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Abstract

Time-irreversible stochastic processes are frequently used in natural sciences to
explain non-equilibrium phenomena and to design efficient stochastic algorithms.
Our main goal in this thesis is to analyse their dynamics by means of large devia-
tion theory.

We focus on processes that become deterministic in a certain limit, and charac-
terize their fluctuations around that deterministic limit by Lagrangian rate func-
tions. Our main techniques for establishing these characterizations rely on the
connection between large deviations and Hamilton-Jacobi equations. We sketch
this connection with examples in the introductory parts of this thesis.

The second part of the thesis is devoted to irreversible processes that are moti-
vated from molecular motors, Markov chain Monte Carlo (MCMC) methods and
stochastic slow-fast systems. We characterize the asymptotic dynamics of molec-
ular motors by Hamiltonians defined in terms of principal-eigenvalue problems.
From our results about the zig-zag sampler used in MCMCs, we learn that max-
imal irreversibility corresponds to an optimal rate of convergence. In stochastic
slow-fast systems, our main theoretical contributions are techniques to work with
the variational formulas of Hamiltonians that one encounters in mean-field sys-
tems coupled to fast diffusions.

In the final part of the thesis, we study a family of Fokker-Planck equations
whose solutions become singular in a certain limit. The associated gradient-flow
structures do not converge since the relative entropies diverge in the limit. To
remedy this, we propose to work with a different variational formulation that
takes fluxes into account, which is motivated by density-flux large deviations.

Keywords. Large deviations, partial differential equations, viscosity solutions,
comparison principle, variational techniques, Γ-convergence, gradient flows.
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Chapter 1

Introduction

There are three rules for writing the
novel. Unfortunately, no one knows
what they are.

W. Somerset Maugham.

1.1 Irreversible stochastic processes

Many phenomena in natural sciences such as biology, chemistry and physics, are
modelled by stochastic processes. In this thesis, we encounter for instance stochas-
tic models of molecular motors [JAP97, KF07, Kol13]. Various other examples may
be found in the monograph of Risken on Fokker-Planck equations [Ris96, Chap-
ters 1, 3 and 12]. The stochasticity is usually introduced in order to model the
effect of noise in the dynamical systems. Our general objective in the works pre-
sented in this thesis is to analyse the dynamics of several examples of stochastic
processes.

Frequently, the dynamics simplifies in a certain limit where it becomes pre-
dictable. An example of such a simplification is the transition from microscopic to
macroscopic scales. To illustrate this transition, imagine we would see the world
only through a strong microscope. Then a familiar phenomenon such as a glas of
water would all of a sudden appear complicated. Peering into the glas with our
microscope, we observe the particles erratically moving back and forth, bouncing
off and chasing each other in an unpredictable way. However, the moment we
lay aside the microscope, this microscopic chaos disappears from our view; on
the macroscopic scale, the density of particles does not evolve randomly, but be-
comes predictable. When describing the particle density as a stochastic process,
we should find that this stochastic process becomes deterministic in the limit of
infinitely many particles.

1



2 Introduction

There is a vast activity in probability theory and analysis to investigate math-
ematical theories of both microscopic and macroscopic dynamics. In particular,
the focus lies on deriving a relationship between the dynamics at micro- and
macroscales. Liggett [Lig04] as well as Kipnis and Landim [KL98] review and
summarize works on interacting particle systems. Typically, the stochastic dy-
namics on the microscale incorporates basic features such as repulsion or attrac-
tion between particles (for instance, the exclusion or the inclusion processes). A
common characteristic of the stochastic models is that in the limit of infinitely
many particles, the particle density evolves deterministically according to a par-
tial differential equation, such as the diffusion equation.

Phenomena on the macroscopic scale such as first-order phase transitions orig-
inate from their underlying microscopic dynamics and may be explained using
such micro-macro connections. More background and examples on this matter
may be found in the books of Berglund and Gentz about noise-induced phenom-
ena [BG05] and of Bovier and den Hollander on metastability [BdH16]. We re-
mark that the randomness in the microscopic stochastic models is often rather put
in by hand than derived from first principles. This point of view builds up on
two aspects coming together. First, the modelled system is chaotic in the sense of
being highly sensitive towards the initial condition. Second, we have only par-
tial knowledge about the initial condition. The system’s behaviour appears to be
random if both aspects, chaos and ignorance, come together. In this sense, the
stochastic system may be seen as the approximation of a chaotic deterministic
system. We refer to Bricmont [Bri96] for more background on chaos.

In this thesis, we analyse irreversible stochastic processes by means of large
deviation theory. Our central goals are to derive their limiting dynamics, and
to characterize their fluctuations around this limiting dynamics by means of La-
grangian rate functions. As we shall further discuss at the end of Section 1.2, we
are motivated by the fact that while reversible processes lead via large deviation
theory to gradient flows, it is an open question of which variational formulations
can, in principle, be derived for irreversible processes.

In Section 1.2, we introduce our main tool for the analysis of irreversible pro-
cesses, large deviation theory. Then we give examples that clarify the concepts of
pathwise large deviation principles and Lagrangian rate functions. In Section 1.3,
we give a more detailed overview of the thesis. In Chapter 2, we provide an
introduction to our main method for proving large deviation principles, the Feng-
Kurtz method [FK06]. In Chapter 3, we consider stochastic models of walking
molecular motors. In Chapter 4, we analyse a Markov chain Monte Carlo method
based on the irreversible zig-zag sampler. In Chapters 5 and 6, our interest lies in
deriving—by means of large deviation principles—limiting evolution equations
of mean-field interacting particles that are coupled to fast external processes. In
Chapter 7, we consider a limit problem of variational structures of certain PDEs.
Finally, we discuss our results in Chapter 8.
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1.2 Large deviation theory

The first unified treatment of large deviation theory in the sense of an abstract
framework is attributed to Srinivasa Varadhan, who laid the ground for decades
of active mathematical research by his landmark paper [Var66]. Varadhan was
honored in 2007 with the Abel Prize "for his fundamental contributions to prob-
ability theory and in particular for creating a unified theory of large deviations".
Numerous works have enriched the scope of large deviation theory by connecting
it to other mathematical fields and applications in natural sciences. The most com-
monly used techniques for studying large deviations are summarized in a num-
ber of different books and papers; we only give an incomplete list here. Varadhan
relates among other things function space integrals with large deviations in his
lectures [Var84]. Freidlin and Wentzell were the first to explore pathwise large de-
viations of stochastic processes [FW84]. Ellis shows the relation of large deviations
and statistical mechanics [Ell85]. Deuschel and Strook introduced the term expo-
nential tightness [DS89]. Numerous abstract techniques that are frequently used in
large deviation theory are presented by Dembo and Zeitouni [DZ98]. A concise
overview of large deviations with many examples may be found in the lectures
of den Hollander [dH00]. Bovier and den Hollander also give a brief overview
in their book on metastability [BdH16, Chapter 6]. Recent monographs focusing
on stochastic processes are the semigroup approach of Feng and Kurtz [FK06],
and the weak-convergence approach initiated by Dupuis and Ellis [DE97], which
Budhiraja and Dupuis extend in [BD19].

In this section, we first exemplify the general definition of a large deviation
principle. The first example is a simple observation of exponential decay of prob-
abilities. With the second example, we illustrate a concentration effect that occurs
exponentially, and furthermore motivate the notion of large deviations. The exam-
ples provide a useful mental image for interpreting the general definition. For fur-
ther reading and examples suitable for familiarization, we refer to Richard Ellis’
beautiful note on Boltzmann’s discoveries [Ell99, Section 3], where he illustrates
how relative entropies arise naturally from Stirling’s formula. Further illustrat-
ing examples may also be found in Ellis’ lectures on large deviations [Ell95], and
in particular in Hugo Touchette’s review [Tou09, Section 2]. We also refer to Ter-
ence Tao’s note [Tao15] for a short introduction to the mathematical notions from
probability theory we use below.

After having introduced the concept of a large deviation principle, we will spe-
cialize further to the setting of this thesis: pathwise large deviations for stochastic
processes. We illustrate by means of a classical example some interesting aspects
of a pathwise large deviation principle, with a focus on the so-called action-integral
representation of the rate function.



4 Introduction

Example 1. If we toss a fair coin n times, the probability of observing "only heads"
is

P (only heads) =
(

1
2

)n
= e−n log 2.

Let us point out the following observations:

• If n is large, the event "only heads" is unlikely or improbable.

• As we let n grow, the event "only heads" becomes increasingly unlikely.

• The probability of observing "only heads" is exponentially small with respect
to n. The event "only heads" decays exponentially with rate log 2.

Example 2. Let X1, X2, . . . be a sequence of i.i.d. real-valued random variables.
Suppose each Xi is normally distributed with mean µ ∈ R and variance one,

P (Xi ∈ A) =
∫

A
ρ(x)dx, ρ(x) =

1√
2π

e−(x−µ)2/2.

Let us focus on the behaviour of their partial sums Sn := ∑n
i=1 Xi for large n.

The probability distribution ρn of the averages 1
n Sn is depicted in Figure 1.1. We

x

ρn(x) =
√

n
2π e−n(x−µ)2/2

µ

n = 250

n = 50

n = 10

Figure 1.1: The probability distribution ρn(x) of the averages 1
n Sn. As n increases, the

probability distribution concentrates around the mean µ.

observe a concentration effect of the distribution around the mean as n increases.
That means for large n, we are likely to observe 1

n Sn ≈ µ. To summarize this
concentration effect, let ε > 0, and write Bε(µ) := (µ − ε, µ + ε) for the small
interval around µ. In accordance with the weak law of large numbers, we have

P

(
1
n

Sn ∈ Bε(µ)

)
n→∞−−−→ 1. (1.1)

A natural question is: how fast does the distribution of the averages concentrate
around the mean as n tends to infinity? Let us show that there is a rate with which
it concentrates exponentially. We abbreviate the quadratic function in the exponent
of ρn by I(x) := (x− µ)2/2. For ε > 0, we want to estimate P ((1/n)Sn /∈ Bε(µ)).
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Using the formula of the probability density ρn and exploiting its symmetry, we
find

1
n

log P

(
1
n

Sn /∈ Bε(µ)

)
=

1
n

log
(

2
√

n
2π

)
+

1
n

log
∫ ∞

µ+ε
e−n I(x) dx. (1.2)

As n → ∞, the first term vanishes. In the second term, the lowest value of the
exponent dominates the integral. The precise statement is the Laplace principle;
for a set A and a function g bounded from below,

1
n

log
∫

A
e−n g(x) dx n→∞−−−→ sup

x∈A
(−g(x)) = − inf

x∈A
g(x).

With these remarks, we find

lim
n→∞

1
n

log P

(
1
n

Sn /∈ Bε(µ)

)
= − inf

x∈(µ+ε,∞)
I(x) = − ε2

2
.

Hence for any δ > 0 (smaller than ε2/2), we find for all n large enough that

P

(
1
n

Sn /∈ Bε(µ)

)
≤ exp

{
−n
[

1
2

ε2 − δ

]}
.

In this sense the concentration effect (1.1) occurs exponentially. With similar rea-
soning, we find for any closed A ⊆ R not containing µ,

1
n

log P

(
1
n

Sn ∈ A
)

n→∞−−−→ − inf
x∈A
I(x). (1.3)

Therefore, with r(A) := infA I(·), we find for δ > 0 that for n sufficiently large,

P

(
1
n

Sn ∈ A
)
≤ e−n(r(A)−δ).

Let us summarize: in regions A away from the mean, the probability mass is
exponentially small with respect to n, and the exponential decay rate r(A) is the
minimum of the quadratic function I(·) evaluated over A.

We close this example by pointing out in what sense the above considerations
are related to large deviations. The random variable

√
n ((1/n)Sn − µ) is normally

distributed around zero with variance one. This means that observations of the
type Sn ≈ nµ +

√
n x are normally distributed for large n. This is a deviation from

what we expect by
√

n x, and in that sense, fluctuations of order
√

n are "normal"
(the generalization of this statement is the central limit theorem). For any ε, the
event 1

n Sn /∈ Bε(µ) corresponds to observing events of the type Sn ≈ nµ+ n ε. This
is a deviation of order n, which is no longer captured by the central limit theorem.
Therefore, these type of events are called large deviations. The generalization of
these observations beyond this example (Xi that are not normally distributed) is
known as Cramér’s theorem [Cra38, CT18], and we refer to [dH00, Chapter I and
Theorem I.4] for more details.



6 Introduction

Precise formulation of a large deviation principle.

We typically consider sequences of probability measures Pn on a state space X ,
concentrating at a single element x ∈ X . Above in Example 2, the measures Pn
correspond to the distribution of the averages 1

n Sn with state space X = R, that
means Pn = P((1/n)Sn ∈ ·). The single element is the mean value x = µ, and the
concentration effect can be formulated as a weak law of large numbers; denoting
by Bε(x) the ball of radius ε > 0 around x,

Pn (Bε(x)) n→∞−−−→ 1,

and for any Borel set A ⊆ X whose closure does not contain x,

Pn(A)
n→∞−−−→ 0.

Frequently, we can observe an exponential decay of these probabilities; at least
intuitively, we find a rate r(A) depending in the set A with which for large n,

Pn(A) ≈ e−n·r(A).

One attempt of making this rigorous would be to say: a sequence of probability
measures Pn satisfies a large deviation principle if there is a rate r : B(X )→ [0, ∞)
with which for any Borel subset A ⊆ X ,

1
n

log Pn(A)
n→∞−−−→ −r(A). (1.4)

Furthermore, the example from above suggests that this rate can be characterized
by a so-called rate function I : X → [0, ∞] as

r(A) = inf
x∈A
I(x). (1.5)

Varadhan’s definition is a suitable more general form of (1.4). We first give his
definition here. A complete separable metric space X is called a Polish space. We
call a map I : X → [0, ∞] a rate function if the sublevel sets {x ∈ X : I(x) ≤ C}
are compact for all C ≥ 0. In the literature, such rate functions are called good rate
functions—since all rate functions we encounter in this thesis are good, we adopt
the convention of [BD19] and omit the adjective "good". For a Borel subset A ⊆ X ,
we let int(A) be its interior and clos(A) be its closure.

Definition 1.2.1 (Large Deviation Principle). For n = 1, 2, . . . , let Pn be a prob-
ability measure on a Polish space X . We say the family of measures {Pn}n∈N

satisfies a large deviation principle with rate function I : X → [0, ∞] if for any Borel
subset A ⊆ X ,

− inf
x∈int(A)

I(x) ≤ lim inf
n→∞

1
n

log Pn(A)

≤ lim sup
n→∞

1
n

log Pn(A) ≤ − inf
x∈clos(A)

I(x).
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Let Xn be a random variable with law Pn ∈ P(X ). We say that the sequence
of random variables {Xn}n∈N satisfies a large deviation principle if the sequence
of their laws {Pn}n∈N does. In this case, we write Pn = P (Xn ∈ ·) for the law.
Furthermore, we abbreviate the statement that {Xn}n∈N satisfies a large deviation
prinicple with rate function I : X → [0, ∞] as follows:

P (Xn ≈ x) ∼ e−n I(x), n→ ∞. (1.6)

We alert the reader that the tilde has no mathematical precise meaning. Equa-
tion (1.6) should rather be read as a total statement summarizing all the essential
information; the probability that Xn is close to x ( Xn ≈ x) decays exponentially as n
tends to infinity ( ∼ e−n I(x)). The notation is motivated by the fact that

lim
ε→0

lim sup
n→∞

1
n

log P (Xn ∈ Bε(x)) = −I(x).

Let us mention how a large deviation principle really corresponds to the exponen-
tial decay of probabilities. If the rate function is continuous, then we recover (1.4)
for Borel subsets A ⊆ X satisfying clos(int(A)) = clos(A) [Ell99, Corollary 1],
and in particular for any ε > 0, if n is large enough,

e−n(r(A)+ε) ≤ Pn(A) ≤ e−n(r(A)−ε).

In general, if a non-trivial rate function has a unique minimizer x, then for a Borel
set A whose closure does not contain x, we have r(clos(A)) > 0, and the limsup
bound implies exponential decay of Pn(A) [Ell99, Corollary 2].

We may motivate Varadhan’s definition of a large deviation principle in terms
of the liminf- and limsup bounds by analogy to weak convergence of probability
measures. To that end, consider Pn and P ∈ P(X ). The measures Pn are said to
converge weakly to P if for any Borel set A ⊆ X ,

P(int(A)) ≤ lim inf
n→∞

Pn(A) ≤ lim sup
n→∞

Pn(A) ≤ P(clos(A)). (1.7)

Demanding "pointwise" convergence Pn(A) → P(A) for all A would exclude ex-
amples such as Pn = δ1/n and P = δ0 with X = R. Also in Example 2 from above
with Pn the law of (1/n)Sn and P = δµ, the singleton set A = {µ} violates this
strong convergence condition. The notion of weak convergence applies to many
interesting examples while still providing useful information. By the Portmanteau
Theorem [Bil99, Theorem 2.1], weak convergence is equivalent to the convergence
of expectations;

∫
f dPn →

∫
f dP for any function f ∈ Cb(X ). An equivalent for-

mulation is to demand the liminf-bound for all open sets and the limsup-bound
for all closed sets [Bil99, Theorem 2.1].

Next, we motivate the fact that the exponential decay rates r(A) are character-
ized by minimizing a rate function I(·) over the region A. For two real-valued
positive sequences an, bn, suppose an > bn for all n sufficiently large. Then∣∣∣∣ 1n log (an + bn)−

1
n

log(an)

∣∣∣∣ = 1
n

log (1 + bn/an) ≤
1
n

log 2 n→∞−−−→ 0.
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Hence the maximal value an = max(an, bn) dominates the sum on the logarithmic
scale. This fact is known as the so-called the-winner-takes-it-all principle. Now
suppose a set A satisfies (1.4) with some rate r(A) > 0, and suppose we can
decompose A = A1 ∪ A2 into disjoint sets A1, A2 satisfying (1.4) as well. Then
using additivity, Pn(A1 ∪ A2) = Pn(A1) + Pn(A2), we find by the winner-takes-
it-all principle

1
n

log Pn(A1 ∪ A2)
n→∞−−−→ −min {r(A1), r(A2)} .

Therefore, we may expect the exponential rates to be given by (1.5). Similar to
the definition of weak convergence (1.7), passing to the interior and closure in
Definition 1.2.1 is necessary in order for the limits to hold for any Borel set A.

A large deviation principle is a type of concentration inequality, and therefore
implies a strong type of convergence of random variables. The minimizers of the
rate function are the elements corresponding to the strong law of large numbers,
as demonstrated by the following theorem. For a rate function I : X → [0, ∞], we
denote by {I = 0} the set of its global minimizers.

Theorem 1.2.2. For n = 1, 2 . . . , let Xn be a random variable taking values in a Pol-
ish space (X , d). Suppose that {Xn}n∈N satisfies a large deviation principle with rate
function I . Then d(Xn, {I = 0})→ 0 almost surely as n→ ∞.

This theorem can be proven via the limsup-bound of the large deviation prin-
ciple, and applying the Borel-Cantelli Lemma. In many examples, we can verify
uniqueness of the minimizer x0 of a rate function. Then by Theorem 1.2.2, a large
deviation principle implies Xn → x0 almost surely. We point out that the rate
function in Theorem 1.2.2 is assumed to have compact sub-level sets.

Next to the law of large numbers, the central limit theorem can as well be
understood from a large deviation principle. Specialising to E = R, a formal
Taylor expansion around a minimizer x0 of the rate function yields for x ≈ x0,

P (Xn ≈ x) ∼ e−n[I(x0)+(x−x0)I ′(x0)+
1
2 (x−x0)

2I ′′(x0)] = e−nI ′′(x0)(x−x0)
2/2.

In that sense, fluctuations around minimizers of the rate function are normally
distributed. The curvature of the rate function is inverse proportional to the vari-
ance: if the rate function is rapidly growing near the minimizer, then the variance
is small, and vice versa. Bryc makes this connection precise in [Bry93].

Pathwise large deviations in stochastic systems.

In this thesis, we will mostly focus our attention on stochastic processes Xn that
become deterministic in the limit of a parameter n tending to infinity. In particu-
lar, we are interested in situations in which this transition to a deterministic limit
occurs exponentially in the sense of a large deviation principle. In this context, we
speak of pathwise large deviations, because we make statements about the paths
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of Xn. Here, we illustrate with a classical example what makes a pathwise large
deviation principle interesting. In the example, we will point out the following
two central features. First, the typical behaviour: the expected trajectory of Xn, cor-
responding to the law of large numbers limit, is recovered from the minimizer of
the rate function. Second, the least-action principle: if the stochastic process realizes
an event far away from this expected trajectory, the most likely way in which this
event occurs can be determined by minimizing the rate function.

Example 3. Let E = R, x0 ∈ E. For n ∈N, consider the process Xn solving

dXn
t =

1√
n

dBt, Xn(0) = x0,

where Bt is the standard Brownian motion. For large n, the process Xn corre-
sponds to a small-diffusion regime. The transition probabilities Pn(t, x, dy) of Xn

are normal distributions,

P (Xn(t) ∈ dy |Xn(0) = x) def
= Pn(t, x, dy) =

√
n

2πt
e−n(y−x)2/2t dy.

We fix a time interval [0, T]. Let X = CR[0, T] be the set of continuous maps x :
[0, T] → R, equipped with the uniform norm. We consider the Xn as random
variables in X , and are interested in the behaviour of Xn in the limit n→ ∞.

For large values of n, typical realizations of Xn are shown in Figure 1.2. Judg-

t

x0

0

Xn
t (ω)

Figure 1.2: Ten realizations Xn(ω) of the stochastic process Xn with deterministic initial
condition Xn

0 = x0.

ing by eye, most realizations are close to the constant path x ≡ x0 determined by
the initial starting point x0. Indeed, for any t ∈ [0, T], the one-dimensional time
marginals Xn(t) are converging to x0, as can be seen from the transition proba-
bilities. In fact, the probability of observing realizations of Xn that deviate from
the constant path x(t) := x0 vanishes exponentially fast as n → ∞: the path
measures Pn := P (Xn ∈ ·) ∈ P(X ) satisfy a large deviation principle with rate
function I : X → [0, ∞] given by

I(x) =
∫ T

0

1
2
|∂tx(t)|2 dt. (1.8)



10 Introduction

This fact is known as Schilder’s theorem (e.g. [DZ98, Theorem 5.2.3]), which is
a special case of the Freidlin-Wentzell theorem (e.g. [DZ98, Theorem 5.6.3]). If
a trajectory x is not absolutely continuous or x(0) 6= x0, then I(x) = ∞. As
we discussed below the definition of a large deviation principle, an informal but
useful interpretation is to say that for a path x satisfying x(0) = x0, we have

P (Xn ≈ x) ∼ e−n I(x), as n→ ∞. (1.9)

Alternatively, let Bε(x) be the ball of radius ε around x with respect to the uniform
norm in X . Then with I(Bε(x)) := infBε(x) I ,

P (Xn ∈ Bε(x)) ∼ exp{−n I(Bε(x))}, as n→ ∞.

In terms of the topology on X , this means the probability of Xn being inside an ε-
tube around x decays exponentially with respect to n.

Let us point out two interesting conclusions from the large deviation princi-
ple (1.9). First, suppose that I(x) > 0. Then the probability of Xn being close
to x with respect to the uniform norm decays exponentially with increasing n.
Since I(x) > 0 whenever x has a non-zero velocity, we conclude that realizations
of Xn are with high probability close to the minimizer x of the rate function (1.8).
The minimizer is unique and given by the constant path x ≡ x0. This identifies x
as the law of large number limit of Xn, by Theorem 1.2.2 from above.

Second, we illustrate the least-action principle. Consider a closed subset of tra-
jectories A ⊆ X not containing x. This set represents an atypical event. Suppose x
is the unique trajectory minimizing the rate function evaluated over A,

I(x) = min
y∈A
I(y).

Then if the event A occurs, it will most likely be realized as Xn ≈ x. More pre-
cisely, for any ε > 0, we have by [BD19, Theorem 1.4] that

P (Xn ∈ Bε(x) |Xn ∈ A)
n→∞−−−→ 1.

For instance, fix C > 0 and consider A = {x ∈ X : x(0) = x0, x(T) ≥ x0 + C}.
This event corresponds to Xn exceeding the threshold x0 + C at final time T. To
determine the most likely way in which this rare event occurs, we have to solve
the corresponding minimization problem with rate function (1.8),

I(x) = min
y∈A

∫ T

0

1
2
|∂ty(t)|2 dt.

Solving the Euler-Lagrange equation with the boundary conditions y(0) = x0
and y(T) = λ (any λ ≥ C), we find that the minimizing trajectory x is the path
with constant velocity C/T, that is x(t) = x0 + t C/T.
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The example illustrates in what sense a large deviation principle for stochas-
tic processes contains more information than the law of large numbers. We have
an exponential estimate on the probabilities of deviating from the law of large
number limit, and the rate function contains information about the rare-event be-
haviour. In the example, the Brownian motion exceeds the threshold x0 + C most
likely by following the path with a constant slope. Determining the rare-event be-
haviour for more involved examples is an interesting topic, but we will not study
it in this thesis. For more background on the least-action principle, we refer to the
following papers and the references therein. Weinan, Ren and Vanden-Eijnden
use Freidlin-Wentzell theory to study rare events in a couple of perturbed dy-
namical systems, including for instance the one-dimensional Ginzburg-Landau
model [WRVE04], and introduced the string method [WRVE02]. Metzner, Schütte
and Vanden-Eijnden provide an overview of illustrating examples [MSVE06], and
Grafke and Vanden-Eijnden explore numerical methods for various rare-event al-
gorithms [GVE19].

The form of the rate function (1.8) is a special case of a more general principle.
For many examples, we can derive rate functions of the form

I(x) =
∫ T

0
L(x(t), ∂tx(t))dt. (1.10)

The map L : R × R → [0, ∞] appearing in the rate function is called the La-
grangian. In the above example, L(x, v) = v2/2 is independent of x. We call (1.10)
an action-integral representation or Lagrangian rate function, which is motivated from
the least-action principle that we discussed above. If a process Xn satisfies a
large deviation principle with a Lagrangian rate function, then its limiting dy-
namics x = x(t) can be determined by solving L(x(t), ∂tx(t)) = 0.

For more involved stochastic processes, it is often difficult to derive an exact
characterization of their limiting dynamics in the first place. In these situations,
deriving the Lagrangian provides one way of finding a good characterization.
This is what we do in the first part of this thesis, where we are interested in two
main aspects: deriving Lagrangians and extracting useful information from them.
A common feature making the stochastic processes that we study interesting is
their irreversibility with respect to time. We close this chapter by pointing out our
motivation for considering irreversible processes.

The role of irreversibility—an open question.

Jordan, Kinderlehrer and Otto demonstrated that the solution of the diffusion
equation is the steepest descent of the relative entropy [JKO98, Theorem 5.1].
Their variational formulation is motivated by the backward Euler approximation
scheme, and represents an example of a gradient flow—we introduce these con-
cepts in more detail in Section 7.2 of Chapter 7. A special role in the gradient
flow is played by the Wasserstein distance between probability measures, which
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serves as the metric in the gradient flow. Therefore, this variational formulation
is called the Wasserstein gradient flow. Such a variational structure involving the
Wasserstein distance can be recognized in many other PDEs, e.g. [AGS08, BCC08,
CDF+11, CCT19, CG04, Gig10, GST09, MMS09, Sav07, Lis09]. Many of these PDEs
arise from stochastic particle systems, but it is a priori not clear how to find a cor-
responding gradient flow. Therefore, it is helpful to know how to derive the cor-
responding Wasserstein gradient flows from the microscopic dynamics. A recent
example of such a derivation is the study of Gavish, Nyquist and Peletier [GNP19]
about hard-rod systems.

Adams, Dirr, Peletier and Zimmer derived the Wasserstein gradient flow for
the diffusion equation by means of large deviation theory [ADPZ11, Theorem 3],
by considering the empirical density of independent Brownian motions and send-
ing the number of particles to infinity. Soon after, Mielke, Peletier and Renger re-
vealed that the gradient flow is a consequence of microscopic reversibility of the
Brownian motions [MPR14]. The argument exploits an action-integral form of the
rate function. Let us briefly state in what sense. For n independent Brownian
motions {Bi}i=1,...,n, the empirical particle density defined by ρn = 1

n ∑n
i=1 δBi is

a measure-valued process that converges in the narrow topology to the solution
of the diffusion equation as n → ∞. That means ρn ⇀ ρ, where ∂tρ = ∆ρ. The
sequence also satisfies a large deviation principle in X = CP(R)[0, ∞) with a rate
function given by

I(µ) =
∫ ∞

0
L(µ(t), ∂tµ(t))dt. (1.11)

The rate function satisfies I(ρ) = 0. We ignore here the initial conditions and do
not go into details, but refer to [FK06, Theorem 13.3] for the precise statement.
Mielke, Peletier and Renger show in [MPR14, Section 4.2] how to decompose
the Lagrangian in (1.11) in such a way that one can recognize the Wasserstein
gradient-flow structure in the rate function (1.11).

The argument that connects the rate function to a gradient flow is based on re-
versibility. This argument extends from the abovementioned example to a wider
class of reversible Markov processes, which by large deviations give rise to so-
called generalized gradient flows [MPR14] (see also Section 7.2 of Chapter 7). Trig-
gered by this connection between variational structures of PDEs and large devia-
tions, a natural question we can ask is: which variational structures can we derive from
irreversible processes? While this question is still open, we remark that the starting
point for this connection in the reversible case is a Lagrangian rate function. The
main questions we ask in the first part of this thesis are thus: how can we prove large
deviation principles for irreversible dynamics and obtain action-integral representations of
the rate functions? How can we establish useful characterizations of the Lagrangians? We
hope that the techniques we develop by answering such questions can contribute
to extending the abovementioned connection to a suitable class of irreversible pro-
cesses. The study of irreversible processes is also of independent interest, since
various non-equilibrium phenomena are modelled by irreversible processes; we
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refer to the note of Harris and Touchette [TH11, Section 1.2] for more. A broader
overview on irreversibility may be found in Bricmont’s note [Bri96, Section 3].

Since we will come back to reversibility, let us close this section by formulating
this property here. For a state space E and a trajectory γ ∈ X = CE[0, T], let rev(γ)
be the trajectory defined by

rev(γ)(t) := γ(T − t), t ∈ [0, T].

That means rev(γ) is the time-reversed trajectory of γ. For a Borel set of trajec-
tories A ⊆ X , let rev(A) := {rev(γ) : γ ∈ A}. For µ ∈ P(E), we write Pµ

for the path distribution of a process X with initial distribution X(0) ∼ µ. A
measure π ∈ P(E) is stationary if Eπ f (X(t)) is constant in time for any observ-
able f = f (x).

Definition 1.2.3 (Reversibility). Let X be a Markov process with path distribu-
tions Pµ and stationary measure π ∈ P(E). We say X is reversible with respect
to π if for any Borel subset A ⊆ X ,

Pπ (X ∈ A) = Pπ (X ∈ rev(A)) .

For illustration, an example of a reversible process is a jump process on {1, 2, 3}
with uniform nearest-neighbor jump rates; its stationary measure is the uniform
measure. A counterexample is a jump process on {1, 2, 3} with jumps only clock-
wise, r(1→ 2) = r(2→ 3) = r(3→ 1) > 0, and all other jump rates equal to zero.
The stationary measure is also the uniform measure, but for the set A� containing
all trajectories only going clockwise, rev(A�) = A	, and therefore

Pπ (X ∈ A�) = 1 and Pπ (X ∈ rev(A�)) = 0.

The notion of reversibility of Definition 1.2.3 is sometimes also refered to as mi-
croscopic reversibility or time reversibility. For Markov processes, there are several
useful equivalent characterizations of reversibility that we will work with. For
instance, reversibility is equivalent to symmetry of the infinitesimal generator or
the semigroup, in the sense made precise in [Lig04, Proposition 5.3].

1.3 Overview of the thesis

Here we outline the content of the subsequent chapters. We further detail the
relation of our results to the literature in the introductory parts of the chapters.

Chapter 2: Large Deviations via Hamilton-Jacobi Equations. In this chapter
we demonstrate how to prove pathwise large deviation principles by exploiting
the connection to Hamilton-Jacobi equations [FK06]. The gist of this connection
is that solving certain PDEs of Hamilton-Jacobi type allows us to prove an action-
integral representation of the rate function involving the so-called Lagrangian.



14 Introduction

The crucial insight we take from this chapter is an algorithm that allows us to
rigorously derive the Lagrangian starting from microscopic dynamics.

While the results in this chapter are not novel, some proofs simplify because
we choose to illustrate all concepts in a simpler setting. The extension to theo-
rems including the general settings are presented in the monograph of Jin Feng
and Thomas Kurtz [FK06]. We close the chapter by outlining the relation of our
presentation to such general settings.

Chapter 3: Large Deviations of Switching Processes. This chapter is based on
a joint work with Mark Peletier [PS19]. Our work is inspired by a series of pa-
pers by Mirrahimi, Perthame and Souganidis about PDEs describing molecular
motors [PS09a, PS09b, MS13]. We consider a general class of switching Markov
processes that comprise the PDE models as a special case, and prove pathwise
large deviation principles. The large-deviation theorems extend and generalize
the results of [PS09a, PS09b, MS13]. The main tool we work with is the connection
of large deviations to Hamilton-Jacobi equations. In particular, this connection
allows us to study within the same framework multiple limit regimes as well as
continuous and discrete models of molecular motors.

As an application, we show how macroscopic transport properties of molec-
ular motors can be deduced from associated principal-eigenvalue problems. We
work with variational formulas of principal eigenvalues to demonstrate that break-
ing detailed balance is necessary for obtaining transport. In Section 3.2 we discuss
an example of a continuous molecular-motor model that illustrates our more gen-
eral results.

Chapter 4: Large Deviations of Empirical Measures. This chapter is based on a
joint work with Joris Bierkens and Pierre Nyquist [BNS19]. Joris Bierkens and
Gareth Roberts discovered the zig-zag process as a scaling limit of the Lifted
Metropolis-Hastings [BR17]. The zig-zag process is an example of a piecewise
deterministic Markov process in position and velocity space. The process can be
designed to have an arbitrary Gibbs-type marginal probability density for its posi-
tion coordinate, which makes it suitable for Monte Carlo simulation of continuous
probability distributions. An important question in assessing the efficiency of this
method is how fast the empirical measure converges to the stationary distribution
of the process. We provide a partial answer to this question by characterizing the
large deviations of the empirical measure from the stationary distribution. Based
on the Feng-Kurtz approach to large deviations [FK06], we develop an abstract
framework aimed at encompassing piecewise deterministic Markov processes in
position-velocity space. We derive explicit conditions for the zig-zag process to
allow the Donsker-Varadhan variational formulation of the rate function, both for
a compact setting (the torus) and one-dimensional Euclidean space.

For reversible processes, Donsker and Varadhan offer an exact formula of the
rate function involving the stationary measure. There is no generic formula for
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irreversible processes, which makes it generally harder to draw conclusions from
the rate function. For the zig-zag process however, we derive an explicit expres-
sion for the Donsker-Varadhan functional for the case of a compact state space.
We use this form of the rate function to address a key question concerning the op-
timal choice of the switching rate of the zig-zag process. We show that maximal
irreversibility corresponds to the fastest possible convergence to the stationary
distribution.

Chapter 5: Large Deviations in Stochastic Slow-Fast Systems. This chapter is
based on a work in progress with Richard Kraaij. We give conditions for proving
pathwise large deviations in stochastic slow-fast systems in the limit of time-scale
separation tending to infinity. The conditions are imposed in order to solve the
corresponding Hamilton-Jacobi equations. In the limit regime we consider, the
convergence of the slow variable to its deterministic limit and the convergence of
the fast variable to equilibrium are competing at the same scale. We cast the rate
functions in action-integral form and interpret the Lagrangians in two ways: in
terms of a double-optimization problem of the slow variable’s velocity and the fast
variable’s distribution, and in terms of a principal-eigenvalue problem associated
to the slow-fast system.

As an application, we provide a large-deviation theorem for the empirical
density-flux pair of mean-field interacting particles coupled to fast diffusion. This
system cannot be treated with classical methods. We further show how the La-
grangian can be used to derive an averaging principle from the large deviation
principle.

Chapter 6: Comparison Principle for Two-Scale Hamiltonians. This chapter is
based on a joint work with Richard Kraaij [KS19]. We study the well-posedness of
Hamilton-Jacobi-Bellman equations on subsets of Rd. The Hamiltonian consists of
two parts: an internal Hamiltonian depending on an external control variable and
a cost function penalizing the control. We show under suitable assumptions that
if a comparison principle holds for the Hamilton-Jacobi equation involving only
the internal Hamiltonian, then the comparison principle holds for the Hamilton-
Jacobi-Bellman equation involving the full Hamiltonian. In addition to establish-
ing uniqueness, we give sufficient conditions for existence of solutions. Our key
features are that the internal Hamiltonian is allowed to be non-Lipschitz and non-
coercive in the momentum variable, and that we allow for discontinuous cost
functions. To compensate for the greater generality of our approach, we assume
sufficient regularity of the cost function on its sub-level sets and that the inter-
nal Hamiltonian satisfies a comparison principle uniformly in the control variable
on compact sets. As an application, we show our established result to cover in-
teresting examples that were posed as open problems in the literature as well as
mean-field Hamiltonians that cannot be treated with standard methods.
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Chapter 7: Gradient Flow to Non-Gradient-Flow. This chapter is based on a
work in progress with Mario Maurelli and Mark Peletier. We study a singular
limit problem arising in modelling chemical reactions. At finite ε > 0, the model
is a Fokker-Planck equation corresponding to a particle diffusing in a double-well
potential. In the limit ε = 0, the solution concentrates at the two potential wells.
Arnrich, Mielke, Peletier, Savaré and Veneroni [AMP+12] considered a symmetric
double-well potential and proved Gamma convergence of the associated Wasser-
stein gradient-flow structures. We take the double-well potential to be asymmetric.
In that case, the Wasserstein gradient flows do no longer converge. This is be-
cause the relative entropies diverge in the limit. To obtain a meaningful limit of
a variational structure associated to the family of equations, we consider density-
flux functionals rather than density functionals. The Wasserstein gradient flow is
obtained from the density-flux functional by contraction.

Chapter 8: Discussion and Future Questions. In this final chapter, we first sum-
marize the results presented in this thesis. Then we discuss their limitations and
point out questions that we could not answer so far.



Chapter 2

Introduction to Large
Deviations via
Hamilton-Jacobi Equations

2.1 A general strategy of proof

This chapter is an introduction to a connection between two mathematical sub-
jects: pathwise large deviations of stochastic processes on the one hand, and
Hamilton-Jacobi equations on the other hand. Jin Feng and Thomas Kurtz show
in their monograph [FK06] how to rigorously connect these subjects by means of
mathematical theorems. The scope of the approach is demonstrated by the exam-
ples given in [FK06, Section I.1.4].

When I first tried to work with the theory, I had difficulties to get started. This
was mainly because the general conditions are involved, which can make it diffi-
cult for a newcomer to grasp the essence. I write this chapter with the intention to
facilitate for other newcomers the process of getting started. To do so, I sacrifice
generality for clarity, and answer three straightforward questions I initially strug-
gled to answer for myself, and to which I could not find straight answers in the
literature. Before we get to the questions, let us first have a look at the gist of the
connection.

The connection in a nutshell.

For E := Rd and a finite T > 0, let X := CE[0, T] be the set of E-valued continuous
trajectories x : [0, T] → E, equipped with the supremum norm. Consider a se-
quence of Markov processes {Xn}n=1,2..., where each Xn is regarded as a random
variable in X , with deterministic initial conditions Xn(0) = x0.

17
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We will typically consider Xn that become deterministic in the limit n → ∞:
frequently we expect by the law of large numbers that there exists a trajectory x ∈
X such that Xn → x almost surely as n → ∞. Then for any closed set of trajec-
tories A ⊆ X not containing x, we have P (Xn ∈ A) → 0 as n → ∞. We say Xn

satisfies a pathwise large deviation principle if these probabilities are exponentially
small with respect to n in the sense of Definition 1.2.1. Our goal is both to prove a
large deviation principle and to find a useful formula of the rate function.

Let us state the connection to Hamilton-Jacobi equations. We denote the tran-
sition probabilities of Xn by Pn(t, x, dy). Define for a bounded measurable func-
tion f ∈ B(E) and t ≥ 0 the function Vn(t) f by

Vn(t) f (x) :=
1
n

log
∫

E
en f (y) Pn(t, x, dy). (2.1)

For each n = 1, 2, . . . , the family {Vn(t)}t≥0 forms a one-parameter semigroup of
maps acting on B(E). Further below, we prove that the convergence of these semi-
groups Vn to a limiting semigroup {V(t)}t≥0 implies a pathwise large deviation
principle of Xn. This limiting semigroup can be regarded as the semigroup flow of a
Hamilton-Jacobi equation; there is a map H : E×Rd → R called the Hamiltonian
with which the function u(t, x) := V(t) f (x) is the solution to{

∂tu(t, x) = H(x,∇xu(t, x)),
u(0, x) = f (x).

In which precise sense u solves this equation is not important here. The Hamil-
tonian fully characterizes the large-deviation fluctuations via its Legendre dual
defined as the map L(x, v) := supp[p · v−H(x, p)], which we call the Lagrangian.
Indeed, frequently the large-deviation rate function I : X → [0, ∞] satisfies

I(x) =
∫ T

0
L(x(t), ∂tx(t))dt. (2.2)

This is a useful formula which allows us to determine the law of large number
limit for complicated processes Xn, namely as the path x satisfying I(x) = 0,
which solves the equation L(x(t), ∂tx(t)) = 0. We call (2.2) an action-integral rep-
resentation.

The Hamiltonian can be derived by taking the limit of the so-called nonlinear
generators Hn of the semigroups Vn(t), which are formally determined by Hn :=
d
dt |t=0Vn(t). These nonlinear generators converge in a suitable sense to a limiting
operator H acting on functions as H f (x) = H(x,∇ f (x)), where H is the Hamil-
tonian from above. This derivation will provide us with a recipe for three aspects
at once: finding the Hamiltonian, giving a rigorous proof of large deviations, and
proving the action-integral formula (2.2). The goal of this chapter is to prove a
rigorous version of this recipe in a simplified setting.
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Three questions that we answer in this chapter.

Our first question is:

(1) Why is verifying the convergence of the nonlinear semigroups Vn(t) to a limiting
semigroup V(t) sufficient for proving pathwise large deviation principles?

We answer this question in Section 2.3 by means of Theorem 2.3.3—the additional
assumption of exponential tightness appearing therein is not important for now.

In practice, verifying convergence of the nonlinear semigroups Vn(t) from
scratch is hard. In that sense, the result formulated in Theorem 2.3.3 really only
serves as a stepping stone to obtain useful and applicable results. The bulk of
the general functional analytical work in [FK06] lies in detecting useful conditions
to verify the convergence of nonlinear semigroups from the convergence of their
generators. Let us briefly sketch the idea. For a bird’s-eye view on semigroups, we
refer to Chapters I and VII of Engel’s and Nagel’s monograph [EN99].

Example 2.1.1. Let T : [0, ∞)→ C be a continuous map forming a semigroup, that
means T(t + s) = T(t)T(s) and T(0) = 1. Cauchy and Abel proved the existence
of a unique scalar g ∈ C with which the semigroup is given by T(t) = etg ([EN99,
Theorem 1.4]). We call g the generator of the semigroup T(t). Let us point out two
aspects about this result:

• The whole semigroup T is uniquely identified by its generator g.

• While the map T is only assumed to be continuous, its semigroup prop-
erty T(t + s) = T(t)T(s) actually enforces differentiability. Its generator is
uniquely determined by g = d

dt T(0).

Based on this result, we can prove the following recipe for convergence of a se-
quence of semigroups {Tn}n∈N. First, identify their generators by computing
gn = d

dt Tn(0). Second, identify the limit g := limn gn. Then this limit gener-
ates a semigroup by T(t) := etg, and the semigroups Tn converge to T uniformly
over compact time intervals.

In the spirit of this example, the natural question we can ask is whether there
exists a similar recipe for proving convergence of the semigroups Vn(t). That
means first identifying generators Hn by making sense of Hn = d

dt Vn(0), and
then secondly identifying a suitable limit H := limn Hn. In the above example the
semigroups are complex scalars, and the fact that the limit g is a complex scalar is
sufficient to generate a semigroup by means of the formula T(t) := etg. Since the
semigroups Vn(t) are nonlinear maps defined on B(E), the conditions on a limit H
are more involved.

Therefore, our second question is:

(2) How does the recipe from Example 2.1.1 for verifying convergence of semigroups
carry over to the nonlinear semigroups Vn(t)?
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The answer we give in Section 2.3 identifies the generators Hn as certain nonlinear
operators and establishes conditions on a limit operator H to generate a nonlinear
semigroup V(t). We find that the convergence of generators Hn → H indeed
implies the desired convergence of semigroups Vn → V. The conditions on the
limit operator H are imposed in order to make sense of the formula V(t) = etH . In
Theorem 2.4.7 in Section 2.4.1, we first see how this program leads to the problem
of solving PDEs of the form

(1− τH) f = h,

where τ > 0 and the function h = h(x) are given. In a running example, by which
we illustrate intermediate results, this PDE is

f (x)− τ
1
2
|∇ f (x)|2 = h(x), x ∈ R.

We show in Section 2.4.2 why the notion of viscosity solutions provides the right
tools to solve these type of PDEs. The recipe we obtain for proving pathwise large
deviation principles is summarized in Theorem 2.4.10, and we apply this theorem
to the running example. The drawback of this theorem is that the rate function is
still intricate. Therefore, our third question is:

(3) How can we prove an action-integral representation (2.2) of the rate function?

We provide an answer in Section 2.5. The required Hamiltonian H is identified
from the limit operator H, by recognizing the latter to act on functions by

H f (x) = H(x,∇ f (x)).

Let us summarize where we stand after we will have answered the above three
questions. We find an algorithm that provides us with a convenient method for
guessing the form of a rate function. For a sequence of Rd-valued Markov pro-
cesses Xn, the algorithm can be divided into five steps. First, start from the gen-
erators Ln of Xn. Second, compute the nonlinear generators defined by acting
on functions as Hn f := 1

n e−n f Lnen f . Third, identify the limit operator H f =

limn Hn f . Fourth, identify the Hamiltonian H : Rd ×Rd → R as the map satis-
fying H f (x) = H(x,∇ f (x)) for all f in the domain of H. Finally, define the La-
grangian as the Legendre-Fenchel dual L(x, v) := supp∈Rd [p · v−H(x, p)]. Now
details aside, the rate function satisfies (1.10) with this Lagrangian.

In Section 2.2, we briefly summarize some aspects about Markov processes
that we will work with in the subsequent sections. Each subsequent section is
devoted to answer one of the three questions posed above. Section 2.3 answers the
first question about semigroup convergence, Section 2.4 the second question about
deriving semigroup convergence from generator convergence, and Section 2.5 the
third question about the action-integral representation.
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2.2 Setting: Markov process in compact state space

We denote by E a Polish space, that is a complete separable metric space. We will
assume E to be compact. For T > 0, let X := CE[0, T] be the set of continuous
maps γ : [0, T] → E, equipped with the supremum norm. We consider a set of
transition probabilities {P(t, x, dy)}t≥0 such that:

(i) For any x ∈ E, P(t, x, ·) is a probability measure on E, and P(0, x, ·) = δx.

(ii) For any Borel subset A ⊆ E, the map x 7→ P(t, x, A) is measurable on E, and
for any s ≤ t, we have P(s + t, x, A) =

∫
E P(s, y, A) P(t, x, dy).

By Theorem 1.1 in Chapter IV of [EK86], such a collection of transition probabili-
ties gives rise to a corresponding Markov process X(t)|t≥0; for t ∈ [0, T], we have a
random variable X(t) in E, and X is a random variable in X . The Markov process
is identified with the path distributions {Px}x∈E, where each Px is a probability
measure on X describing the law of the process when starting at x.

If we think of the process as describing a particle that moves in E, then the
value P(t, x, A) corresponds to the probability that starting from x, the particle
propagates in time t into the region A. It is the conditional probability

P(t, x, A) = P (X(t) ∈ A |X(0) = x) = Px (X(t) ∈ A) .

Let B(E) be the set of bounded and measurable functions on E. We call the
family of maps {S(t)}t≥0, with S(t) : B(E)→ B(E) given by

S(t) f (x) :=
∫

E
f (y) P(t, x, dy), (2.3)

the semigroup associated to the Markov process X. Its semigroup property, that
is S(t + s) = S(t)S(s), is inherited from the transition probabilities.

2.3 Large deviations via convergence of semigroups

The main point of this section is to answer our first key question: why is the con-
vergence of nonlinear semigroups sufficient for proving pathwise large deviation
principles? We answer it by proving Theorem 2.3.3 below, which is a simplifica-
tion of [FK06, Theorem 5.15, Corollary 5.17].

Definition 2.3.1 (Nonlinear Semigroup associated to Markov process). Let E be a
Polish space. For a Markov process Xn with transition probabilities Pn(t, x, dy),
define the map Vn(t) : B(E)→ B(E) by (2.1); that is for f ∈ B(E),

Vn(t) f (x) :=
1
n

log
∫

E
en f (y) Pn(t, x, dy). (2.4)

We call the family {Vn(t)}t≥0 the nonlinear semigroup associated to the process Xn.
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We will see further below how Bryc’s formula leads us directly to consider
these nonlinear semigroups. The family {Vn(t)}t≥0 inherits its semigroup prop-
erty from the semigroup {Sn(t)}t≥0 of the Markov process Xn, since

Vn(t + s) f (y) def
=

1
n

log Sn(t + s)en f (y)

=
1
n

log Sn(t)
[
Sn(s)en f

]
(y)

=
1
n

log Sn(t)
[
enVn(s) f

]
(y) def

= Vn(t) [Vn(s) f ] (y).

For the theorem, we also need the following condition.

Definition 2.3.2 (Exponential tightness). Let {Pn}n∈N be a sequence of probability
measures on a Polish space X . The sequence {Pn}n∈N is exponentially tight if for
any ` > 0, there exists a compact set K` ⊆ E such that

lim sup
n→∞

1
n

log Pn (X \ K`) ≤ −`.

Exponential tightness means the mass of the probability measures Pn concen-
trates exponentially fast on compact sets: given an arbitrary rate ` > 0, for any
ε > 0 there exists a compact set K`,ε ⊆ X such that for n large enough,

Pn (X \ K`,ε) ≤ e−n(`−ε).

We comment further below on the role of exponential tightness. Let us first for-
mulate the theorem. For a function g ∈ B(E), we write ‖g‖E := supE |g|.

Theorem 2.3.3 (Large deviations via convergence of nonlinear semigroups). For n =
1, 2, . . . , let Xn be a Markov process in X = CE[0, T] with path distribution denoted
by Pn := P(Xn ∈ ·) ∈ P(X ), and with the corresponding nonlinear semigroup Vn from
Definition 2.3.1. Assume the following:

(i) The sequence {Pn}n∈N is exponentially tight in X .

(ii) There are maps V(t) : C(E) → C(E), t ≥ 0, such that for any sequence of func-
tions fn ∈ B(E) and f ∈ C(E),

if ‖ f − fn‖E
n→∞−−−→ 0, then ‖V(t) f −Vn(t) fn‖E

n→∞−−−→ 0.

Suppose furthermore that the initial conditions {Xn(0)}n∈N satisfy a large deviation
principle in E with rate function I0 : E → [0, ∞]. Then the sequence {Xn}n∈N satisfies
a large deviation principle in X with rate function I : X → [0, ∞] given by (2.5) below.

For any n ∈ N, the sequence Xn with initial conditions Xn(0) ∼ νn has a path
distribution Pn = Pνn(Xn ∈ ·) ∈ P(X ). The theorem gives two conditions under
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which a large deviation principle for the initial condition bootstraps to these path
distributions. The rate function in Theorem 2.3.3 is determined by the limit V(t),

I(x) = I0(x(0)) + sup
k∈N

sup
(t1,...,tk)

k

∑
i=1
Iti−ti−1(x(ti)|x(ti−1)), (2.5)

where It(z|y) given by

It(z|y) = sup
f∈C(E)

[ f (z)−V(t) f (y)] . (2.6)

We will encounter the functions It(·|y) as the rate functions for the one-dimensional
marginals. Before we give an overview of the proof of Theorem 2.3.3, a remark on
exponential tightness. This property is always expected: if a sequence of probabil-
ity measures on a Polish space satisfies the large-deviation upper bound, then the
sequence is exponentially tight [DZ98, Exercise 4.1.10]. In general, the role of ex-
ponential tightness is to bootstrap the large-deviation upper bound from compact
to closed sets [DZ98, Lemma 1.2.18].

In our context, it allows us to deduce pathwise large deviations from large
deviations of the finite-dimensional marginals. If for each tuple 0 ≤ t1 < t2 <
· · · < tk, the marginals {(Xn(t1), . . . , Xn(tk))}n∈N satisfy large deviations in Ek

with rate function It1 ...tk : Ek → [0, ∞], then the sequence of processes {Xn}n∈N

satisfies a large deviation principle in X with rate function I : X → [0, ∞] given
by

I(x) := sup
k∈N

sup
(t1,...,tk)

It1 ...tk (x1(t1), . . . , xk(tk)) , (2.7)

where the supremum is taken over all finite tuples t1 < t2 < · · · < tk. A proof of
this fact can be found in [FK06, Theorem 4.28]. The rate function (2.7) is an exam-
ple of bootstrapping large deviations from lower to higher-dimensional spaces,
known as the Dawson-Gärtner Theorem [DZ98, Theorem 4.6.1]. We postpone the
problem of how to obtain exponential tightness to Section 2.4.

Overview of the proof of Theorem 2.3.3. The pathwise large deviation principle fol-
lows from the large deviation principles of finite-dimensional distributions by ex-
ponential tightness [FK06, Theorem 4.28]. We first prove in Section 2.3.2 the large
deviation principle for the one-dimensional time marginals Xn(t). Then we see
how the argument iterates to finite-dimensional distributions in Proposition 2.3.8.
That gives the pathwise large deviation principle of {Xn}n∈N with rate function
given by the formula (2.7). Finally, we prove in Proposition 2.3.9 the formula (2.5)
of the rate function.

2.3.1 Varadhan’s Lemma and Bryc’s Formula

The main point of this section is to formulate the equivalence of large deviations
and asymptotic evaluation of integrals of continuous functions, since this equiva-
lence will be our starting point for proving large deviations of finite-dimensional
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distributions. For the following theorems, we consider a sequence of probability
measures Qn on a compact Polish space S .

Theorem 2.3.4 (Varadhan’s Lemma). Suppose that the sequence {Qn}n∈N satisfies a
large deviation principle with rate function I : S → [0, ∞]. Then for any bounded and
continuous function f : S → R,

lim
n→∞

1
n

log
∫
S

en f (x) Qn (dx) = sup
x∈S

[ f (x)− I(x)] .

Theorem 2.3.5 (Bryc’s Formula). Suppose that for any f ∈ C(S), the limit

Λ( f ) := lim
n→∞

1
n

log
∫
S

en f (x) Qn (dx) . (2.8)

exists. Then the sequence {Qn}n∈N satisfies a large deviation principle with rate func-
tion I : S → [0, ∞] given by

I(x) = sup
f∈C(S)

[ f (x)−Λ( f )] . (2.9)

Varadhan’s Lemma is a generalization of winner-takes-it-all principle. For a
continuous function g : [a, b]→ R on a closed interval [a, b], we have

1
n

log
∫ b

a
eng(x) dx n→∞−−−→ sup

x∈[a,b]
g(x) =: g.

This follows from the fact that (g− g) ≤ 0 on [a, b] and

1
n

log
∫ b

a
eng(x) dx = g +

1
n

log
∫ b

a
en(g(x)−g) dx.

Consider a sequence of probability measures Qn ∈ P(R) satisfying large devia-
tions. At least intuitively, this means an approximation of the type

Qn (dx) ≈ e−nI(x) dx

is valid for large n. Then for a bounded and continuous function f on R,∫
R

en f (x) Qn (dx) ≈
∫

R
en f (x)e−nI(x) dx, n→ ∞

Hence on the logarithmic scale, we expect the dominant contribution to come
from the maximal value of g := f − I . Varadhan’s Lemma states both the ex-
istence of the limit and that it equals to what we expect from the winner-takes-
it-all principle. Proofs closely following the above sketch are given for instance
by Budhiraja and Dupuis [BD19, Theorem 1.5] and Frank den Hollander [dH00,
Theorem III.13]. A proof based on the exponential Chebyshev inequality is given
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by Feng and Kurtz in [FK06, Proposition 3.8]. Dembo and Zeitouni prove it in
regular topological spaces under an additional tail bound [DZ98, Theorem 4.3.1].

Bryc proved the inverse to Varadhan’s Lemma in [Bry90]. The point of Bryc’s
formula is: if we can compute the rate transforms, then we obtain a rate function.
Bryc’s formula focuses on the existence of the limit Λ( f ) and does not require to
identify a rate function beforehand. We refer to the map Λ : C(S)→ R as the rate
transform associated to {Qn}n∈N. By Varadhan’s Lemma, we have

Λ( f ) = sup
x∈S

[ f (x)− I(x)] .

2.3.2 Large deviations of one-dimensional marginals

Here we show how Bryc’s formula directly leads to a proof of large deviations of
the one-dimensional time marginales. To recall the setting of Theorem 2.3.3, we
consider a sequence of Markov processes Xn with paths in X = CE[0, T], where E
is a compact Polish space. For any t ∈ [0, T], the time marginal Xn(t) is a random
variable in E. We denote its distribution by Pn

t ∈ P(E).
Fix t ∈ [0, T]. By Bryc’s Formula, the sequence {Xn(t)}n∈N satisfies a large

deviation principle if for any f ∈ C(E), the sequence

Λn
t ( f ) :=

1
n

log
∫

E
en f (y) Pn

t (dy)

converges as n tends to infinity. First, let us suppose that the initial condition is
deterministic, that means Xn(0) ∼ Pn

0 := δx0 for some fixed x0 ∈ E.
Let Sn be the semigroup corresponding to Xn. For every f ∈ B(E), we have by

conditioning (e.g. [EK86, Proposition 4.1.6] or [Lig04, Definition 1.6])∫
E

f (y)Pn
t (dy) =

∫
E

Sn(t) f (x)Pn
0 (dx) . (2.10)

Therefore∫
E

en f (y) Pn
t (dy)

(2.10)
=

∫
E

Sn(t)en f (x) Pn
0 (dx) def

=
∫

E
enVn(t) f (x) Pn

0 (dx) . (2.11)

Hence using Pn
0 = δx0 , we find

Λn
t ( f ) def

=
1
n

log
∫

E
en f (y) Pn

t (dy)
(2.11)
=

1
n

log
∫

E
enVn(t) f (x) Pn

0 (dx)

=
1
n

log enVn(t) f (x0) = Vn(t) f (x0).

This is how the semigroups Vn(t) arise directly from Bryc’s formula. Recall that
we assume the convergence Vn(t) → V(t) as n → ∞. Hence with the special
initial condition Pn

0 = δx0 , the rate transform Λ( f ) from (2.8) is

Λ( f ) = V(t) f (x0).
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By Bryc’s formula (2.9), the rate function It(·|x0) : E→ [0, ∞] takes the form

It(x|x0) = sup
f∈C(E)

[ f (x)−V(t) f (x0)] .

This is the conditional rate function introduced in (2.6). We just proved that the
conditional probability measures

A 7→ Pn(t, x0, A) = P (Xn(t) ∈ A |Xn(0) = x0)

satisfy a large deviation principle with rate function It(·|x0).
Both the fact that we only need convergence of Vn(t) f at the point x0 and

that the limit Λ( f ) depends on x0 are an artefact of the special form of the initial
distribution, Xn(0) ∼ δx0 .

Proposition 2.3.6. Let t ∈ [0, T]. Under the conditions of Theorem 2.3.3, the sequence
of one-dimensional time marginals {Xn(t)}n∈N satisfies a large deviation principle in E
with rate function It : E→ [0, ∞] given by

It(x) = sup
f∈C(E)

{ f (x)−Λ0 [V(t) f ]} ,

where Λ0 is the rate transform (2.8) associated to the initial conditions {Xn(0)}.

Proof of Proposition 2.3.6. Let Pn
t ∈ P(E) be the distribution of Xn(t). If for any

function f ∈ C(E) the rate transform

Λt( f ) := lim
n→∞

1
n

log
∫

E
en f (y) Pn

t (dy)

exists, then by Bryc’s formula, {Xn(t)} satisfies a large deviation principle with
rate function It : E→ [0, ∞] given by

It(x) = sup
f∈C(E)

[ f (x)−Λt( f )] .

Since the initial conditions {Xn(0)} satisfy large deviations, the rate transform

Λ0(g) := lim
n→∞

1
n

log
∫

E
eng(y) Pn

0 (dy) , g ∈ C(E),

exists by Varadhan’s Lemma. Hence we can prove the Proposition by showing
that Λt( f ) is equal to Λ0 [V(t) f ]. Let f ∈ C(E). Then∫

E
en f (y) Pn

t (dy)
(2.11)
=

∫
E

enVn(t) f (x) Pn
0 (dx) .

The functions hn := Vn(t) f ∈ B(E) converge by assumption uniformly to the
function h := V(t) f ∈ C(E). The map g 7→ Λn

0 (g) := 1
n log

∫
E eng(x) Pn

0 (dx) is
well-defined on B(E) and satisfies the bounds

−‖h− hn‖E + Λn
0 (h) ≤ Λn

0 (hn) ≤ Λn
0 (h) + ‖h− hn‖E.
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Now the equality Λt( f ) = Λ0 [V(t) f ] follows by taking the limit n→ ∞. This last
step requires the limit V(t) f to be a continuous function on E, since Varadhan’s
Lemma a priori only guarantees the rate transform Λ0 on continuous functions.

Running Example (Small diffusion). We illustrate the above result for the pro-
cess dXn

t = n−1/2dBt on E = R, ignoring for the moment the fact that R is not
compact. The transition probabilities Pn(t, x, dy) are explictly known,

Pn(t, x, dy) =
√

n
2πt

exp{−n(y− x)2/2t}dy.

Hence the nonlinear semigroups are

Vn(t) f (x) =
1
n

log
(∫

R
exp

{
n
[

f (y)− 1
2t
(y− x)2

]}
dy
)
+

1
n

log
(√

n
2πt

)
.

The second term vanishes in the limit n → ∞. In the integral term, the highest
value dominates in the limit, which gives

V(t) f (x) def
= lim

n→∞
Vn(t) f (x) = sup

z∈R

[
f (z)− 1

2t
(z− x)2

]
.

This expression is the well-known Hopf-Lax formula. Thus Xn(t) conditioned
to Xn(0) = x satisfies a large deviation principle with rate function

It(y|x) = sup
f∈Cb(R)

[ f (y)−V(t) f (x)]

Inserting V(t) and evaluating, we find by proving two inequalities that

It(y|x) = sup
f∈Cb(R)

inf
z∈R

[
f (y)− f (z) +

1
2t
(z− x)2

]
=

1
2t
(y− x)2.

This confirms what we can readily see from the transition probabilites.

2.3.3 Large deviations of finite-dimensional marginals

We first consider two-dimensional time marginals {(Xn(t1), Xn(t2))} for some
fixed t2 > t1 ≥ 0. To that end, denote the distribution of (Xn(t1), Xn(t2)) by Pn

t1t2
∈

P(E × E). We copy the strategy of one-dimensional marginals based on Bryc’s
formula: for proving large deviations of {(Xn(t1), Xn(t2))}n∈N, it is sufficient to
prove for any f ∈ C(E× E) the existence of the following limit:

Λt1t2 ( f ) := lim
n→∞

1
n

log
∫

E×E
en f (x,y) Pn

t1t2
(dxdy) .
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We would like to use conditioning in order to reduce this convergence problem
to convergence of the nonlinear semigroups Vn(t), as in the proof regarding one-
dimensional marginals. To that end, we would like to consider only functions
of the form f12(y, z) = f1(y) + f2(z), with f1, f2 ∈ C(E). The fact that proving
convergence for functions of this form is sufficient is the content of the following
Lemma. It can be seen as strengthening Bryc’s formula for Cartesian products. To
shorten the presentation, we just indicate below where to find the proof.

Lemma 2.3.7 (Considering sums is sufficient). Let S1,S2 be a compact Polish spaces
and {Pn}n∈N be a sequence of probability measures on S1 × S2. For f1 ∈ C(S1) and
f2 ∈ C(S2), we write f12 ∈ C (S1 × S2) for the function f12(y, z) := f1(y) + f2(z).
Suppose that for any f1, f2, the rate transform

Λ( f12) := lim
n→∞

1
n

log
∫
S1×S2

en f1(y)+n f2(z) Pn (dydz)

exists. Then the family {Pn}n∈N satisfies a large deviation principle with rate function
I : S1 × S2 → [0, ∞] given by

I(y, z) = sup
f1∈C(S1)
f2∈C(S2)

[ f1(y) + f2(z)−Λ( f12)] .

Sketch of proof of Lemma 2.3.7. If two subsets of functions D1 ⊆ C(S1) and D2 ⊆
C(S2) are bounded above and isolates points, then the set of functions on S1 ×S2
defined by D12 := { f1 + f2 | f1 ∈ D1, f2 ∈ D2} is bounded above and isolates
points [FK06, Lemma 3.22]. Hence by Proposition 3.20 of [FK06], the set F12 :=
{ f1 + f2 : f1 ∈ C(S1), f2 ∈ C(S2)} ⊆ C(S1 × S2) contains a set that is bounded
above and isolates points. Therefore F12 is rate-function determining in the sense
of Definition 3.15 of [FK06].

Proposition 2.3.8. Let 0 < t1 < t2 ≤ T. Under the conditions of Theorem 2.3.3,
the sequence of two-dimensional time marginals {(Xn(t1), Xn(t2))}n∈N satisfies a large
deviation principle with rate function It1t2 : E× E→ [0, ∞] given by

It1t2(y, z) = sup
f1, f2∈C(E)

{ f1(y) + f2(z)−Λ0 [V(t1) ( f1 + V(t2 − t1) f2)]} .

Proof of Proposition 2.3.8. Let Pn
t1t2

be the distribution of (Xn(t1), Xn(t2)). We know
by Lemma 2.3.7, if for any function of the form f12(y, z) := f1(y) + f2(z) with
functions f1, f2 ∈ C(E) the rate transform

Λt1t2 ( f12) := lim
n→∞

1
n

log
∫

E×E
en f12(y,z) Pn

t1t2
(dydz)

exists, then the large deviation principle holds with rate function

It1t2(y, z) = sup
f1, f2∈C(E)

{ f1(y) + f2(z)−Λt1t2 [ f12]} .
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The initial conditions {Xn(0)} satisfy a large deviation principle by assumption.
Hence by Varadhan’s Lemma, for any g ∈ C(E) the rate transform

Λ0(g) := lim
n→∞

1
n

log
∫

E
eng(y) Pn

0 (dy)

exists. We have V(t1)( f1 + V(t2 − t1) f2) ∈ C(E) since V(t) is a map from C(E)
to C(E). Therefore, the proposition follows if we prove

Λt1t2 [ f12] = Λ0 [V(t1) ( f1 + V(t2 − t1) f2)] .

As in the proof of one-dimensional distributions, we condition to earlier times
([EK86, Proposition 4.1.6]), and find∫

E×E
en( f1(y)+ f2(z)) Pn

t1t2
(dydz) =

∫
E

en( f1(y)+Vn(t2−t1) f2(y)) Pn
t1
(dy)

=
∫

E
enVn(t1)[ f1+Vn(t2−t1) f2](x) Pn

0 (dx) .

By the convergence assumption on the nonlinear semigroups Vn(t),

f1 + Vn(t2 − t1) f2
n→∞−−−→ f1 + V(t2 − t1) f2

uniformly on E. Hence again by the convergence assumption,

hn := Vn(t1) [ f1 + Vn(t2 − t1) f2]
n→∞−−−→ h := V(t1) [ f1 + V(t2 − t1) f2] .

The map g 7→ Λn
0 (g) := 1

n log
∫

E eng(x) Pn
0 (dx) is well-defined on B(E) and satis-

fies the bounds

−‖h− hn‖E + Λn
0 (h) ≤ Λn

0 (hn) ≤ Λn
0 (h) + ‖h− hn‖E,

and the desired equality follows by taking the limit n→ ∞.

The convergence condition on the nonlinear semigroups Vn(t) is sufficient for
iterating to finite-dimensional marginals (Xn(t1), . . . , Xn(tk)). The rate function is
then given by

It1 ...tk (x1, . . . , xk) = sup
f1 ... fk∈C(E)

{
∑

i
fi(xi)−Λt1 ...tk [ f1, . . . , fk]

}
, (2.12)

where the rate transform Λt1 ...tk includes concatinations of the limiting map V(t),

Λt1 ...tk [ f1, . . . , fk] = Λ0 [V(t1) ( f1 + V(t2 − t1)( f2 + · · ·+ V(tk − tk−1) fk) . . . )))] .
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2.3.4 Conditional structure of the rate function

In this section, we show how to cast the rate function for finite-dimensional dis-
tributions from (2.12) into the more convenient form (2.13) given below.

Proposition 2.3.9. For tk > tk−1 > · · · > t1 >= 0, consider the rate function
It1 ...tk : Ek → [0, ∞] of finite-dimensional time-marginals {Xn(t1), . . . , Xn(tk)}n∈N

given by (2.12). Then

It1 ...tk (x1, . . . , xk) = It1(x1) + It2−t1(x2|x1) + · · ·+ Itk−tk−1(xk|xk−1), (2.13)

where It is the rate function for Xn(t1) and the conditional rate functions It(z|y) are

It(z|y) = sup
f∈C(E)

[ f (z)−V(t) f (y)] . (2.14)

Proof of Proposition 2.3.9. We consider the case k = 2. Then

It1t2(x1, x2) = sup
f1, f2∈C(E)

{ f1(x1) + f2(x2)−Λ0 [V(t1) ( f1 + V(t2 − t1) f2)] } .

Concatinating the supremum and adding zero, we obtain

It1t2(x1, x2) = sup
f2∈C(E)

[
f2(x2)−V(t2 − t1) f2(x1)

+ sup
f1∈C(E)

f1(x1) + V(t2 − t1) f2(x1)−Λ0 [V(t1) ( f1 + V(t2 − t1) f2)]

]
.

Since V(t) : C(E) → C(E), we may shift in the second supremum to functions of
the form f1 = g1 −V(t2 − t1) f2, with g1 ∈ C(E), to obtain

It1t2(x1, x2) = sup
f2

[ f2(x2)−V(t2 − t1) f2(x1)] + sup
g1

[g1(x1)−Λ0 [V(t1)g1]]

def
= It2−t1 (x2|x1) + It1(x1).

This finishes the proof for k = 2. Similarly, we obtain for k = 3

It1t2t3(x1, x2, x3) = It3−t2(x3|x2) + It1t2(x1, x2).

The general case follows by induction.

Proposition 2.3.9 represents the fact that for a Markov process Xn, the time
marginals such as Xn(t1) and Xn(t2) for t1 < t2 are in general not independent,
but correlated. From the large deviation principles

P [Xn(t1) ≈ x1] ∼ e−nIt1 (x1) and P [Xn(t2) ≈ x2] ∼ e−nIt2 (x2),
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we can not conclude the large deviation principle of the pair (Xn(t1), Xn(t2) as

P [Xn(t1) ≈ x1, Xn(t2) ≈ x2]
?∼ e−n[It1 (x1)+It2 (x2)].

Rather, the rate functions reflect the fact that the event Xn(t1) ≈ x1 takes place
before the event Xn(t2) ≈ x2. This condition appears in the rate function It1t2 of
the joint event:

P [Xn(t1) ≈ x1, Xn(t2) ≈ x2] ∼ e−n[It1 (x1)+It2−t1 (x2|x1)].

Running Example (Small diffusion). Let E = R and dXn
t = n−1/2dBt, and sup-

pose Xn(0) = x0. Again we ignore that R is not compact. We find

P [Xn(t1) ≈ x1, Xn(t2) ≈ x2] ∼ e−n[It1 (x1)+It2−t1 (x2|x1)],

where we already computed It(x2|x1) = (x2 − x1)
2/2t. Since the process starts

at x0, we have It1(x1) = (x1 − x0)
2/2t. For a partition 0 = t0 < t1 < . . . tk = T of

the time interval [0, T],

P [Xn(t1) ≈ x1, . . . , Xn(tk) ≈ xk] ∼ exp{−n · It1 ...tk (x1, . . . , xk)}, n→ ∞.

Suppose ti − ti−1 ≈ ∆t > 0 is small. Then massaging the rate function a bit,

It1 ...tk (x1, . . . , xk)
(2.13)
= It1(x1) + It2−t1(x2|x1) + · · ·+ Itk−tk−1(xk|xk−1)

=
1
2
(x1 − x0)

2

(t1 − t0)
+

1
2
(x2 − x1)

2

(t2 − t1)
+ · · ·+ 1

2
(xk − xk−1)

2

(tk − tk−1)

≈ 1
2

k

∑
i=1

(
xi − xi−1

ti − ti−1

)2
∆t.

Hence with a fine partition and regarding the points xi as corresponding to a
path x : [0, T]→ E via xi = x(ti), we expect

It1 ...tk (x1, . . . , xk)
k�1≈

∫ T

0

1
2
(∂tx(t))2 dt. (2.15)

The rigorous version of this derivation is Schilder’s Theorem, and we will prove
the corresponding rigorous statement further below. This small calculation is
based on the explicit formula for the conditional rate functions. In general, we
will be able to obtain something like

It1 ...tk (x1, . . . , xk)
k�1≈

∫ T

0
L(∂tx(t))dt, L(·) convex.

We provide more details in Section 2.5 below.



32 LDP via Hamilton-Jacobi Equations

2.4 Large deviations via convergence of generators

In the previous section, we introduced in Definition 2.3.1 the nonlinear semi-
groups Vn(t) associated to a Markov process Xn with paths in X = CE[0, T]. We
summarized the main preliminary result in Theorem 2.3.3, which identifies two
conditions for proving pathwise large deviation principles:

(i) The sequence {Xn}n∈N is exponentially tight.

(ii) The semigroups Vn(t)|t≥0 converge to a semigroup V(t)|t≥0.

We say that Theorem 2.3.3 is preliminary for a couple of reasons:

• Verifying exponential tightness is a nasty and unfortunate task that we would
like to avoid carrying out on a case-by-case analysis.

• Typically, the nonlinear semigroups Vn(t) are not computable, and it is hard
to even identify a possible limit candidate V(t) in the first place, yet proving
convergence.

• The formula (2.5) for the rate function is complicated. Even a simple ques-
tion like "what is its minimizer?" is hard to answer.

In this section, we answer the second key question from Section 2.1: how can
we verify the convergence of semigroups from convergence of generators? To
that end, let us turn to the recipe of semigroup convergence as outlined in Exam-
ple 2.1.1 above: we want to identify the generator Hn = (d/dt)Vn(0) and then
identify a suitable limit H = limn Hn. Finally, we hope to conclude the semigroup
convergence Vn → V. We start with deriving Hn.

For a Markov process with semigroup S(t), the generator L is a linear operator
characterizing the infinitesimal time evolution by

S(t + ∆t) f (x) = E [ f (X(t + ∆t))|X(t) = x] = f (x) + L f (x)∆t +O(∆t2).

Definition 2.4.1 (Infinitesimal generator). Consider a strongly continuous con-
traction semigroup S(t) : C(E)→ C(E). Its corresponding infinitesimal generator L
is a linear operator L : D(L) ⊆ C(E) → C(E), where for any f ∈ C(E), if there is
some g ∈ C(E) such that uniformly on E,

g = lim
t→0

1
t
(S(t) f − f ) ,

then f ∈ D(L) and L f := g.

We consider a Markov process Xn ∈ CE[0, T] with corresponding transition
probabilities Pn(t, x, dy) and linear semigroup Sn(t) f (x) :=

∫
E f (y)Pn(t, x, dy).

Let Ln be its infinitesimal generator. For any function f ∈ D(L),

Ln f =
d
dt

∣∣∣∣
0
Sn(t) f .



Large deviations via convergence of generators 33

The nonlinear semigroups Vn(t) from Definition 2.3.1 are given by

Vn(t) f (x) =
1
n

log Sn(t)en f (·)|x.

Taking the time derivative and evaluating at zero, the chainrule formally yields

d
dt

∣∣∣∣
t=0

Vn(t) f (x) =
1
n

1
Sn(0)en f (·)|x

d
dt

∣∣∣∣
t=0

Sn(t)en f (·)|x

=
1
n

e−n f (x)Lnen f (x).

This suggests the operators Hn f := n−1e−n f Lnen f are the generators of Vn(t).

Running Example. Let E = R and dXn
t = n−1/2dBt. The linear generator is Ln f =

(2n)−1∆ f with domain D(Ln) = C2
b(R). We find

Hn f def
=

1
n

e−n f Lnen f =
1
2

1
n

∆ f +
1
2
|∇ f |2,

writing ∇ f = f ′ and ∆ f = f ′′.

Definition 2.4.2 (Nonlinear generators). Let E be a compact Polish space and let
a linear operator Ln : D(Ln) ⊆ C(E) → C(E) be the generator of an E-valued
Markov process. The corresponding nonlinear generator Hn is defined as the map

Hn f (x) :=
1
n

e−n f (x)Lnen f (·)(x), (2.16)

defined on the domain D(Hn) := { f | en f ∈ D(Ln)}.

Here, the operators Hn have to be understood as formal generators of Vn(t).
We only took the above calculation as a motivation, but do not claim the non-
linear generator to be a generator in the mathematically precise sense as for in-
stance in the Hille-Yosida Theorem. Also in [FK06] it is never claimed that we can
make precise sense of d

dt Vn(0) = Hn. The formal calculations merely suggest that
the limiting behaviour of Hn is closely related to the limiting behaviour of Vn(t).
Jump processes form an important exception, where we will indeed find the rela-
tion d

dt Vn(0) = Hn.

Equipped with Definition 2.4.2, we can tackle the task of deriving semigroup
convergence from generator convergence. In Section 2.4.1, we find conditions un-
der which convergence of the nonlinear generators Hn to a limiting operator H
implies large deviations (Theorem 2.4.7). The main ingredient of the proof of The-
orem 2.4.7 is a convergence statement that translates the Trotter-Kato approxima-
tion theorem for linear semigroups to the nonlinear setting. We call this conver-
gence statement the Feng-Kurtz approximation theorem. In addition, we have to
pose conditions on the limit H in order to construct a semigroup V(t) from it.
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Below the proof of Theorem 2.4.7, we illustrate with the running example which
condition is hard to verify.

In Section 2.4.2, we motivate the consideration of viscosity solutions. With this
type of weak solutions, the conditions on the limit H are verifiable. The sum-
marize this main result in Theorem 2.4.10, and we verify its conditions for the
running example.

2.4.1 Using classical solutions

The main point of this section is to show under which conditions convergence of
generators implies the large deviation principle (Theorem 2.4.7). In the follow-
ing definitions, nonlinear operators H acting on Banach spaces B are regarded
as subsets of B × B. We denote by H the closure of H with respect to the graph
norm. For a Polish space E, we will consider the Banach space B(E) of measurable
bounded functions on E, equipped with the supremum norm denoted by ‖ · ‖. The
following two properties are posing solvability conditions on an equation of the
type (1− τH) f = h for a nonlinear operator H, where τ > 0 and h(x) are given
and a solution f (x) in the domain of H is sought. We say f is a classical solution
if f ∈ D(H) and (1− τH) f = h.

Definition 2.4.3 (Dissipative operator). For a Polish space E, a nonlinear operator
H ⊆ B(E)× B(E) with domain D(H) is called dissipative if for all τ > 0 and any
f1, f2 ∈ D(H), the following estimate is satisfied:

‖ f1 − f2‖ ≤ ‖( f1 − τH f1)− ( f2 − τH f2)‖.

Dissipativity corresponds to uniqueness of classical solutions. For τ > 0 and
h ∈ B(E), suppose two functions f1, f2 ∈ D(H) satisfy (1− τH) f1 = h and (1−
τH) f2 = h. If H is a dissipative operator, then ‖ f1 − f2‖ ≤ 0.

Definition 2.4.4 (Range condition). Let E be a Polish space and let H be a non-
linear operator H ⊆ B(E)× B(E) with domain D(H). We say that H satisfies the
range condition if there exists a τ0 > 0 such that for all 0 < τ < τ0, we have

D(H) ⊆ range (1− τH).

The range condition corresponds to the existence of classical solutions. For
dissipative operators, we have range(1− τH) = range(1− τH). If a dissipative
operator H satisfies the range condition, then for any h ∈ D(H) and τ > 0 suffi-
ciently small, there exists a function f ∈ D(H) such that (1− τH) f = h.

Theorem 2.4.5 (Crandall-Liggett, [CL71]). Let E be a Polish space and let H be a
nonlinear operator H ⊆ B(E)× B(E) with domain D(H). Suppose that H is dissipative
and satisfies the range condition. Then for each f ∈ D(H), the map

V(t) f := lim
k→∞

(
1− t

k
H
)−k

f
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exists and {V(t)}t≥0 defines a contraction semigroup V(t) : D(H)→ D(H).

In Example 2.1.1, we considered semigroups taking values in C. In that con-
text, given a generator g ∈ C, we can use different equivalent formulas of the
exponential map to associate a continuous semigroup T(t) = etg to it:

T(t) :=
∞

∑
k=0

1
k!
(tg)k or T(t) := lim

k→∞

(
1− t

k
g
)−k

.

The first formula can be used in the context of linear semigroups whose generators
are bounded operators (Hille-Yosida Theorem). The Crandall-Liggett Theorem is
based on the second formula. For an operator H and τ > 0, it uses the resol-
vent R(τ) := (1− τH)−1 defined by finding a unique solution f to (1− τH) f = h
for each given τ > 0 and h ∈ C(E). Then V(t) = limk R(t/k)k serves as the rigor-
ous version of V(t) = etH .

If E is compact and we work with D(H) ⊆ C(E) dense, then the associated
semigroup consists of maps V(t) : C(E) → C(E). The following Theorem is a
simplification of Proposition 5.5 in [FK06].

Theorem 2.4.6 (Feng-Kurtz approximation). Let E be a compact Polish space and let
Gn : B(E) → B(E) and H : D(H) ⊆ C(E) → C(E) be two dissipative operators that
both satisfy the range condition with the same τ0. Let Vn(t) and V(t) be the corresponding
generated semigroups in the Crandall-Liggett sense. Suppose the following:

(i) For each f ∈ D(H), there exist fn ∈ B(E) such that

‖ f − fn‖E
n→∞−−−→ 0 and ‖H f − Gn fn‖E

n→∞−−−→ 0.

Then for any f ∈ D(H) and fn ∈ B(E) such that ‖ f − fn‖E → 0, we have

‖V(t) f −Vn(t) fn‖E
n→∞−−−→ 0.

We will apply the Feng-Kurtz approximation to operators Gn that are Hille-
Yosida approximations of Markov generators. These Hille-Yosida approximations
are generators of jump processes and satisfy the conditions of the Feng-Kurtz ap-
proximation theorem. A detailed discussion on their construction is given in [EK86,
Section IV.2]. The fact that they are dissipative and satisfy the range condition is
proven in [FK06, Lemma 5.7]. We now use Lemmas of [FK06, Chapter 5] to prove
the following simplification of [FK06, Corollary 5.19].

Theorem 2.4.7 (Large deviations via classical solutions). Let E be a compact Polish
space and for n = 1, 2, . . . , let Ln : D(Ln) ⊆ C(E) → C(E) be the generator of an
E-valued Markov process Xn

t |t≥0 with continuous sample paths in X = CE[0, T]. Let Hn
be the nonlinear generators (2.16). Suppose the following:
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(i) There exists a densely defined operator H : D(H) ⊆ C(E) → C(E) such that for
any f ∈ D(H), there are fn ∈ D(Hn) satisfying

‖ f − fn‖E
n→∞−−−→ 0 and ‖H f − Hn fn‖E

n→∞−−−→ 0.

(ii) The operator H satisfies the range condition (Definition 2.4.4).

Suppose furthermore that Xn(0) satisfies the large deviation principle in E with rate func-
tion I0 : E → [0, ∞]. Then H satisfies the conditions of the Crandall-Liggett Theorem
and hence generates a semigroup V(t), and the sequence {Xn}n∈N satisfies the large
deviation principle in X with a rate function I : X → [0, ∞] given by (2.5).

