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The occurrence of periodic distortions in the extru
sion of polymeric melts. Part 1: Modelling and numer
ical results

A.C.T. Aarts and A.A.F. van de Yen

In the extrusion of polymeric melts at high flow rates, often flow instabilities
observed as surface distortions of the extrudate occur. The flow instability
'spurt' in piston-driven flows is accompanied by persistent oscillations in the
pressure. In this paper spurt is explained in terms of constitutive instabilities
(mechanical failure of the polymeric fluid itself), while the no-slip boundary
condition at the wall of the die is maintained. The influence of compression
on the onset of spurt is investigated for an extrusion process that is modelled
by the flow of a JSO-fluid through a contraction from a wide barrel into a
narrow cylindrical capillary. Numerical computations disclose that persistent
oscillations in the pressure as well as in the volumetric flow rate occur for
a bounded range of prescribed plunger speeds. The onset of the persistent
oscillations is found to depend on both the material parameters of the polymer
and the dimensions of the barrel and the capillary. Numerical computations on
loading and unloading processes, in which the plunger speed is gradually raised
or lowered, clarify the influence of the deformation history.

1 Introduction

Polymers are frequently used in many industrial applications because of their excellent
material and mechanical properties. In the polymer manufacturing and shaping industry
a variety of processes is employed to produce from polymeric feed stock all kinds of plastic
products. One important production process for e.g. fibres is extrusion. The extrusion
process is usually carried out in the liquid state of the polymer. The principle of extrusion
is that a polymeric melt is forced to flow through a die, e.g. by the action of a moving
plunger,cf. Figure 1.

The extruder we consider here is modelled as a capillary rheometer, as frequently used
in experiments. It consists of a wide barrel connected to a narrow cylindrical capillary, the
die. The barrel is filled with polymeric melt and the moving plunger compresses the melt
in the barrel and forces it through the die. When the melt leaves the die, the extrudate is
formed by cooling down of the melt. The plunger velocity can be used to control the desired
production rate, as this velocity determines the volumetric flow rate of the extrudate. By
adapting the form of the cross-section of the die, one can extrude plastic products such
as wires, pipes, fibres and plates. Wires are extruded from a circular die and pipes from
an annular die. For the extrusion of plates one needs a flat die and to produce insulated
cables a metal wire is enclosed by polymeric melt extruded from a circular die.

For the efficiency of the production process the polymeric melt is generally extruded at
high flow rates. At these high flow rates, however, often surface distortions or fracture of
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Figure 1: The flow in an extruder which consists of a wide barrel and a narrow die,
controlled by a plunger moving to the right.

the extrudate occur. Since the distortions make the product worthless, it is of commercial
importance to know what causes the distortions and how they can be avoided. In this
way, an optimal production rate, at which the extrudate flow rate is as high as possible
and a smooth and regular extrudate forms, can be obtained. Since the ultimate extrudate
properties will depend on the polymer used and on the processing conditions, it is important
to know how the onset of the extrudate irregularities depends on the material properties
of the polymeric melt and the dimensions of the extruder. In this way one can optimize
the efficiency of the extrusion process.

In this paper we consider flows of concentrated solutions and melts of flexible poly
mer molecules. Besides typical features of non-Newtonian fluid behaviour, such as shear
thinning and normal stress differences, these solutions also show viscoelastic effects. To
describe the response of polymers adequately, a nonlinear viscoelastic model with fad
ing memory is needed. The constitutive equation chosen here, is the Johnson-Segalman
Oldroyd (JSO)-model with one relaxation rate and supplied with an extra Newtonian
viscous term. This extra term, which accounts for the unhindered motion of the poly
mer chains, is essential as it leads to a nonmonotone behaviour of the steady state shear
stress as function of the steady state shear strain-rate or velocity gradient (see Figure 3).
In the second part of our paper two other constitutive models will be considered: the
Kaye-Bernstein-Kearsly-Zapas (KBKZ)-model with one and with two relaxation rates.

In [1], Aarts analysed the extrusion flow flow for polymeric melts for two constitutive
models: the KBKZ-model (in the Wagner modification, cf.[2, p. 212]) and the JSO-model
([3]). Both models are supplied with an extra Newtonian viscous term, and have only one
relaxation time. It is shown in [1] and [3] that a model with two (or more) widely spaced
relaxation times behaves in essentially the same way as the model with one relaxation rate
and a Newtonian viscous term (see also Part 2 of this paper). Our numerical simulations
reveal (similar to [1] and [3] ) that the flow behaviour in loading is different from that in
unloading, thus causing a hysteresis effect. This hysteresis effect is many times observed
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in extrusion experiments (d. [4]; see [1, Sect.1.5] for more references). In literature many
different types of flow instabilities occurring in extrusion have been reported (d. [5, p.236
242] or [1, Sect.1.3.]). A phenomenon called spurt and related to extrudate distortions, as
observed in experiments involving a pressure-driven flow, shows up through a discontinuity
in the flow curve of the volumetric flow rate versus the driving pressure gradient. Malkus et
al. [3] analyse the one-dimensional pressure-driven shear flow of a JSO-fluid through a slit
die, in order to provide a theoretical explanation for the spurt phenomenon. Corresponding
results for the spurt phenomenon in the axisymmetric pressure-driven flow of a KBKZ-fluid
through a capillary, have been found by Aarts and van de Ven [6], [7]. For more details we
refer to [1, Chapter 2], which comprises an expanded version of the papers [6] and [7].

One-dimensional piston-driven shear flow of a highly elastic and viscous JSO-fluid
through a slit die at a prescribed volumetric flow rate, has been treated by Malkus et
al. [8], [9]. They use a spectral analysis of a system, linearized about a steady state so
lution with a single jump discontinuity, to predict oscillations in the pressure gradient (an
analogous technique will be presented in Part 2 of our paper). These oscillations exhibit
a transition to seemingly periodic oscillations at a critical prescribed volumetric flow rate.
Although not established rigorously, the transition to persistent oscillations appears to be
due to a Hopf bifurcation to a stable periodic orbit. Molenaar and Koopmans [10] de
veloped and analyzed a two-dimensional Lienard system that describes the extrusion of a
polymeric fluid in a capillary by a plunger. The constitutive behaviour of the fluid deter
mines the functional relationship between the global pressure and the flow rate fluctuation;
this relationship is assumed to be nonmonotone. In [10], oscillations in the pressure and
in the volumetric flow rate are predicted which are similar to the relaxation oscillations
governed by Van der Pol's equation.

In all of the papers mentioned above, the concept of no-slip at the wall of the capillary
is maintained, implying that wall slip is excluded. We also adhere here to this concept: in
our approach the polymer properties (such as anonlinear and nonmonotone viscoelastic
behaviour and a fading memory) are crucial in explaining spurt, hysteresis and persis
tent oscillations in the pressure. Thus the flow instabilities are associated with internal
properties of the melt, and are therefore referred to as constitutive instabilities. This is
in contrast to the explanation of spurt as being due to wall slip, that is, the failure of
the fluid to adhere to the wall. A constitutive instability will occur when the constitutive
relationship between the shear stress and the shear strain-rate is nonmonotone ( Malkus
et al. [3]). From experiments by EI Kissi and Piau [4] it is known that for a sufficiently
large pressure gradient the flow in the capillary is nearly plug flow, or intermittent plug
flow. These experiments seem to support the hypothesis of wall slip. For the spurt flow
regime various theories based on constitutive instabilities, however, predict that the flow
will develop a thin layer (spurt layer) near the wall with large shear strain-rates, while the
rest of the flow is nearly plug flow (see e.g. Malkus et al. [3], Aarts and van de Ven [6], [7]).
With respect to the two possible explanations of spurt, namely, constitutive instabilities
or wall slip, Larson [5, p. 238] states that" although the two explaining mechanisms of
extrudate distortion are different in principle, they are difficult to distinguish in practice,
because both predict the same macroscopically observable phenomenon (namely, a sudden
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increase of the flow rate at a critical pressure gradient) and they both seem likely to lead to
flow instabilities and extrudate distortion". Hence, both mechanisms provide a theoretical
explanation for the flow instability spurt, thus leaving the discussion about the origins of
extrudate distortions open. This conclusion is confirmed by the results of Den Doelder et
al. [11], who modelled the spurt instability as relaxation oscillations. In [11], two different
models are presented: one with a stick-slip boundary condition, and the other with a non
monotone flow curve and no-slip (as in the present paper). It is shown that both models
ultimately lead to the same results. Therefore, following [5, p.239], we believe that it is
very well possible that spurt flow is caused by constitutive instabilities of the melt (d. also
[1] for further discussion and comparisons with experiments).

