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Abstract

Conventionally, robots are regulated to zero velocities before they establish contact with objects and
their environment. A reliable prediction of post-impact behaviour will allow for planning, control,
and estimation of robot trajectory with impacts, which can be particularly beneficial in indus-
trial settings and work places where humans and robots interact. Hard impacts define the contact
between rigid bodies, which are characterized by short time intervals with high accelerations and de-
celerations. Nonsmooth mechanics provides a possible solution in predicting post-impact behaviour
of robotic systems, based on an idealization that contact forces at impact are impulsive, meaning
take zero time, and standard rigid body dynamics. Experimental validation of nonsmooth impact
models is a step closer to realizing impact aware manipulation. However, in reality impact occurs
over time and induced vibrational transients do effect ante- and post-impact behaviour. This makes
it particularly challenging in identifying the jumps in the velocity signals that is needed for the
validation. Therefore, the main scope of this project is on the estimation of post-impact velocities
based on a robot model and encoder data.

In order to achieve this goal, a hypothesis is proposed, derived upon the analysis of experimen-
tal data. It is assumed that the averaged transient motions correspond to rigid body dynamics,
and thereby, post-impact velocities can be estimated. The hypothesis is validated based on the
numerical results of a simple robot interacting with a hard object. This interaction is modelled
at three levels of abstractions that correspond to reality, and an idealization of the contact event
and/or the mechanical structure of the bodies. The numerical validation allows for a quantitative
investigation of the performance of the impact model on experimental data, that is made possible
through a fitting process in a least squares sense. Finally, the development of an impact detection
tool makes it possible to perform the evaluation automatically on experimental data.
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Nomenclature

Greek symbols

α Proportional relation between the stiffness and damping in the Hunt-Crossley
model

β Parameter vector

∆amax Maximum acceleration variation

∆t Time increment

δ Penetration in an object or environment

γ Guard function

Λ Impulsive contact force

λ contact force

∇ Gradient

ω Damped angular frequency

φ Phase

τ Torque vector

Roman symbols

A Amplitude

a0, ..., an constants

b Detection bound

C Coriolis matrix

D Damping matrix

Denv Damping coefficient relating to the Hunt-Crossley model

ep Prediction error

Fn Contact force relating to the Hunt-Crossley model

fq, fv Position and velocity estimation functions

g Jump map

g Gravity vector

gN Unilateral constraint

AHB Homogeneous transformation from B to frame A
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h Coriolis and centrifugal vector

h Sampling time

imax Most sensitive joint

J Jacobian

CJA,B Jacobian relating the velocity of frame B with respect to frame A, expressed
in C

jmax Maximum jerk

K Stiffness matrix

Kenv Stiffness coefficient relating to the Hunt-Crossley model

k Counter

M Mass matrix

AoB Coordinates of the origin of frame B, expressed in A

P Prediction function vector

q Joint positions

r Encoder resolution

S Selection matrix

s Selection vector

t Time

u Input

v Velocity

W Maximum moving window length

w A transposed row of the contact Jacobian

w Moving window length variable

AXB Twist transformation from frame A to frame B

x System states

Sub- and superscripts

˙(·) First time derivative

(̈·) Second time derivative

(̂·) Estimated

(̃·) Measured

∆

(·) Predicted

(·)+ Ante-impact

(·)− Post-impact

ja(·) Ante-impact mode

jp(·) Post-impact mode
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(·)† Moore-Penrose pseudo-inverse

(·) Measurement of a quantity

(·)θ Relating to the rigid body modes

(·)δ Relating to the flexible body modes

(·)N Relating to the normal direction

(·)imp At the time instance of impact
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Chapter 1

Introduction

Robotic systems execute manipulation tasks through physical interaction with objects that con-
stitute its working environment. Conventionally, to maintain stable transitions from free motion
to contact motion, which are known as the transition phases [32], the velocity is modulated, such
that contact tasks are executed at an almost zero velocity. In terms of efficiency, in both time and
energy, this is not ideal in industrial applications. Due to zero velocities that result in an overall
lower throughput, whereas higher energy usage is required to flow into the transition phase. Fur-
thermore, knowledge of post-impact behaviour is essential in human-robot interaction. Research on
this subject has been done in the last few years [12], [27], [24], to improve the autonomy, safety, and
ease of use of robotic coworkers that share the same workspace of humans.

The problem here considered is the reliable estimation of post-impact behaviour for robotic sys-
tems such that the estimation can be used for planning, control, and estimation of robot trajectory
with impacts. Hard impacts are characterized by short time intervals with high accelerations and
decelerations, such that impact is assumed to be instantaneous. Subsequently, hard impacts cause
discontinuities in the associated velocity signals. We aim to validate an impact model that employs
the mathematical abstraction provided by nonsmooth mechanics [3], [22], [23], [36], [21], [28]. This
model is based on an idealization of rigid body dynamics (implying no flexibility in the link and the
actuation systems) where unilateral position constraints (non-penetrability at contact event), im-
plying that contact forces at impact time become impulsive and take zero time. The impulsiveness
causes discontinuities in the velocities, which makes an impact a discrete event. However, in reality
impact occurs over time and vibrational transients have non-negligible effects due to mechanical
impedance. The discrepancy between reality and the idealization of hard impact makes it challeng-
ing to identify the discontinuities and the associated discrete velocity jumps solely based on a robot
model and encoder data.

In general, when only the rigid robot model (implying no flexibility in the link and the actuation
systems) and encoder data are given, well-established contact models between colliding bodies [25],
[10], cannot be applied. The use of these models require extensive information on the shapes and
viscoelastic properties of the colliding bodies, as well as data from external sensors. Hence, we
are interested in investigating the possibility of employing nonsmooth impact models, that give
a prediction of post-impact velocities. In order to validate the prediction model, estimations of
the post-impact velocities are required. For this reason, establishing these estimations became the
main scope of this project. Based on the analysis of experimental data, we developed a hypothesis
where we assume that the averaged vibrational transient motions corresponds to its rigid body

1



Chapter 1. Introduction

counterpart. Least squares fitting techniques are used to separate the rigid body dynamics from the
vibrational transients, and thus, give us an opportunity to estimate the post-impact velocities, and
therefore, validate the nonsmooth impact model. Furthermore, as we want to process experimental
data automatically, we extended an impact detection tool to an application suitable for multi-DOF
systems, provided by [30]. We use the KUKA LWR IV+, which is a lightweight seven degrees of
freedom (DOF) serial robot manipulator, as a benchmark robotic system to validate the prediction
model. The KUKA robot is available at the institute for Intelligent Systems and Robotics (ISIR) at
the Sorbonne Université in Paris. They have provided the experimental data, therefore, this project
is done in collaboration with the ISIR.

1.1 Literature review

In this section, an overview of the literature is presented and discussed. Table 1.1 shows an overview
of the reviewed literature, the criteria on which they are classified, and a small summary correspond-
ing to a cluster of reviewed literature.

Table 1.1: Summary table of the reviewed literature.
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Experimental study of im-
pact w.r.t. configuration. [29,39] X

Experimental evaluation
on various impact models. [6–8] X X X

theoretical analysis of
elastic collisions. [1, 2, 18,19,29,33,34] X

Impact described by means
of nonsmooth mechanics. [3, 21–23,28,36] X

Employment and evalua-
tion of collision detection
schemes.

[12,24] X X

Extensions on the Hertz
contact theory.

[10,25] X

A single impact is an event where two bodies collide and exert forces at one another. Impact
is characterized by very short duration, high force levels and high energy dissipation rates which
lead to rapid changes in the states of the system. If the bodies involving impact are regarded
as rigid with unilateral constraints the changes in the states would be happening instantaneously
as deformation is not taken in consideration. In theory this leads to contact forces of an infinite
amplitude in a continuous time domain. This is exemplary for why impact is such an complex
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Chapter 1. Introduction

event to interpret at an macroscopic level. An approach would be regarding impacts as discrete
events that happen in zero time, such that discontinuities will appear in the velocity signals of
the system. Systems that portray such behaviour are referred as nonsmooth. Mechanical systems
with unilateral constraints are elaborated by [36], where it provides a mathematical abstraction of
impact on a level of smooth, nonsmooth momenta, discontinuous and continuous forces in the form
of measure differential inclusions. This is a suitable approach for systems with discontinuous states,
as these types of systems do not fulfill the requirement for other mathematical frameworks that
describe impact.

1.1.1 Impact modelling frameworks

A central concept to describe post-impact behaviour with pre-impact behaviour is through the co-
efficient of restitution. There are three types of coefficients that are described by [9], [29], [19], [33],
[2], [1]. A basic one but widely used is referred as Newton’s rule, where the kinematic coefficient
of restitution is defined as the ratio between the post-impact and pre-impact normal velocity. The
second one is known as Poisson’s rule, where the kinetic coefficient of restitution, which is defined as
the ratio between the post-impact and pre-impact impulse. The third one is an energetic coefficient,
defined as the ratio of post-impact to pre-impact energy. The last one, the energetic coefficient, has
been introduced by [18] as an alternative for Poission’s rule as it had been shown to be inconsistent.
They differ in the sense that, in the energetic definition, the energy dissipation is divided into two
parts, one where dissipation corresponds to normal impulse and the other one to frictional impulse.
This has been discussed in [34].

Several nonsmooth frameworks have been discussed by [22], [3], such as measure differential inclu-
sions and hybrid systems. The framework of measure differential equations that describes systems
with state discontinuities is elaborated by [23]. Hybrid modeling paradigms supplement continuous
system descriptions by mechanisms that model discrete mode changes with associated discontinuities
in the continuous state variables [28]. Guard functions are defined, which when activated will cause
the dynamics to switch from one differential equation to another. This makes it a very intuitive
approach to the modelling of nonsmoothness. Linear complementarity systems describe nonsmooth
systems through a set of differential equations and inequalities, which are often used to describe
mechanical systems with unilateral constraints. However, the highly nonlinear nature of impulse
accumulation due to contact compliance would present an obstacle for a linear complementary for-
mulation. The study in [19] present a more accurate approach, where it studies the computation of
a tangential impulse as two rigid bodies in space collide at a point with both tangential compliance
and friction. It extends a spring-based planar contact structure to three dimensions by modeling
the contact point as a massless particle able to move tangentially on one body while connected to
an infinitesimal region on the other body via three orthogonal springs.

1.1.2 Complaint contact force models

In the work of [25], a comparative study of compliant contact force models is presented. A number
of contact force models has been offered that extend the Hertzian law with a damping term to
accommodate the energy loss during the impact process for small or moderate impact velocities. In
this work, the main issues associated with the most common compliant contact force models of this
type are analyzed. Overall, one of the most used is the Hunt-Crossley model [10], as it seems to
be consistent with reality. This is because damping is modelled as a function of displacement, such
that it does not display discontinuities in the contact forces.

1.1. Literature review Page 3
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1.1.3 Experimental research on impact models

The dynamics during impact has received a considerable amount of attention for robotic manipu-
lators, unfortunately not the same can be said for the experimental understanding of impact. An
experimental study has been performed on a 2DOF manipulator by [29]. The goal of the study is
to evaluate the post-impact behaviour of the manipulator for various pre-impact conditions such as
configurations and impact velocity for impact on a flat surface. Some key observations are made
during the study: the post-impact tangential velocity can increase in magnitude or reverse direction;
this is primarily dependent on the configuration of the manipulator; for the down-elbow configura-
tion, the post-impact tangential velocity either reduces or completely reverses direction; the reversal
occurs for higher impact angles; for the up-elbow configuration the magnitude of the post-impact
tangential velocity is increased without changing direction. Overall, the study showed that a classic
rigid body approach with kinematic coefficient of restitution can be used for closed-form prediction
of the post-impact normal and tangential velocities.

The study in [7] discusses the problem of estimating impact forces and inertial parameters of sys-
tems of rigid bodies undergoing planar frictional contact. Simulations and experiments are done for
three different systems:

• a falling rigid body

• a rolling/slipping rimless wheel

• a manipulator pushing a disk

This work shows a study where cases are considered of passive interaction, such as an object falling
due to gravity. Cases of active interaction, such as actuation and external perturbations on an
object at contact are also regarded. When the results are compared with simulation data, it shows
an effective prediction of the contact forces. The same can be said for observed data from real
experiments, however a practical realization of this study seems to create some challenges.

1.1.4 Collision detection

A study close to [7] that has been discussed previously, is presented in [6]. A robust approach into
detecting a contact event has been elaborated by [6] is looking for sharp peaks in the acceleration
of the object within a given time frame where the object makes contact with its surroundings. A
finite-differenced second-derivative is used of the component of the position that makes contact
which lays perpendicular to the plane of the impact. The experiments have been done by passively
dropping a coin on a flat surface by a robotic arm showing indeed robust detection of contact with
the plane of impact.

The studies in [12], [24], and [20] describe the issue of safe human-robot interaction. The works
in [12] and [24] employ a disturbance observer that recognises external torques and forces with
respect to the nominal robot dynamics. This is used as a collision detection tool, whereas [20] does
this based on a measure of the energy dissipated by the robot during an impact at a control level.

A novel impact detection tool has been presented by [30], where an extrapolation of a fitted window
moving through a position signal is compared to measurements at a corresponding time instance. A
mismatch between the extrapolation and the measurement indicates an impact event. With respect
to other detection schemes, this one only requires position data.

