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Abstract
An Efficient Non-Local Continuum Model for Crushing of Aluminum

Honeycomb Impact Barriers

T.J.H. van Beurden

In the automotive industry, the crashworthiness of a new vehicle type is often assessed by stan-
dardized tests that involve crash barriers made of aluminum honeycomb materials. Such a crash
barrier acts as a low-cost representation of the passive crash structure of another vehicle. Per-
forming full scale crash tests is expensive and time consuming. Therefore, extensive numerical
simulations are performed during the development phase of a vehicle. In these simulations, accu-
rate and computationally efficient models of these barriers are necessary in order to have a smooth
development process. Due to the multi-scale nature of the deformation, modeling the behavior
of this material in an efficient manner is challenging. The macroscopic behavior of the aluminum
honeycomb material is to a large extend governed by deformation mechanisms that occur on micro-
scale. Modeling approaches found in literature often show inaccuracies or are inefficient.

In this thesis, a homogenized non-local continuum model is presented to predict the macro-
scopic behavior of aluminum honeycomb materials in crash tests. This model is designed to
accurately describe the behavior of the aluminum honeycomb in two of the most dominant load-
ing conditions encountered in these crash tests: uni-axial out-of-plane compression and combined
out-of-plane compression and shear. To this end, a finite deformation model based on an objec-
tive stress rate is used. A non-local formulation is employed to limit stress oscillations that arise
as a result of the softening behavior in the material model. With the non-local formulation, a
parameter is introduced by which the length scale of the plastic process zone can be controlled.
The model is implemented in the commercial software LS-DYNA for the use in explicit dynamic
FEM simulations.

The presented model shows results that match well with experimental observations described
in literature, both in terms of the predicted deformation as well as the force response. A localiza-
tion front is modeled which is also observed in experiments. Due to the homogenized character
of the model, the force response can be predicted with a limited number of degrees of freedom.
Limited mesh dependency persists due to assumptions in the non-local formulation. This mesh
dependency reduces with refining the discretization. For the application of this model in crash test
simulations, the deformation mechanisms that arise during localized impact should be included
in the model in future work. In conclusion, this continuum model described in this thesis shows
high potential for efficient and accurate modeling of aluminum honeycomb materials in impact
barriers.
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1 Introduction
In the automotive industry, the crashworthiness of a new vehicle type is assessed based on stan-
dardized testing procedures for the homologation of the vehicles. These procedures are enforced by
regulatory institutes such as the European Commission (UNECE) and the U.S. National Highway
Traffic Safety Administration (NHTSA). To successfully complete these homologation processes,
the vehicle is subjected to test procedures regarding for example the seat belt system, pedestrian
protection and crash-impacts.

To asses the impact safety, the vehicle is subjected to testing procedures for frontal-, side-
and rear-impact. These testing procedures often involve the use of a low-cost representation of
the passive crash structure of another vehicle to act as a collision partner for the vehicle that is
under assessment. This collision partner is referred to as a Mobile Progressive Deformable Barrier
(MPDB). These MPDBs are standardized by the regulatory institutes and consist of a trolley with
an energy absorbing barrier attached to the front. In Figure 1.1 an example of a car-to-MPDB test
is illustrated. Different test set-ups are used for the assessment of a vehicle, including variations
of approach angles, approach velocities, and barrier types.

Figure 1.1: Oblique car-to-MPDB test for a small SUV [1].

An example of a barrier is depicted in Figure 1.2a. The barriers are typically composed of multiple
segments of aluminum honeycomb material (grey) enclosed by aluminum cladding sheets (blue).
Figure 1.2b shows the recognizable cell geometry of the aluminum honeycomb material.

(a) WG11 deformable barrier [20]. (b) Honeycomb cell structure [21].

Figure 1.2: Barrier parts: Honeycomb segments (grey) and cladding sheet (blue).

Since performing these full scale crash tests is expensive and time-consuming, extensive numerical
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simulations are performed during the development phase of a vehicle. In order to perform those
simulations, both the passive crash structure of the vehicle itself as well as the deformable crash
barrier must be modeled accurately.

Due to the geometry of the material, the mechanical behavior of the aluminum honeycomb
is complex. A large part of the macroscopic behavior is determined by deformation mechanisms
that occur on micro-scale. Therefore, the behavior of the material forms a multi-scale problem.
The main energy-absorbing mechanism of the honeycomb block is the crushing of the cells under
uni-axial compression in the tubular (out-of-plane) direction. This phenomenon is depicted in
Figure 1.3. The photo on the left shows a compression test where two distinct configurations
develop: crushed (1) and uncrushed (3). In the crushed configuration, the cells have collapsed
locally and developed plastic folds. The uncrushed-to-crushed transformation is characterized
by the progressive folding of the honeycomb micro-structure. The interface between the two
configurations, indicated by (2) in the photo, is often called the ‘collapse band’ or ’localization
front’, and travels down the material under increasing compression. Figure 1.3b shows an detailed
view of the plastic folds in the top part and the uncrushed configuration in the lower part.

(a) Deforming specimen during the uni-axial compression test. 1: Crushed micro-
structure, 2: collapse band, and 3: uncrushed micro-structure.

(b) Detailed view
(modeled).

Figure 1.3: Aluminum honeycomb under uni-axial compression [3].

Due to the multi-scale nature of the deformation, modeling the behavior of aluminum honeycomb
materials in efficient manner is challenging. Modeling approaches found in literature often show
inaccuracies or are inefficient. Two types of models are often described in literature to model the
mechanical behavior of the honeycomb: shell models and continuum models, visualized in Figure
1.4a and 1.4b, respectively.

(a) Shell model. (b) Continuum model.

Figure 1.4: Two types of modeling techniques described in literature to model the behavior of
aluminum honeycomb in crash simulations [7].
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Since the hexagonal cell structure of the material is captured in the shell models, this type of
models inherently captures geometric effects of the material. The continuum models appear to be
less complex at first glance. However, the geometric effects are not inherently captured and must
be accounted for by the material model.

A promising continuum model was proposed by Van Iersel [10]. In that work, a homogenized
phenomenological model was developed in order to describe the macroscopic out-of-plane behavior
of the honeycomb. The effect of strain softening was included in his model, which allowed for
a localization front to appear. This localization front resembles the material behavior that is
observed during experiments, as shown in Figure 1.3a. Furthermore, a non-local formulation was
employed to limit the mesh dependency of the model. However, an unsuitable strain definition
was used. For this reason, the described model proved not to be suitable for large out-of-plane
compression and shear deformations.

1.1 Goal and Outline
This previous study [10] shows the high potential of homogenized continuum models in the accurate
and efficient modeling of the honeycomb material. Therefore, the goal of this work is to create a
finite deformation model based on the non-local plasticity formulations proposed by Van Iersel,
such that it becomes applicable for large out-of-plane compression and shear deformations. Since
these types of deformations are often observed in MPDB tests [9], an accurate description of these
deformation types is crucial for the application of the continuum model.

The structure of this thesis is as follows: In Chapter 2, the relevant mechanical characteristics
of the honeycomb material are described. This chapter also considers different modeling techniques
and the inconsistencies of the previous modeling approach[10] is described in detail. In Chapter 3,
a finite deformation model is proposed to eliminate the undesired effects caused by the use of an
unsuitable strain definition in the existing continuum model. Chapter 4 describes the non-local
formulation, which limits the mesh dependency of the model. In Chapter 5, the performance of
the homogenized continuum model is analyzed by considering a test-case which is relevant for the
application of the model in MPDB simulations. The results are compared to a shell model which
is currently used in industry. This thesis ends with concluding remarks and suggestions for future
research.

3



2 Honeycomb Mechanics
For the construction of a constitutive model for the aluminum honeycombs, it is key to identify
the dominant failure mechanisms taking into account the underlying physical phenomena. In this
chapter, first the focus is on the relation between the geometrical structure of the material and
the mechanical behavior. Next, the currently existing techniques for modeling the honeycomb
material are discussed.

2.1 Material Characteristics
The non-linear anisotropic behavior is to a large extend caused by the geometrical structure of
the honeycomb material. Therefore, an illustration of the material geometry is considered, shown
in Figure 2.1.

(a) Top-view [3]. (b) 3D view [6].

Figure 2.1: Illustrations of the hexagonal cell structure of aluminum honeycomb materials. The
parameters h, l, t and θ are used to specify the geometric properties of the material.

A TLW-coordinate system is used as indicated in the figure, since it is commonly used in literature
on honeycomb mechanics. The T-direction is referred to as the out-of-plane direction, and runs
along the length of the hexagonal cells. In the T-direction the anisotropy is most obvious, but also
between the L- and W- directions the structure differs. Therefore, the material is often regarded
as orthotropic.

As described in literature [4, 7, 9, 10], the behavior of the aluminum honeycomb in the
deformable barrier is dominated by the out-of-plane direction due to the large differences in stiffness
between the in-plane directions (WW, LL and LW) and out-of plane directions (TT, TL and
TW). This is caused by the geometric structure of the material. Therefore, the focus in modeling
the behavior of the aluminum honeycomb material is on accurately describing the out-of-plane
behavior. Figure 2.2 illustrates the macroscopic out-of-plane crushing behavior of the honeycomb
that is typically observed in uni-axial compression.
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(a) (b)

Figure 2.2: Typical stress-strain response for compressive loading along the T-axis (a) and the
corresponding deformation behavior of a y-shaped unit cell (b) [7].

In this response, the following four regimes are usually identified:

I Linear elastic regime.

II Nonlinear elastic regime. The nonlinear behavior is caused by the generation of elastic buckles
in the micro-structure.

III Softening regime. Plastic buckling occurs and the stress level drops. Plastic folds appear
in the micro-structure resulting in a long stress plateau. This strain softening leads to a
localization front that travels through the material.

IV Densification regime. Plastic folds have emerged along the entire length of the cell wall in
the T-direction. The contact between the plastic folds resist further compression and rapid
hardening occurs.

Experiments show a strong coupling of out-of-plane compression loading with out-of-plane shear
loading. This becomes particularly visible in the illustrations of Mohr & Doyoyo [6] in Figure 2.3.
In this figure, the folding patterns in the TW-plane are captured for uni-axial compression (left)
and compression under α = 60◦ (right) with respect to the W-axis. For α = 60◦, the plastic folds
are no longer stacked straight on top of each other, but under an angle. This folding direction is
indicated by the vector, and is dependent on the loading direction α.

Figure 2.3: Illustration of folding pattern of a single cell wall observed for two loading angles with
respect to the W-axis. The vector denotes the folding direction [6].

From these type of experiments, Mohr & Doyoyo presented stress-strain curves [5]. Figure 2.4
shows the curves for the normal direction (a) and for the shear direction (b).
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(a) Stress-strain response in the normal direction. (b) Stress-strain response in the shear direction.

Figure 2.4: Stress-strain curves for compression under an angle α with respect to the W-axis in
the TW-plane in the normal direction and in the shear direction [5].

Important to note is that the stress plateau remains relatively flat for all shown loading angles
α, for both the normal stress and the shear stress. Mohr & Doyoyo used the stress-strain data
to compose two typical failure envelopes which describe this out-of-plane shear and compression
coupling. An example of these failure envelopes, corresponding to the stress-strain curves shown
in the previous figure, are depicted in Figure 2.5. The outer envelope describes the coupling for
initial failure of the material, and the inner envelope describes the coupling during crushing.

Figure 2.5: Failure envelopes for initial collapse and crushing under combined out-of-plane shear
and compression loading [5].

These failure envelopes are captured by Equations (2.1a) and (2.1b) [5]. Here σy0
TT and σ∞TT denote

the initial yield stress and the crushing stress for compression along the T-axis, respectively.
τy0
TW and τ∞TW denote the initial yield stress and the crushing stress for shear in the TW plane,
respectively. (σT T

σy0
T T

)2
+
(τT W

τy0
T W

)2
= 1 (initial collapse), (2.1a)

σT T

σ∞T T

+
∣∣∣∣τT W

τ∞T W

∣∣∣∣ = 1 (crushing). (2.1b)
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Based on these material characteristics, the honeycomb material can be modeled in order to predict
the behavior of the material in for example MPDB simulations.

2.2 Modeling Techniques
Capturing the described mechanics in an efficient numerical model has been subject of significant
research efforts. These research efforts can be roughly divided into two categories: shell models
and continuum models.

2.2.1 Shell Models

Shell models are the current industry standard. In these models, the hexagonal cell structure
is incorporated in the models by using shell elements. Therefore, this type of models inherently
captures the geometric effects of the material. Figure 2.6a from Weerts [8] shows how the buckling
of the cell walls under uni-axial compression can be modeled in a detailed way, by using a fine
mesh and the plasticity law of an aluminum sheet. Figure 2.6b shows how this detailed model
can be homogenized in order to reduce the computational costs. Instead of modeling the folding
pattern in detail, so called ’crushing elements’ are used.

(a) Detailed model: Buckling of cell walls. (b) Coarse model: Crushing of elements.

Figure 2.6: Out-of-plane compression in the T-direction. Comparison of a detailed and coarse
approach [8].

To model the folding process in a detailed way (as in Figure 2.6a) with an error of less than
10%, Niedermeyer [7] showed that 24 elements per honeycomb wall are needed. Performing these
detailed simulations on the scale of an MPDB is computationally expensive. This is the reason
why geometrically simplified models are often used, such as the models with crushing elements
as shown in Figure 2.6b. In these crushing elements, the folding of the cell walls is homogenized.
Moreover, often the cell size of the honeycomb in the numerical model is scaled up with respect
to the real cell size in order to limit the number of elements in the model. Due to these geo-
metric simplifications and up-scaling, the behavior has to be calibrated with detailed models and
experimental data. Such calibrations are often at the cost of the generality of the honeycomb
models: The models are accurate for loading conditions that resemble the calibration conditions,
but they are not guaranteed to be accurate for loading conditions that significantly differ from
these conditions.

It remains challenging to accurately model the behavior of the crushing of aluminum hon-
eycomb with a feasible number of shell elements. Often, a compromise has to be made between
computational efficiency and accuracy. This is further discussed in Chapter 5, in which an existing
shell model is discussed.
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2.2.2 Continuum Models

In continuum models, the mechanical behavior of the honeycomb structure is homogenized. The
hexagonal cell structure does not have to be incorporated in the model, resulting in a model with
less geometric complexity. This reduced model complexity was visualized in Figure 1.4b. Due to
the simplification of the geometry, the structure can be represented by less degrees of freedom.
Since the geometric effects caused by the cell structure are not inherently captured in the model,
these must be accounted for by the material model. Potentially, the efficiency of modeling the
honeycomb block can be increased by using models with continuum elements, if the material model
does not become overly complex.

Popp [9] described a homogenized model which includes the coupling between out-of-plane
compression and out-of-plane shear based on formulations proposed by Mohr & Doyoyo [4].
Promising results were obtained regarding the averaged force response of the honeycomb ma-
terial. Figure 2.7a shows an illustration of the stress-strain response based on the model of Popp
under uni-axial compression. By comparing this to the typically observed response (shown in
Figure 2.2a), it can be noted that the initial peak and the subsequent strain-softening have been
neglected. Due to the absence of the strain-softening after initial buckling in the model of Popp,
no localization front emerges. Instead, the blocks deformation is nearly homogeneous. This is
shown in Figure 2.7b.

(a) Stress-strain curve based on the continuum element model
implemented by Popp.

(b) Deformation under uni-axial
compression.

Figure 2.7: Stress-strain response and deformed block under uni-axial compression as modeled by
Popp [9].

Van Iersel [10] has further improved this continuum model. In this work, a phenomenological model
was created that captures the strain-softening after initial buckling. A non-local formulation was
used to limit the mesh dependency that arises due to the strain-softening. This resulted in a
promising three dimensional model in which the localization front is captured, and the predicted
force response is in accordance with experimental data for uni-axial compression. Figure 2.8
shows the localization front traveling through the material, as each row of elements subsequently
collapses.
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Figure 2.8: Local plastic strain and deformed mesh for different points in time, a mesh with 10
elements along the T-axis [10].

During simulations with a combined out-of-plane shear and compression loading, non-physical
behavior was observed for large shear strains. However, the results of the homogenized non-
local continuum element formulation show the potential of continuum models. In this thesis, this
continuum model is modified such that it becomes applicable for large (shear) deformations. In
the next section, the cause of the non-physical behavior in this model under high shear loading is
discussed.

2.3 Inconsistencies in Continuum Honeycomb Model
The non-physical behavior is most clearly observed in the stress-strain response in the normal
direction of a single element which is compressed under an angle α with respect to the L-axis.
This is presented in Figure 2.9.

Figure 2.9: Stress-strain response along TT-axis of a single element for varying loading angles [10].

Regarding a uni-axial compression loading (α = 90◦), the stress-strain response corresponds to the
typical behavior of a honeycomb as described in Section 2.1. However, when the shear component
is increased by decreasing the loading angle α, the stress-strain behavior starts to deviate from
what is expected based on the experimental results shown in Figure 2.4a. There, a relatively
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straight crushing plateau was observed for loading angles between 90◦ and 50◦.
The non-physical behavior is caused by the kinematics of the implemented strain definition.

The Biot strain tensor is used as strain measure. This strain measure is based on the right stretch
tensor U and is defined as:

εBiot = U − I, (2.2)

where I denotes the second order unit tensor. With the right polar decomposition, the deformation
gradient tensor F is decomposed into a symmetric stretch tensor U and a rotation tensor R. In
Figure 2.10, a shear deformation is sketched in 2D. The figure illustrates that, during this type
of deformation, a rotation is introduced in order to keep the stretch tensor U symmetric. Due to
this rotation, a misalignment arises between the orthogonal basis in which the material model is
defined and the orthogonal basis in which the strains are computed. The rotation angle increases
for larger shear strains. This explains why the predictions of the model deviate more for lower
loading angles α. Only during uni-axial compression (α = 90◦) this model will yield sensible
results, since in that case the right polar decomposition of the deformation gradient tensor results
in a rotation tensor of R = I.

Figure 2.10: Schematic representation of the kinematic behavior for shear deformation[10].