Sketch of proof of Theorem 2.4.7. We verify the conditions of Theorem 2.3.3, accord-
ing to which a large deviation principle of {Xn} follows from two conditions:
exponential tightness and convergence of the nonlinear semigroups Vn(t) to some
limiting semigroup V(t) : C(E)→ C(E).

Under the above convergence condition on the nonlinear generators Hn, expo-
nential tightness of {Xn}n∈N follows by [FK06, Corollary 4.17]. We do not give
the details here, but comment briefly on why: (a) the exponential compact contain-
ment condition is always satisfied for compact spaces, (b) we can take F = C(E)
since D(H) is dense in C(E), and (c) exploits the fact that by the convergence
condition Hn → H, the sequences Hn fn are uniformly bounded.

We are left with showing that 1) we can define V(t) in terms of the limit op-
erator H by means of the Crandall-Liggett Theorem and 2) that we obtain the
semigroup-convergence Vn(t)→ V(t) as specified in Theorem 2.3.3.

1) By assumption, the operator H satisfies the range condition, and we only
need to verify dissipativity. To that end, we henceforth only work with the full
generator of Xn, the graph in B(E)× B(E) defined as (see [EK86, Section 1.1.5]){

( f , g) ∈ B(E)× B(E) : ∀ t, Sn(t) f − f =
∫ t

0
Sn(s)g ds

}
.

We will denote them as well by Ln, and their associated nonlinear generators as
well by Hn. The reason for considering the full generator is that by Proposition 5.1
in [EK86], it is a linear dissipative operator with resolvent

(λ− Ln)
−1 h =

∫ ∞

0
e−λtSn(t)h dt.

Consider for εn := exp{−n2} the Hille-Yosida approximations Lεn
n defined by

Lεn
n := Ln (1− εnLn)

−1 .

The map Lεn
n : B(E) → B(E) defines a bounded, linear and dissipative operator

([EK86, Lemma 1.2.4]) that generates a Markov jump process on E. Define the
associated nonlinear generators Hεn

n : B(E)→ B(E) by

Hεn
n f :=

1
n

e−n f Lεn
n en f .
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Then Hεn
n is dissipative [FK06, Lemma 5.7]. We prove below that our Assump-

tion (i) on the convergence Hn → H implies that Hεn
n → H in the same sense.

That establishes dissipativity of H as the limit of the dissipative operators Hεn
n ; for

any f1, f2 ∈ D(H), let f n
1 , f n

2 ∈ B(E) be such that f n
1 → f1 and f n

2 → f2 uniformly
on E. Then using dissipativity of Hεn

n and that the corresponding images converge
uniformly, we find that

‖ f1 − f2‖E ≤ ‖ f n
1 − f n

2 ‖E + o(1)n→∞

≤ ‖ ( f n
1 − τHεn

n f n
1 )− ( f n

2 − τHεn
n f n

2 ) ‖E + o(1)n→∞

≤ ‖ ( f1 − τH f1)− ( f2 − τH f2) ‖E + o(1)n→∞.

Now taking the limit n→ ∞ shows that H is dissipative.
We are left with verifying Hεn

n → H. For f ∈ D(H), let fn ∈ D(Hn) be such
that fn → f and Hn fn → H f , both uniformly on E. Then since Hn fn is bounded,
nεn Hn fn → 0 as n → ∞. Hence en fn(1− nεn Hn fn) > 0 eventually. We show that
the functions f εn

n defined by

en f εn
n := en fn (1− nεn Hn fn) = (1− εnLn) en fn

satisfy f εn
n → f and Hεn

n f εn
n → H f . The first convergence follows from the fact

that fn → f and en( f εn
n − fn) → 1. We find by the definition of the Hille-Yosida

approximants Lεn
n that

Hεn
n f εn

n =
1
n

e−n f εn
n Lεn

n (1− εnLn)en fn

= e−n f εn
n

1
n

Lnen fn = en( fn− f εn
n )Hn fn.

Hence Hεn
n f εn

n → H f is implied by Hn fn → H f . That finishes the proof of 1): the
operator H is dissipative and satisfies the range condition, and hence generates a
semigroup V(t).

2) Since the operators Hεn
n defined above are dissipative and satisfy the range

condition ([FK06, Lemma 5.7]), they generate a semigroup Vεn
n (t) acting on B(E).

We showed above the convergence Hεn
n → H. Hence by the Feng-Kurtz approx-

imation (Theorem 2.4.6) applied to Gn = Hεn
n , we obtain Vεn

n (t) → V(t): for any
function f ∈ C(E) and functions fn ∈ B(E) such that ‖ f − fn‖E → 0,

‖V(t) f −Vεn
n (t) fn‖E

n→∞−−−→ 0.

Furthermore, the semigroup Vεn
n (t) approximates Vn(t), in the sense that for any

function fn ∈ D(Hn),

‖Vεn
n (t) fn −Vn(t) fn‖ ≤

√
2εnt e2n‖ fn‖‖Hn fn‖, (2.17)

which is proven in [FK06, Lemma 5.11]. The choice εn = exp{−n2} implies that
the difference vanishes in the limit n→ ∞. With that,

‖V(t) f −Vn(t) fn‖ ≤ ‖V(t) f −Vεn
n (t) fn‖+ ‖Vεn

n (t) fn −Vn(t) fn‖ → 0,

which finishes the proof.
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Running Example. We illustrate on the small-diffusion process which condition
of Theorem 2.4.7 is difficult to verify in practice. We consider the small-diffusion
process on the flat torus E = T = R/Z; that means the infinitesimal generator is
the map Ln : C2(T)→ C(T) given by

Ln f (x) =
1
2

1
n

∆ f (x).

Therefore, the nonlinear generators Hn : C2(T)→ C(T) read

Hn f (x) =
1
n

e−n f (x)Lnen f (x) =
1
2

1
n

∆ f (x) +
1
2
|∇ f (x)|2.

They converge to H f (x) := 1
2 |∇ f (x)|2. Indeed, if we take for instance the do-

main D(H) := C2(T), then for any f ∈ D(H), the constant sequence fn := f
satisfies

‖H f − Hn fn‖T =
1
2

1
n
‖∆ f ‖T → 0,

with ‖ · ‖T the supremum norm. We are only left with verifying the range condi-
tion for H in order to apply Theorem 2.4.7. The definition translates to the follow-
ing PDE-problem: for a C2 function h : T → R and for τ > 0, find u : T → R in
the domain of H such that for any x ∈ T, we have

u(x)− τ
1
2
|∇u(x)|2 = h(x).

There is no general theory available providing the existence of such a solution.
The problem lies in the differentiability that solutions have to satisfy.

Using viscosity solutions makes the semigroup approach to large deviations
applicable. In the words of Jin Feng and Thomas Kurtz [FK06, Preface]:

"This work began as a research paper intended to show how the convergence of nonlin-
ear semigroups associated with a sequence of Markov processes implied the large deviation
principle for the sequence. We expected the result to be of little utility for specific applica-
tions, since classical convergence results for nonlinear semigroups involve hypotheses that
are very difficult to verify, at least using classical methods. We should have recognized at
the beginning that the modern theory of viscosity solutions provides the tools needed to
overcome the classical difficulties."

We sketch in the next section how the approach using viscosity solutions works
out in the compact setting.

2.4.2 Using viscosity solutions

In the previous section, we discussed how to verify the convergence of nonlin-
ear semigroups Vn from the convergence of associated formal nonlinear genera-
tors Hn. The Feng-Kurtz approximation (Theorem 2.4.6) was the key to obtain
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semigroup convergence from generator convergence. The example above illus-
trates that while finding a candidate limit H of the Hn is often straightforward,
verifying the range condition for H is hard. We required the range condition to
generate a semigroup by the Crandall-Liggett theorem. Here, we discuss why
viscosity solutions are well suited for generating the desired limiting semigroup.

The basic idea is to use weak solutions u of (1− τH)u = h that are not required
to be in the domain of H. Then we define an auxiliary operator Ĥ by adding the
weak solutions to the domain of H and the corresponding ranges to the image
of H. If the requirement on a solution is weak enough, we can find enough solu-
tions until the domain D(Ĥ) is dense in C(E), such that the operator Ĥ automat-
ically satisfies the range condition. However, we also want Ĥ to be a dissipative
operator in order to use the Crandall-Liggett Theorem. The limit operators H that
we start from are dissipative, which follows from the convergence Hn → H (see
the proof of Theorem 2.4.7). Therefore, we are searching for weak solutions such
that we keep dissipativity while enlargening H.

We now motivate why viscosity solutions are suited for that purpose. A gen-
erator L of a Markov process satisfies the positive maximum principle; for a func-
tion f in the domain of L, if x is a local maximum of f , then L f (x) ≤ 0. This
propery carries over to their nonlinear generators H f = e− f Le f , where we ob-
tain that if ( f1 − f2)(x) = sup( f1 − f2), then H f1(x) − H f2(x) ≤ 0. In general,
operators satisfying the positive maximum principle are dissipative.

Hence adding weak solutions such that the extended operator Ĥ still satisfies
the positive maximum principle suffices for our purposes. Now given a "weak
solution" u to the equation (1− τH)u = h, consider the extended operator Ĥ :=
H ∪ (u, (u− h)/τ); that is we added the weak solution and its corresponding im-
age "Hu"= (u− h)/τ to the graph of H. Let us see how the newly added elements
affect the maximum principle. If u is a weak solution and (u− f )(x) = sup(u− f ),
with f ∈ D(H) such that Ĥ f = H f , then

(Ĥu− Ĥ f )(x) =
1
τ
(u− h)(x)− H f (x)

=
1
τ
[u(x)− τH f (x)− h(x)]

!
≤ 0.

When considering ( f − u), then ( f − u)(x) = sup( f − u) should imply

(Ĥ f − Ĥu)(x) = H f (x)− 1
τ
(u− h)(x)

= − 1
τ
[u(x)− τH f (x)− h(x)]

!
≤ 0.

This motivates the following definition.

Definition 2.4.8 (Viscosity solutions). For a compact Polish space E, let τ > 0
and h ∈ C(E). For an operator H : D(H) ⊆ C(E) → C(E) with domain D(H),
consider the equation (1− τH)u = h.
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(i) We say that a function u1 : E → R is a viscosity subsolution if it is bounded,
upper semicontinuous and for any function f ∈ D(H), if a point x ∈ E is
such that (u1 − f )(x) = supE(u1 − f ), then

u1(x)− τH f (x)− h(x) ≤ 0.

(ii) We call a function u2 : E→ R a viscosity supersolution if it is bounded, lower
semicontinuous and for any function f ∈ D(H), if a point x ∈ E is such that
( f − u2)(x) = supE( f − u2), then

u2(x)− τH f (x)− h(x) ≥ 0.

(iii) A function u : E→ R is a viscosity solution if it is both a viscosity subsolution
and a viscosity supersolution.

A viscosity solution in the sense of Definition 2.4.8 is both upper- and lower
semicontinuous, and hence continuous.

Definition 2.4.9 (Comparison principle). We say that (1− τH)u = h as in Defini-
tion 2.4.8 satisfies the comparison principle if for any viscosity subsolution u1 and
viscosity supersolution u2, the inequality u1 ≤ u2 holds on E.

If the comparison principle holds, then any two viscosity solutions u, v are
equal: since u is a viscosity subsolution and v a viscosity supersolution, u ≤ v.
Reversing the roles, we find v ≤ u. Hence u = v, and thus the comparison princi-
ple implies uniqueness of viscosity solutions.

We now formulate the viscosity-analogue of Theorem 2.4.7. For that purpose,
we define for an operator H : D(H) ⊆ C(E) → C(E) its extension Ĥ as follows.
If for any τ > 0 and h ∈ C(E) there exists a unique viscosity solution u of the
equation (1− τH)u = h, then we denote it by R(τ)h := u. The map R(τ) is called
the resolvent. We denote by Ĥ ⊆ C(E)× C(E) the operator defined as the graph

Ĥ :=
⋃

τ>0

{(
R(τ)h,

1
τ
(R(τ)h− h)

)
: h ∈ C(E)

}
.

Theorem 2.4.10 (Theorem 6.14 in [FK06], Large Deviations via Viscosity Solu-
tions). Let E be a compact Polish space and {Xn} be a sequence of Markov processes
in X = CE[0, T], with generators Ln and associated nonlinear generators Hn from Defi-
nition 2.4.2. Assume the following:

(i) There is a densely defined operator H : D(H) ⊆ C(E) → C(E) such that Hn
converges to H; for every f ∈ D(H), there are functions fn ∈ D(Hn) such that

‖ f − fn‖E
n→∞−−−→ 0 and ‖H f − Hn fn‖E

n→∞−−−→ 0.

(ii) For τ > 0 and h ∈ C(E), the comparison principle holds for (1− τH)u = h.
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Suppose furthermore that the initial conditions Xn(0) satisfy a large deviation principle
with rate function I0.

Then the sequence {Xn} satsifies a large deviation principle in X with a rate func-
tion I given by (2.5), where the semigroup V(t) is generated by the operator Ĥ: for
every f ∈ C(E), we have V(t) f = limk→∞[R(t/k)]k f .

Sketch of proof of Theorem 2.4.10. Just as in the previous section, we want to verify
exponential tightness and convergence of the nonlinear semigroups Vn(t) to some
limit V(t). Then the large-deviation statement follows from Theorem 2.3.3. Ex-
ponential tightness follows from the convergence condition Hn → H, just as we
indicated in the proof of Theorem 2.4.7 in the previous section.

We are left with showing that the operator Ĥ satisfies the conditions of the
Crandall-Liggett Theorem (dissipativity and the range condition) with dense do-
main, so that it generates a semigroup V(t) acting on C(E), and that we have
convergence Vn(t) → V(t) as in Theorem 2.3.3. The argument is based on the
same techinque as in Theorem 2.4.7: we use the Hille-Yosida approximations Lεn

n
of Ln and their corresponding nonlinear generators Hεn

n .

The operator Ĥ is defined via the existence of unique viscosity solutions. We
first show that its domain is dense in C(E). To that end, fix τ > 0 and a func-
tion h ∈ C(E). Since range(1− τHεn

n ) = C(E) ([FK06, Lemma 5.7]), there exists
a classical solution fn ∈ C(E) to (1− τHεn

n ) fn = h. In particular, fn is a viscosity
solution. Define the functions u1, u2 : E→ R by

u1(x) := lim
k→∞

sup
{

fn(z) | n ≥ k, d(x, z) ≤ 1
k

}
u2(x) := lim

k→∞
inf
{

fn(z) | n ≥ k, d(x, z) ≤ 1
k

}
It is shown in [FK06, Lemma 6.9] that u1 is a viscosity subsolution and u2 is a
viscosity supersolution of (1− τH)u = h. By construction, u1 ≥ u2. By assump-
tion, the comparison principle holds, which gives u1 ≤ u2. Hence the function
u := u1 = u2 is the unique viscosity solution to (1− τH)u = h. Define the resol-
vent map R(τ) : C(E) → C(E) by setting R(τ)h := u. Lemma 6.9 also establishes
the estimate

‖u− f ‖ ≤ ‖h− ( f − τH f )‖

for any f ∈ D(H). Specializing to h in the domain of D(H) and choosing in the
estimate f = h, this implies

‖R(τ)h− h‖ ≤ τ‖Hh‖ τ→0−−→ 0.

That demonstrates D(H) ⊆ D(Ĥ), and we conclude that D(Ĥ) is dense in C(E)
since D(H) is dense in C(E).

We showed in the proof of Theorem 2.4.7 that the assumed convergence condi-
tion Hn → H implies Hεn

n → H, and that the operator H is dissipative as the limit
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of the dissipative operators Hεn
n . The fact that dissipativity transfers further to Ĥ

is proven in [FK06, Theorem 6.13], part (c); the operators Hn appearing therein
are the Hille-Yosida approximants Hεn

n . The range condition on Ĥ is satisfied by
construction. Now the fact that V(t) = limk R(t/k)k follows from the Feng-Kurtz
approximation theorem.

In summary, with introducing viscosity solutions, we weakened the require-
ment on a function being a solution. The existence of sub- and supersolutions is
guaranteed as a consequence of the convergence Hn → H. However, dissipativity
of H is no longer sufficient for uniqueness of viscosity solutions. That is because
viscosity solutions are in general not in the domain of H, which breaks the argu-
ment shown below Definition 2.4.4. This contrasts the classical approach, where
uniqueness of solutions is for free while existence of solutions remains open. We
close this section by illustrating Theorem 2.4.10.

Running Example. Consider the small-diffusion process dXn
t = n−1/2dBt on the

torus T. The linear generators are Ln f = (2n)−1∆ f , and

Hn f =
1
n

e−n f Lnen f =
1
2

1
n

∆ f +
1
2
|∇ f |2.

We already checked in the previous section that they converge to H f = 1
2 |∇ f |2.

Here, we can take for instance the domain D(H) = C17(T).
For applying Theorem 2.4.10, we must verify the comparison principle. To that

end, fix τ > 0 and h ∈ C(T), and let u1 be a vioscosity subsolution and u2 be a
viscosity supersolution of (1− τH)u = h. We want to prove that u1 ≤ u2.

For illustration, suppose first that they are classical sub- and supersolutions;
they are in the domain of D(H) and for any x ∈ T,

u1(x)− τHu1(x)− h(x) ≤ 0 and u2(x)− τHu2(x)− h(x) ≥ 0.

Let xm be a point such that (u1 − u2)(xm) = supT(u1 − u2). Then we have
∇u1(xm) = ∇u2(xm), and by the sub-and supersolution inequalities, we obtain

(u1 − u2)(x) ≤ (u1 − u2)(xm) ≤ Hu1(xm)− Hu2(xm)

=
1
2

(
|∇u1(xm)|2 − |∇u2(xm)|2

)
= 0.

That shows uniqueness of classical solutions to (1− τH)u = h.
For viscosity sub- and supersolutions, we can not rely on u1, u2 being in the

domain of H. The classical trick is to use distance-like functions that are in the
domain in order to approximate supT(u1 − u2). Here, we can take

Ψ(x, y) := sin2(π(x− y)).

Then Ψ(·, y) and Ψ(x, ·) are smooth on T, and hence in the domain D(H) =
C17(T). For α > 0, define

Φα(x, y) := u1(x)− u2(y)− αΨ(x, y).
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By the semi-continuity properties of u1, u2, for every α > 0 there are xα, yα such
that

Φα(xα, yα) = sup
x,y

Φα(x, y).

The point is that since u1, u2 are bounded, these maximizing points xα, yα will
converge to each other as α → ∞; indeed, observing that Φα(xα, xα) ≤ Φ(xα, yα),
we obtain

Ψ(xα, yα) ≤
2
α
(u2(xα)− u2(yα)) ≤

4
α
‖u2‖

α→∞−−−→ 0.

Since Ψ(x, y) ≥ 0 and Ψ(x, y) = 0 if and only if x = y, we approximate the
supremum of (u1 − u2) in the sense that xα ≈ yα and

sup
T

(u1 − u2) = sup
x∈T

(u1(x)− u2(x)− αΨ(x, x))

≤ sup
x,y

Φα(x, y) = Φα(xα, yα)

≤ u1(xα)− u2(yα).

Now we can use the sub- and supersolution inequalities. The test functions de-
fined by

f α
1 (x) := u2(yα) + αΨ(x, yα) and f α

2 (y) := u1(xα)− αΨ(xα, y)

are smooth, and hence are both in the domain of H. By construction,

(u1 − f α
1 )(xα) = sup

T

(u1 − f α
1 ) and ( f α

2 − u2)(yα) = sup
T

( f α
2 − u2),

so that with the sub- and supersolution inequalities,

u1(xα)− τH f α
1 (xα)− h(xα) ≤ 0 and u2(yα)− τH f α

2 (yα)− h(yα) ≥ 0.

With these, we can further estimate u1(xα)− u2(yα) to arrive at

sup
T

(u1 − u2) ≤ τ [H f α
1 (xα)− H f α

2 (yα)] + h(xα)− h(yα).

Since H f = (1/2)|∇ f |2 depends only on the gradient and ∇ f α
1 (xα) = ∇ f α

2 (yα),
the difference of the Hamiltonians is zero. The function h is uniformly continuous
on the compact space T. Then since Ψ(xα, yα)→ 0, we obtain finally

sup
T

(u1 − u2) ≤ lim inf
α→0

|h(xα)− h(yα)| = 0,

which finishes the verification of the comparison principle.

The running example also illustrates a principle that applies more generally.
We can choose the domain of the limiting operator H as small as we want, pro-
vided that it contains sufficient functions to allow for verifying the comparison
principle. In the example, merely using smooth functions was sufficient. As a rule
of thumb, in compact spaces one wants to make sure that distance functions are
in the domain of H.
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2.5 Action-integral representation of rate functions

Let us summarize where we stand after the previous section. We considered a se-
quence of Markov processes Xn inX = CE[0, T] and established that the following
two conditions imply a pathwise large deviation principle:

(i) The nonlinear generators converge Hn → H.

(ii) The comparison principle holds for (1− τH)u = h.

We illustrated on the example of small diffusion how one can verify these con-
ditions in practice. The rate function is given via the limiting semigroup V(t)
generated by H, based on finding unique viscosity solutions of (1− τH)u = h.

In this section, we focus on this rate function, which is given by

I(x) = I0(x(0)) + sup
k∈N

sup
(t1,...,tk)

k

∑
i=1
Iti−ti−1(x(ti)|x(ti−1)), (2.18)

where the conditional rate functions It(z|y) are

It(z|y) = sup
f∈C(E)

[ f (z)−V(t) f (y)] . (2.19)

We specialize henceforth to the state space E = T, the one-dimensional flat torus.
Denote by ACE[0, T] the set of absolutely continuous curves in E. Our aim in this
section is to find conditions under which the rate function I : X → [0, ∞] is given
by a Lagrangian L : R→ [0, ∞] via the formula

I(x) =

{
I0(x(0)) +

∫ T
0 L(∂tx(t))dt, x ∈ ACE[0, T],

+∞, otherwise.
(2.20)

We first indicate how to obtain (2.20) from (2.18) via an informal calculation. Then
we show how this can be obtained rigorously based on identifying the semi-
group V(t) at least formally as a Hamilton-Jacobi semigroup VH(t)—we give
details below by Proposition 2.5.1. Finally, we show in what sense the required
equality V(t) = VH(t) follows from solving a Hamilton-Jacobi equation.

Action-integral via an informal calcuation.

Here we consider the operator H f = H(∇ f ) with the Hamiltonian H(p) = 1
2 p2.

Let x ∈ ACE[0, T]. We want to show (2.20) starting from (2.18). To that end, we
compute It2−t1 (z|y) for y close to z and t = t2− t1 > 0 small, having in mind that
y = x(t1) and z = x(t2) are close to each other. With the formal expansions

etH ≈ 1 + tH and f (z)− f (y) ≈ (z− y) · ∇ f (y),
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and thinking of V(t) = etH (the generator of V(t) is H), we obtain from (2.19)

It(z|y) ≈ sup
f

[ f (z)− f (y)− tH f (y)]

≈ t · sup
f

[
∇ f (y) · z− y

t
−H(∇ f (y))

]
= t · sup

p

[
p · z− y

t
−H(p)

]
.

Hence with L(v) = supp [pv−H(p)], which here is equal to v2/2, we find

It2−t1(z|y) ≈ (t2 − t1)L
(

z− y
t2 − t1

)
=
∫ t2

t1

L(∂sγt1t2(s))ds,

where γt1t2 : [t1, t2] → R is the linear path connecting y and z. Now starting
from (2.18), the action-integral formula follows from summing up all the condi-
tional rate functions, since the linear paths γtktk+1 approximate x in [tk, tk+1].

Action-integral via rewriting the semigroup.

Here we indicate how to make the above informal calculation rigorous. We start
from an operator H acting on functions as H f (x) = H(∇ f (x)), with a convex
Hamiltonian H : R → R satisfying H(0) = 0. Define the Lagrangian L as the
Legendre dual L(v) := supp∈R [pv−H(p)], and the semigroup VH(t) by

VH(t) f (x) := sup
γ

γ(0)=x

[
f (γ(t))−

∫ t

0
L(∂sγ(s))ds

]
, (2.21)

where the supremum is taken over absolutely continuous paths γ : [0, t] → E.
Formally taking the time derivative, exchanging limit and supremum, we obtain

d
dt

∣∣∣∣
t=0

VH(t) f (x) = sup
γ(0)=x

[∇ f (γ(0)) · ∂tγ(0)−L(∂tγ(0))]

= sup
v∈R

[∇ f (x) · v−L(v)] = H(∇ f (x)).

That is why we indeed expect the the operator H to be the generator of VH(t).

Proposition 2.5.1. Suppose that V(t) = VH(t). Then the rate function (2.18) satisfies
the action-integral form (2.20).

Sketch of proof of Proposition 2.5.1. We first show that the Lagrangian is superlin-
ear, that means (L(v)/|v|) → ∞ as |v| → ∞. Then for any t, M ≥ 0, the sub-level
sets {γ ∈ X |

∫ t
0 L (∂sγ(s)) ds ≤ M} are compact in X—we do not prove this

compactness statement here, but comment on it in Section 2.6. Regarding super-
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linearity, for any c > 0 we have

L(v)
|v| = sup

p∈R

[
p · v
|v| −

H(p)
|v|

]
≥ sup
|p|=c

[
p · v
|v| −

H(p)
|v|

]
≥ c− 1

|v| sup
|p|=c
H(p).

The convex Hamiltonian is continuous, and therefore sup|p|=cH(p) is finite. Hence
for arbitrary c > 0, we have L(v)/|v| > c/2 for all |v| large enough.

Let x : [0, T] → E be absolutely continuous and take two arbitrary t1 < t2. We
show for y := x(t1) and z := x(t2) that

It2−t1 (z|y) = inf
γ(t1)=y
γ(t2)=z

∫ t2

t1

L (∂sγ) ds, (2.22)

where the infimum is taken over absolutely continuous paths γ : [t1, t2] → E.
Once we have this equality established, we obtain for arbitrary k ∈ N and points
in time t1, . . . , tk = T the esimate

It1(x1|x0) + It2−t1(x2|x1) + · · ·+ Itk−tk−1(xk|xk−1) ≤
∫ T

0
L(∂sx)ds,

since x satisfies the begin- and endpoint contraints. For the reverse inequality, we
note that adding time points increases the two-point rate functions since we add
a condition on the paths; for t1 < t2 < t3,

It3−t1(x3|x1) = inf
γ(t1)=x1
γ(t3)=x3

[∫ t2

t1

L(∂tγ)dt +
∫ t3

t2

L(∂tγ)dt
]

≤ inf
γ(t1)=x1
γ(t2)=x2

[∫ t2

t1

L(∂tγ)dt
]
+ inf

γ(t2)=x2
γ(t3)=x3

[∫ t3

t2

L(∂tγ)dt
]

= It3−t2(x3|x2) + It2−t1(x2|x1).

The partitions of a time interval [0, T] give rise to a monotonically increasing se-
quence. In the limit, we obtain

sup
k

sup
ti

k

∑
i=1
Iti−ti−1(x(ti)|x(ti−1)) =

∫ T

0
L (∂sx(s)) ds.

We do not show that here, but refer to [Vil08, Definition 7.11, Example 7.12]. We
now show how (2.22) follows from the compact sub-level sets. Starting from the
assumption V(t) = VH(t), we have

It (z|y)
def
= sup

f
[ f (z)−V(t) f (y)] = sup

f
[ f (z)−VH(t) f (y)]

= sup
f

inf
γ(0)=y

[
f (z)− f (γ(t)) +

∫ t

0
L (∂sγ) ds

]
.
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For any f ∈ C(E),

inf
γ(0)=y

[
f (z)− f (γ(t)) +

∫ t

0
L(∂sγ)ds

]
≤ inf

γ(0)=y
γ(t)=z

∫ t

0
L(∂sγ)ds,

since {γ : γ(0) = y} contains {γ : γ(0) = y, γ(t) = z}. Taking the supremum
over all f shows the inequality "≤".

For the reverse, let f ∈ C(E). There are curves γm satisfying γm(0) = y and

inf
γ(0)=y

[
f (z)− f (γ(t)) +

∫ t

0
L(∂sγ)ds

]
+

1
m
≥ f (z)− f (γm(t)) +

∫ t

0
L(∂sγm)ds.

Since f is bounded, this implies lim supm→∞
∫ t

0 L(∂sγm)ds < ∞. By compactness
of sublevel sets, we can pass to a converging subsequence (denoted as well by γm).
If γm(t) 6→ z, then It(z|y) = ∞, and the desired estimate holds. If γm(t)→ z, then
by lower semicontinuity of γ 7→

∫ t
0 L(∂sγ)ds,

inf
γ(0)=y

[
f (z)− f (γ(t)) +

∫ t

0
L(∂sγ)ds

]
≥ lim inf

m→∞
f (z)− f (γm(t)) +

∫ t

0
L(∂sγm)ds

≥
∫ t

0
L(∂sγ)ds ≥ inf

γ(0)=y
γ(t)=z

∫ t

0
L(∂sγ)ds,

and the reverse inequality follows.

Rewriting the semigroup via solving the Hamilton-Jacobi equation.

We saw above that if V(t) = VH(t), then the action-integral form of the rate func-
tion follows. In this section we illustrate how to verify this equality. The semi-
group V(t) is defined by the resolvent map h 7→ R(τ)h := u, where u is the
unique viscosity solution of (1− τH)u = h; for f ∈ C(E), we have uniformly

V(t) f = lim
k→∞

[R(t/k)]k f .

For a HamiltonianH with corresponding Lagrangian L, define RH(τ) by

RH(τ)h(x) := sup
γ∈ACE [0,∞)

γ(0)=x

∫ ∞

0

1
τ

e−s/τ [h(γ(s))− τL (∂sγ(s))] ds. (2.23)

One can show, under suitable conditions on the Lagrangian, that also

VH(t) f = lim
k→∞

[RH(t/k)]k f . (2.24)

Therefore the desired equality V(t) = VH(t) follows if we prove R(τ) = RH(τ)
for all τ > 0. Let us first focus on establishing R(τ) = RH(τ), and defer the
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problem of obtaining (2.24). We will show that RH(τ) gives viscosity solutions
to (1− τH)u = h. Then RH(τ) = R(τ) follows by definition of R(τ). The follow-
ing definition summarizes the key properties to look after.

Definition 2.5.2. For τ > 0, let R(τ) be a map R(τ) : C(E) → C(E). We call the
family {R(τ)}τ>0 a contractive pseudo-resolvent if:

(i) For any 0 < τ1 < τ2, we have

R(τ2) = R(τ1)

[
R(τ2)−

τ1

τ2
(R(τ2)− 1)

]
.

(ii) The map R(τ) is contractive: for any two functions h1, h2 ∈ C(E), we have
the estimate supE (R(τ)h1 − R(τ)h2) ≤ supE (h1 − h2).

Theorem 2.5.3. Let R(τ) be a contractive pseudo-resolvent and suppose that for any f ∈
D(H), we have f = R(τ)(1 − τH) f on E. Then for any τ > 0 and h ∈ C(E), the
function R(τ)h is a viscosity solution of (1− τH)u = h.

For the proof Theorem 2.5.3, we will use the following simplification of [FK06,
Lemma 7.8] (the proof in there is incorrect—see [Kra19b, Lemma 3.5]).

Lemma 2.5.4. Let f , g : E → R be two continuous functions on a compact Polish
space E. Suppose that for any ε > 0, the inequality supE f ≤ supE( f − εg) holds true.
Then there is a point x ∈ E such that both f (x) = supE f and g(x) ≤ 0. Similarly, if
infE f ≥ infE( f − εg), then f (x) = infE f and g(x) ≥ 0 for some point x ∈ E.

Proof of Theorem 2.5.3. Fix τ > 0 and h ∈ C(E). Let f ∈ D(H). For every ε > 0, we
show below the estimate

sup
E

[R(τ)h− f ] ≤ sup
E

{
R(τ)h− f − ε

[
1
τ
(R(τ)h− h)− H f

]}
. (2.25)

Then by Lemma 2.5.4, there is a point x ∈ E such that both

(R(τ)h− f )(x) = sup
E

(R(τ)h− f ) and
[

1
τ
(R(τ)h− h)− H f

]
(x) ≤ 0,

which establishes that R(τ)h is a viscosity subsolution. The argument for the su-
persolution case is similar. We now prove the estimate (2.25). We use the resolvent
identity (i) to rewrite R(τ)h, and the fact that f = R(ε)(1− εH) f , to find

R(τ)h− f = R(ε)
[
R(τ)h− ε

τ
(R(τ)h− h)

]
− R(ε) ( f − εH f ) .

Since R(τ) is contractive (ii),

sup
E

[R(τ)h− f ] ≤ sup
E

{
R(τ)h− ε

τ
(R(τ)h− h)− ( f − εH f )

}
,

which establishes the desired estimate.
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To summarize where we are, Theorem 2.5.3 tells us that if RH(τ) is a contrac-
tive pseudo-resolvent satisfying f = RH(τ)(1 − τH) f for all f ∈ D(H), then
we have proven our desired equality R(τ) = RH(τ). We finish this section by
showing that reasonable Hamiltonians give indeed rise to pseudo-resolvents. In
the following theorem, we consider an operator H : D(H) ⊆ C1(E) → C(E) act-
ing functions by H f (x) = H(∇ f (x)), with a dense domain D(H) ⊆ C(E). We
associate the Lagrangian L(v) = supp[pv−H(p)].

Theorem 2.5.5. Suppose H : R → R is convex, continuously differentiable, and
that H(0) = 0. Then RH(τ) defined by (2.23) is a contractive pseudo-resolvent such
that for all functions f ∈ D(H), f = RH(τ)(1− τH) f , and (2.24) holds true.

Sketch of proof of Theorem 2.5.5. We first verify f = RH(1− τH) f . For f ∈ D(H),

RH(τ)( f − τH f )(x) def
= sup

γ(0)=x

∫ ∞

0
e−s/τ

[
1
τ

f (γ(s))− H f (γ(s))−L(∂sγ(s))
]

ds.

Since H f = H(∇ f ) and L(v) +H(p) ≥ pv for any p, v ∈ R, we have

RH(τ)( f − τH f )(x) ≤ sup
γ(0)=x

∫ ∞

0
e−s/τ

[
1
τ

f (γ(s))−∇ f (γ(s)) · ∂sγ(s)
]

ds.

Using ∇ f (γ) · ∂sγ = (d/ds) f (γ) and integration by parts, we find the estimate

RH(τ)( f − τH f )(x) ≤ f (x).

For the reverse inequality, we find a path γ such that γ(0) = x and∫ ∞

0
e−s/τ

[
1
τ

f (γ(s))− H f (γ(s))−L(∂sγ(s))
]

ds ≥ f (x).

We will in fact prove equality. Let γ be the path solving

∂tγ(t) = ∂pH(∇ f (γ(t))), t ≥ 0. (2.26)

Such a path exists since the vector field F(x) = ∂pH(∇ f (x)) is continuous and
bounded—continuity follows by H ∈ C1(R) and f ∈ C1(T), and boundedness
from compactness of E = T. The precise argument for the existence is given for
instance in [Kra16a, Lemma 3.4], which is based on [Cra72]. With this path γ,

H f (γ) + L(∂sγ) = ∇ f (γ) · ∂sγ, (2.27)

and (2.26) follows from ∇ f (γ) · ∂sγ = (d/ds) f (γ) and integration by parts.
Since H(0) = 0, the Lagrangian is non-negative. With that, the properties

of a contractive pseudo-resolvent are verified by writing out the definitions. For
instance, for f ∈ C(E) and and any path γ,∫ ∞

0

1
τ

e−s/τ [ f (γ(s))− τL(∂sγ(s))] ds ≤ ‖ f ‖
∫ ∞

0

1
τ

e−s/τ ds = ‖ f ‖.
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Therefore ‖R(τ) f ‖ ≤ ‖ f ‖. With a similar estimate, taking arbitrary h1, h2, we find
contractivity of R(τ) in the sense of (ii). The resolvent identity (i) follows from
rearrangements involving integration by parts.

The argument for proving (2.24) is given in [FK06, Lemma 8.18]. One exploits
the fact that with a unit exponential random variable ∆,

RH(τ)h(x) = sup
γ(0)=x

E

[
h(γ(τ∆))−

∫ τ∆

0
L(∂sγ(s))ds

]
.

The path xt in the proof of Lemma 8.18, cited from Lemma 8.16, is the one satisfy-
ing

VH(t) f (x) = f (xt(t))−
∫ t

0
L(∂sxt(s))ds.

The proof of [FK06, Lemma 8.16] carries over verbatim; the fact that for every x0,
there exists a path γ satisfying γ(t0) = x0 and∫ ∞

t0

L(∂tγ(t))dt = 0 (2.28)

follows in our case from (2.27) specialized to f ≡ 1.

2.6 Bibliographical notes

Outlines of the idea of [FK06] are also offered for instance in Feng’s paper [Fen06]
and the introduction of Kraaij’s PhD thesis [Kra16b]. The focus in [FK06] lies on
conditions for proving large deviation principles for particle systems that lead to
Hamilton-Jacobi equations in the space of probability measures, which requires to
solve various functional-analytic problems in non-locally compact spaces. Here
we comment on some relations to our simplified treatment.

Markov processes via solution to martingale problems. We specified Markov
processes from the existence of transition probabilities. Since these are generally
unknown, Markov processes are in practice not obtained by writing down an ex-
plicit family of transition probabilities. A common strategy is to find a semigroup
satisfying the conditions of [Lig04, Proposition 1.3], which by [Lig04, Theorem 1.5]
gives a Markov process defined by means of a family of path distributions. In gen-
eral, the semigroup determines all finite-dimensional distributions [EK86, Propo-
sition 4.1.6], which induces the path distribution of a stochastic process by the
Daniell-Kolmogorov extension Theorem [BdH16, Theorem 3.38]. However, fre-
quently we only have an idea about the infinitesimal time evolution of the process.
Hence we would like to construct the Markov process by specifying its genera-
tor. This point of view is explored for instance in [EK86, Chapter 4] and [BdH16,
Sections 5.3]. The starting assumption in many theorems in [FK06] is the well-
posedness of the so-called martingale problem, which associated a path distribu-
tion Pν to a generator A and an initial distribution ν. Overviews of the martingale
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approach can be found for instance in [EK86, Sections 4.3-4.5 and 8], [BdH16, Sec-
tion 5.4] and [Lig04, Section 1.5].

Large deviations via convergence of semigroups. Theorem 2.3.3 is a special
case of [FK06, Theorem 5.15]. The proofs we outlined in Section 2.3 carry over
to non-compact Polish spaces. The only adaptions are: replace C(E) with Cb(E)
(continuous and bounded), demand convergence of semigroups bounded and
uniformly on compact sets (buc-convergence), and exploit exponential tightness
of the initial conditions to conclude as in the proof of Proposition 2.3.6. The idea
behind the proof of Proposition 2.3.9 has been communicated to me by Richard
Kraaij. This proof carries over verbatim to the non-compact setting. Finally, a
generalization of a collection of compact subsets that is required for non-locally
compact spaces is given by [FK06, Definition 2.5].

Large deviations via convergence of generators. In Section 2.4.1, we indicated
how Theorem 2.4.7 (which is a simplification of [FK06, Corollary 5.19]) can be
proven with Lemmas from [FK06, Section 5]. The extension to locally-compact
state spaces such as Rd can be executed by replacing the convergence conditions
on the Hn with uniform convergence on compact subsets—this means specialising
as shown in [FK06, Example 2.6], which leads to the notion of buc-convergence.
The convergence of corresponding semigroups carries over as shown in [FK06,
Lemma 5.13 (b)].

A notable difference is that in contrast to the compact case, exponential tight-
ness is no longer a direct consequence of the convergence of Hn. Instead, expo-
nential tightness follows if in addition one can verify the exponential containment
condition [FK06, Condition 2.8]. This condition corresponds to controlling the
probability of the process escaping compact sets. There is a convenient way of ver-
ifying this condition from the limit operator H; finding a so-called good contain-
ment function is sufficient. A detailed account on this is offered in the appendix
of Collet’s and Kraaij’s paper [CK17], in particular Proposition A.15 therein. In
our running example on R, the function Υ(x) = log(1 + x2) is a good contain-
ment function. More general conditions based on Lyapunov function techniques
are given in [FK06, Section 4].

Comparison principle in non-compact state space. There is an extensive liter-
ature on comparison principles. The concept of viscosity solutions is outlined in
the user’s guide of Crandall, Ishii and Lions [CIL92]. Another introduction to
techniques for verifying the comparison principle in Rd can be found in Bardi’s
and Cappuzzo-Dolcetta’s monograph [BCD97, Chapter 2]. The proof of compar-
ison principle follows the same idea as in the running example at the end of Sec-
tion 2.4.2; one only has to use a good containment function Υ to reduce the anal-
ysis to compact sets. This point of view is further explained in Chapter 6 and
in [CK17, Appendix A]. The analysis is more involved in infinite dimensions; see
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for instance the works of Tataru [Tat92, Tat94] and Feng [Fen06] in linear spaces,
and the recent paper by Feng, Mikami and Zimmer [FMZ19] in the space of prob-
ability measures, where methods from [FK06, Chapter 13] are extended.

Action-integral representation. In Section 2.5, we worked with E = T and
proper convex Hamiltonians of the form H = H(p), which allowed us to ex-
ploit superlinearity of the Lagrangian defined as the Legendre dual. The informa-
tion contained in the superlinearity is generalized by [FK06, Condition 8.9]; the
compactness of sub-level sets we used in Proposition 2.5.1—for which I could not
find a simple proof—is proven under the more general Condition 8.9 in [FK06,
Proposition 8.13]. Furthermore, we assumed differentiability of the Hamiltonian
in in Theorem 2.5.5 in order to find a path γ satisfying (2.27). We used this path
to prove RH(τ)(1 − τH) f ≥ f , and to find the zero-cost flow (2.28) required
for proving (2.24). The condition of finding a path γ is generalized by [FK06,
Condition 8.11], and the existence of a zero-cost flow is generalized by [FK06,
Condition 8.10]. The generalization of Proposition 2.5.1 is given by [FK06, Theo-
rem 8.14], and the generalizations of verifying equality of semigroups from equal-
ity of resolvents are found in [FK06, Corollaries 8.28, 8.29].

Pseudo-resolvents. Richard Kraaij proofs large deviation principles by gener-
alizing the concept of pseudo-resolvents [Kra19a, Kra19b]. Instead of working
with the Hille-Yosida approximants as in the proof of Theorem 2.4.7, Kraaij shows
in [Kra19a] how to rigorously obtain the semigroup Vn(t) from the nonlinear gen-
erators Hn via resolvents Rn. The resolvents are defined by finding viscosity solu-
tions to (1− τHn)u = h via a control problem involving the relative entropy as a
cost—this step replaces the argument in [FK06] of passing to Hille-Yosida approx-
imants. The existence of viscosity solutions follows from generalizing the concept
outlined in Theorem 2.5.3. Our case is a simplified version of the strategy carried
out in [FK06, Section 8.4]. In the generalizations, one proves the fact that the im-
ages R(τ)h are continuous functions by exploiting the comparison principle, and
passing to lower- and upper semicontinuous regularizations first. We avoided
these details to clarify the idea.



Chapter 3

Large Deviations of Switching
Processes

3.1 Introduction—molecular motors

In this chapter we focus on switching Markov processes motivated by stochas-
tic models of walking molecular motors. Broadly speaking, molecular motors are
proteins that are capable of binding on and moving on filaments in a living cell.
Molecular motors such as kinesin and dynein drag vesicles along while moving,
and thereby they transport them within the cell. The motors achieve their directed
mechanical motion by converting chemical energy of surrounding ATP molecules.
In that sense, molecular motors enable living cells to organise directed transport
of vesicles. Jonathan Howard provides an overview of the phenomenon of molec-
ular motors in [How01].

There are several mathematical models of molecular motors describing the
motor’s movement on a filament. Jülicher, Ajardi and Prost review the most
common approaches in the Physics literature, with a focus on the relation be-
tween models and numerous experimental results [JAP97]. Recent overviews of
mathematical models are offered for instance by Anatoly Kolomeisky and Michael
Fisher [Kol13, KF07].

Mathematical models can help us to answer questions about the mechanism
behind the transport phenomenon based on molecular motors. For instance, is
there an underlying common working principle? How do transport properties
such as the effective velocity, energy efficiency, stability with respect to perturba-
tions, and response to external forces depend on physical characteristics such as
the involved chemical reaction times or the structure of the polymeric filaments?

Peskin, Dwight and Elston show that the Brownian ratchet model predicts a de-
crease of the motor’s speed when increasing stiffness of the string connecting mo-
tor and cargo [PE00]. On the other hand, the correlation ratchet model introduced by

53
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Peskin, Ermentrout and Oster [PEO95] predicts an increase of the speed when in-
creasing stiffness [PYE00]. Deville and Vanden-Eijnden consider models of multi-
ple motors pulling the same cargo to investigate synchronization effects [DVE08].
In the models, the gait of a motor regularizes when pulling a cargo, and multi-
ple motors synchronize their actions when pulling together. The authors reveal a
similar effect for Brownian ratchet models [DVE07].

We focus on correlation ratchet models for a single motor. In Section 3.2 below,
we describe a stochastic version of these models. What makes them interesting
is the fact that they do not prescribe a directional movement by introducing a
uniform bias. The models rather describe a working principle, and the movement
can be derived thereof. Given a specific model, the challenge lies therefore in
predicting the precise dynamics in the first place.

The models are specified by periodic potentials and reaction rates. Simply
put, a potential describes the motor’s interaction with the periodic filament when
being in a certain chemical state, and the reaction rates describe how likely the
motor’s chemical state changes—we provide more details in Section 3.2. Many
works investigate Fokker-Planck equations associated to the model. For instance,
Hastings, Kinderlehrer and Mcleod study their stationary solution and find suffi-
cient conditions for the occurence of transport in terms of distributions of minima
of the potentials and a suitable choice of reaction rates [HKM08b, Theorem 2.1],
and [HKM08a, Theorems 3.1, 3.2]. Wang, Peskin and Elston provide numerical re-
sults for such models [WPE03]. Perthame, Souganidis and Mirrahimi use homog-
enization techniques to characterize transport in terms of a cell problem [PS09a,
PS09b, MS13]. Our work relates closest to their results, and we comment further
on their work in Section 3.3.

We propose to analyse the underlying stochastic models by means of large de-
viation theory. While molecular motors are naturally stochastic on the microscale,
they move with a nearly deterministic velocity on the macroscale. In the mathe-
matical models, this stability is reflected in the fact that the large-deviation results
do not depend on the microscopic details of the dynamics.

Overview of this chapter. We first illustrate in Section 3.2 our general results on
a specific example of a molecular-motor model. We sketch, without diving into
details, how large deviation theory can be utilized to study stochastic models of
molecular motors. The example also provides a picture to interpret the general
results that follow. We continue with outlining in Section 3.3 why we choose to
analyse switching Markov processes. Basically, we want to separate the general
arguments of large devation theory from the specific arguments depending on
the molecular-motor models. The main results are presented in Section 3.4. We
specify switching Markov processes in a periodic setting in Section 3.4.1, formu-
late a general large-deviation theorem for the spatial components in Section 3.4.2,
and provide an action-integral representation of the rate functions in Section 3.4.3.
Then we specialize the large deviation theorems to continuous and discrete mod-
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els of molecular motors (Section 3.4.4). Finally, we give an exact formula for the
macroscopic velocity in terms of Hamiltonians that are derived from the micro-
scopic dynamics. The detailed-balance condition in molecular motors implies
symmetry of the Hamiltonians and thereby of the large-deviation fluctuations.
We show that as a consequence, breaking detailed balance is necessary for trans-
port (Section 3.4.5). While this particular conclusion is not new, it comes from a
large-deviation perspective. We close with the proof sections and an outline on
the literature on principal-eigenvalue problems.

3.2 Example—large deviations for molecular motors

In this example, we consider a two-component Markov process (Xε, Iε) with val-
ues in T × {1, 2}, where T = R/Z is the one-dimensional flat torus, ε = 1/n
a small parameter, and n an integer. We fix the initial condition; that means
for some (x0, i0) ∈ T × {1, 2}, we have (Xε(0), Iε(0)) = (x0, i0). Let ψ(·, 1)
and ψ(·, 2) be smooth functions on the torus, and write ψ′(·, i) for the deriva-
tive of ψ(·, i) ∈ C∞(T). The evolution of (Xε, Iε) is characterized by the stochastic
differential equation

dXε
t = −ψ′

(
1
ε

Xε
t , Iε

t

)
dt +

√
ε dBt. (3.1)

where Bt is a standard Brownian motion. The process Iε
t is a continuous-time

Markov chain on {1, 2}, which evolves with jump rates rij(·) such that

P
[
Iε
t+∆t = j | Iε

t = i, Xε
t = x

]
=

1
ε

rij

( x
ε

)
∆t +O(∆t2), as ∆t→ 0. (3.2)

In summary, the spatial component Xε is a drift-diffusion process, the configurational
component Iε is a jump process on {1, 2}, and the two are coupled through their
respective rates. The drift-term in (3.1) depends on the value of Iε, and thereby the
role of Iε is to determine the kind of dynamics that Xε is following. Let {Tk}k=1,2...
be the jump times of Iε, and set T0 := 0. Then Iε(t) is constant in the time win-
dows [Tk, Tk+1) (denote its value by jk), in which the spatial component is a drift-
diffusion process with drift term −ψ′(·, jk). For details about the construction of
such switching diffusions, we refer to [YZ10, Chapter 2]. Figure 3.1 depicts a typ-
ical realization of (Xε, Iε), where the trajectory of the spatial component is lifted
from the torus to R.

Let us give one possible motivation for the specific ε-scaling. One can start
from a process (Xt, It) satisfying

dXt = −ψ′(Xt, It)dt + dBt,

where the jump process It on {1, 2} evolves according to

Prob [It+∆t = j | It = i, Xt = x] = rij(x)∆t +O(∆t2), i 6= j, 1 ≤ i, j ≤ 2.
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6.Xε(t)

Figure 3.1: A typical time evolution of (Xε
t , Iε

t ) satisfying (3.1) and (3.2). In the left di-
agram, the black bullet represents a particle that moves according to (3.1). A red arrow
corresponds to the value of the spatial component Xε

t , and a green arrow indicates a switch
of the configurational component Iε

t , which changes the potential landscape in which the
particle is diffusing. On the right diagram, the spatial component’s evolution is shown in
a x-t-diagram, where the red dots represent the values of Xε

t . The green bullets indicate a
jump of the configurational component Iε

t . One forward power stroke consists of the fol-
lowing typical phases: 1. diffusive motion of Xε near minimum; 2. configurational change
of Iε; 3. flow of Xε towards new minimum.

The large-scale behaviour of (Xt, It) is studied by considering the rescaled pro-
cess (Xε

t , Iε
t ) defined by Xε

t := εXt/ε and Iε
t := It/ε. This rescaling corresponds to

zooming out of the x-t phase space, which is illustrated below in Figure 3.2. Itô
calculus implies that the process (Xε

t , Iε
t ) satisfies (3.1) and (3.2).

t

x

t

x

v = ∂pH(0)

ε = 1 ε� 1

Xε(t) Xε(t)

Figure 3.2: Two typical realizations of the spatial component Xε
t of the two-component

process (Xε
t , Iε

t ) satisfying (3.1) and (3.2). On the left, a realization is depiced for ε of order
one, and on the right for small ε. Both graphs depict the lifted trajectory on R.

We are interested in the behaviour of the spatial component Xε as ε → 0. The
behaviour of Xε for small ε is shown in Figure 3.2. This figure suggests that for
small ε, the spatial component closely follows a path with a constant velocity.
Indeed, when specifying our results of this chapter to the example at hand—the
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process (Xε, Iε) defined by (3.1) and (3.2)—we find that the spatial component Xε

satisfies a pathwise large deviation principle in the limit ε→ 0.

To describe this fact more precisely, let X := CT[0, ∞) the set of continuous
trajectories in T, equipped with the Skorohod metric, that means the topology
of uniform convergence on compact time intervals. The spatial component Xε

is a random variable in X , with a path distribution P(Xε ∈ ·) ∈ P(X ). We
will show that there exists a rate function I : X → [0, ∞] with which {Xε}ε>0
satisfies a pathwise large deviation principle in the sense of Definition 1.2.1 from
Chapter 1. The gist of this statement is that for any trajectory x ∈ X , we have at
least intuitively

P (Xε ≈ x) ∼ e−ε−1 I(x), ε→ 0. (3.3)

The rate function is given by means of a Lagrangian L : R→ [0, ∞),

I(x) = I0(x(0)) +
∫ ∞

0
L(∂tx(t))dt. (3.4)

In there, I0 : T → [0, ∞] is the rate function of the initial conditions Xε(0), which
is given by I0(x0) = 0 and +∞ otherwise—this is because we assume a deter-
ministic initial condition Xε(0) = x0. The Lagrangian is the Legendre dual of a
HamiltonianH : R→ R, that is L(v) = supp[pv−H(p)], and the Hamiltonian is
the principal eigenvalue of an associated cell problem described in Lemma 3.6.1.
We show in Sections 3.4.2 and 3.6 further below how to obtain the associated cell
problem and the principal eigenvalue.

Here, we focus on how this large-deviation result confirms the claim suggested
by Figure 3.2. The rate function (3.4) has the following properties:

(i) I : X → [0, ∞] is nonnegative.

(ii) I(x) = 0 if and only if ∂tx(t) = v, with v = ∂pH(0).

These two properties together characterize the unique minimizer of the rate func-
tion, and thereby in particular the typical behaviour of Xε for small ε. When-
ever I(x) > 0 for a path x ∈ X , then by (3.3), the probability that a realization
of Xε is close to x in the Skorohod metric is exponentially small in ε. More pre-
cisely, the large deviation principle implies almost-sure convergence of Xε to the
unique minimizer of the rate function (Theorem 1.2.2).

Equipped with the large deviation principle, we can investigate which sets of
potentials and rates {ψ1, ψ2, r12, r21} induce transport, which means observing a
non-zero macroscopic velocity v = ∂pH(0). We do not find general sufficient
conditions for transport, but can draw some conclusions if the process (Xε, Iε)
satisfies detailed balance. Here, detailed balance is satisfied if r12e−ψ1 = Cr21e−ψ2

for some constant C > 0. This condition implies time-reversibility of (Xε, Iε) in
the sense of Definition 1.2.3—we clarify this connection in Section 3.4.5. There, we
will also show that detailed balance implies symmetry of the Hamiltonian, that
isH(p) = H(−p). In particular, we find v = 0 under detailed balance.
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We close this section by describing how the stochastic process (Xε, Iε) mod-
els the movement of a molecular motor on a polymeric filament. The molecular
motor consists of two chains whose heads can attach to the filament. A sequence
of chemical reactions provides energy that triggers a forward power stroke of a
motor head, thereby leading to a spatial displacement of the motor. The spatial
component Xε

t corresponds to the position of the molecular motor on the filament,
while a change of the configurational component Iε

t corresponds to the event of a
chemical reaction. The information of how the motor moves forward is encoded
in the potentials. The periodicity of the potential reflects the periodic structure of
a filament. One can think of the minima of the potentials as corresponding to the
head’s binding spots on the filament. Finally, the noise term in (3.1) models fric-
tion arising from collisions of the motor with molecules in the environment. Be-
cause of the highly viscous environment, it is common to consider a drift-diffusion
process. A justification for this overdamped limit regime is offered for instance
by Wang and Elston [WE07]. When coarse-graining the continuous model to a
Markov jump process on the binding spots, we obtain a discrete model. We dis-
cuss these jump models in Section 3.4.4.

3.3 Larger context and aim of this chapter

One inspiration for the subject of this chapter is a series of papers by Perthame,
Souganidis and Mirrahimi [PS09a, PS09b, MS13]. There, the authors start from the
Fokker-Planck equations associated with (Xε, Iε) from (3.1) and (3.2):

∂tρ
1
ε = ε

1
2

∂xxρ1
ε + divx

[
ρ1

ε ψ′1

( x
ε

)]
+

1
ε

r21

( x
ε

)
ρ2

ε −
1
ε

r12

( x
ε

)
ρ1

ε ,

∂tρ
2
ε = ε

1
2

∂xxρ2
ε + divx

[
ρ2

ε ψ′2

( x
ε

)]
+

1
ε

r12

( x
ε

)
ρ1

ε −
1
ε

r21

( x
ε

)
ρ2

ε .

(3.5)

The functions {ψi, rij} are taken to be 1-periodic and smooth. The system of
equations (3.5) describes the evolution of the partial probability densities given
in terms of the process by ρi

ε(t, dx) = P (Xε
t ∈ dx, Iε

t = i).
Perthame and Souganidis define in [PS09a] a notion of asymmetry for a given

set of functions {ψi, rij}. This notion is based on migration of density in the sta-
tionary Fokker-Planck system (∂tρ

i
ε = 0 in (3.5)) on the spatial domain (0, 1) with

periodic boundaries. The authors consider ψ2 = 0 and find a condition under
which the densities ρ1

ε and ρ2
ε converge to a delta mass supported at one end of

the interval, which is refered to as the motor effect or as transport. In all three pa-
pers, Perthame, Souganidis and Mirrahimi address the question of what exactly
characterizes the class of potentials and rates {ψi, rij} that induce transport, and
prove convergence statements for the Fokker-Planck system (3.5).

In [PS09a], the authors find a sufficient condition for transport in terms of an
effective Hamiltonian H(p) and a total flux F(p), where p ∈ R. System (3.5) ex-
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hibits the motor effect if and only if ∂pH(0) 6= 0, or equivalently if F(0) 6= 0.
The effective Hamiltonian is the principal eigenvalue of an associated cell prob-
lem, obtained after an exponential change of variables. It is the same principal
eigenvalue that appears in the example from above, and we explain in Section 3.6
how to obtain it from a large-deviation perspective. Because they consider the
stationary system, the information about how fast the density migrates cannot be
determined, since that is a question about the dynamics.

More recently, in [MS13], Mirrahimi and Souganidis analysed the system (3.5)
on Rd, again with ψ2 = 0. When taking the limit ε → 0, they find that the sum of
partial probabilities converges to a moving delta mass with velocity v = ∂pH(0).
More precisely, they find ρ1

ε (t, x) + ρ2
ε (t, x)→ δ(x− tv)I0 in the sense of measures,

where I0 is determined by the initial data. This is consistent with the previously
found criterion for the motor effect [PS09a], ∂pH(0) 6= 0. Theorem 3.4.9 further
below recovers this result with a stronger form of convergence.

We point out again that we do not provide any new sufficient conditions for
obtaining transport, due to the larger generality of our considerations. We do
prove under general conditions that detailed balance leads to a symmetric Hamil-
tonian (see Theorem 3.4.14 below). This implies that detailed balance has to be
broken in order for transport to occur.

The methods that Perthame, Souganidis and Mirrahimi apply in [PS09a, PS09b,
MS13] are inspired by large deviation theory. However, in their papers, they do
not explicitly prove large deviations, but prove convergence statements on the
level of Fokker-Planck equations. When proving the associated large deviation
principles, as we will do in this chapter, there is a clear distinction between the
contributions that come from general large deviation theory on the one hand, and
the model-specific contributions on the other hand.

Our aim is not only to prove the large-deviation results, but also to separate
those parts of the argument which are general and come from large deviation
theory, from those parts that are specific to the model at hand. We make this ex-
plicit by considering so-called Markov processes with random switching, a class
of stochastic processes that we introduce in Section 3.4.1. The process introduced
above by (3.1) and (3.2) is an example of such a process, and in particular repre-
sents a motivating example for considering this class of processes. In Section 3.4.2,
we illustrate by means of example how the argument is then separated into large-
deviation parts and model-specific parts.

3.4 Main Results

In this section, we give an overview of our results. We first define in Section 3.4.1
switching Markov processes. We formulate and explain sufficient conditions un-
der which the spatial component of a switching Markov process satsfies a large
deviation principle (Theorem 3.4.5). Since the rate functions are a priori of intri-
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cate form, we cast the rate functions in action-integral form (Theorem 3.4.6). In
summary, by working with switching Markov processes we show which proper-
ties the large deviation principles for molecular motors depend on.

We specialize to models of molecular motors in Section 3.4.4, where we state
large deviation principles for two limit regimes. The Hamiltonians in the action-
integral rate functions are principal eigenvalues of certain cell problems. In Sec-
tion 3.4.5, we work with variational formulas of such principal eigenvalues in
order to study the behaviour of molecular motors under the detailed-balance con-
dition. The main challenge is to derive useful formulas for the Hamiltonians that
allow us to draw concrete conclusions. We show symmetry of the Hamiltonians
under detailed balance. In particular, this implies v = ∂pH(0) = 0, which means
transport can only occur if detailed balance is broken. This result about transport
is expected and not new, but follows in our case from a more general symmetry
of large deviations.

3.4.1 Switching Markov processes in a periodic setting

We introduce switching Markov processes as certain two-component stochastic
processes (Xε, Iε) taking values in a state space Eε. The state space of Iε is a finite
set {1, . . . , J}, while Xε takes values in some compact Polish space EX

ε . We are
interested in studying processes in a periodic setting. Therefore, we consider the
flat d-dimensional torus Td := Rd/(` · Zd), for some fixed length ` ∈ N. We
henceforth omit the dependence on `.

Condition 3.4.1 (Setting). Fix J ∈ N and let ε = 1/n > 0 for an integer n. The
state space Eε is a product space Eε := EX

ε × {1, . . . , J}, where EX
ε be a compact

Polish space satisfying the following. There are continuous maps ιε : EX
ε → Td

such that for all x ∈ Td there exist xε ∈ EX
ε with which ιε(xε)→ x as ε→ 0.

This condition means that EX
ε is asymptotically dense in the torus Td. The

typical example is a finite, discrete and periodic lattice with spacing ε, so that in
the limit of ε to zero one obtains the torus. Another example is simply EX

ε ≡ Td.
When it is clear from the context, we omit ιε in the notation.

We now define switching Markov processes by specifying their generators
from the following ingredients:

(1) For i ∈ {1, . . . , J}, we have a map Li
ε : D(Li

ε) ⊆ C(EX
ε ) → C(EX

ε ) that is the
generator of an EX

ε -valued Markov process.

(2) For i, j ∈ {1, . . . , J}, we have a continuous map rε
ij : EX

ε → [0, ∞).

With that, define the map Lε : D(Lε) ⊆ C(Eε)→ C(Eε) by

Lε f (x, i) := Li
ε f (·, i)(x) +

J

∑
j=1

rε
ij(x) [ f (x, j)− f (x, i)] , (3.6)
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where the domain is D(Lε) = { f ∈ C(Eε) : f (·, i) ∈ D(Li
ε), i = 1, . . . , J}.

Let Xε := DEε [0, ∞) be the set of trajectories in Eε that are right-continuous and
have left limits. We equip Xε with the Skorohod topology [EK86, Section 3.5]. For
an initial condition µ ∈ P(Eε), we associate a two-component process (Xε

t , Iε
t )

with values in Eε to the generator Lε by finding its path distribution Pµ ∈ P(Xε).
To do so, we assume well-posedness of the associated martingale-problem asso-
ciated to the pair (Lε, µ). For the precise statement of the martingale problem, we
refer to [EK86, Section 4.3].

Condition 3.4.2 (Well-posedness). Let µ ∈ P(Eε). Then existence and unique-
ness holds of the Xε-martingale problem for (Lε, µ). Denote the solution to the
martingale-problem solution of Lε by Pµ. The map Eε 3 z 7→ Pδz ∈ P(Xε) is Borel
measurable with respect to the weak topology on P(Xε).

Condition 3.4.2 is the basic assumption on the processes in [FK06]. A sufficient
condition for the measurability is given in [EK86, Theorem 4.4.6]. In this chapter,
we consider switching Markov processes in the following sense.

Definition 3.4.3 (Switching Markov processes in a periodic setting). Let (Xε, Iε) be
a two-component Markov proces taking values in Eε = EX

ε × {1, . . . , J} satisfying
Condition 3.4.1. We call (Xε, Iε) a switching Markov process if its generator Lε is
given by (3.6) and satisfies Condition 3.4.2.

We do not give general conditions on a map Lε that imply Condition 3.4.2.
However, all the examples of stochastic processes modelling molecular motors
will satisfy this condition. Further details about existence and regularity prop-
erties can be found in the book of Yin and Zhu about switching hybrid diffu-
sions [YZ10, Part I].

We close this section by mentioning that the process of the introductory ex-
ample satisfying (3.1) and (3.2) is a switching Markov process. The state space
is Eε = T× {1, 2}, and its generator is of the form (3.6). The jump rates are given
by rε

ij(x) = rij(x/ε)/ε, and for i = 1, 2, we have

Li
εg(x) := −ψ′(x/ε, i) g′(x) + ε g′′(x), x ∈ T.

This is the generator of a drift-diffusion process on T satisfying

dYε
t = −ψ′ ((Yε

t /ε), i) dt +
√

2ε dBt.

A scheme of how to obtain a process on the torus T is presented for instance
in [BLP11, Chapter 3.2].

3.4.2 Large deviation principle for switching Markov processes

We consider switching Markov processes (Xε, Iε) in the sense of Definition 3.4.3,
with generators of the form (3.6). The essence of this section is Theorem 3.4.5,
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which provides general conditions under which a pathwise large deviation prin-
ciple of the spatial component Xε. We alert the reader here that we illustrate the
concepts and notations by means of an example below Theorem 3.4.5. We state
the conditions in terms of the nonlinear generators defined as follows.

Definition 3.4.4 (Nonlinear generators). Let Lε be the map defined by (3.6). The
nonlinear generator is the map Hε : D(Hε) ⊆ C(Eε)→ C(Eε) defined by

Hε f (x) := ε e− f (x)/εLε(e f (·)/ε)(x), (3.7)

with the domain D(Hε) := { f ∈ C(Eε) : e f (·)/ε ∈ D(Lε)}.

We will require the nonlinear generators Hε to converge in the limit ε → 0.
To formulate this convergence condition, we need to introduce an additional state
space E′ for collecting up-scaled variables. The following diagram depicts the
relation between the state spaces:

Td × E′

Eε

Td

proj1

(ηε ,η′ε)

ηε

In the diagram, ηε : Eε → Td is the projection defined by ηε(x, i) := ιε(x),
where ιε : EX

ε → Td is the embedding. The map η′ε : Eε → E′ is continuous.
We assume that Eε is asymptotically dense:

(C1) For (x, z′) ∈ Td × E′ there are yε ∈ Eε such that ηε(yε) → x and η′ε(yε) → z′

as ε→ 0.

The limit operator of Hε are generally multivalued, that means defined by a sub-
set H ⊆ C(Td)× C(Td × E′). We assume the following convergence condition:

(C2) For any ( f , g) ∈ H, there are functions fε ∈ D(Hε) such that

‖ f ◦ ηε − fε‖L∞(Eε) → 0 and ‖g ◦ (ηε, η′ε)− Hε fε‖L∞(Eε) → 0.

Frequently, for any f in the domain of H, the corresponding image functions g are
naturally parametrized by a set of functions on E′.

(C3) There are a set C ⊆ C(E′) and functions H f ,ϕ ∈ C(Td × E′) with which

H =
{(

f , H f ,ϕ

)
: f ∈ D(H), ϕ ∈ C

}
.

Below the theorem, we illustrate by an example how to find the multivalued op-
erator starting from the nonlinear generators.
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Theorem 3.4.5 (Large deviation principle for switching processes). Let (Xε, Iε)
be a switching Markov process in the sense of Definition 3.4.3, with nonlinear genera-
tors Hε of Definition 3.4.4. Suppose that there exists a compact metric space E′ satis-
fying (C1) and a multivalued operator H ⊆ C(Td)× C(Td × E′) with domain D(H)
satisfying C∞(Td) ⊆ D(H) ⊆ C1(Td) such that:

(T1) The operator H satisfies (C2) and (C3) from above. For every ϕ ∈ C there is a
map Hϕ : Rd × E′ → R such that for all f ∈ D(H),

H f ,ϕ(x, z′) = Hϕ(∇ f (x), z′), (x, z′) ∈ Td × E′.

(T2) For every p ∈ Rd, there exists a function ϕp ∈ C and a constant H(p) ∈ R such
that Hϕp(p, z′) = H(p) for all z′ ∈ E′.

Suppose furthermore that {Xε(0)}ε>0 satisfies a large deviation principle in Td with
rate function I0 : Td → [0, ∞]. Then the family of processes {Xε}ε>0 satisfies a large
deviation principle in DTd [0, ∞) with a rate function I : DTd [0, ∞)→ [0, ∞].

The proof of Theorem 3.4.5 is given in Section 3.5. The formula for the rate
function is not important here, which is why we give it only in the proofs. While
Condition (T1) corresponds to the convergence of nonlinear generators, Condi-
tion (T2) usually corresponds to solving a principal-eigenvalue problem. The con-
stantH(p) is then uniquely determined as the principal eigenvalue of a certain cell
problem. Further below, we give feasible conditions on the map p 7→ H(p) under
which the rate function admits an action-integral representation (Theorem 3.4.6
in Section 3.4.3). Here, we illustrate by an example how conditions (T1) and (T2)
can be obtained starting from the nonlinear generators. Even though the example
is not a switching Markov process, it shows the features arising from the mixed
scales.

Example illustrating the general case. Let T be the one-dimensional flat torus,
ψ(·) ∈ C∞(T), and consider the process Xε

t solving

dXε
t = −ψ′(Xε

t /ε)dt +
√

ε dBt,

where ε = 1/n with some integer n. Its generator is given by

Lε f (x) = −ψ′(x/ε) f ′(x) + ε
1
2

f ′′(x), f ∈ C2(T).

Therefore the nonlinear generators Hε are

Hε f (x) = −ψ′(x/ε) f ′(x) +
1
2
| f ′(x)|2 + ε

1
2

f ′′(x).

The aim is to obtain a limit of Hε as ε → 0. In order to determine the behaviour
of Hε f for small ε, we have to deal with the problem that the drift-term ψ′(x/ε)
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is fastly oscillating as ε tends to zero. This is solved by considering functions that
are of the form fε(x) = f (x) + ε ϕ(x/ε). Then we obtain

Hε fε(x) = −ψ′(x/ε) ·
[

f ′(x) + ϕ′(x/ε)
]
+

1
2
| f ′(x) + ϕ′(x/ε)|2

+
1
2

ϕ′′(x/ε) +
ε

2
f ′′(x).

We want these images to converge in the limit ε → 0. The ε 1
2 f ′′(x) term is of or-

der ε and therefore not problematic. The remaining terms are in general oscillating
in ε. However, with the right choice of the function ϕ, one can make this term to
be independent of the (x/ε)-variable, and thereby independent of ε altogether. In
order to see how, we rewrite Hε fε by introducing the fast spatial variable y = x/ε,
with which we find that

Hε fε(x) = e−ϕ(y)
[

1
2
| f ′(x)|2 − ψ′(y) f ′(x) +

(
f ′(x)− ψ′(y)

)
∂y +

1
2

∂yy

]
eϕ(y)

+ ε
1
2

f ′′(x)
(

y =
x
ε

)
. (3.8)

Hence we aim to find a function ϕ(·) such that the term e−ϕ[· · · ]eϕ is constant as
a function of the x/ε-variable, regarding the x-variable as a parameter. This term
depends on x only via the derivative of f . Hence if we can find such a function ϕ,
we can denote the constant byH(∂x f (x)). Then with that choice of the function ϕ,
the values of Hε fε are given by

Hε fε(x) = H(∂x f (x)) +O(ε),

and we find for small ε that Hε fε(x) ≈ H(∂x f (x)). Making this strategy rigorous
can be realized in two steps via (T1) showing convergence of nonlinear generators
and (T2) solving a principal-eigenvalue problem, as follows:

(T1): The images Hε fε(x) are given by H f ,ϕ(x, x/ε) + ε 1
2 f ′′(x), where

H f ,ϕ(x, y) := −ψ′(y)
[

f ′(x) + ϕ′(y)
]
+

1
2
| f ′(x) + ϕ′(y)|2 + 1

2
ϕ′′(y).

By taking arbitrary ϕ ∈ C2(T), we collect all these possible limits of Hε fε and
summarize them in a multivalued operator H ⊆ C(T)× C(T×T) defined by

H := {( f , H f ,ϕ) : f ∈ C2(T) and ϕ ∈ C2(T)}. (3.9)

The set of upscaled variables is E′ = T, and (C1) is satisfied with η′ε(x) = x/ε. The
nonlinear generator Hε converges to the limit operator H as demanded in (C2):
for ( f , H f ,ϕ) ∈ H, the functions fε(x) = f (x) + ε ϕ(x/ε) satisfy

sup
x∈T

| f (x)− fε(x)| ε→0−−→ 0 and sup
x∈T

|H f ,ϕ(x, η′ε(x))− Hε fε(x)| ε→0−−→ 0.
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Condition (C3) is satisfied by construction, with C = C2(T). Finally, the images of
the limit operator H are given by

H f ,ϕ(x, y) = e−ϕ(y)
[
Vf ′(x)(y) + B f ′(x)

]
eϕ(·)(y) =: Hϕ( f ′(x), y),

where Vp(y) := 1
2 p2 − p ψ′(y) and Bp := (p− ψ′(y))∂y +

1
2 ∂yy, for p ∈ R.

(T2): Fix p ∈ R. Finding a function ϕ(·) such that Hϕ(p, y) becomes constant
as a function of y is equivalent to finding a constantH(p) such that on T,[

Vp + Bp
]

eϕ = H(p)eϕ.

This is a principal-eigenvalue problem, where the constant H(p) corresponds to
the principal eigenvalue. We come back to principal eigenvalues when consid-
ering the results about molecular motor models in Section 3.4.4 and their proofs
in Section 3.6. In Section 3.7, we further outline to what extend the principal-
eigenvalue problems that we encounter in this chapter are solved in the litera-
ture.

This example hints at a more general structure comprising all molecular-motor
models that we consider in this chapter. The different models are specified by the
choice of the ε-scaling, the state space EX

ε , the spatial dynamics defined by the
generators Li

ε, and the reaction rates rε
ij(·). However, the proofs of large deviation

principles are independent from these choices; they all follow Theorem 3.4.5. The
model-specific contribution is only to determine in which setting (T1) and (T2)
have to be verified.

3.4.3 Action-integral representation of the rate function

In this section, our main goal is to give a feasible condition under which the rate
function of Theorem 3.4.5 is of action-integral form. We say that a rate function I :
DTd [0, ∞) → [0, ∞] is of action-integral form if there is a convex map L : Rd →
[0, ∞] with which

I(x) =

{
I0(x(0)) +

∫ ∞
0 L (∂tx(t)) dt if x ∈ AC([0, ∞); Td),

+∞ otherwise.

Theorem 3.4.6. Consider the setting of Theorem 3.4.5. For p ∈ Rd, let H(p) be the
constant obtained in (T2) of Theorem 3.4.5. Suppose the following:

(T3) The map p 7→ H(p) is convex andH(0) = 0.

Then the rate function of Theorem 3.4.5 is of action-integral form with Lagrangian as the
Legendre-Fenchel transform ofH, that is L(v) = supp∈Rd [p · v−H(p)].

We give the proof in Section 3.5.3. The argument is based on the general strat-
egy of [FK06, Chapter 8]. The idea of how to obtain such representations is also
outlined in Section 2.5 of Chapter 2 in this thesis.
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3.4.4 Large deviations for models of molecular motors

In this section we formulate large deviation theorems for stochastic processes mo-
tivated by molecular motors. The proofs are given in Section 3.6. All proofs are
based on verifying the conditions of Theorems 3.4.5 and 3.4.6 above. We first de-
fine the continuous model—for a motivation, in particular of the ε-scaling, we
refer to Section 3.2.

Definition 3.4.7 (Continuous model). The pair (Xε, Iε) is a switching Markov pro-
cess in Eε = Td × {1, . . . , J} with generator Lε defined by

Lε f (x, i) := bi(x/ε) · ∇x f (·, i)(x) +
ε

2
∆x f (·, i)(x)

+
J

∑
j=1

1
ε

γ(ε)rij(x/ε) [ f (x, j)− f (x, i)] , (3.10)

where γ(ε) > 0, rij(·) ∈ C∞(Td; [0, ∞)), and bi(·) ∈ C∞(Td). This is an example
of a switching Markov process with generators Li

ε defined on the core C2(Td) by

Li
εg(x) := bi(x/ε) · ∇g(x) + ε

1
2

∆g(x),

and rates rε
ij(x) = (γ(ε)/ε)rij(x/ε). The domain of Lε is the set given by D(Lε) =

{ f (x, i) : f (·, i) ∈ D(Li
ε)}.

Definition 3.4.8. Let J ∈ N. We call a matrix A ∈ RJ×J irreducible if there is no
decomposition of {1, . . . , J} into two disjoint sets J1 and J2 such that Aij = 0
whenever i ∈ J1 and j ∈ J2.

Theorem 3.4.9 (Continuous model, limit I). Let (Xε
t , Iε

t ) be the Markov process of
Definition 3.4.7 with γ ≡ 1. Assume that the matrix R with entries Rij = supy∈Td rij(y)
is irreducible. Suppose furthermore that the family of initial conditions Xε(0) satisfies a
large deviation principle in Td with rate function I0 : Td → [0, ∞].

Then the family of stochastic processes {Xε}ε>0 satisfies a large deviation principle
in CTd [0, ∞) with rate function of action-integral form. The Hamiltonian H(p) is the
principal eigenvalue of an associated cell problem described in (3.20) of Lemma 3.6.1.

The example of Section 3.2 corresponds to d = 1, J = 2 and bi = −ψ′(·, i).
The irreducibility condition is imposed to solve the principal-eigenvalue problem
that we obtain, and is inspired by what Guido Sweers assumes to solve a coupled
system of elliptic PDE’s [Swe92].

The parameter γ(ε) models an additional time-scale separation of the com-
ponents. For large γ, the spatial component is effectively driven by potentials
averaged over the stationary measure of the fast configurational component. The
following theorem shows that if γ(ε) → ∞, then the large deviation principle is
governed by an averaged Hamiltonian.
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Theorem 3.4.10 (Continuous model, limit II). Let (Xε
t , Iε

t ) be the Markov process of
Definition 3.4.7, with γ(ε) → ∞ as ε → 0. Assume that for every y ∈ Td, the ma-
trix R(y) with entries R(y)ij = rij(y) is irreducible. Suppose furthermore that the family
of random variables {Xε(0)}ε>0 satisfies a large deviation principle in Td with rate func-
tion I0 : Td → [0, ∞].

Then {Xε}ε>0 satisfies a large deviation principle in CTd [0, ∞) with rate function of
action-integral form. The Hamiltonian H(p) is the principal eigenvalue of an associated
averaged cell problem described in Lemma 3.6.2.

In the discrete model, the spatial component is not a drift-diffusion process,
but a jump process on a discrete periodic lattice. We consider only nearest-neighbor
jumps. We use the integer n as the scaling parameter. For ` ∈ N, we denote
by T`,n the discrete one-dimensional flat torus of length `, lattice spacing 1/n and
with n · ` points. As a set, T`,n ' {0, 1/n, . . . , `− 1/n} with periodic boundary.

Definition 3.4.11 (Discrete model). The pair (Xn, In) be a switching Markov pro-
cess in En = T`,n × {1, . . . , J} with generator Ln defined on D(Ln) = C(En),

Ln f (x, i) = nri
+(nx) [ f (x + 1/n, i)− f (x, i)] + nri

−(nx) [ f (x− 1/n, i)− f (x, i)]

+
J

∑
j=1

nγ(n)rij(nx) [ f (x, j)− f (x, i)] , (3.11)

where rij(·) : T`,1 → [0, ∞), ri
± : T`,1 → (0, ∞), and γ(n) > 0. To connect with our

definition of switching Markov processes, the generators Li
n are

Li
ng(x) := nri

+(nx) [g(x + 1/n)− g(x)] + nri
−(nx) [g(x− 1/n)− g(x)] .

The discrete lattice T`,n covers the continuous torus T` = R/(` ·Z) in the
limit n→ ∞.

Theorem 3.4.12 (Discrete model, limit I). Let (Xn
t , In

t ) be the Markov process from
Definition 3.4.11, with γ ≡ 1. Suppose that the matrix R with entries defined by Rij =
supk∈T`,1

rij(k) is irreducible. Suppose furthermore that {Xn(0)}n∈N satisfies a large
deviation principle in T` with rate function I0 : T` → [0, ∞].

Then {Xn}n∈N satisfies a large deviation principle in DT`
[0, ∞) with rate function

I : DT`
[0, ∞) → [0, ∞] of action-integral form. The Hamiltonian H(p) is the principal

eigenvalue of a cell problem described in Lemma 3.6.3.

If γ(n) is large, the spatial component Xn
t is driven by the average jump rates

that result from averaging over the stationary distribution of the configurational
component In

t . If γ(n) → ∞, large deviations are characterized by an averaged
Hamiltonian.
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Theorem 3.4.13 (Discrete model, limit II). Let (Xn
t , In

t ) be the Markov process from
Definition 3.4.11, with γ(n)→ ∞ as n→ ∞. In addition to the assumptions of Theorem
3.4.12, suppose that for each k ∈ T`,1 ' {0, 1, . . . , ` − 1}, there exists a stationary
measure µk ∈ P({1, . . . , J}) for the jump process on {1, . . . , J} with frozen jump rates
rij(k). Suppose furthermore that {Xn(0)}n∈N satisfies a large deviation principle in T`

with rate function I0 : T` → [0, ∞].
Then {Xn

t |t≥0}n∈N satisfies a large deviation principle in DT`
[0, ∞) with rate func-

tion of action-integral form. The Hamiltonian is the principal eigenvalue of an averaged
cell problem described in Lemma 3.6.4.

3.4.5 Detailed balance implies symmetric Hamiltonians

In this section we show how the large deviation principles can be used to analyse
which sets of potentials and rates induce transport on macroscopic scales. To that
end, we consider the generator defined in (3.10), with bi(y) = −∇yψi(y). We say
that the set of potentials and rates {rij, ψi} satisfies detailed balance if for all i, j ∈
{1, . . . , J} and y ∈ Td, we have

rij(y)e−2ψi(y) = rji(y)e
−2ψj(y). (3.12)

Let us motivate detailed balance. The Fokker-Planck equations of (Xε, Iε) are

∂tρ
i
ε = ε

1
2

∆ρi
ε + divx

[
ρi

ε∇yψi(x/ε)
]
+

1
ε

J

∑
j=1

rji(x/ε)ρ
j
ε, i = 1, . . . , J,

with rii := −∑j 6=i rij. In general, the stationary measure πε ∈ P(Td × {1, . . . , J})
satisfying ∂tπε = 0 is not known explicitly. Define the total flux J by

J = ∑
i

Ji , Ji(t, x) := −ε
1
2
∇xρi

ε(t, x)− ρi
ε(t, x)∇yψi(x/ε).

Since 0 = ∂t ∑i πi
ε = −divx ∑i Ji, the total flux is constant if the system is station-

ary. Detailed balance is achieved if in addition, 1) each Ji is constant and 2) the
flux between any two configurations i and j is balanced. If Ji is constant, then the
stationary component πi

ε is a Boltzmann distribution, that means there are con-
stants Ci such that πi

ε(dx) = Cie−2ψi(x/ε)dx. The constants are inessential and can
be absorbed into the potentials (since constant shifts of the potentials do not affect
the dynamics), with which we find the stationary measure

πε(dxdi) = Z−1 e−2ψi(x/ε) dxdi, Z = ∑
i

∫
e−2ψi(x/ε) dx.

Regarding 2), we find from ∂tπε = 0 by summing over i that

0 = ∑
j

(
rjiπ

j
ε − rijπ

i
ε

)
.
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The detailed-balance condition (3.12) requires that each term in the summation
vanishes. This motivates the notion of detailed balance—if the system is stationary,
then the flow from i to j is equal to the flow from j to i.

Detailed balance implies time-reversibility of the process (Xε, Iε) in the sense
of Definition 1.2.3. This follows from the fact that symmetry of the generator is
equivalent to time-reversibility [Lig04, Chapter II, Proposition 5.3]. A calcula-
tion shows that the generator Lε is symmetric with respect to the stationary mea-
sure πε; for all f , g ∈ D(Lε), we have 〈Lε f , g〉πε = 〈 f , Lεg〉πε .

Theorem 3.4.14 (Detailed balance implies a symmetric Hamiltonian). Let (Xε
t , Iε

t )
be the stochastic process of Definition 3.4.7 with bi = −∇yψi, where the ψi are smooth
potentials. Suppose that the assumptions of Theorem 3.4.9 and the detailed-balance condi-
tion (3.12) are satisfied. Then the Hamiltonian satisfies H(p) = H(−p) for all p ∈ Rd.