In this paper we consider the extrusion process for a polymeric melt, combined with
compression. The flow in the capillary is shear dominated, whereas the flow in the barrel
is mainly a uniform compression flow. Since the polymeric melt is strongly viscous, the
inertia forces may be neglected. As boundary condition for the shear flow, the no-slip
condition at the wall of the capillary is used. The mathematical formulation for this model
results in a system of 5 equations (4 nonlinear ordinary differential equations plus 1 integral
equation) for 5 unknowns representing the pressure in the barrel, the volumetric flow rate,
the shear strain-rate, the shear stress and the first normal stress difference. After a non
dimensionalization, the material parameters of the polymeric melt and the dimensions of
the extrusion process are included in three dimensionless parameters, characteristic for the
Newtonian viscosity, the compressibility and the plunger speed. In Section 3, we investigate
possible steady state solutions of the system mentioned above. We especially analyse the
behaviour of the steady state shear stress as function of the steady state shear rate. It
turns out that for sufficiently small values of the Newtonian viscosity this function is not
monotone. This implies that for a certain range of inlet flow rates the steady state solution
is not unique. We show that the steady state velocity gradient can be discontinuous
as function of the radial coordinate, if the steady state shear stress at the wall of the
capillary exceeds a certain critical value. As a result, the polymeric flow will develop a
thin layer near the wall, called the spurt layer, in which the velocity gradient is very large
compared to the velocity gradient in the rest of the capillary. Hence, in this case the
velocity profile shows a kink, and the bulk of the fluid contained in the central part of
the capillary moves in a plug-like fashion. Numerical computations in Section 4, disclose
how the system parameters determine the pressure gradient and the flow rate as functions
of time, if the flow starts from rest by a suddenly applied constant plunger velocity. In
particular, the occurrence of persistent oscillations in the pressure gradient and in the flow
rate will be demonstrated. These oscillations provide a theoretical explanation for the
spurt flow accompanied by pressure osciilations, as observed in the experiments of a.o. EI
Kissi and Piau [4]. In Section 5, the influence of the deformation history is demonstrated
in a study of some loading and unloading processes, whereby the prescribed inlet flow
rate is successively raised and lowered. It is found that shape memory may occur and the
transient flow behaviour may change drastically. Some conclusions and a perspective for
the second part of this paper closes the first part.

In the second part, we investigate the stability of possible steady states. The occurrence
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of persistent oscillations is explained by means of a linearized stability analysis of the steady
state solution, and the frequency of these oscillations is calculated by means of a Fourier
spectral analysis. The results are compared with the numerical results of this part and a
good correspondence is found.

2 Mathematical formulation

This section deals with the modelling of the extrusion process. The extruder consists of a
wide cylindrical barrel connected to a narrow cylindrical capillary; see Figure 2. Thus, the
radius R of the capillary is small compared to the radius Rb of the barrel. The centerlines of
the barrel and the capillary coincide. Cylindrical coordinates (r, (), z) are introduced with
the z-axis along the centerline of the extruder, and z = 0 corresponding to the position
where the barrel is connected to the capillary; see Figure 2.

The polymeric melt in the barrel is compressed by a plunger, moving at constant speed
va in the positive z-direction. Consequently, the length l of the barrel equals l(i) = lo - vai,
where lo = l(O) denotes the initial length. Due to the plunger movement a pressure P is
built up inside the barrel, and the melt is forced to leave the barrel at z = 0 and to flow
into the capillary, with volumetric flow rate Q. At the end of the capillary, i.e. at z = L
where L denotes the capillary length, the melt leaves the capillary and the extrudate is
formed. In the main part of the barrel the flow is aligned along the z-axis, and the flow is
a uniform compression flow; only near z = 0 a strong contraction flow exists; see Figure
1. Thus, the compressibility of the melt inside the barrel must be taken into account,
and the melt density p is variable. Since the flow in the barrel is uniform, P and pare
only time-dependent, i.e. P = P(i) and p = p(i). The flow inside the capillary is a pure
shear flow, and therefore the melt flowing through the capillary is assumed incompressible.
Hence, the melt flows through the whole capillary with volumetric flow rate Q = Q(i).

We first consider the flow inside the barrel, where the compressibility of the polymeric
melt is taken into account. This flow is governed by the conservation of mass

~ = -p(\7. v)

and the balance of linear momentum

\7 . 'T +ph = p ( ~~ + (v . \7)v ).

(2.1 )

(2.2)

Here, p is the fluid density, h the body force per unit of mass, v the fluid velocity and 'T
the total stress tensor. In the sequel, the body force will be zero and the inertia forces will
be neglected, so (2.2) reduces to

\7. 'T = O.

The rate-of-deformation tensor 'D is defined by

(2.3)

ov
,( = grad v = ax (= (\7v)T)
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Figure 2: The extruder which consists of a wide barrel and a narrow cylindrical capillary.
The melt in the barrel is compressed by a plunger moving with constant speed va in the
positive z-direction.

\Vith the flow aligned along the z-axis, the flow parameters in the barrel are independent
of the azimuthal coordinate () and the radial coordinate r. Under the condition that the
flow starts from rest at time t = 0, and that the compression flow in the barrel is uniform,
the velocity takes the form

v = [W(t)z + V(t)]H(t)e z , (2.5)

where H is the (Heaviside) step function and ez is a unit vector in the positive z-direction.
Consequently,

v .v - tr D = Dzz = W(t) (2.6)

and D zz is the only non-zero component ofD. The conservation of mass (2.1) then becomes

d~~t) = -p(t)W(t). (2.7)

The global balance of mass, expressing that the total change of mass of the melt in the
barrel equals the mass flowing out of the barrel into the capillary, is formulated by

d
dt { Al(t)p(t) } = -p(t)Q(t), (2.8)

where A := 7fR~ denotes the area of the cross-section of the barrel. By using l'( t) = -Va
we rewrite (2.8) as

dp(t) p(t) [ ]
------;zt = Al(t) Qi - Q(t) ,

6
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(2.10)

where Qi := A va denotes the constant (prescribed) inlet flow rate due to the plunger
movement. The inlet flow rate Qi is driving the flow inside the extruder. Combination of
(2.7) and (2.9) yields

vV(t) = Q(t) - Qi
Ai(t) .

Since the compression flow in the barrel is uniform, the stress tensor T only depends
on time t. Thus, the balance of linear momentum (2.3) is automatically satisfied.

The characteristic response of the material to a deformation is described by the consti
tutive equation for the stress. For viscoelastic fluids with fading memory, the stress depends
on the deformation history. If a polymer solution contains a small-molecule solvent, this
solvent will generally respond in a viscous manner to any applied force or deformation,
separately from the elastic response due to the dissolved polymer; see Renardy et al. [12,
p. 17]. Therefore, it is assumed that the extra stress tensor S := T +pI in the fluid consists
of a Newtonian viscous component and an isotropic elastic one, namely

(2.11)

(2.12)

Here, p is the pressure, I the unit tensor, 1]5 the solvent viscosity, and the elastic part Sp
characterizes the polymer contribution. The elastic part Sp is assumed to be described by
the constitutive JSO-model. In the JSO-model, Sp is determined by the following nonlinear
differential equation (see Tanner [2, p. 207]):

dSp Tcit - LSp - SpL +(1- a)(DSp+SpD) + ASp = 2f-lD,

where djdt denotes the material derivative. The relaxation rate A, the slip parameter
a E (-1, 1), and the shear modulus f-l are material parameters.

