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A Newton Solver for Micromorphic Computational Homogenization

with Applications to Pattern-Transforming Metamaterials

S.E.H.M. van Breea, O. Rokoša, R.H.J. Peerlingsa, M.G.D. Geersa,∗

aMechanics of Materials, Department of Mechanical Engineering, Eindhoven University of Technology,
P.O. Box 513, 5600 MB Eindhoven, The Netherlands

Abstract

Specific mechanical metamaterials are designed to buckle into one or multiple patterns, yield-
ing a change in effective properties. Due to internal buckling of the microstructure, size effects
are observed in the post-bifurcation regime, which cannot be represented by classical com-
putational homogenisation schemes. The recently developed micromorphic computational
homogenization framework is capable of capturing those effects, through the decomposition
of the kinematic field into locally smooth and fluctuating fields. Besides buckling locally,
the entire structure can buckle globally on the engineering scale. To be able to predict the
type of buckling, the macroscopic tangent is required for the bifurcation analysis. Moreover,
the tangent allows for a more rigorous solver than the existing solution method, which is
based on a quasi-Newton solver. The construction of this tangent is not straightforward in
the micromorphic framework, due to the kinematic field decomposition and the constraints
that act in the bulk. This paper describes in detail the construction and implementation
of the macroscopic tangent. Analytical expressions for the first and second variation of the
total potential energy are rigorously derived and discretised, and the complete algorithm
is listed. The developed methodology is subsequently applied to a number of examples,
in which a competition between macroscopic versus microscopic buckling exists, and where
multiple patterning modes are possible. The results show that the developed methodology
represents microscopic buckling within 11% of relative error and macroscopic buckling within
4%. Under biaxial compression and multiplicity of patterns, the presented framework is able
to activate the correct patterns.

Keywords: Mechanical metamaterials, computational homogenization, micromorphic
continuum, Newton solver, bifurcation analysis

1. Introduction

Mechanical metamaterials do not act like standard materials, but behave like carefully
engineered structures. Facilitated by 3D printing and additive manufacturing, those struc-
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(O. Rokoš), R.H.J.Peerlings@tue.nl (R.H.J. Peerlings), M.G.D.Geers@tue.nl (M.G.D. Geers)

Preprint submitted to Elsevier June 13, 2019



(a) local buckling (b) global buckling

Figure 1: An elastomeric mechanical metamaterial that shows a pattern transformation under compression.
Near the edges, the patterning is restricted and boundary layers are observed. Depending on the slenderness,
the material could buckle (a) locally or (b) globally.

tures are implemented on a very small scale, by which they can be treated as materials. They
are designed to exhibit specific exotic behavior, for example a high stiffness with an ultra
low density (Zheng et al., 2014), a negative compressibility (Nicolaou and Motter, 2012) or
a negative Poisson’s ratio (Kolken and Zadpoor, 2017). This contribution focuses on elas-
tomeric mechanical metamaterials that under compression exhibit microstructural buckling
by a pattern transformation, which induces an abrupt change in effective properties such as
Young’s modulus or Poisson’s ratio. These materials mainly find their applications in soft
robotics (Yang et al., 2015; Mark et al., 2016; Mirzaali et al., 2018).

Elastomeric mechanical metamaterials mostly rely on local instabilities in their mi-
crostructural morphology. Upon buckling, the microstructure undergoes large deformations,
rotations and strains. Patterning is an effect of coordinated buckling of the microstructure,
resulting in a non-local behaviour. As a consequence of non-locality, patterning is restricted
near the constrained edges, forming a boundary layer, where the restriction gradually relaxes
towards the centre. Fig. 1 shows an example of a patterning elastomeric mechanical meta-
material. The extent to which such layers influence the mechanical behaviour is determined
by the size of the boundary layer compared to the height of the specimen. Consequently, an
influence of the scale ratio is observed, where the scale ratio is defined as the ratio between
the height of the specimen and the microscopic unit cell H/` (Ameen et al., 2018).

These effects highly influence the overall behaviour and stress response, even at the
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engineering scale. For predictive modelling of engineering applications, it is essential to
know the effective response of the material. A computational homogenization approach gives
results at the engineering scale, while taking into account the structure of the microscale.
Due to non-locality, however, homogenizing this kind of metamaterials is a challenging task.

The effective response can be predicted by various methods. One possibility is to take the
ensemble average of the relative positions of the microstructure with respect to the macro-
scopic geometry (Ameen et al., 2018). This implies computing many expensive full scale
simulations, but it may serve as the reference solution. Classical first-order computational
homogenization, see e.g. Kouznetsova et al. (2001), can reduce the computation time, but
adopts the assumption on locality and scale separation. Ameen et al. (2018) showed that for
small scale ratios, obtained results achieve a relative error up to 40 % in the post-bifurcation
regime, while for larger scale ratios, the post-bifurcation regime is captured accurately. An-
other approach is second-order computational homogenization (Kouznetsova et al., 2004),
which incorporates non-locality through the gradient of the macroscopic gradient tensor in
the micro-macro scale transition. The effective behaviour is represented well by this method
(Sperling et al., 2019), but involves additional complexity by requiring a higher-order con-
tinuum formulation at the macroscale. Rokoš et al. (2018) proposed a novel micromorphic
computational homogenization framework, which also represents the effective behaviour well
(Sperling et al., 2019), by decomposing the kinematic field in a mean displacement field, a
spatially correlated microfluctuation field and an uncorrelated local microfluctuation field.
The spatially correlated field is able to account for the non-local behaviour and present size
effects. Currently, this framework uses a quasi-Newton solver, which is not very robust com-
pared to a full Newton solver. Besides improving robustness, a full Newton solver allows for
bifurcation analysis, because it uses the macroscopic Hessian.

Bifurcation analysis is required in numerous situations. One of the examples is the com-
petition between global versus local buckling. Here, local buckling indicates the activation
of the pattern, while global buckling denotes Euler beam buckling of the entire structure.
Wadee and Farsi (2015) have researched geometric effects on the buckling behaviour of
cellular structures, where a transition between local and global buckling is observed for a
certain slenderness. Niknam and Akbarzadeh (2018) have compared in-plane and out-of-
plane buckling of various types and sizes of architected cellular structures. The tests were
performed experimentally and numerically, using commercial software packages to perform
buckling analyses. Another example is a specimen with a hexagonal stacking of unit cells,
which enables multiple buckling patterns under biaxial compression, as studied by Ohno
et al. (2002) for honeycombs with hexagonal inclusions. Hexagonally stacked circular cells
show similar patterns under biaxial compression. These patterns are researched by Ameen
et al. (2019), using the micromorphic computational homogenization framework. The frame-
work developed in this paper allows, in combination with the bifurcation analysis, to decide
which patterns are activated, and to estimate its magnitude. Miehe and Bayreuther (2007)
elaborated on instabilities and bifurcation points and the necessity of the Hessian (the macro-
scopic tangent) for those analyses. For first-order computational homogenization, Miehe et
al. (2002) described the construction of the macroscopic tangent. In the case of the micro-
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morphic computational homogenization framework, a different approach is required due to
the decomposition of the kinematic field and the associated constraints that act in the bulk
of the representative volume element (RVE) as well as on its boundary.

The goal of this paper is thus to fill this gap by rigorously describing the construction
and implementation of the macroscopic tangent for a micromorphic computational homog-
enization framework. Using this tangent, a more rigorous solution procedure can be used
allowing, in addition, for multiscale bifurcation analyses.

