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Summary 

Sigma delta modulation has become a very useful and widely applied technique 
for high performance Analog-to-Digital (AID) conversion of narrow band signals. 
Through the use of oversampling and negative feedback, the quantization errors of a 
coarse quantizer are suppressed in a narrow signal band in the output of the modu
lator. Bandpass sigma delta modulation is well suited for AID conversion of narrow 
band signals modulated on a carrier, as occur in communication systems such as 
AM/FM receivers and mobile phones. 

Due to the nonlinearity of the quantizer in the feedback loop, a sigma delta mod
ulator may exhibit input signal dependent stability properties. The same combination 
of the nonlinearity and the feedback loop complicates the stability analysis. In this 
thesis the describing function method is used to analyze the stability of the sigma 
delta modulator. The linear gain model commonly used for the quantizer fails to pre
dict small signal stability properties and idle patterns accurately. An improved model 
for the quantizer is introduced, extending the linear gain model with a phase shift. 
Analysis shows that the phase shift of a sampled quantizer is in fact a phase uncer
tainty. Stability analysis of sigma delta modulators using the extended model allows 
accurate prediction of idle patterns and calculation of small-signal stability bound
aries for loop filter parameters. A simplified rule of thumb is derived and applied to 
bandpass sigma delta modulators. 

The stability properties have a considerable impact on the design of single-loop, 
one-bit, high-order continuous-time bandpass sigma delta modulators. The con
tinuous-time bandpass loop filter structure should have sufficient degrees of freedom 
to implement the desired (small-signal stable) sigma delta modulator behavior. 

Based on a defined class of bandpass loop filter structures, two implementations 
of a bandpass sigma delta modulator have been designed and tested. Both modu
lators are tuned at 10. 7MHz, an often used intermediate frequency (IF) in AMlFM 
receivers. A fourth order modulator achieves a Signal-to-Noise (SNR) of 54dB (or 
8.5 bit resolution) in 200kHz bandwidth. The loop filter of the modulator was imple
mented using discrete components and consisted of a combined LC/gmC resonator. 
The second implementation is a fully integrated sixth order modulator. To the au
thor's knowledge, this modulator is the first reported single loop bandpass modulator 
with a loop filter order higher than four. Implemented in a O.5J1m CMOS process, the 
modulator achieves an SNR of 67dB (or 10.5 bit resolution) in 200kHz bandwidth 
and 80dB (13 bit) in 9kHz. The third order intermodulation (1M3) is more than 80dB 
below the input carrier levels. The bandpass modulator IC consumes 60mW at a 5V 
supply voltage. 
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Samenvatting . 

Sigma delta modulatie is een zeer bruikbare en veel toegepaste techniek voor hoge 
kwaliteit analoog-digitaal (AID) omzetting van smalbandige signalen. Door het ge
bruik van overbemonstering en negatieve terugkoppeling worden de kwantisatiefou
ten van een grove kwantisator in een smalle signaalband aan de uitgang van de mo
dulator onderdrukt. Banddoorlaat sigma delta modulatie is zeer geschikt voor de AID 
omzetting van smalbandige signalen die op een draaggolf zijn gemoduleerd. Deze 
signalen komen veelvuldig voor in communicatiesystemen zoals AM/FM ontvangers 
en mobiele telefoons. 

Ais gevolg van de niet-lineariteit van de kwantisator in de terugkoppelJus kan 
de stabiliteit van een sigma delta modulator afhankelijk zijn van de ingangssignalen. 
Echter, de niet-Iineariteit in de terugkoppellus bemoeilijkt de stabiliteitsanalyse. In 
dit proefschrift is de beschrijvende functie methode gebruikt om de stabiliteit van 
sigma delta modulatoren te analyseren. Het vaak gebruikte lineaire versterkingsfac
tor model voor de kwantisator is niet voldoende om kJein-signaal stabiliteitseigen
schappen en "idle patterns" (rust patronen) nauwkeurig te voorspellen. Dit lineaire 
model is daarom uitgebreid met een fase verschuiving. Vit analyse blijkt dat de fase 
verschuiving van een bemonsterde kwantisator in feite een fase onzekerheid is. Door 
middel van een stabiliteitsanalyse met het uitgebreide model kunnen "idle patterns" 
nauwkeurig worden voorspeld en klein-signaal stabiliteitsgrenzen voor lusfilterpa
rameters nauwkeurig worden berekend. Een vereenvoudigde vuistregel, afgeleid van 
deze stabiliteitsanalyse, is toegepast op banddoorlaat sigma delta modulatoren. 

De stabiliteitseigenschappen hebben een aanzienlijke invloed op het ontwerp van 
een-bit, hogere orde continue-tijd banddoorlaat sigma delta modulatoren met een 
enkelvoudige terugkoppeJlus. De structuur van een continue-tijd banddoorlaat lusfil
ter moet voldoende vrijheidsgraden hebben om het gewenste (klein-signaal stabiele) 
sigma delta modulator gedrag te verkrijgen. 

Twee implementaties van banddoorlaat sigma delta modulatoren, gebaseerd op 
een gedefinieerde klasse van lusfilters, zijn ontworpen en getest. Beide modulatoren 
zijn afgestemd op lO,7MHz, een vaak gebruikte middenfrequentie in AMlFM ont
vangers. Een vierde orde modulator behaalt een signaal-ruis verhouding (SNR) van 
54dB (of weI een resolutie van 8.5 bits) in een bandbreedte van 200kHz. Het lusfilter 
van de modulator is gerealiseerd met behulp van discrete componenten en bestaat uit 
een gecombineerde LC/gmC resonator, 

De tweede implementatie is een volledig ge'integreerde zesde orde modulator. 
Voor zover bekend bij de auteur, is deze modulator de eerste gepubliceerde banddoor
laat modulator met een enkele terugkoppellus en een lusfilterorde hager dan vier. De 
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modulator is gerealiseerd in een O.5}1m CMOS process en behaalt een ~NR van 67dB 
(of wei 10.5 bits) in een bandbreedte van 200kHz en 80dB (13 bits) in een bciridbreedte 
van 9kHz. De derde orde intermodula:tie producten Jiggen meer dan 80dB beneden de 
vermogens van de ingangssignalen. Het banddoorlaat modulator IC verbruikt 60m W 
bij een voedingsspanning van 5Y. 
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Chapter 1 

Introduction 

The increase of signal processing rates due to scaling of integrated circuit technolo
gies has led to the replacement of analog signal processing circuits by digital signal 
processing systems. In audio, video, communications and many other application ar
eas, analog techniques have been replaced by their digital counterparts. Digital signal 
processing has numerous advantages over analog signal processing such as flexibil
ity, noise immunity, reliability and potential improvements in performance and power 
consumption by scaling of the technology. In addition, the design, synthesis, layout 
and testing of digital systems can be highly automated. 

The advance of digital signal processing has pushed analog circuit design to the 
limits in more than one way. Not only are analog circuits the interface between 
the "analog" world and the digital signal processing system in the form of Analog
to-Digital (AID) and Digital-to-Analog (D/A) converters, the requirements for these 
circuits have become increasingly higher. 

Analog-to-Digital conversion of signals includes two basic operations: sampling 
and amplitude quantization. The input signal is sampled in time and the amplitude of 
the input signal is mapped to a limited number of digital output codes representing the 
amplitude level. One way of analog-to-digital conversion is sigma delta modulation. 
Sigma delta modulation [1,2] has become a very useful and widely applied technique 
for high-performance AID conversion of narrow band signals. The basic thought 
behind sigma delta modulation is the exchange of resolution in time for resolution 
in amplitude. A basic diagram of a sigma delta modulator is shown in Fig. 1.1. 

. The modulator consists of a coarse AID converter (or ADC), a Of A converter (or 
DAC) and a filter placed within a feedback loop. The combination of the ADC and 
DAC is called a quantizer. The coarse ADC samples and quantizes the signal at 
its input. The number of quantization levels (or resolution) of the ADC may be 
as low as, two, corresponding to a one-hit digital output code. The DAC converts 
the resulting digital output code back to an analog signal, which is compared to the 
input of the modulator. The negative feedback of the loop causes the quantization 
errors of the coarse ADC to be suppressed for signals falling within the passband 
of the loop filter. The quantization errors are said to be spectrally shaped. For good 
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Figure 1.1: Basic diagram of a sigma delta modulator. 

suppression of the quantization errors, the sampling frequency should be much higher 
than the passband of the loop filter. Commonly, the passband of the filter is chosen 
near DC; the filter consists of integrators. In the case that the passband signal is not 
near DC, the modulator is called a bandpass sigma delta modulator. Bandpass sigma 
delta modulation is well suited for AID conversion of signals modulated on a carrier 
frequency as occur in many communication systems such as AMIFM receivers and 
mobile phones. Even though the carrier frequency is high, the bandwidth of the 
signal to be converted to the digital domain is relatively small. An advantage of the 
sigma delta modulator over conventional AID converters such as flash ADCs is its low 
sensitivity to implementation imperfections such as device mismatch. The feedback 
structure of the sigma delta modulator (partly) compensates for these imperfections. 

Even though sigma delta modulators (SDMs) are widely used, their behavior is 
still not fully understood. In many ways, a sigma delta modulator resembles a non
linear control system. The feedback loop tries to steer the ADC input signal towards 
zero. Consequently, the output signals of the DAC and ADC will resemble the in
put signal of the modulator within the passband of the loop filter. The performance 
of such a control system can be improved by increasing the order of the loop filter. 
However, the combination of a high order loop filter and the nonlinearity of the quan
tizer may cause instability: the internal signals of the modulator grow out of bounds 
or oscillate violently. When the sigma delta modulator is unstable, the output signal 
will no longer resemble the input signal (within the passband of the filter). This be
havior is highly undesirable, and should be avoided. Unfortunately, the combination 
of the nonlinearity of the quantizer and the feedback loop complicates the analysis of 
the nonlinear (input signal dependent) behavior. Linear modeling has provided some 
insight in the performance and stability properties of SDMs, but does not give con
c'tusive results. This thesis is aimed at the stability analysis of sigma delta modulators 
and the impact of the stability on the design of (bandpass) sigma delta modulators. 

Chapter 2 introduces the concepts for AID conversion: sampling in time and 
quantization of amplitude. The errors caused by amplitude quantization are analyzed 
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and performance definitions relating to AID converters are introduced. Most of these 
definitions can also be applied to sigma delta modulation AID converters. 

Chapter 3 gives an overview of the basic oversampling and noise shaping con
cepts. Several architectures for noise shaping AID conversion are discussed and 
some design considerations are highlighted. One of the most straightforward archi
tectures is the single-loop one-bit sigma delta modulator. Because this architecture 
can achieve a high performance and is relatively easy to design it will be the focus in 
the remaining chapters. Most other architectures can considered to be derivatives of 
the single-loop one-bit sigma delta modulator. 

Chapter 4 deals with several performance issues of sigma delta modulators. A 
linear model for the prediction of Signal-to-Noise ratios is discussed. Deterministic 
effects such idle patterns and tones, and their effect on the performance of the SDM 
are analyzed. As the performance of an actual SDM is also determined by implemen
tation non-idealities, this topic will also be briefly discussed. 

In Chapter 5 the stability of SDMs is analyzed. Several notions and definitions 
concerning the stability are introduced. The stability of the SDM is analyzed by 
means of the describing function method. A linearized model for the s,ampled quan
tizer is developed incorporating a linear gain and a phase shift. Modeling of the phase 
shift of a sampled quantizer proves to be vital to explain several aspects of the stabil
ity of the SDM. Using this model, stability boundaries for loop filter parameters of 
lo~pass modulators will be determined. A rule of thumb, derived from the analysis 
of lowpass modulators, is applied to bandpass modulators and stability boundaries 
for loop filter parameters of (a class of) bandpass SDMs are determined. 

The impact of the stability properties on the design of continuous-time bandpass 
sigma delta modulators is discussed in Chapter 6. A simple design methodology is 
described and a set of continuous-time filter structures suitable for the use in bandpass 
SDMs is presented. 

In Chapter 7, three implementations of sigma delta modulators are described. 
An all-digital programmable hardware set-up suitable for real-time and long-term 
simulation of sigma delta modulators is presented. A fourth order bandpass SDM 
was designed and tested to verify the feasibility of a filter structures described in the 
preceding chapter using a combined passive/active loop filter. The fourth order SDM 
was. implemented using discrete components for the loop filter and served as a test 
case for the design of a fully integrated sixth order bandpass SDM. A prototype IC 
of the sixth order SDM was fully tested and its performance compared with several 
other reported implementations of bandpass SDMs. 

The results of the research described in this thesis are summarized in chapter 8 
and several suggestions for further investigations are made. 



Chapter 2 

Quantization and Sampling 

Real world signals are continuous in time and continuous in amplitude. In order to 
process these signals using digital systems, the signals have to be sampled in time and 
quantized to discrete amplitudes. Although in general both actions result in distortion 
(~l the original signal, the distortion resulting from sampling in time can be avoided. 
Quantization ~l the signal to discrete amplitudes always introduces errors. 

2.1 Signals 

Signals can be divided into numerous classes and types based on as many criteria. 
Two of these criteria will be considered here. A signal can be either continuous time 
or discrete time. Discrete time signals are defined only at certain moments in time, 
whereas continuous time signals are defined at every instant in time. Similarly, a 
signal can be either amplitude continuous or amplitude discrete. An amplitude dis
crete signal can only have certain amplitude values, whereas an amplitude continuous 
signal can have any amplitude value. In Fig. 2.1 the four resulting signal types are 
shown. Signals which are both amplitude continuous and continuous in time are 
commonly referred to as analog signals. Signals which are amplitude discrete and 
discrete in time are called digital signals. Converting analog signals into digital sig
nals requires amplitude quantization and sampling in time. These two functions are 
usually combined into a single Analog-to-Digital Converter (ADC), and will be dis
cussed in detail in the following sections. 

2.2 Quantization 

Quantization of signals can be treated as a memoryless, time invariant and nonlinear 
operation. The amplitude continuous input signal is mapped on a set of discrete 
output values by means of rounding or a type of truncation. The input levels at which 
the output changes value are called threshold levels. Commonly, the input threshold 
levels and the output values are spaced equidistantly with step size q, resulting in a 
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Figure 2.1: Classification of signals. 

uniform quantization. In that case, the maximum absolute difference between input 
and output (or quantization error) equals q/2 (rounding). In practice the number of 
output values of a quantizer is limited. When B bits are used for the binary symbol 
identifying the active output level, a total number of 28 output levels is possible. The 
maximum absolute output level then is equal to I q. In the case that the input 
signal exceeds the outermost quantization levels, the absolute quantization error will 
exceed q/2, and the quantizer is in overload. Figure 2.2 shows the input-output 
relations of an eight level (three bit) rounding quantizer and a four level (two bit) 
truncation quantizer with output offset. These quantizers are sometimes referred to as 

2q OUT 

q 

-2q -q q 2q IN -4q 

-q 

-2q -4q 

Figure 2.2: A two bit mid-riser quantizer (left) and a three bit mid-tread 
quantizer (right). 
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mid-tread and mid-riser quantizers respectively. For both quantizers the quantization 
error eq lies within the interval [-q 12, q 12). 

2.3 Quantization Error Analysis 

Although the quantization error signal depends entirely on the input signal of the 
quantizer, BENNETT [3] already argued that "distortion caused by quantizing errors 
produces much the same sort of effects as an independent source of noise," when 
many quantization steps are used. To illustrate this, Fig. 2.3 shows the power spec
tral density (psd) E" of the quantization errors of a narrow band input signal for an 
increasing number of quantization levels. As the number of quantization steps in
creases, the psd of the error signal more and more resembles the flat psd of an ideal 
white random signal. By calculating the autocorrelation-function of the quantization 
errors, Bennett showed that for a narrow-band random input signal the power per 
signal bandwidth of the errors can be approximated by 

E,,(y) ~ 21t3~B-1 fi: ,~ ,:3 exp ( - :n~2 ) (2.1 ) 

in . which y fl ii, is the frequency normalized to the input signal bandwidth fb 
and K = q2 lin~ms is the ratio between the quantization step size q and the rms in
put level squared. For Fig. 2.3 the rms input value was chosen to be one fourth of the 
maximum quantizer input (no overload condition): K = 1 14B-3 . 
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Figure 2.3:. Power spectral density of the quantization errors of a narrow 
, band input signal quantized with !J bits. 
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2.3.1 White Noise Approximation 

The errors caused by quantization are commonly modeled by an independent additive 
white noise source, as suggested by BENNETT. By doing so, the quantization error 
signal is assumed to be: 

• a white random (stochastic) signal; 

• independent of the quantizer input signal; 

• uniformly distributed within the interval [-q /2, q /2}. 

These assumptions are not valid in general. The quantization errors will never be in
dependent of the input signal. However, WJDROW [4] showed that the errors can be 
uniformly distributed and uncorrelated with the input signal if certain requirements 
are met. By regarding quantization as a'type of "area sampling" of the probability 
density function (pdf) of the input signal, he concluded that a modified Nyquist cri
terion was applicable. In the case that the Fourier transform of the pdf, called the 
characteristic function (cf), is band limited, the pdf of the input signal can be recov
ered from the quantized samples. As a result, the qua~ltization error signal will be a 
uniformly distributed random signal which is uncorrelated with the input signal when 

• the quantizer does not ,overload; 

• the input signal is a random signal; 

• the cf of the input signal is band limited, 

A similar requirement on the (two dimensional) characteristic function of the joint
pdf of two 'samples' of the input signal is needed for the quantization errors to be 
white. 

Less stringent requirements on the cf's of the input signal that are both sufficient 
and necessary were derived by SRIPAD and SNYDER [5]. Although these require
ments are hardly ever met by practical signals, WIDROW showed that the results are 
also applicable for input signals ~ith a Gaussian input distribution. The quantization 
errors will be uniformly distributed arid uncorrelated with the input when the standard 
deviation (j of the input signal exceeds twice the quantization step size: (j > 2q. The 
errors will also be white if the input is a white random signal and (j is large compared 
to the quantization step size q. 

In the case that the input signal does not satisfy these requirements, a dither sig
nal can be used to modify the statistical properties of the input signal. The effects 
of dither on statistical properties of the quantization errors was investigated by LIP
SHITZ et al. [6]. By adding an appropriate dither signal to the quantizer input, the 
quantization errors become uniformly distributed, spectrally white and statistically 
independent of the input signal. 
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Assuming that the quantization error signal is an independent additive white ran
dom signal allows· straightforward calculation of some its properties. The average 
of the quantization error signal, which may now be called quantization noise, can 

be calculated from its pdf p{ eq ) using the expectancy operator E{.}. The pdf of the 
uniformly distributed quantization noise is shown in Fig. 2.4. The average eq of the 

o 
Figure 2.4: Probability density function (pdf) of un~f(mnly distributed quan

tization noise. 

quantization noise equals: 

E{eq } a (2.2) 

The total power of the quantization error signal is equal to its variance and. can be 
calculated in the same way: 

. (2.3) 

2.3.2 Harmonic Distortion and Intermodulation 

In the case of quantization of a non-dithered deterministic signal such as (a sum of) 
sinusoids, the results above do not apply. Quantization of such signals will result 
in harmonic distortion and intermodulation; the quantization errors will be highly 
correlated with the input signal. Nonlinear, signal dependent distortion is important 
for, for example, the field of audio signal processing. It results in audible effects, 
even when the system noise exceeds the distortion power. 

Distortion resulting from quantizing a single sine wave has been analyzed by 
BLACHMAN [7]. The quantization transfer function y(x} of Fig. 2.2 (left) can be 
considered the sum of an ideal ramp y ='x plus an unsymmetrical periodic sawtooth. 
The sawtooth can be expressed as a Fourier series. For a quantization step size q = 1 
the quantizer transfer function can be written as 

~ I 
y{x) = X+ L - sin (2nnx) 

n=1 n1t 
(2.4) 



10 Quantization and Sampling 

When the input to the quantizer is a sine wave 

x(t) A sin0(t) (2.5) 

the output can be expressed as a Fourier series with coefficient~ described in terms of 
Bessel functions J p: 

y(t) = L Ap sinp0(t) 
p=l 

Ap ~ {~OPI + ~;=I ,~Jp(2n!tA) 

with: 

for odd p. 

for even p 

(2.6) 

(2.7) 

with Opq = 0 if p '" q and o{'P = 1. Evaluation of Ap can be done by applying a 
Poisson summation to (2.7), resulting in: 

Ap=(-l} 
2 lAJ - L sin (p·arccos(k/A)) 

pTt k=-lAJ 
(2.8) 

Quantization will not only result in an amplitude change of the fundamental (input) 
frequency (p = I), but will also result in higher harmonics. The third order harmonic 
distortion (p = 3) is shown in Fig. 2.5 as a function of the input amplitude. The har
monic component is almost periodic with the quantization step size and its envelope 
decreases slowly as the input amplitude increases. Apart from the first interval [O,q) 
the third harmonic equals zero twice in each interval [kq, (k+ l)q). 

Figure 2.6 shows the spectrum (odd harmonics) of a six bit quantized sine wave 
with maximum input amplitude. Similar to Fig. 2.3, most of the quantization error 

O.2q 

O.1q 
Ql 

"C 

.-E 0 i3. 
E « 

-O.1q 

-O.2q 

0 1q 2q 3q 4q 5q 6q 7q 8q 
Input Amplitude 

Figure 2.5: Amplitude of the third harmonic resulting from quantizing a sine 
wave. 
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Figure 2.6: Spectrum of a six bit quantized siile wave with maximum input 
amplitude. 

power is located in the lower end of the spectrum. The quantization error spectrum 
shows bumps and cannot considered to be white. The position of the spectral peaks 
(bumps) was determined by CLAASEN and JONGEPIER [8], by making use of the 
observation that quantization results in a phase modulated signal. The power spectral 
density of a phase modulated signal depends on the amplitude distribution of the 
derivative of the modulating signal. As a result, the spectrum of a single quantized 
sine wave with frequency i; and amplitude A shows peaks at frequencies which are a 
multiple of i;ZrrAjq: 

f = hZnLAjq . with: L = 1,2, ... (2.9) 

App/ying (the sum of) two sine waves with frequencies h and if and amplitudes A 

and A to a quantizer results in intermodulation products with frequencies P!i + qi, 
For the amplitude of these distortion components an expression similar to eq. (2.7) 
can be found: . 

Al'q (2.10) 

The distortion components close to the input frequencies hand ]; are often im
portant. In communication systems, third order intermodulation products at Zh ]; 
and 2]; - h results in adjacent channel distortion. When the communication channels 
are spaced equidistantly at I::.! = ]; - h' the third order intermodulation products are 
located at h - I::.J and]; + I::.J. The amplitude of these third order intermodulation dis-
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tortion products is shown in Fig. 2.7 asa function of the total input amplitude A + A. 
The amplitudes of the two input sine waves was chosen equal: A = A. 

0.1 q I- .. nn •• "n.".~ .... """. ""i 

0.05q 
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-0.05q 
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o 3q 4q 5q 
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1q 2q 6q 7q 8q 

Figure 2.7: Amplitude of the third order intermodulation distortion compo
nent at 2j; - .h as afunction of the total input amplitude (A = A). 

2.3.3 Non-Ideal Quantization 

Deviations in the positions of the output levels or input threshold levels of a quantizer 
results in non-ideal quantization. In the case that the deviations are small compared 
to the ideal step size q the distribution of the quantization errors will not change 
significantly and the total quantization error power will remain q2/ 12. 

However, the non-ideal quantization generally results in an increase of harmonic 
distortion and intermodulation. The transfer of a non-ideal quantizer can be written 
as the sum of an ideal ramp (x), an ideal quantization error eq(x) and the non-ideal 
deviations d(x): 

y(x) = x+ eq(x) + d(x) (2.11) 

The distortion caused by the non-ideal deviations can be analyzed separately. In 
general, the errors caused by the deviations will not counteract the distortion caused 
by the ideal quantizer. The deviations will result in additional harmonic distortion 
and intermodulation. 

2.4 Sampling 

Sampling of signals is a memory less, linear operation. The continuous time input 
signal is sampled at discrete moments in time. Commonly, the sample moments are 



2.4 "''lOlrn.,.l1n,<T 13 

spaced equidistantly with interval T, resulting in uniform sampling. In the case that 
the sample frequency j~ = l/T exceeds twice the highest input signal frequency iiJ 
the input signal can be fully recovered from the output samples (Nyquist Theorem). 
Sampling a signal at j, samples per second causes the frequency spectrum of the 
input signal to be repeated at all multiples of j, [9] (see Fig. 2.8). 

'. .' 

.. :, # 

.... , '., ## 

M~ 
- r-'ft, 0 .ft, f. 2 f. 

"\ . ,\ ,\ 

Figure 2.8: Aliasing caused by sampling. 

Input signal components with frequencies' exceeding j~/2 will be folded back into 
the baseband of [-jJ2,JJ2) (aliasing). This type of distortion is highly correlated 
with the input signal and should therefore be avoided. By increasing the sample 
frequency or band-limiting the input signal aliasing can be prevented. 

As sampling is a linear operation, the effects of sampling an amplitude quantized 
signal can be divided into effects on the unquantized signal and effects on the quan
tization error signal. In the case that the input signal satisfies the Nyquist criterion, 
no additional distortion will be introduced. Because the spectrum of the quantization 
error signal is generally not limited, it cannot satisfy the Nyquist criterion. Aliasing 
of the spectrum of the quantization error signal results in two effects. First, ali the 
power of the error SIgnal will be aliased into the baseband [-j,/2,J,/2). Secondly, 
in the case that the sample frequency is not much larger than twice the input signal 
bandwidth, aliasing will result in "whitening" of the quantization error spectrum (see 
Fig. 2.9). The repeated quantization error spectra at multiples of j, will overlap the 
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quantization errors 

_ total 
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Figure 2.9: Whitening of the quantization errors due to aliasing. 
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baseband and cause the overall quantization error spectrum to "flatten". When the 
sample frequency is very high compared to the signal frequency, the repeated spectra 
will not overlap significantly and the quantization errors will not appear white. The 
quantization errors of successive samples will become more correlated. 

If the sampled quantization error signal is considered white, its psd will be con~ 
stant, and the power q2 j 12 will be uniformly distributed: 

with: f E [- fd2J\.j2) (2.12) 

or using the angular frequency e = 2Iti: 

1 

E ( )O) -!L If e -
24It 

with: e E [-It, It) (2.13) 

Sampling in time and quantization of amplitude are two independent operations. 
The order. in which these operations are perfonned on a signal does not affect the 
overall result. Therefore the quantization error analysis of sampling of an ampli
tude quantized continuous time signal also applies to the amplitude quantization of a 
discrete time signal. 

2.4.1 Non-Ideal Sampling 

In the case of ideal uniform sampling, the sampling moments are spaced equidistantly 
with interval T . . Any deviation or uncertainty in the sampling interval will introduce 
additional distortion if the samples are treated as if they were spaced equidistantly. 
A deviation of /j.t at a certain sample moment will result in an amplitude error M. 
The maximum error in amplitUde Mmax will occur when the rate of change of the 
sampled signal is at a maximum [10]. In the case that a sine wave with amplitude A 
and frequency fi is sampled, the maximum rate of change occurs around the zero 
crossings of the sine wave and equals 

dA sin(2Itfit) I. 2AIt!; 
. dt max 

(2.14) 

If the rate of change of the sine wave can be considered constant within /j. t (true for 
/j.t « 1 j fi), the maximum deviation in amplitude can be calculated by 

(2.15) 

In the case of quantized signals, this amplitude error effectively causes an increase 
of the quantization errors. In order to avoid a significant loss of quantizer resolution, 
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the amplitude error should not exceed the quantization step sizeq. This results in a 
maximum value for the sampling time uncertainty 

(2.16) 

This requirement is tightest when the sine wave amplitude is at a maximum. For a B 
bits quantizer the full scale amplitude is A max ~ 2Bq/2. The maximum sampling time 
uncertainty can be be expressed as a function of the quantizer resolution B and the 
input frequency .Ii: 

(2.17) 

For high resolution quantization of high frequency signals this results in very strict 
requirements for the sampling time accuracy. Random deviations in the zero cross
ings of a (sampling) clock signal, called jitter, can easily cause a reduction of the 
effective quantizer resolution. For a 10 MHz signal quantized with 10 bits resolution 
the maximum sampling time uncertainty according to (2.17) equals Mmax = 31 ps. 

2.5 Performance Definitions 

Although sampling and quantization are two separate signal operations, they are usu
ally combined to form an Analog-to-Digital Converter (ADC). The performance of 
such an ADC can be described by several specifications [10]. A number of these 
parameters concern the effects of quantization errors. One of the most important 
specifications is the Signal-to-Noise Ratio (SNR), which is measured at the output of 
the ADC. The "noise" consists of system noise such as thermal and 1/ f-noise, and 
quantization errors. Assuming that the system noise is well below the quantization 
errors, the maximum SNR of an ideal B-bits ADC can be determined. 

The maximum amplitude of a sine wave which does not cause the quantizer to 
overload equals Amax = 2Bq/2. The root mean square (rms) amplitude of this sine 
wave equals Amax,rms 2Bq/2V2. The total quantization error power in the Nyquist 
frequency range [-/f/2,ff/2) is q2/12, which gives an rms amplitude of q/Vfi. 
The maximum SNR of an ideal B bits converter equals 

2Bq/2V2 . 
SNRmax = 20Iog lO ( . Vf2 ) = B x 6.02+ 1.76 dB 

q/ ]2 ' 
(2.] 8) 

Using this result, .the maximum SNR of ~ ADC me~~;ured within a certain ba~dwidth 
can be expressed as an Effective Number Of Bits (ENOB): 

SNRmax 1.76 
ENOB = 

6.02 
(2.19) 
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The expression for the maximum SNR in (2.18) was determined using the maxi
mum sine wave amplitude which does not cause the quantizer to overload. In reality, 
this amplitude cannot be obtained, and the actual maximum sine wave amplitude lies 
between: 

(2.20) 

Introducing the correction factor Sc, the maximum amplitude can be written as 

Amax = (2B - Sc)q/2 with: o ::; S,. ::; 1 (2.21) 

In the case of a one-bit quantizer, this correction factor can be calculated [10]. Apply
ing a sine wave to the input of a one-bit quantizer will result in a square wave output. 
The fundamental of the corresponding series expansion has a maximum amplitude 
of A max = ~q/2. Using (2.21), the correction factor for a one-bit quantizer can be 
determined: 

4 
Sc = 2--

1t 
(2.22) 

This value can be used as an estimate for the correction factor of all quantizers. The 
actual maximum sine wave amplitude of a B bits quantizer can be approximated by: 

4 . 
Amax = (2B - 2+ - )q/2 

1t 
(2.23) 

As a result, the expression (2.18) for the maximum SNR of a B bits quantizer changes 
into: 

B 4 
SNRmax = 20Iog,o(2 - 2 + -) + 1.76 dB 

1t 
(2.24) 

Applying a sine wave to the input ofthe ADC will cause harmonic distortion com
ponents of the input signal to appear in the output. By including the total harmonic 
distortion (THD) in the calculation of the noise component, the Signal-to-Noise-and
Distortion Ratio (SNDR) is determined. 

Another related specification is the Dynamic Range (DR). The definition of this 
specification in literature is ambiguous. The following definition will be used here: 

The dynamic range (DR) of a system equals the ratio between the maxi
mum possible signal amplitude and the minimum detectable signal am
plitude within a certain bandwidth at the output of a system. 

A signal component is considered detectable when its power exceeds the system noise 
power within a certain bandwidth. In many cases, the minimum detectable signal 
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equals the idle channel noise of a system. The maximum possible amplitude of a 
signal depends on the type of signal. In the most common case of a sine wave, the 
maximum amplitude is equal to the maximum amplitude of the fundamental har
monic. 

Important specifications concerning the linearity of a system are the Spurious 
Free Dynamic Range (SFDR), intermodulation products (1M) and intennodulation 
intercept points (IP). The SFDR of a system is defined as the ratio between the max
imum signal component (usually a single sine wave) and the maximum distortion 
component. The definition of the SFDR is shown in Fig. 2.10. 

t 
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Figure 2.10: Definition of SFDR. 

The third order intennodulation product (1M3) is detennined using two input 
sine waves with frequencies Hand h. The 1M3 is defined as the ratio between the 
carrier input power and the power of the distortion component at frequency 2fl - 12 
or 2f2 - fl (see Fig. 2.11). The IP3 is defined as the input power at which the third 

t 

2fj -1,;1 

............. ,. 
1,; : 

, 

; 1M3 . 
, , 

frequency ----110> 

Figure 2.11: Definition of 1M3. 

order intermodulation distortion is equal to the input power. For systems with a large 
linear operating range, the third order intennodulation intercept point (IP3) can be 
related to the 1M3. For such systems, the most common nonlinearity is the loss of gain 
at high input amplitudes. The transfer function of the system can be approximated by 

y{x) = g·x+ h·x3 (2.25) 
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in which g and h are constants. For systems with a large linear range, the constant h 
will be very small compared to g. The third order term in (2.25) results in harmonic 
distortion and intermodulation products. Because of the third order, the intermodula
tion distortion will increase three times as fast (on log scale) as the linear term with 
increasing an input signal (see Fig. 2.] 2). The IP3 can be calculated from the 1M3 

t 

PX IP3 
carrier power (dB) __�i�>_ 

Figure 2.12: Relationship between 1M3 and IP3. 

using 

IP3 = PX - I~3 (dB) (2.26) 

Note that equation (2.25) does not fit the behavior of ADCs very well. If the input 
signal to an ADC is decreased, less quantization steps are used and the distortion 
relative to the input amplitude increases. In effect, the parameter h in (2.25) increases 
when the input amplitude decreases. 

Definitions of more suitable linearity specifications for ADCs such as integral Iin
earity (INL) and differential linearity (DNL) can be found in [10]. These definitions 
are intended for ADCs sampled at the Nyquist rate, and cannot readily be applied to 
oversampled noise shaping ADCs which will be described in the next chapter. 

2.6 Conclusions 

In this chapter the effects of quantization and sampling are discussed. The quanti
zation errors are analyzed. The requirements for which the quantization errors can 
assumed to be white and uniformly distributed are presented. Additionally, a number 
of performance definitions for ADCs have been introduced. Most of these definitions 
can be applied directly in the context of oversampled noise shaping ADCs. 



Chapter 3 

Noise Shaping Concepts 

Noise shaping is a technique for increasing the resolution of analog-lo-digital con
verlers and digital-fo-ana[og converters. The basic thought behind noise shaping is 
the exchange of resolution in time for resolution in amplitude. By increasing the res
olution in time (oversampling) and by applying error feedback, the resolution and the 
theoretically achievable SNR of an ADC or DAC can be increased. 

3.1 Oversampling 

In the case that the sample frequency if of an ADC is equal to twice the maximum 
input signal frequency fb (Nyquist), all the quantization noise power is located in
side the signal bandwidth [-fi''/b)' When the sample frequency if exceeds twice 
the maximum input signal frequency fb, the ADC is said to be oversampled; the ra
tio f.d2jiJ is called the oversampling ratio (OSR). When the quantization errors are 
assumed to be uniformly distributed within [- id2,fd2), the quantization noise in
side the signal bandwidth will decrease when the oversampling ratio is increased. 
Figure 3.1 shows the power spectral density of the quantization noise for an ADC 
sampled at Nyquist rate (OSR = 1) and for an ADC oversampled with a factor of 
four (OSR = 4), Although the total power (area) of the quantization noise is the 
same, the amount of quantization noise that falls within the signal band is substan-

OSR=4 . t qSR=1 
J 

Figure 3.1: Power spectral density of the quantization noise for an ADC 
sampled at Nyquist rate (OSR= 1) and an ADC oversampled 
with a factor offour (OSR =4). 
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tially lower when the ADC is oversampled. The rms amplitude of the noise inside 
the signal band can be calculated using eq. (2.12): 

/' /' 2 
2 l'li 'j"b q 

eq,rms = -Ii, Eq(f) dj = -Ii, 12f, df 
2ib 

12 f, 
q2 1 

]2 OSR 
(3.1 ) 

The maximum SNR inside the signal bandwidth of an ideal oversampled ADC equals 

SNRmllx B x 6.02+ 1.76+ 1010g,o(OSR) dl? . ' .' 
(3:2) 

Compared to an ADC sampled at Nyquist rate (2.18), the maximum SNR has in
creased with IOJog,o(OSR). By oversampling an ADC with a factor of four, its 
ENOB can be increased by one bit. The increased resolution in time can be used to 
increase the resolution in amplitude. Note that this increase relies on the quantization 
errors being white. If a low resolution quantizer (B is small) is highly oversampled, 
the quantization errors will not be whitened by aliasing. Successive quantization er
rors will become highly correlated and the oversarripling will not result in an increase 
of the SNR (see sec. 2.4). 

