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“All models are wrong,
but some are useful.”

George Box
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Summary

Probabilistic modeling of fatigue resistance for welded and riveted bridge details.
Resistance models and estimation of uncertainty.

The design of civil infrastructures subjected to fatigue loading should satisfy a prede-
termined safety level, usually expressed in terms of structural reliability. The European
Standard EN1993-1-9 recommends the use of a fatigue resistance model and a set of
partial factors to ensure that the structural details satisfy the predetermined reliability.
Partial factors determine the width of the safety margin and can be calibrated based on
probabilistic fatigue resistance and load models. A sound probabilistic model of the fa-
tigue resistance is required for this purpose. A better, i.e. more reliable, modeling of
the fatigue resistance allows reducing the uncertainty resulting in a smaller safety margin,
which has large economic implications for bridge infrastructures.

This thesis concerns the probabilistic modeling for the fatigue resistance for welded and
riveted joints in bridges using fatigue resistance curves and fracture mechanics. The
fatigue resistance curves relate the load level, i.e. the stress range, to the number of
cycles to failure, whereas fracture mechanics enables modeling the macrostructural fatigue
damage consisting of the stable cycle-by-cycle propagation of cracks. Two types of cyclic
loading are considered: (1) constant amplitude (CA) loading, which is applied in the
majority of laboratory tests carried out in the past to characterize the fatigue strength of
the material and of structural components and (2) variable amplitude (VA) loading, the
type of loading that structural components in bridges experience in service.

A probabilistic model based on sound statistical modeling of the fatigue resistance has been
formulated by inferring CA and VA fatigue test data of welded joints. Currently, available
models based on nominal stress are not able to incorporate all characteristic trends of CA
test data, making predictions more uncertain or biased. The modeling of fatigue resistance
under VA loading requires the evaluation of complex phenomena specific to this load type,
i.e. load sequence effects, and the contribution to the damage of stress ranges lower than
the fatigue limit, which contribute to the damage in a different way when compared to
those above the fatigue limit. A model based on sound statistical modeling of fatigue
resistance has been formulated. The proposed model shows a better agreement with the
experimental results when compared to other models in use for bridge infrastructures. The
better agreement results in a reduction of the uncertainty associated with the model. The
uncertainty has been estimated in a frequentist statistical framework using the maximum
likelihood method. Smaller uncertainty associated with the probabilistic fatigue resistance
model results in estimating higher reliability.
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Summary

The fatigue resistance of welded details under CA and VA loading has also been modeled
using linear elastic fracture mechanics. This model simulates the fatigue crack growth as
a result of the application of each load cycle, starting from an initial crack. It can estimate
the fatigue crack growth rate for both long and mechanically short cracks, the latter being
of large importance since the crack is physically short for most of the fatigue life. The
prediction of the model is compared with test data and can estimate the reliability of the
structure. Moreover, the outcome of the fracture mechanics model related to a structural
detail can be used in conjunction with inspection results to update the safety status of
the detail, forming the basis of assessing the inspection intervals.

A probabilistic model based on system reliability has been formulated to predict the fatigue
life distribution of structural riveted connections. It provides insight into the mechanical
behavior leading to fatigue failure of these joints and it allows for considering uncertainty
in the mechanical variables, of which the most important revealed to be the clamping force
of the rivets. An experimental analysis was conducted aiming at quantifying the clamping
force in rivets that have been in service for more than half a century and comparing it
with the clamping force measured in dedicated experiments. The model can be used to
corroborate test results using Bayesian analysis to reduce the uncertainty due to the, often
small, number of experimental data per dataset.
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mCA number of fatigue test data for the determination of the S-N curve
Mm stress intensity magnification factor for membrane stresses
mV A number of fatigue test data for the determination of the VA model parameters
Mw,b weld toe stress intensity magnification factor for bending stresses
Mw,m weld toe stress intensity magnification factor for membrane stresses
N number of cycles to failure
n′ degrees of freedom of prior distribution
N0 number of cycles at the knee point (∆σ = ∆σ0), as in the standard
Ni number of cycles to failure of the i-th stress range in the spectrum
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Chapter 1

Introduction

1.1 General

A structural detail under the effect of fluctuating loads (cyclic loading) may collapse even
if at any point in time the engineering stresses, which are derived under the assumption of
homogeneity, are lower than the elastic limit. This is because locally, at the microstructural
level, plasticity occurs determining irreversible phenomena without which fatigue damage
would not occur. To explain the effect of cyclic loading on the material, Rankine [1]
reported one of the first descriptions of fatigue failure occurring at the journal of railway
axles: “[. . . ]. The fractures appear to have commenced with a smooth, regularly formed,
minute fessure, extending all around the neck of the journal, and penetrating, on an
average, to a depth of half an inch. They would appear to have gradually penetrated
from the surface towards the centre, [. . . ], until the thickness of sound iron in the centre
became insufficient to support the shocks to which it was exposed.”

In smooth metallic specimens under a load fluctuation of constant amplitude (CA) deter-
mining stress ranges larger than the fatigue limit, intended as the threshold stress range
for surface crack propagation, fatigue more often occurs as a surface phenomenon [2].
However, it is also possible that sub-surface defects initiate, i.e. fish-eye crack, as in the
case of gigacycle fatigue [3]. In any case, the damage initiates at the microstructural level
as a micro-crack following from the formation of persistent slip bands, due to plasticity
occurring at the micro-scale. Successively, one or more fatigue cracks are observed to
grow until failure occurs.

The tests conducted by Wöhler [4] on the service behaviour of railway axles allowed
Basquin [5], about 40 years later, to draw the first fatigue resistance curve for CA loading,
a Wöhler curve. In general, a fatigue resistance curve relates a load parameter to the
endurance. Basquin related the amplitude of the stress fluctuation to the number of
cycles to failure, making it possible to quantify the fatigue resistance of a material or
a structural detail under CA loading. In a similar fashion, Gassner [6] defined fatigue
resistance curves for variable amplitude (VA) loading. As well as the Wöhler curve is only
valid for CA loading and a given value of the load ratio R, a Gassner curve is conditional
to a specific type of VA load history. As an alternative to the use of the Gassner curves,
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Figure 1.1: Global and local approaches for quantifying the fatigue strength and the fatigue life
of structural details, using continuum and fracture mechanics. Adapted from Radaj [7].

a fatigue resistance model can be formulated either by making use of the Wöhler curves
and a damage accumulation model, or by employing a two-stage model in which the crack
initiation and propagation lives are estimated separately.

1.2 Phenomenology of fatigue damage and approaches
to fatigue design

The approach used to design against fatigue failure is usually named after the load pa-
rameter used to characterize the load level, e.g. applied force/moment, nominal stress,
structural stress, local stress, local strain, see Figure 1.1. In Figure 1.1, the load parame-
ter is on the vertical axis for the approaches belonging to continuum mechanics, whereas
it is on the horizontal axis for the fracture mechanics. Moreover, a different amount of
detailing is necessary for determining each of these loading parameters. A load param-
eter is usually denoted as either global or local [7]. In addition, the more the approach
becomes local, the more are the information that must be available to determine it, but
the more general is its field of application. It should be mentioned that Figure 1.1 is not
exhaustive. For example, in [8] an equivalent stress parameter has been defined based on
a trade-off of accuracy, effort, and model complexity.

The fatigue life has been described as composed of different stages, depending on the scale
at which the damage takes place, see Figure 1.2. Technically, the crack initiation period
starts from the first load reversal and is complete up until a crack initiates. Depending
on the size of the defect which is considered to be a microcrack, the crack initiation
life might include the microcrack propagation stage, or also the small crack propagation
stage. However, it is difficult, as a rule, to determine the moment of formation of either
a micro-, or a small-, or a macro-crack [9].
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Figure 1.2: Stages of the fatigue life and association with typical length scales for steels.
Adapted from Schijve [2].

The combined use of continuum mechanics, local resistance parameters, and a fatigue
resistance curve obtained from the testing of smooth specimens revealed to be adequate
to estimate the fatigue life of structural details when the initiation stage is dominant with
respect to the propagation stage. If initial imperfections, such as crack-life defects, are
present, the crack initiation stage might be very short or even non-existent [9]. In this
case, if continuum mechanics is used, a global approach is more adequate, because of the
impossibility of providing an accurate enough estimation of the local load and resistance
parameters. A local approach based on fracture mechanics can potentially be used in
this case, in which the crack initiation stage can be separately considered, i.e. a two-
stage model is employed. However, a two-stage model is not necessary if the size of initial
defects is such that their propagation can be studied using fracture mechanics. The reason
is that, different from continuum mechanics, fracture mechanics considers the effects of
the presence of the crack, potentially at all the scales. Fracture mechanics makes use
of a load parameter characterizing the crack driving force and potentially describes both
the stable cycle-by-cycle fatigue crack propagation and the unstable crack growth which
causes the complete fracture. The most commonly used crack driving force parameter is
the linear elastic stress intensity factor (SIF), K, which was established by Kies [10] after
the studies of Inglis [11] and Griffith [12]. The SIF describes the intensity of the elastic
stress distribution ahead of the crack tip. It is a function of the crack size and the applied
stress. It was conceived to design against brittle fracture of cracked components under
monotonic loading. It is due to the studies of Paris [13] that the amount of crack extension
per cycle, i.e. the fatigue crack growth rate da/dn, has been related to the maximum
stress intensity factor Kmax = Y σmax

√
πa, and the load ratio R = σmin/σmax of a load

cycle, forming the basis for fatigue crack growth prediction. Later studies, also showed the
effect of plasticity induced crack closure, and other extrinsic effects that shield the crack
tip, e.g. roughness induced crack closure, on both the threshold condition for fatigue
crack propagation and on the fatigue crack growth rate. Modeling the relation between
da/dn, the loading condition and the crack size for both constant and variable amplitude
loading forms the basis for fatigue life prediction using fracture mechanics.

When the loading conditions allow the stable growth of defects two different design
philosophies can be adopted: safe-life design (SLD), and damage tolerant design (DTD),
the latter being first standardized in [14]. In the case of SLD, the structural detail is
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Figure 1.3: Fatigue resistance model as in Eurocode 3. Determination of the design and the
characteristic fatigue resistance curve from the regression line.

dimensioned by making use of continuum mechanics in such a way that cracks do not
cause final fracture during the design life of the detail. On the contrary, DTD is based on
the assumption that initial crack-like defects intrinsically exist and can be detected before
the critical condition is reached. This design philosophy is focused on the description of
crack propagation, considering the number of load cycles required for a crack to propagate
from a detectable to a critical size. Within DTD, the Fail-Safe design (FSD) allows the
critical propagation of defects, i.e. local failures, which do not lead to the collapse of
the structure, allowing an obvious detection of the damage, as in the case of redundant
structures. But this design strategy is limited to some type of structures. Within DTD, it
possible to make use of fracture mechanics to determine the frequency of the inspections
based on the estimated crack growth rate and critical size.

1.3 Fatigue resistance model according to EN-1993-
1-9

Where fatigue is one of the main failure mechanisms, as in the field of bridge engineering
[15], the European standard EN 1993-1-9 [16], Eurocode 3, provides a fatigue resistance
model for welded and bolted structural details in terms of Wöhler curves. The procedure
adopted is similar to that of other standards and guidelines, such as [17–19]. A structural
detail to be assessed according to the Eurocode 3 is associated with a detail category,
∆σC , see Figure 1.3, that is the stress range calculated in the nominal section and
characterizing the fatigue resistance corresponding to a fatigue life of two million cycles
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Table 1.1: Partial safety factors for fatigue strength as in Eurocode 3 [16].

Assessment Method Consequence of Failure
Low High

DTD 1.00 1.15
SLD 1.15 1.35

for a 75% confidence level of 95% probability of survival [16, 20]. For what concerns
the fatigue resistance curves under constant amplitude loading, the relation between the
applied nominal stress range, ∆σ, and the number of cycles to failure, N , is modeled
using the logarithmic form of the Basquin relation [5]:

log10N = log10(a1) +m1log10∆σ (1)

where log10(a1) is the intercept of the curve with the horizontal axis, and depends on
the type of detail, and m1 is the negative inverse slope that is assumed as m1 = −3
for almost all structural details loaded with normal stresses. The fatigue limit, ∆σ0, is
defined as the nominal stress range corresponding to fatigue life of 5 million cycles, N0.
Below the fatigue limit, fatigue failure is assumed not to occur under constant amplitude
loading For variable amplitude loading, the stress history is required to be expressed as a
stress spectrum obtained by a cycle counting procedure, such as the Rainflow [21]. The
stress spectrum defines stress range levels, and associates to each of them the frequency
of occurrence. The fatigue damage is estimated by making use of the Palmgren-Miner
linear damage rule [22]:

D =
∑
i

ni
Ni

(2)

where D is the damage, i indicates the stress range level ∆σi in the stress spectrum, ni is
the number of occurrences of this stress range, and Ni is the number of cycles to failure
associated by the fatigue resistance model to this stress range. Both the stress ranges
higher and those lower than the fatigue limit are considered as contributing to the fatigue
damage but in a different way. The fatigue resistance N for the stress ranges higher than
the fatigue limit is calculated by making use of the fatigue resistance curve defined for
constant amplitude loading, i.e. Equation 1. Instead, the stress ranges lower than the
fatigue limit are accounted for by an extension of the CA fatigue resistance curve from
the point (N0,∆σ0), and having a modified negative inverse slope m2 = −5, of which
the value is defined in accordance with the findings of Haibach [23]. A cut-off limit is
defined in such a way that stress ranges determining N ≥ 108 cycles are not considered as
contributing to the damage, see Figure 1.3. The document [24] provides detail categories
characterizing the fatigue resistance of riveted joints in a similar way as the Eurocode 3
does for welded and bolted details.

In addition to the fatigue resistance model, partial safety factors γM,f are provided to be
applied for deriving a design value of the fatigue resistance, from its characteristic value.
The partial factors depend on the type of design indicating the maintenance strategy, and
the consequence of failure, see Table 1.1. The National Annexes (NA) might suggest
alternative values of γM,f , therefore deviating from those recommended in the Eurocode
3. Despite a large variation in partial factors amongst the NA of the European countries
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is not expected, it exists. Based on the research carried out in [25], the Scandinavian
countries prescribe a partial factor that is up to approximately 50% higher than the
recommended values, reaching 2.00 for safe life design and high consequences of failure.
A substantial difference in the partial factors within European countries might indicate
that the current set of values result, at least in a number of cases, in a too low safety level.
Moreover, the background documentation in which the recommended partial factors in
Eurocode 3 are explained or derived is incomplete. Increasing the recommended values of
the partial factors to the values recommended in the Scandinavian NA would have strong
consequences for both new and existing structures. Moreover, the consequences would
also spread to the devices and the structures of movable bridges and other fatigue prone
steel structures, like those supporting cranes. For existing structures approaching the end
of their life, such an increase in partial factors might determine that the structure no
longer meets the required safety level.

In order to be able to derive a set of partial factors, it is of high importance to assess the
uncertainties related to the fatigue resistance model that is used in the reliability analysis.
Therefore, probabilistic methods are necessary to evaluate the safety of structural details
since the strength, which is evaluated at a specific moment in time, represents a statistical
population, being its value intrinsically variable. Moreover, the strength changes from
point to point within the detail because of geometrical discontinuities, such as notches, or
microstructural inhomogeneities, such as, for example, those related to the heat-affected
zone (HAZ) in weldments. In general, both the strength and the load are not deterministic
values, but random variables, and the structural reliability is a measure of the probability
that, in a point, the load exceeds the resistance, namely the probability of failure [26].
Structural details should be designed to satisfy the required safety level at every moment in
time during their service life, which does not exclude the possibility of failure. The required
safety level is selected based on risk and cost analyses. The partial factors are therefore
estimated based on the outcome of structural reliability analyses and are calibrated in
such a way that the obtained design satisfies the required safety level.

1.4 The relevance of uncertainty
As it was done for the determination of the fatigue resistance curves recommended in
Eurocode 3, the resistance of a structural detail is first quantified through testing and
then expressed by means of a fatigue resistance model. Successively, the required safety
level is ensured by applying a partial safety factor to the resistance parameter in order to
define the design value.

A testing phase is necessary in order to obtain the fatigue resistance curves. Furthermore,
to take into account the intrinsic variability which characterizes the fatigue resistance, a
probabilistic fatigue resistance model is required. Independent of the type of approach to
design against fatigue failure, the aim of such a model is to provide, given the load level,
a probabilistic description of the fatigue life of the structural detail. Furthermore, the
additional input parameters required by the chosen approach have to be provided in either
a probabilistic or deterministic fashion, depending on their nature. It follows that a global
approach to fatigue is characterized by the advantage of implicitly considering inputs that
otherwise would need to be explicitly considered in more local approaches. For example,
with reference to welded connections, the effect of the geometric variability of the weld
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toe, the microstructural inhomogeneity due to the HAZ, the residual stress state, etc. . .
are implicitly considered when the nominal stress approach is used, whereas they need to
be explicitly modeled in more local approaches, such as the notch stress approach. For
these reasons, among the approaches available within continuum mechanics, see Figure
1.1, the nominal stress approach is used in the this work with the aim of quantifying
the uncertainty and the trend of the fatigue resistance of welded details, when SLD is
considered.

Once a probabilistic fatigue resistance model is defined using the nominal stress as a
loading parameter, fatigue test data can be inferred with the aim of estimating the pa-
rameters of the model and their uncertainty. Two types of uncertainty can be identified:
the aleatory uncertainty, related to the intrinsic variability of the fatigue life, and the epis-
temic uncertainty, related to the knowledge available. With respect to fatigue, the more
the model is able to correctly represent the trend and the intrinsic variability of the fatigue
resistance, the better is expected to be the agreement between the model prediction and
the data, and the smaller is the uncertainty. In particular, the epistemic uncertainty is of
high importance since it can be used to assess the agreement between several models and
the test data. This is because its amount is essentially dependent on two factors:

1. it is inversely proportional to the number of test data inferred;

2. it is conditional to the model.

Therefore epistemic uncertainty can be reduced either by increasing the size of the dataset,
or by improving the prediction model.

1.5 Research goal
The research presented in this dissertation aims to formulate probabilistic fatigue resis-
tance models, and the statistical estimation of their parameters, for what concerns welded
and riveted details belonging to the main load-bearing structure of steel bridges.

For welded details, the fatigue resistance models are formulated both by making use of
fatigue resistance curves and fracture mechanics. The formulation of a fatigue resistance
model based on the use of fatigue resistance curves is necessary either for designing new
structures or for assessing existing structures for SLD, i.e. when inspections are not carried
out. With respect to this aspect, this research aims to:

• model the trend and the scatter of the fatigue resistance under constant and variable
amplitude loading, by making use of a probabilistic approach;

• evaluate the uncertainty underlying the estimation of the parameters of the proposed
model.

The evaluation method based on fracture mechanics is considered from two different
perspectives. On one hand, it is foreseen as support for modeling of the fatigue resistance
of welded details. In this case, considerations based on fracture mechanics are necessary for
sound physical modeling. On the other hand, fracture mechanics can be used for assessing
existing structures that are inspected to ensure the required safety level. In this case,
the aim of the research is to quantify aspects forming the basis for the determination of
inspection intervals, such as the fatigue crack growth rate and threshold condition.
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Table 1.2: Schematic of the present work.

Introduction Chapter 1

Topic Detail Approach

Main Body

Chapter 2 CA fatigue Welded Resistance
Curves

Chapter 3 VA fatigue Welded Resistance
Curves

Chapter 4 CA & VA fatigue Welded Fracture Me-
chanics

Chapter 5 CA fatigue Riveted Resistance
Curves

Conclusion Chapter 6

Appendix Appendix A CA and VA data analysis Welded -
Appendix B Clamping force Riveted -

Both when using fatigue resistance curves and fracture mechanics, the emphasis is on
the estimation of the uncertainty. In particular, for the fatigue resistance under CA
loading using Wöhler curves, major attention is devoted to the uncertainty concerning the
estimation of the fatigue limit and the transition between the fatigue limit and finite fatigue
life. For what concerns VA loading, the research focuses on the uncertainty related to the
effect of the stress ranges lower than the fatigue limit. In the case of fracture mechanics,
similar as for the Wöhler curves, the focus is on the estimation of the uncertainty threshold
condition for fatigue crack propagation. In light of this, improving the prediction model
is used in this work as a method to reduce the uncertainty.

