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1

Introduction

A colloidal crystal is a regular array of particles immersed in a uid. The adjective colloidal

indicates that the size of these particles is large compared to the microscopic size of the

uid molecules, but also much smaller than the macroscopic objects one deals with in every

day life. This intermediate range of length scales is often referred to as mesoscopic.

In the past few decades colloidal crystals have gained considerable interest as model

systems to study a wide variety of physical phenomena, ranging from crystallization and

melting [1{6], Brownian motion [7{13] to sedimentation [14, 15] and optical and acoustic

band gaps [16{18]. Long range order in colloidal crystals can be due to various interac-

tions between the suspended particles, viz. electrostatic [7, 8, 19], magnetostatic [20, 21],

hydrodynamic [22, 23] or depletion (entropic) interactions [1, 3, 5] and in many cases com-

binations of these e�ects, depending on the various characteristics of both particles and

solvent uid. These interactions are also subject to intensive investigation, generally in

strong connection with the above mentioned phenomena [2, 7, 8, 13, 24, 25]. In most ex-

perimental studies colloidal crystals consist of identical spherical particles, or well de�ned

mixtures of spheres, which can be obtained through modern processing techniques.

The dynamics of colloidal crystals concerns, among other aspects, the above men-

tioned interparticle forces as well as the indirect hydrodynamic interactions transmitted by

the solvent liquid. It is the purpose of this thesis to present a method describing (quasi-

static) hydrodynamic interactions between particles in an in�nite regular array. The array

consists of identical cells containing N spherical particles that may have di�erent radii.

Moreover the mass density of the particles is assumed to be comparable to that of the sus-

pending uid. The particles are allowed to move in response to externally applied forces

and torques, as well as under the inuence of an externally imposed shear ow. In practical

situations such a shear ow can be generated if the colloidal crystal is con�ned in between

to parallel walls at a certain distance h that have relative motions in the tangential direc-

tion. The ow through the array of particles is described by the Stokes equations which

represent a linearized form of the more general Navier-Stokes equations. As will be dis-

cussed in the next chapter, this linearization yields a great mathematical advantage, but its

validity is restricted to low-Reynolds-number ow. This means, among other things, that

1



2 Chapter 1. Introduction

the disturbance uid motion caused by the presence of the particles in the ambient shear

ow should be suÆciently slow, or that the characteristic particle is of suÆciently small

size. As the ambient (undisturbed) ow is also assumed to satisfy the Stokes equations, the

corresponding Reynolds number is equally small. This last condition implies smallness of

the relative motions of the walls generating the shear ow, or smallness of the gap distance

h. Additionally, this gap size should be much larger than the characteristic interparticle

distance R so that the walls have a negligible e�ect to the bulk of the colloidal crystal.

Despite of all these conditions the Stokes equations have proved to be of great value in

modern understanding of hydrodynamics in mesoscopic particle suspensions [26, 27].

The hydrodynamic interactions in systems of particles can be systematically repre-

sented by the so-called grand mobility matrix, which gives the linear relationship between

kinematic and dynamic quantities such as the translational and rotational particle veloci-

ties, on the one hand, and the forces and torques exerted by the uid on the particles, on

the other hand. An exact method to calculate the grand mobility matrix for a �nite num-

ber of spheres in an unbounded uid has been developed by Clercx [28{31]. This method

yields a set of linear equations for the components of the grand mobility matrix which is

reformulated in Chapter 3 of this thesis in order to describe the hydrodynamic interactions

in a colloidal crystal. The translational symmetry of the lattice is exploited by introducing

a Fourier transformation, which yields a �nite set of linear equations resembling that for

an isolated system of N particles. This quasi N-particle approach relies on the fact that

the grand mobility matrix for all (in�nitely many) particles is uniquely determined by the

geometry of the system, i.e. the periodic con�guration of particle positions and particle

sizes.

One of the applications of the presented method lies in a description of crystal waves

in dense colloidal crystals. Hurd et al. have studied the dispersion relations of crystal

waves using photon correlation spectroscopy [13] and also developed a theory of these

waves where hydrodynamic interactions are treated in the approximation where forces on

spheres are replaced by point forces (monopole moments) acting at the sites of the crystal

lattice, which coincide with the spheres' centres [12]. This point-particle approximation is

appropriate when the particles are very far apart and its validity is therefore restricted

to very dilute colloidal crystals. In connection to the previous work of Hurd et al. [12, 13]

new studies were done which point out the importance of plasma e�ects to the dynamics of

charge-stabilized colloidal crystals [2, 7, 8, 32, 33]. As in the experiments of Hurd et al. these

studies are mainly restricted to very dilute colloidal crystals, primarily to avoid diÆculties

involved with multiple light-scattering. However, these crystals can easily be prepared

at sphere volume fractions comparable to the close packing concentration, for example in

rheological experiments [34{36]; in experiments on sedimentation [14], and in crystallization

studies on hard-sphere suspensions [37, 38]. With regard to the work described in Chapter

6 of this thesis it is worthwhile to mention here the recent experiments by Gondret and

Petit [22] where the viscosity of a hard-sphere suspension is measured by submitting the

suspension to an oscillating shear ow. In these experiments the interactions between

the particles can be considered as only of hydrodynamic origin. It is observed that, after

many oscillations, the initially random suspension reaches an ordered structure. Moreover,
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during this ordering process the shear viscosity is found to change drastically, and this

has been seen to occur for all volume concentrations up to even 60%. These experiments

clearly show that the e�ective viscosity is strongly dependent on both the concentration

and the microscopic structure of the suspension.

Complete understanding of the dynamics of concentrated colloidal crystals in general

requires a description of various non-hydrodynamic phenomena like plasma e�ects, as well

as a treatment of hydrodynamics which goes beyond the point-particle approach. The �rst

exact study of Stokes ow through regular arrays of spheres was presented by Hasimoto,

some forty years ago [39]. Considering the viscous drag for a uniform ow past a dilute

cubic array of spheres, he obtained an expansion for the inverse of the drag coeÆcient,

K�1, in powers of �1=3 up to the �2 term, where � denotes the volume fraction of spheres.

This coeÆcient K gives the drag on a sphere normalized by the single particle value (the

Stokes drag) such that K approaches unity in the limit of in�nite dilution. For particles

positioned on a cubic lattice the sedimentation velocity, Us, is given by Us = U0=K, where

U0 is the speed of a single particle falling through an unbounded viscous uid which is

quiescent at in�nity. The mean value of the sedimentation velocity in dilute suspensions

of freely moving randomly distributed particles was calculated by Batchelor [40], who

obtained the expression Us=U0 = 1�6:55�. A second order correction to Batchelor's result

was determined by Clercx and Schram [30]. The contribution of hydrodynamic interactions

to the falling speed in regular arrays as obtained by Hasimoto is of the order �1=3, and

is evidently much stronger than for random systems were these contributions scale as �,

according to Batchelor's result.

The range of validity of Hasimoto's calculations was determined when several methods

were developed to calculate the drag coeÆcients of cubic arrays valid over the entire range of

concentrations. The e�ectiveness of these methods relied on the advance made in computer

technology. Some of these treatments are direct extensions of Hasimoto's theoretical scheme

which could also be applied to determine the (instantaneous) e�ective viscosity for cubic

arrays.

Various numerical techniques have been devised in the last few decades to simulate

complex hydrodynamic phenomena in colloidal suspensions. A review thereof is beyond

the scope of this introduction and can be found e.g. in a sequence of papers by Claeys and

Brady [41{43]. It is found worthwhile to mention here the Stokesian dynamics approach

(Brady and Bossis [44]) which has been successfully used to determine various proper-

ties of suspensions like viscosity, sedimentation, ordering e�ects, shear thinning and shear

thickening. This method is devised to give an accurate description of Stokes ow in the

limits of very dilute and extremely concentrated suspensions [44]. In order to approximate

the hydrodynamic interactions at high concentrations this method uses lubrication theory

which yields, for instance, the resistance force exerted on a particle moving in the close

proximity of another particle. When these two particles are moving in tandem, lubrication

theory completely fails to describe the hydrodynamic interactions, and this will therefore

a�ect the accuracy of Stokesian dynamics in such cases.

In recent years the lattice-Boltzmann method gained considerable interest, thanks to

its suitability to study short-time dynamics of colloidal suspensions, in the time regime
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where hydrodynamic interactions propagate [45, 46]. These propagating (or retarded) hy-

drodynamic interactions can also be treated in an exact way by using a method presented by

Clercx and Schram [47]. Additionally the lattice-Boltzmann technique provides a possibil-

ity to study the uid motion at �nite Reynolds numbers as has been shown for ow through

stacks of spheres, or aligned cylinders, that may be randomly distributed in space [48, 49].

Obviously, the strength of the di�erent simulation methods mentioned above lies in

their exibility and eÆciency to model the ow in complex systems. In order to verify

the accuracy of these techniques it is common practice to consider very simple problems,

like uniform Stokes ow through cubic lattices of spheres or square arrays of cylinders

for which accurate data are available. The exact method presented in this thesis can

similarly serve as a touchstone for numerical simulations. As the present method produces

accurate results at even the highest concentrations it is possible to modify lubrication

theory formulae, as shown in chapters 5 and 6, and these formulae can be applied to improve

the accuracy of simulation schemes such as Stokesian dynamics. This can be particularly

useful when dense periodic arrays of spheres are considered that may not have the cubic

symmetry, such as the tetragonal structures that have been observed in electrorheological

uids. Like cubic arrays, tetragonal structures are based on lattice-cells that contain only

a single particle. Tetragonal lattices may be characterized as cubic lattices which are

compressed or elongated along one of their axes. This allows one to study a wide range of

di�erent structures while still retaining the same tetragonal symmetry. For these simple

structures the e�ective viscosity can be interpreted in a straightforward way (see Chapter

6) and this can be useful in understanding the rheological behaviour of ordered hard-sphere

suspensions, as in the experiments by Gondret and Petit mentioned before.

In most of the theoretical or numerical techniques mentioned above the hydrodynamic

properties of suspensions are calculated on basis of in�nite systems in which not only the

positions of one or more particles are replicated in space, but also their motions, or similarly

the forces or torques acting on them. It is emphasized that the approach described in this

thesis does not imply periodicity of particle velocities, etcetera. Allowing for arbitrary

velocity distributions over the in�nite array relies on the possibility to study the system on

suÆciently short timescales on which the N -particle con�guration is e�ectively unchanged.

In fact, one can straightforwardly study hydrodynamic interactions for harmonic waves of

particle motions. As mentioned above, such crystal waves were studied by Hurd et al.

who treated hydrodynamic interactions in the approximation of extremely low volume

concentrations. It will be shown that their results can be reproduced by our method, both

in the case of a one-dimensional array of spheres (Chapter 4) as well as for the case of

cubic lattices (Chapter 5). New results have been obtained for dilute, semi-dilute and

highly concentrated arrays, thereby taking into account the coupling between translational

and rotational motions of the spherical particles. This coupling is shown to be responsible

for various non-trivial e�ects, most prominently at high densities.

In this thesis all applications of the theory are restricted to simple arrays where cells

contain only a single spherical particle. As this theory is equally valid for compound cells

that consist of multiple spheres, future applications thereof could be directed at examining

more complex geometries, e.g. colloidal crystals with in�nite extension in two dimensions
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but a �nite thickness, in order to study surface e�ects [3]. One may also think of crystal

waves where particles make �nite excursions from their equilibrium positions. Moreover,

using N -particle cells, (periodic) dislocations and polydispersity can be modeled [1, 5, 38].

In all these cases the results that are presented in this thesis for simple (N = 1) arrays can

serve as a valuable reference.

1.1 Thesis overview

The organization of this thesis is as follows. Chapter 2 is devoted to the theory of quasi-

static hydrodynamic interactions between multiple spherical particles. All these interac-

tions are included in the grand mobility matrix. A set of linear equations is presented

from which this mobility matrix can be derived. Chapter 3 focuses on the derivation of a

set of linear equations describing hydrodynamic interactions in a regular array of spheres.

The equations found in Chapter 2 are reformulated. This yields a �nite set of linear equa-

tions resembling that for an isolated system of N particles. Mobilities in Fourier-space

are discussed and the way to solve these mobilities from the reformulated set of equa-

tions. In the set of equations the structure of the lattice is represented by lattice sums.

These summations over the lattice sites are slowly converging, and to avoid this diÆculty

a reformulation of the lattice sums is presented. This conversion enables the necessarily

numerical calculation of most of the lattice sums and also provides a useful method to

evaluate the singular behaviour of certain low-order sums. Depending on the symmetries

of the array considered, certain combinations of lattice sums will be vanishing which can

lead to considerable simpli�cations of the set of linear equations. As an example of this,

one-dimensional arrays of spheres are discussed in Chapter 4 which emphasizes the impor-

tance of dealing with hydrodynamic interactions in a correct and systematic way. Several

hydrodynamic aspects of three-dimensional lattices are considered in Chapter 5 where new

results are obtained for drag coeÆcients, spin viscosities and wavenumber dependent fric-

tion factors. The accuracy of the theoretical method is demonstrated by calculating the

drag coeÆcient for cubic arrays at all concentrations and comparing the results to those

known for these systems as given in the existing literature. Colloidal crystals subject to

shear ow are discussed in Chapter 6 in order to examine the e�ective viscosity of these

systems. Results are presented for various structures and concentrations and compared to

theoretical, numerical as well as experimental data.
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2

Quasi-static hydrodynamic

interactions

This chapter is devoted to the theory of quasi-static hydrodynamic interactions between

multiple spherical particles. All these interactions are included in the grand mobility

matrix. A set of linear equations is presented from which the mobility matrix can be

derived. This theoretical approach, developed by Clercx [29], serves as a base for the next

chapters. It is intended to give an overview of the approach only, although at some points

it is found necessary to go into greater detail, especially where notations or de�nitions

are di�erent from those in [29]. Readers interested in extensive derivations are referred to

Clercx' thesis [28].

2.1 Introduction

We consider a system of N rigid spherical particles with radii an, n 2 f1; 2; : : : ; Ng im-

mersed in an incompressible, unbounded uid. Their centres have position vectors Rn with

respect to the origin O. It is assumed that the ambient velocity �eld va(r) of the uid in

absence of the particles is linear,

va(r) = Va + !a � r+ ga � r; (2.1)

with constant velocity Va, angular velocity1 !a and traceless and symmetrical rate of

strain tensor ga.
2 The position vector r is de�ned with respect to the origin O. Due

to the ambient ow and possibly external forces the particles may have velocities Un

and rotational velocities 
n. Even if a certain particle is not at all moving (relative to

the ambient ow) its mere presence will generally disturb the ow, and thereby forces

and torques are exerted on other particles. In order to determine such hydrodynamic

1By de�nition the angular velocity !a is half the vorticity, that is, !a =
1

2
r� va(r).

2According to convention the dot-product in (2.1) is a contraction with respect to the second Cartesian

index of ga, that is, (ga � r)i = (ga)ijrj .

7



8 Chapter 2. Quasi-static hydrodynamic interactions

interactions quantitatively, it is necessary to study particle motions as well as the ow of the

solvent uid, in detail. Under certain conditions the equations of motion of the continuous

uid are given by the Stokes equations, which express conservation of momentum and

mass, as

�r2v(r)�rp(r) = 0;

r � v(r) = 0;
(2.2)

with v(r) the uid velocity at position r, p(r) the pressure.3 The material property � is

called the dynamic viscosity, and in most instances is simply referred to as the viscosity. It

is important to mention that the Stokes equations can be obtained by omission of certain

terms from the more general Navier-Stokes equations for an incompressible Newtonian

uid. For an extensive discussion of the Navier-Stokes equations, see e.g. Ref. [50]. The

omitted terms are the substantial derivative �v�rv and the partial time derivative � @v=@t.

Here � is the mass density of the uid. Dropping the substantial derivative term renders

the Navier-Stokes equations linear, which greatly reduces the mathematical complexity

of solving the equations. Moreover, solutions of these linearized equations still provide a

good approximation to the ow �eld induced by a moving particle, if the Reynolds number

de�ned by Re = �V a=� is small. Here V and a are representative values of the speed

(magnitude of the particle's velocity relative to the surrounding uid) and the particle

dimension, respectively. In e�ect smallness of the Reynolds number means that the term

�v �rv is small compared to the viscous (di�usive) term �r2v(r). This viscous term is also

dominant over the acceleration term � @v=@t if the timescale of the phenomena of interest, t,

is much greater than the viscous time t� = a2=�, where � = �=� is the kinematic viscosity.4

The last condition means that the ow is almost steady (quasi-static). With regard to

the timescale t under consideration it is important to pay attention to the phenomenon

known as Brownian motion. This is the erratic motion of small particles suspended in

a uid, which is caused by random collisions with uid molecules, a process that can be

described (after many collisions) by a di�usion equation. The characteristic time that it

takes a single spherical particle in an in�nite uid, to di�use over a distance equal to its

radius a, is given by tp = a2=D. Here D is the Stokes-Einstein di�usion coeÆcient, de�ned

by D = kBT=(6��a), with Boltzmann's constant kB and absolute temperature T . It is

assumed that the timescales of interest, t, are much smaller then the characteristic time

tp. This condition means that con�gurational changes to the N -particle system due to

Brownian motion can be neglected on these timescales. Relevant timescales t therefore

3Here pressure is understood to be the excess pressure that results after subtraction of hydrostatic

pressure induced by some conservative force, e.g. gravity. This excess pressure is therefore the pressure

change due to dynamic e�ects.
4It is noted that t� is the timescale on which the induced vorticity, ! = r�v, di�uses over a distance

equal to the size of a particle. This indicates that for times much longer than t� , the ow has `adapted'

to the motion of the particle (inertial e�ects have decayed), at least in a region surrounding the particle

which is much larger then this particle's dimension. Therefore it is not surprising that t� is comparable

to the decay-time of the velocity autocorrelation function of a Brownian particle, if the particle's mass

density is of the same order of magnitude as the mass density of the uid [51].
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satisfy t� � t� tp. Moreover, the justi�cation of the incompressibility condition r � v =

0 is provided by the condition that timescales are long with respect to tc = a=c, the

characteristic time for sound to propagate, with velocity c, over a distance a. If, as in most

practical cases, tc=t� = �=(ac)� 1, the ow can be considered incompressible by virtue of

regarding timescales t that are long compared to the viscous time t� . For a more extensive

discussion of time dependent hydrodynamic processes in suspensions, the interested reader

is referred to e.g. Ref. [47, 52], the reviews [53, 54] and the many references therein. Recent

studies on �nite Reynolds number ows around a single or multiple spheres can be found

in Refs. [48, 55].

In addition to satisfying the Stokes equations (2.2) outside the N spheres, the ow

is assumed to obey stick boundary conditions on the surfaces of all particles. This means

for v(r) at the surface Sn of particle n:

v(r) = Un +
n � (r�Rn), with r 2 Sn. (2.3)

After calculation of v(r) and p(r) as expounded in the following section, the pressure tensor

�(r) can be determined, which is de�ned by

�(r) = p(r)1l� �
h
rv(r) + (rv(r))T

i
: (2.4)

The pressure tensor is used to calculate the force Fn, the torque Tn and the stresslet Sn,

exerted by the uid on particle n. The force and torque satisfy

Fn = �
Z
Sn

�(r) � n dA; (2.5)

Tn = �
Z
Sn

r��(r) � n dA; (2.6)

where n is the unit vector normal to the surface element dA and directed into the uid.

The stresslet Sn is the traceless and symmetrical part of the �rst moment of the force

distribution integrated over the surface of particle n,

Sn = �
Z
Sn

r�(r) � n dA; (2.7)

where r�(r) � n denotes the traceless and symmetrical part of the dyad r�(r) �n. In order

to de�ne the grand mobility matrix it is useful to introduce the N -particle velocity and

rotational velocity vectors

U = (U1; : : : ;UN); 
 = (
1; : : : ;
N) (2.8)

and similar notations for the quantities related to the ambient velocity �eld

Ua = (Ua1; : : : ;UaN); 
a = (!a1; : : : ;!aN ); Ga = (ga1; : : : ; gaN ): (2.9)
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Here Uan is the ambient velocity �eld averaged over the surface of the nth particle:

Uan =
1

4�a2n

Z
Sn

va(r) dA: (2.10)

In a similar fashion the surface-averaged angular velocity !an and symmetrical strain-rate

gan are given by

!an =
1

4�a2n

Z
Sn

h
1
2
r� va(r)

i
dA;

gan =
1

4�a2n

Z
Sn

rva(r) dA:
(2.11)

These surface-averaged quantities can be evaluated by using the linear form of the ambient

velocity �eld (2.1), yielding:

Uan = va(Rn) = Va + !a �Rn + ga �Rn;

!an = !a;

gan = ga:

(2.12)

Analogous to the kinematic quantities in (2.8), the forces, torques and stresslets can be

combined into the arrays

F = (F1; : : : ;FN); T = (T1; : : : ;TN); S = (S1; : : : ;SN ): (2.13)

Because of the linearity of the ambient ow (2.1), the Stokes equations (2.2) and the

boundary conditions (2.3), there exists a linear relationship between the N -particle velocity

di�erence U � Ua and the given quantities F, T, and Ga. Analogously, the rotational

velocity di�erence 
 � 
a and the stresslet S depend linearly on F, T and Ga. These

relations can be expressed in condensed form as0@U�Ua


�
a

�S

1A = �
0@�tt

�
tr

�
td

�
rt

�
rr

�
rd

�
dt

�
dr

�
dd

1A �
0@ F

T

Ga

1A : (2.14)

The sub-matrices �tt etc. are composed of mobility tensors �tt
ij etc. where the superscripts

t, r and d refer to translational, rotational and dipole, respectively. The dot in (2.14)

stands for a contraction of tensors. It should be mentioned that in this notation of the

mobility tensors no distinction has been made between tensors of di�erent rank: e.g. �tt
ij

is a second rank tensor, �dd
ij is a fourth rank tensor. The mobility tensors obey certain

symmetry properties as a consequence of the Lorentz reciprocal theorem, see e.g. Ref. [26],

�ttij;�� = �ttji;��

�rrij;�� = �rrji;��

�trij;�� = �rtji;��

�rdij;�� = ��drji;��

�tdij;�� = ��dtji;��
�ddij;��Æ = �ddji;Æ��

(2.15)

which will be used hereafter.
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2.2 The set of basis solutions

In order to calculate the grand mobility matrix for an ensemble of spherical particles it is

necessary to solve the equations of motion of the continuous uid (2.2) thereby satisfying

the stick boundary condition (2.3) on each sphere. This subject has been discussed in

the past by several authors and nowadays various methods come to our disposal to tackle

the problem, see e.g. Refs. [26, 27] for a review. The set of basis solutions presented by

Schmitz and Felderhof [56] provides an elegant and powerful method which has been applied

successfully by Clercx in calculating the e�ects of two- and three-particle hydrodynamic

interactions in suspensions [29{31]. This method relies on the linearity of the Stokes

equations (2.2) to express the disturbance velocity �eld v � va caused by the N moving

spheres as a sum of velocity �elds vn:

v(r)� va(r) =

NX
n=1

vn(r�Rn); (2.16)

where Rn is the position vector of the nth sphere with respect to the origin O. All the N

velocity �elds can be expanded in terms of basis solutions of the Stokes equations vlm�,

vlm�, vlm as follows:

vn(r) =
X
l;m

�
�n
lm vlm�(r) + �nlm vlm�(r) + nlm vlm(r)

�
; (2.17)

with expansion coeÆcients �n
lm; �

n
lm; 

n
lm and l > 1, �l 6 m 6 l in the summation. These

basis solutions are, in spherical coordinates r; �; �,

vlm�(r) =
l

(l + 1)(2l + 1)
r�(l+2)Blm(�; �);

vlm�(r) =
1

l(l + 1)
r�(l+1)Clm(�; �); (2.18)

vlm(r) =
1

(2l + 1)
r�l
�
(l + 1)Alm(�; �)� 1

2
l(2l � 1)Blm(�; �)

�
;

where the vector spherical harmonics Alm, Blm and Clm can be expressed in terms of the

spherical harmonics Ylm and the unit vectors er, e�, e�:

Alm(�; �) = lYlm(�; �)er +
@Ylm(�; �)

@�
e� +

1

sin �

@Ylm(�; �)

@�
e�; (2.19)

Blm(�; �) = Alm(�; �)� (2l + 1)Ylm(�; �)er; (2.20)

Clm(�; �) =
1

sin �

@Ylm(�; �)

@�
e� � @Ylm(�; �)

@�
e� = Alm(�; �)� er: (2.21)
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For completeness it should be noted that we use the following convention for the spherical

harmonics in connection with the associated Legendre functions Pm
l , see e.g. Ref. [57]:

Ylm(�; �) =
(�1)m
nlm

Pm
l (cos �)eim�; (2.22)

for m > 0, with the normalization constants

nlm =

�
4�

(2l + 1)

(l +m)!

(l �m)!

�1
2

: (2.23)

The de�nition for m < 0 is given by

Y �
lm(�; �) = (�1)mYl;�m(�; �): (2.24)

With regard to the decomposition of the velocity �eld in (2.16) it is evident that each

of the N moving spheres also causes a pressure disturbance, pn. Analogous to vn in (2.17)

these pn can be expanded in terms of a set of basis functions as

pn(r) =
X
l;m

�
�n
lm plm�(r) + �nlm plm�(r) + nlm plm(r)

�
: (2.25)

The pressure functions plm�, plm�, plm are chosen such that the Stokes equations

�r2vlm�(r)�rplm�(r) = 0; r � vlm� = 0 (2.26)

are satis�ed for all l > 1, jmj 6 l and � 2 f�; �; g. Considering (2.18) - (2.21), (2.26) and
the fact that the pressure is harmonic in consequence of the Stokes equations, the pressure

functions are found to be

plm�(r) = 0; plm�(r) = 0; plm(r) = �l(2l � 1)r�(l+1)Ylm(�; �): (2.27)

It may be noticed that the basis functions (2.18) in the expansion of the disturbance �elds

vn are singular in r = 0. The ambient �eld va though, is expanded in a di�erent set of

functions which, for l > 1, are regular:

valm�(r) = rl�1Alm(�; �); (2.28)

valm�(r) = rlClm(�; �); (2.29)

valm(r) = rl+1
�
(l + 1)(2l + 3)

2l
Alm(�; �) +Blm(�; �)

�
: (2.30)

The expansion of va, with coeÆcients �a
lm; �

a
lm; 

a
lm, reads

va(r) =
X
l;m

�
�a
lm v

a
lm�(r) + �alm v

a
lm�(r) + alm v

a
lm(r)

�
; (2.31)
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where for arbitrarily well behaved va the summation is over l > 1, �l 6 m 6 l. However,

since we chose va to vary linearly according to (2.1), few coeÆcients are non-vanishing,

such that we can write

va(r) =

+1X
m=�1

�a
1mv

a
1m�(r) +

+1X
m=�1

�a1mv
a
1m�(r) +

+2X
m=�2

�a
2mv

a
2m�(r): (2.32)

Comparing this equation with (2.1) it follows that

Va =

+1X
m=�1

�a
1mv

a
1m�(r); (2.33)

!a � r =

+1X
m=�1

�a1mv
a
1m�(r); (2.34)

ga � r =
+2X

m=�2

�a
2mv

a
2m�(r); (2.35)

which is expounded in Appendix A. The coeÆcients �a
lm with l 2 f1; 2g, jmj 6 l and �a1m

with jmj 6 1 are chosen to match the speci�ed ambient velocity �eld.

In general the ambient velocity va is accompanied by an ambient pressure, pa, in

order to satisfy the Stokes equations. It is recalled that va is linear, as given in (2.1), which

implies the trivial case of constant pressure pa. A constant pressure does not inuence the

dynamics of the incompressible particle - uid system and may as well be taken zero. For

the same reason constant contributions in the expansion for the disturbance pressure in

(2.27) were excluded.

In order to derive the equations for the components of the mobility matrix, which

will be done in the next section, it is worthwhile to mention the following properties of the

vector spherical harmonics introduced in (2.19) - (2.21). These vector spherical harmonics

constitute a complete set of vector functions on the unit sphere and satisfy the orthogonality

relations Z
Alm(�; �) �A�

pq(�; �) d
 = l(2l + 1)ÆlpÆmq;Z
Blm(�; �) �B�

pq(�; �) d
 = (l + 1)(2l + 1)ÆlpÆmq; (2.36)Z
Clm(�; �) �C�

pq(�; �) d
 = l(l + 1)ÆlpÆmq:

Inner products5 of Alm with Bpq etc. are vanishing. Furthermore it may be noted that

Alm and Blm are related in a simple way to the solid harmonics �+lm and ��lm, de�ned as

�+lm(r) = rlYlm(�; �); ��lm(r) = r�l�1Ylm(�; �): (2.37)

5Here we refer to the de�nition of the inner product of two complex vector functions as speci�ed by

(2.36). The superscript � in this de�nition denotes complex conjugation.
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The relations are

Alm(�; �) = r�l+1r�+lm(r); Blm(�; �) = rl+2r��lm(r): (2.38)

Additionally, it is found useful to introduce the following linear combinations of the vector

spherical harmonics:

	A�
lm (�; �) = A�

lm(�; �)� (�1)mA�
l;�m(�; �);

	B�
lm (�; �) = B�

lm(�; �)� (�1)mB�
l;�m(�; �); (2.39)

	C�
lm (�; �) = C�

lm(�; �)� (�1)mC�
l;�m(�; �):

By virtue of the relations

	L�
l;�m(�; �) = �(�1)m	L�

lm (�; �) (2.40)

with L 2 fA;B;Cg, we will only require the functions

	L+
lm (�; �) for 0 6 m 6 l;

	L�
lm (�; �) for 1 6 m 6 l:

(2.41)

2.3 Calculation of the mobility matrix

The disturbance velocity �eld v(r) � va(r) is a sum of the N velocity �elds vn(r �Rn),

according to (2.16). These velocity �elds are expanded in terms of the basis solutions given

in (2.18) and the expansion coeÆcients �n
lm, �

n
lm and nlm are solved by application of the

boundary conditions (2.3) on each sphere's surface. Because the vector spherical harmonics

in (2.19) - (2.21), or alternatively the linear combinations in (2.39), form a complete set of

vector functions on the unit sphere, the boundary conditions can be expressed asZ
r=an

�
v(r+Rn)� (Un +
n � r)

� �	L�
pq (�; �) d
 = 0; (2.42)

for all n 2 f1; : : : ; Ng, L 2 fA;B;Cg, p > 1 and 0 6 q 6 p. This equation can be rewritten

as Z
r=an

~vn(r) �	L�
pq (�; �) d
 =

Z
r=an

�
~Un + ~
n � r� ga � r

� �	L�
pq (�; �) d
; (2.43)

introducing the total disturbance velocity with respect to the centre of the nth sphere,

~vn(r) = v(r+Rn)� va(r+Rn) (2.44)

and the relative velocities

~Un = Un �Uan; ~
n = 
n � !a: (2.45)
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The r.h.s. of (2.43) can be evaluated straightforwardly, see Appendix B, resulting in the

integral equations

(�1)p+q
p(p+ 1)npq

Z
r=an

~vn(r) �	A+
pq (�; �) d
 = �3

2
Æp1(Æq1 ~Unx + 2Æq0 ~Unz)

� 5
3
anÆp2A

a+
2q ;

(2.46)

(�1)p+q
p(p+ 1)npq

Z
r=an

~vn(r) �	A�
pq (�; �) d
 = 3

2
iÆp1Æq1 ~Uny

� 5
3
anÆp2A

a�
2q ;

(2.47)

Z
r=an

~vn(r) �	B�
pq (�; �) d
 = 0; (2.48)

i(�1)p+q+1
npq

Z
r=an

~vn(r) �	C+
pq (�; �) d
 = 2ianÆp1(Æq1 ~
nx + 2Æq0 ~
nz); (2.49)

i(�1)p+q+1
npq

Z
r=an

~vn(r) �	C�
pq (�; �) d
 = 2anÆp1Æq1 ~
ny; (2.50)

with the new coeÆcients

Aa�
2q =

(�1)q
n2q

�
�a
2q � (�1)q�a

2;�q

�
; (2.51)

which combinations appear as a consequence of the choice of the 	L�
pq as given in (2.39).

Here n2q is a special case of the nlm introduced in (2.23). The expressions ~Unx, ~Uny, etc.

that appear on the r.h.s. of eqs. (2.46) - (2.50) are the velocity components with respect

to the Cartesian frame of reference xyz which is related to spherical coordinates as

x = r sin � cos�;

y = r sin � sin�;

z = r cos �:

(2.52)

According to (2.35) the �a
2q and therefore also the Aa�

2q are connected to the ambient rate

of strain �eld. In fact the ambient rate of strain tensor ga can be expressed as

ga =
3

8�

� 2X
m=0

�mA
a+
2m�m +

2X
m=1

��mA
a�
2m��m

�
; (2.53)
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with the �ve traceless and symmetrical tensors � k, �2 6 k 6 2, de�ned by

� 0 = 1
6

p
6(exex + eyey � 2ezez);

� 1 = 1
2

p
2(exez + ezex);

��1 =
1
2

p
2(eyez + ezey); (2.54)

� 2 = 1
2

p
2(exex � eyey);

��2 =
1
2

p
2(exey + eyex)

and the constant factors

�0 = �4
3

p
6�; �1 = 8

p
2�; ��1 = 8

p
2�i; �2 = 16

p
2�; ��2 = 16

p
2�i: (2.55)

In order to derive the expressions (2.53) and (2.54) we invoke (2.35) and the fact that ga
is symmetric by de�nition, so that

ga =

2X
m=�2

�a
2mrva2m�(r): (2.56)

It is possible to transform this expression into (2.53), using the new coeÆcients Aa�
2m instead

of the �a
2m. From the de�nition (2.51) of these new coeÆcients it is easily deduced that

the �ve tensors � k with �2 6 k 6 2 should satisfy

��m = 4
3
�(�1)mn2m(��m)�1

�rva2m� � (�1)mrva2;�m�

�
; for m 2 f1; 2g;

� 0 = 4
3
�n2;0(�0)

�1rva2;0�;
(2.57)

It is noted here that the constants �k, �2 6 k 6 2, are not prescribed by the identity

(2.56) and the de�nition of the Aa�
2m coeÆcients. In e�ect these constants are chosen such

that the tensors � k satisfy the orthonormality relations6

�
y
k : � k0 = Ækk0: (2.58)

This orthonormality will turn out to be convenient in future applications.

Explicit expressions for the tensors rva2m� are given in Appendix A, eq. (A.10). By

substitution of these expressions into (2.57) and satisfying (2.58), we eventually obtain

(2.54) and (2.55). It is easily veri�ed from (2.54) that the �ve � k are real and symmetric,

such that the orthonormality relations are simply

� k : � k0 = Ækk0: (2.59)

6Here y stands for the Hermitian conjugate. It is further noted that the double-dot notation follows the

nesting convention of e.g. Happle and Brenner [27]. For two dyads A and B this reads A : B = AijBji.
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The equations (2.46) - (2.50) are to be evaluated for all n 2 f1; : : : ; Ng, p > 1,

0 6 q 6 p. In order to calculate the l.h.s. of these equations we combine (2.16) and (2.17)

obtaining the decomposition

~vn(r) =
X
l;m

�
�n
lm vlm�(r) + �nlm vlm�(r) + nlm vlm(r)

�
+
X
j 6=n

X
l;m

�
�n
lm vlm�(r+Rnj) + �nlm vlm�(r+Rnj) + nlm vlm(r+Rnj)

�
;

(2.60)

where Rnj = Rn � Rj is the position of the centre of particle n with respect to that of

particle j. The summation over the particle label j runs from 1 to N , excluding j = n.

The resulting integrals are easily evaluated for the basis solutions vlm�(r), � 2 f�; �; g
in (2.60). However, the integrals involving the vlm�(r +Rnj) are not calculated straight-

forwardly because these functions are clearly not centred around r = 0. This in not an

insuperable problem as we can apply the general form of the Hobson formula [58] which

expresses a shifted solid harmonic as a sum of solid harmonics centred around the origin:

��lm(r+Rnj) =
X
s>0; t

nst

(s+ t)!
Mlm;st(Rnj)�

+
st(r); r < Rnj (2.61)

with

Mlm;st(r) = (�1)s+t (l + s�m+ t)!

nlm(l �m)!
nl+s;m�t �

�
l+s;m�t(r): (2.62)

In case jm� tj > l + s these Mlm;st are de�ned to vanish.

By combination of the Hobson formula with (2.18), (2.21), (2.36), (2.38), (2.39), and

(2.60) the integrals in equations (2.46) - (2.50) can be expressed in explicit form. The

main part of these calculations has been described in detail in Clercx' thesis [28], therefore

it suÆces to present the �nal result which is a set of linear equations for the expansion

coeÆcients �n
lm, �

n
lm and nlm. It turns out to be convenient to introduce the new expansion

coeÆcients

An�
lm =

(�1)l+m
nlmal+2n

�
�n
lm � (�1)m�n

l;�m

�
;

Bn�
lm =�i(�1)

l+m

nlmal+1n

�
�nlm � (�1)m�nl;�m

�
; (2.63)

Cn�
lm =

(�1)l+m
nlmaln

�
nlm � (�1)mnl;�m

�
:

Some of these coeÆcients determine the force Fn, torque Tn and stresslet Sn exerted by the

uid on particle n. These relations follow by substitution of the expansions of the velocity

and the pressure in the de�nitions (2.4) - (2.7), which calculations are expounded in Ref.
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[29] for the force and torque, and in Ref. [31] for the stresslet. The resulting expressions

are

Fn = 2��an
�
2Cn+

1;1 ex + 2iCn�
1;1 ey + Cn+

1;0 ez
�
;

Tn = 2�i�a2n
�
2Bn+

1;1 ex + 2iBn�
1;1 ey +Bn+

1;0 ez
�
;

Sn = �3
2
�a2n

� 2X
m=0

�mC
n+
2m�m +

2X
m=1

��mC
n�
2m��m

�
:

(2.64)

As can be seen from the de�nitions (2.63) it is suÆcient to use the coeÆcients An+
lm , Bn+

lm ,

Cn+
lm with m > 0 and the coeÆcients An�

lm , Bn�
lm , Cn�

lm with m > 1. Using these expansion

coeÆcients the set of linear equations can eventually be written as

� 3
2
Æp1(Æq1 ~Unx + 2Æq0 ~Unz)� 5

3
anÆp2A

a+
2q = Cn+

pq +
2p+ 1

p+ 1

X
j 6=n

X
l;m

�

l

(l + 1)(2l + 1)
x
l+p+1
nj

h
Re(P+

lm;pq(Rnj))A
j+
lm + i Im(P�

lm;pq(Rnj))A
j�
lm

i

+
1

pl(l + 1)
x
l+p
nj

h
Re(Q�

lm;pq(Rnj))B
j�
lm + i Im(Q+

lm;pq(Rnj))B
j+
lm

i

+

�
l(2l � 1)

2(2p+ 1)
x
l+p+1
nj Re(P+

lm;pq(Rnj))� l(2l � 1)

2(2l + 2p� 1)
x
l+p�1
nj Re(P+

lm;pq(Rnj))

+
1

p(2p� 1)

2l + 2p� lp� 1

2l + 2p� 1
x
l+p�1
nj Re(R+

lm;pq(Rnj))

�
C

j+
lm

+

�
l(2l � 1)

2(2p+ 1)
x
l+p+1
nj i Im(P�

lm;pq(Rnj))� l(2l � 1)

2(2l + 2p� 1)
x
l+p�1
nj i Im(P�

lm;pq(Rnj))

+
1

p(2p� 1)

2l + 2p� lp� 1

2l + 2p� 1
x
l+p�1
nj i Im(R�

lm;pq(Rnj))

�
C

j�
lm

�
;

(2.65)
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3
2
iÆp1Æq1 ~Uny � 5

3
anÆp2A

a�
2q = Cn�

pq +
2p+ 1

p+ 1

X
j 6=n

X
l;m

�
l

(l + 1)(2l + 1)
x
l+p+1
nj

h
Re(P�

lm;pq(Rnj))A
j�
lm + i Im(P+

lm;pq(Rnj))A
j+
lm

i
+

1

pl(l + 1)
x
l+p
nj

h
Re(Q+

lm;pq(Rnj))B
j+
lm + i Im(Q�

lm;pq(Rnj))B
j�
lm

i
+

�
l(2l � 1)

2(2p+ 1)
x
l+p+1
nj i Im(P+

lm;pq(Rnj))� l(2l � 1)

2(2l + 2p� 1)
x
l+p�1
nj i Im(P+

lm;pq(Rnj))

+
1

p(2p� 1)

2l + 2p� lp� 1

2l + 2p� 1
x
l+p�1
nj i Im(R+

lm;pq(Rnj))

�
C

j+
lm

+

�
l(2l � 1)

2(2p+ 1)
x
l+p+1
nj Re(P�

lm;pq(Rnj))� l(2l � 1)

2(2l + 2p� 1)
x
l+p�1
nj Re(P�

lm;pq(Rnj))

+
1

p(2p� 1)

2l + 2p� lp� 1

2l + 2p� 1
x
l+p�1
nj Re(R�

lm;pq(Rnj))

�
C

j�
lm

�
;

(2.66)

An�
pq = 1

2
(p+ 1)(2p� 1)Cn�

pq

� 1

2p+ 3

X
j 6=n

X
l;m

l(2l � 1)xl+p+1nj

h
Re(P�

lm;pq(Rnj))C
j�
lm + i Im(P�

lm;pq(Rnj))C
j�
lm

i
;

(2.67)

2ianÆp1[Æq1 ~
nx + 2Æq0 ~
nz] = Bn+
pq

�
X
j 6=n

X
l;m

�
p

l + 1
x
l+p+1
nj

h
Re(P+

lm;pq(Rnj))B
j+
lm + i Im(P�

lm;pq(Rnj))B
j�
lm

i
+ (2l � 1)xl+pnj

h
Re(Q�

lm;pq(Rnj))C
j�
lm + i Im(Q+

lm;pq(Rnj))C
j+
lm

i�
;

(2.68)

2anÆp1Æq1 ~
ny = Bn�
pq

�
X
j 6=n

X
l;m

�
p

l + 1
x
l+p+1
nj

h
Re(P�

lm;pq(Rnj))B
j�
lm + i Im(P+

lm;pq(Rnj))B
j+
lm

i
+ (2l � 1)xl+pnj

h
Re(Q+

lm;pq(Rnj))C
j+
lm + i Im(Q�

lm;pq(Rnj))C
j�
lm

i�
;

(2.69)

with l > 1, 0 6 m 6 l in the summations. In these equations the following shorthand

notations have been introduced:

xnj =
an

Rnj
; (2.70)
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P�
lm;pq(r) = (1� 1

2
Æm0)

(�1)l+p+m+q

(p+ q)!
nlmr

l+p+1

�
Mlm;pq(r)� (�1)mMl;�m;pq(r)

�
; (2.71)

Q�
lm;pq(r) = (1� 1

2
Æm0)

(�1)l+p+m+q

(p+ q)!
nlmr

l+p

�
�
(lq +mp)Mlm;p�1;q(r)� (�1)m(lq �mp)Ml;�m;p�1;q(r)

�
;

(2.72)

R�
lm;pq(r) = (1� 1

2
Æm0)

(�1)l+p+m+q

(p+ q)!
nlmr

l+p�1

�
�
�lm;pqMlm;p�2;q(r)� (�1)m�l;�m;pqMl;�m;p�2;q(r)

�
;

(2.73)

with

�lm;pq = (lq +mp)(2lq + 2mp�m� q)� (lp+mq)(l + p� 1): (2.74)

It is noteworthy to mention that the expressions P�
lm;pq(r), Q

�
lm;pq(r) and R�

lm;pq(r) are

functions of the polar angles �; � of the vector r and do not depend on r = krk.
The set of equations (2.65) - (2.69) comprise an in�nite number of equations for

an in�nite number of coeÆcients An�
lm , Bn�

lm and Cn�
lm because both indices l and p are

unbounded, i.e. l; p > 1. In order to solve the components of the grand mobility matrix

from the set of linear equations we de�ne an upper limit L of these indices, i.e. l; p 6 L,

assuming all coeÆcients with l > L to vanish. Thereby the number of obtained equations is

3L(L+2)N with the same number of unknown coeÆcients. The choice of the upper limit L

depends on some factors, e.g. the desired numerical accuracy. The number of equations can

be reduced by eliminating the coeÆcients An�
lm , using (2.67), getting 2L(L+2)N equations

for the coeÆcients Bn�
lm and Cn�

lm . At this point it should be noted that the equations for

p > 3 are homogeneous, so that the coeÆcients with l > 3 can be expressed in terms of

the coeÆcients with l 6 2, exactly those coeÆcients determining the forces, torques and

stresslets according to (2.64).7 This means that we have �nally obtained a set of equations

relating the quantities ~Un, ~
n andGa, introduced in (2.9) and (2.45), to the forces, torques

and stresslets, which is exactly the linear relation given by the grand mobility matrix as

de�ned in (2.14). It goes without saying that the procedure just described involves an

enormous amount of e�ort, especially when we require an accurate solution of the mobility

matrix for many particles, that is if L and N are large. Evidently, in these cases the help

of the computer must be called upon. This numerical step comes down to solving a set of

linear equations, for which eÆcient codes can be written. In fact, the method presented

in this section has provided very accurate results for the mobility matrix of two and three

particles, see e.g. Refs. [29{31].

