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Abstract 
The service provision problem described in this paper comes from an application of 

distributed processing in telecommunication networks. The objective is to maximize 
a service provider's profit from offering computational based services to customers. 
The services are built from software applications called subservices. The service 
provider has limited capacity of some resources and therefore must choose from a 
set of software subservices those he would like to offer. He maximizes profit which 
depends both on the number of requests met and fixed charges for installing the 
subservices. A fixed charge is positive when it is charged by the service provider and 
negative if it is an amount the service provider must pay for example to license the 
subservice. 

Our main interest in this problem comes from it being a subproblem in a scenario 
decomposition of the service provision problem with stochastic demand. We assume 
stochasticity is represented in terms of scenarios from a discrete probability distribu
tion. The fixed charges can be interpreted as dual prices on the linking constraints in 
a variable split that makes the stochastic problem separable in its demand scenarios. 

The main contribution of the paper is to give a pseudo-polynomial time algorithm 
to solve the fixed charge problem and describe how this algorithm can be used in a 
fully polynomial time approximation scheme. It is also indicated how the results from 
this paper are used in a decomposition scheme for the stochastic service provision 
problem. 

Keywords: distributed processing, telecommunications, service provision, dynamic pro
gramming, (stochastic) integer programming, fully polynomial approximation scheme. 

* For this work financial support has been received from Telenor and Leonardo Da Vinci 
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1 Introduction 

The service provision problem comes from an application in telecommunications. It con
siders how to install different processing based services on a set of computer nodes in a 
network with distributed processing capabilities. The computers typically have limited 
resources such as memory, processing capacity and storage capacity. All the services are 
built from a set of subservices. The subservices are software applications that run in a 
distributed manner in the network. These applications communicate using an underly
ing transportation network. The focus of this paper is on how to allocate computational 
resources to a set of subservices in order to maximize the profit gained through meeting 
customer demand for services. Because the resources are limited, it may be necessary to 
reject some customers. 

Often it makes sense to consider the allocation of node resources to subservices indepen
dently of the allocation of transportation resources. This is the case when transportation 
is not a bottleneck for the subservices considered, when transportation capacity is high 
enough to handle all variations of communications between the subservices. 

The change of focus from transportation resources to computational resources may 
follow as a consequence of technological developments increasing the transportation capa
bilities of networks, such as: digital technology, modern packet switched high speed net
works and architectures like ATM [4, 13]. Also many new services and some transportation 
technologies require much processing and more computational resources, thereby creating 
a new bottleneck at the computing nodes distributed in the telecommunication network. 
Add to this, the computing industry's influence upon the telecommunication market, and 
you get both additional computational power and competition. It is a strong belief in parts 
of the industry that many new telecommunication services will be more processing hungry 
than the ones seen today. It is difficult to predict which of the bottlenecks, transportation 
or node resources, will prove to be most influentiaL From the prognosis that the problem 
of allocating node resources will be important in near future (as one can already see for the 
Internet) we were asked by the financial contributor to this work to examine the situation 
where transportation does not playa role. . 

Because of the distributed processing capabilities of the network, it may also be possible 
to consider subservice demand independent of which service generated it. In [15] it is 
further described when the service provision problem can be solved by allocation of node 
resources tosubservices without considering transportation. and customer location. In,this 
paper it will be assumed that the transportation network, the markets and the distributed 
processing capabilities of the network nodes are such that this is possible. 

This paper concerns a variant of the problem where we have only one node on which 
to install subservices. This is typically the situation a service provider faces when he rents 
capacity from a network provider. The service provider does not take into consideration 
whether the capacity he has rented is located on one or on several computing nodes. He 
uses it as if it was one continuous block of capacity. The network provider on the other hand 
is free to replicate and move the service providers' subservices on all the nodes he manages. 
He sees the same problem as the service provider, but with several nodes available. For 
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a further discussion of the roles in the network related to single node and multiple node 
models see [14, 15]. 

The remainder focuses on the problem where a single constrained resource at the com
puting node is allocated to subservices, where transportation is not an issue and where 
sub service demand can be treated independently of the services. The number of subser
vices that can be installed and the demand that can be met is limited by the node size, 
S. The node size is given in terms of its capacity of the limited resource, for example 
processing capacity. 

Demand for subservice j is given in terms of requested capacity units, dj • Each sub
service uses a fixed amount of capacity just to be available, independent of the demand 
met. This is called the installation requirement of the subservice and we denote it by rj 
for subservice j. 

vVe examine the situation where there is a fixed amount, Cj, charged or added to profit 
when subservice j is installed. There are several ways of interpreting the fixed amount 
in terms of the pricing structure of subservices. One natural situation that explains both 
positive and negative values is the following: the service provider provides a subservice 
owned by another company. In the case of low demand for this sub service , the service 
provider may charge a fixed amount to install it and a second amount increasing linearly 
with the number of requests met. On the other hand, if this is a subservice with high 
demand he may instead offer to pay a fixed amount to be able to offer the subservice, 
and again charge an amount for each request met. The profit from allocating one unit of 
capacity to meet demand for sub service j is qj. In the remainder we call Cj a fixed charge, 
whether the fixed amount is positive or negative. 

To formalize the model: suppose there are n subservices. The installation requirement 
rj E Z+l demand dj E Z+, unit profit qj E Z+, fixed charge Cj E Z, j 1, ... n and node 
capacity S E Z+. There are two types of decision variables. The 0/1 variables Zj are 
to decide if subservice j is installed on the computing node in which case Zj = 1, or not, 
reflected by Zj = 0, j = 1, ... , n. Demand for each subservice is given in terms of the limited 
resource. Then, the variables Xj give the demand that is actually met for subservice j , 
j = l, ... ,n. 

The objective is to maximize total profit subject to the following restrictions. The 
first constraint, called the capacity constraint, says that the capacity of the node is not 
exceeded, i.e., the sum of the installation requirements and the total demand met is not 
greater than its capacity. The second set, the installation constraints, require that demand 
for a service can be met only if the service is installed, i.e., they require that each Xj can 
be positive only if Zj 1. 

Assum ption 1 For simplicity demands are pre-processed so that dj :::; S - r j, V j) that is, 
for any subservice j there is a solution for which all demand can be met. 

The mathematical programming formulation of the fixed charge single node service 
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provision problem (FSP) is then given by 

n n 

max I: CjZj + I: qjXj 

j=l 
n 

s.t. I: 7'jZj I: Xj ::; S, 
j=l j=l 

d·z· X·>O J j J -

Zj E {0,1}, Xj 0 
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(1) 

j = 1, ... , n, 
j = 1, ... , n. 