The definition of oversampling ratio given above is based on the fact that the input 
signal is a baseband signal, i.e. its frequency range is [O,ibj. However,oversampling 
can also be used when the input signal is a bandpass signal. A more general definition 
of oversampling ratio would therefore be: 

The oversampling ratio (OSR) is defined as the ratio between the sample 
frequency f,· and twice the signal bandwidthBW. 

For a baseband signal the bandwidth is defined as the maximum signal frequency 
. BW = fb. The bandwidth of a bandpass signal is defined as the difference between 
the maximum and minimum signal frequency BW = imax - imin' 

3.2 Error Feedback 

The use of feedback to reduce errors and control the state of a (nonlinear) system is 
well known from control theory. In 1946 DELORAINE et al. patented such a feedback 
system using impulses for signal transmission [11]. DE JAGER [12] used a similar 
technique for ana)og~to-digita) conversion. The output of a sampled coarse quantizer 
was filtered (using an integrator) and subtracted from the input signal in order to 
reduce the quantization errors. A .more effective method to reduce the quantization 
errors was described by CUTLER [13] and SPANG and SCHULTHEISS [14]. Instead of 
feeding back the output signal, the quantization error signal is filtered and subtracted 
from the input signal. The resulting error feedback coqer is shown in Fig. 3.2. The 
underlying concept of this error feedback system is to predict and correct for the 
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Figure 3.2: Error feedback coder or noise shaper. 

next quantization error using previous quantization errors. The output (0) of the 
error feedback system can be written in terms of the input (i) and the quantization 
error (eq ). Without loss of generality, these signals can considered to be discrete 
time signals and the loop filter H can be considered a discrete time filter [15]. Using 
Fig. 3.2, the z-transform O(z) of the quantizer output signal can be written as 

O(z) = E,,(z) + X (z) = I(z) + (1 - H (z)) . Eq(z). (3.3) 

in which z is the z-transform variable and the capitalized symbols indicate the z
transform of the corresponding signals. The output consists of the input signal and a 
filtered version of the quantization errors. The quantization errors are filtered with I -
H(z), and will be eliminated from the output for H(z) = I. As the quantization 
"noise" is spectnilly shaped with I - H(z), the system of Fig. 3.2 is also referred to 
as a noise shapero 

It ,should be noted that the quantization error signal eq is not an independent 
signal, but depends entirely on the input signal i, the transfer of the quantizer and the 
loop filter H. Nonetheless, the analysis given above applies unconditionally as no 
assumptions were made concerning the nature of the quantization error signal eq . 

The transfer from the quantization errors to the output of the noise shaper is 
commonly referred to as the Noise Transfer Function (NTF); the transfer from the 
input to the output of the noise shaper is called the Signal Transfer Function (STF). 
The output of the noise shaper can be written as 

with: 

O(z) = STF(z) ·I(z) + NTF(z) . Eq(z) 

NTF(z) 

STF(z) 

I -H(z) 

(3.4) 

(3.5) 

(3.6) 

The design of the NTF (and the loop filter) depends on the type of signals which 
have to be sampled and quantized. The loop filter acts as a prediction filter for the 



22 Noise Shaping Concepts 

next quantization error. For slowly varying input signals, the most simple prediction 
for the next quantization error is the preceding quantization error. In that case, the 
loop filter is a delay: H (z) z-! , resulting in a first order noise shapero The amplitude 
response INTF( e j6W of the noise transfer function equals 

2 -2cos(8) (3.7) 

and is shown in Fig. 3.3. The angular frequency 8 is related to the z-transform variable 
by: 

z with: (3.8) 

For low frequencies (8:::::: 0) the amplitude response INTF(z)I :::::: 0, and the quanti
zation errors will be suppressed in the output of the noise shapero For high frequen
cies (8 > 1t/3) the quantization errors are amplified. 

As this noise shaper suppresses the quantization errors at low frequencies it is 
commonly referred to as a lowpass noise shapero Similarly, the loop filter can be 
designed to suppress the quantization error in a pass band, resulting in a bandpass 
noise shaper [16]. 

The prediction of the quantization errors can be improved by using more infor
mation, i.e. more preceding samples, of the quantization error signal. Using more 
samples increases the order of loop filter and the order of the noise shapero Unfortu
nately, the order of the loop filter cannot be increased without limits. The nonlinearity 
of the quantizer within the feedback loop of the noise shaper causes stability prob
lems if the order of the loop fi Iter is higher than two. The stability problems are most 
profound for very low resolution quantizers, which exhibit a significant amount of 
nonlinear behavior. 

-1C -1C12 0 Ttl2 1C 
angular frequency e 

Figure 3.3: Amplitude of the NTF of a noise 'shaper with H{z} = Z-I 
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3.3 Architectures 

The implementation of the error feedback coder or noise shaper suffers from practical 
problems. Together with the stability issue for high order loop filters, the realization 
of the analog subtracters within the feedback path constitutes one of the major prob
lems. The suppression of the quantization errors strongly depends on the accuracy of 
the subtracter that results in the quantization error signal elf' If the transfer from the 
quantizer input x to the quantization error signal elf deviates from the ideal value of 
unity, the quantization noise suppression is reduced significantly. 

3.3.1 Sigma Delta Modulator 

In order to avoid the implementation of the analog subtracter, INOSE, YASUDA and 
MURAKAMI [17] suggested to move the loop filter from the feedback path to the 
feedforward path and use the output signal as the feedback signal. This resulted in 
the Sigma Delta Modulator (SDM) shown in Fig. 3.4. The output signal of the SDM 

+ o 

in out 

Figure 3.4: Sigma Delta Modulator (SDM). 

can again be written in terms of the quantization error EIf(z) and the input signal/(z): 

G{z) I 
O(z} = I + G(z} ·/(z) + 1 + G(z) . Eq(z) 

The SDM of Fig. 3.4 has the following NTF and STF: 

NTF(z} 

STF(z) = 

1 + G(z) 
G(z) 

] + G(z} 

(3.9) 

(3.10) 

(3.11 ) 

The quantization errors are filtered with I/(J + G(z)) and will be suppressed in 
the output of the SDM when \G(z)\ » l. The input signal is also filtered, but for 
IG(z) I » 1, the STF will be approximately unity. In order to have the same NTF as 
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the noise shaper from Fig. 3.2, the SDM's loop filter G(z) should satisfy 

1 
1 +G{z) = J H{z) (3.12) 

resulting in the relationship between the SDM loop filter G(z) and the noise shaper 
loop filter H(z): 

G(z) = ]_ H{z} (3.13) 

For the simplest case of H (z) = z-I , the SDM loop filter becomes an integrator. which 
effectively is a Jowpass filter. The large gain of the integrator for iow frequencies (z ;::::;! 

I) results in the suppression of the quantization errors for baseband signals., The 
resulting STF and NTF are 

NTF(z} 

STF(z) 

(3.14) 

(3.15) , 

The STF shows that the input signal is delayed by one sample period. Ideally, a delay 
does not introduce amplitude ' distortion and has a !iDear phase characteristic. 

3.3.2 Multi Stage Noise Shaping (MASH) 

A solution to the stability problems of a noise shaper with a high order loop filter was 
suggested by HAYASHI et al. [J 8]. They proposed the use of several stages instead of 
a single high order loop filter to reduce the quantization errors of a coarse quantizer. 
A basic diagram of the so-called MASH [19] structure with two stages is shown in 
Fig. 3.5. The quantization error signal eql of the first SDM (top) is used as the input 
of a second modulator. The output 02 of this modulator thus contains a quantized 
estimate of the quantization error signal eql. The output of the second modulator is 
filtered and combined with the output of the first SDM to eliminate the quantization 
errors of the first modulator. The output of the first modulator equals 

o ( ) G, (z) , ./(z) + 1 E () 
1 Z = I + G, (z) 1 + G, (z)' qJ z (3.16) 

and the output of the second SDM can be written as 

G2{Z) . 1 
02{Z) = I +G2(z) ·EqJ{z) + I +G2{Z) ·Eq2{Z) (3.17) 

The combined output Orot of the two modulators can be expressed as 

0101(2) 11~;lz} ·/(z) + (I+JI(Z) (3.18) 
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Figure 3.5: Multi stage noise shaper (MASHJ: 

Clearly, the quantization errors of the first SDM will be eliminated if 

F(Z)G2(Z) 
1 + G2 (z) 

(3.19) 

The remaining quantization errors of the second modulator are now filtered with 

(3.20) 

which can be of the second order even if both F(z) and G2(Z) are of the first order. 
In the case that two first order SDMs are used, the loop filters G1 (z) and G2(Z) are 
integrators: 

(3.21) 

According to (3.19), in order to eliminate the quantization errors of the first SDM, 
the equalization filter F{z) should be . 

F(z) = (3.22) 

which is a non causal filter. This problem can be solved by delaying the output 0) of 
the first SDM by one sample period. The equalization filter F(z} then changes into 

(3.23) 
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The remaining quantization error eq2 of the second SOM in the output of the MASH 
structure is now filtered or "shaped" by a second order function. while the input signal 
is delayed by two sample periods: 

NTF2(Z) 

STF(z) 

(3.24) 

(3.25) 

The quantization error suppression has been improved without increasing the order 
of the loop filter. of the SOM. In the case of an analog implementation. the MASH 
structure is sensitive to mismatch. For example. any deviation in the transfer of the 
filters GI (z), G2(Z) and F{z) will cause a mismatch in the elimination of the quantiza
tion error of the first SOM. If eq. (3.19) is no longer satisfied, the output of the MASH 
structure will also contain a fraction of the quantization error of the first SOM. This 
fraction of the quantization error eql is suppressed using a single loop only, and will 
cause significant degradation in the quantization error suppression. 

The MASH structure of Fig. 3.5 can be extended with additional stages in order to 
increase the effective order of the NTF and thereby improving the quantization error 
suppression. Because each low order stage operates independently, adding additional 
stages does not cause stability problems. 

3.3.3 Other Architectures 

Most realizations of oversampled noise shapers have one of the aforementioned struc
tures. However, alternative, more exotic structures have been proposed to avoid sta
bility problems or, for example, reduce the oversampling ratio. Some of these struc
tures will be discussed briefly. 

A. Parallel Sigma Delta Modulators 

As was shown in sec. 3.2, a noise shaper or sigma delta modulator suppresses the 
quantization errors only in a part of the frequency spectrum. For other frequencies, 
the quantization errors are amplified (see Fig. 3.3). In order to increase bandwidth 
in which the quantization errors will be sufficiently attenuated, several architectures 
have been proposed placing multiple noise shapers or sigma delta modulators in par
alleL An intuitive approach is to divide the required bandwidth into several smaller 
frequency ranges (or channels) and use a separate SOM for each channel [20]. Fig
ure 3.6 shows a block-diagram of such a multi-band parallel SOM. The input is sepa
rated into K channels which are quantized using as many SOMs. Because each SOM 
has to suppress the quantization errors in a different part of the frequency spectrum, 
they all have different loop filters. In order to retrieve a quantized version of the input 

. signal, the outputs of the SOMs are filtered and combined. 
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Figure 3.6: Multi band paraUel SDM. 
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Another way for spectral separation of the individual channels is the modulation 
the input signal of each SDM with a so-called Hadamard sequence [21] (see Fig. 3.7). 
A Hadamard sequence is a repeated row of the Hadamard transform matrix which 
only contains the values + 1 and 1. Modulating a signal with a Hadamard sequence 
only changes its sign in certain time intervals and can be implemented easily. As 
the Hadamard sequences are orthogonal, modulating the input signal with a different 
sequence moves a different part of its spectrum to the lower frequency range. As a 

in 

Figure 3.7: Hadamard parallel SDM. 
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result, each SOM can have the same loop filter but will quantize a different part of 
the spectrum of the input signal. The outputs of the SOMs are filtered, demodulated 
and combined to retrieve a quantized version of the input signal. 

Parallelism of noise shapers or SOMs can also be achieved in the time domain 
by means of time-interleaved sampling [22]. Using the idea of block filter theory, 
the combined NTF of K identical, mutually coupled, SOMs sampled at f~ can be 
made equivalent to the NTF of a modulator running at Kf~. As a result, the effective 
bandwidth in which the quantization errors are sufficiently suppressed is increased 
by a factor K, without changing the sample frequency of each individual SOM. 

B. Reduced Bit Rate and Vector Quantization 

In a conventional SOM, a quantizer is used that maps an input signal on a discrete 
output level, and a loop filter is used to predict the resulting quantization errors. 
In [23] the quantizer has been replaced by a general J-to-m mapping which maps 
the current input to m outputs (see Fig. 3.8). The mapping effectively estimates the 

.f, elk lI!f:, 

in iii oul 
1-m 

G 
mapper 

Figure 3.8: A reduced sample rate SDM. 

next In quantizer output levels of a conventional SOM, thereby reducing the sample 
rate with a factor of m. Because the mapping has m outputs, the loop filter is replaced 
by a multiple input, single output loop filter. The m parallel outputs are converted to 
a serial stream by the parallel to serial converter (PIS). 

Instead of changing the number of outputs of the quantizer, the number of inputs 
can be increased [24]. The inputs are connected to several outputs of the loop filter, 
each representing a state variable of the filter. The resulting vector quantization does 
not decrease the sample rate, but aims to improve the stability and performance of 
the SOM. 

C. Complex Bandpass SDMs 

A very specific structure is the complex bandpass SOM [25]. In this modulator, 
shown in Fig. 3.9, a complex signal is sampled and quantized. Two real valued sig
nals, corresponding to the real and imaginary part, represent the complex signaL The 
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Figure 3.9: A Complex (bandpass) SDM. 

two signals are usually referred to as I (in-phase) and Q (quadrature-phase) respec
tively. The real valued signals are quantized separately, but are mutually coupled 
through the complex loop filter. A key advantage of this structure is that the zeroes 
and poles implemented by the loop filter do not have to occur in complex conjugate 
pairs. As a result, the order of the loop filter for bandpass modulators can be reduced 
by a factor of two. Possible stability problems can be avoided at the cost of additional 
hardware. 

3.4 Decimation and Filtering 

The output of a noise shaper is a highly oversampled and roughly quantized signal. It 
not only represents the input signal but also contains the spectrally shaped quantiza
tion errors. Most of the quantization errors fall outside the signal bandwidth [- ib, ib) 
and can be removed by filtering (see Fig. 3.10). In the case of Analog-to-Digital con
version, the signal can be resamp\ed at a lower frequency after the filtering operation. 
Because all the out-of-band signals are removed by the filter, the out-of-band quan
tization errors of the noise shaper will not alias into the signal band. The combined 

rn input Signal 

D quantization 
error shaping 

- - filter 

Figure 3.10: Filter to remove the spectrally shaped quantization errors. 
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process of filtering and resampling for Analog-to-Digital conversion is called deci
mation. 

Decimation is often performed using several stages and,intermediate sampling 
frequencies. This is done in order to have an optimal trade off between complexity 
and power consumption. In the first stage, the sampling frequency is still very high, 
and simple filters are used to ·filter out a significant amount of quantization errors 
and reduce the sample frequency. The second stage consists of a more complex filter 
with a high attenuation outside the signal band and a very narrow transition region 
between the pass band and the stop band. This filter removes any spurious signals 
and quantization errors outside the signal band to allow resampling at the minimum 
(Nyquist) sampling frequency. 

3.5 System Overview 

Noise shaping and oversampling are used to increase the resolution of a coarse quan
tizer and improve the performance of ADCs and DACs. A typical analog-to-digital 
conversion using a noise shaper or SDM is shown in Fig. 3.11. The input filter re-

OSR"fs Is 

Noise Shaper B B' 

in ---110-
Input 

or 
Decimating 

out Filter Filter 
SDM 

Figure 3.11: An oversampling ADC system. 

moves spurious out-of-band signals from the analog input signaL The filtered signal 
is then fed into the oversampled noise shaper or SDM. The loop filter(s) of the noise 
shaper or SDM can be implemented using continuous time or discrete time elements. 
The digital output of the noise shaper or SDM consists of 8 bits representing the 
active output level of the quantizer. The decimating filter removes· the out-of-band 
quantization errors using one or more stages. The digital output of the decimating 
filter consists of 8' bits and is usually sampled at the Nyquist rate. 

Similar to the oversampled ADC system, an oversampled noise shaper or SDM 
can be used for digital-to-analog conversion. A typical oversampled DAC system is 
shown in Fig. 3.12. The original sample rate f~ of the digital input signal is increased 
to OSR . .f,. In addition, the resampled input signal is filtered to remove any unwanted 
out-of-band signals. The noise shaper or SDM reduces the number of bits to 8 and 
suppresses the in-band quantization errors caused by the requantization of the input 
signal. As both the input and the output of the noise shaper or SDM are digital signals, 



3.6 

B' 

in 

Considerations 

fs OSRfs 

B' Noise Shaper B 
Upsampling 

or DAC 
Filter 

SDM 

Figure 3.12: An oversampling DAC system. 

Output 
Filter 

31 

out 

the noise shaper or SDM can be implemented fully digitally. The output of the noise 
shaper or SDM is fed into a low resolution DAC. The resolution of the DAC is often 
equal to B I. The analog output of the DAC contains the input signal and shaped 
quantization noise (see Fig. 3.10). An analog filter with a high stop band suppression 
and a narrow transition region between the pass band and the stop band is needed to 
successfully remove the large out-of-band quantization errors. 

3.6 Design Considerations 

Apart from the architecture, several other considerations must be made when design
ing an oversampled error feedback coder. The performance of the coder not only 
depends on the order of the loop fi Iter, the resolution of the quantizer and the over
sampling ratio (see chapter 4), but also depends on the nonideal circuit behavior of 
the actual implementation. Another important design consideration is the stability of 
the nonlinear feedback loop. 

3.6.1 Stability 

The combination of a high order linear filter and a nonlinearity in a feedback loop can 
cause instability. The output and state of the system will no longer be controllable 
through the input. Due to the nonlinearity of the quantizer, the stability properties of 
the noise shaper or SDM depend on the applied input signal. Noise shapers or SDMs 
with a second or higher order loop filter are generally considered to be conditionally 
stable: the system will remain stable as long as the input signal and the state variables 
of the filter meet certain requirements. Unfortunately, stability analysis methods for 
linear systems do not apply and the conditions for which a noise shaper or SDM is 
stable have not yet been determined analytically. The stability of the feedback loop 
of the noise shaper and SDM will be investigated extensively in chapter 5. 
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3.6.2 Loop Filter Topologies 

In the literature concerning noise shapers and SDMs, a considerable amount of atten
tion is given to specific loop filter topologies [2]. This is probably caused by the fact 
that lowpass SDMs historically have built with an interpolative loop filter structure, 
consisting of a chain of integrators. One of the first SDMs with a loop filter order 
higher than one was constructed using a "double loop" [26]. In order to increase 
the performance or affect the stability properties of the SDM, multiple feedforward 
paths and local resonator feedbacks were applied, resulting in the loop filter topology 
shown in Fig. 3.13. 

~ ~ 

~~ ~~ 
~. 1-2-

1 ~. /-Z-I 

y' ~X~C, l~:·' L, 
. Figure 3.13: Interpolative loop filter topology. 

Although for practical reasons these topologies can be used for the implementa
tion of the loop filter, they are a special case and can be transformed into the direct 
form shown in Fig. 3.14 [9]. The transfer function of this discrete time filter equals 

G(z) 
Co + CIZ- 1 + C2Z- 2 + ... + CNZ-N 

I - d1z- 1 - d2z-2 - ... - dNz-N (3.26) 

in 

Co 

0-..... 'out 

Figure 3.14: Direct form filter topology. 
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in which N is the order of the loop filter, Cn (n = 0, 1, ... ,N) are the feedforward 
coefficients determining the zeroes ofG{z) arid dn (n = 1,2, ... ,N) are the feedback 
coefficients determining the poles ofG{z). When placed inside the loop of a noise 
shaper or SDM, the loop filter transfer function should have a delay of at least one 
sample period in order to result in a causal (and hence realizable) system. Conse
quently, the coefficient Co in Fig. 3.14 should be Co = 0. 

3.6.3 Implicit Input Filtering 

A major disadvantage of the direct feedback structure of the SDM in Fig. 3.4 is 
that both the signal transfer function STF and the noise transfer function NTF solely 
depend on the loop filter G{z). Designing the NTF directly determines the STF (see 
eq. (3.9)). In order to allow additional freedom in the design of the STF, the loop filter 
of Fig. 3.14 could be extended with separate feed forward coefficients cn,i and cn,o 

for the SDM input i and the SDM output 0, as is shown in Fig. 3.15. The resulting 
SDM structure is'shown in Fig. 3.16. The output O{z) of the SDM can be written as 

Gc,j{z) G{z) 1 
O{z) = Gc,o{z)· 1 + G{z) ·/(z) + 1 + G{z) . Eq{z) (3.27) 

with G{z) = Gc,o(Z)/Gd(Z) as defined by (3.26). Compared to the expression for the 
SDM output in eq. (3.9), the input is additionally filtered with Gc,i(Z)/Gc,o(z). This 
provides additional degrees of freedom in the design of the zeroes of the STF. This 
can be easily seen by substituting G{z) = Gc,o(Z)/Gd(Z). The original STF can be 
written as: 

STF{z) 
G{z) 

1 + G{z) 
(3.28) 

in1 Oo------r-------r--------, 
(from SOM inpul) 

in2 o--"""'""--.<p-----.;:---'T'--
(from SOM outpull 

0-..... out 

Figure 3.15: Direct form filter topology with two inputs. 
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Figure 3.16: SDM with input filtering. 

By adding the additional feedforward coefficients the zeroes of the STF are replaced: 

STF(z) = Gc,i(Z). G(z) 
Gc,o(z) 1 + G(z) 

(3.29) 

The additional freedom in the placement of the zeroes of the STF can be used to 
suppress unwanted signals in the input of the SDM at the expense of some extra 
hardware. An example of the application of implicit input filtering is given in sec
tion 7.3.5. 

3.6.4 Continuous-time vs. Discrete-time Loop Filters 

Until now, the signals and the loop filter of a noise shaper or SDM have been con
sidered to be discrete time. Although this simplifies the understanding of the noise 
shaping concepts, it is not a requirement. The loop filter can also be implemented 
using continuous time elements. As a result, the input and output signals of the loop 
filter will be continuous time signals. As the output of the SDM will remain a dis
crete time signal, a discrete to continuous time conversion needs to be performed in 
the feedback loop using a DAC. Figure 3.17 shows the resulting SDM with a con
tinuous time loop filter. Continuous time signals are indicated using the continuous 
time index t, e.g. i(t), and discrete time signals are indicated using the discrete time 
index k, e.g. o[k]. Similarly, the Laplace transform G(p) is used to represent the con
tinuous time loop filter transfer function. The continuous time transfer function of 
the DAC in the feedback loop is indicated by R(p). 

Although the loop filter is continuous time, the overall behavior of the SDM can 
be described by discrete time transfer functions [27]. The loop filter and the DAC can 
be replaced by an equivalent discrete time filter G(z), which depends on the contin
uous time loop filter transfer function G(p), the DAC transfer function R(p) and the 
sample frequency Is. The equivalent discrete time counterpart of the continuous time 
SDM is shown in Fig. 3.18. As the continuous time input signal i(t) is not sampled 
before it enters the loop filter G(p) in Fig. 3.17, a part of the filtering operation will 
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Figure 3.17: SDM with continuous time loop filter. 
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Figure 3.18: Equivalent discrete time SDM of Fig. 3.17. 

not be replaced by the discrete time loop filter and some residual analog filtering has 
to be performed before the input signal is sampled. 

A key advantage of using a continuous time loop filter instead of a discrete time 
loop filter is that the sampling operation takes place inside the loop. As a result, 
additional errors due to sampling or spurious out-of-band signals at the input of the 
quantizer are also suppressed by the feedback loop. 

3.6.5 One-bit vs. Multi-bit Quantizers 

Another consideration when designing a noise shaper or similar feedback coder is 
the resolution of the quantizer. The overall performance not only depends on the 
number of quantization levels, but also depends on the accuracy of the quantizer 
implementation. The accuracy of the individual levels of the quantizer determines 
the final performance that can be achieved by the noise shapero For example, when 
a four-bit quantizer is used in an oversampled noise shaper to achieve an ENOB of 16 
bit, the individual levels of the quantizer should have at least 16 bit accuracy. This 
requirement complicates the design of the quantizer considerably. 

An exception to this requirement is the one bit quantizer. Any mismatch in either 
of the two quantization levels merely results in a DC offset and/or a gain mismatch 
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(see Fig. 3.19). As these two errors are linear deviations of the ideal operation of 
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Figure 3.19: Level mismatch in a one bit quantizer. 

the quantizer, they do not degrade the performance of the noise shapero The effects 
of non~ideal implementation of the quantizer will be discussed more in detail in sec
tion 4.4. 

3.7 Conclusions 

In this chapter, the basic concepts of Qversampling and noise shaping have been pre
sented. Several architectures for noise shaping were discussed and a few design con
siderations were highlighted. The rest of this thesis will focus mainly on single loop, 
higher order one-bit SDMs. This class of error feedback coders can achieve a high 
SNR at moderate oversampling ratios (see chapter 4) and contains circuitry that is 
relatively easy to design I . 

The major obstacle in the design of single loop, high order one-bit modulators 
'is the issue of input signal dependent stability .. The stability of these SDMs will 
be investigated and discussed in chapter 5. Chapter 6 will focus on the ·impact of the 
stability requirements on the design of SDMs and bandpass modulators iii particular. 

I A higher order one-bit SDM consists of a single continuous time or discrete time loop filter, a 
comparator and a one-bit DAC. 



Chapter 4 

Performance 

The performance of oversampled sigma delta modulators can be predicted by mod
eling of the quantization errors as additive white noise. The theoretically achievable 
performance depends on several parameters such as the oversampling ratio, the or
der of the loop jilter and the resolution of the quantizer. Deterministic effects such as 
pattern noise and dead zones, as well as a non-ideal implementation affect the actual 
performance of an SDM. 

4.1 . Linear Prediction 

In section 3.3.1 the output of a single loop sigma delta modulator was calculated. 
The output can be written in terms of the input signal I(z), the loop filter G(z} and 
the quantization error signal Eq(z): . 

G(z} . I 
O(z) = 1 + G(z) ·/(z) + 1 + G(z) . Eq(z) (4.1) 

In the case that the quantization errors could be regarded as additive white noise, as 
suggested in section 2.3.1, the output of the SDM would consist of a filtered input 
signal and a shaped noise spectrum. The signal to noise ratio (SNR) in the band of 
interest could be calculated easily [28]. Unfortunately, the quantizers used in SDMs 
hardly ever match the requirements to validate the white noise approximation: 

• The number of quantization levels is usually very small. 

• The quantizer can be in overload. 

• The input signal of the quantizer is generally· not a random (white) signal. 

Although adding a dither signal could satisfy the latter requirement, the low reso
lution of the quantizers renders the model invalid. A one-bit quantizer in particular 
cannot be modeled by the addition of independent noise. The output power of a 
one-bit quantizer is constant. Adding quantization noise with constant power to an 



38 Performance 

input signal with variable power does not model the quantizer accurately. In order to 
accommodate the variable input, the quantizer can be modeled by an additive white 
noise source nq and a time invariant gain eli [29]. The resulting model is shown in 
Fig. 4.1. In the case of a one-bit quantizer, the gain cg can have any value larger than 

Figure 4.1: Modified quantizer noise model. 

zero. For multi-bit quantizers the value of cJ.! will be near unity. The quantization 
noise nq has a total power of cl /12 and is considered to be spectrally white and inde
pendent of the quantizer input signaL In the z-domain, the quantization noise power 
density is given by: 

(4.2) 

Applying this model to the quantizer in an SDM results in the linear noise pre
diction model shown in Fig. 4.2. The output of this linear model equals 

+ 
in out 

Figure 4.2: Linear noise prediction model for an SDM. 

- c".G(z) I 1 N 
O(z) = I; cJ.!G(z) . (z) + 1 + CgO(~)' q(z) (4.3) 

Compared to eq. (3.9) the STF and the NTF now include the noise parameter and 
will be referred to as the modified STF and modified NTF respectively. For eli = 1 the 
original STF and NTF are obtained. If all the signals are assumed to be real-valued, 
the noise contribution for negative frequencies will be identical to the contribution for 
positive frequencies. The in-band noise contribution No in the output of the quantizer 
can then be calculated by. 

(4.4) 
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where [emili, emax] is the angular frequency range (bandwidth) of the input signal. In 
the case ofa multi-bit quantizer, the value for the gain will be considered unity: cl< = 
I. For a one-bit quantizer, the value for cl< can be determined by calculating the total 
output power. As the output of a one bit quantizer is either -q/2 or q/2, the output 
power is constant and equal to q2/4. The total output power of the linear model 
according to (4.3) should therefore satisfy 

(4.5) 

If the gain of the loop filter G(z) is very large within the bandwidth of the input signal, 
the transfer from the input signal to the output of the SDM will be unity. The output 
power will be equal to the total noise power plus the input signal power Pi, and (4.5) 
can be simplified to 

(4.6) 

from which cl< can be solved. For Pi = 0 the resulting value for el< can be can be used 
to calculate the idle-channel in-band noise power with (4.4). In order to determine 
the dynamic range (DR) of the modulator, the maximum signal power has to be cal
culated. In section 2.5 it was shown that the maximum sine wave amplitude of a B 
bits quantizer can be approximated by: 

4 
2+ - )q/2 

1t 

resulting in a maximum signal power at the output of the quantizer: 

p. A~nax 
i,max = -2-

(4.7) 

(4.8) 

The DR of the modulator is found by dividing the maximum signal power Pi,max 

of (4.8) by the idle-channel noise power No,idle that was obtained using (4.4) and (4.6). 
The value for the dynamic range can be used as an estimate for the maximum signal
to-noise ratio (SNR). In [30J STlKVOORT showed that this estimate is too high. The 
value of C I< decreases with an increasing input power, thereby changing the spectral 
shaping of the quantization noise. As a result, the in-band noise power increases with 
an increase of the input amplitude. 

Although this model proved to be considerably accurate for higher order modu
lators [29], it failed to accurately predict the idle channel quantization noise of a first 
order modulator. A more elaboratG model for calculating the quantization noise was 
developed by ARDALAN and PAULOS. In [31] they suggested to use a separate gain 
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for the signal and the quantization noise. By doing so, the correlation between the 
input of the quantizer x and the quantization noise nq is incorporated in the model. 
In the model of Fig. 4.2 the input of the quantizer and the quantization errors are 
assumed to be uncorrelated. As the model of ARDALAN and PAULOS uses two pa
rameters, these parameters cannot be solved uniquely through a power requirement 
such as (4.5). Instead, the two parameters are solved by minimizing the rms error 
in modeling the nonlinear quantizer. Although fitting a more elaborate model to the 
non-linear quantizer can result in more accurate predictions, it does not give signifi
cantly more insight in the behavior of the SOM. 

4.1.1 Lowpass Modulator Example 

As an example, the DR of a set of lowpass modulators with a one bit quantizer is 
calculated. The prototype loop filter of the modulator equals 

az-1 )N 
(4.9) 

in which b is the radius of the poles (usually b I), a determines the position of 
the zeroes and N is the order of the loop filter. The modified NTF of the modulator 
equals 

(4.10) 

In the ideal case that cli = I, the (modified) NTF is equal to 

NTF(z) (4.11 ) 

The effects of the noise shaping of these modulators can be maximized by placing the 
zeroes of the NTF on z = I by choosing b I, and placing the poles of the NTF as 
far away as possible. For a first and second order modulator, the poles can be placed 
in the origin by choosing a = O. In the case of high order modulators (N > 2), the 
poles have to be placed closer to the zeroes in order for the modulator to be stable for 
small input signals (see chapter 5). Table 4.1 lists the values for the filter parameters 
and the resulting idle channel value for cg • The dynamic range' of these modulators 
is shown in Fig. 4.3 and Fig. 4.4 as a function of the oversampling ratio OSR. For 
very low oversatnpling ratios (OSR < 4) a first order modulator achieves the highest 
dynamic range. When the OSR lies between OSR ~ 4 and OSR ~ 12 a second order 
modulator optimizes the DR. The requirements on the NTF pole placement for higher 
order modulators degrades their performance for such low oversampling ratios. Only 
when OSR > 30 will an increase Of the order of the loop filter also result in an increase 
in the DR of the modulator. 
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Table 4.1: Filter parameters and the idle channel value for CJ.: used to deter
mine the DR of a one bit SDM with a loop filter according to (4.9). 
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Figure 4.3: Dynamic range of a one bit SDM with loop filter (4.9). The 
corresponding filter parameters are listed in table 4.1. 

4.1.2 Optimal NTF zero placement 
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The loop filters defined by (4.9) place all the NTF zeroes (suppressing the quanti
zation noise) at the same frequency. For these lowpass modulators the zeroes are 
located at DC (z 1). In most cases, this is not the solution which will minimize 
the in-band quantization noise of (4.4). For low to moderate oversampling ratios in 
particular, the NTF zeroes should be spread across the signal band. An estimate for 
the optimal placement of the NTF zeroes of a lowpass modulator can be calculated 
by minimizing 

, . . 

laSh In'i:o(Z eSI )1 2 
da with 'z ejS (4.12) 

in which 8b is the normalized bandwidth of the signal and at (l 0. .. N) are the 
normalized angular frequencies of the zeroes. In order to have a loop filter with real 
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Figure 4.4: Detail of Fig. 4.3. 

valued coefficients, complex zeroes should occur in conjugate pairs. For example, the 
NTF zeroes of a second order modulator should be placed at z = e±j90. The angular 
frequency 80 can be determined by calculating 

with (4.13) 

Evaluating the integral results in 

min 2 {8h (2 + cos 280) + ~ sin28h -,4sin8hcos80 } 'I 2 
(4.14) 

from which the optimal solution for the zero placement can be solved: 

80 (
Sin8h) 9,,«1 II 8 arccos --, ::::; -. b 

8h 3 
(4.15) 

The relocation of the NTF zeroes of the second order modulator increases the DR 
with approximately 3.5dB compared to placing both the zeroes at z = I. Similar cal
culations can be done for higher order modulators. For modulators with a loop filter 
order of N > 4 in particular, a relocation of the NTF zeroes across the signal band 
results in a significant increase in the DR of the modulator ( [2], p.154). Recently, a 
combined theoretical and empirical study on influence ·of the loop filter parameters 
of lowpass modulators on the performance was presented in [32]. 
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4.2 Idle Patterns, Dead Zones and Tones 

The linear prediction method in the previous section provides an estimate for the in
band quantization noise and the resulting DR of a modulator. The linear modeling 
fails to predict certain aspects of the behavior of the SDM. As the modulator is sam
pled, the output signal and the quantization errors often contain repeating patterns 
causing spurious tones in the frequency spectrum and other nonlinear behavior. 

4.2.1 Idle Patterns and Dead Zones 

The repetitive patterns that are present in the output of the modulator under zero input 
conditions are called idle patterns. They are the result of limit cycles (see Chapter 5). 
Depending on the loop filter and the initial state of the modulator, the actual idle pat
tern may vary. Typical idle patterns of lowpass one bit modulators include repeating 
series of '10', '1100' or '11010010' patterns in which a 'I' corresponds to a quan
tizer output value of q/2 and a '0' corresponds to -q/2. One of the effects of these 
patterns is a limited input sensitivity. For input signals with a very small amplitude, 
the idle patterns in the output of the modulator are not disturbed. The small input 
signal will not be coded by the SDM, resulting in a so-called "dead-zone". 

