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Toroidal flows in resistive magnetohydrodynamic steady states
Leon P. Kamp,a) David C. Montgomery, and Jason W. Bates
Department of Physics and Astronomy, Dartmouth College, 6127 Wilder Laboratory, Hanover,
New Hampshire 03755-3528

~Received 17 November 1997; accepted 17 February 1998!

We consider the resistive steady states of a uniformly conducting magnetofluid inside a toroidal
boundary. The problem becomes tractable in the limit of slow flow: i.e., low Reynolds number,
which may be in turn justified when the viscous Lundquist number is small. Previous calculations
are extended to apprehend the toroidal component of the necessary flow. The emerging pattern is
one of helical vortices which seem likely to be ubiquitous in toroidal geometry, and which disappear
in the ‘‘straight-cylinder approximation.’’ ©1998 American Institute of Physics.
@S1070-6631~98!00906-4#
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I. INTRODUCTION

The properties of a duct or channel flow of some curre
carrying fluid in the presence of externally applied elect
and/or magnetic fields are among the basic problems
magnetohydrodynamics.1 This type of magnetohydrody
namic flow has been studied now for several decades~see,
e.g., Stieglitzet al.,2 Molokov et al.,3 Buhler and Molokov,4

and Branoveret al.,5,6 and references therein!. The results of
these investigations are relevant to the flow of, for exam
liquid metals in magnetic fields~see, e.g., Cuevaset al.,7

Sidorenkov et al.,8 Dolgikh,9 Walker and Picologlou,10

Molokov and Buhler,11 and Moonet al.12! and to magneto-
gasdynamics. In this paper, we calculate the mechanical
tion of a viscous magnetofluid that is contained in a clos
axisymmetric toroid, nonintrusively involving time
independent externally supported electric and magn
fields. This motion is a purely geometric effect that disa
pears in the ‘‘straight-cylinder’’ approximation.

In a previous paper,13 hereafter referred to as I, the ge
eration of toroidal vorticity in a steady-state, viscou
current-carrying magnetofluid was calculated, assuming
magnetofluid to be uniformly conducting and contained in
axisymmetric toroid with a current maintained by supplyi
a toroidal voltage. The toroidal vorticity resulted from th
fact, not true in the ‘‘straight-cylinder’’ approximation, tha
allowable current densitiesJ that are consistent with stati
magnetic fieldsB are of such a nature as to give rise to
nonvanishing curl of the Lorentz force,J3B. The statement
applies when the electric field is demanded to be curl-f
and the electrical resistivity is assumed to be spatially u
form. It is insisted that not only mechanical force-balan
but also Ohm’s law and Faraday’s law, be taken equa
seriously. SinceJ3B has a finite curl, it cannot be balance
by the gradient of any scalar pressure. Thus the entire q
tion of what constitutes a magnetohydrodynamic~MHD!
steady state must be reconsidered. Static solutions wit

a!Permanent address: Department of Physics, Eindhoven University of T
nology, P.O. Box 513, NL-5600 MB Eindhoven, The Netherlands. El
tronic mail: L.P.J.Kamp@phys.tue.nl
1751070-6631/98/10(7)/1757/10/$15.00
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velocity fields and vorticity are possible, in simple one-flu
MHD, only by assuming a rather unnatural spatial dep
dence for the resistivity~the conductivity could not be mad
uniform on a magnetic surface14!.

The resulting toroidal vorticity found in I was treate
analytically in the limit of small velocities or low Reynold
number, and apparently the problem remains analytically
tractable without this assumption. The low Reynolds nu
ber, in turn, was justifiable by the assumption of a sm
viscous Lundquist number, which amounts to consider
the magnetofluid as highly viscous. The point of the assum
tion is to be able to neglect the inertial term, (v•grad)v, in
the equation of motion, and to satisfy mechanical force b
ance by means of the viscous term alone. A secondary b
efit is to be able to ignore, consistently to lowest significa
order, thev3B term in Ohm’s law, wherev is the fluid
velocity. The motion becomes related to the electrically
duced forced flows involved in metallurgical applications
magnetohydrodynamics.15 The calculation reported in I may
be regarded as the first step in a perturbation procedur
which either the Reynolds number or~more basically! the
viscous Lundquist number is regarded as small. High R
nolds number solutions may also exist, but so far they h
proved intractable.

What is of interest in the present paper is to take t
perturbation procedure a step further by returning to
Ohm’s law and correctingv and B. A significant conse-
quence is that a toroidal velocity field results. Also, unli
the calculations in I, an externally supported toroidal ma
netic field is crucial in calculating the flow field that result
The calculation in I was insensitive to whether or not a t
oidal vacuum magnetic field was present.

