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Summary

A network game is a collection of inter-dependent optimization problems associated
with self-interested decision makers, or agents, connected via a network structure,
where each agent is affected by some of the other agents’ decision (or action).
Remarkably, network games arise in several applications, such as demand side
management in the smart grid [128], e.g. for charging/discharging electric vehicles
[95], demand-response regulation in competitive markets [88], congestion control in
traffic and communication networks [12]. The common denominator is the presence
of a large number of selfish agents with shared resources and local information only,
whose aggregate actions may disrupt the shared infrastructure, e.g. the power grid
or the transportation network, if left uncontrolled. Usually, the aim of the agents
is to reach an efficient (locally and/or globally) collective equilibrium state, within
the limits of the system, where no one can benefit from changing its action, i.e., a
so-called generalized Nash equilibrium (GNE).

The main themes of this thesis are the design and analysis of decentralized solution
methods for multi-agent equilibrium seeking problems in generalized games played
over networks. A prominent role is given to the subclass of aggregative games
[80], where the decision of each agent is affected by the average of all the agents’
decisions. Such subclass represents a limit case for which standard methods are
not practical and, thus, requires ad-hoc solutions. The key approach to design and
prove the convergence of our proposed algorithms relies on applying and tailoring
the framework of operator splitting methods and fixed-point iterations [13].

The first part of the thesis is devoted to the study of GNE seeking algorithms under
the standing assumption that the agents always know the actions of the other agents
that directly influence their cost functions, the so-called full-decision information
scenario. For a particular, yet recurrent, class of network games where the cost
functions are linearly coupled, we design a proximal-type algorithm [21] that enjoys
favourable properties, e.g. fully-uncoordinated step-sizes and fast convergence. For
aggregative games, we propose various semi-decentralized schemes [18, 20] with
convergence guarantee under mild assumptions, e.g. non-strict monotonicity of the
game mapping, (possibly) non-differentiable cost functions.

In the second part, we consider a more general partial-decision information sce-
nario: each agent can only observe the actions of its neighbors, while its cost
function possibly depends on the strategies of all other agents. To cope with the
lack of information, each agent keeps an estimate of all other agents action. De-
signing solution methods under partial-decision information is technically more
challenging, since the fundamental operator-theoretic properties of the mappings
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characterizing the game do not hold in the extended space of actions and estimates.
For general network games, we design a solution method based on fully-distributed
proximal-type iterations [26], by leveraging refined operator theoretic properties
of the extended mappings and a convenient choice of the preconditioning. Scal-
ability of the local estimates with respect to the population size motivates us to
focus on aggregative games. We propose the first discrete-time, fully-distributed
GNE seeking algorithm that operates under the mild assumption of a time-varying
repeatedly-connected communication network [22]. The algorithm is obtained by
combining dynamic tracking [107] and relaxed projected-pseudogradient dynam-
ics. Its convergence analysis relies on a general result on fixed-point iterations with
errors [42].

The problem of coordinating the energy management of consumers and producers
in future smart grids represents one perfect test case for the proposed decentralized
methods. In fact, the fundamental mechanisms of conflict and cooperation char-
acterizing the energy trading in future power grids can be modeled as a network
game. In this thesis, we consider the economic dispatch problem for a day-ahead,
peer-to-peer (P2P) electricity market of prosumers (i.e., energy consumers who can
also produce electricity) in a distribution network. In our model [15], each prosumer
has the capability of producing power through its dispatchable or nondispatchable
generation units and/or has a storage energy unit. Furthermore, we consider a
hybrid main grid & P2P market in which each prosumer can trade power both
with the main grid and with (some of) the other prosumers. First, we recast the
economic dispatch problem as a network game with coupling constraints. Then, we
design an ad-hoc fully-scalable algorithm to steer the system to a GNE. Finally, we
show through numerical studies that the proposed methodology has the potential
to ensure safe and efficient operation of the power grid.

Unlike automated energy systems, in many social [53, 48], economic and financial
systems [60, 2], the decision makers are fully strategic, therefore imposing decision
protocols (e.g. GNE seeking algorithms) is not realistic. In this case, the main
research objective is studying their implicit multi-agent network dynamics, i.e.,
whether or not convergence to an equilibrium configuration is achieved. Here, we
focus on a general class of agents with proximal-type dynamics interacting over
(directed) communication networks. Specifically, we prove convergence to an equi-
librium when the underlying communication network is strongly connected [37].
We prove that their asynchronous counterparts also converge, and that they are
robust to bounded delayed information. Moreover, if each agent has the authority
to arbitrarily choose the communications weights with its neighbours, then proxi-
mal dynamics converge even if the communication network varies over time.
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1
Overview

I
n this chapter, we provide the mathematical background and motiva-
tion for this thesis by illustrating some recent developments and open

challenges in the energy, transportation, social and economic domains. We
briefly introduce the mathematical tools adopted for modelling and algo-
rithmic design. Finally, we discuss the fundamental research objectives
and the organization of the thesis.
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2 Chapter 1. Overview

1.1 Introduction

Modern society is based on large-scale, interconnected, complex infrastructures,
such as power, transportation and communication systems, with network struc-
ture and interacting subsystems controlled by autonomous components and human
users, generically called “agents”. Such systems possess common features, such as
rationality and autonomy of the agents, and require effective multi-agent coordi-
nation and control actions for their safe and efficient operation. In the following
subsections, we describe in more detail some examples of coordination and control
problems arising in such complex systems.

• Energy Markets: In recent years, environmental and sustainability con-
cerns urged the pursuit of a novel energy system and electric power grid in
which energy production, transmission, distribution, and consumption are
more efficient and largely based on renewable sources, such as wind and solar
power [144]. As a response to these challenges, the development of smart,
sustainable, and green solutions is becoming more significant, including the
sprouting of distributed energy resources, such as micro-generators (e.g., so-
lar panels), storage units, and flexible loads, and the opening of energy mar-
kets. Simultaneously, the widespread deployment of sensing, information,
and communication technology provides the means for efficiently manage the
energy resources within the electricity grid through the establishment of var-
ious smart energy services, such as demand-side management and economic
dispatch [50], [128].

Although power systems are evolving towards a more decentralized manage-
ment, electricity markets still perform resource allocation and pricing based
on the conventional hierarchical and top-down approach [75] of power system
management, which makes prosumers (i.e., energy consumers who can also
produce electricity) behave as passive receivers [136]. Actively incorporating
prosumers in the electricity market by enabling peer-to-peer (P2P) energy
tradings would instead allow for a bottom-up approach that empowers pro-
sumers. However, the P2P paradigm poses a significant challenge in terms
of modeling the decision-making process of the participants due to their con-
flicting interests [144]. In the literature, P2P energy trading mechanisms are
proposed in various forms, e.g., matching contracts [105], consensus-based op-
timization [10]. Nevertheless, a very efficient algorithm to solve the resource
allocation problem in a P2P market of prosumers is yet to be found.

• Plug-in Electric Vehicles: The last decade has witnessed an increasing
deployment of hybrid vehicles, battery electric vehicles and plug-in electric
vehicles (PEVs). In particular, PEVs represent a valuable and flexible al-
ternative since can be charged by either plugging into electric outlets or by
means of on-board electricity generation. As a result, a wide amount of stud-
ies has emerged on the impact of high penetration of PEVs in the electrical
distribution grid, as uncoordinated charging may induce localized overloading
via undesirable peaks in the electrical consumption, power losses and voltage
issues [40].



3

Figure 1.1: Annuals sales of PEVs, International Energy Agency [76].

From a system operator point-of-view, power losses and voltage deviations
represent an economic and safety concern. Similarly, from a PEV owner
perspective, charging the battery during peak hours translates to a higher
electricity bill. This motivates the design of intelligent or smart energy man-
agement services that can accommodate for global and local interests simul-
taneously, e.g. charging scheduling algorithms. Indeed, since the individual
PEV users are foreseen to desire full autonomy, and optimally scheduling the
charging sessions of all PEVs in large fleets has high computational com-
plexity, a plethora of decentralized charging coordination methods have been
recently developed [145], [95], [66], [115], [96], [97]. Nevertheless, a very ef-
ficient charging coordination method that considers local preferences while
ensuring a safe and efficient operation of the grid is yet to be found.

• Road Traffic Routing: The recent explosion of ride sharing services, such
as Uber and Lyft, in connection with the rise of autonomuos vehicles are
envisioned to enrich the global economy by 7 trillion USD by 2050 [137], while
their impact on the congestion of the road network is still argument of debate
in the scientific community [8]. From an autonomous vehicle or human-
driver’s point-of-view, the objective is to minimize the travel time from origin
to destination, which depends on the amount of travelers on the road at
that specific time, i.e., the traffic. Mathematical models to describe such
interactions are known as congestion games and have been extensively studied
since the work of Rosenthal in 1973 [125]. The scientific interest in designing
control policies, e.g., tolling mechanisms [139], to ensure a safe and efficient
operation of these systems dates back to the early 1900 [122] and includes
a large body of literature in the transportation [104] and computer science
[41] domains. Despite the vast scientific interest, designing a computationally
tractable control policy remains an open problem.
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• Financial Markets: The recent financial crisis has highlighted how the
pervasive entanglements among major and minor financial institutions make
the modern economic system highly complex and, to a large extent, unpre-
dictable [114]. Interconnections among institutions provide the means for the
propagation of local shocks within the economy, potentially snowballing into
a systemic crisis [1]. Indeed, the quest for meaningful models to describe
and predict financial interactions has been studied in a variety of papers,
e.g. [1, 60, 2], since of fundamental importance for the safe regulation of
the economic system. Game theory as modelling framework for strategic in-
teractions in economics has a long standing tradition which dates back to
the celebrated Cournot model [47] and continues, more than a century later,
with the establishment of the most famous equilibrium concept in competitive
environments, the Nash equilibrium [106].

Though the applications previously described belong to quite different domains,
they all share important parallels.

(i) Large-scale. They involve a large population of decision makers or agents
(e.g. prosumers of electricity, owners of plug-in electric vehicles, autonomous
vehicles/human drivers, financial institutions, etc.).

(ii) Self-interested. The decision makers have local decision authority, local
preferences and are self-interested, in the sense that each aims to achieve a
desired local objective, regardless of the interest of the other decision makers
(e.g. minimize the electricity bill, select the best charging profile for the PEV,
minimize the travel time from origin to destination, maximize the profit, etc.).

(iii) Coupled decisions. The decisions of each agent depends on the decisions of
the other agents. Often, such coupling appears in aggregative form, namely,
the decision of each agent depends on the aggregate effect of the decisions of
the other agents, rather than direct one-to-one interactions (e.g. in energy
markets the price of electricity is determined by the overall energy consump-
tion; in transportation network the travel time depends on the traffic, in
economics the price of a product depends, among other things, on the overall
demand).

(iv) Shared Resources. Although pursuing different local objectives, the de-
cision makers share common resources and infrastructures (e.g., prosumers
exchange energy through the power grid; human drivers and autonomous
vehicles share the same road network; financial institutions compete on the
same market).

(v) Locality of information. The agents have a limited knowledge of the overall
system since information is shared through local communication only and
privacy can be a primary concern.
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The fundamental objective of this thesis is twofold:

(Obj. 1) Present a general mathematical framework to model decision making
in complex large-scale systems of self-interested agents with shared re-
sources;

(Obj. 2) Design coordination algorithms that are distributed, scalable, fast and
privacy preserving, possibly exploiting the networked or the aggregative
nature of the application.

1.2 Mathematical tools

Multi-agent optimization has attracted an extraordinary amount of research at-
tention as a methodology to let the agents cooperatively coordinate their actions
towards a “socially optimal” configuration. However, it reveals inappropriate and
ineffective for systems with self-interested agents, virtually all modern complex
systems previously described. A paradigm shift is necessary to ensure safe and
efficient (locally and globally) operation of complex systems with possibly self-
interested agents. With this aim, we embrace game theory as a more meaningful
modelling framework and, consequently, the generalized Nash equilibrium (GNE)
as suitable solution concept.

Informally speaking, a game can be described as a collection of inter-dependent
constrained optimization problems associated with self-interested decision makers,
or agents, where each agent has a local cost function which is affected by (some of)
the other agents’ decision (or action). A generalized network game is a game where
the agents are connected via a network structure and the coupling arises not only
in the cost functions, but also in the constraints. Although, originally proposed
in the context of economic and financial sciences, with the spreading of large-scale
networked systems, this framework has recently received increasing attention also
in different areas of engineering. In fact, it can be used to describe many ap-
plications, including demand response in competitive markets [88], demand-side
management in the smart grid [128], charging/discharging of electric vehicles [69]
and radio communication [57]. From a game-theoretic perspective, the main chal-
lenge corresponds to assigning the agents behavioural rules that eventually ensure
the attainment of a GNE, namely, a safe and efficient operation of the system.

In game theoretic terms, the main goal of this thesis is the design of distributed and
(semi-)decentralized solution methods for multi-agent equilibrium seeking problems
in generalized network games, i.e., generalized Nash equilibrium seeking algorithms.
A prominent role is given to the subclass of aggregative games, where the decision
of each agent is affected by the average of all the agents’ decisions. Such subclass
represents a limit case for which standard methods are not practical and, thus,
requires ad-hoc solutions.

Our key approach to design and prove the convergence of our proposed algorithms
relies on applying and tailoring the framework of monotone operator splitting meth-
ods and fixed-point iterations [13], as schematically illustrated in Figure 1.2. Specif-
ically, the original GNE seeking problem (bottom left block) is equivalently cast in
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Figure 1.2: Framework for algorithms design and convergence analysis.

operator theoretic term as a monotone inclusion (top left block), namely, the prob-
lem of finding a zero of a set-valued monotone operator (Section 2.4.1). Several
algorithms are available in the literature for finding a zero of a monotone operator,
e.g. operator splitting methods (Section 2.5). The main idea of operator splitting
methods, such as the forward-backward or the Tseng’s algorithm, is to transform
a monotone inclusion problem into a fixed-point equation (top right block), where
the underlying mapping enjoys favourable contraction-like properties (Section 2.2).
If appropriately constructed, the resulting fixed-point iteration (Section 2.3) cor-
responds indeed to a GNE seeking algorithm with convergence guarantees to a
desired solution, i.e., a GNE, (bottom right block).

1.3 Structure of the thesis

Figure 1.3 presents the outline of the thesis and the connections of the chapters.

The contents of each chapter and the related publications are summarized next.
A complete list of articles published by the author during his doctoral studies,
including those not featured in this dissertation, is provided in a dedicated section
at the end of the thesis.

In Chapter 2, we review some mathematical tools and results from monotone oper-
ator theory, operator splitting methods and fixed point theory, frequently exploited
throughout the thesis.

Appendix A collects the basic notation adopted throughout the thesis.

Part I: Equilibrium Seeking in Full-decision Information

The first part of the thesis is devoted to the design of GNE seeking algorithms
under the standing assumption that each agent always knows the actions of the
other agents that directly influence its cost function, the so-called full-decision
information scenario.
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Figure 1.3: Outline of the thesis. Arrows indicate read-before relations. ∗Chapter
2 reviews operator-theoretic definitions, regularity properties, fixed point iterations
and operator splitting methods.
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• For the special class of aggregative games, such ideal information scenario can
be achieved in a scalable way by relying on the actions of a central node (or
coordinator). In Chapter 3, we propose various semi-decentralized schemes
for aggregative games with convergence guarantee under mild assumptions,
e.g. non-strict monotonicity of the game mapping, (possibly) non differen-
tiable cost functions.

These chapters are partially based on the following publications:

– G. Belgioioso and S. Grammatico, “Semi-decentralized Nash equilib-
rium seeking in monotone aggregative games, IEEE Transactions on
Automatic Control (under review).

– G. Belgioioso and S. Grammatico, “Projected-gradient algorithms for
generalized equilibrium seeking in aggregative games are preconditioned
forward-backward methods, in 2018 17th European Control Conference
(ECC). EUCA, 2018, pp. 21882193.

– G. Belgioioso and S. Grammatico, “Semi-decentralized Nash equilib-
rium seeking in aggregative games with coupling constraints and non-
differentiable cost functions, IEEE Control Systems Letters, vol. 1, no.
2, pp. 400-405, 2017.

• In general (non aggregative) games played over networks, the full-decision
information assumption entails a direct communication link between agents
whose decisions are coupled. In Chapter 4, we focus on a particular, yet
pervasive, class of network games with cost functions linearly coupled and
design a proximal-type algorithm that enjoys favourable properties, e.g. fully-
uncoordinated step-sizes and fast convergence. These chapters are partially
based on the following publication:

– G. Belgioioso and S. Grammatico, “A distributed proximal-point algo-
rithm for Nash equilibrium seeking in generalized potential games with
linearly coupled cost functions.” 2019 18th European Control Confer-
ence (ECC). EUCA, 2019, pp. 1-6.

• In Chapter 5, we exploit the theoretical results of the previous chapters to
solve the problem of coordinating the energy management and trading of
prosumers (i.e., energy consumers who can also produce electricity) in the
future smart grids. We consider the economic dispatch problem for a day-
ahead, peer-to-peer (P2P) electricity market of prosumers in a distribution
network. In our model, each prosumer has the capability of producing power
through its dispatchable or non-dispatchable generation units and/or has a
storage energy unit. Furthermore, we consider a hybrid main grid & P2P
market in which each prosumer can trade power both with the main grid and
with (some of) the other prosumers. First, we recast the economic dispatch
problem as a network game with coupling constraints. Then, we design an
ad-hoc fully-scalable algorithm to steer the system to a GNE by leveraging
the algorithmic framework developed in Chapter 3 and 4. Finally, we show
through numerical studies that the proposed methodology has the potential
to ensure safe and efficient operation of the power grid.
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This chapter is partially based on the following publication:

– G. Belgioioso, W. Ananduta, S. Grammatico and C. Ocampo-Martinez,
“Energy management and peer-to-peer trading in future smart grids: a
game theoretic approach,” in 2020 19th European Control Conference
(ECC). EUCA, pp. 1324-1329, 2020.

Part II: Equilibrium Seeking in Partial-decision Information

In the second part of the thesis, we consider a more general partial-decision in-
formation scenario: each agent can only observe the action of its neighbors, while
its cost function possibly depends on all the other agents strategy. To cope with
the lack of information, each agent keeps an estimate of all other agents’ action.
Designing solution methods under partial-decision information is technically more
challenging, since the fundamental operator theoretic properties of the mappings
characterizing the game do not hold in the extended space of actions and estimates.

• In Chapter 6, for general network games under a partial-decision informa-
tion scenario, we show that a solution can be achieved by relying on fully-
distributed proximal-type iterations, by leveraging refined operator theoretic
properties of the extended mappings and a convenient choice of the precon-
ditioning. Moreover, we propose various acceleration schemes, that can in
practice improve the convergence speed of the proposed methodology. The
potential of our algorithms is validated numerically, revealing much faster
convergence with respect to known gradient-based methods.

This chapter is partially based on the following paper:

– M. Bianchi, G. Belgioioso and S. Grammatico, “Fast generalized Nash
equilibrium seeking under partial-decision information, IEEE Transac-
tions on Automatic Control (under review).

• Scalability of the local estimates with respect to the population size motivates
us to focus on aggregative games in Chapter 7. There, we present the first
discrete-time, fully-distributed GNE seeking algorithm that operates without
a central node and under the mild assumption of local communication among
the agents over a time-varying, repeatedly-connected network. The algorithm
is obtained by combining dynamic tracking and relaxed projected-pseudo-
gradient dynamics. Its convergence analysis relies on a general result on the
KrasnoselskiiMann fixed-point iteration with errors.

This chapter is partially based on the following publication:

– G. Belgioioso, A. Nedich and S. Grammatico, “Distributed generalized
Nash equilibrium seeking in aggregative games on time-varying net-
works, IEEE Transactions on Automatic Control (accepted).
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Part III: Analysis of Network Dynamics

Unlike automated energy systems, in many social, economic and financial systems,
the decision makers are fully strategic, therefore imposing decision protocols (e.g.
the GNE seeking algorithms in Part I and II) is not realistic. In this case, the ma-
jor research objective is studying their implicit multi-agent network dynamics, i.e.,
weather or not convergence to an equilibrium configuration is achieved. In Chapter
8, we study this problem for a general class of agents with proximal-type dynamics
interacting over (directed) communication networks. Specifically, we prove conver-
gence to an equilibrium when the underlying communication network is strongly
connected. We prove that their asynchronous counterparts also converge, and that
they are robust to bounded delayed information. Moreover, if each agent has the
possibility to arbitrarily choose the communication weights with its neighbours,
then proximal dynamics converge even if the communication network varies over
time.

This chapter is partially based on the following paper:

• C. Cenedese, G. Belgioioso, Y. Kawano, S. Grammatico and M. Cao, “Asyn-
chronous and time-varying proximal type dynamics multi-agent network games,”.
IEEE Transactions on Automatic Control (under review).

Part IV: Conclusion and Outlook

In this chapter, we draw some concluding remarks regarding the results obtained
and presented in the previous chapters. We also discuss to what extent the fun-
damental research objectives have been achieved. Finally, we suggest some open
questions for future research.



2
Mathematical Background

I
n this chapter, we review some mathematical tools and results from monotone
operator theory, operator splitting methods and fixed point theory, frequently

exploited throughout the thesis. We refer to [13, 126] for an exhaustive collection
of such results and definitions.

2.1 Operators

Given two non-empty sets X ⊆ Rn and Y ⊆ Rm, the notation T : X ⇒ Y means
that the set-valued operator, or mapping, T maps every point x in X to a set
T (x) ⊂ Y. When, T (x) is a singleton for all x ∈ X , then T : X → Y is said to be
a single-valued operator from X to Y. A single valued mapping f : X → R̄, from
X to the set of extended real numbers R̄ := R ∪ {−∞} ∪ {+∞} is called function.

Next, we review some basic definitions and notations from set-valued analysis. A
set-valued operator T is characterized by its:

• graph, i.e., gra(T ) := {(x, u) ∈ X × Y |u ∈ T (x)};

• domain, i.e., dom(T ) := {x ∈ X |T (x) 6= ∅};

• range, i.e., range(T ) := T (X );

• inverse, i.e., T−1 s.t. gra(T−1) = {(u, x) ∈ Y × X | (x, u) ∈ gra(T )};

• set of zeros, i.e., zer(T ) := {x ∈ X | 0 ∈ T (x)};

• set of fixed-points, i.e., fix(T ) := {x∈X |x ∈ T (x)}.

11
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2.1.1 Relevant examples

Next, we recall some relevant examples of set-valued and single-valued operators
recurrently used throughout the thesis.

• The identity mapping Id is such that Id(x) = x;

• The mapping ιX : Rn → {0, ∞} denotes the indicator function for the set
X ⊆ Rn, i.e.,

ιX (x) :=

{
0, if x ∈ X ,
∞ otherwise.

• The subdifferential ∂f : dom(f) ⇒ Rn of a function f : Rn 7→ R̄ is a set-
valued mapping defined by

∂f(x) := {v ∈ Rn | f(z) ≥ f(x) + v>(z − x), for all z ∈ dom(f)}. (2.1)

The set ∂f(x) is the subdifferential of f at x while each element g ∈ ∂f(x)
is known as subgradient. The subdifferential ∂f(x) is always well-defined,
closed and convex for any function, but it can be empty. When f is convex,
then ∂f(x) 6= ∅ for all x in the interior of dom(f). A convex function f is
said to be differentiable at x if and only if ∂f(x) is a singleton. When f is
differentiable for all x ∈ dom(f), we write ∇f instead of ∂f .

Next, we recall a powerful and well-known result, dating back to the seventeen
century, that connects global minimizers of proper functions with the zero set
of their subdifferential mappings.

Theorem 2.1 (Fermat’s rule). Let f : Rn → R ∪ {+∞} be proper. Then

argmin f = zer(∂f) = {x ∈ dom(f) | 0 ∈ ∂f(x)}.

�

• The set-valued mapping NX : Rn ⇒ Rn denotes the normal cone of the
convex set X ⊂ Rn, namely, the subdifferential of the indicator function ιX ,
i.e., NX = ∂ιX , defined as follows:

NX (x) :=

{
∅, if x 6∈ X ,
{v ∈ Rn | supz∈X v

>(z − x) ≤ 0}, otherwise.

• JT := (Id + T )−1 denotes the so-called resolvent operator of T .

• Given a convex function f : Rn 7→ R̄, proxf := J∂f denotes the proximal
mapping of f , defined by

proxf (x) = argminξ∈Rn f(ξ) + 1
2‖ξ − x‖2.

• Given a convex set X , projX := proxιX is the projection onto X , defined as

projX (x) = argminξ∈X ‖ξ − x‖.
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2.2 Nonexpansive operators

In this section, we introduce the definitions of Lipschitz continuous mapping, non-
expansive mapping and some relevant variants. Such definitions play a key role
in the convergence analysis of our proposed algorithms that can be regarded as
fixed-point iterations of certain nonexpansive operators.

Definition 2.2. Consider the Hilbert space HΦ with inner product 〈·, ·〉Φ, where
Φ = Φ> � 0. A mapping T : Rn → Rn is

(i) Lipschitz continuous (LIP) in HΦ if there exists a scalar ` > 0 such that

‖T (x)− T (y)‖Φ ≤ `‖x− y‖Φ, ∀x, y ∈ Rn.

(ii) Nonexpansive (NEX) in HΦ if it is 1−Lipschitz continuous, i.e.,

‖T (x)− T (y)‖Φ ≤ ‖x− y‖Φ, ∀x, y ∈ Rn.

(iii) Quasi-nonexpansive (Q-NE) in HΦ if it is 1−Lipschitz w.r.t. fix(T ), i.e.,

‖T (x)− T (y∗)‖Φ ≤ ‖x− y∗‖Φ, ∀(x, y∗) ∈ Rn × fix(T ).

(iv) Contractive (CON) in HΦ if it is `−Lipschitz continuous with ` ∈ (0, 1), hence

‖T (x)− T (y)‖Φ < ‖x− y‖Φ, ∀x, y ∈ Rn.

(v) Quasi-contractive (Q-CON) in HΦ if it is `−Lipschitz with ` ∈ (0, 1), w.r.t.
fix(T ), hence,

‖T (x)− T (y∗)‖Φ < ‖x− y∗‖Φ, ∀(x, y∗) ∈ Rn × fix(T ).

(vi) Averaged (AVG) in HΦ if there exists a constant η ∈ (0, 1) such that

‖T (x)− T (y)‖2Φ ≤ ‖x− y‖2Φ − 1−α
α ‖(Id− T )(x)− (Id− T )(y)‖2Φ, ∀x, y ∈ Rn.

(vii) Firmly nonexpansive (FNE) in HΦ if it is 1
2−averaged, i.e.,

‖T (x)− T (y)‖2Φ ≤ ‖x− y‖2Φ − ‖(Id− T )(x)− (Id− T )(y)‖2Φ, ∀x, y ∈ Rn.

(viii) Firmly quasi-nonexpansive (Q-FNE) in HΦ if it is 1
2−averaged w.r.t. fix(T ),

i.e.,

‖T (x)− T (y∗)‖2Φ ≤ ‖x− y∗‖2Φ − ‖(Id− T )(x)‖2Φ, ∀(x, y∗) ∈ Rn × fix(T ).

(ix) Stricly pseudo-contractive (sPC) in HΦ if there exists κ ∈ (0, 1) such that

‖T (x)− T (y)‖2Φ ≤ ‖x− y‖2Φ + κ‖(Id− T )(x)− (Id− T )(y)‖2Φ,
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(a) Spectrum of κ−pseudo-contractive (light
gray disk), η−averaged (dark gray disk)
and nonexpansive (dashed circle) linear map-
pings.
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(b) Spectrum of 0.7−contractive (light
gray disk) and nonexpansive (disk con-
tained in the dashed circle) linear map-
pings.

Remark 2.1. A mapping T is said to be Lipschitz continuous (without specifying
the particular Hilbert space) if there exists a symmetric positive definite matrix Φ,
and a positive scalar `, such that Definition 2.2 (i) holds true in HΦ. Analogous
definitions hold for the other properties in Definition 2.2. �

Interestingly, for linear operators we can equivalently characterize the regularity
properties in Definition 2.2 in terms of the spectrum of the associated matrices.
In Figure 2.1a, we provide some graphical examples of such operator theoretic
properties. We refer to [16] for an extensive discussion on the topic.

Table 2.1 illustrates the implications concerning the properties in Definition 2.2.

FNE / CON ⇒ AVG ⇒ NE ⇒ sPC
⇓ ⇓ ⇓

Q-FNE ⇒ Q-CON =⇒ Q-NE

Table 2.1: Relations among the properties in Definition 2.2.

2.2.1 Fixed points of nonexpansive operators

Recall that the set of fixed points of a mapping T : Rn ⇒ Rn, denoted by fix(T ),
consists of those vectors x∗ ∈ Rn that satisfy

x∗ ∈ T (x∗).

A plethora of problems in applied mathematics and engineering can be recast as
that of finding fixed points of certain (quasi-contractive) mappings. Therefore,
conditions guaranteeing their existence, uniqueness and algorithms to compute
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them have been extensively investigated. Next, we recall the most relevant results
for this thesis.

2.2.2 Existence and Uniqueness of fixed points

In general, the set of fixed points of a nonexpansive operator may be empty. Brow-
der’s fixed-point theorem gives sufficient conditions for the existence of such fixed
points.

Theorem 2.3 (Browder). Let Y ⊂ Rn be a non-empty bounded closed convex set
and T : Y → Y a nonexpansive operator. Then, fix(T ) 6= ∅. �

If the mapping T is contractive, then the set of fixed point is a singleton, as
formalized in the next statement.

Theorem 2.4 (Banach). Let T : Rn → Rn be contractive. Then, there exists a
unique fixed point x∗, i.e., fix(T ) = {x∗}. �

Unlike contractions, nonexpansive operators can have multiple fixed points, e.g.
the identity mapping Id which is nonexpansive but not a contraction and has
infinitely many fixed points, i.e. Id(x) = x, for all x ∈ Rn. Similarly, also firmly
nonexpansive operators can have multiple fixed-points, e.g. the projection onto a
general convex set.

2.3 Fixed-point iterations

Several algorithms are available to iteratively learn a fixed point of a nonexpansive
operator T enjoying (some of) the properties in Definition 2.2. In general, such
algorithms aim at iteratively constructing a sequence (xk)k∈N such that xk → x∗ ∈
fix(T ). Next, we recall the most relevant fixed-point iterations for this thesis, while
we refer to [13] and [24] for a complete discussion on the topic.

The most elementary fixed-point algorithm is the so-called Banach–Picard (BP),
i.e.,

(∀k ∈ N) xk+1 = T (xk). (2.2)

A sufficient condition for the convergence of such iteration is the averagedness of
the mapping T , as formalized in the next statement.

Theorem 2.5. [13, Proposition 5.16] Let T be α−averaged, with α ∈ (0, 1), and
assume fix(T ) 6= ∅. Then, the sequence (xk)k∈N generated by the Banach–Picard
iteration in (2.2) globally (i.e., for any initial condition x0 ∈ Rn) converges to some
x∗ ∈ fix(T ). �

If, in addition, the mapping T is contractive, then the convergence is geometric.
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CON α−AVG NE κ−sPC

1. Banach–Picard X X

2. Krasnosel’skii-Mann X X X X

with relaxation steps λk = 1 λk ∈ (0, 1/α) λk ∈ (0, 1) λk ∈ (0, 1− κ)

Table 2.2: Nonexpansive-like properties and iterations that ensure convergence
to a fixed-point (assuming that at least one of such points exists).

Theorem 2.6 ([24, Theorem 2.1]). Let T be `−contractive, ` ∈ (0, 1). Then,
the sequence (xk)k∈N generated by the Banach–Picard iteration in (2.2) globally
converges to the unique fixed point x∗ ∈ fix(T ) with geometric rate, i.e., ‖xk−x∗‖ ≤
`k‖x0 − x∗‖. �

If the mapping T is merely nonexpansive (non-contractive, non-averaged), the se-
quence generated by the Banach–Picard iteration in (2.2) may fail to produce a
fixed point of T (e.g., consider the Banach–Picard on the mapping T = −Id).
In this case, we can consider a relaxation variant, known as Krasnosel’skii–Mann
fixed-point iteration, i.e.,

(∀k ∈ N) xk+1 = xk + λk(T (xk)− xk). (2.3)

Theorem 2.7 ([13, Theorem 5.15]). Let T be a nonexpansive operators such that
fix(T ) 6= ∅, let (λk)k∈N be a sequence in [0, 1] such that

∑
k∈N λ

k(1 − λk) = +∞.

Then, the sequence (xk)k∈N generated by the Krasnosel’skii–Mann (KM) iteration
in (2.3) globally converges to some x∗ ∈ fix(T ). �

When, in addition, the mapping T is α−averaged, with α ∈ (0, 1), then the relax-
ation sequence (λk)k in the KM algorithm can be chosen within the wider interval
[0, 1/α] [13, Proposition 5.16]. In particular, by setting λk = 1, for all k ∈ N, we
recover the Banach–Picard iteration.

2.4 Monotone operators

The theory of monotone set-valued operators plays a key role in many areas of non-
linear analysis such as convex optimization [127] and, more recently, game theory
[18] [119]. In the context of convex optimization, the concepts of monotonicity and
convexity are equivalent. Specifically, a function f : Rn → R̄ is convex if and only
if its subdifferential ∂f is monotone. For a general set-valued monotone mapping
A, this intuition is lost. However, monotonicity can be still regarded as a favorable
property, as convexity in the context of optimization.

Next, we recall the definitions of monotone operator and some other relevant re-
finements.
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Definition 2.8. Consider the Hilbert space HΦ with scalar or inner product 〈·, ·〉Φ,
where Φ = Φ> � 0. A set valued mapping A : Rn ⇒ Rn is

(i) monotone (MON) if, for all (x, u) ∈ gra(A) and (y, v) ∈ gra(A),

〈x− y, u− v〉Φ ≥ 0.

(ii) strictly monotone (sMON) if, for all (x, u) ∈ gra(A) and (y, v) ∈ gra(A),

〈x− y, u− v〉Φ > 0.

(iii) restricted strictly monotone (R-sMON) with respect to the set D ⊂ Rn if, for
all (x, u) ∈ gra(A) and (y∗, v) ∈ gra(A), with y∗ ∈ D,

〈x− y∗, u− v〉Φ > 0.

(iv) strongly monotone (SMON), if there exists a scalar µ > 0 such that, for all
(x, u) ∈ gra(A), (y, v) ∈ gra(A),

〈x− y, u− v〉Φ ≥ µ‖x− y‖2Φ.

(v) µ−restricted strongly monotone (R-SMON) with µ > 0, with respect to the
set D ⊂ Rn if, for all (x, u) ∈ gra(T ) and (y∗, v) ∈ gra(A), with y∗ ∈ D

〈x− y∗, u− v〉Φ ≥ µ‖x− y∗‖2Φ.

�

Remark 2.2. A mapping A is said to be monotone (without specifying the partic-
ular Hilbert space) if there exists a symmetric positive definite matrix Φ such that
Definition 2.8 (i) holds true in HΦ. Analogous considerations hold for the other
properties in Definition 2.8. �

A very important property of montone operators is maximality, formalized next.

Definition 2.9. A set-valued mapping A : Rn ⇒ Rn is maximally monotone if
there exists no monotone operator B : Rn ⇒ Rn such that gra(B) properly contains
gra(A), i.e.,

(x, u) ∈ gra(A)⇔ (∀(y, v)) 〈x− y, u− v〉Φ ≥ 0.

�

In other words, if an operator A is not maximal, then there exists (x, u) ∈ gra(A)
such that gra(A) ∪ {(x, u)} is still monotone.

A fundamental example of maximally monotone operator is the subdifferential of
a convex function [13, Theorem 20.25]. Since the indicator function of a convex set
is a convex function, it follows that the normal cone operator of a convex set is a
maximally monotone operator [13, Example 20.26].

To conclude this section, we introduce another important monotonicity-like prop-
erty for single-valued mappings.
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0

(a) Graphical characterization of mono-
tone (light and dark-gray plane) and
µ−SMON linear operators (dark-gray
plane) in terms of their spectra.

10

(b) Graphical characterization of β− co-
coercive operators with β = 0.8 (dark-
gray disk) and β = 1.3 (light-gray disk).

Definition 2.10. Consider the Hilbert space HΦ with scalar or inner product
〈·, ·〉Φ, where Φ = Φ> � 0. A single-valued mapping A : Rn → Rn is β−cocoercive,
with β > 0, if βA is firmly nonexpansive, i.e.,

〈A(x)−A(y), x− y〉Φ ≥ β‖A(x)−A(y), x− y‖2Φ. �

When the mapping A is the subdifferential of a convex function, then Lipschitz
continuity and cocoercivity are equivalent concepts.

Theorem 2.11 (Baillon–Haddad). Let f : Rn → R̄ be a differentiable convex
function and let β > 0. Then, ∇f is β−Lispchitz continuous if and only if ∇f is
(1/β)−cocoercive. In particular, ∇f is nonexpansive if and only if ∇f is firmly
nonexpansive. �

When the mapping A is a linear, self adjoint and monotone (i.e., positive semi-
definite), then A is also β−cocoercive with β = ‖A‖−1 [13, Corollary 18.18].

Interestingly, for linear operators we can equivalently characterize the regularity
properties in Definition 2.8 and 2.10 in terms of the spectrum of the correspondent
matrices. In Figure 2.2a and 2.2b we provide some graphical examples of such
operator theoretic properties.

Table 2.1 illustrates the implications concerning the properties in Definition 2.8
and 2.10.

SMON ⇒ sMON ⇒ MON ⇐ COCO

⇓ ⇓
R-SMON ⇒ R-sMON

Table 2.3: Relations among the properties in Definition 2.8 and 2.10.
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2.4.1 Zeros of monotone operators

Recall that the set of zeros of a monotone operator A : Rn ⇒ Rn is denoted by

zer(A) = A−1(0).

Since zer(A) = fix(Id−A), every fixed point problem can be equivalently recast as
the problem of finding a zero of a suitable operator, or (monotone) inclusion prob-
lem. Such duality stands on the basis of many well-known optimization algorithms
[127], as clarified in the following example.

Example (gradient method): Consider the following optimization problem:

arg min
x∈Rn

f(x),

where f : Rn → R is a convex and differentiable function with `−Lipschitz contin-
uous gradient ∇f . It follows from the Fermat’s rule (Theorem 2.1) that the global
minimizers of f are also zeros of its gradient, i.e.,

x∗ ∈ arg min
x∈Rn

f(x)⇔ x∗ ∈ zer(∇f),

where ∇f is maximally monotone by [13, Theorem 20.25], since f is convex. With
simple algebraic manipulations, we can recast the previous monotone inclusion
problem as a fixed point problem, i.e.,

x∗ ∈ zer(∇f)⇔ 0 ∈ ∇f(x∗)

⇔ 0 ∈ −γ∇f(x∗), with γ > 0,

⇔ x∗ ∈ x∗ − γ∇f(x∗)

⇔ x∗ ∈ fix(Id− γ∇f).

In other words, x∗ is a solution if and only if it is a fixed point of the mapping
Id− γ∇f . The Banach–Picard iteration on this setup reads as follows:

(∀k ∈ N) xk+1 = xk − γ∇f(xk). (2.4)

Such ubiquitus algorithm, originally proposed by Cauchy in [35], is known as gra-
dient method or gradient descent. Interestingly, when the step size γ is set within
the interval (0, 2/`), the “gradient descent mapping” Id− γ∇f is (γ/2`)−averaged
[13, Proposition 4.39], thus its Banach–Picard iteration globally converges to a
minimizer of f . �

For a general maximally monotone operator A (not necessarily the subdifferential
of a convex function), the Banach–Picard fixed-point iteration on Id−A, i.e.,

xk+1 = xk − γA(xk),

is known as forward step, or forward algorithm, and converges to some x∗ ∈ zer(A),
when A is β−cocoercive and the step size γ ∈ (0, 2β).

When the mapping A is maximally monotone but not cocoercive, then the forward
algorithm may fail to converges (e.g. consider the forward step on the linear op-
erator A =

[
0 1
−1 0

]
). In this case, an alternative approach to find a zero of the
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operator A is based on the following equivalence involving the resolvent mapping
JγA := (Id + γA)−1, i.e.,

x∗ ∈ zer(A)⇔ 0 ∈ A(x∗)

⇔ x∗ ∈ x∗ + γA(x∗)

⇔ x∗ ∈ (Id + γA)(x∗)

⇔ (Id + γA)−1(x∗) 3 x∗, γ > 0,

⇔ x∗ ∈ fix(JγA).

The Banach–Picard fixed-point iteration on this specific setup is known as Proximal-
Point Algorithm (PPA), i.e.,

Algorithm 2.1 Proximal-Point Method

(∀k ∈ N) xk+1 = JγkA(xk). (2.5)

The global convergence of (2.5), when A is maximally monotone, is proven in the
next theorem.

Theorem 2.12 ([13, Theorem 23.41]). Let A : Rn ⇒ Rn be a maximally mono-
tone operator such that zer(A) 6= ∅, let (γk)k∈N be a positive sequence such that∑
k∈N γ

k = +∞. Then, the sequence (xk)k∈N generated by the fixed-point iteration
in (2.5) globally converges to a some x∗ ∈ zer(A). �

2.5 Operator splitting algorithms

In this section, we consider the problem of finding a zero of a maximally monotone
operator A that admits a splitting into two maximally monotone operators F and
B, i.e., A = F + B. Specifically, we aim to find x∗ ∈ zer(F + B), where F and B
are maximally monotone. In principle, a point in zer(F +B) could be constructed
via the proximal-point algorithm in (2.5). However, this approach is practically
viable only when the resolvent mapping JF+B is numerically easy to compute. A
more widely applicable alternative is to devise an operator splitting algorithm, in
which the operators F and B are employed in separate steps. The main idea is
to transform the monotone inclusion on F + B into a fixed-point equation with
operators constructed from F and B and their resolvents.

Several operator splitting algorithms are available in the literature for finding a
zero of the sum of two or three monotone operators. We refer to [13, §26] for a
complete discussion on the topic. Next, we recall two algorithms that are relevant
for this thesis.
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Forward-Backward Splitting Algorithm

Here, we focus on the case when B and F are maximally monotone and F is single-
valued and β−cocoercive. This approach to find a zero of B + F is based on the
following equivalences:

x∗ ∈ zer(B + F )⇔ γ(B + F )(x∗) 3 0, γ > 0

⇔ γB(x∗) 3 −γF (x∗)

⇔ (Id + γB)(x∗) 3 (Id− γF )(x∗)

⇔ x∗ = (Id + γB)−1 ◦ (Id− γF )(x∗)

⇔ x∗ ∈ fix
(

JγB ◦ (Id− γF )
)
. (2.6)

The Krasnosel’skii-Mann fixed point iteration on this setup is known as Forward-
Backward Splitting (FB) since it alternates an explicit (forward) step involving the
operator F with an implicit (backward) step involving the operator B, as formalized
in the next table.

Algorithm 2.2 Forward-backward Splitting

for k = 0, 1, . . . yk = xk − γF (xk),

xk+1 = xk + λk(JγB(yk)− xk).
(2.7)

The global convergence of (2.7) is proven in the next theorem.

Theorem 2.13 ([13, Theorem 26.14]). Let B : Rn ⇒ Rn be maximally monotone,
F : Rn → Rn be β−cocoercive, with β > 0, let γ ∈ (0, 2β) and set δ = 2− γ/(2β).
Furthermore, let (λk)k∈N be a sequence in [0, δ] such that

∑
k∈N λ

k(δ− λk) = +∞,
and suppose that zer(B + F ) 6= ∅. Then, the sequence (xk)k∈N generated by the
FB algorithm in (2.7) globally converges to a some x∗ ∈ zer(B + F ). �

Tseng’s Forward-Backward-Forward Splitting Algorithm

When the single-valued mapping F is maximally monotone but not-cocoercive, the
FB algorithm may fail. In this case, we can recover convergence at the expense
of additional computations. Consider the following equivalences that follow by
expanding that in (2.6):

x∗ ∈ zer(B + F )⇔ x∗ = JγB ◦(Id− γF )(x∗)

⇔ (Id− γF )(x∗) = (Id− γF ) ◦ JγB ◦(Id− γF )(x∗)

⇔ x∗ = (Id− γF ) ◦ JγB ◦(Id− γF )(x∗) + γF (x∗)

⇔ x∗ ∈ fix
(
((Id− γF ) ◦ JγB ◦(Id− γF )) + γF

)
.
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In other words, x∗ is a zero of B + F if and only if it is a fixed point of the
operator (Id− γF ) ◦ JγB ◦(Id− γF )) + γF . Moreover, it can be shown that, for an
appropriate choice of γ, the mapping (Id − γF ) ◦ JγB ◦(Id − γF )) + γF is quasi-
nonexpansive towards any of its fixed-points. The Tseng’s or Forward-Backward-
Forward Splitting (FBF) is based on this fixed-point equivalence. In particular, it
involves at each iteration two forward steps, a backward step and (eventually) a
projection step, as formalized next.

Algorithm 2.3 Forward-Backward-Forward Splitting

for k = 0, 1, . . .
yk = xk − γF (xk),

zk = JγB(yk),

rk = zk − γB(zk),

xk+1 = projC
(
xk − yk + rk

)
.

(2.8)

The global convergence of (2.8) to zer(F +B) ∩ C is proven in the next theorem.

Theorem 2.14 ([13, Theorem 26.17]). Let B : Rn ⇒ Rn be maximally monotone,
F : Rn → Rn be single-valued, maximally monotone and `−1−Lipschitz continuous,
let γ ∈ (0, `) and C ⊂ Rn be a closed convex set. Assume that B +F is maximally
monotone and zer(B + F ) ∩ C 6= ∅. Then, the sequence (xk)k∈N generated by the
FBF algorithm in (2.8) globally converges to some x∗ ∈ zer(B + F ) ∩ C. �



Part I

Equilibrium Seeking in
Full-decision Information

23





3
Aggregative Games: Semi-decentralized

Algorithms

I
n this chapter, we address the generalized Nash equilibrium seeking
problem for a population of agents playing aggregative games with affine

coupling constraints. We focus on semi-decentralized communication archi-
tectures, where there is a central coordinator able to gather and broadcast
signals of aggregative nature to the agents. By exploiting the framework of
monotone operator theory and operator splitting, we first critically review
the most relevant available algorithms and then design two novel schemes:
(i) a single-layer, fixed-step algorithm with convergence guarantee for gen-
eral (non-cocoercive, non-strictly) monotone aggregative games and (ii) a
single-layer proximal-type algorithm for a class of monotone aggregative
games with linearly coupled cost functions. We also design novel acceler-
ated variants of two algorithms via (alternating) inertial steps. Finally, we
show via numerical simulations that the proposed algorithms outperform
those in the literature in terms of convergence speed.
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3.1 Introduction

3.1.1 Aggregative games

An aggregative game is a set of coupled optimization problems, each associated
with an autonomous agent, i.e., an independent decision maker, where the cost
function of each agent depends on some aggregate effect of all the agents in the
population [84], [80], [46]. Namely, the aggregative feature arises whenever each
agent is affected by the overall population behavior, hence not by some specific
agents. In general, such a special feature is typical of incentive-based control in
competitive markets [94] and in fact engineering applications of aggregative games
span from demand side management in the smart grid [39] [146] and charging con-
trol for plug-in electric vehicles [95], [115], [97], [91], to spectrum sharing in wireless
networks [153] and network congestion control [12]. With these motivating applica-
tions in mind, aggregative games have been receiving high research interest, within
the operations research [82] and especially the automatic control [69], [18], [89],
[111], [49], [121] communities. Researchers have in fact studied and proposed solu-
tions to the generalized Nash equilibrium problem (GNEP) in aggregative games,
which is the problem to compute a set of decisions such that each is individu-
ally optimal given the others. Remarkably, the aggregative structure has been
exploited to mitigate the computational complexity for large population size, and
in fact the proposed solution algorithms are primarily non-centralized, i.e., almost
(semi-) decentralized and distributed, where the computations by the agents are
fully decoupled. Essentially, in semi-decentralized algorithms, the agents do not
communicate with each other, but rely on a reliable central coordinator (e.g. an ag-
gregator) that gathers the local decisions in aggregative form and then broadcasts
(incentive) signals, e.g. dual variables, to all the agents [18]. On the other hand,
in distributed algorithms, there is no central coordinator, so the agents communi-
cate with each other to cooperatively estimate or reach consensus on the signals of
common interest, e.g. dual and auxiliary variables. The latter algorithmic setup is
also called partial-decision information [64], [23], because the agents do not have
direct access to the aggregative effect on their cost functions, thus they should
estimate it via reliable, truthful peer-to-peer communications, e.g. via cooperative
consensus protocols. These features motivate us to focus on the semi-decentralized
algorithmic structure in this chapter.

3.1.2 Literature review

The literature on semi-decentralized GNE seeking in aggregative games is quite re-
cent. In [18] Belgioioso and Grammatico designed the first semi-decentralized GNE
seeking algorithm for (non-strictly/strongly, non-cocoercive) monotone aggregative
games1, where the algorithm derivation relies on the so-called forward-backward-
forward (FBF) operator splitting. In parallel, for the class of strongly monotone

1For ease of reading, with (strict/strongly) monotone game, we mean game with
(strict/strongly) monotone pseudo-subdifferential mapping (§3.2.3).
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games, Yi and Pavel proposed the first preconditioned forward-backward (pFB) op-
erator splitting method [147], [150], which is applicable to aggregative games with
semi-decentralized algorithmic structure - as shown in [20], the outcome of the pFB
method for aggregative games is in fact the so-called asymmetric project algorithm
(APA) [56, §12.5.1], proposed for aggregative games in [111]. Effectively, [18] and
[147] are the first works to adopt an elegant and general mathematical approach
based on monotone operator theory [13] to explicitly model GNEPs, to decou-
ple the coupling constraints via Lagrangian duality, and in turn to exploit operator
splitting methods for systematically designing (non-centralized) GNE seeking algo-
rithms. Next, we refer to some other relevant GNE seeking algorithms for or appli-
cable to aggregative games. For a class of unconstrained strictly monotone games,
in [146], Ye and Hu proposed continuous-time saddle-point dynamics. For strictly
monotone games with equality coupling constraints, in [89], Liang, Yi and Hong
proposed continuous-time projected pseudo-gradient dynamics paired with discon-
tinuous dynamics for dual and auxiliary variables. For unconstrained, strongly
monotone aggregative games, in [49], Deng and Liang proposed continuous-time,
integral consensus-based dynamics. Recently, in [121], De Persis and Grammatico
proposed continuous-time, integral dynamics for a class of strongly monotone ag-
gregative games.

From the literature on (semi-decentralized) GNE seeking in aggregative games, sev-
eral critical issues emerge. First, the solution methods available for general (non-
strictly, non-cocoercive) monotone aggregative games are limited to algorithms
that require at least two demanding computations (projections) and two commu-
nications (between the agents and the coordinator) at each iteration, see e.g. the
FBF [18] and extra-gradient (EG) based methods [56, §12.6.1]; instead, computa-
tionally convenient algorithms, e.g. the pFB [150], require strong monotonicity of
the game. Surprizingly, there is currently no single-communication-per-iteration,
fixed-step algorithm for merely monotone aggregative games. For instance, the
pFB method does not always converge in merely monotone games, not even under
vanishing step sizes [70]. From a practical perspective, the available algorithms may
require a large number of iterations, and in particular of communications between
the agents and the central coordinator, to converge. For example, algorithms based
on the iterative Tikhonov regularization (ITR) [81] require double-layer vanishing
step sizes, which considerably slows down convergence. In fact, some researchers
are currently working on accelerated algorithms for certain classes of (so far non-
generalized) NEPs [141]. Finally, often, the local step sizes of the algorithms are
based on global properties of the game data, that however should be unknown to
the local agents in practice - on the contrary, little or no coordination among agents
should be necessary to set the step sizes with guaranteed convergence.

3.1.3 Contribution

In this chapter, we fully exploit monotone operator theory and operator splitting
methodologies (see Chapter 2 for a brief review on this methods) to study and
address the main technical and computational issues that currently afflict (semi-
decentralized) GNE seeking in aggregative games. Specifically, our main contribu-
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tions are summarized next:

1. We review the available (semi-decentralized) algorithms from a general operator-
theoretic perspective, which allows us to establish basically the most general
convergence results and draw a fair technical comparison among these algo-
rithms (§3.3), as well as to possibly improve convergence speed, e.g. via inertial
accelerations;

2. We present the first single-layer, single-communication-per-iteration, fixed-step
algorithm for (non-strictly, non-cocoercive) monotone aggregative games (§3.4.1)
- essentially, the most desirable algorithmic features for the most general class
of monotone aggregative games one could hope for;

3. We present a very fast, single-layer, single-communication-per-iteration, fixed-
step, proximal algorithm for a class of (non-strictly) monotone aggregative
games with linearly coupled cost functions (§3.4.2) - essentially, the most de-
sirable algorithmic features with the fastest convergence ever experienced for a
special, recurrent, class of monotone aggregative games;

4. We design an alternating inertial acceleration scheme which is applicable to
some algorithms (§3.4.3) and that, remarkably, outperforms the classic inertial
acceleration in terms of numerical convergence - mathematically, we prove that
our alternating inertia preserves averageness of operators, thus the convergence
is desirably Fejér monotone.

3.1.4 Basic Notation and definitions

Basic notation

See Appendix A.

Operator-theoretic definitions and properties

See Chapter 2.