For what concerns hot-riveted details, the research focuses on different aspects. Riveted
connections were used in the past to assemble built-up details giving rise to a large
number of geometrical configurations. Similar to how it was done for welded details, it
is possible to determine the characteristic fatigue resistance curve of a certain riveted
detail using the nominal stress approach, see [24, 27]. However, in the framework of this
work, the notch strain has been preferred as a load parameter. This is because different
geometrical configurations determine a variety of local loading conditions. Therefore,
grouping riveted details solely based on the load transfer mechanisms (shear and tensile),
the global geometry (butt joint, splice, etc. . . ) and the nominal stress range is not as
effective as for a welded detail. The aim of this part of the research is to provide a
model able to quantify the fatigue resistance of riveted details and its scatter based on a
probabilistic approach, and using a local load parameter. In addition, by making use of
such a model, the major sources of uncertainty can be identified.

1.6 Outline of the work

Following the introduction, the main body of the present dissertation is based on four
journal articles, one for each chapter, that are followed by the conclusions. In addition,
a fifth journal article is appended. Table 1.2 summarizes the content with respect to the
research goal.

Chapter 2 concerns the formulation of a fatigue resistance model for welded details under
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CA loading. The proposed model is based on fracture mechanics considerations and, given
the assumption underlying its conception, it is suitable for a probabilistic description of
the high-cycle fatigue resistance under constant amplitude loading in weldments. The
3rd chapter is devoted to the formulation of a fatigue resistance model for welded details
under VA random loading. The proposed modeling strategy to consider the effect of the
stress ranges lower than the fatigue limit makes use of fracture mechanics considerations.
By using the models presented in Chapters 2 and 3 to infer fatigue test data, the epis-
temic uncertainty has been estimated in a frequentist statistical framework, given fatigue
test data from scientific literature related to some welded details, additional results are
presented in Appendix A. Chapter 4 discusses the applicability of linear elastic fracture me-
chanics for predicting the fatigue life of weldments under CA and VA loading considering
the propagation of physically small and long cracks. The uncertainty is globally estimated
for the most relevant input parameters. Chapter 5 presents a probabilistic fatigue resis-
tance model for shear riveted connections. It makes use of the notch strain approach and
system reliability modeling to consider particular aspects of these types of details, such as
(internal) redundancy. Furthermore, by studying the relevance of the model parameters, it
has been recognized that the clamping force is one of the most relevant input parameters,
and by an analysis of the scientific literature it also resulted to be the most uncertain. The
conclusions are reported in Chapter 6. Appendix B includes an experimental investigation
aimed to determine the clamping force for hot-driven steel rivets, of which the relevance
has been highlighted in Chapter 5. The article also presents a numerical investigation,
which was carried out by a graduation student under the supervision of the author of this
work and, therefore, has not been performed by the author of this work. However, the
appended article is considered as a relevant source of information that can be used in the
model presented in the Chapter 5.

The findings of Chapter 2 are related to the definition of a probabilistic fatigue resistance
model for CA loading which, is based on a novel S-N curve. This model allows reducing
uncertainty in CA fatigue test data analysis and explicitly models a smooth transition
between the finite life region and the fatigue limit. Chapter 3, the model proposed in
Chapter 2 is extended for inferring VA fatigue test data. It is analytically demonstrated
that the effect on the fatigue damage of stress ranges lower than the constant amplitude
fatigue limit depends on the type of detail, especially on the severity of the notch (or stress
concentration). Chapter 4 presents a linear elastic fracture mechanics model for CA and
VA loading. It includes modeling of the near-threshold behavior for physically (mechan-
ically) short and long cracks under CA and VA loading. Chapter 5 presents a reliability
model for riveted connections which is based on the notch strain approach. Through the
use of system reliability, the model can quantify aspects such as the intrinsic fail-safe
behavior of shear riveted connections and the influence aspects such as the connection
geometry and the clamping force on the fatigue life.
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Chapter 2

Fatigue resistance model for CA loading

This chapter is based on:
Leonetti, D., Maljaars, J., & Snijder, H.H. (2017).

Fitting fatigue test data with a novel SN curve using frequentist and Bayesian inference.
International Journal of Fatigue, 105, 128-143.

In design against fatigue, a lower bound stress range vs. endurance curve (S-N curve) is
employed to characterize fatigue resistance of plain material and structural details. With
respect to the inherent variability of the fatigue life, the S-N curve is related to a certain
probability of exceedance, a percentile of the fatigue life. This chapter is concerned with
modeling and estimating uncertainties in fatigue resistance of welded joints under con-
stant amplitude loading. A new S-N curve format is proposed and fitted to fatigue test
data by using the Maximum Likelihood Method. The results have been compared with the
Random Fatigue Limit Model and the Bilinear Random Fatigue Limit Model. The pro-
posed S-N curve appears to be more accurate in describing the S-N relation in high-cycle
fatigue: it presents a smooth transition from finite to infinite-life regions and, differently
from previous non-linear S-N relations with fatigue limit, this transition is controlled by an
independent model parameter. Thereby it provides more flexibility for statistical fitting.
In addition, a Bayesian framework is defined to infer the experimental data using the
proposed model including informative and non-informative prior distributions.

2.1 Introduction
Scatter is an intrinsic attribute that characterizes the mechanical properties of any ma-
terial. The fatigue life as well as the fatigue limit of similar specimens and structures
subjected to restrictive laboratory loading conditions may significantly differ. The scatter
in the finite life region and in the fatigue limit may be analysed separately with differ-
ent statistical techniques [28, 29] such as the linear regression and the staircase method,
respectively.
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In different standards and guidelines, the transition between the finite and the infinite life
regions of the S-N curve is often set at a fixed number of cycles for ease of use. In general,
the aim is to derive a lower bound curve related to a certain probability of exceedance that
also takes properly into account the uncertainties affecting the statistical analysis. Either
a lower tolerance bound or a lower prediction bound [28, 30] have been employed for this
purpose. The estimation of uncertainties related to the fatigue resistance of structural
components is of primary importance in order to assess the safety of structures subjected
to fatigue loads. According to the extensive review made in [31], the two major sources of
uncertainty are the inherent variability intended as attribute of reality and the subjective
uncertainty due to lack of knowledge. In agreement with [32], in the present chapter
reference is made to aleatory uncertainty for the inherent variability and to epistemic
uncertainty for the lack of knowledge. Correctly estimating and considering uncertainty
in the analysis of fatigue resistance helps to reach the required safety level.

Performing and analysing fatigue tests are necessary steps to carry out or validate a
fatigue analysis of a new material, detail type or a new design procedure. The data
resulting from fatigue tests is in general of two types [33]: uncensored, if failure occurred
and right-censored, also called runout in the fatigue field, if failure did not occur before
the test ended. Whereas the first gives the fatigue life of the tested specimen, the second
results in a lower bound of its fatigue life. Several S-N curves have been proposed by
scientists since August Wöhler performed the first systematic fatigue analysis of railway
axles, most of them have been reviewed in [34]. In general, the logarithm of the fatigue
life (N), w = log10(N), is assumed to be the dependent variable and the logarithm of the
stress range (∆σ), x = log10(∆σ), the independent one. The most common approach
to model the variability of the fatigue life, i.e. the aleatory uncertainties, is to fit, by
using the Least Square Method (LSM), the linear Basquin relation [5] to uncensored S-N
data:

w = β0 + β1x (1)

where β0 is the parameter controlling the location of the S-N curve and β1 is the parame-
ter controlling its slope. The logarithm of the fatigue life is often assumed to be normally
distributed and the epistemic uncertainty is considered by employing the Student-T distri-
bution as ancillary function. Despite of the computational simplicity of this procedure, its
mayor limitation is that only non-censored data (failures) can be analysed. Thus, other
tests need to be performed to determine the fatigue limit and Equation 1 is only capa-
ble of describing the finite-life regime. Several authors applied the Maximum Likelihood
Method (MLM) in order to take into account the contribution of the runouts in fatigue
test data analysis [35–37]. However, the statistical characterization of the fatigue limit,
∆σ0, is not included in these proposals. On the contrary, the Random Fatigue Limit
Model (RFLM) proposed in [38] makes use of a non-linear S-N equation proposed by
Strohmeyer [39]:

log10(N) = β0 + β1log10(∆σ −∆σ0) for ∆σ > ∆σ0 (2)

to model the variability of the fatigue life. In the RFLM, both the fatigue life and the
fatigue limit are modelled as random variables. The number of model parameters is five
and these are further introduced in the next sections. The major strength of the RFLM
is that runouts and failure data can be analysed together. The complexity of the math-
ematical formulation increases in comparison to LSM since both the evaluation and the
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Figure 2.1: S-N curves resulting from Equations 1, 2, 3 and 4 having the same parameters. For
the proposed relation, Equation 4, the effect of the parameter p on the curvature is shown.

multi-parameter maximization of the likelihood function involve numerical procedures. In
addition, a quantile of the fatigue life can be estimated by employing numerical proce-
dures, such as likelihood ratio methods [38] and Monte-Carlo simulations [40].

The Bilinear Random Fatigue Limit Model (BRFLM) has been proposed in [40, 41]. The
S-N relation is a bi-linear relation with fatigue limit:

log10(N) =
β0 + β1log10(∆σ)

H[∆σ −∆σ0]
for ∆σ > ∆σ0 (3)

where H is the Heaviside Step Function. The number of parameters is not reduced in
comparison to the RFLM, however the fit results are directly comparable with the Basquin
relation, Equation 1, in terms of estimators of the model parameters. In the BRFLM, the
median S-N curve and a linearised p-quantile S-N curve are bilinear and can be estimated
in a closed form by employing the MLE. This allows for a direct comparison of the BRFLM
fit results with the S-N curves employed in current standards. In [40] a true p-quantile S-N
curve obtained from the BRFLM is estimated using Monte Carlo Simulation by employing
nested sampling of epistemic and aleatory uncertainties. As shown in Figure 2.1, Equation
2 enforces a smooth transition between finite life and infinite life regions whereas Equation
3 enforces an abrupt transition, introducing a sharp knee-point.

The LSM and the MLM belong to the frequentist statistic in which the probability is related
to the relative frequency of data [42]. The frequentist approach may give inconsistent
results when the sample size is small, indeed the probability is defined as a limiting
frequency and it is assumed that the relative frequency converges to the probability as
the sample size tends to infinite. On the other hand, Bayesian statistic can carry the
subjective notion of uncertainty: the unknown model parameters are explicitly modelled
as random variables [43]. It allows using prior information on the model parameters.
In addition, all uncertainties can be processed through the standard rules of probability
[42]. In case of very large datasets the Bayesian and frequentist approach are known
to be coincident. In [44] Bayesian analysis has been applied to infer fatigue test data
and statistical (epistemic) uncertainties have been introduced in the analysis of fatigue
test data. However, the runouts have been incorporated into the fatigue data analysis
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Chapter 2. Fatigue resistance model for CA loading

in order to determine only the slope of the Basquin relation. In [45] a Bayesian analysis
of S-N fatigue data is performed to determine fatigue design curves from small sample
size proposing a method to formalize prior information on model parameters in terms of
probability density functions. The prior distributions were derived based on the correlation
between static strength, hardness and fatigue data and were related to the finite life region.
In [46] a statistical treatment of S-N data on aluminium alloys using both MLM and
Bayesian analysis using informative and non-informative prior distributions is performed.
Several statistical models were applied, including the RFLM, to perform both Bayesian
and frequentist inference of the dataset. The Metropolis-Hastings algorithm [47] [48] has
been employed to perform the Bayesian inference. However, in the informative Bayesian
analysis, the prior distributions where formalized based on the MLE of the parameters
obtained the fit of the same dataset employed in the Bayesian analysis. The posterior
distribution obtained by employing the informative prior distributions as defined in [46]
do not represent an update of the state of knowledge since the prior distributions refer
to the same dataset and have been arbitrarily defined. It should be pointed out that
in frequentist statistic, the quantification of the epistemic uncertainty, which is usually
made through the estimation of the confidence intervals, refers to the population. On the
other hand, in Bayesian analysis the variability observed in the posterior distribution of
a parameter refers to the sample and is usually quantified through the mean of credible
intervals. Thus, the width of the intervals estimated in these different frameworks are not
equivalent and cannot be compared.

The RFLM results in a high correlation between finite and infinite life parameters [38].
This is attributed to the fact that the curvature from finite to infinite life regions is
controlled only by the parameter β1. This may result in biasing the estimation of either
the finite or infinite life parameters. In particular, the risk of biasing the estimator of the
parameter controlling the location of the fatigue limit distribution due to the presence
of test data at high stress range values have been observed for the RFLM by Pascual
and Meeker [38] fitting the “Nickel-base superalloy data”. On the other hand, Equation
3 employed in the BRFLM considers an abrupt transition from the finite to infinite life.
Subsequent statistical treatment of data in the BRFLM, where Equation 3 is adopted
for each data point individually in order to evaluate the Likelihood function, results in a
more gradual transition between finite and infinite life for the whole dataset. However,
recently published test results in [49] indicate that partial fatigue damage (small fatigue
cracks) is observed in specimens in the transition region. This is not in agreement with
the abrupt transition between finite and infinite life for individual data points described
with Equation 3. Since in high-cycle fatigue (N > 107) most of the damage is often
cumulated due to relatively low stress levels, i.e. around the infinite life region, either
having a sharp knee-point or bias affecting the fatigue limit estimator negatively influence
the accuracy of the fatigue life prediction. In the next section, a new S-N curve is
presented in order to overcome the mentioned drawbacks of the RFLM and the BRFLM
aiming at better estimating the aleatory uncertainty. Reference is made to the proposed
model as the 6 Parameter Random Fatigue Limit Model (6PRFLM). In order to show the
differences between the 6PRFLM, the RFLM and the BRFLM, two samples of fatigue test
data belonging to the welded cover-plated steel beam specimen shown in Figure 2.2 are
considered and inferred by employing the MLM.
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Figure 2.2: Cover-plated beam with welded ends.

2.2 Proposed S-N Relation
In this section, a new S-N curve is proposed for the statistical inference of S-N data. It
relates the base 10 logarithm of the stress range to the base 10 logarithm of the number
of cycles to failure in the medium and high cycle fatigue range under constant amplitude
loading. The functional form is:

log10(N) = β0 + β1log10(∆σ)− p log10

(
1− ∆σ0

∆σ

)
(4)

where β0, β1, p, and ∆σ0 are the S-N curve parameters. Similarly to Equations 2 and
3, ∆σ ∈ (∆σ0; +∞) and the number of cycles to failure asymptotically tends to the
associated Basquin relation, Equation 1, for ∆σ → +∞ and to infinite for ∆σ → ∆σ0.
Equation 4 allows for a smooth transition between the finite life region and the fatigue
limit. However, the curvature is not only dependent on β1, as for Equation 2, but also
on the parameter p, as shown in Figure 2.1. The higher the value of p, the smoother
the transition is. For p = −β1, Equation 4 gives the Strohmeyer relation, Equation 2,
and for p→ 0 it tends to Equation 3. Since the curvature is controlled by β1 and p, the
parameters β0 and β1 are less statistically correlated to the parameters that determine
the fatigue limit position in comparison to the Strohmeyer relation.

The proposed S-N curve is related to the Forman-Mettu fatigue crack growth rate (FCGR)
equation, reported in [50], in a way comparable to how the Paris equation is related to
the Basquin relation. Considering the Forman-Mettu FCGR equation:

da

dn
= C Flc ∆Km

(
1− ∆Kth(R,a)

∆K

)pth(
1− Kc

Kmax

)q1 (5)

where since the fatigue life of a welded connection is often assumed to be dominated
by crack propagation, integrating the FCGR relation at different stress levels in a LEFM
procedure, starting from an “as welded” representative initial crack size and ending at a
critical crack size, results in the “equivalent” S-N curve. The numerator of the fraction
in Equation 5 controls the near-threshold curvature and the denominator controls the
curvature in the critical stage. Considering that the near-fracture crack growth life is
negligible if compared to the total life, this formulation can be simplified by deleting
(1−Kc/Kmax)q1 . Considering a fixed high value of R, at which crack closure in negligible,
the obtained relation only represents the near threshold propagation:

da

dn
= C∆Km

(
1− ∆Kth

∆K

)pth
(6)
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Chapter 2. Fatigue resistance model for CA loading

By considering the generic formulation for the Stress Intensity Factor range for a crack
growing at the weld toe:

∆K = Mw(a)Y (a)∆σ
√
πa (7)

and the El-Haddad approximation [51] that relates the threshold condition for a crack
growing at the weld toe to the fatigue limit:

∆Kth = Mw(a)Y (a)∆σ0

√
π(a+ a0) (8)

and substituting Equations 8 and 7 in Equation 6, it gives:

da

dn
= C(Mw(a)Y (a)∆σ

√
πa)m

(
1−

∆σ0Mw(a)Y (a)
√
π(a+ a0)

Mw(a)Y (a)∆σ
√
πa

)pth
(9)

the integration results in∫ a2

a1

1

(Mw(a)Y (a)
√
πa)−m

da =

∫ N2

N1

C∆σm

(
1− ∆σ0

∆σ

√
a+ a0

a

)pth
dn (10)

In general, see [51], a0 = 10−2mm and for welded joints the propagation is often assumed
to start from defects in the order of 0.1 − 1mm [52]. For this reason, the square root
on the right side of Equation 10 can be approximated by the first term of its Taylor‘s
series: √

a+ a0

a
=

√
1 +

a0

a
= 1 + o

(
a0

2a

)
(11)

Hence, Equation 10 can be further simplified, resulting in:∫ a2

a1

1

(Mw(a)Y (a)
√
πa)−m

da =

∫ N2

N1

C∆σm

(
1− ∆σ0

∆σ

)pth
dn. (12)

The integration leads, for constant amplitude loading, to:

(n2 − n1) = C1∆σ−m

(
1− ∆σ0

∆σ

)−pth
(13)

where C1 incorporates the constant resulting from the integration on the left side of the
equation. With n1 = 0, n2−n1 represents the fatigue life N . The logarithmic form gives
as result the following equation:

log10(N) = log10(C1)−mlog10(∆σ)− pth log10

(
1− ∆σ0

∆σ

)
(14)

Setting log10(C1) = β0, m = −β1 and pth = p, Equation 14 gives Equation 4.

In summary, Equation 4 is obtained integrating the fatigue Forman-Mettu fatigue crack
growth rate relation, Equation 5, assuming the existence of the threshold of the stress
intensity factor range ∆Kth, and its dependency from the crack depth. This resulted in
an S-N curve characterized by the existence of the CA fatigue limit, which is intended here
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2.3. Models and Methods

Table 2.1: Equations, fitting methods, models and related model parameters considered .

S-N curve Fitting method Model Model parameters

Equation 1 LSM LRM/LRM-EN β0, β1, σw
Equation 2 MLM RFLM β0, β1, σw|v , µv , σv
Equation 3 MLM BRFLM β0, β1, σw|v , µv , σv

Equation 4 MLM 6PRFLM β0, β1, σw|v , µv , σv , pNBI and IBI

as a threshold stress range for small surface crack propagation. This does not imply that
fatigue failure does not occur under the condition that ∆σ < ∆σ0. More specifically, this
condition is solely related to the failure mechanism involving the initiation and propagation
of small surface cracks, according to linear elastic fracture mechanics. From a statistical
point of view, it can be considered as an endurance limit, therefore limiting its validity to
the domain of the CA fatigue test data that are inferred.

2.3 Models and Methods
In this section, the S-N models and the frequentist inference methods based on the LSM
and the MLM are presented. In addition, the Bayesian analysis is also considered in
order to estimate the parameters of the regression model resulting from Equation 4. The
investigated relations are provided in Table 2.1.

