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Chapter 1 

Introduction 

1.1 Background 

Many environmental and technological processes deal with phase transitions of various 
kinds. For example, most chemical separation techniques are based on phase transitions, 
in combination with a large difference in equilibrium composition of the phases involved. 
The percentage of investment for separation operations is usually near 50 percent of the 
total costs for a typical large scale chemical plant [1 J. 

Often the phase transition faces an energy barrier, or activation energy, associated with 
the new surface that has to be created between the two phases. The mother phase is then in 
a metastable non-equilibrium state and the transition is preceded by nucleation, involving 
the formation of small clusters of the new phase due to statistical fluctuations. Once these 
fluctuations exceed some critical size they are able to grow further, finally leading to the 
formation of a stable new phase. 

An important class of phase transitions is that from the vapour to the liquid state, 
termed condensation. If condensation takes place in the absence of foreign agents (ions, 
dust particles, solid walls) its first stage is homogeneous nucleation, during which clusters 
of several tens to hundreds of molecules are formed that will ultimately evolve into visible 
droplets. The latter process is simply termed droplet growth, which differs essentially from 
nucleation, as will become clear in later chapters. 

Homogeneous nucleation is encountered in many fields of science and technology. The 
most common example is found in meteorology, where the formation of clouds and fog 
plays an important role in weather forecast -- although these processes can also result from 
heterogeneous nucleation on aerosol particles. A related topic, relevant on the longer term, 
is nucleation in the stratosphere and troposphere, studied by many of today's atmospheric 
scientists. The formation of aerosol particles - often starting with binary homogeneous 
nucleation of water with sulfuric acid or nitric acid is associated with many catalytic 
reactions influencing for example the atmospheric ozone concentration [2]. This issue is 
considered so overwhelmingly important in our age that one of these studies has been 
rewarded the Nobel Prize in chemistry in 1995. 

1 
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In industry, homogeneous nucleation plays a role in numerous applications. In a gas 
phase chemical reactor, undesired formation of liquid droplets might severely bring down 
reaction rates. Conversely, in gas purification plants the nucleation process is deliberately 
induced to accomplish separation of toxic gases or low-boiling substances. Clearly, this 
and other methods of smoke gas cleaning are becoming ever more important from an 
environmental point of view. In the petrochemical industry, nucleation of water and higher 
hydrocarbons can play a role in exploration, handling and transport of oil and natural 
gas; upon passing a throttling valve, the gas is suddenly expanded and liquid droplets 
are formed with diameters in the submicron range [3]. When such a nucleation process 
could be better controlled, for example by using supersonic nozzles, improved methods for 
condensate separation could be developed. 

From the above - incomplete list of examples, it will be clear that there are many 
circumstances of practical importance in which nucleation takes place at high pressure. 
This pressure can be due to either the condensing substance itself, or to the presence of 
other gases, which themselves do not play an active role in the condensation process. The 
latter case certainly occurs if these gases are above their critical temperature. It is this 
kind of systems that will be investigated in this study: although the supercritical gases 
would never condense on their own, they do influence the condensation of the (subcritical) 
vapour and might even enter into the liquid droplets formed. 

There is yet another important consideration that inspires one to investigate pressure 
effects on nucleation. Nearly all nucleation data available up to now were obtained in the 
presence of a carrier gas [4]. Originally, this second gas was added for two main reasons. 
First, it acts as a reservoir for the latent heat released during condensation. In this way 
the condensing droplets are kept isothermal, which greatly facilitates experimental deter
mination of their formation rate and growth speed. Second, since the condensing vapours 
usually have low vapour pressures, the carrier gas is needed as a means for gasdynamic 
wave propagation in the experimental apparatus, which is commonly operated at or close 
to atmospheric pressure [4]. 

Of course, whenever one uses a carrier gas, its influence on the nucleation process should 
be negligible or at least well understood. Therefore, there has been considerable attention 
and controversy about the role of carrier gases in experiments (see section 1.4). A final 
decision on the reliability of nucleation data near atmospheric pressure can only be deduced 
from measurements at much higher pressures, where possible carrier gas effects will be more 
pronounced. The present work therefore aims at a thorough study of nucleation in several 
pressurized systems, ;rarying in the e::;:tent of gas phase interaction between the vapour and 
the carrier gas. 

1.2 Homogeneous nucleation and droplet growth 

We will now discuss the basic processes of nucleation and droplet growth in somewhat more 
detail. Homogeneous nucleation involves the formation of stable nuclei from a population 
of vapour molecules in a supersaturated state. During this process, molecular clusters of 
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all sizes are continuously agglomerating and evaporating; an individual cluster can never 
be sure of its existence at the next moment of time, unless it is significantly larger than 
a certain critical size, to be defined later. At that point, droplet growth comes in: it 
is concerned with the evolution of well-established clusters, gaining new molecules and 
thereby growing into macroscopic droplets. 

First of all, we have to establish the notion of supersaturation. A vapour, coexisting 
in equilibrium with its own liquid, will exert a pressure pv that is uniquely determined 
by the temperature of the system: pv ps(T0 ). However, if the temperature suddenly 
decreases (say, at constant pressure pv), the vapour momentarily contains more molecules 
per unit volume than would be possible in the new equilibrium state at temperature T, 
and is therefore supersaturated. The degree of supersaturation is characterized by the 
chemical potential difference between the actually existing non-equilibrium state and the 
corresponding equilibrium. For the case of a pure vapour, we define the supersaturation 
ratioS as 

s (1.1) 

where k3 is Boltzmann's constant and the f.l'S are molecular chemical potentials. This 
definition is more general than the usual one, reading S = pv /ps(T). The latter has a 
more straightforward interpretation: we are perfectly able to measure vapour pressures, 
but chemical potentials are not directly accessible to experiment and therefore require more 
abstraction. However, it will turn out in chapters 2 and 3 that the present form of (1.1) 
can be extended more easily to include the presence of high pressure background gases. 
For ideal vapours the two definitions coincide as long as carrier gas pressures are modest 
(generally not exceeding a few bars). 

Once supersaturated, the system will search its way back to equilibrium. If the su
persaturation ratio is not too large, vapour will slowly condense onto the liquid surface in 
our example, until the vapour pressure equals the new equilibrium value. However, if the 
supersaturation is sufficiently large, the vapour itself can form clusters in the gas phase 
that are large enough to act as condensation nuclei: homogeneous nucleation takes place. 
We will now look to this process in more detail. 

The presence of a distribution of molecular clusters is not an exclusive property of a 
supersaturated vapour; actually, such a distribution is present in any vapour. The clusters 
are continuously forming and evaporating again, and in equilibrium their distribution is 
governed by a Boltzmann law: 

(1.2) 

where t:.Gn is the free energy of formation of a cluster consisting of n molecules, and 
Pn is the number density of such clusters. The free energy t:.Gn is, in most commonly 
used theories, considered to consist of a bulk term proportional to -n ln S, and a surface 
term proportional to an213 , where a denotes the surface tension of the liquid phase. The 
difference between (under)saturation and supersaturation can now be understood from the 
behaviour of t:.Gn: whenever S ::; 1, t:.Gn increases monotonically with n (making the 
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occurrence of n-clusters ever more improbable with increasing n), but if S > 1 there will 
be a maximum at some critical value n*, see Fig. 1.1. In the latter case, clusters smaller 
than n* will tend to evaporate, whereas clusters larger than n• have a good chance to 
become stable and grow further. 
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Figure 1.1: Free energy of cluster formatioiJ versus number of molecules in the cluster, 
according to the classical nucleation model. 

Basically, all nucleation theories state that the rate of formation of stable droplets per 
unit time and volume- which defines the nucleation rate J- is proportional to the number 
density of critical clusters [5], an idea dating back to the work of Volmer and Weber as 
early as 1926 [6]. The most general expression for the nucleation rate therefore reads 

(1.3) 

where the prefactor K is governed by the kinetic process of growth and evaporation of 
clusters. An expression for K was first derived by Becker and Doring [7] and later refined 
by Zeldovich [8], who accounted for the difference between the density of critical clusters in 
the nucleating steady state and in equilibrium. Nowadays, there is considerable (although 
not complete) agreement upon the form of this prefactor [9, 10]; its precise form is not 
too critical in calculations of J, anyway. Models for the formation energy, however, differ 
significantly; due to the appearance of the formation energy in the exponential, this leads 
to large disagreements of theoretically predicted nucleation rates. 

The most important differences have to do with the modelling of the interface between 
a "liquid" cluster and the vapour phase. The simplest and most widely used model, 
known as the capillarity approximation, assumes a cluster to be spherical and smooth, the 
interface between the phases having zero thickness. A huge refinement of this approach 
is accomplished by using statistical-mechanical methods, treating the interface as a region 
where a finite density gradient exists between the bulk liquid and bulk vapour phases [11]. 
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Finally, there is some development into the direction of modelling the nucleation process 
on a molecular level, keeping track of individual molecules during cluster formation [12]. 
An illustration of these approaches is given by Fig. 1.2. More extensive descriptions of 
various nucleation models will be given in chapter 3. 

0 0 z 
0 

0 

0 
0 

0 0 
0 0 0 

(a) (b) (c) 

Figure 1.2: Three possible models of a liquid-vapour interface. a) Capillarity model; 
b) density functional approach; c) molecular model. 

When compared to nucleation, the droplet growth process is extremely well-behaved. 
During this stage of the condensation process, existing droplets are gaining molecules and 
grow to macroscopic size. There are two limiting regimes in which this growth may occur, 
depending on the Knudsen number Kn, defined as the ratio of the mean free path of a 
vapour molecule to the droplet diameter. If Kn is small which is the typical situation when 
carrier gas pressures are high - the growth is dominated by diffusion of vapour molecules 
through the carrier gas. If Kn is large, as is always the case during the earliest stage of 
the growth process, the growth is kinetically controlled by impingement and emission of 
individual molecules. 

The equations describing droplet growth in both limiting regimes are relatively well 
established [13]. However, since both regimes occur consecutively in our experiments, it is 
also important to know what happens in between, so for Kn :::::; 1. Several models exist for 
this transition regime, and we will describe and investigate two of these in chapter 4. In 
order to do so, information about the binary diffusion coefficient of the vapour-gas mixture 
has to be available, which is the case for n-pentanol in helium. This system can therefore 
be used to test the performance of both transition models on experimental growth curves, 
which are partly situated in the transition regime. Once a decision has been made on which 
transition model to prefer, the elected model can be used to determine binary diffusion 
coefficients for the other systems under study. Hence, the growth measurement yields an 
experimental technique for obtaining diffusivity data at conditions of low temperature and 
high pressure, where other methods are generally not applicable [14]. 
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1.3 Experimental nucleation studies 

During the last three decades, many experimental methods have been developed to study 
vapour-to-liquid nucleation. A comprehensive review, summarizing both the experimental 
methods used and the resulting nucleation data from 1968 to 1992, is provided by Heist 
and He [4]. 

Before the early 1980s, nearly all experiments were restricted to the determination of 
critical supersaturations. One measured the value Be at which significant nucleation was 
visible, the meaning of "significant" depending somewhat on the experimental technique. 
Still, in view of the very strong dependence of nucleation rates on S, the agreement between 
different experiments and with the classical Becker-Doring-Zeldovich model was usually 
satisfactory. 

This situation changed when quantitative determination of nucleation rates became 
feasible. Direct measurement of rates provided a much more sensitive test of consistency 
between experiment and theory, and differences of many orders of magnitude where com
monly observed. Therefore, the last two decades have been characterized by a redoubling 
effort into both development of more sophisticated nucleation models, and into measuring 
quantitative rates for many substances. The most popular and successful principles used 
so far for quantitative nucleation experiments are the Thermal Diffusion Cloud Chamber 
(TDCC) and several variants of the Expansion Cloud Chamber (ECC), one of which is 
applied in this work. 

The (upward) TDCC consists mainly of two plates of different temperature, where the 
hotter bottom plate is wetted with a liquid film of the substance under study. The temper
ature gradient causes an upward diffusion flow, resulting in a supersaturation profile going 
through a maximum somewhere between the plates. The nucleation rate is determined by 
optical counting of droplets; the conditions T and S at which it occurs is obtained from 
solving the mass and energy balance equations for the gas-vapour mixture between the 
plates [15, 16]. 

In an Expansion Cloud Chamber, a vapour-gas mixture is adiabatically expanded, 
leading to a sudden temperature drop and hence an increase in supersaturation. In the 
original method by Wilson [17], the expansion was continuous: at some pressure and 
temperature the onset of condensation was observed, followed by very quick depletion of 
the vapour, quenching the nucleation process again.1 This technique has long been in use 
for critical supersaturation measurements. 

A refinement of the ECC method, first introduced by Allard and Kassner in 1965 [19] 
and later extended and improved by Wagner and Strey [20] is the so-called nucleation pulse 
method. After an initial expansion to a level of supersaturation where significant nucleation 
takes place, this level is maintained for a short time interval (the nucleation pulse). Then, 
the mixture is slightly recompressed, leading to a slight decrease in supersaturation. The 
nucleation process is reduced with several orders of magnitude to an insignificant level, 

n.nuu'""'u it has long been assumed that quantitative rates could not be obtained from Wilson chamber 
experiments, Muitjens [18] succeeded in this, using advanced curve fitting of laser extinction signals. 



1.4 7 

but the vapour remains supersaturated. Therefore, the freshly nucleated droplets (nearly 
monodispersed in size) start growing, a process that can be monitored using light scattering. 
Droplet number densities are derived from transmission measurements or by calibrating 
the scattering volume; division by the time duration of the pulse yields the nucleation 
rate. Supersaturations are calculated from the initial and expanded conditions, using 
isentropic relations. Typical nucleation rates are many orders of magnitude higher than 
those observed using a TDCC; correspondingly, much larger supersaturations are reached. 

The nucleation pulse method can be implemented using a modified shock tube, an 
idea first proposed by Peters in 1983 [21]. In our expansion wave tube set-up, extensively 
described by Looijmans et al. [22, 23], the nucleation pulse is generated at the end wall of 
the driver section by reflections of the shock wave at a local widening in the driven section. 
The set-up was specially designed for use at high pressures; this work describes some of the 
specific features and refinements that are necessary for obtaining accurate high pressure 
nucleation and growth rate data (see chapter 5). 

1.4 High pressure nucleation 

Although today's literature on nucleation is very extensive, the number of publications 
explicitly dealing with the influence of high pressure carrier gases is still surveyable. 

Theoretically, the role of non-ideal gas effects on nucleation in the presence of a carrier 
gas has been pointed out by Ford [24], Kashchiev [25], and Fisk and Katz [26]. These 
authors describe the gas-vapour interaction using a virial equation of state. They conclude 
that the presence of the carrier gas may result in a change of the equilibrium chemical 
potential of the vapour, thereby changing the supersaturation ratio. The net effect on 
nucleation rates turns out to depend mainly on the magnitude and sign of the second 
virial coefficients of the mixture. It is important to note that, in all these references, a 
possible pressure dependence of surface tension is either completely left out of consideration 
or argued to be insignificant. 

Experimentally, a vast amount of nucleation data is available nowadays, but pressures 
are usually not higher than a few bars [4]. Moreover, results are sometimes conflicting [27]: 
users of ECCs usually report null carrier gas influence, whereas in TDCCs severe pressure 
effects are reported already at relatively low pressures [26]. 

Only few studies exist that go up to several tens of bars. Heist et al. [28] reported a 
strong increase of the critical supersaturation of n-propanol with pressure for helium and 
- to a lesser extent - hydrogen gas, implying a dramatic decrease of nucleation rate with 
pressure. Kane and Samy El-Shall [29], also using a TDCC, recently reported the same 
behaviour for the glycerol-helium system. In a TDCC type of set-up, pressure can play a 
role in several ways. It may not only change the transport properties of the mixture (for 
which reliable correlations are not always available) but, as has been reported recently, 
the range of conditions at which the TDCC can be reliably operated also depends on total 
pressure [30-32]. For the moment, it seems that expansion chamber techniques are at least 
more straightforwardly interpreted. 
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Muitjens [18] applied a Wilson ECC to investigate several vapour-gas systems. For 
water-helium no pressure trend was found up to 57 bar. In water-nitrogen, the nucleation 
rate was found to increase with two orders of magnitude for a pressure of 60 bar. Using the 
set-up described in this work, Looijmans et al. [33] investigated the nucleation behaviour 
of the n-nonane-methane system. They did find severe pressure effects, but these were 
partially attributed to the carrier gas being dissolved into the nucleating drops, which 
does not generally occur for supercritical gases. Although the authors argue that they 
have essentially observed binary nucleation, it can be shown that the carrier gas is not 
supersaturated; the nucleation process can still be considered as effectively unary, although 
thermodynamic properties of the vapour are strongly altered by the carrier gas pressure. 

It is here that the aim of the present work comes about. We want to systematically 
investigate vapour-to-liquid nucleation in the presence of a high pressure carrier gas. To 
that end, existing models for single component nucleation will first be extended to include 
the presence of the carrier gas, treating it as a "perturbation" to the single component case. 
The same goes for the modelling of the droplet growth process. Experimentally, systems 
with a varying degree of gas-vapour interaction will be examined using the pulse-expansion 
wave tube developed by Looijmans. Finally, the most important effects playing a role in 
high pressure nucleation will be illustrated to occur in a model mixture of Lennard-Jones 
molecules, using a description of the vapour-liquid interface in terms of density profiles. 

1. 5 Thesis overview 

In chapter 2, we first consider in some detail the macroscopic phase equilibrium between 
a vapour and its liquid, since this is an essential concept in understanding the driving 
force for nucleation. The emphasis will be on two effects: at high pressures, the carrier 
gas influences both the saturated vapour content of the mixture and the surface tension 
between the two phases. For the mixtures under study, data for these quantities as a 
function of pressure will be summarized and correlated. 

After a discussion of some basic thermodynamic and kinetic features of the nucleation 
process, chapter 3 will describe classical nucleation theory and the semi-phenomenological 
theory by Kalikmanov and Van Dongen [34]. The possible influence of high pressure carrier 
gases will be discussed for both models. The resulting theoretical expressions will be proven 
to be valid as long as the carrier gas does not significantly dissolve into the liquid phase. 

Droplet growth modelling will be treated in chapter 4. The description will completely 
be in terms of partial densities rather than pressures. This makes the resulting models 
suitable for high pressure application without relying on the ideal gas law, as opposed to 
what is common practice in growth modelling. 

In chapter 5 the principles and operation of the pulse-expansion wave tube set-up will 
be described. The treatment will not be exhaustive, since the gasdynamic details have 
been thoroughly discussed in the work of Looijmans [22, 23, 35]. Emphasis will be put on 
operational aspects that are typical for high pressure application, especially the in situ 
determination of vapour fractions. 
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Results of nucleation and droplet growth experiments will be discussed in chapter 6 
for a sequence of vapour-gas mixtures. Starting with the nearly ideal n-pentanol-helium 
system at low pressure, we will pass on to binary systems at pressures up to 40 bar, 
with a varying degree of interaction: water-helium, water-nitrogen, n-nonane-helium and 
n-nonane-methane. Finally, it will be shown that even for a complex multicomponent 
system (that is, natural gas) quantitative nucleation rate measurements are feasible. 

Before summarizing the conclusions of this work in chapter 8, chapter 7 will describe 
the macroscopic equilibrium in a binary mixture of Lennard-Jones molecules (with one 
subcritical and one supercritical component). The treatment will be in terms of Density 
Functional Theory (DFT), a statistical-mechanical concept that turns out to be capable of 
reproducing the most important pressure effects discussed in chapter 2. This is particularly 
relevant here, since the nucleation process can be modelled as a whole in terms of DFT [36]. 
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Chapter 2 

Phase equilibrium and surface 
tension 

In order to understand the non-equilibrium processes of nucleation and droplet growth, 
it is useful to first describe the equilibrium state that is needed as a reference in both. 
Since all of the systems investigated (except for natural gas) consist of one vapour with 
one supercritical carrier gas, we will restrict ourselves to this kind of binary systems. 1 Two 
properties of the equilibrium state are of particular interest here: the composition of the 
vapour phase, or saturated vapour content, and the liquid-vapour surface tension. 

The key quantity in describing phase equilibria is the chemical potential p,; equality of 
p, in both phases assures equilibrium. Moreover, the driving force for both nucleation and 
droplet growth is a difference in chemical potential between the supersaturated state and 
the associated equilibrium state at the same pressure p and temperature T, in which the 
macroscopic liquid exposes a flat surface to the vapour phase. 

For the above mixture type, the equilibrium vapour content of the gas phase can be 
conveniently described using vapour pressure enhancement factors [1]. A general expression 
for this quantity, and how it is related to the supersaturation ratio, will be derived in the 
first two sections of this chapter. From literature equilibrium data, enhancement factors 
for water-nitrogen will be deduced in section 2.3 and for n-nonane-methane in section 2.4. 

Although the liquid phase usually consists mainly of the vapour component, its surface 
tension a is also sensitive to the total pressure p. The thermodynamic background of this 
phenomenon will be presented in section 2.5, leading to a simple adsorption model that 
predicts the functional form of a(p). In section 2.6 we first summarize literature data 
for the surface tension of water as a function of temperature and pressure; new data are 
reported for water-nitrogen at 276 and 288 K, obtained with a pressurized pending drop 
cell. In the n-nonane-methane system, the carrier gas significantly dissolves into the liquid 
state, leading to a dramatic decrease of surface tension with pressure. We will describe 
and correlate literature data for this system in section 2. 7. 

1 At high pressures, this is the only case of interest: if both substances would be supercritical no 
condensation would occur, and if both are subcritical high pressures can usually not be reached. 
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2.1 Binary phase equilibrium 

Consider a mixture of a vapour and a carrier gas, in equilibrium with the corresponding 
flat liquid at fixed pressure p and temperature T. The general equilibrium condition for 
each component is the equality of chemical potentials in both phases: 

(i,j=1,2), (2.1) 

where y and x are vapour and liquid fractions, respectively. The temperature dependence 
will further be omitted, since we are considering isothermal systems. Introducing the 
fugacity :.F; we write 

Mi = tti + k B TIn ( ~) , (2.2) 

where the superscript 'o' denotes a reference state, to be specified later. The fugacity can 
be considered as a "corrected partial pressure" [1), accounting for the presence of the other 
components in the mixture: :.F; -+ y;p when p -+ 0. Accordingly, the fugacity coefficient is 
defined by ¢;; = :.F;j(y;p); it is commonly used for the gaseous phase. Using the fugacity 
coefficient, we rewrite the chemical potential of component i in the gas phase as 

v vo k T! (¢;Y;P) 
/l; = It; + B n :rt · (2.3) 

For the liquid phase, the activity coefficient ri is more frequently used. It is defined by 

(2.4) 

and therefore also depends on a reference state (which is at this point not necessarily equal 
to that of the vapour). From this definition and relation (2.2), we see that 

(2.5) 

Since for an ideal mixture Jti = tti + k 8 TIn x;, the term k 8 TIn "Yi is a measure of the 
non-ideality of the liquid. We now confine our analysis to the vapour component, and drop 
the subscript i. As a reference state for the liquid we choose the pure, saturated state at 
total pressure p, leading to2 

p p 

/llo = {ts(ps) +I vl(p')dp' = llvo + kBT!n ( ~:) +I vl(p')dp', (2.6) 

~ ~ 

state is hypothetical, since the total pressure above the liquid will always cause a certain amount 
of the pressurizing component to dissolve into the liquid. It can be used in calculations, however, since the 
chemical potential is a state variable: its value does not depend on the route along which it is calculated. 
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where the Gibbs-Duhem relation dJ..t v1dp was used with molecular volume v1• The 
chemical potential of the vapour species in the liquid mixture becomes 

(
¢lp") Jp 

J.ll J.lvo + kBTln :P,:O + v1(p')dp + kBTln(1x). (2.7) 

P' 

Now we can substitute Eqs. (2.3) and (2.7) into equilibrium condition (2.1). Denoting 
equilibrium quantities with a superscript 'eq' we find 

p 

kBTln ( ~:) + J v1(p1)dp' + kBTln(reqxeq), 

p' 

(2.8) 

yielding for the equilibrium molar fraction of the vapour component in the gas phase: 

(2.9) 

In this final expression several contributions can be recognized. First, the pressure ratio is 
the familiar ideal gas result (no intermolecular interactions). Second, the factor ql accounts 
for possible non-ideality of the saturated pure vapour. In our case, with all saturated 
vapour pressures well below 1 bar, it can always be taken unity. Another mechanism that 
causes deviation from the ideal gas value are intermolecular interactions in the gas phase, 
represented by the fugacity coefficient </Jeq. Next, the factor xeq accounts for possible 
dissolution of the carrier gas into the liquid, and leq represents the non-ideality of the 
resulting liquid phase. As long as the solubility of the carrier gas is low, both x•q and leq 

are close to unity. Finally, the exponent of the integral in (2.9) is caused by the pressure of 
the gas mixture on the liquid. It is commonly referred to as the Poynting effect. Usually 
the liquid is considered incompressible, in which case the integration is trivial. 

2.2 Enhancement factor and supersaturation 

Equation (2.9) can be equivalently expressed as 

fe (2.10) 

where the enhancement factor fe is introduced as a direct measure of the deviation of ideal 
gas behaviour. It the increase of the partial saturated vapour pressure which 
by definition equals the product of equilibrium molar vapour fraction and total pressure 
with respect to the pure vapour state. 
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For a particular vapour-gas mixture, numerical values of the enhancement factor fe 
as a function of pressure and temperature can be obtained in several ways. The most 
straightforward of these is direct measurement of the saturated vapour fraction as a function 
of p and T. Values of p5 (T) for pure vapours are readily available for most substances; we 
will not discuss these here, but merely summarize the correlations used in appendix A. For 
water vapour in air and oxygen, enhancement data have been obtained in this way [2, 3]; 
the results are used in section 2.3 to correlate fe-values for water in nitrogen. 

When enhancement data are not available in the (p, T)-range of interest, they can be 
extrapolated from measured data at other conditions, using an equation of state. We will 
describe and apply this method to n-nonane-methane in section 2.4. Finally, enhancement 
factors can be calculated from first principles using molecular interaction potentials. This 
approach will be adopted in chapter 7, where we discuss the phase behaviour of a mixture 
of Lennard-Jones molecules. 

Using helium as a carrier gas, we will neglect any gas phase interactions. Furthermore, 
since helium solubilities are usually very small for temperatures well above 200 K [4], 
the liquid molar fraction of the vapour component is taken unity. The pure vapours 
are sufficiently ideal to set ¢• = 1; liquid compressibility is neglected (see appendix C). 
Equation (2.10) now simplifies to 

p 

I v
1(p') , [M(p- p8

)] 

fe = exp ksT dp = exp rfRT , (2.11) 
p• 

M and p1 denoting molar mass and specific density of the liquid, respectively. Note that 
only the Poynting contribution is left, which is the only factor in (2.10) that is independent 
of the kind of pressurizing gas: its magnitude depends on the molar volume of the pure 
liquid. Figure 2.1 shows values of fe for water and n-nonane in helium. 

1.8 
T = 293.15 K 

1.6 water 
--- · n-nonane 

1.4 
fe 

1.2 

0 20 40 60 80 100 

p (bar) 

Figure 2.1: Enhancement (Poynting) factor of water and n-nonane under helium pressure. 
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In order to stress the significance of the enhancement factor formulation in the context 
of nucleation modelling, we will digress for a moment to the definition of supersaturation 
at high pressure. Equation (L1) can be generalized in a straightforward manner: 

s (2.12) 

In this expression, Yv denotes the actual vapour fraction present in the mixture, which can 
differ from its equilibrium value y:q. Inserting Eq. (2.3), which is equally valid outside 
equilibrium, and using definition (2.10) we can write 

X (2.13) 

The first equality states that S is simply the ratio of the actual fugacity to that in the 
equilibrium state. The fugacity coefficients ¢v and ¢:q, accounting for the intermolecular 
forces that a vapour molecule experiences from its surroundings, are generally not equal 
to unity in high pressure mixtures. However, since vapour fractions in both the actual 
(supersaturated) and equilibrium states are very small, ¢v and ¢~q are equal to one another 
to a high degree of approximation (nearly all neighbours are carrier gas molecules). Hence, 
we can approximate Eq. (2.13) as 

YvP (2.14) 
fe(P, T)p•(T)' 

the form that will be used in the remaining chapters. It expresses the supersaturation in 
experimentally measurable quantities (Yv and p), the familiar pure component saturated 
vapour pressure p• and the enhancement factor fe· The supersaturation as defined here is 
easily interpreted: being the ratio of actual fraction to equilibrium fraction, it is simply 
a measure of the "overpopulation" of the vapour phase. Obviously, for low pressures, the 
fugacities become identical to partial pressures Ue -t 1) and the conventional definition of 
S as the ratio of partial vapour pressure to saturated vapour pressure is retrieved. 

Finally, we take a closer look at the saturation ratio of the carrier gas. Using the 
approximation ¢i ~ ¢~q (which is equally valid for both components), we find from (2.13) 

Yg _ 1- Yv < 
1 e:q--1 eq ~ ' Yg - Yv 

(2.15) 

indicating that the driving force for the nucleation and growth processes is provided by 
the vapour alone. We come back to this in the next chapter. 
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2.3 Phase equilibrium in water-nitrogen 

The description of the vapour-gas mixture using enhancement factors has the advantage 
that the latter can be obtained from experimentally observable quantities. Wylie and 
Fisher determined fe over a wide range of pressures and temperatures for the systems 
water-air [2] and water-oxygen [3]. They gravimetrically measured the water content of 
these mixtures, and calculated fe·values for water according to definition (2.10). These 
values were then interpolated using the virial equation of state, up to the third (interaction) 
virial coefficients. Much earlier, Hyland and Wexler [5, 6] followed the same procedure -
up to the second virial coefficient to obtain fe·values of water-air even for temperatures 
below 0°C. They tabulated values of fe for both water and ice (reliable for temperatures 
down to -50°0), which are consistent with the Wylie and Fisher data. 

Although the above authors used the results to find the second and third interaction 
virial coefficients, we need not make this detour: we can simply correlate the enhancement 
factors as a function of pressure and temperature. The only problem to overcome is that 
we need enhancement factors for liquid water below the freezing point. 

Assuming negligible nitrogen dissolution (7] and incompressibility of the liquid for the 
pressure range of interest, Eq. (2.10) can be expressed as 

(2.16) 

For a fixed pressure, the experimental values of fe for water-air show a slight jump at 
0°C, see Fig. 2.2. This can only be caused by somewhat different Poynting factors due 
to the difference in molar volume between water and ice, since the gas phase contribution 
- the first term in Eq. (2.16) is not affected by the water being frozen. Since molar 
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Figure 2.2: Enhancement factors of water-air at a fixed pressure of 50 bar. Below OOC, 
ice values predicted by Hyland {6]; above zero, values according to Wylie and Fisher {2]. 
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volumes for supercooled water and ice are available [8, 9], we are able to deduce the required 
enhancement factors for supercooled water in air according to 

ksTln(fe) = ksTln(fe,ice) + (v1
- V;ce)(p- P5

). (2.17) 

Having all the enhancement factors available, we can correlate them as a function of 
temperature and pressure. For a fixed temperature, the logarithm of fe is approximately 
linear in the pressure difference (p- p•). This comes as no surprise, since the departure 
of fe from unity is caused by the presence of the carrier gas. In other words, the form of 
fe is still governed by an equation like (2.11), derived for helium, but now with a different 
(larger) coefficient in the exponential. Expressing the correlation for one temperature as 

ln(fe) = b(T) X [p- p5 (T)], 

the function b(T) can be described by a third order polynomial, 

b(T) =Co+ c1T + c2T 2 + c3T 3
, 

(2.18) 

(2.19) 

without any discontinuity visible at ooc, as is shown for water-air in Fig. 2.3. Values of 
the polynomial coefficients involved can be found in Table 2.3. 
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" water 
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'7 .... ro 
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Figure 2.3: Correlation coefficients from enhancement data of water, ice and supercooled 
water in air. 

As a last step, the enhancement factors of water-air and water-oxygen are linearly 
combined to water-nitrogen values, using the composition of dry air [10]. This is a justified 
procedure, since the contributions to ln(fe) of the several constituents of air are additive. 
Air consists of 78.08% nitrogen, 20.95% oxygen, and about 1% of other gases, mainly 
argon. These other constituents are lumped with the oxygen, resulting in a 21.92% "lumped 
oxygen" content. The values of b(T) are accordingly obtained from 

b _ bair - 0.219 X bo2 

N 2 
- 0.781 ' (2.20) 

resulting in the values for nitrogen given in Table 2.3. 
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carrier gas Co (bar 1
) c1 (bar-IK 1) c2 (bar IK 2) c3 (bar 1 K-3) 

air 4.186 X 10 2 -2.87 X 10 4 6.91 X 10 t -5.63 X 10 lO 

oxygen 3.354 x w- 2 -2.30 x w-4 5.50 x w-7 -4.40 x w-10 

4.420 x w-2 -3.03 x w-4 7.31 x w-7 -5.98 x w-w 

Table 2.1: Polynomial coefficients of expression (2.19) for several carrier gases. b(T) is 
obtained in units of bar-1 . 

2.4 Phase equilibrium in n-nonane-methane 

Experimental equilibrium compositions of n-nonane-methane mixtures have been published 
by Shipman and Kohn [11]. Unfortunately, the information relevant for our purposes is 
hidden in their tables: for the vapour phase, they specify a methane molar fraction of 
0.9999 for pressures up to 100 bar. Clearly, the nonane fraction can still vary between 
0.5 X w-4 and 1.5 X w-4. Since the equilibrium vapour fraction enters directly into the 
supersaturation see Eq. (2.14) -this specification is useless, for direct use as well as for 
applying the simple correlation procedure described in the preceding section. 

Accurate equilibrium fractions can only be obtained for this mixture using an equation 
of state (EOS). Using the data of Shipman and Kohn [11], Knapp et al. [12] tested several 
analytical equations of state for the present mixture, thereby fitting binary interaction 
parameters to optimize their performance. They concluded that the Redlich-Kwong-Soave 
(RKS) equation yielded the smallest overall error in composition. We will now discuss the 
determination of enhancement factors using this approach. 

The RKS equation of state has the following form [1]: 

p (2.21) 

where the coefficients am and bm analogous to the attraction parameter and excluded 
volume in the Van der Waals equation depend on the composition of the mixture, see ap
pendix A. V is the molar volume of the mixture. From the EOS, analytical expressions for 
the chemical potential- or, equivalently, fugacity coefficient- can be derived [1, 13], which 
of course also depend on composition. The equilibrium compositions are now calculated 
by applying Eq. (2.1) for both components and by solving (2.21) for both phases: 

p = p(T, V",y;) 

p p(T, V 1
, x,) 

p~(p,T,yj) JL!(p,T,xj), (i,j = 1, 2). 

(2.22) 

(2.23) 

(2.24) 

Beside the compositions x; and y; (giving two independent variables since for both phases 
the fractions sum up to unity), V" and V 1 are obtained, being the inverse molar densities 
of both phases. All four quantities can be used to assess the performance of a particular 
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EOS; the RKS is known to give good composition results, but predictions of liquid molar 
volumes are less satisfactory. However, the deviation has been correlated by Peneloux and 
Rauzy [13]; when correcting the molar volumes according to 

(2.25) 

the results are again in good agreement with the experimental data in Ref. 11 (for an 
explicit expression of b.V, see appendix A). This is important when one uses the parachor 
method for correlation of surface tensions, discussed in section 2. 7. 

From the calculated vapour fraction at condition (p, T), we can compute the enhance
ment factor according to definition (2.10). The pure n-nonane vapour pressure ps (T) is 
taken from a paper by Hung et al. [14], who made a critical assessment of several available 
correlations. The result for the temperatures of interest in our nucleation experiments 
(see chapter 6) is given in Fig. 2.4. Note that ln(fe) --+ 0 for p --+ 0, meaning that the 
partial vapour pressure is correctly predicted in the pure vapour limit; this is an extra 
argument for using the RKS equation when examining pressure trends (the widely used 
Peng-Robinson EOS turns out to predict here f.-values slightly differing from unity). To 
judge from the figure, a correlation of enhancement factors of the form (2.18) is not fully 
appropriate now. Yet, we can extend the expansion of ln(f.) to the second order term: 

ln(/e) b(T) X [p - p 5 (T)] + c(T) X [p - p5 (T) ]2
. (2.26) 

We applied this correlation over the temperature range 230-300 K, resulting in the param
eters b(T) and c(T) shown in Fig. 2.5. Note that c(T) is negligible for higher temperatures, 
where the first order expression (2.18) appears to be reasonable. The fit functions in the 
figure are the third order polynomials 

b(T) 2.385 x w-1 - 7.26 x w-4T 1.29 x w-6T2 + 4.61 x w-9T 3 (2.27) 

c(T) 2.424 x w-2 
- 2.552 x w-4T + 8.985 x w-7T2 1.057 x w-9T 3 (2.28) 
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Figure 2.4: Enhancement factors of n-nonane in methane, calculated from the RKS-EOS. 
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Figure 2.5: Correlation coefficients b(T) and c(T) for expression (2.26). 

The enhancement factors obtained for n-nonane-methane can be quite substantial for 
the conditions of interest: fe ~ 10 for the nucleation condition T 240 K and p = 40 bar. 
Still, our treatment is completely general, provided that the carrier gas is above its critical 
temperature. Looijmans et al. [15, 16] treat the nucleation process in the present system 
as essentially binary, because the methane significantly enters into the droplet. It should 
be emphasized here that the adjective "binary" is a matter of taste. On the one hand, 
methane does not provide a driving force for nucleation and growth; on the other hand, its 
solubility into the liquid drastically alters the thermodynamic properties and, consequently, 
the nucleation behaviour of the vapour (see also section 2.7 and chapter 6). 

2.5 Pressure effect on surface tension 

In section 1.2 it was already indicated that the energy barrier for nucleation depends on 
the surface tension a between the phases. To a lesser extent, this is also the case for droplet 
growth rates: the saturated vapour fraction near the droplet depends on surface tension via 
the Kelvin effect, see chapter 4. Therefore, when studying high pressure droplet formation, 
it is essential to be aware of the effect of carrier gas pressure on the liquid surface tension. 

Numerous publications exist in which the dependence of surface tension on pressure is 
addressed. Already in the early 1960s some papers appeared on the subject, treating it 
either theoretically [17, 18] or experimentally [19,20]. One major problem arises in applying 
published data to experimental nucleation conditions: most pressure dependent data have 
been measured at room temperature. Since the decrease of surface tension is generally 
ascribed to adsorption of the supercritical gas, the effect may be much more pronounced 
at lower temperatures. Therefore, we have to refer to some physically based extrapolation. 
In the following, a simple model will be presented that is capable of reproducing pressure 
dependent surface tensions up to moderate pressures. 
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Consider a closed system consisting of a vapour and a carrier gas, in equilibrium with the 
corresponding liquid phase at constant temperature T and total pressure p. The phases are 
separated by a flat surface layer with area A; the total system volume is V. The derivative 
of surface tension with respect to total pressure obeys the fundamental thermodynamic 
relation [21]: 

( ~;) .4,T ( ~~) p,T . 
(2.29) 

This equation expresses the required pressure derivative in terms of the volume change 
accompanying an increase of surface area. Such an increase can happen in two ways: 
either by migration of a molecule from the bulk liquid to the surface, or by adsorption of a 
molecule from the gas phase onto the surface. The first event brings about a slight increase 
in system volume, since a molecule at the surface occupies a somewhat larger volume than 
in the bulk liquid. Adsorption of a gas molecule, restricting it to the surface layer, causes 
a considerable decrease in volume. 

In his 1962 paper Eriksson [17] gives a thorough theoretical treatment of this matter, 
resulting in a general expression for the derivative (subscripts 1 and 2 denoting vapour and 
carrier gas molecules, respectively): 

(8V) xf(v~- vi)+ x~[v~ 
8A p,T · xf A1 + x~A2 

(2.30) 

where 

(2.31) 

and vi are molecular volumes in the respective phases. Under the assumptions that both 
components occupy the same surface area per molecule (A1 = A2 ) and that the solubility 
of the gas in the liquid phase is negligible (x~ -+ 0, KL -+ oo) we can rewrite (2.30) as 

( 8CJ) s ( • -8 = cl vl 
p A,T 

(2.32) 

where surface concentrations c£ have been introduced. The difference of molecular volumes 
in the first term is small and can only be observed when gas adsorption is negligible: C'~ 0. 
In that case the derivative is positive, and a property of the liquid alone. This situation 
may occur when helium is the pressurizing gas (see next sections). 

For adsorbing carrier gases all terms in (2.32) can be shown to be negligible compared 
to the last one. Accordingly, 

(88:) r -c~v~, (2.33) 

a relation that is generally used to determine the amount of gas adsorption onto a liquid 
surface. In view of the great difficulty of measuring liquid surface tensions at supercooled 
conditions, we have to go the opposite way: at lower temperatures, the surface tension 
derivative must be obtained by extrapolating surface adsorptions. 
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For the carrier gas surface concentration we write c~ = nat1, where na is the number 
of adsorption sites per unit area and tJ is the surface coverage. According to the simple 
Langmuir adsorption model - valid up to coverages of about 30% it can be expressed as 

'!9=-P-, 
P+PL 

(2.34) 

where PL is the Langmuir reference pressure. From a simple statistical-mechanical model 
assuming discrete adsorption sites, it reads 

(
mk8 T)

3
1

2 
( Ea ) 

PL 2n'fi2 ksT exp - ksT , (2.35) 

in which m is the molecular mass of the adsorbing gas and Ea is the adsorption energy 
per molecule. Finally, for the molecular volume in the gaseous phase we use the ideal gas 
value vg = ksTfp. 

Substituting the above assumptions into (2.33) we obtain 

(~;) p ksT 
-na·--·--= 

P+PL P 
(2.36) 

which can be straightforwardly integrated to 

a(p) Cio naksTln (p ;:L). (2.37) 

In this expression, a 0 denotes the surface tension of the pure substance. Formally, in this 
case p must be interpreted as the pressure of the carrier gas; however, for conditions of 
interest it can always be taken equal to the total pressure. The form of the a(p )-dependence 
generally observed in experiments (a decaying surface tension with pressure, with a positive 
second derivative) is very well reproduced by Eq. (2.37). 

The only problem left is the determination of na and PL· Values of molecular surface 
areas are calculated in [17], assuming a monolayer of close-packed spheres at the surface. 
For most gases considered in that study, the value is near 1.6 x 10-19 m2 per molecule. 
From this number, we find na ~ 6 x 1018 m-2 , since na is simply the inverse of the molecular 
area. The Langmuir pressure PL can be found by fitting expression (2.37) to experimental 
data; this procedure will be illustrated in the next two sections. 

2.6 Surface tension of water 

Surface tensions of liquid water are readily available in literature. However, only few data 
exist below the freezing point, since it requires special experimental effort to prevent a 
supercooled water sample from freezing. The largest supercooling achieved experimentally 
has been reported by Hacker [22]. His data go down to see Fig. 2.6.3 

spite of the extreme importance of accurate surface tensions in predicting nucleation rates, these 
data have remarkably never been cited in nucleation literature! 



2.6 Surface tension of water 

82 .------------------------. 

80 ' 

'E 78 
...._ 
z §.. 76 

t) 74 

72 

power, T > -S°C 

linear, T < -S°C 

o Hacker data 

70 L......~~~,__,_._~._._._~._._._~ ........... ...........J 
240 2SO 260 270 280 290 300 

T (K) 

Figure 2.6: Surface tension of liquid water down to -2TC, according to Hacker [22}. 
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For temperatures above 268 K the data obtained by Hacker coincide with commonly 
used correlations, see for example Ref. 23. However, around 268 K an inflection point is 
visible: below this temperature, the increase of a with decreasing T becomes stronger. To 
judge from Fig. 2.6, the safest extrapolation to even lower temperatures is a linear one. 
The resulting correlation for a(T) is given in appendix A. 

Having established the surface tension of pure water, we proceed with the pressure 
dependencies in the carrier gases helium and nitrogen. Experiments in water-helium [20,24] 
demonstrate that the surface tension is constant in the whole pressure range covered (up 
to above 80 bar). For unclear reasons, however, Eriksson [17] reports a positive pressure 
derivative of a for helium, referring to the same data of Ref. 20. Since Eriksson has often 
been cited in later papers on the subject, there is a general consensus that helium pressure 
positively influences the surface tension of water. Still, there seems to be no experimental 
justification for this. Moreover, the value of the pressure derivative given by Eriksson is 
so small that the resulting shift in surface tension would be insignificant for the nucleation 
pressures of interest. We will therefore assume that the surface tension of water is not 
affected by helium pressure. 