The remainder of this paper is organized as follows. In Section 2, the micromorphic
computational homogenization framework is elaborated, starting from the definition of the
kinematic field decomposition and followed by the derivation of the first and second variations
of the approximate ensemble-averaged energy. Section 3 describes the discretisation of the
governing equations at both the microscale and macroscale and addresses the bifurcation
analysis. Section 4 presents an application of the developed methodology to two examples.
The first example analyses global versus local buckling of a column made out of an elastomeric
mechanical metamaterial with a square packing of holes. The second example addresses an
infinite specimen of the same material, but with a hexagonal stacking of holes in which
multiple patterns can be activated. Finally, conclusions are drawn in Section 5.

Throughout the paper, the following notational conventions will be used

- scalars a,

- vectors ~a,

- second-order tensors A = Aij~ei~ej,

- third-order tensors 3A = Aijk~ei~ej~ek,

- fourth-order tensors 4A = Aijkl~ei~ej~ek~el,

- matrices A and column matrices a,

- ~a ·~b = aibi,

- A ·~b = Aijbj~ei,

- A ·B = AikBkj~ei~ej,

- A : B = AijBji,

- transpose AT, AT
ij = Aji,

- right transpose 4ART, ART
ijkl = Aijlk,

- left transpose 4ALT, ALT
ijkl = Ajikl,

- gradient operator ~∇~a =
∂aj
∂Xi

~ei~ej,

- divergence operator ~∇ · ~a = ∂ai
∂Xi

,

- integration 〈f( ~Xm)〉Ω• =
∫

Ω•
f( ~Xm) d ~Xm.

2. Micromorphic computational homogenization framework

This contribution analyses pattern transforming materials with a regular microstructure,
which can deform in an arbitrary number of modes n. The micromorphic computational
homogenization framework introduces additional kinematic variables that capture the mi-
crostructural displacement field, including non-local effects at the macro level. The main
ideas of this framework were formulated in Rokoš et al. (2018), where the solution strategy
was developed based on a quasi-Newton approach. Here, we establish in a more rigorous
fashion the full Newton methodology, allowing for a more robust and efficient implemen-
tation, also facilitating bifurcation analysis. Fig. 2 schematically represents a homogenized
macroscopic specimen, with an example of a representative volume element (RVE) assigned

to a macroscopic coordinate ~X.
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~e2

~e1

~X

Macroscale boundary value problem

I + (~∇~v0)
T
,

vi, ~∇vi
~e2m

~e1m

~Xm

P 0, PiN,
~PiB

Stiffness

Microscale boundary value problem

Figure 2: A schematic representation of micromorphic computational homogenization. The strain in macro-
scopic point ~X is sent to the microscale, where a boundary value problem is solved. The solution allows the
calculation of macroscopically relevant stiffness and stress quantities, using which the macroscopic boundary
value problem is solved.

This chapter firstly describes the decomposed displacement field and the approximated
homogenized potential energy of the multiscale system considered. Thereafter, the first
variation is provided with its corresponding Euler-Lagrange equations. Finally, the second
variation of the energy and the stiffness quantities that follow from it are described.

2.1. Kinematic field decomposition

The micromorphic computational homogenization scheme is based on the decomposition
of the kinematic field into a mean effective displacement field ~v0, long range correlated
fluctuation fields vi~ϕi, i = 1, . . . , n, and the remaining local fluctuation field ~w. It is given
by

~u( ~X) = ~v0( ~X) +
n∑
i=1

vi( ~X)~ϕi( ~X) + ~w( ~X). (1)

Vector field ~ϕi is typical for mode i and represents the underlying microstructural pattern,
while the scalar field vi regulates the magnitude of the mode. Generally, it may not be
possible to control the relative positioning of the microstructure with respect to the boundary.
Therefore, all possible shifts of modes ~ϕi and fluctuation field ~w should be taken into account
via ensemble averaging (Ameen et al., 2018), however, this is a costly method. In the
micromorphic computational homogenization framework of Rokoš et al. (2018), these shifts
are approximated by evaluating the neighbourhood of a single translation at the microscale.
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In this approach, the scales are separated into macroscopic coordinate ~X and microscopic
coordinate ~Xm. The mode ~ϕi becomes a function of the microscopic coordinate only, since it
has the same form for every RVE. ~v0 and vi become a function of the macroscopic coordinate,
because these fields are assumed to vary only slowly over the microscopic RVE, and hence
they can be approximated by a first-order Taylor expansion, i.e.

~u( ~X, ~Xm) ≈ ~v0( ~X) + ~Xm · ~∇~v0( ~X)

+
n∑
i=1

[vi( ~X) + ~Xm · ~∇vi( ~X)]~ϕi( ~Xm)

+ ~w( ~X, ~Xm).

(2)

The ~v0, vi and ~w fields are unknown and need to be solved for, while modes ~ϕi are charac-
teristic for the problem and known beforehand.

To ensure uniqueness of this split, wk should be orthogonal to ϕi,k for every mode i =
1, . . . , n and every component k = 1, 2, i.e.

〈wk( ~X, ~Xm)ϕi,k( ~Xm)〉Ωm =

∫
Ωm

wk( ~X, ~Xm)ϕi,k( ~Xm) d ~Xm = 0. (3)

Note that unlike standard index notation, the index k denotes in this case the k-th component
of vector ~w or ~ϕi. Throughout this contribution, brackets abbreviate an integration, where
the subscript indicates the domain of integration.

Furthermore, the microfluctuation field ~w is assumed to be periodic, which reads

~w( ~X, ∂Ω+
m) = ~w( ~X, ∂Ω−m). (4)

As an example, the RVE of a square stacking of holes is schematically represented in Fig. 3,
where the + boundary consists of ∂Ω+

m = ∂ΩT
m ∪ ∂ΩR

m and the − boundary of ∂Ω−m =
∂ΩB

m ∪ ∂ΩL
m. Thus, the RVE boundaries in ∂Ω+

m oppose those in ∂Ω−m. The same approach
is used for polygons with more edges, although the total number of edges has to be an even
number, see Fig. 9b where a hexagonal RVE is used.

2.2. Potential energy

The solution to all decomposed fields ~v0( ~X), vi( ~X) and ~w( ~X, ~Xm) of the displacement
field can be found by minimizing the total potential energy of the system while accounting
for the given constraints, i.e.

~u( ~X, ~Xm) ∈ arg min
~̂u∈U (Ω)

arg max
~̂
λ∈R2,M̂ i∈R2×2

L(~̂u( ~X, ~Xm),
~̂
λ( ~X, ~Xm), M̂ i( ~X)). (5)

Here, the hat (•̂) indicates admissible solutions, while a minimizer is indicated without a hat.
~̂u( ~X, ~Xm) is of the form of Eq. (2). ~λ( ~X, ~Xm) is the Lagrange multiplier vector field related

to the periodicity constraint of Eq. (4) and M i( ~X) is a Lagrange multiplier tensor related to

the orthogonality constraint of Eq. (3) and has the form M i( ~X) = µi,1( ~X)~e1~e1 +µi,2( ~X)~e2~e2.
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~e2m

~e1m

~Xm

∂ΩT
m

∂ΩR
m∂ΩL

m

∂ΩB
m

Ωm

Figure 3: A schematic example of a pattern transforming RVE with a square stacking of holes.

The Lagrangian is defined by the total potential energy E and Lagrange multiplier func-
tion C as

L(~̂u( ~X, ~Xm),
~̂
λ( ~X, ~Xm), M̂ i( ~X)) = E(~̂u( ~X, ~Xm)) + C(~̂w( ~X, ~Xm),

~̂
λ( ~X, ~Xm), M̂ i( ~X))

=
1

|Ωm|

〈〈
Ψ( ~X, ~Xm,F (~̂u( ~X, ~Xm)))

〉
Ωm

+
〈
~̂
λ( ~X, ~Xm) ·

{
~̂w( ~X, ∂Ω+

m)− ~̂w( ~X, ∂Ω−m)
}〉

∂Ω+
m

+
n∑
i=1

〈
~̂w( ~X, ~Xm) · M̂ i( ~X) · ~ϕi( ~Xm)

〉
Ωm

〉
Ω

.