2.3.1 Frequentist Fitting Methods

The LRM fitted using the Least Square Method

The Least Square Method implies the minimization of the sum of the residuals squared
[53]. Given a linear relation between x and w, such as Equation 1, the parameters of the
regression model (w = β0 + β1 x+ ε(0, σw)) can be estimated by minimizing the residual
sum of squares given by:

SE =

mCA|δ=1∑
i

(wi − ŵi)2 (15)

where mCA|δ=1 are the CA fatigue test data for which failure occurred, and ŵi, the
estimated mean value given by the regression model, is:

ŵi = β̂0 + β̂1 xi (16)

A closed form to determine the parameter estimators exists in this special case:

β̂1 =
mCA|δ=1

∑
i(xiwi)−

∑
i(wi)

∑
i(xi)

mCA|δ=1

∑
i(x

2
i )− [

∑
i(xi)]

2
(17)

β̂0 = E[wi]− β̂1E[xi] (18)

The residuals, wi − ŵi, are assumed to be normally distributed ε ∼ N(0, σw) with
zero mean and unknown standard deviation σw. An unbiased estimator of σ2

w is given
by:

σ2
w =

SE
mCA|δ=1 − 2

(19)
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Chapter 2. Fatigue resistance model for CA loading

where the denominator is the number of degrees of freedom, equal to the number of
empirical observations, mCA|δ=1, minus the number of the parameters to be estimated,
that are two in this case. Given a stress range, ∆σk, the lower prediction bound of the
log-fatigue life is:

wk,q = ŵk − t(q,ν) σw

√
1 +

1

mCA|δ=1
+

(xk − E(xi))2∑
i(xi − E(xi))2

(20)

where xk = log10(∆σk), ŵk = log10(Nk) at x = xk, E[xi] is the mean value of xi and
t(q,ν′) is the value of the inverse Student-T distribution evaluated at the quantile q and
at the number of degrees of freedom ν′. When the sample data are used to determine
the intercept and the slope of the regression line, ν′ = mCA|δ=1 − 2 whereas, if only the
intercept need to be estimated ν = mCA|δ=1 − 1. The latter may be the case for welded
joints where the negative inverse slope β1 is usually fixed equal to -3 [16]. Reference is
made to the first approach, where β̂1 has to be estimated by using Equation 17, as Linear
Regression Model (LRM) and to the second, where β̂1 = −3, as LRM-EN since it has
been employed to estimate S-N curves, amongst others, in Eurocode 3 (EN1993-1-9) [16]
[17].

The RFLM, BRFLM and the 6PRFLM fitted using the Maximum Likelihood
Method

The likelihood concept has been introduced by Lambert in 1760 and has been strongly
developed by Fisher in the previous century. For the purposes of this chapter, it is
necessary to cite some important properties of the Maximum Likelihood Method. An
extensive treatment of the subject is reported in dedicated textbooks like [42] and [43],
amongs others. The likelihood function, L(θ), is a function of the model parameters,
θ = {θ1, . . . , θn}, which is proportional to the probability of the data that were observed;
it can be formulated as:

L(θ) ∝ Pr[Data;θ] (21)

where Data are the experimental observations and Pr denotes the probability density
function. A more formal notation is L(θ;Data). In order to obtain the estimators of the
model parameters, the likelihood function is maximized. In other words, the maximum
likelihood estimator, MLE, is the set of model parameters that maximizes the probability
of the observed data. The negative second derivative of the log-likelihood function at its
maximum is called the observed Fisher Information Matrix, I(θ̂MLE).

When uncertainties in the parameter estimation need to be acknowledged, a line estima-
tor, i.e. a confidence interval, is estimated considering the Wald statistic or the Wilks
likelihood-ratio statistic [54], asymptotically equivalent with increasing the sample size.
In the Wald test, the quadratic approximation of the likelihood function is used and the
Fisher information matrix is necessary to derive Wald confidence intervals for the model
parameters. The test statistic is, for each parameter:

θ̂MLE,i − θi√
[I(θ̂MLE)−1]ii

∼ φ i = 1, ..., n (22)
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2.3. Models and Methods

The test statistic can be used to evaluate the limits of a 100(1−αCI)% Wald confidence
interval for each model parameter. The confidence intervals based on the Wilks statistic
are estimated making use of the profile likelihood function [54]. The profile likelihood for
θ1, assumed that the parameter vector is partitioned (θ = (θ1,θ2)), is:

R(θ1) = maxθ2

[
L(θ1,θ2)

L(θ̂MLE)

]
(23)

Under certain conditions [54], the chi-squared distribution χ2 with k degrees of freedom
is an asymptotic distribution of −2log[R(θ1)]. The approximate 100(1 − α)% Wilks
confidence interval, for θ1 and k = 1, is given by:

−2log[R(θ1)] ≤ χ2
(k;1−αCI) (24)

In this chapter, both the Wald and the Wilks confidence intervals are evaluated for each
model parameter in order to evaluate the epistemic uncertainties.

In order to choose between different models, both the Akaike Information Criterion (AIC)
and Bayesian Information Criterion (BIC) are employed. The AIC and the BIC statistics
are respectively given by:

AIC = −2 log[L(θ̂MLE)] + 2nCA (25)

BIC = −2 log[L(θ̂MLE)] + nCA log(mCA) (26)

Where nCA is the number of model parameters and mCA is the number of observations.
The smaller the AIC and BIC values are, the more efficient the fit is since both statistics
penalize the number of model parameters nCA, but, for most cases, BIC statistic penalizes
it more strongly. See [55] and [56] for more details.

Pascual and Meeker developed the RFLM [38] in order to model the curvature of the S-N
curve and the increased variability in the logarithm of the fatigue life at low stress range
levels approaching the constant amplitude fatigue limit. Moreover, using the RFLM, the
stochastic variability of the fatigue limit does not need to be analysed separately since
the fatigue limit is modelled as a random variable V . Considering Equations 2, 3 and 4,
if v = log10(∆σ0), V is a random variable having a PDF given by:

fV (v) =
1

σv
φ

(
v − µv
σv

)
(27)

where, since φ is assumed to be the pdf of the standard Normal distribution, v is normally
distributed with mean µv and standard deviation σv. The conditional PDF of W , the
random variable describing w, given V and x > v is:

fW |V (w) =
1

σw|v
φW |V

(
w − µ
σw|v

)
(28)

It is assumed to be distributed following a Normal PDF with standard deviation σw|v and
a location parameter:

µ = β0 + β1log10(10x − 10v) (29)
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Chapter 2. Fatigue resistance model for CA loading

µ =
β0 + β1x

H(10x − 10v)
(30)

µ = β0 + β1x− p log10

(
1− 10v

10x

)
(31)

respectively for the RFLM, the BRFLM and the 6PRFLM, i.e. for Equations 2, 3 and 4.
The marginal PDF of W is given by:

fW (w;x,θ) =

∫ x

−∞
fW |V (w)fV (v) dv (32)

where for the RFLM and the BRFLM θ = {β0, β1, σw|v, µv, σv} is the vector of the model
parameters whereas for the 6PRFLM it is θ = {β0, β1, σw|v, µv, σv, p}. The marginal CDF
of W , FW (w;x,θ), is obtained by integration of the marginal PDF of W . Since there is
no closed form for fW (w;x,θ) and FW (w;x,θ), the integration needs to be performed
numerically. More details about the model formulation can be found in the work of Pascual
and Meeker [38].

The likelihood function is formulated by taking into account the contribution of right-
censored and uncensored observations separately [57] [33]. In particular, the uncensored
observations contribute to the likelihood function in terms of PDF, whereas right-censored
observations contribute to it in terms of survival function (1-CDF). Therefore, in presence
of uncensored and right-censored observations (xi, wi, δi) the likelihood function is:

L(θ;Data) =

mCA∏
i=1

[fW (w;x,θ)]δi [1− FW (w;x,θ)]1−δi (33)

where δi is the failure status, equal to 1 if the observation is an uncensored data or 0 if
it is a right-censored data. For computational reasons, the log-likelihood function L, is
often employed instead of the likelihood function L.

In this chapter, in order to estimate the model parameters, a constrained optimization
problem for the negative log-likelihood function has been set. Once an exhaustive number
of local minima have been obtained in the parameter space, the global minima can be
selected obtaining the corresponding MLE of the model parameters.

2.3.2 Bayesian analysis - Posterior estimation using RandomWalk
Metropolis-Hastings

Bayesian analysis allows the introduction of previous knowledge in estimating the model
parameters. It involves the use of the Bayes theorem and gives a method for updating the
probabilities of unobserved events, given that another related event has occurred. The
Bayes theorem allows the evaluation of the conditional probability of observing the event
A given that the event B has occurred as:

Pr[A|B] =
Pr[B|A]Pr[A]

Pr[B]
(34)

where Pr[A], the probability of observing A, is the prior information about the event A,
Pr[B] is the probability of observing B and Pr[B|A] is the the conditional probability of
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2.3. Models and Methods

observing B given that A has occurred. Pr[A|B] is usually referred to as the “posterior”.
It can be extended to continuous random variables becoming [58]:

g(θ;Data) ∝ g(θ)L(Data;θ) (35)

where g(θ;Data) is the posterior distribution of the parameters, g(θ) is the prior and
L(Data;θ) is the likelihood function. Equation 35 states that the posterior density is
equal to the prior times the likelihood function. This relation only gives the shape of the
posterior distribution and, in this way, it is not possible to calculate its moments. For this
reason it is scaled such that the posterior becomes a PDF:

g(θ;Data) =
g(θ)L(Data;θ)∫

θ
g(θ)L(Data;θ)dθ

(36)

A closed formula for the integral exists only for special cases, a numerical approach
is often needed. In order to determine the posterior distribution for the estimators of
the regression model, the Markov Chain Monte Carlo methods can be employed [46,
58]. In these methods, Monte Carlo samples are directly generated from the posterior
distribution by setting up a Markov Chain that has the posterior distribution as its limiting
distribution. The Markov Chain converges to the posterior distribution after a certain
number of iterations, named the “burn-in”.

In the framework of this chapter, the MCMC samples are generated using the Random
Walk Metropolis-Hastings algorithm, see [47] and [48]. Given the value at the iteration
step t−1, θt−1, the algorithm uses a candidate distribution q to generate candidate values
θ∗t at the step t. In addition, the candidate distribution must satisfy the reversibility
condition [47], that is the probability of moving from θt−1 to the candidate value θ∗t is
equal to the probability of moving from the candidate value to θt−1. A Normal distribution
is usually selected for this scope because of its symmetry. The Random Walk Metropolis-
Hastings algorithm is defined by the following steps:

1. Start from an initial value θ0;

2. set t = t+ 1:

(a) Using the candidate distribution, sample the candidate value θ∗t ;

(b) Calculate the probability of moving from θt−1 to θ∗t :

Pr[θt−1,θ
∗
t ] = min

[
1;

g(θ∗t ;Data)

g(θt−1;Data)

]
(37)

(c) Select a random number u from U [0, 1];

(d) Set θt = θ∗t if u < Pr[θt−1,θ
∗
t ] or θt = θt−1 otherwise;

3. Repeat step 2 until convergence is obtained.

The candidate distribution needs to be calibrated in order to have an optimal acceptance
rate, which is found to be around 20-50% depending on the number of parameters [59]. In
this chapter, the candidate distribution at the generic time t of the Markov Chain is a n-
variate Normal Distribution with location parameter θt−1 and standard deviation δ. The

21



i
i

i
i

i
i

i
i

Chapter 2. Fatigue resistance model for CA loading

Table 2.2: Selected fatigue test datasets belonging to the welded cover-plated beam with
welded (W) and unwelded (U) ends.

Dataset Steel Failures Runouts Reference Specimen
Type Type

1 A36 34 0 [60], Tab. F1 W
2 A441 33 0 [60], Tab. F2 W
3 A36 30 0 [60], Tab. F10 U
4 A36 30 0 [60], Tab. F9 W
5 A36 29 0 [60], Tab. F7 W
6 A36 30 0 [60], Tab. F8 W
7 A36 14 12 [62], Tab. 2 W

Total 202 12

Table 2.3: P-values resulting from F-test on variance applied to the datasets employed in the
“Large Sample” data.

Dataset
# 2 # 3 # 4 # 5 # 6 # 7

#1 21.3% 0.7% 3.2% 19.8% 8.8% 0.00% (<1.0E-09)
#2 0.1% 0.5% 5.4% 1.7% 0.00% (<1.0E-09)
#3 28.0% 6.1% 14.2% 0.00% (<1.0E-09)
#4 16.5% 31.2% 0.00% (<1.0E-09)
#5 31.3% 0.00% (<1.0E-09)
#6 0.00% (<1.0E-09)

prior distributions employed need to be related to the model parameters and represent the
prior knowledge. In general, the prior distribution may be non-informative or informative.
In the first case, a uniform distribution is employed since it assigns the same probability
to all the possible values included between an upper and a lower bound.

2.4 Results and Discussion

The selected datasets belong to the welded cover-plated beam detail, Figure 2.2. Several
datasets have been found in the literature, see Table 2.2. The datasets 2 and 5 from
reference [60] are also reported in [61] where two failure data are indicated as runouts. In
the analyses, we considered the data from the original reference [60].

Two analyses have been performed considering a “Large Sample”, containing all the
datasets in Table 2.2, and a “Small Sample” that have been sampled from the “Large
Sample” in agreement with the minimum requirements for fatigue tests in [28]. Thus,
two sample have been defined in order to investigate the performance of the S-N curves
and fitting methods in case of a large and a small number of test data available. Since
the “Large Sample” dataset includes different specimens, in term of geometrical dimension
and weld positions, this could determine that the scatter of the “Large Sample” dataset
might significantly differ from the scatter of the datasets reported in Table 2.2 when in-
dividually analysed. In Table 2.3, the p-values resulting from the F-test are reported for
each dataset. The null hypothesis is that the two sets of results belong to populations
having the same standard deviation. The null hypothesis is here rejected for p smaller than
the 5% significance level. Rejecting the null hypothesis determines increasing the scatter.
More details about the “Small Sample” data are presented in Section 2.4.2.
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Table 2.4: MLE, log-likelihood and correlation matrices for the “Large Sample” data.

MLE log[L(θ)] β̂1 σ̂w|v µ̂v σ̂v p̂

R β̂0 9.80E+00

94.370

-9.98E-01 1.87E-01 -9.01E-01 6.04E-01
F β̂1 -2.242E+00 1.98E-01 8.75E-01 -6.02E-01
L σ̂w|v 1.15E-01 1.13E-01 -4.57E-01
M µ̂v 1.40E+00 -5.78E-01

σ̂v 8.95E-02

B β̂0 1.22E+01

89.174

-9.96E-01 4.58E-05 -6.00E-05 -7.77E-05
R β̂1 -3.29E+00 -4.46E-05 5.87E-05 -7.60E-05
F σ̂w|v 1.46E-01 -4.47E-05 5.77E-05
L µ̂v 1.54E+00 -1.82E-01
M σ̂v 7.28E-02

6 β̂0 1.11E+01

100.261

-9.98E-01 3.24E-01 1.94E-01 -2.75E-01 -8.79E-01
P β̂1 -2.78E+00 -3.16E-01 -1.80E-01 2.57E-01 8.57E-01
R σ̂w|v 1.32E-01 1.29E-01 -3.43E-01 -3.57E-01
F µ̂v 1.54E+00 -3.25E-01 -4.60E-01
L σ̂v 7.27E-02 4.25E-01
M p̂ 4.74E-01

In order to perform the estimation for the model parameters of the RFLM, the BRFLM and
the 6PRFLM, a constrained minimization problem for the negative log-likelihood function
has been set. It has been performed 100 times using random starting locations in the
parameter space. The constrained minimization problem has been set as follows:

minθ{−log[L(θ)]} subject to



0 < β0 < +∞
−∞ < β1 < 0

0 < σw|v < +∞
0 < µv < max[xi]

0 < σv < +∞

(38)

The minimization problem defined by Equation 38 is applicable to the RFLM and to the
BRFLM. In order to apply it to the 6PRFLM an additional constraint applies:

−∞ < p < 0 (39)

In addition, both the LRM and the LRM-EN are fitted to failure data using the LSM in
order to compare with common practice. The Bayesian analysis is performed considering
a scenario in which non-informative prior distributions are employed and a scenario in
which two strong informative prior distributions are employed for β1, µv and σv.

2.4.1 Large Sample Results

The LRM and the LRM-EN estimators are shown in Table 2.5.

The unbiased estimator of σw differs for the LRM and the LRM-EN. This difference is
intuitively due to the increased value of SE resulting from the analysis. The median curve
and the 0.05% lower bound are shown in Figure 2.3.
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Chapter 2. Fatigue resistance model for CA loading

Table 2.5: Least Square Estimators for the LRM and the LRM-EN - “Large Sample” data.

Estimator Models
LRM LRM-EN

β̂0 1.22E+01 1.17E+01
β̂1 -3.29E+00 -3.00E+00
σ̂w 1.47E-01 1.55E-01
SE 4.30E+00 4.80E+00

mCA|δ=1 202

Table 2.6: Akaike Information Criterion (AIC), Bayesian Information Criterion (BIC), 75%
Wald and likelihood-ratio based (Wilks) confidence intervals for “Large Sample” data.

75% confidence intervals
AIC BIC Wald Likelihood-Ratio

R

-1.79E+02 -1.62E+02

β̂0 (9.52E+00; 1.01E+01) (9.26E+00; 1.01E+01)
F β̂1 (-2.37E+00; -2.11E+00) (-2.51E+00; -2.11E+00)
L σ̂w|v (1.05E-01; 1.25E-01) (9.48E-02; 1.25E-01)
M µ̂v (1.36E+00; 1.45E+00) (1.30E+00; 1.44E+00)

σ̂v (7.22E-02; 1.07E-01) (5.78E-02; 1.09E-01)

B

-1.68E+02 -1.52E+02

β̂0 (1.21E+01; 1.24E+01) (1.20E+01 ; 1.24E+01)
R β̂1 (-3.36E+00; -3.22E+00) (-3.42E+00; -3.22E+00)
F σ̂w|v (1.38E-01; 1.54E-01) (1.30E-01; 1.55E-01)
L µ̂v (1.52E+00; 1.56E+00) (1.49E+00; 1.56E+00)
M σ̂v (4.72E-02; 9.83E-02) (3.08E-02; 1.04E-01)

6

-1.89E+02 -1.68E+02

β̂0 (1.07E+01; 1.15E+01) (1.03E+01; 1.14E+01)
P β̂1 (-2.94E+00; -2.61E+00) (-3.08E+00; -2.60E+00)
R σ̂w|v (1.23E-01; 1.40E-01) (1.14E-01; 1.41E-01)
F µ̂v (1.51E+00; 1.56E+00) (1.47E+00; 1.56E+00)
L σ̂v (4.91E-02; 9.63E-02) (3.26E-02; 1.01E-01)
M p̂ (2.66E-01; 6.83E-01) (1.42E-01; 7.52E-01)
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Figure 2.3: S-N curves for the “Large Sample” data fitted with RFLM (red), BRFLM (blue),
6PRFLM (black), LRM (magenta) and LRM-EN (green). The failure data (circles) and the

runouts (triangles) are also plot. The curves are related to 0.5 (continuous) and 0.05 (dashed)
quantiles.

Maximum Likelihood Estimation of the parameters

The Maximum Likelihood Estimation of the RFLM, the BRFLM and the 6PRFLM model
parameters are reported in Table 2.4 where the log-likelihood value at θ = θMLE and the
correlation matrix are also shown. By comparing the estimators reported in Tables 2.5
and 2.4, it results that the estimators of the BRFLM parameters in the finite life regime
are almost equal to the estimators of the LRM parameters. Indeed, in Figure 2.3 the two
S-N curves overlap each other for the large sample considered.