The influence of nitrogen and some other common gases has been reported by Slowinski 
et al. [20], Masterton et al. [25] and Massoudi and King [24], all at temperatures of 30oC 
and 25°C. The most recent and comprehensive data are those in Ref. 24, summarized in 
Fig. 2.7. 

In the above references a is represented as a quadratic function of p (except for C02 

and :.l'20, which require third order terms). However, the data can - without any loss 
of accuracy- be cast in the form (2.37). For the nitrogen data in Fig. 2.7, optimization 
of PL yields a value of 326 bar at 25°C. It is clear that the surface coverage iJ, calculated 
from (2.34), is sufficiently low at this temperature for the Langmuir model to be valid. From 
PL, the molecular adsorption energy Ea is calculated using Eq. (2.35) to be 4.04 x 10-20 J, 
or 24.3 kJ per mole. If we assume Ea to be independent of temperature and pressure, PL 
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Figure 2. 7: Surface tension of water as a function of pressure for several gases at 25" C, 
according to Massoudi and King [24]. 

can be obtained at other temperatures using (2.35): for example, p£(240 K) = 17.6 bar. 
Obviously, such a low value of PL leads to a high surface coverage 1J (as large as 69 % for 
240 K and 40 bar), which violates the assumptions underlying the Langmuir model. The 
question naturally arises whether or not this extrapolation procedure is justified. 

To get an answer, additional measurements were initiated in co-operation with Delft 
University of Technology. In the Dietz Laboratory (Faculty of Applied Earth Sciences), a 
pending drop cell had been developed by Huijgens [26], intended for use at high pressures 
and temperatures. After some adjustments of the set-up to allow it for being cooled down, 
pressure dependent surface tensions could be measured down to the freezing point. 

The pending drop measurements are based on video-imaging of liquid drops, hanging 
at the bottom end of a vertical tube. A balance of forces along the droplet boundary yields 
an equation for the droplet profile, in which the surface tension is present as a parameter. 
Unfortunately, the equation can not be solved analytically and one has to refer to numerical 
profile fitting to obtain a value of a [26]. 

In our measurements, the full numerical procedure could only be used at the lower 
pressures (due to contrast problems at higher pressures); here the values of a turned out 
to agree with literature data. Still, the maximum diameter de and radius of curvature at 
the apex of the drop r a could be obtained in all cases. From these values, the shape of 
the bottom half of the droplet was shown to be insensitive to pressure. An integral force 
balance on the bottom half of the droplet then gives 

(2.38) 

where !::.p = Pl(T) - p9 (p, T), and subscript '0' denotes low pressure values. The resulting 
surface tensions for pressure runs at 276 and 288 K are shown in Fig. 2.8. 
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Figure 2.8: Surface tension of water as a function of nitrogen pressure. Markers: v-alues 
measured by present author. Dashed curve: data from Ref 24. 

The solid curves in Fig. 2.8 are calculated from Eq. (2.37), using a value PL 326 bar 
for each temperature. It is quite remarkable that the experimental data are reproduced 
so well with a constant value of PLi apparently, this quantity is much less sensitive to 
temperature than is suggested by (2.35) when is kept fixed. The latter procedure 
gives PL(288 K) 212 bar and PL(276 K) = 122 bar, yielding curves that are far off the 
experimental points. 

Summarizing, we conclude that the safest extrapolation of the pressure decrease to lower 
temperatures is obtained by using Eq. (2.37) with a constant value PL = 326 bar. The 
resulting expression will be employed in chapter 6 for calculation of theoretical nucleation 
rates in water-nitrogen. 

2. 7 Surface tension of n-nonane 

Surface tensions of pure n-nonane have been reported by Jasper and Kring [27]. Their data 
were measured isobarically, i.e. in the presence of dry nitrogen at atmospheric pressure. 
Differences between isobaric and orthobaric surface tensions -obtained for the liquid under 
its own vapour pressure - are usually very small. The resulting (linear) temperature fit is 
reproduced in appendix A. 

·when exposing liquid n-nonane to helium gas, the surface tension is found to increase 
slightly with pressure. Gielessen and Schmatz [19] observed a linear increase of u with p, 
with a slope of 2.5 x 10-11 N m-1Pa-1 at 25°C; data at other temperatures have not been 
found. This behaviour can be attributed to the first term in Eq. (2.32); apparently, gas 
adsorption is negligible for this system. It is expected that neither the volume difference 
( vf - vt) nor the surface concentration c1 depends strongly on temperature; therefore, we 
will adopt a zeroth order extrapolation and assume the same slope at lower temperatures. 
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Ref. 28. The solid lines are fit functions of the form (2.37). 

Surface tensions as a function of pressure in n-nonane-methane were measured by Deam 
and Maddox [28], also using a pressurized pending drop cell. Their results are shown in 
Fig. 2.9. The data points at atmospheric pressure are the values reported by Jasper [27]. 

Deam and Maddox correlate their data using the so-called parachor method [13], in 
which the surface tension is obtained from 

(J'l/4 (2.39) 

In this expression P; is the parachor of component i, originally intended to be calculated 
from molecular structures. Better agreement with experiments can be obtained, however, 
by empirically fitting the parachor values to measurements; this procedure was followed in 
Ref. 28, using the phase densities reported by Shipman and Kohn [11]. 

When the RKS equation of state is used to predict phase compositions as well as phase 
densities (see section 2.4), the complete phase behaviour (including surface tension) can 
now be obtained from Eqs. (2.21) and (2.39) without any further information needed. This 
approach was adopted by Looijmans et al. [15], who analysed the nucleation behaviour of 
the present mixture in relation to its real gas properties. 

For the purpose of the present work treating the carrier gas influence as a pressure 
dependent perturbation to the single vapour case - it is more convenient to have a direct 
correlation of o- as a function of p and T. One should note that the assumptions made 
in deriving Eq. (2.37) are certainly not met here: the decrease of o- with p is mainly a 
consequence of methane dissolution, which was explicitly neglected in the derivation. Still, 
the curves in Fig. 2.9 are reasonably described by functions of the form (2.37), represented 
by the solid lines in the figure. Again, na is taken equal to 6 x 1018 m-2 and the Langmuir 
pressure PL has been fitted to the experimental data for each reported temperature. The 
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resulting values are shown in 2.10; they are well covered by a quadratic fit, reading 

PL(T) = 258.8 2.73IT + 7.781 x w-3T 2 (bar). (2.40) 
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Figure 2.10: Values of the Langmuir pressure PL in Eq. (2.37), obtained from fitting to 
the experimental surface tension data for n-nonane-methane of Deam and Maddox {28}. 

To judge from Fig. 2.9, the overall accuracy of the above fit is satisfactory in view of 
the appreciable scatter in the data. It will therefore be used in chapter 6 to calculate 
nucleation rates, without reference to an equation of state. 

2.8 Enhancement and surface tension 

It is worthwhile noting that there exists a mutual connection between the two pressure 
effects discussed in this chapter: increase of saturated vapour content (enhancement) and 
decrease of surface tension with pressure. Obviously, both have to do with heteromolecular 
interactions between vapour and carrier gas molecules. For the enhancement effect, the 
interactions in the gas phase are most important; the surface tension decrease is associated 
with liquid-carrier gas interactions at the surface. From these considerations, we can expect 

and we have observed for the systems of interest that the magnitude of the effects is 
coupled to some extent: large enhancement factors correspond to strong pressure effects 
on surface tension, and vice versa. 

To be more precise, we can say that the enhancement factor divided by its Poynting 
contribution- see Eq. (2.10) -accounts for gas phase interactions, provided that the gas 
solubility is not too high. This is exactly what is observed for helium: fe contains only 
the Poynting term and the surface tension does not decrease with pressure. For water in 
nitrogen, both effects are somewhat stronger, but still modest. For n-nonane in methane, 
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they are both quite dramatic. In the latter system, the assumption of small dissolution 
is not valid; however, the dissolution is in itself caused by strong interactions, so that the 
general argument stands upright. 

The next important consideration is that the effects have - according to all existing 
nucleation models - a counteracting influence on nucleation rates, as was already shown 
theoretically by Looijmans et al. [15] for n-nonane in methane. The aim of the experiments 
described in this work is to demonstrate this competition between pressure effects for sys
tems with an increasing degree of mutual interaction. In chapter 7 it will be demonstrated 
that the effects discussed here also occur (and compete with each other in their influence 
on nucleation) in a very simple mixture of vapour and gas molecules, interacting via a 
Lennard-Jones 12-6 potentiaL 
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Chapter 3 

Nucleation theory 

In section 1.2 we already pointed out the basic features of the nucleation process: statistical 
fluctuations, the probability of which is governed by thermodynamic considerations, lead 
to the formation of stable clusters by the kinetic processes of evaporation and impingement 
of molecules. 

In this chapter we will elaborate further on these concepts. The first section will treat 
the formation energy of a cluster, starting from basic thermodynamics. The treatment is 
generally valid for clusters consisting of a bulk liquid core, in equilibrium with a surface 
layer of finite thickness. Nucleation kinetics is considered in section 3.2, leading to a general 
expression for the nucleation rate J, defined as the number of stable clusters formed per 
unit time and volume. 

Section 3.3 will start with combining the results of elementary thermodynamics and 
kinetics to give a closed expression for J, using the capillarity approximation. The resulting 
formula represents the kinetic classical nucleation theory (KCNT). Since we are concerned 
with the role of supercritical carrier gases in nucleation, this treatment - and its so-called 
internally consistent version (ICCT) -will then be extended to take into account the carrier 
influence. 

Nucleation models of the semi-phenomenological type apply the statistical-mechanical 
Fisher droplet model [1] to describe the cluster distribution. The parameters of the dis
tribution are fitted to experimentally observable quantities, for example saturated vapour 
pressure and critical properties. The model by Kalikmanov and Van Dongen [2], further 
denoted as SPNT, will be described in section 3.4; it will also be adapted to include the 
presence of a high pressure carrier gas. 

In recent years, other nucleation models have been (and are still being) developed 
along various lines; section 3.5 briefly describes some of the most important concepts used 
in recent work. Among these are Density Functional Theory (see also chapter 7) and the 
( i, v )-cluster model, which adds the cluster volume as an extra parameter to describe their 
distribution. 

The last section of this chapter will treat the so-called nucleation theorem. This recently 
proven theorem provides a convenient way of determining the number of molecules in the 
critical cluster from experimental data, without invoking a particular nucleation model. 

31 
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3.1 Elementary cluster thermodynamics 

Consider a closed container, separated from its surroundings by a piston of zero mass 
(Fig. 3.1). Initially, only single vapour molecules are present (state 1). Next, we find the 
system in state 2 where exactly one cluster has formed, consisting of a bulk liquid core 
with volume V 1 and a surface layer s with surface area A. The transition takes place at 
constant overall temperature T and at constant pressure p of the surroundings. 

Figure 3.1: Schematic representation of cluster formation at constant pressure. 

We start with combining the First and Second Laws of Thermodynamics for the transition: 

Tf1S 2 !1Q = 11U + pllV. (3.1) 

Since p and T are constants of the system, this can be written as 

!1(U + pV TS) :::; 0, (3.2) 

or 
(3.3) 

In the latter expression, we have defined /1G, which can be interpreted as the difference in 
Gibbs free energy between the two states (see appendix B). According to (3.3), G is the 
thermodynamic function that attains its minimum value in stable equilibrium. 

To specify the change in internal energy, we write down the expressions for U1 and U2 , 

where the latter consists of contributions from the subsystems liquid (l), vapour ( v) and 
surface layer (s): 

ul -pV1 + TS1 + 111N (3.4) 

u2 uv +Ut +Us; (3.5) 

uv -pvvv + rsv + llv NV (3.6) 
ut -ptvt + rst +Ill Nl (3.7) 
us aA+TS'+11•N•. (3.8) 

Substituting these expressions into the definition of llG we obtain, using additivity of the 
(extensive) quantities S, V and N: 

!1G = Vt(pv pt) + Nt(l•t llv) + N'(!l" ftv) +a A. (3.9) 
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Implicit use was made here of the equality of pressures pv p (due to the action of the 
piston) and chemical potentials fLv = fLI (both are only determined by p and T). From 
the equilibrium condition for a (meta- )stable cluster, it is proven in appendix B that the 
energy of formation according to (3.9) gives correct results, at least for the "capillary" 
cluster model. 

One more simplification of (3.9) can be made at this point. Assuming that the bulk 
liquid core of the cluster is in thermodynamic equilibrium with its surface layer, we have 
tL1 = v'; the bulk and surface molecules can then be taken together, yielding 

D.G - V1 D.p + nD.jl + (j A, (3.10) 

where D.jl = fL1(p1) 1-i"(pv) is the difference in chemical potential between a cluster and 
its surroundings. Of course, the above picture of droplet formation is incomplete: in the 
physical reality, droplets emerge from a distribution of clusters. Expression (3.10) will 
be employed in section 3.3 to derive the equilibrium distribution of n-clusters within the 
classical framework; D.Gn then appears in the Boltzmann factor describing the distribution. 

3.2 Nucleation kinetics 

The kinetics of nucleation, i.e. the dynamic processes of continuous evaporation and growth 
of clusters of vapour molecules, have been described in detail by many authors [3, 4]. Still, 
the subject is important enough to outline the basic features here. 

In principle, an n-mer (a cluster consisting of n molecules) can grow by collision with 
clusters of arbitrary size; likewise, it can shrink by the emission of any cluster smaller than 
itself. However, as is usually done, we will confine the description by assuming impingement 
and loss only of single molecules (monomers). Under this assumption, the kinetic process 
is schematically depicted by Fig. 3.2. 

n 1 n 

Figure 3.2: Schematic picture of nucleation kinetics. Cn and are condensation and 
evaporation rates; Jn denotes the net transition rate from n ton + 1. 

The rate of change of the number density of n-clusters Pn is given by 

(3.11) 

where 
(3.12) 
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represents the net transition rate of n-mers to ( n+ 1 )-mers. The condensation coefficient Cn 
equals the product of the surface area of ann-cluster, the impingement rate of monomers, 
and the sticking probability (which we assume to be unity, as most authors do): 

(3.13) 

In this expression, m is the mass of a vapour molecule, and a0 is introduced as a "molecular 
surface area" (which should be regarded only as a convenient notation). From elementary 
geometrical considerations for a spherical cluster we find (with v1 = V1/n): 

a0 (367r) 113(v1) 213• (3.14) 

There are two cases in which the time derivative in Eq. (3.11) vanishes. In equilibrium, 
dp~q / dt = 0 since Jn 0 for all n. This so-called detailed balance condition reads 

(3.15) 

The second possibility to have each Pn constant in time is the important case of steady-state 
nucleation; according to Abraham [5], Eqs. (3.11) and (3.12) reach a steady-state solution 
within a characteristic time of 1 fLS or less. The net fluxes are not zero then, but equal to 
each other: Jn J for all n. It is assumed that the evaporation coefficient only depends 
on temperature T and cluster size n, and not on the vapour content of the surroundings; 
substitution of En+l where the latter is obtained from (3.15) into (3.12) yields 

J CnPn 
= C';.qp~q (3.16) 

Since Cn is proportional to the monomer density, we have Cn/C;.q = S, provided that 
the vapour consists mainly of monomers: Yv!Y~q ~ pi/ p~q' see Eq. (2.14). The latter 
condition can be demonstrated to hold under all experimental conditions investigated in 
later chapters (see appendix D). Dividing both sides of (3.16) by , we obtain 

J Pn = -- - --:-:;..___'----:-,. 
P~qsn 

(3.17) 

This expression can be summed from n = 1 toN; due to mutual cancellation of successive 
terms on the right hand side, the result is 

1 PN+l 

P
eq 3N+1" 
N+l 

(3.18) 

The last term can be shown to vanish for sufficiently large N [6]. Replacing the summation 
by integration to infinity, the final kinetic result for the nucleation rate J is 

J ~ [1 c.p~'S"dr (3.19) 

In order to evaluate the integral, a model has to be adopted for the equilibrium cluster 
distribution p~q. In the next two sections, we will discuss two different models. 
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Figure 3.3: Upper part: macroscopic liquid-vapour equilibrium, with the corresponding 
cluster distribution p~q. Lower part: supersaturated state and cluster distribution Pn. 

Consider Fig. 3.3, which schematically shows the chemical potential differences that will 
play a role in the forthcoming derivation. The equilibrium state, with vapour pressure p•, 
is characterized by the equality of chemical potentials p}(p") p.v(p"). In this state, the 
chemical potential difference between a cluster (with internal pressure p1 = p• + .6.p) and 
the vapour is 

.6.jleq = p.l(p• + .6.p) Jl.v(p•) vt.6.p. (3.20) 

From Eq. (3.10) and the relation V1 = nv1, it follows that 

(3.21) 

so that the equilibrium number density of n-clusters is given by 

(3.22) 

Here we introduced the dimensionless surface tension(), which is defined as 

() (3.23) 
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Similarly, for the clusters in the supersaturated state with vapour pressure p11
, we have 

Pn 

p} (p11 + llp) {1
11 (p11

) ~ v1llp - llp,s 

nlljl- V 1llp + aA = -nk8 T1nS + o-a0n213 

PI exp(nlnS- 8n213
). 

(3.24) 

(3.25) 

(3.26) 

To prevent confusion, we denoted the chemical potential difference due to the vapour 
supersaturation as llp,s k8 T ln S. In the last equality of (3.24), the pressure difference 
(pv p8

) was neglected with respect to the Laplace pressure llp, which is several orders of 
magnitude larger. 

From Eq. (3.24) the critical cluster is easily identified. It is in metastable equilibrium 
with the supersaturated vapour, so we have lljl( n*) = 0. Substituting llp,s ln S 
and llp 2o-fr, we obtain the Kelvin relation: 

r* 
2o-M 

PtRTlnS' 

where the molecular volume was rewritten in terms of macroscopic quantities as 

(3.27) 

l ]V.[ 
v =- (3.28) 

NAPl 

with liquid mass density p1 and molar mass M. Note also that R = k8 NA. Equivalently, 
we could have used (8llGn/8n)n• = 0 from (3.25) with the result 

n* ( 28 ) 
3 

3ln S ' (3.29) 

which is also obtained on rewriting (3.27) using n*v1 = t1r(r*) 3 and the definitions of 8 
and a0 . The corresponding value of the formation energy of the critical cluster is given by 

(3.30) 

We now return to the integral expression (3.19) for the nucleation rate. Using (3.22), 
the combination p~q sn in the denominator can be written as 

Snp~q p~q exp(nln S- 8n213
) = p~q exp (- ~:;) , (3.31) 

where we recognize the non-equilibrium formation energy given by Eq. (3.25). However, 
note that the prefactor contains the equilibrium monomer density. Since the exponent 
exhibits a sharp minimum at the critical size, the only significant contributions to the 
integral come from the region near n*. The non-equilibrium energy of formation is therefore 
expanded into a second order Taylor series near n*: 

(3.32) 
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with the Zeldovich factor ( given by 

(3.33) 

The last equality follows from differentiation of Eq. (3.25). The collision rate Cn varies 
much more slowly with n than the product P!qSn, and can therefore be put in front of the 
integral as Cn• [3]. It might as well be kept within the integration; in that case, however, 
the maximum of the integrand is shifted away from n*, which makes the derivation slightly 
more complex. Substituting Eqs. (3.31) and (3.32) into (3.19) we obtain 

J= c •. p;• ex+~;;) [1 cxp[-('w(n n•)']dr (3.34) 

When the integration interval is extended from -oo to oo (which is allowed in view of the 
fast decay of the integrand away from n*), the remaining integral is of Gaussian type. The 
evaluation is standard and yields . Finally, the sought expression for J is arrived at by 
substitution of Eqs. (3.13), (3.30) and (3.33): 

J = P1P~qvl ( ::) I/

2 

exp [- 2~ (1:~)2 ] · (3.35) 

In the original Becker-Doring-Zeldovich derivation, expression (3.35) contained pf in
stead of p1 p~q' the difference being a factor 1/ S. This resulted from the use of a "constrained 
equilibrium" state, with a cluster distribution governed by (3.26). Since this distribution is 
essentially unstable (all clusters larger than n* tend to keep growing), one had to invoke an 
artificial mechanism (so-called Maxwell demons) that prevented the occurrence of clusters 
larger than some maximum size. Nowadays the correction factor 1/ Sis generally believed 
to be justified [3], although there is still an ongoing discussion about this (7-9]. Weakliem 
and Reiss [7] even argue that one can arrive at any correction factor, depending on the 
details of the applied cluster modeL 

Another problem with the classical expression (3.35) concerns its so-called limiting 
consistency. Inspection of Eq. (3.21) shows that the formation energy of monomers is 
not zero, although it should be in a consistent model valid for all n. There are several 
possibilities to restore consistency for n = 1; the most widely used correction is often 
ascribed to Girshick and Chiu [10]. replaced Eq. (3.21) by 

= 9(n213 - 1), 
ksT 

(3.36) 

which directly leads to a correction factor e0 in the nucleation rate J. Hence, the result of 
this so-called internally consistent classical theory (ICCT) is 

J = P1P~qv1 ....!!.._ exp (}-( 
2 ) l/2 [ 4 

1fffi 27 
(3.37) 
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One may argue that there is no need for the cluster distribution to be realistic for all 
cluster sizes down to n = 1: since the capillarity model explicitly considers relatively large 
clusters - i.e. large enough to be treated as liquid drops it would make no sense to 
impose the limiting consistency requirement. On the other hand, as noted by Katz [4], 
the correction factor could be regarded as the simplest form of a radius-dependent surface 
tension. 

Wilemski [8] has given a clear and extensive analysis of these and other questions 
of self-consistency. He concludes that there is "no fundamental justification to prefer 
one particular distribution and, thus, correction factor over another", but that one could 
"compare theory with experimental results as a pragmatic basis for a preference". It is this 
approach that will be adopted here: after extending the classical model to take into account 
the high pressure carrier gas in the next section, we will compare both equations (3.35) 
and (3.37) to the experimental data in chapter 6. 

3.3.2 Role of the carrier gas 

Recall that we already discussed the influence of carrier gas pressure on two essential 
parameters of our model supersaturation S and surface tension a - in chapter 2. There 
are two more quantities in (3.35) that might be influenced by carrier gas pressure: the 
molecular volume v1 and the monomer density p1. 

So far, the liquid phase was considered to be incompressible. Although we are concerned 
with high carrier gas pressures (typically tens of bars), these values are still insignificant 
compared to the internal (Laplace) pressure in the critical cluster, which can be as large 
as a few thousands of bars. Compressibility effects are therefore not exclusively associated 
with high pressure nucleation; in order not to make the treatment unnecessarily complex, 
they will not be considered here.1 Accordingly, the molecular volume v1 is calculated from 
the pure liquid density using Eq. (3.28). 

·when evaluating monomer densities, the compressibility factor of the gas phase must 
be taken into account. It is defined as Z pf(pk8 T), where pis the total molar density of 
the mixture. The molar vapour density equals YvP = Enpn. vVhen the cluster distribution 
falls off with n rapidly enough (see appendix D), we therefore have 

PI~ Pv (3.38) 

Under the same approximation we can ·write, using definition (2.10): 

(3.39) 

In appendix D it is proven that we can always take Z RJ Z9 (compressibility of the pure 
carrier gas) to a high degree of accuracy. 

appendix C it is demonstrated that liquid compressibility may positively influence nucleation rates 
by a factor 10 to 100 for the nucleation conditions we will consider. · 
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Using Eqs. (3.14), (3.23), and (3.28), the nucleation rate according to (3.35) can now 
be expressed in terms of measurable quantities: 

YvPfeP
5 

(2alv/)
1

/
2

1 [ l61rM
2 

a
3 J 

J (ZgkBT)2 1rNA Ptexp -3N~p[k~T3 (lnS) 2 ' 
(3.40) 

where the supersaturation must be calculated from (2.14). The ICCT-expression is found 
by multiplying the above result with e0 • 

Although we have covered possible pressure dependencies of all quantities appearing in 
the above expression, its validity is still questionable: we did not systematically check its 
derivation for possible carrier gas effects. In the remainder of this section, we will carefully 
examine the conditions under which (3.40) is valid. 

Consider again Fig. 3.3, now with a supercritical carrier gas present. We first derive the 
energy of cluster formation in both states, the essential difference being that all chemical 
potentials now depend on pressure and composition. We consider the liquid phase to be 
an ideal mixture, with all activity coefficients {;equal to unity (see section 2.1). For the 
mixtures used in our experiments (with either very low solubilities or chemically similar 
substances), this assumption is always justified [11]. 

For the macroscopic equilibrium (upper part of 3.3) we have flHP, x:q) J.l~(p, Y7q), 
which defines the equilibrium fractions and y:q. For the clusters in this state, with 
compositions denoted as i:eq, we can derive the relations 

l:.ft.fq J.ll(P + l:.p, i:~q) J.lr(p, yfq) vl!:.p + ksT ln(x:q jx~q) (3.41) 

(3.42) 

where nt denotes the total number of molecules in a cluster. Similarly, for the 
supersaturated state (the lower part of 3.3) we can write 

l:.jl; = J.ll(p+!:.p,.i;)-J.lf(p,y;) vj!:.p+ksTln(i:;/x~q) I:.J.lsi (3.43) 

(3.44) 

The "molecular surface area" for the mixture a0 now follows from the ideal mixing rule 
v1 = L:.i;vj where vJ are the pure liquid values so that a0 = (367r) 113 (I:.i;v;}213

. The 
dimensionless surface tension e is still given by (3.23). 

The Kelvin relations for the vapour (further denoted with subscript 1) and the carrier 
gas (subscript 2) follow from (3.43). We use the observation made in section 2.2 that 
the carrier gas itself is not supersaturated; hence, the chemical potential difference for the 
carrier gas between the two states in Fig. 3.3 is zero, and we set S2 = 1. Substituting for 
the Laplace pressure !:.p = 2a jr, the Kelvin relations become 

( 1 '*) k3 TlnS + k3 Tln 1 ~ :? = 0 
2avi 
r* 

(3.45) 

2av~ 
r* 

(3.46) 
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Both were written in terms of the carrier gas fraction in the equilibrium liquid and the 
cluster, which facilitates their interpretation. For the vapour, an externally imposed driving 
force for nucleation exists, equal to 6p,5 kBTln S; in the critical cluster this term is 
balanced by the Laplace pressure and a much smaller - entropic term. The carrier gas, 
on the other hand, enters into the critical cluster for entropic reasons only: it dissolves 
until the logarithmic (entropy) term balances the Laplace pressure. 

We now make an important assumption. In practical cases the carrier gas is so much 
more abundant in the gas mixture, that it can be considered to be in (partial) equilibrium 
for all cluster sizes r irrespective of their number of vapour molecules n1• Therefore, we 
can rewrite (3.46) for arbitrary r as 

£2 x~q exp (-:::~) . (3.47) 

The trajectory of condensation in (n1, n 2 )-space is fully determined by this relation, since it 
gives a closed relation between n 1 and n2 • We see that the carrier fraction in the cluster is 
always smaller than its macroscopic equilibrium value. For very small clusters (r-+ 0), the 
carrier fraction approaches zero; when the clusters grow larger the gas fraction increa."ies, 
and finally the equilibrium solubility x~q is reached for r -+ oo. For the critical cluster we 
can estimate the dissolved gas fraction more accurately: neglecting the logarithmic term 
in (3.45) and substituting the remaining relation into (3.47), we see that the latter attains 
the form x~q s-v~!v\. Thus, a fair prediction of the cluster composition can be given 
when the ratio of molecular volumes is known. 

The above assumption implies that the kinetic process of nucleation is still controlled 
by impingement and emission of only vapour molecules, the carrier gas having a passive 
role. It is easily proven that the kinetic treatment of the preceding section remains valid 
(only with n replaced by n 1); the relevant distribution is that of n 1-clusters, i.e. clusters 
with n 1 vapour molecules and a number of gas molecules determined by (3.47). It is given 
by 

(3.48) 

The first term in the exponent is identical to the single component case. The second term 
is proportional to (En;v!)213• For all but one system investigated in later chapters, carrier 
solubilities are very small; only for n-nonane-methane it can be appreciable, but here 
the molecular volume of the carrier is much smaller than that of the vapour. Therefore, 
in all relevant cases we have n2v~ <t: n1 v~; the surface area is mainly determined by 
vapour molecules, and we can replace the surface energy term by Oni13 , with a0 evaluated 
from (3.14). Finally, the sum in the exponential can be proven to vary between zero and 
ntx~q' using a first order expansion of (3.47). It can be neglected with respect to the other 
terms when 

x~q <t: InS, (3.49) 

which marks the limit of applicability of our "perturbation approach", represented by 
expression (3.40). This limit corresponds to what one would expect: if the carrier gas 
enters significantly into the cluster, single component theory does no longer suffice. 
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Of course, it is interesting to see what happens if the carrier solubility is not smalL In 
that case the kinetic treatment in terms of n 1 can still be used, but things become quite 
complicated mathematically. First, the Kelvin relations (3.45) and (3.46) must be solved 
simultaneously for and r*. In this calculation the surface tension should in principle be 
taken composition dependent; hence, direct correlations of the equilibrium surface tension 

which by definition pertains to the equilibrium composition can not be used any more. 
Second, one would have to evaluate the second derivative fP t::.G I ani in a direction in the 
(n1,n2)-plane prescribed by (3.47). In this differentiation, all terms in the exponent 
of (3.48) should be kept. Clearly, such a procedure would not yield any more insight into 
the physics of the problem, although numerically it would be perfectly feasible. 

3.3.3 Binary classical nucleation theory 

The only system to be investigated showing appreciable carrier gas dissolution is n-nonane
methane. For this system, theoretical results have been published by Looijmans et al. [12], 
who used Binary Classical Nucleation Theory (BCNT) in combination with a real gas 
model to describe the thermodynamics of the mixture. They solved two coupled Kelvin 
relations to obtain the radius and composition of the critical nucleus; both surface tension 
and molecular volumes of the liquid were calculated as a function of composition, using 
the RKS equation of state and the parachor method (see section 2. 7). Binary kinetics was 
applied to evaluate the kinetic prefactor K, see Eq. (1.3). 

The thermodynamic treatment of Ref. 12 is equivalent to that in the preceding section: 
solving the two coupled equations (3.45) and (3.46) yields the radius and composition of 
the critical cluster, corresponding to the saddle point in binary nucleation theory. The only 
differences are in the kinetic part. It was suggested above that the nucleation problem in the 
presence of a carrier gas can be treated using single component kinetics, with a trajectory in 
(n1,n2)-space prescribed by the carrier being in partial equilibrium at all times. In Ref. 12 
the full machinery of binary kinetics is applied, involving a two-dimensional integration 
over the saddle surface. The resulting Zeldovich factor is generally larger than in the one
component case, since more combinations of n1 and n2 are possible having the same energy 
of formation. 

Finally, Looijmans [12] notes that "no special attention has been paid to the limiting 
case of unary nucleation", when the saddle point is located near the n 1-a.xis. This limit 
corresponds to small solubility of methane. It is tempting to conclude that BCNT here 
reduces to the model in the previous sections; however, two differences remain. First, 
the critical cluster contains less methane than the equilibrium liquid, leading to a slightly 
higher surface tension (the latter is calculated in BCNT from the bulk composition of the 
critical cluster). This is not included in our treatment: we apply a direct correlation of 
the macroscopic equilibrium surface tension in terms of temperature and pressure, which is 
unable to take i!lto account any compositional dependence. Second, as was already noted in 
Ref. 12, the Zeldovich factor is slightly overestimated when the saddle point approaches the 
n1-a.xis: the two-dimensional integration might extend mathematically to negative values 
of n2 • This problem has been discussed in more detail by Wilemski [13]. 
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3.4 Semi-phenomenological models 

One problem with the cla..<Jsical model described above is the proper inclusion of all degrees 
of freedom available to the cluster. The first attempts to account for these led to severe 
discrepancies with results of classical theory [14]. According to Ford [15], there is still 
lack of consensus about the proper form of these corrections, which has prevented an 
unambiguous theory from emerging. 

An alternative approach is the construction of so-called semi-phenomenological models, 
based on a statistical-mechanical description of the cluster distribution [1], with fitting 
parameters that are adjusted to reproduce measurable vapour properties. Ford in Ref. 15 
also reviews the history of this class of nucleation models, which have attracted much 
attention ever since the great success of the original Dillmann-Meier model [16) in predicting 
experimental nucleation rates. Several revisions of this model have been suggested to repair 
an inconsistency in it [17, 18]. One of the more recent developments is due to Kalikmanov 
and Van Dongen [2], who tune the parameters of the cluster model to reproduce the 
saturated vapour pressure p' at the prevailing nucleation temperature. This model will 
now be discussed. 

3.4.1 The Kalikmanov-Van Dongen model 

Like in the other semi-phenomenological models mentioned above, the vapour is regarded 
as an ensemble of non-interacting n-clusters, with number densities Pn· The total number 
density of molecules in the pure vapour equilibrium (saturated) state is then 

00 

p~ = l:np~q· (3.50) 
n=l 

Assuming that the clusters do not interact, the pressure is given by Dalton's law: 

(3.51) 

Obviously, combining the above relations directly leads to an equation of state for the 
vapour,2 provided that a model is available for p~q· In the present model p~q is derived 
from statistical mechanics, leading to the form 

1 ( On ) Penq exp 
V - ksT ' 

(3.52) 

where V denotes the volume of the domain in which a cluster resides. The grand potential 
S1 is based on the droplet model by Fisher II]: 

( Unao)n213 +Tlnn ln(q0V). 
ksT 

(3.53) 

ability of such a description to predict real gas properties has been extensively analysed by 
Saltz [19), who uses a modified version of the Dillmann-Meier [16] model. 
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The microscopic surface tension ern is assumed to have the Tolman form [20], expressed as 

Cln = cr(l + O:an-l/3). (3.54) 

Combining Eqs. (3.52)-(3.54) we obtain 

p~q qo exp [ -0(1 + aan-113 )n213 
- 7ln n] , (3.55) 

where 0 is again given by (3.23). Substitution into the expression (3.51) for the saturated 
vapour pressure yields 

(3.56) 

In practical cases (far from the critical point) the series on the right hand side rapidly 
converges. The above equation determines a.,, provided that the Fisher parameters q0 and 
7 are known. The latter can be obtained by applying Eqs. (3.50), (3.51), and (3.55) at the 
critical point, since the surface tension vanishes there: 

Pc = qo((7- 1). 

(3.57) 

(3.58) 

where ((u) = I:~=l n-u is the so-called Riemann zeta-function [21]. It can be demonstrated 
that one should have 2 < 7 < 3 in order to get both convergence of the above series and 
the required divergence of the isothermal compressibility at the critical point [2]. 

The kinetic treatment of the nucleation process by Kalikmanov and Van Dongen is 
identical to that in section 3.2, leading to Eq. (3.19). However, they keep then-dependent 
impingement rate within the integral in contradiction to what is usually done in classical 
theory and write 

(3.59) 

thereby defining the function H(n) = ln(Cnp;{Sn). The latter can be made more explicit 
using Eq. (3.13) for Cn and the above result(3.55) for p~q' resulting in 

0(1 + a.,n- 113 )n213 
- 7ln n + n ln S. (3.60) 

The nucleation rate is obtained by expanding the function H(n) in a Taylor series around 
its minimum nc, which is referred to as the critical cluster size.3 Like in our derivation of 
the classical result, Gaussian integration yields 

J = []__ (d2 H) J l/
2 

H(nc) 
21r d 2 e ' n n=nc 

(3.61) 

3Due to the inclusion of the impingement rate in H(n), nc does not correspond to the minimum n* of 
Snp':,q, see section 3.3. The difference is the last term of (3.62), which is small compared to the others. 
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where the critical size nc is determined by setting dH/dn = 0, or 

2 1 
-n InS+ ~On213 + ~()a n113 + T c 3 c 3 <rc 

2 
3 = 0. (3.62) 

Evaluating the second derivative and substituting it into (3.61) yields 

J 

(3.63) 

Note that the limiting case of monomers (single molecules) naturally comes out: since 
the dominant contributions to p8 come from monomers and dimers, the calculated cluster 
distribution very well reproduces the monomer density by construction. This is not the 
case in classical theory, which approaches the problem from the opposed (large cluster) 
limit. The monomer population in the original capillary model is a factor e0 too small; 
when used to construct a cluster model of the above kind, it would never yield a correct 
vapour pressure. It is actually this shortcoming that has been repaired in the ICCT
expression (3.37). 

Figure 3.4 shows theoretical nucleation rates for the models discussed so far. Results 
are shown for water and n-nonane, which will both be studied experimentally in later 
chapters. Note the extreme dependence of nucleation rates on the supersaturation S. 

- KCNT - KCNT 
--- ICCT --- ICCT 

SPNT ~-- SPNT 

20 

s 
(a) water (b) n-nonane 

Figure 3.4: Nucleation rate as a function of supersaturation ratio, according to kinetic 
classical nucleation theory (KCNT), internally consistent classical theory (ICCT) and the 
semi-phenomenological theory of Ref. 2 (SPNT). Temperature T 240 K. 
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3.4.2 Role of the carrier gas 

In order to properly account for the role of the carrier gas in semi-phenomenological models, 
one would have to return to the original Fisher droplet model. There one should investigate 
which features could be kept and which should be modified when the carrier gas is allowed 
to dissolve into the liquid. We Vl.'ill not follow this approach here; we neglect the carrier 
solubility from the start and give some general arguments that account for the carrier gas 
presence in a first approximation, as we did for the classical theory at the beginning of 
section 3.3.2. 

The supersaturation Sand macroscopic surface tension rJ do not depend on the choice of 
the nucleation model; these quantities are as before calculated using the methods described 
in chapter 2, including the enhanced vapour pressure and possible surface tension effects. 
Liquid compressibility is again neglected. As before, the carrier gas is not supersaturated, 
and the kinetic nucleation process is fully determined by the vapour. 

It is assumed that the vapour can still be described as a population of non-interacting 
clusters; the gas is assumed to consist of monomers only. The vapour clusters are now 
moving in the background potential field of the carrier gas, which makes them "experience" 
the compressibility of the mixture. The latter can be shown to obey (see appendix D) 

Z Z9 [1 - 1 f)n- 1)Pnl , 
p n=2 

(3.64) 

where p is the total density of the mixture. The last term between brackets is much smaller 
than Yv, since Yv ('Enpn)/ p. It can be neglected for all relevant cases, so we have Z ~ Z9 , 

which was already used in the classical result (3.40). 
The partial vapour pressure in the macroscopic equilibrium state now follows from a 

modified form of Dalton's law, Eq. (3.51), which accounts for the above assumption: 

feP8 
_ ~ eq 

Z k T- L....,;Pn. 
9 B n=l 

(3.65) 

Furthermore, the monomer density in the supersaturated state is calculated from {3.38), 
where we can use Z9 instead of Z. In principle, this completes our discussion of the carrier 
influence; it is worthwhile, however, to briefly discuss the implications of (3.65). 

Mathematically, the appearance of the factor fe/ Z9 results in a different value of a,. 
with respect to the pure vapour ca.::;e. The shift in a,. can be accurately specified when the 
departure of fe/ Z 9 from unity is not too large. To that end, write 

fe 
Zg 

1 + t;, (3.66) 

where t; is positive in all cases of interest. We confine our analysis to small values oft;, 
in accordance with the idea of treating the pressure effects as a perturbation to the single 
component case. Since the equilibrium cluster distribution falls off very rapidly with n (see 
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appendix D), the value of au is mainly determined by the first term of the density series. 
Denoting the pure component value as au,o, we can then write 

au=-~ ln [1_(1 + {)] 1 ~ a<r,O- f(J. (3.67) 
fJ QokBT 

Substitution of this result into the duster distribution (3.55) shows that 

p~q(p, T) p~q(T) exp({n113). (3.68) 

Apparently, the distribution is corrected with an n-dependent factor, resulting in a shift 
to higher values of n. Note, however, that the leading term of the exponential in (3.55) 
still causes the distribution to converge rapidly. 

Since the nucleation rate J is proportional top~~' it is to a first approximation corrected 
with a factor exp({n~/3 ). Although the pressure correction of a" also influences the values of 
nc and of the prefactor of (3.63), these effects are easily shown to be negligible. Finally, the 
nucleation rate is also proportional to the non-equilibrium monomer density P1> resulting 
from the impingement rate Cn. This gives another factor 1/Z9 with respect to the low 
pressure limit. 

3.4.3 Extension to multiple components 

The semi-phenomenological model discussed on the preceding pages can be extended to 
describe nucleation in multicomponent mixtures [22]. To that end, the mixture is modelled 
as a single substance with effective physico-chemical properties. The latter are calculated 
from values for the individual components, using mixing rules that are chosen to reproduce 
certain important features of the effective critical duster. 

It can be proven that the thermodynamic treatment in Ref. 22 is equivalent to that in 
section 3.3.2, and that the metastability parameter S* in Ref. 22 corresponds to S;x:q / i; 
in our notation. As a result, we have the following correspondence: 

N N 

S IT (St)"'i =IT (SixTq jx,)"i, (3.69) 
i=l i=l 

where N is the number of components in the mixture. Note that S, in our description is 
smaller than (but close to) unity for all supercritical components; however, the product 
between brackets on the right hand side always exceeds unity, due to Kelvin relations 
having the form (3.47) for supercritical components. 

The kinetic treatment is again identical to the above given, but now with properties 
of the effective substance substituted. Consequently, the integration over n;-space is one
dimensional, disregarding the observation that in a multicomponent system the energy 
barrier to nucleation can be crossed along many possible routes. This could result in a 
serious underestimation of the Zeldovich factor. 

It would require too much space to describe the multicomponent model in full here; the 
reader is referred to Ref. 22 for details. The ability of the multicomponent model to predict 
nucleation rates of n-nonane in methane and of natural gas will be tested in chapter 6. 
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3.5 Other recent developments 

One important feature is shared by the two approaches to nucleation - classical and 
semi-phenomenological - discussed so far: they require input of macroscopic properties 
of the nucleating substance, instead of microscopic properties (interaction potentials) of 
its molecules. This holds particularly for the classical model, in which clusters are treated 
as macroscopic liquid drops. Although semi-phenomenological theories are based on the 
Fisher model, which was constructed from statistical-mechanical principles, it was also not 
intended to describe very small clusters [15]. (However, as Ford shows in the same paper, 
the Fisher model performs remarkably well when extrapolated to small cluster sizes.) 

Before some ten years ago, there was no alternative to the above methods: microscopic 
calculations were too cumbersome to tackle the nucleation problem. With the advent of 
ever more powerful computers, the possibilities to approach the problem from the micro
scopic side have come within reach. Still, the ultimate goal to simulate a supersaturated 
population of vapour molecules, and simply count the nucleation events ····· is far beyond 
the reach of today's computers: in view of the extreme small probability of occurrence of 
a nucleation event, the simulated system should contain much more molecules than is cur
rently feasible. Therefore, molecular theories have thus far focussed on the determination 
of the energy of formation of single clusters, as a function of certain parameters defining 
it. Two major directions can be identified in this respect. 

3.5.1 Density functional theory 

Density Functional Theory (DFT) could be denoted as "mesoscopic": it treats the liquid
vapour interface as a region where the density gradually passes from its bulk liquid value 
to the bulk vapour limit. The grand potential n of the transition layer is written as a 
functional of the density profile, which also contains the molecular interaction potential. 
The equilibrium density profile is then obtained by setting the functional derivative of n 
with respect to the density profile to zero, which is equivalent to keeping the chemical 
potential constant throughout the interface. From the equilibrium profile, properties of 
the interface (such as surface tension) can be calculated. 

For the flat liquid-vapour interface the grand potential functional shows a minimum, 
and the calculation of the density profile is numerically stable. It was first performed by 
Telo da Gama and Evans for Lennard-Janes fluids [23]. This type of computations will 
be discussed more thoroughly in chapter 7. There, the above principles of DFT will be 
further clarified and used to calculate the properties of the stable equilibrium state as a 
function of pressure. 

When using DFT to calculate the metastable equilibrium between a (critical) cluster 
and its surroundings, the calculation becomes unstable. This is a consequence of the grand 
potential having a maximum for the critical cluster, corresponding to the maximum of 
formation energy in the models described before. Nevertheless, as was shown by Oxtoby 
and Evans in 1988 [24], it is still possible to calculate the density profile of the cluster. The 
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corresponding value of n plays the role of t::..G* in (1.3); the nucleation rate is obtained by 
combining the resulting exponential with the prefactor of classical theory. Later, Talanquer 
and Oxtoby showed that the nucleation theory could be fully cast in terms of DFT [25]; 
however, differences in nucleation rates due to the revised prefactor treatment appeared to 
be small. 