For the uniform compression flow in the barrel, the elastic part Sp only depends on
time t. Under the initial condition Sp = 0 at t = 0, it follows that all components Sij of Sp
except Szz are zero and then the stress components Tij of T in the barrel reduce to

Trr = Too = -p, Tro = Toz = Trz = O. (2.13)

The pressure P in the barrel is measured as the opposite - Trr of the normal stress at the
wall of the barrel. Hence, according to (2.13),

p = P(t). (2.14)

By substitution of Dzz = W(t) from (2.10) into (2.12)for Szz, we are led to the following
differential equation:

dSzz(t) _ -AS () 2f-l[Q(t) - Qi] 2a[Q(t) - Qi]Szz(t)
dt - zz t + Ai (t) + Ai (t) ,t > O. (2.15)

The characteristic response of the material to a compression is described by the con
stitutive equation for the hydrostatic pressure Phydr .- -(trT)j3. Here, it is assumed
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that the compression in the barrel is purely elastic, which means that Phydr satisfies the
constitutive equation

dPhydr = _J{ tr V
dt '

where J{ is the compression or bulk modulus of the polymeric melt.With

equation (2.16) reduces to

dP(t) __ J{ [Q(t) - Qi] 21]8 ~ { Q(t) - Qi} ~ dSzz(t)
dt - Al(t) + 3A dt l(t) + 3 dt ' t > 0.

(2.16)

(2.17)

(2.18)

For the strongly viscous, hardly compressible polymers we consider, the last two terms in
the right-hand side of (2.18) may be neglected with respect to the first one( for the details
of this confer [1], Sect.4.1.). This yields

dP(t) J{ [Q(t) - Qi]
----;It = - Al(t) ,t > 0. (2.19)

Next we consider the flow in the capillary, where the polymeric melt may be considered
incompressible. This flow is governed by the balance of linear momentum (2.3) and the
conservation of mass (2.1) with dpjdt = 0, i.e.

\7·v=O. (2.20)

With the flow aligned along the z-axis, the flow parameters in the capillary are independent
of the axial coordinate z and the azimuthal coordinate e. Under the condition that the
flow starts from rest at time t = 0, the velocity takes the form

v = v(r, t)H(t)ez, (2.21 )

where H is the (Heaviside) step function and e z is a unit vector in the positive z-direction.
The conservation of mass is now automatically satisfied. The no-slip boundary condition
at the wall of the capillary and the regularity of the velocity at the axis require

and

v(R, t) = 0,

8v
8r (0, t) = 0,

(2.22)

(2.23)

respectively. With the velocity given by (2.21), Lzr = 8v j 8r is the only non-zero compo
nent of .£ and the components Sij of Sp are functions of rand t only. As a result, the
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(2.24)

(2.25)

(2.26)

material derivative dSp/di is equal to the partial time derivative aSp/ai, and the JSO
model transforms into the following equations:

aSrr ( ) av----at + 1 - a Srz aT' + )..Srr = 0,

aszz ( ) av----at - 1 + a Srz aT' + )..Szz = 0,

asrz 1 av 1 av av
----at - 2(1 + a)Srr aT' + 2(1 - a)Szz aT' + )..Srz = f-l aT"

asrO S----at +).. rO = 0,

asoo----at + )..Soo = 0,

asoz----at + )..Soz = 0.

Under the initial condition Sp = Oat i = 0, the solutions of (2.24)4,5,6 are SrO = Soo = SOz = O.
Introduction of the new variables

S:= -Srz, W:= -~(1 + a)Srr - HI - a)Szz,

Z := ~(1 + a)Srr - HI - a)Szz,

in (2.24) yields for S, Z and W the differential equations

aZ _ (1 _ a2) S av + )..Z = °
ai aT' '

aw
8i+)..W=o,

as av av
at + Z aT' + ).. S = - f-l aT' .

The solution of the second equation of (2.26), with W(T',O) = 0, is W = 0, implying that

Z = (1 +a)Srr = -(1 - a)Szz.

In terms of Sand Z, the stress components Tij of 7 according to (2.11)2 become

(2.27)

1
Trr = -p + --Z(T', i),

l+a

1
Tzz = -p - -1-Z(T', i),

-a

Tro = T(Jz = 0,

Too = -p,

av
Trz = rts aT' (T', i) - S(T', i),

9
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where p = p(r, z, t). The first and second normal stress differences N l := Tzz - Trrand
N2 := -Too + Trr are determined by

2
N l = - 2 Z(r, t),

I-a

I-a
---

2
(2.29)

(2.30)

Hence, Z is related to the first normal stress difference, and the ratio of the two normal
stress differences is constant.

To further describe the pure shear flow in the capillary, we need the balance of linear
momentum or equation of motion. For the strongly viscous shear flow we consider the
stationary version (2.3) suffices. The axial component of this relation reads

oTrz Trz op
----a;:- + ---;- - 0z = o.

Since Trz is independent of z, the solution for the pressure p takes the form

p(r, z, t) = - f(t)z +po(r, t). (2.31 )

Here, f is the pressure gradient driving the flow, and Po is a further irrelevant pressure
term.The second coupling between the flow in the capillary and the flow in the barrel is
achieved by equating the pressure terms in the barrel and in the capillary at r = 0, z = O. We
assume that the pressure outside the capillary is at level zero, so that p(O, L, t) = O. Then
it follows that

P(t) = Lf(t), :::} f(t) = Pit). (2.32)

Equation (2.32) can be used to replace f by P/ L. Integration of (2.30) with use of (2.31)
leads to the following expression for the shear stress

(2.33)

which with (2.28)5 results in the following relation between the velocity gradient and the
pressure gradient:

ov 1
-'rJs-;:;-(r, t) + S(r, t) = -r f(t), 0 ~ r ~ R, t > O.

ur 2

Finally, the volumetric flow rate Q in the capillary is defined by

Q(t) = 271" l R

v(r, t)rdr.

(2.34)

(2.35)

The equations describing the extrusion process are made dimensionless by appropri
ate scaling. We put Q = 71">.R3Q/v!l - a2 , r = Rf, t = i/>., v = >.Rv/v!l - a2 , f =
fij / RVI - a 2

, S = fiB / vI - a 2 , and Z = fiZ. Furthermore, we introduce dimensionless
variables i, Qi, ? and Bzz , by writing l = loi, Qi = 71">.R3Qi/vl - a2 , P = 8fiL? / RVI - a2
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and Szz = t-tSzz/V1 - a2 • Then equation (2.19) , governing the flow in the barrel, trans
forms into its dimensionless form, reading (since no confusion will arise we omit the carets)

dP(t) 1 Q(t) - Qi
~ = -X l(t) , t > 0,

where the dimensionless inlet flow rate Qi and length 1are given by

(2.36)

va
1(t) = 1 - Ala t, (2.37)

and the dimensionless parameter X is

8Alot-t L
X = K7fR4'

Furthermore, equation (2.32) transforms into its dimensionless form

f(t) = 8P(t).

Equations (2.26)1,3 and (2.34) governing the flow in the capillary, transform into

(2.38)

(2.39)

and

8S
7ft = -S +w(l + Z),

8Z
- = -Z-wSat ' o~ r ~ 1, t > 0, (2.40)

1
Ew(r, t) + S(r, t) = -r f(t),

2
o~ r ~ 1, t 2: o. (2.41 )

Here, the velocity gradient, or shear strain-rate, w is defined by

8v
w(r, t) = - 8r (r, t),

and the dimensionless parameter E is given by

'rfs A
E=-.

t-t
Finally, the volumetric flow rate passes into its dimensionless form

Q(t) = 211

v(r, t)rdr.