3.2 The generalized Nash equilibrium problem in
aggregative games

3.2.1 Problem statement

We consider a set of N agents, where each agent i ∈ I := {1, . . . , N} shall choose
its decision variable (i.e., strategy) xi from the local decision set Ωi ⊂ Rn with
the aim of minimizing its local cost function Ji (xi,x−i), which depends on the
local variable xi (first argument) and on the decision variables of the other agents,
x−i := col

(
{xj}j∈I\{i}

)
∈ Rn(N−1) (second argument).
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In this chapter, we focus on the class of aggregative games, where the cost func-
tion of each agent depends on the local decision variable and on the value of the
aggregation, i.e.,

avg(x) := 1
N

∑N
i=1 xi. (3.1)

Specifically, we consider local cost functions of the form

Ji(xi,x−i) := gi(xi) + fi (xi, avg(x)) , (3.2)

where gi : Rn → R is a convex, possibly non-smooth local term and fi : Rn ×
Rn → R is continuously differentiable and convex with respect to the local decision
variable xi. The cost functions as in (3.2) are the most general considered in the
literature of monotone games, see [148, Remark 1], [151].

Furthermore, we consider generalized games, where the coupling among the agents
arises not only via the cost functions, but also via their feasible decision sets. In
our setup, the coupling constraints are described by an affine function, x 7→ Ax−b,
where A := [A1| . . . |AN ] ∈ Rm×nN , b :=

∑N
i=1 bi ∈ Rm. Thus, the collective global

feasible set, X ⊂ RnN , reads as

X =
(∏

i∈I Ωi
)⋂{

x ∈ RnN |Ax− b ≤ 0m
}

; (3.3)

while the feasible decision set of each agent i ∈ I is characterized by the set-valued
mapping Xi, defined as

Xi(x−i) :=
{
yi ∈ Ωi|Aiyi − bi ≤

∑N
j 6=i(bj −Ajxj)

}
,

where Ai ∈ Rm×n and bi are local parameters that define how agent i is involved
in the coupling constraints.

Remark 3.1. Affine coupling constraints, as considered in (3.3), are very common
in the literature of monotone games, see for example [69], [89], [111], [150]. �

Next, let us formalize standard convexity and compactness assumptions for the
constraint sets and convexity for the local cost functions.

Assumption 3.1. For each i ∈ I, the function gi is convex and the function fi is
continuously differentiable and convex in xi. For each i ∈ I, the set Ωi is nonempty,
compact and convex. The set X satisfies Slater’s constraint qualification. �

In summary, the aim of each agent i, given the aggregate decision avg(x), is to
choose a strategy, x∗i , that solves its local convex optimization problem according
to the game setup previously described, i.e., for all i ∈ I

argmin
xi∈Rn

Ji
(
xi,x−i

)
= gi(xi) + fi (xi, avg(x))

s.t. xi ∈ Ωi
Aixi ≤ bi +

∑N
j 6=i(bj −Ajxj)

(3.4)

where the last constraint is equivalent to Ax− b ≤ 0. From a game-theoretic per-
spective, we consider the problem to compute a Nash equilibrium [55], as formalized
next.
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Definition 3.1 (Generalized ε−Nash equilibrium). A collective strategy x∗ ∈ X
is a generalized ε−Nash equilibrium (ε−GNE) of the game in (3.4) if, for all i ∈ I:

Ji
(
x∗i ,x

∗
−i
)
≤ inf

{
Ji(y, x

∗
−i) + ε | y ∈ Xi(x∗−i)

}
. (3.5)

If (3.5) holds with ε = 0, then x∗ is a GNE. �

In other words, a set of strategies is a Nash equilibrium if no agent can improve its
objective function by unilaterally changing its strategy to another feasible one.

Remark 3.2 (Existence of a GNE). Under Assumption 3.1, the existence of a
GNE of the game in (3.4) follows from Brouwer’s fixed-point theorem [112, Propo-
sition 12.7], while uniqueness does not hold in general. �

3.2.2 Nash vs Aggregative (or Wardrop) Equilibria

In aggregative games with cost functions as in (3.2), the condition in (3.5) special-
izes as: for all i ∈ I and y ∈ Xi(x∗−i)

gi(x
∗
i ) + fi (x∗i , avg(x∗)) ≤ gi(y) + fi

(
y, 1

N y + 1
N

∑N
j 6=i x

∗
j

)
,

where the decision variable of agent i, x∗i , appears also in the second argument of fi,

since x∗i contributes to form the average strategy, i.e., avg(x∗) = 1
N x
∗
i + 1

N

∑N
j 6=i x

∗
j .

The concept of aggregative (or Wardrop) equilibrium (formalized in Definition 3.2)
springs from the intuition that the contribution of each agent to the average strat-
egy decreases as the population size grows. Technically, the influence of the decision
variable of agent i on the second argument of its cost function fi vanishes as N
grows unbounded.

Definition 3.2 (Generalized Aggregative equilibrium). A collective strategy x? ∈
X is a generalized aggregative equilibrium (GAE) of the game in (3.4) if, for all
i ∈ I:

gi(x
?
i ) + fi (x?i , avg(x?)) ≤ inf

{
gi(y) + fi

(
y, avg(x?)

)
| y ∈ Xi(x?−i)

}
.

�

Nash and aggregative equilibria are strictly connected. In fact, under some mild
assumptions, it can be proven that every GAE equilibrium is an ε-GNE equilibrium,
with ε vanishing as N diverges [111, §4]. Thus, in large-scale games where the
agents are unaware of the population size, a GAE represents a good approximation
of a GNE.
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3.2.3 Variational equilibria and pseudo-subdifferential

In this chapter, we focus on the subclass of variational GNE (v-GNE) that cor-
responds to the solution set of an appropriate generalized variational inequality
problem [56], i.e., GVI(P,X ), namely, the problem of finding x∗ ∈ X such that

〈z∗,x− x∗〉 ≥ 0, ∀x ∈ X , z∗ ∈ P (x∗),

where the mapping P : RnN ⇒ RnN denotes the so-called pseudo-subdifferential
(PS) of the game in (3.4), defined as

P (x) :=
∏N
i=1 ∂xi

Ji (xi, x−i) . (3.6)

Namely, the mapping P is obtained by stacking together the subdifferentials of
the agents’ cost functions with respect to their local decision variables. Given the
aggregative structure of the cost functions in (3.2), we note that the PS can be
written as the sum of a set-valued mapping and a single-valued one:

P = G+ F,

where

G(x) :=
∏N
i=1 ∂gi(xi) (3.7)

F (x) := col
(
{∇xi

fi(xi, avg(x))}Ni=1

)
. (3.8)

In the remainder of the chapter, let us refer to F as pseudo-gradient mapping
(with a little abuse of terminology). Note that, since the local decision variable xi
of agent i enters also in the second argument of the cost function fi, we have

∇xifi(xi, avg(x)) =
(
∇xifi(xi, z) + 1

N∇zf(xi, z)
)∣∣
z=avg(x)

. (3.9)

Under Assumptions 3.1, it follows by [112, Prop. 12.4] that any solution to GVI(P,X )
is a (variational) Nash equilibrium of the game in (3.4). The inverse implication is
not true in general, and actually in passing from the Nash equilibrium problem to
the GVI problem most solutions are lost [112, §12.2.2]; indeed, a game may have a
Nash equilibrium while the corresponding GVI has no solution. Note that, when
the cost functions Ji’s in (3.2) are differentiable, i.e., gi = 0 for all i ∈ I, then P is
a single-valued mapping and GVI(P,X ) reduces to VI(F,X ), which is commonly
addressed in the context of game theory via projected-psuedogradient algorithms,
e.g. [82, 111, 20], [56, §12].

A sufficient condition for the existence (and uniqueness) of a variational GNE (v-
GNE) is that P is (strictly) monotone [112, Prop. 12.11], as postulated next.

Assumption 3.2 (Monotone and Lipschitz pseudo-gradient). The mapping F in
(3.8) is maximally monotone and `−Lipschitz continuous over Ω, for some ` > 0.

�
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It directly follows that also the pseudo-subdifferential P is maximally monotone
since it is the sum of two maximally monotone operators [13, Cor. 24.4], i.e., P =
G+ F , where G is maximally monotone as concatenation of maximally monotone
operators (i.e., the subdifferentials of the convex functions gi’s) [13, Prop. 20.23],
and F is maximally monotone by Assumption 3.2.

Remark 3.3 (Approximate pseudo-gradient). As the population size grows, the
second term in the right hand side of (3.9) vanishes. In fact, we have that

lim
N→∞

∇xifi(xi, avg(x)) = ∇xifi(xi, z)
∣∣
z=avg(x)

. (3.10)

Thus, we define an approximate version of the PG in (3.8) for large-scale games,
i.e.,

F̃ (x) := col

({
∇xifi(xi, z)

∣∣
z=avg(x)

}N
i=1

)
, (3.11)

and the correspondent approximate PS, i.e.,

P̃ := G+ F̃ . (3.12)

As for v-GNE, one can show that any solution to GVI(P̃ ,X ) is a (variational)
aggregative equilibrium (v-GAE) of the game in (3.4) [121]. �

3.2.4 Nash equilibria as zeros of a monotone operator

In this section, we exploit operator theory to recast the Nash equilibrium problem
into a monotone inclusion, namely, the problem of finding a zero of a set-valued
monotone operator. As first step, we characterize a GNE of the game in terms of
KKT conditions of the inter-dependent optimization problems in (3.4). For each
agent i ∈ N , let us introduce the Lagrangian function Li, defined as

Li(x, λi) := Ji(xi,x−i) + ιΩi
(xi) + λ>i (Ax− b),

where λi ∈ Rm≥0 is the Lagrangian multiplier associated with the coupling con-
straints. It follows from [112, §12.2.3] that the set of strategies x∗ is a GNE of the
game in (3.4) if and only if there exist some dual variables λ∗1, . . . , λ

∗
N ∈ Rm≥0 such

that the following coupled KKT conditions are satisfied:

∀i ∈ I :

{
0 ∈ ∂xi

Ji(x
∗
i ,x
∗
−i) + NΩi

(x∗i ) +A>i λ
∗
i

0 ≤ λ∗i ⊥ −(Ax∗ − b) ≥ 0
(3.13)

The Slater’s condition in Assumption 3.1 is needed at this stage to ensures bound-
edness of the dual variables λi’s.

Similarly, we characterize a v-GNE in term of KKT conditions by exploiting the
Lagrangian duality scheme for the corresponding GVI problem, see [7, §3.2]. Specif-
ically, by [7, Th. 3.1], x∗ is a solution of GVI(X , P ) if and only if there exists a
dual variable λ∗ ∈ Rm≥0 such that{

0 ∈ ∂xi
Ji(x

∗
i ,x
∗
−i) + NΩi

(x∗i ) +A>i λ
∗, ∀i ∈ I

0 ≤ λ∗ ⊥ −(Ax∗ − b) ≥ 0.
(3.14)
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To cast (3.14) in compact form, we introduce the set-valued mapping T : Ω×Rm≥0 ⇒
RnN × Rm, defined as

T :

[
x
λ

]
7→
[
NΩ(x) + P (x) +A>λ
NRm
≥0

(λ)− (Ax− b)
]
, (3.15)

Essentially, the role of the mapping T is that its zeros correspond to the v-GNE of
the game in (3.4), as formalized in the next statement.

Proposition 3.3. Let Assumption 3.1 hold. Then, the following statements are
equivalent:

(i) x∗ is a v-GNE of the game in (3.4);

(ii) ∃λ∗ ∈ Rm≥0 such that, the pair (x∗i , λ
∗) is a solution to the KKT in (3.13), for

all i ∈ I;

(iii) x∗ is a solution to GVI(P,X );

(iv) ∃λ∗ ∈ Rm≥0 such that col(x∗, λ∗) ∈ zer(T ). �

Proof. The equivalences (i)⇔(ii)⇔(iii) are proven in [54, Th. 3.1] while (iii)⇔(iv)
follows by [7, Th. 3.1].

A similar equivalence can be derived for v-GAE.

Proposition 3.4. Let Assumption 3.1 hold. Then, the following statements are
equivalent:

(i) x? is a v-GAE of the game in (3.4);

(ii) ∃λ? ∈ Rm≥0 such that, the pair (x?i , λ
?) is a solution to the KKT in (3.13) with

∂xiJi(x
?
i ,x

?
−i) replaced by gi(x

?
i ) +∇xifi(x

?
i , z)

∣∣
z=avg(x?)

, for all i ∈ I;

(iii) x? is a solution to GVI(P̃ ,X );

(iv) ∃λ? ∈ Rm≥0 such that col(x?, λ?) ∈ zer(T̃ ), where T̃ is equivalent to T in

(3.15) with P replaced by its approximation P̃ in (3.12). �

Proof. The proof is similar to that of Proposition 3.3.
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3.3 Generalized Nash equilibrium seeking: Operator-
theoretic review

3.3.1 Zero finding methods for GNE seeking

In Section 3.2.4, we show that the original GNE seeking problem corresponds to
the following generalized equation:

find ω∗ := col(x∗,λ) ∈ zer(T ). (3.16)

Next, we show that the mapping T can be written as the sum of two operators,
i.e., T = T1 + T2, where

T1 : ω 7→ col(F (x), b); (3.17)

T2 : ω 7→
(
NΩ(x) +G(x)

)
×NRm

≥0
(λ) + Sω (3.18)

and S is a skew symmetric matrix, i.e., S> = −S, defined as

S :=

[
0 A>

−A 0

]
. (3.19)

The formulation T = T1 + T2 is called splitting of T , and we exploit it in different
ways later on. We show next that the mappings T1 and T2 are both maximally
monotone, which paves the way for operator splitting algorithms [13, § 26].

Lemma 3.5. Let Assumption 3.2 hold true. The mappings T1 in (3.17), T2 in
(3.18) and T in (3.15) are maximally monotone. �

Proof. The mapping T1 is maximally monotone since F is such by Assumption 3.2,
b is a constant, thus maximally monotone, and the concatenation of maximally
monotone operator remains maximally monotone [13, Prop. 20.23]. The first term
of T2, i.e., (NΩ +G

)
×NRm

≥0
, is maximally monotone, since normal cones of closed

convex sets are maximally monotone and the concatenation preserves maximality
[13, Prop. 20.23]; the second term, i.e., S, is linear and skew symmetric, i.e., S> =
−S, thus maximally monotone [13, Ex. 20.30]. Then, the sum of the previous terms,
namely, T2, is maximally monotone by [13, Cor. 24.4], since domS = RnN+m.
Equivalently, the maximal monotonicity of T = T1 +T2 follows from [13, Cor. 24.4],
since domT1 = RnN+m.

In the remainder of this section we discuss the main features and limitations of
some existing semi-decentralized algorithms for aggregative games with coupling
constraints from a general operator-theoretic perspective.

Remark 3.4 (Generalized aggregative equilibrium seeking). In light of Proposition
3.4, the same operator theoretic approach can be exploited to recast the GAE seeking
problem as a monotone inclusion. It follows that all the GNE seeking algorithms
introduced in the remainder of this chapter can be adopted to find a GAE. Specifi-
cally, for gradient-based algorithms, it is sufficient to replace ∇xi

fi(xi, avg(x)) in
(3.9) with its approximate version i.e., ∇xifi(xi, z)

∣∣
z=avg(x)

.
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Algorithm 3.1: Preconditioned forward-backward (pFB)

Initialization: δ > 1
2γ ; ∀i ∈ I, x0

i ∈ Rn, 0 < αi ≤ (‖Ai‖ + δ)−1; λ0 ∈ Rm≥0,

0 < β ≤ ( 1
N

∑N
i=1 ‖Ai‖+ 1

N δ)
−1.

Iterate until convergence:

1. Local: Strategy update, for all i ∈ I:

yki = xki − αi(∇xi
fi(x

k
i , avg(xk)) +A>i λ

k),

xk+1
i = proxαigi+ιΩi

(yki ),

dk+1
i = 2Aix

k+1
i −Aixki − bi,

2. Central coordinator: dual variable update

λk+1 = projRm
≥0

(
λk + β avg(dk+1)

)
.

3.3.2 Preconditioned forward-backward algorithm

The main idea of the preconditioned forward-backward algorithm (pFB) is that the
zeros of the mapping T in (3.15) correspond to the fixed points of a certain operator
which depends on the chosen splitting (3.17)−(3.18) [13, §26.3] and on an arbitrary
symmetric, positive definite matrix Φ, known as preconditioning matrix [147]. The
pFB method, proposed in [147] for strongly monotone games, is applicable to ag-
gregative games with semi-decentralized algorithmic structure [20], in which case it
reduces to the APA [56, §12.5.1], also proposed in [111]. A critical assumption for
the convergence of this method is the cocoercivity of the pseudogradient mapping
F in (3.8), as postulated next.

Assumption 3.3 (Cocoercive pseudo-gradient). The mapping F in (3.8) is γ−
cocoercive on Ω, for some γ > 0. �

Remark 3.5. If F is µ−strongly monotone and `−Lipschitz, µ, ` > 0, then F
is (µ/`2)−cocoercive. On the contrary, cocoercive mappings are not necessarily
strongly monotone, e.g. the gradient of a non-strictly convex, smooth function. �

Remark 3.6. a) The local auxiliary variables yi’s and di’s are introduced to cast

Algorithm 3.1 in a more compact form. The quantity avg(dk+1) := 1
N

∑N
i=1(2Aix

k+1
i −

Aix
k
i −bi) measures the violation of the coupling constraints, technically, is the “re-

flected violation” of the constraints at iteration k.
b) The proximal operator in Algorithm 3.1 reads as

proxαigi+ιΩi
(y) = argmin

z∈Ωi

gi(z) + 1
2αi
‖z − y‖2.

If the cost function of agent i is continuously differentiable, i.e., gi = 0, then its
primal update in Algorithm 3.1 becomes a projection, i.e., proxgi+ιΩi

= projΩi
. �
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If Assumption 3.3 holds true and the step sizes {αi}i∈I and β are chosen small
enough, then the sequence (col(xk, λk))k∈N generated by Algorithm 3.1 converges
to some col(x∗, λ∗) ∈ zer(T ), where x∗ is a v-GNE, see [20, Th. 1] for a formal
proof of convergence.

Algorithm 3.1 is semi-decentralized. In fact, at each iteration k, a central coordi-
nator is needed to:

(i) gather and broadcast the average strategy avg(xk);

(ii) gather the reflected violation of the constraints avg(dk);

(iii) update and broadcast the dual variable λk.

Specifically, after each central and local update in Algorithm 3.1, a communication
stage follows. The central coordinator broadcasts to all the agents the current
values of the aggregate function avg(xk) and the multiplier vector λk. In return,
each agent i ∈ I updates its own strategy xi, based on the received signals, and
forwards it to the central coordinator. Moreover, at each iteration only two vectors,
in Rn and Rm respectively, are broadcast, independently on the population size
N . Each decentralized computation consists of solving a finite dimensional convex
optimization problem, for which efficient algorithms are available.

Remark 3.7. The primal-dual iterations of Algorithm 3.1 are sequential, namely,
while the local primal updates xk+1

i can be performed in parallel, the dual update,
λk+1, exploits the most recent value of the agents’ strategies, dk+1

i . This feature
is convenient since it follows the natural information flow in the considered semi-
decentralized communication structure. �

Algorithm 3.1 as a fixed-point iteration

The dynamics generated by Algorithm 3.1 can be cast in a compact form as the
fixed-point iteration

ωk+1 = RFB(ωk), (3.20)

where ωk = col(xk, λk) is the vector of the primal-dual variables and RFB is the
so-called FB operator [13, Eq. (26.7)]:

RFB := (Id + Φ−1T2)−1 ◦ (Id− Φ−1T1), (3.21)

where T1 and T2 as in (3.17)−(3.18) and Φ is a preconditining matrix, here defined
as

Φ :=

[
ᾱ−1 ⊗ In −A>
−A Nβ−1In

]
, (3.22)

with ᾱ = diag(α1, . . . , αN ). When the mapping T1 is cocoercive (Assumption 3.3),
T2 is maximally monotone (Lemma 3.5) and the step-sizes in the main diagonal of
Φ are set as in Algorithm 3.1, then the preconditioned mappings Φ−1T1 and Φ−1T2

satisfy the following properties with respect to the Φ−induced norm ([150, Lemma
7]):
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(i) Φ−1T1 is γδ−cocoercive w.r.t. ‖ · ‖Φ,

(ii) Φ−1T2 is maximally monotone w.r.t. ‖ · ‖Φ.

It follows from [13, Prop. 26.1 (iv-d)] that the FB operatorRFB in (3.21) is averaged
with respect to the same norm, i.e.,

(iii) RFB is
(

2δγ
4δγ−1

)
−averaged w.r.t. ‖ · ‖Φ.

Hence, the Banach–Picard fixed-point iteration in (3.20) converges to some ω∗ :=
col(x∗, λ∗) ∈ fix(RFB) [13, Prop. 5.16], where fix(RFB) = zer(T ) 6= ∅ and, there-
fore, x∗ is a v-GNE by Prop. 3.3. We refer to [150, 20] for a complete convergence
analysis of this algorithm.

Inertial pFB algorithm

To conclude this section, we recall the inertial version of the pFB (Algorithm 3.1),
originally proposed for the more general context of generalized network games in
[150, Alg. 2].

We note that the inertial extrapolation phase, at the end of the local and central
updates, improves the converge properties of the pFB algorithm. The convergence
of Algorithm 3.1B can be studied via fixed-point theory [98], or by relying on the
inertial version of the FB splitting method [93], as discussed in the next remark.
We refer to [150, Th. 2] for a complete convergence proof of this algorithm.

Algorithm 3.1B: Inertial pFB (I-pFB)

Initialization: δ > 1
2γ ; for all i ∈ I, x0

i = x̃0
i ∈ Rn, 0 < αi ≤ (‖Ai‖ + δ)−1;

λ0 = λ̃0 ∈ Rm≥0, 0 < β ≤ ( 1
N

∑N
i=1 ‖Ai‖+ 1

N δ)
−1; θ ∈ (0, 1) s.t. 2γδ(1− 3θ − ε) ≥

(1− θ)2, with ε ∈ (0, 1) small enough.

Iterate until convergence:

1. Local: Strategy update, for all i ∈ I:

yki = x̃ki − αi(∇xi
fi(x̃

k
i , avg(x̃k)) +A>i λ̃

k),

xk+1
i = proxαigi+ιΩi

(yki ),

x̃k+1
i = xk+1

i + θ(xk+1
i − xki ),

dk+1
i = 2Aix

k+1
i −Aix̃ki − bi,

2. Central coordinator: Dual variable update

λk+1 = projRm
≥0

(
λ̃k + β avg(dk+1)

)
,

λ̃k+1 = λk+1 + θ(λk+1 − λk),
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Algorithm 3.1B as a fixed-point iteration

The dynamics generated by Algorithm 3.1B can be cast in a compact form as the
following inertial fixed-point iteration:

ω̃k = ωk + θ(ωk − ωk−1), (3.23a)

ωk+1 = RFB(ω̃k), (3.23b)

where ωk = col(xk, λk) and ω̃k = col(x̃k, λ̃k) are the stacked vectors of the iterates
and RFB is the FB operator defined in (3.21). The convergence analysis of inertial
schemes as in (3.23) are studied in [98]; while more precise conditions for the
convergence of (3.23) are derived in [93, Th. 1].

3.3.3 Algorithms for (non-strictly) monotone aggregative games

When the pseudo-gradient mapping F is non-cocoercive, non-strictly monotone,
then Algorithm 3.1 may fail to converge, see [70] for an example of non-convergence
of Algorithm 3.1. Few algorithms are available in the literature for solving merely
monotone (aggregative) games with coupling constraints, each with important tech-
nical or computational limitations.

Iterative Tikhonov regularization

To be applicable to aggregative games with (non-cocoercive, non-strictly) monotone
pseudo-gradient mapping, the forward-backward algorithm should be augmented
with a vanishing regularization. This approach - originally developed in the broader
context of network games - is known as iterative Tikhonov regularization (ITR) and
generates a forward-backward algorithm with double-layer vanishing step sizes [81],
where the actual step size must vanish faster than the vanishing regularization term
[81, (A2.2), §2.1]. The next table summarizes the ITR algorithm when applied to
generalized aggregative games.

The convergence of the sequence (xk)k∈N generated by Algorithm 3.2 to a v-GNE
is guaranteed when the pseudo-gradient mapping F is monotone and Lipschitz
continuous (Assumption 3.2) and the step-size sequences (γk)k∈N and (εk)k∈N are
driven to zero at appropriate rates. A formal proof of convergence can be found in
[81], where the step-size sequences either match across users (fully coordinated) or
may differ (partially coordinated).

In practice, methods based on (double-layer) vanishing step sizes have slow speed
of convergence, which is computationally undesirable. Differentiability of the local
cost functions, i.e., gi = 0 for all i ∈ I, is another technical limitation of ITR
schemes.

Inexact Preconditioned Proximal-Point Algorithm

Recently, the inexact preconditioned proximal-point (PPP) method [148] was pro-
posed to solve monotone (aggregative) games, virtually with no additional technical
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Algorithm 3.2: Iterative Tikhonov regularization (ITR)

Initialization: For all i ∈ I: γki = (k + nj)
−β and εki = (k + nj)

−α with 1/2 <
α+ β ≤ 1, β > α and nj ∈ N>0.

Iterate until convergence:

1. Local: Strategy update, for all i ∈ I:

yki = xki − γki (∇xi
fi(x

k
i , avg(xk)) +A>i λ

k + εki x
k
i ),

xk+1
i = projΩi

(yki ),

dk+1
i = Aix

k+1
i − bi,

2. Central coordinator: Dual variable update

λk+1 = projRm
≥0

(
λk + γki (N avg(dk+1)− εki λk)

)
.

assumption other than monotonicity of the pseudo-subdifferential mapping P . Al-
gorithm 3 summarizes the application of the PPP algorithm to aggregative games.

At each iteration k, the inner loop (step 2) of Alg. 3.3 consists of solving (inexactly)
an aggregative game without coupling constraints, whose PS, i.e., F̄ k(y) = P (y) +
A>λk + ᾱ(y − xk), is (min{αi}i∈I)−strongly monotone.

Algorithm 3.3 as a fixed-point iteration: The dynamics generated by Algorithm 3.3
can be cast in compact form as the fixed-point iteration:

ωk+1 = JΦ−1T (ωk) + ek, (3.24)

where ωk = col(xk, λk) is the vector of primal-dual iterates, JΦ−1T is the so-called
resolvent operator of the mapping Φ−1T , defined as

JΦ−1T := (Id + Φ−1T )−1, (3.25)

and ek is an error term that accounts for the inexact computations of the resolvent
JΦ−1T (ωk).

When the mapping T is maximally monotone (Lemma 3.5) and the step-sizes in
the main diagonal of Φ are set such that Φ � 0, then the resolvent JΦ−1T is firmly
nonexpansive [13, Prop. 23.8] (1/2−averaged) w.r.t. the Φ-induced norm, i.e.,
‖ · ‖Φ. Moreover, if the error sequence (ek)k∈N is summable (which is guaranteed
by setting

∑∞
k=0 εk < ∞), then the inexact fixed-point iteration (3.24) converges

to some ω∗ := col(x∗, λ∗) ∈ fix(JΦ−1T ) = zer(T ) [13, Prop. 5.34], where x∗ is a
v-GNE. We refer to [148] for a complete convergence analysis of Algorithm 3.3.

Remark 3.8 (Double-layer). Unfortunately, the PPP method generates a double-
layer algorithm, in which each (outer) iteration involves the solution of a sub-game
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Algorithm 3.3: Preconditioned proximal-point (PPP)

Initialization: (εk)k∈N s.t.
∑∞
k=0 εk < ∞; ∀i ∈ N : x0

i ∈ Rn, αi > (‖Ai‖)−1;

λ0 ∈ Rm≥0, β < ( 1
N

∑N
i=1 ‖Ai‖)−1.

Iterate until convergence:

1. Local: Augmented cost function update. For all i ∈ I:

J̄ki (xi,x−i) = Ji (xi,x−i) + (A>i λ
k)
>
xi + αi‖xi − xki ‖

2

2. Inner loop (ε−NE seeking problem): find x̄1, . . . , x̄N s.t.

∀i ∈ I, J̄ki (x̄i, x̄−i) ≤ inf
{
J̄ki (y, x̄−i) + ε | y ∈ Ωi

}
3. Local: Centroid update. For all i ∈ I:

xk+1
i = x̄i,

dk+1
i = 2Aix

k+1
i −Aixki − bi,

4. Central coordinator: Dual variable update

λk+1 = projRm
≥0

(λk + β avg(dk+1))

without coupling constraints, via nested (inner) iterations, and, therefore, requires
multiple communication stages between the agents and the central coordinator. As
for (doubly) vanishing step sizes, we can regard double-layer or nested iterations as
an important computational limitation. �

Tseng’s forward-backward-forward splitting

To solve non-cocoercive, non-strictly monotone aggregative games via non-vanishing
iterative steps or nested iterations, the forward-backward-forward (FBF) method
[13, §26.6] adds an additional forward step to the FB algorithm. In Algorithm
4, we introduce a modified version of the FBF algorithm for aggregative games,
originally proposed in [18, Alg. 1].

Algorithm 3.4 improves [18, Alg. 1] on two main aspects:

(i) (Partially uncoordinated step-sizes) each agent i ∈ I and the central coordi-
nator have decision authority on their own local step-sizes;

(ii) (Additional projection) The local updates in step 3 and the central update in
step 4 are projected onto the local feasible sets, Ωi’s and Rm≥0, respectively.
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Algorithm 3.4: Tseng’s forward-backward-forward (FBF)

Initialization: For all i ∈ I, x0
i ∈ Rn and 0 < αi < (` + ‖A‖)−1; λ0 ∈ Rm≥0 and

0 < β < (`+ ‖A‖)−1.

Iterate until convergence:

1. Local: Strategy update, for all i ∈ I:

yki = xki − αi(∇xifi(x
k
i , avg(xk)) +A>i λ

k),

x̃ki = proxαigi+ιΩi
(yki ),

d̃ki = Aix
k
i − bi,

2. Central coordinator: dual variable update

λ̃k = projRm
≥0

(
λk + β avg(d̃

k
)
)
,

3. Local: Strategy update, for all i ∈ I:

rk+1
i = x̃ki − αi(∇xifi(x̃

k
i , avg(x̃k)) +A>i λ̃

k),

xk+1
i = projΩi

(xki − yki + rk+1
i ),

dk+1
i = Aix̃

k
i − bi,

4. Central coordinator: dual variable update

λk+1 = projRm
≥0

(
λ̃k + β(avg(dk+1)− avg(d̃

k
))
)
.

These additional projections make sure that the iterates xki ’s live in the do-
main of correspondent functions fi’s and in fact can improve the convergence
speed of the algorithm.

The convergence analysis of Algorithm 3.4 is (almost) identical to that of [18, Alg.
1], thus we briefly discuss it next.

Algorithm 3.4 as a fixed-point iteration: In compact form, the dynamics generated
by Algorithm 3.4 read as the fixed-point iteration

ωk+1 = RFBF(ωk), (3.26)

where ωk = col(xk, λk) is the stacked vector of the primal-dual variables and RFBF

is the so-called FBF operator, i.e.,

RFBF := projΩ×Rm
≥0
◦ (Id−Ψ−1U1)

◦ (Id + Ψ−1U2)−1 ◦ (Id−Ψ−1T1) + Ψ−1U1,
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where U1 and U2 characterize an alternative splitting of the mapping T in (3.15),
i.e., T = U1 + U2, where

U1 : ω 7→ col(F (x), b) + Sω, (3.27)

U2 : ω 7→
(
NΩ(x) +G(x)

)
×NRm

≥0
(λ), (3.28)

and Ψ is the preconditining matrix, here defined as

Ψ :=

[
ᾱ−1 ⊗ In 0

0 Nβ−1In

]
. (3.29)

When the mappings U1 and U2 are maximally monotone (which can be proven
when Assumption 3.2 holds true by following a similar technical reasoning of that
in Lemma 3.5), U1 is Lipschitz continuous (Assumption 3.2) and the step sizes in
the main diagonal of Ψ are set small enough, then the fixed-point iteration (3.26)
converges to some ω∗ := col(x∗,λ∗) ∈ fix(RFBF) = zer(T ) ∩ (Ω × Rm≥0) = zer(T )
[13, Th. 25.10], where x∗ is a v-GNE. We refer to [18, Th. 2], for a complete
convergence analysis which is applicable to Algorithm 3.4.

Remark 3.9 (Double communication round). At each central and local update of
Algorithm 3.4 a communication takes place. Hence, each iteration of Algorithm 3.4
requires two communication rounds between the agents and central operator. �

3.4 Generalized Nash equilibrium seeking: Ad-
vanced algorithms

In this section, we design two novel semi-decentralized GNE seeking algorithms ob-
tained by solving the monotone inclusion in (3.16) with different zero-finding meth-
ods: the forward-reflected-backward splitting [99] and, for a particular subclass of
aggregative games with linear-coupling functions, the proximal-point method with
(alternated) inertia. The main features of the proposed algorithms, e.g. conver-
gence guarantees and communication requirements, are summarized and compared
with those of the existing methods in Table 3.1.

3.4.1 (Inertial) Forward-reflected-backward algorithm

In this section, we present a single-layer, single communication round algorithm for
monotone generalized aggregative games that overcomes the technical and com-
putational limitations of all the algorithms in Section 3.3.3. The design of the
proposed method is based on the Forward-Reflected-Backward splitting (FoRB)
recently proposed in [99] to find a zero of the sum of two maximally monotone
operators, one of which is single-valued and Lipschitz continuous. The proposed
method is summarized in Algorithm 5.
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Algorithm 3.5: Inertial FoRB (I-FoRB)

Initialization: θ ∈ [0, 1/3) and δ > 2`/(1 − 3θ), with ` as in Assumption 3.2;
∀i ∈ I, set x̃0

i = x̃0
i +θ(x̃0

i − x̃−1
i ) and 0 < αi ≤ (‖Ai‖+δ)−1; λ̃0

i = λ̃0
i +θ(λ̃0

i − λ̃−1
i ),

0 < β ≤ ( 1
N

∑N
i=1 ‖Ai‖+ 1

N δ)
−1.

Iterate until convergence:

1. Local: Strategy update, for all i ∈ I:

rki = 2∇xi
fi(x

k
i , avg(xk))−∇xi

fi(x
k−1
i , avg(xk−1)),

xk+1
i = proxαigi+ιΩi

(
x̃ki − αi(rki +A>i λ

k)
)
,

x̃k+1
i = xk+1

i + θ(xk+1
i − xki ),

dk+1
i = 2Aix

k+1
i −Aixki − bi,

2. Central coordinator: dual variable update

λk+1 = projRm
≥0

(
λ̃k + β avg(dk+1)

)
,

λ̃k+1 = λk+1 + θ(λk+1 − λk).

Also for Algorithm 3.5, we describe the generated dynamics as a compact inertial
fixed-point iteration,

ωk+1 = (Id + Φ−1T2)−1(ωk − 2Φ−1T1(ωk)

+ Φ−1T1(ωk−1) + θ(ωk − ωk−1)), (3.30)

where ωk = col(xk, λk) is the stacked vector of primal-variable iterates, the compo-
nents mappings T1, T2 as in (3.17)−(3.18) and the preconditioning Φ as in (3.22).
If the step-sizes in the main diagonal of Φ are chosen small enough, then the itera-
tion (3.30), namely, the inertial FoRB splitting [99, Corollary 4.4] on the operators
Φ−1T1 and Φ−1T2, converges to some ω∗ := col(x∗,λ∗) ∈ zer(T1 + T2) = zer(T ),
where x∗ is a v-GNE.

Our first main result is to establish global convergence of Algorithm 3.5 to a v-GNE
when the mapping F is maximally monotone and Lipschitz continuous (Assumption
3.2) and the step sizes are chosen small enough.

Theorem 3.6. (Convergence of FoRB (Algorithm 3.5)) Let Assumption 3.1, 3.2
hold true. The sequence (col(xk, λk))k∈N generated by Algorithm 3.5, globally con-
verges to some col(x∗, λ∗) ∈ zer(T ), where x∗ is a v-GNE. �

Proof. See Appendix 3.7.1.
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Remark 3.10 (Single communication round). To the best of our knowledge, Algo-
rithms 4 (FBF) and 5 (FoRB) are the only single-layer, fixed-step algorithms for
GNE seeking in (non-cocoercive, non-striclty) monotone generalized (aggregative)
games. The main advantage of Algorithm 3.5 is that it requires only one communi-
cation round (between the agents and the central coordinator) per iteration instead
of the two required by the FBF, see also Remark 3.9. �

3.4.2 Customized preconditioned proximal point algorithm

In this subsection, we focus on a particular class of aggregative games, where the
cost functions have the form

Ji(xi,x−i) = gi(xi) + (C avg(x))
>
xi, (3.31)

where C ∈ Sn is a symmetric matrix. We emphasize that this particular structure
arises in several engineering applications, where xi denotes the usage level of a
certain commodity, whose disutility is modeled by the cost function gi(xi), while
the term C avg(x) represents a price function that linearly depends on the aver-
age usage level of the overall population, see [39, 83, 5, 72] for some application
examples.

The next statement shows that aggregative games with such special structure are
potential games [58, Def. 2.1].

Lemma 3.7. There exists a continuous function φ : RnN → R such that ∇φ = P ,
with P =

∏N
i=1 ∂xi

Ji (xi, x−i). �

Proof. For aggregative games with liner coupling functions as in (3.31), the pseudo-
subdifferential P in (3.6) reads as

P =
∏N
i=1 ∂xigi + 1

N (IN + 1N1>N )⊗ C, (3.32)

which is a symmetric mapping, i.e., ∇xP (x) = ∇xP (x)> for all x ∈ Ω. Thus, the
proof follows by [56, Th. 1.3.1].

It follows by Lemma 3.7 that a v-GNE of the game in (3.4) corresponds to a
solution to the optimization problem argmin φ(x) s.t. x ∈ X . However, in many
practical setups, a centralized solution to this problem is not feasible since it would
require a high degree of coordination among selfish agents and also an “unbearable
overload of information exchange” [58, §3.3]. Moreover, distributed optimization
algorithms, see e.g. [25], can only deal with feasible sets X in (3.7) with Cartesian
product structure, namely, the case of non-generalized games. This motivates us
to investigate a customized algorithm for aggregative games with cost functions as
in (3.31), which we summarize in the next table.

The next theorem establishes global convergence of Algorithm 3.6 to a v-GNE of
aggregative games with linear coupling functions as in (3.31), when the associated
pseudo-subdifferential P is maximally monotone, as postulated next.
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Algorithm 3.6: Inertial customized PPP (I-cPPP)

Initialization: 0 ≤ θk ≤ θk+1 ≤ θ < 1/3 for all k ≥ 0; for all i ∈ I, x0
i ∈ Rn,

0 < αi < ‖Ai‖+ N−1
N ‖C‖; λ0 ∈ Rm≥0, 0 < β < ( 1

N

∑N
i=1 ‖Ai‖)−1.

Iterate until convergence:
1. Local: Strategy update, for all i ∈ I:

yki = x̃ki + αi
(
C avg(x̃k) +A>i λ̃

k
)
,

xk+1
i = argmin

z∈Ωi

gi(z) + 1
2αi

∥∥z − yki ∥∥2
+ 1

N

(
C(z − x̃ki )

)>
z,

x̃k+1
i = xk+1

i + θk(xk+1
i − xki ), (3.33)

dk+1
i = 2Aix

k+1
i −Aix̃ki − bi,

2. Central Coordinator: dual variable update

λk+1 = projRm
≥0

(
λ̃k + β avg(dk+1)

)
,

λ̃k+1 = λk+1 + θk(λk+1 − λk). (3.34)

Assumption 3.4. The pseudo-subdifferential mapping P in (3.6) is maximally
monotone over Ω. �

We remark that this Assumption is less strict than Assumption 3.2, since the mono-
tonicity of the coupled part F is not required. Necessary and sufficient conditions
for the (strong) monotonicity of P for this class of aggregative games are discussed
in [17, Cor. 1]. For instance, C < 0 is sufficient to guarantee a maximally monotone
pseudo-subdifferential.

Theorem 3.8. (Convergence of I-cPPP (Algorithm 3.6)) Consider the game in
(3.4) with cost functions as in (3.31). Let Assumptions 3.1 and 3.4 hold true.
Then, the sequence (col(xk, λk))k∈N generated by Algorithm 3.6, globally converges
to some col(x∗, λ∗) ∈ zer(T ), where x∗ is a v-GNE.

�

Proof. See Appendix 3.7.2.

Remark 3.11. As for gradient-based methods, to compute a v-GNE via Algorithm
3.6, the agents must know the population size, N . However, if an approximate
solution, i.e., a v-GAE, is equally desirable, this requirement can be relaxed by

removing the correction term 1
N

(
C(z − x̃ki )

)>
z in the local updates:

xk+1
i =proxαigi+ιΩi

(
x̃ki − αi(C avg(x̃k)+A>i λ̃

k)
)
.

�



47

Algorithm 3.6 as a fixed-point iteration: In compact form, the dynamics generated
by Algorithm 3.6 read as the inertial fixed-point iteration

ω̃k = ωk + θk(ωk − ωk−1) (3.35a)

ωk+1 = JΦ−1
C T (ω̃k), (3.35b)

where ωk = col(xk, λk) is the stacked vector of primal-dual iterates, JΦ−1
C T =

(Id + Φ−1
C T )−1 is the generalized resolvent operator of the mapping T in (3.15)

with preconditioning matrix

ΦC := Φ +
[

1
N (IN−1N1>N )⊗C 0

0 0

]
, (3.36)

with Φ as in (3.22). The iteration in (3.35) corresponds to the inertial precon-
ditioned proximal-point method in [3] applied to the mapping T . When T is
maximally monotone (which follows by Assumption 3.4) and the step-sizes in the
main diagonal of Φ are set such that ΦC � 0, then JΦ−1

C T is firmly nonexpansive

(1/2−averaged) w.r.t. the ΦC−induced norm, ‖ · ‖ΦC
. Moreover, if the inertial

parameter θk are non-decreasing and small enough, then the inertial fixed-point
iteration (3.35) converges to some ω∗ := col(x∗,λ∗) ∈ fix(JΦ−1

C T ) = zer(T ) [3,

Th. 2.1, Prop. 2.1], where x∗ is a v-GNE. We provide the full convergence analysis
in Appendix 3.7.2.

Remark 3.12 (cPPP is a single-layer algorithm). Both the PPP (Algorithm 3.3)
and our cPPP (Algorithm 3.6) rely on the same fixed-point iteration, which is gen-
erated by proximal-point method. However, while the PPP is double-layer, namely,
it requires the solution of a sub-game at each iteration, cPPP is single-layer. The
idea behind the cPPP is in fact to exploit the special structure of the pseudo-
subdifferential P in (3.32) to customize the preconditioning matrix, ΦC, and in
turn solve the inner loop of the PPP with a single implicit iteration, namely, the
parallel solution of N local, decoupled, strongly convex optimization problems. �

Remark 3.13 (Fully-uncoordinated step-sizes). Unlike all the previously presented
gradient-based algorithms, the choice of the local step-sizes and inertial parameters
in Algorithm 6 is based on local information only. To the best of our knowledge,
this is the first and only inertial, fixed-step v-GNE seeking algorithm that enjoys
this important property. �

Over-relaxed cPPP (Algorithm 6B)

To conclude this section, we present the over-relaxed variant of cPPP, i.e., or-cPPP.
This new method is obtained by substituting the inertial steps of primal and dual
variables in Algorithm 6, i.e., (3.33) and (3.34), respectively, with the relaxation
steps

x̃k+1
i = x̃ki + θk(xk+1

i − x̃ki ), (3.37)

λ̃k+1
i = λ̃k + θk(λk+1 − λ̃k), (3.38)
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where the relaxation sequence
(
θk
)
k∈N must be chosen s.t.

θk ∈ [0, 2] ∀k ∈ N,
∑
k∈N θ

k(2− θk) =∞. (3.39)

Similarly to Algorithm 6, or-cPPP can be compactly cast as the following Krasnosel’skii-
Mann fixed-point iteration:

ω̃k+1 = ω̃k + θk(JΦ−1
C T (ω̃k)− ω̃k). (3.40)

Thus, its convergence readily follows by [13, Prop. 5.16], since the generalized
resolvent JΦ−1

C T is 1
2−averaged w.r.t. the ΦC−induced norm [13, Prop. 23.8].

While there is no interest in doing under-relaxation with θk less than 1, over-
relaxation with θk larger than 1 (close to 2) may be beneficial for the convergence
speed, as often observed in practice. Interestingly, the choice of the over-relaxation
steps θk in (3.39) is independent from the properties of the mapping T .

3.4.3 Alternating inertial steps for averaged operators

In this subsection, we propose an alternating inertial scheme which is applicable to
the algorithms in Sections 3.3 and 3.4, and whose updates can be described as a
special fixed-point iteration of an averaged operator. An advantage of this scheme
is that the generated even subsequence is contractive (Fejér monotone) towards a v-
GNE. Furthermore, the inertial extrapolation step sizes, θk, can freely vary in [0, 1),
namely, they do not need to be monotonically non-decreasing. These requirements
are less restrictive than those in [98], [3], thus resulting in more efficient algorithms.

Next, we first introduce the idea of alternated inertia in operator-theoretic terms,
and then apply it to two v-GNE seeking algorithms, the I-pFB (Algorithm 3.1B)
and the I-cPPP (Algorithm 3.6). Let R be an averaged mapping. The alternating
inertial Banach–Picard iteration then reads as follows:

ω̃k :=

{
(1 + θ)ωk − θωk−1, if k odd,

ωk, if k even,
(3.41a)

ωk+1 = R(ω̃k). (3.41b)

where ω−1 = ω0 is the initialization.

Lemma 3.9. Let R be η−averaged, with fix(R) 6= ∅. Then, the even subsequence

(ω2k+2)k∈N generated by (3.41), with θ ∈
(

0, 1−η
η

)
, converges to some ω̄ ∈ fix(R).

�

Proof. The odd and even subsequences in (3.41b) read as

∀k ∈ N :


ω2k+1 = R(ω2k),

ω2k+2 = R((1 + θ)ω2k+1 − θω2k)

= R ◦ ((1 + θ)R− θId) (ω2k).

(3.42)
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Let us define the mapping Rθ := R ◦ ((1 + θ)R− θ Id). The next lemma shows
that, for θ small enough, Rθ is averaged and has the same fixed points of R.

Lemma 3.10. Let R be η−averaged, with η ∈ (0, 1), and set θ ∈ (0, (1 − η)/η).
The following statements hold:

(i) (1 + θ)R− θ Id is µ−averaged, with µ = η(1 + θ),

(ii) fix((1 + θ)R− θ Id) = fix(R),

(iii) Rθ is ν−averaged, with ν = η+µ−2ηµ
1−ηµ ∈ (0, 1),

(iv) fix(Rθ) = fix(R).

Proof. (i) It directly follows from [13, Prop. 4.40]. (ii) ω ∈ fix((1 + θ)R − θ Id)⇔
(1 + θ)R(ω) − θ(ω) = ω ⇔ (1 + θ)R(ω) = (1 + θ)ω ⇔ ω ∈ fix(R). (iii) It
follows by [13, Prop. 4.44], since Rθ is the composition of R and (1 + θ)R − θ Id,
that are η− and µ− averaged, respectively. (iv) It follows by [13, Cor. 4.51] that
fix(Rθ) = fix(R ◦ (1 + θ)R− θ Id)) = fix(R) ∩ fix((1 + θ)R− θ Id)) = fix(R).

In view of (3.42) and Lemma 3.10, the even subsequence in (3.41b) can be recast
as

ω2k+2 = Rθ(ω
2k), ∀k ∈ N, (3.43)

where Rθ is ν−averaged, with ν ∈ (0, 1) given by Lemma 3.10 (iii). Thus, the
convergence of the sequence (ωk+2)k∈N to some ω̄ ∈ fix(Rθ) = fix(R) follows by
[13, Prop. 5.15].

Finally, we propose some explicit rules to choose the alternating inertial extrapola-
tion step sizes for the pFB (Algorithm 3.1B) and for the cPPP (Algorithm 3.6). In
fact, in Section 3.5.2, we observe via numerical simulations that these alternated-
inertia variants outperform the standard-inertia algorithms in terms of convergence
speed. Let us then conclude the section with the associated convergence results.

Corollary 3.11. (Convergence of alternating inertial pFB (aI-pFB)) Let Assump-
tions 3.1, 3.3 hold true. Then, the sequence (col(xk, λk))k∈N generated by Algo-
rithm 3.1B with extrapolation steps set as

θk =

{
θ ∈

[
0, 2δγ−1

2δγ

)
, if k, odd

0 if k even
(3.44)

globally converges to some col(x∗, λ∗) ∈ zer(T ), where x∗ is a v-GNE. �

Proof. The pFB algorithm (Algorithm 3.1) reads as the fixed-point iteration in
(3.20), where the mapping RFB is η := ( 2δγ

4δγ−1 )−averaged w.r.t. the Φ−induced
norm. Therefore, the iteration with alternated inertia and extrapolation step sizes
0 ≤ θ < 1−η

η = 2δγ−1
2δγ converges by Lemma 3.9.
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Corollary 3.12. (Convergence of alternating inertial cPPP (aI-cPPP)) Consider
the game in (3.4) with cost functions as in (3.31). Let Assumptions 3.1 and 3.4
hold true. Then, the sequence (col(xk, λk))k∈N generated by Algorithm 3.6 with
extrapolation steps set as

θk =

{
θ ∈ [0, 1), if k, odd

0, if k even
(3.45)

globally converges to some col(x∗, λ∗) ∈ zer(T ), where x∗ is a v-GNE. �

Proof. The non-inertial cPPP (Algorithm 3.6) reads as the fixed-point iteration
in (3.35) with θ = 0, where the resolvent mapping JΦ−1

C T is firmly-nonexpansive,

i.e., η := 1
2−averaged, w.r.t. the ΦC−induced norm. Therefore, the iteration with

alternated inertia and extrapolation step sizes 0 ≤ θ < 1−η
η = 1 converges by

Lemma 3.9.

3.5 Illustrative Application: Charging control of
plug-in electric vehicles

To study the performance of the proposed algorithms, we formulate a charging
coordination problem for a large population of nooncooperative plug-in electric
vehicles (PEV) as a generalized aggregative game, as in [111, §6]. In subsection
3.5.1, we introduce the model for the PEV agents, formalize the charging control
game and verify that the necessary technical assumptions are satisfied. In sub-
section 3.5.2 we compare the performance of our algorithm against some standard
methods.

3.5.1 Game formulation

We adopt the same model in [111, §6]. Consider the charging coordination problem
for a large population of N � 1 noncooperative PEV over a time horizon made of
multiple charging intervals {1, 2, . . . , n}. The state of vehicle i at time t is denote
by the variable si(t). The time evolution of si(t) is described by the discrete-time
system

si(t+ 1) = si(t) + bixi(t), t = 1, . . . , n,

where xi(t) denotes the charging control input and bi the charging efficiency.

Constraints

At each time instant t, the charging input xi(t) must be nonnegative and cannot
exceed an upper bound x̄i(t) ≥ 0. Moreover, the final state of charge must satisfy
si(n+ 1) ≥ ηi, where ηi ≥ 0 is the desired state of charge of vehicle i. We assume
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that each PEV agent i decides on its charging strategy xi = col(xi(1), . . . , xi(n)) ∈
Ωi ⊂ Rn, where the set Ωi can be expressed as

Ωi :=

{
xi ∈ Rn | 0 ≤ xi(t) ≤ x̄i(t), ∀t = 1, . . . , n;

n∑
t=1

xi(t) ≥ li
}
, (3.46)

where li = b−1
i (ηi − si(1)) and si(1) is the state of charge at the beginning of the

time horizon.

Furthermore, for each time instant t, the overall power that the grid can deliver to
the PEV is denoted by NK(t), thus introducing the following coupling constraints:

1
N

∑N
i=1 xi(t) ≤ K(t), for all t = . . . , n, (3.47)

which in compact form can be cast as (1>N⊗In)x ≤ NK, withK = [K(1), . . .K(n)]>.

Cost functions

The cost function of each PEV represents its electricity bill over the horizon of
length n plus a local penalty term gi (e.g., the battery degradation cost [97], [96]),
i.e,

Ji(xi,x−i) =

n∑
t=1

gi,t(xi(t)) + pt

(
d(t) + avg(x(t))

κ(t)

)
xi(t)

=: gi(xi) + p(avg(x))>xi, (3.48)

where gi is convex and the energy price for each time interval pt : R≥0 → R>0

is monotonically increasing, continuosly differentiable and depends on the ratio
between the total consumption and the total capacity, i.e., (d(t) + avg(x(t)))/κ(t),

where d(t) and avg(x(t)) := 1
N

∑N
i=1 xi(t) represent the non-PEV and PEV demand

at time t divided by N and κ(t) is the total production capacity divided by N as
in [95, eq. (6)].

Aggregative game

Overall, each PEV i, given the charging inputs of the other PEV, aims at solving
the following optimization problem:

(∀i ∈ I) :



argmin
xi∈Rn

gi(xi) + p(avg(x))>xi

s.t. xi ∈ Ωi,

(1>N ⊗ In)x ≤ NK,

(3.49)
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Next, we show that the proposed charging control game in (3.49) does satisfy our
technical setup. The local cost functions Ji’s in (3.48) are convex w.r.t. the local
variable xi, the local constraint sets Ωi’s in (3.46) are non-empty (for an appro-
priate choice of the parameters), convex and compact, the coupling constraints in
(3.47) are affine and their intersection with the local constraints non-empty (for an
appropriate choice of the parameters), namely, the Slater’s condition holds true.
Hence, Assumption 3.1 is satisfied. In particular, there exist at least one GNE of
the game in (3.49), see Remark 3.2.