Since the principles of DFT have been well established in literature, attention has 
shifted to its implementation for various kinds of intermolecular potentials. Soon after 
Oxtoby and Evans started off with a Yukawa potential [24], Zeng and Oxtoby calculated 
nucleation rates for unary and binary systems of Lennard-Jones particles [26, 27]. Two 
years later, Talanquer and Oxtoby did the calculation for Stockmayer fluids (consisting of 
particles interacting via a Lennard-Jones potential in combination with a point dipole). 
Recently, the same authors published DFT results for a ternary system with non-isotropic 
interactions [28}, which agreed qualitatively with experimental data on the water-nonane
butanol system [29]. Non-ideal effects in binary systems have been studied by Laaksonen, 
who also compared DFT calculations to results of binary classical theory [30, 31]. 

It is worthwhile mentioning two other recent developments, which link the density 
functional approach to the (semi-)phenomenological models discussed earlier. First, it is 
possible to construct a "semi-phenomenological version" of DFT, by fitting one or more of 
the intermolecular potential parameters to reproduce macroscopic properties (saturation 
pressure, surface tension and liquid density) of the condensing vapour [32). This method 
will also be adopted (partially) in chapter 7. 

Second, McGraw and Laaksonen recently proposed "scaling relations" for the size and 
work offormation of the critical nucleus [33,34]. They used DFT to confirm these relations, 
and interpreted observed differences between experiment and classical theory in terms of 
these scaling laws: although the Kelvin relation remains valid beyond the capillary drop 
model so the critical cluster size is reasonably predicted by classical theory the work 
of formation shows a systematic deviation from its classical value. 

In this work, DFT will not be applied for calculation of nucleation rates. In chapter 7 
we will confine the use of DFT to examining the equilibrium properties of binary Lennard
Janes mixtures as a function of pressure. In principle, it is very well possible to extend the 
treatment presented there to the calculation of nucleation rates: to that end, the problem 
has to be rewritten in spherically symmetric form, and the iteration procedure for the 
metastable state (see Ref. 24) has to be implemented. 

3.5.2 The (i, v)-cluster approach 

Parallel in time with the development of Density Functional Theory, progress has been 
made in the direction of more realistic simulations of molecular clusters. This approach is 
put forward in a series of papers by Reiss and co-workers [35-39]. 

The key idea in their work is the addition of the cluster volume v as an extra parameter 
to the cluster description, which in most (semi- )phenomenological models only contains the 
number of molecules i. Obviously, the density of the resulting ( i, v )-cluster is allowed to 
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fluctuate; as a result, certain features are covered that can never occur in traditional 
models, such as "collective evaporation" (in which an increase of v at constant i causes 
the cluster to evaporate). The free energy of formation of discrete ( i, v )-combinations is 
calculated from direct molecular (Monte Carlo) simulations, resulting in a two-dimensional 
free energy surface in (i, v )-space. Much like in classical binary theory, clusters have to pass 
a "ridge" in order to become stable droplets. Using two-dimensional kinetics in ( i, v )-space, 
it is possible to predict nucleation rates from the (i,v)-modeL 

Although the perspectives of the ( i, v )-model are potentially large, one problem remains 
that is typical for all microscopic models: accurate interactions potentials are only available 
for the simplest substances, and certainly not for vapours that have often been examined 
experimentally, like n-nonane and water. Another complication arises when trying to apply 
the ( i, v )-model to vapour nucleation in the presence of a high pressure carrier gas: as soon 
as the second component enters significantly into the cluster, an extra ( i 2- )dimension has 
to be introduced. Clearly, the model in its present version - it is still being developed and 
improved upon is not yet capable of tackling (i1, i2 , v)-like problems. 

3.6 The Nucleation Theorem 

To conclude this chapter we will discuss a recently proven theorem, which provides a means 
to determine the number of molecules in the critical cluster in a model-independent fashion. 

To fix ideas, it is illustrative to derive the desired relation for a pure vapour within the 
classical framework. Differentiation of Eq. (3.35) with respect to S at fixed temperature, 
and substituting (3.29), yields 

s (aJ) J OS T = n* + 1, (3.70) 

where the last term results from the proportionality of J to the monomer density p1 S p~q. 
According to this result, the number of molecules in the critical cluster is given by the slope 
of a double logarithmic (J, S) plot. 

This so-called Nucleation Theorem was first proposed by Kashchiev [40] in 1982, who 
proved its validity without invoking the classical (capillarity) modeL Later it was extended 
to mixtures and proven to hold without any assumptions about the shape, size and 
composition of the critical nucleus - by Oxtoby and Kashchiev [41]. In their original 
notation it reads (for an isothermal system): 

aw· 
= -t.n:. (3.71) 

Here W* denotes the work of formation of the critical cluster (equivalent to 6.{}* in the 
preceding sections) and /l.o,i is the chemical potential of component i in the gaseous phase. 
The quantity llni denotes the excess number of molecules of component i in the critical 
cluster, over that in the same volume of the gas phase, so llni ni - n;,0 • 
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We will follow the approach of Oxtoby and Laaksonen [42], who treat the vapour-carrier 
gas mixture as a binary system. They apply the nucleation theorem for both components, 
leading to relations between experimentally observable derivatives of the nucleation rate 
and the excess numbers i).ni. The above authors then estimate these excess numbers using 
the virial equation of state, and conclude that their estimates do not agree with existing 
diffusion cloud chamber data of Heist et al. [43] and Katz et al. [44]. 

It will be pointed out below how both n: and n; can be obtained using only the 
exper,imental dependence of nucleation rates on pressure and supersaturation, without 
reference to an equation of state. For convenience of notation and in order to link up 
with the above references we will frequently use logarithms of dimensional quantities 
(although this is not allowed strictly mathematically). 

Expressing the nucleation rate in the general form (1.3), two general relations can be 
derived with the help of the Nucleation Theorem (3.71) and the chain rule: 

kBT [aln(JjK)] 
as v.r 

A * (aJLv) A * (ajLg) 
Lmv as + ung as 

p,T p,T 

(3.72) 

kBT [aln(JjK)] 
ap S,T 

i).n; (aJLv) + i).n; (ajL9 ) • 
ap S,T ap S,T 

(3.73) 

The derivatives of JL9 can easily be evaluated, assuming that JL9 is not significantly 
influenced by the (very small) vapour fraction. In that case, its partial derivative with 
respect to S (at constant p and T) equals zero; the pressure derivative simply follows from 
the Gibbs-Duhem relation for the pure gas, reading 

( aJLg) = Vg = 
ap S,T p (3.74) 

We now turn to the vapour component. From definition (2.12) it is obvious that 

(aJLv) 
as p,T 

(3.75) 

Combining Eqs. (2.3) and (2.9), the pressure derivative reads 

(3.76) 

Assuming small dissolved molar fractions of the carrier gas, the first term in brackets can 
be approximated with the aid of Henry's law as -x~q jp. 

In order to evaluate the derivatives of the pre-exponential factor Kin (3.72) and (3.73), 
one has to rely on a kinetic model. This hardly causes a loss of generality, since the 
proportionality of the prefactor to both p1 and p~q is a general feature of kinetic nucleation 
models [41]. Neglecting the pressure dependence of surface tension in the prefactor, we 
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have K oc S(fe/Zg)2 see Eq. (3.40) where both fe and Zg are functions of pressure and 
temperature. Obviously, the derivative with respect to S is 

(oinK) 1. 
olnS p,T 

(3.77) 

Assuming fe to have the form (2.18), one can easily prove that the pressure dependence of 
K is given by 

(oinK) = 2 lnfe _ 2 (olnZ9 ) . 

O~p ~ O~p T 
(3. 78) 

The derivative on the right hand side can be estimated from a generalized compressibility 
chart in terms of reduced pressure and temperature (see for example Ref. 45). For all 
nucleation conditions presented, it appears to be much smaller than unity. Yet, the first 
term on the rhs can be appreciable when the enhancement factor significantly exceeds unity 
(for example in the n-nonane-methane system at moderate pressurE>.s, see chapter 2). 

With help of the above results of thermodynamic and kinetic considerations, the general 
expressions (3.72) and (3.73) can be transformed into 

[oln JJ 
Oln S p,T 

(3.79) 

[
Oln J] 
olnp S,T 

(3.80) 

Finally, when replacing the excess numbers D..ni by the total number of molecules in the 
critical cluster, we can arrive at a clear interpretation of these relations. It is easily proven 
that nv,o, being the number of vapour molecules present in one critical cluster volume in 
the gas phase, is negligible for the dilute vapours under study; hence, D..n~ n~. Since the 
critical cluster is constituted mainly of vapour, its volume can be approximated as n:v1

. 

The same volume in the gas phase contains n9,0 = n~v 1pj(Z9k8T) molecules. From these 
considerations we obtain 

[
olnJ] n: + 1 
olnS p,T 

(3.81) 

[
0 

In 
1

] = -n:x:q + n;zg + 2ln fe. 
Oinp S,T 

(3.82) 

Both left hand sides of the above equations are accessible to experiment. The first is 
simply the slope of a (J,S)-plot on a double logarithmic scale, whereas the second can 
be found from the distance between isotherms for different pressures in the same kind of 
graph. Relation (3.81) is the well-known single component result: the experimental slope 
of J versus S directly provides the total number of vapour molecules (bulk plus surface 
layer) involved in a critical cluster. The second relation is more interesting in view of our 
discussion of carrier gas effects. 
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First consider the limiting case where the gas does not enter the cluster at all. Both 
x;q and n; equal zero, so Lln; -n9,0 , meaning that the gas is simply expelled from 
the region where the critical cluster resides. Yet, the enhancement factor contribution 
indicates that the nucleation rate does increase with pressure, for kinetic reasons. Even if 
the thermodynamic driving force for nucleation expressed by the supersaturation S - is 
kept constant, and the carrier gas is completely absent in the cluster, the nucleation rate 
increases simply because there are more monomers present to do the job. 

When the carrier gas enters into the cluster, the situation becomes more complicated. 
The first term on the right hand side represents the equilibrium dissolution of the carrier gas 
in the bulk liquid core of the cluster. Apparently, it causes the nucleation rate to decrease; 
this can be attributed to the decrease of the chemical potential of the vapour component in 
the cluster. Still, the equilibrium solubility is usually small enough for the first term to be 
neglected. The second term (n;Z9 ) accounts for the number of carrier gas molecules in the 
critical cluster, either dissolved in the bulk or adsorbed at the surface. When enhancement 
factors are known or estimated, n; can thus be derived from a measurement of the pressure 
dependence of the nucleation rate. This procedure will be applied in chapter 6. 
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Chapter 4 

Droplet growth theory 

In practical cases where the formation of droplets plays a role, the process of droplet 
growth - in which stable liquid droplets are gaining molecules and become larger - is just 
as important as the nucleation process. Fortunately, its description is less complicated. 

Basically, the growth process involves the transfer of mass (vapour molecules) towardsa 
droplet, and the simultaneous transfer of energy (latent heat) away from the droplet. The 
mechanisms of these transfer processes depend to a large extent on the Knudsen number 
Kn, defined as the ratio of the mean free path of vapour molecules to the diameter of 
the droplet. For very small Kn, the laws of continuum fluid dynamics are applicable; the 
transfer of molecules towards the droplet is then governed by diffusion. This problem was 
already described by Maxwell as early as 1877 [1]. For very large Kn, growth is determined 
by the kinetic process of impingement of vapour molecules onto the droplet; this regime 
was first analysed by Hertz and Knudsen [2,3]. 

Droplet growth relations for the above limiting cases are relatively well established. 
However, these regimes usually occur consecutively: when droplets start to grow after 
homogeneous nucleation they are very small (with typical sizes of the order of nanometers) 
and accordingly the Knudsen number is large. During growth, the radius becomes larger 
and Kn decreases to values that may easily become much smaller than unity. Hence, in 
order to obtain a useful growth model, it is necessary to describe the intermediate case 
where Kn = 0(1). 

Much effort has already been put into modelling this so-called transitional growth 
regime; a review is provided by Seinfeld and Pandis [4]. In this chapter we will consider 
two growth models, differing mainly in their description of the transition between the 
continuum and kinetic limits. The Young model [5] incorporates the transition within the 
model description of the growing droplet, whereas Gyarmathy [6] uses an interpolating fit 
between the two (independently described) regimes. Another important difference lies in 
the velocity distributions used in the modelling of the kinetic regime. 

In view of our interest in high pressure droplet formation, both growth models will 
be slightly reformulated in order to take into account possible real gas effects. To that 
end, the models are rewritten in terms of densities rather than partial pressures, thereby 
avoiding the use of ideal gas relations. 
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4.1 Growth model of Young 

Fig. 4.1 shows a schematic view of a growing droplet and its environment (a supersaturated 
vapour-gas mixture) according to the growth model by Young [5]. The directions of the 
total mass flow M and heat flow E are indicated; both are defined positive when directed 
away from the droplet. Three different regions are discerned within the model. 

interface i , , -'- -Knudsen 
Yv~ ' boundary layer 
Ti /, 

' ' ' ' ' ' 

. . . 
' ' ' ' ' 

' ' 
---

/ 
/ 

/ 
/ 

' ' \ 

' / 

continuum region 
Yva:. 
Ta:. 

Figure 4.1: Schematic view of a growing droplet according to the Young model {5). 

The droplet itself is considered to be spherical, with radius r d· It is assumed to be in 
internal equilibrium, with uniform temperature Td and internal pressure p1; the latter is 
determined by the assumption of mechanical equilibrium between the liquid and vapour 
phases. Finally, directly at the droplet surface the vapour fraction Yvs is determined by 
the condition of thermodynamic equilibrium at temperature and pressure p1• 

The droplet is surrounded by the Knudsen boundary layer, which has a width of the 
order of the mean free path of the molecules. Within this layer, molecular collisions are 
rare and therefore kinetic theory is applied to calculate the heat and mass fluxes. 

Outside the Knudsen boundary layer, macroscopic laws of fluid dynamics are applicable. 
This third (continuum) region stretches from the interface i with temperature T; and 
vapour fraction Yvi ~ to the far field, where the temperature and vapour fraction are Too 
and Yvoo, respectively. The mass transfer process in this region essentially takes place by 
diffusion, whereas the heat transfer is dominated by conduction. 

All molecules evaporating from or reflecting at the droplet surface are assumed to have 
fully thermally accommodated, and therefore have a Maxwellian velocity distribution at 
temperature Td. However, near the interface i between the Knudsen boundary layer and 
the continuum region there is a non-equilibrium situation, and hence for the incoming 
molecules a Maxwellian velocity distribution is not fully appropriate. According to Young, 
the Grad distribution function [7, 8] provides a physically more realistic representation of 
the convective and diffusive heat and mass fluxes near the interface. Indeed, the Young 
model appears to reproduce some features of the growth process that had thus far only 
been predicted by direct solution of Boltzmann-like equations [9]. 
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4.1.1 Continuum region 

We will assume quasi-steady droplet growth: the characteristic time for state changes of 
the surroundings is much larger than the time needed for the growth process to reach a 
steady state. In section 4.3 it will be clarified how changes in the far field conditions are 
accounted for in practical calculations. 

Neglecting viscous normal stresses, the conservation laws of mass and energy for a 
spherically symmetric, stationary problem can be written as 

( 4.1) 

and 

(4.2) 