The dead-zone of a first order lowpass modulator with a loop filter G(z) = z-l / (1 
C I) can be calculated easily. Without an input signal applied to the modulator (i[k] = 
0), the quantizer input signal and modulator output signal contain an idle pattern with 
frequency fJ2 (shown in Tab. 4.2). The parameter Xo is the initial state of the filter 

Table 4.2: Idle pattern of a first order lowpass modulator. 

k 0 2 3 4 5 
o[kJ SL _SL SL 1. SL _SL 

2 2 2 2 2 2 
x[kJ Xo Xo-~ Xo xo- ~ Xo Xo SL 

2 

and has a value 0 < Xo < q/2. When a small input signal is applied to the modulator, 
the sum (or integral) of the input samples adds to the quantizer input. When the ab
solute value of this integral exceeds either Xo or q/2 - xo, the output of the quantizer 
changes state and the idle pattern is disturbed. The sensitivity of the idle pattern de
pends on the initial state Xo and is worst for Xo 0 or Xo = qj2. The threshold value 
for the sum of the input samples then equals q/2. In the case that the input signal is 
a sine wave 

ilk] = Ai' sin (21tfikTs ) (4.16) 
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with T,~ I If I , the sum of the input samples can be approximated by 

K I l K
T, AI L ilk] ~ To Ai' sin(2nfit) dt = . I ; . {cos(2nfiKT,~) 

k=O . S 1=0 2nJi 
]} ( 4.17) 

when K» 1 and f~ » ii. The.sum of the input samples has an absolute maximum of 

K 

Li[k] (4.]8) 
k=O max 

In the case that this absolute maximum does not exceed the value of !, the idle pattern 
will not be disturbed. The first order lowpass modulator has a dead-zone for sine 
waves with frequency fi and an amplitude Ai that satisfies 

k < qnfi 
I 2f~ 

(4.19) 

The dead-zone of a first-order SDM is most noticeable for input signals with a rel
atively high (in-band) frequency. Modulators with a higher order loop filter also 
exhibit a dead-zone which can be calculated in a similar manner. Because of the 
higher gain in the loop filter, the dead-zone of these modulators will be consider7 
ably smaller than the dead-zone of the first order SDM. Very small signals (including 
system noise) will disturb the idle patterns of such SDMs, rendering the dead-zone 
undetectable in practical implementations. 

4.2.2 Tones 

The same mechanism that causes the idle patterns is also responsible for the pattern 
noise or tones. Depending on the input signal, the output of the modulator contains 
repetitive p.atterns, causing pattern noise or tones in the frequency spectrum. These 
tones are a considerable problem in audio or video coding applications. As the hu
man ear and eye are very susceptible to these highly repetitive signals, the pattern 
noise and tones can be audible or visible, even when the system noise well exceeds 
the distortion power. The tones are also responsible for deviations in actual SNR per
formance: in-band tones cause bumps and slope changes in the SNR vs. input power 
characteristics. 

The pattern noise and tones are most evident in first order and second order 
SDMs, but are also present in higher order modulators. As an example, Fig. 4.5 
shows the in-band spectrum of a third order lowpass modulator with a DC input. The 
power of the DC input signal is -60dB compared to the quantizer output power q2 14. 
The constant input level causes the SDM to produce repetitive output patterns, result
ing in spurious tones at frequencies which are multiple of fd 1000. 
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Figure 4.5: In-band power spectral density of a third order lowpass modu
lator with DC input (simulation, 64K bins). 

The nature of the quantization errors of a first and 'second order lowpass modula
tor has been investigated extensively for various types of input signals [33-38]. The 
analysis methods used in these articles provide very accurate predictions for quan
tization noise spectra of the modulators. However, the complexity of the analytical 
methods renders them unsuitable for analyzing the quantization noise of high (N;:: 3) 

order modulators. Therefore, an approximate method will be presented hereafter. The 
method gives a qualitative insight in the mechanism that causes tones and the effects 
on the performance of the SDM. For reasons of simplicity, the analysis will be limited 
to SDMs with a one-bit quantizer. "First, the tones in a first order modulator will be 
analyzed. The findings will then be applied to second and higher order modulators. 

First Order Lowpass Modulator 

The behavior of a first order lowpass SDM as defined by (3.14) will be analyzed 
under DC input bias conditions. Without loss of generality, the quantizer step size 
can be set to q = 2, resulting in quantizer output values of ± 1. The first order lowpass 
modulator can be described in discrete time domain by 

x[k] 
o[k] 

x[k l]+i[k-l]-o[k 1] 
sgn(x[k]) 

(4.20) 

(4.21) 

in which x[k] is the quantizer input, irk] is the modulator input and o[k] is the modula
tor output (see Fig. 3.4). The initial state of the modulator is defined by x[O] = X() and 
0[0] = sgn(xo). Furthermore, let the input irk] for k;:: 0 be a rational fraction m/M, 
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with m,M positive integers and gcd(m,M) = 1. By substitution it can be shown that 
for k ~ 1 the input of the quantizer x[k] can be written as 

x[k] = XJ - i + i( -I )k+ l (k-~?"+X()J + (k~)m + xo - l (k~)m +xoJ (4.22) 

in which ly J represents the largest integer smaller than y. The quantizer input x[k] 
contains a constant, an altermlting part corresponding to the idle pattern and a frac
tional part y - ly J depending on the input signal and the initial state. The series 
described by (4.22) is periodic for k, with period M if m and M are odd, and 2M if 
either m or M is even. The output of the modulator, equal t6 the sign of x[k] , will 
have the same period. In the case that both m and M are odd, the output will change 
sign (M - m) times in the period of M samples. As a result, the output will have an 
average (DC) value of ;\J as required, but will also contain spectral components with 
fundamental frequencies 

m 
fL= 2Mj~ and 

M-m 
fH = 2M/" (4.23) 

In the case that either m or M is even, the same results are obtained. The first fre
quency fL corresponds to in-band tones as shown in Fig. 4.5. The latter frequency fH 
shows that a DC input also results in tones near half of the sampling frequency. 
Although this fundamental frequency does not fall within the signal bandwidth, its 
harmonics can have an impact on the SNR. Additionally, these tones may result in 
in-band distortion if any crosstalk of clock signals is present within a practical im
plementation. The crosstalk can result in intermodulation, and the tones will shift to 
the baseband frequencies. Note that the power of the distortion component fH will 
be considerably larger than the power of the distortion at fL if m is small compared 
to M. In that case (M ~ m) pulses (or sign changes) of the output add to the power 
of fH and only m pulses add to the power of distortion components fL. 

The frequency of the distortion components which are present in the output of 
the first order lowpass modulator with a DC input depends on the DC input value. 
Although this relationship was derived for input values which are a rational frac
tion m/ M, it will assumed to be valid for any DC input value. In the case of an 
irrational input value, the loop filter output x[k] will be quasi-periodic and will re
sult in an output containing repetitive patterns. With a DC input value of Ai, the 
frequencies of the distortion components can be expressed as: 

fH,n ( 2A) 1 n· 1-== -f. q 2 s with n = 1,2,3 ... (4.24) 

!L,n (2A) 1 n· == -f. q 2 s with n = 1,2,3 ... (4.25) 

In the case that Ai is small compared to q, the components fL,n can be neglected. 
Because frequencies higher than /,/2 will fold back (aliasing), the expression for the 
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distortion frequencies tH,11 can be changed to: 

ii/o,11 (I 2A) I n·cf ZI nodd (4.26) 

fHe,n n· eA1
) ~f. q 2 s 

n even (4.27) 

For Ai = 0, the distortion components at tHo,n represent the idle frequency f~/2. In 
the case that the input signal is a slowly varying signal, the idle pattern will appear 
to be frequency modulated with the input signal. Similar distortion signals will ap
pear in the base band of the output signal due to tHe,I!' The maximum deviation or 
"bandwidth" of these frequency modulated distortion signals can be calculated. In the 
case that the input signal is a sine wave Ai sin(21tJit), the bandwidth of the distortion 
signals ii/,n is equal to n· fD, with: 

fD Ai . f' 
. Js q 

(4.28) 

Figure 4.6 show~ a typical spectrum of a first order lowpass modulator with a low 
frequency sine wave input. Apart from the input signal near DC, the spectrum con
tains frequency modulated distortion components with bandwidths that are a multiple 
of fD. 

The low frequency distortion components fHe,1l in the output of the modulator 
cause a deviation in the SNR vs. input power characteristic of the first order SDM. 
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Figure 4.6: Spectrum of a first order lowpass modulator with sine wave input 
(simulation, 2K bins). 
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Caused by the amplitude distribution of a sine wave, most of the distortion power 
will be located near the frequencies n· fD. For large input amplitudes, these distor
tion components will not fall inside the signal bandwidth [O,Jb] in which the SNR is 
measured. The quantization noise within this bandwidth will contain few spurious 
tones and the SNR of the modulator will. be near the value predicted by the linear 
model. When the input amplitude decreases, a larger fraction of the power of these 
distortion components will shiftinto the signal bandwidth, causing an additional de
crease in theSNR. Note that the perceptual performance will decrease even more, due 
to the correlated in-band distortion (tones). When the amplitude is decreased below 
a threshold, the lowest frequency distortion component 2fD (see Fig. 4.6) falls inside 
the signal bandwidth. As a result, the total quantization noise power will strongly 
depend on the deterministic distortion components. The power of these distortion 
components depends on the power of the input signal, and the SNR will reduce at a 
lower rate than predicted by the linear model. This causes a change in the slope of 
SNR vs. input power characteristic. In Fig. 4.7 this characteristic is shown for two 
oversampling ratios. The input power is determined relative to the quantizer output 
power of q2 /4. The actual position of the threshold depends on the OSR and can 
be calculated as follows. The slope of the SNR curve will change when the lowest 
frequency distortion component,2jiJ is equal to the signal bandwidth fb. Substitut
ing (4.28) and fb = f,/(2· OSR) gives 
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Figure 4.7: Simulated and predicted SNR of a first order lowpass SDM. 

(4.29) 
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from which the threshold amplitude can be calculated: 

AI = 4.0SR (4.30) 

For an OSR of 100, the threshold amplitude equals AI = qj400, giving a sine wave 
power of -49dB compared the quantizer output power. In the case that the OSR=25, 
the threshold is located at -37dB. 

Second and Higher Order Modulators 

Exact analysis of the behavior of tones in second and higher order modulators is 
difficult. Even when exact expressions can be derived (see [37]), they do not always 
give a clear insight in the effects on, for example, the behavior of in-band noise as 
a function of the input signal. Although not supported by a rigorous mathematical 
foundation, a rough explanation of the tonal behavior of higher order modulators will 
be given hereafter, based on the results for a first order modulator, exact analysis 
found in literature and empirical results. 

A second order lowpass modulator with an NTF(z} (l Z-I)2 has a loopfil
ter G(z) which can be expressed in a single and double integrator teon: 

2 -I -2 2 -I 
() Z - Z + z 

G Z = (1 Z-1)2 = (1 -Z-I)2 -I --z_-:- (4.31) 

When an input signal is small enough, it will fall within the dead zone of a first order 
modulator. The loop filter output resulting from the right hand teon in (4.31) will not 
be large enough to disturb the idle pattern. As a result, the (double integrating) left 
hand term will be responsible for disturbing the idle pattern. In a second order mod
ulator, the idle pattern results in a "1100" sequence in the output of the modulator, 
corresponding to an idle "frequency" of f~j4. Disturbing the idle pattern by applying 
an input will cause tones near the idle frequency that are effectively modulated by the 
input signal. The behavior of these tones and their effect on the SNR perfoonance of 
the modulator will be investigated later. First, the behavior for large input amplitudes 
will be discussed. 

In the case that the amplitude of the input signal exceeds the dead-zone threshold 
value, the right hand teon in (4.31) will so large that the output pattern of the second 
order modulator is disturbed. The right hand teon represents a single integrator which 
has only one delay (Z-I). The output of the modulator can be affected within one 
sample period. This suggests that for large input amplitudes, the output of the second 
order modulator will contain tones near fd2 which will behave similarly as in the 
case of the first order modulator. Simulations of this second order modulator indeed 
shows tones near f~/2 which are frequency modulated by the input. Figure 4.8 shows 
an example of the output spectrum of the modulator with a sine wave input signal. 
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Figure 4.8: Spectrum of a second order lowpass modulator with large am
plitude sine wave input (simulation, 2K bins). 

The bandwidth of the frequency modulated distortion components near 11./2 can be 
calculated using (4.28). This first-order behavior of the tones can also be found in 
third and higher order modulators, albeit less pronounced as in the first and second 
order SDMs. 

Now, the tonal behavior for small input signals will be discussed. In the case of 
a very small DC input value at the input of the second order modulator, the double 
integrating term in (4.31) would result in a quadratic curve in the output of the loop 
filter. A similar signal could be obtained in a first order modulator by first integrating 
the input signal before applying it to the modulator. This would suggest that for very 
small input signals, the tones in a second order modulator resemble the tones of a first 
order modulator with an integrator preceding the actual input of the modulator. As a 
result, the maximum deviation or bandwidth of the distortion components would not 
only depend on the amplitude, but also on the frequency of the input signal. In the 
case of an input sine wave Ai sin(21tfit), the bandwidth of the distortion components 
would be a multiple of fD2, with 

(4.32) 

As an example, Fig. 4.9 shows a typical output spectrum of the second order modu
lator with a very small input amplitude sine wave. Similar to Fig. 4.6, the distortion 
components are frequency modulated by the input signal. In Fig. 4.10 the relation
ship between the maximum deviation fD2 (see Fig. 4.9) of the distortion components, 
and the input amplitude Ai and the input frequency fi is shown. The bandwidth of the 
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Figure 4.9: Spectrum of a second order lowpass modulator with small am
plitude sine wave input (simulation, 2K bins). 
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modulated tones around fs/4 indeed depends proportionally to the input amplitude 
and inverse proportionally to the input frequency. 

The frequency modulated distortion components or tones located around 1,/4 at 
low input amplitudes have a noticeable effect on the SNR of the modulator. When 
the input frequency and amplitude are such that the bandwidth of these distortion 
components is small, they will be located near 1,/4. In the case that the ampli
tude is increased or the input frequency is decreased, the bandwidth of the distor
tion components will increase and the distortion components with the lowest fre
quency 1,14 - fm will move inside the signal bandwidth [0, Jb]. As most of the 

Figure 4.10: Bandwidth of the distortion components of a second order mod
ulator with a small amplitude sine wave as a function of input 
frequency (left) and input amplitude (right). 
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power of the distortion components is located near fd 4 ± fD2 (see Fig. 4.9), a sud
den decrease in the SNR can then be expected. When measuring the SNR vs. input 
power characteristic, a noticeable drop in the SNR can be found at relatively low in
put amplitudes (see Fig. 4.11). The exact position of this sudden decrease depends on 
the signal bandwidth (or OSR) and the input signal frequency with which the SNR 
characteristic is measured and can be calculated using (4.32). The sudden drop in 
SNR will occur at an input amplitude At2 for which 

.r, f~ .r, 
Jb = - - JD2 

4 

Substituting (4.32) in (4.33) and using fb = ft/(2· OSR) gives 

f~ - f (~-~) 
2.0SR - s 4 2nJiq 

from which the relative input amplitude can be calculated: 

(4.33) 

(4.34) 

(4,35) 

The relative frequency Ji / f~ of the input signal with which the SNR was measured 
in Fig. 4.1 J was equal to ft! f~ = 6.37· 10-4 . With an OSR = 100, the sudden drop 
in the SNR is located at -57dB relative to the quantizer output power q2 /4. Because 
this "second-order" behavior of the tones can also be found in third and higher order 
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Figure 4.11: Simulated and predicted SNR of a second order lowpass SDM. 
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modulators, the noticeable drop in SNR will also be present in the corresponding 
SNR vs. input power characteristics (see for example [2], p. 147). In Fig. 4.12 this 
characteristic is shown for a third order lowpass modulator, together with the SNR 
values according to the linear modeL The SNR of the third order SDM was measured 
with the same input frequency of iii I, = 6.37·]0-4. Therefore, the drop in SNR is 
located at the same input amplitude as in the case of the second order modulator. 
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Figure 4.12: Simulated and predicted SNR of a third order lowpass SDM. 

4.3 Dither and Chaotic Modulators 

The effects described in the previous section cause a reduction in the measured per
formance of the modulator. Moreover, they also seriously degrade the perceptual 
performance.' Spurious tones and modulated noise in particular are highly undesired 
artifacts as they can be perceived even when exceeded (in power) by the in-band 
noise of the system. This tonal behavior of the SDM can be reduced or even elim
inated by applying a dither signal and/or by making the modulator chaotic. These 
solutions also reduce related artifacts such as sudden drops in the SNR vs. input 
power characteristic. However, these improvements always result in an overall SNR 
degradation. 

4.3.1 Dither 

As was explained in the previous section, the spurious tones are the result of the 
sampled nature of the modulator and the nonlinear transfer of the quantizer. Even 
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with a large amplitude signal applied to the modulator, the quantizer input signal will 
be highly correlated with the quantizer output signal due to the feedback. In order 
to decorrelate the quantizer input signal, a dither signal can be added as depicted in 
Fig. 4.13 [6]. The dither signal effectively disturbs the coding patterns in the output 
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Figure 4.13: An SDM with a dither signal added to the quantizer input. 

of the modulator in a random fashion. When the dither signal is large enough, the 
output of the quantizer will be perceptually free of tones. The exact amount of dither 
that has to be added to the input of the quantizer is still subject of discussion ( [2], 
chapter 3), but is commonly set to have a peak value of half the quantizer step size q. 

Adding dither to the quantizer input reduces or even eliminates spurious tones 
and modulated noise, but also reduces the SNR of the modulator. As the dither is 
added at the quantizer input it is also noise shaped. The output signal of the dithered 
SDM in Fig. 4.13 can be written as: 

G(z) 1 1 
O{z) = 1 + G{z) l(z) + 1 + G{z) Eq(z) + 1 + G{z) D(z) (4.36) 

in which D{z) is the z-transform of the dither signal d. When the quantizer error 
signal eq and the dither signal d are assumed to be uncorrelated, a linear prediction 
model similar to Fig. 4.2 can be used to predict the in-band noise in the output of the 
quantizer. 

4.3.2 Chaotic Modulators 

Another method to reduce the pattern noise and tones in the output of a modulator 
is to design the loop filter such that the SDM exhibits chaotic behavior [39]. In the 
context of dynamical systems, chaotic behavior or chaos is defined as follows [40]: 

The behavior of a system is called chaotic when a very small perturba
tion in tbe initial state of the system results in asymptotically diverging 
but bounded state space trajectories of the system. 
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The behavior of a chaotic system is not steady state, periodic or quasi-periodic. 
An SDM can be made chaotic by placing the poles of the loop filter G(z) outside 
the unit circle [41]. Even though the loop filter then becomes unstable in a linear 
sense, the overall modulator can still be stable l due to the nonlinear feedback. The 
unstable loop filter causes exponentially diverging trajectories which are kept within 
certain bounds by the nonlinear feedback. As a result, the coding patterns which 
cause spurious tones in the output of the modulator are disturbed. The quantization 
error spectrum resulting from a chaotic modulator much resembles that of a noise 
shaped white random signal. 

As in the case of dither, reducing the tones in the output by making the SDM 
chaotic results in a decrease of the SNR. By placing the poles of the loop filter outside 
the unit circle instead of on the unit circle, the in-band gain of the NTF is increased. 
The increase of the in-band noise decreases the SNR of the modulator. 

4.4 Non-Ideal Implementation 

The theoretically achievable performance of an SDM depends on the order of the 
loop filter, the resolution of the quantizer and the oversampling ratio. The actual 
performance also depends on the effects of non-ideal implementation. These effects 
include a limited gain of the loop filter, noise introduced by the implemented circuitry, 
crosstalk from clock signals and distortion caused by the feedback DAC. 

4.4.1 Limited gain 

Caused by the limited gain of the actual loop filter implementation, the poles of the 
loop filter transfer function cannot be placed exactly on the unit circle. This causes 
an increase in the in-band gain of the NTF and thus an increase in the idle channel 
noise. As a result, the DR and SNR of the modulator will decrease. The effects of 
a limited DC gain of the integrators on the behavior of lowpass modulators has been 
examined in detail in [42]. However, the loss of DR is not addressed. An estimate of 
the degradation in the DR can be obtained using the linear prediction of section 4.1. 
Consider the class of lowpass modulators with loop filter 

(4.37) 

A limited gain of the integrators used to implement this transfer function can be 
modeled by a reduction of the parameter h. When the integrators have a DC gain Goc 

I For definition of stability in the context of sigma delta modulators see chapter 5. 
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the parameter b can be determined by 

b e 
1 

~J-
Goc 

(4.38) 

Provided that the maximum input signal· amplitude does not change, the loss. of DR 
is equal to the increase of the idle channel noise resulting from a reduction in b. The 
in-band idle channel noise of a lowpass modulator with loop filter (4.37) is calculated 
by: 

, ' .. ..,-.1 

No,idle = 

2 

ae-ja)N I de (4.39) 

in which cg is determined by solving eq. (4.5). Figure 4.14 shows the reduction in 
DR compared to the ideal case of b = 1 for SDMs with the loop filter parameters of 
Table 4.1. 

Similarly, the reduction in SNR can be calculated for a limited quality factor Q 
of the loop filter in bandpass modulators. For a second order discrete time resonator 
section defined by -I 

G(z) = (l-bejaoz-I~(1-be-jaoZ-I) (4.40) 

the relationship between the quality factor Q and the parameter b can be determined. 
The quality factor Q is defined (see [43]) as the ratio between the average energy U 
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Figure 4.14: Reduction of the DR as a function of b relative to the DR at 
b = 1 ofa lowpass modulator of order N (OSR=lOO). 
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stored in the loop filter and the dissipation per radian -dV / dq,: 

V 
Q = -dlJ /dq, (4.41) 

For a continuous time filter tuned at COo, this equation can be rewritten as 

V dV dt dV 
Q = dt' dq, = dt' COo 

(4.42) 

Solving the energy V from this differential equation gives: 

(4.43) 

In the case of a second order continuous time filter section the quality factor Q corre
sponds to the ratio between the center frequency fo and the so-called -3dB band
width BW -3dB. This bandwidth is define~ as the distance between the frequen
cies f-3dB at which the gain of the filter is -3dB below the maximum value at fa. 
The energy stored in the discrete time resonator cf. (4.40) can be approximated by: 

(4.44) 

This expression can be rewritten using an exponential form: 

V (kT.~) ;::::; Vo' e2k.1n (b} (4.45) 

Substituting k = t /T.~ and comparing (4.45) and (4.43) results in 

90 So 

Q ;::::; - 2. In(b) or: b ;::::; e-m (4.46) 

This relationship between Q and b can also be derived by the continuous time to 
discrete time transformation of a continuous time resonator with quality factor Q 
(see sec. 6.4). The curves shown in Fig. 4.14 will exhibit an exponential form when 
plotted as a function of Q. As in the case of the lowpass modulators, the loss of DR 
for a set of bandpass SDMs with loop filter 

G(z) 
(l_aelaoz-I)N/2(I_ae-jaoz-l)N/2 

(1 bejaoz- 1)N/2(1 be- jaoc l )N/2 

is calculated by determining the increase of the idle channel noise: 

2q2 ra" I I 12 
No,idle = 24n io 11 + cgG(ejfJ) d9 

(4.47) 

(4.48) 

The decrease in DR for bandpass modulators tuned at 90 = n/2 (or ft/4) as a function 
of Q is shown in Fig. 4.15. The parameter a is set to the minimum required value for 
stability (see sec. 5.6.5). 
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Figure 4.15: Reduction of the DR as a function of Q relative to the DR 
at Q = 00 of a bandpass modulator of order N tuned at ff/4 
(OSR=JOO). 

4.4.2 Noise 

In section 4.1 an estimate for the performance of an ideal SDM was found, under the 
assumption that the quantization errors could be considered as additive white noise. 
In a practical implementation of an SDM, the circuitry will introduce additional noise 
in the form of thermal noise, lIf-noise, etc. which is generally independent of the 
input signaL The circuit noise can be accounted for by a single noise source which 
adds to the input signal. This noise will not be shaped by the SDM, and adds directly 
to the quantization noise in the output of the SDM. The equivalent amount of noise 
in the input of the modulator can easily be calculated. In Fig. 4.16 a continuous 
time SDM is shown with several noise sources at different positions inside the SDM 
loop. The noise nfll introduced by the filter is suppressed by the feedback loop. The 
noise can be expressed as an equivalent input noise by dividing it by the loop filter 
transfer G(p). The noise nDAC introduced by the DAC adds directly to the input 
of the SDM. The noise nADC at the output of ADC (or quantizer) does not have a 
significant effect on the performance of the modulator and can be neglected. This is 
due to the fact that the output signal 0 is a digital signal. Both the DAC inside the 
SDM loop and the system connected to the output of the SDM will have large noise 
margins. When the noise does not exceed these margins it will have no effect on the 
performance of the SDM. By assuming that all the noise sources are spectrally white 
and independent, the equivalent input noise power M can be calculated by: 

Nfil 
Ni = f:=o IG(jro)12 + NDAC 

(4.49) 
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Figure 4.16: SDM with several noise sources and equivalent input noise 
source (dashed). 
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The actual implementation determines which of the two noise sources is dominant. 
Even though the noise contribution of the filter is divided by the filter transfer, 'it may 
prove to be dominant in an actual realization. 

The circuit noise generally degrades the performance of an SDM, but can have 
a positive side effect. When the equivalent circuit noise at the input of the SDM is 
larger than the quantization noise, tones and pattern noise will be masked. Addi
tionally, the circuit noise can act as a dither signal at the input of the quantizer, thus 
reducing pattern noise and tones in the output of the modulator even more. 

4.4.3 Crosstalk and Distortion 

Crosstalk and distortion can be analyzed in much the same way as circuit noise. Non
Iinearities in the loop filter and DAC introduce distortion signals such as harmonic 
and intermodulation products. Crosstalk, e.g. from the output to the input of the 
quantizer, can also introduce signal dependent distortion. These distortion signals 
can be modeled by adding signals at several locations in the modulator loop similar 
to the noise in Fig. 4. J 6. As in the case of the circuit noise, the distortion introduced 
by the loop filter is suppressed by the feedback loop. The distortion of the DAC is 
not suppressed and adds directly to the input signal. 

. As was mentioned in section 3.6.5, the distortion in a one-bit DAC is not caused 
by level mismatch. Level mismatch in a one-bit quantizer only results in a DC offset 
and amplitude change which are linear deviations. Distortion in a one-bit DAC can be 
caused by inter-symbol interference. The DAC generates a positive or negative pulse, 
depending on the input signal. Often a so-called Non Retum-to-Zero (NRZ) pulse is 
used to convert the discrete time input signal into a continuous time signal. The 
duration of an NRZ pulse is equal to the sampling period·r", Because these pulses in 
practice will have a limited rise and fall time, the energy of a pulse will depend on 
whether or not the output level will have to change value. The energy of a positive 
pulse (' 1') following a negative pulse will be less than when preceded by a positive 
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pulse. In Fig. 4.17 the output of a one-bit quantizer with limited rise and fall times 
is shown. The errors caused by the absence of rising and falling edges are indicated 
by gray areas. Because the distortion depends on the preceding symbol, it is signal 
dependent and will result in harmonic distortion components and intermodulation 
products. 
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Figure 4.17: Distortion due to limited rise and fall times of a DAC using 
NRZpulses. 

A solution for the reduction of the effects of limited rise and fall times is the use 
of Return-to-Zero (RTZ) pulses. The duration of these pulses is less than the sample 
period T"" As a result, every single pulse at the output of the DAC will have a rising 
and falling edge and the energy of each pulse will be (almost) identical. An example 
of the output signal of a DAC using RTZ pulses is shown in Fig. 4.18. 

Figure 4.18: Output signal of a DAC using R7Z pulses. ' 

4.5 Conclusions 

TheSignal-to-Noise performance .of an SDM can be estimated by using a linear pre
diction model. Modeling a one-bit quantizer by a gain and the addition of white noise 
results in a good estimate of the SNR as a function of the input amplitude. Because 
of the linear modeling, this method fails to predict the effects of idle patterns and 
tones on the performance of the modulator. Idle patterns cause a dead-zone in which 
the output does not contain a quantized representation of the input signal. The de
terministic behavior of the SDM causes tones in the output of the modulator. For 
lowpass modulators, these tones depend on the DC value of the input signal. For 
slowly varying input signals, the tones can be. viewed as frequency modulated dis
tortion components. By analyzing the behavior of these tones, several deviations in 
the actual SNR performance can be explained. In-band tones cause bumps and slope 
changes in the SNR vs. input power characteristics of SDMs. 



Chapter 5 

Stability 

The high Signal-to-Noise ratio that can be achieved by high-order one-bit sigma delta 
modulators has led to the wide spread application of these modulators as oversam
pled AID converters. However, the stability of the nonlinear feedback loop of the 
modulators has yet to be proven. Caused by the nonlinearity of the quantizer, sta
bility methods for linear systems such as the Routh-Hurwitz test are not applicable. 
The nature of the instabilities also requires a refinement of the definition of stability 
within the context of SDMs. 

5.1 Definitions 

Consider the following discrete time nonlinear system [44,45]. The state of the sys
tem is represented by the state vector x[k), in which k = 0,1, ... represents the sample 
number. The autonomous behavior of the system in time is described by: 

x[k + 1] f(x[k]} with: x[O] = Xo (5.1) 

in which f is generally a nonlinear time-invariant function, and Xo is the initial state 
of the system. For DC input conditions, the discrete time sigma delta modulator 
shown in Fig. 5.1 can be written in the form of (5.1), with x corresponding to the 
states of the loop filter G(z). 

Is elk 
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Figure 5.1: A single loop one-bit discrete time sigma delta modulator. 
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The stability of the system described by (5.1) is defined by: 

An autonomous system is called stable when for a certain bounded set of 
initial states Xo E C, the state x[k] of the system willi be bounded for k ---+ 
00, The system is called globally stable when the system is stable tor any 
bounded initial state Xo. 

A state x[k] is called bounded when Ilx[k] II < 00 in which 11.11 represents the Euclidean 
norm. As will be shown, this definition of stability is not very suitable in the context 
of sigma delta modulators. A more practical definition of stability for SDMs will 
therefore be introduced later. 

The behavior of the system, or in other words: the trajectories of the solutions 
of the system through state space, is characterized by special points in state space. 
Similar to linear systems, the nonlinear system can have equilibrium points x* for 
which: 

f(x*) = x* (5.2) 

Consequently, when x[ko] x* then x[k] x* for all k::::: ko. Concerning the stability 
of such an equilibrium point (e.p.) several remarks can be made [45, p. 165]. The 
equilibrium point x* is called 

t. Stable if for any given radius c > 0 and ko::::: 0 there exists a neighborhood 5 = 
5(c,ko) such that IIx(kol x*1I < 0 implies IIx(k]-x*1I < c for all k > ko. The 
e.p. is called uniformly stable when 5 does not depend on ko; and unstable 

when it is not stable. 

2. Attractive if there exists a radius 11 l1(ko) such that IIx[ko]- x*11 < 11 implies 
limk-too x[k] x*. The e.p. is said to be uniformly attractive if 11 does not 
depend on ko; repelling if the e.p .. is not attractive. 

3. (Uniformly) asymptotically stable if it is both (uniformly) attracting and (uni
formly) stable. The e.p. is said to be globally (uniformly) asymptotically stable 
when the radius of the attracting region 11 00. 

In addition to equilibrium points, nonlinear systems can exhibit limit cycles. A 
limit cycle in a discrete time system is a set of points Xl, X2, .. _ , XM for which holds 
that Xi+! = f(Xi) for 1 :s: i :s: M 1, and f(XM) XI- A limit cycle represents 
an oscillatory motion of the state of the system which is periodic with period M 
as fM (XI) = Xl- Note that in this respect, equilibrium points can be regarded as limit 
cycles of period M = ]. Similar to equilibrium points, a limit cycle can be attracting 
or repelling and stable or unstable. 
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Equilibrium points and limit cycles are a special case of a positively invariant 
limit set [45, p. 209]. A positively invariant set in general is defined as a set C for 
which holds that 

x E C =} f(x) E C (5.3) 

A positively invariant limit set Q(xo) is defined by: 

Q(xo) = {y I x[kd -+ y as ki -+ 00 for some subsequence {ki } of Z+} (5.4) 

Roughly said, the positively invariant limit set is equal to the set of points to which 
the state x of the system will converge for some Xo and k -+ "". Note that such set can 
again be attracting or repelling and stable or unstable. In practical systems, unstable 
limit sets will not be observed, as any perturb"!-tion will move the system away from 
the unstable e.p. , limit cycle or limit set. In order to verify the existence of these 
unstable e.p.'s and limit cycles, a reverse time simulation can be done. In eq. (5.1) 
the time parameter k is then replaced by -k; thus changing stable e.p. 's and limit 
cycles into unstable ones and vice versa. 

A positively invariant limit set can result in an oscillatory motion of the state of 
the system which is quasi-periodic or even a-periodic. Fot example, consider the 
following nonlinear system: 

elk + 1] = 2e[k] mod 21t 

r[k+ I] = Vr[ij 
(5.5) 

(5.6) 

in which x = (r, e) with r 2 0 and e E [0, 21tj. This system has two equilibrium 
points (0,0) and (1,0). For 0 < ro < I, Iimk:"""" r[k] 1. The solutions will spiral 
towards the unit circle, away from the origin: the e.p. (0,0) is unstable. For ro > 
I, limk-t"" r[k] = I the solutions will also spiral towards the unit Circle: the e.p. (1,0) 
is stable. When ro = 1, the solutions will cycle on the unit circle. However, these 
solutions wil [ be periodic if and only if elk] 2k1tJ (2m - I) for some integers k, m 2 
o. This set of periodic solutions is called a limit cycle. For other values of e, the unit 
circle is a positively invariant limit set, but not a periodic limit cycle. 

For reasons of simplicity, a positively invariant limit set resulting in quasi-periodic 
behavior will also be referred to as a limit cycle. In this context, the behavior is called 
quasi-periodic if the trajectory of the state can be described by: 

x[k] (5.7) 

in which g is a periodic continuous time function with period T. 
In [46] LYAPUNOV showed that a sufficient condition for tl,le autonomous system 

to be globa1Jy stable and for the state to remain bounded, is the presence of a globally 
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asymptotically stable equilibrium point. This condition can be extended by requiring 
the presence of a globally asymptotically stable limit set. 

Unfortunately, the definition of stability and the corresponding sufficient con
dition defined by LYAPUNOV are not suitable for practical sigma delta modulators. 
First of all, the sufficient condition was stated for an autonomous system. Although a 
similar condition can be stated for a special class of input signals ("bounded squared
integrable signals"), the actual input signals applied to SDMs, e.g. sinusoidal signals, 
do not belong to this class. Secondly, the boundedness of the states of the sigma delta 
modulator does not imply correct operation. Firstly, in practical implementations, 
the states of the SDM should remain within specified boundaries in order to avoid 
overflow and/or clipping. For example, when the states of the filter are represented 
by voltages, the positive and negative supply voltage pose an absolute limit to the 
state values. Note that this implies that practical modulators are always stable in 
bounded input bounded state (BIBS) sense. Secondly, in geperal the performance 
of the modulator will deteriorate ,when the state values become very large comparep 
to the modulator input and output values. This can be made clear by the following 
observation. In the desired operation of the SDM, the output o[k] of the modula
tor should represent a (filtered) representation of the input signal irk] plus distortion 
components. This means that the input of the quantizer x[k] should be strongly influ
enced by the input of the modulator. Now assume that the modulator is attracted to 
a stable limit cycle t . When the amplitude of the limit cycle is small, the input signal 
applied to the modulator can easily change the input of the quantizer. The limit cycle 
is disturbed, and the output of the modulator will contain a (filtered) representation 
of the input signal. In the case that the amplitude of the limit cycle is very large (the 
state values are very large), the input signal applied to the modulator will not disturb 
the limit cycle significantly. The output of the modulator will mainly be determined 
by the limit cycle, and not by the input signal. As as result, the performance of the 
modulator will be low. 