Although the number of particles considered in this chapter is �nite it would be

interesting to pose the question if the presented method is still applicable in the case of

7To be precise, also the coeÆcients Bn�
2m can be expressed in terms of the coeÆcients that determine

the forces, torques and stresslets, viz. Bn�
1m , Cn�

1m and C
n�
2m .
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an unbounded suspension consisting of an in�nite number of spherical particles. If dilute

suspensions of randomly distributed spheres are considered it is suÆcient to include two

or three particle hydrodynamic interactions only, as shown by Clercx. In that case it is

possible to obtain some low order terms of virial expansions for hydrodynamic transport

properties in terms of the volume fraction of the spherical particles, which are considered

to be equally sized, for the moment. However, for dense suspensions a greater number

of particles should be taken into account, consequently increasing the number of linear

equations to be solved. Additionally, it is diÆcult to take account of the distribution

function, necessary for evaluation of e�ective transport quantities, in the case of more

than three particles, even in numerical calculations.

Nevertheless, there are special cases in which the particles are positioned on the sites

of a crystal lattice, which allow the application of our method without further constraints.

Colloidal crystals are examples of such structured suspensions. In order to study hydro-

dynamic interactions in these crystals the set of linear equations should be modi�ed. This

modi�cation is the subject of the next chapter.



22 Chapter 2. Quasi-static hydrodynamic interactions



3

The quasi N-particle approach

This chapter focuses on the derivation of a set of linear equations describing hydrodynamic

interactions in a regular array of spherical particles. The array consists of identical cells

that contain N particles with radii an, n 2 f0; : : : ; N�1g. It is assumed that this colloidal

crystal is unbounded in all directions of three dimensional space. In di�erent cases such as

for one-dimensional crystals considered in the next chapter, only small notational changes

should be made in the rather general expressions presented here.

The description of hydrodynamic interactions between particles in the array is based

on the set of coupled linear equations introduced in the previous chapter. Direct application

of these equations is not feasible however, because the number of equations is proportional

to the number of interacting particles, which is assumed to be in�nite in the present case.

However, it is possible to exploit the translational invariance of the array, thereby obtaining

a �nite set of equations resembling that for an isolated system of N particles. This quasi

N-particle approach relies on the fact that the mobility matrix for all (in�nitely many)

particles is solely determined by the geometry of the system: the periodic con�guration

of particle positions and particle sizes. The above property is easily understood on basis

of the set of linear equations in the previous chapter. In particular the mobility matrix

is independent of velocities and rotations of the respective particles. Therefore the quasi

N -particle approach does not imply any restriction to the particle motions, periodicity of

particle velocities, for instance, is not required. Similarly, the force, torque and stresslet

may be di�erent for each particle. The arbitrariness of particle velocities, forces, etc. relies

on the possibility to study the system on suÆciently short timescales. On longer timescales

arbitrary particle velocities would imply destruction of the periodic geometry, and in that

case the quasi N -particle approach ceases to be valid. Nevertheless, there are cases in which

the geometry is time dependent under conservation of periodicity, even on arbitrarily long

timescales. Examples thereof are sedimentation or simple shearing of periodic suspensions.

These subjects will be treated in following chapters. Preliminary to the discussion on

hydrodynamics of colloidal crystals, it is found useful to introduce some basic ingredients,

being the lattice which characterizes the periodic structure, and the Fourier transformation

which exploits this periodicity in order to derive a decoupled set of linear equations.

23



24 Chapter 3. The quasi N -particle approach

3.1 Lattices and Fourier transforms

The positions of particles in the array, with respect to some origin O, are speci�ed by the

vectors

R�n = L� +R0
n: (3.1)

Here R0
n indicates the position of the nth particle relative to a lattice point, which is

indicated by the lattice vector L�. The lattice points form a regular array of points in

space: a crystal lattice, or Bravais lattice as it is usually called. This means that the

lattice vectors L� can be written as

L� = R(�1a1 + �2a2 + �3a3); (3.2)

where a1; a2; a3 are fundamental translation vectors and R is a conveniently chosen constant

length, for instance the nearest neighbour distance of lattice points. The subscript �

denotes the set of integers �i 2 Z, for i 2 f1; 2; 3g. The origin O is itself a lattice point,

which is denoted as L0 = 0. Moreover, the origin is chosen such that it coincides with the

centre of one of the particles. This implies R0
0 = 0 and R00 = 0, according to (3.1). It

is also convenient to choose the set of basis vectors a1; a2; a3 right-handed, in that order.1

These basis vectors specify a lattice cell, which is a parallelepiped with volume

Vc = a1 � (a2 � a3): (3.3)

By repetition of suitable translations of a cell, all space is �lled. These translation opera-

tions are speci�ed by the basis vectors. More than one lattice is always possible for a given

structure, and more than one set of basis vectors is always possible for a given lattice.

For instance, the cell of a body centred cubic (BCC) lattice may be de�ned as a cubic

volume containing two lattice points, but sometimes it is found more convenient to use a

cell of half that volume, which contains only a single lattice point. In the latter case the

BCC cell is spanned by non-orthogonal basis vectors. Therefore this cell has a less obvious

relation to the cubic symmetry operations, which explains why the cubic compound cell

is sometimes preferred. In this thesis the basis vectors will be chosen such that there is

only one lattice point per cell. This so-called primitive cell has the minimum volume Vc
and the corresponding basis vectors are called primitive (translation) vectors, according to

convention.

Another concept that will be useful in the formulation of the N -particle approach is

the reciprocal lattice, which accompanies any crystal lattice in usual (direct) space. The

reciprocal lattice is an in�nite set of points indicated by the reciprocal lattice vectors

G� =
1

R
(�1b1 + �2b2 + �3b3); (3.4)

1It is noted that right-handedness does it not imply orthogonality.
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in terms of the basis vectors b1;b2;b3 and �j 2 Z, for j 2 f1; 2; 3g. The basis vectors bj
are de�ned by the relation

ai � bj = 2�Æij: (3.5)

By combination of this relation with (3.3) it follows that the vectors bj also form a right-

handed system, which satis�es

b1 =
2�

Vc
(a2 � a3); b2 =

2�

Vc
(a3 � a1); b3 =

2�

Vc
(a1 � a2): (3.6)

If the ai are primitive vectors of the crystal lattice then the bj are primitive vectors of the

reciprocal lattice. Analogous to the primitive cell of the direct lattice, there is a primitive

cell of the reciprocal lattice, which has a volume VBr de�ned by

VBr = b1 � (b2 � b3) = (2�)3=Vc; (3.7)

where the last equality follows from (3.3) and (3.6). The �rst Brillouin zone, 
Br, is

de�ned as the Wigner-Seitz cell of the reciprocal lattice which is centred around the origin.

A Wigner-Seitz cell is a primitive cell which is enclosed by the planes halfway and normal

to the distance vectors from a lattice point to all its neighbouring lattice points. Bravais

lattices, reciprocal space and Wigner-Seitz cells are standard concepts of crystallography

and solid state physics. For a more extensive introduction the interested reader is referred

to Kittel's Introduction to Solid State Physics [59].

The quasi N -particle approach exploits the translational invariance of the lattice.

This allows us to introduce Fourier transforms. Let f� be a function de�ned on the set of

direct lattice points indicated by the vectors L�. The Fourier transform f̂ of this function

f� is de�ned by

f̂(k) =
X
�

f�e
�ik�L�: (3.8)

This relation can be inverted by

f� =
R3

VBr

Z

Br

f̂(k)eik�L� dk: (3.9)

The above inversion operation is based on the fact that the functions exp(ik�L�), considered

as functions of the continuous wavevector k within the �rst Brillouin zone (or any other

primitive cell), satisfy the following orthogonality relations

R3

VBr

Z

Br

eik�(L��L�0) dk = Æ��0 ; (3.10)

where Æ��0 = Æ�1�0

1
Æ�2�0

2
Æ�3�0

3
.
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It is noted that the function f̂ is a periodic function in k-space (reciprocal space) so

that, for any reciprocal lattice vector G�,

f̂(k+G�) = f̂(k); (3.11)

which follows straightforwardly by combination of the de�nitions (3.2), (3.4), (3.5) and

(3.8). The expression given by (3.8), which we called the Fourier transform of f�, is

therefore nothing else than the Fourier series for the periodic function f̂ , with Fourier

constants f�. If necessary, this Fourier transform operation will be designated by Fs, that

is Fs(f�;k) = f̂(k), in order to avoid confusion with the usual Fourier integral transform.

By virtue of the periodicity speci�ed in (3.11) the wavevectors k may be restricted to the

�rst Brillouin zone. In the special case of f� = 1 equation (3.8) yields

R3

VBr

X
�

e�ik�L� =
X
�0

Æ(k�G�0) = Æ(k); (3.12)

which is easily derived from Poisson's summation formula, see for instance Ref. [60], and

where the last equality is a consequence of considering wavevectors only in the �rst Brillouin

zone. The Fourier transformation introduced above will be applied to functions f(R�n)

which are de�ned not only on the set of lattice vectors L� but also depend on the particles'

relative positions R0
n, according to (3.1). The Fourier transform of this function f(R�n) is

denoted as

f̂(kjR0
n) =

X
�

f(R�n)e
�ik�L�; (3.13)

for n 2 f0; : : : ; N � 1g.

3.2 The decoupled set of equations for N-particle

cells

Taking notice of the preliminaries in the previous section it is not complicated to derive

the decoupled set of equations which describe hydrodynamic interactions in a periodic

array of cells that contain N spherical particles. This is accomplished by application of

the Fourier transform Fs to the coupled set of equations (2.65) - (2.69). These equations

involve quantities ~Un, A
n�
pq etc., which depend on particle positions R�n in the in�nite

array. In order to give an outline of the way these equations are decoupled, a simpli�ed

notation is adopted to write the equations in the following form:

A(R�n) = C(R�n) +
X
�;j

(�j)6=(�n)

g(R�n;�j)C(R�j); (3.14)
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where R�n;�j = R�n � R�j. The Fourier transforms of A and C in the above equation

satisfy the de�nition given by (3.13). The somewhat di�erent de�nition for g(R�n;�j) is

given by

ĝ(kjR0
nj) =

X0

�

g(R�n;0j)e
�ik�L�; (3.15)

with R0
nj = R0

n � R0
j. The primed summation in (3.15) indicates that the lattice vector

L0 = 0 is excluded from the summation in case n = j, that is if R�n;0j = 0. Fourier

transformation of (3.14) yields

Â(kjR0
n) = Ĉ(kjR0

n) +

N�1X
j=0

ĝ(kjR0
nj)Ĉ(kjR0

j): (3.16)

In regard to the derivation of (3.16) it is important to notice that the in�nite sum in (3.14)

is a convolution product of g and C by virtue of the translational invariance of the lattice.

It is noticed that (3.16) does only depend on the lattice vectors L� implicitly, through

Fourier transformation. What we have obtained is an equation in terms of the relative

positions R0
n of the N particles inside a cell. In the context of this quasi N-particle

approach the absolute particle positions R�n are not needed anymore and therefore the

prime in the notations R0
n and R

0
nj can be omitted without confusion. Moreover the index

notation Ân(k) is adopted again, instead of Â(kjR0
n). The reader who is not interested in

the explicit form of the set of linear equations is advised to continue just before (3.22).

By application of the above procedure to (2.65) - (2.69) it follows that

�3
2
Æp1[Æq1

b~Unx(k) + 2Æq0
b~Unz(k)]� 5

3
anÆp2A

a+
2q

VBr

R3
Æ(k) = Ĉn+

pq (k) +
2p+ 1

p+ 1

N�1X
j=0

X
l;m

�
l

(l + 1)(2l + 1)
X

Rnj+
lm;pq (k)Â

j+
lm(k) +

il

(l + 1)(2l + 1)
X

Inj�
lm;pq(k)Â

j�
lm(k)

+
i

pl(l + 1)
Y

Inj+
lm;pq (k)B̂

j+
lm (k) +

1

pl(l + 1)
Y
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j�
lm (k)

+Z
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lm;pq (k)Ĉ

j+
lm (k) + iZ

Inj�
lm;pq(k)Ĉ

j�
lm (k)

�
;

(3.17)

3
2
iÆp1Æq1

b~Uny(k)� 5
3
anÆp2A

a�
2q

VBr

R3
Æ(k) = Ĉn�

pq (k) +
2p+ 1

p+ 1

N�1X
j=0

X
l;m

�
il

(l + 1)(2l + 1)
X

Inj+
lm;pq(k)Â

j+
lm(k) +

l

(l + 1)(2l + 1)
X

Rnj�
lm;pq (k)Â

j�
lm(k)

+
1

pl(l + 1)
Y

Rnj+
lm;pq (k)B̂

j+
lm (k) +

i

pl(l + 1)
Y

Inj�
lm;pq (k)B̂

j�
lm (k)

+iZ
Inj+
lm;pq(k)Ĉ

j+
lm (k) + Z

Rnj�
lm;pq (k)Ĉ

j�
lm (k)

�
;

(3.18)
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Ân�
pq (k) =

1
2
(p+ 1)(2p� 1)Ĉn�

pq (k)

� 1

2p+ 3

N�1X
j=0

X
l;m

l(2l � 1)
h
X

Rnj�
lm;pq (k)Ĉ

j�
lm (k) + iX

Inj�
lm;pq(k)Ĉ

j�
lm (k)

i
;

(3.19)

2ianÆp1[Æq1
b~
nx(k) + 2Æq0

b~
nz(k)] = B̂n+
pq (k)�

N�1X
j=0

X
l;m

�
p

l + 1
X

Rnj+
lm;pq (k)B̂

j+
lm (k) +

ip

l + 1
X

Inj�
lm;pq(k)B̂

j�
lm (k)

+i(2l � 1)Y Inj+
lm;pq (k)Ĉ

j+
lm (k) + (2l � 1)Y Rnj�

lm;pq (k)Ĉ
j�
lm (k)

�
;

(3.20)

2anÆp1Æq1
b~
ny(k) = B̂n�

pq (k)�
N�1X
j=0

X
l;m

�
ip

l + 1
X

Inj+
lm;pq(k)B̂

j+
lm (k) +

p

l + 1
X

Rnj�
lm;pq (k)B̂

j�
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lm;pq (k)Ĉ

j+
lm (k) + i(2l � 1)Y Inj�

lm;pq (k)Ĉ
j�
lm (k)

�
;

(3.21)

with l > 1, 0 6 m 6 l in the summations. In these equations the following shorthand

notations have been introduced:

X
Rnj�
lm;pq (k) =

X0

�

Re
�
P�
lm;pq(Rnj � L�)

�
x
l+p+1
nj� eik�L�; (3.22)

X
Inj�
lm;pq(k) =

X0

�

Im
�
P�
lm;pq(Rnj � L�)

�
x
l+p+1
nj� eik�L�; (3.23)

Y
Rnj�
lm;pq (k) =

X0

�

Re
�
Q�

lm;pq(Rnj � L�)
�
x
l+p
nj� e

ik�L�; (3.24)

Y
Inj�
lm;pq (k) =

X0

�

Im
�
Q�

lm;pq(Rnj � L�)
�
x
l+p
nj� e

ik�L�; (3.25)
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Z
Rnj�
lm;pq (k) =

l(2l � 1)

2(2p+ 1)
X

Rnj�
lm;pq (k)

+
X0

�

Re

�
2l + 2p� lp� 1

p(2p� 1)(2l + 2p� 1)
R�
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� l(2l � 1)

2(2l + 2p� 1)
P�
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�
x
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(3.26)

Z
Inj�
lm;pq(k) =

l(2l � 1)

2(2p+ 1)
X

Inj�
lm;pq(k)

+
X0

�

Im

�
2l + 2p� lp� 1

p(2p� 1)(2l + 2p� 1)
R�
lm;pq(Rnj � L�)

� l(2l � 1)

2(2l + 2p� 1)
P�
lm;pq(Rnj � L�)

�
x
l+p�1
nj� eik�L�;

(3.27)

where the functions P�
lm;pq, Q

�
lm;pq and R�

lm;pq are de�ned in (2.71) - (2.73), and

xnj� =
an

kRnj � L�k : (3.28)

Furthermore it should be mentioned that the inversion symmetry of the lattice has been

used in the derivations of the expressions (3.22) - (3.27). This inversion symmetry, which

is a property of all Bravais lattices, means that the lattice is invariant with respect to point

reection about the origin: L� ! �L�. With regard to the applications of the set of linear

equations in the next chapters, it is worthwhile to note that some of the above expressions

are vanishing by de�nition (independent of the wavevector k), namely:

X
Rnj�
l0;pq = 0;

Y
Rnj�
l0;pq = 0;

Z
Rnj�
l0;pq = 0;

X
Inj�
l0;pq = 0;

Y
Inj�
l0;pq = 0;

Z
Inj�
l0;pq = 0;

X
Rnj�
lm;p0 = 0;

Y
Rnj+
lm;p0 = 0;

Z
Rnj�
lm;p0 = 0;

X
Inj+
lm;p0 = 0;

Y
Inj�
lm;p0 = 0;

Z
Inj+
lm;p0 = 0:

(3.29)

Additionally it follows by inspection of (2.72) that Q�
l0;p0 = 0, yielding the extra identity

Y
Inj+
l0;p0 = 0: (3.30)

Additionally it follows by inspection of (2.73) that R�
l0;p0 = 0, so that the corresponding

terms within the brackets in eqs. (3.26) and (3.27) vanish as well. It is also worthwhile

to appreciate that eqs. (3.18), (3.19) for Ân�
pq , and (3.21), can be left out of consideration

in case q = 0, because all terms at both sides of these equations vanish by virtue of the

identities in the last two columns of (3.29) and the fact that

Ân�
p0 = 0; B̂n�

p0 = 0; Ĉn�
p0 = 0: (3.31)

These last identities follow from the de�nitions given in (2.63).
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3.3 Mobilities in k-space

Hydrodynamic interactions in a system of particles can be represented by a set of mobility

tensors. As pointed out in the previous chapter these mobility tensors de�ne the linear

relations between forces, torques and the strain rate on the one hand, and translational

and rotational velocities as well as the stresslet, on the other hand. The system under

consideration is characterized by a con�guration of particles in periodic cells. By virtue of

the translational symmetry of this structure it is possible to introduce Fourier transforms

of the above mentioned dynamic and kinematic quantities as well as the mobility tensors.

As is explained below, this turns out to be very useful.

Let us assume, for the moment, that particles in the in�nite array are moving with

velocities Un (relative to an otherwise quiescent uid) under the action of external forces

which are balanced by frictional forces Fj, whereas torques are vanishing. According to

(2.14) the velocities satisfy

Un = �
X
j

�
tt
nj � Fj: (3.32)

Here �tt
nj is a mobility tensor, and the summation runs over the in�nite number of particle

positions. The array of cells has translational symmetry. Therefore, if two particles n,

j are positioned at Rn and Rj (not necessarily within the same cell) then there are two

identical image particles n0, j 0 at Rn0 = Rn +L� and Rj0 = Rj +L� for any lattice vector

L�. It is reminded that mobility tensors depend solely on the geometry of the particle

system and therefore must be translationally symmetric also, in particular �tt
nj = �

tt
n0j0. By

virtue of this translational symmetry it follows that the Fourier transform Fs, applied to

(3.32), yields

Ûn(k) = �
N�1X
j=0

�̂
tt
nj(k) � F̂j(k); (3.33)

for n 2 f0; : : : ; N � 1g.2 It may be noticed that �̂tt
nj(k) enters the last equation similar to

ĝ(kjR0
nj) in (3.16). However, the Fourier transform of mobility tensors, such as �̂tt

nj(k), is

de�ned with full (unprimed) sums
P

�, unlike ĝ(kjR0
nj) given by (3.15).

Besides the forces Fj there will generally be torques Tj and stresslets Sj imposed

by the uid on the particles. The Fourier transforms of forces, torques and stresslets are

directly related to some low-order expansion coeÆcients,

F̂j(k) = 2��aj
�
2Ĉj+

1;1(k)ex + 2iĈj�
1;1(k)ey + Ĉ

j+
1;0(k)ez

�
;

T̂j(k) = 2�i�a2j
�
2B̂j+

1;1(k)ex + 2iB̂j�
1;1(k)ey + B̂

j+
1;0(k)ez

�
;

Ŝj(k) = �3
2
�a2j

h 2X
m=0

�mĈ
j+
2m(k)�m +

2X
m=1

��mĈ
j�
2m(k)��m

i
:

(3.34)

2Note that n and j in (3.33) indicate particles inside the same lattice cell.
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These relations follow by Fourier transformation of (2.64). The Fourier transformed mo-

bility tensors �̂tt
nj, �̂

rr
nj etc. can be solved from the set of linear equations (3.17) - (3.21) in

a way analogous to the solution of the mobilities for an isolated group of N particles, as

explained at the end of the previous chapter. It is worthwhile to notice that the mobility

tensors in k-space obey certain symmetry relations which can be applied in order to sim-

plify calculations. Combining the symmetries in (2.15), the de�nition (3.8) of the Fourier

transform Fs and exploiting the translational and inversion invariance of the crystal lattice,

one �nds that

�̂ttnj;��(k) = [�̂ttjn;��(k)]
�

�̂rrnj;��(k) = [�̂rrjn;��(k)]
�

�̂ddnj;��Æ(k) = [�̂ddjn;Æ��(k)]
�

�̂trnj;��(k) = [�̂rtjn;��(k)]
�

�̂rdnj;��(k) = �[�̂drjn;��(k)]�

�̂tdnj;��(k) = �[�̂dtjn;��(k)]�
(3.35)

This thesis is mainly concerned with simple lattices, consisting of one-particle cells.

Moreover, Chapters 4 and 5 focus on hydrodynamic properties of colloidal crystals assuming

no external ow. Therefore it is found useful to de�ne the quantity �̂(k) as the submatrix

of the grand mobility matrix in k-space that relates translational and rotational velocities

to forces and torques, for one-particle cells (N = 1). The matrix �̂(k) will also be referred

to as the mobility matrix. For convenience the mobility matrix can be decomposed into

�̂
tt(k), �̂tr(k), �̂rt(k) and �̂rr(k). These four partitions are identical to the mobility tensors

de�ned above, for N = 1, i.e. �̂
tt(k) � �̂

tt
00(k), etc. In cases where forces and torques

are to be determined for given particle motions it is appropriate to consider the resistance

matrix. The resistance matrix for combined (coupled) translations and rotations, �̂(k),

is de�ned as the inverse of the (6 � 6) matrix �̂(k). It has four subtensors (or matrices,

equivalently) �̂
tt
(k), �̂

tr
(k), �̂

rt
(k) and �̂

rr
(k), analogous to the decomposition of �̂(k).

Various applications of the resistance matrix �̂(k) will be discussed in Chapters 4 and 5.

3.4 Symmetry properties for N = 1

With regard to the applications in the next chapters it is found useful to observe certain

properties of mobility- and resistance tensors for the case N = 1. Because mobility tensors

are functions of k that are determined by the geometry of the crystal lattice, they obey

crystal symmetries which can be used to simplify their representations. These simpli�-

cations can further be used to optimize numerical calculations of the components of the

mobility- and resistance matrices, �̂(k) and �̂(k). In some cases crystal symmetries even

make a purely analytical approach feasible, as is illustrated in the next chapters. Reection

invariance with respect to the origin O (point inversion) is a symmetry property shared by

all Bravais lattices. Let I � �1l denote the inversion operation, then the invariance of the

lattice geometry with respect to this operation, yields:

I�̂tt(Ik)I�1 = �̂
tt(k): (3.36)
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Because, by de�nition, Ik = �k and �̂
tt(�k) = [�̂tt(k)]�, it follows that �̂tt(k) is a real

matrix. In a similar fashion it is found that �̂rr(k) is also real, whereas �̂tr(k) and �̂rt(k)

are purely imaginary. The latter property follows by noticing that �̂tr(k) and �̂
rt(k) are

direct products of a vector with an axial vector. In the transformation of this axial part

the determinant of the transformation enters:

det(I)I�̂tr(Ik)I�1 = �̂
tr(k); (3.37)

where det(I) = �1, hence [�̂tr(k)]� = ��̂tr(k). Summarizing, the properties owing to

inversion symmetry, are

�̂
tt(k) = [�̂tt(k)]�;

�̂
rr(k) = [�̂rr(k)]�;

�̂
tr(k) = �[�̂tr(k)]�;

�̂
rt(k) = �[�̂rt(k)]�:

(3.38)

By combination of these identities with the symmetry relations (3.35) for the mobilities

under consideration with n = j = 0, it follows that

�̂
tt(k) = [�̂tt(k)]T ;

�̂
tr(k) = [�̂rt(k)]y:

�̂
rr(k) = [�̂rr(k)]T ;

(3.39)

Here the superscript T denotes transposition, and y indicates a combination of transpo-

sition with complex conjugation. It is emphasized that the identities for the mobility

tensors (3.38) and (3.39), are derived on basis of general symmetries of Bravais lattices,

combined with the symmetry relations for the mobilities �tt
ij, �

tr
ij, �

rt
ij and �

rr
ij. These last

relations also apply to the resistance tensors �ttij, �
tr
ij, �

rt
ij and �

rr
ij, which are connected

to the resistance tensors in reciprocal space, �̂
tt
(k), �̂

tr
(k), �̂

rt
(k) and �̂

rr
(k), through a

Fourier transformation. Consequently the properties in (3.38) and (3.39) are also valid for

the corresponding resistance tensors in k-space. Because �̂tt(k) is real and symmetric, it

has a set of eigenvectors which can be chosen to form an orthonormal basis in R3 . These

eigenvectors are determined by the crystalline geometry as well as by the direction of the

wavevector k. Therefore �̂tt(k), �̂rr(k), �̂
tt
(k) and �̂

rr
(k) all have the same eigenvectors

and consequently their matrix representations with respect to this basis of eigenvectors

are all diagonal. This property is very useful in the calculation of the friction factors

for translational or rotational motions (as discussed in the next two chapters) which are

proportional to the eigenvalues of �̂
tt
(k) or �̂

rr
(k), respectively.

The friction tensor �̂
tt
(k) satis�es inversion symmetry as de�ned in (3.36) and there-

fore

�̂
tt
(�k) = �̂

tt
(k): (3.40)

The same relation holds for the rotational friction tensor �̂
rr
(k). Moreover, application of

translational invariance, given by (3.11), yields:

�̂
tt
(k+G�) = �̂

tt
(k): (3.41)
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Here G� is any reciprocal lattice vector. By virtue of this periodicity it is suÆcient to

consider wavevectors k in the �rst Brillouin zone, or in any other primitive cell in reciprocal

space that is found convenient. Given the smallest reciprocal lattice vector G� in a certain

direction, and de�ning km = G�=2, it follows by virtue of the symmetries given in (3.40)

and (3.41) that

�̂
tt
(km + k) = �̂

tt
(km � k): (3.42)

In a similar fashion it follows for the coupling tensor �̂
tr
(k) that

�̂
tr
(km + k) = ��̂tr(km � k): (3.43)

Considering wavevectors in such special directions (taking k parallel to km) it therefore

suÆces to restrict to wavenumbers in the interval between 0 and km = kkmk. This last

property will be exploited in the case of one-dimensional arrays in Chapter 4, and in

Chapter 5 for arrays with cubic or tetragonal symmetry. In view of these applications

a comment is in order about the interpretation of friction tensors and mobility tensors

in k-space, appropriate for the case of one-particle cells. For that purpose it is found

convenient to consider the situation where all particles in the array are moving according

to a harmonic plane wave with wavevector k0, i.e. the velocity of the particle at L� is given

by

U� = U0 cos(k
0 � L�): (3.44)

Here U0 is a constant amplitude vector. As a consequence of the particle motions, a

hydrodynamic force F� is exerted on the particle at L�. In order to determine F� it is

noted that the Fourier transformed force satis�es

F̂(k) = ��̂tt(k) � Û(k): (3.45)

This relation is derived analogous to (3.33). By application of the Fourier transform Fs in

(3.8) to U� in (3.44) and using the identity (3.12) it follows that

Û(k) = 1
2
U0

VBr

R3

�
Æ(k� k0) + Æ(k+ k0)

�
: (3.46)

Substitution of this identity into (3.45) and performing the inverse Fourier transform (3.9)

combined with the inversion symmetry of �̂
tt
(k) in (3.40), yields

F� = ��̂tt(k0) �U�: (3.47)

Thus, the tensor �̂
tt
(k0) gives the frictional force F� exerted on a particle which moves with

velocity U�, provided that all particles in the array move according to a plane wave as

speci�ed by (3.44). By combination of (3.44) and (3.47) it is seen that the forces F� vary
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according to a plane wave which is in-phase with the wave of velocities.3 It is interesting

to note, in this respect, that a plane wave of angular velocities 
� induces a wave of forces

which is �=2 out of phase, because for


� = 
0 cos(k � L�) (3.48)

it can be derived following the above procedure, that

F� = �i�̂tr(k) �
0 sin(k � L�): (3.49)

This derivation employs the fact that �̂
tr
(k) is imaginary, which follows by analogy with

the identity for the mobility �̂tr(k) given in (3.38). It is noted that relations analogous

to (3.47) and (3.49) can be derived for the friction tensor �̂
rr
(k), as well as the mobility

tensors �̂tt(k), �̂tr(k) and �̂
rr(k). All these relations provide clear interpretations of the

friction/mobility tensors, which will be useful in the course of the next chapters, where

waves of translational and rotational velocities are discussed for various types of regular

arrays of spheres.

3.5 Lattice sums

It is interesting to observe that the set of linear equations (3.17) - (3.21) depends on

the geometry not only through speci�ed positions and radii of the N particles in a cell,

but also implicitly on a given lattice, through the expressions (3.22) - (3.27). After some

tedious algebra these expressions can be elegantly written in terms of the lattice sums Slm�.

Introducing the dimensionless vector variables �nj = Rnj=R, r� = L�=R and � = Rk, the

lattice sums are de�ned as

Slm�(�nj;�) =
X0

�

flm�(r� � �nj)e
i��r�; (3.50)

with

flm�(r) = (�1)mnlmYlm(�; �)
rl+2�

: (3.51)

Here � and � are the polar angles of the vector r with respect to an arbitrarily chosen

Cartesian coordinate system, and l > 0, �l 6 m 6 l. The parameter � may adopt any

real value for which the series in (3.50) exists, but in the present case it is restricted to

� = �1=2, such that l + 2� > 1. To avoid possible confusion it should be mentioned that

the indices l; m of the lattice sums are not identical to the subscripts l; m in eqs. (3.22) -

(3.27). Consistent with the notation in (3.22) - (3.27), the prime summation sign in (3.50)

indicates that the lattice vector r0 = 0 is excluded from the summation in case �nj = 0.

3The same conclusion would have been reached by assuming a harmonic plane wave of velocities with

any other phase than the simple cosine given in (3.44).
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In order to calculate the components of the mobility matrix numerically or analyt-

ically, it is necessary to evaluate the lattice sums. In general their evaluation should be

done numerically, with only a few exceptions. There a diÆculty arises, because the series

as given above are slowly convergent, especially for small values of the index l. This diÆ-

culty may be overcome by conversion of the lattice sums in (3.50) into rapidly converging

expressions. Classic examples of such procedures are the treatments of Madelung [61], for

the Madelung constant, and of Ewald [62], for the Ewald sums. Another method which

is especially useful in connection to the kind of lattice sums used here, was presented by

Nijboer and De Wette [60]. These authors considered special cases of the lattice sums given

above, to study the electrostatic potential in multipole lattices [58]. Because their method

is very straightforward and brief, the extension to Slm�(�;�) can be readily made. More-

over, the conversion method will be used for the evaluation of one-dimensional lattice sums

in the next chapter. Although these one-dimensional sums were not treated by Nijboer

and De Wette, the derivation of rapidly convergent series is essentially the same. Paying

attention to the reformulation of lattice sums here is not merely for practical (numerical)

reasons. The method also facilitates a direct insight into singular behaviour of lattice sums

for �! 0. Evaluation of this limit is necessary to describe a number of interesting cases,

e.g. sedimenting colloidal crystals (dealt with in Chapter 5) or periodic suspensions subject

to a linear ambient ow (Chapter 6), occurring in measurements of the e�ective viscosity.

In particular sums with 1 6 l+2� 6 2 are divergent in this limit, while for l+2� = 3 they

are only conditionally convergent. Special attention to the treatment of these cases will be

given later on. Before presenting the converted sums according to the method of Nijboer

and De Wette it is useful to illustrate the underlying idea. An essential ingredient in this

procedure is given by Fourier transformation as will be explained below for the simple case

of a one-dimensional series.

In one dimension the Fourier integral transform F(g; k) of a function g(x) is de�ned

by

F(g; k) = 1p
2�

1Z
�1

g(x)e�ikx dx: (3.52)

Moreover it is found useful to introduce Parseval's formula [63]:

1Z
�1

g(x)h�(x) dx =

1Z
�1

F(g; k)[F(h; k)]� dk; (3.53)

which expresses that the inner product of two functions g and h is invariant under Fourier

transformation (unitarity). With regard to the following application Parseval's formula is

rewritten as

1Z
�1

g(x)h(x) dx =

1Z
�1

F(g; k)F(h;�k) dk; (3.54)
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by rede�nition (complex conjugation) of the function h.

Suppose f(x) is a smooth function which approaches zero slowly for jxj ! 1, and

which is singular in x = 0. Then the series

S 0 =

1X
n=�1
n6=0

f(n); (3.55)

if it does exist, converges slowly. In the context of this one-dimensional case it is noted

that the limits �1 of integrals and summations will be omitted for simplicity. The �rst

step in the conversion method consists in introducing an auxiliary function z(x) which

is bounded everywhere and approaches zero quickly as jxj ! 1. Additional conditions

follow below. Without any restriction the above series may then be rewritten as

S 0 =
X
n6=0

f(n)z(n) +
X
n6=0

f(n)[1�z(n)]: (3.56)

This reformulation, which may seem to serve no purpose at this stage, is necessary to avoid

complications related to the singularity of the function f , as will become clear soon. By

virtue of the behaviour of z(n) for large jnj the �rst series in (3.56) has good convergence,

whereas the second series has the same rate of convergence as the original expression (3.55).

The latter series can be treated by writing it formally as an integral:X
n 6=0

f(n)[1�z(n)] =
Z

w(x)h(x) dx; (3.57)

using the de�nitions

w(x) =
X
n6=0

Æ(x� n);

h(x) = f(x)[1�z(x)]:
(3.58)

It is found useful to write w(x) = �w(x)� Æ(x), introducing the complete sum

�w(x) =
X
n

Æ(x� n): (3.59)

Now the auxiliary function z(x) is chosen such that the condition h(0) < 1 is satis�ed.

If, for instance, the function f(x) diverges as x # 0 and/or x " 0, this implies that z(x)

approaches the value 1 suÆciently fast in these limits. By virtue of this condition, (3.57)

can be reformulated asX
n6=0

f(n)[1�z(n)] =
Z

�w(x)h(x) dx� h(0): (3.60)
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In the next step Parseval's formula is applied to the integral above, yieldingX
n6=0

f(n)[1�z(n)] =
Z
F( �w; k)F(h;�k) dk � h(0): (3.61)

The integral in this equation can be readily evaluated by using

F( �w; k) = 1p
2�

X
n

e�ikn =
p
2�
X
j

Æ(k � 2�j); (3.62)

where the last equality is a consequence of Poisson's summation formula.4 Eventually, the

combination of the last two equations with (3.56) gives

S 0 =
X
n6=0

f(n)z(n) +
p
2�
X
j

F(h; 2�j)� h(0): (3.63)

This result is the rapidly convergent form that is sought after, if the terms of the second

series are decreasing fast for large (absolute) values of j. Since the Fourier transform of a

smooth function is a function which approaches zero quickly for increasing argument, it is

expected that the `atter' the function h is, the better the convergence of the second sum

will be. Examples of this property of the Fourier transform are the uncertainty relation in

quantum mechanics [64] and (as an extreme example) the fact that the Fourier transform

of a constant is proportional to Dirac's delta function [65]. This observation leads to

another condition to be imposed on the auxiliary function z, namely that it guarantees

the smoothness of h(x) in the neighbourhood of x = 0.5 It is clear that the conditions

to be ful�lled by z by no means determine its choice uniquely but leave room for other

`convenient' requirements, for instance that both series in (3.63) have the same rapidity

of convergence. Concerning numerical implementation it may be convenient to choose a

function that is available in a standard (well-tested and -documented) numerical library.

The derivation of a rapidly convergent form for the three-dimensional lattice sums

Slm� in (3.50) is completely analogous to the above procedure and therefore can be re-

stricted to giving the essential expressions. The three-dimensional Fourier (integral) trans-

form is de�ned by

F(g;k) = 1

(2�)3=2

Z
g(r)e�ik�r dr; (3.64)

analogous to the de�nition in one dimension. In the above equation the domain of in-

tegration is all (real) three-dimensional space. For non-vanishing � the summation in

the de�nition of the three-dimensional lattice sums Slm�(�;�) runs over all lattice sites,

including the origin. In that case we can write

Slm�(�;�) = S 0lm�(�;�) + flm�(��); (3.65)

4This identity is the one-dimensional form of the �rst equality in (3.12), see for instance Ref. [63].
5Given the de�nition of h(x) in (3.58) and the fact that z(x) is a function which approaches zero

quickly as jxj ! 1, the smoothness farther away from the origin is assured by that of f(x).
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where

S 0lm�(�;�) =
X
�6=0

flm�(r� � �)ei��r�: (3.66)

The incomplete sum S 0lm� is treated following the above method (see in particular eq.

(3.61)) yielding

S 0lm�(�;�) =
X
� 6=0

flm�(r� � �)zl+�(r� � �)ei��r�

+

Z
F� �w(r;�);K�F�hlm�(r� �);�K� dK� hlm�(��):

(3.67)

In this expression

�w(r;�) =
X
�

Æ(r� r�)e
i��r; (3.68)

hlm�(r) = flm�(r)[1�zl+�(r)]: (3.69)

Following Nijboer and De Wette [60] a form for the auxiliary function which meets all

requirements, is given by

zp(r) = �(p; �r2)=�(p); (3.70)

introducing the incomplete gamma function [66], de�ned by

�(p; x) =

1Z
x

e�ttp�1 dt: (3.71)

Moreover �(p) = �(p; 0) is the well-known gamma function [66]. The integral in (3.67) can

be written in explicit form by using the identity

F� �w(r;�);K� = (2�)3=2

Vc

X
�

Æ(G� +K� �): (3.72)

Here G� = RG� is a dimensionless reciprocal lattice vector. The above equation follows

by combination of the de�nition (3.64) and the �rst equality in (3.12). Moreover,

F�hlm�(r� �);K
�
= e�iK��F�hlm�(r);K

�
; (3.73)

where the Fourier transform on the r.h.s. is found to be [60]

F�hlm�(r);K
�
=

(�1)mnlmi3l
2l+2��3=2�(l + �)

K l+2��3�
�� �+ 3

2
; 1
4�
K2
�
Ylm(#K; 'K): (3.74)
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In the above equation #K and 'K are the polar angles of the vector K, taken with respect

to the same coordinate system as � and � in (3.51). By combination of (3.65) - (3.67),

(3.72) - (3.74) and using the identity

flm�(��)� hlm�(��) = flm�(��)zl+�(��); (3.75)

it eventually follows that

Slm�(�;�) =
(�1)mnlm
�(l + �)

�X
�

Ylm(�; �)

kr� � �kl+2��(l + �; �kr� � �k2)ei��r�

+
i3l�

p
�

2l+2��3Vc

X
�

kG� � �kl+2��3��� � + 3
2
; 1
4�
kG� � �k2�Ylm(#; ')ei(��G�)���: (3.76)

Here � and � are the polar angles of the vector di�erence r� � �, and # and ' correspond

to G� � �. For � = 0 we have, by de�nition:

Slm�(0;�) = S 0lm�(0;�); (3.77)

such that, from (3.67),

Slm�(0;�) =
(�1)mnlm
�(l + �)

�X
�6=0

Ylm(�; �)

r�l+2�
�(l + �; �r�

2)ei��r�

+
i3l�

p
�

2l+2��3Vc

X
�

kG� � �kl+2��3��� � + 3
2
; 1
4�
kG� � �k2�Ylm(#; ')�� 2Æl0:

(3.78)

The term �2Æl0 in the equation above follows by taking lim�!0 hlm�(��), yielding

hlm�(0) =

(
��

��(�)
; if l = m = 0, � > 0;

0; if l > 1, l + � > 0:
(3.79)

Because � is restricted to the values �1=2, with l + 2� > 1 in the present applications,

and given that �(1
2
) =

p
�, the above identity can eventually be written in the compact

form hlm;1=2(0) = 2Æl0. The results (3.76) and (3.78) are valid for � 6= 0, in all relevant

cases, where l > 0 and � = �1=2, with the condition that l + 2� > 1. In Nijboer and De

Wette's paper [60] expressions similar to (3.76) and (3.78) are given for the sums S 0lm�(0;�)

with l > 1, l + � > 0 and for S 000�(�;�). The de�nition of these primed sums is given by

eqs. (3.65), (3.66). It should be noted that the expressions in Ref. [60] look somewhat

di�erent from ours, mainly due to another de�nition of the reciprocal lattice vectors.6 The

6In Ref. [60], eq. (44), the second series which runs over the sites of the reciprocal lattice, lacks

a prefactor (�1)l, which should be there regardless of the di�erent de�nition of the reciprocal lattice

vectors. Such a prefactor might be explained by a di�erent choice of the polar angles #, ', i.e., by taking

the inversion angles #0 = � � # and '
0 = '+ �, but de�nitions are the same in this respect. After careful

examination of the above mentioned paper the error appears to be introduced by neglect of the fact that

the two functions in Parseval's formula should be evaluated for wavevectors of opposite sign, see (3.54)

and (3.67) in this context. Another error, caused by the same neglect, is present in Ref. [60], eq. (38), for

the sums S000�(�;�), where the power of the second exponential function has the wrong sign.
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expressions (3.76) and (3.78) also apply for � = 0, but with the restriction that l+2� > 4.

