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Decaying two-dimensional turbulence in square containers with no-slip
or stress-free boundaries

H. J. H. Clercx, S. R. Maassen, and G. J. F. van Heijst
Department of Physics, Eindhoven University of Technology, P.O. Box 513, 5600 MB Eindhoven,
The Netherlands

~Received 29 July 1997; accepted 18 November 1998!

We report results of direct numerical simulations of decaying two-dimensional~2D! turbulence
inside a square container with rigid boundaries. It is shown that the type of boundary condition
~no-slip or stress-free! determines the flow evolution essentially. During the initial (0<t
<0.2ARe) and intermediate (0.2ARe<t<3ARe) stages of decaying 2D turbulence (t>1 is
comparable with an eddy turnover time, Re is the Reynolds number of the flow!, the decay scenario
for simulations with no-slip boundary conditions can be understood from turbulent spectral transfer
and selective decay. A third mechanism can be recognized fort>3ARe: A decay stage where
diffusion dominates over nonlinear advection, i.e., spectral transfer is then absent in favor of
self-similar decay. The present results show that at presently accessible Reynolds numbers and
computation times, laboratory experiments cannot be accurately compared with quasi-stationary
states from ideal maximum-entropy theories or with computed solutions of flows in containers with
stress-free boundaries. The decay which results in rectangular containers with no-slip boundaries
does not yet yield anything that is meaningfully comparable with these formulations. The evolution
of the number of vorticesV, the average vortex radiusa, the ratio of enstrophyV over energyE,
and the extremum of vorticity~normalized byAE! have been computed based on ensemble
averaging of the no-slip runs. An algebraic regime has been observed withV(t);t20.90, a(t)
;t0.31, V(t)/E(t);t20.63, andvext(t)/AE(t);t20.30. Finally, quantities such as a measure of the
viscous stresses near the boundaries have been computed in order to analyze the decay of 2D
turbulence in containers with rigid boundaries. ©1999 American Institute of Physics.
@S1070-6631~99!01403-8#
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I. INTRODUCTION

High-resolution numerical simulations of decaying tw
dimensional~2D! turbulence have revealed many interesti
features concerning flow dynamics, inertial range ene
spectra, mixing properties of the flow, passive tracer dyna
ics, etc. Two specific aspects of the flow dynamics of dec
ing 2D turbulence are relevant in the context of the num
cal simulations reported in this paper. The first one conce
the formation of small-scale structures in the form
vorticity-gradient sheets at early times of the flow evolutio
a property of the flow dynamics nicely illustrated in hig
resolution numerical simulations of decaying 2D turbulen
on a double-periodic domain by, e.g., Brachetet al.1,2 During
the later stage of the flow evolution another characteri
aspect of decaying 2D turbulence is observed: The em
gence of coherent vortices. This process has been show
direct numerical simulations of decaying 2D turbulence o
double-periodic domain by, for example, Matthaeus a
Montgomery,3 who reported for the first time on large-sca
convection cells in a Navier–Stokes simulation with perio
boundary conditions, by McWilliams,4 and by Santangelo
Benzi, and Legras.5 During a long-time integration of the
Navier–Stokes equations, Matthaeuset al.6 observed the ap
pearance of a quasi-steady final state consisting of two
tices with opposite circulation.

Numerical studies of decaying 2D turbulence are gen
6111070-6631/99/11(3)/611/16/$15.00
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ally based on simulations of the Navier–Stokes equations
incompressible flows on a square domain with perio
boundary conditions. We report here on results of numer
simulations of decaying 2D turbulent flows on a square
main with impermeable boundaries, for Reynolds numb
up to 2000 with eitherno-slipor stress-freeboundary condi-
tions. The definition of the Reynolds number in the pres
simulations is based on the root-mean-square~rms! velocity
of the initial flow field and the half-width of the domain
Simulations of the full 2D Navier–Stokes equations, i.
without artificial dissipation replacing diffusion, are carrie
out with a 2D Chebyshev pseudospectral algorithm with
maximum of 289 Chebyshev modes in both directions.

The present numerical study of decaying 2D turbulen
in a container with rigid boundaries is primarily motivate
by laboratory observations. Examples are the experime
studies of decaying 2D turbulence in stratified fluids, obs
vations of strong vortex–wall interactions in bound
quasi-2D flows, and the emergence of large-scale coun
rotating vortices in rectangular containers with the vort
radii comparable with the width of the container. Expe
ments on 2D turbulence have been carried out in rectangu
square, or circular containers filled with fluid. The containe
were either rotating~see Ref. 7 and references therein! or
filled with a linearly stratified or a two-layer fluid.8–10 The
initial random flow field in stratified fluids was obtained b
stirring with a rake,8 or by using sources and sinks, as w
© 1999 American Institute of Physics
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done in the experiments by Boubnov, Dalziel, and Linden10

Alternative techniques for investigating 2D flow dynami
are based on electromagnetic forcing mechanisms. Exam
are the experiments by Nguyen Duc and Sommeria11 with a
shallow layer of mercury subjected to magnetic forcing a
the electromagnetically forced electrolyte solutions used
experiments by Tabelinget al.12 and Marteau, Cardoso, an
Tabeling.13 In all these cases, the flows were bounded
walls, at which no-slip conditions apply. Several theoreti
approaches for investigating 2D flows take into account
presence of impermeable boundaries, although neithe
them of no-slip type. Examples are the study by Pointin a
Lundgren14 on the statistical mechanics of 2D vortices in
bounded container and the classification study of s
organized structures in 2D turbulence in perfect fluids~Euler
flows! by Chavanis and Sommeria.15 The latter approach is
based on an application of a maximum entropy theory.16,17A
description in terms of the maximum entropy principle h
also been used for the coherent structures appearing in c
puted solutions of 2D decaying Navier–Stokes flow with p
riodic boundary conditions.18–20 Additionally, numerical
simulations of decaying 2D turbulence in containers w
rigid stress-free walls have been reported.21,22These theoret-
ical and numerical studies concerned flows in contain
with free-slip or stress-free boundaries, leaving the ques
unanswered as to what extent realistic, no-slip boundary c
ditions play a role in the flow evolution. A comparison b
tween the decay process of 2D turbulence in the presenc
no-slip and stress-free boundary conditions seems wo
while in order to show the entirely different flow evolution
both cases, owing to the crucial role of the boundary lay
in the flow dynamics in containers with no-slip boundarie

Recently, Li and Montgomery23 and Li, Montgomery,
and Jones24,25 have reported results of computations of d
caying 2D turbulence inside a circular rigid boundary. Sim
lations with no-slip boundaries and an initial velocity fie
containing a large amount of net angular momentumL re-
vealed a very slow decay ofL, and the presence of angula
momentum in the initial flow field seems to play a cruc
role in the flow evolution.24 For this case, the quas
stationary intermediate state consists of a monopolar vo
in the center of the circular container. In contrast, runs w
L(t50)50 ~and which remains approximately zero durin
the decay of 2D turbulence! showed the eventual formatio
of an intermittent dipolar structure. The vorticity produced
the boundary layer between the dipole and the no-slip bou
ary is predominantly accumulated in the wake of the dipo

The organization of this paper is as follows: The gove
ing equations in dimensionless form, the time discretizat
scheme, and the spatial approximation by a Chebyshev p
dospectral method are recalled in Sec. II. Additionally, n
merical convergence is briefly discussed. Results of num
cal simulations of decaying 2D turbulence with no-s
boundary conditions are presented in Sec. III, and in Sec
the decay scenarios for numerical simulations with no-s
and with stress-free boundary conditions are compared
Sec. V the results and conclusions are summarized.
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II. NUMERICAL ALGORITHM AND INITIALIZATION
PROCEDURE