The correspondent PG in (3.8) and approximate PG in (3.11) read more explicitly
as follows:

F̃ (x) = col ({p(avg(x))}i∈I) , (3.50)

F (x) = F̃ + 1
N col

(
∇zp(z)|z=avg(x)xi}i∈I

)
. (3.51)

The following lemma shows the properties of these mappings depending on the
choice of the price function p in (3.48).

Lemma 3.13 ([111, Lemma 3]). The following hold:

(i) For all i ∈ I, let gi be convex and the price function p be monotone, then F̃
in (3.50) is maximally monotone;

(ii) For all i ∈ I, let gi be convex and the price function p be affine, i.e.,
p(avg(x)) = C avg(x) + c, with C ∈ Rm×nN , and strongly monotone, i.e.,
(C + C>)/2 � 0, then F in (3.51) is strongly monotone. �

Proof. (i) and (ii) follow from [111, Lemma 3 (i)].

3.5.2 Numerical analysis

In our numerical study we consider an heterogeneous population of PEV playing
over a time horizon of n = 24 charging intervals. All the parameters of the game
are drawn from uniform distributions and fixed over the course of a simulation.
Specifically, for all i ∈ I, we set: the desired final state of charge li in (3.46)
according to li ∼ (0.5, 1.5), where ∼ (τ1, τ2) denotes the uniform distribution over
an interval (τ1, τ2) with τ1 < τ2; for all t ∈ {1, . . . , n}, the upper charging input
bound as x̄i(t) ∼ (1, 5), with probability 0.8, x̄i(t) = 0 otherwise. For all t, the
non-PEV demand d(t) is taken as the typical base demand over a summer day in
the United States [95, Figure 1]; κ(t) = 12 kW, and the upper bound K(t) = 0.55
kW is chosen such that the coupling constraints in (3.47) are active in the middle
of the night.

In the remainder of this section, we study the convergence properties of the pro-
posed algorithms on two different scenarios characterized by a different choice of
the price function p and local cost functions gi, in (3.48).
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Figure 3.1: Number of iterations to achieve convergence for FoRB (Alg. 3.5,
θ = 0) and FBF (Alg. 3.4) vs populations size N . The areas contain the outcome
of 10 random simulations for each N ∈ {50, 60, . . . , 200}. Convergence is considered
achieved when ‖xk − x?‖/‖x?‖ ≤ 10−4, where x? is a v-GAE.

Monotone price function

Consider the price function

pt (avg(x(t))) := 0.15
(
d(t)+avg(x(t)))

κ(t)

)1.5

, ∀t. (3.52)

as in [95, §VII.B] and a local cost function gi defined as

gi(xi) = πi (
∑n
t=1 xi(t))

2
+ a>i xi, ∀iI, (3.53)

where πi ∼ (0.1, 0.8) and ai(t) ∼ (0.1, 0.4), for all t ∈ {1, . . . , n}. Under these
choices, it follows from Lemma 3.13 (i) that the approximate PG in (3.50) is max-
imally monotone. Therefore, a v-GAE of the game in (3.49) can be found with the
algorithms in Section 3.3.3 and the FoRB (Algorithm 3.5).

In Fig. 3.1, we compare the total number of iterations required by FBF (Alg. 3.4)
and FoRB (Alg. 3.5) to achieve convergence to a v-GAE (i.e., ‖xk − x?‖/‖x?‖ ≤
10−4), over different population sizes N varying from 50 to 200 agents. For each
N , we run 10 simulations with random parameters. On average, FoRB converges
at least 5 times faster than FBF in terms of number of iterations, and, thus, 10
times faster in terms of communication rounds between PEVs and central coordi-
nator. Moreover, unlike FBF, the convergence speed of FoRB seems not affected
by increasing the number of agents and randomly varying the parameters of the
problem.
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Linear price function

Consider the price function

p(avg(x)) := C avg(x) + c, (3.54)

where C = In, c = col(d(1), . . . , d(n)), and the local convex cost function gi, for all
i ∈ I, as

gi(xi) = 1
2x
>
i Qixi + p>i xi. (3.55)

For instance, the local penalty term gi in (3.55) can model a convex quadratic
battery degradation cost as in [97, Eq. (5)], [96, Eq. (8)], possibly plus a quadratic
penalty ‖xi − xref

i ‖2 on the deviation from a preferred charging strategy xref
i ∈ Ωi.

Under these choices, the pseudo-gradient mapping F in (3.51) is strongly monotone,
by Lemma 3.13 (ii), and Lipschitz continuous, since affine. Thus, it follows by
Remark 3.5 that F is cocoercive. The unique v-GNE of the game in (3.49) can be
found with the algorithms in Section 3.3.2 and, since the cost functions have the
same structure in (3.31), with the cPPP.

First, we consider an heterogeneous population of PEV’s, by setting the parame-
ters of the local penalty terms gi in (3.55) as follows: Qi = diag(q(1), . . . , q(n)),
pi = col(pi(1), . . . , pi(n)), with qi(t) ∼ (0.1, 4) and pi(t) ∼ (0.2, 2), for all t. In Fig.
3.2a, we compare the average number of iterations required to achieve convergence
(i.e., ‖xk − x∗‖/‖x∗‖ ≤ 10−6) for pFB (Alg. 3.1), cPPP (Alg. 3.6) and their
inertial variants, for different population sizes N . For each N , we run 10 simu-
lations with random parameters and considered the average number of iterations
for convergence. The step sizes of all the algorithms are set 1% smaller than their
theoretical upper bounds. On average, cPPP outperforms pFB. For both pFB and
cPPP, their inertial variants show better performances with respect to the vanilla
algorithms. Overall, the over-relaxed cPPP is the fastest among all the considered
methodologies. We note that, the convergence speed of all the algorithms seems
only mildly affected by the population size.

In Fig. 3.2b, we repeat the same analysis for an homogeneous population of PEV’s.
Specifically, we set the parameters of the local penalty term in (3.55) as Qi = 0.1
and pi = 0.2, for all i ∈ N . The performances of all the algorithms improve
with respect to the case with heterogeneous agents. On average, cPPP requires
less then half the iterations/communication rounds of pFB. For both pFB and
CPPP, their inertial variants show better performances with respect to the standard
algorithms. Overall, the alternated inertial cPPP (aI-cPPP) and the over-relaxed
cPPP (or-cPPP) are the fastest among all the considered methodologies (less than
50 communication rounds with the central coordinator to achieve a precision of
10−6, independently on the total number of PEVs).
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100 

---pFB (Alg. 3.1) 
-o- 1-pFB (Alg. 3.lB), 0k 

== 0.12 
· T··al-pFB (Alg. 3.lB), 0k+2 

== 0.3 
---cPPP (Alg. 3.6), 0k 

== 0
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-e-1-FoRB (Alg. 3.5), 0 == 0.33
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Number of agents (N) 
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(a) Heterogeneous population of PEVs. The step sizes of pFB and cPPP have been set
1% smaller than their theoretical upper bounds.

(b) Homogeneous population of PEVs. The step sizes of pFB and cPPP have been set
1% smaller than their theoretical upper bounds.

Figure 3.2: Iterations to achieve convergence for different population sizes. Each
polygon is the average over 120 random simulations. Convergence is considered achieved
when ‖xk − x∗‖/‖x∗‖ ≤ 10−6.
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3.6 Conclusion and outlook

Generalized Nash equilibrium problems in monotone aggregative games can be effi-
ciently solved via accelerated, semi-decentralized, single-layer, single-communication-
per-iteration, fixed-step algorithms. For this class of equilibrium problems, the
over-relaxation seems the most effective decentralized way to speed up convergence.
The study of adaptive step sizes is left for future work.

3.7 Appendix

3.7.1 Proof of Theorem 3.6

To establish global convergence, we show that

(i) Algorithm 3.5 corresponds to a preconditioned inertial FoRB splitting method
[99, Eqn. (45)] in (3.30);

(ii) If the step-sizes {αi}i∈I , β and the extrapolation parameter θ are chosen as in
Algorithm 3.5, then the assumptions of [99, Corollary 4.4] are satisfied, hence
(col(xk, λk))k∈N globally convergences to some col(x∗, λ∗) ∈ zer(T ), where x∗

is a v-GNE.

(i): Let us recast Algorithm 3.4 in a compact form as

xk+1 = diag(proxα1g1+ιΩ1
, . . . ,proxαNgN+ιΩN

)

◦
(
x̃k − ᾱ(2F (xk)− F (xk−1) +A>λk)

)
, (3.56)

λk+1 = projRm
≥0

(
λ̃k + β(2Axk+1 −Axk − b)

)
. (3.57)

Since diag(proxα1g1+ιΩ1
, . . . ,proxαNgN+ιΩN

) = (Id + NΩ + ᾱG)−1, it follows by

(3.56) that (Id + NΩ + ᾱG)(xk+1) ∈ x̃k − ᾱ(2F (xk) − F (xk−1) + A>λk), which
leads to

− (2F (xk)− F (xk−1)) ∈ (NΩ +G)(xk+1) +A>λk+1

+ ᾱ−1(xk+1 − x̃k)−A>(λk+1 − λk) (3.58)

where we used ᾱ−1NΩ(xk+1) = NΩ(xk+1). Equivalently, it follows from (3.57)
that (Id + NRm

≥0
)(λk+1) ∈ λ̃k + β 1

N (2Axk+1 −Axk − b), which leads to

−b ∈ NRmN
≥0

(λk+1)−Axk+1 −A(xk+1 − xk) +Nβ−1(λk+1 − λ̃k). (3.59)

Let ωk := col(xk, λk) be the stacked vector of the iterates. The inclusions in
(3.58)-(3.59) can be cast in compact form as

−(2T1(ωk)− T1(ωk−1)) ∈ T2(ωk+1) + Φ(ωk+1 − ω̃k),
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where T1, T2 and Φ as in (3.17), (3.18) and (3.19), respectively. By making ωk+1

explicit in the last inclusion, we obtain

ωk+1 = (Id + Φ−1T2)−1 ◦ (ω̃k − 2Φ−1T1(ωk) + Φ−1T1(ωk−1)), (3.60)

where the auxiliary updates can be cast in a compact form as

ω̃k = ωk + θ(ωk − ωk−1), (3.61)

thus concluding the first part of the proof.

(ii): Before studying the convergence of iteration (3.60), we show that, if the step-
sizes are chosen as in Algorithm 3.5, then the preconditioning matrix Φ is positive
definite.

Lemma 3.14. Let {αi}i∈I and β be set as in Algorithm 3.5. Then, the following
statements hold:

(i) Φ− δI � 0;

(ii) ‖Φ−1‖ ≤ δ−1. �

Proof. (i): By the generalized Gershgorin circular theorem [59, Th. 2], each eigen-
value µ of the matrix Φ in (3.19) satisfies at least one of the following inequalities:

µ ≥ α−1
i − ‖A>i ‖, ∀i ∈ I, (3.62)

µ ≥ Nβ−1 −∑N
j=1 ‖A>j ‖. (3.63)

Hence, if we set the step-sizes {αi}i∈I , β as in Algorithm 3.5, the inequalities (3.62)-
(3.63) yield to µ ≥ δ, where δ > 2` by design choice. It follows that the smallest
eigenvalue of Φ, i.e., µmin(Φ), satisfies µmin(Φ) ≥ δ > 0. Hence, Φ− δI � 0.
(ii): Let µmax(Φ) be the largest eigenvalue of Φ. We have that µmax(Φ) ≥
µmin(Φ) > δ. Moreover, ‖Φ‖ = µmax(Φ) ≥ µmin(Φ) = 1

‖Φ−1‖ ≥ δ. Hence

‖Φ−1‖ ≤ δ−1.

Since Φ−1 is δ−1−Lipschitz, by Lemma 3.14 (ii), and T1 is `−Lipschitz, by As-
sumption 3.2, then their composition, i.e., Φ−1 ◦ T1, is τ−Lipschitz continuous,
with τ := δ−1` < (1− 3θ)/2, since δ > 2`/(1− 3θ), by design choice.

The fixed-point iteration (3.60), that corresponds to Algorithm 3.5 by the first part
of this proof, is the inertial FoRB splitting algorithm on the mappings Φ−1T1 and
Φ−1T2. The convergence of (3.60) to some ω∗ := col(x∗,λ∗) ∈ zer(T1 +T2) follows
by [99, Corollary 4.4, Remark 2.6], since Φ−1T1 and Φ−1T2 are maximally monotone
in the Φ−induced norm and Φ−1T1 is τ−Lipschitz continuous, with τ < (1−3θ)/2.
To conclude, we note that ω∗ ∈ zer(Φ−1T1 + Φ−1T2) = zer(T ), since Φ � 0, by
Lemma 3.14 (i), and T1 + T2 = T . Since the limit point ω∗ ∈ zer(T ) 6= ∅, then x∗

is a v-GNE of the game in (3.4), by Proposition 3.3, thus concluding the proof. �
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3.7.2 Proof of Theorem 3.8

To establish global convergence, we show that

(i) Algorithm 3.6 corresponds to the inertial PPP method [3, Th. 2.1] in (3.35);

(ii) If the step-sizes {αi}i∈I , β and the inertial parameter θ are chosen as in
Algorithm 3.6, then the assumptions of [3, Th. 2.1, Prop. 2.1] are satisfied,
hence (col(xk, λk))k∈N globally convergences to some col(x∗, λ∗) ∈ zer(T ),
where x∗ is a v-GNE.

(i): With some cosmetic manipulations, we can rewrite the local primal update of
agent i as the solution to

xk+1
i = argmin

z∈Ωi

Ji
(
z, x̃k−i

)
+ (A>i λ̃

k
i )
>
z + 1

2αi

∥∥z − x̃ki ∥∥2
,

with Ji as in (3.31). Equivalently, xk+1
i must satisfy

0n ∈ ∂xi

(
Ji
(
xk+1
i , x̃k−i

)
+ (A>i λ̃

k
i )
>
xk+1
i + 1

2αi

∥∥xk+1
i − x̃ki

∥∥2 )
.

Since ∂xiJi(x
k+1
i , x̃k−i) = ∂xigi(x

k+1
i ) + 1

N

∑N
j 6=i Cx̃

k
j + 2

NCx
k+1
i , then the previous

inclusion can be rewritten as

0n ∈ ∂xi
gi(x

k+1
i ) + 2

NCx
k+1
i + 1

N [(1>N ⊗ C)xk+1 − Cxk+1
i ]

+A>i λ
k+1
i + 1

αi
(xk+1
i − x̃ki )− 1

N [(1>N ⊗ C)(xk+1 − x̃k)

+ C(xk+1
i − x̃ki )]−A>i (λk+1 − λk). (3.64)

By stacking-up the inclusions (3.64), for all i ∈ I, we obtain

0nN ∈ G(xk+1) + 2
N (IN ⊗ C)xk+1−

1
N ((IN − 11>)⊗ C)xk+1 +A>λk+1 + ᾱ−1(xk+1 − x̃k)

+ 1
N ((IN − 11>)⊗ C)(xk+1 − x̃k)−A>(λk+1 − λ̃k), (3.65)

where the first 3 terms on the right-hand side correspond to the pseudo-subdifferential
mapping P (xk+1), i.e., G(xk+1)+ 2

N (IN ⊗C)(xk+1)− 1
N ((IN −11>)⊗C)(xk+1) =

P (xk+1).

It follows by the dual update in Algorithm 3.6 that (Id + NRm
≥0

)(λk+1) ∈ λk +

β 1
N (2Axk+1 −Ax̃k − b), which leads to

0m ∈ NRmN
≥0

(λk+1)− (Axk+1 − b)−A(xk+1 − x̃k) +Nβ−1(λk+1 − λ̃k). (3.66)

Let ωk := col(xk, λk) be the stacked vector of the iterates. The inclusions in
(3.65)-(3.66) can be cast in a compact form as

0 ∈ T (ωk+1) + ΦC(ωk+1 − ω̃k),
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where T and ΦC as in (3.15) and (3.36), respectively. By making ωk+1 explicit in
the last inclusion, we obtain

ωk+1 = (Id + Φ−1
C T )−1(ω̃k), (3.67)

where the auxiliary updates can be cast in a compact form as

ω̃k = ωk + θ(ωk − ωk−1). (3.68)

By combining (3.67) and (3.68), we obtain the fixed-point iteration in (3.35), that
correspond to the inertial PPP method [3, Th. 2.1] on Φ−1

C T and, thus, concludes
the first part of the proof.

(ii): The following Lemma shows that, if the step-sizes are chosen as in Algorithm
3.6, then the preconditioning matrix ΦC is positive definite.

Lemma 3.15. Let {αi}i∈I and β be set as in Algorithm 3.6, then, ΦC � 0. �

Proof. This proof follows the same technical reasoning of the proof of Lemma 3.14
(i) and, thus, is omitted due to space limitation.

The fixed-point iteration (3.35), that corresponds to Algorithm 3.6 by the first part
of this proof, is the inertial PPP algorithm applied on the operator Φ−1

C T . The
convergence of (3.35) to some ω∗ := col(x∗,λ∗) ∈ zer(T ) follows by [3, Th. 2.1,
Prop. 2.1], since Φ−1

C T is maximally monotone in the ΦC−induced norm and θ ∈
[0, 1/3). To conclude, we note that ω∗ ∈ zer(Φ−1

C T ) = zer(T ), since ΦC � 0, by
Lemma 3.15. Since the limit point ω∗ ∈ zer(T ) 6= ∅, then x∗ is a v-GNE of the
game in (3.4), by Proposition 3.3, concluding the proof. �
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4
Network Games: a Fast Proximal

Algorithm

I
n this chapter, we address the generalized Nash equilibrium seeking
problem for a population of noncooperative agents playing potential

games with linear coupling constraints over a communication network. We
consider a class of generalized potential games where the coupling in the
cost functions of the agents is linear, i.e., Ji(xi, x−i) := fi(xi)+ `i(x−i)

>xi
where `i is linear. By exploiting this special structure, we design a fully
distributed algorithm with convergence guarantee under mild assumptions,
i.e., (non-strict) monotonicity of the pseudo-subdifferential mapping. The
potential of the proposed algorithm is shown via numerical simulations
on a networked Nash Cournot game, where we observe faster convergence
with respect to standard projected pseudo-gradient algorithms.

61
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4.1 GNE seeking in network games: an overview

A noncooperative generalized game is a collection of inter-dependent optimization
problems associated with noncooperative decision makers, or agents, whose deci-
sions are coupled together. Remarkably, noncooperative generalized games arise
in various network scenarios, such as demand side management in the smart grid
[128], e.g. for charging/discharging of electric vehicles [95], demand-response regu-
lation in competitive markets [88], congestion control in traffic and communication
networks [12].

Designing solution methods for multi-agent equilibrium problems in generalized
networked games has recently gained high research interest. A fast-growing litera-
ture has been in fact developing distributed algorithms for games without coupling
constraints [130, 82], and semi-decentralized and distributed algorithms for games
with coupling constraints [147, 18, 148]. With focus on the generalized Nash equi-
librium (GNE) problem, the formulations in [18, 147] have introduced an elegant
approach based on monotone operator theory [13] to characterize the equilibrium
solutions as the zeros of a monotone operator. Not only is the monotone-operator-
theoretic approach general – e.g., unlike variational inequalities, smoothness of
the cost functions is not required – but also computationally viable, since several
design strategies to solve monotone inclusions are already well established, e.g.
operator-splitting methods [13, §26].

Some algorithms are available in the literature for solving certain sub-classes of
monotone network games with coupling constraints, each with important tech-
nical or computational limitations. Specifically, forward-backward (FB) methods,
that include projected-pseudo-gradient methods, require the pseudo-subdifferential
mapping to be cocoercive [20], strictly [82, 89] or strongly monotone [111, 147]. To
be applicable to generalized games with (non-cocoercive, non-strictly) monotone
pseudo-subdifferential mapping, the FB method shall be augmented with a van-
ishing regularization. This approach is known as iterative Tikhonov regularization
(ITR) and generates a FB algorithm with double-layer vanishing step sizes [81],
where the actual step size shall vanish faster than the vanishing regularization term
[81, (A2.2), §2.1]. In practice, however, methods based on (double-layer) vanishing
step sizes typically have slow speed of convergence, which is computationally un-
desirable. To solve (non-cocoercive, non-strictly) monotone generalized games via
non-vanishing iterative steps, the forward-backward-forward (FBF) method adds
an additional forward step to the FB algorithm. Unfortunately, FB, ITR and FBF
methods require the cost functions of the agents to have the non-differentiable part
separable and dependent on the local decision variable only [18, §II.A]. Recently,
the preconditioned proximal-point (PPP) method was proposed to solve mono-
tone (aggregative) games, virtually with no additional technical assumption other
than monotonicity of the pseudo-subdifferential mapping [148]. However, the PPP
method generates a double-layer algorithm, in which each (outer) iteration involves
the solution of a sub-game without coupling constraints, via nested (inner) iter-
ations. Together with vanishing step sizes, we can regard double-layer or nested
iterations as a computational limitation and a coordination burden.
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In this chapter, we focus on the special class of generalized potential games with
linearly coupled costs, where the coupling in the cost functions of the agents is
linear, i.e., Ji(xi, x−i) := fi(xi) + `i(x−i)

>xi where `i is linear. We show that,
under a smart choice of the preconditioning, the PPP method generates an effi-
cient algorithm in terms of convergence speed. Our main technical contribution
is to massage the implementation of the PPP method with an equivalent mono-
tone inclusion defined on an extended space. In turn, we derive a single-layer,
fixed-step, fully-distributed algorithm for the computation of a GNE in network
potential games with linear coupling constraints. Thanks to the fully-distributed
structure, the computational complexity of the derived algorithm is independent
on the number of agents. Finally, we show via numerical simulations on a network
Nash Cournot game that our algorithm outperforms standard projected-pseudo-
gradient methods in terms of speed of convergence.

4.1.1 Preliminaries

Basic notation

See Appendix A.

Operator theoretic definitions

See Chapter 2.

4.2 Generalized games with linear coupling

4.2.1 Mathematical formulation

We consider a set ofN noncooperative agents, where each agent i ∈ N := {1, . . . , N}
shall choose its decision variable (i.e., strategy) xi from its local decision set
Ωi ⊂ Rni . Let x = col({xi}i∈N ) ∈ Ω denote the collective strategy, i.e., the stacked
vector of all the agents’ decisions, Ω =

∏
i∈N Ωi ⊂ Rn the Cartesian product of the

local feasible sets and n :=
∑N
i=1 ni. Moreover, let x−i = col({xj}j∈N\{i}) denote

the collective strategy of the all the agents, except that of agent i. The goal of
each agent i ∈ N is to minimize its objective function Ji : xi 7→ Ji(xi,x−i) which
depends on both the local variable xi and on the decision variables of the other
agents x−i.

We focus on the class of linearly coupled games, where the cost function of each
agent i ∈ N is defined as

Ji(xi,x−i) := fi(xi) +
(∑N

j 6=i Cijxj

)>
xi, (4.1)

where fi : Rni → R is a local, possibly non-differentiable, cost function and the
matrix Cij ∈ Rni×nj characterizes how the decision of agent j influences the cost
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function Ji in (4.1). In particular, Cij = 0nj×ni
if the decision of agent j does not

influence the cost function of agent i.

Furthermore, we consider generalized games, where the coupling among the agents
arises not only via the cost functions, but also via their feasible decision sets. In
our setup, the coupling constraints are described by an affine function, x 7→ Ax−b,
where A ∈ Rm×n and b ∈ Rm. Thus, the collective feasible set, X ⊂ Rn, is given
by

X := Ω ∩ {x ∈ Rn|Ax− b ≤ 0m} , (4.2)

while the local feasible decision set for each agent i ∈ N is characterized by the
set-valued mapping Xi, defined as

Xi(x−i) :=
{
yi ∈ Ωi |Aiyi − bi ≤

∑N
j 6=i bj −Ajxj

}
,

where bi andAi ∈ Rm×ni are local parameters such that
∑N
i=1 bi = b and [A1, . . . , AN ] =

A.

In summary, the considered generalized linearly coupled game is described by the
following set of inter-dependent optimization problems:

(∀i ∈ N ) argmin
yi∈Rni

Ji(yi,x−i) s.t. yi ∈ Xi(x−i). (4.3)

From a game-theoretic perspective, we consider the problem to compute a Nash
equilibrium, as formalized next.

Definition 4.1 (Generalized Nash equilibrium). A collective strategy x∗ is a gen-
eralized Nash equilibrium (GNE) of the game in (4.3) if x∗ ∈ X and, for all i ∈ N

Ji
(
x∗i ,x

∗
−i
)
≤ inf{Ji(yi,x∗−i) | yi ∈ Xi(x∗−i)}.

�

Next, we postulate standard convexity and compactness assumptions for the con-
straint sets and convexity of the cost functions with respect to their local decision
variable.

Assumption 4.1 (Convexity and compactness). For each i ∈ N , the function fi
is convex and continuous, the set Ωi is nonempty, compact and convex. The set X
satisfies the Slater’s constraint qualification condition. �

The next assumption is technical and its implications are discussed in Sections
4.2.2 and 4.7 (ii).

Assumption 4.2 (Symmetric coupling). ∀i, j ∈ N the linear terms in the func-
tions in (4.1) satisfy Cij = Cji

>. �
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4.2.2 Variational equilibria and generalized potential games

The collective strategy x∗ is a GNE if all the local strategies x∗i ’s are best responses,
i.e., x∗i is a solution to (4.3), for all i ∈ N . If the latter is satisfied, then there
exist dual variables {λ∗i }i∈N , with λ∗i ∈ Rm≥0, such that the following sets of KKT
conditions are satisfied:

0ni ∈ ∂xiJi(x
∗
i ,x
∗
−i) + NΩi(x

∗
i ) +A>i λ

∗
i

0ni
∈ NRm

≥0
(λ∗i )− (Ax∗ − b) (4.4)

In this chapter, we focus on the subclass of variational GNE (v-GNE) that corre-
sponds to the solutions to (4.4) with equal dual variables, i.e., λ∗1 = λ∗2 = . . . = λ∗N ,
[55, Th. 4.8]. Equivalently, the v-GNE are the solution set of the generalized
variational inequality GVI(F,X ), namely, the problem of finding x∗ ∈ X such
that

〈ξ∗,x− x∗〉 ≥ 0, ∀x ∈ X , ∀ξ∗ ∈ F (x∗),

where F : Rn ⇒ Rn denotes the so-called pseudo-subdifferential mapping of the
game in (4.3), defined as

F (x) :=
∏
i∈N ∂xi

Ji (xi, x−i) .

Given the particular structure of the cost functions in (4.1), the mapping F can be
more explicitly written as

F = diag({∂xifi}i∈N ) + C·, (4.5)

where C is an n × n block matrix such that, for all i ∈ N , [C]ii = 0ni×ni
and

[C]ij = Cij , ∀j ∈ N\{i}.

A sufficient condition for the existence (and uniqueness) of a variational GNE (v-
GNE) is that the pseudo subdifferential F is (strictly) monotone [112, Prop. 12.11],
as postulated next.

Assumption 4.3. The pseudo-subdifferential mapping F in (4.5) is maximally
monotone. �

The next statement shows that under our assumptions, the game in (4.3) is poten-
tial [58, Def. 2.1].

Lemma 4.2. There exists a continuous function P : Rn → R such that ∂P = F ,
with F as in (4.5). �

It follows by Lemma 4.2 that the v-GNE of the original game in (4.3) correspond
to the solutions to the following optimization problem:

argmin
x∈Rn

P (x) s.t. x ∈ X (4.6)
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However, in many practical situations, a centralized solution to problem (4.6) is not
feasible since this would require a high degree of coordination among selfish agents
and also an unbearable overload of information exchange [58, §3.3]. Moreover,
standard optimization algorithms, e.g. [25], can only deal with global feasible sets
X in (4.2) with Cartesian product structure, X =

∏
i∈N Xi , namely, the case of

non-generalized games.

4.3 A distributed v-GNE seeking algorithm

In this section, we present DIPP-LCC: a distributed proximal-point algorithm for
v-GNE seeking in potential games with linearly coupled costs. Throughout the
chapter, we assume that the agents can exchange information according to an
undirected and connected communication graph, as formalized in the next subsec-
tion. The goal of the information exchange is reaching a consensus on the local,
dual variables λi’s in (4.4), which is necessary to achieve a v-GNE. Moreover, we
also assume that all the agents, at each stage of the iterative algorithm, know
the decisions of the other agents that directly influence their objective functions,
namely, the full-decision information scenario. In Chapter 6 and 7, we discuss how
to design GNE seeking algorithms when this assumption is not satisfied.

4.3.1 Communication network

The communication between the agents is described by an undirected graph G =
(N , E), where N is the set of vertices (agents) and E ⊆ N ×N is the set of edges,
with |E| = E. The unordered pair of vertices (i, j) ∈ E if and only if agent j
and i can exchange information. The set of neighbors of agent i is defined as
Ni = {j| (j, i) ∈ E}, with i 6∈ Ni. We assume that G is connected, i.e., there exists
a path between any two vertices of G.

Assumption 4.4. The graph G is connected. �

To define the incidence matrix V , we label the edges e` ∈ E , for ` ∈ {1, . . . , E}, and
consider an arbitrary orientation (i.e., define an input and output vertexes for each
edge e`). Hence, we denote with V ∈ RE×N the edge incidence matrix of G, whose
(`, i)-entry satisfies: [V ]`,i = −1 if i is the output vertex of e`, [V ]`,i = 1 if i is the
input vertex of e`, [V ]`,i = 0 otherwise. It follows by construction that the null
space of V includes the consensus subspace, i.e., V 1N = 0E , and that V x = 0E if
and only if x ∈ {α1N |α ∈ R}, if G is connected [68, Th. 8.3.1].

We denote by L ∈ RN×N the Laplacian matrix of the graph G, with [L]i,j = |Ni|
if j = i, [L]i,j = −1 if (i, j) ∈ E , [L]i,j = 0 otherwise. In the remainder of the
chapter, we exploit the equivalence L = V >V [68, Lemma 8.3.2].

4.3.2 Distributed Proximal-Point algorithm

The next table summarizes the proposed algorithm.
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Algorithm 4.1: DIPP-LCC

Initialization: ∀i ∈ N set: x0
i ∈ Rni , λi ∈ Rm≥0, w0

i = 0m, αi >
∑N
j 6=i ‖Cij‖ +∥∥A>i ∥∥, β < 1

2 , γi < (|Ni|+ ‖Ai‖)−1
.

Iterate until convergence: ∀i ∈ N ,

xk+1
i = argmin

yi∈Ωi

(
Ji
(
yi, x

k
−i
)

+ (A>i λ
k
i )
>
yi + αi

2

∥∥yi − xki ∥∥2
)

wk+1
i = wki + β

(
|Ni|λki −

∑
j∈Ni

λkj

)
λk+1
i = projRm

≥0

(
λki + γi

(
Ai(2x

k+1
i − xki )− bi − 2wk+1

i + wki
))

At each stage k ∈ N, Algorithm 4.1 works as follows:

Communication: For all i ∈ N , agent i sends the most recent value of its local
copy of the dual variable, λki , to its neighbors and, in return, receives the local
copies from the neighbors, {λj}j∈Ni

.

Strategies update: For all i ∈ N , agent i updates:

i) the local decision to xk+1
i by solving the strongly convex optimization problem:

argmin
yi∈Ωi

Ji
(
yi, x

k
−i
)

+ (A>i λ
k
i )
>
yi + αi

2

∥∥yi − xki ∥∥2
.

Such update corresponds to an optimal response to the strategies of the other
agents (first term), penalized by a term proportional to the violation of the
coupling constraints (second term) and by the distance from the previous de-
cision (proximal term);

ii) the auxiliary variable wi according to

wk+1
i = wki + β

∑
j∈Ni

(λki − λkj ),

which is a discrete-time integration driven by the disagreement on the local
dual variables;

iii) the local copy of the multiplier λi as

λk+1
i = projRm

≥0

(
λki + γi

(
Ai(2x

k+1
i − xki )− bi

−wk+1
i − β∑j∈Ni

λki − λkj
))

,

which is a projected gradient ascent combined with a discrete proportional-
integral dynamics driven by the disagreement on the dual variables.

In the next statement, we establish global convergence of Algorithm 4.1 to a v-GNE
of the original game.
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Theorem 4.3. The sequences (xk,wk,λk)k∈N generated by Algorithm 4.1 globally
converge to some (x∗,w∗,λ∗), where x∗ is a v-GNE of the game in (4.3). �

Remark 4.1. In Algorithm 4.1, the choice of the step-sizes for each agent is based
on local information only. In particular, there is no need for the agents to know
global properties of the pseudo-subdifferential mapping, such as cocoercivity, as in
[147], [20], [111], or Lipschitz constant, as in [18]. �

The next subsections are devoted to discuss the derivation of Algorithm 4.1 and
its convergence analysis.

4.4 Convergence analysis

4.4.1 v-GNE as zeros of a maximally monotone operator

First, we show that the original v-GNE problem can be recast as a monotone
inclusion, namely, the problem of finding a zero of a set-valued, monotone operator.

Let us introduce the mappings T , obtained by grouping the KKT conditions in
(4.4), i.e.,

T :

[
x
λ

]
7→
[
F (x) + NΩ(x) +A>λ
NRmN
≥0

(λ)− (Ax− b)
]
. (4.7)

The next statement shows that the zeros of the mapping T correspond to the
v-GNE of the game in (4.3).

Lemma 4.4 ([18, Th. 1]). The joint strategy x∗ is a v-GNE of the game in (4.3)
if and only if there exists λ∗ ∈ Rm≥0 such that col(x∗, λ∗) ∈ zer(T ). �

Note that the direct application of splitting methods [13, §26] on T leads to semi-
decentralized algorithms, e.g. [18], [20] and [19], in which a central unit would
coordinate the updates of the dual variable λ.

To obtain a fully-distributed algorithm, the authors in [148] extend the mapping T
by endowing each agent i ∈ N with a local copy of the dual variable, λi, by imposing
a consensus constraint on the local copy of the dual variables, i.e., λi = λj for all
j ∈ Ni, and by introducing an auxiliary variable vi for each edge of G, to coordinate
the consensus dynamics of the local multipliers. This extended setting is described
in compact form by means of the mapping Te, defined as

Te :

xv
λ

 7→
 F (x) + NΩ(x) + Ā>λ

−V̄ λ
NRmN
≥0

(λ)− (Āx− b̄) + V̄ >v

 , (4.8)

where Ā = diag({Ai}i∈N ), b̄ = col({bi}i∈N ), V̄ = V ⊗ Im.

The next lemma shows that the primal part of the zeros of the extended mapping
Te is a v-GNE of the game in (4.3).
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Lemma 4.5 ([148, Th. 2] ). The following statements hold:

i) zer(Te) 6= ∅;

ii) If col(x∗,v∗,λ∗) ∈ zer(Te) then x∗ is a v-GNE. �

We conclude this subsection by showing that the mapping Te is maximally mono-
tone, if F in (4.5) is such (Assumption 4.3). This result paves the way to use
well-established zero finding methods, such as the proximal-point algorithm, to
solve the original GNE seeking problem.

Lemma 4.6. The mapping Te is maximally monotone. �

4.4.2 DIPP-LCC is a Proximal-Point algorithm

In this subsection we show that DIPP-LCC is a proximal-point algorithm [13, Eqn.
(23.36)] applied to the following monotone inclusion problem:

find ω such that 0 ∈ Φ−1Te(ω), (4.9)

where Φ is a linear, self-adjoint (Φ = Φ>) and positive definite (Φ � 0) mapping,
known as preconditioning matrix and here defined as

Φ :=

α− C 0 −Ā>
0 β−1 V̄
−Ā V̄ > γ−1

 , (4.10)

with α = diag({αi⊗Ini
}i∈N ), β = diag({βi⊗Im}Ei=1) and γ = diag({γi⊗Im}i∈N ).

In the next statement, we describe how to set the parameters (step sizes) αi’s, βi’s
and γi’s to ensure the positive definiteness of Φ.

Lemma 4.7. The matrix Φ in (4.10) is positive definite if

αi >
∑N
j 6=i ‖Cij‖+

∥∥A>i ∥∥ , ∀i ∈ N , (4.11a)

βi = β < 1/2, ∀i ∈ {1, . . . , E}, (4.11b)

γi < (|Ni|+ ‖Ai‖)−1
, ∀i ∈ N . (4.11c)

�

The next statement shows that Φ−1Te inherits the properties of Te, i.e., set of
zeros and maximal monotonicity, if the parameters (step-sizes) in Φ are chosen as
in Lemma 4.7.

Proposition 4.8. Let αi, βi, γi satisfy (4.11a)−(4.11c), for all i ∈ N . Then, the
following statements hold:

i) zer(Φ−1Te) = zer(Te) 6= ∅;
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ii) Φ−1Te is maximally monotone under the Φ-induced norm ‖·‖Φ. �

The proximal-point algorithm finds a solution to (4.9) by means of the following
fixed-point iteration:

(∀k ∈ N) ωk+1 = (Id + Φ−1Te)−1(ωk). (4.12)

It follows by [13, Th. 23.41], that the iteration (4.12) globally converges to a zero
of Φ−1Te (which in turn is a zero of Te) since the latter is maximally monotone,
by Prop. 4.8.

Finally, we prove the original claim of this section, namely, that Algorithm 4.1 is
obtained by expanding the fixed-point iteration in (4.12).

Lemma 4.9. Set ω0 = col(x0,v0,λ0), with x0 ∈ Rn, λ0 ∈ RNm≥0 and v0 = 0 and
the step-sizes as in Lemma 4.7. Then, for all k ≥ 0, the fixed-point iteration in
(4.12) reads in expanded form as the updates of Algorithm 4.1, where wk = V >vk.

�

4.5 Illustrative example: Nash Cournot game

We consider the generalized network Nash Cournot game model proposed in [147,
§IV]. Specifically, we consider N companies labeled by {Ci}i∈N that compete on
m markets. For each i ∈ N , let ni be the number of markets in which the company
Ci competes, xi ∈ Ωi ⊂ Rni the amount of products delivered by Ci, where Ωi
describes the production limitations, and ci : Ωi → R : xi 7→ πi(

∑ni

j=1[xi]j)
2 + b>i xi

a local, convex production cost function.

Moreover, let Ai ∈ Rm×ni be a matrix that specifies which markets the Ci partici-
pates in. Specifically, the j-th column of Ai has only one element equal to 1 while
all the others equal to 0, and it has its k-th element equal to 1 if and only if player
i delivers [xi]j amount of production to the market Mk.

Let each market Mj have a maximal capacity rj > 0, hence the constraint Ax ≤ r
has to be satisfied, where A = [A1, . . . , AN ] and r = col(r1, . . . , rm). The price of
market Mj is taken as a linear function on the total supplying pj(x) = P̄j−dj [Ax]j ,
with P̄ > 0 and dj > 0. Let P (x) = P̄ −DAx be the vector price function, where
P̄ = col(P̄1, . . . , P̄m) and D = diag(d1, . . . , dm).

Overall, each company Ci, given the strategies of the others, x−i, aims to solve the
following optimization problem:

(∀i ∈ N )

 argmin
xi∈Ωi

ci(xi)− (P̄ −DAx)
>
Aixi

s.t. Aixi ≤ r −
∑N
j 6=iAjxj

(4.13)

Let us show that our setup encompasses the proposed Nash Cournot game, thus a
GNE can be found via Algorithm 4.1. Consider the game in (4.13), for all i ∈ N ,
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the cost function Ji of the company Ci can be cast as in (4.1), with

fi(xi) = ci(xi) + x>i A
>
i DA

>
i xi − P̄>Aixi, (4.14)

Cij = A>i DAj , ∀j ∈ N\{i}. (4.15)

Moreover, the linear terms of cost functions Ji’s satisfy Assumption 4.2, since
Cij = C>ji for all i, j ∈ N .

4.5.1 Numerical simulations

Here, we compare the speed of convergence of DIPP-LCC versus the projected
pseudo-gradient algorithm proposed in [147, Alg. 1], over 10 random scenarios of
the game in (4.13).

In each scenario, we consider similar settings to [147, §IV], with N = 20 companies
and m = 7 markets, while the connections between companies and markets and the
communication graph are randomly chosen. Specifically, the communication graph
is a random small world, where each nodes has 4 neighbors. For all i ∈ N : company
Ci competes in ni markets, where ni is selected in the interval (1, 3)∩N uniformly
at random, i.e., ni ∼ (1, 3)∩N, by setting the position k of the non-zero element of
the j-th column of Ai according to k ∼ (1,m)∩N, for all j ∈ {1, . . . , ni}, with the
foresight of avoiding identical columns; the local production limitation constraint
is Ωi = {xi ∈ Rni |0ni

≤ xi ≤ Θi} where [Θi]j ∼ (10, 25) for all j ∈ {1, . . . , ni};
the parameters of the local cost functions ci are set as πi ∼ (1, 8) and [bi]j ∼ (1, 4),
for all j ∈ {1, . . . , ni}. The parameters of the price function P are randomly set as
P̄j ∼ (250, 500) and di ∼ (1, 5), for all i ∈ {1, . . . ,m}.

In Fig. 4.1a we compare the average number of strategy updates required to achieve
convergence for DIPP-LCC and [147, Alg. 1], over 10 random simulations. For
each i ∈ N , the step-sizes of DIPP-LCC are chosen as follows: αi is 5% larger
than the lower bound in (4.11a), β = 0.45 and γi is 5% smaller than the lower
bound in (4.11c). The step-sizes of [147, Alg.1] are chosen 10 times larger than the
theoretical lower bounds in [147, Eqn.(17)], thus leading to a faster convergence of
the algorithm. Overall, we notice that DIPP-LCC requires fewer strategy updates
to reach convergence.

Finally, in Fig. 4.1b we compare the trajectories of the sequences of normalized
residuals

∥∥xk − x∗∥∥ / ‖x∗‖ and consensus disagreements ‖(L ⊗ Im)λk‖ of DIPP-
LCC and [147, Alg. 1], over a random selected simulation.

4.6 Conclusion

A particular implementation of the proximal-point method is applicable to general-
ized potential games with linearly coupled cost functions for the computation of a
variational Nash equilibrium via a single-layer and distributed algorithm. In our nu-
merical experience, the derived algorithm outperforms projected-pseudo-gradient
algorithms in terms of convergence speed.
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(a) Number of strategy updates required to converge for DIPP-LCC (right) versus [147,
Alg. 1] (left) over 10 simulations. The red line indicates the median, and the bottom and
top edges of the box indicate the 25th and 75th percentiles, respectively. The whiskers
extend to the most extreme data.
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(b) The trajectories of the residual ‖x(k)− x̄‖ / ‖x(0)− x̄‖ and the consunsual disagree-
ment

∥∥(L⊗ Im)λk
∥∥ for DIPP-LCC (red line) and for [147, Alg. 1] (blue line), in a selected

simulation.
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4.7 Outlook

The proposed methodology can be extended in many ways.

1) Differentiable, non-linearly coupled cost functions: The design of a linear pre-
conditioning matrix Φ, which leads to a single-layer proximal-type algorithm,
relies on the assumption of having objective functions with linearly coupled
terms as in (4.1) (see the Proof of Lemma 4.9 in the Appendix). This setup can
be extended to include objective functions with differentiable, non-linearly cou-
pled terms, if we consider a non-linear preconditioning for the proximal-point
algorithm, as discussed in [52].

2) Non-potential games: If Assumption 4.2 does not hold, the game in (4.3) is
non-potential and the preconditioning matrix Φ in (4.10) is non-symmetric.
In this case, the standard proximal-point algorithm may fail to converge to a
solution of (4.9), [74, §3]. However, the proximal-point with non-self adjoint
preconditioning proposed in [31, Eqn. (4.18)] can be used to derive a GNE
seeking algorithm with convergence guarantees.

3) Relaxed inertial DIPP-LCC : An accelerated version of Algorithm 4.1 can be
design by exploiting the relaxed inertial proximal-point algorithm proposed in
[4].

4) Asynchronous updates: Similarly to [149], the asynchronous version of Algo-
rithm 4.1 can be obtained by using the algorithmic framework in [120].

4.8 Appendix

Proof of Lemma 4.2

By Assumption 4.2 we have that Cij = Cji
> for all i, j ∈ N . It directly follows

that the pseudo subdifferential F in (4.5) is symmetric, i.e., ∂xF (x) = ∂xF (x)>

for all x ∈ X . Hence, the existence of a continuous function P : Rn → R such that
∂P = F follows by [56, Th. 1.3.1].

�

Proof of Lemma 4.6

The mapping Te in (4.8) can be split as

Te =

 0 0 Ā>

0 0 −V̄
−Ā V̄ > 0

 ·
︸ ︷︷ ︸

T1

+

 NΩ

0
NRmN
≥0


︸ ︷︷ ︸

T2

+

F0
b̄


︸ ︷︷ ︸
T3

.
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T1 is a linear, skew symmetric mapping, thus maximally monotone [13, Ex. 20.30].
T2 is maximally monotone since it is the direct sum of maximally monotone oper-
ators [13, Prop. 20.23], (i.e, the normal cones of the convex sets Ω and RmN≥0 and

the mapping w 7→ {0}). Since F is maximally monotone and b̄ is constant, then T3

is maximally monotone. Finally, the maximal monotonicity of T1 +T2 +T3 follows
by [13, Cor. 24.4 (i)] since dom(T1) = dom(T3) = Rd, with d := n+ (E +N)m. �

Proof of Lemma 4.7

By the generalized Gershgorin circular theorem [59, Th. 2], each eigenvalue µ of
the matrix Φ in (4.10) satisfies at least one of the following inequalities:

µ > αi − (
∑N
j 6=i ‖Cij‖+

∥∥A>i ∥∥), ∀i ∈ N
µ > β−1

` −
∑N
j=1 ‖[V̄ ]m`,j‖, ∀` ∈ {1, . . . , E}

µ > γ−1
i − (

∑E
`=1

∥∥∥[V̄ >]mi,`

∥∥∥+ ‖Ai‖), ∀i ∈ N

where [V̄ ]m`,j = [V ]`,j ⊗ Im. It follows by the definition of incidence matrix that∑N
j=1 ‖[V̄ ]m`,j‖ =

∑N
j=1 |[V ]`,j | = 2, ∀` ∈ {1, . . . , E}, and that

∑E
`=1 ‖[V̄ >]mi,`‖ =

|Ni|, ∀i ∈ N . Hence, if the step-sizes are chosen as in (4.11a)−(4.11c), then each
eigenvalue µ is strictly positive. Thus, the preconditioning matrix Φ is positive
definite.

�

Proof of Proposition 4.8

By Lemma 5, if αi, βi and γi satisfy (4.11a)−(4.11c), then Φ is positive definite.
Hence, the statement (i) follows since 0 ∈ Te(ω)⇔ 0 ∈ Φ−1Te(ω); while (ii) follows
by [43, Lem. 3.7 (i)], since Φ � 0. �

Proof of Lemma 4.9

The following inclusions directly follow by the fixed-point iterationin (4.12):

(Id + Φ−1Te)(ωk+1) 3 ωk ⇔ Φ(ωk+1 − ωk) + Te(ωk+1) 3 0. (4.16)

Next, we show that by solving the inclusion in (4.16) for ωk+1 = col(xk+1,vk+1,λk+1)
we obtain the updates in Algorithm 4.1. Hence, the fixed point iteration in (4.12)
corresponds to the updates Algorithm 4.1, for all k ∈ N.
1. The first row block of (4.16) can be explicitly written as

α(xk+1 − xk)− C(xk+1 − xk)− Ā>(λk+1 − λk)

+ F (xk+1) + NΩ(xk+1) + Ā>λk+1 3 0n (4.17)
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Now, by exploiting the special structure of F in (4.5), i.e., F (xk+1) =
∏
i∈N ∂xi

fi(x
k+1
i )+

Cxk+1, and simplifying, we can write (4.17) component-wise as

∂xi
fi(x

k+1
i ) +

N∑
j 6=i

Cijx
k
j +A>i λ

k
i + αi(x

k+1
i − xki ) 3 0ni

,

or equivalently as

∂xi

(
Ji(x

k+1
i , xk−i) + (A>i λ

k
i )>xk+1

i + αi

2

∥∥xk+1
i − xki

∥∥2
)
3 0ni ,

with Ji as in (4.1). Hence, for all i ∈ N , xk+1
i is the solution to the following

strongly convex optimization problem:

argmin
yi∈Ωi

Ji
(
yi, x

k
−i
)

+ (A>i λ
k
i )
>
yi + αi

2

∥∥yi − xki ∥∥2
.

2. The second row block of (4.16) reads explicitly as

β−1(vk+1 − vk) + V̄ (λk+1 − λk)− V̄ λk+1 = 0

⇔ vk+1 = vk + βV̄ λk. (4.18)

To reduce the number of slack variables {v`}E`=1 (one for each edge of the com-
munication graph G), we introduce the new node-variables {wi}i∈N , such that
wk = V̄ >vk for all k ∈ N , with wk = col({wki }i∈N ). Since v0 = 0Em, by ini-
tialization, it follows that w0 = V̄ >v0 = 0Nm, while from the update in (4.18) it
follows that

wk+1 = V̄ >vk + βV̄ >V̄ λk = wk + βL̄λk, (4.19)

where L̄ = L ⊗ Im and we exploited V̄ >V̄ = L̄. The equivalence in (4.19) ca be
written component-wise as

wk+1
i = wki + β

∑
j∈Ni

(λki − λkj ), ∀i ∈ N . (4.20)

3. The third row block of (4.16) can be explicitly written as

− Ā(xk+1 − xk) + V̄ >(vk+1 − vk) + γ−1(λk+1 − λk)

+ NRNm
≥0

(λk+1)− Āxk+1 + b̄+ V̄ >vk+1 3 0. (4.21)

After simplifying the inclusion in (4.21) and exploiting the equivalence V̄ >(2vk+1−
vk) = 2wk+1 −wk, we can rewrite it component-wise as follows:

(Id + γiNRm
≥0

)(λk+1
i ) 3 λki + γi

(
Ai(2x

k+1
i − xki )− bi − 2wk+1

i + wki
)
.

Since (Id + γiNRm
≥0

)−1 = projRm
≥0

, it follows that

λk+1
i = projRm

≥0

(
λki + γi

(
Ai(2x

k+1
i − xki )− bi − 2wk+1

i + wki
))
, ∀i ∈ N .

�
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Proof of Theorem 4.3

It follows by Lemma 4.9 that Algorithm 4.1 corresponds to the fixed point iteration
(4.12), which is the proximal-point algorithm [13, Eqn. (23.36)] to find a zero of the
mapping Φ−1Te, as discussed in Section 4.4.2. Now, we invoke [13, Th. 23.41] to
prove the global convergence of (4.12) to some ω∗ = col(x∗,v∗,λ∗) ∈ zer(Φ−1Te),
since Φ−1Te is maximally monotone and zer(Φ−1Te) 6= 0, by Proposition 4.8 (i) and
(ii), respectively. Finally, since ω∗ ∈ zer(Φ−1Te) ⇒ ω∗ ∈ zer(Te), by Proposition
4.8 (i), then x∗ is a v-GNE of the original game in (4.3), by Lemma 4.5. �



5
Energy Management and Peer-to-peer

Trading in Future Smart Grids

I
n this chapter, we consider the economic dispatch problem for a day-
ahead, peer-to-peer (P2P) electricity market of prosumers (i.e., energy

consumers who can also produce electricity) in a distribution network. In
our model, each prosumer has the capability of producing power through
its dispatchable or non-dispatchable generation units and/or has a storage
energy unit. Furthermore, we consider a hybrid main grid & P2P market
in which each prosumer can trade power both with the main grid and with
(some of) the other prosumers. First, we cast the economic dispatch prob-
lem as a noncooperative game with coupling constraints. Then, we exploit
the the algorithmic framework developed in Chapter 3 and 4 to design a
fully-scalable algorithm to steer the system to a generalized Nash equilib-
rium (GNE). Finally, we show through numerical studies that the proposed
methodology has the potential to ensure safe and efficient operation of the
power grid.
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5.1 Introduction

In recent years, environmental and sustainability concerns urged the pursuit of a
novel energy system and electric power grid in which energy production, trans-
mission, distribution, and consumption are more efficient and largely based on
renewable sources, such as wind and solar power [144].

As a response to these challenges, the development of smart, sustainable, and green
solutions is becoming more significant, including the sprouting of distributed energy
resources, such as micro-generators (e.g., solar panels), storage units, and flexible
loads, and the opening of energy markets. Simultaneously, the widespread deploy-
ment of sensing, information, and communication technology provides the means
for efficiently manage the energy resources within the electricity grid through the
establishment of various smart energy services, such as demand-side management
and economic dispatch [50], [128].

Energy management mechanisms are considered as an increasingly essential element
for implementing the smart grid paradigm and balancing massive energy produc-
tion from renewable sources. In particular, a day-ahead economic dispatch process
allows energy prosumers to efficiently manage their electricity production and con-
sumption as well as provides the main grid with an estimation of the amount
of energy to be delivered over the upcoming day. To model and design energy
management algorithms for the smart grid, game theory has been recently, yet
extensively, adopted [103, 5, 6]. Each prosumer (player, agent) in the day-ahead
market (game) aims to select an energy schedule (decision variable) that minimizes
its economic expense (cost function), which also depends on an aggregate measure
of the schedules of the other prosumers. The latter is typically imposed to mitigate
peak demand loads. Since the prosumers are, in general, self-interested parties,
a usual market equilibrium is considered to be the celebrated (generalized) Nash
equilibrium.