1.1. Literature review Page 4



Chapter 1. Introduction

1.1.5 Discussion

For novices on nonsmooth mechanics, [36] provides an understandable approach on the mathemat-
ical abstraction of impact. As the focus of the project does not lie on understanding nonsmooth
mechanics, other modelling frameworks provided by [11],[12] and [15] will be neglected as they are
relatively difficult to understand. It seems that the Hunt-Crossley model, presented in [10], can be
used as a numerical evaluation of the discrepancy between reality and the idealization of impact.
While searching on literature that provide an experimental study on impact, we were hoping to
find experimental studies on post-impact behaviour for various pre-impact conditions for robotic
systems; the work in [29] correlates several pre-impact conditions for some observed post-impact
behaviour and connects them to the impact model. It makes clear correlations between the post-
impact tangential velocity and the impact angle. In the context of this project, this can be used
to test the robustness of the impact model with respect to the impact angle. Since the lack of an
tangential impulse in the current impact model might correlate with the predictive power of the
impact model with respect to the impact angle. However, this work, as well as [7] use relatively
simple systems where the impact dynamics dominate the overall system response, such that dis-
continuities are more noticeable. For more complex robotic systems, the mechanical impedance
due to the flexibility of their parts and the actuation subsystems dominate the response. Subse-
quently, in situations where only encoder data is provided, the discrete velocity jumps cannot be
directly indicated. Therefore, employment of an indirect method to determine the velocity jumps
will form the base of this project. Furthermore, as we want to automatically detect the time of an
impact event, the detection scheme provided by [30] seems to be most straightforward with respect
to [12], [24], [20]. Subsequently, it supports situations where minimal information is provided i.e.
position data. However, in its current form, it only supports one-dimensional signals. Therefore, it
needs to be extended to multidimensional signals.

1.2 Research objective and Contributions

As detailed in the introduction of this chapter, this projects aims to investigate the possibility of
employing the mathematical abstraction provided by nonsmooth mechanics that can be used to
predict post-impact velocities, assuming that contact forces are impulsive. Therefore, the goal of
this project is formulated as:

Developing and experimental validating nonsmooth impact models that are able to
predict the post-impact joint velocities of a robot manipulator from pre-impact joint

configuration and velocities.

Towards achieving this goal, three contributions will be made in this research.

• Development and validation of a hypothesis that is derived upon the analysis of experimental
data. Here we assume that the averaged transient motions correspond to rigid body motion,
and thereby, post-impact velocities can be estimated.

• An evaluation of the performance of the nonsmooth impact model with respect to the esti-
mated post-impact velocities in Cartesian space.

• An extension of a novel impact detection tool, provided by [30], to mulitdimensional signals.

1.2. Research objective and Contributions Page 5



Chapter 1. Introduction

1.3 Report outline

This report structured as follows. Chapter 2 provides essential background information in the scope
of this project. Chapter 3 is concerned with the development and validation of a hypothesis that
is derived upon the analysis of experimental data, where we assume that the averaged vibrational
transient motions correspond to rigid body motions, which can be used to estimate post-impact
velocities. The estimations by means of least squares fitting is done in Chapter 4. The predictive
quality of the impact model by means of the estimations is therein assessed. The last section
of Chapter 4 shows an expansion of a preceding work in order to detect an impact event based
on multidimensional signals. Finally, Chapter 5 provides conclusions based on this research and
recommendations.

1.3. Report outline Page 6



Chapter 2

Preliminaries and Background
Material

In this chapter, we start by providing a derivation of a nonsmooth impact law for a torque controlled
robot that makes fully inelastic hard impact. Since the experiments are done on the KUKA LWR
4+, the derived impact law will be associated with the KUKA arm. Therefore, the KUKA arm is
a benchmark robotic system. Throughout this report we will make use of the multibody notation
introduced in [35].

Furthermore, the choice of a continuous contact model is elaborated in Section 2.2, as it is an
integral part of the validation of the nonsmooth impact laws. The final Section 2.3 is concerned
with the extension of an impact time detection tool to multi-DOF systems.

2.1 Derivation of a nonsmooth inelastic impact law for a robot
manipulator.

A nonsmooth impact law describes the algebraic relation between ante- and post-impact velocities
of rigid bodies, therefore it is also know as an algebraic impact law. In case of a completely inelastic
impact, the post-impact velocities of the geometrical point of the robot that makes impact become
zero. Subsequently, it does not mean that the joint velocities become zero at impact.

In the following, we will derive an algebraic impact law for the KUKA that uses the theory and
notations of nonsmooth mechanics found in [23]. The KUKA LWR 4+ is a robot manipulator con-
sisting of a serial kinematic chain of seven rigid bodies, connected by revolute joints, that provide
relative motion between consecutive bodies. The KUKA arm can be seen in Figure 2.1a, as well as
a schematic representation in Figure 2.1b.

The robot makes contact with a surface through a spherical metal probe that has been attached
via a screw to a mounting ring that is fixed to the final link. We can define a tool frame B at the
metal probe that has a fixed position and orientation with respect to the final link frame, the linear
transformation between the two frames is given by

7HB(q) =

[
04×3 poT

1

]
(2.1)

7
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(a) The associated
KUKA arm, fully
erect.
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(b) A schematic representation of the KUKA LWR 4+ and the impact surface

where poT are the coordinates of the origin of frame B with respect to frame 7. The DH parameters
of the KUKA arm and the parameters associated with tool frame B can be found in Appendix A.1.

We define a contact frame C where its origin lies at the Cartesian coordinates 0oC(q) with re-
spect to the inertial ground frame 0. We assume that contact is made at a single point. The
z-direction of the contact frame corresponds to the surface’s normal, as illustrated in Figure 2.1b.
The starting point is defining a unilateral constraint (strictly impenetrable), that can be written as

gN (q) := (0oC(q))z ≥ 0, (2.2)

where the index z indicates its third component. One can retrieve an expression for gN by the third
component of the translation vector of the transformation matrix

0HB(q)BHC(q), (2.3)

where 0HB(q) is the homogeneous transformation from tooltip frame B to the inertial ground frame
0. We can a give an expression for the contact Jacobian by differentiating (2.3) where BHC(q) is
treated as a constant. The contact Jacobian we need to consider, is given by

CJ0,B = CXB(q)BJ0,B(q), (2.4)

where CXB(q) is the twist transformation from frame B to C. Since we do not consider sliding
friction and therefore solely normal impulses, we only have to take the third transposed row of the
contact Jacobian into account, which is denoted as wN . The dynamics of the robot during contact
is given by

M(q)q̈ + C(q, q̈)q̇ + g(q) = τ + wN (q)λN ,

with (0oC(q))z ≡ 0,
(2.5)

2.1. Derivation of a nonsmooth inelastic impact law for a robot manipulator. Page 8



Chapter 2. Preliminaries and Background Material

where M, C, g, τ and λN , are respectively the mass matrix, the Coriolis matrix, the gravity vector,
the joint torques and the normal contact forces.

Now we assume an idealization of impact where impact occurs over a infinitesimally small time
period ∆t → 0. In this zero time transition, all changes in the velocities are finite, no change in
position and orientation of any body of the system is admissible. However, the normal contact
force becomes an impulsive force. This impulsive force induces finite changes in the joint velocities,
which is described by a linear mapping depending on the robot configuration. The linear mapping
is derived by integrating (2.5) from a time t to the time t+ ∆t, which is given by

lim
∆t→0

∫ t+∆t

t
(M(q)q̈ + C(q, q̈)q̇ + g(q))ds = lim

∆t→0

∫ t+∆t

t
(τ + wN (q)λN )ds, (2.6)

Since the positions and velocities are finite at all times, the integral part over the Coriolis matrix and
the gravity vector become zero, as does the joint torques τ . Thus we are left with an incremental
change in the velocity, written as

∆q = M(q)−1wNΛN , (2.7)

where ΛN is the impulsive contact force. Equation (2.7) is known as the standard impact equation.
Combining (2.7) with the following inelastic impact law

ġ+
N (q, q̇) := wT

N (q)q̇ = 0 (2.8)

leads to the post-impact velocity estimate

q̇+ = q̇− −M−1wNΛN , (2.9)

where
ΛN = −(wT

NM−1wN )−1wT
N q̇−, (2.10)

where q̇+ denotes the post-impact velocity and the q̇− ante-impact velocity. The term wT
NM−1wN

can be recognised as the effective mass of the robot in the direction of the impact surface’s normal.
In nonsmooth mechanics literature, this is known as the Delassus matrix [23].

2.2 Contact models

In this section we elaborate the choice of a continuous contact model. This contact model is known
as the Hunt-Crossley model and is chosen due it being physically consistent with reality, such that
it can be used to numerically validate the algebraic impact law.

Linear viscoelastic models are commonly used due to their simplicity and their intuitive approach.
A common mechanical model of viscoelasticity is the Kelvin-Voigt model, which incorporates the
dynamics of a linear damper-spring system.

Fn(δ̇(t), δ(t)) =

{
kenvδ(t) + denv δ̇(t), δ(t) ≥ 0

0, δ(t) < 0
(2.11)

where δ(t) represents the robot penetration inside the environment, Fn(t) represents the contact
force, and kenv and denv denote the environment stiffness and damping, respectively. The Kelvin-
Voigt model displays both physical limitations and intuitive inconsistencies [11], [10], this will be
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explained with Figure 2.2a. The Kelvin-Voigt model shows to be non-intuitive with reality as
shown in Figure 2.2a, it shows an instantaneous jump in the contact force, these discontinuities
are not in line with reality. Furthermore, because the applied load is compressive, through a pair
of profiles that are not joined together, no tensile forces are admissable. This is in conflict with
what is shown in Figure 2.2a, as the contact force becomes negative during the decompression
phase. Nonlinear models have been shown to be in better agreement with the dynamic behavior

Displacement δ

F
o
rc
e

δmax

F
Compression

Decompression

(a) The contact force during compression and decom-
pression assumed to be linear.

Displacement δ

F
o
rc
e

δmax

F

Compression

Decompression

(b) The contact force during compression and decom-
pression assumed to be nonlinear.

Figure 2.2: A comparison between a linear and a nonlinear contact model.

of physical environments [11]. In order to overcome the problems of the Kelvin-Voigt model, Hunt
and Crossley [10] proposed the following nonlinear model

Fn(δ̇(t), δ(t)) =

{
Kenvδ

n(t) +Denvδ
n(t)δ̇(t), δ(t) ≥ 0

0, δ(t) < 0
(2.12)

here, Kenvδ
n denotes the nonlinear elastic force, and Denvδ

nδ̇ denotes the nonlinear viscous force.
The exponential parameter n depends on the material and the geometric properties of contacting
bodies. The Hunt and Crossley force model expresses the damping as a function of deformation,
which sounds physically reasonable. Furthermore, this model does not present discontinuities at
the initial instant of contact and at the end of contact, as illustrated in Figure 2.2b.

The elastic term can be recognised as being derived from the Hertz contact theory, as most contact
force models are an extension of this theory [25]. The parameters are well known for conformal
body shapes, such as spheres and planes. Given the context of the contacting bodies (metal ball on
flat surface), we assume sphere-on-plane contact. For this type of contact, according to a Hertzian
contact approach, the power exponent n is equal to 3/2 for the case where there is a parabolic
distribution of contact stresses [17]. Furthermore, if one of the contacting bodies is significantly less
stiff than the other, the contact stiffness Kenv is dominated by the softer contacting body. This is
shown for contact between a sphere i and a plane surface body j

Kenv =
4

3(σi + σj)

√
Ri, (2.13)

where Ri is the radius of the sphere, and σ the associated material property. Knowing that σ is
inverse proportional to the Young modulus Ei, one can see that the softer material will dominant
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the contact stiffness.

The work in [5] is concerned with estimating contact impedance associated with the Hunt and
Crossley model. Based on the assumption that rigid bodies exhibit low dissipation of kinetic en-
ergy, an estimation for the damping coefficient is derived, and is given by

Denv ≈
3

2
αKend, (2.14)

where normally α ∈ [0.08, 0.32] is a number depended on the contacting materials. This information
is used to estimate contact impedance that conforms to reality.

2.3 Impact time detection tool for robotic systems experiencing a
collision

In this section we extend an existing method in order to detect an impact event to multi-DOF
systems. This extended method will allow to detect impact automatically, that can be used to
efficiently process large amount of data that are associated with robotic systems experiencing a
collision. This work is based on the paper and PhD dissertation of Mark Rijnen [30], [31]. These
works are primarily focused on a novel filtering method for estimation position and velocity from
a quantized position signal, the presented filter has the added feature of impact detection. The
proposed method consists of an adaptive window and a jump event detection algorithm. The
detection is based on comparing predictions with existing measurements. It has shown to be effective
on filtering quantized position signals and estimation of velocity signals with discontinuities for
numerical simulations and physical experiments. So far, this approach has only been adapted to
one-dimensional signals.

2.3.1 Problem description

The problem considered here is that of the detection of impact in motion signals that show distinctive
changes that would indicate an event consisting of hard impact for a multi-DOF robotic system.
Consider a piecewise continuously differentiable multidimensional signal q(t) ∈ Rn that represents
a set that could consist of solely or a mixed set of angular and linear displacements. The symbol
n represents the number of degrees of freedom of a robotic system where we assume that the
associated positions can be directly sampled with a sampling time of h and the k-th sample is
denoted as qi,k := qi(tk), with tk = kh, k = 1, 2, ... and i = 1, 2, ..., n. Similarly , the velocity and
acceleration at the time tk are denoted vi,k := vi(tk) and ai,k := ai(tk), respectively. Here we assume
that encoder data is provided, therefore, we have indirect access to the signal qk via its quantized
version, that we denote as q̃k, which is a direct result of the quantization process of the signal q(t)
with a resolution r.

