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Abstract

On the macroscopic scale, the intrinsic response of glassy polymers can be divided into two regimes:
visco-elastic (pre-yield) and visco-plastic (post-yield), which are separated by a distinct yield point.
The pre-yield part is characterized by a smooth and continuous time-dependent relation between
stress and strain. In this thesis, it is shown by means of molecular simulations that the behavior in
the visco-elastic regime is not smooth on the microscopic scale, but is interrupted by discontinuities
already at strains below 1%. The microscopic origins of these discontinuities and the relevant
carriers are the main focus of this thesis.

The investigation is performed by means of molecular simulations on glassy polystyrene. A
step-wise deformation is imposed by a quasi-static procedure that minimizes the free energy of
the specimen. Minimizing the free energy at every deformation allows to both qualitatively and
quantitatively describe the physical response of a polymer under an applied strain and at realistic
ambient pressure, without imposing constraints like constant volume or a fixed Poisson’s ratio.
The tools developed during this research are used to quantitatively describe the change of the
microscopic structure during deformation by means of monitoring individual atomic displacements,
as well as the deformation of clusters of interacting atoms by means of a local deformation gradient
tensor. Results show that the discontinuities in the free energy are irreversible plastic events,
which are strongly correlated with non-affine atomic displacements. Furthermore, it is observed
that atoms with the highest non-affine displacement are located in the side groups.
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CHAPTER1
Introduction

On the macroscopic scale, the intrinsic behavior of glassy polymers can be described both quali-
tatively and quantitatively [1–7]. An example of a constitutive model that can accurately capture
both the pre-yield and post-yield response of glassy polymers is the Eindhoven Glassy Polymer
model (EGP). However, one thing these models have in common is that they all rely on phe-
nomenological observations, and often rely on continuum-scale descriptions. This happens because
the microscopic picture of the underlying mechanisms e.g., plasticity, is not clear yet. A clear
example of the difference between macroscopic, and microscopic behavior is observed when looking
at the pre-yield response of a glassy polymer, shown in Figure 1.1. On the macroscopic scale, the
stress-strain response is smooth and continuous, while the same stress-strain response on the mi-
croscopic scale shows a vast number of discontinuities (stress relaxations), already at strains within
what is usually considered to be the pre-yield regime [8].

The first ideas on plasticity on the microscopic scale date back to 1930s, when Eyring proposed
that the rearrangement of matter is a process during which a certain potential energy barrier must
be surpassed by the system [9, 10]. Years later, Goldstein proposed an alternative idea to the
dynamics governing the formation of glasses [11]. Goldstein was the first to make the connection
between the potential energy landscape (PEL) framework and the glass transition in a heuristic way,
reasoning that the potential energy barriers, separating basins, dominate the dynamical properties
at low temperatures (so-called β-processes). Up till then, there where two generally accepted
theories on the dynamics of the glass formation process: a free volume theory proposed by Williams
et al. [12], and an entropy theory of Gibbs et al. [13]. Both theories were criticized by Goldstein
based on a number of arguments, and Goldstein proposed that the glassy state is characterized
by the material residing in a local potential energy minimum surrounded by energy barriers which
are too high to overcome, given the low thermal energy of the system. It was also Goldstein
who proposed that the transfer mechanism, for the macroscopic scale to the microscopic scale, for

Figure 1.1: Difference between intrinsic material behavior on the macroscopic scale (left) and the
microscopic scale (right). On the microscopic scale, the stress-strain curve is full of discontinuities,
which may be considered plastic events.
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1.1. AIM OF THIS THESIS CHAPTER 1. INTRODUCTION

Figure 1.2: Left: definitions used in the potential energy landscape (PEL) framework. Right:
under the imposition of deformation the potential energy landscape changes: shape and height of
basins change and energy barriers can vanish or emerge, leading the system to new energy minima.

inducing flow is via the stored potential energy. This potential energy concept was later adopted
and extended by Stillinger and Weber [14, 15] who envisioned the glass as consisting of inherent
structures (i.e., local minima of the PEL) located at the bottom of basins, with different basins
being separated by energy barriers (see Figure 1.2).

Due to the slow dynamics of a material in the glassy state (due to the low kinetic energy
because of the low temperatures), the material does not have sufficient energy to surmount these
barriers and is therefore confined to a single basin. However, as shown by Krausz and Eyring [16],
external stress can reduce the height of a barrier and thereby facilitate the system to move between
different potential energy minima. The concept of vanishing energy barriers, and the system moving
to different minima, was later referred to as a “fold catastrophe” by Chung and Lacks [17–19],
following what is mathematically known as a fold catastrophe.

The behavior of glassy polymers on small length scales and in particular stress relaxations
on the molecular scale has been the subject of research in the past [18–27]. However, all of the
current research on this topic is either performed with molecular dynamics algorithms, or athermal
potential energy minimization algorithms, in which either a fixed Poisson’s ratio, or a fixed volume
of the simulation box is prescribed. Both representations are not able to reproduce deformation
experiments under realistic boundary conditions. Molecular dynamics algorithms require, due to
the small timestep, unrealistically high shear rates to maintain a reasonable computation time. On
the other hand, imposing a constant Poisson’s ratio is not desired since it is equivalent to applying a
complex external pressure field and therefore makes comparison of results with experiments difficult.

1.1 Aim of this thesis

The ideas described above are conceptual, but a clear picture of the microscopic carriers of plas-
ticity in amorphous glassy polymers is not yet available, making a rational approach in material
design involving amorphous polymers impossible. The aim of this thesis is to investigate the rele-
vant microscopic carriers responsible for irreversible deformation in glassy polystyrene. Numerical
deformation experiments on a detailed atomistic configuration of glassy polystyrene are performed,
whose potential energy is described by a classical molecular forcefield. The employed thermody-
namical framework allows to minimize the proper thermodynamical free energy under physically
relevant and thermodynamically correct boundary conditions, and is based on the potential en-
ergy framework outlined above. Furthermore, the tools developed during this research allow to
investigate the structural changes on the microscopic scale during plasticity.
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CHAPTER 1. INTRODUCTION 1.2. THESIS OUTLINE

1.2 Thesis outline

The first part of Chapter 2 discusses the model used for the deformation experiments and outlines
the main steps of the thermodynamical framework used to perform the free energy minimization.
The second part is concerned with the tools developed to quantify the microscopic structure during
deformation. Chapter 3 discusses the discontinuities in the free energy curve as well as results of
the structural analysis during the deformation. Chapter 4 concludes this thesis with a discussion,
conclusions and recommendations for future work.
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CHAPTER2
Materials and methods

2.1 Material and model

The material considered is amorphous isotactic polystyrene. Although isotactic polystyrene has
the ability to (partly) crystallize, the cooling rate used in the numerical procedure (0.1 K/ns) is
sufficiently high to prevent any form of crystallization. A schematic representation of the isotactic
polystyrene molecule is shown in Figure 2.1. The computational model consists of a 3-dimensional

Figure 2.1: Schematic representation of an isotactic polystyrene molecule.

rectangular box with periodic boundary conditions in all (three) directions. The simulation box
comprises a total of 4 polystyrene chains, with a molecular weight of 8.3 kg/mol per chain. Each
chain consists of 80 repeat units and 641 atoms, adding up to a total of 2564 atoms inside the
simulation box. The model represents a freshly quenched glass, whose aging time approaches zero,
and is obtained by cooling down through the glass transition from an equilibrium melt.