In order to recapitulate the logical structure of the calc
lation in I, we summarize it as follows. A toroidal electr
field is the only external agency applied to the magnetoflu
and it produces a toroidal electric current. This toroidal c
rent is responsible for the lowest-order poloidal magne
field. The resultingJ3B Lorentz volume force on the mag
netofluid creates a poloidal flow. All this is to lowest order
the Reynolds number. In the present extension, we proc

h-
-

7 © 1998 American Institute of Physics
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to higher order and show that the poloidal flow interacts w
the toroidal magnetic field, if there is one, to produce a
loidal electric current. Finally, the poloidal current and t
poloidal magnetic field interact to produce a toroidal flo
We note that the toroidal magnetic field is essential in t
calculation, in a way that it was not in I.

In Sec. II, we revisit the perturbation procedure to ma
it susceptible to a higher-order development. Section III c
tains the algebraic details of the first-order corrections. I
possible only to go so far with an analytical calculation an
past a certain point, numerical solutions of the result
higher-order partial differential equations are required if it
desired to determine quantitatively the nature of the toro
flow. These numerical computations are explicitly suppl
in Sec. IV, with an emphasis on extracting the toroidal p
of the flow pattern. Section V presents some discussion
conclusions, and speculates on possible nonlinear he
states with flow, which while still out of reach, may be bei
apprehended by the first few orders of the perturbat
theory.

The analytical development is rather difficult, and,
keep it manageable, we have assumed boundary condi
that are as simple as are compatible with the effect un
consideration. For example, the boundary of the toroi
cross section has been assumed to be a rectangle rathe
a curve, and to satisfy stress-free~rather than no-slip! me-
chanical boundary conditions, as in I. The bounding surf
is idealized as a rigid, perfectly conducting wall coated w
a thin layer of insulating dielectric~to permit finite toroidal
electric fields at the conductor!, which is, however, perfectly
slippery. We do not believe these limitations to be fund
mental, however, and believe that a similar flow pattern m
result from a variety of boundary conditions which m
eventually prove tractable. Our purpose here is, in summ
to show the need for a thoroughgoing reconsideration
what can constitute a toroidal MHD steady state, provid
that all three of the analytical ingredients~force balance,
Ohm’s law, and Faraday’s law! are taken seriously, rathe
than only the first of these, as is conventionally done in id
toroidal MHD.

II. ZEROTH-ORDER REVISITED

The starting point for the next-order calculations is t
dimensionless MHD equations of motion~in the familiar
‘‘Alfvenic’’ units ! for a uniform-density, incompressible
conducting, steady-state fluid,16 Ohm’s law, Ampe`re’s law,
and Faraday’s law, as given in I:

~v–¹!v5J3B2¹p1n¹2v, ~1!

E1v3B5hJ, ~2!

¹3B5J, ~3!

¹3E50. ~4!

Here,p is the pressure,n is the kinematic viscosity, andh is
the reciprocal of the electrical conductivity. In the dime
sionless units used,n is the reciprocal of the viscous Lun
dquist number,M ~expressingM in laboratory units,M
oaded 25 Mar 2011 to 131.155.151.131. Redistribution subject to AIP licen
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5n215CaL/ ñ, whereCa is an Alfvén speed based on th
rms magnetic field,L is a characteristic length scale,ñ is the
kinematic viscosity!, andh is the reciprocal of the resistive
Lundquist numberS ~S5h215m0CaLs̃, in SI units, where
m0 is the magnetic permeability of vacuum,s̃ is the SI elec-
trical conductivity!.

As in I we assume that the viscous Lundquist numberM
is small so that the inertial term in Eq.~1! is of higher order.
In effect this means that

uvu5O~M !, M→0. ~5!

Replacing the fluid velocityv in Eqs. ~1! and ~2! by Mu
results in

J3B2¹p1¹2u5M2~u–¹!u'0, ~6!

J2SE5H2~u3B!. ~7!

Here, H2 is the square of the Hartmann number, which
given by

H25MS5
m0Ca

2
L2

ñh̃
. ~8!

The steady-state toroidal vortex states as considered
obey Eqs.~6! and ~7! with terms of orderM2 and H2 ne-
glected, i.e.,

J~0!3B~0!2¹p~0!1¹2u~0!50, ~9!

J~0!2SE~0!50, ~10!

¹3B~0!5J~0!, ~11!

¹3E~0!50. ~12!

The geometry of the model~see Fig. 1! for which these equa-
tions have been solved numerically in I consists of an a
symmetric toroid, the axis of symmetry of which coincid
with the z axis in a set of cylindrical polar coordinate
(r ,f,z). The midplane of the toroid is the planez50. The
boundaries of the toroidal cross section are taken to
straight lines. Doing so leads to calculational simplicity, b
is not believed to be necessary for the effects we shall
scribe. The upper and lower boundaries are atz5L and z
52L, respectively, and the inner and outer boundaries
at the radiir 5r 2 and r 5r 1 , respectively. This geometry
will also be adopted in the present paper. The boundary c