Theorem 3.4.15 (Separation of time scales implies a symmetric Hamiltonian). Let
the stochastic process (Xε

t , Iε
t ) of Definition 3.4.7 with bi = −∇ψi satisfy the assumptions

from Theorem 3.4.10. Suppose in addition that the rates rij(·) are constant on Td. Then
H(p) = H(−p), whereH(p) is the Hamiltonian from Theorem 3.4.10.

In both situations, the macroscopic velocity given by v = ∂pH(0) vanishes
due to the symmetry of the Hamiltonians. Theorem 3.4.15 confirms the numerical
results of Weng, Peskin and Elston [WPE03, Section 4.3]. Since the proofs of The-
orems 3.4.14 and 3.4.15 are solely based on a suitable formula for H(p), we give
them here—the formulas ofH(p) are proven in Section 3.6.3. Since the derivation
of these formulas is similar, we only give the argument for the more involved case
of Theorem 3.4.14.

Proof of Theorem 3.4.14. We prove in Proposition 3.6.5 that under the detailed-balance
condition, the principal eigenvalueH(p) is given by

H(p) = sup
µ∈P

[
Kp(µ)−R(µ)

]
,

where P ⊂ P(E′) is a subset of probability measures on E′ = Td × {1, . . . , J}
specified in Proposition 3.6.5, R(µ) is the relative Fisher information specified
in (3.32), and Kp(µ) is given by

Kp(µ) = inf
φ

{ J

∑
i=1

∫
Td

(
1
2
|∇φi(x) + p|2 −

J

∑
j=1

rij(x)

)
dµi(x)

+
J

∑
i,j=1

∫
Td

πij(x)
√

µi(x)µj(x)eψj(x)+ψi(x) cosh (φ(x, j)− φ(x, i))dx
}

,

where πij(x) = rij(x)e−2ψi(x), the infimum is taken over vectors of functions φi =

φ(·, i) ∈ C2(Td), and dµi(x) = µi(x)dx.
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Let µ ∈ P. We show that Kp(µ) = K−p(µ), which implies H(p) = H(−p).
Since cosh(·) is symmetric, the sum in which the cosh(·) terms appear is invariant
under transforming as φ→ (−φ), in the sense that for

C(φ) :=
J

∑
i,j=1

∫
Td

πij(x)
√

µi(x)µj(x)eψj(x)+ψi(x) cosh (φ(x, j)− φ(x, i))dx,

we have C(φ) = C(−φ). Hence the bijective transformation φ → (−φ) implies
the claimed symmetry Kp(µ) = K−p(µ).

Sketch of proof of Theorem 3.4.15. Under the detailed-balance condition, one can prove
that the principal eigenvalueH(p) is given by

H(p) = sup
µ∈P

[
Kp(µ)−R(µ)

]
, Kp(µ) = inf

ϕ

1
2

∫
Td
|∇ϕ + p|2 dµ,

where P ⊂ P(Td) is a subset of the probability measures on Td,

P =
{

µ ∈ P(Td) : µ� dx, dµ = µdx, and ∇ (log µ) ∈ L2
µ(T

d)
}

.

The mapR is the relative Fisher information; with the stationary measure ν of the
jump process on {1, . . . , J} with rates rij, we have

R(µ) = 1
8

∫
Td

∣∣∣∣∇ log
(

µ

e−2ψ

)∣∣∣∣2 dµ, ψ(x) = ∑
i

νi ψi(x).

We have Kp(µ) = K−p(µ), since the bijective transformation ϕ→ (−ϕ) leaves the
infimum invariant. This impliesH(p) = H(−p).

With a similar analysis, we can study the behaviour of molecular motors un-
der external forces. Let (Xε

t , Iε
t ) be the stochastic process from Theorem 3.4.9 in di-

mension d = 1 with drift bi(y) = F− ψ′(y, i), where F is a constant modelling an
external force and ψ ∈ C∞(T) is a smooth periodic potential. The process (Xε

t , Iε
t )

is T× {1, . . . , J}-valued and satisfies

dXε
t = (F− ψ′((Xε

t /ε), Iε
t ))dt +

√
ε dBt,

where Iε
t a jump process on {1, . . . , J} with jump rates 1

ε rij (x/ε). In this case, the
Hamiltonian is given by

H(p) =
1
2
|p + F|2 − 1

2
F2

+ inf
ϕ

sup
(y,i)

[
1
2

ϕ′′(y, i) + (p + F− ψ′(y, i))ϕ′(y, i)− ψ′(y, i)p

+
J

∑
i=1

rij(y)
(

eϕ(y,j)−ϕ(y,i) − 1
) ]

.
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Using detailed balance, this Hamiltonian is symmetric around (−F); one can deal
with the variational terms similar as above. Since H(0) = 0 and H(p) is strictly
convex, this means that the model predicts a positive force-velocity feedback,
since F > 0 implies ∂pH(0) > 0, and F < 0 implies ∂pH(0) < 0. Establishing
a similar result for systems not satisfying detailed balance would be interesting.

3.5 Proof of large deviations of switching processes

In this section, we prove Theorem 3.4.5 (large deviations of switching processes)
and Theorem 3.4.6 (action-integral representation of the rate function). To do so,
we exploit the connection of pathwise large deviations to Hamilton-Jacobi equa-
tions [FK06]. In Section 3.5.1, we adapt of [FK06, Theorem 7.18] to our compact
setting. Then we prove Theorem 3.4.5 in Section 3.5.2, and Theorem 3.4.6 in Sec-
tion 3.5.3.

3.5.1 Pathwise large deviations via comparison principle

In the following definitions, E and E′ are compact metric spaces. In the examples
of our note, the space E corresponds to Td, and E′ to the space of upscaled vari-
ables. In this section, BUSC(E), BLSC(E) denote the sets of bounded and upper
(lower) semicontinuous functions on E, and BLSC(E) for the bounded and lower
semicontinuous functions on E. We adapt [FK06, Definition 7.1] to the compact
setting.

Definition 3.5.1 (Viscosity solutions). Let H ⊆ C(E)×C(E× E′) be a multivalued
operator with domain D(H) ⊆ C(E). Let h ∈ C(E) and τ > 0.

i) u1 ∈ BUSC(E) is a viscosity subsolution of (1− τH)u = h if for all ( f , g) ∈
H there exists a point (x, z′) ∈ E× E′ such that

(u1 − f )(x) = sup(u1 − f ) and u1(x)− τg(x, z′)− h(x) ≤ 0.

ii) u2 ∈ BLSC(E) is a viscosity supersolution of (1− τH)u = h if for all ( f , g) ∈
H there exists a point (x, z′) ∈ E× E′ such that

( f − u2)(x) = sup( f − u2) and u2(x)− τg(x, z′)− h(x) ≥ 0.

iii) u1 ∈ BUSC(E) is a strong viscosity subsolution of (1− τH)u = h if for all
( f , g) ∈ H and x ∈ E, whenever

(u1 − f )(x) = sup(u1 − f ),

then there exists a z′ ∈ E′ such that

u1(x)− τg(x, z′)− h(x) ≤ 0.

Similarly for strong supersolutions.
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A function u ∈ C(E) is called a viscosity solution of (1− τH)u = h if it is both a
viscosity sub- and supersolution.

Definition 3.5.2 (Comparison Principle).
We say that the comparison principle holds for viscosity sub- and supersolutions
of (1 − τH)u = h if for any viscosity subsolution u1 and viscosity supersolu-
tion u2, we have u1 ≤ u2 on E.

In the following adaptation of [FK06, Theorem 7.18], the compact Polish spaces
En, E and E′ are related with continuous embeddings ηn and η′n by

E× E′

En

E

proj1

(ηn ,η′n)

ηn

such that for any x ∈ E, there exist xn ∈ En such that ηn(xn)→ x as n→ ∞.

Theorem 3.5.3. Let Ln be the generator of an En-valued process Yn, and let Hn be the
nonlinear generators defined by Hn f = 1

n e−n f Lnen f . Let the compact Polish spaces En, E
and E′ be related as in the above diagram. In addition, suppose:

(i) (Condition 7.9 of [FK06] on the state spaces) There exists an index set Q and ap-
proximating state spaces Aq

n ⊆ En, q ∈ Q, such that the following holds:

(a) For q1, q2 ∈ Q, there exists q3 ∈ Q such that Aq1
n ∪ Aq2

n ⊆ Aq3
n .

(b) For each x ∈ E, there exists q ∈ Q and yn ∈ Aq
n such that ηn(yn) → x as

n→ ∞.
(c) For each q ∈ Q, there exist compact sets Kq

1 ⊆ E and Kq
2 ⊆ E× E′ such that

sup
y∈Aq

n

inf
x∈Kq

1

dE(ηn(y), x) n→∞−−−→ 0,

and
sup
y∈Aq

n

inf
(x,z)∈Kq

2

[
dE(ηn(y), x)) + dE′(η

′
n(y), z)

] n→∞−−−→ 0.

(d) For each compact K ⊆ E, there exists q ∈ Q such that K ⊆ lim inf ηn(Aq
n).

(ii) (Convergence Condition 7.11 of [FK06]) There exist H†, H‡ ⊆ C(E)× C(E× E′)
which are the limit of the Hn’s in the following sense:

(a) For each ( f , g) ∈ H†, there exist fn ∈ D(Hn) such that

sup
n

(
sup
x∈En

| fn(x)|+ sup
x∈En

|Hn fn(x)|
)

< ∞,

and for each q ∈ Q, limn→∞ supy∈Aq
n
| fn(y)− f (ηn(y))| = 0. Furthermore,

for each q ∈ Q and every sequence yn ∈ Aq
n such that ηn(yn) → x ∈ E and

η′n(yn)→ z′ ∈ E′, we have lim supn→∞ Hn fn(yn) ≤ g(x, z′).
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(b) For each ( f , g) ∈ H‡, there exist fn ∈ D(Hn) (not necessarily the same as
above in (a)) such that

sup
n

(
sup
x∈En

| fn(x)|+ sup
x∈En

|Hn fn(x)|
)

< ∞,

and for each q ∈ Q, limn→∞ supy∈Aq
n
| fn(y)− f (ηn(y))| = 0. Furthermore,

for each q ∈ Q and every sequence yn ∈ En such that ηn(yn) → x ∈ E and
η′n(yn)→ z′ ∈ E′, we have lim infn→∞ Hn fn(yn) ≥ g(x, z′).

(iii) (Comparison principle) For each h ∈ C(E) and τ > 0, the comparison principle
holds for viscosity subsolutions of (1− τH†)u = h and viscosity supersolutions of
(1− τH‡)u = h.

Let Xn
t := ηn(Yn

t ) be the corresponding E-valued process. If {Xn(0)}n∈N satisfies a
large deviation principle in E with rate function I0 : E→ [0, ∞], then {Xn}n∈N satisfies
the large deviation principle with rate function I : CE[0, ∞) → [0, ∞] given as in (2.5)
and (2.6) of Chapter 2.

The formula for the rate function involves a limiting semigroup V(t), which
we discuss in Chapter 2. We do not repeat its formula here, since we will not work
with it.

3.5.2 Proof of large deviation principle

Here we prove Theorem 3.4.5 by verifying the conditions of Theorem 3.5.3, which
are convergence of nonlinear generators (Proposition 3.5.4) and the comparison
principle (Proposition 3.5.5). The rest of this section below the proof of Theo-
rem 3.4.5 is devoted to proving the propositions. We point out that the main chal-
lenge is to prove the comparison principle using (T1) and (T2).

Proposition 3.5.4. In the setting of Theorem 3.4.5, Condition (i) of Theorem 3.5.3 is
satisfied. Let H ⊆ C1(Td) × C(Td × E′) be a multivalued operator satisfying (T1).
Then H satisfies the convergence condition (ii) of Theorem 3.5.3.

Proposition 3.5.5. In the setting of Theorem 3.4.5, let H ⊆ C1(Td)× C(Td × E′) be a
multivalued operator satisfying conditions (T1) and (T2). Then for τ > 0 and h ∈ C(Td),
the comparison principle holds for viscosity sub- and supersolutions of (1− τH)u = h.

Proof of Theorem 3.4.5. By Proposition 3.5.4, conditions (i) and (ii) of Theorem 3.5.3
hold with the single operator H = H† = H‡. By Proposition 3.5.5, the comparison
principle is satisfied for (1− τH)u = h, and hence condition (iii) of Theorem 3.5.3
holds with a single operator H = H† = H‡. Therefore the conditions of Theo-
rem 3.5.3 are satisfied, and the large deviation principle follows.

Proof of Proposition 3.5.4. Recall that with Eε = EX
ε × {1, . . . , J} and ιε : EX

ε → Td

from Condition 3.4.1, the state spaces are related as in the following diagram, in
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which ηε : Eε → Td is defined by ηε(x, i) = ιε(x) and η′ε : Eε → E′ is a continuous
map,

Td × E′

Eε

Td

proj1

(ηε ,η′ε)

ηε

In the notation of Theorem 3.5.3, we have E = Td. For verifying the general
condition (i) of Theorem 3.5.3 on the approximating state spaces Aq

ε , we take the
singleton Q = {q} and set Aq

ε := Eε. Then part (a) holds, and parts (b) and (d) are
a consequence of Condition 3.4.1 on Eε, which says that for any x ∈ Td, there exist
xε ∈ EX

ε such that ιε(xε)→ x. Part (c) follows by taking the compact sets Kq
1 := Td

and Kq
2 := Td × E′.

We verify the convergence Condition (ii) of Theorem 3.5.3. By (T1), part (C2),
there exist fε ∈ D(Hε) such that

‖ f ◦ ηε − fε‖L∞(Eε)
ε→0−−→ 0 and ‖H f ,ϕ ◦ (ηε, η′ε)− Hε fε‖L∞(Eε)

ε→0−−→ 0.

With these fε, both conditions (a) and (b) are simultaneously satisfied for the
operator H = H† = H‡, where condition (C1) guarantees that for any point
(x, z′) ∈ Td × E′ there exist yε ∈ Eε such that both ηε(yε) → x and η′ε(yε) → z′.
The boundedness

sup
ε>0

(
sup
y∈Eε

| fε(y)|+ sup
y∈Eε

|Hε fε(y)|
)

< ∞

follows the uniform-convergence condition (C2) and compactness of Eε.

For proving Proposition 3.5.5, we use two operators H1, H2 that are derived
from a multivalued limit H. Define H1, H2 by

H1 f (x) := inf
ϕ

sup
z′∈E′

H f ,ϕ(x, z′) and H2 f (x) := sup
ϕ

inf
z′∈E′

H f ,ϕ(x, z′),

with equal domains D(H1) = D(H2) := D(H). Since the images of H are of the
form H f ,ϕ(x, z′) = Hϕ(∇ f (x), z′), the operators H1 and H2 are as well of the form
H1 f (x) = H1(∇ f (x)) and H2 f (x) = H2(∇ f (x)), with two maps H1,H2 : Rd →
R. We prove Proposition 3.5.5 with the following Lemmas.

Lemma 3.5.6 (Local operators admit strong solutions). Let H ⊆ C1(Td)× C(Td ×
E′) be a multivalued limit operator satisfying (T1) from Theorem 3.4.5. Then for any
τ > 0 and h ∈ C(Td), viscosity solutions of (1 − τH)u = h coincide with strong
viscosity solutions in the sense of Definition 3.5.1.
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Lemma 3.5.7 (H1 and H2 are viscosity extensions). Let H be a multivalued operator
satisfying (T1) and (T2) of Theorem 3.4.5. For all h ∈ C(Td) and τ > 0, strong viscosity
subsolutions u1 of (1− τH)u = h are strong viscosity subsolutions of (1− τH1)u = h,
and strong viscosity supersolutions u2 of (1− τH)u = h are strong viscosity supersolu-
tions of (1− τH2)u = h.

Lemma 3.5.8 (H1 and H2 are ordered). Let H be a multivalued operator satisfying (T1)
and (T2) of Theorem 3.4.5. ThenH1(p) ≤ H2(p) for all p ∈ Rd..

Proof of Proposition 3.5.5. Let u1 be a subsolution and u2 be a supersolution of the
equation (1 − τH)u = h. By Lemma 3.5.6, u1 is a strong subsolution and u2 a
strong supersolution of (1 − τH)u = h, respectively. By Lemma 3.5.7, u1 is a
strong subsolution of (1− τH1)u = h, and u2 is a strong supersolution of H2.

With that, we establish below the inequality

max
Td

(u1 − u2) ≤ τ [H1(pδ)−H2(pδ)] + h(xδ)− h(x′δ), (3.13)

with some xδ, x′δ ∈ Td such that dist(xδ, x′δ) → 0 as δ → 0, and certain pδ ∈ Rd.
Then using that h ∈ C(Td) is uniformly continuous since Td is compact, and that
H1(pδ) ≤ H2(pδ) by Lemma 3.5.8, we can further estimate as

max
Td

(u1 − u2) ≤ h(xδ)− h(x′δ) ≤ ωh(dist(xδ, x′δ)),

where ωh : [0, ∞) → [0, ∞) is a modulus of continuity satisfying ωh(rδ) → 0 for
rδ → 0. Then (u1 − u2) ≤ 0 follows by taking the limit δ→ 0.

We are left with proving (3.13). The line of argument is similar to the one
outlined at the end of Section 2.4.2 of Chapter 2. Define Φδ : Td ×Td → R by

Φδ(x, x′) := u1(x)− u2(x′)− Ψ(x, x′)
2δ

,

where

Ψ(x, x′) :=
d

∑
j=1

sin2
(

π(xj − x′j)
)

, for all x, x′ ∈ Td. (3.14)

Then Ψ ≥ 0, and Ψ(x, x′) = 0 holds if and only if x = x′, and

∇1
[
Ψ(·, x′)

]
(x) = −∇2 [Ψ(x, ·)] (x′) for all x, x′ ∈ Td. (3.15)

By boundedness and upper semicontinuity of u1 and (−u2), and compactness of
Td ×Td, for each δ > 0 there exists a pair (xδ, x′δ) ∈ Td ×Td such that

Φδ(xδ, x′δ) = max
x,x′

Φδ(x, x′).

Using Φδ(xδ, xδ) ≤ Φ(xδ, x′δ) and boundedness of u2, we obtain

Ψ(xδ, x′δ) ≤ 2δ
(
u2(xδ)− u2(x′δ)

)
≤ 4δ‖u2‖L∞(Td) = O(δ),
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hence Ψ(xδ, x′δ)→ 0 as δ→ 0.
In order to use the sub- and supersolution properties of u1 and u2, introduce

the smooth test functions f δ
1 and f δ

2 as

f δ
1 (x) := u2(x′δ) +

Ψ(x, x′δ)
2δ

and f δ
2 (x′) := u1(xδ)−

Ψ(xδ, x′)
2δ

,

Then f δ
1 , f δ

2 ∈ C∞(Td) ⊆ D(H) are both in the domain of H, and hence in the
domain of H1 and H2, respectively. Furthermore, (u1 − f1) has a maximum at
x = xδ, and ( f2 − u2) has a maximum at x′ = x′δ, by definition of (xδ, x′δ) and Φδ.
Since u1 is a strong subsolution of (1− τH1)u = h,

u1(xδ)− τH1 f δ
1 (xδ)− h(xδ) ≤ 0,

and since u2 is a strong supersolution of (1− τH2)u = h,

u2(x′δ)− τH2 f δ
2 (x′δ)− h(x′δ) ≥ 0.

Thereby, we can estimate max(u1 − u2) as

max
Td

(u1 − u2) ≤ Φδ(xδ, x′δ)

≤ u1(xδ)− u2(x′δ)

≤ τ
[

H1 f δ
1 (xδ))− H2 f δ

2 (x′δ)
]
+ h(xδ)− h(x′δ)

= τ
[
H1(∇ f δ

1 (xδ))−H2(∇ f δ
2 (x′δ))

]
+ h(xδ)− h(x′δ).

By (3.15), ∇ f δ
1 (xδ) = ∇ f δ

2 (x′δ) =: pδ ∈ Rd, which establishes (3.13), and thereby
finishes the proof.

The rest of the section, we prove Lemmas 3.5.6, 3.5.7 and 3.5.8. Regarding
Lemma 3.5.6, a proof for single valued operators is given in [FK06, Lemma 9.9].

Proof of Lemma 3.5.6. Let τ > 0, h ∈ C(Td). We verify that subsolutions are strong
subsolutions. For a subsolution u1 ∈ BUSC(Td) of (1− τH)u = h and ( f , H f ,ϕ) ∈
H, let x ∈ Td be such that (u1 − f )(x) = sup(u1 − f ). The function f̃ (x′) =
Ψ(x′, x) with Ψ(x′, x) from (3.14) is smooth and therefore in the domain D(H).
Then x is the unique maximal point of (u1 − ( f + f̃ )),

(u1 − ( f + f̃ ))(x) = sup
Td

(u1 − ( f + f̃ )).

Since u1 is a subsolution, there exists at least one element (x, z′) ∈ Td × E′ such
that the subsolution inequality with test function f + f̃ holds. Since x is the only
point maximising u1− ( f + f̃ ), the viscosity-subsolution inequality with test func-
tion ( f + f̃ ) holds for the point x ∈ Td and some point z′ ∈ E′:

u1(x)− τH f+ f̃ ,ϕ(x, z′)− h(x) ≤ 0.
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Since ∇ f̃ (x) = 0 and H depends only on gradients by (T1), we obtain

H f+ f̃ ,ϕ(x, z′) = Hϕ

(
(∇ f +∇ f̃ )(x), z′

)
= Hϕ(∇ f (x), z′) = H f ,ϕ(x, z′).

Hence the same point (x, z′) satisfies

u1(x)− τH f ,ϕ(x, z′)− h(x) ≤ 0.

Thus u1 is a strong subsolution. The argument is similar for the supersolution
case, where one can use (− f̃ ).

Vice versa, when given a strong sub- or supersolution u1 or u2, for every f ∈
D(H), (u1 − f ) and ( f − u2) attain their suprema at some x1, x2 ∈ Td due to the
continuity assumptions on the domain of H, the half continuity properties of u1
and u2, and compactness of Td. By the strong solution properties, the sub- and
supersolution inequalities follow.

Proof of Lemma 3.5.7. Let u1 ∈ BUSC(Td) be a strong subsolution of (1− τH)u =
h, that is for any ( f , H f ,ϕ) ∈ H̃, if (u1 − f )(x) = sup(u1 − f ) for a point x ∈ Td,
then there exists z′ ∈ E′ such that

u1(x)− τH f ,ϕ(x, z′)− h(x) ≤ 0.

Let f ∈ D(H1) = D(H) and x ∈ Td be such that (u1 − f )(x) = sup(u1 − f ). For
any ϕ there exists a point z′ ∈ E′ such that the above subsolution inequality holds.
Therefore for all x,

u1(x)− h(x) ≤ τ sup
z′∈E′

H f ,ϕ(x, z′).

Since the point x ∈ Td is independent of ϕ, we obtain

u1(x)− H1 f (x)− h(x) def
= u1(x)− τ inf

ϕ
sup
z′∈E′

H f ,ϕ(x, z′)− h(x) ≤ 0.

The argument is similar for supersolutions.

Proof of Lemma 3.5.8. By (T2), (C3), for every p ∈ Rd there exists a ϕp ∈ C(E′) such
that for all z′ ∈ E′,

Hϕp(p, z′) = H(p).

Thus
sup
z′∈E′

Hϕp(p, z′) = H(p) = inf
z′∈E′

Hϕp(p, z′).

Taking the infimum and supremum over ϕ, we find

H1(p) = inf
ϕ

sup
z′

Hϕ(p, z′)

≤ sup
z′

Hϕp(p, z′) = H(p) = inf
z′

Hϕp(p, z′)

≤ sup
ϕ

inf
z′

Hϕ(p, z′) = H2(p),

which finishes the proof.
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3.5.3 Proof of action-integral representation

In this section, we first prove Theorem 3.4.6 by means of Proposition 3.5.9 below.
The rest of the section is then devoted to proving Proposition 3.5.9.

Proposition 3.5.9. Under the same assumptions of Theorems 3.4.5 and 3.4.6, define the
operator H : D(H) ⊆ C1(Td) → C(Td) on the domain D(H) = D(H) by setting
H f (x) := H(∇ f (x)). Then:

(i) The Legendre-Fenchel transform L(v) := supp∈Rd(p · v−H(p)) and the operator
H satisfy Conditions 8.9, 8.10 and 8.11 of [FK06].

(ii) For all τ > 0 and h ∈ C(Td), the comparison principle holds for (1− τH)u = h.

(iii) For all τ > 0 and h ∈ C(Td), viscosity solutions of (1 − τH)u = h are also
viscosity solutions of (1− τH)u = h.

Proof of Theorem 3.4.6. Let V(t) : C(Td)→ C(Td) be the semigroup

V(t) = lim
m→∞

[(
1− t

m
H
)−1

]m

,

where the resolvant (1− τH)−1 is defined by means of unique viscosity solutions
to the equation (1− τH)u = h, and the limit is made precise in Theorem 6.13, (d),
of [FK06]. Furthermore, let VNS(t) : C(Td)→ C(Td) be the Nisio semigroup with
cost function L, that is VNS(t) is defined as

VNS(t) f (x) = sup
γ∈AC

Td [0,∞)

γ(0)=x

[
f (γ(t))−

∫ t

0
L(γ̇(s))ds

]
,

where ACTd [0, ∞) denotes the set of absolutely continuous paths in the torus. In
Definition 8.1 and Equation 8.10 in [FK06], relaxed controls are considered in order
to cover a general class of possible cost functions. Since the Legendre-Fenchel
transform L(v) is convex, it follows that VNS(t) equals the semigroup given in
8.10 of [FK06] by using that λs = δẋ(s) is an admissible control, and by applying
Jensen’s inequality, an argument that is given for example in Theorem 10.22 in
[FK06]. Below we prove that V(t) = VNS(t); by Theorem 8.14 in [FK06], if V(t) =
VNS(t) on C(Td), then the rate function of our Theorem 3.4.5 satisfies the control
representation 8.18 of [FK06]. The action-integral representation follows by again
applying Jensen’s inequality.

It remains to prove that V(t) = VNS(t). By (i) and (ii) of Proposition 3.5.9, the
Conditions of [FK06, Theorem 8.27] are satisfied, so that we have VNS(t) = V(t),
where V(t) is generated by means of unique viscosity solutions to the equation
(1− τH)u = h as shown in [FK06, Theorem 8.27], that is

V(t) = lim
m→∞

[(
1− t

m
H
)−1

]m

.
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Part (iii) of Proposition 3.5.9 implies by Corollary 8.29 of [FK06] that V(t) = V(t).

Proof of (i) in Proposition 3.5.9. We first show that the following conditions imply
Conditions 8.9, 8.10 and 8.11 of [FK06], which are formulated in order to cover a
more general and non-compact setting.

(i) The function L : Rd → [0, ∞] is lower semicontinuous and for every C ≥ 0,
the level set {v ∈ Rd : L(v) ≤ C} is relatively compact in Rd.

(ii) For all f ∈ D(H) there exists a right continuous, nondecreasing function
ψ f : [0, ∞)→ [0, ∞) such that for all (x0, v) ∈ Td ×Rd,

|∇ f (x0) · v| ≤ ψ f (L(v)) and lim
r→∞

ψ f (r)
r

= 0.

(iii) For each x0 ∈ E and every f ∈ D(H), there exists an absolutely continuous
path x : [0, ∞)→ Td such that∫ t

0
H(∇ f (x(s))) ds =

∫ t

0
[∇ f (x(s)) · ẋ(s)−L(ẋ(s))] ds. (3.16)

Then regarding Condition 8.9 of [FK06], the operator A f (x, v) := ∇ f (x) · v on the
domain D(A) = D(H) satisfies (1). For (2), we can take Γ = Td ×Rd, and for
x0 ∈ Td, take the pair (x, λ) with x(t) = x0 and λ(dv× dt) = δ0(dv)× dt. Part (3)
is a consequence of the above Item (i). Part (4) follows since Td is compact. Part
(5) is implied by the above Item (ii). Condition 8.10 is implied by Condition 8.11
and the fact that H1 = 0, see Remark 8.12 (e) in [FK06]. Finally, Condition 8.11 is
implied by the above Item (iii), with the control λ(dv× dt) = δẋ(t)(dv)× dt.

We turn to verifying (i), (ii) and (iii). Since H(0) = 0, we have L ≥ 0. The
Legendre-transform L is convex, and lower semicontinuous since the map H(p)
is convex and finite-valued, hence in particular continuous. For C ≥ 0, we prove
that the set {v ∈ Rd : L(v) ≤ C} is bounded, and hence is relatively compact.
For any p ∈ Rd and v ∈ Rd, we have p · v ≤ L(v) +H(p). Thereby, if L(v) ≤ C,
then |v| = sup|p|=1 p · v ≤ sup|p|=1 [L(v) +H(p)] ≤ C + C1, where C1 exists due
to continuity of H. Then for R := C + C1, {v : L(v) ≤ C} ⊆ {v : |v| ≤ R}, thus
{L ≤ C} is a bounded subset in Rd.

Item (ii) can be proven as in [FK06, Lemma 10.21]. We finish the proof by veri-
fying (iii). This is shown for instance in [Kra16a, Lemma 3.2.3] under the assump-
tion of continuous differentiability ofH(p), by solving a differential equation with
a globally bounded vectorfield. Here, we verify (iii) under the milder assumption
of convexity of H(p) by solving a suitable subdifferential equation. For p0 ∈ Rd,
define the subdifferential ∂H(p0) at p0 as the set

∂H(p0) := {ξ ∈ Rd | ∀p ∈ Rd : H(p) ≥ H(p0) + 〈ξ, p− p0〉}.



80 Large Deviations of Switching Processes

We shall solve for any f ∈ C1(Td) the subdifferential equation ẋ ∈ ∂H(∇ f (x)).
This means we show that for any initial condition x0 ∈ Td, there exists an ab-
solutely continuous path x : [0, ∞) → Td satisfying both x(0) = x0 and ẋ(t) ∈
∂H(∇ f (x(t))) almost everywhere on [0, ∞). Then (3.16) follows by noting that
H(∇ f (y)) ≥ ∇ f (y) · v − L(v) for all y ∈ Td and v ∈ Rd, by convex duality.
In particular, H(∇ f (x(s))) ≥ ∇ f (x(s)) · ẋ(s) − L(ẋ(s)), and integrating gives
one inequality in (3.16). Regarding the other inequality, since ẋ ∈ ∂H(∇ f (x)),
we know that for almost every t ∈ [0, ∞) and for all p ∈ Rd, we have H(p) ≥
H(∇ f (x(t))) + ẋ(t) · (p−∇ f (x(t))). Therefore, a.e. on [0, ∞),

H(∇ f (x(t))) ≤ ∇ f (x(t)) · ẋ(t)− sup
p∈Rd

[p · ẋ(t)−H(p)]

= ∇ f (x(t)) · ẋ(t)−L(ẋ(t)),

and integrating gives the other inequality.

For solving the subdifferential equation, define F : Rd → 2Rd
by F(x) :=

∂H(∇ f (x)), where the function f ∈ C1(Td) is regarded as a periodic function
on Rd. We apply Lemma 5.1 in [Dei92] for solving ẋ ∈ F(x). The conditions of
Lemma 5.1 in the case of Rd are satisfied if the following holds: supx∈Rd ‖F(x)‖sup

is finite, for all x ∈ Rd, the set F(x) is non-empty, closed and convex, and the map
x 7→ F(x) is upper semicontinuous.

For ξ ∈ F(x), note that for all p ∈ Rd ξ · (p−∇ f (x)) ≤ H(p)−H(∇ f (x)).
Therefore, by shifting p = p′ +∇ f (x), we obtain for all p′ ∈ Rd that ξ · p′ ≤
H(p′ +∇ f (x))−H(∇ f (x)). By continuous differentiability and periodicity of f ,
and continuity ofH, the right-hand side is bounded in x, and we obtain

sup
x∈Rd

sup
ξ∈F(x)

|ξ| = sup
x∈Rd

sup
ξ∈F(x)

sup
|p′ |=1

ξ · p′

≤ sup
x∈Rd

sup
ξ∈F(x)

sup
|p′ |=1

[
H(p′ +∇ f (x))−H(∇ f (x))

]
< ∞.

For any x ∈ Rd, the set F(x) is non-empty, since the subdifferential of a proper
convex function H(·) is nonempty at points where H(·) is finite and continu-
ous [Roc66]. Furthermore, F(x) is convex and closed, which follows from the
properties of a subdifferential set.

Regarding upper semicontinuity, recall the definition from [Dei92]: the map
F : Rd → 2Rd \ {∅} is upper semicontinuous if for all closed sets A ⊆ Rd, the set
F−1(A) ⊆ Rd is closed, where F−1(A) = {x ∈ Rd | F(x) ∩ A 6= ∅}. Let A ⊆ Rd

be closed and xn → x in Rd, with xn ∈ F−1(A). That means for all n ∈ N that the
sets ∂H(∇ f (xn)) ∩ A are non-empty, and consequently, there exists a sequence
ξn ∈ F(xn) ∩ A. We proved above that the set F(y) ∩ A is uniformly bounded
in y ∈ Rd. Hence the sequence ξn is bounded, and passing to a subsequence if
necessary, it converges to some ξ. By definition of F(xn), for all p ∈ Rd,

ξn(p−∇ f (xn)) ≤ H(p)−H(∇ f (xn)).
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Passing to the limit, we obtain that for all p ∈ Rd,

ξ(p−∇ f (x)) ≤ H(p)−H(∇ f (x)).

This implies by definition that ξ ∈ ∂H(∇ f (x)). Since ξn ∈ A and A is closed, we
have ξ ∈ A. Hence x ∈ F−1(A), and F−1(A) is indeed closed.

Proof of (ii) in Proposition 3.5.9. The comparison principle for the operator H fol-
lows from the fact that H f = H(∇ f ) depends on x only via gradients. In-
deed, for subsolutions u1 and supersolutions u2 of (1 − τH)u = h, we have
max(u1 − u2) ≤ τ[H (∇ f1(xδ)) −H

(
∇ f2(x′δ)

)
] + h(xδ) − h(x′δ), with test func-

tions f1, f2 ∈ D(H) satisfying ∇ f1(xδ) = ∇ f2(x′δ), and dist(xδ, x′δ) → 0 as δ → 0.
Therefore H (∇ f1(xδ)) − H

(
∇ f2(x′δ)

)
= 0, and max(u1 − u2) ≤ 0 follows by

taking the limit δ→ 0.

Proof of (iii) in Proposition 3.5.9. Let u ∈ C(Td) be a viscosity solution of the equa-
tion (1− τH)u = h. By Lemmas 3.5.6 and 3.5.7, u is a strong viscosity subsolution
of (1− τH1)u = h and a strong viscosity supersolution of (1− τH2)u = h. In
the proof of Lemma 3.5.8 we obtained H1 ≤ H ≤ H2, which in particular implies
the inequalities −H1 ≥ −H ≥ −H2. With that, we find that u is both a strong
viscosity sub- and supersolution of (1− τH)u = h.

3.6 Proofs of large deviations for molecular motors

In this section, we prove the theorems of Section 3.4.4 about the stochastic pro-
cesses motivated by molecular-motor systems. The proofs regarding the continu-
ous model (Theorems 3.4.9 and 3.4.10) are collected in Section 3.6.1, and regard-
ing the discrete model (Theorems 3.4.9 and 3.4.10) in Section 3.6.2. In each proof
we verify the conditions of the general theorems for switching Markov processes
(Theorems 3.4.5 and 3.4.6). Finally, we prove in Section 3.6.3 the representation
of Hamiltonians H(p) that we use to prove symmetry under the detailed balance
condition.

3.6.1 Proof for the continuous models

In this section, we consider the stochastic process (Xε
t , Iε

t ) of Defintion 3.4.7 and
prove Theorems 3.4.9 and 3.4.10. The generator Lε is given by

Lε f (x, i) = ε
1
2

∆x f (·, i)(x) + bi(x/ε) · ∇x f (·, i)(x)

+
J

∑
j=1

1
ε

γ(ε)rij(x/ε) [ f (x, j)− f (x, i)] ,
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with state space Eε = Td × {1, . . . , J} = {(x, i)}, drifts bi ∈ C∞(Td), jump rates
rij ∈ C∞(Td; [0, ∞)), and γ(ε) > 0. We frequently write f (x, i) = f i(x). The
nonlinear generators defined by Hε f = εe− f /εLεe f (·)/ε are given by

Hε f (x, i) =
ε

2
∆x f i(x) +

1
2
|∇x f i(x)|2 + bi (x/ε)∇x f i(x)

+ γ(ε)
J

∑
j=1

rij (x/ε)
[
e( f (x,j)− f (x,i))/ε − 1

]
. (3.17)

Proof of Theorem 3.4.9

Verification of (T1) of Theorem 3.4.5. With fε(x, i) = f (x) + ε ϕ (x/ε, i)), we find

Hε fε(x, i) =
ε

2
∆ f (x) +

1
2

∆y ϕi (x/ε) +
1
2

∣∣∇ f (x) +∇y ϕi (x/ε)
∣∣2

+ bi (x/ε)
(
∇ f (x) +∇y ϕi (x/ε)

)
+

J

∑
j=1

rij (x/ε)
[
eϕ(x/ε,j)−ϕ(x/ε,i) − 1

]
,

where ∇y and ∆y denote the gradient and Laplacian with respect to the variable
y = x/ε. The only term of order ε that remains is ε ∆ f (x)/2. This suggests to
take the remainder terms as the definition of the multivalued operator H. In the
notation of Theorem 3.4.5, we choose E′ = Td ×{1, . . . , J} as the state space of the
macroscopic variables, and define

H :=
{
( f , H f ,ϕ) : f ∈ C2(Td), H f ,ϕ ∈ C(Td × E′) and ϕ ∈ C2(E′)

}
. (3.18)

In H, the image functions H f ,ϕ : Td × E′ → R are defined by

H f ,ϕ(x, y, i) :=
1
2

∆y ϕi(y) +
1
2

∣∣∇ f (x) +∇y ϕi(y)
∣∣2 + bi(y)(∇ f (x) +∇y ϕi(y))

+
J

∑
j=1

rij(y)
[
eϕ(y,j)−ϕ(y,i) − 1

]
, (3.19)

where we write ϕ = (ϕ1, . . . , ϕJ) via the identification C2(E′) ' (C2(Td))J . Define
the maps η′ε : Eε → E′ by η′ε(x, i) := (x/ε, i), and recall that ηε(x, i) := x are
projections ηε : Eε → Td.

We now verify (C1), (C2) and (C3) of (T1). For (C1), for any (x, y, i) ∈ Td × E′,
we search for elements (yε, iε) ∈ Td × {1, . . . , J} such that both ηε(yε, iε) → x and
η′ε(yε, iε) → (y, i) as ε → 0. The point yε := x + ε(y − x) satisfies yε → x and
yε/ε = y, since x/ε = x in Td. Therefore, (C1) holds with yε = x + ε(y − x)
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and iε = i. Regarding (C2), let ( f , H f ,ϕ) ∈ H. Then the function fε defined by
fε(x, i) := f (x) + ε ϕ (x/ε, i) satisfies

‖ f ◦ ηε − fε‖L∞(Eε) = sup
(x,i)∈Eε

| f (x)− fε(x, i)| = ε · ‖ϕ‖L∞(Eε)
ε→0−−→ 0,

and

‖H f ,ϕ ◦ η′ε − Hε fε‖L∞(Eε) = sup
(x,i)∈Eε

|H f ,ϕ(x, x/ε, i)− Hε fε(x, i)|

=
ε

2
sup

(x,i)∈Eε

| ∆ f (x)| ≤ ε
1
2

sup |∆ f | ε→0−−→ 0.

Item (C3), the fact that the images H f ,ϕ depend on x only via the gradients of f ,
can be recognized in (3.19).

Verification of (T2) of Theorem 3.4.5. Let f be a function in D(H) = C2(Td) and x ∈
Td. We establish the existence of a vector function ϕ = (ϕ1, . . . , ϕJ) ∈ (C2(Td))J

such that for all (y, i) ∈ E′ = Td × {1, . . . , J} and some constant H(∇ f (x)) ∈ R,
we have

Hϕ(∇ f (x), y, i) = H(∇ f (x)).

For the flat torus E = Td, this means that for fixed ∇ f (x) = p ∈ Rd, we search
for a vector function ϕp such that H̃ϕp(p, y, i) = H(p) becomes independent of
the variables (y, i) ∈ E′. We can find this vector function by solving a principal
eigenvalue problem. We prove Item (T2) with the following Lemma.

Lemma 3.6.1. Let E′ = Td × {1, . . . , J} and H be the limit operator (3.18). Then:

(a) For f ∈ D(H), the limiting images Hϕ(∇ f (x), y, i) are of the form

Hϕ(∇ f (x), y, i) = e−ϕ(y,i) [(Bp + Vp + R)eϕ
]
(y, i),

with p = ∇ f (x) ∈ Rd, and operators Bp, Vp, R : C2(E′)→ C(E′) defined as

(Bph)(y, i) :=
1
2

∆yh(y, i) +
(

p + bi(y)
)
· ∇yh(y, i)

(Vph)(y, i) :=
(

1
2

p2 + p · bi(y)
)

h(y, i),

(R h)(y, i) :=
J

∑
j=1

rij(y) [h(y, j)− h(y, i)] .

(b) For any p ∈ Rd, there exists an eigenfunction gp = (g1
p, . . . , gJ

p) ∈ (C2(Td))J

with strictly positive component functions, gi
p > 0 on Td for i = 1, . . . , J, and an

eigenvalueH(p) ∈ R such that[
Bp + Vp + R

]
gp = H(p) gp. (3.20)
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Now (T2) follows by (a) and (b), since with ϕp := log gp,

Hϕp(p, y, i)
(a)
= e−ϕp(y,i) [Bp + Vp + R

]
eϕp(y,i)

=
1

gp(y, i)
[
Bp + Vp + R

]
gp(y, i)

(b)
= H(p).

Proof of Lemma 3.6.1. Writing p = ∇ f (x), Item (a) follows directly by regrouping
the terms in (3.19). Regarding Item (b),

[
Bp + Vp + R

]
gp = H(p)gp is a system of

weakly coupled nonlinear elliptic PDEs on the flat torus. They are weakly coupled
in the sense that the component functions gi

p are only coupled in the lowest order
terms by means of the operator R, while the operators Bp and Vp act solely on
the diagonal. When cast in matrix form, the eigenvalue problem to solve reads
as follows: for Dp + R, with a diagonal matrix Dp and a coupling matrix R with
entries Rij = rij (i 6= j) and Rii = −∑j 6=i rij on the diagonal,

Dp =


B1

p + V1
p 0

. . .
0 BJ

p + V J
p

 , R =

R11 ≥ 0
. . .

≥ 0 RJ J

 ,

find a strictly positive vector function gp > 0 such that
[
Dp + R

]
gp = H(p)gp.

Guido Sweers showed how to obtain the principal eigenvalue for such kind of
coupled systems for bounded sets Ω ⊆ Rd under Dirichlet boundary condi-
tions [Swe92], but the line of argument applies to the periodic setting as well—we
summarize the result in Proposition 3.7.7. Under our irreducibility assumption
on R, there exists a λ(p) and gp > 0 such that

[
−Dp − R

]
gp = λ(p)gp. Thereby,[

Dp + R
]

gp = H(p)gp follows with the same eigenfunction gp > 0 and the prin-
cipal eigenvalueH(p) = −λ(p). This finishes the verification of (T2).

Verification of (T3) of Theorem 3.4.6. We prove that the principal eigenvalue H(p)
of Lemma 3.6.1 is convex in p ∈ Rd and satisfies H(0) = 0. To that end, we
use an explicit variational representation formula for the principal eigenvalue. By
Proposition 3.7.7, the eigenvalueH(p) = −λ(p) admits the representation

H(p) = − sup
g>0

inf
z′∈E′

{
1

g(z′)
[
(−Bp −Vp − R)g

]
(z′)

}
= inf

g>0
sup
z′∈E′

{
1

g(z′)
[
(Bp + Vp + R)g

]
(z′)

}
= inf

ϕ
sup
z′∈E′

{
e−ϕ(z′) [(Bp + Vp + R)eϕ

]
(z′)

}
=: inf

ϕ
sup
z′∈E′

F(p, ϕ)(z′).
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The map F is given by

F(p, ϕ)(y, i) =
1
2

∆ϕi(y) +
1
2
|∇ϕi(y) + p|2 + bi(y)(∇ϕi(y) + p)

+
J

∑
j=1

rij(y)
[
eϕj(y)−ϕi(y) − 1

]
,

and hence is jointly convex in p and ϕ. For the eigenfunction ϕ = ϕp, equality
holds in the sense that for any z ∈ E′, we have H(p) = F(p, ϕp)(z). Therefore,
we obtain for τ ∈ [0, 1] and any p1, p2 ∈ Rd with corresponding eigenfunctions
g1 = eϕ1 and g2 = eϕ2 that

H(τp1 + (1− τ)p2) = inf
ϕ

sup
E′

F (τp1 + (1− τ)p2, ϕ)

≤ sup
E′

F (τp1 + (1− τ)p2, τϕ1 + (1− τ)ϕ2)

≤ sup
E′

[τF(p1, ϕ1) + (1− τ)F(p2, ϕ2)]

≤ τ sup
E′

F(p1, ϕ1) + (1− τ) sup
E′

F(p2, ϕ2)

= τH(p1) + (1− τ)H(p2).

Regarding the claim H(0) = 0, we choose the constant function ϕ = (1, . . . , 1) in
the variational representation ofH(p). Thereby, we obtain the estimateH(0) ≤ 0.
For the opposite inequality, we show that for any ϕ ∈ C2(E′)

λ(ϕ) := sup
z′∈E′

{
e−ϕ(z′) [(B0 + V0 + R)eϕ] (z′)

}
≥ 0,

which then implies H(0) = infϕ λ(ϕ) ≥ 0. Let ϕ ∈ C2(E′); the continuous
function ϕ on the compact set E′ admits a global minimum zm = (ym, im) ∈ E′.
Thereby, noting that V0 ≡ 0, we find

λ(ϕ) ≥ e−ϕ(zm)(B0 + R)eϕ(zm) =
1
2

∆y ϕ(ym, im)︸ ︷︷ ︸
≥ 0

+
1
2
| ∇y ϕ(ym, im)︸ ︷︷ ︸

= 0

|2

+ bim(ym) · ∇y ϕ(ym, im)︸ ︷︷ ︸
= 0

+∑
j 6=i

rij(ym)
[
eϕ(ym ,j)−ϕ(ym ,im) − 1

]
︸ ︷︷ ︸

≥ 0

≥ 0.

This finishes the verification of (T3), and thereby the proof of Theorem 3.4.9.

Proof of Theorem 3.4.10

In this section, we consider the process (Xε
t , Iε

t ) from Definition 3.4.7 in the limit
regime γ(ε) → ∞ as ε → 0. As above in the proof of Theorem 3.4.9, we start with
the nonlinear generator Hε from (3.17), and verify Conditions (T1), (T2) and (T3)
of Theorems 3.4.5 and 3.4.6.
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Verification of (T1) of Theorem 3.4.5. We can not make the same Ansatz as in the
proof of Theorem 3.4.9, since the reaction terms with γ(ε) diverge whenever the
exponent remains of order one. We have three different scales: order 1 via the
variable x, of order 1/ε via (x/ε), and of order γ(ε)/ε � 1/ε in the variable i.
Therefore, we choose functions fε(x, i) of the form

fε(x, i) = f (x) + ε ϕ
( x

ε

)
+

ε

γ(ε)
ξ
( x

ε
, i
)

.

We abbreviate in the following y = x/ε. Then computing Hε fε results in

Hε fε(x, i) =
ε

2
∆ f (x) +

1
2

[
∆ϕ(y) +

1
γ(ε)

∆ξ i(y)
]

+
1
2

∣∣∇ f (x) +∇ϕ(y) +
1

γ(ε)
∇ξ i(y)

∣∣2 + bi(y)
(
∇ f (x) +∇ϕ(y) +

1
γ(ε)
∇ξ i(y)

)
+ γ(ε)

J

∑
j=1

rij(y)
[
e(ξ(y,j)−ξ(y,i))/γ − 1

]
.

The 1/γ terms vanish as γ→ ∞. The last term satisfies

γ
J

∑
j=1

rij(y)
[
e(ξ

j−ξ i)/γ − 1
]
=

J

∑
j=1

rij(y)
[
ξ j(y)− ξ i(y)

]
+O(γ−2).

Therefore, we choose again E′ := Td × {1, . . . , J} as the state space of the macro-
scopic variables, and use the following limit operator H,

H :=
{
( f , H f ,ϕ,ξ : f ∈ C2(Td) and H f ,ϕ,ξ ∈ C(Td × E′)

}
, (3.21)

with functions ϕ and ξ in the sets ϕ ∈ C2(Td) and ξ = (ξ1, . . . , ξ J) ∈ C2(E′) '
(C2(Td))J . The image functions H f ,ϕ,ξ : Td ×Td × {1, . . . , J} → R are

H f ,ϕ,ξ(x, y, i) :=
1
2

∆y ϕ(y) +
1
2
|∇ f (x) +∇y ϕ(y)|2 + bi(y)

(
∇ f (x) +∇y ϕ(y)

)
+

J

∑
j=1

rij(y) [ξ(y, j)− ξ(y, i)] . (3.22)

Then H satisfies (T1), which is shown by the same line of argument as above in
the proof of Theorem 3.4.9, with the same maps ηε and η′ε as there. The image
functions depend only on gradients, H f ,ϕ,ξ(x, y, i) = Hϕ,ξ(∇ f (x), y, i).

Verification of (T2) of Theorem 3.4.5. For any p ∈ Rd, we establish the existence of
functions ϕp ∈ C2(Td) and ξ ∈ C2(E′) such that Hϕ,ξ(p, ·) becomes constant on
E′ = Td × {1, . . . , J}. To that end, we find a constant H(p) ∈ R and ϕp and ξp
such that for all (y, i) ∈ E′, we have

Hϕp ,ξp(p, y, i) = H(p).

We reduce the problem to finding a principal eigenvalue.
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Lemma 3.6.2. Let E′ = Td × {1, . . . , J} and let H be the operator (3.21). Then:

(a) For f ∈ D(H), the images Hϕ,ξ are given by

H̃ϕ,ξ(p, y, i) = e−ϕ(y)
[
(Bi

p + Vi
p)e

ϕ
]
(y) +

J

∑
j=1

rij(y) [ξ(y, j)− ξ(y, i)] ,

where p = ∇ f (x) ∈ Rd, Bi
p = 1

2 ∆ + (p + bi(y)) · ∇ and multiplication opera-
tor Vi

p(y) = p2/2 + p · bi(y).

(b) For any ϕ and y ∈ Td, there exists a function ξ(y, ·) on {1, . . . , J} such that
ξ ∈ C2(E′) and for all i = 1, . . . , J,

e−ϕ
[
(Bi

p + Vi
p)e

ϕ
]
(y) +

J

∑
j=1

rij(y) [ξ(y, j)− ξ(y, i)] = e−ϕ(y) [Bp + Vp
]

eϕ(y),

where Bp = 1
2 ∆ + (p + b(y)) · ∇, Vp(y) = p2

2 + p · b(y). In the operators,
b(y) := ∑J

i=1 µy(i)bi(y) is the average drift with respect to the stationary measure
µy ∈ P({1, . . . , J}) of the jump process with frozen jump rates rij(y).

(c) There exists a strictly positive eigenfunction gp and an eigenvalueH(p) ∈ R such
that [

Bp + Vp
]

gp = H(p)gp. (3.23)

By (a), (b) and (c), taking ϕp = log gp and the corresponding ξ(y, i), we ob-
tain (T2) via

Hϕp ,ξ(p, y, i)
(a)
= e−ϕp(y)

[
Bi

p + Vi
p

]
eϕp(y) + ∑

j∈J
rij(y) [ξ(y, j)− ξ(y, i)]

(b)
= e−ϕp(y)

[
(Bp + Vp)eϕ

]
(y)

(c)
= H(p).

Proof of Lemma 3.6.2. Regarding (a), writing ξ(y, i) = ξy(i) and p = ∇ f (x) ∈ Rd,
for all (y, i) ∈ E′ we find

Hϕ,ξ(p, y, i) =
1
2

∆ϕ +
1
2

∣∣p +∇ϕ
∣∣2 + bi(p +∇ϕ)︸ ︷︷ ︸

= e−ϕ(Bp,i + Vp,i)eϕ

+
J

∑
j=1

rij(y) [ξ(y, j)− ξ(y, i)]︸ ︷︷ ︸
=: Ryξ(y, ·)(i)

,

with a generator Ry of a jump process with frozen jump rates rij(y).

For (b), let ϕ ∈ C2(Td) and y ∈ Td. We wish to find a function ξy(·) = ξ(y, ·) ∈
C({1, . . . , J}) such that

e−ϕ
[
Bp,i + Vp,i

]
eϕ + Ryξy(i)
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becomes constant in i = 1, . . . , J. By the Fredholm alternative, for any vector h ∈
C({1, . . . , J}), the equation Ryξy = h has a solution ξy(·) ∈ C({1, . . . , J}) if and
only if h ⊥ ker(R∗y). Since Ry is the generator of a jump process on the finite
discrete set {1, . . . , J} with rates rij(y), the null space ker(R∗y) is one-dimensional
and spanned by the unique stationary measure µy ∈ P({1, . . . , J}), which exists
by our irreducibility assumption of Theorem 3.4.10 (e.g. [Kle13, Theorem 17.51]).
Hence e−ϕ

[
Bp,i + Vp,i

]
eϕ + Ryξy(i) = h(p, y) is independent of i ∈ {1, . . . , J} iff

J

∑
i=1

µy(i)
[
(h(p, y)− e−ϕ

[
Bp,i + Vp,i

]
eϕ
]
= 0.

This solvability condition leads to

J

∑
i=1

µy(i)
[
(h(p, y)− e−ϕ

(
Bp,i + Vp,i

)
eϕ
]
= h(p, y)− e−ϕ(y) (Bp + Vp

)
eϕ(y) = 0.

Hence for h(p, y) := e−ϕ(y) [Bp + Vp
]

eϕ(y), there exists ξ(y, i) solving the equa-
tion Ryξ(y, ·) = h. Furthermore, since the stationary measure is an eigenvector of
a one-dimensional eigenspace, and the rates rij(·) are smooth by assumption, the
eigenfunctions ξy depend smoothly on y as well, and (b) follows.

Regarding (c) in Lemma 3.6.2, note that (3.23) is a principal eigenvalue prob-
lem for a second-order uniformly elliptic operator. By Proposition 3.7.6, the prin-
cipal eigenvalue problem

[
−Bp −Vp

]
gp = λ(p)gp has a solution gp > 0, with

eigenvalue λ(p) ∈ R. The same function gp and the eigenvalue H(p) = −λ(p)
solve (3.23).

Verification of (T3) of Theorem 3.4.6. The principal eigenvalueH(p) is of the form

H(p) = inf
ϕ

sup
y∈Td

F (p, ϕ) (y),

with F jointly convex in p and ϕ. Convexity of H(p) and H(0) = 0 follow as
above in the proof of Theorem 3.4.9.

3.6.2 Proof for the discrete models

In this section, we prove the large-deviation Theorems 3.4.12 and 3.4.13 of the
stochastic process (Xn

t , In
t ) from Defintion 3.4.11. We alert the reader that we use n

as a scaling parameter instead of ε. The generator Ln in (3.11) is

Ln f (x, i) = nri
+(nx) [ f (x + 1/n, i)− f (x, i)] + nri

−(nx) [ f (x− 1/n, i)− f (x, i)]

+
J

∑
j=1

nγ(n)rij(nx) [ f (x, j)− f (x, i)] ,
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with γ(n) > 0, the state space En = T`,n × {1, . . . , J} = {(x, i)}, and T`,n the
discrete one-dimensional torus with lattice spacing 1/n and of length `. As in
the continuous case, we verify (T1), (T2) and (T3) of the large-deviation Theorems
3.4.5 and 3.4.6. We start from the nonlinear generators Hn f = n−n f Lnen f ,

Hn f (x, i) = ri
+(nx)

[
en( f (x+1/n,i)− f (x,i)) − 1

]
+ ri
−(nx)

[
en( f (x−1/n,i)− f (x,i)) − 1

]
+ γ(n)

J

∑
j=1

rij(nx)
[
en( f (x,j)− f (x,i)) − 1

]
. (3.24)

Proof of Theorem 3.4.12

Verification of (T1) of Theorem 3.4.5. We have γ ≡ 1. Choose functions of the form
fn(x, i) = f (x) + 1

n ϕ(nx, i), where (x, i) ∈ T`,n × {1, . . . , J} and the ϕ(·, i) ∈
C`-per(Z) ' C(T`,1) are `-periodic functions. Then we obtain

Hn fn(x, i) = ri
+(nx)

[
en( f (x+ 1

n )− f (x))eϕi(nx+1)−ϕi(nx) − 1
]

+ ri
−(nx)

[
en( f (x− 1

n )− f (x))eϕi(nx−1)−ϕi(nx) − 1
]

+
J

∑
j=1

rij(nx)
[
e(ϕ(nx,j)−ϕ(nx,i)) − 1

]
.

Then Hn fn depends on the variables x ∈ T`,n, nx ∈ T`,1 and i ∈ {1, . . . , J}. There-
fore choose E′ = T`,1 × {1, . . . , J} for the macroscopic variables, and set

H :=
{
( f , H f ,ϕ) : f ∈ C1(T`) and H f ,ϕ ∈ C(T` × E′),

ϕ = (ϕ1, . . . , ϕJ) ∈ C(E′) ' (C(T`,1))
J
}

.

The image funcitons H f ,ϕ : T` × E′ → R are defined as

H f ,ϕ(x, y, i) := ri
+(y)

[
e∂x f (x)eϕi(y+1)−ϕi(y) − 1

]
+ ri
−(y)

[
e−∂x f (x)eϕi(y−1)−ϕi(y) − 1

]
+

J

∑
j=1

rij(y)
[
eϕ(y,j)−ϕ(y,i) − 1

]
. (3.25)

Then with the embedding η′n : En → E′, (x, i) 7→ η′n(x, i) := (nx, i), and the
projection ηn(x, i) = x, (C1) is satisfied. Regarding (C2), for ( f , H f ,ϕ) ∈ H, the
function fn(x, i) := f (x) + 1

n ϕ(nx, i) satisfies fn → f uniformly in (x, i) ∈ En with
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respect to ηn, using that supE′ ϕ < ∞. Regarding the images, we note that

sup
x,i

∣∣H f ,ϕ(x, nx, i)− Hn fn(x, i)
∣∣

≤ sup
x,i

∣∣∣∣ri
+(nx)

[
e∂x f (x) − en( f (x+1/n)− f (x))

]
eϕ(nx+1,i)−ϕ(nx,i)

∣∣∣∣
+ sup

x,i

∣∣∣∣ri
−(nx)

[
e−∂x f (x) − en( f (x−1/n)− f (x))

]
eϕ(nx−1,i)−ϕ(nx,i)

∣∣∣∣,
which converges to zero as n goes to infinity, since supE′ ϕ < ∞ and we have
uniformly bounded jump rates ri

±. Furthermore, the images depend on x only via
the derivatives of f : H f ,ϕ(x, y, i) = Hϕ(∂x f (x), y, i). Hence (C3) is satisfied, and
this finishes the verification of (T1).

Verification of (T2) of Theorem 3.4.5. For p ∈ R, we want to find a function ϕp such
that the images Hϕ(p, y, i) become constant in (y, i). As in the continuous case,
this can be achieved by solving a principal eigenvalue problem. Here in the dis-
crete case, instead of elliptic partial differential equations, we encounter principal
eigenvalues of irreducible M-matrices.

Lemma 3.6.3. Let E′ = T`,1 × {1, . . . , J} and H ⊆ C1(T`) × C(T` × E′) be the
multivalued operator from (3.25), and let p ∈ R. Then:

(a) Writing g(y, i) = gi(y) := eϕi(y), the images Hϕ(p, y, i) are of the form

H̃ϕ(p, y, i) =
1

g(y, i)
[
Bp + R

]
g(y, i),

where

Bpg(y, i) := ri
+(y)

[
epgi(y + 1)− gi(y)

]
+ ri
−(y)

[
e−pgi(y− 1)− gi(y)

]
,

and

Rg(y, i) :=
J

∑
j=1

rij(y) [g(y, j)− g(y, i)] .

(b) There exist strictly positive vectors gi =
(

gi(0), . . . , gi(`− 1)
)
∈ R`, gi(y) > 0

for all i = 1, . . . , J and y = 0, . . . , `− 1, and an eigenvalueH(p) ∈ R such that

[Bp + R]g(y, i) = H(p)g(y, i).

By (a) and (b), choosing ϕ(y, i) := log g(y, i), we obtain

Hϕ(p, y, i)
(a)
=

1
g(y, i)

[
Bp + R

]
g(y, i)

(b)
= H(p).
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Proof of Lemma 3.6.3. Part (a) follows from rewriting the images Hϕ(p, y, i). Re-
garding (b), when cast in matrix form, the eigenvalue problem reads


B1

p 0
. . .

0 BJ
p

+

R11 ≥ 0
. . .

≥ 0 RJ J



g1

...
gJ

 = H(p)

g1

...
gJ

 ,

where each gi is a vector, gi =
(

gi(0), . . . , gi(`− 1)
)
∈ R`, and the square matrices

Bi
p ∈ R`×` are similar to a discretized Laplacian with periodic boundaries. More

precisely, the matrix Bi
p has entries −(ri

+(y) + ri
−(y)) on the diagonal that are

flanked by ri
+(y)e

p to the right and ri
−(y)e

−p to the left next entries. Each Rii
is a diagonal matrix with (Rii)kk = −∑j 6=i rij(k), where k = 0, 1, . . . , ` − 1. The
remaining block matrices in R are non-negative and mix the different component
vectors gi and gj.

By the irreducibility assumption in Theorem 3.4.12 on R. Since all off-diagonal
terms in Bp + R are non-negative, the off-diagonal elements form an irreducible
matrix. Therefore, Mp := −Bp − R is an irreducible M-matrix (Definition 3.7.1
further below), and by Proposition 3.7.5, it admits a principal eigenvalue λ(p)
with strictly positive eigenvector gp, that is Mpgp = λ(p)gp. Consequently, we
find

[
Bp + R

]
gp = H(p)gp with the same eigenvector gp and principal eigen-

valueH(p) = −λ(p). This finishes the verification of (T2).

Verification of (T3) of Theorem 3.4.6. By Proposition 3.7.5, the eigenvalue satisfies

H(p) = − sup
g>0

inf
y,i

[
1

g(y, i)
(
−Bp − R

)
g(y, i)

]
= inf

ϕ
sup

y,i

{
ri
+(y)

[
epeϕi(y+1)−ϕi(y) − 1

]
+ ri
−(y)

[
e−peϕi(y−1)−ϕi(y) − 1

]
+

J

∑
j=1

rij(y)
[
eϕ(y,j)−ϕ(y,i) − 1

] }
.

Hence the eigenvalue is of the form

H(p) = inf
ϕ

sup
y,i

F(p, ϕ)(y, i),

with F(p, ϕ) jointly convex in p and ϕ, and convexity of H(p) follows as demon-
strated in the proof of Theorem 3.4.9. Choosing the constant vector ϕ = (1, . . . , 1)
in the variational representation, we obtain H(0) ≤ 0. Conversely, any ϕ admits
a global minimum (ym, im). We have the estimate F(0, ϕ)(ym, im) ≥ 0. There-
fore, sup F(0, ϕ) ≥ 0 for any ϕ, andH(0) ≥ 0 follows.
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Proof of Theorem 3.4.13

Verification of (T1) of Theorem 3.4.5. We have γ(n) → ∞ as n → ∞. With functions
of the form fn(x, i) = f (x) + 1

n ϕ(nx) + 1
nγ(n) ξ(nx, i), with functions ϕ and ξ(·, i)

in C(T`,1), we obtain

Hn fn(x, i) = ri
+(nx)

[
en( f (x+ 1

n )− f (x))eϕ(nx+1)−ϕ(nx)e(ξ(nx+1,i)−ξ(nx,i))/γ(n) − 1
]

+ ri
−(nx)

[
en( f (x− 1

n )− f (x))eϕ(nx−1)−ϕ(nx)e(ξ(nx−1,i)−ξ(nx,i))/γ(n) − 1
]

+ γ(n)
J

∑
j=1

rij(nx)
[
e(ξ(nx,j)−ξ(nx,i))/γ(n) − 1

]
.

Take E′ := T`,1 × {1, . . . , J} and set

H :=
{
( f , H f ,ϕ,ξ) : f ∈ C1(T`) and H f ,ϕ,ξ ∈ C(T` × E′),

ϕ ∈ C(T`,1), ξ = (ξ1, . . . , ξ J) ∈ C(E′) ' (C(T`,1))
J
}

,

with image functions H f ,ϕ : T` × E′ → R defined by

H f ,ϕ(x, y, i) := ri
+(y)

[
e∂x f (x)eϕ(y+1)−ϕ(y) − 1

]
+ ri
−(y)

[
e−∂x f (x)eϕ(y−1)−ϕ(y) − 1

]
+

J

∑
j=1

rij(y) [ξ(y, j)− ξ(y, i)] . (3.26)

Then with the embedding η′n : En → E′, (x, i) 7→ η′n(x, i) := (nx, i), and the
projection ηn(x, i) = x, Item (C1) is satisfied. Regarding Item (C2), consider a
pair ( f , H f ,ϕ,ξ) ∈ H. The function fn(x, i) := f (x) + 1

n ϕ(nx) + 1
nγ(n) ξ(nx, i) satis-

fies fn → f uniformly in (x, i) with respect to ηn. For the convergence of images,
use

sup
x,i

∣∣∣∣ (ξ(nx + 1, i)− ξ(nx, i)) /γ(n)
∣∣∣∣ ≤ 1

γ(n)
sup

y,i

∣∣∣∣ξ(y + 1, i)− ξ(y, i)
∣∣∣∣ n→∞−−−→ 0.

Expanding the exponential terms in Hn fn and using the same uniform bounds
lead to the claimed convergence. Finally, (C3) is satisfied, since the images (3.26)
depend on x only via derivatives of f .

Verification of (T2) of Theorem 3.4.5. For any p ∈ R, we wish to obtain functions
ϕ ∈ C(T`,1) and ξ ∈ C(E′) such that the images Hϕ,ξ(p, y, i) are constant in (y, i).
We reduce that to a principal-eigenvalue problem.

Lemma 3.6.4. Let E′ = T`,1 × {1, . . . , J}, p ∈ R, and let H ⊆ C1(T`)× C(T` × E′)
be the multivalued operator from (3.26). Then:
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(a) The images Hϕ,ξ(p, y, i) are of the form

H̃ϕ,ξ(p, y, i) =
1

g(y)
Bi

pg(y) + Rξ(y, i),

where g(y) := eϕ(y),

Bi
pg(y) := ri

+(y) [e
pg(y + 1)− g(y)] + ri

−(y)
[
e−pg(y− 1)− g(y)

]
and

Rξ(y, i) :=
J

∑
j=1

rij(y) [ξ(y, j)− ξ(y, i)] .

(b) For any g(y) = eϕ(y) and y ∈ T`,1 ' {0, 1, . . . , ` − 1}, there exists a function
ξp(y, ·) ∈ C({1, . . . , J}) such that for all i ∈ {1, . . . , J},

1
g(y)

Bi
pg(y) + Rξ(y, i) =

1
g(y)

Bpg(y),

with

Bpg(y) := r+(y) [epg(y + 1)− g(y)] + r−(y)
[
e−pg(y− 1)− g(y)

]
,

where r±(y) = ∑J
i=1 µy(i)ri

±(y) are the average jump rates with respect to the
stationary measure µy ∈ P({1, . . . , J}) of the jump process with rates rij(y).

(c) There exists a strictly positive eigenvector gp =
(

gp(0), . . . , gp(`− 1)
)
∈ R`,

gp(y) > 0 for all y = 0, . . . , ` − 1, and a corresponding principal eigenvalue
H(p) ∈ R such that

Bpgp = H(p)gp.

With ϕp := log gp and the corresponding function ξp(y, i) of (b), we find

Hϕp ,ξp(p, y, i)
(a)
=

1
g(y)

Bi
pg(y) + Rξp(y, i)

(b)
=

1
gp(y)

Bpgp(y)
(c)
= H(p).

Proof of Lemma 3.6.4. Part (a) follows from rewriting the images in terms of g(y) =
log ϕ(y). For part (b), the argument is similar to the one given in the proof of
Theorem 3.4.10. By the Fredholm alternative, for every y ∈ T`,1 ' {0, . . . , `− 1},
the equation

Rξ(y, i) =
1

g(y)

[
Bi

p − Bp

]
g(y)

has a solution ξ(y, ·) ∈ C({1, . . . , J}) if and only if for the stationary measure
µy ∈ P({1, . . . , J}) satisfying R∗µy = 0, we have〈

µy,
1

g(y)

[
Bi

p − Bp

]
g(y)

〉
= 0,
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where the pairing corresponds to a sum over the i ∈ {1, . . . , J}. Writing out that
condition leads exactly to the average operator Bp as given in (b).

For part (c), we note that Bpgp = H(p)gp is a matrix eigenvalue problem.
The matrix Bp ∈ R`×` has nonzero entries similar to a discretized Laplacian with
periodic boundaries:

Bp =


−(r+(0) + r−(0)) r+(0)ep . . . r−(0)e−p

r−(1)e−p −(r+(1) + r−(1)) r+(1)ep . . .
0 r−(2)e−p −(r+(2) + r−(2)) . . .
...

...
. . .

...

 .

By the positivity assumptions on the rates ri
± in Definition 3.4.11, the average

rates r± are positive. Thereby, Mp := −Bp is an irreducible M-matrix, so that by
Proposition 3.7.5, there exists a strictly positive eigenvector gp > 0 and a principal
eigenvalue λ(p) ∈ R such that Mpgp = λ(p)gp. That implies Bpgp = H(p)gp with
the same eigenvector gp and principal eigenvalue H(p) = −λ(p). This finishes
the proof of Lemma 3.6.4, and thereby the verification of (T2).

Verification of (T3) of Theorem 3.4.6. We prove the claimed properties of H(p) by
means of a variational representation. By Proposition 3.7.5, we have

H(p) = − sup
g>0

inf
y

[
1

g(y)
(−Bp)g(y)

]
= inf

ϕ
sup

y

{
r+(y)

[
epeϕ(y+1)−ϕ(y) − 1

]
+ r−(y)

[
e−peϕ(y−1)−ϕ(y) − 1

] }
.

The representation is of the form

H(p) = inf
ϕ

sup
y

F(p, ϕ(y)),

with a joint convex F. With that, convexity andH(0) = 0 follow as above.

3.6.3 Detailed balance implies symmetry of the Hamiltonian

In Theorem 3.4.14, we proved that detailed-balance implies symmetric Hamilto-
nians. The proof was based on a suitable variational representation of the Hamil-
tonian. In this section, we show how to obtain this representation.

To that end, we recall the setting. We work with E′ = Td × {1, . . . , J}, and
denote by P(E′) the set of probability measures on E′. The Hamiltonian H(p) is
the principal eigenvalue of the cell problem (3.20) described in Lemma 3.6.1. Here,
we start from the fact that this Hamiltonian satisfies

H(p) = sup
µ∈P(E′)

[∫
E′

Vp(z)dµ(z)− Ip(µ)

]
. (3.27)
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In this formula, we have the continuous map

Vp(x, i) :=
1
2

p2 − p · ∇ψi(x), (3.28)

and the Donsker-Varadhan functional

Ip(µ) = − inf
u>0

∫
E′

Lpu
u

dµ, (3.29)

where the infimum is over strictly positive u ∈ C2(E′) and the operator Lp is

Lpu(x, i) :=
1
2

∆xu(x, i) + (p−∇ψi(x)) · ∇xu(x, i) +
J

∑
j=1

rij(x) [u(x, j)− u(x, i)] .

(3.30)
The variational representation (3.27) is a special case of Donsker’s and Varadhan’s
results on principal eigenvalues [DV75c, DV76b]. Under their general conditions,
the infimum is taken over functions that are in the domain of the infinitesimal
generator of the semigroup generated by Lp. Pinsky showed that the infimum can
be taken over C2 functions if the coefficient functions appearing in the operators
are smooth [Pin85, Pin07].

Given in the form (3.27), it is not clear why H(p) should be symmetric under
the detailed-balance condition. We perform a suitable shift in the infimum of the
Donsker-Varadhan functional (3.29) to obtain a suitable representation. Let us first
briefly describe this transformation in an informal way. Representing in (3.29) the
strictly positive functions as u = exp(ϕ), we find

Ip(µ) = − inf
ϕ

∑
i

∫ [1
2

∆ϕi +
1
2
|∇ϕi|2 + (p−∇ψi)∇ϕi + ∑

j
rij
(
eϕj−ϕj − 1

)]
dµi.

Suppose that dµi = µi dx with strictly positive µi, where dx is the Lebesgue mea-
sure on the torus. Then shifting in the infimum as ϕi → ϕi + ψi +

1
2 log µi, we find

by calculation that

Ip(µ) = R(µ) +
∫

E′
Vp dµ− Kp(µ), (3.31)

whereR(µ) is the Fisher information given by

R(µ) :=
1
8 ∑

i

∫
Td

∣∣∣∣∇(log
µi

e−2ψi

)∣∣∣∣2 dµi, (3.32)

and Kp(µ) is given by

Kp(µ) = inf
φ

{ J

∑
i=1

∫
Td

(
1
2
|∇φi(x) + p|2 −

J

∑
j=1

rij(x)

)
dµi(x)

+
J

∑
i,j=1

∫
Td

rij(x)e−2ψi(x)
√

µi(x)µj(x)eψj(x)+ψi(x)eφ(x,j)−φ(x,i) dx
}

. (3.33)
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Plugging formula (3.31) into the variational representation (3.27) leads to the de-
sired representation of the Hamiltonian. The transformation we used corresponds
to shifting by (1/2) log(µi/πi), where πi = e−2ψi is the stationary measure (up
to multiplicative constant). This transformation is actually reminiscent of a sym-
metrization discussed in Touchette’s notes [Tou18, Eq. (36)]. Finally, when formu-
lating the detailed-balance condition with additional constants in (3.12) (meaning
not shifting the potentials by constants to renormalized), one can include these
constants in the shift to arrive at the same conclusions.

To make the strategy displayed above rigorous, we prove that we can work
with measures µ having the required regularity properties. The central idea is to
exploit the fact that Ip(µ) is finite sinceH(p) is finite. By a result of Stroock [Str12,
Theorem 7.44], finiteness of the Donsker-Varadhan functional implies certain reg-
ularity properties in case the generator is reversible. Since the generator Lp is not
reversible, we instead bound Ip by a suitable Donsker-Varadhan functional Irev
corresonding to a reversible process, and can then apply [Str12, Theorem 7.44].
This strategy appears in the proof of the following proposition. The formula we
use in the proof of Theorem 3.4.14 of Section 3.4.4 is given in (c).

Proposition 3.6.5. The HamiltonianH(p) given by (3.27) satisfies the following:

(a) The supremum in (3.27) can be taken over a smaller set P of measures, that is

H(p) = sup
µ∈P

[∫
E′

Vp dµ− Ip(µ)

]
,

where P ⊂ P(E′) are the probability measures µ = (µ1, . . . , µJ) such that:

(P1) Each µi is absolutely continuous with respect to the uniform measure on Td.

(P2) For each i, we have ∇(log µi) ∈ L2
µi
(Td), where dµi(x) = µi(x)dx.

(b) We have
H(p) = sup

µ∈P

[
Kp(µ)−R(µ)

]
, (3.34)

with the maps R and Kp given by (3.32) and (3.33) above. In Kp(µ), the infimum
can be taken over vectors of functions φi = φ(·, i) such that ∇φi ∈ L2

µi
(Td).

(c) Under the detailed balance condition,

Kp(µ) = inf
φ

{ J

∑
i=1

∫
Td

(
1
2
|∇φi(x) + p|2 −

J

∑
j=1

rij(x)

)
dµi(x)

+
J

∑
i,j=1

∫
Td

rij(x)e−2ψi(x)
√

µi(x)µj(x)eψj(x)+ψi(x) cosh (φ(x, j)− φ(x, i))dx
}

.

(3.35)
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The representation (3.35) follows from (3.33) by rewriting the sums appearing
therein as ∑ij aij =

1
2 ∑ij(aij + aji), where

aij =
∫

Td
rije−2ψi

√
µi(x)µj(x)eψj(x)+ψi(x)eφ(x,j)−φ(x,i) dx.

This leads to the cosh(·) terms in (3.35), and proves (c). We now give the proof of
(a) and (b) of Proposition 3.6.5.

Proof of (a) in Proposition 3.6.5. SinceH(p) is finite for any p and Vp(·) is bounded,
the supremum can be taken over measures µ such that Ip(µ) is finite. We show
that finiteness of Ip(µ) implies that µ must satisfy (P1) and (P2). To that end, define
the map Lrev : D(Lrev) ⊆ C(E′)→ C(E′) by D(Lrev) := C2(E′) and

Lrev f (x, i) =
1
2

∆x f (x, i)−∇ψi(x) · ∇x f (x, i) + γ ∑
j 6=i

sij(x) [ f (x, j)− f (x, i)] ,

with jump rates sij defined as sij ≡ 1 and sji ≡ e2ψj−2ψi , for i ≤ j, and with γ :=
supTd

(
rij/sij

)
< ∞, where rij(·) are the jump rates appearing in Lp. Furthermore,

define ILrev : P(E′)→ [0, ∞] by

ILrev(µ) := − inf
ϕ∈C2(E′)

∫
E′

e−ϕLrev(eϕ)dµ.

We prove two statements. First, if ILrev(µ) is finite, the measure µ satisfies (P1) and
(P2). Second, if Ip(µ) is finite, then ILrev(µ) is finite. Since sije−2ψi = sjie

−2ψj , the
operator Lrev admits a reversible measure νrev in P(E′) given by

νrev(A1, . . . , AJ) =
1
Z

J

∑
i=1

νi
rev(Ai), where dνi

rev = e−2ψi dx and Z = ∑
i

νi
rev(T

d).

The measure νrev is reversible for Lrev in the sense that for all f , g ∈ D(Lrev),

〈Lrev f , g〉νrev = 〈 f , Lrevg〉νrev , where 〈 f , h〉νrev =
1
Z ∑

i

∫
Td

f i(x)hi(x)dνi
rev(x).

Hence by Stroock’s result [Str12, Theorem 7.44],

ILrev(µ) =

{
−〈 fµ, Lrev fµ〉νrev , fµ =

√gµ ∈ D1/2 := D
(√
−Lrev

)
and gµ = dµ

dνrev
,

+∞, otherwise,

where dµ/dνrev is the Radon-Nikodym derivative. This statement entails that
if ILrev(µ) is finite, then µ� νrev. Then ILrev(µ) is explicitly given by

ILrev(µ) = −〈 f , Lrev f 〉νrev

=
1
Z

J

∑
i=1

[∫
Td
|∇ f i(x)|2 dνi

rev(x) + γ
J

∑
j=1

∫
Td

sij(x)| f j(x)− f i(x)|2 dνi
rev(x)

]
,

(3.36)
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where we write f i = (dµi/dνi
rev)

1/2. Furthermore, µi is absolutely continuous
with respect to νi = e−2ψi

dx. Since e−2ψi
dx � dx, we find that µi is absolutely

continuous with respect to the volume measure on Td. Hence (P1) holds true.

We prove that finiteness of ILrev(µ) implies (P2) by showing that the integral∫
Td |∇(log µi)|2 dµi is finite. Let gi

µ := dµi/dνi
rev be the density of µi with respect

to νi
rev. Then the densities µi = dµi/dx satisfy gi

µ = µie2ψi
, because

µi =
dµi

dνi
rev

dνi
rev

dx
=

dµi

dνi
rev

e−2ψi
.

Let f i
µ :=

√
gi

µ. If ILrev(µ) is finite, then by (3.36),
∫

Td |∇ f i
µ|2dνi

rev is finite for every
i = 1, . . . , J. Hence with the estimate

∫
Td
|∇ f i

µ|2dνi
rev ≥

∫
Td
|∇ f i

µ|21{µi>0}dνi
rev =

1
4

∫
Td

|∇gi
µ|2

gi
µ

1{µi>0}dνi
rev

=
1
4

∫
Td

|e2ψi∇µi + 2µi∇ψie2ψi |2

µi e−4ψi
1{µi>0}dx

=
1
4

∫
Td
|∇(log µi) + 2∇ψi|21{µi>0}dµi

≥ 1
8

∫
Td
|∇(log µi)|21{µi>0}dµi −

∫
Td
|∇ψi|21{µi>0}dµi,

we find ∇(log µi) ∈ L2
µi (T

d). We are left with proving that if Ip(µ) is finite, then

ILrev(µ) is finite. Estimating rij/sij from above by γ = supTd(rij/sij), we find

Ip(µ) ≥ sup
ϕ

∑
i

∫
Td
−
[

1
2

∆ϕi(x) +
1
2
|∇ϕi(x)|2 + (p−∇ψi(x))∇ϕi(x)

+ γ ∑
j 6=i

sij(x)(eϕ(x,j)−ϕ(x,i) − 1)
]

dµi − s0(µ),

where s0(µ) = ∑ij
∫

Td

[
γ sij(x)− rij(x)

]
dµi is finite. For p = 0, this means that

I0(µ) ≥ ILrev(µ) − s0(µ) holds for all µ ∈ P(E′). In particular, if I0(µ) is finite,
then ILrev(µ) is finite. For p 6= 0, the additional p-term is dealt with by Young’s
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inequality applied as −p · ∇φi ≥ −p2/(2ε)− ε
2 |∇φi|2. Thereby,

Ip(µ) ≥ sup
ϕ

∑
i

∫
Td
−
[

1
2

∆ϕi(x) +
1 + ε

2
|∇ϕi(x)|2 +−∇ψi(x)∇ϕi(x)

+ γ ∑
j 6=i

sij(x)(eϕ(x,j)−ϕ(x,i) − 1)
]

dµi − p2

2ε
− s0(µ)

=
1
λ

sup
ϕ

∑
i

∫
Td
−
[

1
2

∆ϕi(x) +
1
2
|∇ϕi(x)|2 +−∇ψi(x)∇ϕi(x)

+ λγ ∑
j 6=i

sij(x)(e(ϕ(x,j)−ϕ(x,i))/λ − 1)
]

dµi − p2

2ε
− s0(µ),

where the last equality follows by rescaling ϕ→ ϕ/λ, with λ = 1 + ε > 1. There-
fore, apart from the factor 1/λ in the exponential term and the multiplicative fac-
tor λγ, we obtain the same estimate as above in the p = 0 case. Denoting the
supremum term in the last line by Iλ

Lrev
, we found the estimate

Ip(µ) ≥
1
λ

Iλ
Lrev

(µ)− sp(µ),

where sp(µ) = p2

2ε + s0(µ) is finite. We now show that ILrev(µ) = ∞ implies
Iλ
Lrev

(µ) = ∞, which proves that finiteness of Iλ
Lrev

(µ) implies finiteness of ILrev(µ).
If ILrev(µ) = ∞, then by definition, there exist functions ϕn such that

a(ϕn) := −
J

∑
i=1

∫
Td

[
1
2

∆ϕi
n +

1
2
|∇ϕi

n|2 −∇ψi∇ϕi
n

+ γ ∑
j 6=i

sij

(
eϕn(x,j)−ϕn(x,i) − 1

) ]
dµi(x) n→∞−−−→ ∞.

We aim to prove that a(ϕn) ≤ Iλ
Lrev

(µ) holds for all n. To that end, write

aλ(ϕn) := −∑
i

∫
Td

[
1
2

∆ϕi
n +

1
2
|∇ϕi

n|2 +−∇ψi∇ϕi
n

+ λγ ∑
j 6=i

sij(e(ϕn(x,j)−ϕn(x,i))/λ − 1)
]

dµi

for the according evaluation of ϕn in Iλ
Lrev

(µ). we have Iλ
Lrev

(µ) ≥ aλ(ϕn), and
show that aλ(ϕn) → ∞. The only difference between a(ϕn) and aλ(ϕn) lies in the
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λ-factors that appear in the exponential terms. Since ex ≥ ex1{x≥0},

an := −
J

∑
i=1

∫
Td

[
1
2

∆ϕi
n +

1
2
|∇ϕi

n|2 −∇ψi∇ϕi
n

+ γ ∑
j 6=i

sij

(
eϕn(x,j)−ϕn(x,i)1{ϕn(x,j)−ϕn(x,i)≥0} − 1

) ]
dµi(x)

diverges as n→ ∞ (we have a(ϕn) ≤ an). Define this analogously for aλ(ϕn),

aλ
n := −∑

i

∫
Td

[
1
2

∆ϕi
n +

1
2
|∇ϕi

n|2 +−∇ψi∇ϕi
n

+ λγ ∑
j 6=i

sij

(
e(ϕn(x,j)−ϕn(x,i))/λ1{ϕn(x,j)−ϕn(x,i)≥0} − 1

) ]
dµi.