The previous observations show that the concept of stability with respect to SDMs 
and other error feedback coders needs to be redefined. In [47] HEIN andZAKHOR 
introduced the term K -stability. A system ( or SDM in particular) is called K -stable 
when, for a given class of input signals, the states of the system are bounded in 
absolute value by K. As indicated by the authors, K should be normalized to eliminate 
the effects of so-called equivalent scaling. For example, scaling the filter input signal 
in Fig. 5.1 with a factor of c does not change the behavior of the one-bit modulator, 
but does scale the values of the filter states. Unfortunately, a uniform method to 
normalize the system and have an unambiguous stability criterion is hard to find. 
Therefore, the concept of stability with respect to SDMs used here will be given 

I Modulators with a stable loop filter, in practice, are stable in BIBS sense and exhibit stable limit 
cycles. 
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using qualitative measures instead of quantitative criteria. 
In order to define the concept of stability for SDMs, a distinction will be made 

between two types of limit cycles based on the amplitude or maximum value of (one 
of) the states of the loop filter. A limit cycle will be called an idle pattern when it 
results in a small amplitude periodic signal at the output of the loop filter. The gain 
of the filter is usually very large inside the intended signal band; the filter is said to 
be tuned to the input signal frequency range. As the output signal of the filter should 
be small in the case of an idle pattern, the frequency2 of the idle pattern should not 
be near the signal band. In contrast to an idle pattern, a limit cycle is called a large 
signal limit cycle when it results in a very large amplitude at the output of the loop 
filter. The frequency of a stable large signal limit cycle will therefore be located near 
the tuning frequency of the loop filter. 

As an example, the idle pattern and a large signal limit cycle of a third order one
bit lowpass modulator are shown in Fig. 5.2. The loop filter of the modulator is given 
by: 

. G(z) = (z - 0.3)3 
(z 0.95)3 

(5.8) 

Depending on the initial state of the loop filter, the filter state or "solution" of the 
modulator converges to the idle pattern or the large signal limit cycle (no input signal 
is applied to the modulator). 
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Figure 5.2: Idle patterns (left) and large signa/limit cycle (right) of a third 
order modulator with loop filter (5.8). The coordinates indicate 
the initial state resulting in the specific limit cycle. 

2The frequency of a cycle in a one bit SDM is defined as the frequency of the fundamental 
harmonic of the quantizer output signal when the limit cycle is present. 
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Using the distinction between idle patterns and large signal limit cycles an alter
native definition of stability with respect to SDMs can be given: 

A sigma delta modulator will be called stable when for a certain class of 
input signals, the states of th~ system are bounded and the modulator is 
free of large signal limi.t cycles. 

5.2 Stability Analysis Methods and Criteria· 

As was mentioned in the introduction, stability analysis methods for linear systems 
cannot be used to examine the behavior of nonlinear systems. Because of the non
linearity, the superposition principle is not applicable. The response of the system to 
an input signal cannot be calculated by determining the homogeneous solution and 
the particular solution. In order to be able to characterize the behavior of nonlinear 
systems several methods have been developed. In addition, several stability criteria 
for sigma delta modulators in particular have been introduced. 

A) Lyapunov's Method 

The direct or second method of LYAPUNOV [46] is a well known method in order 
to determine the stability of nonlinear systems. The method can be used for proving 
global stability of equilibrium points and boundedness of states. It is based on finding 
a so-called Lyapunov function which is positive definite on the neighborhood of an 
equilibrium point. A real-valued function V (x) is called a Lyapunov function on a 
set C when 

1. V is continuous on C 

2. ,1.V(x) V(J(x)) V(x)::S; 0 whenever x and f{x) E C. 

The function V(x) is called positive definite at e.p. x* if 

I. V{x*) = 0 

2. V{x) > 0 for all x with Ilx - x*11 > E for some E > O. 

Using these definitions, an equilibrium point x* is called stable when there exists 
a positive definite function V on the neighborhood C of x*. Furthermore, the e.p. is 
asymptotically stable when ilV(x) < o for a11 x,J(x) E C, and globally stable when C 
is equal to the entire state space and V{x) -t 00 as Ilx\l-t 00. The Lyapunov function 
can be seen as a kind of energy function. Proving that the mapping f(x) will result 
in an energy decrease for any point in state space (ilV(x) < 0) guarantees stability Of 
the system. 
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Several stability criteria such as the Jury and Popov frequency domain crite
ria [44] are derived from Lyapunov's method. Unfortunately, these methods all share 
some serious drawbacks when applied to sigma delta modulators. Firstly, the method . 
can only be used to ascertain stability by finding a positive definite Lyapunov or en
ergy function. The inability to find such a function does not prove instability of the 
system. Secondly, the method can only be used to guarantee boundedness of states. 
As was discussed in the previous section, this is not a useful measure of stability with 
respect to SDMs. 

B) Tsypkin's Method 

To circumvent the nonlinear transfer function in feedback systems such as the sigma 
delta modulator in Fig. 5.1, TSYPKIN introduced the following method to ascertain 
the existence of limit cycles [48]. The output o[k] of the nonlinearity is assumed to 
have a certain periodic waveform. The response x[k] of the linear loop filter to the sum 
of this waveform and the input signal i[ k] is then calculated. When the resulting input 
signal of thequantizer indeed results in the assumed output waveform, the limit cycle 
is sustained. This method has been applied to SDMs in particular in [47] and [49]. 
Clearly, in order to determine the overall stability of the system an infinite number of 
limit cycles should be tested. In order to limit the number of limit cycles to be tested, 
a priori knowledge of the behavior of the SDM should be available. Hence, this 
method is not very suitable as a general stability method for sigma delta modulators. 

C) Positive Invariant Sets 

Another method for investigating the stability of a nonlinear feedback system is the 
use of positive invariant sets [50]. When a (not necessarily convex) positive invariant 
set can be found for the solutions of the dynamic behavior of the SDM, the SDM 
can be considered stable within this set. If the state of the SDM will remain inside 
this set for a certain class of input signals, the SDM can be considered stable for 
these signals. Finding an analytical expression for such a positive invariant set is 
difficult, and current methods rely on numerical solutions. Although this method is 
highly reliable, the use of extensive computer calculations in the design of an SDM 
is unattractive. 

D) Describing Function Method 

The describing function (df) method [44] is a well known method for analyzing the 
behavior of nonlinear systems. The concept of the df method is to use a linear, but 
signal dependent approximation of the nonlinear transfer function. This approxima
tion is based on two assumptions: 
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I. the input signal of the nonlinear element is a sinusoid. 

2. the fundamental hannonic of the input signal is prevalent in the output signal 
of the nonlinear element. 

In many practical nonlinear feedback systems these assumptions are validated as the 
output signal indeed contains a dominant fundamental hannonic. Additionally, the 
lowpass characteristic of the linear loop filter eliminates the higher harmonics, reduc
ing the input signal ofthe nonlinear element to a single sinusoid. Limit cycles in such 
systems often exhibit a sinusoidal wavefonn. 

Even when the assumptions are validated, the effectiveness. of the dfmethod de
pends on the ability to adequately model the nonlinear element. Commonly, the 
nonlinear element is modeled by a variable gain depending on the magnitude of input 
sinusoid. This model has also been applied to sigma delta modulators [29,31,51]. In 
section 5.3 it will be shown that despite reasonably accurate results the model fails to 
predict certain aspects of theSDM behavior. However, the df method does provide an 
excellent qualitative insight in the dynamic behavior of SDMs, and will be the main 
method to investigate the stability of SDMs in the rest of this thesis. 

E) Lee's Rule 

In addition to general methods for stability analysis of nonlinear systems, several 
stability criteria or rules of thumb have been introduced for the design of stable sigma 
delta modulators. A well known rule was introduced by LEE et al. [52]. LEE stated 
that the out-of-band gain of the noise transfer function should be less than two for 
zero input stability: 

INTF(z)I < 2 for: z = ejf) (5.9) 

The basic idea behind this criterion is that the noise transfer ·function amplifies the 
out-of-band noise introduced by the quantizer and causes the modulator to become 
unstable when the amplification is too large. Although this rule of thumb was deter
mined by simulation for a fourth-order lowpass modulator it is now widely used in 
the design of SDMs [2]. 

F) Power Gain Rule 

Another, but less used experimental rule of thumb for the stability of SDMs was 
introduced by AGRAWAL and SHENOI [28]. Based on the white noise assumption 
of quantization errors they suggested that the total power gain of the NTF should 
be less than three. The power of the quantization errors is assumed to be q2/ 12. 
However, the maximum output power of the modulator equals q2 /4. As a result, the 
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total power gain of the NTF should not exceed a factor of three to. validate the white 
noise assumption. 

In [53] SCHREIER and SNELGROVE presented a comparison of several rules of 
thumb with experimental stability tests. They showed that both LEE'S Rule and the 
Power Gain Rule are neither necessary nor sufficient to guarantee stability. 

5.3· Describing Function Method 

In this section the describing function method and its application to stability analysis 
of SDMs will be investigated more closely. For the analysis the general model shown 
in Fig. 5.3 will be used. The model contains a loop filter G and a quantizer Q enclosed 

+ ~ I--_x;..-,-..... I 
"""0 

o 

in out 
loopfilter G quantizerQ 

+ 

Figure 5.3: General model of a one~bit SDM for stability analysis using the 
describing function method. 

by a negative feedback loop. The quantizer is sampled at a rate of f~ samples per 
second. Loop filter G can either be a discrete time or a continuous time filter. The 
stability analysis of the loop can be done in the discrete time domain, as the signal 
path within the loop contains a sampled element (quantizer). A continuous time loop 
filter can be replaced by an equivalent discrete time filter (see sec. 3.6.4). 

As to the df method, the input signal x of the nonlinear quantizer is assumed to 
be a sinusoid: 

(5.10) 

The output signal 0 of the quantizer can be expressed as a Fourier series with a fun
damental frequency equal to the input frequency fx: 

a[k] L ai sin(21tifxkT~ + <!>i) (5.11) 
i=O 

The nonlinear transfer of the quantizer Q is now approximated by the response of the 
fundamental harmonic to the input signal. Generally, this response depends on both 
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the amplitude Ax and the frequency Ix and consists of a gain and phase shift: 

Q(Ax'/x) = A(Ax'/x)' ej$(AxJx) (5.12) 

Commonly, a one-bit quantizer is modeled by a frequency independent global signal 
gain A (see [29,31,51 D. This gain results from the fixed output amplitude and variable 
input amplitude of the quantizer. As the output of the one-bit quantizer has a constant 
amplitude, the gain can vary from A ---+ c>o when the quantizer input amplitude Ax = 0, 
to A ° when the amplitude Ax is infinitely large. The linearized transfer of the 
quantizer can be written in the z-domain as: 

Q(z) = A with: AE [O,OO} (5.13) 

Now that the nonlinear quantizer has been modeled by a linear transfer function, 
linear stability methods can be applied. A practical method for stability analysis of 
linear systems is the Root Locus method. By drawing the locations of the poles of the 
closed loop system in the complex plane, the stability of the system can be verified. 
For discrete time systems, the poles should be inside the unit circle in the complex 
z-plane to guarantee stability. The closed loop signal transfer of the linearized system 
can be expressed in the appropriate z-domain representatives of input ilk], output a[k]: 

O(z) 
I(z) = 

AG(Z) 
I +AG{Z) 

(5.14) 

The poles of the system, determining the stability are equal to the roots of the stability 
equation: 

1 +AG(Z) ° (5.15) 

The roots of this equation depend on the value of A, and the stability of the SDM 
is determined by their position in the complex z-plain: 

1. All roots are inside the unit-circle: The SDM is stable. 

2. One or more roots lie outside the unit-circle: The SDM is unstable. 

3. One or more roots are on or outside the unit-circle and will move inside in 
case the signal within the loop increases (and A decreases): The modulator can 
exhibit stable limit cycles. 

4. One or more roots are on or inside the unit-circle and will move outside in case 
the signal within the loop increases (and A decreases): The modulator contains 
an unstable limit cycle. The modulator is on the verge of becoming unstable or 
entering a stable large-signal limit cycle. 

In the following subsections some examples are used to show that the root locus 
method, using the model for the quantizer described above, fails to predict idle pat
terns and large-signal limit cycles. 
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5.3.1 Second Order Lowpass SDM 

First, a second order modulator will be examined. The loop filter of the SDM is 
described by 

2 -1 -2 
Z -z 

G(z) = 1 2 -I -2' - z +z 

The NTF of this modulator equals 

1 -I 2 
NTF(z)= l+G(z) =(l-z ). 

(5.16) 

(5.17) 

The NTF reveals the lowpass (z 1) error-shaping characteristic. Drawing the po
sition of the roots of (5.15) in the complex plane for 'A = 0 to 'A = 00 results in the 
root locus shown in Fig. 5.4 (arrows indicate increasing value for 'A). The root locus 
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Figure 5.4: Root locus of a second order lowpass SDM with loop filter (5.16) 
and the quantizer modeled by a single gain 'A E [O,oo}. 

reveals an idle pattern: at z = 1 (half the sample frequency j,) a root enters the unit 
circle if 'A is decreased. Because 'A is relatively large, the signal amplitude at the input 
of the quantizer will be small and the limit cycle may be considered an idle pattern. 

However, simulations and measurements using the experimental set -up described. 
in chapter 7 reveal that such a second-order system generates a "0011" idle pattern 
under zero input condition, corresponding to a frequency of fs/4. Even at small 
input levels the modulator prefers coding of the signal with a quarter of the sample 
frequency, a behavior not predicted accurately by the model used (see Fig. 4.9). 
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5.3.2 Third Order Lowpass SDM 

In this section, the root locus of a third-order lowpass SDM will be analyzed. The 
loop fi tter of the modulator is given by: 

(5.18) 

The poles of the loop fitter are placed near but not on the unit circle for the purpose 
of the explanation. The underlying reason for this choice will be explained below. 
The loop filter transfer is given in discrete time domain by: 

y[k] = -2.85·y[k-l]+2.7075·y[k 2] 0.8574·y[k 3]+ 

3 ·x[k-l]- 3·x[k 2] +x[k- 3J (5.19) 

in which y[k] is the output and x[k] is the input of the loop filter. The root locus 
of the third order SDM with loop filter (5.18) is shown in Fig. 5.5. Apart from the 
idle pattern at z = -1 the root locus reveals an unstable limit cycle near z = e±j~ 
and a stable large-signal limit cycle near z 1. For the unstable limit cycle, the 
roots leave the unit circle if the gain A decreases below a certain value 1..0. Once 
the roots are located outside the unit circle, the amplitude of the signal inside the 
loop will continue to increase, and the behavior of the modulator will converge to 
the stable large-signal limit cycle near z = 1. The amplitude (at the input of the 
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Figure 5.5: Root locus of a third order lowpass SDM with loop filter (5.18) 
and the quantizer modeled by a single gain A E. [0, 00). 



5.3 Describing Function Method 73 ------------------------------------------------

quantizer) of the large-signal limit cycle can be calculated as follows. The output 
of the quantizer is assumed to be a square wave with amplitude q. The amplitude 
of the fundamental harmonic can be determined by expanding the square wave into 
a Fourier series, which gives 4q/n. As I. represents the gain of the fundamental 
harmonic by the quantizer, the amplitude of the signal at the input of the quantizer is 
given by Ain = 4q/(nl.). Here, the predicted amplitude Ale and angular frequency Sle 

of the large-signal limit cycle equals: 

4 

Ale:::::; -. = 0.971 . 103 

I. 
and: (S.20) 

This large-signal limit cycle is not expected to appear under zero input conditions. 
Starting from zero initial state (I. = 00), a signal with increasing amplitude will appear 
inside the loop, and A will decrease. For a certain value 1.1 > A.o all roots will be 
inside or on the unit circle, and an idle pattern (at z = -1) with stable amplitude 
is to be expected. Simulations and experiments show that even under zero input 
conditions the large signal limit cycle near z = I is entered and the states of the 
system become very large. In Fig. S.6 the output x[n] of the loop filter is shown 
under zero input condition for a SDM with a loop filter described by (S.18). The loop 
filter output x[n] reveals a large signal limit cycle. The amplitude of the large signal 
limit cycle is approximately Ale:::::; 1002 (see Fig. S.6). The period of the large signal 
limit cycle is equal to 64 sample periods, corresponding to an angular frequency 
of Sle = n/32 :::::; 0.098 rad. The predictions for the angular frequency and amplitude 
of the large-signal limit cycle obtained from the root locus are reasonable estimates 
of actual values. However, the df method did not predict the occurrence of this limit 
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Figure 5.6: Loop filter output of a third order low pass SDM with loop fil
ter (5. J 8), zero input and zero initial states. Quantizer step 
size q = 2. 
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cycle for zero initial state conditions. In the case that the poles of the loop filter 
were placed exactly on the unit circle, the value for A for the large-signal limit cycle 
at Z 1 would be equal to A = O. The amplitude of the large signal limit cycle would 
be infinite. In practice, the states of the third order modulator with the poles placed 
in the unit circle, grow continuously and do not appear to be bounded. In strict sense, 
this behavior is not a large-signal limit cycle. 

5.3.3 Quantizer Modeling 

As was shown in the previous section, modeling of the quantizer by a single global 
gain is not adequate for prediction of certain aspects of the behavior of the SDM. 
The idle pattern of a second order lowpass modulator and the occurrence of a large
signal limit cycle in a third order modulator under zero initial state conditions is not 
predicted correctly by the df method. In the following section it will be shown that 
a sampled quantizer also exhibits a phase shift that has a significant impact on the 
stability properties of sigma delta modulators. 

5.4 Phase Uncertainty of a Sampled Quantizer 

Stability of linear systems with a feedback loop is governed by the amplitude and 
phase transfer of the elements of the loop. For the df method a nonlinear element is 
modeled by a (signal dependent) linear transfer. For correct analysis of the stability 
of the nonlinear feedback loop, a possible phase shift of the fundamental harmonic 
resulting from the nonlinear element should also be modeled. 

In this section the phase shift of a sampled quantizer will be investigated. The 
phase shift introduced by the quantizer can be considered a phase uncertainty. Sam
pling of the input signal of the quantizer causes a quantization threshold crossing to 
be detected by the sample moment following this crossing. As the crossing could 
have occurred anywhere in the previous sampling period,an uncertainty in the phase 
of the signal is introduced. This phase uncertainty, which depends on the frequency 
of the input signal, was first mentioned by HOFELT [49], who used it to verify the 
existence of limit cycles in SDMs using TSYPKIN's method. 

As an example, Fig. 5.7 shows the phase uncertainty of an input sine wave with 
frequency if / 4 in the case of a one-bit quantizer. The input signal is depicted by 
a solid line and the output samples are represented by impulses. Clearly, the input 
signal can be shifted in phase without changing the sign of the signal at the sample 
moments. Even a considerable phase shift of ± ~ does not affect the output samples. 

In the following sections, the phase uncertainty of sampled quantizers will be 
examined more closely. Closed-form expressions for the phase uncertainty of a one 
bit and a two bit quantizer will be derived. In order to construct an acceptable model 



5.4 Phase Uncertainty of a Sampled Quantizer 75 

rc/4 

)( ) 

T, T T, 

-~rc -rc -1rcPhas~ e -+ 
!rc 
2 rc 1rc 

2 

Figure 5.7: Phase uncertainty of a one bit quantized and sampled sine wave 
with frequency f~/4. 

for the df method, an approximation scheme for the phase uncertainty of a one bit 
quantizer will also be derived. 

5.4.1 Analysis 

A sampled quantizer has quantization output levels q",p and quantization threshold 
levels qp. In the case of uniform quantization with quantization step size q, the quan
tization threshold levels are equal to 

qp = q. p with: q> 0 and pE{-P, ... ,P} (5.21) 

in which 2P + 1 is the total number of quantization threshold levels. Consequently, 
the total number of quantization output levels is 2P + 2. The quantization output 
levels qo,P are also considered to be uniformly distributed with step size q. The 
quantizer is sampled at the sample moments tk. In the case of unifonn sampling, 
the sample moments are equal to 

with: k E Z (5.22) 

in which T.~ 11 f~ is the sampling period. Finally, let the (continuous time) input 
signal of the quantizer be a sine wave 

x{t) A . sin {21tft + <1» (5.23) 

with an amplitude of A > 0, a frequency of f and a phase of <1>. 

The phase uncertainty of the sampled quantizer can now be determined as fol
lows. A quantization threshold crossing by the input signal is detected without any 
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phase error when the input sine wave is sampled exactly at this crossing. In other 
words, the input sine wave is equal to a quantization threshold level qp at any of the 
sample moments tk: 

A . sin(2n:ftk + (j») qp (5.24) 

In the case of uniform quantization and uniform sampling this changes to: 

A . sin(2refkT.. + (j») p. q (5.25) 

Solving the phase (j) from (5.25) results in a set <I> of phases of the input signal for 
which the phase uncertainty is zero. Note that equation (5.25) has solutions for (j) 
for p E {-P*, ... , P*} with P* = l1 J equal to the index of the highest quantization 

.q 
threshold level reached by the input signal. Without loss of generality, the input signal 
can be assumed to cross all quantization threshold levels, i.e. P* = P. For the set <I> it 
holds that 

<1>: (j) = arcsin ( pq) + 2n:k f + Ire with: { k, l E{~p*. P*} 
A f. pE , ... , 

(5.26) 

Any phase (j) ¢ <I> of the input signal will result in a phase error (j) (j)*, with (j)* E <I> 
which is nearest to (j). As a result, the maximum absolute phase error or phase uncer
tainty equals half the maximum distance between two adjacent solutions (j) I, (j)2 E <1>: 

(5.27) 

Equation (5.26) shows that the maximum phase uncertainty depends on the ratio of 
the input frequency and the sample frequency f / fr. As the solutions are discrete with 
respect to the ratio f / f" a distinction will be made between input frequencies that 
are equal to a rational fraction of the sample frequency, and those that are not. 

A) Input frequencies not equal to a rational fraction of the sample frequency 

The phase uncertainty of the sampled quantizer is zero for input frequencies that 
are not a rational fraction of the sample frequency, i.e. f / ff E lR \ Q. This can be 
shown by reviewing eq. (5.26). According to [54], any set n + m~ with m, n arbitrary 
integers and ~ an irrational number will be dense in III As we assumed f / f. to 
be an irrational n1,lmber, set <I> of solutions of (5.26) will also be dense in III As a 
result, the difference between any two adjacent solutions and the maximum phase 
uncertainty L\(j)max is zero. 

In the case that the input frequency. is not a rational fraction of the sample fre
quency, any change of the phase of the input sine wave results in a change of at least 
one of the output samples. In other words, there will always be a sample moment in 
time at which the input signal will be equal to a quantization-threshold level. As a 
result, any change of the phase will be "detected" by the sampled quantizer. 
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B) Input frequencies equal to a rational fraction of the sample frequency 

If the input frequency f is a rational fraction of the sample frequency I~, this fraction 
can be written as 

f m 
= (5.28) 

I, M 

with m, MEN and gcd( m, M) = 1.3 In the case that the Nyquist criterion (f / I, ~ t) 
is taken into account, m and M also satisfy 

{ 
M>2 

m~ l¥J . (5.29) 

Substitution of (5.28) into (5.26) and using Bezout's Theorem [55]: 

equation (5.26) can be simplified to 

<1>: cjl- A M 
{

arcsin ( l!IJ.) + 21t k' M even 
- arcsin ( PJ) + ilk' M odd 

(5.30) 

The phase uncertainty for input frequencies satisfying (5.28) approaches zero for 
an infinite number of quantization-level crossings. Set <I> in (5.30) can be regarded as 
a repeatedly transposed subset <1>0. The transposition equals 2Tt/ M (M even) or Tt/ M 
(M odd). <1>0 is defined by 

arcsin(pq) pE{-P*, ... ,P*}. 
A 

(5.31) 

In order to find an upper bound for the phase uncertainty, the largest transposition 
of 1t is considered. In order to show that the phase uncertainty ilcjlmax --t 0 for P --t 00, 

the envelope of a set needs to be defined: 

The envelope E of a set <I> is defined as the smallest closed interval en
compassing all cjl E <1>, and is given by 

£{ <I>} [min( <1», max( <1»]. 
q, $ 

(5.32) 

As the envelope of the subset <1>0 is encompassed by [-nj2, Tt/2] and the transposition 
of the subsets equals Tt, the envelopes of all transposed subsets are disjunct. As 
a result, the largest interval between two adjacent cjl E <1> occurs between the highest 

3gcd(m, M) represents the greatest common divisor of m and M. 
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element in <Do and the lowest element in <Do + Tt, for the largest sine wave amplitude A 
resulting in P quantization-level crossings: 

max(A)ll~J=P [q(P+ 1)t· (5.33) 

Here [xt represents the largest y E IR for which y < x. As a result, an upper bound 
for the maximum phase uncertainty is given by 

A<I>max ::; ~ - arcsin ( P~ I) . (5.34) 

If the number of quantization-level crossings goes to infinity (P -+ 00), the upper 
bound approaches zero. Because the actual maximum phase uncertainty lies between 
zero and this upper bound, the phase uncertainty also decreases to zero. This follows 
with 

0::; lim A<I>max ::; lim ~ arcsin (p~ I) = O. 
L~J-loo P-loo 

(5.35) 

Note that this does not imply that the maximum phase uncertainty decreases with 
every increase of the number of quantization levels. 

5.4.2 Closed Form Expressions 

For the purpose of a model of the quantizer for the stability analysis, closed form ex
pressions should be derived for the maximum phase uncertainty A<I>max. Here closed 
form expressions will be derived for input frequencies that are a rational fraction of 
the sample frequency and satisfy (5.28) and (5.29) in the case of a one bit and a two 
bit quantizer. 

A) One bit quantizer 

A one bit quantizer has one quantization threshold level at p = O. As a result, equa
tion (5.30) is reduced to 

<D: { 
21tk M even n..- M 

't' - llk M odd 
M 

kEZ. (5.36) 

The maximum phase uncertainty can be derived directly from (5.27). This gives 

A<I>max(f) = { 
Meven 
Modd 

with: 
m 

M 
and m,MEN (5.37) 

From (5.37) it follows that the maximum phase uncertainty does not depend on the 
sine wave amplitude, as could be expected from the presence of a single quantization 
threshold level. In Fig. 5.8 the phase uncertainty is shown for M = 3, ... ,64. 
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Figure 5.8: Phase uncertainty of a one bit quantizer. 

In the case that the input frequency equals half the sample frequency (M 2), the 
maximum phase uncertainty for a single bit quantizer equals n12. It should be noted 
that for a sampled sine wave with frequency f f~/2 a phase shift is indistinguish
able from a change in amplitude, regardless of quantization. As a result, the phase 
uncertainty is undetectable in the case that only the output samples of the quantizer 
are considered. 

B) 1\vo bit quantizer 

A two bit quantizer has three quantization levels at p E { - 1 ,0, I}. Defining <PA as the 
phase difference between a zero crossing and an adjacent p = J level crossing 

(5.38) 

the solutions for zero phase uncertainty can be written as a repeatedly transposed 
subset {-<\>A,O,<\>A}: 

<ll: 
, { 21tk M even 

<\> = {-<\>A,O,<\>A} + ~k M odd (5.39) 

with k E Z. Because the actual adjacent solutions depend on the values <\>,1 and M, 
the maximum phase uncertainty has to be determined in four cases. For M even the 
cases are: 



80 

I. The envelopes of repeatedly transposed subsets are disjunct. The distribution 
of the solutions in (S.39) is depicted in Fig. S.9a. Each separate transposition 
(k 0, 1 ,2, ... ) of the set { -q>A, 0, q>A} is marked by a different symbol ( +,0,0 
or x). The envelopes are disjunct for 2rt/ M > 2q>A. As a result, the set <l> of 
solutions satisfies 

(S.40) 

The resulting maximum phase uncertainty, equal to.half the maximum distance 
between consecutive solutions, equals 

(5.41 ) 

2. The envelopes of two adjacent subsets intersect (<PA < 2rt/ M ~ 2<PA). The dis
tribution of solution subsets is shown in Fig. 5.9b. The set <l> of solutions 
written in ascending order equals 

m.. { ,t, 21t ,t, 0 21t ,t, ,t, 2n 21t ,t, } 
'¥. • .. , -'I'A, M +'I'A, 'M - 'l'A, 'l'A , M' Ni +'I'A,··· . . (S.42) 

Here the maximum phase uncertainty equals 

(5.43) 

3. The envelopes of three subsets intersect (q>A/2 < 2rt/M ~q>A). Figure S.9c 
shows the solutions of three subsets. The set <1> of solutions satisfies 

<1>: { ... ,-q>A' (S.44) 

The maximum phase uncertainty is described by 

(5.45) 

4. Four or more envelopes of subsets intersect (0 < 2rt/ M ~ <PA/2). Here the size 
of the transposition is smaller than half the interval between two solutions in the 
same subset, and any interval will be smaller or equal to 2rt/M. Figure 5.9d 
shows the distribution of the solutions of four subsets. The maximum phase 
uncertainty is equal to half the transposition step size: 

(5.46) 
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Figure 5.9: Four possible distributions of the zero phase error solution set <l> 
of a two bit quantizer. 

Similar expressions are found for odd values of M. In this case 2rt/M in (5.41) 

through (5.46) should be substituted by rt/M. Equations (5.41) through (5.46), to
gether with the expressions for odd values of M constitute the closed-form expression 
for the maximum phase uncertainty of a two bit sampled quantizer. 

In Fig. 5.10 the maximum phase uncertainty of a two bit sampled quantizer is 
shown for a sine wave amplitude A = 1.2q and A = 1.8q, together with the worst
case maximum phase uncertainty for each frequency. 

As is clear from equation (5.46) and Fig. 5.1 Oc, the worst-case value for the phase 
uncertainty is equal to that of a single bit quantizer. Despite the fact that the input 
signal amplitude exceeds the quantization threshold q (at p = 1), the phase <I> of the 
input signal can be such that at every sample moment the signal level is lower than 
this threshold. In particular, this situation occurs for amplitudes of the input sine 
wave just exceeding the additional quantization levels at p ± 1. 

5.4.3 Approximation 

The discrete character of the maximum phase uncertainty complicates the implemen
tation in a model suitable for the root locus method, in which a continuous phase re
sponse is desirable. Also, the maximum phase uncertainty in equation (5.37) relates 
to an infinite time interval (k E Z). The phase uncertainty over a short time interval 
m<)y be considerably larger. Solving the maximum phase uncertainty of a one bit 
quantizer described by (5.26) and (5.27) for a limited time interval k E {O, ... ,K} 
results in an approximation with linear functions. For example, the maximum phase 
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Figure 5.10: Phase uncertainty of a two bit quantizer: (a) for amplitude A = 
1.2q, (b) for amplitude A 1.8q and (c) worst-case values. 

uncertainty determined over a single sample period corresponding to K = I can be 
written as: 

O~flf~~! 
f}!<flft<k 

(5.47) 

In Fig. 5.11 the approximations for K = 1 to K = 4 are shown. Clearly, the ap
proximations correspond to the envelope of the actual (discrete) maximum phase 
uncertainty shown in Fig. 5.8. Using more samples to determine the approximation 
increases the accuracy, but also complicates the piece wise linear description of the 
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Figure 5.11: Piecewise linear approximations of the maximum phase uncer
tainty of single bit quantizer, for several values of K. 
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approximation. This approximation scheme thus allows a trade off between complex
ity and accuracy of the maximum phase uncertainty of a sampled quantizer. 

5.4.4 Extended Describing Function Quantizer Model 

Using (an approximation of) the maximum phase uncertainty, the linearized model 
for a sampled (one bit) quantizer can be extended with a phase transfer. The max
imum phase uncertainty L\<Pmax determines the range of the phase uncertainty as a 
function of the signal frequency. In order to rep,resent the actual phase uncertainty, 
a new model parameter (X. is introduced with (X. E [-1, 1 J. The actual phase un
certainty is represented by (X.. L\<Pmax(e), in which e is the normalized angular fre
quency e = 21tf I k Together with the gain parameter A which models the effects of 
amplitude quantization, the linearized z-domain model for a sampled quantizer will 
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be written as: 

{ 

Z r· ej9 

Q(z) = A.. ejM<i>max(9) with: A. E [0,00) 
ex.E[--I,I] 

(5.48) 

Note that for ex. = 0 the model reduces to the original model of Q(z) = A consisting of 
a gain only. Incorporating a phase transfer in the linear model can therefore be seen 
as an extension of the linear gain model. 

5.5 Prediction of Limit Cycles 

The extended describing function model for a sampled quantizer will now be used 
for the examination of the stability of the sigma delta modulator. In this section 
the model will be used to predict idle patterns and limit cycles. Prediction of idle 
patterns is important as they affect the actual dead-zone and in-band tones of the 
modulator (see sec. 4.2). Figure 5.12 shows the complete linearized model of an 
SDM to determine the stability. The transfer from the input to the output is given by 

in 
I G(z) I x '~~~~I-·· ...... ··:--r-""':ut 

loopfilter ' ...... _ ... qu·antlzer······· .. ' 

+ 

Figure 5.12: Stability model of a sigma delta modulator. 

O(z) 
l(z) 

Aeja8ij)max (e) G (z) 

1 + ')...ejMij)mu,(9)G(z) 
(5.49) 

The poles, determining the stability of this linearized system, are equal to the roots 
of the stability equation: 

o (5.50) 

5.5.1 Phase Criterion 

In order to determine possible limit cycles, the stability equation is reduced to a phase 
criterion. In the case of a limit cycle, one or more poles of the closed-loop system 
will be located on the unit circle: z = ej9 . This reduces eq. (5.50) to' 

(5.51) 
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This requirement for the existence of a limit cycle is partitioned into a modulus and 
a phase requirement: 

AIG(eJIJ)1 

aLl<pmax (9) +Arg{ G(eJIJ )} 1t 

(5.52) 

(5.53) 

As the quantizer has an arbitrary positive gain of A, the modulus requirement (5.52) 
is always satisfied for some A. Whether or not a limit cycle with a certain frequency 9 
is possible, is determined by the phase criterion: 

'Il aLl<pmax (9) + Arg{ G( eJ )} -1t = 0 (5.54) 

In a graphical representation, this phase criterion can be verified by drawing the phase 
shift of the loop filter Arg{ G(eJIl )} minus 1t and applying the phase uncertainty from 
Fig. 5.8 as an error-band. In the case that zero phase shift falls within the error-band, 
the phase criterion is satisfied. 

First, the phase criterion will be applied to a first order modulator with loop filter: 

G(z) (5.55) 

The plot of the resulting phase criterion is shown in Fig. 5.13. The figure shows that 

1t/2 

1t/4 

............... ~ 

-1t/4 

-1tI2 

o 118 114 3/8 112 

relative frequency flfs 

Figure 5.13: Phase criterion for determination of limit cycles of a first order 
low pass modulator. 



86 Stability 

only a frequency of f~/2 satisfies the phase criterion and is therefore the only possible 
limit cycle. For other frequencies such as fv/4, the phase shift including the phase 
uncertainty is only marginally larger than zero. A small deviation in the loop filter 
transfer function causes the phase criterion to be satisfied for these frequencies. For 
example, some additional delay in the loop filter may cause a first order modulator to 
have an idle pattern with a frequency of I/4 instead of fJ2. An excess delay in the 
loop filter can be modeled by a pole close to the origin of the complex plane (z = 0). 
The loop filter changes into: 

G(z) 
-I 

Z 

1 -d 'Z-I 
(5.56) 

with 0 < d « 1. Figure 5.14 shows the phase criterion plot for d = 0.2. Due to the 
excess delay, the phase criterion is now satisfied for several frequencies. In practical 
implementations of a first order lowpass modulator, an idle pattern at f~/4 is often 
observed. 

