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THE ESTIMATION OF MATERIAL PARAMETERS
OF A FLUID-SOLID MIXTURE

A Study Based on Numerical Analyses

O.M.G.C. OP DEN CAMP, J.G.A. VAN HOUTEN, C.W.J. OOMENS,
F.E. VELDPAUS, J.D. JANSSEN and J.J. KOK
Eindhoven University of Technology
P.O. Box .513
5600 MB Eindh oven, The Netherlands

Abstract. A numerical-experimental technique for the characterization of the mechanical be
haviour of materials modeled as a mixture of an elastic solid matrix and an ideal fluid, is presented.
Starting point is an identification technique, similar to the technique presented by Hendriks (1991).
This technique uses the differences between measured and computed field quantities to adjust a
priori estimate. of material parameters.

In this paper parameter identification based on combined fluid pressure and displacement mea
surements is investigated.

As a simple test problem a simulation of a bulge compression experiment is considered. In this
‘experiment’ it is possible to estimate Young’s modulus E, Poisson’s ratio i’, and the permeability
K of the solid phase.

From these tests it can be concluded that it is worthwhile to use both pressure and displacement
measurements for the estimation process.

Key words: Parameter Estimation, Fluid-Solid Mixture, Pressure

1. Introduction

Hendriks (1991) presented a parameter identification technique for models that are
used to characterize the mechanical behaviour of materials. This technique is based
on three elements: measurement of field quantities (e.g. displacements, velocities,
pressures) on realistic test specimen, finite element modeling of the experiment, and
an estimation scheme to minimize the differences between measured and computed
data. - - -

• In earlier applications of this technique (Hendriks, 1991), (Oomens et al., 1993),
and (Van Ratingen et aL, 1993) only displacements at the surface of the test spec-

• :- imens were used in the estimation process. Hence, only membrane or plate like- structures were considered. Furthermore, elastic material behaviour was assumed.

“In this paper fluid-solid mixtures will be considered, because these mixture mod
• ds are attractive to describe the mechanical behaviour of biological tissues. An

:- interesting feature of mixtures is that not only surface displacements can be mea
sured but also internal fluid pressures.

The effect of incorporating pressure measurements in the identification technique
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2. The Estimation Algorithm Jk = {rnk —

The material to be investigated is modeled as a mixture of an isotropic, elastic solid
matrix (Young’s modulus E, Poisson’s ratio ii, permeability K) and an ideal fluid.
More details of this material model can be found in, e.g. (Bowen, 1980), (Oomens
et aL, 1987), and (Snijders, 1994). Finite element modeling of the test setup under
consideration with given geometry, loading and boundary conditions results in a set
of equations of the following form:

R(~ + 4(i~~~~i&) =~

Lq(i’~’~) =

where q is the column with unknown nodal displacements, p is the column with
unknown nodal pressures, ~ is the column with known inputs (e.g. external forces
on the test specimen, prescribed boundary displacements), and 9 is the column with
unknown material parameters. Furthermore, the components of the columns 4 and

f are known, smooth nonlinear functions of their arguments. A basic assumption in
the identification technique for the parameters ~. is that it is possible to determine,
for each relevant ~, the solution g~ (0) q(0, 1k) and ~ (~) p(~., t,~) for each point of
time tk > 0, starting from an appropriate set of initial conditions at time t = 0 and
using an appropriate finite difference scheme and a suitable solver for the resulting
nonlinear algebraic equations.

The quantities to be measured (i.e. displacements and pressures) are seen as the
components of the column y, the so-called output. At time tk this output, according
to the model, is given by:

=

This relation states that, for a given set of parameters ~., it is possible to calculate
the output at each point of time tk > 0. It is assumed that the components of j~
are smooth functions of 9. The derivative with respect to ~. is denoted by 11k, i.e.:

(Hk)~f = i= 1,2,...,n~,; j = l,2,...,n~ (4)

where n~ and n~ are the numbers of components of y, respectively ~..

The measurement at time tk yields measured values ~jj.k for the output quantities.
Due to measurement noise and model errors the measured output ~ will differ from
the model output ~, i.e.

(5)
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is investigated by means of numerical simulations of a bulge compression experiment.
In the following sections the identification algorithm, the finite element model,

and the simulations will be outlined. DIANA-5.1 (De Borst et al., 1985) has been
used to solve the balance equations (module NONLIN) and to estimate material
parameters (module PAREST).
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The basic idea of the identification technique is to determine ~, such that some
norm for the difference ~ — jj~ (~) between measured and calculated output at
time tk is as small as possible. However, in this minimization we want to take into
account the results of the earlier measurements ~,~, . . . , ~ ~. Let ~ —i be the
parameter estimate, based on these earlier measurements. Then the performance
index Jk to be minimized at time tk can be defined as:

.1k = [rn~ —b )]TRk~[rn~ —b.k(~)] + ~—~_i]TPk1[f—~_j] (6)
where Rk and Pk are symmetric, positive definite matrices. The choice of these
matrices is not trivial and will be discussed in some detail later on. The ‘new’
estimate ~ minimizes this performance index and, hence, is the solution of:

HkT(L)Rk’[~ — b.k(~)] — Pk~[L—~_j] = (7)

An accurate determination of the solution L of this set of nonlinear algebraic equa
tions with known columns~ and ~ requires the use of an iterative scheme, e.g.
a (modified) Newton-Raphson scheme. However, for large values of k (many earlier
measurements) and an acceptable model we may assume that Qk~ already is a good
estimate for the parameters and that the difference L — ~ i.e. the parameter
change if one more measurement is used, is small. Then ~ can be determined by
linearization of the given equations. This yields:

+ Kk[~ -

Kk = [Pk~ + HkT(~_l)Rk_iHk(~_i)]_1HkT(Li)Rk_i

(8)

(9)
We now want the matrix Rk ‘~ to express the confidence in the quality of the

measurements ~ in the performance index. The higher the accuracy of the mea
surements, the stronger we want to weight the difference between measured and
model output, the higher Rk1 is chosen. If we assume the error ~ to be a real
isation of a stochast with an expected value equal to zero and a covariancematrix
equal to Se,, we may choose:

Rk=S,, (10)
to meet these requirements.

To find an expression for Pk~ equation (7) is linearized. From the resulting
equation a relation can be found between the covariance matrices Sk and Sk —1 of
the momentary and prior parameter estimate respectively, where Sk is given by:

Sk = (11)
The symbol E denotes the expected value operator. Minimization of the covariance
matrix Sk with respect to the weighting matrix Pk leads to the following choice for

= Sk_1 (12)
Hence, Pk — ~ expresses the confidence in the prior estimate of the material parame
ters. Although this choice of Pk is only optimal in linear cases, we will use it in the
nonlinear case as well.



3. Parameter Estimation; an Example

Three material parameters will be estimated in a simulation of a bulge compression
test: Young’s modulus E, Poisson’s ratio ii, and the permeability of the solid phase
K. Two estimation strategies will be considered. First, only displacement measure
ments at the outer surface of the specimen will be used to estimate the material
parameters. Second, pressure measurements will be incorporated.

3.1. SIMULATION

The bulge compression experiment is a two dimensional and axisymmetrical prob
lem. A cylindrical specimen of a two phase mixture (height H = 1.0 [—j and radius
1? = 1.0 [—j) is fixed on a rigid bottom surface. A compressive load is applied to the
mixture by a rigid solid plate which is fixed on top of the material (figure 1).

ILced

The finite elemen
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axial direction, and
radial direction and
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has become zero and

—~
Spe~imeo~ U

e

Fig. 1. The bulge compression experiment

Figure 2 shows the applied load as a function of time. The maximum of the load
is equal to 5.0. 10_2[_J.
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The finite element model consists of 144 axisymmetrical two phase mixture el

ements. The nodal pressures at the outer surface of the specimen are set equal to
zero, the nodal displacements at the bottom surface are constrained in radial and
axial direction, and the nodal displacements at the upper plate are constrained in
radial direction and tied in the axial direction. Figure 3 shows the finite element
model before loading (undeformed state) and after consolidation when the pressure
has become zero and the total external load is beared by the 8olid matrix.

Fig. 3. Deformed and undeformed state of the finite element model

The maximum of the load

Figure 4 shows the results of a simulation. In figure 4(a) the axial displacement
versus time of the solid plate on top of the specimen, and the radial displacement
versus time of a material point at the outer surface halfway the height of the specimen
is given. Figure 4(b) shows the pressure versus time on the symmetry axis at the
bottom of the specimen.

Fig. 4. Results of a simulation: (a) Selected nodal displacements versus time, (b) Nodal pressure
at the symmetry axis
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The dimensionless values of the material parameters used in the simulation are:

= [E, v, K] = [1.0, 0.3, 1.0] (13)

3.2. EsTIMATIoN

The outcome of the simulation was used to generate measurement data ~. To the
computed displacements and pressures, noise with a normal distribution and a stan
dard deviation which is equal to one percent of the maximum displacement and
pressure respectively, has been added. The measurement points were divided over
the specimen in such a way that they represent the behaviour of the material during
loading as good as possible. For the displacement measurements the axial displace
ment of the plate on top of the specimen and the radial and axial displacements of
a number of points at the outer surface of the specimen at 10 equally distributed
points in time, were used. For the pressure measurements the pressures at three
points at the bottom of the specimen were used.

To show the effect of incorporating pressure measurements two different cases
are considered. First, 10 displacement measurements were performed per timepoint
(case 1). Second, 7 displacements and 3 pressures were measured per timepoint
(case 2).