In the next chapter, a finite deformation model is described in order to eliminate this non-physical
behavior described in this section.
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3 Homogenized Crushing Model
In order to describe the mechanical response of the honeycomb material, a homogenized phe-
nomenological model is composed. In this model, the macroscopic behavior is modeled while
taking into account the underlying deformation mechanisms that occur on the micro-scale. A
hypo-elastic based plasticity model is made, partially inspired by the formulations as proposed by
Mohr & Doyoyo [4] and the extensions to that model as proposed by Van Iersel [10]. Since the
material model should be suitable for large deformations, a finite deformation framework is used
which is based on a constitutive relation in rate form.

In them remainder of this thesis, vectors are denoted with an arrow (~a), second order tensor
are denoted in bold (a) and fourth order tensors are denoted with double stroke symbols (C).

3.1 Objective Rates
According to the principle of material frame-indifference, the state of stress in a material must not
change if the body undergoes a rigid transformation [11]. In order to achieve this, an objective
constitutive relation must be used to describe the state of the body.

Consider a combination of rigid translation ~c(t) and rigid rotation Q(t) of a body, such that
the position vector of a point ~x in the domain is transformed into ~x+ according to the following
relation:

~x+ = ~c(t) +Q(t) · ~x (3.1)
A tensor A is called ‘objective’ if it transforms according to:

A+ = Q ·A ·QT (3.2)

under influence of such a rigid body transformation. The Cauchy stress tensor is an example of
an objective tensor, since it holds that:

σ+ = Q · σ ·QT . (3.3)

For the objective rate form of the constitutive equation, an objective stress rate is required. By
taking the material derivative of the Cauchy stress, it becomes clear that this derivative is not
objective:

σ̇+ = Q̇ · σ ·QT +Q · σ̇ ·QT +Q · σ · Q̇T

6= Q · σ̇ ·QT .
(3.4)

Therefore, an alternative stress rate must be used. An objective stress rate can be found by a
so-called pull-back push-forward procedure, defined by the following three steps[11]:

1. Pull-back: The stress tensor is mapped into an tensor that is invariant to rigid body trans-
formations.

2. The time derivative of the invariant stress is calculated.

3. Push-forward: The time derivative of the invariant stress is mapped to the current configu-
ration, using the inverse transformation of the pull-back step.

An example of an objective stress rate is the Lie-derivative of the Cauchy stress tensor, as defined
in Equation (3.5). This objective stress rate is obtained by a pull-back to the undeformed config-
uration and a subsequent push-forward to the current configuration. Appendix A describes the
pull-back push-forward procedure in more detail.

5
σ = σ̇ −L · σ − σ ·LT . (3.5)

In this equation, the symbol L represents the velocity gradient, defined by L = Ḟ · F−1. The
symbol F denotes the deformation gradient with respect to the undeformed configuration ~x0:

F = ∂~x

∂ ~x0
. (3.6)
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3.1.1 Constitutive Relation in Rate Form

In this section, the constitutive relation in rate form is described as proposed by De Souza Neto et
al. [12]. With the Lie derivative of the Cauchy stress, a constitutive rate equation can be defined
as follows: 5

σ = L : D. (3.7)
In this equation, L is an elasticity tensor defined in the deformed configuration, and D is the rate
of deformation tensor defined as:

D = 1
2

[
L+LT

]
with L = Ḟ · F−1. (3.8)

The elasticity tensor L relates to the elastic tensor C, which is defined in the undeformed config-
uration, through:

Livsp = FikFvlCklmnF−1
np F

−1
ms . (3.9)

The derivation of this relation is described in detail in Appendix A.
The material model described in this work is defined in the undeformed configuration. By

using the Lie derivative of the Cauchy stress in the constitutive law of Equation (3.7), a stress
increment can be calculated in the undeformed configuration. This principle is clarified in Ap-
pendix A.2, where the incremental calculation of the Cauchy stress is described[12]. The stress
increment is calculated in the same configuration as in which the material model is defined. Hence,
the configuration mismatch that is present in the model described in Section 2.3 is eliminated.

To distinguish between elastic and plastic deformation, the multiplicative split of the defor-
mation gradient F as proposed by Lee [14] is used. The deformation gradient is split into an
elastic part and a plastic part as follows:

F = F e · F p. (3.10)

As described by De Souza Neto et al. [12], a hypo-elastic-based plasticity model can be defined
by: 5

σ = L : De with De = D −Dp. (3.11)
where Dp is the rate of plastic deformation, defined by:

Dp = 1
2

(
Lp + (Lp)T

)
with Lp = Ḟ p · (F p)−1. (3.12)

In the two sections below, the elastic and plastic formulations are described that are used to model
the aluminum honeycomb mechanics.

3.2 Elastic Response
First, the Voigt notation of the Cauchy stress tensor σ and the symmetric deformation rate tensor
D are defined as follows:

σ =
[
σT T σLL σW W τT L τLW τT W

]T
,

D =
[
DT T DLL DW W DT L DLW DT W

]T
.

(3.13)

In the characteristic stress-strain curve, depicted in Figure 2.2a, two elastic regimes are distin-
guished: the linear elastic regime and the non-linear elastic regime. In this thesis, these two
regimes are modeled as one linear elastic regime. The material is assumed to be orthotropic.
Therefore, the material elasticity tensor C (defined in the undeformed configuration) is defined by
the following fourth order elasticity tensor in Voigt format:

C =



1−ν
LW

ν
W L

∆ ET T

ν
T L

ν
T W

ν
W L

∆ ELL

ν
LW

ν
LT

ν
T W

∆ EW W 0 0 0
1−ν

T W
ν

T W

∆ ELL

ν
T W

ν
T L

ν
LW

∆ EW W 0 0 0
1−ν

T L
ν

LT

∆ EW W 0 0 0
symm. 2GLW 0 0

2GT W 0
2GT L


(3.14)
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in which ∆ is given by:

∆ = 1− ν
T L
ν

LT
− ν

LW
ν

W L
− ν

W T
ν

T W
− 2ν

W L
ν

LT
ν

T W
. (3.15)

The in-plane strains are assumed to be small, and the in-plane behavior is assumed to be linear
elastic. In addition, it is assumed that the out-of-plane plastic behavior is is independent of the
in-plane behavior.

3.3 Plastic Response
In this section, the plasticity formulations are described in order to model the crushing behavior of
the aluminum honeycomb. To this end, a plastic flow rule with a phenomenological flow direction
is proposed. Next, the evolution of the yield stresses is described to model the typical stress-strain
response described in Chapter 2. Based on the experimental observations of Mohr & Doyoyo [5],
a yield criterion is formulated.

As proposed in De Souza Neto et al. [12], the plastic flow is defined by a flow rule of the
form:

Dp = γ̇r(σ), (3.16)

in which γ̇ denotes the plastic multiplier, and r denotes the flow direction which is a function of
the Cauchy stress. In this work, similar to the work of Mohr & Doyoyo [4], it is assumed that
the plastic flow only depends on the out-of-plane components. Therefore, reduced forms of second
order tensors are used that only involve the out-of-plane components. For instance, the plastic
rate of deformation tensor is reduced to three components as:

Dp =
[
Dp

T T Dp
T L Dp

T W

]T
. (3.17)

This reduction principle is also applied to the flow direction r, the initial yield stress σy0, the
plateau stress σ∞ and the current yield stress σy. Even though these second order tensors are
reduced, they are still represented with bold symbols in this thesis.

Mohr & Doyoyo [4] propose a phenomenological flow rule based on experiments. The authors
describe that the plastic flow of the material is approximately coaxial with the direction of the
compressive principal stress. A reduced stress tensor σ∗ is defined, in which the contributions of
the in-plane stresses are neglected:

σ∗ =

σT T τT L τT W

τT L 0 0
τT W 0 0

 . (3.18)

Mohr & Doyoyo perform a spectral decomposition to find the principle compressive stress. The
reduced stress tensor σ∗ is decomposed into eigenvectors ~ti and their corresponding eigenvalues
σi:

σ∗ = σI
~tI ⊗ ~tI + σII

~tII ⊗ ~tII + σIII
~tIII ⊗ ~tIII . (3.19)

The proposed flow direction is defined as follows:

r = −sign(tI,1)~tI(σ∗), (3.20)

in which ~tI denotes the eigenvector corresponding to the smallest eigenvalue, and tI,1 denotes the
first component of that vector. The sign correction guarantees that the direction r points away
from the yield surface.

To incorporate the softening and subsequent hardening of the material, an evolution of the
yield stress σy is used. The reduced yield stress tensor is defined by: σy = [σyT T , τ

y
T L, τ

y
T W ]T . The

yield stress is assumed to be a function of the plastic deformation in the TT-direction [10]. In the
constitutive law of Equation (3.11), the plastic rate of deformation tensor is used. To describe the
evolution of the yield stress, a cumulative plastic strain measure in the TT-direction is required.
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This plastic strain measure εpT T can be defined as function of the plastic deformation gradient F p.
A simple measure for the plastic deformation in the TT-direction can be defined as:

εpT T = 1− F p(1, 1). (3.21)

The plastic response of the model should describe the softening (regime III) and the subsequent
densification (regime IV) of the typical stress-strain behavior of a honeycomb block as depicted in
Figure 2.2a. The boundary between the two regimes is marked by the densification strain εd. The
evolution of the yield stress in regime III, describing how the yield stress evolves from the initial
yield stress to the stress plateau, is defined by:

σyi (εpT T ) = σ∞i + (σy0
i − σ

∞
i )
(εd − εpT T

εd

)φi

for εpT T ≤ εd, i = 1, 2, 3. (3.22)

In this equation, σy0
i and σ∞i denote the components of the reduced initial yield stress tensor and

the reduced plateau stress tensor respectively, defined as:

σy0 = [σy0
T T , τ

y0
T L, τ

y0
T W ]T ,

σ∞ = [σ∞T T , τ
∞
T L, τ

∞
T W ]T .

(3.23)

The parameter φi is defined as:

φi = σy0
i − σ

g
i

σgi − σ∞i
with i = 1, 2, 3. (3.24)

The symbol σg denotes the average stress from initial failure to densification at εT T = εd. It is
defined as:

σg = gσy0 + (1− g)σ∞, (3.25)

where g serves as a shape controlling parameter as becomes clear in Figure 3.1b.
For the densification regime (regime IV of Figure 2.2a), the following yield stress evolution is

used [10]:

σyi (εpT T ) = σ∞i + σ∞i hd
(
εpT T − εd

)2 for εpT T > εd, i = 1, 2, 3. (3.26)

In this equation, hd denotes a hardening modulus.
By combining Equations (3.22) and (3.26), the evolution of the yield stresses can be plotted

as a function of the plastic strain in the TT-direction. A typical evolution of the yield stress as
described by these two equations is depicted in Figure 3.1a. Figure 3.1b shows how the evolution
of σy is influenced by increasing the shape parameters g and hd.

(a) Typical shape (b) Influence of shape parameters

Figure 3.1: The evolution of yield stress σy describes the softening and hardening regime and can
be controlled with the shape parameters g and hd [10].
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The parameters g and hd can be used for a calibration to experimental results. For parameter g,
it must hold that 0 < g ≤ 0.5. For hd, a high value is recommended to ensure enough hardening
and prevent negative volume in elements. The value of hd should at least be in the same order of
magnitude as the elasticity modulus in the TT-direction ET T .

Mohr & Doyoyo [5] propose a yield criterion f of the form:

f(σ∗,σy) = σT T

σyT T

+
√(τT L

τyT L

)2
+
(τT W

τyT W

)2
− 1. (3.27)

This yield function can be plotted to find a yield surface, for example in the T-W plane as is
shown in Figure 3.2 [10].

Figure 3.2: Schematic representation of the evolution of the yield surface for combined compressive
and shear loading in the T-W plane for a growing plastic strain along the TT-axis (in the regime
εpT T ≤ εd)[10].

Since an evolution of the yield stress is defined, the yield surface is dynamic and moves as a
function of the plastic strain along the TT-axis, as indicated by the arrows. The resulting yield
surface shows that it is a simplification of the failure envelopes depicted in Figure 2.5 and the
corresponding formulations in Equation (2.1) [5]. For a combined shear and compression loading,
the initial yield strength is slightly underestimated with respect to Figure 2.5, since there the
initial yield surface is curved. However, the yield criterion reduces to the same formulation as
Equation (2.1b) for the crushing behavior.

The yield function and plastic multiplier are subject tot the Kuhn-Tucker conditions:

γ̇ ≥ 0,
f(σ∗,σy) ≤ 0,
γ̇f(σ∗,σy) = 0.

(3.28)

With these conditions, a return mapping algorithm can be used to map the stress back to the
yield surface when it is exceeded.

The material model described in this chapter is implemented in the commercial software LS-
DYNA. In the source-code of this software, a user-defined material can be written using FORTRAN
code. For this implementation, LS-DYNA MPP version R10.1.0 is used[16]. Appendix B describes
the details of the numerical implementation.

3.4 Numerical Results
First a simulation with one element which uses one integration point is considered. This way,
it can be analyzed whether the non-physical behavior under combined out-of-plane shear and
compression loading that was observed in the existing continuum model (as described in Section
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2.3) has indeed been eliminated. The combined out-of-plane compression and shear loading is
applied as shown in Figure 3.3.

Figure 3.3: Combined out-of-plane compression and shear loading [10].

The element is fixed on the bottom side, and a nodal velocity profile v(t) is prescribed at the top
side. The local material direction T of the element is aligned with the global x-axis, the L-direction
with the global y-axis and the W-direction with the global z-axis. The velocity is applied in the
xy-plane, under an angle α with respect to the y-axis.

The velocities vx and vy are a function of time. Applying the velocity via a hard step function,
such as a heaviside function, might lead to instabilities due to the introduction of high frequencies
into the material. Therefore, a smooth-step function as proposed by Perlin [15] is used to gently
increase the velocity. The velocity profile is given by:

v(t) =
{ [

6
(
t
ta

)5 − 15
(
t
ta

)4 + 10
(
t
ta

)3
]
vc for 0 ≤ t ≤ ta,

vc for t > ta.
(3.29)

This velocity profile is visualized in Figure 3.4.

Figure 3.4: Smooth step as proposed by Perlin [15], to gently apply velocity.

Parameter ta controls how rapidly the velocity is increased to the desired value. The parameter
ta is set to approximately 5% of the total simulation time. For this one-element simulation, a
cube with sides L1 = L2 = L3 = 1.0m is used. The angle α is varied between 90◦(uni-axial
compression) and 45◦.

The same parameters for the material model are chosen as in the work of Van Iersel. This way,
a comparison can be drawn between the two implementations. The material model parameters are
based on measurements and analytical equations for the following honeycomb type: 1.8-3/4-P-3003
[22]. The parameters used for this analysis are given in Table 3.1.
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Table 3.1: Material properties for simulations [10].

Property Value Property Value Property Value
ET T [MPa] 150 νT L [-] 0.33 σy0

T T [MPa] 0.50
ELL [MPa] 0.04 νLT [-] 8.8e-5 σ∞T T [MPa] 0.30
EW W [MPa] 0.04 νT W [-] 0.33 τy0

T L [MPa] 0.35
GT L [MPa] 75 νW T [-] 8.8e-5 τ∞T L [MPa] 0.14
GT W [MPa] 45 νLW [-] 0.50 τy0

T W [MPa] 0.26
GLW [MPa] 0.013 νW L [-] 0.50 τ∞T W [MPa] 0.10
εd [-] 0.8 g [-] 0.2 ρ [kg/m3] 28.8
hd [MPa] 500

With these properties, simulations for the different loading angles α have been performed in LS-
DYNA. In Figure 3.5 the stress in x-direction is plotted on the vertical axis against a strain
measure in the horizontal axis. As strain measure, the displacement in x-direction (ux) divided
by the total length of the block in this direction (L1) is used.
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Figure 3.5: Stress-strain response in the normal direction for vc = 1.0 m/s.

As can be observed in this figure, the behavior for the uni-axial compression case (α = 90◦)
shows the desired stress-strain response: An initial elastic regime up to σy0

T T = 0.50 MPa, followed
by a gradual softening to the plateau stress σ∞T T = 0.30 MPa. The densification starts close to
ux/L1 = 0.8, where the plastic strain in the TT-direction as defined in Equation (3.21) is equal
to the densification strain εd.

For the lower angles α < 90◦, where a combined out-of-plane shear and compression loading
is present, the plots also show desired behavior. After initial yield, the stress level falls to a
straight plateau. Comparing this to the results of Van Iersel [10], as discussed in Section 2.3,
it can be concluded the non-physical effects that were present have been resolved in the current
implementation. This can be explained by the fact that in the current implementation, the stress
increment is calculated in the same configuration as in which the material model is defined. There
is no longer a misalignment between the orthogonal basis in which the material model is defined
and the orthogonal basis in which the strains are computed, which was the case in the existing
continuum model.

In Figure 3.6, the shear stress in the xy-direction is plotted against the shear strain in that
same direction. As strain measure, the displacement in y-direction (uy) divided by the total length
of the block in the x-direction (L1) is used. This shear strain measure is the same as is used to
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plot the experimental data of Mohr & Doyoyo [5] shown in Figure 2.4b.
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Figure 3.6: Compressive stress-strain response in the shear direction for vc = 1.0 m/s.

Since uni-axial compression loading does not lead to a displacement in y-direction, nor to a stress
in xy-direction, the data-points of the simulation with α = 90◦ are located in the origin. For the
angles α < 90◦, the stress-strain response is comparable to the experimentally observed behavior
in Figure 2.4b: decreasing initial yield stresses for an increasing angle α and flat stress plateaus.
A densification occurs when the material has been compressed for approximately 80% in the TT-
direction. This is controlled by the densification strain parameter εd which is equal to 0.8 for this
case. The densification is recognized by the rapid stiffening of the material. This densification
regime is not shown in the experimental data of Figure 2.4b.