2.3.2 Jump detection scheme

The jump detection strategy scheme several parts. The first part is concerned with employing es-
timators that provide a position signal and a velocity signal. The second part derives a prediction
function that is used to detect sudden changes in the velocity signals, where it is compared with
actual measurements. The third and final part explains in detail the event detection bound that is
based on the variations in the derivatives of the velocity signal.
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Prior to the jump detection scheme we introduce an adaptive window. At its core, this scheme
is applied to a moving window through a quantized motion signal. Consider a data sample at tk
and a constant finite maximum number W of preceding data points, forming a moving window of
length W + 1. To improve accuracy of the state estimation, a varying window length wi,k is intro-
duced. This correspond to the time tk, where the position and velocity estimators are used based on
wi,k + 1 ≤W + 1 samples. Conventional filters tend to have a lower performance for motion signals
that show to be nonsmooth. The state estimations around a jump event are based upon filtering
signals that are assumed to be continuously differentiable. The performance of the filtering process
for nonsmooth motion signals can be significantly improved by resetting the moving window as soon
a jump event is identified; by doing so, the nonsmooth transition between two smooth domains is
thereby avoided. Essentially, this results into a division of a nonsmooth signal into multiple smooth
motion signals. Subsequently, the moving window length wi,k gradually increases, up to the next
jump event or until the window reaches the maximum length of W + 1. This is to conserve desired
smoothing properties away from impacts. This process has been visualized in Figure 2.3.

q

t

Smooth domain

Smooth domain

Smooth domain

WLR WLR
GIW GIW GIW

Figure 2.3: Visualization of adaptive windowing to motion signal that nonsmooth transitions. Where
GIW: gradually incremental windowing, WLR: window length reset.

State estimation based on position signal that display sudden changes

In this case we consider the following state: x = [q v]T with q ∈ Rn and v ∈ Rn. We assume, which
is generally the case, that only the position is provided in the form of encoder data. As mentioned
before, common filters will not provide the desired performance, and finite differencing the encoder
data gives an unwanted velocity signal, as they are based upon smooth signals. Therefore, estimators
are introduced that can be expressed as

x̂i,k =

[
q̂i,k
v̂i,k

]
=

[
fq(q̃i,k, wi,k)

fv(q̃i,k, wi,k)

]
, (2.15)

where fq and fv : RW+1 × N→ R describe the filter and the first derivative estimator, with

q̃i,k = [q̃i,k−W ... q̃i,k], (2.16)
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denoting the moving window.

The chosen filter design for fq is chosen to be a least-squares-fit filter(LSF) and corresponds to
fitting a second order polynomial through the moving window with the form

yi(s) = ξi,0 + ξi,1s+
1

2
ξi,2s

2, (2.17)

with s := t+ tk and ξi,0, ξi,1, and ξi,2 are yet to be determined coefficients. The prediction function
explained in the next part will use the same fitting function in a least squares sense in combination
with a jump detection tool. Therefore, the explanation of the second order polynomial fitting in a
least squares sense will be saved for the next part. The estimator fv is constructed based on finite
differencing the estimated position q̂i provided by the filter fq, Which is represented as

v̂i,k = fv(q̃i,k, wi,k) =
q̂i,k − q̂i,k−1

h
. (2.18)

Unfortunately, raw encoder data from the experimental data set is not provided, the position signals
are already filtered and corrected based on torque measurements that utilizes the known mechanical
joint stiffness. Essentially, this means that it already has decent state estimations with impact.
However, it has been proven to work effectively on raw encoder data in [30] and [31].

2.3.3 Jump detection and the prediction function

As mentioned before, the jump detection strategy scheme is based upon comparing a predication

with existing measurements. Consider the prediction
∆
q i,k+1 which is being compared to the sample

q̃i,k+1, the prediction function can be written as

∆
q i,k+1 = p(q̃i,k, wi,k)

wi,k =

min(W,wi,k−1 + 1), |q̃i,k −
∆
q i,k| ≤ b(wi,k−1)

0, |q̃i,k −
∆
q i,k| ≥ b(wi,k−1)

(2.19)

with p : RW+1 × N → R. The jump detection algorithm is based on the difference between the
prediction and the measurements. If the difference is larger than the uncertainty bound b(wi,k),
a jump event is assumed to be happened. The uncertainty bound b(wi,k) will be detailed in the
next section. This has been visualized in Figure 2.4. As mentioned before, the prediction function
p(q̃i,k, wi,k) is based on a least squares fit in the measurements. Consider the time tk with moving

window qk ∈ RW+1. To predict the position at the next time step tk+1, one can fit a second order
polynomial to wi,k + 1 last measurements and extrapolate at t = tk+1. Given

yi(s) = ξi,0 + ξi,1s+
1

2
ξi,2s

2 (2.20)

with s := t+ tk and ξi,0, ξi,1, and ξi,2 are yet to be determined coefficients. This is used to find the
prediction function p(q̃i,k, wi,k) with the fitting function in (2.20). The coefficient ξi,0, ξi,1 and ξi,2
can be found by

ξi = A†iSiq̃i,k, (2.21)

where A†i = (AT
i Ai)

−1AT
i , with

A =


1 −mkh

1
2m

2
kh

2

1 −(mk + 1)h 1
2(−mk + 1)2h2

...
...

...
1 0 0

 , (2.22)
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Figure 2.4: An illustration of the impact detection scheme

whereby ξi = [ξi,0 ξi,1 ξi,2]T , and Si = [0(wi,k+1)×(W−wi,k) Iwi,k+1] select the last wi,k + 1 elements
of q̃i,k, with 0 and I denoting the zero and identity matrices. The least squares solution is

ξi = A†iSiq̃i,k, (2.23)

extrapolating the polynomial one time step gives the prediction

∆
q i,k+1 = [1 h

1

2
h2]ξi = PT

i (wi,k)q̃k (2.24)

where

PT
i (wi,k) = [1 h

1

2
h2]A†iSi ∈ RW+1. (2.25)

Event detection bound

The work in [31] provides an event detection bound bi associated to the prediction function (2.25).
The event detection is based on the measurement error, quantization errors and on the assumption
that the variation in the acceleration is bounded. For full detail of the derivation of this bound,
see [31]. this is briefly explained below.

The starting point is that the position qi,k+1 at time tk+1 can be approximated by its preceding
time step, where the approximation error is given by

εi,k+1 = qi,k+1 − (qi,k + vi,kh+
1

2
ai,kh

2). (2.26)

The vector q̃i,k contains the measured positions for a certain sampled position signal, and can be
split in three components, given by

q̃i,k = qoi,k + σi,k + ∆qi,k, (2.27)
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where σi,k ∈ RW+1 and ∆qi,k ∈ RW+1 are respectively the vectors containing quantization errors

and the remaining errors, whereas qoi,k ∈ RW+1 is the nominal position signal. The error distribu-

tion is defined as ei,k+1 := qi,k + vi,kh + 1
2ai,kh

2 − PT
i q̃i,k, based on Hölder’s inequality, the error

distribution should satisfy the bound

|ei,k+1| ≤ ‖Pi‖1
r

2
+

W+1∑
j=1

|Pi‖∆qji,k|. (2.28)

The quantization error satisfies |σi,k+1| ≤ r/2. Furthermore, an assumption has been that the
variation in the acceleration in the time domain [tk−wik

, tk+1] is bounded. Based on the assumption,
there should be a maximum variation in the acceleration and a maximum jerk, which are respectively
denoted as ∆ai,max ∈ R>0 and ji,max ∈ R>0, such that for all t ∈ [tk−wik

, tk+1]

|ai(t)− ai,k| ≤ min(∆ai,max, |t− tk|ji,max). (2.29)

Remark 2.1. The acceleration is not necessary smooth. To avoid that ji,max → ∞, we estimate
ji,max on parts of the signal where the jerk is bounded, meaning away from jumps.

An illustration of the assumption is depicted in Figure 2.5. The variation in the acceleration is
associated with the remaining error ∆qi,k, such that it is bounded by

|∆qi,k
j | ≤ Q((W − j + 1)h), (2.30)

where, given that ∆si := ∆ai,max/ji.max

Q(x) :=

{
1
6ji,maxx

3 x ≤ ∆si
1
2∆ai,max(x−∆si)

2 + 1
2ji,max∆s

2
i (x− 2

3∆si) x > ∆si
. (2.31)

Furthermore, the approximation error is also associated with the allowed variation in the accelera-

tion, and therefore bounded by |εi,k+1| ≤ Q(h). The prediction error |q̃i,k+1 −
∆
q i,k+1| satisfies the

bound
|q̃i,k+1 −

∆
q i,k+1| ≤ |ei,k+1|+

r

2
+ |εi,k+1| = bi. (2.32)

Combining all the mentioned above with (2.32), we can derive an event detection bound given by

bi(wi,k) = (1 + ‖Pi(wi,k‖1
r

2
+Q(h) +

W+1∑
j=1

|Pj
i (wi,k)Q((W − j + 1)h)|. (2.33)
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Figure 2.5: An illustration of the allowed variation in the acceleration

2.4 Summary

In this chapter, essential background concerning the context of this report has been presented.
First, we derived an algebraic impact law for the associated robotic system, its ability to predict
post-impact behaviour is tested on numerical and experimental data in Chapter 3. Then, the choice
of a contact model is elaborated that will be used to numerically validate the algebraic impact law.
Finally, an extension of an existing jump detection tool to multidimensional systems is introduced
in order to detect impact events automatically.
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Chapter 3

Evaluation and Modelling of
Post-impact Velocities

This chapter addresses the mechanical behaviour of a torque controlled robot in response to a
physical impact with a hard surface. Several experimental impact tests were performed at the ISIR
(Institut des Systèmes Intelligents et de Robotique) of the Université Pierre et Marie Curie (UMPC)
in Paris in collaboration with the TU/e in the period from September 2017 to Oktober 2018. Figure
3.1 illustrates a typical impact test via a few snapshots taken from a recorded video. The torque
controlled robot arm (KUKA LWR 4+) has made several hard impacts on a smooth wooden table
with a spherical metal probe that has been mounted at the tip of the final robot link. Various

Figure 3.1: Example of impact test conducted on a KUKA LWR IV+ robot arm.

combinations of low impact speeds and angles have been used to make impact to a horizontal table,
as well as against a vertical wall, see Figure A.1 that shows the experimental setup for impact on
a vertical wall. The impact speeds varied from 0.1m/s to 0.3m/s, and the impact angle from 0 deg
to 60 deg with respect to the impact surface’s normal.

The analysis of the experimental data is performed at a velocity level in the vicinity of the time
of impact. The velocity signals of every experiment are provided through encoder data that corre-
spond to joint displacements. This is shown in Section 3.1. In Section 3.2, we validate a hypothesis
followed from the analysis in the previous section.

3.1 Analysis of the response of a torque controlled robot to impact

The entire data set is analysed to obtain insight into the response of a robot to hard impact. Here,
three different experiments are highlighted, that form a proper representation of the data set since
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the speed, angle, and contact location vary. In the first two experiments, the robot makes impact
with a horizontal table; In experiment one, the robot impacts the table parallel to the surface’s
normal, while in experiment two, the robot impacts a table under a different angle with a different
speed, with respect to experiment one. In the third experiment, the robot makes impact with a
vertical wall.

For experiment one, the velocity signals of the 7DOF KUKA arm are depicted in Figure 3.5,
the velocity signals of experiment two and three are exhibited in Appendix A.2. The initial con-
figuration of the robot was set such that the end effector was installed nearby the impact surface,
similarly to what is displayed on the far left in Figure 3.1. A PD controller on the pose error is used
to create the desired impact speed and angle at the contact surface. To handle the redundancy of
the robot, a regulation task was set to stay as close as possible to its initial joint position. As no
tool that could detect an impact event was available during the experiments, the controller could
not be switched off immediately after the impact event. As a result, the controller might effect
the post-impact behaviour, since the rapid changes in the velocities at the end effector could result
in a relatively large error in the PD controller. This is tested by replicating experiment one with
different gains in the PD controller. Figure A.4 shows the velocity signals of this experiment. As
the results of both experiments seem very similar, the PD controller has most likely no effect on
the post-impact behaviour.

3.1.1 Observations in the analysis of the experimental data

At a first glance, we can clearly separate the ante-impact behaviour from behaviour right after an
impact event happens. The joint velocities are in line with the expected behaviour right before
impact has been made. The impact event can be recognised as soon as the velocities exhibit a
very rapid change which is followed by a motion that is clearly nonlinear, in the form of vibrations
that damp out. Also, based on these observations it cannot be clearly seen if these vibrations are
correlated.

We know that the velocity jump for a real system cannot take zero time, and that any transient
behaviour might be inherent to the jump. However, we notice that these vibrations last for about
100ms before the system flows into its steady state response. The works in [16] [15] [14] [13] gen-
erally evaluates the safety of human-robot interaction, with several robots that make impact with,
among other things, objects that have similar properties as human bones, which is quite stiff. They
show that the impact duration is on the scale of a couple of milliseconds for the same robotic system
(KUKA LWR 4+) at impact speeds that are on the same scale of the experiments. Furthermore,
they also show that the jump in the impact forces has the form of a first order integrator. So,
generally speaking, we can assume that the vibrations in the velocity signals comparable to what
we see in Figure 3.5 are part of the post-impact phase.