The column of dimensionless material parameters and the initial guesses for the
parameters were:

= [Eo , , Ko] = [0.8, 0.1 , 1.2] (14)

The initial estimate of matrix F0, which expresses the confidence in the initial guess
for the parameters is chosen to be diagonal with elements equal to 5.0 . 10_2. In
the implementation of the identification technique, the matrix .Pk is prevented from
becoming too small by adding consequently a matrix Q to Pk. Matrix Q is chosen
equal to 1.0. 10—2 times the initial guess for P. Matrix Rk, which is used to express
confidence in the measurements at a time point tk, is chosen to be diagonal with
elements equal to 1.0. 10—8.

4. Conclusions3.3. Discussior~

In figure 5 the estimations of Young’s modulus E of the solid phase, Poisson’s ratio
ii and the permeability K as a function of time are shown.

In both cases -with and without pressure data incorporated- the final estimations
of Young’s modulus and Poisson’s ratio approximate the values which are used in
the simulation for the generation of measurement data. Apparently sufficient dis
placement measurements were used for the successful identification of E and v in
both cases. However, in the first case - no pressure measurements incorporated- the
final estimate for the permeability K deviates from its real value in contrast with
the estimation for the permeability found in case 2 by using both displacement and
pressure measurements.
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4. Conclusions

For the example in this paper it seems that adding pressures as field data is worth
while and has a positive influence on the estimation process. From this test it is
of course not clear whether these conclusions have general applicability. Therefore,
different tests should be investigated. Furthermore we will start the estimation of
material parameters from measurement data achieved in laboratory tests with mix
tures.

Another point of interest is the estimation algorithm. In order to find a new
estimate of the parameters by minimizing a certain performance index, equation (7)
was linearized. However, (7) can be solved by an iterative procedure. It can be
shown that in this case, earlier measurement information is more optimally used
than in the algorithm given by the equations (8) and (9). This also needs further
investigation.

In the present implementation of the algorithm the matrix Hk as defined in
equation (4) is determined numerically by using a finite difference scheme, which
is rather time consuming. It is our purpose to speed up the algorithm in the near
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Fig. 5. Estimation results of the bulge compression experiment
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future by implementing a mixed numerical and analytical way of calculating the
matrix Hk.

References

R. de Borst, G.M.A. Kusters, P. Nauta, and F.C. de Witte. Diana - a comprehensive, but flexible
finite element system. In CA. Brebbia, editor, Finite Element System,; a handbook. Springer
Verlag, Berlin, New York, and Tokyo, 1985.

R.M. Bowen. Incompressible porous media models by use of the theory of mixtures. mt. J. Engng.
Sd., 18:1129—1148, 1980.

M.A.N. Hendriks. Identification of the mechanical behaviour of solid materials. PhD thesis, Eind
hoven University of Technology, Eindhoven, The Netherlands, 1991.

C.W.J. Oomens, D.H. van Campen, and H.J. Grootenboer. A mixture approach to the mechanics
of skin. J. Biomech., 20:877—885, 1987.

C.W.J. Oomens, M.R. van Ratingen, .J.D. Janssen, J.J. Kok, and M.A.N. Hendriks. A Numerical—
Experimental Method for a Mechanical Characterization of Biological Materials. J. Biomech.,
26:617—621, 1993.

M.R. van Ratingen, R. Petterson, M.R. Drost, C.W.J. Oomens, and J.D. Janssen. A numerical
experimental method to find langer’s lines of skin. In Proc. WAM ASME, New Orleans, 1993.

J.M.A. Snijders. The triphasic mechanics of the intervertebral disc -a theoretical, numerical and
e~rperimental analysis-. PhD thesis, University of Limburg, Maastricht, The Netherlands, 1994.

TNO Building and Construction Research. Nonlinear Analysis, DIANA-5.1 User’s Manual, Vol. 4,
Deift, The Netherlands, 1993.

TNO Building and Construction Research. Parameter Estimation, DIANA-5.1 User’s Manual,
Vol. 13, Delft, The Netherlands, 1993.

ON STOCHASTIC I
IN QUASI-BRITTLI

J. CARMf
Catholic
CelestUnen

Abstract. Stochastic
are used to model the
the change of charac
damage, higher order
to the standard conti
introduced by considei
as a random field. ‘I
introduction of a leng
continuum and the co
variation of the correh

1. Introduction

Failure in quasi-britt
deformation in narro’
localisation. Strain bc
in the disordered conti
In a second stage usua
shear bands in soils ar
In a deterministic con
process can be modele
certain limit, e.g., the
relation between stres
constitutive law with
continuum, is that the
related is the fact that
and the mathematical ii

processes (de Borst et
of the rate boundary
sensitivity.
To overcome this defi

G.M.A. Kusters andM.~4J~. Head,
© 1994 Kluwer Academic Publish