In these cases the term with G� = 0 in the second series in eqs. (3.76) and (3.78) vanishes.

The case of � = 0 deserves further explanation, because lattice sums with 1 6 l + 2� 6 2

are divergent if � = 0, while sums for l + 2� = 3 are only conditionally convergent.7

Convergence properties of these special lattice sums can be illustrated very well on basis

of the converted expressions in (3.76) and (3.78), evaluated for small wavevectors �. The

r.h.s. of the last equation may therefore be split into the term of the second series with

G� = 0, and the rest of the lattice sum, ~Slm�, so that

Slm�(�;�) = ~Slm�(�;�) + glm�(�)e
i���: (3.80)

It is easily seen that the sum ~Slm� converges unconditionally by virtue of the rapidly

decreasing incomplete gamma functions, irrespectively of � being zero or not. The ex-

pressions glm�(�) for 1 6 l + 2� 6 3 are given in Table 3.1. It is noted that #� and '�
are the polar angles of �. The divergent behaviour for � = 0 of the lattice sums with

1 6 l + 2� 6 2 is immediately seen from the corresponding terms glm�(�) given in Table

3.1. Conditional convergence of the sums with l + 2� = 3 is illustrated by the fact that

glm�(�) has a (�nite) singularity in � = 0, i.e., values of these sums depend on the way (the

direction) � approaches zero. Examples of such conditionally convergent lattice sums are

frequently encountered in solid state physics, e.g. the so-called Madelung constant, which

is proportional to the lattice sum S 000;1=2(0;�1=2), where �1=2 =
1
2
(b1 + b2 + b3) and the

dipole sum S 02;0;1=2(0; 0). A detailed treatment of these and other conditionally convergent

lattice sums is given in Chapter 2 of F.W. de Wette's thesis [67]. The ambiguity of the

sums of the series can often be removed on basis of physical symmetry arguments.8 The

same applies to cases where lattice sums with 1 6 l+2� 6 2 occur in special combinations

which are found to reach the proper physical values for � approaching zero. Examples

thereof are given in Chapters 5 and 6.

With regard to the numerical evaluation of the lattice sums in eqs. (3.76) and (3.78)

it can be derived from de�nition (3.71) that

�(1; x) = e�x; (3.81)

�(p+ 1; x) = p�(p; x) + xpe�x: (3.82)

Putting p = 1 gives

�(2; x) = (1 + x)e�x: (3.83)

7A series is conditionally convergent if its sum depends on the order of summation.
8The dipole sum, e.g. arises in the calculation of the electrostatic �eld inside a dielectric material

characterized by electric dipoles at a crystal lattice. For a cubic lattice this dipole sum vanishes when

summed spherically, i.e. if the contributions of successive shells of neighbours are added. Furthermore it

is well known that if the dipole sum is evaluated for a �nite lattice - a �nite dielectric sample - then its

value depends on the (macroscopic) shape of the sample. If one calculates this sum for a �nite lattice of

given shape and then goes to the limit of an in�nite crystal under conservation of shape, then thereby a

summation prescription for the in�nite sum has been provided. Indeed, such a procedure has shown to

give the correct physical result [67].
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Table 3.1: The expressions glm�(�)

l � l + 2� glm�(�)

0 1
2

1 4�
Vc�2

exp(��2

4�
)

2 �1
2

1
�2(4�+�2)

Vc�2
exp(��2

4�
)(�1)mn2mY2m(#�; '�)

1 1
2

2 4�i
Vc�

exp(��2

4�
)(�1)mn1mY1m(#�; '�)

3 �1
2

2 �2i(4�+�2)
3Vc�

exp(��2

4�
)(�1)mn3mY3m(#�; '�)

2 1
2

3 �4�
3Vc

exp(��2

4�
)(�1)mn2mY2m(#�; '�)

4 �1
2

3 2(4�+�2)
15Vc

exp(��2

4�
)(�1)mn4mY4m(#�; '�)

The above identities (3.81) and (3.83) can be used to evaluate the incomplete gamma

functions in the second summation in eqs. (3.76) and (3.78). For the terms in the �rst

summation the following relations can be applied:

�(1=2; x) =
p
� erfc(

p
x); (3.84)

�(3=2; x) = 1
2
�(1=2; x) +

p
xe�x; (3.85)

and, for l > 2, � = �1
2
;

�(l + �; x) =
�(l + �)

�(� + 1)
�(�+ 1; x) + �(l + �)x�e�x

l�1X
s=1

xs

�(s+ � + 1)
: (3.86)

Here erfc(x) is the complementary error function as de�ned in Ref. [66] and the identity

(3.86) follows, by induction, from the relation (3.82). The above expressions in terms of the

functions �(x) and erfc(x) are very convenient, because numerical routines for these func-

tions are included in most standard numerical libraries, e.g. the NAG Fortran library [68].

Once the lattice sums (3.50) have been calculated for a given lattice and for all

necessary values of �nj and �, the expressions (3.22) - (3.27) can be evaluated, after which

one is able to solve the components of the mobility matrix from the set of linear equations

(3.17) - (3.21).

It is worth noticing that the set of equations (3.17) - (3.21) can often be simpli�ed

further, using speci�c symmetries of the lattice under consideration. This simpli�cation,

which is a decoupling of the equations into subsets, is based on the fact that certain lattice

sums (or combinations thereof) are vanishing on account of these symmetries. This holds

in particular for the sums Slm�(0; 0) and Slm�(0;�1=2). Since in a Bravais lattice the origin
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is a center of inversion, and since further Ylm(�
0; �0) = (�1)lYlm(�; �), where �0 = � � �

and �0 = �+ � are the inversion angles of � and �, the above mentioned sums will vanish

for odd l, because of a complete cancellation of terms. The inversion symmetry alone is

not responsible for a major decoupling of the set of linear equations, but in many cases

additional symmetries can be exploited. For instance if the lattice can be chosen such

that it is mirror symmetric about the xOz plane. Assuming one-particle cells (n = j = 0,

�nj = 0) and taking the wavevector � parallel to the xOz plane, it is easily seen from eqs.

(3.50) and (3.51) that the lattice sums are real valued. By virtue of inversion symmetry

the r.h.s. of eqs. (3.22) - (3.27) can be expressed in terms of the lattice sum combinations9

(Slm��(�1)lS�lm�). Clearly, for real valued lattice sums, the above combinations vanish for

the + sign if l is odd, and for the � sign if l is even. In the special (but not unimportant)

case of � = 0, only sums with even l are non-vanishing, as is explained above, such that the

combinations (Slm�� (�1)lS�lm�) are nonzero only for the + sign and even l. Consequently

X
Inj�
l0m0pq(0) = 0; Y

Inj�
l0m0pq(0) = 0; and Z

Inj�
l0m0pq(0) = 0; (3.87)

as can be veri�ed from the de�nitions (3.23), (3.25), (3.27) and the relation with the

lattice sums de�ned by (3.50).10 Eventually this means that the 2L(L+2) linear equations

are decoupled into two equally sized subsets. One of the subsets contains the `velocity'

components
b~U z,

b~Ux and
b~
y, whereas

b~
z,
b~
x and

b~U y can be determined from the other

subset.11 An other example where the set of equations is partially decoupled, is the case

of a cubic or tetragonal lattice (with N = 1) where the z-axis is chosen to coincide with

a four-fold rotation axis. If the wavevector � is also parallel to the z-axis, then it can be

easily shown that the azimuthal indices m, q of the expressions (3.22) - (3.27) satisfy at

least one of the two conditions m+ q = 4s and m� q = 4t, where s and t are integers, such

that m and q are both even or both odd numbers. As a consequence there is a decoupling

between the equations to determine
b~U z and

b~
z on the one hand and
b~Ux,

b~Uy,
b~
x and

b~
y

on the other hand. If, additionally, one considers the limiting case of �! 0 for � = �ez,

then (3.87) applies, and it is found that the equations are decoupled in four subsets that

contain
b~U z,

b~
z, fb~Ux;
b~
yg and fb~
x;

b~Uyg, respectively. The last decoupling leads to a

considerable simpli�cation in �nding numerical or analytical solutions to the set of linear

equations. This can be used for instance in the calculation of the drag coeÆcient and

9It is noted that � in these combinations has nothing to do with the superscript � of the expressions

X
Rnj�
lmpq , etc. in eqs. (3.22) - (3.27). Moreover, note that the indices l, m of Slm� are not identical to the

labels l, m in these expressions.
10As mentioned before, the case � = 0 should be treated cautiously since it involves lattice sums that

do not converge. It might therefore be questioned if the reasoning which led to (3.87) is justi�ed. In e�ect,

a limit procedure � ! 0 with � parallel to the xOz plane, renders all lattice sums real, except S1m;1=2

and S3m;�1=2 which are purely imaginary, according to (3.80) and Table 3.1. However these sums do not

contribute to the expressions in (3.23), (3.25) and (3.27) and as a consequence the identities (3.87) still

hold.

11In this notation for the components
b~Ux, etc., the subscript n (which labels the particle in (3.17) -

(3.21)) is omitted, because one-particle cells (N = 1) are assumed here. For the same reason X
R�
lmpq can

be written instead of X
Rnj�
lmpq .
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spin viscosity of cubic arrays of spheres, as expounded in Chapter 5. The next chapter

discusses hydrodynamics of a periodic array of spheres arranged on a straight line, which is

a model con�guration for various experimental situations. Also from a theoretical point of

view the one-dimensional case is interesting, as it shows rotational symmetry which greatly

facilitates computations.
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4

One-dimensional arrays

Straight chain-like structures can be formed in monodisperse suspensions of mesoscopic

spheres with strong anisotropic interactions, for example in electrorheological and magne-

torheological uids [20, 69{71]. It is the purpose of the present chapter to discuss quasi-

static hydrodynamic interactions for these one-dimensional (1D) arrays, based on the set

of linear equations (3.17) - (3.21) derived in the previous chapter. As these equations apply

for general, three-dimensional lattices, they can be strongly simpli�ed for the special case

of the linear structures considered here, were all particles are positioned on the z-axis.

Moreover the ambient ow is assumed to vanish, but the simpli�ed equations still allow

for the case of multiple particles per cell. This quasi N -particle approach can be used

in future studies on hydrodynamic properties of arrays with (periodic) lattice defects and

spatial perturbations of the structure of simple lattices, provided that the particle displace-

ments are con�ned to the z-axis. Such relatively simple model systems can be used as a

reference to study more realistic con�gurations, such as two perturbed chains of particles

with randomly distributed excursions in all three spatial directions, a situation of funda-

mental importance in understanding the aggregation of electrorheological uids [71, 72].

For example, the 1D model has been used to investigate the feasibility and advantages of

describing hydrodynamic interactions (on basis of the equations presented in this chapter)

to �rst order in the spatial perturbations.1

Restricting to N = 1, the linear equations will be solved to determine the components

of the wavenumber-dependent mobility and friction matrices, which describe the hydrody-

namic interactions for the situation where all particles in the array move according to a

harmonic wave, as discussed in Section 3.4 of the previous chapter. It is shown below that

the mobility and friction matrices satisfy symmetry relations which are inherent to sym-

metries of the 1D array, and these symmetries can be exploited to simplify the calculations

considerably.

1Unpublished personal notes by the author of this thesis.

45
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4.1 Lattice sums

The 1D arrays considered here are de�ned by a crystal lattice and a certain con�guration

of N particles in a (1D) cell. For convenience all particles are chosen to lie on the z-axis

of the Cartesian coordinate system xyz, the same coordinates which have been used in

the formulation of the set of linear equations (3.17) - (3.21). Before rewriting the set of

equations in a simpli�ed form which is appropriate for 1D arrays, it is useful to consider

the lattice sums which enter these equations. Following the notation in Section 3.5 the

lattice vectors are given by L� = R�ez, with lattice parameter R and � 2 Z. The relative
positions of the N particles within a cell are indicated by the (non-dimensional) vectors

�nj = �njez, with j�njj < 1. Moreover wavevectors are given by k = R�1�ez, where the

(dimensionless) wavenumber � is restricted to the 1D Brillouin zone (��; �]. For particles
positioned on the z-axis the lattice sums Slm� in (3.50) are vanishing unless m = 0, as is

easily seen by evaluation of (3.51). Therefore it is convenient to introduce the following

notation for the one-dimensional lattice sums:

Sl�(�; �) =
X0

�

fl�(�� �)ei��; (4.1)

where � has been written instead of �nj, and fl� is de�ned as

fl�(x) =

�
sgn(x)

�l
jxjl+2� : (4.2)

Analogous to the de�nition in (3.50), the primed summation runs over all integers, ex-

cluding � = 0 for the case of � = 0. Moreover l > 0 and � may take any real value for

which the series in (4.1) exists. For the present purposes one can restrict to � = �1
2
, with

l + 2� > 1 if � 6= 0, and l + 2� > 2 if � = 0. In fact, it is not necessary to evaluate the

lattice sums with � = �1
2
, by virtue of the relation

Sl+2;�1=2(�; �) = Sl;1=2(�; �): (4.3)

Nijboer and the Wette [60] have devised a general method to recast the lattice sums in

a rapidly converging form, as discussed in Section 3.5 of the previous chapter. Although

they considered three-dimensional sums only, their method can as well be applied to the

one-dimensional lattice sums in (4.1). Choosing the auxiliary function in (3.70) which was

also used to speed up the convergence of the three-dimensional sums, it follows after some

lengthy mathematics, that the 1D sums can be rewritten as

Sl�(�; �) =
1

�(pl�)

"X
�

�l�(�; �; �) + sl
p
�
X
�

�l�(2�� � �; �)

#
: (4.4)
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The functions �l� and �l� introduced in the above equation are de�ned by

�l�(�; �; �) =

8><>:
fl�(�� �)�

�
pl�; �(�� �)2

�
ei�� if � 6= �;

� tl

pl�
�pl� if � = 0 \ � = 0;

(4.5)

�l�(x; �) =

8>><>>:
�
1
2
x
�l+2��1

�
�
�ql�; 1

4�
x2
�
e�ix� if x 6= 0;

tl

ql�
�ql� if x = 0:

(4.6)

Moreover, pl�, ql�, sl and tl in (4.4) - (4.6) are de�ned by

pl� =

�
l+1
2

�
+ �;

ql� =

�
l
2

�
+ �� 1

2
;

sl =

(
1 if l is even;

�i if l is odd;

tl =

(
1 if l is even;

0 if l is odd:

(4.7)

Here b: : : c denotes the under-integer. It is noted that the expression given in (4.4) is valid

for any half-integer value of � (provided that the series is convergent), but from now on it

is assumed that � = 1
2
. Moreover, the rest of this chapter will be concerned with simple

1D con�gurations of spheres with N = 1, so that lattice sums can be restricted to the case

with � = 0. In that instance (4.1) can be rewritten as

Sl;1=2(0; �) =

8>>>>><>>>>>:
2

1X
�=1

cos(��)

�l+1
if l is even;

2i

1X
�=1

sin(��)

�l+1
if l is odd:

(4.8)

4.2 Symmetries of mobility tensors

In the previous chapter the mobility tensors in reciprocal space were introduced, see in

particular Section 3.3. These tensors are functions of k which are determined by the geom-

etry of the crystal lattice. Exploiting the translational invariance of the lattice, combined

with inversion symmetry, some general symmetry properties were derived for the mobility

tensors, as given by eq. (3.35), and it is interesting to appreciate that this derivation

does not at all require inspection of the set of linear equations. This provides a possibility

to verify the correctness of mobilities which have been calculated from the set of linear

equations. The present section focuses on additional symmetries which are directly related

to the 1D geometry under consideration. Exploiting reection symmetries in the planes

xOz and yOz, as well as the rotational symmetry around the z-axis it is straightforwardly
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derived for the 1D array, analogous to (3.36) and (3.37), that the mobility tensors have

the following matrix representations with respect to xyz-axes:

�̂
tt
nj =

0@�̂ttnj;xx 0 0

0 �̂ttnj;xx 0

0 0 �̂ttnj;zz

1A ; �̂
tr
nj =

0@ 0 �̂trnj;xy 0

��̂trnj;xy 0 0

0 0 0

1A : (4.9)

It is noted that the matrices of �̂rr
nj and �̂

rt
nj have the same form as �̂tt

nj and �̂
tr
nj respectively.

By virtue of (3.35), the symmetry of �̂tt
nj, �̂

rr
nj and the antisymmetry of �̂tr

nj, �̂
rt
nj it is easily

seen that

�̂
tt
nj(k) = [�̂tt

jn(k)]
�;

�̂
rr
nj(k) = [�̂rr

jn(k)]
�:

�̂
tr
nj(k) = �[�̂rt

jn(k)]
�;

(4.10)

In this chapter the mobility tensors will be determined for simple 1D lattices with one-

particle cells. For this purpose it is found convenient to introduce the four non-dimensional

mobility tensors

mtt(k) = 6��a �̂tt(k);

mtr(k) = 8��a2�̂tr(k);

mrt(k) = 8��a2�̂rt(k);

mrr(k) = 8��a3�̂rr(k):

(4.11)

The normalizing factors 6��a and 8��a3 are the well-known resistance coeÆcients for a

single sphere, respectively translating or rotating steadily in an in�nite uid, under Stokes-

ow conditions [26]. Consequently mtt and mrr become identity tensors in the limit of

in�nite dilution. The choice of the multiplier of �̂tr(k) and �̂rt(k) is based on the Stokes-

ow solution with two identical spherical particles [26, 73], labelled 0 and 1 and centred at

R0 = 0 and R1 = dez, where d is their mutual distance. The spheres, which are immersed

in a quiescent uid, are assumed to be torque-free. Resulting from an external force F1

acting on particle 1, the other particle acquires a rotational velocity


0 =
1

8��a2

�a
d

�2
ez � F1; (4.12)

which is correct to lowest order in a=d. According to the last equation the mobility �rt
01

that projects the force F1 to the rotational velocity 
0, is given, to leading order, by2

�
rt
01 =

1

8��a2

�a
d

�2
ez � �; (4.13)

2Except of the mutual mobility �rt
01 there will also be a �nite `self-mobility' �rt

00, due to the presence of

particle 1, but this decays even more rapidly as a function of the distance d: �rt
00 = O((a=d)7). Moreover,

the reection symmetry of the two-particle con�guration yields �rt
01 = ��rt

10 and �rt
00 = ��rt

11. Combining

this with the symmetry given by (2.15) (Chapter 2) it follows that �tr
01 = �(�rt

01)
T, so that the expression

on the r.h.s. of (4.13) is also valid for �tr
01.
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with � the unit isotropic triad. This motivates the choice of 8��a2 as a scaling factor for

�̂
rt(k) [and, as a consequence of the symmetry in (3.39), also for �̂tr(k)] which mobility is

given by the Fourier transform

�̂
rt(k) =

X
�

�
rt
0�e

�ik�L�: (4.14)

In the above equation the summation runs over all sites L� = R�ez of the in�nite 1D

lattice, where R is the lattice parameter and � 2 Z. From the set of linear equations it

can be derived that �̂rt vanishes in the limit of small a=R, proportional to (a=R)2. That

is indeed what can be expected on basis of the two-particle result (4.13), because in the

case of a crystal the characteristic distance d is just the lattice parameter R.

As a consequence of the 1D lattice geometry the four mobility matrices in (4.11)

have certain symmetry properties. These properties follow immediately by noticing that

the tensors mtt andmtr are just special cases (N = 1) of �̂tt
nj and �̂

tr
nj respectively, as given

in (4.9), and therefore their matrix representations with respect to the Cartesian reference

frame are

mtt =

0@mtt
xx 0 0

0 mtt
xx 0

0 0 mtt
zz

1A ; mtr =

0@ 0 mtr
xy 0

�mtr
xy 0 0

0 0 0

1A : (4.15)

Matrices of mrr and mrt have the same form as mtt and mtr respectively. It is recalled

from (3.38) thatmtt andmrr are real-valued matrices, whereas mtr andmrt are imaginary.

Moreover, combining the antisymmetry and imaginarity of mtr and mrt with (3.39) it

follows that mrt =mtr.

4.3 Set of linear equations

The nonzero elements of the mobility matrices can be determined from the set of linear

equations given by (3.17) - (3.21) in the previous chapter. In order to simplify the calcu-

lations it is worthwhile to notice that not all of these equations are coupled, by virtue of

the symmetry of the array at hand. This is easily shown by �rst evaluating the functions

P�
lm;pq(r), Q

�
lm;pq(r) and R�

lm;pq(r) which enter the set of linear equations through the ex-

pressions in (3.22) - (3.27). For r = zez it can be straightforwardly derived from (2.71) -

(2.73), that

P+
lm;pq(zez) = (�1)l+m[sgn(z)]l+p (l + p)!

(l �m)!(p +m)!
Æmq;

P�
lm;pq(zez) = (1� Æm0)P

+
lm;pq(zez);

Q+
lm;pq(zez) = Q�

lm;pq(zez) = � sgn(z)mP+
lm;pq(zez);

R+
lm;pq(zez) = (l + p)�1

�
m2(2l + 2p� 1)� lp

�
P+
lm;pq(zez);

R�
lm;pq(zez) = (1� Æm0)R

+
lm;pq(zez):

(4.16)
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Because these functions are real-valued, the expressions given in (3.23), (3.25) and (3.27)

are immediately seen to be zero:

X
Inj�
lm;pq(k) = 0; Y

Inj�
lm;pq (k) = 0; and Z

Inj�
lm;pq(k) = 0: (4.17)

The expressions in (3.22), (3.24) and (3.26) can be written in terms of the one-dimensional

lattice sums speci�ed by (4.1). As the wavevector is taken parallel to the z-axis, it is

found convenient to introduce the alternative notation X
nj�
lm;pq(�) � X

Rnj�
lm;pq (R

�1�ez), and

analogous de�nitions of Y nj�
lm;pq and Z

nj�
lm;pq. Substitution of (4.16) into (3.22), (3.24) and

(3.26), yields

X
nj+
lm;pq(�) = (�1)p+mlmp Æmq x

l+p+1
n Sl+p;1=2(�nj; �); (4.18)

X
nj�
lm;pq(�) = (1� Æm0)X

nj+
lm;pq(�); (4.19)

Y
nj+
lm;pq(�) = Y

nj�
lm;pq(�) = (�1)p+mmlmp Æmq x

l+p
n Sl+p�1;1=2(�nj; �); (4.20)

Z
nj+
lm;pq(�) =

l(2l � 1)

2(2p+ 1)
X

nj+
lm;pq(�)

+ (�1)p+mlmp

�
(�lp � lp)(m2�lp � lp)

p(2p� 1)(l + p)�lp

� l(2l � 1)

2�lp

�
Æmq x

l+p�1
n Sl+p�2;1=2(�nj; �);

(4.21)

Z
nj�
lm;pq(�) = (1� Æm0)Z

nj+
lm;pq(�): (4.22)

Shorthand expressions introduced in the above equations are de�ned as

xn = an=R; �lp = 2l + 2p� 1; lmp =
(l + p)!

(l �m)!(p+m)!
: (4.23)

The set of linear equations appropriate for the one-dimensional array is found by com-

bination of (4.17) with the eqs. (3.17) - (3.21). No external ow �eld is assumed here,

so that Aa�
2q = 0. It is important to note that the functions in (4.18) - (4.22) are van-

ishing for m 6= q and therefore the linear equations for the coeÆcients Â
j�
lm, B̂

j�
lm , Ĉ

j�
lm

with di�erent m, are completely decoupled. This means that the elements of the mobility

matrices, which relate forces and torques to translational and rotational velocities, can be

derived from the equations with m 2 f0; 1g, according to (3.34). Thus it follows for p > 1,

n 2 f0; 1; : : : ; N � 1g that

�3Æp1Ûnz(�) = Ĉn+
p0 (�) +

2p+ 1

p+ 1

N�1X
j=0

1X
l=1

�
l

(l + 1)(2l + 1)
X

nj+
l0;p0(�)Â

j+
l0 (�)

+Z
nj+
l0;p0(�)Ĉ

j+
l0 (�)

�
;

(4.24)
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�3
2
Æp1Ûnx(�) = Ĉn+

p1 (�) +
2p+ 1

p+ 1

N�1X
j=0

1X
l=1

�
l

(l + 1)(2l + 1)
X

nj+
l1;p1(�)Â

j+
l1 (�)

+
1

pl(l + 1)
Y

nj�
l1;p1(�)B̂

j�
l1 (�) + Z

nj+
l1;p1(�)Ĉ

j+
l1 (�)

�
;

(4.25)

3
2
iÆp1Ûny(�) = Ĉn�

p1 (�) +
2p+ 1

p+ 1

N�1X
j=0

1X
l=1

�
l

(l + 1)(2l + 1)
X

nj�
l1;p1(�)Â

j�
l1 (�)

+
1

pl(l + 1)
Y

nj+
l1;p1(�)B̂

j+
l1 (�) + Z

nj�
l1;p1(�)Ĉ

j�
l1 (�)

�
;

(4.26)

Ân�
pq (�) =

1
2
(p+ 1)(2p� 1)Ĉn�

pq (�)�
1

2p+ 3

N�1X
j=0

1X
l=1

l(2l � 1)Xnj�
lq;pq(�)Ĉ

j�
lq (�); (4.27)

4ianÆp1
̂nz(�) = B̂n+
p0 (�)�

N�1X
j=0

1X
l=1

�
p

l + 1
X

nj+
l0;p0(�)B̂

j+
l0 (�)

�
; (4.28)

2ianÆp1
̂nx(�) = B̂n+
p1 (�)�

N�1X
j=0

1X
l=1

�
p

l + 1
X

nj+
l1;p1(�)B̂

j+
l1 (�)

+(2l � 1)Y nj�
l1;p1(�)Ĉ

j�
l1 (�)

�
;

(4.29)

2anÆp1
̂ny(�) = B̂n�
p1 (�)�

N�1X
j=0

1X
l=1

�
p

l + 1
X

nj�
l1;p1(�)B̂

j�
l1 (�)

+(2l� 1)Y nj+
l1;p1(�)Ĉ

j+
l1 (�)

�
:

(4.30)

It is seen from (4.27) that coeÆcients Ân+
pq can be written as a linear combination of

coeÆcients Ĉn+
lm , while Ân�

pq can be expressed solely in terms of coeÆcients Ĉn�
lm . After

elimination of all coeÆcients Ân�
pq in eqs. (4.24) - (4.26) it becomes clear that the set of

equations decouples into four subsets. The equations (4.24) and (4.28) which contain the

z-components Ûnz and 
̂nz are fully decoupled and by solving them separately the following

mobility-relations can be determined:

Ûnz = �
N�1X
j=0

�̂ttnj;zz F̂jz; (4.31)


̂nz = �
N�1X
j=0

�̂rrnj;zz T̂jz: (4.32)
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The other two separate subsets are given by eqs. (4.25) and (4.30) on the one hand, and

eqs. (4.26) and (4.29), on the other hand. On the basis of these equations it is possible to

derive the relations

Ûnx = �
N�1X
j=0

h
�̂ttnj;xx F̂jx + �̂trnj;xy T̂jy

i
; (4.33)


̂ny = �
N�1X
j=0

h
�̂rtnj;yx F̂jx + �̂rrnj;yy T̂jy

i
; (4.34)

Ûny = �
N�1X
j=0

h
�̂ttnj;yy F̂jy + �̂trnj;yx T̂jx

i
; (4.35)


̂nx = �
N�1X
j=0

h
�̂rtnj;xy F̂jy + �̂rrnj;xx T̂jx

i
: (4.36)

It is interesting to note that the decoupling of the mobility relations (4.31) - (4.36) is in

agreement with the form of the mobility matrices given in (4.9). Moreover it is recalled that

not all components of the mobility matrices are independent, by virtue of the identities

in (4.9) and (4.10). The rest of this chapter will be concerned with simple 1D arrays of

equidistant identical spheres (N = 1) and in that case the equations (4.31) - (4.36) can be

rewritten in condensed form as

Ûz = ��̂ttzz F̂z; (4.37)


̂z = ��̂rrzz T̂z; (4.38)�
Ûx


̂y

�
= �M

�
F̂x

T̂y

�
; (4.39)

�
Ûy


̂x

�
= �MT

�
F̂y

T̂x

�
: (4.40)

Here the matrix M is given by

M =

�
�̂ttxx �̂trxy
��̂trxy �̂rrxx

�
; (4.41)

exploiting the symmetries in (4.15) and the fact that �̂rt = �̂
tr.

4.4 Friction factors

The resistance tensor �̂
tt
(k) yields the hydrodynamic force exerted on a particle for the in-

stance where the particle velocities are varying according to a harmonic wave with wavevec-
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tor k, as is expounded at the end of Section 3.4 of the previous chapter. Similar interpre-

tations can be given for the other three resistance tensors, �̂
tr
(k), �̂

rt
(k) and �̂

rr
(k). These

four tensors constitute the (6� 6) resistance matrix, given by �̂(k) = [�̂(k)]�1 where the

inversion involves at most (2 � 2) matrices, as can be seen from (4.37) - (4.41). Thus, if

the mobility matrix has been determined from the set of linear equations, it is not com-

plicated to determine the resistance matrix and its constituent tensors �̂
tt
(k) and �̂

rr
(k).

Each of these tensors has only two di�erent eigenvalues, analogous to mtt in (4.15) (as a

consequence of the rotational symmetry around the z-axis) and after a normalization these

eigenvalues are denoted as

�L = �̂ttzz=�0;

�T = �̂ttxx=�0;

�Lr = �̂rrzz=�1;

�Tr = �̂rrxx=�1:
(4.42)

Here �0 = 6��a and �1 = 8��a3. Superscripts L and T refer to the longitudinal and

transverse directions, where longitudinal (the z-direction) is parallel to the wavevector and

transverse is normal to the wavevector, according to convention. Consider, for instance, a

harmonic wave of particle velocities Uj (speci�ed by (3.44) in the previous chapter) which

induces a wave of forces Fj given by

Fj = ��̂tt(k) �Uj: (4.43)

By de�nition the wave of velocities is longitudinally polarized if Uj is parallel to k, and

transverse if Uj is perpendicular to k. These modes of motion are shown in Fig. 4.1

where longitudinal modes (a) and transverse modes (b) are depicted for three wavenumbers

� = 0, � = 1
2
� and � = �. Particles in the 1D array are shown as dots and arrows

indicate their velocities Uj. Analogously one can speak of a longitudinal (transverse) wave

of forces Fj which is induced by a longitudinal (transverse) wave of velocities, since the

� = 0 � = 1
2
� � = �

(a)

� = 0 � = 1
2
� � = �

(b)

Figure 4.1: Longitudinal (a) and transverse (b) modes of motion in 1D array of spheres, at

three wavenumbers (� = 0, � = 1
2
�, � = �).
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� = 0 � = 1
2
� � = �

(a)

� = 0 � = 1
2
� � = �

(b)

Figure 4.2: Longitudinal (a) and transverse (b) modes of rotational motion in 1D array of

spheres, at three wavenumbers (� = 0, � = 1
2
�, � = �).

tensor �̂
tt
(k) in the above equation is diagonal. Clearly, the friction factors �L and �T

provide all information to calculate the hydrodynamic resistance forces for longitudinal

and transverse velocity-waves, respectively. In an analogous way �Lr and �Tr correspond

to waves of angular velocities 
j, which induce waves of hydrodynamic torques Tj. Such

spin waves are depicted in Fig. 4.2 for longitudinal (a) and transverse (b) polarizations at

three di�erent wavenumbers �.

As expounded above, the friction factors can be expressed in terms of the dimension-

less mobilities in (4.11), yielding

�L = 1=mtt
zz;

�T =
mrr

xx

mtt
xxm

rr
xx +

3
4
(mtr

xy)
2
;

�Lr = 1=mrr
zz;

�Tr =
mtt

xx

mtt
xxm

rr
xx +

3
4
(mtr

xy)
2
:

(4.44)

The elements of the mobility matrices can be straightforwardly solved from the linear

equations (4.24) - (4.30). Restricting to lowest truncation level L = 1 these calculations

yield the following expansions in terms of small parameter x0 = a=R:

mtt
xx = 1 + 3

4
Sx0 +O(x30);

mtt
zz = 1 + 3

2
Sx0 +O(x30);

mrr
xx = 1 +O(x30);

mrr
zz = 1 +O(x30);

mtr
xy = O(x20):

(4.45)

The shorthand notation S in the above expressions for mtt
xx and mtt

zz is de�ned as S �
S0;1=2(0; �). By inspection of the set of linear equations for L > 2 it can be concluded that

the expansions in (4.45) remain the same. For the friction factors �L and �T it follows by
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substitution of these mobility expressions into (4.44) that

�L =
h
1 + 3

2
Sx0 +O(x30)

i�1
;

�T =
h
1 + 3

4
Sx0 +O(x30)

i�1
:

(4.46)

Using (4.8) the lattice sum S0;1=2(0; �) can be written in closed form as

S0;1=2(0; �) = 2

1X
�=1

cos(��)

�
= �2 ln

��2 sin(�=2)��; (4.47)

de�ned for all � within the �rst Brillouin zone (��; �], except for � = 0 where the lattice

sum is singular. The last identity, which can be found in Ref. [74], is in perfect agreement

with the numerical calculation of S0;1=2(0; �) according to (4.4). Moreover, some higher

order lattice sums Sl;1=2(�; �), with l > 2, have been calculated by direct numerical sum-

mation of (4.8) and it was veri�ed that the results converge to the values found on basis

of the fast converging expression given by (4.4). This observation that lattice sums are

calculated correctly (and rapidly) is important, since all analytical and numerical solutions

of the set of linear equations are eventually determined by these lattice sums.

The above expression for �L, including the lattice sum in (4.47) is in perfect agree-

ment with an analytical calculation by Hurd et al. [12] who used the approximation where

particles are replaced by point forces (monopolar force-distributions) acting at the spheres'

centres. In reality, the induced forces act at the spherical shells of the uid that contact

the particles' surfaces. Sa�man [75] has shown that these forces may be replaced by their

monopole moments, with an error of O(x30), so the point-particle approach used by Hurd

et al. should provide the correct �rst-order term. The transverse friction factor has not

been considered by Hurd et al., but on basis of their approach one can straightforwardly

reproduce the expression for �T in (4.46). The equations in (4.46), with terms of O(x30) set

to zero, will be referred to as the point-particle formulae for the friction factors �L and �T.

Higher order terms in the expansions for the friction factors can be found, in principle,

by solving the appropriate subset of linear equations for higher truncation level L, but even

for the 1D array under consideration the necessary inversion of the coeÆcient matrix will

soon become intractable. By performing this inversion numerically, the friction factors can

be calculated to almost any degree of accuracy. Converged numerical data are presented

in Fig. 4.3, where �L (a) and �T (b) are plotted versus the wavenumber � (solid curves),

for three values of the density parameter R=a: 2.5, 5 and 10, as indicated. By virtue of

the symmetries (3.40) and (3.42) it is suÆcient to consider wavenumbers � 2 [0; �]. It

is noted that for the 1D lattice, the symmetry point km in (3.42), is just the boundary

of the Brillouin zone, i.e. km = �R�1ez which corresponds to � = �. Dashed curves in

Fig. 4.3 show the point-particle formulae for the friction factors. These expressions are

in good agreement with the exact numerical results for the instances of R=a = 10 and

R=a = 5 (dashed curves cannot be distinguished from the drawn curves for R=a = 10)

but as can be expected, deviations become more prominent as spheres get closer to each
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Figure 4.3: Friction factors �L (a) and �T (b) for 1D lattice. Exact results (solid curves)

are compared to the point-particle formulae in (4.46) (dashed curves). The various values

of R=a are indicated.

other (R=a = 2:5). Note that spheres touch for R=a = 2. Apparently, the strongest

deviations from the numerical data are found for �L, the friction factor for longitudinal

velocity-waves. It is seen in Fig. 4.1 that for increasing wavenumber the relative veloci-

ties of neighbouring particles become larger and this corresponds to an increasing viscous

dissipation by the uid between these particles. This is in agreement with Fig. 4.3 which

shows that the friction factors become larger as � approaches � from below, and this e�ect

is found to be stronger as particles approach one another (as R=a decreases). Moreover it

is seen in Fig. 4.3 that both friction factors become smaller than unity for suÆciently small

� (long wavelengths). According to the point-particle formulae in (4.46) this occurs for

wavenumbers below 1
3
� (vertical dashed lines in Fig. 4.3) at which point the friction factors

are exactly unity since the lattice sum S0;1=2(0; �) given by (4.47) is zero at � = 1
3
� (see

Fig. 4.4). Although the exact computations are di�erent from the point-particle approxi-

mation (particularly for dense arrays) it is still found that friction factors are smaller than

unity for small wavenumbers, which means that for the corresponding modes of motion,

each of the particles in the 1D array experiences less hydrodynamic resistance then a single

particle moving in an unbounded uid. It seems that long-wavelength motions induce a

large-scale ow which moves along with the particles and thus causes the diminishing of

the friction factors. As can be seen in Fig. 4.3 this collective e�ect is more prominent when

the particles are closer to each other.

Because of the logarithmic singularity of S0;1=2(0; �) the friction factors are even van-

ishing in the limit of � ! 0, which corresponds to uniform sedimentation of the array, as

depicted in Fig. 4.1 (for � = 0). This logarithmic singularity will always prevail in the

long-wavelength limit, because higher order corrections to (4.46) involve higher order lat-
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Figure 4.4: Lattice sum S � S0;1=2(0; �) as a function of wavenumber �, given by (4.47).

tice sums which are smooth, regular functions of �. Thus it follows that the hydrodynamic

resistance vanishes for in�nite 1D arrays that move uniformly (under Stokes ow condi-

tions) through an unbounded uid. Experiments [69] and numerical computations [76] for

sedimenting rod-like chains consisting of an arbitrary number of spheres, n, also indicate

the vanishing behaviour as n gets large, as well as the inuence of walls. It has been

shown by Hurd et al. for the case of an in�nite (dilute) 1D array of spheres that this

unphysical property of vanishing friction is removed by considering an additional (no-slip)

boundary condition on a plane surface (a container wall) which is parallel to the array [12].

Moreover their results (based on the point-particle approximation and the method of re-

ections [26, 27]) indicate that wall-e�ects primarily inuence the friction factors at long

wavelengths, i.e. wavelengths comparable to the distance between chain and wall, as can be

intuitively understood. The above observations lead to the conclusion that low-Reynolds-

number calculations of friction factors for long-wavelength translational motions in 1D

arrays (being in the dilute or non-dilute regime) can only be meaningful to practical sit-

uations when boundary conditions at large distances are modeled correctly, as for chains

of �nite length, container walls, etcetera. Future e�orts to extend (modify) the theory as

formulated in the previous chapter might therefore be aimed at these �nite-size e�ects,

for instance by considering �rst some relatively simple con�gurations, e.g. half-in�nite

lattices, or 1D arrays near a single plane wall.

Longitudinal modes of motion produce a `squeezing' ow in between neighbouring

particles, and transverse modes correspond to a shearing ow, as is shown in Fig. 4.1.

It is likely that the friction factor for longitudinal modes, �L, will exceed the transverse

friction factor �T, assuming that squeezing produces more resistance then shearing. This

assumption is in agreement with the explicit expressions for the relevant components of

the resistance matrix for two spheres, as given in Ref. [26] for large intersphere distances

(method of reections) as well as for nearly touching spheres (lubrication theory). Indeed,

for short wavelength motions, these qualitative �ndings agree with the friction factors

calculated for these modes, as shown in Fig. 4.5(a)-(d), where dashed curves give �L and

solid curves correspond to �T. The parameter R=a ranges from 2.1 in (a) to 10 in (d), as

indicated. However, at long wavelengths (small �) it is found that �L < �T, as is also
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Figure 4.5: Transverse (solid curves) and longitudinal (dashed) friction factors versus �.

�L, �T are given in (a)-(d), �Lr , �
T
r are shown in (e)-(h). Values of R=a are indicated.
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predicted by the point-particle formulae in (4.46) because the lattice sum S0;1=2(0; �) is

positive there (see Fig. 4.4).

Rotational friction factors are plotted versus the wavenumber in Fig. 4.5(e)-(h) where

dashed curves show �Lr and solid curves give �Tr . Considering the rotational motions de-

picted in Fig. 4.2(a), the increasing behaviour of �Lr as a function of the wavenumber is

expected, since the velocity gradients between neighbouring spheres get stronger as these

spheres are increasingly counter-rotating. Contrastingly, transverse-polarized spin waves,

shown in Fig. 4.2(b), are characterized more and more by smooth, `rolling' motions as

�! � and this explains the decay of �Tr for increasing �.3 On basis of these considerations

it is not surprising that �Lr > �Tr for high wavenumbers. Moreover it is found that rota-

tional frictions factors can also be smaller than unity. For longitudinal modes this occurs

for low wavenumbers (long wavelengths) and this e�ect is most pronounced for high sphere

densities, whereas the transverse friction factor is smaller than unity at high wavenumbers,

and only when spheres are relatively far apart.

Many more examples of non-trivial behaviour of the friction factors are revealed in

Fig. 4.6 where �L and �T are given in (a) and (b) respectively, for di�erent values of R=a

as indicated. As mentioned before these friction factors exceed unity (the single-particle

value) for suÆciently high wavenumbers, while for small wavenumbers the frictions appear

to be smaller than unity. It is also found that there is a range of intermediate wavenumbers

where friction factors are non-monotonous functions of the density parameter. For these

wavenumbers it seems that the aforementioned collective long-wavelength e�ect, which

diminishes the resistance, is competing with the near-�eld ow that is characterized by

velocity gradients becoming stronger when gaps between spheres are getting smaller. A

similar behaviour is apparently present for longitudinally polarized spin waves, as can be

seen in Fig. 4.6(c).

In Fig. 4.6(e) the coupling friction factor ~�trxy is shown, which is de�ned by

~�trxy �
Im �̂trxy

8��a2
=

�3
4
Immtr

xy

mtt
xxm

rr
xx +

3
4
(mtr

xy)
2
: (4.48)

Given the expressions for the mobilities in (4.45) it follows that ~�trxy = O(x20) so that it

vanishes in the limit of large intersphere distances, as can be expected. It is noted that �̂trxy
is purely imaginary and consequently is an odd function of � (~�trxy is real, by de�nition). As

mtt
xx is the only singular function of � which enters (4.48) it follows that ~�trxy is �nite for all

� in the �rst Brillouin zone. By virtue of (3.43) in the previous chapter this means that

the coupling friction factor is equal to zero for � = n�, with n 2 f�1; 0; 1g. Indeed, this is
in agreement with the numerical results plotted (for positive wavenumbers) in Fig. 4.6(e).