FIG. 1. Geometry of computational model. The toroid has a rectang
cross section with impenetrable, perfectly conducting walls. The magne
luid occupies the region between the radiir 2 andr 1 , andz52L, 1L. The
walls are perfectly smooth.
se or copyright; see http://pof.aip.org/about/rights_and_permissions



th
l

a
b

se
c

pe

b

us

p
ua
w
ul

e
b

ac

iu
ld
ed
t

te
q
r
tic
m

in

e
th

ee

ely
sity

fter

a-

ties

nt

1759Phys. Fluids, Vol. 10, No. 7, July 1998 Kamp, Montgomery, and Bates

Downl
ditions that have been imposed upon the solutions of
zeroth-order set of Eqs.~9!–~12! are that any tangentia
stress, and the normal components ofu(0), J(0), and B(0)

should vanish at the walls. As in the case of the plan
boundary assumption, these boundary conditions are
lieved not to be uniquely important ones, and are cho
mainly for calculational convenience. One may idealize su
a boundary as a perfectly smooth dielectric coating on a
fect conductor.

The curl-free zeroth-order electric field is assumed to
generated externally and to be purely toroidal, i.e.,

E~0!~r ,z!5E0

r 0

r
êf , ~13!

whereE0 is a reference value of the electric field at radi
r 5r 0 , and êf is a unit vector in the toroidal~azimuthal!
direction. To the purely toroidal field in Eq.~13! might be
added the gradient of an additional, more general, scalar
tential. This scalar potential would obey the Laplace eq
tion obtained from taking the divergence of the Ohm’s la
and would be determined by boundary conditions. It wo
be unique, and, with the~Neumann! boundary condition we
impose, it may be chosen to vanish in the zeroth ord
though more elaborate boundary conditions are imagina
As mentioned before, we will also assume the existence
an externally supported, curl-free toroidal magnetic field
cording to

Bt
~0!~r ,z!5B0

r 0

r
êf , ~14!

whereB0 is a reference value of the magnetic field at rad
r 5r 0 . It is easily verified that this toroidal magnetic fie
does not affect the zeroth-order steady states as describ
I. Due to the curl-free nature ofBt

(0) , the zeroth-order curren
density~which comes from Ohm’s law! is of the form

J~0!~r ,z!5SE0

r 0

r
êf . ~15!

In the present paper we will correct these toroidal vor
states by using Ohm’s law to one higher order; i.e., in E
~7!, we keep the right-hand side, which is linearly propo
tional to velocity, while consistently neglecting the quadra
term in Eq.~6!. So far the perturbation procedure we assu
that

M2!H2!1, ~16!

which is tantamount to

1

n
!h!n. ~17!

The geometry of interest in connection with Eqs.~6! and~7!
and Eqs.~3! and~4! is in the present paper identical to that
I.

III. FIRST-ORDER CALCULATION

In what follows we will be interested mainly in thos
first-order components of field variables that are absent in
zeroth-order calculations of I. To the zeroth-order it has b
oaded 25 Mar 2011 to 131.155.151.131. Redistribution subject to AIP licen
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found that the internally supported magnetic field is pur
poloidal, as generated by the purely toroidal current den
that is given by Eq.~15!. Also the zeroth-order fluid velocity
is purely poloidal~for details see I!. The zeroth-order electric
field in both calculations is purely toroidal@see Eq.~31!#.
Hence the field components that we will evaluate herea
are ut

(1)5uf
(1)êf , Bt

(1)5Bf
(1)êf , Jp

(1)5Jr
(1)êr1Jz

(1)êz , and
Et

(1)5Ef
(1)êf , whereêr is a unit vector in the radial direction

and êz5êr3êf is the unit vector in thez direction. These
first-order field variables have to satisfy the following equ
tions:

J~1!3B~0!1J~0!3B~1!2¹p~1!1¹2u~1!50, ~18!

J~1!1¹F~1!5H2~u~0!3B~0!!, ~19!

¹3B~1!5J~1!. ~20!

Here, we replaced the first-order static electric fieldE(1) by
the gradient of a first-order electric potentialF (1) according
to

E~1!52
1

S
¹F~1!. ~21!

For later reference we recall that the zeroth-order quanti
B(0) andu(0) can be expressed as15

B~0!5B0

r 0

r
êf1¹x3¹f, ~22!

u~0!5¹c3¹f. ~23!

Here x(r ,z) is a magnetic flux function andc(r ,z) is a
velocity stream function.

To find an equation for the first-order poloidal curre
densityJp

(1) , we take the curl of the poloidal part of Eq.~19!.
This yields

¹3Jp
~1!5H2¹3~u~0!3Bt

~0!!52H2~u~0!
•¹!Bt

~0! . ~24!

Since ¹•Jp
(1)50 and we have axial symmetry,Jp

(1) can be
expressed in terms of a functiona(r ,z) according to

Jp
~1!5¹a3¹f. ~25!

Substituting this as well as Eq.~23! and Bt
(0)5(B0r 0 /r )êf

into Eq. ~24! yields

D* a5r
]

]r S 1

r

]a

]r D1
]2a

]z2

52H2B0

r 0

r 2

]c

]z
522H2B0

r 0

r
ur

~0! . ~26!