Application of the phase criterion to the second order lowpass modulator of sec
tion 5.3.1 gives Fig. 5.15. From this figure it is clear that several frequencies that are 
a rational fraction of the sample frequency satisfy the phase criterion and correspond 
to a possible limit cycle. In.addition to fie = fd2 which was already identified as a 

rrl2 

rr/4 

-'1tI4 

112 

relative frequency flfs 

Figure 5.14: Phase criterion forUmit cycles of a first order lowpass modu
lator with excess delay. 
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Figure 5.15: Phase criterion for limit cycles of a second order lowpass mod
ulator. 

possible limit cycle, the frequencies that can be written as 

f 
f~ 

lMi l J 
M 

for: M 3,4,5, ... (5.57) 

also satisfy the phase criterion. However, frequencies that correspond to odd M can
not occur in practice. This is caused by the fact that for such frequencies, the output 
of the quantizer contains a DC value. For example, for M = 3 the output of the one
bit quantizer equals a repeated series of either q/2,q/2, -q/2 or -q/2, -q/2,q/2, 
giving an average DC value of ±q/2. Generally, limit cycles with frequency fie will 
not occur in an SDM with a one-bit quantizer when (aliased) odd multiples of fie 
are (nearly) equal to the tuning frequency of the loop filter. The odd harmonic equal 
to the tuning frequency is amplified significantly by the loop filter and becomes the 
dominant signal in the loop. As a result, the feedback loop will suppress this har
monic and the fundamental frequency cannot be a limit cycle. Consequently, the 
limit cycle frequencies of the second order lowpass modulator can be written as 

for: M = 4,6, ... (5.58) 

Note that these frequencies are all located far away from the signal band (at DC) and 
the loop filter gain at these frequencies is relatively small. As a result, the limit cycles 
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will have a small amplitude. The second order lowpass modulator can therefore 
considered to be free of large-signal limit cycles. 

Unfortunately, the phase criterion cannot predict which specific limit cycle (or 
idle pattern) will occur under zero initial state conditions. The criterion can however 
be used to analyze the behavior of SDMs, and design the modulator (and loop filter 
in particular) such that it can or <.:annot exhibit certain limit cycles. 

5.5.2 Amplitude and Phase of Limit Cycles 

In order to check the prediction of the amplitude and phase of limit cycles, both 
the modulus eq. (5.52) and the phase eq. (5.53) have to be solved. For the second 
order lowpass modulator of sec. 5.3.1, the actual idle pattern frequency was f,/4, 
corresponding to a pair of complex conjugate poles at z = ± j. Substitution of either 
one of these values and solving A and ex gives: 

A = 0.894 and ex = -0.59 (5.59) 

Apart from an offset in the output of the loop filter (caused by the initial conditions), 
these values match the actual values determined from a simulation of the second order 
modulator (see Fig. 5.16). 
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Figure 5.16: Quantizer and loop filter output showing the idle pattern of a 
second order lowpass SDM. 

The addition of the phase uncertainty to the quantizer model also improves the 
amplitude prediction of the large-signal limit cycle of the third order low pass mod
ulator of section 5.3.2. The large-signal limit cycle had a period of M = 64, corre
sponding to an angular frequency of 1t/32. Substituting z = ejrc/ 32 into the stability 
equation (5.50) and again solving A and ex gives: 

A = 1.255.10-3 and ex = -0.195 (5.60) 
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The resulting (predicted) amplitude of the large-signal limit cycle equals 

11 

89 

AJc ~ rr.: 1.014.103 (5.61) 

which is within 1.5% of the actual value. In order to explain the occurance of the 
large-signal limit cycle in the case of zero initial state conditions, the root locus of 
the system needs to be analyzed. 

5.6 Small Signal Stability 

Caused by the nonlinearity of the sampled quantizer, the stability Of an SDM depends 
on the input signal. An SDM will be called small signal stable when its states remain 
bounded and the modulator is free of large-signal limit cycles for (in-band) input 
signals with a very small amplitude, i.e. Ain «qj2. Similarly, an SDM is called 
large signal stable when the modulator is stable for (in-band) input signals with a 
large amplitude. Note that in both definitions the term "in-band" is used to define the 
class of input signals. In-band signals are input signals whose frequency (range) is 
equal to the tuning frequency (range) of the loop filter of the SDM. The response of 
an SDMto an in-band signal differs considerably from the response to an out-of-band 
signal, as is shown in an example in Appendix A. As SDMs are mostly used with 
in-band signals, the stability of the modulator is defined with respect to these signals. 

The stability of the SDM will be "analyzed by means of the root locus method. 
Modeling of the phase uncertainty of the sampled quantizer introduces a second pa
rameter to the root locus analysis. As a result, the root locus trajectories that are 
obtained using a single gain parameter are converted into root locus areas, making 
the root locus plot hard to evaluate. Therefore, pole trajectories will be plotted as a 
function of the gain parameter A, for discrete values of the phase parameter IX. The 
basic thought is that any instability will give rise to a higher amplitude of the signal 
within the loop and a change in A. As the phase uncertainty of a one-bit quantizer is 
independent of the amplitude of the signal, IX can considered to be constant. In order 
to be able to analyze the stability of an SDM with an input signal applied, the follow
ing assumption is made: Applying an input signal to the modulator can be modeled 
by a change in the gain parameter A. This assumption is supported by the observa
tion that the maximum amplitude at the input of the quantizer indeed depends on the 
amplitude and frequency of the input signal (see Appendix A). 

With respect to the root locus of an SDM, small signal stability can be stated as 
follows: For any possible value of the phase uncertainty parameter <l, there has to be 
a non-empty range of values for the gain parameter A for which all the roots of the 
stability equation of the system reside within the unit circle in the complex z-plane. 
Starting from A 00 all root trajectories for constant values of IX have to enter the unit 
circle for decreasing values of A. 
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For large-signal stability, the range for which all the poles of the system reside 
within the unit circle should be large enough to allow variation of "A by the input 
signal of the modulator. The smallest value of "A for which the poles of the system 
still reside within the unit circle detennines the large-signal stability boundary. 

5.6.1 Second Order Lowpass Example 

The root locus incorporating the phase uncertainty of the second order lowpass mod
ulator of section 5.3.1 is shown in Fig. 5.17. For the maximum phase uncertainty the 
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Figure 5.17: Root locus of a second-order lowpass SDM described by (5.16) 
for different values of the phase uncertainty parameter a. 

approximation determined over a single sample period (K = 1) is used as described 
in section 5.4.3. In that case, the phase uncertainty is given by: 

o::;;e::;;~ 

~<e::;;1t 

The root locus can be detennined by calculating the roots of: 

(5.62) 

(5.63) 

Despite the fact that an approximation is used, the root locus will prove to give a con
siderable insight in the stability behavior of low- and highpass modulators. Note that 
equation (5.63) from which the root loci are detennined cannot be solved analytically 
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for arbitrary values of A andu. The root loci shown in this thesis have been generated 
using a search method described in Appendix B. 

The root locus in Fig. 5.17 of the second order lowpass modulator shows the 
pole trajectories for several values of the phase uncertainty parameter a. For any 
value of ~, the poles move inside the unit circle when A decreases. Therefore, this 
modulator can be considered to be small-signal stable. As the poles remain inside 
the unit cirCle for all A smaller than a certain Ao the SDM will also be large signal 
stable. For a = -0.59 the outer pole trajectory intersects the unit circle at z = ± j 
corresponding the idle pattern with frequency f~/4. In practice, this idle pattern 
occurs for zero input conditions and remains dominant at low input signal amplitudes. 
The idle pattern is slightly disturbed by the input signal. In Fig. 5.18 the output 
spectrum of the second order modulator is shown for a relative input amplitude of 
Adq 3.10-7 and a relative input frequency of iii f~ = 7.10-5. 

0.1 0.,2 0.3 0.4 0.5 
Normalized Frequency (f / fs) 

Figure 5.18: Output spectrum of a second order modulator with very low 
input amplitude (simulation, 2K bins). 

5.6.2 Third Order Lowpass Modulator Example 

In order to explain why the third order lowpass modulator from section 5.3.2 exhibits 
a large-signal limit cycle starting from zero initial state conditions, the root locus 
is determined for several values of the phase uncertainty parameter a. Again the 
approximation with K = 1 is used for the maximum phase uncertainty. Figure 5.19 
shows the resulting root locus for a {-1,-0.5,0.5,1.0}. For a ° the phase 
uncertainty is not taken into account and the root locus is identical to the one shown 
in Fig. 5.5. 
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Figure 5.19: Root Locus of third order lowpassSDM described by (5.J8)for 
a=-1,-0_5,0.5 and 1.0. 

For near zero initial state conditions, the input of the quaJt1tizer will be very small 
and the gain A will be very large. For any value of the phase uncertainty param
eter a, at least one pole of the closed-loop system will be outside the unit circle 
when A» 1. The amplitude of any signal present inside the loop, no matter how 
small, will increase exponentially. As a result, the signal at dle input of the quantizer 
will become bigger and A will decrease. For some values of the phase uncertainty 
parameter a the poles will move inside the unit circle for a moderate value of A ~ 1. 
However, for a 1 (upper left), the poles will not enter the unit circle until A has 
become very small (A« 1) and the poles are near z ~ 1. The intersection points with 
the unit circle represent a stable large-signal limit cycle. In the case that the poles 
would move inside the unit circle near z ~ 1, the signal inside the loop would be 
damped and it's amplitude would decrease exponentially. Consequently, the gain A 
would increase again, moving the poles outside the unit circle. Conversely, when the 
poles would move outside the unit circle the amplitude of the limit cycle would in-
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crease ~gain, lowering A and pushing the poles back into the unit circle. As a result, 
the poles settle on the unit circle corresponding to a stable large-signal limit cycle 
as A is very small. 

This third order lowpass modulator cannot be considered small signal stable, as 
there is no range of A for which the SDM is free of large-signal limit cycles and all 
the poles of the loop reside. inside the unit circle for any value of the phase uncertainty 
parameter a. 

As was shown in chapter 4, the poles of the loop filter should be placed at the 
unit circle for optimal noise shaping performance. Even though the poles of the third 
order SDM considered here lie well within the unit circle and do not give optimal 
performance, the modulator is not stable. This suggests that small signal stability is 
not so much determined by the poles of the loop filter, but by the zeroes of the loop 
filter. In the following section, a class of lowpass modulators will be analyzed and 
small signal stability boundaries for loop filter parameters will be determined. 

5.6.3 Low- and Highpass Modulators 

In this section a c\ass4 of lowpass SDMs will be analyzed having the following loop 
filter: 

(J -az-I)N 
G{z) = (1 hz-I)N -1 with: O~a,h~l (5.64) 

The noise transfer function of these SDMs can be written as: 

(1 - hZ-I)N 
NTF(z) = {i act )N (5.65) 

From this NTF it can be seen that the SDMs have a lowpass noise shaping charac
teristic for h:::::: 1. In that case, INTF(z) I will be very small for z:::::: 1 corresponding 
to very low frequency signals (DC). The parameter h corresponds to the leakage of 
integrator terms (1 - Z-I ). The parameter a determines the location in the complex 
z-plane of the loop filter zeroes. In order to have good noise shaping performance, a 
should not be near 1. 

By using the transformation Z-I -t -z-I, the class of lowpass modulators de
scribed by (5.64) can be transformed into a class of highpass modulators. Highpass 
SDMs will suppress the quantization errors for frequencies near half the sample fre
quency (corresponding to z = ~ 1). As the phase uncertainty in the quantizer model 
is symmetrical around f~ /4, the quantizer model is insensitive to the transformation 
used to obtain the highpass modulators. Therefore, the analysis of the low- and high
pass modulators will give identical results. Here, the analysis wiH be limited to the 
class of lowpass modulators. 

4Note that the previous examples used in this thesis also belong to this class. 
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Figure 5.20 shows the root locus of a third .order (N 3) modulator belonging 
the class of (5.64) with a = 0 and b ] for several values of <l. The root locus of 
the modulator resembles the third order lowpass modulator of the previous section 
and the SDM cannot be considered small signal stable either. As the poles of this 
modulator lie exactly on the unit circle at z 1, the modulator does not exhibit a 
stable large-signal limit cycle. Instead, the amplitude of the signal at the input of the 
quantizer (corresponding to one of the states of the loop filter) grows continuously. 

-1 

-2 I--~---'----"""""'<---"""'-----' 
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Figure 5.20: Root locus ofa third order lowpass SJ)M (a = O)for <l=-1, -0.2, 
0,0.5 and 1. 

By changing the loop filter, this third order modulator can be made stable for 
small input signals. The modulator will be small-signal stable when all the poles of 
the system reside within the unit circle for some moderate value of A, regardless the 
value of <l. The value of the loop filter parameter a should be changed such that 
when A is decreased from A = 00 ----7 0, the poles will always enter the unit circle (for 
some moderate value of A,). 

From Figs. 5.] 9 and 5.20 it follows that the worst-case situation of the phase 
uncertainty occurs for <l = -1. This value causes the outermost trajectories to be 
furthest away from the unit circle. In Fig. 5.21 these outermost branches of the root 
locus are shown for several values of the filter parameter a. For a ~ 0.412 these 
outermost branches intersect the unit circle between z = ejrej:l and z ejre/ 4 . The poles 
of the system will enter the unit circle for moderate values of A, for any value of <l 

when A is decreased: the SDM can be considered stable for small signals. For a 

0.412, the outermost branch of the root loc.us has exactly one intersection point with 
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Figure 5.21: Outermost branches of the root locus (a. = 1) of a third-order 
lowpass SDMfor several values of the filter parameter a. 
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the unit circle between z eilt /3 and z = eflt/4 ; the outermost branch is tangent to the 
unit circle. 

Root loci of lowpass modulators with a higher order (N 2:: 3) loop filter closely 
resemble the root locus of the third order modulator shown in Fig. 5.20. Minimum 
values for a can be obtained in the same way as in the case of the third order SDM. 
As an example, the root loci of a fourth order and a fifth order modulator are shown 
in Fig. 5.22 and Fig. 5.23 for a. 0 (no phase uncertainty) and a. = -1 (worst-case 
phase uncertainty). For the fourth order modulator N = 4, b = 1 and a 0.587; in 
the case of the fifth order modulator N = 5, b = 1 and a = 0.679. In these cases, 
the outermost branches of the root locus are tangent to the unit circle: the SDMs are 
marginally stable for small signals. 

The exact value of the loop filter parameter a for which the root locus intersects 
with the unit circle can be determined accurately using the algorithm described in 
Appendix C. The minimum values of a for small signal stability are listed in ta
ble 5.1. The small signal stability boundaries were verified using simulations and 
an all-digital test set-up described in chapter 7. In order to determine the practical 
stability boundaries the following approach was used. Using an in-band signal with 
a very small amplitude, the output of the loop filter was examined during the simula
tion run. If the filter output exceeded a threshold value5, the SDM was considered to 
be unstable for small inputs. For the simulations 107 samples were calculated using 

5The threshold value was chosen a number of times the quantizer output value (typically 100), 
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Figure 5.22: Root Locus of fourth order lowpass SDM which is marginally 
stable for small input signals. 
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Figure 5.23: Root Locus of fifth order lowpass SDM which is marginally 
stable for small input signals. 

Table 5.1: Minimal values of a for which the system described by (5.64) is 
stable (see footnote) for small signals for b 1 and order N. 

:N a 
dfmethod experimenta 

3 0.412 0.416 
4 0.587 0.619 . 
5 . 0.679 0.717 
6 0.736 0.771 

6 Here. the SDM was considered to be experimentally stable when it did not become unstable 
within 107 samples (see text). 
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an input signal with frequency a ~ 2· 10-6 and amplitude A ~ 3· 10-4 . The resulting 
experimental values are also listed in table 5.1. The theoretical values determined 
using the df method lie within 5% of the experimentaL values. These values could be 
obtained by modeling the phase uncertainty of the quantizer, as the simple linear gain 
model (a 0) does not suggest instability at low input amplitudes or at zero initial 
state conditions. 

In order to show that the exact amplitude of the input signal does not affect the 
experimental results, the true small-signal stability boundary was determined as a 
function of the input amplitude. Figure 5.24 shows the experimental stability bound
ary of a third, fourth, fifth and sixth order modulator. For input amplitudes less 
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reI. input amplitude 

Figure 5.24: Experimental and theoretical stability boundaries for loop fil
ter parameter a of a SDM with loop filter (5.64) as a function 
of input amplitude used. 

than -4OdB relative to the quantizer step size, the stability boundary does not change 
noticeably. For larger input amplitudes, the input sigrial will affect the input signal of 
the quantizer and the experimental boundary then agrees with a large-signal stability 
boundary. 

As was mentioned before, the poles of the . loop filter do not have a significant 
effect on the stability of the modulator. In order to verify this observation, the small
signal stability boundaries were determined as a function of the radius of the poles b. 
In Fig. 5.25 both the values derived using the df method and the experimental values 
for the small-signal stability boundary of a are shown for a third, fourth and fifth 
order lowpass SDM. When the poles are moved away from the unit circle (b < 1), 
a less stringent small signal stability boundary can be expected. In other words. 
the minimum value required for a will decrease when b is decreased. However, the 
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Figure 5.25: Theoretically and experimentally determined minimal values 
Jor a oj a third- , Jourth- and fifth-order lowpass SDM with 
loop filter (5.64) Jor which the SDM is stable Jor small signals. 

variation of the minimum stability value for a as a function of b is low. This confirms 
the observation that moving the poles away from the unit circle does not affect the 
stability behavior of the modulator significantly. 

5.6.4 Rule of Thumb 

As mentioned in the previous paragraph, the root loci of higher order low- and high
pass modulators are similar. This is true even for a modulator not belonging to the 
class defined by (5.64) that has a loop filter with: 

• the poles near z = 1 in the complex plane 

• the number of zeroes one less than the number of poles 

• the zeroes located in the right half of the unit circle 

The root loci of these modulators all have an outermost pole trajectory, the location 
of which is strongly determined by the phase uncertainty parameter a. The root 
loci were determined using the approximation with. K = 1 for the maximum phase 
uncertainty. This approximation was used in order to have a relatively simple model 
for the maximum phase uncertainty of the sampled quantizer. The. continuous nature 
of the model results in continuous pole trajectories in the root locus, thereby allowing 
a better interpretation of the root locus. The actual phase uncertainty has a discrete 
character (see Fig. 5.8). If a root locus would be plotted using the actual maximum 
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phase uncertainty, interpretation of the root locus would be nearly impossible as the 
trajectories of the poles would be discontinuous. 

The discrete nature of the maximum phase uncertainty can be incorporated into 
the small-signal stability test when using the following observation. The outermost 
branch of the root loci of these lowpass modulators are all tangent to the unit circle 
between e = rel4 and e = re13, when the approximation with K = I is used for the 
maximum phase uncertainty. The discrete maximum phase uncertainty shown in 
Fig. 5.8 has a local maximum of rel6 at e = re/3. Instead of requiring the outermost 
trajectories of the root locus to be tangent to the unit circle, small signal stability can 
be determined by requiring the outermost poles of the closed-loop system to be inside 
the unit circle at e = re/3. This leads to the following rule of thumb: 

A lowpass modulator with loop filter G(z) will be stable for small input 
signals when the roots of the stability equation 

1 + 'AejU1t
/
6G(z) =0 with: z = r· ejfJ 

lie within the unit circle for e = re13, A > 0 and all ex E [-1,1 J. 

Solving the stability equation for this value of e gives the radii r of the roots and the 
corresponding values of A. By changing parameters of the loop filter G(z), the roots 
can be moved inside the unit circle, giving a small-signal stability boundary for the 
loop filter parameters. For highpass modulators, the root loci are mirrored along the 
imaginary axis in the complex plane. The rule of thumb can be easily adapted for 
highpass modulators by replacing e = re/3 with e = 2re/3. 

The rule of thumb will give a slightly more strict stability boundary than the 
requirement on the pole trajectories being tangent to the unit circle. For example, 
applying the rule of thumb to a third order SDM with loop filter 

(z - a)3 
G{z) = (z 1)3 

results in a 'rule-of-thumb' equation 

(5.66) 

(5.67) 

As it was found in the previous section, the worst-case phase uncertainty corresponds 
to ex = - I. Substitution of ex = 1 and z r· ejre/3 gives . 

(r. ej1t/3 - 1)3 + 'Ae- jre/6 { (r. ej1t/3 a)3 _ (r· ej1t/3 1)3} 0 (5.68) 

from which the radius r (of the roots) is solved. This can be done by setting both 
the real and imaginary part of the left ,hand term of (5.68) to zero, as a and A are 
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real-valued. Although analytic expressions for the solutions of r can be obtained 
in the case of this third order SDM, such expressions cannot be obtained for higher 
order modulators. Here, the solutions for r are determined with numerical methods. 
In general, the solutions for r depend on a. As the rule of thumb requires that the 
roots are located inside the unit circle, the value for a should! be such that r ::; 1 for 
all solutions of (5.68). In the case of the third order SDM this gives: a 2:: 0.449. 
Minimum values of a for higher order SDMs can be determined in the same way. 
The resulting minimum values for a third to sixth order lowpass modulator are listed 
in table 5.2. 

Table 5.2: Minimal values for a for which the system described by (5.64) is 
stable for small signals for b = 1 and order N. 

·N a 
rule of thumb 4fmethod experimental 

3 0.449 0.412 0.416 
4 0.611 0.587 0.619 

I~ 
0.698 0.679 0.717 
0.753 0.736 0.771 

5.6.5 Bandpass Modulators 

Bandpass modulators have a loop filter which is not tuned at DC or fj2. The quanti
zation errors of the low resolution quantizer will be suppressed for frequencies close 
to the tuning frequency 80 . Often, the tuning frequency of the modulator is chosen 
equal to a quarter of the sample frequency f~/4, i.e. 80 =rt/2. This is done for sev
eral reasons. When the loop filter is implemented using discrete-time circuitry such 
as switched capacitors or switched current circuits, the loop filter design is simplified 
as half of the coefficients will be zero and does not have to be implemented. Another 
reason is that the discrete-time loop filter transfer function can be obtained from a 
lowpass prototype using the transformation Z-I -+ -z-2. Similar to the lowpass to 
highpass transformation, this bandpass transformation preserves the dynamics of the 
modulator [56]. The stability properties of the resulting bandpass modulators are 
identical to the properties of the lowpass prototype. This also becomes clear by look
ing at the root locus of such a bandpass modulator. Transformation of the class of 
lowpass modulators described by (5.64) gives 

(1+az-2 )N 

G(z) = (1 + bz-2 )N - ] (5.69) 

Before calculating a root locus of these modulators, the approximation used for the 
maximum phase uncertainty should be reconsidered. Comparing the actual maximum 
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phase uncertainty in Fig. 5.8 and the approximation of K = 1 in Fig. 5.11 reveals that 
the approximation of K = 1 strongly deviates from the actual phase uncertainty for 
frequencies near the tuning frequency j~/4. As this could lead to misinterpretation 
of the root locus, the more accurate approximation K = 2 will be used. Figure 5.26 
shows the root locus using this approximation of a sixth-order bandpass modulator 
with a loop filter described by (5.69) with b = 1, a = 0.412 and N = 3. The root 
locus has been drawn for two values of a. Fig. 5.27 shows a detail of Fig. 5.26(right). 
The root locus partly resembles a scaled and rotated version of the root locus of the 
lowpass prototype shown in Figs. 5.20 and 5.21. Although all poles of the closed-loop 
system will reside within the unit circle for intermediate values of A, some poles leave 
the unit circle near z = eItc/:' and z ej21t/3 for moderate values of A. For a 2:: 0.412 

2 2 
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Figure 5.26: Root Locus of sixth order bandpass SDM which is marginally 
stable for small input signals. 
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Figure 5.27: Detail of Fig. 5.26(right). 
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these outermost pole trajectories of the root locus will re-enter the unit circle before A 
becomes really small, thus ensuring small-signal stability of the modulator. 

In the root locus of the sixth order bandpass modulator, the distance of the outer
most poles to the unit circle has a maximum for e:::;:: rc/3 and e 2rc/3. By requiring 
these outermost poles to be within the unit circle for these frequencies, small signal 
stability can be obtained again. This requirement is identical to a combination of the 
rule of thumb for lowpass and highpass modulators. 

Although the rule of thumb was derived for low pass modulators, it was shown 
that the rule can be used for highpass modulators and a special class of bandpass 
modulators after some minor modifications. The SDMs all have similar dynamic 
behavior and small-signal stability ,could be determined using a similar rule of thumb. 
The rule of thumb will now be tested for a more general class of bandpass modulators, 
having a loop filter given by 

G(z) 
(1 +ae j90z- 1)N(1 +ae-J90z- 1)N 
(1 +beJ90c 1)N(1 +be- j9nZ- 1)N 

(5.70) 

For this class of bandpass modulators, eo determines the tuning frequency, b deter
mines the quality factor of the poles and a determines the location of the zeroes. 
Generally, the poles will be placed near or on the unit circle (0.95 < b S; 1) and the 
zeroes will be located far away from the poles. For eo 0, this class of bandpass 
modulators is equal to the class of lowpass modulators described by (5.64). In the 
case that eo rc, the loop filter is equal to the highpass filters obtained by application 
of the transformation Z-l -t -Z-l to (5.64). For eo = rt/2, this class of bandpass 
filters is tuned at fvi4 and equal to the class described by (5.69) in which a has been 
replaced by a2 and b has been replaced by b2• As the bandpass modulators are tun
able, both the "Iowpass" rule of thumb (i.e. testing at e rt/3) and the "highpass" 
rule of thumb (testing at e = 2rt/3) apply. Figure 5.28 shows the resulting mini
mum boundaries for a for small-signal stability of a fourth, sixth, eighth and tenth 
order bandpass modulator with b = 1 as a function of the tuning frequency eo. The 
experimentally determined minimum values for a are also shown. 

The theoretical boundaries are near the experimental boundaries for e = 0, rt/2 
and rt, as could be expected. For the sixth, eighth and tenth order SDM, the theoretical 
boundaries follow the experimentally determined boundaries very closely for most 
of the tuning range. For tuning frequencies within the intervals [0, n/5)' [2rt/ 5, 3rt/5] 
and [4rt/5, rc] (60% of the tuning range), the rule of thumb provides an accurate es
timate of the small-signal stability boundaries (within 5%). Only around eo = rt/3 
and eo 2rc/3 a larger deviation occurs. Tuning a bandpass modulator near these fre
quencies places the poles of the filter.on or near the unit circle in the neighborhood 
of these frequencies. The poles of the closed-loop system (i.e. the roots in the root 
locus) are near the filter poles for very small values of A. Consequently, when it is 
required that the roots of the root locus are located within the unit circle for e = rt/3 
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and 0 = 21[/3, the stability of the SDM is tested for small values for t... In that case, 
the rule of thumb effectively tests the large-signal stability instead of the small signal 
stability. In other words, for tuning frequencies near 0 = 1[/3 and 0 = 21[/3, the rule 
of thumb tests the stability of the SDM with a large input signal applied to the mod
ulator. Consequently, the values for a found by the rule of thumb will be higher than 
the experimental values for small-signal stability (see Fig.S.28). 

The fourth order SDM shows considerable deviations between experimental and 
theoretical boundaries at most of the tuning range. However, the fourth order SDM 
differs from the higher order modulators in that it becomes large-signal stable for 
frequencies around ff/4, i.e. 00 = 1[/2. 

5.6.6 Discussion 

In this section a small-signal stability criterion has been derived using the root locus 
method. The sampled quantizer was replaced by a describing function model that 
consists of a gain and a phase uncertainty. Analysis of the root loci of a class of 
lowpass modulators has given insight into the stability behavior of the modulator. 
Based on this theoretical analysis, a rule of thumb to determine small-signal stability 
was derived. Other rules of thumb for the stability of SDMs such as LEE'S Rule and 
the Power Gain Rule (see sec. 5.2) are commonly based on empirical results. 

Although determined for (a class of) lowpass modulators, the rule of thumb has 
been applied to a class of tunable bandpass modulators. For modulators of order six 
and higher, the rule of thumb still provides an accurate estimate for the small-signal 
stability boundary on a loop filter parameter for 60% of the tuning range between 0 
and if / 2. For the other 40% of the tuning range and for a fourth order bandpass mod
ulator, the rule of thumb did not give acceptable results. The errors in the prediction 
of the small-signal stability may be attributed to a number of assumptions made in 
the analysis: 

• The rule of thumb was derived for a class of lowpass modulators. 

• The rule of thumb is based on root locus analysis using an approximation of 
the maximum phase uncertainty of a sampled quantizer. 

• The movement of the closed-loop poles in the root locus is assumed to be 
continuous. As the modulator is a discrete time system, this assumption will 
be only valid to a certain extend if the amplitude of the signal inside the loop 
will not change significantly within a single sample period. 

• The df method only models the signal transfer of the fundamental frequency. 
The effect of higher harmonics is neglected. 
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5.7 Large Signal Stability 

Even though an SDM is designed to be small-signal stable using the criteria of the 
previous section, the modulator can still become unstable when an input signal is 
applied. An SDM is said to be large signal stable when the modulator is free of 
large-signal limit cycles and the states of the modulator remain bounded for a large 
'in-band' input signal. The large-signal stability depends on the amplitude of the 'in
band' input signal. As was mentioned in the previous section, the effect of the input 
signal on the stability of the modulator can be modeled by a change of the quantizer 
model parameter A. An increasing input amplitude results in an increasing amplitude 
in the input signal of the quantizer and consequently a decrease of A. The smallest 
value of A for which all the poles of the closed-loop system lie within the unit circle 
determines the maximum input amplitude for which the modulator will be stable. 

5.7.1 Analysis 

The minimum value of A for which the roots remain within the unit circle can be 
determined by calculating A.o at the intersection of the root locus with the unit circle 
corresponding to an unstable large-signal limit cycle. In Fig. 5.29 an example of a 
root locus is shown of a third order lowpass modulator in the case that the phase 
uncertainty is not taken into account. The loop filter of the modulator is given by: 

G(z) 
(I - 0.5z- 1 )3 

(]-Z-I)3 
(5.7]) 

The intersection of the root locus with the unit circle giving the minimum value 
for A is indicated by an arrow. The corresponding value for A equals A.o = 0.2313 . 

............... \ .. .1'-0 

... 1 ...... . 

o Re 

Figure 5.29: Root locus (a = 0) oj third order lowpass modulator with a 
loop filter according to (5. 7/). 
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Incorporating the phase uncertainty results in a whole set of intersections with the 
unit circle, as shown in Fig. 5.30: The set of intersections will give a range of values 
for A for which the poles are on the unit circle. For the third order SDM of (5.71) this 
is range is given by: 0.1715 ~ Ao S 0.3480. A worst-case value for the minimum A 
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Figure 5.30: Range of root locus intersect points with unit circle resulting 
from the phase uncertainty. 

providing large-signal stability can be obtained by taking the maximum value of this 
range. In other words, the minimum value for A for which the poles of the system lie 
within the unit circle for any value of the phase uncertainty parameter a E [-1, I]. 

The resulting minimum value for A will generally be more strict than the value 
determined without taking the phase uncertainty into account (i.e. a = 0) as is done 
in [31], [51], and [29]. In [30, p.93] STIKYOORT already stated that a phase shift 
caused by the nonlinear part of the loop required the actual value for a stabilizing 
limiter in a noise shaper to be lower than the value found using the root locus method. 

The worst-case value for the third order SDM equals "-<l = 0.3480. Clearly, the 
phase uncertainty also a has a considerable impact on the large signal stability. The 
worst-case value of Ao has changed by more than 50% comlPared to the value deter
mined from Fig. 5.29 without the phase uncertainty. 

The relationship between the global signal gain A and the input sign~l amplitude 
has been investigated thoroughly in [31]. As the quantizer model including the phase 
uncertainty only extends the linear gain model, the findings in [31] can be applied by 
simply using the more strict minimum value for the quantizer gain A. 

5.7.2 Stabilization Techniques 

In order to guarantee the large-signal stability of a sigma delta modulator or noise 
shaper, several nonlinear stabilization techniques have been developed. One of these 
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techniques is based on limiting of the signals inside the loop. According to the root 
locus analysis of SDMs, the quantizer gain A should be kept above a certain minimum 
value ,,-<). By limiting the states of the loop filter, the amplitude input signal of the 
quantizer can be kept below a certain value, resulting in a minimum gain value. Note 
that merely placing a limiter between the filter output and quantizer input or scaling 
the output signal of the filter does not affect the behavior of the SDM: the signal 
gain A from the filler output to the quantizer output can still have any value between 0 
and 00. The limiter should be placed such that the dynamic behavior of the loop filter 
changes when the limiter is active, i.e. the limiter should affect the states of the 
loop filter. The limiting values for the states of the loop filter can be chosen such 
that the limiting will occur in steps. When the input to the modulator increases, 
more states wilt become limited. Effectively, the order of the loop filter is reduced 
in steps resulting in a graceful degradation of the performance [57]. An example 
of a lowpass SDM using such a stabilization technique is shown in Fig. 5.31. The 
last two integrators of the fourth order loop filter are limited. In the case that both 
limiters are active, the loop filter is reduced to a second order loop filter, resulting in 
a large-signal stable SDM. 

in 

+ 

Figure 5.31: Stabilization of a high order SDM by clipping of the state vari
ables. 

In the case of a noise-shaper, a limiter can be placed inside the direct feedback 
path from the input of the quantizer to the input of the loop filter (see Fig. 5.32), and 
the relationship between the global gain of the nonlinear part of the loop (quantizer 
and limiter) and the amplitude of such a limiter can be determined [29]. Limiting the 
states of the loop filter in one way or another will result in distortion in the output of 
the SDM and should be avoided under normal operating conditions of the modulator. 

Another technique for obtaining stability of SDMs is resetting of filter states [2]. 
Large-signal limit cycles are detected by scanning the output of the modulator for 
suspiCious patterns or by monitoring the amplitude of the signal at the input of the 
quantizer. When a suspicious pattern is found or the quantizer input amplitude ex-
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Figure 5.32: Stabilization of a noise shaper. 

ceeds a threshold, the loop filter states are reset to zero. Continuous overload of the 
modulator may cause periodic reset events and should also be avoided under normal 
operating conditions. 

5.8 Relationship to the Noise Model 

Comparison of the stability model of the SDM described in sec. 5.5 (see Fig. 5.33) 
and the performance prediction model used in chapter 4 (see: Fig. 5.34) could suggest 
a relationship between the parameters of the two models. The parameter cg of the 
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Figure 5.33: Stability model of an SDM. 
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Figure 5.34: Linear performance prediction model of an SDM. 

noise model and the parameters '),., and a of the stability model represent the (com
plex) gain of the quantizer. However, the models are based on two different assump
tions for the input signal of the quantizer. The parameter cg represents the global 
signal gain when using the white noise and constant power assumptions for the quan-
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tization errors. The complex gain A' eJM$ma,(9) is based on the assumption that the 
input signal of the quantizer is a sine wave. Nonetheless, a clear link between the 
two models is that the parameters result in the same singularities for the closed-loop 
transfer function as can be seen from eqs. (5.49) and (4.3). For the stability model, 
these singularities correspond to poles of the closed-loop transfer function. When 
these poles intersect with. the unit circle at z = ej9i for some A and a., the stability 
model predicts a (stable or unstable) limit cycle. When a. = 0, G(ei9i ) is real-valued. 
STIKVOORT showed in [30] that when G(eJ9i ) is real-valued, the noise model also 
exhibits a singularity for Si. The singularity in the noise model results in a peaking of 
the SDM output noise density at frequency Sf for a certain value of cg . As cg depends 
on the input power of the SDM, the peaking of the output noise density depends on 
the power of the input signal. When the limit cycle with frequency Si is unstable, 
the peaking cannot be observed in practice as the modulator will be on the verge of 
instability. In practice, peaking of the output spectral density can be observed for 
stable limit cycles. 'For a small input amplitude, the output spectral density will ex
hibit a peak near the idle frequency as shown in Fig, 5.18. Unfortunately, this peak 
cannot be predicted by the noise model as the idle pattern corresponds to a singu
larity which occurs for a complex valued quantizer gain. Consequently, G(ej9i ) wil1 
not be real-valued. The peaking of the output noise density can be demonstrated by 
replacing the real-valued cg with the complex-valued quantizer gain from the stabil
ity model A' eiM$ma,(9) and drawing the resulting predicted noise density. According 
to (4.4) the noise density at the output of the SDM equals: 

(5,72) 

Substituting cg -t AeiM$ma.(9) changes (5.72) into 

(5.73) 

Figure 5,35 shows the resulting modified NTF of the second order lowpass modulator 
of sec. 5.3.1 for two sets of values for A and a.. For A = 0.887 and a. -0.579 the 
poles of the closed-loop systemare at Z = ± 0.98j and the modified NTF exhibits 
a peak at f~/4. This situation resembles the actual output power spectral density at 
very low input amplitudes as shown in Fig. 5.18. When a = a and A is equal to 
the cR resulting from the constant power requirement (4.6) for Pi 0 (A = 0.667), 
the resulting modified NTF resembles the actual output power spectral density for 
moderate input amplitudes as shown in Fig. 4.8. 
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Figure 5.35: Modified NTF according to (5.73) of a second order lowpass 
modulator. 

