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Abstract. This paper deals with a systematic procedure to find both stable and unstable periodic stick-slip vibra-
tions of autonomous dynamic systems with dry friction. In this procedure, the discontinuous friction forces are
approximated by smooth functions. Using the simple shooting method with a stiff-ODE solver, in combination
with a path following algorithm, branches of periodic solutions are computed for a changing design variable.
For testing purposes, both 1 and 2-DOF autonomous block-on-belt models and a 1-DOF autonomous drill string
model from literature are investigated. Comparison of the results shows that the smoothing procedure accurately
describes the behavior of the discontinuous systems. The proposed procedure can also easily be applied to more
complex MDOF models, as well as to nonautonomous dynamic systems.

Keywords: Stick-slip vibrations, dry friction, discontinuous systems, smoothing.

Nomenclature

c1 = torsional damping [Nms]
e = relative error
F , Fi = friction forces [N]
FN = normal force [N]
Fs, Fs,i = maximum static friction forces [N]
F∗, F∗

i
= nondimensional friction forces

h, hi = nondimensional step lengths
J1 = mass moment of inertia [kgm2]
k, ki , kc = translational and torsional stiffnesses [N/m] and [Nm]
m,mi = masses [kg]
P = nondimensional period
t = time [s]
T = friction torque [Nm]
Ts = maximum static friction torque [Nm]
T ∗ = nondimensional friction torque
vdr = driving belt velocity [m/s]
vrel = relative velocity [m/s]
Vdr = nondimensional driving belt velocity
Vrel, Vrel,i = nondimensional relative velocities
x, xi = displacements [m]
X,Xi = nondimensional displacements
α = stiffness ratio
β = maximum static friction force ratio
γ = nondimensional parameter in dynamic friction coefficient

∗ Contributed by Professor A. K. Bajaj.
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δ = parameter in dynamic friction coefficient [s/m]
ε = accuracy parameter
ζ = damping coefficient
η = nondimensional angular velocity
θ = nondimensional friction torque difference
κ = accuracy parameter
µ = dynamic friction coefficient
µ0 = constant static friction coefficient
τ = nondimensional time
ϕ = relative angular displacement
ϕi = angular displacements
ϕeq = equilibrium relative angular displacement
ψ = relative angular displacement
ω = angular eigenfrequency [1/s]
�2 = constant angular velocity [1/s]

1. Introduction

In engineering practice, dry friction often causes undesirable side effects. It can induce self-
sustained stick-slip vibrations that produce noise and shorten the lifespan of mechanical parts.
Examples of such vibrations are observed in grating brakes and chattering machine tools.
Some stick-slip vibrations experienced in everyday life are squeaking pieces of chalk and
creaking doors. Ibrahim [6] gives a comprehensive account of the main theorems and mech-
anisms developed in literature concerning friction-induced noise and vibration.

The general model to describe a dry friction force is given by{ |F | ≤ µ0FN = Fs if vrel = 0 (stick),
F = −µFN sgnvrel = −(µ/µ0)Fs sgnvrel if vrel 6= 0 (slip),

(1)

whereF is the friction force,µ0 the constant static friction coefficient,FN the normal force,
Fs the maximum static friction force,vrel the relative velocity, andµ the dynamic friction
coefficient, which is a function of|vrel|. In literature, several models are proposed that describe
this dependence of the dynamic friction coefficient on the relative velocity. Coulomb’s classic
friction law assumesµ to be constant and less than or equal toµ0. In most other models,µ is
a decreasing function of|vrel|, which has also been observed in experiments [10].

The motivation for this work is the torsional stick-slip vibration that occurs in oil explor-
ation drill strings [7, 11]. A drill string mainly consists of a slender steel tube called the drill
pipe (see Figure 1). At the lower part of the drill string, drill collars (thick walled pipes) and
stabilizers (cylindrical elements that fit loosely in the bore hole) are used to avoid buckling. At
the top, the drill string is supported by a drilling rig and rotated by the rotary table. Between
the drill bit, the drill collars, and the stabilizers on the one hand, and the soil on the other
hand, dry friction occurs, causing the observed stick-slip vibration. During this vibration, the
angular velocity of the rotary table is approximately constant, whereas the velocity at the bit
varies between zero (the stick phase) and a velocity that is several times higher than the av-
erage velocity at the top (during the slip phase). Because the torsional stick-slip vibration can
result in failure of drilling components, control systems are needed to suppress it. Therefore,
a numerical model that accurately describes the behavior of the drill string is essential.

