n~> 1. (A.8) 
\ i=0 i! J 

Since the variable S cannot be separated from 
Eq. (A.8), a procedure must be used to find the 
value of S which approximates the exact value. 
We use a golden section method to find the S-val- 
ue. This iteration process is continued until the dif- 
ference between the target ~ and the calculated ~ is 
smaller than 10 -6 . 

Appendix B. Determining Pmax by quadratic 
interpolation 

Eq. (6) is plotted for only a limited number of 
points. The Pmax-value is then determined such 
that the maximum of Eq. (6) equals zero. How- 
ever, due to this approximation, the exactpmax-val- 
ue will be different from the one obtained. If  we 
can express the complete Eq. (6) as a function of 
the S~-level, then this function can be used to de- 
termine a more precise Pmax-value. 
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Fig. 6. The simulation results from Table 3 and the quadratic fit. 

In this appendix we will approximate Eq. (6) by 
a functionfp(X), where x denotes the change in the 
Sb-level, i.e. Sb --S' b for a certain value o f p  

fp (X)  = (cix --~pcig(x ) -- Dx2(P - l )h (x ) ) c6 .  (B.1) 

If S~ is changed, two other variables in Eq. (6) 
will also change, i.e. the change in S~-level 
(S'~- S~) and fa % These two variables therefore 
are also defined as a function of  x and they are de- 
noted in Eq. (B.1) by g(x) and h(x) respectively. 
Since all other variables are known, the function 
fp(x) is defined when g(x) and h(x) are determined. 

In Section 2 we determined the p-value such 
that the maximum of  Eq. (6) equals zero. The 
maximum of  the concave function fp can be deter- 
mined by differentiation. This will result in a value 
for x, Xmax , which gives the maximum outcome of  
the function. The maximum of  the function must 
be zero in order to find Pmax. Thus the function 
is calculated for Xmax, and the expression 
fp(Xm~x) = 0 can be interpreted as an equation in 
which p is a variable. The p-value for which the ex- 
pression holds is then the Pmax-value. 

So, first we must define the functionfp by deter- 
mining the two functions g(x) and h(x). We assume 
that these two functions can be represented by a 
quadratic function: 

g(x) = gl + g2x + g3 x2, (B.2) 
h(x) = hi + h2x + h3x 2. 

The parameters of  the functions g(x) and h(x) 
are approximated by a least squares fit o f  the 
points that are found by simulation. For  example, 
we can plot the points measured in the simulation 
that was discussed in Section 2. The data were giv- 

en in Table 3. In Fig. 6, these points are plotted 
and also the fit is given. A quadratic fit seems to 
be an allowed approximation. 

The second step is to determine the maximum 
of  function fp. The maximum of  a concave func- 
tion can be determined by solving fp(x) = 0. This 
results in 

--(Ci + pcig2 -- Dxz(P - 1)h2) (B.3) 
Xmax --  2 ( p c i g 3 - D x 2 ( P -  1)h3) 

The function Eq. (B.1) is calculated for this 
value of  x, which results in the maximum of  the 
function 

fp(Xmax) = ( p c i g l  -- Ox2(P - 1)hi 
\ 

(ci + m i g 2  - Dx2 (p - 1)h2)2  
- -4(pc~g-----~3----Dx2--~---1)h3---)-)cb. (B.4) 

The third step is to determine the value of  Pmax 
for which the maximum of  the function equals ze- 
ro. Since the factor p in Eq. (B.4) can be viewed as 
a variable, we can determine Pmax from Eq. (B.4) 
as follows: 

PmaxCigl -- Dx2 (Pmax -- 1 )hi 

(ci +PmaxCig2 - Dx2(Prnax - 1)h2) 2 _~ 0. (B.5) 

4(PmaxCig3 - Dx2 (Pmax - 1)h3) 

Note that Eq. (B.5) is a quadratic function in 
Pmax- If  we calculate the Pmax-value for the numer- 
ical example that was given in Section 3, then we 
can use the parameters of  g(x) and h(x) as given 
in Fig. 6. Annual demand still is 100,000 (250 ×/~) 
units and the interest factor still is 15%. Solving 
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Fig. 7. Function offp for the Pmax-value of 1.0250. Also the points as found in the simulation are given. 

Eq. (B.5) gives a Pmax-value of 1.0250, which is 
rather close, but different, to the value that was 
calculated in Section 3 (1.0254). Fig. 7 shows the 
plot of the functionfp together with the simulation 
results for the calculated pmax-value. 

In conclusion, a number of simulation results in 
which the S~-level is changed can be used to deter- 
mine the parameters of the functions g(x) and h(x). 
Thereafter, Eq. (B.5) can be used to find the pmax- 
value. 
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