The polystyrene melts are obtained in two steps. First, a coarse-grained representation is used
where each repeat unit is mapped onto a single “super atom”. Then, initial configurations are
produced by connecting the repeat units by means of a quasi-Metropolis insertion procedure at 500
K, at which the coarse-grained forcefield has been developed [28]. After constructing the initial
configurations, an atomistically detailed configuration is obtained by reverse mapping, which is
outlined in detail in reference [29]. The detailed configurations are represented by a united atom
model (i.e. hydrogen atoms are mapped onto the corresponding carbon atoms). A united atom
representation is used in order to maintain a computationally efficient model which is still able to
accurately describe the proper physics [30,31].

The interaction potential used for the united atom model is based on the work by Lyulin and
Michels [32], and is given by

Vp~rq �
¸
ij

Vbondprijq �
¸
i,j,k

Vanglepθijkq �
¸
i,j,k,l

Vtorsionpφijklq

�
¸
i,j

VLJ
nb prijq �

¸
rings

Voop �
¸

rings

Vimp. (2.1)

The individual terms in Equation (2.1) represent the following contributions to the total potential
energy, respectively [30]: (1) bond stretching potential for covalent bonds; (2) bending potential
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2.2. COMPUTATIONAL PROCEDURE CHAPTER 2. MATERIALS AND METHODS

for all bond angles; (3) torsion potentials for all rotatable backbone bonds, torsions of phenyl rings
around their stems and about all bonds connecting aromatic carbons in the phenyl ring to preserve
the planarity of the ring; (4) non-bonded interaction potential for united atoms which are more
than three or more bonds apart or belong to different images of the same parent chain; (5) potential
to preserve planarity of the phenyl ring and the stem (out of plane bending); (6) improper potential
to preserve chirality. All Lennard-Jones potentials are cut-off at a distance of 2σ beyond which a
quintic spline, that brings the interaction to zero in a continuous way, is applied up to a distance
of 2.5σ. Mixed potentials for the interaction between dissimilar atoms are defined according to the
Lorentz-Berthelot rules and are given as

ε̄ � 8

b
εCH,backboneεCε5CH,phenylring

εCH2 (2.2)

σ̄ �
σCH,backbone � σC � 5σCH,phenylring � σCH2

8
, (2.3)

where the subscripts refer to the atom types as shown in Figure 2.2.
The detailed (reverse-mapped) configurations are further subjected to molecular dynamics sim-

ulations to equilibrate the melt and to obtain the freshly quenched glassy specimens. First, the
detailed configuration is subjected to molecular dynamics simulations in an isothermal-isobaric
(NpT ) ensemble at a temperature of 500 K and a pressure of 101.325 kPa, for a total time of 0.1
µs with a timestep of 1 fs. Thereafter, the configuration is cooled from the melt down to 300 K
(crossing the glass transition temperature) with a cooling rate of 0.1 K/ns. Finally, the glassy
configurations are subjected to a molecular dynamics run in an NpT ensemble for 1 µs to equili-
brate the final configuration. In order to obtain configurations with a thermodynamically correct
density, the box dimensions are determined for which the Gibbs free energy is minimal [30]. A
representative configuration is depicted in Figure 2.2.

Figure 2.2: Simulation box with 4 polystyrene chains (each color represents a chain). Periodic
boundary conditions apply to all directions. The inset shows a united atom representation of a
repeat unit. The hydrogen atoms are not modeled explicitly, but mapped onto the corresponding
carbon atoms.

2.2 Computational procedure

The model described in the previous section is subjected to a large strain compressive deformation
(strains ¡30%) at a temperature of 300 K and an ambient pressure of 101.325 kPa, conditions
which are comparable to real-life experiments. The total deformation is incrementally applied in
strain steps of -0.001 on one side of the simulation box. Note that applying the strain increment
each timestep on the current (deformed) configuration corresponds to a logarithmic strain. Using
infinitesimal strain steps allows to calculate the free energy derivatives, with respect to the appro-
priate degrees of freedom, analytically [30]. Since the deformation of the sample is strain-controlled,
the appropriate free energy is a Legendre transform of the Helmholtz free energy, where the lateral
strain is replaced by the lateral stress.

The starting configuration for the deformation experiments is a configuration with optimized
box dimensions such that a thermodynamic correct density, and a minimum potential energy (i.e.,
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CHAPTER 2. MATERIALS AND METHODS 2.2. COMPUTATIONAL PROCEDURE

an inherent structure), is obtained. Applying a deformation will move the configuration out of
equilibrium, i.e., the potential energy is not minimal anymore. The first step after applying a
strain increment is therefore minimization of the potential energy, which results in a new inherent
structure, by determining the atomic positions such that the potential energy derivatives, evaluated
at the current strain level, vanish,

BVpε, ~r;Rq
B~r

���
ε
� 0, (2.4)

where V denotes the potential energy of the system (under the simulation box geometry corre-
sponding to the current strain level), R refers to the fact that the second-order strain tensor, ε, is
employed with respect to the initial (undeformed) configuration and ~r refers to the atomic positions.

At a temperature of 300 K, which is well below the glass transition temperature, the material is
in a solid state and the atomic motions are mainly vibrations around an equilibrium position. For
these relatively low temperatures, the atomic vibrations can be described by the quasi-harmonic
approximation [31]. According to the quasi-harmonic approximation, the Helmholtz energy of the
inherent structure can be determined as

ApT, ε;Rq � Vinhpε, ~rinh;Rq �AvibpT, ε;Rq, (2.5)

where AvibpT, ε;Rq denotes the Helmholtz energy of the vibrational modes. The subscript “inh”
emphasizes the fact that the potential energy minimization is calculated at the inherent structure
obtained after minimization.

In order to determine the Helmholtz energy of the vibrational modes, the vibrational frequencies
need to be determined, and are obtained as follows. When the potential energy is at a local energy
minimum, and the system is slightly displaced away form that minimum, the potential energy can
be approximated by a second-order Taylor expansion

~x � Vp~xinhq �
1

2
p~x� ~xinhq

T �H � p~x� ~xinhq. (2.6)

Note that the above expression is written in terms of the mass-weighted coordinates, ~x, since the
vibrational frequencies depend on the atomic mass. Since the model employed here has periodic
boundary conditions in all directions, only translational symmetry is preserved, i.e., all atomic
positions are expressed with respect to the first atom. This reduces the degrees of freedom to 3N -
3. According to the harmonic approximation, the motion of a system with translational symmetry,
comprised of N atoms, can be described by 3N -3 uncoupled and uncorrelated harmonic oscillators
with vibrational frequencies, ωj , j = 1,...,3N -3, independent of temperature [30]. These frequencies
are given by the square root of the 3N -3 non-zero eigenvalues of the Hessian, H, which is a second-
order tensor that contains the second-order derivatives of the potential energy with respect to the
mass-weighted coordinates of the atoms of the system, and is given as

H �
B2Vp~xinhq

B~x 2
. (2.7)

Because the Hessian components depend on the atomic positions, which change upon imposing a
deformation, the Hessian eigenvalues indirectly depend on the strain [30]. The vibrational con-
tribution to the Helmholtz energy (Equation (2.5)) is then given, in a quantum-mechanical form,
as

AvibpT, εq �
~
2

3N�3¸
j�1

ωjpεq �
~
2

3N�3¸
j�1

ln
�
1 � exp

�
�

~ωjpεq
kBT

	�
, (2.8)

where kB is the Boltzmann constant, T is the temperature and ~ denotes the reduced Plank’s
constant ( h

2π ).