(6)

Here Ψ( ~X, ~Xm,F (~u( ~X, ~Xm))) is a material-dependent energy density function, which is de-

pendent on the deformation gradient F (~u( ~X, ~Xm)) = I + (~∇m~u( ~X, ~Xm))T. A hyperelastic
material is assumed and hence the energy density function can be described by the deforma-
tion gradient solely. The total potential energy is divided by the microscopic volume |Ωm|
to account for volume averaging (Rokoš et al., 2018).

2.3. First variation and governing equations

A minimizer of the total potential energy can be found by taking the Gâteaux derivative
(first variation) of the Lagrangian L with respect to ~u, ~λ and M i and requiring it to vanish,
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i.e.

0 = δL(~u,~λ,M i; δ~u, δ~λ, δM i) =
1

|Ωm|

〈〈
Pm( ~X, ~Xm,F ) : ~∇mδ~u( ~X, ~Xm)

〉
Ωm

+
〈
~λ( ~X, ~Xm) ·

{
δ ~w( ~X, ∂Ω+

m)− δ ~w( ~X, ∂Ω−m)
}

+
{
~w( ~X, ∂Ω+

m)− ~w( ~X, ∂Ω−m)
}
· δ~λ( ~X, ~Xm)

〉
∂Ω+

m

+
n∑
i=1

〈
~ϕi( ~Xm) ·M i( ~X) · δ ~w( ~X, ~Xm)

+ ~ϕi( ~Xm)~w( ~X, ~Xm) : δM i( ~X)
〉

Ωm

〉
Ω

,

(7)

where the local stress Pm( ~X, ~Xm,F ) is defined such that

δΨ( ~X, ~Xm,F ) = Pm( ~X, ~Xm,F ) : ~∇mδ~̂u( ~X, ~Xm) . (8)

Making use of the decomposition defined in Eq. (2), ~∇δ~u can be expressed as

~∇mδ~u( ~X, ~Xm) = ~∇δ~v0( ~X) +
n∑
i=1

~∇δvi( ~X)~ϕi( ~Xm)

+
n∑
i=1

[
δvi( ~X) + ~Xm · ~∇δvi( ~X)

]
~∇m~ϕi( ~Xm) + ~∇mδ ~w( ~X, ~Xm) .

(9)

After implementing Eq. (9) in Eq. (7), applying the divergence theorem, and rearrangement
of individual terms, Eq. (7) leads to microscopic and macroscopic balance equations. At

the microscale, only the variations of the microfluctuation field ~w( ~X, ~Xm) and its related

Lagrange multipliers ~λ( ~X, ~Xm) and M i( ~X) are relevant. Eq. (7) should hold for arbitrary

δ ~w, δ~λ and δM i and thus the following set of balance equations is valid

δ ~w :

{
~∇m · P T

m =
n∑
i=1

M i · ~ϕi, in Ωm,

Pm · ~N = ±~λ, on ∂Ω±m,

δ~λ : ~w+ − ~w− = ~0, on ∂Ω+
m,

δM i : 〈~wk · ~ϕi,k〉Ωm = 0, k = 1, 2.

(10)

At the macroscale, only the slowly varying fields ~v0( ~X) and vi( ~X) are relevant and their
macroscopic balance equations read

δ~v0 :

{
~∇ · P T

0 = ~0, in Ω,

P 0 · ~N = ~0, on ∂Ω,

δvi :

{
~∇ · ~PiB − PiN = 0, in Ω,

~PiB · ~N = 0, on ∂Ω,

(11)
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where subscript 0 refers to ~∇δ~v0, subscript iB to ~∇δvi and subscript iN to δvi. The macro-
scopic stress quantities are introduced as

P 0( ~X,F ) = 1
|Ωm|〈Pm( ~X, ~Xm,F ) 〉Ωm ,

PiN( ~X,F ) = 1
|Ωm|〈Pm( ~X, ~Xm,F ) : ~∇m~ϕi( ~Xm) 〉Ωm ,

~PiB( ~X,F ) = 1
|Ωm|

〈
P T

m( ~X, ~Xm,F ) · ~ϕi( ~Xm) + ~Xm[Pm( ~X, ~Xm,F ) : ~∇m~ϕi( ~Xm)]
〉

Ωm

.

(12)

Note that the governing equations of Eqs. (10) and (11) are identical to those of Rokoš
et al. (2018), except that the components related to the Lagrange multipliers are precisely
included here.

2.4. Second variation

A full Newton solver ensures fast and robust convergence to a minimum of the energy
under the given constraints the second variation of the Lagrangian, i.e.

δ2L(~u,~λ,M i; δ~u, δ~λ, δM i) =
1

|Ωm|

〈〈
~∇δ~u : 4Cm : ~∇δ~u

〉
Ωm

+ 2
〈

(δ ~w+ − δ ~w−) · δ~λ
〉
∂Ω+

m

+ 2
n∑
i=1

〈
(~ϕi · δM i · δ ~w

〉
Ωm

〉
Ω

,

(13)

where the local stiffness 4Cm( ~X, ~Xm,F ) is defined such that

δ2Ψ( ~X, ~Xm,F ) = ~∇δ~u( ~X, ~Xm) : 4Cm( ~X, ~Xm,F ) : ~∇δ~u( ~X, ~Xm). (14)

For shorter notation, the dependencies on ~X and ~Xm have been omitted in Eq. (13) and will
be omitted in what follows. Eq. (9) is substituted into Eq. (13) and thereby, macroscopic

variations ~∇δ~v0, ~∇δvi and δvi can be taken out of the integral over Ωm. The term that is two
times related to ~∇~v0 is noted by ~∇δ~v0 : 4C00 : ~∇δ~v0. The quantity in between the variations
of the macroscopic fields (here 4C00) is referred to as stiffness quantity; all macroscopic
stiffness quantities are defined as

4C00 = 1
|Ωm|

〈
4Cm

〉
Ωm
,

C0iN = CT
iN0 = 1

|Ωm|

〈
4Cm : ~∇m~ϕi

〉
Ωm
,

3C0iB = (3C
LT
iB0)RT = 1

|Ωm|

〈
4C

RT
m · ~ϕi + [4Cm : ~∇m~ϕi ~Xm]

〉
Ωm
,

CiNjN = 1
|Ωm|

〈
~∇m~ϕi : 4Cm : ~∇m~ϕj

〉
Ωm
,

~CiNjB = ~CiBjN = 1
|Ωm|

〈
~∇m~ϕi :

{
4C

RT
m · ~ϕj + 4Cm : ~∇m~ϕj ~Xm

}〉
Ωm
,

CiBjB = 1
|Ωm|

〈
~ϕi · 4C

RT
m · ~ϕj + ~ϕi · 4Cm : ~∇m~ϕj ~Xm + ~Xm

~∇m~ϕi : 4C
RT
m · ~ϕj

+ ~Xm
~∇m~ϕi : 4Cm : ~∇m~ϕj ~Xm

〉
Ωm
.

(15)
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where, again, as in governing Eqs. (11), the subscript 0 relates to ~∇δ~v0, iB relates to ~∇δvi
and iN relates to δvi. Note that all combinations i = 1, . . . , n, j = 1, . . . , n need to be
considered.

Furthermore, there are 4n+ 2 coupled stiffness quantities, that relate to both the micro-
scopic variation ~∇δ ~w and one of the macroscopic variations ~∇δ~v0, δvi or ~∇δvi. Additionally,
one microscopic stiffness quantity is two times related to ~∇δ ~w. These terms, and also the
Lagrange multiplier variations, cannot be taken out of their microscopic integral in a similar
fashion to those in Eq. (15), since ~∇~w is a function of ~Xm. All of these will be presented in
Section 3, where upon discretisation they can be taken out of the microscopic integral.