Note that the first-order toroidal magnetic fieldBt
(1)

5Bf
(1)êf is obtained from the functiona by dividing by r :

Bf
(1)5a/r (Bt

(1)5a¹f). Any solution of Eq.~26! should
obey the boundary conditionJ•n50, wheren is the unit
vector normal to the wall of the toroid.

An equation for the first-order toroidal velocityut
(1) is

obtained by considering the toroidal part of Eq.~18!. This
yields the following Poisson vector equation:

¹2ut
~1!5Bp

~0!3Jp
~1! . ~27!
se or copyright; see http://pof.aip.org/about/rights_and_permissions
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Replacingut
(1) by ut

(1)5b¹f and using the poloidal part o
Eqs.~22! and~25!, this Poisson equation may also be rewr
ten as

D* b5
1

r S ]x

]z

]a

]r
2

]x

]r

]a

]z D . ~28!

Note that the first-order poloidal vorticityvp
(1) that is asso-

ciated withut
(1) is given by

vp
~1!5¹b3¹f. ~29!

Any solution of Eq.~28! should satisfy the stress-free boun
ary conditions; that is, for this problem,n•¹(b/r 2)50 at the
wall of the toroid.

The first-order scalar potentialF (1) may be obtained by
taking the divergence of Eq.~19!. This yields

¹2F~1!5H2¹•~u~0!3B~0!!5H2vp
~1!
•B~0!. ~30!

Unfortunately this Poisson equation has to satisfy inhomo
neous boundary conditions. SinceJ•n50 at the toroid wall,
it is found from Eq.~19! that

]F~1!

]n
5H2~u~0!3B~0!!•n. ~31!

Using Eqs.~22! and ~23! it can be easily verified that Eq
~31! can also be written as follows:

]F~1!

]n
52H2~B~0!

•¹f!~n•¹c!52H2B0

r 0

r 2

]c

]n
. ~32!

We now replaceF (1) by a functiong according to

F~1!52H2~B~0!
•¹f!c1g. ~33!

Inserting this in Eq.~30! yields

Dg5DF~1!1H2D@~B~0!
•¹f!c#

522H2B0

r 0

r

]

]r S c

r 2D . ~34!

Using Eq. ~32! with F (1) replaced byg according to Eq.
~33!, and the fact thatc50 at the wall of the toroid~see I!,
it is readily shown thatg has to satisfy the homogeneou
boundary condition

]g

]n
50 ~35!

at the wall of the toroid.
Before computing the relevant first-order quantities e

plicitly, we return to Eqs.~26! and ~28!. By noting that the
Laplacian of a vector in the toroidal direction that only d
pends on poloidal coordinates is also a vector in the toro
direction that only depends on poloidal coordinates, we
in fact convert Eqs.~26! and~28! into Poisson equations fo
Bt

(1)5(a/r )êf andut
(1)5(b/r )êf , respectively:

¹2~Bf
~1!êf!52H2B0

r 0

r 3

]c

]z
êf , ~36!

¹2~uf
~1!êf!5

1

r 2 S ]x

]z

]a

]r
2

]x

]r

]a

]z D êf . ~37!
oaded 25 Mar 2011 to 131.155.151.131. Redistribution subject to AIP licen
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One way to solve these equations is by expandingBt
(1) and

ut
(1) in vector eigenfunctions of the Laplacian,

¹2~Ffêf!1l2~Ffêf!50, ~38!

whereF denotes eitherB(1) or u(1). All components of all
field variables aref-independent, and the solution of E
~38! is any one of the functions

Fmnêf5emn@J1~amnr !1DmnY1~amnr !#S sin~pnz!

cos~pnz! D êf ,

~39!

whereemn , amn , Dmn , andpn are as yet undetermined con
stants, with

l25lmn
2 5amn

2 1pn
2. ~40!

Here, J1 and Y1 are Bessel and Weber functions, respe
tively. The value of emn is chosen so that the two
dimensional integral of the square of the eigenfunctions
unity.

A solution of the Poisson equation~34! for g is sought in
the form of an expansion in scalar eigenfunctions of the
placian:

¹2g1m2g50. ~41!

The solution to this equation is any of the functions

gmn5dmn@J0~bmnr !1CmnY0~bmnr !#S sin~qnz!

cos~qnz! D , ~42!

where againdmn , bmn , Cmn , and qn are as yet undeter
mined constants, with

m25mmn
2 5bmn

2 1qn
2. ~43!

The value of the coefficientdmn is chosen so that the eigen
functions are normalized to unity; upon integrating their a
solute square over the cross section.

IV. NUMERICAL SOLUTIONS

We are now going to determine the toroidal vector fie
Bt

(1) andut
(1) and the scalar potentialF (1). In the following

pages, as in the figures to be presented, it should be ke
mind that all quantities bearing the superscript ‘‘1’’ are fo
mally of second order inM , even when this dependence
not explicitly exhibited.