In these equations the (mass) density p, the bulk velocity u, the specific enthalpy h and 
the heat flux per unit area q still depend on r. When it is assumed that 

~~~~!Mal« 1, (4.3) 

conservation of momentum yields that the pressure is uniform throughout the gas phase [5]. 

Mass flux 

The conservation of mass can be rewritten using the fact that p = Pv+p9 , and taking a closer 
look at the velocities involved. These are the bulk velocity ·u of the gas-vapour mixture 
as a whole which is negative (towards the droplet) when the vapour is condensing and 
the diffusive velocities of the vapour and carrier gas vv and v9 . Of course, vv is negative 
and v9 is positive when the vapour is condensing. By definition we have 

(4.4) 

so that Eq. ( 4.1) can be rewritten as 

(4.5) 

The gas does not condense, and consequently has no net velocity, implying that u + v9 = 0. 
What remains from the above equation is 

Integrating equations (4.1) and (4.6) results in a mass flux M equal to 

1\1 4wr2pu = 4wr2pv (u + vv) =constant. 

(4.6) 

(4.7) 
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Combining equation (4.7) with Fick's law for diffusion in the form 

d (Pv) PvVv = -p'D dr p , (4.8) 

where 'D represents the binary diffusion coefficient, gives (after some algebra): 

( 4.9) 

The density ratio between brackets is just the mass fraction of vapour flv; hence we have 

· ( - ) 2 df/v M 1- Yv = -47rr p'Ddr. ( 4.10) 

The binary diffusion coefficient 'D is inversely proportional to the total molar density of the 
mixture. Since vapour fractions are small in all cases considered in this work, the effective 
molar mass of the mixture is very close to that of the gas (and, hence, independent of the 
total density). Therefore, the product of mass density and diffusivity is also approximately 
constant. Furthermore we neglect the variation of 'D with temperature, since typical tem
perature gradients over the continuum region will turn out to be small. Equation ( 4.10) 
can then be integrated subject to the boundary conditions Yv = Yvi at r = r; and Yv = Yvoo 
as r ~ oo, yielding 

___i!_ = In ( 1 - Yvoo ) . 
47rr;p'D 1 - Yvi 

(4.11) 

For small vapour fractions this expression can be linearized to give 

M = 47rr;pm'Dm (Yvi - Yvoo) · (4.12) 

Here Pm and 'Dm are evaluated at an intermediate temperature Tm, see section 4.3. 

Energy flux 

The equation for the conservation of energy (4.2) can be integrated to 

( 4.13) 

where his the specific enthalpy and q is the heat flux per unit area. With (4.7) this can 
be rewritten as 

E = M ( h + ~) + 47rr2q =constant. ( 4.14) 

The first term on the right hand side denotes the convective energy transport. Using 
Eq. (4.4), the heat flux q can be expressed as 

(4.15) 
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The first term on the right hand side denotes the energy transport by conduction, while 
the second term is the diffusive energy transport. The enthalpy of the mixture is given by 

h = ( ~) hv + ( 1- ~) h9 . (4.16) 

Equations (4.15), (4.16) and (4.7) can be substituted into (4.14). Together with hv = CpvT, 
and neglecting the kinetic energy of the bulk velocity of the gas mixture, this results in 

· · dT 
E = MepvT- 4trr2k dr constant. (4.17) 

Again this differential equation can be integrated, with boundary conditions T T; at the 
interface with r = r;, and T T00 as r-+ co, leading to 

In ( ~ ~CpvTi) -1Vtepv 
E-MepvToo 41rkri. (

4
.
18

) 

It is assumed that the total heat flux by conduction has a dominant role in the total energy 
transport. Hence i4epvT « E and equation (4.18) can be expanded into a second order 
Taylor series, yielding 

(4.19) 

The first term on the right hand side is the energy flux directly resulting from the mass 
transport, whereas the second term is the contribution of heat conduction. The thermal 
conductivity km is again evaluated at temperature T m· 

4.1.2 Knudsen boundary layer 

All molecules leaving the droplet surface have a Maxwellian velocity distribution with 
temperature Td· For the vapour this distribution reads 

1 ( ~;r + ~;0 + ~;d>) 
fv+ (211' RvTd)3/2 exp 2RvTd . ' ( 4.20) 

where ~vr, ~vo, ~v</> are the velocity components in spherical coordinates. For reflecting gas 
molecules the distribution is similar, with subscript v replaced by subscript g. 

It is assumed that the molecules passing the Knudsen layer do not collide with any other 
molecules. Hence, the incoming molecules have a velocity distribution that corresponds to 
that at the interface i, which is assumed to be a Grad distribution. It can be written as [5]: 

c---"--:-;rr.;- { 1 _ <ivi({vr2-~;) [1 ({vr-tt<l 2 +{~e+{;;p] + 
p.,n.r, sn.r, 

(4.21) 
v,;({,r-u;) [1 (~vr-u:) 2H;a+{;,;]} exp (- ({vr-u;)2 +€~oH;;p) . 

RvTi 2 2RvTi 2RvT; 

The distribution for the incoming carrier gas is again identical, with subscript v replaced 
by subscript g. 
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Mass flux 

The rate of mass transfer from the droplet to the gas mixture is given by 

( 4.22) 

where O:ev and O:con denote the probability that an attempt to escape from or condense onto 
the droplet is successful. The middle part of the equation consists of three terms, repre
senting the mass flux caused by evaporated, reflected and incoming molecules, respectively. 
Carrier gas molecules do not contribute to the net mass flux since they do not condense or 
evaporate. 

The mass fluxes can be calculated using the relevant velocity distribution functions. 
For the outgoing vapour the result is 

( 4.23) 

For the incoming vapour at the droplet surface the result is (see appendix E): 

0 00 00 

Mv- = 41fr~ J J J Pvi~vrfv-d~vrd~vod~v4> 
-00-00-00 

( 4.24) 

-47fr2 PviRvT; + (;A) M. 
d ,j2rrRvT; 2r, 

Substitution of Eqs. (4.23) and (4.24) into (4.22) results in 

( 1 _ r~ ) M. _ 4 2 ( O:evPvsRvTd _ o:conPv;R,T;) O:con 2 - 1frd ~ . 
2r; y'27f R,Td v 27r R,T; 

( 4.25) 

When the Knudsen number becomes large, the interface r; moves to infinity. When the 
evaporation and condensation coefficients are set equal to unity, the above relation then 
turns into the Hertz-Knudsen formula [2, 3]: 

( 4.26) 

Energy flux 

To calculate the energy flux in the Knudsen boundary layer, it is assumed that the transla
tional energy of the molecules is uncorrelated with their rotational and vibrational energies. 
Although the gas molecules do not contribute to the mass flux, they do contribute to the 
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energy flux, since incoming molecules have a Grad distribution at temperature T, and out
going molecules have a Maxwell distribution at temperature Td. The total energy flux in 
the Knudsen boundary layer can be formulated as (see appendix E): 

E { [o:evMv+- (1 O:con) lVfv-] (Cpu 1¥) Td} + 

{ Ev- + Mv- (Cpu - T;} + 
( 4.27) 

{-M9_ ( ep9 ~) Td} + 

{E. ,,. ( 1!.&2 ) T.,·} . g- + lvlg- Cpg 

The four rows on the right hand side represent the energy flux of the outgoing vapour, the 
incoming vapour, the outgoing gas and the incoming gas, respectively. Ev- and E9 _ are 
the kinetic translational energy fluxes and can be calculated using the Grad distribution 
function {see appendix E): 

0 00 00 

Ev- 47rr~ I I I ~Pvi(r (e + (i + (~) fv-d(,d(ed(.p 
-oo -oo -oo 

( 4.28) 

where Qc 47rr~qc was used. Similarly, 

R2T2 2 
· 2 2Pu• g i r d • 

E9_ = -47rrd ~ + - 2 Qcgi· 
y 21r R9T; 2r, 

(4.29) 

The expression for the incoming mass flux of the gas is similar to that for the incoming 
mass flux of the vapour, Eq. (4.24). Keeping in mind that u, + v9; 0, the result is 

( 4.30) 

E9_, and Eq. (4.22) into (4.27) yields 

( 4.31) 

~Qci + l~fCpvTd M~"Td (1- ~)- ~MCpv (Td- T;). 

In this final equation, we used Qci Qcvi + Qc9;; this total conduction flux is given by 

(4.32) 
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Extent of the Knudsen layer 

The radius ri of the spherical interface between the Knuasen layer and the continuum 
region is defined as 

T; 
1 + 2{3Kn, ( 4.33) 

where {3 is an experimental coefficient with a best fit value of {3 = 0.75 [5]. The Knudsen 
number Kn is given by 

Kn ( 4.34) 

where ,\ is the mean free path of the molecules. It is usually defined as the average distance 
that a molecule travels between two collisions, which can be derived from viscosity data. 

A better definition of the mean free path in a diffusion process, however, is the average 
step size of a random walk, i.e. the length scale over which a molecule "loses its sense of 
direction". It is easily understood that a heavy molecule will collide many times with light 
molecules before its momentum is significantly altered, making the average step size of a 
random walk larger then the average distance between collisions. From elementary kinetic 
considerations it can be shown that 

(4.35) 

where ntar is the number density of target molecules; m and d denote masses and collision 
diameters of target and colliding molecules, respectively. 

Obviously, ,\ depends on the masses of the interacting molecules. Since we are looking 
at diffusion of dilute vapours, the dominant interactions for mass transfer are vapour to 
gas collisions. For heat transfer, however, gas-gas collisions are dominant. Accordingly, 
one would have to introduce two different interfaces, which would be quite an unwelcome 
complication. It is therefore worthwhile to investigate how the ratio of the mean free paths 
for the above processes depend on the masses of the interacting molecules. Assuming that 
the collision diameter of a molecule is roughly proportional to the cubic root of its mass, 
this ratio can be shown to equal 

1/2 [ 1/3]-2 
Av-g = 2.J2 (1 + mv) 1 + (mv) 
,\

9
_

9 
m

9 
m

9 

(4.36) 

Fig. 4.2 shows a graphical representation of this relation. Apparently, the mean free path 
ratio varies between 0.9 and 1.1 as long as (m,jm9 ) lies between 0.43 and 86. It can thus be 
concluded that one can safely choose either one of the values. Therefore, in all calculations 
the mean free path is evaluated from Eq. (4.35), applied to the pure gas component: 

(4.37) 
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Figure 4.2: Ratio of the mean free path of a vapour molecule in a gas environment and 
a gas molecule in its own environment, as a function of their mass ratio. 

where the collision diameter d9 is taken to be the Lennard-Janes diameter of the carrier gas, 
determined from viscosity data [10]. The number density n9 is straightforwardly obtained 
from the gas density. 

4.1.3 Flux matching and growth 

After calculating the heat and mass fluxes in both the Knudsen layer and the continuum 
region, these fluxes can be found by requiring them to be constant over the interface i 
(so-called flux matching). In the original treatment of Young, this yields four equations 
for the unknowns M, E, Ti and Pvi· The droplet radius rd and temperature Td. are thereby 
treated as input variables. 

In a practical situation, however, the droplet temperature is unknown; it has to be 
calculated from the energy balance at the droplet surface. Since the heat flux is produced 
by the condensing vapour, there exists a coupling between mass flux and energy flux: 

E = :t (Mdhd) ifhd + Mdhd, (4.38) 

where Md is the total droplet mass. Since we assumed slow variations of the far field 
conditions Too and Yvoc" the temperature of the droplet is nearly constant and the second 
term on the right hand side is negligible. The above equation can then be rewritten as 

(4.39) 

where L is the latent heat of condensation. The above assumption of quasi-equilibrium 
between mass and latent heat transfer is known as the "wet-bulb approximation". It is 
valid when the internal heat flux into the droplet is negligible [4]. 
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Summarizing, we have to solve the coupled equations (4.12), (4.19), (4.25), (4.31) and 
(4.39) for the unknowns E, if, Pvi• p9i, Td and Ti. The radius of the interface ri, which 
occurs in most of these relations, is independently calculated by the procedure described 
in the preceding section. The sixth and final equation is1 

p 
Pgi + Pvi = ZRT/ ( 4.40) 

where Z :::::: Z9 is calculated from p and Too using an equation of state (see appendix A) 
and R is the specific gas constant of the mixture, which is also very close to that of the 
carrier gas: R:::::: R9 • 

Once the mass flux is known, the growth rate is simply obtained from mass conservation: 

( 4.41) 

The growth rate for a droplet of given radius can now be calculated for given far field 
conditions. In order to track the growth curve in an actual nucleation experiment, both r d 

and the far field conditions have to be updated each time step. Furthermore, the vapour 
and gas densities at the system boundaries r = r d and r -+ oo must be derived from the 
actually measured parameters of an experiment. These topics will further be discussed in 
section 4.3. 

4.2 Growth model of Gyarmathy 

The work of George Gyarmathy [6] on "The spherical droplet in gaseous carrier streams" 
is often cited, and with reason. He provides a comprehensive and detailed analysis of the 
problem, and thereby also considers relative flow between the droplet and its surroundings 
up to higher Mach and Reynolds numbers. 

Yet, when such relative flow is neglected (which means that the momentum balance 
can be left out of consideration), the resulting droplet growth model is relatively simple. 
Compared to the Young model, described in the preceding section, it differs in two respects. 

First, the subdivision of the droplet system into a Knudsen layer and a continuum 
region is not made; both flow regimes are described separately. Schematically, the model 
of a growing droplet is still represented by Fig. 4.1, only without the interface i in place. 
Second, only Maxwell velocity distributions are used in the Knudsen regime. Consequently, 
the analysis of this regime essentially reduces to the simple Hertz-Knudsen growth law. 

The final expressions, describing droplet growth at arbitrary Knudsen numbers, are 
given as interpolations in terms of Nusselt numbers (dimensionless fluxes) for heat and mass 
transfer. It is noteworthy, however, that Gyarmathy himself suggests that this description 
of transitional growth is very crude, and open to improvement. 

1 In the original work of Young, the partial gas pressure p9; at the interface simply equals p Pvi· This 
relation is, understandably, not treated as an independent equation by Young. 
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4.2.1 Continuum regime 

Although derived in a different manner, the results for the mass and energy fluxes in the 
continuum regime are essentially the same as in the Young model. In expressions (4.12) 
and ( 4.19) all quantities at the interface should be replaced by those at the droplet surface, 
resulting in the following equations: 

( 4.42) 

( 4.43) 

As before, the quantities with subscript m should be calculated at some suitably chosen 
averaged condition, see section 4.3. The first term in (4.43) is neglected by Gyarmathy, 
but we will keep it in place in order to make sure that both models give the same results 
in the continuum limit. This procedure enables us to look at the differences between the 
models that are associated with the use of different descriptions of transitional growth. 

4.2.2 Knudsen regime 

In the Knudsen regime, the mass and energy transfer is governed by the impingement rate 
of molecules to the droplet surface. To calculate the fluxes use is made of Maxwellian 
velocity distribution functions, given by expressions of the form ( 4.20). 

Vapour molecules that evaporate from the droplet surface have a temperature Td; their 
mass flux is still expressed by (4.23). The vapour flux towards the droplets is similar 
(but opposite), with density Pvoo and temperature T00 • The total mass flux of vapour is, 
as before, given by (4.22). On setting the evaporation and condensation coefficients equal 
to unity, we obtain the familiar Hertz-Knudsen expression for free molecular growth: 

4 2 ( PvsflvTd _ PvooflvToo) 
TfT d . 

v'21rRvTd v'27rflvToo 
(4.44) 

The mass flux expressions for the gas molecules are the same, with the subscript v 
replaced by the subscript g. However, since their net mass flux is zero, they only play 
a role in the energy flux. To calculate the latter, it is again assumed that gas molecules 
reflecting from the droplet surface have the droplet temperature Td. Consequently, we have 

{ [ O!evMv+ (1 - O!con) Mv-] ( Cpv -

{ l~fv- ( Cpv - ~v ) T 00} + 

{-M9_ ( ep9 - ~) Td} + 

{ M9_ ( cp9 - ~) Too} . 

( 4.45) 
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Note that the separation of translational degrees of freedom is not explicitly made here, 
since only Maxwellian distributions are involved (see also appendix E). Substituting the 
relevant mass fluxes into ( 4.45) we obtain 

j;;Jm = 47rr2 [PvooRvToo(Cpv-~) + PgooRgToo(Cpg-~)] (Td _Too)+ 
d V21rRvToo )21rRgToo 

( 4.46) 

4.2.3 Transition model and growth 

After finding the heat and mass fluxes for continuum as well as free molecular growth, 
Gyarmathy introduces Nusselt numbers for mass and heat transfer, defined by 

NuM 
M 

27rr dP'D (Yvs - Yvoo) ' 

NuE 
E 

= 
21rrdk(Td- Too). 

He then expresses Nutr for intermediate Knudsen numbers (transitional growth) as2 

N: ct 
Nutr- U 

- -:-1-+--:N::-:-u-ct:--;j-:-:N::-uf-;-m-+----:f..,-,( ~=-=n--.,.)" 

(4.47) 

( 4.48) 

(4.49) 

Next, Gyarmathy extensively argues that it is appropriate to set the function f(Kn) to 
zero, so that the remaining expression can be written as 

NuctNufm 
Nutr = . (4 50) 

Nuct +Nufm . 

Since Nuct is always close to 2, Nufm largely determines the behaviour of Nutr. One can 
prove that it becomes very small in the free molecular limit [14], so that Nuct drops out 
of the above fractional expression and we have Nu -t Nufm. In the continuum limit the 
situation is reversed. In view of the definitions (4.47) and (4.48) of the Nusselt numbers, 
we can as well directly express the fluxes in the above form: 

M 
MctMfm 

( 4.51) = Afct+Mfm ' 

.E 
j;;ctj;;fm 

( 4.52) 
j;;ct + j;;Jm 

We have thus obtained six equations forM, Met, Mfm, E, j;;ct, j;;fm, and Td. The system 
is again completed by the energy balance at the droplet surface, Eq. (4.39). As before, the 
growth rate is then obtained from Eq. (4.41). 

2The form of this expression is attributed by Gyarmathy to Kang [11] and Fukuta and Walter [12], who 
obtained it from flux matching methods similar to that applied by Young [5]. However, the principle of 
flux matching was already introduced in 1934 by Fuchs [13], who applied it to mass transfer only. 
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4.3 Stepwise growth calculations 

As input variables to the growth models, we need the temperature Too and the densities 
Pv" Pvoo and p900 • Since these are not directly measured in the experiments to be described 
in the next chapter, they have to be calculated from other (measured) quantities. 

The far field temperature T00 is obtained from the dynamic pressure signal p(t) using 
an equation of state (see section 5.3). These temperature calculations also provide the 
compressibility Z00 of the gas at far field conditions. Since the total pressure is uniform 
and the temperature difference Td - is generally small, the compressibility is assumed 
to be uniform and equal to Z00 throughout the gas phase. 

Prior to the actual experiment, the initial molar vapour fraction y:.:Q is measured. Due 
to vapour depletion, this fraction diminishes during droplet growth according to [14]: 

m ( ) m ZoooRvTooo 4 3( ) ( ) Yvoo t = Yvo- X ndo-
3

1rp1rd t, 4.53 
Po 

where ndo is the initial number density of droplets, which is assigned to the nucleation 
pulse conditions p0 and Tcco· Accordingly, the far field (mass) densities are obtained from 

Pvoo 

Pgoo 

(4.54) 

( 4.55) 

The vapour density at the droplet surface is equal to its (curvature corrected) saturated 
value. Expressing the saturated vapour fraction for the flat-surface equilibrium by (2.10), 
and relating the total density to the pressure via p = ZpRT, we have 

Pvs feP~ ( 2a ) exp . 
ZoollvTd P1llvTJ.r d 

( 4.56) 

Here p~ is the saturated pressure of the pure vapour and fe is the enhancement factor. 

As a starting point for a growth calculation, the initial radius of the droplets has to be 
known. According to Muitjens [15], nucleated clusters can be assumed stable - i.e. their 
finite probability of re-evaporation has become negligible if they contain at least twice 
the number of molecules of the critical cluster. Using the Kelvin relation (3.27) we obtain 

( 4.57) 

where S and a denote supersaturation and surface tension, respectively. 

The enhancement factor fe, saturated vapour pressure p~, surface tension a, liquid 
density p1 and latent heat L are evaluated at the droplet temperature Td (see appendix A). 
All other physical properties involved are computed at an intermediate temperature 
According to Hubbard et al. [16], a one-third rule is appropriate: 

(4.58) 
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Using the relations established above, all input variables for the growth models can be 
recalculated each time step. The remaining unknowns are then iteratively solved from the 
system of equations for both models. Finally, the droplet radius is updated each time step 
using equation (4.41). A detailed description of the numerical code is provided in Ref. 14. 
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Chapter 5 

Wave tube experiments 

In this chapter we will discuss the expansion wave tube method that is used to measure 
nucleation and droplet growth rates. The design and performance of the set-up have been 
extensively described by Looijmans et al. [1-3]. We will briefly summarize the basic aspects 
here, and thereby focus on certain elements of operation that are specifically associated 
with high pressure use. 

The expansion wave tube experiment is based on the so-called nucleation pulse method. 
Section 5.1 will describe this method and how it is implemented in the expansion wave 
tube. The latter is basically a modified shock tube, the high pressure section of which is 
used as the observation section. 

After the nucleation pulse, the droplets grow to macroscopic sizes and they are then 
characterized by a combination of 90° Mie scattering and transmission measurement. From 
this characterization, both the time-resolved droplet radius rd(t) and the number density 
of droplets nd emerge. The optical characterization will be the subject of section 5.2. 

A proper experiment consists of measuring the nucleation and growth rates and the 
thermodynamic state pressure, temperature, and vapour fraction- at which they occur. 
The pressure can be measured as a function of time; the temperature changes too fast 
for an accurate time-resolved measurement. In section 5.3 it will be pointed out how the 
temperature is calculated from the dynamic pressure for real gas conditions. 

Vapour fraction measurement at high carrier gas pressures has turned out in the past to 
be extremely difficult. Yet, two different methods have been developed to determine vapour 
fractions with satisfactory accuracy. These are described in section 5.4. The first method, 
for water vapour, utilizes a commercially available relative humidity sensor. However, since 
its output at fixed humidity was found to depend on total pressure, it has to be calibrated 
with the pressure as an independent parameter [4]. Gas chromatography was used to 
measure vapour fractions of n-nonane. Although this technique has been a standard tool 
of chemists for decades, high pressure application requires special facilities to release the 
pressure without altering the mixture composition. For the calibration of both methods 
a thermostatic saturation set-up was used. It has turned out to be a valuable tool for 
mixture preparation in the wave tube experiments as well. This and other aspects of the 
experimental procedure are discussed in section 5.5. 
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5.1 The nucleation pulse method 

Ever since its introduction by Allard and Kassner in 1965 [5], the nucleation pulse method 
has been one of the most popular and successful means to determine quantitative nucleation 
rates. The pulse method is based on the separation in time of the nucleation and growth 
stages of the droplet formation process. This separation is achieved by subjecting the 
vapour (usually diluted in a carrier gas) to a proper saturation history. 

First, the saturation is brought to a level that induces a significant nucleation rate, the 
meaning of "significant" depending on the detection characteristics of the apparatus used. 
This state is maintained for a short time interval ilt, the so-called nucleation pulse. After 
the pulse the supersaturation is reduced, thus quenching the nucleation process; still, the 
saturation ratio is kept larger than unity, allowing for the nucleated clusters to grow to 
macroscopic sizes. In this way, a monodispersed cloud of droplets is formed, which greatly 
facilitates the characterization of the droplet population in terms of radius and number 
density nd. Division of the latter by the time duration of the pulse yields the nucleation 
rate, i.e. the number of droplets formed per unit time and volume: 

J (5.1) 

Although implementation details may vary, the required pulse-like saturation history 
of the vapour is always realized by gas dynamic principles. By creating a fast (isentropic) 
expansion wave in a vapour-gas mixture, the temperature decreases rapidly with pressure. 
Due to the non-linear dependence of the saturated vapour pressure p8 on temperature, the 
saturation ratio can be brought from below unity to very large values, see Eq. (2.14). The 
specific pulse-like course of the saturation ratio is now achieved by modulating the initial 
expansion wave by a small recompression, see 5. 1. 
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Figure 5.1: Principle of the nucleation pulse method: schematic saturation profile, and 
the associated pressure history required to produce it. 
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One of the gas dynamic principles mentioned above is based on the use of a shock tube 
to generate the pulse. In more common applications of shock tubes the observation point 
is located in the driven or low pressure section (LPS); however, we are interested here 
in the expansion wave that travels in the opposite direction, i.e. into the high pressure 
section (HPS). Still, the shock wave plays a crucial role in creating the pulse: it reflects at 
a local widening in the LPS as another small expansion, followed by a weak recompression. 
These reflections travel back into the HPS and effectively create the desired pulse-shaped 
expansion at the HPS end walL After the pulse, the pressure remains essentially constant 
for a longer period of time (except for some small disturbances, which are mainly due 
to reflections of the initial expansion wave at the local widening). Finally, this pressure 
plateau is ended by the return of the reflected shock wave from the LPS end wall: the 
mixture is recompressed and heated, and the droplets formed start to evaporate again. 
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Figure 5.2: x - t diagram of wave propagation in the pulse expansion wave tube, with 
schematic tube configuration and resulting pressure and temperature at the observation 
point 0. The dashed lines indicate the position of the local widening; D denotes the 
diaphragm position. The wave pattern was calculated using the Random Choice lviethod, 
for initial conditions of 2 bar nitrogen in the HPS and 1 bar nitrogen in tl1e LPS {2}. 
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An x- t diagram of the pressure waves in the expansion wave tube is shown in Fig. 5.2, 
together with the resulting pressure and temperature history at the observation section 
(left part of the figure). The wave pattern was calculated using the so-called Random 
Choice Method [6, 7], which is capable of solving the one-dimensional hyperbolic wave 
equation that describes the present gas dynamic problem. In his thesis [2] Looijmans 
shows that numerically obtained results for the pressure at the HPS end wall agree very 
well with experimental signals. Further details on the gas dynamic behaviour of the wave 
tube are also described in Ref. 2. 

The most important tube characteristics for the pulse formation are its dimensions. The 
HPS has a length of 1.25 m, and is initially separated from the LPS -which has a total 
length of 6.42 m - by a polyester diaphragm (polyethylenterephtalate, thickness 50 J.Lm -
500 J.Lm). The inserted tube segment that creates the nucleation pulse is mounted in the 
LPS, at a distance of 0.14 m from the diaphragm. 1 Owing to its modular construction, the 
widening characteristics can be adjusted; in the present work a tube segment was used of 
0.15 m length and 41 mm inner diameter. Since the overall inner diameter of the tube is 
36 mm, the surface area ratio- determining the relative pulse depth [2] -is 1.297. 

The performance of the pulse expansion wave tube - in terms of the separation of 
nucleation and growth - will now be illustrated. The above geometric properties result 
in a recompression that is typically about one tenth of the initial pressure difference, for 
a typical nucleation temperature of 240 K. As a consequence, the temperature during 
the growth stage (the pressure plateau in Fig. 5.2) is about 6 K higher than that in the 
nucleation pulse. Using the Clausius-Clapeyron equation in the form 

1 dp• L 

p• dT RT2 ' 
(5.2) 

with values of the latent heat L given in appendix A, it can be shown that the derivative 
dIn p• / dT is near 0.1 K-1 at 240 K, for all vapours studied in this work. In view of the 
temperature difference of 6 K, this means that the saturated vapour pressure during growth 
is about twice as large as that in the pulse. We now refer to Eq. (2.14), and notice that 
the vapour fraction Yv, total pressure p and enhancement factor fe do not vary too much 
between pulse and plateau. It can then be concluded that the supersaturation is reduced 
with about a factor of two due to the recompression. The effect on the nucleation rate is 
dramatic: using classical theory, it can be shown that J is reduced with about 7 orders of 
magnitude. Alternatively, we could use the Nucleation Theorem to derive the effect on J: 

lgrowth (61nJ) n'(alnS) -n'(6lnp5 ) -15 ---=e :=:::ev :=::::e v ::=:::::.e 
lpulse ' 

(5.3) 

where a typical value n~ = 25 was used (see chapter 6). Obviously, the nucleation process 
is completely quenched by the recompression. 

1This distance was chosen to optimize the tube performance. The widening must be sufficiently far 
away from the diaphragm, to make sure that the shock wave has properly steepened up when it reaches 
the widening. On the other hand, placing it further away makes the LPS unnecessarily long. 
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To conclude this section, a schematic drawing of the wave tube and its peripherals is 
presented in Fig. 5.3. Central part of the set-up is, of course, the expansion wave tube. 
The optical set-up that is used for droplet detection at the HPS end wall will be described 
in the next section. At the lower left of the figure the mixing circuit is shown, together with 
the devices used for compositional analysis (see section 5.4). The design and performance 
of the mixing pump have been described in detail in Ref. 2. In the lower right corner the 
mixture preparation unit is shown, consisting basically of two bubblers that are placed in 
a thermostatic bath. The mixture preparation procedure will be the subject of section 5.5. 

HPS high pressure section Pd static pressure (Druck PDCR 200) 
LPS low pressure section p~ dynamic pressure (Kistler 603 B) 
PM photomultiplier RH humidity (Vaisala HMP234) 
PD photodiode GC gas chromatograph 
B bubbler unit CT capillary tube (with housing) 

Figure 5.3: Pulse expansion wave tube set-up together with its peripherals. 

5.2 Optical droplet detection 

5.2.1 Optical set-up 

For the experimental determination of droplet size and number density, use is made of 
the optical set-up shown in Fig. 5.4. The cloud of droplets that has formed during the 
nucleation pulse is illuminated by an Ar-ion laser (wavelength 514.2 nm, power 200 mW). 
This beam is passing the tube through two conical windows. To prevent internal reflections, 
these are placed a little bit beneath the tube axis under an angle of 6° with respect to the 
horizontal direction [2]. 
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Figure 5.4: Optical set-up used for measurement of droplet size and number density, 
situated at the end wall of the expansion wave tube. 

During the growth stage, the droplets are scattering part of the incident light in all 
directions, with a characteristic pattern that strongly depends on the scattering angle 8. 
In our set-up, the light scattered under an angle of goo - largely inspired by the good 
optical accessibility through the end wall window - is recorded by photomultiplier PM 
(Hamamatsu 1P28A, red extended). A rectangular diaphragm d1 (llmm x 2 mm) in 
combination with lens (focal length 0.1 m) limits the scattering angles focused on the 
photomultiplier to a B-angle of goo ± 1.15° and a 8-angle of goo± 6°. 

Obviously, the scattered light is withdrawn from the incident beam, leading to an 
attenuation of the initial intensity. The transmitted intensity is focused by lens L2 (with a 
focal length of0.25 m) onto photodiode D2 (Telefunken BPW 34). Diaphragm d2 is placed 
in order to prevent light scattered under small forward angles from being focused on D2 , 

which would erroneously increase the recorded intensity of the transmitted light. 
Since the intensity of the incident beam is adjusted to the sensitivity of the scattering 

set-up, the transmitted beam is much too intense to be directly recorded by the photodiode. 
Therefore, the transmitted beam is attenuated by leading it through a glass plate and 
monitoring the second internal reflection. This reduces the intensity to about 0.2% of the 
initial value. Since only the relative decrease of the transmitted intensity is used in the 
measurement, this has no influence on the droplet concentration measurement. The role 
of lens L3 will be clarified in section 5.2.3. 

The transmitted light signal is normalized by the signal of a reference beam, accounting 
for intensity fluctuations of the laser. This reference signal is recorded by photodiode D1 

(Telefunken BPW 34). 
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5.2.2 Constant Angle Mie Scattering 

The use of Constant Angle Mie Scattering (CAMS) in the study of particle formation 
has been described in detail by Wagner [8]. Thgether with the nucleation pulse method, 
CAMS constitutes a very powerful tool in the study of nucleation and droplet growth; it 
is nowadays widely used to monitor droplet sizes in expansion cloud chambers of several 
kinds [3, 9, 10]. 

The CAMS method is based on Mie theory [11~13], describing the scattering of plane 
electro-magnetic waves by dielectric spherical particles of arbitrary size. For particle sizes 
of the order of the incident wavelength, the scattered irradiance shows a typical pattern 
of extrema. This pattern can be calculated as a function of the dimensionless parameter 
0: = 2nd/>., for a fixed scattering angle and index of refraction m of the liquid droplets. In 
a nucleation pulse experiment, where a nearly monodispersed droplet population is evolving 
in time, these extrema show up consecutively. By mapping the experimental extrema to 
the theoretical ones, each droplet radius r d can be uniquely assigned to a point in time, 
thus creating an experimental droplet growth curve. 

88.85° <a< 91.15° 7 exp. nr. 616 

84° d)< 95° 7 - m = 1.41 -::j ::j 

~ nj -0 Q. 

"' X ..<: 5 i 5 
i1 
0 

-"' -"' 
3 

3 6 8 6 4 
8 

0 20 40 60 0 5 10 15 

(2m,Jt.l time (ms) 

Figure 5.5: Theoretical and experimental scattering patterns for n-nonane droplets. From 
the mutual correspondence of extrema the time-resolved droplet radius r d(t) is obtained. 

The above procedure is illustrated in Fig. 5.5, for an experiment in n-nonane-helium. 
In the calculation of the theoretical pattern, the theoretical intensity is integrated over a 
narrow size distribution centered on radius r d, which accounts for the finite duration of the 
nucleation pulse. Since the "relative monodispersity" changes with time, however, only an 
approximate value can be assigned to the characteristic width of the distribution [2]. 

Application of the CAMS method at high pressures is straightforward. However, the 
number of extrema that is observed before the shock reflection brings the experiment to an 
end is smaller than in low pressure experiments with comparable vapour densities. This 
is a direct consequence of the binary diffusion coefficient D being inversely proportional to 
the total gas density, which causes the droplets to grow slower at high pressures. 



5.2.3 Extinction measurement 

The number density of droplets is inferred from the transmitted light intensity using the 
Lambert-Beer law: 

I= I 0 exp( -pt), (5.4) 

where l is the optical path length through the droplet cloud, in our case equal to 36 mm. 
The extinction coefficient fJ is given by 

(5.5) 

The extinction efficiency Qext, depending on the size parameter a 21fr d/ >. and the index 
of refraction m, can again be calculated from Mie theory [13]. At each time t; for which 
the scattered signal is at extremum, the droplet radius rd;, hence the value of Qext, can be 
evaluated. Together with the attenuation I/ I 0 (t;) this results in a value of nd for each t;, 
which should be approximately constant: in the ideal case, it would only vary due to small 
pressure fluctuations during the growth period. In practice, however, the derived values 
nd(t;) show somewhat more scatter due to disturbances in the transmitted signal at high 
pressures. 

First, at high pressures the index of refraction of the gas inside the tube differs slightly 
from that of the air outside: m 1 + K,Pg, where K is the Gladstone-Dale constant. Due to 
the oblique placement of the transmission windows, the beam is given an angular deviation 
at the entrance window, which is redoubled at the exit window. Depending on the distance 
of detector D2 , the beam could eventually be prevented from reaching it. This problem 
has been partly resolved by placing an extra lens L3 of small focal length (2 em) in front 
of the detector. 

Second, there are strong dynamic forces acting on the tube during wave propagation. 
These forces result in waves propagating through the tube walls at a different speed 
then do the waves in the gas mixture and they could slightly deform the windows or 
displace the tube a little bit. Since the transmitting windows are very small in order 
to prevent forward scattering - the beam might touch the window edges, resulting in a 
negative fluctuation of the transmitted intensity. 

For the largest part, the above problems are successfully handled by an extremely 
careful alignment of the optical set-up. Still, it would be desirable to have the transmitting 
windows designed somewhat larger, in order to fully ensure that the beam can pass without 
touching the window edges. 

In practice, the reliability of each calculated nd(t;)-value is a..<;sessed separately by the 
experimentalist, which comes down to filtering out the outliers caused by unphysical fluc
tuations in the extinction signal. Finally, the most reliable value (which may just be an 
average) of nd is corrected for the difference in total gas density before and after the re
compression, yielding the "average number density" nd,o during the nucleation pulse. 2 It 
is this value that goes into equation (5.1) to determine the experimental nucleation rate. 

course, nd,O is actually the number density that exists by the end of the nucleation period; for 
convenience, this value is assigned to the averaged pulse conditions Pexp and Texp· See also appendix F. 
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Both an upper and a lower limit of number density exist for the extinction method to be 
applied with sufficient accuracy. The upper limit is associated with the problem of multiple 
scattering, which comes into play when the gas phase is optically dense. This situation 
occurs both at very large number densities and at intermediate densities when the droplets 
have already grown large. As a rule of thumb, the extinction method can safely be used 
when the argument of the exponent in Eq. (5.4) is not too large: {3l < 0.1 [13]. The lower 
detection limit is determined by the signal-to-noise ratio of the extinction measurement: 
at high pressures, the noise level tends to increase, and the number density must be larger 
in order to have a reliable extinction signal. 

In view of the above considerations, the range of applicability of the extinction method 
appears to be rather small. Still, the detection range can be enlarged by using the extinc
tion method as a calibration for the scattering signaL The procedure is as follows. For 
experiments with too small a signal-to-noise ratio, the height of the first or second Mie 
peak is compared to the corresponding peak height of an experiment for which nd can be 
derived from the extinction signal. After a correction for possible variations in the initial 
intensity from one experiment to another, the sought number density emerges as the ratio 
of both peak intensities. An absolute condition for this method to be applicable, however, 
is that the optical alignment, has not been adjusted between the two experiments. 

Finally, to illustrate once more the main differences between low pressure and high 
pressure experiments, the recorded optical signals for one of each are shown in Fig. 5.6. 
The corresponding pressure signals are included as a reference for the time axis. 
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Figure 5.6: 1\1easured signals of pressure, scattered intensity and transmitted intensity 
for typical experiments at low pressure (a) and high pressure (b). 



5.3 Thermodynamic state 

Beside the nucleation and growth rates, it is essential to measure the thermodynamic 
state at which these rates are observed. The basic variables determining the state are the 
temperature and the partial densities of both the vapour and the carrier gas. Instead of 
partial densities, one can equivalently use the total pressure and molar vapour fraction to 
specify the state of the mixture. 

What is measured in practice are the initial pressure Po (using a Druck PDCR 200), 
dynamic pressure p(t) (Kistler 603B, in combination with a Kistler 5001 charge amplifier), 
initial temperature To (read from a Keithley 871A thermocouple) and the initial vapour 
fraction Y11 ,0 . Vapour fraction measurement will be treated in the next section. 

The dynamic pressure measurement is accurate within 0.5%, and fast enough to track 
both the initial expansion and the nucleation pulse. Since the pressure during the pulse 
is not exactly constant, the nucleation pressure Pexp is averaged over the pulse. Its end is 
always sharply defined (shock wavelet); however, its beginning is more gradual, and must 
be specified by the experimentalist. It is demonstrated in appendix F that the experimental 
data are quite insensitive to the particular definition of the pulse duration. 

Temperature can not be measured with sufficient accuracy on the timescale of the 
experiment. Still, since the expansion is assumed to be adiabatic, the temperature can be 
calculated from T0 and the pressure drop using an equation of state. 

Combining the first law of thermodynamics for an isentropic process with one of 
Maxwell's relations gives 

CpdT -T (~)Pdp 0, (5.6) 

where V is the molar volume and Cp is the molar heat capacity. Using the definition of 
compressibility, Z pV/RT, we can rewrite the above relation as 

dT = !!:__ z [1 + :!: (az) J dp 
T c'P z ar 'P P 

(5.7) 

Since Z and Cp are only weak functions of T, this differential equation can be solved for 
small pressure steps, yielding 

1i+I = (Pi+ I)"', 
T; p; 

(5.8) 

where 

R . [ 1i (az) ] C~; = c ( . r./(p;,T;) 1 + Z(. T) &T . 'P p, ' :.; p, ' 'Pi 
(5.9) 

For ideal gases we have by definition Z = 1, and the above relations reduce to the 
familiar result known as Poisson's law: a = R/Cp (! 1)/1, where 1 is the ratio of 
isobaric and isochoric specific heats. In this case, it is only the pressure ratio between the 
expanded and initial states that matters. When real gas effects are taken into account, 
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however, the result becomes sensitive to total pressure as well. Usually, this leads to an 
additional cooling upon expansion, referred to as Joule-Kelvin cooling. 

The calculation of Z(p, T) and Cp(p, T) for real gases requires an appropriate equation 
of state. Sychev et al. have correlated (P, V, T) data of the most common gases; among 
these are helium [14], nitrogen [15] and methane [16], which are used as carrier gases in 
this work. Details of their equation of state are given in appendix A. 

In practice, the temperature in the nucleation pulse is computed from T 0 , p0 and Pexp in 
100 pressure steps. It is easily demonstrated that the above process converges: results are 
not altered by taking more steps. With the exception of the low pressure n-pentanol-helium 
experiments, the influence of the vapour is neglected in the temperature calculation, since 
vapour fractions are always very small at high pressures. Table 5.3 gives typical results for 
the experimental conditions of interest. For helium, the maximum effect of Joule-Kelvin 
"cooling" appears to be less than 0.05 K for the highest pressure, and could as well be 
neglected. Clearly, for methane and nitrogen the full real gas procedure must be applied 
in order to get meaningful temperatures, and hence supersaturations. 

Although the extra cooling is treated here as an effect that can be calculated afterwards, 
it is actually taken into account during operation of the expansion wave tube: the initial 
pressures are slightly adjusted to compensate for the effect, so as to finally reach the same 
nucleation temperature for each total pressure (see section 5.5). 

41.9 25.0 + 0.01 
66.7 40.0 + 0.04 

Nitrogen 20.4 10.0 - 0.85 
50.7 25.0 - 1.55 
80.5 40.0 - 1.96 

Methane 23.0 10.0 - 0.43 
55.8 25.0 - 2.50 
87.8 40.0 3.63 

Table 5.1: Averaged values for tile amount of Joule-Kelvin cooling D.TJK Texp - T,dea.l 

for a nucleation temperature Texp = 240 K and an initial temperature T 0 = 295 K. 

There are two possible heat sources that might violate the assumption of adiabaticity. 
First, during the experiment the tube walls remain at ambient temperature, so thermal 
boundary layers will develop into the gas phase. Using a simple quasi-one-dimensional 
model, the characteristic time 7 can be estimated in which this boundary layer would reach 
the observation point, located at d 5 mm from the HPS end wall: 7 = Cpd2p/(kRT), 
where k is the thermal conductivity. For the conditions of the n-pentanol experiments 
in helium, we obtain 7 ~ 190 ms. In all other experiments, pressures are at least one 
order of magnitude higher. Moreover, for nitrogen and methane Cp is larger and k is 
smaller. Clearly, thermal boundary layers do not reach the observation point within the 
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experimental time. For experiments with helium below atmospheric pressure, however, one 
should always be aware of possible boundary layer effects disturbing the measurement [9]. 

Second, the growing droplets constitute a heat source of their own. Of course, this only 
comes into play during the growth period, and has no impact on the nucleation temperature 
calculated from Eqs. (5.8) and (5.9). The latent heat release per mole of mixture in an 
infinitesimal time step dt equals End V dt, where E denotes the energy flux per droplet. 
Since nd fluctuates with the total density of the mixture, the energy production per mole 
does not vary with pressure during the growth period. These considerations lead to an 
extra term on the right hand side of Eq. (5.7), equal to End,o Vodtj(CpT). 

Principally, the resulting equation should be solved as a whole for each time step. In 
practice, however, the resulting temperature increase of the mixture is very small, and can 
be calculated afterwards as a correction to the isentropic result. Accordingly, in the growth 
calculations the temperature T00 is corrected each time step with an amount dT, given by 

dT = nd,oEZoRTo dt. 
CpPO 

(5.10) 

For the low pressure n-pentanol experiments in helium, the cumulative temperature 
increase may amount up to 1.5 K by the end of the growth period. For high pressure 
experiments, the effect is smaller for two reasons: droplet growth is slower (smaller E), 
and the heat capacity per unit volume of carrier gas is proportional to total pressure. 

5.4 Composition analysis 

In view of the extreme dependence of nucleation rates on the supersaturation ratio S, it 
is of decisive importance to determine the latter with the highest possible accuracy. Since 
S is proportional to Yv, the vapour fraction measurement determines to a large extent the 
accuracy of the 8-value that is assigned to an experimental nucleation rate. 

Calculated growth rates are also roughly proportional to Yv· Looijmans [2] used this 
feature to actually derive experimental vapour fractions from measured growth curves. The 
reason for him to do so was that the so-called "vapour pressure method" - described in 
section 6.1 has severe drawbacks at high pressures. Its underlying assumption is that the 
partial vapour pressure does not change upon carrier gas addition; however, since part of 
the vapour is initially adsorbed at the system walls, the enhancement effect (see chapter 2) 
may affect the adsorption equilibrium, thereby increasing the partial vapour density. Part 
of this problem might be avoided by preparing a large amount of the mixture in a separate 
vessel, and then flushing the test section several times in order to equilibrate possible 
adsorption processes [17]. However, at high pressures this would be both impractical and 
expensive, since huge amounts of gas would be needed for each experiment. 

Clearly, it is preferable to measure vapour fractions directly. Early attempts in this 
direction were only partially successful, since a proper calibration method was lacking [18]. 
In this section we will describe two methods that have been developed to determine vapour 
fractions (of water and hydrocarbons, respectively) with satisfactory accuracy. 



5.4.1 Humidity measurement 

For determination of the water content of gas mixtures, capacitive humidity transducers are 
widely used. Even for high pressure applications, commercially available devices exist. One 
of these is the Vaisala transducer HMP 234, incorporating their patented Humicap sensor. 
It consists of a polymer film, the capacitance of which changes as it absorbs water molecules, 
and a PtlOO temperature sensor. Although the HMP 234 is mechanically pressure resistant, 
no quantitative information was available concerning the effect of pressure on the indicated 
relative humidity (RH). Since earlier experiments had proven the existence of such intrinsic 
pressure effects, a co-operation with Vaisala was initiated in order to obtain a quantitative 
calibration of the HMP 234 at helium and nitrogen pressures up to 100 bar. Meanwhile, 
the results of these pressure dependent calibrations have been published separately [4]. 

The high pressure behaviour of the HMP 234 was investigated using a specially built 
humidity generator. Its construction was based on a paper by Wylie and Fisher [19], 
who applied it to measure the enhancement factors of water vapour in air and oxygen. A 
schematic drawing of the calibration set-up is shown in Fig. 5. 7. 

Central part of the set-up are two saturators, placed in a thermostatic bath operated 
in a temperature range from ooc up to ambient. After cooling down in a heat exchanger 
coil, the gas bubbles through the first saturator, halfway filled with water and containing 
three layers of different size glass beads. The humidified gas is led to the HMP 234 sensor 
-either directly or via the second saturator, to check for complete saturation over a tube 
of 1 rn length and 4 mrn diameter. During this passage, the mixture attains the ambient 
temperature T0 and becomes undersaturated. By controlling the bath temperature T., 
relative humidities of 30% (T~ slightly above 0°C) to 100% are achieved. The set-up as a 
whole is situated in a thermostatic chamber kept at fixed T0 between 21 and 22 oc. 

u 
G gas supply D HMP 234 housing 
H heat exchanger coil N needle valve 
s saturator E HMP 234 electronics 
v selector valve T Pt1 00 voltage reading 
p pressure transducer X X -t recorder 

Figure 5. 7: Schematic drawing of the humidity sensor calibration set-up. 
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Each pressure calibration run consisted of the following steps. First, a reference RH 
is chosen and the corresponding T. is adjusted. At a pressure of 2 to 3 bar, saturation is 
tested: the humidity reading proved to be insensitive to the number of saturators and the 
gas flow rate. (However, the output slightly depended on history, with maximum errors 
smaller than 1.5% RH. This hysteresis disappeared after flushing for several hours). Next, 
the pressure is increased in steps. After each step, a new equilibrium must be attained, 
which takes one hour on the average. This relatively long time is mainly caused by the 