Numerical simulations are performed with a 2D Cheb
shev pseudospectral method which is here only briefly
viewed. Technical details of the numerical code are
scribed elsewhere.26 The flow domainD with boundary]D
is a two-dimensional square cavity—in dimensionless fo
the square@21,1#3@21,1#, Cartesian coordinates in
frame of reference are denoted byx andy, and the velocity
field is denoted byu5(u,v). The equation governing the
nondimensional~scalar! vorticity v5(]v/]x)2(]u/]y) is
obtained by taking the curl of the momentum equation. T
following set of equations has to be solved numerically:

]v

]t
1~u•¹!v5

1

Re
¹2v in D,

~1!
¹2u5k3¹v in D,

with the boundary conditionu5ub (ub50 for no-slip
boundaries! and enforcingk•¹3u5v on ]D by an influ-
ence matrix method.26 An initial condition, vu t505k•¹
3ui , whereui is the initial velocity field, is also supple
mented. The Reynolds number is defined as Re5UW/n, with
U a characteristic velocity~based on the rms velocity of th
initial flow field!, W the half-width of the box andn the
kinematic viscosity of the fluid. The time is made dimensio
less withW/U, and t>1 is comparable with an eddy turn
over time. Time discretization of the vorticity equation@Eq.
~1!# is semi-implicit: It uses the explicit Adams–Bashfor
scheme for the advection term and the implicit Cran
Nicolson procedure for the diffusive term. Both compone
of the velocity and the vorticity are expanded in a doub
truncated series of Chebyshev polynomials, e.g., for the
locity field:

u~x,y,t !5 (
n50

N

(
m50

N

ûnm~ t !Tn~x!Tm~y!, ~2!

where the Chebyshev polynomialsTn(x)5cos(nu) with u
5cos21(x). Transformations from physical space to the sp
tral space of expansion coefficients, and vice versa, can
performed efficiently by employing fast Fourier transfor
~FFT! methods. All numerical calculations, except the eva
ation of the nonlinear terms, are performed in spectral sp
i.e., the coefficientsûnm(t) andv̂nm(t) are marched in time.
FFT methods are used to evaluate the nonlinear terms
lowing the procedure designed by Orszag,27 where the pad-
ding technique has been used for de-aliasing.

The initial condition for the velocity field, denoted b
ui , is obtained by a zero-mean Gaussian random realisa
of the first 65365 Chebyshev spectral coefficients of bothui

andv i , and subsequently applying a smoothing procedure
order to enforceui50 at the boundary of the domain. Th
variancesnm of the velocity spectrum ofui is chosen as

snm
2 5

n

@11~ 1
8n!4#

m

@11~ 1
8m!4#

, with 0<n,m<64,

~3!
 or copyright; see http://pof.aip.org/about/rights_and_permissions
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andsnm[0 for n,m>65, and the resulting flow field is de
noted by U(x,y). The smoothing function isf (x)5@1
2exp(2b(12x2)2)#, with b5100. The initial velocity field
is thus: ui(x,y)5 f (x) f (y)U(x,y), where the flow field is
normalized in order to enforce theL2-norm of the velocity
per unit surface of the initial flow field to be equal to unit
The kinetic energy and the enstrophy of the flow are defi
as

E5
1

2 E21

1 E
21

1

@u2~x,y!1v2~x,y!#dxdy, ~4!

V5
1

2 E21

1 E
21

1

v2~x,y!dxdy. ~5!

It should be emphasized that for all numerical runs the
netic energy of the flow field drops fromE(t50)52 @see
Eq. ~4!# to E(t501)>1 during the first time integration
step, because the initial velocity field, with¹•uiÞ0, is then
projected onto the subspace of divergence-free velo
fields. Values for the energy and enstrophy during the sim
lations are normalized with their values obtained after
first time integration step. A more proper treatment for o
taining a divergence-free initial velocity field is discussed
a review paper by Gresho,28 but for the present simulation
the procedure described above is sufficient; the details of
initial flow field are not important.

The angular momentum of the flow, defined with resp
to the center of the container, is

L5k•E
21

1 E
21

1

r3u~x,y!dxdy

52E
21

1 E
21

1

c~x,y!dxdy, ~6!

with the stream functionc defined in the usual way,u
5]c/]y andv52]c/]x. The right-hand side~rhs! of Eq.
~6! is obtained by using the condition thatc is constant at the
boundary of the domain~actually, we setc50 on]D!. Due
to the initialization procedure of the flow field, the total a
gular momentum att50 is not exactly zero, but still small
However, the mean value of the total angular moment
over a large number of realizations is zero.

Simulations have been carried out for three values of
Reynolds number: Re51000, 1500, and 2000. As a first ste
the minimum number of Chebyshev modes required in or
to get a well-resolved simulation of the flow dynamics, h
been investigated. The qualification ‘‘well-resolved’’ mea
that the smallest scales are resolved and that the decay
cess becomes effectively independent of a further increas
the number of degrees of freedom used in the numer
simulations. In all numerical experiments it appeared that
convergence criterion results in a minimum number
Chebyshev modes which is roughly proportional withARe in
each direction~see Table I where also other relevant info
mation for the runs with no-slip and stress-free boundarie
summarized!. This observation is consistent with analys
reported in the literature for homogeneous, isotropic 2D t
bulence, where it has been shown that the total numbe
nloaded 07 Aug 2011 to 131.155.2.66. Redistribution subject to AIP license
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degrees of freedom (N3N) of 2D turbulence is of the orde
of the Reynolds number. A fit through the data from Tabl
in a log–log plot of Reynolds number versus number
Chebyshev modes gives roughly:N>6ARe. These experi-
mentally obtained minimum numbers of Chebyshev mo
are consistent with the requirement that the dimension
dissipation wave numberkd52pld

215W(e/n3)1/6, with e
the instantaneous enstrophy decay rate per unit area, is
ficiently lower thanN. This relation can be written asld

>8 Re21/2 ē21/6.2/N, with ē the dimensionless enstroph
decay rate~as obtained from the computations!. With N
>6ARe, the following relation is found for the dimension
less enstrophy decay rate:ē,23108. This condition is al-
ways satisfied for the runs discussed here~see Table I where
estimated values forē are listed!.

III. COMPUTATIONAL RESULTS; NO-SLIP BOUNDARY
CONDITIONS

A. General features

The flow evolution of decaying 2D turbulence on
square domain with no-slip boundary conditions can be ch
acterized, at least up to Re52000, by three stages~the rel-
evant time scales associated with these stages are disc
in Sec. III B!. The initial stage consists of a rapid self-
organization process due to merging of like-sign vortices a
the formation of mainly medium-sized dipoles. This proce
is nicely illustrated in Figs. 1~a!–1~d! where vorticity con-
tour plots from a simulation of freely decaying 2D turb
lence with Re52000 are presented. Average scales presen
the random initial vorticity field have characteristic leng
scalesl that are roughly two orders of magnitude smal
than the container size, i.e.,l(t50)>0.01W. The average
size of the vortices increases rapidly tol(t51)>0.2W and
to l(t55)>0.4W @see Figs. 1~a!–1~c!#. The self-
organization process is accompanied by the formation
steepening of vorticity gradients by strain in the interior d
to vortex interactions, and the formation of boundary lay
due to shear near no-slip walls. The intense vorticity fi
ments produced in the boundary layer are either injected
the flow interior, where they are elongated in stra
dominated parts of the flow field, resulting in thin vorticit
gradient sheets, or they roll up into a vorticity blob. In th
latter case they usually pair with the neighboring~primary!
vortex, thus forming a dipolar structure. This process
comes increasingly important as fromt>1 @see Figs. 1~a!
and 1~b!# when sufficiently strong dipoles have been forme
Boundary layer detachment and subsequent advection

TABLE I. Characteristics of the runs presented in this paper; these pa
eters were the same for the runs with no-slip and with stress-free boun
conditions.