The stress-strain response of one single element with the current implementation in both the
normal and the shear direction show the same trend as in the experimentally obtained plots from
Mohr & Doyoyo [5], shown in Figure 2.4. It can be concluded that the non-physical behavior for
large out-of-plane shear deformations in the existing continuum model [10] that is described in
Section 2.3 has been resolved.
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4 Non-local Method
As a result of incorporating the strain-softening after initial yielding in the material model, an
inherent mesh dependency emerges. Failure initiates in a certain element, depending on the
material properties and boundary conditions. The strain in this failing element rapidly increases
due to the incorporated strain-softening (regime III in Figure 2.2a). Only when hardening occurs
(regime IV in Figure 2.2a) another element in the crushing direction can collapse. This causes
peaks in the force-displacement response, which are not observed in experiments. Moreover, upon
mesh refinement in the crushing direction, this softening would lead to an infinitely small process
zone between the crushed and uncrushed regimes. In reality, this process zone has a finite length
depending on the honeycomb type. Figure 4.1 shows a photo and an illustration of a compression
test of an aluminum honeycomb. It is clearly visible how the process zone between the uncrushed
regime and the crushed regime has a finite length.

Figure 4.1: Photo [19] and illustration of aluminum honeycomb compression experiment, showing
the finite process zone between the uncrushed regime and the crushed regimes.

These unwanted effects can be limited by applying a so-called ‘non-local’ formulation. In a non-
local formulation, the constitutive behavior at a material point in a body is dependent on the
states in other (often neighboring) material points in the body. Since this model is implemented
as a user-defined material in LS-DYNA, there is only limited access to the internal data of the
FEM program. The integral non-local formulation proposed by Cesar de Sa et al. [13], also used
by Van Iersel [10], only requires access to the geometric properties of the mesh and a local variable
of the previous time increment. Therefore, it is a suitable method for this application.

In this chapter, a non-local formulation is described based on the work of Cesar de Sa et al.
[13]. The application of this formulation to model the aluminum honeycomb is demonstrated.

4.1 Non-Local Formulation
As proposed by Cesar de Sa et al. [13], a non-local variable Q̂ in a material point at a position
~χ can be found as a function of the local variable Q in neighboring positions ~ξ in the domain. In
equation form, this is given by:

Q̂(~χ, ~ξ) =
∫
V

β(~χ, ~ξ)Q(~ξ) dV, (4.1)

where β(~χ, ~ξ) is an averaging operator given by:

β(~χ, ~ξ) = α(~χ, ~ξ)∫
V
α(~χ, ~ζ) dV (~ζ)

, (4.2)
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and α(~χ, ~ξ) is a bell-shaped weight function, given by:

α(~χ, ~ξ) =
(

1− ‖~χ−
~ξ‖2

l2r

)2

. (4.3)

In this expression, lr denotes the interaction radius. This interaction radius controls the area in
which softening takes place.

The interpretation of these three equations is as follows: The non-local variable Q̂(~χ) is
calculated by an average of the local variable Q in material points that are within a distance lr of
position ~χ. The weighing function α(~χ, ~ξ) makes sure that the material points close to position ~χ
have a larger contribution to the average.

4.2 Discretized Formulation
In a FEM program, the material points are represented by integration points. Instead of con-
sidering a continues area of material points, only a finite number of points within range lr from
a certain integration point i contributes to the non-local variable in point i. In this discretized
domain, the position vector ~χ from Equation (4.1) is replaced by the discrete position vector ~xi.
The position vector of a neighboring point ~ξ is replaced by ~xj . Figure 4.2 shows a discretized
domain in two dimensions, based on elements that each contain a single integration point.

Figure 4.2: Illustration of the interaction radius lr in a domain discretized with single integration
point elements. An integration point at position ~xi is influenced by neighboring integration points
at position ~xj within the interaction radius.

The figure visualizes how integration point i at position ~xi is influenced by surrounding integration
points within the interaction radius lr. The mesh is assumed to be homogeneous, and the length of
an element is denoted with le. In the application for MPDBs, typically the shape of the honeycomb
blocks are parallelepipeds, and a homogeneous mesh can be used.

To use the non-local formulation in the FEM code, the continues formulations for the non-
local method given by Equation (4.1), (4.2) and (4.3) must be discretized. The weight αij of
integration point j with respect to integration point i is given by:

αij =
(

1− ‖~xi − ~xj‖
2

l2r

)2

. (4.4)

With this weight, the non-local operator βij can be calculated. The integral of α that is needed
can be calculated with a Gaussian integration. βij is given by:

βij = αij∑ni

k=1 wkJkαik
. (4.5)
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In this expression, wk denotes the Gaussian weight of the integration point, and Jk denotes
the Jacobian evaluated at the integration point. The parameter ni denotes the total number of
integration points that are present within interaction radius lr of integration point i. The non-local
variable in integration point i can then be calculated with:

Q̂i =
ni∑
j=1

wjJjβijQj , (4.6)

where Q̂j denotes the local variable in integration point j.
An important aspect of the non-local theory of Cesar de Sa et al.[13] is the fact that the non-

local operator β is assumed to be independent of the deformation history. This means that the
non-local operator βij remains constant throughout the simulation and only has to be calculated
once, at the beginning of the simulation. It can then be stored to be used during each subsequent
time step.

To have any effect, the interaction radius lr must be larger than the length of an element
(le). Usually the interaction radius is significantly smaller than the total domain. Therefore,
most integration points in the domain will not have a contribution to the non-local variable in
integration point i. This causes most indices of the matrix βij to be equal to zero. A sparse data
structure is used to store the data values of βij in an efficient manner.

4.3 Application to the Continuum Honeycomb Model
As stated by Cesar de Sa et al., the variable Q which is chosen in the non-local formulation should
be a variable that controls the softening regime in the material model. In Chapter 3 it is described
that the softening behavior in the current material model is a function of the plastic strain in
the TT-direction (εpT T ). This variable directly influences the evolution of the yield stresses as was
defined by Equation (3.22) and (3.26). Therefore, in this application Q is chosen to be εpT T . The
corresponding non-local variable ε̂pT T is referred to as the ’non-local plastic strain’.

Figure 4.3 shows an illustration of a deforming mesh under compression in the T-direction of
the material model. Again, single integration point elements are used for this illustration.

Figure 4.3: Illustration of a deforming mesh under uni-axial compression in the T-direction.

In the figure it is illustrated that the elements to the right of the localization front are uncrushed
(εpT T = 0) and the elements to the left of the localization front are crushed (εpT T ≈ εd). This
transition takes place over the course of a single element. To model a finite process zone between
the uncrushed and the crushed regime, this extreme localization should be spread out over multiple
elements. This can be achieved with the non-local formulation.

Van Iersel [10] proposed to lower the initial yield stresses σy0 towards the plateau stresses
σ∞ (both defined in Equation (3.23)) in elements within the non-local interaction radius lr. A
non-local influenced initial yield stress is introduced, denoted with the symbol σ̂y0, given by:

σ̂y0(ε̂pT T ) = σy0 − q(σy0 − σ∞), (4.7)
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with q given by:

q = min
( ε̂pT T

ε̂∗
, 1.0

)
, (4.8)

in which ε̂∗ denotes the critical non-local plastic strain. When the non-local plastic strain ε̂pT T

in an element is equal to this critical value, the initial yield stress in that element is completely
lowered to the plateau stress. Section 4.4 describes how a value for the critical non-local plastic
strain can be estimated.

The non-local plastic strain ε̂pT T can only be calculated according to Equation (4.1) when the
local plastic strains εpT T are known. This means that the non-local influenced initial yield stress
σ̂y0 must be calculated with the non-local plastic strain of the previous time increment. This
requires the use of a small time step in order to avoid instabilities. Since in explicit dynamic codes
a small time step is required for guaranteed stability, this requirement is satisfied.

This non-local influenced initial yield stress is used instead of the normal initial yield stress
σy0 in the evolution of the yield stress σy described by Equation (3.1a) and (3.1b). The effect of
the non-local variable on the yield stress evolution is graphically shown in Figure 4.4. As a result
of the non-local formulation, the initial yield stress is lowered by the non-local variable towards
the plateau stress.

Figure 4.4: Change of the shape of the yield stress evolution under influence of the non-local
plastic strain (embedded in the variable q)[10].

In Appendix B, a detailed description is given on the implementation of the non-local formulation
in the commercial LS-DYNA software.

4.4 Critical Non-Local Plastic Strain
Figure 4.5 shows an idealized representation of the crushing process. This figure is used to illustrate
how the value for the critical non-local plastic strain can be estimated to limit stress oscillations.
In the figure, a one dimensional domain along the χ-axis is discretized based on reduced integrated
linear elements, of which the integration points are indicated by dots. If quasi-static behavior is
assumed, the state of the material transforms from uncrushed (εpT T = 0) to crushed (εpT T = εd)
over the course of one single element.
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Figure 4.5: Schematic representation of the localization front in a one dimensional domain assum-
ing linear elements with single integration point Gaussian quadrature and quasi-static behavior
[10].

The figure shows the moment in time at which the integration point at the localization front
(indicated with 1 ) has just reached its fully compressed state. At this moment, the local plastic
strain in the adjacent integration point (indicated with 2 ) is still zero, but the non-local plastic
strain in this integration point should be equal to the critical non-local plastic strain. When this
is the case, q is equal to 1.0 and σ̂y0 is completely lowered to the plateau stress at this integration
point in this moment of time. In this idealized case, theoretically no stress oscillation occur.

When the discretization is sufficiently small and the element length le is negligible compared
to the interaction radius lr, the critical non-local plastic strain should be equal to 1

2ε
d. However,

when le and lr are in the same order of magnitude (as in the example shown in Figure 4.5) this
value is too high and stress oscillations will occur.

In the situation when le∼ lr, Van Iersel [10] derived an expression for the critical non-local
plastic strain, given by:

ε̂∗(εd, le, lr) = εd

(
1
2 −

( 1
2 le −

l3e
12l2r

+ l5e
160l4r

)( 16
15 lr

) )
. (4.9)

Appendix C shows the derivation of this expression. Note that it reduces to ε̂∗ = 1
2ε
d for le � lr.

Equation (4.9) only holds for reduced integration linear elements and is based on the assump-
tion that the behavior is quasi-static. Since this material model is used in dynamic MPDB crash
simulations with relatively high velocities, the latter assumption is debatable. Due to the assump-
tions made in the estimate for the critical non-local plastic strain, the current implementation
of the non-local formulation is only valid for reduced integrated elements. In Section 4.5 results
are shown for the non-local formulation, and the performance of this non-local formulation using
Equation (4.9) is evaluated.

4.5 Numerical Results
To evaluate the performance of the non-local formulation as described in this chapter, a similar
loading case is used as in Chapter 3. A block of L1 = 0.5 m, L2 = 1.0 m and L3 = 1.0 m is exposed
to a uni-axial compression loading, so α = 90◦. The nodal velocities in the top plane of the block
shown in Figure 3.3 are prescribed to follow the smooth-step function of Equation (3.29). The
nodes in the bottom plane are fixed.

23



To analyze the influence of different mesh sizes, three different discretizations are considered.
In Table 4.1 the number of elements along each axes is shown for these three discretizations.

Table 4.1: Three discretizations with number of elements along each axis.

Mesh 1 2 3
Nx 5 10 20
Ny 10 20 40
Nz 10 20 40

To perform these simulations, the material parameters as shown in Table 3.1 are used. As a
baseline, first the material model without the non-local formulation is considered in a simulation
with vc = 1 m/s. In Figure 4.6, the vertical force is plotted against the vertical displacement for
mesh 2.
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Figure 4.6: Vertical force versus vertical displacement for a mesh with ten elements in the crushing
direction, without non-local formulation (vc = 1 m/s).

As expected, a clear mesh dependency is visible. Failure initiates in a certain row of elements
and only when the densification strain has been reached in this row, the load carrying capacity
rises. When the initial yield stress is reached again, a second row of elements starts to collapse.
This process repeats until the point where all elements have reached the densification strain. The
subsequent failure of elements can be recognized by peaks in the force-displacement curve.

Figure 4.7 shows the force-displacement behavior in the vertical direction when the non-local
formulation is applied. The figure shows the behavior of the three discretizations described in Table
4.1. An interaction radius of lr = 150 mm is chosen for these simulations. The discretization size
is indicated by the fraction of element length over interaction radius. This ratio of le/lr for the
three discretizations is 2/3, 1/3 and 1/6 for mesh 1, 2 and 3 from Table 4.1 respectively. Thus,
the line with le/lr = 1/3 corresponds to the line in Figure 4.6.
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Figure 4.7: Vertical force versus vertical displacement for all three discretizations, with non-local
formulation (vc = 1 m/s, lr = 0.15 m).

In this plot, the force peaks have been reduced in magnitude but are still visible. This is due
to the error in the estimate of the critical non-local plastic strain when the element length and
the interaction radius are in the same order of magnitude. As was mentioned, this estimate is
based on an idealized case in which quasi-static behavior is assumed. This error reduces when the
discretization is refined. Figure 4.8 shows a close up of the first part of this force-displacement
curve.
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Figure 4.8: Close up of vertical force versus vertical displacement for all three discretizations, with
non-local formulation (vc = 1 m/s, lr = 0.15 m).

In the figure it can be observed that the subsequent force peaks for le/lr = 1/3 and le/lr = 1/6
decrease in magnitude. It is particularly visible that the magnitude of the first peak is larger
than the second. This is due to a low non-local plastic strain in elements close to the boundary
of the mesh. For these elements the illustration of Figure 4.5 is not accurate, since a boundary
element has no (collapsed) neighboring elements on one side. This leads to a lower non-local plastic
strain compared to elements further away from the boundary. The critical non-local plastic strain
is reached too late, and significant densification has already occurred in the boundary element,
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causing a peak in the force-displacement curve. It is believed that this issue can be resolved
by applying a lower critical non-local plastic strain for elements close to the boundary. Further
research on this topic is recommended.

Figure 4.9 shows the deformation for mesh 2 in Table 4.1 with the non-local continuum model.
In the left column, the local plastic strain is shown. The right column shows the non-local plastic
strain at the same subsequent moments in time.

Figure 4.9: Comparisson of the local and non-local plastic strain in the TT-direction for a deform-
ing mesh with ten elements in the crushing direction.

Both columns show a localization front traveling downwards through the material. However, the
local plastic strain (left column) still rises from 0 to εd within one element, whereas the non-local
plastic strain (right column) is spread out over multiple rows of elements. In this way, the finite
length of the process zone that was described before can be modeled by controlling the parameter
lr. This effectively becomes a material parameter.

From the results shown in this chapter, it can be concluded that the non-local formulation
with the current estimate for the critical non-local plastic strain significantly reduces the peaks
in the force-displacement response. The magnitude of the peaks decrease with a refinement of
the mesh. Depending on the application, a suitable ratio le/lr should be chosen based on what
magnitude of force peak is acceptable. With the interaction radius lr, the size of the process
zone can be controlled for the model to resemble the experimentally observed localization front.
Further research is recommended to eliminate the force peaks caused by boundary elements.
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5 Test Cases
In Chapters 3 and 4, a homogenized non-local continuum model is described for predicting the
macroscopic mechanical behavior of aluminum honeycomb materials for two dominant failure
modes in MPDB tests: out-of-plane compression and combined out-of-plane compression and
shear. In order to analyze the performance of this model, this chapter draws a comparison be-
tween the new continuum model and an existing shell model. The used shell model is developed
by Livermore Software Technology Corporation (LSTC)[17] and is based on NHTSA’s mobile pro-
gressive deformable barrier according to FMVSS-214 Regulations[18]. This model is available for
licensees of LSTC’s LS-DYNA software. Figure 5.1 shows the geometry of the mobile deformable
barrier as it is defined in the LSTC model.

Figure 5.1: Geometry of MPDB according to FMVSS-214 regulations from the model developed
by LSTC [17].

The model consists of a trolley with a barrier attached to the front, intended to impact a vehicle
as part of NHTSA regulations. For the analysis in this research, a part of the main body of this
barrier is isolated and subjected to loading conditions in order to compare it to the continuum
model described in this work. Figure 5.2 shows the isolated part of the barrier. The dimensions
of this block are 382x501x503 mm (TxLxW ).

Figure 5.2: Isolated part of main body from the model developed by LSTC.

In this shell model, each cell wall is defined by two shell elements in the in-plane directions W
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and L. The green and blue elements represent two different wall thicknesses. The cell walls in
the L direction (indicated in green) are thicker than the other walls (indicated in blue). This is
a modeling assumption that is based on the geometric structure of the material as was shown in
Figure 2.1a. In contrast to the coarse honeycomb model shown in Figure 2.6b, this model does not
contain the homogenized crushing elements. Instead, the cell walls in this model actually collapse.
This is shown later in this chapter. The shell elements that are used each contain six degrees of
freedom [24]. The isolated block contains 124.716 shell elements, so in total it contains 748.296
degrees of freedom.

According to the data sheet of the NHTSA 214 Mobile Progressive Deformable Barrier[23],
the main body of the barrier consists of the honeycomb type 1.6-3/8-P-5052. In this product code,
the first number denotes the nominal density in pounds per cubic foot, the second number denotes
the cell size in inches, the P indicates perforated cell walls and the last number denotes the alloy
of the aluminum sheet. In order to compare the continuum model to the shell model, the material
parameters for the continuum model are chosen based on data sheets from Plascore Inc. [25] and
I.MA.TEC. [26] and analytical equations from Gibson [27] for this honeycomb type. Appendix D
gives a detailed description of how the parameters for the continuum models are found and the
assumptions that are made. The material parameters that are used to describe the 1.6-3/8-P-5052
honeycomb in the continuum model are given in Table 5.1.

Table 5.1: Material properties to describe the honeycomb type 1.6-3/8-P-5052 in the continuum
model.

Property Value Property Value Property Value
ET T [MPa] 138 νT L [-] 0.33 σy0

T T [MPa] 0.66
ELL [MPa] 0.20 νLT [-] 4.7e-4 σ∞T T [MPa] 0.28
EW W [MPa] 0.20 νT W [-] 0.33 τy0

T L [MPa] 0.59
GT L [MPa] 145 νW T [-] 4.7e-4 τ∞T L [MPa] 0.25
GT W [MPa] 76 νLW [-] 0.9 τy0

T W [MPa] 0.34
GLW [MPa] 0.0086 νW L [-] 0.9 τ∞T W [MPa] 0.15
εd [-] 0.8 g [-] 0.2 ρ [kg/m3] 25.6
hd [MPa] 500 lr [mm] 150

5.1 Compression Test
First, a uni-axial compression test is considered. Figure 5.3 shows the boundary conditions that
are used in this test for both the shell and continuum model. For both models, the local T-
direction is aligned with the global x-direction, the local L-direction with the global y-direction
and the local W-direction with the global z-direction. The continuum solid model has the same
dimensions as the shell model as shown in Figure 5.2, and it contains ten elements in the crushing
direction. The continuum model is based on reduced integrated elements and contains a total of
1.690 degrees of freedom. This number of degrees of freedom is significantly lower compared to
the 748.296 degrees of freedom in the shell model.