Solution methods for other variants of the problem have been discussed in the literature. 
Feasibility of the deterministic service provision problem with multiple nodes and the 
additional requirement that all demand must be met is described in [7]. This problem is 
strongly NP-complete. When demand is deterministic and no fixed charges are connected 
to the z variables, the multiple node problem where demand is maximized is also strongly 
NP-hard [5]. Even for a constant number of nodes there exists no fully polynomial time 
approximation scheme (fptas) unless P=NP. 

For the single node deterministic problem without fixed charges (SP), a (fptas) exists 
[5]. This problem is similar to (FSP) with Cj = 0, 'ifj. The analysis for (SP) turned out 
to have many similarities with the well known knapsack problem [11]. For the stochastic 
single node problem where demand is uncertain (SSNP), no (fptas) can be expected, as the 
problem was shown to be strongly NP-hard in [6], unless the number of scenarios describing 
the probability distribution of the joint demands is fixed. 

The contribution of this paper is to show that pseudo-polynomial time algorithms exist 
for single node service provision when each subservice has a fixed charge in the objective. 
This is an important problem on its own, and also has applications outside telecommuni
cations. For example, it can be used in production planning on a single machine: the time 
available is S, there is a set-up time, Tj, on job j and no requirement that jobs must be 
completed. The profit depends linearly on the processing time of each job, and includes a 
fixed cost, cj,incurred for starting job j. 

The results from this paper also have implications for solution methods for the strongly 
NP-hard stochastic service provision problem where demand is uncertain. Section 2 briefly 
describes a decomposition scheme for the stochastic problem that leads to solving many 
deterministic (FSP) problems. Section 3 discusses the LP-relaxation of (FSP). Section 4 
gives three pseudo-polynomial dynamic programming algorithms to solve the fixed -charge· 
problem. As we will see, the extensions to [5], where (SP) is discussed (and all Cj = 0), 
are not straightforward. Section 5 contains some computational results comparing the 
DP algorithms internally and also comparing them with the standard mixed integer solver 
OSLo Section 6 shows that a fully polynomial time approximation scheme (fptas) for the 
problem exists based on dynamic programming and scaling. 
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2 Scenario decomposition of stochastic service 
• • prOVISIon 

The original motivation for studying the service provision problem with fixed charges was 
that it turned up as a subproblem in a scenario decomposition of the stochastic service 
provision problem without fixed charges, modelled in [15]. Consider the situation when de
mand is uncertain. When sub services are installed at the node, there is only probabilistic 
information about demand. During the subservices' installation time (the time to get the 
software from a database, install it and set it up) this uncertainty is resolved. Then, it is 
decided how much of the realized demand to meet using the current subservice configura
tion. Demand can only be met for the installed subservices and if too many are installed 
the installation requirements take capacity that could have been used to meet demand. 

This can be modelled as a two-stage dynamic decision process where the value of a 
given first stage instalment decision is found by evaluating the expected profit of meeting 
demand in the second stage. When the demand distribution is discrete, each realization 
of demand is called a scenario, see for example [9]. For each first-stage decision, there is a 
discrete probability distribution of second-stage profits: the profit gained from allocating 
resources to the installed subservices. The optimal first-stage decision has the highest 
expected second-stage profit. 

The deterministic equivalent problem may be formulated in the following manner. 
Number the scenarios k = 1, ... , m; the probability of scenario k occurring is Vk. The 
notation of (1) is retained with the only differences being that the second stage decisions x 
and the demands have an extra index k to indicate which scenario they belong to. In addi
tion, the objective is an expectation over profit in all scenarios. The resulting mathematical 
programming formulation of (SSNP) is given by 

m n 

max L Vk L qjXjk 
k=l j=l 

n n 

s.t. L TjZj + L Xjk ::;; SkI, ... , m, (2) 
j=l j=l 

djkzj - Xjk 2:: 0 j = 1, ... ,n,k = 1, ... ,m, 
Zj E {O,I}, Xjk 2:: 0 j = 1, ... ,n,k = 1, ... ,m. 

There is now one capacity constraint for each scenario. Recall from the introduction that 
this problem is strongly NP-hard [6]. 

A variable split [12] may be performed on the first-stage variables Z by introducing a 
variable Zjk for each subservice j and each scenario k. Constraints must be introduced to 
ensure a consistent choice of the variables Zjh ... , Zjm) known in stochastic programming 
terminology as implement ability constraints. One such set of constraints is Zj1 = Zj2 = 
... = Zjml Vj. 

In a scenario decomposition scheme the linking constraints of the variable-split can be 
relaxed to the objective using Lagrangian relaxation. Such a decomposition scheme has 
been applied for stochastic integer programs, for example in [3]. The stochastic program 



Single node service provision .... October 16, 1998 6 

then decomposes into separable deterministic subproblems, one for each scenario. The ad
ditional terms introduced in the objective through the Lagrangian relaxation of the linking 
constraints can be interpreted as fixed charges. In general they can take both positive 
and negative real values. In the subproblems, each fixed charge may be approximated 
arbitrarily well by a rational number. The objective function may then be scaled to make 
each objective coefficient integer giving an equivalent (FSP) problem of the form described 
in (1). 

Such an approach is motivated by the need to find bounds for problem instances. of 
(SSNP) that are hard to solve to optimality u~ingbranch and bound, w1thbounds bas~d 
on LP-relaxation. In [6] the strength of the LP-relaxation of (SSNP) is examined, and the 
results indicate that in some cases it is too weak to be efficient in a branch and bound 
procedure. The decomposition suggested above does not reduce the size of the integer 
programs to be solved in terms of binary variables, but in general such a relaxation gives 
a stronger bound than the LP-relaxation [12, 3]. 

In this approach m (FSP) problems must be solved for each update of the dual prices. 
Because of the possibly exponential number of dual iterations needed, a relatively fast 
algorithm for the subproblems is crucial for this approach to work. The important con
tribution of this paper from a stochastic programming point of view, is that we show 
that a pseudo-polynomial algorithm exists for the deterministic subproblems. vVhile the 
original stochastic problem is strongly NP-hard, we show that there is a fully polynomial 
approximation scheme to solve each scenario subproblem in this decomposition. 

Of course the Lagrangian dual need not be solved to optimality in a branch and bound 
approach, since any values of the Lagrange multipliers give an upper bound. Here it is 
important to recognize that even if the Lagrangian dual is solved to optimality, there still 
may be a duality gap. There will be no duality gap if, and only if, the linking constraints 
can be satisfied in an optimal solution of the subproblems given the optimal dual prices. 
This can be seen easily for example from [2, Theorem 6.2.5]. In stochastic programming 
terminology, this would mean that the solution is implementable. 

