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Abstract 
An active suspension control system design for a tractor- 
semitrailer transport vehicle is discussed. The design 
aims at a small L1-norm of the generalized plant. To-be- 
controlled signal specifications, related to driver and cargo 
comfort, limitations of the suspension, driving safety, and 
road damage, are translated in weighting transfer func- 
tions and incorporated in the generalized plant. Due to 
properties of the generalized plant it is known that an 
dl-optimal controller exists, but not if this controller is a 
real rational transfer function. Therefore a fixed-structure, 
fixed-order control synthesis method is employed, that 
will only generate suboptimal controllers. Design for a sin- 
gle load condition is not satisfactory. Two different ap- 
proaches to assure robustness are followed: (1) adding an 
H-, or better p, stability constraint, (2) adding an H2- 
constraint for another load condition. Both approaches 
give acceptable closed loop behavior. To compute con- 
trollers, use is made of a Multiobjective Control Design 
toolbox. 
Keywords: Multiobjective control, mechanical control sys- 
tem, active suspension, L1 -control, p-synthesis. 

1. Introduction 
Suspensions play a role in mechanical systems when some 
system components have to be isolated from vibrations in 
other components. A suspension then acts as a vibration 
isolator. Freight vehicles are an everyday example. 
The components of a passive suspension (damper and 
spring) are chosen to optimize, in some way, the perfor- 
mance. The chosen design parameters are inevitable opti- 
mal for one, but non-optimal for other system norms. It 
may be possible to improve this by not using a passive but 
an active suspension, where damper and spring are sup- 
plemented by an actuator that can generate a controller- 
specified force between axle and chassis. With active sus- 
pensions one hopes to improve the performance in some 
cases, while not making it worse in others. 
The performance-related objectives can be translated ap- 
proximately in different norms of certain transfer func- 
tions or impulse responses. This makes the design of an 
active suspension a good candidate for a multiobjective 
design problem. For more details related to this problem 
and the use of multiple objectives, one is referred to [I]. 
The design of active suspensions using optimal control 
theory was proposed already several decades ago [ZI. For 
an overview of recent work in this area see 131. Multiobjec- 
tive active suspension design is rare in the literature, this 
seems to be one of the first works using this approach. 
Several programs provide facilities for computing multi- 
objective controllers. We use MXtool[4]. 
The main contributions of the paper are the following. 
First, it provides a detailed worked example of a robust 
active suspension design problem, including a motivated 
selection of weighting functions, employing a mixed-norm 
criterion. Furthermore, it uses novel and recent approaches 
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to achieve the required robustness and to enable the de- 
signer to explicitly trade off robustness and performance 
for several load conditions and system norms. 
Section 2 gives a short description of the system, together 
with the vehicle model. Section 3 discusses the goals of 
a suspension. Section 4 expresses the goals in weight- 
ing functions. The computation of the multiobjective con- 
trollers and their evaluation is the subject of Section 6. The 
discussion in Section 7 ties up the work. 

2. System 
2.1. Vehicle description 
The system considered is a tractor-semitrailer freight ve- 
hicle. An active suspension will be installed at the rear of 
the tractor, so we focus on this subsystem. See Fig. 1 for a 
detailed view of the rear suspension. 

d-r andlor acluator chasus 

ax spnngs 

Figure 1: Rear suspension system. Source: DAF Trucks 
Self-leveling air springs are used for both active and pas- 
sive suspension. The essential difference between the pas- 
sive and active suspension is the choice between damper 
and actuator. Here we assume an actuator to be added to 
the passive system. Of course, besides the actuator, the ac- 
tive suspension requires additional hardware for the con- 
troller and to power the actuator. 
2.2. Vehicle model 
In setting up the vehicle model several assumptions are 
made to arrive at a model that is simple and still represents 
the main characteristics of the system. Because the design 
tool is not suitable for high order plant descriptions, only 
a low order model is used, although larger order models 
are also available, see [l]. 
Figure 2 gives a commonly used model with two DOF 
(degrees-of-freedom) which is employed for control de- 
sign. The model is of low order but still allows considering 
the main design aspects. It represents the rear suspension 
of the tractor, and, besides the chassis mass, includes a 
fraction of the semitrailer mass in m2, that therefore varies 
in a large range. The mass ml represent tires, wheels, and 
rear axle. 
The model equations are given by 

m242 + bA42 - 41) + k2(q~ - 41) = F 
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Figure 2: Rear suspension model with two DOF 

