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Abstract Locally adaptive differential frames (gauge1

frames) are a well-known effective tool in image analy-2

sis, used in differential invariants and PDE-flows. However,3

at complex structures such as crossings or junctions, these4

frames are not well defined. Therefore, we generalize the5

notion of gauge frames on images to gauge frames on data6

representations U : R
d

� Sd−1 → R defined on the7

extended space of positions and orientations, which we relate8

to data on the roto-translation group SE(d), d = 2, 3.9

This allows to define multiple frames per position, one1 10

per orientation. We compute these frames via exponential11

curve fits in the extended data representations in SE(d).12

These curve fits minimize first- or second-order variational13

problems which are solved by spectral decomposition of,14

respectively, a structure tensor or Hessian of data on SE(d).15

We include these gauge frames in differential invariants and16

crossing-preserving PDE-flows acting on extended data rep-17

resentation U and we show their advantage compared to the18

standard left-invariant frame on SE(d). Applications include19

crossing-preserving filtering and improved segmentations of20
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the vascular tree in retinal images, and new 3D extensions 21

of coherence-enhancing diffusion via invertible orientation 22

scores. 23

Keywords Roto-translation group · Gauge frames · 24

Exponential curves · Non-linear diffusion · Left-invariant 25

image processing · Orientation scores 26

1 Introduction 27

Many existing image analysis techniques rely on differential 28

frames that are locally adapted to image data. This includes 29

methods based on differential invariants [34,41,52,63], par- 30

tial differential equations [40,63,74], and non-linear and 31

morphological scale spaces [13,14,75], used in various 32

image processing tasks such as tracking and line detection 33

[6], corner detection and edge focussing [9,41], segmentation 34

[69], active contours [16,17], DTI data processing [47,48], 35

feature-based clustering, etc. These local coordinate frames 36

(also known as ‘gauge frames’ according to [11,34,41]) pro- 37

vide differential frames directly adapted to the local image 38

structure via a structure tensor or a Hessian of the image. 39

Typically the structure tensor (based on first-order Gaussian 40

derivatives) is used for adapting to edge-like structures, while 41

the Hessian (based on second-order Gaussian derivatives) is 42

used for adapting to line-like structures. The primary benefit 43

of the gauge frames is that they allow to include adapta- 44

tion for anisotropy and curvature in a rotation and translation 45

invariant way. See Fig. 1, where we have depicted local adap- 46

tive frames based on eigenvector decomposition of the image 47

Hessian at some given scale, of the MR image in the back- 48

ground. 49

It is sometimes problematic that such locally adapted dif- 50

ferential frames are directly placed in the image domain R
d

51
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(d = 2, 3), as at the vicinity of complex structures, e.g.,52

crossings, textures, bifurcations, one typically requires mul-53

tiple local spatial coordinate frames. To this end, one effective54

alternative is to extend the image domain to the joint space55

of positions and orientations R
d

� Sd−1. The advantage is56

that it allows to disentangle oriented structures involved in2 57

crossings, and to include curvature, cf. Fig. 2. Such extended58

domain techniques rely on various kinds of lifting, such as59

coherent state transforms (also known as invertible orien-60

tation scores) [2,6,28,35], continuous wavelet transforms61

[6,24,28,66], orientation lifts [12,76], or orientation chan-62

nel representations [33]. In case one has to deal with more63

complex diffusion-weighted MRI techniques, the data in64

extended position orientation domain can be obtained after 65

a modeling procedure as in [1,68,70,71]. In this article we 66

will not discuss in detail on how such a new image repre- 67

sentation or lift U : R
d

� Sd−1 → R is to be constructed 68

from gray-scale image f : R
d → R, and we assume it to 69

be a sufficiently smooth given input. Here U (x,n) is to be 70

considered as a probability density of finding a local oriented 71

structure (i.e., an elongated structure) at position x ∈ R
d with 72

orientation n ∈ Sd−1. 73

When processing data in the extended position orien- 74

tation domain, it is often necessary to equip the domain 75

with a structure that links the data across different orien- 76

tation channels, in such a way that a notion of alignment 77

Fig. 1 Left locally adaptive
frames (gauge frames) in the
image domain computed as the
eigenvectors of the Hessian of
the image at each location. Right
such gauge frames can be used
for adaptive anisotropic
diffusion and geometric
reasoning. However, at complex
structures such as
blob-structures/crossings, the
gauge frames are ill defined
causing fluctuations

Fig. 2 We aim for adaptive
anisotropic diffusion of images
which takes into account
curvature. At areas with low
orientation confidence (in blue)
isotropic diffusion is required,
whereas at areas with high
orientation confidence (in red)
anisotropic diffusion with
curvature adaptation is required.
Application of locally adaptive
frames in the image domain
suffers from interference (3rd
column), whereas application of
locally adaptive frames in the
domain R

d
� Sd−1 allows for

adaptation along all the
elongated structures (4th
column)
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between local orientations is taken into account. This is78

achieved by relating data on positions and orientations to79

data on the roto-translation group SE(d) = R
d

� SO(d).80

This idea resulted in contextual image analysis methods81

[4,18,21,27,28,31,55,66,67,73,76] and appears in models82

of low-level visual perception and their relation with the83

functional architecture of the visual cortex [5,12,20,51,60–84

62]. Following the conventions in [31], we denote functions85

on the coupled space of positions and orientations by U :86

R
d

� Sd−1 → R. Then, its extension Ũ : SE(d) → R is87

given by88

Ũ (x,R) := U (x,Ra) (1)89

for all x ∈ R
d and all rotations R ∈ SO(d), and given90

reference axis a ∈ Sd−1. Throughout this article a is chosen91

as follows:92

d = 2 ⇒ a = (1, 0)T , d = 3 ⇒ a = (0, 0, 1)T . (2)93

Then, we can identify the joint space of positions and orien-94

tations R
d

� Sd−1 by95

R
d

� Sd−1 := SE(d)/({0} × SO(d − 1)), (3)96

where this quotient structure is due to (1), and where SO(d −97

1) is identified with all rotations on R
d that map reference98

axis a onto itself. Note that in Eq. (1) the tilde indicates we99

consider data on the group instead of data on the quotient.100

If d = 2, the tildes can be ignored as R
2

� S1 = SE(2).101

However, for d ≥ 3 this distinction is crucial and necessary102

details on (3) will follow in the beginning of Sect. 6.103

In this article, our quest is to find locally optimal differ-104

ential frames in SE(d) relying on similar Hessian- and/or105

structure-tensor type of techniques for gauge frames on106

images, recall Fig. 1. Then, the frames can be used to con-107

struct crossing-preserving differential invariants and adaptive108

diffusions of data in SE(d). In order to find these optimal109

frames, our main tool is the theory of curve fits. Early works110

on curve fits have been presented in [57] where the notion111

of curvature consistency is applied to inferring local curve112

orientations, based on neighborhood co-circularity continu-113

ation criteria. This approach was extended to 2D texture flow114

inference in [8], by lifting images in position and orientation115

domain and inferring multiple Cartan frames at each point.116

Our work is embedded in a Lie group framework where we117

consider the notion of exponential curve fits via formal vari-118

ational methods. Exponential curves in the SE(d)-curved119

geometry are the equivalents of straight1 lines in the Euclid-120

ean geometry. If d = 2, the spatial projection of these121

1 Exponential curves are auto-parallels w.r.t. ‘-’Cartan connection, see
Appendix 1, Eq. (132).

exponential curves are osculating circles, which are used 122

for constructing the curvature consistency in [57], for defin- 123

ing the tensor voting fields in [54], and for local modeling 124

association fields in [20]. If d = 3, the spatial projection of 125

exponential curves are spirals with constant curvature and 126

torsion. Based on co-helicity principles, similar spirals have 127

been used in neuroimaging applications [64] or for modeling 128

heart fibers [65]. In these works curve fits are obtained via 129

efficient discrete optimization techniques, which are beyond 130

the scope of this article. 131

In Fig. 3, we present an example for d = 2 of the overall 132

pipeline of including locally adaptive frames in a suitable 133

diffusion operators Φ acting in the lifted domain R
2

� S1. 134

For d > 2 the same pipeline applies. Here, an exponential 135

curve fit γ c∗
g (t) (in blue, with spatial projection in red) at a 136

group element g ∈ SE(d) is characterized by (g, c∗(g)), i.e., 137

a starting point g and an tangent vector c∗(g) that should be 138

aligned with the structures of interest. In essence, this paper 139

explains in detail how to compute c∗(g) as this will be the 140

principal direction the differential frame will be aligned with, 141

and then gives appropriate conditions for fixing the remaining 142

directions in the frame. 143

The main contribution of this article is to provide a 144

general theory for finding locally adaptive frames in the 145

roto-translation group SE(d), for d = 2, 3. Some prelim- 146

inary work on exponential curve fits of the second order on 147

SE(2) has been presented in [35,36,66]. In this paper we 148

formalize these previous methods (Theorems 2 and 3) and 149

we extend them to first-order exponential curve fits (Theo- 150

rem 1). Furthermore, we generalize both approaches to the 151

case d = 3 (Theorems 4, 5, 6, 7, and 8). All theorems 152

contain new results except for Theorems 2 and 3. The key 153

ingredient is to consider the fits as formal variational curve 154

optimization problems with exact solutions derived by spec- 155

tral decomposition of structure tensors and Hessians of the 156

data Ũ on SE(d). In the SE(3)-case we show that in order 157

to obtain torsion-free exponential curve fits with well-posed 158

projection on R
3

� S2, one must resign to a twofold opti- 159

mization algorithm. To show the potential of considering 160

these locally adaptive frames, we employ them in medical 161

image analysis applications, in improved differential invari- 162

ants and improved crossing-preserving diffusions. Here, we 163

provide for the first time coherence-enhancing diffusions via 164

3D invertible orientation scores [44,45], extending previous 165

methods [35,36,66] to the 3D Euclidean motion group. 166

1.1 Structure of the Article 167

We start the body of this article reviewing preliminary differ- 168

ential geometry tools in Sect. 2. Then, in Sect. 3 we describe 169

how a given exponential curve fit induces the locally adaptive 170

frame. In Sect. 4 we provide an introduction by reformu- 171

lating the standard gauge frames construction in images in 172
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Fig. 3 The overall pipeline of image processing f �→ Υ f via left-
invariant operators Φ. In this pipeline we construct an invertible
orientation score Wψ f (Sect. 7.1), we fit an exponential curve (Sect.
5,6), we obtain the gauge frame (Sect. 3 and Appendix 1), we construct a
non-linear diffusion, and finally we apply reconstruction (Sect. 7.1). The
main focus of this paper is curve fitting, where we compute per element

g = (x, y, θ) an exponential curve fit γ c∗
g (t) (in blue, with spatial pro-

jection in red) with tangent γ̇ c∗
g (0) = c∗(g) = (c1, c2, c3)T at g. Based

on this fit we construct for each g, a local frame {B1|g , B2|g , B3|g}
which are used in our operators Φ on the lift (here Φ is a non-linear
diffusion operator)

a group-theoretical setting. This gives a roadmap towards173

SE(2)-extensions explained in Sect. 5, where we deal with174

exponential curve fits of the first order in Sect. 5.2 computed175

via a structure tensor, and exponential curves fits of second176

order in Sect. 5.3 computed via the Hessian of the data Ũ . In177

the latter case we have two options for the curve optimiza-178

tion problem: one solved by the symmetric sum, and one by179

the symmetric product of the non-symmetric Hessian. The180

curve fits in SE(2) in Sect. 5 are extended to curve fits in181

SE(3) in Sect. 6. It starts with preliminaries on the quotient182

(3) and then it follows the same structure as the previous sec-183

tion. Here we present the twofold algorithm for computing184

the torsion-free exponential curve fits.185

In Sect. 7 we consider experiments regarding med-186

ical imaging applications and feasibility studies. We first187

recall the theory of invertible orientation scores needed for188

the applications. In the SE(2)-case we present crossing-189

preserving multi-scale vessel enhancing filters in retinal190

imaging, and in the SE(3)-case we include a proof of191

concept of crossing-preserving (coherence-enhancing diffu-192

sion) steered by gauge frames via invertible 3D orientation193

scores.194

Finally, there are 5 appendices. Appendix 1 supplements195

Sect. 3 by explaining the construction of the frame for196

d = 2, 3. Appendix 2 describes the geometry of neighbor-197

ing exponential curves needed for formulating the variational 198

problems. Appendix 3 complements the twofold approach in 199

Sect. 6. Appendix 4 provides the definition of the Hessian 200

used in the paper. Finally, Table 1 in Appendix 5 contains a 201

list of symbols, their explanations and references to the equa- 202

tion in which they are defined. We advise the reader to keep 203

track of this table. Especially, in the more technical sections: 204

Sects. 5 and 6. 205

2 Differential Geometrical Tools 206

Relating our data to data on the Euclidean motion group, via 207

Eq. (1), allows us to use tools from Lie group theory and 208

differential geometry. In this section we explain these tools 209

that are important for our notion of an exponential curve 210

fit to smooth data Ũ : SE(d) → R. Often, we consider 211

the case d = 2 for basic illustration. Later on, in Sect. 6, 212

we consider the case d = 3 and extra technicalities on the 213

quotient structure will enter. 214

2.1 The Roto-Translation Group 215

The data Ũ : SE(d) → R is defined on the group SE(d) of 216

rotations and translations acting on R
d . As the concatenation 217

123

Journal: 10851 MS: 0641 TYPESET DISK LE CP Disp.:2016/2/18 Pages: 36 Layout: Large



un
co

rr
ec

te
d

pr
oo

f

J Math Imaging Vis

of two rigid body motions is again a rigid body motion, the218

group SE(d) is equipped with the following group product:219

gg′ = (x,R)(x′,R′) = (Rx′ + x,RR′),220

with g = (x,R), g′ = (x′,R′) ∈ SE(d), (4)221

where we recognize the semi-direct product structure SE(d)222

= R
d

� SO(d), of the translation group R
d with rotation223

group SO(d) = {R ∈ R
d×d | RT = R−1, det R = 1}. The224

groups SE(d) and SO(d) have dimension225

rd := dim(SO(d)) = (d − 1)d

2
,226

nd := dim(SE(d)) = d(d + 1)

2
= d + rd . (5)227

Note that n2 = 3, n3 = 6. One may represent elements g228

from SE(d) by the following matrix representation229

g ≡ M(g) =
(

R x
0T 1

)
, which indeed satisfies230

M(g g′) = M(g)M(g′). (6)231

We will often avoid this embedding into the set of invertible232

(d +1)× (d +1)matrices, in order to focus on the geometry233

rather than the algebra.234

2.2 Left-Invariant Operators235

In image analysis applications operators Ũ �→ Φ̃(Ũ ) need236

to be left-invariant and not right-invariant [25,35]. Left-237

invariant operators Φ̃ in the extended domain correspond238

to rotation and translation invariant operators Υ in the image239

domain, which is a desirable property. On the other hand,240

right-invariance boils down to isotropic operators in the241

image domain which is an undesirable restriction. By defini-242

tion Φ̃ is left-invariant and not right-invariant if it commutes243

with the left-regular representation L (and not with the right-244

regular representation R). Representations L,R are given245

by246

(LhŨ )(g) = Ũ (h−1g), (RhŨ )(g) = Ũ (gh), (7)247

for all h, g ∈ SE(d). So operator Φ̃ must satisfy Φ̃ ◦ Lg =248

Lg ◦ Φ̃ and Φ̃ ◦ Rg �= Rg ◦ Φ̃ for all g ∈ SE(d).249

2.3 Left-Invariant Vector Fields and Dual Frame250

A special case of left-invariant operators are left-invariant251

derivatives. More precisely (see Remark 1 below), we need252

to consider left-invariant vector fields g �→ Ag , as the left-253

invariant derivative Ag depends on the location g where it is254

attached. Intuitively, the left-invariant vector fields {Ai }ni
i=1255

provide a local moving frame of reference in the tangent 256

bundle T (SE(d)), which comes in naturally when including 257

alignment of local orientations in the image processing of Ũ . 258

Formally, the left-invariant vector fields are obtained by 259

taking a basis {Ai }nd
i=1 ∈ Te(SE(d)) in the tangent space at 260

the unity element e := (0, I ), and then one uses the push- 261

forward (Lg)∗ of the left multiplication 262

Lgh = gh, (8) 263

to obtain the corresponding tangent vectors in the tangent 264

space Tg(SE(d)). Thus, one associates to each Ai a left- 265

invariant field Ai given by 266

Ai |g = (Lg)∗ Ai , for all g ∈ SE(d), i = 1, . . . , nd , (9) 267

where we consider each Ai as a differential operator on 268

smooth locally defined functions φ̃ given by 269

Ai |g φ̃ = (Lg)∗ Ai φ̃ := Ai (φ̃ ◦ Lg). 270

An explicit way to construct and compute the differential 271

operators Ai |g from Ai = Ai |e is via 272

Ai |g φ̃ = Ai φ̃(g) = lim
ε→0

φ̃(g eεAi )− φ̃(g)