For both the shell and continuum model, the bottom nodes are fixed, while a rigid plate is
used to impact the block from the top downwards in the global x-direction with a velocity of 1 m/s.
The static and dynamic friction coefficients for the contact between the plate and the honeycomb
are chosen to be 0.12 and 0.10 respectively, based on what is typically used at BMW.
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(a) LSTC shell model (b) Homogenized continuum model

Figure 5.3: Boundary conditions for uni-axial compression test with LSTC shell model and ho-
mogenized continuum model.

Figure 5.4 shows the deforming of the mesh as a result of the compressive loading for both models
at the same subsequent time. The color bar indicates the value of the non-local plastic strain ε̂pT T

of the continuum model.

Figure 5.4: Deformation of LSTC shell model (left) and homogenized continuum model for uni-
axial compression (right).

From the left column of images, it can be observed that the crushing process of the shell model
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does not occur in the same controlled manner as is typically observed in experiments. Instead,
a relatively big buckle emerges (second image on the left of Figure 5.4) after which the elements
above and below the buckle touch (third image on the left). This touching is enabled by the
self-contact that is included in the model. After touching, the crushing continues in a relatively
uncontrolled manner. No localization front can be clearly defined, in contrast to experimental
observations. The shell model includes an element deletion mechanism in which an element is
deleted when the plastic strain exceeds a certain threshold. Due to this element deletion, no
densification occurs. In MPDB simulations, the densification regime of the complete honeycomb
barrier is often not reached: the trolley has slowed down before the barrier is completely crushed.
For that reason, modeling the densification of the entire block is not crucial. The continuum model
behaves similar to the results shown in Chapter 4, each row of elements subsequently collapses
and a clearly distinguishable localization front travels downwards through the material.

To analyze the behavior of the models in a quantitative manner, the vertical reaction force
in the contact is plotted against the vertical displacement of the plate in Figure 5.5.
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Figure 5.5: Vertical force versus vertical displacement for both the shell and continuum model
during uni-axial compression.

From this force-displacement response it becomes clear that behavior of the shell model does not
match the behavior that is usually observed in experiments (as described with the four regimes in
Figure 2.2a). After initial yielding, a sudden force-drop occurs when the cell walls first collapse.
Then, the force rises again when the elements above and below the emerged buckle touch. After
that, the force remains more or less constant until a displacement of 75 mm is reached. The mate-
rial then gradually hardens up to a displacement of 330 mm when the simulation is terminated. In
contrast, the force-displacement response of the continuum model show a behavior that is usually
observed during experiments. It resembles the behavior that was shown in Chapter 4.

The results discussed above show that the isolated honeycomb block from the LSTC model
does not provide an accurate representation of the force response of an aluminum honeycomb un-
der compression, since it does not match the response that is observed in experiments. However,
it is important to note that the LSTC shell model is designed to model the complete MPDB for
certain specific loading conditions. In order to do this, the settings and parameters of the com-
plete MPDB model are first thoroughly calibrated to experiments with simplified versions of these
loading conditions. This does not necessarily mean that isolating a component of this model (e.g.
a part of the honeycomb block) yields an accurate representation of its physical counterpart. This
honeycomb model, in combination with the other components and for specifically calibrated set-
tings and parameters, leads to an adequate representation of reality for loading conditions similar
to those used during calibration. However, for loading conditions that deviate significantly from
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the calibration experiments, this model is not guaranteed to give accurate results.
For a more general application of these models, a honeycomb model should be used for which

little calibration is necessary. That way, it can be used for a wide range of different loading con-
ditions without the need for re-calibration. These models are available for instance in the form of
detailed shell models (such as shown in Figure 2.6a). However, these are typically computation-
ally expensive which makes them unfeasible for the use in the MPDB models. The homogenized
continuum model described in this thesis can be of use here. With a limited number of elements,
the model matches the typical macroscopic behavior of the aluminum honeycomb for two of the
dominant loading conditions in MPDB tests: out-of-plane compression and combined out-of-plane
compression and shear. In the next part of this chapter, another relevant loading case is considered,
which is governed by the combined out-of-plane shear and compression mode.

5.2 Combined out-of-plane Shear and Compression Test
One of the MPDB tests in which the combined out-of-plane shear and compression deformation
mode is dominant is the FMVSS-214 side-impact test[18]. An illustration of this test is given in
Figure 5.6.

Figure 5.6: Illustration of FMVSS-214 side-impact test[18].

The figure shows an MPDB impacting the side of a vehicle under an angle of 27◦. The impact
velocity of the MPDB is 54 km/h. To analyze the potential of the homogenized continuum model
in such an MPDB test, aspects of the FMVSS-214 are used to create a simple test case. The
boundary conditions for this test case are given in Figure 5.7. These loading conditions are similar
to those in Figure 5.3. However, now the honeycomb block is impacted under an angle of 27◦ with
respect to the global x-direction, matching the angle of the FMVSS-214 side-impact test. The
impact velocity, which equals 15 m/s, also follows from the FMVSS-214 side-impact test.
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(a) LSTC shell model (b) Homogenized continuum model

Figure 5.7: Boundary conditions for combined out-of-plane shear and compression test with LSTC
shell model and homogenized continuum model.

By performing these simulations it was observed that instabilities can occur for specific scenarios.
Under some conditions, the in-plane elastic stiffnesses can give rise to issues in the stability of
this material model. As can be observed in Table 5.1, the in-plane stiffness values are multiple
orders of magnitude smaller than the out-of-plane stiffness values. This originates from the cell
structure of the honeycomb material. The large difference in stiffness can lead to stability issues
in the FEM program. Under some conditions, the in-plane stiffness values need to be increased
to obtain stable behavior. Since the failure mechanisms included in this model are dominated by
the out-of-plane behavior, increasing the in-plane stiffness values for the sake of stability can in
most cases be justified. For the boundary conditions depicted in Figure 5.7, the in-plane stiffness
values do not need to be increased.

Another dominant parameter that relates to instabilities is the densification strain εd. This
parameter determines the amount of plastic strain of an element in the crushing direction before
hardening occurs. Choosing a high value for this parameter results in extremely large deformation
of elements. Under uni-axial compression loading as described above, this does not cause issues.
Yet, for a combined out-of-plane shear and compression loading this can be problematic. A
snapshot from a simulation with εd = 0.8 is given in Figure 5.8.

Figure 5.8: Unstable behavior of material under combined out-of-plane shear and compression
loading caused by highly compressed elements.

In this Figure, it can be observed that the highly compressed elements under shear loading give rise
to extreme distortions of the elements. This distortion can lead to instabilities in the simulation.
A way to circumvent this issue is lowering the densification strain εd, which limits the distortion
of the elements. Figure 5.9 shows the influence of lowering εd on the stress-strain response.
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Figure 5.9: Influence of lowering the densification strain on the stress-strain response.

In the application of MPDB tests, usually the densification regime of the total barrier is not
reached. As long as this is the case, slightly lowering the densification strain can be justified. To
stabilize the model under the boundary conditions depicted in Figure 5.7, the densification strain
is slightly lowered from 0.8 to 0.7.

Also visible in Figure 5.8 is that failure initiates both at the top and bottom of the block.
This causes a rotation of uncrushed elements, as can be observed by looking at the middle rows
of elements in the left image. This behavior is usually not observed during experiments and is
therefore undesired. Introducing an imperfection by tapering the block slightly reduces this issue
but does not completely eliminate it. However, by influencing the density of the material this
undesired behavior can be resolved. An explanation for this can be found by considering the
elastic stress waves in the material. The elastic wave principle only holds for elastic models, and
can therefore only be applied at the very beginning of the simulation. It is used to analyze where
failure will initiate.

As a result of the impacting plate, an elastic stress wave arises at the top of the domain
and propagates downwards through the material. Once it reaches the fixed bottom, the stress
wave temporarily doubles in amplitude and then bounces back in the upwards direction. The
propagation velocity c of the elastic stress wave can in this one dimensional case be estimated by
the following relation [29]:

c =

√
E

ρ
. (5.1)

The elastic stress wave propagation velocity can be influenced by changing the density. In the
simulation depicted in Figure 5.9, the displacement of the top nodes is prescribed by the impact-
ing plate. For the relatively low propagation velocity c in the shown simulation, the elements at
both boundaries are subsequently exposed to the double amplitude of the stress wave for long
enough period of time for the yield stress to reach the plateau stress at both sides of the domain.
This results in failure spreading from both the top and the bottom. However, if the elastic wave
propagation velocity is increased by decreasing the density, the yield stress in the top boundary
elements reaches the plateau stress sooner while the yield stress in the bottom elements remains
high. Failure then only spreads from the top side. Concerning the boundary conditions depicted
in Figure 5.7, the density ρ needs to be decreased with a factor of 25 to achieve this.

In the application of this continuum model in MPDB simulations, controlling the initiation of
failure by influencing the density of the honeycomb material is not ideal since this also effects the
total inertia of the MPDB. However, usually in MPDB tests the impact is more localized, instead
of this flat plate. Failure will then initiate at this local impact and spread from there. An example
of this is shown in Section 5.3.

On top of the measures to prevent undesired behavior which are described above, the hourglass-
control function in LS-DYNA[16] is used. A stiffness based control algorithm (type 4 in LS-DYNA)
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is used and the hourglass control parameter QH is set to 0.5. The loading conditions shown in
Figure 5.7 lead to the deformations shown in Figure 5.10. The color bar indicates the value of the
non-local plastic strain ε̂pT T of the continuum model.

Figure 5.10: Deformation of LSTC shell model (left) and homogenized continuum model for
combined out-of-plane shear and compression loading (right).

In the deformation images of the shell model it can be observed that failure localizes closer to
the top surface than in the compression test case shown earlier in this chapter (Figure 5.4). This
is likely to be caused by inertial effects, since the velocity used in this simulation is significantly
higher. The localization close to the top surface resembles the behavior that is observed during
experiments.

The shell model and the continuum model show comparable deformations in terms of the
length scale on which failure occurs. In the shell model, the material is pushed outwards to the left
to a greater extend than in the continuum model. This effect is caused by the in-plane hexagonal
cell geometry in the shell model. Due to this effect, a curved localization front is observed that
curves upwards at the right of the domain. The curved localization front is best visible in the lower
two images and does not match the experimental observations from Mohr & Doyoyo [6]. Figure 2.3
showed images of this work where the folded micro-structure under combined out-of-plane shear
and compression loading is depicted. In these images, a straight localization front is observed.
The deformation of the continuum model in Figure 5.10 captures this straight localization front.

To analyze the behavior of the models in a quantitative manner, the vertical reaction force
in the contact is plotted against the vertical displacement of the plate in Figure 5.11.

34



0 50 100 150 200 250 300 350

0

50

100

150

200

250

Figure 5.11: Vertical force versus vertical displacement for both the shell and continuum model
during combined out-of-plane shear and compression loading.

From this force response, a similar conclusion can be drawn as from the compression test case shown
earlier. The force response of the isolated honeycomb block from the LSTC shell model is not in
accordance with what is typically observed during experiments. The continuum model shows a
trend that matches the behavior for a honeycomb under combined out-of-plane shear/compression
as shown in Figure 2.4a from Mohr & Doyoyo [5].

It is important to note once more that the LSTC shell model is not meant to analyze isolated
parts from and it can be useful in MPDB simulations when it is correctly calibrated. However,
this test case again shows that the continuum model presented in this work can be a valuable
solution in circumventing the need for re-calibration for different test conditions.

5.3 Local Impact Test
Generally when the MPBD crashes into a vehicle, the stiffer parts of the vehicle penetrate the
barrier deeper. This often leads to a localized impact in the honeycomb structure. In contrast
to the homogeneous impacts described in Section 5.1 and 5.2, in the third test case a localized
impact is analyzed. During localized impact, other failure mechanisms are typically observed.
Figure 5.12 from Ashab et al.[28] shows the indentation of a honeycomb specimen with a square
shaped indenter with sharp edges. The left image shows the test setup, and the right image shows
the deformed specimen after indentation.
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Figure 5.12: Out-of-plane indentation test on aluminum honeycomb specimen. Test setup (left),
deformed specimen after indentation (right)[28].

In the image of the deformed specimen, the failure mechanisms are indicated. It can be observed
that tearing occurs in the single cell walls, and de-bonding occurs in the double walls. These
failure mechanisms are not included in the current implementation of the homogenized continuum
model. A test case is performed to analyze the effect of not taking into account these local failure
mechanisms during local impact loading.

In Figure 5.13 the boundary conditions for this localized impact test are displayed. The block
dimensions are equal to those depicted in Figure 5.2. The continuum model contains 15 elements
in the crushing direction. It is impacted by a rigid sphere with a diameter of 300 mm. The impact
velocity is 1 m/s in the downwards x-direction. The bottom nodes of both blocks are fixed.

(a) LSTC shell model (b) Homogenized continuum model

Figure 5.13: Boundary conditions for localized impact test with LSTC shell model and homoge-
nized continuum model.

Figure 5.14 shows the deformation as a result of these loading conditions for both the shell and
continuum model at the same subsequent moments in time. To make this deformation visible, a
cut section of the block in the xy-plane directly under the sphere is shown. For the continuum
model, the color bar indicates the value of the non-local plastic strain in the TT-direction (ε̂pT T ).
To obtain these results, no adaptations to the continuum material parameters are needed to obtain
stable behavior. The material properties as presented in Table 5.1 are used.
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Figure 5.14: Deformation of LSTC shell model (top) and homogenized continuum model (bottom)
for localized impact loading made visible in a cut section in the xy-plane. The color bar indicates
the value of the non-local plastic strain ε̂pT T in the homogenized continuum model.

In the shell model, the sphere penetrates the honeycomb block very locally. The tearing of cell
walls that is discussed above is included in the shell model by means of the element deletion mech-
anism. If the strain in a shell element exceeds a certain threshold value, the element is deleted.
This way, the failure of an entire cell wall can be modeled. In the continuum model, the elements
below the impact are compressed, and a localization front is visible. However, the local failure
mechanisms are not included in the continuum model. The elements adjacent to the impact are
pulled inwards towards the impacting sphere, resulting in a stiffer behavior of the honeycomb block
in the continuum model compared to the shell model. The simulation with the continuum model
is terminated prematurely due to highly distorted elements below the sphere. This premature
termination is undesired in MPDB simulations.

As was analyzed by Popp [9], these local impacts play an important role during MPDB tests
[9]. Therefore, it is important that the macroscopic effects of the corresponding local failure mech-
anisms are modeled. Moreover, the absence of these failure mechanisms can cause the premature
termination of the simulations with the continuum model. Further research is recommended to
include the effect of these failure mechanisms in the continuum model. A suggestion for this is
described in Chapter 6.

5.4 Summary and Discussion
In this chapter, three test cases have been considered to analyze the performance of the ho-
mogenized continuum model that is presented in Chapter 3 and 4. From both the out-of-plane
compression loading (Section 5.1) and the combined out-of-plane shear and compression loading
(Section 5.2) it can be concluded that the trends in the results of the continuum model compare
well with experimental observations from literature. This holds for both the deformation pattern
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as well as the force response. Due to the limited number of degrees of freedom that is necessary
to describe the behavior of the material compared to the analyzed shell model, this homogenized
continuum model shows high potential for the application in MPDB simulations. With this contin-
uum model, the calibration processes such as described in the work of Weerts [8] for shell elements
are no longer necessary. Furthermore, the behavior of the continuum model can be controlled
by using macroscopic material parameters most of which are available through data sheets and
analytical expressions. For a determination of the other parameters, relatively simple experiments
need to be performed.

The loading conditions considered in Section 5.1 and 5.2 are simplified with respect to the
loading conditions to which an MPDB is usually exposed. For simplicity, a flat plate is used
as impactor whereas generally the MPDB impacts with a curved geometry. In Section 5.2 it is
described that the use of this flat plate requires a modification to the density in order to control
the failure initiation. In more realistic MPDB simulations, this issue will be less significant, since
failure will initiate at the locations where it is impacted locally and spread from there. In some
cases, the current model suffers from instabilities. Choosing a high value for the densification
strain can cause highly distorted elements that can lead to stability issues. A large difference
between the in-plane and out-of-plane stiffness values can lead to unstable behavior as well. For a
general application of this continuum model, these instabilities have to be analyzed in more detail.

An application of the continuum model during localized impact conditions is shown in Section
5.3. It is described that the local failure mechanisms that arise as a result of this localized impact
are currently not captured by the continuum model. In further research towards the application
of this model in MPDB simulations, these failure mechanisms need to be included.
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6 Conclusion
The main goal of this thesis is to create a finite deformation model to describe the crushing behav-
ior of aluminum honeycomb materials. To this end, first the relevant mechanical characteristics of
the honeycomb in the Mobile Progressive Deformable Barrier (MPDB) tests are described. A finite
deformation model is presented that uses the Lie-derivative of the Cauchy stress tensor in order
to eliminate the misalignment between the material model and the strain measure that caused
non-physical behavior in the existing continuum model [10]. The developed model is implemented
as a user material in the commercial software LS-DYNA through a user material subroutine. The
material model is tested on a single element with one integration point. From this test it is con-
cluded that the finite deformation model predicts a stress-strain response that matches with the
trends in the experimental observations of Mohr & Doyoyo [5] under out-of-plane compression and
combined out-of-plane shear and compression loading.