Gravity forces are eliminated by proper choice of the coor- 
dinates 9i: in steady state 92 - 91 = 0 and 41 - 90 = 0. 
Using an appropriate choice for the states, namely 

T 
x = [41 9 2  41 - 2 4 0  4 2 1  I 

with x 3  chosen so 40 is not needed as input, the state space 
equations for the plant P are in short form 

x = Ax + B [4Fo] 
- -  

z = CX + D  IF]. 
More detailed they are 

0 1 

kL 0 r a  0 

h -k h -h hl2 _L z=[T i' m2 i [ I x + [ :  ml m2 m2 s ]  
where Z = [LIZ 9 2  - 91 91 - 90 FIT defines the to- 
be-controlled outputs. The disturbance vector GJ contains 
the road surface 90 as one of its components, the actua- 
tor force F is the manipulated input U, and here q 2  and 
9 2  - 91 are the measured variables y. Note that the matrix 
D,, = [ "T], the direct feed-through from U to y that 
can be derived from (3, is nonzero and depends on the 
load m2. 
Table 1 presents the parameters appearing in (l), states 
their physical meaning, and gives their numerical values. 
The values are for a DAF truck model F95 with day cabin. 
They are slightly disguised (by rounding them) to protect 
the interests of the manufacturer. Note that the values are 
for a complete axle, e.g., the tire stiffness is the stiffness 
of four tires in parallel. For m2 and k2 a range is indicated 
with the upper limit for a fully loaded semitrailer and the 
lower limit for an empty one. Due to the self-leveling air- 
springs, k2 is approximately proportional to m2. Relative 
load variations in freight vehicles are much larger than in 
passenger cars. It is one of the major sources of model 
uncertainty. 
Other model errors stem from two sources. First, from the 
assumptions made in deriving and simplifying the model. 

Table 1: Model parameters 
Parameter 
Unsprung mass ml 1.5e3 
Sprung mass m2 1.5e3-10e3 
Tire damping bl 1.7e3 
Suspension damping b2 50e3 
Tire stiffness kl 5 e6 
SusDension stiffiness k7 75e3-500e3 

unit 
kg 
kg 
Ns/m 
Ns/m 
N/m 
N/m 

This leads to unmodeled statics and dynamics. Second, 
from the uncertain physical characteristics of almost all 
system components, leading to error ranges of approxi- 
mately 5-30% for the parameters in Table 1. 

3. Goals 
The main goals of a siispension system are to 
1. position two or more system components with respect 

to each other or to the environment (connection goal), 
2.  prevent the trans mission of vibrations between the 

components (isolation goal). 
For a vehicle, the connection goal normally translates to 
limitations on the dynamic tire force (for vehicle handling 
and safety and for longevity of the road) and on the sus- 
pension deflection (for constructive reasons). The isolation 
goal translates to low levels of acceleration on driver and 
cargo (for comfort and limited packaging requirements). 
Economical considerations also favor low acceleration lev- 
els, because they extend the life time of the mechanical 
parts of the system, especially the axles and chassis. 
The three main objectives of a suspension system for ve- 
hicles are therefore 
1. low levels of acceleration throughout the vehicle, but 

especially for driver and cargo, 
2 .  bounded suspension deflection, 
3. bounded dynamic tire force. 
It is clear that the level of the signals that occur in prac- 
tice depends on the road disturbances or profile, steering, 
braking, and on vehicle speed. In the following we assume 
the vehicle to drive at constant speed along a straight line, 
in agreement with the assumption that a simple two DOF 
model is sufficient. 
Realizability imposes bounds on the allowable controller 
order. Somewhat arbitrarily, we would like this order not 
to exceed seven. 