2.2.1 Objective function

The Helmholtz energy derived above is the Helmholtz energy of a glassy configuration, residing
in a basin of the potential energy landscape after applying a strain step. This expression forms
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2.2. COMPUTATIONAL PROCEDURE CHAPTER 2. MATERIALS AND METHODS

the starting point for the free energy which has the proper control variables for the compression
experiments: the applied strain ε, and the ambient pressure σK (applied to the lateral faces of the
box). The Helmholtz energy, A(T,λx,λy,λz) (hereafter abbreviated to A), written in differential
form, serves as a starting point for the derivation

d
�A
m

	
�
BpA{mq

BT

���
λα
dT �

¸
α

BpA{mq

Bλα

���
T,λα

dλα, (2.9)

where the stretch ratio, λα, is defined as the ratio of the box length (in the corresponding direction)
at the current strain level, and the initial configuration, respectively. By taking into account that

BpA{mq

BT

���
λα
dT � �

S

m
dT, (2.10)

where S denotes the entropy of the system, and

σαα � ρλα
BpA{mq

Bλα
, (2.11)

expression 2.9 can be rewritten as

d
�A
m

	
� �

S

m
dT �

σxx
ρλx

dλx �
σyy
ρλy

dλy �
σzz
ρλz

dλz, (2.12)

where the density ρ is evaluated at the deformed state.
In the expression above, the three stretch ratios (λx, λy, λzq appear independent of each other.

However, by imposing the cross section of the box to keep its initial rectangular shape during
deformation, only two independent stretch ratios remain: the applied stretch ratio λ along the
deformation direction, and the resulting lateral stretch, λK. Equation (2.12) can then be rewritten
as

d
�A
m

	
� �

S

m
dT �

σ

ρλ
dλ�

2σK
ρλK

dλK, (2.13)

with the factor 2 appearing because there are two lateral stretch ratios (e.g., λx � λ, λy � λz � λK).
The stress terms σ and σK refer to the stress in the direction of deformation and the perpendicular
stress, respectively. In Equation (2.13) the lateral stretch ratio λK has to be replaced by the lateral
stress σK since the lateral stress is specified during the deformation (i.e. the ambient pressure).
Therefore, the following variables are defined: ρ � ρR{φ, with φ � λλ2

K
, and dφ � λ2

K
dλ�2λλKdλK,

where φ denotes the determinant of the imposed macroscopic deformation gradient tensor, F, and
ρR is the density in the reference state. Substituting these terms in Equation (2.13) and rewriting
yields

d
�A
m

	
� �

S

m
dT �

σ � σK
ρR

λ2
Kdλ�

σK
ρR

dφ. (2.14)

A Legendre transform of A/m, where σK replaces φ yields:

A��

m
pT, λ, σKq �

A

m
�
σK
ρR

φ. (2.15)

Since the deformation is applied in infinitesimal strain steps, the stretch ratios, and hence φ, can
be approximated by

λ � 1 � ε (2.16)

φ � 1 � εxx � εyy � εzz. (2.17)

Substitution of these terms in Equation (2.15) and taking out the mass, m, which remains constant
during deformation, the final objective function is obtained:

A��pT, ε, σKq � Vinh �Avib � 2VRεKσK � VRp1 � εqσK, (2.18)
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CHAPTER 2. MATERIALS AND METHODS 2.3. STRUCTURE QUANTIFICATION

where VR denotes the volume of the box in the reference (undeformed) state. In order for the
system to achieve thermodynamic equilibrium under given stretch ratio λ and lateral stress σK,
Equation (2.18) must be minimized whenever the dimensions of the box change, i.e., after every
strain increment. The function is minimized with respect to the lateral strain of the box, εK, that
should be determined. The minimization is driven by forcing the derivative of Equation (2.18) with
respect to the components of the strain tensor to be zero. Figure 2.3 shows a flowchart in which
all the sequential steps are outlined.

Initial configuration

R

Set boundary conditions:

σK = 101.325 kPa
T = 300 K

Apply strain increment

ε = -0.001

Deform configuration

for given ε and εK

Minimize potential energy:

min (V) Ñ Vinh

Calculate eigenvalues

of the Hessian: ω2

and calculate Avib

adjust εK

A�� minimal

Evaluate objective function:

A��pT, ε, σKq � Vinh �Avib � 2VRεKσK � VRp1 � εqσK

yes

no

Figure 2.3: Flowchart of all the optimization steps during deformation. The red boxes indicate
microscopic minimization steps, the blue boxes macroscopic minimization steps and the gray boxes
indicate input or output.

2.3 Structure quantification

Imposing a macroscopic deformation results in displacements of individual atoms on the micro-
scopic scale. However, the focus of this research lies on the local rearrangements of the microscopic
structure, and especially the deformation that deviates from the imposed macroscopic deformation.
Therefore, the total displacement vector of each individual atom, measured between two consecu-
tive strain increments (timesteps), is decomposed into two parts: an affine part and a non-affine
part. The affine part is the deformation that follows the imposed macroscopic deformation, and
the non-affine part is the difference between the resulting total displacement (after microscopic

9



2.3. STRUCTURE QUANTIFICATION CHAPTER 2. MATERIALS AND METHODS

minimization) and the affine deformation. This can be expressed in terms of the position vectors
as

∆~r � ∆~raffine �∆~rnon�affine

� F � ~ri � ~ri �∆~rnon�affine, (2.19)

where ~ri is the initial position of the atom, F is the imposed macroscopic deformation gradient
tensor, ∆~raffine is the affine part of the deformation and ∆~rnon�affine is the non-affine part, which
is the deformation of interest.

2.3.1 Clustering regions of interest

Besides the non-affine deformation of each individual atom, one can also consider non-affine defor-
mation of clusters which consist of neighboring atoms that interact with each other based on their
interaction potentials. The procedure on how these clusters are determined is outlined below.

After every step of the imposed deformation, the norm of the non-affine displacement component
||∆~rnon�affine|| of each individual atom is determined. Since only atoms with a significant non-affine
displacement are of interest, the first step is to define a threshold value on the minimal non-affine
displacement. Atoms with non-affine displacement magnitudes that are lower than the threshold
value are not considered for clustering.

Once the atoms that meet the non-affine deformation threshold are selected, the actual clusters
are formed based on an iterative search procedure in which neighboring atoms lying within a
sphere of a pre-defined radius (cutoff value) are grouped together. Due to the periodic boundary
conditions, atoms are selected based on the minimum image convention (see Figure 2.8). The actual
cutoff value can be varied in order to control the cluster size, but in this research some discrete
values are used based on the length-scales inherent to the interaction potentials. The actual values
are discussed in Chapter 3. In the first step, a list is created in which all pair distances (between
atoms that meet the non-affine threshold criterion) are stored in an ascending order. The first pair
in that list (i.e pair with the shortest interatomic distance) is identified as the first cluster. Then,
the next pair in the list is considered. If that pair contains an atom that is already in a cluster, the
atoms in that pair are assigned to the same cluster in which one of the atoms was already located.
This process is repeated until a pair of atoms is found in which both atoms are not contained in
any existing cluster. This pair is then defined as a new cluster. This procedure is repeated until
the entire list is scanned and all atoms are assigned to a cluster (see Figure 2.5). The procedure is
schematically shown in Figure 2.8.

2.3.2 Local deformation gradient tensor

As discussed in the previous section, the clustering procedure is employed at every step of the
imposed deformation, which results in the formation of unique clusters at every step. Of interest
is how these clusters respond to the imposed deformation, and specifically how they deform during
the discontinuities of the free energy curve. Quantifying the deformation of a cluster is done by
means of a local deformation gradient tensor, Flocal, where the subscript is used to distinguish it
from the (imposed) macroscopic deformation gradient tensor, F.