Re N Time step Latest time ēmax

500 128 2.531024 400 23106

1000 180 2.531024 400 83106

1500 216 1.531024 400 23107

2000 288 1.2531024 400 53107
 or copyright; see http://pof.aip.org/about/rights_and_permissions
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FIG. 1. Vorticity contour plots of a
simulation with no-slip boundary con-
ditions, Re52000. Dashed contours
represent negative vorticity, and
drawn contours represent positive vo
ticity. The contour level increment is
~a! 3, ~b! 1.5, ~c! 0.75,~d! 0.4, ~e! 0.2,
and ~f! 0.1.
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the interior of the flow is clearly observed in Figs. 1~c!–1~e!
(t>5, 10, and 20, respectively!. The higher the Reynolds
number, the longer this process of boundary layer deta
ment and dipole formation continues. Thesecond stageis
characterized by the presence of strong vortex–wall inte
tions and the formation of coherent structures with si
comparable with the container dimension@see Figs. 1~e! and
1~f!#. During this stage, the absolute value of the angu
momentum of the flow often increases rapidly, and dec
afterwards only very slowly. This sudden increase of
angular momentum reflects thespontaneous spin-upof the
flow.29 To illustrate this phenomenon, the angular mome
tum for two simulations with Re52000, which show spon
taneous spin-up, is plotted in Fig. 2~the upper curve corre
sponds to the run shown in Fig. 1!. It is worthwhile to note
that the angular momentum of the same amount of fluid, w
total kinetic energyE51, in solid body rotation isuLsbu
>2.3. Since the angular momentum of unbounded visc
flows is conserved when the total circulation~as in bounded
domains with no-slip walls! is zero, the spontaneous spin-u
of the flow is a process which is entirely due to the finiten
of the flow. A practical implication of the spin-up phenom
enon is that a torque needs to be exerted on the contain
order to prevent spontaneous rotation of the container, s
the total angular momentum of the torque-free flu
container system is conserved. Several runs have been
ried out with Re51000, 1500, and 2000~see Table II! and
approximately 75% of these runs shows spontaneous s
up. The flow during the intermediate stage is then alw
characterized by the presence of a strong monopolar
rotating tripolar structure. A small minority of the run
shows no spin-up at all, and during the intermediate stag
nloaded 07 Aug 2011 to 131.155.2.66. Redistribution subject to AIP license
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these runs usually a dipolar or quadrupolar structure
found. Thethird stageis characterized by a relaxation pro
cess to a monopolar structure that is more or less situate
the center of the container, subsequently followed by visc
relaxation.

Two important processes for the self-organization of
flow are the spectral transfer due to nonlinear interacti
and the selective decay hypothesis, which states that hi
spectral components, which are excited by turbulent spec
transfer, dissipate more rapidly than the lower spec

FIG. 2. The angular momentumL plotted vs dimensionless timet for Re
52000 for two typical runs that show spontaneous spin-up.
 or copyright; see http://pof.aip.org/about/rights_and_permissions
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components.3 These two processes are responsible fo
spectral accumulation at the lowest frequencies. Recent
third important process during nonlinear self-organizat
has been recognized by Kondohet al.21 for incompressible
viscous flow with stress-free boundary conditions (v50 on
]D!. This process consists of the interchange of domina
between the two physical processes which determine
flow evolution. The early and intermediate decay stages
predominantly determined by the action of the nondissipa
nonlinear term, but in the later stage of decay the dissipa
term becomes dominant. As a result, the lowest eigenm
solution of the vorticity diffusion equation on a bounde
square domain with stress-free boundary conditions sho
finally emerge, because it is the mode with the smal
damping factor. The lowest eigenmode solution decays t
self-similarly. Such eigenmode solutions were recently c
culated for viscous flow on a square domain with no-s
boundaries by Van de Konijnenberg, Flo´r, and van Heijst,9

and they are used in the present investigation to analyse
long-time decay properties of freely evolving 2D turbulenc

An important tool to quantify the self-organization pr
cess is the spectrum, which provides insight into the dis
bution of kinetic energy of the flow over the different mode
Standard techniques exist to determine the spectrum
forced or decaying 2D turbulence with periodic bounda
conditions. Unfortunately, such techniques cannot be app
straightforwardly when rigid boundaries are present. An
proach might be the calculation of the spectrum of eig
modes of viscous flow on a square domain with no-s
boundaries. However, this method is rather elaborate~see
Van de Konijnenberget al.9!. An alternative is to measur
the so-called one-dimensional spectrum of Chebys
modes. This approach does not provide all information
spectral transfer, because it is merely an average, but it
gives sufficient insight in the self-organization process
discussing the role of the spectral transfer due to nonlin
couplings and the selective decay mechanism. A o
dimensional spectrum is obtained by considering the kin
energy of the flow

E~x,y,t !5 (
n50

N

(
m50

N

Ênm~ t !Tn~x!Tm~y!, ~7!

along the linesx50 and y50. The one-dimensional spec
trum Ŝn(t) is defined as an average of both contributions

TABLE II. Several characteristics obtained from ensemble simulations
decaying 2D turbulence in square containers with no-slip boundaries.
characteristic spin-up times and amplitudes are based on averages
runs showing spontaneous spin-up.

Re51000 Re51500 Re52000

total number of runs: 12 12 13

spontaneous spin-up: 7 8 8
weak spin-up: 1 2 3
no spin-up: 4 2 2

spin-up time: 12 20 17
spin-up amplitude: 0.14 0.20 0.22
nloaded 07 Aug 2011 to 131.155.2.66. Redistribution subject to AIP license
a
a

n

e
e

re
e
e

de

ld
st
n

l-

he
.

i-
.
or
y
d
-
-

v
n
till
y
ar
e-
ic

Ŝn~ t !5
1

2 U (m50

N

@Ênm~ t !1Êmn~ t !#Tm~0!U. ~8!

Note that Ŝn(t) is always positive by definition. Severa

spectraŜn(t), computed for the simulation with Re52000
~see Fig. 1!, are shown in Figs. 3~a!–3~d! ~even Chebyshev
coefficients! and Figs. 3~e!–3~h! ~odd Chebyshev coeffi-
cients!. Self-organization of the initially turbulent flow is
clearly visible in the change of the distribution of excite
Chebyshev modes: The high-frequency modes dissip
rather fast and this process outweighs turbulent spec
transfer from low to high Chebyshev modes~selective de-
cay!, and the increasing amplitude of some of the low
Chebyshev modes in the spectrum during the initial stage
decay. This latter process is only due to transfer by nonlin
interactions.

The total kinetic energyE and the enstrophyV for the
run shown in Fig. 1 are plotted in Fig. 4 as a function
time. The decay of enstrophy is much faster than the de
of energy as long as the flow is not completely determin
by viscous effects. Diffusion of vorticity strongly dominate
advection for eddy turnover times larger than 130
('3ARe, see Sec. III B!, as can be concluded by observin
that the decay rates ofE and V start to become equal fo
large times. Another interesting aspect is the decay of
angular momentum after spin-up has occurred (t>10, see
Fig. 2 upper curve!. Two different regimes can be recog
nized: The intermediate stage of decay (10<t<80) where
the angular momentum is approximately constant, or at le
nondecaying, and the final decay stage where the ang
momentum decays roughly twice as slow as the kinetic
ergy~for a discussion of the final decay stage, see Sec. III!.
Although the slow decay ofL with respect toE was also
observed for decaying 2D turbulent flows in circul
domains,23–25it is somewhat surprising that a regime with a
approximately nondecaying angular momentum~after spon-
taneous spin-up! is also observed so clearly for flows i
square containers. Liet al. ascribed the slow decay ofL for
flows in circular containers to the fact that in a circular d
main angular momentum is an inviscid constant of the m
tion. However, this is not the case in a square domain. T
rather surprising observation of the slow decay ofL is most
likely related to a slow decay of the symmetric~with respect
to x50 andy50! vorticity modes compared with the deca
of the other vorticity modes. This decay scenario, wh
might be considered as an alternative selective decay me
nism, results in a growing dominance of symmetric mod
over antisymmetric modes. This is reflected by the prese
of angular momentum in the flow, because only symme
modes contribute toL. Decomposition of the vorticity field
in symmetric and antisymmetric modes in several runs
Re51000 and 1500 confirms this selective decay mec
nism. From these observations it might be concluded th
large amount ofL during the intermediate decay stage ac
ally announces the appearance of predominantly symme
vortex flow in the container.

