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GPS aided adaptive complementary filter for yaw estimation under
magnetic field distortion with application to quadcopters

1H.H.Ilisu and Duarte J. Antunes

Abstract—This thesis addresses the problem of estimat-
ing the yaw angle of a rigid body, and it is especially
intended for quadcopter applications with small pitch and
roll requirements. While this is typically achieved using
on-board magnetometer and gyroscope measurements, the
corresponding estimates are often corrupted by magnetic
field distortion. Based on a global positioning system,
we show that one can still infer the yaw angle from
a time-varying Kalman filter (KF-GPS), but not for all
rigid body trajectories. This motivates our adaptive ap-
proach where the measurements are incorporated in a
complementary filter (KF-ACF) based on confidence levels.
For the magnetometer, this confidence level is based on
the distance between the measurements obtained when
using only the magnetometer and only the gyroscope;
for the global positioning measurements, it is based on
the degree of observability of the Kalman Filter model.
While the main focus in on estimating the yaw angle, the
adaptive complementary filter is also derived on the special
orthogonal group of rotation matrices which provides the
full attitude based also on accelerometer measurements.
The effectiveness of the KF-ACF for yaw estimation is
demonstrated by simulation results.

I. INTRODUCTION
In recent years, quadcopters have sparkled the inter-

est of researchers due to their challenging non linear
and coupled dynamics and their impact in numerous
applications. The attitude of the quadcopter is typically
described by three angles: roll, pitch and yaw angle,
which represent rotations around the x,y and z body
fixed axis, respectively, where the z axis is aligned with
the gravity vector at hover. Roll and pitch estimates are
determined by the Inertial Measurement Unit (IMU)
and are highly reliable for everyday use and even for
autonomous flight. The estimation of yaw, denoted by
ψ, however, is in many environments, subject to noises
and distortions in sensors which makes obtaining a
proper yaw estimation a challenging task. For example,
quadcopters equipped with cameras gathering data
from metal structures such as bridges or wind tur-
bines are subject to fluctuations in the magnetic field
due to the proximity to metal structures. In fact, the
magnetometer sensor is highly sensitive to metal, hard-
and soft iron, charged wires and actuators, and this is
the main issue for yaw estimation [1], [2], [3]. When
flying with an operator, these errors can be corrected
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manually, but when flying autonomously these can
cause undesired behaviour. In fact, obtaining a correct
yaw- estimation is of great importance for autonomous
quadcopters. Due to their coupled dynamics, errors in
angles result directly in errors in position which has
an impact on the flight quality. For example, in the
mentioned data acquisition setting, these errors result
in blurred or poor quality images. 1
In the literature, the problem of yaw estimation

has been divided into two subcategories: the vision
based attitude estimation and the non-vision based
estimation. In [5], [6], [7], [8], [9], we can find at-
titude estimation methods based on cameras. In [5],
an omnidirectional camera has been used for attitude
estimation. The main algorithm for yaw estimation
relies on horizon detection. A reference frame within a
horizon is taken and relative rotations with respect to
this horizon reconstructs the yaw angle. The advantage
of this method is its robustness against different heights
and weather conditions. A disadvantage of the addition
of a camera is delay and latency issues in control which
effected overall performance. In [6], [7], [8] we can
find methods with downward looking cameras and
detection of known objects for attitude estimation. The
advantage of these methods is the low complexity of
implementation and high accuracy. Angle estimation
with a Root Mean Squared Error (RMSE) of 1.4 degrees
are possible. However, the disadvantage of this method
is the constraint of object detection. If the camera can
not detect the known object, the ψ-angle can not be es-
timated. In [7], this is solved by fusing the camera with
the gyroscope integration. However, the gyroscope in-
tegration results in a drift of the true angle. These
methods are also highly invasive. To be able to im-
plement them, the environment should be redesigned
in order for the quadcopter to fly in it. In [9], we can
see a review based on different vision based methods.
We can conclude from this work that omnidirectional
cameras are constrained due to their environment since
horizon detection depends on outdoor environment.
The constraint for downward looking cameras is thus
the image quality and the highly invasiveness of the
object detection.

1Another example with much severe consequences was the Varig
Airlines flight 254, which departed from Sao Paulo and Due to a
huge navigational error in which the crew entered wrong heading for
the airplane, the plane diverted from the original plan and crashed,
killing 13 people [4].
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Non-vision based methods have been widely re-
searched in [1], [2], [3], [10], [11], [12], [13], [14]. In
[3], [10], a Multiple Magnetometer Platform (MMP)
has been developed and integrated. The MMP is a
platform in which a set of twelve triads of magne-
tometers are placed such that directional distortions
are compensated. The advantage of this method is
accuracy improvement by a factor four with respect
to a single triad of magnetometers. The disadvantage
is the requirement of a total of twelve magnetometers
as addition to the metrology of the quadcopter. This
method is therefore highly invasive. In [1], a first
approach on using convex optimization for distortion
attenuation has been proposed. This method gives a
clear description of the detection of dynamic distortion.
Many researchers have based their distortion detection
algorithm based on stationary effects [11], [2]. This
method also discusses an adaptation logic based on
magnetic distortions. This idea of an adaptation logic
has been proposed in [13]. Here, distortions in vec-
tor measurements such as the accelerometer and the
magnetometer are handled by proposing an adaptive
complementary filter. The complementary filter with
fixed gain has been proposed in [12]. This method does
not handle distortions in vector measurements while
[13] with an adaptation logic based on similarity prop-
erties does so. However, [13] has only been tested in
simulation and only on the pitch angle. One of the most
interesting aspects of [13], [12] is the addition of an ob-
server design for the complete rotation matrix. Another
non-vision based method for attitude estimation is the
use of a Kalman Filter for state estimation together
with position sensors. In [14], this has been done for
an Inertial Navigation System (INS) aided by a global
positioning system (GPS). An advantage of this method
is that since it follows an optimal control approach for
state estimation, it is optimal in a well-defined sense.
A disadvantage if that observability, required by the
Kalman Filter, is not assured for every state trajectories
and extra positioning sensors are required.