ε
, (10) 273

where A �→ eA = ∑∞
k=0

Ak

k! denotes the matrix exponen- 274

tial from Lie algebra Te(SE(d)) to Lie group SE(d). The 275

differential operators {Ai }nd
i=1 induce a corresponding dual 276

frame {ωi }nd
i=1, which is a basis for the co-tangent bundle 277

T ∗(SE(d)). This dual frame is given by 278

〈ωi ,A j 〉 = δi
j for i, j = 1, . . . nd , (11) 279

where δi
j denotes the Kronecker delta. Then the derivative 280

of a differentiable function φ̃ : SE(d) → R is expressed as 281

follows: 282

dφ̃ =
nd∑

i=1

Ai φ̃ ω
i ∈ T ∗(SE(d)). (12) 283

Remark 1 In differential geometry, there exist two equivalent 284

viewpoints [3, Ch. 2] on tangent vectors Ag ∈ Tg(SE(d)): 285

either one considers them as tangents to locally defined 286

curves; or one considers them as differential operators on 287

locally defined functions. The connection between these 288

viewpoints is as follows. We identify a tangent vector ˙̃γ (t) ∈ 289

Tγ̃ (t)(SE(d)) with the differential operator ( ˙̃γ (t))(φ̃) := 290

d
dt φ̃(γ̃ (t)) for all locally defined, differentiable, real-valued 291

functions φ̃. 292
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Next we express tangent vectors explicitly in the left-293

invariant moving frame of reference, by taking a directional294

derivative:295

d

dt
φ̃(γ̃ (t)) = 〈dφ̃(γ̃ (t)), ˙̃γ (t)〉 =

nd∑
i=1

˙̃γ i (t) Ai |γ̃ (t) φ̃

(13)296

with ˙̃γ (t) =
nd∑

i=1

˙̃γ i (t) Ai |γ̃ (t), and with φ̃ smooth and297

defined on an open set around γ̃ (t). Eq. (13) will play a298

crucial role in Sect. 5 (exponential curve fits for d = 2) and299

Sect. 6 (exponential curve fits for d = 3).300

Example 1 For d = 2 we take A1 = ∂x |e, A2 = ∂y
∣∣
e,301

A3 = ∂θ |e. Then we have the left-invariant vector fields302

A1|(x,y,θ) := cos θ
∂

∂x

∣∣∣∣
(x,y,θ)

+ sin θ
∂

∂y

∣∣∣∣
(x,y,θ)

,303

A2|(x,y,θ) := − sin θ
∂

∂x

∣∣∣∣
(x,y,θ)

+ cos θ
∂

∂y

∣∣∣∣
(x,y,θ)

,304

A3|(x,y,θ) := ∂

∂θ

∣∣∣∣
(x,y,θ)

. (14)305

The dual frame is given by306

ω1 = cos θdx + sin θdy,307

ω2 = − sin θdx + cos θdy,308

ω3 = dθ. (15)309

For explicit formulas for left-invariant vector fields in SE(3)310

see [19,31].311

2.4 Exponential Curves in SE(d)312

Let (c(1), c(2))T ∈ R
d+rd = R

nd be a given column vector,313

where c(1) = (c1, . . . , cd) ∈ R
d denotes the spatial part and314

c(2) = (cd+1, . . . , cnd ) ∈ R
rd denotes the rotational part.315

The unique exponential curve passing through g ∈ SE(d)316

with initial velocity c(g) = ∑nd
i=1 ci Ai |g equals317

γ̃ c
g (t) = g e

t
nd∑
i=1

ci Ai
(16)318

with Ai = Ai |e denoting a basis of Te(SE(d)). In fact such319

exponential curves satisfy320

˙̃γ (t) =
nd∑

i=1

ci Ai |γ̃ (t) (17)321

and thereby have constant velocity in the moving frame of 322

reference, i.e., ˙̃γ i = ci in Eq. (13). A way to compute the 323

exponentials is via matrix exponentials and (6). 324

Example 2 If d = 2 we have exponential curves: 325

γ̃ c
g0
(t) = g0 et (c1A1+c2A2+c3A3) = (x(t), y(t), θ(t)), (18) 326

which are circular spirals with 327

x(t) = x0 + c1

c3

(
sin(c3t + θ0)− sin(θ0)

)
328

+ c2

c3

(
cos(c3t + θ0)− cos(θ0)

)
, 329

y(t) = y0 − c1

c3

(
cos(c3t + θ0)− cos(θ0)

)
330

+ c2

c3

(
sin(c3t + θ0)− sin(θ0)

)
, 331

θ(t) = θ0 + tc3, (19) 332

for the case c3 �= 0, and all t ≥ 0 and straight lines with 333

x(t) = x0 + t
(
c1 cos θ0 − c2 sin θ0

)
, 334

y(t) = y0 + t
(
c1 sin θ0 + c2 cos θ0

)
, 335

θ(t) = θ0, (20) 336

for the case c3 = 0, where g0 = (x0, y0, θ0) ∈ SE(2). See 337

the left panel in Fig. 4. 338

Example 3 For d = 3, the formulae for exponential curves 339

in SE(3) are given in for example [19,31]. Their spatial part 340

are circular spirals with torsion τ (t) = |c(1)·c(2)|
‖c(1)‖ κ(t) and 341

curvature 342

κ(t) = 1

‖c(1)‖2

(
cos(t‖c(2)‖) c(2) × c(1) 343

+ sin(t‖c(2)‖)
‖c(2)‖ c(2) × c(2) × c(1)

)
. (21) 344

Note that their magnitudes are constant: 345

|κ| = ‖c(1) × c(2)‖
‖c(1)‖2

and |τ | = |c(1) · c(2)| · |κ|
‖c(1)‖ . (22) 346

2.5 Left-Invariant Metric Tensor on SE(d) 347

We use the following (left-invariant) metric tensor: 348

Gμ

∣∣
γ̃
( ˙̃γ, ˙̃γ ) = μ2

d∑
i=1

| ˙̃γ i |2 +
nd∑

i=d+1

| ˙̃γ i |2, (23) 349
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Fig. 4 Left horizontal
exponential curve γ̃ c

g in SE(2)
with c = (1, 0, 1). Its projection
on the ground plane reflects
co-circularity, and the curve can
be obtained by a lift (30) from
its spatial projection. Right the
distribution � of horizontal
tangent vector fields as a
sub-bundle in the tangent bundle
T (SE(2))

where ˙̃γ = ∑nd
i=1

˙̃γ i Ai |γ̃ , and with stiffness parameter μ350

along any smooth curve γ̃ in SE(d). Now, for the special351

case of exponential curves, one has ˙̃γ i = ci is constant. The352

metric allows us to normalize the speed along the curves by353

imposing a normalization constraint354

‖c‖2
μ := ‖Mμc‖2

355

= μ2
d∑

i=1

|ci |2 +
nd∑

i=d+1

|ci |2356

= μ2‖c(1)‖2 + ‖c(2)‖2 = 1,357

with Mμ :=
(
μId 0

0 Ird

)
∈ R

nd×nd . (24)358

We will use this constraint in the fitting procedure in order359

to ensure that our exponential curves (17) are parameterized360

by Riemannian arclength t .361

2.6 Convolution and Haar Measure on SE(d)362

In general a convolution of data Ũ : SE(d) → R with kernel363

K̃ : SE(d) → R is given by364

(K̃ ∗ Ũ )(g) =
∫

SE(d)

K̃ (h−1g) Ũ (h) dμ(h)365

=
∫

Rd

∫
SO(d)

K̃ ((R′)−1(x − x′), (R′)−1R)366

dx′dμSO(d)(R′),367

with dμ(h) = dx′dμSO(d)(R′), (25)368

for all h = (x′,R′) ∈ SE(d), where Haar measure μ is the369

direct product of the usual Lebesgue measure on R
d with the370

Haar measure on SO(d).371

2.7 Gaussian Smoothing and Gradient on SE(d) 372

We define the regularized data 373

Ṽ := G̃s ∗ Ũ , (26) 374

where s = (sp, so) are the spatial and angular scales, respec- 375

tively, of the separable Gaussian smoothing kernel defined 376

by 377

G̃s(x,R) := GR
d

sp
(x) GSd−1

so
(Ra). (27) 378

This smoothing kernel is a product of the heat kernel 379

GR
d

sp
(x) = e

− ‖x‖2
4sp

(4πsp)d/2
on R

d centered at 0 with spatial scale 380

sp > 0, and a heat kernel GSd−1

so
(Ra) on Sd−1 centered 381

around a ∈ Sd−1 with angular scale so > 0. 382

By definition the gradient ∇Ũ of image data Ũ : 383

SE(d) → R is the Riesz representation vector of the deriv- 384

ative dŨ : 385

∇Ũ := G−1
μ dŨ =

d∑
i=1

μ−2Ai Ũ Ai +
nd∑

j=d+1

A jU A j 386

≡ Mμ−2(A1Ũ , . . . ,And Ũ )T , (28) 387

relying on Mμ as defined in (24). Here, following standard 388

conventions in differential geometry, G−1
μ denotes the inverse 389

of the linear map associated to the metric tensor (23). Then, 390

the Gaussian gradient is defined by 391

∇sŨ := ∇ Ṽ = ∇(G̃s ∗ Ũ ) = ∇G̃s ∗ Ũ . (29) 392

2.8 Horizontal Exponential Curves in SE(d) 393

Typically, in the distribution Ũ (e.g., if Ũ is an orientation 394

score of a gray-scale image) the mass is concentrated around 395

so-called horizontal exponential curves in SE(d) (see Fig. 3). 396

Next we explain this notion of horizontal exponential curves. 397
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A curve t �→ (x(t), y(t)) ∈ R
2 can be lifted to a curve398

t �→ γ̃ (t) = (x(t), y(t), θ(t)) in SE(2) via399

θ(t) = arg{ẋ(t)+ i ẏ(t)}. (30)400

Generalizing to d ≥ 2, one can lift a curve t �→ x(t) ∈ R
d

401

towards a curve t �→ γ (t) = (x(t),n(t)) in R
d

� Sd−1 by402

setting403

n(t) = ‖ẋ(t)‖−1ẋ(t).404

A curve t �→ x(t) can be lifted towards a family of lifted405

curves t �→ γ̃ (t) = (x(t),Rn(t)) into the roto-translation406

group SE(d) by setting Rn(t) ∈ SO(d) such that it maps407

reference axis a onto n(t):408

Rn(t)a = n(t) = ‖ẋ(t)‖−1ẋ(t). (31)409

Here we use Rn to denote any rotation that maps reference410

axis a onto n. Clearly, the choice of rotation is not unique for411

d > 2, e.g., if d = 3 then RnRa,αa = a regardless the value412

of α, where Ra,α denotes the counterclockwise 3D rotation413

about axis a by angle α.414

Next we study the implication of restriction (31) on the415

tangent bundle of SE(d).416

– For d = 2, we have restriction ẋ(t) = (ẋ(t), ẏ(t)) =417

‖ẋ(t)‖(cos θ(t), sin θ(t)), i.e.,418

˙̃γ ∈ �|γ̃ , with � = span{cos θ∂x + sin θ∂y, ∂θ }419

= span{A1,A3}, (32)420

where� denotes the so-called horizontal part of tangent421

bundle T (SE(2)). See Fig. 4.422

– For d = 3, we impose the constraint:423

˙̃γ (t) ∈ Δγ̃ (t), with Δ := span{A3,A4,A5}, (33)424

where A3 = n·∇R3 , since then spatial transport is always425

along n which is required for for (31).426

Curves γ̃ (t) satisfying the constraint (32) for d = 2, and (33)427

for d = 3 are called horizontal curves. Note that dim(Δ) =428

d.429

Next we study how the restriction applies to the particular430

case of exponential curves on SE(d).431

– For d = 2 horizontal exponential curves are obtained432

from (18), (19), (20) by setting c2 = 0.433

– For d = 3, we use a different reference axis a, and434

horizontal exponential curves are obtained from (16) by435

setting c1 = c2 = c6 = 0.436

If exponential curves are not horizontal, then we indicate how 437

much the local tangent of the exponential curve points outside 438

the spatial part of�, by a ‘deviation from horizontality angle’ 439

χ , which is given by 440

χ = arccos

(∣∣∣∣∣
c(1) · a
‖c(1)‖

∣∣∣∣∣
)
. (34) 441

Example 4 In case d = 2 we have n2 = 3, a = (1, 0)T . 442

The horizontal part of the tangent bundle� is given by (32), 443

and horizontal exponential curves are obtained from (18) by 444

setting c2 = 0. For exponential curves in general, we have 445

deviation from horizontality angle 446

χ = arccos

(∣∣∣∣∣
c1√|c1|2 + |c2|2

∣∣∣∣∣
)
. (35) 447

An exponential curve in SE(2) is horizontal if and only if 448

χ = 0. See Fig. 4, where in the left we have depicted a 449

horizontal exponential curve and where in the right we have 450

visualized distribution �. 451

Example 5 In case d = 3, we have n3 = 6, a = (0, 0, 1)T . 452

The horizontal part of the tangent bundle is given by (33), and 453

horizontal exponential curves are characterized by c3, c4, c5
454

whereas c1 = c2 = c6 = 0. By Eq. (22) these curves have 455

zero torsion |τ | = 0 and constant curvature
√
(c4)2+(c5)2

c3 and 456

thus they are planar circles. For exponential curves in general, 457

we have deviation from horizontality angle 458

χ = arccos

(∣∣∣∣∣
c3√|c1|2 + |c2|2 + |c3|2

∣∣∣∣∣
)
. 459

An exponential curve in SE(3) is horizontal if and only if 460

χ = 0 and c6 = 0. 461

3 From Exponential Curve Fits to Gauge Frames 462

on SE(d) 463

In Sects. 5 and 6 we will discuss techniques to find an expo- 464

nential curve γ̃ c
g (t) that fits the data Ũ : SE(d) → R locally. 465

Let c(g) = (γ̃ c
g )

′(0) be its tangent vector at g. 466

In this section we assume that the tangent vector c(g) = 467

(c(1)(g), c(2)(g))T ∈ Rd+rd = R
nd is given. From this vector 468

we will construct a locally adaptive frame {B1|g , . . . , Bnd

∣∣
g}, 469

orthonormal w.r.t. Gμ-metric in such a way that 470

1. the main spatial generator (A1 for d = 2 and Ad for 471

d > 2) is mapped onto B1|g = ∑nd
i=1 ci (g) Ai |g , 472

2. the spatial generators {Bi |g}d
i=2 are obtained from the 473

other left-invariant spatial generators {Ai |g}d
i=1 by a pla- 474

nar rotation of a onto c(1)

‖c(1)‖ by angle χ . In particular, if 475
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χ = 0, the other spatial generators do not change their476

direction. This allows us to still distinguish spatial gen-477

erators and angular generators in our adapted frame.478

Next we provide for each g ∈ SE(d) the explicit con-479

struction of a rotation matrix Rc(g) and a scaling by Mμ−1480

on Tg(SE(d)), which maps frame {A1|g , . . . , And

∣∣
g} onto481

{B1|g , . . . , Bnd

∣∣
g}.482

The construction for d > 2 is technical and provided in483

Theorem A in Appendix 1. However, the whole construction484

of the rotation matrix Rc via a concatenation of two sub-485

sequent rotations is similar to the case d = 2 that we will486

explain next.487

Consider d = 2 where the frames {A1,A2,A3} and488

{B1,B2,B3} are depicted in Fig. 5 The explicit relation489

between the normalized gauge frame and the left-invariant490

vector field frame is given by491

B := (Rc)T M−1
μ A, (36)492

with A := (A1,A2,A3)
T , B := (B1,B2,B3)

T , and with493

rotation matrix494

Rc = R2R1 ∈ SO(3), with495

R1 =
⎛
⎝ cosχ − sin χ 0

sin χ cosχ 0
0 0 1

⎞
⎠ , R2 =

⎛
⎝ cos ν 0 sin ν

0 1 0
− sin ν 0 cos ν

⎞
⎠ ,496

(37)497

Fig. 5 Locally adaptive frame {B1|g , B2|g , B3|g} (in blue) in
Tg(SE(2)) (with g placed at the origin) is obtained from frame
{A1|g , A2|g , A3|g} (in red) and c(g), via normalization and two sub-
sequent rotations Rc = R2R1, see Eq. (36), revealing deviation from
horizontality χ in R1, spherical angle ν in Eq. (37). Vector field A1
takes a spatial derivative in direction n, whereas B1 takes a derivative
along the tangent c of the local exponential curve fit

where the rotation angles are the deviation from horizontality 498

angle χ and the spherical angle 499

ν = arcsin

(
c3

‖c‖μ
)