4. Specifications 
4.1. Weights selection 
The specifications are expressed in weighting functions W 
and 2 for exogenous variables GJ and to-be-controlled vari- 
ables 2, see Fig. 3. ,_____________________________. :c 

U = F' ' y= = IQ2 42-41 I 
Figure 3: Open loop configuration 

Arguments for selecting these functions are given in 111 
and will not be repeated here. Lacking in [l] are explicit 
expressions for the weighting functions, that will therefore 
be provided in this paper. 
We assume the vehicle to drive on a good quality highway 
with a speed v of 25 [m/sl. For stochastic type road dis- 
turbances it is normally assumed that the road profile can 
be described by a (spatial) PSD (Power Spectral Density). 
This PSD has to be tr,anslated to the time domain. Using 
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the data provided in [I], the following weighting function 
can be used to filter Gaussian white noise with unity PSD 
to the required PSD of the road surface 

withko = m a n d  W O  = 0.1.25. For other speeds the pa- 
rameter coo has to be scaled, while for other quality roads 
the parameter ko should be adapted. 
Besides stochastic disturbances also deterministic ones are 
considered, not for the design per se, but to aid in deriving 
weighting factors and for evaluation of the design. For this 
we use so-called rounded pulses, where the road height qo 
is defmed as a function of the horizontal position r by 

with r = 0 at the start of the rounded pulse. The para- 
meters 9 m a  and Id can be used to have (3) represent com- 
monly encountered road irregularities. The road profile as 
a function of time t depends on the two parameters and 
the vehicle’s longitudinal speed v. For constant speed v, it 
holds that r = vt, with t = 0 at the start of the rounded 
pulse, and then the road profile qo(vt) is parameterized by 
qma and Id /V  only, and will (with a slight abuse of nota- 
tion) be viewed as a function of t only. We do not impose 
selected values for these two parameters, but instead will 
vary them in an interesting range. 
The exogenous variable G contains, besides the road 
height 90, also two variables representing measurement 
noise. It is assumed that the controller has access to 
the chassis acceleration 02 and the suspension deflection 
q 2  - 91. Because the measurements are disturbed, but also 
because some design methods require nonzero measure- 
ment noise, noise signals are included. Based on manufac- 
turer data for sensors used in a test vehicle and because 
nothing is provided about the spectral content of the noise, 
both signals are weighted with constant weights 

Wa, = 2.5 lo-‘ * fi 
w,,-,, = 1 1 0 - ~  

The to-be-controlled variables are the four variables in 2. 
For the acceleration the weighting function is selected to 
cover approximately the human sensitivity for vertical ac- 
celeration, for which data is presented in [ll.  A simple 
weight is 

S / W z  + 1 
zq2 = k1S2/W: + 2 7 3 / W l  + 1 

where col = Z r m ,  c02 = 2 r . 2 ,  k l  = 0.4 represent the 
“corner” data of the sensitivity and 5 = 0.8834 is used to 
minimize the mean squared error of the relative difference 
in magnitude between sensitivity and weight. See Fig. 4 for 
comparison between human sensitivity and weight. 
For the suspension and tire deflection constant weights 
were used. Their values were determined iteratively, by 
designing 3 f 2  controllers and evaluating the closed loop 
for a class of rounded pulses (3). With appropriate weights 
it was possible to approximate the behavior of the pas- 
sive system with respect to the largest allowable rounded 
pulse magnitude as a function of the parameter Id/v.  
The maximal rounded pulse amplitude qma is computed 
by time domain simulation, with m2 = 10 lo3 [kg] and 
rounded pulse inputs, then comparing tire deflection and 
suspension deflection with the maximal allowable ones: 

Weight for acceleration i j 2  

IO1 

10 
1 0-1 1 oo 1 o1 1 0‘ 

Frequency f [Hzl 

Figure 4: -: human sensitivity; - a :  Zq, 

-0.11 5 92 - q 1  5 0.14 [m] and -0.103 + v g  5 

41- 40 5 lkl  2g [m] with g = 9.81 [m/s2]. For the weights m +m 

z,,-,, = 100 
z,,-,, = 200 

the curves in Fig. 5 result. These results are only valid for 
a single m2. 