In this thesis, we start by proposing a method for
yaw estimation based on accelerometer, gyroscope and
GPS measurements (i.e., no magnetometer) and a time-
varying Kalman. Hereafter, we will refer this method as
KF-GPS. However, due to lack of observability such a
filter does not provide an accurate yaw estimate for ev-
ery state trajectory (e.g. when hovering with a fixed yaw
angle, it is not possible to obtain the yaw angle from
the mentioned measurements). Therefore, we propose
to use the Degree of Observability (DoO) of the model
used by the Kalman filter as a confidence level for the
estimate obtained by this method. A confidence level
is also defined for the measurement obtained from the
raw magnetometer data based on the magnetic field
distortion. The estimates provided by the KF-GPS and
the raw magnetometer data and their confidence levels
are used in an adaptive complementary filter. In spirit

of [13], relying on magnetometer and gyroscope data
in an adaptive manner which will be referred to as m-
ACF. The rationale behind the proposed filter is that
the estimate should rely on a combination between the
raw magnetometer estimate and the KF-GPS estimation
method. When the DoO is low, the filter should rely
on the raw magnetometer measurements. Otherwise,
the filter should rely on KF-GPS. In case the magne-
tometer measurements are distorted, the filter should
shut off the magnetometer completely. This means that
the confidence level condition is not met and certain
disturbances distort the measurements. Hereby, with
the use of the similarity property, the filter will weigh
between the Kalman Filter estimation and the gyro-
scope integration. We will refer to this filter as the KF-
ACF in which the KF-GPS, the adaptive complementary
filter and the confidence levels are implemented. As
an extension to this method, we propose an adaptive
method for decoupled rotation matrix estimation in
Special Orthogonal Group SO(3) as derived in [12]. In
particular, we extend the Explicit Complementary Filter
(ECF) in [12] by proposing an adaptive gain instead of
a fixed gain for decoupled vector measurements.

The contribution of this thesis is therefore fourfold.
First we design a linear time-varying Kalman Filter for
yaw estimation for Quadcopters based on accelerom-
eter, gyroscope and GPS measurements. Second, we
propose metrics to understand when measurements
from the standard magnetometer based method and
the KF-GPS based method are reliable or not. Third, we
propose an adaptive complementary filter to cope with
time-varying disturbances. Fourth, we extend the Ex-
plicit Complementary Filter (ECF) in [12] by proposing
an adaptive logic such that distortions in vector mea-
surements are handled for estimation of the rotation
matrix.

The body of this thesis consists of four sections
followed by conclusions and future work. In section
II we provide background information and motiva-
tion for the study in which we build up towards the
methodology. In section III we start with deriving an
LTV Kalman Filter for yaw estimation. Here we also
analyze observability and give a metric for Degree
of Observability (DoO). In section IV, we define and
describe the proposed adaptive logic for the comple-
mentary filter where we use the Kalman Filter as the
estimator and the DoO and the similarity condition as
the adaptation distortion detection measure. We then
describe our vision and define an adaptation logic for
the complete rotation matrix in the Special Orthogo-
nal Group SO(3) where we extend the conventional
method of a static gain complementary filter to an
adaptive complementary filter. In Section V, we give
the simulation results of the of the KF-ACF method.
After this section, conclusions and future work follow.



II. BACKGROUND AND MOTIVATION

In Section II-A, we will present the notations and
assumptions which hold throughout the thesis. In Sec-
tion II-B, a dynamic model of the Quadcopter will be
presented from where we take the step to Section II-C
in which we discuss the role of ψ-estimation. In Section
II-D we will discuss the sensors which are used for
attitude estimation in Quadcopter. From here, we dis-
cuss the complementary filter sensor fusion algorithm
in Section II-E. Since we will be using a linear time
varying Kalman filter, in Section II-F we discuss the
algorithm behind the Kalman Filter. At last, in Section
II-G, we describe the motivation for this study.

A. Notations and Assumptions

Throughout this thesis, the following notations and
assumptions will be considered:
• The unit axes of the Body-Fixed-Frame {B} are

denoted as [b1, b2, b3]
• The unit axis of the Inertial-Frame {I} are denoted

as [e1, e2, e3]
• The Body-Fixed-Frame coincides with the Center

of Gravity (CoG)
• The Quadcopter is assumed to be symmetric in the

[x, y]-plane
• Aerodynamic phenomena like blade flapping are

not taken into account
• Aerodynamic disturbances like wind gusts are not

taken into account.

B. Quadcopter Modelling

Consider the model of a Quadcopter [15], [16]:

ṗ = v, (1a)

mv̇ =

 0
0
mg

+R

 0
0
−FT

 , (1b)

Ṙ = RS(Ω), (1c)
IΩ̇ = τ − Ω× (IΩ) (1d)

where p = [x, y, z]ᵀ ∈ R3 and v = [vx, vy, vz]
ᵀ ∈ R3 de-

note the position and velocity respectively, represented
in the {I} frame. m ∈ R is the mass and g ∈ R is
the acceleration due to gravity, I ∈ R3×3 is the inertia
matrix, τ ∈ R3 is the torque input, Ω ∈ R3×1 is the
angular velocity. The attitude of the quadcopter is given
by a 3 × 3 rotation matrix which describes a rotation
of coordinates expressed in Body-Fixed-Frame {B} to
coordinates expressed in the Inertial-Frame {I}. The
rotation matrix can be parametrised by the Tait-Bryan
rotation convention [15]:

R = Rz(ψ)Ry(θ)Rx(φ) ∈ SO(3), (2)

where [φ, θ, ψ]ᵀ ∈ R3 are the roll, pitch and yaw angles
respectively. We describe

S(Ω) =

 0 −Ωz Ωy
Ωz 0 −Ωx
−Ωy Ωx 0

 , (3)

in which S(Ω) is a skew-symmetric matrix such that
S(Ω)v = Ω × v where × denotes the vector cross
product and any vector v ∈ R3.

C. The role of ψ-estimation
If we let

ā =

[
āx
āy

]
=

[
1 0 0
0 1 0

]
︸ ︷︷ ︸

D

Ry(θ)Rx(φ)

0
0
T

 , (4)

where D ∈ R2×3 is a projection matrix such that we
only take the [x, y]ᵀ components in 2D into account.
a ∈ R2 represent the accelerations in x and y is a
frame which coincides with the Inertial Frame, except
for a rotation in ψ. Now we can write the velocity and
acceleration subsystem with respect to {I} as:

[
ṗx
ṗy

]
=

[
vx
vy

]
(5a)[

v̇x
v̇y

]
=

[
cψ −sψ
sψ cψ

]
︸ ︷︷ ︸

Rz(ψ)