The remainder focuses on how to solve the deterministic fixed-charge problem with 
the motivation that the fixed charges come from the dual prices of the implement ability 
constraints. Hence the Cj are allowed to take on both positive and negative values. 

3 The LP-relaxation 

Consider the LP relaxation (FSPLP) of (1), i.e. replace the 0-1 restriction on Zj by 0 S 
Zj S 1, j = 1, ... , n. We will show that the LP can be solved in O( n) time and that its 
optimal value is at most twice the optimal value of (1). 

The LP-relaxation has many similarities with both continuous knapsack [11] and with 
the LP-relaxation (SPLP) of the service provision problem without fixed charges (SP) [5]. 
The problem (SP) has the same formulation as (1) but with Cj = 0, Vj. In [5] it is shown 
that if no fixed charges are present the LP relaxation may be solved by little more than 
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ordering the subservices by decreasing profit per unit capacity, 

q,d, 
J J 

r· + d·' J J 

This is similar to the continuous knapsack problem with item price qjdj and item size 
rj + dj . For (SPLP) the optimal solution is found by filling up the node in a greedy 
manner until all capacity is used. There is an optimal solution to the LP with at most 
one subservice, 1, for which 0 < Zl < 1. Sub service I is called the critical subservice. The 
optimal LP-solution is 

/-1 

7r
SNLP = L qjdj qlXI, 

j=1 

and it can be found in O( n) time (c.f. [11]). 
In (SPLP) Zj is forced to be as small as possible because it has no objective function 

coefficient and rj is positive. Therefore Zj = xj/dj for all j in some basic optimal solution. 
When fixed charges are present the situation is different. Whenever Cj is large compared 
to qj it may be profitable to let Zj be positive while Xj = O. 

The similarities with (SPLP) are utilized by reformulating the fixed charge LP (FSPLP) 
as a continuous knapsack problem. The subservices are partitioned into three sets A, Band 
C. C contains subservices that will never be installed in a LP-solution because cj+qjdj ::; O. 
A contains subservices where it is less profitable per unit capacity to install the subservice 
without meeting any demand than it is to meet all demand for the subservice: that is, 

Cj + qjdj > 0 and Cj ::; qil j E A. 
rj 

B contains sub services for which it is more profitable per unit capacity to install the 
subservice without meeting any demand than it is to meet all demand for it: 

Cj . B - > qj, J E . 
rj 

Those subservices in A that are chosen to be installed will meet as much demand as 
possible. 

The following continuous knapsack problem is equivalent to (FSPLP). One set of knap
sack items, Ao, is created from set A. For each subservice, j, in set A there corresponds 
a knapsack item, i, with size rj + dj and price Cj + qjdj . The motivation here is that for 
subservices in A the choice of Xj implicitly decides Zj. These subservices have the property 
that Zj = xj/dj in any optimal solution to (FSPLP) as it is profitable to increase Xj by 
decreasing Zj, if possible. 

Two sets of knapsack items, Bz and Bx, are created from set B. For each subservice, 
j, in B there corresponds items iz E Bz and ix E Bx where item iz has size rj and price Cj 

and item ix has size dj and price qjdj • For these subservices it will be profitable to increase 
Z j by decreasing x j, if possi ble. The BU bservices in set C are never profitable to install so 
items corresponding to these subservices are not included. 
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The continuous knapsack problem has knapsack capacity S with the set of knapsack 
items Ao U Ez U Ex. Note that the number of knapsack items is at most 2n. An optimal 
solution to this continuous knapsack problem can be found by ordering the items by de
creasing profit per unit capacity. Items are added to the knapsack in a greedy manner up 
to critical item t which is fractionally added in order to fully use the knapsacks capacity. 
Such a solution may be found in O(n) time [11]. This solution corresponds to a solution to 
(FSPLP) in the following way. For any item from Ao that is fully added, the corresponding 
subservice j will have = 1 and Xj = dj • Any item from Ez fully added has Zi = 1 for 
the corresponding subservice,j, and any Item from Ex fully added has Xj = dj for the 
corresponding subservice, j. Let l be the subservice correspond to critical item t. 1ft E Ao, 
o < Z/ = xl/d[ < 1, if t E Ez , 0 < Zl < 1 but now Xl 0, while if I E Ex 0 < XI < d1 and 
Z/ = 1. Remaining subservices have Zj = Xj O. 

For sub services in E, the price per unit capacity is such that if the continuous knapsack 
chooses to add item ix from Ex, it will already have chosen the corresponding item iz from 
E z . This will ensure that the installation constraints hold for the constructed solution to 
(FSPLP). Thus the constructed solution will be a feasible solution of (FSPLP). The fact 
that it is optimal follows from the definition of sets A, E and C. 

It is interesting to compare this solution with the one from (SPLP), the LP-relaxation 
of the single node problem without fixed charges. Without fixed charges the critical item 
I will always have Zj xj/dj, and unless the node happens to be full exactly at the point 
where the critical sub service I has z/ = 1, Xl = dl, the solution is not integer feasible. 
For (FSPLP), when t E Ex the corresponding constructed solution is (integer) feasible for 
(FSP) since the only fractional variable is Xl. This indicates that the chance of finding 
the optimal integer solution when solving the LP is higher when fixed charges are present 
since there is the possibility of the critical item being in Ex. In fact computational results 
presented in Section 5.3 show that this often happens in practice, especially when cj-values 
become large compared to the corresponding qj-values. 

Let 7T
LP be the optimal value of (FSPLP) and 7TOPT be the optimal value of (1). Then 

it follows directly, that 

/-1 

7T
LP = 2:(Cj + dj ) + C[Z/ + qlXI ~ 27TO

PT
, 

j=1 

because both E;~i (Cj + dj ) and c/z/ + q/x/ are bounded above ,by values of feasible solutions 
of the integer problem, the latter under Assumption 1. 

A greedy heuristic with performance ratio 2 follows directly: install either all subservices 
1, ... , l - 1 or subservice 1. Denoting the heuristic's value by 7T G it follows that 

(c.f. [11,5]). 

I-I 

7T
OPT ~ 7T

LP = 2:( Cj + dj ) + qz[ + qlX/ ~ 27T
G 

j=1 
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4 A dynamic programming approach 

This section describes three dynamic programming algorithms for service provision with 
fixed charges (FSP). It begins discussing the structure of an optimal solution of (1). Then 
describes an intuitive dynamic programming approach utilizing this structure. The section 
ends with a description of two refinements that can be made to the algorithm. 