Since aλ(ϕn) ≥ aλ
n − ∑ij

∫
E λγsij(x) dµi(x), proving that aλ

n → ∞ as n → ∞ is
sufficient for obtaining aλ(ϕn) → ∞. Finally, the fact that aλ

n diverges as n → ∞
follows by noting that an ≤ aλ

n , which can be seen via

an − aλ
n = −∑

i

∫
Td

γ ∑
j 6=i

sij

(
eϕ

j
n−ϕi

n 1{ϕ
j
n−ϕi

n≥0} − 1
)

dµi

+ λγ ∑
i

∫
Td

sij

(
eϕ

j
n−ϕi

n 1{ϕ
j
n−ϕi

n≥0} − 1
)

dµi

= γ(1− λ)∑
ij

∫
Td

sijdµi + γ ∑
ij

∫
Td

sij

(
e(ϕ

j
n−ϕi

n)/λ − eϕ
j
n−ϕi

n

)
1{ϕ

j
n−ϕi

n≥0}dµi,

which is bounded above by zero since λ = 1+ ε > 1 and ex/λ ≤ ex for x ≥ 0. This
finishes the proof of part (a) of Proposition 3.6.5.

Proof of (b) of Proposition 3.6.5. It is sufficient to show that for any µ ∈ P, the Donsker-
Varadhan functional Ip(µ) satisfies (3.31). Integration by parts gives

Ip(µ) = − inf
ϕ

∑
i

∫
Td

[
− 1

2
∇ϕi∇(log µi) +

1
2
|∇ϕi|2 + (p−∇ψi)∇ϕi

+ ∑
j

rij

(
eϕj−ϕi − 1

) ]
dµi,

where dµi = µidx. By a density argument, the infimum can be taken over func-
tions in L1,2

µi (T
d). Now shifting in the infimum as ϕi → ϕi +

1
2 log(µi) + ψi, we
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find after some algebra that

Ip(µ) = − inf
ϕ

∑
i

∫
Td

[
1
2
|∇ϕi + p|2 − 1

2
|(p−∇ψi)− 1

2
∇ log µi|2

+ ∑
j

rij

(√
µj

µi eψj−ψi
eϕj−ϕi − 1

)]
dµi.

The term containing the square roots and logarithms are not singular since they
are integrated against dµi, so that the integration is over the set {µi > 0}. Now
writing out the terms and reorganizing them leads to the claimed equality.

3.7 Principal eigenvalues and their variational repre-
sentations

In this section, we collect some results about the principal eigenvalue problems
that we encounter in this chapter.

Definition 3.7.1 (Irreducible M-matrix). A matrix P ∈ Rd×d is an irreducible M-
matrix if P = s1 − R, with some s ∈ R and an irreducible matrix R ≥ 0 with
non-negative elements.

The eigenvalue problems are the following:

(E1) For an irreducible M-matrix P ∈ Rd×d, find a real eigenvalue λ and a cor-
responding eigenvector v > 0 that has strictly positive components vj > 0,
such that Pv = λv. The eigenvalue problems arising for the discrete models
(Lemmas 3.6.3 and 3.6.4) are of that type.

(E2) For a second-order uniformly elliptic operator given by

P = −∑
k`

ak`(·)
∂2

∂xk∂x`
+ ∑

k
bk(·)

∂

∂xk + c(·), (3.37)

with smooth coefficients ak`, bk, c ∈ C∞(Td), find a real eigenvalue λ and
a corresponding strictly positive eigenfunction u such that Pu = λu. This
corresponds to the eigenvalue problem in Lemma 3.6.2, with ak` = 1.

(E3) For a coupled system of second-order elliptic operators on Td, find a real
eigenvalue λ and a vector of strictly positive functions u = (u1, · · · uJ), ui >
0 on Td, such that

L(1) 0
. . .

0 L(J)

−
R11 ≥ 0

. . .
≥ 0 RJ J



u1

...
uJ

 = λ

u1

...
uJ

 , (3.38)
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where L : C2(Td)J → C(Td)J is a J × J diagonal matrix of uniformly elliptic
operators,

L =

L(1) 0
. . .

0 L(J)

 , L(i) = −
J

∑
k`

a(i)k` (·)
∂2

∂xk∂x`
+

J

∑
k

b(i)k (·) ∂

∂xk + c(i)(·),

(3.39)

with a(i)k` (·), b(i)k (·), c(i)(·) ∈ C∞(Td), and R is a J× J matrix with non-negative
functions on the off-diagonal,

R =

R11 ≥ 0
. . .

≥ 0 RJ J

 , Rij ≥ 0 for all i 6= j.

Coupled systems of this type appear in Lemma 3.6.1.

The principal-eigenvalue problems (E1), (E2) and (E3) can be solved by means of
the Krein-Rutman Theorem. We recall the setting of the Theorem.

Definition 3.7.2 (Ordered Banach space (X,≥) [DL00, Appendix 4]). For a real
Banach space X, a closed set K ⊆ X with nonempty interior is called a cone if i)
0 ∈ K, ii) whenever v, w ∈ K then av + bw ∈ K for all reals a, b ≥ 0, iii) if v ∈ K
and (−v) ∈ K, then v = 0, and iv) X = K − K. For given v, w ∈ X, we write
v ≥ w if v− w ∈ K, and denote the elements v in K as v ≥ 0 the elements in the
interior K̊ as v > 0. Further, K∗ ⊆ X∗ is called a dual cone if for all ` ∈ K∗, 〈`, v〉 ≥ 0
whenever v ≥ 0. We write (X,≥) for an ordered Banach space X, where the order
≥ is defined by means of a cone K.

For an ordered Banach space (X,≥) and an operator P : D(P) ⊆ X → X,
we want to find a strictly positive eigenvector u > 0 with an associated eigen-
value λ ∈ R such that

Pu = λu. (PrEv)

The problems (E1), (E2) and (E3) are of this type, in the following settings:

(E1) X = Rd, with cone K = {v ∈ Rd : vj ≥ 0, j = 1, . . . , d}, and corresponding
interior K̊ = {v ∈ K : vj > 0, j = 1, . . . , d}. The operator P : Rd → Rd is an
irreducible M-matrix.

(E2) X = C(Td), with cone K = { f ∈ X : f ≥ 0} and corresponding interior
K̊ = { f ∈ X : f > 0}. The operator P : C2(Td) ⊆ C(Td)→ C(Td)is (3.37).

(E3) X = C(E′), with E′ = Td × {1, . . . , J} and cone K = { f ∈ X : f (x, i) ≥
0, x ∈ Td i = 1, . . . , J}, and interior K̊ = { f ∈ K : f (·, i) > 0, i = 1, . . . , J}.
We identify C(E′) with C(Td)J via f (x, i) = f i(x), f = ( f 1, . . . , f J).
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An operator B : D(B) ⊆ X → X is is called positive if f ≥ 0 implies B f ≥ 0, and
is called strongly positive if f ≥ 0 and f 6= 0 imply B f > 0.

Theorem 3.7.3 (Krein-Rutman, Appendix 4 in [DL00]). Let (X,≥) be an ordered
Banach space and T : X → X be a linear bounded operator. If T is also compact and
strongly positive, then there exist unique g > 0 and g∗ > 0 such that

Tg = r(T)g, ‖g‖X = 1, and T∗g∗ = r(T)g∗, ‖g∗‖X∗ = 1,

with T∗ the dual operator to T, and 〈g∗, f 〉 > 0 whenever f ≥ 0 and f 6= 0. Here,
r(T) = r(T∗) is the spectral radius of T.

Theorem 3.7.4 (Positive and compact resolvant implies existence of a principal
eigenvalue). If for some α ∈ R, Pα := P + α1 is such that Tα := P−1

α exists as a
linear bounded operator Tα : X → X that is compact and strongly positive, then (PrEv)
holds with λ = 1

r(Tα)
− α and eigenfunction u = Tαg, where g satisfies Tαg = r(Tα)g.

Furthermore, λ ∈ R is the unique eigenvalue with a strictly positive eigenvector.

Proof of Theorem 3.7.4. By the Krein-Rutman Theorem 3.7.3, there exists a g > 0
such that Tαg = r(Tα)g. By strong positivity of Tα, we have u := Tαg > 0, and
in particular r(Tα) > 0. By definition of Tα as the solution operator h 7→ f of
Pα f = h, the vector u ∈ K̊ satisfies Pαu = 1

r(Tα)
u, and (PrEv) follows with princi-

pal eigenvalue λ = 1
r(Tα)

− α and strictly positive eigenfunction u > 0. Regard-
ing uniqueness of the eigenvalue λ, note that every solution to (PrEv) defines an
eigenfunction for Tα, by shifting with α. Thus two independent solutions to (PrEv)
would correspond to two independent solutions to Tαg = r(Tα)g, contradicting
the uniqueness (after normalization) of g > 0 in the Krein-Rutman Theorem.

Theorem 3.7.4 applies to the eigenvalue problems (E1), (E2) and (E3).

Proposition 3.7.5. In the setting (E1), if P ∈ Rd×d is an irreducible M-matrix, then
there exists an eigenvector u > 0 and a unique principal eigenvalue λ ∈ R such that
(PrEv) holds. The principal eigenvalue λ is given by

λ = sup
w>0

inf
i∈{1,...,J}

Pw(i)
w(i)

.

Proposition 3.7.6. In the setting (E2), let P be given by (3.37). Then there exists a
strictly positive eigenfunction u ∈ C∞(Td) and a unique principal eigenvalue λ ∈ R

satisfying (PrEv). The principal eigenvalue λ is given by

λ = sup
g>0

inf
x∈Td

[
Pg(x)
g(x)

]
= inf

µ∈P(Td)
sup
g>0

[∫
Td

Pg
g

dµ

]
.
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Proposition 3.7.7. In the setting (E3), let L be given by (3.38) and (3.39). Suppose that
the matrix R with entries Rij := supy∈Td Rij(y) is irreducible. Then for the operator P :=
L−R, there exists a unique principal eigenvalue λ ∈ R and a strictly positive eigenvector

u ∈
(

C∞(Td)
)J

, ui(·) > 0 for all i = 1, . . . , J, solving (PrEv). Furthermore, the
principal eigenvalue is given by

λ = sup
g>0

inf
z∈E′

[
Pg(z)
g(z)

]
= inf

µ∈P(E′)
sup
g>0

[∫
E′

Pg
g

dµ

]
.

The principal eigenvalue problem on closed manifolds, such as Td, is solved
for instance by Padilla [Pad97]. Donsker and Varadhan’s variational representa-
tions [DV75c, DV76b] apply to the case of compact metric spaces without bound-
ary. A proof of how to obtain the principal eigenvalue for coupled systems of
equations is given by Sweers [Swe92] and Kifer [Kif92b]. Sweers considers a
Dirichlet boundary problem, but his results transfer to the compact setting with-
out boundary. Kifer gives an independent proof for the case of a compact mani-
fold, in Lemma 2.1 and Proposition 2.2 in [Kif92b].



Chapter 4

Large Deviations of Empirical
Measures

4.1 Introduction

In this chapter, we are motivated by the task of sampling from a distribution π
with density with respect to Lebesgue measure given by

dπ(y) = C−1e−U(y) dy, C =
∫

E
e−U(y) dy,

for some potential function U : E → R and state space E. The most common
approach is to use Markov chain Monte Carlo (MCMC) methods, which are now
essential tools in areas such as computational statistics, molecular dynamics and
machine learning [RC04, AG07, AdFDJ03].

The idea behind MCMC is to construct a Markov process Yt with π as the in-
variant measure and use the corresponding empirical measure to obtain approx-
imations. For example, under ergodicity, for any observable f ∈ L1(π) we have
almost surely

lim
t→∞

1
t

∫ t

0
f (Ys)ds =

∫
E

f (y)π(dy).

Therefore, for t > 0 large, 1
t
∫ t

0 f (Ys)ds can be used to approximate the expected
value

∫
E f (y)π(dy). Although many standard MCMC constructions, such as the

Metropolis-Hastings algorithm [MRR+53], can be used to sample from essentially
any target distribution π, most suffer from slow convergence to the invariant dis-
tribution or heavy computational costs per iteration. Designing new, efficient
dynamics has therefore become an important research direction within applied
probability.

Over the last decade, piecewise-deterministic Markov processes (PDMPs) have
emerged as a new tool for the numerical simulation of probability distributions.

105
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An introduction to these processes is offered by Davis’ monograph [Dav84]. The
two main examples of such processes used in MCMCs are the Bouncy Particle
Sampler and the Zig-Zag Sampler [BCVD17, BFR19], after similar ideas appeared
first in [PD12] and [Mon16]. The idea of using PDMPs extends the ubiquitous dis-
crete time MCMC methodology towards a new continuous time approach, hav-
ing several advantageous aspects. First, by construction PDMPs are irreversible
Markov processes, which typically results in a smaller asymptotic variance as
compared to reversible methods. For instance, Duncan, Lelièvre and Pavliotis
demonstrate variance reduction for irreversible Langevin samplers [DLP16]. We
refer to [AL19] for a recent study of this effect, and to [BFR19, FBPR18] for details
of the computational aspects of PDMP trajectories on a computer.

In order to employ this new PDMP methodology a solid understanding of the
mathematical properties of these methods is necessary. Whereas the theoretical
properties of PDMPs have been an active research area in recent years, our under-
standing of the performance of the corresponding MCMC methods is still incom-
plete. In particular knowledge of the speed of convergence of time averages is es-
sential in choosing the most suitable sampling technology for a particular problem
and in tuning the parameters of the chosen method. In the spirit of recent work
on empirical measure large deviations in the MCMC context [DLPD12, RBS15],
we propose the use of large deviation results for studying and comparing the per-
formance of PDMPs.

In summary, the main contributions we develop in this chapter are:

• A semigroup approach to establish the large deviation principles for the
empirical measures of a class of Markov processes satisfying assumptions
aimed at position-velocity PDMPs.

• The large deviation principle for empirical measures of the zig-zag process
in both a compact and non-compact setting.

• A derivation of an explicit form of the rate function associated with the zig-
zag process.

• Evaluation of the zig-zag rate function as a function of the additional switch-
ing rate γ, providing an answer to a key question about the switching rate.

Donsker and Varadhan studied large deviations for empirical measures in a se-
ries of papers [DV75a, DV75b, DV76b]. In the simulation context it is well-known
that for rare-event simulation, sample-path large deviations play an important
rôle in evaluating and designing efficient algorithms ; see [AG07, Buc04, BD19]
and references therein. In contrast, empirical measure large deviations are much
less explored as a tool for analysing Monte Carlo methods. Standard measures for
analysing the efficiency of methods based on ergodic Markov processes include
the spectral gap of the associated semigroup and the asymptotic variance for given
observables, see for example [Ros03, BR08, DHN00, FHPS10, FdSHS93, HHMS05,
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MT96, RR04]. However these measures are not necessarily appropriate for study-
ing the rate of convergence, as they only link indirectly to the empirical measure,
the quantity of interest in Monte Carlo methods. Empirical measure large devia-
tions on the other hand connect explicitly to the relevant properties, such as the
transient behaviour of the underlying process. In a similar spirit, [BRB19] recently
used concentration inequalities to obtain non-asymptotic performance guarantees
for PDMPs.

The first results using empirical measure large deviations for the analysis of
MCMC methods were obtained in [PDD+11, DLPD12]. Therein empirical mea-
sure large deviations, specifically the associated rate function, was proposed as
a tool for analysing parallel tempering, one of the computational workhorses of
the physical sciences, leading to a new type of simulation method (infinite swap-
ping). In the subsequent work [DDN18] empirical measure large deviations were
again used, combined with associated stochastic control problems, to analyse the
convergence properties of these algorithms. Similarly, in [RBS15] Rey-Bellet and
Spiliopoulos use empirical measure large deviations to analyse the performance
of certain irreversible MCMC samplers.

The work by Donsker and Varadhan is the starting point for many results and
application of empirical measure large deviations and their work has been ex-
tended in numerous directions, see e.g. [DZ98, FK06, BD19] for an overview and
further references. However, naively applying the existing theory to PDMPs does
not work since the transition probabilities are not sufficiently regular: for every
t > 0 there is a positive probability that the process has not switched by time t,
resulting in an atomic component of the Markov transition kernel. As a first step
towards using empirical measure large deviations for analysing the performance
of PDMPs we must therefore establish the relevant large deviations principles.

In this chapter, our focus is to establish general large deviation results aimed
at PDMPs and then to specialize to the zig-zag process. In the process of prov-
ing the necessary large deviation results we consider a general class of Markov
processes that can have position-velocity PDMPs, such as the bouncy particle and
the zig-zag samplers, as special cases. In particular, this class includes processes
that are not of diffusion type and irreversible processes. When specialising to the
zig-zag process, we derive an explicit form of the rate function, going beyond the
variational form typical for results of Donsker-Varadhan-type. To the best of our
knowledge this is the first instance where an explicit form of the rate function has
been obtained for irreversible processes that do not have a drift-diffusion charac-
ter.

A key question for using the zig-zag process for MCMC is whether or not it is
advantageous for convergence to use the minimal (canonical) switching rates, or
if one should allow for additional switches according to a fixed refreshment rate
γ > 0. Our analysis of the rate function associated with the zig-zag process allows
us to give a partial answer to this question: in Section 4.3.3 we establish that the
rate function is decreasing as a function of the additional rate γ, establishing that
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from a large deviations perspective it is optimal to use the smallest possible rates,
i.e. set γ = 0. This goes in the opposite direction of the conclusion drawn from
a spectral analysis (see [BV19, Section 7.3]), which shows at least a small benefit
of increasing gamma beyond zero. This highlights the different nature of conver-
gence of empirical averages by studying large deviations or asymptotic variance
(e.g. [AL19, BD17]) and convergence to equilibrium, using e.g. the spectral gap to
describe rate of convergence; We refert to [Ros03] for more on this phenomenon.
Our conclusion is in line with the earlier observation that having more irreversibil-
ity increases the rate function [RBS15]: one can view increasing γ as decreasing the
extent of irreversibility inherent to the process. In that sense, γ = 0 corresponds
to "maximal irreversibility" of the zig-zag process. The fact that the spectral gap
can not always detect the benefits of irreversibility is best illustrated with the fol-
lowing example, which can also be found in [RBS15, Example 2.9].

Example. Consider the diffusion dXt = v dt + dBt on the one-dimensional flat
torus T, where v is a parameter. We focus on the behavior of its empirical mea-
sure ηT defined on Borel subsets A ⊆ T by

ηT(A) =
1
T

∫ T

0
1A (Xt) dt.

For a set A, ηT(A) measures the fraction of time that the process Xt spends in A.
As T → ∞, the empirical measure converges to the uniform measure dx on T. We
are interested in how the convergence rate depends on the drift v. The spectrum
of its generator Lv = v∇+ (1/2)∆ is

σ(Lv) =
{
−n2 + inv : n ∈ Z

}
.

Hence the spectral gap is −1, and is in particular independent of v. Therefore,
the spectral gap does not provide us with any information about how the rate of
convergence changes with v. However, for a measure dµ(x) = u(x)dx with a
smooth and positive density u, the Donsker-Varadhan rate function for the empir-
ical measure is

Iv(µ) =
1
8

∫
T
|∇ log u|2 dµ +

1
2

v2

1− 1∫
T

1
u(x)dx

 .

The family {ηT}T>0 satisfies a large deviation principle with this rate function in
the limit T → ∞. Informally, this means

P (ηT ≈ µ) ∼ e−T Iv(µ), T → ∞.

In conclusion, for higher values of v, the empirical measure converges faster to the
uniform measure, since rate function increases with increasing v. The limit of ηT
is independent of v; we always find Iv(dx) = 0.
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Evaluation of the large deviation rate function for empirical measures, beyond
the variational form given by Donsker and Varadhan, is typically a challenging
task. For the diffusion setting, including both reversible and irreversible pro-
cesses, see [DL18] and the references therein. In [DL15] the authors consider re-
versible jump Markov processes and use stochatic control and weak convergence
arguments to derive an explicit form of the rate function. Lastly, in the MCMC
context, [RBS15] consider diffusion processes on a compact manifold where the
drift can be decomposed into sufficiently smooth reversible and irreversible parts.
The rate function can then be expressed in terms of the rate function of a related
reversible diffusion and the solution of an elliptic PDE associated with the irre-
versible component of the drift.

The proofs of the large deviation results are based on the general Hamilton-
Jacobi approach to empirical measures developed by Feng and Kurtz in [FK06,
Chapter 12]. We describe this approach, in the context of this paper, in more detail
in Section 4.4.1.

The remainder of this chapter is organised as follows. In Section 4.2 we give the
necessary preliminaries: notation and relevant definitions, background on the zig-
zag process and empirical measure large deviations. In particular we recall well-
known large deviation results for empirical measures by Donsker and Varadhan.
The main results are then presented in Section 4.3. The section is split into the
main assumptions and general large deviation statements (Section 4.3.1), large
deviation results for the zig-zag process (Section 4.3.2) and an explicit expression
of the rate function associated with the zig-zag process (Section 4.3.3). All proofs
are deferred to Section 4.4.

4.2 Preliminaries

4.2.1 Notation and definitions

Throughout this chapter, E will denote a complete separable metric space (Polish
space) and B(E) the relevant σ-algebra on E; unless otherwise stated this is taken
to be the Borel σ-algebra. C(E) and Cb(E) are the spaces of functions f : E → R

that are continuous and bounded continuous, respectively. The space of contin-
uous and right-continuous functions from [0, ∞) to E is denoted by CE[0, ∞) and
DE[0, ∞), respectively. A sequence of functions { fn}n on E converges boundedly
and uniformly on compacts to a function f if and only if supn ‖ fn‖ < ∞ and for each
compact K ⊆ E,

lim
n→∞

sup
x∈K
| fn(x)− f (x)| = 0.

This is denoted as f = buc− limn→∞ fn.
For a Markov process Y = {Yt : t ≥ 0}, we denote by S = {S(t) : t ≥

0} the associated Markov semigroup. A semigroup S(t) acting on C(E) is Feller
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continuous if, for any t, S(t) : C(E) → C(E), strongly continuous if S(t) f → f as
t→ 0 for any f ∈ C(E) and buc-continuous if buc− limt→0 S(t) f = f for f ∈ Cb(E).

For an operator L, D(L) denotes the domain of L. For functions in D(L),
D+(L) denotes those that are strictly positive and D++(L) those that are posi-
tive and uniformly bounded from below by a positive constant. For a given L we
use B to denote the extended generator associated with L.

We use P(E) to denote the space of probability measures on E, and Pc(E) is
the subset of probability measures with compact support. Throughout the paper
we equip P(E) with the topology of weak convergence: ρn → ρ in this topology
if ∫

E
f (x)ρn(dx)→

∫
E

f (x)ρ(dx), n→ ∞, ∀ f ∈ Cb(E).

A special case that will be considered several times is P(DE[0, ∞)), which is also
equipped with the weak topology. For a process {Y(t), t ≥ 0} taking values in E
and y ∈ E, we denote by Py ∈ P(DE[0, ∞)) the distribution of the process Y(t)|t≥0
starting at y ∈ E.

The set of positive Borel measures on E is denoted by M(E) and the set of
finite Borel measures on E are denoted byM f (E) ⊂ M(E). We let L(E) denote
the following subset ofM(E× [0, ∞)):

L(E) = {z ∈ M(E× [0, ∞)) : z(E× [0, t]) = t, t ≥ 0}.

The setL(E) is endowed with the topology of weak convergence on bounded time
intervals: for {ρn} ⊂ L(E), ρn → ρ if for all f ∈ Cb(E× [0, ∞)) and all t ≥ 0,∫

E×[0,t]
f (x, s)dρn(x, s)→

∫
E×[0,t]

f (x, s)dρ(x, s).

Then L(E) is the set of Borel-measures on E× [0, ∞) of the form

dρ(x, t) = µt(dx)dt,

for probability measures µt ∈ P(E). That is , for every ρ ∈ L(E), there exists a
measurable path s 7→ µs ∈ P(E) such that

ρ(A× [0, t]) =
∫ t

0
µs(A)ds, for any A ∈ B(E), t > 0.

4.2.2 Large deviations for empirical measures

Consider a Markov process Y = {Yt : t ≥ 0} taking values in a Polish space E,
with associated generator L : D(B) ⊆ Cb(E) → Cb(E) and semigroup S(t). The
empirical measure ηt associated with Yt is the stochastic process with values inP(E)
defined by

ηt(A) =
1
t

∫ t

0
1A(Ys)ds, A ∈ B(E).
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Empirical measures play an important role in, for example, the settings of MCMC
methods and steady-state simulations, via the pairing of measures and observ-
ables: For a probability measure µ ∈ P(E) and a function V ∈ Cb(E), we write

µ(V) =
∫

E
V(y)dµ(y)

for the pairing of measures and observables. For the empirical measure ηt, this
pairing corresponds to time averages,

ηt(V) =
1
t

∫ t

0
V(Ys)ds. (4.1)

If there is an invariant measure π ∈ P(E) associated with the generator L, ergod-
icity of the process Yt will ensure the convergence ηt → π as t → ∞, w.p. 1 in
P(E), from which it follows that for any V ∈ Cb(E),

ηt(V)→ π(V) as t→ ∞, P− a.s.

Thus, time averages such as (4.1) are precisely what is used to form approxima-
tions in Monte Carlo methods and there is a direct link between the performance
of such simulation methods and the properties of the empirical measure.

The theory of large deviations for empirical measures is concerned with de-
viations of ηt from π as t grows large. Recall that the gist of the so-called large
deviations principle is that for any ρ ∈ P(E), for large t

Py(ηt ≈ ρ) ∼ exp {−t I(ρ)} ,

where the function I : P(E) → [0, ∞] is the rate function associated with the
process. This formula is just a short notation for Definition 1.2.1; that means I has
compact sublevel-sets, and for any measurable subset A ⊆ P(E), we have

− inf
µ∈int(A)

I(µ) ≤ lim inf
t→∞

1
t

log P (ηt ∈ A)

≤ lim sup
t→∞

1
t

log P (ηt ∈ A) ≤ − inf
µ∈clos(A)

I(µ),

where int(A) and clos(A) are the interior and closure of the set A.
Under relatively mild conditions on the dynamics of the process Y the rate

function will be strictly convex and satisfy I(µ) = 0 if and only if µ = π. Thus,
the rate function characterises the exponential rate of decay of probabilities of
sets not including the invariant distribution π. Moreover the rate function can be
used to characterise how events may occur - for sets A that do not include π, the
minimisers of I over A represent the behaviour ηt is most likely to exhibit if A
occurs.

For empirical measures of Markov processes, the rate function associated with
an LDP can often be expressed using a variational form, obtained by Donsker and
Varadhan [DV75a], involving the generator L of the underlying process. For the
compact setting, they proved the following result.
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Theorem 4.2.1 ([DV75a, Theorem 3]). Take E to be a compact, complete separable met-
ric space. Let S(t) be a Markov semigroup acting on C(E) equipped with the supremum
norm, and let L be the generator associated to S(t). Assume the following:

(DV.1) The semigroup is Feller continuous and strongly continuous.

(DV.2) There exists a probability measure λ ∈ P(E) such that for each t > 0 and x ∈ E,
the transition probabilities P(t, x, dy) are absolutely continuous with respect to λ,
that is

P(t, x, dy) = p(t, x, y)λ(dy),

for some p with 0 < a(t) ≤ p(t, x, y) ≤ A(t) < ∞.

Then the associated sequence {ηt}t>0 satisfies a large deviation principle in P(E), with
rate function I : P(E)→ [0, ∞] given by

I(µ) = − inf
u∈D+(L)

∫
E

Lu
u

dµ. (4.2)

The theorem applies in particular to drift-diffusions taking values in a com-
pact space. Roughly speaking, for such processes, with reasonable coefficients,
the Feller-continuity is satisfied and the diffusive part ensures absolute continuity
with respect to a volume measure dx. In [RBS15] Rey-Bellet and Spiliopoulos use
this result to study performance of specific irreversible MCMC methods based on
drift-diffusions; their Assumption (H) allows for an application of Theorem 4.2.1.

Condition (DV.2) is a reasonable transitivity assumption for processes that in-
volve a diffusive term. However, this condition excludes many interesting exam-
ples, such as continuous-time jump processes, see e.g. [DL15]. The issues high-
lighted therein are present also for the zig-zag process on R× {±1}: in a sense,
the absence of a diffusive operator excludes the possibility of finding a suitable
reference measure.

If the process Yt is reversible with respect to the reference measure, that is
p(t, x, y) = p(t, y, x), then the rate function takes a more explicit form, see e.g.
Theorem 5 in [DV75a]. However, our interests are explicitly in irreversible pro-
cesses, such as the zig-zag process, and therefore such representations are not
available.

In conclusion, while Theorem 4.2.1 can be a starting point for many drift-
diffusion processes, it is not a sufficient tool for many other interesting processes,
including the position-velocity PDMPs. In order to use large deviation results to
study performance of such MCMC algorithms we must first overcome this obsta-
cle and establish the relevant large deviations principles.

In [DL18], Dupuis and Lipshutz consider large deviations of empirical mea-
sures of Rd-valued drift-diffusions. Their Condition 2.2 corresponds to a type of
stability criterion in terms of a Lyapunov function. A transitivity property similar
to Condition (DV.2) of Theorem 4.2.1 is satisfied due to the diffusive part, and they
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prove a different, explicit representation of the rate function, assuming only stan-
dard regularity conditions on the coefficients. In particular, this representation
holds for irreversible drift-diffusions.

4.2.3 The zig-zag process

In this section we will discuss very concisely the zig-zag process. As discussed
in the introduction the zig-zag process is an example of a piecewise determin-
istic Markov process [Dav84]. As the name indicates, a piecewise deterministic
Markov process is a Markov process with deterministic trajectories, in between
event times at which the process makes a discontinuous change.

For the one-dimensional zig-zag process, the state space is either E = R ×
{±1} or E = T× {±1} and a typical state is denoted in this paper by (x, v). Here
x represents a position and v a velocity. Starting from (x, v) at time t = T0 := 0,
the dynamics of a Markov process (Xt, Vt) are given, until the first (random) event
time T1 > 0, by

(Xt, Vt) = (x + tv, v), 0 ≤ t < T1.

In other words, the position changes according to the constant velocity v, which
itself does not change in between event times. The random time T1 at which the
first event happens is distributed according to

Px,v(T1 ≥ t) = exp
(
−
∫ t

0
λ(Xs, Vs) ds

)
= exp

(
−
∫ t

0
λ(x + vs, v) ds

)
,

where λ : E → [0, ∞) is the event rate, which is in the case of the zig-zag process
also known as the switching rate, which we will discuss in more detail below. At
an event time T the velocity changes sign and the position remains unchanged:

VT1 = −VT1− and XT1 = XT1−.

From the time T1 onward, the process repeats the dynamics described above: for
i = 1, 2, . . .

Xt = XTi−1 + (t− Ti−1)VTi−1 , Vt = VTi−1 , Ti−1 ≤ t < Ti,

P(Ti ≥ t | Ti−1, XTi−1 , VTi−1) = exp
(
−
∫ t

Ti−1

λ(XTi−1 + sVTi−1 , VTi−1) ds
)

,

XTi = XTi−, VTi = −VTi−.

The switching rate λ : E→ R is assumed to be continuous. If λ satisfies

λ(x, 1)− λ(x,−1) = U′(x), (4.3)

for a continuously differentiable function U, then the measure defined by

π(dx, dv) = exp(−U(x))dx⊗Unif±1(dv)
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is a stationary measure for (Xt, Vt). An equivalent condition to (4.3) is that for
some continuous non-negative function γ(x), we have

λ(x, v) = max(0, vU′(x)) + γ(x). (4.4)

Here (max 0, vU′(x)) is called the canonical switching intensity, and γ is called the
excess switching intensity or refreshment rate. As a rule of thumb, high values of γ
lead to many switches of the velocity. We study the dependence of the empirical
measure of the process (Xt, Vt) on γ in Section 4.3.3.

The zig-zag process can be extended in a natural way to a multi-dimensional
process in Rd × {±1}d ([BFR19, BRZ19]). Since we focus in this paper on proper-
ties of the one-dimensional process we will not discuss this extension here. The
ergodic properties of the zig-zag process are essential in order to establish a large
deviation principle for the empirical measure. Under mild conditions it can be
shown that the zig-zag process is exponentially ergodic, which is proven in [BR17]
for the one-dimensional case and in [BRZ19] for the multi-dimensional zig-zag
process. Finally, by [Dav93, Theorem 26.14], the extended generator of the zig-zag
process is given by

B f (x, v) = v∂x f (x, v) + λ(x, v)[ f (x,−v)− f (x, v)], (x, v) ∈ E,

with

D(B) = { f : E→ R : f (·, v) is absolutely continuous for v = ±1}.

4.3 Large deviations for empirical measures of PDMPs

In this section we present our main results: we establish a large deviations prin-
ciple for the empirical measure of a Markov process under fairly general assump-
tions which include in particular examples of position-velocity PDMPs such as
the zig-zag process. After obtaining these general results we focus for concrete-
ness on the zig-zag process, for which we verify the stated assumptions. We also
give an explicit characterisation of the corresponding rate function, a necessary
step towards using the LDP for analysing the performance and properties of ap-
proximations based on the zig-zag process. To streamline the presentation we
split the analysis according to whether we consider a compact or non-compact
state space E.

To facilitate the proof of the LDP for the empirical measures, we first for-
mulate in Section 4.3.1 two more general large deviations results (compact and
non-compact setting) for empirical measures arising from certain continous-time
stochastic processes. We then show that the zig-zag process is a special case in
this class of processes in Section 4.3.2. It is worth to emphasise that we do not
aim for greatest generality in the large deviations results Theorems 4.3.1 and 4.3.2.
Rather, we settle for conditions that make the general conditions of Lemma 4.4.3
more transparent and concrete whilst still allowing us to prove the large devia-
tions principle for the empirical measures of the zig-zag process.
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4.3.1 Results aimed at position-velocity PDMPs

Before we specialize to the zig-zag process, we consider the setting described in
Section 4.2.1 to PDMPs: Y is a Markov process taking values in a locally compact
complete separable metric space E, with associated semigroup S(t) and infinitesi-
mal generator L. We also make use of the extended generator B; see [Dav93, EK86]
and Section 4.2.3. Typically, E = Rd × S where Rd is the state space for a position
variable Xt and S is a compact set that models the state space of the velocity vari-
ables Vt. For the zig-zag process, S = {±1}d, and for the Bouncy Particle Sampler
S can be taken to be the (d− 1)-dimensional unit sphere. Note that for d = 1 these
two choices coincide.

The following are the assumptions we will impose in order to establish an LDP
for the empirical measures of the process Y. Not all conditions are required at the
same time: we impose conditions (A.1), (A.2) and (A.3) for the compact case and
(A.1), (A.2), (A.4) and (A.5) for the non-compact case.

(A.1) The semigroup S(t) is a Feller semigroup.

(A.2) For any compact set K ⊆ E, the set of measures {Py : y ∈ K} is tight in
P(DE[0, ∞)).

(A.3) For any function V ∈ C(E), there exists a function u ∈ D+(L) and a real
eigenvalue β ∈ R such that pointwise on E,

(V + L)u = βu.

(A.4) There exist two non-negative functions g1, g2 ∈ C(E; [0, ∞)) such that:

(a) For any ` ≥ 0, the sublevel-sets {gi ≤ `} are compact and gi(y) → ∞
as |y| → ∞,

(b) g1(y)/g2(y)→ 0 as |y| → ∞,

(c) egi ∈ D(B), for any c ∈ R the superlevel-sets {y ∈ E : e−gi(y)B(egi )(y) ≥
c} are compact, and e−g1(y)B(eg1)(y)→ −∞ as |y| → ∞,

where we recall that B is the extended generator of Y. We write |yn| → ∞ if
d(yn, z)→ ∞ for all points z ∈ E.

(A.5) For any two compactly supported probability measures ν1, ν2 ∈ Pc(E), there
exist constants T, M > 0 and measures ρ1, ρ2 ∈ P([0, T]) such that for all
Borel sets A ⊆ E,∫ T

0

∫
E

P(t, y, A) dν1(y)dρ1(t) ≤ M
∫ T

0

∫
E

P(t, z, A) dν2(z)dρ2(t), (4.5)

where P(t, y, dy′) denotes the transition probabilities associated to Yt.
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Conditions (A.1)-(A.3) are enough to prove Theorem 4.3.2, the large deviations
principle in a compact setting. In this setting conditions (A.1) and (A.2) replace
Condition (DV.1) of Theorem 4.2.1; Condition (A.2) can also be weakened to Pyn →
Py in P(DE[0, ∞)) whenever yn → y. Together Conditions (A.1) and (A.2) imply
strong continuity of the semigroup S (see e.g. [FK06, Remark 11.22]).

As pointed out in Section 4.2.2, the processes we have in mind do not sat-
isfy a transitivity condition similar to Condition (DV.2) of Theorem 4.2.1. In the
compact setting this can be replaced by condition (A.3), which corresponds to a
principal-eigenvalue problem for the operator L + V. In compact settings, such
eigenvalue problems can usually be solved if the coefficients of the generator are
regular enough. In Section 4.3.2 we show that this is the case for the zig-zag pro-
cess taking values in the compact torus.

In the non-compact setting, the eigenvalue problem (A.3) is replaced by condi-
tions (A.4) and (A.5). Condition (A.4) is closely related to the stability conditions
assumed in [DV76a] and [DL18]. Because eg1 is unbounded, formally we have to
use the extended generator B instead of the infinitesimal generator L to formulate
Condition (A.4)c. The same problem occurs in Condition 2.2 of [DL18]: for a diffu-
sion process Yt in Rd satisfying dYt = −Ytdt + dWt, the second-order differential
operator

B f (x) =
1
2

∆ f (x)− x∇ f (x)

acting on C2(Rd) is well-defined and is equal to the infinitesimal generator L
of the process when restricted to C2

b(R
d). With g1(x) = δ|x|2/2, the function

e−g1(x)Beg1(x) goes to minus infinity for δ small enough. A second Lyapunov
function is g2(x) =

√
1 + |x|2. In the context of the zig-zag process, since E is of

the form E = Rd × {±1}d, using continuous functions that grow to infinity when
fixing the velocity variable is sufficient for obtaining compact level sets.

Condition (A.5) plays the role of a transitivity assumption in the non-compact
case. While it is feasible to solve a principal-eigenvalue problem for a compact
state space, this is much more difficult in the non-compact setting. It would re-
quire deriving not only the eigenvalue itself, but also the corresponding eigen-
function on a non-compact space, for which general existence results are not avail-
able. In this setting the transitivity condition (DV.2) of Theorem 4.2.1 is instead
partly replaced by the mixing property (A.5). It is a weakened version of [FK06,
Condition B.8],which is based on [DS89, Condition Ũ, page 113]. It is weaker in
that it requires the transition probabilities to be comparable only for compactly
supported initial conditions ν1, ν2 ∈ Pc(E). This weakening is crucial for the re-
sults in this paper, because the stronger condition fails to be true for the zig-zag
process if for instance ν1 = N (0, 1)⊗Unif±1 and ν2 = δy. In that example, while
the left-hand side of (4.5) is in this case positive for any Borel set A ⊆ E, the right-
hand side can become zero. This is because the zig-zag process has finite speed
propagation, so that for arbitrary T > 0, if dist(A, y) > T, then the probability of
transitioning from y into A is zero. However for compactly supported measures
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the condition is satisfied. We verify the conditions of Theorem 4.3.2 for the zig-zag
process in Section 4.3.2.

We are now ready to state the two general large deviations results of this paper,
which in Section 4.3.2 will be used to derive the large deviations principle for the
empirical measures of the zig-zag process. We start with the compact setting.

Theorem 4.3.1. Let E be compact, S(t) a Markov semigroup acting on C(E) equipped
with the supremum norm, and Yt the corresponding Markov process. Let L be the in-
finitesimal generator of Yt, and assume that Yt solves the associated martingale prob-
lem. Suppose Assumptions (A.1), (A.2) and (A.3) hold. Then the empirical measures
{ηt}t>0 associated to Yt satisfy a large deviations principle in P(E) with rate function
I : P(E)→ [0, ∞] given by (4.2).

Theorem 4.3.1 remains valid when replacing the eigenvalue-problem condi-
tion (A.3) by the mixing condition (A.5). This is because the latter is a weaker
condition sufficient for verifying the inequality (4.14), upon which the proof of
the theorem hinges.

The next theorem gives the corresponding large deviations result for the non-
compact setting; this is the result we use for proving the large deviations principle
for the zig-zag process on R× {±1} (Theorem 4.3.4).

Theorem 4.3.2. Let S(t) be a Markov semigroup acting on Cb(E) and Yt the correspond-
ing Markov process. Let L be the infinitesimal generator of Yt and assume that Yt solves
the associated martingale problem. Assume (A.1), (A.2), (A.4) and (A.5). Then, if Y0 ∈ K
for some compact set K, the empirical measures {ηt}t>0 associated to the Markov process
Yt satisfy a large deviations principle in P(E), with rate function I : P(E) → [0, ∞]
given by

I(µ) = − inf
u∈D++(L)

∫
E

Lu
u

dµ.

The proofs of Theorems 4.3.1 and 4.3.2 are given in Sections 4.4.1 and 4.4.1,
respectively.

4.3.2 The empirical measures of the zig-zag process

Having established the general large deviations results Theorems 4.3.1 and 4.3.2,
we now specialize to the zig-zag process. Throughout the section, Yt is used to de-
note the zig-zag process, Yt = (Xt, Vt) with Xt and Vt as in Section 4.2.3. However
the state space E will change as we split the large deviations statements for the
empirical measures of Y into compact (torus) and non-compact (R) settings. Al-
though 4.3.2 holds for arbitrary dimension d ≥ 1, for the zig-zag process we limit
ourselves to verifying the conditions for the case d = 1. Extending these results to
d > 1 is substantially more difficult and remains a topic of further research. While
conditions (A.1), (A.2), (A.4) hold true, the main challenge is verifying (A.5).
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We begin by considering the compact state space T× {±1}. In this case the
infinitesemal generator L of the semigroup S(t) is has domain D(L) = C1(T×
{±1}) = { f ∈ C(T× {±1}) : f (·,±1) ∈ C1(T)}, and takes the form

L f (x, v) = v∂x f (x, v) + λ(x, v) [ f (x,−v)− f (x, v)] , (4.6)

with λ given by (4.4). The LDP for the empirical measures associated with Y and
this state space is given in Theorem 4.3.3. We prove this result in Section 4.4.2
by verifying the conditions of Theorem 4.3.1, the large deviations principle for
processes taking values in a compact state space.

Theorem 4.3.3. Suppose that U ∈ C2(T). Then the family of empirical measures
{ηt}t>0 of the zig-zag process taking values in T × {±1} satisfies a large deviations
principle in the limit t→ ∞, with rate function I : P(T× {±1})→ [0, ∞] given by

I(µ) = − inf
u∈D+(L)

∫
T×{±1}

Lu
u

dµ.

We now move to the setting of a non-compact state space. Specifically, we
consider the zig-zag process Yt = (Xt, Vt) taking values in R×{±1}. As before, L
is the generator of this process, i.e. L : D(L) ⊆ Cb(R× {±1})→ Cb(R× {±1}) is
a densely defined linear operator, on the set of functions { f (·,±1) ∈ C1

b(R)} we
have the representation

L f (x, v) = v∂x f (x, v) + λ(x, v) [ f (x,−v)− f (x, v)] , f ∈ D(L),

with λ(x, v) = max(0, vU′(x)) + γ(x). To prove the large deviations principle in
this non-compact setting we need additional assumptions on the potential func-
tion U determining the jump rates.

(B.1) U(x)→ ∞ as |x| → ∞ and U′(x)→ ±∞ as x → ±∞,

(B.2) U′(x)/U(x)→ 0 as |x| → ∞,

(B.3) U′′(x)/U′(x)→ 0 as |x| → ∞.

Furthermore, we will assume that there exists a second potential V ∈ C2(R) such
that:

(C.1) V(x)→ ∞ as |x| → ∞ and V′(x)→ ±∞ as x → ±∞,

(C.2) V(x)/U(x)→ 0, U′(x)/V(x)→ 0 and V′(x)/U′(x)→ 0 as |x| → ∞,

(C.3) U′′(x)/V′(x)→ 0 as |x| → ∞.

In Section 4.4.2, we prove the following Theorem.
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Theorem 4.3.4. Assume that U ∈ C3(R) satisfies (B.1) - (B.3), that there is a function
V ∈ C2(R) satisfying (C.1) - (C.3) and the function γ in (4.4) is uniformly bounded by
some γ̄. Suppose that the initial condition Y0 belongs to a compact set K ⊆ R× {±1}.
Then the empirical measures {ηt}t>0 of Y satisfies a large deviations principle on P(R×
{±1}) with speed t and rate function I : P(R× {±1})→ [0, ∞] given by

I(µ) = − inf
u∈D++(L)

∫
R×{±1}

Lu
u

dµ.

Some comments on the additional assumptions (B.1) - (B.3) and (C.1) - (C.3)
are in place. The condition U ∈ C3(R) is imposed to allow for an application
of Theorem 4 of [BRZ19], which is used to verify that (A.5) holds. The auxiliary
potential V is used to find a second Lyapunov function for L that grows slower
than U at infinity; roughly speaking, V behaves asymptotically in-between the
potential U and its derivative U′ as |x| grows. As an example, in the Gaussian
case, U(x) = x2/2 satisfies Conditions (B.1) - (B.3), and for any 0 < κ < 1, the
potential V(x) = |x|1+κ/(1 + κ) satisfies (C.1) - (C.3). In general, any potential
U growing at infinity as (1 + |x|2)β/2 with β > 1 satisfies the conditions, with
0 < κ < 1 such that β− κ > 1 and auxiliary potential V(x) ∼ (1 + |x|2)(β−κ)/2.

4.3.3 Explicit expression for the rate function

In Theorems 4.3.3 and 4.3.4 we establish the LDP for the empirical measures of
the zig-zag process taking values in T × {±1} and R × {±1}, respectively. In
those results the rate function is given on the variational form of the results by
Donsker and Varadhan, see Section 4.2.2. This form follows from the more general
large deviations results in Section 4.3.1 and are not specific to the zig-zag process.
Here, we use the properties of the latter to derive a more explicit form of the rate
function for the case E = T× {±1}, taking a first step towards using it as a tool
for analysing the corresponding simulation algorithms.

We assume throughout that E = T× {±1} and the switching rate λ(x, v) sat-
isfies λ(x, v) > 0 for all (x, v) ∈ E. This does not include the canonical rates
λ(x, v) = max(0, vU′(x))+; however at the end of this section we present a formal
expression for this case.

Define a reference measure ν0 on E by ν0(dx, dv) = Leb(dx)⊗Unif±1(dv). For
any function f : E → R we write f+(x) := f (x,+1) and f−(x) := f (x,−1).
Recall the arcsinh function,

arcsinh(ξ) = log
(

ξ +
√

ξ2 + 1
)

, ξ ∈ R.

The proofs of the following results are given in Section 4.4.3.

Proposition 4.3.5. Suppose µ(dx, dv) = ρ(x, v)ν0(dx, dv) for a continuously differen-
tiable function ρ : E → [0, ∞). If dρ+

dx (x) = dρ−

dx (x) and ρ+, ρ− are strictly positive for
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all x ∈ T then the Donsker-Varadhan functional is given by

I(µ) =
∫

T

{
1
2 ρ′ log

(
λ+ρ+

λ−ρ−

)
+ ρ′ arcsinh

(
ρ′

2
√

λ+λ−ρ+ρ−

)

−
√

4λ+λ−ρ+ρ− + (ρ′)2 + λ+ρ+ + λ−ρ−
}

dx. (4.7)

If ρ+ ≥ 0 and ρ− ≥ 0 are constant, then

I(µ) =
∫

T

(√
λ+ρ+ −

√
λ−ρ−

)2
dx.

If dρ+(x)
dx (x) 6= dρ−(x)

dx for some x ∈ T then I(µ) = ∞.

Note that if µ(dx, dv) = ρ(x, v)ν0(dx, dv) and dρ+

dx = dρ−

dx on T, then for some
constant c ∈ R and a probability density function ρ on T we have ρ+(x, v) =
ρ(x) + c and ρ−(x, v) = ρ(x)− c. A useful application of the rate function I(µ) is
in estimating deviations of ergodic averages, which typically requires the compu-
tation of

inf
µ∈P

(
I(µ)−

∫
E

V dµ

)
.

The rigorous statement is the Laplace principle [BD19, Definition 1.6, Theorem 1.8].
If the function V does not depend on v, then by the following result we can safely
assume c = 0 and thus restrict the minimization problem to minimization over
probability densities on T.

Proposition 4.3.6. Let ρ ∈ C1(T) be a strictly positive probability density function
on T. Let |k| := infx ρ(x). Consider the one-parameter family of probability measures
(µc)c∈(−k,+k) ∈ Peq with probability density functions ρc : E→ (0, ∞) given by

ρc(x,+1) = ρ(x) + c, ρc(x,−1) = ρ(x)− c, c ∈ (−k,+k).

Then c 7→ I(µc) is minimized at c = 0. Furthermore, for µ = µ0,

I(µ) =
∫

T

{
1
2 ρ′ log

(
λ+

λ−

)
+ ρ′ arcsinh

(
ρ′

2ρ
√

λ+λ−

)

−
√

4λ+λ−ρ2 + (ρ′)2 + (λ+ + λ−)ρ

}
dx.

(4.8)

We will specialize to the case in which ρ = ρ+ = ρ− and use the representation
ρ = exp(−W), where W ∈ C1(T). We then find

I(µ) =
∫

T

{
− 1

2 W ′ log
(

λ+

λ−

)
+ W ′ arcsinh

(
W ′

2
√

λ+λ−

)
−
√

4λ+λ− + (W ′)2 + λ+ + λ−
}

exp(−W) dx.
(4.9)
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Let

λ+(x) = γ + max(0, U′(x)) and λ−(x) = γ + max(0,−U′(x)), (4.10)

where γ > 0 is constant, so that λ± satisfy (4.4) and hence the measure with
ν0-density exp(−U(x)) is invariant. We call γ the excessive switching intensity or
refreshment rate.

We can now investigate the dependence of the rate function I , through the
expression (4.9), on γ. The derivative of the integrand of (4.9) with respect to γ
can be computed to be(

4λ+λ− + (λ+ − λ−)W ′ − (λ+ + λ−)
√

4λ−λ+ + (W ′)2

2λ+λ−

)
exp(−W), (4.11)

which is non-positive, and zero only if W ′ = λ+ − λ− = U′ (which can be seen
by maximizing with respect to W ′). It follows that I(µ) is strictly decreasing as
a function of γ for µ not equal to the stationary measure. In other words, for a
smaller refreshment rate γ, the rate function increases. Hence the convergence of
empirical averages to equilibrium is faster for smaller γ.

Suppose that ν0({x ∈ T : U′(x) = 0}) = 0, i.e. the set of points where the
derivative of U vanishes is ν0-negligible. In the formal limit γ ↓ 0 in (4.10), we
obtain the following expression for the rate function:

I(µ) =
{∫

T

{
|W ′|

(
log
(

W ′
U′

)
− 1
)
+ |U′|

}
exp(−W) dx if sign(W ′) ≡ sign(U′),

∞ otherwise.
(4.12)

4.4 Proofs

4.4.1 General large-deviation Theorems 4.3.1 and 4.3.2

In this section we give the proofs of Theorems 4.3.1 and 4.3.2, which are used
to obtain the large deviations principle for the empirical measures of the zig-zag
process. The case of a compact state space is treated in Section 4.4.1 and the non-
compact case in Section 4.4.1. Before we embark on these proofs we outline the
overall strategy; a more detailed description can be found in the book by Feng and
Kurtz [FK06, Chapter 12].

Consider the empirical measure

ηt(·) =
1
t

∫ t

0
δYs(·)ds.

With a change of variable s 7→ ts in the integral we can express this as

ηt(·) =
∫ 1

0
δYst(·)ds,



122 Large Deviations of Empirical Measures

the empirical measure for the sped-up process (we can think of t > 1) Yt
s = Yst

over the time interval [0, 1]; in fact we will use t = n ∈N+ below. We can consider
the empirical measure of this time-scaled process Yt on time intervals of lengths
other than unity: for τ > 0 define ητ

t as

ητ
t (·) =

∫ τ

0
δYst ds.

This empirical measure is viewed as an element of L(E), the set of Borel measures
on E× [0, ∞) of the form dρ(x, s) = µs(dx)ds, µs ∈ P(E) (see Section 4.2.1). Any
such ρ ∈ L(E) defines a continuous path t 7→ ρt = ρ(· × [0, t]) ∈ M f (E) and for
t = 1 this is a probability measure.

The strategy for proving the large deviations principle for {ηt} is to first show
that {ητ

t } satisfies a large deviations principle in L(E). We can then use the fact
that projections are continuous maps on L(E) (Lemma 4.4.2) and an application
of the contraction principle to obtain the sought-after large deviations principle
on P(E). This is summarised in the following proposition.

Proposition 4.4.1. Suppose that the family {ητ
t }t>0 satisfies a large deviations principle

in L(E) with rate function J : L(E)→ [0, ∞] given by

J (ρ) =
∫ ∞

0
I(µs)ds, for ρt =

∫ t

0
µsds,

where I : P(E)→ [0, ∞] is the rate function appearing in the Donsker-Varadhan results,

I(µ) = − inf
u∈D++(L)

∫
E

Lu
u

dµ.

Then ηt satisfies a large deviations principle in P(E) with rate function I .

Proof. Because {ητ
t }t>0 satisfies a large deviations principle on L(E) and the pro-

jection π1 : L(E)→ P(E) given by

π1(ρ) = ρ1,

is continuous (Lemma 4.4.2 below), by the contraction principle the sequence eval-
uated at τ = 1, {η1

t }t>0, satisfies a large deviation principle on P(E) with rate
function Ĩ : P(E)→ [0, ∞] given by

Ĩ(ν) = inf
{
J (ρ) =

∫ ∞

0
I(µs)ds : ρt =

∫ t

0
µs ds ∈ L(E), ρ1 = ν

}
.

It remains to show that Ĩ(ν) = I(ν) for every ν ∈ P(E). First, in the integral
defining J (ρ), the integrand is always positive after time t = 1. It is therefore
enough to consider only integrating to time t = 1 in the infimum, as we are free
to chose the the form of ρ after that time. Thus,

Ĩ(ν) = inf
{∫ 1

0
I(µt)dt : ρt =

∫ t

0
µsds ∈ L(E), ρ1 = ν

}
.
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For a fixed ν ∈ P(E), take any ρt =
∫ t

0 µsds ∈ L(E) such that ρ1 = ν. The rate
function I is convex on P(E) and by Jensen’s inequality we have

I(ν) = I (ρ1)

= I
(∫ 1

0
µsds

)
≤
∫ 1

0
I (µs)ds.

Taking the infimum over all such ρ ∈ L(E) yields the inequality

I(ν) ≤ Ĩ(ν),

The constant path µs = ν gives equality and we have that Ĩ = I as functionals on
P(E).

Lemma 4.4.2 (Projection is continuous). Let L(E) be the above space with the topology
of weak convergence on bounded time intervals. Let P(E) be equipped with the weak
topology. Then the projection π1 : L(E)→ P(E) defined by π1(ρ) := ρ1 is a continuous
map.

Proof of Lemma 4.4.2. Let ρn → ρ in L(E). We need to prove that for any bounded
and continuous function g on E, we have∫

E
g(u)dρn

1 (u)→
∫

E
g(u)dρ1.

Since ∫
E

g(u)dρn
1 (u) =

∫
E×[0,1]

g(u)dρn(u, s),

and ϕ(u, s) = g(u) is continuous and bounded on E × [0, ∞), this is implied
by ρn → ρ.

Armed with Proposition 4.4.1, one way to prove Theorems 4.3.1 and 4.3.2 is to
prove the large deviations principle for the empirical measures of the associated
sped-up versions of underlying processes and apply the proposition. This is the
approach we take and we rely on the following result from [FK06] for proving the
large deviations principles on L(E).

Lemma 4.4.3 (Theorem 12.7 of [FK06]). Suppose that the following conditions hold:

(FK.1) The martingale problem for L is well-posed.

(FK.2) The semigroup S is Feller-continuous.

(FK.3) The semigroup S is buc-continuous.
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(FK.4) There is an index set Q and a family of subsets of E, {K̃q
n ⊂ E : q ∈ Q}, such that

for q1, q2 ∈ Q, there exists q3 ∈ Q with K̃q1
n ∪ K̃q2

n ⊂ K̃q3
n , and for every y ∈ E,

there exists q ∈ Q such that limn→∞ d(y, K̃q
n) = 0. Moreover, for each q ∈ Q,

T > 0 and a > 0, there exists a q̂(q, a, T) ∈ Q satisfying

lim sup
n→∞

sup
y∈K̃q

n

1
n

log Py

(
Yt /∈ K̃q̂(q,a,T)

n , some t ≤ nT
)
≤ −a.

(FK.5) There exists an upper semicontinuous function Ψ on E, {ϕn} ⊂ D++(B0), and
q0 ∈ Q such that Ψ is bounded above, {y ∈ E : Ψ(y) ≥ c} is compact for each
c ∈ R, 0 < infy∈K

q0
n

ϕn(y) < 2 infy∈E ϕn(y), infn,y∈E ϕn(y) > 0,

lim
n→∞

1
n

log ‖ϕn‖ = 0, sup
n,y

Lϕn(y)
ϕn(y)

< ∞,

and for each q ∈ Q,

lim
n→∞

sup
y∈K̃q

n

(
Lϕn(y)
ϕn(y)

−Ψ(y)
)
≤ 0, q ∈ Q.

In addition, for each n and β ∈ (−∞, 1],

lim
t→0
‖S(t)ϕ

β
n − ϕ

β
n‖ = 0.

(FK.6) For each a > 0 there exists compact K and q ∈ Q such that

lim sup
n→∞

1
n

log P
(

Yn
0 /∈ K ∩ K̃q

n

)
≤ −a.

(FK.7) Take C ⊂ Cb(E) separating and define, with Ψ as in (FK.5),

Hβ,Ψ
1 = inf

0<κ≤1
inf

f∈D++(L)
sup
y∈E

[
β(y) · p + (1− κ)

L f (y)
f (y)

+ κΨ(y)
]

,

Hβ,Ψ
2 = sup

κ>0
sup

f∈D++(L)
inf
y∈E

[
β(y) · p + (1 + κ)

L f (y)
f (y)

− κΨ(y)
]

.

It holds that Hβ,Ψ
1 ≤ Hβ,Ψ

2 , for β ∈ Cd, d = 1, 2. . . . .

Then {ητ
n}n satisfies the large deviations principle in CE[0, ∞) with rate function

Ĵ (ρ) =
∫ ∞

0
IΨ(ρs)ds, ρ ∈ L(E),

where

IΨ(µ) = −min
[

inf
u∈D++(L)

∫
E

Lu
u

dµ,
∫

E
Ψdµ

]
.
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Proof of Theorem 4.3.1—compact state-space E

As outlined in the previous section, we can prove Theorem 4.3.1 by first verify-
ing the conditions of Lemma 4.4.3 under the given assumptions and then apply
Proposition 4.4.1.

Proof of Theorem 4.3.1. First, Conditions (FK.1)-(FK.3) follow from the assumption
of Feller continuity (A.1) and tightness; see e.g. Remark 11.22 in [FK06].

Next, Conditions (FK.4) and (FK.5) always hold for compact E: take ϕn ≡ 1,
Ψ ≡ 0, Q = {q} (singleton), and Kq

n := E for every n ∈ N. For this choice
both conditions are met—it is only for non-compact spaces E that these conditions
become non-trivial (see the proof of Theorem 4.3.2). Condition (FK.6) is trivially
true for compact E.

Remains to verify the inequality Hβ
1 ≤ Hβ

2 . Take d ≥ 1 and β ∈ Cd. With the

choice Ψ ≡ 0 the definitions of Hβ
i : Rd → R, i = 1, 2, become

Hβ
1 = inf

f∈D++(L)
sup
y∈E

[
β(y) · p +

L f (y)
f (y)

]
,

Hβ
2 = sup

f∈D++(L)
inf
y∈E

[
β(y) · p +

L f (y)
f (y)

]
.

We now show that the required inequality follows from Assumption (A.3), solv-
ability of the principal eigenvalue problem.

For any β ∈ Cd and p ∈ Rd, define the map Vp(y) : E→ R as

Vp(y) = β(y) · p

This is a continuous function on E and for every p there exists a function fp ∈
D+(L) and real eigenvalue λp such that

(L + β · p) fp = λp fp.

It follows that, for any p ∈ Rd, we have

λp = sup
y∈E

[
L fp(y)
fp(y)

+ β(y) · p
]
= inf

y∈E

[
L fp(y)
fp(y)

+ β(y) · p
]

,
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which leads to the upper bound

Hβ
1 (p) = inf

f∈D+(L)
sup
y∈E

[
L f (y)
f (y)

+ β(y) · p
]

≤ sup
y∈E

[
L fp(y)
fp(y)

+ β(y) · p
]

= inf
y∈E

[
L fp(y)
fp(y)

+ β(y) · p
]

≤ sup
f∈D+(L)

inf
y∈E

[
L f (y)
f (y)

+ β(y) · p
]

= Hβ
2 (p).

This shows that Condition (FK.7) of Lemma 4.4.3 follows from (A.3). As a result,
in the setting of compact E, Assumptions (A.1) - (A.3) ensure that Lemma 4.4.3
is applicable. This gives the large deviations principle for the empirical measures
associated with sped-up versions of the process Y and Proposition 4.4.1 transfers
this to the empirical measures of the original process. This concludes the proof of
the large deviations principle. The form of the rate function is trivially seen to be
equal to the prescribed form because of the choice of Ψ ≡ 0.

Proof of Theorem 4.3.2—non-compact state space E

We prove large deviations of the family of measures {ητ
t }t>0 introduced at the be-

ginning of Section 4.4.1 by verifying the assumptions of Lemma 4.4.3. Proposition
4.4.1 then implies the large deviations principle of the empirical measures {ηt}t>0
with the prescribed rate function. Whereas the conditions of Lemma 4.4.3 where
straightforward to verify in the compact setting of Theorem 4.3.1, the non-compact
case requires more work. Specifically, because we can no longer assume that there
is a solution to the principal eigenvalue problem—such an assumption would not
allow us to prove the large deviations principle for the zig-zag process—and the
state space is no longer compact, (FK.4)-(FK.7) are more difficult to verify. A cru-
cial component of the proof of Theorem 4.3.2 is an inequality that is connected
to the necessary comparison principle. To streamline the proof we now state this
inequality as a separate result.

For any V ∈ Cb(E) and Ψ : E→ R, define HΨ
1 , HΨ

2 ∈ R by

HΨ
1 = inf

0<κ≤1
inf

f∈D++(L)
sup
y∈E

[
V(y) + (1− κ)

L f (y)
f (y)

+ κΨ(y)
]

,

HΨ
2 = sup

κ>0
sup

f∈D++(L)
inf
y∈E

[
V(y) + (1 + κ)

L f (y)
f (y)

− κΨ(y)
]

.
(4.13)
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Proposition 4.4.4. Take any V ∈ Cb(E) and suppose (A.5) holds and that for any c ∈ R,
the superlevel-set {Ψ ≥ c} is compact. Then

HΨ
1 ≤ HΨ

2 . (4.14)

We first complete the proof of Theorem 4.3.2.

Proof of Theorem 4.3.2. The proof amounts to showing that Conditions (FK.1)-(FK.7)
of Lemma 4.4.3 hold. We start with the ones that are straightforward to obtain
from the assumptions of the theorem.

Conditions (FK.1)-(FK.3) follow from (A.1) and (A.2). For condition (FK.6) the
existence of such a compact set follows immediately from the assumption that the
initial value Y(0) belongs to a compact set K ⊆ E.

We now show that Conditions (FK.4) and (FK.5) follow from (A.4), the exis-
tence of Lyapunov functions g1 and g2 with certain growth properties. We start
with (FK.4) and define the family of compact sets Kq

n ⊆ E by

Kq
n = {y ∈ E : g2(y) ≤ qn}, q, n ∈N

For any q1, q2 and with q3 = max(q1, q2), it then holds that

Kq1
n ∪ Kq2

n ⊆ Kq3
n , ∀n ∈N.

Because g2(y) is finite for any y ∈ E, there exists q, N ∈N such that n ≥ N implies
that y ∈ Kq

n. In particular, dist(y, Kq
n) = 0. For the last part of Condition (FK.4),

take q ∈N and T, a > 0. It remains to find a q̃ such that

lim sup
n→∞

sup
y∈Kq

n

1
n

log Py

(
Yt /∈ Kq̃

n, some t ≤ nT
)
≤ −a.

By Lemma 4.20 in [FK06], for any open neighbourhood O of Kq
n,

P
(

Yt /∈ O, some t ≤ nT |Y0 ∈ Kq
n

)
≤ P

(
Y0 ∈ Kq

n

)
e−βq+nTγ(O), (4.15)

where the constants βq and γ(O) are given by

βq = inf
E\O

g2 − sup
Kq

n

g2,

and

γ(O) = max

(
sup
O

e−g2 Beg2 , 0

)
.

By the growth condition for g2 (part (a) of (A.4)) for any q̃ > q̂ > q large enough,
there exists an open set O such that

Kq
n ⊆ Kq̂

n ⊆ O ⊆ Kq̃
n.
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By definition, g2 ≤ nq on Kq
n and because Kq̂

n ⊆ O, we have g2 ≥ q̂n on E \ O.
Combined with the upper bound γ(O) ≤ γ(E) this gives, starting from (4.15),

1
n

log P
(

Yt /∈ Kq̃
n, some t ≤ nT|Y0 ∈ Kq

n

)
≤ Tγ(O)− 1

n
βq

≤ Tγ(E) + q− q̂.

The last part of Condition (FK.4) is now straightforward to obtain. First, take
q̂ = q̂(q, a, T) large enough that the right-hand side of the last display is bounded
by −a:

Tγ(E) + q− q̂ ≤ −a.

Next, choose q̃ = q̃(q, a, T) large enough that there is an open set O such that
Kq̂

n ⊆ O ⊆ Kq̃
n. The asymptotic statement then follows, which concludes the

verification of condition (FK.4) of Lemma 4.4.3.

To show that condition (FK.5) is fulfilled we generalize the arguments used in
Example 11.24 in [FK06]. The functions ϕn are constructed from the Lyapunov
functions g1 and g2. First, define

rn := sup
{

g1(y) : y ∈ E, g1(y)g2(y) ≤ n2
}

. (4.16)

Then rn → ∞ and rn/n → 0 as n → ∞, since (A.4)b and the condition in the set
imply

rn

n
=

g1(yn)

n
≤

√
g1(yn)

g2(yn)
→ 0.

Furthermore, for each q there exists nq such that n ≥ nq implies

Kq
n ⊆ {y : g1(y) ≤ rn} .

For a smooth, non-decreasing and concave function ρ : [0, ∞) → [0, 2] satisfying
ρ(r) = r for 0 ≤ r ≤ 1 and ρ(r) = 2 for r ≥ 3, define the functions ϕn by cutting
off g1:

ϕn(y) := ern ρ(e−rn eg1(y)). (4.17)

We have ϕn = eg1 on the compact sets Kq
n. Setting Ψ = e−g1 Beg1 , we therefore

obtain
Lϕn(y)
ϕn(y)

= Ψ(y), y ∈ Kq
n, n ≥ nq.

The fact that rn/n→ 0 as n→ ∞ implies n−1 log ‖ϕn‖ → 0 as n→ ∞. For proving
that

sup
n,y

Lϕn(y)
ϕn(y)

< ∞,
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it is sufficient to show that for any positive function u : E→ (0, ∞) in the domain
of B and for any y0 ∈ E, we have

B(ρ(u))(y0)

ρ(u)(y0)
≤ max (Bu(y0), 0)

u(y0)
. (4.18)

Then with u = e−rn eg1 and noting that Lϕn = Bϕn, by linearity we obtain

Lϕn

ϕn
≤ max (Beg1 , 0)

eg1
,

and the result follows since Ψ(y) = e−g1(y) (Beg1) (y) → −∞ as |y| → ∞. Hence
we are left with verifying (4.18).

If u(y0) ∈ (3, ∞), then ρ(u)(y0) is maximal. Hence by the positive maximum
principle, Bρ(u)(y0) ≤ 0, and the inequality follows. If u(y0) ∈ (0, 3], then
a0 := ρ′(u(y0)) ∈ [0, 1], the region where ρ goes from slope one to slope zero.
Consider the function f0 := ρ(u)− a0u. Since g0(s) := ρ(s)− a0s is maximal for s0
satisfying ρ′(s0) = a0, we obtain that y0 is an optimizer, that is f0(y0) = supy f (y).
Furthermore, g0(s0) ≥ 0, so by the positive maximum principle B f0(y0) ≤ 0.
By linearity of B and since r ≤ max(r, 0), we obtain the inequality Bρ(u)(y0) ≤
a0 ·max (Bu(y0), 0). Hence

Bρ(u)(y0)

ρ(u)(y0)
≤ a0

ρ(u)(y0)
max(Bu(y0), 0) ≤ 1

u(y0)
max(Bu(y0), 0),

using that 0 ≤ g0(s0) = ρ(u)(y0)− a0u(y0). This finishes the verification of (4.18).

It remains to show that condition (FK.7) is fulfilled. However, this is precisely
the conclusion of Proposition 4.4.4 - the function V(y) = β(y) · p where β is as in
condition (vii) is an element of Cb(E), and by (A.4)c, the function Ψ has compact
superlevel-sets.

We have shown that under the assumptions of the theorem, all conditions of
Lemma 4.4.3 are fulfilled. The large deviations principle for the empirical mea-
sures of the sped-up versions thus holds and Proposition 4.4.1 then gives the large
deviations principle for the empirical measures {ηt} associated with Y.

We are left with showing that the rate function IΨ of Proposition 4.4.1 satisfies

IΨ(µ) = − inf
u∈D++(L)

∫
E

Lu
u

dµ.

Below, we prove that

lim sup
n→∞

∫
E

Lϕn

ϕn
dµ ≤

∫
E

Ψdµ.

Then
inf

u∈D++(L)

∫
E

Lu
u

dµ ≤ inf
n

∫
E

Lϕn

ϕn
dµ ≤

∫
E

Ψdµ,
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and hence the rate function is given by

IΨ(µ) = −min
[

inf
u∈D++(L)

∫
E

Lu
u

dµ,
∫

E
Ψdµ

]
= − inf

u∈D++(L)

∫
E

Lu
u

dµ.

To see that the functions ϕn satisfy the limsup inequality, note that Ψ has compact
super-level sets and Ψ(y)→ −∞ as |y| → ∞. Since the compact sets Kq

n exhaust E
in the sense that E = ∪nKq

n and Kq
n ⊆ Kq

n+1, there exists a constant C > 0 such that

fn = − Lϕn

ϕn
+ C ≥ 0.

Pointwise, we have f = −Ψ + C = lim infn fn. Therefore, by Fatou’s lemma

lim inf
n→∞

∫
E

[
− Lϕn

ϕn
+ C

]
dµ ≥

∫
E
[−Ψ + C] dµ,

and the required limsup inequality follows from reorganizing.

We now prove the important Proposition 4.4.4. The proof is essentially a com-
bination of different arguments from Chapter 11 and Appendix B of [FK06] (see
especially Lemmas 11.12, 11.37, B.9-B.11 for full details). We present the proof as
to make the presentation self-contained and give a succinct derivation of the re-
sults for the setting we consider. The main novelty compared to the arguments
in [FK06] is that we work with measures ν ∈ Pc(E) rather than imposing the
condition

∫
E Ψν > −∞, and we must verify that we can indeed modify the latter.

Proof of Proposition 4.4.4. The strategy is to find two constants, depending on V,
c∗V and c∗∗V such that c∗V ≥ c∗∗V and

HΨ
1 ≤ c∗∗V , and Hψ

2 ≥ c∗V , (4.19)

To achieve this we study the following quantity: for ν ∈ Pc(E), define

cV(ν) = lim sup
t→∞

1
t

log E

[
exp

{∫ t

0
V(Y(s))ds

}]
.

It can be shown - see e.g. Lemma B.9 in [FK06] - that under (A.5), cV(ν) exists for
each ν ∈ Pc(E) and the necessary inequalities for HΨ

i can be derived for

c∗V = inf
ν∈Pc(E)

cV(ν) and c∗∗V = sup
ν∈Pc(E)

cV(ν).

Cleary c∗V ≤ c∗∗V . However it can be shown, again using (A.5), that the two quan-
tities are in fact equal, that cV(ν) is independent of ν on Pc(E). If we can prove
(4.19) this would then yield the claim. We start with the upper bound

HΨ
1 ≤ c∗∗V .
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An argument similar to what will follow is also used in [DV75c], in the proof of
their Lemma 2.

Because Ψ has compact superlevel-sets {Ψ ≥ c}, c ∈ R, and Ψ(y) → −∞ as
‖y‖ → ∞, it can be shown using the arguments of Lemma B.11 of [FK06] that

sup
ν∈Pc(E)

inf
f∈D++(L)

∫
E

(
V +

L f
f

)
dν ≤ c∗∗V .

It therefore suffices to show that

HΨ
1 ≤ sup

ν∈Pc(E)
inf

f∈D++(L)

∫
E

(
V +

L f
f

)
dν. (4.20)

For any finite collection of functions f1, . . . , fm in D++(L) and scalars αi ≥ 0,
i = 1, . . . , m, ∑ αi = 1, we have

HΨ
1 ≤ inf

0<κ≤1
inf
αi

inf
f1,..., fm

sup
y∈E

[
V(y) + (1− κ)

m

∑
i=1

αi
L fi(y)
fi(y)

+ κΨ(y),

]

which follows as in Lemma 11.35 of [FK06]; define for t > 0

ht =
1
t

∫ t

0
S(τ)

m

∏
i=1

f αi
i dτ.

Then as we let t→ 0,

lim
t→0

ht = ∏
i

f αi
i ,

and we have the upper bound

lim
t→0

Lht ≤
(

∏
i

f αi
i

)
∑

i
αi

L fi
fi

,

where the convergence is uniform. Now specializing in the definition of HΨ
1 to

with these type of functions ht with f1, . . . , fm and according αi, and taking the
limit t→ 0 gives the above estimate for HΨ

1 .
By Lemma 11.37 of [FK06], we can select a sequence of functions { fi} from

D++(L) such that for any µ ∈ P(E),

inf
i

∫
E

L fi
fi

dµ = inf
f∈D++(L)

∫
E

L f
f

dµ.

Specialising to these functions, for any m ∈ N and κ > 0 we have the upper
bound

HΨ
1 ≤ inf

αi
sup
y∈E

[
V(y) + (1− κ)

m

∑
i=1

αi
L fi(y)
fi(y)

+ κΨ(y).

]
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The functions V + L fi/ fi are bounded, but a priori there is no guarantee that the
supremum is attained in a given compact set. However, because Ψ(y) → −∞ as
‖y‖ → ∞, for any m ∈ N and κ > 0, there exists a constant ` = `(m, κ) > 0 such
that the supremum is attained in the compact set K` = {Ψ ≥ −`}. Therefore, if
we define K` = {ν ∈ P(E) : ν(K`) = 1}, then

HΨ
1 ≤ inf

αi
sup
y∈K`

[
V(y) + (1− κ)

m

∑
i=1

αi
L fi(y)
fi(y)

+ κΨ(y)

]

= inf
αi

sup
ν∈K`

[∫
E

(
V(y) + (1− κ)

m

∑
i=1

αi
L fi(y)
fi(y)

+ κΨ(y)

)
dν(y)

]
.

For any `, we have K` ⊆ Pc(E), so that

HΨ
1 ≤ inf

αi
sup

ν∈Pc(E)

[∫
E

(
V + (1− κ)

m

∑
i=1

αi
L fi
fi

+ κΨ

)
dν

]
.

For any m ∈ N, the set {αi : αi ≥ 0, ∑m
i=1 αi = 1} is compact and the infimum and

supremum in the last display can be exchanged by Sion’s Theorem. This yields

HΨ
1 ≤ sup

ν∈Pc(E)
inf
αi

[∫
E

(
V + (1− κ)

m

∑
i=1

αi
L fi
fi

+ κΨ

)
dν

]

= sup
ν∈Pc(E)

[∫
E

(
V + (1− κ)min

i≤m

L fi
fi

+ κΨ
)

dν

]
,

where we have used that infαi ∑ αixi = mini xi for non-negative x and fi ∈ D++(L).
Taking the infimum over κ and the limit m→ ∞,

HΨ
1 ≤ lim

m→∞
inf

0<κ≤1
sup

ν∈Pc(E)

[∫
E

Vdν + (1− κ)min
i≤m

∫
E

L fi
fi

dν + κ
∫

E
Ψdν

]
= lim

m→∞
sup

ν∈Pc(E)

[∫
E

Vdν + min
{

min
i≤m

∫
E

L fi
fi

dν,
∫

E
Ψdν

}]
.

The limit and supremum can be shown to commute similarly to the last part of
the proof of Lemma 11.12 in [FK06], leading to

HΨ
1 ≤ sup

ν∈Pc(E)

[∫
E

Vdν + min
{

inf
f∈D++(L)

∫
E

L f
f

dν,
∫

E
Ψdν

}]
≤ sup

ν∈Pc(E)

[∫
E

Vdν + inf
f∈D++(L)

∫
E

L f
f

dν

]
.

This completes the proof of the upper bound for HΨ
1 .
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Next, we move to the lower bound for HΨ
2 . Take λ < c∗V . We prove that for

any ε > 0, we have HΨ
2 ≥ λ− ε. To this end, we define the new semigroup {T(t)}

by

(T(t) f )(y) = E
[

f (Yt)e
∫ t

0 V(Ys)ds|Y(0) = y
]

,

set

Rt
λ f =

∫ t

0
e−λsT(s)gds,

and take Γ to be the collection of functions fγ of the form

fγ =
∫ ∞

0
Rt

λ1γ(dt), γ ∈ P([0, ∞)).

Then Γ ⊆ D++(L) and for any f ∈ Γ we have the uniform lower bound

V(y) + (1 + κ)
L f (y)
f (y)

≥ −(1− 2κ)‖V‖, y ∈ E. (4.21)

Because Γ ⊆ D++(L), for any κ > 0 we have the lower bound

HΨ
2 ≥ sup

f∈Γ
inf
y∈E

[
V(y) + (1 + κ)

L f (y)
f (y)

− κΨ(y)
]

.

Due to the uniform lower bound (4.21) and the fact that Ψ(y)→ −∞ as ‖y‖ → ∞,
for any κ there exists an ` = `(κ) such that the infimum over E is attained in the
compact set K` = {Ψ ≥ −`}. Therefore,

HΨ
2 ≥ sup

f∈Γ
inf

y∈K`

[
V(y) + (1 + κ)

L f (y)
f (y)

− κΨ(y)
]

= sup
f∈Γ

inf
ν∈K`

[∫
E

(
V + (1 + κ)

L f
f
− κΨ

)
dν

]
= sup

f∈Γ
inf

ν∈K`

1∫
E f dν

[
−κ

∫
E
(V + Ψ) f dν +

∫
E
(1 + κ)(V + L) f dν

]
,

where K` = {ν ∈ P(E) : ν(K`) = 1}. The second equality follows from the
fact that infν

∫
E(a/b)dν = infν(

∫
E adν)/(

∫
E bdν) for b > 0. By compactness of

K` and the fact that both K` and Γ are convex, the infimum and supremum are
exchangable by Sion’s Theorem. This gives the lower bound

HΨ
2 ≥ inf

ν∈K`

sup
f∈Γ

1∫
E f dν

[
−κ

∫
E
(V + Ψ) f dν +

∫
E
(1 + κ)(V + L) f dν

]
≥ inf

ν∈Pc(E)
sup
f∈Γ

1∫
E f dν

[
−κ

∫
E
(V + Ψ) f dν +

∫
E
(1 + κ)(V + L) f dν

]
,
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The second estimate follows since K` ⊆ Pc(E) for any `. The rest of the proof
follows arguments similar to those used in [FK06]: taking the limit κ → 0, and
moving it inside the infimum and supremum, we obtain the lower bound

HΨ
2 ≥ inf

ν∈Pc(E)
sup
f∈Γ

[
1∫

E f dν

∫
E
(V + L) f dν

]
.

Therefore, for any ε, there exists a νε ∈ Pc(E) such that

HΨ
2 ≥ sup

f∈Γ

[
1∫

E f dνε

∫
E
(V + L) f dνε

]
− ε.

There exist functions ft ∈ Γ satisfying∫
E(V + L) ftdν∫

E ftdν
= λ +

∫
E e−λtT(t)1dν− 1∫

E ftdν
,

for any ν ∈ Pc(E). Specialising to such ft, we obtain

HΨ
2 ≥ λ +

∫
E e−λtT(t)1dνε − 1∫

E ftdνε
− ε.

Since lim supt→∞
∫

E e−λtT(t)1dνε = ∞, the second term is positive for t large
enough, giving the bound

HΨ
2 ≥ λ− ε.

This completes the proof of the lower bound for HΨ
2 , and thereby the lemma.

4.4.2 Proofs for the empirical measure of the zig-zag process

In this section, we prove the large deviations theorems for the empirical measures
of the zig-zag process.

Proof of Theorem 4.3.3—compact case

For the proof of Theorem 4.3.3, recall that the zig-zag generator takes the form

L f (x, v) = v∂x f (x, v) + λ(x, v) [ f (x,−v)− f (x, v)] , (x, v) ∈ E := T× {±1}.

It is enough to show that assumptions (A.1)-(A.3) hold for the zig-zag process on
E, the result then follows form Theorem 4.3.1.

We first verify that L is a closed operator that generates the zig-zag process.
Note that L is a restriction of the extended generator (see Section 4.2.3). We verify
that L is a closed operator. Let { fn} be a sequence in D(L) such that fn → f and
L fn → g, some f , g, both uniformly on E. Then

lim
n→∞

v∂x fn(x, v) = g(x, v)− λ(x, v) [ f (x,−v)− f (x, v)] .
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We can represent fn(x, v) as

fn(x, v) = fn(0, v) + v
∫ x

0
v∂x fn(ξ, v) dξ,

and from the dominated convergence theorem we obtain that

f (x, v) = f (0, v) + v
∫ x

0
[g(ξ, v)− λ(ξ, v) ( f (ξ,−v)− f (ξ, v))] dξ.

In particular, f ∈ D(L), and L f = g follows from taking derivative ∂x and multi-
plying by v.

The Feller-continuity property (A.1) of the zig-zag semigroup S is proven in
Proposition 4 of [BR17]. Since T is compact, this also follows from the bounded-
ness of the continuous rates λ, see [Dav93, Theorem 27.6].

It remains to verify assumption (A.3), the principal-eigenvalue problem. Take
V ∈ C(E). We will show that for any constant γ > supE V, as a map from C(E) to
D(L) ⊆ C(E), the resolvent

Rγ = (γ− (V + L))−1 , (4.22)

is compact and strongly positive; here strongly positive means that if f ≥ 0 and
f 6= 0, then Rγ f > 0 on E. Given strong positivity and compactness, by the
Krein-Rutman theorem there exists a strictly positive function g ∈ C(E) and a real
eigenvalue β > 0 such that

(γ− (V + L))−1 g = βg.

The resolvent maps into the domain of L, so that g ∈ D(L). An application of
γ− (V + L) in the eigenvalue equation gives

(V + L)g =

(
γ− 1

β

)
g.

This is precisely (A.3) with function g and eigenvalue (γ− 1/β).
We are left with verifying that the resolvents defined by (4.22) are strongly

positive and compact. For strong positivity, because V is continuous on E, it is
sufficient to prove strong positivity of (γ− L)−1; see [AGG+86, Proposition C-III-
3.3]. The resolvent (γ− L)−1 exists for any γ > 0, and is given by

(γ− L)−1 f =
∫ ∞

0
e−γtS(t) f dt. (4.23)

The semigroup associated to the zig-zag process is irreducible in the following
sense: for any f ∈ C(E) such that f ≥ 0 and f 6= 0,

∪t≥0 {z ∈ E : S(t) f (z) > 0} = E.
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Combined with (4.23) this implies strong positivity of (γ − L)−1; see [AGG+86,
Definition C-III-3.1].