∈ [−π/2, π/2]. 500

Recall that χ is given by (35). The multiplication M−1
μ A 501

ensures that each of the vector fields in the locally adaptive 502

frame is normalized w.r.t. the Gμ-metric, recall (23). 503

Remark 2 When imposing isotropy (w.r.t. the metric Gμ) in 504

the plane orthogonal to B1, there is a unique choice Rc map- 505

ping (1, 0, 0)T onto (μc1, μc2, c3)T such that it keeps the 506

other spatial generator in the spatial subspace of Tg(SE(2)) 507

(and with χ = 0 ⇔ B2 = μ−1A2). This choice is given by 508

(37). 509

The generalization to the d-dimensional case of the construc- 510

tion of a locally adaptive frame {Bi }nd
i=1 from {Ai }nd

i=1 and the 511

tangent vector c of a given exponential curve fit γ̃ c
g (·) to data 512

Ũ : SE(d) → R is explained in Theorem 7 in Appendix 1. 513

4 Exponential Curve Fits in R
d

514

In this section we reformulate the classical construction of 515

a locally adaptive frame to image f at location x ∈ R
d , in 516

a group-theoretical way. This reformulation seems technical 517

at first sight, but helps in understanding the formulation of 518

projected exponential curve fits in the higher dimensional Lie 519

group SE(d). 520

4.1 Exponential Curve Fits in R
d of the First Order 521

We will take the structure tensor approach [10,50], which 522

will be shown to yield first-order exponential curve fits. 523

The Gaussian gradient 524

∇s f = ∇Gs ∗ f, (38) 525

with Gaussian kernel 526

Gs(x) = (4πs)−d/2e− ‖x‖2

4s , (39) 527

is used in the definition of the structure matrix: 528

Ss,ρ( f ) = Gρ ∗ ∇s f (∇s f )T , (40) 529

with s = 1
2σ

2
s , and ρ = 1

2σ
2
ρ the scale of regularization typi- 530

cally yielding a non-degenerate and positive definite matrix. 531

In the remainder we use short notation Ss,ρ := Ss,ρ( f ). The 532

structure matrix appears in solving the following optimiza- 533

tion problem where for all x ∈ R
d we aim to find optimal 534

tangent vector 535
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c∗(x) = arg min
c∈R

d ,
‖c‖=1

∫

Rd

Gρ(x − x′)|∇s f (x′) · c|2dx′
536

= arg min
c∈R

d ,
‖c‖=1

cT Ss,ρ(x)c. (41)537

In this optimization problem we find the tangent c∗(x)which538

minimizes a (Gaussian) weighted average of the squared539

directional derivative |∇s f (x′) · c|2 in the neighborhood of540

x. The second identity in (41), which directly follows from541

the definition of the structure matrix, allows us to solve opti-542

mization problem (41) via the Euler–Lagrange equation543

Ss,ρ(x) c∗(x) = λ1c∗(x), (42)544

since the minimizer is found as the eigenvector c∗(x) with545

the smallest eigenvalue λ1.546

Now let us put Eq. (41) in group-theoretical form by refor-547

mulating it as an exponential curve fitting problem. This is548

helpful in our subsequent generalizations to SE(d). On R
d

549

exponential curves are straight lines:550

γ c
x (t) = x + expRd (tc) = x + tc, (43)551

and on T (Rd) we impose the standard flat metric tensor552

G(c,d) = ∑d
i=1 ci di . In (41) we replace the directional553

derivative by a time derivative (at t = 0) when moving over554

an exponential curve:555

c∗(x) = arg min
c∈Rd ,‖c‖=1∫

Rd

Gρ(x − x′)
∣∣∣∣ d

dt
(Gs ∗ f )(γ c

x′,x(t))

∣∣∣∣
t=0

∣∣∣∣
2

dx′,
(44)556

where557

t �→ γ c
x′,x(t) = γ c

x (t)− x + x′ = γ c
x′(t). (45)558

Because in (41) we average over directional derivatives in the559

neighborhood of x we now average the time derivatives over560

a family of neighboring exponential curves γ c
x′,x(t), which561

are defined to start at neighboring positions x′ but having the562

same spatial velocity as γ c
x (t). In R

d the distinction between563

γ c
x′,x(t) and γ c

x′(t) is not important but it will be in the SE(d)-564

case.565

Definition 1 Let c∗(x) ∈ Tx(R
d) be the minimizer in (44).566

We say γx(t) = x + expRd (tc∗(x)) is the first-order expo-567

nential curve fit to image data f : R
d → R at location x.568

4.2 Exponential Curve Fits in R
d of the Second Order 569

For second-order exponential curve fits we need the Hessian 570

matrix defined by 571

(Hs( f ))(x) = [
∂x j ∂xi (Gs ∗ f )(x)

]
, (46) 572

with Gs the Gaussian kernel given in Eq. (39). From now on 573

we use short notation Hs := Hs( f ). When using the Hessian 574

matrix for curve fitting we aim to solve 575

c∗(x) = arg min
c∈R

d ,
‖c‖=1

|cT Hs(x)c|. (47) 576

In this optimization problem we find the tangent c∗(x) 577

which minimizes the second-order directional derivative of 578

(Gaussian) regularized data Gs ∗ f . When all Hessian eigen- 579

values have the same sign we can solve the optimization 580

problem (47) via the Euler–Lagrange equation 581

Hs(x) c∗(x) = λ1c∗(x), (48) 582

and the minimizer is found as the eigenvector c∗(x) with the 583

smallest eigenvalue λ1. 584

Now, we can again put Eq. (47) in group-theoretical form 585

by reformulating it as an exponential curve fitting problem. 586

This is helpful in our subsequent generalizations to SE(d). 587

We again rely on exponential curves as defined in (43). In 588

(47) we replace the second-order directional derivative by a 589

second-order time derivative (at t = 0) when moving over 590

an exponential curve: 591

c∗(x) = arg min
c∈Rd ,‖c‖=1

∣∣∣ d2

dt2 (Gs ∗ f )(γ c
x (t))

∣∣∣
t=0

∣∣∣ . (49) 592

Remark 3 In general the eigenvalues of Hessian matrix Hs
593

do not have the same sign. In this case we still take c∗(g) as the 594

eigenvector with smallest absolute eigenvalue (representing 595

minimal absolute principal curvature), though this no longer 596

solves (47). 597

Definition 2 Let c∗(x) ∈ Tx(R
d) be the minimizer in (49). 598

We say γx(t) = x+ expRd (tc∗(x)) is the second-order expo- 599

nential curve fit to image data f : R
d → R at location x. 600

Remark 4 In order to connect optimization problem (49) 601

with the first-order optimization (44), we note that (49) can 602

also be written as an optimization over a family of curves 603

γ c
x′,x defined in (45): 604
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Fig. 6 Family of neighboring
exponential curves, given a fixed
point g ∈ SE(2) and a fixed
tangent vector
c = c(g) ∈ Tg(SE(2)). Left our
choice of family of exponential
curves γ c

h,g for neighboring
h ∈ SE(2). Right exponential
curves γ c

h with c = c(g) are not
suited for local averaging in our
curve fits. The red curves start
from g (indicated with a dot),
the blue curves from h �= g

c∗(x) = arg min
c∈R

d ,
‖c‖=1

∣∣∣∣∣∣∣
∫

Rd

Gs(x − x′) d2

dt2 ( f )(γ c
x′,x(t))

∣∣∣∣
t=0

∣∣∣∣∣∣∣
dx′,605

(50)606

because of linearity of the second-order time derivative.607

5 Exponential Curve Fits in SE(2)608

As mentioned in the introduction, we distinguish between609

two approaches: a first-order optimization approach based on610

a structure tensor on SE(2), and a second-order optimization611

approach based on the Hessian on SE(2). The first-order612

approach is new, while the second-order approach formalizes613

the results in [29,35]. They also serve as an introduction to614

the new, more technical, SE(3)-extensions in Sect. 6.615

All curve optimization problems are based on the idea616

that a curve (or a family of curves) fits the data well if a617

certain quantity is preserved along the curve. This preserved618

quantity is the data Ũ (γ̃ (t)) for the first-order optimization,619

and the time derivative d
dt Ũ (γ̃ (t)) or the gradient ∇Ũ (γ̃ (t))620

for the second-order optimization. After introducing a family621

of curves similar to the ones used in Sect. 4 we will, for all622

three cases, first pose an optimization problem, and then give623

its solution in a subsequent theorem.624

In this section we rely on the group-theoretical tools625

explained in Sect. 2 (only the case d = 2), listed in sub-626

tables E.1 and E.2 in our table of notations. Furthermore, we627

introduce notations listed in the first part of subtable E.3.628

5.1 Neighboring Exponential Curves in SE(2)629

Akin to (45) we fix reference point g ∈ SE(2) and velocity630

components c = c(g) ∈ R
3, and we shall rely on a family631

{γ̃ c
h,g} of neighboring exponential curves around γ̃ c

g . As we 632

will show in subsequent Lemma 1 neighboring curve γ̃ c
h,g 633

departs from h and has the same spatial and rotational veloc- 634

ity as the curve γ̃ c
g departing from g. This geometric idea 635

is visualized in Fig. 6, where it is intuitively explained why 636

one needs the initial velocity vector R̃h−1gc, instead of c in 637

the following definition for the exponential curve departing 638

from a neighboring point h close to g. 639

Definition 3 Let g ∈ SE(2) and c = c(g) ∈ R
3 be given. 640

Then we define the family {γ̃ c
h,g} of neighboring exponential 641

curves 642

t �→ γ̃ c
h,g(t) := γ̃

R̃h−1gc

h (t), (51) 643

with rotation matrix R̃h−1g ∈ SO(3) defined by 644

R̃h−1g :=
(
(R′)T R 0

0 1

)
, (52) 645

for all g = (x,R) ∈ SE(2) and all h = (x′,R′) ∈ SE(2), 646

with R,R′ ∈ SO(2) a counterclockwise rotation by, respec- 647

tively, angle θ and θ ′. 648

Lemma 1 Exponential curve γ̃ c
h,g departing from h ∈ 649

SE(2) given by (51) has the same spatial and angular veloc- 650

ity as exponential curve γ̃ c
g departing from g ∈ SE(2). 651

On the Lie algebra level, we have that the initial velocity 652

component vectors of the curves γ̃ c
g and γ̃ c

h,g relate via c �→ 653

R̃h−1gc. 654

On the Lie group level, we have that the curves themselves 655

γ̃ c
g (·) = (xg(·),Rg(·)), γ̃ c

h,g(·) = (xh(·),Rh(·)) relate via 656

xh(t) = xg(t)− x + x′, 657

Rh(t) = Rg(t)R−1R′ ⇔ θh(t) = θg(t)− θ + θ ′. (53) 658
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Proof The proof follows from the proof of a more general659

theorem on the SE(3) case which follows later (in Lemma 3).660

��661

Remark 5 Eq. (53) is the extension of Eq. (45) on R
2 to the662

SE(2) group.663

Additional geometric background is given in Appendix 2.664

5.2 Exponential Curve Fits in SE(2) of the First Order665

For first-order exponential curve fits we solve an optimization666

problem similar to (44) given by667

c∗(g) = arg min
c∈R

3,
‖c‖μ=1

∫
SE(2)

G̃ρ(h
−1g)

∣∣∣∣ d

dt
Ṽ (γ̃ c

h,g(t))

∣∣∣∣
t=0

∣∣∣∣
2

dμ(h),

(54)668

with Ṽ = G̃s ∗ Ũ , g = (x,R), h = (x′,R′) and dμ(h) =669

dx′dμSO(2)(R′) = dx′dθ ′. Here we first regularize the data670

with spatial and angular scale s = (sp, so) and then average671

over a family of curves where we use spatial and angular672

scale ρ = (ρp, ρo). Here sp, ρp > 0 are isotropic scales on673

R
2 and so, ρo > 0 are scales on S1 of separable Gaussian674

kernels, recall (27). Recall also (24) for the definition of the675

norm ‖ · ‖μ. When solving this optimization problem the676

following structure matrix appears677

Ss,ρ(Ũ ))(g) =
∫

SE(2)

G̃ρ(h
−1g)678

·R̃T
h−1g∇ Ṽ (h)(∇ Ṽ (h))T R̃h−1g dμ(h). (55)679

In the remainder we use short notation Ss,ρ := Ss,ρ(Ũ ). We680

assume that Ũ , ρ, s, and g are chosen such that Ss,ρ(g) is a681

non-degenerate matrix. The optimization problem is solved682

in the next theorem.683

Theorem 1 (First-Order Fit via Structure Tensor) The nor-684

malized eigenvector Mμc∗(g)with smallest eigenvalue of the685

rescaled structure matrix MμSs,ρ(g)Mμ provides the solu-686

tion c∗(g) to optimization problem (54).687

Proof We will apply four steps. In the first step we write688

the time derivative as a directional derivative, in the second689

step we express the directional derivative in the gradient. In690

the third step we put the integrand in matrix-vector form. In691

the final step we express our optimization functional in the692

structure tensor and solve the Euler–Lagrange equations.693

For the first step we use (51) and the fundamental property 694

(17) of exponential curves such that via application of (13): 695∣∣∣∣ d

dt

(
Ṽ (γ̃ c

h,g(t))
)∣∣∣∣

t=0

∣∣∣∣
2

=
∣∣∣〈dṼ |γ̃ c

h,g(0)
, ˙̃γ c

h,g(0)〉
∣∣∣2 696

=
∣∣∣〈dṼ |h, R̃h−1gc〉

∣∣∣2 , (56) 697

where we use short notation R̃h−1gc = ∑3
i=1(R̃h−1gc)iAi |h . 698

In the second step we use the definition of the gradient 699

(28) and the metric tensor (23) to rewrite this expression to 700∣∣∣〈dṼ |h, R̃h−1gc)〉
∣∣∣2 =

∣∣∣Gμ

∣∣
h (∇ Ṽ (h), R̃h−1gc)

∣∣∣2 . (57) 701

Then, in the third step we write this in vector-matrix form 702

and obtain 703∣∣∣Gμ

∣∣
h(∇ Ṽ (h), R̃h−1gc)

∣∣∣2 704

=
∣∣∣cT Mμ2 R̃T

h−1g∇ Ṽ (h)
∣∣∣2 705

= cT Mμ2 R̃T
h−1g∇ Ṽ (h)(∇ Ṽ (h))T R̃h−1gMμ2 c, (58) 706

where we used the fact that Mμ2 and R̃T
h−1g

commute. 707

Finally, we use the structure tensor definition (55) to 708

rewrite the convex optimization functional in (54) as 709

E(c) :=
∫

SE(2)

G̃ρ(h
−1g)

∣∣∣∣ d

dt
Ṽ (γ̃ c

h,g(t))

∣∣∣∣
t=0

∣∣∣∣
2

dμ(h) 710

= cT Mμ2 Ss,ρMμ2 c, (59) 711

while the boundary condition ‖c‖μ = 1 can be written as 712

ϕ(c) := cT Mμ2 c − 1 = 0. (60) 713

The Euler–Lagrange equation reads ∇E(c∗) = λ1∇ϕ(c∗), 714

with λ1 the smallest eigenvalue of MμSs,ρ(g)Mμ and we 715

have 716

Mμ2 Ss,ρ(g)Mμ2 c∗(g) = λ1 Mμ2 c∗(g) 717

� 718

MμSs,ρ(g)Mμ(Mμc∗(g)) = λ1(Mμc∗(g)), (61) 719

from which the result follows. �� 720

The next remark explains the frequent presence of the Mμ 721

matrices in (69). 722

Remark 6 The diagonal Mμ matrices enter the functional 723

due to the gradient definition (28), and they enter the bound- 724

ary condition via ‖c‖2
μ = cT Mμ2 c = 1. In both cases they 725

come from the metric tensor (23). Parameterμwhich controls 726

the stiffness of the exponential curves has physical dimension 727

[Length]−1. As a result, the normalized eigenvector Mμc∗(g) 728

is, in contrast to c∗(g), dimensionless. 729
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5.3 Exponential Curve Fits in SE(2) of the Second730

Order731

We now discuss the second-order optimization approach732

based on the Hessian matrix. At each g ∈ SE(2) we define733

a 3 × 3 non-symmetric Hessian matrix734

(Hs(Ũ ))(g) =
[
A jAi (Ṽ )(g)

]
, with Ṽ = G̃s ∗ Ũ , (62)735

and where i denotes the row index and j denotes the column736

index, and with G̃s a Gaussian kernel with isotropic spatial737

part as described in Eq. (27). In the remainder we write Hs :=738

Hs(Ũ ).739

Remark 7 As the left-invariant vector fields are non-com-740

mutative, there are many ways to define the Hessian matrix741

on SE(2), since the ordering of the left-invariant derivatives742

matters. From a differential geometrical point of view our743

choice (62) is correct, as we motivate in Appendix 4.744

For second-order exponential curve fits we consider 2 differ-745

ent optimization problems. In the first case we minimize the746

second-order derivative along the exponential curve:747

c∗(g) = arg min
c∈R3,‖c‖μ=1

∣∣∣∣ d2

dt2 Ṽ (γ̃ c
g (t))

∣∣∣∣
t=0

∣∣∣∣ . (63)748

In the second case we minimize the norm of the first-order749

derivative of the gradient of the neighboring family of expo-750

nential curves:751

c∗(g) = arg min
c∈R3,‖c‖μ=1

∫
SE(2)

G̃ρ(h
−1g)·

Gμ

(
d
dt ∇ Ṽ (γ̃ c

h,g(t))
∣∣∣
t=0

, d
dt ∇ Ṽ (γ̃ c

h,g(t))
∣∣∣
t=0

)
dμ(h),

(64)752

with again Ṽ = G̃s ∗ Ũ .753

Remark 8 Optimization problem (63) can also be written754

as an optimization problem over the neighboring family of755

curves, as it is equivalent to problem:756

c∗(g) = arg min
c∈R

3,
‖c‖μ=1

∣∣∣∣
∫

SE(2)

G̃s(h
−1g)

d2

dt2 Ũ (γ̃ c
h,g(t))

∣∣∣∣
t=0

dμ(h)

∣∣∣∣.