I z Results for several controllers 

0.25 

;? a 0.2- 

- 

2 

!i 

0.2 0.4 0.6 0.8 
Rounded pulse time Id /V [SI 

Figure 5: Maximum rounded pulse amplitude, -: passive; 
- -: active suspension 
In the utmost left of Fig. 5 the limit is set by the tire com- 
pression. This can be explained because for very steep road 
irregularities the suspension can be regarded as rigid, so 
the tire compression has to accommodate the complete 
road irregularity. The trough in the curve represents the 
tire extension as bound, the tire decompression tends to 
lift it off the road. The straight line from the middle to the 
right is the limit caused by the suspension compression. 
The weight for the actuator force F is chosen relatively 
small, because F also effects the acceleration signal di- 
rectly. It cannot be set to zero, and should also be all-pass, 
otherwise it would conflict with the standard assumptions 
of LQG design. The number 

ZF = 5 

proved to be adequate. 
The plant P and the weights are combined in the general- 
ized plant G = ZPW. This plant is suitable for an 3 1 2  de- 
sign, because the weights were selected with optimal 3 f 2  
control as guide. It is also used as an approximately appro- 
priate generalized plant for an 11 problem. 
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5. Model analysis 
Since the main objective for the controlled system is to 
achieve low levels of acceleration, bounded suspension de- 
flection, and bounded dynamic tire force it seems reason- 
able to measure the to-be-controlled outputs z in terms of 
their amplitude norms. The controller design problem is 
then most naturally cast into an B1 optimization problem 
which is defined below. 
For a detailed study of the optimal achievable performance 
of the controlled system, the theory developed in [5,61 has 
been employed. The generalized plant G of Fig. 3 has been 
converted to the discrete time model 

G(z) := G ( ~ ( z  - l ) / T ( z  + 1)) 

where T denotes the sampling time. In view of the smallest 
time constant of the mechanical system, T = 0.001 [SI has 
been used. The transfer function matrix G is partitioned 
conformally to the input-output partitioning of Fig. 3 as 

G = (“, G Z U )  
Gyw Gyu ‘ 

A controller is defined by the relation 

U = K y  

where K is a transfer function mapping measurements 
to control inputs. The 41-optimal control problem then 
amounts to synthesizing K such that the closed-loop sys- 
tem is internally stable and the induced norm 

(4) 

is minimized. Here, T,, = G,, + G,,K(I - GyuK)-lGyw is 
the closed-loop transfer function and II . ItDJ denotes the 
usual CO or amplitude norm. Clearly, such a minimizing 
controller does not need to exist. It is well known that the 
8- induced norm defined in (4) is equal to the &-norm of 
the inverse z-transform of Tzw. Precisely, 

l l ~ z w l l  = IIkwlle, 
where fzw : Zf - 
closed-loop system and 

is the impulse response of the 

In this case, G,, and Cy, are full normal rank transfer func- 
tions of dimension 4 x 1 and 2 x 3, respectively. Using ter- 
minology from [SI this means that the synthesis problem 
qualifies as a so-called “bad rank” optimization problem. 
In this dissrete time setting, either of the transfer functions 
G,, and Gyw has no (finite) transmission zeros. In partic- 
ular, Gzu and G,, have no transmission zeros on the unit 
circle { z  I IzI = l} which implies ( [6] or Theorem 7 in [51) 
that there exists a stabilizing controller K that minimizes 
the induced norm 11 T,, 11. However, this optimal controller 
does not need to be a rational transfer function and may 
therefore be of infinite dynamic order. A sufficient condi- 
tion for the existence of a rational &-optimal controller is 
given in [SI, but this condition is not satisfied in the present 
case. It is therefore not clear whether rational 4?l-optimal 
controllers actually exist. 
A modification of the weights W and Z is possible so G 
does fulfill this sufficiency condition for the existence of a 
rational 8, optimal controller K.  This strategy is not pur- 
sued, because it would deviate too much from the physics 
of the problem. 

6. L1 biased control- design 
Despite the fact that the existence of a rational kl-optima1 
controller for the discrete time version of the model is not 
guaranteed, a search For a controller that makes the 41- 
norm small is not a futile exercise, when limited to a search 
over controllers with a fixed-structure and ked-order. In 
the following, controllers for the continuous time G will 
be synthesized that make the Ll-norm small over a set 
of controllers in state space form of fixed-order, as stated 
before, an order of seven is imposed, being the order of 
the standard G. 
Use is made of MXtool[4] for the controller parameter op- 
timization, employing an SQP (sequential quadratic pro- 
gramming) method to find optimal parameters of a k e d -  
order controller. The toolbox requires an Hz objective and 
H2, 3L and/or L1 (only one) constraints, not necessarily 
for the same G. The labels G1 and G2 are used in plots to in- 
dicate these situations, where G1 is used in the optimized 
T,, and G2 in the constrained one. Disadvantages of para- 
meter optimization are the possibility of getting trapped 
in local minima and large computation time. The last prob- 
lem is partially solved by using a compiled version of the 
toolbox, which was also slightly modified to better accom- 
modate our purposes. 
The controllers are synthesized in an iterative way, inter- 
mingled with controller evaluation and redesign. 

