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Abstract. Vibration reduction of a harmonically excited multi Degree of Freedom (DOF) beam system with a local
nonlinearity represented by a one-sided spring is considered. The linear beam system is modeled with a 3-DOF
model which is obtained by applying a component mode synthesis method on the linear finite element model of
the beam system. The low frequency response of the linear system can be described very accurately while the
number of DOFs for the nonlinear analysis is kept small. Vibration reduction is realized in both simulations and
experiments by forcing the system at a prescribed excitation frequency from the stable1

2 subharmonic response
of high amplitude towards the coexisting unstable harmonic response of low amplitude using a Sliding Computed
Torque Controller (SCTC). The advantage besides the reduction of vibration amplitude is the small control effort
needed once the unstable harmonic solution is stabilized. This is due to the fact that the unstable harmonic solution
is a natural solution of the uncontrolled system.

Keywords: vibration control, multi-degree of freedom systems, nonlinear dynamics, sliding computed torque
control

1. Introduction

In engineering practice high amplitude vibrations caused by harmonically excited nonlinear
dynamical systems are frequently encountered, e.g. gear rattle and ships colliding at quay
sides. These vibrations are often undesired because they cause wear and are responsible for
high levels of noise. Due to the nonlinear character of the system the steady-state response
exhibits certain frequency ranges where two or more solutions of the system equations
coexist. Our objective is to reduce the amplitude of the steady-state vibration by forcing
the system into the natural vibration with lowest amplitude. The major advantage will be a
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small control effort once the control objective is achieved, due to the fact that the solution
is a natural solution of the uncontrolled system.

Research in this field has been done by Ottet al. [7] who succeeded in converting a
chaotic attractor to a time-periodic motion by making small time-dependent perturbations
in one of the attainable system parameters. Other recent examples of similar research are
given by Rajasekar [10] and Paskota [9]. An overview of various methods for controlling
chaos is given by Chen and Dong [3]. All of this research focuses on single Degree Of
Freedom (DOF) systems. This paper, however, deals with multi DOF systems with local
nonlinearities, e.g. large structures which can be described accurately using linear models
with a local occurring nonlinearity caused by an end stop (backlash). The dynamic behavior
of such systems has been studied by Fey [5] and Van de Vorst [13].

A restriction is made to nonlinear systems which are considered decomposable into linear
systems with local nonlinearities. This enables us to reduce the number of DOFs by
applying a reduction technique on the linear system, and by adding the local nonlinearities
as forces acting on the DOFs of the reduced system. While exciting the nonlinear system
harmonically, three types of long-term responses can be distinguished, namely: periodic,
quasi-periodic and chaotic response [8]. Periodic response can be divided into harmonic,
subharmonic and superharmonic resonance. Harmonic resonance is recognized by the
frequency of the long-term response which is the same as the excitation frequency. For
superharmonic resonance, this frequency is an integer multiple of the excitation frequency
whereas for subharmonic resonance, the excitation frequency is an integer multiple of the
long-term frequency.

Vibration reduction will be accomplished for a beam with a one-sided spring attached
to the middle. A Sliding Computed Torque Controller (SCTC) forces the response of the
beam from the stable12 subharmonic solution of high amplitude towards the coexisting
unstable harmonic solution of low amplitude in simulations as well as experiments. Firstly,
a description of the beam system with a 3-DOF model will be given. Secondly, the controller
will be described and simulation results will be discussed. Thirdly, a description will be
given of the experimental implementation, followed by a discussion of the experimental
results. Finally, conclusions and suggestions for further research will be given.

2. Beam system

The beam system (see Figure 1), consists of a steel beam supported at both ends by two
leaf springs which exhibit high stiffness in the transverse direction and low stiffness in
longitudinal direction. The one-sided spring is constructed by a clamped beam which adds
stiffness to the main beam for positive displacementsqm(t) of the middle of the main beam.
Harmonic excitation is realized by means of a rotating mass unbalance attached to the
middle of the main beam. The mass unbalance is driven by a tacho-controlled motor via
a flexible shaft. The shaft has practically no stiffness in the transverse direction which
leads to a free motion of the main beam in the transverse direction. The shaft, however,
has high stiffness in the direction of motion to avoid phase lag between the desired and
the realized harmonic excitation force. The control force is applied to the main beam by
means of an actuator which translates a current through a coil into a force on the main beam.
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Figure 1. Representation of the beam system.