f
he
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FIG. 3. One-dimensional Chebyshev spectrumŜn(t) of a simulation with no-slip boundary conditions, Re52000. The spectra displayed in~a!–~d! represent
even Chebyshev modes, while those in~e!–~h! represent odd Chebyshev modes.
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B. Generalizations based on ensemble averaging

Some remarkable features of the flow evolution of d
caying 2D turbulence in a square container with no-s

FIG. 4. The normalized energy,E/E(t501), and the normalized enstrophy
V/V(t501), plotted logarithmically vs dimensionless timet for Re
52000. The simulations are carried out with no-slip boundaries.
nloaded 07 Aug 2011 to 131.155.2.66. Redistribution subject to AIP license
-

boundaries have been illustrated in the previous section. S
eral runs have been carried out for Re51000, 1500, and
2000, and these were used to extract additional informa
such as characteristic time scales of freely decaying 2D
bulence, scaling behavior, and decay exponents of vo
density and vorticity extrema.

The importance of the presence of boundaries depe
on the size of the container relative to the size of the do
nant flow structures. This effect has been investigated
computing the ratioV/E, which can be interpreted as
mean-square wave number, i.e.,V/E;^k2&. The decrease o
V/E is indicative of the efficiency of the self-organizatio
process. The relatively fast decay ofV/E, due to turbulent
spectral transfer and subsequent fast dissipation of h
frequency modes, is referred to in the literature as selec
decay.3 In Fig. 5~a! an ensemble-averaged value of the ra
Vnor(t)/E(t), with Vnor(t)5V(t)/V(t501), is plotted as
function of the dimensionless time. The ensemble averag
based on twelve runs for each of the Reynolds numbers c
sidered in this numerical investigation (Re51000, 1500, and
2000!. The algebraic decay rate forVnor/E, which extends
two to three decades, is remarkable and is found to
Vnor/E;t20.63. By introducing a new dimensionless tim
T5t/ARe, the three ensemble averaged curves ofVnor/E are
found to collapse onto a single curve, as is shown in F
5~b!. From this plot one can clearly identify the followin
characteristic times:T>1.731022 as the time whenVnor/E
 or copyright; see http://pof.aip.org/about/rights_and_permissions
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FIG. 5. The ratioVnor /E plotted as function oft ~a! and T5t/ARe ~b!, and the average number of vorticesV(t) plotted as function oft ~c! and T
5t/ARe~d!. The data are based on ensemble averages of runs carried out for Re51000~short dashed!, 1500~dashed!, and 2000~drawn!, respectively. Straight
lines: t20.63 ~a!–~b!, t20.9 and t20.7 ~c!.
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starts to decay algebraically, andT>0.2 as the time at which
vortex–wall interactions~and thus the presence of no-sl
boundaries! become significant. The average size of the v
tices has by then increased tol(T>0.2)>0.4W, which can
be inferred fromV/E ~without normalization ofV! because
l>2pWAE/V. During the later stage it appears th
Vnor/E again decays algebraically witht20.63. Finally, for
T>6 the kinetic energy and the enstrophy decay with
same rate, i.e.,Vnor/E is constant, and the flow decays se
similarly ~see Sec. III C!. The characteristic size of the fina
vortex is then:l>1.8W. It is interesting to note that an
ensemble average ofVnor/E has also been computed for th
simulations with stress-free boundary conditions~sixteen
runs with Re52000!. The algebraic decay is now found to b
Vnor/E;t20.85, and the algebraic decay sets in later: AtT
>4.531022 for the stress-free runs, compared withT>1.7
31022 for the no-slip runs. This remarkable difference
entirely due to the presence of different boundary conditio

The discussion of the ensemble average ofVnor/E re-
veals generalized time scales for the three character
nloaded 07 Aug 2011 to 131.155.2.66. Redistribution subject to AIP license
-
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stages of decaying 2D turbulence in containers with ri
no-slip walls~see discussion in Sec. III A!. The initial stage
takes place during the interval 0<t<0.2ARe, the second
stage ~including spontaneous spin-up! for 0.2ARe<t
<3ARe, and the third stage fort>3ARe, when the flow
starts to become strongly diffusion dominated. This regim
characterized by a nearly exponential decay of both the
ergy and the enstrophy. The viscous decay regime, in wh
the flow is dominated by the slowest decaying viscous eig
mode~see Sec. III C!, sets in fort>6ARe; the ratioVnor/E
is then constant.

The temporal evolution of decaying 2D turbulence du
ing the initial decay stage is characterized by merging
vortices, and consequently the number of vortices, deno
by V, decreases. The role of the no-slip boundaries on
rate of decrease ofV is not known yet. When, for example,
primary vortex approaches the boundary, a filament with
positely signed vorticity is created. This boundary layer c
roll up into a vorticity blob, thus actually increasing the num
 or copyright; see http://pof.aip.org/about/rights_and_permissions



o-slip

phere

618 Phys. Fluids, Vol. 11, No. 3, March 1999 Clercx, Maassen, and van Heijst

Downloaded 07 Aug 2011
TABLE III. Power law exponents for decay rates of several quantities obtained from simulations with n
boundaries. The power laws of present results are expressed as:f (t);Reh tj. All decay exponents concern
power laws for the initial turbulent decay regime. The decay exponentsjcar, jdri , andjexp are the theoretical
exponents~Ref. 30!, the exponents obtained from a contour dynamics simulations of 2D turbulence on a s
~Ref. 32!, and some recent experimentally measured decay exponents~Ref. 33!, respectively.

f (t) j h jcar ~Ref. 30! jdri ~Ref. 32! jexp ~Ref. 33!

N(t) 20.90 0.5 20.75 20.29 20.70
a(t) 10.31 ¯ 10.19 10.19 10.21
vext(t)/AE(t) 20.30 0.5 0 0 20.09
V(t)/E(t) 20.63 ¯ 20.38 20.35 20.18
Sns(t) 20.42 0.0 ¯ ¯ ¯

Fns(t) 20.84 0.5 ¯ ¯ ¯
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ber of vortices. The strength of the primary vortex is usua
strongly reduced by this vortex–wall interaction, and
might eventually be destroyed more rapidly by interact
with neighboring vortices, thus decreasing the number
vortices. One might not presumea priori that production and
destruction of vortices due to flow–boundary interactio
balance exactly. Recently, Carnevaleet al.30 proposed a scal
ing theory for freely decaying 2D turbulence in the lim
Re→` on an unbounded domain, based on the assump
that both the kinetic energy and the extremum of vortic
are conserved quantities during the decay process. Thei
proach results in algebraic decay of the number of vortic
i.e., V(t);t2j. The exponentj is so far undetermined, bu
has been found in both Navier–Stokes simulations and m
fied point-vortex methods to bej'0.70– 0.75.30,31 Although
the present simulations do not satisfy the conditions
freely decaying 2D turbulence in the infinite Reynolds nu
ber limit on an unbounded domain, it is still useful to co
sider the decay rate ofV(t), the average vortex radiusa(t),
and the renormalized~by AE(t)! decay rate of the vorticity
extremum of the dominant vortices. To determine these
cay rates the computed curves forV(t), a(t), and
vext(t)/AE(t) have been calculated for the runs with R
51000, 1500, and 2000, respectively.