The toroidal, first-order magnetic fieldBt
(1) is associated

with the zeroth-order poloidal fluid velocity that has be
computed in I, and the externally supported~zeroth-order!
toroidal magnetic field that is proportional to 1/r . As in I we
consider a toroid with a rectangular cross section~see Fig. 1!
that is bounded by the planes atz56L, and by the radiir
5r 2 , r 5r 1 , wherer 2<r<r 1 . In the present numerica
calculations, all length scales are normalized to the ma
radius of the toroid, i.e.,r 05(r 11r 2)/2. As mentioned be-
fore, the four boundaries are assumed to be perfectly sm
walls that cannot support any tangential stress. Furtherm
these walls are idealized as impenetrable, insulator-coa
perfect conductors. Hence the normal components of the
locity, current density, and magnetic field vanish at the w
of the toroid. We have greatly idealized the complex beh
se or copyright; see http://pof.aip.org/about/rights_and_permissions
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ior of the electric field near the wall of a real device, but o
idealization is necessary to introduce a toroidal electric fi
that is curl-free inside the magnetofluid and also axisymm
ric. The assumed thin layer of insulator permits a tangen
current density just inside the wall, but no normal compon
to the current density.

The Poisson equation~36! for Bf
(1) can be solved in

terms of an expansion in eigenfunctions as given by Eq.~39!.
For the details of this procedure we refer to Appendix A. It
found that

Bf
~1!~r ,z!5(

mn
Lmn

em

AL
@J1~amr !

1DmY1~amr !#cosS ~2n21!pz

2L D , ~44!

wheren51,2,3,..., andLmn , em , am , andDm are specified
in Appendix A.

A contour plot of Bf
(1) appears in Fig. 2 forr 2 /r 0

50.6, r 1 /r 051.4, andL/r 050.3. The first-order toroida
magnetic field vanishes at the toroidal wall which is equiv
lent to the vanishing of the normal component of the fir
order current density at the wall of the toroid. Contours
the functiona5rBf

(1) are shown in Fig. 3 for the same pa
rameters. These contours are the streamlines for the
order poloidal current densityJp

(1) , which can be computed
from Jp

(1)5¹a3¹f.
Before we continue determininguf

(1) , we revisit the
computation of the zeroth-order magnetic flux functionx.
For computational reasons we will now reevaluate this fl
function along a different path than it has been done in
Although slightly more complex, the final expression for t
flux function x has the same structure as the expression
the functiona, i.e., Eq.~44! multiplied byr . This permits the
evaluation of the source term in Eq.~37! for uf

(1) in a rather

FIG. 2. Contours of the toroidal, first-order magnetic fieldBf
(1) for r 2 /r 0

50.6, r 1 /r 051.4, andL/r 050.3.
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compact form. The flux functionx is related to the toroida
vector potentialA(0)5Af

(0)êf by Af
(0)5x/r . HereA(0) obeys

the Poisson equation

¹2~Af
~0!êf!52

E0r 0

hr
êf , ~45!

which can be solved along the same lines asBf
(1) has been

evaluated. Without going through the details, we mer
state the final result, which again is an expansion in vec
eigenfunctions of the Laplacian. The final result is

Af
~0!~r ,z!5

x~r ,z!

r
5(

mn
Gmn

em

AL
@J1~amr !

1DmY1~amr !#cosS ~2n21!pz

2L D , ~46!

where the expansion coefficientsGmn are given by

Gmn5
8E0r 0

h

4L2

4am
2 L21~2n21!2p2

emAL

p2am
2

~21!n

2n21

3F 1

r 2Y1~amr 2!
2

1

r 1Y1~amr 1!G . ~47!

We are now ready to evaluate the right-hand side of
Poisson equation forut

(1) i.e., Eq. ~37!. Since there is no
toroidal pressure gradient, the toroidal, first-order fluid v
locity ut

(1) is associated with the first-orderJ3B force, where
J5Jp

(1)5¹a3¹f and B5Bp
(0)5¹x3¹f. Taking the ex-

pressions for the functionsa andx, Eq. ~44! multiplied by r
and Eq.~46! multiplied by r , respectively, to the right-hand
side of the Poisson equation~37! results in

FIG. 3. Contours of the first-order current density stream functiona for
r 2 /r 050.6, r 1 /r 051.4, andL/r 050.3.
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¹2~uf
~1!êf!5 (

mnm8n8
Ymnm8n8

~2n21!p

2L2 am8emem8@J1~amr !

1DmY1~amr !] @J0~am8r !

1Dm8Y0~am8r !#sinS ~2n21!pz

2L D
3cosS ~2n821!pz

2L D , ~48!

where

Ymnm8n85LmnGm8n82Lm8n8Gmn . ~49!

Note that

Ymnm8n852Ym8n8mn and Ymnmn50. ~50!

For the details of solving this Poisson equation in terms of
eigenfunction expansion as given by Eq.~39! we refer to
Appendix B. There it is demonstrated that

uf
~1!5(

mn
Jmn

mm

AL
@J1~bmr !