[
ax
ay

]
, (5b)

where cψ and sψ are defined as cos(ψ) and sin(ψ)
respectively and Rz(ψ) is the rotation matrix to express
the accelerations from {B} in {I}.
In order to illustrate the importance of properly es-
timating the ψ angle a few observations about the
controller are given. The control input will be given
in the body fixed frame, i.e., the control input for
controlling pitch and roll in (4) will be given in body
fixed coordinates. For the sake of this discussion we
can assume that ā in (4) can be controlled. However,
a desired trajectory for controlling px and py is given
in world coordinates. Therefore, to define tracking er-
rors and control inputs, either the trajectory must be
converted into body fixed coordinates or the control
input must be converted into world coordinates. Let us
consider the latter case. Then, if the ψ angle is known
one can simply write[

āx
āy

]
= Rz(ψ)−1

[
ãx
ãy

]
, (6)

and (5a) (5b) will reduce to two (three dimensional)
double integrators with control input:

u =

[
āx
āy

]
. (7)



However, if the ψ angle is not known the true model
is

[
ṗx
ṗy

]
=

[
vx
vy

]
(8a)[

v̇x
v̇y

]
=

[
cψe −sψe
sψe cψe

]
︸ ︷︷ ︸

Rz(ψ)

[
ax
ay

]
, (8b)

where ψe = ψ − ψ̂ is the estimation error and ψ̂
is the estimate. This will lead to position errors, i.e.,
angle estimation errors will lead to position errors. The
estimations of the angles are done by the sensors in the
Inertial Measurement Unit (IMU) of Quadcopters. In
case of faulty sensor measurement, the estimation error
will be non-zero which, thus, leads to errors in position.
It is therefore very important to obtain accurate yaw
estimates.

D. Sensor Modelling
The IMU consists of an accelerometer, gyroscope

and a magnetometer [15].

The accelerometer measures the accelerations in {B}
and is defined as:

aIMU = R>(v̇ − g ~e3) + ba + η ∈ {B}, (9)

where ba and η denote a bias term and additive noise,
respectively. The accelerometer is highly sensitive to
vibration sources such as vibrations due to motors
and propellers. Therefore, the raw accelerometer data
should be low-pass filtered.

The gyroscope measures the angular velocities of the
quadcopter in {B} and is denoted as:

ΩIMU = Ω + bΩ + η ∈ {B}, (10)

where ΩIMU are the angular velocities of the
Quadcopter measured by the IMU, bΩ and η denote
a constant or time varying bias and additive noise
respectively. The gyroscopes installed on a quadcopter
are robust to noise and reliable. However, in order to
estimate the angles of a quadcopter with the gyroscope,
the output should be integrated over time. Due to this
integration, the constant or time-varying bias is also
integrated which causes the angle estimation to drift.

The magnetometer measures the ambient magnetic
field with respect to {I} and is denoted as:

mIMU = R>Am+Bm + ηb ∈ {B}, (11)

where Am is the Earth magnetic field in {I}, Bm is
local magnetic disturbance and ηb is additive noise.
The noise in the magnetometer is relatively low while
the local magnetic disturbances can be high. In [1],

[2], [3], [10] one can see the effect of magnetic field
distortion on the angle estimation. The magnetic field
is sensitive for hard iron and soft iron distortions,
distortions due to charged wires and ferromagnetic
materials. These distortions can lead to estimation
errors up to 16 degrees which propagates to the overall
quadcopter flight performance.

The attitude estimations for the roll, pitch and yaw
angle from the accelerometer and the magnetometer
measurements are given by:

φ = arctan2(ay, ax) ∈ {B}, (12a)

θ = arctan2(ax,
√
a2
y + a2

z) ∈ {B}, (12b)

ψ = arctan2(By, Bx) ∈ {B}, (12c)

where we express the magnetometer output from {I}
to {B} as: BxBy

Bz

 = (Ry(θ)Rx(φ))>

Mx

My

Mz

 . (13)

The attitude estimations by integrating the gyroscope
are denoted as:

λg(t) =

∫ t

0

ΩIMU (τ)dτ, (14)

where λg(t) are the estimations for roll, pitch and
yaw. Substituting equation (10) in (14), we see that the
integration includes the gyroscope bias which causes
the angle estimation to drift. In Fig. 1, the different esti-
mation methods using vector measurements, gyroscope
measurements and distorted vector measurements can
be seen. We can see that the vector measurements are
relatively noisy, however, they do not drift like the
gyroscope measurements. We can also see that the
distorted vector measurements result in high errors
during distortion.

The reliability of sensors in the IMU are essential
for good angle estimations. Since all sensors have their
advantages and disadvantages, Sensor Fusion Algo-
rithms (SFAs) are used to combine the advantages of
the sensors for angle estimations. In this research, we
will focus on the widely used Complementary Filter as
the main SFA [12].

E. Complementary Filter
A Complementary Filter (CF) fuses sensors with high

frequency noise and low frequency disturbances [12],
[13]. The CF can be represented with the block diagram
in Fig 2, where λv is the vector measurement, λm is
the magnetometer measurement and Ω is the gyroscope
measurement. We can now define the dynamics of the
filter as:

˙̂
λ = Ω + C(s)(λv − λ̂), (15)



Fig. 1: Roll and Yaw estimation based on accelerometer and
magnetometer as measurements and gyroscope measure-
ments. Here,λv is the angle obtained by the vector measure-
ments, λm is angle obtained by the magnetometer and λω
is the angle obtained by the gyroscope, λCF is the angle
obtained by the complementary filter approach and λtruth
is the ground truth. The data is obtained by using a Pixhawk
Module and reading IMU sensor data. The Ground Truth is
obtained by the undisturbed Pixhawk Measurement

Fig. 2: Block Diagram of the Complementary Filter (CF)

where C(s) is the control gain. Now rewriting in fre-
quency domain, we can get the transfer functions of the
filters,

λ̂(s) =
C(s)

s+ C(s)︸ ︷︷ ︸
F1(s)

λv(s) +
s

s+ C(s)︸ ︷︷ ︸
F2(s)

(Ω(s)

s

)
, (16)

where F1(s) and F2(s) are the closed-loop complemen-
tary sensitivity and the sensitivity function respectively
in which F1(s) + F2(s) = 1. The control gain C(s)
can be designed by classical control techniques. The
simplest choice for the control gain is a proportional
gain where C(s) = kp. The complementary filters can
now be written as:

F1(s) =
kp

s+ kp
, (17a)

F2(s) =
s

s+ kp
, (17b)

where the crossover frequency is at kp[rad · s−1]. With
these filters, the complementary filter is weighing

between the vector measurements and the gyroscope
measurements. By choosing a crossover frequency,
we can filter the high frequency noise of the vector
measurement and combine this with an accurate low
bandwidth rate measurements. The advantages of both
measurements are combined to get the best estimation
possible. In Fig 1, we can see the estimation for the
Roll angle and the Yaw angle using the CF. As we can
see, the angle estimation for the roll angle is accurate
while the angle estimation for the yaw angle is not
accurate during the distortion.