6.1. Controller design I, 3 f -~ /L l  
In the first design we bound the L1-norm of the closed 
loop for a plant with fully loaded semitrailer, and opti- 
mize the H2-norm for the same plant, starting from an 
3f2-optimal design. By !varying the bound a trade-off curve, 
or Pareto curve, between the H2-norm and the L1-bound 
is generated, see Fig. 6. A significant reduction in Ll-norm 
is achieved with limited increase in Hz-norm. 

Pareto optimal Curve 

f 1-norm ojf closed loop T,, for G2 

Figure 6: H2-perfornnance versus L1-bound, GI = G2 

6.2. Controller evaluation I 
The controllers of design I are evaluated with a stability 
analysis. Figure 7 shows the range of m2 for which the 
controller is able to stabilize the closed loop. This range 
is found by eigenvalue tests for the closed-loop and bi- 
section on ma for lo2 5 m2 5 lo5 [kg], and proportional 
variations in k2. Lower ;and upper load limits are indicated 
with the dashed lines, the stabiliw range with the marked 
solid lines. It is clear that none of the controllers, includ- 
ing the 3f-2-optimal one, is able to stabilize the system for 
all load conditions, because the stability range for m2 does 
not include lower loads. It appears that a robust stability 
constraint or another modification is needed to stabilize 
the system for the full range of m2 specified in Table 1. 
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A posteriori stability analysis F~ 
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a t  
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6.3. Controller design 11, HZ /L l  /Hm 
Because the uncertainty considered is a parametric one, 
standard Hm techniques were not appropriate, they were 
too conservative. Therefore, U-synthesis was employed in 
the following way. The uncertainties in the parameters m2 
and k2 were pulled out of the plant for the medium load 
condition, with m2 halfway between its minimum and max- 
imum to limit the size of the uncertainty, and suitably 
scaled. This gives two additional in- and outputs for G. 
For those in- and outputs U-analysis was performed on G, 
assuming a complex twice repeated uncertainty block. The 
D-scales were approximated with transfer function of or- 
der less than or equal to six, which were then incorporated 
in G. An 3L-constraint was placed on the in- and outputs 
corresponding to the uncertainties. This appeared to work 
quite well, because even for the open loop G an 3fw-norm 
less than one was obtained. 
Design I is now modified in two ways. First, the 3fm- 
constraint was added to the problem. Second, the plants 
for the L1-constraint and the 312-optimization were also 
constructed €or the medium load condition. This is due to 
a restriction of MXtool, that requires the D-matrix of the 
G,, partition to be equal for all plants, so, or m2 should be 
the same, or additional dynamics must be included. Here 
we choose the first option. 
Figure 8 shows the resulting 3f2-norm as function of the 
L1-bound with the H,-constraint set to one, starting with 
a design without L1-constraint. Note that the reduction 
of the L1-norm before the problem becomes infeasible is 
smaller than before. 

Pareto optimal curve 
I 

N I\ I 
&l.58}\ a 

I 
0.55 0.6 0.65 0.7 

L1-norm of closed loop T,, for Gz 

Figure 8: 312-performance versus L1-bound, GI = G2 

6.4. Controller evaluation U[ 
Figure 9 presents a stability evaluation of the controller, 
done in the same way as before. As expected, the system 
is stable for all m2. For some controllers the limit is met 
exactly, showing the effectiveness of the D-scales and the 
K, -constraint. 