1CmY1~bmr !#sinS ~2n21!pz

2L D , ~51!

wheren51,2,3,..., andJmn , mm , bm , andCm are specified
in Appendix B.

A contour plot ofuf
(1) is given in Fig. 4 for the same

parameters used in Figs. 2 and 3. Positive contours are
noted by a dashed line and negative contours by a solid
It will be seen that the first-order toroidal velocity not on
changes sign when going from the upper half of the toroid
the lower half, which is plausible, but also reverses direct
when crossing a boundary that is located somewhere in
middle, in between the inner and outer radii of the toro

FIG. 4. Contours of the toroidal, first-order velocityuf
(1) for r 2 /r 050.6,

r 1 /r 051.4, andL/r 050.3. Negative contours are denoted by a solid li
and positive contours by a dashed line. The rms value of the actual tor
flow speed is 1.16B0E0

3r 0
6/(n2h4)31028 ~in ‘‘Alfvenic’’ units !.
oaded 25 Mar 2011 to 131.155.151.131. Redistribution subject to AIP licen
n

e-
e.

o
n
he
.

This is a consequence of the change in direction at th
crossings of the toroidal component of the first-order Lore
force J3B.

Finally we consider the functiong that determines the
scalar potentialF (1) according to Eq.~33!. Once again we
employ an expansion in terms of eigenfunctions that are n
as given by Eq.~42!. In Appendix C it shown that

g~r ,z!5(
mn

Umn

dm

AL
@J0~amr !

1DmY0~amr !#sinS ~2n21!pz

2L D , ~52!

wheren51,2,3,..., andUmn anddm are specified in Appen-
dix C. Using the expression for the zeroth-order veloc
streamfunctionc as given in I, we can now evaluateF (1)

with Eq. ~33!. We thus arrive at

F~1!~r ,z!52
B0r 0

hr (
mn

VmnL
2

am
2 L21n2p2

mm

AL
@J1~amr !

1DmY1~amr !#sinS npz

L D
1(

mn
Umn

dm

AL
@J0~amr !

1DmY0~amr !#sinS ~2n21!pz

2L D . ~53!

A plot of equipotential lines appears in Fig. 5 for th
same parameters used in Figs. 2–4. Positive potentials
denoted by dashed lines and negative potentials by solid

al

FIG. 5. Contours of the first-order electric potentialF (1) for r 2 /r 050.6,
r 1 /r 051.4, andL/r 050.3. Negative contours are denoted by a solid li
and positive contours by a dashed line.
se or copyright; see http://pof.aip.org/about/rights_and_permissions
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V. DISCUSSION AND CONCLUSION

The principal results of the rather lengthy foregoing c
culation are considered to be the toroidal flow patterns wh
have emerged as displayed in the figures. It is to be emp
sized that these are toroidal velocity components that m
be added vectorially to the~larger! poloidal flows found in I.
For reference purposes we have reproduced in Fig. 6
streamlines of the zeroth-order poloidal velocity as given
I. We do not specify the velocity magnitudes beyond o
formal statement that they are of first and second order in
viscous Lundquist number. The situation for liquid condu
tors is in some cases slightly better; in I, some argume
were given that measurable velocity fields should be poss
in attainable regimes. However, the qualitative features
the flow patterns shown in the figures may be expected
prevail rather generally. Thus the steady-state streamline
topologically equivalent to helices, which circle the toroid
alternate senses, amounting to what are essentially
‘‘convection cells’’ in all. These helical streamlines,
should be emphasized, are not parallel to the magnetic
B. It seems not unlikely to us that there are nonlinear hel
states with flow that lie still out of reach that must be co
sidered as the true toroidal resistive steady states, and
which (v•“)v is not negligible.

A rather far-reaching revision of what is called ‘‘MHD
equilibrium’’ would seem to be in order. It has been all to
easy, in ideal MHD, to construct toroidal steady states w
neither Ohm’s law nor Faraday’s law is brought into t
picture. It is our viewpoint that the wealth of resulting sol
tions are likely no more physical or realizable than are id
shear flows that can be written down in hydrodynamics
viscous stresses and boundary conditions are neglected

Nor should one minimize the effects that are left out

FIG. 6. Contours of the zeroth-order velocity stream functionc for r 2 /r 0

50.6, r 1 /r 051.4, andL/r 050.3. Negative contours are denoted by a so
line and positive contours by a dashed line. The rms value of the ac
~zeroth-order! poloidal speed is 1.24E0

2r 0
6/(nh2)31024 ~in ‘‘Alfvenic’’

units!.
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the physical description used here, such as the tensor c
acter of viscosity and resistivity as well as the compressi
ity in many laboratory magnetofluids of interest, in partic
lar; the curvature of the toroidal boundaries; or the~here
oversimplified! nature of the interaction of the wall with th
magnetofluid. All these effects need to be considered, al
with the eventual possible replacement of the perturba
procedure used here by a fully nonlinear treatment.