need for stabilization ofT.: during compression, this temperature rises due to adiabatic 
heating. After stabilization, monitored by recording the RH signal, the deviation between 
the indicated value RH; and the actual humidity RH0 at the sensor position is calculated: 
~ = RH; -RH0 . 

During a calibration run, both the absolute water content at conditions (p, T.) and 
the saturated partial density at conditions (p, T0 ) increase with pressure. Applying the 
definition of the enhancement factor (2.10) at both conditions, the relative humidity at the 
sensor position is found to be 

RHo= y~:(p, T.) = fe(P, T.) x p•(Ts) x 100%. 
Yv (p, To) fe(P, To) p•(To) 

(5.11) 

The value of fe is slightly larger at the saturator, resulting in an overall increase of RH0 

with pressure. The effect is small (at most 2% RH at 100 bar nitrogen pressure), but for 
an accurate calibration of the pressure deviation it must be taken into account. 

In a pressure run with helium no systematic pressure dependence was found: the average 
value~= 0.6±0.3% RH lies within the error bounds of the capacitive measurement, which 
is specified by the manufacturer to be ±1% RH. Therefore, in all helium experiments the 
indicated RH value is used without any pressure correction. 

T. (K) T0 (K) p (bar) fe,s Je,O RH0 (%) RH; (%) ~ (%) 
11.07 21.89 02.04 1.007 1.006 50.24 50.5 0.26 
11.08 21.84 07.30 1.025 1.023 50.49 49.4 -1.09 
11.07 21.69 27.60 1.098 1.089 51.28 46.4 -4.88 
11.08 21.67 49.38 1.183 1.164 51.73 45.0 -6.73 
11.07 21.64 69.37 1.266 1.238 52.11 43.4 -8.71 
11.08 21.67 93.35 1.374 1.333 52.48 42.4 -10.08 

Table 5.2: Experimental data for a typical pressure run in nitrogen. 

Pressure runs in nitrogen were performed at initial relative humidities of 30, 40, 50, 68, 
84 and 100% RH. Data for the 50% run are shown in Table 5.2. The results of all runs 
are collected in Fig. 5.8. A pressure dependent deviation is found, the magnitude of which 
depends on the relative humidity RH0 . The variations of RH0 due to the enhancement effect 
-see Eq. (5.11) - are small enough to represent each run by a fit function, characterized 
by one single RH0-value. The functions in Fig. 5.8 can be cast in the form 
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Figure 5.8: Summarized results of pressure runs in nitrogen. Markers: experimental data. 
Dashed lines: correlation given by Eqs. (5.12) and (5.13). 

RH; = RHo+ ,6.(p, RHo) = RHo 
b(RHo)P 

,6.00 x 1 + b(RH0 )p' (5.12) 

with an asymptotic deviation ,6.00 = 20%. For each pressure run, the value of the parameter 
b is obtained from a least-squares fit. The fitted values areassigned to the average RH0 of 
the corresponding run; the resulting function b(RH0) is accurately described by 

b(RH0 ) = 1.47 x w-3 + 2.09 x w-4RH0 - 3.74 x w-7RH~, (5.13) 

where b is in units of bar-1 and RH0 is in % RH. In view of the quality of the correlations 
shown in Fig. 5.8, the width of the error bar seems to be overestimated. 

For practical computations, it is advantageous to correlate ,6. in terms of the observables 
RH; and p using (5.12) and (5.13), an iterative scheme would be needed to solve for RH0 . 

For not too large deviations, the correlation can be inverted to give 

I b'(RH;)p 
RHo= RH; + ,6.00 x 1 + b'(RH;)p' (5.14) 

with ,6.~ 24.3 % RH and 

b'(RH;) = 1.50 x w-3 + 1.84 x w-4RH,- 7.29 x w-7RH;. (5.15) 

The residual error in RHo after correction is smaller than 1% RH for all data points. In this 
form, the correlation was used to determine the water content in the wave tube experiments 
with nitrogen as a carrier gas. 



5.4.2 Hydrocarbon analysis 

A frequently used method for the separation of gas mixtures is gas chromatography. It 
is based on mutual differences in equilibrium concentration between a stationary phase 
(attached to the inner side of a capillary glass column) and a mobile phase (carrier gas). 
Each constituent arrives at the end of the column with a specific retention time, which 
allows for a quantitative characterization of the mixture. 

Gas chromatography as such has become a standard technique in chemistry. However, 
a gas chromatograph (GC) is generally operated at atmospheric pressure. Since we want 
to analyse high pressure mixtures, the sample that is brought into the GC has to be 
rarefied without altering its composition. Sudden pressure drops may cause preliminary 
condensation; therefore, the pressure release has to be gradual and preferably isothermal. 
These demands have been met in the set-up shown in Fig. 5.9. 

~ 
I 
i 
i 

INT integrator (HP 3393A) 

FID flame ionisation detector 

GC chromatograph (HP 589011) 

6-V six-way selector valve 

CT capillary tube 

TB thermostatic bath 

Figure 5.9: Schematic representation of the gas chromatographic set-up. 

A temperature controlled capillary tube, made of copper, is directly connected to the 
expansion wave tube. It has a length of 2.4 m and an inner diameter of 0.23 mm; inside the 
tube a wire of diameter 0.17 mm is situated, which further reduces the effective diameter 
to 0.08 mm. Both the capillary tube itself and the stainless steel tubing, connecting it to 
the GC, are temperature controlled at 70°C by a water bath. 

The gas sample enters the GC by a six-way rotator valve (figure 5.10), which brings an 
accurately reproducible amount of gas onto the column. Initially, its internal sample loop 
is flushed for 10 s (a). Then the sample input is shut off and the loop is allowed to balance 
to atmospheric pressure for 5 s, in order to make sure that the molar content of the loop 
is always the same (b). Finally, by turning the rotator valve, the contents of the sample 
loop are taken into the column by a carrier flow of helium (c). 
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l column 

(a) load position (b) balance position 

carrier j 

(c) inject position 

Figure 5.10: Principle of the injection system: (a) the sample loop is tlushed with the 
test mixture; (b) the loop balances to atmospheric pressure; (c) the rotator valve brings 
the sample directly onto the column. 

The GC column has a length of 24 m, and is also temperature controlled at 70°C. After 
passage, the mixture components reach the Flame Ionization Detector (FID) one after 
another. Its operation is based on partial ionization of the C-H bonds when an organic 
molecule is burnt in the hydrogen flame: the change of electrical conductivity causes a 
current between two electrodes. The area of the resulting Gaussian current peak is a 
measure of the mass concentration of the component in the mixture [20]. An automatic 
integrating device calculates and plots the peak areas during a sample run. 

For calibration of the gas chromatographic set-up, a gas mixture of known composition 
must be supplied to the system. Two routes have been followed. The first of these makes 
use of commercially available certified gases (BOC Speciality Gases, Surrey, UK). Two 
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50 1 gas cylinders were purchased, one containing 490 ppm n-octane and 90 ppm n-nonane 
in methane, the other containing 362 ppm n-heptane, 262 ppm n-octane and 154 ppm 
n-nonane in methane. These cylinders were coupled directly to the pressure reducing 
capillary. After flushing for about one hour, 20 samples were taken. The average peak 
areas are shown as calibration points in Fig. 5.11. Since the FID is a mass sensitive 
detector, the abscissa is given in terms of the mass concentration C in mg per mole.3 
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Figure 5.11: Calibration data for the gas <'.hromatograph. Triangles: saturation method. 
Squares: calibration gases. The straight line is fitted to the saturation points only. 

The second calibration method was inspired by the one described in the preceding 
section. A second pair of saturators was built, and filled with liquid n-nonane. The whole 
construction was again placed in the thermostatic bath, with the saturator exit directly 
coupled to the capillary tube, without any valve in between. 

By bubbling through the liquid n-nonane with helium gas, and increasing the pressure 
in steps, the vapour fraction in the resulting mixture was varied. For helium gas, the 
vapour content of the mixture was calculated from Eqs. (2.10) and (2.11), applied at the 
saturator temperature T. and total pressure p. After each pressure increase, the mixture 
was flushed through the sampling valve for about one hour - again, had to recover from 
adiabatic heating due to compression- before 10 to 20 samples were taken. The calibration 
points in Fig. 5.11 show the averaged peak areas. 

The accuracy of the saturation method is believed to be better than the± 5% relative 
error that is specified for the certified gases. Therefore, the calibration line in Fig. 5.11 is 
based on a linear least-squares fit to the saturation data only. In order to check the sta
bility of the GC measurement, the calibration was repeated after the n-nonane nucleation 
measurements were completed. No differences were found. 

to small structural differences the n-alkanes have slightly different sensitivities, but this can be 
neglected when only n-heptane, n-octane, and n-nonane are considered [20]. 



5.5 Experimental procedure 

A "series" of nucleation experiments is defined as a sequence of wave tube runs with the 
same nucleation pressure Pexp and temperature Texp, but with a varying vapour fraction or 
supersaturation. Prior to each series, the initial pressure Po in the high pressure section 
(HPS) of the wave tube is calculated from Pexp, and the initial temperature T0. For 
ideal gases, this calculation can be done analytically. However, for real gas conditions, Po 
is calculated from Eqs. (5.8) and (5.9) using a trial-and-error procedure. This procedure 
is repeated for T0-values of 294, 295 and 296 K, leading to slightly different values of p0 . 

During the series, the actual value of p0 is interpolated and adjusted to correct for small 
variations in T0 between experiments. 

In order to arrive at the desired pressure Pexp in the nucleation pulse, the pressure in 
the LPS must generally be chosen near l.lpexp· The latter factor depends somewhat on 
the nucleation conditions and the gas properties. In practice, it is adjusted in a few test 
runs with dry carrier gas. In order to minimize disturbing reflections at the moving contact 
interface, the same gases are used in both HPS and LPS. 

The two-saturator calibration set-up, described in the previous section, is capable of 
producing a gas-vapour mixture with known composition. After some adjustments to the 
configuration of valves and tubing, it was therefore used as a mixture preparation unit in 
the wave tube set-up, see Fig. 5.12. 

toHPS 

- : flow direction during dry carrier gas addition 

: flow direction during wetted gas addition 

Figure 5.12: Mixture preparation unit, based on controlled carrier gas saturation. 

The preparation procedure is the following. First, after mounting a new diaphragm, 
both HPS and LPS are evacuated for 15 min, to a pressure below 10 Pa. Second, dry carrier 
gas is led into the test section, up to a pressure Pdry (which is of the order of 0.5p0 ). To 
prevent pressure waves running into the saturation set-up at a later stage, the saturators 
are pressurized simultaneously. When Pdry is reached, the two selector valves are switched 
to the "wet position", and the mixing pump is started. Now the carrier gas is led into the 
HPS via the saturators, until the desired total pressure p0 is reached. 
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Theoretically, the final vapour fraction in the HPS resulting from the above procedure 
is fully determined by Pdry and p0 . An elementary consideration, assuming that the gas 
compressibility factor Z equals unity, but taking into account vapour pressure enhance
ment, shows that 

Yv,O = 
Po 

PO 

I fe(P, Ts)d = p"(T,) x /( T) 
P- Pdry,Po, s · 

P Po 
(5.16) 

Pdry 

When we assume fe to have the form (2.18), which is quite generally valid at not too low 
temperatures T., we can calculate the integral by expanding fe into a Taylor series in p. 
Furthermore using that p5 ~ p, the result is 

(5.17) 

The series on the right hand side rapidly converges for typical values of the "enhancement 
coefficient" b(T,), and can be evaluated with high accuracy using only the first few terms. 

In practice, the vapour fraction obtained is always lower than the theoretical Yv,O· 
There are several possible explanations, such as wall adsorption and the "dead volume" 
of the tubing between preparation unit and HPS. The difference between theoretical and 
observed values of Yv,o is usually a factor between 1.5 and 2. Accounting for this correction 
in advance, expressions (5.16) and (5.17) can be solved to obtain the value of Pdry that 
has to be chosen in order to arrive at, or near, the desired Yv,O· When one experiment 
of the series has been successful, its value of Pdry is slightly adjusted in order to vary the 
experimental supersaturation again with the help of the above expressions to estimate 
the sensitivity of Yv,o to Pdry· 

The actual measurement of the vapour fraction, after arriving at the total pressure p0 , 

depends on the vapour under study. vvnen working with water vapour, the gas entrance is 
shut off when p0 is reached. Mixing is continued until the relative humidity RH;, indicated 
by the HMP 234, has become stable. Then, the mixing pump is switched off and the 
mixing circuit valves are closed (see Fig. 5.3). After recording the initial values T0 and p0 , 

the diaphragm is weakened with a current pulse and the experiment starts. The dynamic 
pressure p(t) and the optical signals of the scattered, transmitted and reference intensities 
are recorded into a LeCroy 6810 waveform recorder, triggered by the initial expansion wave. 

For n-nonane the procedure is more complicated. The GC measurement is inherently 
intrusive: part of the test mixture has to be withdrawn from the HPS to the GC. This 
would lead to an undesired pressure drop: part of the vapour is adsorbed at the HPS walls, 
and pressure fluctuations may influence the adsorption equilibrium. Therefore, when the 
valve to the capillary tube is opened, the entrance flow is not shut off, but adjusted to keep 
the total pressure p0 constant. Since the flow imposed by the mixing pump is larger than 
the incoming flow at the gas entrance, the gas samples are taken from the test section, and 
not from the incoming gas (see Fig. 5.3). Still, the mixing flow is small enough to take a 
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few gas samples before the incoming gas - the composition of which usually differs from 
Yv,o - reaches the observation point after one cycle through the HPS. (However, at the 
highest initial methane pressures, only one sample could be taken since both the exit and 
entrance flows become quite large during isobaric flushing.) Immediately after sampling, 
the mixing pump is turned off and the mixing circuit is closed. After recording p0 and To 
the experiment can start. 

The above preparation procedure has several advantages above the conventionally used 
"vapour pressure method". Since the vapour and gas are now premixed in the saturators, 
no local compression of pure vapour occurs, which was one of the major drawbacks of 
the conventional procedure. Moreover, better control of the initial vapour fraction is now 
possible by adjusting both the temperature T. and the dry pressure Pdry· Still, the method 
is open to improvement. For safety reasons, the valves should be preferably operated 
electronically: due to the construction of the saturators, liquid is levelled over into the HPS 
when a reversed pressure gradient is incidentally applied over the saturators. Moreover, it 
would be advantageous to have the possibility of (electronically controlled) variable mixing 
of dry and wetted carrier gas before it reaches the HPS. In that way, sampling would be 
facilitated since composition differences during preparation could be eliminated altogether. 
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Chapter 6 

Results and discussion 

l:'sing the pulse-expansion wave tube method described in the preceding chapter, nucleation 
and growth rates have been determined for a variety of systems. The experimental results 
will be presented and discussed in this chapter. 

The first section, dealing with n-pentanol nucleation, describes our contribution to an 
international co-operation program, with the objective to check the mutual consistency 
of experimental techniques. Since this work was already published separately, the text 
is taken. literally from the corresponding paper [1]. Consequently, there may be some 
overlap with the material in the preceding chapters; note, however, that the experimental 
preparation procedure differs slightly from that described in section 5.5. For the sake of 
brevity, two figures in Ref. 1 that already appeared in chapter 5 have been omitted, and 
both tables have been moved to the appendices of this thesis. Of course, cross-referencing 
has been accordingly adjusted. 

Sections 6.2 and 6.3 present the main results of this work. Nucleation rates are reported 
for water in helium and nitrogen, and for n-nonane in helium and methane, all at total 
pressures of 10, 25 and 40 bar. The choice of these systems and conditions was motivated 
by our interest in the effect of total pressure on nucleation: by studying systems with an 
increasing degree of non-ideality, it is easier to identify possible pressure effects. 

Since droplet growth curves emerge naturally from the nucleation experiments, these 
measurements also provide a large database for assessment of the growth models described 
in chapter 4. This will be the subject of section 6.4. From the viewpoint of modelling 
the transitional growth regime, the n-pentanol experiments are the most valuable, since 
these are largely situated in the intermediate Knudsen number range. The high pressure 
experiments, on the other hand, provide information about the performance of the growth 
models in the continuum regime; it is even possible to derive diffusion coefficients from the 
experimental growth curves [2]. 

Finally, we have investigated the possibility of determining quantitative nucleation and 
growth rates in a complicated multicomponent system at high pressure, i.e. natural gas. 
The results of this work have also been published separately. Section 6.5 contains the 
integral text of the corresponding paper [3]. 
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6.1 Homogeneous nucleation rates for n-pentanol 

6.1.1 Introduction 

During the last few decades, the emphasis in experimental research on nucleation has 
shifted from the determination of critical supersaturations (onset activities) to measure
ments of quantitative nucleation rates. The latter have become possible due to the devel
opment of several methods to separate the nucleation and growth stages, which together 
constitute the process of homogeneous condensation. An excellent review of experimental 
techniques is provided by Heist and He [4]. 

On the other hand, theoretical modelling of the nucleation process is still in progress. 
Several routes to describe the formation of critical nuclei out of a vapour consisting of a 
distribution of (subcritical) clusters have been developed until now [5, 6]. 

Comparison of the experimentally determined nucleation rates to these models still 
meets considerable problems, since severe discrepancies exist between data sets obtained 
by different experimental groups. These are first of all caused by the use of different 
substances for nucleation studies. Second, every set-up has its own limiting range of 
operating conditions (pressures, temperatures and activities), which constitutes another 
source of scatter. An additional problem, the use of different physico-chemical parame
ters even when the same compounds are studied, might be overcome by recalculation of 
results, provided that "raw" data is available. For example, nucleation temperatures and 
supersaturations for an expansion-type experiment might be recalculated afterwards, using 
alternative equations of state or alternative vapour pressure equations. However, in order 
to do this, the measured pressure history has to be available, which is not always the case. 
Finally (but certainly most interesting), the use of different measurement principles should 
be mentioned. 

In order to verify the results of the varying experimental techniques, the other sources 
of scatter have to be eliminated. To achieve this, an international co-operation has been 
initiated during the Workshop on Nucleation Experiments in Prague, June 1995. The 
criteria for choosing the substance, and the conditions under which it should be studied, 
can be found elsewhere [7]. One agreed on the choice of n-pentanol at temperatures of 240, 
250 and 260 K, in the presence of helium with a pressure of approximately 100 kPa as a 
carrier gas. 

The present paper constitutes our contribution to the Workshop project. \Ve present 
data in the full range of conditions mentioned above, obtained using our pulse-expansion 
wave tube. A detailed description of this method can be found elsewhere [8, 9]; in the 
next section we merely summarize the principles. After presenting the results in tab
ular and graphical form, they are compared to existing data by Hruby et al. [10] and 
Smolik [11]. Comparisons will also be made to the Kinetic Classical Theory [5] and to the 
semi-phenomenological model by Kalikmanov and Van Dongen [6]. The latter is based on 
the Fisher model for the cluster distribution and a radius-dependent form for the micro
scopic surface tension. 
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6.1.2 Wave tube experiments 

In our expansion wave tube set-up (see Fig. 5.3), extensively described in Refs. 8 and 9, 
the separation of nucleation and droplet growth stages in time is accomplished by the 
well-known nucleation pulse method. The pulse-like pressure history is obtained at the 
end wall of the high pressure section (HPS) in the following way. After rupture of the 
membrane by electrically heating it, an expansion wave travels in the direction of the 
HPS end wall. The shock wave, travelling in the reverse direction, generates another 
small expansion at a local widening in the tube, followed by a weak recompression. When 
these waves reach the HPS end wall, an effective nucleation pulse is obtained. After the 
pulse, the pressure remains approximately constant until the shock reflection from the 
LPS end wall returns. During this period, droplet growth is observed using Constant 
Angle Mie Scattering (CAMS) under 90°. The time-resolved radius is used to calculate 
time-resolved extinction efficiencies. These are in their turn used to evaluate the droplet 
density from the attenuated transmission signaL Division by the duration of the nucleation 
pulse (approximately 0.3 ms) yields the nucleation rate. Typical recorded signals of one 
experiment are shown in Fig. 5.6(a). 

In order to perform reproducible measurements in this way, great care has to be taken 
in preparing a well-defined mixture of the n-pentanol vapour and the carrier gas. There
fore, the preparation stage of our experiment consists of the following steps. First, after 
mounting a membrane, the HPS is evacuated during 1 hour in order to remove all residual 
gas and foreign particles. Then, the pen:tanol vessel is separately pumped for 1 minute. 
This is done in order to remove any residual air that might have leaked into the vessel 
from the outside. After assuring in this way the purity of the n-pentanol vapour in the 
vessel, it is opened until the desired vapour pressure Pv,o (measured using an Edwards 
600 AB static pressure transducer) is reached in the test section. Due to wall adsorption, 
it takes typically 45 minutes for the vapour pressure to stabilize. The measured vapour 
pressure is corrected for the small leakage of ambient air into the system - at a rate of 
0.015 Pa/min during the stabilization period. At this stage, the helium is added, up to 
the desired initial pressure p0 (obtained from a Druck PDCR81 transducer). Homogeneity 
of composition is restored by applying a circulation pump for 15 minutes, after which the 
mixing circuit valves are closed. Now, the initial temperature To is read from a Keithley 
871A thermocouple, and the experiment is started. 

Besides the nucleation rate, the thermodynamic conditions during nucleation have to 
be measured or calculated. These are obtained from the initial conditions described above, 
and the pressure history. The latter is recorded from a Kistler 603B, in combination with a 
Kistler 5001 charge amplifier. The (total) nucleation pressure Pexp is obtained by averaging 
over the pulse, to account for small variations. From T 0 , Po and Pexp, the experimental 
temperature Texp is calculated using Poisson's law. Herein, the adiabatic parameter of the 
mixture ~(mix Cp,mix / Cv,mix is calculated according to 

'Ymix [ 
1 Pv o ( 1 1 ) ] -I 1+ --+-' -----

'Yg - 1 Po 'Yv - 1 'Yg - 1 ' 
(6.1) 
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based on weighed averaging of the mixture's isochoric heat capacity c;,. Although the heat 
capacity of n-pentanol varies slightly with temperature, we used the value "tv =1.07 as 
an average value during the expansion. The error in nucleation temperature due to this 
approximation can be shown to be smaller than 10-2 K, which is clearly within the total 
uncertainty in Texp· This uncertainty equals 0.5 K, and is largely caused by the uncertainty 
in the dynamic pressure measurement. For helium, the ideal value "/g 5/3 is used. 

In order to obtain the experimental supersaturation ratio, one needs the nucleation 
temperature and the partial vapour pressure Pv,exp· The latter is obtained from the initial 
vapour pressure Pv,o and the ratio of total nucleation pressure to total initial pressure. 
Supersaturations are accordingly calculated from the expression 

S = Pv,exp = 
Psat,exp Po 

(6.2) 

The correlation to be used for the saturated vapour pressure Psat has been agreed to be the 
one by Schmeling and Strey [12], given in appendix A. All other listed correlations were 
also taken according to the agreements of the ~ucleation Workshop Group. 

6.1.3 Results and discussion 

Since the main objective of this paper is to provide nucleation data for future comparison, 
we summarize all measured values in Table H.l5 of appendix H. 

Values of the experimental nucleation rate as a function of the n-pentanol supersat
uration (which, of course, equals the n-pentanol activity in this case) are represented in 
Fig. 6.1. In this graph, only the data points of the 240, 250 and 260 K series are plotted. 
For one typical point at each experimental temperature, representative error bars are in
cluded in both directions. The nucleation rate is measured with an accuracy better than 
30%. The error in the supersaturation stems largely from the uncertainty in experimental 
temperature. Since the latter equals 0.5 K, errors in the supersaturation can be calculated 
to yield approximately 1.7, 1.1 and 0.6 at 240, 250 and 260 K, respectively. Even within 
the rather large uncertainty, the data at 260 K seems to give a steeper S-dependence than 
expected. This might be associated with problems of vapour depletion and heat release, 
since the embryonic droplets grow very fast at the higher temperatures and rates [10]. Due 
to this rapid growth, only one out of twelve experiments was successful at 260 K. 

During recent years, it has become clear that the number of molecules in the critical 
cluster can be derived from experimental data, independently of any nucleation model, by 
applying the so-called nucleation theorem [13]. For low density vapours, it can be written 
in the form [10] 

(6.3) 

In view of the relatively large scatter in the supersaturation obviously caused by the very 
low saturated vapour pressures of n-pentanol at the present temperatures- and the number 
of experiments for each series, we believe that application of the nucleation theorem to our 
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Figure 6.1: Experimental values of nucleation rates as a function of the n-pentanol 
supersaturation. Solid lines are values according to the KvD-SPT. 
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data only makes sense for the large set of 250 K data. This results in an estimated critical 
cluster size of 22 molecules for a nucleation rate of 1010 cm-3 s-1 . 

In Fig. 6.1, theoretical curves for the temperatures of interest are included for the 
semi-phenomenological theory of Kalikmanov and Van Dongen [6]. It finds its basis in the 
Fisher model for the cluster distribution and a radius-dependent Tolman-like form for the 
microscopic surface tension. The characteristic Tolman length is found by matching the 
equilibrium cluster distribution to (empirical) saturation pressure data. We will refer to this 
theory asK vD-SPT, since there exist more nucleation models of the semi-phenomenological 
type. 

We also compared our data to theoretical rates according to the (Kinetic) Classical 
Theory (KCT), which uses the capillarity approximation to describe the nucleating clusters. 
According to the KCT, the nucleation rate can be written as 

(6.4) 

where ks and NA have their usual meanings and other properties can be found in ap
pendix A. Results of the KCT are left out in Fig. 6.1, because its values are up to 5 orders 
of magnitude lower than experimental data. This result seems to be in contradiction with 
the results by Hruby et al. [10], who report a rather satisfactory agreement between ex
periment and classical theory. The difference has to do with their inclusion of the factor 
exp(O) into classical theory, 0 being a dimensionless surface tension. We prefer to omit 
this factor, since its physical basis is somewhat questionable, as was recently pointed out 
by McClurg and Flagan [14]. We did include, however, the 1/S factor into the classical 
prefactor, which is generally believed to be more consistent [5, 14]. 
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In Fig. 6.2, we compare our experimental results to predictions of both theories men
tioned. We deduce from the graph that the KCT underestimates the measured nucleation 
rates by approximately four to five orders of magnitude, whereas the K vD-SPT underesti
mates it by only two orders of magnitude. 

Figure 6.2: Experimental values of nucleation rates in this work, normalized by two 
theoretical predictions. Solid markers: KvD-SPT, open markers: KGT (see text). 

106 

0 
104 

<I> .c 
-; 

102 -'5. 
X 
<I> ., 

10° 

10·2 

0 
0 0 

@ 8 
0 0 

0 : . ··•:: ·:. • /D. I: 
Ref. 11 data__. • 

0 0 

• • 
------------------------------- ·-· 

• KvD-SPT (Ref. 10) 
o KCT (Ref. 10) 

240 250 260 270 

T {K} 

Figure 6.3: Data of Hruby et al. (circles) and Smolik (squares). See caption to Fig. 6.2. 

In Fig. 6.3, some representative data points by Hruby et al. [10] also obtained in 
an expansion chamber set-up are presented in the same fashion. It is important to 
stress, that the results by Hruby are measured at nucleation rates about three orders of 
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magnitude lower than the present ones. Within the uncertainty of the data points in 
Fig. 6.2 (approximately one order of magnitude, largely caused by the uncertainty in the 
theoretical rate due to the error inS), we conclude that our results are consistent with the 
data by Hruby. 

In Fig. 6.3, we also included recent measurements by Smolik [11], summarized as one 
single point. This data was measured at nucleation rates near 1 cm-3 s- 1, while ours 
are higher by about ten orders of magnitude. Since both nucleation models are applied 
over the whole range of rates - and critical cluster sizes it is rather remarkable that the 
ratio between experiment and theory does not vary stronger than reported here. Still, this 
does not exclude the possibility that the deviation is partly caused by the use of different 
measuring principles, since the data by Smolik was measured in a Thermal Diffusion Cloud 
Chamber. Recently, the quality of diffusion cloud chamber data has become subject of 
discussion, due to the possible occurrence of buoyancy driven convection [15, 16]. 

We would like to stress at this point, that the above comparisons to theoretical models 
are first of all meant as a guideline for mutual comparison of both presently available 
data series and future measurements. We believe that comprehensive discussions about 
the validity of nucleation models for this system are more meaningful if additional data, 
in a larger range of nucleation rates, will have been provided by other members of the 
Workshop Group on Homogeneous Nucleation. 

6.1.4 Conclusions 

We have presented a comprehensive data series on homogeneous nucleation of n-pentanol 
in a carrier gas of helium. Results were obtained using an expansion wave tube set-up, at 
temperatures varying from 240 K to 260 K and total pressures between 89 and 109 kPa. 
Nucleation rates varied from 108 to lOll cm-3 . Our measurements constitute part of an 
international program of nucleation studies on n-pentanol, as agreed on by the Workshop 
Group on Nucleation in Prague, June 1995. 

Dividing measured nucleation rates by theoretical predictions of two nucleation models, 
yields the following general picture. The semi-phenomenological theory by Kalikmanov 
and Van Dongen underestimates the experimental rates by about two orders of magnitude. 
For the (kinetic) Classical Theory, experiment is underestimated by four to five orders of 
magnitude. Comparing the results in this way to existing data at lower nucleation rates, 
obtained by Hruby et al. using a similar expansion chamber-like set-up, indicates that both 
data series are mutually consistent. Experimental nucleation rates at 260 K by Smolfk, 
obtained at supersaturations S ~ 8 using a Thermal Diffusion Cloud Chamber, are about 
ten orders of magnitude lower than ours at S ~ 12. Lack of data in the intermediate range 
inhibits an unambiguous check of mutual consistency at this moment. 

The main objective of the present paper has been to offer new data for future comparison 
to results obtained with other devices. When measurements will be available over a larger 
range of nucleation rates, the problem of mutual consistency can be more fully addressed. 
Not until that time, an assessment can be made of the quality of various existing nucleation 
models for the present system. 
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6.2 High pressure nucleation of water 

A vast amount of literature exists on the nucleation of water at atmospheric conditions. 
Yet, there are only very few publications dealing with the nucleation behaviour of water 
vapour at high background pressures [17, 18]. Compressed air would be the most common 
high pressure environment occurring in practice; hence, nitrogen gas is the most obvious 
choice for a study of water nucleation in the presence of a single high pressure carrier gas. 
However, since water and nitrogen show a significant interaction in the gas phase, it is 
useful to study an additional system in which this interaction is (almost) absent; therefore, 
water-helium was chosen as an "ideal" reference system. 

6.2.1 Results for water-helium 

Using helium as a carrier gas, nucleation experiments have been performed at temperatures 
near 240 K and total pressures of 10, 25 and 40 bar. The results are given in tabular form 
in appendix H. Measured nucleation rates are plotted in Fig. 6.4 as a function of the 
supersaturation ratioS, calculated from Eq. (2.14). 

In practice, it is not possible to exactly achieve the desired nucleation temperature, 
Ta;m, in each experiment; hence, the ( J, S) curves in 6.4 are not exactly isotherms. 
Consequently, it is difficult to derive the critical cluster size from the slope of J versus S 
using the Nucleation Theorem (see section 3.6). Actually, there is even a systematic effect 
involved. Since the experimental nucleation rate is determined by the vapour fraction and 
the temperature, a negative correlation exists between lexp and Texp· ·when Texp deviates 
positively from Ta;m, the corresponding supersaturation tends to be on the low side, as 
does the nucleation rate. For deviations of Texp below Taim the situation is reversed. As a 
result, the higher temperature points are situated more to the lower left of the (J, S) plot, 
whereas lower temperatures tend to the upper right corner. The net effect is that too low 
a slope is obtained with respect to the "real" isotherm that would have been found if all 
temperatures had been exactly equal to Taim· 

Fortunately, it is well possible to correct for the scatter in nucleation temperatures, as 
was demonstrated by Looijmans [19]. The procedure is the following. We assume that 
classical nucleation theory, although not necessarily correct, predicts the right tempera
ture and supersaturation trends for sufficiently small ranges. Using this assumption, we 
calculate the shift in S that would be necessary to yield the same nucleation rate, in the 
case that T would have been equal to Taim· Mathematically, we define Scorr S + r5S, 
corresponding to Taim T + r5T. The correction procedure then comes down to evaluating 
the derivative (8S/8T) 1 from cla.•;;sical theory, expressed by Eq. (3.35). Neglecting the 
temperature and supersaturation dependencies of the kinetic prefactor, but taking into 
account the temperature dependence of surface tension, the result is 

s +(as) r5T = s +~SinS [1 
8T 1 2 T 

Tda] 
'(i dT (T - Taim). (6.5) 

It is easily demonstrated that this result is only slightly altered when the ICCT-version 
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Figure 6.4: Experimental nucleation rate versus supersaturation for water in helium, at 
total pressures of 10, 25 and 40 bar. Nucleation temperatures are close to 240 K. 
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Figure 6.5: As above, but now with temperature corrected supersaturation, Eq. (6.5). 
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of classical theory (see section 3.3) is applied. The nucleation data are plotted again as a 
function of the "temperature corrected" supersaturation in Fig. 6.5. Obviously, the scatter 
has diminished with respect to Fig. 6.4. It is now possible to derive the number of water 
molecules from the observed slope: using the first nucleation theorem, Eq. (3.81), the result 
is n~ = 25 ± 2 molecules. 

Isotherms at different nucleation pressures apparently coincide: within the experimental 
scatter, there is no pressure effect on nucleation visible in the water-helium system. Note, 
however, that the enhancement effect has been taken into account in the calculation of S. 
In this case it is only very modest: the saturated vapour pressure is enhanced with 4% at 
the highest nucleation pressure of 40 bar. 

For future reference, 6.6 shows the experimental nucleation rates as a function of 
the reduced partial pressure y11pjp•. The latter quantity corresponds to the "conventional" 
supersaturation Pvfp•; equivalently stated, it is the supersaturation that would exist if there 
were no vapour pressure enhancement. For the present mixture the difference between S 
and YvP/P8 can hardly be noticed. (In the n-nonane-helium system, however, it will turn 
out to be appreciable, see section 6.3.) 

In Fig. 6. 7 the experimental nucleation rates are made dimensionless by their theoretical 
expectation values at the experimental conditions (S, T,p). Three theories are included in 
the graph: the kinetic classical theory (KCNT), expressed by Eq. (3.35); its internally 
consistent version (ICCT), by Eq. (3.37); and the semi-phenomenological theory 
(SPNT) discussed in section 3.4. Note that the ratio Jexvf Jtheo seems to decrease slightly 
with total pressure; this might be due to an underestimation of the enhancement factor, 
since all gas phase interactions were neglected. Unfortunately, no measured data of fe(P, T) 
seem to exist for the present system. 
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Figure 6. 7: Ratio of experimental to theoretical nucleation rate for water in helium. Cir
cles: kinetic classical nucleation theory (KCNT). Triangles: internally consistent classical 
theory (ICCT). Squares: semi-phenomenological Kalikmanov-Van Dongen theory (SPNT). 
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6.2.2 Results for water-nitrogen 

Nucleation rates for water in nitrogen were measured under the same conditions as those in 
helium: temperatures near 240 K and pressures of 10, 25 and 40 bar. Appendix H contains 
the results in tabular form. The experimental nucleation rates are plotted as a function of 
the supersaturation S in Fig. 6.8. 

Again, part of the scatter in the ( J, S) plot is caused by the experimental nucleation 
temperatures differing slightly from 240 K. In the same manner as before, the supersat
urations were corrected for this temperature spreading, resulting in Fig. 6.9. The latter 
graph allows for determination of the slope of the isotherms with a reasonable accuracy. 
With help of the first nucleation theorem, Eq. (3.81), we obtain n: 25 ± 3. 

The slope of the isotherms appears to be the same for all three pressures; yet, they 
are shifted with respect to each other in the vertical direction. According to the second 
nucleation theorem derived in section 3.6, this indicates that nitrogen is present in the 
critical cluster as well. For an estimate of n~ we neglect the solubility term in Eq. (3.82), 
and set the gas compressibility factor equal to unity. The third (kinetic) term is much 
smaller than unity for the conditions of interest. From the shift between the 10 bar and 
40 bar isotherms, we obtain n; ~ (a log J 1 a log p) s = 3 for an average pressure of 2s bar. 

Let us digress for a moment to the interpretation of the experimentally obtained value of 
n;. Obviously, it can not be fully deterministic. The nucleation process is statistical by its 
very nature, so the empirical value of n; can at most be interpreted as a statistical average 
of the carrier gas content of density fluctuations that are energetically (meta-)stable. 

A second appealing question concerns the "identity" of the carrier gas molecules in the 
critical cluster: would it be bulk or surface molecules? According to Eq. (3.47), the carrier 
gas content of the liquid core of the cluster is always smaller than the equilibrium solubility. 
Since the solubility of nitrogen in water is very small, one must conclude that the carrier 
gas molecules are located at the surface. On second thought, however, the above question 
is irrelevant. Regarding the very small total number of molecules in the critical cluster, 
they can all be viewed of as surface molecules. 1 We will discuss a remarkable consequence 
of this feature at the end of this section. 

Fig. 6.10 shows the nucleation results as a function of the dimensionless partial pressure 
YvPfp5

• Remarkably, the isotherms belonging to different pressures collapse: for a fixed 
partial vapour density, the nucleation rate appears to be rather insensitive to total pressure. 
Two opposing effects are behind this observation. Owing to the enhancement effect, the 
saturated vapour fraction increases with pressure. At a fixed partial vapour density, the 
supersaturation accordingly decreases, and the nucleation rate also tends to decrease. At 
the same time, however, the surface tension is lowered, which would cause the nucleation 
rate to increase. Apparently, these competitive effects are comparable in magnitude under 
the present conditions. A consequence of this cancellation is that Fig. 6.10 nearly coincides 
with the corresponding 6.6 for water-helium. 

for example, the imaginary case of a cubic cluster with cubic molecules: for n; + n; 27, 
only one of them is in the centre and could be considered as a "bulk" molecule! 
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Figure 6.8: Experimental nucleation rate versus supersaturation for water in nitrogen, at 
total pressures of 10, 25 and 40 bar. Nucleation temperatures are close to 240 K. 
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Figure 6.9: As above, but now with temperature corrected supersaturation, Eq. (6.5). 
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Figure 6.10: As above, but now with (temperature corrected) partial pressure YvP/p5
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The latter observation will probably hold more generally, since both the enhancement 
effect and the surface tension decrease are associated with molecular interactions of the 
condensing vapour and the carrier gas. Therefore, a partial compensation of the effects 
can always be expected, irrespective of the gas-vapour mixture. This might explain why 
pressure trends are seldom reported in nucleation work: if no real gas effects are taken into 
account in the supersaturation, and the pure liquid surface tension is used, it is very well 
possible that pressure effects are not observed, despite their occurrence. 

We already reported the above conclusion in earlier work on high pressure nucleation in 
water-nitrogen [18]. However, the measurements reported in that paper (at 230 and 250 K) 
are not reproduced here; the accuracy of the vapour fraction measurement- which was by 
that time "expected to be better than 5%" [18] - has significantly improved since those 
early experiments. Still, the conclusions put forward in Ref. 18 stand fully upright in view 
of the new measurements reported here. Muitjens also reported the same counteracting 
effects in water-nitrogen, observed in a Wilson expansion cloud chamber [17]. 

Beside improvement of the vapour pressure measurement, new surface tension data 
for water in nitrogen were recently measured (see chapter 2). As a result, we now have 
a better idea of how to extrapolate the pressure dependence of surface tension to lower 
temperatures. Whereas it was stated in Ref. 18 that the adsorption model was not yet 
"ready for use at nucleation conditions", we now have some confidence in an extrapolation 
of Eq. (2.37) with fixed PL· This enables us to compare the experimental nucleation rates 
to theoretical predictions. Fig. 6.11(a) shows the ratio of experimental to theoretical rates 
as a function of pressure. Again, three models are included that were extensively discussed 
in chapter 3 (KCNT, ICCT and SPNT). For comparison, calculations with the pure liquid 
surface tension are shown in Fig. 6.1l(b). 
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p (bar) 
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(b) Jtlteo without a(p) 

Figure 6.11: Ratio of experimental to theoretical nucleation rate for water in nitrogen, 
with and without inclusion of the pressure dependence of surface tension. Circles: KCNT. 
Triangles: ICCT. Squares: SPNT. 
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The surface tension effect appears to be able to account for a large part of the pressure 
trend observed in Fig. 6.11(b). The remaining slope could still result from extrapolation: 
the nucleation temperature is 36 K smaller than the lowest temperature at which u(p) was 
measured. Since the surface tension decrease is associated with the adsorption of nitrogen, 
it is possible that the pressure effect is underestimated at 240 K. 

Fortunately, the microscopic picture of the critical cluster provides us with independent 
information here. Assume for a moment that all water molecules are indeed at the surface 

i.e. there is no significant liquid core and that each of them may adsorb one nitrogen 
molecule. We can then derive the surface coverage {), which is an important parameter 
in the adsorption model of section 2.5, from the experimentally obtained critical cluster 
composition. With n~ = 25 and n; 3, we find {) 0.12 for the intermediate pressure 
of 25 bar. This result can be used to obtain the reference pressure PL from the Langmuir 
expression (2.34), yielding PL 183 bar. 6.12 again shows the ratio of experimental 
to theoretical nucleation rates, but now with this semi-empirical value of PL used in the 
surface tension calculation, Eq. (2.37). 

I 
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Figure 6.12: As Fig. 6.11(a}, but now with Pl. in Eq. (2.37} derived from the critical 
cluster composition. Circles: KCNT. Triangles: ICCT. Squares: SPNT. 

Surprisingly, the above value PL 183 bar makes the pressure trend vanish altogether. 
It is tempting to interpret this result as evidence for the adsorption model, although the 
latter was derived from equilibrium thermodynamics and might have nothing to do with 
the nucleation problem discussed here. Yet, regardless of the physical reality of the model, 
the nitrogen adsorption and associated surface tension decrease are able to account in a 
quantitative sense for the observed dependence of J on p. 

To conclude this section, note that if we extrapolate the ratio lexp/ ltheo in Figs. 6.11 
or 6.12 to low pressures, the same limiting values are found as in Fig. 6.7 for water-helium. 
Since in the low pressure limit the kind of carrier gas should play no role at all, this provides 
a check for the mutual consistency of both data series. 
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6.3 High pressure nucleation of n-nonane 

Together with water vapour, n-nonane is probably the most frequently studied substance 
in nucleation work. Unfortunately there are no high pressure data, except for the work 
of Muitjens [17] and Looijmans [19, 20] on the n-nonane-methane system. Since n-nonane 
and methane are well miscible at high pressures, it makes sense to first consider a simpler 
system in which this interaction is absent. Therefore, n-nonane in helium has been studied 
as an "ideal" reference system. Afterwards, some measurements of Looijmans et al. {20] 
in n-nonane-methane were repeated, but now with gas chromatographic determination of 
the gas phase composition. 

6.3.1 Results for n-nonane-helium 

Measurements of n-nonane nucleation rates in helium gas were performed at temperatures 
near 230 K and at pressures of 10, 25 and 40 bar (see appendix H). Fig. 6.13 presents the 
results in the familiar (J, S) form. Note that the scatter in the data is again appreciable. 
The temperature correction described in section 6.2.1 has been applied in Fig. 6.14, which 
obviously removes most of the scatter. The latter figure lends itself to application of the 
nucleation theorem (3.81), resulting in a critical cluster size of n~ 22 ± 3 molecules. 

The three isotherms in Fig. 6.14 are approximately parallel, indicating that the vapour 
content of the critical nucleus is insensitive to total pressure. From the vertical distance 
between the isotherms we find, using Eq. (3.82), that the carrier gas content would be 
slightly negative: n; ~ -1. We come back to this point in a moment. 

Fig. 6.15 shows the results as a function of the dimensionless partial pressure YvP!P•. 
Now the data points for different pressures are clearly separated, indicating a severe 
decrease of nucleation rates with pressure at fixed partial vapour density. Obviously, 
the responsible mechanism is the enhancement effect; when it is included, as was done 
in Figs. 6.13 and 6.14, the pressure trend nearly disappears. The word "nearly" in the 
last sentence bears in it one possible explanation of the remarkable result for n; above: 
if the enhancement effect is underestimated by the Poynting factor, part of the isotherm 
separation of Fig. 6.14 remains visible. In other words, a very slight positive deviation of 
fe from its Poynting value would cause the isotherms to collapse, resulting in n; 0. 

Another possible explanation of the "carrier gas anomaly" is the following. For the 
highest nucleation pressures, the vapour fraction is so small that the gas chromatographic 
peak area is situated near the lower left corner of the calibration curve (Fig. 5.11). The 
latter was fitted as a straight line through the calibration points. However, the resulting 
threshold concentration (the intersection with the C-axis in Fig. 5.11) is much larger than 
the detection limit of the GC. Apparently, the GC measurement becomes less reliable at 
these small vapour fractions. An elementary consideration shows that the 25 and 40 bar 
isotherms in Fig. 6.14 would slightly shift to the left when the calibration line would bend 
towards the origin at very low concentrations. 

Finally, Fig. 6.16 shows the experimental nucleation rates divided by the corresponding 
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Figure 6.13: Experimental nucleation rate versus supersaturation for n-nonane in helium, 
at total pressures of 10, 25 and 40 bar. Nucleation temperatures are close to 230 K. 
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Figure 6.14: As above, but now with temperature corrected supersaturation, Eq. (6.5). 

Figure 6.15: As above, but now with (temperature corrected) partial pressure YvP/p5
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theoretical values. Although hardly significant, one may deduce a small negative trend 
from the figure. The observed decrease of Jexp/Jtheory with pressure is associated with the 
arguments above. Both too small values of fe and too large vapour fractions lead to an 
overestimation of S at higher pressures. Accordingly, the theoretical rate would be too 
high, which accounts for the negative slope in Fig. 6.16. Still, the apparent pressure trend 
is certainly small enough to exclude any strong influence of total pressure on nucleation in 
the n-nonane-helium mixture. 