It appears that the location parameter of the fatigue limit (µv) has a different value for
the RFLM, see Table 2.4. Following the RFLM, the median value of the fatigue limit
is ∆σ0 = 101.40 = 25.24 MPa, which is 27.3% lower than the value estimated by the
BRFLM and the 6PRFLM where ∆σ0 = 101.54 = 34.30 MPa. The reason is ascribed
to the high correlation between the finite and infinite life parameter in the regression
model. By analysing the correlation matrices in Table 2.4, the parameters related to
the finite life region (β0 and β1) and those related to the fatigue limit (µv) are very
strongly correlated for the RFLM, very weakly correlated for the BRFLM and weakly
correlated for the 6PRFLM, in agreement with the definition of Evans [63] for “strong”
and “weak” correlation. In the BRFLM, the likelihood contribution in the infinite life range
is very weakly affected by any modification of the parameters β0 and β1, and vice-versa.
Conversely, in the RFLM due to the fact that the curvature is fixed and only dependent
on β1, the perturbation of any parameter in the finite life region determines a variation in
the likelihood and thus in the estimated fatigue limit location parameter, and vice-versa.
In the 6PRFLM, this behaviour is “damped” by introducing the sixth parameter p, which
controls the transition between the finite and infinite life region. The bias affects the
location parameter of the fatigue limit distribution more than the finite life parameters
because the number of runouts is smaller than the number of failure data. Thus, the
correlation coefficients between the parameters related to the finite life region, i.e. β0

and β1, and the fatigue limit, i.e. µv, obtained from the different models fitting the same
dataset indicate that the source of bias is the formulation of the S-N curve. However,
since the correlation matrix is a function conditional to both the model and the dataset,
different outcomes, specifically smaller or larger bias, might be present if other datasets
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Figure 2.4: Difference of the number of cycles to failure predicted by the BRFLM (blue) and
the RFLM (red) when compared with the 6PRFLM at relatively low Stress Ranges for the

median (continuous) and 5% quantile (dashed) S-N curves

are used. The 5% quantile of the curves fitted using MLE have been derived piecewise by
performing a Monte Carlo Simulation generating random samples from V and W |V and
selecting the quantile of interest. Figure 2.3 shows the S-N plots of the median curve and
the previously mentioned quantile for the considered models.

In Figure 2.4, a quantitative comparison of the number of cycles to failure predicted
by the RFLM, the BRFLM, and the 6PRFLM is presented in terms of deviation in the
number of cycles, for the median curve and the 5% quantile. The figure indicates that the
difference between the models increases while approaching the fatigue limit. Despite the
deviation being small as compared to the scatter of the fatigue life near the fatigue limit,
it might have a large effect when VA loading is considered. The linearized S-N curves of
the 6PRFLM, the associated Basquin relation, and the BRFLM are not coincident in this
case since the estimators of the parameters β0 and β1 differ.

The profile likelihood and the marginal (long-run) distribution of the model parameters
are shown in Figure 2.5. Both the estimated Wald and likelihood-ratio based 75% confi-
dence intervals are reported in Table 2.6 for every parameter and model considered. The
confidence intervals evaluated by the Wald statistic are not always in good agreement
with those evaluated using the likelihood-ratio statistic. In addition, the Wald confidence
intervals are not meaningful in some cases, especially when a parameter is near to the
boundary of its domain. This is the case for p. Looking at the results of Figure 2.5, the
parameter p can be zero or smaller which is in contrast with its domain. With increasing
the number of empirical observations in the transition region, the epistemic uncertainties
related to the parameter p reduce. This would have led the Wald confidence intervals and
the likelihood-ratio based confidence interval of p to be coincident and would have made
the Wald confidence interval relevant.

Table 2.4 shows that the 6PRFLM confers higher likelihood on data in comparison to the
RFLM and BRFLM. Moreover, the lower values of AIC and BIC in Table 2.6 confirm the
more efficient fit of the 6PRFLM in comparison to the RFLM and the BRFLM.
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Figure 2.5: Profile likelihood (continuous line) and marginal (long-run) distributions of the
parameters (dashed line) related to the RFLM (red), BRFLM (blue) and 6PRFLM (black)

fitting the “Large Sample” data.

Non-informative Bayesian Inference

The Non-Informative Bayesian Inference has been performed by employing the MCMC
methods to generate posterior samples, according to Section 2.3.2. The initial value θ0 of
the Markov Chain has been set equato to θ̂MLE . Calibrating the candidate means finding
a value of δ which determines a well mixed Markov Chain. A too narrow candidate
distribution determines a high acceptance rate and a slow convergence since successive
samples will move slowly inside the parameter space. On the other hand, a too high value
decreases the acceptance rate because the candidate is likely to be in the regions of low
probability; this gives a slow convergence as well. The optimal value of δ is found to
be dependent on how narrow the related posterior marginal distribution and likelihood
are. The smaller the coefficient of variation, COV, estimated with the MLM, the smaller
the value of δ should be. In the framework of this chapter, in order to assure good
convergence and a well mixing Markov Chain, δ has been set equal to:

δ =



4.02E − 02
1.79E − 02
9.65E − 04
2.81E − 03
2.56E − 03
2.27E − 02


(40)

The Markov Chain was run for 1.00E+06 times. Fitting the 6PRFLM to fatigue test
data by employing Non-Informative Bayesian analysis making use of the Random Walk
Metropolis-Hastings algorithm shows to be computationally more intensive than employing
the Maximum Likelihood Method. The “burn-in” period has been estimated considering
the autocorrelation function. All the steps to the step t at which a low autocorrelation
was obtained, < 0.1, have been removed from the Markov Chain. The Bayesian posterior
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Chapter 2. Fatigue resistance model for CA loading

Table 2.7: Non-informative Bayesian posterior mean estimator of the parameters of the
6PRFLM - “Large Sample” data.

Estimated Parameters

β̂0 β̂1 σ̂w|v µ̂v σ̂v p̂
1.09E+01 -2.70E+00 1.29E-01 1.52E+00 8.98E-02 6.70E-01

mean estimator of the 6PRFLM parameters is given by the mean value of the Markov-
Chain generated using the Random Walk Metropolis-Hastings algorithm after removal of
the “burn-in”. The estimated values are reported in Table 2.7.

The MLE of the 6PRFLM reported in Table 2.4 and the Non-informative Bayesian pos-
terior estimator of β0, β1, σw|v and µv are not significantly different (<3%), whereas
the estimators of σv and p significantly differ (>23%). In general the Non-informative
Bayesian posterior mean estimator of a parameter is not equal to the MLE (θ̂MLE), un-
less the likelihood function is symmetric. Indeed, despite the posterior having the same
shape of the likelihood, if it is not symmetric, its mode ,the MLE, and its mean, the Non-
informative Bayesian posterior estimator, do not have the same value. The difference
between the MLE and the Bayesian mean posterior estimators of σv and p suggests that,
despite the “Large Sample” data being characterized by a large number of observations,
still few data are available in the very high cycle fatigue region, at low stress levels. In
Figure 2.6 comparison is made between the S-N curves evaluated by the MLM and the
NBI. Due to the difference encountered in the estimator of σv, the 5% quantile of the
fatigue limit evaluated by NBI (23.36 MPa) is 10% lower than that one estimated by
MLM (26.05 MPa).

For the “Large Sample” data, the Bayesian Credible Intervals and the frequentist Confi-
dence Intervals tend to be coincident. In Figure 2.7 the posterior CDF of the 6PRFLM
parameters are shown. The Posterior distribution of a model parameter is directly esti-
mated from the Markov Chain, excluding the “burn-in”. A two sided prediction interval of
the posterior distribution defines a Bayesian Credible Interval, which is a measure of the
epistemic uncertainties affecting the analysis.

Informative Bayesian Analysis

To perform Informative Bayesian Inference, the prior distributions for the model parameters
of interest need to be derived. In the framework of this chapter, the prior distributions
have been derived and applied to β1, µv and σv. Two different approaches have been
employed to derive the informative prior distributions.

In order to derive the prior distribution for β1, the independent datasets reported in [61]
related to several types of welded connections transversally loaded have been considered.
In [61] the LSM has been employed in order to estimate the parameters β0 and β1 of
Equation 1. For the purpose of determining the prior distribution for β1, its estimators
have been collected from [61] and a parametric PDF has been fitted to them. Since for
welded joints the fatigue life is considered to be dominated by fatigue crack propagation,
the parameter p of Equation 4 is expected to be close to pth of the Forman-Mettu relation,
typically 0.5 [50]. This determines for Equation 4 a fast closing to its asymptote making
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it reasonable for the parameter β1 to have a value close to the estimator of the LRM. The
location and scale parameters of the fitted Lognormal distribution, LN(−β1), have been
found to be µlog(−β1) = 1.15E + 00 and σlog(−β1) = 2.00E − 01, respectively.

In order to derive the prior distribution for µv and σv, the PDF reported in [64] has been
employed:

f(µv, σv;m
′, s′, ν′, n′) = k σ−[ν′+δ(n′)+1]

v exp

{
−1

2σ2
v

[ν′s′2 + n′(µv − m′)2]

}
(41)

where s′ = E[σv] is the prior expectation of the standard deviation, ν′ is the number of
degrees of freedom for s′, m′ = E[µv] is the prior expectation of the mean value and n′

is the number of degrees of freedom for m′. If n′ = 0, the function δ(n′) = 0 otherwise
δ(n′) = 1. In case of vague information, the degree of freedom should be zero whereas,
if experience leads to almost deterministic knowledge, a value between 20 and 40 can be
assigned, [64]. Thus, only the prior expectation of the standard deviation and the mean
value of the fatigue limit need to be evaluated. The notch stress approach has been
employed for this purpose, [7].

Svesson [65] proposed an empirical equation to relate the stress amplitude of the fatigue
limit ∆σ0/2 at R = −1 to the ultimate tensile strength σu of carbon steels, Cr-Mo steels
and ferritic stainless steels. The regression line is represented by:

∆σ0/2 = 46.3 + 0.49σu + ε (42)

where ε represents the residuals assumed to be normally distributed with zero mean and
standard deviation equal to 16.1 MPa. The ultimate tensile strength can be estimated
by employing the relations in [52]. In this chapter, a structural steel having nominal yield
stress of 355 MPa is considered. As shown in [66] and [67], the fatigue distribution of
the fatigue resistance at a given fatigue life is correlated to the distribution of geometrical
parameters. By using parametric formulae available in literature, it is possible to calculate
the theoretical stress concentration factor (Kt) for the selected local geometry parameters.
In the present chapter, the stress concentration factor to predict the maximum theoretical
stress at the notch root of a welded cover-plated beam, see Figure 2.2, is calculated by
[68]:

Kt = −3.539log(Z/Tf ) + 1.981log(Tcp/Tf ) + 5.798 (43)

In [68], the standard error of the estimate of Kt is reported equal to 9.22E − 02. The
fatigue notch factor (Kf ) has been calculated considering the critical distance approach
derived by considering the micro-structural notch support from Peterson [69]. The follow-
ing formulae relate the theoretical stress concentration factor, Kt, to the notch fatigue
factor,Kf :

Kf = 1 +
Kt − 1

1 + a∗/ρ
(44)

a∗ = 0.025

(
2068

σu

)1.8

(45)

where ρ is the notch radius and a∗ is a material dependent parameter. In the present
chapter, the stochastic variability of the notch radius, ρ has been considered to determine
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Figure 2.6: S-N curves evaluated by employing Maximum Likelihood Method (black),
Non-informative Bayesian Inference (red) and Informative Bayesian Inference scenario a (blue)
and scenario b (green) for the 6PRFLM fitting the “Large Sample” Data. The failure data

(circles) and the runouts (triangles) are also plot. The curves are related to 0.5 (continuous)
and 0.05 (dashed) quantiles.

the notch fatigue factor. The weld toe radius, ρ, of fillet welds has been measured in [67];
the measured sample followed a lognormal distribution having a mean of 0.6 mm and a
standard deviation of 0.3 mm. Another effect to explicitly take into account that further
affects the fatigue life is the mean stress effect. At the weld toe, because of welding
residual stresses, a high load ratio characterizes the stress fluctuation regardless of the
load ratio R of the applied load [70]. In this chapter, the Goodman correction for the
mean stress effect is applied. The resulting stress cycle is characterized by a load ratio R
such that the maximum stress equals the yield stress, that is σmax = σy.

In order to calculate the fatigue limit distribution, a Monte Carlo simulation is used. For
each Monte Carlo sample, the fatigue limit of the plain material at R = −1 estimated from
Equation 42 is first divided by the fatigue notch factor, Equation 44. The Goodman’s mean
stress correction is then applied resulting in an equivalent stress range having σmax = σy.
The result of the simulation determines the stochastic variability of the fatigue limit from
which E[σv] and E[µv] are estimated. The statistical variability and correlation among
input data have been considered when running the Monte Carlo Simulation. The mean and
the standard deviation of the logarithm of the obtained values determine the expectations
of µv and σv, resulting in E[µv] = 1.55E + 00 and E[σv] = 7.24E − 02. The prior
distribution, see Equation 41, proposed in [64] has location parameters m′ = E[µv] and
s′ = E[σv]. According to [64] the degrees of freedom n′ and ν′ have both been set equal
to 20, since high degree of belief is here attributed to these estimations. In order to
sample a well-mixing Markov Chain, the value of δ has been set equal to:

δ =



2.32E − 02
1.03E − 02
5.33E − 04
1.62E − 03
1.36E − 03
1.39E − 02


(46)

In this chapter, two scenarios have been defined, see Table 2.8. The Bayesian posterior
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Table 2.8: Definition of informative prior distributions for Informative Bayesian Inference.

Model Parameters Scenario a. Scenario b.

β̂1 LN(-β1) LN(-β1)
µ̂v - Equation 41
σ̂v

Table 2.9: Bayesian posterior mean estimator resulting from Informative Bayesian Inference of
“Large Sample” data.

Scenario β̂0 β̂1 σ̂w|v µ̂v σ̂v p̂

a. 1.11E+01 -2.80E+00 1.32E-01 1.52E+00 8.70E-02 5.15E-01
b. 1.12E+01 -2.82E+00 1.34E-01 1.54E+00 7.36E-02 4.31E-01

mean estimators are reported in Table 2.9. The marginal posterior CDF are shown in
Figure 2.7 for the scenarios (a) and (b). By comparing the results in Figure 2.7 it shows
that the posterior distribution of the parameters for which a prior is defined are affected
by the employed prior distributions. The estimated uncertainties are affected by the
introduction of the prior distributions. Because of the high degree of correlation existing
between β0, β1 and σw|v, the estimation of β0, σw|v and the related uncertainties are
affected in both the scenarios (a) and (b) by the introduction of the prior distribution of
β1. It appears that the prior related to β1 also affects the estimation of the uncertainties
of µv and p, but not the estimator. This is ascribed to the degree of correlation and the
number of data.

By comparing Tables 2.4, 2.7 and 2.9, it shows that the Bayesian posterior mean estimator
of µv resulting from IBI is almost equal to the MLE and to the Bayesian posterior mean
estimator resulting from NBI. This is also shown in Figure 2.6. In terms of stress range,
the maximum difference is in the order of 1 MPa, which is negligible.

2.4.2 Small Sample Results

In order to generate the “Small Sample” dataset, test data are sampled from the “Large
Sample” dataset. The “Small Sample” contains eight data in the finite life regime at four
stress levels and six in the infinite life regime, in agreement with the minum requirements
for fatigue tests in [28]. Thus, in the finite life regime, two data have been randomly
selected for four stress range levels. In order to sample the data in the infinite life regime,
the staircase method is simulated. The first sample is randomly drawn from the lowest
stress range level available at which failure did not occur. The next data is randomly
drawn either from the higher or lower adjacent stress range level if the previous data
is a runout or failure respectively. The sampling procedure stops after collection of six
data. The data in the infinite life regime are shown in Table 2.10 in the order they are
sampled.

The LRM and the LRM-EN estimators are shown in Table 2.11. The unbiased estimators
of σw differ for the LRM and the LRM-EN. As for the “Large Sample” data, this difference
is due to the higher value of SE resulting from the analysis. The median curve and the
5% lower bound are shown in Figure 2.8.
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Chapter 2. Fatigue resistance model for CA loading

Figure 2.7: CDF of the posterior marginal distribution obtained by NBI (black), IBI scenario a
(red) and IBI scenario b (blue) for the “Large Sample” data.

Table 2.10: “Small Sample” dataset.

Sample Region ∆σ [MPa] N [cycles] δ

Finite life

165.00 47500 1
165.00 77400 1
138.00 231400 1
138.00 186300 1
110.00 208900 1
110.00 344100 1
83.00 907500 1
83.00 1113300 1

Infinite life

31.70 100000000 0
32.40 37714000 1
34.50 89314000 0
32.40 34930000 1
34.50 8451000 1
41.40 100000000 0

Table 2.11: Least Square Estimators for the LRM and the LRM-EN - “Small Sample” data.

Estimator Models
LRM LRM-EN

β̂0 1.28E+01 1.17E+01
β̂1 -3.55E+00 -3.00E+00
σ̂w 1.98E-01 2.41E-01
SE 3.37E-01 5.81E-01

mCA|δ=1 11
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Table 2.12: MLE, log-likelihood and Correlation Matrices for the “Small Sample” data.

MLE log[L(θ)] β̂1 σ̂w|v µ̂v σ̂v p̂

R β̂0 1.09+01

-2.247

-9.97E-01 -1.41E-01 -8.86E-01 8.26E-01
F β̂1 -2.8E+00 1.61E-01 8.57E-01 -8.14E-01
L σ̂w|v 1.27E-01 2.76E-02 -2.17E-01
M µ̂v 1.31E+00 -7.78E-01

σ̂v 2.01E-02

B β̂0 1.28E+01

-1.117

-9.91E-01 3.01E-03 -1.01E-03 4.79E-04
R β̂1 -3.56E+00 -2.79E-03 9.36E-04 -4.45E-04
F σ̂w|v 1.75E-01 -1.40E-03 6.57E-04
L µ̂v 1.52E+00 -4.02E-01
M σ̂v 2.22E-02

6 β̂0 1.24E+01

-1.085

-9.97E-01 4.59E-01 -1.17E-01 3.76E-01 -9.09E-01
P β̂1 -3.41E+00 -4.47E-01 1.16E-01 -3.83E-01 8.83E-01
R σ̂w|v 1.70E-01 -4.01E-02 1.31E-01 -4.87E-01
F µ̂v 1.52E+00 -3.81E-01 1.67E-02
L σ̂v 2.16E-01 -2.36E-01
M p̂ 1.77E-01
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Figure 2.8: S-N curves for the “Small Sample” data fitted with RFLM (red), BRFLM (blue),
6PRFLM (black), LRM (magenta) and LRM-EN (green). The failure data (circles) and the

runouts (triangles) are also plot. The curves are related to 0.5 (continuous) and 0.05 (dashed)
quantiles.

Maximum Likelihood Estimation of Parameters

The MLE of the RFLM, the BRFLM and the 6PRFLM model parameters are shown in
Table 2.12, where the log-likelihood value at θ = θ̂MLE and the correlation matrix are
also reported for each model. Figure 2.8 shows the S-N plots of the median curve and the
0.05 quantile for the considered models. The profile likelihood and marginal (long-run)
distribution of the model parameters are shown in Figure 2.9. Both the estimated Wald
and likelihood-ratio based 75% confidence intervals are reported in Table 2.13 for every
parameter and model considered. The confidence intervals evaluated by the Wald statistic
are not always in good agreement with those evaluated using the likelihood-ratio statistic
and the degree of agreement is lower than in the “Large Sample” analysis. In addition, the
75% Wald confidence interval is not meaningful for p, which can be smaller than zero, in
contrast with its domain. Comparing Table 2.12 and Table 2.13, it shows that despite the
6PRFLM conferring higher likelihood on data in comparison to the RFLM and BRFLM,
the AIC and the BIC statistic are more in favour of the BRFLM. This is attributed to the
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Figure 2.9: Profile likelihood (continuous line) and marginal (long-run) Normal distributions of
the parameters (dashed line) related to the RFLM (red), BRFLM (blue) and 6PRFLM(black)

given the “Small Sample” data.

Table 2.13: Akaike Information Criterion (AIC), Bayesian Information Criterion (BIC), 75%
Wald and likelihood-ratio based (Wilks) confidence intervals for the “Small Sample” data.