Original procedure

The method for constructing the local deformation gradient tensor is based on a least-squares
minimization procedure that was originally used for finding atoms that deviate from a local ho-
mogeneous strain field, proposed by Falk and Langer [33]. This procedure works as follows. First,
the atoms are considered in the configuration at time t. In that configuration, a sampling radius is
defined and centered around one of the atoms. All atoms located at a distance within the sampling
radius are considered in the local deformation field. The positions of the atoms within the sam-
pling radius are monitored during a certain time interval, e.g., ∆t. At timestep t+∆t the atomic
positions of the atoms are compared with the positions at time t, and a best-fit local deformation

10
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gradient tensor is calculated for the deformation of the atoms within the sampling radius between
these two timesteps, by minimizing

1 4

2

3

5

6

~r tj
~r tc

Figure 2.4: Schematic representation of the procedure by Falk and Langer [33]. Gray atoms
show configuration at time t and are deformed to the configuration at time t+∆t, represented by
the black atoms. Direction of deformation indicated by arrows. The dashed circle represents the
sampling radius and is centered around atom 4. At time t, atoms 1-6 are within the sampling
radius. These atoms, at both timesteps, will be considered in Equation (2.20).

D2 �
¸
j

||~r t�∆tj � ~r t�∆tc � Flocal � p~r
t
j � ~r tc q||

2. (2.20)

Here, ~rj denotes the position vector of the atoms inside the sampling radius, ~rc is the position
vector of the center atom, Flocal is the best-fit deformation gradient tensor and D2 is the residual
for the center atom. According to Falk and Langer, the residual can be interpreted as a measure
of the deviation of the displacement of the center atom in the sampling radius, with respect to a
homogeneous strain field, since D2 can only be zero in case all atoms in the sampling radius deform
homogeneous. An important thing to note here is that the term homogeneous is used for referring
to a deformation that can be described by a local deformation gradient tensor that contains only
constant elements, and is not to be confused with affine, which is used to refer to deformations that
deform according to the macroscopically imposed deformation (F). That is, homogeneous refers to
local deformation, and affine refers to macroscopic deformation. Using relative distances between
atoms instead of positions with respect to a fixed origin has the advantage that rigid body motion
(which occurs frequently in particle based systems) does not affect the local deformation gradient
tensor. A schematic illustration is shown in Figure 2.4.

Modified procedure

In contrast to the work of Falk and Langer [33], where the deformation of individual atoms is of
interest, this work focuses on the deformation of clusters of interacting atoms. Therefore, instead
of treating individual atoms as center particles, the center of mass (COM) is calculated for each
individual cluster and the relative positions of the atoms within a cluster are determined with
respect to the center of mass of that cluster (see Figure 2.5). Note that because of the cluster
analysis (discussed in the previous section), a sampling radius is not necessary anymore. Rewriting
Equation (2.20) yields the expression for the residual of a single cluster, k,

D2
k �

Nķ

j�1

||~r t�∆tk,j � ~r t�∆tk,COM � Fk,local � p~r
t
k,j � ~r tk,COMq||

2, (2.21)

where D2
k referes to the residual of the fit of cluster k containing Nk atoms. Taking the derivative

of Equation (2.21) and determining Fk,local for which the derivative equals zero yields the best-fit
local deformation gradient tensor (see Appendix A for the complete derivation),

Fk,local �
Nķ

j�1

�
p~r t�∆tk,j �~r t�∆tk,COMqp~r

t
k,j �~r

t
k,COMq

�
�

�
Nķ

j�1

�
p~r tk,j �~r

t
k,COMqp~r

t
k,j �~r

t
k,COMq

���1

, (2.22)
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(a) (b) (c)

(a) (b) (c)

Center of mass

Figure 2.5: (a) Initial simulation box with all 2564 atoms. (b) Atoms that have a non-affine
displacement magnitude that exceeds the specified threshold value are colored blue. The gray
atoms have a non-affine displacement magnitude which is lower than the threshold value, and are
therefore not considered in the clustering process. (c) Unique clusters are identified by following
the clustering procedure. Each color represents a cluster. The particles which are not connected
to any other atoms represent the center of mass (see inset).

where the index j runs over all atoms inside cluster k. Equation (2.22) is used for determining
the best-fit deformation gradient tensor of a cluster of atoms between two consecutive timesteps
(i.e., strain increments). The second term in Equation (2.22) yields an inverse matrix, which is
only defined when it has three independent columns. This implies that a cluster must contain
at least four atoms which are not coplanar (three atoms or less are always coplanar). Note that
this also implies that motion of a single phenyl ring cannot be described by this method, because
the interaction potentials preserve the planarity of the rings. A supplementary procedure for
determining the motion of the phenyl rings is discussed in Chapter 3.

Another issue in determining the deformation gradient tensor arises when it is used in com-
bination with periodic boundary conditions, as is the case in this work. During the deformation
experiments, once an atom crosses a boundary on one face of the box, it enters the simulation
box via the boundary on the opposite face of the box (i.e the atoms are mapped back into the
simulation box during every timestep). When this is not accounted for in determining the defor-
mation gradient tensor, spurious deformations can occur when one atom inside a cluster crosses a
boundary of the simulation box and is mapped back onto the opposite face of the box. This prob-
lem is schematically depicted in Figure 2.6. This issue can be avoided by “unwrapping” (not to
be confused with unfolding) the trajectory during the postprocessing step (the periodic boundary
conditions are maintained during the actual simulations). Unwrapping the trajectory takes out the
effects of periodic boundary conditions and allows the atoms to leave the box once they cross the
edge. This can be accomplished by updating the position vector of each individual atom [34]:

∆~x � ~r t�∆t � ~rt

~x � ∆~x� round
�∆~x
~L

	
~L

~r t�∆t � ~x� ~rt, (2.23)

where ~r is the position vector of an individual atom and ~L denotes the vector that contains the
edge-lengths of the box. In the first step, the positions are converted to displacements relative to
the positions at time t. In the second step, the periodic boundary conditions are applied to the
displacements. In the last step, the coordinates are updated to absolute (unwrapped) positions.

Unwrapping the trajectory in the postprocessing also allows to determine the center of mass

12
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12

43 4

1’2’

4’3’ 4’

12

43 4

With periodic boundary conditions

Unwrapped

Figure 2.6: Possible difficulties when determining Fk,local in combination with periodic boundary
conditions. Gray box is the actual simulation box. Left and right are the periodic images of the box.
Consider the atoms 1-2-3-4 forming a cluster in the simulation box (gray) with the corresponding
center of mass (green). Due to the imposed deformation, atom 4 shifts slightly to the right and
crosses the boundary of the box. The periodic boundary conditions enforce the periodic image of
atom 4 (4’) to enter the simulation box from the left, and a new cluster is formed: 1-2-3-4’, with its
new center of mass (blue). In the new cluster, all position vectors of the atoms with respect to the
center of mass are significantly affected because atom 4 re-enters the box, which results in spurious
deformation. In the figure below, the effect of the periodic boundary conditions is removed and the
unwrapped coordinates are determined by Equation (2.23), resulting in the actual deformation of
the cluster. The figure illustrates problem in 2-D, an extension to 3-D is straightforward.

without accounting for the periodic boundary conditions:

~rk,COM �
1

Nk

Nķ

j

~rk,j , (2.24)

where j runs over all Nk atoms in cluster k and ~rk,j is the position vector of atom j.
Since the result of the deformation gradient tensor is a best-fit approximation, it must be used

in combination with Equation (2.21), which determines the quality of this fit. The difficulty with
Equation (2.21) is the interpretation of the residual, since it is not normalized. Therefore, the
residual is normalized by dividing Equation (2.21) by the sum of the relative displacements of
all atoms inside a cluster with respect to their center of mass. This results in the dimensionless
quantity

D̃2
k �

°Nk
j�1 ||~r

t�∆t
k,j � ~r t�∆tk,COM � Fk,local � p~r

t
k,j � ~r tk,COMq||

2°Nk
j�1 ||p~r

t�∆t
k,j � ~r t�∆tk,COMq � p~r tk,j � ~r tk,COMq||

2
. (2.25)

If the fit is perfect, Fk,local will map every vector in the reference state (time t) on to the corre-
sponding vector in the deformed state (time t+∆t) and D̃2

k equals zero. In practice it appears that
in the worst case (poor fit) D̃2

k ¤ 1. The fact that normalization also results in a bounded residual
makes it possible to quantitatively define homogeneous and non-homogeneous deformation. An
actual threshold value for homogeneous deformation is discussed in Chapter 3.