4.1 The structure of optimal solutions 

In [5] it is shown that the single node service provision problem (SP) has some optimal 
solution for which at most one sub service, the critical subservice i, Xj is different from 
djzj • In addition when j' E {jl% < qa Zjl = Xjl = O. In practice this means that for 
some optimal solution of (SP) there is at most one subservice installed for which demand 
is not met completely. In [5] this was utilized to solve the problem in O( mrOPT ) time by 
dynamic programming, where TiOPT is the optimal solution. This approach also led to a 
fully polynomial approximation scheme for (SP). 

When fixed charges are present on the z variables as in (FSP) it is easy to see that the 
optimal structure is different. It is now possible for subservices to be installed while the 
demand met is zero. This might be optimal in a situation where Cj is large and qj is small. 
The optimal solution of (FSP) may meet a fractional part of the demand for subservice j 
and still choose to install j' where qjl < %. The similarities with (SP) can still be utilized 
but it is important to realize the differences this leads to. A useful structure present in at 
least one optimal solution to (FSP) is formally described. 

Lemma 1 There is always an optimal solution to (FSP) with at most one critical subser
vice l for which 0 < Xl < d/. 

Proof: Fixing the variables Zj in (1) leads to an LP-problem with one constraint and 
bounded non-negative variables. Hence any basic optimal solution will have one basic 
variable. Each of the other (non-basic) variables Xj will have a value equal to either its 
lower bound 0 or its upper bound dj • 0 

Consider categorizing the decision for subservice j into the following four classes. 

Dl Zj = 0 and Xj = 0, 

D2 Zj 1 and Xj = d j , 

D3 Zj = 1 and 0 < Xj < dj ) 

D4 = 1 and Xj O. 

Any optimal solution, (z,x), with at most one fractional demand can be described as 
a string [DI, ... ,Dn ] where Dj E {Dl,D2,D3,D4} describes the decision class for service 
j = 1, ... , n and at most one j has Dj = D3. Potentially optimal solutions are described 
by the following result. 



Single node service provision .... October 16, 1998 10 

Lemma 2 Assume that the subservices are sorted so that ql 2:: q2 2:: ... 2:: qn' There is an 
optimal solution where: 

• 1 is the index of a DB decision or the first D4 decision if no DB decision exists 

(1 n + 1 if there are no DB or D4 decisions) . 

• Dj E {Dl, D2} for j < Ii and Dj E {Dl, D4} for j > 1. 

Proof: Lemma 1 implies that it is enough to consider solutions with at most one D3 
decision to find the optimal solution. Consider optimal solution (zO, xO) where'at'most one" 
D3 decision is present. 

Define the set l' = {j Ij > 1, x~ > O} and assume that the optimal solution (ZO, XO) is 
chosen so that l' is of minimum cardinality. If the lemma does not hold because some 
j > I has a D2 decision, clearly l' 0. Choose the j E I' with the lowest index. If qj < ql 

the optimal solution can be improved by reducing xJ by 1 and increasing x? by 1. This 
contradicts optimality. If qj = qt construct a new solution (Zl, Xl) which equals (ZO, XO) 
except for I and j. Set xi = min( dl, x? + xJ) and Xl = xJ - min( dt - x?, xJ). The solution 
has the same value as before and there are two possible situations. a) Firstly, it may be 
that xl = d l and Xl 2:: O. Now j is the new critical subservice and the cardinality of the 
corresponding new set l' is reduced by 1. This contradicts that I' was minimal before. 
b) Secondly, it may be that xl < dt and Xl = O. In this case the critical subservice is 
unchanged but the cardinality of l' is reduced by 1. This contradicts that l' was minimal 
before. 

The proof that no D4 decision exists for j < I follows the same lines. Define the set 
I = {j /j < I, zJ = 1, xJ = O} and assume that the optimal solution (ZO, xO) is chosen 
so that I' 0 and I is of minimum cardinality. If the lemma does not hold because 
some j < 1 has a D4 decision, clearly I =I- 0. Choose the j E I with the highest index. 
If qj > ql the optimal solution can be improved by reducing x? by 1 and increasing xJ 
by 1. This contradicts optimality and completes the proof. If qj = ql construct a new 
solution (ZI,X

1
) which equals (zO,xO) except for 1 and j. Set Xl min(dj,xJ + x?) and 

xl x? min(dj - xJ, x?). The solution has the same value as previously and there are 
two possible situations. a) Firstly, it may be that Xl < dj and xl o. Now j is the new 
critical subservice (with a D3 decision), xl is a D4 decision and the cardinality of the new 
I is reduced by one. This contradicts that I was minimal before. b) Secondly, it may be 
that Xl = dj and xi 2:: O. The critical subservice is as before b,u,t the cardinality ()f)is 
reduced by one,contradicting the minimal cardinality ofl. ' 

Thus there is an optimal solution (ZO, XO) with I' = 0 and I 0. Such a solution is in 
accordance with the lemma. o 

4.2 A dynamic programming algorithm (DPl) 
This section describes a dynamic program to solve (FSP) based on the description of the 
optimal structure from Lemma 2. The subservices are pre-processed so that they are sorted 
by decreasing q. 
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Let the stages of the DP-formulation correspond to the subservices numbered 1, ... , n. 
The states in the recursion are (used) capacity. The recursion function value at a state 
at stage j is the maximal profit obtainable from the state's capacity using the subservices 
1, ... ,j. In addition the state space is extended by a parameter b indicating if a state is 
flexible or inflexible according to the following definitions. 

Definition 1 A state at stage j is flexible if it has achieved its recursion function value 
with only D 1 and D2 decisions up to and including stage j. Hence, if a state is flexible 
then at any stage later than j a DB decision can still be made. A flexible state is indicated 
by b 1. 

Definition 2 A state at stage j is inflexible if it has achieved its recursion function value 
by including a DB or D4 decision at stage j or at some earlier stage. Hence, the only 
decisions that need to be considered at stage j + 1 or later based on this state are D 1 and 
D4. An inflexible state is indicated by b = 0. 

Thus, the state space is defined by pairs (s,b) where s E {1, ... ,S} and b E {0,1}. It 
consists of 2S states. Define h(s, 1) as the maximum profit that can be achieved from 
node capacity s using the subservices 1, ... , j where (5,1) is a flexible state. In a similar 
manner, define h(8,0) as the maximum profit that can be achieved from node capacity s 
using the subservices 1, ... ,j and where (8,0) is an inflexible state. To simplify notation 
from here on write h(s, 1) as FAs) and h(s,O) as IFj(s). 

Starting from 

Fo(O) 0, Fj(s) for (s,j) (0,0), 

IFo(O) = O,IFj(s) = -00, for (s,j) =1= (0,0), 

leads to the following recursions for j = 1, ... , n: 

Here the first and the second terms correspond to extending a flexible state at stage j - 1 
with a D2 decision and a D1 decision, respectively, at stage j. 

max {FJ'-l(S - rJ' - XJ') CJ' + qJ'XJ', O<x<d _ J J 

I Fj -1 (s - r j) + Ch I Fj -1 ( S )}. 