3. Numerical implementation

Fig. 2 schematically represents the micromorphic homogenization framework. At every
macroscopic integration point, macroscopic quantities ~∇~v0, vi and ~∇vi are sampled and
passed down to the microscale. At the microscale, the modes ~ϕi and microfluctuation field ~w
are introduced. Taking into account the conditions of Eqs. (3) and (4), the microfluctuation
field ~w is computed by solving the microscale boundary value problem of Eq. (10). This
allows for computation of the homogenized macroscopic stress and stiffness quantities of
Eqs. (12) and (15) and the homogenized coupled and microscopic stiffness quantities. All of
these quantities are required for solving the macroscopic boundary value problem of Eq. (11).
That problem is solved by Newton’s method, where the minimum of the energy (i.e. a root
of the first variation shown in Eq. (7)) is found by means of the second variation of Eq.
(13). Newton’s method ensures fast, quadratic convergence and, due to the knowledge of
the second variation, allows for bifurcation analysis.

This section first describes the discretisation and numerical solution of the problem at
the microscale. Subsequently, discretisation of the macroscopic problem along with the
bifurcation analysis is elaborated, closing with a detailed description of the nested algorithmic
scheme.

3.1. Microscopic problem

At the microscale, microfluctuation field ~w is solved for, while the overall strain is applied
through the macroscopic deformation gradient I + ~∇~v0, modal magnitudes vi and modal
gradients ~∇vi. From the converged microfluctuation field, all microscopic, macroscopic and
coupled stiffness and stress quantities can be computed. These quantities are required by
the macroscopic full Newton solver.

3.1.1. Discretisation

Using standard finite element procedures, the microfluctuation field ~w and its gradient
~∇~w are expressed in terms of the finite element shape functions as

~w( ~X, ~Xm) ≈ Nw( ~Xm)w( ~X) ~∇m ~w( ~X, ~Xm) ≈ Bw( ~Xm)w( ~X), (16)

where w is a column of nodal values of the ~w field, Nw a matrix of the corresponding basis
shape functions and Bw a matrix of the basis shape functions’ derivatives. Note that these
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shape functions are a function of the microscopic coordinate ~Xm only. For brevity, however,
the dependencies are dropped in what follows. The modes are discretised as

~ϕi( ~Xm) ≈ Nw( ~Xm)ϕ
i

~∇~ϕi( ~Xm) ≈ Bw( ~Xm)ϕ
i
, (17)

where ϕi is a column of nodal values of ~ϕi. The discretised orthogonality constraint for
component k = 1, 2 of Eq. (3) is noted by

〈ϕi,kwk〉Ωm ≈ ϕT

i,k

〈
NT
w,kNw,k

〉
Ωm
wk = ϕT

i,k
Mkwk = 0, (18)

where mass matrix M is introduced as M = 〈NT
wNw〉Ωm . In what follows, Lagrange multiplier

tensor M i = µi,1~e1~e1 + µi,2~e2~e2 of mode ~ϕi will be referred to by the column µ
i

= [µi,1 µi,2]T

and, additionally, subscript k will be dropped. Furthermore, the periodicity constraint of
Eq. (4) is discretised as

~w+ − ~w− ≈ Cpbcw = 0, (19)

where Cpbc is the link topology matrix, as described by Miehe and Bayreuther (2007).

3.1.2. Microscopic discretisation of the forces and stiffnesses

All stiffness and stress quantities are integrated over the microscopic domain and dis-
cretised according to Eqs. (16) and (17). The discretisation at the microscale of the three
macroscopic stress quantities of Eq. (12) leads to

P 0 =
〈
Pm

〉
Ωem

,

PiN =
〈
PT

m(Bwϕi)
〉

Ωem
,

P iB
=

〈
P 2×2

m (Nwϕi) +Xm(PT
m(Bwϕi)

〉
Ωem

,

(20)

with Pm the column matrix representation of the first Piola-Kirchhoff stress tensor at the
microscale. Note that here, opposed to Eq. (12), these stresses are not yet divided by the
RVE volume |Ωm|.

Furthermore, Eq. (7) after inserting Eq. (9) contains 〈Pm : ~∇δ ~w〉Ωm , which upon dis-
cretisation yields 〈PT

m(Bwδw)〉Ωm = 〈PT
mBw〉Ωmδw. We define the microscopic force vector

as
Pw = A

nem

em=1

〈
PT

mBw

〉
Ωem

, (21)

with A
nem

em=1 the finite element assembly operator for nem microscale elements. Discretising
the macroscopic stiffness quantities of Eq. (15) at the microscale yields

C00 =
〈
Cm

〉
Ωem

,

C0iN
= CT

iN0 =
〈
Cm(Bwϕi)

〉
Ωem

,

C0iB = CT
iB0 =

〈
C?m(Nwϕi) + Cm(Bwϕi)X

T
m

〉
Ωem

,

CiNjN =
〈
(Bwϕi)

TCm(Bwϕi)
〉

Ωem
,

CiNjB = CT
iBjN

=
〈
(Bwϕi)

T
{
C?m(Nwϕj) + Cm(Bwϕj)X

T
m

}〉
Ωem

,

CiBjB =
〈
(Nwϕi)

TC?m(Nwϕj) + (Nwϕi)
TCm(Bwϕj)X

T
m

+Xm(Bwϕi)
TC?m(Nwϕj) +Xm(Bwϕi)

TCm(Bwϕj)X
T
m

〉
Ωem

,

(22)
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with Cm denoting a 4 × 4 matrix representation of the microscopic fourth order stiffness
tensor 4Cm. A star (?) indicates some permutation of this matrix to obtain the correct
multiplications according to Eq. (15) and resulting sizes. Also these quantities will be
divided by the microscopic volume later. Since ~w is discretised, δw can be taken out of
the microscopic integral of Eq. (13) and the coupled stiffness quantities and the microscopic
stiffness quantity can be defined:

C0w = CT
w0 = A

nem

em=1

〈
CmBw

〉
Ωem

,

CiNw = CT
wiN

= A
nem

em=1

〈
(Bwϕi)

TCmBw

〉
Ωem

,

CiBw = CT
wiB

= A
nem

em=1

〈{
(Nwϕi)

TCm +Xm (Bwϕi)
TCm

}
Bw

〉
Ωem

,

Cww = A
nem

em=1

〈
BT
w CmBw

〉
Ωem

.

(23)

The integrals in Eqs. (20) - (23) are carried out numerically in a standard way using a Gauss
integration rule.

3.1.3. Microscopic system of equations

The problem at the microscale could be solved either in terms of ~w or in terms of ~u, with
the only difference in the formulation of kinematic constraints and ensuing right hand sides.
For convenience and in accordance with standard multiscale implementation procedures, the
microscale problem is described in terms of ~u. This requires rewriting of the constraints of
Eqs. (18) and (19) to

ϕT

i
Mw = ϕT

i
M(u− vm) = 0, i = 1 . . . n

Cpbcw = Cpbc(u− vm) = 0,
(24)

where vm is the discretised ~v field, expressed as, cf. Eq. (2),

vm = XmB
?
0v0 +

n∑
i=1

(
Nivi +XmB

?
i vi
)
ϕ
i
, (25)

where macroscopic shape functions Ni, Bi and B0 and fields v0 and vi are defined in Sec-
tion 3.2.1. Note that N0v0 is not included, because it does not affect the deformation state
of the considered RVE.

The governing microscopic equations of Eq. (10) are solved iteratively using Newton’s
method. This can be expressed in primal-dual formulation (Bonnans et al., 2006) as

Cww CT
pbc MTϕ

1
. . . MTϕ

n

Cpbc 0 . . . 0
ϕT

1
M ...

. . .
......