We know that the vibrations, as mentioned before, are most likely not a transient response due
to a controller input. Subsequently, since the impact is fully inelastic, the kinetic energy released
at impact is most likely not dissipated in the contact point, but rather in the mechanical structure
of the robot. Dissipation of the kinetic energy in the contact point is a phenomenon one does not
expect for impact between rigid bodies, this is elaborated in Section 2.2. Furthermore, we see a
dominating vibrational mode in the velocity signal of the joint that is the most sensitive to a force
at the end effector in the direction normal to the impact surface, meaning that the forces resulting
from impact generate the largest torques in those joints. As a visual aid, Figure 3.2 displays the
configurations of the robot where it makes impact with a horizontal surface (left) and a vertical
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surface (right). One can easily reason that respectively, the second joint and the first joint will
experience the largest torque due to impact. This is confirmed by the velocities signals in Figure
3.5 and Figure A.3 as they display the largest change in the velocity that correspond to the most
sensitive joints. Subsequently, one can reason that the associated mechanical structures at those
joints are dominating the overall vibrational modes, as we clearly see a response that corresponds to
a second order system. As all observations and reasoning we made above are shown to be occurring

Figure 3.2: Left: a configuration where the robot makes impact in the z-direction that illustrates the
sensitivity of the second joint to this impact event. Right: a configuration where the robot makes
impact in the y-direction that illustrates the sensitivity of the first joint to this impact event. The
dashed lines perpendicular to direction of the contact force ∆N displays the lever arm enabling
torques in the most sensitive joints.

throughout the entire experimental data set, we are at a point where it is likely to assume that
the vibrations exhibited in the velocity signals are a transient response of the robot of a structural
nature, where its source could lie in the flexibility of the robot links and/or in the associated actua-
tor subsystems. However, the dynamic analysis of flexible robots with actuator subsystems is much
more complex than the analysis of equivalent rigid robots. This is due to the fact that the nonlinear
rigid body motions are now strongly coupled with the effects of the flexibility along the mechanical
structure. also, strong coupling among the actuator subsystems occurs, due to the influence of the
inertial forces in the mechanical parts which causes interaction between links. This coupling varies
with the system configuration and the load inertia.

3.1.2 Construction of a hypothesis based on the made observations

For convenience, consider robotic systems that exhibit next to rigid body dynamics only link flex-
ibility. For explanatory reasons, a 2DOF robot manipulator with flexible links is schematically
visualized in Figure 3.3. The dynamics of any robot manipulator with flexible links can be ex-
pressed by

M(q)q̈ + c(q, q̇) + g(q) + h(q, q̇) = τ (3.1)

with q := [θ δ]T ∈ Rn+m. Here n is the number of links and m are the number of flexible
modes considered. The inertia matrix, Coriolis and centrifugal vector, gravity vector, the vec-
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Figure 3.3: Representation of a 2DOF flexible robot. In here θ1 and θ2 are the joint displacements.
δ1 and δ2 are displacement due to link flexibility.

tor consisting of stiffness and damping terms, and the torque input are respectively denoted as
M(q) ∈ R(n+m)×(n+m), c(q, q̇) ∈ Rn+m, g(q) ∈ Rn+m, h(q, q̇) ∈ Rn+m, and τ ∈ Rn+m.

The equations of motion in (3.1) can be partitioned according to the rigid and flexible modes[
Mθθ(θ, δ) Mθδ(θ, δ)
MT

θδ(θ, δ) Mδδ(θ, δ)

] [
θ̈

δ̈

]
+

[
cθ(θ, δ, θ̇, δ̇)

cδ(θ, δ, θ̇, δ̇)

]
+

[
gθ(θ, δ)
gδ(θ, δ)

]
+

[
0

Dδ̇ + Kδ

]
=

[
τθ
0

]
(3.2)

where D ∈ Rm×m, K ∈ Rm×m, and τθ ∈ Rn are respectively the damping matrix, the stiffness
matrix, and the torque input vector at the joints.

At this point, we are trying to separate the rigid body dynamics from the flexible link dynam-
ics. In theory, the dimension of the flexible part of the dynamic model greatly exceed that of the
rigid part. It is most likely acceptable to limit to a number of dominant vibrational modes. How-
ever, given that no information is provided on the mechanical impedances of the system, it still
remains hard to model the dominant impedances in the mechanical structure for a given configura-
tion. Due to the strongly coupling between the structural model, identifying and separating these
modes solely based on encoder data is most likely not doable. One way to resolve this, would be
performing structural experiments where one places accelerometers on the robot.

The experimental data show that oscillations after impact are damped. Due to damping it is
likely to assume that over time the link dynamics becomes negligible with respect to to the rigid
body dynamics, such that transient response corresponding to mechanical structure of the system
damps out to a steady state response that follows a reduced form of (3.1), given by

Mθθ(θ)θ̈ + cθ(θ, θ̇) + gθ(θ) = τθ. (3.3)

Furthermore, the vibrational transients seem to have an averaged motion that corresponds to the
rigid body motion. The focus is on separating the flexible link dynamics from the rigid body
dynamics, and determining the transient properties of the system gives an useful insight on the
mechanical structure, but still secondary in the scope of determining post-impact velocities. There-
fore, we would like to propose a hypothesis where we can estimate the post-impact velocity in the
experiment assuming that the steady state response conforms that of the rigid body dynamics.
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Figure 3.4: Representation of the estimation of the post-impact velocity based on the hypothesis we
made. The velocity signal corresponds to a linear velocity of a geometrical point of the robot. It
shows that the steady state response can be interpolated to estimate the post-impact velocity at the
time instance of an impact event.

Hypothesis 3.1. Consider a robotic system that makes impact with an external rigid object. As-
suming that the averaged vibrational transients correspond to the rigid body motion. The post-impact
velocities of the robotic system in joint space and of a geometrical contact point in Cartesian space
can be estimated by extrapolating the steady state response towards the time instance when impact
is initiated (timp).

This hypothesis is illustrated in Figure 3.4. We try to validate this hypothesis, which is elaborated
in Section 3.2.
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Figure 3.5: Joint velocity signals where the robot makes impact at 0.2m/s at angle of 0 deg with
respect to the. surface’s normal.
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3.2 Three levels of abstraction in modeling a hard impact

To validate Hypothesis 3.1, a simple representation of a robot interacting/manipulating with an
object is considered, e.g. we consider the final link of the KUKA arm. In the following, we
introduce three models that represent three levels of abstraction where a robot experiences physical
interaction with an external object. These models should confirm that the rigid body dynamics
can be separated from the flexible link dynamics, and thus confirm the possibility of estimating
post-impact velocities based on rigid body dynamics. The three models, depicted in Figure 3.6, are
as follows:

• Model A: Flexible robot link with a compliant continuous contact model.

• Model B: Hybrid system for impact with a flexible robot link.

• Model C: Hybrid system for impact with a rigid robot link.

In these models, m0 represents the external object. The robot link and the end effector are modelled
as single masses, denoted as m1 and m2 respectively. Depending on the model, the connection be-
tween the robot link and the end effector is either flexible (model A and model B), or rigid (model
C). The flexible connection between the robot link and the end effector will be referred as link
flexibility, and is modelled via a linear spring-damper system, where krob and drob are respectively
the spring and damping coefficient. Since we try to simulate the final link of the KUKA arm, an
input u on mass m2 is modelled, that represent the associated actuation system.

Model A represents a flexible link with a complaint contact model, this model is the closest to
reality, where the numerical data corresponds and is treated as the data collected from the exper-
iments. Model B represent a flexible link where contact is modelled via an algebraic impact law.
This model is used to validate the algebraic impact law with the numerical data from the first
model. Subsequently, the validation also shows that we can separate the time scales of the contact
dynamics from the flexible link dynamics. Model C is an idealization of the robot link interacting
with an external object, which is obtained by using standard rigid body dynamics and an algebraic
impact law. It will fail to capture the transients as the connection between the robot link and
the end effector is rigid. The numerical results from the three models should verify on whether
an idealization of a robotic system based on rigid body dynamics and an algebraic impact law is
viable to estimate post-impact velocities that experiences transients due to hard impact. Thereby,
validating our hypothesis where we assume that the steady state response of a real robotic system
can be extrapolated to estimate post-impact velocities.

Collision example of the robot link with the external object
In this paragraph, we introduce an example of the robot link colliding with the external object. In
this example, for explanatory purposes, we establish a simple collision event. Afterwards, we reason
the velocity signal mass m2, as in practice we can only measure its position. This example also
serves as a concept we want to simulate, subsequently, it follows as a reference while discussing the
simulation results.

If we apply a constant input on mass m2, which correspond to an actuation system applying a
constant torque on the robot link, such that the robot link impacts at a nonzero velocity the object
that has a zero velocity. Due to the constant input, the absolute velocity increases with a constant
slope until it gets in contact with the external object. At this point, multiple dynamics come into
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Figure 3.6: Three levels of abstraction where a robot link has physical interaction with an object. A:
Contact between a robot arm and an external object that conforms to reality. B: flexible robot arm
with an algebraic impact law, C: an abstraction of hard impact based on rigid body dynamics and
an algebraic impact law.

play, one at the contact point and one at the link flexibility. Since the contact impedance greatly
exceeds the link impedance, the transmission of the contact dynamics from mass m1 to mass m2 is
not noticeable, as the dynamics at mass m2 are dominated by the slower link flexibility dynamics.
This is illustrated in Figure 3.7. Due to the large contact impedance we expect that the aver-
aged transient motion is in line with the idealised abstraction of hard impact based on rigid body
dynamics.
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Flexible robot + compliant contact

Flexible robot + impact law

Rigid robot + impact law

_x2
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Figure 3.7: Expected velocity curves of mass m2 corresponding to the three levels of abstraction.

3.2.1 Model A: Flexible robot link with a compliant continuous contact model.

In this model we assume flexibility in the robot link, the flexibility is modelled with linear stiffness
and linear damping. The interaction between the robot link and the object is modelled via a
continuous contact model where we assume that the stiffness between the contact points is much
larger than the stiffness in the robot link. One can expect that the dynamics at the contact points
are much faster than the flexible link dynamics. Next, we derive the equations of motions.

Equations of motion of the flexible robot with the complaint contact model
The continuous model where a flexible robot makes impact with an object is given by the following
set of equations of motion with the generalized coordinates q = [q0 q1 q2]T

Mq̈ + Dq̇ + Kq = s1u+ s2Fc (3.4)

where M ∈ R3×3, D ∈ R3×3, K ∈ R3×3, and u ∈ R are respectively the mass matrix, damping
matrix, stiffness matrix, and the input force. Also, s1 ∈ R3 and s2 ∈ R3 are both selection vectors
where they are respectively defined as s1 := [0 0 1]T and s2 := [−1 1 0]T . The contact force
Fc ∈ R is given by a nonlinear contact model (3.6), where Kenv and Denv can be recognised as
stiffness and damping coefficients, the parameter n depends on the shapes of the contacting bodies.
The penetration depth is defined as δ(t) := q0 − q1. This contact model is further elaborated in
Section 2.2. The model matrices and the contact force are given by

M =

m0 0 0
0 m1 0
0 0 m2

 , D = drob

0 0 0
0 1 −1
0 −1 1

 , K = krob

0 0 0
0 1 −1
0 −1 1

 , (3.5)

Fc(δ̇(t), δ(t)) =

{
Kenvδ

n(t) +Denvδ
n(t)δ̇(t), δ(t) ≥ 0

0, δ(t) < 0.
(3.6)

3.2.2 Model B: Hybrid system for impact with a flexible robot link.

In this model we assume the same properties for the flexible robot link as Model A. The interaction
between the robot link and the object is modelled via an algebraic impact law. Here we assume a fully
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inelastic impact that happens over zero time. One will witness two different systems corresponding
phase ante-impact and the phase post-impact. The system post-impact is different due to the fact
that the object and the body contacting the object merge into a single mass.

The change in the states of the system due to impact are given by a jump map. The jump map
displays discrete behaviour in the motion signals of the system, thereby, the system exhibits both
continuous and discrete behaviour, which defines it as a hybrid system.

The continuous behavior is described by differential equations, the discrete behaviour is triggered
by a guard condition, essentially, this is an inequality describing a contact event at a position level.
Because the continuous behaviour ante event and post event are different, modes are introduced
to distinguish between different continuous flows. Consider mode j, in this mode the system has
n(j) states with a number of m(j) inputs. We are using an approach and notation similar to the
work of [31]. The continuous time state xj ∈ Rn(j) of the system at time t when in mode j evolves
according to the vector field

ẋj = jf(x,u, t) (3.7)

with uj ∈ Rm(j) being the input. Since we are dealing with a relatively simple system with one
guard triggering event, where transitions from and to the same mode are not viable, we only have
to define one guard function that enables transitions from an ante event mode denoted as ja to a
post event mode denoted as jp. Given by

jp←jaγ(x,u, t) ≥ 0, (3.8)

with jp←jaγ : Rn(ja)×Rm(ja)×R≥0 → R. The system starts in mode ja, where it will flow according
to ẋja = jaf(x,u, t). If a guard is triggered at time t = τ , the state will change according to

x+ = jp←jag(x−, τ) (3.9)

where jp←jag(x(τ), τ) : Rn(ja) × R≥0 → Rn(jp) is referred as the jump map. The left limit of the
state is detoned with a minus, and the right limit with a plus. Right after the jump the system will
directly flow in the vector field ẋjp = jpf(x,u, t).

The hybrid abstraction of the robot interacting with an object is visualized in the middle of Figure
3.6, where a flexible robot link has fully inelastic impact with an object that is described with
an algebraic impact law. For this case, we consider two modes, one when where no contact has
been made with the object(ante-impact phase) and one right after the robot link has made fully
inelastic impact with the object(post-impact phase). We only have to define one guard condition,
that triggers a transition from the ante-impact phase to the post-impact phase. The hybrid system
of the flexible robot is represented by a finite state machine in Figure 3.8.