(65)757

In the next two theorems we solve these optimization prob-758

lems.759

Theorem 2 (Second-Order Fit via Symmetric Sum Hessian) 760

Let g ∈ SE(2) be such that the eigenvalues of the rescaled 761

symmetrized Hessian 762

1

2
M−1
μ (Hs(g)+ (Hs(g))T )M−1

μ 763

have the same sign. Then the normalized eigenvector 764

Mμc∗(g) with smallest eigenvalue of the rescaled sym- 765

metrized Hessian matrix provides the solution c∗(g) of 766

optimization problem (63). 767

Proof Similar to the proof of Theorem 1 we first write the 768

time derivative as a directional derivative using Eq. (13). 769

Since now we have a second-order derivative this step is 770

applied twice: 771

∣∣∣∣ d2

dt2 Ṽ (γ̃ c
g (t))

∣∣∣
t=0

∣∣∣∣ =
∣∣∣∣ d

dt

3∑
i=1

ciAi Ṽ (γ̃ c
g (t))

∣∣∣
t=0

∣∣∣∣ 772

=
∣∣∣∣

3∑
i, j=1

ci c jA j (Ai Ṽ )(g)

∣∣∣∣. (66) 773

Then we write the result in matrix-vector form and split the 774

matrix in a symmetric and anti-symmetric part 775∣∣∣∣∣∣
3∑

i, j=1

ci c jA j (Ai Ṽ )(g)

∣∣∣∣∣∣ =
∣∣∣cT Hs(g)c

∣∣∣ 776

=
∣∣∣∣12cT (Hs(g)+ (Hs(g))T )c 777

+ 1

2
cT (Hs(g)− (Hs(g))T )c

∣∣∣∣ 778

= 1

2

∣∣∣cT (Hs(g)+ (Hs(g))T )c
∣∣∣ , 779

(67) 780

where only the symmetric part remains. Finally, the optimiza- 781

tion functional in (63) (which is convex if the eigenvalues 782

have the same sign) can be written as 783

E(c) :=
∣∣∣∣ d2

dt2 Ṽ (γ̃ c
g (t))

∣∣∣∣
t=0

∣∣∣∣ 784

= 1

2

∣∣∣cT (Hs(g)+ (Hs(g))T )c
∣∣∣ . (68) 785

Again we have the boundary condition ϕ(c) = cT Mμ2 c − 786

1 = 0. The result follows using the Euler–Lagrange formal- 787

ism ∇E(c∗) = λ1∇ϕ(c∗): 788

1

2
(Hs(g)+ (Hs(g))T )c∗(g) = λ1 Mμ2 c∗(g) 789

⇔ 1

2
M−1
μ (Hs(g)+ (Hs(g))T )M−1

μ (Mμc∗(g)) 790

= λ1(Mμc∗(g)), (69) 791

123

Journal: 10851 MS: 0641 TYPESET DISK LE CP Disp.:2016/2/18 Pages: 36 Layout: Large



un
co

rr
ec

te
d

pr
oo

f

J Math Imaging Vis

which boils down to finding the eigenvector with minimal792

absolute eigenvalue |λ1| which gives our result. ��793

Theorem 3 (Second-Order Fit via Symmetric Product794

Hessian) Let ρp, ρo, sp, so > 0. The normalized eigenvec-795

tor Mμc∗(g) with smallest eigenvalue of matrix796

M−1
μ

∫
SE(2)

G̃ρ(h
−1g) · R̃

T
h−1g(H

s(h))T797

M−2
μ Hs(h)R̃h−1g dμ(h)M−1

μ (70)798

provides the solution c∗(g) of optimization problem (64).799

Proof First we use the definition of the gradient (28) and800

then we again rewrite the time derivative as a directional801

derivative:802

d

dt
∇ Ṽ (γ̃ c

h,g(t))

∣∣∣∣
t=0

= d

dt

3∑
i=1

Ai Ṽ (γ̃ c
g (t))μ

−2
i Ai |γ̃ c

g (t)

∣∣∣∣
t=0

803

=
3∑

i, j=1

c̃ jA jAi Ṽ (h)μ−2
i Ai |h (71)804

for c̃ = R̃h−1gc, recall (52), and where μi = μ for i = 1, 2805

and μi = 1 for i = 3. Here we use γ̃ c
h,g(0) = h, and the806

formula for left-invariant vector fields (10). Now insertion of807

(71) into the metric tensor Gμ (23) yields808

Gμ

(
d

dt
∇ Ṽ (γ̃ c

h,g(t))

∣∣∣∣
t=0

,
d

dt
∇ Ṽ (γ̃ c

h,g(t))

∣∣∣∣
t=0

)
809

= c̃T (Hs(h))T M−2
μ Hs(h)c̃810

= cT R̃
T
h−1g(H

s(h))T M−2
μ Hs(h)R̃h−1gc. (72)811

Finally, the convex optimization functional in (64) can be812

written as813

E(c) := cT
( ∫

SE(2)

G̃ρ(h
−1g) · R̃

T
h−1g(H

s(h))T814

M−2
μ Hs(h)R̃h−1g dμ(h)

)
c. (73)815

Again we have the boundary condition ϕ(c) = cT Mμ2 c −816

1 = 0 and the result follows by application of the Euler–817

Lagrange formalism: ∇E(c∗) = λ1∇ϕ(c∗). ��818

6 Exponential Curve Fits in SE(3)819

In this section we generalize the exponential curve fit theory820

from the preceding chapter on SE(2) to SE(3). Because our821

data on the group SE(3) was obtained from data on the quo- 822

tient R
3
� S2, we will also discuss projections of exponential 823

curve fits on the quotient. 824

We start in Sect. 6.1 with some preliminaries on the quo- 825

tient structure (3). Here we will also introduce the concept of 826

projected exponential curve fits. Subsequently, in Sect. 6.2, 827

we provide basic theory on how to obtain the appropriate 828

family of neighboring exponential curves. More details can 829

be found in Appendix 2. In Sect. 6.3 we formulate exponen- 830

tial curve fits of the first order as a variational problem. For 831

that we define the structure tensor on SE(3), which we use 832

to solve the variational problem in Theorems 4 and 5. Then 833

we present the twofold algorithm for achieving torsion-free 834

exponential curve fits. In Sect. 6.4 we formulate exponential 835

curve fits of the second order as a variational problem. Then 836

we define the Hessian tensor on SE(3), which we use to 837

solve the variational problem in Theorem 6. Again torsion- 838

free exponential curve fits are accomplished via a twofold 839

algorithm. 840

Throughout this section we will rely on the differential 841

geometrical tools of Sect. 2, listed in panels (a) and (b) in 842

Appendix 5. We also generalize concepts on exponential 843

curve fits introduced in the previous section to the case d = 3 844

(requiring additional notation). They are listed in panel (c) 845

in Appendix 5. 846

6.1 Preliminaries on the Quotient R
3

� S2
847

Now let us set d = 3, and let us assume input U is given and 848

let us first concentrate on its domain. This domain equals 849

the joint space R
3

� S2 of positions and orientations of 850

dimension 5, which we identified with a 5-dimensional group 851

quotient of SE(3), where SE(3) is of dimension 6 (recall (3)). 852

For including a notion of alignment it is crucial to include 853

the non-commutative relation in (4) between rotations and 854

translation, and not to consider the space of positions and 855

orientations as a flat Cartesian product. Therefore, we model 856

the joint space of positions and orientations as the Lie group 857

quotient (3), where 858

SO(2) ≡ Stab(a) = {R ∈ SO(3) | Ra = a} 859

for reference axis a = ez = (0, 0, 1)T . Within this quotient 860

structure two rigid body motions g = (x,R), g′ = (x′,R′) ∈ 861

SE(3) are equivalent if 862

g′ ∼ g ⇔ (g′)−1g ∈ {0} × SO(2) ⇔ 863

x − x′ = 0 and ∃Rez ,α∈SO(2) : (R′)−1R = Rez ,α. 864

Furthermore, one has the action � of g = (x,R) ∈ SE(3) 865

onto (y,n) ∈ R
3 × S2, which is defined by 866

g � (y,n) = (x,R)� (y,n) := (x + Ry,Rn). (74) 867
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As a result we have868

g′ ∼ g ⇔ g′ � (0, a) = g � (0, a).869

Thereby, a single element in R
3

� S2 can be considered as870

the equivalence class of all rigid body motions that map ref-871

erence position and orientation (0, a) onto (x,n). Similar872

to the common identification of S2 ≡ SO(3)/SO(2), we873

denote elements of the Lie group quotient R
3
� S2 by (x,n).874

6.1.1 Legal Operators875

Let us recall from Sect. 3 that exponential curve fits induce876

gauge frames. Note that both the induced gauge frame877

{B1, . . . ,B6} and the non-adaptive frame {A1, . . . ,A6} are878

defined on the Lie group SE(3), and cannot be defined on879

the quotient. Nevertheless, combinations of them can be well880

defined on R
3
�S2 (e.g.,�R3 = A2

1+A2
2+A2

3 is well defined881

on the quotient). This brings us to the definition of so-called882

legal operators, as shown in [30, Thm. 1]. In short, the oper-883

ator Ũ �→ Φ̃(Ũ ) is legal (left-invariant and well defined on884

the quotient) if and only if885

Φ̃ = Φ̃ ◦ Rhα for all α ∈ [0, 2π).886

Φ̃ ◦ Lg = Lg ◦ Φ̃ for all g ∈ SE(3), (75)887

recall (7), where888

hα := (0,Rez ,α). (76)889

with the Rez ,α the counterclockwise rotation about ez . Such890

legal operators relate one-to-one to operators Φ : L2(R
3

�891

S2) → L2(R
3

� S2) via892

U �→ Φ(U ) ↔ Ũ �→ Φ̃(Ũ ) = Φ̃(U ),893

relying consequently on (1).894

6.1.2 Projected Exponential Curve Fits895

Action (74) allows us to map a curve γ̃ (·) = (x(·),R(·)) in896

SE(3) onto a curve (x(·),n(·)) on R
3

� S2 via897

(x(t),n(t)) := γ̃ (t)� (0, ez) = (x(t),R(t) ez). (77)898

This can be done with exponential curve fits γ̃ c=c∗(g)
g (t) to899

define projected exponential curve fits.900

Definition 4 We define for g = (x,Rn) the projected expo-901

nential curve fit902

γ ∗
(x,n)(t) := γ̃

c∗(g)
g (t)� (0, ez). (78)903

Lemma 2 The projected exponential curve fit is well defined 904

on the quotient, i.e., the right-hand side of (78) is independent 905

of the choice of Rn s.t. Rnez = n, if the optimal tangent found 906

in our fitting procedure satisfies: 907

c∗(ghα) = ZT
α c∗(g), for all α ∈ [0, 2π ], (79) 908

and for all g ∈ SE(3), with 909

Zα :=
(

Rez ,α 0
0 Rez ,α

)
∈ SO(6). (80) 910

Proof For well-posed projected exponential curve fits we 911

need the right-hand side of (78) to be independent of Rn s.t. 912

Rnez = n, i.e., it should be invariant under g → ghα . There- 913

fore, we have the following constraint on the fitted curves: 914

915

γ̃
c∗(g)
g (t)� (0, ez) = γ̃

c∗(ghα)
ghα

(t)� (0, ez). (81) 916

Then the constraint on the optimal tangent (79) follows from 917

fundamental identity 918

(γ̃ c
ghα (·)) = γ̃ Zαc

g (·) hα, (82) 919

which holds2 for all hα . We apply this identity (82) to the 920

right-hand side of (81) and use the definition of � defined in 921

(74) yielding: 922

γ̃
c∗(g)
g (t)� (0, ez) = γ̃

Zαc∗(ghα)
g (t)hα � (0, ez) 923

� 924

γ̃
c∗(g)
g (t)� (0, ez) = γ̃

Zαc∗(ghα)
g (t)� (0, ez) 925

� 926

c∗(g) = Zαc∗(ghα). (83) 927

Finally our constraint (79) follows from ZT
α = Z−1

α . �� 928

6.2 Neighboring Exponential Curves in SE(3) 929

Here we generalize the concept of family of neighboring 930

exponential curves (45) in the R
d -case, and Definition 3 in 931

the SE(2)-case, to the SE(3)-case. 932

Definition 5 Given a fixed reference point g ∈ SE(3) and 933

velocity component c = c(g) = (c(1)(g), c(2)(g)) ∈ R
6, we 934

define the family {γ̃ c
h,g(·)} of neighboring exponential curves 935

by 936

t �→ γ̃ c
h,g(t) := γ̃

R̃h−1gc

h (t), (84) 937

2 Equation (82) follows from (122) in Appendix 2, by setting Q = Zα .
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Fig. 7 Illustration of the family of curves γ̃ c
h,g in SE(3). Left The

(spatially projected) exp-curve t �→ P
R3 γ̃ c

g (t), with g = (x,Rn) in red.
The frames indicate the rotation part PSO(3)γ̃

c
g (t), which for clarity we

depicted only at two time instances t . Middle neighboring exp-curve

t �→ γ̃ c
g,h(t) with h = (x′,Rn), x �= x′ in blue, i.e., neighboring

exp-curve departing with same orientation and different position. Right
exp-curve t �→ γ̃ c

g,h(t) with h = (x,Rn′ ), n′ �= n, i.e., the neighboring
exp-curve departing with same position and different orientation

with rotation matrix R̃h−1g ∈ SO(6) defined by938

R̃h−1g :=
(
(R′)T R 0

0 (R′)T R

)
, (85)939

for all g = (x,R), h = (x′,R′) ∈ SE(3).940

The next lemma motivates our specific choice of neighboring941

exponential curves. The geometric idea is visualized in Fig. 7942

and is in accordance with Fig. 6 on the SE(2)-case.943

Lemma 3 Exponential curve γ̃ c
h,g departing from h =944

(x′,R′) ∈ SE(3) given by (84) has the same spatial and945

rotational velocity as exponential curve γ̃ c
g departing from946

g = (x,R) ∈ SE(3).947

On the Lie algebra level, we have that the initial velocity948

component vectors of the curves γ̃ c
g and γ̃ c

h,g relate via c �→949

R̃h−1gc.950

On the Lie group level, we have that the curves themselves951

γ̃ c
g (·) = (xg(·),Rg(·)), γ̃ c

h,g(·) = (xh(·),Rh(·)) relate via952

xh(t) = xg(t)− x + x′,953

Rh(t) = Rg(t)R−1R′. (86)954

Proof See Appendix 2. ��955

Remark 9 Lemma 3 extends Lemma 1 to the SE(3) case.956

When projecting the curves γ̃ c
g and γ̃ c

h,g into the quotient,957

one has that curves γ̃ c
g � (0, a) and γ̃ c

h,g � (0, a) in R
3

� S2
958

carry the same spatial and angular velocity.959

Remark 10 In order to construct the family of neighboring960

exponential curves in SE(3), one applies the transformation961

c �→ R̃h−1gc in the Lie algebra. Such a transformation pre-962

serves the left-invariant metric:963

1 = G|γ̃ c
g (t)