The boundary conditions(2.22) and (2.23) read in dimensionless form

(2.42)

(2.43)

(2.44)

v(l, t) = 0, w(O, t) = 0, t > O. (2.45)

After one integration by parts with the aid of the no-slip boundary condition (2.45)1 at
the wall, the volumetric flow rate Q can be expressed in terms of the velocity gradient w
by

(2.46)
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Elimination of w by means of (2.41), transforms (2.46) into the following (implicit) relation
between the pressure P and the volumetric flow rate Q:

P(t) = c:Q(t) + fal 1'25(1', t)d1'. (2.47)

Thus, the extrusion process driven by a plunger moving at constant speed, is described by
the following system of equations:

~~ = -8 +w(1 + Z),

c:w(1', t) +5(1', t) = 41'P(t),

dP(t) 1
~ = -X [Q(t) - Qi],

aZ
-=-Z-w5at '
P(t) = c:Q(t) + fal 1'25(1', t)d1',

Os l' S 1, t> O.

(2.48)

For t < 0 the fluid is at rest, and at t = 0 the flow is suddenly started up by letting the
plunger move at constant speed VO. The plunger movement induces the constant inlet flow
rate Qio The initial conditions for P, 5 and Z, which are supposed to be continuous at
t = 0, are given by

P(O) = 0, 5(1',0) = 0, Z(1',O) = 0, OS1'Sl. (2.49)

Substitution of (2.49) into (2.48)3,4 yields the initial values

Q(O) = 0, w(1',O) = 0, OS1'Sl. (2.50)

The equations (2.48) governing the flow in the extruder can be viewed as a continuous
family of quadratic ordinary differential equations coupled by the non-local constraint that
determines the flow rate, and the non-local ordinary differential equation that describes
the compression in the barrel. The material parameters of the polymeric melt, the plunger
speed VO, and the dimensions of the extruder are included in the three dimensionless pa
rameters c:, X and Qio Notice that c: contains only the material parameters of the polymeric
melt, whereas Qi and X depend on both the material parameters and the geometry of the
extruder. The parameter X is proportional to the melt compressibility 1/K.

3 Steady state flow

In this section we investigate the steady state reached by the flow as t -+ 00. The steady
state flow, driven by the constant inlet flow rate Qi, is described in terms of the steady
state variables

P = lim P(t),
t-+=

w(1') = lim w(1', t),
t-+=

1 = lim f(t),
t-+=

5(1') = lim 8(1', t),
t-+=

12

Q = lim Q(t),
t-+=

Z(1') = lim Z(1', t),
t-+=

(3.1 )



under the assumption that these limits exist. In (3.1), P is the steady state pressure, 1
is the steady state pressure gradient, Q is the steady state volumetric flow rate, w is the
steady state velocity gradient, and Sand Z are the steady state extra stresses. For t -t 00,

the equations (2.39) and (2.48) reduce to

o= -S +w(l + Z),

c:w(r) + S(r) = 4rP,

0= -Z -wS, Q - Qi = 0,

j =8P.
(3.2)

Hence, Q = Qi and 1= 8P, and· the solutions of (3.2)1,2 expressed in terms of w read

S r = w(r)
() 1 +w2 (r)' (3.3)

On substitution of (3.3)1 into (3.2)\ we find that the steady state velocity gradient can be
determined for each r E [0,1] by solving w = w(r) from the equation

F(w(r)) = F(r), (3.4)

(3.5)

(3.6)

where the steady state shear stress F is defined by

- 1
F(r) = 4rP = 2rj,

and the function F is defined by
w

F(w)=c:w+ 2'
l+w

For a given inlet flow rate Qi, the velocity gradient w must satisfy the constraint

Qi = 11

r2w(r)dr, (3.7)

obtained by letting t -t 00 in (2.46). The steady state velocity profile v(r) = limt-too v(r, t)
is obtained by integration of v'(r) = -w(r) using the boundary condition v(l) = 0 at the
wall.

For c: < 1/8 the function F is nonmonotone in w. In Figure 3 the function F(w) is
plotted for a specific value of c: with 0 < c: < 1/8. Since the Newtonian viscosity TJs is
small in comparison to the shear viscosity /1/).., we will henceforth assume that 0 < c: =
'fJ~>' < 1/8. Then the function F(w) has two extreme values, a maximum FM = F(WM)
at w = WM = [(1 - 2c: - VI - 8c:)/2c:p /2 and a minimum Fm = F(wm ) at w = Wm =
[(1 - 2c: + VI - 8c:)/2c:p/2; see Figure 3. In addition to w = WM and w = wm , both
equations F(w) = FM and F(w) = Fm have a second solution w = WM and w = Wm ,

respectively; see Figure 3.
The steady state shear stress F is linear in r and has its maximum at the wall r = 1. If

this maximum, denoted by Fw = 4P, remains below the minimum Fm , then equation (3.4)
has a unique solution w(r) < wm for each radial coordinate r. Clearly, w(r) is continuous
in r, leading to a smooth steady state velocity profile v( r ), and the flow is referred to as
classical flow. If the maximum Fw = 4P exceeds the minimum Fm , equation (3.4) has

13
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Figure 3: The function F(w) = cW +w/(l +w2
), when 0 < c < 1/8. In steady state flow

the velocity gradient w satisfies F(w) = F, where F = 4rP is the steady state shear stress.

• one solution if 0 ~ F < Fm ;

• three solutions if Fm < F < FM ;

• one solution if FM < F ~ Fw .

Malkus et al. [3, Sec. 3] have shown by a phase-plane analysis of the critical points of
the system (2.48), that the solution w with WM < w < Wm corresponds to a saddle point.
Hence, this w-solution is unstable and is therefore not attained. If F(l) > FM , i.e. if
P> FM /4 =: P crit (supercritical flow), the steady state velocity gradient w(r) has at least
one jump at some radial coordinate r. In case of exactly one jump we denote the radial
coordinate at which the jump occurs by r* (r* < 1), and we refer to the flow as spurt flow.
Hence, in spurt flow w( r) < w:. for 0 ~ r < r*, whereas w(r) > w+ for r* < r ~ 1, where

w:. := limw(r) < limw(r) =: w~,
rtr· r+r·

(3.8)

(3.9)

with w:. ~ WM and w+ ~ wm • From (3.3) it follows that in spurt flow S(r) and Z(r) are
also discontinuous at r = r*. The jump in w results in a kink in the steady state velocity
profile v(r) at r = r*, and a spurt layer with large velocity gradients forms near the wall.
If the velocity gradient jumps from w:. = WM to w+ = WM, i.e. if F(r*) = FM , we call this
top-jumping. If the velocity gradient jumps from w:. =wm to w+ = wm , i.e. if F(r*) = Fm ,

we call this bottom-jumping.
To obtain an expression for the constant volumetric flow rate Q = Qi in terms of the

steady state pressure gradient 1, we change the variable of integration in (3.7) from r to w,
by using the steady state equations (3.4)-(3.5) written as r = 2F(w)/J. This transforms
the relation (3.7) into

Q = !3 f F 2(w)F/(w)wdw.
f Jw

14



(3.10)

(3.11)

(3.12)

Here, W is the set of attained velocity gradients w(r), 0 ::; r ::; 1, which we shall specify
below for classical flow and for spurt flow. The primitive function P of the integrand in
(3.9) can be calculated by analytical means, yielding

1 3 4 1 2 2 1 2 1 - 5.:: + 2.::2

P(w) = 4':: W + 2"':: W - 2".::(1- .::)In(l +w ) + 2(1 +w2 )

3 - 4.:: 1

- 4(1 +w2 )2 + 3(1 +w2 )3'

For classical flow, the set W is given by W = [0, Wwall], and then, with 1 = 8P and
Q = Qi, the following relation between the inlet flow rate and the velocity gradient at the
wall follows from (3.9)

1
Qi = 3 [P(Wwall) - P(O)],

64P

where Wwall := w(l) ::; WM and the function P is given by (3.10). The inverse of (3.11)
is known to exist and is denoted by P = Pclas(QJ The maximum value of Qi for which
classical flow can be achieved, equals Qi = Qcrit:= [P(WM) - P(O)]jFtr.