Here the first term corresponds to extending a flexible state at stage j - 1 with a D3 or 
D4 decision at stage j. The second term corresponds to extending an inflexible state at 
stage j - 1 with a D4 decision, and the third term corresponds to extending an inflexible 
state at stage j 1 with a Dl decision. The optimal solution 7r

0PT is found in the nth 
stage and is the highest of Fj{ S) and I Fj (S). 

The algorithm based on the above recursion is now described. Generation of the states 
at any stage is done in three steps. Firstly, generate new inflexible states at stage j + 1 from 
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flexible states at stage j. Here possible decisions are D3 and D4. Secondly, for stage, j + 1, 
the inflexible states that can be reached from inflexible states at stage j are calculated. 
Generating inflexible states from inflexible states is algorithmically and complexity-wise 
the same as knapsack where items have size rj and profit Cj; only decisions D1 and D4 
need to be considered. Thirdly, the flexible states that can be generated from earlier 
flexible states are calculated. Again, this is as with knapsack, however, with size rj + dj 
and profit Cj + qjdj ; only decisions D1 and D2 need to be considered. The straightforward 
way of generating inflexible states from flexible ones is to consider all x j E {O, ... , dj I} 
for every flexible state. . 

Going through the recursion by evaluating FA 8) and I FA 8) for 8 = 0, ... , S with 
j = 1, ... , n the time complexity of the DP-method will be O(S (dj + 1)) or O(nS2). 
Storing all intermediate information requires space complexity O( nS). 

The major control of the three steps at each stage of the algorithm is described in 
Figure L In the algorithm, II is the vector of new inflexible state profits generated from 
flexible states. Furthermore IIIF and IIF are the vectors with profit for inflexible and 
flexible states. L, LF and LIF are vectors with the corresponding solutions. We use var to 
declare a parameter that acts as both input and output. Here the optimal value 7r

0PT and 
the optimal solution LOPT are returned from the algorithm. The subroutines Knapsack 
and FlexlnFlex are the knapsack transitions and the flexible to inflexible transitions. The 
knapsack transitions are described in Figure 2. This algorithm is taken from [11, Section 
2.6.1], and can of course be made more efficient when dominated states are removed like 
suggested there. The transitions from flexible to inflexible states are described in Figure 3. 

The next subsection describes how to increase the efficiency of the transition from 
flexible to inflexible states. 

4.3 An improved transition from flexible to inflexible states (DP2) 

This section considers improvements to the naive approach suggested for implementation 
of FlexlnFlex in the last section. This is done by defining a subset of transitions from the 
flexible to the inflexible list that includes an optimal solution if one exists in an inflexible 
state. Note that, in this subsection all states at stage j are assumed to be flexible, while 
those at stage j + 1 are assumed to be inflexible. Only the subroutine FlexlnFlex is refined, 
considering transitions from flexible to inflexible states, i.e., the possible decisions are 
0 < X· < d·-1 - J - J '. 

In general, several states at stage j can often be used to generate the same state at 
stage j + L State 8 at stage j can be used to generate states at stage j + 1 between 
..\(8) = 8 + rj and and f1(8) = 8 + rj + dj -1. 

Lemma 3 Two states 8} and 82 at stage j where 82 > S1 can both be used to generate 8 new 

at stage j + 1 if and only if 8new E p( 81, 82), where 

p(SI, S2) {..\(82)' A(82) + 1, ... , f1(8t) - 1, f1(sd}· 

Then Ip(811 82)1 = max(O, dj + 81 - 82) ~ dj - 1. 
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DYNAMIC PROGRAMMING 

procedure Dynamic Programming (S, d, q, r, c, var 1fOPT, var LOPT) 

begin 

end 

Sp = O;SIP 0 

IIIP(O) := O;IIp(O) := 0 

LIP(O) := 0; Lp(O) := 0 

for j:= 1 to n step 1 

FlexInFlex(sF, II, L, IIF, LF, j, qj, Cj, rj, dj , S) 

Knapsack(sIP,j, qj, rj, IIIP, LIP, S) 

for i := 1 to S step 1 

ifII(i) > IIIP{i) then 

IIIP(i) II(i) 

LIP(i) := L(i) 

end if 

end for 

Knapsack(sF, j, qjdj , rj + dj , IIF, Lp, S) 

end for 

if IIIP(SIP) > IIF(sF)then 

'!r0PT = IIIP(SIP) 

LOPT = LIP (SIP ) 

else 

'!r0PT =IIF(sp) 

LOPT = Lp(sp) 

end if 

Figure 1: A DP to solve single node fixed charge service provision problems. 
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KNAPSACK TRANSITION 

procedure Knapsack ( var s*, j, p, w, var II, var L, S) 

begin 

end 

if s* < S then 

s:= s* 

s· := min(s* + w, S) 

for i s + 1 to s* step 1 

II(i) := II(s) 

L(i) := L(s) 

end for 

end if 

for i := s* downto w step -1 

if II(i) :S II(i - w) + p then 

II(i) := II(i - w) + P 

L(i) := L(i - w) U {j} 

end if 

end for 

Figure 2: Knapsack transitiollroutine for the DP. 

14 



Single node service provision .... October 16, 1998 

FLEXIBLE TO INFLEXIBLE TRANSITION # 1 

procedure FlexInFlex(s*, var IT, var L, ITF, LF,j, q, C, 1', d, S) 

begin 

end 

s := min(s* + l' + d - 1, S) 

for i := 0 to s step 1 

IT(i) :=0 

L(i) := 0 

end for 

for x := 0 to d 1 step 1 

s:= min(s* + l' + x, S) 

for i := l' + x to s step 1 

newp1'ofii := IT(i - l' - k) + c + qx 

ifIT(i) < newp1'ofii and ITp(i) < newprofit then 

IT(i) := newprofit 

L(i) := L(i r - k) U {j} 

end if 

end for 

end for 

Figure 3: Straightforward implementation of FlexlnFlex in (DPl). 

15 
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Proof: The lowest capacity state that can be generated from S2 is )'(S2). The highest 
capacity state that can generated from SI is J..L(st). Then Ip(sl, s2)1 = J..L(st) - ).(S2) + 1 = 
(sl+rj+dj 1) (S2 rj)+l=dj SI- S2' 0 

vVe will use the expression overlapping states defined here: 

Definition 3 If SI and 82 at stage j can both be used to generate some new state Snew at 
stage j + 1 (that is when Ip(sl, s2)1 > 0) they are known as overlapping states. 