Based on an ensemble average of the runs with
52000 it was possible to find two decay exponents for
average vortex number: during the initial decay stage i
found thatV(t);t20.9060.03, and during the intermediate de
cay stage some evidence exists thatV(t);t20.760.1 @see Fig.
5~c!#. In the initial stage, the average number of vortic
decreases from approximatelyV(t51).100 to V(t510)
;10 ~with a standard deviation of approximately 8%, whe
the standard deviation is defined bys(t)5@(^V2(t)&
2^V(t)&2)0.5#/M with M the total number of simulation
used in ensemble averaging!, and in the intermediate deca
stage, with decay exponentj50.7, the average number o
vortices decreases further toV(t5100);2 ~with a standard
deviation of roughly 15%!. Although the standard deviatio
is relatively large, the decay exponent in the turbulent de
regime is rather robust. For example, all runs with
52000 show the same decay exponent, viz.V(t)5Ct20.90,
but a variation in the constantC is observed, thus resulting i
a relatively large standard deviation. For Re51000 and 1500
the same decay exponents are found, although the regim
which V(t);t20.7 is less clear@see Fig. 5~c!#. For conve-
 to 131.155.2.66. Redistribution subject to AIP license
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nience, all decay exponents of the initial turbulent regime
summarized in Table III, where also the theoretical resu
from Carnevale et al.,30 some numerical results b
Dritschel,32 and some experimentally obtained dec
exponents33 are tabulated.

The power law for the average vortex radius is direc
obtained fromV/E by assuminga(t);AE(t)/V(t), thus
a(t);t0.31 ~simulations with stress-free boundary conditio
show a more rapidly increasing average vortex radius:a(t)
;t0.43!.

The average decay rate of the renormalized vorticity
trema is found to be:vext(t)/AE(t);t20.3060.02. The
ensemble-averaged curves computed for Re51500 and 2000
are displayed in Fig. 6. One can also observe that fort>40
~for the runs with Re52000 and 1500! vext(t)/AE(t) is ap-
proximately constant (vext(t)/AE(t);t20.1060.04). Two
more conclusions can be drawn: The ensemble avera
curves for bothV(t) and vext(t)/AE(t), for each Reynolds
number considered in this study, are found to collapse on
single curve by again usingT5t/ARe as new dimensionles
time @see Fig. 5~d! for V(t)#, and it appears that during th
initial decay stage (0<t<0.2ARe) the number of vortices is
proportional withARe. Additionally, it is observed that th

FIG. 6. The normalized vorticity extremumvext /AE(t) plotted as function
of t. The data are based on ensemble averages of runs carried out fo
51500 ~dashed! and 2000~drawn!, respectively. Straight lines:t20.3 and
t20.1.
 or copyright; see http://pof.aip.org/about/rights_and_permissions
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FIG. 7. Fundamental Stokes mode fo
flow on a square domain with no-slip
boundaries: Contour plots of vorticity
~a! and stream function~b!.
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power law behavior ofV(t) and vext(t)/AE(t) during the
intermediate decay stage compare rather well with the
perimentally measured decay exponents by Hansen, M
teau, and Tabeling:33 V(t);t20.7060.1, and vext(t)/AE(t)
;t20.0960.04.

Finally, the viscous stress and the amount of vortic
gradients near boundaries are calculated for the initial tur
lent decay phase (t<0.2ARe). The magnitude of the viscou
stress~nondimensionalized byrU2, with r the fluid density
and U a characteristic velocity! at the boundary of the do
main with no-slip walls is computed as follows, where w
have used that the normal viscous stress is absent at no
walls since (¹•u50!:

F E
]D

S ]u

]nD 2

dsG1/2

⇒F E
]D

S ]ui

]n D 2

dsG1/2

~9!

with ]/]n denoting the normal derivatives,ds the length of
an infinitesimal element of the boundary]D, and ui the
velocity component parallel to the boundary. The numeri
factor is due to normalization by the square root of the
mensionless length of the boundary. Note that the aver
viscous stress is equivalent to the average magnitude o
vorticity on the boundary. An interesting trend has been
served for the turbulent initial decay stage:Sns(t) is approxi-
mately independent of the Reynolds number for 1000<Re
<2000. Furthermore, the following decay rate has be
found for this decay regime:Sns(t);t20.4260.02 for Re
51000, 1500, and 2000. The average of the vorticity gra
ent near the boundaries can be quantified by computing

Fns5
1

4
& Re21F E

]D
S ]v

]n D 2

dsG1/2

. ~10!

The observed trend for the scaling behavior of this quan
appears to be:Fns;ARe. Combination of both results con
firms that the average boundary layer thicknessd scales like
d;W(Sns/Fns);W/ARe. The decay rate forFns(t) in the
turbulent initial decay stage is:Fns(t);t20.8460.03. Combi-
nation of the power laws ofSns(t) andFns(t) indicate that,
nloaded 07 Aug 2011 to 131.155.2.66. Redistribution subject to AIP license
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during the initial turbulent decay stage, the boundary la
thickness grows liked(t);t0.4.

C. The viscous decay stage

The final decay stage of 2D turbulence in present sim
lations is characterized by a self-similar viscous decay of
fundamental mode of Stokes flow (Re50) on a square do-
main. The fundamental mode, as well as several hig
modes, has been calculated analytically by Van de Konijn
berg et al.9 Their analytical derivation and the numeric
procedure to calculate the Stokes modes will not be rep
duced in full length. Starting point is the vorticity equatio
on the square domain

]v

]t
5n¹2v, ~11!

with no-slip boundary conditions~note that no boundary
conditions for the vorticity are available! and an initial con-
dition v0[v(x,y,t50). The full time-dependent solution
has the following form:

v~x,y,t !5(
m

Cmvm~x,y!e2mnt/W2
, ~12!

where the constantsCm are determined by the initial condi
tion v0(x,y). Precise values ofm have to be determined ye
For each value ofm the following Helmholtz equation for
vm(x,y) has to be solved:

¹2vm~x,y!1
m

W2 vm~x,y!50, ~13!

with no-slip boundary condition at the rigid boundaries.
order to proceed it is necessary to consider Eq.~13! in terms
of the stream functioncm(x,y), which yields a fourth-order
partial differential equation. The no-slip boundary conditi
can be reformulated in the necessary boundary conditions
the stream function, and a solution for the Stokes modes
in principle, be determined. The vorticity and stream fun
tion corresponding to the fundamental Stokes mode, i.e.,
mode with the smallest value ofm, are plotted in Figs. 7~a!
 or copyright; see http://pof.aip.org/about/rights_and_permissions
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FIG. 8. The normalized energy,E/E(t501), and the normalized angular momentum,L(t)/Lsb(t), are plotted vs dimensionless timet in order to compare
different decay scenarios. The normalized energy for Re51000 and 1500 is shown in~a! and~c!, respectively. The normalized angular momentum is sho
in ~b! and~d! for Re51000 and 1500, respectively. Note that less curves are drawn for the normalized energy in~a! and~c!; some of the curves appeared t
be hardly indistinguishable from each other.
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and 7~b!. The dimensionless eigenvalue for the fundamen
mode is:m513.09.

Long-time behavior of the kinetic energy, the enstrop
and the total angular momentum, as observed in presen
merical runs, can be understood by considering the deca
the fundamental Stokes mode

E~ t !5
1

2ED
u2dxdy.e22mnt/W2

, ~14a!

V~ t !5
1

2ED
v2dxdy.e22mnt/W2

, ~14b!

and

L~ t !5k•E
D

r3udxdy.e2mnt/W2
, ~14c!