( ˙̃γ c
g (t), ˙̃γ c

g (t)) = G|γ̃ c
h,g(t)

( ˙̃γ c
h,g(t), ˙̃γ c

h,g(t)),

(87) 964

for all h ∈ SE(3) and all t ∈ R. For further differential 965

geometrical details see Appendix 2. 966

6.3 Exponential Curve Fits in SE(3) of the First Order 967

Now let us generalize the first-order exponential curve fits of 968

Theorem 1 to the setting of R
3

� S2. Here we first consider 969

the following optimization problem on SE(3) (generalizing 970

(44)): 971

c∗(g) = arg min
c∈R

6,
‖c‖μ=1,

c6=0

∫
SE(3)

G̃ρ(h
−1g)

∣∣∣∣∣
d

dt
Ṽ (γ̃ c

h,g(t))

∣∣∣∣
2

t=0

∣∣∣∣∣ dμ(h),

(88) 972

Recall that ‖ · ‖μ was defined in (24), Ṽ in (26), and μ 973

in (25). The reason for including the condition c6 = 0 will 974

become clear after defining the structure matrix. 975

6.3.1 The Structure Tensor on SE(3) 976

We define structure matrices Ss,ρ of Ũ by 977

(Ss,ρ(Ũ ))(g) =
∫

SE(3)

G̃ρ(h
−1g) · R̃

T
h−1g∇s

978

Ũ (h)(∇sŨ (h))T R̃h−1gdμ(h), (89) 979

where we use matrix R̃h−1g defined in Eq. (85). Again we 980

use short notation Ss,ρ := Ss,ρ(Ũ ). 981
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Remark 11 By construction (1) and (10) we have982

(A6Ũ )(g) = lim
h↓0

Ũ (g eh A6)− Ũ (g)

h
= 0,983

so the null space of our structure matrix includes984

N := span{(0, 0, 0, 0, 0, 1)T }. (90)985

Remark 12 We assume that s = (sp, so) and function Ũ are986

chosen in such a way that the null space of the structure987

matrix is precisely equal to N (and not larger).988

Due to the assumption in Remark 12, we need to impose the989

condition990

c6 = 0 ⇔ ˙̃γ c
g (0) ∩ N = ∅ (91)991

in our exponential curve optimization to avoid non-uniqueness992

of solutions. To clarify this, we note that the optimization993

functional in (88) can be rewritten as994

E(c) := cT Mμ2 Ss,ρ(g)Mμ2 c,995

as we will show in the next theorem where we solve the996

optimization problem for first-order exponential curve fits.997

Indeed, for uniqueness we need (91) as otherwise we would998

have E(c + Mμ−2 c0) = E(c) for all c0 ∈ N .999

Theorem 4 (First-Order Fit via Structure Tensor) The nor-1000

malized eigenvector Mμc∗(g) with smallest non-zero eigen-1001

value of the rescaled structure matrix MμSs,ρ(g)Mμ pro-1002

vides the solution c∗(g) to optimization problem (88).1003

Proof All steps (except for the final step of this proof, where1004

the additional constraint c6 = 0 enters the problem) are anal-1005

ogous to the proof of the first-order method in the SE(2) case:1006

the proof of Theorem 1. We will now shortly repeat these first1007

steps. First we rewrite the time derivative as a directional1008

derivative which is then rewritten to the gradient1009

∣∣∣∣ d

dt

(
Ṽ (γ̃ c

h,g(t))
)∣∣∣∣

t=0

∣∣∣∣
2

=
∣∣∣〈dṼ |γ̃ c

h,g(0)
, ˙̃γ c

h,g(0)〉
∣∣∣21010

=
∣∣∣〈dṼ |h, R̃h−1gc〉

∣∣∣21011

=
∣∣∣Gμ

∣∣
h (∇ Ṽ (h), R̃h−1gc)

∣∣∣2. (92)1012

We then put this result in matrix-vector form:1013

∣∣∣Gμ

∣∣
h (∇ Ṽ (h), R̃h−1gc)

∣∣∣21014

= cT Mμ2 R̃T
h−1g(∇ Ṽ (h))(∇ Ṽ (h))T R̃h−1gMμ2 c. (93)1015

This again yields the following optimization functional 1016

E(c) =
∫

SE(3)
G̃ρ(h

−1g)

∣∣∣∣ d

dt
Ṽ (γ̃ c

h,g(t))

∣∣∣∣
t=0

∣∣∣∣
2

dμ(h) 1017

= cT Mμ2 Ss,ρ(g)Mμ2 c. (94) 1018

So, just as in the SE(2)-case we have the following Euler– 1019

Lagrange equations: 1020

Mμ2 Ss,ρ(g)Mμ2 c∗(g) = λ1 Mμ2 c∗(g) 1021

� 1022

MμSs,ρ(g)Mμ(Mμc∗(g)) = λ1 (Mμc∗(g)). (95) 1023

Again the second equality in (95) follows from the first by 1024

multiplication by M−1
μ . 1025

Finally, the constraint c6 = 0 is included in our opti- 1026

mization problem (88) to excluded the null space (90) from 1027

the optimization; therefore, we take the eigenvector with the 1028

smallest non-zero eigenvalue providing us the final result. �� 1029

6.3.2 Projected Exponential Curve Fits in R
3

� S2
1030

In reducing the problem to R
3

� S2 we first note that 1031

Ss,ρ(g hα) = ZT
α Ss,ρ(g)Zα, (96) 1032

with Zα defined in Eq. (80), and where we recall hα = 1033

(0,Rez ,α). 1034

In the following theorem we summarize the well-posed- 1035

ness of our projected curve fits on data U : R
3

� S2 → R 1036

and use the quotient structure to simplify the structure tensor. 1037

1038

Theorem 5 (First-Order Fit and Quotient Structure) Let g = 1039

(x,Rn) and h = (x′,Rn′) where Rn and Rn′ denote any 1040

rotation which maps ez onto n and n′, respectively. Then, the 1041

structure tensor defined by (89) can be expressed as 1042

Ss,ρ(g) = 2π
∫

R3

∫

S2

GR
3

sp
(x − x′) GS2

s0
(RT

n′n) 1043

R̃T
h−1g∇ Ṽ (h) (∇ Ṽ (h))T R̃h−1gdσ(n′)dx′. (97) 1044

The normalized eigenvector Mμc∗(x,Rn) with smallest non- 1045

zero eigenvalue of the rescaled structure matrix 1046

MμSs,ρ(g)Mμ provides the solution of (88) and defines a 1047

projected curve fit in R
3

� S2: 1048

γ ∗
(x,n)(t) =

(
γ̃

c∗(x,Rn)
(x,Rn)

(t)
)

� (0, ez), (98) 1049

which is independent of the choice of Rn′ and Rn. 1050
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Fig. 8 Volume rendering of a
3D test-image. The real part of
the orientation score
(cf. Sect. 7.1) provides us a
density U on R

3
� S2. Left

spatial parts of exponential
curves (in black) aligned with
spatial generator A3|(x,Rnmax (x))

,
where nmax(x) = argmax

n∈S2
|U (x,

n)|. Right spatial parts of our
exponential curve fits Eq. (104)
computed via the algorithm in
Sect. 6.3.3, which better follow
the curvilinear structures

Proof The proof consists of two parts. First we prove that1051

(97) follows from the structure tensor defined in (89). Then1052

we use Lemma 2 to prove that our projected exponential1053

curve fit (98) is well defined. For both we use Theorem 4 as1054

our venture point.1055

For the first part of the proof we note that the integrand in1056

the structure tensor definition Eq. (89) is invariant under h �→1057

hhα = h(0,Rez ,α) on the integration variable. To show this1058

we first note that, Zα defined in (80), satisfies Zα(Zα)T = I .1059

Furthermore, we have1060

∇ Ṽ (hhα) ≡ ZT
α∇ Ṽ (h), R̃

T
(hhα)−1g = R̃

T
h−1gZα1061

and G̃ρ(hhα) = G̃ρ(h). Therefore, integration over third1062

Euler-angle α is no longer needed in the definition of the1063

structure tensor (89) as it just produces a constant 2π factor.1064

For the second part we apply Lemma 2 and thereby it1065

remains to be shown that condition c∗(ghα) = ZT
α c∗(g) is1066

satisfied. This directly follows from (96):1067

Ss,ρ(g hα)c∗(g hα) = λ1c∗(g hα)1068

�1069

ZT
α Ss,ρ(g)Zαc∗(g hα) = λ1c∗(g hα)1070

�1071

Ss,ρ(g)
(
Zαc∗(g hα)

) = λ1
(
Zαc∗(g hα)

)
1072

�1073

Zαc∗(g hα) = c∗(g), (99)1074

which shows our condition. ��1075

6.3.3 Torsion-Free Exponential Curve Fits of the First1076

Order via a Twofold Approach1077

Theorem 4 provides us exponential curve fits that possi-1078

bly carry torsion. From Eq. (22) we deduce that the torsion1079

norm of such an exponential curve fit is given by |τ | =1080

1
‖c(1)‖ (c

1c4 + c2c5 + c3c6)|κ|. Together with the fact that 1081

we exclude the null space N from our optimization domain 1082

by including constraint c6 = 0, this results in insisting 1083

on zero torsion along horizontal exponential curves where 1084

c1 = c2 = 0. Along other exponential curves torsion appears 1085

if c1c4 + c2c5 �= 0. 1086

Now the problem is that insisting, a priori, on zero tor- 1087

sion for horizontal curves while allowing non-zero torsion 1088

for other curves is undesirable. On top of this, torsion is a 1089

higher order less-stable feature than curvature. Therefore, 1090

we would like to exclude it altogether from our exponential 1091

curve fits presented in Theorems 4 and 5, by a different theory 1092

and algorithm. The results of the algorithm show that even 1093

if structures do have torsion, the local exponential curve fits 1094

do not need to carry torsion in order to achieve good results 1095

in the local frame adaptation, see, e.g., Fig. 8. 1096

The constraint of zero torsion forces us to split our expo- 1097

nential curve fit into a twofold algorithm: 1098

Step 1 Estimate at g ∈ SE(3) the spatial velocity part 1099

c(1)(g) from the spatial structure tensor. 1100

Step 2 Move to a different location gnew ∈ SE(3) where a 1101

horizontal exponential curve fit makes sense and then 1102

estimate the angular velocity c(2) from the rotation 1103

part of the structure tensor over there. 1104

This forced splitting is a consequence of the next lemma. 1105

Lemma 4 Consider the class of exponential curves with 1106

non-zero spatial velocity c(1) �= 0 such that their spatial 1107

projections do not have torsion. Within this class the con- 1108

straint c6 = 0 does not impose constraints on curvature if 1109

and only if the exponential curve is horizontal. 1110

Proof For a horizontal curve γ̃ c
g (t) we have χ = 0 ⇔ c1 = 1111

c2 = 0 and indeed |τ | = c(1)·c(2)|κ|
‖c(1)‖ = (c3c6)|κ| = 0 and we 1112

see that constraints c6 = 0 and |τ | = 0 reduce to only one 1113
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constraint. The curvature magnitude stays constant along the1114

exponential curve and the curvature vector at t = 0, recall1115

Eq. (21), is in this case given by1116

κ(0) = 1

|c3|

⎛
⎝ c5c3

−c4c3

0

⎞
⎠ ,1117

which can be any vector orthogonal to spatial velocity c(1) =1118

(0, 0, c3)T . Now let us check whether the condition is nec-1119

essary. Suppose t �→ γ̃ c
g (t) is not horizontal, and suppose it1120

is torsion free with c6 = 0. Then we have c1c4 + c2c5 = 0,1121

as a result the initial curvature1122

κ(0) = 1

|c3|

⎛
⎝ c5c3

−c4c3

c4c2 − c1c5

⎞
⎠ ,1123

is both orthogonal to vector c(1) = (c1, c2, c3)T and orthog-1124

onal to (−c2, c1, 0)T , and thereby constrained to a one1125

dimensional subspace. ��1126

From these observations we draw the following conclusion1127

for our exponential curve fit algorithms.1128

Conclusion In order to allow for all possible curvatures1129

in our torsion-free exponential curve fits, we must relo-1130

cate the exponential curve optimization at g ∈ SE(3) in1131

Ũ : SE(3) → R to a position gnew ∈ SE(3) where a hori-1132

zontal exponential curve can be expected. Subsequently, we1133

can use Lemma 3 to transport the horizontal and torsion-free1134

curve through gnew, back to a torsion-free exponential curve1135

through g.1136

This conclusion is the central idea behind our following1137

twofold algorithm for exponential curve fits.1138

Algorithm Twofold Approach1139

The algorithm follows the subsequent steps:1140

Step 1a Initialization. Compute structure tensor Ss,ρ(g) from1141

input image U : R
3 × S2 → R

+ via Eq. (97).1142

Step 1b Find the optimal spatial velocity:1143

c(1)(g) = arg min
c(1)∈R

3,

‖c(1)‖=μ−1

{(
c(1)

0

)T

Mμ2 Ss,ρ(g)Mμ2

(
c(1)

0

)}
,

(100)1144

for g = (x,Rn), which boils down to finding the eigenvector1145

with minimal eigenvalue of the 3 × 3 spatial sub-matrix of1146

the structure tensor (89).1147

Step 2a Given c(1)(g) we aim for an auxiliary set of coeffi-1148

cients, where we also take into account rotational velocity. To1149

achieve this in a stable way we move to a different location 1150

in the group: 1151

gnew = (x,Rnnew), nnew = Rnc(1), (101) 1152

and apply the transport of Lemma 3 afterwards. At gnew, we 1153

enforce horizontality, see Remark 13 below, and we consider 1154

the auxiliary optimization problem 1155

cnew(gnew) = arg min
c∈R

6,
‖c‖μ=1,

c1=c2=c6=0

{
cT Mμ2 Ss,ρ(gnew)Mμ2 c

}
. (102) 1156

Here zero deviation from horizontality (34) and zero torsion 1157

(22) is equivalent to the imposed constraint: 1158

χ = 0 and |τ | = 0 ⇔ c1 = c2 = c6 = 0. 1159

Step 2b The auxiliary coefficients cnew(gnew) = (0, 0, 1160

c3(gnew), c4(gnew), c5(gnew), 0)T of a torsion-free, horizon- 1161

tal exponential curve fit γ̃ cnew
gnew through gnew. Now we apply 1162

transport (via Lemma 3) of this horizontal exponential curve 1163

fit towards the corresponding exponential curve through g: 1164

c∗
f inal(g) =

(
RT

n Rnnew 0
0 RT

n Rnnew

)
cnew(gnew). (103) 1165

This gives the final, torsion-free, exponential curve fit t �→ 1166

γ̃
c∗(g)
g (t) in SE(3), yielding the final output projected curve 1167

fit 1168

t �→
(
γ̃

c∗
f inal (g)

g (t)

)
� (0, ez) ∈ R

3 × S2, (104) 1169

with g = (x,Rn), recall Eq. (74). 1170

Remark 13 In step 2a of our algorithm we jump to a new 1171

location gnew = (x,Rnnew) with possibly different orienta- 1172

tion nnew such that spatial tangent vector 1173

3∑
i=1

ci Ai |(x,Rnnew )
, 1174

points in the same direction as nnew ∈ S2, recall Eq. (31), 1175

from which it follows that nnew is indeed given by (101). If 1176

c(1) = (c1, c2, c3)T = a = (0, 0, 1)T then nnew = n. 1177

Lemma 5 The preceding algorithm is well defined on the 1178

quotient R
3

� S2 = SE(3)/({0} × SO(2)). 1179

Proof To show that the preceeding algorithm is well defined 1180

on the quotient, we need to show that the final result (104) 1181

is independent on both the choice of of Rn ∈ SO(3) s.t. 1182
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Rnez = n and the choice of Rnnew ∈ SO(3) s.t. Rnnew ez =1183

nnew.1184

First, we show independence on the choice of Rn. We1185

apply Lemma 2 and thereby it remains to be shown that1186

condition c∗
final(ghα) = ZT

α c∗
final(g) is satisfied. This follows1187

directly from Eq. (103) if as long as nnew found in Step 2a1188

is independent of the choice of Rn. This property indeed fol-1189

lows from c(1)(ghα) = RT
ez ,α

c(1)(g) which can be proven1190

analogously to (99). Then we have1191

nnew(ghα) = RnRez ,αc(1)(ghα)1192

= RnRez ,αRT
ez ,α

c(1)(g) = nnew(g). (105)1193

So we conclude that (104) is indeed independent on the1194

choice of Rn.1195

Finally, Eq. (104) is independent of the choice of Rnnew .1196

This follows from cnew(ghα) = ZT
α cnew(g) in Step 2a. Then1197

c∗
final in Eq. (103) is independent of the choice of Rnnew1198

because ZT
α in cnew �→ ZT

α cnew is canceled by Rnew �→1199

RnewRez ,α in Eq. (103). ��1200

In Fig. 8 we provide an example of spatially projected1201

exponential curve fits in SE(3) via the twofold approach.1202

Here we see that the resulting gauge frames better follow1203

the curvilinear structures of the data (in comparison to the1204

normal left-invariant frame).1205

6.4 Exponential Curve Fits in SE(3) of the Second1206

Order1207

In this section we will generalize Theorem 2 to the case1208

d = 3, where again we include the restriction to torsion-1209

free exponential curves.1210

6.4.1 The Hessian on SE(3)1211

For second-order curve fits we consider the following opti-1212

mization problem:1213

c∗(g) = arg min
c∈R6,‖c‖μ=1,c6=0

∣∣∣ d2

dt2 Ṽ (γ c
g (t))