Ante-impact phase of the flexible robot with an algebraic impact law
Consider the mode ja that is referred as the ante-impact phase. The generalized coordinates are
given as qa = [q0 q1 q2]T , the equations of motion are given by

Maq̈a + Daq̇a + Kaqa = s1u (3.10)

The matrices Ma, Da, and Ka are respectively identical to M, D, and K shown in (3.5). In state
space the system is given by the vector field

ẋa = jaf(xa, u, t) =

[
q̇a

M−1
a (s1u−Daq̇a −Kaqa)

]
. (3.11)
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_xja = jaf(x; u; t) _xjp = jpf(x; u; t)

Ante-impact Post-impact

jp jaγ < 0

jp jag

jp jaγ ≥ 0
jp jaγ ≡ 0

Figure 3.8: Finite state machine representation of a flexible robot link where impact is modelled with
a jump map, it shows two distinct modes, before impact and right after impact.

with xa = [qa q̇a]
T . A guard is defined based on the initial contact of mass m0 and mass m1, these

two masses are in contact when q0 − q1 ≥ 0, which can be recognised as the penetration depth in
the continuous model discussed previously. The guard condition is given by

jp←jaγ := q0 − q1 ≥ 0. (3.12)

At initial contact of the two masses, the guard is triggered and a jump map is applied to reset the
states that will flow into ẋp = jpf(xp, u, t). The jump map is provided by the theory of nonsmooth
mechanics where we an assume unilateral fully inelastic impact, see Section 2.1. The contact force is
loaded on m0 and m1, in opposite directions with respect to one another, therefore the post-impact
velocities are given by

q̇+
a = q̇−a + M−1

a s1Λ, (3.13)

where Λ is the impulse resulting from impact. Since the impact is fully inelastic, we use the following
inelastic impact law, followed from (3.12), to get an expression for the post-impact velocities

ġ+(x) :=q̇+
0 − q̇

+
1 = 0 (3.14)

Expanding (3.13) gives q̇−0q̇+
1

q̇+
2

 =

q̇+
0

q̇−1
q̇−2

+

−1/m0

1/m1

0

Λ, (3.15)

together with (3.14), it can be seen that q̇+
2 = q̇−2 . Subsequently, an expression for the impulse can

be found

Λ = (q̇−0 − q̇
−
1 )

1

m0 +m1
, (3.16)

which gives an expression for the post-impact velocities q̇+
0 and q̇+

1

q̇+
0 = q̇+

1 = (q̇−1 − q̇
−
0 )

m1

m0 +m1
. (3.17)

Since the nature of the impact is fully inelastic, the system decreases to a lower-dimensional space,
as mass m0 and mass m1 essentially merge to a single mass, which we denote as m0 + m1. The
generalized coordinates for the post-impact phase become qp = [q01 q2]T , see Figure 3.9 for clari-
fication. The velocity q̇01 initiates with the right limit of the jump map (3.13), so q̇0 = q̇1 = q̇01.
Consequently, the jump map for the transition from ante-impact to post-impact can be derived as

jp←jag(xa) =


1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 − m1

m1+m0
0 m1

m1+m0
0

0 0 0 0 0 1

xa. (3.18)
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Post-impact phase of the flexible robot with an algebraic impact law
Consider the mode jp that is referred as the post-impact phase. As mentioned before, mass m0 and
m1 are merged together into a single mass m0 +m1, which is shown in Figure 3.9. The generalized

m0 +m1 m2

q01 q2

krob

drob

u

Figure 3.9: Representation of the post-impact system of the hybrid flexible robot link model.

coordinates are given by qp = [q01 q2]T . With the equations of motion

Mpq̈p + Daq̇p + Kpqp = spu (3.19)

with sp := [0 1]T , and

Mp =

[
m0 +m1 0

0 m2

]
, Dp = drob

[
1 −1
−1 1

]
, Kp = krob

[
1 −1
−1 1

]
(3.20)

The state space representation of the system is given by

ẋp = jpf(xp, u, t) =

[
q̇p

M−1
p (spu−Dpq̇p −Kpqp)

]
, (3.21)

with xp = [qp q̇p]
T .

3.2.3 Model C: Hybrid system for impact with a rigid robot link.

in this model we assume that the robot link is rigid with respect to the previous model the two
masses consisting the robot link are now merged into a single mass. The interaction between the
robot link and the object is modelled via an algebraic impact law, with the same assumptions as
described above.

In this case, we assume that the robot link is rigid, where we essentially assume the absence of
any form of viscoelasticity and viscous damping in the robot link. Similarly as in previous model,
the changes in the states of the system due to impact are given by a jump map. Also, we consider
the same modes as before, the ante-impact phase and the post-impact phase. The same finite state
machine shown in Figure 3.8 represents this model.

Ante-impact phase of the rigid robot with an algebraic impact law
Consider the mode ja that is referred as the ante-impact phase. The generalized coordinates are
given as qa = [q0 q12]T , the equations of motion are given by

Maq̈ = sau (3.22)

with sa := [0 1]T

Ma =

[
m0 0
0 m1 +m2

]
, (3.23)
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The state space representation of the system is given by

ẋa = jaf(q̇a, u, t) =

[
q̇a

M−1
a sau

]
, (3.24)

with xa = [qa q̇a]
T . The guard condition is presented as

jp←jaγ = q0 − q12 ≥ 0. (3.25)

The post-impact velocities are given by

q̇+
a = q̇−a + M−1

a s3Λ, (3.26)

with s3 := [−1 1]T Considering the assumptions we made for fully inelastic impact, we can derive
an expression for q̇+

0 and q̇+
12

q̇0 = q̇12 = (q̇−12 − q̇
−
0 )

m1 +m2

m0 +m1 +m2
. (3.27)

After impact, the masses m0 and m12 merge into a single mass, denoted as m0 + m1 + m2. The
generalized coordinates for the post-impact phase become qp = q012. The velocity q̇012 initiates
with the right limit of the jump map (3.26), so q̇0 = q̇12 = q̇012, see Figure 3.10 for clarification.
Consequently, the jump map for the transition from ante-impact to post-impact can be derived and
is given by

jp←jag(xa) =

[
1 0 0 0
0 0 − m1+m2

m0+m1+m2

m1+m2
m0+m1+m2

]
xa. (3.28)

Post-impact phase of the rigid robot with an algebraic impact law
Consider the mode jp that is referred as the post-impact phase. As mentioned before, mass m0 and
m12 are merged together into a single mass m012, which is shown in Figure 3.10. The generalized

m0 +m1 +m2

q012

u

Figure 3.10: Representation of the post-impact system of the hybrid rigid robot link model.

coordinates are given by qp = q012. With the equation of motion

(m0 +m1 +m2)q̈p = u (3.29)

The state space representation of the system is given by

ẋp = jpf(q̇p, u, t) =

[
q̇p

u/(m0 +m1 +m2)

]
, (3.30)

with xp = [qp q̇p]
T .

3.2. Three levels of abstraction in modeling a hard impact Page 29



Chapter 3. Evaluation and Modelling of Post-impact Velocities

3.2.4 Simulation results

The three models described above are simulated using MATLAB. As model A has a large contact
impedance, conventional ode solvers such as ode45, are not suitable for stiff problems. Four different
stiff ODE solvers are provided by MATLAB, according to the documentation [26], ode15s is the
most recommended. Therefore, ode15s has been used for model A, ode45 has been used for the
hybrid models (model B and C) with zero-crossing detection of the guard functions.

For explanatory purposes, the values of the parameters are chosen such that we can construct
a similar vibrational transient motion in the velocity curves as shown in Figure 3.5 for the second
joint. At contact, the stiffness Kenv is based on the assumption that during the experiments the
wooden table is more dominant, meaning the wooden is significantly less stiff than the end effector.
Detailed information of the wooden table is not provided, we estimate the stiffness at contact based
on the properties of common European wood types used in furniture [38]. The parameter n is based
upon Hertz contact theory where we assume contact between a sphere and a plane. Furthermore,
the damping at the contact point can be estimated through

Denv ≈
3

2
αKenv. (3.31)

The origin of the estimations used in the continuous contact model are discussed in Section 2.2.
The rest of the parameters are adjusted to create the desired velocity curves, an overview of the
values assigned to the parameters of the models are given in Table 3.1.

For a fair comparison, in all three models, an input force of u = −100N is used. The initial
conditions are set so that the robot link is at 0.4m from the object m0 with respect to its initial
position. The results of the simulations are shown in Figure 3.11, in Figure 3.12 the velocity curves
corresponding to mass m1 are shown at the proximity when impact initiates. In the legends in the
following figures, the results corresponding to the flexible robot link with a compliant continuous
contact model, hybrid system for impact with a flexible robot link, and the hybrid system with a
rigid robot link are respectively denoted as “Flexible robot + compliant contact”, “Flexible robot
+ impact law”, and “Flexible robot + impact law”.

Simulation results with different values for the parameters are shown in Appendix B.1.

Table 3.1: Parameters used in the simulations

Parameter Value Units

m0 5 kg
m1 1 kg
m2 1 kg
krob 1·104 N/m
drob 80 Ns/m
n 1.5 [-]
Kenv 1·108 N/mn

Denv 1·108 Ns/mn+1
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Flexible robot + complaint contact model

Flexible robot + impact law

Rigid robot + impact law

Figure 3.11: Simulation results corresponding to the three models, where motion signals are given
for mass m1 and m2.

To make a fair evaluation of the simulation results with respect to the experimental data, we have
to imagine that only a sensor has been placed on mass m2 that represents an encoder, since mass
m2 represents a robot link. The results of the simulation of mass m2 are displayed in the plots
at the right side of Figure 3.11. We can clearly see that the oscillations in the velocity due to the
flexibility of the robot link damps out and that the steady state response of the models with link
flexibility follow the same curve of the rigid model. This confirms our expectations that the dynam-
ics of a flexible robotic system converge to the dynamics of its rigid counterpart after hard impact.
Subsequently, it also confirms our hypothesis where we assume that the steady state response of
the flexible system can be extrapolated towards the time instance where impact initiates, and thus,
give a solid estimation of the post-impact velocity of mass m2. Furthermore, the results of the
simulation for masses m1 and m2 show that the algebraic impact law is very suitable to model hard
impact. As the averaged contact dynamics of model A corresponds with the flexible link dynamics
of model B.

In reality we cannot directly perform any measurements at mass m1 with only encoders, as mass
m1 represents the end effector. Therefore, it is interesting to analyse the results corresponding to
mass m1, as it can provide insight if one directly measures the end effector. This is done based on
the velocity curves provided by the three models at the proximity where impact happens, shown
in Figure 3.12. For the model with the continuous contact model we can see two distinctive dy-
namics at work, one due to the flexibility of the robot link, and one corresponding to the dynamics
at the contact point which occurs at a larger frequency due to the higher contact stiffness. The
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Flexible robot + complaint contact model

Flexible robot + impact law

Rigid robot + impact law

Figure 3.12: Zoomed in simulation results corresponding to the three models, where velocity signals
are given for mass m1 and m2. Top: mass 1, bottom: mass 2.

contact dynamics displays behaviour that indicates bouncing of mass m1 onto object m0 before it
actually attaches. This is confirmed by Figure 3.13, where the top plot displays the penetration
depth δ(t) at the proximity of contact. In addition, the middle Figure 3.13 shows the hysteresis
loop of the contact force as function of the penetration depth, where the multiple loops agree with
numerous bounces and contact transients. It is noticeable that mass m1 detaches for a longer time
and amplitude with respect to its preceding bounce, displayed around 0.16s in top plot of Figure
3.13. This due to the fact that at a certain point the spring and damping forces exceed the contact
force in the opposite direction, shown in Figure 3.13, which is confirmed by Figure 3.14. Similar
simulations have been executed with higher damping at contact, and therefore, show no bouncing,
display similar results. These results are depicted in Appendix B.1.

This conflicts with the assumption we initially had of fully inelastic impact, where we expect that
mass m2 will not detach from mass m1 after initial contact. So, this means we can broaden our
interpretation of fully inelastic impact, such that bounces to a certain degree are still viable to
interpret as fully inelastic impact. As mentioned before, the algebraic impact law is derived under
the assumption that the contacting bodies are rigid. It is interesting to investigate to what degree
of rigidity this is viable. We estimate the post-impact speed by interpolating the steady state re-
sponse of a flexible system where we assume it will follow its rigid counterpart. We evaluate this
by employing the same simulations, but gradually decreasing the contact stiffness, and see whether
it will follow the rigid body dynamics. The result of these simulations are shown in Figure 3.15,
with a zoom in on the velocity signals in Figure 3.16. For explanatory reasons, the parameter n = 1
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Figure 3.13: Top: The penetration depth as a function of time at the proximity when impact happens.
Middle: Hysteresis loop during collision. Bottom: A zoomed in representation of the enclosed red
box in middle plot.

and the damping coefficient Denv is chosen such that the contact dynamics are in line with an
overdamped oscillator. As the stiffness at contact decreases, we see that dynamics at contact are
gradually dominating both responses. Subsequently, the steady state responses of the soft contact
models are showing to have a larger offset with respect to the rigid body velocity as the contact
stiffness decreases. This is in line with our expectations, where the interpolation method is not
viable for contact events with softer materials, and thereby, not viable to estimate the post-impact
velocity based on rigid body dynamics.

3.3 Summary

In this chapter, the starting point was analyzing the velocity signals provided by encoder data in the
proximity of an impact event. This is shown in Section 3.1, where we conclude that the vibrational
transients are of a structural nature. Subsequently, we came with a hypothesis where we assume
that the averaged transient motion corresponds to its rigid body counterpart. This can be used to
extrapolate the steady state response back to the impact event, which should give us an estimation
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Figure 3.14: The contact forces and the sum of the damping and spring forces, respectively denoted
as Fc and Fkrob + Fdrob. The enclosed red box in the top plot is fully shown in the bottom plot.

of the post-impact velocity. This is validated in Section 3.2, where we evaluate a simple one DOF
robot arm at three levels of abstraction.
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Figure 3.15: Simulation results where the contact stiffness gradually decreases.

3.3. Summary Page 35



Chapter 3. Evaluation and Modelling of Post-impact Velocities

Flexible robot + impact law

Rigid robot + impact law

Flexible robot + complaint contact model, K
env

=108 N/m

Flexible robot + complaint contact model, K
env

=103 N/m

Flexible robot + complaint contact model, K
env

=100 N/m

Flexible robot + complaint contact model, K
env

=10 N/m

Flexible robot + complaint contact model, K
env

=1 N/m

Figure 3.16: Simulation results where the contact stiffness gradually decreases zoomed in.
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Chapter 4

Fitting of Transient Motion and
Impact Detection

In this chapter we will use fitting techniques that let us estimate the post-impact velocities, shown
in Section 4.1. In Section 4.2 we will employ an evaluation metric to assess the predictive power
of the nonsmooth impact law. Finally, in Section 4.3 we extend an existing impact time detection
method to multidimensional signals.