For spurt flow the set W is given by W = [O,w:'] U [w~,wwald where Wwall = w(l),
implying that (3.9) can be evaluated as

Qi = 1 3 [P(w:') - P(O) +P(Wwall) - P(W~)], 0::; W:. < W~ ::; Wwall.
64P

The steady state pressure for bottom-jumping is given by P = Hottom(Qi), where the
function Pbottom is the inverse of (3.12) with W:. = wm and w+ = wm. The lower bound r* =
rm can be represented as a function of Qi according to r* = rbottom(Qi) := Fm/4Hottom(Qd.
The steady state pressure for top-jumping is given by P = Ptop (Qd, where the function
Ptop is the inverse of (3.12) with W:. = WM and w+ = WM. The upper bound r* = rM can
be represented as a function of Qi according to r* = r;op(Qi) = FM/4Ptop (Qi). Plots of the
functions Pclas (Qi), Pbottom (Qi), and Ptop (Qi), are shown as dotted curves in Figure 7. In
Table 1 the values of WM, Wm, FM, Fm, WM, Wm, Qcrit and Qo, are given for.:: = 0.02, 0.01
and 0.005.

.:: WM Wm FM Fm WM Wm Qcr-it Qo
0.02 1.0427 6.8493 0.5204 0.2799 23.9356 0.2984 0.1714 0.0724
0.01 1.0206 9.8467 0.5101 0.1990 48.9689 0.2052 0.1690 0.0506
0.005 1.0102 14.0349 0.5050 0.1411 98.9847 0.1432 0.1678 0.0356

Table 1: The values of WM, Wm, FM, Fm, WM, Wm, Qcr-it and Qo, for.:: = 0.02, 0.01 and
0.005.

In conclusion, for a prescribed constant inlet flow rate Qi we have for a possible steady
state:
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• If 0 :::; Qi :::; Qo, the steady state is unique; classical flow occurs with P = Pclas (Q·i)'

• If Qo < Qi :::; Qcrit' the steady state is not unique; either classical flow or spurt flow
occurs with Hottom(Qi) :::; P:::; Pclas(Qi)'

• If Qi > Qcriil the steady state is not unique; spurt flow occurs with Hottom (Qi) <
P :::; Ptop (Qi)'

Notice that the results derived in this section are only valid in case the steady state does
indeed exist.Results of numerical computations as presented in the next section will show
whether or not the flow tends to a steady state as t -+ 00. It will turn out that for Qi :::; Qcrit
there is no jump in the steady state velocity gradient, so that the flow is classical.

4 Transient flow behaviour

In this section we compute for t > 0 the transient flow, starting from rest at time t = 0
and driven by the constant inlet flow rate Qi due to the plunger movement. The flow is
governed by the system of equations (2.48), with initial conditions (2.49) and (2.50). From
the numerical results we infer whether the flow reaches a steady state, and we determine
the steady state variables. The main interest goes to the relationship between Qi and
the steady state pressure P = limt-too P(t). In the case of a classical steady state this
relationship is one-to-one: P = Pclas (Qi), obtainable as the inverse of (3.11 ),whereas in
the case of a spurt steady state, P is not uniquely determined by just Qi. Whether the
flow tends to a steady state, is found to depend on the values of Qi and the dimensionless
parameters E and X. For example, for E = 0.005, in case X = 1 or X = 2 we find a range of
Qi-values for which the flow shows so-called persistent oscillations that do not die out, so
that no steady state is attained.

The equations (2.48) for P, Q, w, 5 and Z, are solved by numerical integration. The
numerical discretisation scheme used for the computation of 5, Z and w, has been adopted
from Malkus et al. [13], [14], [8]; see [14] for a detailed analysis of the stability of the
algorithm.

In Figure 4 the pressure P(t) and the volumetric flow rate Q(t) are plotted as functions
of time t, for E = 0.02, X = 1 and Qi = 0.1 (subcritical flow). We observe that P(t) and
Q(t) are monotone and smooth functions of t. The numerical computations disclose that
also 5(r, t), Z(r, t) and w(r, t) are monotone and smooth functions of t, for each value of
the radial coordinate r. After sufficient time a steady state is reached. From the numerical
results that underlie Figure 4, we determine the steady state values P, Q, w(l), 5(1) and
Z(1), as listed in Table 2. Since Qi = O.lE (Qo, Qcrit) for E = 0.02 (see Table 1), the steady
state pressure P is not uniquely determined by just the given inlet flow rate Qi; either a
classical steady state or a spurt steady state with a discontinuous velocity gradient occurs.
The computations for Qi = 0.1 reveal that w(l) < WM, implying that the flow reaches a
classical steady state with a continuous steady state velocity gradient.
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Figure 4: The pressure P(t) and the volumetric flow rate Q(t) as functions of time t, for
E = 0.02, X = 1 and Qi = 0.1. The dotted lines correspond to the steady state values of
Table 2.

Q P w(1) 5(1) I

-
Qi r* W:. * Z(l)w+
0.1 0.1 0.09211 - - - 0.4249 0.3599 -0.1530
0.6 0.6 0.07933 0.9486 0.3258 10.19 11.58 0.0857 -0.9926
2.0 2.0 0.10845 0.8750 0.4436 15.83 19.08 0.0523 -0.9973

Table 2: The computed steady state values Q, P, r*, w:.., w.+' w(l), 5(1) and Z(l), for a
flow driven by the constant inlet flow rate Qi, with Qi = 0.1, 0.6 and 2.0, for E = 0.02 and
X=l.

To investigate supercritical flow (Qi > Qcrit = 0.1714) for E = 0.02 and X = 1, we take
successively Qi = 0.6 and Qi = 2.0. In the Figures 5 and 6, the pressure P(t) and the
volumetric flow rate Q(t) are plotted as functions of time t. We observe for both values
of Qi that oscillations in P(t) and Q(t) appear. The numerical computations disclose that
also oscillations occur in 5(r, t), Z(r, t) and w(r, t) for each radial coordinate r. All these
oscillations die out and after sufficient time a steady state is reached. From the numerical
results that underlie Figures 5 and 6, we determine the steady state values P, Q, w(1),
5(1) and Z(l), as listed in Table 2. The computations for Qi = 0.6 and Qi = 2.0 reveal
that both steady states show a discontinuous velocity gradient w(r) with exactly one jump
from w:. < WM to w.+ > W m at some radial coordinate r = r*. Furthermore, 5(r) and Z(r)
are also discontinuous at r = r*. The values of r*, w:.. and w.+ are listed in Table2.