Polar decomposition

Since the obtained deformation gradient tensors are square 3 x 3 tensors, they can be decomposed
into a product of two tensors: one of which describes a pure stretch, Uk,local, and the other, Rk,local,

13
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describes a pure rotation. In mathematical form:

Fk,local � Rk,local �Uk,local. (2.26)

In case of the deformation gradient tensor, this decomposition is known as the “right polar decom-
position”.

The stretch tensor, Uk,local, is a diagonal matrix which contains the three principal stretch ratios
of the cluster: λ1

k,local, λ
2
k,local, λ

3
k,local. The stretch tensor can be derived from the Cauchy strain

tensor, Ck,local, which is fully defined by the local deformation gradient tensor:

Ck,local � FT
k,local � Fk,local. (2.27)

The stretch tensor, Uk,local, is related to the Cauchy strain tensor as

Uk,local �
a

Ck,local. (2.28)

The square root of the Cauchy tensor can be obtained by writing it in spectral form (in terms of
it’s eigenvalues). From that it follows that the three principal stretch ratios of the cluster are the
square roots of the eigenvalues µik,local of the Cauchy strain tensor,

λik,local �
b
µik,local i � 1, 2, 3. (2.29)

Once the stretch tensor is defined, the rotation tensor Rk,local is given as

Rk,local � Fk,local �Uk,local. (2.30)

From the rotation tensor, the absolute rotational angle of the cluster can be determined from the
trace (sum of diagonal components) as [50]

|θk,local| � arccos

�
tracepRk,localq � 1

2



. (2.31)

The rotational angle, θk,local, and the three principal stretch ratios λ1
k,local, λ

2
k,local, λ

3
k,local can be

determined from the deformation gradient tensor and can be used to quantify the deformation of
each individual cluster during the imposed deformation. The results are discussed in Chapter 3.
Figure 2.7 shows all steps taken during the clustering procedure and quantifying the deformation.
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no: increment timestep

Define input parameters:

threshold of non-affine displacements
cutoff value for clustering

Unwrap atomic

coordinates

Calculate non-affine

atomic displacements

Exclude atoms with

non-affine displacements   threshold
Make list of

interatomic distances

Define clusters based on

minimum image convention
and cutoff value

Ignore planar clustersIgnore planar clusters
Calculate center of mass

for each cluster

Loop timesteps

complete?

Calculate Fk,local

for each cluster
between two

consecutive timesteps

Polar decomposition of Fk,local

and calculate |θk,local| and λik,local

yes

Figure 2.7: Flowchart of all the steps taken during the clustering procedure and quantifying the
deformation. Red boxes indicate steps taken to form the clusters. Blue boxes are steps to determine
cluster deformation.
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Figure 2.8: Schematic illustration of the clustering procedure in combination with the minimum
image convention. Gray box is the simulation box, surrounding boxes are periodic images. Consider
the atoms 1-6 in the simulation box. (a) The atoms 1 and 2 are closest together so they form the
first cluster by definition. (b) Dashed circles have radius equal to the cut-off value and are centered
around atoms in the first cluster, atoms 1 and 2. Atom 3 is located within cutoff value from atom 2
and therefore added to the cluster. Because the periodic image of atom 6 (6’) is located within the
cutoff value from atom 1, atom 6 is also added to the first cluster (minimum image convention).
(c) No more atoms are located within the cutoff value from any of the atoms in the green cluster.
Therefore, atoms 4 and 5 are defined as a new cluster. (d) No atoms are found within the cutoff
radius around atoms 4 or 5, so the procedure stops. Figure illustrates problem in 2-D, extension
to 3-D is straightforward.
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CHAPTER3
Results

3.1 Evolution of the free energy

The results for the evolution of the free (Legendre-transformed Helmholtz) energy (see Equation
(2.18)) during the compression test in the xx -direction are depicted in Figure 3.1 (results in other
directions are included in Appendix B). Characteristic for the free energy evolution is that the
curve consists of continuous parts interrupted by discontinuities throughout the entire deformation.
During the elastic parts, the free energy landscape is distorted in the sense that the height and
the shape of the basin change, but the minima remain stable. During the discontinuities, the
imposed deformation changes the free energy landscape so significantly that the energy barrier
between two minima vanishes and the system ends up in a different energy minimum. Although
most discontinuities point downward, there are also a few discontinuities that point upward. A
schematic representation of a fold catastrophe that results in an upward pointing discontinuity is
shown in Figure 3.2.

Figures 3.3 (a)-(b) show the results of a few points where the direction of deformation is reversed
(tensile): two elastic parts (red), and several irreversible parts (black). For the elastic parts, the
trajectory is fully reversible and the system follows the same free energy path as upon compression.
For the discontinuities the system follows a different path upon reversing the deformation.
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Figure 3.1: Evolution of the Legendre transformed Helmholtz free energy, normalized by kBT
and the number of atoms, N. The curve is full of discontinuities, even at strains below 1%.
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Figure 3.2: Schematic illustration of a fold catastrophe. (a) The system (black dot) is located at
a certain free energy minimum, separated from a neighboring minimum by an energy barrier. (b)
Upon deformation the energy landscape changes (dotted curve shows energy landscape in previous
configuration). (c) Eventually the landscape gets distorted so much that the barrier vanishes and
the system rolls to a new minimum. Note that the system rolls down to a lower-lying minimum,
but the absolute value of that energy minimum is larger compared to situation (b), resulting in
an upward discontinuity. Even in the case that the potential energy increases, the vibrational
contribution may decrease, resulting in down-pointed discontinuities.

3.2 Non-affine atomic displacements

As already discussed briefly in Chapter 2, the primary interest is the component of the atomic
deformation that deviates from the macroscopically imposed deformation: the non-affine displace-
ment component. Figure 3.4 (a) shows the correlation between magnitude of the discontinuties
in the free energy curve and the non-affine motion of the individual atoms (not clustered), and
indicates that there is a correlation between the maximum non-affine displacement (measured over
all atoms) and the magnitude of the free energy discontinuities. Similar results were obtained by
Malandro and Lacks [35] who investigated the disappearance of the actual energy barriers under
an imposed deformation, for polypropylene. The disappearance of an energy barrier, which causes
a mechanical instability, resulted in a increased atomic displacement, similar to what is observed
in Figure 3.4. These findings also support the idea that the energy discontinuities are indeed re-
lated to vanishing barriers on the energy landscape. Also interesting is whether the amount of
non-affine moving atoms that participate during the discontinuities increases with the magnitude
of the discontinuities. However, since each atom moves somewhat non-affine during each timestep,
it is not possible to define the number of participating atoms as the atoms with a non-affine compo-
nent larger than zero. In order to say something about the relation between the magnitude of the
discontinuities and the number of participating atoms one can consider the kurtosis [36], defined
as