Lemma ,4 Consider two overlapping states of stage j, SI and S2 where Sz > SI. It is 
only necessary to generate states at stage j + 1 in P(Sl,82) from state Sl if Fj(82) < 
FAs l) + (S2 - sdqj and from state S2 otherwise. 

Proof: Choose any state s E p( SI, 82)' Assume that 11"1 is the profit achieved if this state is 
generated from SI and 11"2 is the profit achieved if this state is generated from S2. Remember 
that s = SI + Tj + Xj where 0 :::; Xj :::; dj - 1. Then 11"1 = Fj(st) + Cj + (s - SI - rj)qj. 
Likewise, 7r2 = Fj(s2) + Cj + (s - S2 - rj)qj. Then 7r2 < 7rl {:} Fj(s2) < Fj(sl) + (S2 - SI)qj. 

Now choose another state s' E P(Sl, S2) with corresponding profits 7r~ and 1r~. Because 
of linearity 7r~ = 11"1 qj(S' - s) and 7r~ = 7r2 + qj(s' s). Assuming that 1r2 < 7rl) 

11"~ = 11"1 + qj( s' - s) > 7r2 + qj( s' s) 7r~ and the lemma holds. 0 

This is utilized when the recursion table is calculated. At stage j + 1, begin by creating 
new states based on the states from stage j. The earlier approach in DP1 can best be 
described like this. In some current state Scur at stage j consider all new states that can 
be generated from it based on its possible decisions Xj E {O, ... , dj - I}. This is done 
sequentially starting at Scur = 0 and increasing Scur by one after all possible x-values are 
examined. 

In DP2 this approach is modified. For a state Scur at stage j start examining all decisions 
from x j E {£( Scur ), ... , dj - I} where £( s) is the lowest x j we need to consider for the state s. 
Start with £(s) = 0, Vs. Each of these x decisions leads to a new state Snew = Scur + rj + Xj 
at stage j + 1. For each x j decision also consider the state Scand = Scur + X j as a candidate 
to generate Snew. This is in fact the last state for which Snew E p( Scur, Scand). It follows from 
Lemma 4 that if Scand generates Snew with a higher profit than Scur does, Scand is preferred 
in all new states in p(scur' Scand). Hence from Lemma 4 if 

(3) 

Scur does not need to be considered for generating any new states 'from this point. State 
Scur + 1 can now be considered. If Scur was the best and (3) does not hold, no Xj decision 
in Scand that leads to a new state Snew E p(scur, Scand) needs to be considered. Hence we 
update £(Scand), the lowest Xj to consider at a later point when Scand is revisited to generate 
new states from it. The new f( Scand) must satisfy Scand + rj + £(Scand) = J..L(Scur) + 1, which 
means that 

Scur + r j + dj 1 + 1 - r j - Scand 

Scur - Scand dj 

dj - xj, 
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Figure 4: The transition from flexible to inflexible states 

by the definitions of J-l( scur) and Scand. 
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This approach is illustrated in Figure 4. Here rj = 1, qj 2, Cj = 3 and dj = 4. 
Furthermore, Scur 1. Firstly, consider Xj = 1, 3 cand Scur + Xj = 2 and 3 new = 
3 cur + 'T'j + Xj = 3. It is clear that when 3 new is generated from s = 1 the profit is 
5 + 3 + 2 10. When it is generated from 3 = 2 the profit is 6 + 3 = 9. Hence, 3 cur 

is preferred to 3 2 and £(2) = dj - Xj 4 - 1 = 3. When 3 = 2 is revisited to 
generate new states, only decision Xj 3 will be considered. Next consider Xj = 2 and 
3 new = 3 cur +rj +2 = 4. Notice that the profit in 3 new that can be generated from 3 cand = 3 
is 10 + 3 13. The profit that can be generated from 3 cur = 1 is 5 + 3 + 2 x 2 = 12. Then 
3 cand is preferred to generate the new states in p(l, 3) = {4, 5}. Hence set 3 cur = 2 and 
consider the lowest necessary decision, Xj = £(2) and continue in the same way. 

An algorithm based on this is given in Figure 5. Here II is a vector with the new 
inflexible profits for each state, and IIF is the same list for old flexible states. Land LF are 
vectors with the corresponding solutions. The computational complexity is still O(nS2), 
but in practice this version usually does less work. 

4.4 Further improvements (DP3) 

In the example of the previous section it is quite easy to see that the algorithm could have 
jumped directly to 3 = 3 instead of setting 3 cur = 2 after concluding that the candidate 
state 3 was better than the current state 1. This is because state 3 dominated state 1 
which we already knew dominated state 2. It is possible to generalize by keeping track 
of a sorted next-list where the capacity of the states increases down the list. In addition 
the efficiency of generating new states decreases down the list; if 31 and 32 are both in the 
list and 31 < 32 then 31 gives the highest profit of the two for 3new E p( 3}, 32)' If this was 
not the case there would be no reason to have 31 in the list as the new states that can be 
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FLEXIBLE TO INFLEXIBLE TRANSITION # 2 

procedure FlexlnFlex(s*, var ll, var L, llF, LF,j, q, c, r, d, S) 

begin 

. end 

S := min(s' + r + d 1, S) 

for i := 0 to S step 1 

£(i) := 0; ll(i) := 0; L(i) := 0 

end for 

SCti,. := 0 

while Setir ~ s· do 

for x = £(sctir) to dj - 1 step 1 

Scand := Seu,. + X 

Snew := Scur + r + x 

if Snew > S then exit for 

if (llF(Scand) ~ llF(Scur) + qx and Scand <> SCti!') then 

exit for 

else 

newprofit :=llF(Scur)+C+qx 

if newprofit > ll(snew) and newprofit > llF(Snew) then 

ll( Snew) newpro fit 

L(snew) = LF(Sctir) Uj 

l(Scand) d - x 

end if 

end if 

end for 

Sctir = Bc"r + 1 

end while 

Figure 5: The (DP2) subroutine for the transition from flexible to inflexible states 

18 
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generated from it also can be generated from 82. 

So the refined routine would be as follows. Whenever Scand dominates Scur it also 
dominates the states in the next-list so jump directly to it. On the other hand, if it is 
dominated by Scur insert it in the next-list as early as possible. All states following it in 
the next list can be removed, as their generation possibilities are covered by Scand. The f 
index of the candidate is adjusted to reflect the fact that the first elements in the next list 
are preferred to it. Whenever a current state is completely explored go to the first state 
in the next-list instead of going to Scur + 1 as before. The most important aspect of this, 
though, is the ability to jump to the candidate whenever it is better than the current state. 