75% confidence intervals
AIC BIC Wald Likelihood-Ratio

R

14.493 17.689

β̂0 (9.60E+00; 1.23E+01) (6.91E+00; 1.22E+01)
F β̂1 (-3.41E+00; -2.19E+00) (-3.37E+00; -2.18E+00)
L σ̂w|v (6.76E-02; 1.87E-01) (6.04E-02; 1.96E-01)
M µ̂v (1.08E+00; 1.55E+00) (9.21E-01; 1.49E+00)

σ̂v (5.97E-02; 3.42E-01) (1.09E-01; 4.86E-01)

B

12.238 15.430

β̂0 (1.23E+01; 1.32E+01) (1.23E+01 ; 1.32E+01)
R β̂1 (-3.79E+00; -3.33E+00) (-3.79E+00; -3.32E+00)
F σ̂w|v (1.32E-01; 2.18E-01) (1.40E-01; 2.29E-01)
L µ̂v (1.39E+00; 1.66E+00) (1.27E+00; 1.64E+00)
M σ̂v (4.07E-02; 4.03E-01) (9.14E-02; 5.46E-01)

6

14.170 18.001

β̂0 (1.12E+01; 1.36E+01) (1.09E+01; 1.32E+01)
P β̂1 (-3.95E+00; -2.87E+00) (-3.77E+00; -2.74E+00)
R σ̂w|v (1.19E-01; 2.20E-01) (1.17E-01; 2.27E-01)
F µ̂v (1.39E+00; 1.65E+00) (1.27E+00; 1.64E+00)
L σ̂v (4.05E-02; 3.91E-01) (9.50E-02; 5.33E-01)
M p̂ (-3.98E-01; 7.52E-01) (0.00E-00; 1.38E+00)
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2.4. Results and Discussion

Table 2.14: Bayesian posterior mean estimators resulting from Informative Bayesian Inference
of “Small Sample” data. The last row shows the percentage change between case (1) and (2)

CASE β̂0 β̂1 σ̂w|v µ̂v σ̂v p̂

1 1.17E+01 -3.06E+00 2.14E-01 1.55E+00 8.23E-02 4.64E-01
2 1.17E+01 -3.09E+00 2.13E-01 1.54E+00 9.23E-02 4.62E-01

0.57% 1.01% -1.57% -0.15% 12.16% -0.43%

penalty provided for the extra parameter in the 6PRFLM. With so few data, the added
value of this extra parameter is limited.

Informative Bayesian Inference

In order to infer “Small Sample” data by using Bayesian analysis and quantitatively show
how by employing prior distributions on the model parameters the (epistemic) uncertainties
can be reduced, scenario b defined in Table 2.8 has been evaluated. In this analysis, the
prior distribution for the fatigue limit location and scale parameters have been employed
in two ways. At first, similarly to the analysis of the “Large Sample” data, the degrees of
freedom n′ and ν′ of Equation 41 have been set equal to 20, defining case (1). Then,
in order to show how the shape of the prior distribution affects the parameter estimators
and the uncertainties resulting from the analysis, i.e. the shape and the location of the
posterior distribution, both the degrees of freedom are set equal to 10, defining case (2).
The Bayesian posterior mean estimators of θ are reported in Table 2.14 and the marginal
posterior CDF are shown in Figure 2.11 for the cases (1) and (2). For this estimation,
the value of δ has been set equal to:

δ =



2.32E − 02
1.03E − 02
5.33E − 04
1.62E − 03
1.36E − 03
1.39E − 02


(47)

By comparing the results in Figure 2.11, it shows that performing Informative Bayesian
Inference employing prior distributions having different degrees of freedom does signifi-
cantly affect the estimation of the uncertainties of the posteriors related to the parameters
for which the prior have been defined. Furthermore, the estimator of the scale parameter
σv of the fatigue limit distribution in case (2) results to be 12% larger than in case (1),
see Table 2.14. However, as shown in Figure 2.10, this does not affect the location of the
selected lower quantile of the fatigue limit.

Because of the small amount of data, which results in having a flatter likelihood in
comparison to the “Large Sample” case, the prior distributions employed have a stronger
effect in determining the shape and the location of the posterior. By employing a flatter
prior, i.e. setting a lower value for the degrees of freedom in n′ and ν′ of Equation 41,
the posterior distributions of σ̂v and p̂ are more uncertain as well. By comparing Figure
2.6 and Figure 2.10, it shows that depending on the prior distribution employed, inferring
the “Small Sample” data using Informative Bayesian Analysis may result in a S-N curve
close to that obtained by inferring the “Large Sample” data.
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Figure 2.10: S-N curves evaluated by employing Maximum Likelihood Method (black) and
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“Small Sample” data. The failure data (circles) and the runouts (triangles) are also plot. The

curves are related to 0.5 (continuous) and 0.05 (dashed) quantiles.
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2.5. Conclusions

2.5 Conclusions

In this chapter, in order to estimate the variability of the fatigue life, i.e. the aleatory
uncertainties, a novel S-N curve has been introduced and the 6 Parameter Random Fatigue
Limit Model (6PRFLM) has been defined. The proposed S-N curve has been compared to
the S-N curves employed in the RFLM and in the Bilinear Random Fatigue Limit Model
(BRFLM) [40, 41], which revealed to be two particular cases of the proposed relation.
Thus, the proposed S-N curve consists in a generalization of them.

The proposed curve has shown to keep the strength of the curve employed in the RFLM
in terms of introducing a smooth transition from the finite life to the infinite life regime,
avoiding the conservatism due to the sharp knee-point present in the S-N curve employed
in the BRFLM. This results in a more accurate description of both S-N data and the
aleatory uncertainties at stress levels approaching the fatigue limit, which is relevant
in high-cycle fatigue. In addition, similarly to the S-N curve employed in the BRFLM,
the proposed equation induces a weak correlation between the location parameters of
the fatigue limit and the finite life region. This avoids biasing of parameter estimators
during the inferential procedure, which is observed in the RFLM and is caused by the
mathematical model formulation of the S-N curve.

Two sets of data have been considered, a “Large Sample” and a “Small Sample”, both
belonging to welded cover-plate steel beam specimens and consisting of 214 and 14 data,
respectively. As results of the bias in the RFLM, the estimator of µv of the RLFM was
27.3% and 33% lower than the BRFLM and the 6PRFLM estimators respectively for the
“Large Sample” and “Small Sample” data. Thus, employing a regression model which is
characterized by a weak or very weak statical correlation between finite life and infinite
life parameters permits to avoid biasing of relevant model parameters.

In any case, it was observed that the 6PRFLM confers higher likelihood on data in com-
parison to the RFLM and BRFLM. However, since the number of model parameters is
different, AIC and BIC statistic have been employed confirming the more efficient fit of
the 6PRFLM for the “Large Sample”. For the “Small Sample” data the added value of the
extra parameter is limited due to the lack of data in the transition zone between finite
and infinite life.

The weak correlation between the finite life parameters and the location parameter of the
fatigue limit is relevant in Informative Bayesian Inference. Employing a prior distribution
for a parameter in the finite life regime should not significantly affect the estimation of
any of the parameters in the infinite life regime and vice-versa. Thus both the BRFLM
and the 6PRFLM are suited for this purpose.

The fit of the 6PRFLM resulting from Informative Bayesian analysis is significantly af-
fected by less uncertainties in comparison to Non-Informative Bayesian Inference and the
Maximum Likelihood Method for the “Large Sample” data.

In order to increase the confidence with respect to the curvature and the path of the S-N
curve for very high numbers of cycles, it would be valuable to have more test data in that
region. Especially for welded joints, the number of test data (both failure and runouts)
at relatively low stress ranges is limited. There is a need for such test data. In absence of
this, it is shown in this chapter that the Bayesian estimator can be used to estimate the
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Chapter 2. Fatigue resistance model for CA loading

S-N curve in this region.

From the “Small Sample” data analysis, it results that the posterior estimators and the
related uncertainties, i.e. the marginal posterior distributions, are strongly affected by
the shape of the prior distributions employed. Furthermore, it was observed that, in every
scenario, the posterior distribution of p is affected by the introduction of prior distributions
for other variables. This is due to the correlation among parameters. Since the estimation
of the uncertainty is strongly affected by the prior distributions employed, it is relevant to
choose an appropriate method for deriving the location parameters of the selected prior
distributions. The Notch Stress Approach was found to be suited for this purpose.

The prior distribution for the parameter controlling the slope of the S-N curve may be
employed when fitting fatigue test data of transversally loaded welded joints. Alternatively,
since the fatigue life of as-welded steel details is assumed to be dominated by crack
propagation, the variability in the exponent of the Paris equation may be also assumed as
prior distribution for the slope.
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Chapter 3

Fatigue resistance model for VA loading

This chapter is based on:
Leonetti, D., Maljaars, J., & Snijder, H.H. (2020)

Probabilistic fatigue resistance model for steel welded details under
variable amplitude loading - Inference and uncertainty estimation.

International Journal of Fatigue, 135, 105515.

This chapter presents a probabilistic fatigue life prediction model for welded details sub-
jected to variable amplitude random loading, using the nominal stress approach. The
proposed model makes use of CA S-N curves in combination with the relative damage
rule which allows to globally account for load interaction effects, and the damage limit
concept that permits the estimation of the damage for the stress ranges lower than the
fatigue limit and is based on linear elastic fracture mechanics. Epistemic (sampling) and
aleatory (statistical) uncertainties are estimated in a statistical framework, making the
model applicable for structural reliability analyses.

3.1 Introduction

Performing fatigue tests under constant amplitude (CA) loading is of primary importance
to characterize the fatigue resistance of a material or a structural component. As pro-
posed by Wöhler, the test data are plotted relating either the amplitude or the range of
the fluctuating stress, ∆σ/2, as function of the number of cycles to failure, N , the latter
in log-scale. Since then, many S-N models were proposed by different authors. However,
not all of them reflect the frequently observed trends of the fatigue life vs. the stress range
[2]: (1) the increasing variability of the logarithm of the fatigue life with decreasing stress
range, (2) the smooth transition between finite and infinite life, and (3) the presence of
the endurance strength, intended as the threshold stress for small surface crack propa-
gation, hereby referred to as fatigue limit. Statistical analysis of fatigue test data was
proposed by scientists since the very early works [71, 72]. Recent contributions allowed
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the development of advanced statistical models and techniques to infer CA fatigue test
data [38, 40, 73–75]. In some of these models, the fatigue limit is modelled as a random
variable, addressing all the three points listed above, whereas in some cases solely the
first two previously mentioned points are addressed. The Six Parameters Random Fatigue
Limit Model (6PRFLM) was proposed by the present authors and it allows a more accu-
rate inference of CA fatigue test data at relatively low stress ranges, when compared to
other models having similar features, see Chapter 2 or [74].

However, a resistance model obtained under CA loading is rarely applicable for service
loading. This is ascribed to the different nature of the applied load in real conditions.
The load might fluctuate resulting in stress cycles of variable mean stress and amplitude,
i.e. variable amplitude (VA) loading, and the sequence of the load cycles is often non-
deterministic, i.e. random. Bridge structures, for example, are loaded as a result of the
traffic, which includes various vehicles with different (axle) weights crossing the bridge
[70]. The resulting load history is often condensed in a stress spectrum obtained by a cycle
counting procedure, such as the Rainflow counting procedure [21]. Due to the stochastic
nature of the occurrence of a certain stress range, it follows that, independently from the
counting procedure that is employed, the stress spectrum must provide information about
the frequency of occurrence of a certain stress range or, alternatively, the frequency of
exceeding a certain stress range [76]. Different types of VA stress history influence the
fatigue performance of the structural component because of load interaction and sequence
effects. The Load interaction effect is caused by the presence of underloads and overloads
[77, 78], affecting both the crack initiation and the crack propagation life. In the crack
initiation phase the formation of dislocations and persistent slip bands is altered [79–81],
whereas in the crack propagation phase, crack tip blunting/sharpening, crack closure and
residual stresses in the wake of the crack influence the rate of crack propagation [77, 82].
The load sequence effect is caused by the same phenomena resulting in the load interaction
effect, but it is usually identified for variable amplitude block loading and concerns the
effect of the order in which blocks of different load amplitudes are applied [2]. It should
be noted that load sequence is not present in random block loading. In other words,
the effect of a stress range in the damage accumulation depends on the stress history
which precedes its application. Several experimental studies showed the load sequence
and load interaction effect of the VA load type on the fatigue life with random sequence
of individual cycles, see [83, 84], among others.

The nominal stress approach for fatigue design requires inferring experimental data in order
to characterize the fatigue resistance of a welded detail. The statistical inference allows
estimating the properties of a population, e.g. the fatigue resistance of a welded detail,
by analysing test data achieved from a finite number of samples. The inferential process
estimates the parameters of the model, but also the uncertainty underlying the estimation.
With respect to the definition of uncertainty, reference is made to two types [31, 32, 42]:
(1) aleatory uncertainty, to indicate the intrinsic variability of a certain quantity, e.g. the
observed scatter of the fatigue life; (2) epistemic uncertainty, or stochastic uncertainty,
to indicate the uncertainty about a model parameter and the random outcome, e.g. the
confidence distribution, of which the width is strongly dependent on the amount of data
available. The epistemic uncertainty is further conditional to the assumed model [42]. The
identification of models and methods to estimate the aleatory and epistemic uncertainty
in CA and VA fatigue test data analysis has been object of several works, using both
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Figure 3.1: Effect of changing the threshold stress range due to crack propagation, adapted
from [70]: (1) Before crack initiation at the notch root, (2) a crack has initiated, (3) the crack

has propagated. The shaded portion of the stress spectrum denotes the stress ranges
contributing to the propagation of the crack, since ∆σ > ∆σth. According to LEFM, with

increasing the crack size, the threshold stress range decreases, starting from the fatigue limit.

frequentist [40, 74, 85, 86], and Bayesian [45, 46, 74, 85] approaches.

In [87] a fatigue reliability framework for welded details based on the nominal stress
approach is presented. The proposed fatigue resistance model is based on the deterministic
fatigue resistance model used in Eurocode 3, where the effect of the stress ranges lower
than the fatigue limit is accounted by extending the CA S-N curve below the fatigue limit
using a modified slope. The estimated variability of the fatigue life is assumed based on
information from guidelines for fatigue design and is not based on direct estimation from
data. By using a similar approach as in Eurocode 3, a probabilistic model to perform the
calibration of the second slope was defined in [40]. CA and VA fatigue test data related
to the welded cover plated steel beam detail were used to estimate the parameters of
the model proposed and their statistical uncertainty was estimated using the Maximum
Likelihood Method. The probabilistic VA fatigue resistance models proposed in [40, 87]
determine a constant damage rate function, independently of the cumulated damage. The
cumulated damage is a linear function of the number of cycles to failure. The available
VA fatigue prediction models that make use of nominal S-N curves are such that the
stress ranges lower than the fatigue limit are considered either as not contributing to the
accumulation of the fatigue damage, as postulated by Miner [22], or less/equally damaging
as the stress ranges above the fatigue limit, but independently of the damage level, i.e.
the crack size, [23, 70, 88]. Therefore, these models are lacking a phenomenological
foundation.

A phenomenological explanation of the damage produced by the stress ranges below the
fatigue limit is given in [70], and depicted in Figure 3.1. The author defines the threshold
stress range, ∆σth, as the lowest stress range leading to crack propagation. Therefore,
crack propagation occurs if ∆σ > ∆σth, see shaded stress ranges in Figure 3.1. A
larger crack leads to a lower threshold stress range. As a consequence of the analogy
between crack size and damage, [89], the threshold stress range decreases with increasing
cumulated damage, D. When a fatigue crack has nucleated, the threshold stress range,
∆σth, can be considered as the damage limit instead of the CA fatigue limit, ∆σ0. The
threshold stress range for fatigue damage accumulation is a function of the number and
magnitude of the applied stress cycles and it is characterized by a decreasing trend, see
Figure 3.1. Its value depends on the previous stress history, similarly to the cumulated
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Chapter 3. Fatigue resistance model for VA loading

fatigue damage. Based on these assumptions, an analytical damage limit model was
proposed by Kunz [90]. According to it, the threshold stress range, see Figure 3.1, can
be expressed as function of the damage in the following form:

∆σth(D) = ∆σ0f(D) (1)

where the function f(D) was obtained using considerations based on Linear Elastic Frac-
ture Mechanics (LEFM).

The current chapter is intended to formulate a sound probabilistic model to estimate
fatigue life of welded details for random block VA loading using the nominal stress ap-
proach. The model makes use of two elements. The first is a characterization of the
fatigue resistance under CA loading, i.e. an S-N curve for the considered welded detail.
The second is a damage rule in order to consider the effect of the application of different
stress ranges, above and below the fatigue limit. The formulation of the proposed model
is presented in Section 3.3. Successively, the method used to infer fatigue test data is
described in Section 3.4. This includes the estimation of the model parameters and the
epistemic uncertainty. In Section 3.5, the results of the inferential process are presented
for a certain welded detail. A comparison is made with other VA fatigue prediction models.
Further results related to other welded details are presented in Appendix A.1. It appears
that proposed model is able to better interpret the fatigue damage phenomenon in welded
details, when compared to other models based on CA S-N curves and the nominal stress
approach. Therefore it represents a valuable tool for fatigue reliability analysis of welded
details.

3.2 Fatigue under VA loading using fatigue resistance
curves

As mentioned in the introduction, the nominal stress approach for fatigue design requires
inferring experimental data in order to characterize the fatigue resistance of a welded
detail. In the case of VA loading, in order to infer useful information for the purpose of
designing against fatigue, the stress history to be applied in testing should be based on
in-service measurements [91]. This concept was introduced by Gassner [92, 93], and it is
known as operational fatigue strength, intended as dimensioning a structural component
for the design life under variable amplitude loading, based on in-service measurements.
It was suggested to standardize the shape of the load spectrum, defining load spectra
dependent on the field of application. VA fatigue test results could be plotted using the
Gassner curve, which is similiar to a S-N curve but derived for a determined type of stress
spectrum. The experimental results are presented in log-log scale with the maximum stress
range of the spectrum on the ordinate axis and the total number of cycles to failure, N ,
on the abscissa. This is a generalization of the concept of S-N curves: a Gassner curve
obtained for a certain stress spectrum corresponds to the S-N curve shifted towards longer
life by a certain factor that is depending on the type of load spectrum [23], which can
be estimated by phenomenological approaches [94] or evaluated by performing tests [95].
Therefore, the procedure to test and design a structural component against VA fatigue is
related to the type of stress history and the amount of the acceptable uncertainty required
[2]. For example, structural components subjected to a predetermined load history can
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3.2. Fatigue under VA loading using fatigue resistance curves
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Figure 3.2: Format of S-N curves for fatigue design for VA loading used in the EC3 and
AASHTO standards.

be tested considering the actual load history to be faced during the service life, allowing
an experimental determination of the fatigue life and its variability. In other cases, when
the load history is not known a priori, it is not possible to test the structural component
by applying a deterministic load history. The stress spectrum is obtained by measuring
service loading and applied to the specimen by repeated blocks of the simulated stress
history having a predetermined length, as done in [96].

Without using Gassner curves, the VA fatigue life can be estimated based on the fatigue
resistance obtained for CA loading. Therefore it is necessary to use the CA S-N curve,
which is often modified below the fatigue limit, and a damage rule. More than 50 al-
ternative fatigue damage accumulation rules were presented in the literature up to the
end of the previous century [97]. Since then, many others have been proposed by the
scientific community. In the civil engineering field, where the nominal stress approach is
widely used, it is common practice to estimate the VA fatigue life using an S-N curve for
each welded detail and the linear damage rule (LDR) proposed by Palmgren and Miner
[22, 98]:

D =
∑ ni

Ni
(2)

where D is the damage caused by the load spectrum, ni and Ni are the number of
occurrences of a certain spectral stress range and the predicted number of cycles to
failure at that same stress range, ∆σi, respectively. Failure is deemed to occur when
D = 1. The LDR assumes that the fatigue damage is linearly related to the cycle ratio
ni/Ni, neglecting the effects of load sequence and load interaction. In order to deal
with load sequence and interaction effects, the relative linear damage rule (RLDR) was
proposed [99]. The formulation of the fatigue damage, Equation 2, remains unchanged
but the critical damage Dcr is set based on the experience gained from VA fatigue tests
and is meant to be related to a specific type of load history. In this way, the load sequence
effect and/or load interaction effects are globally accounted for, based on the results of
experiments.