κ �

°N
i�1p||∆~r

i
non�affine|| � µq4

p
°N
i�1p||∆~r

i
non�affine|| � µq2q2

. (3.1)

Where µ denotes the mean value of the non-affine displacements at a certain timestep and N is
the total number of atoms in the system (2564). The kurtosis provides information about the ”tail
extremity”. A large kurtosis indicates that a relatively large part of the non-affine distribution
is caused by atoms with a large non-affine displacement component, i.e., the outliers. A similar
quantity was used by Papakonstantopoulos et al. [22], who used the inverse kurtosis and referred
to it as the participation factor, indicating the amount of atoms that significantly participated to
the plastic events. Results for the kurtosis versus the magnitude of the discontinuities is shown in
Figure 3.4, and indicate no correlation. This implies that the magnitude of the discontinuities is
not directly correlated with the number of non-affine moving atoms that have a large non-affine
component.
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Figure 3.3: (a) Reversed deformation for a few discontinuities. The reversed deformation follows
a different energy path than the initial deformation which indicates that it is indeed an irreversible
plastic event. (b) Continuous parts where the deformation is reversed. The reversed energy path is
identical to the initial energy path, indicating reversible deformation. (c)-(d) Maximum absolute
difference in atomic positions between the initial deformation and the reversed deformation for the
first five steps, normalized by the σ̄ given in Equation (2.3). Figures (c)-(d) show that reversing
deformation during plastic events the atoms do not move back to their original position, which is
the case for the elastic part.
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A more detailed analysis reveals that the atoms with the largest non-affine displacement com-
ponent are located in the side groups, while the backbone of the polymer chains seems to deform
in a relatively affine way. Figure 3.5 shows histograms for various values of the non-affine threshold
(defined in Chapter 2) and the distribution of atoms with a non-affine displacement component in-
between the range specified in the figure. A convenient measure for determining the distribution of
atoms throughout the box is the radius of gyration, which can be determined from the eigenvalues
of the gyration tensor, defined as

S �
1

N

Ņ

j�1

p~rj � ~rCOMqp~rj � ~rCOMq, (3.2)

where N denotes the number of atoms considered in determining the radius of gyration, ~rj is the
position vector of atom j, and ~rCOM is the center of mass of the collection of atoms considered in
determining the radius of gyration (not to be confused with the center of mass for a certain cluster
of atoms as discussed in the previous chapter.). The eigenvalues, ζi, of the gyration tensor define
the radius of gyration

Rg �
b
ζ2

1 � ζ2
2 � ζ2

3 . (3.3)

The distribution of the atoms, measured by the radius of gyration, as a function of the threshold
value is show in Figure 3.6. Note that there are no clusters formed here, i.e., all atoms are taken
as one single group. For the higher threshold values the radius of gyration is small, whereas at
approximately σ̄ the range starts to increase. These results indicate that the most significant
non-affine moving atoms are located relatively close together.
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Figure 3.4: (a) Correlation between the magnitude of the free energy discontinuities and the nor-
malized maximum non-affine displacement of individual atoms. (b) kurtotis versus the magnitude
of the free energy discontinuities. Results contain data for compression in xx -direction, yy-direction
and zz -direction.

3.3 Monomer rotation

As already briefly discussed in Chapter 2, a local deformation gradient tensor cannot be determined
for the phenyl rings. However, results in the previous section clearly show that the atoms with the
largest non-affine displacement component are located in the phenyl rings. In order to quantify the
motion of the phenyl rings, three unit vectors are defined: along the stem ~s, along the backbone,
~b and normal to the plane of the ring ~r (see Figure 3.7). These three vectors are used to describe
the rotation of the rings during the deformation.

The interaction potentials defined in Chapter 2 preserve the shape (planarity) of the phenyl
rings. Therefore, the motion of the rings consists only of rigid body rotation and translation. In
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Figure 3.5: Distribution of atoms with certain non-affine displacement. (a) Atoms with the largest
non-affine deformation are located in the side groups, measured over 71 atoms. (b) Even for the
atoms with a lower non-affine displacement, the majority of the atoms is located in the side groups,
measured over 61453 atoms. As a reference: the maximum non-affine displacement component for
an individual atom was found to be 2.1σ̄. Results contain data for compression in xx -direction,
yy-direction and zz -direction.
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Figure 3.6: Distribution of radii of gyration for atoms characterized by a certain threshold value
of the non-affine displacement. Circle indicates the mean and the bars indicate the minimum and
maximum radius found over all timesteps. Atoms with largest non-affine deformation component
are located relatively close together. Results contain data for compression in xx -direction, yy-
direction and zz -direction.
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order to extract the angle of rotation between two consecutive timesteps, an orthonormal Cartesian
basis is constructed by means of the orientation vectors ~r and ~s1 (which is essentially the stem vector
~s shifted upward) and ~c � ~r � ~s1. Given the orientation of the basis at two timesteps; t and t+∆t,
an orthogonal matrix can be defined as [37]

~x1 � r~s1t ~rt ~cts
�1 � ~st�∆t,

~x2 � r~st ~rt ~cts
�1 � ~rt�∆t, (3.4)

~x3 � r~st ~rt ~cts
�1 � ~ct�∆t,

where the vectors ~x1, ~x2 and ~x3 define an orthogonal matrix X � r~x1 ~x2 ~x3s which rotates the
basis on time t onto the basis at time t+∆t. The angle of rotation is given according to Equation
(2.31). The axis of rotation is given by the eigenvector of X that corresponds to eigenvalue 1.

Figure 3.8 (a) shows the correlation between the maximum rotation angle (measured over all
atoms) and the magnitude of the discontinuities. This figure clearly indicates that there is a
correlation between the maximum angle of rotation and the magnitude of the discontinuities. Figure
3.8 (b) shows the kurtosis, as defined in Equation (3.1). Also in the case of rotation the kurtosis
seems to be uncorrelated with the magnitude of the discontinuities, indicating that the magnitude
of the discontinuities is not related to a significant increase of outliers in the rotating side groups,
but rather to the maximum rotation angle.

Figure 3.7: Vectors that define the orientation of the monomer. An orthonomal Cartesian basis
is defined to extract the angle of rotation between two consecutive timesteps.

A more detailed analysis is presented in Figure 3.9, which shows the rotational angle of each
individual phenyl ring during the compression experiment. Some interesting observations can be
drawn from this figure. First, the distinct color bands correspond to discontinuities in the free
energy. Second, in most cases the majority of the rings participate. Tracking the deformation for
a random phenyl ring shows that the angle of rotation consists of random fluctuations between
positive and negative values.

3.4 Deformation of interacting atoms

The methods outlined in Chapter 2 allow to quantify the motion of groups of atoms that meet
a certain specified non-affine displacement threshold. This method requires the positions of the
atoms within a cluster at two timesteps. In the following, the deformation of a cluster is determined
between two consecutive timesteps (i.e., strain increments), as shown in Figure 3.10.

The clustering method in combination with the local deformation gradient tensor allows to
quantify the motion of groups of atoms. As outlined in Chapter 2, the most interesting atoms are
the ones with a significant non-affine displacement component, i.e. with a non-affine displacement
above the pre-defined threshold value. Although the cutoff value to specify the interactomic distance
for clustering can be any arbitrary value, two specific value are used in this analysis. The first value
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Figure 3.8: (a) Correlation between the maximum absolute rotation angle and the magnitude of
the free energy discontinuities. (b) Correlation between the kurtosis and the magnitude of the free
energy discontinuities.