The actuator is placed halfway between the exciter and one of the supporting leaf springs,
mainly because of the available physical space for the fairly big actuator. Furthermore, the
number of local nonlinearities and their physical positions are often unknown in a practical
situation.

A model of the beam system is obtained with the finite element package DIANA [4]. The
linear components of the beam system, i.e. the main beam, the leaf springs and added masses
are modeled with 86 finite elements. The model is reduced with the use of a component
mode synthesis method [6]. With this method, a multi DOF model is obtained, where
the number of DOFs depends on the chosen number of kept free-interface eigenmodes
of the linear system and the number of flexibility modes corresponding to the number of
interface DOFs. Damping is added by means of modal damping which is chosen to be
equal for every mode (ζ = 0.05). In our case the simplest model has three DOFs, i.e.
one kept free-interface eigenmode and two flexibility modes corresponding to the interface
DOFs for the actuator force and the force originating from the one-sided spring and the
exciter. The model can be improved using residual flexibility modes [5] instead of common
flexibility modes. These modes can be seen as two virtual modes which represent the low
frequency quasi static behavior caused by the deleted eigenmodes (2nd, 3rd, 4th, 5th,. . . ).
The eigenfrequencies of these virtual modes are calculated using the Rayleigh quotient of
the quasi static displacement minus the quasi static displacement of the kept free-interface
eigenmode. This means that the two virtual modes represent a weighted sum of the deleted
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eigenmodes. The model thus created is given by:

Mq̈(t)+ Bq̇(t)+ Kq(t)+ H1Fnl(q, t) = H2Fe(t)+ H3u(t), (1)

with M , the 3× 3 mass matrix,B, the 3× 3 damping matrix andK , the 3× 3 stiffness
matrix (appendix A). The one-sided spring is modeled as a local nonlinearity (see Figure 2)
whereknl represents the stiffness of the one-sided spring (knl = 1.65 105 N

m) as a weighted
sum of a clamped and a supported beam.Fe(t) represents the excitation force andu(t)
represents the control force which will be explained in the controller section.H1, H2 and
H3 are the so-called 3× 1 transition columns. The column of DOFs,q(t), is given by:
qT (t) = [qa(t) qm(t) ξ(t)], whereqa(t) is the controlled DOF,qm(t) the DOF at the middle
of the beam, andξ(t) a virtual DOF obtained by the inverse Fourier transformation of the
reduced frequency domain model. This DOF has no direct physical representation and is
only needed for the accurate description of the first eigenmode within the response of the
two physical DOFs. The natural frequencies of the 3-DOF model are: 13.4 Hz, 55.7 Hz, and
126.4 Hz. In comparison, the first six natural frequencies of the Finite Element Model (FEM)
are, 13.4, 54.8, 89.8, 118.9, 131.4, and 222.9 Hz. It can be concluded that by using residual
flexibility modes a good approximation is obtained of the relevant low frequency linear
eigenmodes. The 3-DOF model can be validated by comparing simulation with experiment.
Such a comparison has been made in the frequency response representation of Figure 3a.
The simulation results were acquired using a path following technique in combination
with a finite difference method to solve the two-point boundary value problems [1]. At
each excitation frequency at least one periodic response is calculated. Due to the fact that
this response is not symmetrical (the displacement in positive direction is smaller than the
displacement in negative direction due to the addition of stiffness) the maximum absolute
values of the periodic displacement belonging to the1

2 subharmonic and the harmonic
response at a certain excitation frequency are displayed. A reasonable agreement between
a 3-DOF model and experimental data has been acquired. This justifies our choice to
control the system on the basis of a 3-DOF model. The difference in amplitude between
the stable1

2 subharmonic and unstable harmonic solutions, in the frequency range between
30 and 50 Hz, clearly illustrates our objective to reduce vibration amplitudes by stabilizing
the harmonic solution using control. Throughout this paper an excitation frequency of 37
Hz is used because of the huge reduction of amplitude that can be obtained. Figure 3b
illustrates the accuracy of the FEM used. In this figure the first six numerical kept free-
interface eigenmodes are compared with an experimentally determined Frequency Response
Function (FRF). It is shown that a couple of features of the real system were captured in
the FEM. However, some features remain unmodeled and will appear somehow during the
experiments.