To investigate whether for E = 0.02, X = 1 and a given flow rate Qi the flow starting
from rest reaches a steady state, we compute the transient flow for several flow rates,
varying from Qi = 0 to Qi = 4.0. The result is that for all values of Qi considered, a
steady state is reached. In Figure 7 the steady state pressure P attained is plotted versus
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Figure 5: The pressure P(t) and the volumetric flow rate Q(t) as functions of time t 1 for
c = 0.02, X = 1 and Qi = 0.6. The dotted lines correspond to the steady state values of
Table 2.
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Figure 6: The pressure P(t) and the volumetric flow rate Q(t) as functions of time t, for
c = 0.02, X = 1 and Qi = 2.0. The dotted lines correspond to the steady state values of
Table 2.
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Qi, for E = 0.02 and X = 1; the plot is drawn as a solid curve. The P versus Qi curve
is called the flow curve. The functions P = Pc/as (Qi), P = Pbottom( Qi) and P = Ptop (Qi)
are represented by the dotted curves in Figure 7, and correspond to classical flow, bottom
jumping and top-jumping, respectively. We observe that for 0 :::; Qi :::; Qcrit' the flow
curve coincides with the curve P = Pc/as (Qi), which demonstrates that the subcritical
flow tends to a classical steady state. If the flow becomes supercritical (Qi > Qcrit), the
computations disclose that the steady state velocity gradient w(r) is discontinuous at some
radial coordinate r = r*. The spurt layer becomes thicker with increasing Qi. The steady
state pressure P attained satisfies Pbottom(Qi) < P < Ptop(Qi) for Qi > Qcritl implying
that neither top-jumping nor bottom-jumping takes place. The flow curve shows a kink at
Qi = Qcrit and is S-shaped. Furthermore, the flow curve tends to the curve P = Ptop (Qi)
for Q i sufficiently large.

P
0.16
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0.14

0.12

0.1

0.08
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0.02

°oL----'o.'-s------'--1...L.
S
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S
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3
L----'3.-S-----J

4

--- Qi

Figure 7: The flow curves of the steady state pressure P = limt-too P(t) versus the inlet
flow rate Q i, for E = 0.02 and X = 1 (solid curve), X = 2 (dashed curve) and X = 4
(dashed-dotted curve). The dotted curves correspond to P = Pc/as (Q i) (classical flow),
P = Pbottom(Qi) (bottom-jumping) and P = Ptop(Qi) (top-jumping). The flow curves show
a kink at Qi = Qcrit = 0.1714.

To investigate the influence of the parameter X, we compute the transient flow for X = 2
and X = 4, keeping E = 0.02, and we compare the numerical results to those obtained in
the case X = 1, E = 0.02. The numerical computations disclose that for all values of Qi
considered, a steady state is reached. In Figure 7 the flow curves are plotted for E = 0.02
and X = 2 (dashed curve), and for E = 0.02 and X = 4 (dashed-dotted curve). We observe
that the flow curves for X = 2 and X = 4 are S-shaped, just like the flow curve for X = 1.
Furthermore, the flow curves show a kink at Qi = Qcrit independent of X. Notice that for
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Qi < Qcrit the three flow curves for X = 1, 2 and 4 coincide, whereas at a fixed supercriti
cal flow rate Q i > Qcrit, the steady state pressure P becomes smaller if X is changed from
X = 1 to the larger values X = 2 or X = 4. The spurt layer becomes thicker if X is changed
from X = 1 to the larger values X = 2 or X = 4.

Next, we investigate the influence of the parameters c and X on the transient flow
behaviour and the steady state values attained. To that end, we compute the transient
flow for several values of Qi, when c = 0.005 and X = 1, 2 and 6. In the Figures 8, 9 and 10
the pressure P(i) and the volumetric flow rate Q(i) are plotted as functions of time i, for
c = 0.005, X = 1, and Qi = 0.2, 0.6 and 2.0, respectively. We observe that oscillations in
Q(i) appear. For Qi = 0.6 and Qi = 2.0, also oscillations in P(i) appear. For Qi = 0.2 and
Qi = 2.0, the amplitudes of these oscillations decay, and the oscillations are sufficiently
damped out at i = 20. Hence, after sufficient time a steady state is reached, if Qi = 0.2
or Qi = 2.0. The computations yield the steady state values P = 0.05446, Q = 0.2 for
Qi = 0.2, and P = 0.06002, Q = 2.0 for Qi = 2.0. Furthermore, the steady state variables
w(r), 5(r) and Z(r) are found to be discontinuous at r = r*, with r* = 0.9962 for Qi = 0.2,
and r* = 0.9514 for Qi = 2.0.
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Figure 8: The pressure P(i) and the volumetric flow rate Q(i) as functions of time i, for
c = 0.005, X = 1 and Qi = 0.2. The dotted lines correspond to the steady state values
P = limt-+oo P(i) and Q = limt-+oo Q(i).

For Qi = 0.6, however, we observe in Figure 9 that the amplitude of the oscillations
in P(i) and Q(i) fails to decay and remains constant after a certain instant. We compute
the transient flow up to i = 200, at which time the amplitude of the oscillations is still the
same as at i = 30. Hence, for Qi = 0.6, the functions P(i) and Q(i) do not settle to a
stationary value within the time interval of computation, indicating that no steady state
is attained. Instead, P(i) and Q(i) show so-called persistent oscillations. The numerical
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Figure 9: The pressure P(t) and the volumetric flow rate Q(t) as functions of time t, for
E = 0.005, X = 1 and Qi = 0.6.
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Figure 10: The pressure P(t) and the volumetric flow rate Q(t) as functions of time t, for
E = 0.005, X = 1 and Qi = 2.0. The dotted lines correspond to the steady state values
P = limt-too P(t) and Q = limt-too Q(t).
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Figure 11: The pressure P(t) and the volumetric flow rate Q(t) as functions of time t, for
E = 0.005, X = 1 and Qi = 0.6; enlarged detail of Figure 9. The dotted line in the right
picture corresponds to the inlet flow rate Qi = 0.6.

computations for Qi = 0.6 reveal that persistent oscillations also appear in W(I, t), 5(1', t)
and Z(I, t) for each value of the radial coordinate I. In Figure 11 a more detailed plot
of the persistent oscillations in P(t) and Q(t) is given. We observe that the amplitude of
the persistent oscillations is constant. Furthermore, the span of the oscillations in P( t) is
approximately 2,5 percent of the mean value of P(t), whereas the span of the oscillations in
Q(t) is about half the fictitious steady state value Q = Qi = 0.6. Finally, we observe that
the oscillations in P(t) and Q(t) differ in phase. Although no steady state is attained for
Qi = 0.6, the computations show that the oscillating functions W(I, t), 5(" t) and Z(1', t)
tend to become discontinuous in 1 at some radial coordinate 1 = 1*; see Figure 12.

To establish for which inlet flow rates Qi a steady state is attained when E = 0.005 and
X = 1, 2, 6, we compute the transient flow for several flow rates, varying from Qi = a to
Qi = 3.0. The outcome of the computations for X = 1 is that a steady state is reached for
Qi ::; 0.35 and for Qi ~ 0.90. This steady state is classical when Qi ::; Qcrit = 0.1678, and
corresponds to spurt flow when Qcrit < Qi ::; 0.35 or Qi ~ 0.90. For values of Qi close to
0.35 or 0.90, the time interval within which the flow settles to a steady state, becomes very
large. For 0.40 ::; Qi ::; 0.80, however, the functions P(t), Q(t), w(r, t), 5(r, t) and Z(I, t)
show persistent oscillations and fail to settle to stationary values within the time interval
of computation. The computations for E = 0.005 and X = 2 disclose that the transient flow
behaviour is similar to that observed when E = 0.005 and X = 1. For 0.40 ::; Qi ::; 0.65
persistent oscillations occur, and the flow fails to settle to a steady state. For E = 0.005
and X = 6, the numerical computations reveal that a steady state is reached after sufficient
time, for each value of the inlet flow rate Qi considered.

In Figure 13 the flow curve of the steady state pressure P = limt-too P(t) versus Qi
is plotted for E = 0.005 and X = 1, 2, 6. The computed points (Qi, P) are marked by a
cross (x). The gaps in the flow curves for X = 1 and X = 2 correspond to flow rates Qi
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Figure 12: The stress S(r, t) as function of the radial coordinate r at the times t = 28.18 and
t = 28.30, at which the flow rate Q(t) reaches its maximum and its minimum, respectively,
for E = 0.005, X = 1 and Qi = 0.6.
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Figure 13: The flow curve of the steady state pressure P = limHoo P( t) versus the inlet
flow rate Qi, for E = 0.005 and X = 1, 2, 6. The points (Qi, P) marked by the crosses (x)
correspond to computed steady states. The gaps in the flow curves for X = 1 and X = 2
correspond to flow rates Qi for which persistent oscillations occur.
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for which persistent oscillations occur and no steady state is attained. We observe that
the gap becomes smaller if X is changed from X = 1 to the larger value X = 2, and has
disappeared when X = 6.