5.9 Conclusions 

In this chapter the stability of sigma delta modulators has been investigated using the 
describing function method. The single gain model commonly .used for the quantizer 
was shown to be inadequate for the prediction of all stability aspects of the behavior 
of the SDM. 

Analysis showed that a sampled quantizer also exhibits a phase uncertainty. The 
phase uncertainty results from the inaccuracy in time with which quantizer-threshold 
crossings of the input signal are detected. In the case of a one-bit quantizer, the 
phase uncertainty solely depends on the frequency of the input sine wave. The phase 
uncertainty is zero for frequencies which are not a rational fraction of the sample 
frequency. 

In order to improve the stability analysis, the linear gain model for the quantizer 
was extended with the phase uncertainty of the fundamental harmonic. An approxi
mation for the phase uncertainty was developed to simplify the analytical expression 
of the phase uncertainty and the analysis of the root locus of the linearized system. 

When using the extended model for the quantizer, the small signal stability bound
aries for loop filter parameters of a class of low pass SDMs were found. The theo
retical boundaries lie within 5% of the experimental values. From the analysis of 
the root loci of these lowpass modulators a rule of thumb was derived for the small 
signal stability of lowpass and highpass modulators. In contrast to some other rules 
of thumb for the stability of these modulators, this mle of thumb is based on theo
retical analysis instead of empirical results. Although this rule of thumb is neither 
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necessary nor sufficient to guarantee small signal stability of an SDM, it can help 
in the design of practical SDMs. Sigma delta modulators usually achieve optimal 
(theoretical) performance when their design is near the small-signal stability bound
ary [30]. Designing an SDM with a larger small signal stability margin increases the 
maximum input amplitude for which the SDM is large-signal stable, but also reduces 
the in-band quantization error suppression. 

Application of the rule of thumb to bandpass modulators gives varying results. 
For bandpass SDMs with a loop filter order higher than four, the rule of thumb gives 
an accurate estimate (within 5%) of the small signal stability boundaries on loop filter 
parameters for 60% of the tuning range between DC and ff/2. The theoretical esti
mates for a fourth order bandpass SDM show a considerable deviation with the exper
imentally determined small signal stability boundaries. Although the rule of thumb 
derived for lowpass modulators can give reasonable results for bandpass modulators, 
care should taken when applying this rule of thumb to bandpass SDMs. Nonethe
less, the analysis of the stability of the bandpass modulators shows that the phase 
uncertainty of the sampled quantizer has a considerable impact on the small signal 
stability properties of SDMs. The effect on the large signal stability is significantly 
lower but modeling of the phase uncertainty results in more accurate predictions of 
large-signal limit cycle amplitudes and the minimum stability value for the modeled 
quantizer gain. 

Both the stability analysis incorporating the phase uncertainty and experimental 
results show that stability of non-chaotic modulators is mainly determined by the lo
cation of the zeroes of the loop filter transfer function and consequently the phase 
response of the loop fi Iter. As the zeroes are located well inside the unit circle, the 
amplitude response of the loop filter is mainly determined by the poles which are 
located on or near the unit circle. Relocating the zeroes in the complex z-plane there
fore mainly affects the phase response of the loop filter. 
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Cbapter 6 

Design of Continuous time Bandpass 
SDMs 

Bandpass sigma delta modulation is well suited for AID conversion of narrow band 
signals modulated on a carrier signal. Although stability is an important design 
criterion for SDMs, several other criteria and performance goals determine the ac
tual choice of architecture, oversampling ratio and other design considerations. For 
bandpass SDMs the use of a continuous time loop filter seems advantageous. The 
stability requirements on the equivalent discrete time loop filter affect the design and 
architecture of the continuous time loop filter. 

6.1 Design Goals 

As in the case of the design of many other analog circuits, the design of (integrated) 
sigma delta modulators is governed by several performance goals such as SNR and 
power consumption. In Table 6.1 the most important performance characteristics of 
an SDM are listed. In addition to these performance characteristics several other 
characteristics determine the overall merit of an SDM. The technology in which an 
integrated SDM is implemented may determine the applicability of the SDM in com
plete systems. A high output sample rate and a high number of parallel output bits 
of and SDM ADC may complicate the design of digital signal processing circuits 
following the SDM. Despite possible superior performance, the use of passive com
ponents is often unfavorable for economical reasons. 

Table 6.1: Performance Characteristics of an SDM 

primary secondary 
Signal Bandwidth Supply Voltage 

Signal-to-Noise Ratio Chip Area 
Power Consumption ,; Input Sensitivity 

Distortion . 
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6.2 Design Considerations Overview 

In section 3.6 a number of design considerations for SDM ADCs were mentioned. 
Most of these considerations affect the theoretically achievable (SNR) performance 
of the modulator. A brief overview of the most important design considerations and 
trade-offs will be given here. 

Architecture: The two most commonly used architectures are the single loop SDM 
and the multi stage (MASH) SDM. A multi stage SDM allows higher order 
noise shaping with loop filters of order one or two, thereby avoiding stability 
problems. The disadvantage of the MASH structure is its sensitivity to mis
match of quantizer levels and filter transfer functions. 

Quantizer Resolution: Increasing the resolution of the quantizer in an SDM in
creases the theoretically achievable SNR of the modulator considerably. Un
fortunately, the required accuracy of the implementation increases proportion
ally. The linearity of the DAC directly affects the performance of the SDM. 
A one bit DAC can achieve a high degree of linearity more easily than multi 
bit DACs as level mismatch of the two DAC output levels does not affect the 
linearity (see sec. 3.6.5). 

Order of the Loop Filter(s): A high order loop filter results in a high theoretical 
SNR, even at low oversampling ratios. For a loop filter with an order larger 
than two, the stability of the SDM depends on the input signal and special 
measures have to be taken in order to avoid large-signal limit cycles. 

Oversampling Ratio: Increasing the oversampling ratio is the easiest way for in
creasing the theoretical SNR of an SDM. Generally, changing "the OSR does 
not affect the stability of the modulator nor does it require a more accurate 
implementation of the modulator. The major obstacle for very high" sampling 
frequencies are the bandwidth requirements on the SDM circuitry itself and the 
signal processing circuitry following the SDM. 

Discrete time vs. ContiIiuous time Loop Filter(s): Discrete time (DT) loop filters 
can be implemented easily with great accuracy using Switched Capacitor (SC) 
techniques. The filter transfer function is not affected by the shape of the feed
back signal. A key advantage of a continuous time (CT) loop filter is that the 
sampling operation on the input signal takes place inside the loop and sampling 
errors will also be shaped. 

For bandpass modulators in particular, some additional considerations may affect 
the design of the SDM. First of all, a special archi~ecture can be used. The com
plex SDM briefly described in section 3.3.3 allows the use of a lower order bandpass 
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loop filter, thereby reducing the stability requirements on the design. A major dis
advantage of these modulators is the required matching between the two channels 
representing the in-phase (1) and quadrature-phase (Q) component of the signal. Any 
mismatch results in cross-channel leakage when the I and Q signal components are 
recombined. This degrades the performance of the SDM .. 

Another consideration. for bandpass modulators concerns the choice for a DT 
or CT loop filter. For an SC filter, the sample frequency II is limited by charge 
transfer accuracy requirements. By switching the circuit configuration of capacitors, 
electric charges are transfered from one capacitor to another. For reason of the lim
ited bandwidth of opamps, the voltages of the nodes in a SC filter require a certain 
time to settle with the specified accuracy. Bandwidth limitations of opamps used in 
CT loop filters affect the overall transfer function of the loop filter but do not in
troduce additional distortion. Moreover, a CT bandpass loop filter can be tuned at 
a frequency other than It / 4 without inferring additional hardware. In the case of 
a DT implementation, half of the filter coefficients is zero when the filter is tuned 
at It/4. This can be demonstrated easily by the following example. Using the trans
formation Z-I -+ a second order lowpass (DT) filter Glp(Z) is changed into a 
bandpass filter Gbp(z) tuned at a quarter of the sample frequency 11/4. 

2 -2 - Z 
~p(z) = 1 + 

Writing the transfer of the bandpass loop filter in time domain gives 

(6.1) 

Gbp: x[kJ = -2x[k - 2J - x[k - 4] 2e[k - 2]- elk - 4] (6.2) 

in which x[k] is the filter output and e[kJ is the filter input signal. Clearly, the coef
ficients related to the input signal and output signal with an odd number of delays, 
e.g. x[k - 1] and elk 3J, are zero and do not have to be implemented in the DT fil
ter. An important reason for tuning the loop filter at a frequency other than If/4 is 
that aliasing of third order harmonics into the signal band is avoided. A third order 
harmonic distortion component of an input signal with frequency 11/4 + 11/ aliases 
to the frequency If / 4 311/ which falls into the signal band when 11/ is small. An
other source of distortion at 11/4 is crosstalk of subharmonics of the clock frequency. 
The subharmonics will be most pronounced when digital signal processing circuitry 
is implemented on the same chip. Moving the tuning frequency to a frequency other 
than 1~/4 will reduce linearity requirements on the SDM circuitry slightly. Third or
der intermodulation products will still alias into the signal band, even when the tuning 
frequency is not equal to Ir/4. Crosstalk distortion can be reduced significantly by 
choosing the tuning frequency carefully .. 
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6.3 Design Methodology 

The first step in a design is the specification of the performance targets. Based on 
these targets several decisions are made with respect to the architecture of the SDM, 
the type of loop filter and the resolution of the quantizer. The remaining sections of 
this chapter will focus on the design of a single loop bandpass SDM with a continuous 
time loop filter and a one bit quantizer. 

In order to achieve the specified performance targets (concerning SNR or DR and 
power consumption in particular), there is a trade-off between the order of the loop 
filter and the oversampling ratio. A higher order loop filter requires a lower over
sampling ratio in order to achieve the same Dynamic Range (see Fig. 4.3). Although 
in general a high order loop filter consumes more power, a high overs amp ling ratio 
increases the the sample frequency and affects the power consumption of the digital 
signal processing circuitry following the SDM. 

The design of an SDM with a continuous time loop filter will be done in discrete 
time domain. The sampled response of the CT loop filter to the pulse shape of the 
quantizer DAC can be replaced by an equivalent DT loop filter. The stability of the 
SDM is also analyzed in the discrete time domain. The DT loop filter should be 
designed such that the SDM is stable for small to moderate input signal amplitudes, 
without a significant reduction of the performance. Large signal stability can, for 
example, be achieved by clipping of filter state variables. Once the DT loop filter is 
designed, the CT loop filter transfer function can be determined from the DT loop 
filter and the pulse shape of the DAC. A direct transformation of the DT transfer 
function is possible using both time- and frequency-domain techniques [27,58]. For 
the resulting CT transfer function a suitable filter structure should be found. In the 
case of high order (> 4) loop filters this is generally a difficult task. Starting from a 
known CT filter structure the coefficients can be determined easily from the (reverse) 
CT to DT transformation. For this reverse method to succeed, the CT filter structure 
should have sufficient degrees of freedom to implement the required DT transfer 
function. When the coefficients of the CT filter are found, a suitable implementation 
of the CT loop filter can be designed. 

From the above discussion a rough design methodology for single loop, one bit 
(bandpass) SDMs with a continuous time loop filter can be extracted: 

1. Define the design goals (tuning frequency) and performance targets (SNR,' 
power consumption and bandwidth), 

2. Determine the oversampling ratio and order of the loop filter using theoretical 
estimates' of the achievable dynamic range and possible power consumption 
limitations on the sample frequency. 

3. Design the DT loop filter such that the SDM is small-signal stable. The poles 
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of the loop filter detennine the in-band gain and tuning frequency. The zeroes 
of the loop filter detennine the stability of the modulator. An estimate for the 
small signal stability boundary for the loop filter parameter(s) can be found 
using the method! of chapter 5. The optimal values of these parameters with 
respect to the performance are near the small signal stability boundary. 

4. Determine the equivalent DT loop filter of a CT loop filter structure having 
sufficient degrees of freedom. Note that the pulse shape of the DAC can have 
a considerable influence on the equivalent DT loop filter transfer function. 

5. Match the designed DT filter transfer function with the equivalent DT loop 
filter transfer function and solve the CT loop filter coefficients. 

6. Detennine a suitable implementation of the CT loop filter. 

In the following sections special attention is given to the CT to DT transfonnation 
of the loop filter. Using the properties of this transfonnation, it will be shown that an 
SDM with a CT loop filter can be subsampled. Subsampling allows AID conversion 
of very narrow band signals on high IF frequencies with a relatively low sample 
frequency. This chapter is completed by the presentation of some CT bandpass filter 
structures which have sufficient degrees of freedom to result in a desired DT transfer 
function. 

6.4 Continuous time to Discrete time Transformation 

As was mentioned in section 3.6.4 an SDM with a CT loop filter has a DT counterpart. 
In order to detennine the coefficients of the CT loop filter, the equivalent DT loop 
has to be calculated. The response of the equivalent DT loop filter is defined by the 
sampled response of the CT loop filter, to the pulse shape of the DAC. Figure 6.1 
shows a graphical representation of the effective DT impulse response of the DAC 
followed by the CT loop filter. 

Sampling of a signal can be represented mathematically by multiplication with 
a sum of time-shifted Dirac-pulses (0) [48]. The equivalent DT loop filter can be 
written as: 

(63) 

in which F(p) is the CT loop filter transfer function, R{p) the Laplace-transfonn of 
the DAC pulse shape, T.~ is the sample period, Z represents the z-transfonn and £-1 

I Note that this method is only accurate when the (angular) tuning frequency lies 
within [0,1t/5], [21t/5,31t/5J or [41t/5,1tJ. 
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~ ~ 
R(p) F(p) 

Figure 6.1: Sampled response of the CT loop filter to the DAC pulse. 

the inverse Laplace transform. As a multiplication in time-domain is equivalent to a 
convolution in frequency-domain, eq. (6.3) can be written as: 

I {(F(P)R(P)) * I 
1-

Writing out the convolution and applying z = ePT, gives 

}} 

- ds I fC+J<>o F(s)R(s) I 
21t} c-j~ I - e~T", e-pT, z=ePT" 

(6.4) 

(6.5) 

The integral is calculated over a line in the complex s-plane parallel to the imaginary 
axis and can be changed into a contour integral by extending it with an infinite radius 
semi-circle in the left half of the complex s-plane. Under the assumption that the 
integral over the semi-circle is zero, eq. (6.5) can be written as: 

G
e 

Z = _1 1 F(s)R(s) ds I 
q() 21t} J'r ] - &T"e-PT" z=epT" 

(6.6) 

in which r is the closed contour of an infinite radius semi-circle in the left hand side 
of the s-plane enclosing all singular points (poles) of F(s) and R(s) [48]. Using the 
residue theorem of CAUCHY, this integral can be solved [59]. The equivalent DT 
filter transfer function follows from: 

N R F(s)R(s) 
'" es ---:.-'-:;;-~ k..

J 
S=Sn I esT"z-1 

n= 
(6.7) 

in which Sn are the poles of F(s) and R(s). The residue Resf(x) for an mth order 
pole at x = Xo is given by 

1 { d
m

-
I 

} Resf{x) = ( 1)1 lim -d _\ [(x xo)lnf(x)] 
X=Xo m - . x-)xo xm (6.8) 
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As an example, the equivalent DT transfer function of a second order resonator will 
be calculated. The CT transfer function of a resonator equals: 

F(p) = OOK(P+OOZ) 
p2 + pooo/ Q + 005 

(6.9) 

For the DAC an RTZ pulse shape with a duration of 1 T.~ is used. The impulse re
sponse r(t) of the DAC pulse shape is given by: 

r(t) = u(t T.~/4) - u{t 3T.,./4) (6.10) 

in which u(t) is the unit step function: u(t) 0 for t < 0 and u(t) I for t ~ O. The 
Laplace transform of the DAC pulse shape equals: 

R(p) = L{r(t)} == 
p 

(6.11 ) 

The equivalent DT transfer function is calculated by eq. (6.6). Substituting R(p) 
and F(p) gives 

(6.12) 

~ lli. . 
Because of the terms e-I'T and e-I' 4 ,the Integrand does not converge In the left half 
of the complex plane. This problem is overcome by recognizing that e-sT, equals a 
delay of a full sample period and results in a term Z-I in the equivalent DT transfer 
function. Equation (6.12) can be rewritten as: 

Z-I i (e~~ - e~~)CJ) (s+ 00 ) 
G (z) = -' - . !!. . Z ds 

eq 2nj r s(s2+ sooo/Q+005)(1 esT,z-I) 
(6.13) 

As the integrand of (6.} 3) is convergent in the left half of the complex plane, the 
integral can be calculated by residues, giving: 

-J ((e'~ e<~)OOK(S+ ooz) 
z s(s sj)(l-esT,z-') 

s-t SI 

+ 

(6.14) 

with SI = -ron/2Q+ jron)} -1/4Q2 and sj the complex conjugate of Sl. Combin
ing the two terms in (6.} 4) gives: 

K z-l(al+a2z- J
) 

g 1 - 2bcos(8o)z-1 + b2z-2 (6.15) 
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eo ~ woTI' 

KI( ~ (wg/wo) sin(rooTf/4) 

b e-So/ 2Q 

a) ~ (wz/wo)sin(eo/2) -cos(eo/2) 

a2 ~ cos(3eo/2) (wz/roo) sin(3eo/2) 

(6.16) 

(6.17) 

(6.18) 

(6.19) 

(6.20) 

Clearly, the poles of the equivalent DT transfer function are fully determined by the 
poles of the CT transfer function. The relationship between the CT pole s) and the 
DT pole ZI is given by: 

(6.21) 

The zeroes of the DT transfer function depend on both the poles and the zeroes of the 
CT fi Iter transfer function. When the equivalent DT transfer function G eq (z) of the CT 
resonator has been determined, the coefficients roo, Q, 00,(,' and Wz of the CT resonator 
can be found using eqs. (6.15)-(6.20). Note that the CT loop filter structure should 
have sufficient degrees of freedom to allow the implementation of the desired DT 
loop filter transfer function. For example, when Wz is zero, the zero of the equivalent 
DT loop filter can not be chosen independently from eo. 

Generally, the N poles of an Nth order DT loop filter are determined by the N 
poles of the CT loop filter. As an Nth order DT loop filter has at most N 1 zeroes, 
the CT loop filter should have N 1 degrees of freedom to set the location of the DT 
zeroes. This requirement sets limitations on the types of CT loop filters that can be 
used. In section 6.6 a number of bandpass loop filter structures is presented satisfying 
the aforementioned requirement. 

With respect to the relationship between the CT and equivalent DT transfer func
tion, it should be noted that solving eqs. (6.15)-(6.20) does not provide a unique 
solution for 000. It can be easily verified that for any value of roo for which holds that 

woT~ ±So + 2k1t with: k E Z (6.22) 

an identical DT transfer function Geq(z) can be obtained by scaling the remaining 
coefficients wg; Wz and Q. This means that an SDM with a CT loop filter can be 
subsampled. Substituting T, I / f~ and roo = 21t/o in (6.22) gives 

fo + k)l~ with: k E Z (6.23) 

Clearly, the tuning frequency /0 can be larger than 1,/2. In that case, the frequency 
of the input signal should still be equal to /0. This property can be used to design a 
subsampled continuous time modulator. 
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6.5 Subsampling in Continuous time SDMs 

In [60] GOURGUE and BELLANGER introduced the concept of subsampling a con
tinuous time bandpass SDM. The basic idea of subsampling is to undersample with 
respect to the center frequency of a narrow-band input signal and to oversample with 
respect to the bandwidth of the input signal. In Fig. 6.2 the basic scheme of a sub
sampled CT modulator is shown. 

fa ADC 
+ ~ 

x 
S-

o 

in ~ out 
loopfilter G 

If elk 

y 

DAC 

Figure 6.2: Subsampled continuous time SDM (fo > /,/2). 

The operation of the subsampled CT SDM can be explained by constructing the 
resulting spectra of the signals inside the SDM (see Fig. 6.3). The SDM is sampled 
at a rate k The loop filter of the bandpass SDM is tuned to a frequency of fo > /,/2. 
When an input signal with frequency fo is applied to the modulator, it will pass 
through the loop filter and will be sampled by the coarse ADC. As a result, the input 
signal will be aliased to a frequency j;,: 

fa = (6.24) 

with Kssf an integer such that fa E [0,Jd2]. The factor Kssf will be called the sub
sample factor. The output spectrum will contain repeated versions of the input signal 
spectrum and the shaped quantization noise of the coarse quantizer. The output sig
nal 0 is filtered by the hold-function of the DAC, resulting in the feedback signal y. 
In Fig. 6.3 an NRZ pulse shape is assumed for the DAC. In that case the feedback 
signal y is equal to the output signal 0 filtered by: 

R(j') = ~. sin (1tfT,) 
.\ 1tfT, (6.25) 

The key to the operation of the subsampled CT SDM is that the DAC output 
spectrum repeats at multiples of the sample frequency. Unfortunately, the filtering 
operation by the hold function of the DAC severely affects the efficiency of the feed
back loop. This is particularly true for high subsample factors. Theoretically, the loss 
of gain caused by the hold function can be compensated by the loop filter. However, 



122 

o 
() 

!, 

Design of Continuous time Bandpass SDMs 

2!,. fo 

2!,. fa 

~f,. fa 

o input signal 

.'~' replicated 
~.i: input signal 

O qUllntization 
nOise 

. . . DAC response 

Figure 6.3: Signal spectra in a subsampled continuous time SDM. 

the reduced output power of the DAC at fa causes a reduction of the maximum pos
sible input signal amplitude. In the case that the (in-band) system noise exceeds the 
(in-band) quantization noise, the performance of the modulator depends on the abso
lute maximum input signal amplitude. A reduction of the maximum input amplitude 
will result in a reduction of the maximum SNR of the modulator. 

GOURGUE and BELLANGER suggested to solve the loss of gain of the DAC at 
high frequencies by modulating (mixing) the feedback signal y with a carrier. By 
modulating the feedback signal, the large-amplitude replica of the input signal at fa 
is upconverted to fo, thereby increasing the efficiency of the DAC at the frequency fa 
and increasing the maximum possible input amplitude. As the mixer is placed within 
the feedback loop after the DAC, any additional distortion introduced by the mixer 
will add directly to the distortion in the output of the SDM. 

Another solution for improving the efficiency of the DAC is a change of the 
pulse shape. In Fig. 6.4 four different pulse shapes are shown. The corresponding 
frequency responses are shown in Fig. 6.5. The four pulses are a Non-Retum-to
Zero (NRZ) pulse, a Return-To-Zero pulse (RTZ), a double RTZ pulse (RTZ2) and a 
double complementary RTZ pulse (RTZ2c). The NRZ and RTZ pulses are optimized 
for signals near DC. For frequencies near if the RTZ2c pulse shows the largest gain. 
In the case that the signal frequencies are near 2i, as Fig. 6.3, the RTZ2 pulse results 
in the smallest loss of gain. 
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Figure 6.4: Fourd!fferent DAC pulse shapes. 
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Figure 6.5: Frequency response oJthe DAC pulse shapes shown in Fig. 6.4. 

Apart from the NRZ pulse, the four DAC pulses shown in Fig. 6.4 do not exhibit 
inter-symbol distortion due to limited rise and fall times. In order to be able to make 
the RTZ, RTZ2 and RTZ2c pulses, a clock frequency of 2f~ is required. Because 
no additional mixer is needed inside the feedback loop, the distortion caused by the 
DAC depends only on the accuracy of the implemented pulse shape. 

In addition to the loss of gain, a high subsampJe factor causes additional design 
problems. For a given tuning frequency Jo, increasing the subsample factor will re
duce the sample frequency ff' When the bandwidth BW of the input signal is fixed, 
the oversampling ratio OSR will reduce when the subsample factor is increased. Note 
that a high oversampling ratio (OSR » 1 00) combined with a high subsample fac
tor (Kssf» I) will result· in practical design problems. In that case, the tuning fre
quency In and the required bandwidth BW of the loop filter can be approximated 
by: 

10 :::::: Kssf 'J.~ and: BW = fdOSR (6.26) 

As a result, the ratio between the tuning frequency and the bandwidth of the loop 
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filter becomes very high. In the case of a second orde~ bandpass filter this ratio is 
equal to the qual ity factor Q: . 

Q 
fo 

BW ;::;::; Kssf' OSR» 100 (6.27) 

Loop filters with such high quality factors are hard to design. 

6.6 Bandpass Loop Filter Structures 

As was mentioned in sections 6.3 and 6.4, a CT loop filter structure should provide 
sufficient degrees of freedom to design the desired DT transfer function. A CT loop 
filter transfer function can be written as: 

K pN +aN_1pN-1 +aN_2pN-2 + ... +aIP+ao 

F(p) = g (p PN-I)'(p PN-2)".(p-pd(p'-po) 
(6.28) 

The N poles Pi of the CT loop filter determine the locations of the N poles of the 
DT loop filter. In order to place the (N - 1) DT zeroes independently, the coeffi
cients aN-I'" a() should be independent. The contribution to the total loop filter 
transfer function of a coefficient aj is approximately aipi / pN, which is a term of "or
der" (N i). As the coefficients aj should be independent, the loop filter structure 
should contain N independent paths of different order. 

Continuous time bandpass loop filters for SDMs can be designed using a cas
cade of resonators. Such a resonator may consist of a passive LC combination or 
active Gm-C sections. An active RC or Gm-C resonator has both in-phase (I) and 
quadrature-phase (Q) inputs and outputs. The relationship between the outputs and 
inputs is described in the Laplace-domain by: 

outQ (6.29) 

For the in-phase output outl, the in-phase input inl has an effective order of two (1/ p2) 
and the quadrature input inQ has an effective order of one (p / p2). For the quadrature
phase output outQ, the effective orders are interchanged. Using these resonators, 
several CT bandpass filter structures can be designed having sufficient degrees of 
freedom to result in the desired DT transfer function. Figure 6.6 shows a bandpass 
filter based on a cascade of resonators with a distributed output. The output of the 
loop filter is formed by summing the weighed outputs of the resonators. The filter 
in Fig. 6.7 consists of a cascade of resonators with distributed inputs. In order to 
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Figure 6.6: Cascade of resonators with distributed output. 
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Figure 6.7: Cascade o.f resonators with distributed input. 
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have sufficient degrees of freedom in these filter structures, the two inputs or the two 
outputs of a resonator have to be used. This requirement prevents the use of passive 
LC resonators with one input (current) and one output (voltage). The modified filter 
structure in Fig. 6.8 does allow the use of several LC resonators without reducing the 
degree of freedom. Using only one output of each resonator also simplifies the imple
mentation of the limiters for large signal stability purposes. When the single output of 
the resonator is clipped, two feedforward paths are limited, thereby reducing the ef
fective order of the loop filter by two. This helps to retain the bandpass characteristic 

in 
........ ' 1 I 

in )\ ou1 
Q Q ..... ----, 

L..-_____ -IIII-{+}-__ _ 

Figure 6.8: Cascade of resonators with combined distribution of input and 
output. 
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under clipping conditions as the number of poles remains an even number. 
Although the use of passive LC resonators is often frowned upon, it can improve 

the performance drastically. Using an LC resonator as the first resonator in a bandpass 
loop fi Iter improves the noise figure of the filter considerably. Additionally, on-chip 
passive LC resonators might prove to be a useful solution for a single-chip bandpass 
SDM at radio frequencies (RF). 

6.7 Conclusions 

In this chapter a straightforward design method for continuous time SDMs is pre
sented. The stability analysis and design of the loop filter are done in the discrete 
time domain. The design of the continuous time loop filter is based on continuous 
time to discrete time transformation. The CT filter structure used in the transforma
tion should generate sufficient degrees of freedom for realizing the desired DT loop 
filter transfer function. A set of bandpass filter structures based on a cascade of res
onators is proposed. The CT bandpass filter structures satisfy the requirement for 
sufficient degrees of freedom. 



Chapter 7 

SDM Implementations 

During the period of work that lead to this thesis, several implementations of (band
pass) SDMs have been realized. A digital SDM board was made for real-time simula
tions. The design of two continuous time bandpass SDMs was based on the stability 
criteria described in Chapter 5 and the loop filter structures proposed in Chapter 6. 

7.1 Digital Test Set-Up 

The lack of a fundamental understanding of the behavior of sigma delta modulators 
has forced designers to make extensive use of simulations. Such a simulation can 
be done using a behavioral model or at a circuit level. In order to investigate the 
stability of the modulator, the simulations can be done at a behavioral level, using 
a discrete time model of the modulator. Despite the high level of these simulations, 
the total simulation time usually is large. This is due to the fact that many time steps 
are required for a reliable prognoses of the stability of the modulator. For a certain 
input signal, an SDM may appear to be stable for as many as 109 time steps before 
the states of the SDM grow out of bounds or the SDM enters a large signal limit 
cycle. Although the computational power of computers increases significantly from 
generation to generation, simulation of such a large number of time steps still re
quires a considerable time. For example, a simulation of 109 time steps of a sixth 
order modulator using double precision floats takes approximately 100 minutes on 
a 133MHz Intel Pentium ™ processor. This corresponds to an effective sample fre
quency of 109 /6000 ~ 167kHz. 

In order to reduce the simulation time, a digital, programmable hardware test 
set-up was designed. The core of the set-up consisted of a programmable hardware 
device (PLD) from Altera [61]. The PLD (Altera EPF81500) contains 1500 ftip
flops and more than 15000 logical ports. The configuration is stored in SRAM and 
can be downloaded using a serial or parallel link with a personal computer (PC). 
The programming of the device can be done in VHDL. An example of a VHDL 
implementation of a digital SDM is listed in Appendix D. In addition to the PLD 
core, the test set-up contains a 12 bit ADC (Philips TDA 8768) front-end and a 10 
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bit DAC (Philips TDA 8776) back-end. Figure 7.1 shows a block diagram of the 
complete set-up. 

elk f~ 

I I I 
'I' 'I' .. 

12 PLD 10 in ..... 
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~ out 
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t . 

• : •••••••• from PC 

Figure 7.1: Hardware test set· up for real-time simulation of all-digital 
SDMs. 

The loop filter of the all-digital SDM was designed with a direct form structure 
as shown in Fig. 3.14. The states of the loop filter have a 28 bit fixed point internal 
representation. The feedback level of the quantizer was chosen to be equal to the 
(MSB-4)th bit as the filter states can become considerably larger than the quantizer 
level. As a result, the filter states have a "headroom" of 4 bit and an absolute accuracy 
of 24 bit. The filter coefficients were implemented using a "shift and add" technique 
with up to four adders per coefficient. The coefficients were realized using Canonical 
Signed Digit (CSD) coding. A CSD code is a trinary code in which each digit can 
have the value + I, 0 or -1. The value -1 is commonly represented by a 'T'. Similarly 
to the binary code, the value of the mth digit in a CSD code is multiplied by 2m. 
By adding a sign to each digit of a binary code, the number of non-zero digits may 
be reduced. Table 7.1 shows a list of decimal values and the corresponding binary 
codes and CSD codes. As the hardware implementation of an 'add' operation is 
almost identical to the implementation of a 'subtract' operation, the number of adders 
needed for implementation of the coefficients can be reduced using CSD coding. It 
can be shown easily that CSD coded coefficients with up to four non-zero digits have 
at least 8 bit accuracy. In order to increase the amplitude range of the input. signal, 

Table 7.1: Decimal numbers with corresponding binary and CSD codes. 

Decimal Binary CSD 
13 1101 1101 
14 1110 100TO 
29 11101 100TOl 

1.125 1.001 1.001 
2.15 10.11 

I 

10.11 
3.75 11.11 lOO.OT 
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signal scaling was achieved by (internally) shifting the 12 bit ADC signal within the 
28 bit signal representation of the all digital SDM. 

This hardware set-up allows for real-time and long term evaluation of the behav
ior of digital SDMs.From the manufacturer-supplied timing diagrams, a worst-case 
maximum sample frequency of 2 MHz was determined for an SDM with 28 bit loop 
filter state representation and four adders per filter coefficient. The true maximum 
sample rate of the digital SDM depends on the actual loop filter coefficients. Sample 
rates up to 10MHz have been achieved with this hardware set-up. These sample rates 
clearly exceed the effective sample rate of software simulation. 

The digital implementation of the SDM allows exact control. of the loop filter co
efficients. The quantized nature of the coefficients limits the coefficient resolution, 
but does not affect the behavior of the SDM. The fixed point implementation of the 
fi Iter states introduces truncation and loss of precision. These errors may result in 
internal limit cycles within the loop filter and reduce the noise suppression of the 
SDM. This kind of effects was only observed under extreme low input signal ampli
tude conditions combined with ideal integrators or resonators in the loop filter of the 
SDM. 

The analog front-end and back-end of the test set-up simplifies the control of 
input signals and evaluation of output signals. Because of the ADC, analog signal 
generators can be used. Frequency modulated and time-varying signals can be eas
ily applied to the modulator. The DAC allows real-time evaluation of the quantizer 
output and filter state signals in both frequency and time domain. The DAC elim
inates the need of a high-speed FFT analyzer. Although the resolution of the DAC 
is limited, it is more than sufficient to examine the stability properties of the digital 
SDM. In the case that the one-bit quantizer output is monitored, not the resolution but 
the distortion on the pulse shape of the DAC determines the effective resolution with 
which the SDM performance can be measured. By connecting the quantizer output 
to the MSB of the DAC, the distortion can be minimized. 

7.2 Discrete Fourth Order bandpass SDM 

In this section the design and implementation of a discrete fourth order CT band
pass SDM is presented. The design of the SDM was done using the methodology 
described in section 6.3. 

7.2.1 Application 

A bandpass modulator is well suited for ND conversion of narrow band signals mod
ulated on a carrier. The requirement of a high OSR can be easily satisfied as the signal 
bandwidth BW is usually very small compared to the center frequency fe. A good 
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example of such narrow band signals are AM and FM radio signals. The bandwidth I 
of AM and FM signals is 9kHz and 200kHz respectively.· In radio receivers, these 
signals are modulated on an intermediate frequency (IF) of 1O.7MHz. 

A bandpass SDM can be ,used to digitize the IF modulated signals in a AMJFM 
receiver. This moves the IF signal processing stage to the digital domain. In Fig. 7.2 a 
block diagram of a receiver using a bandpass SDM is shown together with a block di
agram of a modem analog (AM) receiver [62]. The analog receiver consists of a Low t 2001<"' 9kH, 

~I%~®-i~l®-i%l-~I': ~G9-oj 
BPF t· BPF t BPF 

LO IF 

t~ ®-.~~&~b-oj 
BPF t LO BPF tL... _____ r...J 

Figure 7.2: Block diagram of a modern analog (AM) receiver (top) and a 
receiver using a bandpass SDM (bottom). 

Noise Amplifier (LNA) followed by a bandpass filter (BPF) and a mixer converting 
the signals to the IF frequency of I O.7MHz using a tunable local oscillator (LO). The 
mixer is followed by a ceramic filter. A second mixer convelts the signals to a second 
IF of 450kHz. A second ceramic channel selection filter precedes an automatic gain 
control (AGC) amplifier and the AM detection (or demodulation) stage. An audio 
power amplifier (P.A.) and loudspeaker complete the total receiver. The first stage of 
a receiver using IF AID conversion is identical to the analog receiver. After the first 
ceramic filter, the IF signal is digitized and processed using a digital signal process
ing (DSP) unit. Additional filtering, final channel selection and demodulation of the 
(AM) signals is performed by the DSP unit. The audio output signal of the DSP unit 
is fed to the P.A. followed by the loudspeaker. Note that the receiver containing the 
bandpass SDM can also be used to receive FM signals by merely changing the DSP 
functionality. 

Important specifications for communication building blocks are the SNDR and 
the intermodulation 1M3. In communication systems using frequency division multi
plexing such as AM and FM radio the intermodulation specifies the amount of cross
talk of adjacent channels. 