To limit stress oscillations that arise due to the subsequently collapsing of elements and to
spread out the plastic process zone over multiple layers of elements, a non-local formulation is
adopted. The implemented non-local model is based on formulations of Cesar de Sa et al. [13]. It
is concluded that the non-local formulation significantly reduces the peaks in the force response
and thereby limits stress oscillations for a sufficient number of elements within the interaction ra-
dius. By introducing an extra parameter, the length of the plastic process zone can be controlled
to match experimentally observed behavior.

In Chapter 5, the performance of the homogenized continuum model is tested for different
loading conditions. A honeycomb shell model originating from an MPDB model developed by
LSTC[17] is used to draw a comparison. It is concluded that the results of the continuum model
compare well with experimental observations described in literature. Both the deformation pat-
tern as well as the force response are in agreement with experimentally observed behavior. A
localization front is modeled which resembles the behavior observed in experiments. Due to the
homogenized nature of this model, a limited number of degrees of freedom is needed to capture
this behavior compared to the LSTC shell model. It is concluded that the discussed shell model
of the honeycomb material can provide an accurate description of the deformation and the force
response, but often requires a calibration to experiments or detailed shell models first. The con-
tinuum model presented in this work can be a valuable solution in circumventing the need for
re-calibration for different loading conditions that is often necessary for shell models. The behav-
ior of the continuum model can be controlled by using macroscopic material parameters most of
which are available through data sheets and analytical expressions. Therefore, this homogenized
continuum model shows high potential for efficient modeling of aluminum honeycomb materials in
MPDB simulations. In the next section, recommendation for future research are given to increase
the performance of the homogenized continuum model in MPDB simulations.

6.1 Recommendations
During localized impact experiments, failure mechanisms appear that are currently not included
in the continuum model. The two failure mechanisms that are typically encountered in these
localized impact conditions are the tearing of cell walls and the de-bonding of double cell walls.
These failure mechanisms are shown in Section 5.3. Since localized impacts are often observed
in MPDB tests, these failure mechanisms have to be included in the model. A possible method
to include these failure mechanisms is to insert cohesive zone elements between the continuum
elements in the out-of-plane direction of the honeycomb block. An element can then be crushed
while an adjacent element remains uncrushed. In this way, the failing of a cell wall can be modeled.
The implementation of this principle requires further research.

Other topics that are recommended for future research to increase the performance of the
continuum model in MPDB simulations are:
• As described in Section 4.5, boundary elements can cause stress oscillations in the current
implementation of the non-local formulation. A more elaborate analysis is required to elim-
inate this issue.
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• Section 5.2 describes that instabilities can occur in the model for certain loading conditions.
For a general application of this homogenized continuum model, these instabilities have to
be analyzed more extensively.

• In this work, the in-plane behavior of the honeycomb is assumed to be linear elastic. The
in-plane behavior can significantly influence the out-of-plane behavior. Gibson [27] describes
the in-plane plastic behavior of aluminum honeycomb, this behavior should be included in
the model.

• The current implementation of the material model through a user material subroutine in
the source code of LS-DYNA does not allow for parallel computation. Therefore, running
large models with the current implementation is time consuming. Implementing this model
in a more computationally efficient manner would be convenient in order to analyze the
behavior of this homogenized continuum model in on a larger scale with more complex
loading conditions.
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Appendix A: Objective Rate Tensors
A.1 Lie-derivative of Cauchy Stress Tensor
The Lie-derivative of the Cauchy stress tensor can be obtained by the pull-back push-forward
procedure [11], defined by the following three steps:

1. Pull-back: The stress tensor is transformed to the undeformed configuration.

2. The time derivative of the stress in this configuration is calculated.

3. Push-forward: The time derivative of the stress is mapped to the current configuration.

These three steps are detailed below.

First, the Cauchy stress tensor σ is mapped back to the undeformed configuration. This can
be done by using the inverse of the deformation gradient tensor. The symbol F denotes this
deformation gradient tensor with respect to the undeformed configuration ~x0:

F = ∂~x

∂ ~x0
. (A.1)

The transformed stress is called σ̄ and is defined as:

σ̄ = F−1 · σ · F−T (A.2)

Next, the time derivative of the stress in the undeformed configuration is calculated. It is denoted
by the symbol ˙̄σ and is calculated by:

˙̄σ = d

dt

(
F−1 · σ · F−T

)
(A.3)

In the third step, this time derivative is transformed to the current configuration to arrive at the
Lie-derivative, which is denoted with the symbol

5
σ. A transformation with F is applied as follows:

5
σ = F ·

[ d
dt

(
F−1 · σ · F−T

)]
· F T (A.4)

The expression can be simplified as follows:
5
σ = F ·

[ d
dt

(
F−1 · σ · F−T

)]
· F T

= F ·
[
Ḟ−1 · σ · F−T + F−1 · σ̇ · F−T + F−1 · σ · Ḟ−T

]
· F T

= F · Ḟ−1 · σ + σ̇ + σ · Ḟ−T · F T .

(A.5)

This can be further reduced by stating:

F · F−1 = I. (A.6)

Taking the time derivative of both sides leads to:

d

dt
(F · F−1) = 0 thus Ḟ · F−1 + F · Ḟ−1 = 0. (A.7)

With the definition of the velocity gradient tensor L = Ḟ ·F−1 the following two expressions can
be found:

Ḟ−1 = −F−1 ·L and Ḟ−T = −F−1 · F−T (A.8)
By substituting this in the result of Equation (A.5) the expression for the Lie-derivative of the
Cauchy stress tensor can be further reduced to:

5
σ = σ̇ −L · σ − σ ·L (A.9)
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A.2 Incremental Stress Integration
As is described in Chapter 3, the following constitutive rate Equation is proposed:

5
σ = L : D, (A.10)

where
5
σ is the Lie derivative of the Cauchy stress, D is the deformation rate tensor, and L is

some fourth order elasticity tensor that is defined in the deformed configuration.

For application in a numerical code, an incremental integration of this constitutive rate equation
needs to be performed to obtain the Cauchy stress tensor. To compose an incremental integration,
the mid-point rule as described in De Souza Neto et al. [12] is used. For this derivation, first an
elastic model is considered. Later, the plasticity model is introduced.

Elastic Model

A discrete time interval [tn, tn+1], with a length of ∆t is defined. The deformation gradients Fn
and Fn+1 describe the transformation from the undeformed configuration to the configurations at
tn and tn+1 respectively. They are defined as:

Fn = ∂~xn
∂ ~x0

, Fn+1 = ∂~xn+1

∂ ~x0
, (A.11)

with ~x0 the position vector in the undeformed configuration, and ~xn and ~xn+1 the position vectors
at time tn and tn+1 respectively.

At the beginning of the interval, the stress state is defined as σn, and at the end of the in-
terval the stress state is defined as σn+1. It is assumed that σn is known from the previous time
increment. The new stress σn+1 is unknown. With these stress definitions the derivative of the
Cauchy stress in the mid-point of the time interval, at tn+ 1

2
, can be estimated as follows:

σ̇n+ 1
2

= σn+1 − σn
∆t

, (A.12)

with ∆t approaching 0. However, the Lie-derivative of the Cauchy stress tensor is used instead of
the regular time derivative. The Lie-derivative is obtained by the pull-back push-forward procedure
as described in Appendix A.1. The first step of the pull-back procedure for the Lie-derivative is
to map the stress to the undeformed configuration. These mapped stresses at time tn and tn+1
are defined as:

σ̄n = F−1
n · σn · F−Tn

σ̄n+1 = F−1
n+1 · σn+1 · F−Tn+1.

(A.13)

The bar above the symbol denotes that it has been mapped to the undeformed configuration.

The second step in the pull-back push-forward procedure is to take the time derivative in this
mapped state. This derivative can be approximated in a similar way as in Equation (A.12),
only now with bars over the tensor symbols, denoting that the tensors live in the undeformed
configuration.

˙̄σn+ 1
2

= σ̄n+1 − σ̄n
∆t

. (A.14)

Appendix A.1 describes that the Lie-derivative
5
σ is the push-forward of the derivative in the

undeformed configuration ˙̄σ, as defined by:
5
σ = F · ˙̄σ · F T . (A.15)
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Using this relation in combination with the expression in Equation (A.14), the value of the Lie-
derivative at tn+ 1

2
can be approximated by:

5
σn+ 1

2
= Fn+ 1

2
· ˙̄σn+ 1

2
· F Tn+ 1

2

= Fn+ 1
2
·
[ σ̄n+1 − σ̄n

∆t

]
· F Tn+ 1

2
,

(A.16)

where the deformation gradient Fn+ 1
2
in the mid-point of the time interval is defined as:

Fn+ 1
2

= 1
2(Fn + Fn+1). (A.17)

Using the constitutive law of Equation (A.30), it can also be stated that:
5
σn+ 1

2
= L : Dn+ 1

2
. (A.18)

The deformation rate tensor Dn+ 1
2
at time tn+ 1

2
is defined as the symmetric part of the velocity

gradient tensor Ln+ 1
2
. This velocity gradient tensor is defined as:

Ln+ 1
2

= Ḟn+ 1
2
· F−1

n+ 1
2
, (A.19)

and can be estimated by:
Ln+ 1

2
=
(Fn − Fn+1

∆t

)
· F−1

n+ 1
2
. (A.20)

Thus, for the deformation rate tensor at the mid-point it holds that:

Dn+ 1
2

= sym
[(Fn − Fn+1

∆t

)
· F−1

n+ 1
2

]
. (A.21)

Combining Equations (A.16) and (A.18) results in:

Fn+ 1
2
·
[ σ̄n+1 − σ̄n

∆t

]
· F Tn+ 1

2
= L : Dn+ 1

2
. (A.22)

This can be manipulated such that both sides of the equation are fully defined in the undeformed
configuration. Pre-multiplying both sides by F−1

n+ 1
2
and post-multiplying both sides by F−T

n+ 1
2
gives:

σ̄n+1 − σ̄n
∆t

= F−1
n+ 1

2
· (L : Dn+ 1

2
) · F−T

n+ 1
2
. (A.23)

As mentioned above, the elasticity tensor L is defined in the deformed configuration. The elastic-
ity tensor C, as a part of the material model defined in this work, is defined in the undeformed
configuration. Thus, some transformation between L and C can be defined.

To use C in the last equation, it has to be paired with a deformation rate tensor that is also
defined in the undeformed configuration. By pre- and post-multiplying with F−1

n+ 1
2
and F−T

n+ 1
2

respectively, the deformation rate tensor D can be mapped back to the undeformed configuration
as follows:

D̄ = F−1
n+ 1

2
·Dn+ 1

2
· F−T

n+ 1
2
, (A.24)

where the bar again denotes that the tensor has been mapped to the undeformed configuration.
Equation (A.23) can now be written as:

σ̄n+1 − σ̄n
∆t

= C : D̄n+ 1
2
, (A.25)

as long as the following definition holds:

F−1 · (L : D) · F−T = C : (F−1 ·D · F−T ). (A.26)

The relation between the elasticity tensor L relates to the elasticity tensor C through:

Livsp = FikFvlCklmnF−1
np F

−1
ms . (A.27)

The derivation of this expression is detailed in the box below.
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Derivation of relation between L and C.

Start with Equation (A.26), left multiply both sides of the equation with F and right
multiply both sides of the equation with F T to arrive at:

L : D = F ·
[
C : (F−1 ·D · F−T )

]
· F T

The transformation F−1 ·D · F−T can be written in component form as:

F−1 ·D · F−T = F−1
op ~eo~ep ·Dqr ~eq~er · F−1

ts ~es~et,

= F−1
op DqrF

−1
ts δpqδrs ~eo ~et,

= F−1
op DpsF

−1
ts ~eo~et.

The double product of the stiffness tensor C with this term can be written as follows:

C : (F−1 ·D · F−T ) = Cklmn ~ek~el~em~en : F−1
op DpsF

−1
ts ~eo~et,

= CklmnF−1
op DpsF

−1
ts δnoδmt ~ek~el,

= CklmnF−1
np DpsF

−1
ms ~ek~el.

Now the entire right side of the top equation can be written in index notation as follows:

F ·
[
C : (F−1 ·D · F−T )

]
· F T = Fij ~ei~ej · CklmnF−1

np DpsF
−1
ms ~ek~el · Fvu ~eu~ev

= FijCklmnF−1
np DpsF

−1
msFvuδjkδlu ~ei~ev

= FikCklmnF−1
np DpsF

−1
msFvl ~ei~ev

The left hand side of the top equation can be written as:

L : D = Livsp ~ei~ev~es~ep : Dps ~ep~es

= LivspDps ~ei~ev

By combining the index notation for the left and right hand side of the top equation,
and rearranging, a relation between L and C can be found as:

Livsp = FikFvlCklmnF−1
np F

−1
ms

Now, Equation (A.25) can be rearranged to find an expression for the Cauchy stress at the end of
the time interval, defined in the undeformed configuration:

σ̄n+1 = σ̄n +∆t C : D̄n+ 1
2
. (A.28)

Interpreting this expression, it can be observed that the new stress defined in the undeformed
configuration is equal to the old stress in that same configuration, plus a stress increment that is
fully calculated in that same configuration.

The new stress can be mapped forward to the deformed configuration to find the Cauchy stress.
The inverse relation of the mapping defined in Equation (A.13) is used to obtain:

σn+1 = Fn+1 ·
[
σ̄n +∆t C : D̄n+ 1

2

]
· F Tn+1. (A.29)

Elasto-Plasticity Model

In this work, the honeycomb material is described using a plasticity model. Thus, plasticity is
introduced in the constitutive relation. As proposed by De Souza Neto et al. [12], the constitutive
rate equation becomes: 5

σ = L : De with De = D −Dp. (A.30)
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As is described in Section 3.3, the plastic deformation rate is given by the product of the plastic
multiplier γ̇ and the plastic flow vector r, given by:

Dp = γ̇r(σ). (A.31)

Following the same derivation as for the purely elastic case above, the stress at the end of the time
interval can be found by using the following relation:

σn+1 = Fn+1 ·
[
σ̄n +∆t C : D̄e

n+ 1
2

]
· F Tn+1, (A.32)

where D̄e
n+ 1

2
is now given by:

D̄e
n+ 1

2
= F−1

n+ 1
2
·
[
Dn+ 1

2
−Dp

n+ 1
2

]
· F−T

n+ 1
2
. (A.33)

The total deformation rate Dn+ 1
2
is given by the definition in Equation (A.21). The plastic

deformation rate Dp

n+ 1
2
is given by:

Dp

n+ 1
2

= γ̇r(σn+ 1
2
). (A.34)
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Appendix B: Numerical Implementation of Non-Local Con-
tinuum Model
The non-local continuum model that is described in Chapter 3 and Chapter 4 is implemented in
the commercial software LS-DYNA. In the source-code of this software, a user-defined material can
be written using FORTRAN code[16]. For this implementation, LS-DYNA MPP version R10.1.0
is used. This appendix describes the details of the implementation. Figure B.1 at the end of this
appendix shows a flowchart that describes the steps in the numerical implementation.

B.1 Non-Local Formulation
As can be seen in the block scheme of Figure B.1, the computations for the non-local formulation
are performed one level higher than the stress update by the material model itself. The reason for
this level distinction is that, in order to calculate the non-local plastic strain ε̂pT T of an integration
point, the local plastic strains εpT T of its surrounding elements must be available.

As described in Chapter 4, the non-local operator βij can be calculated with Equation (4.5).
Since it is constant for the entire simulation, it only has to be calculated once, and is stored
in a sparse data structure. The non-local plastic strain can be calculated using Equation (4.6),
with Q = εpT T . Next, the stresses and local plastic strains are updated with the material model
(Appendix B.2). The local plastic strains for each integration point is saved, these are necessary
for the calculation of the non-local plastic strain in the next time step.

B.2 Material Model
The update of the stresses and local plastic strain in an integration point is called after the non-
local parameter is calculated. The implementation of the stress update is described in this section.
In this description, certain definitions from Appendix A are used.

In the implementation of the material model, the current time is defined as tn+1. At the cur-
rent time, the following values are known:

• The material properties, including the elasticity tensor C as defined in Chapter 3.

• The old Cauchy stress tensor, σn.

• The length of the current time step, ∆t.

• The old and the new deformation gradient tensors, Fn and Fn+1 respectively, as defined in
Equation (A.11).

• The plastic deformation gradient of the previous time step, F p
n .

As a first step, the deformation gradient tensor in the mid-point, Fn+ 1
2
is calculated through its

definition in Equation (A.17). With this, the deformation rate tensor at the mid-point of the time
interval Dn+ 1

2
can be calculated using Equation (A.21).

As is commonly done in plasticity models, a trial stress σtr
n+1 is calculated. This trial stress

is calculated by using the expression for the incremental stress that was found in Appendix A.2:

σn+1 = Fn+1 ·
[
σ̄n +∆t C : D̄e

n+ 1
2

]
· F Tn+1,

with D̄e
n+ 1

2
= F−1

n+ 1
2
·
[
Dn+ 1

2
− γ̇r(σn+ 1

2
)
]
· F−T

n+ 1
2
.

(B.1)

The trial stress can be calculated by assuming that the entire step is elastic, thus γ̇ = 0.
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Next, the yield function f is considered, which is given by:

f(σ,σy) = σT T

σyT T

+
√(τT L

τyT L

)2
+
(τT W

τyT W

)2
− 1. (B.2)

As was described in Section 3.3, the evolution of the yield stresses σy = [σyT T , τyT L, τyT W ] is governed
by the plastic strain in the TT-direction, εp

T T . This plastic strain was defined as a function of the
plastic deformation gradient F p as follows:

εpT T = 1− F p(1, 1). (B.3)

Since the plastic deformation gradient of the current time step is not yet available, the plastic
deformation gradient of the previous time step is used to calculate the yield stresses. This is only
justifiable when the time step is sufficiently small. For this work, this criterion is satisfied, since
explicit dynamic simulations require a small time step to guarantee stability.

The yield stresses σy can be calculated with Equation (3.22) and (3.26). To incorporate the
non-local model, the non-local influenced initial yield stress σ̂y0 must be used in these equations,
instead of the original initial yield stresses σy0. The non-local influenced initial yield stresses can
be calculated using Equations (4.7) and (4.8).