Following the explanation in Section 3.4 of the previous chapter, the coupling tensor �̂
tr
(k)

provides the forces which are induced by a wave of angular velocities (a spin wave). These

3Some deviations of this behaviour can be seen in Fig. 4.5(f) and (g) which correspond to R=a = 2:5

and R=a = 5 respectively. For these intermediate densities �Tr shows a non-trivial maximum, although it

is rather weak.
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Figure 4.6: Friction factors �L (a), �T (b), �Lr (c), �Tr (d), ~�trxy (e) versus �.
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Figure 4.7: Forces (straight arrows) induced by a wave of angular velocities (curved arrows)

at wavenumber � = 1
2
�.

forces also vary according to a harmonic wave, with a phase which is shifted over 1
2
� relative

to the spin wave,4 as depicted in Fig. 4.7 for the special case of � = 1
2
�. It is found that

the coupling friction factor in Fig. 4.6(e) has a maximum at a wavenumber that is slightly

dependent on R=a, but lies close to � = 1
2
� which is not surprising if one observes Fig. 4.7.

The friction factors shown in Fig. 4.6 are calculated on basis of the elements of the

mobility matrices given in Fig. 4.8. The longitudinal mobilities mtt
zz and mrr

zz are just the

reciprocals of the friction factors �L and �Lr respectively, according to (4.44), while the

relations for the transverse mobilities mtt
xx and mrr

xx are more complicated. It follows by

comparison of Figs. 4.6 and 4.8 that mtt
xx behaves roughly the same as (�T)�1 whereas

a striking qualitative di�erence is present between mrr
xx and the inverse friction factor

(�Tr )
�1. Where �Tr is an (almost) monotonous function of �, the mobility mrr

xx is showing a

maximum when R=a is suÆciently small, and this maximum is positioned at a non-trivial

wavenumber which depends on the speci�c density parameter. This di�erent behaviour

can be explained on basis of (4.44) which yields�
�Tr
��1

= mrr
xx +

3
4
(mtr

xy)
2=mtt

xx: (4.49)

According to (4.45) mrr
xx = 1 + O(x30) while the second term on the r.h.s. in (4.49) is

of O(x40) so that it can give a relatively important contribution to the O(x30) terms in

(4.49). This contribution is negative (mtr
xy is imaginary) and is found to have a minimum

for a particular wavenumber just below � = 1
2
�, as follows by evaluation of the mobilities

mtt
xx in Fig. 4.8(b) and mtr

yx = �mtr
xy in Fig. 4.8(e). Apparently, this (negative) minimum

completely suppresses the maximum of mrr
xx.

The presence of a maximum of mrr
xx at a certain wavenumber (which lies near 1

2
� for

high densities) means that a harmonic wave of externally imposed torques induces a spin

wave which is most intense at this particular wavenumber, since, according to (4.40),


̂x = ��̂rrxxT̂x: (4.50)

Here it is assumed that only torques are applied, but no forces, i.e. F̂y = 0. Such a situation

might be realized in experiments on magnetic particles subject to magnetic �elds [77], or

magnetically neutral spheres immersed in ferrouids [78{80]. Intuitively one might expect

that mrr
xx is just maximal where �Tr is minimal, which occurs for � = �, but this intuition is

4This phase di�erence directly follows from the imaginarity of the coupling tensor, and therefore it does

not depend on �, or on the size of the spheres.
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Figure 4.8: Mobilities mtt
zz (a), mtt

xx (b), mrr
zz (c), mrr

xx (d), Im(mtr
yx) (e) versus �.
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only correct for relatively large intersphere distances. It is noted, however, that the torques

induce linear velocities as well, according to the relation

Ûy = ��̂tryxT̂x: (4.51)

These velocities lower the shear stresses which would arise when the spheres were only

allowed to rotate, as is readily understood on basis of Fig. 4.7 (with straight/curved arrows

now indicating velocities/torques). Thus, it appears that the maximum of mrr
xx is closely

related to the fact that the coupling mobility �̂tryx is nonzero.

Comparison with lubrication theory

The point-particle approximation mentioned before is appropriate when particles are very

far apart, that is when the lattice parameter of the considered 1D array is much larger

than the sphere radius: R=a � 1. In the opposite extreme case of nearly touching parti-

cles, hydrodynamic interactions can be determined by means of lubrication theory which

provides an expansion for the forces and torques in terms of a small parameter � = d=R

with d = R� 2a the separation between the closest points of two neighbouring spheres in

the array, so that one can write

� =
(R=a)� 2

(R=a)
: (4.52)

Concerning the application of lubrication theory to the 1D array it is found useful to

consider �rst an isolated pair of nearly touching spheres, S1 and S2, positioned on the z-

axis and having relative velocities, but no angular velocities, for convenience. If S1 moves

in the z-direction, with relative velocity Uz towards S2, then it generates a `squeezing' ow,

thereby exerting on S2 a force Fz (in the z-direction) given by

Fz = 6��a�sqUz; (4.53)

where the resistance coeÆcient �sq satis�es

�sq =
1
8
��1 + 9

40
ln ��1 +O(1): (4.54)

The above expression for the resistance coeÆcient looks slightly di�erent from the corre-

sponding formula given in e.g. Refs. [26, 81] where the small parameter, say ~�, is de�ned

as

~� � d

a
=

2�

1� �
= 2�+O(�2): (4.55)

It is seen that the lubrication force Fz diverges as � approaches zero, which is in fact to be

expected for this kind of motion, because the (rigid) spheres will eventually collide in this

very limit. For the case where the two spheres have a relative velocity Ux in the x-direction,



64 Chapter 4. One-dimensional arrays

i.e. perpendicular to their line of centers, the interstitial uid is not squeezed but rather

sheared, which results in a force in the x-direction, satisfying

Fx = 6��a�shUx: (4.56)

Here the shearing resistance coeÆcient is given by

�sh =
1
6
ln ��1 +O(1): (4.57)

This coeÆcient �sh apparently has a logarithmic singularity at zero �, which is much weaker

than the ��1 divergence of �sq as given by (4.54).

In the above it was assumed that the two spheres do not rotate, such that lubrication

forces are generated only by their relative linear velocities. In fact this assumption is not

necessary, since lubrication theory is concerned with the relative velocity of the spherical

surfaces of S1 and S2, evaluated at the points P1 and P2 where the two surfaces are

closest (distance d). Thus, lubrication theory gives a local description of the hydrodynamic

interactions, and does not account for the `global' ow induced by the entire surfaces of S1
and S2. As these long-range hydrodynamic interactions a�ect the (unknown) O(1) terms

in the expressions (4.54) and (4.57) the suitability of lubrication theory is restricted to

describing the singular behaviour of the hydrodynamic resistance of surfaces near contact,

and in particular when these surfaces have relative motions. For the case of multiple

spheres, as in the 1D array, this implies that the total lubrication force imposed on a

certain reference sphere is just the (vector-) sum of all separate lubrication forces induced

by its direct neighbours, i.e. lubrication interaction is pairwise additive. It is relatively

simple, therefore, to consider friction factors for velocity waves in the 1D array, as all

spheres have only two neighbours at equal distances. Before presenting the calculations of

these friction factors it is noted that spin waves, and the corresponding rotational friction

factors, can be studied by using the above mentioned results of lubrication theory in an

analogous fashion. Considering the two-sphere example again, it is seen that if sphere S1
rotates with angular velocity 
y in the y-direction, while S2 is stationary, a force Fx is

exerted on the point P2 with magnitude given by (4.56), where Ux = a
y. Therefore,

the sphere S2 experiences a torque Ty = aFx, with respect to its centre, which is directly

related to the angular velocity.

Because of the local nature of lubrication forces one can determine the total force on

a particle by pairwise addition of the two-particle results as given by (4.53) and (4.56). It

is important to note that this procedure is valid as far as one only considers the singular

parts in the expressions for the resistance coeÆcients (4.54) and (4.57), because the O(1)

terms are clearly not pairwise additive. In order to calculate the friction factors for the

in�nite 1D array we �rst consider the case where all spheres are moving in the z-direction

according to a harmonic wave, with wavenumber �, so that the velocity of the jth sphere

is given by

Ujz = U0 cos(�j): (4.58)
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Here U0 denotes the amplitude of this velocity wave. The lubrication force Fjz exerted on

the jth sphere is determined only by its motion relative to the neighbouring spheres, which

have velocities Uj�1;z and Uj+1;z respectively, so that

Fjz = �6��a�sq(2Uj;z � Uj+1;z � Uj�1;z): (4.59)

Applying the (1D equivalent of the) Fourier transform Fs to the above equation eventually

yields the relation

F̂z(�) �
X
j

Fjze
ij� = �6��a~�LÛz(�): (4.60)

Here Ûz(�) is the Fourier transform of Uj;z and ~�L, the lubrication equivalent of the friction

factor �L, is given by

~�L = 2�sq(1� cos �): (4.61)

In an analogous way one can determine a transverse friction factor ~�T which satis�es

~�T = 2�sh(1� cos �): (4.62)

A lubrication expression for the transverse rotational friction factor ~�Tr can be found by

considering a spin wave, polarized in the y-direction, where the angular velocities 
jy vary

harmonically, analogous to (4.58). It is straightforwardly derived that the torque exerted

on the jth sphere is given by

Tjy = �6��a3�sh(2
jy + 
j+1;y + 
j�1;y): (4.63)

This implies that

T̂y(�) = �8��a3~�Tr 
̂y(�); (4.64)

where the friction factor is given by

~�Tr = 3
4
�sh(1 + cos �): (4.65)

There is no lubrication equivalent of the longitudinal rotational friction factor �Lr , since for

the corresponding modes of motion all spheres are rotating around the z-axis, such that

there is no relative velocity at the points where spheres nearly touch their neighbours, as

can be seen in Fig. 4.2(a).

The above lubrication expressions for the friction factors are plotted versus the

wavenumber � in Fig. 4.9, as given by the dashed curves in (a), (c) and (d) for R=a = 2:1

and R=a = 2:01. Solid curves in these three pictures show the converged numerical results

for �L, �T and �Tr , calculated for the same density parameters. In the long-wavelength

limit (�! 0) the friction factors �L and ~�L approach zero in a qualitatively di�erent way,

according to eqs. (4.46), (4.47) and (4.61), as can be seen in Fig. 4.9(a). It is recalled that



66 Chapter 4. One-dimensional arrays

2.1

0.1

1

10

100

0 1
2
� �

2.01

0.01

�L

(a)

2.1

0.2

0.4

0.6

0 1
2
� �

2.01

0

�
L
�
~ �
L

(b)

2.1
1

2

3

4

5

0 1
2
� �

2.01

2.01

2.1

0

�T

(c)

2.1

1

2

3

0 1
2
� �

2.01 2.01

2.1

0

�Tr

(d)

Figure 4.9: Converged numerical data for �L, �T and �Tr (solid curves in (a), (c) and (d)

respectively) versus wavenumber �, compared to the lubrication theory results ~�L, ~�T and
~�Tr (dashed curves) for R=a = 2:1 and R=a = 2:01. The di�erence �L � ~�L is shown in (b)

for R=a = 2:1 (dashed curve) and R=a = 2:01 (solid curve).

~�L is derived on basis of the assumption that terms of O(1) in (4.54) can be neglected

with respect to the singular terms, so that one can expect that the di�erence �L � ~�L is

not vanishing in the high density limit (�! 0) but rather approaches a bounded function

of � which is independent of �. Indeed this behaviour is seen in picture Fig. 4.9(b), where

�L � ~�L is plotted versus � for R=a = 2:1 (dashed curve) and R=a = 2:01 (solid curve). It

is also noticed that this di�erence is positive, because lubrication theory neglects far-�eld

contributions to the hydrodynamic resistance. The same neglect is responsible for the fact

that ~�T < �T and ~�Tr < �Tr as can be seen in (c) and (d), respectively. Strikingly, the

lubrication friction factor ~�Tr is diminishing fast for increasing wavenumber and is even

completely vanishing at � = �. The reason for this behaviour is that the spheres are

gradually beginning to roll as � ! �, so that relative motions at the points near contact

are vanishing, as can be seen in Fig. 4.2(b).
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As mentioned before, lubrication theory cannot provide an expression for the longi-

tudinal rotational friction factor �Lr , because this friction factor is not singular in the limit

of touching, �! 0. This can be seen in Fig. 4.10 where (a) gives �Lr versus � for R=a = 2:1

(dashed curve), R=a = 2:01 (dotted curve) and R=a = 2:001 (solid curve). As R=a ! 2

(�! 0) the friction factor appears to reach a limit which would be indistinguishable from

the solid curve in (a). It is noted that R=a = 2:001 corresponds to � � 5 � 10�4 according
to (4.52). The characteristic limiting behaviour is shown in (b) where �Lr is plotted versus

� (note the logarithmic scale) for � = �.
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Figure 4.10: Friction factor �Lr versus wavenumber � (a) for R=a = 2:1 (dashed curve),

R=a = 2:01 (dotted curve) and R=a = 2:001 (solid curve). In (b) the value of �Lr at � = �

is shown as a function of �.

4.5 Conclusion

Hydrodynamic interactions in one-dimensional arrays of spheres can be determined from

a greatly reduced set of linear equations, as compared to the full three-dimensional (3D)

equations derived in the previous chapter. Starting from these simpli�ed equations, friction

factors and mobilities have been calculated that correspond to harmonic waves of particle

motions. Asymptotic expansions have been derived for the wavenumber-dependent friction

factors �T and �L to �rst order in x0 = a=R. In this `dilute' limit it is suÆcient to apply

the point-particle approach, which indeed yields the same �rst order terms.

Non-dilute arrays can be studied in a straightforward way by numerically solving the

set of linear equations to suÆciently high truncation level L and results have been obtained

for the friction factors as well as for the components of the mobility tensors. Although

the wavenumber-dependent behaviour of these frictions and mobilities can often be easily

interpreted by observing the ow corresponding to the particle motions, the computations

reveal also non-trivial behaviour in the semi-dilute and concentrated regime, e.g. the

occurrence of a maximum of the rotational mobility mrr
xx for a certain wavenumber, or

the �nding that friction factors and mobilities can be non-monotonous functions of the

density parameter. These phenomena are attributed to coupling between rotational and
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translational degrees of freedom, in the �rst case, and the counteracting e�ects of far-�eld

and near-�eld hydrodynamic interactions, in the second case. Clearly, these e�ects cannot

be described by means of the point-particle treatment which applies only to translational

motions of distant particles.

For nearly touching particles the singular behaviour of hydrodynamic resistance is

usually described by lubrication theory, which completely neglects non-singular far-�eld

hydrodynamic interactions. By comparison with our converged numerical data it has been

shown that this neglect can produce relatively large errors even for arrays with densities

of R=a = 2:01 (� � 5 � 10�3) and especially when shearing motions are considered where

lubrication forces are only weakly (logarithmically) singular, or for the case of rolling-like

motions, which is non-singular and therefore cannot be treated within the framework of

lubrication theory.

Although the results presented in this chapter are mainly illustrative, it is recalled

that 1D structures can be manufactured in suspensions of mesoscopic spheres, as in the

experiments by Skjeltorp and others on colloidal crystals of magnetic holes, i.e. ordered

suspensions of non-magnetic particles immersed in ferrouids under the action of magnetic

�elds [20, 70]. Moreover Zahn [77] has reported experiments on (conventional) ferrouids

where the magnetic grains are forced to rotate according to a traveling wave generated by

a harmonically varying magnetic �eld. In this context it is not unlikely that some of the

results reported in this chapter will soon be veri�ed experimentally.

Additionally the 1D model developed here can serve as a reference to study more

realistic con�gurations, e.g. randomly perturbed rows of spheres in order to study Landau-

Peierls uctuation of particle-chains in electrorheological uids. Perturbed structures can

be considered by means of the quasi N -particle approach as it is formulated in this chapter

for perfectly 1D arrays, or, with less restriction, in the full 3D form given in the previous

chapter. It would also be worthwhile to consider hydrodynamic interactions in a 1D array

near a (no-slip) wall, since wall e�ects strongly inuence the friction factors for long-

wavelength modes of motion. These long-wavelength modes are governed in particular by

long-range (multi-particle) hydrodynamic interactions, as will be demonstrated in the next

chapter where friction factors for a 1D array are compared to the results for tetragonal

structures that are characterized by aligned particle-chains positioned on a square (in�nite)

lattice.
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Three-dimensional arrays

5.1 Introduction

Thermally exited waves in charge-stabilized colloidal crystals are overdamped rather than

propagating, as �rst shown in a series of light scattering experiments by Hurd et al. [13].

These authors also developed a simple harmonic lattice model for a colloidal crystal: a

lattice of spheres interacting directly through pair potentials and indirectly through the

hydrodynamic ow induced by their motions in response to external forces [12, 13]. These

forces were only formally introduced into their treatment to provide a driving force for the

oscillatory motions that they wished to study. In a physical situation it may be a random

force, gravity, or any other force acting on the particles. After a lattice Fourier transform

(similar to the Fourier transformation Fs introduced in Chapter 3) of the equations of

motion for the array of particles, one obtains a set of equations describing vibrational

modes of various wavelengths and corresponding wavevectors k. In these equations the

elastic potential interactions are represented by the dynamical matrix Dk. Hydrodynamic

friction enters the equations through the dissipation matrix �k. By choosing wavevectors

in the speci�c directions of reciprocal lattice vectors (as in the experiments by Hurd et

al.), a simultaneous diagonalization of Dk and �k, and a time Fourier transform, the

equations of motion become completely decoupled. These decoupled equations describe

three di�erent modes, a longitudinal mode where particle velocities Uj (and forces Fj)

are parallel to the wavevector and two transverse modes where motions are normal to k.

Thus, plane waves are considered where velocities vary harmonically in the direction of

the wavevector. All modes obey a simple forced-harmonic-oscillator equation, including a

hydrodynamic damping term. This damping can be represented by a friction factor, which

is an eigenvalue of the dissipation matrix �k. The friction factors, for each of the three

modes, have dispersion, i.e. they are functions of the wavevector k. Moreover, friction

factors may have a frequency dependent imaginary part, owing to the e�ects of unsteady

ow.

In order to determine the friction factors, the equations of motion of the ow through

a lattice of spheres have to be solved. In the article by Hurd et al. [12] these are the unsteady

69



70 Chapter 5. Three-dimensional arrays

Stokes equations for an incompressible uid under the action of forces, which are solved

by employing the induced forces formalism [82, 83] in the approximation where spheres are

replaced by point forces (monopole moments) acting at the sites of the crystal lattice, which

coincide with the spheres' centres. In reality, the induced forces act at the spherical shells of

the uid that contact the particles' surfaces. Sa�man [75] has shown that these forces may

be replaced by their monopole moments, with an error of O(�), � being the volume fraction

of spheres. Considering the application to extremely dilute colloidal crystals (� � 10�3)

Hurd et al. were interested in a theory of order �1=3, in which case their approximation

is appropriate. Moreover, when timescales under consideration are suÆciently long, they

were allowed to neglect the e�ects of inertia of both the particles and the uid (see, e.g., the

introduction in Chapter 2). In this zero-frequency limit their results for the friction factors

are derived from the (steady) Stokes equations, given by eq. (2.2). In connection to the

previous work of Hurd et al. [12, 13] new studies were done which point out the importance

of plasma e�ects to the dynamics of charge-stabilized colloidal crystals [2, 7, 32, 33]. As in

the experiments of Hurd et al. these studies are mainly restricted to very dilute colloidal

crystals, primarily to avoid diÆculties involved with multiple light-scattering. Complete

understanding of the dynamics of concentrated colloidal crystals requires a description of

plasma e�ects, as well as a treatment of hydrodynamics which goes beyond the point-

particle approach. This chapter presents results for hydrodynamic properties of in�nite

regular arrays of identical spheres as calculated on basis of the theory in Chapter 3. Arrays

considered here are perfect Bravais lattices, in particular they are assumed to have cubic

or body-centred tetragonal (BCT) symmetry. These BCT structures can be observed in

electrorheological uids [19, 71, 84{86]. Three cubic lattices types exist, viz. simple cubic

(SC), body-centred cubic (BCC) and face-centred cubic (FCC), the last two types are

known to exist in charge-stabilized colloidal crystals [13, 14, 87]. The advantage of the

formalism in Chapter 3 is that it provides in a direct way the wavevector-dependent friction

factors mentioned above. In fact, as is shown in the present chapter, the results for the

friction factors compare excellently with those of Hurd et al. for the instance of a dilute

BCC lattice [12]. Moreover, new results for friction factors are presented appropriate for

the three cubic lattice types at low, intermediate and high concentrations. In order to show

that our method also works correctly at high concentrations, comparisons are made with

experimentally obtained data for the drag coeÆcient of closely packed cubic arrays [88, 89]

as well as with computations of the drag coeÆcient for cubic arrays of spheres, which can

be found in the existing literature to a high degree of accuracy and for the whole range

of volume fractions [90, 91]. This drag coeÆcient, which yields the drag force per sphere

for steady, uniform sedimentation of the array, can be obtained as a special case of the

wavevector dependent friction factor for longitudinal modes, i.e. by taking the limit of zero

wavevector (in�nite wavelength).

In a similar fashion one can determine the spin viscosity, which provides the torque

on a sphere for the case where all of the spheres in the cubic lattice are rotating at equal

speed. The spin viscosity is a phenomenological transport coeÆcient in generalized uid

dynamical theories that allow the existence of asymmetrical states of stress (see e.g. the

many references in Ref. [92]) as occurs, for example, in ferrouids, i.e. suspensions of
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ferromagnetic single-domain particles [93]. These ferrouids show quite exotic behaviour,

governed by an intricate interplay of hydrodynamic and magnetic �elds [77, 94, 95]. In par-

ticular with regard to the present work it is found worthwhile to mention the experiments

by Skjeltorp and others on colloidal crystals of magnetic holes, i.e. ordered suspensions of

non-magnetic particles immersed in ferrouids under the action of magnetic �elds [20, 70].

These magnetic holes can be manipulated easily by varying the magnetic �eld, e.g. by ap-

plying AC magnetic �elds one can force particles to rotate [78{80]. Zahn [77] has reported

experiments on (conventional) ferrouids where the magnetic grains are forced to rotate

according to a traveling wave generated by a harmonically varying magnetic �eld. Such

spin waves are discussed in the present chapter, in particular the hydrodynamic friction

factors corresponding to such waves, for rotating particles placed on cubic lattices.

Exact results for the spin viscosity of regular arrays over the whole range of volume

fractions have not been presented before, but can be straightforwardly obtained from our

method. On basis of our numerical and analytical calculations, corrections can be found to

previously known expressions for dilute and extremely dense cubic systems [92]. Moreover,

our exact results are compared to the numerical simulation data obtained by the Stokesian

dynamics approach [44].

5.2 Translational friction factors for cubic ar-

rays

This section focuses on the calculation of friction factors for harmonic modes of transla-

tional motion of spheres positioned at the sites of a cubic lattice.

Definitions and symmetry considerations

The k-dependent friction factors are de�ned by Hurd et al. [12] as the eigenvalues of the

dissipation matrix �k for zero frequency (! = 0). This dissipation matrix satis�es the

following relationship with the matrix �̂
tt
(k) introduced in Chapter 3, Section 3.3:

�k=�0 = �̂
tt
(k)=�0: (5.1)

Here �0 = �0=m0, with m0 the mass of a spherical particle, and �0 = 6��a the well-known

Stokes friction coeÆcient for the drag on a sphere undergoing steady translation. As in

the previous chapter (on one-dimensional arrays) the friction factors are de�ned here as

the eigenvalues of the dimensionless friction tensor given in (5.1). For the calculation of

this friction tensor it is necessary, in principle, to determine the mobility tensors �̂tt(k),

�̂
tr(k), �̂rt(k) and �̂rr(k) �rst, according to the de�nitions given in Chapter 3, Section 3.3.

In order to simplify calculations it is worthwhile to use the general symmetry properties of

mobility tensors for one-particle arrays as mentioned in Section 3.4, in combination with

particular cubic symmetries that will be introduced in the present section. It is noted that

some of the symmetry properties of mobility tensors are valid only for certain directions
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of the wavevector k, see e.g. (3.42). In the paper by Hurd et al. [12] friction factors were

calculated for a BCC lattice of identical spheres, with wavevectors in the directions [100],

[110] and [111]. Here [uvw] denotes the set of smallest integers that have the ratio of the

components of a vector in the desired direction, referred to the axes of the lattice. For cubic

lattices the axes are chosen to be the Cartesian system xyz, parallel to the edges of the

conventional cubic cells, with the origin O coinciding with one of the lattice points. Three

cubic lattice types exist: simple cubic (SC), body centred cubic (BCC) and face-centred

cubic (FCC). The conventional cells of these cubic lattices and the coordinate system xyz,

are depicted in Fig. 5.1. The primitive translation vectors a1, a2 and a3 (de�ned in Chapter

x
y

z

(a)

x
y

z

(b)

x
y

z
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Figure 5.1: The cubic lattices: SC (a), BCC (b), FCC (c). Lattice points are indicated by

thick dots. Cells shown are the conventional cells.

3) are identical to the Cartesian unit vectors only for the SC lattice. Table 5.1 gives the

expressions for the primitive basis vectors ai of the three cubic lattices with respect to

Cartesian coordinates, as well as for the basis vectors bi of the corresponding reciprocal

lattice. For each of these lattice types the reference length R is de�ned as the nearest

neighbour distance and consequently ai are unity vectors. Also given in Table 5.1 are

the dimensionless primitive cell volume Vc = a1 � (a2 � a3), and the close packing volume

fraction for hard spheres, �cp = �=(6Vc) which is the volume fraction � = 4
3
�a3=(R3Vc)

evaluated for R = 2a.

Given the data in Table 5.1, the lattice sums Slm�(0;�), de�ned in Chapter 3, (3.50),

can be calculated for each of the cubic lattice types. Here � = Rk. By substitution of the

lattice sums in (3.22) - (3.27) the set of linear equations (3.17) - (3.21) can be solved to

determine the components of the mobility matrix. For truncation level L = 1 analytical

solutions can be easily found, whereas for greater values of L, i.e. higher accuracies, the

help of the computer can be employed. In e�ect, analytical results have been obtained for

all components of the matrices �̂tt(k), �̂tr(k), �̂rt(k) and �̂
rr(k). These expressions, in

terms of lattice sums and the volume fraction �, are valid for any type of Bravais lattice.

In some cases L = 4 expressions can be readily derived exploiting lattice symmetries, e.g.

for the mobility �̂rr(0) in cubic lattices. From this last mobility the spin viscosity can be

determined, which will be discussed in Section 5.4. Here we focus on the friction factors

for vibrational modes in cubic arrays, as functions of wavevector k in the directions [100],

[110] or [111]. These special directions are parallel to certain reciprocal lattice vectors.

With this restriction friction factors are periodic functions, completely determined by only
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Table 5.1: Basis vectors ai and bi of the direct and reciprocal lattice, respectively, for the

three cubic arrays, in Cartesian coordinates. The dimensionless volume of the primitive

cell is given by Vc = a1 � (a2 � a3), and �cp = �=(6Vc) denotes the corresponding close

packing volume fraction for the array of spheres.

SC BCC FCC

a1 = (1; 0; 0) a1 =
1p
3
(�1; 1; 1) a1 =

1p
2
(0; 1; 1)

a2 = (0; 1; 0) a2 =
1p
3
(1;�1; 1) a2 =

1p
2
(1; 0; 1)

a3 = (0; 0; 1) a3 =
1p
3
(1; 1;�1) a3 =

1p
2
(1; 1; 0)

b1 = 2�(1; 0; 0) b1 = �
p
3(0; 1; 1) b1 = �

p
2(�1; 1; 1)

b2 = 2�(0; 1; 0) b2 = �
p
3(1; 0; 1) b2 = �

p
2(1;�1; 1)

b3 = 2�(0; 0; 1) b3 = �
p
3(1; 1; 0) b3 = �

p
2(1; 1;�1)

Vc = 1 Vc =
4
9

p
3 Vc =

1
2

p
2

�cp =
1
6
� �cp =

1
8
�
p
3 �cp =

1
6
�
p
2

half a period, that is by evaluation at the points in reciprocal space (wavevectors) that

lie on a straight line from 0 to km, as explained in the text accompanying eqs. (3.40) -

(3.42). The non-dimensional wavevectors Rkm, with directions [100], [110] and [111], are

given in Table 5.2, where coordinates are with respect to the basis of b1, b2, b3 as de�ned

in Table 5.1 for the three cubic lattice types. In all of the three directions in cubic lattices

the wavevector km just coincides with the boundary of the �rst Brillouin zone, kBr, except

for the [111] direction in a BCC lattice where km = 2kBr, and for an FCC lattice with

k along [110], in which case km = 4
3
kBr.

1 Although in these two instances km indicates

a point in reciprocal space which lies outside the �rst Brillouin zone, the wavevector still

corresponds to a physical mode of vibration. In e�ect it is easily veri�ed that in these

cases one can choose another primitive cell, di�erent from the Brillouin zone, which does

contain all points lying on the straight piece of line from the origin O to the symmetry point

km. Except of having the general symmetry properties as given in (3.38) and (3.39), the

mobility tensors satisfy cubic symmetries which can be exploited in calculating the friction

factors. The matrix representations of the non-dimensional mobility tensors, [introduced

in Chapter 4, eq. (4.11)] have been calculated as expounded above, with respect to the

Cartesian reference frame. For the three cubic lattices, with k in one of the directions

[100], [110] and [111], the matrices of mtt and mtr have the following form:

1This can be checked straightforwardly. For that purpose it may be found convenient to use pictures

of Brillouin zones as given in Ref. [59].
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Table 5.2: Non-dimensional wavevector Rkm (and corresponding wavenumber Rkm) di-

rected along [100], [110] or [111] in cubic lattices (SC, BCC or FCC). The wavevector km
indicates a point in reciprocal space which lies halfway the nearest reciprocal lattice point

in that direction. Coordinates of Rkm within parentheses (: : : ) are with respect to the

basis of reciprocal lattice vectors, b1, b2, b3, speci�ed in Table 5.1. For cubic lattices the

coordinates between rectangular brackets are identical to Cartesian coordinates.

direction SC BCC FCC

of km Rkm Rkm Rkm Rkm Rkm Rkm

[100] (1
2
; 0; 0) � (�1

2
; 1
2
; 1
2
)

p
3� (0; 1

2
; 1
2
)

p
2�

[110] (1
2
; 1
2
; 0)

p
2� (0; 0; 1

2
) 1

2

p
6� (1

2
; 1
2
; 1) 2�

[111] (1
2
; 1
2
; 1
2
)

p
3� (1

2
; 1
2
; 1
2
) 3� (1

2
; 1
2
; 1
2
) 1

2

p
6�

(a) for k in the [100] direction:

mtt =

0@mtt
xx 0 0

0 mtt
yy 0

0 0 mtt
yy

1A ; mtr =

0@0 0 0

0 0 �mtr
zy

0 mtr
zy 0

1A ; (5.2)

(b) for k in the [110] direction:

mtt =

0@mtt
xx mtt

xy 0

mtt
xy mtt

xx 0

0 0 mtt
zz

1A ; mtr =

0@ 0 0 mtr
xz

0 0 �mtr
xz

�mtr
zy mtr

zy 0

1A ; (5.3)

(c) for k in the [111] direction:

mtt =

0@mtt
xx mtt

xy mtt
xy

mtt
xy mtt

xx mtt
xy

mtt
xy mtt

xy mtt
xx

1A ; mtr =

0@ 0 �mtr
yx mtr

yx

mtr
yx 0 �mtr

yx

�mtr
yx mtr

yx 0

1A : (5.4)

It is noted that the matrix mrr has exactly the same form as mtt. Moreover, all the

properties given in Chapter 3, eqs. (3.38) and (3.39), are found to be satis�ed, which

is an important observation as it supports the correctness of the calculations. In e�ect,

the precise form of the above matrices can be readily determined on basis of the cubic

symmetries, i.e. reections and rotations. Let Rk denote the operation of reection in the

plane through the origin O and perpendicular to k. For k directed along [100], [110] or

[111] it is easily seen that the geometry is invariant under Rk. For �̂
tt(k) this invariance

means

Rk�̂
tt(Rkk)R�1

k
= �̂

tt(k): (5.5)
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Combining this with the identities Rkk = �k and �̂
tt(�k) = �̂

tt(k) eventually reduces

the number of independent entries in the matrix of �̂tt(k). An identical procedure can be

followed for the matrix of �̂rr(k). Applying the reection Rk to �̂tr(k) yields:

det(Rk)Rk�̂
tr(Rkk)R�1

k
= �̂

tr(k); (5.6)

with �̂
tr(�k) = ��̂tr(k). This leads to relations between the matrix elements of �̂tr(k).

The same relations are valid for the elements of the matrix �̂rt(k). Moreover we can use

the symmetry of reection in a plane parallel to k. With k in the [100] direction this

is for instance the xOz plane, whereas for the [110] and [111] directions one can choose

the plane, cutting the standard cube diagonally, spanned by the vectors (ex + ey) and ez.

Additional symmetries which can be easily exploited, are the 4-fold rotational symmetry

about the x-axis (to be used if k is directed along [100]) and the 3-fold rotation about the

line through O in the [111] direction (again parallel to k).

Analytical and numerical results

Given the four (3 � 3) matrices that constitute the (6 � 6) mobility matrix �̂(k), the

resistance matrix �̂(k) = [�̂(k)]�1 can be determined. It is useful to observe that the

above mentioned symmetries for �̂tt(k), �̂tr(k), �̂rt(k) and �̂
rr(k), e.g. those in (5.5)

and (5.6), should also hold for the constituent matrices �̂
tt
(k), �̂

tr
(k), �̂

rt
(k) and �̂

rr
(k).

Indeed, it follows both analytically (L = 1) and numerically (any L) that the complete

(6� 6) matrices �̂(k) and �̂(k) have the same form. For k in the [100] direction of a cubic

lattice, calculation of the inverse [�̂(k)]�1 is in fact very simple, because it involves the

inversion of at most (2� 2) matrices, as can be seen from the matrix expressions in (5.2).

This facilitates analytical calculations. The friction factors that we wish to determine are

de�ned as the eigenvalues of the dimensionless matrix in (5.1), which is in the diagonal form

for this direction of k. Therefore, the three friction factors corresponding to vibrational

modes with longitudinal (k-direction) and transverse (normal to k) polarizations, can be

written as

�L = �̂ttxx=�0;

�T1 = �̂ttyy=�0;

�T2 = �̂ttzz=�0:

(5.7)

Superscripts L, T1 and T2 denote the longitudinal and transverse directions. Owing to

cubic symmetry �̂ttyy = �̂ttzz, and the two transverse frictions are degenerate: �
T1 = �T2 � �T.

In terms of components of the matrices de�ned in (4.11), the friction factors for a cubic

lattice, with k polarized along [100], are given by

�L = 1=mtt
xx;

�T =
mrr

zz

mtt
yym

rr
zz +

3
4
(mtr

yz)
2
:

(5.8)
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According to the theory presented by Hurd et al. these friction factors satisfy,2

�L =
�
1� �xx�1=3

��1
;

�T =
h
1� �yy�1=3 +

� 81

256�

�1=3
�1=3(zk)�2

i�1
:

(5.9)

Here �xx and �yy are lattice sums that depend on the cubic lattice type and the wavevector

k. Furthermore k = kkk and z = (8�)�1=2
1=3, where 
 = R3Vc is the volume of a

primitive cell. In Ref. [12] these lattice sums are tabulated for a number of wavevectors in

a BCC lattice. It is noted that the expressions in (5.9) are correct up to the order O(�1=3).

Evaluating (5.8) in this approximation yields expressions similar to (5.9), with certain

combinations of the lattice sums S0;0;1=2(0;�), S2;0;�1=2(0;�) and S2;2;�1=2(0;�) entering

as coeÆcients of �1=3. It can be shown that mtr
yz = O(�2=3) and mrr

zz = 1 + O(�), yielding

�T = [mtt
zz + O(�4=3]�1. Therefore, in deriving expressions for �L and �T to lowest order

in the volume fraction, coupling with rotations may be neglected and one only needs to

examine the mobilities mtt
xx and mtt

zz = mtt
yy to O(�1=3), which can be done already for

truncation level L = 1.

After splitting o� the k�2-singularity in the expression of �T, which is found to be

the same as in (5.9), lattice sums are obtained which are smooth functions of k for all

wavevectors directed along [100] in the �rst Brillouin zone. It has not been proved that

these lattice sums, say �xxH and �
yy
H , are indeed identical to �xx and �yy, respectively,

considered as functions of k. However a numerical identity can be observed, as is shown in

Table 5.3 for the instance of a BCC lattice. It is concluded, therefore, that our theory is able

to reproduce the expressions in (5.9). The sums �xxH and �yyH which were actually calculated

to 13 signi�cant digits, are represented in the table as 5-digit numbers, where the last

decimal place is rounded. The lattice sums are given as functions of reduced wavenumber

k=km, for wavevector k in the [100] direction, ranging from the centre (k = 0) to the

boundary of the �rst Brillouin zone (k = km). Using Table 5.2 it follows that km = 2�=h,

where h = 2R=
p
3 is the edge of the conventional cell. At the zone boundary, motions of

particles that lie in neighbouring planes perpendicular to k (and therefore parallel to yOz,

here) are exactly � out of phase. For the BCC lattice the distance between these planes

is h=2, which is half the distance h that such planes have in the SC case for the same

k-direction.

Friction factors for wavevectors in the directions [110] and [111] can be found in a

similar fashion, by �rst calculating the (6� 6) mobility matrix �̂(k) from the set of linear

equations, diagonalization of its submatrices �̂tt(k) and �̂rr(k), followed by an inversion in

order to obtain the (6�6) resistance matrix �̂(k). As mentioned above, this diagonalization

is accomplished by a change of base to the collective set of eigenvectors of �̂tt(k) and �̂rr(k),

which depends on the crystalline geometry and the direction of k. In order to determine the

eigenvectors it is useful to introduce a righthanded orthonormal basis fc1; c2; c3g, with c3 in
2The expression for �T given by eq. (20) in the article of Hurd et al. is erroneous. On basis of their

de�nitions of z and 
, the factor 81/32 in eq. (20) should be replaced by (3=4)4 = 81=256. Moreover it is

noted that q in that equation is identical to the wavenumber k = kkk in our notation.
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Table 5.3: Lattice sums �xxH and �
yy
H as functions of reduced wavenumber k=km for a BCC

lattice, compared to the sums �xx and �yy reported by Hurd et al. [12]. The wavevector k

is in the [100] direction.

k=km �xxH �xx �
yy
H �yy

0:00 1:7919 1:792 1:7919 1:792

0:05 1:7889 1:789 1:7909 1:791

0:10 1:7800 1:780 1:7879 1:788

0:15 1:7650 1:765 1:7830 1:783

0:20 1:7438 1:744 1:7764 1:776

0:25 1:7162 1:716 1:7683 1:768

0:30 1:6821 1:682 1:7587 1:759

0:35 1:6414 1:641 1:7481 1:748

0:40 1:5944 1:594 1:7365 1:736

0:45 1:5415 1:541 1:7241 1:724

0:50 1:4833 1:483 1:7110 1:711

0:55 1:4209 1:421 1:6972 1:697

0:60 1:3558 1:356 1:6826 1:683

0:65 1:2899 1:290 1:6669 1:667

0:70 1:2254 1:225 1:6496 1:650

0:75 1:1647 1:165 1:6303 1:630

0:80 1:1104 1:110 1:6081 1:608

0:85 1:0650 1:065 1:5822 1:582

0:90 1:0307 1:031 1:5517 1:552

0:95 1:0094 1:009 1:5155 1:515

1:00 1:0022 1:002 1:4723 1:472

the longitudinal direction (k-direction). For k along [100], [110] or [111] in a cubic lattice,

it is easily seen from Fig. 5.1 that the other two basis vectors, c1 and c2, can be chosen

such that the geometry is invariant with respect to reection in the three planes through O

and perpendicular to c1, c2 and c3. As a consequence of this reection symmetry it follows

by analogy with (5.5), that the matrix-representations of �̂tt(k) and �̂rr(k), with respect

to the above basis, are diagonal. Therefore c1, c2 and c3 are the wanted eigenvectors, c3 in

the longitudinal direction and c1, c2 indicating two transverse directions. If k is directed

along [100] it has already been observed that the symmetry requirements are met if one

chooses c1 = ey, c2 = ez and c3 = ex. Eigenvectors for the other two k-directions are

speci�ed in Table 5.4. An alternative way to indicate the various polarizations is given in

the right column of the table.

As mentioned above, there exists a 3-fold rotational symmetry around the [111] di-

rection. If the wavevector is directed along [111] this implies that the two transverse

eigenvalues are identical. Therefore any two linearly independent vectors may be chosen to

span the transverse eigen-space. This also applies for k in the [100] direction, which is par-



78 Chapter 5. Three-dimensional arrays

Table 5.4: Eigenvectors and mode indications for wavevectors k along [110] and [111] in a

cubic lattice. Negative indices are indicated by placing a minus above, as in [1�10].

k in [110] direction mode indication

c1 = ez transverse polarized along [001]

c2 =
1p
2
(ex � ey) transverse polarized along [1�10]

c3 =
1p
2
(ex + ey) longitudinal

k in [111] direction mode indication

c1 = � 1p
6
(ex + ey � 2ez) transverse polarized along [11�2]

c2 =
1p
2
(ex � ey) transverse polarized along [1�10]

c3 =
1p
3
(ex + ey + ez) longitudinal

allel to a 4-fold axis of rotational symmetry. However, the above choice of the basis vectors

is preferential, because relative to this base the matrices of �̂tr(k) and �̂rt(k) = [�̂tr(k)]y

adopt a very simple form, similar to that of mtr for k along [100] as given in (5.2). Again,

there are only two nonzero entries in these matrices, namely those lying o�-diagonal in the

(2� 2) block which corresponds to the transverse plane. This can be checked by applying

a change of base to the matrix of mtr in eqs. (5.3) and (5.4), respectively, but it is also

easily observed by exploiting the three reection symmetries mentioned above. Simple

matrices of �̂tr(k) and �̂rt(k) facilitate the calculation of the friction factors for k directed

along [110] or [111], analogous to the case of k in the [100] direction, eventually �nding

expressions similar to those in (5.9). Again, up to the order O(�1=3) these expressions

agree with the expansions found by the method developed in Ref. [12] (these expansions

are not explicitly given in Ref. [12] but can be derived straightforwardly). With regard to

the following discussions it is found convenient to de�ne the friction factors by

�T1 = �̂tt11=�0;

�T2 = �̂tt22=�0;

�L = �̂tt33=�0:

(5.10)

Here indices 1, 2, 3 refer to the basis fc1; c2; c3g as de�ned for wavevectors directed along

[100], [110] and [111].