I Here, the term bandwidth refers to the commonly allocated frequency bandwidth or 'channel spac
ing'. 
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7.2.2 Discrete Time Filter Design 

As mentioned in chapter 6, the design of the loop filter of a continuous time bandpass 
SOM can be done in the discrete time domain. The loop filter is chosen from the 
class described by (5.70). The loop filter transfer function can be written as: 

(1 + aejOoz- 1 )2( I + ae- jOO[ If 

G(z) = (I +bejOoz-I)2(1 +be- jOoZ- I)2 (7.1) 

Although for an optimal performance the complex conjugate poles should be spread, 
within the signal frequency bandwidth, placing both pairs at the same frequency sim
plifies the design at the expense of of 3.5dB in OR. The order of the loop filter is 
four. The performance of a fourth order bandpass SOM is approximately equal to 
the performance of a second order lowpass SOM. In order to have a OR of at least 
80dB, the OSR should be at least OSR= I 00 in the ideal case that b = 1 (see Fig. 4.3). 
Combined with a desired bandwidth of 200kHz this results in a sample frequency 
of j~. = 40MHz. The absolute tuning frequency equals fo = 10. 7MHz, giving an an
gular tuning frequency of 60 = 1.681 rad. According to Fig. 5.28, the parameter a 
which determines the location of the loop fi Iter zeroes can be chosen a = O. This value 
places the resulting NTF poles in the origin of the complex plane, thereby optimizing 
the performance. For a = 0 and 80 = 1.681 rad, the fourth order bandpass SOM is 
large signal stable. Ideally, the poles of the loop filter lie on the unit circle b = 1. In 
reality, the quality factor will not be infinitely large. For a quality factor Q 40, the 
pole radius equals b ~ 0.98 and the OT loop filter transfer function equals: 

with: 

G - dl[l+d2Z-2+d3Z-3+d4Z4 (7.2) 
(z) - (I +bejOoz-I)2(1 +be-jOIlz-I)2 

d l -0.4302 
d2 = 1.9671 

b = 0.98 

d3 = -0.4131 
d4 = -0.9224 

60 = 1.681 
(7.3) 

A plot of the resulting Noise Transfer Function NTF(z) = 1/(1 + G(z)) is shown in 
Fig. 7.3. The noise suppression at f / f~ = 10.7/40 = 0.2675 is clearly visible. Note 
that the out-of-band gain of the NTF exceeds 15dB. According to LEE's stability rule 
<INTF(eJO )12 < 2; see sec. 5.2), this modulator would be unstable. However, both 
simulations and the practical implementation did not show unstable behavior such as 
large-signal limit cycles. 

The maximum SNR follows from the linear prediction method described in sec. 4.1. 
The maximum SNR of 68dB in a bandwidth of 200kHz occurs for an input power 
of -6dB relative to the quantizer output power. Simulations show that the maximum 
SNR indeed is 68dB. A typical (simulated) output spectrum of the SOM is shown in 
Fig. 7.4. 
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Figure 7.3: NTF of fourth order bandpass filter. 
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Figure 7.4: Typical output spectrum (simulation) of a fourth order SDM with 
loop filter (7.2). Input power is -23dB relative to the quantizer 
output power. 

7.2.3 Continuous Time Filter Design 

When the DT loop filter transfer function G{z) has been designed, the continuous 
time loop filter F(p) can be calculated, taking into account the pulse shape of the 
DAC. A general fourth order CT bandpass filter transfer function with conjugate 
poles at fo can be written as: 

) K p3+a2p2+aIP+ao 
F(p = II (p2 + proo/Q! + ffi6)(p2 + proo/Q2 + ffi5) 

(7.4) 
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As the three zeroes of the DT transfer function were placed independently, at least 
three degrees of freedom are required in the CT loop filter transfer function (see 
sec. 6.4). As the poles are determined by the poles of the DT loop filter, all three 
the coefficients of the numerator of (7.4) have to be independent. A bandpass filter 
structure that consists of two high-Q LC resonators [63] as shown in Fig. 7.5 has one 
degree of freedom (g I g2/ g3) to place the zeroes of the loop filter. The second degree 

out 

v v 
L (/ 

Figure 7.5: A fourth order bandpass filter using two LC resonators. 

of freedom gives the overall gain of the filter. As the loop filter is placed before a one 
bit quantizer, the absolute gain of the loop filter does not affect the behavior of the 
SDM. As a result, the filter structure shown in Fig. 7.5 cannot be used for realization 
of the desired DT transfer function. 

Several loop filter structures were proposed in section 6.6. The resonators in 
these filter structures should have both in-phase (1) and quadrature-phase (Q) inputs 
or I and Q outputs. This inhibits the use of an LC resonator to realize a high Q. 
The resonators in such filters should be realized using transconductance-capacitance 
(gmC) resonators. Only the filter structure of Fig. 6.8 allows the use of an LC res
onator and ensures sufficient degrees of freedom to realize the desired DT transfer 
function. The resulting structure of the fourth order bandpass loop filter is shown in 
Fig. 7.6. For high values of the quality factors QLC and QgmC, the transfer function 
of the filter in Fig. 7.6 is given by: 

g4 p3 + Olcp2(C2~ +C3) + roijp(l +Ct ~) + 0l6c3 
F(p) = C (p2+pJ!!JLQ I +0l5)(p2+p~Q +roij) (7.5) 

LC gmC 

in which OlL = gL/CL, gm/C = Jl/LCL = roo and Cj = gi/g4 for i = 1. .. 3. It can 
be easily shown that the three coefficients of the numerator can be set independently. 
Using the CT to DT transformation described in section 6.4, the equivalent DT trans
fer function Geq{z) can be calculated: 

Geq(z) = ~lc+j"" F(s~R~) T. ds I (7.6) 
21tJ c- joo 1 - es "e P.f z=el'Ts 
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Figure 7.6: A fourth order bandpass jilterusing an LC resonator combined 
with a gmC resonator. 

The CT to DT transfonnation takes into account the pulse shape R(p) of the DAC. 
Here, a RTZ pulse with a duration of T.~/2 is used (see Fig. 7.7). The Laplace trans
fonn is given by: 

e-pT,,f4 _ e-3pT"j4 
R(p)=----

p 
(7.7) 

The CT to DT transfonnation of eqs. (7.6), (7.5) and (7.7) is solved with the help of 
Maple [64], a mathematics software tool. The equivalent DT transfer function is then 
matched with the designed DT transfer function from eq. (7.2): 

(Jeq(Z) (J(z) (7.8) 

From (7.8), the coefficients c], C2 and C3 can be solved by substituting all known 
numerical values and choosing OOL roo and g4/C = roo: 

CI -0.8167 
C2 = 0.4650 (7.9) 

C3 -1.8054 

I RTZ 

I ,I I -0 } 1'.. 1'.. 
Figure 7.7: A Return-to-Zero pulse with a duration ofT.d2. 
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7.2.4 Implementation 

The CT loop filter of Fig. 7.6 consists of an LC resonator and a gmC resonator sec
tion. The implementation details are shown in Fig. 7.8. The LC resonator was im
plemented with an off-the-shelf IF bandpass filter (transformer), commonly used for 
IF filtering in AMlFM receivers. The corresponding transconductance gL was im
plemented with a degenerated differential pair (Ql, Q2 and Rg). The quality factor 
of the LC resonator is given by the quality factor of the transformer and the load 
impedance Rlol/d. The effective quality factor equals: 

(7.1O) 

in which RL is the parasitic resistance of the inductors of the transformer, and Q 
is the quality factor Of the transformer Q VLlcR'i. The gmC stages were also 
implemented differentially. Again a degenerated differential pair (Q4, Q5 and Rg) 

is used for the transconductance. The current-sources with common mode feedback 
(Q7, Q8 and Q9) determine the DC bias point. The quality factor QgmC of the gmC 
resonator is determined by the collector impedance of Q4 and Q5, in parallel to the 
resistors RQ. As the collector impedance of Q4 and Q5 will generally be much larger 
than RQ, the quality factor QgmC is mainly determined by RQ. A custom-made bipolar 
one bit ADC and DAC was used to implement the quantizer. The ADC consisted of 

0::: OUT· 

~f; Rim'" 

OUT+ 

+5V 

Figure 7.8: Implementation details of fourth order bandpass filter: an LC 
resonator with transconductance (left) and agmC stage (right). 
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two flip-flops in master-slave configuration to decrease the decision time and reduce 
the bit error rate. 

A test circuit was build on. a bread-board using discrete devices to verify the 
design. The total power of the test circuit was 440m W. A considerable amount of the 
power is consumed by the one bit ADC and DAC which used ECL in- and output 
gates. The filter consumed 275mW. The large power consumption of the filter is 
caused by the required DC bias currents of ImA for the discrete bipolar transistors. 

7.2.5 Measurements 

The quality factor QgmC ofthe gmC s~ction could not be made very large in the bread
board implementation. Figure 7.9 shows the calculated and measured filter transfer 
function. The deviation in the measured transfer function consists mainly of a loss of 
gain and a parasitic linear phase (delay). The -6dB points of the filter are at -28kHz 
and +35kHz offset from the center frequency. 
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Figure 7.9: Designed and measured loop filter transfer characteristic. 

A typical output spectrum of the fourth order SDM is shown in Fig. 7.10; the 
in-band region of the output spectrum is shown in Fig. 7.11. The output spectrum 
shows a large bump in the quantization noise near 13.3MHz. This suggests that the 
realized SDM prefers coding of the quantization noise with an idle frequency of f~/3. 
This deviation from the ideal operation can be attributed to the additional phase shift 
(or delay) measured in the loop filter. The output spectrum in Fig. 7.10 also shows 
a significant amount of second, third and fourth order harmonic distortion. As the 
tuning frequency of the SDM is not equal to .fs /4, the third harmonic distortion does 
not alias into the signal band. 
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Figure 7.10: Typical output spectrum of the fourth order bandpass SDM. 
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Figure 7.11: In-band region of the output spectrum. 
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The measured SNDR as a function of the input power is shown in Fig. 7.12 for 
a signal bandwidth of 9kHz and 200kHz. The maximum SNDR equals 54.4dB for a 
200kHz signal bandwidth and 62dB for a 9kHz bandwidth. The slope of the" SNDR 
curve is not unity. The SNDRdegrades more rapidly when the input power is de
creased. Additionally. the SNDR measured in a bandwidth of 9kHz approaches the 
SNDR measured in a 200kHz bandwidth when the input power is decreased. This 
means that for low input power levels, the in-band quantization noise increases and 
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Figure 7.12: Measured SNDR VS, input power characteristic. 

is located near the signal frequency. This behavior may have (at least) two causes. 
First, the output power spectra were measured using an analog spectrum analyzer 
connected to an NRZ digital output of the one bit quantizer. As it was mentioned 
in sec. 4.4.3, limited rise and fall times in NRZ signals cause signal dependent dis
tortion. In order to eliminate these errors, the output spectra should be determined 
by an FFT of the output samples. At the time of the measurements however, a logic 
analyzer was not available and the digital output samples of the SDM could not be 
stored. Secondly, an increase of the quantization noise near the inplJt signal frequency 
may be caused by jitter in the clock signal. The errors in the sample period causes 
errors in the apparent frequency of the input signal which can be seen in the output 
spectrum as phase noise near the input signal frequency. 

Although a significant amount of harmonic distortion can be seen in the output 
spectrum of Fig. 7.10, the third order intermodulation is low. Figure 7.13 shows the 
output spectrum of the SDM with two tones applied to the input. The 1M3 is less 
than -75dB relative to the carrier power of -20dBm fora carrier distance of.1. f = 
200kHz. A summary of the performance of the discrete fourth order bandpass SDM 
is given in Table 7.2. 
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Figure 7.13: Two tone 1M3 measurement of the fourth order SDM. 

Table 7.2: Discrete 4th Order Bandpass l:~ Performance 

supply voltage 
power consumption 
sample frequency 
tuning frequency 

peak SNDR (BW=200kHz) 
peak SNDR (BW==9kHz) 

1M3 (~f 200kHz) 

5V 
440mW 
40M,Hz 

IO,7MHz 
54.4dB 
62dB 

-75dBc 
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In this section the design and implementation of a fully integrated sixth order CT 
bandpass SDM is presented. The design method of the SDM is similar to the design 
of the discrete fourth order SDM of the previous section. 

7.3.1 Discrete Time Filter Design 

For the discrete time design, the loop filter of the sixth order SDM is chosen from the 
class of filters described by (5.70). The sixth order DT loop filter can be written as: 

(I +aej6u z- 1)3(l +ae-J6u z- 1)3 
G{z) = . . . -1 

{I + beJ6o z- 1 )3(1 + be-)60Z-1 r~ 
(7.11) 

Similar to the fourth order SDM, the tuning frequency is fo=1O.7MHz and the sample 
frequency is if = 40MHz. The resulting angular tuning frequency is 60 = 1.681 rad. 
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The poles will be placed on the unit circle: b = 1. The position of the zeroes is 
determined by the stability of the modulator .. According to the rule of thumb (see 
Fig. 5.28) the parameter a should be at least a ~ 0.68 for small signal stability. In 
order for the modulator to be stable for a considerable input signal amplitude, the 
value of a should be larger than this minimum value. In this case, a value of a 
0.75 is chosen. The resulting root locus for a = 0 is shown in Fig. 7.14. The large 
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Figure 7.J4: Root locus of sixth order bandpass SDM (a = 0). 

signal stability is determined by the two unit circle crossings of the root locus near 
the tuning frequency of 90 = 1.681 rad. The worst-case value of the quantizer gain 
equals A = 0.2231, corresponding to a maximum quantizer input amplitude of: 

I!. 9. 
Ax,max ~ 4 A 2 = 2.85q (7.12) 

Simulations show that the maximum quantizer input amplitude which does not cause 
instability equals Ax,max = 2.64q. This maximum quantizer input amplitude results in 
a maximum SOM (in-band) sine-wave input amplitude of Ai,max = 0.33q or -6.6dB 

. relative to the quantizer output power q2 /4. The error in the prediction of the maxi
mum quantizer input amplitude can be explained by the fact that the phase uncertainty 
was not taken into account (see sec. 5.7). Taking into account this phase uncertainty 
results in a predicted value of Ax, max = 2.56q. . 

The noise transfer function NTF{z) = 1/{1 + G(z)) of the SOM with loop fil
ter (7.11) is shown in Fig. 7.15 for the designed values a = 0.75, b = 1, and 9 1.681. 
The noise suppression at the tuning frequency is much larger than in the case of the 
fourth order bandpass SOM (see Fig. 7.3). Again the out-of-band gain of the NTF 
exceeds two (or 6dB), violating LEE'S stability rule. Simulations and the implemen
tation reported below show that this bandpass SDM is stable for small input signals. 

When using the linear prediction method described in sec; 4.1, the maximum 
achievable SNR can be determined. In a bandwidth of 200kHz, the 6th order SDM 
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achieves a maximum SNR of 93dB. Simulations show that the maximum SNR indeed 
is 93dB in 200kHz. A typical (simulated) output spectrum is shown in Fig. 7.16. 
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Figure 7.15: NTF of the sixth order bandpass SDM. 
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Figure 7.16: Typical output spectrum (simulation) of a sixth order SDM with 
loop filter (7.11) with a = 0.75, bland 80 = 1.681. Input 
power is -13dB relative to the quantizer output power. 

7.3.2 Continuous Time Filter Design 

Similar to the fourth order SDM in the previous section, the loop filter structure 
from Fig. 6.8 is used. The resulting SDM structure is shown in Fig. 7.17. The six 
poles of the loop filter are realized by three resonators. The zeroes of the loop filter 
are realized by placing the resonators in cascade with six feed forward paths. The 
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coefficients of the feed forward paths are realized by resistors Rl to R6. The coupling 
resistors Rcl and Rc2 are used for scaling the voltages within the filter to the same 
level. In the case that the quality factor of the resonators is high (Le. Q > 100), the 
transfer function of the loop filter of the SDM can be written as: 

F(p) = roo N(p) 
(pZ + prool Q + (05)3 

(7.13) 

with: 

N(p) = Czps + roo(CI + q)p4 + OO5(2cz + C3 + C6)p3 + 
oo6(2cl + C4 + cs) pZ + oori( C2 + C3) p + OO5cI (7.14) 

The coefficients Cl ... C6 are defined by: 

Cl = R 
C2 

R 
RI R2 

C3 
R R . C4 = R R 

Rei . R, Rei . R4 (7.15) 

C5 = 
R . R R 

C6 = R R R 
Rei • R,.2 • Rs Rei . R,2 . R~ 

in which R is the resistance used in the resonator (see subsection 7.3.3; implementa
tion). The coefficients can be solved by calculating the equivalent DT transfer func
tion Geq(z) and matching it with the desired DT transfer function G(z) of eq. (7.11). 
As in the case of the fourth order bandpass SDM of the previous section, an RTZ 
pulse with duration of half the sample period 1'. is chosen for the DAC pulse shape 
(see Fig, 7.7). Substituting roo = 21tfo with fo =10.7MHz, the CT to DT transforma
tion F(p) -t Geq(z) can be solved using Maple [64]. Matching Geq(z) with G(z) then 
gives: 

CI -1.339 Cz 1.000 
C3 = -0.413 q 0.314 (7.16) 
Cs -0.041 C6 = 0.035 

Stability at large input signal amplitudes is ensured when the output of the sec
ond resonator is limited, as it is indicated in Fig. 7.17. When the limiter is active, 
the contribution of the second resonator to the overall transfer of the loop filter is 
reduced to a DC bias and the effective order of the filter is reduced to four. Stable 
operation is ensured when the resulting fourth order modulator is also stable. As the 
feedback loop of the SDM is not entirely broken by the operation of the limiter, the 
performance of the SDM will degrade gracefully [57J. The stability of the resulting 
fourth order modulator can be checked by setting C5 0 and C6 = 0 and calculate the 
resulting equivalent DT loop filter transfer function: . 

d1z- 1 +dzz-2 +d3C3 +d4z-4 . 
Geq,4(z) = ) I 2)2 (1 + 2cos(90 z- .+ z-

(7.17) 
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with 
dl -0.2249 
d2 1.7866 
d3 -0.3965 

(7.18) 

d4 = 1.0583 

Checking the small signal stability with the rule of thumb of section 5.6.4 shows that 
the resulting fourth order modulator indeed is stable. At an angular frequency e = 
rt/3 and e = 2rt/3 the radii of the roots in the root locus are always inside the Ullit 
circle, as can be seen from the root locus with ex = -1 shown in Fig. 7.18. 
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Figure 7.18: Root locus (a = -1) of the fourth order SDM resulting from 
clipping the second resonator in the sixth order SDM. 

7.3.3 Implementation 

The resonators in the loop filter of the sixth order bandpass SDM are implemented 
using the balanced integrator shown in Fig. 7.19. A balanced integrator (BI) resonator 
is preferred over a transconductance capacitor (gmC) resonator as it has a larger lin
ear output range. The capacitors are placed in a feedback around the operational 
amplifier so that parasitic capacitances to the substrate have little influence. The 
coefficients are implemented using passive resistors. In the resonator of Fig. 7.19, 
resistors R and capacitors C determine the tuning frequency of the resonator. The 
capacitors CQ limit the quality factor of the resonator; the additional (dashed) tran
sistors allow tuning of the resonator. The balanced implementation allows realization 
of negative coefficients by reversing positive and negative terminals. The ADC and 
DAC of the quantizer are also implemented fully differentially, improving the noise 
and distortion immunity. The supply voltage is 3.3V for the digital part and 5V for 
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out 

Figure 7.19: Balanced integrator resonator. Tuning transistors are dashed 

the analog sections. The common mode DC level of the differential signals is 3V and 
the amplitude is 3V pp maximally. 

The transconductance amplifier of the resonator is shown in Fig. 7.20 (see [65]). 
The cross-coupled transistors M) and M2 increase the transconductance of the dif
ferential pair formed by transistors MJ and M4. The amplifier has a gain-bandwidth 
product of 1.1 GHz. The parasitic delay caused by the poles of the transconduc
tance amplifier increases the quality factor of the resonators from the designed value 
of Q = 100 to Q = 180. The transconductance amplifiers and resistors cause noise in 
the filter. The equivalent input noise power density of the filter at the tuning frequency 

VDDA--~--~----~----~--~--

·--It-. --It -: 
• • 

~Vin. 

Figure 7.20: Transconductance amplifier 
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equals 8.4.10-8 V /v'HZ. Combined with a quantizer output power of -3.5dBm2 

(see below), the noise of the filter results in a maximum achievable SNR of 72dB 
in 200kHz. Due to the high Q of the resonators, the noise caused by the filter will 
exceed the theoretical quantization noise and serve as a dither signal for the SDM. 

The quantizer ADC (see Fig. 7.21) consists of two flip-flops in a master slave 
configuration that reduces' the bit error rate without increasing the parasitic load on 
the filter. Two non-overlapping clock signals are generated internally by dividing the 
external clock. 

VDDA 

V~ 

MCLK 
MCLK 

J... 

Figure 7.21: One bit ADC. 

The DAC of the quantizer is shown in Fig. 7.22. It consists of a logic block to cre- . 
ate RTZ signals, a cascaded differential stage and two source followers. fuo dummy 
transistors are added to the differential stage to reduce glitches caused by charge stor
age. The RTZ pulses of the quantizer DAC have a width of Ts /4 and an amplitude 
of 1.2Vpp which gives -3.5dBm (see Fig. 7.23). As the CT filter was designed 
using RTZ pulses of T,/2, a narrower DAC pulse changes the equivalent DT transfer 
function slightly. The loss of power of the DAC pulse is compensated by doubling 
the amplitude of the DAC pulse and so avoids a reduction of the performance. As the 
modification to the RTZ pulse slightly reduces the delay of the signal in the loop, the 
stability of the modulator will not be affected detrimentally. 

2In this thesis, 0 dBm refers to the voltage that gives lmW across 50n. Actual impedance levels 
may vary. 
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Figure 7.22: One bit DAC. 
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Figure 7.23: Designed and actually implemented DAC pulse. 
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In order to monitor the individual outputs of the resonators in the loop filter, three 
analog buffers are also included in the design of the SDM. Two versions of the SDM 
were made: a tunable version with the tuning transistors in the resonators and a non 
tunable version without the tuning transistors. Both versions of the SDM are realized 
in O.5J1l1l double-poly CMOS. A die photograph is shown in Fig. 7.24. The corre
sponding floor plan is shown in Fig. 7.25. The loop of the SDM is closed externally. 
The core circuit (analog filter, ADC and DAC) measures O.9xO.4mm2 and consumes 
60mW at a sample rate of 40MHz. The digital buffers consume 9.5mW at 40MHz 
with a load capacitance of 8pF. The analog buffers consume 117m W. The total power 
consumed by the chip equals 186.5m W at 40MHz. As most of the power is consumed 
by the analog filter and the output buffers, the sample frequency is insignificant for 
the total power consumption. 
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Figure 7.24: Die photo of the sixth order SDM IC 

Figure 7.25: Floor plan of the sixth order SDM IC 

7.3.4 Measurements 

The first check on the 6th order bandpass SDM IC is the verification of the stability 
of the modulator. Both the tunable and non tunable version of the SDM proved to 
be stable under all measurement operating conditions. Input signal amplitudes well 
exceeding the DAC output levels causes a severe degradation in the performance 
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of the SDM, but the limiter at the output of the second resonator ensures that the 
modulator is free of large signal limit cycles. The sample frequency can be varied 
from 30MHz to 80MHz without resulting in large signal limit cycles. 

Non tunable version 

The non tunable version of the sixth order bandpass SDM was typically tuned at 
9.1SMHz. The large deviation from the designed value of 1O.7MHz is caused by the 
fact that the tuning frequency depends on absolute resistance and capacitance values. 
The production process may cause up to 30% variation in absolute parameter values. 
A tuning mechanism in continuous time bandpass modulators is therefore necessary. 
Note that the filter coefficients depend on the ratio between two or more resistance 
values. As a relative accuracy of 1 % can be obtained for resistance and capacitance 
ratios, tuning of the feedforward resistors in Fig. 7.17 is not required. The measured 
transfer characteristic of a single resonator is shown in Fig. 7.26. The measured 
quality factor of the resonator is Q = 180. The overall filter characteristic is shown 
in Fig. 7.27. 

The performance of the SDM was determined by calculating the FFT of the out
put data. Up to 512k samples of digital output samples of the modulator were stored 
in a logic analyzer and transferred to a computer for further analysis. The non tun
able version has an input referred idle channel noise of -78.5dBm in 200kHz and 
-92.5dBm in 9kHz, resulting in a dynamic range of 72dB and 86dB respectively. A 
typical output spectrum of the non tunable SDM is shown in Fig. 7.28. The SNDR 

18·nr---........ - ........ ----,----.,..---.,...--..,..--...,---, 

Figure 7.26: Measured resonator transfer characteristic of the non tunable 
version. 
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Figure 7.27: Measured filter transfer characteristic of the non tunable ver
sion. 

Frequency (MHz) 

Figure 7.28: Measured output spectrum of non tunable version (32k FFT). 

vs. input power characteristic is shown in Fig. 7.29. At an input of -6dB relative to 
the DACoutput power, the non tunable version achieves a maximum SNDR of 67dB 
in 200kHz and 80dB in 9kHz. The corresponding ENOB are 10.8 bit and 13 bit. 
The crossings of the characteristics with the SNDR=OdB ljne give an estimate of the 
dynamic range (DR). The curve corresponding to a measurement bandwidth of 9kHz 
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Figure 7.29: SNDR vs. input power characteristic of the non tunable SDM. 
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is less smooth than the curve corresponding to 200kHz. This is caused by the reso
lution of the measurement. Using a 5I2k FFr for signals sampled at 40MHz gives 
an FFr bin bandwidth of approximately 76Hz. For the SNDR measurement in a 
bandwidth of 9kHz only 118 bins are used. The SNDR measurement in a bandwidth 
of 200kHz uses over 2000 bins, thus giving a more accurate result. A total of 26 
samples of the non tunable SDM Ie were available for testing. This number allows 
some statistical measurements. In Figure 7.30 the histograms are shown for the max
imum SNDR measured in 200kHz and the absolute tuning frequency. The samples 
having the lowest maximum SNDR correspond to the two samples with tuning fre
quencies lOAMHz and 11.0MHz. These samples clearly deviate from the expected 
normal distribution and may be affected by manufacturing process defects. 
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Figure 7.30: Histograms of the maximum SNDR and tuning frequency of 26 
samples of the non t.unable SDM Ie. 
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In order to determine the third order intermodulation distortion (1M3), a two-tone 
measurement is performed. Two input signals ('carriers') with frequencies fo I1f 
and fo - 211f (or fo + I1f and fo + 211f) are applied to the modulator, and the spurious 
response at the tuning frequency fo is measured as a function of the carrier amplitude 
level. In Fig. 7.31 the resulting characteristic is shown for three different carrier 
spacings. 
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Figure 7.31: 1M3 vs. carrier power characteristic of the non tunable SDM 
for three different carrier spacings. 

The optimal 1M3 of -82dBc is reached at -13dB carrier power, corresponding to 
an IP3 of +24.5dBm. For carrier levels lower than -l6dB, the 1M3 intermodulation 
product is near the measurement noise floor. Note that the measurement noise floor is 
not horizontal, as the vertical scale is relative to the carrier level (in dBc). When the 
carrier level decreases, the distance between the noise floor and the carrier also be
comes smaller. Although the absolute noise floor remains constant, the relative noise 
floor increases as the carrier power is decreased. For carrier powers exceeding -1IdB, 
the 1M3 intermodulation distortion increases rapidly. At such high input powers, the 
signals inside the loop filter become large. The limiter of the second resonator in 
the loop filter will be active~ increasing the (intermodulation) distortion. An output 
spectrum of the modulator during the two-tone test is shown in Fig. 7.32. The carrier 
spacing is 200kHz. 

The performance of the non tunable modulator has also been measured for sample 
frequencies up to 80MHz. An increase of the sample frequency did not result in an 
increase of the performance. This indicates that the SNDR of the non tunable version 
is limited by the noise of the loop filter. 
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Figure 7.32: Output spectrum of the two-tone 1M3 measurement of the non 
tunable SDM (512k FFT; I1f =200kHz). 
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In the tunable version of the sixth order bandpass SDM, an additional transistor is 
used to allow tuning of the loop filter. The transistors are placed in parallel to the 
resistors inside the balanced integrator resonators (see Fig. 7.19). By changing the 
gate-source voltage of the transistor, the conductance of the drain source path can be 
changed. The source of the transistor is connected to an input node of the transcon
ductance amplifier. Due to the feedback, this node is a virtual 'ground'. Conse
quently, the conductance of the tuning transistor can be changed by changing the 
gate voltage. The tuning frequency of the loop filter was set to 1O.7MHz. 

The measured transfer characteristics of a single resonator and the total filter are 
shown in Fig. 7.33 and Fig. 7.34 respectively. The designed resonator and filter char
acteristics are also shown in the same figures. The quality factor of the resonators of 
the tunable version is equal to the quality factor of the non tunable version: Q = 180. 
The characteristic of the resonator shows little deviation of the designed magnitude 
and phase response. The measured loop filter characteristic shows a considerable 
loss of gain with respect to the designed value. This is mainly due to the fact that the 
three resonators do not have identical tuning frequencies. The magnitude response 
of the loop filter clearly shows two bumps in the pass band of the filter. The phase 
response of the loop filter agrees with the designed characteristic. This is important 
as the phase characteristic of the loop filter mainly determines the stability of the 
modulator. This is due to the fact that the stability of the modulator is determined by 
the zeroes of the loop filter. As the zeroes are not located near the unit circle, they do 
not have a significant effect on the amplitude response of the filtet. 
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Figure 7.33: Measured resonator transfer characteristic of the tunable ver-
sian. 
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Figure 7.34: Measuredjilter transfer characteristic of the tunable version. 

The tunable version of the, sixth order SDM has an input referred idle channel 
noise of -73.5dBm in 200kHz and -87.5dBm in 9kHz. This is significantly (5dB) 
higher than the idle channel noise of the non tunable version. The resulting dynamic 
range is also lower: 67dB in 200kHz and 8IdB in 9kHz. A typical output spectrum 
of the tunable version is shown in Fig. 7.35. The spectrum of the tunable version 
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Frequency (MHz) 

Figure 7.35: Measured output spectrum of tunable version (32k FFTJ. 

not only shows a higher noise floor than the output spectrum of the non tunable 
version, but also shows larger distortion components near IMHz and 19MHz. The 
nonlinearity of the tuning transistors in the resonators clearly introduces 'additional 
distortion which affects the performance of the SDM. In Fig. 7.36 the SNDR vs. 
input power characteristic of the tunable version is shown. For an input of -6dB 
relative to the DAC output power, the maximum SNDR equals 63.5dB in 200kHz 
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. Figure 7.36: SNDR vs. input power characteristic of the tunable SDM. 
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and 76dB in 9kHz. The corresponding ENOB are 10.2 bit for 200kHz and 12.3 bit 
for 9kHz. As in the case of the non tunable version, the SNDR curve corresponding 
to a measurement bandwidth of 9kHz is less smooth than the Cllrve corresponding to 
a measurement bandwidth of 200kHz. For an input power between -30dB and -20dB, 
the 9kHz SNDR curve shows a significant drop in the SNDR. It is unclear whether 
this drop is caused by measurement limitations or is caused by the nonlinearity of the 
tuning transistors. In order to investigate the reason for this drop, more output data 
of the SDM should be used for the calculation of the SNDR. A real-time digital filter 
could be used to remove the out-of-band quantization errors. In that case, the SNDR 
can be calculated from the decimated output signal. Unfortunately, such a digital 
filter was not available at the time of the measurements. 

For the tunable version 27 samples were available for testing. In Fig. 7.37 a 
histogram of the maximum SNDR is shown. Apart from one sample with a very poor 
performance, most of samples achieve a similar maximum SNDR. 

The third order intermodulation (1M3) of the tunable version is determined using 
a two-tone measurement. The resulting 1M3 as a function of the carrier input levels 
is shown in Fig. 7.38 for three different carrier spacings. A typical output spectrum 
of the two-tone 1M3 measurement is shown in Fig. 7.39. The: optimal 1M3 is -75dBc 
at an input carrier level of -14dB. The nonlinearity of the tuning transistors' gives a 
reduction of only 6dB in the IM3 compared to the non tunable version. The non
linearity causes distortion in the output of the loop filter. As it was explained in 
sec. 4.4.3, the distortion that adds to the output of the loop filter is suppressed by the 
feedback loop. For the tunable version, the out-of-band intermodulation distortion 
components are much larger than for the non tunable version (see Fig. 7.32). For rea
son of the suppression by the feedback loop, the in-band 1M3 distortion components 
for the tunable version are only slightly larger than in the case of the non-tunable 
version. 
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Figure 7.37: Histogram of the maximum SNDR of27 samples o/the tunable 
sixth order bandpass SDM Ie. 
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Figure 7.38: 1M3 vs. carrier power characteristic of the tunable SDM for 
three different carrier spacings. 
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Figure 7.39: Output spectrum of the two-tone 1M3 measurement of the tun
able SDM (512k FFT; Af =200kHz). 
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The performance of noli tunable modulator has also been measured for sample 
frequencies up to 80MHz. An increase in the sample frequency did not result in an 
increase of the performance. This indicates that the SNDR of the tunable version is 
limited by the noise of the loop filter and the distortion caused by the non linearity of 
the tuning transistors. 
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Summary 

Table 7.3 shows a summary of the performance of the sixth order bandpass SDM. The 
power consumption does not include the consumption by the analog output buffers 
which are not required for the operation of the SDM. 

Table 7.3: 6th Order Bandpass SDM Performance 

non tunable tunable 

technology 0.5/lm CMOS 
supply voltage 5.0Vanalog, 3.3V digital 

power consumption 60 mW @ f~=40MHz 

sample frequency 30 - 80 MHz 
tuning frequency 9.15 MHz 10.7 MHz 

Bandwidth Bandwidth 
200kHz 9kHz 200kHz 9kHz 

idle channel noise -78.5dBm -92.5dBm -73.5dBm -87.5dBm 
DR 72dB 86dB 67dB 8IdB 

peak SNDR 6~ ROtiR 63.5dB 76dB 
ENOB ] . 10.2 12.3 

1M3 reI. to carriers -82dBc -75dBc 
max. diff. input 200mV 

7.3.5 Further Remarks 

The design of the sixth order bandpass SDM shows .that stable high order bandpass 
modulators can be designed and can achieve good performance. The design of the 
SDM was not optimized for power, performance or linearity. For example, the am
plifiers in the loop filter are identical. The power consumption of an amplifier is 
mostly but not exclusively determined by the gain-bandwidth product and the noise 
requirements. Although the gain-bandwidth requirements of all the amplifiers are 
similar, the noise requirements are not. The noise contribution of the total loop filter 
is mainly given by the noise of the first resonator. As the performance of the SDM 
seems to be limited by the noise of the loop filter, the perfonnance can be increased 
by reducing the noise of the first resonator. Normally. this results in an increase in 
the power consumption of these amplifiers. The total power consumption of the loop 
filter does not have to increase as the power consumption of the amplifiers in the sec
ond and third resonator may be decreased. Another approach to increase the SNDR 
is the replacement of the first resonator by an (external) LC resonator. 

As it has been shown in Table 7.3, the tuning transistors have a considerable im
pact on the overall performance of the SDM. When comparing the performance of 
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the tunable and non tunable version, the difference of the SNDR and 1M3 are clear. 
The tuning mechanism of the loop filter can be improved in several ways. An exam
ple of a tuning mechanism reducing the effects of the nonlinear tuning transistors is 
by discrete switching of the value of the resistor or capacitor inside the resonator (see 
Fig. 7.40). As the transistors are now used as switches, the effect of the transconduc-

x1 . x2 
-L -L 

x1 
-L 

Figure 7.40: Tuning by discrete switching of resistor and capacitor values 

tance nonlinearity of the transistor is reduced significantly. Other methods to reduce 
the effects of nonlinearity, such as adding compensation transistors are also applica
ble. 