4.1 Fitting of transient motion in the velocity signal to impact

4.1.1 Problem description

The problem considered here is that of separating rigid body dynamics from the transients to due
flexibility in the robot links and/or in the actuation subsystems. We are interested in employ-
ing fitting techniques that are able to follow the motion of the system after impact initiates, where
it is assumed that the dynamic response of the system corresponds to that of a second order system.

Consider a signal v(t) ∈ R representing an angular and/or linear velocity of any geometrical point
on a robot. Suppose the velocity v(t) during a motion of the robot where impact is involved is given
and we want to estimate the ending of impact, this signal v(t) is either directly sampled or indirectly
determined with a sampling time h and the k-th sample is denoted as vk := v(tk), with tk = kh,
k = {0, 1, 2, ....}. In the same manner, the position and the acceleration samples are respectively
denoted as xk and ak.

We have discussed in Section 3.1 that the structural impedance of the robotic and/or actuator
dynamics are strongly coupled with the rigid body dynamics. Due to the strong coupling, it makes
sense not to fit the joint velocities independently, but rather identify a multi-DOF system. However,
since only encoder data is available, fitting the system response in joint space is most likely not
viable without insight of the transients. Instead, we evaluate the estimated post-impact velocities
in Cartesian space, which means that the fitting progress is focused on linear velocities in Cartesian
space of any geometric contact point of the robot arm.

Consider a number m flexible modes, the configuration at which the robot makes impact is de-
noted as qimp ∈ Rn+m. We have shown that the transients right after impact have a duration of
around 150ms before they damp out. It is likely to assume that the change in the configuration of
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the robot in that short time duration is limited to an extent that the system response corresponds
to that of a linear system. The dynamics of the robot arm in the proximity of an impact event
based on (3.3) can be expressed as

M(qimp)q̈ + c(qimp, q̇) + g(qimp) + h(qimp, q̇) = τ . (4.1)

We know that a linear velocity of a geometrical point on the robot based on linear system dynamics
conform to

v(t) ∼
m∑
i=1

aie
λit (4.2)

where ai ∈ R is some scalar and λi ∈ C a corresponding eigenvalue. We know for a fact that
the flexible modes have a decaying envelope, therefore, damping is present, which means that the
eigenvalues λ ∈ Cm have a nonzero imaginary part. Depending on how the damping relates to
the inertial parameters and the mechanical impedances of the robot, the transients either exhibit
decaying oscillations or an exponential decay.

See Figure 4.1 as a concrete example that displays a typical linear velocity at the proximity of
an impact event of the KUKA arm. The velocity signal in Figure 4.1 has been marked by two time
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Figure 4.1: The linear velocity of the fifth joint where impact has been made with a speed of 0.15m/s
at the end effector and a 30deg impact angle with respect to the tablesurface’s normal.

instances, one where impact is initiated and one where the velocity signal has converged to a steady-
state response, these are respectively referred as timp and tss. These two time instances form a time
frame where the velocity signal displays distinctive vibrations that correspond to the transients we
have discussed. In this time frame we see a clear single dominant underdamped oscillation, which
is followed by a steady state response that has the form of a first-order polynomial. This is what
we have seen throughout the experimental data set.

We have discussed in Section 3.1 that impact occurs on a time of a couple of milliseconds, as
the bodies forming the contact point have a much larger stiffness with respect to the link flexibility
and the actuator subsystems of the robot. This will result into that the impact dynamics operates
at significantly larger frequencies, such that the impact event can be regarded as an instantaneous
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Figure 4.2: One-DOF representation of the dominant mechanical impedance found in the robot
structure.

event.

With this information, one can estimate the post-impact velocities in Cartesian space. This is
done by interpolating the steady-state response towards the time instance in the velocity signal
where the impact event initiates, which has been previously illustrated in Figure 3.4. A method
that would result into an estimation of the post-impact velocities would be fitting the response right
after impact initiates. The results from the fitting process should provide a physical interpretation
of the transient response and a function describing the steady-state response.

We need to a find suitable fitting function that corresponds with what we observe in the response of
the system after impact initiates. As mentioned before, for a given configuration of the robot, the
robot has a dominant mechanical impedance which can be represented by a one-DOF mass-spring-
damper system shown in Figure 4.2. The displacement of the mass-spring-damper system has the
form

fmsd(t) = Ae−γt cos(ωt+ φ), (4.3)

where A, γ, ω, and φ are respectively the initial amplitude, decay coefficient, damped angular
frequency, and the phase. The experimental data shows that the system response correspond to
that of an underdamped oscillator, which means that the decay is slow compared to that of the
undamped angular frequency ω0, therefore, the damped angular frequency ω is slightly less than
the natural frequency ω0, since

ω =
√
ω0 − γ2. (4.4)

The experimental data also shows (cf.Figure 4.1), that the steady-state response in the velocity
signal has the form of a first-order polynomial

fss(t) = a0 + a1t, (4.5)

combining fmsd and fss leads to

ftot(t) = fmsd + fss. (4.6)

This has been visualized in Figure 4.3, and resembles what we have seen in Figure 4.1.

Essentially, we assume that in a short time duration of a few hundreds of milliseconds, the robot can
be described as an one-DOF mass-spring-damper system with a constant input and will be fitted
as such.
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Figure 4.3: The addition of two function that have recognized in the velocity signal after impact.

4.1.2 Fitting results

Knowing that we have to fit an underdamped oscillation, it requires a method that makes this
possible. This can be achieved by using a parametric regression technique in a least squares sense.
The task of this regression technique is to fit data to a function that is nonlinear in the parameters to
be estimated. It is classified as nonlinear optimization because the technique minimizes a quadratic
function of these parameters, which is the sum of the squares of the errors of the fit, hence the name
least squares. This fitting technique is elaborated in Appendix D.

Initial estimation of the fitting parameters
As mentioned in Appendix D, the algorithm that is used to fit data to a function that is nonlinear
in the parameters is based on the assumption that the algorithm already starts at a point close to
the solution. Therefore, it is crucial to have initial guesses of the parameters as close as possible
to suitable values. Knowing that the fitting scheme is an automatic procedure, we provide an
approach that gives an initial estimation of the fitting procedure that is used in an automatic
procedure. Recall the fitting function (4.6), where the full version is given by

ftot(t) = Ae−γt cos(ω′t+ φ) + a0 + a1t (4.7)

Three of the parameters, the amplitude A, damped angular frequency ω and phase φ are determined
largely by the cosine term, while the time constant is contained in the exponential term. The
exponential term goes to unity as t→ 0, so examining the data near the beginning of the curve lets
you isolate the first three terms mentioned above. The amplitude A is approximately the largest
difference in the magnitude of the data, the damped angular frequency ω can be found by detecting
the zero crossing of the data, after the data is shifted to zero, the frequency of zero crossings is
correlated with ω′, the phase φ is taken as zero, decay coefficient γ is taken as 0.01, which seems to
work all the time, a0 as the average of the first twenty milliseconds of the data set, and a1 as the
average slope of the data set.

Numerical simulation data
The results of the fitting process of the numerical data is shownin Figure 3.6, this synthetic data is
provided numerical results of model A. The velocity signal corresponds to the velocity of mass m2. In
addition, the linear term of the fitting function (4.7) is extrapolated towards the time instance of the
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impact event. Further, the prediction of the post-impact velocity based on nonsmooth mechanics is
provided. As expected, the fitting process for synthetic data collected from simulations, seemingly,

Actual

Fitting function f
tot

Linear term fitting

Impact law pred

Figure 4.4: Numerical data fitting result. Here we used the fitting scheme on the velocity signal
of mass m2, where the linear term of the fitting function is extrapolated back to time instance of
impact. In addition, the prediction of the post-impact velocity of the impact law is also provided,
which is compared to the estimation provided by the extrapolation.

is in line with the predicted post-impact velocity.

Experimental data
The results of the fitting process are shown in Figure 4.5 for a single impact experiment. Since
the impact is planar, the fitting process is not applied to velocities in the directions perpendicular
to the plane. Furthermore, the fitting is done for different time windows after impact detection to
test the viability of the fitting scheme with respect to the fitting window. The fitting process has
been applied to various experimental data sets that correspond to impact experiments that vary in
impact speed, angle, and location, the results are shown in Appendix B.2.

Overall, the fitting process seems to capture the underdamped oscillation for every single time
window. Subsequently, the linear term only has a decent estimation of the steady state response
for time windows that capture the whole transient response, which seems to be reasonably in line
with the prediction of the post-impact velocities. This will be evaluated in the following section.
Figure 4.8 displays the failure and the limitations of the fitting scheme and post-impact velocity
estimation for velocity signals do not show a 1DOF second order response.

We previously discussed that the dominant response corresponds to the dynamics at a particu-
lar joint. Fitting the corresponding velocity signal gives an overall insight on the system response
to impact. We have done this for impact experiments on a horizontal surface and a vertical surface,
where the dominant response is associated respectively with the second and the first joint. The
results are shown in Figure 4.6.

The impact detection tool is elaborated in Section 2.3. The results are discussed in Section 4.3,
these results show that a time delay in the detection of impact with respect to the actual time
instance of an impact event is inevitable. To test the robustness of the fitting process with respect
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to time delays, the fitting for the same experiment corresponding to Figure 4.4 has been repeated.
This is done by manually shifting the time window to be fitted, where the shift corresponds to a
time delay in the detection of an impact event. This is done for several, time delays, with, in all
cases, the time window to be fitted is 150ms wide. The results are shown in Figure 4.7.

It seems that a delay of 5ms is already enough to give an unreliable fitting of the dominant second
order system response with respect to the 0ms time delay. The prediction of the post-impact veloci-
ties at 5ms is still in line with prediction at 0ms. For time delays at 10ms and larger, both the fitting
process and the prediction of the post-impact velocities seems to be very unreliable. This comes at
no surprise, as for the fitting process, essential parts of the transient response are not given. As
the prediction of the post-impact velocity is linear with the ante-impact velocities, a considerable
time delay would give a wrong estimation of the ante-impact velocity, especially, since the velocities
change rapidly after an impact event.
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Figure 4.5: Fitting results for impact at 0.2m/s under angle of 60deg w.r.t. to the horizontal table
for two velocities at the end effector: z-direction(right), x-direction(left)
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Figure 4.6: Fitting results for joint velocity signals. Left: second joint for impact at the table. Right:
first joint for impact at a wall.
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Figure 4.7: Fitting results showed cased for several time delays at a veritcal wall. Left: second joint
for impact at the table. Right: first joint for impact at a wall.
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Figure 4.8: Velocity signals of the fourth joint where impact was made at a speed of 0.2ms with angle
of 0deg w.r.t to surface’s normal, show casing that the fitting scheme cannot be applied on velocity
signals that not display a 1Dof second order system response.
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4.2 Prediction performance of the algebraic impact law

In this section, the prediction of the post-impact velocities via the algebraic impact law is evaluated
with respect to the estimation of the post-impact velocities resulting from the fitting process of the
end effector in Cartesian space. The evaluation is done quantitatively based on metrics that gives
a representation of the predictive power of the nonsmooth impact law.

Consider the linear post-impact velocites of the end effector in Cartesian space, where the esti-
mation provided by the fitting scheme and the prediction given by the algebraic impact law are

respectively detoned as v̂+ ∈ R3 and
∆
v+ ∈ R3. The ante-impact velocities are provided via sampled

joint position signals and forward kinematics, and are denoted as ṽ− ∈ R3. The evaluation metrics
η1 ∈ R and η2 ∈ R are given by

η1,r = 2
|v̂+
r −

∆
v+
r |

|v̂+
r |+ |

∆
v+
r |
, η2,r = |v̂+

r −
∆
v+
r | (4.8)

where r ∈ {x, y, z} corresponds to one of the linear directions. The metrics respectively show, a
relative performance index where the absolute difference between the estimated and the predicted
post-impact velocity is normalized by the sum of both absolute velocities, and a performance index
given by the absolute difference between the estimated and the predicted post-impact. The relative
metric η1 is more informative when the velocities can vary strongly in amplitude, whereas the ab-
solute metric η2 is more informative when the velocities are close to zero.

As mentioned in the previous section, since the impact is planar, velocities perpendicular to the
plane are not considered, as the perpendicular velocities are always zero during the experiments.
This means that for the impact experiments that were done on a horizontal table, the normal (z-
direction) and the tangential (x-direction) with respect to the impact surface are considered, as the
for the experiment on the vertical wall, the normal (y-direction) and the tangential (x-direction)
directions are considered. The evaluation is made on two experimental data sets, that differ on
the date at which the experiments were conducted. The impact experiments vary in speed, angle,
and can be recognised by the following notation: ’impact speed/impact angle’. The impact speed is
defined as ‖ṽ−‖, where we dont consider the perpendicular velocity, and the impact angle is defined
as the angle between the direction of the impact speed and the impact surface with respect to the
impact surface. The results of the evaluation are shown in Table 4.1 and Table 4.2. Note that in
reality, the actual impact angle can differ from the desired impact angle.

Here we analyze the performance of the prediction of the normal velocities by means of the absolute
metric η1, where the velocities go to zero. We notice that, besides that overall the metric shows
very small values, there is no clear relation between performance and impact speed and/or angle,
and thus, we can only conclude that the prediction and estimation of the zero velocities tend to be
very decent.