Figure 3.9: Rotation angle for each individual phenyl ring during the course of deformation.
Colors indicate the magnitude of the angle of rotation. Bands correspond to discontinuities in the
free energy curve.
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Figure 3.10: Deformation of clusters is determined between two consecutive timesteps. In this
example, at time t+∆t three clusters are formed that meet the non-affine displacement threshold.
The deformation of each cluster is determined with respect to the previous timestep, timestep t.

is equal to 1.7σ̄ (see Equation (2.3)), which is the distance at which the interaction potentials are
cutoff, resulting in interchain clusters. The second value is equal to 0.2σ̄, which is lower than
the minimum interaction potential, yielding intrachain clusters. Interchain deformation means
that clusters can contain atoms belonging to different chains. Intrachain means that clusters only
contain atoms belonging to a single chain, since there are four different polystyrene chains in the
simulation box.

The results for the normalized residual (see Equation (2.25)) are shown in Figure 3.11, where
(a) shows intrachain deformation and (b) interchain deformation. Each datapoint represents the
normalized residual of the best-fit procedure for a single cluster. Note that the deformation of a
cluster is determined between two consecutive timesteps. A large residual (¡0.1) means the fit of
the local deformation gradient tensor is poor and results in terms of rotation angle and stretch
ratios of a cluster are not considered. However, the residual can also be interpreted as an indicator
to which extent the cluster moves homogeneously, i.e., can be described by a constant deformation
gradient tensor. Homogeneous is in this case defined as D̃2   0.1 (see red dashed line in Figure
3.11).

Figure 3.11 shows the results for a non-affine displacement threshold value of 0.2σ̄. During
analysis of the results (not shown here) it was found that the maximum non-affine displacement
for the intrachain deformation is 2.1σ̄, while the first clusters are found at a threshold value of
1.4σ̄, which indicates that atoms with a non-affine displacement component in the range 1.4σ̄-2.1σ̄
are individual atoms. In case of the interchain deformation the first clusters appear when the
threshold for the non-affine displacement is set to σ̄, which is lower than in the intramolecular case.
This indicates that the atoms with the highest non-affine components are distributed throughout
the chains. Figure 3.11 shows that there is a correlation between the number of atoms inside a
cluster (indicated by the color) and the residual value. In the intermolecular case, clusters that
move relatively homogeneous contain in the majority of the cases no more than 5-10 atoms. In
the intramolecular case, the clusters contain somewhat more atoms (up to 25) and still show a
homogeneous deformation (D̃2   0.1), also the distinction between number of atoms in a cluster
and the residual is less pronounced, indicating the clusters in a single chain seem to move slightly
more homogeneous than clusters consisting of atoms belonging to multiple chains.

3.4.1 Polar decomposition

Since D̃2 ¡0.1 is considered to be a poor fit, the polar decomposition of Fk,local, as described in
Chapter 2, is performed on clusters with a normalized residual D̃2  0.1. The angle of rotation
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Figure 3.11: Normalized residuals (see Equation (2.25)) for the clusters found during the defor-
mation experiment. (a) Intrachain, (b) interchain. The non-affine threshold value is 0.2σ̄. The
cutoff value for clustering is 1.7σ̄. Red dashed line indicates the value below which the deformation
is considered to be homogeneous. Results contain data for compression in xx -direction, yy-direction
and zz -direction.

is given by Equation (2.31), and the principal stretch ratios by Equation (2.29). The subscript
“k,local” is dropped since all results from hereon refer to cluster deformation. However, a more
convenient quantity than the stretch ratio is a strain measure. Therefore the stretch ratios are
converted to the Green-Lagrange strain as:

εi �
1

2
pλ2
i � 1q i � 1, 2, 3. (3.5)

Results for the interchain deformation are shown in Figure 3.12. The different colors indicate the
different threshold values for the non-affine displacement components (values specified in figure
caption). From the results in Figure 3.12 it follows that no specific type of motion can be assigned
to the magnitude of the discontinuities. However, these results show that the local strains are at
least a few orders of magnitude larger than the applied strain step. The majority of the strains
recorded is larger than 0.1, which is already 100 times larger than the strain step applied in
the compression direction. It has to be noted, however, that a single atom inside a cluster can
significantly influence the recorded motion of that cluster. But the fact that a majority of the
clusters (even at low threshold values) exhibit such large strains, is interesting. Figure 3.12(d)
shows that there is the large variation in cluster size, indicating that homogeneous motion is not
associated with any specific length scale.

Results for the intrachain motion are shown in Figure 3.13. Also in the case of intrachain
deformation there seems to be no correlation between motion and magnitude of the discontinuities
or any length-scale of homogeneous deformation.

3.5 Evolution of free volume and density

The potential energy landscape framework, as described in the Introduction, was originally proposed
as an alternative to the idea that the reduced mobility in glasses occurs from an decrease in free
volume, which restricts local structural rearrangements. In the view of mechanical rejuvenation and
aging, Struik [38] proposed a theory which stated that a mechanical stimulus yields an increase in
free volume, and thereby mobility, irrespective of whether it is a tensile of compressive deformation.
However, several experimental results have shown that the free volume decreases upon compression,
which led to believe that the free volume theory is not sufficient to fully explain the processes of
aging and mechanical rejuvenation [39–42].
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Figure 3.12: Interchain deformation. Colors indicate threshold values for non-affine displacement:
1.4σ̄ ( ); 1.2σ̄ ( ); 1σ̄ ( ); 0.7σ̄ ( ); 0.5σ̄ ( ); 0.2σ̄ ( ). Figures (b)-(f) show results for the clusters
below the red dashed line in (a). Results show no correlation between the deformation and the
magnitude of the discontinuities. Figure (d) shows the distribution of radii of gyration with the bars
indicating minimum and maximum value and circle indicates the mean. Figure (d) shows a large
distribution of radii of gyration, indicating no specific length scale is associated with homogeneous
deformation.

26



CHAPTER 3. RESULTS 3.5. EVOLUTION OF FREE VOLUME AND DENSITY

0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016

∆A∗∗/(NkBT)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

D̃
2

(a)

0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016

∆A∗∗/(NkBT)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

|θ
|
[r
ad

]

(b)

0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016

∆A∗∗/(NkBT)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

m
ax

.
|ǫ
i
|

(c)

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

threshold non-affine displ. [σ̄]

0

1

2

3

4

5

6

R
g
/σ̄

(d)

0 0.5 1 1.5

max.|ǫi|

0

1

2

3

4

5

6

R
g
/σ̄

(e)

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

|θ| [rad]

0

1

2

3

4

5

6

R
g
/σ̄

(f)

Figure 3.13: Intrachain deformation. Colors indicate threshold values for non-affine displacement:
1σ̄ ( ); 0.7σ̄ ( ); 0.5σ̄ ( ); 0.2σ̄ ( ). Figures (b)-(f) show results for the clusters below the red
dashed line in (a). Results show no correlation between the deformation and the magnitude of
the discontinuities. Figure (d) shows the distribution of radii of gyration with the bars indicating
minimum and maximum value and circle indicates the mean. Figure (d) shows a large distribution
of radii of gyration, indicating no specific length scale is associated with homogeneous deformation.
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During the compression experiments, the density and free volume of the material are monitored.
The free volume is determined by an algorithm developed by Dodd and Theodorou, that calculates
the occupied volume of the polymer chains by means of a sphere-cutting algorithm [43]. The free
volume is defined as the difference between the volume of the simulation box and the occupied
volume by the polymer, as calculated by the algorithm. Results are shown in Figure 3.14. The
results from the simulations seem to agree with the theory of Struik. Altough the free volume and
density fluctuate, the trend is clearly visible: the density seems to increase slightly up to 5-7% strain,
then decreases up to 25-30% after which is seems to fluctuate around a constant value. Similar
trends were observed in [44,45]. Although it is not clear what causes this trend, it is interesting to
note because it contradicts many experimental observations and the overall increase of free volume
could be (part of) an explanation for the locations where structural rearrangements take place
during deformation. Similar results are obtained for compression experiments in yy-direction and
zz -direction, which are included in Appendix C.
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Figure 3.14: (a) Evolution of free volume fraction. (b) Evolution of density. Orange line indicates
trend.
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CHAPTER4
Discussion, conclusions and future

work

4.1 Discussion and conclusions

It was shown by means of molecular simulations on a detailed atomistic glassy polystyrene sample,
that throughout the entire deformation, elastic parts are interrupted by plastic events. Even at
relatively low strains in the regime that is usually considered to be elastic. Furthermore, the tools
developed during this research allowed to quantify the microscopic structure during deformation.