With reference to steel bridge infrastructures, guidelines and standards for fatigue design,
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Chapter 3. Fatigue resistance model for VA loading

such as EN 1993-1-9 (Eurocode 3) [16], or the AASHTO specifications, use similar ap-
proaches to account for VA loading: the CA S-N curve is extended to stress ranges lower
than the fatigue limit by a linear log-log relation and the damage is calculated according
to the LDR. Therefore, Dcr is not calibrated and there is no direct reference to the use
of the Gassner curves. The S-N curve is modified in such a way that Dcr = 1, in case of
VA loading. For the extended branch of the S-N curve, the value of the negative inverse
slope, m2, is equal or lower than for the first branch m1, determining a shallower linear
relation in the log-log scale, see Figure 3.2. In particular, the S-N curve in the Eurocode
3 is extended using the value m2 = 2m1 + 1, i.e. the Haibach rule [23], see Figure 3.2,
and verified for welded details by Huther [88] by using linear elastic fracture mechanics
(LEFM). In addition, a cut-off limit is applied for stress ranges which are associated to a
fatigue limit higher than 100 million cycles, as their contribution to the cumulated damage
is assumed negligible. This fatigue resistance model has often been used for comparison
with test results [84, 100, 101], showing that it provides a reasonable lower bound pre-
diction. Instead, the AASHTO standard prescribes a constant slope in combination with
the Palmgren-Miner damage accumulation rule, Equation 2. This is obtained by the good
correspondence between the CA S-N curve and the results of the VA fatigue tests, i.e. the
experimental VA fatigue life plotted against the root mean cube of the stress spectrum
[102, 103]. Both the AASHTO and Eurocode 3 suggest values of Dcr = 1. However,
other recommendations suggest different values for some specific cases. The International
Institute of Welding [17] suggests a value of Dcr = 0.5 for welded joints subjected to
multiaxial loading or even Dcr = 0.2 if the stress spectrum is characterized by high mean
stress fluctuations. Since the fatigue test data inferred here were produced under uniaxial
loading, the current analysis is not related to such load conditions and therefore either
uses Dcr = 1 or determines the value of Dcr based on test data.

3.3 Proposed model for Variable Amplitude fatigue
prediction

In this section, the proposed model is presented. To consider the effect of the stress ranges
lower than the fatigue limit, the load sequence effect and the damage accumulation, the
model consists of three parts: (1) a CA S-N curve with fatigue limit, which is described
in Section 3.3.1, (2) the RLDR, and (3) the damage limit concept, which are described in
Section 3.3.2. The model is intended to estimate the fatigue life of welded details under
random blocks of VA loading. Section 3.3.3, explains how to evaluate the fatigue life
using the proposed model.

3.3.1 The 6 parameters random fatigue limit model

Among the several probabilistic S-N curves proposed in the literature, the 6PRFLM is used
because of its phenomenological foundation based on LEFM, and the better agreement
with test data, when compared to other fatigue resistance models for CA loading in which
the fatigue limit is modelled as a random variable, see Chapter 2. The equation of the
S-N curve of the 6PRFLM is:

w = β0 + β1x− p log10

(
1− 10v

10x

)
for x > v (3)
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3.3. Proposed model for Variable Amplitude fatigue prediction

where w = log10(N) is the logarithm of the number of stress cycles to failure, N , which
is the dependent variable, and x = log10(∆σ) is the logarithm of the stress range, ∆σ,
which is the independent variable. v = log10(∆σ0) is the the logarithm of the fatigue
limit, ∆σ0. The parameter β0 controls the location of the curve, β1 controls the slope of
the finite life region, and both the parameters β1 and p affect the curvature of the S-N
curve between the finite and the infinite life. The logarithm of the number of stress cycles
to failure, w, is assumed to be a random variable with the following probability density
and cumulative distribution functions:

fW (w;x,θCA) =

∫ x

−∞
fW |V (w;x, v,θCA)fV (v;µv, σv) dv (4)

FW (w;x,θCA) =

∫ x

−∞
FW |V (w;x, v,θCA)fV (v;µv, σv) dv (5)

where fV (v) is the probability density function of the log-fatigue limit, and fW |V (w)
and FW |V (w) are the conditional probability density and cumulative distribution func-
tions of the log-fatigue life given the log-fatigue limit, respectively. The logarithm of
the fatigue limit, v, is modelled as a random variable V having location parameter
µv, and scale parameter σv. The location parameter of W |V results from Equation
3, and the scale parameter is σw|v. In summary, the model consist of 6 parameters
θCA = {β0, β1, σw|v, µv, σv, p}. A more detailed description can be found in [38, 74].
The proposed model is based on the assumption that the two random variables W |V and
V are assumed to be uncorrelated.

3.3.2 The damage limit function and the relative linear damage
rule

The damage limit concept, introduced in [90], is here used to account for the stress
ranges lower than the fatigue limit into the quantification of the damage. The damage
limit concept is based on the definition of the threshold stress range, ∆σth, above which
the stress ranges contribute to damage, whereas those below do not, see Figure 3.1. The
definition of the threshold stress range results from fracture mechanics considerations [70,
90]. Kunz [90] related the threshold stress range to the crack size, a:

∆σth = ∆σ0
Y (aini)

√
πaini

Y (a)
√
πa

(6)

where aini is the initial crack size, and Y (a) is the geometry correction factor. Equation
6 is based on the assumption that ∆σ0 = ∆Kth,lc/(Y (aini)

√
πaini), where ∆Kth,lc is

the threshold stress intensity factor range for long fatigue crack propagation, and that for
a generic crack the threshold condition is given by:

∆Kth,lc = Y (a)∆σth
√
πa (7)

In order to express the crack size, a, and therefore the threshold stress range, ∆σth, as a
function of the number of cycles, the Paris law [13] was used. It relates the fatigue crack
growth increment, da/dn, to the stress intensity factor range, ∆K, in the Stage II crack
growth regime, see Figure 3.3:

da

dn
= C∆Km (8)
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ΔKKmax=Kc
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a

ΔKth,eff

d
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component 

Intrinsic 
component 

a ↑ 

Short cracks Long cracks

Modified Forman-Mettu
Forman-Mettu

Figure 3.3: Fatigue crack growth rate functions for long cracks, in which the near-threshold,
the Paris, and the critical regimes are distinguished. The effective threshold of the SIF,

∆Kth,eff , is indicated, as well as the threshold of the SIF for long cracks, ∆Kth. Therefore the
threshold of the SIF is also a function of the crack size.

where C and m are material constants. By further assuming that Y (a) is constant, i.e.
independent of the crack size, it results that [90]:

a = aini(1−D)2/(2−m) (9)

where the damage D is defined as in Equation 2. Therefore, considering Equation 6, the
following was obtained:

∆σth = ∆σ0(1−D)1/(m−2) (10)

Given the fact that for structural steels m = 3 the previous equation was further simplified
in:

∆σth = ∆σ0(1−D) (11)

which establishes a decreasing linear relation between the normalised threshold stress,
∆σth/∆σ0, and the cumulated damage. As expressed in Equation 10, the damage limit
model:

1. Does not consider that the propagation of fatigue cracks under relatively small stress
ranges occurs in the near threshold region, where the Paris law, Equation 8, is not
valid, see Figure 3.3.

2. Does not consider the difference between the threshold condition for small and
long cracks. The threshold stress intensity factor range for long cracks, ∆Kth,lc, is
assumed to be valid also in the early stages of the fatigue life, when the threshold
stress is identified by the fatigue limit, see Equation 7. Kitagawa and Takahashi
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3.3. Proposed model for Variable Amplitude fatigue prediction

[104] observed that the threshold stress intensity factor for crack propagation, ∆Kth

is also dependent on the crack size, and not only on the applied load ratio. This
behaviour was later observed and modelled by other authors [51, 105–108].

3. Assumes that Y (aini) = Y (a) is a constant. The value of Y (a) increases for
crack depths approximately larger than 0.3T , where T is the thickness of the plate.
However, it must be noted that most of the propagation cycles already occurred
when this condition is not anymore a reasonable approximation. Therefore, this is
considered here as an acceptable simplification.

In other words, the damage limit model expressed as in the Equation 10 is valid under
the condition that the crack is a long fatigue crack, and that the stress range level is high
enough for this crack to propagate in the Paris regime, i.e the stage II of the fatigue crack
growth rate curve, see Figure 3.3, which might be in contrast with the assumption that
Y (a) is constant, making Equation 11 valid in very specific cases. Under these conditions,
Equation 10 allows taking into account the contribution to the damage of the stress ranges
lower than the threshold stress, which is a function of the cumulated damage and the
fatigue limit. For welded details, where the fatigue life can be assumed to be dominated
by fatigue crack growth of a physically small crack, the assumptions underlying Equation
10, and discussed in the points (1)-(3) above, are weak for at least two reasons. The first
is that the geometric correction factor, Y (a) is magnified by the SIF intensification factor,
Mw(a), which takes into account the effect of the weld toe geometry, and the severity
of the weld. The second is that the initial crack aini is small enough that the extrinsic
effect, i.e. crack closure phenomena, are not fully developed yet, but big enough for the
effect of the micro-structure to be negligible, i.e. the initial crack can be addressed as
a physically small crack. It has been widely shown in the literature that a short crack
grows faster than large crack subjected to the same stress intensity factor range, ∆K,
and that for a short crack the threshold condition differs from that of long cracks [105,
106]. However, the FCGR can still be described as a function of the stress intensity factor
range [107–109], despite the loss of similitude.

For the purpose of this chapter, Mw(a) is considered as in [110]:

Mw(a) = max

(
Cα

(
a

T

)α
, 1

)
(12)

where T is the plate thickness, and the parameters Cα and α solely depend on the
geometry of the weld, i.e. the severity of the notch, and are often obtained trough fitting
of numerical solutions. It follows that the stress intensity factor range for a crack growing
at the weld toe is:

∆K = Mw(a)Y (a)∆σ
√
πa (13)

Based on the trend of experimental observations produced by Kitagawa and Takahashi
[104], El-Haddad [51] proposed a model for correcting the value of ∆Kth,lc, for physically
small cracks, making explicit the dependence on the crack size. According to El-Haddad,
for a generic crack a growing at the toe of the weld the threshold condition can be
modelled as:

∆Kth = Mw(a)Y (a)∆σth
√
π(a0 + a) (14)
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Chapter 3. Fatigue resistance model for VA loading

where a0 is denoted as the intrinsic crack size, a material dependent parameter, which
allows considering the effect of the development of crack closure on the threshold condi-
tion, but it is not a physical quantity [108]. By assuming that welding induces crack-like
defects that can be assumed as the initial crack size, for a stress range equal to the fatigue
limit the following holds:

∆Kth = Mw(aini)Y (aini)∆σ0

√
π(a0 + aini) (15)

For a > aini and a >> a0, it results that ∆Kth → ∆Kth,lc. Therefore, according to the
presented modelling of the threshold condition for fatigue crack growth, different from
Equation 6, the threshold stress range is rewritten as:

∆σth = ∆σ0
Mw(aini)Y (aini)

√
π(a0 + aini)

Mw(a)Y (a)
√
π(a0 + a)

(16)

An approximate relation for f(D) in Equation 1 is to be derived based on linear elastic
fracture mechanics. The derivation follows a similar scheme as in Kunz [90], but it ac-
counts for the SIF intensification for a crack growing at a weld detail and it considers
the RLDR. The aim is not to provide a closed form and exact relationship, but an ap-
proximation instead. As it can be observed from Figure 3.3, the logarithm of the fatigue
crack growth rate, da/dn, is related to the logarithm of the stress intensity factor, ∆K,
in the stage II of the fatigue crack growth, by using Equation 8. Many other equations
have been proposed to relate these two quantities. Among these, the the Forman-Mettu
relation [111], which is able to describe this relation both in the near-threshold regime,
and in the critical regime. Under some assumptions, see Chapter 2, the fatigue crack
growth rate espressed by the Forman-Mettu relation can be modified to consider only the
near-threshold crack growth rate, and for a fixed load ratio R:

da

dn
= C∆Km

(
1− ∆Kth

∆K

)pth
(17)

The analytical solution of the differential equation, Equation 17, is non-trivial for values
of pth > 0. For this reason, the analytical solution is given here only for pth = 0. By
substituting Equation 13 in Equation 17, the following results:

da

dn
= C∆σmMw(a)mY (a)mπm/2am/2 (18)

Assuming that: (1) the stress intensity magnification factor is given by Equation 12,
(2) Y (a) = Y is constant, and (3) the critical condition occurs when Mw(a) > 1, i.e.
ak ≤ C−1/α

α T , the integration of both terms of Equation 18 leads to:

C−mα Tαm
∫ ak

aini

a−m(α+1/2)da = B

∫ Nk

0

dn (19)

where B = CY m∆σmπm/2, and the subscript k denotes an arbitrary moment in time,
as in Figure 3.1. The general solution of Equation 19, expressed as the crack size, ak, as
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3.3. Proposed model for Variable Amplitude fatigue prediction

a function of the number of applied stress cycles, Nk, is:

ak =

(
B

C−mα Tαm
Nk[1−m(α+ 1/2)] + a

1−m(α+1/2)
ini

) 1
1−m(α+1/2)

(20)

The critical condition consists in determining a finite number of cycles, N , for which
fracture occurs, i.e. the crack growth becomes unstable and the crack size, ak, goes
to infinity. Therefore, Equation 19 can be rewritten by changing the extremes of the
integration interval:

C−mα Tαm
∫ ∞
aini

a−m(α+1/2)da = B

∫ N

0

dn (21)

where the indefinite integral on the left side of the equation must be finite. In order for this
to happen, a−m(k+1/2) → 0 faster than a−1, for a→∞. This occurs if −m(α+ 1/2) <
−1. The solution of Equation 21, leads to:

C−mα Tαm
1

1−m(α+ 1/2)

[
a1−m(α+1/2)

]∞
aini

= BN (22)

B

C−mα Tαm
=

a
1−m(α+1/2)
ini

1−m(α+ 1/2)

1

N
(23)

Substituting Equation 23 into Equation 20, the following is obtained:

a

aini
=

(
1− Nk

N

) 1
1−m(α+1/2)

= (1−D)
1

1−m(α+1/2) (24)

On the other hand, the first order approximation for the relation between the threshold
stress range and the fatigue limit, Equation 16, is:

∆σth = ∆σ0
Mw(aini)Y (aini)

√
aini

Mw(a)Y (a)
√
a

(25)

By substituting Equation 12 into Equation 25, and considering Y (a) = Y (aini), i.e. Y (a)
is constant, the latter equation becomes:

∆σth = ∆σ0

(
aini
a

)α+1/2

(26)

Finally, by substituting the Equation 24 in Equation 26 results in the relation between the
threshold stress and the damage:

∆σth = ∆σ0(1−D)
α+1/2

1−m(α+1/2) (27)
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D/Dcr

Δσth/ Δσ0

0<ζ<1

ζ=1

ζ>1

1

1

Figure 3.4: Normalised threshold stress as function of the normalised cumulated fatigue
damage, as expressed by the damage limit model for different values of ζ, see Equation 28.

Hence, an approximation of the function f(D) in Equation 1 has been obtained:

f(D) =
∆σth
∆σ0

=

(
1− D

Dcr

)ζ
(28)

where

ζ = f(α,m) =
α+ 1/2

1−m(α+ 1/2)
(29)

is a function of the parameters m and α. Equation 28 is plotted in Figure 3.4, where the
dependency on ζ is shown.

The first order approximation of the relation proposed in Equation 16, Equation 25,
is considered sufficient because the scope of the present chapter is to obtain a simple
fracture-mechanics based solution for the damage limit function to demonstrate that
the notch geometry affects the trend of the threshold stress range. The second order
approximation of the terms

√
a0 + aini and

√
a0 + a in Equation 16 is evaluated for the

purpose of checking if the overall trend of the damage is affected. The implementation
of the second order approximation of

√
aini + a0 and

√
a+ a0 in Equation 16 leads

to:

∆σth = ∆σ0

Mw(aini)Y (aini)
√
aini

(
1 + a0

2aini

)
Mw(a)Y (a)

√
a

(
1 + a0

2a

) (30)

the term (1 + a0/(2aini)) is a constant, and despite (1 + a0/(2a)) being a decreasing
function of a, the general trend of damage limit function is not affected because

√
a, and

eventually Mw, dominate. Therefore, given our goal, it is not necessary to derive the
equation of the damage limit function based on a second order approximation of Equation
16.
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3.3. Proposed model for Variable Amplitude fatigue prediction

In addition to the findings of Kunz, it is found that the dependency between α, m and
ζ demonstrates that there is an effect of the type of welded detail on the trend of the
damage limit function, indicating that a difference must be expected between welded
details, with respect to their fatigue strength. It is expected that the value of ζ is not
only dependent on the material, as found in [90], but also on the fatigue strength of the
detail, as α depends on both the type of detail and the weld toe geometry [110]. The
more severe the welded detail is, the smaller α is, and the lower ζ is. It must be noted
that the present formulation for ζ is based on some assumptions and limitation. First of
all, those related to the determination of the critical condition, Equation 21, and the fact
that CA loading is applied. Therefore, it is not expected that Equation 29 is exact. But,
it provides that ζ is dependent of the structural detail, because of the (geometrical) notch
effect. The effect of the residual stress state is neglected.

The influence of the model parameters µD, σD, and ζ on the fatigue life prediction for
VA loading is qualitatively presented in terms of Gassner curve in Figure 3.5:

1. By increasing the mean value of the critical damage, the resulting Gassner curve is
shifted towards longer life, with no difference in the coefficient of variation. In a
similar way, the effect on the extended S-N curve method is a shift towards longer
lives.

2. By increasing the scale parameter of the critical damage, an increase in the scatter
of the predicted life is encountered in both cases.

3. By increasing ζ a generic stress range ∆σi < ∆σ0 contributes to the fatigue damage
accumulation at a lower value of the damage ratio, D/Dcr. Regarding the Gassner
curve, this affects the transition between finite and infinite life, the extent of which
(in terms of stress range values) depends on the dispersion of the stress spectrum,
i.e. the difference between ∆σmax and ∆σmin. Instead, the effect on the extended
S-N curve method is a decrease in the absolute value of the inverse slope of the
extension of the S-N curve, m2, which is bounded on one side by the value of m1.

Whereas the values of µD and σD affect the predicted life, independent of ∆σmax,
ζ affects the fatigue life prediction the more the spectrum is characterised by a lower
normalised frequency that the stress spectrum exceeds the fatigue limit, φexc:

φexc =
∑
i

Pr[∆σi > ∆σ0] ni∑
i ni

(31)

where, Pr[∆σi > ∆σ0] = N (log10(∆σi); µ̂v, σ̂v) because in Chapter 2 the logarithm of
the fatigue limit is assumed to follow a normal distribution, and i indicates the i−th stress
range in the stress spectrum. φexc is given as the weighted average of the probability
that a stress range is higher that the fatigue limit, of which the base-10 logarithm is the
random variable V . This defintion differs from those in [96, 102, 103] because the fatigue
limit is here defined as a random variable and not a deterministic quantity.

Different from the model proposed by Kunz [112], the present model makes use of the
RLDR, and the critical damage is modelled using a random variable. The RLDR is
selected in order to globally consider load sequence and load interaction effects typical for
the considered stress history. Moreover, the critical damage Dcr is modelled as a random
variable having mean and coefficient of variation equal to µD and σD, respectively. With
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Figure 3.5: Effect of an increase of the model parameters on: (a) the resulting Gassner curve,
and (b) the extended S-N curve model.

respect to this, similar to [40, 52] it is assumed that the logarithm of the critical damage
is distributed according to a Normal distribution.