In the control systems community, the problem of designing solution methods for
multi-agent equilibrium problems in noncooperative networked games has recently
gained high research interest. A fast-growing literature has been in fact develop-
ing decentralized algorithms for Nash equilibrium seeking in noncooperative games
with coupling constraints, e.g. [111, 18, 19, 150, 21, 11]. In turn, these method-
ologies provide the means to design more efficient and robust energy management
mechanisms.

Although power systems are evolving towards a more decentralized management,
electricity markets still perform resource allocation and pricing based on the con-
ventional hierarchical and top-down approach [75] of power system management,
which makes prosumers behave as passive receivers [136]. Actively incorporating
prosumers in the electricity market by enabling peer-to-peer (P2P) energy trad-
ings would instead allow for a bottom-up approach that empowers prosumers. In
[136, 113], market models that involve P2P tradings are thought of as potential
models due to the increasing of prosumers in the network. Moreover, a couple of
P2P energy markets have existed in the Netherlands and the United Kingdom [113].
However, the P2P paradigm poses a significant challenge in terms of modeling the
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decision-making process of the participants due to their conflicting interests [144].
In the literature, P2P energy trading mechanisms are proposed in various forms,
e.g., matching contracts [105], consensus-based optimization [10]. Nevertheless, a
very efficient algorithm to solve the resource allocation problem in a P2P market
of prosumers is yet to be found.

In this chapter, we consider a hybrid main grid & P2P electricity market formu-
lation, in which each prosumer has generation and/or storage capabilities and can
trade electricity both with the main grid and (some of) the other prosumers in the
network. We show that the resulting resource allocation problem can be modeled
as a noncooperative game with coupling constraints, representing the reciprocity of
the P2P tradings and the limits of the aggregate load. Then, we propose a scalable
and distributed algorithm, with convergence guarantee, to steer the decisions of the
prosumers towards a generalized Nash equilibrium (GNE). We show through nu-
merical simulations that the proposed methodology guarantees an efficient and safe
operation of the system since reduces the overall economic expenses while ensuring
the reciprocity of the tradings and the fulfillment of the grid limits.

Basic notation

See Appendix A.

Operator theoretic definitions and properties

See Chapter 2.

5.2 Economic dispatch problem formulation

In this section, we present the model of networked prosumers and the economic
dispatch problem of each prosumer.

5.2.1 Peer-to-peer prosumer market model

We model a day-ahead peer-to-peer electricity market of prosumers (agents) in a
distribution network as an economic dispatch problem. Each agent might have
the capability of producing power through its dispatchable or non-dispatchable
generation units and might also have a storage energy unit. Furthermore, we also
consider that each agent might trade power with the main grid and might also trade
power with some of the other agents, which are classified as the neighbors. Note
that the neighbors of an agent might be defined based on geographical location of
the agents or based on bilateral contracts that the agent has with the other agents
[136]. The economic dispatch model is as follows.
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Communication network

Let the set of agents be denoted by N = {1, 2, . . . , N}. The communication among
the agents is described by an undirected graph G = (N , E), where N is the set of
vertices (agents) and E ⊆ N ×N is the set of edges, with |E| = E. The unordered
pair of vertices (i, j) ∈ E if and only if agents j and i can exchange information.
The set of neighbors of agent i is defined as Ni = {j| (j, i) ∈ E}. Moreover, we
consider Assumption 5.1.

Assumption 5.1. The graph G is connected. �

Decision variables

For each agent i ∈ N , denote by pd
i,h ∈ R the difference between the aggregate load

at time instant h and the total power produced by the non-dispatchable generation
units owned by agent i. Note that positive pd

i,h implies the aggregate load is larger
than the power produced by agent i. Furthermore, denote the set of decisions

at time h by ui,h = col
(
pdg
i,h, p

st
i,h, p

mg
i,h , {ptr

(i,j),h}j∈Ni

)
∈ Rni , where pdg

i,h ∈ R≥0,

pst
i,h ∈ R, pmg

i,h ∈ R, and ptr
(i,j),h ∈ R are the total power produced by dispatchable

generation units (dg), the power delivered by/to the storage unit (st), the power
traded with the main grid (mg), and the power traded with neighbor j ∈ Ni (tr).

In this market, each agent aims at minimizing the cost of power usage to meet
the load while satisfying some constraints imposed on the decision variables. The
objective function and constraints associated with each decision variable are defined
as follows:

Local power balance Each agent has a power balance constraint as follows:

1>ni
ui,h = pd

i,h. (5.1)

Dispatchable generation units One of the management objectives is to mini-
mize the total power production of the dispatchable generation units, denoted by
pdg
i,h. A typical class of cost functions for power production is of convex quadratic

nature [73, 135], which here is denoted by fdg
i,h and defined as follows:

fdg
i,h(·) = qdg

i (·)2 + cdg
i ·, (5.2)

where qdg
i > 0 and cdg

i are constants. Furthermore, the decision pdg
i,h is constrained

by

pdg
i
≤ pdg

i,h ≤ p
dg
i , if i ∈ N dg,

pdg
i,h = 0, otherwise,

(5.3)

where pdg
i > pdg

i
≥ 0 denote the maximum and minimum total power production

of the dispatchable generation units, and N dg ⊆ N denotes the set of agents that
own dispatchable generation units.
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Storage unit Similarly to the dispatchable generation production, each agent
might also minimize the usage of its storage unit, for instance, in order to maintain
its longevity. The cost function is denoted by f st

i,h and defined as follows:

f st
i,h(pst

i,h) = qst
i (pst

i,h)2 + csti p
st
i,h, (5.4)

where qst
i ≥ 0 and csti are constants. Moreover, the decision pst

i,h is constrained by
xi,h+1 = aixi,h + bip

st
i,h,

xi ≤ xi,h+1 ≤ xi,
−pch

i ≤ pst
i,h ≤ pdh

i ,
if i ∈ N st

pst
i,h = 0, otherwise,

(5.5)

where xi,h > 0 denotes the state of charge (SoC) of the storage unit, ai ∈ (0, 1]
denotes the efficiency of the storage and bi = − Ts

ecap,i
, where Ts and ecap,i

denote the sampling time and the maximum capacity of the storage, respectively.
Moreover, xi, xi ∈ [0, 1] denote the minimum and the maximum SoC of the storage
of microgrid i, respectively whereas pch

i ≥ 0 and pdh
i ≥ 0 denote the maximum

charging and discharging power of the storage. Additionally, N st ⊆ N denotes the
set of agents that own a storage unit.

Power traded with neighbors Since agent i can trade electricity with its neigh-
bors, the trading cost is indicated by a linear function, denoted by f tr

i,h, as follows:

f tr
i,h

(
{ptr

(i,j),h}j∈Ni

)
=
∑
j∈Ni

ctr(i,j) p
tr
(i,j),h, (5.6)

where ctr(i,j) > 0 is the per-unit cost of electricity that is agreed between agent i

and j. In practice, the parameters ctr(i,j) can be agreed through a bilateral contract

[136] or model taxes to encourage the development of certain technologies [33]. The
power traded at time h, ptr

(i,j),h, is constrained by

−ptr
(i,j) ≤ ptr

(i,j),h ≤ ptr
(i,j), ∀j ∈ Ni, (5.7)

ptr
(i,j),h + ptr

(j,i),h = 0, ∀j ∈ Ni, (5.8)

where ptr
(i,j) denotes the maximum power can be traded with neighbor j. Moreover,

(5.8) is called the reciprocity constraints [136], which couples the decisions of two
neighboring agents. Note that each pair of neighboring agent i and j has the same
reciprocity constraint.

Constraints of power traded with the main grid As in [5], we assume that
the electricity price depends on the total consumption of the network of prosumers
and is typically defined as a quadratic function, i.e.,

cmg
h (p̂mg

h ) = qmg
h (p̂mg

h )2,
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where p̂mg
h denotes the aggregate load on the main grid, i.e.,

p̂mg
h =

∑
i∈N

pmg
i,h , (5.9)

and qmg
h > 0 is a constant. Therefore, the objective function of agent i associated

to the trading with the main grid, denoted by fmg
i,h , is defined as

fmg
i,h

(
pmg
i,h , p̂

mg
h

)
= cmg

h (p̂mg
h )

pmg
i,h∑

j∈N p
mg
j,h

= qmg
h

∑
j∈N

pmg
j,h

 pmg
i,h .

(5.10)

Moreover, we impose that the total power that can be traded between all the agents
and the main grid is also bounded, as follows:

pmg ≤
∑
i∈N

pmg
i,h ≤ pmg, (5.11)

where pmg > pmg ≥ 0 denote the upper and lower bounds. Note that the lower
bound might be required to be positive in order to ensure a continuous operation
of the main generators that supply the main grid.

5.2.2 Economic dispatch problem

Next, we introduce a compact notation for the decision variables and some of the
constraints. In particular, the local constraints of agent i that only involve its own
decision variables, i.e.,

ui,h ∈ Ui,h, (5.12)

where Ui,h is a set such that (5.1), (5.3), (5.5), and (5.7) hold. Additionally, we
define for all i ∈ N the stacked vector

ui = col({ui,h}h∈H), where H = {1, 2, . . . ,H}

denotes the set of time slots with H being the maximum time slot. Moreover, we
introduce two matrices to manipulate the selection of the different components of
ui. For all i ∈ N , define

Smg
i := IH ⊗ a>ni,3, (5.13)

Str
(i,j) := IH ⊗ a>ni,r(i,j)

, ∀j ∈ Ni, (5.14)

where ani,` ∈ Rni is a column vector of dimension ni whose entries are all zero
except for the `−th being 1, and r(i, j) denotes the index of the variable ptr

(i,j),h in

the vector ui,h. Thus, Smg
i selects the components of ui associated with the trading
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with the main grid, while Str
(i,j) selects the components associated with the trading

with agent j, i.e.,

Smg
i ui = col({pmg

i,h}h∈H) =: pmg
i ,

Str
(i,j)ui = col({ptr

(i,j),h}h∈H) =: ptr
(i,j), ∀j ∈ Ni.

Overall, the goal of each agent is to find a strategy u?i that minimizes its local
objective function subject to all the constraints for all time slots, i.e.,

u∗i ∈



arg min
ui

Ji

(
ui,
∑
j∈N

Smg
j uj

)
s.t. ui ∈ Ui :=

∏
h∈H

Ui,h,

Str
(i,j)ui + Str

(j,i)uj = 0, ∀j ∈ Ni,

pmg1H ≤
∑
j∈N

Smg
j uj ≤ pmg1H ,

(5.15a)

(5.15b)

(5.15c)

(5.15d)

where Ji is the cumulative local objective function defined as the summation of
(5.2), (5.4), (5.6), and (5.10) over the horizon H, i.e.,

Ji (ui, p̂
mg) =

∑
h∈H

(
fdg
i,h(pdg

i,h) + f st
i,h(pst

i,h)

+ f tr
i,h({ptr

(i,j),h}j∈Ni) + fmg
i,h (pi,h, p̂

mg
h )
)
, (5.16)

with p̂mg = col(p̂mg
1 , . . . , p̂mg

H ), and p̂mg
h as in (5.9), and (5.15c)−(5.15d) represent, in

a more compact form, the reciprocity (5.8) and grid constraints (5.11), respectively.

5.3 A distributed algorithm for equilibrium seek-
ing in P2P energy markets

Each local minimization problem in (5.15) is coupled with the decisions of the other
prosumers both in the cost function (5.15a) and the constraints (5.15c)−(5.15d).
Specifically, the coupling enters in the cost associated to the trading with the main
grid (5.10) (in aggregative form), in the reciprocity (5.8) and in grid constraints
(5.11).

From a game-theoretic perspective, the N inter-dependent optimization problems
in (5.15) define a generalized aggregative game and a set of decisions (or strategies)
u∗1, . . . , u

∗
N that simultaneously satisfy (5.15), for all i ∈ N , corresponds to a gen-

eralized Nash equilibrium (GNE)[19, Def. 1]. In other words, a set of strategies
u∗1, . . . , u

∗
N is a GNE if no prosumer (or agent) i can improve its objective function

Ji

(
u∗i , S

mg
i u∗i +

∑N
j 6=i S

mg
j u∗j

)
by unilaterally changing its strategy u∗i to another

feasible one. Since the cost functions (5.15a) are continuous and the constraints
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(5.15b)−(5.15d) are convex and compact, the existence of a GNE follows from
Brouwer’s fixed-point theorem [112, Prop. 12.7], while uniqueness does not hold in
general.

5.3.1 A distributed algorithm for GNE seeking

Several algorithms are available in the literature to find a solution of the aggregative
game in (5.15), e.g. [111, 18, 19, 150, 21]. Among these methods, the algorithm
proposed in [21] (Chapter 4) for the special class of generalized games with linearly
coupled cost functions is shown to be particularly efficient in terms of convergence
speed. Here, we propose an upgraded version of [21, Algorithm 1] (Algorithm 4.1
in Chapter 4) for the dispatch problem described in (5.15) capable of treating the
coupling (equality) reciprocity constraints in a fully-scalable fashion.

Prior to presenting the proposed distributed algorithm, first, we introduce µ(i,j) ∈
RH , for all j ∈ Ni and i ∈ N , which denote the dual variable associated with
the reciprocity constraints (5.8), wi ∈ R2H and λi ∈ R2H , for all i ∈ N , which
denote an auxiliary and the dual variables, respectively, associated with the grid
constraints (5.11). Furthermore, let us also introduce the step sizes used in the
proposed algorithm and formalize their choices.

Assumption 5.2 (Step size selection). For all i ∈ N , set

ᾱi = blkdiag(ᾱi,1, . . . , ᾱi,H), (5.17)

where ᾱi,h = diag
(
αdg
i,h, α

st
i,h, α

mg
i,h , {αtr

(i,j),h}j∈Ni

)
, ∀h ∈ H, with αdg

i,h, α
st
i,h > 0

and αtr
(i,j),h > |Ni|, ∀j ∈ Ni;

β(i,j) = β <
1

2
, ∀j ∈ Ni; γi = γ <

1

2
; δi <

1

|Ni|+ 1
. �

The proposed method is stated in Algorithm 5.1. Note that a formal discussion on
its derivation and convergence analysis is provided in Section 5.3.2. At each stage
k ∈ N, Algorithm 5.1 works as follows:

1. Strategy update: For all i ∈ N , prosumer i updates the local decision to ui(k+
1) by solving a strongly convex, quadratic programming with linear constraints, for
which efficient solvers are available.

2. Communication: For all i ∈ N , prosumer i sends

a) the most recent value of its local copy of the dual variable, λi(k), to all its
neighbors;

b) the most recent value of its trading strategy, Str
(i,j)ui(k), to the corresponding

trading partner j ∈ Ni.
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Algorithm 5.1 GNE seeking for P2P Energy Markets

Initialization: For all i ∈ N , set locally:

(a) Initial conditions: ui(0) ∈ Ui, µ(i,j)(0) = 0 for all j ∈ Ni, wi(0) = 0 and
λi(0) ∈ R2H

≥0 .

(b) Step-sizes: ᾱi, {βij}j∈Ni
,γi and δi as in Assumption 5.2.

Iterate until convergence:

For all i ∈ N :
(1) Strategy update:

ui(k + 1) = arg min
z∈Ui

{
Ji

(
z, p̂mg(k) + Smg

i ui(k)
)

+ λi(k)
>
[
Smg
i

−Smg
i

]
z +

∑
j∈Ni

(
µ(i,j)(k)>Str

(i,j)z
)

+ 1
2‖z − ui(k)‖2ᾱi

}
.

(2) Communication with neighboring agents:

(a) λi(k) −→ Ni,
(b) Str

(i,j)ui(k + 1) −→ j, ∀j ∈ Ni.

(3) Dual variables (reciprocity constraints) update, ∀j ∈ Ni:

µ(i,j)(k + 1) = µ(i,j)(k)− βij
(
Str

(i,j)ui(k) + Str
(j,i)uj(k)

−2Str
(i,j)ui(k + 1)− 2Str

(j,i)uj(k + 1)
)
.

(4) Auxiliary variable update:

wi(k + 1) = wi(k) + γi

(
|Ni|λi(k)−∑j∈Ni

λj(k)
)
.

(5) Dual variable (grid constraints) update:

λi(k + 1) = projR2H
≥0

(
λi(k) + δi

(
2
[
Smg
i

−Smg
i

]
ui(k + 1)

−
[
Smg
i

−Smg
i

]
ui(k)−

[
pmg

N 1H

− pmg

N 1H

]
− 2wi(k + 1) + wi(k)

))
.
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3. Dual variable (reciprocity constraints) update: For all i, prosumer i
updates the local copy of the dual variable µ(i,j) exploiting the most recent value
of its own trading strategy, Str

(i,j)ui(k), and that of the trading partner, Str
(j,i)uj(k).

4. Auxiliary variable update: For all i ∈ N , prosumer i updates the auxil-
iary variable wi according to a discrete-time integration dynamics driven by the
disagreement on the local dual variables associated with the grid constraints.

5. Dual variable (grid constraints) update: For all i ∈ N , prosumer i updates
the local copy of the dual variable λi according to a projected-gradient ascent
combined with a discrete integral dynamics driven by the disagreement on the
dual variables.

Remark 5.1 (Algorithm 5.1).

(i) The choice of the step sizes (Assumption 5.2) of each prosumer is based on
local information only. In particular, there is no need for the prosumers to
know the global properties of the P2P market.

(ii) We implicitly assume that each prosumer has a perfect knowledge of the ag-
gregate load on the grid p̂mg(k), at each iteration k of the algorithm. In the
game-theoretic framework, this assumption is known as full-decision informa-
tion. In practice, the current value of p̂mg can be broadcast to the prosumers
by a central coordinator, thus preserving the scalability of the algorithm.

(iii) In step (1), the second argument of Ji reads as p̂mg(k) + Smg
i ui(k), where

Smg
i ui(k) is a correction term due to the contribution of agent i to the ag-

gregate load p̂mg. When the correction term is not considered, Algorithm 5.1
converges to a generalized aggregative (or Wardrop) equilibrium (GAE) [19,
Def. 2]. �

5.3.2 Algorithm derivation and convergence analysis

In this section, we show that (5.15) belongs to the class of generalized games with
linearly and symmetric coupled costs. Therefore, a GNE can be found via [21,
Algorithm 1]. Let us denote by u := col(u1, . . . , uN ) the stacked vector of local
decision variables. To cast the reciprocity constraints (5.15c) in a more compact
form, we label the edges e` ∈ E of the communication graph, for ` ∈ {1, . . . , E}
and introduce the incidence-selection matrix R, whose (`, i)−block is

[R]`,i :=

{
Str

(i,j), if e` = (i, j), for some j 6= i,

0(Hni×H), otherwise,

where Str
(i,j) is the selection matrix defined in (5.14). With this notation, all the

reciprocity constraints (5.15c) in the network can be compactly cast as

Ru = 0EH . (5.18)
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Moreover, we recast the grid constraints (5.15d) as

Gu− g ≤ 0, (5.19)

where G =
[
S
−S
]
, S =

[
Smg

1 . . . Smg
N

]
, g =

[
pmg1H

−pmg1H

]
.

The cost functions in (5.16) can be written as the sum of a local and a coupling
term, i.e., Ji = Ji,lc + Ji,cp, where

Ji,lc(ui) :=
∑
h∈H

(
fdg
i,h(pdg

i,h) + f st
i,h(pst

i,h) + f tr
i,h(ptr

i,h)
)

(5.20)

Ji,cp (ui, Su) :=
(
Q
∑
j∈N S

mg
j uj

)>
Smg
i ui, (5.21)

where Q := diag(qmg
1 , . . . , qmg

H ) is a diagonal matrix with the price coefficients qmg
h ’s

on the main diagonal.

With this compact notation, we can cast the generalized game in (5.15) in the
standard form:

∀i ∈ N :


arg min

ui

Ji,lc(ui) + Ji,cp (ui, Su)

s.t. ui ∈ Ui,
Ru = 0EH ,

Gu− g ≤ 0H .

(5.22a)

(5.22b)

(5.22c)

(5.22d)

Note that the coupled part of the cost functions Ji’s, i.e., (5.21), is linear with
(agent-wise) symmetric terms, i.e.,

∂2Ji
∂uj∂ui

= Smg
j
>
QSmg

i

= (Smg
i
>
QSmg

j )
>

=

(
∂2Jj
∂ui∂uj

)>
, ∀i, j ∈ N .

In particular, (5.22) satisfies the technical assumptions in [21, Assumption 2].
Therefore, a GNE can be obtained by exploiting the distributed method in [21,
Algorithm 1], which is based on the celebrated proximal-point algorithm (PPA)
[13, Th. 23.41] for monotone inclusion problems.

Unfortunately, a direct application of [21, Algorithm 1] or other standard equi-
librium seeking algorithms on the game in (5.22) is not practical for large-scale
systems. In fact, due to the reciprocity constraints (5.22c)1, the number of local
auxiliary variables required by each agent would not scale well with the popula-
tion size. However, by exploiting the special structure of these constraints (each
of which involves only two communicating agents2), we can leverage the design
method of [21, Algorithm 1] to obtain a fully-scalable algorithm. The complete
derivation of Algorithm 5.1 can be found in Appendix 5.6.2.

1The dimension of (5.22c) is proportional to the number of edges, E.
2In (5.22c), each row-block of R has only 2 non-zero entries
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To prove convergence of Algorithm 5.1 to a GNE of the game in (5.22), we rely on
[21, Theorem 1], which guarantees convergence when the so-called pseudo-gradient
mapping

F (x) := col(∇u1
J1(u1, Su), . . . ,∇uN

JN (uN , Su)) (5.23)

is maximally monotone. In the next statement, we show that, in our setup, F
always enjoys this property.

Lemma 5.1. The following statements hold:

(i) The mapping F in (5.25) is maximally monotone;

(ii) There exists a (variational) GNE of the game (5.15). �

Proof. See Appendix 5.6.1.

Proposition 5.2 (Convergence). The sequence of collective strategies ((u1(k), . . . ,
uN (k))k∈N generated by Algorithm 5.1 converges to a (variational) GNE of the
game in (5.15). �

Proof. It follows by [21, Theorem 1], since the pseudo-gradient F is maximally
monotone by Lemma 5.1.

5.4 Numerical results

In this section, we present simulation-based tests of the considered hybrid P2P
market. In order to perform a simulation, first, a test case is synthesized and
then the game in (5.15), which is based on the test case and where K = 24, for
each i ∈ N , is solved by Algorithm 5.1. The stopping criteria in the simula-
tions use the primal and dual residuals associated with the reciprocity constraints
[10], i.e., ‖ col({Str

(i,j)ui(k) + Str
(j,i)uj(k)}j∈Ni,i∈N )‖2 ≤ 0.01 and ‖ col({ui(k + 1) −

ui(k)}i∈N )‖2 ≤ 0.1, respectively. All the simulations are carried out in Matlab
using Yalmip [92] and the solver quadprog.

In each test case, we consider a heterogeneous network, which consists of three
types of prosumers (agents), i.e., small-scale residential, large-scale residential, and
industrial. The differences among these three types are their loads, particularly,
their maximum values and their daily profiles, and the scale of their dispatchable
generators and storage units, if available. Furthermore, the per-unit costs of the
power production from the dispatchable generators differ based on the type of
prosumer, where industrial prosumers have the smallest per-unit cost and small-
scale residential prosumers have the largest one. We also set qmg

h = N−1, for all
h ∈ H. Moreover, qst

i = csti = 0, for all i ∈ N st, and ctr(i,j) = 1, for all j ∈ Ni and
i ∈ N .
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5.4.1 Power generation profile

The first aspect that we evaluate is the advantage of having storage units, which
influence the power generation profile of the network. Therefore, two networks,
one with 10 agents and the other with 20 agents, are randomly generated. Each
agent has a dispatchable generation unit. Moreover, we consider three scenarios,
as follows: a. all agents do not have storage units, b. some of the agents have
storage units, and c. all agents have storage units.

The simulation results are shown in Figures 5.1a-5.1b, which depict the total load
and total generation profiles of each network and Table 5.1. As can be seen, when
the storage units are introduced to the network, the total power generation profile
is different from that of the load. We can observe that in scenario c, the generation
profile is relatively flat. By having storage units, the agents can produce and buy
energy from the main grid during the off-peak hours (e.g., at the 1st-4th hours) and
use it during the peak hours (e.g., at the 15th-20th hours), resulting in a significant
cost reduction (see Table 5.1). Note that, in each simulation, the aggregate load
to the main grid, p̂mg

h , for each h ∈ H, satisfies (5.11).

Table 5.1: Total cost in Section 5.4.1 (proportional)

Scenario a b c

10-agent network 100% -11.7% -27.6%

20-agent network 100% -14.5% -33.7%

5.4.2 Sparsity effect

In the second simulation study, the effect of network sparsity on the number of
iterations performed is evaluated. Hence, a network of 10 agents and that of 20
agents are randomly generated with different levels of graph connectivity. Note
that the connectivity level ranges from 0 (E = ∅) to 1 (a complete graph). For
the simulations of the 10-agent network, the graph connectivity level varies from
0.2 to 1, with 0.1 step, whereas for the simulations of the 20-agent network, it
varies from 0.1 to 1, with 0.1 step. At each connectivity level, 10 Monte Carlo
simulations, where the links are generated randomly, are carried out. The results
of these simulations are presented in Figure 5.2. It can be observed that the number
of iterations required increases as the network connectivity increases. This result
is expected since the number of coupling constraints that must be satisfied grows
with the addition of links in the network.
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(a) Total power generation from dispatchable generation units and importing from the
main grid vs. total loads in a 10-agent network.
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(b) Total power generation from dispatchable generation units and importing from the
main grid vs. total loads in a 20-agent network.
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Figure 5.2: Graph connectivity vs. number of iterations. Blue dash-dotted lines
indicate the simulation data and red circles indicate the mean values.

5.5 Conclusion

In a hybrid peer-to-peer energy market model, where prosumers can trade among
themselves and with the main grid, the economic dispatch problem can be modeled
as a noncooperative game with coupling constraints. We propose a fully-scalable
and distributed algorithm to steer the system to a generalized Nash equilibrium.
Numerical studies, conducted in scenarios with real data, show that the proposed
energy management approach has the potential to ensure a safe and efficient op-
eration of the electrical power grid, namely, by reducing the individual economic
expenses, while respecting the reciprocity of the tradings and the limits on the
aggregate load.

5.6 Appendix

5.6.1 Proof of Lemma 5.1

(i) It follows by [17, Corollary 1], since Ji,lc in (5.20) is non-strictly convex in
the local decision variable ui (the term in (5.6) is only linear), and the price
matrix Q in (5.21) is positive definite.

(ii) By [112, Proposition 12.11], a sufficient condition for the existence of a (vari-
ational) GNE is that the pseudo-gradient F is monotone, which is always
verified in our setup, by point (i) of this Lemma. �
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5.6.2 Derivation of Algorithm 5.1

The derivation of Algorithm 5.1 relies, for the most part, on the design of [21,
Algorithm 1]. Due to space limitations, in this section we recall only the main
steps, while for a complete technical analysis we refer to [21].

KKT and variational GNE (v-GNE)

The collective strategy u∗ is a GNE if all the local strategies u∗i ’s are best responses,
i.e., u∗i is a solution to (5.22), for all i ∈ N . If the latter is satisfied, then there
exist some dual variables {µ∗i , λ∗i , }i∈N , with µi ∈ R|E|H , λ∗i ∈ R2H

≥0 , such that the
following sets of KKT conditions are satisfied: for all i ∈ N :

0ni
∈ ∇xi

Ji(u
∗
i , Su

∗) + NUi(u
∗
i ) +R>i µ

∗
i +G>i λ

∗
i ,

0|E|H = Ru∗,
02H ∈ NR2H

≥0
(λ∗i )− (Ax∗ − b),

(5.24)

where NUi is the normal cone operator of the convex set Ui, Ri and Gi denote
the i−th column-block of the matrices R and G, respectively. The subclass of
variational GNE (v-GNE) corresponds to the solution set to (5.24) with equal
dual variables, i.e., µ∗1 = µ∗2 = . . . = µ∗N and λ∗1 = λ∗2 = . . . = λ∗N , [55, Th. 4.8].
Such equilibria enjoy some relevant structural properties, such as “larger social
stability” and “economic fairness” [55, Th. 4.8].

v-GNE as zeros of a maximally monotone operator

First, we cast F in (5.23) according to the particular structure of the cost functions
in (5.16), as in [21, Eq. (5)], i.e.,

F (u) = Flc(u) + Cu, (5.25)

where Flc(u) := col({∇uiJi,lc(ui)}i∈N ) and C is a symmetric matrix, whose (i, j)−th
block is defined as

[C]i,j :=

{
2(Smg

i )
>
QSmg

i , if i = j,

(Smg
i )
>
QSmg

j , otherwise.
(5.26)

Let us introduce the set-valued mapping Te, obtained by

(a) grouping the KKT systems in (5.24);

(b) imposing agreement of the dual variables correspondent to the reciprocity con-
straints, i.e., µ1 = . . . = µN = µ;

(c) introducing a consensus constraint on the local copy of the dual variables cor-
responding to the grid constraints, i.e., λi = λj , for all j ∈ Ni3.

3In compact form, (V ⊗ I2H)λ, where V is the edge-incidence matrix and λ is the stacked
vector of local dual variables, i.e, λ = col(λ1, . . . , λN ).
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(d) introducing an auxiliary variable vi for each edge, to coordinate the consensus
dynamics of the local dual variables λi’s,

Te :


u
µ
v
λ

 7→

Flc(u) + Cu+ NU (u) +R>µ+ Ḡ>λ

−Ru
−(V ⊗ I2H)λ

NR2HN
≥0

(λ)− (Ḡu− ḡ) + (V ⊗ I2H)>v

 ,
where Ḡ = blkdiag(G1, . . . , GN ), ḡ = 1

N col(g, . . . , g) and V is the so-called edge-
incidence matrix [21, §III.A].

Next, we recall [21, Lemma 3] to show that the primal part of the zeros of Te is a
v-GNE of the game in (5.22).

Lemma 5.3 ( [21, Lemma 3]). The following hold:

(i) zer(Te) 6= ∅;

(ii) If col(u∗, µ∗,v∗,λ∗) ∈ zer(Te), then u∗ is a variational GNE of the game in
(5.22).

�

Finally, it follows by [21, Lemma 4] that Te is maximally monotone, since the
pseudo-gradient mapping F in (5.23) is such, based on Lemma 5.1 (i).

Lemma 5.4 ([21, Lem. 4]). Te is maximally monotone. �

Preconditioned Proximal-Point Method

In light of Lemmas 5.3 and 5.4, the original GNE seeking problem can be recast as
the problem of finding a zero of a monotone, set-valued operator, i.e., finding ω∗

such that 0 ∈ Te(ω∗).

We solve this monotone inclusion with a preconditioned version of the proximal-
point algorithm [13, Th. 23.41], i.e.,

(∀k ∈ N) ω(k + 1) = (Id + Φ−1Te)−1(ω(k)), (5.27)

where ω(k) := col(u(k), µ(k),v(k),λ(k)) and Φ is a linear, self-adjoint (Φ = Φ>)
and positive definite mapping known as preconditioning and here defined as

Φ :=


ᾱ− C R> 0 −Ḡ>
R β̄−1 0 0
0 0 γ̄−1 V̄
−Ḡ 0 V̄ > δ̄−1

 , (5.28)
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with ᾱ = blkdiag({ᾱi}i∈N ), with the ᾱi’s as in (5.17), β̄ = blkdiag({β`IH}|E|`=1),

γ̄ = blkdiag({γ`IH}|E|`=1) and δ̄ = δI2H .

To conclude we show that, for an appropriate initialization, by expanding the fixed-
point iteration in (5.27), we obtain the primal-dual updates of Algorithm 5.1, as
formalized next.

Lemma 5.5 ([21, Lemma 6] ). Set the initial conditions ω(0) = col(u(0), µ(0),v(0),λ(0)),
with µ(0) = 0 and v(0) = 0, and the parameters in (5.28) as in Assumption 5.2.
Then, for all k ∈ N, the fixed-point iteration in (5.27) reads in expanded form as
the updates of Algorithm 5.1, where

(i) for each agent i ∈ N , the auxiliary variable wi(k) corresponds to the i-th
(2H−dimensional) component of V >v(k), i.e., wi(k) = [V >v(k)]i;

(ii) for each couple of agents, i and j, communicating over the `−th edge, e` =
(i, j), their local dual variables, µ(i,j) and µ(j,i), respectively, correspond to
the `−th (H−dimensional) component of µ(k), i.e., µ(i,j)(k) = µ(j,i)(k) =
[µ(k)]`. �
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6
Network Games: Fast Proximal

Algorithms

I
n this chapter, we address the GNE problem for games under partial-
decision information, namely where each agent can only observe the

actions of some neighbors, while its cost function possibly depends on
the strategies of other agents. We design a fully-distributed, single-layer,
fixed-step algorithm to seek a variational GNE, based on a proximal best-
response augmented with consensus and constraint-violation penalization
terms. Furthermore, we propose a variant of our method, specifically de-
vised for aggregative games. Our main contribution is to establish con-
vergence, under strong monotonicity and Lipschitz continuity of the game
mapping, by recasting our algorithms as proximal-point methods, oppor-
tunely preconditioned to distribute the computation among the agents.
This operator-theoretic interpretation proves very powerful. First, it al-
lows us to demonstrate convergence of our algorithms even if the proximal
best-response is computed inexactly by the agents. Secondly, it favors the
implementation of acceleration schemes, that can improve the convergence
speed. The potential of our algorithms is validated numerically, revealing
much faster convergence with respect to known gradient-based methods.

97
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6.1 Introduction

Generalized games model the interaction between selfish decision makers, or agents,
that aim optimizing their individual, but inter-dependent, objective functions, sub-
ject to shared constraints. This competitive scenario has received increasing at-
tention with the spreading of networked systems, due to the numerous engineering
applications, including demand response in competitive markets [88], demand-side
management in the smart grid [128], charging/discharging of electric vehicles [69]
and radio communication [57]. From a game-theoretic perspective, one of the chal-
lenges is to assign the agents behavioral rules that eventually ensure the attainment
of an equilibrium. In fact, a recent part of the literature focuses on designing dis-
tributed algorithms to seek a GNE, a joint action from which no agent has interest
to unilaterally deviate [55], [20], [150], [152]. In these works, the computational
effort is partitioned among the agents, but under the assumption that each of them
has access to the decision of all the competitors (or to an aggregation value, in the
case of aggregative games). Such an hypothesis, referred as full-decision informa-
tion, requires the presence of a central coordinator that can communicate with all
the agents, and might be impractical in some domains [138], [62]. One example is
the Nash-Cournot competition model described in [82], where the profit of each of
a group of firms depends not only on its own production, but also on the whole
amount of sales, a quantity not directly accessible by any of the firms. A solution is
offered by fully-distributed algorithms that can be implemented by relying on peer-
to-peer communication only. Specifically, we consider the so-called partial-decision
information scenario, where the agents agree on sharing their strategies with some
neighbors on a network; based on the knowledge exchange, they can estimate and
eventually reconstruct the action of all the competitors.

The partial-decision information setup has only been studied very recently. A
number of approaches have been proposed for non-generalized games (i.e., in the
absence of coupling constraints) [82], [129], [140], [131]. Instead, fewer works deal
with the presence of shared constraints, despite this is a significant extension, which
arises naturally when the agents compete for common resources [55, 2]. Of partic-
ular interest for this chapter is the technique in [119], where the GNE problem is
reformulated as that of finding a zero of a monotone operator. Indeed, the operator-
theoretic approach is very elegant and convenient: several splitting methods are
already well established to solve monotone inclusions, and the properties of fixed-
point iterations are well understood [13, 26], thus providing a unified framework to
design algorithms and study their convergence. For instance, in [64, 65], a fully-
distributed method to solve aggregative games with affine coupling constraints is
proposed, based on a preconditioned forward-backward splitting. The authors of
[22] exploited results on fixed-point iterations with errors [42] to solve generalized
aggregative games on time-varying networks. All the aforementioned formulations
resort to (projected) gradient and consensus dynamics, and are single layer (i.e.,
they require a fixed number of communications per iteration). As a drawback, due
to the partial-decision information assumption, theoretical guarantees are obtained
only for small (or vanisihing) stepsizes, which significantly affects the speed of con-
vergence. Alternatively, the work [148] presents a PPA to solve (merely monotone)
GNE problems, possibly under partial-information, but that requires an increasing
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number of communications at each step. Similarly, double-layer proximal best-
response dynamics are designed in [87] for stochastic games.

In both cases, the extensive communication required may be a performance bottle-
neck. For instance, in parallel computing, the communication time can overwhelm
the local computation time [78]. Even neglecting the time lost in the transmission,
sending large volumes of data on wireless networks results in an increased ener-
getic cost. To improve speed and efficiency, in our recent work [26], we developed a
fully-distributed PPPA for NE seeking, that only requires one communication per
iteration. Therein, we showed that this scheme outperforms the existing pseudo-
gradient algorithms, in terms of the number of iterations needed to converge.

Contributions: Motivated by the above, in this chapter we design single-layer (one
communication per iteration), fixed-step, fully-distributed algorithms to solve GNE
problems with affine coupling constraints, in a partial-decision information scenario.
Our contributions can be summarized as follows:

• We propose a novel, non-gradient-based, GNE seeking PPPA, with conver-
gence guarantees under strong monotonicity and Lipschitz continuity of the
game mapping. Convergence holds even if the proximal operator is com-
puted inexactly (with summable errors). Our analysis relies on fixed-point
iterations and exploits a restricted monotonicity property (6.3-6.4);

• We tailor our method to efficiently solve aggregative games. Specifically, we
propose a single-layer GNE seeking PPPA where the agents only keep and
exchange an estimate of the aggregative value, instead of an estimate of all
the other agents’ actions (6.5);

• By exploiting our operator-theoretic formulation, we apply some acceleration
schemes [77] and provide convergence guarantees. We observe via numerical
simulations that the iterations needed to converge can be reduced up to one
half (6.6);

• Via numerical simulations, we compare our approach to the pseudo-gradient
method in [119], that is the only other known fully-distributed, single layer,
fixed-step GNE seeking algorithm (excluding that in [65], for the special
class of aggregative games). Our simulations show that our PPPA signifi-
cantly outperforms the method in [119] in terms of the number of iterations
needed to converge, thus considerably reducing the communication burden,
at the price of locally solving a strongly-convex optimization problem, rather
than performing a projection, at each time step. Moreover, our scheme only
requires one communication per iteration, instead of two (§6.8).

Basic notation: See Appendix A.

Operator-theoretic background : See Chapter 2.
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6.2 Mathematical setup

We consider a set of agents, I := {1, . . . , N}, where each agent i ∈ I shall choose
its decision variable (i.e., strategy) xi from its local decision set Ωi ⊆ Rni . Let
x := col((xi)i∈I) ∈ Ω denote the stacked vector of all the agents’ decisions, Ω =

Ω1 × · · · × ΩN ⊆ Rn the overall action space and n :=
∑N
i=1 ni. The goal of

each agent i ∈ I is to minimize its objective function Ji(xi, x−i), which depends
on both the local variable xi and on the decision variables of the other agents
x−i := col((xj)j∈I\{i}).

Furthermore, the feasible decision set of each agent depends also on the action of
the other agents via affine coupling constraints. Specifically, the overall feasible set
is

X := Ω ∩ {x ∈ Rn | Ax ≤ b} , (6.1)

where A := [A1, . . . , AN ] and b :=
∑N
i=1 bi, with Ai ∈ Rm×ni and bi ∈ Rm being

local data. The game then is represented by the inter-dependent optimization
problems:

∀i ∈ I : argmin
yi∈Rni

Ji(yi, x−i) s.t. (yi, x−i) ∈ X . (6.2)

The technical problem we consider here is the computation of a GNE, as formalized
next.

Definition 6.1. A collective strategy x∗ = col ((x∗i )i∈I) is a generalized Nash
equilibrium if, for all i ∈ I,

Ji
(
x∗i , x

∗
−i
)
≤ inf{Ji

(
yi, x

∗
−i
)
| (yi, x∗−i) ∈ X}.

Next, we postulate some common convexity regularity assumptions for the con-
straint sets and cost functions, see, e.g., [119, Ass. 1], [85, Ass. 1].

Assumption 6.1 (Regularity and convexity). For each i ∈ I, the set Ωi is non-
empty, closed and convex; X is non-empty and satisfies Slater’s constraint qual-
ification; Ji is continuous and the function Ji (·, x−i) is convex and continuously
differentiable for every x−i. �

Among all the possible GNE, we focus on the subclass of v-GNE [55, Def. 3.11],
which enjoys important structural properties, such as “economic fairness”1. The
v-GNE are so called because they coincide with the solutions of the variational
inequality VI(F,X )2, where F is the pseudo-gradient mapping of the game:

F (x) := col ((∇xiJi(xi, x−i))i∈I) . (6.3)

1Informally speaking, a v-GNE is a GNE where the cost of the common limitations is fairly
shared; for example, if Ωi = R and Ai = 1 for all i, the first condition in (6.4) means that, at
a v-GNE, the marginal loss due to the presence of the coupling constraints is the same for each
agent, namely λ∗ ≥ 0. For an overview on v-GNE, please refer to [55], [85].

2For an operator M : Rn → Rn and a set S ⊆ Rn, the variational inequality VI(M,S) is the
problem of finding a vector ω∗ ∈ S such that M(ω∗)(ω − ω∗) ≥ 0, for all ω ∈ S [56, Def. 1.1.1].
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Under Assumption 6.1, x∗ is a v-GNE of the game in (6.2) if and only if there exist
a dual variable λ∗ ∈ Rm such that the following KKT conditions are satisfied [55,
Th. 4.8]:

0n ∈ F (x∗) +A>λ∗ + NΩ (x∗)
0m ∈ − (Ax∗ − b) + Nm

R≥0
(λ∗).

(6.4)

A sufficient condition for the existence of a unique v-GNE for the game in (6.2)
is the strong monotonicity of the pseudo-gradient [56, Th. 2.3.3], as postulated
next. This assumption is always used for (G)NE seeking under partial-decision
information with fixed step sizes, e.g., in [140, Ass. 2], [119, Ass. 3] (while it is
sometimes replaced by strict monotonicity and compactness of X when allowing
for vanishing step sizes [82, Ass. 2]). It implies strong convexity of the functions
Ji(·, x−i) for every x−i, but not necessarily (strong) convexity of Ji in the full
argument.

Assumption 6.2. The pseudo-gradient mapping in (6.3) is µ-strongly monotone
and θ0-Lipschitz continuous, for some µ, θ0 > 0: for any pair x, y ∈ Rn, (x −
y)>(F (x)− F (y)) ≥ µ‖x− y‖2 and ‖F (x)− F (y)‖ ≤ θ0‖x− y‖. �

6.3 Distributed equilibrium seeking via PPPA

In this section, we present an algorithm to seek a GNE of the game in (6.2) in a fully-
distributed way. Specifically, each agent i only knows its own cost function Ji and
feasible set Ωi, and a portion of the coupling constraints, namely (Ai, bi). Moreover,
agent i does not have full knowledge of x−i, and only relies on the information
exchanged locally with some neighbors over an undirected communication network
G(I, E). The unordered pair (i, j) belongs to the set of edges, E , if and only if agent
i and j can mutually exchange information. We denote: W = [wij ]i,j∈I ∈ RN×N
the weighted symmetric adjacency matrix of G, with wij > 0 if (i, j) ∈ E , wij = 0
otherwise, and the convention wii = 0 for all i ∈ I; L = D − W the weighted
symmetric Laplacian matrix of G, where D ∈ RN×N is the degree matrix of G, i.e.,
D = diag((di)i∈I) and di =

∑N
j=1 wij , for all i ∈ I; Ni = {j | (i, j) ∈ E} the set

of neighbors of agent i. Moreover, we label the edges (e`)`∈{1,...,E}, where E is the
cardinality of the edges set E , and we assign to each edge e` an arbitrary orientation.
We denote the weighted incidence matrix as V ∈ RE×N , where [V ]`,i =

√
(wij) if

e` = (i, j) and i is the output vertex of e`, [V ]`,i = −
√

(wij) if e` = (i, j) and j
is the input vertex of e`, [V ]`,i = 0 otherwise. It holds that L = V >V ; moreover,
null(V ) = null(L) = {κ1N , κ ∈ R} under the following connectedness assumption
[68, Ch. 8].

Assumption 6.3. The communication graph G(I, E) is undirected and connected.
�

To cope with partial-decision information, each agent keeps an estimate of all other
agents’ actions [65]. We denote xi = col((xi,j)j∈I) ∈ RNn, where xi,i := xi
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and xi,j is agent i’s estimate of agent j’s action, for all j 6= i; let also xj,−i :=
col((xj,`)`∈I\{i}). Moreover, each agent keeps an estimate λi ∈ Rm≥0 of the dual
variable and an auxiliary variable zi ∈ Rm. Our proposed dynamics are summarized
in Algorithm 6.1, where the global parameter α > 0 and the step sizes τi, δi, for
all i ∈ I, and ν have to be chosen appropriately (see 6.4).

In steady state, agents should agree on their estimates, i.e., xi = xj , λi = λj , for
all i, j ∈ I. This motivates the presence of consensual terms for both primal and
dual variables. We denote Eq := {y ∈ RNq : y = 1N ⊗ y, y ∈ Rq} the consensual

space of dimension q and E⊥q its orthogonal complement, for any integer q > 0.
Specifically, En is the estimate consensus subspace and Em is the dual variable
consensus subspace.

Remark 6.1. The functions Ji(·,xi,−i) are strongly convex, for all xi,−i, for all
i ∈ I, as a consequence of Assumption 6.2. Therefore the argmin operator in
Algorithm 6.1 is single-valued, and the algorithm is well defined. �

Algorithm 6.1 Fully-distributed v-GNE seeking via PPPA

Initialization: For all i ∈ I, set x0
i ∈ Ωi, x

0
i,−i ∈ Rn−ni , z0

i = 0m, λ0
i ∈ Rm≥0.

For all k > 0:

Communication: The agents exchange {xki ,xki,−i, λki } with the neighbors.

Each agent i ∈ I does:

Distributed Averaging:

x̂ki = 1
di

∑N
j=1 wijx

k
j,i, x̂ki,−i = 1

di

∑N
j=1 wijx

k
j,−i, λ̂ki = 1

di

∑N
j=1 wijλ

k
j .

Local variables update:

xk+1
i,−i = 1

τi+di
(τix

k
i,−i + dix̂

k
i,−i)

xk+1
i = argmin

y∈Ωi

(
Ji(y,x

k+1
i,−i) + τi

2α

∥∥y − xki ∥∥2
+ di

2α

∥∥y − x̂ki ∥∥2
+ 1

α (A>i λ
k
i )>y

)
zi
k+1 = zki + di

ν (λki − λ̂ki )

λk+1
i = PRm

≥0

(
λki + 1

δi

(
Ai(2x

k+1
i − xki )− bi − (2zk+1

i − zki )
))
.

6.4 Derivation and convergence analysis

In this section, we derive Algorithm 6.1 as a PPPA and show its convergence by
leveraging a restricted monotonicity property. Before going into details, we need
some definitions. We denote x = col((xi)i∈I). Besides, let us define, as in [119,
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Eq.13-14], for all i ∈ I,

Ri :=
[

0ni×n<i Ini 0ni×n>i

]
, (6.5a)

Si :=

[
In<i 0n<i×ni 0n<i×n>i

0n>i×n<i 0n>i×ni In>i

]
, (6.5b)

where n<i :=
∑
j<i,j∈I nj , n>i :=

∑
j>i,j∈I nj . In simple terms, Ri selects the

i-th ni dimensional component from an n-dimensional vector, while Si removes
it. Thus, Rixi = xi,i = xi and Sixi = xi,−i. We define R := diag ((Ri)i∈I),
S := diag ((Si)i∈I). It follows that x = Rx and col((xi,−i)i∈I) = Sx ∈ R(N−1)n.
Moreover, we have that

x = R>x+ S>Sx. (6.6)

We define the extended pseudo-gradient mapping F as

F (x) := col ((∇xiJi (xi,xi,−i))i∈I) , (6.7)

and the operators

Fa(x) := αR>F (x) + (Dn −Wn)x, (6.8)

A(ω) :=

Fa(x)
0Em
b

+

 NΩ(x)
0Em

NRNm
≥0

(λ)

+

 R>A>λ
−Vmλ

−ARx+ V >m v

 (6.9)

where α > 0 is a fixed design parameter, ω := col(x,v,λ), with v =
col((vi)`∈{1,...,E}) ∈ REm, λ = col((λi)i∈I) ∈ RNm, A := diag((Ai)i∈I), Wn :=
W ⊗ In, Dn := D ⊗ In, Vm := V ⊗ Im, and Ω := {x ∈ RnN | Rx ∈ Ω}.
The following lemma relates the unique v-GNE of the game in (6.2) to the zeros of
the operator A. The proof is analogous to [119, Th. 1] or Lemma 6.12 in 6.5, and
hence it is omitted.

Lemma 6.2. The following statements hold:

i) If col(x∗,v∗,λ∗) ∈ zer(A), then x∗ = 1N ⊗ x∗ and x∗ is the v-GNE of the
game in (6.2).

ii) zer(A) 6= ∅. �

6.4.1 Derivation of the algorithm

Lemma 6.2 is fundamental, because it allows us recast the GNE problem as that of
computing a zero of the mapping A in (6.9). In turn, this can be efficiently done
by applying standard operator-splitting methods [13, 26-28]. By following this
approach, fully-distributed GNE seeking dynamics were developed by the authors
of [119], [22]. In effect, in this section we show that also Algorithm 6.1 is an instance
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of the PPA [13, Th. 23.41], applied to seek a zero of the (suitably preconditioned)
operator A.

Nonetheless, technical difficulties arise because of the partial-decision information
scenario. Specifically, the operator A is not monotone in general, not even if
strong monotonicity of the pseudo-gradient mapping F holds, i.e., Assumption
6.2. This is due to the fact that, in the extended pseudo-gradient in (6.7) (and
in Algorithm 6.1), the partial gradient ∇xiJi (xi,xi,−i) is evaluated on the local
estimate xi,−i, and not on the actual value x−i. Only when the estimates x belong
to the consensus subspace, i.e. x = 1N ⊗ x (namely, the estimate of each agents
coincide with the actual value of x), we have that F (x) = F (x).

We remark that many operator-theoretic properties are not guaranteed for the
resolvent JB = (Id + B)−1 of a non-monotone operator B : S ⇒ Rq, S ⊆ Rq. By
definition, it still holds that zer(B) = fix(JB), but JB may have a limited domain,
or be not single-valued. In this general case, we write the PPA as

(∀k ∈ N) ωk+1 ∈ JB(ωk), (6.10)

that is well defined only if JB(ωk) 6= ∅ for all k.

Next, we show that Algorithm 6.1 is obtained by applying the iteration in (6.10)
to the operator Φ−1A, where

Φ :=

τ̄ +Wn 0 −R>A>
0 ν̄ Vm
−AR V >m δ̄

 (6.11)

is called preconditioning matrix, and the step sizes τ̄ = diag((τiIn)i∈I), ν̄ = νIEm,
δ̄ = diag((δiIm)i∈I), have to be chosen such that Φ is positive definite. In this case,
it also holds that zer(Φ−1A) = zer(A). Sufficient conditions that ensure Φ � 0 are
provided in the next lemma, that follows by the Gershgorin’s circle theorem.

Lemma 6.3. The matrix Φ in (6.11) is positive definite if ν > ‖V ‖∞ and, for all

i ∈ I, τi > di + ‖A>i ‖∞, δi > ‖Ai‖∞ +
∑N
j=0

√
wij. �

In the following, we always assume that the step sizes in Algorithm 6.1 are chosen
such that Φ � 0. Then, we are able to formulate the following result.

Lemma 6.4. Algorithm 6.1 is equivalent to the iteration

(∀k ∈ N) ωk+1 ∈ JΦ−1A(ωk), (6.12)

with A as in (6.9), Φ as in (6.11): for any initial condition ω0 = col(x0,v0 =
0Em,λ

0), the sequence (xk,V >m v
k,λk)k∈N generated by (6.12) is identical to

the sequence (xk, zk,λk)k∈N generated by Algorithm 6.1 with initial conditions
(x0, z0 = 0Nm,λ

0). �

Proof. By definition of inverse operator we have that

ωk+1 ∈ (Id + Φ−1A)−1ωk
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⇐⇒ 0 ∈ ωk+1 + Φ−1Aωk+1 − ωk

⇐⇒ 0 ∈ Φ(ωk+1 − ωk) +Aωk+1

⇐⇒



0 ∈ τ̄(xk+1 − xk) +���
�

Wnx
k+1 −Wnx

k −((((((R>A>λk+1

+R>A>λk + αR>F (xk+1) + NΩ(xk+1)

+Dnx
k+1
���

��−Wnx
k+1 +(((

(((R>A>λk+1

0 ∈ ν̄(vk+1 − vk) +��
��Vmλ
k+1 − Vmλk −����Vmλ

k+1

0 ∈ δ̄(λk+1 − λk) + NRmN
≥0

(λk+1) + b

−AR(2xk+1 − xk) + V >m (2vk+1 − vk)

(6.13)

In turn, the first inclusion in (6.13) can be split in two components by left-
multiplying both sides withR and S. By noticing that SNΩ = 0(N−1)n, RR> = In
and SR> = 0(N−1)n×n, we get

0(N−1)n ∈ S((τ̄ +Dn)xk+1 − τ̄xk −Wnx
k)

0n ∈ R((τ̄ +Dn)xk+1 − τ̄xk −Wnx
k)

+ NΩ(xk+1) + αF ((xk+1,Sxk+1))

+A>λk

⇐⇒
∀i∈I



xk+1
i,−i = 1

τi+di
(τix

k
i,−i +

∑N
j=1 wijx

k
j,−i)

0ni ∈ ∂xk+1
i

(
Ji(x

k+1
i ,xk+1

i,−i) + τi
2α

∥∥xk+1
i − xki

∥∥2

+ 1
2αdi

∥∥dixk+1
i −∑N

j=1 wijx
k
j,i

∥∥2

+ ιΩi
(xk+1
i ) + 1

α (A>i λ
k
i )>xk+1

i

)
.