The trial stress is substituted in the yield function, as f(σtr,σy). If f ≤ 0, no failure has occurred
and the trial stress is accepted as the new stress. If f > 0, the yield surface is exceeded and a
return mapping is required.

In order to map the trial stress back to the yield surface, the expression for the new stress (Equa-
tion B.1) is used. To use this expression, the flow vector r(σn+ 1

2
) is needed. This flow vector is a

function of the stress at time tn+ 1
2
, which is not yet known. Therefore, the old stress, σn is used

to calculate the flow vector. It is thereby assumed that the change in flow vector in subsequent
time steps is negligible. This assumption is only valid when the time step is sufficiently small,
which is the case for the explicit dynamic simulations used in this work. Thus, it is assumed that:

r(σn+ 1
2
) ≈ r(σn). (B.4)

The flow vector can be calculated with Equation (3.20).

Mapping the trial stress back to the yield surface means finding a value for the plastic multiplier
γ̇, such that the yield function f(σn+1,σ

y) becomes equal to 0. Thus, the value of the plastic
multiplier in the expression for σn+1 in Equation (B.1) is now iterated until a stress is found for
which it hold that f(σn+1,σ

y) = 0, while keeping the other variables constant. This iterative
procedure is performed using a secant method. Once the iterative procedure has converged, the
value for the plastic multiplier γ̇ is saved, and the corresponding stress σn+1 is accepted as new
stress.

Now that the value for the plastic multiplier is known, the plastic deformation gradient F pn+1
can be calculated. As was mentioned in Chapter 3, a multiplicative decomposition of the deforma-
tion gradient as proposed by Lee [14] is used in this work. The deformation gradient is decomposed
in an elastic and a plastic part as follows:

F = F e · F p. (B.5)

As described by De Souza Neto et al. [12], the plastic part of the deformation gradient can be
calculated by using the plastic velocity gradient:

Lp = Ḟ p · (F p)−1 (B.6)
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The plastic velocity gradient is defined as the sum of the plastic rate of deformation Dp and the
plastic spin ωp. The plastic rate of deformation follows from the flow rule, as described in Chapter
3:

Dp = γ̇r(σ). (B.7)

However, no evolution law is defined for the plastic spin. Since the elastic regime (±3% strain)
is typically so small compared to the plastic regime (±80% strain) for honeycomb materials, it
is assumed that all spin is plastic spin: ωp ≈ ω. The evolution law for the plastic deformation
gradient then becomes:

Dp + ω = Ḟ p · (F p)−1. (B.8)

This is solved incrementally by using the midpoint rule[12], as follows:

F p
n+1 = exp[Dp

n+ 1
2

+ ωn+ 1
2
] · F p

n , (B.9)

in which the spin tensor ωn+ 1
2
can be calculated in a similar way as Equation (A.21):

ωn+ 1
2

= skew
[(Fn − Fn+1

∆t

)
· F−1

n+ 1
2

]
. (B.10)

The new plastic deformation tensor F p
n+1 is saved for the next time step.
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Figure B.1: Block scheme overview of steps in the numerical implementation.
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Appendix C: Critical Non-Local Plastic Strain
As was discussed in Chapter 4, the critical non-local plastic strain ε̂∗ acts as a reference value to
lower the initial yield stress σy0 towards the plateau stress σ∞ in elements in front of the local-
ization front. A correct choice for this reference value is important to prevent stress oscillations.
If the value is too high, the initial yield stress σy0 in the element just before the localization front
will not yet be equal to the plateau stress σ∞, and a stress oscillation will occur. If the value is
too low, the localization front will move to the next element before the current element reaches
the densification strain. In this appendix, the derivation for a suitable value for ε̂∗ as proposed by
Van Iersel [10] will be shown.

Similar to Chapter 4, the idealized representation of the crushing process is considered in Fig-
ure C.2. In the figure, a domain along the χ-axis is discretized based on reduced integrated linear
elements, of which the integration points are indicated by dots. If quasi-static behavior is assumed,
the state of the material transforms from uncrushed (εpT T = 0) to crushed (εpT T = εd) over the
course of one single element. The figure shows the situation when the local plastic strain in the
integration point at the localization front (indicated with 1 ) has just reached the densification
strain, and in the adjacent integration point (indicated with 2 ) it is still equal to zero.

Figure C.2: Schematic representation of the localization front in a one dimensional domain assum-
ing linear elements with single integration point Gaussian quadrature and quasi-static behavior
[10].

As was concluded in Section 4.3, the non-local plastic strain ε̂pT T in the integration point indicated
with 2 should be equal to ε̂∗. In order to achieve this, the value of ε̂pT T in this integration point
is calculated analytically. The critical non-local plastic strain is then set equal to this expression.

The value of the non-local plastic strain can be calculated with the definition given by:

ε̂pT T (~χ, ~ξ) =
∫
V

β(~χ, ~ξ)εpT T (~ξ) dV, (C.1)

with

β(~χ, ~ξ) = α(~χ, ~ξ)∫
V
α(~χ, ~ζ) dV (~ζ)

and α(~χ, ~ξ) =
(

1− ‖~χ−
~ξ‖2

l2r

)2

. (C.2)

This derivation is shown in one dimension, but it is fully equivalent in three dimensions. First,
the function for the non-local operator β for the point χ = 0 in the domain is integrated over its
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neighboring points ξ and normalizing from 0 to 1 with the integration constant:∫
β(0, ξ) dξ =

∫
α(0, ξ)∫ lr

−lr α(0, ζ) dζ
dξ

=
ξ − 2ξ3

3l2r
+ ξ5

5l4r
16
15 lr

+ 1
2

(C.3)

The shape of the resulting function as a function of distance ξ from position χ is given in Figure
C.3.

Figure C.3

Within the interaction radius of point χ = 0, this integral
∫
β(0, ξ) dξ has the same sigmoid shape

as the non-local plastic strain calculated around the localization front, only the non-local plastic
strain is scaled with the densification strain εd. Thus the non-local plastic strain as a function of
distance ξ from the localization front is given by:

ε̂pT T (ξ) = εd

(
ξ − 2ξ3

3l2r
+ ξ5

5l4r
16
15 lr

+ 1
2

)
. (C.4)

To find the value of the non-local plastic strain at the integration point just before the localization
front, the element length le can be used. Assuming reduced integrated linear elements, the inte-
gration point is in exactly the middle of the element, so it can be stated that ε̂∗ = ε̂pT T (ξ = − 1

2 le),
resulting in:

ε̂∗(εd, le, lr) = εd

(
1
2 −

1
2 le −

l3e
12l2r

+ l5e
160l4r

16
15 lr

)
. (C.5)

This expression for the critical non-local plastic strain is used in the non-local formulation as
described in Chapter 4.
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Appendix D: Continuum Model Parameter Estimate for Test
Cases
This appendix describes how the material parameters for the non-local continuum model described
in this work are chosen to model the honeycomb type 1.6-3/8-P-5052. Even though there are data
sheets from Plascore Inc. [25] and I.MA.TEC. [26] available for this material, not all material
parameters can be directly deduced from them. Therefore, analytical equations from Gibson[27]
are used, and some assumptions are necessary. As was concluded by Van Iersel, material param-
eters calculated with the analytical equations from Gibson sometimes significantly deviate from
measurements. This is most likely caused by deviations and imperfections that occur in the pro-
duction process of the material which are not taken into account. For this reason, it is preferred to
use material parameters from data sheets if they are available. If they are unavailable, analytical
expression are used.

D.1 Parameters for Elastic Regime
First, the elastic moduli of the material are considered. In the data sheet[26], the out-of-plane
elastic material parameters are given:

• Elastic modulus in the TT-direction, ET T = 138MPa.

• Shear modulus in the TL-direction, ET L = 145MPa.

• Shear modulus in the TW-direction, ET W = 76MPa.

The in-plane elastic moduli are provided in the data sheet. Analytical equations from Gibson[27]
are used to calculate these. For these equations, the geometric properties of the honeycomb
material are needed, as well as the elastic properties of the solid aluminum 5052 alloy. These
properties are given in Table D.1.

Table D.1: Properties of honeycomb type 1.6-3/8-P-5052 [25].

Property Value
ρ [kg/m3] 25.6
t [mm] 0.05
l [mm] 4.8
h [mm] 4.8
θ [deg] 30
Es [GPa] 70
νs [-] 0.33

The interpretation of these geometric properties are shown in Figure 2.1a. The properties of the
solid aluminum material are denoted with the subscript s. The elastic modulus in the L-direction
can be calculated by using:

ELL

Es

= t3

l3
h/l + sin θ

cos3 θ
,

EW W

Es

= t3

l3
cos θ

(h/l + sin θ) sin2 θ
,

GLW

Es

= t3

l3
(h/l + sin θ)

(h/l)2 cos θ(1 + 16h/l) .

(D.1)

54



The Poisson’s ratios can be found by:

νW L = cos2 θ

(h/l + sin θ) sin θ ,

νLW = (h/l + sin θ) sin θ
cos2 θ

,

νT W = νT L = νs,
νT W

ET T

= νW T

EW W

νT L

ET T

= νLT

ELL

(D.2)

With the properties given in Table D.1, the expressions for νW L and νW L both yield a value of 1.0.
Since this would lead to a zero in the top left index of the stiffness tensor C of Equation (3.14), a
value of νW L = νLW = 0.9 is used.

D.2 Parameters for Plastic Regime
The initial yield stresses in the out-of-plane directions are given in the data sheet [26]:

• Initial yield stress in the TT-direction, σy0
T T = 0.66MPa.

• Initial yield stress in the TL-direction, τy0
T L = 0.59MPa.

• Initial yield stress in the TW-direction, τy0
T W = 0.34MPa.

The plateau stress in the TT-direction is equal to σ∞T T = 0.28MPa. However, the plateau stresses
in the TL- and TW- directions are not given. Also, no analytical expressions are available to
calculate these values. Therefore, the assumption is made that the fraction of the initial yield
stress and the plateau stress is equal for the TT-, TL- and TW-directions. In equation form, this
assumption is stated as follows:

σy0
T T

σ∞T T

≈ σy0
T L

σ∞T L

≈ σy0
T W

σ∞T W

. (D.3)

There is no experimental evidence available to support this assumption, and it might lead to in-
accuracies in the model predictions. Ideally, experiments similar to the ones performed by Mohr
& Doyoyo [5] (shown in Figure 2.4a) are performed to extract these parameters.

Next, the densification strain εd, the softening shape parameter g and the hardening shape pa-
rameter hd must be estimated. A way to estimate realistic values for these parameters is fitting
them on an experimentally obtained stress-strain response. However, this data is not available and
the choice for these parameters can not be based upon scientific data for this specific honeycomb
type. Instead, the values of these properties are chosen equal to those for the honeycomb type
1.8-3/4-P-3003 [22] that was used in Chapter 3. Also the interaction radius lr is chosen equal to
this honeycomb type. This is a reasonable assumption, since the considered honeycomb types are
similar.

In Table D.2 the material parameters are given.
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Table D.2: Material properties to describe the honeycomb type 1.6-3/8-P-5052 in the continuum
model.

Property Value Property Value Property Value
ET T [MPa] 138 νT L [-] 0.33 σy0

T T [MPa] 0.66
ELL [MPa] 0.20 νLT [-] 4.7e-4 σ∞T T [MPa] 0.28
EW W [MPa] 0.20 νT W [-] 0.33 τy0

T L [MPa] 0.59
GT L [MPa] 145 νW T [-] 4.7e-4 τ∞T L [MPa] 0.25
GT W [MPa] 76 νLW [-] 0.9 τy0

T W [MPa] 0.34
GLW [MPa] 0.0086 νW L [-] 0.9 τ∞T W [MPa] 0.15
εd [-] 0.8 g [-] 0.2 ρ [kg/m3] 25.6
hd [MPa] 500 lr [mm] 150
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Appendix E: LS-DYNA Code
In this appendix, the implementation of the homogenized non-local continuum model is presented.
The model is implemented in LS-DYNA MPP version R10.1.0 as a user defined material. The
implementation in LS-DYNA is done as described in Appendix A of LS-DYNA Manual [16]. The
FORTRAN code in the dyn21.f file is modified as is described in this appendix. The implemen-
tation shown in the work of Van Iersel [10] is used as starting point for the one shown here. Figure
B.1 in Appendix B shows a flowchart that schematically describes the implementation.
In Section E.1, the code for the non-local formulation is given. Section E.2 deals with the local
material model.

E.1 Non-Local Formulation
The subroutine ‘urmathn’ is called when a user-defined material is selected for continuum elements.
The non-local formulation is implemented by adding lines of code to this subroutine. Only the
relevant lines in the ‘urmathn’ subroutine are shown here, since the entire subroutine is long. In
Section E.1.1 and E.1.2, two extra subroutines are included that are needed for the functioning of
the subroutine ‘urmathn’.
...

subroutine urmathn(lft,llt,cm,bqs,mt,crv,nnpcrv,npc,plc,nnm1,
1 rcoor,scoor,tcoor,nconstp,nip,ipt,eltype,nhxbwp,nshbwp,ntsbwp)
use userinterface

c
c******************************************************************
c| Livermore Software Technology Corporation (LSTC) |
c| ------------------------------------------------------------ |
c| Copyright 1987-2008 Livermore Software Tech. Corp |
c| All rights reserved |
c| ------------------------------------------------------------ |
c| Edit by Tom van Beurden, 28-01-2020 |
c| Eindhoven University of Technology & BMW Group |
c| Based on implementation by Dennis van Iersel 2018 |
c| Based on implementation by Popp 2007 |
c*********************************************************************
...
...

include ’bk06.inc’
...
...

real lr
integer, save :: n_interact

c
integer nodeID , i_node
integer elementID, elementIDi, elementIDj
real intalpha, alpha, x1(3), x2(3)

c
c

real, allocatable, save :: coord(:,:),var_loc(:), detJ(:)
real, allocatable :: var_nonloc(:),int_coord(:,:)
integer, allocatable, save :: connect(:,:)

c Linked List storage of non-local data
integer, allocatable, save :: ll_bounds(:), ll_indj(:)
real, allocatable, save :: ll_valj(:)
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integer ll_size, ll_counter, ll_interaction, ll_maxinteraction
integer ll_index, ll_j

c
if(.not. allocated(var_loc)) allocate(var_loc(numelh))
if(.not. allocated(var_nonloc)) allocate(var_nonloc(numelh))
if(.not. allocated(detJ) ) allocate(detJ(numelh))

...

...
c Get nodalcoordinates and connectivities (only at cycle #1)

IF(ncycle .EQ. 1)THEN
c
c
c Allocate memory for node coordinates and connection table

if(.not. allocated(coord)) allocate(coord(numnp,3))
if(.not. allocated(connect)) allocate(connect(numelh,8))

c
c Fill nodal coordinates array:

call getreal8ptr(’dm_x’,dm_x)
c

DO i=lft, llt
c
c Get connectivities:

ielem=lqfinv(nnm1+i, 2)
connect(ielem,1)= lqfinv(ix1(i),1)
connect(ielem,2)= lqfinv(ix2(i),1)
connect(ielem,3)= lqfinv(ix3(i),1)
connect(ielem,4)= lqfinv(ix4(i),1)
connect(ielem,5)= lqfinv(ix5(i),1)
connect(ielem,6)= lqfinv(ix6(i),1)
connect(ielem,7)= lqfinv(ix7(i),1)
connect(ielem,8)= lqfinv(ix8(i),1)

c
c Get nodal coordinates (Not efficient, but functional):

CALL get_coordinates(coord,dm_x,ix1(i),numnp,lqfinv(ix1(i),1))
CALL get_coordinates(coord,dm_x,ix2(i),numnp,lqfinv(ix2(i),1))
CALL get_coordinates(coord,dm_x,ix3(i),numnp,lqfinv(ix3(i),1))
CALL get_coordinates(coord,dm_x,ix4(i),numnp,lqfinv(ix4(i),1))
CALL get_coordinates(coord,dm_x,ix5(i),numnp,lqfinv(ix5(i),1))
CALL get_coordinates(coord,dm_x,ix6(i),numnp,lqfinv(ix6(i),1))
CALL get_coordinates(coord,dm_x,ix7(i),numnp,lqfinv(ix7(i),1))
CALL get_coordinates(coord,dm_x,ix8(i),numnp,lqfinv(ix8(i),1))

c
ENDDO

c
ENDIF

c
c Compute non-local factors beta_ij(only at cycle #2)

IF(ncycle .EQ. 2 .and. nnm1 .eq. 0)THEN
c
c Allocate memory for and initiation of integration point locations

allocate(int_coord(numelh,3))
int_coord = 0.0d0

c
c Assign radius of interest for non-local method
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lr = cm(mx+15)
c
c Compute determinant of the jacobion for isoparametric transformation
c (detJ = Det(J)*w)

call get_det_jacobian(detJ, coord, connect, numnp, numelh)
c
c Compute integration point locations:
c Only valid for reduced integration solid elements

do elementID = 1,numelh
do i_node=1,8 ! only valid for 8 node elements

nodeID = connect(elementID,i_node)
do j = 1,3 ! Loop over dimensions

int_coord(elementID,j) = int_coord(elementID,j)
2 +coord(nodeID,j)/8.0d0

end do
end do

end do
c

ll_size = 0 ! number of nonzero components in betaij
ll_counter = 1
ll_interaction = 0
ll_maxinteraction = 0

c
do elementIDi = 1,numelh

i_interact = 0
x1(1:3) = int_coord(elementIDi,1:3)
do elementIDj = 1, numelh

x2(1:3) = int_coord(elementIDj,1:3)
distance = sqrt((x1(1)-x2(1))**2+(x1(2)-x2(2))**2

1 +(x1(3)-x2(3))**2)
if (distance .le. lr) THEN

i_interact = i_interact + 1
ll_size = ll_size+1

endif
end do
n_interact = max(n_interact,i_interact)

end do
c
c

allocate(ll_bounds(numelh+1)) ! Linked list
allocate(ll_indj(ll_size)) ! Linked list
allocate(ll_valj(ll_size)) ! Linked list
ll_bounds(1) = 1
ll_indj(1:ll_size) = -99
ll_valj(1:ll_size) = -99.9

c
do elementIDi = 1, numelh

intalpha = 0.0d0
x1(1:3) = int_coord(elementIDi,1:3)

c Compute the integral of alpha over the whole domain
do elementIDj = 1, numelh

x2(1:3) = int_coord(elementIDj,1:3)
alpha = max(1.0d0-(((x1(1)-x2(1))**2+(x1(2)-x2(2))**2

2 +(x1(3)-x2(3))**2)/(lr**2)),0.0d0)**2
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intalpha = intalpha+alpha*detJ(elementIDj)
end do

c Compute the non-local operator value
do elementIDj = 1, numelh

x2(1:3) = int_coord(elementIDj,1:3)
alpha = max(1.0d0-(((x1(1)-x2(1))**2+(x1(2)-x2(2))**2

2 +(x1(3)-x2(3))**2)/(lr**2)),0.0d0)**2
if(alpha .gt. 1.0d-8) then

ll_indj(ll_counter) = elementIDj
ll_valj(ll_counter) = alpha/intalpha
ll_counter = ll_counter+1
end if

end do
ll_bounds(elementIDi+1) = ll_counter
ll_interaction=ll_bounds(elementIDi+1)-ll_bounds(elementIDi)
ll_maxinteraction = max(ll_maxinteraction,ll_interaction)

end do
c
c Deallocate mmory which is no longer needed

deallocate(int_coord,coord,connect)
c

ENDIF
c
c
c Compute non-local variable(e.g. at every cycle)
c nnml = 0 condition to only calculate var_nonloc array once every cycle
c for efficiency

ll_j = 0
IF (ncycle .GE. 2 .and. nnml1. eq. 0) THEN

var_nonloc = 0.0d0
do elementIDi = 1, numelh

do ll_index = ll_bounds(elementIDi),ll_bounds(elementIDi+1)-1
ll_j = ll_indj(ll_index)
var_nonloc(elementIDi) = var_nonloc(elementIDi)+

1 ll_valj(ll_index)*var_loc(ll_j)*detJ(ll_j)
end do

end do
endif

...