Applying the model of Equation (1) yields a set of discontinuous ODEs for a dynamic
system with dry friction. A procedure is proposed to systematically find stable and unstable
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Figure 1. Drilling rig.

periodic stick-slip vibrations of autonomous dynamic systems with dry friction, using the
module STRDYN of the finite element code DIANA [1]. This module contains several nu-
merical algorithms to investigate finite element models with local nonlinearities such as dry
friction. As for most bifurcation codes, these nonlinearities have to be sufficiently smooth, so
the friction forces are approximated by smooth functions. The simple shooting method [9, 12]
with a stiff-ODE solver is used in combination with a path following algorithm [2] to compute
branches of periodic solutions for a changing design variable of the system.

To test the smoothing procedure, it is applied to both 1 and 2-DOF autonomous block-on-
belt models and a 1-DOF autonomous drill string model from literature. It is concluded that,
using this procedure, systems with dry friction can successfully be modeled in a bifurcation
code such asSTRDYN and that the procedure can also easily be applied to more complex
MDOF models, as well as to nonautonomous dynamic systems.

2. Block-on-Belt Models

2.1. 1-DOF MODEL

The 1-DOF block-on-belt model from Galvanetto et al. [3] is depicted in Figure 2a. The mass
m is attached to inertial space by the springk, and is riding on a driving belt that is moving at
the constant velocityvdr. The displacement ofm is denoted byx. Between the mass and the
belt, dry friction occurs with friction forceF .
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Figure 2. (a) 1-DOF block-on-belt model and (b)F∗ and approximations.

The nondimensional equation of motion is given by

X′′ +X = F ∗, (2)

where a prime denotes a differentiation with respect toτ = ωt , ω = √k/m, t is time,
X = kx/Fs, Fs is the maximum static friction force, andF ∗ = F/Fs. The dynamic friction
coefficient is given byµ = µ0/(1 + δ|vrel|) = µ0/(1 + γ |Vrel|), where the positive para-
meterδ measures the rate at whichµ decreases with an increase in|vrel|, vrel = ẋ − vdr,
an overdot denotes a differentiation with respect tot , γ = Fsδ/

√
km, Vrel = X′ − Vdr, and

Vdr =
√
kmvdr/Fs. Thoughµ approaches zero as|Vrel| increases, which clearly is not a good

physical model, it will not become less than about 0.25µ0 becauseVdr will be chosen less than
or equal to 0.2, causing a maximum|Vrel| of about 1.
F ∗ is given by{ |F ∗| ≤ 1 if Vrel = 0,
F ∗ = − sgnVrel/(1+ γ |Vrel|) if Vrel 6= 0,

(3)

and approximated by the smooth function

−(2/π)arctan(εVrel)/(1+ γ |Vrel|), (4)

whereε is the accuracy parameter. Following Galvanetto et al. [3],γ is chosen equal to 3.
Figure 2b showsF ∗ (thick line) and the smooth approximations withε = 102, 103, and 104.
Increasingε improves the approximation but causes a steep slope atVrel = 0 given by−2ε/π .
This makes Equation (2) stiff, so the backward differentiation formulas (BDFs, [5]) are used
for numerical integration in the shooting method.

In Figure 3a, the stable periodic solutions atVdr = 0.2 are shown for the approximations
with ε = 102, 103, and 104. An ‘exact’ solution to the discontinuous model is found by the
brute-force approach, i.e., numerical integration until a (stable) steady state is reached, using
Hénon’s method [4] to locate the stick-to-slip and slip-to-stick transitions (see appendix A).
Hénon’s method cannot be used in combination with the shooting method and the path fol-
lowing algorithm in a bifurcation code such asSTRDYN, and also becomes very laborious for
MDOF systems. The ‘exact’ solution is shown in Figure 3a by the thick line and is used to
investigate the accuracy of the approximations.
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Figure 3. (a) Periodic solution atVdr = 0.2 and (b) max|X| as a function ofVdr.