For the Complementary Filter of Mahony as designed
in [12], we can conclude that a proportional gain is
sufficient for compensating high frequency noise and
gyroscope drift in the accelerometer and gyroscope
fusion. For the magnetometer, the proportional gain
strategy does not perform well when the magnetic
field is being distorted. In this case, there is a con-
stant weighing between the magnetometer and the
gyroscope measurements. In [13], an adaptive gain has
been proposed in order to cope with disturbances in
the vector measurements. This has been tested for the
pitch angle in which the results were promising. In our
case, we focus on the estimation for the yaw angle in
which the magnetometer is disturbed. In [11], we can
find that the ideal attitude estimator should have three
properties namely:
• An estimation for the angles
• Gyroscope bias correction
• Adaptivity for disturbances
In [17], one can see that a Kalman Filter has been

proposed for attitude estimation. This resulted in a
Root Mean Square Error (RMSE) of 0.2 degrees. The
Kalman Filter is used as an optimal state observer. For
the yaw estimation, we will use the Kalman filter as an
independent estimator for yaw which will then be an
input to our SFA.

F. Kalman Filter
The dynamics of a system in state-space can be

defined as:

ẋ(t) = Ax(t) +Bu(t), (18a)
y = Cx(t) +Du(t), (18b)

where x(t) and u(t) are the state vector and the input
vector respectively. The matrices A,B,C and D are
the state matrix, input matrix, output matrix and the
feedthrough matrix respectively. In case of the system
dynamics are time-varying, one can write the Linear
Time-Varying (LTV) system as:

ẋ(t) = Φ(t, t0)x(t) +Gw(t), (19a)
y = Cx(t) + v(t), (19b)

where w(t) and v(t) are the process noise and the mea-
surement noise respectively. Φ(t) is the State-Transition-



Matrix (STM). The solution for the LTV-system when
w(t) = 0 ∀t can be denoted as:

xi(t) = e
∫ t
t0
A(τ)dτ

xi(0), (20)

where xi(0) are the initial values of the state vector.
From equation (20), the STM is then defined as:

Φ(t, t0) = e
∫ t
t0
A(τ)dτ

. (21)

The noise is assumed to be uncorrelated in time and
thus is a white noise and has zero mean [17]. The
covariances of the noise can be denoted as:

E
{[
w(t)
v(t)

] [
w(τ)ᵀv(τ)ᵀ

]}
=

[
Q S
Sᵀ R

]
δ(t− τ), (22)

where Q and R are the tuning knobs in which a small
Q indicates that we are confident about the model
and a small R indicates that we are confident about
the measured output i.e. the sensors. S is the cross
correlation matrix which is assumed to be zero and
δ(t − τ) is the Kronecker Delta where δ(0) = 1 if
t = τ and 0 otherwise. Furthermore, the initial state
is assumed to be Gaussian and characterized by:

E{xi(0)} = xi(0), (23a)
E{(xi(0)− x̂i(0))(xi(0)− x̂i(0))ᵀ} = P0, (23b)

where x̂(0) is the initial value of the estimation and P0

is the initial value of the state covariance matrix. The
objective of the Kalman Filter is to find an estimate such
that we minimize a linear function of the steady state
error covariance. One can define the estimation by a
Kalman Filter as:

ˆ̇x(t) = Φ(t)x̂(t) +K(t)(y − Cx̂(t)), (24)

where x̂ is the state-estimation, (y − Cx̂(t)) is the
estimation error and K(t) is the Kalman Filter gain
which minimizes the error which is denoted by [18]:

K(t) = P (t)CᵀR−1, (25)

in which P (t) is the state covariance matrix and can
be obtained by solving the Algebraic Riccatti Equation
(ARE) for LTV systems [17], [18]:

Ṗ (t) =

AP (t) + P (t)Aᵀ +GQGᵀ − P (t)CᵀR−1CP (t). (26)

The Kalman Filter gain minimizes a linear function of
the state covariance error such that the estimation error
is converging to the real state. The estimation error of
the Kalman Filter is defined as:

e(t) = x(t)− x̂(t), (27)

where x̂(t) is the state estimation. The error propaga-
tion can be defined by:

ė(t) = ẋ(t)− ˙̂x(t),

= (A−KC)(x(t)− x̂(t)). (28)

In order to obtain a converging error, the pair (A,C)
must be observable. In case the system is unobservable,
we can not retrieve the state estimations with a Kalman
Filter. The notion for observability, however, in case
of LTV-systems is not the same as in case of a time-
invariant system. In [17], one can see a Kalman Filter
approach on state estimation for an Inertial Navigation
System (INS) for indoor position and attitude estima-
tion. In case of a completely observable system, the
Kalman Filter estimates the heading with an RMSE of
0.2 degrees. However, the output matrix which consists
of the position measurements only appear to be unob-
servable and state estimations can not be found. In our
case, only the position measurement is available. There-
fore, the proposed model should be observable for all
inputs with the position measurements as outputs in
order to obtain reliable estimations.

G. Motivation
In [1], [2], [3], one can see that magnetic disturbances

lead to high errors in ψ-estimation. In Section II-C, one
can find the role of ψ-estimation and how it can lead
to errors in position. Due to disturbances in magnetic
field, this leads to errors in ψ-estimation which in
its turn lead to errors in position which influences
the overall performance of flight. In Section II-D, the
sensors and how the sensors are used are described
for attitude estimation. This has directly been coupled
to Section II-E in which the Complementary Filter has
been described. The conventional method of Mahony
fails to handle magnetic failures as can be seen in Fig
1. Due to this reason, an adaptive method has been
proposed in [13] to handle errors in accelerometer for
pitch estimation. However, for ψ-estimation, this has
not been tested. In [17], one can find a Kalman Filter
estimation for ψ-estimation which gives promising re-
sults. However, in order to get these results, the system
must provide the position, velocity and the heading
as a measurement which is not true in the case of
a Quadcopter. In [11], we can see that the ideal SFA
contains an estimation, gyroscope bias correction and
adaptivity.
This motivates us to extend the adaptive filter proposed
in [13] with a Kalman Filter estimation. The adaptive
filter adapts such that the system switches between
the Kalman Filter and magnetometer based on the
magnetic field distortion and based on the observability
property. This is then again being adapted based on
the similarity property between a vector measurements
and the gyroscope angle estimation as proposed in [13]
to get a more robust system for ψ-estimation in case of



magnetic field distortion or unreliable magnetometer
sensor.