...
do 90 i=lft,llt

c Get external element ID (solids)
ielem = lqfinv(nnm1+i,2)

...

...
c Pass non-local value on to material model and
c extract local value for next cycle:
44 call umat44 (cm(mx+1),eps,sig,epsp,hsv,dt1,

1 capa,eltype,tt,temper,failel,crv,nnpcrv,a(lcma),0,elsiz
2 ,idele,reject,var_nonloc(ielem),var_loc(ielem))

...

...
90 continue

...
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...
end

.

E.1.1 Get Nodal Coordinates

The following subroutine is used to extract the coordinates of the nodes from the internal data of
LS-DYNA.

...
subroutine get_coordinates(coord, x, ix, mxnode, nodeID)

c
implicit none
integer nodeID, ix, mxnode
realcoord
real*8 x
dimension coord(mxnode,3),x(3,*)

c
coord(nodeID,1) = x(1,ix)
coord(nodeID,2) = x(2,ix)
coord(nodeID,3) = x(3,ix)

c
end subroutine get_coordinates

.

E.1.2 Determine Jacobian and Gaussian weight

In the subroutine ‘get_det_jacobian’, the determinant of the Jacobian matrix and the Gaus-
sian weight for an integration point is calculated. This subroutine can only be used for reduced
integration continuum elements, the default continuum element type in LS-DYNA.

...
subroutine get_det_jacobian(detJ, coord, connect, numnp, numelh)

c
implicit none
integer numnp, numelh, i, k, nodeID, elemID
real coord(numnp,3), detJ(numelh), J(3,3)
integer connect(numelh,8)
real dNdxi(3,8),xe(8,3),w

c
c Fill Shape function gradient matrix:
c!!!! Only valid for reduced integration linear element:!!!!!!

dNdxi(1,1) = -1.0d0/8.0d0
dNdxi(1,2) = 1.0d0/8.0d0
dNdxi(1,3) = 1.0d0/8.0d0
dNdxi(1,4) = -1.0d0/8.0d0
dNdxi(1,5) = -1.0d0/8.0d0
dNdxi(1,6) = 1.0d0/8.0d0
dNdxi(1,7) = 1.0d0/8.0d0
dNdxi(1,8) = -1.0d0/8.0d0
dNdxi(2,1) = -1.0d0/8.0d0
dNdxi(2,2) = -1.0d0/8.0d0
dNdxi(2,3) = 1.0d0/8.0d0
dNdxi(2,4) = 1.0d0/8.0d0
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dNdxi(2,5) = -1.0d0/8.0d0
dNdxi(2,6) = -1.0d0/8.0d0
dNdxi(2,7) = 1.0d0/8.0d0
dNdxi(2,8) = 1.0d0/8.0d0
dNdxi(3,1) = -1.0d0/8.0d0
dNdxi(3,2) = -1.0d0/8.0d0
dNdxi(3,3) = -1.0d0/8.0d0
dNdxi(3,4) = -1.0d0/8.0d0
dNdxi(3,5) = 1.0d0/8.0d0
dNdxi(3,6) = 1.0d0/8.0d0
dNdxi(3,7) = 1.0d0/8.0d0
dNdxi(3,8) = 1.0d0/8.0d0

c
c Weight for single integration point brick:

w = 8.0d0
c
c Loop over all elements:

do elemID = 1, numelh
c
c Fill element node location matrix:

do i = 1, 8
do k = 1, 3

nodeID = connect(elemID,i)
xe(i,k) = coord(nodeID,k)

enddo
enddo

c
c Compute Jacobian:

J = matmul(dNdxi,xe)
detJ(elemID) = (J(1,1)*J(2,2)*J(3,3)+J(1,2)*J(2,3)*J(3,1)+

1 J(1,3)*J(2,1)*J(3,2)-J(1,3)*J(2,2)*J(3,1)-
2 J(1,2)*J(2,1)*J(3,3)-J(1,1)*J(2,3)*J(3,2))*w
enddo

c
end subroutine

.
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E.2 Material Model
The material model is implemented in the subroutine ‘umat44’. This subroutine is called in the
final lines of the subroutine ‘urmath’ for an update of (among others) the stresses, strains, history
variables. Section E.2.1 shows the main subroutine. Section E.2.2 until E.2.7 shows the extra
separate subroutines that are used.

E.2.1 Main Material Subroutine

...
subroutine umat44 (cm,eps,sig,epsp,hsv,dt1,capa,etype,tt,

1 temper,failel,crv,nnpcrv,cma,qmat,elsiz,idele,reject,var_nonloc,
2 var_loc)

c
c*********************************************************************
c| Livermore Software Technology Corporation (LSTC) |
c| ------------------------------------------------------------ |
c| Copyright 1987-2008 Livermore Software Tech. Corp |
c| All rights reserved |
c| ------------------------------------------------------------ |
c| Edit by Tom van Beurden, 28-01-2020 |
c| Eindhoven University of Technology & BMW Group |
c| Based on implementation by Dennis van Iersel 2018 |
c| Based on implementation by Popp 2007 |
c*********************************************************************
c
c Phenomenological aluminium honeycomb material model
c
c Variables
c
c cm(1)= Bulk modulus
c cm(2)= Shear modulus
c cm(3)= Youngs modulus along tt-axis
c cm(4)= Youngs modulus along ll-axis
c cm(5)= Youngs modulus along ww-axis
c cm(6)= Youngs modulus along tl-axis
c cm(7)= Youngs modulus along lw-axis
c cm(8)= Youngs modulus along tw-axis
c cm(9 )= Initial Yield stress tt-axis
c cm(10)= Initial Yield stress tl-axis
c cm(11)= Initial Yield stress tw-axis
c cm(12)= Plateau stress tt-axis
c cm(13)= Plateau stress tl-axis
c cm(14)= Plateau stress tw-axis
c cm(15)= Non-local interaction radius
c cm(16)= Element size along tt-axis
c cm(17)= Densification strain
c cm(18)= Hardening modulus
c cm(19)= Number of utilized history variables
c cm(20)= Softening shape parameter
c cm(21)= Poissons ratio on tl-axis
c cm(22)= Poissons ratio on lw-axis
c cm(23)= Poissons ratio on tw-axis
c .
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c .
c cm(lmc)= Last material constant
c
c
c Note :
c - eps is in strain Voigt notation, meaning that
c e.g. eps(4) is the sum of tensorial xy and yx strain increments.
c - eps is computed as true (logarithmic) strain
c
c sig(1)= local x stress
c sig(2)= local y stress
c sig(3)= local z stress
c sig(4)= local xy stress
c sig(5)= local yz stress
c sig(6)= local zx stress
c hsv(1)= local plastic strain TT-axis
c hsv(2)= non-local plastic strain TT-axis
c hsv(3)= yield law value
c hsv(4)=F11 (old deformation gradient)
c hsv(5)=F21 (old deformation gradient)
c hsv(6)=F31 (old deformation gradient)
c hsv(7)=F12 (old deformation gradient)
c hsv(8)=F22 (old deformation gradient)
c hsv(9)=F32 (old deformation gradient)
c hsv(10)=F13 (old deformation gradient)
c hsv(11)=F23 (old deformation gradient)
c hsv(12)=F33 (old deformation gradient)
c hsv(13)=Fp11 (plastic deformation gradient)
c hsv(14)=Fp21 (plastic deformation gradient)
c hsv(15)=Fp31 (plastic deformation gradient)
c hsv(16)=Fp12 (plastic deformation gradient)
c hsv(17)=Fp22 (plastic deformation gradient)
c hsv(18)=Fp32 (plastic deformation gradient)
c hsv(19)=Fp13 (plastic deformation gradient)
c hsv(20)=Fp23 (plastic deformation gradient)
c hsv(21)=Fp33 (plastic deformation gradient)
c hsv(22)=ytt (yield stress TT-axis)
c hsv(23)=ytl (yield stress TL-axis)
c hsv(24)=ytw (yield stress TW-axis)
c .
c hsv(nhv)=nhvth history variable
c hsv(nhv+1)=F11 (deformation gradient)
c hsv(nhv+2)=F21 (deformation gradient)
c hsv(nhv+3)=F31 (deformation gradient)
c hsv(nhv+4)=F12 (deformation gradient)
c hsv(nhv+5)=F22 (deformation gradient)
c hsv(nhv+6)=F32 (deformation gradient)
c hsv(nhv+7)=F13 (deformation gradient)
c hsv(nhv+8)=F23 (deformation gradient)
c hsv(nhv+9)=F33 (deformation gradient)
c
c dt1=current time step size
c capa=reduction factor for transverse shear
c etype:
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c eq. "solid" for solid elements
c eq. "sph" for smoothed particle hydronamics
c eq. "sld2d" for shell forms 13 (2D solids - plane strain)
c eq. "sldax" for shell forms 14 and 15 (2D solids)
c eq. "shlt" for shell forms 25,26,27 (shell with thickness stretch)
c eq. "shell" for all other shell elements plus thick shell forms 1,2
c eq. "tshel" for thick shell forms forms 3 and 5
c eq. "hbeam" for beam element forms 1, 11, 14
c eq. "tbeam" for beam element form 3 (truss)
c eq. "dbeam" for beam element form 6 (discrete)
c eq. "beam" for all other beam elements (currently not used)
c
c time = current problem time.
c temp = current temperature
c
c cma = additional memory for material data defined by LMCA at
c 6th field of 2nd crad of *DATA_USER_DEFINED
c
c All transformations into the element local system are
c performed prior to entering this subroutine. Transformations
c back to the global system are performed after exiting this
c routine.
c
c All history variables are initialized to zero in the input
c phase. Initialization of history variables to nonzeroe values
c may be done during the first call to this subroutine for each
c element.
c
c Energy calculations for the dyna3d energy balance are done
c outside of this subroutine
c

include ’nlqparm’
include ’bk06.inc’
include ’iounits.inc’
dimension eps(*),crv(lq1,2,*),cma(*),qmat(3,3)
double precision cm(23),hsv(30)
integer nnpcrv(*), imax
character*5 etype
logical failel,reject
integer*8 idele

c
double precision dt1
double precision tol, m, dlambda
double precision Ett, Ell, Eww, Gtl, Glw, Gtw, ytt, ytl, ytw
double precision nutl, nult, nutw, nuwt, nulw, nuwl, Delta
double precision yld0tt, yld0tl, yld0tw, yldcrtt, yldcrtl,yldcrtw
double precision flow11, flow12, flow13
double precision epsp_tt, ftrial, epsd, hd, g
double precision sig_trial(6), sig(6)
double precision sig_old(6),var_nonloc,var_loc,dnl,lr,le,eps_star
double precision C4(6,6)
double precision F_old(3,3), F_new(3,3), F_dot(3,3), F_mid(3,3)
double precision F_midinv(3,3), L_mid(3,3), D_mid(3,3),W_mid(3,3)
double precision Fp_old(3,3), Fp_new(3,3), Dp(3,3), deltaLp(3,3)
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double precision Dp_v(6),zeros(3,3)
c
c for eigproblem Fp

double precision wr(3), wi(3), zr(3,3),zi(3,3)
double precision fv1(3),fv2(3),fv3(3)
integer ierr
complex*16 :: eigval(3), eigval_diag_exp(3,3), eigvec(3,3)
complex*16 :: eigvec_inv(3,3)
double precision dFp(3,3), dFp_i(3,3), Fp_warning

c
c Initialize/set parameters:-----------------------------------------

num_hv = int(cm(19))! Number of history variables in use
toll = 1.0d-8! Tolerance for yieldsurface
imax = 5000! Max. number of iterations for plastic multiplier
m = 1.0d0 ! Parameter in yield surface
dlambda= 0.0d0 ! Plastic multiplier
flow11 = 0.0d0
flow12 = 0.0d0
flow13 = 0.0d0
sig_trial = 0.0d0

c
c Assign material parameters/read history variables:--------
c
c Moduli of elasticity:

Ett=cm(3)
Ell=cm(4)
Eww=cm(5)
Gtl=cm(6)
Glw=cm(7)
Gtw=cm(8)

c
c Poisson’s ratios:

nutl= cm(21)
nulw= cm(22)
nutw= cm(23)
nult = nutl*Ell/Ett
nuwl = nulw*Eww/Ell
nuwt = nutw*Eww/Ett

c
c Yield stresses:

yld0tt=cm(9) ! Initial yield stress
yld0tl=cm(10)
yld0tw=cm(11)
yldcrtt=cm(12) ! Plateau stress
yldcrtl=cm(13)
yldcrtw=cm(14)
ytt=yld0tt
ytl=yld0tl
ytw=yld0tw

c
c Yield stress function shape

hd=cm(18) ! Hardening modulus during densification
g=cm(20) ! Softening shape parameter
epsd = cm(17) ! Densification strain
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c
c Stored plastic strain:

epsp_tt=hsv(1)
c
c Stress of previous timestep:

sig_old = sig
c
c Deformation gradient of previous timestep

F_old(1,1)= hsv(4) ! F11 (old deformation gradient)
F_old(2,1)= hsv(5) ! F21 (old deformation gradient)
F_old(3,1)= hsv(6) ! F31 (old deformation gradient)
F_old(1,2)= hsv(7) ! F12 (old deformation gradient)
F_old(2,2)= hsv(8) ! F22 (old deformation gradient)
F_old(3,2)= hsv(9) ! F32 (old deformation gradient)
F_old(1,3)= hsv(10)! F13 (old deformation gradient)
F_old(2,3)= hsv(11)! F23 (old deformation gradient)
F_old(3,3)= hsv(12)! F33 (old deformation gradient)

c
c Plastic deformation gradient of previous timestep

Fp_old(1,1)= hsv(13)! Fp11 (old plastic deformation gradient)
Fp_old(2,1)= hsv(14)! Fp21 (old plastic deformation gradient)
Fp_old(3,1)= hsv(15)! Fp31 (old plastic deformation gradient)
Fp_old(1,2)= hsv(16)! Fp12 (old plastic deformation gradient)
Fp_old(2,2)= hsv(17)! Fp22 (old plastic deformation gradient)
Fp_old(3,2)= hsv(18)! Fp32 (old plastic deformation gradient)
Fp_old(1,3)= hsv(19)! Fp13 (old plastic deformation gradient)
Fp_old(2,3)= hsv(20)! Fp23 (old plastic deformation gradient)
Fp_old(3,3)= hsv(21)! Fp33 (old plastic deformation gradient)

c
c Deformation gradient of current timestep

F_new(1,1)= hsv(num_hv+1)! F11 (old deformation gradient)
F_new(2,1)= hsv(num_hv+2)! F21 (old deformation gradient)
F_new(3,1)= hsv(num_hv+3)! F31 (old deformation gradient)
F_new(1,2)= hsv(num_hv+4)! F12 (old deformation gradient)
F_new(2,2)= hsv(num_hv+5)! F22 (old deformation gradient)
F_new(3,2)= hsv(num_hv+6)! F32 (old deformation gradient)
F_new(1,3)= hsv(num_hv+7)! F13 (old deformation gradient)
F_new(2,3)= hsv(num_hv+8)! F23 (old deformation gradient)
F_new(3,3)= hsv(num_hv+9)! F33 (old deformation gradient)

c
if (ncycle.eq.0) then

c Initialise deformation gradients to identity before first time step
F_old = 0.0d0
F_old(1,1) = 1.0d0
F_old(2,2) = 1.0d0
F_old(3,3) = 1.0d0
F_new = 0.0d0
F_new(1,1) = 1.0d0
F_new(2,2) = 1.0d0
F_new(3,3) = 1.0d0
Fp_old = 0.0d0
Fp_old(1,1) = 1.0d0
Fp_old(2,2) = 1.0d0
Fp_old(3,3) = 1.0d0
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dt1 = 1.0d-4
var_loc = 0.0d0
var_nonloc = 0.0d0

endif
c

F_mid = (F_new + F_old)*0.5d0 !deformation gradient at time t+1/2dt
c

F_dot = (F_new - F_old)*1.0d0/dt1 !time derrivative of deformation gradient
c

call M33inv (F_mid, F_midinv) ! subroutine for inverse of 3x3 matrix
L_mid = matmul(F_dot,F_midinv) ! velocity gradient at time t+1/2dt
D_mid = 0.5d0*(L_mid+transpose(L_mid)) ! Rate of deform. at time t+1/2dt
W_mid = 0.5d0*(L_mid-transpose(L_mid)) ! Spin tensor at time t+1/2dt

c
c Compute stiffness-tensor orthotropic material:

Delta = 1.0d0-nutl*nult-nulw*nuwl-nuwt*nutw-2.0d0*nuwl*nult*nutw
C4= 0.0d0
C4(1,1)= (1.0d0-nulw*nuwl)/Delta*Ett
C4(2,2)= (1.0d0-nutw*nuwt)/Delta*Ell
C4(3,3)= (1.0d0-nutl*nult)/Delta*Eww
C4(1,2)= (nutl+nutw*nuwl)/Delta*Ell
C4(2,3)= (nulw+nult*nutw)/Delta*Eww
C4(1,3)= (nutw+nutl*nulw)/Delta*Eww
C4(2,1)= C4(1,2)
C4(3,2)= C4(2,3)
C4(3,1)= C4(1,3)
C4(4,4)= 2.0d0*Gtl
C4(5,5)= 2.0d0*Glw
C4(6,6)= 2.0d0*Gtw

c
c Non-local correction initial yield stress

lr = cm(15)
le = cm(16)

c
eps_star = epsd*(.5d0-(.5d0*le-(le**3.0d0)/(12.0d0*lr**2.0d0)+

1 (le**5.0d0)/(160.0d0*lr**4.0d0))/(16.0d0*lr/15.0d0))
dnl = min(var_nonloc/(eps_star), 0.99d0)

c
yld0tt = yld0tt-dnl*(yld0tt-yldcrtt)
yld0tl = yld0tl-dnl*(yld0tl-yldcrtl)
yld0tw = yld0tw-dnl*(yld0tw-yldcrtw)

c
if (yld0tt .ge. 0.0d0)

1 print *, "WARNING:_compressive_strength_should_be_negative!"
c
c Check elementtype:

if (etype .eq. ’solid’) then
call get_stressincrement(sig_trial, sig_old, F_old, F_new,

1 F_mid, D_mid, C4, dlambda, flow11, flow12, flow13, dt1, Dp_v)
c
c Check for compressive stresses

if(sig(1) .le. 0.0d0) then
c
c Compute yield stresses

68



call compute_yield_stress(epsp_tt, ytt, yld0tt, yldcrtt,
1 epsd, hd, g)

call compute_yield_stress(epsp_tt, ytl, yld0tl, yldcrtl,
2 epsd, hd, g)

call compute_yield_stress(epsp_tt, ytw, yld0tw, yldcrtw,
3 epsd, hd, g)

c
c Check if yieldsurface boundary is exceeded

call compute_yield_coupled(ftrial,sig_trial(1),
1 sig_trial(4), sig_trial(6), m, ytt, ytl, ytw)

c
if (ftrial .gt. tol) then

c
c Compute plastic flow direction and step size

call get_flowvector(sig_old,flow11,flow12,flow13)
call get_plasticmultiplier(dlambda, sig_old,

1 F_old,F_new, F_mid, D_mid, C4, flow11, flow12, flow13,
2 dt1, ytt, ytl, ytw, m)

c
call get_stressincrement(sig, sig_old, F_old, F_new, F_mid,

1 D_mid, C4, dlambda, flow11, flow12, flow13, dt1, Dp_v)
c

call voigt2full(Dp,Dp_v)
deltaLp = dt1*(Dp+W_mid)
zeros = 0.0d0

c
c Complex eigensolver (open source tool EISPACK)

call cg(3,3,deltaLp,zeros,wr, wi, 1,zr,zi,
1 fv1,fv2,fv3,ierr)

c
eigvec = cmplx(zr,zi)
eigval = cmplx(wr,wi)
eigval_diag_exp = 0.0d0
eigval_diag_exp(1,1) = exp(eigval(1))
eigval_diag_exp(2,2) = exp(eigval(2))
eigval_diag_exp(3,3) = exp(eigval(3))

c
call M33INV_comp (eigvec, eigvec_inv) ! subroutine for inverse of

c complex 3x3 matrix
c

dFp_i = aimag(matmul(eigvec,
1 matmul(eigval_diag_exp,eigvec_inv)))

c
Fp_warning=abs(dFp_i(1,1))+abs(dFp_i(1,2))+abs(dFp_i(1,3))

1 +abs(dFp_i(2,1))+abs(dFp_i(2,2))+abs(dFp_i(2,3))
1 +abs(dFp_i(3,1))+abs(dFp_i(3,2))+abs(dFp_i(3,3))

c
if (Fp_warning .gt. 0.000001)

1 print*,"warning: complex Fp", Fp_warning
c
c

dFp = real(matmul(eigvec,
1 matmul(eigval_diag_exp,eigvec_inv)))

Fp_new = matmul(dFp,Fp_old)
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else
c Update stresses for elastic compression:

sig = sig_trial
Fp_new = Fp_old

endif
else

c Update stresses for tensile case (linearelastic):
sig = sig_trial
Fp_new = Fp_old

endif
c
c Store relevant paremeters: --------------------------------------
c
c Store plastic strains in history variables:

hsv(1) = 1 - Fp_new(1,1)
hsv(2) = var_nonloc
var_loc = 1 - Fp_new(1,1)
hsv(3) = ftrial

c
c Store old deformation gradient

hsv(4)= hsv(num_hv+1) ! F11_old (deformation gradient)
hsv(5)= hsv(num_hv+2) ! F21_old (deformation gradient)
hsv(6)= hsv(num_hv+3) ! F31_old (deformation gradient)
hsv(7)= hsv(num_hv+4) ! F12_old (deformation gradient)
hsv(8)= hsv(num_hv+5) ! F22_old (deformation gradient)
hsv(9)= hsv(num_hv+6) ! F32_old (deformation gradient)
hsv(10)= hsv(num_hv+7) ! F13_old (deformation gradient)
hsv(11)= hsv(num_hv+8) ! F23_old (deformation gradient)
hsv(12)= hsv(num_hv+9) ! F33_old (deformation gradient)

c
c Store plastic deformation gradient

hsv(13)= Fp_new(1,1) ! Fp11_old (new pl deformation gradient)
hsv(14)= Fp_new(2,1) ! Fp21_old (new pl deformation gradient)
hsv(15)= Fp_new(3,1) ! Fp31_old (new pl deformation gradient)
hsv(16)= Fp_new(1,2) ! Fp12_old (new pl deformation gradient)
hsv(17)= Fp_new(2,2) ! Fp22_old (new pl deformation gradient)
hsv(18)= Fp_new(3,2) ! Fp32_old (new pl deformation gradient)
hsv(19)= Fp_new(1,3) ! Fp13_old (new pl deformation gradient)
hsv(20)= Fp_new(2,3) ! Fp23_old (new pl deformation gradient)
hsv(21)= Fp_new(3,3) ! Fp33_old (new pl deformation gradient)

c
hsv(22)= ytt
hsv(23)= ytl
hsv(24)= ytw

c
c Material model only available for solids:

else
cerdat(1)= etype
call lsmg(3,MSG_SOL+1151,ioall, ierdat,rerdat,cerdat,0)

endif
return
end

.
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E.2.2 Stress Increment Subroutine

Since the same stress increment calculation is used multiple times throughout the code, a separate
subroutine is used.

...
subroutine get_stressincrement(sig_new_v, sig_old_v, F_old,F_new,

1 F_mid, D, C4,dlambda, flow11, flow12, flow13, dt1, Dp_v)
c
c *******************************************************************
c | Edit by Tom van Beurden, 29-01-2020 |
c | Eindhoven University of Technology & BMW Group |
c *******************************************************************
c

double precision sig_new_v(6), sig_old_v(6)
double precision dlambda, flow11, flow12, flow13
double precision F_old(3,3), F_new(3,3), F_mid(3,3), D(3,3)
double precision C4(6,6), dt1

double precision sig_old(3,3), sig_old_bar(3,3)
double precision F_oldinv(3,3), F_midinv(3,3)
double precision Dp(3,3), De(3,3),De_bar(3,3),Dp_v(6)
double precision De_bar_v(6), CdoubleD_v(6), CdoubleD(3,3)
double precision sig_new_bar(3,3), sig_new(3,3)

call voigt2full(sig_old,sig_old_v)
c

call M33inv(F_old, F_oldinv)
c

call M33inv(F_mid, F_midinv)
c

sig_old_bar = matmul(matmul(F_oldinv,sig_old),
1 transpose(F_oldinv))

c
Dp_v = 0.0d0
Dp_v(1) = dlambda*flow11
Dp_v(4) = 0.5d0*dlambda*flow12
Dp_v(6) = 0.5d0*dlambda*flow13

c
call voigt2full(Dp, Dp_v)

c
De = D - Dp
De_bar = matmul(matmul(F_midinv,De),

1 transpose(F_midinv))
c

call full2voigt(De_bar,De_bar_v)
c

CdoubleD_v = matmul(C4,De_bar_v)
call voigt2full(CdoubleD,CdoubleD_v)

c
sig_new_bar = sig_old_bar + dt1*CdoubleD
sig_new = matmul(matmul(F_new,sig_new_bar),transpose(F_new))

c
call full2voigt(sig_new,sig_new_v)

c
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end
.

E.2.3 Yield Stress Subroutine

The yield stresses are computed with the following subroutine:

...
subroutine compute_yield_stress(epsp, yld, yld0, yldcr,

1 epsd, hd, g)

c *******************************************************************
c | Edit by Dennis van Iersel, 27-09-2018 |
c | Eindhoven University of Technology & BMW Group |
c | Based on paper by Mohr & Dojojo 2003 |
c *******************************************************************
c
c Routine computes the current yield stress according to
c accumulated plastic strain
c

implicit none
double precision epsp, yld, yld0, yldcr, epsd, g, hd
double precision s_avg, sf, sc, lambdap, lambdac

c
c Softening/platuea stress region:

if(epsp .ge. 0.0d0 .and. epsp .le. epsd) then
s_avg =(1.0d0-g)*yldcr+g*yld0
yld = yldcr+(yld0-yldcr)*((epsd-epsp)/(epsd))

1 **((yld0-s_avg)/(s_avg-yldcr))
c Densification region:

elseif(epsp .gt. epsd) then
yld = yldcr + dsign(1.0d0,yldcr)*hd*(epsp-epsd)**2.0d0

endif

return
end

.

E.2.4 Yield Law Subroutine

The value of the yield function is calculated with the following subroutine:

...
subroutine compute_yield_coupled(f,sig11,sig12,sig13,m,

1 ytt,ytl,ytw)

c ******************************************************************
c | Edit by Dennis van Iersel, 26-09-2018 |
c | Eindhoven University of Technology & BMW Group |
c | Based on paper by Mohr & Dojojo 2004 |
c ******************************************************************
c

implicit none
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double precision m, f , sig11, sig12, sig13, ytt, ytl, ytw
c

f =(sig11/ytt)+((sig12/ytl)**2.0d0+(sig13/ytw)**2.0d0)**(m*0.5d0)
1 -1.0d0

c
return
end

.

E.2.5 Plastic Multiplier Subroutine

The plastic multiplier is iteratively found with the secant method, shown in the subroutine below.

...
subroutine get_plasticmultiplier(dlambda, sig_old_v,

1 F_old,F_new, F_mid, D, C4, flow11, flow12, flow13, dt1, ytt,
2 ytl, ytw, m)

c ******************************************************************
c | Edit by Tom van Beurden, 28-01-2020 |
c | Eindhoven University of Technology & BMW Group |
c | Based on implementation by Dennis van Iersel 2018 |
c | Based on implementation by Popp 2007 |
c | Based on paper by Mohr & Dojojo 2004 |
c ******************************************************************

implicit none
double precision dlambda, sig_old_v(6)
double precision F_old(3,3), F_new(3,3), F_mid(3,3), D(3,3)
double precision C4(6,6), Dp_v(6)
double precision flow11, flow12, flow13, dt, ytt, ytl, ytw, dt1, m

double precision sig_test(6)
double precision xr, fr, xi, ximin, fi, fimin, tol
integer iter, imax

c Initiate parameters:
fr = 100.0d0
iter = 0
xi = 1.0d-5
ximin = 0.0d0
imax = 5000
tol = 1.0d-7

c
c Secant method for determination of plastic multiplier:

do while(abs(fr) .gt. tol .and. iter .lt. imax )
iter = iter +1

c
call get_stressincrement(sig_test, sig_old_v, F_old,F_new,

1 F_mid, D, C4, ximin, flow11, flow12, flow13, dt1, Dp_v)
c

call compute_yield_coupled(fimin, sig_test(1), sig_test(4),
1 sig_test(6),m, ytt, ytl, ytw)

c
call get_stressincrement(sig_test, sig_old_v, F_old,F_new,
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1 F_mid, D, C4, xi, flow11, flow12, flow13, dt1, Dp_v)
c

call compute_yield_coupled(fi, sig_test(1), sig_test(4),
1 sig_test(6),m, ytt, ytl, ytw)

c
c Root update with secant method:

xr = 0.0d0
if(abs(fimin-fi) .gt. 0.0d0)

1 xr=xi-fi*(ximin-xi)/(fimin-fi)
c
c

if(abs(fimin-fi) .eq. 0.0d0)
1 print*, "ERROR_ Use_double_precision!"

c
call get_stressincrement(sig_test, sig_old_v, F_old,F_new,

1 F_mid, D, C4, xr, flow11, flow12, flow13, dt1, Dp_v)

c
call compute_yield_coupled(fr, sig_test(1), sig_test(4),

1 sig_test(6),m, ytt, ytl, ytw)
c
c Update for next secant step:

ximin=xi
xi=xr

end do
c
c Error messages :

if(iter .eq. imax)
1 print*, "ERROR:Max._number_of_iterations_in_secant!"
if(abs(fr) .gt. tol)

1 print* , "ERROR:Secant_method_not_converged!"
c
c Return plastic multiplier:

dlambda=xr
c

return
end

.

E.2.6 Plastic Flow Subroutine

The plastic flow vector is found by using the following subroutine:

...
subroutine get_flowvector(sig, flow11, flow12, flow13 )

c ******************************************************************
c | Edit by Tom van Beurden, 28-01-2020 |
c | Eindhoven University of Technology & BMW Group |
c | Based on implementation by Dennis van Iersel 2018 |
c | Based on implementation by Popp 2007 |
c | Based on paper by Mohr & Dojojo 2004 |
c ******************************************************************

implicit none
double precision sig(6)
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double precision flow11, flow12, flow13
double precision S11, S12, S13, rJ1, rJ2, rJ3
double precision solu, soluInv, eval1, eval2, eval3, evec1
double precision evec2, evec3, evecNorm, evecNormInv, tol

c
tol = 1.0d-5

c
c Reduced stress tensor

S11 = sig(1)
S12 = sig(4)
S13 = sig(6)

c S22, S23 & S33 are zero because of the reduced tensor
c
C Stress tensor invariants( simplified for zero components):

rJ1=S11
rJ2=-S12**2-S13**2

c rJ3 =0.0 d0
c
c Principal stresses (eigenvalues) of reduced stress tensor:

eval1 =0.0d0
eval2 =.5d0*(rJ1+sqrt(rJ1**2.0d0-4.d0*rJ2))
eval3 =.5d0*(rJ1-sqrt(rJ1**2.0d0-4.d0*rJ2))

c
c Identificaiton of principle compressive stress:

solu =0.0d0
if(eval1.lt.eval3) then

if(eval1 .lt. eval2) then
solu=eval1

else
solu=eval2

endif
else

if(eval2 .lt. eval3) then
solu=eval2

else
solu=eval3

endif
endif

c
if(solu .eq. 0.0d0) solu = tol

soluInv = 1.0d0/solu
c
c Determination of corresponding eigenvector:

evec1 = 1.0d0
evec2 = S12*soluInv
evec3 = S13*soluInv
evecNorm = sqrt(evec1**2.0d0+evec2**2.0d0+evec3**2.0d0)
evecNormInv = 1.0d0/evecNorm
evec1 = evec1*evecNormInv
evec2 = evec2*evecNormInv
evec3 = evec3*evecNormInv

c
c Compute plastic flowvector:

flow11 = -sign(1.d0,evec1)*evec1
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flow12 = -sign(1.d0,evec1)*evec2
flow13 = -sign(1.d0,evec1)*evec3

return
end

.

E.2.7 Voigt Format Subroutine

Multiple times in the code, a switch is made between full tensor format to Voigt format. To switch
back and forth more easily, the following two subroutines are used.

...
subroutine voigt2full (x_full, x_voigt)

c *******************************************************************
c | Edit by Tom van Beurden, 29-01-2020 |
c | Eindhoven University of Technology & BMW Group |
c *******************************************************************
c Converts tensor in voigt format to full tensor format
c Voigt format:
c [TT, LL, WW, TL, LW, TW]
c
c Full tensor format:
c [TT TL TW]
c [LT LL LW]
c [WT WL WW]

implicit none
double precision x_full(3,3), x_voigt(6)

x_full(1,1) = x_voigt(1)
x_full(2,2) = x_voigt(2)
x_full(3,3) = x_voigt(3)
x_full(1,2) = x_voigt(4)
x_full(2,3) = x_voigt(5)
x_full(1,3) = x_voigt(6)
x_full(2,1) = x_full(1,2)
x_full(3,2) = x_full(2,3)
x_full(3,1) = x_full(1,3)

return
end

.

...
subroutine full2voigt (x_full, x_voigt)

c *******************************************************************
c | Edit by Tom van Beurden, 29-01-2020 |
c | Eindhoven University of Technology & BMW Group |
c *******************************************************************
c Converts full tensor to voigt format
c Voigt format:
c [TT, LL, WW, TL, LW, TW]
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c
c Full tensor format:
c [TT TL TW]
c [LT LL LW]
c [WT WL WW]

implicit none
double precision x_full(3,3), x_voigt(6)

x_voigt(1) = x_full(1,1)
x_voigt(2) = x_full(2,2)
x_voigt(3) = x_full(3,3)
x_voigt(4) = x_full(1,2)
x_voigt(5) = x_full(2,3)
x_voigt(6) = x_full(1,3)

return
end

.
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