Therefore, since the zeros of the subdifferential of a (strongly) convex function
coincide with the minima (unique minimum) [13, Th. 16.3], (6.13) can be rewritten
as

∀i ∈ I :

xk+1
i,−i = 1

τi+di
(τix

k
i,−i +

∑N
j=1 wijx

k
j,−i)

xk+1
i = argmin

y∈Ωi

(
Ji(y,x

k+1
i,−i) + τi

2α

∥∥y − xki ∥∥2

+ 1
2αdi

∥∥diy −∑N
j=1 wijx

k
j,i

∥∥2
+ 1

α (A>i λ
k
i )>y

)
vk+1 = vk +

1

ν
Vmλ

k

λk+1 = PRmN
≥0

(
λk + δ̄−1

(
AR(2xk+1 − xk)− b
− V >m (2vk+1 − vk)

))
(6.14)

The conclusion follows by defining zk := V >m v
k, where zk = col((zi)i∈I) ∈ RNm

and zki ∈ Rm are local auxiliary variables kept by each agent, provided that z0 =
V >m v

0. The latter is ensured by z0 = 0Nm, as in Algorithm 6.1.
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Remark 6.2. The preconditioning matrix Φ is designed to make the system
of inclusions in (6.13) block triangular, i.e., to remove the term Wnx

k+1 and
R>A>λk+1 from the first inclusion, and the terms Vmλ

k+1 from the second: in
this way, xk+1

i and zk+1 do not depend on xk+1
j , for i 6= j, or λk+1. This ensures

that the resulting iteration can be computed by the agents in a fully-distributed fash-
ion. Furthermore, the change of variable z = V >m v reduces the number of auxiliary
variables and decouples the dual update in (14) from the graph structure. �

Remark 6.3. By Lemma 6.4, Remark 6.1 and by the explicit form of the resolvent
JΦ−1A in (6.14), we conclude that dom(JΦ−1A) = RNn+Em+Nm and that JΦ−1A is
single-valued on its domain. �

6.4.2 Convergence analysis

The convergence of Algorithm 6.1 cannot be inferred by standard results for the
PPA, because the operator A (or Φ−1A) is not monotone in general. The loss
of monotonicity is the main technical difficulty that arises when studying (G)NE
seeking under partial-decision information, and it is due to the fact that R>F (x)
is very rarely monotone in cases of interest (see Appendix 6.10.4). However, a
restricted strong monotonicity property holds for the operator Fa in (6.8), that
was exploited, e.g., in [131], [119], [65]. Analogously, we make use of a restricted
monotonicity property of the operator A, which can be guaranteed for any game
satisfying Assumptions 6.1-6.3, without additional hypotheses, as formalized in the
next two statements.

Lemma 6.5 ([26, Lemma 3]). The extended pseudo-gradient mapping F in (6.7) is
θ-Lipschitz continuous, for some µ ≤ θ ≤ θ0: for any x,y ∈ RNn, ‖F (x)−F (y)‖ ≤
θ‖x− y‖. �

Lemma 6.6. Let

αmax :=
4µλ2(L)

(θ0 + θ)2 + 4µθ
. (6.15)

If α ≤ αmax, then A is restricted monotone with respect to zer(A): for any (ω,u) ∈
gra(A) and any (ω∗,u∗) ∈ gra(A) such that ω∗ ∈ zer(A), it holds that

(ω − ω∗)> (u− u∗) ≥ 0.

Proof. The operator A in (6.9) is the sum of three operators. The second is mono-
tone by properties of normal cones [13, Th. 20.25]; the third is a linear skew-
symmetric operator, hence monotone [13, Ex. 20.35]. Let ω = col(x,v,λ) and
ω∗ = col(x∗,v∗,λ∗). By Lemma 6.2, x∗ ∈ En, hence by [119, Lemma 3], it also

holds that (x− x∗)> (Fa(x)−Fa(x∗)) ≥ 0. The conclusion follows by straightfor-
ward computation.
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Moreover, the operator Φ−1A retains this property, in the space induced by the
inner product 〈·|·〉Φ.

Lemma 6.7. Let αmax be as in (6.15) and assume that 0 < α ≤ αmax is chosen.
Then Φ−1A is restricted monotone, with respect to zer(A), in the Φ-induced space:
for all (ω,u) ∈ gra(Φ−1A) and all (ω∗,u∗) ∈ gra(Φ−1A) such that ω∗ ∈ zer(A),
it holds that

〈u− u∗ | ω − ω∗〉Φ ≥ 0.

Proof. By definition, (ω,Φu), (ω∗,Φu∗) ∈ gra(A). Hence the restricted mono-
tonicity in Lemma 6.6 reads as 0 ≤ 〈Φu−Φu∗ | ω−ω∗〉 = 〈u−u∗ | ω−ω∗〉Φ.

Based on the restricted monotonicity property in Lemma 6.7, in the remainder of
the section we show that the iteration in (6.12) converges to a point in fix(JΦ−1A) =
zer(Φ−1A) = zer(A). Our analysis is based on an existing result for iterations of
firmly quasi-nonexpansive (Q-FNE) operators, that is reported next.

Lemma 6.8 ([13, Prop. 4.2, Th. 4.3]). Let H be a finite dimensional Hilbert space
equipped with a scalar product 〈·|·〉a, and T : H → H be a firmly quasinonexpansive
operator, such that dom(T ) = H, C := fix(T ) 6= ∅. Let (γk)k∈N be a sequence in
[0, 2], and (ek)k∈N a sequence in H such that (γk‖ek‖a)k∈N ∈ `1. Let ω0 ∈ H and
set:

(∀k ∈ N) ωk+1 = ωk + γk(T (ωk)− ωk + ek). (6.16)

Then the following statements hold:

(i) (∃(εk)k∈N ∈ `1)(∀ω∗ ∈ C)(∀k ∈ N) ‖ωk+1 − ω∗‖a ≤ ‖ωk − ω∗‖a + |εk|.
(ii)

(
γk(2− γk)‖T (ωk)− ωk‖2a

)
k∈N ∈ `1.

(iii) Suppose that every cluster point of (ωk)k∈N belongs to C. Then, (ωk)k∈N
converges to a point in C. �

We already noted in Remark 6.3 that the operator JΦ−1A is single valued, with
dom(JΦ−1A) = RNn+Em+En. However, to be able to apply the previous lemma to
the iteration in (6.12), we still need the following two lemmas.

Lemma 6.9. Assume 0 < α ≤ αmax, αmax as in (6.15). JΦ−1A if firmly quasinon-
expansive in the Φ-induced norm, i.e., for all ω, for all ω∗ ∈ fix(JΦ−1A) = zer(A),
it holds that

‖JΦ−1A(ω)− ω∗‖2Φ ≤ ‖ω − ω∗‖2Φ − ‖JΦ−1A(ω)− ω‖2Φ.

Proof. Denote u = JΦ−1A(ω) and recall that ω∗ = JΦ−1A(ω∗). By definition of
resolvent and by definition of inverse operator, it follows that ω − u ∈ Φ−1A(u),
and 0 ∈ Φ−1A(ω∗). Therefore the restricted monotonicity property in Lemma 6.7
reads as

〈ω − u | u− ω∗〉Φ ≥ 0.

In turn, the last inequality is equivalent to the firmly quasinonexpansiveness of
JΦ−1A [13, Prop. 4.2(iv)].
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Lemma 6.10. JΦ−1A is continuous. �

Proof. See Appendix 6.10.1.

Theorem 6.11. Assume that 0 < α ≤ αmax is chosen, αmax as in (6.15),
and that the step sizes τ̄ , ν̄, δ̄ are chosen as in Lemma 6.3. Then, the sequence
(xk, zk,λk)k∈N generated by Algorithm 6.1 converges to an equilibrium (x∗, z∗,λ∗),
where x∗ = 1N ⊗ x∗ and x∗ is the v-GNE of the game in (6.2). �

Proof. By Lemma 6.4, we can equivalently study the convergence of the iteration
in (6.12). In turn, (6.12) can be rewritten as (6.16) with T = JΦ−1A and γk = 1,
ek = 0, for all k ∈ N, since JΦ−1A is firmly quasinonexpansive with respect to
the norm ‖ · ‖Φ by Lemma 6.9 and it has full domain by Remark 6.3. More-
over, fix(JΦ−1A) = zer(A) by definition of resolvent, and hence fix(JΦ−1A) 6= ∅
by Lemma 6.2. The sequence (ωk)k∈N is bounded by Lemma 6.8(i). There-
fore, (ωk)k∈N admits at least one cluster point, say ω̄, and denote (kn)n∈N a
nondecreasing diverging subsequence such that (ωkn)n∈N converges to ω̄. Since
JΦ−1A(ωkn) − ωkn → 0 by Lemma 6.8(ii) and by the continuity of JΦ−1A in
Lemma 6.10, it follows that JΦ−1A(ω̄) = ω̄. Therefore all the cluster points of
(ωk)k∈N belongs to fix(JΦ−1A) and the convergence to an equilibrium of (6.12)
follows by Lemma 6.8(iii). The conclusion follows by Lemma 6.2.

Remark 6.4. Algorithm 6.1 requires each agent i to solve an optimization problem
to compute xk+1

i , at each iteration. However, from Lemma 6.8 and by inspection of
the proof of Theorem 6.11, it is evident that the convergence result in Theorem 6.11
still holds if an approximation is used in place of the exact solution of the argmin
in Algorithm 6.1, provided that the errors with respect to the exact solution of the
optimization, eki , are absolutely summable, i.e., (eki )k∈N ∈ `1, for all i ∈ I. Further,
the optimization problems are strongly convex, hence they can be efficiently solved
via iterative algorithms. �

6.5 Aggregative games

In aggregative games, ni = n̄ > 0 for all i ∈ I (hence n = Nn̄) and the cost
function of each agent depends only on its local decision and on the value of the
average strategy avg(x) := 1

N

∑
i∈Ixi. Therefore, for each i ∈ I, there is a function

fi : Rn̄ ×Rn̄ → R such that the original cost function Ji in (6.2) can be written as

Ji(xi, x−i) =: fi(xi, avg(x)). (6.17)

Since an aggregative game is only a particular instance of the game in (6.2), all the
considerations on the existence and uniqueness of a v-GNE and equivalence with
the KKT conditions in (6.4) are still valid.

Moreover, Algorithms 6.1 could still be used to compute a v-GNE. This would
require each agent to keep (and exchange) an estimate of all other agents’ action,
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i.e., a vector of (N−1)n̄ components. In practice, however, the cost of each agent is
only a function of the aggregative value avg(x), whose dimension n̄ is independent of
the number N of agents. To reduce the communication and computation burden,
in this section we introduce an algorithm specifically designed to seek a v-GNE
in aggregative games, that is scalable with the number of agents. The proposed
iteration is shown in Algorithm 6.2, where the parameters α, τi, δi for all i ∈ I,
and ν, β, have to be chosen appropriately and we used the notation

F̃i(xi, ξi) := ∇xifi(xi, ξi) + 1
N∇ξifi(xi, ξi). (6.18)

We note that F̃i(xi, avg(x)) = ∇xiJi(xi, avg(x)).

Algorithm 6.2 Fully distributed v-GNE seeking in aggregative games via PPPA

Initialization: For all i ∈ I, set x0
i ∈ Ωi, s

0
i = 0n̄, z0

i = 0m, λ0
i ∈ Rm≥0.

For all k > 0:

Communication: The agents exchange {σki = xki +ski , λ
k
i } with the neighbors.

Local variables update: each agent i ∈ I does

sk+1
i = ski − 1

β

∑N
j=1 wij(σ

k
i − σkj )

xk+1 ← y s.t. 0n̄ ∈
[
τiy + αF̃i(y, y + sk+1

i )− τixki +A>i λ
k
i

+
∑N
j=1 wij(σ

k
i − σkj )

]
+ NΩi

(y) (6.19)

zi
k+1 = zki + 1

ν

∑N
j=1 wij(λ

k
i − λkj )

λk+1
i = PRm

≥0

(
λki + 1

δi

(
Ai(2x

k+1
i − xki )− bi − (2zk+1

i − zki )
))
.

Remark 6.5. The update of the local actions xki in Algorithm 6.2 is the solution
of an inclusion, i.e., the problem of finding a zero of an operator. Equivalently, the
problem can be reformulated as the variational inequality VI(gki (y),Ωi), where gki
is the mapping in the square brackets in (6.19). In this section, we prove that, for
appropriate choices of the parameters, a solution exists and it is unique (hence the
algorithm is well defined) and we suggest methods to find it. Moreover, we show
how the update can be simplified for many problems of interest. For the time being,
we note that the xki update only depends on locally available variables, hence it does
not require communication among the agents. �

Since the agents rely on local information only, they do not have access to the
actual value of the average strategy. To cope with the lack of information, each
agent is embedded with an auxiliary error variable si ∈ Rn̄, that is an estimate
of the quantity avg(x)− xi. Each agent aims at reconstructing the true aggregate
value, based on the information received from its neighbors. In particular, it should
hold that sk → 1N ⊗ avg(xk) − xk asymptotically, where s := col((si)i∈I). For
brevity of notation, we also denote

σi := xi + si, σ := col((σi)i∈I). (6.20)
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Remark 6.6. By the updates in Algorithm 6.2, we can immediately infer an in-
variance property of the iteration, namely that avg(sk) = 0n̄, or equivalently that
avg(xk) = avg(σk), for any k ∈ N, provided that the algorithm is initialized appro-
priately , i.e., s0

i = 0n̄, for all i ∈ I. In fact, the update of σk (as it follows from
Algorithm 6.2) reads as

σk+1 = σk − 1
βLn̄σ

k + (xk+1 − xk),

where Ln̄ := L ⊗ In̄. This update can be regarded as a dynamic tracking for the
time-varying quantity avg(x) [82] . �

We define the extended pseudo-gradient mapping as

F̃ (x, ξ) := col((F̃i(xi, ξi))i∈I) (6.21)

for ξ = col((ξi)i∈I) ∈ Rn, and the operator

Ã(ω) :=


αF̃ (x, σ) +Ln̄σ

Ln̄σ
0Em
b

+


NΩ(x)

0n
0Em

NRNm
≥0

(λ)

+


A>λ
0n
−Vmλ

V >m v −Ax

 (6.22)

where α > 0 is a fixed design parameter, ω := col(x, s,v,λ) ∈ R2n+Em+Nm and
we recall that σ = x+ s is just a shorthand notation. We remark that F̃ (x,1N ⊗
avg(x)) = F (x), for all x ∈ Rn.

The rest of the section is devoted to the convergence analysis of Algorithm 6.2.
Similarly to 6.4, we first show that the iteration is indeed a PPPA applied to find
a zero of the operator Ã. Then, we restrict our analysis to the invariant subspace

Σ := {(x, s,v,λ) ∈ R2n+Em+Nm | avg(s) = 0n̄}. (6.23)

We start by characterizing the zeros of the operator Ã.

Lemma 6.12. The following statements holds:

i) If col(x∗, s∗,v∗,λ∗) ∈ zer(Ã)∩Σ, then s∗ = 1N ⊗ avg(x∗)− x∗ and x∗ is the
v-GNE of the game in (6.2).

ii) zer(Ã) ∩ Σ 6= ∅. �

Proof. See Appendix 6.10.2.

Next, similar to Lemma 6.6, we show a restricted monotonicity property for the
operator Ã.

Lemma 6.13. The mapping F̃ in (6.21) is θ̃-Lipschitz continuous, for some θ̃ > 0.

�
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Proof. Proof. It follows from Lemma 6.5, by noticing that F̃ (x, ξ) = F ((x, (IN ⊗
1N−1 ⊗ In̄)( N

N−1ξ − 1
N−1x))).

Lemma 6.14. Let

α̃max :=
4µλ2(L)

θ̃2
. (6.24)

For any α ≤ α̃max, for any (ω,u) ∈ gra(Ã) such that ω ∈ Σ, and any (ω∗,u∗) ∈
gra(Ã) such that ω∗ ∈ zer(Ã) ∩ Σ, it holds that

(ω − ω∗)>(u− u∗) ≥ 0.

Proof. The operator Ã is the sum of three components. The second is mono-
tone by properties of the normal cones [13, Th. 20.25], the last because it is
a linear skew-symmetric operator [13, Ex. 20.35]. Let ω = col(x, s,v,λ) and
ω∗ = col(x∗, s∗,v∗,λ∗). By Lemma 6.12, we have s∗ = 1N ⊗ avg(x∗) − x∗.
Therefore, by [27, Lemma 8], and by defining σ = x + s, σ∗ = s∗ + x∗, it holds
that (x− x∗)>(αF̃ (x, σ)− αF̃ (x∗, σ∗) +Ln̄(σ − σ∗)) + (s − s∗)>Ln̄(σ − σ∗) =
(x − x∗)>(αF̃ (x, σ) − αF̃ (x∗, σ∗)) + (σ − σ∗)>Ln̄(σ − σ∗) ≥ 0. The conclusion
follows by straightforward computation.

We are now ready to prove the convergence of Algorithm 6.2. The result is based
on applying the iteration in (6.10) to the operator Φ̃−1Ã, where

Φ̃ :=


τ̄ −Ln̄ −Ln̄ 0 −A>
−Ln̄ β̄ −Ln̄ 0 0

0 0 ν̄ Vm
−A 0 V >m δ̄

 , (6.25)

and the step sizes τ̄ = col((τiIn̄)i∈I), β̄ = βINn, ν̄ = νIEm, δ̄ = col((δiIm)i∈I),
have to be chosen such that the symmetric preconditioning matrix Φ̃ is positive
definite. In this case, it also holds that zer(Φ̃−1Ã) = zer(Ã). Sufficient condi-
tions that ensure Φ̃ � 0 are provided next, which are based on the generalized
Gershgorin’s circle theorem [59, Th. 2].

Lemma 6.15. The matrix Φ̃ in (6.25) is positive definite if β > 2 max((di)i∈I) +

‖L‖, ν > ‖V ‖, and, for all i ∈ I, τi > 4di + ‖A>i ‖, δi > ‖Ai‖+
∑N
j=0

√
wij. �

Theorem 6.16. Assume that α ≤ min(α̃max, 2
√

2(dmin)/θ̃) is chosen, with α̃max

as in (6.24) and dmin = min((di)i∈I), and that the step sizes τ̄ , β̄, ν̄, δ̄ are chosen as
in Lemma 6.15. Then, the sequence (xk, sk, zk,λk)k∈N generated by Algorithm 6.2
converges to an equilibrium (x∗,1 ⊗ avg(x∗) − x∗, z∗,λ∗), where x∗ is the v-GNE
of the game in (6.2). �

Proof. See Appendix 6.10.3.
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Remark 6.7. The update in (6.19) is implicitely defined by a strongly monotone
inclusion (see the proof of Theorem 6.16). We remark that there are a number of
iterative methods (with linear convergence rate) to find the unique solution of this
inclusion [13, 26], or the equivalent VI [56, 12], for example the forward-backward
splitting [56, 12.5.1], [13, 26.5], (similar to a projected-gradient method). We
note that the agents can seek a solution in a completely decentralized way, as the
computation is only local. Also, the VIs have a low dimension n̄ (differently from
[148], where a subgame of dimension n has to be solved at every step). Moreover, as
in Remark 6.4, convergence is guaranteed even if the solution is only approximated
at each step (with summable error). �

Remark 6.8. If F̃i(y, y + sk+1
i ) is integrable with respect to y, i.e., if there ex-

ists a function ai such that ∇yai(y, sk+1
i ) = F̃i(y, y + sk+1

i ) (and, in this case,

ai(y, s
k+1
i ) =

∫ 1

0
F̃i(ty, ty + sk+1

i )>ydt), then the xki updates in Algorithm 6.2 can
be simplified as

xk+1
i = argmin

y∈Ωi

(
αai(y, s

k+1
i ) + τi

2α

∥∥y − xki ∥∥2
+ 1

α (A>i λ
k
i )>y

+ 1
2α

(∑N
j=1 wij(σ

k
i − σkj )

)>
y
)
, (6.26)

analogously to Lemma 6.4. The integrability condition always holds for scalar func-
tions, i.e., if n̄ = 1. Another notable case is the class of aggregative games with
cost functions fi(xi, avg(x)) = f̄i(xi) + (Qi avg(x))>xi, for some function f̄i and
symmetric matrix Qi; this setup models a number of applications, see for instance
the Nash-Cournot game in [82] or the resource allocation problem considered in
[19]. In this case, the functions ai are

ai(xi, si) = f̄i(xi) + (Qi(si + xi))
>xi − N−1

2N x>i Qixi.

Nevertheless, it is not needed for the agents to be able to compute an explicit ex-
pression for ai, as the optimization problem in (6.26) can be solved via (projected)
gradient-based methods. �

6.6 Accelerations

In 6.4, we showed that Algorithm 6.1 can be recast (modulo the change of variables
z = V >m v) in the form (6.16), i.e.,

ωk+1 = T (ωk), (6.27)

with T = JΦ−1A a single-valued continuous Q-FNE mapping. This compact op-
erator representation allows for some modifications of Algorithm 6.1, according to
well-known accelerations schemes [77], that can increase its convergence speed. For
the sake of example, in this section we propose three accelerated versions of Algo-
rithm 6.1, and we present convergence results. Other solutions could be obtained
by combining different schemes [77].
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6.6.1 Overrelaxation

The overrelaxed iteration reads, in compact form, as

ωk+1 = ηT (ωk) + (1− η)ωk, (6.28)

where η ∈ [1, 2) is a relaxation parameter. The resulting scheme is summarized
in Algorithm 6.3, with the change of variable z = V >m v (as for Algorithm 6.1 and
(6.12)).

Theorem 6.17. Assume α ≤ αmax , αmax as in (6.15), and that the step sizes
τ̄ , ν̄, σ̄ are as in Lemma 6.3. Then, for any η ∈ (0, 2), the sequence (xk, zk,λk)k∈N
generated by Algorithm 6.3 converges to an equilibrium (x∗, z∗,λ∗), where x∗ =
1N ⊗ x∗ and x∗ is the GNE of the game in (6.2). �

Proof. The theorem follows directly from Lemma 6.8, as for Therorem 6.11, by
choosing γk = η for all k ∈ N.

6.6.2 Inertia

The inertial version of Algorithm 6.1 is summarized in Algorithm 6.4, obtained
(modulo the change of variable z = V >m v) by expanding the compact form

ωk+1 = T (ωk + ρ(ωk − ωk−1)), (6.29)

with ρ ≥ 0 the inertia parameter.

Theorem 6.18. Assume α ≤ αmax, αmax as in (6.15), and that the step sizes
τ̄ , ν̄, σ̄ are as in Lemma 6.3. Then, for any ρ ∈ [0, 1

3 ), the sequence (xk, zk,λk)k∈N
generated by Algorithm 6.4 converges to an equilibrium (x∗, z∗,λ∗), where x∗ =
1N ⊗ x∗ and x∗ is the GNE of the game in (6.2). �

Proof (sketch). The proof is analogous to the one of [29, Th. 5], which is formulated
for nonexpansive operators3; however, in the finite dimensional case, the proof holds
for continuous quasinonexpansive operators. Also, it can be shown that ρ satisfies
the bound in [29, Eq. 6].

6.6.3 Alternated inertia

The proposed scheme is shown in Algorithm 6.5 and reads in compact form, modulo
the change of variable z = V >m v, as{

ωk+1 = T (ωk) if k is even,

ωk+1 = T (ωk + ρ(ωk − ωk−1)) if k is odd.
(6.30)

3We recall that an operator T is firmly (quasi)nonexpansive if and only if the operator 2T − Id
is (quasi)nonexpansive [13, Prop. 4.2, 4.4]: this observation allows us to apply the proof of [29,
Th. 5] to our setup.
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Algorithm 6.3 Distributed v-GNE seeking via overrelaxed PPPA

Initialization: For all i ∈ I, set x0
i ∈ Ωi, x

0
i,−i ∈ Rn−ni , z0

i = 0m, λ0
i ∈ Rm≥0.

For all k > 0:

Communication: The agents exchange {xki ,xki,−i, λki } with the neighbors.

Local auxiliary variables update: each agent i ∈ I does

x̃k+1
i,−i = 1

τi+di
(τix

k
i,−i +

∑N
j=1 wijx

k
j,−i)

x̃k+1
i = argmin

y∈Ωi

(
Ji(y,x

k+1
i,−i) + τi

2α

∥∥y − xki ∥∥2

+ 1
2αdi

∥∥diy −∑N
j=1 wijx

k
j,ix

∥∥2
+ 1

α (A>i λ
k
i )>y

)
z̃i
k+1 = zki + 1

ν

∑N
j=1 wij(λ

k
i − λkj )

λ̃k+1
i = PRm

≥0

(
λki + 1

σi

(
Ai(2x

k+1
i − xki )− bi − (2zk+1

i − zki )
))
.

Local variable update (relaxation): each agent i ∈ I does

xk+1
i,−i = ηx̃k+1

i,−i + (1− η)xki,−i xk+1
i = ηx̃k+1

i + (1− η)xki

zi
k+1 = ηz̃k+1

i + (1− η)zki λk+1
i = ηλ̃k+1

i + (1− η)λki

Algorithm 6.4 Distributed v-GNE seeking via inertial PPPA

Initialization: For all i ∈ I, set x−1
i = x0

i ∈ Ωi, x
−1
i,−i = x0

i,−i ∈ Rn−ni , z−1
i = z0

i =

0m, λ−1
i = λ0

i ∈ Rm≥0.

For all k > 0:

Local auxiliary variables update: each agent i ∈ I does

x̃ki,−i = xki,−i + γ(xki,−i − xk−1
i,−i) x̃ki = xki + γ(xki − xk−1

i )

z̃ki = zki + γ(zki − zk−1
i ) λ̃ki = λki + γ(λki − λk−1

i )

Communication: The agents exchange {x̃ki , x̃ki,−i, λ̃ki } with the neighbors.

Local variables update: each agent i ∈ I does

xk+1
i,−i = 1

τi+di
(τix̃

k
i,−i +

∑N
j=1 wijx̃

k
j,−i)

xk+1
i = argmin

y∈Ωi

(
Ji(y, x̃

k+1
i,−i) + τi

2α

∥∥y − x̃ki ∥∥2

+ 1
2αdi

∥∥diy −∑N
j=1 wijx̃

k
j,i

∥∥2
+ 1

α (A>i λ̃
k
i )>y

)
zi
k+1 = z̃ki + 1

ν

∑N
j=1 wij(λ̃

k
i − λ̃kj )

λk+1
i = PRm

≥0

(
λ̃ki + 1

σi

(
Ai(2x̃

k+1
i − x̃ki )− bi − (2z̃k+1

i − z̃ki )
))
.
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Algorithm 6.5 Distributed v-GNE seeking via alternating inertial PPPA

Initialization: For all i ∈ I, set x−1
i = x0

i ∈ Ωi, x
−1
i,−i = x0

i,−i ∈ Rn−ni , z−1
i = z0

i =

0m, λ−1
i = λ0

i ∈ Rm≥0.

For all k > 0:

Auxiliary variables update: Set ρ̃k = 0 if k is even, ρ̃k = ρ otherwise. Each
agent i ∈ I does

x̃ki,−i = xki,−i + ρ̃k(xki,−i − xk−1
i,−i) x̃ki = xki + ρ̃k(xki − xk−1

i )

z̃ki = zki + ρ̃k(zki − zk−1
i ) λ̃ki = λki + ρ̃k(λki − λk−1

i )

Communication: The agents exchange the variables {x̃ki , x̃ki,−i, λ̃ki } with their
neighbors.
Local variables update: each agent i ∈ I does

xk+1
i,−i = 1

τi+di
(τix̃

k
i,−i +

∑N
j=1 wijx̃

k
j,−i)

xk+1
i = argmin

y∈Ωi

(
Ji(y, x̃

k+1
i,−i) + τi

2α

∥∥y − x̃ki ∥∥2

+ 1
2αdi

∥∥diy −∑N
j=1 wijx̃

k
j,i

∥∥2
+ 1

α (A>i λ̃
k
i )>y

)
zi
k+1 = z̃ki + 1

ν

∑N
j=1 wij(λ̃

k
i − λ̃kj )

λk+1
i = PRm

≥0

(
λ̃ki + 1

σi

(
Ai(2x̃

k+1
i − x̃ki )− bi − (2z̃k+1

i − z̃ki )
))
.

Theorem 6.19. Assume that α ≤ αmax, αmax as in (6.15), and that the step sizes
τ̄ , ν̄, σ̄ are as in Lemma 6.3. Then, for any ρ ∈ [0, 1), the sequence (xk, zk,λk)k∈N
generated by Algorithm 6.5 converges to an equilibrium (x∗, z∗,λ∗), where x∗ =
1N ⊗ x∗ and x∗ is the GNE of the game in (6.2). �

Proof (sketch). The proof follows analogously to the proof of [77, Lemma 3.3], by
exploiting that T is Q-FNE and continuous (the original result is formulated for
firmly nonexpansive operators).

Remark 6.9. An analogous analysis can be carried out to obtain accelerated ver-
sions of Algorithm 6.2. �

6.7 NE seeking with linear convergence rate

Linear convergence to a NE via PPPA can be achieved in games without coupling
constraints, namely when A = 0, b = 0. In this simpler case, Algorithm 6.1 reads
as the NE seeking scheme in Algorithm 6.6, where x̂ki and x̂ki,−i are defined as in
Algorithm 6.1. The convergence of this iteration can be inferred by Theorem 6.11.
In [26], instead, we derived Algorithm 6.6 as a PPPA to seek a zero of the operator
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ANE(x) = Fa(x) + NΩ(x), with preconditioning matrix ΦNE := τ̄ + Wn, τ̄ =
diag((τiIn)i∈I). For suitable choices of the parameter α, the operator ANE is
restricted strongly monotone. Therefore, based on a contractivity property of its
preconditioned resolvent, we were able to prove linear convergence of Algorithm 6.6.
The convergence result is reported next.

Algorithm 6.6 Distributed NE seeking PPPA

xk+1
i,−i = 1

τi+di
(τix

k
i,−i + dix̂

k
i,−i)

xk+1
i = argmin

y∈Ωi

Ji(y,x
k+1
i,−i) + τi

2α

∥∥y − xki ∥∥2
+ di

2α

∥∥y − x̂ki ∥∥2

Theorem 6.20. [26, Th. 2] Let τi > di for all i ∈ I, and let

M := α

[
µ
N − θ0+θ

2
√
N

− θ0+θ

2
√
N

λ2(L)
α − θ

]
,

αmax := 4µλ2(L)
(θ0+θ)2+4µθ ,

% := λmin(M).

For any 0 < α ≤ αmax, for any initial condition, it holds that M � 0 and that the
sequence (xk)k∈N generated by Algorithm 6.6 converges to the point x∗ = 1n ⊗ x∗,
where x∗ is the unique NE of the game in (6.2), with linear rate: for all k ∈ N,

‖xk − x∗‖ΦNE
≤
(

1
1+%/‖ΦNE‖

)k
‖x0 − x∗‖ΦNE

.

A result analogous to Theorem 6.20 can be obtained for NE seeking in aggregative
games. Algorithm 6.7 below is just a particular instance of Algorithm 6.2 (for
A = 0, b = 0). The algorithm can be derived as a PPPA applied to the operator
ÃNE(x, s) = col(αF̃ (x, σ) +Ln̄σ + NΩ(x),Ln̄σ) and preconditioning matrix

Φ̃NE :=

[
τ̄ −Ln̄ −Ln̄
−Ln̄ β̄ −Ln̄

]
.

We next establish a linear convergence result for Algorithm 6.7; we omit the proof,
but interested readers can refer to [26] for analogous arguments.

Algorithm 6.7 Distributed NE seeking PPPA, aggregative games

sk+1
i = ski − 1

β

∑N
j=1 wij(σ

k
i − σkj )

xk+1
i ← ys.t.0n̄ ∈ τiy + αF̃i(y, y + sk+1

i ) + NΩi
(y)

− τixki +
∑N
j=1 wij(σ

k
i − σkj )

Theorem 6.21. Let β > 4 max((di)i∈I), τi > 4di for all i ∈ I, and let

M̃ := α

[
µ −θ̃/2
−θ̃/2 λ2(L)/α

]
,

α̃max := 4µλ2(L)

θ̃2
,

%̃ := λmin(M̃).
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For any α ≤ min(α̃max, 2
√

2(dmin)/θ̃), with dmin = min((di)i∈I), for any initial
condition such that s0

i = 0n̄ for all i ∈ I, it holds that M̃ � 0 and that the sequence
(xk, sk)k∈N generated by Algorithm 6.1 converges to (x∗, s∗ = 1N ⊗ avg(x∗)− x∗),
where x∗ is the NE of the game in (6.2), with linear rate: for all k ∈ N,∥∥∥∥xk − x∗sk − s∗

∥∥∥∥
Φ̃NE

≤
(

1
1+%̃/‖Φ̃NE‖

)k ∥∥∥∥xk − x∗sk − s∗
∥∥∥∥

Φ̃NE

.

6.8 Numerical examples

6.8.1 Nash-Cournot game

We consider the Nash-Cournot game presented in [119, 6]. N firms produces a
commodity that is sold to m markets. Each firm i ∈ I = {1, . . . , N} is only
allowed to partecipate in ni ≤ m of the markets, and the decision variables of each
firm are the quantities xi ∈ Rni of commodity to be delivered to these ni markets.
The quantity of product that each firm can deliver to the markets is bounded by the
local constraints 0ni

≤ xi ≤ Xi. Moreover, each market has a maximal capacity
rk, for k = 1, . . . ,m. This result in the shared affine constraint Ax ≤ r, with
r = col((rk)k=1,...,m) and A = [A1 . . . AN ], where Ai ∈ Rm×ni is the matrix that
expresses which markets firm i participates in. Specifically, the j-th column of Ai
has its k-th element equal to 1 if [xi]j is the amount of product sent to the k-th
market by agent i, for all j = 1, . . . , ni; all the other elements are 0. Therefore,
Ax =

∑N
i=1Aixi ∈ Rm is the vector of the quantities of total product delivered to

each market. Each firm i aims at maximizing its profit, i.e., minimizing the cost
function

Ji(xi, x−i) = ci(xi)− p(Ax)>Aixi.

Here, ci(xi) = x>i Qixi+q
>
i xi is firm i’s production cost, with Qi ∈ Rni×ni , Qi � 0,

qi ∈ Rni . Instead, p : Rm → Rm associate to each market a price that depends
on the amount of product delivered to that market. Specifically, the price for the
market k, for k = 1, . . . ,m, is pk(x) = P̄k -χk[Ax]k, where P̄k, χk > 0.

We set N = 20, m = 7. The market structure is defined as in [119, Fig. 1],
that defines which firms are hallowed to participate in which of the m markets.
Therefore, x = col((xi))i∈I) ∈ Rn and n = 32. The firms cannot access the
production of all the competitors, but they are allowed to communicate with some
neighbors on a randomly generated connected graph. We select randomly with
uniform distribution rk in [1, 2], Qi diagonal with diagonal elements in [1, 8], qi in
[1, 2], P̄k in [10, 20], χk in [1, 3], Xi in [5, 10], for all i ∈ I, k = 1, . . . ,m.

The resulting setup satisfies all our theoretical assumptions [119, VI]. We compute
αmax according to (6.15) as αmax = 0.0043 and we choose the step sizes as in
Lemma 6.3 to satisfy all the conditions of Theorem 6.11.

We compare the performace of Algorithm 6.1 versus that of the gradient-based
algorithm in [119, Alg. 1]. Specifically, in [119, Alg. 1] a gain c > 1

αmax
has to be

chosen, together with some step sizes τ , ν, σ: we set all the parameters such that
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the step sizes are as big as possible, provided that the conditions in [119, Th. 2] are
satisfied. This results in very small step sizes, e.g., τ∗ ≈ 3 ∗ 10−9 (and c∗ ≈ 400).

The results are illustrated in Figure 6.1, where the two Algorithms are initialized
with the same random initial conditions. When setting the parameters that guar-
antee theoretical convergence, [119, Alg. 1] is very slow, due to the small step sizes;
and our PPPA method shows a much faster convergence. However, in our numeri-
cal experience, the bounds on the parameters are pretty conservative, and in effect
we observe faster convergence for bigger step sizes. For [119, Alg. 1], the fastest
convergence is attained by setting c 100 times smaller and the step sizes 107 times
bigger than the theoretical values; for larger values of the step sizes, convergence is
lost. We also remark that Algorithm 6.1 requires only one round of communication
per iteration (the agents exchange the variables xi, λi) while [119, Alg. 1] requires
two rounds of communication (the agents exchange xi, λi, then they first update
and then exchange the variables zi).

To improve the convergence speed of Algorithm 6.1, we apply the acceleration
schemes discussed in Section 6.6. We choose the parameters that ensure conver-
gence. The impact is remarkable, up to halving the number of iterations needed
for convergence, as shown in Figure 6.2.

6.8.2 Charging of plug-in electric vehicles

We consider the charging scheduling problem for a group of plug-in electric vehicles,
modeled by an aggregative game as in Section 3.5. Each user i, i ∈ I = {1, . . . , N},
can plan the charging of its vehicle during a temporal horizon of 24 hours, dis-
cretized into n̄ intervals. Specifically, each users aims at choosing the energy in-
jections xi ∈ Rn̄ of each time interval to minimize its cost, given by the quadratic
function

Ji(xi, avg(x)) = qix
>
i xi + c>i x

i + (a(avg(x) + d) + b1n̄)>xi,

where qix
>
i + c>i x

i represents the battery degradation cost, while (a(avg(x) + d) +
b1n̄) is the cost of energy, with b > 0 a baseline price, a > 0 the inverse of the
price elasticity of demand and d ∈ Rn̄ the inelastic base demand (not related to
vehicle charging) along the temporal horizon. We assume a maximum injection per
interval for each vehicle and a desired final charge level for each user, resulting in
the local constraints Ωi = [0n̄, x̄i] ∩ {y ∈ Rn̄ | 1>n̄ y = γi}. Moreover, we consider
the transmission line constraints 0n̄ ≤

∑
i∈I xi ≤ c̄.

We choose N = 10, n̄ = 12. As in [69], for all i ∈ I, for all k = 1, . . . , 12, we
select qi in [0.002, 0.006], ci in [0.055, 0.095], γi in [0.6, 1] with uniform distribution
; [x̄i]j = 0.25 with probability 20%, [x̄i]j = 0 otherwise. We set [c̄]j as 0.4 if
j ∈ {1, 2, 3, 11, 12}, as 1 otherwise (corresponding to more restrictive limitations
during the daytime); a = 0.038, b = 0.06 and d as in [69].

Because of the quadratic structure of the cost functions, Assumptions 6.1-6.2 hold
for any choice of a > 0, qi > 0. We let the agents communicate over a randomly
generated connected graph. Figure 6.3 shows the performance of Algorithm6.2
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Figure 6.1: Comparison of Algorithm 6.1 and [119, Alg. 1] for different parameters
(the solid line for the theoretical step sizes). The second graph shows that the
convergent sequence generated by Algorithm 6.1 is fejr monotone in the Φ-induced
norm, despite the Euclidean distance from the GNE, ‖x−x∗‖, is not monotonically
decreasing.
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‖xk − x∗‖ ≤ 0.01, with different acceleration schemes and parameters.

10
0

10
2

10
4

10
6

10
-4

10
-2

10
0

6.2 6.2
65 65
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performs [65, Alg. 1] when the theoretical step sizes are chosen (solid lines).
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compared to [65, Alg. 1] (which requires two rounds of communication per itera-
tion). Our PPPA significantly outperforms the gradient-based method, when the
step sizes are set at their theoretical upper-bounds.

6.9 Conclusion

Preconditioned proximal-point iterations are suitable to design fully-distributed
Nash equilibrium seeking algorithms, even in the presence of coupling constraints.
Our algorithms proved much faster than the existing pseudo-gradient-based meth-
ods, at least in our numerical experience. Besides, the operator theoretic approach
greatly facilitates the implementation of acceleration schemes. The extension of our
results to games played on time-varying communication networks is left as future
research.

6.10 Appendix

6.10.1 Proof of Lemma 6.10

By the explicit expression of JΦ−1A in (6.14), by Lipschitz continuity of the projec-
tion and by recalling that the composition of continuous function is continuous, we
just have to show that the mappings ωk = col(xk, zk,λk) 7→ xk+1

i are continuous,
for all i ∈ I. Specifically, we have that

xk+1
i = hi(ω

k) := argmin
y∈Ωi

gi(y,ω
k),

where
gi(y,ω) =

(
Ji(y, pi(x)) + τi

2α

∥∥y − xi∥∥2

+ 1
2α

∥∥diy −∑N
j=1 wijxi,j

∥∥2
+ (A>i λi)

>y
)
,

and pi(x) = 1
τi+di

(τixi,−i +
∑N
j=1 wijxj,−i). By continuity of pi on RNn and

Assumption 6.1, gi is a continuous function relative to the set Rni ×RNn+Em+Nm.
Moreover, gi is level bounded in y uniformly in ω ([126, Def. 1.16]), i.e., for all
ω̄ ∈ RNn+Em+Nm and γ ∈ R there exist a neighbor V of ω̄ such that the set
{(y,ω) | ω ∈ V, gi(y,ω) ≤ γ} is bounded in Rni ×RNn+Em+Nm (this follows since
gi is continuous and strongly convex in y for every ω). Therefore, the map hi is
outer semicontinuous and locally bounded [126, Cor. 7.42]. This is equivalent to
hi being continuous, since hi is also single-valued [126, Cor. 5.20]. �

6.10.2 Proof of Lemma 6.12

We follow the arguments of [119, Th. 1]. We recall that, under Assumption 6.3, we
have, for any q > 0,

null (Lq) = null (Vq) = range(1N ⊗ Iq) = Eq. (6.31)

range(V >q ) ⊇ range (Lq) = null(1>N ⊗ Iq) = E⊥q , (6.32)
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where Lq = L⊗ Iq, Vq = V ⊗ Iq, and the second line follows by Lq = V >q Vq.

i) Let us consider any ω∗ = col(x∗, s∗,v∗,λ∗) ∈ zer(Ã) ∩ Σ. Define σ∗ = x∗ + s∗;
then we have

0n̄ ∈ αF̃ (x∗, σ∗) +Ln̄σ
∗ + NΩ(x∗) +A>λ∗ (6.33a)

0n̄ = Ln̄σ
∗ (6.33b)

0Em = −Vmλ∗ (6.33c)

0Nm ∈ b+ NRNm
≥0

(λ∗)−Ax∗ + V >m v
∗ (6.33d)

By (6.33c) and by (6.31), we have λ∗ = 1N ⊗ λ∗, for some λ∗ ∈ Rm; by (6.33b)
and since ω∗ ∈ Σ, it must hold σ∗ = x∗ + s∗ = 1N ⊗ avg(x∗). It is then
enough to prove that the pair (x∗, λ∗) satisfies the KKT conditions in (6.4). By
(6.33a), by recalling that A>(1N ⊗ λ∗) = A>λ∗ and F̃ (x∗,1N ⊗ x∗) = F (x∗),
we retrieve the first KKT condition in (6.4). We obtain the second KKT con-
dition by premultiplying both sides of (6.33d) by (1>N ⊗ Im) and using that
(1>N ⊗ Im)b = b, (1>N ⊗ Im)Lm = 0 by (6.31) and symmetry of L, (1>N ⊗ Im)A = A
and (1>N ⊗ Im)NRNm

≥0
(1N ⊗ λ∗) = NNRm

≥0
(λ∗) = NRm

≥0
(λ∗).

ii) Let us consider any pair (x∗, λ∗) satisfying the KKT conditions in (6.4) (one
such pair exists by Assumption 6.2). We next show that there exists v∗ ∈ REm
such that ω∗ = col(x∗,1N ⊗ avg(x∗) − x∗, z∗,1N ⊗ λ∗) ∈ zer(Ã) ∩ Σ. Clearly,
ω∗ ∈ Σ. Besides, ω∗ satisfies the conditions (6.33a)-(6.33c), as in point i)
above. By (6.4), there exists u∗ ∈ NRm

≥0
(λ∗) such that Ax∗ − b − u∗ = 0n.

Also, NRNm
≥0

(1N ⊗ λ∗) = Πi∈INRm
≥0

(λ∗), and it follows by properties of cones

that col (u∗1, . . . , u
∗
N ) ∈ NRNm

≥0
(1N ⊗ λ∗), with u∗1 = · · · = u∗N = 1

N u
∗. There-

fore (1>N ⊗ Im) (−Ax∗ + b+ col (u∗1, . . . , u
∗
N )) = b−Ax∗+u∗ = 0m, or −Ax∗+b+

col (u∗1, . . . , u
∗
N ) ∈ null(1>N ⊗ Im) ⊆ range(V >m ), by (6.32). Therefore there exists

v∗ such that also the condition (6.33d) is satisfied, for which ω∗ ∈ zer(Ã). �

6.10.3 Proof of Theorem 6.16

Analogously to Lemma 6.4, it can be shown that Algorithm 6.2 is equivalent to the
iteration

ωk+1 ∈ JΦ̃−1Ã(ωk), (6.34)

modulo the transformation zk = V >m v
k. In particular, we next show that the inclu-

sion in (6.19) has a unique solution. First, we notice that the problem is equivalent
to solving the variational inequality VI(gi(·, ϑk),Ωi), where ϑk = (xk, sk+1, sk,λk),

and gi(y, ϑ
k) := τiy+αF̃i(y, y+ sk+1

i )− τixki +A>i λ
k
i +

∑N
j=1 wij(σ

k
i − σkj ) is con-

tinuous. Moreover gi is strongly monotone in y for any value of ϑk. In fact, F̃i,
is θ̃-Lipschitz, because F̃ is θ̃-Lipschitz by Lemma 6.13. Therefore we can write
(y − y′)>(gi(y, ϑ

k) − gi(y′, ϑk)) ≥ (τi − α
√

2θ̃)‖y − y′‖2, for any y, y′ ∈ Rn, and
the conclusions follows from the assumptions on α. Therefore, we can conclude
that, for all k ∈ N, the VI(gki (·, ϑk),Ωi) (and hence, the inclusion in (6.19)) ad-
mits a unique solution [56, Th. 2.3.3]; moreover the solution map ϑk 7→ xk+1 is
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continuous in ϑk [9, Th. 4.1]. Therefore, as in Lemma 6.10, the operator JΦ̃−1Ã is
single-valued, continuous, and dom(JΦ̃−1Ã) = R2n+Em+Nm.

As such, the convergence of Algorithm 6.2 can be shown similarly to Theorem 6.11.
The only difference is that, while JΦ−1A in (6.12) is Q-FNE on the whole space
R2n+Em+Nm, JΦ̃−1Ã is Q-FNE only on the subspace Σ in (6.23), that is invariant,
namely JΦ̃−1Ã(Σ) ⊆ Σ (this follows, as in Remark 6.6, by the explicit updates
of (6.34)). More formally, by Lemma 6.14 and similarly to Lemma 6.7, we have
that for all (ω,u) ∈ gra(Φ̃−1Ã) such that ω ∈ Σ, for all (ω∗,u∗) ∈ gra(Φ̃−1Ã)
such that ω∗ ∈ zer(Ã) ∩ Σ, it holds that 〈u− u∗ | ω − ω∗〉Φ̃ ≥ 0. Therefore, as in
Lemma 6.9, we can show that 〈ω−JΦ̃−1Ã(ω) | JΦ̃−1Ã(ω)−ω∗〉Φ̃ ≥ 0, namely JΦ̃−1Ã
is Q-FNE on Σ, under the Φ̃-induced scalar product. We consider the restriction
JΦ̃−1Ã|Σ : Σ → Σ and the Hilbert space defined by the vector space Σ equipped
with the scalar product 〈·|·〉Φ̃|Σ. We are therefore in a position to apply Lemma 6.8,
and the proof follows as in Theorem 6.11, since JΦ̃−1Ã|Σ is Q-FNE, continuous, and
dom(JΦ̃−1Ã|Σ) = Σ. �

6.10.4 Monotonicity of the extended pseudo-gradient

Monotonicity of the operator R>F , with F being the extended pseudo-gradient
in (6.7), has been sometimes postulated to show convergence of (G)NE seeking
algorithms under partial-decision information [65, Ass. 4(i)], [132, Ass. 5], [149,
Ass. 4]. Next, we show that this is a very restrictive condition.

For simplicity, we assume that the costs Ji are twice continuously differentiable,
for all i ∈ I. The derivative with respect to the full argument (Jacobian) of the op-

erator R>F is D(x) := ∂R>F (x)
∂x = diag

((∂R>i ∇xi
Ji

∂x (xi)
)
i∈I

)
:= diag((Di(xi))i∈I),

with D : RNn → RNn×Nn. Then,R>F is monotone if and only if D(x)+D(x)> < 0
for all x ∈ RNn [56, Prop. 2.3.2]. Since D is block diagonal, we can equivalently
check this condition for the single blocks. Without loss of generality, let us con-
sider only the first block (for the other blocks, the following applies modulo row
and column permutations), for which

D1(x1) + D1(x1)>=


2∂2J1(x1)

∂x2
1

∂2J1(x1)
∂x1∂x2

· · · ∂
2J1(x1)
∂x1∂xN

∂2J1(x1)>

∂x1∂x2

...
∂2J1(x1)>

∂x1∂xN

0(n−n1)×(n−n1)

 .

Let us call H(x1) = D1(x1) + D1(x1)> and A(x1), B(x1) the upper left and
right blocks of H, respectively. It holds that A(x1) < 2µIn1

� 0, for all x1, by
Standing Assumption 6.2. Let J be any proper subset of {1, 2, . . . , Nn}, and denote
H−J(x1) the matrix obtained by removing the J-th rows and columns from H(x1).
Sylvester’s criterion states that a necessary (and sufficient) condition for H < 0 to
hold is that det(H−J) ≥ 0,∀J ⊂ {1, 2, . . . , Nn}. Let us now assume that, for some
x̄1 ∈ Rn and some k ∈ {1, n− n1} the k-th column of B(x̄1), Bk, has at least one
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nonzero element. Therefore, we take J = {n1+1, . . . , n1+k−1, n1+k+1, . . . , Nn},
and we can compute the determinant of the 2× 2 block matrix H−J as

det(H−J(x̄1)) = det(A(x̄1)) det(0−B>k A(x̄1)−1Bk) < 0,

and the inequality follows because A,A−1 � 0 and Bk 6= 0.

We conclude that the operatorR>F is monotone if and only if ∂2Ji
∂xi∂xj

(xi) = 0ni×nj

for all xi ∈ Rn, all i ∈ I, j ∈ I\{i}. This only holds if the cost function of each
agent does not depend on the actions of the other agents (or if the part of the cost
function that depends on the actions of the other agents is a separable addend).



7
Aggregative Games: a Fully-distributed

Algorithm

I
n this chapter, we consider generalized aggregative games as in Chap-
ter 3 but assuming that there is no central node/coordinator to broad-

cast the aggregate information to the agents. Thus, we design the first
fully-distributed algorithm for generalized Nash equilibrium seeking in ag-
gregative games on a time-varying communication network, under partial-
decision information, i.e., the agents have no direct access to the aggregate
decision. The algorithm is derived by integrating dynamic tracking into a
projected pseudo-gradient algorithm. The convergence analysis relies on
the framework of monotone operator splitting and the Krasnosel’skii–Mann
fixed-point iteration with errors.

125
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7.1 Introduction

An aggregative game is a collection of inter-dependent optimization problems asso-
ciated with noncooperative decision makers, or agents, where each agent is affected
by some aggregate effect of all the agents [80]. Remarkably, aggregative games arise
in several applications, such as demand side management in the smart grid [128],
e.g. for charging/discharging electric vehicles [95], demand-response regulation in
competitive markets [88], congestion control in traffic and communication networks
[12]. The common denominator is the presence of a large number of selfish agents,
whose aggregate actions may disrupt the shared infrastructure, e.g. the power grid
or the transportation network, if left uncontrolled.

Designing solution methods for multi-agent equilibrium problems in noncoopera-
tive games has recently gained high research interest. Several authors have devel-
oped semi-decentralized and distributed equilibrium seeking algorithms for games
without coupling constraints [72] and, more recently, for games with coupling con-
straints [69, 111, 18, 150].

With focus on the generalized Nash equilibrium (GNE) problem, the formulations
in [18, 150] have introduced an elegant approach based on monotone operator
theory [13] to characterize the equilibrium solutions as the zeros of a monotone
operator. Not only is the monotone-operator-theoretic approach general – e.g.,
unlike variational inequalities, smoothness of the cost functions is not required – but
also computationally viable, since several algorithmic methods to solve monotone
inclusions are already well established, e.g. operator-splitting methods [13, §26].