ϕT
n
M 0 . . . 0


︸ ︷︷ ︸

C∗
ww


du
λ
µ

1
...
µ
n


︸ ︷︷ ︸
dw∗

= −


Pw

Cpbcvm

ϕT
1
Mvm
...

ϕT
n
Mvm


︸ ︷︷ ︸

P ∗
w

, (26)
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or as dw∗ = −[C∗ww]−1P ∗w . In Eq. (26) C∗ww is the microscopic tangent matrix, P ∗w is
the column of microscopic internal forces and unbalanced equality constraints and dw∗ is a
column with the change of the microscopic fluctuation field du and the iterative Lagrange
multipliers λ and µ

i
. An asterisk (∗) indicates that the matrix accounts for the constraints.

To prevent rigid body motion, the displacement of four nodes is prescribed by the applied
strain by evaluating vm at those nodes.

The convergence criterion for the iterative scheme of Eq. (26) reads as

||Pw + CT
pbcλ+

n∑
i=1

MTϕ
i
µ
i
||+ ||du|| < tol. (27)

3.2. Macroscopic problem
Using the converged displacement field ~u, all stiffness and stress quantities relevant for

computation of the macroscopic quantities can be computed.

3.2.1. Discretisation

The macroscopic fields ~v0 and vi are expressed in finite element shape functions as

~v0( ~X) ≈ N0( ~X)v0, vi( ~X) ≈ Ni( ~X)vi,

~∇~v0( ~X) ≈ B0( ~X)v0, ~∇vi( ~X) ≈ Bi( ~X)vi,
(28)

where these shape functions are functions of the macroscopic variable ~X, as opposed to the
shape functions in Eq. (16) that are considered on the microscale only.

3.2.2. Macroscopic discretisation of forces and stiffnesses

The stiffness and stress quantities are integrated over the macroscopic domain as well.
The discretisation of the stresses of Eq. (20) at the macroscale leads to internal force column
matrices

f
0

= 1
|Ωm|B

T
0P 0 = 0,

f
i

= 1
|Ωm|

{
BT
i P iB

+ NT
i PiN

}
= 0,

(29)

as the discretised representation of the macroscopic governing equations of Eq. (11). The
macroscopic force column matrix related to ~w is defined as

f ∗
w

= 1
|Ωm|P

∗
w. (30)

The discretisation and rearrangement at the macroscale of the stiffnesses of Eq. (22) and
(23) leads to internal stiffness matrices defined as

K00 = 1
|Ωm|B

T
0C00B0,

K0i = KT
i0 = 1

|Ωm|

{
BT

0C0iBBi + BT
0 C0iN

Ni

}
,

Kij = 1
|Ωm|

{
NT
i CiNjNNj + NT

i CiNjBBj + BT
i CiBjNNj + BT

i CiBjBBj

}
,

K0w = KT
w0 = 1

|Ωm|B
T
0C0w,

Kiw = KT
wi = 1

|Ωm|

{
NT
i CiNw + BT

i CiBw
}
,

K∗ww = 1
|Ωm|C

∗
ww.

(31)
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As already noted in Eqs. (12) and (15), the stiffness and stress quantities in Eqs. (29) and
(31) are divided by the microscopic volume |Ωm|.

3.2.3. Condensation

An RVE is assigned to every macroscopic integration point, where, upon convergence,
the macroscopic stress matrices of Eqs. (29) and (30) and tangent matrices of Eq. (31) are
calculated. In each macroscopic integration point, the following linear relations for combined
micro-macro kinematic quantities and associated Lagrange multipliers hold

K00 K01 · · · K0n K∗0w
K10 K11 · · · K1n K∗1w

...
...

. . .
...

...
Kn0 Kn1 · · · Knn K∗nw
K∗w0 K∗w1 · · · K∗wn K∗ww




dv0

dv1
...
dvn
dw∗

+


df

0

df
1

...
df

n

df ∗
w

 = 0, (32)

where an asterisk (*) for K∗w0 (= K∗T0w) and K∗wi (= K∗Tiw ) indicates that these tangent matrices
have extra zero entries related to the Lagrange multipliers. As already mentioned, at the
macroscale only ~v0 and vi are relevant and thus the stiffness terms related to ~w need to be
condensed out. The macroscopic tangent for a single integration point is therefore derived
as

K
ig
M =


K00 K01 · · · K0n

K10 K11 · · · K1n
...

...
. . .

...
Kn0 Kn1 · · · Knn

−

K∗0w
K∗1w

...
K∗nw

 [K∗ww]−1 [
K∗w0K

∗
w1 · · ·K∗wn

]
. (33)

The macroscopic forces do not need to account for ~w, since Eq. (26) is considered in equili-
brated state. The macroscopic forces for an integration point simply consist of terms related
to ~v0 and vi, i.e.

f ig
M

=


f

0

f
1
...
f
n

 . (34)

3.2.4. Macroscopic system of equations

Eventually, the macroscopic forces f
M

and tangent KM can be constructed from integra-
tion and assembly over all macroscopic integration points using standard Gauss integration
rule, i.e.

KM = A
ne

e=1

〈
K
ig
M

〉
Ωe
,

f
M

= A
ne

e=1

〈
f ig

M

〉
Ωe
.

(35)
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Finally, the macroscopic governing equations of Eq. (11) are solved by iterative incremental
scheme

dvM =


dv0

dv1
...
dvn

 = −K−1
M f

M
, (36)

of which the convergence is verified as

||f
M
||+ ||dvM|| < tol. (37)

3.3. Bifurcation analysis

The topic of bifurcation analysis is elaborated extensively in Miehe et al. (2002). They
show that a field vM,A is locally stable if the energy in that state is lower than any other
kinematically admissible deformation vM,B in the neighbourhood of vM,A, which reads

E(vM,A)− E(vM,B) ≈ 1

2
δvTMKM(vM,A)δvM > 0. (38)

where the second-order Taylor series expansion of the total energy is applied.
Fluctuation state vM,A is stable when the condition of Eq. (38) holds, or equivalently,

when all eigenvalues of that KM(vM,A) are positive (i.e. when KM is positive definite). If the
lowest eigenvalue α becomes negative, the systems becomes unstable and the corresponding
eigenvector V α determines the buckling mode. Then, the solution vM of the previous in-
crement (k − 1) is taken and perturbed by the eigenvector V α, multiplied by a numerically
suitable perturbation factor τ , i.e.

vM = vk−1
M + τV α. (39)

The perturbed displacement vector is used as an initial guess for the next iteration.

3.4. Computational homogenization scheme

An outline of the micromorphic computational homogenization scheme for multiple modes
is shown in Algorithm 1.
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Algorithm 1: Nested solution scheme for the micromorphic computational homogenization scheme with a
full Newton implementation and stability control.

1: Initialization:

(i): Initialize a macroscopic model, ~v0(t = 0) = ~0, vi(t = 0) = 0 for all i = 1, . . . , n.
(ii): To each Gauss integration point of the macro-model, assign an RVE.

2: for k = 1, . . . , nT (loop over all time steps)

(i): Apply macroscopic boundary conditions at time step k.
(ii): while ε > tol (macroscopic solver, iteration l)

(a): From ~v l0, vli compute for each macroscopic Gauss point ig its deformation gra-

dient I + (~∇~v ig0 )T, mode magnitude v
ig
i , and its gradient ~∇vigi .

(b): For each macroscopic Gauss point perform RVE analysis:

- Apply underlying deformation dictated by I + (~∇~v ig0 )T, v
ig
i , ~∇vigi , and ~ϕi.

- Assemble and solve RVE problem. For ~w enforce orthogonality, periodicity
and rigid body motion constraints over Ωm.