III. KALMAN FILTER BASED ψ-ESTIMATION
The model for the Kalman Filter estimation can be

described as:

ẋ(t) = A(t)x(t), (29a)
y = Cx(t), (29b)

where x(t) ∈ Rn is the state vector, A(t) ∈ Rn×n is the
time-varying state matrix and C is the output matrix.
The state vector x(t) is defined as [px, py, vx, vy, c, s]

ᵀ

where:

c = cos(ψ), (30a)
s = sin(ψ), (30b)

in which the time derivative of these states are defined
as:

ċ = −ψ̇ sin(ψ), (31a)
ṡ = ψ̇ cos(ψ), (31b)

where we can approximate Equation (1c) for yaw as:

ψ̇ = Ωz, (32)

where Ωz is the third component of the angular ve-
locity. Combining Equation (5a)(5b) and (31a)(31b) and
writing in terms of equation (29a)(29b), we can obtain
the Kalman Filter model as:


ṗx
ṗy
v̇x
v̇y
ċ
ṡ

 =


0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 āx(t) −āy(t)
0 0 0 0 āy(t) āx(t)
0 0 0 0 0 −Ωz(t)
0 0 0 0 Ωz(t) 0


︸ ︷︷ ︸

A(t)


px
py
vx
vy
c
s

 , (33a)

y =

[
1 0 0 0 0 0
0 1 0 0 0 0

]
︸ ︷︷ ︸

C

x, (33b)

in which we define the position as the only sensor
outputs in the measurement model. From Equation
(33), we can find estimations for c and s. From these
estimations, we can find an estimation for ψ as:

ψ̂ =


tan−1

(
ŝ
ĉ

)
; ŝ ≥ 0, ĉ > 0,

π
2 ; ŝ > 0, ĉ = 0,

π + tan−1
(
ŝ
ĉ

)
; ĉ < 0.

(34)

Contrarily to [17], instead of having cos(ψ) and sin(ψ)
in the state matrix A(t), we use them as states in
order to make an estimation of c and s to estimate
the ψ-angle. This decreases the overall complexity since
we do not have to handle non-linear terms in the

0 5 10 15 20 25 30 35 40 45 50

Time [s]

-100

-50

0

50

100

H
e
a
d
in

g
 [
d
e
g
]

-estimation of QR

real

est

0 5 10 15 20 25 30 35 40 45 50

Time[s]

-40

-30

-20

-10

0

E
s
ti
m

a
ti
o
n
 E

rr
o
r 

[d
e
g
] Estimation error of 

Fig. 3: ψ-estimation based on Kalman Filter estimation. Circu-
lar motion trajectory in which the ψ-angle has been bounded
between [−π, π]

state matrix. The result of the ψ-estimation for the
Quadcopter can be seen in Figure 3.

We see that the Kalman Filter estimation converges
to the real angle. The RMSE for this estimation is equal
to 3.5 degrees. We can observe that the estimation
has a large error during initialization. As discussed
in Section II-F, a system which is weakly observable
or unobservable does not have a converging error. In
Section III-A, we will discuss the observability of the
proposed system.

A. Observability Analysis
The notion for observability for Linear Time-

Invariant (LTI) systems is given by the standard ob-
servability matrix in control theory denoted as OLTI =[
Cᵀ (CA)ᵀ (CA2)ᵀ . . . (CAn−1)ᵀ

]ᵀ. The system
in LTI is observable if the observability matrix has rank
n or is full rank. This does not hold in case of LTV
systems since the state matrix A(t) changes over time.
For LTV-systems, the notion of observability can often
be inferred from the observability gramian [14], [19],
[20]:

Wo =

∫ t

t0

(Φ(t, t0)ᵀCᵀCΦ(t, t0))dt, (35)

where Φ(t) is the State Transition Matrix (STM) which
can be determined as defined in Equation (21). The
system is observable if and only if the observability
gramian is full rank for all times t. We can also de-
termine local observability by analyzing the system
between arbitrary bounds between [t, t0]. In order to
analyze the effects of the inputs [āx, āy,Ωz]

ᵀ on the
observability, two tests in simulation have been con-
ducted. In one test, the Quadcopter is brought to a cer-
tain setpoint and remains hovering while in the other
test, the Quadcopter flies a circular motion in which
the accelerations are not constant. The initial values are



[āx, āy,Ωz]
ᵀ = [0, 0, 0]. The results are given in Fig 4a

and 4b. We can see that the observability gramian is full
rank in case the inputs are nonzero. The critical inputs
hereby are the accelerations āx and āy . The angular
velocity Ωz changes constantly over time, but does not
contribute to the overall observability. We can see that
during initialization, the system is not observable. We
can, thus, directly link this to the high estimation error
as seen in Fig 3. After the initialization, we can see that
the Kalman Filter estimation is converging. From this,
we can conclude:

ρ(W0) =

{
6, if [āx, āy] 6= [0, 0] ∀t
4, otherwise

, (36)

where ρ(W0) denotes the rank operator. The effect of
the inputs on the observability are now analyzed. We
can now tell when the system is observable i.e. the
Kalman Filter is converging. However, the accuracy
of the estimation and the sensitivity to measurement
noise depends on the singularity of the observability
gramian i.e. the Degree of Observability (DoO)
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(b) Observability during circular motion

Fig. 4: Observability test in simulation with model inputs
[āx, āy,Ωz]

ᵀ during hover and circular motion

B. Degree of Observability

In Section III-A, we have analyzed the effect of the
inputs on the observability of the system. The accuracy
of the estimation depends highly on the singularity of
the observability gramian [21]. In [21], we can see the
increasing accuracy of the estimation by a decreasing
error covariance due to an increase in DoO, to be
defined shortly. The DoO will be used as an adaptation
parameter for the adaptive complementary filtering
method. In [22], [23], [21], several methods have been
discussed in order to determine the DoO. For this
research, we base our work on the Singular Value
Decomposition (SVD) method where we determine the
condition number of the observability gramian. The
condition number shows how close a matrix is to being
singular. A large condition number states that a matrix
is nearly singular while a low condition number states
that a matrix is far from singular. We can use this
property to define the DoO as:

δo(t) =
1

κ(Wo)
=
|σmin(W0)|
|σmax(W0)|

, (37)

where σ is the maximum and minimum singular
value of Wo and κ(W0) is the condition number of the
observability gramian. Due to the fact that we invert
the condition number, we can define a bound for the
DoO which is 0 ≤ δo(t) ≤ 1. If the DoO is close to
zero, the condition number is high which states that the
matrix is nearly singular and the DoO is thus low. In
the opposite case, the DoO is high when the condition
number is low and δo(t) is close to one. The DoO with
respect to the inputs [āx, āy,Ωz]

ᵀ can be found in Figure
5. We can see in Figure 5 that the DoO in Figure 5a is
close to zero in case of inputs āx and āy are close to
zero as expected. In case of a motion, the acceleration
terms become nonzero and this results in a higher DoO.
The contribution of the gyroscope is also visible now
in Figure 5b. The effect of the DoO on the estimation
error as defined in Equation (27), is given in Figure 6.