∣∣∣
t=0

∣∣∣ , (106)1214

with Ṽ = G̃s ∗ Ũ . Before solving this optimization problem1215

in Theorem 6, we first define the 6×6 non-symmetric Hessian1216

matrix by1217

(Hs(Ũ ))(g) = [A jAi (Ṽ )](g) , with Ṽ = G̃s ∗ Ũ (107)1218

and where i = 1, . . . , 6 denotes the row index, and j =1219

1, . . . , 6 denotes the column index. Again we write Hs :=1220

Hs(Ũ ).1221

Theorem 6 (Second-Order Fit via Symmetric Sum Hessian) 1222

Let g ∈ SE(3) be such that the symmetrized Hessian matrix 1223

1
2 M−1

μ (Hs(g) + (Hs(g))T )M−1
μ has eigenvalues with the 1224

same sign. Then the normalized eigenvector Mμc∗(g) with 1225

smallest absolute non-zero eigenvalue of the symmetrized 1226

Hessian matrix provides the solution c∗(g) of optimization 1227

problem (106). 1228

Proof Similar to the proof of Theorem 2 (only now with 1229

summations from 1 to 5). Again we include our additional 1230

constraint c6 = 0 by taking the smallest non-zero eigenvalue. 1231

�� 1232

Remark 14 The restriction to g ∈ SE(3) such that the eigen- 1233

values of the symmetrized Hessian carry the same sign is 1234

necessary for a unique solution of the optimization. Note 1235

that in case of our first-order approach via the positive defi- 1236

nite structure tensor, no such cumbersome constraints arise. 1237

In case g ∈ SE(3) is such that the eigenvalues of the sym- 1238

metrized Hessian have different sign there are 2 options: 1239

1. Move towards a neighboring point where the Hessian 1240

eigenvalues have the same sign and apply transport 1241

(Lemma 3, Fig. 7) of the exponential curve fit at the 1242

neighboring point. 1243

2. Take c∗(g) still as the eigenvector with smallest absolute 1244

eigenvalue (representing minimal absolute principal cur- 1245

vature), though this no longer solves (106). 1246

6.4.2 Torsion-Free Exponential Curve Fits of the Second 1247

Order via a Twofold Algorithm 1248

In order to obtain torsion-free exponential curve fits of the 1249

second order via our twofold algorithm, we follow the same 1250

algorithm as in Subsection 6.3.3, but now with the Hessian 1251

field Hs (107) instead of the structure tensor field. 1252

Step 1a Initialization. Compute Hessian Hs(g) from input 1253

image U : R
3 × S2 → R

+ via Eq. (107). 1254

Step 1b Find the optimal spatial velocity by (100) where we 1255

replace Mμ2 Ss,ρ(g)Mμ2 by Hs(g). 1256

Step 2a We again fit a horizontal curve at gnew given by (101). 1257

The procedure is done via (102) where we again replace 1258

Mμ2 Ss,ρ(g)Mμ2 by Hs(g). 1259

Step 2b Remains unchanged. We again apply Eq. (103) and 1260

Eq. (104). 1261

There are some serious computational technicalities in the 1262

efficient computation of the entries of the Hessian for discrete 1263

input data, but this is outside the scope of this article and will 1264

be pursued in future work. 1265

Remark 15 In Appendix 3 we propose another twofold 1266

second-order exponential curve fit method. Here one solves 1267
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Fig. 9 In black the spatially
projected part of exponential
curve fits t �→ γ c

g (t) of the
second kind (fitted to the real
part of the 3D invertible
orientation score, for details
see Fig. 10) of the 3D image
visualized via volume rendering.
Left output of the twofold
approach outlined in Sect. 6.4.2.
Right output of the twofold
approach outlined in
Appendix 3 with sp = 1

2 ,
so = 1

2 (0.4)
2, μ = 10

a variational problem for exponential curve fits where expo-1268

nentials are factorized over, respectively, spatial and angular1269

part. Empirically, this approach performs good (see, e.g.,1270

Fig. 9).1271

7 Image Analysis Applications1272

In this section we present examples of applications where the1273

use of gauge frame in SE(d) obtained via exponential curve1274

fits is used for defining data-adaptive left-invariant operators.1275

Before presenting the applications, we start by briefly sum-1276

marizing the invertible orientation score theory in Sect. 7.1.1277

In case d = 2 the application presented is the enhancing1278

of the vascular tree structure in 2D retinal images via differ-1279

ential invariants based on gauge frames. This is achieved by1280

extending the classical Frangi vesselness filter [37] to dis-1281

tributions Ũ on SE(2). Gauge frames in SE(2) can also be1282

used in non-linear multiple-scale crossing-preserving diffu-1283

sions as demonstrated in [66], but we will not discuss this1284

application in this paper.1285

In case d = 3 the envisioned applications include blood1286

vessel detection in 3D MR angiography, e.g., the detection1287

of the Adamkiewicz vessel, relevant for surgery planning.1288

Also in extensions towards fiber-enhancement of diffusion-1289

weighted MRI [30,31] the non-linear diffusions are of inter-1290

est. Some preliminary practical results have been conducted1291

on such 3D datasets [22,24,44], but here we shall restrict our-1292

selves to very basic artificial 3D datasets to show a proof of1293

concept, and leave these three applications for future work.1294

7.1 Invertible Orientation Scores1295

In the image analysis applications discussed in this section1296

our function U : R
d

� Sd−1 → R is given by the real part1297

of an invertible orientation score:1298

U (x,n) = Re{Wψ f (x,Rn)}, 1299

where Rn is any rotation mapping reference axis a onto n ∈ 1300

Sd−1, where f ∈ L2(R
d) denotes a input image, and where 1301

ψ is a so-called ’cake-wavelet’ and with 1302

Wψ f (x,Rn) =
∫

Rd

ψ(R−1
n (y − x)) f (y) dy. (108) 1303

For d > 2 we restrict ourselves to wavelets ψ satisfying 1304

ψ(R−1
a,αx) = ψ(x), for all x ∈ R

d (109) 1305

and for all rotations Ra,α ∈ Stab(a) (for d = 3 this means 1306

for all rotations about axis a, Eq. (2)). As a result U is well 1307

defined on the left cosets R
d
�Sd−1 = SE(d)/({0}×SO(d− 1308

1)) as the choice of Rn ∈ SO(d)mapping a onto n is irrele- 1309

vant. See Fig. 10 for an example of a 3D orientation score. 1310

If we restrict to disk-limited images, exact reconstruction 1311

is performed via the adjoint: 1312

f = W∗
ψWψ f 1313

= F−1

⎡
⎢⎣ω �→ 1

(2π)
d
2 Mψ(ω)

∫
SO(d)

F[Wψ f (·,R)](ω) 1314

Fψ(R−1ω)dμSO(d)(R)

⎤
⎥⎦ . (110) 1315

ifψ is an admissible wavelet. The condition for admissibility 1316

of wavelets ψ are given in [25]. In this article, the wavelets 1317

ψ are given either by the 2D ‘cake-wavelets’ used in [6,24] 1318

or by their recent 3D equivalents given in [44]. Detailed for- 1319

mulas and recipes to construct such wavelets efficiently can 1320
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Fig. 10 Visualization of one
iso-level of the real part of an
invertible orientation score of a
3D image created via the
cake-wavelet in Fig. 11

be found in [44] and in order to provide the global intuitive1321

picture they are depicted in Fig. 11.1322

In the subsequent sections we consider two types of oper-1323

ators acting on the invertible orientation scores (recall Φ in1324

the commuting diagram of Fig. 3):1325

1. for d = 2, differential invariants on orientation scores1326

based on gauge frames {B1,B2,B3}.1327

2. for d = 2, 3, non-linear adaptive diffusions steered along1328

the gauge frames, i.e.,1329

W (x,n, t) = W̃ (x,Rn, t) = Φt (Ũ )(x,Rn), (111)1330

where W̃ (g, t), with t ≥ 0, is the solution of1331

⎧⎨
⎩
∂W̃
∂t (g, t) =

nd∑
i=1

Dii (Bi )
2
∣∣
g W̃ (g, t),

W̃ (g, 0) = Ũ (g),
(112)1332

where the gauge frame is induced by an exponential curve 1333

fit to data Ũ at location g ∈ SE(d). 1334

7.2 Experiments in SE(2) 1335

We consider the application of enhancing and detecting the 1336

vascular tree structure in retinal images. Such image process- 1337

ing task is highly relevant as the retinal vasculature provides 1338

non-invasive observation of the vascular system. A variety 1339

of diseases such as glaucoma, age-related macular degenera- 1340

tion, diabetes, hypertension, arteriosclerosis, or Alzheimer’s 1341

affect the vasculature and may cause functional or geomet- 1342

ric changes [43]. Automated quantification of these defects 1343

promises massive screenings for vascular-related diseases on 1344

the basis of fast and inexpensive retinal photography. To 1345

automatically assess the state of the retinal vascular tree, 1346

vessel segmentation is needed. Because retinal images usu- 1347

ally suffer from low contrast on small scales, the vasculature 1348
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Fig. 11 Visualization of
cake-wavelets in 2D (top) and
3D (bottom). In 2D we fill up
the ‘pie’ of frequencies with
overlapping “cake pieces,” and
application of an inverse DFT
(see [6]) provides wavelets
whose real and imaginary parts
are, respectively, line and edge
detectors. In 3D we include
anti-symmetrization and the
Funk transform [23] on L2(S2)

to obtain the same, see [44]. The
idea is to redistribute spherical
data from orientations towards
circles laying in planes
orthogonal to those orientations.
Here, we want the real part of
our wavelets to be line detectors
(and not plate detectors) in the
spatial domain. In the figure one
positive iso-level is depicted in
orange and one negative
iso-level is depicted in blue

in the images needs to be enhanced prior to the segmenta-1349

tion. One well-established approach is the Frangi vesselness1350

filter [37] which is used in robust retinal vessel segmenta-1351

tion methods [15,53]. However, a drawback of the Frangi1352

filter is that it cannot handle crossings or bifurcations that1353

make up an important part of the vascular network. This is1354

precisely where the orientation score framework and the pre-1355

sented locally adaptive frame theory comes into play.1356

The SE(2)-vesselness filter, extending Frangi vesselness1357

[37] to SE(2) (cf. [42]) and based on the locally adapted1358

frame {B1,B2,B3} is given by the following left-invariant1359

operator:1360

Φ(Ũ ) =

⎧⎪⎨
⎪⎩

e
− R2

2σ2
1

(
1 − e

− S
2σ2

)
if Q ≥ 0,

0 if Q < 0.
,1361

with anisotropy measure: R = B 2
1 Ũ

B 2
2 Ũ + B 2

3 Ũ
,1362

structureness: S = (B 2
1 Ũ )2 + (B 2

2 Ũ + B 2
3 Ũ )2,1363

convexity: Q = B 2
2 U + B 2

3 U , (113)1364

withσ1 = 1
2 andσ2 = 0.2‖B 2

2 Ũ +B 2
3 Ũ‖∞. Here the decom- 1365

position of the vesselness in structureness, anisotropy, and 1366

convexity follows the same general principles of the ves- 1367

selness. As in vessels are line-like structures, we use the 1368

exponential curve fits of second order obtained via the sym- 1369

metric product of the Hessian (i.e., solving the optimization 1370

problem in Theorem 3). 1371

Similarly to the vesselness filter [37], we need a mecha- 1372

nism to robustly deal with vessels of different width. This is 1373

why for this application we extend the (all-scale) orientation 1374

scores to multiple-scale invertible orientation scores. Such 1375

multiple-scale orientation scores [66] coincide with wavelet 1376

transforms on the similitude group SI M(2) = R
2
�SO(2)× 1377

R
+, where one uses a B-spline [33,72] basis decomposition 1378

along the log-radial axis in the Fourier domain. In our exper- 1379

iments we used N = 4, 12, or 20 orientation layers and a 1380

decomposition centered around M = 4 discrete scales al 1381

given by 1382

al = aminel (M−1)−1 log(amax/amin), (114) 1383

l = 0, . . . ,M − 1 where amax is inverse proportional to 1384

the Nyquist-frequency ρn and amin close to the inner scale 1385
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Fig. 12 From left to right: retinal image f (from HRF database), multi-scale vesselness filtering results for the multi-scale Frangi vesselness filter
on R

2, our SI M(2)-vesselness via invertible multi-scale orientation score based on left-invariant frame {A1,A2,A3}, and based on adaptive frame
{B1,B2,B3}

[34] induced by sampling (see [66] for details). Then, the1386

multiple-scale orientation score is given by the following1387

wavelet transform Wψ f : SI M(2) → C:1388

Wψ f (x, θ, a) =
∫

Rd

ψ(a−1R−1
θ (y − x)) f (y) dy, (115)1389

and we again set U := Re{Wψ f }. Finally we define the total1390

integrated multiple-scale SI M(2)-vesselness by1391

(ΦSI M(2)(U ))(x)1392

:= μ−1∞
M−1∑
i=0

μ−1
i,∞

N∑
j=1

(Φ(U (·, ·, ·, ai )))(x, θ j ), (116)1393

where SE(2)-vesselness operator Φ is given by Eq. (113),1394

and whereμ∞ andμi,∞ denote maxima w.r.t. sup-norm‖·‖∞1395

taken over the subsequent terms.1396

Note that another option for constructing a SI M(2)-1397

vesselness is to use the non-adaptive left-invariant frame1398

{A1,A2,A3} instead of the gauge frame. This non-adaptive1399

SE(2)-vesselness operator is obtained by simply replac-1400

ing the Bi operators by the Ai operators in Eq. (113)1401

accordingly.1402

The aim of the experiments presented in this section is to1403

show the following advantages:1404

Advantage 1 The improvement of considering the mul-1405

tiple-scale vesselness filter via gauge frames1406

in SE(2), compared to multiple-scale ves-1407

selness [37] acting directly on images.1408

Advantage 2 Further improvement when using the gauge1409

frames instead of using the left-invariant vec-1410

tor fields in SE(2)-vesselness (113).1411

In the following experiment, we test these 3 tech-1412

niques (Frangi vesselness [37], SI M(2)-vesselness via the1413

non-adaptive left-invariant frame, and the newly proposed1414

SI M(2)-vesselness via gauge frames) on the publically1415

available3 High-Resolution Fundus (HRF) dataset [49], 1416

containing manually segmented vascular trees by medical 1417

experts. The HRF dataset consists of wide-field fundus pho- 1418

tographs for a healthy, diabetic retinopathy and a glaucoma 1419

group (15 images each). A comparison of the 3 vesselness 1420

filters on a small patch is depicted in Fig. 12. Here, we see 1421

that our method performs better both at crossing and non- 1422

crossing structures. 1423

To perform a quantitative comparison, we devised a simple 1424

segmentation algorithm to turn a vesselness filtered image 1425

V( f ) into a segmentation. First an adaptive thresholding is 1426

applied, yielding a binary image 1427

fB = Θ
([V( f )− Gγ ∗ V( f )] − h

)
, (117) 1428

where Θ is the unit step function, Gγ is a Gaussian of 1429

scale γ = 1
2σ

2 � 1 and h is a threshold parameter. In 1430

a second step, the connected morphological components in 1431

fB are subject to size and elongation constraints. Compo- 1432

nents counting less than τ pixels or showing elongations 1433

below a threshold ν are removed. Parameters γ, τ , and ν 1434

are fixed at 100 px, 500 px, and 0.85, respectively. The ves- 1435

selness map V( f ) : R
2 → R is one of the three methods 1436

considered. 1437

The segmentation algorithm described above is evaluated 1438

on the HRF dataset. Average sensitivity and accuracy over 1439

the whole dataset are shown in Fig. 13 as a function of 1440

the threshold value h. It can be observed that our method 1441

performs considerably better than the one based on the multi- 1442

scale Frangi filter. The segmentation results obtained with 1443

SI M(2)-vesselness (116) based on gauge frames are more 1444

stable w.r.t variations in the threshold h and the performance 1445

on the small vasculature has improved as measured via the 1446

sensitivity. Average sensitivity and accuracy at a threshold 1447

of h = 0.05 compare well with other segmentation meth- 1448

ods evaluated on the HRF dataset for the healthy cases (see 1449

[15, Tab. 5], [42]). On the diabetic retinopathy and glaucoma 1450

3 cf. http://www5.cs.fau.de/research/data/fundus-images/.
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Fig. 13 Left comparison of multiple-scale Frangi vesselness and
SI M(2)-vesselness via gauge frames. Average accuracy and sensitivity
on the HRF dataset over threshold values h. Shaded regions correspond

to ±1 σ . Right comparing of SI M(2)-vesselness with and without
including the gauge frame (i.e. using {A1,A2,A3} in Eq. (113))