Numerical results of the friction factors are given in Fig. 5.2, for k in the directions

[100], [110] and [111], in a dilute BCC crystal (� = 0:001). These three directions are

indicated by di�erent line-types, and numbers next to the curves designate the various

polarizations given in the caption of the �gure. The wavenumber k ranges from 0 (zone

centre) to kBr (zone edge). For k along [100] or [111] the two transverse friction factors are
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Figure 5.2: Friction factors �(k) as a function of wavenumber k = kkk for di�erent vibra-
tional modes in a dilute BCC crystal (� = 0:001). The various directions and polarizations

are: (1) [100] longitudinal, (2) [110] longitudinal, (3) [111] longitudinal, (4) [100] trans-

verse, (5) [110] transverse-polarized along [001], (6) [110] transverse-polarized along [1�10],

(7) [111] transverse. The two transverse modes for [100] and [111] are degenerate.

degenerate: �T1 = �T2, due to rotational symmetries. Data given in Fig. 5.2 are calculated

for L = 1. Increasing the truncation level gives corrections which are observed to be

smaller than 0.3% for all considered modes. This is not unexpected, since these corrections

(considered both relatively as well as in the absolute sense) are at most of O(�). A picture

similar to Fig. 5.2 is presented in Ref. [12], where labels next to the curves indicate the exact

same polarizations, with the exception of labels 5 and 6, which are wrongly interchanged.3

Near the zone centre friction factors for transverse modes, �T, vanish proportional to k2,

whereas longitudinal mode frictions, �L, reach a �nite value, according to the expressions

in (5.9) in combination with the data in Table 5.3. The vanishing of �T in k = 0 can be

made plausible, according to Ref. [12], by observing that - for these long wavelengths - the

spheres induce a large-scale shear ow which moves along with the spheres. The presence

of walls would provide a `backow' and thereby �nite friction �T. Such a backow is

intrinsically present in the longitudinal case, even in the long-wavelength limit, resulting

in a �nite friction corresponding to uniform sedimentation. This can be understood purely

on basis of the symmetry of the ow, without introducing far away boundary conditions

3It is worthwhile to mention that the maximum wavenumber used in the concerning picture in Ref. [12],

also corresponds to the `zone edge' (zone boundary), that is k = kBr. This is in contradiction with the text,

where it is mentioned that the wavenumber for the [111] direction is `carried beyond the Brillouin-zone

boundary by following an edge between unit cells adjacent to the �rst zone.' The last sentence strongly

suggests that Hurd et al. use km instead of kBr as a maximum wavenumber, which contradicts both their

picture as well as the analytical results according to their theory, which are found to agree perfectly with

our results.
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of some kind. Similar - more detailed - considerations explaining the behaviour of friction

factors for various short-wavelength modes will be given later in this section. As is seen

from Fig. 5.2, the �nite value of �L in the limit of k! 0 is identical for each of the three

directions of k, in accordance with the isotropy of the cubic array. This is not true for

all packing types, as will be shown in Section 5.6 where sedimentation is discussed for

tetragonal lattices.

It is recalled that kBr coincides with the symmetry point km for the [100] and [110]

directions. In these cases the curves, shown in Fig. 5.2, are horizontal at k = kBr, whereas

for k polarized along [111] the graphs of �L and �T intersect at the zone boundary. The last

feature can be observed in Fig. 5.3(c), where the friction factors are plotted (on a logarithmic

scale) versus reduced wavenumber k=km in the interval between 0 and 1. Results are shown

for three volume fractions: � = 0:001 (solid curves), � = 0:1 (dotted) and � = 0:6 (dashed).

Notice that the boundary of the �rst Brillouin zone, kBr, corresponds to k=km = 1=2. As

is seen in Fig. 5.3(c) there is a distinct minimum of �L for a certain wavenumber (in the

range between kBr and km) which depends only slightly on volume fraction. Moreover �T

shows a maximum for nearly the same wavenumber. Also given in Fig. 5.3 are the friction

factors for the various modes with k in the directions [100] (a), and [110] (b). Frictions

for transverse (T) and longitudinal (L) modes can be distinguished by their behaviour for

small wavenumbers, as is indicated in Fig. 5.3(a). The two friction factors �T1 and �T2 are

not degenerate for transverse polarized waves with k in the [110] direction. These friction

factors, which are indicated, respectively, by the labels 1 and 2 in Fig. 5.3(b), correspond

to the polarization directions [001] and [1�10], according to the de�nition (5.10). It is noted

that curves for �T1 and �T2 in Fig. 5.3(b) are (almost) indistinguishable for the instances

of � = 0:001 (full curves) and � = 0:1 (dotted). Friction factors have also been calculated

for SC and FCC structures, and results are shown in Fig. 5.4. Lattice types (SC, FCC)

and directions of the wavevector ([100], [110], [111]) are indicated in the various pictures

(a)-(f). For the FCC array with k directed along [110] it is seen in Fig. 5.4(d) that there is

a degeneracy of the friction factors for longitudinal and [001]-transverse polarized modes

at certain non-trivial wavenumbers, which depend on the particular volume fraction. At

the symmetry point km one of the transverse friction factors becomes identical to the

longitudinal friction factor, which type of degeneracy is also seen for k along [111] and for

SC and BCC lattices, but not in all cases: cf., for instance, Figs. 5.3(b) and 5.4(d).

Numerical results given in Figs. 5.3 and 5.4 were calculated using truncation level

L = 2 for volume fraction � = 0:001, L = 10 for � = 0:1 and L = 30 for the highest

volume fraction, being � = 0:6 for the BCC and FCC packings and � = 0:45 for the SC

structure. For these L values all data have converged: increasing L gives corrections of

less than 0.1%, even near the symmetry point km, where the slowest convergence is found

due to correspondingly high shear-rates. It is noted that the maximal concentrations used,

are not far below the close packing volume fraction �cp, for the three packing types, being

approximately 0.52 (SC), 0.68 (BCC) and 0.74 (FCC), according to Table 5.1. High volume

fractions evidently bring about relatively strong velocity gradients which are described by

high order expansion functions, i.e. by taking L � 1. Remarks about the convergence

of results as a function of L are given below. Regarding the �-dependence a remarkable
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Figure 5.3: Friction factors versus k=km for BCC lattice, with k polarized along: [100] (a),

[110] (b), [111] (c). Transverse mode frictions (T) vanish at the zone centre (k = 0), whereas

the friction factor for longitudinal modes (L) shows a maximum there. Labels 1 and 2 in

(b) indicate transverse modes polarized along the directions of respectively c1 and c2 as

given in Table 5.4. In (a) and (c) the two friction factors for transverse polarized modes are

degenerate. The various volume fractions are � = 0:001 (solid curves), � = 0:1 (dotted)

and � = 0:6 (dashed). Due to the logarithmic scale, frictions for the separate transverse

modes in (b) are indistinguishable for � = 0:001 and � = 0:1.

behaviour of the transverse mode frictions can be observed near k = 0, which is present

for all cubic structures, and for all of the considered k-directions. From Figs. 5.3 and 5.4

it follows that these friction factors �rst decrease on going from � = 0:001 to � = 0:1,

and increase further by raising the volume fraction to the maximum value used in these

�gures. The above peculiarity is most probably caused by the following two competing

e�ects. Firstly there is the trivial e�ect of monotonously increasing viscous dissipation

as a function of �, which is most pronounced for longitudinal modes. Secondly there is

the e�ect of particles dragging the uid along, increasingly so for higher volume fractions.

For long-wavelength transverse modes this diminishes the friction factor by the lack of
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Figure 5.4: Longitudinal (L) and transverse (T) friction factors versus dimensionless

wavenumber k=km for SC and FCC arrays. Lattice types and k-directions are indicated in

the pictures. In (c) and (d) wavevectors are directed along [110] and labels T[1�10], T[001]

denote the two transverse polarizations. Results are calculated for three di�erent volume

fractions, as mentioned in the caption of Fig. 5.3.
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backow, as mentioned before.

The wavevector-dependent behaviour of friction coeÆcients can often be understood

in an intuitive way by considering the ow that corresponds to the collective motions of

the particles. As discussed above, this explains qualitatively the very di�erent behaviour of

friction factors for transverse and longitudinal modes in the case of small wavevectors (long

wavelengths). Fig. 5.5 illustrates the motions corresponding to longitudinally polarized

waves in the [100] direction (x-direction) for particles on a SC lattice. The wavenumbers

x

y

(a)

x

y

(b)

Figure 5.5: Longitudinal modes of motion in the xOy-plane of a SC lattice for k = 1
2
km (a)

and k = km (b). The wavevector k is directed along [100] (the x-axis). Bold open arrows

indicate the particle velocities. Picture (a) corresponds to half a wavelength of the periodic

motion, with motionless particles at xj = 2n, n 2 Z, whereas (b) shows the velocities for

one full wavelength.

are k = 1
2
km (a) and k = km (b). It is recalled that each wavevector k corresponds

to a plane wave, such that particle velocities (bold open arrows) vary only in the [100]

direction. Therefore motions are translationally symmetric in both the y- and z-directions.

To be more precise, the jth particle position (lattice point) with respect to the origin O is

indicated by the vector Lj = R(xjex + yjey + zjez) with integer coordinates xj, yj and zj.

Setting the nearest neighbour distance R to unity, for convenience, the situation depicted in

(a) is de�ned by particles at xj = 4n�1, with n 2 Z, having velocities�Uex, while velocities
are vanishing at xj = 2n. The (dimensionless) wavelength is 4; half a wavelength is shown in

(a). In (b) the wavelength is 2 and velocities are Uex at positions where xj = 2n, and �Uex
for xj = 2n+1. Fig. 5.6 shows the analogous situations for velocities �Uey, corresponding
to transverse waves with k = 1

2
km (a) and k = km (b). It is seen in Figs. 5.5 and 5.6 that

longitudinal motions are characterized by a `squeezing' ow in between particles moving

in opposite directions, whereas transverse waves correspond to a shearing type of ow. On

basis of these pictures it is likely that friction factors corresponding to these particular

longitudinal modes, exceed the frictions for transverse modes of motion, assuming that

squeezing produces more resistance then shearing. This assumption is based on the explicit

expressions for the relevant components of the resistance matrix for two spheres, as given

in Ref. [26] for large intersphere distances (method of reections) as well as for nearly

touching spheres (lubrication theory). Additionally, in view of Figs. 5.5 and 5.6, it can

be expected that friction factors increase as the wavenumber approaches km from below.

Indeed these qualitative �ndings agree with the friction factors calculated for these modes,

as shown in Fig. 5.4(a), although the increase of �L is found to be quite weak.
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Figure 5.6: Transverse modes of motion in the xOy-plane of a SC lattice for k = 1
2
km (a)

and k = km (b), with k in the [100] direction. Further details are given in the caption of

Fig. 5.5 for the analogous situation of longitudinal modes.

For the case where wavevectors are directed along [110] Fig. 5.4(c) shows that the

longitudinal friction factor is a decreasing function of wavenumber, in contrast to the in-

creasing friction for longitudinal modes with k along [100] as discussed above. This di�er-

ence is explained qualitatively on basis of Fig. 5.7, which shows that a compressing motion

for k = 1
2
km, in (a), changes into a shearing kind of motion if the wavenumber approaches

the zone edge km, as depicted in (b). Notice that for k = km particles lying in adjacent

planes normal to k, are exactly out of phase. Modes of motion corresponding to the zone

edge are illustrated in Fig. 5.8, where (a) shows the longitudinal mode (as in Fig. 5.7(b))

while (b) and (c) give the situations for the transverse waves polarized along [1�10] and [001]

respectively. Note that velocities in (c) are in the positive and negative z-directions. It

is immediately seen that the situations depicted in (a) and (b) are identical by virtue of

the fourfold rotational symmetry around the z-axis, which explains the degeneration of

the corresponding friction factors (at k = km) given in Fig. 5.4(c). The ow corresponding

to the motions in Fig. 5.7(b) can be seen as a combination of compression and shearing,

whereas (c) shows a purely shearing type of motion. This last consideration predicts that

the friction factor �T1 corresponding to (c) is smaller then �T2, for the mode depicted in

(b), which is in agreement with the numerical results given in Fig. 5.4(c). Comparing these

same transverse modes for the BCC instance reveals that �T1 > �T2 there, as can be seen

in Fig. 5.3 where [001] and [1�10] transverse polarizations are labelled 1 and 2 respectively.

This striking di�erence with the SC case can be easily understood on basis of a picture of

the corresponding modes in the BCC lattice, analogous to Fig. 5.8. Similar illustrations

can be used to clarify the behaviour of various other friction factors shown in Figs. 5.3 and

5.4, although some cases require inspection of quite complicated three-dimensional geome-

tries, and due to this diÆculty we have not been able to shed some light on the peculiar

minimum of �L for [111] modes in BCC lattices, as shown in Fig. 5.3(c).
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Figure 5.7: Longitudinal modes of motion in the xOy-plane of a SC lattice for k = 1
2
km

(a) and k = km (b). The wavevector k is directed along [110]. Variously sized arrows in (a)

indicate velocities with di�erent magnitudes.
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Figure 5.8: Modes of motion for particles in the xOy-plane of a SC lattice for k at the

zone boundary (k = km) in the direction [110]. The longitudinal mode is shown in (a),

situations in (b) and (c) correspond to the transverse modes polarized along [1�10] and [001]

respectively.
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Translational friction factors and coupling with rotations

Low-� expansions, analogous to (5.9), for the translational friction factors �T1, �T2 and

�L can be found by simply setting the mobility tensors �̂tr and �̂
rt = (�̂tr)y to zero, cf.

the discussion below eq. (5.9). The tensor �̂rt gives the (Fourier transformed) rotational

velocity 
̂ corresponding to a known force F̂. Assuming this coupling tensor to be zero

implies that the translational resistance tensor �̂
tt
is just the inverse of �̂tt, which yields

the modi�ed friction factors

~�T1 = 1=mtt
11;

~�T2 = 1=mtt
22;

~�L = 1=mtt
33:

(5.11)

It is easily seen from the special form of the (6� 6) mobility matrix �̂, that �L = ~�L, cf.

(5.8) for the [100] case, however in the expressions for transverse modes components ofmtr

enter, analogous to (5.8), and therefore �T1 6= ~�T1, �T2 6= ~�T2.

The friction factors for transverse modes �T1 and �T2 are compared to ~�T1 and ~�T2

in Figs. 5.9 - 5.11 for BCC structures at moderate to high concentrations: � = 0:1 (a)

and � = 0:6 (c). Solid lines in (a) and (c) give the results for �T1 and �T2, while dashed

lines correspond to ~�T1 and ~�T2. It is recalled that for k along [100] (Fig. 5.9) and [111]

(Fig. 5.11) the two transverse frictions are degenerate: �T1 = �T2 � �T, and analogously
~�T1 = ~�T2 � ~�T. For the instance of k in the [110] direction, shown in Fig. 5.10, solid lines

1 and 3 in (c) give �T1 and �T2 respectively, while dashed lines 2 and 4 correspond to ~�T1

and ~�T2. For � = 0:1 these four friction factors are almost degenerate, as can be seen in

Fig. 5.10(a). In Figs. 5.9 and 5.11, (b) and (d) give the relative deviations (�T � ~�T)=�T

corresponding to the results shown in (a) and (c), respectively, on a 100% scale. Analogously,

for k in the [110] direction, pictures (b) and (d) in Fig. 5.10 show (�T1�~�T1)=�T1, indicated

by the dashed lines, while solid lines give (�T2 � ~�T2)=�T2. These deviations are almost

identical for � = 0:1, as can be seen in Fig. 5.10(b).

For all considered directions of k it is seen that the neglect of coupling with rota-

tions causes a relatively large deviation near the zone centre. As was observed before, this

deviation can be neglected in the case of the experiments reported by Hurd et al. [13],

concerning extremely diluted colloidal crystals (� = 0:001). In fact it can be shown that

(�T � ~�T)=�T is of O(�4=3), except for k ! 0, in which case � is the leading order term.4

This explains why deviations are maximal at the zone centre. For � = 0:1 one can expect

maxima of the deviations of about 10%. Although higher order terms may become promi-

nent for this concentration, this is a reasonable estimation, as can be seen from the pictures

(b) in Figs. 5.9 - 5.11. Moreover it is seen that deviations are vanishing at k = km, where,

indeed, �̂rt(k) = 0. This can be understood by considering the forces acting on particles

in the BCC array, corresponding to waves with k along [100], [110] or [111]. By virtue

4This is due to k
�2-singularities which appear as coeÆcients in the small-� expansions of �T and ~�T,

cf. �T in (5.9).
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Figure 5.9: Transverse mode friction factor as a function of wavenumber k=km, with k in

the [100] direction of BCC crystals at concentrations � = 0:1 (a) and � = 0:6 (c). The solid

curves in (a) and (c) represent the correct friction factor �T, whereas the dashed curves

show ~�T, which results from neglect of coupling with rotations, as is explained in the text.

Relative deviations (�T�~�T)=�T corresponding to the results shown in (a) and (c) are given

in (b) and (d), on a 100% scale.

of symmetries at k = km these forces do not give rise to particle rotations, which can be

easily derived from pictures analogous to Figs. 5.6(b), 5.8(b) and 5.8(c). Hence �̂rt(km) = 0

for these polarizations.
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Figure 5.10: These pictures are similar to Fig. 5.9 above. Again (a) and (b) correspond

to � = 0:1, while (c) and (d) show the results for � = 0:6. In this case the wavevector

is directed along [110]. Friction factors �T1 and �T2, respectively, are represented by the

full curves 1 and 3 in (c), while dashed lines 2 and 4 correspond to ~�T1 and ~�T2. For

� = 0:1 these four friction factors are almost degenerate, as can be seen in (a). The relative

deviation (�T1 � ~�T1)=�T1 is indicated by the dashed lines in (b) and (d), where solid lines

give (�T2 � ~�T2)=�T2.
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Figure 5.11: The wavevector is directed along [111]. More details are given in the caption

of Fig. 5.9.
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5.3 Drag coefficient for cubic arrays

If all spheres in a cubic array move with the same velocity U, relative to a quiescent uid,

then, by translational invariance, each of them experiences the same friction force F, given

by

F = ��0KU; (5.12)

where the positive scalarK is called the drag coeÆcient. The equation above expresses that

F and U are always in the exact opposite directions, reecting the cubic symmetry. The

drag coeÆcient can be calculated by using the method expounded in Chapter 3 because it

is related to the k-dependent friction factor for longitudinal modes, as

K = lim
k!0

�L(k): (5.13)

As shown in the previous section k̂ � k=k is an eigenvector of the (dimensionless) resistance

tensor �̂
tt
(k)=�0 for cubic arrays, if k̂ is polarized along certain symmetry directions, for

instance [100], [110] or [111]. By de�nition �L(k) is the corresponding eigenvalue. It can

be shown for cubic lattices that any k̂ is an eigenvector in the limit for k! 0. Therefore

the relation for the drag coeÆcient (5.13) is generalized by

K = lim
k!0

k̂ � �̂tt(k) � k̂
�0

: (5.14)

The choice of k = kez ! 0 provides a decoupling of the set of equations for the mobility

matrix, as explained in Chapter 3, Section 3.5, and this can be exploited to optimize the

calculation of the drag coeÆcient. By analogy with (5.8) it follows from cubic symmetry

that

�L(k) = 1=mtt
zz(k) if k = kez: (5.15)

Therefore (5.13) yields

K = lim
k!0

1=mtt
zz(kez): (5.16)

Many theoretical and experimental studies of the drag coeÆcient for cubic arrays, or quan-

tities that are directly related to it, have been reported in the literature, already since the

early �fties [39, 75, 88{91, 96{99]. Some of these studies provide accurate data for the whole

range of volume fractions. The main purpose of this section is to compare our results of K

with those found in the literature. To validate our numerical results for K it is important

to observe the convergence behaviour as a function of truncation level L. This is shown in

Table 5.5 for the three cubic packing types. The values of the volume fraction, which were

also used in Refs. [90, 91] are low to intermediate. One can see that results increase for

increasing L, but converge systematically. Data for which the last decimal place does not
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Table 5.5: Convergence of drag coeÆcient K for the three cubic packing types, with

relatively low volume fractions.

SC BCC FCC

L (� = 0:027) (� = 0:125) (� = 0:216)

1 2.00474 4.42584 7.59760

2 2.00474 4.42584 7.59760

3 2.00774 4.44113 7.70250

4 2.00775 4.44128 7.70329

5 2.00775 4.44636 7.75687

6 { 4.44636 7.75715

7 { 4.44638 7.75767

8 { 4.44638 7.75768

9 { { 7.75768

10 { { {

change anymore by increasing L are not shown in the table. Clearly, the results are already

accurate to within 1% for the lowest possible truncation level (L = 1) in the SC and BCC

cases, and for the FCC array (which is less dilute) if L = 3 is taken. The L = 1 and L = 2

results are identical, as a consequence of the cubic symmetry, but this degeneration does

not occur for larger L values. In Table 5.6 the drag coeÆcient K is given for cubic arrays

at close packing volume fraction, �cp. Even for these extremely dense arrays convergence

appears to be systematic. Results for the SC and BCC structures have converged, within

an error well below 1%, if L = 10 is taken, whereas in the FCC case this criterium is

satis�ed for L = 20. It is noted that the close packing volume fraction in the FCC case

is higher than �cp for the SC array, with that of BCC being intermediate. Evidently, for

a given accuracy the truncation level L needs to be greater for FCC than for BCC, and

again greater for BCC than in the SC case. The numerical inaccuracies in the projected

values for L!1, as presented in Table 5.6, are estimated from the data for L = 50 and

L = 60, using one extra digit. With regard to a comparison of the data with results found

in the literature, as discussed below, it is noted that values of �cp used in the calculations

are accurate up to 11 signi�cant �gures. Taking 5-digit accuracy in �cp, for instance, (i.e.

0.52359, 0.68017 and 0.74048 for SC, BCC and FCC, respectively) only introduces relative

errors in the resulting values of K of the order of 10�5.

Various analytical and numerical studies of the drag coeÆcient for cubic arrays, or

directly related quantities, have been reported in the literature. Already in the late �fties

Hasimoto [39] developed an analytic method to �nd an asymptotic expansion for the inverse

of the drag coeÆcient, K�1 in powers of �1=3 up to O(�2) for the three cubic arrays of

spheres. A modi�cation to Hasimoto's method enabled Sangani and Acrivos [98] to derive

a series expansion to O(�10). They also reported numerical results, based on the same

method, for the entire range of volume fractions. These data agreed, within 1%, with their
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Table 5.6: Convergence of drag coeÆcient K for the three cubic packing types at close

packing volume fraction, �cp. Numerical errors in the projected values for L ! 1 are

estimated on basis of the results for L = 50 and L = 60, using one extra digit. Values of

�cp used in the calculations are accurate up to 11 signi�cant �gures. Results obtained for

5-digit accuracy in �cp are given in the last line of this table (taking 0.52359, 0.68017 and

0.74048 for SC, BCC and FCC resp.).

L SC BCC FCC

10 42.06983 162.2870 424.511

20 42.09972 162.7668 432.001

30 42.10039 162.7779 432.112

40 42.10046 162.7790 432.132

50 42.10047 162.7792 432.134

60 42.10047 162.7792 432.135

1 42.10047

�5 � 10�6
162.7792

�5 � 10�5
432.135

�5 � 10�4
1 42.09846 162.7732 432.133

series expansion for volume fractions up to, roughly, half the close packing concentration.

Moreover, their numerical results were found to compare excellently (to within 0.5%) with

the results provided by Zick and Homsy [90] who were able to reduce the three dimensional

problem of Stokes ow to solving a set of integral equations de�ned on the surface of a

sphere, a problem which could eventually be tackled numerically by using a Galerkin

technique. Zick and Homsy's results also agreed well with some previous numerical data

for close packing SC and FCC arrays of spheres, as reported by S�rensen and Stewart [97]

and Snyder and Stewart [96], respectively, who used a standard Galerkin technique to solve

the ow in the entire uid domain within a cell. Larson and Higdon presented calculations

for a cubic grain consolidation model of porous media, in which the radius of the spheres is

allowed to increase past the point of close touching. A boundary collocation technique was

used in combination with Lamb's general solution for the velocity �eld [27]. Following this

same method Chapman and Higdon [99] studied the dynamic permeability as a function

of volume fraction and the frequency of the oscillatory viscous ow through cubic arrays

of spheres, in the whole range from dilute systems of non-overlapping spheres to highly

consolidated media. The permeability for zero frequency is directly related to the drag

coeÆcient K. In fact, results can be shown to agree perfectly with those of Larson and

Higdon and of Zick and Homsy.

There have also been some experimental studies of the pressure drop through periodic

porous media. Drag coeÆcients of 42.5 and 398 were obtained from the data of Martin,

McCabe and Monrad [88] for SC and FCC packings, respectively. The experiments of

Susskind and Becker [89] with BCC packings yielded a coeÆcient of 170. These values

agree to within a few per cent with the results of 42.1, 435, and 163, as calculated by Zick

and Homsy.
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In Table 5.7 our results for the drag coeÆcient, K, are compared with the most

accurate data available, as provided by Zick and Homsy, KZH, and by Larson and Higdon,

KLH, for the three cubic arrays and for the whole range of volume fractions up to close

packing. Our results are converged and rounded to the number of digits shown. Larson

and Higdon's data are claimed to be accurate to within �1 in the last place, except where

the last digit is underlined (for close packing BCC structure, � = 0:6802) in which case

the uncertainty is �2 in that place. Numerical errors for KZH are only given explicitly for

the close packing cases, viz. �1 in the last decimal place for SC and BCC structures and

�5 for the FCC close packing. It is seen that most data agree excellently. Some results for

high volume fractions show a small, but signi�cant deviation from our data. These results

have been highlighted by frames. The value KZH = 349 for the concentrated FCC array

with � = 0:72 is probably not converged to within �1, judging on the error of �5 for close
packing (� = 0:74048). Inaccuracies for the framed results of Larson and Higdon are also

expected to be somewhat bigger than reported. For a closely packed SC array their results

do not converge systematically, but show oscillating behaviour as a function of the order of

approximation used in their method (see Table I in Ref. [91]) and on basis of these data it

would be more appropriate to take 42:0� 0:1 instead of 41:99� 0:01, which does not fully

disagree with our result of 42:10047 � 5 � 10�6. Similarly one can expect larger errors in

KLH in the case of dense FCC arrays. It is noted in this regard that the method of Larson

and Higdon involves the choice of both a `suÆcient' number of expansion functions (as in

our treatment) as well as a number of suitably positioned collocation points in order to

satisfy certain periodicity conditions on cell boundaries. Because the choice of collocation

points also a�ects results, the estimation of numerical errors is not as straightforward as

it is in our method.

For a proper comparison of all data in Table 5.7 a comment about the accuracy of

the used volume fractions is in order. In fact, the exact values of � given in Table 5.7

are the same as mentioned by Zick and Homsy and Larson and Higdon, except for the

close packing volume fractions in the BCC and FCC cases, where Zick and Homsy mention

the values 0.6802 and 0.7405, respectively, whereas Larson and Higdon use 0.68018 and

0.74048. To 7 signi�cant numbers the values of �cp are 0.6801748 and 0.7404805. Note that

Zick and Homsy do not consider overlapping spheres and therefore their values of 0.6802

and 0.7405 must be interpreted as rounded numbers, just like the concentrations 0.6802

and 0.74048 mentioned in Table 5.7. In our calculations �cp is accurate to 11 signi�cant

�gures, whereas the exact values used by Zick and Homsy are unknown and therefore

assumed to be accurate within the rounding errors of about 1 � 10�5. The above mentioned

concentrations used by Larson and Higdon di�er about 1 � 10�6 from the corresponding

�cp values. Nevertheless, an (absolute) change of 1 � 10�5 for volume fractions near �cp
brings about a correction of only 1 � 10�2 to the value of the drag coeÆcient for the BCC

array, as can be concluded on basis of Table 5.6. It is noted in this respect that the drag

coeÆcient is a smooth continuous function of volume fraction �, even at � = �cp. In the

SC and FCC instances it can be checked analogously that the rounding errors in �cp (or

small deviations of concentration) which may have been introduced in the calculations, are

too small to signi�cantly a�ect the results KZH and KLH.
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5.4 Spin viscosity for cubic arrays

Consider a cubic array of spherical particles, all rotating with angular velocity 
 with

respect to an otherwise quiescent uid. Consequently all spheres will experience the same

frictional torque T. The spin viscosity �r, the rotational counterpart of the drag coeÆcient

K, is de�ned as the positive scalar that relates the torque per unit volume � � T=(R3Vc)

to the angular velocity, as

� = ���r
: (5.17)

Like the drag coeÆcient, the spin viscosity has a scalar nature owing to cubic symmetry.

Various alternative de�nitions of the spin viscosity can be found in the literature. The spin

viscosity � de�ned in Zuzovsky et al. [92] and Brenner [100] is related to �r as � = ��r, while

Rosensweig [93, 94], and Condi� and Dahler [101] introduce the so-called vortex viscosity

� = 1
4
��r.

Analogous to (5.14) it is found that the spin viscosity is related to the rotational

resistance tensor �̂
rr
(k) for cubic lattices, as

�r = lim
k!0

6� k̂ � �̂rr(k) � k̂
8��a3

: (5.18)

Here the limit k ! 0 may be taken in any direction. Calculation of �r is most eÆciently

done by evaluation of the limit k = kez ! 0, analogous to (5.16), yielding

�r = lim
k!0

6�=mrr
zz(kez): (5.19)

Exploiting symmetries the following expansion for low volume fractions can be derived, for

truncation level L = 4:

mrr
zz = 1 + S2;0;1=2x

3
0 �

�
6(S4;0;1=2)

2 + 1
800

(S4;4;1=2)
2
�
x100 +O(x170 ): (5.20)

Here x0 = a=R = (3Vc
4�
)1=3�1=3 and Vc is the (dimensionless) cell volume depending on the

cubic lattice type, as given in Table 5.1. The derivation of the above expression could be

greatly simpli�ed by noticing that the only non-vanishing lattice sums Slm� have even l

and fourfold m, as is expounded in Chapter 3, Section 3.5. It is noted that (5.20) is valid

for k = kez ! 0. In this limit the conditionally convergent lattice sum S2;0;1=2 amounts

to � 4�
3Vc

(see e.g. Chapter 3, Ref. [58]), while the other lattice sums in (5.20) can be

determined numerically, following the method expounded in Chapter 3, Section 3.5. The

truncation error introduced in the computation of lattice sums could be made suÆciently

small as to have unsigni�cant e�ect to the �nal results. Moreover it is found numerically

that taking L > 4 leads to corrections in (5.20) which are of O(xp0) with p > 11. Combining

(5.19) and (5.20) it follows

�r = 6�
�
1� �� S�10=3 +O(�17=3)

��1
: (5.21)
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The coeÆcient S is di�erent for the SC, BCC and FCC arrays, namely

S = 1:95708 for SC,

S = 0:193946 for BCC,

S = 0:112930 for FCC:

(5.22)

Only few analytical results for the spin viscosity for cubic arrays were previously known,

and these were relevant for the asymptotes of high and low volume fractions �. Zuzovsky

et al. [92] were able to derive the following expression for low �:

�r = 6�
�
1� �+ SZ�

10=3 +O(�14=3)
��1

; (5.23)

which is similar to our eq. (5.21), but with di�erent prefactor of the �10=3 term:

SZ = 0:980 for SC,

SZ = 0:0965 for BCC,

SZ = 0:0563 for FCC:

(5.24)

Strikingly SZ is almost half our factor S as given in (5.22) for the three cubic lattices. It

is also seen that the unknown higher order terms in (5.21) and (5.23) are di�erent, but, as

mentioned above, the O(�17=3) in our formula (5.21) is found if calculations are performed

for L = 4, which does not preclude the possibility that lower order terms are introduced

by increasing the truncation level, for instance terms of O(�14=3) as in (5.23).

For extremely dense SC arrays Zuzovsky et al. found

�r = � ln(��1=3 � 1)�1: (5.25)

Here � = �=�cp, with �cp = �=6. The expression (5.25) is based on lubrication theory,

a singular perturbation analysis in terms of a small parameter � � 1 � �1=3, which can

alternatively be written as � = d=R, with d being the smallest distance between surfaces

of neighbouring spheres in the array, and R their center-to-center distance. It follows from

(5.25) that the spin viscosity diverges as d ! 0, which is intuitively understood because

nearly touching spheres that rotate uniformly perpendicular to their line of centers produce

large stresses (lubrication stresses) in the interstice of size d.

Spin viscosities for a SC lattice are given in Fig. 5.12(a), where the solid curve indi-

cates our numerical results that have converged for all volume fractions up to close packing

(vertical dashed line). Relatively high truncation levels L were needed near close pack-

ing, where large stresses are produced in the regions between nearly touching spheres. For

� = 0:52, L = 60 was required to assure 3-decimal accuracy in the results. At close packing

the spin viscosity diverges, as can be expected. The low-� expansion (5.21) is indicated by

the dashed curve in Fig. 5.12(a) which approximates the numerical data very well, even

up to � = 0:4 within an error of only 3%. It may be noticed that this concentration

corresponds to a relatively dense array, viz. 75% of the close packing volume fraction. The

expression of Zuzovsky et al., (5.23), which is given by the (almost straight) dotted curve,
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Figure 5.12: Spin viscosity for SC lattice over the whole range of volume fractions � up to

close packing, �cp = �=6 (vertical dashed line). The solid curve in (a) gives the converged

numerical results. Expansion (5.21) is indicated by the dashed curve. The dotted curve

represents (5.23) as derived by Zuzovsky et al. [92]. Circles are some data obtained by the

Stokesian dynamics approach, reported by Brady et al. [44]. In (b) results are compared

with lubrication theory. Converged data are indicated by the solid curve. The dotted

curve indicates (5.25) (Zuzovsky et al.) which can be considerably improved by adding the

constant term �3:15 (dashed curve).

is found to be reasonable for quite low volume fractions, but shows deviations from the

numerical data that exceed 3% already at � = 0:25. It seems, therefore, that an error has

slipped into the calculation of Zuzovsky's coeÆcients SZ given in (5.24) which explains the

deviation by a numerical factor of almost 2 with respect to our coeÆcients S in (5.22).

Circles in Fig. 5.12(a) indicate some data obtained by Brady et al. [44] using the Stokesian

dynamics approach (data for � < 0:2 are not shown in this �gure, but these would be

right on our curve). Stokesian dynamics is based on exact descriptions of hydrodynamics

in the limits of very low and extremely high volume fractions. Indeed, the Stokesian dy-

namics results for the lowest and highest concentrations compare well with our exact data,

but overpredict the spin viscosity in the range of intermediate to high volume fractions.

Stokesian dynamics includes the lubrication result (5.25) in order to model hydrodynamics

correctly when particles are nearly touching, that is for � � 1. However, it is noted that

lubrication theory does only provide the singular term in �, which is � ln ��1, according

to (5.25). Following Nunan and Keller [102] one may improve lubrication formulae such

as (5.25), by assuming that the leading non-singular terms are 1, � ln ��1 and �, thereby

obtaining a modi�ed expression for the spin viscosity, ~�r, of the form

~�r = � ln ��1 + c1 + c2� ln �
�1 + c3�; (5.26)
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with � � 1. Comparing the expression (5.26) to our numerical data for high volume

fractions is was found by using a least-squares �tting procedure that c1 = �3:15 � 0:03.

It was not possible, however, to determine the coeÆcients c2 and c3 with reasonable ac-

curacy, due to insuÆcient convergence of the numerical computations as close packing is

approached. In Fig. 5.12(b) the numerical results for �r are compared with the lubrication

formula (5.25) (dotted curve) which can be considerably improved by adding the constant

term c1 = �3:15 (dashed curve) according to (5.26) with c2 and c3 set to zero. The residual

(~�r� �r)=�r is indicated by the solid curve in Fig. 5.13, on a 100% scale. The dashed curve

corresponds to a three-parameter �t with c1 = �3:155, c2 = �1:94 and c3 = 4:99. These

values have been obtained by �tting (5.26) to the numerical data for volume fractions � in

the interval between 0.26 and 0.52. Note that horizontal dashed lines in Fig. 5.13 indicate

deviations of �1%. It is stressed that the three-parameter �t should only be used as an

approximation, to within 1%, of the exact data in the aforementioned interval, but does

not have any fundamental meaning, unlike the coeÆcient c1 = �3:15� 0:03 which indeed

provides a �rst correction to the result of lubrication theory.
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Figure 5.13: Residual (~�r��r)=�r, with ~�r given by (5.26) and �r as determined numerically.

The solid curve gives the residual corresponding to the dashed curve in Fig. 5.12(b), where

c1 = �3:15, c2 = 0, c3 = 0. The dashed curve corresponds to c1 = �3:155, c2 = �1:94 and

c3 = 4:99. Stretched horizontal dashes indicate �1% levels.

Spin viscosities for BCC and FCC arrays are given in Fig. 5.14. As for the SC case

above, converged numerical data (solid curve) are compared to the low-� expansion (5.21)

(dashed curve) and the previous result (5.23) found by Zuzovsky et al. (dotted curve).

The close packing volume fractions (vertical dashed lines) are �cp = �
p
3=8 (BCC) and

�cp = �
p
2=6 (FCC). As for the SC case, it is found that our expansion (5.21) for BCC and

FCC arrays, provides a good approximation for the spin viscosity to within 3%, for � up

to about 75% of the close packing concentration. Again, this expansion is an improvement

on Zuzovsky's result (5.23) which gives errors below 3% if volume fractions are less than

60% of the close packing concentrations for these types of arrays. Using lubrication theory

it is possible to derive expressions for the spin viscosity of dense BCC and FCC packings,

similar to eq. (5.26) for the SC case. The spin viscosity provides the linear relation between

the angular velocity 
 and the torque T exerted on a reference sphere, according to (5.17).
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Figure 5.14: Spin viscosity versus volume fraction for BCC (a) and FCC (b) lattices. The

close packing volume fractions (vertical dashed lines) are �cp = �
p
3=8 (BCC) and �cp =

�
p
2=6 (FCC). The di�erent curves and symbols are as de�ned for Fig. 5.12(a).

For convenience this reference sphere is assumed to be the sphere at the origin, and is

referred to as the zero-sphere. Within the context of lubrication theory the total torque

on the zero-sphere is produced by forces Fn acting on the surface points ln where nearest

neighbours touch the zero-sphere for the case of close packing. These forces are pairwise

additive, and for the torque this implies

T =
X
n

ln � Fn; (5.27)

wherein summation is over all nearest neighbours. A well known expression for the mag-

nitude of the lubrication forces, Fn, which can be found in Refs. [26, 81], reads

Fn = ��aUn ln �
�1 + C + O(� ln ��1): (5.28)

Here Un is the relative velocity of the sphere surfaces near contact, i.e. Un is the magnitude

of the velocity vector Un = Rn�
, where Rn indicates the centre of the nth neighbouring

sphere. It is noted that

kRnk = 2a

1 + �
= 2a+O(�): (5.29)

The constant C in (5.28) cannot be determined by lubrication theory. In fact, the entire

surface of the neighbouring spheres, as well as that of all other spheres in the array, con-

tributes to the hydrodynamic interactions, yielding additional constant and O(�) terms in

the expression of the force Fn, see e.g. Refs. [26, 81]. These unknown terms should be
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determined by matching with the (numerical) results obtained by means of other methods

which provide an exact description of far-�eld hydrodynamics, analogous to the determina-

tion of the constant term c1 in (5.26). The expression (5.26) for the spin viscosity of dense

SC structures can be straightforwardly re-derived by combination of de�nition (5.17) with

the above eqs. (5.27) - (5.29). In an analogous way it follows for BCC and FCC lattices,

respectively, that

~�r =
p
3� ln ��1 + cbcc +O(� ln ��1);

~�r = 2
p
2� ln ��1 + cfcc +O(� ln ��1):

(5.30)

By �tting these expressions to the numerical data for high volume fractions, it is found that

cbcc = �6:55� 0:05 and cfcc = �15:8� 0:2. In Fig. 5.15 the above lubrication expressions

are compared to the converged numerical data (solid curves) for BCC (a) and FCC (b)

arrays. Similar to the SC case, it is found that including the �tting constants cbcc and

cfcc in the eqs. (5.30) (dashed curves) yields a strong improvement on the pure lubrication

results with cbcc and cfcc set to zero (dotted curves).
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Figure 5.15: Numerical results for the spin viscosity for BCC (a) and FCC (b) structures

(solid curves) compared to the lubrication expressions in (5.30) with �tting constants

cbcc = �6:55 and cfcc = �15:8 (dashed curves). Pure lubrication results with cbcc = 0

and cfcc = 0 are indicated by the dotted curves.

5.5 Spin waves in cubic lattices

In the previous section the spin viscosity was de�ned by (5.17) as a rotational friction

coeÆcient for the instance where all particles in the cubic array are spinning with the
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same angular velocity. If instead the rotations are non-uniform one can study collective

modes of motion, where angular velocities are periodically varying according to a plane

wave. Such waves will be referred to as spin waves. Due to viscous friction the particles

will experience damping torques that are related to the angular velocities by wavevector-

dependent friction factors. These are the rotational counterparts of the friction factors for

translational motions introduced in Section 5.2. Considering wavevectors k directed along

the special directions [100], [110] or [111] in a cubic lattice, the rotational friction factors

are de�ned by analogy with (5.10), as

�T1r = �̂rr11=�1;

�T2r = �̂rr22=�1;

�Lr = �̂rr33=�1:

(5.31)

Here �1 � 8��a3. As before, superscripts L, T1 and T2 indicate the longitudinal and

transverse polarizations, and components 1, 2, 3 of the rotational resistance tensor �̂
rr

are with respect to the orthonormal basis fc1; c2; c3g, where c3 = k=k. For k in the

[100] direction c1 = ey, c2 = ez and c3 = ex, while for the [110] or [111] directions the

basis vectors are speci�ed in Table 5.4. It is recalled that the transverse eigenvalues are

degenerate for the k-directions [100] and [111], therefore �T1r = �T2r � �Tr in these cases.

Analogous to the derivation of (5.8) it is found that the friction factors are related to the

dimensionless mobilities de�ned in (4.11), as

�Lr = 1=mrr
33;

�T1r =
mtt

22

mtt
22m

rr
11 +

3
4
(mtr

21)
2
;

�T2r =
mtt

11

mtt
11m

rr
22 +

3
4
(mtr

12)
2
:

(5.32)

are related to the dimensionless mobilities The rotational friction factors are plotted versus

k=km in Fig. 5.16 for the SC structure, and in Fig. 5.17 for BCC and FCC lattices. Dashed

curves correspond to the volume fraction � = 0:45 for SC, and � = 0:6 for BCC and FCC.

These numerical results are converged to at least 4 signi�cant digits, depending slightly on

the speci�c wavevector, as found by performing calculations for several truncation levels

up to L = 30. The solid curves in Figs. 5.16 and 5.17 indicate � = 0:1, in which case the

data are converged to at least 5 decimal places for L = 10.