Table 1. Errore of the approximate solutions atVdr = 0.2.

ε 102 103 104 105 106

e 2.9 · 10−1 8.9 · 10−2 2.4 · 10−2 6.2 · 10−3 1.5 · 10−3

The relative errore of the approximate solutions is defined by

e =
√∑

i(Xi −Xexact,i)2+∑i (X
′
i −X′exact,i)

2+ (P − Pexact)2∑
i X

2
exact,i +

∑
i X
′2
exact,i + P 2

exact
, (5)

where the subscripti denotesτ = iP/N andτ = iPexact/N for the approximate and ‘exact’
solutions, respectively,P andPexact are the periods of the approximate and ‘exact’ solutions,
respectively, the summations overi are from 0 toN − 1, andN is the number of time points.
The error is given in Table 1 as a function ofε, whereN is chosen equal to 200.

Path following is performed withVdr as the design variable, starting from the calculated
approximate solutions atVdr = 0.2. Figure 3b shows max|X| as a function ofVdr for the
approximations withε = 102, 103, and 104, and for the ‘exact’ solution found by brute force
(thick line).

The equilibrium points of the approximate and discontinuous models, given by

X = (2/π)arctan(εVdr)/(1+ γ Vdr) and X = 1/(1+ γ Vdr), (6)

respectively, are also shown in Figure 3b, where solid and dashed lines represent stable and
unstable branches, respectively. In Figure 3a, the positions of the equilibrium points atVdr =
0.2 are given by the x-marks. The equilibrium point of the discontinuous model (thick dashed
line in Figure 3b) is unstable for all values ofVdr. For the approximate models, however,
at a certain value ofVdr (given in Table 2) the stability of the equilibrium point changes by
a super-critical Hopf bifurcation, and the stable periodic solution is born. The approximate
periodic solution branches do not reach this Hopf bifurcation because the step size in the path
following algorithm becomes smaller than the user defined minimum.
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Table 2. Super-critical Hopf bifurcation points.

ε 102 103 104 105 106

Vdr 5.19 · 10−2 1.52 · 10−2 4.67 · 10−3 1.46 · 10−3 4.61 · 10−4

Figure 4. 2-DOF block-on-belt model.

2.2. 2-DOF MODEL

The 2-DOF block-on-belt model from Galvanetto et al. [3] is depicted in Figure 4. The masses
m1 andm2 are riding on a driving belt that is moving at the constant velocityvdr. They are
connected by the springkc, and attached to inertial space by the springsk1 andk2, respect-
ively. The displacements ofm1 andm2 are denoted byx1 andx2, respectively. Between the
masses and the belt, dry friction occurs with friction forcesF1 andF2 acting onm1 andm2,
respectively. It is assumed thatm1 = m2 = m andk1 = k2 = k.

The nondimensional equations of motion are given by{
X′′1 +X1+ α(X1−X2) = F ∗1 ,
X′′2 +X2+ α(X2−X1) = F ∗2 ,

(7)

where a prime denotes a differentiation with respect toτ = ωt , ω = √k/m, t is time,Xi =
kxi/Fs,1, Fs,i is the maximum static friction force on massmi , α = kc/k, andF ∗i =Fi/Fs,1.
F ∗1 andF ∗2 are given by{ |F ∗1 | ≤ 1 if Vrel,1 = 0,
F ∗1 = − sgnVrel,1/(1+ γ |Vrel,1|) if Vrel,1 6= 0,

(8)

and{ |F ∗2 | ≤ β if Vrel,2 = 0,
F ∗2 = −β sgnVrel,2/(1+ γ |Vrel,2|) if Vrel,2 6= 0,

(9)

respectively, whereVrel,i = X′i − Vdr, Vdr =
√
kmvdr/Fs,1 andβ = Fs,2/Fs,1. F ∗1 andF ∗2 are

approximated by the smooth functions

−(2/π)arctan(εVrel,1)/(1+ γ |Vrel,1|) (10)

and

−β(2/π)arctan(εVrel,2)/(1+ γ |Vrel,2|), (11)
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Figure 5. Stable (a) ‘in phase’ period-1 and (b) ‘out of phase’ period-4 solutions atVdr = 0.14, and (c) max|X1|
and (d) Poincaŕe points ofX1 as functions ofVdr.

respectively. As used by Galvanetto et al. [3], the following values are chosen:

α = 1.2, β = 1.3, γ = 3. (12)

According to Table 1, an acceptable accuracy is obtained withε = 105, so this value is used
for the 2-DOF model.