3.3.3 Damage integration and fatigue life estimation

By assuming that the load history is an ergodic process, the fatigue life N is obtained by
the following:

N =

∫ Dcr

0

E[Ḋ] dD (32)

where Dcr is the critical damage, and E[Ḋ] is the expected damage rate. Using the
proposed model, the expected damage rate can be evaluated by:

E[Ḋ] =
∑
i

ni
Ni

ni∑
i ni

(33)

log10(Ni) = β0 + β1log10(∆σi)− p log10

(
1− ∆σth

∆σi

)
(34)

where ∆σth is expressed by Equation 28, and i indicates the i−th stress range in the stress
spectrum. Equation 32 is a recursive integral equation. By substituting Equations 28 and
34 into Equation 33, the numerical sequence used to evaluate Equation 32 is:

N =

htot∑
h=1

[∑
i

ni

10
β0+β1log10(∆σi−p log10(1−

∆σth,h
∆σi

)

ni∑
i ni

]
(35)

where htot is the number of integration steps, and the damage evaluated at h−1 is used to
estimate the threshold stress range at the step h, i.e. ∆σth,h = ∆σ0(1−Dh−1/Dcr)

ζ , and
Dh=0 = 0. From Equation 35 it follows that if ∆σmax < ∆σ0 no damage is cumulated,
leading to the threshold condition for VA loading, sometimes referred to as to VA fatigue
limit [113].
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3.4. Inference of VA fatigue test data and model assessment

3.4 Inference of VA fatigue test data and model as-
sessment

Hereafter, it is verified if the derived dependency of ζ = f(α,m) is indeed appropriate
by inferring VA test data of welded details with different notch severity, i.e. different Mw

(and therefore different α). For this purpose, Equation 27 is not considered to determine
the fatigue life. Instead, Equation 28 is used. It results that ζ, µD, and σD are the
parameters of the proposed model. Applying the proposed model requires two datasets.
Firstly, a set of CA test results, from which the model parameters of the 6PRFLM, θCA,
can be estimated, see Chapter 2. Secondly, a set of VA test results obtained with a
selected type of stress spectrum, from which the model parameters µD, σD, and ζ are
estimated by using the maximum likelihood method (MLM). The likelihood is a function
of the model parameters given the experimental data [42]:

L(θV A; data) =
∑

j
log(Lj(θV A;wj ,Ωj)) (36)

where j = 1...mV A indicates the j-th VA fatigue test data, Lj is the likelihood of the
parameters for a single data, wj = log10(Nj) is the logarithm of the number of cycles to
failure, Nj , obtained experimentally by applying the stress spectrum Ωj = {∆σj ,nj},
and θV A = {µD, σD, ζ} is the vector containing the model parameters. The likelihood
evaluated for a each experimental data is a function of the probability density function
(pdf), φ, and the cumulative distribution function (cdf), Φ, of the model response:

Lj(θV A;wj ,Ωj) = [φ(wj ;θV A,Ωj)]
δj [1− Φ(wj ;θV A,Ωj)]

1−δj (37)

δj is the failure indicator (δ = 1 for failure data, or δ = 0 for runout data). Therefore, the
present model formulation can accommodate VA fatigue runout data, i.e. right censored
data, in the inferential procedure.

The procedure to estimate the likelihood of the VA model parameters, θV A, for a set of
experimental VA fatigue data is depicted in Figure 3.6. The procedure, divided in 3 steps,
aims to estimate the likelihood of θV A by approximating the model response. This is
because, similar to [40], the distribution of the model response, i.e. of the fatigue life, is
not described by a closed-form equation. However, it can be approximated by a number
of random Monte Carlo samples, as a result of a Monte Carlo simulation.

Input and variables The procedure requires as input the parameter of the 6PRFLM,
θCA, and the experimental VA fatigue data, (Ωj , Nj). Furthermore, a value of
θV A = {µD, σD, ζ}, the independent variable, is required to start the procedure,
and is randomized within a certain boundary domain.

Step A - Monte Carlo Simulation Each Monte Carlo sample of the fatigue life is ob-
tained by the following four inputs: (1) A random sample of the CA S-N curve,
which is obtained from θCA, by uncorrelated sampling of V , and W |V , and the
6PRFLM, Equation 3. (2) A random sample of Dcr, which is obtained using µD,
and σD, considering that the logarithm of the critical damage is a normal random
variable. (3) The damage limit function, Equation 28, which is determined given
the value of ζ. (4) The stress spectrum Ωj = {∆σi, ni}j . In the first iteration, the
values of µD, σD, and ζ are those of the initial point. Successively, the value of θV A
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Chapter 3. Fatigue resistance model for VA loading
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Figure 3.6: Procedure for estimating the likelihood function.

is determined by the maximization algorithm. Given these four inputs, Equation 35
can be solved and a random Monte Carlo sample of the fatigue life is obtained.
Many samples are required to approximate the model response: the higher the
number of samples that is simulated is, the more accurate the approximation of the
model response is. The procedure stops when a sufficiently high number of failure
samples is obtained, i.e. ∆σmax > ∆σ0.

Step B - Parametric Model Response If the simulated samples of the fatigue life are
directly used to estimate φ and Φ, and therefore the likelihood by Equations 36-
37, the resulting likelihood function is not a C2 function of the model parameter,
θV A, i.e. a function with continuous second derivatives. This makes it difficult to
maximise the likelihood function using maximization algorithms based on gradient
methods and finite differences. Therefore, in order to not to have numerical diffi-
culties in the maximization procedure, a parametric formulation of the distribution
of the model response, i.e. of the fatigue life, is used. For this reason, a parametric
random variable is used to fit the random samples of the Monte Carlo samples of
the fatigue life. The probability function of the fatigue life is assumed to be of
the type as formulated in the Random Fatigue Limit Model [38] having probability
density and cumulative probability functions, respectively, given by:

gW (w; Ω,θFL) = gW |V (w;µw|v, σw|v)FV (Ω;µv, σv) (38)

GW (w; Ω,θFL) = GW |V (w;µw|v, σw|v)FV (Ω;µv, σv) (39)

where θFL = {µw|v, σw|v, µv, σv} is the vector of the parameters. The functions
gW |V , GW |V , and FV are assumed to be normal random variables. Therefore, the
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3.4. Inference of VA fatigue test data and model assessment
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−1 log10 Δ𝜎𝑚𝑎𝑥 ; 𝜇𝑣 , 𝜎𝑣

𝑤

Figure 3.7: Cumulative distribution and probability density functions of the log-fatigue life, GW

and gW respectively

parameters µw|v, σw|v are estimated as the mean and the standard deviation of the
log-fatigue life of those Monte Carlo samples of the fatigue life that result in a finite
life. Figure 3.7 depicts some of the characteristics of gW and GW . In particular, it
should be noted that the horizontal asymptote of GW for w →∞ is not necessarily
located at GW = 1; its value depends on the distribution of the fatigue limit, see
Equation 39, since conditional probabilities are involved. This means that the area
underlying gW is also not necessarily one, since right censored data are associated
to an infinite life. Therefore, the use of the random variables gW and GW , of which
the model parameters are θFL, allows a parametric evaluation of the response of the
proposed model, i.e. a parametric evaluation of the distribution of the VA fatigue
life resulting by a selection of the model parameters µD, σD, and ζ, given a stress
spectrum Ωj and θCA.

Step C - Likelihood Estimation The likelihood of θV A given a single experimental fa-
tigue life, Equation 37, can be rewritten considering Equations 38-39:

Lj(θV A;wj ,Ωj) = [gW (wj ; Ωj ,θFL)]δj [1−GW (wj ; Ωj ,θFL)]1−δj (40)

The maximum likelihood estimator (MLE) of θV A is obtained by maximizing the
likelihood function, therefore iterating the procedure.

Following a convergence analysis on the likelihood function, it has been ensured that if
105 failures are simulated as a result of the Monte Carlo procedure, the estimation of
the likelihood function converges, and the estimators are not affected by the sampling
error, which is one order of magnitude lower than the tolerance of the maximization
procedure.

The estimation of statistical (or equivalently, epistemic) uncertainty is performed in a
parametric way by estimating the Hessian matrix of the log-likelihood function at the
MLE, see [40, 42, 74]. This procedure estimates the covariance matrix of the long-run
multivariate normal distribution of the model parameters of θV A.
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Figure 3.8: Geometry of the considered welded details.

3.5 Results and Discussion

In this section, the statistical inference of the data resulting from the application of the
proposed model is presented. The model is used to infer four datasets of variable amplitude
fatigue test data respectively belonging to (a,b) cover plated steel beam detail,(c) cover
plated steel detail, (d) welded beam detail, and (e) non-load carrying cruciform joint detail,
see Figure 3.8. The difference between (a,b) with (d) is meant to give an indication of the
effect of the specimen scale. The selection of (a,b) and (d) (or (c) and (e)) is made to
show that the model is able to interpret the fatigue behaviour of welded details associated
to a relatively low and a relatively high fatigue resistance, which is associated to different
values of Mw, and therefore α. It will be investigated if the trend of ζ following from
Section 3.3.2 is confirmed by actual fatigue test data, i.e. ζ reduces with increasing
severity of the detail. The analysis of the cover plated steel beam dataset is reported
in the following section, whereas the inference of the other details is reported in A.1.
In any case, the datasets of VA fatigue data composed of tests performed in the past
years and they are available in the scientific literature. All the tests reported here were
conducted by applying random block loading, where the frequency of occurrence of the
stress ranges follows a Rayleigh distribution function, truncated at a maximum value.
In order to determine this distribution, measurement data of in-service loading acquired
from bridges were analysed in [96], and provided the basis for all the VA fatigue test
data considered in the present work. A summary of the properties of this distribution is
reported in Section 3.5.1.

3.5.1 The truncated Rayleigh stress spectrum

The investigations performed in [96, 102, 103] make use of normalised stress spectra fol-
lowing a truncated Rayleigh distribution. The probability density function of the Rayleigh
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3.5. Results and Discussion

distribution is formulated as:

f(u|bR) =
u

b2R
e−0.5u2/b2R (41)

where bR is the scale parameter, which is set equal to 1. The truncation value umax
is defined at different levels, depending on the investigation. Therefore, the area below
the truncated curve has to be normalised. The truncation introduces a constant CR that
multiplies f(u|bR), and it is obtained by solving the following:∫ umax

0

CR u exp[−0.5u2]du = 1 (42)

Therefore, the value of CR can be directly obtained by

CR =
1

F (umax|bR = 1)
(43)

where F (umax|bR = 1) is the standard Rayleigh cumulative distribution function evaluated
at u = umax. The values of CR are in Table 3.1. To generate a load history of utot
individual loads, the area below the curve is divided in segments of equal area. The mid-
width of each bar corresponds to a non-dimensional stress range, u, with a frequency of
occurrence equal to 1/utot. The generic stress range ∆σ is related to the non-dimensional
stress range, u, by:

∆σ = ∆σmin + u∆σd (44)

where
∆σd =

∆σmax −∆σmin
umax

(45)

The modal stress range is:
∆σm = ∆σmin + ∆σd (46)

Table 3.1: Constant CR for the truncated Rayleigh distribution.

umax CR

3.0 1/9.889E − 01
3.75 1/9.991E − 01
4.0 1/9.997E − 01
4.75 1/9.999E − 01

3.5.2 Cover plated steel beam detail

As mentioned in Section 3.4, the model requires CA and VA data to estimate the model
parameters and the uncertainty. Both datasets are presented in the following two sections.
Successively, the CA data are used to define two VA fatigue resistance models based on
current standards, i.e. the Eurocode 3 and the AASHTO. The prediction obtained with
these two models are compared with the experimental results. In the last section, the
data are inferred using the proposed model. The estimation of the epistemic and aleatory
uncertainty is presented on the basis of the datasets. Comparison is made with an existing
probabilistic fatigue life prediction model based on the nominal stress approach, formulated
in [40].
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Chapter 3. Fatigue resistance model for VA loading

Table 3.2: MLE of the 6PRFLM for CA cover plated beam data, from Chapter 2.

MLE log[L(θ)]

β̂0 1.11E+01

100.261
β̂1 -2.78E+00
σ̂w|v 1.32E-01
µ̂v 1.54E+00
σ̂v 7.27E-02
p̂ 4.74E-01

Constant Amplitude fatigue test data

In Chapter 2 CA fatigue test data for the cover plated beam detail were inferred using the
6PRFLM. Table 3.2 reports the MLE of the 6PRFLM for the large dataset analysed in
Chapter 2. The same dataset used in Chapter 2 is used here to estimate the best fitting
Basquin [5] relation:

log10(N) = log(a1) +m1log10(∆σ) (47)

where m1 = −3 and log(a1) are the model parameters. log(a1) is estimated using the
least square method, by considering the distribution of the failure data analysed in Chapter
2. In particular, since m1 is selected a priori, the value of log(a1) can be estimated in a
closed form:

log(a1) = −m1E[xj ] + E[wj ] (48)

where j = 1...mCA|δj = 1 indicates the j − th failed fatigue test contained in the CA
dataset, which is composed of mCA data. It resulted that log(a1) = 11.7, and the
standard deviation of the residuals is σw = 0.155.

VA fatigue test data

The data available for VA loading are summarised in Table 3.3. Out of these data, the
data belonging to the cover plated detail type A have been excluded from the analysis
because the welding sequence adopted determined a different fatigue life than that one
usually observed in the other analyses [96, 102, 103]. This was attributed to a different
residual stress state. The considered VA fatigue test dataset contains 94 experimental
results, of three different steel grades: A36, A514 and A588. The stress spectrum was of
Rayleigh type with different and ∆σd/∆σm ranging from 0.25 to 1.00, see Section 3.5.1
for more information about the Rayleigh spectrum.

In Table 3.3 the VA fatigue test data are described by the respective Gassner curve,
reporting also the standard error for the estimator of the curve parameters. Only failure
data are inferred. When the data are produced at the same ∆σmax, the data cannot be
inferred by the Gassner curve. For this reason the estimators of the parameters are not
reported. Instead, the mean value of the logarithm of the number of cycles to failure,
E[w], is reported in Table 3.3. In some cases, no value is reported. This is because only
runout data result from the experiments. Therefore, the value of ∆σmax is reported. The
datasets from [102] were also produced using the Rayleigh spectrum. However, the block
of loading was also characterised by a single stress range peak, ∆σsp, higher than the
maximum stress range, ∆σmax, defined at the truncation level. These data are considered
as well.
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Figure 3.9: Comparison between the experimental data and the prediction obtained by (a)
Model 1, and (b) Model 2. The black markers represent the experimental failure data, whereas
the red markers represent the runout data. If the predicted fatigue life is finite, the resulting
marker is a circle, otherwise it is a triangle positioned at 109 cycles. The dashed lines bound

the mean prediction and are derived as log10(N)± 1.64σw|v.

Fatigue resistance under VA loading using current standard approach

Given the Basquin relation, Equation 47, fitting the CA data, it is possible to construct
two fatigue resistance models for VA loading, one based on Eurocode 3 (Model 1) and
one based on AASHTO (Model 2). In both cases, the fatigue limit is defined as the stress
range at a certain number of cycles, and VA loading is taken into account by extending
the CA S-N curve below the fatigue limit without the need of VA fatigue test data. The
goal is to highlight the limitation of this approach. In Model 1, the fatigue limit is located
at N0 = 5 million cycles. For considering the effect of the stress ranges lower than
the fatigue limit, the S-N curve is extended below the CA fatigue limit with an inverse
slope m2 = −5, following from the Haibach rule [23], until the fatigue life reaches 108

cycles, where a cut-off limit is applied, see Figure 3.2. In Model 2, the fatigue limit is
located at N0 = 10 million cycles. In this case, for considering the effect of the stress
ranges lower than the fatigue limit, the curve is extended without changing the slope,
i.e. m2 = m1 = −3. In this model, no cut-off limit is defined, see Figure 3.2. For both
Model 1 and Model 2 the value of the critical damage is 1. The fatigue life prediction
of these two fatigue resistance models, predominately defined using CA test data and
conventions, are compared to VA test results, in Figure 3.9. The mean response of the
model prediction is on the horizontal axis, whereas the experimental fatigue life is on
the vertical axis. If the points are above the bisection line, Nexp > Npred. The black
points represent the experimental failure data, and the red points represent the runout
data. If the predicted fatigue life is finite, the resulting point is a circle, otherwise is a
triangle positioned at 109 cycles. For relatively long lives not only the distribution on the
data around the bisection line matters, but also an unbalanced distribution of failure data
predicted as runouts (black triangles) and runout data predicted as failures (red circles)
denotes either a too optimistic prediction or a too conservative one. By analysing Figure
3.9a, it appears that Model 1 predicts conservative lives up to approximately 107 cycles.
For longer lives, the predicted number of cycles to failure is consistently higher than the
observed ones. In addition, the model predicts infinite life for a substantial number of
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3.5. Results and Discussion

Table 3.4: Model parameters and uncertainty estimated using the MLM for the proposed model
using the VA cover plated beam dataset, given θCA as in Table 3.2.

MLE st.err. correlation matrix

µ̂D 1.66E+00 8.63E-02 1 9.74E-01 -1.62E-02
σ̂D 4.18E-01 5.94E-02 - 1 -1.62E-02
ζ̂ 1.87E+01 1.63E-04 - - 1

log[L(θ)] -26.96

failure data. The use of Model 2 determines a generally conservative fatigue life prediction
because Figure 3.9b demonstrates that most data points fall between the bisection line
and the upper dashed line. However, a better agreement is obtained in comparison with
Model 1, especially at relatively long lives.

Inference of VA fatigue test data and estimation of the uncertainty

The variable amplitude test data presented in Table 3.3 are inferred using the proposed
model, following the procedure described in Section 3.4, considering the values of θCA as
reported in Table 3.2. As a result of the inferential process, the MLE of θV A is obtained,
see Table 3.4. The mean value of the critical damage is greater than one, with a coefficient
of variation of 0.41. The relatively high mean value is ascribed to the load sequence effects
typical of the applied stress history. The relatively large scatter of the critical damage is
likely to arise from the circumstance that the dataset used for VA loading is composed
of several datasets pooled together. It is believed that the differences in the execution
of the tests, i.e. the applied stress histories, the small differences in the geometry, and
the fabrication of the beams, are the cause of the large scatter. The distribution of the
critical damage with and without the contribution of epistemic uncertainty is depicted
in Figure 3.10, where it is compared with the distribution proposed in the JCSS [52],
suggesting µD = 1 and σD = 0.3 which is an estimate of the critical damage distribution
based on expert opinion and not on data. By considering the epistemic uncertainty, the
distribution of the critical damage is more scattered, resulting in a less steep cdf, see
Figure 3.10. Therefore, the pdf is characterised by a lower peak with stronger tails. This
effect becomes appreciable for cdf ≤ 0.1. Highlighting the importance of considering the
epistemic uncertainty.

The mean fatigue life prediction of the current model is compared in Figure 3.11 with
the experimental data. Whereas the results of Model 1 shown in Figure 3.9a significantly
differ from those of Figure 3.11, there is reasonable agreement for Model 2, Figure 3.9b,
and the best agreement is obtained with the proposed model, Figure 3.11, where the MLE
of θV A for the dataset is considered. It can be deduced that the fatigue life prediction of
the proposed model using ζ = 18.7 is roughly equivalent to extending the CA S-N curve
with branch having m2 ∼ m1.

The model proposed in [40] has been used for inferring the presented CA and VA fatigue
test data. In this way, it is possible to compare the proposed model with a similar fatigue
resistance model. All the models are based on nominal stresses. The Akaike Information
Criterion (AIC) and Bayesian Information Criterion (BIC) are used to weigh the accuracy of
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Figure 3.10: Comparison between the distribution of the critical damage proposed in the
Probabilistic Model Code from JCSS [52], and the result of the inference, with and without the

contribution of the epistemic uncertainty.
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Figure 3.11: Comparison between the experimental data and the prediction obtained by the
proposed model. The black points represent the failure data, whereas the red points represent
the runout data. If the predicted fatigue life is finite, the resulting point is a circle, otherwise is

a triangle positioned at 109 cycles.
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3.5. Results and Discussion

the different models. The AIC and the BIC statistics are respectively given by [56]:

AIC = −2L(θ̂MLE) + 2nV A (49)

BIC = −2L(θ̂MLE) + nV Alog(mV A) (50)

where nV A is the number of model parameters and mV A is the number of VA fatigue
tests. The smaller the AIC and BIC values are, the more efficient the fit is since both
statistics penalize the number of model parameters nV A, but, for log(mV A) > 2, the BIC
statistic penalizes it more strongly. Since the same dataset is inferred and both models
contain three parameters for modelling VA loading, the AIC and the BIC statistics do
not give additional information over the use of the loglikelihood for model adequacy and
selection. They are reported anyway for completeness.

Based on the standard approach for considering VA loading, i.e. m2 = 2m1 + 1 and
m2 = m1 used for Model 1 and Model 2, two alternative prediction models have been
constructed: Model 1b and Model 2b. Both models have been constructed as for Model 1
and 2, respectively. The only difference consists in the fact that in this case the parameter
m1 is not set equal to -3, as it happens for Models 1 and 2, but is determined by CA
fatigue test data. For Models 1b and 2b it is obtained that log(a1) = 12.2, m1 = −3.29,
and the standard deviation of the residuals is σw = 0.147.

The values of the loglikelihood, AIC, and BIC statistics for Models 1, 2, 1b and 2b based
on both the CA and VA dataset are calculated. The results of the inference are shown
in Table 3.5. If the number of parameters of the model and the inferred data are the
same, a lower maximum value of the loglikelihood function determines higher uncertainty
underlying the estimation. Therefore, the model proposed in [40] would determine a more
uncertain prediction than the proposed model.