If the next-list is implemented as a circular array of length dj - 1 with the start and 
the end of the list floating, deleting states that are worse than the candidate state can be 
implemented in O( 1) time. Insertion of the candidate state can then be done in O(log dj ) 

time by binary search. The space complexity of the list is O( dj ). For every new state 
compare the candidate state to the current state and at most log dj elements of the next
list. Each of the S new states at a stage is generated only once. This is repeated at all n 
stages. The the overall computational complexity is O(nS log S). 

The algorithm is described in Figure 6. Here the function U pdateList( Scand) inserts 
Scand into the next-list and returns the new f( Scand) according to this. The function FirstO 
returns the first state in the next-list and updates its start pointer. The implementation 
of lists and circular ring arrays are described, for example, in [1]. Note that this new 
algorithm is only different from the one in Figure 5 in the three lines marked by *. 

5 Computational results 

The three dynamic programming algorithms described in Section 4 were tested on 201 
test problems. We first describe how the test problems were created before comparing 
the algorithms. In addition, computational results are given indicating that the fixed 
charges influence the likelihood of finding an integer feasible solution when solving the 
LP-relaxation. The last results are related to Section 3. 

5.1 The test problems 

We began with a set of 67 problems for the single node service provision problem without 
fixed charges (SP). These test problems were randomly generated, but created so that the 
ratios r j / dj , Lj dj / Sand dj / S varied from problem to problem. Given the lack of real 
data for the problem, this was done to get a wide variety of instances for testing. 

The fixed charge problems were generated by creating three new instances for each 
of the 67 original ones. For the three new instances fixed charges were drawn randomly 
between respectively [-ab all, [-a2, a2] and [-a3' a3] where al < a2 < a3' These constants 
were not the same for all instances. The choice of fixed charges was motivated by the 
type of dual prices one could expect to get from a scenario decomposition algorithm (see 
Section 2). In total 201 fixed charge problems were created in this way. 
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FLEXIBLE TO INFLEXIBLE TRANSITION # 3 

procedure FlexlnFlex(s',var II,var L,IIp,Lp,j,q,c,r,d,S) 

begin 

end 

s := min(s* + r + d - 1, S) 

for i := 0 to s step 1 

£( i) := 0; II( i) 0; L{i) := 0 

end for 

Scur := 0 

while Scur ::; s* do 

for x f(scur) to dj 1 step 1 

Scand := Sctlr + X 

Snew := Sc'Ur + r + x 

if Snew > S then exit for 

if (lIp (Scand) ;::: IIp(sctlr) + qx and Scand <> sc'Ur) then 

f(Scand) UpdateList(scand) 

# puts Scand as the first element as it is better than Scur 

exit for 

else 

newpro fit := IIp (scur) + c + qx 

if newprofit > II(snew) and newprofit > IIp(snew) then 

II(snew) = newprofit 

L(snew) = Lp(sctlr) Uj 

f(Scand) d - x 

end if 

f(Scand) = UpdateList(scand) 

end if 

end for 

Scur FirstO 

end while 

* 

* 

* 

Figure 6: The (DP3) subroutine for the transition from flexible to inflexible states 

20 
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Figure 7: Average number of iterations (calculations of the recursion function). 

The number of problem instances of different sizes in terms of the number n of subser
vices is given in Table 1. For any number of subservices at least 9 and at most 33 instances 
were solved. The node size varied between 500 and 3000 for the problems. 

Table 1: Number of test problems with different size in terms of subservices. 

n 10 25 50 75 100 125 150 200 250 
instances 27 27 27 9 9 9 33 27 33 

5.2 Dynamic programming 

In the figures describing statistics for the algorithms, the x-axis gives the number of sub
serVIces. 

Figure 7 presents the main number of iterations (overall number of decisions considered) 
used by the algorithms in their FlexlnFlex subroutines. As expected DPl uses the highest 
number of iterations, while DP3 is the best one. DP2 has worst case time complexity like 
DPl, but in practice it turns out to be closer to DP3. Figure 8 depicts the average solution 
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Solving single node service provision with fixed charges 
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Figure 8: Average solution time for the dynamic programs. 
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times in seconds for the different number of subservices. Here DP3 is the worst and DP2 
is the best. This is probably due to the amount of work done in each iteration of DP3 
and the fact that DP2 also uses few iterations on average, but hardly does any work per 
iteration. 

Also for the minimum and maximum solution times in Figure 9, DP2 comes out best. 
Here note that the maximum times are around 40 seconds for the worst algorithm while 
the highest minimum times are around 4 seconds. Note that these comparisons are done 
in increasing number of subservices. Comparing by increasing node size of the problems, 
one would expect the performance of DP3 to improve compared with the other two as 
5 becomes large, due to its better computational·worst~casebehavior in terms-of the
parameter S. 

DP2 is a relatively fast and robust algorithm to solve (FSP). It is still interesting 
to compare how fast it is relative to a standard off-the-shelf mixed integer code. It was 
compared with OSL with default settings. Not surprising the main strength of the dynamic 
programming algorithm was its robustness in terms of maximum solution times. Even 
though DP2 is faster also on average, the effect of using branch and bound compared to a 
more predictable method as dynamic programming is best observed when considering the 
minimum and maximum solution times in Figure 10. Note that the time-axis is logarithmic, 
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Minimum solution times for different problem sizes: using DP 
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Figure 9: Minimum and maximum solution times for the dynamic programs. 
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branch and bound versus DP for fixed charge problems: min/max times 
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Figure 10: Dynamic programming versus branch and bound: min/max solution times. 

so while branch and bound for the worst instances takes around one hour DP2 still solves 
the problem in a few seconds. In fact for many of the large instances branch and bound 
stopped without confirming that it had found the optimal solution. 

All the tests ran at a Sun Ultra 2 machine with two 200Mhz processors and 1 Gb of 
memory. 

5.3 Integer feasible solutions in the LP-relaxation 

In some cases we observed that branch and bound was remarkably fast compared to dy
namic programming. Examining these cases closer showed that this was because the LP
relaxation actually gave the optimal solution'; so that no brancliin'g . was ~ecessary. The 
theory from Section 3 indicated that that this could happen relatively often due to the 
structure of the LP basis. We wanted to examine whether the size of Cj influenced this 
likelihood and therefore examined the frequency by partitioning the problem instances 
into the sets small, medium and large depending on whether their fixed charges where 
generated based on at, az or a3 respectively, as described in Section 5.1. 