~with m513.09!. Computed decay rates of the kinetic ener
and enstrophy in the final stage of 2D decaying turbule
are indeed the same, and the decay rate of the total an
momentum is twice as slow as that of the kinetic energy

Several runs have been carried out~see Sec. III B! and
nloaded 07 Aug 2011 to 131.155.2.66. Redistribution subject to AIP license
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for the viscous relaxation regime (t>3ARe) these runs can
be subdivided into two groups. The majority~75%! shows
mutually similar behavior with a rapid transition to the fu
damental Stokes mode~a symmetric mode, see Fig. 7! in the
final decay stage. All these runs show spontaneous spin
The other runs~25%!, however, show anomalous behavio
A decaying antisymmetric mode is observed, and the tra
tion to the fundamental Stokes mode occurs extrem
slowly. These runs are characterized by the absence of s
taneous spin-up, or show only a weak spin-up behav
From these results it is clear that presence or absenc
spin-up of the flow can be associated directly with the a
pearance of symmetric or antisymmetric modes during
final decay stage, respectively, although spin-up of the fl
occurs in the early stage of the decay of 2D turbulence. T
normalized energyE(t)/E(t501) and the normalized tota
angular momentumL(t)/Lsb(t) @Lsb(t) is the angular mo-
mentum of the same amount of fluid with total kinetic ener
E(t), in solid body rotation# are plotted for several runs in
Figs. 8~a! and 8~b! (Re51000) and 8~c! and 8~d! (Re
51500). Dashed curves represent the anomalous runs;
 or copyright; see http://pof.aip.org/about/rights_and_permissions
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show a slow appearance the lowest Stokes eigenmode.
computed decay rates of the energy for the runs where
quasi-stationary final state is dominated by the lowest Sto
eigenmode are:m(Re51000)513.160.2 andm(Re51500)
513.260.2. These results are close to the exact valuem
513.09 as obtained by Van de Konijnenberget al.9

IV. COMPARISON OF SIMULATIONS WITH NO-SLIP
AND STRESS-FREE BOUNDARY CONDITIONS

A. General features of runs with stress-free boundary
conditions

The dynamics of decaying 2D turbulence with stre
free boundary conditions is essentially different from th
with no-slip boundary conditions, as shown in the simu
tions discussed in Sec. III. The initial stage of the flow
now characterized by the emergence of vortices with b
positive and negative circulations, but they generally do
form many strong dipolar-like structures as usually obser
during the initial stage of runs with no-slip boundary con
tions. When no-slip boundaries are used, the emerging
poles have a tendency to move to one of the boundaries
interact with it quite strongly. Simulations with stress-fr
boundary conditions reveal that the monopolar vortices t
to move parallel with the boundaries. Such behavior can
understood by realizing that a stress-free boundary acts
mirror, and a vortex near the boundary observes a vir
vortex with opposite circulation at the other side of t
boundary. Both vortices form a couple, and move para
with the boundary. Another interesting difference betwe
stress-free and no-slip simulations concerns the absenc
vorticity filament production near the rigid walls in th
stress-free case.

A remarkable feature of the flow dynamics in containe
with stress-free boundary conditions is thenet leakage (dif-
fusion) of vorticitythrough the boundaries. This process
responsible for the change of total circulationG of the flow.
Net leakage of vorticity through the boundaries is absent
flows in containers with no-slip boundaries, whereG
5*vdxdy[0, as well as for flows with periodic boundar
conditions. In the latter case it is obvious that vorticity lea
ing the domain at one side is entering the domain at the o
side; it is easy to verify from the definition of the circulatio
that in this caseG[0. The relation between the rate o
change of circulation of the flow and the net flux of vortici
through the boundary of the domain, or, in the case of no-
boundaries, the absence of a net leakage of vorticity is ea
understood by considering the vorticity equation integra
over the flow domain

E
D

]v

]t
dxdy1E

D
u•¹vdxdy

5
dG

dt
1E

]D
n•uvds5nE

D
¹2vdxdy, ~15!

where n is the unit outward pointing vector normal to th
boundary andds denotes the length of an infinitesimal el
ment of the boundary]D. The boundary integral of the non
linear term is always zero, because eitheru50 ~no-slip! or
nloaded 07 Aug 2011 to 131.155.2.66. Redistribution subject to AIP license
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v50 ~stress-free! on the boundary. The rhs of Eq.~15! can
also be reformulated in terms of a boundary integral, a
finally a relation between the rate of change of circulati
and the net vorticity flux through the boundary]D is found

dG

dt
5nE

]D
n•¹vds. ~16!

For no-slip boundary conditionsG[0, implying that the net
vorticity flux through the boundary is also zero.

B. Decaying 2D turbulence with no-slip or stress-free
boundary conditions; Re 51500

The dramatic differences in the flow evolution of deca
ing 2D turbulence with no-slip and stress-free boundary c
ditions are clearly demonstrated in Figs. 9 and 10, wh
show some snapshots of the vorticity~Fig. 9 for the no-slip
run and Fig. 10 for the stress-free run! for simulations with
Re51500. Snapshots ofv(x,y) are shown fort53.75, 7.5,
15, and 45. Drawn lines represent positive vorticity valu
and dashed lines negative ones. The no-slip run for
51500 is characterized by the formation of a large tripo
structure @see Fig. 9~d!#, which survives up tot>75, al-
though it decays slowly due to shear and to viscous diss
tion of the satellites. The long-time decay process is cha
terized by the appearance of a slightly elliptic vortex in t
center of the tank (t>125). This elliptic vortex rotates
slowly and is surrounded by a ring of opposite vorticity. Th
structure finally relaxes to the lowest Stokes eigenmode
lution, which was discussed in Sec. III C. In the case

FIG. 9. Vorticity contour plots of a simulation with no-slip boundary co
ditions, Re51500. Dashed contours represent negative vorticity, and dra
contours represent positive vorticity. The contour level increment is:~a! 1,
~b! 0.5, ~c! 0.25, and~d! 0.1.
 or copyright; see http://pof.aip.org/about/rights_and_permissions
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stress-free boundary conditions the flow evolution is char
terized by the formation of two large cells with oppos
circulation, i.e., a large dipole. This dipole is observed
show a slow rotation in the container. During the final sta
of decay of this stress-free run the vortex with negative
culation finally disappears due to a combination of dissi
tion and net leakage of vorticity through the boundaries
the container. This final state~a ‘‘square’’ domain-filling
vortex with one sign of vorticity! compares rather well with
the lowest eigenmode solution as calculated by Kond
et al.21 Similar scenarios have been observed for the str
free runs with Re51000 and 2000, and from a series
simulations with Re52000 it can be conjectured that th
formation of a rotating dipole during the intermediate sta
of the decay process occurs most frequently; only a sm
minority of those runs revealed the rapid formation of
monopole during the intermediate decay stage.

Energy and enstrophy, computed for the no-slip a
stress-free simulation with Re51500, are plotted as functio
of dimensionless time in Figs. 11~a! ~energy! and 11~b! ~en-
strophy!. An important difference between the no-slip a
stress-free results forE andV is easily observed: The deca
of the energy and enstrophy in the stress-free run is an o
of magnitude smaller than in the no-slip case. In the int
mediate stage of the flow evolution it appears that s
organization sets in more rapidly in the numerical expe
ments with stress-free boundary conditions than in the
slip case. This property is illustrated in Fig. 12, which sho

FIG. 10. Vorticity contour plots of a simulation with stress-free bound
conditions, Re51500. Dashed contours represent negative vorticity,
drawn contours represent positive vorticity. The contour level incremen
~a! 1, ~b! 0.5, ~c! 0.25, and~d! 0.1.
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plots of the ratioV/E, the mean-square wave number~see
Sec. III B!, as a function of the dimensionless time for th
no-slip and the stress-free simulations, both for Re51000
and for 1500. The curves in Fig. 12 show that a significa
difference in scales occurs fort>8 ~comparable witht
50.2ARe! between the simulations with no-slip and stress
free boundaries. Also the presence of active boundary lay
for the no-slip case is clear:V/E does not decrease mono-
tonically as is the case for the run with stress-free boun
aries. The average scale, estimated fromV/E;^k2&, during
the later stage of the flow evolution is approximatelyl(t
550)>1.2W for the no-slip runs, andl(t550)>1.8W for
the stress-free case. Note that the simulations with no-s
boundaries show such large-scale structures (l>1.8W) for
t>6ARe.