The evaluation is based mostly on the tangential velocities, as the post-impact velocities in the
normal directions go to zero. For the normal velocities, both the estimation and the prediction give
very low values (which is good) and thereby not give full insight on the predictive power of the
algebraic impact law. As the tangential post-impact velocities are nonzero, the effects of external
disturbances are more noticeable, such as friction. Due to this fact, the robustness of the impact
law can be better evaluated.

At a first glance, the first experimental data set seems to have a more consistent performance
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Table 4.1: An overview of the evaluation data and results of the first experimental data set. The
velocities are in m/s, the impact angle is given in degrees, and the evaluation metric is unit less.

Experiment ṽ−x ṽ−z v̂+
x v̂+

z
∆
v+
x

∆
v+
z η1,x η1,z η2,x η2,z

0.1/30 0.029 -0.096 0.105 -0.004 0.090 0.000 0.151 2.000 0.015 0.004
0.1/60 0.058 -0.083 0.109 -0.007 0.117 0.000 0.072 2.000 0.008 0.007
0.1/90 -0.004 -0.103 0.057 -0.003 0.045 0.000 0.249 2.000 0.013 0.003
0.15/30 0.076 -0.169 0.192 0.004 0.165 0.000 0.153 2.000 0.027 0.004
0.15/60 0.087 -0.125 0.173 0.001 0.167 0.000 0.034 2.000 0.006 0.001
0.15/90 -0.015 -0.150 0.076 0.001 0.056 0.000 0.303 2.000 0.020 0.001
0.2/30 0.075 -0.170 0.190 0.003 0.164 0.000 0.152 2.000 0.027 0.003
0.2/60 0.115 -0.157 0.210 -0.001 0.207 0.000 0.016 2.000 0.003 0.001
0.2/90 -0.008 -0.184 0.096 0.000 0.087 0.000 0.100 2.000 0.009 0.000

Table 4.2: An overview of the evaluation data and results of the second experimental data set. The
velocities are in m/s, the impact angle is given in degrees, and the evaluation metric is unit less.

Experiment ṽ−x ṽ−z v̂+
x v̂+

z
∆
v+
x

∆
v+
z η1,x η1,z η2,x η2,z

0.1/30 0.086 -0.048 0.114 -0.008 0.116 0.000 0.016 2.000 0.002 0.008
0.1/60 0.053 -0.052 0.071 0.005 0.087 0.000 0.194 2.000 0.015 0.005
0.1/90 -0.002 -0.052 0.024 0.004 0.028 0.000 0.169 2.000 0.004 0.004
0.2/30 0.136 -0.061 0.156 -0.006 0.160 0.000 0.025 2.000 0.004 0.006
0.2/60 0.085 -0.106 0.109 -0.012 0.146 0.000 0.293 2.000 0.037 0.012
0.2/90 -0.002 -0.088 0.034 -0.008 0.048 0.000 0.337 2.000 0.014 0.008
0.3/30 0.176 -0.081 0.199 -0.010 0.222 0.000 0.108 2.000 0.023 0.010
0.3/60 0.124 -0.136 0.141 -0.023 0.198 0.000 0.335 2.000 0.057 0.023
0.3/90 0.006 -0.114 0.065 -0.009 0.072 0.000 0.113 2.000 0.008 0.009

Wall ṽ−x ṽ−y v̂+
x v̂+

y
∆
v+
x

∆
v+
y η1,x η1,y η2,x η2,y

0.1/90 -0.017 0.153 0.064 -0.004 0.060 0.000 0.060 2.000 0.004 0.004

with respect to the impact angle than the second set. This due to that, most likely, the perfor-
mance of the estimation of the post-impact velocities for the first experimental data set is overall
more consistent. An explanation can be found in the observations we made, where the second batch
of the experimental data shows more vibrations in the responses of the system. As an example, see
Figure 4.9. Two normal velocities are shown, that correspond to the same impact experiment, but
correspond to different experimental data sets. vibrations in the ante-impact phase for the second
set are significantly larger than the first set. The latter shows a clear second order response in
the post-impact phase, whereas the first is still recognisable but highly distorted by significantly
larger vibrations. The source of these vibrations is not known. These vibrations do effect the fitting
process and most likely the velocity jump as well, as a single peak takes about 5ms. However,
even with large disturbances, the tangential velocity estimation in the second batch at low angle
impact angles (30 degrees) seem to have decent estimation and predictions. This is due to that
the tangential velocities are larger when the impact angle decreases, and thus, exhibit large jumps,
subsequently, this means that disturbances have less effect.

Overall, the estimated Cartesian post-impact velocities v̂+ appears to be linear with the Carte-
sian ante-impact velocities v̂−. We know that this linearity exists in joint space, as shown by the
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Figure 4.9: Two normal velocities that correspond to the same impact experiment, but correspond
to different experimental data sets. Where impact was made at 0.1m/s at an angle of 30degrees.

nonsmooth impact law in (2.9), and is given by

q̇+ = (I + M−1wN (wT
NM−1wN )−1wT

N )q̇−, (4.9)

see Section 2.1 for more detail. However, as there are infinite solutions in Cartesian due to the re-
dundancy of the robot, due to time restrictions, we cannot mathematically prove that this linearity
is guaranteed in Cartesian space. A straightforward example of the incompatibility between Joint
and Cartesian space is shown in Appendix E.

For the experiments done on the horizontal table, the estimated tangential post-impact veloci-
ties have been plotted against the tangential ante-impact velocities. This is shown in Figure 4.10.
Linear trends are recognisable, keep in mind that the mapping depends on the configuration of the
robot. Due to varying impact angles and initial poses, the configuration can differ to some extent for
every single experiment, which is the cause in not exhibiting a clear linear mapping. An overview
of the configurations during the impact experiments on the horizontal table are shown in Figure 4.11.

In general, the angled impacts seems to have a better predictions due to that, as mentioned before,
the tangential velocities exhibits a higher jump, and thus, are less effected by disturbances. How-
ever, a complete qualification on the performance on the nonsmooth impact law cannot be made. A
practical use of the impact law in planning, control, and estimation of robot trajectory with impacts
would give a better insight. In these practical implementation, a qualification on the error in the
prediction of the post-impact velocities can be made.
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Figure 4.10: The estimated post-impact velocities as a function of the ante-impact velocities.

First set

Second set

Figure 4.11: An overview of the configurations during the impact experiments on the horizontal table

4.3 Impact time detection tool results

We want to explore the possibility of detecting hard impacts for multi-DOF systems. Meaning we
want to estimate the time instance where impact initiates based on a set of multiple motion signals.
This can be used to automatically detect an impact event, which results in processing large amount
of experimental contact data more efficiently. This work is elaborated in Section 2.3. In this section
we apply the impact time detection for situations where minimal information is provided i.e. only
encoder data, and compare this to situations where extensive information is known such as the
robot model, contact locations, impact laws, sensor and actuation specifications.
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4.3.1 Impact detection scheme evaluation with extensive information

Consider a situation where a known robotic system makes impact with a familiar object, the contact
locations and the direction of impact are also known.

In this case, the robotic system is the KUKA LWR 4+. The robotic system had made impact
with a rigid table through its end effector. Combining this information with the dynamical and
kinematical properties of the robotic system, one can make a prediction that indicates what joints
are the most sensitive for a given configuration. Nonsmooth mechanics for fully inelastic normal
impacts shows that the change in the joint velocities due to impact are given by

∆q̇ = M−1(q)CJ0,B(q)Λ, (4.10)

where ∆q ∈ Rn, M ∈ Rn×n, CJ0,B ∈ Rm×n, and Λ ∈ Rm are respectively the change in joint
velocities, mass matrix, geometric Jacobian, and the contact forces at the end effector, with n, m,
and q respectively denoting the number of DOFs, the dimension of the Cartesian workspace, and the
angular joint displacements, see Section 2.1 for more detail. Since the direction of impact is known
and we only have to consider normal impulses, the term CJ0,BΛ can be simplified to wN (q)ΛN ,
where wN ∈ Rn and ΛN ∈ R are respectively the transposed row of CJ0,B that corresponds to
the direction of the impact surface’s normal and the magnitude of the contact force in the normal
direction. Therefore, (4.10) can be rewritten as

∆q̇ = γ(q)ΛN , (4.11)

where γ := M(q)−1wN (q) ∈ Rn. An indication of the most sensitive joint can be retrieved by the
largest value of the vector |γ|. If we denote imax ∈ {1...n} as an index of γ that corresponds to the
most sensitive joint, it can be determined as

imax := argmax
i∈{1...n}⊆N

|γ(q)|. (4.12)

The idea is to determine imax parallel with the impact detection scheme. With this method,
the problem with multidimensional signals is tackled, as the position signals q ∈ Rn give indirect
information on the most sensitive joint through γ. If we apply the impact detection scheme to every
position signal, for a given data set of a quantized multidimensional position signal q̃k, at each time
step tk, imax will be determined. Therefore, if a jump event happens, the highest possibility of
detecting one, will be through the position signal of the most sensitive joint, which corresponds to
imax. As an example, the result of this process for the experiment where the robot hits a table with
0.2 m/s under an angle of 0 deg with respect to the normal is shown in Figure 4.12. It is noticeable
that the second joint is the most sensitive joint during the whole measurement of this experiment,
as γ2 holds the largest value among γ at every single time instance. The algorithm indicates that
the detection of impact will be based upon detecting jump events in the correspond position signal
q̃2,k.
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Figure 4.12: Left: the absolute value of each element in Γ. Right: corresponding position signals

The results of the impact detection scheme are displayed in Figure 4.14. The parameters for this
scheme are chosen as: W = 12, a2,max = 20 and j2,max = 30000, see Section 2.3 for detail on
the estimations of these parameters. It shows that the jump event detection has a 4ms delay with
respect to detection based on visual observation. However, it seems that this is the minimal delay
one can expect, as this applied to all the experimental data. Most likely the change in velocity in
the first four milliseconds does not alter the position adequately to exceed the detection bound.

The prediction error |q̃2,k −
∆
q 2,k| and the detection bound b2 are shown in Figure 4.15.
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Figure 4.13: Implementation of the impact detection scheme, where the result are shown around a
short time frame where impact is detected.

Figure 4.14: Implementation of the impact detection scheme displayed on a larger time frame
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Figure 4.15: The prediction error as function of time(black line) and the detection bound (red line).

4.3.2 Impact detection scheme evaluation with minimal information

In this part we consider a situation where a robotic system makes impact and employ the impact
detection scheme to detect this impact. However, with respect to the previous situation, only mini-
mal information is provided, in other words, we only have encoder data instead of the robot model,
contact location, and the direction of impact.

Revisit the same situation with extensive information, where we have recalled an experiment where
the robot hits a table with 0.2 m/s under an angle of 0 deg with respect to the normal. The same
experimental data will be used for a fair comparison. To have a better insight, the prediction error

epi,k = |q̃i,k −
∆
q i,k| of the position signals are visualized in Figure 4.16. The parameters to create

the detection bound bi(wi,k), such as the resolution r, the variation in acceleration ∆ai,max and the
maximal jerk ji,max are all based on the encoder data, so, the minimal knowledge of only encoder
data is still preserved. We see in Figure 4.16 that only the second position signal is providing a
impact detection corresponding to impact. Assuming that only impact can result into a jump event,
a single detection should therefore be sufficient. This corresponds to what we have seen by exam-
ining the left plots of Figure 4.12, one can notice that only the second joint seems to be sensitive.
In this case, this means that a confirmation from multiple position signals is not necessary. One
can imagine that for the same impact experiment but under an angle, the tangential impulse a has
higher influence and thus a more reliable impact detection due that it also creates a jump in the
velocities. This is the case, as shown in Figure C.1, where the fourth joint indicates an impact event.
Subsequently, this means that when the robot makes an impact at the same velocity, around the
same configuration where only the impact angle differs, it should be able to have reliable detection
of an impact event with a fixed bound of b = 0.7 · 10−3 [rad/s].

It is important to note that, induced vibrational transient can trigger the event detection tool.
One has to take care when employing this tool, and reconsider the window length when changing
the configuration, impact speed or when other vibrational transients come into play.
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Figure 4.16: Prediction error as a function of time for all the joint with their correspond detection
bounds.

4.3.3 Conclusion on the results of the impact time detection tool

Overall, the most reliable results come from the method where extensive information is provided, as
it indicates what joint is the most sensitive to impact and therefore in an event of impact has most
the valuable motion signals regarding impact detection. However, it requires knowledge of contact
location and direction of impact. In uncontrolled environments where robotic systems operate, this
might not be the case. Situations like this, require methods that rely on minimal information i.e.
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only encoder data. For every single test it indicates an impact event based on at least one joint
velocity signal. However, unknown induced vibrational transient can trigger the impact detection
tool and therefore give unreliable detections. It is recommended not to base impact detection solely
based on encoder data, but analyse in advance known corresponding encoder data and adjust the
detection parameters to fit reliable estimations.

4.4 Summary

In this chapter, we employ a fitting scheme that results in a separation of the rigid body motion from
the transients in Section 4.1. Following, the post-impact velocities are estimated and the nonsmooth
impact law is evaluated with performance metrics in Section 4.2. In Section 4.3, we expanded
preceding work on an impact detection tool to multidimensional signals. Here we employed schemes
that identify impact for situations where extensive information is given and situation where minimal
information is given.
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Conclusion and Recommendations

In this chapter, we will conclude the research that has been presented in this report. Additionally,
recommendations will be provided for further research. The research objective was the develop-
ment and experimental validation of impact models able to predict the post-impact joint velocities
of a robot manipulator from pre-impact joint configuration and velocities. More specifically, we are
interested in qualitatively and quantitatively investigating the possibility of employing the mathemat-
ical abstraction provided by nonsmooth mechanics, that treats unilateral position constraints as hard
(strict impenetrability) implying that contact forces at impact time can become impulsive and take
zero time.