In Figure 11 the results are shown. In the case where no fixed charges were present, 
only 2 of the 67 instances gave an integer feasible solution .. The number increased to 7 
for the instances with the smallest fixed charges and 42 for the instances created with the 
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LP-relaxations with feasible integer solution 
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Figure 11: Number of integer feasible solutions for the LP-relaxation. 
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largest interval of fixed charges. 
It is reasonable to ask if the negative fixed charges have any influence on this, as very 

negative fixed charges clearly make some subservices uninteresting and in practice reduce 
the problem size. The same figure shows what happened when only positive fixed charges 
were used. Here the fixed charges were randomly drawn for the sets smail, medium and 
large from the intervals [0, a4], [0, a5] and [0, a6] respectively, with a4 < a5 < a6' Again the 
trend is clear. The numbers are not directly comparable to the case where fixed charges 
could also be negative, because the size of the fixed charges are not the same. 

These results indicate that before one runs th.e DP2 algorithm to solve a (FSP) instance, 
one should check if the LP-relaxation gives a feasible integer solution. The LP-solution 
can be found in O( n) time, as discussed in Section 3. 

6 A fully polynomial approximation scheme 

Finally we give a fully polynomial time approximation scheme (fptas) for single node service 
provision with fixed charges. 

Firstly a dynamic programming recursion is given where profit is the state space and the 
recursion function value is capacity. Then we indicate a scaling approach similar to the one 
that is known for the knapsack problem and prove that the corresponding t-approximation 
for (FSP) can be found in polynomial time. 

6.1 A dynamic programming recursion 

Let the stages of the DP-formulation correspond to the sub services numbered 1, ... , n. Take 
7T' as a state of the recursion, this is the profit to be achieved. Define FA 7T') as the minimum 
node capacity required to obtain a profit of at least 7T' in a flexible state using the subservices 
1, ... ,j, j 1, ... ,n. In addition IFj(7T') is the minimum node capacity required to obtain 
a profit of at least 7T' in an inflexible state. Flexible and inflexible states are defined in 
Section 4. 

Starting from 

Fo(O) = 0, Fj( rr) = 00, \I( rr, j) # (0,0), 

IFo(O) ~,IFj(rr) ---:00, V(rr,j) (~;~h 

this leads to the following recursion for j = 1, ... , n 

Here the first and the second term correspond to extending a flexible state at stage j - 1 
with a D2 decision and a D1 decision, respectively, at stage j. 

IFArr)= min {Fj_l(rr-Cj-xjQj)+rj+xj, 
O$.xj<dj 

IFj_1 (7T' - Cj) + rj,IFj_l(rr)}. 
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Here the first term corresponds to extending a flexible state at stage j - 1 with a D3 
or D4 decision at stage j. The second term corresponds to extending an inflexible state at 
stage j - 1 with a D4 decision, and the third term corresponds to extending an inflexible 
state at stage j - 1 with a D1 decision. The optimal solution 7r0PT is found in the nth 
stage. 

Evaluating each Fj(7r) and IFj(7r) requires dj + 1 comparisons. Going through the 
recursion by evaluating Fj( 7r) and I Fj( 7r) for all j = 1, ... , n before evaluating any Fj( 7r + 1) 
and IFj(7r + 1), the time complexity of the DP-method will be O(7r°PT 2:,j=l(dj + 1)) or 
O(n7r°PT S). Storing all intermediate information requires space complexity O(n7r°PT ). 

The recursion can be improved using the techniques of Section 4.4. Then the compu
tational complexity will also be improved to O(n7r°PT log S). The next subsection shows 
how this leads to a (fptas). 

6.2 The scaling routine 

The (fptas) presented here is inspired by the work done by Ibarra and Kim [8] and 
Lawler [10] for the knapsack problem and by Dye, Stougie and Tomasgard [5] for the 
service provision problem. First the problem is reformulated. Each variable Xj is scaled 
by its demand dj so as to obtain a variable Yj = xj/dj , that has values in the set 
{O,l/dj , ... ,(dj -1)/dj ,I}, j = 1, ... ,n. In order to retain the same optimal value each 
of the profit coefficients, qj, is multiplied by the corresponding demand dj ; qj = qjdj . 

I 

Starting from this formulation scale the profit coefficients with a factor k > 1: ijj = l7:-J 
and Cj = l 't J j = 1, ... , n, and use the DP from Section 6.1 on the scaled problem. After 
having found the optimal solution to the scaled problem, multiply the value obtained by 
k as an approximation if" to the optimal value 7r0PT of the original problem. Let yfPT, 
and fJi, j = 1, ... , n be the values for the y-variables in an optimal solution for the original 
problem and the scaled problem, respectively. 

n n n n 

7r k(L: ijjih + L: CjZj) 2: k(L: ijjyfPT + L: CjZfPT) 
j=l j=l j=l j=l 

n n n 

> L:(qj - k)yfPT + L:(Cj - k)zfPT 2: 7r0PT - k L:(yfPT + zfPT). 
j=l j=l j=l 

Take k = m G /2n where 7rG is the solution value from the LP-based greedy algorithm 
described in Section 3. From the above it follows that 

2:,~ (yC?PT + zC?PT) 7r G < E )=1) ) __ 

2n 7roPT 

2:,j=l (yfPT + zfPT) < < E E. 
2n -

The time to solve the scaled recursion is O(n7r°PT log S/k). Observe that 
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so that the time complexity is O(n2 10g Sic). 
The time complexity can be further improved by applying techniques similar to the 

ones suggested in [10]. 

7 Conclusions 

We have discussed applications and solution methods for the single node service provision 
problem with fixed charges. The problem has applications in telecommunications where 
fixed charges come from the pricing structure, as well as in other areas like production 
planning with set-up costs. It is also interesting to note that the fixed charges can come 
from dual prices in a scenario decomposition of the stochastic service provision problem. 

We showed how the LP-relaxation of this fixed charge problem can be solved in O( n) 
time and gave theoretical motivation, as well as computational results, that indicates that 
it is worthwhile to solve the LP to check if it has an integer feasible solution. Especially 
in a scenario decomposition approach for the stochastic service provision problem this can 
be very useful as many problems are solved and the check can be done in O( n) time. 

We gave a set of pseudo-polynomial time dynamic programming algorithms for the 
problem. Computational results show that dynamic programming is a fast and robust 
approach to solve the problem to optimality. Based on the dynamic programming results 
and earlier work done on knapsack problems and the service provision problem without 
fixed charges, we gave a fully polynomial time approximation scheme. 

Our motivation for examining this problem was originally to find a pseudo-polynomial 
algorithm to solve subproblems in a scenario decomposition of the stochastic version of 
the service provision problem. We have shown that such algorithms exist, but only more 
work can show if such decomposition schemes make it possible to solve hard stochastic 
problems. The motivation for this future work on decomposition is not speed, but being 
able to solve or bound problem instances that are too hard to be solved by branch and 
bound when the bounds are based on the LP-relaxation. Future work includes search for 
an efficient algorithm to update the dual prices. 
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