For compactness of Rγ, let A ⊆ C(E) be bounded. We show that the image
B := Rγ(A) ⊆ C(E) is bounded and equi-continuous. Compactness of the re-
solvent then follows from an application of the Arzelà-Ascoli theorem. To show
boundedness, by dissipativity of L we obtain, for any g ∈ B,

(γ− ‖V‖E)‖g‖ ≤ ‖(γ− (V + L))g‖
≤ sup

f∈A
‖ f ‖

< ∞.

Hence B is bounded by CA/(γ − ‖V‖E), where CA := sup f∈A ‖ f ‖, and we end
the proof by showing that B is equi-continuous. For any g ∈ B we have (γ− (V +
L))g = f for some f ∈ A, which implies

v∂xg(x, v) = f (x, v) + V(x, v)g(x, v) + γg(x, v)− λ(x, v)(g(x,−v)− g(x, v).

By boundedness of the functions λ(x, v) and V on E and the sets A and B,

sup
g∈B
‖∂xg‖ ≤ C sup

g∈B
‖g‖+ sup

f∈A
‖ f ‖ < ∞.

Hence functions in B have uniformly bounded derivatives, and as a consequence,
B is equi-continuous. It follows that Rγ in (4.22) is compact and strongly contin-
uous. This finishes the verification of (A.3) and we have shown that assumptions
(A.1)-(A.3) hold for the zig-zag process on the compact state space T× {±1}. An
application of Theorem 4.3.1 then proves the claimed large deviations principle.

Proof of Theorem 4.3.4—non-compact case

For notational simplicity we take E = R× {±1}. Similar to the proof of Theorem
4.3.3, the strategy is to verify the conditions of the more general large deviations
result Theorem 4.3.2, which covers the non-compact setting. That is, it suffices to
verify (A.1), (A.2), (A.4) and (A.5).

Condition (A.1), Feller-continuity of the Markov semigroup, is proven in Propo-
sition 4 of [BR17].

Next, we use Theorem 7.2 of [EK86] to verify (A.2). Define the metric d on E as

d((x, v), (y, v′)) = |x− y|R + |v− v′|,

and for any path γ ∈ DE[0, ∞) set

w′(γ, δ, T) = inf
{ti}

max
i

sup
s,t∈[ti ,ti+1)

d(γ(s), γ(t)),

where the infimum is taken over finite partitions {ti} of [0, T] such that mini |ti+1−
ti| > δ. Theorem 7.2 of [EK86] states that tightness of {Py : y ∈ K} is equivalent
to the following two conditions:
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(1) For any ε > 0 and rational t > 0, there exists a compact set Kε,t ⊆ E such
that

inf
y∈K

Py [Yt ∈ Kε,t] ≥ 1− ε.

(2) For any ε > 0 and T > 0, there exists a δ > 0 such that

sup
y∈K

Py
[
w′ (Y, δ, T) ≥ ε

]
≤ ε.

The spatial component Xt of the zig-zag process propagates with finite speed.
This implies that there exists a compact set Kt ⊆ R such that if y ∈ K, then

Py [Xt ∈ Kt] = 1.

For any ε > 0 and t > 0, taking Kε,t = Kt × {±1} gives (1).

For part (2), let ε > 0 and T > 0. For any realization Y(ω) of the zig-zag
process on the time interval [0, T], if the sojourn times τi satisfy mini τi > 2δ,
then w′(Y(ω), δ, T) ≤ 2δ. In particular, for δ small enough, w′(Y(ω), δ, T) < ε.
The probability of having at least one sojourn time that is less than 2δ can be
estimated uniformly over starting points y ∈ K. Let K(T) denote the set of points
that the zig-zag can reach in the time interval [0, T] when starting in the set K and
set λK = supy∈K(T) λ(y), a uniform upper bound on the jump rates λ(x, v). An
estimate for the probability of at least one sojourn time that is less than 2δ is then
given by

sup
y∈K

Py

[
min

i
τi ≤ 2δ

]
≤ 1− e−λK2δ.

For any y ∈ K we obtain the bound

Py
[
w′(Y, δ, T) ≥ ε

]
= Py

[
{w′(Y, δ, T) ≥ ε} ∩ {min

i
τi > 2δ}

]
+ Py

[
{w′(Y, δ, T) ≥ ε} ∩ {min

i
τi ≤ 2δ}

]
≤ 0 + Py

[
{min

i
τi ≤ 2δ}

]
≤ 1− e−λK2δ.

It follows that, as δ→ 0,

sup
y∈K

Py

[
{min

i
τi ≤ 2δ}

]
≤ 1− e−λK2δ → 0,

and (2) follows from taking δ small enough that 1− e−λK2δ < ε.
We now move to verifying Condition (A.4), by explicitly defining two Lya-

punov functions g1, g2 : E→ R satisfying the condition. For brevity, we carry out



138 Large Deviations of Empirical Measures

the calculations for the case of γ(x) ≡ 0 in the switching rate λ (see (4.4)). Then
we can use the following functions: for α1, α2 ∈ (0, 1) and β > 0, let

g1(x, v) = α1V(x) + βvU′(x),

g2(x, v) = α2U(x) + βvU′(x).

For non-constant γ that is uniformly bounded by some γ̄, the following functions
can instead be used:

g1(x, v) = α1V(x) + φ(vU′(x)),

g2(x, v) = α2U(x) + φ(vU′(x)),

where φ(s) = β 1
2 sign(s) log(γ̄ + |s|) and β ∈ (0, 1). For example, for the choice

β = 1/2 calculations analogous to the ones below hold.
We now return to the case γ ≡ 0 and take g1, g2 accordingly. Without loss of

generality we can assume g1, g2 ≥ 0: we can take β small enough and if neces-
sary add a constant to ensure that this holds. We show that for suitable αi small
enough, the functions g1, g2 satisfy (A.4). For two real-valued functions f and g,
we write f ∼ g as x → ∞ to say that they asymptotically equivalent in the limit
x → ∞, that means ( f (x)/g(x)))→ 1 as x → ∞.

By (C.1), V(x) → ∞, and by (C.2), U′(x)/V(x) → 0. It follows that g1 grows
to infinity as |x| → ∞. Moreover, g2 grows to infinity by the assumption (B.1) on
U; since g1 and g2 are continuous, this settles part (a) of (A.4).

Part (b) of (A.4) requires that that g2 grows faster than g1 at infinity. This
follows from Assumption (C.2) on the potentials U and V: both dominate the
derivative U′, and U grows faster than V.

To show that (A.4) holds for the zig-zag process, we show that both g1 and g2
satisfy

e−gi(x,v)(Begi )(x, v)→ −∞ |x| → ∞.

Then since e−gi(x,v)(Begi )(x, v) is continuous, the compactness of superlevel-sets
follows.

By the definition of g1, g2 and the extended generator B,

e−g1(x,v)(Beg1)(x, v) = α1vV′(x) + βU′′(x) + max(vU′(x), 0)
[
e−2vβU′(x) − 1

]
,

and

e−g2(x,v)(Beg2)(x, v) = α2vU′(x) + βU′′(x) + max(vU′(x), 0)
[
e−2vβU′(x) − 1

]
.

We first verify the condition for g2. For v = +1, we have

e−g2(x,+1)(Beg2)(x,+1) = α2U′(x) + βU′′(x) + max(U′(x), 0)
[
e−2βU′(x) − 1

]
.
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For x → +∞, we have U′(x)→ +∞ by (B.1), so that

e−g2(x,+1)(Beg2)(x,+1) = U′(x)
[

α2 − 1 + β
U′′(x)
U′(x)

+ e−2βU′(x)
]

∼ U′(x)(α2 − 1)→ −∞, x → +∞,

since U′′/U′ → 0 by (B.3) and α2 < 1.

For x → −∞, we have U′(x) → −∞ by (B.1), in particular U′(x) < 0 for large
x. Hence,

e−g2(x,+1)(Beg2)(x,+1) = U′(x)
[

α2 + β
U′′(x)
U′(x)

]
∼ U′(x)α2 → −∞, x → −∞.

For v = −1, the argument is analogous and we omit the details; this concludes
the treatment of g2.

We now consider g1. For v = +1,

e−g1(x,+1)(Beg1)(x,+1) = α1V′(x) + βU′′(x) + max(U′(x), 0)
[
e−2vβU′(x) − 1

]
.

In the limit x → +∞, U′(x)→ +∞ and V′(x)/U′(x)→ 0 by (C.2). It follows that

e−g1(x,+1)(Beg1)(x,+1) = α1V′(x) + βU′′(x) + U′(x)
[
e−2vβU′(x) − 1

]
= U′(x)

[
α1

V′(x)
U′(x)

+ β
U′′(x)
U′(x)

+ e−2βU′(x) − 1
]

∼ −U′(x)→ −∞, x → +∞.

For x → −∞, similar to the computations for g2,

e−g1(x,+1)(Beg1)(x,+1) = α1V′(x) + βU′′(x)

= V′(x)
[

α1 + β
U′′(x)
V′(x)

]
→ −∞, x → +∞,

since U′′/V′ → 0 by (C.3) and V′ → −∞ by (C.1). The case v = −1 can be handled
using similar arguments.

The preceding computations conclude the verification of Condition (A.4). We
are left with verifying the mixing property (A.5).

Let ν1, ν2 ∈ Pc(E). Then there exists a compact set K ⊆ E with ν1(K) =
ν2(K) = 1. To show that (A.5) holds, we must find T, M > 0 and ρ1, ρ2 ∈ P([0, T])
such that for all A ∈ B(E),∫ T

0

∫
E

P(t, y, A) dν1(y)dρ1(t) ≤ M
∫ T

0

∫
E

P(t, y, A) dν2(y)dρ2(t).
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By Fubini’s theorem, it is sufficient to prove that for any points y1 ∈ supp(ν1) and
y2 ∈ supp(ν2), ∫ T

0
P(t, y1, A) dρ1(t) ≤ M

∫ T

0
P(t, y2, A) dρ2(t), (4.24)

with ρ1, ρ2, T, M independent of y1, y2. To that end, let K ⊆ E be a compact set
containing the support of both ν1 and ν2. Without loss of generality, we can take K
of the form KR × {±1}, where KR is a closed interval. For t1 > 0, let K(t1) be the
set of points that the zig-zag process with speed one can reach in the time interval
[0, t1] when starting in K:

K(t1) = {y ∈ E : distE(y, K) ≤ t1} .

We prove the inequality (4.24) for arbitrary points y1, y2 ∈ K, using the following
two steps; in what follows we set µ = Leb⊗Unif±1.

(i) For any t1 > 0 and with ρ1 the uniform distribution over [0, t1], there is a
positive constant CK,t1 depending only on K and t1 such that for any T > t1,
we have∫ T

0
P(t, y1, A) dρ1(t) ≤ CK,t1 · µ (A ∩ K(t1)) , for all A ∈ B(E),

with µ as the reference measure on B(E).

(ii) There exist positive constants T > 0 and C′K,T such that with ρ2 the uniform
distribution over [0, T], we have∫ T

0
P(t, y2, A) dρ2(t) ≥ C′K,T · µ (A ∩ K(t1)) , for all A ∈ B(E).

Suppose (i) and (ii) hold. Then the estimate (4.24) also holds, with M = CK,t1 /C′K,T ,
some t1 < T.

To verify (i), note that the measure

µy1(A) =
∫ T

0
P(t, y1, A) dρ1(t)

is absolutely continuous with respect to µ = Leb⊗Unif±1 and its density is uni-
formly bounded in K. Now (i) follows since P(t, K, A) = 0 whenever A ∩ K(t1) =
∅ and t ≤ t1.

Next, we use Lemma 8 of [BRZ19] to show (ii). To that end, recall that a tuple
(y, y′) in E× E is called reachable if there exists an admissible path from y to y′.
By Theorem 4 of [BRZ19], any two points are reachable as long as the potential U
has at least one non-degenerate local minimum (which is trivially satisfied on R

under our assumptions) and satisfies U ∈ C3(R).
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By Lemma 8 in [BRZ19], for any two points ya = (xa, va) and yb = (xb, vb) in
E, there are open neighborhoods Uya of xa and Uyb of xb, a time interval (t0, t0 + ε]
and a constant c > 0 such that for all x′a ∈ Uya and t ∈ (t0, t0 + ε],

P
(
t, (x′a, va), AR × {vb}

)
≥ c Leb(A ∩Uzb), for all AR ∈ B(R).

The spatial part of K×K(t1) can be covered by open squares associated to all pairs
of start and final points ya and yb, with ya ∈ K and yb ∈ K(t1), as

KR × K(t1)R ⊆
⋃

(ya ,yb)

Uya ×Uyb ,

where each Uy is an open interval in R. By compactness, there exists a finite
subcover by open squares Uyi

a
×Uyi

b
corresponding to pairs (yi

a, yi
b),

KR × K(t1)R ⊆
N⋃

i=1

Uyi
a
×Uyi

b
.

Thereby, the set K× K(t1) ⊆ E× E is covered as

K× K(t1) ⊆
N⋃

i=1

[(
Uyi

a
× {±1}

)
×
(

Uyi
b
× {±1}

)]
.

Hence for each z = (x, v) ∈ K, there are finitely many open sets Uyi
b

covering

K(t1)R, with corresponding constants ci, ti, εi such that for all t ∈ (ti, ti + εi],

P(t, y, AR × {vi
b}) ≥ ciLeb(AR ∩Uzi

b
), for all AR ∈ B(R). (4.25)

For any A = AR × A± ∈ B(E), write

A+ := A ∩ (R× {+1}),
A− := A ∩ (R× {−1}).

Then with T > 0 large enough for all intervals (ti, ti + εi] to be contained in [0, T],
taking ρ2 = Unif([0, T]), for any z ∈ K it holds that

∫ T

0
P(t, y, A) dρ2(t) ≥

∫ T

0
P(t, y, A)∑

i
1(ti ,ti+εi ]

(t) dρ2(t)

=
1
T ∑

i

∫ ti+εi

ti

[
P(t, y, A+) + P(t, y, A−)

]
dt.

In each time interval (ti, ti + εi], at least one transition probability is bounded
from below as in (4.25), while the other one can be bounded from below by zero.
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Thereby, ∫ T

0
P(t, y, A) dρ2(t) ≥

1
T ∑

i
εi · ci · Leb(AR ∩Uyi

b
)

≥ 1
T

min
i
(εici)∑

i
µ
[

A ∩ (Uyi
b
× {±1})

]
≥ 1

T
min

i
(εici) · µ

[
A ∩

⋃
i

(
Uyi

b
× {±1}

)]

≥ 1
T

min
i
(εici) · µ [A ∩ K(t1)] ,

where the last inequality follows from K(t1) being covered by the Uyi
b
× {±1}.

Hence (ii) follows with C′K,T = mini(εici)/T.
This finishes the verification of Condition (A.5), and thereby the proof of The-

orem 4.3.4.

4.4.3 Derivation of the explicit form of the rate function

Here we prove the results described in Section 4.3.3. Recall that the state space is
now taken as E = T× {±1}.

Suppose µ is absolutely continuous with respect to ν0 and write dµ
dν0

(x, v) =

ρ(x, v) for the Radon-Nikodym density of µ with respect to ν0, where ρ is assumed
to be absolutely continuous. Define a mapping H : D+(L)→ R by

H(u) :=
∫

E

Lu
u

dµ = ∑
v∈{−1,+1}

∫
T

Lu
u
(x, v)ρ(x, v) dx. (4.26)

We compute

H(u) =
∫

T

{
d log u+

dx
+ λ+

(
u−

u+
− 1
)}

ρ+ dx

+
∫

T

{
−d log u−

dx
+ λ−

(
u+

u−
− 1
)}

ρ− dx

=
∫

T

{
− log u+ dρ+

dx
+ λ+ρ+

(
u−

u+
− 1
)}

dx

+
∫

T

{
log u−

dρ−

dx
+ λ−ρ−

(
u+

u−
− 1
)}

dx. (4.27)

Lemma 4.4.5. Suppose ρ ∈ C(E) is absolutely continuous and satisfies

ν0

{
dρ+

dx
6= dρ−

dx

}
> 0.

Then infu∈D+(L) H(u) = −∞.
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Proof. Let u+
t (x) = u−t (x) = exp

(
−t
{

dρ+

dx
− dρ−

dx

})
. From (4.27) it follows that

H(ut) = −t
∫

T

(
dρ+

dx
− dρ−

dx

)2

dx.

Now let t→ ∞.

Lemma 4.4.6. Suppose ρ ∈ C(E) is absolutely continuous and dρ+

dx = dρ−

dx for all x ∈ T.
Then I admits the representation

I(µ) = − inf
η∈C(T)

∫
T

{
−ρ′η + λ+ρ+(exp(−η)− 1) + λ−ρ−(exp(η)− 1)

}
dx.

(4.28)

Proof. Write ρ′ := dρ+

dx , and note that by our assumption ρ′ = dρ−

dx . By (4.27) we
may write

H(u) =
∫

T

{
− log

(
u+/u−

)
ρ′ + λ+ρ+(u−/u+ − 1) + λ−ρ−(u+/u− − 1)

}
dx.

We see that only the ratio u+/u− determines the value of H(u). To any choice of
u ∈ D+(L) we may associate η = log u+ − log u− ∈ C1(T), and correspondingly,
to any η ∈ C1(T) we can associate u ∈ D+(L) by letting

u+(x) = exp( 1
2 η(x)), u−(x) = exp(− 1

2 η(x)), x ∈ T.

By the continuous dependence of H on η, and the fact that C1(T) is dense in C(T),
we obtain the stated representation of I(µ).

Lemma 4.4.7. Suppose ρ ∈ C1(E) and dρ+

dx = dρ−

dx for all x ∈ T. Furthermore suppose
λ−λ+ρ−ρ+ > 0 on T, and λ± are continuous. Then I is given by (4.7).

Proof. Differentiating the integrand in (4.28) pointwise with respect to η gives the
first order condition

−ρ′ − λ+ρ+ exp(−η) + λ−ρ− exp(η) = 0,

which is solved uniquely by

η = 1
2 log

(
λ+ρ+

λ−ρ−

)
+ arcsinh

(
ρ′

2
√

λ+λ−ρ+ρ−

)
,

as long as λ−λ+ρ−ρ+ 6= 0. Furthermore η ∈ C(T) by the conditions on λ and ρ.
The second order derivative with respect to η is given by

λ+ρ+ exp(−η) + λ−ρ− exp(η) ≥ 0,

which shows that the critical value of η corresponds to a pointwise global mini-
mum of the integrand.
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Proof of Proposition 4.3.5 The result for unequal derivatives is a consequence of
Lemma 4.4.5, and the expression in case of equality follows from Lemma 4.4.7.

Proof of Proposition 4.3.6. We inspect the dependence of the various terms in the in-
tegrand of the expression (4.7) I(µc) on c. For the first term, interchanging integral
and derivative,

d
dc

∫
T

ρ′ log
(

λ+(ρ + c)
λ−(ρ− c)

)
dx =

∫
T

ρ′
(

1
ρ + c

+
1

ρ− c

)
dx

=
∫

T

d
dx

(log(ρ + c) + log(ρ− c)) dx = 0.

The following terms (i.e. the arcsinh and the square root) in the expression for
I(µc) are decreasing with respect to the value of ρ+ρ− = ρ2 − c2. It follows that
the integrands are minimized at c = 0. Finally, we have that∫

T
(λ+ρ+ + λ−ρ−) dx =

∫
T

{
(λ+ + λ−)ρ + c(λ+ − λ−)

}
dx.

The linear term in c vanishes since
∫

T
{λ+ − λ−} dx =

∫
T

U′ dx = 0. It follows
that c = 0 minimizes c 7→ I(µc). The stated expression for I(µ0) is obtained after
a manipulation of (4.7).



Chapter 5

Large Deviations in Stochastic
Slow-Fast Systems

5.1 Stochastic slow-fast systems—two time scales

Our focus in this chapter lies on stochastic systems with two time scales. In
various stochastic problems arising for instance in atmospheric models [BNT13,
BGTVE16], hydrodynamic limits [KL98], genetic networks [CDR09], and statis-
tical physics [dMP91, CDP12], we can identify slow and fast components in the
system. The distinction of slow and fast components in a system is based on the
observation of different time scales: the fast components converge to their equilib-
rium state at a much shorter time scale at which the slow components have hardly
evolved. As a consequence, the slow components evolve approximately under the
averaged effect of the fast components. This observed separation of time scales
motivates the term slow-fast system. In a stochastic framework, slow-fast systems
are frequently modelled by Markov processes that consist of two components,
where one component models the slow variables and the other component the
fast variables.

A valid approximation of the slow components by averaging over the fast com-
ponents is also known as the averaging principle [FW84]. Establishing an averaging
principle in stochastic models has the benefit of rigorously reducing the complex-
ity and leading to simpler models. In stochastic models, this transition from the
full system to an approximation via averaging can be justified by the law of large
numbers, as demonstrated for instance by Ball, Kan, Kurtz, Popovic and Rem-
pala for the example of reaction networks [BKPR06, KK13, KKP14]. Freidlin and
Koralov proved averaging in quasi-linear parabolic PDEs [FK12], and recently in-
vestigated averaging in a slow-fast system whose fast process admits multiple
stationary measures [FK20].

However, the approximation via an averaged evolution is only valid in the

145
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limit of infinite time-scale separation. In order to estimate the approximation er-
ror, many efforts have therefore concentrated on establishing finer asymptotic re-
sults. An example of such an asymptotic result is a pathwise large deviation prin-
ciple of the slow component as the time-scale separation tends to infinity. Verify-
ing such a large deviation principle is interesting for various reasons. If a large de-
viation principle is verified for the slow component, then we know the error of the
average-approximation to vanish exponentially fast as a function of the time-scale
separation. Furthermore, the exponential convergence rate is explicitly known as
the so-called large-deviation rate function, which in many situations can be cal-
culated. In the context of multiscale diffusions, Dupuis, Spiliopoulos and Wang
show how the large-deviation rate function can be used to design Monte-Carlo for
estimating rare-event probabilities [DSW12]. The rate function is also the crucial
ingredient for characterizing the rare-event behaviour of the system [BD19, Theo-
rem 1.4]. Vanden-Eijnden introduced numerical methods for systems with multi-
ple time scales that do not require to derive the limiting effective equations [VE03],
and further investigated numerical schemes with Fatkullin [FVE04] and Weinan
and Liu [WLVE05, WLVE07]. We also refer to the monographs of Berglund and
Gentz [BG05], Kuehn [Kue15, Chapter 15] and Pavliotis and Stuart [PS08] for more
background on both stochastic and deterministic multiscale systems.

Establishing the large deviation principles in slow-fast systems is usually a del-
icate enterprise, and there has been vivid activity during the last decades to em-
bark on that journey. In their monograph on random perturbations [FW84, Chap-
ter 7], Freidlin and Wentzell prove large deviations for several examples where
a process is perturbed by a fast process. The two processes are assumed to be
weakly coupled in the sense that either the fast process evolves independently of
the slow process, or the fast process has a deterministic diffusion coefficient, or
the slow process is deterministic. Lipster and Veretennikov also consider a slow
diffusion process whose coefficients are coupled to an independent fast diffusion
process [Lip96, Ver00], and Veretennikov allows for a weak coupling between dif-
fusions in [Ver99], similar to Freidlin and Wentzell. For coupled diffusions where
the fast diffusion coefficient is indepedent of the slow process, Feng and Kurtz of-
fer a proof based on Hamilton-Jacobi theory [FK06, Section 11.6, Lemma 11.60 (1)].
Kifer studies ODE’s coupled to fast diffusions [Kif92a, Kif09]. Bouchet, Grafke,
Tangarife and Vanden-Eijnden [BGTVE16] complement this study by specifying
the ODEs to concrete examples in order to calculate the Hamiltonians, thereby
obtaining a more explicit rate function.

Puhalskii studies fully coupled slow-fast diffusions [Puh16] by building up on
Lipster’s method of considering the joint distribution of the slow process and the
empirical measure of the fast process [Lip96]. Spiliopoulos proves large devia-
tions on the path level, and provides importance-sampling schemes for coupled
diffusions [Spi13]. Feng, Fouque and Kumar prove large deviations for the time
marginals of a slow diffusion process coupled to fast diffusions [FFK12], and Ghili
provides a generalization of their results [Ghi18].
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More recently, fast components modelled by jump processes attracted more
interest in the large-deviation context. He and Yin couple diffusions to fast jump
processes [HY14], considering different scaling regimes of the time-scale sepa-
ration. Similar in spirit to Puhalskii’s paper, Huang, Mandjes and Spreij apply
Lipster’s idea from [Lip96] to prove large deviations of a slow diffusion process
coupled to an independent fast jump process, by first proving joint large devia-
tions of the slow process and the empirical measure process, and then using the
contraction principle [HMS16]. Bressloff and Faugeras start from large-deviation
results and derive action-integral representations via contraction [BF17]. Budhi-
raja, Dupuis and Ganguly [BDG18] proof process-level large deviations of a slow
diffusion process and fast jumps, with fully-coupled components. The rate func-
tions are characterized via an optimal control problem, involving the empirical
measure of the fast variable. Popovic and Kumar [KP17] tackle the general case
where both slow and fast components are mixed jump-diffusion processes. They
show that under the assumption of well-posedness of a certain Hamilon-Jacobi
equation, the one-dimensional time marginals satisfy large deviations.

Despite the enormous interest and the huge literature on the topic of slow-fast
systems, the important class of physical models of mean-field interacting parti-
cles described by jump processes on a finite state space has not been treated so
far in the context of slow-fast systems. These Markovian jump models are fre-
quently consulted as approximations to physical models describing certain non-
equilibrium phenomena, such as spin dynamics. An overview involving different
spin models is offered for instance by Martinelli [Mar99]. A typical example is
the Glauber dynamics in Ising-models and Potts-models describing ferromagnets.
Other fields of applications include communication networks [AFRT06], game
theory with models involving a large number of agents [GMS10], and chemical
reactions [MPPMR17].

There is very recent activity in the study of Markovian mean-field jump pro-
cesses from a large-deviation perspective. Dupuis, Ramanan and Wu prove large
deviations of the empirical densities [DRW16], the clue being to allow for more
than one jump simultaneously. In another paper with Fischer, they investigate the
stability of the nonlinear limit evolution equation of the particle system by con-
structing Lyapunov functions from relative entropies [BDFR15]. Renger proves
large deviations of density-flux pairs of non-interacting particles exploiting Gir-
sanov transformations [Ren17], which Kraaij extended to include weak interac-
tions [Kra17]. Bertini, Chetrite, Faggionato, and Gabrielli consider a mean-field
system with deterministic time-periodic rates [BCFG18], and prove large devia-
tions in the large number of particles limit. Budhiraja and Wu also consider mod-
erate deviations [BW17].

In our work, we contribute to these very recent studies by proving dynamic
large deviation principles in mean-field interacting particles coupled to fast ex-
ternal processes. In general, the main methods used in the literature to prove
large deviations in slow-fast systems are the weak-convergence method ([BD19]),
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classical techniques based on Girsanov transformations, and the method based
on convergence of nonlinear generators and Hamilton-Jacobi Theory [FK06]. De-
spite the interest in mean-field systems, there are few results illuminating the
large-deviation behaviour of mean-field particles from a Hamilton-Jacobi point
of view. A system of interacting diffusions is considered in [FK06, Chapter 13].
Feng, Mikami and Zimmer extend the methods therein to prove the comparison
principle for equations involving Hamiltonians that arise in this context [FMZ19].
Moreover, proofs about large deviations in coupled systems, like slow-fast sys-
tems, assume well-posedness of the comparison principle rather than verifying
the comparison principle. The main novelties presented here are the following:

• We provide a general set of conditions under which we prove pathwise large
deviations of slow components in slow-fast systems via Hamilton-Jacobi
equations. The conditions allow for irreversible fast processes.

• We find Lagrangian rate functions. Next to the standard characterization of
the Lagrangian in terms of the dual of a principal eigenvalue, we establish a
characterization in terms of a double-optimization.

• As our main example, we treat density-flux large deviations of mean-field
interacting particles on a finite state space coupled to fast drift-diffusion pro-
cesses on a compact periodic space. This example requires arguments that
are different from those currently available in the literature. We derive an
averaging principle from the large deviation principle.

• The large-deviation results apply to small-diffusion processes coupled to
fast jump processes. This solves a challenge pointed out by Budhiraja, Dupuis
and Ganguly in [BDG18], which is the fact that in slow-fast systems, classical
results about comparison principles are not applicable due to the Hamilto-
nians having poor regularity properties.

Overview of this chapter. In Section 5.2, we treat two toy examples of stochas-
tic slow-fast systems. The first toy example shows how fast variables affect the
large-deviation behaviour of the slow variables. The second toy example illus-
trates the characterization of the Lagrangians in terms of a double-optimization,
and it’s connection to averaging principles. The examples provide the necessary
background to have in picture in mind for the general results that follow.

In Section 5.3, we state our main results: a general large-deviation theorem for
slow components in a slow-fast system (Theorem 5.3.5), an action-integral form
of the rate functions (Theorem 5.3.6), a large-deviation theorem for mean-field
interacting particles coupled to a fast diffusion process (Theorem 5.3.10), and an
application of the large deviation principle to the averaging principle for mean-
field systems (Theorem 5.3.12). In Section 5.4 we collect the assumptions for the
general large-deviation results. The remaining sections contain the proofs.
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5.2 Two toy examples

5.2.1 Fastly-varying diffusion

We start from the large deviation principle of a small-diffusion process. Then we
couple this process to a fast process to illustrate a slow-fast system.

Single component. For fixed n ∈ N and a fixed positive constant σ > 0, con-
sider the stochastic process Yn

t ∈ R solving

dYn
t =

1√
n

σ · dBt, Yn(0) = 0.

We call the constant σ the diffusion coefficient, and Bt denotes Brownian motion
in R. By Schilder’s Theorem ([DZ98, Theorem 5.2.3]), the process Yn

t satisfies a
pathwise large deviation principle in the small-diffusion limit n → ∞. The rate
function is given by (see also Section 2.5 in Chapter 2)

J(y) =
∫ ∞

0

1
2a
|∂ty(t)|2 dt, a := σ2.

This corresponds to the HamiltonianH(p) = ap2/2.

Slow-fast system. To transition from the single-component process to a slow-
fast system, we pass from the constant diffusion coefficient to a switching diffu-
sion coefficient. The switching times depend on a jump process Zn

t flipping be-
tween ±1. The slow-fast system is defined as a two-component process (Xn

t , Zn
t ),

where the first component evolves according to

dXn
t =

1√
n

σ (Zn
t )dBt, Xn(0) = 0.

The jump process evolves independently of the diffusion Xn
t . In between the jump

times of Zn
t , the dynamics of Xn

t is just the dynamics of the process Yn
t from above,

where depending on the value of the second component Zn
t , the diffusion constant

is either given by σ− := σ(−1) or by σ+ := σ(+1). To model the time-scale
separation, we take Zn

t to evolve with jump rates given by rn(−1,+1) = n · r−
and rn(+1,−1) = n · r+ for some fixed r± > 0. In this two-component process, Xn

t
is the slow and Zn

t is the fast component.

The typical questions we ask about such a slow-fast system are: does the
slow component satisfy a pathwise large deviation principle? How does the de-
pendence on Zn

t affect the large-deviation behaviour? In this toy example, both
questions can be answered explicitly. The first question is answered by the fact
that the slow component Xn

t indeed satisfies pathwise large deviations with some
rate function J±. The second question is answered by describing this rate func-
tion. As in the single-component version, the rate function is of action-integral
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form. The Lagrangian is the Legendre-Fenchel transform L±(v) of a Hamiltonian
H± : R→ R. However, due to the fast jump process, the Hamiltonian is no longer
quadratic, but given by

H±(p) =
p2

4
(a+ + a−)−

1
2
(r+ + r−)

+
1
2

√
(r+ + r−)2 + p2(a+ − a−)(r− − r+) +

1
4

p4(a+ − a−)2, (5.1)

where a± := σ2
±. This Hamiltonian is the principal eigenvalue of the matrix

M(p) =
p2

2

(
a− 0
0 a+

)
+

(
−r− r−
r+ −r+

)
.

v v

L(v)/L±(v)

σ2
+

L(v)

L±(v)

Figure 5.1: In blue the quadratic Lagrangian with a constant σ > 0. In red the Lagrangian
of with flipping between two values σ± with σ− = σ and σ+ > σ−. In the right graph the
quotient L/L±.

If the diffusion coefficients are equal, then a+ = a−, and we recover the above
quadratic Hamiltonian for the small diffusion limit. If the diffusion coefficient
is flipping between two values σ± with σ+ > σ−, then asymptotically, the exit
probabilities

P [Xn(T) ≥ C] ∼ e−nTL±(C/T), n→ ∞,

are larger. This is illustrated in Figure 5.1, which depicts the fact that the La-
grangian L± is smaller with flipping than without flipping, provided σ = σ−
and σ+ > σ−. Indeed, one can verify for instance the estimate

σ2
+

1
1 + σ2

+/v2
≤ [L(v)/L±(v)] ≤ σ2

+.
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In this very specific example, the fast variable does not influence the law of large
number limit: in both cases, uncoupled or coupled, the deterministic limit of the
small-diffusion process is the path constant equal to zero. While in this simpli-
fied toy example, we can find an explicit formula for the Hamiltonian, this is no
longer the case in more complicated systems. However, also in more involved sys-
tems the large-deviation behaviour is goverened by a principal-eigenvalue prob-
lem derived from the slow-fast system—see Section 5.5. We close this example by
formally deriving H±(p) from the generators Ln of (Xn, Zn),

Ln f (x, z) =
1

2n
σ(z)2∆x f (x, z) + n · r(z, z′)( f (x, z′)− f (x, z)), z′ := (−1) · z.

The nonlinear generators Hn f = n−1e−n f Lnen f are given by

Hn f (x, z) =
1

2n
σ(z)2∆x f +

1
2

σ(z)2|∇x f |2 + r(z, z′)
[
en( f (x,z′)− f (x,z)) − 1

]
.

Consider functions of the form gn(x, z) = g(x) + n−1 ϕ(z) to take the scale sepa-
ration into account. Then

Hngn(x, z) n→∞−−−→ Hg,ϕ(x, z) :=
1
2

σ(z)2|∇g(x)|2 + r(z, z′)
[
eϕ(z′)−ϕ(z) − 1

]
.

We want this limit to be independent of the fast variable z. We fix x, and thereby
also p = ∇g(x). By Perron-Frobenius type results, there exists a unique eigen-
value λ(p) ∈ R and a vector ϕ = (ϕ(−), ϕ(+)) such that

1
2

σ(z)2 p2 + r(z, z′)
[
eϕ(z′)−ϕ(z) − 1

]
= λ(p).

This eigenvalue λ(p) is precisely the Hamiltonian H±(p) = λ(p), and its explicit
formula is (5.1) from above.

5.2.2 Fastly-alternating drifts

We slightly vary the previous toy example to illustrate how the Lagrangians in
form of a double-optimization provide us with a convenient tool to connect the
large-deviation results to the averaging principle.

Single component. For fixed u ∈ R and n ∈N, consider

dYn
t = u dt +

1√
n

dBt, Yn(0) = 0.

Then {Yn}n=1,2,... ∈ CR[0, ∞) (equipped with the Skorohod topology) satisfies a
large deviation principle by the Freidlin-Wentzell Theorem, with rate function

J(y) =
∫ ∞

0

1
2
|∂ty(t)− u|2 dt.

In particular, the limit of Yn as n→ ∞ is the path with constant velocity u.
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Slow-fast system. We consider the same setting as above, but let the velocity flip
fastly between two values u+, u− ∈ R. As in the previous toy example, this means
we introduce a jump process Zn on {−1,+1} and consider the two-component
process (Xn, Zn), where Xn follows the dynamics

dXn
t = u(Zn

t )dt +
1√
n

dBt, Xn(0) = 0,

with u(±1) = u±. The jump process Zn evolves independently of Xn, with the
same jump rates of order n as in the first toy example. Let π = π−δ− + π+δ+
be the stationary measure of Zn. Since Zn equilibriates fastly, we expect Xn to
converge to the path x with constant average velocity u = u−π− + u+π+. This
statement is an example of the averaging principle.

Let us see how to obtain the averaging principle from a large-deviation per-
spective. Here, we argue heuristically:

(a) The jump process Zn equilibriates exponentially fast at π with speed n,

P

(∫ 1

0
1Zn(t)(·)dt ≈ µ(·)

)
∼ exp{−nI(µ)}, n→ ∞,

with the Donsker-Varadhan functional I : P({−1,+1})→ [0, ∞)

I(µ) = sup
ξ∈R2

[
r−µ−(1− eξ+−ξ−) + r+µ+(1− eξ−−ξ+)

]
,

and I(µ) = 0 if and only if µ = π.

(b) Suppose that Zn remains stationary at law π. Then Freidlin-Wentzell large
deviations suggest that for large n,

P (Xn ≈ x | law(Zn) = π)

∼ exp
{
−n

∫ ∞

0

[
1
2
|∂tx(t)− u−|2π− +

1
2
|∂tx(t)− u+|2π+

]
dt
}

.

When taking the limit n → ∞, both the convergence of Zn to equilibrium and
the convergence of Xn to a path with constant velocity are competing at the same
scale or order n. Therefore both effects contribute to the probabilistic cost when
computing the rate function of the slow component deviating from its most likely
path. To observe a velocity v of the process Xn(t) in a small time-window [t, t +
∆t), three events can contribute: the fast process is distributed as µ (instead of π);
while Zn is in state −1, the slow component’s velocity is v− (instead of u−);
while Zn is in state +1, the slow component’s velocity is v+ (instead of u+). The
only condition for observing v is v = v−µ− + v+µ+. Since the winner takes it all,
the rate L(v) is obtained by optimizing over µ, v−, v+, and taking into account the
cost of each event:

L(v) = inf
µ,v− ,v+

v−µ−+v+µ+=v

1
2
|v− − u−|2µ− +

1
2
|v+ − u+|2µ+ + I(µ). (5.2)
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When specializing Theorem 5.3.6 to this example, we find that Xn satisfies path-
wise large deviations with rate function J with this Lagrangian,

J(x) =
∫ ∞

0
L(∂tx(t))dt.

This is an instant of a general principle expressed by Theorem 5.3.6, where we
prove this double optimization to hold under the same conditions under which
we prove large deviations.

We close this example by deriving the averaging principle from this rate func-
tion. As a consequence of the large deviation principle, Xn → x almost surely,
where J(x) = 0 (Theorem 1.2.2). Hence L(∂tx(t)) = 0 with the Lagrangian (5.2).
Since all three terms in the Lagrangian are non-negative, each term must van-
ish. Thus (µ, v−, v+) = (π, u−, u+) is the optimizer in this case, and we must
have ∂tx(t) = u−π− + u+π+.

5.3 Main results

5.3.1 Preliminaries

For a Polish space E, we denote by C(E) and Cb(E) the spaces of continuous and
bounded continuous functions respectively. If E ⊆ Rd then we denote by C∞

c (E)
the space of smooth functions that vanish outside a compact set in E. We denote by
C∞

cc(E) the set of smooth functions that are constant outside of a compact set, and
by P(E) the space of probability measures on E. We equip P(E) with the weak
topology, that is, the one induced by convergence of integrals against bounded
continuous functions.

We consider Markov processes defined via solutions to the martingale problem
of a linear operator A : D(A) ⊆ Cb(E) → Cb(E). We write X := DE[0, ∞) for
the Skorokhod space of trajectories that are right-continuous and have left limits,
equiped with its usual topology [EK86, Section 3.5].

Definition 5.3.1. Let µ ∈ P(E). We say that a measure P ∈ P(X ) solves the
martingale problem for (A, µ) if for all f ∈ D(A) the process

M f (t) := f (X(t))− f (X(0))−
∫ t

0
A f (X(s))ds

is a martingale with respect to the filtration t 7→ Ft := {X(s) | s ≤ t}, and if the
projection of P on the time 0 coordinate equals µ. We say that P ∈ P(X ) solves the
martingale problem for A if it solves the martingale problem for (A, µ) for some
starting measure µ. We say that the process {X(t)}t≥0 on X solves the martingale
problem for A if its distribution solves the martingale problem. A martingale
problem is well-posed if there exists a unique solution to the martingale problem
for each starting measure.
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5.3.2 Setting of slow-fast systems

Here we introduce stochastic slow-fast systems as certain two-component Markov
processes (Yn

t , Zn
t ), where the first component corresponds to the slow process,

the second to the fast process. To incorporate the feature of being slow-fast, we
include a scaling parameter rn that introduces a separation of time-scales for the
two processes.

We first fix the state space of a slow-fast system. To focus only on the features
that arise due to the coupling of slow and fast variables, we will assume that
the fast process Zn

t takes values in a compact Polish space F. This compactness
assumption, as well as the fact that F does not depend on n, can both be relaxed
at the cost of more but non-trivial technicalities (e.g. [Ghi18]). Furthermore, for
each n = 1, 2, . . . , the slow process Xn

t takes values in Polish spaces En such that
ηn(En) ⊆ E ⊆ Rd, where ηn : En → E is a continuous embedding and E is a Polish
space as well. We assume that E is contained in the Rd-closure of its Rd-interior,
which ensures that gradients of functions on E are determined by the values of
the function in E. The setting of the state spaces is summarized in the following
basic condition.

Condition 5.3.2 (Basic condition on the state spaces En and F). The state space F
is a compact Polish space. The state spaces En are Polish spaces that are asymp-
totically dense in E ⊆ Rd with respect to continuous embeddings ηn : En → E;
that means for any x ∈ E, there exist xn ∈ En such that ηn(xn) → x as n → ∞.
Furthermore, suppose that for each compact K ⊆ E the set η−1

n (K) is compact in
En and that there exists a compact set K̂ ⊆ E such that

K ⊆ lim inf
n

η−1
n (K̂).

The last condition means that for every compact K ⊆ E there is a compact set
K̂ ⊆ E such that for all x ∈ K there is an increasing map k : N → N and xk(n) ∈
η−1

k(n)(K̂) such that limn ηk(n)(xk(n)) = x.

We consider two-component processes (Yn
t , Zn

t ) defined by generators that de-
compose into slow and fast parts in the following sense.

Definition 5.3.3 (Generator of slow-fast system). We say that a sequence of linear
operators An : D(An) ⊆ Cb(En × F) → Cb(En × F) corresponds to a slow-fast
system if An is given by

An f (y, z) := Aslow
n,z f (·, z)(y) + rn · Afast

n,y f (y, ·)(z), (5.3)

where rn is a sequence of positive real numbers such that rn → ∞ and

(i) for each z ∈ F and n = 1, 2, . . . , there is a generator

Aslow
n,z : D(Aslow

n ) ⊆ Cb(En)→ Cb(En)

of an En-valued Markov process Yn
t . The domain of Aslow

n,z is independent of
z, denoted by D(Aslow

n ). For f ∈ D(An), we have f (·, z) ∈ D(Aslow
n ).
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(ii) For each y ∈ En, there is a generator

Afast
n,y : D(Afast) ⊆ C(F)→ C(F)

of a Markov process on F. The domain is independent of n and y, denoted
by D(Afast). For f ∈ D(An), we have f (y, ·) ∈ D(Afast).

The sequence of positive numbers rn models the time-scale separation of the
two processes. The fast component runs at a time scale of order rn compared to
the slow component. In the law of large number limit, the time separation tends
to infinity.

For a sequence of slow-fast systems constructed form operators An defined as
above, we make the following well-posedness assumption regarding solvability
of the associated martingale problem.

Condition 5.3.4 (Well-posedness of martingale problem). Consider a slow-fast
system constructed from operators An as in Definition 5.3.3. For each n ∈ N

and each initial distribution µ ∈ P(En × F), existence and uniqueness hold for
the (An, µ)-martingale problem on the Skorohod-space DEn×F[0, ∞). Denote the
Markov process solving the martingale problem by (Yn(t), Zn(t)). The mapping
(y, z) 7→ Pn

y,z of En × F into P(DEn×F[0, ∞)) is continuous with respect to the
weak topology on P(DEn×F[0, ∞)), where Pn

y,z is the distribution of the Markov
process (Yn(t), Zn(t)) starting at (y, z).

The assumption that (y, z) 7→ Pn
y,z is continuous is equivalent to the fact that

the semigroup of the process (Yn, Zn) is Feller-continuous and that the set {Px,z :
(x, z) ∈ K} is tight for any compact K ⊆ En × F ([FK06, Remark 11.22]. We
assume continuity in order to apply the general large-deviation results established
by Kraaij in [Kra19a].

5.3.3 General large-deviation theorem

We formulate our main result for general slow-fast systems by two theorems. All
assumptions stated in the theorems are collected in Section 5.4. For the large-
deviation result, we consider a sequence of slow-fast systems (Yn

t , Zn
t ) with values

in En× F satisfying Condition 5.3.2. The following theorem establishes conditions
under which slow components Yn

t satisfy a pathwise large deviation principle.
Recall the state spaces En imbedded into E by a continuous map ηn.

Theorem 5.3.5 (Large-deviation principle of slow component). Let (Yn
t , Zn

t ) be
a slow-fast system satisfying the well-posedness Condition 5.3.4. In addition, suppose
that Assumptions 5.4.1, 5.4.2, 5.4.3, 5.4.4 and 5.4.5 are satisfied. Let Xn := ηn(Yn)
and suppose the large deviation principle holds for Xn(0) on E with speed rn and rate
function J0. Then the process Xn satisfies a large deviation principle in DE[0, ∞) with
speed rn and with rate function J given in (5.23) in Section 5.5.
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We prove Theorem 5.3.5 in Section 5.5. The rate function is only implicitly
characterized by the limit of nonlinear semigroups associated to the slow-fast sys-
tem, and is therefore not satisfying. This is why we establish two alternative rep-
resentations of the rate function. These alternative representations establish the
rate function as a time-integral over a Lagrangian, which is why we call it action-
integral representation.

Theorem 5.3.6 (Action-integral representation). In addition to the assumptions of
Theorem 5.3.5, suppose that also Assumption 5.4.6 is satisfied. Then there exists a mapL :
E×Rd → [0, ∞] such that the rate function J from Theorem 5.3.5 is

J(γ) =

{
J0(γ(0)) +

∫ ∞
0 L(γ(s), γ̇(s))ds if γ ∈ AC([0, ∞); E),

∞ otherwise.
(5.4)

The map L : E ×Rd → [0, ∞] admits the two representations specified below in (5.8)
and (5.9).

The proof is given in Section 5.6. The map L is called the Lagrangian. We
characterize the Lagrangian in two ways, as the Legendre-Fenchel transform of a
principal eigenvalue (Eq. (5.7) below), and as an optimization problem (Eq. (5.9)
below). Both characterizations involve a Hamiltonian that we call slow Hamilto-
nian, and the so-called Donsker-Varadhan rate functional. We first describe these
two ingredients, and then give the representations of the Lagrangian.

For fixed z ∈ F, consider the process X̂n
z (t) with generator Aslow

n,z . Intuitively,
this means considering the dynamics when freezing the fast process to z. By our
assumptions, the process X̂n

z (t) satisfies pathwise large deviations,

P
[

X̂n
z ≈ γ(·)

]
∼ exp

{
−n

∫ ∞

0
L̂(γ, ∂tγ, z)dt

}
, n→ ∞,

where the slow Lagrangian L̂ is the Legendre-Fenchel transform of a function that
we call the slow Hamiltonian Vx,p(z), as

L̂(x, v, z) = sup
p

[
p · v−Vx,p(z)

]
.

The slow Hamiltonian Vx,p(z) is derived from the slow generator. For p ∈ Rd and
a function f with ∇ f (x) = p, it satifies

Vx,p(z) = lim
n→∞

1
rn

e−rn f (x)Aslow
n,z ern f (x). (5.5)

We call Vx,p(z) the slow Hamiltonian since it arises from the slow dynamics when
completely decoupling the slow and fast processes, which effectively means to
consider the slow dynamics only.

Vice versa, consider the process Ẑn
x (t) with generator rn · Afast

x . As before, this
intuitively means to consider the slow process frozen to x, and to follow the fast
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dynamics independently of the slow dynamics. The operator Afast
x arises from our

assumptions as the limit of the fast generators Afast
x,n . Under appropriate ergodicity

assumptions, the fast process converges exponentially fast to equilibrium with
speed rn in the sense that for a distribution ν ∈ P(F),

P

[∫ 1

0
1Ẑn

x (t)
(·)dt ≈ ν

]
∼ exp{−rn · I(x, ν)}, n→ ∞.

The map I(x, ·) : P(F) → [0, ∞] is the Donsker-Varadhan functional. In terms of
the limiting fast generator, it is given by

I(x, ν) = − inf
u∈D(Afast

x )
u>0

∫
F

Afast
x u
u

dν. (5.6)

We give more background on this type of convergence in Chapter 4, where we
prove convergence to equilibrium for piecewise-deterministic processes.

The Lagrangian of Theorem 5.3.6 admits two representations in terms of the
slow Hamiltonian Vx,p(z) and the Donsker-Varadhan functional I(x, ν).

Legendre dual of principal eigenvalue. For (x, p) ∈ E×Rd, let H(x, p) be the
principal eigenvalue of the operator Vx,p(·) + Afast

x , meaning there exists a strictly
positive function u : F → (0, ∞) such that (Vx,p(z) + Afast

x )u(z) = H(x, p)u(z).
This HamiltonianH(x, p) admits the variational representation

H(x, p) = sup
ν∈P(F)

{∫
Vx,p(z) ν(dz)− I(x, ν)

}
. (5.7)

The Lagrangian is the Legendre dual

L(x, v) = sup
p∈Rd
〈p, v〉 −H(x, p). (5.8)

Optimization over velocities. The Lagrangian L defined by (5.8) satisfies

L(x, v) = inf
{∫

F
L̂(x, w(z), z) ν(dz) + I(x, ν)

∣∣∣∣ ν ∈ P(F),

w : F → Rd ν-integrable and
∫

F
w(z) ν(dz) = v

}
. (5.9)

We close this section by sketching how (5.9) follows from (5.7) and (5.8). Starting
from the latter, we find by exchanging infimum and supremum that

L(x, v) = sup
p

inf
ν

[
〈p, v〉 −

∫
F

Vx,p dν + I(x, ν)

]

= inf
ν

[
sup

p

∫
F

(
〈p, w〉 −Vx,p

)
dν + I(x, ν)

]
,

for any w averaging to v. Passing the supremum inside the integral gives (5.9).
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5.3.4 Mean-field coupled to fast diffusion

In this section, we provide a large-deviation result for mean-field interacting jump
processes coupled to a fast diffusion process. Concretely, we take the simultane-
ous limit of infinitely many particles and inifinte time-scale separation, and are
interested in the large deviations of the empirical density-flux pairs of the mean-
field system. For formulating the large-deviation result by Theorem 5.3.10 below,
we first introduce the processes Xn

t (Eq. (5.10) below) and Zn
t (Eq. (5.12) below)

independently from one another, and then consider the coupling. We start with
describing the mean-field system.

The slow process: mean-field system. The mean-field system of n particles is
described by n weakly-interacting jump processes on a finite state space. That
means every jump process Yn,i takes values in {1, . . . , q}, for i = 1, . . . , n. We
collect the states of all particles in a vector

Yn(t) := (Yn,1(t), . . . , Yn,n(t)) ∈ {1, . . . , q}n.

Each jump process can jump over an edge (a, b); for the set of directed edges
in {1, . . . , q}, we write Γ =

{
(a, b) ∈ {1, . . . , q}2

∣∣ a 6= b
}

. We assume that only
one particle can jump at a time. The time-evolution of Yn is specified by jump
rates r(a, b) attached to each bond (a, b) ∈ Γ. To incorporate the assumption of
weak interactions, the jump rates are assumped to depend on the configuration of
the particles only via their distribution. More specifically, consider the empirical
density

µn(Yn(t)) :=
1
n

n

∑
i=1

δYn,i(t) ∈ P({1, . . . , q}).

Then the transitions of Yn as a jump process on {1, . . . , q}n are determined by
a family of rates {rn(a, b, µ) : (a, b) ∈ Γ, µ ∈ P({1, . . . , q}}. For fixed µ, the
scalar rn(a, b, µ) ≥ 0 is the rate at which transitions from a to b occur when the
empirical density is in configuration µ. Put differently, if the particles are in con-
figuration Yn(t), then the jump Yn,i(t)→ b of the i’th particle occurs at rate

rn (Yn,i(t), b, µn(Yn(t)) .

Next to the empirical density, we keep track of the number of jumps that occured
over each bond. To that end, let t 7→ Wn,i(t) ∈ NΓ be the process counting the
number of times the i’th particle jumps over each bond,

Wn,i(t)(a, b) := # {0 ≤ s ≤ t | (Xn,i(s−), Xn,i(s)) = (a, b)} .

We regard Wn,i(t) as a random vector taking values in NΓ. The average fluxes
over all bonds are captured by the empirical flux Wn defined as

Wn(t) :=
1
n

n

∑
i=1

Wn,i(t).
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The slow process we are interested in is the pair of empirical density and flux,

Xn
t := (µn(Yn(t)), Wn(t)) ∈ E := P({1, . . . , q})× [0, ∞)Γ, (5.10)

which we will refer to as the density-flux process. We write x for the variables
in E, which are pairs x = (µ, w) of configurations µ ∈ P({1, . . . , q}) and average
fluxes w ∈ [0, ∞)Γ. We identify the probability measures P({1, . . . , q}) with the
simplex in Rq,

{µ ∈ Rq :
q

∑
i=1

µi = 1, µi ≥ 0},

equipped with the Euclidean topology inherited from Rd, so that convergence in
the simplex coincides with weak convergence in P({1, . . . , q}). We also identify
the n-atomic measures Pn := {(1/n)∑n

i=1 δqi : qi ∈ {1, . . . , q}} with the simplex
intersected with (1/n)Zq. We sometimes write µi = µ(i).

Finally, we describe the generator of Xn
t . If µn(Yn(t)) =: µ, then the transi-

tion of a particle from a to b occurs at rate rn(a, b, µ). The number of particles
in state a is n · µ(a). Hence the rate at which the configuration µ transitions to
the configuration µ + (δb − δa)/n is given by n · µ(a) · rn(a, b, µ). Therefore, the
generator Aslow

n : Cb(E)→ Cb(E) of the jump process Xn
t is

Aslow
n f (x) = ∑

a,b;a 6=b
n · µ(a) · rn(a, b, µ) [ f (xn

a→b)− f (x)] , (5.11)

where for a state x = (µ, w) ∈ E, we denote by xn
a→b the state after the jump. Since

after the jump, exactly one particle has changed its state from a to b,

xn
a→b =

(
µ +

1
n
(δb − δa), w +

1
n

δ(a,b)

)
.

The fast process: drift-diffusion. The process Zn
t is a drift-diffusion process on

the flat torus F = Tm, some m ∈ N. While our arguments that concern Zn
t also

hold true on a closed, smooth, compact, connected manifold, we do not consider
this generalization in order to avoid geometric discussions. The generator of Zn

t
is a second-order uniformly-elliptic differential operator given by

Afast
n f (z) =

m

∑
i=1

bi
n(z)∂i f (z) +

m

∑
ij=1

aij
n(z)∂i∂j f (z), (5.12)

where an(z) = σn(z)σn(z)T are symmetric positive-definite matrices and bn(z)
are vector fields. The domain D(Afast) of Afast

n is independent of n and is dense
in C(F). In one dimension, D(Afast) = C2(F), while for any dimension m ≥ 2,
the domain is larger. On functions f ∈ C2(F) however, the action of the generator
is always given by (5.12). For details on the construction of the process from the
operator, we refer to Ikeda’s and Watanabe’s monograph [IW14, Theorem IV.6.1]
and the discussion thereafter.
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The coupled slow-fast system. We described two processes above. First, the
density-flux process Xn

t given in terms of jump rates rn(a, b, µ), whose genera-
tor Aslow

n is a pure jump process on a finite subset of E. Secondly, the drift-
diffusion process Zn

t defined in terms of drifts bi
n(z), diffusion-coefficient matri-

ces σn(z), and the generator Afast
n . In order to obtain a coupled system, we consider

coefficients depending on both slow and fast variables:

(i) The jump rates are in addition z-dependent, rn = rn(a, b, µ, z).

(ii) The drifts and diffusion-coefficients are in addition x-dependent, meaning
bi

n = bi
n(x, z) and σ

ij
n = σ

ij
n (x, z).

The pair (Xn
t , Zn

t ) we want to obtain is an example of coupling a jump process to a
drift-diffusion process. The following regularity condition is imposed in order to
ensure that we obtain a Feller-continuous process (Xn

t , Zn
t ) solving the martingale

problem [YZ09, Theorem 2.1, Section 2.5 and Theorem 2.18].

Condition 5.3.7 (Regularity). For each i, j ∈ 1, n = 1, 2, . . . , we have:

(1) For each x ∈ E, aij
n(x, ·) ∈ C2(F) and bi

n(x, ·) ∈ C1(F).

(2) There is a constant C > 0 such that 〈an(x, z)ξ, ξ〉 ≥ C|ξ|2 for all ξ ∈ TzF and
for all (x, z) ∈ E× F.

(3) For each (a, b) ∈ Γ, the jump rates rn(a, b, µ, z) depend continuously on (µ, z),
and rn(a, b, µ, ·) ∈ C1(F) for each µ ∈ E.

Accordingly, we consider the operators Aslow
n,z and Afast

n,x by replacing the co-
effients in (5.11) and (5.12),

Aslow
n,z g(x) := ∑

a,b;a 6=b
n · µ(a) · rn(a, b, µ, z) [g(xa→b)− g(x)] , (5.13)

Afast
n,x h(z) := ∑

i
bi

n(x, z)∂ih(z) + ∑
ij

aij
n(x, z)∂i∂jh(z). (5.14)

Furthermore, we let the diffusion process run on the time-scale of order n. The
generator An of the couple (Xn

t , Zn
t ) is

An f (x, z) := Aslow
n,z f (·, z)(x) + n · Afast

n,x f (x, ·)(z). (5.15)

We obtained a two-component process (Xn, Zn) ∈ DE×F[0, ∞) with generator An.
The diffusion process Zn is running at a time-scale or order n faster compared to
the density-flux process Xn. Therefore we refer to Zn as the fast process and to Xn

as the slow process.
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Large deviations of the slow component. We take the limit n → ∞ and ask
the following questions: does the density-flux process Xn

t satisfy a large deviation
principle in DE[0, ∞) under the influence of the fast diffusion process Zn? How
exactly does the fast process affect the large-deviation fluctuations of the particle
system? We answer these questions by Theorem 5.3.10.

A large-deviation result can only be expected if the jump rates of the particle
system and the coefficients of the diffusion process converge as n → ∞. We work
under the following convergence assumptions.

Assumption 5.3.8 (Convergence of rates). There is a kernel r = r(a, b, µ, z) such
that for each edge (a, b) ∈ Γ,

lim
n→∞

sup
µ∈Pn

sup
z∈F
|rn(a, b, µ, z)− r(a, b, µ, z)| = 0.

There are constants 0 < rmin ≤ rmax < ∞ such that for all edges (a, b) ∈ Γ
satisfying supµ,z r(a, b, µ, z) > 0, we have

rmin ≤ inf
µ,z

r(a, b, µ, z) ≤ sup
µ,z

r(a, b, µ, z) ≤ rmax.

Assumption 5.3.9 (Convergence of coefficients). For each i, j, there are functions bi

and σij on E× F such that whenever xn = (µn, wn)→ (µ, w), then

‖bi(µ, ·)− bi
n(xn, ·)‖F → 0 and ‖σij(µ, ·)− σ

ij
n (xn, ·)‖F → 0,

where ‖g‖F = supF |g|. The maps µ 7→ σij(µ, ·) are continuous as functions
from P({1, . . . , q}) to C(F) equiped with the uniform norm.

Theorem 5.3.10 (Large deviations of the density-flux process). Let (Xn, Zn) be the
Markov process with generator (5.15). Suppose that Assumptions 5.3.8 and 5.3.9 hold
true and that Xn(0) satisfies a large deviation principle with good rate function J0 : E→
[0, ∞] on E = P({1, . . . , q})× [0, ∞)Γ.

Then {Xn}n=1,2... satisfies a large deviation principle on DE[0, ∞) with good rate
function J given by

J(x) =

{
J0(γ(0)) +

∫ ∞
0 L(γ(t), ∂tγ(t))dt if γ ∈ AC([0, ∞); E),

∞ otherwise,

where the Lagrangian L : E × Rd → [0, ∞] satisfies the two representations shown
below.

As in the general large-deviation result (Theorem 5.3.6), the Lagrangian admits
two characterizations. To fix notation, a path γ : [0, ∞) → E is a time-dependent
pair γt = (µt, wt) ∈ P({1, . . . , q}) × [0, ∞)Γ, where we identify the probability
measures with the simplex in Rq. The set E is a subset of Rd with dimension d =
q + |Γ|.
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We use the terminology from Section 5.3.3 to formulate the Lagrangian in
terms of the following ingredients. The slow Hamiltonian; for (x, p) ∈ E×Rd,

Vx,p(z) = ∑
ab

µar(a, b, µ, z)
[
epb−pa+pab − 1

]
.

The Donsker-Varadhan functional; for x ∈ E,

I(µ, π) = − inf
u>0

u∈C2(F)

∫
F

Afast
µ u
u

dπ,

where Afast
µ u(z) := ∑i bn(µ, z)∂iu(z) + ∑ij aij(µ, z)∂iu(z)∂ju(z). The relative en-

tropy function S(a|b),

S(a | b) :=


b if a = 0,
a log (a/b)− (a− b) if a 6= 0, b 6= 0,
+∞ if a 6= 0, b = 0.

Dual of principal eigenvalue. For (x, v) ∈ E×Rd, the Lagrangian L(x, v) is the
Legendre dual L(x, v) = supp∈Rd〈p, v〉 − H(x, p), where the Hamiltonian is the

principal eigenvalue of (Vx,p + Afast
x ). The Hamiltonian satisfies the variational

formula (5.7) from Section 5.3.3.

Optimizing over velocities. For a path γ : [0, ∞) → E, γ = (µ, w), the La-
grangian L is finite only if ∂tµa = ∑b ∂t(wba − wab). If this is the case, then

L (γ, ∂tγ) = inf
π∈P(F)

inf
u∈Φ(∂tw,π)

 ∑
(a,b)∈Γ

∫
F

S(uab(z) | µar(a, b, µ, z))π(dz) + I(µ, π)

 ,

where Φ(∂tw, π) is the set of measurable functions uab(z) for z ∈ F and (a, b) ∈ Γ
such that

∫
uab(z)π(dz) = ∂twab.

5.3.5 Averaging principles

We discuss the consequences of the pathwise large-deviation theorems.

Mean-field system. We consider the coupled system (Xn, Zn) introduced in Sec-
tion 5.3.4. The pair (Xn, Zn) corresponds to the mean-field interaction particles
coupled to fast diffusions. The density-flux pair Xn = (ρn, wn) of the particle-
system is a stochastic process in DE[0, ∞), where the state space is given by E =
P({1, . . . , q})× [0, ∞)Γ.

If the particles are not coupled to the fast diffusion process, then in the limit of
large numbers, the evolution of the particle density ρn is characterzied as the so-
lution to a nonlinear ODE, which may be regarded as the finite-dimensional ana-
logue of the McKean-Vlasov equation. We formulate the result in terms of freezing
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the diffusion process to a value z ∈ F and the transition-rate matrix R(ρ, z) of a
jump process with rates r(a, b, ρ, z), that is

Rab(ρ, z) = r(a, b, ρ, z) (a 6= b) and Raa(ρ, z) = − ∑
b 6=a

r(a, b, ρ, z).

We write ρR for the vector with components (ρR)a = ∑b ρbRba.

Proposition 5.3.11 (Law of Large Number limit of mean-field interacting parti-
cles). Let Xn = (ρn, wn) be the density-flux process from (5.10) with jump rates given
by rn(a, b, ·, z) for some fized z ∈ F. If the initial density ρn(0) converges in probability to
a distribution µ ∈ P({1, . . . , q}), then ρn converges uniformly on compact time intervals
to a solution of

∂tρ = ρR(ρ, z), ρ(0) = µ,

where R(ρ, z) is the transition-rate matrix of a jump process with rates r(a, b, ρ, z).

Budhiraja, Dupuis, Fischer and Ramanan proof of this statement [BDFR15,
Theorem 2.2] based on a classical convergence Theorem by Kurtz [Kur70]. Un-
der a Lipschitz condition on the limiting rates, the limit is unique.

Under the influence of the fast diffusion, we prove the limiting evolution to be
altered according to the averaging principle.

Theorem 5.3.12 (Averaging Principle). Let (Xn, Zn) be the slow-fast system from The-
orem 5.3.10, with Xn = (ρn, wn) and initial condition ρn(0) → µ ∈ P({1, . . . , q}
weakly as n→ ∞. Let πν ∈ P(F) be the unique measure satisfying I(ν, πν) = 0.

Then ρn converges a.s. with respect to the Skorohod topology to a solution of

∂tρ = ρR̂(ρ), ρ(0) = µ. (5.16)

The transition-rate matrix R̂(ρ) is an averaged matrix, componentwise given by

R̂ab(ρ) =
∫

F
Rab(ρ, z)πρ(dz). (5.17)

If R̂ is Lischitz continuous, then the averaged McKean-Vlasov equation (5.16)
has a unique solution. In that case, the minimizer of the rate function is unique,
and the pathwise large deviation principle of Theorem 5.3.10 implies that ρn con-
verges to the solution. In general, if the rate function has multiple minimizers,
then the large deviation principle does not contain enough information to deter-
mine the limit.

Proof of Theorem 5.3.12. We show that any density ρ of the minimizer x = (ρ, w)
of the rate function J solves (5.16). If J(ρ, w) = 0, then L(x(t), ∂tx(t)) = 0 for
a.e. t > 0, where the Lagrangian L is given by

L (x, ∂tx) = inf
π∈P(F)

inf
u∈Φ(∂tw,π)

 ∑
(a,b)∈Γ

∫
F

S(uab(z) | ρar(a, b, ρ, z))π(dz) + I(ρ, π)

 ,
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and by finiteness of the Lagrangian,

∂tρa = ∑
b

∂t(wba − wab). (5.18)

In the formula for the Lagrangian, all terms inside the infimum are non-negative.
Hence for any u ∈ Φ(∂tw, π) and π ∈ P(F), the expression is only zero if we
have I(ρ, π) = 0. Therefore π = πρ, and

0 = L(x, ∂tx) = inf
u∈Φ(∂tw,πρ)

∑
ab

∫
F

S (uab(z) |ρar(a, b, ρ, z)) πρ(dz).

Since S(r, s) = 0 if and only if r = s, any optimizer uab(·) satisfies

uab(z) = ρar(a, b, ρ, z) πρ a.e, (5.19)

and by definition of the set Φ(∂tw, πρ),

∂twab =
∫

F
uab(z)πρ(dz). (5.20)

Combining these equalities, we find

∂tρa
(5.18)
= ∑

b 6=a
∂t(wba − wab)

(5.20)
= ∑

b 6=a

∫
F
(uba − uab)πρ(dz)

(5.19)
= ∑

b 6=a

[
ρb

∫
F

r(b, a, ρ, z)πρ(dz)− ρa

∫
F

r(a, b, ρ, z)πρ(dz)
]

(5.17)
= ∑

b 6=a
ρbR̂ba(ρ) + ρaR̂aa(ρ)

def
= (ρR̂(ρ))a,

which finishes the proof.

The conclusion of Theorem 5.3.12 remains true when replacing the fast diffu-
sion process by a fast jump process on a finite state space {1, . . . , m}. Then the
limiting averaged matrix is simply obtained from the equilibrium measure π =
(π1, . . . , πm) of the fast jump process as

R̂(ρ) =
m

∑
i=1

R(ρ, i)πi.

5.4 Assumptions of general large-deviation theorem

Here we collect the assumptions underlying Theorems 5.3.5 and 5.3.6. We pose all
assumptions in terms of the slow-fast generators An given by (5.3), that is

An f (y, z) = Aslow
n,z f (·, z)(y) + rn · Afast

n,y f (y, ·)(z).
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The assumptions cluster in three groups, where each group corresponds to one
step in the large-deviation proof:

(i) Convergence of nonlinear generators.

(ii) Comparison principle of a limiting Hamilton-Jacobi equation.

(iii) Action-integral form of the rate function.

We make these steps precise when explaining the strategy of proof in Section 5.5.1.
Below, Assumptions 5.4.1 and 5.4.2 correspond to the convergence of nonlinear
generators, Assumptions 5.4.3, 5.4.4 and 5.4.5 are used to prove the comparison
principle, and finally Assumption 5.4.6 is made in order to obtain the action-
integral form of the rate function.

Recall the setting from Condition 5.3.2: the slow-fast process (Xn, Zn) takes
values in the product space En × F. The spaces En are continuously embedded
into a Polish space E ⊆ Rd with a map ηn : En → E, and the space F are compact
Polish spaces.

We first state the two assumptions concerning the convergence of non-linear
transforms Hn of the generator An, defined by Hn f = (1/n)e−n f Anen f . We as-
sume the slow and fast parts to converge independently.

Assumption 5.4.1 (Convergence of slow non-linear generators). Let D0 be a linear
space C∞

c (E) ⊆ D0 ⊆ C1
b(E) satisfying the following:

(i) For any n, z ∈ F and f ∈ D0, z ∈ F we have ern f ∈ D(Aslow
n,z ) and

sup
n

sup
x∈En ,z∈F

∣∣∣∣ 1
rn

e−rn f (x,z)Aslow
n,z ern f (·,z)(x)

∣∣∣∣ < ∞;

(ii) There exist continuous functions Vx,p : F → R, where x ∈ E and p ∈ Rd,
such that for any f ∈ D0 and all compact sets K ⊆ E

sup
x∈η−1

n (K),z∈F

∣∣∣∣ 1
rn

e−rn f (x)
(

Aslow
n,z ern f (·)

)
(x)−Vηn(x),∇ f (ηn(x))(z)

∣∣∣∣→ 0.

We refer to the function Vx,p(z) as the slow Hamiltonian.

Assumption 5.4.2 (Convergence of fast non-linear generators). For every x ∈ E,
there exists an operator Afast

x with the following properties. For any g ∈ D(Afast), xn ∈
En and gn ∈ D(Afast) such that ηn(xn)→ x and gn → g uniformly on F, we have

‖Afast
x g− Afast

n,ηn(xn)
gn‖F → 0.

Furthermore, for any φ ∈ D(Afast),

sup
n

sup
y∈En

‖e−φ(z)
(

Afast
n,y e−φ

)
(z)‖F < ∞.
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With the above two convergence assumptions, we will obtain a limit opera-
tor H defined in terms of a graph H ⊆ Cb(E)× Cb(E× F). The precise definition
of H is given in Definition 5.5.5. The next three assumptions are imposed in or-
der to prove the comparison principle of the Hamilton-Jacobi equation with this
Hamiltonian H.

For the first assumption, consider the Hamiltonian H(x, p) defined by (5.7);
given the slow Hamiltonian Vx,p and the limit generator Afast,

H(x, p) = sup
π∈P(F)

{∫
Vx,p(z)π(dz)− I(x, π)

}
, (5.21)

where I is the Donsker-Varadhan rate functional (5.6).

Assumption 5.4.3 (Approximative solution to a principal-eigenvalue problem).
Let (x, p) ∈ E×Rd. The limit Vx,p from Assumption 5.4.1 and the operators Afast

x
from Assumption 5.4.2 satisfy the following.

(E1) For any Φ such that eΦ ∈ D(Afast), we have e(1−ε)Φ ∈ D(Afast) for any 0 <
ε < 1.

(E2) For every δ > 0 there exists a strictly positive function uδ ∈ D(Afast) on F
satisfying

sup
z∈F

∣∣∣(Vx,p(z) + Afast
x

)
uδ(z)−H(x, p)uδ(z)

∣∣∣ ≤ δ.

The second part of Assumption 5.4.3 is satisfied if the principal-eigenvalue
problem for the operator Vx,p + Afast

x is well-posed, where Vx,p acts via multi-
plication. By principal-eigenvalue problem, we mean the existence of a strictly
positive function u in the domain of Afast

x and an eigenvalue λ ∈ R such that
(Vx,p + Afast

x )u = λu holds pointwise on F. If the principal-eigenvalue problem is
well-posed, then λ = H(x, p) by a result of Donsker and Varadhan [DV75c].

We impose the next two assumptions on V and I in order to verify the com-
parison principle for Hamilton-Jacobi equations involving the above Hamilto-
nian H(x, p). The assumptions are derived from [KS19] (Chapter 6), where we
prove the comparison principle for Hamiltonians of the type (5.21).

Assumption 5.4.4 (Regularity of the slow Hamiltonian). The slow Hamiltonian
from Assumption 5.4.1, that is the map V : E×Rd × F → R, satisfies:

(V1) For every (x, p) we have Vx,p ∈ C(F), and the map (x, p) 7→ Vx,p is continu-
ous on C(F) for the supremum norm.

(V2) For any x ∈ E and z ∈ F, the map p 7→ Vx,p(z) is convex. Furthermore, we
have Vx,0(z) = 0 for all x, z.

(V3) There exists a continuous containment function Υ : E → [0, ∞) in the sense
of Definition 6.3.8.
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(V4) The function Λ(x, p, ν) :=
∫

Vx,p(z) ν(dz) on E × Rd × P(F) satisfies the
continuity estimate [KS19, Definition 4.14]. A definition of the continuity
estimate is given in 6.3.9.

(V5) For every compact set K ⊆ E, there exist constants M, C1, C2 ≥ 0 such that
for all x ∈ K, p ∈ Rd and all z1, z2 ∈ F,

Vx,p(z1) ≤ max
{

M, C1Vx,p(z2) + C2
}

.

The conditions (V1), (V2) follow from the convergence in Assumption 5.4.1.
We state them nevertheless to clearify the connection to [KS19].

Assumption 5.4.5 (Regularity of the Donsker-Varadhan functional). The func-
tional I : E×P(F)→ [0, ∞] from (5.6) satisfies the following.

(I1) The map (x, ν) 7→ I(x, ν) is lower semi-continuous on E×P(F).

(I2) For any x ∈ E, there exists a point νx ∈ P(F) such that I(x, νx) = 0.

(I3) For any x ∈ E, compact set K ⊆ E and C ≥ 0 the set {ν ∈ P(F) |I(x, ν) ≤ C}
is compact and ∪x∈K {ν ∈ P(F) | I(x, ν) ≤ C} is relatively compact.

(I4) For any converging sequence xn → x in E and sequence νn ∈ P(F), if there
is an M > 0 such that I(xn, νn) ≤ M < ∞ for all n ∈ N, then there exists a
neighborhood Ux of x and a constant M′ > 0 such that for any y ∈ Ux and
n ∈N,

I(y, νn) ≤ M′ < ∞.

(I5) For every compact set K ⊆ E and each M ≥ 0 the collection of functions
{I(·, ν)}ν∈P(F)M

with

P(F)M := {ν ∈ P(F) | ∀ x ∈ K : I(x, ν) ≤ M}

is equicontinuous. That is: for all ε > 0, there is a δ > 0 such that for all ν ∈
P(F)M and x, y ∈ K satisfying d(x, y) ≤ δ, we have the estimate |I(x, ν)−
I(y, ν)| ≤ ε.

Condition (I1) follows if the map x 7→ Afast
x φ is continuous as a function

from E to C(F) equiped with the supremum norm. Conditions (I2) and (I3) are
always satisfied by the compactness assumption on F. Again, we state these con-
ditions to make the connection to [KS19] as clear as possible.

Assumptions 5.4.1, 5.4.2, 5.4.3, 5.4.4 and 5.4.5 suffice for the proof of Theo-
rem 5.3.5, which establishes pathwise large deviations. We need one additional
assumption to prove the action-integral representation of the rate function. To
that end, we denote for a convex function Φ : Rd → (−∞, ∞] its subdifferential
by

∂pΦ(p0) :=
{

ξ ∈ Rd : Φ(p) ≥ Φ(p0) + ξ · (p− p0) (∀p ∈ Rd)
}

.



168 LDP in Stochastic Slow-Fast Systems

The Bouligand tangent cone to E in Rd at x is

TE(x) :=
{

z ∈ Rd
∣∣∣∣ lim inf

λ↓0

d(y + λz, E)
λ

= 0
}

.

Assumption 5.4.6. The slow Hamiltonian V : E ×Rd × F → R from Assump-
tion 5.4.1 satisfies ∂pVx,p(z) ⊆ TE(x) for all p, x and z.

In [KS19], this assumption is made on the full Hamiltonian H(x, p) instead of
the slow Hamiltonian Vx,p(z). We will show this property to bootstrap from the
slow to the full Hamiltonian.

5.5 Proof of large deviations of the slow process

5.5.1 Strategy of the proof

We outline the large-deviation proof for the slow component of a slow-fast system
from Theorem 5.3.5. For the generator An of a slow-fast system (Yn, Zn), define
the operator Hn on D(Hn) := { f ∈ Cb(En × F) : ern f ∈ D(An)} by

Hn f (y, z) :=
1
rn

e−rn f (y,z)
(

Anern f (·)
)
(y, z) (5.22)

We call this operator the nonlinear generator of (Xn, Zn). To prove large deviations,
we exploit the semigroup-convergence method built by Jin Feng and Thomas
Kurtz [FK06]. In a nutshell, the large-deviation proof boils down to two steps:

(i) Convergence of nonlinear generators to a limit operator.

(ii) Verifying the comparison principle for the limit operator.

The definition of the comparison principle is given in 6.3.1. Here, we first give
precise version of the above steps by Theorem 5.5.4 below, which is Kraaij’s re-
sult from [Kra19a] taylored to our setting. After that, we give the proof of Theo-
rem 5.3.5. We use the following convergence concepts.

Definition 5.5.1 (LIM-convergence). Let fn ∈ Cb(En × F) and f ∈ Cb(E× F). We
say that LIM fn = f if

(i) supn || fn|| < ∞,

(ii) for all compact sets K ⊆ E,

lim
n→∞

sup
(y,z)∈η−1

n (K)×F
| fn(y, z)− f (ηn(y), z)| = 0.
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Definition 5.5.2 (Extended-LIM). Let Bn ⊆ Cb(En × F) × Cb(En × F). The set
ex− LIM Bn is defined as

ex− LIM Bn

:=
{
( f , g) ∈ Cb(E× F)2

∣∣∣ ∃ ( fn, gn) ∈ Bn : LIM fn = f , LIM gn = g
}

.

Definition 5.5.3 (Exponential compact containment condition). Consider the con-
text of Conditions 5.3.2 and 5.3.4. The sequence of processes (Yn, Zn) satisfies the
exponential compact containment condition at speed rn if for each compact set K ⊆ E,
T > 0 and a > 0 there is a compact set K̂ = K̂(K, T, a) ⊆ E such that

lim sup
n→∞

sup
(y,z)∈η−1

n (K)×F

1
rn

log Py,z

[
Yn(t) /∈ η−1

n (K̂) for some t ∈ [0, T]
]
≤ −a.

The following simplified version of [Kra19a, Theorem 7.10] is sufficient for our
purposes.

Theorem 5.5.4 (Adaptation of [Kra19a, Theorem 7.10] to our context). Consider a
sequence of slow-fast processes (Yn, Zn) in the setting of Conditions 5.3.2 and 5.3.4, and
let Xn := ηn(Yn). Suppose the following conditions hold true:

(i) The exponential compact containment condition (Definition 5.5.3) is satisfied.

(ii) There is an operator H ⊆ Cb(E)× Cb(E× F) such that H ⊆ ex− LIM Hn.

(iii) For all h ∈ Cb(E) and λ > 0 the comparison principle holds for f − λH f = h.

Suppose furthermore the large deviation principle to hold for Xn(0) = ηn(Yn(0)) with
speed rn and good rate function J0.

Then the processes Xn = ηn(Yn) satisfy a large deviation principle on DE[0, ∞) with
speed rn and a good rate function J given by (5.23).

The rate function J is implicitly characterized by means of a nonlinear semi-
group V(t) : Cb(E)→ Cb(E), as

J(γ) = J0(γ(0)) + sup
k≥1

sup
0=t0<t1<...,tk

ti∈∆c
γ

k

∑
i=1

Jti−ti−1(γ(ti) | γ(ti−1)), (5.23)

where ∆c
γ is the set of continuity points of γ and the conditional rate functions Jt

are given by
Jt(y | x) = sup

f∈Cb(E)
{ f (y)−V(t) f (x)} .

The semigroup V(t) is the limit of nonlinear semigroups Vn(t) of (Yn, Zn). We do
not need the precise statement about the convergence Vn → V here. For details,
we refer to [Kra19a].
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5.5.2 Proof of Theorem 5.3.5

The proof of Theorem 5.3.5 hinges on the verification of the conditions of Theo-
rem 5.5.4 above. In the setting of Theorem 5.3.5, we consider a sequence of slow-
fast systems (Yn, Zn) satisfying Condition 5.3.4 (the well-posedness condition on
the martingale problem). Their generators An are given by (5.3), that is

An f (y, z) = Aslow
n,z f (·, z)(y) + rn · Afast

n,y f (y, ·)(z),

Applying the program outlined by Theorem 5.5.4 requires to establish a limit op-
erator H of the nonlinear generators Hn defined above in (5.22). The following
operator H defined in terms of a graph H ⊆ Cb(E)× Cb(E× F) serves us as the
limit.

Definition 5.5.5 (Multi-valued limit operator). For f ∈ C∞
cc(E), x ∈ E and a func-

tion φ ∈ Cb(F) such that eφ ∈ D(Afast
x ), set

H f ,φ(x, z) := Vx,∇ f (x)(z) + e−φ(z)Afast
x eφ(z),

and let H be the graph

H :=
{
( f , H f ,φ)

∣∣∣ f ∈ C∞
cc(E), φ : eφ ∈ D(Afast)

}
.

The operator H ⊆ Cb(E)× Cb(E× F) with D(H) = C∞
cc(E) is multi-valued.

We prove the following three Lemma’s in the subsequent sections under the
Assumptions of Theorem 5.3.5.

Lemma 5.5.6 (Exponential compact containment). The sequence of slow-fast sys-
tems (Yn, Zn) satisfies the exponential compact containment condition.

Lemma 5.5.7 (Convergence of nonlinear generators). Let H be the operator from
Definition 5.5.5. The nonlinear generators Hn from (5.22) satisfy H ⊆ ex− LIM Hn in
the sense of Definition 5.5.2.

Lemma 5.5.8 (Comparison principle). Let H be operator from Definition 5.5.5. Then
for any h ∈ Cb(E) and λ > 0, the comparison principle holds for f − λH f = h.

Proof of Theorem 5.3.5. By virtue of the above three Lemma’s, the conditions of the
general large-deviation result from Theorem 5.5.4 above are satisfied.

While the verification of exponential compact containment and convergence
of nonlinear operators are standard, the proof of the comparison principle takes
up the bulk of the argument. We prove Lemma’s 5.5.6 and 5.5.7 here, and prove
Lemma 5.5.8 in Section 5.5.3 below.
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Proof of Lemma 5.5.7. We have to show that for all ( f , g) ∈ H there are functions
fn ∈ D(Hn) satisfying LIM fn = f and LIM Hn fn = g, with the LIM convergence
from Definition 5.5.1. Recall the slow-fast generator An,

An f (y, z) = Aslow
n,z f (·, z)(y) + rn · Afast

n,y f (y, ·)(z),

and the nonlinear generators Hn f = (1/rn)e−rn f Anern f , which amounts to

Hn f (y, z) =
1
n

e−n f (y,z)Aslow
n,z

(
en f (·,z)

)
(y) + rn ·

1
n

e−n f (x,z)
(

Afast
n,y en f (x,·)

)
(z).

Now let ( f , H f ,φ) ∈ H be arbitrary. Set fn(y, z) := f (ηn(y)) + r−1
n φ(z). Then fn ∈

D(Hn). We are left with proving LIM fn = f and LIM Hn fn = H f ,φ.

Since both f and φ are bounded, || fn − f || = r−1
n ||φ|| → 0, and LIM fn = f

follows. The images Hn fn are given by

Hn fn(y, z) =
1
rn

e−rn f (ηn(y))Aslow
n,z ern f (ηn(y)) + e−φ(z)

(
Afast

ηn(y)e
φ
)
(z).

The convergence assumptions on the slow generators and fast generators (As-
sumptions 5.4.1 and 5.4.2) imply LIM Hn fn = H f ,φ.