3. Controller

A SCTC [11] is used to achieve the desired vibration reduction, i.e. to force the system from
the stable1

2 subharmonic solution towards the unstable harmonic solution. The SCTC is
based on controlling one DOF, in this caseqa(t), by means of feedback of the difference
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Figure 2. Model of the one-sided spring.

Figure 3. Beam system.

between a realized and a desired trajectory. The tracking error is defined as:

ea(t) = qa(t)− qad(t), (2)

whereqa(t) represents the actual displacement at timet andqad(t) the desired displacement
at timet . The desired displacementqad(t) represents the unstable harmonic solution which
is calculated beforehand with DIANA, and which can be approximated as a truncated Fourier
series of the form (appendix A):

qad(t) = C0+
n∑

i=1

Ci cos(2π fei t )+
n∑

i=1

Cn+i sin(2π fei t ), n = 10. (3)

In this way derivativeṡqad(t) andq̈ad(t) can be easily computed. The SCTC exhibits two
features. Firstly, a sliding functions(t) is defined that guarantees existence, reachability
and convergence. In other words there must be an input that brings the system to the
sliding surface, keeps the system in sliding motion once the sliding surface is reached, and
guarantees the convergence of the errorea(t) to zero when the system is in sliding motion.
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The sliding function is defined by:

s(t) = ėa(t)+ λea(t), λ ∈ <+. (4)

When the system enters sliding motion,s(t) becomes zero and a stable differential equation
remains with the solutionea(t) = 0 for t →∞. Secondly, an input has to be defined that
puts the system in sliding motion. For this purpose the sliding function is subjected to the
following chosen differential equation:

ṡ(t) = −ηsat

(
s(t)

σ

)
, η ∧ σ ∈ <+. (5)

The saturation function is defined as shown in Figure 4. The stability of this equation
can be proved using Lyapunov’s second method [11]. It should be stated that the stabil-
ity proof is only valid for the controlled DOF. We assume that the behavior of the other
DOFs, due to the physical coupling withqa, will be similar to the behavior of the controlled
DOF.

With the definitions of the sliding function (4) and (5), the definition of the error (2) and
the 3-DOF model (1), the control forceu(t) can be written as:

u(t) = 1

M−1
11

[
q̈ad(t)− λėa(t)− ηsat

(
s(t)

σ

)
(6)

+ (M−1(Kq(t)+ Bq̇(t)+ H1Fnl(q, t)− H2Fe(t))
)

1

]
. (7)

For implementation of this controller, knowledge of the state at any time is required. Because
only part of the state is measured, a simple state reconstruction is carried out. The state
space description of the controlled beam system consists of six differential equations, three
of which are nontrivial. These nontrivial equations are the equations of motion for the
three degrees of freedomqa(t), qm(t), andξ(t). The displacements and accelerationsqa(t),
q̈a(t), qm(t), andq̈m(t) are known from measurement. Furthermore, the velocitiesq̇a(t)
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Figure 5. Parameter variation withλ, η andσ .

andq̇m(t) are approximated using a second order implicit derivation scheme:

q̇i (tn) ≈ qi (tn)− qi (tn−1)

tn − tn−1
+ q̈i (tn)(tn − tn−1)

2
, i ∈ {a,m}, n ∈ ℵ+. (8)

In this way the two equations of motion forqa(t) andqm(t) can be written as algebraic
equations inξ(t) andξ̇ (t), which in turn can be solved to give values forξ(t) andξ̇ (t).

The parameter valuesλ, η andσ were chosen as a result of a parameter variation study
(see Figure 5). The parameterη determines the time necessary to reach the sliding surface
(s(t) = 0). For increasing values ofη this time decreases, however, the required control
effort also increases. From the errorea(t) it can be seen that a large value ofη compared
to the value ofλ gives no substantial improvements due to the dominating time constant1

λ
.

Therefore, the value ofηwill be chosen equal to the value ofλ. Basically,σ was introduced
to avoid chattering in a practical discrete time implementation of sliding motion control.
This imposes a lower bound onσ . However, a small value ofσ will in general improve the
tracking accuracy. The value ofλ determines the time necessary to reduce the errorea(t)
once the sliding surface is reached. We want to maximize tracking speed by choosing a
large value forλ. However, the value ofλ is restricted by the sample frequency (500 Hz).
In Figure 5, the effect of increasingλ (andη) is shown. In our case a reasonable tracking
behavior is realized by choosing:λ = 1001

s andη = 100m
s2 .