Here we can clearly see the effect of the non
converging estimation due to a low DoO. The error
in hovering motion with low DoO due to low
accelerations is drifting from the real estimation while
the error in circular motion with relatively higher DoO
remains bounded. We can, thus, conclude that the
DoO is of great importance for the estimation accuracy.

In adaptive filtering, the main objective is to weigh
the vector measurements and estimation based on
properties such as magnetic field distortion and
Degree of Observability. We can now form a filter
which weighs between the vector measurement and
the Kalman Filter estimation is based on the DoO. This
adaptive filter will be elaborated in the next section.
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Fig. 5: DoO test in simulation with model inputs [āx, āy,Ωz]
ᵀ

during hover and circular motion

IV. ADAPTIVE FILTERING

A. Adaptive Complementary Filter

The complementary filter as proposed by Mahony
has been described in Section II-E. This filter has a
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Fig. 6: Estimation error in circular motion with high DoO and
estimation error in hovering motion with low DoO

static gain which weighs the gyroscope integration
with respect to the vector measurement. In case of ψ-
estimation, the vector measurements are the magne-
tometer measurements. The adaptive filter has been
introduced in [13] in which an adaptation logic has
been designed based on similarity property of the
estimations. In [13], however, only the pitch angle has
been considered in which distortions in accelerometer
measurements have been handled. The block diagram
for the complementary filter has been given in Fig 2. For
ψ-estimation, we propose a complementary filter which
is adaptive to handle distortions in magnetometer mea-
surements, which handles gyroscope bias and which
has an estimation. The overall block diagram is given
in Fig 7. In Fig 7, λm and λk are the angle estimation
by magnetometer measurements and ψ-estimation by
Kalman Filter respectively, λ̂ is the angle estimation by
the filter, Ωz is the angular velocity by gyroscope mea-
surement, α(t), β(t) and γ(t) are the adaptive gains. We
can now write the dynamics of the filters as described
in Equation 15:

˙̂
λ = Ωz + α(t)(λmk − λ̂), (38)

where λmk is the angle estimation by the combination
of the magnetometer measurement and the Kalman
Filter estimation. We can write this as:

˙̂
λ = Ωz + α(t)((β(t)γ(t)λm + (1− β(t)γ(t))λk)︸ ︷︷ ︸

λmk

−λ̂).

(39)
The Kalman Filter estimation λk is being weighed

with respect to the magnetometer measurement by β(t)
in case of no magnetic distortions. This results in a new
measurement λmk which in its turn is weighed with
respect to the gyroscope integration by α(t). In case of
magnetic distortions, the magnetometer is completely
shut off by γ(t) which results in λmk = λk. This is
then again weighed by α(t). We have three types of
adaptation rules namely:

Fig. 7: Overall block diagram of the proposed adaptive com-
plementary filter



• α(t) adaptation based on similarity as discussed in
[13]

• β(t) adaptation based on Degree of Observability
(DoO) to qualify the KF-GPS

• γ(t) adaptation based on the magnetic field distor-
tion to switch between raw magnetometer estima-
tion and KF-GPS

The adaptation based on similarity is defined a simi-
larity between the angle estimation based on gyroscope
integration and the angle estimation based on the mag-
netometer measurement over a moving time window.
If the angles obtained by the measurements are similar,
the sensors are realiable. The similarity measure can be
defined as [13]:

S(t) = min(S̄,min
c
J(c, t)), (40)

where 0 ≤ S̄ ≤ ∞ is the upper bound of the similarity
measure and J(c, t) is the cost function which compares
the two signals by shifting them on top of each other
over a moving time window:

J(c, t) =

√∫ t

t−h
(λmk(τ)− λg(τ)− c)2dτ, (41)

where λg is the angle estimation by gyroscope inte-
gration, h is the window length in the interval τ ∈
[t−h, t] and c is the estimation of the bias by gyroscope
integration. The latter corrects the gyroscope bias such
that both signals are shifted on top of each other.
This is done by taking the mean value of the two
measurements over a window length:

c(t) := arg min
c
J(c, t) =

1

h

∫ t

t−h
(λmk(τ)− λg(τ))dτ.

(42)
We can see the effect of this in Fig. 8. We can now define

Fig. 8: Shifting the magnetometer angle estimation and the
gyroscope integration on top of each other by c(t) bias
correction (no distortion)
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Fig. 9: Top Disturbed conventional complementary filter esti-
mation Middle Determination of S(t). Bottom The adaptive
a(t) gain which reacts to disturbances.

the adaptive control gain as:

α(t) = ā exp−KαS(t), (43)

where ā > 0 and Kα > 0 in which ā is the gain which
determines the initial starting value of the adaptive
gain. By varying Kα, we can ensure quick reaction to
disturbances. This reaction to disturbances can be seen
in Fig 9. In case of no distortion α(t) is close to one
which indicates that the magnetometer measurement
is weighed with respect to the gyroscope integration
evenly. However, in case of distortion, the adaptive filter
is close to zero which indicates that more emphasis
has been put on the gyroscope integration in case of
distortion. We can also see that the adaptive filter does
not shut off the magnetometer measurement. It does
take into account some degree of distortion in the
measurement. Therefore, in order to cope with this, the
Kalman Filter estimation is essential.
Assume the magnetometer sensor is not distorted by
external factors. In this case, we have λmk as defined
in Equation (39) and thus γ(t) = 1. Since we trust the
magnetometer measurement and we have the Kalman
Filter estimation for redundancy, we have to qualify
the Kalman Filter based on the DoO as described in
section III-B. The upperbound of δo(t) is equal to 1. The
adaptation logic for β(t) is based on the value of δo(t).
Hereby the deflection from the maximum value of δo(t)
is of importance. The same strategy as in Equation (41).
We can, thus, define the cost function as:

D(t) =

√∫ t

t−h
(1− δ0(τ))2dτ, (44)

where δo(τ) is the Degree of Observability (DoO).