Although plasticity of glassy polymers on the atomic scale has received attention in the past, this
is the first time that such a detailed atomistic model is employed in combination with a numerical
framework that allows to quantitatively capture the response of the polymer under deformation.
Employing a model with this level of detail made it possible to show which specific atom type is
involved in the irreversible re-arrangements during deformation. It is found that the main carriers
of plasticity are located in the side groups, while the backbone moves relatively affine. It was also
found that the free volume increases during deformation, which is in agreement with some early
theories on free volume and atomic mobility, but disagrees with many experimental observations.
Further research on this observation is necessary.

The tools developed during this research allow to quantify the motion of individual, or groups
of atoms, during an imposed deformation. The method for determining the local deformation
gradient tensor allows to fully quantify the motion, but the quality of the fit depends strongly of
the cooperativity of the clustered atoms. In this first attempt, clusters were based on the magnitude
of the non-affine displacement, and the distance between the atoms. Results have shown that no
specific motion could be correlated with the plastic events, and the deformation appeared almost
random. This apparent random motion of the clusters might be attributed to the many interaction
potentials that describe the interaction. Analyses found in literature are often performed on either
coarse-grained models or models that include a single Lennard-Jones interaction potential, resulting
in a more homogeneous movement of the atoms. The multi-potential forcefield makes the model
more realistic but makes identification of cooperative motion more difficult. The first attempt
presented here is sufficient to illustrate the potential of the tools, but further analyses are needed
to identify clusters that are in some way cooperative, yielding a better fit for the deformation
gradient tensor.

All together, the following concrete conclusions can be drawn:

• The method of quantifying the local deformation by means of a best-fit deformation gradient
tensor, turns out to be not that efficient for bonded systems. In contrast to simple Lennard-
Jones systems, bonded system show more non-homogeneous behavior due to the variety in
interactions between atoms (bond stretching, angle bending, torsional and pairwise non-
bonded).
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• Discontinuities in the free energy correspond to irreversible plastic deformation and occur far
below strains that are macroscopically considered to be in the elastic regime.

• These plastic events are strongly correlated with non-affine deforming atoms, which are mainly
located in the side groups of the polymer chains.

• In contrast to many experimental observations, the free volume increases upon deformation
whereas the density decreases.

4.2 Future work

Based on the discussion and conclusions, future work should focus first on identifying regions of
cooperative motion in order to efficiently employ the method of fitting a local deformation gradient
tensor. Probing regions with cooperative motion might lead to a better fit of the deformation tensor
and hence to a relation between a specific motion and the plastic events.

The free volume increase agrees with theories which state that in order for the structure to
rearrange, free volume is necessary. A local free volume analysis should provide more insight in the
relation between non-affine motion and free volume. Furthermore, a local free volume analysis could
be helpful in the discussion whether plastic deformation leads to a completely different amorphous
structure, as described in [46, 47]. Distribution and shape of free volume cavities can also provide
more insight in how the structure changes prior to these plastic events.

A recent study by Grigoriadi et al. showed that tacticity of polystyrene plays a role in the
physical ageing rate [48]. This implies that tacticity might also play a role in plastic deformation,
since the ageing process can also be explained in terms of hopping energy barriers on the energy
landscape, indicating that the (average) height of the energy barriers, separating minima, depends
on the tacticity. A future numerical study should therefore focus on determining the height of
these energy barriers that must be overcome in order for the system to deform irreversible. Such
a procedure could serve as a basis for studying which stereo-chemical sequences are more prone to
plastic deformation.

Atoms with the largest non-affine displacement are located in the side groups. A torsional config-
urational change could explain the non-affine motion of the side groups. A configurational analysis
should be employed to provide more insight in the configuration during the deformation, since it
might be possible that the work provided to the system is, at least for some side groups, enough
to overcome torsional energy barriers, separating the different stereo-chemical configurations.
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APPENDIXA
Derivation of best-fit deformation

gradient tensor

Consider a cluster consists of N atoms. Let the position vector of atom j with respect to the center
of mass of cluster k at time t be given by the column vector d~r tk,j � ~r tk,j � ~r tk,COM and let the
position vector with respect to the center of mass of that same atom at time t+∆t be given by the
column vector d~r t�∆tk,j � ~r t�∆tk,j � ~r t�∆tk,COM. The best-fit deformation gradient tensor, Fk,local, which
maps all N atoms at time t to the positions of the atoms at time t+∆t is given by:

minimize
Fk,localPR

Ņ

j�1

||d~r t�∆tk,j � Fk,local � d~r
t
k,j ||

2 (A.1)

The above can be expanded as:

minimize
Fk,localPR

Ņ

j�1

��
dT~r t�∆tk,j � dT~r tk,j � F

T
k,local

	
�
�
d~r t�∆tk,j � Fk,local � d~r

t
k,j

	�
(A.2)

Where dT~r tk,j denotes the transpose of the column vector d~r tk,j . Minimization of the above
expression is obtained by setting the derivative, with respect to Fk,local, to zero:

B
°N
i�1

��
dT~r t�∆tk,j � dT~r tk,j � F

T
k,local

	
�
�
dT~r t�∆tk,j � Fk,local � d~r

t
k,j

	�
BFk,local

(A.3)

�
Ņ

i�1

�
� 2d~r t�∆tk,j dT~r tk,j � Fk,local � p2d~r

t
k,j � d

T~r tk,jq
�

(A.4)

�
Ņ

i�1

�2d~r t�∆tk,j � dT~r tk,j �
Ņ

i�1

2Fk,local � d~r
t
k,j � d

T~r tk,j � 0

Which yields

Ņ

i�1

2d~r t�∆tk,j � dT~r tk,j �
Ņ

i�1

2Fk,local � d~r
t
k,j � d

T~r tk,j (A.5)

Isolating Fk,local yields

Fk,local �
Ņ

i�1

d~r t�∆tk,j � dT~r tk,j �
� Ņ

i�1

d~r tk,j � d
T~r tk,j

��1
(A.6)

Which is of the same form as Equation (2.22) in the main text.
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APPENDIXB
Evolution of the free energy
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Figure B.1: Free energy evolution from the compression test in yy-direction.
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Figure B.2: Free energy evolution from the compression test in zz -direction.
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APPENDIXC
Evolution of the free volume and

density
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Figure C.1: Free volume evolution (left) and density evolution (right) for the compression in
yy-direction. Same trend is observed as for compression in xx -direction included in the main text.
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Figure C.2: Free volume evolution (left) and density evolution (right) for the compression in
zz -direction. Same trend is observed as for compression in xx -direction included in the main text.
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