Figures 5a and 5b show two stable solutions atVdr = 0.14, whereX2 is plotted againstX1.
Figure 5a represents an ‘in phase’ period-1 solution, where ‘in phase’ means that the masses
are roughly moving in the same direction. A period-n solution is defined as a periodic solution
that crosses the Poincaré section, defined byX′1 = 0, n times from a negative to a positive
value during its minimum period. Figure 5b shows an ‘out of phase’ period-4 solution where
the two masses are roughly moving in opposite directions.

Path following is performed withVdr as the design variable. Figures 5c and 5d show
max|X1| and the Poincaré points ofX1, respectively, where thick solid lines and dashed lines
represent stable and unstable solutions, respectively. Also,+n and−n identify ‘in phase’ and
‘out of phase’ period-n solution branches, respectively. Both for low driving belt velocities
and higher period solution branches, the step size becomes very small, causing long CPU
times.
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Table 3. Bifurcations in 2-DOF block-on-belt model.

Branch Bifurcation Vdr

+1 super-critical flips 0.081 and 0.141

+2 (left) flip 0.080

+2 (right) cyclic fold 0.165

−2 super-critical flip 0.144

−4 super-critical flips 0.113 and 0.132

flip 0.1106

cyclic folds 0.104 and 0.1112

Figure 6. (a) Drill string model and (b)T/k and approximations.

The bifurcation diagram of Figure 5d corresponds to the diagram from Galvanetto et al.
[3], but in addition unstable branches and an extra stable−4 branch betweenVdr = 0.1106
and 0.1112 are found. The observed bifurcations are listed in Table 3.

3. Drill String Model

The 1-DOF drill string model for investigating torsional stick-slip vibrations from Jansen [7]
is depicted in Figure 6a. The drill pipe is modeled by the linear torsional springk. The drill
collars are assumed to be rigid and modeled as the equivalent mass moment of inertiaJ1,
also taking into account the mass moment of inertia of the drill pipe. Viscous damping is
introduced by the linear torsional damperc1. The angular displacement of the bit and the drill
collars is represented byϕ1; the angular displacement of the rotary table byϕ2. BetweenJ1

and inertial space dry friction occurs with friction torqueT , given by{ |T | ≤ Ts if ϕ̇1 = 0,
T = −(µ/µ0)Ts sgnϕ̇1 if ϕ̇1 6= 0,

(13)

whereTs is the maximum static friction torque and an overdot denotes a differentiation with
respect to timet . Coulomb friction is assumed withµ = µ0/2.
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Choosingϕ = ϕ2 − ϕ1 as the generalized coordinate and assuming that the rotary table is
rotating at the constant velocity�2 > 0, the equation of motion is given by

J1ϕ̈ + c1ϕ̇ + kϕ = −T + c1�2 (14)

which possesses an equilibrium point atϕ = ϕeq = {(µ/µ0)Ts + c1�2}/k. To simplify the
analysis, the following nondimensional quantities are introduced:

τ = ωt, ψ = ϕ − ϕeq, ζ = c1/(2J1ω), η = �2/ω, θ = (1− µ/µ0)Ts/k, (15)

whereω = √k/J1. Following Jansen [7], the parametersζ andθ are chosen equal to 0.05 and
4.2, respectively. These values are typical for a drill string that exhibits stick-slip behavior.
The nondimensional equation of motion is given by

ψ ′′ + 2ζψ ′ + ψ = T ∗, (16)

where a prime denotes a differentiation with respect toτ andT ∗ = −{T + (µ/µ0)Ts}/k.
T ∗ is given by
−(1+ µ/µ0)Ts/k ≤ T ∗ ≤ θ if ψ ′ − η = 0,
T ∗ = 0 if ψ ′ − η < 0,
T ∗ = −2(µ/µ0)Ts/k if ψ ′ − η > 0.