Proof of Lemma 5.5.6. By (V3) of Assumption 5.4.4 on the slow Hamiltonians V,
there are a compact containment function Υ and a constant cΥ > 0 satisfying

sup
x,z

Vx,∇Υ(x)(z) ≤ cΥ.

Choose β > 0 such that T · cΥ + 1 − β ≤ −a. By continuity of Υ is, there is a
constant c > 0 such that

K ⊆ {x |Υ(x) ≤ c}

Next, let G := {x |Υ(x) < c + β}, which is an open set. Let K̂ be the closure of G.
Then K̂ is compact since Υ is a compact containment function.

Let f (x) := ι ◦ Υ, where ι is some smooth increasing function satisfying

ι(r) =

{
r if r ≤ β + c,
β + c + 1 if r ≥ β + c + 2.

Then ι ◦ Υ = Υ on K̂, and f is constant outside of a compact set. Set fn = f ◦ ηn,
gn := Hn fn and g := LIM gn. The function g exists due to Assumption 5.4.1 on
the slow generators. Then g(x, z) = Vx,∇Υ(x)(z) if x ∈ K̂. Therefore, we have
supx∈K̂,z∈F g(x, z) ≤ cΥ.

Let τ be the stopping time τ := inf
{

t ≥ 0
∣∣Yn(t) /∈ η−1

n (G)
}

and let

Mn(t) := exp
{

rn

(
fn(Yn(t))− fn(Yn(t))−

∫ t

0
gn(Yn(t), Zn(t))ds

)}
.
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By construction Mn is a martingale. By the optional stopping theorem, t 7→
Mn(t ∧ τ) is a martingale as well. We obtain

Py,z

[
Yn(t) /∈ K̂ for some t ∈ [0, T]

]
≤ Py,z

[
Yn(t) /∈ η−1

n (G)× F for some t ∈ [0, T]
]

= Ey,z

[
1{Yn(t)/∈η−1

n (G) for some t∈[0,T]}Mn(t ∧ τ)Mn(t ∧ τ)−1
]

≤ exp
{
−rn

(
inf

y1∈Gc
Υ(ηn(y1))− Υ(ηn(y))

−T sup
y2∈η−1

n (G),z2∈F
gn(y2, z2)


×Ey,z

[
1{Yn(t)/∈η−1

n (G) for some t∈[0,T]}Mn(t ∧ τ)
]

Since LIM fn = f and LIM gn = g, the term in the exponential is bounded by
rn (cΥT − β) ≤ −rna for sufficiently large n. The final expectation is bounded by
1 due to the martingale property of Mn(t ∧ τ). We conclude that

lim sup
n

sup
y∈η−1

n (K),z∈F

1
rn

log Py,z

[
Yn(t) /∈ η−1(K̂) for some t ∈ [0, T]

]
≤ −a,

which finishes the proof.

5.5.3 Proof of the comparison principle

In this section, we prove Lemma 5.5.8; the comparison principle for the Hamilton-
Jacobi equation f − λH f = h for the multi-valued limit operator H from Defini-
tion 5.5.5 introduce above. We recall the definition of viscosity solutions and the
comparison principle in the appendix.

A key role is played by the principal eigenvalueH(x, p) from (5.21),

H(x, p) = sup
π∈P(F)

{∫
Vx,p(z)π(dz)− I(x, π)

}
, (x, p) ∈ E×Rd,

where the maps V and I satisfy Assumptions 5.4.4 and 5.4.5. We associate the
following differential operator H to this Hamiltonian.

Definition 5.5.9 (Principal-eigenvalue Hamiltonian). The operator H acting on
the domain D(H) = C∞

cc(E) is given by H f (x) := H(x,∇ f (x)).

The prove of Lemma 5.5.8 hinges on being able to reduce the comparison prin-
ciple of H to the comparison principle of H. To that end, we introduce four auxil-
iary operators and establish the diagram shown in Figure 5.2.
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comparison

H1 H†

H H

H2 H‡

sub

super

sub

super

sub

super

Figure 5.2: An arrow connecting an operator A with operator B with subscript ’sub’ means
that viscosity subsolutions of f − λA f = h are also viscosity subsolutions of f − λB f =
h. Similarly for arrows with a subscript ’super’. The box around the operators H† and
H‡ indicates that the comparison principle holds for subsolutions of f − λH† f = h and
supersolutions of f − λH‡ f = h.

The theoretical treatment of the Hamitlon-Jacobi equation of H is carried out
in [KS19]. In there, the comparison principle for the Hamilton-Jacobi equation
associated with H is proven [KS19, Theorem 3.4] under a generalization of As-
sumptions 5.4.4 and 5.4.5. The proof establishes the top-right and bottom-right
arrows connecting H with the auxiliary operators H†, H‡. Here, we make the con-
nection the Hamilton-Jacobi equation with the limit operator H by establishing
the remaining arrows in Figure 5.2.

Proof of Lemma 5.5.8. Fix h ∈ Cb(E) and λ > 0. Let u1 be a viscosity subsolu-
tion and u2 be a viscosity supersolution to (1 − λH) f = h. By Figure 5.2, the
function u1 is a viscosity subsolution to (1− λH†) f = h and u2 is a viscosity su-
persolution to (1− λH‡) f = h. Hence by [KS19, Theorem 3.4], u1 ≤ u2, which
finishes the proof.

The rest of this section is devoted to proving Figure 5.2.

Definition of auxiliary operators. We introduce the auxiliary operators H†, H‡
and H1, H2 appearing in Figure 5.2. The new Hamiltonians serve as natural upper
and lower bounds for H and H, respectively. These new Hamiltonians are defined
in terms of the containment function Υ from Assumption 5.4.4, which allows us
to restrict the analysis to compact sets. The definitions use the constant CΥ :=
supx,z Vx,∇Υ(x)(z). Denote by C∞

l (E) the set of smooth functions on E that have a
lower bound and by C∞

u (E) the set of smooth functions on E that have an upper
bound.

Definition 5.5.10 (H† and H‡). For f ∈ C∞
l (E) and ε ∈ (0, 1), set

f ε
† := (1− ε) f + εΥ and Hε

†, f (x) := (1− ε)H f (x) + εCΥ.

Then H† is the the graph defined by

H† :=
{
( f ε

† , Hε
†, f )

∣∣∣ f ∈ C∞
l (E), ε ∈ (0, 1)

}
.
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For f ∈ C∞
u (E) and ε ∈ (0, 1), set

f ε
‡ := (1 + ε) f − εΥ and Hε

‡, f (x) := (1 + ε)H f (x)− εCΥ.

Then H‡ is the graph defined by

H‡ :=
{
( f ε

‡ , Hε
‡, f )

∣∣∣ f ∈ C∞
u (E), ε ∈ (0, 1)

}
.

Definition 5.5.11 (H1 and H2). For f ∈ C∞
l (E) , ε ∈ (0, 1) and φ such that eφ ∈

D(Afast), set

f ε
1 := (1− ε) f + εΥ,

Hε
1, f ,φ(x, z) := (1− ε)

(
Vx,∇ f (x)(z) + e−φ(z)Afast

x eφ(z)
)
+ εCΥ.

Then H1 is the graph defined by

H1 :=
{
( f ε

1 , Hε
1, f ,φ)

∣∣∣ f ∈ C∞
l (E), ε ∈ (0, 1), φ : eφ ∈ D(Afast)

}
.

For f ∈ C∞
u (E), ε ∈ (0, 1) and φ such that eφ ∈ D(Afast), set

f ε
2 := (1 + ε) f − εΥ,

Hε
2, f ,φ(x, z) := (1 + ε)

(
Vx,∇ f (x)(z) + e−φ(z)Afast

x eφ(z)
)
− εCΥ.

Then H2 is the graph defined by

H2 :=
{
( f ε

2 , Hε
2, f ,φ)

∣∣∣ f ∈ C∞
u (E), ε ∈ (0, 1), φ : eφ ∈ D(Afast)

}
.

Arrows based on the solution of an eigenvalue problem.

Lemma 5.5.12. Fix λ > 0 and h ∈ Cb(E).

(a) Every subsolution to f − λH1 f = h is also a subsolution to f − λH† f = h.

(b) Every supersolution to f − λH2 f = h is also a supersolution to f − λH‡ f = h.

For the proof of this lemma, we need an auxiliary lemma.

Lemma 5.5.13. Fix λ > 0 and h ∈ Cb(E).

(a) Let u be a subsolution to f − λH1 f = h, then for all ( f , g) ∈ H1 and x0 ∈ E such
that

u1(x0)− f (x0) = sup
x

u1(x)− f (x)

we have
u1(x0)− λg(x0, z) ≤ h(x0).
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(b) Let u2 be a supersolution to f − λH2 f = h, then for all ( f , g) ∈ H2 and x0 ∈ E
such that

u2(x0)− f (x0) = inf
x

u2(x)− f (x)

we have
u2(x0)− λg(x0, z) ≥ h(x0).

The following proof is inspired on [FK06, Lemma 9.9].

Proof of Lemma 5.5.13. We only prove (a). Let u be a viscosity subsolution to f −
λH1 f = h and consider ( f , g) ∈ H1. By definition f has compact sublevel-sets.
Thus, instead of working with a sequence xn along which a maximum is attained,
we can work with a single point x0. This gives us the existence of a point (x0, z) ∈
E× F satisfying

u(x0)− f (x0) = sup
x

u1(x)− f (x),

u(x0)− λg(x0, z) ≤ h(x0),

rather than having the second inequality for all x0 satisfying u(x0) − f (x0) =
supx u(x)− f (x).

Now let x0 be such that u(x0) − f (x0) = supx u(x) − f (x). Pick a function
f̂ ∈ C∞

cc(E) satisfying f̂ (x0) = 0 and f̂ (x) > 0 for x 6= x0. Define the function
f0 = f + f̂ , and let g0 be the corresponding image, ( f0, g0) ∈ H1. Since∇ f0(x0) =
∇ f (x0) and g(x0, z) and g0(x0, z) only depend on f and f0 via their derivatives at
x0, we obtain g0(x0, z) = g(x0, z). By construction x0 is the unique point satisfying
u(x0)− f0(x0) = supx u(x)− f0(x). By the sub-solution property, we find

u(x0)− λg(x0, z) = u(x0)− λg0(x0, z) ≤ h0(x0),

establishing the claim.

Proof of Lemma 5.5.12. We only prove the subsolution statement. To that end, fix
λ > 0 and h ∈ Cb(E), and let u be a subsolution of f − λH1 f = h. We prove it is
also a subsolution of f − λH† f = h. Let f ε

1 ∈ D(H1) and let x0 be such that

u(x0)− f ε
1(x0) = sup

x
u(x)− f ε

1(x).

For each δ > 0 we find by Assumption 5.4.3 a function eφδ ∈ D(Afast) such that

H(x, p) ≥ Vx0,∇ f (x0)
(z)− e−φδ(z)

(
Afast

x0
eφδ

)
(z)− δ

for all z ∈ F. Since(
f ε
1 , (1− ε)

(
Vx,∇ f (x)(z) + e−φ(z)Afast

x eφ(z)
)
+ εCΥ

)
∈ H1,
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we find by the subsolution property of u and Lemma 5.5.13 that for all z

h(x0) ≥ u(x0)− λ
(
(1− ε)

(
Vx0,∇ f (x0)

(z) + e−φ(z)Afast
x0

eφ(z)
)
+ εCΥ

)
≥ u(x0)− λ ((1− ε)H(x0,∇ f (x0)) + εCΥ)− λ(1− ε)δ.

Sending δ→ 0 establishes that u is a subsolution for f − λH† f = h.

Arrows based on compact containment.

Lemma 5.5.14. Fix λ > 0 and h ∈ Cb(E).

(a) Every subsolution to f − λH f = h is also a subsolution to f − λH1 f = h.

(b) Every supersolution to f − λH f = h is also a supersolution to f − λH2 f = h.

Lemma 5.5.15. Fix λ > 0 and h ∈ Cb(E).

(a) Every subsolution to f − λH f = h is also a subsolution to f − λH† f = h.

(b) Every supersolution to f − λH f = h is also a supersolution to f − λH‡ f = h.

Lemma 5.5.15 has been proven in [KS19, Lemma 6.3].

Proof of Lemma 5.5.14. The proof is similar to the proof of [KS19, Lemma 6.3 (a)].
We only prove (a).

Fix λ > 0 and h ∈ Cb(E). Let u be a subsolution to f − λH f = h. We prove it is
also a subsolution to f − λH1 f = h. Fix ε ∈ (0, 1), φ such that eφ ∈ D(Afast), and
f ∈ C∞

l (E), so that ( f ε
1 , Hε

1, f ,φ) ∈ H1. We will prove that there are (xn, zn) such
that

lim
n

u(xn)− f ε
1(xn) = sup

x
u(x)− f ε

1(x), (5.24)

lim sup
n

u(xn)− λHε
1, f ,φ(xn, zn)− h(xn) ≤ 0. (5.25)

As u − (1 − ε) f is bounded from above and εΥ has compact sublevel-sets, the
sequence xn along which the first limit is attained can be assumed to lie in the
compact set K :=

{
x |Υ(x) ≤ infx ε−1 (u(x)− (1− ε) f (x))

}
. We use the con-

stant M := infx ε−1 (u(x)− (1− ε) f (x)). Let γ : R → R be a smooth increasing
function such that

γ(r) =

{
r if r ≤ M,
M + 1 if r ≥ M + 2.

Denote by fε the function on E defined by

fε(x) := γ ((1− ε) f (x) + εΥ(x)) .

By construction fε is smooth and constant outside of a compact set and thus lies
in D(H) = C∞

cc(E). As eφ ∈ D(Afast) we have by Assumption 5.4.3 that also
e(1−ε)φ ∈ D(Afast). We conclude that ( fε, H f ,(1−ε)φ) ∈ H.
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As u is a viscosity subsolution for f − λH f = h there exist xn ∈ K ⊆ E (by our
choice of K) and zn ∈ F with

lim
n

u(xn)− fε(xn) = sup
x

u(x)− fε(x), (5.26)

lim sup
n

u(xn)− λH f ,(1−ε)φ(xn, zn)− h(xn) ≤ 0. (5.27)

As fε equals f on K, we have from (5.26) that also

lim
n

u(xn)− f (xn) = sup
x

u(x)− f (x),

establishing (5.24). Convexity of p 7→ Vx,p and ψ 7→ e−ψ(z)
(

Afast
x eψ

)
(z) yields for

arbitrary (x, z) the elementary estimate

H f ,(1−ε)φ(x, z) =Vx,∇ fε
(z) + e−(1−ε)φ(z)

(
Afast

x e(1−ε)φ
)
(z)

≤ (1− ε)Vx,∇ f (x)(z) + εVx,∇Υ(x) + (1− ε)e−φ(z)
(

Afast
x eφ

)
(z)

= Hε
1, f ,φ(x, z).

Combining this inequality with (5.27) yields

lim sup
n

u(xn)− λHε
1, f ,φ(x, z)− h(xn)

≤ lim sup
n

u(xn)− λH f ,(1−ε)φ(xn, zn)− h(xn) ≤ 0,

establishing (5.25). This concludes the proof.

5.6 Proof of action-integral representation

5.6.1 Structure of proof

In this section, we outline the structure of proof of Theorem 5.3.6. To that end,
recall the HamiltonianH : E×Rd → R from (5.7),

H(x, p) = sup
ν∈P(F)

{∫
Vx,p(z) ν(dz)− I(x, ν)

}
,

and the Lagrangian L(x, v) defined as the Legendre dual,

L(x, v) = sup
p∈Rd

[〈p, v〉 −H(x, p)] . (5.28)

Theorem 5.3.6 consists of two claims:

(I) The rate function J obtained in Theorem 5.3.5 satisfies the action-integral
representation (5.4) with the Lagrangian (5.28).
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(II) The Lagrangian satisfies the formula (5.9).

We prove the statement (II) in Section 5.6.3. To outline the proof of (I), recall that
the rate function J obtained in Theorem 5.3.5 given by (5.23) is characterized in
terms of a semigroup V(t), as

J(γ) = J0(γ(0)) + sup
k≥1

sup
{ti}

k

∑
i=1

Jti−ti−1(γ(ti) | γ(ti−1)),

where the conditional rate functions Jt are defined by

Jt(y | x) = sup
f∈Cb(E)

{ f (y)−V(t) f (x)} .

We describe the semigroup V(t) : Cb(E) → Cb(E) further below. Our proof is
based on the following definitions. First, we define the variational semigroup V(t)
arising from an optimal control problem with cost function L.

Definition 5.6.1 (Variational semigroup V(t)). For f ∈ Cb(E) and t ≥ 0, define

V(t) f (x) := sup
γ∈AC

γ(0)=x

h(γ(t))−
∫ t

0
L(γ(s), γ̇(s)),

where the supremum is over absolutely continuous maps γ : [0, ∞)→ E.

Secondly, we will exploit the fact that the semigroups V(t) and V(t) are de-
termined by means of the existence of unique viscosity solutions to the equa-
tions (1− λH) f = h and (1− λH) f = h, respectively. To do so, we introduce
the following resolvents.

Definition 5.6.2 (Resolvent R(λ)). Let H be the multi-valued operator from Def-
inition 5.5.5, λ > 0 and h ∈ Cb(E). Define R(λ) : Cb(E) → Cb(E) by set-
ting R(λ)h := u, the unique viscosity solution to (1− λH)u = h.

Definition 5.6.3 (Resolvent R(λ)). For λ > 0 and h ∈ Cb(E), define the resol-
vent R(λ)h : E→ R by

R(λ)h(x) := sup
γ∈AC

γ(0)=x

∫ ∞

0
λ−1e−λ−1t

[
h(γ(t))−

∫ t

0
L(γ(s), γ̇(s))

]
dt, (5.29)

where the supremum is over absolutely-continuous maps γ : [0, ∞)→ E.

The semigroup V(t) is determined via R as (e.g.[Kra19a, Prop. 6.6])

V(t) f (x) = lim
m→∞

[R (t/m)]m f .

The statement (I) is a direct consequence of the following Lemmas.
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Lemma 5.6.4. Let Assumptions 5.4.4, 5.4.5 and 5.4.6 be satisfied. Then for all λ > 0,
we have R(λ) = R(λ).

Lemma 5.6.5. Let Assumptions 5.4.4, 5.4.5 and 5.4.6 be satisfied. If R(λ) = R(λ) for
all λ > 0, then V(t) = V(t).

Lemma 5.6.6. If V(t) = V(t), then (I) holds true.

Lemma 5.6.6 can be proven as shown in [FK06, Theorem 8.14], using convexity
of v 7→ L(x, v). We show Lemmas 5.6.4 and 5.6.5 in Section 5.6.2.

5.6.2 Proof of Theorem 5.3.6

For the proof of Lemma 5.6.4, we argue with the diagram in Figure 5.2 that we
established in the proof of the comparison principle. We recall it here below.

comparison

H1 H†

H H

H2 H‡

sub

super

sub

super

sub

super

Proof of Lemma 5.6.4. Figure 5.2 shows that if u is a viscosity solution to (1− τH) f =
h and v is a viscosity solution to (1− τH) f = h, then u = v.

Let λ > 0 and h ∈ Cb(E). Then by definition, R(λ)h is the viscosity solution
to (1 − λH) f = h. We prove that the function R(λ)h is the viscosity solution
to (1− λH) f = h. Then by virtue of Figure 5.2, we obtain R(λ)h = R(λ)h. Since λ
and h are arbitrary, this establishes Lemma 5.6.4.

The fact that R(λ)h is a viscosity solution is established in [KS19, Theorem 3.7],
under Assumptions 3.12, 3.13 and 3.16 therein. Here, our Assumption 5.4.4 cor-
responds exactly to [KS19, Assumption 3.12], and our Assumption 5.4.5 to [KS19,
Assumption 3.13]. We are left with showing that [KS19, Assumption 3.16], follows
from our Assumption 5.4.6.

To that end, for a convex function Φ Φ : Rd → (−∞, ∞], define the subdiffer-
ential set by

∂pΦ(p0) :=
{

ξ ∈ Rd : Φ(p) ≥ Φ(p0) + ξ · (p− p0) (∀p ∈ Rd)
}

.

Fix x ∈ E and p0 ∈ Rd. We aim to prove that ∂pH(x, p0) ⊆ TE(x). Since the
map p 7→ H(x, p) is proper and convex as a supremum over convex functions,
the subdifferential ∂pH(x, p0) is non-empty.
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Let Ω be the set that of measures π that optimize

H(x, p0) = sup
π

{∫
Vx,p0(z)π(dz)− I(x, π)

}
(5.30)

We first aim to relate ∂pH(x, p0) to
⋃

π∗∈Ω ∂p
∫

Vx,p0(z)π
∗(dz). Afterwards, we

show that for all π we have ∂p
∫

Vx,p0(z)π(dz) ⊆ TE(x).
For each fixed p we can restrict our supremum in (5.30) to the compact set of

measures π such that I(x, π) ≤ 2
∣∣∣∣Vx,p(·)

∣∣∣∣. For various p, this set might change
and we might end up with a non-compact set. However, to study the subdiffer-
ential at p0 we can instead at the map p 7→ H(x, p) with its domain restricted to
[p0 − 1, p0 + 1] which leaves the subdifferential set unchanged.

Set CV := supp∈[p0−1,p0+1] supz
∣∣∣∣v·,p(z)∣∣∣∣∞ < ∞, and let Ξ to be the closure of

{π ∈ P(F) ‖ I(x, π) ≤ 2CV}. (5.31)

By Assumption 5.4.5, the set Ξ is compact. Therefore, for all p ∈ [p0 − 1, p0 + 1],
we can restrict the supremum in (5.30) to the compact set Ξ.

Using the definition of Ω as the set of optimizers and that I is lower semicon-
tinuous by Assumption 5.4.5, it follows by [HUL12, Theorem 4.4.2] that

∂pH(x, p0) = ch

( ⋃
π∗∈Ω

∂p

(∫
Vx,p0(z)π

∗(dz)− I(x, π∗)

))
.

Here ch denotes the convex hull. Since I(x, π∗) does not depend on p,

∂pH(x, p0) = ch

( ⋃
π∗∈Ω

∂p

(∫
Vx,p0(z)π

∗(dz)
))

.

Since ∂pVx,p(z) ⊆ TE(x) for all p and z, we find by [Pap97, Theorem 3] applied
with ε = 0 that ∂pH(x, p0) ⊆ TE(x). This establishes [KS19, Assumption 3.16].

Proof of Lemma 5.6.5. By [Kra19a, Theorem 7.10] and [Kra19b, Theorem 6.1], there
is some sequentially strictly dense set D ⊆ Cb(E) such that for f ∈ D

lim
m→∞

∣∣∣∣∣∣∣∣R( t
m

)m
f −V(t) f

∣∣∣∣∣∣∣∣ = 0. (5.32)

Similarly, we find by [FK06, Lemma 8.18] that for all f ∈ Cb(E) and x ∈ E

lim
m→∞

R
(

t
m

)m
f (x) = V(t) f (x). (5.33)

Combining (5.32) and (5.33) we conclude that V(t) f = V(t) f for all t and f ∈ D.
Since Figure 5.2 implies R(λ)h = R(λ)h for h ∈ Cb(E), we conclude from (5.32)
and (5.33) that V(t) f = V(t) f for all t and f ∈ D.
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Since D is sequentially strictly dense by assumption, the equality for all f ∈
Cb(E) follows if V(t) and V(t) are sequentially continuous. The semigroup V(t)
is seequentially continuous by [Kra19a, Theorem 7.10] and [Kra19b, Theorem 6.1],
and V(t) is sequentially continuous by [FK06, Lemma 8.22]. We conclude that
V(t) f = V(t) f for all f ∈ Cb(E) and t ≥ 0.

5.6.3 Proof of alternative form of Lagrangian

We prove that the LagrangianL(x, v) defined in (5.28) as the Legendre dual ofH(x, p)
satisfies (5.9). Recall that the Hamiltonian is

H(x, p) = sup
π∈P(F)

[∫
F

Vx,p(z)− I(x, π)

]
.

For the proof, we write for π ∈ P(F)

Hπ(x, p) :=
∫

F
Vx,p(z)π(dz) and Lπ(x, v) := sup

p
〈p, v〉 −

∫
F

Vx,p(z)π(dz).

Furtheremore, let Φ(v, π) be the set of measurable functions w ∈ L1(F; Rd, π)
such that ∫

w(z)π(dz) = v.

Proposition 5.6.7. Suppose that Assumptions 5.4.4 and 5.4.5 are satisfied. Then

L(x, v) = inf
π

inf
w∈Φ(v,π)

{∫
Lz(x, w(z))π(dz) + I(x, π)

}
.

This rewrite is a consequence of results in convex analysis and follows under
much weaker assumptions, namely convexity of π 7→ I(x, π) and p 7→ Vx,p(z),
which is satisfied in our setting. The proof below only uses results from convex
analysis in [Pap97, HUL12, Roc70]. These results have been stated for Rd, which is
also the setting to which we restrict ourselves in this chapter. We believe, however,
that the result should extend to a more general setting, but we were unable to find
their generalizations in the literature on convex analysis.

Lemma 5.6.8. Fix π ∈ P(F) and suppose that v ∈ rel. int. dom Lπ(x, ·). Then:

(a) There is a p∗ ∈ Rd such that v ∈ ∂pHπ(x, p∗),

(b) There is a w∗ ∈ Φ(v, π) such that w∗(z) ∈ ∂pVx,p∗(z) π almost surely.

(c) We have

sup
p
〈p, v〉 −

∫
Vx,p(z)π(dz)

= inf
w(z)∫
wdπ=v

sup
p(z)

∫
〈p(z), w(z)〉 −Vx,p(z)(z)π(dz).
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For the proof of this lemma, we use the notion of the relative interior of a
convex set. If A ⊆ Rd is a convex set, then rel. int. A is the interior of A inside
the smallest affine hyperplane in Rd that contains A. For a convex functional
Φ : E → (−∞, ∞] the domain of Φ, denoted by dom Φ, is the set of points x ∈ E
where Φ(x) < ∞.

Proof of Lemma 5.6.8. The Legendre transform of Hπ equals Lπ . Since we have
v ∈ rel. int. dom Lπ(x, ·), we have by [Roc70, Theorem 23.4] or [HUL12, Theo-
rem E.1.4.2] that ∂vLπ(x, v) is non-empty. Let p∗ ∈ ∂vLπ(x, v). Then by [Roc70,
Theorem 23.5] or [HUL12, Proposition E.1.4.3], we obtain that v ∈ ∂p Hπ(x, p∗).

By [Pap97, Theorem 3] applied for ε = 0, we find a π-integrable function w∗

such that
∫

w∗(z)π(dz) = v and w(z) ∈ ∂pVx,p∗(z) π almost surely. We proceed
with the proof of (c). To that end, note that

sup
p
〈p, v〉 −

∫
Vx,p(z)π(dz)

≤ inf
w(z)∫
wdπ=v

sup
p(z)

∫
〈p(z), w(z)〉 −Vx,p(z)(z)π(dz).

For the other inequality, note that

inf
w(z)∫
wdπ=v

sup
p(z)

∫
〈p(z), w(z)〉 −Vx,p(z)(z)π(dz)

≤ sup
p(z)

∫
〈p(z), w∗(z)〉 −Vx,p(z)(z)π(dz)

=
∫
〈p∗, w∗(z)〉 −Vx,p∗(z)π(dz)

= 〈p∗, v〉 −
∫

Vx,p∗(z)π(dz)

≤ sup
p
〈p, v〉 −

∫
Vx,p(z)π(dz)

where we used in the third line that w(z) ∈ ∂pVx,p∗(z) π almost surely by [Roc70,
Theorem 23.5] or [HUL12, Propposition E.1.4.3].

Proof of Proposition 5.6.7. We have

L(x, v) = sup
p
〈p, v〉 −H(x, p)

= sup
p

inf
π∈P(F)

〈p, v〉 −
∫

Vx,p(z)π(dz) + Ix(π)

= inf
π∈P(F)

sup
p
〈p, v〉 −

∫
Vx,p(z)π(dz) + Ix(π) (5.34)
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by Sion’s minimax lemma, since the map π 7→ I(x, π) is convex. Fix π ∈ P(F),
and write

L̂π(x, v) = inf
w:
∫

w(z)π(dz)=v

∫
Lz(x, w(z))π(dz).

By (5.34), our proposition follows if for all (x, v) and π we have

Lπ(x, v) = L̂π(x, v). (5.35)

Fix (x, v) and π.
Step 1: We establish Lπ(x, v) ≤ L̂π(x, v). For any integrable function z 7→ w(z)

such that
∫

w(z)π(dz) = v, we have

Lπ(x, v) = sup
p

∫
〈p, w(z)〉 −Vx,p(z)π(dz),

implying that

Lπ(x, v) = inf
w:
∫

w(z)π(dz)=v
sup

p

∫
〈p, w(z)〉 −Vx,p(z)π(dz) ≤ L̂π(x, v)

by taking the supremum over p inside the integral. We conclude that Lπ(x, v) ≤
L̂π(x, v).

Step 2: We now establish that if v ∈ rel. int. dom L(x, ·) then Lπ(x, v) =
L̂π(x, v). Indeed, by Lemma 5.6.8 there is a measurable function z 7→ w(z) such
that

∫
w(z)π(dz) = v and

L̂π(x, v) = inf
w(z)∫
wdπ=v

sup
p(z)

∫
〈p(z), w(z)〉 −Vx,p(z)(z)π(dz)

= sup
p
〈p, v〉 −

∫
Vx,p(z)(z)π(dz)

= Lπ(x, v).

Step 3: We now establish Lπ(x, v) = L̂π(x, v). By step 1, we have

rel. int. dom L̂π(x, ·) ⊆ rel. int. dom Lπ(x, ·),

since the Lagrangians are ordered point-wise. By step 2,

if v ∈ rel. int. dom Lπ(x, ·), then v ∈ dom Lπ(x, ·)

We conclude that

rel. int. dom L̂π(x, ·) = rel. int. dom Lπ(x, ·),

and Lπ(x, ·) = L̂π(x, ·) holds on this set. We conclude that Lπ(x, v) = L̂π(x, v)
by [Roc70, Corollary 7.3.4] (this can also be derived from [HUL12, Proposition
B.1.2.6]).
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5.7 Proof of mean-field large deviations

In this section, we prove Theorem 5.3.10 by verifying the assumptions of our gen-
eral large-deviation result (Theorem 5.3.5) and the action-integral representation
(Theorem 5.3.6), that is means Assumptions 5.4.1, 5.4.2, 5.4.3, 5.4.4, 5.4.5 and 5.4.6.

We recall the setting: The slow-fast process (Xn, Zn) takes values in En ×
F, where we embed En by identity into E = P({1, . . . , q}) × [0, ∞)Γ, and re-
gard (Xn, Zn) as a process on E × F. The set F is a finite-dimensional torus T,.
The generator of the slow-fast system is

An f (x, z) := Aslow
n,z f (·, z)(x) + n · Afast

n,x f (x, ·)(z),

with slow and fast generators given by

Aslow
n,z g(x) := ∑

ab,a 6=b
n · µ(a) · rn(a, b, µ, z) [g(xa→b)− g(x)] ,

Afast
n,x h(z) := ∑

i
bi

n(x, z)∂ih(z) + ∑
ij

aij
n(x, z)∂i∂jh(z).

Verification of Assumption 5.4.1. We have to find the slow Hamiltonian Vx,p(z) such
that

1
n

e−n f Aslow
n,z en f n→∞−−−→ Vx,∇ f (x)(z)

as specified in Assumption 5.4.1. We have

1
n

e−n f (x)Aslow
n,z en f (x) = ∑

ab,a 6=b
µ(a)rn(a, b, µ, z) [exp{n( f (xn

a→b)− f (x))} − 1] .

Suppose that xn = (µn, wn)→ x. Then by Taylor expansion,

n( f (xn
a→b)− f (xn))

n→∞−−−→ 〈∇ f (x), eb − ea + eab〉,

for all f ∈ C2(E), uniformly on compacts K ⊆ E. By the convergence assumption
on rn, we obtain the claimed convergence with D0 = C2

b(E) and

Vx,p(z) = ∑
ab,a 6=b

µ(a)r(a, b, µ, z)
[
epb−pa+pab − 1

]
.

Verification of Assumption 5.4.2. Let xn → x in E and hn → h in C(F). By the con-
vergence assumptions on the coefficients bi

n and aij
n , we obtain

Afast
n,xn hn(z)→∑

i
bi(x, z)∂ih(z) + ∑

ij
aij(x, z)∂i∂jh(z) =: Afast

x h(z)

uniformly over z ∈ F.
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Verification of Assumption 5.4.3. Part (E1) follows since F is compact. Let x ∈ E
and p ∈ Rd. We find a strictly positive eigenfunction u : F → (0, ∞) and an
eigenvalue R such that

(Vx,p + Afast
x )u = λu. (5.36)

Then as remarked below Assumption 5.4.3, part (E2) follows. Equation (5.36) is a
principal-eigenvalue problem for an uniformly elliptic operator. Uniform elliptic-
ity follows by Condition 5.3.7 on the diffusion coefficients and the uniform con-
vergence in Assumption 5.3.9. Hence there exists a unique eigenfunction u with
a real eigenvalue λ (e.g. Sweers [Swe92]). By [DV75c], this principal eigenvalue
satisfies the variational representation

λ = sup
π∈P(F)

[∫
F

Vx,p(z)dπ(z)− I(x, π)

]
,

with the functional

I(x, π) = − inf
φ>0

∫
F

Afast
x φ(z)
φ(z)

dπ(z).

Hence Assumption 5.4.3 holds with the Hamtilonian (5.21) as claimed.

Verification of Assumptions 5.4.4 and 5.4.5. The verification can be found in Propo-
sition 6.3.18 of Chapter 6. The proofs are also found in [KS19, Proposition 8.2
and 8.4]. Our example at hand is considered in Remark 8.5 in there.

Verification of Assumption 5.4.6. This follows via computation. For instance, con-
sider E = P({a, b}) (ignoring the flux for the moment), and identify E with the
simplex in R2. Fix the external variable z. We have to show ∂pVx,p(z) ⊆ TE(x).
Recall that TE(x) is the tangent cone at x, that means the vectors at x pointing
inside of E. We compute the vector ∇pVx,p(z) ∈ R2,

∇pVx,p(z) =
(

µar(a, b, µ, z)(−1)epb−pa + µbr(b, a, µ, z)epa−pb

µar(a, b, µ, z)epb−pa + µbr(b, a, µ, z)(−1)epa−pb

)
.

For µ = (µa, µb) ∈ E with µa, µb > 0, the tangent cone TE(x) is spanned by (1,−1)T .
Since ∇pVx,p(z) is orthogonal to (1, 1)T , we indeed find ∂pVx,p(z) ⊆ TE(x) in that
case. For µ = (1, 0), the tangent cone is TE(1, 0) = {λ(−1, 1)T : λ ≥ 0}. We have

∇pVµ,p(z) =
(

r(a, b, µ, z)(−1)epb−pa

r(a, b, µ, z)epb−pa

)
,

which is parallel to (−1, 1)T , and therefore ∂pVµ,p(z) ⊆ TE(x). The argument is
similar for µ = (0, 1). The general case (including the fluxes) follows from writing
out the definitions.
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Chapter 6

Comparison Principle for
Two-Scale Hamiltonians

6.1 Introduction and aim

The main purpose of this chapter is to establish well-posedness for first-order non-
linear partial differential equations of Hamilton-Jacobi-Bellman type on subsets E
of Rd,

u(x)− λH [u(x),∇u(x)] = h(x), x ∈ E ⊆ Rd. (HJB)

In there, λ > 0 is a scalar and h is a continuous and bounded function on E. The
HamiltonianH : E×Rd → R is given by

H(x, p) = sup
θ∈Θ

[Λ(x, p, θ)− I(x, θ)] , (6.1)

where θ ∈ Θ plays the role of a control variable. For fixed θ, the function Λ can
frequently be interpreted as an Hamiltonian itself. We call it the internal Hamilto-
nian. The function I can be interpreted as the cost of applying the control θ. This
type of Hamiltonians typically arises in two-scale problems such as discussed in
the previous chapter.

We will establish existence of viscosity solutions (e.g. [CIL92]) in the sense of
Definition 6.3.1 via a resolvent defined in terms of a standard discounted control
procedure. However, the main problem we overcome in this chapter is to verify
a comparison principle in order to establish uniqueness of viscosity solutions. The
comparison principle for Hamilton-Jacobi equations is a well-studied problem in
the literature. The standard assumption that allows one to obtain the comparison
principle in the context of optimal control problems (e.g. [BCD97]) is that either
there is a modulus of continuity ω such that

|H(x, p)−H(y, p)| ≤ ω (|x− y|(1 + |p|)) , (6.2)

187
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or thatH is uniformly coercive:

lim
|p|→∞

inf
x
H(x, p) = ∞. (6.3)

The estimate (6.2) can be translated into conditions for Λ and I , which include
(e.g. [BCD97, Chapter III])

• |Λ(x, p, θ)−Λ(y, p, θ)| ≤ ωΛ(|x− y|(1 + |p|)), uniformly in θ, and

• I is bounded, continuous and |I(x, θ)− I(y, θ)| ≤ ωI (|x− y|).

However, such type of estimates are not satisfied for the examples that we are
interested in. We make these examples of (HJB) more precise in Section 6.2. There
we also explain why the standard assumptions are not satisfied and where the
challenge of solving (HJB) is pointed out in the literature. Here, we focus on the
motivation for our assumptions. They mainly build up on two observations:

(i) Fix a control variable θ0 ∈ Θ and consider the Hamiltonian H(x, p) :=
Λ(x, p, θ0). In all our examples, the comparison principle is satisfied for sub-
and supersolutions of u(x)− λH(x,∇u(x)) = h(x).

(ii) In all our examples, the cost function I(x, θ) satisfies an estimate of the type
|I(x, θ)− I(y, θ)| ≤ ωI ,C(|x− y|) on sublevel sets {I ≤ C}.

Our main idea is to take advantage of viscosity sub- and supersolution inequali-
ties in order to work on sublevel sets of the cost function I . To do so, we assume
that H(x, p) = Λ(x, p, θ0) satisfies a continuity estimate uniformly for θ0 varying in
a compact set. This continuity estimate captures the key information that allows
to prove the comparison principle for H. In the end, this is what we call the boot-
strap principle: given sufficient regularity of I , one can bootstrap the comparison
principle for the internal Hamiltonian Λ to obtain a comparison principle for the
full Hamiltonian H. In examples, this approach proves to be a crucial improve-
ment over known results.

In summary, the novelties we present in this chapter are:

• Motivated by examples violating the standard regularity estimate (6.2) on
Hamiltonians, we find different conditions under which the comparison
principle for (HJB) is satisfied for variational HamiltoniansH of the type (6.1).
The result is formulated in Theorem 6.3.3. The main bootstrapping argu-
ment is explained in simplified form in Section 6.4.1 and carried out in Sec-
tion 6.6.

• A proof of the comparison principle that covers a class of non-coercive Hamil-
tonians which typically arises in mean-field interacting particle systems that
are coupled to external variables. This example has not been treated before,
and we make it explicit in Proposition 6.3.18 of Section 6.3.4.



Examples violating the standard assumptions 189

• A proof of existence of a viscosity solution based on solving subdifferen-
tial inclusions in the non-compact setting. The proof relies on continuity
of H and finding a priori estimates on the range of solutions to associated
differential inclusions. The result is formulated in Theorem 6.3.6, and the
structure of the proof is explained in Section 6.4.2.

With these results established, we can study large deviation problems with two
time-scales from a Hamilton-Jacobi point-of-view in more generality. This is the
subject of Chapter 5, where we exploit the semigroup approach to large devia-
tions. We remark that in [FK06, Lemmas 9.3, 9.19, 9.25], a different technique is
introduced, based on introducing an extra parameter λ. We give further com-
ments on that in the discussion section in Chapter 8.

Overview of this chapter. In Section 6.2, we discuss Hamiltonians violating the
standard regularity assumptions. The main results are formulated in Section 6.3.
We proceed with a discussion of the strategy of the proofs in Section 6.4. In Section
6.5 we establish regularity properties of H used in the later proof sections. In
Section 6.6 we establish the comparison principle. In Section 6.7 we establish that
a resolvent operator R(λ) in terms of an exponentially discounted control problem
gives rise to viscosity solutions of the Hamilton-Jacobi-Bellman equation (HJB).
Finally, in Section 6.8 we verify the assumptions for examples.

6.2 Examples violating the standard assumptions

Hamiltonians of the type (6.1) arise in a range of fields. In this section, we men-
tion two examples of Hamiltonians arising in the context of stochastic systems
with two time scales. We explain why they violate the standard regularity esti-
mates. These examples illustrate the need for an alternative set of assumptions
allowing to treat these cases. These Hamiltonians frequently arise in the study
of systems with multiple time-scales, e.g. geophysical flows, planetary motion,
finance, weather-climate interaction models, molecular dynamics and models in
statistical physics—we provide more background in Chapter 5. In such systems,
one can often recognize a slow and a fast component. Typically, one is interested
in the behaviour of the slow component in the limit in which the separation of
time scales goes to infinity. As the fast system equilibrates before the slow system
has made a significant difference, the limit of such systems can be described by a
ordinary or partial differential equation involving only the average behaviour of
the fast component.

However, in applications an infinite separation of time scales is never really
achieved. Thus, the slow process still shows fluctuations around its limiting be-
haviour while the fast process fluctuates around its average. The effective fluctu-
ations arise from the combination of both sources. In this two-scale context, when
analysing the fluctuations by means of large-deviation techniques, one obtains
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Hamiltonians of the type (6.1). We refer to [KP17] for derivations in this context,
and to [BGTVE16] for an extensive explanation in which the authors study ODE’s
coupled to fast diffusion. In these examples, the internal Hamiltonians Λ capture
the fluctuations of the slow component, while the cost function I arises from fluc-
tuations of averages of the fast component. The full Hamiltonian H takes both
contributions into account.

Example 1. In [BDG18], the authors study large deviations of a diffusion pro-
cesses with vanishing noise on E = Rd coupled to a fast jump process on a finite
discrete set {1, . . . , J}. They identified the challenge of proving comparison prin-
ciples for Hamiltonians arising in such two-scale systems, where the Hamiltoni-
ans can be casted in the form (6.1). We consider this general setting in Proposi-
tion 6.3.15 in Section 6.3.4. We illustrate the issues arising in a simpler but more
concrete form. With d = 1 and J = 2, when approaching this problem from the
Hamilton-Jacobi perspective, a key step (e.g. [KP17]) is to solve (HJB) withH con-
sisting of the following ingredients:

(i) The internal state space is E = Rd.

(ii) The set of control variables is Θ = P({1, 2}).

(iii) The internal Hamiltonian Λ is given by

Λ(x, p, θ) =
1
2

a(x, 1)|p|2θ1 +
1
2

a(x, 2)|p|2θ2,

where a(x, i) > 0 and θi = θ({i}).

(iv) The cost function I is given by

I(x, θ) = sup
w∈R2

[
r12(x)θ1

(
1− ew2−w1

)
+ r21(x)θ2(1− ew1−w2)

]
,

where rij(x) ≥ 0.

In this example, the cost function is unbounded if rij(x) is unbounded. For in-
stance, consider θ1 = 1 and θ2 = 0. Then by choosing w = (1, 0) in the supremum,

I(x, θ) ≥ C r12(x),

and thus I(x, θ) diverges as |x| → ∞.

We now turn to another notable problem with two time-scales that motivates
our considerations: a system of mean-field interacting particles coupled to fast
external variables.

Example 2. In [BCFG18], the authors prove large-deviation principles of mean-
field interacting particles that are coupled to fast time-periodic variables. In this
setting, the associated Hamilton-Jacobi equations are solved in [Kra17]. How-
ever, when considering a coupling to general fast random variables such as dif-
fusions, then solving the corresponding Hamilton-Jacobi equations remained an
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open challenge. In full generality, we formulate this case in Proposition 6.3.18. For
a corresponding large-deviation analysis, we refer to Chapter 5 (based on [KS20]).
Here we illustrate the difficulties that arise by considering the Hamiltonian in a
simplified setting:

(i) The internal state space is E = P({a, b})× [0, ∞)× [0, ∞), embedded in R4

by identifying P({a, b}) with the simplex in R2. We denote the variables as
x = (µ, w), with µ ∈ P({a, b}) and w ∈ [0, ∞)2.

(ii) The set of control variables is Θ = P(T), that is the probability measures on
the torus T.

(iii) The internal Hamiltonian Λ is given by

Λ(x, p, θ) = µarab(µ, θ) [exp {pb − pa + pab} − 1]

+ µbrba(µ, θ) [exp {pa − pb + pba} − 1] ,

with p = (pa, pb, pab, pba) ∈ R4 and µi := µ({i}). The rates rij are non-
negative.

(iv) The cost function I : Θ→ [0, ∞] is independent of x and is given by

I(θ) = sup
u∈C∞(T)

u>0

∫
T

(
−u′′(y)

u(y)

)
dθ(y)

In this example, the internal Hamiltonian Λ is not uniformly coercive. For in-
stance, take momenta p such that pb − pa + pab is constant. Then if |p| → ∞, we
do not necessarily have that Λ(x, p, θ) → ∞. A similar effect occurs when choos-
ing pa → ∞ and µa = 0. Regarding the cost function, for any singular measure δz
with a point z ∈ S we have I(δz) = ∞. This similarly holds for finite convex com-
binations of Dirac measures. Since this linear span is dense in P(T), this implies
that I can not be continuous.

6.3 Main results

In this section, we start with preliminaries in Section 6.3.1 which includes the def-
inition of viscosity solutions and that of the comparison principle.

We proceed in Section 6.3.2 with the main results: a comparison principle for
the Hamilton-Jacobi-Bellman equation (HJB) based on variational Hamiltonians
of the form (6.1), and the existence of viscosity solutions.

In Section 6.3.3 we collect all the assumptions that are needed for all main
results in one place and discuss the applicability of our results. In Section 6.3.4,
we verify the assumptions for the examples that motivate the Hamilton-Jacobi
equations we discuss in this chapter.
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6.3.1 Preliminaries

For a Polish space X , we denote by C(X ) and Cb(X ) the spaces of continuous and
bounded continuous functions respectively. If X ⊆ Rd then we denote by C∞

c (X )
the space of smooth functions that vanish outside a compact set. We denote by
C∞

cc(X ) the set of smooth functions that are constant outside of a compact set, and
by P(X ) the space of probability measures on X . We equip P(X ) with the weak
topology, that is, the one induced by convergence of integrals against bounded
continuous functions.

Throughout this chapter, E will be the set on which we base our Hamilton-
Jacobi equations. We assume that E is a subset of Rd that is a Polish space which
is contained in the Rd closure of its Rd interior. This ensures that gradients of
functions are determined by their values on E. Note that we do not assume that E
is open. We assume that the space of controls Θ is Polish.

We next introduce viscosity solutions for the Hamilton-Jacobi equation with
Hamiltonians likeH(x, p) of our introduction.

Definition 6.3.1 (Viscosity solutions and comparison principle). Let A : Cb(E) →
Cb(E) be an operator with domain D(A), λ > 0 and h ∈ Cb(E). Consider the
Hamilton-Jacobi equation

f − λA f = h. (6.4)

We say that u is a (viscosity) subsolution of equation (6.4) if u is bounded, upper
semi-continuous and if, for every f ∈ D(A) there exists a sequence xn ∈ E such
that

lim
n↑∞

u(xn)− f (xn) = sup
x

u(x)− f (x),

lim
n↑∞

u(xn)− λA f (xn)− h(xn) ≤ 0.

We say that v is a (viscosity) supersolution of equation (6.4) if v is bounded, lower
semi-continuous and if, for every f ∈ D(H) there exists a sequence xn ∈ E such
that

lim
n↑∞

v(xn)− f (xn) = inf
x

v(x)− f (x),

lim
n↑∞

v(xn)− λA f (xn)− h(xn) ≥ 0.

We say that u is a (viscosity) solution of equation (6.4) if it is both a subsolution and
a supersolution to (6.4).

We say that (6.4) satisfies the comparison principle if for every subsolution u and
supersolution v to (6.4), we have u ≤ v.

Remark 6.3.2. Consider the definition of subsolutions. Suppose that the testfunc-
tion f ∈ D(A) has compact sublevel sets, then instead of working with a sequence
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xn, there exists x0 ∈ E such that

u(x0)− f (x0) = sup
x

u(x)− f (x),

u(x0)− λA f (x0)− h(x0) ≤ 0.

A similar simplification holds in the case of supersolutions. For an explanatory
text on the notion of viscosity solutions and fields of applications, we refer to [CIL92].

6.3.2 Hamilton-Jacobi-Bellman Equations

In this Section, we state our main results, which are the comparison principle
(Theorem 6.3.3) and the existence of solutions (Theorem 6.3.6). We consider the
variational HamiltonianH : E×Rd → R given by

H(x, p) = sup
θ∈Θ

[Λ(x, p, θ)− I(x, θ)] . (6.5)

The precise assumptions on the maps Λ and I are formulated in Section 6.3.3. De-
fine the operator H f (x) := H(x,∇ f (x)) with domain D(H) = C∞

cc(E). Our first
main result is that this operator H constructed out of H satisfies the comparison
principle.

Theorem 6.3.3 (Comparison principle). Suppose that the maps Λ and I satisfy As-
sumptions 6.3.10 and 6.3.11, respectively. Then for any h ∈ Cb(E) and λ > 0, the
comparison principle holds for

f − λ H f = h. (6.6)

Remark 6.3.4 (Uniqueness). If u and v are two viscosity solutions of 6.6, then we
have u ≤ v and v ≤ u by the comparison principle, giving uniqueness.

Remark 6.3.5 (Domain). The comparison principle holds with any domain that
satisfies C∞

cc(E) ⊆ D(H) ⊆ C1
b(E). We state it with C∞

cc(E) to connect it with
the existence result of Theorem 6.3.6, where we need to work with test functions
whose gradients have compact support.

We turn to the existence of a viscosity solution for (6.6). As mentioned in the
introduction, the viscosity solution is given in terms of an optimization problem
with discounted cost. The Legendre dual L : E×Rd → [0, ∞] ofH, given by

L(x, v) := sup
p∈Rd

[〈p, v〉 −H(x, p)] ,

plays the role of a running cost. In the following Theorem, AC is the collection of
absolutely continuous paths in E. For each λ > 0, let R(λ) be the operator

R(λ)h(x) = sup
γ∈AC

γ(0)=x

∫ ∞

0
λ−1e−λ−1t

[
h(γ(t))−

∫ t

0
L(γ(s), γ̇(s))

]
dt. (6.7)
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Theorem 6.3.6 (Existence of viscosity solution). Suppose that Λ and I satisfy As-
sumptions 6.3.10 and 6.3.11, respectively, and that H satisfies Assumption 6.3.14. Then
the function R(λ)h is the unique viscosity solution to (6.6).

6.3.3 Assumptions

In this section, we formulate and comment on the assumptions imposed on the
Hamiltonians defined in the previous sections. We first motivate the assumptions
that are required for proving the comparison principle, Theorem 6.3.3.

Usually, proofs of the comparison principle for a subsolution u and a superso-
lution v for the equation f − λH f = h are reduced to establishing an estimate of
the type

lim inf
ε↓0

lim inf
α→∞

H(xα,ε, α(xα,ε − yα,ε))−H(yα,ε, α(xα,ε − yα,ε)) ≤ 0

where (xα,ε, yα,ε) are elements of E such that

u(xα,ε)− v(xα,ε)−
α

2
|xα,ε − yα,ε|2 −

ε

2
(|xα,ε|2 + |yα,ε|2)

= sup
x,y∈E

u(x)− v(y)− α

2
|x− y|2 − ε

2
(|x|2 + |y|2). (6.8)

Equation (6.8), together with the sub- and supersolution property of u and v re-
spectively, has the following consequences:

(1) For all ε > 0, the set {xα,ε, yα,ε | α > 0} is relatively compact in E;

(2) For all ε > 0, we have |xα,ε − yα,ε|+ α|xα,ε − yα,ε|2 → 0 as α→ ∞;

(3) For all ε > 0, we have

inf
α
H(xα,ε, α(xα,ε − yα,ε)) > −∞ and sup

α
H(yα,ε, α(xα,ε − yα,ε)) < ∞.

In our bootstrap procedure, we aim to lift the comparison principle that holds
for the Hamilton-Jacobi equation in terms of Λ to that for H. Thus, we need to
establish an estimate of the type (6.8) under assumptions of the type (1), (2) and
(3) where in addition, we have to vary our control variable θ. It turns out that it
suffices to vary θ in a compact set in Θ that depends on ε. In addition, to make
sure that we can bootstrap, we have to relax the sup and inf in (3) to a lim sup and
lim inf.

To establish the comparison principle, the quadratic distance is not special,
except for being symmetric and well suited for quadratic Hamiltonians. We will
work with a general non-negative function Ψ to penalize the distance between x
and y, and use a function Υ to penalize points x and y far away from the ‘origin’.
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Definition 6.3.7 (Penalization function). We say that Ψ : E2 → [0, ∞) is a penal-
ization function if Ψ ∈ C1(E2) and if x = y if and only if Ψ(x, y) = 0.

Definition 6.3.8 (Containment function). We say that a function Υ : E → [0, ∞] is
a containment function for Λ if there is a constant cΥ such that

• For every c ≥ 0, the set {x |Υ(x) ≤ c} is compact;

• We have supθ supx Λ (x,∇Υ(x), θ) ≤ cΥ.

Definition 6.3.9 (Continuity estimate). Let Ψ be a penalization function and let
G : E×Rd ×Θ : (x, p, θ) 7→ G(x, p, θ) be a function. Suppose that for ε > 0 and
α > 0, we have a collection of variables (xε,α, yε,α) in E2 and variables θε,α in Θ. We
say that this collection is fundamental for G with respect to Ψ if:

(C1) For each ε, there are compact sets Kε ⊆ E and K̂ε ⊆ Θ such that for all α we
have xε,α, yε,α ∈ Kε and θε,α ∈ K̂ε.

(C2) For each ε > 0, we have limit points xε ∈ Kε and yε ∈ Kε of xα,ε and yα,ε as
α→ ∞. For these limit points we have

lim
α→∞

αΨ(xα,ε, yα,ε) = 0, Ψ(xε, yε) = 0.

(C3) We have

lim sup
ε→0

lim sup
α→∞

G (yα,ε,−α(∇Ψ(xα,ε, ·))(yα,ε), θε,α) < ∞, (6.9)

lim inf
ε→0

lim inf
α→∞

G (xα,ε, α(∇Ψ(·, yα,ε))(xα,ε), θε,α) > −∞. (6.10)

In other words, the operator G evaluated in the proper momenta is eventu-
ally bounded from above and from below.

We say that G satisfies the continuity estimate if for every fundamental collection of
variables we have

lim inf
ε→0

lim inf
α→∞

G (xα,ε, α(∇Ψ(·, yα,ε))(xα,ε), θε,α)

− G (yα,ε,−α(∇Ψ(xα,ε, ·))(yα,ε), θε,α) ≤ 0. (6.11)

The continuity estimate is a sensible notion because it is satisfied in a wide
range of examples. Indeed, all our examples satisfy the continuity estimate., and
in Section 6.8.3, we verify the continuity estimate in three different contexts. In
the appendix of [KS19], we state a slightly more general continuity estimate on
the basis of multiple penalization functions. For the first reading of the proofs
below, the use of this more general setting would be distracting. We want to men-
tion, however, that all arguments below can be carried out on the basis of this
more elaborate continuity estimate. Following [Kra17] a continuity estimate of
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this more elaborate type can be established in the context of Markov jump pro-
cesses and their fluxes.

Our first assumption essentially states that we can solve the comparison prin-
ciple for the Hamilton-Jacobi equation for Λ uniformly over compact sets in Θ. In
addition to this assumption, we assume (Λ5) which states the function Λ grows
roughly equally fast in p for different control variables.

Assumption 6.3.10. The function Λ : E×Rd × Θ → R in the Hamiltonian (6.5)
satisfies the following.

(Λ1) The map Λ : E ×Rd × Θ → R is continuous and for any (x, p), we have
boundedness: ‖Λ(x, p, ·)‖Θ := supθ∈Θ |Λ(x, p, θ)| < ∞.

(Λ2) For any x ∈ E and θ ∈ Θ, the map p 7→ Λ(x, p, θ) is convex. For p0 = 0, we
have Λ(x, p0, θ) = 0 for all x ∈ E and all θ ∈ Θ.

(Λ3) There exists a containment function Υ : E → [0, ∞) in the sense of Defini-
tion 6.3.8.

(Λ4) The function Λ satisfies the continuity estimate.

(Λ5) For every compact set K ⊆ E, there exist constants M, C1, C2 ≥ 0 such that
for all x ∈ K, p ∈ Rd and all θ1, θ2 ∈ Θ, we have

Λ(x, p, θ1) ≤ max {M, C1Λ(x, p, θ2) + C2} .

Our next assumption is on the regularity of the cost functional I . They are
satisfied for continuous and bounded I and Θ a compact space.

Assumption 6.3.11. The functional I : E×Θ→ [0, ∞] in (6.5) satisfies the follow-
ing.

(I1) The map (x, θ) 7→ I(x, θ) is lower semi-continuous on E×Θ.

(I2) For any x ∈ E, there exists a point θx ∈ Θ such that I(x, θx) = 0.

(I3) For any x ∈ E, compact set K ⊆ E and C ≥ 0 the set {θ ∈ Θ |I(x, θ) ≤ C} is
compact and ∪x∈K {θ ∈ Θ | I(x, θ) ≤ C} is relatively compact.

(I4) For any converging sequence xn → x in E and sequence θn ∈ Θ, if there is
an M > 0 such that I(xn, θn) ≤ M < ∞ for all n ∈ N, then there exists a
neighborhood Ux of x and a constant M′ > 0 such that for any y ∈ Ux and
n ∈N,

I(y, θn) ≤ M′ < ∞.

(I5) For every compact set K ⊆ E and each M ≥ 0 the collection of functions
{I(·, θ)}θ∈ΘM with

ΘM := {θ ∈ Θ | ∀ x ∈ K : I(x, θ) ≤ M}

is equicontinuous. That is: for all ε > 0, there is a δ > 0 such that for all
θ ∈ ΘM and x, y ∈ K such that d(x, y) ≤ δ we have |I(x, θ)− I(y, θ)| ≤ ε.
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Remark 6.3.12 (Gamma-convergence). The assumptions on I imply that for any
sequence xn → x in E, the functionals defined by In(θ) := I(xn, θ) Γ-converge to
I∞ defined by I∞(θ) := I(x, θ). We give a proof in Proposition 6.5.2 below.

We turn to Theorem 6.3.6. A key ingredient in establishing the existence of a
viscosity solution to Hamilton-Jacobi equations is the existence of ‘optimally’ con-
trolled paths. The optimal controls can, for continuously differentiable Hamilto-
nians, be found from the Hamiltonian flow. In our context, H is not continuously
differentiable. We will show in Proposition 6.5.1, however, that H is convex in p.
We can therefore define the subdifferential set

∂pH(x0, p0)

:=
{

ξ ∈ Rd : H(x0, p) ≥ H(x0, p0) + ξ · (p− p0) (∀p ∈ Rd)
}

. (6.12)

Instead using solutions arising from the differential equation arising from the gra-
dient of H, we will use solutions to differential inclusions arising from ∂pH. As
our set E is not necessarily equal to Rd, but could be, e.g. a domain with corners
like [0, ∞)d, we need some conditions to make sure that the solutions to our differ-
ential inclusions remain within E. Assumption 6.3.14 below will make sure that
the Hamiltonian vector field points ‘inside’ E.

Definition 6.3.13. The tangent cone (sometimes also called Bouligand cotingent
cone) to E in Rd at x is

TE(x) :=
{

z ∈ Rd
∣∣∣∣ lim inf

λ↓0

d(y + λz, E)
λ

= 0
}

.

Assumption 6.3.14. The map H : E × Rd → R defined in (6.5) is such that
∂pH(x, p) ⊆ TE(x) for all p.

Assumption 6.3.14 is intuitively implied by the comparison principle for H.
We therefore expect Assumption 6.3.14 to be satisfied in any situation in which
Theorem 6.3.3 holds. We argue in a simple case why this is to be expected. The
main reason is that the comparison principle for H builds upon the maximum prin-
ciple.

Let E = [0, 1] and f , g ∈ C1
b(E). Suppose that f (0) − g(0) = supx f (x) −

g(x). As 0 is a boundary point, we conclude that f ′(0) ≤ g′(0). If the maximum
principle holds, we must have

H(0, f ′(0)) = H f (0) ≤ Hg(0) = H(0, g′(0)).

Hence the map p 7→ H(0, p) is increasing, which just means

∂pH(x, p)) ⊆ [0, ∞) = T[0,1](0).
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6.3.4 Examples of Hamiltonians

The purpose of this section is to demonstrate via different examples that the method
introduced is versatile enough to capture a variety of interesting examples. Propo-
sitions 6.3.15 and 6.3.16 correspond to the Hamiltonian that one encounters in
two-scale systems as studied in [BDG18, KP17]. The example of Proposition 6.3.18
arises in models of mean-field interacting particles that are coupled to fast external
variables, whose Hamiltonians can not be treated with standard methods. Recall
the form of the Hamiltonian,

H(x, p) = sup
θ∈Θ

[Λ(x, p, θ)− I(x, θ)] , (6.13)

Each definition below corresponds to a specification of the elements involved
in (6.13). All propositions are proven in Section 6.8, by verifying the general As-
sumptions 6.3.10 and 6.3.11 on the functions Λ and I . Let us start with Hamilto-
nians arising from a diffusion process coupled to a fast jump process.

Proposition 6.3.15 (Diffusion coupled to jumps). Let E = Rd and F = {1, . . . , J} be
a finite set. Suppose the following.

(i) The set of control variables is Θ := P({1, . . . , J}), that is probability measures
over the finite set F.

(ii) The function Λ is given by

Λ(x, p, θ) := ∑
i∈F

[〈a(x, i)p, p〉+ 〈b(x, i), p〉] θi,

where a : E× F → Rd×d and b : E× F → Rd, and θi := θ({i}).

(iii) The cost function I : E×Θ→ [0, ∞) is given by

I(x, θ) := sup
w∈RJ

∑
ij

r(i, j, x)θi
[
1− ewj−wi

]
,

with non-negative rates r : F2 × E→ [0, ∞).

Suppose that the cost function I satisfies the assumptions of Proposition 6.8.1 and the
function Λ satisfies the assumptions of Proposition 6.8.3. Then Theorems 6.3.3 and 6.3.6
apply to the Hamiltonian (6.13).

Under irreducibility conditions on the rates, as assumed below in Proposi-
tion 6.8.1, by [DV75c] the Hamiltonian H(x, p) is the principal eigenvalue of the
matrix Ax,p ∈ MatJ×J(R) given by

Ax,p = diag [〈a(x, 1)p, p〉+ 〈b(x, 1), p〉, . . . , 〈a(x, J)p, p〉+ 〈b(x, J), p〉] + Rx,

where x, p ∈ Rd and Rx is the matrix with (Rx)ii = −∑j 6=i rij(x) on the diagonal
and (Rx)ij = rij(x) for i 6= j.

The next Hamiltonian arises from a diffusion process coupled to a diffusion.
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Proposition 6.3.16 (Diffusion coupled to diffusion). Let E = Rd and F be a smooth
compact Riemannian manifold without boundary. Suppose the following.

(i) The set of control variables Θ equals the space P(F).

(ii) The function Λ is given by

Λ(x, p, θ) :=
∫

F
[〈a(x, z)p, p〉+ 〈b(x, z), p〉] dθ(z),

with a : E× F → Rd×d and b : E× F → Rd.

(iii) The cost function I : E×Θ→ [0, ∞] is given by

I(x, θ) := sup
u∈D(Lx)

u>0

[
−
∫

F

Lxu
u

dθ

]
,

where Lx is a second-order elliptic operator locally of the form

Lx =
1
2
∇ · (ax∇) + bx · ∇,

on the domainD(Lx) := C2(F), with positive-definite matrix ax and co-vectors bx.

Suppose that the cost function I satisfies the assumptions of Proposition 6.8.2 and the
function Λ satisfies the assumptions of Proposition 6.8.3. Then Theorems 6.3.3 and 6.3.6
apply to the Hamiltonian (6.13).

In the context of weakly interacting jump processes on a collection of states
{1, . . . , q} the dynamics of the empirical measures takes place on P({1, . . . , q}).
Transitions occur over the bonds (a, b) ∈ E2 with a 6= b. We denote the set of
bonds with Γ.

Definition 6.3.17 (Proper kernel). Let v : Γ× P({1, . . . , q})× Θ → R+. We say
that v is a proper kernel if v is continuous and if for each (a, b) ∈ Γ, the map
(µ, θ) 7→ v(a, b, µ, θ) is either identically equal to zero or satisfies the following
two properties:

(a) v(a, b, µ, θ) = 0 if µ(a) = 0 and v(a, b, µ, θ) > 0 for all µ with µ(a) > 0.

(b) There exists a decomposition v(a, b, µ, θ) = v†(a, b, µ(a))v‡(a, b, µ, θ) such
that v† is increasing in the third coordinate and such that v‡(a, b, ·, ·) is con-
tinuous and satisfies v‡(a, b, µ, θ) > 0.

A typical example of a proper kernel is given by

v(a, b, µ, θ) = µ(a)r(a, b, θ)e∂aV(µ)−∂bV(µ),

with r > 0 continuous and V ∈ C1
b(P({1, . . . , q}).
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Proposition 6.3.18 (Mean-field coupled to diffusion). Let the space E be given by
the embedding of E := P({1, . . . , J}) × [0, ∞)Γ ⊆ Rd and F be a smooth compact
Riemannian manifold without boundary. Suppose the following.

(i) The set of control variables Θ equals P(F).

(ii) The function Λ is given by

Λ((µ, w), p, θ) = ∑
(a,b)∈Γ

v(a, b, µ, θ)
[
exp

{
pb − pa + p(a,b)

}
− 1
]

with a proper kernel v in the sense of Definition 6.3.17.

(iii) The cost function I : E×Θ→ [0, ∞] is given by

I(x, θ) := sup
u∈D(Lx)

u>0

[
−
∫

F

Lxu
u

dθ

]
,

where Lx is a second-order elliptic operator locally of the form

Lx =
1
2
∇ · (ax∇) + bx · ∇,

on the domainD(Lx) := C2(F), with positive-definite matrix ax and co-vectors bx.

Suppose that the cost function I satisfies the assumptions of Proposition 6.8.2 and the
function Λ satisfies the assumptions of Proposition 6.8.4. Then Theorems 6.3.3 and 6.3.6
apply to the Hamiltonian (6.13).

An analogous proposition can be formulated for mean-field particles coupled
to jumps as in Proposition 6.3.15.

6.4 Strategy of the proofs

We comment on the overall strategy of proofs. In Section 6.4.1, we explain infor-
mally without the details how the bootstrap argument works in a simple setting
in which E is taken to be compact. This allows us to focus on the bootstrapping ar-
gument without having to bother with the reduction to compact sets. We proceed
with a discussion on the existence of a viscosity solution in Section 6.4.2.

6.4.1 The bootstrap argument in a nutshell

In this section, we explain informally the main bootstrapping idea behind proving
the comparison principle with Hamiltonians of the type (6.5) for

u(x)−H(x,∇u(x)) = 0,
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assuming compactness of E and Ψ(x, y) = 1
2 |x − y|2. In what follows, u1 is a

subsolution and u2 is a supersolution. Recall that for smooth functions f , if (u1 −
f ) is maximal at a point x, then

u1(x)−H(x,∇ f (x)) ≤ 0.

Similarly for the supersolution u2: If ( f − u2) is maximal at a point y, then

u2(y)−H(y,∇ f (y)) ≥ 0.

We sketch how to prove u1 ≤ u2 in several steps.

(i) By the classical doubling of variables procedure (e.g. [CIL92]), choosing for
each α > 0 points xα, yα such that

u1(xα)− u2(yα)− αΨ(xα, yα) = sup
x,y∈E

u1(x)− u2(y)− αΨ(x, y),

then by the properties of Ψ, we have

αΨ(xα, yα)→ 0 (6.14)

and the difference supx u1(x)− u2(x) can be approximated as

sup(u1 − u2) ≤ lim inf
α→∞

u1(xα)− u2(yα).

Set pα := α(xα − yα). Using the subsolution inequality u1(xα) ≤ H(xα, pα)
and the supersolution inequality u2(yα) ≥ H(yα, pα), one arrives at the esti-
mate

sup(u1 − u2) ≤ lim inf
α→∞

H(xα, pα)−H(yα, pα).

(ii) Recall that the Hamiltonian is given by

H(x, p) = sup
θ∈Θ

[Λ(x, p, θ)− I(x, θ)] .

Taking the optimizer θα for H(xα, pα) and estimating the Hamiltonian at yα

with this optimizer, we obtain

sup(u1 − u2) ≤
lim inf

α→∞
[Λ(xα, pα, θα)−Λ(yα, pα, θα)] + [I(yα, θα)− I(xα, θα)] .

(iii) We assume the continuity estimate on Λ. That means that if we have

αΨ(xα, yα)→ 0 (6.15)

lim inf
α→∞

Λ(xα, pα, θα) > −∞, (6.16)

lim sup
α→∞

Λ(yα, pα, θα) < ∞, (6.17)
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and that θα are in a compact set, then the difference of Λ’s is controlled as

lim inf
α→∞

[Λ(xα, pα, θα)−Λ(yα, pα, θα)] ≤ 0.

We postpone the verification that θα are in a compact set to the next step (iv)
below. Part (6.15) is just what we already know (6.14). We show how the
other two bounds follow from the sub- and supersolution inequalities. By
the subsolution inequality,

u1(xα) ≤ H(xα, pα) = Λ(xα, pα, θα)− I(xα, θα) ≤ Λ(xα, pα, θα),

and (6.16) follows since u1 is bounded. Letting θ0
α be the control variable

such that I(yα, θ0
α) = 0, we obtain from the supersolution inequality that

u2(yα) ≥ H(yα, pα) ≥ Λ(yα, pα, θ0
α), (6.18)

and therefore Λ(yα, pα, θ0
α) is bounded above. Assuming that

Λ(yα, pα, θα) ≤ C1Λ(yα, pα, θ0
α) + C2,

the bound (6.17) follows. In summary, if indeed θα are in a compact set,
taking the lim infα→∞ in the last estimate on (u1 − u2), we obtain

sup(u1 − u2) ≤ 0 + lim inf
α→∞

[I(yα, θα)− I(xα, θα)] .

(iv) We assume that if the cost functions are uniformly bounded,

I(xα, θα) ≤ M and I(yα, θα) ≤ M, (6.19)

then (1) the control variables θα are in a compact set, implying that we can
carry out the argument of step (iii) above, and (2) the cost functions are con-
tinuous as a function of the internal variables x, giving

lim sup
α→∞

[I(yα, θα)− I(xα, θα)] = 0.

The required bounds on I in (6.19) follow as well from the sub- and super-
solution inequalities. From the subsolution inequality, we have

u1(xα) ≤ H(xα, pα) = Λ(xα, pα, θα)− I(xα, θα).

Thus the bound on I(xα, θα) follows if we establish an upper bound on
Λ(xα, pα, θα). Note that

Λ(xα, pα, θα) ≤ C1Λ(xα, pα, θ0
α) + C2

and

Λ(xα, pα, θ0
α) = Λ(yα, pα, θ0

α) +
[
Λ(xα, pα, θ0

α)−Λ(yα, pα, θ0
α)
]

.
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We have an upper bound for the first term on the right-hand side by (6.18).
The second term is bounded above by the continuity estimate, which can be
carried out as we know that the θ0

α are in a compact set because they satisfy
I(yα, θ0

α) = 0. Since yα is close to xα and I is continuous as a function of x
when bounded, the bound on I(xα, θα) carries over to I(yα, θα).

In summary, by using the information contained in the sub- and supersolution
inequalities, the continuity estimate of the functions Λ bootstraps to a continuity
estimate ofH, giving the comparison principle.

6.4.2 Proof of the existence of a viscosity solution

For the existence of a viscosity solution to f − λH f = h, we will use the results of
Chapter 8 of [FK06]. We will briefly discuss the method to obtain this result.

To establish that R(λ)h given by (6.7) yields a viscosity solution to f − λH f =
h, we follow a general strategy, first used in [FK06] and summarized in a more
general context in [Kra19b, Proposition 3.4]. For this strategy, we need to check
three properties (see also Section 2.5 of Chapter 2):

(a) For all ( f , g) ∈ H, we have f = R(λ)( f − λg) ;

(b) The operator R(λ) is a pseudo-resolvent: for all h ∈ Cb(E) and 0 < α < β
we have

R(β)h = R(α)
(

R(β)h− α
R(β)h− h

β

)
.

(c) The operator R(λ) is contractive.

In other words: if R(λ) serves as a classical left-inverse to 1− λH and is also a
pseudo-resolvent, then it is a viscosity right-inverse of (1− λH). Establishing (c)
is a matter of writing out the definition. The proof of (a) and (b) stems from two
main properties of exponential random variable. Let τλ be the measure on R+

corresponding to the exponential random variable with mean λ−1.

• (a) is related to integration by parts: for bounded measurable functions z on
R+, we have

λ
∫ ∞

0
z(t) τλ(dt) =

∫ ∞

0

∫ t

0
z(s)ds τλ(dt).

• (b) is related to a more involved integral property of exponential random
variables. For 0 < α < β, we have

∫ ∞

0
z(s)τβ(ds)

=
α

β

∫ ∞

0
z(s)τα(ds) +

(
1− α

β

) ∫ ∞

0

∫ ∞

0
z(s + u) τβ(du) τα(ds).
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Establishing (a) and (b) can then be reduced by a careful analysis of optimizers
in the definition of R(λ), and concatenation or splittings thereof. This was car-
ried out in Chapter 8 of [FK06] on the basis of three assumptions, namely [FK06,
Assumptions 8.9, 8.10 and 8.11]. We verify these in Section 6.7.

6.5 Regularity of the Hamiltonian

In this section, we establish continuity, convexity and the existence of a contain-
ment function for the Hamiltonian H of 6.5. We repeat its definition for conve-
nience:

H(x, p) = sup
θ∈Θ

[Λ(x, p, θ)− I(x, θ)] . (6.20)

Proposition 6.5.1 (Regularity of the Hamiltonian). Let H : E × Rd → R be the
Hamiltonian as in (6.20), and suppose that Assumptions 6.3.10 and 6.3.11 are satisfied.
Then:

(i) For any x ∈ E, the map p 7→ H(x, p) is convex andH(x, 0) = 0.

(ii) With the containment function Υ : E→ R of (Λ3), we have

sup
x∈E
H(x,∇Υ(x)) ≤ CΥ < ∞.

Proof. The map p 7→ H(x, p) is convex as it is the supremum over convex func-
tions.

For proving H(x, 0) = 0, let x ∈ E. Then by (Λ2) of Assumption 6.3.10, we
have Λ(x, 0, θ) = 0, and therefore

H(x, 0) = − inf
θ∈Θ
I(x, θ) = 0,

since I ≥ 0 and I(x, θx) = 0 for some θx by (I2) of Assumption 6.3.11. Regard-
ing (ii), we note that by (Λ3),

H(x,∇Υ(x)) ≤ sup
θ

Λ(x,∇Υ(x), θ) ≤ sup
θ∈Θ

sup
x∈E

Λ(x,∇Υ(x), θ) ≤ CΥ.

To prove thatH is continuous, we use Assumption 6.3.11. What we truly need,
however, is that I Gamma converges as a function of x. We establish this result
first.

Proposition 6.5.2 (Gamma convergence of the cost functions). Let a cost function
I : E×Θ→ [0, ∞] satisfy Assumption 6.3.11. Then if xn → x in E, the functionals In
defined by

In(θ) := I(xn, θ)

converge in the Γ-sense to I∞(θ) := I(x, θ). That is:
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1. If xn → x and θn → θ, then lim infn→∞ I(xn, θn) ≥ I(x, θ),

2. For xn → x and all θ ∈ Θ there are θn ∈ Θ such that

θn → θ and lim sup
n→∞

I(xn, θn) ≤ I(x, θ).

Proof. Let xn → x. If θn → θ, then by lower semicontinuity (I1),

lim inf
n→∞

I(xn, θn) ≥ I(x, θ).

For the lim-sup bound, let θ ∈ Θ. If I(x, θ) = ∞, there is nothing to prove. Thus
suppose that I(x, θ) is finite. Then by (I4), there is a neighborhood Ux of x and a
constant M < ∞ such that for any y ∈ Ux,

I(y, θ) ≤ M.

Since xn → x, the xn are eventually contained in Ux. Taking the constant sequence
θn := θ, we thus get that I(xn, θn) ≤ M for all n large enough. By (I5),

lim
n→∞

|I(xn, θn)− I(x, θ)| ≤ 0,

and the lim-sup bound follows.

Proposition 6.5.3 (Continuity of the Hamiltonian). Let H : E × Rd → R be the
Hamiltonian defined in (6.5), and suppose that Assumptions 6.3.10 and 6.3.11 are sat-
isfied. Then the map (x, p) 7→ H(x, p) is continuous and the Lagrangian (x, v) 7→
L(x, v) := supp〈p, v〉 −H(x, p) is lower semi-continuous.

Before we start with the proof, we give a remark on the generality of its state-
ment and on the assumption that Θ is Polish.

Remark 6.5.4. The proof of upper semi-continuity of H works in general, using
continuity properties of Λ, lower semi-continuity of (x, θ) 7→ I(x, θ) and the com-
pact sublevel sets of I(x, ·). To establish lower semi-continuity,we need the that
the functionals I Gamma converge as a function of x. This was established in
Proposition 6.5.2.

Remark 6.5.5. In the lemma we use a sequential characterization of upper hemi-
continuity. This is inspired by the natural formulation of Gamma convergence
in terms of sequences. An extension of our results to spaces Θ beyond the Polish
context should take care of this issue. Without introducing the complicated matter,
an extension is possible to Hausdorff Θ that are k-spaces in which all compact sets
are metrizable.

We will use the following technical result to establish upper semi-continuity
ofH.
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Lemma 6.5.6 (Lemma 17.30 in [AB06]). Let X and Y be two Polish spaces. Let φ :
X → K(Y), whereK(Y) is the space of non-empty compact subsets of Y . Suppose that φ
is upper hemi-continuous, that is if xn → x and yn → y and yn ∈ φ(xn), then y ∈ φ(x).

Let f : Graph(φ)→ R be upper semi-continuous. Then the map defined by m(x) :=
supy∈φ(x) f (x, y) is upper semi-continuous.

Proof of Proposition 6.5.3. We start by establishing upper semi-continuity ofH. We
argue on the basis of Lemma 6.5.6. Recall the representation of H of (6.20). Set
X = E×Rd for the (x, p) variables, Y = Θ, and f (x, p, θ) = Λ(x, p, θ)− I(x, θ)
and note that this function is upper semi-continuous by Assumption 6.3.11 (I1)
and by Assumption 6.3.10 (Λ1).

By Assumption 6.3.11 (I2), we have H(x, p) ≥ Λ(x, p, θx). Thus, it suffices to
restrict the supremum over θ ∈ Θ to θ ∈ φ(x, p) where

φ(x, p) :=
{

θ ∈ Θ
∣∣ I(x, θ) ≤ 2 ||Λ(x, p, ·)||Θ

}
,

in the sense that we have

H(x, p) = sup
θ∈φ(x,p)

[Λ(x, p, θ)− I(x, θ)] .

φ(x, p) is non-empty as θx ∈ φ(x, p) and it is compact due to Assumption 6.3.11 (I3).
We are left to show that φ is upper hemi-continuous.

Thus, let (xn, pn, θn) → (x, p, θ) with θn ∈ φ(xn, pn). We establish that θ ∈
φ(x, p). By (I1) and the definition of φ we find

I(x, θ) ≤ lim inf
n
I(xn, θn) ≤ lim inf

n
2 ||Λ(xn, pn, ·||Θ = 2 ||Λ(x, p, ·)||Θ

which implies indeed that θ ∈ φ(x, p). Thus, upper semi-continuity follows by an
application of Lemma 6.5.6.

We proceed with proving lower semi-continuity ofH. Suppose that (xn, pn)→
(x, p), we prove that lim infnH(xn, pn) ≥ H(x, p).

Let θ be the measure such thatH(x, p) = Λ(x, p, θ)− I(x, θ). We have

• By Proposition 6.5.2 there are θn such that θn → θ and lim supn I(xn, θn) ≤
I(x, θ).

• Λ(xn, pn, θn) converges to Λ(x, p, θ) by Assumption (Λ1).

Therefore,

lim inf
n→∞

H(xn, pn) ≥ lim inf
n→∞

[Λ(xn, pn, θn)− I(xn, θn)]

≥ lim inf
n→∞

Λ(xn, pn, θn)− lim sup
n→∞

I(xn, θn)

≥ Λ(x, p, θ)− I(x, θ) = H(x, p),

establishing thatH is lower semi-continuous.
The Lagrangian L is obtained as the supremum over continuous functions.

This implies L is lower semi-continuous.
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6.6 The comparison principle

In this section, we establish the comparison principle for f − λH f = h in the
context of Theorem 6.3.3, using the general strategy of Section 6.4.1. Before being
able to use this strategy, we need to restrict our analysis to compact sets in E. We
will use a classical penalization technique that we will write down in operator
form.

We thus introduce two new operators H† and H‡, which are defined in terms
of H and the containment function Υ from Assumption 6.3.10 (Λ3). We will then
show that the comparison principle holds for a pair of Hamilton-Jacobi equations
in terms of H† and H‡. This procedure allows us to clearly separate the reduction
to compact sets on one hand, and the proof of the comparison principle on the
basis of the bootstrap procedure on the other. Schematically, we will establish the
following diagram:

comparison

H†

H

H‡

sub

super

In this diagram, an arrow connecting an operator A with operator B with sub-
script ’sub’ means that viscosity subsolutions of f − λA f = h are also viscosity
subsolutions of f − λB f = h. Similarly for arrows with a subscript ’super’.

We introduce the operators H† and H‡ in Section 6.6.1. The arrows will be
established in Section 6.6.2. Finally, we will establish the comparison principle for
H† and H‡ in Section 6.6.3, which by the arrows implies the comparison principle
for H.

Proof of Theorem 6.3.3. Fix h1, h2 ∈ Cb(E) and λ > 0.

Let u1, u2 be a viscosity sub- and supersolution to f − λH f = h1 and f −
λH f = h2 respectively. By Lemma 6.6.3 proven in Section 6.6.2, u1 and u2 are a
sub- and supersolution to f − λH† f = h1 and f − λH‡ f = h2 respectively. Thus
supE u1 − u2 ≤ supE h1 − h2 by Proposition 6.6.4 of Section 6.6.3. Specialising to
h1 = h2 gives Theorem 6.3.3.

6.6.1 Definition of auxiliary operators

In this section, we repeat the definition of H, and introduce the operators H† and
H‡.
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Definition 6.6.1. The operator H ⊆ C1
b(E)× Cb(E) has domain D(H) = C∞

cc(E)
and satisfies H f (x) = H(x, d f (x)), whereH is the map

H(x, p) = sup
θ∈Θ

[Λ(x, p, θ)− I(x, θ)] .

We proceed by introducing H† and H‡. These new Hamiltonians will serve as
natural upper and lower bound for H. They are defined in terms of the contain-
ment function Υ, and essentially allow us to restrict our analysis to compact sets.

For the following definition, recall Assumption (Λ3) and the constant CΥ :=
supθ supx Λ(x,∇Υ(x), θ) therein. Denote by C∞

` (E) the set of smooth functions
on E that have a lower bound and by C∞

u (E) the set of smooth functions on E that
have an upper bound.

Definition 6.6.2 (The operators H† and H‡). For f ∈ C∞
` (E) and ε ∈ (0, 1) set

f ε
† := (1− ε) f + εΥ

Hε
†, f (x) := (1− ε)H(x,∇ f (x)) + εCΥ.

and set
H† :=

{
( f ε

† , Hε
†, f )

∣∣∣ f ∈ C∞
` (E), ε ∈ (0, 1)

}
.

For f ∈ C∞
u (E) and ε ∈ (0, 1) set

f ε
‡ := (1 + ε) f − εΥ

Hε
‡, f (x) := (1 + ε)H(x,∇ f (x))− εCΥ.

and set
H‡ :=

{
( f ε

‡ , Hε
‡, f )

∣∣∣ f ∈ C∞
u (E), ε ∈ (0, 1)

}
.

6.6.2 Implications based on compact containment

The operator H is related to H†, H‡ by the following Lemma.

Lemma 6.6.3. Fix λ > 0 and h ∈ Cb(E).