From the numerical results presented in this section we infer that a bounded range
R = (Qm' QM) of inlet flow rates Qi exists, for which persistent oscillations occur and no
steady state is attained. At Qi = Qm and Qi = QM, the transition from a steady state to
a state of persistent oscillations and vice versa takes place. The size of R depends on the
value of E as well as on the value of X: for E = 0.02 and X = 1, 2, 4, and for E = 0.005 and
X = 6, the range R is empty, whereas for E = 0.005 and X = 1,2, the range R = (Qm, QM)
is not empty. For E = 0.005 and X = 1, the range R has transition points Qm between
0.35 and 0.40, and QM between 0.80 and 0.90. For E = 0.005 and X = 2, the range R
has transition points Qm between 0.35 and 0.40, and QM between 0.65 and 0.70. In the
second part of our paper we shall provide an analytical explanation for the occurrence of
persistent oscillations.

5 Loading and unloading

In Section 4 we have computed the transient flow of the extrusion process, starting from
rest at time t = 0 and driven by a constant inlet flow rate Qi. In this section we consider
experiments in which the flow is in a steady sta.te corresponding to Qi = Q~O), whereupon

at time t = to the inlet flow rate is suddenly changed to Qi = Q~O) +Ci.Qi. If Ci.Qi > 0,
we call this process loa.ding, otherwise unloading. On the basis of numerical calculations
of the transient flow we will demonstrate the influence of the deformation history in some
loading and unloading processes. In the processes considered the flow starts from rest at
time t = 0, and the parameters E and X have the values E = 0.005 and X = 1.

We start with a loading process, in which at times t = 30j, j = 1,2, ... ,8, the inlet flow
rate is successively increased by a loading step .6.Qi = 0.1 from Qi = 0.1 up to Qi = 0.9.
In Figure 14 the computed pressure P(t) is plotted as function of time t for this loading
process. We observe that the time interval between successive loadings is sufficiently long
for P(t) to attain a steady state value. From the numerical results that underlie Figure
14 we determine the steady state pressure P attained just before the next loading step is
imposed. The computations reveal that the steady state attained is classical if Qi = 0.1,
whereas the steady states show a discontinuous velocity gradient w(r) with exactly one
jump at some radial coordinate r = r* if Qi ~ 0.2. The values of P and of r*, found from
the place of the discontinuity in the computed steady state velocity gradient w(r), are
listed in Table 3. It has been checked that the steady state values Q = Qi, P and r* satisfy
equation (3.12). We observe that P increases while r* remains fixed, when Qi increases
from Qi = 0.2 up to Qi = 0.5. Hence, the boundary of the spurt layer remains fixed after
loading, which is referred to as shape memory (cf.[3]' or [6]). For Qi = 0.6, however, we
observe that both r* and P have become smaller. Hence, the boundary of the spurt layer
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has moved further away from the wall, and the shape memory is lost. The reason for
the loss of shape memory is that no value of P exists that satisfies equation (3.12) with
Qi = 0.6 and r* = r o= 0.9962. When Qi increases from Qi = 0.6 up to Qi = 0.9, the
radial coordinate r* again remains fixed while P increases, so that again shape memory
occurs. From the numerical results presented in Table 3, we surmise that the occurrence
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Figure 14: The pressure P(t) as function of time t for a loading process, in which at times
t = 30j, j = 1,2, ... ,8, the inlet flow rate is increased by a loading step !::i.Qi = 0.1 from
Qi = 0.1 up to Qi = 0.9; parameter values c = 0.005 and X = 1.

of shape memory with fixed r* = r o is inherent to the existence of a steady state pressure

P that satisfies equation (3.12) with Qi = Q~O) + !::i.Qi and r* = roo Hence, the occurrence

of shape memory depends on the initial flow rate Qi = Q~O) and on the loading step !::i.Qi'
Notice that under gradual increase of the inlet flow rate up to Qi = 0.6, by loading steps
!::i.Qi = 0.1, the resulting transient flow tends to a steady state. This is in contrast to the
case of Figure 9 where the flow starts from rest at t = aand is driven by the inlet flow rate
Qi = 0.6 suddenly imposed; then the transient flow shows persistent oscillations. Thus we
conclude that the deformation history affects the transient flow behaviour and the steady
state attained.

Next, we consider a process of unloading where the flow is driven by a supercritical inlet
flow rate Qi = Q~O) = 0.3, which at time t = 40 is suddenly lowered to the supercritical
value Qi = Q~O) + !::i.Qi = 0.25. Hence, !::i.Qi = -0.05 (unloading). In Figure 15 the
computed pressure P(t) is plotted as function of time t. We observe that P(t) has attained
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Qi P r* Qi P r*
0.1 0.09060 - 0.6 0.08633 0.9922
0.2 0.05446 0.9962 0.7 0.09917 0.9922
0.3 0.07686 0.9962 0.8 0.11173 0.9922
0.4 0.09907 0.9962 0.9 0.12365 0.9922
0.5 0.11956 0.9962

Table 3: The steady state pressure P and the radial coordinate r* at which w(r) is discon
tinuous, for a loading process in which at times t = 30j, j = 1,2, ... ,8, the inlet flow rate
is increased by a loading step tlQi = 0.1 from Qi = 0.1 up to Qi = 0.9; parameter values
c = 0.005 and X = 1.
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Figure 15: The pressure P(t) as function of time t for an unloading process, III

which at time t = 40 the inlet flow rate is lowered from Qi = Q~O) = 0.3 to

Qi = Q~O) + tlQi = 0.25 > Qcrit; parameter values c = 0.005 and X = 1.
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a steady state value at t = 40. From the numerical results that underlie Figure 15 we
determine the steady state pressure P = 0.04127 at t = 40. The computations disclose
that the steady state at t = 40 shows a discontinuous velocity gradient w( r) with exactly
one jump at r = r~ = 0.9894. For t > 40, we observe that P(t) slightly decreases and after
some time oscillations appear. We computed the transient flow up to t = 100, at which
time the amplitude of the oscillations in P(t) is still the same as at t = 80. Thus, persistent
oscillations occur and no steady state is attained after unloading to the supercritical value
Qi = 0.25. Furthermore, the computations reveal that for sufficiently large t (> 40) the
velocity gradient w(r, t) shows a numerical discontinuity also at r = r~ = 0.9894. Hence,
the boundary of the spurt layer remains fixed after unloading, so that shape memory
occurs. Shape memory is possible because of the existence of a fictitious steady state
pressure P = 0.03789 that satisfies equation (3.12) with Qi = 0.25 and r* = r~ = 0.9894.
Thus, the occurrence of shape memory after unloading affects the transient flow behaviour,
and persistent oscillations may occur.
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Figure 16: The pressure P(t) as function of time t for an unloading process, III

which at time t = 40 the inlet flow rate is lowered from Qi = Q~O) = 0.22 to
Qi = Q~O) + f}.Qi = 0.142 < Qcrit; parameter values E = 0.005 and X = 1.