Two possible situations suggest themselves as one
which it might be possible to illustrate the effects describ
here. The simplest might be in a toroid of aqueous glyce
solution of variable concentration. The viscous Lundqu
numberM depends, most importantly, on the ratio of ele
trical conductivity to viscosity, for a given toroidal electri
field strength. At linear dimensions of the order of a fe
centimeters and magnetic field strengths of the order of a
Gauss, the viscosity of the solution can be raised by order
magnitude at the same time that the electrical conductivit
lowered, by increasing the glycerol concentration, so thatM
may be tuned continuously from being@1 for water with a
high concentration of glycerol.17 Only in the latter limit
would the present calculation be expected to apply, bu
both limits mechanical motions would be expected to res

The second case, and one of considerable complexit
that of a hot plasma such as those used in tokamak con
ment devices. For plasmas in current regimes, reliable e
mates and measurements of viscous stress effects are in
supply. Convincing theoretical Chapman–Enskog calcu
tions exist, but only in the short mean-free path limit, n
strictly applicable to tokamak plasmas.18,19 These calcula-
tions have been carried out with and without including t
effects of a strong magnetic field on the particle collision
Only in the unmagnetized case does a Newtonian visco
term of the type of the type appearing in Eq.~1! result. For
the strong magnetic field case, a complicated viscous st
tensor results, with different viscosity coefficients that sp
many orders of magnitude. If one takes the largest visco
coefficient ~the ‘‘ion parallel’’ viscosity! from this set, or
chooses the unmagnetized result, the kinematic viscosity
be estimated as an ion mean-free path times an ion the
speed. This is an extraordinarily large number for the curr
generation of tokamaks, so large that the inequalityM!1
would be satisfied all the time.20,21However, we must regard
the situation as an unsatisfactory one of considerable un
tainty which can be resolved only when much more relia
and detailed measurements of viscous effects in tokam
have been made.

We should also note that we are well aware that
plasmas which are slightly nonelectrically neutral in t
presence of a toroidal electric field, toroidal accelerations
result which might produce toroidal velocities in excess
the ones calculated here. To apprehend these, however
would have to step outside the MHD framework to inclu
charge separation, and that is beyond the scope of this
ticle.

It should be stressed that the limitations to rectangu
cross sections and stress-free viscous boundary condi
can both be removed at the price of more elaborate analy
manipulations. It is clear, following the work of Bate

al
se or copyright; see http://pof.aip.org/about/rights_and_permissions
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et al.,22,23 that the same calculation is possible in toroid
coordinates for circular cross sections and for no-slip bou
aries.
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APPENDIX A: COMPUTATION OF B f
„1…

A solution for Bf
(1) that satisfies the Poisson equati

~36! is sought in the form of an expansion in terms of t
eigenfunctions as given by Eq.~39!. Assuming that these
eigenfunctions from a complete orthonormal set, and tak
into account that the right-hand side of Eq.~36! has even
parity in z, we can write

Bf
~1!5(

mn
Lmn

1

AL
f1m~r !cosS ~2n21!pz

2L D ,

n51,2,3,..., ~A1!

where 1/AL is a normalization factor. The functionsf1m are
defined by

f1m5em@J1~amr !1DmY1~amr !#, ~A2!

where the normalization parametersem are real constants
determined by

E
r 2

r 1

rf1m~r !f1m8~r !dr5dm,m8 . ~A3!

Here,dm,m8 is the Kronecker delta. The ‘‘m’’ in am , desig-
nates themth zero of the function

D5J1~amr 2!Y1~amr 1!2J1~amr 1!Y1~amr 2!, ~A4!

which is the determinant of the set of equations that re
from the boundary condition

Jr
~1!~r ,z!52

1

r

]a

]z
52

]Bf
~1!

]z
50, at r 5r 1 ,r 2 .

~A5!

The form of the argument of the cosine term in Eq.~A1!
ensures that also the other boundary condition, that is

Jz
~1!~r ,z!5

1

r

]a

]r
5

1

r

]

]r
~rBf

~1!!50, at z5L,2L,

~A6!

is satisfied by the eigenfunction expansion. The coefficie
Dm are determined by

Dm52
J1~amr 2!

Y1~amr 2!
52

J1~amr 1!

Y1~amr 1!
. ~A7!

Substituting Eq.~A1! into Eq. ~36! gives
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2(
mn

lmn
2 Lmn

1

AL
f1m~r !cosS ~2n21!pz

2L D
52H2B0

r 0

r 3

]c

]z
52H2B0r 0

3(
i j

nV i j

a i
2L21 j 2p2 j pAL

f1i~r !

r 2 cosS j pz

L D , ~A8!

where

lmn
2 5am

2 1
~2n21!2p2

4L2 , ~A9!

andV i j are expansion coefficients for the zeroth-order tor
dal vorticity vf

(0) . These coefficientsV i j are detailed in I.
Multiplying Eq. ~A8! by (1/AL)f1m8cos„(2n8
21)pz/(2L)…r drdz and integrating over the ranger 2<r
<r 1 and 2L<z<L determines the expansion coefficien
Lmn . The result is

Lmn5
8B0r 0

h

4L

4am
2L21~2n21!2p2

3(
i j

~21!n1 j
~2n21! j

~2n21!224 j 2

V i j L
2

a i
2L21 j 2p2

3E
r 2

r 1

f1i~r !f1m~r !
dr

r
. ~A10!