(17)

It is assumed that the drill bit does not rotate backwards and thusψ ′ − η = −ϕ′1 ≤ 0. T ∗ can
then be approximated by the smooth function{

0 if ψ ′ − η ≤ −4κ,
−θ(ψ ′ − η)(ψ ′ − η + 4κ)3/27κ4 if ψ ′ − η > −4κ,

(18)

whereκ is the accuracy parameter. The arctangent function cannot be used in this case be-
cause the dynamic friction coefficient at zero relative velocity is unequal to the static friction
coefficient. Figure 6b showsT /k and the smooth approximations withκ = 100, 10−1, and
10−2. Decreasingκ improves the approximation.

In Figure 7a, the stable periodic solutions atη = 4 are shown for the approximations with
κ = 100, 10−1, and 10−2. An ‘exact’ solution to the discontinuous model is again found by
brute force with Hénon’s method. The ‘exact’ solution is shown in Figure 7a by the thick
line and is used to investigate the accuracy of the approximations. The relative errore of the
approximate solutions is defined by

e =
√∑

i(ψi − ψexact,i)2+∑i (ψ
′
i − ψ ′exact,i )

2+ (P − Pexact)2∑
i ψ

2
exact,i +

∑
i ψ
′2
exact,i + P 2

exact
, (19)

where the subscripti denotesτ = iP/N andτ = iPexact/N for the approximate and ‘exact’
solutions, respectively,P andPexact are the periods of the approximate and ‘exact’ solutions,
respectively, the summations overi are from 0 toN − 1, andN is the number of time points.
The error is given in Table 4 as a function ofκ, whereN is chosen equal to 200.

Path following is performed withη as the design variable, starting from the calculated
approximate solutions atη = 4. Figure 7b shows max|ψ | as a function ofη for the approxim-
ations withκ = 100, 10−1, and 10−2, and for the ‘exact’ solution found by brute force (thick
line).
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Figure 7. (a) Periodic solution atη = 4 and (b) max|ψ | as a function ofη.

Table 4. Error e of the approximate solutions atη = 4.

κ 100 10−1 10−2 10−3 10−4

e 3.1 · 10−1 9.3 · 10−2 2.3 · 10−2 5.4 · 10−3 1.2 · 10−3

The equilibrium points of the approximate and discontinuous models, given by

{
ψ = −θη(η − 4κ)3/27κ4 if η < 4κ,
ψ = 0 if η ≥ 4κ,

and ψ = 0, (20)

respectively, are also shown in Figure 7b, where solid and dashed lines represent stable and
unstable branches, respectively. The equilibrium point of the discontinuous model (thick line
at ψ = 0) is stable for all values ofη. For the approximate models, however, there are
two values ofη (given in Table 5), where the stability of the equilibrium point changes by
super and sub-critical Hopf bifurcations. At these super and sub-critical Hopf bifurcations,
stable and unstable periodic solutions are born, respectively. The approximate stable periodic
solution branches do not reach the super-critical Hopf bifurcation because the step size in the
path following algorithm becomes smaller than the user defined minimum. In the positiveη-
direction, these branches approach a cyclic fold and the step size again becomes too small, so
no unstable periodic solution branches are found.

Table 5. Super and sub-critical Hopf bifurcation points.

ε 100 10−1 10−2 10−3 10−4

ηsuper 1.02 1.00 · 10−1 1.00 · 10−2 1.00 · 10−3 1.00 · 10−4

ηsub 3.76 3.93 · 10−1 3.98 · 10−2 3.99 · 10−3 4.00 · 10−4
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4. Conclusions and Discussion

Using the smoothing procedure to approximate the discontinuous friction forces, systems with
dry friction can successfully be modeled in a bifurcation code such asSTRDYN. By applying
the simple shooting method with a stiff-ODE solver, in combination with the path following
algorithm, branches of both stable and unstable periodic solutions can be computed for a
changing design variable. The procedure is applied to both 1 and 2-DOF autonomous block-
on-belt models and a 1-DOF autonomous drill string model from literature. The calculated
stable periodic solutions correspond to the results from the original articles, but in addition
unstable solutions branches and an extra stable solution branch are found for the 2-DOF block-
on-belt model. The smoothing procedure can also easily be applied to more complex MDOF
models, as well as to nonautonomous dynamic systems.