d
s:

FIG. 11. The normalized energy,E/E(t501), and the normalized enstro-
phy, V/V(t501), plotted logarithmically vs dimensionless timet for Re
51500 in ~a! and ~b!, respectively. The simulations are carried out with
stress-free boundaries~drawn! and with no-slip boundaries~dashed!.
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The scale difference observed in these numerical ru
and the faster decay of energy and enstrophy during
decay of 2D turbulence in the no-slip run compared with
decay observed in the stress-free run, can partly be un
stood with the selective decay hypothesis. Turbulent spec
transfer results in an accumulation at low Chebyshev mo
but also in an excitation of high Chebyshev modes repres
ing small scales. Due to the presence of no-slip bounda
even more small scales are produced in these runs than i
runs with stress-free boundaries~compare, e.g., Figs. 9 an
10!. The resulting high Chebyshev modes decay rapidly a
obviously, the decay of energy and enstrophy during
decay of 2D turbulence should be larger for the no-slip ru
than for the stress-free simulations. Note that the final de
is mainly determined by decaying low Reynolds numb
flow, as discussed in Sec. III C, and spectral transfer is
most absent. Consequently,E, V, andL decay according to
the fundamental Stokes eigenmode solution which has

FIG. 12. The ratioV/E plotted vs dimensionless time for Re51000~a! and
Re51500 ~b!. The dashed and drawn lines represent results from sim
tions with no-slip and stress-free boundary conditions, respectively.
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ferent decay rates for either no-slip or stress-free bounda
Additionally, net leakage of vorticity through the stress-fr
boundaries, as discussed in Sec. IV A, contributes to
more rapid self-organization in the stress-free runs and to
increased scale difference between the large-scale struc
observed in no-slip and stress-free runs, respectively. Th
due to the fact that small-scale vorticity patches near
stress-free boundary leak out of the domain, which indu
symmetry breaking, and finally the appearance of
container-filling cell with one sign of vorticity.

It is also interesting to consider the so-called We
function Q4,34 which is defined as

Q5S22v25S ]u

]x
2

]v
]y D 2

1S ]v
]x

1
]u

]yD 2

2S ]v
]x

2
]u

]yD 2

, ~17!

with S a measure of the rate of strain,S252det(¹u
1¹uT). Regions with negativeQ are rotation-dominated
(v.S) and are found in the vortex cores. These regio
have an elliptic character~sometimes called neutral4!, i.e.,
two fluid particles initially near each other in an elliptic re
gion will stay close together. In regions whereQ is positive
the flow is strain-dominated (S.v) and has a hyperbolic
character or, following McWilliams,4 these regions have
turbulent nature. The distance between two fluid particles
a hyperbolic region will increase exponentially in time. Fig
13 and 14 present contour plots of the Weiss function
simulations for Re51500 with no-slip and stress-free boun
ary conditions, respectively. Snapshots ofQ are shown for
t53.75, 7.5, 15, and 45. Dashed contours represent hy
bolic regions (Q.0), and elliptic regions are denoted b
drawn contours (Q,0). A comparison of Figs. 9~b! and
13~b! and Figs. 10~b! and 14~b! provides a clear example tha
illustrates the different dynamical behavior of the flow ne
no-slip and stress-free boundaries, respectively. Bound
layers in simulations with no-slip boundary conditions a
always found in strain-dominated regions, which expla
boundary layer detachment and elongation of vorticity fi
ments. The dynamics near stress-free boundaries is ra
different, as can be observed in Fig. 10. In Fig. 10~b! two
vortices with negative circulation are moving along t
boundary; one is moving in the clockwise direction to t
upper right corner and the other, moving in the same dir
tion, to the lower right corner. Due to both the interacti
with their respective images and with vortices in the inter
these two negative vortices are squeezed, and vorticity
dients near the boundary steepen. In Fig. 14~b! it is observed
that these regions are always situated in rotation-domina
(Q,0) regions or in regions where strain only slight
dominates rotation. As a result, production of vorticity fil
ments is absent.

A remarkable difference between the Weiss function
flows with no-slip and with stress-free boundary conditio
is the form of the regions withQ,0 andQ.0. When no-
slip boundaries are used~see Fig. 13! it appears that during
the decay stage the rotation-dominated regions have a c
lar or elliptical form and the remaining part of the flow do
main is strain dominated. In the final decay stage, a la
monopolar vortex is formed, and the accompanying We

-
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function is a large circular rotation-dominated region in t
center of the container surrounded by a ring where st
dominates. Applying stress-free boundary conditions~see
Fig. 14! results always, thus also in the final decay stage
lozenge-shaped regions with either rotation- or stra
dominated character. The contour plots shown in Figs.
and 14 are aimed at comparing the Weiss function for
no-slip and stress-free run at the same dimensionless ti
This choice is based on the initial average eddy turno
time, which is equal for both runs in the initial decay sta
(t<1). An alternative approach, comparing the Weiss fu
tion for both boundary conditions at times at which the to
kinetic energy of the flow@thus Re(t)# is the same for both
runs, confirms our conclusion.

The magnitude of the dimensionless normal visco
stress for the stress-free case is computed as follows:

F E
]D

S ]u

]sD 2

dsG1/2

⇒F E
]D

S ]ui

]s D 2

dsG1/2

~18!

with ]/]s denoting the tangential derivatives, andds the
length of an infinitesimal element of the boundary]D. Note
that u]u1/]nu5u]ui/]su at the boundary withu' the velocity
component perpendicular to the boundary. Two interes
trends have been observed for the turbulent initial de
stage. In the first place, calculations show thatSns ~see Sec.
III ! is roughly an order of magnitude larger thanSsf ~for
1000<Re<2000!, thus viscous stresses are more inten

FIG. 13. Contour plots of the Weiss function~Q! of a simulation with
no-slip boundary conditions, Re51500 ~see also Figs. 9 and 11!. Dashed
contours represent positive values ofQ ~hyperbolic regions!, and drawn
contours represent negative values~elliptic regions!. The contour level in-
crement is:~a! 10, ~b! 4, ~c! 2, and~d! 0.25.
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near no-slip walls than near stress-free boundaries. In
second place, some amount of scaling has been observe
the magnitude of viscous stresses near the boundaries:Sns is
approximately independent from the Reynolds number,
Ssf;Re20.25. Leakage of vorticity through stress-free boun
aries can be quantified by computing

Fsf5
1

4
& Re21F E

]D
S ]v

]n D 2

dsG1/2

, ~19!

which is a measure of the dimensionless vorticity fl
through the boundaries. The observed trend for the leak
of vorticity is thatFsf is independent of the Reynolds numb
~in the turbulent regime!. A kind of ‘‘boundary layer thick-
ness’’ can be introduced for the stress-free case:dsf

;W(Ssf /Fsf);W Re20.25. The behavior of Ssf and Fsf

should be investigated in more detail, which will requi
more simulations for accurate ensemble averaging, part
larly for higher Reynolds numbers before definitive conc
sions can be drawn.