Simulations as displayed in Figure 6a were carried out with the controller as outlined in
the above. The controller is switched on att = 0.2 [s]. At this point the system has nearly
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Figure 6. SCTC numerical results at 37 Hz.

reached the steady-state1
2 subharmonic response starting from rest. It can be seen that by

controlling DOFqa(t) to its desired trajectory, the other DOFsqm(t) andξ(t) also resemble
their desired (harmonic) trajectories. Thus, in this case it is sufficient to control one DOF in
order to force the entire multi DOF system in its harmonic solution. It can also be seen that
due to the fact that the harmonic solution is indeed a natural solution of the beam system,
the resulting input force decreases when the errore(t) vanishes. It should be noted that
the control force is bounded at|20| N. In Figure 6b the same results are shown but now
with respect to the tracking errors. The control force does not tend to zero but remains
clipping between 0.04 and -0.02N due to the approximation of the desired trajectories. We
have approximated the desired displacements by means of a truncated Fourier series. From
this approximation we derived approximations for the desired velocities and accelerations.
Especially the latter is far less accurate than the approximation of the desired displacements.
This results in a control force residue.

4. Implementation

The implementation of the outlined theory in an experimental setup has been divided into
various stages which mainly relate to: the data acquisition and the control software envi-
ronment TCE (Tools for Control Experiments [2]), the actuator, the exciter and the sensors.

The TCE software environment uses a personal computer (type 486 dx) with a 12 bit
board installed for taking in the measurements and sending out the control force. The
control force is calculated between two sample moments inC++-written code. The sample
frequency is restricted by the required calculation time, and is set at 500 Hz. The accuracy
of the measured signals is restricted by the bit resolution of the board, i.e. the resolution
of the measured signals equals a peak value divided by 2048 (quantization error). For
the displacements this could lead to less accurate measurements because of the high peak
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Figure 7. Actuator and exciter.

amplitude of the subharmonic displacement compared to the harmonic displacement. This
will be further emphasized within this section.

The actuator is modeled by a second order model (see Figure 7a). The equation of motion
of the actuator coil can be described by:

Fa(t) = −mactq̈a(t)− bactq̇a(t)− kactqa(t)− Bli (t), (9)

whereFa(t) represents the force on the beam,mact the core mass,bact the damping of the
actuator caused by the electro-motive force due to the displacement of the core within the
actuator,kact the stiffness of the actuator,B the magnetic induction of the actuator andl
the wire length from the coil in the magnetic field. The currenti (t) must be chosen such
that Fa(t) corresponds to the desired control action. This current is generated by a linear
amplifier driven by a set point voltage (see Figure 8). The actuator parameters have been
estimated as:mact = 0.15 Kg, bact = 95 Ns

m , kact = 1200 N
m and Bl = 20.3 T m. The

force computed by the controller is corrected using the inverse dynamics of the actuator
model in order to obtain the proper input voltage for the amplifier (see Figure 8).

The exciter generates the harmonic excitation force by means of a rotating mass unbalance.
When a point massme, on a distancere from the axis of rotation, rotates with a constant
rotation speedω = 2π fe, it causes a harmonic force on the beam in the transverse direction,
according to:

Fexc(t) = mereω
2 cos(ωt). (10)

As can be seen in Figure 7b, withmere = 0.986 10−3 kg.m, there is good agreement
between the experimental and the numerical excitation force. It should be noted that the
excitation force cannot be measured directly but should be corrected with the inertia force
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Figure 8. Block diagram including actuator dynamics.

due to the mass of the exciter (Figure 7a):

Fe(t) = Fexc(t)−mexcq̈m(t), (11)

mexc≈ 0.5 kg. For measuring the state variablesqa(t), qm(t), q̈a(t) andq̈m(t)we used two
position sensors or LVDTs (Linear Variable Differential Transformer) and two piezoelectric
accelerometers. In Figure 9 can be seen how these variables are used for calculating the
control force. Two piezoelectric force transducers were used for measuring the realized
forces acting on the beam due to the actuator and the exciter,Fa(t) andFe(t). Furthermore,
a light sensor, placed at the motor axis, was used for detecting the positive peak transition of
the excitation force in order to synchronize the excitation force measured with the excitation
force used in the TCE software environment (see Figure 7b). The LVDTs have a range
of ≈ 6 10−3 m in both positive and negative direction combined with a sensitivity of
≈ 6 10−4 m