However, in the aforementioned literature on noncooperative equilibrium compu-
tation, it is assumed that the agents have direct access to the decisions of all
their competitors, allowing every agent to evaluate its cost function without the
need of extra communication. This game setup is known as full-decision informa-
tion. In aggregative games, this ideal scenario is achieved via the so-called semi-
decentralized communication structure, where a central node gathers and broad-
casts the aggregation variable to all the agents, see e.g. [69]-[18].

Recently, in the broader context of noncooperative games, the authors in [140, 119]
propose fully-distributed algorithms for equilibrium seeking under partial-decision
information, i.e., each agent can only observe the decision of some neighboring
agents, while its cost function possibly depends on all the other agents’ decision.
In [140], to deal with the lack of information, the agents are endowed with auxiliary
variables, namely, the estimates of the decisions of the other agents. Then, a con-
sensus protocol is combined with accelerated projected-pseudo-gradient dynamics
to steer the estimates towards their real value and, consequently, the decisions to
a Nash equilibrium, in the same time-scale. In [119], similar ideas are developed
in the general framework of monotone operator theory to design an algorithm for
games with coupling constraints. The algorithms proposed in [140, 119] require a
number of auxiliary variables (i.e., the estimates of the decisions of all the other
agents) which is proportional to the number of agents in the game. From a prac-
tical perspective, this can be regarded as a drawback in terms of memory storage
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and communication requirements, especially in games with very large number of
agents.

Scalability with respect to the population size indeed motivates us to focus on
aggregative games. In this context, the authors in [82] propose an algorithm that
relies on dynamic tracking, a technique that allows a group of agents to locally track
the average of some reference inputs, extensively used in distributed optimization
for gradient tracking, e.g. [107]. Specifically, the authors embed dynamic track-
ing of the aggregate decision in a projected-pseudo-gradient update to compute a
Nash equilibrium in a fully-distributed fashion (i.e., without the need of a central
coordinator). In the context of aggregative games with coupling constraints, an
algorithm is proposed in [117], however with important limitations: it requires a
very large number of distributed communication rounds before each strategy up-
date; convergence is guaranteed to approximate solutions (i.e., ε−Nash equilibria)
only; the communication network must be time-invariant.

More recently, two fully-distributed algorithms [64, 23], for generalized aggregative
games over time-invariant and connected networks, have been proposed to compute
an exact solution (i.e., GNE), without the need of multiple communication rounds
before every strategy update. To cope with the lack of information, both algorithms
introduce local estimates and dynamic tracking of the aggregate decision. In [64],
global convergence is proved under strong monotonicity of the pseudo-gradient, by
leveraging a rescrited-monotonicity property of this mapping in the exteneded space
of strategies and estimates. In our preliminary work [23], this assumption is relaxed
to cocoercivity at the cost of having vanishing step-sizes, which typically imply slow
convergence. Unfortunately, the extension of both methodologies to cover time-
varying communication networks is currently missing, since the operator theoretic
framework on the basis of their convergence analysis fails when the underlying
mappings vary over time.

Contribution

In this chapter, we solve these technical issues and propose the first discrete-time,
fully-distributed algorithm to compute a generalized Nash equilibrium in aggrega-
tive games with coupling constraints over a time-varying and repeatedly-connected
communication network. The algorithm is obtained by combining dynamic track-
ing, projected-pseudo-gradient and Krasnosel’skii–Mann dynamics. The key ap-
proach to prove convergence of our proposed algorithm relies on applying and
tailoring the framework of operator splitting methods [13] and fixed-point iteration
with errors [42].

Organization of the chapter

In Section 7.2, we formalize the generalized Nash equilibrium seeking problem
for aggregative games over a time-varying communication network. In Section
7.3, we present a fully-distributed algorithm and discuss its interpretation from
an operator theoretic and fixed-point perspective. In Section 7.4, we establish
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global convergence of the proposed method. To corroborate the theory, in Section
7.5, we study the performance of the proposed method on a Nash–Cournot game.
Concluding remarks and future research directions are discussed in Section 7.6.

Basic notation

See Appendix A.

Operator theoretic definitions and properties

See Chapter 2.

7.2 Problem statement

Consider a set of N agents indexed by I = {1, . . . , N}. The i-th agent is charac-
terized by a local strategy set Ωi ⊂ Rn and a cost function Ji(xi, avg(x)), which
depends on the decision of agent i, xi, and on the aggregate of all agent decisions,
i.e.,

avg(x) := 1
N

∑N
i=1 xj .

Moreover, we assume that the collective strategy profile x := col(x1, . . . , xN ) ∈
RnN must satisfy a coupling constraint, described by the affine function x 7→
Cx− c, where C = [C1| . . . |CN ] ∈ Rm×nN , c =

∑N
i=1 ci ∈ Rm, and Ci, ci are local

parameters known to agent i only. In summary, the aim of each agent i, given the
decision variables of the other agents, i.e., x−i := col(x1, . . . , xi−1, xi+1, . . . , xN ),
is to choose a strategy xi that solves its local optimization problem, according to
the game setup above, i.e., ∀i ∈ I :

argmin
xi∈Rn

Ji(xi,
1
N xi + 1

N

∑
j 6=i xj)

s.t. xi ∈ Ωi

Cixi − ci ≤
∑N
j 6=i(cj − Cjxj)

(7.1)

where the last constraint is equivalent to Cx− c ≤ 0.

Remark 7.1. Affine coupling constraints, as considered in this chapter, are very
common in the literature of noncooperative games, e.g. [111, 150, 119, 117], and
cover several applications where they typically arise in the form of upper and lower
limits on the available shared resources, e.g. [128]-[12]. �

Assumption 7.1. For all i ∈ I and any fixed u ∈ 1
N

∑N
j 6=i Ωj, the function Ji(· , 1

N ·
+u) is convex and continuously differentiable, Ωi ⊂ Rn is non-empty, compact and

convex. The global feasible set K := {x ∈∏N
i=1 Ωi|Cx− c ≤ 0} is non-empty and

satisfies Slater’s constraint qualification. �
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From a game-theoretic perspective, our goal is to distributively compute a general-
ized Nash equilibrium of the aggregative game described by the N inter-dependent
optimization problems in (7.1).

Definition 7.1 (Generalized Nash equilibrium). A collective strategy x∗ ∈ K is a
generalized Nash equilibrium (GNE) of the game in (7.1) if, for all i ∈ I:

Ji (x∗i , avg(x∗)) ≤ Ji

(
z, 1

N z + 1
N

∑N
j 6=i x

∗
j

)
, ∀z s.t. (z,x∗−i) ∈ K.

7.2.1 Communication networks

We consider a time-varying network to model the communications among agents
over time. At each stage k, the communication is described by an undirected graph
Gk = (I, Ek), where I is the set of vertices (agents) and Ek ⊆ I × I is the set of
edges. An unordered pair of vertices (i, j) belongs to Ek if and only if agents j and
i can exchange information. The set of neighbors of agent i at stage k is defined
as Ni(k) = {j| (i, j) ∈ Ek}. Next, we assume the graphs sequence {Gk}k∈N to be
Q−connected.

Assumption 7.2. There exists an integer Q ≥ 1 such that the graph (I,∪Q`=1E`+k)
is connected, for all k ≥ 0. �

This assumption ensures that the intercommunication intervals are bounded for
agents that communicate directly. In other words, every agent sends information
to each of its neighboring agents at least once every Q time intervals.

We consider a mixing matrix W (k) = [wi,j(k)] associated with Gk, whose elements
satisfy the following assumption.

Assumption 7.3. For all k ∈ N, the matrix W (k) = [wi,j(k)] satisfies the follow-
ing conditions:

(i) (Edge utilization) Let i, j ∈ I, i 6= j. If (i, j) ∈ Ek, wi,j(k) ≥ ε, for some
ε > 0; wi,j(k) = 0 otherwise;

(ii) (Positive diagonal) For all i ∈ I, wi,i(k) > ε;

(iii) (Double-stochasticity) W (k)1 = 1, 1>W (k) = 1>. �

Assumption 7.3 is strong but typical for multiagent coordination and optimization,
e.g. [107, 100]. For an undirected graph it can be fulfilled, for example, by using
Metropolis weights:

wi,j(k) =


(max{|Ni(k)|, |Nj(k)|})−1 if (i, j) ∈ Ek,
0 if (i, j) 6∈ Ek,
1−∑`∈Ni

wi,`(k) if i = j.

(7.2)
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Finally, let us introduce the so-called transition matrices Ψ(k, s) from time s to k:

Ψ(k, s) = W (k)W (k − 1) · · ·W (s+ 1)W (s), (7.3)

for 0 ≤ s < k, where Ψ(k, k) = W (k), for all k. The following statement shows the
convergence properties of the transition matrix Ψ(k, s).

Lemma 7.2 ([143, Lemma 5.3.1]). Let Assumptions 7.2, 7.3 hold true. Then, the
following statements hold:

(i) limk→∞Ψ(k, s) = (1/N)11>, for all s ≥ 0.

(ii) The convergence rate of Ψ(k, s) is geometric, i.e., ‖Ψ(k, s) − (1/N)11>‖ ≤
θρk−s for all k ≥ s ≥ 0, where θ := N(1− ε/(4N2))−2 and

ρ := (1− ε
4N2 )1/Q ∈ (0, 1), (7.4)

with Q as in Assumption 7.2 and ε as in Assumption 7.3. �

7.2.2 GNE as zeros of a monotone operator

As first step, we characterize a GNE of the game in terms of the KKT conditions of
the coupled optimization problems in (7.1). For each agent i ∈ I, let us introduce
the Lagrangian function Li, defined as

Li(x, λi) := Ji(xi, avg(x)) + ιΩi
(xi) + λ>i (Cx− c),

where λi ∈ Rm≥0 is the dual variable of agent i associated with the coupling con-
straints, and ιΩi

is the indicator function. It follows from [112, §12.2.3] that the set
of strategies x∗ is a GNE of the game in (7.1) if and only if the following coupled
KKT conditions are satisfied for some λ1, . . . , λN ∈ Rm≥0:

∀i ∈ I :

{
0 ∈ ∇xiJi(x

∗
i , avg(x∗)) + NΩi(x

∗
i ) + C>i λ

∗
i ,

0 ≤ λ∗i ⊥ −(Cx∗ − c) ≥ 0.
(7.5)

Within all the possible GNE, we focus on an important subclass of equilibria,
namely the variational GNE (v-GNE), that enjoy some relevant structural prop-
erties, such as “larger social stability and “economic fairness and corresponds to
the solution set of the KKT conditions in (7.5) with equal dual variables, i.e.,
λ∗1 = . . . = λ∗N [54, Theorem 3.1]. The next proposition characterizes the sub-
class of v-GNE as the solution to a specific variational inequality problem1, or
equivalently as the zero set of the set-valued mapping

U :

[
x
λ

]
7→
[
NΩ(x) + F (x) + C>λ
NRm
≥0

(λ)− (Cx− c)
]
, (7.6)

1For a single-valued mapping M : Rn → Rn and a set S ⊆ Rn, the variational inequality
problem VI(M,S) is the problem of finding a vector ω∗ ∈ S such that M(ω∗)>(ω − ω∗) ≥ 0, for
all ω ∈ S, [56, Def. 1.1.1].
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where λ ∈ Rm, Ω :=
∏N
i=1 Ωi, NS = ∂ιS is the normal cone operator associated

with a set S and F is the so-called pseudo-gradient mapping (PG) defined as

F (x) = col(∇x1
J1(x1, avg(x)), . . . ,∇xN

JN (xN , avg(x))). (7.7)

Proposition 7.3. Let Assumption 7.1 hold. Then, the following statements are
equivalent:

(i) x∗ is a variational GNE of the game in (7.1);

(ii) ∃λ∗ ∈ Rm≥0 such that, the pair (x∗i , λ
∗) is a solution to the KKT in (7.5), for

all i ∈ I;

(iii) x∗ is a solution to VI(F,K);

(iv) ∃λ∗ ∈ Rm≥0 such that col(x∗, λ∗) ∈ zer(U). �

Proof. The equivalences (i)⇔(ii)⇔(iii) are proven in [54, Th. 3.1] while (iii)⇔(iv)
follows by [7, Th. 3.1].

The following assumptions on the PG in (7.7) are standard (e.g. [111, Th. 3], [150,
Assumption 2], [20, Assumption 3]) and sufficient to ensure the convergence of
standard GNE seeking algorithms based on projected-pseudo-gradient dynamics.

Assumption 7.4. F in (7.7) is χ−cocoercive over Ω. �

When F is ξ−strongly monotone and LF−Lipschitz, then F is also (ξ/L2
F)−cocoercive.

However, in general, cocoercive mappings are not necessarily strongly monotone,
e.g. the gradient of a (non-strictly) convex and smooth function.

To emphasize the structure of F in (7.7), we define

Fi(v, w) :=
(

∂
∂z1

Ji(z1, z2) + 1
N

∂
∂z2

Ji(z1, z2)
)∣∣∣ z1=v

z2=w

, (7.8)

that satisfies Fi(xi, avg(x)) = ∇xiJ1(xi, avg(x)), for all i ∈ I. Then, we define the
extended pseudo-gradient mapping (EPG)

F (v,w) := col
(
F1(v1, w1), . . . , FN (vN , wN )

)
, (7.9)

where each component mapping Fi is given by (7.8). With this notation, we have
F (x,1⊗avg(x)) = F (x). Next, we assume Lipschitz continuity of the EPG, which
is usual in the context of games under partial-decision information, see e.g. [119,
Assumption 3], [82, Assumption 3], [64, Assumption 4].
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Assumption 7.5. Let Ω̄ := conv (Ω1, . . . ,ΩN ) be the set whose elements are con-
vex combination of the elements from the local sets Ωi’s. The mapping F in (7.9)

is uniformly Lipschitz continuous over Ω× Ω̄, with Ω̄ =
∏N
i=1 Ω̄, i.e., there exists

LF > 0 such that, for all v,u ∈ Ω and w, z ∈ Ω̄,

‖F (v,w)− F (u, z)‖ ≤ LF ‖ [ vw ]− [ uz ] ‖. �

Remark 7.2 (Existence and uniqueness of a v-GNE). It follows by [56, Cor. 2.2.5]
that VI(F ,K) has a non-empty and compact solution set, since K is non-empty,
compact and convex and F is continuous, by Assumption 7.1. Furthermore, when F
is strictly monotone, then the solution to VI(F ,K), (i.e., the v-GNE of the game),
is unique [56, Th. 2.3.3]. �

7.2.3 Boundedness of the dual variables

In the next statement, we formally establish the boundedness of the dual solu-
tion set of VI(F,K) or, equivalently, of the dual part of the monotone inclusion
col(x∗, λ∗) ∈ zer(U).

Lemma 7.4. Let Assumptions 7.1 hold true. If col(x∗, λ∗) ∈ zer(U), then λ∗ ∈
D∗, where D∗ ⊂ Rm≥0 is bounded. �

Proof. The boundedness of the dual solution set D∗ follows by [7, Proposition
3.3] since VI(F , K) has a non-empty bounded solution set by Remark 7.2 and
there exists a vector x ∈ dom(F ) satisfying Slater’s constraint qualification by
Assumption 7.1.

Let us denote with BD∗ = maxλ∈D∗ ‖λ‖∞ the largest entry of all the optimal dual
vectors. The agents can locally build a bounded superset Di of the optimal dual
set D∗ as follows: Di := {µ ∈ Rm≥0 | ‖µ‖∞ ≤ BD∗ + r, with r > 0} [108, p. 21].
In the context of distributed constrained optimization, a local estimate of BD∗ can
be constructed based on a Slater’s vector, see [109, §4.2], [154, §3.A (2)]. The
extension of these estimation methods to generalized noncooperative games would
rely on Lagrangian duality theory for variational inequalities [7]. In practice, each
agent does not need an accurate estimate of the optimal dual solution set D∗ and
can simply construct a local superset Di by taking r large enough.

7.2.4 A standard semi-decentralized algorithm

It follows by Proposition 7.3 that the original GNE seeking problem corresponds
to the following monotone inclusion problem:

find ω∗ = col(x∗, λ∗) s.t. 0 ∈ U(ω∗). (7.10)

Next, we recall a standard semi-decentralized GNE seeking algorithm obtained by
solving the monotone inclusion problem in (7.10) by means of a preconditioned
forward-backward (pFB) splitting [20, Alg. 1].
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Algorithm 7.1. Semi-decentralized v-GNE seeking

Iterate until convergence

In parallel, for all i ∈ I :∣∣∣∣∣∣
xk+1
i = projΩi

(
xki − αi(Fi(xki , avg(xk)) + C>i λ

k)
)

dk+1
i = 2Cix

k+1
i − Cixki − ci

Central coordinator:∣∣∣ λk+1 = projRm
≥0

(
λk + βN avg(dk+1)

)

Remark 7.3. The local auxiliary variables di’s are introduced to cast Algorithm
7.1 in a more compact form. The average avg(dk+1) := 1

N

∑N
i=1(2Cix

k+1
i −Cixki −

ci) measures the violation of the coupling constraints, technically, is the “reflected
violation” of the constraints at iteration k. �

If the step sizes {αi}i∈I and β are chosen small enough, then the sequence (col(xk, λk))k∈N
generated by Algorithm 7.1 converges to some col(x∗, λ∗) ∈ zer(U), where x∗ is a
v-GNE, see [20, Th. 1] for a formal proof of convergence.

We note that Algorithm 7.1 is not distributed. In fact, at each iteration k, a central
coordinator is needed to:

(i) gather and broadcast the average strategy avg(xk);

(ii) gather the average quantity avg(dk);

(iii) update and broadcast the dual variable λk.

7.3 A distributed GNE seeking algorithm

7.3.1 Towards a fully distributed algorithm

A first step towards a fully-distributed algorithm consists of endowing each agent
with a copy, λi, of the dual variable and enforcing consensus on the local copies.
Consider the set-valued mapping T , obtained by augmenting U in (7.6) with the
local copies of the dual variable:

T :

[
x
λ

]
7→
[

NΩ(x) + F (x) + 1
NC

>
f λ

NRmN (λ) +  Lmλ− 1
N (Cf x− cf)

]
, (7.11)

where λ = col(λ1, . . . , λN ), Cf = 1N ⊗ C, cf = 1 ⊗ c,  Lm =  L ⊗ Im and  L :=
IN − 1

N 11> represents the projection onto the disagreement space.
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Remark 7.4. When the local copies of the dual variable are equal, i.e., λ ∈ E‖ :=
{1N ⊗ λ, |λ ∈ Rm}, where E‖ is the consensus subspace of dimension m, the first
row block of T corresponds to that of U , while each of the N components of the
second row block of T describes the same complementarity condition, namely, the
second row block of U . �

We note that the mapping T in (7.11) can be written as the sum of two operators,
i.e.,

T1 : col(x,λ) 7→ col(F (x),  Lmλ+ 1
N cf), (7.12)

T2 : col(x,λ) 7→ NΩ(x)×NRmN
≥0

(λ) + S col(x,λ), (7.13)

where S is a skew-symmetric linear mapping defined as

S :=
1

N

[
0 C>f
−Cf 0

]
. (7.14)

The formulation T = T1 + T2 is called splitting of T , and will be exploited in
different ways later on. The next lemma shows that T2 is maximally monotone and
that T1 is cocoercive and strictly monotone with respect to the consensus subspace
of the dual variables, i.e., Ω×E‖.

Lemma 7.5. Let Assumptions 7.1, 7.4 hold true. The following statements hold:

(i) T2 in (7.13) is maximally monotone on Ω× RmN≥0 ;

(ii) T1 in (7.12) is δ−cocoercive, with 0 < δ ≤ min{1, χ} and restricted-strictly

monotone w.r.t. Θ‖ := Ω×E‖, i.e., for all ω‖ ∈ Θ‖, ω ∈ (Ω× RmN≥0 ) \Θ‖,

it holds that (T1(ω)− T1(ω‖))>(ω − ω‖) > 0;

(iii) T is maximally monotone on Ω×RmN≥0 and restricted-strictly monotone w.r.t.

Θ‖. �

Proof. See Appendix 7.7.1.

The next proposition exploits the restricted-strict monotonicity of T to shows that
the v-GNE of the original game are fully characterized by the zeros of T .

Proposition 7.6. Let Assumption 7.1 hold true. The following statements hold:

(i) zer(T ) 6= ∅,

(ii) If col(x∗,λ∗) ∈ zer(T ), then x∗ is a v-GNE and λ∗ = col(λ∗, . . . , λ∗), with
λ∗ ∈ Rm≥0. �

Proof. See Appendix 7.7.2.
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Algorithm 7.2. Distributed v-GNE seeking (Full-decision Information)

Initialization: For all i ∈ I: set x0
i ∈ Ωi, λ

0
i ∈ Rm≥0; set αi, βi and (γk)k∈N as in

Assumption 7.6.

Iterate until convergence:

For all i ∈ I∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Local projected pseudo-gradient update :∣∣∣∣∣∣∣
x̃ki = projΩi

(xki − αi(Fi(xki , avg(xk)) + C>i avg(λk)))),

dki = 2Cix̃
k
i − Cixki − ci,

λ̃ki = projRm
≥0

(
λki + βi(avg(dk)− λki + avg(λk))

)
,

Local Krasnosel’skii–Mann process:∣∣∣∣∣ xk+1
i = xki + γk(x̃ki − xki ),

λk+1
i = λki + γk(λ̃ki − λki ),

To find a zero of T , we exploit a preconditioned version of the forward-backward
method [13, §25.6] on the splitting (7.12)-(7.13), similarly to [150, 20], thus obtain-
ing Algorithm 7.2.

The next theorem establishes global convergence of Algorithm 7.2 to a v-GNE if
the step-sizes are chosen according to the following choices.

Assumption 7.6. Take 0 < δ ≤ min{1, χ}, where χ as in Assumption 7.4. Set
the global parameter τ > 1

2δ and denote ν := 2δτ
4δτ−1 ∈ (1/2, 1). Set the step-sizes as

follows:

(i) 0 < αi ≤ (‖Ci‖+ τ)−1, for all i ∈ I,

(ii) 0 < βi ≤ ( 1
N

∑N
j=1 ‖Cj‖+ τ)−1, for all i ∈ I,

(iii) (γk)k∈N such that γk ∈ [0, ν−1] for all k ∈ N and
∑∞
k=0 γ

k(1− νγk) =∞. �

Note that the design choice γk = 1, for all k ∈ N, always satisfies Assumption 7.6
(iii).

Theorem 7.7. Let Assumptions 7.1, 7.4 hold. If the step-sizes {αi, βi}i∈I and
(γk)k∈N are set as in Assumption 7.6, then the sequence (col(xk,λk))k∈N generated
by Algorithm 7.2 converges to some col(x∗,λ∗) ∈ zer(T ), where x∗ is a v-GNE of
the game in (7.1). �

Proof. See Appendix 7.7.3.
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Remark 7.5 (Algorithm 7.2 as a fixed-point iteration). Our convergence analysis
is based on the same operator theoretic framework in [150]-[20]. Specifically, we
recast the dynamics generated by Algorithm 7.2 as the fixed-point iteration

ωk+1 = ωk + γk(R(ωk)− ωk), (k ∈ N) (7.15)

where ωk = col(xk,λk) is the stacked vector of the iterates and R is the so-called
pFB operator, defined as

R := (Id + Φ−1T2)−1 ◦ (Id− Φ−1T1), (7.16)

where T1, T2 in (7.12)-(7.13) characterize the splitting of T , and Φ is the so-called
preconditioning matrix, here chosen as

Φ :=

[
α−1
d − 1

NC
>
f

− 1
NCf β−1

d

]
, (7.17)

αd := diag(α1, . . . , αN ) ⊗ In, βd := diag(β1, . . . , βN ) ⊗ In. Then, we show that, if
the step sizes in the main diagonal of Φ are set according to Assumption 7.6, the
mapping R is averaged with respect to the Φ-induced norm, i.e., ‖ · ‖Φ. Hence, the
fixed-point iteration (7.15) converges to some ω∗ := col(x∗,λ∗) ∈ fix(R) = zer(T ),
where x∗ is a v-GNE. See Appendix 7.7.3 for a complete convergence analysis. �

To conclude this section, we note that the projected-pseudo-gradient updates in
Algorithm 7.2 can be cast compactly as

x̃k = projΩ
(
xk − αd(F (xk, x̄k) + C>d λ̄

k
)
)
, (7.18)

λ̃
k

= projRmN
≥0

(
λk + βd(d̄

k − λk + λ̄
k
)
)
, (7.19)

where

x̄k = 1⊗ avg(xk), λ̄
k

= 1⊗ avg(λk)), d̄
k

= 1⊗ avg(dk)

and Cd := blkdiag(C1, . . . , CN ).

Unlike Algorithm 7.1, Algorithm 7.2 does not directly rely on the actions of a cen-
tral coordinator, namely, dual update and broadcast communication. However, it
requires an all-to-all information exchange (or, equivalently, a complete commu-
nication graph) at each iteration k, since the local updating rule of each agent
necessitates the knowledge of:

(i) the average strategy avg(xk),

(ii) the average dual variable avg(λk)),

(iii) the average quantity avg(dk).
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7.3.2 A fully-distributed algorithm via dynamic tracking

To implement Algorithm 7.2 fully-distributively under the more realistic commu-
nication assumptions in Section 7.2.1, we approximate its updates by endowing
each agent i with some surrogate variables (or estimates), i.e., σi, yi and zi, that
dynamically track the averages avg(xk), avg(dk) and avg(λk)), respectively. Then,
to mitigate the errors due to the inexactness of the surrogate variables, we relax
the projected-pseudo-gradient iterations by means of a Krasnosel’skii–Mann (KM)
process [13, eq.(5.12)], whose step-sizes are set according to the following design
choice.

Assumption 7.7. The sequence (γk)k∈N satisfies the following conditions:

(i) (non-increasing) 0 ≤ γk+1 ≤ γk ≤ 1, for all k ≥ 0;

(ii) (non-summable)
∑∞
k=0 γ

k =∞;

(iii) (square-summable)
∑∞
k=0 (γk)

2
<∞. �

For example, Assumption 7.7 is satisfied for step sizes of the form γk = (k + 1)−b

where 1
2 < b ≤ 1.

The proposed algorithm relies on agents constructing an estimate of the averages by
mixing information drawn from local neighbors and making a subsequent relaxed
projected-pseudo-gradient step, as in Algorithm 7.2. To build the estimates σi,
yi, zi, at every iteration k, agent i receives σkj ’s, ykj ’s, zkj ’s from its neighbors,
j ∈ Ni(k), and aligns its intermediate estimates according to the following rules:

σ̂ki :=

N∑
j=1

wi,j(k)σkj , ŷki :=

N∑
j=1

wi,j(k)ykj , ẑki :=

N∑
j=1

wi,j(k)zkj .

Then, on the basis of σ̂ki , ŷki and ẑki , agent i updates its strategy xk+1
i , its dual

variable λk+1
i and the new estimates σk+1

i , yk+1
i , zk+1

i as formalized in Algorithm
7.3.

Note that the projected-pseudo-gradient updates in Algorithm 7.3 can be recast in
a compact form as

x̃k = projΩ
(
xk − αd(F (xk, σ̂k) + C>d ẑ

k), (7.20)

λ̃
k

= projRmN
≥0

(
λk + βd(yk+1 − λk + ẑk)

)
(7.21)

where

σ̂k = Wn(k)σk, ẑk = Wm(k)zk, ŷk = Wm(k)yk,

yk+1 = ŷk + Cd(2x̃k − xk)− Cd(2x̃k−1 − xk−1).

and W`(k) := W (k)⊗ I` for some ` ∈ N.
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Algorithm 7.3. Distributed v-GNE seeking (Partial-decision Information)

Initialization: For all i ∈ I: set x−1
i , x0

i , x̃
−1
i ∈ Ωi, λ

0
i ∈ Rm≥0, σ0

i = x0
i , z

0
i = λ0

i ,

y0
i = 2Cix̃

−1
i −Cix−1

i − ci; αi, βi as in Assumption 7.6, (γk)k∈N as in Assumption
7.7.

Iterate until convergence:

For all i ∈ I∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Communication and distributed averaging:∣∣∣∣∣∣∣
σ̂ki =

∑N
j=1 wi,j(k)σkj ,

ŷki =
∑N
j=1 wi,j(k)ykj ,

ẑki =
∑N
j=1 wi,j(k)zkj ,

Local strategy update and dynamic tracking of avg(dk) :∣∣∣∣∣∣∣
x̃ki = projΩi

(xki − αi(Fi(xki , σ̂ki ) + C>i ẑ
k
i )),

yk+1
i = ŷki + Ci(2x̃

k
i − xki )− Ci(2x̃k−1

i − xk−1
i ),

λ̃ki = projRm
≥0

(
λki + βi(y

k+1
i − λki + ẑki )

)
,

Local Krasnosel’skii–Mann process:∣∣∣∣∣ xk+1
i = xki + γk(x̃ki − xki ),

λk+1
i = λki + γk(λ̃ki − λki ),

Local dynamic tracking of avg(xk+1) and avg(λk+1) :∣∣∣∣ σk+1
i = σ̂ki + xk+1

i − xki ,
zk+1
i = ẑki + λk+1

i − λki .
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7.4 Convergence analysis

To prove the convergence of Algorithm 7.3, we rely on the framework of the inexact
Krasnosel’skii–Mann fixed-point iteration [42, Alg. 5.4]. Informally speaking, our
goal is to show that the error deriving from the inexactness of the estimates σi’s,
yi’s and zi’s vanishes to zero fast enough, in which case, also (xk)k∈N generated by
Algorithm 7.3 globally converges to a v-GNE. Technically, we aim at exploiting [42,
Th. 5.5], which establishes convergence of an inexact version of the KM iteration
in (7.15), i.e.,

ωk+1 = ωk + γk(R(ωk) + ek − ωk), ∀k ≥ 0, (7.22)

when R is nonexpansive and the step-size and error sequences, (γk)k∈N and (ek)k∈N,
respectively, satisfy

(C.1)
∑∞
k=0 γ

k(1− γk) =∞,

(C.2)
∑∞
k=0 γ

k
∥∥ek∥∥ <∞.

Note that Algorithm 7.3 can be written as the KM with errors in (7.22) where
ωk = col(xk,λk) and the error at stage k is

ek = col(x̃k, λ̃
k
)− col(x̃kA2, λ̃

k

A2), (7.23)

where x̃kA2 and λ̃
k

A2 denote the iterates generated by Algorithm 7.2 (defined in
(7.18) and (7.19), respectively). In other words, ek represents the distance between
the iterates in the ideal case of full-decision information (i.e., where the agents have
an exact knowledge of the averages avg(xk), avg(dk) and avg(λk)) and the iterates
of Algorithm 7.3, in which the averages are replaced by the estimates σ̂ki , ŷki and
ẑki , built on-line by mixing information drawn from local neighboring agents only.

The main technical challenge to invoke [42, Th. 5.5] and, in turn, prove the con-
vergence of Algorithm 7.3 is to find a step-size sequence (γk)k∈N, that complies
with (C.1), such that the relaxed error sequence (γk‖ek‖)k∈N satisfies (C.2). We
immediately note that if (γk)k∈N is chosen as in Assumptions 7.7, then it already
satisfies (C.1). In the following subsection, we show that (C.2) is also satisfied.

7.4.1 Analysis of the relaxed error sequence

In the next lemma, we recall a fundamental invariance property of dynamic track-
ing, namely, at each stage k, the averages among the estimates σki ’s, yki ’s, and zki ’s
are equivalent to the correspondent averages we aim to track.

Lemma 7.8. Let Assumption 7.3 hold true and set the initial conditions σ0
i , y

0
i , z

0
i

as in Algorithm 7.3, for all i ∈ I. Then, the following equations hold for all k ≥ 0:

(i) avg(σk) = 1
N

∑N
i=1 σ

k
i = avg(xk);
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(ii) avg(yk) = 1
N

∑N
i=1 y

k
i = avg(dk);

(iii) avg(zk) = 1
N

∑N
i=1 z

k
i = avg(λk)). �

Proof. See Appendix 7.7.4.

The following assumption on the dual sequences generated by Algorithm 7.3 is
instrumental for the subsequent lemma.

Assumption 7.8. The sequence (λk)k∈N generated by Algorithm 7.3 is bounded,
i.e., there exists BD > 0 such that ‖λk‖ ≤ BD, for all k ≥ 0. �

For example, in the context of distributed constrained optimization, Assumption
7.8 can be enforced by changing the local dual updates by projecting onto a local
bounded set Di that contains the optimal dual set D∗ [109], [154]. See Section
7.2.3 for a discussion on how to locally build such supersets.

The next lemma provides upper bounds for the estimation errors at each stage k
of Algorithm 7.3.

Lemma 7.9. Let Assumptions 7.1-7.3, 7.8 hold true. Then, there exist some
positive constants BΩ, BD, BY , δ1 and δ2 and a vanishing scalar sequence (φk)k∈N
defined as

φk = δ1ρ
k−1 + δ2

∑k
`=1 ρ

k−`γ`−1, (7.24)

with ρ as in (7.4) and (γk)k∈N as in Assumption 7.7, such that the following upper
bounds hold for all k ∈ N:

(i) ‖σ̂k − 1⊗ avg(xk)‖ ≤ θBΩρ
k + θBΩ

∑k
s=1 ρ

k−sγs−1;

(ii) ‖ẑk − 1⊗ avg(λk))‖ ≤ θBDρk + θBD
∑k
s=1 ρ

k−sγs−1;

(iii) ‖yk+1 − 1⊗ avg(dk)‖ ≤ θBY ρk +
∑k
s=1 ρ

k−sφs−1 + φk.

Proof. See Appendix 7.7.5.

By exploiting the upper bounds in Lemma 7.9 and a result on the convergence of
scalar sequences, which is recalled next, we can show that the estimates asymptot-
ically converge to their correspondent aggregate true values.

Lemma 7.10 ([123, Lemma 3.1]). Let (δk)k∈N be a sequence.

(a) If limk→∞ δk = δ and 0 < τ < 1, then limk→∞
∑k
`=0 τ

k−`δ` = δ/(1− τ).

(b) If δk ≥ 0 for all k,
∑∞
k=0 δ

k <∞ and 0 < τ < 1, then
∑∞
k=0

∑k
`=0 τ

k−`δ` <∞.

�
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Proposition 7.11. Let Assumptions 7.1-7.3 hold true. Then, the following state-
ments hold:

(i) limk→∞ ‖σ̂k − 1⊗ avg(xk)‖ = 0;

(ii) limk→∞ ‖ẑk − 1⊗ avg(λk))‖ = 0;

(iii) limk→∞ ‖yk+1 − 1⊗ avg(dk)‖ = 0. �

Proof. (i) From the upper bound in Lemma 7.9 (i), we have

lim sup
k→∞

‖(W (k)⊗ In)σk − 1⊗ avg(xk)‖

≤ lim sup
k→∞

(
θBΩρ

k + θBΩ

k∑
s=1

ρk−sγs−1

)
≤ 0,

where limk→∞ ρk = 0, since 0 < ρ < 1 by Lemma 7.2, and limk→∞
∑k
s=1 ρ

k−sγs−1 =
0 by Lemma 7.10 (a), since 0 < ρ < 1 and limk→∞ γk = 0 by Assumption 7.7.
Hence, limk→∞ ‖σ̂k − 1 ⊗ avg(xk)‖ = 0. The proofs of (ii) and (iii) are analo-
gous.

Next, we derive an upper bound for the error ek in (7.23) that directly depends on
the estimation errors in Lemma 7.9.

Lemma 7.12. Let Assumptions 7.1-7.3, 7.8 hold true. Then, the following bound
holds for all k ∈ N:

‖ek‖ ≤ LF̃ ‖αd‖‖σ̂k − 1⊗ avg(xk)‖+ ‖βd‖‖yk+1 − 1⊗ avg(dk)‖
+ (‖αd‖‖Cd‖+ ‖βd‖) ‖ẑk − 1⊗ avg(λk)‖.

Proof. See Appendix 7.7.6.

Finally, by combining the upper bounds in Lemma 7.9 and 7.12 and exploiting a
result on the convergence of scalar sequences, i.e., Lemma 7.10 (b), we show that
condition (C.2) holds, namely, the relaxed error sequence (γk‖ek‖)k∈N is summable.

Lemma 7.13. Let Assumptions 7.1-7.3, 7.8 hold true. The sequence (γk‖ek‖)k∈N,
with ek as in (7.23), is summable, i.e.,

∞∑
k=0

γk‖ek‖ <∞.

Proof. See Appendix 7.7.7.

Now, we can prove the convergence of Algorithm 7.3.
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Theorem 7.14. Let Assumptions 7.1-7.5, 7.8 hold true, the step sizes {αi, βi}i∈I
be set as in Assumption 7.6, and (γk)k∈N as in Assumption 7.7. Then, the se-
quence (col(xk,λk))k∈N generated by Algorithm 7.3 globally converges to some
col(x∗,λ∗) ∈ zer(T ), where x∗ is a v-GNE of the game in (7.1). �

Proof. For all k ∈ N, the iterations of Algorithm 7.3 can be cast as the Krasnosel’skii–
Mann process with errors ωk+1 = ωk+γk(R(ωk)+ek−ωk), where ωk = col(xk,λk),
R as in (7.16) and ek as in (7.23). By [42, Th. 5.5], the sequence (ωk)k∈N converges
to some ω∗ ∈ fix(R), since R is averaged, thus nonexpansive, by Lemma 7.17, and
(C.1)−(C.2) hold, by Assumption 7.7 and Lemma 7.13, respectively. To conclude,
we note that ω∗ ∈ fix(R) = zer(Φ−1T1 + Φ−1T2), by [13, Prop. 25.1 (iv)], and that
zer(Φ−1T1 + Φ−1T2) = zer(T ) 6= ∅, with T as in (7.11), since Φ � 0, by Lemma
7.15, and T1 + T2 = T . Since ω∗ ∈ zer(T ), then x∗ is a v-GNE of the game in
(7.1), by Proposition 7.6 (ii).

7.5 Numerical simulations

In this section, we study the performance of the proposed algorithm on a class
of network Nash–Cournot games with market capacity constraints. Such games
represent an instance of generalized aggregative Nash games. In Section 7.5.1, we
describe the player cost functions and strategy sets and verify that the necessary
assumptions are satisfied. In Section 7.5.2, we compare the performance of our
algorithm against a standard semi-decentralized method (Algorithm 7.1).

7.5.1 Generalized network Nash–Cournot game

We extend the network Nash–Cournot game model proposed in [82, §IV] with
additional market capacity constraints. Specifically, consider N firms that compete
over m markets. Let firm i’s production and sales at location l be denoted by gi,l
and si,l, respectively, while its cost of production at location l is denoted by fi,l(gi,l)
and defined as follows:

fi,l(gi,l) = ai,lg
2
i,l + gi,lbi,l, (7.25)

where ai,l and bi,l are scaling parameters for agent i.

The goods sold by firm i at location l fetch a revenue p(s̄l)si,l, where p(s̄l) denote

the sales price at location l and s̄l =
∑N
i=1 si,l represents the aggregate sales at

location l. The market price is set according to an inverse demand function which
depends on the aggregate of the network, i.e.,

pl(s̄l) = dl − s̄l,

where dl is the overall demand for location l. Each firm i has a production limitation
at location l, described by ui,l. Moreover, the overall production in each market l
must meet the correspondent demand dl and do not exceed a maximum capacity
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rl. Hence, the coupling constraints dl ≤
∑N
i=1 gi,l ≤ rl, for all l = 1, 2, . . . ,m, have

to be satisfied.

Overall, each firm i, given the strategies of the other firms, aims at solving the
following optimization problem:

argmin
{gi,l,si,l}ml=1

∑m
l=1(fi,l(gi,l)− pl(s̄l)si,l)

s.t.
∑m
l=1 gi,l ≥

∑n
l=1 si,l,

gi,j , si,j ≥ 0, gi,l ≤ ui,l, l = 1, . . . ,m,

dl ≤
∑N
i=1 gi,l ≤ rl, l = 1, . . . ,m.

Effectively, the payoff function of firm i is parametrized by nodal aggregate sales
and its constraints depend on the other firms’ strategies, thus leading to a gener-
alized aggregative game. In this example, we assume that the firms communicate
over a dynamic network to cope with the lack of aggregate information, which is
necessary to compute their optimal production and sale strategies.

Next, we show that the proposed network Nash–Cournot game does satisfy our
technical setup. Let xi = col(gi,1, . . . , gi,m, si,1, . . . , si,m) ∈ R2m denote the strat-
egy vector of agent i and x = col(x1, . . . , xN ) denote the collective strategy profile.
The cost function of agent i is quadratic, convex in xi, continuously differentiable
and can be cast in a compact form as

Ji(xi, avg(x)) = x>i Aixi + b>i xi + (∆ avg(x))>xi, (7.26)

whereAi := diag(ai,1, . . . , ai,m, 0, . . . , 0), ∆ = diag(0, Im) and bi := col(bi,1, . . . , bi,m,
−d1, . . . ,−dn). The local feasible set of firm i is non-empty (for an adequate
choice of ui,l’s ), convex, compact and reads as Ωi := {xi ∈ R2n | ∑n

l=1 gi,l ≥∑n
l=1 si,l, gi,j , si,j ≥ 0, gi,l ≤ ui,l, l = 1, . . . ,m, }.

The coupling constraints are affine and can be written in compact form as in (7.1),
with Ci =

[
0 Im
0 −Im

]
and ci = 1

N col(r1, . . . , rm,−d1, . . . ,−dm), for all i ∈ I. Thus,
Assumption 7.1 is satisfied.

The pseudo gradient mapping F is affine and reads as

F (x) = Px+ b, (7.27)

with
P = 2A+ 1

N I ⊗∆ + 1
N (11> ⊗∆), (7.28)

A = blkdiag(A1, . . . , AN ) and b = col(bi, . . . , bN ). By a direct inspection of the
eigenvalues of P , we can show that F is strongly monotone and Lipschitz contin-
uous, when the coefficients ai,j ’s are positive. Hence, Assumption 7.4 is satisfied.
In particular, it follows by [56, p.79] that F is χ−cocoercive with χ := ‖P‖−1.
Moreover, since F is strongly monotone and the sets Ωi are compact, it follows by
Remark 7.2 that there exists a unique v-GNE. The mapping F̃ is affine and reads

F (x,σ) = (2A+ 1
N I ⊗∆)x+ (I ⊗∆)σ + b.

Similarly, we can show that F is LF−Lipschitz continuous with LF := maxij{ai,j , 1}.
Thus, Assumption 7.5 is satisfied.
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7.5.2 Simulations studies

In our numerical study we consider a network Nash-Cournot game played by 20
firms, i.e., N = 20, over 10 markets, i.e., m = 10. All the parameters of the
game are drawn from uniform distributions and fixed over the course of the entire
simulations. Specifically, for all i ∈ I and l ∈ {1, . . . ,m}, we set the parameters of
production cost in (7.25) as ai,l ∈ U(2, 3) and bi,l ∈ U(2, 12), where U(t, τ) denotes
the uniform distribution over an interval [t, τ ] with t < τ . We set the production
capacities of firm i as ui,l ∈ U(50, 100) for all l ∈ {1, . . . , n } and for all i ∈ I.
Moreover, the demand at market l is set as dl ∈ U(90, 100), while the market
capacity as rl ∈ U(dl, 2dl) for all l ∈ {1, . . . ,m }.

At each iteration k, the firms communicate according to a randomly generated
and connected small world, where each node has 4 neighbors. To create a doubly
stochastic mixing matrix W (k), we exploit the Metropolis weighting rules in (7.2).
Thus, Assumptions 7.2 and 7.3 are satisfied. The agents update their decisions and
their estimates as in Algorithm 7.3. The step-sizes {αi, βi}i∈I are set according to
Assumption 7.6, where the global parameter τ is set 5% larger than the theoretical
lower bound 1

2δ , where δ = min{1, ‖P‖} and P as in (7.28).

In Figure 7.1a, we show the trajectories of the sequences of normalized residu-
als ‖xk − x∗‖/‖x0 − x∗‖ for different choices of the step-size sequence (γk)k∈N.
Moreover, we compare the trajectories of Algorithm 7.3 with those obtained with
Algorithm 7.1 [20, Alg. 1], which is a semi-decentralized algorithm and works
under the assumption of full-decision information, i.e., the firms have access to
the real aggregate information at each stage k of the algorithm. As expected, the
semi-decentralized algorithm converges faster than the fully-distributed counter-
part. Interestingly, we notice that convergence is achieved also in the case of fixed
relaxation step in the KM process, e.g. γk = 1 for all k ≥ 0, which is not supported
by our theoretical analysis.

In Figure 7.1b, 7.2a and 7.2a we compare the trajectories of the consensus dis-
agreement of the dual variables ‖( L ⊗ Im)λk‖, the tracking errors of the average
strategy ‖σk − 1 ⊗ σ̄k‖ and that of the coupling constraint reflected violation
‖yk − 1⊗ avg(dk)‖, respectively, for two choices of the step-size sequence (γk)k∈N.

7.6 Conclusion

For a general class of aggregative games with linear coupling constraints over time-
varying communication networks, we have designed the first single-layer, fully-
distributed algorithm to compute a variational generalized Nash equilibrium. Global
convergence can be established via monotone-operator-theoretic and fixed-point ar-
guments, integrated with a dynamic tracking methodology.

The analysis approach in this chapter is genuinely novel, hence opens up a number
of new research directions. Motivated by the numerical results of Section 7.5, it
would be valuable to explore the computational aspects of the proposed method,
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(a) The trajectories of the residual ‖xk − x∗‖/‖x0 − x∗‖ for pFB [20, Alg. 1],
Alg. 7.3 with γk = k−0.51 and Alg. 7.3 with γk = 1.
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(b) The trajectories of the consensus disagreement ‖( L ⊗ Im)λk‖ for Alg. 7.3
with γk = k−0.51 and Alg. 7.3 with γk = 1.
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(a) The trajectories of the overall tracking error ‖σk−1⊗ avg(xk)‖ for Alg. 7.3
with γk = k−0.51 and Alg. 7.3 with γk = 1.

10
0

10
1

10
2

10
3

10
4

10
-6

10
-4

10
-2

10
0

10
2 7.3

7.3

(b) The trajectories of the overall tracking error ‖yk−1⊗ avg(dk)‖ for Alg. 7.3
with γk = k−0.51 and Alg. 7.3 with γk = 1.
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e.g. how the connectivity of the communication networks influences the conver-
gence speed. Whether or not the proposed algorithm converges with fixed step
sizes in the Krasnosel’skii-Mann process is currently an open question. Finally,
it would be highly valuable to relax the assumption of double-stochasticity of the
mixing matrices.

7.7 Appendix

7.7.1 Proof of Lemma 7.5

(i) T2 is the sum of two terms: S in (7.17) which is a linear, skew symmetric
mapping, thus maximally monotone [13, Ex. 20.30]; and NΩ × NRmN

≥0
which is

maximally monotone since is the direct sum of maximally monotone operators [13,
Prop. 20.23] (i.e, the normal cones of the closed convex sets Ω and RmN≥0 ). Hence,
the maximal monotonicity of S + NΩ × NRmN

≥0
= T2 follows by [13, Cor. 24.4 (i)]

since dom(S) = R(n+m)N .

(ii) F is χ−cocoercive, by Assumption 7.4, and  Lm is 1−cocoercive by [56, p.79],
since  Lm is a linear, positive semi-definite mapping with ‖ Lm‖ = 1. It follows
that the direct sum T1(·) = F (·)× ( Lm ·+ 1

N cf) is δ−cocoercive, for all δ such that
0 < δ ≤ min{1, χ}. Now, we show that T1 is restricted-strictly monotone w.r.t.

Θ‖ = Ω × E‖. Let us recall that E‖ and E⊥ are the (m-dimensional) consensus
and disagreement subspaces, respectively. Moreover, each vector v ∈ Rm, can be
split as v = v‖+v⊥, with v‖ ∈ E‖ and v⊥ ∈ E⊥. Consider now ω = col(x,λ) 6∈ Θ‖,

hence λ = λ‖ + λ⊥, with λ‖ ∈ E‖ and 0 6= λ⊥ ∈ E⊥. Let ω′ = col(x′,λ′) ∈ Θ‖,

hence λ′ = λ′‖ ∈ E‖ and λ′⊥ = 0. The following inequalities show that T1 in (7.13)

is restricted-strictly monotone w.r.t. Θ‖:

(T2(ω)− T2(ω′))>(ω − ω′)
= (F (x)− F (x′))>(x− x′) + (λ− λ′)>  Lm(λ− λ′)
≥ χ‖F (x)− F (x′)‖2 + (λ⊥)>  Lmλ⊥

≥ eig2( L)‖λ⊥‖2 > 0,

where  Lm = ( L ⊗ Im), with  L projection onto the disagreement subspace and
eig2( L) = 1 is the second smallest eigenvalue of  L = I− 1

N 11>. The first inequality
follows by the cocoercivity of F (Assumption 7.4) and since  Lmλ‖ =  Lmλ

′ = 0,
namely, the projection onto the disagreement subspace of the consensual terms is
zero.

(iii): The maximal monotonicity of T = T1 +T2 follows by [13, Cor. 24.4 (i)], since
T1 is cocoercive (thus maximally monotone [13, Example 20.31]), T2 is maximally
monotone and dom(T1) = R(n+m)N . Moreover, since T1 is also restricted-strictly
monotone with respect to Θ‖ then T enjoys the same property. �



148 Chapter 7. Aggregative Games: a Fully-distributed Algorithm

7.7.2 Proof of Proposition 7.6

(i) By Proposition 7.3, there exists λ∗ ∈ Rm≥0 such that col(x∗, λ∗) ∈ zer(U),
where x∗ is a v-GNE. Define ω∗ = col(x∗,λ∗), with λ∗ = 1N ⊗ λ∗, then we
have T (ω∗) 3 0. In fact, each component of the first row block of T (ω∗) reads as
NΩi(x

∗
i )+∇xiJi(x

∗
i , avg(x∗))+C>i λ

∗ 3 0. While, each component of the second row
block of T (ω∗) reads as NRm

≥0
(λ∗)− 1

N (Cx−c) 3 0, since NRm
≥0

(λ∗)−(Cx∗−c) 3 0

and 1
NNRm

≥0
= NRm

≥0
. Hence, zer(T ) 6= ∅.

(ii) From the first part of the proof, we know that there exists ω∗ ∈ Θ‖ such that
ω∗ ∈ zer(T ). Now, we show that all the zeros of T lie in Θ‖. By contradiction, let
ω′ ∈ zer(T ) and assume ω′ /∈ Θ‖. Then, 0 ∈ T (ω∗), 0 ∈ T (ω′) and Lemma 7.5 (iii)
yields 0 = (0−0)>(ω∗−ω′) > 0, which is impossible. Therefore, ω′ ∈ Θ‖, namely
ω′ = col(x′,1⊗λ′). Now, by substituting ω′ into T (since ( L⊗Im)(1⊗λ′) = 0) we
recover that ω′ ∈ zer(T ) ⇒ col(x′, λ′) ∈ zer(U), which, by Proposition 7.3, holds
if and only if x′ is a v-GNE. �

7.7.3 Proof of Theorem 7.7

To prove convergence of Algorithm 7.2 we follow the same technical reasoning of
the proof in [150, Alg. 1]. Specifically, the proof is divided in two parts to show
that:

(1) Algorithm 7.2 corresponds to the fixed-point iteration in (7.15), i.e., ωk+1 =
ωk+γk(R(ωk)−ωk), where R := (Id+Φ−1T2)−1◦(Id−Φ−1T1) is the so-called
pFB operator.

(2) If the step sizes are set as in Assumption 7.6, then R is an averaged operator.
Hence, (7.15) globally converges to some ω∗ := col(x∗λ∗) ∈ fix(R). Since
fix(R) = zer(T ), with T as in (7.11), then x∗ is a v-GNE, by Proposition 7.6.

(1): Let us recast Algorithm 7.2 in a compact form as

x̃k = projΩ
(
xk − αd(F (xk, x̄k) + C>d λ̄

k
)
)
, (7.29)

λ̃
k

= projRmN
≥0

(
λk + βd(d̄

k − λk + λ̄
k
)
)

(7.30)

xk+1 = xk + γk(x̃k − xk), (7.31)

λk+1 = λk + γk(λ̃
k − λk), (7.32)

Since projΩ = (Id + NΩ)−1, F (xk,1 ⊗ avg(xk)) = F (xk) and C>d λ̄
k

= C>d (1 ⊗
avg(λk))) = 1

NC
>
f λ

k, it follows from (7.29) that (Id + NΩ)(x̃k) 3 xk−αd(F (xk) +
1
NC

>
f λ

k), which leads to

−F (xk) ∈ NΩ(x̃k) + 1
NC

>
f λ̃

k
+ α−1

d (x̃k − xk)− 1
NC

>
f (λ̃

k − λk), (7.33)
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where we used α−1
d NΩ(x̃k) = NΩ(x̃k). Similarly, since 1 ⊗ avg(dk) = 1

N (2Cfx̃
k −

Cfx
k − cf) and λk − λ̄k = ((I − 1

N 11>)⊗ Im)λk = ( L⊗ Im)λk =  Lmλ
k, it follows

from (7.30) that (Id+NRmN
≥0

)(λ̃
k
) ∈ λk+βd( 1

N (2Cfx̃
k−Cfx

k− cf)−  Lmλ
k), which

leads to

− Lmλ
k − 1

N cf ∈ NRmN
≥0

(λ̃
k
)− 1

NCfx̃
k − 1

NCf(x̃
k − xk) + β−1

d (λ̃
k − λk). (7.34)

Let ωk := col(xk,λk), then the inclusions in (7.33)−(7.34) can be cast in compact
form as

−T1(ωk) ∈ T2(ω̃k) + Φ(ω̃k − ωk), (7.35)

where T1, T2 and Φ as in (7.12), (7.13) and (7.17), respectively. By making ω̃k

explicit in (7.35), we obtain

ω̃k = (Id + Φ−1T2)−1 ◦ (Id− Φ−1T1)(ωk), (7.36)

which corresponds to ω̃k = R(ωk), where R is the pFB operator in (7.16). Finally,
it follows by (7.31)−(7.32) that ωk+1 = ωk+γk(R(ωk)−ωk), which concludes the
proof.