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Figure 6.16: Ratio of experimental to theoretical nucleation rate for n-nonane in helium. 
Circles: KCNT. Triangles: ICCT. Squares: SPNT. 

6.3.2 Results for n-nonane-methane 

Nucleation measurements in n-nonane-methane were carried out at a temperature of 240 K 
and pressures of 10, 25 and 40 bar; in addition, the 25 bar measurements were repeated at 
temperatures of 230 K and 250 K. In the same manner as before, Figs. 6.17 and 6.18 show 
the 240 K results as a function of both the actual supersaturation S and its temperature 
corrected value Scorr· The scatter in nucleation temperatures is very small; only the 10 bar 
data points are (slightly) affected by the correction. 

It is important to note that the isotherms for different pressures are no longer parallel, 
indicating a change in critical cluster size with pressure. For the 10 bar and 25 bar series, 
an accurate determination of the slope in the (J, S) plot is possible. Using the nucleation 
theorem, Eq. (3.81), we find n: = 26 ± 1 at 10 bar and n; 18 ± 1 at 25 bar. For the 
40 bar data, it is more difficult to deduce a slope. Still, by estimating its upper and lower 
limiting values, it can be concluded that n; = 5 ± 1. 

From the mutual distance between the isotherms, the methane content of the critical 
cluster can be estimated. In this case the kinetic term in Eq. (3.82) is not negligible. From 
Fig. 2.4 we deduce that In fe varies from 0.5 to 1 when going from 10 to 25 bar, and from 
1 to 2 between 25 and 40 bar. Taking this contribution into account, and estimating the 
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Figure 6.17: Experimental nucleation rate vs. supersaturation for n-nonane in methane, 
at total pressures of 10, 25 and 40 bar. Nucleation temperatures are close to 240 K. 
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Figure 6.18: As above, but now with temperature corrected supersaturation, Eq. (6.5). 
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Figure 6.19: As above, but now with (temperature corrected) partial pressure YvP/p•. 
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vertical distance between isotherms in Fig. 6.18, we obtain n; ~ 15 between 10 and 25 bar, 
and n; ~ 22 between 25 and 40 bar. Note that these values of n; can not be assigned to a 
unique pressure, since the differential (8lnJ/8lnp)8 is evaluated from the finite distance 
between two isotherms that are relatively far apart.2 

The physical picture that emerges from Fig. 6.18 is the following. With increasing 
pressure, the supersaturation needed to achieve a certain nucleation rate is dramatically 
reduced. In other words, higher total pressures greatly facilitate the nucleation process, 
when its driving force (the supersaturation) is kept fixed. From the application of both 
nucleation theorems above, it follows that this effect is associated with the presence of 
methane molecules in the critical cluster - with a molar fraction that is much larger than 
the equilibrium solubility of methane in liquid n-nonane. The energy of formation of the 
n-nonane clusters is thereby greatly affected, leading to a very small critical cluster size at 
the highest pressure. The situation is similar to the water-nitrogen case, where adsorption 
of nitrogen at the cluster surface causes the surface tension to decrease, thus facilitating 
nucleation. In the present system the latter effect is much more pronounced. Indeed, the 
equilibrium surface tension of the mixture decreases strongly with pressure (see Fig. 2.9), 
due to the relatively large methane fraction in the liquid phase. 

In Fig. 6.19 the nucleation rates are plotted versus the (reduced) partial density YvP/p8
• 

Just as in the water-nitrogen case, the isotherms for different pressures almost coincide; 
this can again be ascribed to the competition of vapour pressure enhancement and surface 
tension decrease. In spite of these effects being much stronger than in water-nitrogen, 
they still appear to cancel almost completely. Although such a partial cancellation can be 
expected in all (interacting) systems, the extent of it observed here is quite striking: at 
a fixed partial n-nonane density, the nucleation rate seems to be hardly affected by total 
pressure. Exactly the same observation was reported before by Looijmans et al. [20]. In 
the latter paper, the vapour fractions were derived from observed droplet growth rates; 
fortunately, the results are consistent even in a quantitative sense. 

It was found above that a significant amount of carrier gas enters into the nucleating 
clusters. Yet, it is interesting to find out whether the resulting pressure trends are still 
covered by the simple models of chapter 3, which treated the problem as one-component 
nucleation with material properties modified by total pressure. To that end, experimental 
nucleation rates are normalized in Fig. 6.20 by theoretical values of KC:.J'T, ICCT and 
SPNT, all including the pressure dependence of the equilibrium surface tension. 

To judge from the figure, the effective one-component description is no longer valid. 
This was to be expected, since the condition underlying the "perturbation approach" was 
just small carrier gas solubility in the liquid phase. When the carrier gas fraction becomes 
appreciable, the effective supersaturation becomes smaller than its pure vapour value, 
see for example Eqs. (3.44) and (3.69). In the classical models this effect was explicitly 
neglected. For miscible systems, this results in too large theoretical rates, which explains 
the negative pressure trend going from 10 to 25 bar in 6.20. 

2In order to arrive at more accurate n; values, one would have to increase the nucleation pressure in 
small steps, keeping the saturation ratio constant. In practice, such a procedure is difficult to realize. 
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Figure 6.20: Ratio of experimental to theoretical nucleation rate for n-nonane in methane. 
Circles: KCNT. Triangles: ICCT. Squares: SPNT. Diamonds: BCNT. 

Obviously, a binary model is required to describe the nucleation behaviour of the n
nonane-methane system. A program code for calculation of nucleation rates using binary 
classical nucleation theory (BCNT) is available [21], which also incorporates the real gas 
behaviour of the mixture. Results for the present data are also included in Fig. 6.20. The 
BCNT model implicitly uses the effective supersaturation in the free energy barrier. Ac
cordingly, the negative trend between 10 and 25 bar vanishes for this model: the deviation 
between experimental and BCNT rates increases over the whole pressure range. Again, 
this result was found before [20]. 

At a total pressure of 40 bar, all theories in Fig. 6.20- including BCNT clearly fail 
to predict the experimental nucleation rates. The huge scatter in the figure is caused by 
the fact that the critical cluster size (slope of the data series) is not even approximately 
predicted by any of the theories. Since the supersaturations have become very small 
(Fig. 6.17), all models predict very low values of theoretical rates; the equilibrium surface 
tension is no longer sufficient to explain the magnitude of experimental rates. Apparently, 
the effective surface tension of the cluster is much smaller than its equilibrium value. 

In view of the very small experimental value of n: at 40 bar, the failure of classical 
models hardly comes as a surprise: in no way can it be expected that a cluster of 5 molecules 
would still have the properties of the macroscopic liquid. It is even quite remarkable that 
for the other systems and conditions, with critical clusters consisting of 20 to 30 molecules, 
classical arguments seem to do such a good job in (qualitatively) explaining the observed 
nucleation behaviour.3 

success of classical theory in explaining qualitative trends is usually attributed to its ability to 
predict critical cluster sizes with reasonable accuracy. Classical size predictions are easily obtained from 
Eq. (3.29), using values of and() given in Table D.l (see appendix D). For r1-nonane, classical theory 
predicts a critical size of about 20 for all conditions considered (both in helium and methane), except for 
the 40 bar methane series: the predicted value is 53, whereas the experimental data indicate a value of 5. 
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The only model discussed in chapter 3 that could possibly account for the surface 
tension of very small binary clusters is the semi-phenomenological multicomponent theory 
of Kalikmanov and Van Dongen [22]. Fig. 6.21 shows results of this model, denoted as 
SPMT, together with the experimental data. For comparison, (J, S) curves obtained from 
BCNT are also included. As expected, the multicomponent theory appears to be much 
closer to the 40 bar data, although the agreement is still far from perfect. For the other 
pressures, nucleation rates are slightly overpredicted by the SPMT model. 
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Figure 6.~1: Nucleation rate as a function of supersaturation for n-nonane in methane at 
240 K. Markers: experimental data. Solid lines: semi-phenomenological multicomponent 
theory {22}. Dashed lines: binary classical nucleation theory {21]. 

As a final illustration of the strong effect of methane pressure on n-nonane nucleation, 
we will consider the 25 bar data as a function of nucleation temperature. Fig. 6.22 shows 
the results in terms of nucleation rate versus supersaturation. 

Quite remarkably, the isotherms for the three different temperatures practically overlap. 
This could never occur for single component nucleation: with increasing T, the isotherms 
would shift to the left, since both the derivative (8Jf8T)s is positive, and the surface 
tension generally decreases with increasing temperature. It is the latter argument that 
forms the key to the explanation of the overlapping isotherms in Fig. 6.22. 

When the temperature is lowered at a fixed total pressure, more methane dissolves into 
the liquid phase, causing the surface tension to decrease. At certain conditions, this effect 
can be so strong that the partial derivative (8a/8T)p becomes positive. For the equilibrium 
surface tension of the present system this happens at pressures above 40 bar, see Fig. 2.9. 
Since the carrier gas fraction in the nucleating clusters was found to be larger than the 
equilibrium solubility, however, the effect probably becomes noticeable in the nucleation 
behaviour at a much lower pressure. From Fig. 6.22 we can conclude that the "reversed 
surface tension derivative" already plays a role at 25 bar: the surface tension obviously 
decreases to such extent that the positive derivative (&J /8T)s is completely balanced. 
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Figure 6.22: Nucleation rate as a function of supersaturation for n-nonane in methane 
at 25 bar for nucleation temperatures of 230, 240 and 250 K. 

6.4 Droplet growth results 

The nucleation experiments described in the previous sections provide a large database 
for assessment of the droplet growth models of chapter 4. Since the n-pentanol data 
were taken at atmospheric pressure, the corresponding growth curves are situated in the 
transition regime; these measurements will be the subject of section 6.4.1. All high pressure 
experiments involve small Knudsen numbers, since mean free path lengths are inversely 
proportional to pressure. The performance of the growth models in the continuum regime, 
associated with these small Knudsen numbers, will be discussed in section 6.4.2. 

6.4.1 Transitional growth 

Typical growth curves of n-pentanol in helium are shown in Fig. 6.23. The four graphs 
present results for increasing temperatures (averaged over the growth period), expressed 
in terms of r~ as a function of time. Note that the sharp bend of the growth curves at 
t ;::::: 15 ms is caused by the shock reflection, leading to evaporation of the droplets. 

Obviously, the experimental data are very well described by the Gyarmathy model for 
the lower temperatures. With increasing temperature, the data tend to deviate positively 
from the Gyarmathy result, ending up closer to the Young curve at < T >= 264 K. This 
observation holds generally for n-pentanol experiments with increasing temperature. 

The transition from free molecular to diffusion controlled growth can be recognized in 
both models. Just after the nucleation pulse the curves follow a parabolic course, implying 
a droplet radius that is proportional to time. This corresponds to the free molecular limit, 
see Eqs. (4.41) and (4.26). After some time, both models predict a (nearly) constant slope 
of r~(t), indicating continuum growth. Finally, by the end of the growth period, the lower 
left graph in Fig. 6.23 clearly shows vapour depletion, slowing down the growth process. 
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Figure 6.23: Droplet growth results for n-pentanol vapour in helium, at pressures near 
1 bar. Markers: experimental data. Solid lines: Young model. Dashed lines: Gyarmathy 
model (for a description of both models, see chapter 4). 
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In order to understand the difference in predictions between the Young and Gyarmathy 
models, it is useful to look at the ranges of Knudsen numbers for the respective tempera
tures. Fig. 6.24 shows results for (averaged) growth temperatures of 248, 256 and 264 K. 
Coming from high values just after nucleation, the Knudsen number varies between 1 and 
0.05 (in this order) during most of the growth period. Obviously, the smallest Knudsen 
numbers are achieved for the highest temperature, where the largest droplet radius is 
reached (the mean free path depends only weakly on temperature). 
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Figure 6.24: Model predictions of Knudsen number Kn, for experiments at different 
growth temperatures. Solid lines: Young model. Dashed lines: Gyarmathy model. 

Fig. 6.25 presents the mass fluxes as a function of Knudsen number, as compared to 
the respective limits of free molecular growth - expressed by Eq. ( 4.26) - and continuum 
growth, Eq. (4.43). Although this figure was derived from experiment 153, which covers 
the largest Kn range in Fig. 6.23, the form of the curves is general and could have been 
obtained from any other experiment for this system. 

Comparing Figs. 6.25 and 6.24, the following conclusions can be drawn. With decreas
ing Knudsen number (i.e., with increasing droplet radius), the Young model apparently 
remains in the free molecular limit down to too small Knudsen numbers. According to the 
Gyarmathy model, deviations from free molecular growth already start at Kn ~ 10, which 
is obviously more correct in view of the experimental results shown in Fig. 6.23. 

For the other limiting case, i.e. Knudsen numbers well below 10-1 , the situation is re
versed: whereas the Young model already approaches the continuum limit, the Gyarmathy 
model remains in the transition regime down to too small Kn, leading to an underprediction 
of measured growth rates at the higher temperatures. 

Summarizing, we can conclude that the transition model of Gyarmathy predicts a much 
broader transition regime in terms of the Knudsen number Kn. At the upper end of the 
spectrum (large Kn), this appears to be in agreement with experiments. For small Kn, 
however, the Young model is found to be more appropriate, since it approaches faster to 
the continuum limit. 
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Figure 6.25: Mass flux as a function of Knudsen number, compared to free molecular 
and continuum limits. Solid lines: Young model. Dashed lines: Gyarmathy model. 

6.4.2 Continuum growth 

In the same fashion as before, Figs. 6.26-6.29 present droplet growth results for the high 
pressure mixtures studied. Again, both the Young and Gyarmathy model predictions are 
included. Beside growth curves for each pressure range, the figures also contain a plot of 
the Knudsen number as a function of time for the three (averaged) pressures under study. 
Comparison of the latter graphs to Fig. 6.25 may again provide us with insight into the 
differences between the two growth models. 

For all high pressure systems, the Knudsen number is well below 0.02 for most of the 
growth period. Accordingly, the growth is situated near the continuum limit for both 
models. Still, the Gyarmathy model predicts a mass flux that remains about 5% below the 
continuum limit, which accounts for the observed difference between the model predictions. 

Note that many "growth curves" consist of only three points (including the nucleation 
pulse, where the radius is equal to 2113r*). Clearly, this is due to small diffusion coefficients 
at high pressures. The latter quantity may provide us with information concerning the 
comparison of growth models in the continuum regime. By fitting the (scaled) diffusivity 
pTJ to the observed droplet growth, experimental values of pTJ can be derived, assuming 
that the growth model is correct. An indication of this correctness is implicitly provided by 
the obtained results for pTJ, which should not depend on total pressure. 

Diffusion coefficients, derived from fitting both growth models to experimental data, are 
shown in Fig. 6.30. The data were averaged over all experiments of each pressure series; the 
error bars represent the corresponding standard deviation. Since methane enters droplets 
of n-nonane in significant amounts, this procedure is not expected to give reliable results 
for that system. Therefore, Fig. 6.30 contains no diffusivities for n-nonane-methane. 
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Figure 6.27: As Fig. 6.26, now for water in nitrogen. 
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Figure 6.28: As Fig. 6.26, now for n-nonane in helium. 
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For both water systems, the resulting diffusion coefficients are within about 5% of 
the Fuller correlation (see appendix A), which was used as an "Ansatz" in the fitting 
procedure. The observed decrease of pV, as obtained from the Gyarmathy model, again 
indicates that the latter predicts too small growth rates at a total pressure of 10 bar: if the 
rate prediction were closer to the continuum limit, a smaller value of pV would appear. In 
view of this result, we can again conclude that the model of Young is the more reliable near 
the continuum limit. Both for water-helium and water-nitrogen, the pV values optimized 
with the Young model are about 5% lower than the Fuller correlation. Since the accuracy 
of the latter is reported to be better than 5% [23], the diffusivity data obtained here are 
consistent with the Fuller relation. 

The above result seems to contradict an earlier conclusion, put forward in a paper on 
binary diffusion coefficients [2]. There, we reported diffusion coefficients for water-helium 
that were significantly larger than predicted by the Fuller correlation. The difference lies in 
the applied growth model: in Ref. 2 we relied upon the Gyarmathy model, since we had not 
yet carried out the analysis of the transition regime presented in the previous section. As 
indicated above, relying on the Gyarmathy model at Knudsen numbers between 0.01 and 
0.1 yields too large diffusivity values, since the growth rate is underpredicted. For water 
in nitrogen, diffusivities were reported in Ref. 2 that were slightly smaller than the Fuller 
values. Since Knudsen numbers for water in nitrogen are smaller than those in helium at 
the same growth conditions, these data were situated further into the continuum regime, 
where the Gyarmathy model applied in Ref. 2 again gives reliable results. 

For n-nonane in helium, the fitted diffusion coefficients show a remarkable behaviour 
as a function of pressure. Of course, the observed pressure trend could be expected in 
view of the deviations between the models and experimental data,4 see Fig. 6.28. Since 
this observation holds for both growth models, the decrease of pV with pressure can not 
be attributed to erroneous predictions of the growth regime. 

At present, the observed behaviour of pV with pressure is not fully understood for this 
system. The small pV values at higher pressures - as compared to the Fuller correlation 
seem to indicate that even the continuum limit of the growth models is in error. To judge 
from Eq. ( 4.12), this could be due to an influence of total pressure on pV. Such an effect 
is not likely to be found. The Takahashi relation [23], correlating the pressure dependence 
of the product of pressure and diffusivity (pV) on the basis of experimental data, can be 
proven to correct only for the gas phase compressibility. A second explanation might be 
a possible error in the vapour fraction measurement at elevated pressures. However, since 
the vapour fraction should be a factor of about 1.5 larger for the 40 bar data in order 
to account for the observed pressure trend, this explanation is very unlikely as well. The 
same holds for the thermodynamic properties of n-nonane that were used: if these were 
seriously in error, this would have come to our attention in the discussion of nucleation 
results in the previous sections. 

same increasing deviation with pressure is observed for n-nonane-methane. However, in that 
system strong effects are expected, since more methane enters into the droplets with increasing pressure. 
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6.5 Nucleation and droplet growth in natural gas 

6.5.1 Introduction 

Since quantitative nucleation rate measurements became possible, there has been inter
est not only in the nucleation behaviour of single substances, but also in that of binary 
and even ternary [24] mixtures. To our present knowledge, no nucleation rates have ever 
been determined for more comprehensive systems, although onset points for natural gas 
(consisting of more than 40 components) were measured by Muitjens et al. [25]. 

The interest of the latter authors in natural gas condensation not only resulted from a 
fundamental interest in multicomponent nucleation, but there were also practical consider
ations: uncontrolled condensation of the numerous heavy hydrocarbons present in natural 
gas would have its impact on industrial gas transport. Therefore, these hydrocarbons are 
removed from the flow by inducing a controlled dropwise condensation process, followed 
by separation of the resulting droplets. 

In order to design more efficient procedures for this removal process, quantitative knowl
edge is required about the nucleation and growth of the droplets in the natural gas. This 
application, together with the (at first instance open) question whether or not it would be 
possible to obtain quantitative data for such a complicated mixture, led us to investigate 
the condensation behaviour of natural gas. 

For this investigation use was made of our pulse-expansion wave tube facility, in which 
nucleation and droplet growth are separated in time by the well-known nucleation pulse 
method. Since the tube was specially designed for use at moderate pressures, data could 
be obtained for realistic gas transport conditions of several tens of bars. Special effort was 
made to assure that the composition of the gas (determined separately) was kept constant 
during the preparation stage of the experiments. 

The observed nucleation rates are compared to an existing multicomponent nucleation 
model [22]. The agreement is not very satisfactory, and possible reasons for this observation 
are discussed. The droplet growth rates can be quantitatively accounted for by assuming 
diffusion controlled growth for the case of multiple diluted vapours in a non-condensible gas. 

6.5.2 Experimental procedure 

The experimental set-up used for nucleation and growth experiments has been described 
in various earlier papers [8, 9, 18, 20]. The required nucleation pulse is generated by gas 
dynamic waves propagating in a modified shock tube; the resulting - monodispersed 
droplet population is observed using a combination of Constant Angle Mie Scattering and 
extinction measurement. 

The experiments described here differ from earlier ones with respect to the preparation 
of the gas-vapour mixture. Usually, the test mixture is prepared in the high pressure 
section of the wave tube (HPS) by mixing a vapour component with a carrier gas. In 
the present work, however, the natural gas was received in cylinders that had been filled 
directly from the Dutch natural gas distribution system. These cylinders contained all 
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components originally present in the natural gas, except for water vapour (which had been 
extracted by the production company at an earlier stage). Therefore, it was essential to 
bring this mixture into the HPS without altering its composition. 

Experiments were performed with three different types of gas cylinders - filled from 
the same supply denoted as A, B and C. In order to reduce the decrease in reservoir 
pressure per experiment, we used three cylinders of each type in parallel, whereas one of 
each was used for composition analysis by a company with special analysis facilities for 
heavy hydrocarbon compounds (BEB GmbH, Hannover, Germany). The compositions of 
the gases are listed in Table 6.1. 

As a result of the presence of heavy hydrocarbons the natural gas shows retrograde 
phase behaviour, implying that condensation can even take place upon isothermal pressure 
release from the container. The phase diagram for each of the gases used was calculated 
from several equations of state [23] using the PRO/Il-package (Simulation Sciences Inc., 
Brea, California). The resulting vapour-liquid coexistence envelopes for the Soave-Redlich
Kwong (SRK) equation are shown in Fig. 6.31, together with the phase diagram for an 
n-octanefmethane mixture (see section 6.5.3). Phase envelopes calculated using the Peng
Robinson (PR) equation (not drawn in Fig. 6.31) are slightly shifted to the inner side with 
respect to the SRK envelopes.5 
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Figure 6.31: Vapor-liquid coexistence envelopes for the natural gas under study, calcu
lated using the SRK equation of state. Symbols refer to different gas cylinder types; the 
solid line is the SRK phase envelope for n-octane (molar fraction 5 x 10-4) in methane. 

To prevent preliminary (retrograde) condensation due to large pressure drops between 
the cylinders and the test section, we applied the following procedure. First, the test section 

magnitude of this shift is comparable with the mutual distance between the envelopes of different 
cylinder types: hence, the choice of equation of state introduces an uncertainty in equilibrium data that 
is of the same order as that resulting from the composition differences. 
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Component Type A Type B Type C 
methane 8.13 X 10 1 8.13 X 10 8.13 X 10 l 

ethane 2.85 x w-2 2.84 x w-2 2.84 x w- 2 

propane 3.95 x w-3 3.92 x w-3 3.92 x w-3 

n-butane 7.31 x w-4 7.32 x w-4 7.25 x w-4 

2-methylpropane 6.37 x w-4 6.43 x w-4 6.33 x w-4 

n-pentane 1.62 x w-4 1.63 x w-4 1.60 x w-4 

2-methylbutane 1.68 x w-4 1.69 x w-4 1.66 x w-4 

2,2-dimethylpropane 1.20 x w-5 7.34 x w-5 1.21 x w-5 

n-hexane 6.03 x w-5 6.06 x w-5 5.97 x w-5 

3-methylpentane 2.14 x w-5 2.15 x w-5 2.12 x w-5 

2,2-dimethylbutane 5.62 x w-5 5.73 x w-5 5.64 x w-5 

2,3-dimethylbutane 3.56 x w-5 3.58 x w- 5 3.51 x w-5 

n-heptane 2.86 x w-5 2.88 x w-5 2.83 x w-5 

i-heptane 4.38 x w-5 4.76 x w-5 4.7o x w-5 

(n+i)-octane 3.30 x w-5 2.69 x w-5 3.23 x w-5 

(n+i)-nonane 1.60 x w-5 1.40 x w-5 1.78 x w-5 

(n+i)-decane 1.12 x w-5 1.11 x w-5 1.10 x w-5 

(n+i)-undecane 2.60 x w-6 2.90 x w-6 2.90 x w-6 

(n+i)-dodecane 2.oo x w-7 2.oo x w-7 2.oo x w-7 

benzene 1.77 x w-4 1.11 x w-4 1.67 x w-4 

toluene 3.96 x w-5 3.62 x w-5 3.95 x w-5 

xylenes 1.34 x w-5 1.33 x w-5 1.28 x w-5 

cyclopentane 1.30 x w-5 1.31 x w-5 1.31 x w-5 

cyclohexane 1.94 x w-5 2.02 x w-5 1.99 x w-5 

methylcyclohexane 2.46 x w-5 2.44 x w-5 2.41 x w-5 

helium 5.oo x w-4 5.oo x w-4 5.oo x w-4 

nitrogen 1.41 x w-1 1.42 x w-1 1.42 x w- 1 

carbon dioxide 9.90 x w-3 9.90 x w-3 9.90 x w-3 

Table 6.1: Natural gas compositions in terms of molar fractions y; for each cylinder type. 
The i-components denote isomers of the respective alkanes. 

was filled with dry nitrogen up to the desired initial pressure value p0 . This value nearly 
equals the pressure remaining in the reservoir after a previous experiment, to prevent any 
pressure reduction at the cylinder exit. Then, the nitrogen was slowly and isobarically 
pushed out from the HPS by adding natural gas at one side (near the observation point), 
thereby simultaneously releasing the nitrogen over a needle valve at the other end of the 
test section and measuring the dispelled volume. Test runs, in which methane was pushed 
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out by nitrogen and monitored using gas chromatography, indicated that it was sufficient 
to flush the total test volume three times in order to assure complete expulsion of the 
nitrogen. 

It is assumed that, due to the careful isobaric flushing, any possible wall adsorption 
of heavy hydrocarbons is also equilibrated, thus leaving a test mixture with the same 
molar fractions as that in the reference cylinder used for analysis. As a final check, some 
experiments were given a sixfold flushing volume, but the results did not differ from the 
others. In the low pressure section (LPS) of the set-up, a mixture of nitrogen and methane 
(with a molar ratio corresponding to that in natural gas) was used in order to achieve the 
best possible wave patterns. 

Each series of experimental runs started with an expansion that was deliberately chosen 
too deep for a proper pulse experiment, but that did yield the onset pressure of conden
sation. The onset temperature was then calculated via conservation of entropy, using a 
Lee-Kesler type equation of state for the full mixture. In the next experiment, the LPS 
pressure was then adjusted to give the proper pressure ratio between the nucleation pulse 
and the initial state, in order to situate the previously calculated onset temperature in the 
pulse. After a few trials, well-defined pulse experiments turned out to be possible. 

As the experiments proceeded, both the reservoir pressure (determining p0 ) and the 
total nucleation pressure continuously decreased. As a result, the nucleation behaviour 
slightly changed, causing a need to shift to lower temperatures (our set-up, like all others, 
has a limited range of observable nucleation rates). By slightly adjusting the imposed 
pressure ratio during a series, we were able to "keep track" of a broader band of iso
nucleation curves, see section 6.5.3. 

6.5.3 Results and discussion 

In Fig. 6.32, the optical signals are shown for a representative nucleation experiment in 
natural gas. In spite of the enormous complexity of the mixture under study, the extrema 
in the scattered intensity (Mie-peaks) can be remarkably well recognized. By comparison 
with the theoretical scattering for liquid droplets having an index of refraction of 1.405 
- a value that is representative for the heavier hydrocarbons - the droplet growth can 
accurately be determined. The fourth peak is out of the preset acquisition range; its 
moment of occurrence is estimated to be t = 29.0 ms. The deduced droplet growth curve 
is plotted in Fig. 6.34 together with the pressure history, which may serve as a reference 
for the time axis. Note that the square of the radius increases linearly in time, with the 
start of vapour depl€tion being just visible at the end of the growth period. 

The time-resolved droplet radius is used for deriving the droplet number density from 
the extinction, in a manner described before [9]. The relatively large noise on the transmit
ted signal (see Fig. 6.32) is not typical for the present multicomponent system; it is always 
observed at higher experimental pressures and must probably be ascribed to mechanical 
disturbances in the tube wall due to the wave propagation. However, some of the lower 
frequency oscillations - those with a period of about 4 ms, visible after t ~ 18 ms - are 
also present in the theoretical curve. 
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Figure 6.32: Scattered and transmitted intensity for a representative experiment (run 
307, see Tables 6.2 and 6.3). Note the sudden changes due to the shock reflection at 
t = 31.1 ms. 

Homogeneous nucleation 

In Fig. 6.33, we present nucleation results for experiments with natural gas from cylinder 
type A. The data are grouped in classes, each of them covering one order of magnitude in 
nucleation rate. Although the iso-nucleation lines are not perfectly smooth, they do appear 
in the expected order: higher nucleation rates are observed when going in the direction of 
lower temperatures and higher pressures (that is, directed inwards the coexistence envelope, 
see Fig. 6.31). 

Gas types B and C showed the same results as type A, even in a quantitative sense. 
For the sake of brevity, we will not reproduce the results here. We merely state that -
apparently- the slight differences in composition (see Table 6.1) do not significantly alter 
the nucleation behaviour in the present range of conditions. 

In Fig. 6.33, we also compare the experimental iso-nucleation curves with theoretical 
ones for a mixture of methane and n-octane (with a molar fraction y = 5 x 10-4 ), in the 
same range of nucleation rates. The latter were calculated using (revised) binary classical 
nucleation theory (BCNT); details of these calculations - in which the thermodynamics 
are also based on the Soave-Redlich-Kwong equation of state - are extensively described 
elsewhere [2l]. In the range of conditions investigated, the experimental nucleation rates 
appear to lie within approximately 2 orders of magnitude from the corresponding BCNT 
values for the binary model mixture. 

The particular n-octane fraction of 5 x 10-4 was chosen to fit the macroscopic phase 
behaviour of the natural gas: the coexistence envelope of the model mixture strongly resem
bles those of natural gas, see Fig. 6.31. The mere fact that the same observation holds for 
the iso-nucleation curves justifies studying binary methane/alkane mixtures as computa-
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tional model systems for natural gas. We would like to stress that we are not claiming that 
BCNT correctly describes the nucleation of these mixtures; actually, previous experiments 
have shown quite large discrepancies [19, 20, 22]. Our point is that the BCNT calculations 
for these binaries can very well be used as a reasonable interpolation to mimic both the 
equilibrium and non-equilibrium (nucleation) behaviour of the natural gas under study. 

We also compared our data to the multicomponent nucleation model of Kalikmanov 
and Van Dongen [22]. The latter uses the concept of an effective supersaturation S, defined 
as the product of partial saturations of the individual components raised to the power of 
their equilibrium molar fraction in the liquid: 

(6.6) 

We implemented the multicomponent model as follows. First, using the compositions of 
Table 6.1 as input (feed), equilibrium flash calculations are performed using either the 
SRK or PR equation of state. At given p and T (nucleation or growth conditions), these 
calculations yield the equilibrium composition of both phases. Having obtained these 
vapour and liquid equilibrium fractions, we apply a lumping procedure: helium is taken 
together with nitrogen; alkane isomers are lumped with their corresponding straight-chain 
alkane, up to C12H26 ; cyclic hydrocarbons are considered separately. The results for one 
experiment with composition B (calculated using the PR-EOS) are given as an example in 
Table 6.2. Finally, for the resulting 20-component mixture, the nucleation rate is computed 
according to the model described in Ref. 22. 
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ethane 2.84E-2 2.84E-2 5.04E-2 2.84E-2 4.42E-2 1.00 1.000 
propane 3.92E-3 3.91E-3 3.94E-2 3.92E-3 3.15E-2 1.00 1.000 
n-butane 1.38E-3 1.34E-3 6.48E-2 1.36E-3 4.73E-2 1.03 1.002 
n-pentane 4.05E-4 3.68E-4 7.67E-2 3.90E-4 5.41E-2 1.10 1.007 
n-hexane 1.75E-4 1.21E-4 l.lOE-1 1.51E-4 8.49E-2 1.45 1.041 
n-heptane 7.64E-5 2.91E-5 9.58E-2 4.89E-5 9.59E-2 2.63 1.097 
n-octane 2.69E-5 1.63E-6 5.12E-2 5.13E-6 7.59E-2 16.5 1.154 
n-nonane 1.40E-5 1.67E-7 2.80E-2 6.56E-7 4.65E-2 83.8 1.132 
n-decane 1.11E-5 2.66E-8 2.24E-2 1.24E-7 3.82E-2 417 1.145 
n-undecane 2.90E-6 2.01E-9 5.87E-3 9.94E-9 l.OIE-2 1443 1.044 
n-dodecane 2.00E-7 3.37E-11 4.05E-4 1.84E-10 6.96E-4 5935 1.004 

benzene 1.71E-4 8.53E-5 1.74E-1 1.27E-4 1.54E-1 2.00 1.129 
toluene 3.62E-5 5.33E-6 6.25E-2 1.32E-5 8.01E-2 6.79 1.127 
m-xylene 1.33E-5 3.83E-7 2.62E-2 1.32E-6 4.17E-2 34.7 1.097 

cyclopentane 1.31E-5 1.06E-5 5.16E-3 1.20E-5 3.75E-3 1.24 1.001 
cyclohexane 2.02E-5 9.88E-6 2.09E-2 1.49E-5 1.85E-2 2.04 1.015 
methylcyclohexane 2.44E-5 5.73E-6 3.78E-2 1.21E-5 4.28E-2 4.26 1.056 

nitrogen 1.42E-1 1.42E-l 4.01E-3 1.42E-01 4.68E-3 1.00 1.000 
carbon dioxide 9.90E-3 9.90E-3 7.55E-3 9.90E-03 6.85E-3 1.00 1.000 

Table 6.2: Lumped feed composition and equilibrium molar fractions (according to PR 
equation) for nucleation and growth conditions of a typical experiment (run nr. 307). 
Tnucl 233.1 K, Pnucl = 14.8 bar; Tgrow = 242.2 K, Pgrow 21.8 bar. Individual contribu-
tions to the effective supersaturation are also given. 

I\ote that the contributions to the effective supersaturation of the individual compo
nents in Eq. (6.6) are all relatively small; their product gives a value of 2.7 for yielding 
an unphysically low theoretical nucleation rate of 10-44 cm-3 s-1 . The reason for this 
remarkable discrepancy is not clear at the moment. The above definition of Sis easily jus
tified thermodynamically, not only in the semi-phenomenological framework of Ref. 22, but 
also in the classical (capillarity) approximation. In our opinion, there are two arguments 
that might help explain the large difference. 

First, at low supersaturations and intermediate pressures, both semi-phenomenological 
and classical models are known to predict much too low nucleation rates, even for the 
binary model systems [19, 20, 22]. I\otably at these small values of supersaturation, the 
sensitivity of nucleation rates on S is extreme. Consequently, the numerical value of J 
depends strongly on the calculated equilibrium fractions. These in their turn depend on 
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the (measured) input fractions and on the equation of state used. For one single experiment, 
theoretical nucleation rates resulting from SRK or PR equilibrium calculations may differ 
by as much as ten orders of magnitude, although both are still much too low. As is more 
often the case in nucleation work, there exists no experimental evidence for the preference 
of either one of the equations in the range of conditions under study. It is well possible 
that both of them predict too large equilibrium fractions, so that the supersaturations are 
significantly too small. 

A second ~ more intuitive ~ interpretation is the following. Although discrepancies 
between theory and experiment are not often sought in nucleation kinetics, these might 
play a role in the present circumstances. Since there is such a large number of components 
present, there are many possible routes along which stable clusters can be formed (with 
numerous possible configurations leading to the same energy of formation). 6 Mathemat
ically, this would imply an integration over many coordinates in n;-space, resulting in a 
very large Zeldovich factor. We have observed that the latter increases by more than an 
order of magnitude when going from unary to binary nucleation; it is well possible that 
this increase continues with increasing dimensionality of the nucleating system. 

Droplet growth 

We now turn to the experimental results for droplet growth rates. Most experiments show 
a linear increase of rJ with time (see Fig. 6.34), implying diffusion controlled growth. This 
comes as no surprise in view of the intermediate pressures under consideration, which 
cause the mean free path to be always much smaller than the droplet radius. For the 
experiments of series B, the average growth rates drJ/dt have been plotted in Fig. 6.35 
as a function of both pressure and temperature during the growth period (the pressure 
plateau in Fig. 6.34). 

It can be demonstrated that the expression for diffusion controlled droplet growth in 
a multicomponent system, in the limit of dilute vapour components in a non-condensing 
background gas, can be written as 

(6.7) 

provided that the components are well miscible. V; denotes the diffusion coefficient of 
component i in the background gas; Pv and p1 are the total molar densities of the vapour 
and liquid phases. The molar fractions Yi and y7q are input (feed) and equilibrium fractions 
of component i, respectively. 

The equilibrium fractions and molar densities are again calculated from a suitable 
equation of state, now applied at the conditions of the growth process: both pressure and 
temperature during growth are higher than in the nucleation pulse (which is the very basis 
of the pulse method). Values for our sample experiment are included in Table 6.2. For 

multicomponent model uses effective one-component nucleation kinetics, resulting in a Zeldovich 
factor that is typical for unary nucleation. 
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Figure 6.34: Droplet radius squared and pressure as a function of time for the sample 
experiment (run nr. 307, see Tables 6.2 and 6.3). The dashed straight line is the best fit 
to quadratic growth. 
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type B. 
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the diffusion coefficients V; we adopted the correlation according to Fuller [23], thereby 
assuming diffusion of each component in pure methane gas. For typical growth conditions, 
resulting values of V; are near 3 x w-7 m2 s-1, with only very modest differences between 
components. 

Calculating the expected growth rate for the sample experiment, we arrive at drJ/dt = 
1.79 x w- 11 m2 s-1, whereas the experimental value equals 1.81 x 10-11 m2 s-1• This 
remarkable agreement is somewhat lucky; in Table 6.3 some other values are given (note 
that run 307 is our sample experiment). From this table, the influence of the applied 
equation of state can also be deduced: the Benedict-Webb-Rubin equation probably gives 
too low equilibrium fractions, resulting in overestimated growth rates for all experiments. 
The PR equation seems to do the best job in this respect: growth rates are all reasonably 
close to the experiment. Apparently, we are indeed dealing with simultaneous growth of all 
supersaturated components, the dominating substances being the heavier alkane fractions 
C7-C10 and the aromatics (benzenes). 

run Pgrow T 9row ( dr~j dt) exp EOS Pv Pt 2::, v,(y; - yr) (dr~jdt)modet 
nr. {bar) (K) (lo-u m2 js) (moll-1) (moll-1) (10-11 m2 /s) (10-11 m2 js) 
211 16.9 239.1 1.91 PR 0.914 9.221 11.5 2.28 

SRK 0.904 9.278 13.5 2.63 
BWR 0.905 10.13 18.3 3.27 

307 21.8 242.2 1.81 PR 1.185 9.277 7.02 1.79 
BWR 1.171 10.33 10.9 2.48 

407 21.8 243.2 1.85 PR 1.180 9.125 6.72 1.74 
BWR 1.166 10.16 11.1 2.56 

Table 6.3: Calculational results for growth rates of some selected experiments. Note the 
strong influence of the applied equation of state (EOS). 

We are now also able to explain the observed decrease of growth rates in Fig. 6.35. First, 
the product of vapour density and diffusion coefficient is fairly insensitive to pressure, since 
V; ex p;;I. The liquid density does not vary much. Direct temperature dependencies are 
only found in the diffusion coefficients and the equilibrium vapour fractions. Since diffusion 
coefficients increase with temperature- with TL75 according to the Fuller correlation this 
can not explain the decreasing growth rate. The solution must therefore be sought in the 
equilibrium fractions: these are not much smaller than the feed fractions (see Table 6.2). 
Hence, an increase in growth temperature gives an enhanced equilibrium fraction and a 
decreasing growth rate. The observed decrease with pressure is therefore not a physical 
effect on its own: it is simply caused by the correlation of experimental temperatures and 
pressures along iso-nucleation curves (see Fig. 6.33). 
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6.5.4 Conclusions 

We have presented the first quantitative experimental investigation of the condensation 
behaviour of a multicomponent mixture: dry natural gas, consisting mainly of methane, 
nitrogen, and a large number of heavier hydrocarbons. This study was initiated from an 
interest in both the question of possibility of such measurements, and the industrial call 
for experimental data on natural gas condensation. 

Nucleation and droplet growth rates were measured using the pulse-expansion wave 
tube technique, at realistic pressures for natural gas handling. Optical measurement of the 
time-resolved droplet radius using Mie scattering turned out to be very well possible, with 
no important differences with respect to unary or binary systems, The same holds for the 
determination of droplet number densities (hence, nucleation rates) by means of extinction 
measurement. 

Special care was taken in the preparation of the test mixture. In order to preserve 
the original vapour composition, pressure drops were avoided by isobarically dispelling 
nitrogen from the test section. In this way, the total volume of the test section was flushed 
three times before each experiment. This procedure was first tested; in addition, some 
experiments were performed with sixfold flushing, without noticeable difference. 

Plotting the nucleation data in the (p, T)-diagram, experimental iso-nucleation curves 
are found that correspond to the behaviour that is expected from model calculations for 
binary mixtures of methane with one heavier alkane. The latter comprise computations of 
nucleation rates using binary classical nucleation theory, including real gas thermodynam
ics for which the SRK equation of state is used. Particularly, for a mixture of n-octane 
(molar fraction 5 x 10-4 ) and methane, the behaviour is even quantitatively compara
ble. However, this fact should only be regarded as a convenient interpolation tool, since 
the model calculations do not quantitatively reproduce experimental observations for the 
binary mixture itself. 

Comparison of the data to an existing multicomponent nucleation model shows very 
large discrepancies; we have suggested possible reasons. The most important of these is 
the essential role of equilibrium calculations, which are always based on extrapolations for 
the circumstances under study. Consequently, predicted nucleation rates are very sensitive 
to the equation of state applied and to the input composition. An alternative suggestion 
concerns nucleation kinetics: probably, the kinetic prefactor in the multicomponent nucle
ation model is too low since it is based on effective one-component kinetics. This approach 
discards the fact that there are many possible routes to form a cluster with a given free 
energy in a multidimensional particle space. 

Droplet growth is found to be diffusion controlled: the droplet radius squared increases 
linearly with time in most cases. The average droplet growth rates dr~/dt are compared 
to a multicomponent model for diffusion controlled growth. The agreement is satisfactory, 
but does depend on the equation of state that is used to calculate the equilibrium vapour 
fractions. The observation that the growth rate decreases with growth temperature has 
been explained from the temperature dependence of these equilibrium vapour fractions. 



References 133 

References 

[1] C.C.M. Luijten, O.D.E. Baas, and M.E.H. van Dongen, J. Chern. Phys. 106, 4152 
(1997). 

[2] C.C.M. Luijten, K.J. Bosschaart, and M.E.H. van Dongen, Int. J. Heat Mass Transfer 
40, 3497 (1997). 

[3] C.C.M. Luijten, R.G.P. van Hooy, J.W.F. Janssen, and M.E.H. van Dongen, J. Chern. 
Phys. 109, 3553 (1998). 

[4] R.H. Heist and H. He, J. Phys. Chern. Ref. Data 23, 781 (1994). 

(5] D.W. Oxtoby, J. Phys.: Condens. Matter 4, 7627 (1992). 

[6] V.I. Kalikmanov and M.E.H. van Dongen, J. Chern. Phys. 103, 4250 (1995). 

[7] J. Smolik and P.E. Wagner, in Nucleation and Atmospheric Aerosols, edited by M. Kul
mala and P.E. Wagner, pages 58---60, Pergamon, 1996. 

[8] K.N.H. Looijmans, P.C. Kriesels, and M.E.H. van Dongen, Exp. Fluids 15, 61 (1993). 

[9] K.N.H. Looijmans and M.E.H. van Dongen, Exp. Fluids 23, 54 (1997). 

[10] J. Hruby, Y. Viisanen, and R. Strey, J. Chern. Phys. 104, 5181 (1996). 

[11] J. Smolik and V. Zdfmal, in Nucleation and Atmospheric Aerosols, edited by M. Kul
mala and P.E. Wagner, pages 61-64, Pergamon, 1996. 

[12] T. Schmeling and R. Strey, Ber. Bunsenges. Phys. Chern. 87, 871 (1983). 

[13] D. Kashchiev, J. Chern. Phys. 76, 5098 (1982). 

[14) R.B. McClurg and R.C. Flagan, in Nucleation and Atmospheric Aerosols, edited by 
M. Kulmala and P.E. Wagner, pages 81-84, Pergamon, 1996. 

[15] A. Bertelsmann and R.H. Heist, J. Chern. Phys. 106, 610 (1997). 

[16] A. Bertelsmann and R.H. Heist, J. Chern. Phys. 106, 623 (1997). 

[17) M.J.E.H. Muitjens, Homogeneous condensation in a vapour/gas mixture at high pres
sures in an expansion cloud chamber, PhD thesis, Eindhoven University of Technology, 
1996, ISBN 90-386-0199-9. 

[18) C.C.M. Luijten, K.J. Bosschaart, and M.E.H. van Dongen, J. Chern. Phys. 106, 8116 
(1997). 



134 Results and discussion 

[19] K.N.H. Looijmans, Homogeneous nucleation and droplet growth in the coexistence 
region of n-alkanejmethane mixtures at high pressures, PhD thesis, Eindhoven Uni
versity of Technology, 1995. 

[20] K.N.H. Looijmans, C.C.M. Luijten, and M.E.H. van Dongen, J. Chern. Phys. 103, 
1714 (1995). 

[21] K.N.H. Looijmans, C.C.M. Luijten, G.C.J. Hofmans, and M.E.H. van Dongen, J. 
Chern. Phys. 102 (11), 4531 (1995). 

[22] V.I. Kalikmanov and M.E.H. van Dongen, Phys. Rev. E 55, 1607 (1997). 

[23] R.C. Reid, J.M. Prausnitz, and B.E. Poling, The Pmperties of Gases and Liquids, 
McGraw-Hill Book Company, New York, 1987. 

[24] Y. Viisanen and R. Strey, J. Chern. Phys. 105, 8293 (1996). 

[25] M.J.E.H. Muitjens, V.I. Kalikmanov, M.E.H. van Dongen, A. Hirschberg, and P.A.H. 
Derks, Revue de l'Institut Franr,;ais du Petrole 49, 63 (1994). 



Chapter 7 

Density functional calculations 

In the preceding chapter, the high pressure nucleation behaviour of several vapour-gas 
mixtures was ascribed to the competition between vapour pressure enhancement and a 
decreasing surface tension. The observation that both effects are associated with gas 
phase interactions then led us to the conjecture that such a competition would be a general 
feature of high pressure mixtures. In this chapter it will be demonstrated that both the 
enhancement effect and the surface tension decrease with pressure occur in very simple 
model mixtures, consisting of molecules that interact via a Lennard-Jones potential. 

To that end, we will apply the formalism of Density Functional Theory (DFT), which 
was already briefly discussed in section 3.5. The basic principles of this approach belong 
to the field of statistical thermodynamics of liquids, which aims at linking the observed 
macroscopic properties of substances to the interactions between their molecules [1]. 

Of course, the main limitation of microscopic approaches is that they require detailed 
information about molecular interaction potentials. Unfortunately, these are rarely known 
with sufficient accuracy. Especially for the polar and hydrogen-bonding water molecule, 
realistic interaction potentials are tremendously complicated [2]. Assuming a spherically 
symmetric Lennard-J ones interaction potential would have no physical meaning at all. 

For non-polar substances (such as the n-alkanes), Lennard-Jones potentials are more 
appropriate. Accordingly, they give remarkably good results for predictions of various 
properties [3-5]. As a model vapour in this chapter we will use n-hexane, a choice that 
is based on two considerations. First, surface tensions of n-hexane have been measured 
as a function of pressure for several carrier gases [6-9]. Second, it is chemically related 
to n-nonane, which is studied in this work. Calculations using the Redlich-Kwong-Soave 
equation of state, containing parameters that are tuned to experimental data, may thereby 
serve as a reference for the quality of our statistical-mechanical predictions. 

The calculation of pressure effects using DFT can play various roles in the prediction 
of nucleation rates at elevated pressures. As discussed in chapter 3, nucleation theory can 
be fully cast in terms of DFT; pressure effects could straightforwardly be implemented. In 
addition, our DFT approach for flat surfaces can be used as a physically meaningful model 
for the extrapolation of pressure effects to supercooled temperatures, which are not always 
accessible to equilibrium measurements. 
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7.1 Fundamentals of DFT 

Most conventional statistical-mechanical methods used in the theory of gases and liquids 
do not provide any information about thermodynamical quantities in systems that exhibit 
spatial variations in density. An important example of such an inhomogeneous system is 
the liquid-vapour interface, which can be considered as the key system in understanding 
homogeneous nucleation. 

One approach to obtain information about the thermodynamics of an inhomogeneous 