V . Due to a AC ripple of 2.5 10−3 V , a resolution of≈ 10−5 m is obtained which
is of more importance than the already mentioned quantization errors. The accelerometers
and force transducers have a range of≈ 3 104 m

s2 and≈ 3 103 N respectively in both

directions combined with a sensitivity of≈ 2 10−3 V s2

m and≈ 4 10−3 V
N respectively. The

accelerometers and force transducers have natural frequencies in the order 105 Hz. So
the connection between actuator core-force transducer-beam and between exciter-force
transducer-beam can assumed to be rigid.

5. Experiments

Experiments have been carried out, resulting in the behavior as shown in Figure 10. It
shows that we were able to force the system into harmonic motion, giving an enormous
reduction of the displacement amplitudes and doubling the base frequency of the re-
sponse. By controlling onlyqa(t), the DOFsqm(t) andξ(t)were also forced into harmonic
motion.

Figure 10b shows that the control force does not tend to zero during the experiment. This is
caused by a number of error sources ranging from unmodeled dynamics of the beam, poorly
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Figure 9. Block diagram of the controlled beam system.

Figure 10.SCTC experimental results at 37 Hz.

modeled actuator dynamics to a delay in the control. The control delay sometimes even
leads to a desired and realized control force that are each other opposites. Therefore, we
conclude that the sample frequency is not high enough. It can also be seen in Figure 10b that
besides the control delay a poor resemblance occurs due to the limitations of the actuator
model. It should be noted that the actuator is subjected to saturation which results in a
bounded actuator force.

In Figure 11a the measured and desired displacements based on a 3-DOF model are
displayed. The small differences forqa(t) andqm(t) can be ascribed to an offset occurring



372 M. F. HEERTJES, ET AL.

Figure 11.Experimental & numerical results at 37 Hz.

in the displacement signals. This can be seen in the difference between the measured and
the calculated accelerations based on a 3-DOF model (see Figure 11a). Accelerometers
exhibit practically no offset.

The difference between the measured and the desired displacement of the virtual DOF
ξ(t) (see Figure 10b) can be ascribed to the limitations of the state reconstruction. This
reconstruction is sensitive to variations in the displacement and acceleration signals, mainly
because of the calculation of the velocities.

Another difference between experiment and simulation becomes clear from the accelera-
tion signals. Higher order harmonics can be displayed more clearly in acceleration signals
than in displacement signals. Thus, differences between experiment and simulation due to
model simplification have greater impact on acceleration signals. This is partly visible in
Figure 11a, where the limitations of the 3-DOF model are put forward. A closer look at
the acceleration signalq̈m(t) by means of a Fast Fourier Transform (FFT), however, reveals
another difference between simulation and experiment (see Figure 11b). It can be seen that
besides the expected excitation frequency two other frequencies dominate. The frequency at
111 Hz can be ascribed to unmodeled dynamics (see for instance Figure 3b). The frequency
at 182 Hz, however, is caused by the first natural frequency of the one-sided spring, as can
be seen in Figure 11a which shows an experimentally obtained FRF. The assumption that
the one-sided spring can be modeled as an external force acting on the system (neglecting
mass effects) is only partly justified. It should be noted that small differences between the
calculated frequencies by means of a FFT (or a FRF) and actual values can occur due to
the spectral density ofsf

N = 500
1024 ≈ 0.5. The natural frequency of the one-sided spring is

incidentally shifted a little to a lower frequency during the determination of the FRF due to
the addition of the mass of an accelerometer (13 10−3 kg).
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6. Conclusions

It is possible to reduce vibration amplitudes of the example multi DOF dynamic beam
system with one-sided spring, by controlling only one DOF and using a simple 3-DOF
model of the system combined with a simple state reconstruction. In this way tremendous
improvements can be obtained in vibration amplitude. It is obvious that extension of the
model with more DOFs will produce more accurate results, i.e. enables lower tolerances
on the residual vibration amplitudes, but will also increase the amount of calculations and
subsequently require faster hardware.