Finally, we consider an unloading process where the flow is driven by a supercritical inlet
flow rate Qi = Q~O) = 0.22, which at time t = 40 is suddenly lowered to the subcritical
value Qi = Q~O) + f}.Qi = 0.142. Hence, f}.Qi = -0.078 (unloading). In Figure 16 the
computed pressure P(t) is plotted as function of time t. We observe that P(t) has attained
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a steady state value at t = 40. From the numerical results that underlie Figure 16 we
determine the steady state pressure P = 0.04614 at t = 40. The computations disclose
that the steady state at t = 40 shows a discontinuous velocity gradient w( r) with exactly
one jump at r = r~ = 0.9942. For t > 40, we observe that P(t) first decreases and after
some time oscillations appear. We computed the transient flow up to t = 100, at which
time the amplitude of the oscillations in P(t) is still the same as at t = 80. Thus, persistent
oscillations occur and no steady state is attained after unloading to the subcritical value
Qi = 0.142. Furthermore, the computations reveal that for sufficiently large t (> 40) the
velocity gradient w(r, t) shows a numerical discontinuity also at r = r~ = 0.9942. Hence,
the boundary of the spurt layer remains fixed after unloading, so that shape memory
occurs. Shape memory is possible because of the existence of a fictitious steady state
pressure P = 0.03663 that satisfies equation (3.12) with Qi = 0.142 and r* = r~ = 0.9942.
Thus, the occurrence of shape memory after unloading affects the transient flow behaviour,
and persistent oscillations may occur, even for a subcritical flow rate Qi < Qcrit.

6 Conclusions

Numerical calculations have been used to analyze the flow of a polymeric melt in an extru
sion process. In order to find a theoretical explanation for the phenomenon of persistent
oscillations, as observed in experiments of Kalika and Denn [16], Lim and Schowalter [17],
and El Kissi and Piau [4], an extrusion flow combined with compression has been consid
ered. The extruder consists of a wide cylindrical barrel connected to a narrow cylindrical
capillary. The melt is compressed in the barrel by a plunger moving at constant speed va.
Both the volumetric flow rate Q(t) in the capillary and the pressure P(t) in the barrel are
unknown.

The constitutive behaviour of the polymeric melt is described by the JSO-model sup
plemented with an extra Newtonian viscous term. This extra term accounts either for the
response of a small-molecule solvent, or for the unhindered motion of the polymer chains,
described by a very fast relaxation rate (d. Malkus et al. [3]). The JSO-model used here
describes the characteristic behaviour of viscoelastic concentrated polymer solutions and
pure molten polymers with fading memory, by a differential equation. The addition of
the Newtonian viscous term is essential in our analysis, since it leads to a nonmonotone
relation between the steady state shear stress F(r) and the steady state velocity gradient
or shear strain-rate w(r). We have shown by numerical computations of the transient flow
that persistent oscillations in the pressure as well as in the volumetric flow rate may occur,
as observed in experiments. Hence, internal material properties of the fluid itself account
for persistent oscillations, instead of a global external effect such as 'wall slip', because in
our model the no-slip boundary condition at the wall of the capillary is maintained.

A theoretical explanation for the occurrence of persistent oscillations in the pressure
(but not in the volumetric flow rate) has been given before by Malkus et al. [8], in the piston
driven flow of a JSO-fluid through a slit die. In fact, this paper deals with the analogous
problem of the flow of a JSO-fluid through a cylindrical capillary which is combined with
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compression in a barrel. By taking into account the compression we obtain a model for
the extrusion process that admits persistent oscillations both in the pressure and in the
volumetric flow rate. By numerical computations of the transient flow we have found
critical conditions for the onset of persistent oscillations, in terms of the plunger speed VO,
the dimensions of the extruder, and the material parameters of the polymeric melt. In the
description of the flow considered here, the plunger speed, the dimensions of the extruder,
and the material parameters of the polymeric melt are included in three dimensionless
parameters c, X and Qi. Here, c is equal to the quotient of the solvent viscosity 'rIs and
the shear viscosity f-L/ A; X is proportional to the melt compressibility 1/K; and Qi is the
dimensionless inlet flow rate, which is proportional to the plunger speed VO.

The steady state flow is described by a nonmonotone relation between the steady state
shear stress F(r) and the steady state velocity gradient w(r), if 0 < c < 1/8. This
nonmonotone relation gives rise to three distinct steady state solutions w if Fm < F < FM .

As shown by Malkus et al. [3, Sec. 3] and by Aarts and Van de Ven [6], the solution w with
WM < w < W m is unstable, whereas the solutions w with w < WM or w > W m are stable.
The steady state pressure P = limt-too P(t) and the steady state velocity gradient w(r)
depend on the inlet flow rate Q i in the following manner:

• If 0 ::; Qi ::; Qo, P is unique and w(r) is continuous in r; the flow is referred to as
classical flow.

• If Qo < Qi ::; Qcrit' P is not unique, and w(r) is either continuous in r (classical
flow) or w(r) is discontinuous with a jump from w:.. < WM to w.+ > W m at some radial
coordinate r = r*; the latter case is referred to as spurt flow.

• If Qi > Qcrit? P is not unique and w( r) is discontinuous at r = r*, corresponding to
spurt flow.

In the case of classical flow, P is uniquely determined by Qi only, as expressed by (3.11).
In the case of spurt flow, P is uniquely determined by Qi and r*, as expressed by (3.12).
In spurt flow, the jump in w(r) results in a kink in the steady state velocity profile v(r) at
r = r*, and a spurt layer, of thickness 1 - r*, with large velocity gradients forms near the
wall.

By numerical computations we have examined whether or not the transient flow tends
to a steady state. If a steady state is attained, the computations yield the value of P and,
in the case of spurt flow, the value of r* where w(r) is discontinuous. For c = 0.02 and
X = 1, 2, 4, the calculations of the transient flow revealed that for each inlet flow rate Qi
a steady state is attained, showing the following characteristics:

• If Qi < Qcrit (subcritical flow), the flow tends to a classical steady state with
P = Pclas(Qi).

• If Qi > Qcrit (supercritical flow), the flow tends to a spurt steady state with
Hottom(Qi) ::; P ::; Ptop(Qi)'
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• The flow curve of P versus Qi is S.,-shaped, shows a kink at Qi = Qcritl and tends to
the curve P = Ptop ( Qi) for Qi sufficiently large, independent of x.

• The spurt layer becomes thicker with increasing Qi > Qcrit.

• The spurt layer becomes thicker with increasing X.

The transient flow behaviour was found to crucially depend on the values of E, X and Qi.
For E = 0.005 and X = 1, 2, we observed that for a certain bounded range R = (Qm' QM)
of supercritical inlet flow rates Qi, persistent oscillations in P(t), Q(t), w(1', t), 3(1', t) and
Z(1', t) occur, for each value of the radial coordinate 1'. These persistent oscillations do not
die out and have constant amplitude after a certain instant. For Qi 1:. R, a steady state is
reached after sufficient time.

The influence of the deformation history of the melt has been elucidated by some
examples of loading and unloading processes. In the unloading process where the prescribed
inlet flow rate is suddenly lowered from Qi = Q}O) to Qi = Q}O) +~Qi with ~Qi < 0, the
following peculiarities are observed:

• the boundary r = 1'0 of the spurt layer remains fixed after unloading, which is referred
to as shape memory;

• persistent oscillations may occur after unloading to supercritical as well as to sub-
critical flow rates Qi.

It was found that the occurrence of shape memory depends on the initial flow rate Qi = Q~O)
and on the loading step ~Qi' The examples of loading and unloading processes considered
illustrate that the deformation history of the fluid affects the transient flow behaviour and
the steady state attained.

In the second part of our paper we will provide an analytical explanation for the occur
rence of persistent oscillations as observed in this first part. This will be done by means of
a linearized stability analysis of the steady state solution. This analysis will be carried out
not only for a JSO-fluid as considered here, but also for a KBKZ-medium, as considered in
[6] (see also [1, Chapter 2]).Moreover, also media with two widely spaced relaxation times
will be considered there. Finally, we will present the critical conditions, in terms of the
parameters E and x, for the onset of persistent oscillations predicted by our theory, and
we will compare these to the critical conditions found in experiments (cf. [16,17,4]).
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