system is to reformulate thermodynamic expressions in terms of functionals of the density 
distribution. This method is commonly referred to as Density Functional Theory or DFT. 
For the liquid-vapour interface, it was first described in detail by Evans in 1979 [10]. 
Applications of DFT to the nucleation problem were already briefly discussed in chapter 3. 
In this section we will outline the basic principles of the DFT approach for a binary system. 

Following Zeng and Oxtoby [11, 12], we start our derivation with the assumption that 
molecules interact via a pairwise potential U;j(r), which can be divided into a (repulsive) 
reference part uo,;j(r) and a small (perturbative) attractive part u;j(r). The precise choice 
for this decomposition need not yet be specified; it will be discussed in the next section. 
In the absence of an external potential field, the grand potential functional n can then be 
written as 

2 

n[jh,P2] F[pl,fi2]- Lfl; J drp;(r). 
i=l 

(7.1) 

The density fields p;(r) are denoted with a "hat" to indicate that they are not necessarily 
equal to the equilibrium profiles. The Helmholtz free energy of the system, denoted as 
is (exactly) given by 

2 l 

F[fibh] Fo[Pt>h] + ~ "L J da J J drdr1u~j(lr r
1
1)p}]l(r,r

1
; u:jc,), (7.2) 

f,J=l 0 

where we have integrated over a "family" of perturbation potentials uija au;j (the linear 
parametrization is allowed since the result for F does not depend on the integration path). 
F 0 denotes the free energy of the reference system, and p(2) is the pair distribution function. 
The latter is related to the radial distribution function (pair correlation function) 9ii via 

(2) ( '· I ) - A ( ) A ( ') (2) ( '· I ) P;j r, r , uija - p; r Pi r 9;j r, r , uijn . (7.3) 

For weakly inhomogeneous systems like the vapour-liquid interface, it is a valid procedure to 
set the function 9ii to unity, which is known as the random phase approximation (RPA) [13]. 
A further approximation can be made regarding the reference free energy F 0 • In the so
called local density approximation (LDA), the free energy density ~0 (r) is assumed to 
depend only on the local values of the densities p1 (r) and fi2(r) (not on the profiles). 
Hence, the LDA formally reads 

(7.4) 



7.1 Fundamentals of DFT 137 

Using the RPA and the LDA, and performing the functional integration over a, we obtain 

F[PI, h] j dr'¢o[h(r), h(r)] + ~ t If drdr'u:j(lr- r'l)i>;(r)pj(r'). (7.5) 
!,J=l 

The functionals n and F, as defined above, have two important properties. First, they 
reach extremal values when the distribution functions Pi are those of the equilibrium state. 
Second, the extremal values are the equilibrium values of the free energy F and the grand 
potential n. Mathematically, the equilibrium conditions can be expressed in two equivalent 
ways [10]: 

6!1 I 
6Pi{r) p,(r) 

0 (7.6) 

or 

6F I 
6p;(r) p;(r) 

j.t;, (7.7) 

where p,; is the equilibrium chemical potential of component i. The derivative on the left 
hand side is the intrinsic chemical potentiaU Carrying out the differentiation of (7.5) with 
respect to p; with the help of variational calculus we obtain 

2 

p,; P,o,;[PI(r),P2(r)] + L J dr'u~j(lr r'l)pj(r') 
j=l 

(i,j=1,2). (7.8) 

Equation (7.8) represents the central result that will allow us to calculate the density profile 
over the vapour-liquid interface for a binary system. 

For future reference, notice that the above results for a homogeneous system simplify 
to algebraic relations. For the Helmholtz free energy density, the homogeneous limit is 

1 2 

F(p;,pj) = Fo(p;,pj)- 2v L a;iPiPi, (7.9) 
i,j=l 

where the so-called "background interaction parameter" a;j is defined as 

a;J = - J dru;j(r) (i,j = 1, 2), (7.10) 

and V is the total volume of the system. As will be pointed out in section 7.3, the above 
relations will enable us to find the equilibrium values of the chemical potential. In addition, 
the (uniform) pressure of the system is obtained from differentiation of (7.9) with respect 
to the system volume, in view of the fundamental statistical-mechanical relation 

p= (a.r) . 
av N;,r. 

(7.11) 

the absence of external fields, the intrinsic chemical potential equals the equilibrium value of f.J,. 

It can be demonstrated that an external potential Uext. if present, would simply appear as an additional 
term on the left hand side of Eq. (7.7). 



7.2 Potential decomposition 

In order to get useful results from the DFT approach, we have to specify the molecular 
interaction potential u(r). One of the most widely used choices for this function is the 
Lennard-Janes (LJ) potential, given by 

uu(r) = 4t [ (~)
12

- (~)
6

]. (7.12) 

Together with the potential function, we have to choose a decomposition scheme. There 
are several possibilities; probably the most successful and popular scheme was proposed 
by Weeks, Chandler and Andersen [14]. They split up the potential in the following way: 

uo(r) { ~(r) + t ) r < rm 
, r 2: rm 

(7.13) 

u'(r) { :(:) , r < rm 
= r 2 rm 

' 
(7.14) 

where rm is the intermolecular distance at which the potential energy reaches its minimum 
value -E. The advantages of this WCA perturbation scheme are that both parts of 
the potential are continuous, monotonic, and either positive ( u0) or negative ( u'). Hence, all 
repulsion forces can be considered to reside in u0 , whereas u' represents the intermolecular 
attractions. The decomposition is illustrated for the Lennard-Janes potential in Fig. 7.1. 
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Figure 7.1: (a) Lennard-Jones potential function; (b) decomposed LJ potential, according 
to the perturbation scheme of Weeks, Chandler and Andersen {14}. 
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The WCA decomposition enables us to replace the repulsive part of the potential u0 

by a hard-spheres potential ud, with an effective diameter that properly accounts for the 
difference between ud and the real u0 • The great advantage of such a procedure is that 
the thermodynamic properties of mixtures of hard spheres are known, see appendix G. 
Following Barker and Henderson [15], the effective hard-spheres diameter dis given by 

00 

dBII f dr[1 - e-uo(r)fksT], 

0 

(7.15) 

which is easily evaluated numerically for the repulsive part of the Lennard-Jones potential. 
Effective hard-sphere diameters have also been correlated by Lu et al. [16]. Combining the 
above expression (7.15) with results of Monte Carlo simulations for low temperatures, they 
proposed the relation 

d = a1r+ b1 a, 
a2T + b2 

where T = ksT/c, and a1 , a2, b11 and b2 are constants: 

a1 0.56165 
a2 = 0.60899 

(7.16) 

bl = 0.9718 
b2 0.92868. 

As was already noted above, thermodynamic properties of the hard-spheres system are 
well established. Continuing from this point, we will replace the subscript '0', pertaining 
to the repulsive part of the interaction potential, with subscript 'd', denoting hard-sphere 
values. For a single component system of hard spheres, an accurate equation of state was 
proposed by Carnahan and Starling [17]: 

Pd 1 + 1/>d + !/>~ !/>~ 
pksT (1 - l/>d)3 (7.17) 

where if>d = 1rd3 p/6 is the volume fraction of the hard sphere molecules. It can not exceed 
the close packing value of 1rV'i/6 ~ 0.74. Upon integration of the fundamental rela
tion (7.11), and subsequent differentiation of :F with respect to the number of particles N, 
the chemical potential of the hard-sphere system can be expressed as 

~ (a:Fd) = k T [l (pA
3

) 81/>d- 94>~ + 34>~] 
Jkd aN V,T B n e + (1 - !/>d) 3 ' 

(7.18) 

where A is the thermal DeBroglie wavelength. In practical computations the term ln(A 3/ e) 
is omitted, since only differences in chemical potentials are involved. 

Analytical expressions for the pressure, Helmholtz free energy and chemical potentials 
of binary mixtures of hard spheres have also been developed [18-20], based on the work 
of Carnahan and Starling. Although the formulations given by the various authors differ 
greatly, they can be proven to be equivalent. The expressions provided by Rosenfeld [20] 
are the simplest from a notational point of view. These are therefore implemented in our 
calculations, and reproduced in appendix G. 



7.3 The planar liquid-vapour interface 

We will now apply the approach outlined above to the planar liquid-vapour interface. 
The integral expressions of section 7.1 greatly simplify in that case, since there is only 
inhomogeneity in one direction. Vapour-liquid equilibrium calculations essentially involve 
three steps: first, the limiting densities of bulk liquid and bulk vapour are calculated; 
second, from these limiting values and Eq. (7.8) the density profile is found by iteration; 
and finally, the surface tension is calculated as a scalar integral over the equilibrium profile. 
In the following sections, we will treat each of these steps in some detail. 

7.3.1 Bulk limits 

Having defined our reference system to be a mixture of hard spheres, we can now derive 
the bulk properties by applying the relations (7.8)~(7.11) to a uniform fluid. Keeping in 
mind that p; = N;/V, the result for the pressure is 

1 2 

P Pa(Ph P2) - 2 L a;JPiP1 · 
i,j=l 

(7.19) 

Equation (7.8) for the chemical potential reduces for a uniform fluid to 

2 

Jl.i Jl.i,d(Pl, P2) - L O.ijPJ· (7.20) 
J=l 

Since the condition of thermodynamic equilibrium requires the constancy of p and Ji.; 
throughout the interface, the above relations for p and Jl.; (applied to both phases) provide 
us with three relations for the four bulk densities P!, P2, Pi and rl?,. Clearly, we have to 
specify one more condition in order to be able to solve for the bulk densities. In many 
publications on DFT work, one specifies the fraction xi of component 1 in the bulk liquid; 
the fourth equation then reads 

xi= (7.21) 

For our purposes, however, it is more suitable to fix the total pressure pas a closing relation; 
the only difference for the numerical solution procedure lies in the initial guesses for the 
four bulk densities. Obviously, the bulk limit calculation also yields the equilibrium values 
of p and Ji.;, which play a key role in the computation of density profiles. 

For the attractive potential u;1(r) of the WCA decomposition, the background interac
tion parameter a;j can be calculated analytically. The result is 

Tm 

-411" j r 2
( -E;J)dr 

0 

(7.22) 

Tm 

The determination of the potential parameters E;j and u;1 will be discussed in section 7.5. 
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7.3.2 Density profiles 

From the bulk limits of the density and Eq. (7.8) the density profiles p1(z) and p2(z) can 
be computed, where z denotes the direction perpendicular to the interface. It is this step 
that requires most of the numerical effort, since it involves the iterative solution of two 
coupled integral equations. With the hard spheres repulsion as the reference part of the 
potential, the equations to be solved can be written as 

2 

/Ld,i[PI (z), P2(z)] = J.L;- L I dr'u;j(lr- r'l)pj(r') 
j=l 

(i,j 1, 2). (7.23) 

The particular form in which the above equation is written indicates the method of solution. 
First, from the bulk densities, an initial guess is constructed for the density profiles 

p;(z). The most simple initial guess would be a step function; for numerical reasons, 
however, it is advantageous to use a continuous profile. Therefore, a hyperbolic tangent is 
used as an initial guess: 

p;nit(z) = ~(p; +pi)- ~(Pl- pi) tanh[(z- Zo)/o-d, (7.24) 

where o-1 is the Lennard-Jones diameter of the first labelled substance. 
Second, the z-axis is divided into 100 equidistant node points z1" over a range that 

extends lOo-1 to both sides of the interface. For each node point, the right hand side 
of Eq. (7.23) is evaluated. The required equilibrium values J.L; are known from the bulk 
solution; the evaluation of the integrals will be discussed below. With the right hand side 
being known for a particular Zk, the remaining equations are solved for the two unknowns 
p1(zk) and p2(zk), using the analytical expressions for the hard-spheres chemical potential. 
The resulting new values are temporarily stored in a separate array. After the whole profile 

i.e., every zk has passed, the old (guessed) profiles are replaced by the new values p;(z). 
The process is repeated until the density profiles do not change any more, which means 
here that the maximum deviation between the old and new values of p; is smaller than a 
specified absolute tolerance (which was taken 10~3 , in units of o-!3). 

The evaluation of the integrals in Eq. (7.23) involves some coordinate transformations. 
First, we apply the transformation r = r' r; then dr' dr and r' = r + r. In spherical 
coordinates, the z-coordinate of r' will be z + i' cos 9, where i' is the magnitude of r; this 
is the only required argument of the density profile p;(r'). Rewriting (7.23) we obtain 

2 00 " 

J.Ld,;[PI(zk),P2(zk)] = J.L;- L 21r I i'2u;j(r)di' I Pih + i'cos9) sin9d9. (7.25) 
J=l 0 0 

Finally, we introduce the variable x Zk + i' cos(} and replace the integration over (} by 
integration over x. After some rearrangement, the result is 

2 00 Zk+f 

J.Ld,i[PI(zk),fJ2(zk)] = J.Li 27r L I ru:j(r)di' I Pi(x)dx (i,j 1, 2). (7.26) 
J=l 0 Zk~f 
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7 .3.3 Surface tension 

For the derivation of the surface tension from the equilibrium density profiles, we have to 
go back to the grand potential n. From Eqs. (7.1) and (7.2), we have for the equilibrium 
value of the grand potential (note that the densities are now written without the "hat"): 

2 2 

O[p1, P2J = Fd[Pl, P2J + ~ _L I I drdr'u;i(lr- r'l)p;(r)pi(r')- L f.J,; I drp;(r). (7.27) 
t,j=l t=l 

In this expression, we now make use of the inhomogeneity occurring only in the z-direction. 
Using the LDA (7.4), the first term is written as a volume integral over the free energy 
density of hard spheres 'l/Jd· Next, all integrals over r are replaced by integrals over z times 
the (fictitious) interface area A. Furthermore using the fundamental relation n = rA-pV, 
and dividing both sides by A, the surface tension r is found to be2 

'Y =I dz [ 'l/Jd(z) + ~ i; p;(z) I dr'u;i(lr- r'I)Pi(r') - t, f.J,;p;(z) + p ]· 

The free energy density of the hard sphere system can be rewritten as 

2 

'l/Jd(z) = -pd[Pl (z), P2(z)] + L f-ld,iP;(z), 
j=l 

(7.28) 

(7.29) 

which is obtained from the fundamental relation Fd = nd + Gd, realizing that the Gibbs 
free energy density is by definition f-l;P;, and that the surface tension of a system of hard 
spheres is identical to zero, i.e. nd = -pdV. Substituting this result, and evaluating the 
difference (f-ld,i- f-L;) from Eq. (7.23), we end up with 

r= I dz [P-Pd(z)-~itp;(z) I dr'pj(r')u;j(lr-r'l)]. (7.30) 

In this result we recognize the volume integral over r' that was already evaluated in the 
equilibrium profile calculation. 

Technically, the calculations discussed in this section are implemented in a FORTRAN 
code. All quantities are made dimensionless with the potential parameters E1 and a 1 of 
the first labelled substance. For the evaluation of the i'-integral in Eq. (7.26), use is made 
of the NAG-routine DOlAMF, which is able to handle (semi-)infinite integrals. The inner 
integral over x is computed using a simple trapezoidal rule. The same holds for the final 
evaluation of the surface tension integral (7.30), after its inner integral over r' has been 
computed. 

For the numerical solution of systems of coupled non-linear equations, which occur both 
in the bulk limit and in the density profile calculations, use is made of the NAG-routines 
C05CBF and C05NBF, respectively. 

2 To avoid confusion with the Lennard-Janes diameter a, the surface tension will be denoted with the 
symbol r throughout this chapter. 
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7.4 Potential parameters 

We still need to specify the Lennard-Janes parameters of both substances, being the well 
depths c1 and c2 and the repulsion diameters a 1 and a2 . These parameters may be fitted 
to various experimentally observed quantities. Only for helium, they have been calculated 
from quantum-mechanical principles [21}. 

Many of the pioneering papers on DFT consider a model mixture of argon and krypton, 
with potential parameters cAr/kB 119.8 K, tKr/k8 163.1 K, aAr = 0.3405 nm, and 
aKr 0.3630 nm [12, 13, 22]. We used these values, together with the analytical fit (7.16) 
for the hard spheres diameter, to check the consistency of our calculations with those of 
Zeng and Oxtoby [12]. Results for both the density profiles and the surface tension, as a 
function of the argon fraction in the liquid, coincided exactly. 

For the carrier gases used in this work, Lennard-Janes parameters have been correlated 
from viscosity data [21], see Table 7.4. Note that the parameters for argon differ slightly 
from the values given above. For consistency, however, we used the values of Ref. 21 for 
all carrier gases in the calculations to be described in the next section. 

Table 7.1: Lennard-Janes parameters c and a used in this work. For carrier gases, values 
are taken from Ref. 21; those of n-hexane were fitted to properties of the saturated fluid. 

The only values in Table 7.4 that were not derived from viscosity data are those of 
n-hexane. One reason is that the more complicated a molecule is, the more sensitive the 
potential parameters become to the property to which they are fitted. Moreover, there are 
useful alternative ways of fitting the parameters of vapour substances. 

A detailed treatment of the calculation of Lennard-Janes parameters of molecular fluids 
is given by Matyushov and Schmid [23]. Using the law of corresponding states, they derive 
a universal relation for the LJ energies of non-polar liquids: 

ln [p5 {298 K)] 16.35- 0.02ELJ/kB, (7.31) 

where p' and c/ k8 must be inserted in Torr and K, respectively. For the repulsion diameter 
a they propose the correlation 

b113 = 0.9337 + 5.828a + 3.315a2
, (7.32) 

where b RTc/(Bpc) is the Van der Waals covolume, which must be inserted in units of 
cm3 , yielding a in nanometers.3 The resulting parameters for n-hexane are Ejk8 = 567 K 

3 In Ref. 23, the quadratic term in Eq. (7.32} has a minus sign; in view of both the corresponding graph 
and the numerical values given, this is definitely a printing error. 
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and (J = 0.597 nm. Note the huge difference of the energy parameter with respect to the 
value derived from viscosity data, being 399 K. This proves the sensitivity of the parameters 
to the property they are fitted to. 

In spite of their appealing simplicity and the fact that the well depth is fitted to the 
saturated vapour pressure, the above relations are still connected to the way in which the 
parameters are fitted to p•. For the present purposes, it was therefore decided to fit the 
potential parameters of n-hexane to the saturated vapour pressure and the density of the 
pure liquid at T = 298.15 K, using DFT calculations. (Most experimental surface tension 
data were measured at 25°0.) In this way, the results are at least internally consistent with 
the binary calculations to be discussed in the next section. 

Mathematically, the potential parameters are obtained by applying (7.19) and 
(7.20) to the case of a pure substance, resulting in the system of three equations 

1 2 
Pd[p",d((J)]- z (p") a(E,(J) 

Md[Pv,d((J)] pva(E,(J) 

Pd[p1,d((J)]- ~ (p1)
2 

a(E,(J) 

= Md[P1,d((J)j- p1a(E,(J) 

p• (7.33) 

(7.34) 

for the three unknowns E, (J and pv. Note that the latter quantity implicitly yields the 
compressibility factor of the pure vapour, zs = p5 j(pvksT). The hard spheres properties 
were evaluated from Eqs. (7.17) and (7.18), where the effective hard sphere diameter d 
was determined from the variable (J within the solver routine, using expression (7.15). 
For the saturated vapour pressure, the Wagner equation was used; the liquid density was 
obtained from the Hankinson-Brobst-Thomson correlation [21]. The resulting parameters 
of n-hexane at T = 298.15 K are indicated in Table 7.4. 

Beside the pure substance parameters, those of the binary interaction between molecules 
1 and 2 have to be specified. There exists no unique prescription for the required mixing 
rules, although most authors use the so-called Lorentz-Berthelot relations: 

(7.35) 

(7.36) 

A very elegant and simple way of tuning the "non-ideality" of the interaction was proposed 
by Laaksonen and Oxtoby [24]. They modify (7.35) to the form 

~'12 (7.37) 

where the parameter ( is able to make the binary interaction asymmetric, to a tunable 
extent. Since there is no clear reason to assume such non-ideal interaction for our systems, 
we will set (equal to 0.5, which returns the Lorentz-Berthelot rule (7.35). The possibility 
to use other values of ( is easily implemented in the numerical code: only the scaling of 
the interaction parameter a12 and the binary potential energy u~2 are affected. 
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7. 5 Results of D FT calculations 

Using the DFT approach, calculations were performed for mixtures of n-hexane (C6H14 ) 

with helium, argon, nitrogen and methane. As was outlined in the previous section, a 
temperature of 25°C was chosen as a reference condition. All calculations were performed 
for pressures of 1 to 100 bar, with a step size of 10 bar. In order to get a qualitative 
impression of how the enhancement and surface tension effects extrapolate to nucleation 
temperatures, the calculations were repeated at 240 K. 

Fig. 7.2 shows some typical results for n-hexane in nitrogen at four different pressures. 
Beside the density profiles, the integrand of the surface tension expression (7.30) is also 
represented. Clearly, all important contributions to "! come from the interface region. 

From the figure we see that the n-hexane density in the liquid phase is hardly affected 
by the increasing pressure. This was to be expected, since the solubility of nitrogen remains 
relatively low up to the highest pressures, and because the gas consists of smaller molecules. 
To understand this last argument, note that if we had plotted the "volume packing" of 
nitrogen, p2ai, instead of the quantity P2ar, the nitrogen density in both phases would 
appear a factor (0.38/0.56)3 ~ 0.3 smaller (see Table 7.4). Yet, both p1 and p2 are made 
dimensionless with a 1 in order to compare the number densities of both components. 

A second remarkable feature is that the number density of nitrogen does not decrease 
monotonically over the interface. Apparently, we are dealing with surface adsorption, 
indicated by the "hump" in P2 at the interface. Moreover, the absolute amount of surface 
adsorption increases with pressure, a feature that was used to explain the high pressure 
nucleation results in chapter 6. Accordingly, the surface tension of the mixture decreases 
with pressure, as can be deduced from the surface area under the dashed curves in the 
figure. 

Fig. 7.3 shows comparable results for n-hexane in methane, again at a temperature of 
298.15 K. Qualitatively, the influence of methane is similar to that of nitrogen gas; the 
main difference is that all pressure effects are stronger. The methane dissolves to such 
extent into the liquid phase, that the number density of n-hexane is significantly reduced. 
Together with the severe surface adsorption of the gas component, this leads to a very 
strong decrease of surface tension with pressure. Again, the surface area under the dashed 
curves which almost vanishes at 80 bar- is a direct measure of this behaviour. At the 
highest pressure shown, the number density of methane in the liquid even becomes larger 
than that of n-hexane. Still, in view of the scaling with ar, the liquid packing fraction of 
methane remains smaller than that of the vapour component. Finally, note that the vapour 
density of methane is almost equal to that of nitrogen at the same conditions, indicating 
that the gas phase compressibilities of both gases are not too far apart. 

The behaviour of the bulk vapour density of n-hexane, pi, is hard to be observed in 
Figs. 7.2 and 7.3. Since it is directly related to the enhancement factor, in which we are 
interested, we will now look at the behaviour of fe in more detail. 
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Figure 7.2: Density profiles of n-hexane (solid lines) and nitrogen (dashed-dotted lines) 
over a flat liquid-vapour interface at pressures of 10, 20, 40 and 80 bar, and T = 298.15 K. 
The dashed lines represent the (dimensionless) integrand d!/dz of equation (7.30). 
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Figure 7.3: Density profiles of n-hexane (solid lines) and methane (dashed-dotted lines) 
over a fiat liquid-vapour interface at pressures of 10, 20, 40 and 80 bar, and T = 298.15 K. 
The dashed lines represent the (dimensionless) integrand d-yjdz of equation (7.30). 
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Obviously, the enhancement factor follows directly from the bulk limits of the density. 
When the vapour component in this case n-hexane- is labelled with '1', the enhancement 
factor reads, using Eq. (2.10): 

( Pt ) p 
fe = PY + P2 P ' (7.38) 

where p'j is the bulk vapour density of component i. The pure vapour pressure is calculated 
from Eq. (7.33). Note that this is trivial at T = 298.15 K, since the potential parameters 
of n-hexane were fitted to the experimental saturation pressure at that temperature. 

From the DFT calculations for the mixtures, combined with those for the pure vapour 
component, it is possible to determine the individual contributions to fe in Eq. (2.10).4 

The pure vapour fugacity coefficient ¢>• depends only on temperature; for 298 K it equals 
1.009 and for 240 K it is 1.001. Furthermore, the activity coefficient of component 1 in the 
liquid differs from unity by at most 2 percent for the conditions of interest. The remaining 
contributions the Poynting factor fp, the liquid fraction xeq and the fugacity coefficient 
in the binary gas phase <f>eq are presented separately in the results discussed below. 

Fig. 7.4 shows the results for helium at two temperatures. At 298.15 K, the Poynting 
factor is larger than the enhancement factor. Since the vapour phase fugacity coefficient of 
n-hexane is very close to unity for all pressures, this is obviously caused by the increasing 
liquid fraction of helium with pressure, see Eq. (2.10). Most probably, the solubility of 

this is not completely straightforward; for reasons of brevity, we will not reproduce the 
derivation here (the correctness is easily checked by taking the product of the individual factors). 
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Figure 7.4: Normalized surface tension 1 ho and enhancement factor fe of n-hexane in 
helium as a function of total pressure, for temperatures of 298.15 K and 240.00 K. The 
main contributions to fe are also indicated, see Eq. (2.10). 
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helium is severely overrated by the DFT calculation, since experimental helium solubilities 
at room temperature are generally much lower. This argument also explains why the 
surface tension decreases significantly with pressure: dissolution of helium reduces 1 in the 
DFT calculation, but experimental data at 298 K indicate that there is no pressure effect 
up to 100 bar [6]. 

At a temperature of 240 K, the fugacity coefficient q,eq also deviates from unity with 
increasing pressure; the decrease almost coincides with that of the n-hexane fraction in the 
liquid. Since expression (2.10) contains the ratio of both quantities, the enhancement factor 
becomes equal to its Poynting contribution. Let us assume for a moment that the helium 
solubility is still overrated at 240 K, but that the gas phase non-ideality does play a role 
at this temperature. In other words, assume that the decrease of q,eq is a physical effect, 
whereas the helium dissolution is not. One must conclude then that the real enhancement 
factor at 240 K must be larger than its Poynting value. This is interesting in view of the 
chemical similarity of n-hexane to n-nonane: an underestimation of fe was mentioned in 
section 6.3 as one of the possible explanations of the (small) pressure trend in Fig. 6.16. 

Figs. 7.5, 7.6, and 7.7 give results for the enhancement factor and surface tension as a 
function of pressure for n-hexane with nitrogen, argon and methane, respectively. Beside 
DFT calculations (left parts of these figures), the same quantities were also computed 
from the RKS equation of state (right parts). For a more detailed description of the RKS 
equilibrium calculations, see chapter 2 and appendix A. 

First of all, note the striking resemblance between DFT and RKS predictions. This 
is an encouraging result, since the RKS equation has been tuned to the experimental 
behaviour of a variety of substances [1, 21]. It is even a somewhat unexpected observation, 
since the DFT model considers all molecules (including then-hexane ones) to be spherical, 
and interacting via the simple Lennard-Jones potential. Still, there are also important 
differences. Again, these are mainly caused by the DFT approach yielding too large gas 
solubilities and, consequently, a too fast decrease of surface tension with pressure. 

At a temperature of 298 K, surface tension measurements are available for n-hexane in 
nitrogen [6], argon and methane [6, 9]. The experimental data are represented by a solid 
line in the corresponding figures for 298.15 K. For all three systems, DFT predicts a too 
strong surface tension decrease. However, for n-hexane in nitrogen, the predicted trend 
fits the data very well -- certainly with respect to the possible criticism concerning the 
DFT approach. For argon the experimental trend is less severe than both DFT and RKS 
predictions, which is probably due to too large values of the argon fraction in the liquid. 

Comparison of Figs. 7.5 and 7.6 shows that the enhancement effect is slightly stronger 
for argon than it is for nitrogen. The surface tension decrease is similar (experimental data 
show indiscernible results for argon and nitrogen). Clearly, there is no fundamental reason 
for the preference of argon above nitrogen as a carrier gas in nucleation experiments. 

For methane the surface tension decrease is very well predicted by the RKS equation. 
This comes as no surprise, since the parameters P of the parachor method which is used 
for prediction of surface tensions from the calculated molar volumes, see Eq. (2.39) - are 
usually tuned to experimental data. 
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Figure 7.5: As Fig. 7.4, but now for n-hexane in nitrogen. Left part: DFT calculations. 
Right part: RKS results. Solid line: experimental surface tension data of Ref 6. 
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Figure 7.6: As Fig. 7.5, but now for n-hexane in argon. Left part: DFT calculations. 
Right part: RKS results. Solid line: experimental surface tension data of Ref 9. 
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Finally, for the n-hexane-methane system at 240 K, the DFT program does not find a 
solution for the density profiles for pressures above 30 bar. Above 50 bar, even the bulk 
limits are not properly calculated any more. Apparently, this is associated with critical 
behaviour of the mixture: when the number density of methane in the liquid approaches 
that in the vapour, the phases become very hard to discern for the numerical code. This 
behaviour was also found for mixtures of n-hexane with the gases ethane, carbon dioxide 
and nitrous oxide. The results of the latter calculations will not further be discussed here. 
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Chapter 8 

Conclusions and recommendations 

The preceding chapters have presented an elaborate treatment of both experimental and 
theoretical aspects of the nucleation and droplet growth processes at high pressures. The 
mixtures under consideration consisted of a condensible vapour (with a partial pressure 
well below 1 bar) and a supercritical carrier gas (with pressures between 1 and 40 bar). In 
such mixtures, the phase equilibrium of the vapour component is affected by the presence of 
the carrier gas: the saturated vapour density tends to increase with total pressure, whereas 
the surface tension generally diminishes upon pressurization. 

The nucleation process in the above kind of mixtures is essentially a binary one, since 
the carrier gas may enter into the nucleating clusters. Still, a single component description 
of the nucleation process was proposed, treating the carrier gas pressure as a parameter 
that modifies the above mentioned properties of the vapour. Mathematically, this "pressure 
perturbation" treatment was shown to be valid as long as carrier gas solubilities in the liquid 
phase are not too large. The same theoretical approach was applied in the modelling of 
the droplet growth process at high pressures. 

Based on the general formulation of the Nucleation Theorem, a relation was derived 
between the number of carrier gas molecules in the critical cluster and the derivative 
of the nucleation rate with respect to total pressure. Together with the "conventional" 
Nucleation Theorem for the vapour component, this enables one to derive the full critical 
cluster composition from experimental J(S, T,p) data. . 

For the experimental determination of nucleation and droplet growth rates, use was 
made of a pulse-expansion wave tube set-up. Once again, this technique was proven to be 
extremely suitable for accurate quantitative measurements at high total pressures. Still, 
the experimental method as developed and described in earlier work of the Gas Dynamics 
group at EUT has been improved upon in several respects. 

Two methods were developed for direct measurement of the mixture composition, or 
partial vapour fraction. The first of these involved the calibration of an existing humidity 
transducer (Vaisala HMP 234), with the pressure of nitrogen as an independent parameter. 
The second method utilizes gas chromatography to measure hydrocarbon fractions; this 
technique was adapted to high pressure use by applying a thermostatic capillary tube, 
resulting in a gradual pressure release at constant gas phase composition. 
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The set-up that was used for calibration of both methods, based on saturation of 
the carrier gases at constant temperature, turned out to be a valuable tool as well in 
the preparation of gas-vapour mixtures. Using this set-up, a better control is possible 

as opposed to the method of liquid injection that was used before of the mixture 
composition after the preparation stage. Still, the method is open to improvement: by 
controlling the flows of dry and pre-wetted carrier gas electronically, an entrance flow of 
constant composition could be achieved. This would greatly facilitate the gas sampling 
procedure in hydrocarbon experiments, notably at the highest pressures. 

Droplet concentrations were measured using a combination of Constant Angle Mie 
Scattering (CAMS) under 90°, and light extinction. Although the detection range covers 
several orders of magnitude in droplet concentrations (hence nucleation rates), it might be 
extended to the lower side by applying larger transit windows. Disturbances, occurring in 
the extinction signal at high pressures, could in this way be (partially) eliminated, thereby 
enlarging the signal-to-noise ratio of the droplet concentration measurement. 

Experimental nucleation rates measured for the same substances at similar conditions, 
but using different experimental methods have not always been consistent in the past. 
The n-pentanol-helium experiments described in this work constitute our contribution to 
a joint experimental program of many groups working in the nucleation field. The first 
results of mutual comparison between methods have been encouraging; contributions of 
other groups are still awaited. 

The focus of this work has been on the experimental determination of nucleation rates 
in several high pressure vapour-gas mixtures. In order to obtain a clear picture of the 
pressure influence on nucleation, systems have been studied with a varying degree of gas 
phase interaction. Several general conclusions can be drawn from this investigation. 

The most important observation has been that the high pressure features of the binary 
phase equilibrium are recovered in the nucleation behaviour of the mixture. This concerns 
mainly the two effects discussed above, being the increase of saturated vapour content with 
pressure (enhancement effect) and the accompanying decrease of surface tension. Taking 
these effects into account, a useful description of the observed nucleation behaviour could 
be given in terms of the pressure perturbation approach sketched above. 

We were able to explain the observed pressure trends within the classical nucleation 
model, the surface tension playing a key role. For weakly or moderately interacting systems, 
pressure trends could even be quantitatively explained within the perturbation approach 
outlined in chapter 3. The conjecture that the latter model would be valid for low carrier 
gas solubilities was confirmed experimentally. 

For the n-nonane-methane system, the pressure perturbation approach turned out to 
be no longer useful in a quantitative sense. Therefore, we had to refer to binary nucleation 
models. Unfortunately, none of the models considered was able to account for the observed 
behaviour of n-nonane-methane at the highest nucleation pressure of 40 bar. The break-up 
of all theoretical approaches in the latter system was ascribed to enhanced dissolution of 
methane into the liquid phase, resulting in a very small critical cluster size in terms of 
n-nonane molecules. The methane fraction in the critical cluster was found experimentally 
to be larger than that in the corresponding liquid at phase equilibrium. 
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When the enhancement effect is not taken into account in the calculation of the su
persaturation ratio, either an unphysical pressure trend may emerge (n-nonane-helium), or 
physical pressure trends might be hidden (which was found for both the water-nitrogen and 
the n-nonane-methane systems). The latter observation is due to a competition between 
the enhancement effect and surface tension decrease. Since both of these are associated 
with binary interaction between the constituents of the mixture, such a partial cancellation 
was predicted to occur in other systems as well. 

In order to confirm the latter conjecture, Density Functional Theory was applied to 
investigate the vapour-liquid phase behaviour of a mixture of Lennard-Jones molecules. As 
a model substance, n-hexane was chosen, mixed with helium, nitrogen, argon and methane. 
For all gases but helium, the calculated pressure trends corresponded to experimental data, 
sometimes even in a quantitative sense. Only for helium, the surface tension was found 
to decrease with pressure as well, whereas experimental data denies the occurrence of this 
effect in n-hexane-helium. This discrepancy was ascribed to the DFT approach generally 
predicting too large gas solubilities in the liquid phase. 

Another important conclusion, obtained from DFT calculations as well as experimental 
surface tension data, is that argon gas can not be expected to behave more ideally than 
nitrogen. Therefore, there is no reason for the preference of argon above nitrogen as a 
carrier gas in nucleation experiments, except for its ideal (monatomic) heat capacity. 

Then-hexane-methane mixture showed critical behaviour, in the sense that the surface 
tension tends to zero with pressure; accordingly, the numerical DFT code was no longer 
able to find a solution of the phase equilibrium problem. This observation, as well as the 
DFT results sketched above, were confirmed by calculations of the Redlich-Kwong-Soave 
equation of state for the corresponding mixtures. Since the latter equation is based on 
empirical considerations, this gives some confidence in the predictive capabilities of the 
DFT approach. 

The nucleation experiments in the five systems mentioned above have also yielded 
a large database for the assessment of droplet growth models. Whereas the n-pentanol 
droplet growth curves were largely situated in the transition regime (intermediate Knudsen 
numbers), the high pressure experiments provided information on the continuum growth 
regime for small Knudsen numbers. Comparing the transition model of Young to that of 
Gyarmathy, several conclusions can be drawn on the basis of the growth data. 

The Gyarmathy model appears to predict a much broader transition regime in terms 
of the Knudsen number Kn. For large Kn this corresponds to experimental findings for 
n-pentanol. The Young model remains in the free molecular regime down to Kn ;:::;j 1, 
whereas Gyarmathy predicts a deviation from free molecular growth for Kn ;:::;j 10. In the 
continuum regime, the situation is reversed: whereas the Young model correctly predicts 
continuum growth below Kn ;:::;j 0.02, the model of Gyarmathy remains in the transition 
regime down to too small Kn. Using the Young model, diffusion coefficients of water 
were derived - by fitting to experimental growth curves - that agreed quantitatively with 
the Fuller correlation. For n-nonane in helium, the obtained diffusivities showed a strong 
decrease with pressure. An explanation for this remarkable fact has not yet been found. 
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As a final result, the applicability of the pulse-expansion wave tube method to multi
component nucleation was studied. The first quantitative data on nucleation and droplet 
growth rates were obtained for natural gas. This choice was mainly inspired by important 
applications in gas handling and exploration; accordingly, the work was conducted in close 
co-operation with N.V. Nederlandse Gasunie. 

Natural gas- from which the water vapour had been removed- turned out to nucleate 
effectively as a single substance, in the sense that the Mie scattering method yielded similar 
curves to that observed in single component nucleation. The droplet growth rates could 
even be quantitatively accounted for, by adopting a simple multicomponent extension of a 
continuum (diffusion controlled) droplet growth model. Since all condensing components 
are- well miscible- heavy hydrocarbons, this conclusion is not too surprising. 

As indicated above, our study concerned dry natural gas. Yet, just after production 
the gas is saturated with water vapour. Accordingly, homogeneous condensation of water 
vapour may occur in natural gas, which may or may not be coupled to the condensation 
of heavy hydrocarbons. Beside this possible interaction of chemically unlike substances, 
there is another important feature, being the influence of natural gas pressure on water 
nucleation. Since natural gas consists mainly of methane, the water-methane system could 
be investigated as the simplest binary model for wet natural gas. It is interesting to see 
whether the enhancement and surface tension effects also quantitatively cancel in this 
system. Unfortunately, enhancement data for water in methane seem not to be available. 
In addition, the behaviour of the humidity sensor with methane pressure is unknown. 
These problems could be remedied by an independent measurement of enhancement factors 
(using, for example, a gravimetric method), followed by a calibration of the humidity sensor 
with the methane pressure as a parameter. 

As an alternative, nucleation results could be obtained simply as a function of the water 
vapour fraction. The latter could then be derived from droplet growth results, since the 
diffusion coefficient of water vapour in several gases turned out to be well predicted by 
the Fuller correlation. In view of the expected cancellation of enhancement and surface 
tension, the resulting curve of nucleation rate versus vapour fraction might (approximately) 
coincide with those of helium and nitrogen, which would be an important result in itself. 

After a study of the important binary combinations in natural gas (among which are 
the water-nitrogen and n-nonane-methane systems of this work), one could proceed with 
the study of ternary nucleation of water, n-nonane, and methane or nitrogen, combined 
with helium as a reference carrier gas. Instead of the n-nonane, one could use n-octane; 
its higher vapour pressure would positively affect the accuracy of the gas chromatographic 
composition measurement. 

Hopefully, the present work provides a significant step towards the understanding of 
the droplet formation process in such complicated mixtures at high pressures. 



Appendix A 

Physical properties 

This appendix summarizes the properties used in all nucleation and growth calculations. 
Values are given of the molar mass M, critical properties Pc, Tc, V,, collision diameter d 
and molar isobaric heat capacity Cp. For gases the thermal conductivity k is added. For 
vapour components the saturated vapour pressure p8

, liquid density pz, surface tension a 0 , 

index of refraction m, and enthalpy of vaporization (latent heat) L are also given. All data 
are followed by their units and the source from which they were taken. 

Helium 

M 4.003 
Pc 2.27 
Tc 5.19 
v, 57.4 
d = 0.2551 
CP = 5R/2 
k = -2.449 X 10-2 + 1.124 X l0-3T- 2.929 X 1Q-6T2 

+4.493 x w-9T 3 2.518 x w-12T4 

Nitrogen 

M= 28.013 
Pc 33.9 
Tc = 126.2 
v, 89.8 
d 0.3798 

31.15 - 1.357 X 10-2T + 2.680 X 10-5T2 - 1.168 X 1Q-8T3 

-6.683 x w-4 + 1.0558 x 10-4T - 5.5989 x w-8T2 

k0 (T) + 0.025028exp [0.535:£iT- 1] 
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kg kmol-1 

bar 
K 
cm3 mol-1 

nm 
J mol-1 K-1 

W m-1 K- 1 

kg kmol-1 

bar 
K 
cm3 moi-1 

nm 
J mol-1 K-1 

W m-1 K-1 

W m-1 K-1 

[1] 
[1] 
[1] 
[1] 
[1] 
[1] 

[2] 

[1] 
[1] 
[1] 
[1] 
[1] 
[1] 
[3] 
[1] 
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Methane 

M = 16.043 
Pc = 46.0 
Tc = 190.4 
v, = 99.2 
d = 0.3758 
Cp = 19.25 + 5.213 x w-2T + 1.197 x w-5T 2 1.132 x w-8T 3 

k0 1.8436 X 10-3 + 8.2265 X 10-5T + 8.6143 X 

k = k0 (T) + 0.03918 exp [ 0.535fu - 1] 

n-Pentanol 

A1 = 88.15 
Pc = 39.1 
Tc 588.15 
v, = 326 
d 0.6677 
m 

Pl 

L = 
ao = 

1.41 
3.869 + o.5045T- 2.639 x w-4T 2 + 5.120 x w-sra 
133.324 exp (90.08 9788/T 9.90 ln T) 

5 )i/3 Ei=O a;{1 - T /Tc , 
ao = 270; a1 = 1930.2; a2 -8414.8; 
a 3 = 19226.0; a4 = -18559.3; as= 6555.7 
67.55 X 103 {1 - T /Tc)0·

8272 exp (0.8195T /Tc) 
2.6855 X 10-2 - 7.889 X 10-5(T 273.15) 

Water 

M= 
Pc = 
Tc = 
T/ -tc -

d = 

18.015 
221.2 
647.3 
57.1 
0.2641 

kg kmol-1 

bar 
K 
cm3 mol-1 

nm 
J mol-1 K-1 

W m-1 K-1 

W m-1 K-1 

kg kmol-1 

bar 
K 
cm3 mol-1 

nm 
(-) 
J mol-1 K-1 

Pa 

kg m-3 

J mol-1 

N m-1 

kg kmol-1 

bar 
K 
cm3 mol-1 

nm 
m = 
Cp = 
p• 

1.334 (-) 
32.24 + 1.924 X w-3T + 1.055 X w-5T 2 - 3.596 X w-9T 3 J mol-l K-1 

610.8exp [-5.1421ln (T/273.15)- 6828.77 (1/T 1/273.15)] Pa 
Pl 999.84 + 0.086(T- 273.15)- 0.0108(T 273.15)2 kg m-3 

L 5.382 X 103 [7.08(1- T/Tc)0
·
354 + 3.767(1 T/Tc)0456] J moi-1 

0.127245- 1.89845 x w-4T (fitted forT< 268 K) N m-1 

[1] 
[1] 
[1] 
[1] 
[1] 
[1] 
[3] 
[1] 

[1] 
[1] 
[1] 
[1] 
[4] 
[5] 
[1] 
[6] 

[7] 
[8] 
[4] 

[1] 
[1] 
[1] 
[1) 
[1) 
[5] 
[1] 
[9) 
[10) 
[1) 
[11] 



M= 

m 

Cp = 
ps = 

128.259 
22.9 
594.6 
548 
0.683 
1.405 
-8.374 + 0.8729T 4.823 * 10-4T2 + 1.031 * w-7T3 

133.322 exp ( -17.56832In T + 0.0152556T 
-9467.4/T + 128.77889) 

PI 733.5- 0.788(T- 273.15)- 9.689 x 10-5 (T 273.15) 2 

L == 4.944 X 103 [7.08(1 - T /Tc)0
·
354 + 4.873(1 T /Tc) 0

A
56J 

0.02472-9.347 x 10-5(T 273.15) 

Binary diffusion coefficients 
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kg kmol-1 [1] 
bar [1] 
K [1] 
cm3 mol-1 [l] 
nm [12] 
(-) [5] 
J mol-1 K-1 [1] 

Pa [2] 
kg m-3 [2] 
J mol-1 [1] 
N m-1 [16] 

For n-pentanol-helium the Chapman-Enskog correlation is used [1.]. Required values for the 
Lennard-Jones parameters E and CJ were fitted to literature diffusivity data by Zdimal [4], 
resulting in ~:. 12/kn = 55.75 K and CJ12 = 0.4614 nm. After substitution of these values, and 
eliminating the pressure in favour of the mass density, the remaining relation is 

pD = 2.174 x w-7~li/ (T/K)0
·
5 

The collision integral nu is a function of the dimensionless temperature T T I C12 [1]: 

1.06036 0.19300 1.03587 1.76474 
--=-=::- + + + --:---c---:-

exp(0.47635T) exp(1.52996T) exp(3.89411T) 

Binary diffusion coefficients used in all other growth calculations are obtained from the 
Fuller correlation [1 J. For dilute mixtures it can be formulated as 

Using the appropriate diffusion volumes I:vi (see page 588 of Ref. 1) we obtain for 

water-helium: pD 1.918 x w-7 (T/K)0·75 kg m-1 s-1 [1] 
water-nitrogen: pD 4.112 x w-7 (T/K)0·75 kg m- 1 s-1 [1] 
n-nonane-helium: pD = 4.862 x w-s (T /K)0·75 kg m-1 s-1 [1 J 
n-nonane-methane: pD 6.872 x 10-8 (T /K)0 75 kg m-1 s- 1 [1] 
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Enhancement factors and surface tension 

For all helium systems, fe is evaluated from Eq. (2.11). Enhancement factors for water in 
nitrogen are given by Eqs. (2.18) and (2.19), for n-nonane in methane by Eqs. (2.26)-(2.28). 

The surface tension of n-nonane in helium increases linearly with pressure, with a slope that 
equals 2.5 x 10-11 N m- 1 Pa-1. For water-nitrogen and n-nonane-methane, the pressurized 
surface tension follows from Eq. (2.37), with na 6 x 1018 m-2 . For water-nitrogen, PL is 
constant and equal to 326 bar; for n-nonane-methane PL(T) is expressed by Eq. (2.40). 

Isothermal compressibility 

In the isentropic temperature calculations, the isothermal compressibility factor Z and the 
isobaric heat capacity Cp of the carrier gases are needed. These are calculated according 
to the equation of state proposed by Sychev et al. [13-15]: 

z 

Cp 
R 

As 

1 +Ao (A.1) 

Cp,O 
R 1 + As + -'--:--1 -+--..:::-'- (A.2) 

lo ( T ) i 
6 

( T ) -i 
~ai 100 K +~Pi 100 K 

(A.3) 

10 7 wi 
2:: L(i + 1)bw7 
i=l j=l 

7 
(A.4) 

w 7 wi 
-2:: l:(j- 1)bwj 

i=l j=O 
7 

(A.5) 

10 7 ·c. 1) i 
- ~~J J b w. 

L....t L....t . •J J 
i=l j=O ~ 7 

(A.6) 

The above relations are stated in terms of the reduced density w p/ Pc and the reduced 
temperature 7 = T /Tc. Therefore, the density is calculated iteratively from (A.1) and the 
definition Z = pf(pRT), before CP can be evaluated. 

For the coefficients b;1, aj and Pi (many of which are zero, due to the general notation 
given above) the reader is referred to Refs. 13-15. For helium, Eq. (A.3) is replaced by 

Cp,O 5 
R 2· (A.7) 
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The Redlich-Kwong-Soave equation for mixtures 

In the RKS equation of state, expressed by Eq. (2.21), the mixture parameters am and bm 
are evaluated from the mixing rules 

2 2 

am = L L z;z1(a;a1)112(1- k,1) 
i~l J~l 

2 

bm L:z;b;, 
i=l 

where z; represents the molar fraction of component i (that is, z, equals X; for the liquid 
phase and Yi for the vapour phase). The pure component coefficients a; and b; are given by 

a; = 0.42748RzTz. [ ( {f)] 2 

---.-
0
-'-'' 1 + (0.48 + 1.574w;- 0.176w[) X 1- T,'"': 

~ ~ 

b; = 
0.08664RTc,i 

Pc,i 

In these equations, w is Pitzer's acentric factor [1]. In the first mixing rule, the interaction 
parameter k;1 is introduced. Its value is determined by a best fit to experiments [17]. 

The correction term~ V in Eq. (2.25), accounting for the too large prediction of the molar 
volume of the liquid by the RKS equation, is given by 

~ V = :t x! [0.40768 x (0.29441 - ZRA,;) RTc,i] 
i=l Pc,t 

(A.8) 

where ZRA is the Rackett compressibility factor [1]. 
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Appendix B 

Gibbs energy of formation 

We will derive here the equilibrium condition for a spherical droplet with a well-defined 
radius r, and show that the formation energy as defined in section 3.1, equation (3.9), 
indeed yields correct results for this particular cluster model. We first write t::.G in terms 
of the droplet radius r; inserting the relations V 1 = N 1v1 = 47rr3 /3 and A= N•a• = 4nr2 

(where v1 and a• are the "effective" molecular volume and surface area) we obtain 

Differentiation with respect to r yields 

dt::.6 
dr 

(B.1) 

(B.2) 

where possible compressibility effects are represented by the derivatives of v1 and a•. From 
here on, one can proceed in several ways, depending on the choice of the dividing surface. 
Two convenient choices are possible. 

Equimolar dividing surface 

The equimolar dividing surface is chosen in such way, that the number of molecules in the 
surface, N•, vanishes. In this case, the third term of Eq. (3.9) and hence the third row 
of (B.2) equal zero. Due to the Gibbs-Duhem relation dJi v1dp1, the second and fifth 
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terms of (B.2) also cancel. The (generalized) Laplace relation in this case reads1 

pl pv = 2
0" + [OO"] . (B.3) 
r or 

The mathematical derivative [oajor] corresponds to the change da if we shift the radius at 
which the surface is defined by an amount dr. Hereby, only the definition of r is changed, 
so no physical change occurs. Substituting this relation into Eq. (B.2) we get 

d~G 
dr 

4 2 (dO" 1rr -
dr 

(B.4) 

The first term in round brackets can be shown to vanish for the critical radius r• (this is 
certainly not trivial; for a proof, the reader is referred to the book cited in the footnote on 
this page). Only terms are left in (p/- Jtv); hence, whenever there is equilibrium between 
vapour and liquid, the derivative d~G/dr vanishes and ~G is indeed at extremum. In this 
equilibrium state, the energy of formation of the critical cluster equals 

~o· =~A (a r [~;]). (B.5) 

Surface of tension 