APPENDIX B: COMPUTATION OF u f
„1…

Along the same lines as forBf
(1) we can expanduf

(1) in
vector eigenfunctions of the Laplacian according to

uf
~1!~r ,z!5(

mn
Jmn

1

AL
c1m~bmr !sinS ~2n21!pz

2L D ,

~B1!

where the functionsc1m are defined by

c1m~r !5mm@J1~bmr !1CmY1~bmr !#. ~B2!

In Eq. ~B1! we already have imposed the stress-free bou
ary condition atz5L,2L, that is

]uf
~1!

]z
50, at z5L,2L. ~B3!

The stress-free boundary condition atr 5r 1 ,r 2 implies

]

]r S uf
~1!

r D 50, at r 5r 1 ,r 2. ~B4!

This equation is satisfied by requiring that

J2~bmr 2!1CmY2~bmr 2!50, ~B5!

J2~bmr 1!1CmY2~bmr 1!50. ~B6!

These two equations can only be solved consistently if
determinant

D5J2~bmr 1!Y2~bmr 2!2J2~bmr 2!Y2~bmr 1! ~B7!
se or copyright; see http://pof.aip.org/about/rights_and_permissions
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vanishes. There is an infinite sequence ofbm-values, with
eachbm corresponding to a particular zero ofD for given
values ofr 1 and r 2 . The coefficientsCm are given by

Cm52
J2~bmr 2!

Y2~bmr 2!
52

J2~bmr 1!

Y2~bmr 1!
. ~B8!

The mm are real constants chosen to normalize thec1m :

E
r 2

r 1

c1m~r !c1m8~r !r dr 5dm,m8 . ~B9!

In Table I we have given the values ofr 0bm , Cm , andr 0mm

for m51,2,...,10 for r 2 /r 050.6, r 1 /r 051.4, and L/r 0

50.3. Substituting expansion~B1! into the Poisson equatio
~48! and multiplying both sides of the resulting equation
(1/AL)c1m8 sin„(2n821)pz/(2L)… and integrating over the
rectangular cross section of the toroid determines the ex
sion coefficientsJmn . The result is

Jmn5
AL

4bm
2 L21~2n21!2p2 (

i j i 8 j 8
~21!n1 j 1 j 8~2 j 21!

3S 1

n1 j 82 j 21/2
2

1

n2 j 82 j 11/2

1
1

n1 j 81 j 23/2
2

1

n2 j 81 j 21/2D
3Y i j i 8 j 8E

r 2

r 1

f1i~r !
d

dr
@rf1i 8~r !#c1m~r !dr.

~B10!

APPENDIX C: COMPUTATION OF g

The functiong is assumed to be expandable in the sca
eigenfunctions of the Laplacian according to

g~r ,z!5(
mn

Umn

1

AL
f0m~r !sinS ~2n21!pz

2L D ,

n51,2,3,..., ~C1!

where 1/AL is a normalization factor. The functionsf0m are
defined by

f0m5dm@J0~amr !1DmY0~amr !#, ~C2!

TABLE I. The first ten values ofr 0bm , Cm , and r 0mm for r 2 /r 050.6,
r 1 /r 051.4, andL/r 050.3. These parameters are used to construct the
roidal velocityuf

(1) .

m r0bm Cm r 0mm

1 4.4042 1.4609 2.2468
2 8.12469 20.2466 5.3979
3 11.9663 22.5681 2.4686
4 15.8483 1.8113 3.7962
5 19.7477 0.2296 8.5586
6 23.6561 20.6796 7.9558
7 27.5698 26.1269 1.6736
8 31.4867 1.3327 6.6665
9 35.4059 0.1267 11.6876

10 39.3266 20.7954 9.7187
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where the normalization parametersdm are real constants
chosen to normalizef0m :

E
r 2

r 1

rf0m~r !f0m8~r !dr5dm,m8 . ~C3!

It is straightforward to demonstrate that these eigenfuncti
makeg satisfy the boundary condition~35!. Substituting ex-
pansion~C1! into the Poisson equation~34! and multiplying
both sides of the resulting equation by (1/AL)f0m8
3sin„(2n821)pz/(2L)… and integrating over the ranger 2

<r<r 1 and 2L<z<L determines the expansion coeffi
cientsUmn . The result is

Umn5
64B0r 0

h

L2

am
2L21~2n21!2p2

1

p

3(
i j

~21!n1 j
j

j 22~2n21!2

V i j L
2

a i
2L21 j 2p2

3E
r 2

r 1

f0m~r !
d

dr Ff1i~r !

r Gdr. ~C4!
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