The behaviour of rotational and translational friction factors, compared for identical

lattice types, shows many corresponding features, as can be seen by comparing Figs. 5.16,

5.17 with Figs. 5.3, 5.4. Again, longitudinal friction factors are found to be greater than the

transverse ones, with the exceptions of k along [111] in the BCC lattice, and the FCC array

with k in the [110] direction. In the latter case friction factors are found to be degenerate

at non-trivial wavevectors which weakly depend on the speci�c volume fraction, as can

be seen in Fig. 5.17(d). This property was already noticed for the translational friction
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Figure 5.16: Rotational friction factors �Lr , �
T1
r , and �T2r versus reduced wavenumber k=km

for a SC array. Results are given for two volume fractions: � = 0:1 (solid curves) and

� = 0:45 (dashed curves). Longitudinal (L) directions are [100] (a), [110] (b), [111] (c).

Transverse (T) friction factors �T1r , �T2r in (b) correspond to the polarization directions

[001] and [1�10], respectively. In (a) and (c) frictions for transverse modes are degenerate.

factors, see Fig. 5.4(d). A striking di�erence with friction factors for translational motion

is the degeneracy of �Lr , �
T1
r and �T2r in the limit of k! 0. This is found numerically, for

all cubic lattices at any concentration. This common limiting value is directly related to

the spin viscosity, which, by virtue of (5.18), satis�es

�r = lim
k!0

6��Lr (k): (5.33)

Moreover, a low-� expression for the spin viscosity has been found by evaluation of the

three friction factors in (5.32) for truncation level L = 1, yielding 6�=(1��), independent

of the cubic lattice type. The L = 4 result for �r given in (5.21), di�ers only by terms of

O(�10=3) in the denominator. Thus, results clearly indicate that the spin viscosity can also

be derived from �T1r and �T2r , the transverse eigenvalues of the resistance tensor �̂
rr
. On the



5.5. Spin waves in cubic lattices 103

L

1.5

2

2.5

3

0 0.5 1

T

1

BCC

[100]

(a)

L

1.5

2

2.5

3

0 0.5 1

T

1

FCC

[100]

(b)

T[1�10]

1.5

2

2.5

3

0 0.5 1

T[001]

L

1

BCC

[110]

(c)

T[1�10]
1.5

2

2.5

3

0 0.5 1

T[001]

L

1

FCC

[110]

(d)

T

1.5

2

2.5

3

0 0.5 1

L

1

BCC

[111]

(e)

L

1.5

2

2.5

3

0 0.5 1

T

1

FCC

[111]

(f)

Figure 5.17: Rotational friction factors �Lr , �
T1
r , and �T2r versus k=km for BCC and FCC

arrays at various concentrations: � = 0:1 (solid curves) and � = 0:6 (dashed curves).

Lattice types and k-directions are indicated in the pictures. Further information is given

in the caption of Fig. 5.16.
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Figure 5.18: Eigenvalues of mobility tensormrr(k) plotted against the reduced wavenumber

k=km, for a SC lattice, with k directed along [100] (a), [110] (b), [111] (c). Transverse (T)

and longitudinal (L) polarization directions are the same as used for the friction factors

in Fig. 5.16. The two transverse eigenvalues in (a) and (c) are degenerate. The various

concentrations are � = 0:1 (solid curves) and � = 0:45 (dashed curves).

other hand, transverse and longitudinal eigenvalues of the rotational mobility tensormrr(k)

are di�erent in the zero wavevector limit, as can be seen from Figs. 5.18 and 5.19, where

the eigenvalues are plotted versus reduced wavenumber k=km for the three cubic lattice

types. The various k-directions and concentrations are the same as for the friction factors

in Figs. 5.16 and 5.17. According to (5.32) the longitudinal component mrr
33 (indicated with

L in the �gures) is just 1=�Lr , whereas relations between transverse (T) friction factors and

mobilities are more complicated. It is seen that near the zone centre transverse mobility

eigenvalues mrr
11 and mrr

22 exceed the longitudinal eigenvalue.

As all particles are eventually rotating with the same angular velocity for k ! 0,

transverse and longitudinal modes of motion seem to be indistinguishable in that limit, and

a comment is in order about the physical mechanisms which are responsible for the di�erent

mobilities found at the zone centre. For a given wavevector k, particles in the array are
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Figure 5.19: Eigenvalues of mrr(k) versus k=km for BCC and FCC structures at concen-

trations � = 0:1 (solid curves) and � = 0:6 (dashed). Lattice types and k-directions are

indicated in the pictures. The various modes are labelled as in Fig. 5.18.
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subject to externally applied torques Tj which vary harmonically in the direction of k.

Torques are the same for all particles in a plane normal to k. Taking the wavevector in the

[100] direction of a SC lattice, for convenience, there are two di�erent mobility eigenvalues,

that correspond to torques in the k-direction (longitudinal) and torques perpendicular

to k (transverse). Due to these torques particles will be rotating with certain angular

velocities 
j (parallel to the torques) corresponding to a spin wave in the [100] direction.

Fig. 5.20 shows transverse spin waves in the xOy-plane. for k = 1
2
km (a) and k = km

(b). Rotational velocities 
j = 
jez of the respective particles, are indicated. Picture

(a) shows one single wavelength of the rotational motions, whereas two wavelengths are

depicted in (b). The analogous situations for longitudinal waves are shown in Fig. 5.21,

where 
j = 
jex. Transverse and longitudinal spin waves induce very di�erent types of

ow. It is easily seen that transverse waves correspond to a shearing ow which varies

with the wavelength of particle rotations. This shearing ow corresponds to a net mean

ow per cell, causing the particle in the cell to move with translational velocity Uj. In

terms of Fourier transforms this is written as Û(k) = �̂
tr(k) � T̂(k), where �̂tr(k) is found

to diverge proportional to 1=k for k ! 0. Consequently these transverse waves yield the

unphysical result of in�nite particle velocities in the long-wavelength limit. In the case of

longitudinally directed torques it can be immediately seen by virtue of symmetry that the

averaged ux per cell vanishes, such that there are no particle velocities Uj. This simple

interpretation agrees with the fact that �̂tr(k) is a purely transverse matrix according to

the explicit expression for mtr in (5.2).

Very di�erent from the above mobility formulation is the resistance problem, where

frictional forces and torques are calculated for a given wave of (longitudinal or transverse)

rotational velocities. First of all, in the resistance formulation it is possible to assume that

all translational velocities vanish. Rotational velocities may give rise to both torques and

forces. The Fourier transformed (frictional) forces are given by F̂(k) = ��̂tr(k) � 
̂(k). For
the three k-directions under consideration the resistance matrix �̂

tr
has only two nonzero

elements, namely �̂tr12 and �̂tr21 where indices 1 and 2 correspond to the transverse plane. A

x

y

(a)

x

y

(b)

Figure 5.20: Transverse spin waves in the xOy-plane of a SC lattice for k = 1
2
km (a) and

k = km (b). The wavevector k is directed along [100] (the x-axis). Rotational velocities


j = 
jez of the respective particles, are indicated.
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Figure 5.21: Longitudinal spin waves in the xOy-plane of a SC lattice for k = 1
2
km (a) and

k = km (b), with k in the [100] direction.

relation with the mobility components can be straightforwardly derived, yielding

�̂tr12
8��a2

=
�3

4
mtr

12

mtt
11m

rr
22 +

3
4
(mtr

12)
2

(5.34)

and a similar relation for �̂tr21 where all indices 1 and 2 are interchanged. From the above

expression it follows that �̂tr12 vanishes in the limit of k! 0, because for small wavenumbers

mtr
12 = O(1=k), as mentioned above, whereas mtt

11 = O(1=k2) and mrr
22 = O(1). Analogously

mtr
21 = O(1=k), mtt

22 = O(1=k2) and mrr
11 = O(1) and it follows similarly that �̂tr21 approaches

zero in the long-wavelength limit. Hence F̂(k)! 0 which corresponds to vanishing particle

forces Fj. The frictional torques experienced by the rotating particles can be determined,

analogously, from the friction factors �T1r and �T2r speci�ed in (5.32). Given that mrr
33 =

O(1) combined with the k-dependence of mtt
ii , m

tr
ij and mrr

jj with i; j 2 f1; 2g, it follows
that the longitudinal and transverse friction factors behave regularly in the long-wavelength

limit. As was mentioned above, calculations show that the rotational friction factors even

become identical in the limit of vanishing wavevector. Since the particles are only rotating

uniformly, and not translating (in contrast to the mobility problem above) this degeneration

is in fact very obvious, because �̂
rr
(0) must be isotropic for a cubic lattice.

In order to obtain more insight into wavevector dependent behaviour of the rotational

friction factors, it is found convenient to reconsider Figs. 5.20 and 5.21 depicting transverse

and longitudinal spin waves, resp, for k directed along [100] in a SC lattice. For the

transverse mode in Fig. 5.20(b) with k = km (zone boundary) all particles on a straight

line parallel to the x axis perform a smooth rolling-like motion. There are regions of high

velocity gradients between rows that are adjacent in the y-direction, whereas in the z-

direction (not shown) all particles are corotating smoothly. In the case of k = 1
2
km shown

in Fig. 5.20(a), there are more regions of high shear stress, and no `rolling' motions occur.

Hence it can be expected that friction factors for transverse waves in the [100] direction

decrease as the wavenumber approaches km, which is found to agree with the numerical

results given in Fig. 5.16(a). Similarly, by counting the areas of high shear gradients for

the longitudinal waves shown in Fig. 5.21 it is plausible that the friction factor �Lr rises for

increasing wavenumber, which agrees with the calculated results in Fig. 5.16(a). For the

case of wavevectors in the [110] direction (see Fig. 5.16(b)) friction factors �Lr , �
T1
r and �T2r
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Figure 5.22: Spin waves for particles in the xOy-plane of a SC lattice for k at the zone

boundary (k = km) in the direction [110]. The longitudinal mode is shown in (a), situ-

ations in (b) and (c) correspond to the transverse modes polarized along [1�10] and [001]

respectively.

are found to decrease, as can be illustrated graphically. The situations to be considered

are analogous to those in Figs. 5.20 and 5.21 and will not be discussed here. Moreover it

is seen in Fig. 5.16(b) that �T2r = �Lr and �T1r < �Lr at the zone boundary (k = km), which

can be understood by observing the corresponding particle motions shown in Fig. 5.22.

The longitudinal mode is depicted in (a), while (b) and (c) illustrate the transverse modes

polarized along [1�10] and [001] respectively. Notice that �T1r is the friction factor for the spin

wave in Fig. 5.22(c), whereas �T2r corresponds to (b). The degeneracy �T2r = �Lr is evident, as

the situations in pictures (a) and (b) are identical by virtue of cubic symmetry. Transverse

waves polarized along [001], shown in (c), are characterized by a rolling kind of motion of

particles in the xOy plane, and corotation of all particles in rows normal to this plane.

This strongly suggests that, indeed, �T1r < �Lr . Moreover it is likely that the friction factor

for the mode in Fig. 5.22(c) is even smaller than for the spin wave in Fig. 5.20(b), where k

is also at the zone boundary, but directed along [100]. This agrees with the calculations of

�Tr in Fig. 5.16(a) and �T1r in Fig. 5.16(b). Similar qualitative explanations can be given for

the behaviour of other friction factors shown in Figs. 5.16 and 5.17, although some require

consideration of quite complicated three-dimensional geometries, especially if k is along

[111] in BCC or FCC packings.

5.6 Results for tetragonal structures

A tetragonal lattice is characterized by three orthogonal crystal axes x, y and z, and

corresponding lattice constants hx, hy and hz, where lattice constants in the x- and y-

directions are identical: hx = hy. The shape of the conventional (rectangular) cell is

characterized by the aspect ratio f = hz=hx. In this section drag coeÆcients and spin

viscosities will be evaluated for arrays of spheres on a body centred tetragonal (BCT)

lattice. Such structures are found to exist in electrorheological (ER) uids [86]. The

conventional cell of the BCT lattice and the xyz-axes are depicted in Fig 5.23. Thick dots

indicate lattice points.
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Figure 5.23: Conventional BCT cell, with lattice constants hx, hy = hx and hz. Lattice

points are indicated as dots.

Drag coefficients for BCT arrays

It is noted that for tetragonal arrays the drag coeÆcient K, as de�ned in (5.12) for cubic

arrays, has a tensorial nature, because of the non-isotropy of the tetragonal lattice. With

respect to xyz-coordinates this drag tensor has a positive and diagonal matrix. By virtue

of the 4-fold rotational symmetry about the z-axis the diagonal elements corresponding to

the x- and y-directions, say Kx and Ky, are degenerate, leaving two independent elements

Kx and Kz. These two characteristic drag coeÆcients can be determined in an analogous

way as K in the cubic case. In fact, Kx and Kz are found by evaluation of (5.14) for

k = kex and k = kez, respectively. By virtue of lattice symmetries Kz is given by the

r.h.s. of (5.16) and Kx analogously satis�es:

Kx = lim
k!0

1=mtt
xx(kex): (5.35)

Before giving the results for the drag coeÆcients as functions of volume fraction �, it is

noted that � can be changed in various manners. Two di�erent scenarios will be considered

here:

(a) while varying hx spheres keep touching in the z-direction, that is, hz = 2a. It is easily

checked that the aspect ratio satis�es f =
p
3�=�, and that near � = 0 the structure

consists of in�nitely long chains of spheres, with large interchain distances. Because of its

one-dimensional nature (especially for �! 0) this structure will henceforth be referred to

as BCT1.

(b) both hx and hz are varied, keeping the aspect ratio constant: f = 1
3

p
6. At close

packing concentration neighbouring spheres will be in contact in the z-direction as well as

in the directions of the body-diagonals, but not in the directions x and y, see Fig 5.23. In

closely packed con�guration this type of arrangement, which will be designated as BCT3,

is considered to be the ground state structure for ER uids [19, 71, 84{86]. It is noticed

that the BCT1 and BCT3 arrays become identical at close packing, where the volume

fraction �cp = 2�=9.

From a fundamental viewpoint the BCT1 structure is an interesting alternative to

BCT3 when studying the structure dependence of hydrodynamic properties of BCT arrays.
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Moreover the BCT1 arrangement might also be relevant to ER uids and magnetorheo-

logical (MR) uids, in which chainlike particle structures are formed [71, 72]. In ER uids

these chains aggregate into BCT3 packings, as has been pointed out by experimental ob-

servations [86] and Monte Carlo simulations [85]. During this phase separation process

�brillated structures are more or less regularly spaced [71]. Based on these observations

regular arrays of parallel chains are often used to study rheological properties of ER u-

ids [103{106]. Although the BCT1 structure is just an example of such a model, it has the

advantage that it becomes identical with the BCT3 lattice in the close packing limit, and

this can be achieved by only changing the distance between chains.

For dilute BCT3 structures the following expansions can be derived, analogous to

(5.21) for the spin viscosity:

Kx =
�
1 + S1�

1=3 + S2�+O(�2)
��1

;

Kz =
�
1 + S3�

1=3 + S4�+O(�2)
��1

:
(5.36)

Here S1 to S4 are certain linear combinations of lattice sums Slm� with l 2 f0; 2g, m 2
f0; 2g, � = �1=2. These lattice sums can be evaluated numerically as expounded in

Chapter 3, yielding

S1 = �1:80395;
S2 = 1:02306;

S3 = �1:75839;
S4 = 0:953882:

(5.37)

The above expressions are obtained for truncation level L = 1, and it was veri�ed numeri-

cally that increasing L indeed leads to corrections of O(�2). Although similar expressions

hold for BCT1 type arrays, it would not be very useful to give them here, because in

this case the lattice sums depend on a structure which varies with the volume fraction.

In Fig. 5.24 the expressions in (5.36) are compared to numerical results for Kx and Kz

which are converged for all volume factions � up to close packing. The expansions in (5.36)

represent a good approximation, to within 3% if � is below 0.13 for Kx, and below 0.16

for Kz. It is seen that curves in Fig. 5.24 have in�nite slope for � ! 0, which is due to

the presence of �1=3 terms, see (5.36). In e�ect this �1=3 behaviour of drag coeÆcients is

well-known for periodic arrays in general, cf. e.g. (5.9) for the cubic case.

The drag coeÆcient Kx is larger than Kz for all possible concentrations and for both

BCT1 and BCT3 type arrays, as can be seen in Fig. 5.25, where (a) corresponds to BCT3

and (b) to BCT1. Moreover it is found that the drag coeÆcient K for the BCC array

(dotted curve in (a)) is somewhere in between Kx and Kz for the BCT3 structure, for all

concentrations up to BCC close packing. This is not unexpected, since the BCT3 array

can be seen as a BCC structure which is compressed in the z-direction (cf. Fig. 5.1(b)

and Fig. 5.23). Comparing the BCC and BCT3 arrays at the same volume fraction it

is seen that BCT3 looks more dilute when viewed in the z-direction, whereas along the

x-direction it is more concentrated, and therefore it is likely that Kz < K < Kx. As is



5.6. Results for tetragonal structures 111

0.8

10

100

0 0.2 0.4 0.6
1

�

Kx

(a)

0.8

10

100

0 0.2 0.4 0.6
1

�

Kz

(b)

Figure 5.24: Drag coeÆcients Kx (a) and Kz (b) as a function of � for the BCT3 structure.

Converged numerical data are shown as solid curves, dashed curves give the expansions in

eq. (5.36). Vertical dashed lines indicate close packing concentration, �cp = 2�=9.

seen in Fig. 5.25(b) the drag coeÆcients for BCT1 do not approach unity in the limit of

in�nite dilution, unlike the BCT3 case. For very small volume fractions, say � . 10�3,

the BCT1 lattice sums appear to converge badly, but this does not compromise the va-

lidity of data shown in the �gure. This convergence problem is related to the fact that

the BCT1 structure consists of closely packed chains which are in�nitely far apart, in the

true limit of � ! 0. It can be derived within the context of Stokes ow that such one-

dimensional arrangements have vanishing drag coeÆcients, unless additional boundaries

(container walls) are considered, as follows from analytical calculations [12]. The vanish-

ing of drag coeÆcients for an isolated, in�nite chain of spheres in an unbounded uid has

also been veri�ed on basis of our method, using one-dimensional lattice sums (see Chap-
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Figure 5.25: Drag coeÆcients Kx and Kz versus concentration, for the structures BCT3

(a) and BCT1 (b). The dotted curve in between Kx and Kz in (a) gives K for the BCC

lattice. The close packing concentration for the BCT arrays is indicated by the vertical

dashed lines.
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ter 4). Experiments [69] and numerical computations [76] for sedimenting rod-like chains

consisting of an arbitrary number of spheres, n, also indicate this singular behaviour as n

gets large, as well as the inuence of walls. It appears that properties of one-dimensional

structures are very di�erent from three-dimensional ones, where experiments on drag co-

eÆcients for periodically stacked spheres in a box do agree very well with calculations for

in�nite arrays, see e.g. Refs. [88, 89] and Section 5.3.

There are no previous results in the literature for arrays of in�nite chains of spheres,

such as BCT1. However, Sangani and Acrivos [98, 107] considered the case of a square

array of in�nitely long circular cylinders (with z in the axial direction) and a mean ow

through the array, in the x-direction. They were able to derive an expression for the drag

force per unit length of a cylinder, thereby improving on an expression found previously

by Hasimoto [39]. Comparing their result to the drag force per sphere in a BCT1 array, at

the same volume fraction, a drag coeÆcient Kcyl can be found, analogous to the de�nition

of K in (5.12), yielding5

Kcyl =
2
3
(hz=a)

�� 1
2
ln�� 0:738 + �� 0:887�2 + 2:039�3 +O(�4)

��1
: (5.38)

For the BCT1 array hz=a = 2. In the above formula the factor hz=a is retained for future

applications where the drag coeÆcient is considered for BCT1-like lattices with hz > 2a.

It is noted that the BCT1 structure is also a square array when viewed in the z-direction,

and one can expect that detailed di�erences with the array of cylinders become relatively

insigni�cant for small concentrations, when interchain distances are large compared to

intersphere distances (sphere diameters). In Fig 5.26(a) our converged numerical results

of the drag coeÆcient Kx for the BCT1 structure are compared to Kcyl given by (5.38),

whereas (b) shows the inverse drag coeÆcients for small volume fractions. Note that the

volume fraction � in (b) is given on a logarithmic scale. The vertical dashed line indi-

cates the maximal concentration for the BCT1 array. For high concentrations there is

little agreement between Kx and Kcyl, as expected, but for low � results compare excel-

lently, apart from a small o�set.6 Therefore it seems reasonable to approximate the exact

numerical results for � < 0:01 by the simple formula

K�t =
4
3

�� 1
2
ln�+ c

��1
: (5.39)

Here c = �0:793�0:0005 as obtained by a least-squares �tting procedure on the �-interval

[0.001, 0.01] where it is found that the formula (5.39) gives an approximation of the drag

5Alternatively one may assume that the radius of the cylinders is identical to the radius of the spheres,

which implies a normalization of the volume fraction � in (5.38), and therefore the same logarithmic

dependence. With regard to the next discussion only this logarithmic dependence will be essential. It is

also noted, for completeness, that the coeÆcient of the �3 term is 2.039 in Ref. [98], whereas in Ref. [107]

it is 2.038.
6The drag coeÆcient Kx has also been calculated for the instance of a simple tetragonal lattice, which

is a compressed simple cubic structure with touching particles in the direction of one of the crystal axes.

The results for this structure are found to be indistinguishable from the data for the BCT1 array shown

in Fig. 5.26(a), up to concentrations � = 0:2.
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Figure 5.26: (a) gives the drag coeÆcient Kx (solid curve) for the BCT1 array compared

with Kcyl for a square array of circular cylinders (dashed curve). The inverse drag coeÆ-

cients, K�1
x and K�1

cyl are plotted in (b), where the dotted curve represents K�1
z . The close

packing concentration for the BCT structure is indicated by the vertical dashed lines. Note

the various ranges and scales of horizontal and vertical axes.

coeÆcient which is better than 0.1%. Taking this value of c instead of the constant �0:738
in (5.38) and retaining the �-term, it is found that this modi�ed equation (5.38) (omitting

terms ofO(�2)) gives an approximation accurate to within 0.5%, even on the interval [0.001,

0.1]. The drag coeÆcient Kz also shows a logarithmic behaviour for small concentrations,

as in seen in Fig 5.26(b). By �tting the numerical data on the interval [0.001, 0.1] it is

found that Kz is well described by a formula like (5.39) with c = �1:36� 0:01 and another

coeÆcient of the logarithmic term, namely �0:934� 0:003 instead of �1
2
.

The same data as in Fig. 5.25 are plotted in Fig. 5.27 in a di�erent way, where it is

seen in (b) that Kz is smaller for BCT1 than for BCT3, which con�rms the intuition that

steady, axial motion of the chain-like structures in the BCT1 arrangement produces less hy-

drodynamic resistance as compared to the spatially homogeneous BCT3 structure. Results

are less predictable if the sedimentation velocity is in the x-direction, see Fig. 5.27(a). Al-

though the drag coeÆcient Kx for BCT1 vanishes in the limit of in�nite dilution, while

for BCT3 it approaches 1, there is a point of intersection at intermediate volume fractions

(� = 0:357) above which the BCT1 array undergoes a larger drag.

There seem to be no results reported in the literature, of hydrodynamic drag coeÆ-

cients for tetragonal arrays. Therefore a comment is in order about the correctness of our

computations. Firstly it is noted that the method to determine Kx and Kz is greatly the

same as for K, in the cubic instance. This concerns both the underlying analysis to deter-

mine the components of the grand mobility matrix (see Chapter 3) as well as the numerical

implementation thereof. For the instance of cubic lattices our method has been shown to
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work correctly, see Sections 5.3 and 5.4. Secondly, the main di�erence with the cubic case

is represented by lattice sums, which are to be determined numerically. To enhance the

rapidity of convergence, the lattice sums are converted using a method introduced by Ni-

jboer and de Wette [60] (see also Chapter 3 for details). For l+2� > 4 it is practicable to

perform summations directly yielding accurate results that are in excellent agreement with

the converted summations. Additionally, some of the lattice sums for the BCT3 structure

are tabulated in Ref. [108]. These lattice sums (with � = 1=2) are in excellent agreement

with ours, up to all 7 signi�cant digits quoted.

Spin viscosities for BCT arrays

For BCT arrays there are two characteristic spin viscosities, �rx and �rz, which are the

rotational counterparts of the drag coeÆcients Kx and Kz. Analogous to (5.19), for cubic

lattices, the spin viscosities are determined from

�rx = lim
k!0

6�=mrr
xx(kex);

�rz = lim
k!0

6�=mrr
zz(kez):

(5.40)

For the instance of dilute BCT3 arrays it can be straightforwardly derived that

�rx = 6�
�
1� S2�+O(�10=3)

��1
;

�rz = 6�
�
1� S4�+O(�10=3)

��1
;

(5.41)

where S2 and S4 are given in (5.37). It is noticed that these coeÆcients are not equal to

unity, as for the spin viscosity of cubic lattices given by (5.21). The above expressions

are compared in Fig 5.28 to the fully converged numerical results (solid curves) for the

whole range of volume fractions. It is found that these low-� expansions (dashed curves)

provide a good approximation of the spin viscosities for concentrations up to � = 0:4

0.8

1

10

100

0 0.2 0.4 0.6
0.1

�

Kx

(a)

0.8

1

10

100

0 0.2 0.4 0.6
0.1

�

Kz

(b)

Figure 5.27: The same data as in �gure 5.25. Solid curves represent the data for the BCT3

array and dashed curves correspond to BCT1.
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Figure 5.28: Spin viscosities �rx (a) and �rz (b) plotted against the volume fraction �, for the

BCT3 array. Solid curves are converged numerical results, dashed curves correspond to

the low-� expansions given in (5.41). The maximum volume fraction �cp = 2�=9 (vertical

dashed lines).

within an error of 2% for �rx and 3% for �rz. At close packing (vertical dashed lines in

Fig. 5.28) the numerically obtained spin viscosities diverge as can be expected on basis of

lubrication theory, cf. Fig. 5.12 for the SC packing. In Fig. 5.29 spin viscosities �rx and �rz
are compared, for BCT3 (a) as well as BCT1 (b) structures. Vertical dashed lines indicate

the close packing concentration for the two BCT arrays, �cp = 2�=9. In the BCT3 case

the two spin viscosities show very similar behaviour, as can be seen in (a). This is di�erent

for the BCT1 array where it is also found that �rx converges very slowly, or not at all,

which is demonstrated by the solid curve (L = 20), the dotted curve (L = 30) and the +

marks (L = 40). In e�ect, this behaviour is completely expected since the situation where

spheres are all rotating with a uniform angular velocity perpendicular to the direction of

contact with neighbouring spheres (the z-axis), is highly singular (lubrication forces). The

spin viscosity �rz for the two tetragonal structures show roughly the same �-dependence,

as can be seen in Fig. 5.30(a). Approaching the close packing limit it is found that the

di�erence between the �rz values diminishes continuously while the BCT1 and BCT3 arrays

become gradually indistinguishable. In the limit of in�nite dilution (� ! 0) the spin

viscosity �rz vanishes for both structures, but at a di�erent rate. This last feature is seen

by plotting the mobility mrr
zz which corresponds to �rz via the relation given in (5.40). It

is shown in Fig. 5.30(b) that mrr
zz for the BCT3 structure (solid curve) approaches the

single particle value from below when � ! 0 (note the log-scale), which is in agreement

with the combination of (5.40), (5.41) and the positiveness of the constant S4 given in

(5.37). In the BCT1 case, however, �rz appears to reach a higher value: 1:28 � 0:01. The

property that mrr
zz exceeds 1 for these BCT1 structures means that each of the rotating

spheres experiences less friction in the array then in the case of complete isolation in an

unbounded uid. A similar cooperative e�ect was already noticed for translational motion,

where drag coeÆcients can be smaller than unity, see e.g. Fig. 5.25(b).
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Friction factors for square arrays of chains

In Chapter 4 wavenumber-dependent friction factors were calculated for one-dimensional

arrays of spheres, and it is interesting to see if these results are consistent with the friction

factors that can be determined for BCT1-like arrays. Such a correspondence is expected if

the wavevector k is in the [001] direction (z-direction) for tetragonal structures with hz = R

and hx � R, where R is the (constant) lattice parameter in the 1D case. Two tetragonal

lattice types will be considered here, viz. BCT and ST (simple tetragonal) which can be

imagined as compressed BCC and SC lattices, respectively. For all three structures (1D,

BCT and ST) it is assumed that hz=a = 2:5, which corresponds to a surface-to-surface

distance of half a sphere radius between neighbouring spheres in the z-direction. Both

tetragonal structures have equal distances between axes of neighbouring chains, d, so that

d = hx for the ST array, whereas d = 1
2

p
2hx in the case of BCT. Translational friction

factors for these structures are plotted in Fig. 5.31 against the reduced wavenumber k=km.

In (a) and (b) the solid curve gives �T for the 1D array. Data for BCT (a) and ST (b)

lattices are represented by the four dashed curves which correspond to d=a running over

the four values 5, 7, 10, 20. As d=a is increased these data approach the 1D curve, as

expected. In an analogous way �L for the BCT and ST structures is compared to the 1D

results, in Fig. 5.31 (c) and (d), respectively, while Fig. 5.32 shows the rotational friction

factors �Tr and �Lr for the same structures. [001]. It is noted that for waves in the direction

[001] the wavenumber km = �=hz indicates the zone boundary for the ST and 1D arrays.

For the BCT1 lattice the zone boundary is at 2�=hz = 2km. Therefore the curves for 1D

and ST in the Figs. 5.31 and 5.32 are horizontal at k=km = 1, while the BCT curves are

horizontal at k=km = 2 (not shown in these �gures). It is seen that the BCT and ST

results are not considerably di�erent, except for the case of large interchain distances and

high wavenumbers where clear di�erences are shown for the friction factors �L, �T and �Lr .
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Figure 5.29: Spin viscosities �rx and �rz versus the concentration, for BCT3 (a) and BCT1

(b) structures. Results for �rx in the BCT1 instance converge very slowly, or not at all,

which is demonstrated by the solid curve (L = 20), the dotted curve (L = 30) and the +

marks (L = 40). Vertical dashed lines indicate close packing concentration.
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Figure 5.30: Spin viscosity �rz in (a) and corresponding mobilitymrr
zz in (b) for the structures

BCT1 (dashed curves) and BCT3 (solid curves). The vertical dashed line in (a) indicates

maximum concentration.

With the vertical distance hz = 2:5a and truncation level L = 10, numerical results for �T

and �L are converged to 6, respectively 4 decimal places, for all three lattice types, while

the accuracies of �Tr and �Lr are found to be 6 and 7 digits, respectively.

It is seen in Figs. 5.31 and 5.32 that friction factors for a given tetragonal structure

(BCT or ST at constant hx=a) approach the 1D results as the wavenumber increases.

Relative di�erences between the BCT friction factors (�L etc.) for hx=a = 10 and the

frictions for the 1D array (�L1D etc.) are given in Fig. 5.33. These relative di�erences DL,

DL
r (solid curves), DT and DT

r (dashed) are de�ned as DL � j�L��L1Dj=�L1D, and analogous

de�nitions for DL
r , D

T and DT
r . As the wavenumber approaches zero DT ! 1, whereas

DL diverges, because �T = O(k2), �L = O(1), see (5.9) in Section 5.2, while �T1D and �L1D
have a logarithmic singularity at k = 0, according to (4.46) and (4.47) in the previous

chapter. It is found for hx=a = 10 that, by accident, �Tr = �Tr;1D at k=km � 0:44. On the

logarithmic scale in Fig. 5.33 this corresponds to a sudden dip of the curve for DT
r . All

di�erences are seen to be decreasing by many orders of magnitude when the wavenumber

varies from 0 to km. At k = km di�erences are DT = 6 � 10�5, DL = 2 � 10�4, DT
r = 4 � 10�6,

DL
r = 7 � 10�6. Although these values for DL and DT

r are of the order of the accuracy of

the corresponding friction factors, more accurate calculations with L = 20 and L = 30

have been done for k=km = 1, yielding no signi�cant di�erences in the results. For short-

wavelength motions, corresponding to wavenumbers near km, the correspondence between

friction factors for this BCT structure and the 1D array is immediately understood by

noticing that frictional forces are largely determined by relative motions of close particles

arranged in the same linear structure, parallel to the z-axis. As the distance hx becomes

larger, the 1D character of the BCT structure becomes more prominent and consequently

the di�erences DL, DT, DL
r andD

T
r decrease, but there will always be wavenumbers smaller

than some characteristic wavenumber, kd, at which hydrodynamic interactions between

particles in separate 1D chains can be strongly felt. A reasonable choice seems kd �
2�=d, with d = 1

2

p
2hx the nearest neighbour distance between the axes of chains in the
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Figure 5.31: Translational friction factors against k=km for di�erent lattice types. In (a)

and (b) the solid curve gives �T for the 1D array. Data for BCT (a) and ST (b) lattices

are represented by the four dashed curves which correspond to d=a running over the four

values 5, 7, 10, 20. As d=a is increased these data approach the 1D curve. In an analogous

way �L for BCT (c) and ST (d) is compared to the 1D results. For all structures hz=a = 2:5

and k is polarized along the z-axis.

BCT array. For hx=a 2 f5; 7; 10; 20g, as used in Figs. 5.31 and 5.32, the dimensionless

wavenumber kd=km = 2
p
2hz=hx equals 1.4, 1.0, 0.71, 0.35, being in the range of [0; 1] for

the instances with hx=a 2 f10; 15; 20g. In these cases even the largest di�erences, i.e. DT

and DL, are found to be less then about 1% for wavenumbers exceeding kd. In Fig. 5.33

(for hx=a = 10) the 1% level is indicated by the horizontal dashed line. It is seen in
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Figure 5.32: Rotational friction factors against k=km for 1D, BCT and ST lattices, repre-

sented by the various curves as in Fig. 5.31.

Fig. 5.33 that di�erences DT
r and DL

r , for rotational motions, are much smaller (about a

factor 10 here) than DT and DL, for translations. This is not unexpected, as the uid

velocity generated by a rotating particle at large distance r decays as 1=r3, whereas the

velocity due to translations decays only as 1=r.

Except of being a simple reference system in the study of hydrodynamic interactions

in tetragonal lattices, the 1D array may serve as a (very simple) model for the �bril-

lated structures observed in electrorheological suspensions and in dispersions consisting

of non-magnetic particles immersed in ferrouids. In these systems particles are subject

to Brownian forces which are balanced by electric or magnetic forces on the one hand
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Figure 5.33: Relative di�erencesDL, DL
r (solid curves), D

T andDT
r (dashed) versus reduced

wavenumber k=km, for hx=a = 10. The 1% level is indicated by the horizontal dashed line.

and hydrodynamic friction on the other hand. Knowledge of the (wavenumber-dependent)

friction factors can, therefore, be useful to study the dynamics of single chains. Although

interchain separations can be large compared to distances between neighbouring particles

within a particular chain, the above discussion concerning square arrays of 1D structures

showed that multiple-chain hydrodynamic interactions become important for suÆciently

long wavelengths, especially for translational motions (cf. Fig. 5.33). These chain-chain

interactions are expected to be weaker in e.g. (dilute) electrorheological uids, where �b-

rillated structures are aligned at more or less regular distances, but randomly distributed.

This expectation is based on the fact that drag coeÆcients Kx for dilute square arrays of

cylinders are larger than for random arrays of aligned cylinders, as discussed below.

The inverse drag coeÆcient, K�1
x , is plotted versus volume fraction � in Fig. 5.34,

which shows that the data for the BCT structure with hz=a = 2:5 (solid curve) has a similar

�-dependence, for �� 1, as the inverse drag coeÆcient K�1
cyl for the square array of circular

cylinders, as given by (5.38) (dashed curve). Notice that hz=a = 2:5 in (5.38) in order to

compare the drag results of the square array of cylinders with those for the BCT array (see

the text accompanying (5.38) for details). Lattice-Boltzmann results for a random array

of aligned cylinders by Koch and Ladd [49] are indicated by the four � symbols, including
error bars. It is noted that their Lattice-Boltzmann approach has been tested for square

arrays of cylinders, establishing perfect agreement with the analytical results. Friction

factors for the random array of cylinders are found to be (15 � 5)% smaller at � = 0:2,

compared to the result according to (5.38) for the square array. For concentrations of 0.05

and 0.002 results are (25� 5)% respectively (24� 2)% less. These small volume fractions

are also relevant to the results for the BCT arrays shown in Figs. 5.31 and 5.32, where

concentrations vary from 0.0084 for hx=a = 20 to 0.13 for hx=a = 5. Note that the volume
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Figure 5.34: Inverse drag coeÆcient K�1
x for BCT array of spheres with hz=a = 2:5 as a

function of volume fraction (solid curve) compared with K�1
cyl for a square array of circu-

lar cylinders (dashed curve) and lattice-Boltzmann results for a random array of aligned

cylinders by Koch and Ladd [49] (�, including error bars).

fraction for the BCT structure depends quadratically on the inverse distance 1=hx, as

� = 8
3
�(hx=a)

�2(hz=a)
�1: (5.42)

The above considerations lead to the conclusion that hydrodynamic interactions be-

tween chains are of importance mainly for long wavelengths, and as a consequence of this

it can be expected that friction factors for shorter wavelengths in a random ensemble of

aligned 1D arrays are only slightly smaller than for the case of square arrays.

5.7 Conclusion

Wavevector dependent friction factors, which represent the damping of harmonic lattice ex-

citations in colloidal crystals, can be straightforwardly determined by means of the method

presented in Chapter 3 to calculate hydrodynamic interactions in regular arrays of spheres.

Results for the friction factors obtained by Hurd et al. [12] for a dilute BCC lattice, in the

point-particle approximation, were reproduced by our method. New results have been ob-

tained for dilute, semi-dilute and highly concentrated cubic arrays of the SC, BCC and

FCC type, thereby taking into account the coupling between translational and rotational

particle motions, which is particularly important for correct calculation of the transverse

friction factors. Symmetry considerations have been used in order to validate the calcu-

lated friction factors quantitatively, and to interpret their wavevector-dependent behaviour

qualitatively. Moreover, the drag coeÆcient, which is the long-wavelength limit of the lon-

gitudinal friction factor, has been calculated to a high degree of accuracy for cubic arrays
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over the whole range of volume fractions, and results were shown to compare excellently

with the data found previously by Zick and Homsy [90] and Larson and Higdon [91].

Rotational friction factors have been calculated in an analogous way as the fric-

tion factors for translational motion, for the three cubic arrays at intermediate to high

concentrations. It is found that longitudinal and transverse rotational friction factors

all approach the same value in the long-wavelength limit, whereas this degeneracy does

not occur, in most cases considered, for the eigenvalues of the rotational mobility tensor,

as can be qualitatively explained. Analogous to the case of translational motions, the

wavevector-dependent behaviour of rotational friction factors can be qualitatively under-

stood by observing the ow corresponding to the array of rotating particles. The above

mentioned long-wavelength limit of rotational friction factors is directly related to the spin

viscosity. New results for the spin viscosity have been calculated, for cubic arrays at all

concentrations. At close packing the spin viscosity diverges, as can be expected on basis

of lubrication theory. An expression suitable for low volume fractions has been derived

which is similar to that found by Zuzovsky et al. [92] but with di�erent coeÆcient of the

�10=3 term. Our expression approximates the converged numerical data within an error of

only 3%, for volume fractions up to 75% of the close packing concentration �cp for all of

the three cubic packing types. The expression of Zuzovsky et al. is found to be reasonable

for quite low volume fractions, but shows deviations from the numerical data that exceed

3% already at 48% of �cp for the SC array, and 60% of �cp for BCC and FCC structures.

Using our numerical data a constant contribution of far-�eld hydrodynamic interactions

can be determined, which yields a �rst correction to Zuzovsky's lubrication (near-�eld)

expression appropriate to extremely dense SC structures. On basis of lubrication theory,

new expressions are derived for spin viscosities of dense BCC and FCC arrays, and as

for the SC case these expressions can be considerably improved by adding constant terms

that are determined from numerical computations. These constants might be used e.g. in

the Stokesian dynamics approach [44] which includes lubrication theory in order to model

hydrodynamic interactions of nearly touching particles.

Non-cubic structures can be studied equally, by simply calculating the proper lattice

sums, following the procedure expounded in Chapter 3. This strong advantage distin-

guishes the method from many other (mainly numerical) techniques, which solve the ow

in speci�cally chosen domains of integration, thereby satisfying a (discrete) set of boundary

conditions appropriate for the particular con�guration, see e.g. [46, 91, 97]. BCT structures,

which are frequently observed in ER uids, were considered as an illustration of a lattice

type which is not isotropic (like cubic arrays). For these tetragonal arrays there exist two

characteristic drag coeÆcients, Kx and Kz, that correspond to a uniform sedimentation

of the array in the x and z directions, respectively. Analogously there are two spin vis-

cosities, �rx and �rz. Numerical results are presented for BCT1 and BCT3 arrays at all

possible volume fractions. In the case of the BCT3 structure low-� expansions have been

obtained for the drag coeÆcients and spin viscosities. Strikingly, the expansions for the

spin viscosities approximate the exact numerical data within a few per cent up to 60%

of the close packing concentration. For the instance of the BCT1 array the numerically

obtained drag coeÆcients tend to zero in the limit of in�nite dilution. This behaviour is
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expected on basis of an analytical result for uniform ow in the x-direction, normal to a

square array of circular cylinders. Indeed the same logarithmic behaviour is found for Kx.

Translational and rotational friction factors have been determined for tetragonal

structures that, like the BCT1 array, are characterized by chains of particles placed on

a square lattice, and aligned along the z-axis. Interparticle distances in the z-direction

are �nite such that the spheres are allowed to move independently in all directions. When

distances between chains increase, friction factors approach the results for the regular 1D

structure discussed in the previous chapter, especially for non-vanishing wavenumbers.

Near zero wavenumber (long wavelengths) the friction factors are strongly determined by

hydrodynamic interactions of all chains in the array. On basis of a comparison of the drag

coeÆcient Kx with the drag on a random array of cylinders, smaller e�ects of interchain

hydrodynamic interactions are expected for a random array of aligned particle-chains.
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6

Effective viscosity

6.1 Introduction

The purpose of this chapter is to consider the relationship between the e�ective stress and

the average rate of strain for a colloidal crystal subject to a linear ambient ow (a uniform

shear ow). This e�ective stress (speci�ed further in the next section) is the stress which

can be observed on a macroscopic scale, e.g. by means of an apparatus of Couette. The

colloidal crystal consists of periodic cells of N rigid spheres immersed in a Newtonian uid

and this system is considered to satisfy all conditions mentioned in Chapter 2, so that the

ow of the suspending uid is governed by the Stokes equations in (2.2). One of these

conditions is the smallness of the Reynolds number corresponding to the disturbance uid

motion caused by the presence of a spherical particle with radius a, in the ambient ow.

This Reynolds number is given by Re = _a2=�, where _ is a representative magnitude of

the ambient rate of strain and � = �=� is the kinematic viscosity of the suspending uid.

Additionally it is assumed that the spheres are neutrally buoyant and free of forces and

torques, which implies that they are carried along by the ow in such a way that their

con�guration is distorted.

It is important to appreciate that the e�ective stress considered here is a quantity

which depends on the macroscopic strain rate and the instantaneous particle con�guration,

as can be measured in an oscillating Couette ow with small deformation (small shear-

amplitude). Under the conditions mentioned above, the (deviatoric part of the) e�ective

stress is linearly related to the ambient rate of strain, which is well known since the work of

Batchelor [109]. The e�ective viscosity is de�ned to be the four-tensor in this relationship.