The presented method is especially suitable for more complicated structures where the
number of DOFs needed to describe the linear part accurately, is much bigger than the
number of local nonlinearities. Deleting high frequency eigenmodes, however, limits the
applicability of the method. This is due to the large influence of the high frequency eigen-
modes on the low frequency response of the nonlinear system.

It is possible to implement the outlined strategy in a real time environment which leads
to roughly similar results as were achieved in numerical studies. This favors the practical
use of the outlined theory. So far we have not been able to show a decrease in the control
force during the experiments as was obtained in simulations. This is due to a number of
causes ranging from hardware limitations, poorly state reconstruction to model errors.

The choice for the location of the actuator has important implications, mostly due to
the fact that the beam system is under-actuated; the number of DOFs is smaller than the
number of inputs [12]. Under-actuation implies in case of the beam system that only
qa is controlled whereas the other DOFs behave according to the remaining equations
of motion, the so-called internal dynamics. When the controlled DOF has reached its
objective, the controller tries to eliminate the disturbing influence of the other DOFs (internal
DOFs) on the controlled DOF. This influence vanishes when the internal DOFs reach their
desired trajectories. However, these trajectories will only be reached if the so-called zero
dynamics of the error (the difference between the actual and the desired states with respect
to the internal DOFs once the controlled DOF has been stabilized) is stable. The speed of
convergence at which the internal DOFs will reach their desired trajectories is predestined
by the internal system dynamics and by the state that the zero dynamics is entered with.
The internal system dynamics depends on the location of the actuator. Optimal actuator
placement with respect to control force reduction, taking the zero dynamics into account,
is part of our present research. This also holds for the controller which can be designed to
give better initial state values for the zero dynamics.

Appendix A

M =
[

–2.559532E+ 00 −8.761650E− 01 −1.015671E− 02
−8.761650E− 01 –4.818900E+ 00 –2.598233E− 02
−1.015671E− 02 –2.598233E− 02 –2.760633E− 04

]
,
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B =
[

–1.829682E+ 00 −1.161981E+ 00 −6.127086E− 03
−1.161981E+ 00 –1.316906E+ 01 –7.155192E− 03
−6.127086E− 03 –7.155192E− 03 –2.115189E− 04

]
,

K =
[

–3.720669E+ 05 −2.649268E+ 05 −2.412606E− 09
−2.649268E+ 05 –2.219827E+ 05 –4.032910E− 09
−2.412606E− 09 –4.032910E− 09 –5.814239E+ 01

]
,

whereM , B andK represent the mass, damping and stiffness matrix, respectively. The
desired harmonic vibration for the DOFsqa(t), qm(t), andξ(t) as coefficients of a truncated
Fourier series:

C =



−9.557878E− 05 −1.342321E− 04 –5.566923E− 15
−2.076756E− 04 −2.357720E− 04 −5.022536E− 03
–6.593021E− 06 –2.405319E− 06 –6.270274E− 04
−5.200674E− 06 –4.360923E− 06 −1.061285E− 03
−4.726419E− 07 –1.114107E− 06 −1.615968E− 04
−4.275982E− 08 –1.741048E− 07 −2.127516E− 05
–3.469776E− 08 −2.037990E− 07 –2.294010E− 05
−1.088744E− 08 –8.355577E− 08 −8.978374E− 06
−2.875386E− 10 –2.705571E− 09 −2.824125E− 07
–2.718009E− 09 −3.001759E− 08 –3.072926E− 06
−1.658489E− 09 –2.081549E− 08 −2.101968E− 06
–2.682362E− 06 –3.111014E− 06 –5.906293E− 05
−1.941479E− 07 −8.012490E− 08 −1.763401E− 05
–1.282952E− 07 −8.792607E− 08 –2.439795E− 05
–3.764471E− 08 −8.514441E− 08 –1.254474E− 05
–2.889259E− 09 −1.122814E− 08 –1.388881E− 06
−3.021123E− 09 –1.711162E− 08 −1.939903E− 06
–1.116409E− 09 −8.304462E− 09 –8.967320E− 07
–1.377979E− 11 −1.211392E− 10 –1.276046E− 08
−3.371688E− 10 –3.627980E− 09 −3.725066E− 07
–2.332053E− 10 −2.860788E− 09 –2.895584E− 07



.
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