The modulator can also be improved by other techniques such as implicit input 
filtering (see sec. 3.6.3). The signal transfer function of the SDM can be designed to 
suppress out-of-band signals, thereby improving the intermodulation distortion. The 
Signal Transfer Function of the sixth order bandpass SDM equals: 

STF(z) = G(z} 
I +G(z} 

(7.19) 

with the loop filter G(z} according to (7.11) with a = 0.75, b = 1 and 90 = 1.681. The 
STF is shown in Fig. 7.41. The STF is entirely determined by the design of the NTF. 
By making a separate feedforward path in the loop filter for the SDM input signal and 
the DAC feedback signal, the zeroes of the STF can be placed independently from 
the NTF. (see sec. 3.6.3). The STF is changed into: 

STF( ) = H(z) 
z 1 +G(z} 

(7.20) 

The poles of the transfer function H(z} are the poles of G(z). The zeroes of H(z) 
can be chosen freely. In the case of a sixth order SDM, H(z) has five zeroes. By 
placing a zero of H(z} on the unit circle, the signal transfer is suppressed for the 
corresponding frequency. As an example the zeroes of H(z) are placed at Z 0, Z = 
e±j9, and z = e±j62. The angular frequencies 91,2 are chosen symmetrical around 
the angular tuning frequency 90. Here, 9 1,2 = 21tfl,2/ It with fl = (10.7 4}MHz 
and fz = (10.7 +4)MHz, giving 91 = 1.052 and 92 2.309. The resulting STF with 
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Figure 7.41: STF of the sixth order bandpass SDM. 

implicit input filtering is shown in Fig. 7.42. The signal suppression by the zeroes on 
the unit circle is clearly visible. Other out-of-band signals are suppressed by more 
than 25dB. The exact location of the zeroes of H(z) allows a trade-off between the 
out-of-band signal suppression and the width of the center lobe of the STF. The main 
lobe can be made smaller by placing the zeroes closer to the tuning frequency at the 
cost of a lower out-of-band signal suppression. 
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Figure 7.42: STF of the sixth order bandpass SDM with implicit input filter-
ing. 

7.4 Comparison 

In this section, the fourth order bandpass SDM of section 7.2 and the fully integrated 
sixth order bandpass SDM of section 7.3 are compared to several published bandpass 
sigma delta modulators. The overall performance of the SDMs is evaluated by a 
figure of merit (FOM) [66]. Such a figure should include at least the achieved SNDR 
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or DR, the signal bandwidth BW and the power consumption P: 

POM 
4kbT· SNDR· BW 

P 

161 

(7.21 ) 

in which kb is Boltzmann's constant (kb = 1.38.10-23 J/K) and T is the temperature 
in Kelvin (K). Note that the SNDR should not be given in dB when using eq. (7.21). 
In the case of bandpass modulators, the absolute tuning frequency also affects the 
overall merit of the SDM. In table 7.4 the specifications of a number of 'recently' 
published bandpass SDMs are given. 

The examination of the figures of merit for the listed implementations shows 
that the POM value varies by more than three orders of magnitude. This is caused 
by the fact that a wide range of implementations is selected. Not only are the im
plementations realized in several process technologies, but the implementations are 
also intended for different applications. Some applications require a large bandwidth 
with a low SNDR; other applications require a large SNDR and a small bandwidth. 

Table 7.4: Comparison of published bandpass sigma delta modulators. 

Ref. Type order OSR f" fo BW POM 
(MHz) (MHz) (kHz) 

SNDR I Power 
(dB) • (mW) 

[63] LC* 4 63 10 2.5 80 53 - -
[67] LCt 4 65 26 6.5 200 55 1350 7.8.10- 10 

[68] SC 4 99 1.852 0.455 8 63 240 Ll·IO-9 

[56] SC 4 120 7.2 1.8 30 74 - -
[69] SC 2 107 42.8 10.7 200 55 60 1.7· 10-8 

[70] scm 4 133 8 2 30 56 1.6 1.2.10-7 

[71 ] T/H 2 125 250 65.2 1000 40 350 4.7.10- 10 

[72] gmC 4 32 160 5 2500 63 - -
[73] scm 4+2+ 32 13 3.25 200 64 14.4 5.8.10-7 

[74] scm 4 200 80 20 200 75 72 1.5.10-6 

[75] BI 2 2000 4000 55.5 1000 80 1400 1.2.10-6 

[58] gmC 2 500 200 50 200 46 - -
[76] C-SC 4 25 10 3.75 200 62 130 4.0.10-8 

[77] LC 2 9500 3800 950 200 57 135 1.2.10-8 

[78] DCV 4 1000 . 400 100 200 54 330 2.5.10-9 

[79J DCV 2 
I 250 

20 400 40 70 I 18 3.7.10-7 

sec. 7.2 LCgmC* 4 100 I 40 10.7 200 54 

I 

440 I 1.9.10-9 I 
sec. 7.3 BI 6 100 40 10.7 i 200 I 67 60 I 2.8.10-7 

* Discrete Implementation. t External LC resonator. + two stage cascaded SDM. 

I~C LC resonator 
scm Switched Capacitor I Time Interleaved 

gmC Transconductance Capacitor CT filter 
C-SC Complex Switched Capacitor 

SC Switched Capacitor 
TIH Track and Hold 

HI Balanced Integrator CT filter 
DCV Direct Conversion 
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For the SDM, the trade-off between SNDR and bandwidth is not proportional. An 
SDM intended for a large bandwidth and low SNDR application will have a lower 
FOM. For example: A second order lowpass SOM achieves a theoretical SNDR of 
80dB at OSR=100 and an SNDR of 55dB at OSR=20. For a sample frequency of 
IMHz and a power consumption of lmW, the figure of merit equals FOM=8.3·IQ-6 
and FOM=1.3·IQ-7 respectively. Clearly, a different choice of oversampling ratio 
leads to a variation in the FOM of nearly two orders of magnitude. 

Several types of bandpass modulators have been developed. The most com
mon type of loop filter is the switched capacitor (SC) discrete time loop filter. For 
most of these SDMs, the tuning frequency is equal to a quarter of the sample fre
quency: 10 fJ 4. The implementations using an SC filter achieve a relatively low 
FOM. A modified version of the SC filter uses a time-interleaving (SCITI) technique. 
By using two lowpass SC loop filters which are sampled using time-interleaved 
clocks, an overall bandpass characteristic can be obtained. The implementations 
that use this technique (SCITI) achieve. a relatively high FOM. This is due to the 
fact that the time-interleaved sampling causes the SC filters to process baseband 
signals. The lowpass SC filters can achieve better settling and noise performance 
than their true bandpass counterparts. Another type of SDM, the direct-conversion 
(DCV) SDM [78], uses a mixer inside the loop for down-conversion of the signal 
frequencies to cope with the high accuracy requirements at high signal frequencies. 
The implementations of such a OCV SDM also achieve a relatively high FOM. Al
though the SC loop filter is the dominantly used filter type for bandpass SOMs, the 
implementations using continuous-time loop filters such as Balanced Integrator (BI) 
or transconductance-capacitor (gmC) filters are capable of achieving a comparable 
FOM. The implementation described in [77] shows that an SOM with a fully inte
grated LC resonator achieves an acceptable SNDR at tuning frequencies near 1 GHz. 
To the author's knowledge, the SOM described in sec. 7.3 of this thesis is the first 
single loop bandpass SDM of an order higher than four, and it shows that the signal
dependent stability of such high order bandpass SDMs does not constitute a real 
barrier. 

7.5 Conclusions 

In this chapter, three implementations of sigma delta modulators were presented. The 
digital hardware set-up was used to speed up the simulation of the SOM by an order 
of magnitude compared to software simulations. Lengthy simulations are needed to 
verify the signal dependent stability of high order modulators .. 

The discrete fourth order bandpass SOM described in sec. 7.2 shows the feasibil
ity of continuous-time bandpass SDMs with a mixed active/passive loop filter. The 
fourth order SDM was used as a test case for the design of the fully integrated sixth 
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order bandpass SDM described in sec. 7.3. To the author's knowledge, this sixth order 
SDM is the first single loop bandpass SDM with a loop filter order higher than four. A 
test IC shows that the signal-dependent stability of such a high order bandpass SDM 
does not have to be a barrier in the quest for higher perfonnance and lower power 
consumption of SDMs. The measured results of this sixth order bandpass SDM are 
compared to the perfonnance of reported bandpass SDMs. This comparison shows 
that SDMs using a CT filter can achieve a similar perfonnance at approximately the 
same power consumption. A CT implementation of the loop filter has the advantage 
that the SDM is easily tunable and that the tuning frequency does not depend on the 
sample frequency. 
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Chapter 8 

Concluding Remarks and Further 
Investigations 

The study described in this thesis has been focused on the performance, stability and 
design aspects of sigma delta modulators (SDMs). The study shows once more that 
the apparent simplicity of error feedback coders such as noise shapers and sigma 
delta modulators is deceitful. The presence of the nonlinearity of the quantizer and a 
loop filter in the feedback loop is problematic for an exact analysis. In this thesis it 
has been shown that a considerable amount of properties can be derived by the use of 
linearization techniques. 

The linear modeling of the quantization errors provides an accurate prediction for 
the signal to noise ratio (SNR) of sigma delta modulators [29,31]. Deviations in the 
actual SNR performance are explained by an analysis of the deterministic behavior 

. of the modulator. In-band tones are responsible for bumps and slope changes in the 
SNR vs. input power characteristics of the SDM (section 4.2). 

The stability of an SDM has been analyzed using the describing function method. 
The modeling of the quantizer by a single global gain was shown to be inadequate 
for the prediction of idle patterns and zero-input stability of an SDM (section 5.3). 
Careful analysis revealed that a sampled quantizer exhibits a phase uncertainty (sec
tion 5.4). The incorporation of (an approximation of) the phase uncertainty in the 
describing function model improved the prediction of idle patterns. The extended 
model predicted the small-signal stability boundaries for loop filter parameters of 
lowpass modulators within 5% of the experimental values. Similar results are ob
tained with a rule of thumb. The rule is based on the presented theoretical analysis 
and so avoids the hasty generalization of a restricted set of empirical results. 

As to the stability .of bandpass SDMs. the accuracy of our rule of thumb varies. 
For a fourth order bandpass SDM, our rule of thumb does not give an accurate predic
tion of the small-signal stability boundary. For bandpass SDMs of order higher than 
four, the rule of thumb provides an accurate (within 5%) estimate of the small signal 
stability boundary for 60% of the tuning range of the SDM (between DC and fd2). 
(section 5.6). Overall, the phase uncertainty of a sampled quantizer is shown to have 
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a considerable impact on the stability of sigma delta modulators. 
The design of high order (> 4) continuous time bandpass sigma delta modula

tors is strongly affected by the stability properties of the SDM. The continuous time 
loop filter should have sufficient degrees of freedom for the implementation of the 
desired (small-signal stable) discrete time SDM (section 6.4). A set of bandpass filter 
structures that are based on a cascade of resonators has been proposed (section 6.6). 
Sigma delta modulators employing continuous time loop· filters can be subsampled, 
i.e. the tuning frequency of the loop filter is higher than half the sample frequency. A 
high ratio between the tuning frequency and the sample frequency increases the re
quirements on the quality factor of the loop filter. Therefore, the use of subsampling 
appears to be restricted to moderate subsampling ratios (section 6.5). 

During the period of work, three SDM implementations were realized. First, 
an all-digital programmable hardware set-up was used for SDM simulations. The 
hardware set-up reduces the simulation time by an order of magnitude and allows 
real-time evaluation of SDMs with time-varying input signals (section 7.1). Second, 
a discrete implementation of a fourth order bandpass SDM shows the feasibility of 
bandpass SDMs with a mixed active/passive loop filter. Third, a fully integrated sixth 
order bandpass SDM was designed. It is based on the given stability criteria and the 
proposed filter structures (section 7.3). To the author's knowledge, this sixth order 
SDM is the first implementation of a single loop SDM with a loop filter order higher 
than four. The measurement results of a O.5pm CMOS test Ie show that (section 7.4): 

• the signal dependent stability of such a SDM does not pose a barrier in the 
quest of high performance and low power bandpass ADCs; 

• intermediate frequency (IF) bandpass SDMs using continuous time loop filters 
can achieve a similar performance as their switched capacitor counterparts at 
approximately the same power consumption. 

Further Investigations 

As in the case of nearly all research studies, certain aspects of the research topic 
remain unexplored and many questions remain unanswered. The author of this thesis 
would like to mention the following items for further investigation. 

• A rule of thumb for the small signal stability of lowpass modulators was de
rived. Even though application Of our rule to bandpass SDMs provides an 
accurate small-signal stability prediction in the majority of cases, it needs to 
be modified or refined for bandpass SDMs. Further investigations of the sta
bility properties of bandpass SDMs tuned to frequencies near ff/3 and fv!6 is 
recommended. 
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• The relationship between the input signal (amplitude) and the gain A and phase 
uncertainty a of the quantizer model is not discussed in this thesis. Experi
ments show that the quantizer input signal increases with an increasing input 
signal amplitude. This corresponds to a decreasing value for A. However, an 
analytical expression for the relationship between the model parameters and 
the input signal is not available and requires further investigations. 

• The noise model described by STIKVOORT [29], the noise/stability model in
troduced by ARDALAN and PAULOS [3l} and the describing function stability 
model described in this thesis share common features such as singularities in 
the solutions. The phase uncertainty in the describing function model intro
duces a new aspect to the relationship between the three models. The investi
gation of this relationship may lead to new insights for the stability of bandpass 
modulators. 

• In [77), an RF bandpass SDM with a fully integrated LC resonator is presented 
showing promising measurement results. Further investigation in the behavior 
of such high frequency SDMs that employ fully integrated LC resonators is 
recommended. The subsampling of such an SDM would reduce the sample 
frequency requirements; the high tuning frequency can be easily obtained using 
an integrated LC section. 
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Appendix A 

Modulator Response to Input Signals 

The nonlinearity of the quantizer inside the loop of a sigma delta modulator (see 
Fig. A1) causes the behavior of sigma delta modulators to be strongly input signal 
dependent. The range of the states of the SDM and the stability properties of the 
SDM not only depend on the amplitude of the input signal, but also on the frequency 
of the input signal. This can be easily shown by the following experiments. First, the 
range of the filter output values of a second order bandpass SDM will be examined 
as a function of the amplitude of the input sine wave. The loop filter of the SDM is a 
second order resonator. In the z-domain the loop filter transfer function is given by: 

G -2rcos(90)z-1 - r2z-2 

(z) = 1- 2rcos(90)z-1 + r2z-2 (AI) 

The transfer of the filter in discrete time domain can be written as: 

x[kJ = 2rcos(90)x[k 1] r2x[k- 2] + 2rcos(90}u[k- 1]- r2u[k 2] (A2) 

in which u[k] and x[k] are the input and output of the filter. The parameter r denotes 
the radius of the poles and determines the "damping" of the resonator; 90 represents 
the tuning frequency of the resonator. For r :::; 1, the SDM is generally considered to 
be stable for all bounded input signals. In (80] constant-input oscillation bounds for 
the states of this modulator were analyzed. Certain parameter ranges were derived for 
which the constant-input oscillations were bounded by some area in state space. In 
the conclusion of this article, the authors stated: "Although these bounds do not apply 
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Figure A.I: A single loop one-bit discrete time sigma delta modulator. 
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for time-varying inputs, they may be expected to give some indications of the behav
ior with such inputs". Analysis of the behavior of the SOM with a time varying input 
signal is complicated and oscillation bounds for the states are hard to derive. How
ever, an indication of these bounds can be easily obtained by simulation. Plotting the 
absolute maximum value of the loop filter output as a function of the inputsine\'vave 
amplitude for several input frequencies can show whether the behavior is frequency 
dependent or not. As an example, Fig. A.2 shows such a plot for an SOM with.a pole 
radius r 1 and a tuning frequency 80 = 0.6 rad. The amplitude is shown relative 
to the quantizer step size q (the quantizer output has a value of ±q/2). For a OC 
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Figure A.2: Maximum absolute filter output of a second order bandpass 
SDM as a function of the input amplitude, for several input fre- . 
quencies. 

input value (8 = 0) and other frequencies not near to the tuning frequency (8 = 0.3 
and 8 = 3.0), the maximum absolute filter output value does not vary significantly 
with the input amplitude. For an input frequency equal to the tuning frequency of 
the SOM, the maximum absolute output value of the filter increases considerably 
when the amplitude approaches q/2. In the case that the input frequency (8 0.9) is 
slightly higher than the tuning frequency, the loop filter output shows an even larger 
increase. This experiment shows that the dynamic behavior of an SOM strongly de
pends frequency of the input signal. The expectation that constant-input analysis may 
give an indication of the behavior for time-varying inputs' is therefore unfounded. 

A second experiment shows the signal dependent stability of a sigma delta mod
ulator. The maximum stable input amplitude for a sixth order bandpass SOM will be 
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determined as a function of the input frequency. The loop filter of the bandpass SDM 
is given by: 

(A.3) 

The loop filter is tuned at ff/4. Figure A.3 shows the maximum stable input ampli
tude as a function of the input frequency. The modulator is considered to be stable 

5 

4 
Q) 

"t:I 

:E 
3 is.. 

E cu 
:; 
0.. 

.£;: 2 x cu 
E 

0.1 0.2 0.3 0.4 0.5 
relative frequency (fits) 

Figure A.3: Maximum stable input amplitude of a sixth order bandpass SDM 
as a function of the input frequency. 

when the absolute value of the output of the loop filter does not exceed a certain 
threshold value during the simulation. When the loop filter output exceeds the thresh
old, the behavior of the SDM is assumed to be determined by a large-signal limit cycle 
(see chapter 5) and the modulator is considered to be unstable. In the case of Fig. A.3, 
the threshold value was chosen 1000 times the quantizer output value q/2 and a simu
lation of 106 points was performed. As can be seen in Fig. A.3, the maximum allowed 
input amplitude for stability strongly depends on the frequency of the input signal. 
For signals having a frequency near the tuning frequency is / 4, the maximum allowed 
amplitude is about a factor ten smaller than for signals with an out-of-band frequency. 
The worst-case maximum signal amplitude occurs for in-band signals. Experiments 
determining the stability properties of an SDM should therefore use in-band signals. 

The two experiments above support the intuitive notion that input signals for 
which the loop filter of the sigma delta modulator exhibits a high gain have more 
impact on the dynamic behavior of the SDM than input signals which are not within 
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the pass band of the loop filter. In the case the frequency of the input signal falls 
within the pass band of the filter, the quantizer input signal is strongly affected by the 
applied input. Consequently, the applied input signal also strongly affects the output 
of the quantizer and the behavior of the unexcited SDM (e.g. an idle pattern). When 
the frequency of the input signal falls outside the pass band of the loop filter, a much 
larger amplitude is required to have the same amount of effect on the quantizer input 
signal. 



AppendixB 

Root Locus Search Method 

The stability of the SDMs is investigated by analyzing the root loci of a linearized 
model (see chapter 5). The linearized model contains two model parameters: a gain A 
and a phase uncertainty parameter a (see Fig. B.l). The root locus is the plot of the 
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in 

Figure H.1: Stability Model of a sigma delta modulator. 

poles of the (linearized) closed-loop system of Fig. B.l in the complex z-plane as a 
function of the model parameters. The poles of the closed loop system are equal to 
the roots of the 'stability equation': 

(B.I) 

Because of the term eM !j)(6), the roots of this equation cannot be solved analytically 
for a =I O. Therefore,. a search method will used to scan the complex z-plane for 
solutions, For this search method, the following assumptions are made: 

• The root locus will be solved for a certain value of the phase uncertainty pa
rameter a E [-1, IJ and all allowed values of the gain parameter A E [0,(0). The 
basic thought behind this choice is that instability will give rise to a change in 
the amplitude of the signal inside the loop, and hence a change of A. The phase 
parameter a is considered to be unaffected . 

• For a constant value of a, the location of the roots of eq. (B.l) will be a con
tinuous function of A. In other words, for a constant value of a, the trajectories 
of the poles of the closed-loop system in the z-plane as a function of A do not 
contain any discontinuities for 0 < A < 00. Note that this assumption does not 
prohibit so-called break- and merge-points in the root loci. . 
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The concept behind the search method is that when z = z* is a solution of the 
stability equation for some A and a, the corresponding value for A should be real
valued. For z z* and a certain ex, the value for A can be calculated using eq. (B.1): 

ej~~(e*)(T(z*) 
(B.2) 

In the case that z* is a solution of the stability equation, the imaginary part of the left 
hand side of eq. (B.2) should be zero: 

Im(A) = 1m {ej~41(~;(T(z*)} = 0 (B.3) 

.A crude but effective method to find a solution z* satisfying this requirement is de
picted in Fig. B.2. The imaginary part of A is evaluated using eq. (B.2) for successive 
points on a scan line in the complex plane. When the imaginary part of A changes 

1m complex plane 

Im(A»O 

+ ········x············ ............ ~ ....... " scan-line 

+ 
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Re 

Figure B.2: Finding a root in the complex plane. 

sign between two evaluated points on the scan-line, two solutions are possible: (i) a 
singularity for the imaginary part of A occurs for an intermediate point on "" the scan 
line, or (ii) the imaginary part of A is zero for an intermediate point on the scan line. 
The latter solution corresponds to a solution of the stability equation. The interme· 
diate point for which the imaginary part of A is zero, i.e. A is real, corresponds to an 
intersection point of the root trajectory and the scan line (see Fig. B.2). At this point, 
finding a complex-valued solution to the stability equation (B.l) has been reduced to 
a common real· valued root finding problem: 

f(x) = 1m { "~~( + ~ 1 
( . )} = 0 for: Xl < X < X2 (B.4) 

e} x lY (T X + lY 

This problem can be solved by well known methods such as the bisection method [81]. 
When a sufficiently accurate value X = x* has been found, z* = x* + jy is a point on 
the root locus. The corresponding (real) value of A can be calculated by eq. (B.2). 
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By structured scanning of a selected area of the complex z-plane, sufficient points 
on the root locus can be found and plotted. For the root loci in this thesis, a square 
area of a selected size was scanned using densely placed horizontal and vertical scan 
lines. Note that the positioning of the scan line is not limited to a horizontal or vertical 
orientation. In particular, a similar scan can be performed along the unit circle, thus 
providing an accurate estimate of the unit circle crossings of the root locus. 

An example of the root locus search method is shown in Fig. B.3. Here the root 
locus of a third order SDM is shown for a -1. The transfer of the loop filter of the 
modulator is given by: 

(B.5) 

For this example an area of two by two· centered around the origin of the complex 
plane was scanned using ten horizontal and ten vertical scan lines. The points of the 

.2 '--....I----L_..L.---'-----'_..l..---'-_'--.......... .....J 

·2 o Re 2 

Figure B.3: Example of the root locus search method (3rd order lowpass 
8DM). 

root locus found in this 'way are indicated by large dots. A more dense scan (400 
horizontal and 400 vertical scan lines) was also performed to show the overall shape 
of the root locus. 
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AppendixC 

Algorithm for Finding a Stability 
Boundary 

The stability boundary for a parameter a of a lowpass SDM loop filter can be cal
culated by determining the value for a for which the root locus with the worst-case 
phase uncertainty is tangent to the unit circle (see Chapter 5). The intersection points 
of the root locus with the unit circle are determined by the stability equation 

(C.I) 

A point z ejSon the unit circle is part of the root locus when eq. (C.1) is satisfied 
for a real-valued A (see App. B). Rewriting eq. (C.l) and substituting the worst-case 
phase uncertainty value ex. = -1 gives 

-1 
A = e- j6.$(S}G(ejS ) 

(C.2) 

Analysis of the root loci of lowpass modulators shows that when a is large enough, 
the worst-case root locus (ex. = 1) has at least two intersection points with the unit 
circle between e = TC/2 and e = TC/6 (see Chapter 5). This means that the imaginary 
part of (C.2) intersects the x-axis twice as shown in Fig. C.l (left). By decreasing the 
value of the loop filter parameter a, the two intersection points of the root locus with 

t Im(~ t Im(~ 
a=ao 

04-________ ~~~ ____ ~9 

Figure C.I: Finding a single intersection point. 
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the unit circle will move towards each other until for some a = a*, there is only one 
intersection point with the unit circle. This means the imaginary part of 'A has exactly 
one crossing with the x -axis (see Fig. C.l (right». Consequently, the derivative of the 
imaginary part of 'A as a function of e will be zero. The value for a for which the 
worst-case root locus is tangent to the unit circle can be calculated by solving: 

Im('A) = 0 and dIm('A} =0 
de . 

(C.3) 

in which 'A is given by (C.2). This set of two equations can be solved numeri
cally using a nested Newton-Raphson algorithm [81]. Note that nesting of Newton
Raphson algorithms is generally not recommended for solving a set of equations such 
as (C.3)1. In this particular case, the nested algorithm will be convergent towards an 
accurate solution when the required initial guesses are chosen wisely. The resulting 
algorithm is as follows: 

1. select a initial guess for a such that the worst-case root locus has two intersec
tion points with the unit circle. 

2. select an initial guess for e for which the worst-case root locus will be tangent 
to the unit circle. 

3. Calculate the value for e for which dIm ('A) / de = 0 using Newton-Raphson. 

4. Calculate the actual value of Im('A) . and determine the required change in the 
loop filter parameter a using the Newton Raphson melhod. 

5. If the change in a is larger than the required accuracy in the final solution of a, 
another iteration step is required: go back to 2; otherwise the desired value 
for which the root locus is tangent to the unit circle has been found with the 
required accuracy. 

1 The Newton-Raphson algorithm for solving f(x) 0 uses the derivative df(Xi)/dxi to calculate a 
new iterate Xi+] which will bedoserto the solution x* for which f(x*) = 9: In the case that df(xj)/dxj 
also goes to zero for Xi ~ x*, ·convergence of the Newton-Raphson algorithm is not guaranteed. 



AppendixD 

Example VHDL description of a digital 
SDM· 

Using the test set-up described in section 7.1, an all-digital sigma delta modulator 
can be simulated in real time. The behavior of digital set-up can be programmed 
in VHDL. In this appendix an example VHDL description is shown of a (randomly 
chosen) fourth order bandpass one-bit sigma delta modulator. The loop filter of the 
modulator is described by: 

(D.I) 

with a 0.25, b = 1 and 80 = 0.33521t = 1.0521 rad. Writing out the coefficients 
gives: 

G(z) 
0.97965z- 1 2.60475z-2 + 1.917152-3 - 0.99609z-4 

1-1.97965z-1 +2.97975z-2 -1.97965z-3 +Z-4 
(D.2) 

The four digit Canonical Signed Digit (see sec. 7.1) approximation of the coefficients 
equals: 

1 1 
0.97965 ~ l.OOOOOTOT = 1- 64 - 256 = 0.98046 (D.3) 

1 1 1 
2.60475 ~ 1O.10100T = 2+ 2: + 8 - 64 = 2.60937 (D.4) 

1 1 1 
1.91715 ~ 1O.OOOTOTOT = 2 16 - 64 - 256 = 1.91797 (0.5) 

1 
0.99609 ~ 1.0OOOOOOT = 1 256 = 0.99609 (0.6) 

1 1 
1.97965 ~ 1O.OOOOOTOT = 2 - 64 256 = 1.98047 (0.7) 

1 1 
2.97975 ~ 11.00000TOT 2+ 1- 64 256 = 2.98047 (0.8) 
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These coefficients can be recognized in the f i 1 ter section of the VHDL description 
in Fig. D.l. The modulator is described by an entity definition and a correspond
ing architecture. Apart from the fil ter section, the architecture contains 
some input and output register descriptions, a quantizer section and input and out
put control (modinp and whichoutput). In addition to an signal input, a signal 
output and a clock input port, the SDM also has three control inputs. The control 
line wo determines which signal is,:send to the DAC. The DAC is'connected to ei
ther the quantizer output or the loop filter output signal. The control line Z1 allows 
the input to be exactly zero. This is useful for examining idle patterns, as the input 
ADC may exhibit noisy behavior of the LSB bit. The final control line 81 is used to 
scale the input. By making this control line low, the input is scaled down by 5 bits 
corresponding to an attenuation of approximately 30dB. 

-- -------------------- VHDL DESCRIPTION STARTS HERE --------------.------ --
ENTITY bp2 IS 

PORT (elk, IN BIT; 
inp, IN INTEGER RANGE -2048 TO 2047; 
FOUTP , OUT INTEGER RANGE - 2 0 4 8 ·TO 2047; 
we' IN BIT; 
5I, IN BIT; 
ZI, IN BIT 
); 

END bp2; 

ARCHI'l'ECTURE structure OP bp2 IS 

SUBTYPE ext_sig IS INTEGER RANGE -2048 '1'0 2047; 
SUBTYPE inLsig IS INTEGER RANGE -134217728 to 134217727; 
SIGNAL inpft. foutpff: ext-sig; 
SIGNAL xl,x2,x3,x4, filout,xltmp: inLsig; 
SIGNAL newxl, newx2, newx3, newx4: int..sig; 
SIGNAL qou t : INTEGER RANGE -1 TO 1; 
SIGNAL filinp, INTEGER RANGE -8388608 TO 8388607; 
SIGNAL inp2, INTEGER RANGE -4194304 TO 4194303; 
SIGNAL ziff, sift,woff: BIT; 

BEGIN 
statesinoutregs: PROCESS (elk) 

BEGIN 
IF (c1k'EVENT) AND (c1k='1') THEN 
xl<=newxl: 
x2<=newx2; 
x3<=newx3: 
x4<=newx4 ; 
END IP: 
IP (c1k'EVENT) AND (c1k='0') THEIl 
inpff<=inpi 
ziff<=zi; 
5if£<=5i; 
woff<=WOi 
foutp<=foutpff; 
END IP; 

END PROCESS; 

-- cloc.~k: 1 bit 
-- filter input: 12 bit 
-- 'filter'output: 12 bit 
-- which output 

-- scale input ( 5 bit = 30 dB) 
-- zero input 

- - 12 Lli t external 
-- 28 Llit internal 
-- exte'rnal states: flipflops 
-- inte'rnal states: flipflops 
-- new internal states 
-- quantizer output 

-- filter input 23 bit 
-- scaled SDM input 22 bit 
-- control signal E.lipflops 

-- clock new states 

-- clock new inputs 

FigureD.I: VHDL SDM Description (part 1). 



filter: PROCSSS(xl,x2,x3,x4, filinp) -- calculate new states 
BEGIN 

xltmp<=(2'xl xl/64 -xlI256); 
filout<""xl: 
newxl<=x2 + (filinp - filinp/64 - filinp/256i + xltmp; 
n€wx2<!::x3 (2*filinp + filinp/2 + fi1io1'/8 - filinp/64) (xlt:mp+xl); 
rtewx3<=x4 + (2"'filinp - filinp/16 -filinp/64 - filinp/256) + xltmp; 
newx4<;;O - (filinp filinp/256) xl; 

END PROCESS; 

quantizer: PROCBSS{filout} 
BEGIN 

IF 'filout>:O) THEN qout<=l; ELSE qout<=-l; £Nt) IF; 
END PROCESS; 

modinp: PROCESS (inpff. ziff. siff) 
BlllGIN 

IF (ziff='l') '.l'BEN inp2<=O; 
ELSIF (.ift='l') '.l'BEN inp2<=inpff'2048; 
ELSE inp2<=inpft*64; 
END II!'; 

END PROCESS; 

feedback: PROCEsS(inp2,qout) 
BEGIN 

f ilinp<=inp2-qout *4194304; 
Elm PROCESS; 

whichoutput; PROCESS ( filout. waff. qout) 
BEGIN 

quantlzer operation 

zero input 
full scale input 
scale input 5 bits ()OdB) 

scale quantizer feedback level 
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XF (woff='l') '.l'BEN foutpff<~filout/65536; 
ELSE foutpff<=qout"'1024; END IF; 

select filter output (scaled) 
select quantizer output (scaled) 

EIID PROCESS; 
SND structure; 

--------------------- V/iDL DESCRIPTION ENDS HERE --------------------- --

Figure D.l: VHDLSDM Description (continued). 
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STELLINGEN 

behorende bij hetproefschrift 

Stability Analysis and Design of 
Bandpass. Sigma Delta Modulators 

door 

Jurgen van Engelen . 

]. Het modelleren van de fase onzekerheid van een bemonsterde kwantisator 
verhoogt het inzicht in het stabiliteitsgedrag van sigma delta modulatoren en 
maakt een betere voorspelling van 'idle patterns' en klein-signaal stabiliteits
grenzen voor lusfilter parameters mogelijk. (Dit proefschrift! hoofstuk 5). 

2. Het lusfilter van een N-de orde sigma delta modulator (met een enkelvoudige 
terugkoppellus) moet N 1 vrijheidsgraden hebben voor de ligging van de 
nulpunten van de overdrachtsfunctie om een (klein-signaal) stabiele modula
tor t~ verkrijgen met een optimale signaal-ruis verhouding., (Dit proefschrift, 
hoofdstuk 6) 

3. Het bemonsterde karakter van de Ius van een sigma delta modulator ver
oorzaakt discrete tonen in de signaalband welke verantwoordelijk zijn voor 
sprongen en hellingshoekveranderingen in de signaal-ruis verhouding vs. in
gangsvermogen karakteristiek. (Dit proefschrift, hoofdstuk 4). 

4. De veronderstelling in het onderstaande artikel dat een analyse van de toe
standsvariabelen van banddoorlaat sigma delta modulatoren bij constante in
gangssignalen een indicatie geeft voor het gedrag bij tijdvariante signalen is 
ongegrond en kan door middel van een tegenvoorbeeld eenvoudig worden 
weerlegd. (Dit proefschrift, appendix A). 

Georgi P. Petkov and Anthony C. Davies, "Constraints on constant-input os
cillations of a bandpass sigma-delta modulator structure," Int. Journal of 
Circuit Theory and Applications, vol. 25, no. 5, pp. 393-405, Aug.-Sep. 1997. 

5. Een (onderbemonsterde) continue-tijd banddoorlaat sigma delta modulator 
voor radio frequenties is op dit moment een mogelijke oplossing voor het 
verder integreren van radio ontvangers en plaatst een echte "one chip solution" 
binnen handbereik. 



6. De wet van Moore is ook van toepassing op de omvang van software en dien
tengevolge ook op het aantal mogelijke 'bugs'; de betrouwbaarheid van soft
ware zal ondanks betere ontwerptechnieken dan ook niet op korte termijn dras
tisch verbeteren. (Zie onderstaand artikel). 

Thea A.C.M. Claasen, "High speed: Not the only way to exploit the intrin
sic computational power of silicon," in IEEE Int. Solid-State Circuits Cant 
(ISSCC) Digest of technical papers, San Franslsco (CA), Feb. 1999, pp. 22-25. 

7. Het gebrek aan bedieningsgemak en betrouwbaarheid van een personal com
puter (PC) in ogenschouw nemend, mag deze nog steeds niet als een vol
waardig consumenten produkt gezien worden: 

8. Een grootschalige doorbraak van het besturingssysteem Linux zal in grote mate 
afhangen van de ondersteuning van commerciele software producenten. (De 
Volkskrant, 6 maart 1999). 

9. Een verregaande takenopsplitsing in grote bedrijven leidt tot een verminderde 
associatie van de werknemers met de algemene bedrijfsbelangen; de persoon
Jijke belangen van werknemers in grote bedrijven leiden dan ook tot een 
vermindering van de efficientie. 

10. Door de veelzijdigheid en alom aanwezigheid van de elektrotechniek in de 
maatschappij is deze vanzelfsprekend, onzichtbaar en onherkenbaar geworden. 

11. Veranderingen in het onderwijs kunnen over het algemeen pas op langere ter
mijn tot verbetering leiden; de huidige tendens om het onderwijssysteem her
haaldelijk en op korte termijn te wijzigen komt de kwaliteit daarvan dan ook 
niet ten goede. 

12. Bij het onderzoek naar zwangerschap bij mannen zou de vraag gesteld moeten 
worden of bij dit onderzoek het streven naar gelijkwaardigheid van de seksen 
niet wordt verward met het streven naar gelijkheid. (De Volkskrant, 22 februari 
]999). 

13. Gezien de wereldwijde beoefening, de fysieke inspanning en de wedstrijdele
menten verdient het modeme rock'n'roll dansen een plaats op de Olympische 
Spelen. 
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