The surface of tension (or Gibbs' dividing surface) is located such, that the mathematical 
derivative of the surface tension vanishes in (B.3). The surface term in Eq. (3.9) is nonzero 
in this case. Use of the Gibbs-Duhem relations d~t1 v1dp1 and d~t" a"da now leads to 
four cancelling terms in (B.2), including that containing the (physical) derivative of the 
surface tension. We end up with 

41rr 1 + -- - (Jt 2
( rd)(1) 1 

3dr v1 
(B.6) 

Again, only differences in chemical potentials are left (even with possible compressibility 
effects included). So, equality of chemical potentials makes the derivative of ~G vanish, 
which is the equilibrium condition for a (meta-)stable cluster. In this case, the equilibrium 
value of the energy of formation is 

1 
-Aa. 
3 

(B.7) 

Formally, surface molecules do have to be taken into account in evaluation of formation 
energies for non-equilibrium states. The same holds for the mathematical derivative of 
surface tension when the equimolar dividing surface is used. Yet, it is common practice to 
assume that both surfaces are located very close to each other (for example, in the limit 
of a mathematically sharp interface). Then, both the number of surface molecules and 
the mathematical derivative of the surface tension can be set to zero, and Eq. (3.10) is 
retrieved. 

a detailed analysis of the thermodynamics of spherical surfaces, see J .S. Row Iinson and B. Wid om, 
Molecular Theory of Capi1la.rity, Oxford University Press, 1982. 
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Liquid compressibility 

We will estimate the effect of liquid compressibility on nucleation, within the framework 
of classical nucleation theory. First, we have to know the isothermal liquid compressibility 
of the compounds we are dealing with. Its definition is 

-~ (fJvl) 
v' fJp T. 

Values at ooc and atmospheric pressure are given in Table C.l. 1 

compound 
water 
n-pentanol 
n-nonane 

5.04 
7.71 
10.1 

8(!::J.G*)/i:::J.G* 
- 0.129 
- 0.044 
- 0.055 

(C.1) 

Table C.l: Isothermal compressibilities of the liquids used at (fC and 1 atm. The value 
for n-nonane was extrapolated from 50 and 25° C. Also included is the relative shift in 
critical formation energy due to compressibility, computed from (C. 7). 

First consider the macroscopic fiat liquid, in equilibrium with the corresponding vapour 
phase at pressure p. Since we are dealing with condensation pressures up to 40 bar, the 
maximum compression is easily proven to be smaller than 0.5%, provided that K does not 
change strongly with temperature. We can therefore neglect compressibility up to the total 
pressure p. 

Yet, the pressure p1 inside a cluster is much higher due to the Laplace effect: p1 = p+i:::J.p, 
where I:::J.p 2a Jr. Since the critical cluster plays a key role in nucleation, it is appropriate 
to discuss compressibility effects with the Kelvin relation as a starting point. The latter 
will now be generalized to include compressibility. 

Weast, editor, Handbook of Chemistry and Physics, CRC Press, Ohio, 1976. 
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The pressure term in Eq. (3.43) is replaced by an integral over the pressure with limits 
p and p1• Neglecting carrier gas dissolution, the Kelvin relation becomes 

P+a.: 

k8 TlnS = j' v1(p')dp' 

p 

(C.2) 

Assuming "' to be constant over the pressure range of interest, and taking v1 = v~ (molecular 
volume of the pure liquid) up to the total pressure p, definition (C.1) can be integrated to 

v1(p') = v&e-"(p'-p). (C.3) 

The pressure integral in the Kelvin relation (C.2) can now be evaluated: 

P+a.: 

j' v1(p')dp' v~ [ ( 2"'a) ] 2v~a ( "'a) --;;; exp --r- -1 ~ -r- 1---;:--- , (C.4) 

p 

the approximation resulting from expanding the exponential into a second order Taylor 
series. The Kelvin relation becomes 

k8 Tln S = 
2v:a ( 1 - "';) , (C.5) 

which can be solved for the critical radius to yield 

• av& [ ( 
r = kBTinS l + 1 (C.6) 

again keeping the compressibility term in first order approximation. Obviously, the critical 
radius is smaller than its incompressible value, given by the factor in front of the brackets. 
The formation energy of a (classical) droplet becomes, again to first order: 

~ ( *)2 ,...., 16?ra
3

(v&)
2 

( 1 _ "'ksT In 
31ra r ,....., 3k~T2 (ln S)2 (C.7) 

From (C.7) the kind and magnitude of the compressibility effect can be evaluated. 
Liquid compressibility tends to facilitate nucleation, since the barrier height is diminished. 
The second term in brackets in the above expression can be computed from experimental 
nucleation conditions. Table C.1 gives typical values for the conditions studied in this work. 
Since t::..G is about 40 kBT for our experimental conditions, compressibility enhances the 
nucleation rate by 1 to 2 orders of magnitude. This result is not negligible; however, it does 
not depend strongly on total pressure p, since ln S shows little variation with p for each 
individual vapour. Moreover, inclusion of the effect into nucleation theory requires values of 
isothermal compressibility with a higher precision than given above, which are not always 
available at supercooled conditions. In view of these arguments, liquid compressibility was 
left out of consideration in the rest of this work. 



Appendix D 

Convergence of cluster distributions 

In chapter 3 it was assumed that the vapour density is mainly determined by monomers; 
in other words, the contributions to the vapour density of dimers and higher n-mers are 
assumed to be small. The relative error in the approximation Pv ~ p1 can be expressed as 

,_Pv-Pl 1~ 
u = --- = - £...... npn, 

PI PI n=2 

(D.1) 

which should be much smaller than unity in order for the above approximation to be valid. 
Another assumption, underlying expression (3.64), is that the clusters effectively experience 
the attractive forces of the gas. This assumption is valid when the compressibility of the 
pure vapour Zv is close to unity. Eqs. (3.50) and (3.51) show that Z, = ("£pn)f("£npn) < 1; 
the relative error in the approximation Zv ~ 1 is then 

1 00 1 00 

0 < 1- Zv = L(n- 1)pn < - L(n- 1)Pn < J, 
Pv n=2 Pl n=2 

(D.2) 

indicating that the "compressibility assumption" is also valid when J ¢:: L In that case, 
we have for the total density and pressure (using Dalton's law): 

(D.3) 
n=l 

p = ZgkBT [pg + ~Pnl, (D.4) 

from which the effective compressibility of the mixture can be shown to equal 

1 

00 l - L(n -1)pn , 
p n=2 

(D.5) 

corresponding to expression (3.64). Note that the second term in brackets is smaller than 
J x pJ/p (thus, much smaller than J). Summarizing, for all our assumptions in chapter 3 
to be valid, it suffices to prove that J ¢:: 1 for the cluster distributions discussed there. 
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All equilibrium cluster distributions considered can be written as a monomer density times 
an exponential (Boltzmann) factor: 

KCNT: p';.q 

ICCT: P'/.q = 

SPNT: p';.q = 

p~q exp[-8n213] 

p~q exp[-8(n213 - 1)] 

p~q exp[-8(n2/ 3 -1)- 8o:11 (n
113 1)-rlnn]. 

(D.6) 

(D.7) 

(D.8) 

Obviously, equation (D.6) always gives smaller n-mer densities than Eq. (D.7) does. This 
also holds for (D.8) whenever o:11 > 0. When o:11 < 0 the second term in the exponential is 
positive; however, we can then make an upper estimate of the exponential according to 

exp[-8(n213 -1)- 8o:11 (n 113 1)] < exp[-8(1 + o:11 )(n213 -1)]. (D.9) 

We see that the 0:11-term can be taken together with the 8-term, resulting in an upper 
estimate which again has the form (D.7), but now contains an effective 8 that is smaller by 
a factor (1+o:u). Consequently, we only need to examine 6 for the ICCT-distribution (D.7). 

Introducing the variable x e-9 , we can write the corresponding 6 as 

00 

6 L nxn2fa_1 2x22/3_1 + 3x3'f3_1 + 4x42fa_1 + ... (D.10) 
n=2 

We keep the first two terms as they are (for reasons to become clear later) and focus on the 
series starting from n 4. Consider the finite subseries ranging from n k2 ton k2 +2k, 
i.e. from 4 to 8, from 9 to 15, from 16 to 24, and so on: 

k2+2k 
6k L:: nxn2f3_1 = ex(k2)2/3_1 + ... + (k2 + 2k)x(k2+2k)2/3_1_ (D.ll) 

n=k2 

Since x < 1, the power of x that has the largest value is the first one of each subseries. 
Accordingly, the sum 6k is smaller than this power times the sum over n of the prefactors; 
the latter equals the middle n (being k2 + k) times the number of terms (being 2k + 1). 
Hence, we can give an upper estimate of 6k: 

(D.12) 

and the sum over 6k satisfies 

6x(5 - 6x + 4x
2 

- x3
) = 30 /"'( 2 ) 

(1 x)4 x+vx. (D.13) 
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In this derivation the order of differentiation and summation was reversed, which is always 
allowed for this type of power series. The results of the summations were obtained from 

00 

"xn=~ 
~ 1 x' 
n=p 

(D.14) 

which is easily proven by induction from the standard (geometrical) series starting from 
n = 0. An upper estimate for the full series is given by 

(D.15) 

For the systems studied in this work, all values of () are larger than 10. (For n-nonane, 
values of a,. are negative; for 240 K and 40 bar methane this results in an effective value 
0(1 +aa) 9.22.) Obviously, xis of the order of e-10 , which justifies omitting the O(x2

)

term in (D.13). For () = 10, the above upper estimate equals 7 x 10-3 • Therefore, for 
all equilibrium distributions considered, the higher n-mers are expected to contribute less 
than 1% to the vapour density. 

For the supersaturated state things are more complicated. It was already noted in 
chapter 3 that the "constrained equilibrium" state given by Eq. (3.26) -cannot actually 
exist. Still, it can be derived how the real steady-state distribution looks like, assuming that 
the density of n-mers in the supersaturated state is in good approximation proportional to 
sn. This is just the "law of mass action", which should hold for any cluster distribution. 

Using expression (3.22), the evaporation coefficient (3.15) can be written as 

According to (3.12) the steady-state nucleation rate is then 

J C Ceq [ 1 ap~q] 
nPn- n 1 p~q an Pn+I 

C [ _ Pn+I + Pn+l __!_ ap~q] 
n Pn S S p~q an 

-C [sn!_ (Pn) Pn ap!q] 
n an sn p:,q an Csneqa ( Pn) 

- n Pn an Snp~q . 

Integration of this relation from 1 to arbitrary n gives 

Pneq = 1 
Snpn 

n 

J dn' 
J Cn' sn' p':j 

1 

(D.17) 

(D.l8) 

which is the final expression for the steady-state cluster distribution Pn· Some important 
features are immediately recognized. Since the integral on the right hand size approaches 
J-1 for large n, the steady-state distribution vanishes for clusters that are significantly 
larger than the critical size. On the other hand, for small n the integral is close to zero, 
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and Pn follows from (3.26). In a narrow region around n*, a transition occurs from the 
"constrained equilibrium" distribution to zero. Mathematically, the parameter o defined 
by (D.l) can now be expressed as 

oo ( ) eq eq oo [ D,.{;eql oo 
0= 2:> s~neq sn!!.LP~q = L:nwns"- 1 exp - k T LOn. 

n=2 Pn P1 P1 n=2 B n=2 

(D.19) 

The factor Wn acts as a weight function: it accounts for the deviation of Pn from the 
constrained equilibrium distribution. In view of its behaviour discussed above, the series 
must add up to a finite value. However, general arguments can not be given about the 
magnitude of its sum. It can be shown that the minimum of the above summand with 
Wn = 1 is located very close to n*. With Wn in place, we can safely assume that the 
individual terms are getting smaller with n over the whole range. Therefore, the most 
important contributions to the sum are those of dimers and trimers, for which Wn can be 
set to unity. Table D.l summarizes J1 and J2 for typical nucleation conditions, using the 
ICCT form (0.7) for D.G~q· To get some idea about the remaining terms, the contribution 
of n*- following from (J, S) plots using the Nucleation Theorem, see section 3.6- is also 
indicated. When the integrand in Eq. (D.18) is expanded into a Taylor series around n*, 
as was done in chapter 3, it follows that Wn• = 0.5. 

H20-N2 10-40 240 11.4 9.5 25 2.3 x w-2 1.2 x w-3 1.5 x w- 13 

C9-He 10-40 230 18.6 100 22 3.6 x 10-3 5.7 x w-s 5.o x w- 13 

Cg-Ct 10 240 15.0 40 26 1.2 x w-2 4.4 x w-4 3.2 x w-w 
Cg-Ct 25 240 12.3 20 18 2.9 x 10-2 2.0 x w-3 5.3 x w-9 

Cg-Cl 40 240 10.1 6 5 3.2 x w-2 2.0 x w-3 1.2 x w-5 

C9-C1 25 230 13.8 21 9 1.3 x w-2 4.4 x 10-4 2.0 x w-9 

25 250 11.3 18 27 4.7 x w-2 4.9 x w-3 3.2 x w-6 

Table D.l: Individual terms of the cumulative error o, for typical nucleation conditions 
in this work. C9 and C1 are abbreviations for n-nonane and methane, respectively. 

Apparently, trimer and higher order terms are still quite small, and can be neglected 
in the approximation Pv ~ p1. Dimer terms may introduce an error of a few percent. It is 
important to notice, however, that the cluster distributions in terms of the (dimensionless) 
surface tension 0 can not be expected to give realistic results for dimers. Alternatively, 
one can compute dimer concentrations from second virial coefficients; 1 for water, they can 
be shown to contribute less than 1% to the vapour density at our nucleation conditions. 
Consequently, the approximation Pv ~ p1 should be reasonable for the supersaturated 
state, too. For a more comprehensive discussion of vapour association effects, see footnote. 

Hruby, in Metastable behaviour of fluids and critical phenomena, Academy of Sciences, Prague 
(1996), ISBN 80-85918-25-0. 



Appendix E 

Knudsen layer analysis 

In the Knudsen layer analysis presented in the original paper by Young, the author omits 
many steps in the derivation, presumably for reasons of brevity. Some essential parts of 
his derivation will be elucidated here. 

Mass flux; derivation of equation (4.24) 

The incoming mass flux is obtained by integration over the Grad velocity distribution. 
Using standard integration methods, the exact result is found to be 

0 00 00 

Afv- 47rr~ J J J Pvi~vrfv-d~vrd~ved~v¢> 
-oo -oo -oo 

(E.l) 
This solution can be simplified using our assumption that lu/v'2RTI « 1. The exponential 
and error functions can then be approximated by exp x ~ 1 + x and erf x ~ 2x j J1i for 
x « 1. The resulting equation is 

(E.2) 

Upon substitution of Eq. (4.7), this can be rewritten as 

M. = _ 4 2 PviRvT; + ( r~) M. 
v- 1rrd ~ 2 2 · 

v27r/tvT; r; 
(E.3) 
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174 Knudsen layer analysis 

Energy flux; derivation of equation ( 4.27) 

Since the kinetic translational energy of the molecules is a..<;sumed to be uncorrelated with 
their rotational and vibrational energy, we can write for the specific internal energy 

RT, (E.4) 

where R is the specific gas constant. For a system at rest we have 

(E.5) 

The sum of specific rotational and vibrational energies can then be written as 

(E.6) 

which also holds when the system is not at rest in view of the above made assumption. 
The kinetic translational energy has to be calculated separately. This has to be done for 
the Maxwell distribution (first and third term of equation (4.27)) as well as for the Grad 
distribution (second and fourth term of equation (4.27)). 

The energy flux from the droplet surface using a Maxwell velocity distribution is 

00 00 00 

E+ = 41fr~ f f f PEr [~ (E; + E~ + E~) + e,ot + evib] f+dE,dEudE.p 
0-oo-oo 

(E.7) 

which was calculated using standard integrals. Substitution of (E.6) and ( 4.23) into the 
above expression for E+ results in 

!!:_)r 2 . (E.8) 

Apparently, for the Maxwell distribution the specific translational energy equals 2RT, 
which can be taken together with the specific energy of rotation and vibration (E.6) to 
give a total specific energy of (rp R/2)T in the first and third term of (4.27). 
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Derivation of equations (4.28) and (4.29) 

Using the Grad velocity distribution, the kinetic translational energy flux is calculated as 

0 00 00 

41fr~ I I I ~Pvi~vr (~;r + ~;(J + ~;q,) fv-d~vrd~ved~vif> 
-00-00-00 

(E.9) 
This exact solution can again be simplified using our assumption that lu/vi2Rfl « 1. 
The exponential and error functions can then be approximated by exp x ;::;; 1 + x and 
erf x;::;; 2x/ ft, resulting in 

_41rr~ [2PviR;Tt _ Pv;U; (5RvT;) _ rlvi] . 
..j2n: RvT; 2 2 2 

(E.lO) 

The first term on the right hand side is equal to the result for a Maxwell distribution; the 
second term represents the convection of translational enthalpy with the bulk velocity. The 
heat flux rlvi carried by the vapour molecules can be separated into two parts. One part 
is due to conduction, while the other part is due to the diffusion of translational enthalpy. 
Using (E.6), this can be written as 

. (5RvT;) rlvi qcvi + PviVvi -
2
- · (E.ll) 

Substituting this result and (4.7) into equation (E.lO) and using Qcvi = 4n:rfricvi results in 

__ 4 . 22PviR~Tl r~ [(5RvT;) M Q. ·] 
- n:r d ..j2n: RvT; + 2r[ 2 + cv' • 

(E.12) 

The calculation of E9_ is similar, with subscript v replaced by subscript g. Keeping in 
mind that u; + v9; = 0, the final expression for E9_ is 

• 2 2p9;R;Tl r~ . 
E9_ = -411Td ~ + ""i2Qcgi· 

y 2n: Rg'T;. r; 
(E.l3) 
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Appendix F 

Averaging over the pulse 

Ideally, the total pressure during the nucleation pulse is constant in a wave tube experiment. 
In practice, however, there are small pressure fluctuations; moreover, the beginning of the 
pulse is not as sharply defined as its end. This introduces some ambiguity in the pulse 
duration and in the nucleation conditions. In this appendix it will be demonstrated that 
the influence on the resulting nucleation data is smalL 

Fig. F.l shows the pressure history of a typical experiment for water in nitrogen. The 
magnification of the nucleation period indicates that the total pressure fluctuates within a 
typical range of 1% of the nucleation pressure. Consequently, the fluctuation around the 
average value Pexv is about 0.5% (which is of the same order as the experimental uncertainty 
in the dynamic pressure measurement). In addition, the pressure decreases slightly during 
the pulse, which is observed in most experiments. 

28 .---------------, 

50 
exp.966 

27 

-;:::- 40 ro 
8. ..... 
0. 

30 

Llt 
: 

t1 t2 
20 L.._._,_,_,__ ~-'-'-'.-.o-L 24 

0 5 10 15 20 25 30 6.0 6.5 7.0 7.5 

time (ms) time (ms) 

Figure F.l: Left: pressure history of a typical wave tube experiment in water-nitrogen. 
Right: magnification of the nucleation pulse, with indicated beginning and ending times. 
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178 Averaging over the pulse 

The total nucleation pressure Pexp' given in the tables of appendix H, is averaged over 
the time interval t1 to t2• Since the end of the pulse is very well marked by the discontinuous 
pressure jump between two sampled points, the only ambiguity lies in the choice of t 1 • We 
will now specify the resulting uncertainty in both the experimental nucleation rate Jexp 
and the associated supersaturation Bexp for an ideal gas-vapour mixture. 

First, the uncertainty in the experimental nucleation rate due to the uncertainty 8t1 is 

Mexp 6t1 
Jexp = f.lt. 

(F.l) 

Use was made of expression (5.1), in which the observed number density of droplets nd 

does, of course, not depend on the pulse properties. From Fig. F .1 it is clear that any 
reasonable choice of t 1 would be within about 0.1/.lt from the indicated value. Therefore, 
the resulting relative uncertainty in Je:r:p is near 10%. Yet, it can be demonstrated that the 
effect on the position of the measured ( J, S) curve is even smaller. 

To simplify the argument, we will assume that the pressure decreases linearly from the 
value p1 at time t 1 to a value P2 0.99p1 at time h. The average nucleation pressure for 
this linear pattern is simply 

1 
Pexp 2(p1 + P2)• (F.2) 

For an ideal carrier gas, the associated temperature reads 

Texp = To ( p;:P) R/Cp (F.3) 

The experimental supersaturation for an ideal vapour-gas mixture is given by 
Pv (F.4) 

\Ve assume that the uncertainty oSexp caused by 6t1 is only due to the uncertainty in the 
temperature Texp, leading to 

( d~xp) (~)(d~xp)(d~~)(~l)· dp• dTexp dPexp dp1 dtr 
(F.5) 

Using Eqs. (F.2), (F.3), (F.4), and the assumption of a linear pressure decrease, the above 
relation can be transformed into 

6Sexp = (_!_ dp') (!!:..) (Texp) (~) (0.01Pexp) Mr >::;; 0.05M1. (F.6) 
Bexp p• dT Cp Pexp 2 f.lt f.lt 

where Eq. (5.2) was used for estimation of the first factor in brackets at Texp 240 K, and 
we took R/CP 0.4, corresponding to the value for helium. 

Two conclusions can be drawn from the above result. First, in view of the estimated 
10% uncertainty in t1 , the resulting error in Sexp is about 1%. Second, the uncertainties in 
Jexp and Sexp correlate positively, since the ratio of the (logarithmic) uncertainties reads 
(6ln Jexp/6In Sexp) >:::: (0.05)-1 >:::: 20. Since this result is very close to the experimentally 
determined slope of Jexp versus Sexp, a slightly different choice of t 1 results in a data point 
that shifts in a direction along the ( J, S) isotherm. 



Appendix G 

Mixtures of hard spheres 

This appendix summarizes the relations describing the pressure and chemical potential of 
a binary mixture of hard spheres. The diameters of both components are di and d2; their 
respective number densities are PI and p2 • 

We start with defining the first three "moments" of the hard sphere diameters: 

R; d;/2 

A; 1rd; 
V; 7rd7/6 

Note that A; can be regarded as a molecular surface area, whereas V; denotes the molecular 
volume of component i. Next, the parameters ~(k) are defined as 

~(0) = PI+ P2 
~(I) PIRI + P2R2 

~(2) P1A1 + P2A2 
~(3) P1 V1 + P2V2. 

For notational convenience, we also introduce 

17 = 1- ~(3l. 

From the above quantities ~(k), new parameters c(k) are calculated according to 

-In 17 
~(2) 

17 
~(1) ( ~(2)) 2 

-+--
17 87r172 

~(0) ~(1)~(2) (~(2))3 
-+--+--. 

17 172 127r1]3 
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180 Mixtures of hard 

With the above parameters defined, the pressure of the hard spheres mixture follows from 

pc c(3lkBT (G.1) 

( e(2)) a e<aJ 
pv == pc kBT (G.2) 

12tr1}3 

Again for brevity of notation, two additional quantities are introduced: 

y(l) 
[
1- ~e(3l lnry] 

3 ry2 + e(a) 

y(2) = e<z) ['r/ + (1- 2e<3l)
2 

2ln 'r/l 
6e<s) rP + e<3l . 

Finally, the chemical potentials /.ld,i are obtained from the following relations: 

f.lf c(o) + c(l) R; + c(2) A;+ c(3Jv; 

f.lf = f.lc + (R;e<zJ)z (YllJ 2R;Yl2l) 
, 3e<a) 

+ 

f.li,d 

(G.3) 

(G.4) 

(G.5) 

(G.6) 

(G.7) 

The last equality is obtained by adding the ideal gas result (which is the first term) to the 
"excess chemical potential" f.lix· Just as in the single component case, the term ln(Af/e) 
is omitted in the calculations, since only chemical potential differences per component are 
involved. 

The notation of (G.3) and (G.6) is related to the background of the Carnahan-Starling 
equation of state,1 which is the following. For hard spheres, the Percus-Yevick equation can 
be solved analytically, but the result depends on which thermodynamic route is followed.2 

Using the compressibility equation the result for the pressure is pc, whereas from the virial 
equation pv is obtained. After careful analysis of both equations of state and comparing the 
resulting compressibility factors to accurate virial expansion data, Carnahan and Starling 
concluded that the linear combination according to (G.3) was superior to either pc or pv. 
This approach was later extended to mixtures by Mansoori et al.3 Just as in the single 
component case, the chemical potential is derived from the equation of state by integration 
with respect to the volume V, and subsequent differentiation of the free energy :F with 
respect to the number of particles Ni, see Eqs. (7.11) and (7.18). 

Carnal1an and K.E. Starling, J. Chem. Phys. 51 (1969), p. 635. 
2We will not discuss the Percus-Yevick equation itself here, since it involves complicated statistical

mechanical concepts that would go far beyond the scope of this text. 
3G.A. Mansoori, N.F. Carnahan, K.E. Starling and T.W. Leland, J. Chem. Phys. 54 (1971), p. 1523. 



Appendix H 

Tables of experimental data 

This appendix summarizes the results of nucleation experiments for n-nonane in helium 
and methane, for water in helium and nitrogen, and for n-pentanol in helium. 

run Po (bar) T0 (K) Yv X 104 p (bar) T (K) J (m ~ s 1) 

611 18.37 295.35 1.57 9.94 231.04 6.8x1013 

613 18.49 296.05 1.79 9.85 230.15 2.1xl015 

614 18.51 296.25 1.98 9.95 231.13 9.2x1015 

615 18.58 296.35 1.94 9.92 230.58 9.2xl015 

616 18.54 296.45 1.85 9.95 231.14 1.9x1015 

617 18.50 296.55 1.69 10.05 232.34 1.2x1014 

618 18.49 296.65 1.73 9.86 230.71 3.2x1014 

Table H.l: Experimental nucleation data of n-nonane-helium at 10 bar, 230 K. 

run Po (bar) To (K) Yv X 103 p (bar) T (K) J (m ~ s 1) 

621 45.98 294.95 8.81 23.99 227.42 2.3x1016 

622 46.12 295.35 8.63 24.56 229.60 1.2x 1015 

623 46.02 295.55 8.76 24.67 230.37 6.3xl014 

624 45.96 293.75 8.69 24.44 228.23 8.4x1015 

626 46.10 294.95 8.95 24.46 228.96 6.3xl015 

627 45.98 295.35 8.48 24.71 230.44 2.6x1014 

628 46.05 295.55 9.34 24.71 230.46 2.9x1015 

631 45.89 294.85 8.86 24.55 229.63 3.2xl015 

Table H.2: Experimental nucleation data of n-nonane-helium at 25 bar, 230 K. 
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run Po (bar) To (K) Yv X 105 p (bar) T (K) J (m 3 s 1) 

641 74.53 294.55 7.30 40.14 230.06 6.0x1016 

642 74.45 295.05 7.08 40.45 231.26 1.4x1016 

644 74.48 294.55 6.79 40.34 230.58 1.7x1016 

645 74.59 295.15 6.49 40.62 231.55 8.3x1014 

646 74.78 295.65 6.61 40.42 231.25 8.5x 1014 

647 74.98 295.95 6.42 40.56 231.56 6.6x1014 

648 74.65 293.85 6.36 40.23 229.57 2.4x1016 

649 74.64 294.85 7.39 40.53 231.05 2.2 X 1016 

650 74.56 295.35 6.34 40.48 231.43 5.5xl014 

651 74.81 295.55 7.38 40.50 231.32 2.2x1016 

659 74.73 295.35 7.70 40.59 231.47 1.7x1016 

Table H.3: Experimental nucleation data of n-nonane-helium at 40 bar, 230 K. 

742 64.92 294.55 6.53 24.65 228.68 3.8xl016 

743 64.96 295.15 6.80 24.59 229.00 4.8x 1016 

744 65.10 295.45 6.11 24.51 228.92 1.9x1016 

745 65.13 295.55 5.52 25.14 230.51 2.0x1015 

747 64.75 295.15 6.30 24.75 229.60 1.8x 1016 

748 65.00 295.45 7.24 24.83 229.80 5.7x1016 

Table H.4: Experimental nucleation data of n-nonane-methane at 25 bar, 230 K. 

run Po (bar) To (K) Yv X 10~ p (bar) T (K) J (m 3 s I) 

751 47.94 295.45 3.08 24.68 249.35 1.3x1o15 

753 47.99 295.85 3.58 25.55 251.88 1.1x1015 

755 48.06 295.95 3.32 25.31 251.26 9.4x 1013 

756 47.94 294.85 3.16 24.39 248.05 6.1x1015 

757 47.97 295.35 3.04 24.42 248.53 4.4x1014 

758 47.99 295.55 3.52 24.36 248.53 2.9x1016 

759 48.00 295.75 3.25 24.19 248.24 5.0x1015 

Table H.5: Experimental nucleation data of n-nonane-methane at 25 bar, 250 K. 
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run Po (bar) To (K) Yv X 104 p (bar) T (K) J (m...:rs=r} 
700 22.79 295.25 3.26 10.05 241.03 8.8x1013 

701 23.07 295.55 3.70 10.18 241.31 1.9x1015 

702 23.05 295.25 3.57 9.93 239.60 9.9x1015 

703 22.99 295.45 3.79 10.12 241.08 8.2x1015 

704 22.96 294.95 3.39 10.07 240.43 2.5x1015 

705 23.08 295.25 3.75 10.07 240.37 1.9x1016 

706 23.26 295.65 3.28 9.89 239.14 2.6x1015 

Table H.6: Experimental nucleation data of n-nonane-methane at 10 bar, 240 K. 

run Po (bar) To (K) Yv X 104 p (bar) T (K) J(m3s-l) 
730 55.68 295.05 1.62 24.90 239.66 4.0x1015 

731 55.81 295.55 1.84 25.05 240.32 1.6x1Q16 

733 55.75 295.15 1.79 25.12 240.22 9.2x1015 

734 55.78 295.35 1.70 24.91 239.83 5.7x1015 

735 55.79 295.55 1.40 24.87 239.89 1.3x 1014 

736 55.84 295.65 1.45 25.16 240.65 9.3x1013 

737 55.60 294.95 1.47 25.37 240.84 1.4x 1014 

Table H.7: Experimental nucleation data ofn-nonane-methane at 25 bar, 240 K. 

run Po (bar) T0 (K) Yv X 105 p (bar) T (K) J (m ~ s 1) 

719 87.58 294.95 9.57 39.81 239.45 3.9x1016 

720 87.78 294.95 8.42 39.93 239.49 4.0x1016 

721 87.59 295.25 6.11 40.06 240.10 7.0x1015 

722 87.75 295.45 7.92 39.93 239.95 8.7x1015 

723 87.74 295.55 6.63 39.83 239.88 3.3x1015 

724 87.48 295.15 6.52 40.03 240.05 5.6x1015 

725 87.79 295.55 7.78 40.13 240.33 5.3x1015 

726 87.71 295.25 8.95 40.03 239.96 l.Ox1016 

Table H.8: Experimental nucleation data of n-nonane-methane at 40 bar, 240 K. 
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run Po (bar) To (K) Yv X 104 p (bar) T (K) J (m-3 s I) 
842 16.68 294.95 4.34 10.10 241.34 l.Ox1015 

847 16.78 294.85 4.44 9.956 239.30 5.8x1016 

848 16.84 294.95 4.46 9.973 239.21 9.5x1016 

849 16.82 295.15 4.30 9.993 239.67 l.Ox 1016 

850 16.82 295.05 4.20 9.956 239.24 8.3x1015 

852 16.79 294.75 4.20 10.01 239.68 8.0x1015 

853 16.78 294.95 4.08 9.990 239.71 3.1x1015 

854 16.78 295.05 3.92 9.977 239.67 8.0x 1014 

855 16.80 295.15 3.63 9.976 239.62 4.6x1014 

Table H.9: Experimental nucleation data of water-helium at 10 bar, 240 K. 

run Po (bar) T0 (K) Yv X 104 p (bar) T (K) J (m 3 s I) 
831 41.61 294.85 1.87 25.29 241.64 1.8x1015 

832 41.93 295.05 1.81 24.59 238.38 I.7x1017 

834 41.79 294.75 1.83 25.62 242.40 4.3xl014 

835 41.88 295.15 1.88 24.91 239.81 6.2x1016 

836 41.92 295.25 1.76 24.76 239.22 4.1 X 1016 

837 41.89 295.15 1.63 24.82 239.44 2.1 X 1015 

Table H.lO: Experimental nucleation data of water-helium at 25 bar, 240 K. 

822 66.81 294.95 
823 66.67 294.85 

1.19 
1.19 

40.02 240.36 l.Ox1016 

39.89 240.17 2.4x1016 

Table H.ll: Experimental nucleation data of water-helium at 40 bar, 240 K. 

data 
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913 20.42 294.45 3.86 9.982 239.35 2.5x1015 

914 20.44 294.55 3.89 9.942 239.08 2.8x 1015 

915 20.45 294.75 4.24 10.02 239.75 1.2x 1016 

917 20.50 294.95 4.10 9.987 239.52 7.7x1015 

990 20.37 294.75 4.03 10.02 240.03 5.9x1015 

991 20.37 295.05 3.92 10.09 240.76 1.1 X 1015 

993 20.57 295.35 3.99 10.01 239.76 LOx 1016 

994 20.54 295.45 4.18 10.07 240.36 8.3x1015 

995 20.61 295.50 4.35 10.06 240.10 S.Ox1016 

Table H.12: Experimental nucleation data of water-nitrogen at 10 bar, 240 K. 

run Po (bar) To (K) Yv X 104 p (bar) T (K) J (m ~ s 1) 

965 50.61 295.25 1.66 25.06 240.18 1.1x1016 

966 50.75 295.65 1.67 25.23 240.79 1.7x 1015 

967 50.74 295.65 1.68 24.80 239.59 1.6x1016 

968 50.86 295.65 1.65 24.99 239.96 6.2x1015 

970 50.35 294.95 1.71 25.36 241.14 1.6x101s 

971 50.S2 29S.15 1.70 24.82 239.55 1.8x 1016 

972 50.71 29S.25 1.54 25.18 240.38 S.1xl014 

973 50.80 295.25 1.57 25.54 241.26 2.1 X 1014 

Table H.13: Experimental nucleation data of water-nitrogen at 25 bar, 240 K. 

run Po (bar) T0 (K) Yv X 104 p (bar) T (K) J (m 3 s l) 
931 80.25 295.15 1.06 40.18 240.47 3.6x 1015 

933 80.49 295.35 1.04 39.92 239.95 4.2xl015 

936 80.47 295.45 1.04 39.83 239.89 6.4x 1015 

937 80.55 295.45 1.07 39.93 240.00 1.1 x1016 

938 80.53 295.45 1.12 40.17 240.45 1.5xl016 

939 80.46 29S.55 1.18 40.39 240.98 2.6x1016 

942 80.49 295.35 1.10 40.05 240.19 4.4 X 1016 

Table H.14: Experimental nucleation data of water-nitrogen at 40 bar, 240 K. 
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run Pv,o (Pa) Po (bar) To (K) p (bar) T (K) s J (m g s 1) 

165 41.87 1.489 294.75 0.904 241.5 22.6 6.7x1014 

168 42.12 1.488 294.45 0.895 24Q.4 26.0 1.7x1016 

169 42.20 1.487 294.65 0.891 240.1 26.9 3.4x 1016 

170 40.19 1.488 294.25 0.899 240.5 24.3 2.4x1016 

171 38.93 1.488 294.55 0.894 240.3 24.2 2.0x1015 

172 40.09 1.489 294.95 0.894 240.6 24.0 2.7x1015 

164 57.34 1.489 294.35 0.944 245.4 19.8 2.4x 1015 

166 58.35 1.490 294.25 0.940 244.8 21.6 3.1x1016 

167 58.53 1.490 294.25 0.933 244.1 23.4 6.8x1016 

114 78.23 1.494 295.35 0.977 249.4 17.3 2.8x1015 

116 88.35 1.494 295.15 0.984 249.9 18.6 5.lx1015 

117 91.39 1.494 294.75 0.996 250.9 17.4 3.6x1016 

119 85.45 1.495 294.15 0.986 249.2 19.6 l.Ox1017 

121 85.45 1.492 294.55 0.991 250.2 17.4 5.2x1015 

123 85.23 1.486 294.15 0.997 250.8 16.3 2.3xl015 

124 85.66 1.488 293.65 0.997 250.3 17.4 4.2x1015 

125 85.58 1.490 293.95 0.999 250.6 16.8 l.Ox1015 

126 86.45 1.489 293.85 1.003 251.0 16.2 2.2x1015 

127 85.26 1.490 293.85 1.002 250.9 16.3 2.0x1015 

135 87.73 1.489 294.05 1.005 251.3 16.0 4.4x1015 

144 85.38 1.487 294.05 0.988 249.9 18.2 8.4x1015 

148 87.46 1.491 293.75 1.015 251.9 15.0 1.5x1014 

158 85.56 1.488 293.95 0.976 248.5 21.1 2.0x1017 

159 83.48 1.489 294.25 0.980 249.0 19.5 1.1 X 1017 

160 78.33 1.488 294.55 0.977 249.1 18.1 5.6x1015 

173 85.16 1.488 295.35 0.980 250.0 17.6 1.1 X 1015 

174 85.26 1.491 295.25 0.972 248.9 20.0 7.0x1016 

175 85.36 1.490 295.25 0.983 250.1 17.5 6.8x1015 

177 86.45 1.490 295.15 0.992 250.9 16.3 6.0x1015 

178 86.45 1.489 295.05 0.985 250.2 17.6 l.Ox1015 

179 86.55 1.489 294.35 0.995 250.6 16.9 l.Ox1015 

180 86.55 1.488 294.65 0.982 249.7 18.7 1.9x 1016 

140 120.51 1.489 294.05 1.049 255.8 13.8 2.1 X 1015 

141 119.91 1.487 293.25 1.055 255.8 13.9 2.9 X 1015 

145 120.28 1.491 294.05 1.033 254.0 16.5 5.4x 1016 

149 123.20 1.491 294.05 1.046 255.4 14.8 1.2x 1016 

156 122.75 1.490 293.55 1.056 256.0 13.8 4.5x 1015 

130 143.86 1.347 293.25 0.985 259.0 12.1 2.4x 1015 

142 142.88 1.486 293.75 1.082 258.9 12.1 5.8x1014 

152 147.95 1.490 293.75 1.088 259.3 12.0 6.8xl014 

153 148.13 1.489 294.05 1.090 259.7 11.5 2.1x1014 

157 157.65 1.490 293.95 1.092 259.8 12.1 LOx 1016 

Table H.15: Experimental nucleation data of n-pentanol-helium. 



Summary 

Dropwise condensation out of a supersaturated vapour plays an important role in numerous 
industrial applications and natural circumstances. In the absence of foreign condensation 
nuclei, the process starts with homogeneous nucleation (in which several tens to hundreds 
of molecules form stable clusters), followed by droplet growth. Although droplet formation 
usually takes place in the presence of one or more supercritical (carrier) gases, the possible 
influence of the latter on the condensation process is not fully understood. The present 
investigation therefore aimed at a systematic study of the effects of carrier gas pressure on 
nucleation and droplet growth. 

First of all, the influence of the carrier gas pressure on the liquid-vapour equilibrium 
of a condensible fluid has been described. The most important influence of total pressure 
concerns the increase of the saturated vapour content of the gaseous phase (the so-called 
enhancement effect) and the decrease of the surface tension of the liquid with pressure. 
Since both effects are associated with heteromolecular interactions, vapour-gas systems 
with an increasing degree of interaction have been studied: water-helium, n-nonane-helium, 
water-nitrogen, and n-nonane-methane. 

Making use of the statistical-mechanical concept of Density Functional Theory, the 
enhancement effect and surface tension decrease were also demonstrated to occur in binary 
model systems of Lennard-Janes molecules. Using n-hexane as a model fluid, both effects 
have been calculated as a function of pressure for several carrier gases. Results were found 
to agree very well with predictions of the Redlich-Kwong-Soave equation of state. 

Since the saturated vapour density and the surface tension are essential parameters in 
any nucleation model, the enhancement factor and the surface tension decrease play a key 
role in the theoretical description of nucleation at high pressure. Taking these effects into 
account, it was demonstrated that the nucleation process at higher pressures can still be 
treated as one-component nucleation, provided that the solubility of the carrier gas is not 
too large. The Nucleation Theorem was extended to allow for determination of the carrier 
gas content of critical clusters, from the observed pressure dependence of nucleation rates. 

Experimentally, homogeneous nucleation and droplet growth were investigated using 
a pulse-expansion wave tube, which was developed earlier for high pressure nucleation 
studies in the Gas Dynamics group at EUT. The wave tube method has been significantly 
improved in the present work, by developing facilities for the in situ measurement of vapour 
fractions. For determination of the water content of high pressure mixtures, an existing 
humidity transducer was calibrated with nitrogen pressure as an independent parameter. 
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For analysis of high pressure hydrocarbon mixtures, a gas chromatographic set-up was 
developed, which incorporates a thermostatic capillary tube in order to obtain a gradual 
pressure release during sampling (necessary to prevent preliminary condensation). 

From the experimental results, the following conclusions have been drawn concerning 
the role of carrier gases in the nucleation process. Helium was found to behave ideally, 
in the sense that its influence on nucleation can be quantitatively accounted for without 
considering any gas phase interactions: the results could be explained by assuming that 
the enhancement factor only consists of the Poynting contribution (which does not depend 
on the nature of the gas), and that the surface tension of the liquid does not vary with 
helium pressure. 

Both for water-nitrogen and n-nonane-methane, a significant influence of carrier gas 
pressure on the nucleation process was observed: at fixed supersaturation, the nucleation 
rate increases with the carrier gas pressure. This effect was attributed to the decrease of 
surface tension with pressure, which competes with vapour pressure enhancement as far as 
its influence on nucleation is concerned. The competition between these effects was found 
to result in almost complete cancellation: at a fixed partial vapour density, the nucleation 
rate appeared to be hardly affected by total pressure. 

For water-nitrogen, the behaviour of nucleation rates as a function of pressure could be 
largely accounted for by using a simple adsorption model for the pressure dependence of 
surface tension (and extrapolating on the basis of new surface tension data, obtained with a 
pressurized pending drop cell). When deriving the surface adsorption of nitrogen which 
is a crucial parameter within the model - from experimental data using the nucleation 
theorems, the pressure trend could be explained even quantitatively. 

For n-nonane-methane, the decrease of the equilibrium surface tension with pressure did 
not suffice to explain the observed pressure trend. Again using both nucleation theorems, 
it was found that the methane content of the critical cluster is larger than that of the 
equilibrium liquid. This probably results in a more severe surface tension decrease, leading 
to a dramatic decrease of cluster formation energy and, hence, very small critical clusters 
in terms of n-nonane molecules. 

Beside for the binary systems discussed above, nucleation results were obtained for 
n-pentanol in helium a.S a contribution to an international co-operation aiming at a 
consistency check of experimental techniques and for natural gas. The latter experiments 
constituted the first .quantitative nucleation measurements in a multicomponent system. 
A satisfactory theoretical description of the observed rates was not yet possible, however, 
due to the current deficient theoretical situation regarding multicomponent nucleation. 

The droplet growth process was treated in a similar fashion as nucleation, assuming 
single component droplet growth with the properties of the saturated fluid depending on 
total pressure. Several existing growth models -- covering the whole range of Knudsen 
numbers were reformulated in this way, taking into account non-ideal carrier gas effects. 
One of these models (by Gyarmathy) was found to perform well near the free molecular 
limit, whereas the Young model is preferable near the continuum regime. Binary diffusion 
coefficients for water vapour in helium and nitrogen, derived from growth measurements 
using the Young model, were found to agree with existing diffusivity data. 



Samenvatting 

Druppelsgewijze condensatie vanuit een oververzadigde damp speelt een belangrijke rol in 
talrijke industriiHe toepassingen en natuurlijke omstandigheden. In afwezigheid van externe 
condensatiekernen begint het proces met homogene nucleatie ( waarin enkele tientallen 
tot honderden moleculen stabiele clusters vormen), gevolgd door druppelgroei. Hoewel 
druppelvorming meestal plaatsvindt in aanwezigheid van een of meerdere superkritische 
( drager-)gassen, is de mogelijke invloed van deze gassen op het condensatieproces niet 
geheel bekend. Dit onderzoek heeft zich daarom toegespitst op een systematische studie 
van de effecten van de dragergasdruk op nucleatie en druppelgroei. 

Allereerst is de invloed beschreven van de druk van het superkritische gas op het 
vloeistof-damp evenwicht van een subkritische component. De belangrijkste invloed van 
de totaaldruk betreft de verhoging van de verzadigde dampconcentratie in de gasfase (het 
zgn. enhancement effect) en de verlaging van de oppervlaktespanning van de vloeistof met 
de druk. Aangezien beide effecten zijn toe te schrijven aan heteromoleculaire interacties, 
zijn damp-gas systemen met een oplopende graad van interactie bestudeerd: water-helium, 
n-nonaan-helium, water-stikstof en n-nonaan-methaan. 

Gebruikmakend van het statistisch-mechanische concept van Dichtheids-Functionalen 
Theorie, zijn het enhancement effect en de verlaging van de oppervlaktespanning met de 
druk ook aangetoond in binaire modelsystemen, bestaande uit Lennard-Janes moleculen. 
Met n-hexaan als modeldamp zijn beide effecten berekend als functie van de druk voor 
verscheidene dragergassen. De resultaten kwamen zeer goed overeen met voorspellingen 
verkregen met de Redlich-Kwong-Soave toestandsvergelijking. 

Gezien het feit dat de verzadigde dampdichtheid en de oppervlaktespanning essentiele 
parameters zijn in elk nucleatiemodel, spelen de enhancement-factor en de afname van de 
oppervlaktespanning een sleutelrol in de theoretische beschrijving van hoge druk nucleatie. 
Wanneer deze effecten worden meegenomen, blijkt het mogelijk om het nucleatieproces bij 
hoge druk te beschrijven in termen van een-component modellen, met als voorwaarde dat 
de oplosbaarheid van het dragergas niet te groot is. Het Nucleatie Theorema is uitgebreid, 
resulterend in de mogelijkheid om het dragergasgehalte van kritische clusters te bepalen 
uit de waargenomen drukafhankelijkheid van nucleatiesnelheden. 

Homogene nucleatie en druppelgroei zijn experimenteel onderzocht met behulp van een 
puls-expansie golfbuis, die eerder werd ontwikkeld in de groep Gasdynamica aan de TCE 
ten behoeve van onderzoek aan hoge druk nucleatie. De golfbuis-methode is aanzienlijk 
verbeterd door het ontwikkelen van faciliteiten voor het in situ bepalen van dampfracties. 
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Voor de bepaling van de vochtigheid van hoge druk watermengsels werd een bestaande 
vochtigheidsmeter geijkt met de stikstofdruk als onafhankelijke parameter. Voor analyse 
van koolwaterstofmengsels bij hoge druk werd een gaschromatografische opstelling ontwik
keld, met daarin een gethermostreerd capillair dat zorgt voor een geleidelijke drukverlaging 
tijdens de monstername (noodzakelijk om voortijdige condensatie te voorkomen). 

Uit de experimentele resultaten zijn de volgende conclusies getrokken betreffende de 
rol van het dragergas in het nucleatieproces. Helium gedraagt zich ideaal, in de zin dat 
de invloed op nucleatie kan worden beschreven zonder gasfase-interacties te beschouwen: 
de resultaten konden worden verklaard met de aanname dat de enhancement-factor alleen 
bestaat uit de Poyntingbijdrage (die niet afhangt van de aard van het gas), en dat de 
oppervlaktespanning van de vloeistof niet afhangt van de heliumdruk. 

Voor zowel water-stikstof als n-nonaan-methaan is een aanzienlijke invloed van de 
dragergasdruk op het nucleatieproces waargenomen: bij een vaste oververzadiging neemt 
de nucleatiesnelheid toe met de druk van het dragergas. Dit werd toegescbreven aan de 
afname van de oppervlaktespanning met de druk, een effect dat concurreert met de damp
druktoename wat betreft zijn invloed op nucleatie. Ten gevolge van de competitie tussen 
deze effecten blijken deze elkaar nagenoeg volledig op te beffen: bij een vaste partiele 
dampdicbtbeid wordt de nucleatiesnelheid nauwelijks be1nvloed door de totaaldruk. 

Voor water-stikstof kon bet gedrag van de nucleatiesnelbeid als functie van de druk 
grotendeels verklaard worden met behulp van een eenvoudig adsorptiemodel voor de druk
afhankelijkheid van de oppervlaktespanning (na extrapolatie op basis van nieuwe data 
voor de oppervlaktespanning, verkregen met een boge druk "pending drop" opstelling). 
Wanneer de bedekkingsgraad van stikstof - een cruciale parameter binnen bet model 
werd afgeleid uit de experimentele gegevens met behulp van de nucleatietbeorema's, kon 
de waargenomen druktrend zelfs kwantitatief worden verklaard. 

Voor n-nonaan-methaan bleek de afname van de evenwichts-oppervlaktespanning met 
de druk niet voldoende te zijn om de waargenomen druktrend te verklaren. Wederom met 
behulp van de nucleatietbeorema's vonden we dat het metbaangebalte van bet kritiscb 
cluster groter is dan dat van de vloeistof in evenwicbt. Dit resulteert waarscbijnlijk in een 
nog grotere daling van de oppervlaktespanning, met als gevolg een drastische afname van 
de vormingsenergie van clusters, en daardoor zeer kleine kritische clusters in termen van 
bet aantal n-nonaan moleculen. 

Behalve voor de bierboven genoemde binaire systemen zijn ook resultaten verkregen 
voor n-pentanol in helium - als bijdrage aan een internationale samenwerking met als doe! 
de onderlinge consistentie van experimentele technieken te onderzoeken en voor aardgas. 
De experimenten met aardgas vormen de eerste kwantitatieve nucleatiemetingen in een 
multi-component systeem. Een afdoende tbeoretiscbe bescbrijving van de waargenomen 
nucleatiesnelbeden bleek echter nog niet mogelijk, vanwege de gebrekkige theoretische ken
nis van dit moment betreffende multi-component nucleatie. 

Het druppelgroeiproces is op dezelfde marrier behandeld als nucleatie: aangenomen is 
dat de druppelgroei wordt veroorzaakt door de dampcomponent, met stofeigenscbappen die 
afhangen van de totaaldruk. Enkele bestaande modellen geldig voor bet hele bereik van 
Knudsengetallen - zijn op deze wijze opnieuw geformuleerd, met inachtneming van niet-
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ideale effecten van het dragergas. Een van deze modellen (dat van Gyarmathy) bleek de 
waargenomen groei goed te beschrijven nabij de limiet voor vrije moleculaire groei, terwijl 
het model van Young betere resultaten gaf in de buurt van het continuum-regime. Binaire 
diffusiecoefficienten voor waterdamp in helium en stikstof, afgeleid uit de groeimetingen 
met behulp van het Young-model, bleken overeen te komen met bestaande data. 



192 



Dankwoord 

Ret is al vaker geschreven, maar daarom niet minder waar: promoveren doe je niet aileen. 
Daarom wil ik op deze plaats graag de mensen bedanken die een rol hebben gespeeld in de 
totstandkoming van het voor u liggende werk. 

Allereerst dank ik mijn directe begeleider en tevens eerste promotor, Rini van Dongen, 
voor zijn niet aflatende steun en vertrouwen - vooral in tijden waarin het zelfvertrouwen 
ver te zoeken was. Alleen al het feit dat hier nu een proefschrift ligt, is in belangrijke mate 
zijn verdienste. 

Terugkijkend op mijn prettige verblijf in de groep Gasdynamica/ Aeroakoestiek, zijn 
er natuurlijk nog meer mensen aan te wijzen die een wezenlijke rol hebben vervuld in 
dit werk. Zo zijn daar bijvoorbeeld mijn illustere voorgangers Karel Looijmans en Marcel 
Muitjens, die mij het vak van "druppelteller" hebben geleerd. Ret is vooral de ontwikkeling 
door Karel van de prachtig werkende schokbuisopstelling die aan de basis heeft gestaan 
van het experimentele werk in dit proefschrift. Direct daaraan verbonden moet ik het 
vakmanschap en de inzet van de betrokken technici noemen: Harm Jager, Jan Willems, 
Eep van Voorthuisen, Bram Wijnands, Louis Wasser en Joachim Tempelaars. 

Behalve door de bovengenoemde personen, werden zowel de inhoud van dit werk als 
de sfeer in de groep in belangrijke mate bepaald door de steeds wisselende toestroom 
van studenten. Daarbij wil ik met name noemen de afstudeerders met wie ik heb mogen 
samenwerken: Karel Joop Bosschaart (die mij ondermeer de kunst en het belang van ijken 
heeft bijgebracht), Olga Baas (verantwoordelijk voor de pentanol-experimenten; helaas was 
ik een slechte leerling wat betreft het jongleren), Robert van Hooy (aardgas? lachen man!) 
en Paul Peeters (bij hem ging het ook om Youngleren, maar dan in een andere betekenis). 
Ook de stagiair(e)s Rens van den Brink, Faas van der Pol en Anke Stekelenburg hebben 
niet te onderschatten bijdragen geleverd aan dit onderzoek. 

Uiteraard kan het in dit communicatie-tijdperk niet zo zijn, dat een onderzoek geheel 
binnen de muren van een universiteit wordt uitgevoerd. Een aantal mensen van buiten de 
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Stellingen behorende bij het proefschrift 

"NUCLEATION AND DROPLET GROWTH AT HIGH PRESSURE" 

door C.C.M. Luijten 

23 november 1998 

1. Effecten van een dragergas op homogene nucleatie zijn tweeledig: met toenemende 
druk veranderen zowel de fugaciteit van de dampcomponent in de gasfase als de 
oppervlaktespanning van de gevormde kernen. Dit laatste effect wordt in de literatuur 
gewoonlijk over het hoofd gezien. 

- C. Luijten, K. Bosschaart, and M. van Dongen, J. Chem. Phys. 106(19), 8116 (1997) 

2. Thermodynamische eigenschappen - en de drukafhankelijkheid daarvan - spelen een 
dermate essentiele rol in nucleatie, dat praktische schattingen van nucleatiesnelheden 
voor systemen met meer dan twee componenten bij hoge druk (nog) onmogelijk zijn. 

3. Voor een nauwkeurige bepaling van relatieve vochtigheden bij hoge druk dient men 
capacitieve vochtigheidsmeters te ijken met zowel de totaaldruk als de gebruikte 
gassoort als extra parameters. 

- C. Luijten, L. Stormbom, and M. van Dongen, Sens. Act.: B. Chem. 49(3), 279 (1998) 

4. Binaire diffusiecoefficienten zijn in zeer goede benadering omgekeerd evenredig met 
de dichtheid. Hierdoor kan de correlatie van Takahashi voor de drukafhankelijkheid 
van p'D12 , waarin p de druk is en 'D12 de diffusiecoefficient, grotendeels herleid warden 
tot een compressibiliteitseffect. Dit wordt door Takahashi niet onderkend. 

- S. Takahashi, J. Chem. Eng. Japan 7(6), 417 (1974) 

5. Een populatie van menselijke individuen die elkaar niet kennen, zal zich groeperen 
volgens de wetmatigheden voor nucleatie zoals deze in dit proefschrift beschreven 
warden. Het is zelfs mogelijk voor dit systeem een drijvende kracht, drukafhankelijke 
oppervlaktespanning en verzadigingsgraad te definieren. 

6. In aanwezigheid van een dragergas worden temperatuurfluctuaties van nucleerende 
clusters onderdrukt. Dit wordt door McGraw en La Violette niet onderkend in hun 
beschouwing over dit onderwerp, waardoor zij de betreffende fluctuaties een te grote 
invloed toedichten. 

- R. McGraw and R. La Violette, J. Chem. Phys. 102(22), 8983 (1995) 

7. De - meestal subjectieve - uitspraak dat het in de weekeinden vaker regent dan door 
de week berust in sommige delen van de wereld op een wetenschappelijk feit. De 
verklaring van dit feit kan worden teruggevoerd op heterogene nucleatie, waarbij door 
de week geemitteerde, industriele aerosoldeeltjes als condensatiekernen optreden. 

- R. Cerveny and R. Balling, Nature 394(6693}, 561 (1998) 



8. Aan de opslag van gassen in kooistructuren van watermoleculen - de zogenaamde 
clathraten - wordt een belangrijke rol toegedicht in het geofysische systeem. Het is 
echter zeer onwaarschijnlijk dat deze structuren op de tijdschaal van een nucleatie
experiment, zoals beschreven in dit proefschrift, waargenomen kunnen worden. 

9. De meeste mensen beschouwen water als de meest alledaagse vloeistof. Vanuit het 
standpunt van de natuurkundige kan men echter met evenveel recht het omgekeerde 
beweren. 

10. Omdat "kamertemperatuur" lange tijd als een acceptabele kwantificatie gold, is 
uit oudere publicaties vaak moeilijk nauwkeurige informatie over thermodynamische 
grootheden te halen. 

11. Thermisch aangeslagen transversale modes spelen geen hoorbare rol bij het aanblazen 
van op orgelpijpen gebaseerde muziekinstrumenten. 

-A. Hirschberg, G. Thielens, and C. Luijten, NAG-journaal129, 3 (1995) 

12. Het volgens de Nationale Wetenschapsquiz juiste antwoord op de vraag, hoeveel 
moleculen er nodig zijn om van een vloeistof te kunnen spreken (te weten: 6), wordt 
in dit proefschrift experimenteel weerlegd. 

13. Deelname aan de Nationale Wetenschapsquiz wordt gefrustreerd door het feit dat 
veel van de gestelde vragen geen eenduidig antwoord hebben. De mate van frustratie 
hangt af van de kennis van de deelnemer over het betreffende onderwerp. 

14. Vanuit het oogpunt van dierenwelzijn heeft de inkrimping van de varkensstapel alleen 
zin indien deze niet samengaat met afstoting van stalruimte. 

15. Hoewel de uitbuiting van andere rassen inmiddels algemeen als onethisch wordt 
beschouwd, is de systematische uitbuiting van andere soorten nog steeds aan de 
orde van de dag. Tegen de achtergrond van een al evenzeer wijdverbreide acceptatie 
van de evolutietheorie is dit opportunistisch en inconsequent. 

16. Beter een vogel in de lucht dan tien in de hand. 

17. Uit didactisch oogpunt is het tekenen van een grafiek, in aanwezigheid van publiek, 
te prefereren hoven het tonen van een geprepareerde versie. 

18. Bij de eerstvolgende spellingshervorming dient de voorgeschreven spelling van de 
zegswijze "iets uitdokteren", in de betekenis van "iets bedenken", te worden herzien. 

- Woordenlijst Nederlandse taal, SDU Uitgevers, Den Haag (1995) 

19. Het woord "volledig" is, mits letterlijk genomen, het meest nietszeggende woord van 
de Nederlandse taal. 