As will be expounded in the next sections, this e�ective viscosity can be calculated on

basis of the theory presented in Chapter 3, provided, obviously, that the con�guration

of particles is spatially periodic. This seems to preclude the possibility of studying �nite

crystal deformations. However, such a grave restriction is unnecessary since a periodic

array of spheres in a uniform shear ow will remain periodic. A cubic lattice of spheres,

for instance, may become triclinic, and this deformation can be determined from the grand

mobility matrix in (2.14) which gives the particle motions relative to a known ambient ow

125
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with rate of strain tensor ga. For the special case of unidirectional ow, the lattice will

become cubic again after a �nite time, and this will be repeated periodically. In any case,

the e�ective viscosity can be calculated for each lattice through which the con�guration

passes.

6.2 The effective stress

The e�ective stress �e for a suspension consisting of particles immersed in a uid under

slow ow conditions can be de�ned, according to Ref. [109], as the volume average of

the local stress �(r) over a representative (macroscopic) region V, with volume V , that

contains both particles and uid:

�e =
1

V

Z
V

�(r) dr: (6.1)

For the colloidal crystals as described in the introduction, the region V can be identi�ed

with a lattice cell containing the N spheres, which yields V = R3Vc. Here R is the reference

length introduced in (3.2) and Vc is the dimensionless cell volume de�ned in (3.3). One can

formally decompose V into a region occupied by ambient uid Vf and the interior region

of all N particles Vp, thereby writing (6.1) in the form

�e =
1

V

Z
Vf

�(r) dr+
1

V

Z
Vp

�(r) dr: (6.2)

As the suspending uid is considered to be Newtonian the stress in Vf is given by

�(r) = ��(r); (6.3)

where�(r) is the pressure tensor de�ned by (2.4). Thus, for rigid particles the �rst integral

in (6.2) can be written (see e.g. Ref. [26]) as

1

V

Z
Vf

�(r) dr = �pe1l + 2�

V

Z
V

rv(r) dr: (6.4)

Here the e�ective pressure pe, de�ned by

pe =
1

V

Z
Vf

p(r) dr (6.5)

provides the purely isotropic part of the stress which is of no particular interest. The

integral on the r.h.s. of (6.4) (the over-bar denotes projection onto the symmetrical part) is
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proportional to the rate of strain averaged over V (which contains both uid and particles)1

and therefore can be expressed (see Ref. [109]) in terms of the relative speed of macroscopic

boundaries that cause this straining ow, e.g. the walls that are in contact with the

suspension in an apparatus of Couette. Thus, the last term in (6.4) represents the deviatoric

stress that would exist in the absence of the particles and with the same rate of strain,

yielding

2�

V

Z
V

rv(r) dr = 2�ga: (6.6)

It may be noted that when particles are added to a pure uid contained in a given region V
(of constant volume V ) the volume of the uid region is considered to decrease by exactly

the amount of volume that is taken by the particles. Moreover, it is inferred rom the

rigidity of the particles that the particles' interior region Vp gives a vanishing contribution
to the integral in (6.6). Because this integral is invariant of the presence of the particles this

implies that the integral over the sub-region Vf has increased by the addition of particles to

the uid (Vf is de�ned to be identical for the cases with and without suspended particles).

The contribution to the stress due to the presence of the particles, �p, is given by

the second integral in (6.2). Following the analysis in Refs. [26, 109] and restricting to

forceless and torqueless particles, it follows that this particle stress is directly related to

the stresslets Si of the N spheres contained in a cell:

�p =
1

V

N�1X
i=0

Si: (6.7)

In order to de�ne the e�ective viscosity it is found convenient to decompose the e�ective

stress �e into the isotropic pressure term �pe1l and the deviatoric stress contribution �d,

thus

�e = �pe1l + �d: (6.8)

According to (6.1), (6.2), (6.4) and (6.6) this deviatoric stress satis�es

�d = 2�ga + �p (6.9)

and by virtue of the linearity of the Stokes equations and the boundary conditions, the

deviatoric stress is linearly related to the macroscopic strain rate ga, as

�d = 2�e : ga: (6.10)

The four-tensor �e in this relationship shall be called the e�ective viscosity.

1In the uid region Vf the velocity �eld v(r) in (6.4) represents the local uid speed distribution, as

before, while inside a particle, i.e. for r 2 Vp, v(r) is conceived to be the local speed corresponding to

the motion of the respective particle. It can be noticed that because of the rigidity of the particles the

sub-domain Vp does not contribute to the second integral in (6.4), but for the purposes at hand it is found

convenient to retain the integral in its present form.
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6.3 Calculation of the effective viscosity

The e�ective viscosity can be determined by recalling that the stresslets in (6.7) are linearly

related to the strain rate, according to (2.14), and for forceless and torqueless particles these

relations read

Si =
X
j

�
dd
ij : ga: (6.11)

Here summation is over all particles in the in�nite array. By virtue of this equation, the

translational symmetry of the lattice2 and the fact that ga is constant it follows that Si
must be translationally symmetric also, i.e. the stresslet is the same for all particles at

certain positions in the array that di�er exactly a lattice vector. Thus, for cells containing

N particles there are (at most) N di�erent stresslets Si and by application of the Fourier

transform Fs [de�ned by (3.8)] to (6.11) these stresslets satisfy

Si =

N�1X
j=0

�̂
dd
ij (0) : ga; (6.12)

for i 2 f0; 1; : : : ; N � 1g. Notice that the (Fourier transformed) mobility tensors in this

equation are evaluated in k = 0. At this point it is found worthwhile to mention that the

same translational symmetry applies to the relative velocities ~Ui and angular velocities ~
i

de�ned by (2.45), and by analogy with (6.12) the N di�erent ~Ui and ~
i are given by

~Ui = �
X
j

�̂
td
ij (0) : ga;

~
i = �
X
j

�̂
rd
ij (0) : ga: (6.13)

Here, and in what follows, summation over the particle label runs from 0 to N � 1, as in

(6.12). Moreover �̂td
ij and �̂

rd
ij are Fourier transformed mobility tensors as introduced in

Section 3.3 of Chapter 3. The relations (6.13) will be useful later to determine particle

motions in response to the ambient shear ow with strain rate tensor ga, whereas the

e�ective viscosity can be determined by combination of (6.12) with (6.7) and (6.9), yielding

�d = 2�ga +
1

V

X
ij

�̂
dd
ij (0) : ga: (6.14)

The above equation con�rms the linearity of the relation between the deviatoric stress

and the rate of strain, as given by (6.10), where the e�ective viscosity tensor �e can be

determined by solving the components of the mobility tensors in (6.14) from the set of

linear equations (3.17) - (3.21). In order to explain how this can be accomplished it is

found convenient to introduce the four-tensor

�
d =

1

2�V

X
ij

�̂
dd
ij (0): (6.15)

2It is recalled that the grand mobility matrix is a geometrical quantity and therefore �dd
ij must be

translationally invariant, cf. the discussion on page 30 just below (3.32).
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This tensor satis�es certain symmetries which can be exploited to simplify the calculations.

By virtue of (3.35) it follows that

�̂ddij;��Æ(0) = �̂ddji;Æ��(0); (6.16)

which yields the symmetry relation:

�d��Æ = �dÆ��: (6.17)

Furthermore it is noted that the stresslets, the strain rate, and therefore also �d in (6.14),

are symmetrical and traceless. As a direct inference of these properties, combined with the

symmetry in the above equation, it follows that �d is symmetric and traceless in both its

�rst and second pair of indices:

�d��Æ = �d��Æ;

�d��Æ = 0;

�d��Æ = �d��Æ ;

�d�� = 0:
(6.18)

In the last two equations the trace is denoted by repeated indices, according to the Einstein

summation convention. By virtue of the symmetry relations (6.17) and (6.18) it follows

that �d can be characterized by 25 independent scalars Mmn, for m;n 2 f�2;�1; 0; 1; 2g,
that are de�ned by

Mmn = �m : �d : � n: (6.19)

Here the �ve tensors �m with m 2 f�2;�1; 0; 1; 2g are speci�ed by (2.54). Because these

�m form a basis of the symmetrical and traceless two-tensors, the rate of strain ga and the

stresslets Si can be expanded as

ga =

2X
m=�2

~Am�m;

Si =

2X
m=�2

~Ci
m�m:

(6.20)

The coeÆcients ~Am and ~Ci
m are related to the previously de�ned coeÆcients Aa�

2n in (2.51)

and Ci�
2n in (2.63), for n 2 f0; 1; 2g, as

~A0 =
3

8�
�0A

a+
20 ;

~A�k =
3

8�
��kA

a�
2k ;

~Ci
0 = �3

2
�a2i�0C

i+
20 ;

~Ci
�k = �3

2
�a2i��kC

i�
2k :

(6.21)

Here the subscripts k 2 f1; 2g, and the constants �m for m 2 f�2;�1; 0; 1; 2g are de�ned
by (2.55). As is inferred from (6.11) the coeÆcients ~Ci

m and ~An are linearly related, which
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can be expressed as

~Ci
m =

2X
n=�2

Di
mn

~An: (6.22)

The proportionality constants Di
mn are determined by the geometry of the array of spheres,

as they are directly related to the mobilities in (6.11). In e�ect, it follows straightforwardly

from (6.11), (6.20) and the orthonormality relations for the tensors �m in (2.59), that

Di
mn = �m :

�X
j

�̂
dd
ij (0)

�
: � n: (6.23)

Combining this identity with the de�nitions (6.15) and (6.19) yields

Mmn =
1

2�V

X
i

Di
mn: (6.24)

Moreover, by combination of (2.59), (6.10), (6.14), (6.15), (6.19) and (6.20) it is found that

the e�ective viscosity tensor has 25 scalar components with respect to the basis of tensors

�m and these components are directly related to the matrix elements Mmn according to

the identity

�m : �e : � n = �
�
Æmn +Mmn

�
: (6.25)

The 25 scalars Mmn can be determined by solving the coeÆcients Di
mn in (6.24) from the

set of linear equations (3.17) - (3.21). In fact, these linear equations have to be modi�ed

�rst, as will be explained below, and for this purpose it is found useful to reconsider the

original set of equations (2.65) - (2.69) from which eqs. (3.17) - (3.21) have been derived

by application of the Fourier transformation Fs. In the original equations components of
~Un and ~
n enter, where the particle label n is running over all particles in the in�nite

array. These velocities and angular velocities are translational invariant, as discussed right

above (6.13), and by introducing new labels (�j) instead of n, with j 2 f0; 1; : : : ; N � 1g
and � labelling the cell indicated by the lattice vector L�, this invariance can be expressed

as

~U(�j) = ~U(0j); ~
(�j) = ~
(0j): (6.26)

By virtue of these identities and the stick boundary conditions in (2.43) it follows that

~v(�j)(r) = ~v(0j)(r): (6.27)

Here ~v(�j)(r), de�ned in (2.44), is the total disturbance velocity �eld with respect to the

centre of the jth sphere in the �th cell of the in�nite array. This implies, via (2.60) and
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(2.63), that all expansion coeÆcients entering the set of linear equations (2.65) - (2.69) are

translationally symmetric, so that

A
(�j)�
lm = A

(0j)�
lm ; B

(�j)�
lm = B

(0j)�
lm ; C

(�j)�
lm = C

(0j)�
lm : (6.28)

By application of the Fourier transform (3.8) to the quantities in (6.26) and (6.28), using

(3.12) and writing j instead of (0j) it follows that

b~Uj(k) = ~Uj
VBr

R3
Æ(k);

b~
j(k) = ~
j
VBr

R3
Æ(k);

Â
j�
lm(k) = A

j�
lm

VBr

R3
Æ(k);

B̂
j�
lm (k) = B

j�
lm

VBr

R3
Æ(k);

Ĉ
j�
lm (k) = C

j�
lm

VBr

R3
Æ(k):

(6.29)

Here j 2 f0; 1; : : : ; N � 1g. The identities in the above equation can be substituted in the

Fourier transformed set of linear equations (3.17) - (3.21). It can be noticed that all terms

in these equations contain a Dirac delta-function, so that integration over k yields a set of

equations for the components of ~Uj and ~
j, the coeÆcients Aj�
lm, B

j�
lm , C

j�
lm , as well as the

coeÆcients Aa�
2m that determine the ambient rate of strain. The resulting equations can

then be solved in the way as described at the end of Chapter 2, and by using the conditions

of vanishing forces and torques (which implies that the coeÆcients corresponding to Fn

and Tn in (2.64) are zero) this yields linear relations between the coeÆcients C
j�
2m on

the one hand, and the Aa�
2m on the other hand. Next the matrix elements Di

mn can be

obtained through the de�nitions (6.21) and (6.22), eventually �nding the 25 scalars Mmn

by application of the identities (6.24). In the next sections these scalars will be determined

in order to examine the e�ective viscosity for simple N = 1 arrays.

6.4 Cubic lattices

It is the purpose of the present section to compare our results for the e�ective viscosity

for cubic lattices to known results for these systems found in the existing literature. By

exploiting the symmetries of cubic lattices Nunan and Keller [102] have shown that the

e�ective viscosity tensor �e for these arrays is of the following form:

(�e)ijkl =
1
2
�(1 + �)

�
ÆikÆjl + ÆilÆjk � 2

3
ÆijÆkl

�
+ �(�� �)

�
Æijkl � 1

3
ÆijÆkl

�
: (6.30)

Here the indices i, j, k and l denote the components3 with respect to the Cartesian coor-

dinate axes x, y, z which coincide with the principal axes of the cubic lattice (see Fig. 5.1

in the previous chapter). Moreover Æijkl is unity if all indices are equal and zero otherwise.

3Roman indices i, j, k, l have been used here, instead of the Greek indices �, �, , Æ in (6.16), in order

to avoid confusion with the scalars � and � in (6.30) .
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Thus the e�ective viscosity tensor �e for cubic lattices is determined by only two scalars

� and �, which depend on the type of cubic lattice, i.e. SC, BCC or FCC, and on the

volume fraction �. These separate scalars are directly related to the (scalar) viscosities

corresponding to imposed linear ows that are oriented in a special way with respect to

the cubic axes, as is discussed below. The physical meaning of the parameter � can be

interpreted by considering the Couette ow (simple shear ow) speci�ed by the velocity

�eld

va(r) = _yex; (6.31)

where _ is called the strain rate coeÆcient. By de�nition the rate of strain tensor for this

Couette ow satis�es

ga =
1
2
_(exey + eyex) (6.32)

and by combining this expression with (6.10) and (6.30) it follows that the deviatoric stress

is given by

�d = 2�(1 + �)ga: (6.33)

Thus the stress has only two nonzero components, (�d)xy and (�d)yx = (�d)xy that can

be accessed experimentally by measuring the tangential force on a bounding wall (in an

apparatus of Couette) which is parallel to the shear ow. According to convention the

relative shear viscosity �r that corresponds to the shear ow in (6.31) is de�ned by

�r =
(�d)xy

� _
(6.34)

and it is found from (6.32) and (6.33) that the relative viscosity is related to the parameter

� by the simple formula

�r = 1 + �: (6.35)

The parameter � corresponds to normal stresses that are generated, for instance, in a

uniaxial straining ow given by va(r) = ga � r with the rate of strain tensor

ga = _"
�
ezez � 1

2
exex � 1

2
eyey

�
: (6.36)

Here _" is called the extensional velocity. It can be noticed that the velocity �eld va(r)

corresponds to an irrotational shear ow which is axisymmetric (uniaxial) with respect

to the z-axis. Also for this special ow it follows, analogous to (6.33), that the relation

between the deviatoric stress and the rate of strain is given by a scalar, as

�d = 2�(1 + �)ga: (6.37)

It is seen that this stress tensor has only normal (diagonal) components (�d)xx, (�d)yy =

(�d)xx and (�d)zz. With regard to experiments it is relevant to consider the �rst and
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the second normal stress di�erences
�
(�d)zz � (�d)xx

�
and

�
(�d)xx� (�d)yy

�
, respectively.

Clearly, the second normal stress di�erence is vanishing by virtue of symmetry, while the

�rst is proportional to the extensional velocity _", according to (6.36) and (6.37). The

(dimensionless) coeÆcient in this relation is called the extensional viscosity, �ext, and is

de�ned by

�ext =
(�d)zz � (�d)xx

� _"
: (6.38)

It follows by combination of the above identity with (6.10), (6.30), (6.36) and (6.37) that

the extensional viscosity is directly related to the viscosity parameter � as

�ext = 3(1 + �): (6.39)

More generally it can be inferred by inspection of the e�ective viscosity tensor that the

scalar viscosity (corresponding to a certain stress component, or stress-di�erence, analogous

to �r and �ext) is proportional to (1+�) for a shear ow whose principal axes4 are parallel to

the axes of the cubic lattice, while it is proportional to (1+�) when the principal axes are

at 45Æ to the cube axes. For any other type of shear the corresponding viscosity parameter

is a linear combination of � and � which follows by application of the viscosity tensor �e.

In order to determine � and � it is noted that

� =M0;0 =M2;2;

� =M�2;�2 = M�1;�1 = M1;1;
(6.40)

where the matrix elements Mmn for m;n 2 f�2;�1; 0; 1; 2g are de�ned by (6.19). The

above relations can be straightforwardly derived by substitution of eq. (6.30) for �e into

(6.25). It is furthermore found that all o�-diagonal elements Mmn are vanishing. The

nonzero elements in (6.40), and thereby � and �, can be determined for the three cubic

lattice types by solving the set of linear equations as expounded at the end of the previous

section. Restricting to the equations for truncation level L = 2 and performing elementary

algebraic manipulations yields asymptotic expansions of the form

� = 5
2
�
h
1 + A��+B��

5=3 +O(�10=3)
i�1

;

� = 5
2
�
h
1 + A��+B��

5=3 +O(�10=3)
i�1

:

(6.41)

4Following conventional nomenclature the principal axes of a shear ow are de�ned as the lines in the

directions of the eigenvectors of the (symmetrical) rate of strain tensor ga.
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Here the coeÆcients A�, B�, A� and B� can be expressed in terms of lattice sums as

A� = �1� 15Vc

28�

�
~S4;0;�1=2 +

1
24
~S4;4;�1=2

�
;

B� = 2

�
3Vc

4�

�5=3�
S4;0;1=2 +

1
24
S4;4;1=2

�
;

A� = �1� 15Vc

28�

�
~S4;0;�1=2 � 1

24
~S4;4;�1=2

�
;

B� = 2

�
3Vc

4�

�5=3�
S4;0;1=2 � 1

24
S4;4;1=2

�
:

(6.42)

The lattice sums in the above identities are computed numerically following the method

expounded in Chapter 3, Section 3.5, and the results, which are fully converged, are listed

in Table 6.1 for SC, BCC and FCC lattices. In fact, the lattice sums were converged to all

15 digits used in the calculations and rounded to the number of digits quoted in the table.

The dimensionless cell-volume Vc corresponding to the three cubic lattices is also indicated

in the table.

Table 6.1: Lattice sums for cubic arrays determining the coeÆcients A�, B�, A� and B�

in (6.42).

SC BCC FCC

Vc 1 4
9

p
3 1

2

p
2

~S4;0;�1=2 2:723963 �1:090905 �1:055871
~S4;4;�1=2 326:8756 �130:9086 �126:7045
S4;0;1=2 3:108227 �1:513279 �1:330367
S4;4;1=2 372:9872 �181:5935 �159:6440

Expansions similar to those in (6.41) were previously derived by Zuzovsky et al. [92,

110], by a generalization of the periodic Green's function method of Hasimoto [39]. In

their expressions the unknown higher order terms are of O(�7=3), instead of the O(�10=3)

given in (6.41). It is noted however that this discrepancy can be removed by increasing the

truncation level. The coeÆcients A�, B�, A� and B� can be evaluated by substitution of

the lattice sums in Table 6.1 into (6.42), and the results are compared in Table 6.2 to the

corresponding coeÆcients in the expansions of Zuzovsky et al. and also with those found

by Kapral and Bedeaux [111]. The latter authors have calculated the coeÆcients A� and

A� as an application of the scheme developed by Bedeaux et al. [112], and their results

agree with ours to all decimal places quoted. There is a small discrepancy with some of

the coeÆcients provided by Zuzovsky. The origin of these di�erences is not clear, but they

are numerically insigni�cant, in the order of a few parts in one thousand. Nevertheless,
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Table 6.2: CoeÆcients in the asymptotic expansions (6.41) appropriate for the viscosity

parameters � and � for dilute cubic arrays of spheres, compared to the previous results of

Zuzovsky et al. [110] and of Kapral and Bedeaux [111].

Present

calculations

Zuzovsky

et al.

Kapral

and

Bedeaux

SC

A� �3:78699 �3:793 �3:787
B� 3:42673 3:428 {

A� 0:85800 0:8620 0:858

B� �2:28448 �2:286 {

BCC

A� �0:14079 �0:141 �0:141
B� �1:07874 �1:08 {

A� �1:57281 �1:573 �1:573
B� 0:71916 0:718 {

FCC

A� �0:23611 �0:237 �0:236
B� �0:82315 �0:822 {

A� �1:50926 �1:508 �1:509
B� 0:54877 0:548 {

the validity of the claim by Zuzovsky et al. that their coeÆcients are exact while those

reported by Kapral and Bedeaux are only approximate may be disputed on basis of the

comparison with our converged computations.

The suitability of the asymptotic expansions (6.41) is obviously restricted to dilute

arrays. Nunan and Keller [102] were the �rst to report numerical results for � and �

appropriate for the complete range of volume fractions. Their computations are based on

a Galerkin technique previously introduced by Zick and Homsy [90] in a study of the drag

coeÆcient for cubic arrays (see Section 5.3 of the previous chapter). On basis of their data

for the three cubic lattice types Nunan and Keller conclude that the low-� expansions found

by Zuzovsky et al. are accurate to within 0:2% for concentrations up to approximately

25% that of close packing, and to within 5% for concentrations up to approximately 50%

that of close packing. These accuracies also hold for our expansions which show only

insigni�cant di�erences with those of Zuzovsky et al. as can be checked by substitution of

the coeÆcients given in Table 6.2 into the expansions (6.41). The viscosity parameters for

SC arrays were also calculated by Ladd [113] on basis of a numerical implementation of

the theory of Mazur and van Saarloos to describe many body hydrodynamic interactions

in suspensions [114]. In order to examine the correctness and accuracy of our method to
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Table 6.3: Viscosity parameters � and � as functions of volume fraction � for a SC lattice.

Converged numerical results obtained by our method (H) are compared to the numerical

data of Ladd [113] (L) and of Nunan and Keller [102] (N). Boxed data are measured from

Fig. 2 in Ref. [102].

� Various methods � �

0.01

H 0:025941 0:024813

L 0:025942 0:024814

N 0:025941 0:024813

0.12

H 0:465796 0:290025

L 0:46580 0:29003

N 0:46580 0:28995

0.24

H 1:522857 0:613821

L 1:5228 0:61381

N 1:5228 0:61306

0.32

H 3:025744 0:896926

L 3:0257 0:8969

N 3:026 {

0.40

H 6:457823 1:312428

L 6:453 1:3123

N 6:4541 1:32� 0:02

0.44
H 10:487711 1:634516

L 10:43 1:6343

0.46
H 14:292654 1:858631

N 14:0 1:86� 0:02

0.49 H 28:03895 2:37824

N 24 {

determine the viscosities of spatially periodic arrays in general, we have calculated � and

� for cubic lattices at various concentrations �. In Table 6.3 the results, indicated by the

letter H for each concentration, are compared to those of Ladd (L) and of Nunan and

Keller (N). Data that have been measured from Fig. 2 in Ref. [102] are highlighted with

boxes. All these results are found to compare excellently, with di�erences of at most a

few parts in ten thousand if concentrations are below � = 0:46 (except for the � value at

� = 0:40 that has been determined graphically). As the concentration approaches that of

close packing (�cp � 0:524) the accuracy of the data of Nunan and Keller and of Ladd, is

seen to decrease rapidly. This is mainly caused by the inadequacy of a necessarily �nite

number of basis functions (as in our method) to describe the ow through the array of

spheres. For high concentrations Nunan and Keller indicate that their computed estimates
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are sometimes too low. Moreover it can be seen in Table 1 of their paper [102] that the

numerical result for � at � = 0:49 shows oscillation as the number of basis polynomials

(analogous to our L) is increased. It is likely, therefore, that the value of 24 as quoted in

Table 6.3 is not converged and should actually be higher, which also explains the relatively

large di�erence with our (fully converged) result. An additional error in the calculations

of Nunan and Keller is introduced by the truncation in the lattice sums (these sums are

di�erent from ours) which can be signi�cant at large concentrations, as mentioned in their

article. It seems that they did not use an eÆcient technique to calculate the lattice sums,

such as the Ewald-like summation expounded in Chapter 3, because these computations

consumed the preponderance of CPU time needed to determine the viscosity parameters.

In our case the lattice sums (which are calculated only once for each of the three cubic

lattices) take an insigni�cant amount of CPU time in comparison to the time needed to

solve the set of linear equations. Moreover, it is important to appreciate that accurate

computations for higher concentrations require higher order lattice sums, and in our case

it has been veri�ed that these sums have converged to the correct values by comparing the

results of our Ewald-like technique with the results that follow by direct summation of the

lattice sums as de�ned by eq. (3.50). Having established the main reasons of the major

discrepancies between our results and those of Nunan and Keller, and given the excellent

correspondence with their data as well as with those of Ladd for concentrations up to

approximately 85% that of close packing, it can be concluded that the present method to

determine the e�ective viscosities indeed works correctly and yields accurate results.

To examine the performance of our numerical scheme for computations of viscosities

at very high concentrations it is found worthwhile to compare our data to the asymptotic

expansions for cubic lattices as derived by Nunan and Keller on basis of lubrication theory.

These formulas, in terms of the small parameter � de�ned by � = 1 � (�=�cp)
1=3, are as

follows:5

SC lattices:

� = 3
16
���1 + 27

80
� ln ��1 + ~C� + ~D�� ln �

�1 +O(�);

� = 1
4
� ln ��1 + ~C� + ~D�� ln �

�1 +O(�):
(6.43)

BCC lattices:

� = 1
4

p
3� ln ��1 + ~C� + ~D�� ln �

�1 +O(�);

� = 1
8

p
3���1 + 37

120

p
3� ln ��1 + ~C� + ~D�� ln �

�1 +O(�):
(6.44)

FCC lattices:

� = 3
32

p
2���1 + 87

160

p
2� ln ��1 + ~C� + ~D�� ln �

�1 +O(�);

� = 3
16

p
2���1 + 47

80

p
2� ln ��1 + ~C� + ~D�� ln �

�1 + O(�):
(6.45)

5In these formulas we follow the somewhat awkward notation of Ref. [102] in writing � ln ��1 instead

of �� ln �.
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In the above equations the coeÆcients ~C�, ~D�, ~C� and ~D� are di�erent for SC, BCC and

FCC lattices. In order to determine, for example, ~C� and ~D� for SC lattices Nunan and

Keller wrote

��
�

3
16
���1 + 27

80
� ln ��1

�
= ~C� + ~D�� ln �

�1 +O(�) (6.46)

and by plotting the computed value of the left side of this equation against � ln ��1 the

coeÆcients of interest could be found from the intercept and slope of a line drawn through

the plotted data for small � (high concentrations). In the next discussion ~� will be written

as a shorthand notation for the singular terms of � appropriate for the particular cubic

lattice type under consideration. The notation ~� is de�ned in an analogous way. Thus for

the SC array ~� indicates the singular terms between parentheses in (6.46). Following the

above procedure we have �tted the unknown coeÆcients to our numerical data. For the

SC array Fig. 6.1 shows the residuals (� � ~�) (a) and (� � ~�) (b) versus � ln ��1. Curves

represent the results calculated for L = 40 (dashed curve), L = 50 (dotted curve) and

L = 60 (solid curve). For the smallest values of � the results have clearly not converged,

whereas for the larger � the terms of O(�) are becoming prominent [see eq. (6.46)], but in

an intermediate range it is possible to resolve a distinct linear behaviour of the curves. In

this intermediate range the straight solid line is �tted to the curve, within an error that is

indicated by the two dotted lines. In an analogous way the residuals (�� ~�) and (� � ~�)

for the BCC lattice are shown in Fig. 6.2, and for the FCC lattice in Fig. 6.3.
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Figure 6.1: Di�erences (� � ~�) (a) and (� � ~�) (b) versus � ln ��1 for a SC lattice. Com-

putations are shown for L = 40 (dashed curve), L = 50 (dotted curve) and L = 60 (solid

curve). Dotted straight lines give an indication of the deviations around the best �t (solid

straight line).
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Figure 6.2: Di�erences (� � ~�) (a) and (� � ~�) (b) versus � ln ��1 for a BCC lattice. The

various lines and curves are as for the SC case shown in Fig. 6.1.
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Figure 6.3: Di�erences (�� ~�) (a) and (� � ~�) (b) versus � ln ��1 for an FCC lattice. The

di�erent lines and curves are explained in Fig. 6.1.
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Table 6.4: Fitting coeÆcients C�, D�, C�, D� appropriate for the lubrication formulae

(6.43) - (6.45) for SC, BCC and FCC lattices, respectively. Previous results by Nunan and

Keller [102] are denoted as ~C�, ~D�, ~C� and ~D�.

SC BCC FCC

C� �2:85� 0:02 1:83� 0:02 �9:54� 0:05

~C� 3:1 �1:73 9:7

D� �1:3� 0:2 �12:0� 0:3 14� 1

~D� 0:25 12:3 �15:5

C� �0:604� 0:001 �7:5� 0:1 �7:40� 0:05

~C� 0:63 12:8 {

D� �0:30� 0:03 6� 1 �9� 1

~D� 0:0 �35 {

In Table 6.4 the coeÆcients corresponding to our �tting lines, denoted as C�, D�,

C�, D�, are compared to the �tting constants of Nunan and Keller, ~C�, ~D�, ~C�, ~D�,

respectively. It is immediately seen in this table that the sign of Nunan and Keller's

coeÆcients is systematically opposite to the sign of our coeÆcients. Because we are certain

that the sign of our coeÆcients is correct it follows the conclusion that Nunan and Keller

must have mistakingly �tted the line for (~�� �) instead of (�� ~�). The sign of the other

coeÆcients reported by Nunan and Keller is incorrect for the same reason. For the BCC

or FCC lattice Nunan and Keller �nd that their graphs of (� � ~�) exhibit de�nite linear

behaviour as � becomes small, so that the coeÆcients ~C� and ~D� can be determined with

con�dence. But in the other cases their estimates of the coeÆcients are not as reliable, and

in the case of � for an FCC lattice no estimate could be made. It is found by inspection

of Table 6.4 that our results are strikingly di�erent (apart from the trivial minus sign)

precisely in the cases were they question the accuracy of their data, with the exception

of the coeÆcients ~C� and ~C� for a SC lattice, which show reasonable agreement with our

corresponding coeÆcients C� and C�. It is noticed that these coeÆcients are somewhat

larger in magnitude than our C� and C� for SC (again disregarding signs) as can expected,

because for these high concentrations (� � 0:48 for � ln ��1 = 0:1) Nunan and Keller's

numerical results have not fully converged and, as mentioned before, there was strong

evidence of a downward bias in these computations for all cubic lattices. Although Nunan

and Keller have not presented curves for (��~�) and (�� ~�) it seems, on basis of our �ndings,

that they have overestimated the accuracy of their numerical results and, therefore, also

of their �tting parameters.

Having determined the constant and � ln ��1 terms in the expansions (6.43) - (6.45)

with a reasonable accuracy, it is interesting to observe that terms of O(1) (that is, constant
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Figure 6.4: Relative di�erences (�� ~�)=~� (thick curves) and (�� ~�)=~� (thin curves) versus

� ln ��1 for SC (a), BCC (b) and FCC (c) lattices. Truncation levels are L = 40 (dashed

curves), L = 50 (dotted) and L = 60 (solid). Note that curves for di�erent truncation level

are indistinguishable in (a) and for (�� ~�)=~� in (b).

and higher order terms) are not negligible as compared to the singular terms, even for the

rather high concentrations corresponding to Figs. 6.1 - 6.3 (for all cubic lattices 0:78 .

�=�cp . 0:97 for 0:05 < � ln ��1 < 0:2). This can be seen in Fig. 6.4, where (� � ~�)=~�

(thick curves) and (� � ~�)=~� (thin curves) are plotted as functions of � ln ��1, for SC (a),

BCC (b) and FCC (c) lattices. As in Figs. 6.1 - 6.3 the data are given for truncation levels

L = 40 (dashed curves), L = 50 (dotted) and L = 60 (solid). Note that curves for di�erent

truncation level cannot be distinguished in (a) and for (� � ~�)=~� as given in (b). For all

cubic lattice types the relative magnitude of the O(1) terms varies from 10% to 30% for

0:05 < � ln ��1 < 0:2 and, as follows from Figs. 6.1 - 6.3, the predominate part of these

higher order terms is represented by the terms 1 and � ln ��1 that have been determined

by �tting. Obviously, when concentrations are decreasing the terms of O(�) will become

important, but the lubrication-theory expansions up to the � ln ��1 terms (including our

�tting coeÆcients) are reasonably accurate even at moderate volume fractions, as is shown

for the SC case in Fig. 6.5. Our converged numerical results for � (a) and � (c), as a

function of the volume fraction �, are given by the solid curves. The thick dotted curves

indicated by 0 represent the singular terms ~� and ~�, respectively, while those indicated by
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+ and - show the expansions (6.43) up to and including the � ln ��1 terms with coeÆcients

as provided by Nunan and Keller (+) and with coeÆcients taken with opposite sign (-).
As has been mentioned before, signs of all �tting coeÆcients of Nunan and Keller should

be changed, which indeed yields a de�nite improvement to the plain lubrication results

(0). Their modi�ed �tting results (-) seem to be somewhat better than the curves that

correspond to our �tting coeÆcients (dashed curves) but this is only for low to intermediate

concentrations, and in that range the low-� expansions (6.41) (dotted curves) provide

a much greater accuracy, as can be seen in Fig. 6.5(a) (for �) and Fig. 6.5(c) (for �).

These low-� expansions have been plotted here using the coeÆcients A�, B�, A�, B� as

determined in this work (see Table 6.2) but curves would not be visibly di�erent for the

coeÆcients reported by Zuzovsky et al. [110]. Numerical data of Nunan and Keller are

shown as diamonds (�). Their results for � are as given in Table 6.3 whereas the results

for � have been measured from Fig. 2 in Ref. [102] (with measuring errors smaller than

the size of the � symbols in Figs. 6.5(c) and 6.5(d)). These data are all on our curves,

except for � at � = 0:49 which is somewhat below our result, as can be seen in Fig. 6.5(b).

The circles show some results obtained by the Stokesian dynamics approach (Brady et

al. [44]) which is devised so as to be accurate in the limits of very small and extremely

high concentrations. At intermediate concentrations the Stokesian dynamics computations

overpredict the viscosity parameters, as was already mentioned in Ref. [44]. Note that the

viscosity parameters diverge as close packing is approached, as is clearly seen in Fig. 6.5(b)

and Fig. 6.5(d). The close packing concentration is �cp � 0:524, as indicated by the vertical

dotted line.

In a similar way results for a BCC lattice are plotted in Fig. 6.6, where the dashed

curves show the lubrication formulae (6.44) corresponding to our �tting coeÆcients. The

�tting error for � is indicated by the deviations between the three dashed curves in (b). As

for the SC case these modi�ed lubrication formulae yield a considerable improvement to

the pure singular part of eqs. (6.44) (0), and for � (a) our lowest �tting results are close

to those of Nunan and Keller which are shown by the thick dotted curves indicated by the

minus sign (-). Note that the sign of their coeÆcients has been altered. For the viscosity

parameter �, as shown in Fig. 6.6(b), there is a marked discrepancy between our numerical

results and those of Nunan and Keller at higher concentrations. This is caused by the fact

that their data have not converged, which also explains the negative bias of their �tting

results (-) as compared to our converged numerical data given by the solid curve in (b).

Even larger discrepancies between our numerical computations and those of Nunan and

Keller are found for � corresponding to FCC lattices, as shown in Fig. 6.7(b). In that case

they were not able to determine the �tting coeÆcients with a reasonable accuracy.

Observing the results shown in this section it can be concluded that the present

method shows to be e�ective in calculating viscosity parameters for cubic arrays, and

a good accuracy can be retained even for relatively high concentrations. As has been

demonstrated in the previous chapters, this e�ectiveness is not limited to cubic arrays,

as the lattice sums appropriate for various other types of arrays can be straightforwardly

(and rapidly) computed. The use of rapidly converging expressions for these lattice sums

(like those presented in Chapter 3) is advocated, as it seems that neglect thereof has
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Figure 6.5: Viscosity parameters � and � for SC arrays, plotted against the volume fraction

�. Various results shown in (a)-(d) are indicated as follows: solid curves: our converged

numerical data; circles: Stokesian dynamics [44]; diamonds (�): numerical data Nunan and

Keller [102]. The thick dotted curves indicated by 0 represent ~� [(a), (b)] respectively ~�

[(c), (d)] while those marked with + and - show the expansions (6.43) up to and including

the � ln ��1 terms with coeÆcients given in Ref. [102] (+) and with coeÆcients taken with

opposite sign (-). Low-� expansions (6.41) are indicated by the thin dotted lines for � (a)

and � (c) including our coeÆcients given in Table 6.2; dashed curves in (a) and (c) represent

the lubrication formulae (6.43) including our �tting coeÆcients in Table 6.4. Notice the

di�erent scales in (a)-(d).
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Figure 6.6: Viscosity parameters � (a) and � (b) versus the volume fraction � for BCC

lattices. The three dashed curves in (b) show the lubrication formula for � in (6.44)

including our �tting coeÆcients, where the �tting error is indicated by the deviations

between these three curves. Other symbols and lines are as in Fig. 6.5.
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Figure 6.7: Viscosity parameters � (a) and � (b) versus the volume fraction � for FCC

lattices. The three dashed curves in (a) show the lubrication formula (6.45) corresponding

to our �tting coeÆcients, where the �tting error is indicated by the deviations between

these three curves. Other symbols and lines are as in Fig. 6.5.
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unnecessarily a�ected the calculations of Nunan and Keller in an adverse way. In the next

section the e�ective viscosity is examined for simple tetragonal (ST) lattices and the results

are interpreted in relation to various possible structures of the ST type.

6.5 Simple tetragonal lattices

Simple tetragonal lattices (ST) may be characterized as SC lattices which are compressed

or elongated along one of their axes. As in the previous chapter the three orthogonal

axes are chosen so as to coincide with the coordinate system xyz, with z the elongational

direction. The ST lattice parameters along these respective axes are given by hx, hy = hx
and hz. Obviously this type of arrays posesses less symmetry than cubic arrays, and it is not

possible, therefore, to reduce the computational e�ort to the same degree (see Section 3.5

of Chapter 3). However, by changing the aspect ratio f = hz=hx of a ST lattice, a wide

range of di�erent structures can be considered. For these simple structures the e�ective

viscosity can be interpreted in a straightforward way, as is shown below, and this can

be useful in understanding the rheological behaviour of ordered hard-sphere suspensions,

see e.g. Refs. [22, 23, 36, 115{117]. In the next section some of our numerical results are

compared to recent experimental data.

The present section focusses on the interpretation of the e�ective viscosity as calcu-

lated for ST lattices submitted to Couette ow (simple shear ow) as depicted in Fig. 6.8(a)

where the arrows indicate the ambient velocity �eld (6.31) which is parallel to the x-axis

(the Cartesian axes are plotted in (b)). Under the inuence of this shear ow the spheres

rotate as indicated by the curved arrows in (b) and (c). The e�ective shear viscosity corre-

sponding to this orientation of the ow is given by �r in (6.34). Analogous to the SC case

it is found convenient to write �r = 1+�z where the scalar �z = M�2;�2 can be determined

from the set of linear equations suitable for the ST lattice under consideration. The vis-

cosity parameter �z is shown in Fig. 6.9 against the aspect ratio f = hz=hx for a volume

(a)
z

y

x

(b)

(c)

Figure 6.8: ST arrays of spheres (b), (c), subject to a Couette ow in the xOy-plane, as

depicted in (a). The spheres rotate as indicated by the curved arrows in (b) and (c).
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Figure 6.9: Viscosity parameter �z for ST lattice at � = 0:3

fraction of � = 0:3. This moderate concentration is suÆcient to explain the characteristic

structural dependence of the viscosity in a qualitative way. This behaviour has shown to

be roughly the same for all possible volume fractions. When spheres are touching in the

z-direction, as is depicted in Fig. 6.8(b), the aspect ratio reaches a minimal value f = fmin

as indicated by the left vertical dashed line in Fig. 6.9, and for this situation the viscosity

rapidly converges (as a function of L) to a �nite value. For a given volume fraction � the

minimal aspect ratio is given by

fmin =

r
6�

�
(6.47)

and for � = 0:3, as considered here, it follows that fmin � 0:76. We have also calculated

the velocities and angular velocities of the spheres relative to the ambient ow, as given

by ~Ui and ~
i in (6.13) (where i = 0 as we are considering N = 1) and these are found

to be vanishing, independent of the aspect ratio f . Thus, all spheres move along with the

shear ow in exactly the same way as can be derived for a single isolated sphere. Moreover,

our numerical computations show that this also applies if the spheres are arranged on a

cubic lattice. In fact, for cubic lattices this property has been explained by Nunan and

Keller [102] and it appears that this property is retained for ST lattices which are oriented

with respect to the shear ow as considered here.

As the aspect ratio is increased the structure becomes simple cubic at f = 1 where

�z in Fig. 6.9 indeed reaches the correct value which has also been computed following the

numerical scheme that is optimized by exploiting cubic symmetry. By further increasing

f the separation between spheres becomes larger in the z-direction, whereas distances are

decreasing in the xOy-plane, as can be seen in Fig. 6.8. Large stresses are produced in the

region in between spheres that are neighbouring in the xOy-plane, and this explains the

monotonously increasing behaviour of the viscosity parameter as a function of the aspect

ratio, as shown in Fig. 6.9. Finally the viscosity diverges at f = fmax (as indicated by

the right vertical dashed line in Fig. 6.9) which corresponds to spheres touching in the
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Figure 6.10: ST arrays of spheres (b), (c), subject to a Couette ow in the yOz-plane, as

depicted in (a). In (b) the spheres rotate as indicated by the curved arrows, while in (c) the

rotation has stopped and the spheres form close packed planar structures that move past

each other in the y-direction.

xOy-plane (see Fig. 6.8(c)). Here fmax depends on the concentration � according to

fmax =
�

6�
; (6.48)

which yields fmax � 1:75 for � = 0:3.

For the same tetragonal structures the shear viscosity parameter has been computed

that corresponds to a plane of shear coinciding with yOz, as depicted in Fig. 6.10. This

viscosity parameter shall be denoted �x and is plotted versus aspect ratio f in Fig. 6.11(a).