- Average resulting microscopic quantities to obtain the macroscopic homog-
enized stress and stiffness quantities, as specified in Eqs. (29) and (31).

(c): Assemble the macroscopic gradient f l
M

and tangent Kl
M by condensing out the

stiffness terms related to ~w.
(d): Update the macroscopic displacements vl+1

M = vlM + dvlM, where dvlM =
−[Kl

M]−1f l
M

.

(e): Update the iteration error ε = ‖f l
M
‖+ ‖dvlM‖.

(iii): end while
(iv): If the lowest eigenvalue α of Kl

M is negative, do not go to the next time step, but
again start from (i) and perturb with corresponding eigenvector τV α.

3: end for

4. Numerical examples

In this section, direct numerical simulations (DNS) are compared with the microscopic
homogenization scheme of Sections 2 and 3 by means of two examples. The DNS results
are the actual full scale solutions, obtained for multiple shifts of the microstructure with
respect to the macrostructure (Ameen et al., 2018). The first example is a column with a
square stacking of holes that can buckle globally or locally, depending on the slenderness
ratio. Global buckling results in large ~v0 fields, whereas local buckling gives large vi fields.
The second case is a structure with hexagonal stacking of holes, which can buckle locally in
multiple patterns.

All results in this section are obtained assuming hyperelastic material with energy density
function

ψ(F ( ~X, ~Xm)) = c1(I1 − 3) + c2(I1 − 3)2 − 2c1 log J +
1

2
K(J − 1)2, (40)

with deformation gradient tensor F = I + (~∇~u)T and invariants J = detF , I1 = trC,
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Table 1: Constitutive parameters.

Parameter
c1 c2 K

[MPa] [MPa] [MPa]
Value 0.55 0.3 55

H

W

u

~e2 ~e1

`d

Figure 4: The geometry of the considered problem for a width W = 6` and height H = 10`, i.e. a column
made out of elastomeric mechanical metamaterial subjected to a vertical compressive load.

I2 = 1
2

[
(trC)2 − tr (C2)

]
of the right Cauchy-Green deformation tensor C = F T · F . The

constitutive parameters are listed in Tab. 1, based on experimental characterization by
Bertoldi et al. (2008).

4.1. Local versus global buckling

The first numerical case analyses a finite column with a square stacking of unit cells of
edge size ` = 9.97 mm with circular holes of diameter d = 8.67 mm. For this square stacking
of cells, only one type of local buckling is possible, i.e. n = 1 (see Bertoldi et al. (2008)).
The considered domain has size W × H, where W indicates the width in ~e1 direction and
H the height in ~e2 direction. The bottom edge is fixed, whereas the top edge is given a
prescribed displacement −u~e2. Fig. 4 schematically represents the considered problem and
Fig. 3 schematically shows the considered RVE.

Depending on the slenderness ratio H/W , the column buckles globally or locally, as shown
by the deformed configuration corresponding to the DNS in Fig. 1. A strain of u/H = 0.08 is
applied to specimens of 6`×14` and 6`×34`. For lower slenderness ratios, the cells fold in a
typical pattern and an auxetic effect is observed, as well as boundary layers where the local
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(a) size 6`× 14` (b) size 6`× 34`

Figure 5: Micromorphic computatinal homogenization results of a column of (a) 6`× 14` and (b) 6`× 34`,
where the former exhibits local buckling and the latter global buckling. The colour indicates v1 for the
overall applied strain u/H = 0.08

buckling is restricted. In contrast, global buckling (Euler beam buckling) occurs for higher
slenderness ratios, accompanied by some local buckling where the compression is high.

The homogenized results are represented in Fig. 5. The ~v0 field is shown by the deformed
shape and closely resembles Fig. 1. Furthermore, similarly to the DNS results, the shorter
column buckles locally, with mode ~ϕ1 activated in the bulk of the column (Fig. 5a). The v1

field near the two horizontal edges vanishes as a result of the kinematic constraint v1 = 0
at top and bottom. Global buckling occurs for a higher slenderness ratio, with the mode
activated only where the compression is high (Fig. 5b).

The force-displacement response for both columns is shown in Fig. 6 for both DNS and
micromorphic computational homogenization. The DNS results are obtained by ensemble
averaging over three shifts in both ~e1 and ~e2 directions (Ameen et al., 2018). As Fig. 6
shows, the locally buckling column of 6`× 14` shows a constantly increasing bilinear stress-
strain response, while the globally buckling column of 6` × 34` shows a decrease in the
stress after global buckling, implying an incremental negative global stiffness. The column
of 6` × 34` shows local buckling before it buckles globally, which is concluded from the
momentary bilinear response. From Fig. 6, the performance of the micromorphic compu-
tational homogenization algorithm can be compared to the DNS results. The pre-buckling
response is captured accurately by the micromorphic framework, as well as the shape of the
post-buckling curve. However, buckling for the homogenized columns occurs at a higher
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Figure 6: The nominal stress P22 as a function of the strain in vertical direction u/H, for columns of 6`×14`
and 6` × 34` and obtained via micromorphic homogenization and DNS. The buckling points are indicated
by an asterisk (∗).

strain than the DNS columns, which results in higher post-buckling stresses. The buckling
points in Fig. 6 are indicated by an asterisk. This buckling strain is defined by the first
displacement u/H where the global stiffness (i.e. dP22

d(u/H)
) is less than half of its initial value.

For the two geometries, the buckling strain is relatively similar, since in both columns the
initial buckling regime is local buckling. In the shorter column, the boundary layers have a
higher influence and hence the buckling strain for that column is slightly higher.

The buckling strain is plotted as a function of the slenderness ratio H/W in Fig. 7, where
the width W = 6` is fixed. A nearly constant buckling strain is observed for slenderness
ratios between 3 and 7. These columns exhibit local buckling, that arises at one specific
strain. Note that these columns could still buckle globally when further increasing the load.
For lower slenderness ratios than approximately 3, stiffer boundary layers along the top and
bottom edge result in a higher buckling strain. For high slenderness ratios, global buckling
occurs, resulting in a decrease in buckling strain. In the local buckling regime, the average
relative error of the buckling strain between the micromorphic and DNS results is 16%, while
the global buckling regime shows an average relative error of 6%.

Bertoldi et al. (2008) found that the buckling strain of a single RVE is 0.03 and hence that
value is assumed to be the theoretical local buckling strain. The micromorphic simulations
overestimate that strain on average by 11%. The theoretical global buckling strain is obtained
from Euler’s beam buckling theory. As observed from Fig. 7, the transition point between
local and global buckling occurs in theory for a higher slenderness compared to the transition
point of the DNS and Micromorphic simulations.

Finally, Fig. 8 shows the buckling strain as a function of the slenderness ratio H/W for
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Figure 7: The buckling strain u/H as a function of the slenderness ratios H/W , as obtained from DNS and
micromorphic computational homogenization algorithms and from global and local buckling theories. The
width is kept constant at W = 6`.
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Figure 8: The buckling strain u/H for various slenderness ratios H/W as obtained from the DNS and
micromorphic (MM) simulations for widths W = {6`, 8`, 10`, 12`}.
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various widths W . For an increasing width, the buckling strain of the micromorphic scheme
decreases, while the buckling strain of the DNS increases. This reduces the average relative
error to 11% in the local buckling regime and to 4% in the global buckling regime at a width
of 12`.

4.2. Multiple local modes

As reported by Ohno et al. (2002), under biaxial compression, hexagonal honeycomb
structures show three different modes. Ameen et al. (2019) have researched this phenomena
for a hexagonal cellular structure, with holes with a diameter of d = 1.28 mm and a centre-
to-centre spacing of ` = 1.386 mm. The periodic cell has two holes in each direction of the
cell and shows three symmetry planes. Periodic boundary conditions are enforced between
opposite boundaries. The hexagonal stacking and one RVE are depicted in Fig. 9.