Fig. 14 Center original image from HRF dataset (healthy subject
nr. 5). Rows the soft-segmentation (left) and the corresponding perfor-
mance maps (right) based on the hard segmentation (117). In green true
positives, in blue true negatives, in red false positives, compared to man-
ual segmentation by expert. First row SI M(2)-vesselness (116) based
on non-adaptive frame {A1,A2,A3}. Second row SI M(2)-vesselness
(116) based on the gauge frame

group, our method even outperforms existing segmentation1451

methods.1452

Finally, regarding the second advantage we refer to1453

Fig. 14, where the SI M(2)-vesselness filtering via the locally1454

adaptive frame produces a visually much more appeal- 1455

ing soft-segmentation of the blood vessels than SI M(2)- 1456

vesselness filtering via the non-adaptive frame. It therefore 1457

also produces a more accurate segmentation as can be 1458

deducted from the comparison in Fig. 13. For comparison, 1459

the multiscale Frangi vesselness filter is also computed via 1460

summation over single-scale results and max-normalized. 1461

Generally, we conclude from the experiments that the locally 1462

adaptive frame approach better reduces background noise, 1463

showing much less false positives in the final segmentation 1464

results. This can be seen from the typical segmentation results 1465

on relatively challenging patches in Fig. 15. 1466

7.3 Experiments in SE(3) 1467

We now show first results of the extension of coherence- 1468

enhancing diffusion via invertible orientation scores (CEDOS 1469

[36]) of 2D images to the 3D setting. Again, data are 1470

processed according to Fig. 3. First, we construct an orien- 1471

tation score according to (108), using the 3D cake-wavelets 1472

(Fig. 11). For determining the gauge frame we use the first- 1473

order structure tensor method in combination with Eq. (118) 1474

in Appendix 1. In CEDOS we have Φ = Φt , as defined in 1475

(111) and (112), which is a diffusion along the gauge frame. 1476
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Fig. 15 Two challenging
patches (one close to the optic
disk and one far away from the
optic disk processed with the
same parameters). The gauge
frame approach typically
reduces false positives (red) on
the small vessels, and increases
false negatives (blue) at the
larger vessels. The top patch
shows a missing hole at the top
in the otherwise reasonable
segmentation by the expert

The diffusion in CEDOS can enhance elongated struc-1477

tures in 3D data while preserving the crossings as can be1478

seen in the two examples in Fig. 16. In these experiments1479

as well as in the example used in Figs. 8, 9, and 10, we1480

used the following 3D cake-wavelet parameters for construct-1481

ing the 3D invertible orientation scores: N0 = 42, sφ =1482

0.7, k = 2, N = 20, γ = 0.85, L = 16 evaluated on a1483

grid of 21 × 21 × 21 pixels, for details see [44]. The set-1484

tings for tangent vector estimation using the structure tensor1485

are sp = 1
2 (1.5)

2, s0 = 0, ρo = 1
2 (0.8)

2, and μ = 0.5.1486

We used ρp = 1
2 (2)

2 for the first dataset (Fig. 16 top), and1487

ρp = 1
2 (3.5)

2 for the second dataset (Fig. 16 bottom). For1488

the diffusion we used t = 2.5, D11 = D22 = 0.01, D33 =1489

1, D44 = D55 = D66 = 0.04, where the diffusion matrix is1490

given w.r.t. gauge frame {B1,B2,B3,B4,B5,B6}, and nor-1491

malized frame {μ−1A1, μ
−1A2, μ

−1A3,A4,A5,A6}.1492

The advantages of including the gauge frames w.r.t. the1493

non-adaptive frame can be better appreciated in Fig. 17. Here,1494

we borrow from the neuroimaging community the glyph1495

visualization, a standard technique for displaying distribu-1496

tions U : R
3 × S2 → R

+. In such visualizations every1497

voxel contains a spherical surface plot (a glyph) in which1498

the radial component is proportional to the output value of1499

the distribution at that orientation, and the colors indicate the1500

orientations. One can observe that diffusion along the gauge1501

frames include better adaptation for curvature. This is mainly1502

due to the angular part in the B3-direction, cf. Fig. 18, which1503

includes curvature, in contrast to A3-direction. The angular1504

part in B3 causes some additional angular blurring leading to1505

more isotropic glyphs.1506

8 Conclusion1507

Locally adaptive frames (‘gauge frames’) on images based1508

on the structure tensor or Hessian of the images are ill-posed1509

at the vicinity of complex structures. Therefore, we create1510

locally adaptive frames on distributions on SE(d), d = 2, 3 1511

that extend the image domain (with positions and orienta- 1512

tions). This gives rise to a whole family of local frames per 1513

position, enabling us to deal with crossings and bifurcations. 1514

In order to generalize gauge frames in the image domain 1515

to gauge frames in SE(d), we have shown that exponential 1516

curve fits gives rise to suitable gauge frames. We distin- 1517

guished between exponential curve fits of the first order and 1518

of the second order: 1519

1. Along the first-order exponential curve fits, the first-order 1520

variation of the data (on SE(d)) along the exponential 1521

curve is locally minimal. The Euler–Lagrange equations 1522

are solved by finding the eigenvector of the structure ten- 1523

sor of the data, with smallest eigenvalue. 1524

2. Along the second-order exponential curve fits, a second- 1525

order variation of the data (on SE(d)) along the expo- 1526

nential curve is locally minimal. The Euler–Lagrange 1527

equations are solved by finding the eigenvector of the 1528

Hessian of the data, with smallest eigenvalue. 1529

In SE(2), the first-order approach is new, while the second- 1530

order approach formalizes previous results. In SE(3), these 1531

two approaches are presented for the first time. Here, it is 1532

necessary to include a restriction to torsion-free exponential 1533

curve fits in order to be both compatible with the null space 1534

of the structure/Hessian tensors and the quotient structure of 1535

R
3

� S2. We have presented an effective twofold algorithm 1536

to compute such torsion-free exponential curve fits. Exper- 1537

iments on artificial datasets show that even if the elongated 1538

structures have torsion, the gauge frame is well adapted to 1539

the local structure of the data. 1540 3
Finally, we considered the application of a differential 1541

invariant for enhancing retinal images. Experiments show 1542

clear advantages over the classical vesselness filter [37]. Fur- 1543

thermore, we also show clear advantages of including the 1544

gauge frame over the standard left-invariant frame in SE(2). 1545

Regarding 3D image applications, we managed to construct 1546
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Fig. 16 Results of CEDOS
with and without the use of
gauge frames, on 3D artificial
datasets containing highly
curved structures. Gauge frames
are obtained, see Appendix 1,
via 1st order exponential curve
fits using the twofold algorithm
of Sect. 6.3.3. a 3D data. b Slice
of data. c Curve fits. d
Slice+Noise. e Gauge. f No
gauge. g 3D data. h Data slice. i
Curve fits. j Slice+Noise. k
Gauge. l No gauge
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Fig. 17 Glyph visualization
(see text) of the absolute value
of the diffused orientation
scores with and without the use
of gauge frames in the the
artificial dataset depicted in
Fig. 16 top. a Data. b Data &
Rician Noise. c Enhanced using
frame {B1, . . . ,B6}. d Enhanced
using frame {A1, . . . ,A6}

and implement crossing-preserving coherence-enhancing1547

diffusion via invertible orientation scores (CEDOS), for the1548

first time. However, it has only been tested on artificial1549

datasets. Therefore, in future work we will study the use of1550

locally adaptive frames in real 3D medical imaging appli-1551

cations, e.g., in 3D MR angiography [45]. Furthermore,1552

in future work we will apply the theory of this work and4 1553

focus on the explicit algorithms, where we plan to release1554

Mathematica implementations of locally adaptive frames in1555

SE(3).1556
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Appendix 1: Construction of the Locally Adaptive 1565

Frame from an Exponential Curve Fit 1566

Let γ̃ c
g (t) = g e

t
nd∑
i=1

ci Ai
be an exponential curve through g 1567

that fits data Ũ : SE(d) → R at g ∈ SE(d) in Lie group 1568

SE(d) of dimension nd = d(d + 1)/2. In Sect. 5 (d = 2), 1569

and in Sect. 6 (d = 3), we provide theory and algorithms to 1570

derive such curves. In this section we assume γ c
g (·) is given. 1571

Recall from (17) that the (physical) velocity at time t of the 1572

exponential curve γ̃ c
g equals (γ̃ c

g )
′(t) = ∑nd

i=1 ci Ai |g=γ̃ c
g (t)

. 1573

Recall that the spatial and, respectively, rotational compo- 1574

nents of the velocity are stored in the vectors 1575

c(1) = (c1, . . . , cd)T ∈ R
d , 1576

c(2) = (cd+1, . . . , cnd )T ∈ R
rd . 1577

Let us write c =
(

c(1)

c(2)

)
∈ R

nd , with nd = d + rd . 1578
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Akin to the case d = 2 discussed in the introduction, we1579

define the Gauge frame via B := (Rc)T M−1
μ A, but now with1580

B = (B1, . . . ,Bnd )
T , A = (A1, . . . ,And )

T ,1581

Mμ =
(
μId 0

0 Ird

)
, and Rc = R2R1 ∈ SO(nd). (118)1582

For explicit formulae of the left-invariant vector fields in the1583

d-dimensional case we refer to [32].1584

Now R1 is the counterclockwise rotation that rotates the1585

spatial reference axis

(
a
0

)
, recall our convention (2), onto1586

(
μ‖c(1)‖a

c(2)

)
strictly within the 2D plane spanned by these1587

two vectors. Rotation R2 is the counterclockwise rotation1588

that rotates

(
μ‖c(1)‖a

c(2)

)
onto

(
μc(1)

c(2)

)
strictly within the1589

2D plane spanned by these two vectors. As a result one has1590

(
a
0

)
R1�→

(
μ‖c(1)‖a

c(2)

)
R2�→

(
μc(1)

c(2)

)
= Mμc1591

⇔ c = M−1
μ Rc

(
a
0

)
. (119)1592

In particular we have that the preferred spatial direction1593 (
a
0

)
· A is mapped onto

(
a
0

)
· B = c · A.1594

The next theorem shows us that our choice of assigning1595

an entire gauge frame to a single exponential curve fit is the1596

right one for our applications.1597

Theorem 7 (Construction of the gauge frame) Let c(g)1598

denote the local tangent components of exponential curve1599

fit t �→ γ̃
c(g)
g (t) at g = (x,R) ∈ SE(d) in the data given by1600

Ũ (x,R) = U (x,Ra). Consider the mapping of the frame1601

of left-invariant vector fields A∣∣g to the locally adaptive1602

frame:1603

B∣∣g := (Rc(g))T M−1
μ A∣∣g , (120)1604

with Rc = R2R1 ∈ SO(nd), with subsequent counter-1605

clockwise planar rotations R1,R2 given by (119). Then the1606

mapping Ag �→ Bg has the following properties:1607

– The main spatial tangent direction (Lg)∗
(

a
0

)
· A∣∣e is1608

mapped to exponential curve fit direction cT (g) · A∣∣g.1609

– Spatial left-invariant vector fields that areGμ-orthogonal1610

to this main spatial direction stay in the spatial part of1611

the tangent space Tg(SE(d)) under rotation Rc and they1612

are invariant up to normalization under the action (120)1613

if and only if the exponential curve fit is horizontal.1614

Proof Regarding the first property we note that 1615

(Lg)∗
(

a
0

)
· A∣∣e =

(
a
0

)
· A∣∣g 1616

as left-invariant vector fields are obtained by push-forward of 1617

the left multiplication. Furthermore, by Eqs. (120) and (119) 1618

we have 1619

(
a
0

)
· B = M−1

μ Rc
(

a
0

)
· A = c · A. 1620

Regarding the second property, we note that if b · a = 0 ⇒ 1621

Rc
(

b
0

)
= R2R1

(
b
0

)
= R2

(
b
0

)
1622

and γ̃ c
g is horizontal iff c(1)

‖c(1)‖ = a in which case the planar 1623

rotation R2 reduces to the identity and R2R1

(
b
0

)
=
(

b
0

)T

1624

and only spatial normalization by μ−1 is applied. �� 1625

Remark 16 For d = 2 and a = (1, 0)T the above theorem 1626

can be observed in Fig. 5, where main spatial direction A1 = 1627

cos θ ∂x + sin θ ∂y is mapped onto B1 = c · A and where A2 1628

is mapped onto B2 = μ−1(− sin χA1 + cosχA2). 1629

Remark 17 For d = 3 and a = (0, 0, 1)T the above theorem 1630

can be observed in Fig. 18, where main spatial direction A3 = 1631

n · ∇R3 is mapped onto B3 = c · A, and where A1 and A2 1632

are mapped to the strictly spatial generators B1 and B2. For 1633

further details see [45]. 1634

Appendix 2: The Geometry of Neighboring Expo- 1635

nential Curves 1636

In this appendix we provide some differential geometry 1637

underlying the family of neighboring exponential curves. 1638

First we prove Lemma 3 on the construction of the family 1639

{γ̃ c
h,g} of neighboring exponential curves in SE(3), recall 1640

Fig. 7, and then we provide an alternative coordinate-free 1641

definition of γ̃ c
h,g in addition to our Definition 5 . 1642

For the proof of Lemma 3 we will just show equalities 1643

(86) as from this equality it directly follows by differentiation 1644

w.r.t. t that the exponential curves γ̃ c
h,g(·) = (xh(·),Rh(·)) 1645

and γ̃ c
g (·) = (xg(·),Rg(·)) have the same spatial and angular 1646

velocity. For the spatial velocities it is obvious, for the angular 1647

velocities, we note that rotational velocity matrices Ωh and 1648

Ωg are indeed equal: 1649
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Fig. 18 Visualization of the mapping of left-invariant frame
{A1, . . . ,A6}|g onto locally adaptive spatial frame {B1, . . . ,B6}|g
and γ̃ c

g (·) a non-horizontal and torsion-free exponential curve pass-

ing trough g = e = (0, I ). The top row indicates the spatial part in R
3,

whereas the bottom row indicates the angular part in S2. The top black
curve is the spatial projection of γ̃ c

g (·), and the bottom black curve is the

angular projection of the exponential curve. After application of RT
2 the

exponential curve is horizontal w.r.t. the frame { Âi }, subsequently RT
1

leaves spatial generators orthogonal to a horizontal curve invariant, so
that Â1 = B1 and Â2 = B2 are strictly spatial, as is in accordance with
Theorem 7. The angular part of B3 is shown via the curvature at the blue
arrow. The spatial part of B4 and B5 is depicted in the center of the ball

Rh(t) = Rg(t)R−1R′ ⇒1650

Ωh := d

dt
Rh(t)

∣∣∣∣
t=0

(Rh(0))
−1

1651

= d

dt
Rg(t)