(2): Next, we introduce some technical statements that we exploit later on in this
proof.

Lemma 7.15. Let the step-sizes {αi, βi}i∈I satisfy Assumption 7.6. Then the
following statements hold:

(i) Φ− τI � 0, with τ as in Assumption 7.6,

(ii) ‖Φ−1‖ ≤ τ−1. �

Proof. (i): By the generalized Gershgorin circular theorem [59, Th. 2], each eigen-
value µ of the matrix Φ in (7.17) satisfies at least one of the following inequalities:

µ ≥ α−1
i − ‖C>i ‖, ∀i ∈ I, (7.37)

µ ≥ β−1
i − 1

N

∑N
j=1 ‖C>j ‖, ∀i ∈ I. (7.38)

Hence, if we set the step-sizes αi, βi as in Assumption 7.6, the inequalities (7.37)-
(7.38) yield to µ ≥ τ . It follows that the smallest eigenvalue of Φ, i.e., µmin(Φ),
satisfies µmin(Φ) ≥ τ > 0. Thus, Φ− τI is positive semi-definite.

(ii): Let µmax(Φ) be the largest eigenvalue of Φ. We have that µmax(Φ) ≥
µmin(Φ) ≥ τ . Moreover, ‖Φ‖ = µmax(Φ) ≥ µmin(Φ) = 1

‖Φ−1‖ ≥ τ . Hence

‖Φ−1‖ ≤ τ−1.

Lemma 7.16. Let Assumptions 7.1 and 7.4 hold and the step-sizes {αi, βi}i∈I
satisfy Assumption 7.6. The following properties hold in the Φ-induced norm (i.e.,
‖ · ‖Φ):
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(i) Φ−1T1 is δτ−cocoercive and (Id− Φ−1T1) is 1
2δτ−averaged;

(ii) Φ−1T2 is maximally monotone and (Id− Φ−1T2)−1 is 1
2−averaged. �

Proof. (i): Since T1 is single-valued and Φ−1 nonsingular, by Lemma 7.15 (i), for
each ω,ω′ ∈ Ω× RnN≥0

‖Φ−1T1(ω)− Φ−1T1(ω′)‖2Φ = ‖T1(ω)− T1(ω′)‖2Φ−1

≤ ‖Φ−1‖ ‖T1(ω)− T1(ω′)‖2

≤ 1

τ
‖T1(ω)− T1(ω′)‖2, (7.39)

where the last inequality follows by Lemma 7.15 (ii). By (7.39) and the δ−cocoercivity
of T1 (Lemma 7.5 (ii))

〈Φ−1T1(ω)− Φ−1T1(ω′),ω − ω′〉Φ = 〈T1(ω)− T1(ω′),ω − ω′〉
≥ δ‖T1(ω)− T1(ω′)‖2

≥ δτ‖Φ−1T1(ω)− Φ−1T1(ω′)‖2Φ. (7.40)

In other words, Φ−1T1 is δτ−cocoercive in the Φ−induced norm. It follows from
[13, Prop. 4.33] that (Id− Φ−1T1) is 1

2δτ−averaged in the Φ−induced norm.

(ii): Φ−1T2 is maximally monotone in the Φ−induced norm, since T2 is maxi-
mally monotone by Lemma 7.5 (i). By [13, Prop. 23.7], the resolvent mapping
(Id + Φ−1T2) is 1

2−averaged (or firmly-nonexpansive, see [13, Remark 4.24]) in the
Φ−induced norm, since Φ−1T2 is maximally monotone in the same norm.

Lemma 7.17. Let Assumptions 7.1, 7.4 hold and the step-sizes {αi, βi}i∈I satisfy
Assumption 7.6. Then, the pFB operator R = (Id + Φ−1T2)−1 ◦ (Id − Φ−1T1) is
ν−averaged in the Φ−induced norm (i.e., ‖ · ‖Φ), with ν := 2δτ

4δτ−1 ∈ ( 1
2 , 1). �

Proof. By [13, Proposition 4.4] , the mapping R is
(

2δτ
4δτ−1

)
−averaged with respect

to ‖ · ‖Φ, since composition of (Id + Φ−1T2)−1 and (Id−Φ−1T1) which are 1
2− and

1
2δτ−averaged in ‖ · ‖Φ, respectively, by Lemma 7.16. Moreover, 2δτ

4δτ−1 ∈ ( 1
2 , 1),

since τ > 1
2δ , by Assumption 7.6.

The fixed-point iteration (7.15), that corresponds to Algorithm 7.2 by the first
part of this proof, is the Krasnosel’skii-Mann iteration on the mapping R, which
is ν−averaged, with ν ∈ ( 1

2 , 1), by Lemma 7.17. The convergence of (7.15) to
some ω∗ := col(x∗,λ∗) ∈ fix(R) follows by [13, Prop. 5.15]. To conclude, we
note that ω∗ ∈ fix(R) = zer(Φ−1T1 + Φ−1T2), by [13, Prop. 25.1 (iv)], and that
zer(Φ−1T1 +Φ−1T2) = zer(T ), with T as in (7.11), since Φ � 0, by Lemma 7.15 (i),
and T1 + T2 = T . Since the limit point ω∗ ∈ zer(T ) 6= ∅, by Proposition 7.6 (i),
then x∗ is a v-GNE of the game in (7.1), by Proposition 7.6 (ii), thus concluding
the proof. �
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7.7.4 Proof of Lemma 7.8

We prove equation (i) by induction. At step zero, σ̄0 = avg(x0) holds if the
estimates are initialized as σ0

i = x0
i , for all i ∈ I. At step k, we assume that

avg(σk) = avg(xk). To conclude the proof, we show that relation (i) holds at step
k + 1:

avg(σk+1) = 1
N (1> ⊗ In)((W (k)⊗ In)σk + xk+1 − xk),

= 1
N (1> ⊗ In)(W (k)⊗ In)σk + avg(xk+1)− avg(xk),

= avg(σk) + avg(xk+1)− avg(xk)

= avg(xk+1).

The first equality follows from the updating rule of the σi’s in Algorithm 7.3, the
second follows by definition of avg(xk), i.e., avg(xk) = 1

N (1> ⊗ In)xk, the third
follows since the mixing matrix W (k) is column stochastic, i.e., 1>W (k) = 1>,
by Assumption 7.3, while the last equality follows from the induction step k, i.e.,
avg(σk) = avg(xk). The proof of equations (ii) and (iii) are analogous.

7.7.5 Proof of Lemma 7.9

For easy of notation, this proof is developed for the scalar case, i.e., n = m = 1.
In this case, we can write ‖σ̂k − 1⊗ avg(xk)‖ = ‖(W (k)⊗ In)σk − 1⊗ avg(xk)‖ =
‖W (k)σk − avg(xk)1‖.

(i): The update of the estimates σi’s in Algorithm 7.3 can be written in a compact
form as

σk+1 = W (k)σk + xk+1 − xk. (7.41)

By telescoping (7.41), we obtain

σk+1 = W (k)(W (k − 1)σk−1 + xk − xk−1)

+ xk+1 − xk

= Ψ(k, k − 1)σk−1 + Ψ(k, k)(xk − xk−1)

+ xk+1 − xk

= · · ·

= Ψ(k, 0)σ0 +
∑k
s=1 Ψ(k, s)(xs − xs−1)

+ xk+1 − xk, (7.42)

where the transition matrices Ψ(·, ·)’s are defined in (7.3). By rearranging (7.41),
we can write W (k)σk = σk+1−xk+1 +xk. Then, by exploiting the equivalence in
(7.42), we have

W (k)σk = Ψ(k, 0)σ0 +
∑k
s=1 Ψ(k, s)(xs − xs−1). (7.43)
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Now, consider avg(σk), which may be written as follows:

avg(σk) = avg(σk−1)+(avg(σk)−avg(σk−1)) = avg(σ0)+
∑k
s=1(avg(σs)−avg(σs−1)).

By Lemma 7.8, we have that avg(σs) = avg(xs) ∀s ≥ 0, which leads to

avg(xk) = avg(σk) = avg(σ0) +
∑k
s=1(avg(xs)− avg(xs−1))

= 1
N 1>σ0 +

∑k
s=1

1
N 1>(xs − xs−1). (7.44)

From equations (7.43) and (7.44), we have the following:

‖W (k)σk − avg(xk)1‖
= ‖(Ψ(k, 0)− 1

N 11>)σ0

+
∑k
s=1(Ψ(k, s)− 1

N 11>)(xs − xs−1)‖
(a)

≤ ‖Ψ(k, 0)− 1
N 11>‖‖σ0‖

+
∑k
s=1 ‖Ψ(k, s)− 1

N 11>‖‖xs − xs−1‖
(b)

≤ θρk‖σ0‖+
∑k
s=1 θρ

k−s‖xs − xs−1‖, (7.45)

where (a) follows from the CauchySchwarz inequality, while (b) since ‖Ψ(k, s) −
1
N 11>‖ ≤ θρk−s for all k ≥ s ≥ 0, by Lemma 7.2. Next, we find an upper bound
for ‖xs − xs−1‖ in (7.45). The update of the decisions xi’s can be written in a
compact form as xk+1 = xk + γk(x̃k − xk). We note that x̃ki , x

k
i ∈ Ωi, for all

k ≥ 0 since x̃ki is obtained by projecting onto Ωi and xki = (1− γk)xk−1
i + γkx̃ki is

a convex combination of elements of the convex set Ωi. Since all the sets Ωi’s are
compact, by Assumption 7.1, it follows that for some constant BΩ, we have

‖xs − xs−1‖ = γs−1‖x̃s−1 − xs−1‖ ≤ γs−1BΩ. (7.46)

By combining (7.46) and (7.45), we obtain

‖W (k)σk − avg(xk)1‖ ≤ θρkBΩ +
∑k
s=1 θρ

k−sγs−1BΩ,

where we exploited the initialization step of Algorithm 7.3, i.e., σ0 = x0 ∈ Ω, from
which ‖σ0‖ ≤ BΩ.

(ii): The update of the estimates zi’s in Algorithm 7.3 can be written in a compact
form as

zk+1 = W (k)zk + λk+1 − λk. (7.47)

By telescoping (7.47), we obtain

‖W (k)zk − avg(λk))1‖ ≤ θρk‖z0‖+
∑k
s=1 θρ

k−s‖λs − λs−1‖, (7.48)

To upper bound ‖λs − λs−1‖, we note that the dual update in Alg. 7.3 reads

in compact form as λs = λs−1 + γs(λ̃
s−1 − λs−1) and that the dual sequence
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(λs)s∈N is positive and BD−norm bounded, by Assumption 7.8. Hence, we have
‖λs − λs−1‖ ≤ γs−1BD, that substituted into (7.48) gives

‖W (k)zk − avg(λk))1‖ ≤ θρkBD +
∑k
s=1 θρ

k−sγs−1BD.

(iii): The update of the estimates yi’s in Algorithm 7.3 can be written in a compact
form as

yk+1 = W (k)yk + Cd(2x̃k − xk)− Cd(2x̃k−1 − xk−1), (7.49)

By telescoping (7.49) (as explained in (7.42)), we obtain

yk+1 = Ψ(k, 0)y0 +
∑k
s=1 Ψ(k, s)

(
Cd(2x̃s−1 − xs−1)− Cd(2x̃s−2 − xs−2)

)
+ Cd(2x̃k − xk)− Cd(2x̃k−1 − xk−1). (7.50)

Now, consider avg(yk), which may be written as follows:

avg(yk) = avg(y0) +
∑k
s=1{avg(ys−1)− avg(ys−2)}+ avg(yk)− avg(yk−1).

By Lemma 7.8, we have that avg(ys) = avg(ds) = 1
N 1>Cd(2x̃s − xs) − c, for all

s ≥ 0, which leads to

avg(dk) = avg(yk) = 1
N 1>y0+

∑k
s=1

1
N 1>

(
Cd(2x̃s−1−xs−1)−Cd(2x̃s−2−xs−2)

)
+ 1

N 1>
(
Cd(2x̃k − xk)− Cd(2x̃k−1 − xk−1)

)
. (7.51)

From the relations (7.50) and (7.51), we have the following:

‖yk+1 − avg(dk)1‖ (a)
= ‖(Ψ(k, 0)− 1

N 11>)y0 +
∑k
s=1(Ψ(k, s)− 1

N 11>)

·
(
Cd(2x̃s−1 − xs−1)− Cd(2x̃s−2 − xs−2)

)
+ (IN − 1

N 11>)

·
(
Cd(2x̃k − xk)− Cd(2x̃k−1 − xk−1)

)
‖

(b)

≤ ‖Ψ(k, 0)− 1
N 11>‖‖y0‖

+
∑k
s=1 ‖Ψ(k, s)− 1

N 11>‖‖Cd‖
· ‖(2x̃s−1 − xs−1)− (2x̃s−2 − xs−2)‖
+ ‖Cd‖‖(2x̃k − xk)− (2x̃k−1 − xk−1)‖

(c)

≤ θρkBY +
∑k
s=1 θρ

k−s

· ‖Cd‖‖(2x̃s−1 − xs−1)− (2x̃s−2 − xs−2)‖
+ ‖Cd‖‖(2x̃k − xk)− (2x̃k−1 − xk−1)‖, (7.52)

where the first equality, (a), follows by substituting (7.50) and (7.51) to yk+1 and
avg(dk), respectively, (b) follows from Cauchy–Schwartz inequality and (c) since
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‖Ψ(k, s) − 1
N 11>‖ ≤ θρk−s for all k ≥ s ≥ 0, by Lemma 7.2. Now we build an

upper bound for ‖(2x̃s − xs)− (2x̃s−1 − xs−1)‖ in (7.52):

‖(2x̃s − xs)− (2x̃s−1 − xs−1)‖
(a)

≤ 2‖x̃s − x̃s−1‖+ ‖xs − xs−1‖
(b)

≤ 2‖x̃s − x̃s−1‖+ γs−1BΩ, (7.53)

where (a) follows from the triangular inequality and (b) follows from (7.46)

Next, we build an upper bound for the term ‖x̃s − x̃s−1‖ in the right hand side of
(7.53).

‖x̃s − x̃s−1‖ (a)
= ‖projΩ

(
xs − αd(F (xs, σ̂s) + C>d ẑ

s)
− projΩ

(
xs−1 − αd(F (xs−1, σ̂s−1) + C>d ẑ

s−1)‖
(b)

≤ ‖xs − xs−1 − αd

·
(
F (xs,W (s)σs)− F (xs−1,W (s−1)σs−1)

+ C>d W (s)zs − C>d W (s−1)zs−1
)
‖

(c)

≤ ‖xs − xs−1‖

+ LF ‖αd‖ ‖
[

xs − xs−1

W (s)σs −W (s− 1)σs−1

]
‖

+ ‖αd‖‖Cd‖‖W (s)zs −W (s− 1)zs−1‖
(d)

≤ (1 + LF ‖αd‖)‖xs − xs−1‖
+ LF ‖αd‖‖W (s)σs −W (s−1)σs−1‖
+ ‖αd‖‖Cd‖‖W (s)zs −W (s−1)zs−1‖, (7.54)

where (a) follows by exploiting the compact update of x̃s in (7.20), (b) follows
by the nonexpansiveness of the projection operator, (c) follows by exploiting, in
sequence, the triangular inequality, the Lipschitz continuity of F (Assumption 7.5),
and the Cauchy-Schwartz inequality, finally (d) follows from the relation ‖ [ ab ] ‖ =√
‖a‖2 + ‖b‖2 ≤ ‖a‖+ ‖b‖.
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Now, we find an upper bound the last two terms in (7.54).

‖W (s)σs −W (s−1)σs−1‖ (a)
= ‖W (s)σs − σs + xs − xs−1‖
(b)

≤ ‖W (s)σs − σs‖+ ‖xs − xs−1‖
(c)
= ‖W (s)σs − 1 avg(xs)− (σs − 1 avg(xs))‖

+ ‖xs − xs−1‖
(d)

≤ ‖W (s)σs − 1 avg(xs)‖+ ‖σs − 1 avg(xs)‖
+ γs−1BΩ

(e)

≤ θBΩρ
s + θBΩ

∑s
`=1 ρ

s−`γ`−1

+ θBΩρ
s−1 + θBΩ

∑s−1
`=1 ρ

(s−1)−`γ`−1 + γs−1BΩ

+ γs−1BΩ

(f)

≤ 2
(
θBΩρ

s−1
)

+ 4
(
θBΩρ

−1
∑s
`=1 ρ

s−`γ`−1
)
, (7.55)

where (a) follows since W (s−1)σs−1 = σs − xs + xs−1 by (7.41), (b) from the
triangular inequality, (c) by summing and subtracting avg(xs) · 1 within the fist
term, (d) by the triangular inequality and substituting to ‖xs − xs−1‖ the bound
in (7.46), (e) by substituting to ‖W (s)σs− 1 avg(xs)‖ the upper bound derived in
Lemma 7.9 (i) and to ‖σs − 1 avg(xs)‖ a bound similarly derived, (f) follows by
noticing that ρs < ρs−1, since 0 < ρ < 1 by Assumption 7.3.

Similarly, for the last addend in (7.54), we can derive the following bound:

‖W (s)zs −W (s−1)zs−1‖ ≤ 2θBDρ
s−1 + 4θBDρ

−1
∑s
`=1 ρ

s−`γ`−1. (7.56)

Finally, by combining (7.54) with (7.55) and (7.56), we obtain an upper bound for
‖x̃s − x̃s−1‖, i.e.,

‖x̃s − x̃s−1‖ ≤ ‖αd‖2θ(LFBΩ + ‖Cd‖BD)︸ ︷︷ ︸
:=ε1

ρs−1

+ 4θρ−1‖αd‖(LFBΩ + ‖Cd‖BD)︸ ︷︷ ︸
:=ε2

∑s
`=1 ρ

s−`γ`−1

+ (BΩ + ‖αd‖LFBΩ)︸ ︷︷ ︸
:=ε3

γs−1

≤ ε1ρs−1 + (ε2 + ε3)
∑s
`=1 ρ

s−`γ`−1. (7.57)

Now, by substituting (7.57) into (7.53), we obtain

‖(2x̃s − xs)− (2x̃s−1 − xs−1)‖ ≤ 2ε1ρ
s−2 + 2(ε2 + ε3)

∑s
`=1 ρ

s−`γ`−1 + γs−1BΩ

≤ 2ε1︸︷︷︸
:=δ1

ρs−1 + (2ε2 + 2ε3 +BΩ)︸ ︷︷ ︸
:=δ2

∑s
`=1 ρ

s−`γ`−1

=: φs, (7.58)
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where (φs)s∈N is the scalar (vanishing) sequence in (7.24), with ρ is as in (7.4) and
(γk)k∈N as in Assumption 7.7. Finally, by combining (7.58) and (7.52), we obtain
the upper bound in Lemma 7.9 (iii). �

7.7.6 Proof of Lemma 7.12

From ‖ [ ab ] ‖ =
√
‖a‖2 + ‖b‖2 ≤ ‖a‖+ ‖b‖, it follows that

‖ek‖ = ‖ col(x̃k, λ̃
k
)− col(x̃kA2, λ̃

k

A2)‖
≤ ‖x̃k − x̃kA2‖+ ‖λ̃k − λ̃kA2‖. (7.59)

Next, we upper bound ‖x̃k − x̃kA2‖, where x̃k and x̃kA2 are defined in (7.20) and
(7.18), respectively.

‖x̃k − x̃kA2‖ = ‖projΩ
(
xk − αd(F (xk, σ̂k) + C>d ẑ

k)
− projΩ

(
xk − αd(F (xk, x̄k) + C>d avg(λk)

)
‖

(a)

≤ ‖αd‖ ‖F (xk, σ̂k)− F (xk, x̄k) + C>d (ẑk − λ̂k)‖
(b)

≤ LF ‖αd‖‖(W (k)⊗ In)σk − 1⊗ avg(xk)‖
+ ‖αd‖‖Cd‖‖(W (k)⊗ Im)zk − 1⊗ avg(λk)‖, (7.60)

where the first inequality (a) follows by the nonexpansivity of the projection op-
erator, and (b) follows by the triangular inequality and the Lipschitz continuity of
F (Assumption 7.5).

Now, consider ‖λ̃k − λ̃kA2‖, where λ̃
k

and λ̃
k

A2 are defined in (7.21) and (7.19),
respectively. By exploiting the nonexpansiveness of the projection operator, we
have

‖λ̃k − λ̃kA2‖ ≤ ‖βd‖‖(W (k)⊗ Im)zk − 1⊗ avg(λk)‖
+ ‖βd‖‖yk+1 − 1⊗ avg(dk)‖. (7.61)

Finally, by combining (7.61) and (7.60) with (7.59) we obtain the upper bound in
Lemma 7.12. �
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7.7.7 Proof of Lemma 7.13

By substituting the bounds on the estimation errors of Lemma 7.9 into the error
bound in Lemma 7.12, we obtain

γk‖ek‖ ≤ a1 γ
kρk︸ ︷︷ ︸

Term 1

+a2 γ
k

k∑
s=1

ρk−sγs−1

︸ ︷︷ ︸
Term 2

+ a3 γ
kφk︸ ︷︷ ︸

Term 3

+a4 γ
k

k∑
s=1

ρk−sφs−1

︸ ︷︷ ︸
Term4

, (7.62)

where a1, a2, a3 and a4 are positive constants defined as a1 := θBΩ(‖αd‖LF +
‖βd‖) + θBD(‖αd‖‖Cd‖ + ‖βd‖), a2 := θBΩ‖αd‖LF + θBD(‖αd‖‖Cd‖ + ‖βd‖),
a3 := ‖βd‖‖Cd‖ and a4 := ‖βd‖. Now, we show that each term on the right-
hand side of (7.62) is summable, hence also the sequence (γk‖ek‖)k∈N is such, i.e.,∑∞
k=0 γ

k‖ek‖ <∞.

Term 1: To establish the convergence of
∑∞
k=0 γ

kρk, we note that γk ≤ γ0, for all
k ∈ N, by Assumption 7.7, implying that

∑∞
k=0 γ

kρk ≤ γ0
∑∞
k=0 ρ

k < ∞, since
0 < ρ < 1 by Lemma 7.2.

Term 2: Since γk ≤ γs−1, for all k ≥ s−1 (Assumption 7.7), the following relations
hold for the second term in the right-hand side of (7.62):

∞∑
k=0

γk

(
k∑
s=1

ρk−sγs−1

)
=

∞∑
k=0

k∑
s=1

ρk−sγkγs−1

≤
∞∑
k=0

k∑
s=1

ρk−s(γs−1)2.

It follows by Lemma 7.10 (b) that
∑∞
k=0

∑k
s=1 ρ

k−s(γs−1)2 <∞, since
∑∞
k=0(γk)2 <

∞, γk ≥ 0 for all k (Assumption 7.7) and 0 < ρ < 1.

Term 3: By exploting the definition of the sequence (φk)k∈N in Lemma 7.9, we can
write

∞∑
k=0

γkφk =

∞∑
k=0

γk

(
δ1ρ

k−1 + δ2

k∑
`=1

ρk−`γ`−1

)

= δ1

∞∑
k=0

γkρk−1 + δ2

∞∑
k=0

γk
k∑
`=1

ρk−`γ`−1

≤ δ1γ0
∞∑
k=0

ρk−1 + δ2

∞∑
k=0

k∑
`=1

ρk−`(γ`−1)2



158 Chapter 7. Aggregative Games: a Fully-distributed Algorithm

By exploiting the same technical reasoning in (i) and (ii), we can show that each
term on the right-hand side of the previous inequality globally converges. There-
fore, we conclude that

∑∞
k=0 γ

kφk <∞.

Term 4: Since γk ≤ γs, for all k ≥ s (Assumption 7.7), the following hold for the
last term in the right-hand side of (7.62):

∞∑
k=0

γk

(
k∑
s=1

ρk−sφs−1

)
=

∞∑
k=0

k∑
s=1

ρk−sγkφs−1

≤
∞∑
k=0

k∑
s=1

ρk−s(γs−1φs−1).

It follows by Lemma 7.10 (b) that
∑∞
k=0

∑k
s=1 ρ

k−sγs−1φs−1 <∞, since
∑∞
k=0 γ

kφk <
∞ by (iii), and 0 < ρ < 1.

To conclude, since all the terms in the right-hand side of (7.62) are summable, then
we have

∑∞
k=0 γ

k‖ek‖ <∞. �



Part III

Analysis of Network
Dynamics
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8
Proximal Dynamics in Network Games

I
n this chapter, we study proximal type dynamics in the context of non-
cooperative multi-agent network games. These dynamics naturally arise

in different areas of social, engineering and financial sciences, e.g. in opin-
ion dynamics, distributed model fitting and network information fusion,
where the goal of each agent is to seek its best decisions using local in-
formation only. We analyze several conjugations of this class of dynamics,
providing convergence results, or designing equilibrium seeking algorithms
when the original dynamics fail to converge. For the games subject only to
local constraints we look into both synchronous/asynchronous dynamics
and time-varying communication networks. For games subject in addi-
tion to coupling constraints, we design an equilibrium seeking algorithm
converging to a special class of game equilibria. Finally, we validate the
theoretical results via numerical simulations on opinion dynamics and dis-
tributed model fitting.
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8.1 Introduction

8.1.1 Motivation: Multi-agent decision making over networks

Multi-agent decision making over networks is currently a vibrant research area in
the systems-and-control community, with applications in several relevant domains,
such as smart grids [51, 71], traffic and information networks [79], social networks
[67, 53], consensus and flocking groups [34] and robotic [38] and sensor networks
[101], [133]. The main benefit that each decision maker, in short, agent, achieves
from the use of a distributed computation and communication, is to keep its own
data private and to exchange information with selected agents only. Essentially, in
networked multi-agent systems, the states (or the decisions) of each agent evolve as
a result of local decision making, e.g. local constrained optimization, and distributed
communication with some neighboring agents, via a communication network, usu-
ally modelled by a graph. Usually, the aim of the agents is to reach a collective
equilibrium state, where no one can benefit from changing its state.

8.1.2 Literature overview: Multi-agent optimization and multi-
agent network games

Multi-agent dynamics over networks embody the natural extension of distributed
optimization and equilibrium seeking problems in network games. In the past
decade, this field has drawn attentions from various research communities, leading
to a wide range of results. Some examples of convex optimization problems, sub-
ject to homogeneous constraints, can be found in [110], where uniformly bounded
subgradients and complete communication graphs with uniform weights are consid-
ered; while in [86] the cost functions are assumed to be differentiable with Lipschitz
continuous and uniformly bounded gradients.

Solutions for nooncoperative games over networks subject to convex compact lo-
cal constraints have been developed also in [116] using strongly convex quadratic
cost functions and time-invariant communication graphs; in [82] [129], using dif-
ferentiable cost functions with Lipschitz continuous gradients, strictly convex cost
functions, and undirected, possibly time-varying, communication graphs; and in
[38] where the communication is ruled by a, possibly time-varying, digraph and the
cost functions are assumed to be convex and lower semi-continuous. Some recent
works developed algorithms to solve games over networks subject to asynchronous
updates of the agents: in [149] and [36] the game is subject to affine coupling con-
straints, and the cost functions are differentiables, while the communication graph
is assumed to be undirected.

To the best of the our knowledge, the only work that extensively focuses on
multi-agent network games is [71], which considered general local convex costs and
quadratic proximal terms, time-invariant and time-varying communication graphs,
subject to technical restrictions.

This chapter aims at presenting and solving new interesting problems, not yet
considered in the context of multi-agent network games and generalizing available
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results as highlighted in the next section.

8.1.3 Contribution

Within the literature on multi-agent network games, the most relevant works for
our purposes are [116, 71] and [38], the last being the starting point of this chap-
ter. Next, we highlight the main contribution of our work with respect to the
aforementioned literature and these works in particular:

• We prove that a row stochastic adjacency matrix with self-loops describing
a strongly connected graph is an averaged operator. Furthermore, we show
that this property holds in a Hilbert space weighted by a diagonal matrix,
whose entries are the elements of the left Perron–Frobenius eigenvector of
the original adjacency matrix. This is a general result that we exploit for the
convergence analysis of our proximal-type dynamics.

• We establish the convergence for synchronous, asynchronous and time-varying
dynamics in multi-agent network games, under the weak assumption of a
communication network described by a row stochastich adjacency matrix.
This weak assumption leads to several technical challenges that in [71] are
not present, since the matrix is always assumed to be doubly stochastic, and
in [38] are solved by modifying the original dynamics. We emphasize that in
[71, 38], the asynchronous dynamics are not considered.

• We develop a semi-decentralized algorithm seeking (normalized) generalized
network equilibrium, called Prox-GNWE, converging to a solution of the
game subject to affine coupling constraints. Compared that developed in
[71, Eq. 28–31], Prox-GNWE requires a lower number of communications
between agents, and it can also be applied to games with a wider class of
communication networks.

8.1.4 Basic notation

See Appendix A.

8.1.5 Operator-theoretic notations and definitions

See Chapter 2.

8.2 Mathematical setup and problem formulation

We consider a set of N agents (or players), where the state (or strategy) of each
agent i ∈ N := {1, . . . , N} is denoted by xi ∈ Ωi ⊂ Rn. The set Ωi represents all
the feasible states of agent i, hence it is used to model the local constraints of each
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agent. Throughout the chapter, we assume compactness and convexity of the local
constraint set Ωi.

Assumption 8.1 (Convexity). For each i ∈ N , the set Ωi ⊂ Rn is non-empty,
compact and convex. �

We consider rational (or myopic) agents, namely, each agent i aims at minimizing
a local cost function gi, that we assume convex and with the following structure.

Assumption 8.2 (Proximal cost functions). For each i ∈ N , the strictly-convex
function gi : Rn × Rn → R is defined by

gi(xi, z) := fi(xi) + ιΩi
(xi) + 1

2‖xi − z‖2, (8.1)

where f̄i := fi + ιΩi
: Rn → R is a lower semi-continuous and convex function. �

We emphasize that Standing Assumption 8.2 requires neither the differentiability of
the local cost function, nor the Lipschitz continuity and boundedness of its gradient.
In (8.1), the function f̄i is local to agent i and models the local objective that the
player would pursue if no coupling between agents is present. The quadratic term
1
2‖xi − z‖2 penalizes the distance between the state of agent i and a given z. This
term is referred to the literature as regularization (see [13, Ch. 27]), since it leads
to a strictly convex gi, even though the fi is only lower semi-continuous, see [13,
Th. 27.23].

We assume that the agents can communicate through a network structure, de-
scribed by a weighted digraph. Let us represent the communication links between
the agents by a weighted adjacency matrix A ∈ RN×N defined as [A]ij := ai,j . For
all i, j ∈ N , ai,j ∈ [0, 1] denotes the weight that agent i assigns to the state of
agent j. If ai,j = 0, then the state of agent i is independent from that of agent
j. The set of agents with whom agent i communicates is denoted by Ni. The
following assumption formalizes the communication network via a digraph and the
associated adjacency matrix.

Assumption 8.3 (row stochasticity and self-loops). The communication graph is
strongly connected. The matrix A = [ai,j ] is row stochastic, i.e., ai,j ≥ 0 for all

i, j ∈ N , and
∑N
j=1 ai,j = 1, for all i ∈ N . Moreover, A has strictly-positive

diagonal elements, i.e., mini∈N ai,i =: a > 0. �

In our setup, the variable z in (8.1) represents the average state among the neigh-

bors of agent i, weighted through the adjacency matrix, i.e., z :=
∑N
j=1 ai,jxj .

Therefore the cost function of agent i is gi
(
y,
∑N
j=1 ai,jxj

)
. Note that a coupling

between the agents emerges in the local cost function, due to the dependence on
the other agents strategy. The problem just described can be naturally formalized
as a noncooperative network game between the N players, i.e.,

∀i ∈ N :

argminy∈Rn fi(y) + 1
2

∥∥∥(1 + ai,i)y −
∑N
j 6=i ai,jxj

∥∥∥2

s.t. y ∈ Ωi.
(8.2)
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We consider rational agents that, at each time instant k ∈ N, given the states
of the neighbors, update their states/strategies according to the following myopic
dynamics:

xi(k + 1) = argminy∈Ωi
gi

(
y,
∑N
j=1 ai,jxj(k)

)
. (8.3)

These dynamics are relatively simple, yet arise in diverse research areas. Next, we
recall some papers in the literature where the dynamics studied are a special case
of (8.3).

1. Opinion dynamics: In [118], the authors study the Friedkin-Johnsen model,
that is an extension of the DeGroot’s model [48]. The update rule in [118,
Eq. 1] is effectively the best response of a game with cost functions equal to

gi(xi, z) := 1−µi

µi
‖xi − xi(0)‖2 + ι[0,1]n(xi) + ‖xi − z‖2 (8.4)

where µi ∈ [0, 1] represents the stubbornness of the player. Thus, [118, Eq. 1]
is a special case of (8.3).

2. Distributed model fitting: One of the most common tasks in machine learning
is model fitting and in fact several algorithms are proposed in literature, e.g.
[155, 142]. The idea is to identify the parameters x of a linear model Ax = b,
where A and b are obtained via experimental data. If there is a large number
of data, i.e., A is a tall matrix, then the distributed counterpart of these
algorithms are presented in [30, Sec. 8.2]. In particular, [30, Eq. 8.3] can be
rewritten as a constrained version of (8.3). The cost function is defined by

g(xi, z) := `i(Aixi − bi) + r(z) ,

where Ai and bi represent the i-th block of available data,and xi is the local
estimation of the parameters of the model. Here, `i is a loss function and r
is the regularization function r(z) := 1

2‖xi − z‖. Finally, the arising game is
subject to the constraint that at the equilibrium xi = xj for all i ∈ N . In
Section 8.5.3, we describe in detailed a possible implementation of this type
of algorithms.

3. Constrained consensus: if the cost function of the game in (8.3) is chosen with
fi = 0 for all i ∈ N , then we retrive the projected consensus algorithm studied
in [110, Eq. 3] to solve the problem of constrained consensus. To achieve the
convergence to the consensus, it is required the additional assumption that
int(
⋂
i∈N Ωi) 6= ∅, see [110, Ass. 1].

Next, we introduce the concept of equilibrium of interest in this chapter. Infor-
mally, we say that a collective vector x̄ ∈ Ω :=

∏N
i=1 Ωi is an equilibrium of the

dynamics (8.3) of the game in (8.2), if no agent i can decrease its local cost function
by unilaterally changing its strategy with another feasible one. We formalize this
concept in the following definition.
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Definition 8.1 (Network equilibrium [71, Def. 1]). The collective vector x̄ =
col((x̄i)i∈N ) is a network equilibrium (NWE) if, for every i ∈ N ,

xi = argminy∈Rn gi

(
y,
∑N
j=1 ai,jxj

)
. (8.5)

�

We note that if there are no self loops in the adjacency matrix, i.e., ai,i = 0 for all
i ∈ N , then an NWE corresponds to a Nash equilibrium [71, Remark 1].

In the next section, we study the convergence of the dynamics in (8.3) to an NWE
for a population of myopic agents. In particular, when the dynamics do not con-
verge, we propose alternative ones to recover convergence.

8.3 Proximal dynamics

In this section, we study three different types of unconstrained proximal dynamics,
namely synchronous, asynchronous and time-varying. While for the former two, we
can study and prove convergence to an NWE, the last does not ensure convergence.
Thus, we propose a modified version of the dynamics with the same equilibria of
the original game.

8.3.1 Unconstrained dynamics

As a first step, we rephrase the dynamics in a more compact form by means of the
proximity operator. In fact, the dynamics in (8.3), with cost function as in (8.1),
are equivalent to the following proximal dynamics: for all i ∈ N ,

xi(k + 1) = proxf̄i
(∑N

j=1 ai,j xj(k)
)
, ∀k ∈ N. (8.6)

In compact form, they read as

x(k + 1) = proxf (Ax(k)) , (8.7)

where the matrix A := A ⊗ In represents the interactions among agents, and the
mapping proxf is a block-diagonal proximal operator, i.e.,

proxf


 z1

...
zN


 :=

 proxf̄1
(z1)

...
proxf̄N (zN )

 . (8.8)

Remark 8.1. The definition of NWE can be equivalently recast as a fixed point
of the operator (8.7). In fact, a collective vector x is an NWE if and only if
x ∈ fix(proxf ◦A). Under Assumptions 8.1 and 8.2, fix

(
proxf ◦A

)
is non-empty

[134, Th. 4.1.5], i.e., there always exists an NWE of the game, thus the convergence
problem is well posed. �
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The following lemma represents the cornerstone used to prove the convergence of
the dynamics in (8.7) to an NWE. In particular, it shows that a row stochastic
matrix A is an AVG operator in the Hilbert space weighted by a diagonal matrix
Q, whose diagonal entries are the elements of the left Perron-Frobenius (PF) eigen-
vector of A, i.e., a vector q̄ ∈ RN>0 s.t. q̄>A = q̄>. In the remainder of the chapter,
we always consider the normalized PF eigenvector, i.e., q = q̄/‖q̄‖.

Lemma 8.2 (Averageness and left PF eigenvector). Let Assumption 3 hold true,
i.e, A be row stochastic, a > 0 be its smallest diagonal element and q = col(q1, . . . , qN )
denotes its left PF eigenvector. Then, the following hold:

(i) A is η-AVG in HQ, with Q := diag(q1, . . . , qN ) and η ∈ (0, 1− a);

(ii) The operator proxf ◦A is 1
2−η–AVG in HQ

If A is doubly-stochastic, the statements hold with Q = I.

�

Proof. See Appendix 8.7.1.

Now, we are ready to present the first result, namely, the global convergence of the
proximal dynamics in (8.7) to an NWE of the game in (8.2).

Theorem 8.3 (Convergence of proximal dynamics). For any x(0) ∈ Ω, the se-
quence (x(k))k∈N generated by the proximal dynamics in (8.7) converges to an
NWE of (8.2). �

Proof. See Appendix 8.7.1.

Remark 8.2. Theorem 8.3 extends [71, Th. 1], where the matrix A is assumed
doubly-stochastic [71, Ass. 1 Prop. 2]. In this case, 1N is the left PF eigenvector
of A and the matrix Q can be set as the identity matrix, see Lemma 8.2. �

Remark 8.3. In [71, Sec. VIII-A.] the authors study, via simulations, an appli-
cation of the game in (8.2) to opinion dynamics. In particular, they conjecture the
convergence of the dynamics in the case of a row stochastic weighted adjacency ma-
trix. Theorem 8.3 theoretically supports the convergence of this class of dynamics.
�

The presence of self-loops in the communication (Assumption 8.3) is critical for the
convergence of the dynamics in (8.7). Next, we present a simple example of a two
player game, in which the dynamics fail to converge due to the lack of self-loops.
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Example 8.4. Consider the two player game, in which the state of each agent is
scalar and f̄i := ιΩ, for i = 1, 2. The set Ω is an arbitrarily big compact subset of R,
in which the dynamics of the agents are invariant. The communication network is
described by the doubly-stochastic adjacency matrix A = [ 0 1

1 0 ], defining a strongly
connected graph without self-loops. In this example, the dynamics in (8.7) reduce
to x(k + 1) = Ax(k). Hence, convergence does not take place for all x(0) ∈ Ω. �

If a = 0, i.e., the self-loop requirement in Standing Assumption 8.3 is not satisfied,
then the convergence can be restored by relaxing the dynamics in (8.3) via the
so-called Krasnoselskii iteration [13, Sec. 5.2],

x(k + 1) = (1− α)x(k) + α proxf (Ax(k)) , (8.9)

where α ∈ (0, 1). These new dynamics share the same fixed points of (8.7), that
correspond to NWE of the original game in (8.2).

Corollary 8.4. For any x(0) ∈ Ω and for mini∈N ai,i ≥ 0, the sequence (x(k))k∈N
generated by the dynamics in (8.9) converges to an NWE of (8.3). �

Proof. See Appendix 8.7.1.

8.3.2 Asynchronous unconstrained dynamics

The dynamics introduced in (8.7) assume that all the agents update their strategy
synchronously. Here, we study the more realistic case in which the agents behave
asynchronously, namely, perform their local updates at different time instants.
Thus, at each time instant k, only one agent ik ∈ N updates its state according to
(8.6), while the others do not, i.e.,

xi(k + 1) =

{
proxf̄i

(∑N
j=1 ai,jxj(k)

)
, if i = ik,

xi(k), otherwise.
(8.10)

Next, we derive a compact form for the dynamics above. Define Hi as the matrix
of all zeros except for [Hi]ii = 1, and also Hi := Hi ⊗ In. Then, we define the
set H := {Hi}i∈N as a collection of these N matrices. At each time instant
k ∈ N, the choice of an agent which performs the update is modelled via an
i.i.d. random variable ζk, taking values in H. If ζk = Hi, it means that agent
i updates at time k, while the others do not change their strategies. Given a
discrete probability distribution (p1, . . . , pN ), we define P[ζk = Hi] = pi, for all
i ∈ N . With this notation in mind, the dynamics in (8.7) are modified to model
asynchronous updates,

x(k + 1) = x(k) + ζk
(
proxf (Ax(k))− x(k)

)
. (8.11)

We remark that (8.11) represent the natural asynchronous counterpart of the ones
in (8.7). In fact, the update above is equivalent to the one in (8.6) for the active
agent at time k ∈ N.
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Hereafter, we assume that each agent i ∈ N has a public and private memory. If
the player is not performing an update, the strategies stored in the two memories
coincide. During an update, instead, the public memory stores the strategy of the
agent before the update has started, while in the private one there is the value that
is modified during the computations. When the update is completed, the value in
the public memory is overwritten by the private one. This assumption ensures that
all the reads of the public memory of each agent i, performed by each neighbor
j ∈ Ni, are always consistent, see [120, Sec. 1.2] for technical details.

We consider the case in which the computation time for the update is not negligible,
therefore the strategies that agent i reads from each neighbor j ∈ Ni can be
outdated of ϕj(k) ∈ N time instants. The maximum delay is assumed uniformly
upper bounded.

Assumption 8.4 (Bounded maximum delay). The delays are uniformly upper
bounded, i.e., supk∈N maxi∈N ϕi(k) ≤ ϕ <∞, for some ϕ ∈ N. �

The dynamics describing the asynchronous update with delays can be then cast in
a compact form as

x(k + 1) = x(k) + ζk
(
proxf (Ax̂(k))− x̂(k)

)
, (8.12)

where x̂ = col(x̂1, . . . , x̂N ) is the vector of possibly delayed strategies. Note that
each agent i has always access to the updated value of its strategy, i.e., x̂i = xi,
for all i ∈ N . We stress that the dynamics in (8.12) coincides with (8.11) when no
delay is present, i.e., if ϕ = 0.

The following theorem claims the convergence (in probability) of (8.12) to an NWE
of the game in (8.2), when the maximum delay ϕ is small enough.

Theorem 8.5 (Convergence of asynchronous dynamics). Let Assumption 8.4 hold
true, pmin := mini∈N pi and

ϕ <
N
√
pmin

2(1−a) − 1
2
√
pmin

. (8.13)

Then, for any x(0) ∈ Ω, the sequence (x(k))k∈N generated by (8.12) converges
almost surely to some x̄ ∈ fix(proxf ◦A), namely, an NWE of the game in (8.2).

�

Proof. See Appendix 8.7.2.

If the maximum delay does not satisfy (8.13), then the convergence of the dynamics
in (8.12) is not guaranteed. In this case, convergence can be restored by introducing
a time-varying scaling factor ψk in the dynamics:

x(k + 1) = x(k) + ψkζk
(
proxf (Ax̂(k))− x̂(k)

)
. (8.14)

The introduction of this scaling factor, always smaller than 1, leads to a slower
convergence of (8.14) with respect to (8.12), since it implies a smaller step size
in update. The next theorem proves that, the modified dynamics converges if the
scaling factor is chosen small enough.
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Theorem 8.6. Let Assumption 8.4 hold true and set

0 < ψk <
Npmin

(2ϕ
√
pmin+1)(1−a) , ∀k ∈ N.

Then, for any x(0) ∈ Ω, the sequence (x(k))k∈N generated by (8.14) converges
almost surely to some x̄ ∈ fix(proxf ◦A), namely, an NWE of the game in (8.2).

�

Proof. See Appendix 8.7.2.

8.3.3 Time-varying unconstrained dynamics

A challenging problem related to the dynamics in (8.7) is studying its convergence
when the communication network is time-varying (i.e., the associated adjacency
matrix A is time dependent). In this case, the update rules in (8.7) become

x(k + 1) = proxf (A(k)x(k)) , (8.15)

where A(k) = A(k)⊗ In and A(k) is the adjacency matrix at time instant k.

Next, we assume persistent stochasticity of the sequence (A(k))k∈N, that can be
seen as the time-varying counterpart of Standing Assumption 8.3. Similar assump-
tions can be found in several other works over time-varying graphs, e.g., [28, Ass. 1],
[71, Ass. 4,5], [110, Ass. 2,3].

Assumption 8.5 (Persistent row stochasticity and self-loops). For all k ∈ N, the
adjacency matrix A(k) is row stochastic and describes a strongly connected graph.
Furthermore, there exists k ∈ N such that, for all k > k, the matrix A(k) satisfies
infk>k mini∈N [A(k)]ii =: a > 0. �

The concept of NWE in Definition 8.1 is bound to the particular communication
network considered. In the case of a time-varying communication topology, we
focus on a different class of equilibria, namely, those invariant with respect to
changes in the communication topology.

Definition 8.7 (Persistent NWE [71, Ass. 3] ). A collective vector x̄ is a persistent
NWE (p-NWE) of (8.15) if there exists some positive constant k > 0, such that

x̄ ∈ E :=
⋂
k>k

fix
(
proxf (A(k)x(k))

)
. (8.16)

�

Next, we assume the existence of a p-NWE.

Assumption 8.6 (Existence of a p-NWE). The set of p-NWE of (8.15) is non-
empty, i.e., E 6= ∅. �
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We note that if the operators proxf̄1
, proxf̄2

, . . . , proxf̄N have at least one common
fixed point, our convergence problem boils down to the setup studied in [63]. In
this case, [63, Th. 2] can be applied to the dynamics in (8.15) to prove convergence
to a p-NWE, x̄ = 1⊗x, where x̄ is a common fixed point of the proximal operators
proxfi ’s. However, if this additional assumption is not met, then convergence is
not directly guaranteed. In fact, even though at each time instant the update in
(8.15) describes converging dynamics, the convergence of the overall time-varying
dynamics is not proven for every switching signal, see e.g. [90, Part II].

Since A(k) satisfies Standing Assumption 8.3 for all k, we can apply the same
reasoning adopted in the proof of Theorem 8.3 to show that every mapping proxf ◦
A(k) is AVG in a particular space HQ(k), where in general Q(k) is different at
different time instants. A priori, there is not a common space in which the AVG
propriety holds for all the mappings, thus we cannot infer the convergence of the
dynamics in (8.15) under arbitrary switching signals. In some particular cases, a
common space can be found, e.g., if all the adjacency matrices are doubly stochastic,
then the time-varying dynamics converge in the space HI , see [71, Th. 3].

To address the more general case with row stochastic adjacency matrices, we pro-
pose modified dynamics with convergence guarantees to a p-NWE, for every switch-
ing sequence, i.e.,

x(k + 1) = proxf
(
[I +Q(k)(A(k)− I)]x(k)

)
. (8.17)

These new dynamics are obtained by replacing A(k) in (8.15) with I+Q(k)(A(k)−
I), where Q(k) is chosen as in Theorem 8.3. Remarkably, this key modification
makes the resulting operators

(
proxf ◦

(
I +Q(k)(A(k)− I)

))
k∈N averaged in the

same space, i.e., HI , for all A(k) satisfying Assumption 8.3, as explained in Ap-
pendix 8.7.3. Moreover, the change of dynamics does not lead to extra communi-
cations between the agents, since the matrix Q(k) is block diagonal.

The following theorem represents the main result of this section and shows that
the modified dynamics in (8.17), subject to arbitrary switching of communication
topology, converge to a p-NWE of the game in (8.15), for any initial condition.

Theorem 8.8 (Convergence of time-varying dynamics). Let Assumptions 8.5, 8.6
hold true. Then, for any x(0) ∈ Ω, the sequence (x(k))k∈N generated by (8.17)
converges to a point x̄ ∈ E, with E as in (8.16), namely, a p-NWE of (8.15). �

Proof. See Appendix 8.7.3.

We clarify that in general, the computation of Q(k) associated to each A(k) re-
quires global information on the communication network. Therefore, this solution
is suitable for the case of switching between a finite set of adjacency matrices, for
which the associated matrices Q(k) can be computed offline.

Nevertheless, for some network structures the PF eigenvector is known or it can be
explicitly computed locally. For example, if the matrix A(k) is symmetric, hence
doubly-stochastic, or if each agent i knows the weight that its neighbours assign to
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the information he communicates, the i-the component of q(k) can be computed
as limt→∞[A(k)>]tix = qi(k), for any x ∈ RN [32, Prop. 1.68]. Moreover, if each
agent i has the same out and in degree, denoted by di(k), and the weights in the
adjacency matrix are chosen as [A(k)]ij = 1

di(k) , then the left PF eigenvector is

q(k) := col((di(k)/
∑N
j=1 dj(k))i∈N ). In other words, in this case each agent must

only know its out-degree to compute its component of q(k).

8.4 Proximal dynamics under coupling constraints

8.4.1 Problem formulation

In this section, we consider a more general setup in which the agents in the game,
not only are subject to local constraints, but also to M affine separable coupling
constraints. Thus, let us consider the collective feasible decision set

X := Ω
⋂
{x ∈ RnN |Cx ≤ c} (8.18)

where C ∈ RM×nN and c ∈ RM . For every agent i ∈ N , the set of points satisfying
the coupling constraints reads as

Xi(x−i) :=

{
y ∈ Rn |Ciy +

∑N
j=1
j 6=i

Cjxj ≤ c
}
. (8.19)

Assumption 8.7. For all i ∈ N , the local feasible decision set Ωi
⋂Xi(x−i) sat-

isfies Slater’s condition. �

The original game formulation in (8.2) changes to consider also the coupling con-
straints, i.e.,

∀i ∈ N :

argminy∈Rn f̄i(y) + 1
2

∥∥∥y −∑N
j=1 ai,jxj

∥∥∥2

s.t. y ∈ Xi(x−i).
(8.20)

Hence the correspondent myopic dynamics read as

xi(k + 1) = argminy∈Xi(x−i(k)) gi

(
y,
∑N
j=1 ai,jxj(k)

)
. (8.21)

The concept of NWE (Definition 8.1) can be naturally extended for the case of
network games with coupling constraints, as formalized next.

Definition 8.9 (Generalized Network Equilibrium). A collective vector x is a
generalized network equilibrium (GNWE) for the game in (8.20) if, for every i ∈ N ,

xi = argminy∈Xi(x−i) gi

(
y,
∑N
j=1 ai,jxj

)
.

�
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The following example shows that the dynamics in (8.9) fail to converge even for
simple coupling constraints.

Example 8.5. Consider a 2-player game, defined as in (8.20), where, for i ∈ {1, 2},
xi ∈ R and the local feasible decision set is defined as Xi(u) := {v ∈ R |u + v =
0} = {−u}. The game is jointly convex since the collective feasible decision set is
described by the convex set X := {x ∈ R2 |x1 +x2 = 0}. The parallel myopic best
response dynamics are described in closed form as the discrete-time linear system:[

x1(k + 1)
x2(k + 1)

]
=

[
0 −1
−1 0

] [
x1(k)
x2(k)

]
, (8.22)

which is not globally convergent, e.g., consider x1(0) = x2(0) = 1. �

The myopic dynamics of the agents fail to converge, thus we rephrase them into
some analogues pseudo-collaborative ones. In fact, the players aim to minimize
their local cost function, while at the same time coordinate with the other agents
to satisfy the coupling constraints. Toward this aim, we first dualize the problem
and transform it in an auxiliary (extended) network game [45, Ch. 3]. Finally,
we design a semi-decentralized iterative algorithm that ensure the convergence of
these dynamics to a GNWE.

Let us now introduce the dual variable λi ∈ RM≥0 for each player i ∈ N , and
define the concept of extended network equilibrium arising from this new problem
structure.