(a) hexagonal stacking

~e2 θ

`

d

~e1

(b) one RVE

Figure 9: (a) The hexagonal stacking in the undeformed configuration. (b) One RVE, where boundaries
indicated by the same colour are coupled via periodic boundary conditions.

Upon application of various macroscopically constant biaxial strains, the structure can
deform in several patterns, depending on the biaxiality ratio γ defined as

γ =
ε22

ε11

=
1− F 22

1− F 11

∈ [0,∞], (41)

where εii = 1 − F ii are the compressive normal strains in ~e1 and ~e2 directions. F ij are the
components of the overall deformation gradient tensor F , of which F 12 = F 21 = 0. The
value of γ determines which pattern is activated; all three patterns are shown in Fig. 10 and
can be characterized as follows:

� Pattern I, a uniaxial pattern or shear pattern. This occurs when the compressive load
on the vertical cell walls is higher than the load on the other cell walls, so γ > 1.
The multiplicity of the bifurcation point is one. The displacement field corresponds
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(a) pattern I (b) pattern II (c) pattern III

Figure 10: Three pattern transformations. (a) Pattern I, the uniaxial or shear pattern, corresponds to
γ = ∞. (b) Pattern II, the biaxial or butterfly pattern, occurs for γ = 1

2 . (c) Pattern III, the equi-biaxial
pattern or butterfly-like pattern, is observed for γ = 1.

to alternating horizontal layers which are sheared to the right and to the left and is
denoted by ~ϕ1 and shown in Fig. 10a.

� Pattern II, also called biaxial pattern or butterfly-like pattern, emerges when the cell
walls at θ = ±30◦ are compressed more than the vertical cell walls, i.e. γ < 1. For
this case, the multiplicity of the bifurcation point is two. The pattern is denoted by
~ϕ2 and has horizontal layers of holes buckled along horizontal and vertical directions,
vertically alternated with cells that buckle towards the left and right. Fig. 10b depicts
this pattern.

� Pattern III, referred to as the equi-biaxial pattern or flower-like pattern, denoted ~ϕ3.
This pattern is observed when all three cell walls are subjected to an equal compressive
load, i.e. γ = 1, and the multiplicity of the bifurcation point is three. The displacement
field of the central hole leaves virtually undeformed, while the adjacent holes form
ellipses, as can be seen in Fig. 10c.

In the case analysed in this section, an infinite specimen is considered by applying periodic
boundary conditions to all edges of a 20 × 20 mm rectangular macroscopic domain. This
is divided in four linear quadrilateral elements with a four-point Gauss integration rule. To
every integration point, an RVE is assigned.

Fig. 11 shows results for a uniaxial strain of ε22 = 0.05 (γ = ∞). The mean displace-
ment in ~e1 direction is zero, while in ~e2 it is linear, which matches with the applied strain.
Furthermore, only mode ~ϕ1 is activated since v1 is non-zero; v2 and v3 are zero and thus the
corresponding patterns are not triggered. From the deformation of one RVE in Fig. 11a, it
is observed that the deformation resembles the DNS result of Fig. 10a.

Similar images to Fig. 11 can be obtained for the other biaxiality ratios γ = 1
2

and γ = 1,
triggering their corresponding pattern. More interesting is the development of the fields over
increasing load (i.e. over time). Fig. 12 shows that for each loadcase, the correct pattern
is activated. This activation starts at the bifurcation point, where a negative eigenvalue
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Figure 11: One deformed RVE (a) and the resulting macroscopic fields of a homogenized infinite specimen
subjected to uniaxial compressive strain of ε22 = 0.05 (γ =∞, i.e. pattern I). Periodic boundary conditions
are applied to all boundaries. The two components of the mean displacement field ~v0 (b) and (c), and the
fields that indicate the activation of patterns ~ϕ1, ~ϕ2 and ~ϕ3, (d), (e) and (f).

is observed and the system is perturbed in the direction of the corresponding eigenvector.
Before reaching the maximum applied strain, other patterns are somewhat activated as well.
Individual patterns are activated as expected, and in accordance to Ameen et al. (2019). In
their approach however, an initial guess has to be provided, which determines the obtained
solution. The full Newton solver presented here greatly reduces that dependency and relaxes
the requirement of the initial guess, by perturbing the system towards the right direction
when it runs into a bifurcation point.

Although Figs. 11 and 12 show correct fields and activations of patterns, the hexagonal
stacking of cells still involves a few challenges to address:

� The size of the macroscopic elements is deliberately chosen much bigger than the size
of the considered RVE. For a representative, finer mesh, the micromorphic fields vi
show unexpected spatial fluctuations.

� The patterns with a higher multiplicity of the bifurcation point than one, sometimes
show multiple negative eigenvalues with each different eigenvectors. At the moment,
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Figure 12: Magnitudes of all three patterns as a function of time for biaxiality ratios (a) γ =∞, (b) γ = 1
2

and (c) γ = 1.

we are unsure with which eigenvector or linear combination the system should be
perturbed.

� Considered patterns are obtained as deformations of RVEs subjected to overall strains
according to Fig. 12, from which the homogeneous part was removed. These patterns
are therefore exact for the maximum applied strains, as the homogeneous part is cap-
tured by ~v0, whereas they deviate elsewhere. Consequently, inactive vi field show slight
deviations from zero except at the maximum applied strain.

5. Summary and Conclusions

In this contribution, the recently developed micromorphic computational homogenization
framework is presented and extended with a full Newton solver. Specific elastomeric mechan-
ical metamaterials could buckle into one or multiple modes and therewith show non-local
effects. The micromorphic framework decomposes the kinematic field by using information
about all feasible buckling modes. In this fashion, it is capable to accurately capture the non-
local effects. This paper precisely describes the construction and implementation of a full
Newton solver for this framework. Analytical expressions for the first and second variations
of the total potential energy are derived and a complete overview of the solution scheme is
given. The full Newton solver is substantially more robust than the existing quasi-Newton
solver. In addition, it allows for bifurcation analysis as shown by two cases. In the first case,
columns of several slenderness ratios made of metamaterial with a square stacking of holes
are considered, in which a competition between local and global buckling exists. The second
case analyses a hexagonal stacking of cells, which can buckle into multiple patterns. The
following conclusions can be drawn:

1. A robust full Newton solver for a micromorphic computational framework has been
developed.

2. The micromorphic approach represents the DNS results accurately for both local and
global buckling in terms of displacements and activation of the pattern.
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3. The stresses in the pre-buckling regime are captured well by the micromorphic frame-
work. Post-buckling, however, stresses are higher, since buckling occurs for a higher
strain.

4. Increasing the macroscopic size of the specimen, i.e. increasing the scale ratio, improves
the accuracy of the results.

5. For the largest macroscopic domain considered (W = 12`), the buckling strain of
the initial local buckling is captured with an average relative error of 11%, while the
buckling strain of the initial global buckling is captured with an average relative error
of 4%.