∣∣∣∣
t=0

(Rg(0))
−1 = Ωg,1652

where we note that Rg(t) = etΩg Rg(0) = etΩg R, and1653

Rh(t) = etΩh Rh(0) = etΩh R′.1654

Regarding the remaining derivation of (86), we note that1655

it is equivalent to1656

γ̃ c
h,g(t) = h (0, (R′)TR) (g−1γ̃ c

g (t)) (0, (R
′)TR)−1, (121)1657

by group product (4). So we focus on the derivation of this1658

identity. Let us set Q := (R′)T R. Now relying on the matrix1659

representation (6) and matrix exponential, we deduce the fol-1660

lowing identity for h = e = (0, I ):1661

γ̃ c
e,g(t) = γ̃

(
Q 0
0 Q

)
c

e (t) = (0,Q) γ̃ c
e (t) (0,Q−1), (122)1662

which holds for all Q ∈ SO(3), in particular for Q =1663

(R′)T R. Consequently, we have1664

γ̃ c
h,g(t) = hγ̃ c

e,g(t) = h (0,Q) g−1γ̃ c
g (t) (0,Q−1), 1665

from which the result follows. �� 1666

We conclude From Lemma 3 that our Definition 5 is indeed 1667

the right definition for our purposes, but as it is a definition 1668

expressed in left-invariant coordinates it also leaves the ques- 1669

tion what the underlying coordinate-free unitary map from 1670

Tg(SE(3)) to Th(SE(3)) actually is. Next we answer this 1671

question where we keep Eq. (121) in mind. 1672

Definition 6 Let us define the unitary operator Uh,g : 1673

Tg(SE(3)) → Th(SE(3)) by 1674

Uh,g := (Lh)∗R̃h−1g(Lg−1)∗, 1675

for each pair g = (x,R), h = (x′,R′) ∈ SE(3). 1676

Remark 18 From (87) it follows that the unitary correspon- 1677

dence between Tγ̃ c
g (t) and Tγ̃ c

h,g(t)
is preserved for all t ∈ R. 1678

Definition 7 The coordinate-free definition of γ̃ c
h,g is that it 1679

is the unique exponential curve passing through h at t = 0 1680

with 1681

(γ̃ c
h,g)

′(0) = Uh,g
(
(γ̃ c

g )
′(0)

)
. 1682
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Remark 19 The previous definition (Definition 5) follows1683

from the coordinate-free definition (Definition 7). This can1684

be shown via identity (121) which can be rewritten as1685

γ̃ c
h,g(t) = Lh ◦ conj(0,Q) ◦ (Lg−1)γ̃ c

g (t)), (123)1686

which indeed yields1687

(Lh ◦ conj(0,Q) ◦ (Lg−1))∗ = (Lh)∗ ◦ Ad(0,Q) ◦ (Lg−1)∗1688

= (Lh)∗
(

Q 0
0 Q

)
(Lg−1)∗1689

= Uh,g,1690

again with Q = (R′)T R, conj(g)h = ghg−1, and Ad(g) =1691

(conj(g))∗ is the adjoint representation [46].1692

Appendix 3: Exponential Curve Fits on SE(3) of the1693

Second Order via Factorization1694

Instead of applying a second-order exponential curve fit (106)1695

containing a single exponential, one can factorize exponen-1696

tials, and consider the following optimization:1697

c∗(g) = arg min
c∈R6,‖c‖μ=1,c6=0∣∣∣ d2

dt2 Ṽ (g et (c1 A1+c2 A2+c3 A3)et (c4 A4+c5 A5))

∣∣∣
t=0

∣∣∣ . (124)1698

As shown in Theorem 8 the Euler–Lagrange equations are1699

solved by spectral decomposition of the symmetric Hessian1700

given by1701

H
s := H

s
(Ũ ) =

⎛
⎜⎝

A1A1Ṽ . . . A1A6Ṽ
...

. . .
...

A1A6Ṽ . . . A6A6Ṽ

⎞
⎟⎠ , (125)1702

with Ṽ = G̃s ∗ Ũ . This Hessian differs from the consistent1703

Hessian in Appendix 2.1704

Theorem 8 (Second-Order Fit via Factorization) Let g ∈1705

SE(3) be such that Hessian matrix M−1
μ (H

s
(g))M−1

μ has1706

two eigenvalues with the same sign. Then the normalized1707

eigenvector Mμc∗(g) with smallest eigenvalue provides the1708

solution c∗(g) of the following optimization problem (124).1709

Proof Define F1 := c(1) · A(1) ∈ Te(SE(3)) with A(1) :=1710

(A1, A2, A3)
T . Define F2 := c(2) · A(2) ∈ Te(SE(3))1711

with A(2) := (A4, A5, A6)
T . Define vector fields F1|g :=1712

(Lg)∗F1, F2|g := (Lg)∗F2. Then Then1713

d2

dt2 Ṽ (g et F1et F2)

∣∣∣∣
t=0

1714

= lim
h→0

Ṽ(gehF1ehF2)− 2Ṽ(g)+ Ṽ(ge−hF1e−hF2)

h2 1715

= F1F1Ṽ (g)+ F2F2Ṽ (g)+ 2F1F2Ṽ (g) 1716

= (c(g))T H
s
(g)c(g). 1717

This follows by direct computation and the formula 1718

Ṽ (qehFk ) = Ṽ (q)+ hFk Ṽ (q)+ h2

2
F2

k Ṽ (q)+ O(h3), 1719

applied for (q = gehF1, k = 2) and (q = g, k = 1). 1720

Therefore, we can express the optimization functional as 1721

E(c) :=
∣∣∣∣ d2

dt2 Ṽ (get (c1 A1+c2 A2+c3 A3)et (c4 A4+c5 A5))

∣∣∣∣
t=0

∣∣∣∣ 1722

=
∣∣∣cT H

s
(g)c

∣∣∣ , (126) 1723

with again boundary condition ϕ(c) = cT M2
μc = 1, from 1724

which the result follows via Euler–Lagrange ∇E = λ∇ϕ 1725

and left multiplication with M−1
μ . �� 1726

This approach can again be decomposed in the twofold 1727

approach. Effectively, this means that in Sect. 6.4.2 the upper 1728

triangle of the Hessian Hs is replaced by the lower triangle, 1729

whereas the lower triangle is maintained. This approach per- 1730

forms well in practice; see, e.g., Fig. 9 where the results of 1731

the exponential curve fits of second order are similar to expo- 1732

nential curve fits of first order. 1733

Appendix 4: The Hessian Induced by the Left 1734

Cartan Connection 1735

In this section we will provide a formal differential geomet- 1736

rical underpinning for our choice of Hessian matrix 1737

H(Ũ ) = [A j (Ai Ũ )], (127) 1738

where i denotes the row index and j the column index 1739

on SE(d), recall the case d = 2 in (62) and recall the 1740

case d = 3 in (107). Recall from Theorems 2, 3 and 1741

6 that this Hessian naturally appears via direct sums or 1742

products in our exponential curve fits of second order 1743

on SE(d). 1744

Furthermore, we relate our exponential curve fit theory to 1745

the theory in [46], where the same idea of second-order fits of 1746

auto-parallel curves to a given smooth function Ũ : M → R 1747

in a Riemannian manifold is visible in [46, Eq. 3.3.50]. Here 1748

we stress that in the book of Jost [46, Eq. 3.3.50] this is done 1749
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in the very different context of the torsion-free Levi-Civita1750

connections, instead of the left Cartan connection which does1751

have non-vanishing torsion.1752

Let us start with the coordinate-free definition of the1753

Hessian induced by a given a connection∇∗ on the co-tangent1754

bundle.1755

Definition 8 (Coordinate-free definition Hessian) On a Rie-1756

mannian manifold (M,G) with connection ∇∗ on T ∗(M),1757

the Hessian of smooth function Ũ : M → R is defined1758

coordinate independently [46, Def. 3.3.5] by ∇∗dŨ .1759

In coordinate-free form one has (cf. [46, Eq. 3.3.50])1760

∇∗dŨ (X p, X p) = d2

dt2 Ũ (γ (t))

∣∣∣∣
t=0

(128)1761

for the auto-parallel (i.e., ∇γ̇ γ̇ = 0) curve γ (t) with tangent1762

γ ′(0) = X p passing through c(0) = p at time zero.1763

Remark 20 In many books on differential geometry ∇∗ is1764

again denoted by ∇ (we also did this in our previous works1765

[26,29]). In this appendix, however, we distinguish between1766

the connection ∇ on the tangent bundle and its adjoint con-1767

nection ∇∗ on the co-tangent bundle T ∗(SE(d)).1768

Let us recall that the structure constants of the Lie algebra1769

are given by1770

[Ai ,A j ] = AiA j − A jAi =
nd∑

k=1

ck
i jAk . (129)1771

As shown in previous work [29] the left Cartan connection4 ∇1772

on M = (SE(d),Gμ) is the (metric compatible) connection1773

whose Christoffel symbols, expressed in the left-invariant1774

moving (co)frame of reference, are equal to the structure1775

constants of the Lie algebra:1776

Γ k
i j = ck

ji = −ck
i j ∈ {−1, 0, 1}.1777

More precisely, this means that if we compute the covariant1778

derivative of a vector field Y = ∑nd
k=1 ykAk (i.e., a section1779

in T (SE(d)) along the tangent ˙̃γ (t) = ∑nd
i=1

˙̃γ i (t) Ai |γ̃ (t)1780

of some smooth curve t �→ γ̃ (t) in SE(d). This is done as1781

follows1782

∇ ˙̃γ Y =
nd∑

k=1

⎛
⎝ẏk −

nd∑
i, j=1

ck
i j

˙̃γ i y j

⎞
⎠Ak, (130)1783

where we follow the notation in Jost’s book [46, p. 108]1784

and define ẏk(t) := d
dt yk(γ̃ (t)). Byduality this induces the1785

4 Also known as minus Cartan connection.

following (adjoint) covariant derivative of a covector field λ 1786

(i.e., a section in T ∗(SE(d))): 1787

∇∗̇
γ̃
λ =

nd∑
i=1

⎛
⎝λ̇i +

nd∑
k, j=1

ck
i jλk ˙̃γ j

⎞
⎠ωi , (131) 1788

with λ̇i (t) = d
dt λi (γ̃ (t)). Then by antisymmetry of the struc- 1789

ture constants it directly follows (see, e.g., [26]) that the 1790

auto-parallel curves are the exponential curves: 1791

∇ ˙̃γ ˙̃γ = 0 and ˙̃γ (0) = c and γ̃ (0) = g ⇔ γ̃ = γ̃ c
g . (132) 1792

Remark 21 Due to torsion of the left Cartan connection, the 1793

auto-parallel curves do not coincide with the geodesics w.r.t. 1794

metric tensor Gξ . This is in contrast to the Levi–Cevita con- 1795

nection (see, for example, Jost’s book [46, ch:3.3, ch:4]) 1796

where auto-parallels are precisely the geodesics (see [46, 1797

ch:4.1]). 1798

Intuitively speaking this means that in the curved geome- 1799

try of the left Cartan connection on SE(d) (that is present in 1800

the domain of an orientation score, see Fig. 3) the ‘straight 1801

curves’ (i.e., the auto-parallel curves) do not coincide with 1802

the ‘shortest curves’ (i.e., the Riemannian distance minimiz- 1803

ers). 1804

The left Cartan connection is the consistent connection on 1805

SE(d) in the sense that auto-parallel curves are the expo- 1806

nential curves studied in this article. Therefore, the consistent 1807

Hessian form on SE(d) is induced by the left Cartan con- 1808

nection. Expressing it in the left-invariant frame yields 1809

∇∗dŨ (Ai ,A j )
def= (∇∗

Ai
dŨ )(A j )

(131)=
nd∑

j ′=1
(AiA j ′Ũ +

nd∑
k=1

ck
j ′i AkŨ ) ω j ′(A j )

(11)= (Ai A j Ũ +
nd∑

k=1
ck

jiAkŨ )

(129)= (Ai (A j Ũ )+ (A j Ai − Ai A j )Ũ )
= (A j (Ai Ũ ),

(133) 1810

where i denotes the row index and j the column index. So 1811

we conclude from this computation that (127) is the correct 1812

consistent Hessian on SE(d) for our purposes. 1813

Remark 22 The left Cartan connection has torsion and is not 1814

the same as the standard torsion-free Cartan–Schouten con- 1815

nection on Lie groups, which have also many applications in 1816

image analysis an statistics on Lie groups, cf. [58,59]. Recall 1817

that within the orientation score framework, right invariance 1818

is undesirable. 1819
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Appendix 5: Table of Notations1820

See Table 1.1821

Table 1 .

Symbol Explanation Reference

(a) Spaces and input data

SE(d) The group of rotations and translations on R
d Sections 1, 2.1, and (4)

R
d

� Sd−1 Space of positions & orientations as a group quotient in SE(d) (3), and Sect. 6.1

Ũ Input data Ũ : SE(d) → R (1), and Section 2.1

U Input data U : R
d

� Sd−1 → R (1), (3), and Sect. 6.1

Ṽ Gaussian smoothed input data Ṽ = G̃s ∗ Ũ (26), and (27)

(b) Tools from differential geometry

Ai |g Left-invariant vector field Ai restricted to g ∈ SE(d) Section 2.3, and (10), (9)

Bi |g Gauge vector field Bi restricted to g ∈ SE(d) Section 3, and (36)

Gμ

∣∣
g Metric tensor Gμ restricted to g ∈ SE(d) Section 2.5, and (23)

‖ · ‖μ μ-norm on R
nd , with nd = dim(SE(d)) = d(d+1)

2 Section 2.5, and (24)

Mμ Matrix Mμ :=
(
μId 0

0 Ird

)
is used in definition of the μ-norm

‖ · ‖μ
Section 2.5, and (24)

dŨ (g) Derivative of Ũ at g which is a covector in T ∗
g (SE(d)) (12)

∇Ũ (g) Gradient of Ũ at g which is a vector in Tg(SE(d)) Section 2.7 and (28)

χ Deviation from horizontality angle (34)

L Left-regular representation given by LgŨ (h) = Ũ (g−1h) (7)

R Right-regular representation given by RgŨ (h) = Ũ (h g) (7)

L Left multiplication Lgh = gh (8)

(c) Part I: Exponential curves and exponential curve fits on SE(d)

γ̃ c
g (·) Exponential curve starting from g with velocity c = (c(1), c(2)) (16), and Section 2.4

γ̃ c
h,g(·) Neighboring exponential curve starting at h ∈ SE(d) with the

same velocity as curve γ̃ c
g

(51) and Section 5.1, (84) and Section 6.2

γ̃
c∗(g)
g (·) Exponential curve fit to data Ũ at g ∈ SE(d) (16), and Theorem 1,2,3,4,5,6, Fig. 3

c∗(g) Local tangent vector to exponential curve fit γ̃ c∗
g to data Ũ (54), (63), (64), (88), and (106)

R̃h−1g Rotation in Th(SE(d)) arising in the construction of γ̃ c
h,g (52), and (85)

Ss,ρ Structure tensor Ss,ρ := Ss,ρ(Ũ ) of input data Ũ (9), (89), and (97)

Hs Gaussian Hessian Hs := Hs(Ũ ) = H(Ṽ ) of input data Ũ (62), and (107)

(c) Part II: Exponential curve fits on SE(3) with projections in R
3

� S2

Ra,φ Counterclockwise 3D rotation about axis a by angle φ Text below (31)

Rn Any 3D rotation that maps a = (0, 0, 1)T onto n ∈ S2 (31), and Theorem 5

hα Element hα = (0,Ra,α) of the subgroup ≡ {0} × SO(2) (76)

� Symbol denoting action of SE(3) onto R
3

� S2 (74), and Section 6.1

Zα Rotation matrix in SO(6) that arises in ∇Ũ if g �→ ghα (80)

N Null space of the structure tensor Ss,ρ (90)

γ ∗
(y,n)(·) Projected exponential curve fit to data U at (y,n) ∈ R

3
� S2 (9), and (98)

gnew Location in SE(3) for horizontal exponential curve fit (101)
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Table 1 continued

Symbol Explanation Reference

(d) Applications

f Input gray-scale image f : R
d → R (108), and (110)

Wψ f Orientation score of gray-scale image f via cake-wavelet ψ (108), and Fig. 3, 10, 11

Φt Non-linear diffusion operator (diagonal diffusion in gauge
frame)

(112)

W̃ (g, t) Scale space representation of Ũ at g ∈ SE(d) and scale t > 0 (112)

Φ Vesselness operator (113)

(e) Appendix

∇ ˙̃γ Y Covariant derivative of vector field Y along ˙̃γ w.r.t. Left Cartan
connection ∇ on T (SE(d))

(130), and Appendix 4

∇∗̇
γ̃
ω Covariant derivative of covector field ω along ˙̃γ w.r.t. the

adjoint Left Cartan connection ∇∗ on T ∗(SE(d))
(131), and Appendix 4

∇∗dŨ Coordinate-free definition of the Hessian (128), (133), and Appendix 4
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