A posteriori stability analysis 
h l  1o5Y = 2 t 1 
&- f 

Constrained norm of closed loop T 

Figure 9: Stability range for m2, design I1 

6.5. Controller design 111,3f-2 /HZ lL1 
Another option to achieve the required parameter robust- 
ness is by using plants for the two extreme load conditions. 
This requires a modification of G, as explained before. By 
including a high bandwidth first order model for an accel- 
eration sensor, G's order increases by one, but the D matrix 
of the Gyll partition becomes zero, and is therefore equal 
for all load conditions. The bandwidth is chosen hgh, so 
there is almost no difference in norm between loops closed 
for the original and adapted G. 
With this modified G, the 312-norm for a plant with empty 
semitrailer is optimized, with constraints on the Hz-norm 
for the fully loaded and on the L1-norm for the half loaded 
plant. Three load conditions are now involved in the de- 
sign. For each of these conditions the system is guaranteed 
to be stable, due to an implicit stability constraint. In be- 
tween we have no guarantees, stability should be checked 
a posteriori. 
With an 312-constraint of 1.325, 6% above the level 
achieved by an 3 1 2  -optimal controller, the trade-off curve 
between optimized 312-norm and 11-constraint is shown 
in Fig. 10. The curve is not smooth due to solutions corre- 
sponding to local minima. In the comparative evaluation a 
controller is used that does not seem to be hampered by 
this effect. 
6.6. Controller evaluation 111 
For design 111 the same stability analysis is performed, with 
results in Fig. 11. Only for smaller Ll-norms the region of 
stable m2 is smaller than the bounds used in the compu- 
tation. So the design is rather robust. 
6.7. Comparative evaluation 
Finally, the H 2 -  and 11-norms of the closed loop are com- 
puted for a set of controllers and load conditions. The con- 
trollers are, first, the passive suspension, in fact the open 
loop, second, an 312-optimal controller designed for the 
load condition with empty semitrailer (3f2-optimal con- 
trollers for the medium and full load condition did not 
stabilize for all loads), third, a controller from design II 
with IIT,,II = .51, and, last, a controller from design III 
with 11 T,, 11 = .60. 
Figures 12 and 13 present the H2- and L1-norms as func- 
tion of the mass m2. 
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Figure 11: Stability range for m2, design I11 

Except for the 3fz-optimal controller, the active controllers 
consistently improve the Hz-norm compared with the pas- 
sive suspension. Design 111 is also consistently better than 
design 11, in this design one has a better grip on Hz- 
performance. 
The situation is not so clean-cut for the L1-norm. For 
low loads the active controllers are better, for high loads 
the passive suspension is hardly improved upon, the Hz- 
optimal controller does not work well at all, while for 

Norm for several controllers 

___1 

2000 4000 6000 8000 lO!OO 
Chassis and semitrailer mass mz [kgl 

Figure 12: Hz-norm, -: passive; - -: HZ for empty semi- 
trailer; - -: K from design 11; . . . : K from design I11 

Norni for several controllers 
10‘ 7 1  ’ * I  

I o - l L -  
0 2000 4000 6000 8000 10000 

Chassis and semitrailer mass mz [kg] 

Figure 13: 11-norm, --.: passive; - -: Hz-optimal for empty 
semitrailer; --.: K from design 11; . : K from design IIl 

medium loads the results are mixed. By selecting other 
controllers from designs I1 and 111 one can improve the L1- 
performance, but at thle cost of increased 3Lz-norm. 

7. Discussion 
Looking back at the results obtained, we can state the fol- 
lowing. In general, the H2/L1 /H, controllers can achieve 
lower values of the 1,-norm, compare Fig. 8 with Fig. 10 
and note that G2 in theise figures is practically identical, but 
this may be overcome by increasing the H2-bound in de- 
sign III. For design I1 the influence of controller order was 
studied, but using a controller of order fourteen, twice as 
large, did only fractionally improve the performance. 
Considering practical aspects, it must be remarked that 
a design avoiding H,-constraints is significantly less in- 
volved. First, 3L- and L1-constraints are more difficult to 
handle than an H~-constraint, leading to larger computa- 
tion times. Second, p-analysis is not needed and the growth 
in plant order due to 1)-scales is eliminated. 
In conclusion, both the Hz/L1/3€, and Hz/Hz/Lt de- 
signs have the desired flexibility to trade off L1- against 
Hz -performance, give controllers that achieve a satisfying 
compromise between these conflicting goals, and cater for 
robust stability. 
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