Here, we compare the DoO with respect to its maxi-
mum value. The adaptive gain now becomes:

β(t) = 1− β̄ expKβD(t), (45)

where β̄ > 0 is the initial value of the gain and
Kβ > 0 is the control gain to tune sensitivity towards
changes in D(t). Assuming that the DoO is close to
zero, i.e. weakly observable, Equation (44) becomes
equal to approximately 1. In this case, Equation (45)
shows that 0.63 or 63 % of the original signal is kept.
Therefore, we can tune this percentage with Kβ . An
exponential function is used as exponential smoothing.
In case of very noisy sensors or outliers, the exponential
smoothing function as a confidence level can cope with
these types of disturbances. In case of a high DoO
i.e. strong observable, Equation (44) becomes close to
zero. This results in Equation (45) to becomes close to
zero which results in more confidence on the KF-GPS
method. The result for a circular motion is given in Fig
10.

We can see how the filter reacts upon the DoO being
lowered. The adaptive gain β(t) becomes close to one
which results in putting more emphasis on λm instead
of λk. In the contrary case, we see that during high
DoO, we see that the magnetometer measurement is
taken less into account with respect to the Kalman Filter
estimation. The Kalman Filter estimation of ψ aids the
magnetometer measurement. In this case, however, we
assume that the magnetometer is not distorted. In case
of a distorted magnetometer, we want to shut off the
magnetometer and rely on the Kalman Filter estimation
without taking into account the DoO. We then want to
weigh λk with respect to Ωz .
To determine whether the magnetometer measurement
is distorted or not, we have defined the gain γ(t). In
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Fig. 10: The adaptive β(t) gain which weighs between the
magnetometer and the Kalman Filter estimation
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case the magnetometer is distorted, the measurement
is immediately shut down i.e γ(t) = 0. If this is the case,
λmk = λk in which we rely on the Kalman Filter. In case
the estimation is not reliable, we use the adaptive gain
α(t) to adapt with respect to the gyroscope integration.
In [1], we see how we can determine magnetic dis-
turbance in case of dynamic movement. We have also
used this strategy to tune our filter. In [1], the following
equation is used to determine the distortion:

λ̄d =
1

h

∫ t

t−h
(λm(τ)− λg(τ))dτ, (46)

where λ̄d is the difference difference between the
magnetometer and gyroscope measurement which is
averaged over a sliding window with window length
h. We can thus define the distortion detection as:

γ(t) = exp−Kλ
2
d . (47)

The method in [1] works with a threshold method. In
case of no distortion, Equation (46) is close to zero.
To handle disturbances and sensor noise, we use an
exponential function such that in case of no distortion,
the confidence level γ(t) becomes equal to 1. Therefore,
the calibration measure σmax is equal to 1 in case of no
distortion. In case of distortion, the signal will differ
from this maximum value. We can define the distortion
detection as:

γ(t) =

{
0, if e−Kλ

2
d < σmax

1, otherwise,
(48)

where σmax is the calibrated measure in case of no
distortion. We can now directly see the distortion de-
tection in Fig 11. In Fig 11, we can see that the method
as proposed can detect the distortions well without



misfires. We see that γ(t) becomes zero in case of
distortion and one otherwise as described in Equation
48. The effect of α(t), β(t) and γ(t) can be found in
section V .

B. Extending Adaptive Filter for R in SO(3)
In the previous method, we have assumed that the

Roll angle φ and the Pitch angle θ are small. In order to
get a good understanding of the attitude of the Quad-
copter, we have to extend this one dimensional problem
to a three dimensional problem. In order to do this, the
attitude of the Quadcopter has to be determined by
the rotation matrix R in the Special Orthogonal Group
SO(3). In the work of Mahony in [12], we can find three
complementary filter based estimation methods for the
rotation matrix. Here, we see three methods namely:
• Direct Complementary Filter (DCF)
• Passive Complementary Filter (PCF)
• Explicit Complementary Filter (ECF)

The Direct Complementary Filter (DCF) without bias
correction can be written as [12]:

˙̂
R = R̂

(
Ry(Ωy) +KpR̂ω

)
×
, R̂(0) = R̂0 (49a)

ω = P(R̃), P =
1

2
(R̃− R̃ᵀ), (49b)

where ω is the correction term, R̃ = R̂ᵀRy , Ry is defined
by the Tait-Bryant rotation convention described in
Equation (2),(.)× is the skew-symmertric matrix no-
tation, Kp is the observer gain, Ωy are the angular
velocities in {B} and R̂ is the R ∈ SO(3) estimation
with R̂0 as the initial values. The disadvantage of this
method is the fact that Ry has to be used in order to
map the velocities of Ωy into the inertial frame. In case
Ry is faulty, the error term which is defined by:

EDFC =
1

2
tr(I3×3 − R̂ᵀRy), (50)

where I3×3 is the identity matrix, will not converge
to zero. The errors in angle estimations as defined in
Equation (12) will directly effect the estimation due to
the coupled nonlinear dynamics.

Due to this disadvantage, the Passive Complementary
Filter (PCF) has been developed. The dynamics are
given as:

˙̂
R = R̂(Ωy× +Kpω), (51a)

ω = P(R̃), P =
1

2
(R̃− R̃ᵀ). (51b)

We can clearly see that Ry is now not used to map the
velocities into {I}. However, this method introduced
a new feedback loop. The stability has been proved
in [12]. Another disadvantage is the still coupled
dynamics in the PCF. In case Kp becomes adaptive, we
can only make the system more robust by relying on
the gyroscope integration which has a bias. Therefore,

the PCF has been rewritten in [12] into the ECF such
that the vector measurements are decoupled.

The Explicit Complementary Filter (ECF) decouples the
vector measurement such that a faulty sensor can be
switched off. The dynamics of the ECF are defined as:

˙̂
R = R̂

(
(Ωy)× +Kp(ωmes)×

)
, R̂(0) = R̂0 (52a)

ωmes =

n∑
i=1

kivi × v̂i, ki > 0 (52b)

where ki are the gains to put confidence levels on
the vector measurements, vi and v̂i are the vector
measurements and the estimated vector measurements
respectively. We can directly see that we do not need
Ry to construct the complementary filter. Only the
direction of the vector measurements are of importance.
Therefore, to ensure |vi| = 1, let

vi = Rᵀ v0i

|v0i|
vi ∈ {B}, (53a)

v̂i = R̂ᵀ v0i

|v̂0i|
v̂i ∈ {B}, (53b)

where v0i ∈ {B}, i = 1, . . . , n, denote a set of n known
inertial directions and Rᵀ and R̂ᵀ are the rotation
matrices in which R̂ᵀ is the estimation of the rotation
matrix which depends on the gyroscope measurement.
We can directly see the challenge with this filter. In
case we want to add an extra measurement, name the
KF-GPS, we have to transform KF-GPS from {I} to
{B}. This filter has only measurements in {B}. Due
to time restrictions, we could not find a method to
sum measurements from different frames. Therefore,
we only base our first extension of the filter on
making the control gains ki adaptive such that we can
handle distortions in magnetometer measurements
and we discard the yaw estimate based on the position
measurements.