6. In the case of hexagonal stacking and multiple feasible patterns, the algorithm ensures
that the correct pattern is activated.
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Appendix A. Buckling in simple structures

Appendix A.1. One degree of freedom

A one degree of freedom (1 DOF) example that is nonlinear due to its geometry, will be
used to gain insight in buckling instability. This example is also referred to as the von Mises
truss. Fig. A.13 depicts the geometry of the structure. The width of the structure is B = 1.
The bar has initial length L0 = 2, initial height H0 =

√
3, Young’s modulus E = 100 and

initial cross-sectional area A0 = 0.01. The force F applies to the tip in vertical direction
which causes displacement u = H0 − H in vertical direction. The displacement u is the
variable that can be controlled. The strain energy density for this uniaxial problem can be
calculated from

W =
1

2
Eε2, (A.1)

where ε is the strain in the bar. This strain can be calculated from

ε =
L

L0

− 1 =
1

L0

√
B2 +H2 − 1 =

1

L0

√
B2 + (H0 − u)2 − 1. (A.2)

The stored elastic energy (potential energy) of the enire bar can then be calculated from

Ψ =

∫
V

WdV = WV = WL0A0. (A.3)

Now the potential energy Ψ is expressed in terms of the displacement u. The dependency
of Ψ on u is graphically shown in Fig. A.14. The energy is lowest and zero when the strain
in the bar is zero, so when the length is equal to the initial length. When the bar is extended

27

https://www.sciencedirect.com/science/article/pii/S0022509618306148
https://www.sciencedirect.com/science/article/pii/S235201241500051X
http://dx.doi.org/10.1002/adma.201503188
http://science.sciencemag.org/content/sci/344/6190/1373.full.pdf


L

F

B

H

Figure A.13: The structure with one degree of freedom.
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Figure A.14: The potential energy against the displacement u.

or shortened, the energy increases.

The force can be calculated from

F =
∂Ψ

∂u
(A.4)

and the stiffness from

K =
∂F

∂u
=
∂2Ψ

∂u2
. (A.5)

These quantities are shown in Fig. A.15. For different values of u, the force is calculated.
The force is zero when the bar is at its initial length. For negative displacement, an upward
(negative by definition) force is applied. The force is zero as well when the bar is shortest,
however this configuration is not stable. This instability is demonstrated by the negative
stiffness. The system is again stable when the bar is at its initial length again but then in
the downward orientation.
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Figure A.15: The force and stiffness in the direction of the displacement against the displacement u.

Appendix A.2. Two degrees of freedom

A two degrees of freedom (2 DOF) structure is depicted in Fig. A.16. The bars are rigid
and have length l = 1. Two rotational springs with stiffness C = 1 are attached and are
relaxed when the angles q1 and q2 are zero. A force F on the tip can cause deflections. The

q1

q2

C

C

F

(a) Buckling mode where q1 and q2
do not have the same sign.

q1

q2

C

C

F

(b) Buckling mode where
q1 and q2 have the same
sign.

Figure A.16: The structure with two degrees of freedom. Two bars of length l = 1 are attached by springs
with stiffness C = 1. A force F induces a vertical displacement of the tip u and two angles of twist q1 and
q2.

total potential energy of this system can be expressed as

P = W − E, (A.6)

where W is the stored elastic energy, which is

W =
1

2
Cq2

1 +
1

2
C(q2 − q1)2, (A.7)
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and E is the work done by force F , which is

E = Fu = Fl(2− cos(q1)− cos(q2)). (A.8)

Fig. A.17 depicts the energy for different forces F . When the force is relatively small, the
energy is lowest in the configuration (0, 0) and there is only one minimum. This holds an
upright position. When the force is very large, four minima appear for q1 = ±π and q2 = ±π.
All of these configurations hold a downward position. The configurations in which q1 = q2

have a slightly lower total potential energy. In between these large and small forces, the

(a) F = 0.1 (b) F = 100

Figure A.17: Total potential energy for various forces.

potential energy only shows two minima. This is the case for F = 2 for example, as shown in
Fig. A.18. The coordinates of these minima depend on the value for F . They are either both
positive or negative, so both joints turn in the same direction. The configuration is with a
bend between the two bars and can be upright or downward, depending on F . This mode
can be seen in Fig. A.16b. Typically, two buckling modes are possible. One mode where the
angles have the same sign, and one where they do not have the same sign. These can be
seen in Fig. A.16. The mode where q1 and q2 have the same sign has a lower total potential
energy than the other mode, so that one is more likely to occur. This can be explained
from Eq. A.7; the contribution of the second part of this equation is low if q1 ≈ q2, which
effectively means that the spring between the two bars is almost in its initial position.

The forces can be derived from

G =
∂P

∂q
=

[
2Cq1 − Cq2 − Fl sin q1

−Cq1 + Cq2 − Fl sin q2

]
. (A.9)

and the stiffness from

K =
∂2P

∂q2
=

[
2C − Fl cos q1 −C

−C C − Fl cos q2

]
. (A.10)
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Figure A.18: Total potential energy for F = 2.

The system is unstable when the determinant of the stiffness matrix is det(K) ≤ 0. For the
reference state (0, 0) and with C = l = 1 this can be solved for F .

det(K) = F 2 − 3F + 1 = 0 (A.11)

results in F1 = 3
2
− 1

2

√
5 and F2 = 3

2
+ 1

2

√
5 as the critical forces or bifurcation points. When

the lowest critical force is reached, the system is unstable and will buckle. For forces lower
than F1, only one minimum will appear at (0, 0), thus the force is not strong enough to
make the system buckle. For forces higher than F1, three critical points appear: one is (0, 0),
which is an unstable saddle point, and two stable minima in the upper right and lower left
corner. Two configurations are possible: buckling of both bars to the right (clockwise) like
Fig. A.16b or to the left (counterclockwise).

The eigenvalues and eigenvectors of K can be determined. When using F = F1 and
q1 = q2 = 0, this results in

V =

[
1
2

√
5− 1

2
−1

2

√
5− 1

2

1 1

]
(A.12)

with eigenvalues λ1 = 0 and λ2 = 2.2361. So critical force F1 indeed corresponds to a
configuration where one of the eigenvalues equals zero.

Fig. A.19 shows the values of the total energy in the direction of the eigenvectors for
different values of F1.
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Figure A.19: Total potential energy in direction of both eigenvectors V 1 and V 2 for different values of F .
For (a) a force slightly lower than F1 and (b) a force slightly higher than F1.

This figure corresponds to the statements above concerning buckling and the amount of
minima. For a value slightly lower than F1, one minimum can be found in both directions
of the eigenvectors. For a value slightly higher than F1, one minimum can be found for
V 2, at the initial configuration (0,0). For the direction of V 1 however, two minima with a
lower potential energy are observed in another configuration than the initial. Therefore, the
system is unstable and will buckle in direction V 1.

Appendix B. Code of Scientific Conduct

32



 

January 15 2016  
 

Declaration concerning the TU/e Code of Scientific Conduct 
for the Master’s thesis 
 
I have read the TU/e Code of Scientific Conducti. 
 
I hereby declare that my Master’s thesis has been carried out in accordance with the rules of the TU/e Code of Scientific 
Conduct 
 
Date 
 
…………………………………………………..………….. 
 
Name 
 
…………………………………………………..………….. 
 
ID-number 
 
…………………………………………………..………….. 
 
Signature 
 
 
 
…………………………………………………..………….. 
 
 
 
 
 
 
 
Submit the signed declaration to the student administration of your department. 
 
 
 
 
 
 
 
 
 
 
i See: http://www.tue.nl/en/university/about-the-university/integrity/scientific-integrity/  
The Netherlands Code of Conduct for Academic Practice of the VSNU can be found here also.  
More information about scientific integrity is published on the websites of TU/e and VSNU 

 
 
  

13-06-2019

Sylvia van Bree

0807232 `


	Introduction
	Micromorphic computational homogenization framework
	Kinematic field decomposition
	Potential energy
	First variation and governing equations
	Second variation

	Numerical implementation
	Microscopic problem
	Discretisation
	Microscopic discretisation of the forces and stiffnesses
	Microscopic system of equations

	Macroscopic problem
	Discretisation
	Macroscopic discretisation of forces and stiffnesses
	Condensation
	Macroscopic system of equations

	Bifurcation analysis
	Computational homogenization scheme

	Numerical examples
	Local versus global buckling
	Multiple local modes

	Summary and Conclusions
	Acknowledgements
	Buckling in simple structures
	One degree of freedom
	Two degrees of freedom

	Code of Scientific Conduct