Stick-slip vibrations can also be approximated by the so-called ‘alternate friction model’
or ‘switch model’ [8]. This model treats the system as three different sets of ODEs: one for
the slip phase, one for the stick phase, and one for the stick-to-slip transition, which can be
integrated by any standard ODE-solver. The standard simple shooting method [9], however,
cannot be used, because of the discontinuities that arise in the fundamental solution matrix.
Leine et al. [8] describe a modified simple shooting method to find periodic solutions with the
alternate friction model.

Appendix

A. ‘Exact’ Solution by Hénon’s Method

Equation (2) can be rewritten into the state equation

x˜
′ = f
˜
(x˜), (21)

where a prime denotes a differentiation with respect toτ , x˜ = [X X
′]T, and, assumingVrel ≤

0, f
˜

is given by

f
˜ 1
=
[

X′

−X + 1/(1− γ Vrel)

]
and f

˜ 2
=
[
X′
0

]
(22)

in the slip and stick phases, respectively. Equation (21) is integrated by the fourth-order
Runge–Kutta scheme

k˜1 = f
˜
(x˜ i),

k˜2 = f
˜
(x˜ i +

1

2
hk˜1),

k˜3 = f
˜
(x˜ i +

1

2
hk˜2),

k˜4 = f
˜
(x˜ i + hk˜3),

x˜ i+1 = x˜ i +
1

6
h(k˜1+ 2k˜2+ 2k˜3+ k˜4), (23)

whereh is the time step andx˜ i representsx˜ at τ = ih.
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When, during the slip phase,X′i+1 > Vdr, the last integration step is repeated with the
‘inverted’ slip equation

dy
˜ 1dX′
= f
˜

inv
1
(X′, y
˜1
) =

[
X′/{−X + 1/(1− γ Vrel)}
1/{−X + 1/(1− γ Vrel)}

]
, (24)

wherey
˜1
= [X τ ]T andX′ is the independent variable. In one step of the integration scheme

k˜1 = f
˜

inv
1
(X′i , y˜ 1,i

),

k˜2 = f
˜

inv
1
(X′i +

1

2
h1, y˜ 1,i

+ 1

2
h1k˜1),

k˜3 = f
˜

inv
1
(X′i +

1

2
h1, y˜ 1,i

+ 1

2
h1k˜2),

k˜4 = f
˜

inv
1
(X′i + h1, y˜ 1,i

+ h1k˜3),

y
˜ 1,i+1

= y
˜ 1,i
+ 1

6
h1(k˜1+ 2k˜2+ 2k˜3+ k˜4), (25)

whereh1 = Vdr − X′i, the slip-to-stick transition is found and the time integration of Equa-
tion (23) can be continued.

When, during the stick phase,Xi+1 > 1, the last integration step is repeated with the
‘inverted’ stick equation

dy
˜ 2dX
= f
˜

inv
2
(X, y
˜2
) =

[
1/X′

0

]
, (26)

wherey
˜2
= [τ X′]T andX is the independent variable. In one step of the integration scheme

k˜1 = f
˜

inv
2
(Xi, y˜ 2,i

),

k˜2 = f
˜

inv
2
(Xi + 1

2
h2, y˜ 2,i

+ 1

2
h2k˜1),

k˜3 = f
˜

inv
2
(Xi + 1

2
h2, y˜ 2,i

+ 1

2
h2k˜2),

k˜4 = f
˜

inv
2
(Xi + h2, y˜ 2,i

+ h2k˜3),

y
˜ 2,i+1

= y
˜ 2,i
+ 1

6
h2(k˜1+ 2k˜2+ 2k˜3+ k˜4), (27)

whereh2 = 1 − Xi, the stick-to-slip transition is found and the time integration of Equa-
tion (23) can be continued.
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