(a) Every subsolution to f − λH f = h is also a subsolution to f − λH† f = h.

(b) Every supersolution to f − λH f = h is also a supersolution to f − λH‡ f = h.

We only prove (a) of Lemma 6.6.3, as (b) can be carried out analogously.

Proof. Fix λ > 0 and h ∈ Cb(E). Let u be a subsolution to f − λH f = h. We prove
it is also a subsolution to f − λH† f = h.
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Fix ε > 0 and f ∈ C∞
` (E) such that ( f ε

† , Hε
†, f ,φ) ∈ H†. We will prove that there

are xn ∈ E such that

lim
n→∞

(u− f ε
†) (xn) = sup

x∈E
(u− f ε

†) , (6.21)

lim sup
n→∞

[
u(xn)− λHε

†, f (xn)− h(xn)
]
≤ 0. (6.22)

As the function [u− (1− ε) f ] is bounded from above and εΥ has compact sublevel-
sets, the sequence xn along which the first limit is attained can be assumed to lie
in the compact set

K :=
{

x |Υ(x) ≤ ε−1 sup
x

(u(x)− (1− ε) f (x))
}

.

Set M = ε−1 supx (u(x)− (1− ε) f (x)). Let γ : R → R be a smooth increasing
function such that

γ(r) =

{
r if r ≤ M,
M + 1 if r ≥ M + 2.

Denote by fε the function on E defined by

fε(x) := γ ((1− ε) f (x) + εΥ(x)) .

By construction fε is smooth and constant outside of a compact set and thus lies
in D(H) = C∞

cc(E). As u is a viscosity subsolution for f − λH f = h there exists a
sequence xn ∈ K ⊆ E (by our choice of K) with

lim
n

(u− fε) (xn) = sup
x

(u− fε) (x), (6.23)

lim sup
n

[u(xn)− λH fε(xn)− h(xn)] ≤ 0. (6.24)

As fε equals f ε
† on K, we have from (6.23) that also

lim
n

(u− f ε
†) (xn) = sup

x∈E
(u− f ε

†) ,

establishing (6.21). Convexity of p 7→ H(x, p) yields for arbitrary points x ∈ K the
estimate

H fε(x) = H(x,∇ fε(x))

≤ (1− ε)H(x,∇ f (x)) + εH(x,∇Υ(x))

≤ (1− ε)H(x,∇ f (x)) + εCΥ = Hε
†, f (x).

Combining this inequality with (6.24) yields

lim sup
n

[
u(xn)− λHε

†, f (xn)− h(xn)
]
≤ lim sup

n
[u(xn)− λH fε(xn)− h(xn)] ≤ 0,

establishing (6.22). This concludes the proof.
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6.6.3 The comparison principle

In this section, we prove the comparison principle for the operators H† and H‡.

Proposition 6.6.4. Fix λ > 0 and h1, h2 ∈ Cb(E). Let u1 be a viscosity subsolution to
f − λH† f = h1 and let u2 be a viscosity supersolution to f − λH‡ f = h2. Then we have
supx u1(x)− u2(x) ≤ supx h1(x)− h2(x).

The proof uses an estimate that was proven in the proof of Proposition A.11
of [CK17] for one penalization function Ψ, or in the context of the more general
continuity estimate of the Appendix of [KS19], in the proof of Proposition 4.5 of
[Kra17] for two penalization functions {Ψ1, Ψ2}. In both contexts we use the con-
tainment function Υ of Assumption 6.3.10, (Λ3). We start with a key result that
allows us to find optimizing points that generalize the argument of Section 6.4.1
to the non compact setting.

The result is a copy of Lemma A.11 of [CK17], which is in turn a variant of
Lemma 9.2 in [FK06] and Proposition 3.7 in [CIL92]. We have included it for com-
pleteness.

Lemma 6.6.5. Let u be bounded and upper semi-continuous, let v be bounded and lower
semi-continuous, let Ψ : E2 → R+ be penalization functions and let Υ be a containment
function.

Fix ε > 0. For every α > 0 there exist xα,ε, yα,ε ∈ E such that

u(xα,ε)

1− ε
− v(yα,ε)

1 + ε
− αΨ(xα,ε, yα,ε)−

ε

1− ε
Υ(xα,ε)−

ε

1 + ε
Υ(yα,ε)

= sup
x,y∈E

{
u(x)
1− ε

− v(y)
1 + ε

− αΨ(x, y)− ε

1− ε
Υ(x)− ε

1 + ε
Υ(y)

}
. (6.25)

Additionally, for every ε > 0 we have that

(a) The set {xα,ε, yα,ε | α > 0} is relatively compact in E.

(b) All limit points of {(xα,ε, yα,ε)}α>0 as α → ∞ are of the form (z, z) and for these
limit points we have u(z)− v(z) = supx∈E {u(x)− v(x)}.

(c) We have

lim
α→∞

αΨ(xα,ε, yα,ε) = 0.

Proof of Proposition 6.6.4. Fix λ > 0 and h1, h2 ∈ Cb(E). Let u1 be a viscosity sub-
solution and u2 be a viscosity supersolution of f − λH† f = h1 and f − λH‡ f = h2
respectively. We prove Theorem 6.6.4 in two steps.
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Step 1: We prove that for ε > 0 and α > 0, there exist points xε,α, yε,α ∈ E and
momenta p1

ε,α, p2
ε,α ∈ Rd such that

sup
E

(u1 − u2) ≤ λ lim inf
ε→0

lim inf
α→∞

[
H(xε,α, p1

ε,α)−H(yε,α, p2
ε,α)
]

+ sup
E

(h1 − h2). (6.26)

This step is solely based on the sub- and supersolution properties of u1, u2, the
continuous differentiability of the penalization function Ψ(x, y), the containment
function Υ, and convexity of p 7→ H(x, p).

Step 2: Using Assumptions 6.3.10 and 6.3.11, we prove that

lim inf
ε→0

lim inf
α→∞

[
H(xε,α, p1

ε,α)−H(yε,α, p2
ε,α)
]
≤ 0.

Proof of Step 1: For any ε > 0 and any α > 0, define the map Φε,α : E× E → R

by

Φε,α(x, y) :=
u1(x)
1− ε

− u2(y)
1 + ε

− αΨ(x, y)− ε

1− ε
Υ(x)− ε

1 + ε
Υ(y).

Let ε > 0. By Lemma 6.6.5, there is a compact set Kε ⊆ E and there exist points
xε,α, yε,α ∈ Kε such that

Φε,α(xε,α, yε,α) = sup
x,y∈E

Φε,α(x, y), (6.27)

and
lim

α→∞
αΨ(xε,α, yε,α) = 0. (6.28)

As in the proof of Proposition A.11 of [Kra17], it follows that

sup
E

(u1 − u2) ≤ lim inf
ε→0

lim inf
α→∞

[
u1(xε,α)

1− ε
− u2(yε,α)

1 + ε

]
. (6.29)

At this point, we want to use the sub- and supersolution properties of u1 and u2.
Define the test functions ϕε,α

1 ∈ D(H†), ϕε,α
2 ∈ D(H‡) by

ϕε,α
1 (x) := (1− ε)

[
u2(yε,α)

1 + ε
+ αΨ(x, yε,α) +

ε

1− ε
Υ(x) +

ε

1 + ε
Υ(yε,α)

+ (1− ε)(x− xε,α)
2
]

and

ϕε,α
2 (y) := (1 + ε)

[
u1(xε,α)

1− ε
− αΨ(xε,α, y)− ε

1− ε
Υ(xε,α)−

ε

1 + ε
Υ(y)

− (1 + ε)(y− yε,α)
2
]

.
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Using (6.27), we find that u1 − ϕε,α
1 attains its supremum at x = xε,α, and thus

sup
E

(u1 − ϕε,α
1 ) = (u1 − ϕε,α

1 )(xε,α).

Denote p1
ε,α := α∇xΨ(xε,α, yε,α). By our addition of the penalization (x− xε,α)2 to

the test function, the point xε,α is in fact the unique optimizer, and we obtain from
the subsolution inequality that

u1(xε,α)− λ
[
(1− ε)H

(
xε,α, p1

ε,α

)
+ εCΥ

]
≤ h1(xε,α). (6.30)

With a similar argument for u2 and ϕε,α
2 , we obtain by the supersolution inequality

that
u2(yε,α)− λ

[
(1 + ε)H

(
yε,α, p2

ε,α

)
− εCΥ

]
≥ h2(yε,α), (6.31)

where p2
ε,α := −α∇yΨ(xε,α, yε,α). With that, estimating further in (6.29) leads to

sup
E

(u1 − u2) ≤ lim inf
ε→0

lim inf
α→∞

[
h1(xε,α)

1− ε
− h2(yε,α)

1 + ε
+

ε

1− ε
CΥ

+
ε

1 + ε
CΥ + λ

[
H(xε,α, p1

ε,α)−H(yε,α, p2
ε,α)
] ]

.

Thus, (6.26) in Step 1 follows.

Proof of Step 2: Recall thatH(x, p) is given by

H(x, p) = sup
θ∈Θ

[Λ(x, p, θ)− I(x, θ)] .

Since Λ(xε,α, p1
ε,α, ·) : Θ → R is bounded and continuous by (Λ1) and the map

I(xε,α, ·) : Θ → [0, ∞] has compact sub-level sets in Θ by (I3), there exists an
optimizer θε,α ∈ Θ such that

H(xε,α, p1
ε,α) = Λ(xε,α, p1

ε,α, θε,α)− I(xε,α, θε,α). (6.32)

Choosing the same point in the supremum of the second term H(yε,α, p2
ε,α), we

obtain for all ε > 0 and α > 0 the estimate

H(xε,α, p1
ε,α)−H(yε,α, p2

ε,α) ≤ Λ(xε,α, p1
ε,α, θε,α)−Λ(yε,α, p2

ε,α, θε,α)

+ I(yε,α, θε,α)− I(xε,α, θε,α). (6.33)

We will establish an upper bound for this difference using the continuity estimate
(Λ4) and equi-continuity (I5).

To apply the continuity estimate (Λ4), we need to verify (6.9) and (6.10) (see
(6.35) and (6.37) below) for the variables θε,α. In addition, we need to establish that
θε,θ are contained in a compact set.
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To apply (I5), we need to control the size of I(xε,α, θε,α) and I(yε,α, θε,α) along
subsequences, which by Assumption (I3) implies the above requirement that
along these subsequences θε,θ are contained in a compact set. To obtain control
on the size of I , we employ an auxiliary argument based on the continuity esti-
mate for the measures θ0

ε,α, obtained by (I2), satisfying

I(yα,ε, θ0
ε,α) = 0. (6.34)

The application of the continuity estimate for θ0
ε,α only requires to check (6.9) and

(6.10) as the measures θ0
ε,α are contained in a compact set by (6.34) and (I3). Thus,

we will first establish

lim inf
ε→0

lim inf
α→∞

Λ(xε,α, p1
ε,α, θε,α) > −∞, (6.35)

lim inf
ε→0

lim inf
α→∞

Λ(xε,α, p1
ε,α, θ0

ε,α) > −∞, (6.36)

lim sup
ε→0

lim sup
α→∞

Λ(yε,α, p2
ε,α, θε,α) < ∞, (6.37)

lim sup
ε→0

lim sup
α→∞

Λ(yε,α, p2
ε,α, θ0

ε,α) < ∞. (6.38)

Note that by (Λ5) the bounds in (6.35) and (6.36) are equivalent. Similarly (6.37)
and (6.38) are equivalent.

By the subsolution inequality (6.30),

1
λ

inf
E
(u1 − h) ≤ (1− ε)H(xε,α, p1

ε,α) + εCΥ (6.39)

≤ (1− ε)Λ(xε,α, p1
ε,α, θε,α) + εCΥ,

and the lower bounds (6.35) and (6.36) follow.
By the supersolution inequality (6.31), we can estimate

(1 + ε)Λ(yε,α, p2
ε,α, θ0

ε,α) = (1 + ε)
[
Λ(yε,α, p2

ε,α, θ0
ε,α)− I(yε,α, θ0

ε,α)
]

≤
(
(1 + ε)H

(
yε,α, p2

ε,α

)
− εCΥ

)
+ εCΥ

≤ 1
λ

sup
E

(u2 − h) + εCΥ < ∞,

and the upper bounds (6.37) and (6.38) follow.
Since the θ0

ε,α are contained in a compact set by (I3), we conclude by the conti-
nuity estimate (Λ4) that

lim inf
ε→0

lim inf
α→∞

[
Λ
(

xε,α, p1
ε,α, θ0

ε,α

)
−Λ

(
yε,α, p2

ε,α, θ0
ε,α

)]
≤ 0.

Without loss of generality, we can choose for all small ε subsequences (xε,α, yε,α)
(denoted the same) such that also

lim inf
ε→0

lim sup
α→∞

[
Λ
(

xε,α, p1
ε,α, θ0

ε,α

)
−Λ

(
yε,α, p2

ε,α, θ0
ε,α

)]
≤ 0. (6.40)
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We proceed to establish that along this collection of subsequences we have
lim supα→∞ I(xε,α, θε,α) < ∞. We return to the first inequality of (6.39), combined
with (6.32), to obtain

1
λ

inf
E
(u1 − h) ≤ (1− ε)H(xε,α, p1

ε,α) + εCΥ

= (1− ε)
[
Λ(xε,α, p1

ε,α, θε,α)− I(xε,α, θε,α)
]
+ εCΥ.

We conclude that lim supα→∞ I(xε,α, θε,α) < ∞ is implied by

lim sup
α→∞

Λ(xε,α, p1
ε,α, θε,α) < ∞

which by (Λ5) is equivalent to

lim sup
α→∞

Λ(xε,α, p1
ε,α, θ0

ε,α) < ∞.

This, however, yields what we want by (6.38) and (6.40):

lim sup
α→∞

Λ(xε,α, p1
ε,α, θ0

ε,α) ≤ lim sup
α→∞

Λ(yε,α, p2
ε,α, θ0

ε,α)

+ lim sup
α→∞

[
Λ
(

xε,α, p1
ε,α, θ0

ε,α

)
−Λ

(
yε,α, p2

ε,α, θ0
ε,α

)]
< ∞.

We thus obtain
lim sup

α→∞
I(xε,α, θε,α) < ∞.

Therefore, by (I3), for each ε > 0 the θε,α are contained in a compact set. With the
bounds (6.35) and (6.37), we conclude by the continuity estimate (Λ4) that

lim inf
ε→0

lim inf
α→∞

[
Λ
(

xε,α, p1
ε,α, θε,α

)
−Λ

(
yε,α, p2

ε,α, θε,α

)]
≤ 0. (6.41)

By (6.28), we have along a subsequence (xε,α, yε,α)→ (zε, zε) ∈ Kε × Kε as α→ ∞.
Therefore by (I4) there exists a subsequence of (xε,α, yε,α) (denoted the same) and
a constant M′ε < ∞ such that for all α > 0 large enough,

I(xε,α, θε,α) ≤ M′ε and I(yε,α, θε,α) ≤ M′ε.

Hence by (I5), for any ε > 0,

lim sup
α→∞

|I(yε,α, θε,α)− I(xε,α, θε,α)| = 0. (6.42)

Then combining (6.41) with (6.42) gives an estimate on (6.33) which completes
Step 2.
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6.7 Construction of viscosity solutions

In this Section, we will show that R(λ)h, for h ∈ Cb(E), λ > 0 of Theorem 6.3.6 is
indeed a viscosity solution to f − λH f = h. To do so, we will use the methods of
Chapter 8 of [FK06] which are based on the strategy laid out in Section 6.4.2.

In particular, we will verify [FK06, Conditions 8.9, 8.10 and 8.11] which imply
by [FK06, Theorem 8.27] and the comparison principle for f −λH f = h that R(λ)h
is a viscosity solution to f − λH f = h.

Verification of Conditions 8.9, 8.10 and 8.11. In the notation of [FK06], we use U =
Rd, Γ = E × U, one operator H = H† = H‡ and A f (x, u) = 〈∇ f (x), u〉 for
f ∈ D(H) = C∞

cc(E).
Regarding Condition 8.9, by continuity and convexity ofH obtained in Propo-

sitions 6.5.1 and 6.5.3, parts 8.9.1, 8.9.2, 8.9.3 and 8.9.5 can be proven e.g. as in
the proof of [FK06, Lemma 10.21] for ψ = 1. Part 8.9.4 is a consequence of the
existence of a containment function, and follows as shown in the proof of [CK17,
Theorem A.17]. Since we use the argument further below, we briefly recall it here.
We need to show that for any compact set K ⊆ E, any finite time T > 0 and finite
bound M ≥ 0, there exists a compact set K′ = K′(K, T, M) ⊆ E such that for any
absolutely continuous path γ : [0, T]→ E with γ(0) ∈ K, if∫ T

0
L(γ(t), γ̇(t)) dt ≤ M, (6.43)

then γ(t) ∈ K′ for any 0 ≤ t ≤ T.

For K ⊆ E, T > 0, M ≥ 0 and γ as above, this follows by noting that

Υ(γ(τ)) = Υ(γ(0)) +
∫ τ

0
∇Υ(γ(t))γ̇(t) dt

≤ Υ(γ(0)) +
∫ τ

0
[L(γ(t), γ̇(t))) +H(x(t),∇Υ(γ(t)))] dt

≤ sup
K

Υ + M + T sup
x∈E
H(x,∇Υ(x)) =: C < ∞, (6.44)

for any 0 ≤ τ ≤ T, so that the compact set K′ := {z ∈ E : Υ(z) ≤ C} satisfies the
claim.

We proceed with the verification of Conditions 8.10 and 8.11 of [FK06]. By
Proposition 6.5.1, we haveH(x, 0) = 0 and hence H1 = 0. Thus, Condition 8.10 is
implied by Condition 8.11 (see Remark 8.12 (e) in [FK06]).

We establish that Condition 8.11 is satisfied: for any function f ∈ D(H) =
C∞

cc(E) and x0 ∈ E, there exists an absolutely continuous path x : [0, ∞)→ E such
that x(0) = x0 and for any t ≥ 0,∫ t

0
H(x(s),∇ f (x(s)) ds =

∫ t

0
[ẋ(s) · ∇ f (x(s))−L(x(s), ẋ(s))] ds. (6.45)
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To do so, we solve the differential inclusion

ẋ(t) ∈ ∂pH(x(t),∇ f (x(t))), x(0) = x0, (6.46)

where the subdifferential ofH was defined in (6.12) on page 197.

Since the addition of a constant to f does not change the gradient, we may
assume without loss of generality that f has compact support. A general method
to establish existence of differential inclusions ẋ ∈ F(x) is given by Lemma 5.1 of
Deimling [Dei92]. We use this result for F(x) := ∂pH(x,∇ f (x)). To apply this
lemma, we need to verify that:

(F1) F is upper hemi-continuous and F(x) is non-empty, closed, and convex for
all x ∈ E.

(F2) ‖F(x)‖ ≤ c(1 + |x|) on E, for some c > 0.

(F3) F(x) ∩ TE(x) 6= ∅ for all x ∈ E. (The Definition 6.3.13 of TE(x) is given on
page 197 of this thesis).

While part (F1) follows from the properties of a subdifferential set and (F3) is a
consequence of Assumption 6.3.14, part (F2) is in general not satisfied. To cir-
cumvent this problem, we use properties of H to establish a-priori bounds on the
range of solutions.

Step 1: Let T > 0, and assume that x(t) solves (6.46). We establish that there is
some M such that (6.43) is satisfied. By (6.46) we obtain for all p ∈ Rd,

H(x(t), p) ≥ H(x(t),∇ f (x(t))) + ẋ(t) · (p−∇ f (x(t))),

and as a consequence

ẋ(t)∇ f (x(t))−H(x(t),∇ f (x(t))) ≥ L(x(t), ẋ(t)).

Since f has compact support andH(y, 0) = 0 for any y ∈ E, we estimate∫ T

0
L(x(t), ẋ(t)) ds ≤

∫ T

0
ẋ(t)∇ f (x(t)) dt− T inf

y∈supp( f )
H(y,∇ f (y)).

By continuity ofH the field F is bounded on compact sets, so the first term can be
bounded by∫ T

0
ẋ(t)∇ f (x(t)) dt ≤ T sup

y∈supp( f )
‖F(y)‖ sup

z∈supp( f )
|∇ f (z)|.

Therefore, for any T > 0, we obtain that the integral over the Lagrangian is
bounded from above by M = M(T), with

M := T sup
y∈supp( f )

‖F(y)‖ sup
z∈supp( f )

|∇ f (z)| − inf
y∈supp( f )

H(y,∇ f (y)).



Verification for examples of Hamiltonians 217

From the first part of the, see the argument concluding after (6.44), we find that
the solution x(t) remains in the compact set

K′ := {z ∈ E |Υ(z) ≤ C} , C := Υ(x0) + M + T sup
x
H(x,∇Υ(x)), (6.47)

for all t ∈ [0, T].

Step 2: We prove that there exists a solution x(t) of (6.46) on [0, T].
Using F, we define a new multi-valued vector-field F′(z) that equals F(z) =

∂pH(z,∇ f (z)) inside K′, but equals {0} outside a neighborhood of K. This can
e.g. be achieved by multiplying with a smooth cut-off function gK′ : E → [0, 1]
that is equal to one on K′ and zero outside of a neighborhood of K′.

The field F′ satisfies (F1), (F2) and (F3) from above, and hence there exists an
absolutely continuous path y : [0, ∞) → E such that y(0) = x0 and for almost
every t ≥ 0,

ẏ(t) ∈ F′(y(t)).

By the estimate established in step 1 and the fact that Υ(γ(t)) ≤ C for any 0 ≤
t ≤ T, it follows from the argument as shown above in (6.44) that the solution y
stays in K′ up to time T. Since on K′, we have F′ = F, this implies that setting
x = y|[0,T], we obtain a solution x(t) of (6.46) on the time interval [0, T].

6.8 Verification for examples of Hamiltonians

In this section, we verify the conditions on Λ and I for the example Hamiltonians
of Section 6.3.4. Since the conditions on the functions Λ and I are independent
of each other, we verify these conditions separately. In Section 6.8.1, we consider
Assumption 6.3.11 for I . In Sections 6.8.2, we consider Assumption 6.3.10 for Λ.
The continuity estimates will be verified separately in Section 6.8.3.

6.8.1 Verifying assumptions for cost functions I
We verify Assumption 6.3.11 for two types of cost functions I(x, θ), correspond-
ing to the examples of Section 6.3.4.

We start by considering the case in which the cost function is the large-deviation
rate function for the occupation-time measures of jump process taking values in
a finite set {1, . . . , J} (e.g. [DV75a, dH00]). We follow this example in Proposi-
tion 6.8.2 in which the cost function stems from occupation-time large deviations
of a drift-diffusion process on a compact manifold, see e.g. [DV75c, Pin07]. We
expect these results to extend also to non-compact spaces, but we feel this is better
suited for a separate work.

Proposition 6.8.1 (Donsker-Varadhan functional for jump processes). Consider a
finite set F = {1, . . . , J} and let Θ := P({1, . . . , J}) be the set of probability measures
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on F. For x ∈ E, let Lx : Cb(F)→ Cb(F) be the operator given by

Lx f (i) :=
J

∑
j=1

r(i, j, x) [ f (j)− f (i)] , f : {1, . . . , J} → R.

Suppose that the rates r : {1, . . . , J}2 × E → R+ are continuous as a function on E and
moreover satisfy the following:

(i) For any x ∈ E, the matrix R(x) with entries R(x)ij := r(i, j, x) for i 6= j and
R(x)ii = −∑j 6=i r(i, j, x) is irreducible.

(ii) For each pair (i, j), we either have r(i, j, ·) ≡ 0 or for each compact set K ⊆ E, it
holds that

rK(i, j) := inf
x∈K

r(i, j, x) > 0.

Then the Donsker-Varadhan functional I : E×Θ→ R+ defined by

I(x, θ) := sup
w∈RJ

∑
ij

r(i, j, x)θi
[
1− ewj−wi

]
satisfies Assumption 6.3.11.

Proof. (I1): For a fixed vector w ∈ RJ , the map

(x, θ) 7→∑
ij

r(i, j, x)θi
[
1− ewj−wi

]
is continuous on E×Θ. Hence I(x, θ) is lower semicontinuous as the supremum
over continuous functions.

(I2): Let x ∈ E. First note that for all θ, the choice w = 0 implies that I(x, θ) ≥
0. By the irreducibility assumption on the rates r(i, j, x), there exists a unique
measure θx ∈ Θ such that for any f : {1, . . . , J} → R,

∑
i

Lx f (i)θx(i) = 0. (6.48)

We establish I(x, θx) = 0. Let w ∈ RJ . By the elementary estimate(
1− eb−a

)
≤ −(b− a) for all a, b > 0,

we obtain

∑
ij

r(i, j, x)θx(i)
(
1− ewj−wi

)
≤ −∑

ij
r(i, j, x)θx(i)

(
wj − wi

)
= −∑

i
(Lxw)(i)θx(i)

(6.48)
= 0
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Since I ≥ 0, this implies I(x, θx) = 0.

(I3): Any closed subset of Θ is compact.

(I4): Let xn → x in E. It follows that the sequence is contained in some com-
pact set K ⊆ E that contains the xn and x in its interior. For any y ∈ K,

I(y, θ) ≤ ∑
ij,i 6=j

r(i, j, y)θi ≤ ∑
ij,i 6=j

r(i, j, y) ≤ ∑
ij,i 6=j

r̄ij, r̄ij := sup
y∈K

r(i, j, y).

Hence I is uniformly bounded on K×Θ, and (I4) follows with Ux the interior of
K.

(I5): Let d be some metric that metrizes the topology of E. We will prove that
for any compact set K ⊆ E and ε > 0 there is some δ > 0 such that for all x, y ∈ K
with d(x, y) ≤ δ and for all θ ∈ P(F), we have

|I(x, θ)− I(y, θ)| ≤ ε. (6.49)

Let x, y ∈ K. By continuity of the rates the I(x, ·) are uniformly bounded for
x ∈ K:

0 ≤ I(x, θ) ≤ ∑
ij,i 6=j

r(i, j, x)θi ≤ ∑
ij,i 6=j

r(i, j, x) ≤ ∑
ij,i 6=j

r̄ij, r̄ij := sup
x∈K

r(i, j, x).

For any n ∈N, there exists wn ∈ RJ such that

0 ≤ I(x, θ) ≤ ∑
ij,i 6=j

rij(x)θi(1− ewn
j −wn

i ) +
1
n

.

By reorganizing, we find for all bonds (a, b) the bound

θaewn
b−wn

a ≤ 1
rK,a,b

[
∑

ij,i 6=j,a 6=i,b 6=j
r(i, j, x)θi +

1
n

]
≤ 1

rK,a,b

[
∑

ij,i 6=j
r̄ij +

1
n

]
.

Thereby, evaluating in I(y, θ) the same vector wn to estimate the supremum,

I(x, θ)− I(y, θ)

≤ 1
n
+ ∑

ab,a 6=b
r(a, b, x)θa(1− ewn

b−wn
a )− ∑

ab,a 6=b
r(a, b, y)θa(1− ewn

b−wn
a )

≤ 1
n
+ ∑

ab,a 6=b
|r(a, b, x)− r(a, b, y)|θa + ∑

ab,a 6=b
|r(a, b, y)− r(a, b, x)|θaewn

b−wn
a

≤ 1
n
+ ∑

ab,a 6=b
|r(a, b, x)− r(a, b, y)|

(
1 +

1
rK,a,b

[
∑

ij,i 6=j
r̄ij + 1

])

We take n → ∞ and use that the rates x 7→ r(a, b, x) are continuous, and hence
uniformly continuous on compact sets, to obtain (6.49).
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Proposition 6.8.2 (Donsker-Varadhan functional for drift-diffusions). Let F be a
smooth compact Riemannian manifold without boundary and set Θ := P(F), the set
of probability measures on F. For x ∈ E, let Lx : C2(F) ⊆ Cb(F) → Cb(F) be the
second-order elliptic operator that in local coordinates is given by

Lx =
1
2
∇ · (ax∇) + bx · ∇,

where ax is a positive definite matrix and bx is a vector field having smooth entries aij
x and

bi
x on F. Suppose that for all i, j the maps

x 7→ ai,j
x (·), x 7→ bi

x(·) (6.50)

are continuous as functions from E to Cb(F), where we equip Cb(F) with the supremum
norm. Then the functional I : E×Θ→ [0, ∞] defined by

I(x, θ) := sup
u∈D(Lx)

u>0

[
−
∫

F

Lxu
u

dθ

]

satisfies Assumption 6.3.11.

Proof. (I1): For any fixed function u ∈ D(Lx) that is strictly positive on F, the
function (−Lxu/u) is continuous on F. For any fixed u it follows by (6.50) and
compactness of F that

(x, θ) 7→ −
∫

F

Lxu
u

dθ

is continuous on E×Θ. As a consequence I(x, θ) is lower semicontinuous as the
supremum over continuous functions.

(I2): Let x ∈ E. The stationary measure θx ∈ Θ satisfying∫
F

Lxg(z) dθx(z) = 0 for all g ∈ D(Lx) (6.51)

is the minimizer of I(x, ·), that is I(x, θx) = 0. This follows by considering the
Hille-Yosida approximation Lε

x of Lx and using the same argument (using w =
log u) as in Proposition 6.8.1 for these approximations. For any u > 0 and for
any ε > 0,

−
∫

F

Lxu
u

dθ = −
∫

F

Lε
xu
u

dθ +
∫

F

(Lε
x − Lx)u

u
dθ

≤ −
∫

F

Lε
xu
u

dθ +
1

infF u
‖(Lε

x − Lx)u‖F

≤ −
∫

F
Lε

x log(u) dθ + o(1)ε→0.

Sending ε→ 0 and then using (6.51) gives (I2).
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(I3): Since Θ = P(F) is compact, any closed subset of Θ is compact. Hence
any union of sub-level sets of I(x, ·) is relatively compact in Θ.

(I4): Let xn → x in E and θn be a sequence in Θ, and suppose that I(xn, θn) ≤
M for some constant M independent of n. Let dz be the Riemannian measure on
F. By Pinsky’s results in [Pin85, Pin07], if I(y, θ) < ∞, then the density dθ

dz exists.
In addition, there are constants c1, c2, c3, c4 depending only on ay, by, and not on θ,
such that

c1(y)
∫

F
|∇gθ |2 dz− c2(y) ≤ I(y, θ) ≤ c3(y)

∫
F
|∇gθ |2 dz + c4(y), (6.52)

where gθ = (dθ/dz)1/2. In particular, as can be seen by the derivation of [Pin85,
Eq. (2.18), (2.19)], the constants depend continuously on y ∈ E by our continuity
assumptions on ay and by.

Applying this to our sequences xn and θn, we have∫
F
|∇gθn |

2 dz ≤ M′,

for a constant M′. This implies again by (6.52) that for any y in some neighborhood
of x that

I(y, θxn) ≤ C < ∞,

with a constant independent of n.

(I5): Since the coefficients ax and bx of the operator Lx depend continuously
on x, assumption (I5) follows from Theorem 2 of [Pin07].

6.8.2 Verifying assumptions for functions Λ

We verify Assumption 6.3.10 for three types of functions Λ corresponding to the
examples of Section 6.3.4. We start with Λ’s that are given as integrals over
quadratic polynomials in p.

Proposition 6.8.3 (Quadratic function Λ). Let E = Rd and Θ = P(F) for some
compact Polish space F. Suppose that the function Λ : E×Rd ×Θ→ R is given by

Λ(x, p, θ) =
∫

F
〈a(x, z)p, p〉 dθ(z) +

∫
F
〈b(x, z), p〉 dθ(z),

where a : E× F → Rd×d and b : E× F → Rd are continuous. Suppose that for every
compact set K ⊆ Rd,

aK,min := inf
x∈K,z∈F,|p|=1

〈a(x, z)p, p〉 > 0,

aK,max := sup
x∈K,z∈F,|p|=1

〈a(x, z)p, p〉 < ∞,

bK,max := sup
x∈K,z∈F,|p|=1

|〈b(x, z), p〉| < ∞.
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Furthermore, there exists a constant L > 0 such that for all x, y ∈ E and z ∈ F,

‖a(x, z)− a(y, z)‖ ≤ L|x− y|,

and suppose that the functions b are one-sided Lipschitz continuous. Then Assump-
tion 6.3.10 holds.

Proof. (Λ1): Let (x, p) ∈ E×Rd. By the boundedness assumptions on a and b,

sup
θ

|Λ(x, p, θ)| ≤ a{x},max + b{x},max < ∞,

and hence the function θ 7→ |Λ(x, p, θ)| is bounded on P(F). Continuity of Λ is a
consequence of the fact that

Λ(x, p, θ) =
∫

F
V(x, p, z)dθ(z)

is the pairing of a continuous bounded function V(x, p, ·) with θ ∈ P(F).
(Λ2): Let x ∈ E and θ ∈ P(F). Convexity of p 7→ Λ(x, p, θ) follows since a(x, z)

is positive definite by assumption. If p0 = 0, then evidently Λ(x, p0, θ) = 0.
(Λ3): We show that the map Υ : E→ R defined by

Υ(x) :=
1
2

log
(

1 + |x|2
)

is a containment function for Λ. For any x ∈ E and θ ∈ P(F), we have

Λ(x,∇Υ(x), θ) =
∫

F
〈a(x, z)∇Υ(x),∇Υ(x)〉 dθ(z) +

∫
F
〈b(x, z),∇Υ(x)〉 dθ(z)

≤ a{x},max|∇Υ(x)|2 + b{x},max|∇Υ(x)|

≤ C(1 + |x|) x2

(1 + x2)2 + C(1 + |x|) x
(1 + x2)

,

and the boundedness condition follows with the constant

CΥ := C sup
x
(1 + |x|)

[
x2

(1 + x2)2 +
x

(1 + x2)

]
< ∞.

(Λ4): By the assumption on a(x, z), the function Λ is uniformly coercive in the
sense that for any compact set K ⊆ E,

inf
x∈K,θ∈Θ

Λ(x, p, θ)→ ∞ as |p| → ∞,

and the continuity estimate follows by Proposition 6.8.5.
(Λ5): Let K ⊆ E be compact. We have to show that there exist constants

M, C1, C2 ≥ 0 such that for all x ∈ K, p ∈ Rd and all θ1, θ2 ∈ P(F), we have

Λ(x, p, θ1) ≤ max {M, C1Λ(x, p, θ2) + C2} . (6.53)
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Fix θ1, θ2 ∈ P(F). We have for x ∈ K∫
〈a(x, z)p, p〉dθ1(z) ≤

aK,max

aK,min

∫
〈a(x, z)p, p〉dθ2(z)

In addition, as aK,min > 0 and bK,max < ∞ we have for any C > 0 and sufficiently
large |p| that∫

〈b(x, z), p〉 dθ1(z)− (C + 1)
∫
〈b(x, z), p〉 dθ2(z) ≤ C

∫
〈a(x, z)p, p〉 dθ2(z)

Thus, for sufficiently large |p| (depending on C) we have

Λ(x, p, θ1) ≤ (1 + C)Λ(x, p, θ2).

Fix a C =: C1 and denote the set of ‘large’ p by S. The map (x, p, θ) 7→ Λ(x, p, θ)
is bounded on K × ×Sc × Θ. Thus, we can find a constant C2 such that (6.53)
holds.

We proceed with an example in which Λ depends on p through exponential
functions. Let q ∈N be an integer and

Γ := {(a, b) : a, b ∈ {1, . . . , q}, a 6= b}

be the set of oriented edges in {1, . . . , q}.

Proposition 6.8.4 (Exponential function Λ). Let E ⊆ Rd be the embedding of E =
P({1, . . . , q})× (R+)|Γ| and Θ be a topological space. Suppose that Λ is given by

Λ((µ, w), p, θ) = ∑
(a,b)∈Γ

v(a, b, µ, θ)
[
exp

{
pb − pa + p(a,b)

}
− 1
]

where v is a proper kernel in the sense of Definition 6.3.17. Suppose in addition that there
is a constant C > 0 such that for all (a, b) ∈ Γ such that v(a, b, ·, ·) 6= 0 we have

sup
µ

sup
θ1,θ2

v(a, b, µ, θ1)

v(a, b, µ, θ2)
≤ C. (6.54)

Then Λ satisfies Assumption 6.3.10.

Similar to previous proposition, the assumptions on Λ are satisfied if Θ =
P(F) for some Polish space F, and if v(a, b, µ, θ) = µ(a)

∫
r(a, b, µ, z)θ(dz) and

there are constants 0 < rmin ≤ rmax < ∞ such that for all (a, b) ∈ Γ such
that supµ,z r(a, b, µ, z) > 0, we have

rmin ≤ inf
z

inf
µ

r(a, b, µ, z) ≤ sup
z

sup
µ

r(a, b, µ, z) ≤ rmax.

Regarding (6.54), for (a, b) ∈ Γ for which v(a, b, ·, ·) is non-trivial, we have

v(a, b, µ, θ1)

v(a, b, µ, θ2)
=

∫
r(a, b, µ, z)θ1(dz)∫
r(a, b, µ, z)θ2(dz)

≤ rmax

rmin
.



224 CP for Two-Scale Hamiltonians

Proof of Proposition 6.8.4. (Λ1): The function Λ is continuous as the sum of contin-
uous functions. Boundedness of Λ as a function of θ follows from the bounded-
ness assumption (6.54).

(Λ2): Convexity of Λ as a function of p follows from the fact that Λ is a finite
sum of convex functions, and Λ(x, 0, θ) = 0 is evident.

(Λ3): The function Υ : E→ R defined by

Υ(µ, w) := ∑
(a,b)∈Γ

log
[
1 + w(a,b)

]
is a containment function for Λ (an explicit verification is given in [Kra17]).

(Λ4): The continuity estimate is the content of Proposition 6.8.8 below.
(Λ5): Note that

Λ((µ, w), θ1, p) ≤ ∑
(a,b)∈Γ

v(a, b, µ, θ1)epa,b+pb−pa

≤ C ∑
(a,b)∈Γ

v(a, b, µ, θ2)epa,b+pb−pa

≤ C ∑
(a,b)∈Γ

v(a, b, µ, θ2)
[
epa,b+pb−pa − 1

]
+ C2.

Thus the estimate holds with M = 0, C1 = C and C2 = supµ,θ ∑a,b v(a, b, µ, θ).

6.8.3 Verifying the continuity estimate

With the exception of the verification of the continuity estimate in Assumption
6.3.10 the verification in Section 6.8.2 is straightforward. On the other hand, the
continuity estimate is an extension of the comparison principle, and is therefore
more complex. We verify the continuity estimate in three contexts, which we
hope illustrates that the continuity estimate follows from essentially the same ar-
guments as the standard comparison principle. We will do this for:

• Coercive Hamiltonians

• One-sided Lipschitz Hamiltonians

• Hamiltonians arising from large deviations of empirical measures.

This list is not meant to be an exhaustive list, but to illustrate that the continuity
estimate is a sensible extension of the comparison principle, which is satisfied in
a wide range of contexts. In what follows, E ⊆ Rd is a Polish subset and Θ a
topological space.

Proposition 6.8.5 (Coercive Λ). Let Λ : E ×Rd × Θ → R be continuous and uni-
formly coercive: that is, for any compact K ⊆ E we have

inf
x∈K,θ∈Θ

Λ(x, p, θ)→ ∞ as |p| → ∞.
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Then the continuity estimate holds for Λ with respect to any penalization function Ψ.

Proof. Let Ψ(x, y) = 1
2 (x − y)2. Let (xα,ε, yα,ε, θε,α) be fundamental for Λ with

respect to Ψ. Set pα,ε = α(xε,α − yε,α). By the upper bound (6.9), we find that for
sufficiently small ε > 0 there is some α(ε) such that

sup
α≥α(ε)

Λ (yε,α, pε,α, θε,α) < ∞.

As the variables yα,ε are contained in a compact set by property (C1) of fundamen-
tal collections of variables, the uniform coercivity implies that the momenta pε,α
for α ≥ α(ε) remain in a bounded set. Thus, we can extract a subsequence α′ such
that (xε,α′ , yε,α′ , pε,α′ , θε,α′) converges to (x, y, p, θ) with x = y due to property (C2)
of fundamental collections of variables. By continuity of Λ we find

lim inf
α→∞

Λ (xε,α, pε,α, θε,α)−Λ (yα,ε, pε,α, θε,α)

≤ lim
α′→∞

Λ
(

xε,α′ , pε,α′ , θε,α′
)
−Λ

(
yε,α′ , pε,α′ , θε,α′

)
= 0

establishing the continuity estimate.

Proposition 6.8.6 (One-sided Lipschitz Λ). Let Λ : E×Rd ×Θ→ R satisfy

Λ(x, α(x− y), θ)−Λ(y, α(x− y), θ) ≤ c(θ)ω(α(x− y)2) (6.55)

for some collection of constants c(θ) satisfying supθ c(θ) < ∞ and a function ω : R+ →
R+ satisfying limδ↓0 ω(δ) = 0.

Then the continuity estimate holds for Λ with respect to Ψ(x, y) = 1
2 (x− y)2.

Proof. Let Ψ(x, y) = 1
2 (x − y)2. Let (xα,ε, yα,ε, θε,α) be fundamental for Λ with

respect to Ψ. Set pα,ε = α(xε,α − yε,α). We find

lim inf
α→∞

Λ (xε,α, pε,α, θε,α)−Λ (yα,ε, pε,α, θε,α)

≤ lim inf
α→∞

c(θ)ω(α(x− y)2)

which equals 0 as supθ c(θ) < ∞, limδ↓0 ω(δ) = 0 and property (C1) of a funda-
mental collection of variables.

For the empirical measure of a collection of independent processes one obtains
maps Λ that are neither uniformly coercive nor Lipschitz. Also in this context one
can establish the continuity estimate. We treat a simple 1d case and then state a
more general version for which we refer to [Kra17].

Proposition 6.8.7. Suppose that E = [−1, 1] and that Λ(x, p, θ) is given by

Λ(x, p, θ) =
1− x

2
c+(θ)

[
e2p − 1

]
+

1 + x
2

c−(θ)
[
e−2p − 1

]
with c−, c+ non-negative functions of θ. Then the continuity estimate holds for Λ with
respect to Ψ(x, y) = 1

2 (x− y)2.
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Proof. Let Ψ(x, y) = 1
2 (x − y)2. Let (xα,ε, yα,ε, θε,α) be fundamental for Λ with

respect to Ψ. Set pα,ε = α(xε,α − yε,α). We have

Λ (xε,α, pε,α, θε,α)−Λ (yα,ε, pε,α, θε,α)

=
yε,α − xε,α

2
c+(θε,α)

[
e2pε,α − 1

]
+

xε,α − yε,α

2
c−(θε,α)

[
e−2pε,α − 1

]
Now note that yε,α − xε,α is positive if and only if e2pε,α − 1 is negative so that the
first term is bounded above by 0. With a similar argument the second term is
bounded above by 0. Thus the continuity estimate is satisfied.

Proposition 6.8.8. Suppose E = P({1, . . . , q} × (R+)Γ and suppose that Λ is given
by

Λ((µ, w), θ, p) = ∑
(a,b)∈Γ

v(a, b, µ, θ)
[
exp

{
pb − pa + p(a,b)

}
− 1
]

where v is a proper kernel. Then the continuity estimate holds for Λ with respect to
penalization functions

Ψ1(µ, µ̂) :=
1
2 ∑

a
((µ̂(a)− µ(a))+)2,

Ψ2(w, ŵ) :=
1
2 ∑

(a,b)∈Γ
(w(a,b) − ŵ(a,b))

2.

Here we denote r+ = r ∨ 0 for r ∈ R.

In this context, one can use coercivity like in Proposition 6.8.5 in combination
with directional properties used in the proof of Proposition 6.8.7 above. The proof
of this proposition can be carried out exactly as the proof of [Kra17, Theorem 3.8].
Namely at any point, a converging subsequence is constructed, and the variables α
need to be chosen such that we also get convergence of the measures θε,α in P(F).



Chapter 7

Gradient Flow to
Non-Gradient-Flow

7.1 Introduction

7.1.1 Diffusion in an asymmetric potential landscape

Our main interest in this chapter is the family of Fokker-Planck equations in one
dimension defined by

∂tρε = τε [ε ∆ρε + div (ρε∇V)] , t ≥ 0, x ∈ R. (7.1)

Here, we take an asymmetric double-well potential V : R → R as depicted in
Figure 7.1.

xxa x0

xb

V(x)

Figure 7.1: The typical asymmetric potential V(x).

A typical solution ρε(t, x) is displayed in Figure 7.2, showing a mass transition
from left to right. There are two parameters ε > 0 and τε > 0 appearing in the
Fokker-Planck equation. The parameter ε controls how fast mass can transition in
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between the potential’s wells. In general, smaller values of ε correspond to larger
transition times of mass flowing from left to right. The time-scale parameter τε is
chosen such that transitions from the local minimum xa to the global minimum xb
happen at rate of order one. Below, we make our choice of τε precise.

xa xb xa xb xa xb xa xb

t = t1 t = t2 t = T
ρε(0, x)

Figure 7.2: The time-evolution of a solution ρε(t, x) to (7.1) whose initial distribution is
supported solely on the left. Time is increasing from left to right. At final time, the solution
os close to the equilibrium distribution, which is given by exp{−V(x)/ε} up to normal-
ization. The smaller the value of ε, the sharper the equilibrium distribution concentrates
around the global minimum xb.

We regard the PDE (7.1) as derived from a stochastic model for metastability
introduced by Kramers to study chemical reactions [Kra40]. The stochastic model
he considered is the diffusion process Yε

t = Yε(t) in R solving

dYε
t = −∇V(Yε

t )dt +
√

2ε dBt,

where Bt denotes the standard Brownian motion. For example, consider a particle
initiall starting in the left minimum xa and propagating from left to right. This
propagation may model an reaction-event in which a molecule’s state changes
from a low-energy state xa via a high-energy state x0 to another low-energy state xb.
Then the assumption of asymmetry of the potential V corresponds to modeling a
reaction resulting in a molecule’s state whose final energy is lower than its ini-
tial energy. The energy barrier that the particle has to overcome, V(x0)− V(xa),
corresponds to the minimal activation energy for the reaction to occur. Kramers dis-
cussed various examples of reactions that may be modeled this way [Kra40, Para-
graph 6]. His interest lied in deriving formulas for the average reaction rates from
the average transition time of a particle from xa to xb. In the stochastic model,
as ε decreases, a transition from xa to xb becomes more unlikely, and hence the
average-time for a transition xa → xb to occur increases. Kramers derived an
asymptotic expression for this average-time,

Exa [T(xa → xb)] = [1 + o(1)ε→0]
2π√

V′′(xa)|V′′(x0)|
exp{ε−1(V(x0)−V(xa))},

which is also known as the Kramers formula. It shows that the average transition
time scales exponentially with respect to the energy barrier V(x0) − V(xa) and
the inverse of the diffusion coefficient, ε−1. For further details and background
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on this model, we refer to the monographs on metastability of Bovier and den
Hollander [BdH16], and of Berglund and Gentz [BG05].

Motivated by Kramers’ formula, we define the time-scale parameter τε by

τε :=
2π√

V′′(xa)|V′′(x0)|
expε−1(V(x0)−V(xa)), (7.2)

in order to be at a time-scale at which jumps from left to right happen at rate of
order one. One way to motivate the PDE (7.1) from the small-diffusion process
is to speed up the process Y(t) by exactly that time-scale parameter: consider the
upscaled process Xε(t) := Yε(τεt). Then by Itô calculus, Xε satisfies the SDE

dXε
t = −τεV′(Xε

t )dt +
√

τε

√
2ε dBt, (7.3)

and the equation (7.1) is the Fokker-Planck equation for the transition probabilities
ρε(t, dx) = P [Xε

t ∈ dx].

We are interested in the limit ε → 0 in the diffusion system (7.1). In the limit,
we expect the solution ρε to concentrate at the minima xa and xb. This is because
for small values of ε, the particle spends most of its time around the minima of
the potential. Furthermore, transitions from left to right occur frequently than
from right to left due to the lower energy barrier. Since the transition frequency
scales exponentially with ε and the potential barrier, in the limit ε→ 0, we expect
transitions to occur only from left to right. By our choice of the time-scale τε, the
limiting dynamics is characterized by mass being transfered at rate one from the
local minimum xa to the global minimum xb. In summary, ρε → ρ0 = zδxa + (1−
z)δxb , with a density z = z(t) decaying at rate one according to ∂tz = −z. The
time evolution of the limiting density is depicted in Figure 7.3.

xa xb xa xb xa xb xa xb

t = t1 t = t2 t = T
ρ0(0, x)

Figure 7.3: The time evolution of ρ0, defined as the ε → 0 limit of the solution ρε(t, x)
to (7.1). The initial distribution is supported solely on the left. As time progresses, mass is
flowing only from left to right, with rate one.

7.1.2 From diffusion to reaction—a singular limit

There has been recent interest in studying the limit ε → 0 for the case of symmet-
ric double-well potentials, that is potentials V satisfying V(xa) = V(xb). Peletier,
Savaré and Veneroni have proved the concentration of solutions ρε on the two
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potential-minima as ε tends to zero. The limiting densities are coupled by ODE’s
and correspond to a reaction-system [PSV10]. These results give a rigorous math-
ematical meaning to Kramers’ program of approximating reactions by upscaling
diffusions. The authors also included an additional spatial variable undergoing
diffusive motion that we will not consider here.

A question left unanswered in [PSV10] rests on the fact that the Fokker-Planck
equation (7.1) is the gradient flow of the entropy with respect to the Wasserstein
metric—we give the precise definitions of gradient flows further below in Sec-
tion 7.2. It is then natural to ask whether a convergence result such as established
in [PSV10] can be achieved when working only with the gradient-flow structure
rather than with the specific equation itself. Indeed, motivated by that question,
Arnrich, Mielke, Peletier, Savaré and Veneroni soon after proved in [AMP+12]
the convergence of the corresponding Wasserstein gradient flow to a limit gradi-
ent flow. Their result comprises the convergence of the upscaled diffusion to the
limiting reaction system as a special case. The proof is no longer based on the lin-
earity of the problem, but exploits information derived solely from boundedness
of the players involved in the Wasserstein gradient flow: the entropy, the Fisher
information, and the Wasserstein metric.

A convergence result of a variational structure, such as the Wasserstein gradient-
flow, is interesting for multiple reasons. First, as Adams, Dirr, Peletier and Zim-
mer demonstrated [ADPZ11], the Wasserstein gradient flow is special since it
arises naturally from a micro-macro limit using the theory of large deviations.
That constitutes a probabilistic argument for working with the Wasserstein gra-
dient flow rather than with other gradient-flow structures. Secondly, since many
evolution equations are of Wasserstein gradient-flow type (e.g. [AGS08, BCC08,
CDF+11, CCT19, CG04, Gig10, GST09, MMS09, Sav07, Lis09]), arguments based
on this variational structure have the potential to be applicable to other but similar
systems as well.

The abovementioned studies concentrated on symmetric potentials. Our work
presented in this chapter contributes to these studies by tackling the case of asym-
metric double-well potentials V such as shown above in Figure 7.1. In the spirit
of [PSV10, AMP+12], we establish a Gamma-convergence result for variational
structures associated to the family of equations (7.1) in the limit ε→ 0.

On the level of a gradient-flow structure of (7.1), the asymmetry of the potential
landscape comes with a couple of challenges that we need to address. We will
describe gradient flows and their related convergence concepts in more detail in
Section 7.2. When taking the limit ε → 0, for two reasons we do in fact not ex-
pect the Wasserstein gradient flow to converge as in [AMP+12]: first, the energies
diverge in the limit, and secondly, taking the limit means passing from reversible to
irreversible. Let us comment further on these two reasons.

First, various convergence concepts for gradient structures have in common
that they require control of energies. In the Wasserstein gradient-flow structure
of (7.1), the energy is given by the relative entropy with respect to the equilib-



Introduction 231

rium distribution. Due to the asymmetry of the potential, these relative entropies
diverge in the limit ε → 0 (Section 7.3.1). This is the main reason for which we
can not follow the line of argument in [AMP+12], which exploits boundedness of
entropies.

Secondly, Mielke, Peletier and Renger identified that under quite general con-
ditions, gradient-flow structures arising from density large deviations are linked
one-to-one to time-reversible stochastic processes [MPR14]. From their result, we
infer a general rule of thumb: when passing from reversible stochastic processes
to an irreversible stochastic process, then we do not expect the limit of the cor-
responding gradient-flow structures to be of gradient-flow type anymore. In our
problem at hand, in the pre-limit regime the Fokker-Planck equation (7.1) corre-
sponds to a reversible drift-diffusion process. When taking the limit ε → 0, we
obtain a jump process with jumps only from left to right, which is an irreversible
dynamics. This is why we do not expect the limit of the Wasserstein gradient flow
to be a gradient flow anymore. We confirm this reasoning in our context by prov-
ing that the limiting variational structure we obtain in Theorem 7.1.1 is indeed not
a gradient flow (Section 7.3.4), even though the limiting equation can be given a
gradient-flow structure.

7.1.3 Flux-density functionals

For the two abovementioned reasons, we can not take the limit of the Wasserstein
gradient-flow structure. Therefore, we propose to work instead with a higher-
level variational structure. While the Wasserstein gradient-flow structure can be
motivated from density large deviations, we take our motivation from so-called
flux-density large deviations [BDSG+15]. We will introduce the rigorous terms in
Section 7.3. Here, we give a brief description of the flux-density functionals and
its central ingredients in order to formulate our main result.

We define variational structures by functionals that act on time-dependent
measures, where the minimizers of these functionals correspond to the dynamics
of a Fokker-Planck equation. The Wasserstein gradient-flow of (7.1) is described
by a mapAε acting on time-dependent probability measures ρ such thatAε(ρ) ≥ 0
for all ρ. The solution ρε to the dynamics of (7.1) minimizes the functional, that
means Aε(ρε) = 0. We describe this functional and its relation to gradient flows
in more detail in Section 7.2.

For defining the flux-density funtionals, we reformulate the upscaled Fokker-
Planck equation (7.1) as an upscaled continuity equation,

∂tρε + div jε = 0, t ≥ 0, x ∈ R, (7.4)

where the function jε is the so-called flux defined by

jε(t, x) := −τε [ε∇ρε + ρε∇V] . (7.5)
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In general, for a density ρ, we write Jρ
ε := −τε [ε∇ρ + ρ∇V]. We denote the set of

pairs (ρ, j) satisfying the continuity equation distributionally as

CE([0, T]; R) := {(ρ, j) : ∂tρ + div j = 0 in D′((0, T)×R)}.

The precise conditions on (ρ, j) are stated in Definition 7.3.8.

Pre-limit functional For ε > 0, the map Iε : CE([0, T]; R)→ [0, ∞] is defined by

Iε(ρ, j) :=
1
4

∫ T

0

∫
R

1
ε τε

1
ρ(t, x)

∣∣j(t, x)− Jρ
ε (t, x)

∣∣2 dxdt. (7.6)

This formal expression assumes that the measure ρ(t, dx) is absolutely continu-
ous with respect to the Lebesgue measure on R and strictly positive. In Defini-
tion 7.3.9, we give the mathematically rigorous expression of Iε, which is a dual
formulation of (7.6).

The map Iε is a functional whose minimizer corresponds to the solution of the
upscaled continuity equation (7.4), and hence the upscaled Fokker Planck equa-
tion (7.1). The formula for Iε is motivated from large-deviation theory of flux-
density pairs [BDSG+15, Eq. (1.3)].

The flux-density functional leads by contraction to the Wasserstein gradient
flow, and in that sense comprises the Wasserstein gradient-flow,

1
2
Aε(ρ) = inf

j
(ρ,j)∈CE

Iε(ρ, j),

where the infimum is over fluxes j such that j � ρ. Other examples of such
contraction principles from flux-density functionals to density functionals can be
found for example in [Fen94, Léo95, BFG15].

7.1.4 Main result—Γ-convergence of flux-density functionals

In the spirit of Γ-convergence of functionals, we would like to obtain a limit of the
functionals Iε as ε→ 0. Thus the main questions that we ask in this chapter are:

(i) Compactness: For a family of pairs (ρ′ε, j′ε) depending on ε, does boundedness
of Iε(ρ′ε, j′ε) imply the existence of a subsequence of (ρ′ε, j′ε) that converges in
a certain topology T on the set CE([0, T]; R) as ε→ 0 ?

(ii) Convergence along sequences: Is there a limit functional I0 satisfying

(ρ′ε, j′ε)
T−→ (ρ, j) ⇒ Iε(ρ

′
ε, j′ε)

ε→0−−→ I0(ρ, j) ?

We answer the first question in Theorem 7.4.4, which establishes that sequences
(ρ′ε, j′ε) such that Iε(ρ′ε, j′ε) remains bounded are compact with respect to a certain
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topology. In Theorem 7.4.4, we make the additional assumption that the den-
sities ρ′ε have uniformly bounded Radon-Nikodym derivatives with respect to a
stationary measure we specify in Definition 7.3.6.

The second question is answered by Theorems 7.4.2 (liminf bound) and Theo-
rem 7.4.3 (limsup bound), which together establish a limit of Iε in the sense of Γ-
convergence. Here, we give a short version that combines these theorems into
one statement. We will consider convergence in CE([0, T]; R) in the distributional
sense, meaning convergence against any smooth and compactly supported test
function (Definition 7.4.1). Furthermore, we introduce a variable transformation
in Definition 7.3.4 akin to our problem at hand, and we give the reason for includ-
ing the transformation when defining yε. In brief, the purpose of this transforma-
tion is to map, in the limit ε → 0, the region around the left-minimum xa to one
point and the region around xb to another point. The effect of this transformation
for finite ε is shown much further below in Figure 7.5.

Theorem 7.1.1 (Main result). There is a functional I0 such that under the assump-
tions of Theorems 7.4.2 and 7.4.3, we have limε→0 Iε = I0 in the following sense of Γ-
convergence: for any (ρ, j) ∈ CE([0, T]; R) such that I0(ρ, j) is finite, there are (ρε, jε) ∈
CE([0, T]; R) such that

(ρ̂ε, ̂ε)
ε→0−−→ (ρ, j) and Iε(ρε, jε)

ε→0−−→ I0(ρ, j).

This Theorem is a first step into proving commutativity of the diagram shown
in Figure 7.4. In there, the stochastic process depending on (ε, n) is the so-called

Iεreversible Stochastic
Process (ε, n)

I0

Gradient Flow

irreversible Stochastic
Process (0, n) Non-Gradient-Flow

Large deviations
n→ ∞

Large deviations
n→ ∞

ε

↓
0

ε

↓
0

Figure 7.4: The top row corresponds to the empirical flux-density pairs (7.7) stemming
from i.i.d. copies of the reversible diffusion process Xε

i (t) from (7.3), whose Fokker-Planck
equation is (7.1). The bottom row corresponds similarly to a jump process defined on two
states {−,+}, with jumps only from− to +. The bottom arrow is a rigorous large-deviation
principle, and we prove the right arrow by Theorem 7.1.1. Whether the left and top arrows
correspond to theorems is still an open question.

empirical flux-density pair (ρε,n, jε,n) formally defined by

ρε,n =
1
n

n

∑
i=1

δXε
i (t)

and jε,n ≈
1
n

n

∑
i=1

δXε
i (t)

∂tXε
i (t), (7.7)
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where Xε
i (t) are independent copies of the upscaled diffusion process satisfy-

ing (7.3). For every fixed ε > 0, this process is time-reversible. In the limit ε → 0,
we expect to obtain a jump process on two states {−,+} with jumps only from
left to right. This limit process is no longer reversible.

7.1.5 The limiting flux-density functional

We introduce the limiting functional I0 from our main result, Theorem 7.1.1 above,
and then give a heuristic argument for why this functional is to be expected. The
rate function is given in terms of the function

S(a, b) :=


a log(a/b)− (a− b), a, b > 0,
b, a = 0, b > 0,
+∞, otherwise.

(7.8)

Limit functional The map I0 : CE([0, T]; R)→ [0, ∞] is defined by

I0(ρ, j) :=
∫ T

0
S(j(t)|z(t)) dt,

whenever ρ(t, dx) = z(t)δ−1/2(dx)+ (1− z(t))δ+1/2(dx) and the flux is piecewise
constant and given by j(t, x) = j(t)1(−1/2,+1/2)(x). Otherwise, we set I0(ρ, j) =
+∞.

The limiting functional I0 is finite only for measures ρ that are concentrated
on the points {±1/2}. By continuity equation, the flux is given by j(t) = −∂tz(t).
If I0 vanishes, then S(j(t)|z(t)) = 0, which in turn implies that j(t) = z(t). Hence
the minimizer ρ of the functional I0 with density z satisfies the evolution equa-
tion ∂tz = −z. The evolution of such a ρ is depicted in Figure 7.3. The fact that
the limit concentrates on {±1/2} rather than {xa, xb} is a consequence of the co-
ordinate transformation yε from Definition 7.3.4. The choice of the left-point is
arbitrary, but fixes the right point. We choose yε such that in the limit, the distance
between the points is equal to one.

Just like the pre-limit functional, the functional I0 is as well motivated from
large-deviation theory. More precisely, it is the large-deviation rate function of
flux-density pairs of independent jump processes on a set of two points {−,+},
with jump rates r−+ = 1 and r+− = 0. We prove these type of large-deviation
results from a Hamilton-Jacobi point-of-view in more generality in Chapter 5.
Renger gives a proof based on Girsanov-transformation arguments [Ren17], and
Kraaij provides a proof based on Hamilon-Jacobi theory [Kra17]. Heuristically,
we expect the limit of the Fokker-Planck equation (7.1) to be characterized by ex-
actly that dynamics: transition of mass occurs from left to right at rate one, while
transitions from right to left do not occur at all.
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7.1.6 Overview

The rest of this chapter is structured as follows. In Section 7.2, we introduce
gradient-flow structures and their relation to large-deviation theory. This part pro-
vides the background to convergence to equilibirum in the Fokker-Planck equa-
tion (7.1) emphasising the role of entropy, and the Wasserstein gradient flow for-
mulation. In Section 7.3, we start from the action formulation (Definition 7.2.3)
to demonstrate in Section 7.3.1 that the Wasserstein functional does not converge
for our problem at hand, as opposed to [AMP+12]. After that, we define the flux-
density functionals Iε and I0. In Section 7.4, we prove the main Theorem by
splitting it in three statements: compactness (Theorem 7.4.4), the lower bound
(Theorem 7.4.2) and the upper bound (Theorem 7.4.3). For the proof of the lower
bound, we work under the assumption of uniformly bounded densities.

7.2 Gradient flows

Gradient flows are an example of variational structures that appear naturally
in partial differential equations modelling dissipative phenomena. We refer to
Peletier’s lectures on variational modelling [Pel14] for background and physical
motivations on gradient flows . Here in this section, we do not cover novel results,
but provide the background to gradient-flow structures that underlie the type of
Fokker-Planck equations we consider in this chapter.

By Fokker-Planck equations, we generally refer to a class of partial differential
equations that describe the time evolution of distributions of stochastic processes.
We illustrate gradient flows without the parameters present in (7.1), that is we
consider ρ = ρ(t, x) solving an equation of the type

∂tρ = ∆ρ + div (ρ∇V) , t ≥ 0, x ∈ R, (7.9)

which is a basic model for the probability distribution of a particle diffusing in
one dimension in a confining potential landscape V(x). The asymmetric double-
well potential as depicted in Figure 7.1 is an example of a confining potential: the
particle is trapped by the potential, which effectively forces the particle to diffuse
closely around the minima of V.

We think of the solution ρ(t, x) to (7.9) as the probability of observing the par-
ticle at time t being in state x. As illustrated above by Kramers problem, the par-
ticle’s state x can represent the value of a system’s parameter that is fluctuating
in time according to Brownian motion, and does not necessarily correspond to
the position of a physical particle diffusing in a viscous fluid. The function V(x)
then usually corresponds to an effective energy landscape. For a background on
Fokker-Planck equations and their derivations from a phenomenological point of
view, we refer to Risken’s monograph on this type of equations [Ris96].

We first discuss in Section 7.2.1 convergence to equilibrium in (7.9). The main
point is to illustrate at the same time both the phenomenon of entropy-dissipation
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and the dynamics of (7.9). Then in Section 7.2.2, we recall the so-called JKO-
scheme that Jordan, Kinderlehrer and Otto identified in [JKO98], to illuminate
the fact that (7.9) is the a solution to the gradient-flow of the entropy with respect
to the Wasserstein distance. In Section 7.2.3, we choose the formulation of gradi-
ent flows that we will use in later sections, by means of certain functionals I . The
minimizers of those functionals are called curves of maximal slope that correspond
to gradient solutions in the classical case. This way of formulating a gradient
flow in metric spaces goes back to Ennio De Giorgi and collaborators [DGMT80].
The Wasserstein gradient-flow of (7.9) is one example of such a structure: the
gradient-flow dynamics is characterized as the minimizer of a functional that in-
volves the entropy, Fisher information and Wasserstein distance. This variational
formulation via a functional is the starting point for the Γ-convergence results
in [AMP+12], which is why we recall it in Section 7.2.3. We use this formulation
to showcase where exactly the line of argument in [AMP+12] is limited to sym-
metric potentials V.

The presentation draws from different sources: the overview of Markowich
and Villani on convergence to equilibrium [MV00], the monograph on gradient
flows [AGS08] written by Ambrosio, Gigli and Savaré, and the program of de-
riving gradient flows from large deviations put forward by Adams, Dirr, Mielke,
Peletier, Renger and Zimmer [ADPZ11, MPR14].

7.2.1 Convergence to equilibrium via dissipation of entropy

Boltzmann discovered the celebrated H-Theorem: according to Boltzmann’s equa-
tion, an ideal gas of particles evolves in time in such a way that its so-called
entropy is monotonically decreasing. As a consequence, after enough time has
passed, we find the gas in a state minimizing the entropy. In this state, the dis-
tribution of particle’s velocities v is stable, known as the Maxwell-Boltzmann dis-
tribution. More generally, we usually refer to a state minimizing the entropy as
equilibrium. If Boltzmann’s H-Theorem applies to a system of particles, an initial
distribution of particles will eventually converge to equilibrium.

We can also observe such a convergence phenomenon for the solutions to the
Fokker-Planck equation (7.9). Its equilibrium state, defined by satisfying ∂tγ = 0,
is given by γ = e−V , and we will refer to it as the Boltzmann distribution or simply
equilibrium. We will assume that γ has mass one (otherwise, we add a constant to
the potential V). For measuring how far a solution ρ of (7.9) is away from equi-
libirum, it is natural to introduce the density u(t, x) by ρ(t, dx) = u(t, x)γ(dx).
Then the solution ρ is in equilibrium if and only if u ≡ 1. The density u evolves in
time according to

∂tu = ∆u−∇u∇V,

which we can infer from (7.9). For fixed time t > 0, the relative entropy of ρ with
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respect to equilibrium is defined as

Ent(ρ(t, ·)|γ) :=
∫

R
u(t, x) log u(t, x)dγ(x). (7.10)

In notation, we shall suppress the dependence on time. If the equilibrium dis-
tribution γ is clear from the context, we call Ent simply the entropy. Here, we
will point out the special role that the entropy plays in the study of the conver-
gence to equilibrium. For further details, we refer to Markowich’s and Villani’s
overview [MV00], where the authors connect convergence to equilibrium with
various functional inequalities.

The entropy vanishes if u ≡ 1, and therefore vanishes if ρ is in equilibrium. By
the estimate x log x ≥ x− 1, the entropy is non-negative:

Ent(ρ|γ) def
=
∫

R

dρ

dγ
log
(

dρ

dγ

)
dγ ≥

∫
R

(
dρ

dγ
− 1
)

dγ = 0.

Hence the equilibrium distribution γ indeed minimizes the entropy. For a so-
lution ρ(t, dx) of the Fokker-Planck equation (7.9), let us see how the entropy
evolves in time. A calculation involving integration by parts yields

d
dt

Ent(ρ|γ) = −I(ρ|γ), where I(ρ|γ) :=
∫

R
|∇(log u)|2 dρ. (7.11)

The functional I is non-negative and zero only if u is constant. Hence the entropy
decreases in time unless ρ is in equilibrium. The functional I is known as the Fisher
information. In Chapter 4, we encounter the Fisher information as the exponential
convergence rate of the empirical measure associated to (7.9).

Under suitable assumptions on the potential V, we can be more precise about
how fast the entropy decays. We say that the distribution γ = e−V satisfies the
logarithmic Sobolev inequality with a constant λ > 0 if

Ent(ρ|γ) ≤ 1
2λ

I(ρ|γ). (7.12)

If that inequality is satisfied, then

d
dt

Ent(ρ|γ) (7.11)
= −I(ρ|γ)

(7.12)
≤ −2λEnt(ρ|γ).

Hence by Grönwall’s inequality, the entropy decays exponentially fast:

Ent(ρ(t, ·)|γ) ≤ Ent(ρ(0, ·)|γ)e−2λt. (7.13)

According to the estimate (7.13), the entropy is being dissipated under the time
evolution of (7.9) under two conditions. First, the initial distribution ρ(0, ·) must
be non-singular with respect to equilibrium in the sense that the relative entropy
is finite. Secondly, the logarithmic Sobolev inequality must be satisfied. The latter
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is satisfied for confining potentials (for instance [MV00, Theorem 1] and the dis-
cussion thereafter). Otto and Villani give geometric derivations of Talagrand- and
logarithmic Sobolev inequalities in [OV00].

The above analysis demonstrates that for solutions ρ of the Fokker-Planck
equation, the dissipation of entropy happens exponentially fast under fairly gen-
eral conditions on the potential V, and that the amount of dissipation is quan-
tified by the Fisher information (7.11). Jordan, Kinderlehrer and Otto revealed
in [JKO98] an exciting and deeper geometric connection between the entropy and
the Fokker-Planck equation: the solution ρ flows in the direction of the Wasser-
stein gradient of the entropy. Their analysis leads to a variational structure that
we will call a Wasserstein gradient flow, and we shall discuss their insights next.

7.2.2 Gradient flow—a dissipation mechanism

As we saw above, solutions to the Fokker-Planck equation (7.9) evolve such that
entropy decays exponentially fast. Here, we shall discuss the dissipation mech-
anism that Jordan, Kinderlehrer and Otto identified in [JKO98], in which the en-
tropy plays the role of the energy being dissipated. Before we describe this dissi-
pation mechanism for the Fokker-Planck equation (7.9), we illustrate the central
ingredients of a dissipation mechanism in a simpler context.

In the one-dimensional Euclidian setting, a gradient-flow is an equation of the
type

∂tx = −∇E(x), x(0) = x0, (7.14)

where x : [0, T]→ R is a sufficiently regular path, E : R→ R is a confining poten-
tial that we refer to as an energy and ∇E is the gradient of E, here the derivative.
By confining we mean that E(x) → ∞ as |x| → ∞, E ∈ C2(R) and that its sec-
ond derivative is uniformly bounded from below. We will write x(t) = xt for the
evaluation of the path x at time t.

By definition of the gradient in 1d, in each time step the solution x to (7.14) fol-
lows the direction that dissipates as much energy as possible. As a result, as time
tends to infinity, the solution converges to a local minimum of E. One way to un-
derstand this evolution is to start from a time-discretization. For an infinitesimal
time-step τ > 0, the backward Euler approximation to (7.14) is

x(t + τ)− x(t)
τ

+∇E(x(t + τ)) ≈ 0,

which motivates the implicit Euler scheme: define the set of points {xτ
k }k=0,1,...

iteratively by xτ
0 := x0 and

xτ
k := argminx∈R

[
d(x, xτ

k−1)
2

2τ
+ E(x)

]
, d(x, y) := |x− y|. (7.15)
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The map d is just the standard Euclidian metric. We have the following con-
vergence statement of this time-discretization: if both τ → 0 and k → ∞ such
that kτ → t, then xτ

k → x(t), where x solves (7.14).

In the formulation (7.15), we can recognize a couple of aspects. First, in each
time-step the solution x minimizes not merely the potential, but rather the com-
bination of both the metric d and the potential E. Secondly, we can also interpret
the precise role of the metric. To that end, consider the step k → k + 1 for a fixed
and small value of τ. In the minimization procedure (7.15), points far away from
the starting point xτ

k are heavily punished since the metric is upscaled by τ−1,
whereas points close to xτ

k that decrease the value of E are favored. In combina-
tion, roughly speaking, the faster the metric grows (the map y 7→ d(y, xτ

k )), the less
the energy will decrease in the step k → k + 1. In this way, the metric determines
how much energy is dissipated in each time step.

We therefore call (7.15) a dissipation meachanism underlying the gradient flow
equation (7.14). In geometric terms, the potential and metric together determine
the direction of movement while the metric controls the amount of dissipated en-
ergy per step. Let us summarize the players of the dissipation mechanism that
leads to the gradient flow (7.14):

(i) A state space M; here M = R.

(ii) A map E : M→ R; here E is a confining potential, which we call energy.

(iii) A metric d : M×M→ [0, ∞]; here d is the standard Euclidian metric.

Jordan, Kinderlehrer and Otto made the remarkable discovery [JKO98] that the
Fokker-Planck equation (7.9) admits a dissipation mechanism in which the Boltz-
mann entropy serves as the energy. They identified the corresponding distance as
a transport cost that arises in the theory of optimal transport. The scheme they
developed is made from the following three ingredients:

(i) M := P2(R), the set of probability measures with finite second moments.

(ii) E := Ent(·|γ) : M→ R∪ {+∞}, the entropy defined as in (7.10) by

Ent(µ|γ) :=
∫

R
u log u dγ, with u(x) :=

dµ

dγ
(x). (7.16)

If µ is not absolutely continuous with respect to γ, then Ent(µ|γ) := +∞.

(iii) d :=W , the Wasserstein metric defined by

W(µ, ν) := inf
m∈Π(µ,ν)

∫
R×R

|x− y|2 m(dxdy),

where Π(µ, ν) is the set of probability measures on R×R whose first marginal
equals µ and whose second marginal equals ν.
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The Wasserstein metric can be interpreted as the minimal cost required to
transport a pile of sand distributed as µ to a pile of sand distributed as ν, where
the cost of transporting a sand grain from x to y is given by |x − y|2. For a thor-
ough historical and mathematical overview of the topic of optimal transport we
refer to Villani’s monograph [Vil08].

The main result discovered by Jordan, Kinderlehrer and Otto is the follow-
ing dissipation mechanism ([JKO98, Theorem 5.1]). For an initial condition ρ0 ∈
P2(R) and fixed time-step τ > 0, define {ρτ

k}k=0,1,... iteratively by

ρτ
k := argminµ∈P2(R)

[
W(µ, ρτ

k−1)
2

2τ
+ Ent(µ|γ)

]
. (7.17)

Define the piecewise-constant path ρτ by ρτ(t) := ρτ
k for t ∈ [kτ, (k + 1)τ). Then

we have ρτ → ρ strongly in L1((0, T) × R) as τ → 0, where ρ is the solution
to (7.9) with initial condition ρ(0, dx) = ρ0(dx).

This time-discretization scheme, also refered to as the JKO-scheme, is one way
of making sense of the one-dimensional gradient flow (7.14) in infinite dimensions
(with M = P2(R) instead of M = R). On top of the fact that the entropy decays
exponentially fast, the JKO-scheme reveals that solutions to the Fokker-Planck
equation (7.9) flow along the steepest descent of the entropy. The Wasserstein metric
determines the amount of dissipated entropy per time-stepm just as the Euclidian
metric determines the amount of dissipated energy in (7.15). We say the solution ρ
to the scheme (7.17) is the solution to the Wasserstein gradient-flow. Soon after,
Otto further attached a precise geometrical meaning to a Wasserstein gradient-
flow [Ott01].

Ambrosio, Gigli and Savaré generalize the formulation of gradient flows via a
dissipation mechanism, such as (7.17), to arbitrary metric spaces [AGS08, Chap-
ter 2]. This generalization of (7.17) is called a minimizing movement scheme, [AGS08,
Definition 2.0.6]. The main assumptions on the energy functional in order to ob-
tain solutions to a minimizing movement scheme are suitable coercivity, lower-
semicontinuity and compactness prtoperties. For the precise set of assumptions,
we refer in particular to [AGS08, Section 2.2].

7.2.3 Gradient flow—a variational structure

In the previous section, we discussed the minimizing movement scheme or JKO-
scheme (7.17), a dissipation mechanism build up from a triple (M, E, d). The JKO-
scheme represents one way of regarding the solution ρ to (7.9) as a solution to
a gradient flow, since the limiting solution obtained from (7.17) flows along the
steepest descent of E.

While this formulation of a gradient flow in terms of discrete time steps is con-
ceptually enlightening, it is not well suited for passing to limits in gradient flows.
For instance, given a family of triples (M, Eε, dε), under which convergence con-
ditions on the energies Eε and metrics dε will solutions to the (M, Eε, dε)-scheme
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converge to solutions of a limiting scheme (M, E0, d0)? To answer questions of
that type for gradient flows and to simplify the treatment of convergence of gra-
dient flows, we introduce in this section a different but formally equivalent for-
mulation of a gradient-flow. This formulation is known as the energy-dissipation
principle, and defines a gradient flow in terms of a functional. As in the previ-
ous section, we first illustrate the formulation on the example of the real-valued
gradient flow (7.14). Then we turn to the Wasserstein gradient flow of the Fokker-
Planck equation (7.9).

Example illustrating the energy-dissipation principle

Recall that (7.14) is the equation ∂tx = −∇E(x) on R. For any a, b ∈ R, if 2ab ≤
−a2 − b2, then a = −b. Hence a path x solves (7.14) if and only if

∂tx · ∇E(x) ≤ −1
2
|∂tx|2 −

1
2
|∇E(x)|2. (7.18)

By the chain rule, ∂tE(x) = ∇E(x)∂tx. Hence performing integration in time, the
solution x to (7.14) satisfies the inequality

E(xT) + D(x; 0, T) ≤ E(x0),

where we introduced the dissipation

D(x; 0, T) :=
∫ T

0

[
1
2
|∂tx|2 +

1
2
|∇E(x)|2

]
dt. (7.19)

For an absolutely continuous path y : [0, T]→ R,

I(y) := E(yT)− E(y0) + D(y; 0, T).

The map y 7→ I(y) carries two important features. First, it is non-negative for any
path y. This follows from the chain rule and the estimate 2ab ≥ −a2 − b2,

E(yT)− E(y0) =
∫ T

0
∂ty · ∇E(y)dt ≥

∫ T

0

[
−1

2
|∂ty|2 −

1
2
|∇E(y)|2

]
dt.

Secondly, I(y) vanishes if and only if y = x is a solution to the gradient flow ∂tx =
−∇E(x), which follows from the bound (7.18) for y.

Since I is non-negative and zero only for the solution, we can reformulate the
solution of a gradient-flow as

∂tx = −∇E(x) ⇔ E(xT) + D(x) ≤ E(x0) ⇔ I(x) = 0.

The map I is an example of a gradient-flow structure. The reformulation in terms
of a dissipation D(·) by integrating the infinitesimal gradient-flow in time is an ex-
ample of Ennio De Giorgi’s Energy-Dissipation-Principle. This connection between
solutions to gradient flows is also refered to as the Energy-Dissipation Theorem,
which holds in much more generality than presented here.
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Energy-Dissipation Principle

Motivated by the previous example, we will consider the following formulation
of a gradient flow, which corresponds to [AMP+12, Definition 1.1].

Definition 7.2.1 (Gradient flow). Let M be a metric space, E : M → R ∪ {+∞}
be a function and D(·; t1, t2) : C([0, T]; M) → R ∪ {+∞} be a functional defined
for all 0 ≤ t1 < t2 ≤ T. We call the triple (M, E, D) a gradient-flow structure if for
any µ ∈ C([0, T]; M) and all t1 < t2, the inequality

E(µt2) + D(µ; t1, t2) ≥ E(µt1) (7.20)

is satisfied.

We call E the energy and D the dissipation.

Definition 7.2.2 (Solution to gradient flow). We call a curve µ ∈ C([0, T]; M) a
solution to the gradient-flow structure (M, E, D) if E(µ0) < ∞ and

E(µt) + D(µ; 0, t) = E(µ0) for all t ∈ [0, T]. (7.21)

A solution to the gradient flow is defined by maximizing the dissipation of
energy; hence the equality (7.21), which in the classical case corresponds by (7.18)
to curves of maximal slope. This equality is the Energy-Dissipation Principle.

There are various ways in which the dissipation D may depend on the en-
ergy E. In the definition of a gradient flow, the inequality (7.20) plays the role
of replacing the chain rule. In the Euclidian example from above, this inequal-
ity holds true as a consequence of two aspects: the dissipation is related to the
energy by (7.19) and the chain rule applies in R. On the other hand, the gradi-
ent flow ∂tx = −∇E(x) is recovered from (7.21) via the fact that 2ab ≤ −a2 − b2

implies a = −b. In general, the formulation of a gradient-flow solution via Defi-
nition 7.2.2 is equivalent if the dissipation is given via so-called dissipation poten-
tialsR-R∗ ( [Mie16, Theorem 3.3.1]).

The Wasserstein gradient flow of (7.9) however can be well-motivated from
the quadratic structure as in (7.19). We give an example based on generalizing the
modulus of the gradient |∇E| and the velocity |∂tx|. To that end, let (M, E, D) be
a triple as in Definition 7.2.1. The local slope of the functional E : M→ R∪ {+∞}
is defined by ([AGS08, Definition 1.2.4])

|∂E|(µ) := lim sup
ν→µ

(E(µ)− E(ν))+
d(µ, ν)

.

For an absolutely-continuous curve µ : [0, T] → M, define its metric velocity as
([AGS08, Eq. (1.1.3)])

|∂tµ|(t) := lim
∆t→0

d(µ(t), µ(t + ∆t))
∆t

.
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We consider the dissipation to be given by

D(µ, t1, t2) :=
∫ t2

t1

[
1
2
|∂tµ|(t)2 +

1
2
|∂E|(µt)

2
]

dt. (7.22)

Assume that |∂E| is a strong upper gradient ([AGS08, Definition 1.2.1]), meaning

|E(γt2)− E(γt1)| ≤
∫ t2

t1

|∂tγ|(t) · |∂E|(γt)dt

holds for every absolutely-continuous curve γ : [0, T] → M. Then by Young’s
inequality,

E(γt1)− E(γt2) ≤
∫ t2

t1

[
1
2
|∂tγ|(t)2 +

1
2
|∂E|(γt)

2
]

dt
(7.22)
= D(γ, t1, t2).

Hence if the local slope of the energy functional E is a strong upper gradient,
then the triple (M, E, D) is indeed a gradient-flow structure in the sense of Defini-
tion 7.2.1.

Wasserstein gradient flow

As the JKO-scheme suggests, we choose the state space M = P2(R) equiped with
the Wasserstein metric and E(µ) := Ent(µ|γ), the relative entropy as defined
in (7.16) with the equilbirum distribution γ = e−V . We take the dissipation D
defined by (7.22). To complete the description, we give the characterization of the
relative entropy’s local slope and the Wasserstein velocity |∂tµ|(t).

The local slope of the relative entropy is the relative Fisher information [AGS08,
Theorem 10.4.7] given by

I(µ|γ) =
∫

R
|∇ log u|2 dµ, u(x) :=

dµ

dγ
(x).

The Wasserstein velocity is characterized by a particular velocity field v(t, x) sat-
isfying ∂tµt + div(vtµt) = 0 in the sense of distributions, as ([AGS08, Proposi-
tion 8.4.5])

|∂tµ|(t)2 =
∫

R
|v(t, x)|2 µ(t, dx).

This characterization is closely related to the dynamical formulation of the Wasser-
stein distance discovered by Benamou and Brenier [BB00],

W(µ0, µ1)
2 = inf

µt

{∫ 1

0

∫
R
|v(t, x)|2 µt(dx)dt : ∂tµt + div(vtµt) = 0

}
where v(t, x) = vt(x). With these remarks, we find the dissipation D

D(µ; t1, t2) =
∫ t2

t1

[
1
2

∫
R
|v(t, x)|2µ(t, dx) +

1
2

I(µt|γ)
]

dt. (7.23)
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Definition 7.2.3 (Wasserstein gradient flow). Let M := P2(R), the set of probabil-
ity measures on R with finite second moments. Let A : C([0, T]; M) → [0, ∞] be
the map given by

A(ρ) := Ent(ρT |γ)− Ent(ρ0|γ) + D(ρ; 0, T), (7.24)

with the relative entropy (7.16) and the dissipation (7.23). We call A the Wasser-
stein action functional corresponding to the Wasserstein gradient-flow structure given
by (P2(R), Ent,W). The curve ρ satisfying A(ρ) = 0 is called the solution to the
Wasserstein gradient flow.