We can now define the error of the measurement and
the estimation as:

Ei = 1− vᵀi v̂i =

{
1− vᵀa v̂a ∈ {B}
1− vᵀmv̂m ∈ {B}

, (54)

where va and vm are the accelerometer and magne-
tometer measurements. Recall Equation (44) where we
used the DoO to make the control gain adaptive. The
same metric can be applied in this case. Here, we use
the error terms of the vector measurements as our
adaptivity metric as:

Ea(t) =

√∫ t

t−h
(1− vᵀa(τ)v̂a(τ))2dτ, (55a)

Em(t) =

√∫ t

t−h
(1− vᵀm(τ)v̂m(τ))2dτ. (55b)



Here, we analyze the mean value of both measure-
ment errors over a moving time window h. We can now
define the adaptive control gains as:

ka = k̄ exp−KaEa(t), (56a)
km = k̄ exp−KmEm(t), (56b)

with k̄ > 0, Ka > 0 and Km > 0 being the tuning
parameters of the adaptive filters. From here, we can
see that in case of no distortion, the errors terms for
both measurements goes to zero. In this case, ka and
km are both equal to one and both measurements are
used for the attitude estimation. In case of a distor-
tion, the errors terms will differ from zero. By using
an exponential function, we can filter noise from the
measurements and we can tune the confidence levels
with the control gains Ka and Km In case both errors
terms are equal to 0.5 and k = Ka = Km are equal to
one, the result will be a confidence of 60 percent of the
orignial signal. By tuning the control gains Ka and Km,
we can lower this confidence level. This method gives
the user more freedom to tune the adaptive filters.
Now we have proposed a metric to determine errors in
measurements, we can now define a metric to qualify
the performance of the adaptive filter. The error terms
to qualify the quality of the measurements as defined
in [12] is given as:

Emes = kaEa + kmEm, (57)

In case of the conventional method with a static gain
for ka and km, the measurement error would increase
with increasing errors in the measurements. With ka
and km adaptive, we expect the total measurement
error to converge to zero.

V. SIMULATIONS
In order to demonstrate the effectiveness of the pro-

posed approach, simulations were performed to com-
pare the conventional Complementary Filter (CF)[12],
the Adaptive Filter (AF) as proposed in [13], KF-GPS
as proposed in section II-F and the GPS aided Adaptive
Complementary Filter (KF-ACF) as proposed in section
IV-A. For all filters, we fly the same circular trajectory.
The Quadcopter model starts from initial value and
rises up to a certain height. From here, the Quadcopter
fly in a circular motion and the ψ-angle is being varied
from [−π, π]. The result of ψ-estimation by different
filters can be found in Figure 12. We can clearly see the
effectiveness of the KF-ACF. The KF-ACF outperforms
the conventional CF, the adaptive AF and the KF-
GPS. The KF-GPS, however, shows good performance.
However, the filter will fail in case of a hovering motion.
The Degree of Observability (DoO) will decrease which
results in a drift in the estimation. The CF suffers
from high errors due to distortions in magnetic field as
expected. The AF shows good disturbance attenuation,
however, due to the fact that we rely on the gyroscope

Fig. 12: Results of the effectiveness of the conventional Com-
plementary Filter (CF), the Adaptive Filter (AF), Kalman Filter
(KF-GPS) and the Kalman Filter aided Adaptive Comple-
mentary Filter (KF-ACF). For the KF-ACF, ᾱ = 1[rad · s−1],
Kα = 5[−], β̄ = 1[rad · s−1], Kβ = 4[−]

integration during the magnetic field distortion, we see
a small drift in angle estimation. We see that this drift
is then compensated for in case of no distortion. In
the case of KF-ACF, the estimation is robust against
gyroscope integration drift and magnetic field distor-
tion. In case the magnetometer fails, we rely on the
gyroscope integration and the Kalman Filter estimation
in which the Kalman Filter estimation KF-GPS already
shows good results. The estimation error can be found
in Figure 13. To quantify the results, the RMSE error has
been calculated per method. The results can be found
in Table I:

Filter RMSE [rad] RMSE [deg]
CF 0.35 19.8
AF 0.14 7.9

KF-GPS 0.04 2.3
KF-ACF 0.03 1.7

TABLE I: RMSE values of the CF, AF, KF-GPS and the KF-
ACF in radians and degrees

In Table I, we can see that the proposed method and
the KF-GPS outperforms the other conventional filters.
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Together, the figures show the advantage of an extra
estimation based on the Kalman Filter over solely an
adaptive law or a fixed gain.

VI. CONCLUSIONS
The problem of magnetic field distortion which leads

to errors in ψ-estimation has been solved by implement-
ing and redesigning the Adaptive Filter (AF). Hereby,
an LTV Kalman Filter has been used as the main
estimator where we have extended the method for
Quadcopters. An extensive observability analysis has
been performed in which a metric has been defined and
tested for the Degree of Observability of the system.
The adaptation and estimation scheme proposed in this
thesis was proven to be effective. The RMSE of the
proposed KF-ACF has an improvement of a factor 4.5
over the Adaptive Filter (AF) and an improvement of a
factor 11.5 over the conventional Complementary Filter
(CF).

VII. FUTURE WORK
Future work will include the testing of filters in an

experimental setup and validation of the filters on a
real system. A next step which would improve the
work would be to analyze stability of the adaptive
filters.
The adaptive ECF method as proposed can be validated
first by simulations and then by experiments. The
current extension of the ECF describes an adaptive
logic based on metrics which handle disturbances
in vector measurements. However, we believe that
the addition of another measurement, the KF-GPS,
can improve the overall performance of the ECF.
To do this, measurements in {I} have to be added
to measurements in {B}. In literature many other
estimation methods can be considered to improve
the adaptation and estimation filter such as particle
filtering or Extended Kalman Filtering.
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