V. CONCLUSIONS

We have reported results of direct numerical simulatio
of decaying 2D turbulence inside a square container w
rigid boundaries for several Reynolds numbers. From t
investigation it is clear that the decay scenario of 2D turb
lence is strongly modified by the presence of either no-slip
stress-free boundary conditions, and differs completely fr

FIG. 14. Contour plots of the Weiss function~Q! of a simulation with
stress-free boundary conditions, Re51500 ~see also Figs. 10 and 12!.
Dashed contours represent positive values ofQ ~hyperbolic regions!, and
drawn contours represent negative values~elliptic regions!. The contour
level increment is:~a! 10, ~b! 4, ~c! 2, and~d! 0.25.
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decaying 2D turbulence on a domain with periodic bound
conditions. Results of the latter simulations are frequen
reported in the literature. Simulations with no-slip bounda
conditions show that boundary layers play an important r
in the decay of turbulence. The boundary layers serve
sources of small-scale vorticity, which is continuously i
jected into the interior of the flow domain, as these layers
generally formed in strain-dominated regions of the flo
Due to this process a rapid self-organization of the flow
wards one or two large vortices is inhibited in the early sta
of decaying turbulence. The role of the boundary lay
gradually diminishes when the total energy of the flow d
creases, and in a later stage of the flow evolution large v
tices arise with size comparable with the container dim
sion. During the final stage of the flow evolution, the flo
decays self-similarly according to the slowest decay
Stokes eigenmode of the vorticity diffusion equation. It
found, by considering an ensemble average ofV/E, that the
decay of 2D turbulence in a square container with no-s
boundaries consists of three generalized regimes~for Re
<2000!: The initial stage for 0<t<0.2ARe, the second
stage ~including spontaneous spin-up! for 0.2ARe<t
<3ARe, and the final stage fort>3ARe when the flow starts
to become diffusion dominated. Viscous decay dominated
the slowest decaying viscous eigenmode sets in fot
>6ARe. Simulations with stress-free boundary conditio
show a much more rapid self-organization of the flow a
also a relaxation to a slowest decaying Stokes eigenm
satisfyingv50 on the boundary, of the vorticity equatio
The reason for the rapid self-organization is partly due t
less intense production of small scales near the boundar
the domain in comparison with simulations with no-s
boundary conditions. Another contribution is the net leaka
of vorticity through stress-free boundaries, generally res
ing in decreasing strength of~small-scale! structures near the
boundary. Net leakage of vorticity is absent when no-s
boundaries are present. Additionally, the flow dynamics d
ing the intermediate decay stage is substantially different
the two types of boundary conditions. This is, for examp
illustrated with the plots ofV/E in Figs. 5 and 12, which
show enstrophy production in boundary layers near no-
boundaries, and a different algebraic decay ofVnor/E
~Vnor/E;t20.63 for no-slip simulations andVnor/E;t20.85

for stress-free runs!.
An interesting observation is the behavior of the to

angular momentum~L! of the flow. The initial condition con-
tains only a small amount of net angular momentum due
zero-mean Gaussian random realization of the spectral c
ficients of the initial velocity field. Very rapidly the tota
angular momentum of the flow increases to a considera
larger value due to spontaneous spin-up of the flow,
during the intermediate stageL remains approximately con
stant or decays only very slowly, while the decay of the to
kinetic energy of the flow is considerable, regardless of
presence of no-slip or stress-free boundaries. The final~long-
time! decay ofL is governed by self-similar decay~as dis-
cussed, for example, in Sec. III C for runs with no-s
boundary conditions!. Initial growth of L in simulations of
nloaded 07 Aug 2011 to 131.155.2.66. Redistribution subject to AIP license
y
y
y
e
as

re
.
-
e
s
-
r-
-

g

p

y

s
d
e,

a
of

e
t-

p
r-
r
,

ip

l

a
ef-

ly
d

l
e

flows on a square domain is due to turbulent spectral tran
combined with a selective decay mechanism, resulting in
increasing dominance of symmetric vorticity modes. It a
pears that the behavior ofL in decaying turbulence on a
square domain is intimately linked with the symmetry of t
‘‘final’’ state.

Scaling behavior for the number of vorticesV(t), the
normalized vorticity extremumvext(t)/AE(t), the average
vortex radiusa(t), and Vnor(t)/E(t) are computed for the
simulations with no-slip boundaries~see Table III!. The dif-
ference of the temporal evolution with scaling theory is n
completely surprising, since the present simulations are
from the infinite Reynolds number limit. Nevertheless, a fu
ther study seems worthwhile because simply applying diff
ent boundary conditions yields different scaling behav
~viz. no-slip versus stress-free!. Additionally, the present
simulations are initialized with a vortex population with
wide distribution of sizes, so a direct comparison with a fe
experimental studies of scaling properties of decaying
turbulence, based on a narrow distribution of vortex sizes
the initial flow field, is not possible yet~see, e.g., Tabeling
et al.12!. A more detailed comparison of vortex statistics
freely evolving 2D turbulence at higher Reynolds numb
~up to Re>10.000! in containers with no-slip walls and in
domains with periodic boundary conditions is in preparatio

Recent theoretical, numerical, and experimental stud
on 2D decaying turbulence were often based on the assu
tion that the decay could be assessed on the basis of sta
cal approaches, including maximum entropy theories14–20

and the selective decay hypothesis,3 and scaling theory.30,31

Experimental studies by Marteauet al.13 and numerical in-
vestigations by Ju¨ttner et al.22 were aimed at clarifying the
relation between experimentally measured final states of
caying 2D turbulence and equilibrium states based on th
retical models. The experimental results13 seem to support
the scaling theory approach in favor of the computed eq
librium states based on a maximum entropy theory. The
merical investigations by Ju¨ttner et al.22 partly confirm the
experimental results, but numerical simulations using the
perimental data from Ref. 13 as artificial initial condition
~with stress-free boundary conditions! lead to somewhat dif-
ferent conclusions. When linear bottom friction~see for ex-
planation Ref. 13! is used no equilibrium states are foun
but when no linear bottom friction is used it appears that
final equilibrium states resemble the final states from
maximum entropy theory. This latter kind of simulations
equivalent with simulations of 2D decaying turbulence in
container with stress-free boundaries. From our results
can conclude that every analogy between final states of
decaying turbulence in containers with no-slip boundar
and final states predicted by maximum entropy theories
however, accidental for the Reynolds numbers considere
this study. The observed decay towards final states, as fo
in 36 runs with 1000<Re<2000, is merely a relaxation to
the slowest decaying Stokes eigenmode solution of the
ticity equation. Final states obtained from maximum entro
theories, although they do not represent inviscid flows due
coarse graining of the flow, represent flows for which t
Reynolds number is still very large. It is still an open que
 or copyright; see http://pof.aip.org/about/rights_and_permissions
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tion whether maximum entropy theories or other statisti
approaches can be used to predict the intermediate state
ing in simulations with significantly higher Reynolds num
bers than used in the present investigation. Also, the assu
tion to approximate the rigid boundaries as present
experiments by stress-free boundary conditions in numer
simulations is incorrect, as can be concluded from the dif
ent decay scenarios for no-slip versus stress-free runs sh
in Secs. III and IV. The other theoretical approaches, i
application of the selective decay hypothesis and the sca
theory, are worthwhile under the restriction that two differe
decay stages are recognized: Turbulent decay with spe
transfer and selective decay, and finally a decay stag
which diffusion dominates over nonlinear advection, i.
spectral transfer is then absent in favor of self-similar dec

Finally, the main conclusions, which are all based
ensemble averaging of 36 runs for 1000<Re<2000, are
summarized. Freely evolving 2D turbulence in contain
with no-slip boundaries consists of three characteri
stages: The turbulent initial stage, the spontaneous spi
stage, and a final stage where the flow is characterized
viscous relaxation. A large majority of the runs~75%! show
spontaneous spin-up of the flow~see Table II!. During the
initial turbulent decay regime (0<t<0.2ARe) the average
boundary layer thickness scales asd;W/ARe, and the
growth of the boundary layer thickness shows power-l
behavior (d;t0.4). The vortex radius is approximately
tenth of the container width at the moment (t;0.2ARe)
when vortex–wall interactions start to dominate the flo
evolution. Two power-law regimes with different decay b
havior can be recognized for the vortex number and vortic
extremum~see Figs. 5 and 6!: The initial turbulent regime,
where the decay exponents are independent of Re and
intermediate decay stage where viscous effects influence
decay exponents. A comparison between simulations w
no-slip and with stress-free boundary conditions show
completely different behavior of freely decaying 2D turb
lence.
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