The minimizer of A is also the solution to the JKO-scheme [AGS08, Theo-
rem 11.2.1], and hence the solution to the Fokker-Planck equation (7.9). The solu-
tion ρ satisfies the energy-dissipation equality (e.g. [AGS08, Eq. (11.2.4)])

Ent(ρT |γ) +
∫ T

0
I(ρt|γ)dt = Ent(ρ0|γ),

which is also obtained by integrating (7.11) in time.

TheR-R∗ formulation

The quadratic structure of the dissipation (7.22) is an example of a more general
structure of grandient flows. We introduce this more general structure here. In
the R-R∗ formulation, generalized gradient-flow structures in a smooth setting
arise from a combination of the following three ingredients:

(i) A state space M, which is a set with a sufficiently rich differentiable structure
that gives gradients a meaning, such as Riemannian manifolds.

(ii) A function E : M→ R, the energy.

(iii) A function R : TM → [0, ∞], which we call dissipation potential., such that
for each state x ∈ M:

(R1) R(x, ·) : TxM→ [0, ∞] is convex and lower semicontinuous.

(R2) R(x, 0) = minv∈TxMR(x, v) = 0.

We denote byR∗ : T∗M→ [0, ∞] the Legendre transform ofR defined by

R∗(x, ξ) := sup
v∈TqM

[〈ξ, v〉 −R(x, v)] ,

For an energy E : M→ R, we denote by dE its differential, that is the map

dE : M→ T∗M, x 7→ dEx ∈ T∗x M.

A functional I acting on trajectories C([0, T]; M) is of gradient-flow structure if

I(x) = E(xT)− E(x0) +
∫ T

0
[R (xt, ∂txt) +R∗ (xt,−dE(xt))] dt. (7.25)
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The dissipation (7.19) from above corresponds to the flat space R, where dE gets
identified with ∇E, and with the quadratic dissipation potentials

R(x, v) =
1
2

v2 and R∗(x, ξ) =
1
2

ξ2.

Typical examples where theR-R∗ dissipation occurs are large-deviation rate func-
tions of jump processes. The limit problem of this chapter is an example: if
the potential V in (7.1) is symmetric, then our limit variational structure admits
anR-R∗ formulation with a cosh-type dissipation potentialR; however, we show
there is no such formulation for asymmetric potentials (Section 7.3.4). In infinite-
dimensional settings such as in our pre-limit problem, a careful definition of the
tangent and cotangent spaces [AGS08, Section 12.4] is required to make the above
display (7.25) rigorous.

7.2.4 Taking limits of gradient-flow structures

There are many variants of taking limits of gradient flows. Mielke provides sev-
eral different definitions of types of convergences in [Mie16]. The natural concept
of a gradient-flow convergence is to demand both the energies and dissipations to
converge separately. Sandier and Serfaty introduced this concept in [SS04], which
since then has found applications in a variety of other problems. This conver-
gence concept is also applied in [AMP+12], and we introduce it next. For ρn, ρ ∈
C([0, T], M), we say ρn → ρ if the convergence is uniform in time.

Definition 7.2.4 (EDP convergence). Let (M, Eε, Dε) be a family of gradient-flow
structures in the sense of Definition 7.2.1. We say that (M, Eε, Dε) converges in the
EDP sense to a gradient-flow structure (M, E0, D0) if:

(i) Eε
Γ−→ E0 in M;

(ii) For each t ∈ [0, T], Dε
Γ−→ D0 in C([0, T]; M).

EDP convergence implies convergence of solutions (e.g. [MMP20, Lemma 2.8]).

Proposition 7.2.5. Assume that a family of gradient-flow structures (M, Eε, Dε) con-
verges in the EDP sense to a gradient-flow structure (M, E0, D0). Let ρε be the solutions
of (M, Eε, Dε). Suppose that

ρε → ρ0 in C([0, T]; M) and Eε(ρε(0))→ E0(ρ0(0)).

Then ρ0 is a solution of (M, E0, D0).

Proof. By the assumption of Γ-convergences, exploiting ρε → ρ gives

E0(ρ0(T))− E0(ρ0(0)) + D0(ρ0; 0, T)

≤ lim inf
ε→0

[Eε(ρε(T))− Eε(ρε(0)) + Dε(ρε; 0, T)] = 0.

The other inequality is satisfied by Definition 7.2.1, and hence ρ0 is a solution in
the sense of Definition 7.2.2.
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EDP convergence is therefore a suitable limit concept in problems where the
energies remain bounded in the limit ε → 0. In [AMP+12], the authors proof
boundedness of the entropies for the case of a symmetric potential V. As a con-
sequence of their Γ-convergence result, one obtains by Proposition 7.2.5 conver-
gence of solutions for free. For the asymmetric case we consider in this chapter,
boundedness of the entropies is no longer satisfied (Section 7.3.1).

7.3 Flux-density functionals

The main point of this section is to give the rigorous definitions of the flux-density
functionals (Definitions 7.3.9 and 7.3.10). We first demonstrate why the Wasser-
stein gradient-flow functionals do not converge as in [AMP+12], which motivates
our choice of working with flux-density functionals in the first place.

7.3.1 Why the gradient-flow structure does not converge

By Definition 7.2.3, the action functional defining the Wasserstein gradient-flow
structure of the Fokker-Planck equation (7.1) is

Aε(ρ) = Ent(ρ(T)|γε)− Ent(ρ(0)|γε) + Dε(ρ; 0, T), (7.26)

where the time-scale parameter τε enters the dissipation Dε as in [AMP+12]; the
dissipation part is not important for our argument however. The equilibrium dis-
tribution γε has mass one and is given by

γε(dx) = N−1
ε e−V(x)/ε dx, Nε :=

∫
R

e−V(x)/ε dx.

In the limit ε → 0, the equilibrium distribution concentrates solely on the global
minimum xb of the potential V, that is γε converges weakly to δxb . For proving
EDP convergence (Definition 7.2.4), we have to verify that the energies and dissi-
pations converge independently from one another.

Proposition 7.3.1 (Diverging entropies). Let γε be the equilibrium distribution to the
Fokker-Planck equation (7.1) and let µε ∈ P(R) be a family of probability measures
converging weakly to µ0. Suppose that µ0 6= δxb . Then

Ent(µε|γε)→ +∞.

Proof. This follows from the fact that γε
∗−⇀ δxb and Ent(µ0|δxb) = +∞.

Let us demonstrate why this excludes the possibility of proving EDP conver-
gence of the Wasserstein gradient flow of (7.1). A EDP convergence requires the
entropies of the initial conditions to converge to some finite limiting energy func-
tional E0,

Ent(ρε(0)|γε)→ E0(ρ0(0)).
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By Proposition 7.3.1, any initial condition that is not concentrating on {xb} leads to
diverging relative entropies. Therefore, if we insist on finite entropies in the limit,
the only initial conditions we could consider are those converging to equilibrium
in the limit ε → 0, meaning only the initial condition δxb . Since this excludes any
dynamics in the limit ε→ 0, we do not work with Aε.

While we can not use the Wasserstein action (7.26), the density-flux functional Iε

from (7.6) provides a natural way to cope with this divergence of entropies by in-
cluding them into the dissipation. We sketch this observation. To that end, con-
sider the density-flux functional without the ε-dependent parameters,

I(ρ, j) =
1
4

∫ 1
ρ
|j− jρ|2 dxdt,

where ∂tρ + div j = 0 and Jρ = −∇ρ + ρ∇V. Expanding the square leads to

I(ρ, j) =
1
4

[∫ ( dj
dρ

)2
dρ +

∫ (dJρ

dρ

)2
dρ− 2

∫ dj
dρ

dJρ

dρ
dρ

]
.

Using Jρ = −ρ∇ log(ρ/e−V) = −ρ∇(log u), and hence dJρ/dρ = −∇ log(u), we
find the second term to be the Fisher information in the dissipation D from (7.23).
For the cross term, integrating by parts and using ∂tρ + div j = 0,

−
∫ dj

dρ

dJρ

dρ
dρ =

∫
(∇ log u)dj

= −
∫

log(u)div j dxdt

=
∫

log(u) ∂tρ =
∫

∂tu log(u)dγdt

=
∫ T

0
∂t

(∫
R

u log u dx
)

dt + 0,

which leads to the entropy terms. Hence taking the infimum over fluxes j satisfy-
ing the continuity equation and such that j � ρ, and using the Benamou-Brenier
characterization of the Wasserstein distance, we find back the Wasserstein func-
tional (7.24),

inf
j
I(ρ, j) =

1
2
A(ρ).

7.3.2 Stationary measure and coordinate transformation

We introduce in Definition 7.3.2 stationary measures that are not normalized to
mass one on R. Rather, they are normalized to mass one when integrating from−∞
to the local maximum x0 of V. We call these measures left-normalized stationary
measures. The normalization is chosen in order to capture the transitions from left
to right, which are or order one. We use the superscript ` to distinguish objects
that are derived from this choice of normalization.
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Definition 7.3.2 (Left-normalized stationary measure). For a potential V as in Fig-
ure 7.1, define the left-normalized stationary measure γ`

ε ∈ M(R) by

γ`
ε (A) := Z−1

ε

∫
A

e−V(x)/ε dx, Z−1
ε :=

∫ x0

−∞
e−V(x)/ε dx.

With this left-normalization, these measures concentrate in the limit ε → 0 on
the potential wells, that is the set {V ≤ 0}.

Proposition 7.3.3 (Concentration of measure). For any δ > 0,

lim
ε→0

γ`
ε ({V > δ}) = 0.

Proof of Proposition 7.3.3. Let δ > 0. For any finite M > δ, we find

γ`
ε ({M > V ≥ δ}) = Z−1

ε

∫
{M>V≥δ}

e−V(x)/ε dx

≤ Z−1
ε e−δ/ε L ({M > V ≥ δ}) ε→0−−→ 0,

since V(xa) = 0 and Zε = [1 + o(1)]
√

2πε/V′′(xa)e−V(xa)/ε, which follows from
Laplace’s method (Lemma 7.5.1).

Since V(x) → ∞ as |x| → ∞, there is a sequence Mn → ∞ such that the sets
An := {V ≥ Mn} are decreasing in n in the sense that An+1 ⊆ An. By finiteness
of the measure γ`

ε , this implies

lim
n→∞

γ`
ε (An) = γ`

ε (∩n An) = 0.

Let κ > 0. Since

γ`
ε ({V ≥ δ}) = γ`

ε ({V ≥ Mn}) + γ`
ε ({Mn > V ≥ δ}) ,

when choosing n large enough such that γ`
ε (An) < κ/2, then for all ε small enough

such that γ`
ε ({Mn > V ≥ δ}) < κ/2, we obtain the estimate

γ`
ε ({V ≥ δ}) < κ.

Since κ is arbitrary, the claim follows.

With these stationary measures at hand, we now motivate the coordinate trans-
formation yε. To that end, we start from the flux-density rate function ([BDSG+15,
Eq. (1.3)]) specialized to the Fokker-Planck equation (7.1),

Iε(ρ, j) :=
1
4

∫ T

0

∫
R

1
ετε

1
ρ(t, x)

∣∣j(t, x)− jρ
ε (t, x)

∣∣2 dxdt,

where jρ
ε (t, x) := −τε [ε∇ρ + ρ∇V]. This formula suggests that we should con-

sider measures ρ(t, dx) that have a Lebesgue density. Then ρ also has a density
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with respect to the left-normalized stationary measure, and we write ρ(t, dx) =
u`

ε(t, x)γ`
ε (dx) = u`

ε(t, x)g`ε (x)dx with g`ε (x) = Z−1
ε e−V(x)/ε. With that, the flux-

density rate function can be written as

Iε(ρ, j) =
1
4

∫ T

0

∫
R

1
ετε

1
g`ε (x)u`

ε(t, x)

∣∣j(t, x) + ε τε g`ε (x)∂xu`
ε(t, x)

∣∣2 dxdt.

The transformation is chosen such that the parameters ε and τε are shifted to the
densities and do not appear explicitly in the flux-density functional. This suggests
to introduce the coordinate transformation yε on R satisfying

dyε(x) =
1

ε τε g`ε (x)
dx.

Then with û`
ε(t, yε(x)) := u`

ε(t, x) and ̂ε(t, yε(x)) := j(t, x), we obtain

Iε(ρ, j) =
1
4

∫ T

0

∫
R

1
û`

ε(t, y)

∣∣ ̂ε(t, y) + ∂yû`
ε(t, y)

∣∣2 dydt.

Written in this form, all the parameters are absorbed into the density û`
ε . The

coordinate transformation yε is the almost the same as in [AMP+12]; the only
difference is that we use the left-normalized stationary measure, whereas in the
symmetric case, one can use the stationary measure normalized to one.

Definition 7.3.4 (Coordinate transformation yε). For a potential V as in Figure 7.1,
the left-normalized stationary measure dγ`

ε = g`ε (z)dz of Definition 7.3.2 and the
time-scale τε defined by (7.2), define the map yε : R→ R by

yε(x) :=
1

ε τε

∫ x

x0

1
g`ε (z)

dz.

This coordinate transformation indeed maps the minima of the potential V
to ±1, as the following Proposition shows.

Proposition 7.3.5 (Coordinate transformation). The map yε : R → R of Defini-
tion 7.3.4 satisfies the following:

(i) The map yε is strictly increasing and bijective.

(ii) For any x < x0 such that V(x) < V(x0), we have yε(x)→ − 1
2 as ε→ 0.

(iii) For any x > x0 such that V(x) < V(x0), we have yε(x)→ + 1
2 as ε→ 0.

Proof of Proposition 7.3.5. Since y′ε(x) > 0 for any x ∈ R and yε(x) → ±∞ as x →
±∞, the map yε is strictly increasing and bijective. For x < x0 satisfying V(x) <
V(x0), we obtain

yε(x) =
1

ετε
· Zε ·

∫ x

x0

eV(z)/ε dz

= [1 + o(1)]
1

ετε
· e−V(xa)/ε

√
2πε

V′′(xa)
· 1

2
eV(x0)/ε

√
2πε

|V′′(x0)|
(−1) = −1

2
,
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V(x)

x0

xa xb x

− 1
2 0 + 1

2
yε(x)

Figure 7.5: The effect of the coordinate transformation yε of Defintion 7.3.4. Points to the
left of x0 s.t. V(x) < V(x0) are mapped to −1/2, and similarly, points to the right of x0 are
mapped to +1/2. The smaller the value of ε, the sharper is the concentration effect. As ε→
0, points far to the left of xa and far to the right of xb are mapped to ∓∞, respectively.

by applying Lemma 7.5.1 to Zε =
∫ x0
−∞ e−V(z)/ε dz and the integral. The factor 1

2
stems from the fact that the exponential eV/ε achieves its maximum at the bound-
ary of the interval [x, x0]. The argument for the case x > x0 is similar.

Definition 7.3.6 (Transformed left-normalized stationary measure). For the mea-
sure γ`

ε ∈ M(R) from Definition 7.3.2 and the coordinate transformation yε from
Definition 7.3.4, we let γ̂`

ε ∈ M(R) be the push-forward measure

γ̂`
ε (A) := (yε)#γ`

ε (A) = γ`
ε

(
y−1

ε (A)
)

.

Proposition 7.3.7 (Concentration of measure). For any κ > 0 small, let Uκ be the
neighborhood Uκ := Bκ(−1/2) ∪ Bκ(+1/2) of {±1/2}. Then

lim
ε→0

γ̂`
ε (R \Uκ) = 0.

Proof of Proposition 7.3.7. Let κ > 0 and fix δ > 0. By Proposition 7.3.5, if ε > 0 is
small enough, then {V < δ} ⊆ y−1

ε (Uκ). Therefore R \ y−1
ε (Uκ) ⊆ {V > δ}, and

we find that
γ̂`

ε (R \Uκ) ≤ γ`
ε ({V > δ}).

By Proposition 7.3.3, the right-hand side vanishes in the limit ε→ 0.

7.3.3 Definition of flux-density functionals

The flux-density functionals are defined on pairs of measures (ρ, j) satisfying the
continuity equation ∂tρ + divj = 0 in the following sense.
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Definition 7.3.8 (Continuity Equation). Fix T > 0 and let E := (0, T) ×R. We
say that a pair (ρ(t, (·), j(t, ·)) of time-dependent Borel measures on R satisfies the
continuity equation if:

(i) For each t ∈ (0, T), ρ(t, ·) is a probability measure on R. The map t 7→
ρ(t, ·) ∈ P(R) is measurable with respect to the weak topology on P(R).

(ii) For each t ∈ (0, T), j(t, ·) is a finite Borel measure on R. The map t 7→
j(t, ·) ∈ M(R) is measurable with respect to the weak topology onM(R).

(iii) The pair solves ∂tρ + div j = 0 in D′(E); that means for any test function
ϕ ∈ C∞

c (E), we have∫ T

0

∫
R

[
ρ(t, dy) ∂t ϕ(t, y) + j(t, dy) ∂y ϕ(t, y)

]
dt = 0. (7.27)

We denote by CE(0, T; R) the set of all pairs (ρ, j) satisfying the continuity equa-
tion.

As discussed in the previous section, with the coordinate transformation yε,
the flux-density rate function takes the form

Iε(ρ, j) =
1
4

∫ T

0

∫
R

1
û`

ε(t, y)

∣∣ ̂ε(t, y) + ∂yû`
ε(t, y)

∣∣2 dydt.

We take the dual formulation for integrals over convex functions (Lemma 7.5.2),
which generalizes

1
2

x2

y
= sup

b∈R

[
(−b2/2)y + bx

]
, x ∈ R, y > 0.

Shifting derivatives to test functions, we arrive at the following Definition.

Definition 7.3.9 (Prel-limit Rate Function). For E := (0, T)×R and ε > 0, define
the map Îε : CE(0, T; R)→ [0, ∞] by

Îε (ρ̂, ̂) :=
1
2

sup
b∈C∞

c (E)

∫
E

[
û`

ε

(
−∂yb− 1

2
b2
)
+ ̂ · b

]
dydt, (7.28)

if ρ̂(t, dy) = û`
ε(t, y)γ̂`

ε (dy), that is if ρ̂(t, ·) is absolutely continuous with respect
to γ̂`

ε , the left-normalized stationary measure from Definition 7.3.6. Otherwise, we
set Îε (ρ̂, ̂) equal to +∞.

Definition 7.3.10 (Limit Rate Function). With the funciton S from (7.8), define Î0 :
CE(0, T; R)→ [0, ∞] by

Î0 (ρ̂, ̂) :=
∫ T

0
S ( ̂(t), ẑ(t)) dt, (7.29)

if ρ̂(t, dy) = ẑ(t)δ− 1
2
(dy) + (1− ẑ(t))δ+ 1

2
(dy) and ̂ = ̂(t)1(− 1

2 ,+ 1
2 )
(y)dtdy, with

coefficient ẑ ∈ H1([0, T]) and ̂(t) > 0. Otherwise, we set Î0 (ρ̂, ̂) equal to +∞.
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In fact, we have ̂(t) = −∂t ẑ(t), which follows from the continuity equa-
tion ∂tρ̂ + ∂y ̂ = 0 and the special form of ρ̂ (see Theorem 7.4.4, (v)). That means
the rate function is finite only if ẑ(t) is decreasing, meaning that mass is flow-
ing only from left to right. We will show furthermore that finiteness of I0 im-
plies z ∈W1,1([0, T]).

7.3.4 Why the limit is not a gradient flow

We give a formal argument. Suppose that I0 is a generalized gradient-flow given
by (7.25), with an energy E and dissipation potentials R, R∗. Then locally, we
obtain

S(j, z) = dE(ρ) · j +R(ρ, j) +R∗(ρ,−dE(ρ)).

Taking the derivative with respect to j,

∂jS(j, z) = dE(ρ) + ∂jR(ρ, j).

SinceR(ρ, 0) = 0 is minimal by definition,

∂jS(0, z) = dE(ρ) + 0.

But ∂jS(j, z) = log(j/z) diverges to −∞ as j→ 0.

Informally, the limit structure is not an entropy gradient flow because there
is no decay in entropy. As we saw in Section 7.3.1, the entropies diverge in the
limit ε → 0. In the limit, the mass of the stationary measure is concentrated on
one point, while the dynamics has mass on both points. Hence for any finite time,
the relative entropy equals +∞ and is not decaying.

7.4 Proof of Gamma-convergence

In CE(0, T; R), we consider convergence in distribution.

Definition 7.4.1 (Convergence of solutions to continuity equation). We say that
a sequence (ρ̂n, ̂n) in CE(0, T; R) converges to (ρ̂, ̂) if and only if for any test
function ϕ ∈ C∞

c ((0, T)×R), we have∫ T

0

∫
R
[ρ̂n∂t ϕ + ̂n div ϕ] dydt n→∞−−−→

∫ T

0

∫
R
[ρ̂∂t ϕ + ̂ div ϕ] dydt.

Theorem 7.4.2 (Lower Bound). For any sequence (ρ̂ε, ̂ε) ∈ CE(0, T; R) such that

(ρ̂ε, ̂ε)→ (ρ̂0, ̂0) ∈ CE(0, T; R) and sup
(t,y)∈E

|û`
ε(t, y)| ≤ C,

where ρ̂ε = û`
ε γ̂`

ε , we have

lim inf
ε→0

Îε(ρ̂ε, ̂ε) ≥ Î0(ρ̂0, ̂0).
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Theorem 7.4.3 (Upper bound). For any (ρ̂0, ̂0) ∈ CE(0, T; R) such that the rate
function is finite, Î0(ρ̂0, ̂0) < ∞, there exist (ρ̂ε, ̂ε) ∈ CE(0, T; R) such that

(ρ̂ε, ̂ε)
ε→0−−→ (ρ̂0, ̂0) and lim sup

ε→0
Îε(ρ̂ε, ̂ε) ≤ Î0(ρ̂0, ̂0).

7.4.1 Proof of compactness

Recall we denote by CE(0, T; R) the set of solutions to the continuity equation in
the sense of Definition 7.3.8, and by Îε : CE(0, T; R) → [0, ∞] the rate function
from Definition 7.3.9. The measures γ̂`

ε are the transformed left-normalized sta-
tionary measures introduced in Definition 7.3.6.

Theorem 7.4.4 (Sequential Compactness). For ε > 0, let (ρ̂ε, ̂ε) ∈ CE(0, T; R) be
pairs such that ρ̂ε(t, ·) is absolutely continuous w.r.t. γ̂`

ε , with Radon-Nikodym derivative
û`

ε(t, ·). Let E := (0, T)×R. Suppose that there exists a constant C > 0 such that for
all ε > 0,

Îε (ρ̂ε, ̂ε) ≤ C and sup
(t,y)∈E

|û`
ε(t, y)| ≤ C.

Then there exists a pair (ρ̂0, ̂0) ∈ CE(0, T; R) and a limiting function û`
0 such that:

(i) û`
0 ∈ L∞(E) and along a subsequence û`

ε
∗−⇀ û`

0 in σ(L∞(E), L1(E)).

(ii) The densities converge weakly: ρ̂ε
∗−⇀ ρ̂0 w.r.t. σ(M(E), Cb(E)), where for every

t ∈ [0, T], the measure ρ̂0(t, ·) ∈ P(R) is absolutely continuous with respect to
γ̂0 := δ−1/2 + δ+1/2.

(iii) Along a subsequence: ̂ε
∗−⇀ ̂0 in σ(Y∗, Y), where Y := L2 (0, T; X) with the

Banach space X obtained by taking the closure of C∞
c (R) under the norm

‖ f ‖X := ‖ f ‖L2(R) + ‖∂y f ‖L1(R).

Moreover, the limiting objects û`
0, ρ̂0 and ̂0 satisfy the following regularity properties:

(iv) The density ẑ0(t) such that ρ̂0(t, dy) = ẑ0(t)δ−1/2(dy) + (1− ẑ0(t))δ+1/2(dy)
satisfies ẑ0 ∈ H1([0, T]).

(v) The limiting flux ̂0 is unique and is given by

̂0(dt dy) = −∂t ẑ0(t)1(−1/2,+1/2)(y) dtdy.

(vi) The limiting function û`
0 satisfies for a.e. t ∈ (0, T)

∂yû`
0 ∈ L2 ((0, T)×R) , û`

0(t,−1/2) = ẑ0(t) and û`
0(t,+1/2) = 0.
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Proof of Theorem 7.4.4. If both (ii) and (iii) hold, then a limiting pair (ρ̂0, ̂0) satisfies
the continuity equation: for any ϕ ∈ C∞

c (E), ∂t ϕ ∈ C∞
c (E) and ∂y ϕ ∈ Y, so that∫

E
∂t ϕ ρ̂ε

ε→0−−→
∫

E
∂t ϕ ρ̂0 and

∫
E

∂y ϕ(t, y) ̂ε
ε→0−−→

∫
E

∂y ϕ(t, y) ̂0,

Hence ∂tρ̂0 + ∂y ̂0 = 0 in D′ is inherited from ∂tρ̂ε + ∂y ̂ε = 0 in D′.
For proving (i) and (ii), we only exploit the uniform boundedness assump-

tion on the densities û`
ε . The remaining properties follow from the boundedness

assumption on the rate function.

(i): The family of functions {û`
ε}ε>0 is bounded in L∞(E), the topological dual

of L1(E). Hence by the Banach-Alaoglu Theorem, there is a subsequence converg-
ing in σ(L∞(E), L1(E)).

(ii): For any Borel subset I × A ⊆ E,

|ρ̂ε(I × A)| =
∣∣∣∣∫I

∫
A

û`
ε(t, y)γ̂`

ε (dy)dt
∣∣∣∣ ≤ T · ‖û`

ε‖L∞(E) · γ̂`
ε (A)

≤ T · C · γ̂`
ε (A).

For κ > 0, let Uκ := Bκ(−1/2) ∪ Bκ(+1/2). Then γ̂`
ε (Uκ) → 0 as ε → 0 (Propo-

sition 7.3.7). Since κ > 0 is arbitrary, this means that ρ̂ε converges weakly to a
measure ρ̂0 that is supported on the set (0, T)× {− 1

2 ,+ 1
2}.

(iii): By the uniform-boundedness assumption of the rate function,

sup
b∈C∞

c (E)

∫ T

0

∫
R

[
û`

ε

(
−∂yb− 1

2
b2
)
+ ̂ε · b

]
dtdy ≤ C < ∞.

Therefore, for any b ∈ C∞
c (E),∣∣∣∣∫ T

0

∫
R

̂ε · b(t, y) dydt
∣∣∣∣ ≤ C + ‖û`

ε‖∞

∫ T

0

∫
R

(
|∂yb|+ 1

2
b2
)

dydt

≤ C′
[

1 +
∫ T

0

(
‖b(t, ·)‖2

L2(R) + ‖∂yb(t, ·)‖L1(R)

)
dt
]

,

where C′ = max(C, ‖û`
ε‖). We henceforth abbreviate integrals

∫ T
0

∫
R

̂εb dtdy sim-
ply by 〈 ̂ε, b〉. Rescaling in the above estimate as b → λb, we obtain that for
any λ > 0 and b ∈ C∞

c (E),

|〈 ̂ε, b〉| ≤ C′
[

1
λ
+ λ

∫ T

0
‖b(t, ·)‖2

2 dt +
∫ T

0
‖∂yb(t, ·)‖1 dt

]
.

Optimizing the right-hand side in λ gives

λop =

(∫ T

0
‖b(t, ·)‖2

2 dt
)−1/2

.
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With that optimal λ = λop, we found the estimate

|〈 ̂ε, b〉| ≤ C′
[(∫ T

0
‖b(t, ·)‖2

2 dt
)1/2

+
∫ T

0
‖∂yb(t, ·)‖1 dt

]
.

With the elementary estimate (a + b)2 ≤ 2a2 + 2b2, we arrive at

|〈 ̂ε, b〉|2 ≤ 2C′2
[∫ T

0
‖b(t, ·)‖2

2 dt +
(∫ T

0
‖∂yb(t, ·)‖1 dt

)2
]

≤ 2C′2
[∫ T

0
‖b(t, ·)‖2

2 dt +
∫ T

0
‖∂yb(t, ·)‖2

1 dt
]

,

where the second estimate is a consequence of Jensen’s inequality. Therefore, for
some constant C > 0 and for all b ∈ C∞

c (E),

|〈 ̂ε, b〉| ≤ C‖b‖Y.

Hence ̂ε is bounded in Y∗, and by the Banach-Alaoglu Theorem, there exists a
converging subsequence of ̂ε in the σ(Y∗, Y) topology.

(iv): The density ẑ0(t) is measurable as the limit of measurable functions, since

ẑ0(t) = lim
ε→0

ρ̂ε(t, U−)

for U− a small neighborhood of −1/2. We now prove the claimed regularity. For
a test function b ∈ C∞

c (E), we write B(t, y) :=
∫ y
− 1

2
b(t, z) dz, so that in particular

∂yB = b. Since the pair (ρ̂ε, ̂ε) satisfies the continuity equation, we obtain for
any b such that B is compactly supported that

∫ T

0

∫
R

∂yB ̂ε = −
∫ T

0

∫
R

∂tB ρ̂ε.

From the boundedness of the rate function, we find for such b the estimate

C ≥ Îε(ρ̂ε, ̂ε) ≥
1
2

∫ T

0

∫
R

[
û`

ε

(
−∂yb− 1

2
b2
)
+ ̂ε∂yB

]
dydt

=
1
2

∫ T

0

∫
R

[
û`

ε

(
−∂yb− 1

2
b2
)
− ρ̂ε∂tB

]
dydt.

We specialize further to functions b such that B(t, y) = ϕ(t)ψ(y), where the func-
tion ϕ ∈ C∞

c (0, T) is arbitrary and ψ is a fixed function that has compact support
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and satisfies ψ(−1/2) = 0 and ψ(1/2) = 1. Writing ẑ+ := 1− ẑ0,∣∣∣∣∫ T

0
ϕ′(t)ẑ+(t) dt

∣∣∣∣ = ∣∣∣∣∫ T

0

∫
R

∂tB(t, y) ρ̂0(dtdy)
∣∣∣∣

≤ C +

∣∣∣∣∫ T

0

∫
R

û`
0

(
ϕ(t)ψ′′(y) +

1
2

ϕ(t)2|ψ′(y)|2
)

dydt
∣∣∣∣

≤ C + ‖û`
0‖∞

(
‖ψ′′‖∞‖ϕ‖L1 +

1
2
‖ψ′‖2

2‖ϕ‖2
L2

)
≤ C

(
1 + ‖ϕ‖L1 + ‖ϕ‖2

L2

)
.

Rescaling as ϕ→ λϕ and optimizing the resulting estimate in λ in the same fash-
ion as in the proof of (iii) above, we arrive at∣∣∣∣∫ T

0
ϕ′(t)ẑ+(t) dt

∣∣∣∣ ≤ C (‖ϕ‖L2 + ‖ϕ‖L1) ≤ C′‖ϕ‖L2 ,

where the second estimate uses ‖ϕ‖L1 ≤
√

T‖ϕ‖L2 . Since this bound holds for
any ϕ ∈ C∞

c (0, T), we obtain that ẑ+ ∈ H1(0, T), and hence also ẑ0 ∈ H1(0, T).

(v): Let ̂0 be such that ̂ε
∗−⇀ ̂0 in σ(Y∗, Y). First, we show that ̂0 is piecewise

constant in the sense that

̂0(dt dy) =
[

j−(t)1(−∞,− 1
2 )
(y) + j(t)1(− 1

2 ,+ 1
2 )
(y) + j+(t)1(+ 1

2 ,+∞)(y)
]

dtdy,

where j−, j, j+ are measurable functions. Secondly, we verify that

j− ≡ 0, j ≡ −∂t ẑ0, j+ ≡ 0.

Combining the two statements proves the claim.

The limiting density is of the form ρ̂0(t, dy) = ẑ−(t)δ− 1
2
(dy) + ẑ+(t)δ+ 1

2
(dy).

Specializing the continuity equation ∂tρ̂0 + ∂y ̂0 = 0 to test functions of the form
b(t, y) = ϕ(t)ψ(y), where ϕ ∈ C∞

c (0, T) and ψ ∈ C∞
c ((−∞,−1/2)), we find∫ T

0

[∫
R

∂yψ(y) ̂0(t, dy)
]

ϕ(t) dt = 0

Therefore ∂y ̂0 = 0 in (0, T)× (−∞,−1/2), since ϕ, ψ are arbitrary. Repeating the
arument on (−1/2,+1/2) and (+1/2, ∞), we find that ̂0 is piecewise constant
as claimed. We are left with verifying that the flux vanishes outside the inter-
val (−1/2,+1/2) and in the interval is given by ∂t ẑ+ = −∂t ẑ0.

By boundedness of the rate function, for any b ∈ C∞
c (E),

C ≥
∫ T

0

∫
R

[
û`

ε

(
−∂yb− 1

2
b2
)
+ ̂εb

]
dydt.
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The densities û`
ε converge along a subsequence in σ(L∞(E), L1(E)), the fluxes ̂ε

converge in σ(Y∗, Y), and any test function b together with its derivatives is both
in L1(E) and Y. Therefore we can pass to the limit to obtain

C ≥
∫ T

0

∫
R

[
û`

0

(
−∂yb− 1

2
b2
)
+ ̂0b

]
dydt.

Specializing to a sequence of functions bn = ϕ(t)ψn(y) with functions ψn that are
supported in (−∞,−1) and satisfy

‖ψn‖L1
n→∞−−−→ ∞, ‖∂yψn‖L1 ≤ C and ‖ψ2

n‖L1
n→∞−−−→ 0,

we find that∣∣∣∣∫ T

0
ϕ(t)j−(t) dt

∣∣∣∣ · ∣∣∣∣∫
R

ψn dy
∣∣∣∣ = ∣∣∣∣∫ T

0

∫ −1

−∞
bn ̂0 dydt

∣∣∣∣
≤ C

[
1 + T‖ϕ‖∞

(
‖û`

ε‖∞‖∂yψn‖L1 + ‖û`
ε‖∞‖ψ2

n‖L1

)]
≤ C′.

Since ‖ψn‖L1 → ∞ and since ϕ is arbitrary, this implies j− ≡ 0. Examples of ψn
are smoothend versions of the step functions n−2/31(−n,−1). The argument for the
region (+1/2,+∞) is similar. Therefore,

̂0(dt, dy) = j(t)1(− 1
2 ,+ 1

2 )
(y) dtdy.

Testing the continuity equation ∂tρ̂0 + ∂y ̂0 = 0 with functions b(t, y) = ϕ(t)ψ(y)
such that ψ(−1/2) = 0 and ψ(+1/2) = 1, we find∫ T

0
ẑ+(t)∂t ϕ(t) dt +

∫ T

0
j(t)ϕ(t) dt = 0.

Since ẑ+ is in H1, integration by parts and arbitraryness of the test function ϕ
imply that the flux is given by j(t) = ∂t ẑ+(t).

(vi): As shown above, we have for any b ∈ C∞
c (E) the bound

C ≥
∫

E

[
û`

0

(
−∂yb− 1

2
b2
)
+ ̂0b

]
dydt.

Using that ̂0 ∈ L2(E), we find∣∣∣∣∫E
û`

0 ∂yb dydt
∣∣∣∣ ≤ C +

1
2
‖û`

0‖∞‖b‖2
L2(E) + ‖ ̂0‖L2(E)‖b‖L2(E)

≤ C′‖b‖L2(E),

where the second estimate follows after rescaling b → λb and optimizing in λ.
This shows boundedness of the map

b 7→ 〈û`
0, ∂yb〉L2(E).
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Since L2(E) is self-dual, the fact that ∂yû`
0 ∈ L2(E) follows by the Banach-Alaoglu

Theorem.

We now show û`
0(t,−1/2) = ẑ0(t) for a.e. t ∈ (0, T). The density ẑ0(t) satisfies

ẑ0(t) = lim
ε→0

ρ̂ε(t, Uκ),

where Uκ is a small ball of radius κ around {−1/2}. In Uκ , the densities û`
ε and û`

0
are close in the sense that∫

Uκ

û`
ε γ̂`

ε =
∫

Uκ

û`
0 γ̂`

ε +
∫

Uκ

(û`
ε − û`

0) γ̂`
ε =

∫
Uκ

û`
0 γ̂`

ε + o(1)ε→0,

since γ̂`
ε is left-normalized and concentrates on Uκ in the sense that

γ̂`
ε (Uκ) =

1
Z`

ε

∫
Uκ

e−V(y)/ε dy ε→0−−→ 1,

and since û`
ε
∗−⇀ û`

0 in σ(L∞(E), L1(E)). With ρ̂ε(t, dy) = û`
ε(t, y)γ̂`

ε (dy), we there-
fore find

o(1)ε→0 +

(
inf
Uκ

û`
0(t, ·)

)
γ̂`

ε (Uκ) ≤ ρ̂ε(t, Uκ) ≤
(

sup
Uκ

û`
0(t, ·)

)
γ̂`

ε (Uκ) + o(1)ε→0.

First passing to the limit ε→ 0 and then taking κ → 0 gives

lim
κ→0

inf
Uκ

û`
0(t, ·) ≤ ẑ0(t) ≤ lim

κ→0
sup
Uκ

û`
0(t, ·).

Hence ẑ0(t) is bounded from below by the lower-semicontinuous regularization
of û`

0(t, y) at y = −1/2, and from above by the upper-semicontinuous regular-
ization. Since û`

0(t, ·) ∈ H1(R) for almost every t ∈ (0, T), the function û`
0(t, ·) is

continuous, implying that

û`
0(t,−1/2) = lim

κ→0
sup
Uκ

û`
0(t, ·) = lim

κ→0
inf
Uκ

û`
0(t, ·).

Hence û`
0(t,−1/2) = ẑ0(t) for a.e. t ∈ (0, T).

The fact that û`
0(t,+1/2) = 0 follows from observing that in the limit ε → 0,

the left-normalized measure γ̂`
ε blows up in a neighborhood U+

κ of {+ 1
2} while

1 ≥ ρ̂ε(t, U+
κ ) =

∫
U+

κ

û`
ε(t, y) γ̂`

ε (dy)

remains bounded. Hence continuity of û`
0(t, ·) enforces û`

0(t,+1/2) = 0.
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7.4.2 Proof of lower bound

Proof of Theorem 7.4.2. The limiting measure ρ̂0 is supported on the set (0, T) ×
{−1/2,+1/2}, that is ρ̂0 = ẑ0(t)δ−1/2 + (1− ẑ0(t))δ+1/2, and the limiting flux ̂0
is piecewise constant, given as in (v) of Theorem 7.4.4. By definition of Îε, for
any b ∈ C∞

c (E),

C ≥ Îε(ρ̂ε, ̂ε) ≥
1
2

∫ T

0

∫
R

[
û`

ε

(
−∂yb− 1

2
b2
)
+ ̂εb

]
dydt.

As in the proof of Theorem 7.4.4, we can pass to the limit since û`
ε and ̂ε converge:

û`
ε
∗−→ û`

0 in σ(L∞(E), L1(E)) and ̂ε
ε→0−−→ ̂0 in σ(Y∗, Y), where the limiting flux is

given by ̂0(dt, dy) = ̂0(t)1(−1/2,+1/2)(y) dtdy with ̂0(t) = −∂t ẑ0(t). This leads to

lim inf
ε→0

Îε(ρ̂ε, ̂ε) ≥
1
2

∫ T

0

∫
R

[
û`

0

(
−∂yb− 1

2
b2
)
+ ̂0b

]
dydt

=
1
2

∫ T

0

∫
R

[
û`

0

(
−1

2
b2
)
+ b

(
̂0 + ∂yû`

0

)]
dydt,

using that ∂yû`
0 ∈ L2(E) by Theorem 7.4.4 and integration by parts. Taken the

supremum over smooth functions b that have compact support in E0 := (0, T)×
(−1/2,+1/2), we find that

lim inf
ε→0

Îε(ρ̂ε, ̂ε) ≥
1
2

sup
b∈C∞

c (E0)

∫ T

0

∫ +1/2

−1/2

[
û`

0

(
−1

2
b2
)
+ b

(
̂0(t) + ∂yû`

0

)]
dydt

7.5.2
=

1
4

∫ T

0

∫ +1/2

−1/2

1
û`

0

∣∣∣ ̂0(t) + ∂yû`
0

∣∣∣2 dydt,

the last equality following from Lemma 7.5.2. For fixed t > 0, we have

∫ +1/2

−1/2

1
û`

0

∣∣ ̂0(t) + ∂yû`
0
∣∣2 dy ≥ inf

û=û(y)
û(±1/2)=û`

0(t,±1/2)

∫ +1/2

−1/2

1
û(y)

∣∣ ̂0(t) + ∂yû
∣∣2 dy.

By Theorem 7.4.4, the boundary conditions are given by û`
0(t,+1/2) = 0 and

û`
0(t,−1/2) = ẑ0(t). With the function S(a, b) := a log(a/b)− (a− b) from (7.8),

the infimum is

inf
û(−1/2)=ẑ0(t)

û(t,+1/2)=0

∫ +1/2

−1/2

1
û(y)

∣∣ ̂0(t) + ∂yû
∣∣2 dy = 4 S ( ̂0(t), ẑ0(t)) ,
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which we prove in Lemma 7.5.3. Therefore,

lim inf
ε→0

Îε(ρ̂ε, ̂ε) ≥
1
4

∫ T

0

∫ +1/2

−1/2

1
û`

0

∣∣∣ ̂0(t) + ∂yû`
0

∣∣∣2 dydt

≥ 1
4

∫ T

0
inf

û(−1/2)=ẑ0(t)
û(+1/2)=0

∫ +1/2

−1/2

1
û(y)

∣∣ ̂0(t) + ∂yû
∣∣2 dy dt

=
∫ T

0
S ( ̂0(t), ẑ0(t)) dt = Î0(ρ̂0, ̂0),

which finishes the proof of the lower bound.

7.4.3 Proof of upper bound

We first comment on the idea of proof of Theorem 7.4.3. To that end, let

E := (0, T)×R and E0 := (0, T)× (−1/2,+1/2).

If the limiting rate function is finite, then by definition the pair (ρ̂0, ̂0) is given by

ρ̂0(t, dy) = ẑ0(t)δ−1/2(dy) + (1− ẑ0(t))δ+1/2(dy), (7.30)

̂0(t, dy) = ̂0(t)1(−1/2,+1/2)(y) dy, (7.31)

with ẑ0 ∈ H1(0, T) and ̂0(t) = −∂t ẑ0(t) ≥ 0. We will first work under the follow-
ing regularity assumption.

Assumption 7.4.5. The density ẑ0 : [0, T]→ [0, 1] satisfies

∂t ẑ0 ∈ C([0, T]), inf
t∈(0,T)

|∂t ẑ0(t)| > 0 and sup
t∈(0,T)

|∂tt ẑ0(t)| < ∞. (7.32)

The proof of Theorem 7.4.3 consists of the following four steps.

1. We show that the limiting rate function satisfies

Î0(ρ̂0, ̂0) =
1
4

∫
E0

b̂2
0 û0 dydt, (7.33)

where û0 : E0 → [0, ∞) is the function given by

û0(t, y) = − ( ̂0 − ẑ0) (y + ŷt)

(
y− 1

2

)
, ŷt :=

1
2

̂0 + ẑ0

̂0 − ẑ0
, (7.34)

and b̂0 : E0 → R is defined by

b̂0(t, y) :=
̂0(t) + ∂yû0(t, y)

û0(t, y)
=

2
ŷt + y

. (7.35)

The second-order polynomial û0(t, ·) is either concave ( ̂0 > ẑ0), linear ( ̂0 =
ẑ0) or convex ( ̂0 < ẑ0). These three cases are sketched in Figure 7.6.
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y

ẑ0(t)

û0(t, y)

Figure 7.6: The polynomial y 7→ û0(t, y) on [−1/2,+1/2] for the three cases ̂0(t) > ẑ0(t)
(yellow), ̂0(t) = ẑ0(t) (red) and ̂0(t) < ẑ0(t) (blue). In particular, the function always
satisfies û0(t,−1/2) = ẑ0(t) and û0(t,+1/2) = 0.

2. We define the function û`
ε : E → [0, ∞) as the weak solution to the auxiliary

PDE
ĝ`ε ∂tû`

ε = ∂yyû`
ε − ∂y(b̂01E0 û`

ε), (7.36)

where ĝ`ε : R → (0, ∞) denotes the Lebesgue density of the left-stationary
measure γ̂`

ε from Definition 7.3.6, that is γ̂`
ε (dy) = ĝ`ε (y)dy. With that, we

define the pair (ρ̂ε, ̂ε) by setting

ρ̂ε(t, dy) := û`
ε(t, y)γ̂`

ε (dy) and ̂ε := −∂yû`
ε + b̂01E0 û`

ε .

We choose the initial condition û`
ε(0, ·) such that the measure

ρ̂ε(0, dy) := û`
ε(0, y)γ̂`

ε (dy)

has mass one and converges weakly to ρ̂0(0, dy).

3. We show that the solution û`
ε to the auxiliary PDE (7.36) is such that

û`
ε 1E0

ε→0−−→ û0 weakly in L2(E0), (7.37)

and that the pair (ρ̂ε, ̂ε) converges to (ρ̂0, ̂0) in the sense of Definition 7.4.1.

4. We verify that with the choice of (ρ̂ε, ̂ε) as above, the rate function is given
by

Îε(ρ̂ε, ̂ε) =
1
4

∫
E0

b̂2
0û`

ε dydt. (7.38)

With these steps accomplished, the limsup-bound follows as

lim
ε→0
Îε(ρ̂ε, ̂ε)

(7.38)
= lim

ε→0

1
4

∫
E0

b̂2
0û`

ε dydt

(7.37)
=

1
4

∫
E0

b̂2
0û0 dydt

(7.33)
= Î0(ρ̂0, ̂0).
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We now formulate the Lemmas we need in order to rigorously carry out the
abovementioned steps. After that, we give the proof of Theorem 7.4.3 and then
prove the Lemmas.

Lemma 7.4.6. The set of densities {ẑ} satisfying Assumption 7.4.5 is energy-dense; that
means if Î0(ρ̂0, ̂0) is finite, then there are denities ẑδ

0 satisfying Assumption 7.4.5 such
that the pair (ρ̂δ

0, ̂δ
0) defined via ẑδ

0 as in (7.30) and (7.31) satisfies

lim
δ→0

(ρ̂δ
0, ̂δ

0) = (ρ̂0, ̂0) and lim
δ→0
Î0(ρ̂

δ
0, ̂δ

0) = Î0(ρ̂0, ̂0).

Lemma 7.4.7 (Limiting Rate Function). The rate function Î0 is given by (7.33).

In the next Lemmas, γ̂`
ε (dy) = ĝ`ε (y)dy is the transformed left-normalized sta-

tionary measure from Definition 7.3.6.

Lemma 7.4.8 (Auxiliary PDE). For any ε > 0 and any initial condition û`
ε(0, ·) ∈

C(R; [0, ∞)), under Assumption 7.4.5 there exists a weak solution û`
ε to the PDE (7.36);

that means there exists a function û`
ε : E→ [0, ∞) satisfying

û`
ε ∈ L2(0, T; H1(R)) ∩ C(0, T; L2(R)) and ∂tû`

ε ∈ L2(0, T; H−1(R))

such that for any ϕ ∈ H1(R),∫
E

ϕ ĝ`ε ∂tû`
ε dydt = −

∫
E

∂yû`
ε ∂y ϕ dydt +

∫
E

b̂01E0 û`
ε ∂y ϕ dydt. (7.39)

Lemma 7.4.9 (Uniform Energy Estimates). For ε > 0, let û`
ε be the solution to the

auxiliary PDE (7.36) under Assumption 7.4.5 and with initial condition û`
ε(0, ·) such

that ρ̂ε(0, dy) = û`
ε(0, y)γ̂`

ε (dy) has mass one and ‖û`
ε(0, ·)‖L∞(R) is uniformly bounded

in ε > 0.
Let B : E → [0, ∞) be the function defined by B(t, y) :=

∫ y
−1/2 b̂0(t, z)1E0(t, z) dz,

and define v̂`ε := e−Bû`
ε and Ω := (−17,+17).

Then there exists a constant C > 0 such that for every ε > 0,∫ T

0

∫
R

eB|∂yv̂`ε |2 dydt + sup
t∈(0,T)

∫
R

eB ĝ`ε v̂`ε(t)
2 dy ≤ C, (7.40)

∫ T

0
‖û`

ε(t, ·)‖2
H1(Ω) dt ≤ C. (7.41)

The size of Ω can be chosen arbitrary, as long as it is finite and contains the
inverval [−1/2,+1/2] in its interior.

Lemma 7.4.10 (Limiting density). Let (ρ̂0, ̂0) be a pair given by (7.30) and (7.31).
Let û`

ε be the solution to the PDE (7.36) with initial condition ûε(0, ·) ∈ C∞(R) such
that û`

ε(0, y)γ̂`
ε (dy) ∗−⇀ ρ̂0(0, dy) as ε→ 0. Define

ρ̂ε(t, dy) := û`
ε(t, y)γ̂`

ε (dy) and ̂ε := −∂yû`
ε + b̂01E0 û`

ε , (7.42)

and let Ω := (−17,+17). Then we can choose a subsequence of (ρ̂ε, ̂ε) (denoted the
same) such that:
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(i) (ρ̂ε, ̂ε) ∈ CE(0, T; R) and Îε(ρ̂ε, ̂ε) is given by (7.38).

(ii) The pair (ρ̂ε, ̂ε) converges to (ρ̂0, ̂0) in the sense of Definition 7.4.1.

(iii) There exists a function û`
0 ∈ L2(0, T; H1(Ω)) such that û`

ε converges to û`
0 weakly

in L2(0, T; L2(Ω)), and û`
01E0 = û0.

Proof of Theorem 7.4.3. Let (ρ̂0, ̂0) be given by (7.30) and (7.31). By Lemma 7.4.6,
we can suppose without loss of generality that ẑ0 satisfies Assumption 7.4.5.

By Lemma 7.4.8, we can define the function û`
ε : E → [0, ∞) as the weak so-

lution to the PDE (7.36). We take the initial condition û`
ε(0, ·) ∈ C(R) to be such

that ρ̂ε(0, dy) ∗−⇀ ρ̂0(0, dy) as ε→ 0 and define the measures (ρ̂ε, ̂ε) by (7.42).

By (ii) of Lemma 7.4.10, limε→0(ρ̂ε, ̂ε) = (ρ̂0, ̂0) in the sense of Definition 7.4.1.
We are left with verifying the limsup bound. By (i) of Lemma 7.4.10,

Îε(ρ̂ε, ̂ε) =
1
4

∫
E0

b̂2
0û`

ε dydt.

As a consequence of Assumption 7.4.5, the function b̂2
0 is in L2(E0), and by (iii) of

Lemma 7.4.10, the function û`
ε converges to û0 weakly in L2(E0). Therefore

lim
ε→0

1
4

∫
E0

b̂2
0û`

ε dydt =
1
4

∫
E0

b̂2
0û0 dydt,

and by Lemma 7.4.7,
1
4

∫
E0

b̂2
0û0 dydt = Î0(ρ̂0, ̂0).

Thus limε→0 Îε(ρ̂ε, ̂ε) = Î0(ρ̂0, ̂0), which proves the limsup bound.

Proofs of the Lemmas

Proof of Lemma 7.4.6. One can follow the same line of argument of [AMP+12, The-
orem 6.1].

Proof of Lemma 7.4.7. By definition, for a pair (ρ̂0, ̂0) satisfying (7.30) and (7.31),

Î0(ρ̂0, ̂0) =
∫ T

0
S( ̂0(t)|ẑ0(t)) dt,

We show in (i) of Lemma 7.5.3 that the function S arises as the solution to the
following variational problem:

S( ̂0(t)|ẑ0(t)) =
1
4

inf
u

∫ +1/2

−1/2

1
u(y)

∣∣ ̂0(t) + ∂yu(y)
∣∣2 dy,

where the infimum is taken over smooth functions u satisfying the boundary con-
ditions u(−1/2) = ẑ0(t) and u(+1/2) = 0. By (ii) of Lemma 7.5.3, the optimizer
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of this variational problem is the polynomial y 7→ û(t, y) given above in (7.34).
Hence we find that

Î0(ρ̂0, ̂0)
def
=
∫ T

0
S( ̂0(t)|ẑ0(t)) dt

=
1
4

∫ T

0

∫ +1/2

−1/2

1
û0(t, y)

∣∣ ̂0(t) + ∂yû0(t, y)
∣∣2 dydt def

=
1
4

∫
E0

b̂2
0û0 dydt,

where the last equality follows from the Definition of b̂0 in (7.35).

Proof of Lemma 7.4.8. This follows from the fact that b̂0 is bounded.

Proof of Lemma 7.4.9. We first prove the estimate (7.40). As a consequence of As-
sumption 7.4.5, the function B is bounded. We find by calculation that the function
v̂`ε = e−Bû`

ε is the weak solution to

ĝ`ε ∂t

(
eBv̂`ε

)
= ∂y

(
eB∂yv̂`ε

)
. (7.43)

Multiplying (7.43) with v̂`ε and integrating over R, (that is specialising the test
function to the weak solution v̂`ε ), we find

1
2

d
dt

(∫
R

ĝ`ε eB 1
2
(v̂`ε)

2 dy
)
+

1
2

∫
R

ĝ`ε (v̂
`
ε)

2 ∂teB dy = −
∫

R
eB|∂yv̂`ε |2 dy.

Integrating over the time inverval (0, t) for t ∈ (0, T),

1
2

∫
R

eB ĝ`ε
1
2

v̂`ε(t, y)2 dy +
1
2

∫ t

0

∫
R

(
∂teB

)
ĝ`ε (v̂

`
ε)

2 dydt′ +
∫ t

0

∫
R

eB|∂yv̂`ε |2 dydt

=
1
2

∫
R

eB(0,y) ĝ`ε
1
2

v̂`ε(0, y)2 dy (7.44)

Applying the estimate ac ≥ −(1/2)a2 − (1/2)c2 to the second term with

a =
√

ĝ`ε v̂`ε eB/2∂tB and c =
√

ĝ`ε v̂`ε eB/2

leads to the estimate∫ t

0

∫
R

(
∂teB

)
ĝ`ε (v̂

`
ε)

2 dydt

≥ −1
2

∫ t

0

∫
R
(∂tB)

2 eB ĝ`ε (v̂
`
ε)

2 dydt′ − 1
2

∫ t

0

∫
R

eB ĝ`ε (v̂
`
ε)

2 dydt′

≥ (−t)
[

1
2

sup
E
|∂tB|2 +

1
2

]
sup

t′∈(0,T)

∫
R

eB(t′ ,y) ĝ`ε (y)v̂
`
ε(t
′, y)2 dy.

With the abbreviations

C :=
1
2

sup
E
|∂tB|2 +

1
2

and C′ :=
1
2

∫
R

eB(0,y) ĝ`ε
1
2

v̂`ε(0, y)2 dy,
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we find via the above estimate and by (7.44) that

(1− C · t) sup
t′∈(0,T)

∫
R

eB(t′ ,y) ĝ`ε (y)v̂
`
ε(t
′, y)2 dy +

∫ t

0

∫
R

eB|∂yv̂`ε |2 dydt ≤ C′.

Now iterating this estimate, (7.40) follows.

We now prove (7.41), that is boundedness of û`
ε in L2(0, T; H1(Ω)). Since

both B and ∂yB are bounded functions as a consequence of Assumption 7.4.5,
proving boundedness of v̂`ε = e−Bû`

ε in L2(0, T; H1(Ω)) is sufficient for prov-
ing (7.41). To prove boundedness of v̂`ε in L2(0, T; H1(Ω)), we will establish the
following estimates:

(1) There exists a constant C1 > 0 such that for all ε > 0,

p(v̂`ε) ≤ C1, (7.45)

where p is the seminorm p( f ) :=
(∫ T

0 | f (t,+1/2)|2 dt
)−1/2

.

(2) There exists a constant C2 > 0 such that for all ε > 0,∫ T

0
‖v̂`ε(t, ·)‖2

L2(Ω) dt ≤ C2

[∫ T

0
‖∂yv̂`ε(t, ·)‖2

L2(Ω) dt + p(v̂`ε)
]

. (7.46)

With these estimates established, boundedness of v̂`ε and hence 7.41 follow as

∫ T

0
‖v̂‖2

L2(Ω) dt +
∫ T

0
‖∂yv̂`ε‖2

L2(Ω) dt
(7.46)
≤ (1 + C2)

∫ T

0
‖∂yv̂`ε‖2

L2(Ω) dt + C2 p(v̂`ε)

(7.45)
≤ (1 + C2)

∫ T

0
‖∂yv̂`ε‖2

L2(Ω) dt + C2C1

(7.40)
≤ (1 + C2) · sup

E
(e−B) · C + C2C1 < ∞.

The estimate (7.46) is the Poincaré inequality [Tem12, Eq. 1.35], which holds since p
is a seminorm that is a norm when restricted to constant functions, that is

(p(c) = 0, c ∈ R)⇒ c = 0.

For verifying (7.45), we prove that

lim
ε→0

p(v̂`ε) = 0.

Since there exists a constant C > 0 such that for all ε > 0,∫ T

0

∫
Ω
|∂yv̂`ε |2 dydt ≤ sup

E
(e−B)

∫ T

0

∫
R
|∂yv̂`ε |2 dydt

(7.40)
≤ C,
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there are a function αε ∈ L2(0, T) and a constant C′ > 0 such that for all ε > 0,

‖αε‖2
L2(0,T) ≤ C′ and v̂`ε(t, y) ≥ v̂`ε(t, 1/2)− αε(t)|y− (1/2)|1/2.

Let δ > 0 be arbitrary and set Uδ := ( 1
2 − δ, 1

2 + δ). Then since û`
ε(t, y)γ̂`

ε (dy) has
mass one for every t > 0 and γ̂`

ε (dy) = ĝ`ε (y)dy,

T =
∫ T

0

∫
R

eBe−Bû`
ε ĝ`ε dydt

≥ inf
E
(eB)

∫ T

0

∫
Uδ

(
v̂`ε(t, 1/2)− αε(t)|y− (1/2)|1/2

)
ĝ`ε dydt

≥ inf
E
(eB)

∫ T

0

∫
Uδ

v̂`ε(t, 1/2)ĝ`ε dydt− inf
E
(eB)δ1/2

∫ T

0

∫
Uδ

αε(t)ĝ`ε dydt.

By re-organizing, we deduce the estimate∫ T

0
v̂`ε(t, 1/2) dt

∫
Uδ

ĝ`ε dy ≤ C
(

1 + δ1/2
∫

Uδ

ĝ`ε dy
)

,

where C = max(T · (infE eB)−1, C′T1/2), and therefore arrive at∫ T

0
v̂`ε(t, 1/2) dt ≤ Cδ1/2 + C

(∫
Uδ

ĝ`ε dy
)−1

.

For any δ > 0, we have
∫

Uδ
ĝ`ε dy→ +∞ as ε→ 0, so that

lim sup
ε→0

∫ T

0
v̂`ε(t, 1/2) dt ≤ Cδ1/2.

Since δ > 0 is arbitrary, this implies p(v̂`ε)→ 0 as ε→ 0.

Proof of Lemma 7.4.10. (i): The fact that (ρ̂ε, ̂ε) ∈ CE(0, T; R) follows directly from 7.42
and the definition of û`

ε . The rate function is given by

Îε(ρ̂ε, ̂ε)
def
=

1
2

sup
b∈C∞

c (E)

∫
E

[
û`

ε

(
−∂yb− 1

2
b2
)
+ ̂ε · b

]
dydt

=
1
4

∫
E

1
û`

ε(t, y)

∣∣ ̂ε(t, y) + ∂yû`
ε(t, y)

∣∣2 dydt,

where the last equality follows from Lemma 7.5.2. The form of the rate func-
tion (7.38) is an immediate consequence of the definition of ̂ε in (7.42).

We prove (ii) and (iii) via the following steps:

(1) We show that there is a pair (ρ̂`0, ̂`0) ∈ CE(0, T; R) of the form

ρ̂`0(t, dy) = ẑ`0(t)δ−1/2(dy) + (1− ẑ`0(t))δ+1/2(dy),

̂`0(t, y) = −∂t ẑ`0(t)1(−1/2,+1/2)(y),

such that (ρ̂ε, ̂ε)→ (ρ̂`0, ̂`0) as ε→ 0. We use the superscript ` to distinguish
this limit (ρ̂`0, ̂`0) from (ρ̂0, ̂0).
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(2) We show that the density û`
ε converges to a function û`

0 in L2(0, T; H1(Ω))
that satisfies for a.e. t ∈ (0, T) the ODE

−∂yû`
0(t, y) + b̂0(t, y)û`

0(t, y) = −∂t ẑ`0(t) in
(
−1

2
,+

1
2

)
,

û`
0(t,−1/2) = ẑ`0(t),

û`
0(t,+1/2) = 0.

(3) We show that the ODE enforces both ẑ`0(t) = ẑ0(t) for a.e. t ∈ (0, T) and û`
01E0 =

û0 in L2(E0).

Then the convergence statement (ii) follows as

lim
ε→0

(ρ̂ε, ̂ε)
(1)
= (ρ̂`0, ̂`0)

(3)
= (ρ̂0, ̂0) ,

and likewise (iii) as

lim
ε→0

û`
ε 1E0

(2)
= û`

0
(3)
= û0.

We are left with verifying (1), (2) and (3).

(1): For any test function ϕ ∈ Cb(E),∣∣∣∣∫E
ϕρ̂ε

∣∣∣∣2 def
=

∣∣∣∣∫E
ϕ eB ĝ`ε v̂`ε dydt

∣∣∣∣2
CS
≤
(∫

E
|eB ĝ`ε v̂`ε(t)

2| dydt
)(∫

E
|ϕeB ĝ`ε | dydt

)
≤ C

(
sup

t

∫
R

eB(t) ĝ`ε v̂`ε(t)
2 dy

) ∫
supp(ϕ)

ĝ`ε (y) dy

(7.40)
≤ C′

∫
supp(ϕ)

ĝ`ε (y) dy.

Hence for any testfunction with support outside of {±1/2},∫
E

ϕρ̂ε
ε→0−−→ 0.

Therefore in the limit ε → 0, the family of measures ρ̂ε converges weakly to a
measure ρ̂`0 that is concentrated on [0, T]× {±1/2}.

The flux ̂ε is given by ̂ε = e−B∂yv̂`ε . Since the function B is bounded, we find
by virtue of the estimate (7.40) that ̂ε is bounded in L2(E), because∫

E
| ̂ε|2 dydt ≤ C

∫
E

eB|∂yv̂`ε |2 dydt
(7.40)
≤ C′.

Hence the flux converges weakly in L2(E) along a subsequence (denoted the same)
to some ̂`0 ∈ L2(E). This finishes the proof of (ρ̂ε, ̂ε) → (ρ̂`0, ̂`0), since weak L2
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convergence is stronger than convergence in distribution in the sense of Defini-
tion 7.4.1.

Combining the above convergence statements of ρ̂ε and ̂ε, we find for any test
function ϕ ∈ C∞

c (E),

0 CE
=
∫

E
∂t ϕ ρ̂ε +

∫
E

∂y ϕ ̂ε
ε→0−−→

∫
E

∂t ϕ ρ̂`0 +
∫

E
∂y ϕ ̂`0.

Since ρ̂`0 is concentrated on [0, T]×{±1/2}, the limiting flux is piecewise constant
with jumps only at {±1/2}, and due to the fact that ̂`0 is in L2(E), this limiting
flux must vanish outside of (−1/2,+1/2). Therefore, the continuity equation 0 =
∂tρ̂

`
0 + ∂y ̂`0 in the distributional sense implies that the flux is given by

̂`0(t, y) = −∂t ẑ`0(t)1(−1/2,+1/2)(y).

(2): By definition, the flux ̂ε is given by

̂ε = −eB∂yv̂`ε = −∂yû`
ε + b̂01E0 û`

ε .

By the estimate (7.41) from Lemma 7.4.9, the function û`
ε converges to some func-

tion û`
0 weakly in L2(0, T; L2(Ω)), and as shown above, the flux ̂ε is bounded

in L2(E). Hence for any test function ϕ ∈ C∞
c ((0, T)×Ω),

0 = lim
ε→0

∫
(0,T)×Ω

[
ϕ̂ε − û`

ε ∂y ϕ− b̂01E0 û`
ε

]
=
∫
(0,T)×Ω

[
ϕ̂`0 − û`

0∂y ϕ− b̂01E0 û`
0

]
.

Therefore ̂`0 = −∂yû`
0 + b̂01E0 û`

0 weakly in L2((0, T) ×Ω). Since we also found
above that ̂`0(t, y) = −∂t ẑ`0(t)1(−1/2,+1/2)(y), this means that in E0, the function û`

0
is the weak solution to the ODE

−∂yû`
0(t, y) + b̂0(t, y)û`

0(t, y) = −∂t ẑ`0(t).

We are left with verifying the boundary conditions. We will prove that for any test
function ψ ∈ C∞

c (0, T),

0 =
∫ T

0

(
ẑ`0(t)− û`

0(t,−1/2)
)

ψ(t) dt,

0 =
∫ T

0
û`

0(t,+1/2)ψ(t) dt.

For δ > 0, let Uδ be a small neighborhood around (−1/2) of length 2δ. Since û`
ε

is uniformly bounded in L2(0, T; H1(Ω)) by (7.41) of Lemma 7.4.9, there is a C(t)
such that

û`
ε(t, y) ≤ û`

ε(t,−1/2) + C(t) |y + (1/2)|1/2.
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With that, we can estimate∫ T

0
ψ(t)ρ̂ε(t, Uδ) dt =

∫ T

0

∫
Uδ

ψ(t)û`
ε(t, y)ĝ`ε (y) dydt

≤
∫ T

0
ψ(t)û`

ε(t,−1/2) dt
∫

Uδ

ĝ`ε (y) dy + C‖ψ‖L∞

∫
Uδ

|y + (1/2)|1/2 ĝ`ε (y) dy

≤
∫ T

0
ψ(t)û`

ε(t,−1/2) dt
∫

Uδ

ĝ`ε (y) dy + C‖ψ‖L∞ δ1/2
∫

Uδ

ĝ`ε (y) dy.

For each δ > 0,
∫

Uδ
ĝ`ε (y)dy converges to one as ε→ 0, and

lim
ε→0

∫ T

0
ψ(t)ρ̂ε(t, Uδ) dt =

∫ T

0
ψ(t)ẑ`0(t) dt.

Therefore, ∫ T

0
ψ(t)ẑ`0(t) dt ≤ lim inf

ε→0

∫ T

0
ψ(t)û`

ε(t,−1/2) dt + C′δ1/2.

Noting that δ > 0 is arbitrary and repeating the argument for the reversed in-
equality, we find that∫ T

0
ψ(t)ẑ`0(t) dt = lim

ε→0

∫ T

0
ψ(t)û`

ε(t,−1/2) dt,

and the first boundary conditions follows since û`
ε converges in L2(Ω) and û`

0(t, ·)
is continuous. The argument for the second boundary condition is similar, using
that ĝ`ε (+1/2)→ ∞ as ε→ 0.

(3): With B(t, y) =
∫ y
−1/2 b(t, z) dz, the solution in E0 satisfying the boundary

condition û`
0(t,−1/2) = ẑ`0(t) is given by

û`
0(t, y) = eB(t,y)

[
ẑ`0(t) + ∂t ẑ`0(t)

∫ y

−1/2
e−B(t,z) dz

]
.

A calculation yields that∫ +1/2

−1/2
e−B(t,z) dz = − ẑ0(t)

∂t ẑ0(t)
> 0.

The boundary condition û`
0(t,+1/2) = 0 therefore enforces

∂t log ẑ`0(t) = ∂t log ẑ0(t). (7.47)

The convergence assumption on the initial condition ρ̂ε(0, dy) implies ẑ`0(0) =
ẑ0(0). Hence by (7.47), we obtain ẑ`0 = ẑ0. Now the fact that û`

0 equals û0 on E0
follows from an explicit calculation. Alternatively, we note that ẑ`0 = ẑ0 and ∂t ẑ`0 =
∂t ẑ0 implies that û0 is a solution to the ODE, and the result follows from unique-
ness of solutions.
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7.5 Appendix—useful lemmas

Lemma 7.5.1 (Laplace’s method). Let f : [a, b] → R be twice differentiable. Suppose
that for some xi ∈ (a, b), we have f (xi) = inf[a,b] f . Then

∫ b

a
e−n f (x)dx = [1 + o(1)]

√
2π

n f ′′(xi)
e−n f (xi), n→ ∞.

If xi = a or xi = b, then

∫ b

a
e−n f (x)dx = [1 + o(1)]

1
2

√
2π

n f ′′(xi)
e−n f (xi), n→ ∞.

Lemma 7.5.2 (Dual of convex functions). For X = [0, T] ×Rd and f , g : X → R

measurable with g > 0, any nonnegative Borel measure µ satisfies

∫
X

1
2
| f (x)|2

g(x)
dµ(x) = sup

b∈C∞
c (X)

∫
X

[(
− b(x)2

2

)
g(x) + b(x) f (x)

]
dµ(x),

with the integral diverging when the supremum is infinity.

A proof is given for instance in [AMP+12, Lemma 3.4]. The representation in
there can be further simplified by setting a = −b2/2.

Lemma 7.5.3 (Variational Problem). Define the function S by (7.8). Then:

(i) We have

S(j, z) =
1
4

inf
u

∫ +1/2

−1/2

1
u(y)

∣∣j + ∂yu(y)
∣∣2 dy, (7.48)

where the infimum is taken over smooth functions u : [−1/2,+1/2] → [0, ∞)
satisfying the boundary conditions u(−1/2) = z and u(+1/2) = 0.

(ii) The optimizer in (7.48) is the polynomial

u(y) = −(j− z)(y− y0)

(
y− 1

2

)
, y0 =

1
2

z + j
z− j

. (7.49)

The proof is best carried out by exploiting the fact that the energy is conserved,
since the function in the variational problem does not depend explicitly on y.



Chapter 8

Discussion and Future
Questions

Here we summarize the main results presented in each chapter and discuss inter-
esting future questions related to them.

Chapter 3: Large Deviations of Switching Processes.

Summary. We consider a class of switching processes (Xε, Iε) in a periodic set-
ting and prove pathwise large deviation principles of their spatial components Xε

in the limit ε → 0. The switching processes are motivated by stochastic models
describing the spatial position of molecular motors walking on filaments within a
cell, where the parameter ε > 0 corresponds to the ratio of microscopic to macro-
scopic scales. Our results embed existing results about molecular motors in a
large-deviation context. The proofs of large deviation principle for the various
models of molecular motors are examples of a general strategy outlined by The-
orems 3.4.5 and 3.4.6. In particular, the large-deviation proofs are independent
of the specific choices involved in the models. Our method of proof exploits the
connection of large deviations to Hamilton-Jacobi equations [FK06]. Based on this
connection, we find a strategy of proof consisting of two steps: first, identifying a
multivalued limit operator, and second, solving a principal-eigenvalue problem.

In the models, the periodic setting reflects the periodic stucture of the fila-
ments. As a consequence of this periodicity, the motor cannot advance without
coupling to the chemically active environment, but switching mechanism between
different configurations can generate motion. We derive an exact formula for the
motor’s large-scale velocity, v = ∂pH(0). This formula, based on the principal
eigenvalue H(p) of a cell problem, coincides with the findings of Perthame and
Souganidis [PS09a]. We work with variational representations of the principal
eigenvalues to derive from the large deviation principles the following fact: a non-
zero velocity v can only be achieved if detailed balance is broken (Theorem 3.4.14).
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Discussion and future questions. Our more concrete conclusions based on work-
ing with the HamiltoniansH(p) are limited to detailed balance. It would be inter-
esting to investigate the Hamiltonians for systems not satisfying detailed balance.
Hastings, Kinderlehrer and Mcleod for instance showed that transport occurs if
potentials and rates collaborate in a suitable way [HKM08b, Theorem 2.1]. These
conditions should consequently imply a non-trivial velocity v. Another interest-
ing question is the behaviour of the motor under load- or external forces. We
showed under detailed balance that with a constant external force F, the Hamil-
tonians are symmetric around −F, which means that a positive (negative) force
leads to a positive (negative) velocity. In general, does the velocity depend mono-
tonically on external forces? Is there a stalling force F with which the motor’s
velocity vanishes? We could not find suitable symmetries of H(p) for answering
these questions.

Another open question is related to the coupled Fokker-Planck equations of
the molecular-motor models. Chipot, Kinderlehrer and Kowalczyk considered
a variational formulation for molecular motors [CKK03], similar in spirit to the
JKO-scheme of Jordan, Kinderlehrer and Otto for the diffusion equation [JKO98].
It would be interesting to know whether we can derive such variational formula-
tions from large deviations of empirical densities, in the same manner as Adams,
Dirr, Peletier and Zimmer derived Wasserstein gradient flows [ADPZ11]. We do
not expect a gradient-flow structure for molecular motors, since molecular mo-
tors are modelled by irreversible processes, and reversible processes lead to gra-
dient flows as shown by Mielke, Peletier and Renger [MPR14]. However, once one
knows how to derive a meaningful variational formulation in this example, one
might be able to obtain variational formulations for similar irreversible processes
as well.

Chapter 4: Large Deviations of Empirical Measures.

Summary. The zig-zag process is an irreversible piecewise-deterministic Markov
process designed to have a specific Gibbs-type stationary measure. We prove that
its empirical measure satisfies a large deviation principle. Classical results in large
deviation theory are not applicable due to the finite-speed and non-diffusive char-
acter of the zig-zag process. Therefore we derive suitable conditions based on the
semigroup approach to large deviations [FK06]. Our main contribution lies in
proving that the Lyapunov functions in (A.4) and the mixing property (A.5) suf-
fice for a proof of large deviations in a non-compact state space.

We cannot characterize the rate functions by the Donsker-Varadhan formula
for reversible diffusions, due to the inherent irreversibility of the zig-zag process.
We derive an explicit formula of the rate function for the compact case. Based on
this characterization, we conclude that the optimal rate of convergence is achieved
by setting the refreshment rate γ (in Eq. (4.4)) to zero.
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Discussion and future questions. Our conclusions about the zig-zag process
are limited to one dimension. It would be very interesting to know whether our
results also hold in higher dimensions. While the Lyapunov functions that we
found for the zig-zag process are suitable for arbitrary dimensions, we were not
able to verify the mixing property (A.5).

Another open question is whether we can also explicitly characterize the rate
functions in higher dimensions—for the zig-zag process as well as for other PDMPs
such as the bouncy particle sampler [BCVD17]. The idea of using large-deviation
rate functions to compare the performance of MCMC algorithms was introduced
in [PDD+11, DLPD12]. Rey-Bellet and Spiliopoulos showed that adding irre-
versible drifts to a diffusion process increases the rate functions [RBS15, Theo-
rem 2.2] and decreases the asymptotic variance [RBS15, Theorem 2.7]. Explicit
characterizations of the rate functions would be useful to address similar perfor-
mance questions for PDMPs. Further natural steps are to compare samplers based
on drift-diffusion processes and PDMPs, and to investigate how the rate functions
scale with the dimension. An answer to the latter question would give interesting
insights into how the various algorithms deal with the curse of dimensionality.

Nicolás García Trillos and Daniel Sanz-Alonso recently demonstrated that sam-
plers based on drift-diffusion processes converge faster to equilibrium when choos-
ing a suitable non-Euclidean metric for the space of position variables [TSA18,
Theorem 4.1, Proposition 4.3]. The authors call these processes geometry-informed
Langevin diffusions, and their conclusions are based on an analysis of the spectral
gap. Their results raise the question of whether a similar effect can be observed
from a large-deviation point of view and for geometry-informed PDMPs. For in-
stance, in between jumps of the velocity variables, the zig-zag and bouncy-particle
samplers move in straight lines. It would be interesting to explore whether these
samplers can benefit from modifying the piecewise-deterministic dynamics to fol-
low geodesics with respect to a non-Euclidean metric.

Chapter 5: Large Deviations in Stochastic Slow-Fast Systems.

Summary. We consider two-component stochastic processes whose individual
components run at different time scales. Our main results are a proof of large
deviation principles in the limit of an infinite time-scale separation and an inter-
pretation of the Lagrangian rate functions we obtain. The analytical challenge in
the proof (the comparison principle for an associated Hamilton-Jacobi equation)
is solved in Chapter 6. The results apply in particular to irreversible diffusions
as fast processes. Our main example are mean-field interacting particles coupled
to fast diffusion processes, for which we deduce an averaging principle from the
large deviation principle. A key ingredient for this argument is a suitable formula
for the Lagrangians.

Discussion and future questions. We assumed the fast variables to live in a
compact space to focus only on the effects coming from the scale separation. It
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would be worthwhile to extend the analysis to the non-compact setting in or-
der to cover for instance a fast Ornstein–Uhlenbeck process. Another interest-
ing question we left unanswered is whether one can treat degenerate diffusions
as in [BDG18] with our methods—we always worked under uniform ellipticity
assumptions. In all these examples, the key problem one has to solve is the com-
parison principle. We further comment on that in the discussion below.

Chapter 6: Comparison Principle for Two-Scale Hamiltonians.

Summary. We prove existence and uniqueness of solutions of a Hamilton-Jacobi
equation, where the Hamiltonian is given by an optimization over control vari-
ables. The Hamiltonians appearing in large-deviation problems for slow-fast sys-
tems (Chapter 5) are of this type. We propose a bootstrap procedure to solve
the comparison principle, for which we have to assume sufficient regularity of
the cost functions. The method applies to non-coercive Hamiltonians arising in
mean-field models. Furthermore, it addresses a problem pointed out in [BDG18],
which is that classical comparison results are not readily applicable due to the
poor regularity properties of this type of two-scale Hamiltonians.

Discussion and future questions. There are various examples that we cannot
treat with our method, but which are important to address. Let us mention two ex-
amples. First, if the internal Hamiltonians correspond to degenerate diffusions—
we use uniform ellipticity in the proof of Proposition 6.8.3. Under Lipschitz con-
ditions on the diffusion coeffcients, the comparison principle for degenerate dif-
fusions is proven in [FK06, Lemma 9.25] by means of an auxiliary variable λ. It
would be interesting to investigate whether one can combine this method of proof
to include the case of degenerate diffusions in two-scale Hamiltonians.

Second, we considered Hamiltonians arising from a scale separation in a weakly-
coupled regime. That is reflected in the fact that the cost functionals do not de-
pend on p. But there are interesting problems leading to such as setting. For
instance, in the molecular-motor models, we only discussed potentials and rates
{ψi, rij} depending on the up-scaled variables, in the sense that ψi = ψi(x/ε)
and rij = rij(x/ε). That assumption leads to a simplification, since then the well-
posedness of the principal-eigenvalue problem is sufficient for proving the com-
parison principle—this is basically the content of (T1) and (T2) of Theorem 3.4.5,
which state that finding an eigenvalue H(p) and an eigenfunction ϕp are suf-
ficient. When we consider instead potentials ψi = ψi(x, x/ε) and rates rij =
rij(x, x/ε), the eigenvalue Hamiltonians are—similar to (3.27) of Section 3.6.3—
of the form

H(x, p) = sup
µ∈P(E′)

[∫
E′

Vx,p(z)dµ(z)− Ix,p(µ)

]
.

In there, the maps Vx,p and Ix,p are obtained from (3.28) and (3.29) by replacing the
potentials and rates. It is unknown whether the comparison principle is satisfied
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for the Hamilton-Jacobi equation with these Hamiltonians. The Hamiltonians we
obtain in slow-fast systems in Chapter 5 are simpler in the sense that the Donsker-
Varadhan functionals Ix,p(µ) in there are indepedent of the momentum variable p.
It would be interesting to explore whether the method developed in Chapter 6 can
be extended to include this type of Hamiltonians.

Chapter 7: Gradient Flow to Non-Gradient-Flow.

Summary. We study a family of Fokker-Planck equations corresponding to a
particle diffusing in an asymmetric double-well potential. The associated gradient-
flow structures do not converge in a certain limit due to the relative entropies di-
verging, which originates from the asymmetry of the potential. We propose to
work instead with a different variational formulation based on functionals that
include fluxes, and show Γ-convergence of these functionals. Our motivation is
taken from the fact that reversible processes give us gradient flows via large de-
viation theory. Therefore the convergence of gradient-flow structures appears in
many contexts, and it is natural to ask which convergence concepts are suitable
for treating cases in which the underlying processes become irreversible.

Discussion and future questions. It would be exciting to investigate other cases
of gradient-flow structures that are not converging due to the relative entropies
diverging. On the level of the functionals, one may regard the inclusion of fluxes
as "absorbing" or "including" the relative entropies into the dissipation functional.
While we use a special coordinate transformation that is akin to the problem we
study, a natural question is whether the techniques we employed in our case also
apply to Γ-convergence problems for other density-flux functionals.
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Summary

Large Deviations of Irreversible Processes

In this thesis we study path distributions of stochastic processes by means of large
deviation theory. We focus on processes that are typically time-irreversible, which
means that inverting time leads to a different path distribution. Our main moti-
vation comes from the fact that while reversible processes lead via large deviation
theory to gradient flows, it is an open question of which variational structures
can be obtained from irreversible processes. In this thesis we make a first step
to answering this question by deriving large deviation principles for irreversible
processes.

The stochastic processes we consider depend on a parameter characterzing
the concrete process at hand; a length-scale separation, the number of particles
in a system, the time variable itself, or a parameter modeling separation of time
scales. If the parameter is sent off to infinity, the stoachstic process becomes deter-
ministic. That means in the limit, realizations of the processes are with probability
one equal to a particular limiting trajectory. We use large deviation theory to show
that the probability of obtaining an atypical realization of the process vanishes ex-
ponentially fast, with a rate depending on the atypical trajectory. Our aim is to
express this rate as an integral over time involving a so-called Lagrangian, which
provides one way of determining the limiting typical behaviour of the stochastic
process. In the reversible case, the connection to gradient flows case is derived
using symmetries of the Lagrangians.

The first two chapters introduce the basic concept of large deviation theory
applied in the context of stochastic processes. In particular, we illustrate the Feng-
Kurtz method of how to rigorously derive Lagrangians of a sequence of stochastic
processes starting from the infinitesmial generators of the processes.

In Chapter 3, we contribute to the analysis of stochastic models of molecular
motors, which are proteins transporting cargo in living cells. The stochastic pro-
cesses model the position of a molecular motor walking on a filament. We use the
Feng-Kurtz method to prove large deviations principles of the position variable
in the large-scale limit. Our results provide one way of analysing the macroscopic
behaviour of the molecular motor starting from the microscopic dynamics. For



278 Summary

instance, the influence under external forces, or the fact that transport can only
occur if time-reversibility is broken.

Chapter 4 is dedicated to the analysis of Markov chain Monte Carlo (MCMC)
methods based on piecewise-deterministic Markov processes (PDMP). The idea
behind MCMC is to approximate a probability distribution by the occupation
time measure of a stochastic process. Under ergodicty assumptions, the occu-
pation time measure converge to the stationary measure of the process, which is
designed to be equal to the desired probability distribution. Our results offer a
framework for proving that the associated occupation time measures of PDMP’s
satisfy in fact a large deviation principle. Classical theorems do not apply due
to the singular nature of PDMPs, but we show how the nonlinear semigroup ap-
proach provides one way of overcoming this difficulty. We learn from our results
that for the zig-zag process, maximal irreversibility corresponds to the optimal
rate of convergence to stationarity.

In Chapters 5 and 6, we consider stochastic slow-fast systems. In particular,
we are interested in mean-field interacting particles where the interaction rates are
fluctuating on a much faster time scale than the particle’s evolution. Intuitively,
one expects the particle system to evolve under averaged interaction rates, which
is refered to the averaging principle. We first prove large deviation principles
of the particle densities and fluxes in the simultaneous limit of infinitely many
particles and time-scale separation tending to infinity. Then we show that the
averaging principle holds as a consequence of the large deviation principle. The
techniques are based on Hamilton-Jacobi theory. Chapter 5 contains the large-
deviation analysis, while we solve in Chapter 6 more general Hamilton-Jacobi-
Bellman equations arising in this context.

Finally, we analyse in Chapter 7 partial differential equations arising in models
of chemical reactions. The equations contain parameters modeling the activation
energy of certain chemical reactions and the time-scale of reaction events. A cru-
cial role in our analysis is the variational formulation of such PDEs by means
of density-flux functionals. In the limit of large-activation energy, we prove Γ-
convergence of these functionals. On the level of underlying stochastic processes,
this convergence result corresponds to passing from reversible to irreversible pro-
cesses. With this problem we address the question of which variational formula-
tions beyond gradient flows are suitable for studying such limits from reversible
to irreversible.
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