Definition 8.10 (Extended Network Equilibrium). The pair (x,λ), is an Extended
Network Equilibrium (ENWE) for the game in (8.20) if, for every i ∈ N , it satisfies

xi = argminy∈Rn gi

(
y,
∑N
j=1 ai,jxj

)
+ λ
>
i Ciy, (8.23a)

λi = argminξ∈RM
≥0
−ξ>(Cx− c) . (8.23b)

�

To find an ENWE of the game in (8.20), we assume the presence of a central
coordinator. It broadcasts to all agents an auxiliary variable σ that each agent i
uses to compute its local dual variable λi. Namely, every agent i applies a scaling
factor αi ∈ [0, 1] to σ to attain its dual variable, i.e. λi = αi σ. The values
of the scaling factor represent a split of the burden that the agents experience
to satisfy the constraints, hence

∑N
i=1 αi = 1. These game equilibrium problems

were studied for the first time in the seminal work of Rosen [124], where the author
introduces the notion of normalized equilibrium. We specialize this equilibrium idea
for the problem at hand, introducing the notion of normalized extended network
equilibrium (n-ENWE).
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Definition 8.11 (normalized-ENWE). The pair (x, σ), is a normalized -Extended
Network Equilibrium (n-ENWE) for the game in (8.20), if for all i ∈ N it satisfies

xi = argminy∈Rn gi

(
y,
∑N
j=1 ai,jxj

)
+ αi σ

>Ciy, (8.24a)

σ = argminς∈RM
≥0
−ς>(Cx− c), (8.24b)

where αi > 0. �

From (8.24a) – (8.24b), one can see that the class of n-ENWE is a particular
instance of ENWE and, at the same time, a generalization of the case in which
all the agents adopt the same dual variable, hence αi = 1/M , for all i ∈ N . This
latter case is widely studied in literature, since describes a fair split between the
agents of the burden to satisfy the constraints [150, 18].

Next, we recast the n-ENWE described by the two inclusions (8.24a) – (8.24b) as
a fixed point of a suitable mappings. In fact, (8.24a) can be equivalently rewritten
as x = proxf (Ax − ΛC>σ), where Λ = diag((αi)i∈N ) ⊗ In, while (8.24b) holds
true if and only if σ = projRM (σ + Cx− c).
To combine in a single operator (8.24a) and (8.24b), we first introduce two map-
pings, i.e.,

R := diag(proxf , projRM
≥0

) (8.25)

and the affine mapping G : RnN+M → RnN+M defined as

G(·) := G ·+
[
0
c

]
:=

[
A −ΛC>

C I

]
· −
[
0
c

]
. (8.26)

The composition of these two operators provides a compact definition of n-ENWE
for the game in (8.20). In fact, a point (x, σ) is an n-ENWE if and only if col(x, σ) ∈
fix(R ◦ G), indeed the explicit computation of R ◦ G leads directly to (8.24a) and
(8.24b).

The following lemmas show that an n-ENWE is also a GNWE by proving that a
fixed point of R ◦ G is a GNWE.

Lemma 8.12 (GNWE as fixed point). Let Assumption 8.7 hold true. Then, the
following statements are equivalent:

(i) x is a GNWE for the game in (8.20);

(ii) ∃σ ∈ RM such that col(x, σ) ∈ fix(R ◦ G). �

Lemma 8.13 (Existence of a GNWE). Let Assumption 8.7 hold true. It always
exists a GNWE for the game in (8.20). �

The two lemmas above are direct consequences of [71, Lem. 2, Prop. 2] respectively,
so the proofs are omitted.
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8.4.2 Algorithm derivation (Prox-GNWE)

In this section, we derive an iterative algorithm seeking n- GNWE (Prox-GNWE)
for the game in (8.20). The set of fixed points of the operator R ◦ G can be
expressed as the set of zeros of other suitable operators, as formalized next.

Lemma 8.14 ([13, Prop. 26.1 (iv)]). Let B := F × NRM
≥0

, with F :=
∏N
i=1 ∂f̄i.

Then, fix (R ◦ G) = zer (B + Id− G). �

Several algorithms are available in the literature to find a zero of the sum of two
monotone operators, the most common being presented in [13, Ch. 26]. We opted
for a variant of the preconditioned proximal-point algorithm (PPP) that allows for
non self-adjoint preconditioning [31, Eq. 4.18]. It results in proximal type update
with inertia, that resemble the original myopic dynamics studied. The resulting
algorithm is here called Prox-GNWE and it is described in (8.27a) – (8.27d) where,
for all the variables introduced, we adopted the notation x+ := x(k + 1) and
x = x(k), for the sake of compactness. It is composed of three main steps: a local
gradient descend (8.27a), done by each agent, a gradient ascend (8.27b), performed
by the coordinator, and finally an inertia step (8.27c) – (8.27d).

∀i ∈ N : x̃i = prox δi
δi+1 f̄i

(
δi
δi+1

(
1
δi
xi +

∑N
j=1ai,jxj − αiC>i σ

))
(8.27a)

σ̃ = projRM
≥0

(
σ + 1

β (Cx− c)
)

(8.27b)

∀i ∈ N : x+
i = xi + γ

[
δi(x̃i − xi) +

∑N
j=1 ai,j(x̃j − xj)− αiC>i (σ̃ − σ)

]
(8.27c)

σ+ = σ + γ [β(σ̃ − σ) + C(x̃− x)] (8.27d)

The parameters Prox-GNWE are chosen such that the following inequalities are
satisfied:

ri − ai,i < δ−1
i ≤ γ−1 − ri − ai,i, ∀i ∈ N , (8.28)

pj < β ≤ γ−1 − pj ,

where

ri := 1
2

∑N
j=1
j 6=i

(ai,j + aji) + (1 + αi)‖C>i ‖∞,

pj :=(1 + αi) max
j∈{1,...,N}

‖C>j ‖∞ .
(8.29)

We note that, if γ is chosen small enough, then the right inequalities in (8.28)
always hold. On the other hand, γ is the step size of the algorithm, thus a smaller
value can affect the convergence speed.

The formal derivation of these bounds is reported in Appendix 8.7.4.
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We also note that (8.27a) – (8.27d) require two communication between an agent
i and its neighbours one to obtain the value of xj(k) in (8.27a) and the second
to gather x̃j(k) for all j ∈ Ni in (8.27c). Finally, we conclude the section by
establishing global convergence of the sequence generated by Prox-GNWE to a
GNWE of the game in (8.20).

Theorem 8.15 (Convergence Prox-GNWE). Set αi = qi, for all i ∈ N , with qi
as in Theorem 8.3, and choose δi, β, γ satisfying (8.28). Then, for any initial
condition, the sequence (x(k))k∈N generated by (8.27a) – (8.27d), converges to a
GNWE of the game in (8.20). �

Proof. See Appendix 8.7.5.

8.5 Numerical simulations

8.5.1 Synchronous/asynchronous Friedkin and Johnsen model

As mentioned in Section 8.2, the problem studied in this chapter arises often in
the field of opinion dynamics. In this first simulation, we consider the standard
Friedkin and Johnsen model, introduced in [61]. The strategy xi(k) of each player
represents its opinion on n independent topics at time k. An opinion is represented
with a value between 0 and 1, hence Ωi := [0, 1]n. The opinion [xi]j = 1 if agent i
completely agrees on topic j, and vice versa. Each agent is stubborn with respect
to its initial opinion xi(0) and µi ∈ [0, 1] defines how much its opinion is bound
to it, e.g., if µi = 0 the player is a follower on the other hand if µi = 1 it is fully
stubborn. Next, we present the evolution of the synchronous and asynchronous
dynamics (8.7) and (8.12), respectively, where the cost function is as in (8.4).

We considered N = 10 agents discussing on n = 3 topics. The communication
network and the weights that each agent assigns to the neighbours are randomly
drawn, with the only constraint of satisfying Assumption 8.3. The initial condition
is also a random vector x(0) ∈ [0, 1]nN . Half of the players are somehow stubborn
µ = 0.5 and the remaining are more incline to follow the opinion of the others, i.e.,
µ = 0.1. For the asynchronous dynamics, we consider three scenarios.

(A1) There is no delay in the information and the probability of update is uniform
between the players, hence ϕ = 0 and pmin = 1/N = 0.1.

(A2) There is no delayed information and the update probability is defined ac-
cordingly to a random probability vector p, so ϕ = 0 and pmin = 0.0191. In
particular, we consider the case of a very skewed distribution to highlight the
differences with respect to (A1) and (A3).

(A3) We consider an uniform probability of update and a maximum delay of two
time instants, i.e., pmin = 1/N = 0.1 and ϕ = 2. The values of the maximum
delay is chosen in order to fulfil condition (8.13).
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Figure 8.1: Comparison between the convergence of the Friedkin and Johnsen
model subject to synchronous and asynchronous update. In the latter case the
different type of updates (A1), (A2), (A3) and (A4) are considered. For a fair
comparison we have assumed that the synchronous dynamics update once every N
time instants.

(A4) In this case, we consider the same setup as in (A3) but in this case the max-
imum delay is ϕ = 50. Notice that the theoretical results do not guarantee
the convergence of these dynamics.

In Figure 8.1 it can be seen how the convergence of the synchronous dynamics
and the asynchronous ones, in the conditions (A2), (A3), is similar. The delay
affects the convergence speed if it surpass the theoretical upper bound in (8.13),
as in (A4). It is worthy to notice that, even a big delay, does not seem to lead to
instability, while it can produce a sequence that does not converge monotonically to
the equilibrium, see the zoom in Fig. 8.1. The slowest convergence is obtained in the
case of a non uniform probability of update, i.e., (A2). From the simulation it seems
that the uniform update probability produces always the fastest convergence. In
fact, the presence of agents updating with a low probability produces some plateau
in the convergence of the dynamics.

8.5.2 Time-varying DeGroot model with bounded confidence

In this section, we consider a modified time varying version of the DeGroot model
[48], where each agent is willing to change its opinion up to a certain extent. This
model can describe the presence of extremists in a discussion. In the DeGroot
model, the cost function of the game in (8.2) f̄i, reduces to f̄i = ιΩi

for all i ∈ N .
We consider N = 8 agents discussing on one topic, hence the state xi is a scalar.
The agents belong to three different categories, that we call: positive extremists,
negative extremists and neutralists. This classification is based on the local feasible
decision set.
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(a) Three different communication networks between which the agents switch.

(b) The evolution of the opinion xi(k) of each agent i ∈ N . The light blue
regions represents the local feasible sets of positive and negative extremists.

• Positive (negative) extremists: the agents agree (disagree) with the topic and
are not open to drastically change their opinion, i.e., Ωi = [0.75, 1] (Ωi =
[0, 0.25]).

• Neutralists: the agents do not have a strong opinion on the topic, so their
opinions vary from 0 to 1, i.e., Ωi = [0, 1].

Our setup is composed of two negative extremists (agent 1 and 2), four neutralists
(agents 3-6) and two positive extremists (agents 6 and 8). We assume that, at each
time instant, the agents can switch between three different communication network
topologies, depicted in Figure 8.2a. The dynamics in (8.17) can be rewritten, for a
single agent i ∈ N , as

xi(k + 1) = projΩi

(
(1− qi(k))xi(k) + qi(k)[A(k)]ix(k)

)
.

From this formulation, it is clear how the modification of the original dynamics
(8.15) results into an inertia of the players to change their opinion.

We have proven numerically that Assumption 8.6 is satisfied and that the unique
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p-NWE of the game is

x̄ =
[
0.25, 0.25, 0.44, 0.58, 0.49, 0.41, 0.75, 0.75

]>
.

In Figure 8.2b the evolution players’ opinion are reported, as expected, the dynam-
ics converge to the p-NWE, i.e., x̄.

8.5.3 Distributed LASSO algorithm

The following simulation applies Prox-GNWE to solve a problem of distributed
model fitting. Namely, we develop a distributed implementation of the LASSO
algorithm.

First, we introduce the problem by describing the classical centralized formulation,
for a complete description see [142]. Consider a large number of data ỹ ∈ Rd,
where d = 500, affected by an additive normal Gaussian noise; the true model that
generates them is assumed linear and in the form Bx = y, where B ∈ Rd×n is the
covariate matrix; x ∈ Rn the real parameters of the model, with n = 6; and y the
model outputs not affected by the noise. Hereafter, the matrix B is assumed to be
known. The algorithm aims to compute the parameters estimation x̂ ∈ Rn that
minimizes the cost function

f(x̂) := ‖Bx̂− ỹ‖22 + ‖x̂‖1 .

We focus now on the distributed counterpart of the LASSO, already analized in
the literature, e.g., see [102]. In our setup, we assume N = 5 agents, each one
measuring a subset ỹi ∈ R100 of ỹ, and communicating via a network described by
the adjacency matrix A, satisfying Standing Assumption 8.3. Accordingly, each
agent i knows the local covariate matrix Bi ∈ R200×6 associated to the measure-
ments ỹi ∈ R200. The noise affecting the data set of each agent i, is assumed
Gaussian with zero mean and variance σi. It models the different precision of
each agent in measuring the data. The variance σi is randomly drawn between
[0, σM ]. In the following, we propose simulations for four different values of σM ,
namely 0.5%, 1.25%, 2.5% and 5% of the maximum value of y, i.e., the values of
σM := {1.13, 2.8, 5.6, 11.3}.
We cast the problem as the game in (8.20), where, for all agent i ∈ N , the local cost
function is fi(x̂i) := ‖Bix̂i − ỹi‖22 + ‖x̂i‖1, where x̂i is the local estimation of the
model parameters. On he other hand, let x̂ = col((x̂i)i∈N ), then the aggregative
term ‖x̂i −Ax̂‖2 leads to a better fit of the model, if the weights in the matrix A
are chosen inversely proportional to the noise variance of each agent. To enforce
the consensus between all the local estimations x̂i, i.e., x̂∗ := x̂i(∞) for all i ∈ N ,
we impose the constraint Lx̂ = 0, where L := L ⊗ In and L is the Laplacian
matrix associated to the communication network. The resulting game can be solved
via Prox-GNWE, that provides a distributed version of the LASSO algorithm.
In particular, it generates a sequence (x̂(k))k∈N converging asymptotically to a
solution of the model fitting problem.

In Figure 8.3a, it is shown the trajectory of ‖x̂(k+1)−x̂(k)‖
‖x̂(k+1)‖ where x̂(k) is the collec-

tive vectors of the parameters estimations obtained via Prox-GNWE at iteration
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k; this quantity describes the relative variation of the estimations between two
iterations of the algorithms. Notice that the sequence converges asymptotically,
but, as expected, a greater noise variance σM leads to a slower rate of convergence.
The constraint violation, i.e., ‖Lx̂(k)‖, at every iteration k of the algorithm are
reported in Figure 8.3b; the constraints fulfilment is achieved asymptotically. Also
in this case, the use of more noisy measurements ỹ leads to a slower asymptotic
convergence of the local estimations x̂i to consensus.

Finally, for every iteration k, consider the output of the estimated model ŷi(k) =
Bx̂i(k), for all i ∈ N ; the average of the mean squared values (MSE) of all the local
estimations as is computed as MSE := 1

N

∑
i∈N ‖ŷi(k)−y‖2. This value provide an

index of the quality of the estimation. In Figure 8.3c, we report the normalized MSE
for different values of σM . The increment of σM causes a slower decrement of the
MSE, i.e., a higher number of iterations to achieve a good parameters estimations.
On the other hand, if a small noise affect the data, already after 1000 iterations
the parameters obtained perform almost as good as the final ones. The study of
this curves emphasises the trade off between a good parameters estimations and a
fast converging algorithm.

8.6 Conclusion and outlook

8.6.1 Conclusion

For the class of multi-agent games, proximal type dynamics converge, provided
that they are subject only to local constraints and the communication network is
strongly connected. We proved that their asynchronous counterparts also converge,
and that they are robust to bounded delayed information. If each agent has the
possibility to arbitrarily choose the communications weights with its neighbours,
then proximal dynamics converge even if the communication network varies over
time. For multi-agent games subject to both local and coupling constraints, the
proximal type dynamics fail to converge, so we provide a converging iterative al-
gorithm (Prox-GNWE) converging to a normalized-Extended Network Equilibrium
of the game. When the problem at hand can be recast as a proximal type dynam-
ics, the results achieved directly provide the solution of the game, as shown in the
numerical examples proposed.

8.6.2 Outlook

This topic still presents unsolved issues that can be explored in future research.
Next, we highlight the most compelling.

The implementation of the asynchronous version of Prox-GNWE presents several
technical issues. In fact, the operator in (8.43), describing the synchronous dynam-
ics, is Q-NE (see Definition 2.2 (iii)). This is a weaker property than NE, thus it
does not allow us to extend the approach used in Section 8.3.2 to create the asyn-
chronous version of the constrained dynamics, see [120, Th. 1]. In the literature,
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(a) Trajectory of ‖x̂(k+1)−x̂(k)‖
‖x̂(k+1)‖ generated via Prox-GNWE. The different maxi-

mum noise variances σM adopted identify the different curves.

(b) Constraint violation ‖Lx̂(k)‖ of the collective vector x̂(k) for each iteration
k. The different maximum noise variances σM adopted identify the different
curves.

(c) Trajectory of the normalized average MSE of the estimated model with
respect to the real one, for every iteration k ∈ N. The different maximum noise
variances σM adopted identify the different curves.
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there are no asynchronous algorithms providing convergence for Q-NE operators,
that translate to implementable iterative algorithms, thus an ad hoc solution has
to be developed. It is interesting to notice, that in the particular case in which
the game is an ordinal potential game, we can easily show that the asynchronous
constrained dynamics converge asymptotically.

In case of time-varying communication (Section 8.3.3), we assumed that at ev-
ery time instant the adjacency matrix is strongly connected and row stochastic,
namely, satisfies Assumption 8.3. It would be valuable to weaken this assumption
by considering repeatedly-connected communication networks, as in [63].

One can notice that, if the adjacency matrix is irreducible, then it is also AVG
in some weighted space, see [16, Prop. 1]. The characterization of this space may
lead to an extension of the results presented in this chapter, as long as the matrix
weighting the space preserves the distributed nature of the dynamics.

8.7 Appendix

8.7.1 Proof of Theorem 8.3

Firstly, we introduce the following auxiliary lemma.

Lemma 8.16. Let P ∈ RN×N , [P ]ij := pij be a non negative matrix that satisfies

P1N = 1N , ⇐⇒
∑
j∈N pij = 1 (8.30)

q>P ≤ q> ⇐⇒ ∑
i∈N qipij ≤ qj , (8.31)

where q ∈ RN>0. Then P is NE in HQ, with Q = diag(q). �

Proof. To ease the notation we adopt
∑
j(·) :=

∑
j∈N (·) and

∑
j

∑
k<j(·) :=∑

j∈N
∑
k∈(1,...,j−1)(·) in the following.

Next, we exploit (8.31) to compute

x>P>QPx− x>Px =
∑
iqi

(∑
jpijxj

)2

−∑jqjx
2
j

≤∑iqi

(∑
jpijxj

)2

−∑j

∑
iqipijx

2
j

=
∑
iqi

((∑
jpijxj

)2

−∑jpijx
2
j

)
. (8.32)

Notice that for all i ∈ N it holds∑
jpijx

2
j =

∑
jpij(

∑
kpik)x2

j ,

furthermore this implies that(∑
jpijxj

)2

−∑jpijx
2
j = −∑j

∑
k<jpijpik(xj − xk)2 (8.33)
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Since the matrix P is supposed non negative and from (8.32) and (8.33), it follows
that

x>P>QPx− x>Qx ≤ −∑j

∑
k<jpijpik(xj − xk)2 ≤ 0

Therefore, P is NE in HQ.

Proof of Lemma 8.2

(i) From Standing Assumption 8.3, A is marginally stable, with no eigenvalues on
the boundary of the unit disk but semi-simple eigenvalues at 1. It can be rewrite as
A = (1− η)Id + ηB with η > 1− a, hence B ≥ 0 and is row stochastic. The graph
associated to B has the same edges of the one of A, so it is strongly connected
and consequently B is irreducible. The PF theorem for irreducible matrix ensures
the existence of a vector q satisfying (8.31) for B. Therefore, Lemma 8.16 can
be applied to B, implying that B is NE in HQ where Q = diag(q) � 0. By
construction, this implies that the linear operator A is η–AVG in the same space.
This directly implies that A = A⊗ In is η–AVG in HQ, with Q = Q⊗ In.

(ii) From point (i), we know that A is η–AVG in the space HQ. Define qi := [Q]ii,
since proxfi is FNE in HIn , it holds that for all x, y ∈ Rn and for all i ∈ N ,

‖proxf̄i(x)− proxf̄i(y)‖In ≤ ‖x− y‖In
− ‖x− y − proxf̄i(x) + proxf̄i(y)‖In

‖proxf̄i(x)− proxf̄i(y)‖qiIn ≤ ‖x− y‖qiIn (8.34)

− ‖x− y − proxf̄i(x) + proxf̄i(y)‖qiIn .

Grouping together (8.34), for every the i ∈ N , leads to

‖proxf(x)−proxf(y)‖Q ≤ ‖x− y‖Q
− ‖x− y − proxf(x) + proxf(y)‖Q ,

(8.35)

for all x,y ∈ RnN , hence proxf (·) is FNE in HQ. Thus, by [44, Prop. 2.4], the

composition proxf ◦A is AVG in HQ with constant 1
2−η .

Finally, if the matrix A is doubly stochastic, then its left PF eigenvector is 1.
Applying the result just attained in (ii), we conclude that proxf ◦A is η–AVG in
HI . �

Proof of Theorem 8.3

From Lemma 8.2(ii), we know that the operator proxf ◦ A is AVG in HQ with

constant 1
2−η and η > 1 − a. Therefore the convergence proof of the Banach

iteration in (8.7) is completed invoking [13, Prop. 5.14]. �
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Proof of Corollary 8.4

The convergence follows directly from [13, Prop. 5.15] and the fact that the con-
sidered A is nonexpansive in the space HQ, by Lemma 8.16. �

8.7.2 Proof of Section 8.3.2

Since dynamics (8.14) are a particular case to the ones in (8.12), we first prove
Theorem 8.6 and successively derive the proof of Theorem 8.5 exploiting a similar
reasoning.

Proof of Theorem 8.6

From Theorem 8.3, we know that the operator T := proxf ◦A is η-AVG in the

space HQ with η ∈ (1− a, 1). Therefore, it can be written as T = (1− η)Id + ηT
where T is a suitable NE operator in HQ. Notice that fix(T ) = fix(T ). Substituting
this formulation of T in (8.14) leads to

x(k + 1) = x(k) + ψkηζk
(
T − Id

)
x̂(k) . (8.36)

Since T is NE in HQ, [120, Lemma 13 and 14] can be applied to the dynamics in

(8.36). Therefore, if we chose ψk ∈
(
0, Npmin

(2ϕ
√
pmin+1)(1−a)

)
, the sequence generated

by the dynamics in (8.36) are bounded and converge almost surely to a point
x ∈ fix(T ) = fix(proxf ◦A). The proof is completeds recalling that the set of
fixed points of proxf ◦A coincides with the one of NWE, Remark 8.1. �

Proof of Theorem 8.5

The dynamics (8.12) coincide with (8.14), when ψk = 1 for all k ∈ N, therefore if
Npmin

(2ϕ
√
pmin+1)(1−a) > 1, then the convergence is guaranteed from Theorem 8.6. From

easy computation it can be seen that this condition is equivalent to (8.13), and this
conclude the proof. �

8.7.3 Proofs of Section 8.3.3

Before presenting the proof of Theorem 8.8, let us introduce two preliminary lem-
mas. The first proposes a transformation to construct a doubly stochastic matrix
from a general row stochastic matrix.

Lemma 8.17. Let P := p ∈ RN×N and [P ]ij = pij be a non negative, row stochas-
tic matrix. If there exists a vector w ∈ RN≥0 such that w>P = w>, then the matrix

P := I + µ diag(w)(P − I), (8.37)

where 0 ≤ µ ≤ 1
maxi∈N (1−pii)wi

, is non negative and doubly stochastic. If µ <
1

maxi∈N (1−pii)wi
, then the diagonal elements of P are positive. �
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Proof. Since w is a left eigenvector of P it holds that

w>P = w> . (8.38)

In order to prove the first part of the lemma we have to show that P1 = 1 and
1>P = 1>, hence

P1 = 1− µw + µdiag(w)P1 = 1 . (8.39)

Analogously,
1>P = 1> − µw> + µw>P = 1> , (8.40)

where the last equality is achieved by means of (8.38). Therefore, from (8.39)–
(8.40) we conclude that P is doubly stochastic.

The diagonal elements of P are pii := 1 − µwi + µwipii the off diagonal ones
are instead pij := µwipij , ∀i, j ∈ N . From simple calculations, it follows that if

0 ≤ µ ≤ 1
maxi∈N (1−pii)wi

then P is a non negative matrix.

If µ < 1
maxi∈N (1−pii)wi

then pii > 0 for all i ∈ N , hence P is doubly stochastic and

with positive diagonal elements.

In the next corollary we consider the case of a matrix A satisfying Standing As-
sumption 8.3. It shows that the transformation (8.37) does not change the set of
fixed points of A. Furthermore, it also provides the coefficient of averagedness of
A.

Lemma 8.18. Let the matrix A satisfies Standing Assumption 8.3 and Q as in
Theorem 8.3. Then the matrix

A := I +Q(A− I) (8.41)

is doubly stochastic with self-loops and the following statements hold:

(i) fix(A·) = fix(A·);
(ii) A satisfies Standing Assumption 8.3;

(iii) A is χ-AVG in H
with χ ∈ (maxi∈N (1− ai,i)qi, 1). �

Proof. (i) The definition in (8.41) is equivalent to A = (I − Q) + QA. Therefore
fix(A) = fix(A), since Q � 0.

(ii) The matrixA is in the form of (8.37) with µ = 1 and, since 1 < 1
maxi∈N (1−ai,i(k)) ≤

1
maxi∈N (1−ai,i(k))qi

, it satisfies the assumption of Lemma 8.17, thus A is doubly

stochastic with self-loops. Finally, since A satisfies Standing Assumption 8.3, the
graph defined by A is also strongly connected, therefore also A satisfies Standing
Assumption 8.3.

(iii) To prove that A is χ-AVG with χ ∈ (maxi∈N (1− ai,i)qi, 1), we can also apply
[71, Lem. 9] or use the same argument as in the proof of Lemma 8.2.
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Proof of Theorem 8.8

From Corollary 8.18, each matrix A := I + µQ(k)(A(k)− I) is α-AVG, with α =
(µ(k) maxi∈N (1− ai,i(k))qi(k)), in HI . Since proxf is FNE in HI , the operator

proxf◦A(k) is 1
2−η̂(k) where η̂(k) := µ(k) maxi∈N (1− ai,i(k))qi(k), [44, Prop. 2.4].

All the operators used in the dynamics are AVG in the same space HI , therefore
the global convergence follows from [44, Prop. 3.4(iii)], since all the cluster point
of (x(k))k∈N lay in E . �

8.7.4 Derivation of Prox-GNWE

Here, we propose the complete derivation of Prox-GNWE. To ease the notation, we
define A := B + Id− G, $ := col(x(k), σ(k)) and $+ := col(x(k + 1), σ(k + 1)).
Consider the following non symmetric preconditioning matrix

Φ :=

[
δ−1 +A −ΛC>

C βIM

]
(8.42)

where δ := diag((δi)i∈N )⊗ In, δi ∈ R>0 and β ∈ R>0.

The update rule of the modified PPP algorithm [31, Eq. 4.18], reads as

$̃ = JΦ−1A$ (8.43a)

$+ = $ + γΦ($̃ −$) (8.43b)

where JΦ−1A := JU−1(A+S)(Id + U−1S) and γ ∈> 0.

Let us define its self-adjoint and skew symmetric components as U := (Φ + Φ>)/2
and S := (Φ− Φ>)/2.
We choose the parameters δ and β to ensure that U � 0 and ‖U‖ ≤ γ−1, where γ
will be the step–size of the algorithm. This can be done through the Gerschgorin
Circle Theorem [59, Th. 2]. The resulting bounds are reported in (8.28).

Remark 8.6. The set of fixed points of the mapping defining the whole update in
(8.43a)–(8.43b), coincides with zer(A), [31, Proof of Th. 4.2]. �

Next, we proceed to compute the explicit formulation of the algorithm. First, we
focus on (8.43a) , so

$̃ = JU−1(A+S)(Id + U−1S)$ (8.44a)

$̃ + U−1(A+ S)$̃ 3$ + U−1S$ (8.44b)

0 ∈ U($̃ −$) +A$̃ + S($̃ −$) (8.44c)

0 ∈ Φ($̃ −$) +A$̃ (8.44d)

Solving the first row block of (8.44d), i.e. 0 ∈ (δ−1 +A)(x̃− x)−ΛC>(σ̃ − σ) +
F (x̃) + x̃−Ax̃+ ΛC>σ̃ , leads to

0nN ∈ δ−1(x̃− x)−Ax+ ΛC>σ + F (x̃) + x̃

0nN ∈ (δ−1 + I)x̃+ F (x̃)− δ−1x−Ax+ ΛC>σ
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with a slight abuse of notation let us define 1
δ−1+1

:= diag
((

1
δ−1
i +1

)
i∈N

)
⊗ In then

we obtain

0nN ∈ x̃+ 1
δ−1+1

F (x̃) + 1
δ−1+1

[
ΛC>σ − δ−1x−Ax

]
x̃ = J 1

δ−1+1
F

(
1

δ−1+1

[
δ−1x+Ax−ΛC>σ

])
(8.45)

The second row block instead reads as 0 ∈ C(x̃−x)+β(σ̃−σ)+NRM
≥0

(σ̃)+σ̃−Cx̃+c,

and leads to

0M ∈ −Cx+ β(σ̃ − σ) +NRM
≥0

(σ̃) + c (8.46a)

σ̃ = JNRM≥0

(
σ + 1

β (Cx− c)
)

(8.46b)

The final formulation of Prox-GNWE, presented in (8.27a) – (8.27d), is obtained
combining (8.45) and (8.46b) with (8.43b).

8.7.5 Convergence proof of Prox-GNWE

Also in this case, we first propose an auxiliary lemma.

Lemma 8.19. Let Λ = Q with Q is chosen in accordance with Theorem 8.3.
Then the mapping Id − G from (8.26) is maximally monotone in HQ where Q =
diag(Q, IM ). �

Proof. The mapping Id−G is monotone if and only if 2Q− (G>Q+QG) � 0 (by
[72, Lemma 3]).

2Q− (G>Q+QG) � 0

2Q−
([
A>Q QC>

−CQ I

]
+

[
QA −QC>
QC I

])
� 0[

2Q−
(
A>Q+QA

)
0

0 0

]
� 0

(8.47)

The last inequality in (8.47) holds if and only if Id −A is monotone in HQ. The
matrix Q is chosen as in Theorem 8.3, thus A is η-AVG in HQ with η ∈ (0, 1− a).
From [13, Example 20.7] we conclude that Id−A is monotone. Therefore, also Id−G
is monotone. Finally, since we considered a bounded linear operator we conclude
the maximally monotonicity of Id− G in HQ invoking [13, Example 20.34].
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Proof of Theorem 8.15

By Lemma 8.19, we know that Id − G is maximally monotone. Using a similar
reasoning to the one in the proof if Theorem 8.3, we conclude that R is firmly
nonexpansive in HQ. The domain of the operator R is the entire space, thus
applying [14, Prop. 23.8(iii)] we deduce that B is maximally monotone.
The mapping B+ Id−G is the sum of two maximally monotone operators, so [13,
Corollary 25.5(i)] ensures the maximal monotonicity of the sum. The step sizes δ
and β are chosen as in (8.28), hence U is positive definite.

Applying [31, Th. 4.2] ensures the convergence of the sequence generated by the
update rule (8.43a) – (8.43b) to a point in zer(B+ Id−G). The proof is concluded
invoking Lemma 8.12 and 8.14. �
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9
Conclusion and Outlook

Motivated by recent developments in the energy, transportation, social
and economic domains, in this thesis we developed various decentralized
algorithms to coordinate large populations of self-interested decision mak-
ers with shared resources, i.e., generalized Nash equilibrium seeking algo-
rithms. In this final chapter, we summarize our main contributions in the
literature of noncooperative game theory and examine the extent to which
the research objectives have been achieved. Finally, we conclude the thesis
by discussing some open challenges and future research directions.
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9.1 Part I: Equilibrium seeking in full-decision in-
formation

9.1.1 Chapter 3

In this chapter, we considered monotone aggregative games with linear coupling
constraints under a full-decision information scenario, i.e., a central coordinator
broadcasts the aggregate decision to the population of agents. By leveraging opera-
tor splitting methods and inertial schemes for fixed point iterations, we showed that
a v-GNE can be efficiently computed via accelerated, semi-decentralized, single-
layer, single-communication-per-iteration, fixed-step algorithms. Moreover, our
numerical experience suggests that for this class of equilibrium problems, over-
relaxation and alternated inertia are the most effective decentralized way to speed
up convergence.

Outlook

Semi-decentralized algorithms for aggregative games with coupling constraints have
been extensively investigated in recent years. It has been shown that a GNE can
be efficiently computed even under very weak assumptions, such as monotonicity
and Lipschitz continuity of the pseudo-subdifferential. However, solution methods
for non-monotone or non-Lipschitz games remain still unexplored.

9.1.2 Chapter 4

In this chapter, we focused on a particular but recurrent class of generalized network
games with linearly and symmetrically coupled cost functions, under a full-decision
information scenario, i.e., each agent always knows the strategy of the other agents
that influence its cost function. We showed that a particular implementation of
the proximal-point method is applicable for the computation of a v-GNE via a
single-layer and distributed algorithm. Unlike gradient-based schemes in the liter-
ature, the choice of the local step-sizes in the proposed algorithm is based on local
information only, which is a particularly convenient feature in a possibly nonco-
operative scenario. Moreover, in our numerical experience, the derived algorithm
outperforms projected-pseudo-gradient schemes in terms of convergence speed.

Outlook

The proposed methodology works only for a special class of network games where
the coupling among the agents are linear and symmetric. However, it can be
extended in many ways.

(i) Differentiable, non-linearly coupled cost functions: The design of a linear pre-
conditioning matrix Φ, which leads to a single-layer proximal-type algorithm,
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relies on the assumption of having objective functions with linearly coupled
terms as in (4.1) (see the Proof of Lemma 4.9 in the Appendix of Chapter
4). This setup could be extended to include objective functions with differen-
tiable, non-linearly coupled terms, if we consider a non-linear preconditioning
for the proximal-point algorithm, as discussed in [52].

(ii) Non-potential games: If Assumption 4.2 does not hold, the game in (4.3)
is non-potential and the preconditioning matrix Φ in (4.10) must be chosen
non-symmetric. In this case, the standard proximal-point algorithm may fail
to converge to a solution of (4.9), [74, §3]. However, the proximal-point
algorithm with non-self adjoint preconditioning proposed in [31, Eqn. (4.18)]
could be used to derive a solution method with convergence guarantees.

(iii) Inertia and over-relaxation: The accelerated and over-relaxed versions of the
proposed algorithm can be readily obtained by exploiting the same technical
framework discussed in Chapter 3.

(iv) Asynchronous updates: Similarly to [149], an asynchronous implementation
of the proposed algorithm can be studied by relying on the algorithmic frame-
work in [120].

9.1.3 Chapter 5

In this chapter, we considered an hybrid peer-to-peer energy market model, where
prosumers can trade both among themselves and with the main grid. We showed
that the resulting economic dispatch problem can be modeled as a noncooper-
ative game with coupling constraints. By leveraging the algorithmic framework
developed in the previous chapters, we designed an ad-hoc, fully-scalable and de-
centralized algorithm to steer the system to an equilibrium. Numerical studies,
conducted in scenarios with real data, show that the proposed energy management
approach has the potential to ensure a safe and efficient operation of the electrical
power grid, namely, by reducing the individual economic expenses, while respecting
the reciprocity of the tradings and the limits on the aggregate load.

9.1.4 Outlook

Potential future research directions are listed below.

(i) The numerical studies presented in this chapter are merely illustrative. It
would be valuable to test the proposed methodology in a more realistic setup,
e.g. with a very large population of prosumers.

(ii) It would be also interesting to derive a fully-distributed counterpart of the
proposed algorithm that does not rely on the action of a central node. In
practice, one can implement the algorithmic framework developed in Part II
of this thesis on the economic dispatch problem presented in this chapter.
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9.2 Part II: Equilibrium seeking in partial-decision
information

9.2.1 Chapter 6

In this chapter, we considered generalized network games under partial-decision in-
formation, i.e., each agent can only observe the actions of some neighbors, while its
cost function possibly depends on the strategies of other agents. We showed that in
such scenario, preconditioned proximal-point iterations are suitable to design fully-
distributed, fixed-step, one-communication-per-iteration Nash equilibrium seeking
algorithms. The proposed methodologies proved much faster than the existing
pseudo-gradient-based methods, at least in our numerical experience. Besides, the
operator theoretic approach greatly facilitates the implementation of acceleration
schemes.

9.2.2 Outlook

Potential research directions on the content of this chapter are listed below.

(i) The extension of the proposed algorithm to games played on time-varying
and/or directed communication networks is particularly interesting since still
missing in the literature. Such extensions seem particularly challenging since
the operator theoretic framework on the basis of the convergence analysis of
our algorithm fails when the underlying operators vary over time.

(ii) As highlighted by our numerical studies, the choice of the step-sizes plays
a key role in determining the convergence speed of the proposed algorithm
and other gradient-based algorithms in the literature. Therefore, it would
be extremely valuable to study how to automatically and optimally tune the
step-sizes in a decentralized way.

9.2.3 Chapter 7

In this chapter, we continue the analysis of the partial-decision information sce-
nario by focusing on a general class of (non-strictly) monotone aggregative games
where there is no central node to broadcast the aggregate decision to the popu-
lation of agents. To cope with the lack of information, the agents communicate
locally over a time-varying communication network (non necessarily connected at
each time instant). In this general setup, we have designed the first single-layer,
fully-distributed algorithm to compute a variational generalized Nash equilibrium.
Global convergence can be established via monotone-operator-theoretic and fixed-
point arguments, integrated with a dynamic tracking methodology.
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Outlook

The analysis approach in this chapter is genuinely novel, hence opens up a number
of new research directions.

(i) Motivated by the numerical results of Section 7.5, it would be valuable to
explore the computational aspects of the proposed method, e.g. how the
connectivity of the communication networks influences the convergence speed.

(ii) Whether or not the proposed algorithm converges with fixed step sizes in the
Krasnosel’skii-Mann process is currently an open question.

(iii) Finally, it would be highly valuable to relax the assumption of double-stochasticity
of the mixing matrices.

9.3 Part III: Analysis of network dynamics

9.3.1 Chapter 8

In this chapter, we considered systems where the agents are fully strategic and
studied their dynamics (rather than designing equilibrium seeking algorithm). We
focus on a very general class of proximal-type dynamics that arise in many im-
portant applications in social, engineering and financial sciences, e.g. in opinion
dynamics, distributed model fitting and network information fusion. By relying
on the same operator-theoretic framework adopted in the previous chapters, we
showed that proximal-dynamics in multi-agent network games converge, provided
that they are subject only to local constraints and the (directed) communication
network is strongly connected. We proved that their asynchronous counterparts
also converge, and that they are robust to bounded delayed information. If each
agent has the possibility to arbitrarily choose the communications weights with its
neighbors, then proximal dynamics converge even if the communication network
varies over time. For multi-agent games subject to both local and coupling con-
straints, proximal-type dynamics may fail to converge, so we designed an alternative
iterative scheme with convergence guarantee.

9.3.2 Outlook

This topic still presents unsolved issues that can be explored in future research.
Next, we highlight the most compelling.

(i) The convergence analysis of an asynchronous implementation of Prox-GNWE
presents several technical issues. In fact, the operator in (8.43), describing
the synchronous dynamics, is Q-NE only, see Definition 2.2 (iii). This is a
weaker property than NEX, which is not cover in the algorithmic framework
presented in [120, Th. 1]. Interestingly, in the particular case in which the
game is an ordinal potential, we can establish the asymptotic convergence
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of the asynchronous dynamics by showing that a correspondent potential
function monotonically decreases at each update.

(ii) In case of a time-varying communication network (Section 8.3.3), we assumed
that at every time instant the correspondent adjacency matrix is strongly
connected and row-stochastic, namely, satisfies Assumption 8.3. It would be
valuable to weaken this assumption by considering a repeatedly-connected
communication network (as in Assumption 7.2) instead.

(iii) One can notice that, if the adjacency matrix is irreducible, then it is also
AVG in some weighted space, see [16, Prop. 1]. The characterization of this
space may lead to an extension of the results presented in this chapter, as
long as the matrix weighting the space preserves the distributed nature of the
dynamics.



A
Basic Notation

• R denotes the set of real numbers, and R := R∪{∞} the set of extended real
numbers.

• 0 (1) denotes a matrix/vector with all elements equal to 0 (1); to improve
clarity, we may add the dimension of these matrices/vectors as subscript.

• Given two sets, S1 and S2, we denote as S1 × S2 their Cartesian product.

• Given N sets, S1, . . . ,SN , we denote with

–
∏N
i=1 Si their Cartesian product,

– conv(S1, . . . ,SN ) =
{
a1x1 + . . . + aNxN |

∑N
i=1 ai = 1, ai ∈ R≥0, xi ∈

Si, ∀i ∈ {1, . . . , N}
}

the convex hull of their union.

• A⊗B denotes the Kronecker product between the matrices A and B.

• For a square matrix A = [ai,j ] ∈ Rn×n, where ai,j (or, equivalently [A]i,j) is
the entry in position (i, j),

– its transpose is A>;

– A � 0 (� 0) stands for positive definite (semidefinite) matrix;

– ‖A‖ denotes the largest singular value of A;

– ‖A‖∞ = max1≤i≤n
∑n
i=1 |ai,j | denotes the infinity norm;

– ker(A) denotes the null space of A.
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• Given a symmetric, positive definite matrix A (i.e., A> = A � 0),

– 〈·, ·〉A denotes the A-induced inner product such that 〈x, y〉A = x>Ay,
, we omit the subscript when A = I;

– ‖ · ‖A denotes the A-induced norm, such that ‖x‖A =
√
x>Ax, we omit

the subscript when A = I;

– HA denotes a real Hilbert space obtained by endowing H = (Rn, ‖ · ‖)
with the A−induced inner product 〈·, ·〉A.

• GivenN matricesA1, . . . , AN , blkdiag(A1, . . . , AN ) (or, equivalently, diag(A1, . . . , AN ))
denotes a block diagonal matrix with A1, . . . , AN as diagonal blocks.

• Given N vectors x1, . . . , xN ∈ Rn, we denote with

– avg(x) := 1
N

∑N
i=1 xi their average;

– x := col (x1, . . . , xN ) = [x>1 , . . . , x
>
N ]>;

– x−i := col(x1, . . . , xi−1, xi+1, . . . , xN );

– given a vector z ∈ Rn, (z,x−i) := col(x1, . . . , xi−1, z, xi+1, . . . , xN ).
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[23] G. Belgioioso, A. Nedić, and S. Grammatico. Distributed generalized Nash
equilibrium seeking in aggregative games under partial-decision information
via dynamic tracking. In 2019 IEEE Conference on Decision and Control
(CDC), pages 5948–5954. IEEE, 2019.



201

[24] V. Berinde. Iterative Approximation of Fixed Points. Springer, 2007.

[25] D. P. Bertsekas and J. N. Tsitsiklis. Parallel and distributed computation:
numerical methods, volume 23. Prentice hall Englewood Cliffs, NJ, 1989.

[26] M. Bianchi, G. Belgioioso, and S. Grammatico. A distributed proximal-point
algorithm for nash equilibrium seeking under partial-decision information
with geometric convergence. arXiv preprint arXiv:1910.11613, 2019.

[27] M. Bianchi and S. Grammatico. Continuous-time fully distributed gener-
alized nash equilibrium seeking for multi-integrator agents. arXiv preprint
arXiv:1911.12266, 2019.

[28] V. D. Blondel, J. M. Hendrickx, A. Olshevsky, and J. N. Tsitsiklis. Conver-
gence in multiagent coordination, consensus, and flocking. In Proceedings of
the 44th IEEE Conference on Decision and Control, pages 2996–3000, Dec
2005.
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[43] P. L. Combettes and B. C. Vũ. Variable metric forward–backward split-
ting with applications to monotone inclusions in duality. Optimization,
63(9):1289–1318, 2014.

[44] P. L. Combettes and I. Yamada. Compositions and convex combinations
of averaged nonexpansive operators. Journal of Mathematical Analysis and
Applications, pages 55–70, 2015.

[45] R. Cominetti, F. Facchinei, and J. Lasserre. Modern optimization modelling
techniques. Birkhäuser, 2010.
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cal distributed model predictive control of interconnected microgrids. IEEE
Transactions on Sustainable Energy, 10(1):407–416, 2019.

[74] B. He, Y. You, and X. Yuan. On the convergence of primal-dual hybrid
gradient algorithm. SIAM Journal on Imaging Sciences, 7(4):2526–2537,
2014.

[75] J. Hu, R. Harmsen, W. Crijns-Graus, E. Worrell, and M. van den Broek.
Identifying barriers to large-scale integration of variable renewable electricity
into the electricity market: A literature review of market design. Renewable
and Sustainable Energy Reviews, 81:2181–2195, 2018.

[76] Interantional Energy Agency. Technology report. https: // www. iea. org/
reports/ global-ev-outlook-2019 , 2019.

[77] F. Iutzeler and J. M. Hendrickx. A generic online acceleration scheme for
optimization algorithms via relaxation and inertia. Optimization Methods
and Software, 34(2):383–405, 2019.

[78] N. Ivkin, D. Rothchild, E. Ullah, I. Stoica, R. Arora, et al. Communication-
efficient distributed sgd with sketching. In Advances in Neural Information
Processing Systems, pages 13144–13154, 2019.

[79] R. Jaina and J. Walrand. An efficient Nash-implementation mechanism for
network resource allocation. Automatica, 46:1276–1283, 2010.

https://www.iea.org/reports/global-ev-outlook-2019
https://www.iea.org/reports/global-ev-outlook-2019


205

[80] M. Jensen. Aggregative games and best-reply potentials. Economic Theory,
Springer, 43:45–66, 2010.

[81] A. Kannan and U. V. Shanbhag. Distributed computation of equilibria in
monotone nash games via iterative regularization techniques. SIAM Journal
on Optimization, 22(4):1177–1205, 2012.
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[140] T. Tatarenko, W. Shi, and A. Nedić. Accelerated gradient play algorithm for
distributed nash equilibrium seeking. In 2018 IEEE Conference on Decision
and Control (CDC), pages 3561–3566. IEEE, 2018.

[141] T. Tatarenko, W. Shi, and A. Nedich. Geometric convergence
of gradient play algorithms for distributed Nash equilibrium seeking.
https://arxiv.org/abs/1809.07383, 2020.

[142] R. Tibshirani. Regression shrinkage and selection via the lasso. Journal of
the Royal Statistical Society: Series B (Methodological), 58(1):267–288, 1996.

[143] J. N. Tsitsiklis. Problems in decentralized decision making and computation.
Technical report, Massachusetts Inst of Tech Cambridge Lab for Information
and Decision Systems, 1984.

[144] W. Tushar, C. Yuen, H. Mohsenian-Rad, T. Saha, H. V. Poor, and K. L.
Wood. Transforming energy networks via peer-to-peer energy trading: The
potential of game-theoretic approaches. IEEE Signal Processing Magazine,
35(4):90–111, 2018.

[145] C. Wu, H. Mohsenian-Rad, and J. Huang. Vehicle-to-aggregator interaction
game. IEEE Transactions on Smart Grid, 3(1):434–442, 2011.

[146] M. Ye and G. Hu. Game design and analysis for price-based demand response:
An aggregate game approach. IEEE Trans. on Cybernetics, 47(3):720–730,
2017.

[147] P. Yi and L. Pavel. A distributed primal-dual algorithm for computation of
generalized nash equilibria via operator splitting methods. In 56th IEEE An-
nual Conference on Decision and Control, CDC 2017, Melbourne, Australia,
December 12-15, 2017, pages 3841–3846, 2017.

[148] P. Yi and L. Pavel. Distributed generalized Nash equilibria computation of
monotone games via double-layer preconditioned proximal-point algorithms.
IEEE Transactions on Control of Network Systems, 2018.

[149] P. Yi and L. Pavel. Asynchronous distributed algorithms for seeking gen-
eralized Nash equilibria under full and partial-decision information. IEEE
Transactions on Cybernetics, pages 1–13, 2019.

[150] P. Yi and L. Pavel. An operator splitting approach for distributed generalized
Nash equilibria computation. Automatica, 102:111–121, 2019.



210 Bibliography

[151] H. Yin, U. V. Shanbhag, and P. G. Mehta. Nash equilibrium problems with
scaled congestion costs and shared constraints. IEEE Transactions on Auto-
matic Control, 56(7):1702–1708, 2011.

[152] C.-K. Yu, M. Van Der Schaar, and A. H. Sayed. Distributed learning for
stochastic generalized nash equilibrium problems. IEEE Transactions on
Signal Processing, 65(15):3893–3908, 2017.

[153] P. Zhou, W. Wei, K. Bian, D. O. Wu, Y. Hu, and Q. Wang. Private and
truthful aggregative game for large-scale spectrum sharing. IEEE Journal on
Selected Areas in Communications, 35(2):463–477, 2017.

[154] M. Zhu and S. Mart́ınez. On distributed convex optimization under in-
equality and equality constraints. IEEE Transactions on Automatic Control,
57(1):151–164, 2012.

[155] H. Zou and T. Hastie. Regularization and variable selection via the elastic
net. Journal of the royal statistical society: series B (statistical methodology),
67(2):301–320, 2005.



List of Publications

Journals and preprints

G. Belgioioso and S.Grammatico (2020). Semi-decentralized generalized Nash equi-
librium seeking in monotone aggregative games. IEEE Transactions on Auto-
matic Control , under review.

C. Cenedese, G. Belgioioso, S. Grammatico, and M. Cao, (2020). An asyn-
chronous distributed and scalable generalized Nash equilibrium seeking algorithm
for strongly monotone games. European Journal of Control , under review.

M. Bianchi, G. Belgioioso, S. Grammatico, (2020). Fast generalized Nash equilib-
rium seeking under partial-decision information. IEEE Transactions on Auto-
matic Control , under review.

C. Cenedese, G. Belgioioso, Y. Kawano, S. Grammatico, and M. Cao, (2020).
Asynchronous and time-varying proximal type dynamics multi-agent network
games IEEE Transactions on Automatic Control , under review.
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G. Belgioioso, A. Nedić, and S. Grammatico, (2019). Distributed generalized Nash
equilibrium seeking in aggregative games under partial-decision information via
dynamic tracking. Proc. of the 2019 IEEE Conf. on Decision and Control , Nice,
France (Dec.), pp. 5948–5954, 2019.

P. P. Cazar, G. Belgioioso, and T. Donkers, (2019). Global solutions to the complete
vehicle energy management problem via forward-backward operator splitting.
Proc. of the 2019 IEEE Conf. on Decision and Control , Nice, France (Dec.), pp.
6675–6680, 2019.

G. Belgioioso and S. Grammatico, (2019). A distributed proximal-point algorithm
for Nash equilibrium seeking in generalized potential games with linearly coupled
cost functions. Proc. of the 18th IEEE European Control Conf., Naples, Italy
(June), pp. 1-6, 2019.

C. Cenedese, G. Belgioioso, S. Grammatico, (2019). An asynchronous, forward-
backward, distributed generalized Nash equilibrium seeking algorithm Proc. of
the 18th IEEE European Control Conf., Naples, Italy (June), pp. 3508–3513,
2019.

R. Estrella, G. Belgioioso, and S. Grammatico, (2019). A shrinking-horizon, game-
theoretic algorithm for distributed energy generation and storage in the smart
grid with wind forecasting. 5th IFAC Symposium on Large Scale Complex Sys-
tems, Delft, The Netherlands (May), vol. 52, no. 3, pp. 126–131, 2019.



List of Publications 213

G. Belgioioso and S. Grammatico, (2018). Douglas–Rachford splitting for semi-
decentralized equilibrium seeking in generalized aggregative games. Proc. of the
2018 IEEE Conf. on Decision and Control , Miami Beach, Florida, USA (Dec.),
pp. 3541–3546, 2018.

G. Belgioioso and S. Grammatico, (2018). Projected-gradient algorithms for gen-
eralized equilibrium seeking in aggregative games are preconditioned forward-
backward methods. in Proc. of the 17th European Control Conference, Limassol,
Cyprus (July), pp. 2188–2193, 2018.

G. Belgioioso and S. Grammatico, (2017). On convexity and monotonicity in gener-
alized aggregative games. in Proc. of the 20th IFAC World Congress,, Toulouse,
France (July), pp. 14338–14343, 2017.

G. Belgioioso, A. Cenedese, and G. Michieletto, (2016). Distributed partition-
ing strategies with visual optimization for camera network perimeter patrolling.
Proc. of the 2016 IEEE Conf. on Decision and Control , Las Vegas, Nevada, USA
(Dec.), pp. 5912–5917, 2016.

G. Belgioioso, A. Cenedese, G. I. Cirillo, F. Fraccaroli, and G. A. Susto, (2015). A
machine learning based approach for gesture recognition from inertial measure-
ments. Proc. of the 2014 IEEE Conf. on Decision and Control , Los Angeles,
California, USA (Dec.), pp. 4899–4904, 2014.



214 List of Publications



Acknowledgement

I am sincerely grateful and indebted to a number of outstanding people that have
supported me, taught me and worked with and alongside me during my doctoral
journey in the Control Systems group at TU/e.

I first and foremost want to express my deepest gratitude to my supervisor, dr.
Sergio Grammatico, for its guidance and continuous support during the last four
years. Sergio, your pristine mathematical thinking, the way of looking at things,
stripping them down to their essentials, and then analyzing the underlying pat-
terns, never ceases to amaze me. You challenged me to always aim for the highest
standards of academic research and taught me how to achieve them. Thank you
for giving me the opportunity to pursue my PhD, for your patience in guiding me
through it and for sharing the same pàthos for our research.
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