Relative to the shear ow all spheres exhibit the same angular velocity in the x-direction,
~
x. As is inferred by virtue of symmetry, their translational velocity with respect to the

ambient ow is found to be zero, as in all other cases mentioned above. The dimensionless
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Figure 6.11: Viscosity parameter �x (a) and corresponding relative angular velocity ~
x= _

(b) for ST lattice at � = 0:3.
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fraction ~
x= _ is plotted in Fig. 6.11(b) versus the aspect ratio f . Here _ is the shear rate

parameter that represents the strength of the shear ow. For the extreme values of the

aspect ratio f = fmin and f = fmax the spheres are touching, as shown in Figs. 6.10(b) and

6.10(c), however the viscosity parameter �x is found to converge (slowly) to a �nite value.

This behaviour is closely related to the observation that particles tend to a rolling motion

at f = fmin (corresponding to Fig. 6.10(b)) whereas in the case for f = fmax (Fig. 6.10(c))

the rotation stops as the spheres form rigid planes that are moving past each other in the

y-direction. It can be noticed that for non-rotating spheres ~
x = �1
2
_ whereas for rolling

spheres ~
x = +1
2
_. These extreme values (�1

2
) have not been reached by the graph in

Fig. 6.11(b) because these results for touching spheres have not fully converged.

6.6 Comparison with rheological experiments

In the past few decades the rheological behaviour of colloidal suspensions has been increas-

ingly studied in close relation to the microstructure, and many works report various ordered

structures that arise when these systems are subject to di�erent kinds of shear ows, see

e.g. [115{117]. As has been indicated in the previous section, a changing microstructure

can be responsible for large variations in the e�ective viscosity.

In recent experiments by Gondret and Petit [22] the viscosity of a hard-spheres sus-

pension is measured by submitting the suspension to an oscillating shear ow. In their

experimental set-up the suspension consists of glass beads (with diameters in the range

45 � 5 �m and mass density �p = 2:5 g cm�3) that are immersed in a viscous uid

(� = 5 Pa s, � = 0:97 g cm�3). This suspension is con�ned between two parallel solid

plates separated by a small gap of size h = 200 �m. It can be noticed that this gap dis-

tance h is only about four times as large as the mean diameter of the beads. The lower

plate is �xed and the upper one oscillates in one direction, creating a simple shear ow

which satis�es the following speci�cations: frequency �s = 200 Hz; amplitude of displace-

ment of the upper plate xm � 20 �m; strain-rate amplitude _m = 2��sxm=h. Considering

the large size of the particles, the high viscosity of the suspending uid and the properties

of the shear ow, the particle Reynolds number is very small (Re � 10�5). Moreover,

Brownian forces as well as Van der Waals and electrostatic forces between the particles

can be neglected and consequently the particle interactions can be considered only as of

hydrodynamic origin. It is observed that, after many oscillations, the initially random

suspension reaches an ordered structure. This phenomenon was �rst reported by Petit

and Noetinger and can be ascribed to a secondary ow due to inertial e�ects induced by

the alternating rotation of the particles in the oscillating shear ow [23]. As indicated by

the smallness of the Reynolds number these inertial e�ects are weak, but not completely

vanishing, and this causes the particles to migrate over distances of their own size in a

characteristic time of roughly 100 s (as discussed in Ref. [22]) and this is e�ectively the

typical time in which the formation of the regular structure has been observed. As was

shown in Ref. [22], the viscosity measurements by Gondret and Petit compare reasonably

well with the numerical results for SC lattices as reported by Nunan and Keller, for volume
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fractions up to about 0.5. The main di�erence between the structures seen in the exper-

iment and the pure SC structure is that the particles in the former are in contact in the

direction that is perpendicular to the plane of shear. Although Gondret and Petit were not

able to determine the structure with great detail, they assume that it closely resembles a

tetragonal lattice. This tetragonal structure, which will be referred to as ST1, is depicted

in Fig. 6.12(c) and is oriented with respect to the shear ow as indicated in (a).

(a)

(b) (c)

(d)

Figure 6.12: SC (b), ST1 (c) and ST2 (d) arrays subject to a shear ow as depicted in (a).

The viscosity parameter � corresponding to this situation has been calculated using

the method introduced in Section 6.3. In Fig. 6.13 the results (dotted curve) are plotted

against the concentration �, on a linear scale (a) and on a logarithmic scale (b). Circles

indicate the experimental data corresponding to the disordered suspension as the shear ow

has just started. The experimental accuracy is �10% as shown by the error bars. After

a few minutes of shearing the structure is ordered and the viscosity has reached a �nal

value which is considerably lower than in the disordered state (by a factor of � 2). The

�nal viscosity values, shown by the diamond symbols (�) in Fig. 6.13, are very close to the

solid line which represents our calculations for a SC lattice, but the viscosity parameter for

the ST1 structure (dotted line) shows less correspondence with the experiment. Another

candidate for the regular structure observed in the experiment is the ST2 array which is

a ST structure where particles are touching in the xOy plane, as depicted in Fig. 6.12(d).

When viewed from above this structure shows a close resemblance to the ST1 array depicted

in (c). The viscosity parameter � for this ST2 structure is shown by the dashed line in

Fig. 6.13, which is below all other results for � . 0:25 but is found to be closer to the

experimental data than the results for SC at high concentrations. As compared to the

viscosity results for ST1 and ST2, the results for the SC array show to be best �tting the

experimental data over the whole range of volume fractions up to SC close packing (�cp �
0:52). As mentioned above, the SC structure is not what is observed in the experiments, at
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Figure 6.13: Viscosity parameter � for various structures plotted on a linear scale (a) and

on a logarithmic scale (b) versus the concentration �. Curves show the numerical data for

arrays of type SC (solid), ST1 (dotted) and ST2 (dashed). These structures are oriented

relative to the shear ow as depicted in Fig. 6.12. The vertical dotted line indicates the

close packing concentration for these structures (�cp = 1
6
�). Experimental data provided

by Gondret and Petit [22, 118] are shown for a disordered (circles) and ordered suspension

(�) where error-bars indicate the measuring inaccuracy of �10%.

least not when concentrations are in the range of 0.2 to 0.3 for which clear photographs are

available, see Refs. [22, 23]. It may be worthwhile to visualize these ordered suspensions

also at higher concentrations, and in all three directions so as to verify the existence of

ST2-like structures that are suggested by our �ndings.

Viscosities have also been measured at concentrations exceeding that for the SC

closely packed arrangement. No clear observations are available for these high concentra-

tions, but it is obvious that the corresponding structures can not be one of those shown in

Fig. 6.12. There are many di�erent arrays of spheres that have concentrations above that

for SC close packing, and for some of them we have computed the viscosity parameters

corresponding to various directions of the shear. For reasons of brevity only three of these

considered structures are depicted in Fig. 6.14, viz. the BCC (b), BCT1 (c) and HEXA2 (d)

lattices. The HEXA2 array consists of (in�nite) planes of close packing spheres, which are

perpendicular to the direction of the shear ow shown in (a). For the close packing case

(�cp = �=(3
p
3) � 0:60)) this hexagonal arrangement has been considered by Gondret and

Petit [119] as a candidate structure where the spheres are allowed to move in the direction

of the ow, whereas for concentrations below close packing the structure is planar as is

also vaguely observed in the experimental case [118].

In Fig. 6.15 the converged numerically obtained � parameters for the three struc-

tures in Fig. 6.14 are shown on linear (a) and logarithmic (b) scales, as a function of the



6.6. Comparison with rheological experiments 151

(a)

z

y

x

(b)

x

z

y

(c)

z

y

x

(d)

Figure 6.14: BCC (b), BCT1 (c) and HEXA2 (d) arrays submitted to a shear ow as

depicted in (a).

concentration �. Results for the various structures are represented by the thin dotted

curve (HEXA2), the thick dotted curve (BCT1) and the dashed curve (BCC). Moreover,

the calculations for the SC lattice are shown by the solid curve, and vertical lines (same

line types) indicate close packing for all four lattices. The close packing concentration

corresponding to BCC is somewhat below that of BCT1 (for BCC �cp = �
p
3=8 � 0:68

and for BCT �cp = 2�=9 � 0:70). The data measured by Gondret and Petit [118] are

indicated as in Fig. 6.13. For increasing concentrations the experimental data show a dis-

tinctly di�erent behaviour when the volume fraction has passed that of SC close packing,

and this is likely due to strong changes in the microstructure. The numerical data for the

previously proposed HEXA2 structure show a large discrepancy with the measurements

for the (allegedly) ordered structure over the complete range of volume fractions, whereas

the shape of the curves for BCT1 and BCC does not at all resemble the global behaviour

of these experimental data. However, the results for BCT1 and BCC lattices are seen to

compare reasonably well for some of the higher concentrations, and this correspondence

is better than was observed for all other structures that were considered (results for these

other structures are not given here) with the exception of the FCC lattice for which results

are comparable with those for BCT1 (the principal axes of this FCC array are oriented

relative to the shear ow as for the BCT1 structure in Fig. 6.14).

On basis of the �ndings discussed in this section it can be proposed that the suspen-

sion microstructure in the experiments by Gondret and Petit changes from an ST type of

arrangement to a BCT-like arrangement when the volume fraction is raised above SC close
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Figure 6.15: Shear viscosity � for various structures plotted on linear (a) and logarithmic (b)

scales as a function of concentration �. Curves show the numerical data for arrays of type

BCC (dashed), BCT1 (big dots), SC (solid), HEXA2 (small dots). Vertical lines (same

line types) indicate the corresponding close packing concentrations for these structures.

Experimental data provided by Gondret and Petit [22, 118] are shown for a disordered

(circles) and ordered suspension (�) where error-bars indicate the measuring inaccuracy of

�10%.

packing. This proposition may be decided on by experimental veri�cation.

6.7 Conclusion

By extending the theory presented in Chapters 2 and 3 the 25 independent components

of the e�ective viscosity tensor can be determined. In the highly symmetric case of cubic

lattices this tensor is characterized by only two viscosity parameters � and �. For these

parameters asymptotic expansions have been derived that are appropriate for small volume

fractions. These expansions are of the same form as previously found by Zuzovsky et

al. [92, 110] but with slightly di�erent coeÆcients (di�erences are below 1%). Although the

origin of this discrepancy is unclear we are con�dent about the correctness of our coeÆcients

which have fully converged. Moreover, some of the coeÆcients were previously calculated

by Kapral and Bedeaux [111] and these agree with our results (but not with those of

Zuzovsky et al.) to all decimal places. The viscosity parameters � and � are calculated

numerically for the three cubic lattice types and for the whole range of concentrations. For

low to intermediate concentrations these results compare excellently with computations of

Nunan and Keller [102] and also with the data provided by Ladd [113] for the case of a

SC lattice. Discrepancies with the data of Nunan and Keller for dense cubic arrays are
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attributed to the fact that their data have not fully converged.

Asymptotic expansions appropriate for very dense cubic arrays were previously de-

rived by Nunan and Keller on basis of lubrication theory. Singular terms in these expan-

sions are exactly known, and coeÆcients of some non-singular higher order terms were

determined by �tting the expansions to the numerical data for high concentrations. By

repeating this �tting procedure on basis of our converged numerical data we have deter-

mined the coeÆcients of interest. It is shown �rstly that the coeÆcients reported by Nunan

and Keller have the wrong sign, which can be ascribed to a trivial mistake, and secondly

that the accuracy of their coeÆcients has been overestimated by underestimation of nu-

merical errors. Even at relatively low volume fractions the lubrication theory expansions

for � and � (including our numerically obtained coeÆcients) have proved to be reasonably

accurate. Moreover, combining these high-density results with the expansions for dilute

cubic arrays shows to describe the viscosity parameters rather well over the whole range of

volume fractions. Such combined descriptions can be provided by our method for various

other lattices (with possibly multiple particles per cell that may have di�erent sizes) and

these results may be used to increase the accuracy of fast numerical simulation schemes, as

e.g. the method of Stokesian dynamics [44, 120]. The main ingredient for the evaluation of

various structures is represented by lattice sums that can be eÆciently computed using the

method expounded in Section 3.5 of Chapter 3. The use of such a method is advocated,

as it seems that neglect thereof has unnecessarily a�ected the calculations of Nunan and

Keller in an adverse way.

The e�ective viscosity has been examined for simple tetragonal (ST) lattices and the

results for various structures of the ST type can be qualitatively understood on basis of

the motion of the spheres in response to the ambient shear ow. The rotational velocity

of the spheres shows to be nonzero for certain orientations of the ST lattice with respect

to the shear ow, in contrast to what has been known for cubic arrays (see Ref. [102]).

Our viscosity results for ST lattices have been compared to the experimental data for an

ordered suspension of hard spheres in an oscillating shear ow, as reported by Gondret and

Petit [118]. In Ref. [22] the experimental results were found to be described rather well

by the known results for a SC lattice, although at moderate concentrations the structure

observed in the experiments was characterized by parallel chains of close touching spheres.

These chains were aligned in planes parallel to the direction of the shear ow and the

chains were perpendicular to the plane of shear. On basis of these observations Gondret

and Petit propose that the structure resembles an arrangement that we designated as ST1.

However, our numerical calculations for the shear viscosity for these ST1 arrays show less

correspondence with the experimental data than the results for SC lattices. Another ST

lattice (ST2) shows better agreement, but only in a range of high volume fractions. For

increasing concentrations the experimental data show a distinctly di�erent behaviour when

the volume fraction has passed that of SC close packing, and this is likely due to strong

changes in the microstructure. The numerical data for the previously proposed HEXA2

structure [119] at high concentrations show a large discrepancy with the measurements over

the complete range of volume fractions. Although results obtained for BCT1 and BCC

arrays do not compare well to the global behaviour of these experimental data, these results



154 Chapter 6. E�ective viscosity

are seen to agree reasonably well in the range of highest concentration and this agreement

is better than was observed for all other structures that were considered (results for these

other structures are not presented in this thesis) with the exception of the FCC lattice for

which results are comparable with those for BCT1. On basis of the �ndings discussed in

this section it can be proposed that the suspension microstructure in the experiments by

Gondret and Petit changes from an ST type of arrangement to a BCT-like arrangement

when the volume fraction is raised above SC close packing. This proposition may be

decided on by experimental veri�cation.

There are several aspects of the experimental situation which have not been taken

into account in our calculations, e.g. the fact that only a small number of layers of spheres

were contained between the parallel walls in the experimental apparatus. Depending on the

concentration, this number varies from 3 to 4. Moreover, the structures that are observed

after many oscillations of the shear ow still show a de�nite degree of disorder [22]. It

should be possible to examine the viscosity for colloidal crystals of �nite thickness by a

modi�cation of the principal set of linear equations from which the components of the

grand mobility matrix can be solved. Disordered structures can be treated by application

of the quasi N -particle approach that has been formulated for colloidal crystals that are

in�nite in all three directions. Despite of the fact that all computations presented in this

chapter are for perfect lattices (with N = 1) the results are found to describe the empirical

data rather well and it is expected, therefore, that this will stimulate further experimental

investigation. It would be worthwhile to visualize the ordered suspension also at the highest

possible concentrations, and in all three directions so as to verify the existence of ST2-like

structures that are suggested by our computations for 0:3 . � . 0:5 and the arrangements

of type BCT at even higher volume fractions.
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Conclusions

A new method is presented to study quasi-static hydrodynamic interactions in a colloidal

crystal. One of the advantages of the presented method is that it enables one to determine

all components of the grand mobility matrix from one set of linear equations. Various

hydrodynamic properties of colloidal crystals can be examined as a special application of

this grand mobility matrix, for instance the wavevector dependent friction factors, which

together with the elastic properties determine the damping of harmonic lattice excitations

in colloidal crystals. Results for the friction factors obtained by Hurd et al. [12] for a

dilute BCC lattice, were reproduced by our method. New results have been obtained for

dilute, semi-dilute and highly concentrated cubic arrays of the SC, BCC and FCC type,

taking into account the coupling between translational and rotational particle motions,

which is particularly important for a correct calculation of the transverse friction factors.

Symmetry considerations have been used in order to validate the calculated friction factors

quantitatively, and to interpret their wavevector dependent behaviour qualitatively.

A comparison with known results for the drag coeÆcients for cubic arrays has con-

�rmed the correct performance of the method and its numerical implementation, for all

concentrations. For the �rst time accurate numerical data for the spin viscosity have been

obtained for cubic arrays over the entire range of volume fractions. A low-concentration

expansion has been derived which approximates the numerical results within a few per cent

up to strikingly high concentrations. This expansion also indicates an error in a previous

result. On basis of these numerical data a constant contribution of far-�eld hydrodynamic

interactions can be determined, which yields a �rst correction to a known lubrication (near-

�eld) expression appropriate to extremely dense SC structures. From lubrication theory,

new expressions are derived for spin viscosities of dense BCC and FCC arrays, and in the

SC case these expressions can be considerably improved by adding constant terms that are

determined from numerical computations. The e�ective viscosity of colloidal crystals can

also be determined within the framework of the present method, and viscosity parameters

� and � for cubic arrays are calculated numerically for the whole range of concentrations.

Asymptotic expansions appropriate for very dense cubic arrays were previously derived

on basis of lubrication theory. As for the case of the spin viscosity �r (of cubic arrays)

155
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these expansions could be considerably improved by �tting the unknown coeÆcients of

some higher order terms to the numerical data. Even at relatively low volume fractions

these modi�ed lubrication theory expansions for �, � and �r have proved to be reasonably

accurate. Moreover, combining these high-density results with the expansions for dilute

cubic arrays allows to describe the viscosity parameters and the spin viscosity with a rea-

sonable accuracy over the whole range of volume fractions. Such combined descriptions

can be provided by our method for various other lattices and these results may then be

used as a reference to fast numerical simulation schemes, as e.g. the method of Stokesian

dynamics [44, 120].

The e�ective viscosity has been examined also for simple tetragonal (ST) lattices and

the results for various structures of the ST type can be qualitatively understood on basis

of the motion of the spheres in response to the ambient shear ow. Some of these results

have been compared to recently published data obtained from experiments on ordered sus-

pensions of hard spheres submitted to an oscillating shear ow. The experimental results

were found to be described rather well by the known results for a SC lattice, although

at moderate concentrations the structure observed in the experiments was characterized

as a tetragonal arrangement. By further examination of the experimental data in rela-

tion to viscosity computations for a considerable number of possible con�gurations it can

be proposed that the suspension microstructure in the experiments by Gondret and Petit

changes from an ST type of arrangement to a BCT-like arrangement when the volume frac-

tion is raised above SC close packing. This proposition may be decided on by experimental

veri�cation.

It is important to appreciate that only in theory one can consider colloidal crystals

to be in�nite arrays of perfect spheres. These crystals are always limited in size, and, e.g.,

thermal motion of the uid molecules will disturb the structure in a certain degree. In fact,

it is this motion which drives the crystal waves mentioned above. Hydrodynamic properties

for such perturbed arrays can be studied by means of the quasi N -particle approach. Using

N -particle cells also allows one to consider colloidal crystals with in�nite extension in two

dimensions but with a �nite thickness.

The 1D model developed in Chapter 4 can serve as a reference to study the hydrody-

namics of e.g. Landau-Peierls uctuations of particle-chains in electrorheological uids [72].

Such chain-like structures have also been observed in other types of suspensions [22, 69, 70].

Wavenumber dependent mobilities and friction factors have been calculated for a 1D array

consisting of equidistant identical spheres. Although the behaviour of these hydrody-

namic properties can often be easily interpreted by observing the ow corresponding to

the particle motions, the computations reveal also non-trivial behaviour in the semi-dilute

and concentrated regime, e.g. the occurrence of a maximum of the rotational mobility

mrr
xx for a certain wavenumber, or the �nding that friction factors and mobilities can be

non-monotonous functions of the density parameter. These phenomena are attributed to

coupling between rotational and translational degrees of freedom, in the �rst case, and the

counteracting e�ects of far-�eld and near-�eld hydrodynamic interactions, in the second

case. Clearly, these e�ects cannot be described by means of the point-particle approach

which applies only to translational motions of distant particles. The need for a rigorous
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treatment of hydrodynamic interactions is further demonstrated by comparing the con-

verged numerical data for the simple 1D array with results of the lubrication theory which

applies to almost touching particles but completely neglects non-singular far-�eld hydro-

dynamic interactions. This neglect has shown to produce relatively large errors even for

high densities and especially when shearing motions are considered where lubrication forces

are only weakly (logarithmically) singular, or for the case of rolling-like motions, which is

non-singular and therefore cannot be treated within the framework of lubrication theory.

The theory developed in this thesis, and the related software to compute grand mo-

bility matrices, serves as an important step to investigate the dynamics of dense colloidal

systems. Full understanding of the dynamics requires, besides including hydrodynamic

interactions, the understanding of the other relevant physical processes, such as plasma

e�ects in colloidal crystals, or the inuence of solid boundaries on the crystal dynamics.

The next step in the study of dense colloidal crystals should be focussed on these processes.



158 Chapter 7. Conclusions



Appendix A

Expansion of the ambient velocity

field

The identities in (2.33) - (2.35) can be derived by comparing (2.1) and (2.32). During the

course of the derivation, which is given below, some extra expressions are given which will

be used in other chapters.

We recall the linear expression (2.1) for the ambient velocity �eld:

va(r) = Va + !a � r+ ga � r: (A.1)

To inspect the basis solutions in the expansion (2.32) of va, we combine (2.21), (2.28),

(2.29) and (2.38), �nding

valm�(r) = rl�1Alm(�; �) = r�+lm(r);
valm�(r) = rlClm(�; �) = r�+lm(r)� r:

(A.2)

From the de�nition of the solid harmonics �+lm(r) = rlYlm(�; �) it is easily found that (2.32)

indeed comprises all linear expansion functions in the general decomposition (2.31). Using

the expressions for the solid harmonics in Table A.1 it follows that the va1m� are constant

vectors,

va1;0�(r) = A1;0(�; �) =

r
3

4�
ez;

va1;�1�(r) = A1;�1(�; �) = �
r

3

8�
(ex � iey):

(A.3)

The basis solutions va1m� and va2m� are homogeneously linear in r, so that the following

identi�cation can be made for the constant terms:

Va =

+1X
m=�1

�a
1mv

a
1m�(r): (A.4)
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Next we wish to �nd out which basis solutions in (2.32) correspond to the separate linear

terms !a � r and ga � r. For this purpose we rewrite (A.1) as
va(r) = Va + (ga +GA) � r; (A.5)

where the antisymmetric tensor GA satis�es

GA � r = !a � r: (A.6)

The rate of strain tensor ga is symmetric, by de�nition.

Clearly �
ga +GA

�T
= rva(r): (A.7)

Combining the above equation with (A.4) and (2.32) it follows that

ga �GA = r
h +1X
m=�1

�a1mv
a
1m�(r) +

+2X
m=�2

�a
2mv

a
2m�(r)

i
: (A.8)

It is easily seen from (A.2) and the de�nition of the solid harmonics in Table A.1 that

the vector functions va1m� and va2m� are indeed homogeneously linear, having constant

gradients:

rva1;0�(r) =
r

3

4�
(exey � eyex);

rva1;�1�(r) =
r

3

8�

�
eyez � ezey � i(exez � ezex)

�
;

(A.9)

and

rva2;0�(r) = �
r

5

4�
(exex + eyey � 2ezez);

rva2;�1�(r) = �
r

15

8�

�
exez + ezex � i(eyez + ezey)

�
;

rva2;�2�(r) =
r

15

8�

�
exex � eyey � i(exey + eyex)

�
:

(A.10)

It is now observed that the rva2m� are symmetric and that the rva1m� are antisymmetric,

such that we can identify the linear terms as

!a � r =

+1X
m=�1

�a1mv
a
1m�(r); (A.11)

ga � r =
+2X

m=�2

�a
2mv

a
2m�(r): (A.12)

These last two equations, together with (A.4), are the identities (2.33) - (2.35) we wanted

to derive.
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Table A.1: Spherical harmonics Ylm and solid harmonics �+lm

x = r sin � cos �; y = r sin � sin�; z = r cos �.

l; m Ylm(�; �) �+lm(r) = rlYlm(�; �)

1; 0
q

3
4�
cos �

q
3
4�
z

1; �1 �
q

3
4�
sin � e�i� �

q
3
8�
(x� iy)

2; 0
q

5
16�

(2 cos2 � � sin2 �)
q

5
16�

(�x2 � y2 + 2z2)

2; �1 �
q

15
8�
cos � sin � e�i� �

q
15
8�
(x� iy)z

2; �2
q

15
32�

sin2 � e�2i�
q

15
32�

(x� iy)2
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Appendix B

Derivation of (2.46) - (2.50)

The equations (2.46) - (2.50) can be derived by evaluation of the integrals on the r.h.s. of

(2.43): Z
r=an

( ~Un + ~
n � r� ga � r) �	L�
pq (�; �) d
 (B.1)

for all n 2 f1; : : : ; Ng, L 2 fA;B;Cg, p > 1 and 0 6 q 6 p. Evaluation of these integrals

is most conveniently done by considering the inner products

Z
	L�

lm (�; �) �
�
	L0�

pq (�; �)
��

d
 = 2(1� Æm0)ÆlpÆmqÆLL0 �

8><>:
l(2l + 1) if L = A;

(l + 1)(2l + 1) if L = B;

l(l + 1) if L = C;

(B.2)

where the azimuthal indices m and q are now restricted to the non-negative integers 0 6

m 6 l and 0 6 q 6 p, which follow straightforwardly by combination of the de�nitions

(2.39) of the vector functions 	L�
lm and the orthogonality relations (2.36) for Alm, Blm and

Clm. It is noted that inner products, in the sense of (B.2), of the functions 	L+
lm and 	L�

lm

are vanishing. There are three types of integrals in (B.1), corresponding to the three terms

within the brackets, ~Un, ~
n � r and ga � r. The �rst type of integrals, being

~Un �
Z
	L�

pq (�; �) d
; (B.3)

may be written in the form of the inner products in (B.2) by exploiting the relations with

the Cartesian unit vectors

ex = �
r

2�

3

�
	A+

1;1

��
; ey = i

r
2�

3

�
	A�

1;1

��
; ez =

r
�

3

�
	A+

1;0

��
: (B.4)
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These relations follow by combination of the de�nitions (2.39) with the identities in (A.3).

It is then found for the �rst type of integrals thatZ
	A+

pq (�; �) d
 = 2
p
6�Æp1(

p
2Æq0ez � Æq1ex);Z

	A�
pq (�; �) d
 = 2

p
6�iÆp1Æq1ey;Z

	L�
pq (�; �) d
 = 0 for L 6= A:

(B.5)

Regarding the second type of integrals one can use the vector identity

( ~
n � r) �	L�
pq = r ~
n �

�
er �	L�

pq

�
(B.6)

together with the relations

er �	A�
pq (�; �) = er �	B�

pq (�; �) = �	C�
pq (�; �);

er �	C�
pq (�; �) = 	A�

pq (�; �) � (1l� erer)

=
1

2p+ 1

h
(p+ 1)	A�

pq (�; �) + p	B�
pq (�; �)

i
;

(B.7)

which follow straightforwardly from the de�nitions (2.19) - (2.21) and (2.39). Combination

of (B.5) - (B.7) eventually leads to the expressionsZ
r=an

( ~
n � r) �	C+
pq (�; �) d
 = 4

3

p
6�anÆp1

�p
2Æq0 ~
nz � Æq1 ~
nx

�
;

Z
r=an

( ~
n � r) �	C�
pq (�; �) d
 = 4

3

p
6�aniÆp1Æq1 ~
ny;Z

r=an

( ~
n � r) �	L�
pq (�; �) d
 = 0 if L 6= C:

(B.8)

The third type of integrals is evaluated by recalling the expansion (2.35):

ga � r =
+2X

m=�2

�a
2mv

a
2m�(r)

= 1
2
r

2X
m=0

(�1)m�1� 1
2
Æm0

�
n2m

h
Aa+
2m

�
	A+

2m

��
+ Aa�

2m

�
	A�

2m

��i
:

(B.9)
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This equality is found by application of the de�nitions (2.28) and (2.39). Invoking the

orthogonality relations (B.2) one �nally obtainsZ
r=an

(ga � r) �	A�
pq (�; �) d
 = 10an(�1)qÆp2n2qAa�

2q ;Z
r=an

(ga � r) �	L�
pq (�; �) d
 = 0 if L 6= A:

(B.10)

Substitution of these equations, (B.5) and (B.8) in (2.43), leads to (2.46) - (2.50), which

completes the purpose of this appendix.
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Summary

A colloidal crystal is a crystalline structure of mesoscopic particles in a continuous (New-

tonian) uid. This periodically ordered structure is more or less stable by virtue of, e.g.,

electric or magnetic forces acting between the particles. The dynamics of the system con-

cerns, apart from these direct interaction forces, the hydrodynamic interactions that arise

as a consequence of the motion of the particles and the uid. In the past few decades

colloidal crystals, of various kinds, have gained considerable interest as model systems for

experimental and theoretical studies on, for instance, optical properties, crystallization,

Brownian motion and rheology. In these examples the above mentioned interactions can

play a more or less important role.

The present thesis describes a theoretical and numerical investigation of purely hy-

drodynamic properties of colloidal crystals, such as sedimentation velocity and e�ective

viscosity. All these properties can be studied on basis of the so-called grand mobility

matrix that yields the linear relation between kinematic and dynamic quantities like the

velocities and rotational velocities of the particles, on the one hand, and the forces and

torques exerted by the uid on the particles on the other hand. This mobility matrix is

determined by the geometry of the system under consideration, as given by the positions

and sizes of all spheres. A theoretical approach that was developed by Clercx a few years

ago to calculate the grand mobility matrix for a �nite number of spheres is made suitable to

determine the grand mobility matrix for an in�nite regular array of spherical particles. In

this approach the uid motion is considered in the Stokes limit. Exploiting the periodicity

of the array the problem of hydrodynamic interactions in the in�nite particle structure can

be reduced to that of a �nite number of particles. The method is exact and can be applied,

in principle, to all possible concentrations of solid particles. Moreover, the treatment al-

lows for arbitrary crystal structures in one, two, or three dimensions, as well as a periodic

size-distribution of the spheres. The spheres are allowed to move with certain velocities

and angular velocities in a linear ambient shear ow. This many-sidedness distinguishes

the method from many others that are suitable to study, for instance, very dilute or only

highly concentrated systems.

The numerical part of the calculations mainly consists in solving a set of linear

equations, which is relatively simple and more straightforwardly implemented as compared

to the full numerical schemes by which this kind of problems is frequently treated. In these

equations the crystal lattice is represented by so-called lattice sums that can be eÆciently

computed by modi�cation of an existing method. The above mentioned set of linear
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equations can often be simpli�ed by exploiting speci�c symmetries of the lattice under

consideration. This is the case for e.g. a one-dimensional (1D) lattice where the particles

are positioned on a straight line, and also, but less strongly, for a three-dimensional cubic

lattice. Such structures can be observed in various experimental situations. The grand

mobility matrix has been determined for 1D and cubic crystals consisting of identical

spheres with constant neighbouring distances, for which the velocities vary harmonically

over the lattice. Such crystal waves are subject of both theoretical and experimental

studies. Wavenumber dependent friction factors and mobilities have been calculated, for

waves of translational motions as well as for rotations of the spheres. Rotational waves

can be generated in dispersions of magnetic particles. Friction factors, known from the

existing literature only for translational waves in extremely dilute cubic crystals, have

been calculated for the three cubic lattice types and for several densities. The wavenumber

dependent behaviour of mobilities and friction factors can sometimes be easily interpreted

by considering the ow corresponding to the motions of the spheres. Also non-trivial

behaviour can be observed that is caused by coupling of translational and rotational degrees

of freedom, or by counteracting long range and short range hydrodynamic interactions.

These e�ects cannot be described by means of the frequently used approach where the

spheres are replaced by point forces, or by lubrication theory which only applies to particles

that move relative to one another at very short distances.

Drag coeÆcients have been determined in cases where the particles are subject to

equal forces (sedimentation) or equal torques (spin viscosity). The results con�rm the

correct performance of the method and its numerical implementation, as follows, e.g., by

comparing with the literature. For the �rst time results are presented for the spin viscosity

of cubic crystals for the entire range of volume fractions, and drag coeÆcients and spin

viscosities are calculated for tetragonal lattices. Tetragonal structures are known to exist

in electrorheological uids.

The method has also been applied to determine the e�ective viscosity of colloidal

crystals in a linear shear ow. It concerns here the instantaneous viscosity that can be

measured in an oscillating Couette ow with very small strain amplitude. This viscosity is

represented by a tensor which for cubic lattices is characterized by only two independent

parameters for which numerical and analytical results are available in the existing litera-

ture. These data are compared to the results obtained from the method that is presented

in this thesis. This concerns for instance the viscosity coeÆcients for highly concentrated

cubic crystals of which the numerical calculations are corresponding well to the singular

behaviour of the viscosity that is predicted by lubrication theory. The use of these calcu-

lations allows, for the �rst time, the accurate determination of some higher order terms

in series expansions based on lubrication theory. These modi�ed expansions approach the

exact numerical results for cubic crystals over a range of densities extending to relatively

low concentrations. Expressions such as these, also found for the spin viscosity, yield, in

combination with expansions appropriate for low volume fractions, a good description of

the viscosity over the whole range of concentrations. For other crystals such combined

descriptions can be given equally, and these can then serve as an accurate reference for

numerical simulation methods that are applied to structures having a lower degree of or-
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dering. Except for the cubic lattices the e�ective viscosity is determined for a number of

non-cubic structures and results are compared with recently published data obtained from

experiments on ordered hard-sphere suspensions.

The main conclusion is that the method as presented in this thesis is excellently

suitable to describe various hydrodynamic properties of colloidal crystals with great accu-

racy, and it can be expected that this will lead to further theoretical, numerical as well as

experimental studies of ordered hard-sphere suspensions.
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Samenvatting

Collo�idale kristallen zijn kristallijne structuren van mesoscopische deeltjes in een continue

(Newtonse) vloeistof. Deze periodiek geordende structuren zijn min of meer stabiel dankzij,

bijvoorbeeld, electrische of magnetische krachten die de deeltjes op elkaar uitoefenen. De

dynamica van deze systemen wordt behalve door deze directe krachten bepaald door hydro-

dynamische wisselwerkingen, die ontstaan door bewegingen van de deeltjes en de vloeistof.

Collo�idale kristallen, van verschillende aard, staan de laatste jaren zeer in de belangstelling

als modelsystemen voor experimenteel en theoretisch onderzoek naar bijvoorbeeld optische

eigenschappen, kristallisatie, Brownse beweging en reologie. In deze voorbeelden spelen

bovengenoemde wisselwerkingen in meer of mindere mate een rol.

Dit proefschrift beschrijft een theoretisch en numeriek onderzoek naar zuiver hy-

drodynamische eigenschappen van collo�idale kristallen, zoals de sedimentatie-snelheid en

e�ectieve viscositeit. Al deze eigenschappen kunnen worden bestudeerd aan de hand van

de zogenaamde grote mobiliteits-matrix die de lineaire relatie geeft tussen kinematische en

dynamische grootheden zoals de snelheden en hoeksnelheden van de deeltjes enerzijds, en

de krachten en krachtmomenten uitgeoefend door de vloeistof op de deeltjes anderzijds.

Deze mobiliteits-matrix wordt bepaald door de geometrie van het beschouwde systeem

gegeven door de posities en grootte van alle bollen. Een theoretische aanpak die enkele

jaren geleden door Clercx is ontwikkeld ter berekening van de grote mobiliteits-matrix

voor een eindig aantal bolvormige deeltjes is verder uitgewerkt voor het geval van oneindig

grote collo�idale kristallen bestaande uit bollen. In deze aanpak wordt de beweging van

de vloeistof beschreven in de Stokes limiet. Door de periodiciteit van het systeem kan

het probleem van hydrodynamische interacties in de oneindige deeltjesstructuur worden

vereenvoudigd tot dat van een eindig aantal deeltjes. De methode is exact en kan in

principe worden toegepast voor alle mogelijke concentraties van vaste deeltjes. Ook laat

de aanpak willekeurige kristalstructuren toe, in �e�en, twee of drie dimensies, alsmede een

periodieke grootte-verdeling van de bollen. Verder kunnen de bollen met zekere snelheden

en rotatiesnelheden bewegen in een lineaire achtergrondstroming. Deze veelzijdigheid on-

derscheidt de methode van vele andere, waarmee bijvoorbeeld zeer verdunde of juist alleen

zeer geconcentreerde systemen kunnen worden beschreven.

Het numerieke deel van de berekeningen bestaat hoofdzakelijk uit het oplossen van

een stelsel lineaire vergelijkingen, hetgeen betrekkelijk eenvoudig en systematisch kan wor-

den uitgevoerd, vergeleken met de numerieke methoden waarmee dit soort problemen in

veel gevallen wordt aangepakt. In deze vergelijkingen wordt het kristalrooster gerepresen-
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teerd door zogenaamde roostersommen die eÆci�ent kunnen worden berekend door middel

van een modi�catie van een bestaande methode. Het bovengenoemde stelsel lineaire ver-

gelijkingen kan worden vereenvoudigd door gebruik te maken van speci�eke symmetrie�en

van het beschouwde rooster. Dit is bijvoorbeeld het geval bij een �e�en-dimensionaal (1D)

kristal waarbij de deeltjes zich bevinden op een rechte lijn, en in mindere mate ook voor een

drie-dimensionaal (3D) kubisch rooster. In verscheidene experimenten kunnen dergelijke

structuren worden waargenomen. De grote mobiliteits-matrix is bepaald voor 1D en ku-

bische kristallen bestaande uit identieke bollen met constante nabuur-afstand, waarbij de

bollen een snelheid hebben die harmonisch varieert over het rooster. Zulke kristalgolven zijn

onderwerp van zowel theoretisch als experimenteel onderzoek. Golfvector-afhankelijke fric-

tiefactoren en mobiliteiten zijn berekend, zowel voor golven van translaties als rotaties van

de bollen. Rotatiegolven kunnen bijvoorbeeld worden opgewekt in dispersies van magneti-

sche deeltjes. Frictiefactoren, in de bestaande literatuur alleen bekend voor translatiegolven

in extreem verdunde kubische kristallen, zijn berekend voor de drie typen kubische roos-

ters en voor verschillende dichtheden. Het golfvector-afhankelijke gedrag van mobiliteiten

en frictiefactoren kan soms eenvoudig worden begrepen aan de hand van de stroming die

met de bewegingen van de bollen gepaard gaat. Er doen zich echter ook niet-triviale ef-

fecten voor als gevolg van koppeling tussen translatie- en rotatie-vrijheidsgraden, of door

de tegenwerking van lange- en korte-drachts hydrodynamische interacties. Zulke e�ecten

kunnen niet beschreven worden met de veel gebruikte benadering waarin de bollen vervan-

gen worden door punt-krachten, of door de lubricatie-theorie die alleen van toepassing is

op deeltjes die ten opzichte van elkaar bewegen op zeer korte onderlinge afstand.

Ook zijn weerstands-co�eÆci�enten bepaald voor de gevallen dat de deeltjes onderhevig

zijn aan gelijke krachten (sedimentatie) of gelijke koppels (spin-viscositeit). De resultaten

bevestigen de juiste werking van de methode en de numerieke implementatie, onder meer

door vergelijking met de literatuur. Voor de eerste keer worden resultaten gegeven voor de

spin-viscositeit van kubische kristallen voor het gehele bereik van volumefracties, en zijn

weerstands-co�eÆci�enten en spin-viscositeiten berekend voor tetragonale roosters. Tetrago-

nale structuren worden bijvoorbeeld waargenomen in electroreologische vloeisto�en.

De methode is tevens toegepast voor het berekenen van de e�ectieve viscositeit van

collo�idale kristallen in een lineaire afschuifstroming. Het betreft hier de instantane vis-

cositeit zoals die kan worden gemeten in een oscillerende Couette-stroming met zeer kleine

vervormings-amplitude. Deze viscositeit kan worden gerepresenteerd door een tensor die

voor kubische roosters wordt gekarakteriseerd door slechts twee onafhankelijke parameters

waarvoor numerieke en analytische resultaten beschikbaar zijn in de bestaande literatuur.

Deze gegevens worden vergeleken met de resultaten van de in dit proefschrift gepresen-

teerde methode. Het betreft hier onder andere viscositeits-co�eÆci�enten voor zeer dichte

kubische kristallen waarvan de numerieke berekeningen in goede overeenstemming zijn met

het singuliere gedrag van de viscositeit dat wordt voorspeld door lubricatie-theorie. Met

deze berekeningen is voor het eerst een nauwkeurige bepaling mogelijk van enkele hogere

orde termen in reeksontwikkelingen gebaseerd op lubricatie-theorie. Deze gecorrigeerde

reeksontwikkelingen benaderen de exacte numerieke resultaten voor kubische kristallen

over een gebied van dichtheden dat zich uitstrekt tot relatief lage concentraties. Der-
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gelijke uitdrukkingen, ook gevonden voor de spin-viscositeit, geven in combinatie met

reeksontwikkelingen voor lage volumefracties een goede beschrijving van de viscositeit over

het gehele concentratie-bereik. Ook voor andere kristallen kunnen zulke gecombineerde

beschrijvingen worden gegeven en deze kunnen vervolgens dienen als een nauwkeurige re-

ferentie voor numerieke simulatie-methoden die worden toegepast op structuren met een

mindere mate van ordening. Behalve voor kubische roosters is de e�ectieve viscositeit

bepaald voor een aantal niet-kubische structuren en zijn de resultaten vergeleken met re-

centelijk gepubliceerde gegevens verkregen uit experimenten aan geordende harde-bollen

suspensies.

De algemene conclusie is dat de in dit proefschrift gepresenteerde methode uitste-

kend in staat is een veelheid aan hydrodynamische eigenschappen van collo�idale kristallen

nauwkeurig te beschrijven en het valt te verwachten dat dit zal leiden tot verder onderzoek

aan geordende suspensies op zowel theoretisch, numeriek als experimenteel terrein.
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Dit proefschrift kon niet verwezenlijkt worden zonder de bijdrage van anderen. Op deze

plaats wil ik noemen mijn promotor Piet Schram, die ongeacht zijn emeritaat op bijna

willekeurige momenten en plaatsen bereid was tot discussie over het werk. Hij heeft mij de

mogelijkheid gegeven het onderzoek grotendeels naar eigen inzicht te doen, en ik beschouw

dit niet alleen als een stimulans maar ook als een essenti�ele randvoorwaarde. Mijn copro-

motor Herman Clercx heeft met zijn promotiewerk de basis gelegd voor dit proefschrift en

ik waardeer de niet aatende kritische houding waarmee hij mij steeds op de voet heeft

gevolgd, en hopelijk zal volgen. Ook ben ik dank verschuldigd aan mijn promotor prof.dr.

D. Bedeaux, wiens belangstelling mij enorm heeft gestimuleerd tijdens het schrijven van

het proefschrift. Mijn broer Christiaan heeft een bijdrage geleverd aan dit proefschrift

door nuttige discussies over theorie en ook door zijn adviezen over LATEX. De morele steun

van mijn ouders is altijd onmisbaar geweest, ook in de laatste maanden van het tot stand

komen van dit proefschrift toen het contact met hen helaas slechts telefonisch kon wor-

den onderhouden. Ook dank ik Andre en Serge voor hun vele geslaagde pogingen om mij

weg te krijgen van achter mijn PC, en last but not least mijn huisgenoot Jan voor zijn

ontspannende persoonlijkheid.
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