5.1 Conclusions

In Chapter 1, the literature review is presented. In hindsight, the works that practically evaluate
the impact phenomenon with robotic systems have shown to be the most helpful, such [29]. They
show what to expect as a robotic system makes impact in terms of time duration, the dynamic flow
during impact, detection and effectiveness of reactive and anticipative schemes.

Considering the first contribution: “Development and validation of a hypothesis that is derived
upon the analysis of experimental data. Here we assume that the averaged transient motions corre-
spond to rigid body motion, and thereby, post-impact velocities can be estimated.”, a predictive model
in the form of a algebraic impact law of the post-impact behaviour is presented in Chapter 2 that
estimates the post-impact velocities assuming fully inelastic impact without sliding friction, derived
on the idealization of standard rigid body dynamics and nonsmooth mechanics. The nonsmooth
impact law is evaluated with respect to the post-impact velocities provided by the experimental
data. This give arise to a new problem, as we had to estimate the post-impact velocities based on
experimental data. This eventually became the main scope of this report, presented in Chapter
3. We started by analyzing the joint velocities for several distinctive impact experiments, where
they show vibrational transients right after impact initiates. We came to a conclusion that these
vibrational transients are of a structural nature that can be found in the flexibility in the robot
links and/or in the actuator subsystems. Based on this conclusion, we came to a hypothesis where
we expect that the averaged motion of the transients correspond to that of the idealized rigid body
motion of the robot, and thus, if we extrapolate the steady state response back towards the time of
instance of an the impact event, one can estimate the post-impact velocity.

We validate the hypothesis mentioned above. This is done based on the results of three simu-
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lated models that represent three levels of abstraction of hard impact, where a simple one DOF
robot arm has physical interaction with an external object. Respectively, these models represent
an abstraction that conforms with reality, an non-ideal robot arm with an algebraic impact law,
and an idealized abstraction of hard impact based on rigid body dynamics and an algebraic impact
law. Furthermore, we have shown that this hypothesis is not valid for impact with softer bodies.
Subsequently, this displays the exclusivity of nonsmooth impact laws for rigid bodies.

In Chapter 4, we present a method where we separate the transients motions from the rigid body
motion in the velocity signals of the robot after impact. This is achieved with least squares fitting.
Due to the strong coupling of the transients, the fitting process is most likely not doable in joint
space solely based on encoder data. For this reason and time restrictions, we reformed the fitting,
estimation and evaluation to the Cartesian velocities of the end effector. We noticed a dominant
vibrational mode in the form of an underdamped oscillator throughout the experimental data set,
the velocities of the end effector after impact are fitted as such with an added linear term that
should correspond to the rigid body motion. At a first glance, the results of the fitting process
show that we make a decent estimation of the post-impact velocities. Subsequently, it shows to
be in line with the prediction provided by the nonsmooth impact law. Furthermore, we evaluate
the nonsmooth impact law for several data sets. It is important to note that the estimation of the
post-impact velocities becomes less reliable when unknown induced vibrations come into play. This
resulted in the second contribution: “An evaluation of the performance of the nonsmooth impact
model with respect to the estimated post-impact velocities in Cartesian space.”

It is essential to detect an impact event, as that is the time instance where we define our ante-
impact states. Preferably, provided by a tool that does this automatically, which is more convenient
dealing with larger data sets. This is showed cased in Section 4.3, based on the work of [31] and [30].
We have expanded this work to multidimensional signals, and evaluated cases where extensive infor-
mation is given such as the robot model and contact location with cases where minimal information
is provided i.e. only encoder data. We have shown for both cases that the impact detection is vi-
able. This became the third contribution: “An extension of a novel impact detection tool, provided
by [30], to mulitdimensional signals.”

5.2 Recommendations

Several parts of the research objectives have been addressed during this project. Due to the limi-
tations of time and resources some problems have not been addressed, and these are presented as
recommendations shown below.

Impact experiments with accelerometers and force sensors
As mentioned before, the evaluation of the nonsmooth impact laws are not performed in joint space,
due to lack of information on the vibrational transients and time restrictions. Accelerometers placed
on the robot during impact should provide more insight on the coupling between the transients.
Note, that the actuation subsystems need to be taken in consideration as well. Small bounces of the
end effector on the impact surface are yet to be confirmed, this is achievable with high bandwidth
force sensors placed between the contacting bodies. This can broaden our understanding of a fully
inelastic impact.

Repetitive impact experiments
For a better quantitative evaluation of the performance of the impact law, experimental data sets
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of repeated impact test for various impact speeds and configurations for consistency are required.
The outcome of these experiments. should confirm the linear mapping of the nonsmooth impact
law from the ante-impact velocities to the post-impact velocities, and thus creating linear impact
models for given configurations.

Sensitivity study on the impact models
Conduct a sensitivity analysis on the impact model with respect to the uncertainties in the contact
point location and inertial parameters.The sensitivity analysis should allow to distinguish between
robot configurations for which the post-impact joint velocities can be expected to be easily pre-
dictable.

Practical implementation of the predicted velocity jump
Assess the practical limitations of the prediction model in planning, control, and estimation of robot
trajectory with impacts. As of yet, there is no qualification on the error of the prediction model.
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Appendix A

Experimental Information and Results

A.1 KUKA LWR 4+

The following DH table has been used to describe the kinematics of the KUKA LWR IV+, with

Table A.1: DH parameters for the KUKA LWR 4+

Joint θ d α

1 q1 + 2π/3 D 0 π/2
2 q2 0 0 −π/2
3 q3 L 0 −π/2
4 q4 0 0 π/2
5 q5 M 0 π/2
6 q6 0 0 −π/2
7 q7 R 0 0

D = 102.0 + 208.5 + 20.0 mm, L = 400.0 mm, N = 390.0 mm, and R = 78.0 mm. The origin of
frame 7 with respect to T has coordinates

p0T =

 ρ cos θscrew
ρ sin θscrew

rprobe + hclearance

 (A.1)

where ρ = 25 mm is the ring radius, rprobe = 25 mm the probe radius, θscrew = 0 deg the angular
displacement with respect to the x-axis of frame 0 (z-axis points outwards), and hclearance = 1 mm
describe the clearance from the ring of the metal probe.

A.2 Velocity signals
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Figure A.1: The experimental setup of the KUKA robot where it hits a vertical ”wall”.
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Figure A.2: Joint velocity signal where impact has been made at 0.1m/s at an angle of 30 deg.
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Figure A.3: Joint velocity signal where impact has been made at 0.1m/s with a vertical wall.
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Figure A.4: Joint velocity signal where impact has been made at 0.2m/s at an angle of 90 deg with
different controller gains.
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Appendix B

Numerical and Experimental Results

B.1 Results three models with other parameters

Table B.1: Parameters used in the simulations

Parameter Value Units

m0 1 kg
m1 2 kg
m2 1 kg
krob 1·103 N/m
drob 10 Ns/m
n 1.5 [-]
Kenv 1·108 N/mn

Denv 1·109 Ns/mn+1

B.2 Experimental fitting results
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Flexible robot + complaint contact model

Flexible robot + impact law

Rigid robot + impact law

Figure B.1: Simulations results.
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Figure B.2: Hysteresis loops.
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Flexible robot + complaint contact model

Flexible robot + impact law

Rigid robot + impact law

Figure B.3: Zoomed in velocity signals with high damping at the contact point.
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Velocity  signal

Fitting function f
tot

Linear term fitting

Impact law pred

Figure B.4: Fitting results for impact at 0.1m/s under angle of 30deg the horizontal table. Left:
x-direction, Right: z-direction.
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Velocity  signal

Fitting function f
tot

Linear term fitting

Impact law pred

Figure B.5: Fitting results for impact at 0.15m/s under angle of 0deg w.r.t. the horizontal table.
Left: z-direction, Right: x-direction.
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Velocity  signal

Fitting function f
tot

Linear term fitting

Impact law pred

Figure B.6: Fitting results for impact at 0.1m/s at a vertical wall. Left: x-direction, Right: y-
direction.
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Appendix C

Impact Detection Tool Results

Figure C.1: Prediction error signal for impact under an angle.
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Appendix D

Least Squares Fitting

Here we provide a solution to fitting problems in a least squares sense, found in the works [37] and [4].
This is done for fitting functions that are linear and nonlinear in the parameters. These solutions are
used to estimate transient motion in Section 4.1 and in the impact time detection tool in Section 2.3.

Consider a data set y ∈ Rm and a fitting function ŷ(x,β), where x ∈ Rk is an independent
data set and β ∈ Rn an unknown parameter vector. The objective is to find a parameter vector β
that makes the fitting function best fits the data set y, therefore, we pose the following least squares
problem:

min
β

εT ε subject to y = ŷ(x,β) + ε. (D.1)

We seek a vector β that minimizes the Euclidean norm of the residual vector ε ∈ Rm.

D.1 Nonlinear least squares fitting

The formulation in (D.1) can be reduced to the following standard form

min
β

m∑
i=1

(y − ŷ(xi,β))2. (D.2)

We can define the objective function in terms of auxiliary functions fi.

fi(β) = yi − ŷi(xi,β). (D.3)

We can solve this nonlinear problem by examining the derivatives in a least squares problem. here
we will write the problem as

min
β

f(β) =
m∑
i=1

fi(β) = F(β)TF(β), (D.4)

where F is the vector valued function

F(β) = [f1(β) f2(β) ... fn(β)]T . (D.5)
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By differentiating, the gradient ∇f(β) and the Hessian ∇2f(β) can be derived in terms of the
Jacobian J(β)

∇f(β) =

m∑
i=1

fi(β)∇fi(β) = J(β)TF(β) (D.6)

∇2f(β) = ∇F()∇F(β)T +

m∑
i=1

fi(β)∇2fi(β)

= J(β)TJ(β) +

m∑
i=1

fi(β)∇2fi(β), with

(D.7)

J(β) =

[
∂fi
∂βj

]
i=1,...,m,j=1,...,n

. (D.8)

The Hessian matrix must be positive definite for all least squares problems. In cases where the
residual is extremely close to the solution, ∇2f(β) can be approximated by the first term of (D.7),
thus, simplifying the calculations by eliminating ∇2f(β) in the second term. This approximation is
used for both the Gauss-Newton and Levenberg-Marquardt method.

So, consider the solution to the least-squares problem β∗, and presume that this solution gives
f(β∗) = 0. This will result into that the residuals due to fitting will be zero, since fi(β

∗) = 0 for
all i. As a result, F(β∗) = 0 and hence ∇f(∗) = 0, it follows that

∇2f(β∗) = J(β∗)TJ(β∗), (D.9)

so that the Hessian at the solution is positive definite, as expected. If ∇F(β∗) is a matrix of full
rank then ∇2f(β∗) is positive definite.

If F(β∗) = 0 then it is reasonable to expect that F(β) ≈ 0 for β ≈ β∗, which means

∇2f(β) = J(β)TJ(β) +

m∑
i=1

fi(β)∇2fi(β) ≈ J(β)TJ(β). (D.10)

Gauss-Newton method

A direct approach of this approximation is called the Gauss-Newton method [4]. Here it is suggested
that an approximation to the Hessian matrix can be found using only first derivatives in cases where
the model is a good fit to the data. The Gauss-Newton search direction is obtained by solving the
linear system

∇2f(β)p = −∇f(β), (D.11)

which can be approximated by

J(β)TJ(β)p = −J(β)TF(β). (D.12)

In an iterative process the search direction p calculated, such that

βk−1 + p→ βk, (D.13)

which is shown in a simplistic way for explanatory reasons. Where k = 1, 2, ... is an iterative step.
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Levenberg-Marquardt method

The Levenberg-Marquardt method [4] is an approach where an approximation of the second term
in the Hessian in (D.7) is used and is approximated as

m∑
i=1

fi(β)∇2fi(β) ≈ λI, (D.14)

where λ ∈ R≥0 and I the identity matrix. The search direction p is determined by solving the linear
system [

∇F(β)∇F(β)T + λI
]
p = −∇F(β)F(β). (D.15)

For the remainder of this report, all the results shown from a nonlinear fitting process will be
executed with the help of the optimization toolbox of Matlab which is based on the Levenberg-
Marquadt method.

D.2 Least squares optimal solution to a second order polynomial
fitting function

Consider the least squares problem (D.1), in this case the fitting function is a linear function, the
least squares problem leads to

min
β

εT ε subject to y = Fβ + ε, (D.16)

where F ∈ Rm×n. Geometrically it means that we seek a linear combinations of the columns of the
matrix F that equal to the vector y. The standard form is given by

min
β
‖Fβ − y‖22 (D.17)

The cost function in (D.17) can be expanded as

f(β) = ‖Fβ − y‖22
= (Fβ − y)T (Fβ − y)

= βTFTFβ − βTFTy − yTFβ + yTy.

(D.18)

This expression gives the gradient

∂

∂β
f(β) =


∂f
∂β1

...
∂f
∂βn

 = 2FTFβ − 2FTy. (D.19)

where the solution β is given by
β = (FTF)−1FTy. (D.20)

Note that the (FTF)−1FT can be recognised as the Moore-Penrose pseudo-inverse of F.
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Appendix E

Example Incompatible Linearity
between Joint and Cartesian Space

Consider a 2DOF robotic system in a 1DOF work space where the linear relation between the ante-
and post-impact velocities are given by

q̇+ = Aq̇−, (E.1)

with,

A =

[
0 1
0 0

]
. (E.2)

The Cartesian velocity at the end effector is mapped through

v = Jq̇, (E.3)

where J =
[
1 0

]
. One can directly see that the Cartesian ante- and post-impact velocities are

given by

v+ = q̇−2
v− = q̇−1 ,

(E.4)

which shows that the linearity in joint space between ante- and post-impact velocities is not guar-
anteed in Cartesian space.
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