The Models 1, 2, 1b and 2b are not used to infer the VA data. For this reason, the
loglikelihood value also gives an indication about the accuracy, and not only about the
extent of the uncertainty. It can be deducted from Figure 3.9, that model 2 has an higher
accuracy than model 1. However, as reported in Table 3.5, the loglikelihood value for
model 2 is lower. This can be attributed to two circumstances. The first one is that
the current dataset for VA loading is characterized by a relatively large scatter, when
compared to the CA fatigue tests available. This can be also deduced by the fact that the
estimator of σD is relatively high, see Table 3.4. The second circumstance is that model
2 predicts for VA loading the same scatter as for CA loading. Instead, model 1 predicts a
larger scatter. The larger scatter is caused by |m2| > |m1|, and the fatigue limit defined
at a fixed number of cycles. Because, σw = 0.155 in the CA branch of the resistance
model, see Section 3.5.2, the scatter in the second branch is:

σw|m=m2
= σw

m2

m1
= 0.258 (51)

for model 1, i.e. 1.66 times larger than in the first branch. For Models 1b and 2b, where
the slope m1 is calculated based on CA fatigue test data, the value of the loglikelihood is
significantly lower than for Models 1 and 2. This is attributed to two factors: (1) the CA
S-N curve obtained for constructing Models 1b and 2b is shallower than that one obtained
for constructing Models 1 and 2, and (2) for this detail it appears that the stress ranges
below the fatigue limit are as damaging as those above.
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Chapter 3. Fatigue resistance model for VA loading

Table 3.5: Loglikelihood, AIC, and BIC statistics resulting from the inference of the cover
plated beam data. For all the cases mV A = 94. AIC and BIC statistics are computed for the

proposed model and the model in [40] considering nV A = 3, and for the EC3 and
AASHTO-based models considering nV A = 2.

Model Loglikelihood AIC BIC

Proposed -25.6 56.8 64.4
[40] -26.4 58.8 66.4

Model 1 (EC3-based) -71.0 146 151
Model 2 (AASHTO-based) -90.4 184 189
Model 1b (EC3-based) -228 460 465

Model 2b (AASHTO-based) -100 204 209

Figure 3.12 allows to visualise the difference between the fatigue resistance curves derived
for Model 1, Model 2, the proposed model, and the model in reference [40]. In this figure,
failure and runout data are respectively indicated by circles and triangles. The value of the
critical damage is reported for each subfigure, and the location of the fatigue limit ∆σ0,
is indicated by a dashed line. The CA S-N curve is indicated by a black line, whereas the
fatigue resistance curve for considering VA loading is depicted in red. The figure shows
that the estimated value of the fatigue limit in Models 1 and 2 is biased with respect to the
distribution of failure and runout data. Instead, the the proposed model and the model
in reference [40] show the location of the fatigue limit to be identical. The difference
between Models 1 and 2 in the extension of the S-N curve for VA loading is obvious.
For the proposed model, since the threshold stress range ∆σth decreases with increasing
the damage, the fatigue resistance curve is plot for four values of the ratio D/Dcr. For
D/Dcr = 0.1 the resulting fatigue resistance curve is approximately a straight line, as for
Model 2. However the fatigue resistance curve is, in this case, used in conjunction with
a significantly higher value of Dcr. The fatigue resistance curve resulting from the model
in [40] is characterised by two slopes: -3.28 and -3.68, for the first and the second branch
of the curve, respectively. This determines a fatigue resistance curve similar as for Model
2. However, also in this case, the value of the critical damage to be used is higher than
for Model 2.

In order to quantify the difference between the proposed model and the model in [40],
the predicted fatigue life distributions are evaluated considering epistemic uncertainty and
compared. Additionally, for the proposed model, the fatigue life distribution has been
computed with and without epistemic uncertainty, in order to quantify its effect. The
prediction of the fatigue life has been obtained considering a stress spectrum following a
Rayleigh distribution as defined in [96], see Section 3.5.1, having a dispersion parameter,
∆σd, equal to the modal stress range, ∆σm, the latter being equal to the mean of
the fatigue limit ∆σ0 = 10µv . The cumulative distributions of the predicted fatigue
life are shown in Figure 3.13. For the proposed model, it results that taking epistemic
uncertainty into account results in a more scattered fatigue life. However, this effect is
negligible for cumulative probability higher than 0.1 and becomes slightly more relevant
in the tail of the distribution. The small effect is ascribed to the relatively large number
of fatigue test data analysed. The distribution resulting from the application of the model
in [40] is heavier in the tails, and the prediction is characterised by a significantly more
scattered distribution. This results in a shallower slope of the cumulative distribution, and
determines a significant difference in the predicted fatigue life for cumulated probability
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D/Dcr = 0, 0.05, 0.1, 1)
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Figure 3.12: Fatigue resistance curves resulting from the four models analysed compared with
CA fatigue test data. ◦ = failure data; . = runout data; - - = ∆σ0; — = CA S-N curve; — =

fatigue resistance curve/extension for VA loading.
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Figure 3.13: Effect of model selection and of the epistemic uncertainty on the predicted
cumulative distribution of the fatigue life for the cover plated beam data.

less than 0.1. An implication of having larger uncertainty is that a larger failure probability
is predicted for a certain fatigue life required by the design. This means that a shorter
target life is required in order to satisfy a predetermined safety level.

The one-sided 95% tolerance lower bound (75% confidence) has been estimated from the
proposed model, by using the Monte Carlo method. The numerical procedure involves
the following steps:

1. A Rayleigh stress spectrum is defined;

2. A sample of θCA is drawn from its distribution, the same is done for θV A;

3. The model response, i.e. the distribution of the fatigue life, is evaluated using the
Monte Carlo method, using Equation 35;

4. The 5% lower prediction bound is evaluated;

5. The steps (2) to (4) are repeated iteratively, leading to a set of 5% lower prediction
bound of the fatigue life;

6. The 75% lower confidence level is quantified by selecting the (1-0.75) percentile of
the set of 5% lower prediction bound.

The Eurocode 3 - part 9 is meant to provide a fatigue life prediction that statistically
corresponds to a one-sided 95% tolerance lower bound (75% confidence). For this reason,
the prediction of such tolerance lower bound is compared to the prediction obtained using
the S-N curve of this detail as in the Eurocode 3, for a cover plated beam having the
thickness of the flange between 20 and 30 mm, and the thickness of the cover plated
smaller than that one of the flange. The difference with Model 1 is that the S-N curve
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Figure 3.14: Comparison between the fatigue life prediction estimated using the S-N curve
proposed in the Eurocode and the 95% lower tolerance bound at a 75% confidence level

estimated by the proposed model on the basis of the inferred CA and VA cover plated beam
datasets.

prescribed in the Eurocode 3 is used here, and not the one obtained by the inference of
the test data. The two predictions using the Eurocode 3 and using the proposed model
are compared in Figure 3.14. It results that if m2 = −5, and Dcr = 1 are selected, the
resulting prediction reasonably approximates the selected lower confidence bound for a
fatigue life up to 106 cycles. Instead, the prediction using the resistance model provided
in the Eurocode 3 becomes optimistic with, in the worst case, a factor of 2, for a fatigue
life higher than 106 cycles.

3.5.3 Discussion

The results for the cruciform joint, the cover plated specimen and the welded beam, see
Figure 3.8, are reported in the A.1, in Table A.5.

The mean value of the critical damage, µD, obtained from the inference for the non-
load carrying cruciform joint detail is similar to that one obtained from the cover plated
beam detail, see Table 3.4. Whereas, the value obtained for the cover plated specimen
is similar to that one obtained for the welded beam. This appears to be associated to
the type of weld. The cover plated specimen and the welded beam are characterised
by welds longitudinal to the loading direction. Whereas, the non-load carrying cruciform
joint detail and most of the cover plated beams tested under CA loading have transverse
welds.

The difference obtained for the estimator of the standard deviation of the critical damage,
σD, is attributed to the number of datasets involved for the estimation of the fatigue
resistance under both constant and variable amplitude loading. In particular, it can be
observed that the estimators of σD obtained for the cruciform joint and for the cover
plated specimen are in the same order of magnitude, with the value for the cruciform
joint being approximately 1.5 times higher than for the cover plated specimen. The fact
that the values are in the same order of magnitude is associated with the circumstance
that the test data performed for both CA and VA loading are associated to specimens
fabricated and tested of the same material and within the same experimental campaign.
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Figure 3.15: Relation between µv and ζ maximizing the Likelihood function for the cover
plated steel beam data.

The larger value encountered for the cruciform joint can be associated to a lower severity of
the detail, leading to multiple initiation points, and imperfections, such as misalignment
of the external plates. The value obtained for the welded beam detail is one order of
magnitude smaller than for the cruciform joint and the cover plated specimen. This is
attributed to the circumstance that several datasets from different experimental research
works and different batches of material are used to characterise the fatigue resistance
under CA loading. Instead, for VA loading the datasets are from one source only, despite
being from two different materials. However this appears not enough to cover the large
scatter found in CA test data due to the presence of test data from different sources. The
value of σD estimated for the cover plated beam detail is the largest. This is attributed,
in line with what was stated for the other details, to the large amount of datasets used for
both CA and VA loading. In addition, the datasets used for VA loading, despite being still
determined by applying a stress spectrum following a Rayleigh distribution, are subjected
to spectra that have some differences in: (1) the length of the random block of loading
ranges from 500 to 1024 cycles, (2) the truncation level of the spectra is not constant,
as it happens for the other datasets, (3) the tests presented in [103] were obtained by
applying a single overload, ∆σsp > ∆σmax within the random block, or by truncating the
lower tail of the spectrum.

The values obtained for ζ are similar for the three details examined in the appendix, and
one order of magnitude lower than the value observed for the cover plated beam. The
largest difference with the value determined by Kunz [90], i.e. ζ = 1, is estimated for
the welded beam detail. The large difference obtained for the cover plated beam detail
is attributed to the different types of weld dominant in the datasets used for VA and CA
loading. The CA fatigue tests examined in Chapter 2 are obtained using mostly cover
plated beams with welded ends. Instead, the number of cover plated beams with unwelded
ends dominates for the VA fatigue test dataset. Furthermore, among the VA data from
[96], only those related to a welding sequence that was inducing the shortest fatigue life
have been considered. These considerations suggest that the fatigue performance, that
most of the specimens belonging to the dataset used for VA loading would have under CA
loading, is lower than estimated for CA loading. Figure 3.15 shows the relation between
the value of µv and ζ for the cover plated beam data. The value of ζ is estimated
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by maximizing the likelihood function for µv imposed in a range between 1.1 and 1.6.
It results that if the value of 10µv ranges between approximately 20 and 30 MPa, the
estimator of ζ is reasonable, i.e. is from 0.3 up to 3. This is estimated based on Equation
29, assuming m = 3 and −0.33 < α < −0.2 and results in values of µv ranging from
1.3 up to 1.43. Given the CA fatigue test data, the estimators of the 6PRFLM reported
in Table A.2, and the profile likelihood, see Figure 2.5, the 95% likelihood ratio based
confidence interval of µv is (1.37, 1.58). This means that the interval of values of µv
giving p-values larger than 0.05, commonly used as a threshold to reject test hypothesis,
results in ζ ranging from approximately 1 up to 3. In other words, it is reasonable that
1.37 < µv < 1.43, according to the likelihood ratio confidence intervals for a p-value
larger than 0.05. This confirms that, based on the model, the estimator of µv is expected
to be smaller for the specimens used in the VA fatigue test data as compared to the
estimator resulting from the inference of CA fatigue test data.

The value of ζ, which has been here found to be dependent also on the geometry of the
welded detail, is observed to be in every case higher than 1, that is the upper value given
in [90]. The relation between ζ and the geometry of the welded detail found in Section
3.3.2, see Equation 29, determines that with decreasing α (i.e. increasing its absolute
value, being α < 0) ζ decreases. It is observed that this trend appears to be verified for
three out of the four considered details. By comparing the results of the cruciform joint,
the welded beam, and the cover plated specimen, see Table A.5, it results that the more
severe detail, i.e. the cover plated specimen, is associated to a lower value of ζ, and this
value increases with decreasing the severity of the detail, quantified using the mean value
of the fatigue limit, µv, as determined using linear elastic fracture mechanics, Section
3.3.2. The selection of µv over β0, which locates the finite life region of the 6PRFLM,
is made because β0 is strongly correlated with β1, for which the estimators significantly
differ among the selected details, ranging from -3.99 to -2.57. The lack of correspondence
found for the cover plated beam is associated with the aspects stated above. An analytical
derivation of ζ using fracture mechanics remains a challenging task. The relation found,
Equation 29, is limited to the following simplifying assumptions: constant amplitude
loading, the value of p in Equation 17 being zero, the critical condition occurring when
Mw > 1, and the approximation of the small crack behaviour modelled using a first order
approximation of Equation 16.

3.6 Conclusions
In the present work, a model for fatigue life prediction under variable amplitude loading has
been proposed and applied to welded details subjected to Rayleigh-based random block
loading. The model makes use of the S-N curve to modelling the constant amplitude
fatigue resistance, the relative linear damage rule, and the damage limit concept. The 6
Parameters Random Fatigue Limit Model has been selected as S-N curve to model the
fatigue resistance under CA loading. Similarly to the models in which the S-N curve is
extended below the fatigue limit with a modified slope, in which the parameter m2 has to
be calibrated, the proposed model requires the calibration of a model parameter, namely
ζ. Based on linear elastic fracture mechanics, ζ is found to be dependent on the severity
of the weld notch geometry.

The model has been used for inferring VA fatigue test data. Following the inference, the
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Chapter 3. Fatigue resistance model for VA loading

epistemic uncertainty has been estimated. Two large scale and two small scale details
have been selected for the analysis: the cover plated steel beam, as a welded detail with a
relatively low fatigue resistance, and the welded beam, which instead is characterised by
a relatively high fatigue resistance, are the large scale details. The cover plated specimen
and the non-load carrying cruciform joint are selected as small scale specimens. The
proposed model appears to be more adequate in predicting the fatigue life than currently
available models used for welded details because compared to other models the uncertainty
is minimised.

The difference in the mean value of the critical damage, µD, estimated from inferring dif-
ferent structural details seems to be related to the type of weld, longitudinal or transversal
to the loading direction. This might be associated with load sequence effects, which dif-
fer because of the different crack propagation mechanisms/paths in these type of welds.
It is found that the variability associated with the critical value of the fatigue damage
parameter, σD, is strongly dependent on the source and fabrication of the specimens.
Special attention should be paid to selecting the value most suitable to applications for
real structures. The value of the parameter controlling the effect of the stress ranges lower
than the fatigue limit, ζ, is found to be higher than the value previously suggested in the
literature. In particular, a value comprised between 1.0 and 1.5 seems reasonable for the
type of spectrum used in the investigation. Other types of stress spectra, different from a
Rayleigh distribution, might be associated with different values. By comparing the results
of the cruciform joint, the welded beam, and the cover plated specimen, it results that
ζ increases with decreasing the severity of the detail, as determined using linear elastic
fracture mechanics. The significantly larger estimator found the cover plated beam is
associated with the different type of weld (either longitudinal or transverse) dominant in
CA and in VA fatigue test data.

For the cover plate data, the S-N curve in Eurocode 3 gives a too optimistic prediction
for N > 106 cycles, up to a factor of 2 as compared to the one-sided 95% lower tolerance
bound (75% confidence level) predicted by the proposed model calibrated based on the
available datasets. On the contrary, it provides a realistic lower bound forN < 106.
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Chapter 4

Fracture mechanics model for welded
details

This chapter is based on:
Leonetti, D., Maljaars, J., & Snijder, H.H.

Fracture mechanics based fatigue life prediction for a weld toe crack under constant and variable
amplitude random block loading - Modeling and uncertainty estimation.
Draft in preparation for submission to Engineering Fracture Mechanics

Propagation of weld toe cracks under cyclic loading is often predicted using fracture
mechanics. In as welded condition, most of the propagation life is spent as a short
crack, which is known to behave differently than a long crack. Several studies have been
conducted with the aim of correlating the fatigue crack growth rate and the threshold
condition of small cracks to the well known linear elastic crack driving force parameter
∆K, the stress intensity factor range. In many cases, the application of such models
requires the quantification of material properties and model parameters that are difficult
to obtain from tests, and therefore scarcely available. The present chapter bypasses this
inconvenience by making use of the square root of area,

√
area, parameter proposed by

Murakami. Successively, a linear elastic fracture mechanics based fatigue crack growth
model is formulated for physically short and long cracks under constant and variable
amplitude random block loading. The uncertainty of the model parameters is quantified
in a frequentist statistical framework.

4.1 Introduction

The resistance of welded details against fatigue failure is often evaluated through the
use of fatigue resistance curves in combination with the linear damage rule proposed
by Palmgren and Miner [16, 84, 95]. For welded details, a global approach to fatigue,
e.g. with the nominal or geometrical stress range as load parameters, is preferred to
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Figure 4.1: Crack developing at the weld toe of a non-load-carrying cruciform joint. Strategy
involving one parameter, the crack depth, a, to model the crack front, or two parameters, the

crack depth, a and the semi-width, c.

more local approaches based on continuum mechanics. This is because the in-service
behavior of such details is largely influenced by the presence, the location, and the type
of initial defects that significantly reduce the crack initiation stage of the fatigue life, up
to the extent that this may even not exist in as-welded details [9]. When initial defects
are assumed to exist, fracture mechanics is necessary instead of continuum mechanics
to study their behavior, potentially leading to high accuracy in determining both the
fatigue life and the threshold condition [114–122]. Moreover, fracture mechanics models
are required for implementing DTD, i.e. a design based on periodic fatigue inspections,
in both deterministic and probabilistic frameworks, for example in the civil engineering
field [123–127]. In DTD, the fracture mechanics model aims to the determination of the
fatigue crack growth rate, forming the basis to estimate inspection intervals.

Despite the crack growth being erratic [128], it is often assumed that the first mode
of loading is dominant and that the crack grows in a plane. The crack path is usually
evaluated through either a single parameter, i.e. the crack depth a, or two parameters,
i.e. the crack depth a and the crack width 2c. A semi-elliptical shape of the crack front
is assumed [129–131], see Figure 4.1. This assumption is supported by experimental
observation about the crack front shapes observed in metals. Cracks observed in smooth
specimens are found to initiate having an aspect ratio, a/c, close to unity [132], i.e. their
shape is semi-circular. Several studies involved the description of the crack growth at the
weld toe in transverse welds [133–135]. These cracks are characterized by smaller aspect
ratios (a/c < 0.3) than cracks growing at the surface of smooth specimens. Moreover,
multiple initiation sites are observed along the weld toe, leading to short cracks which,
especially at the early stages, tend to coalesce, forming larger cracks. When the crack
depth exceeds approximately 0.3 mm, it has been found that microstructural imperfections
no longer affect crack growth [133–135].
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The initial crack size to be used for fatigue life prediction based on fracture mechanics has
been the subject of several studies. In some of these studies, the equivalent initial flaw size
is used, where the size has been determined by making use of fracture mechanics fatigue
life prediction models. The equivalent initial flaw size has been determined iteratively on
the basis of the agreement between the model prediction and fatigue test data [136, 137].
Therefore, the initial crack size and its distribution are calibrated and are conditional to
the model, limiting the application of such an initial crack size to the model used and
the geometry and the load condition for which it was derived. This is because in most
of these models there is no explicit reference to the distinction between short and long
cracks, despite the equivalent initial crack size being often one order of magnitude smaller
than one millimeter, which in the majority of the structural steels is often associated
with a short crack. Zerbst [138] proposed to use as (artificial) minimum initial crack
size the maximum non-propagating crack at the fatigue limit for a given load ratio R.
A complete description of the initial crack size is relevant for fracture mechanics-based
fatigue life prediction. This can be obtained by observing fracture surfaces or by using
non-destructive measurements. For example, measurements of the initial defect size are
reported in [139] for Inconel weldments. However, uncertainty exists about the type of
defect encountered.

The characterization of short and long cracks through the definition of length scales in
which cracks can be defined as either “long” or “short” is not possible in absolute terms.
Short cracks have been divided into microstructurally short cracks (micro-cracks), and
mechanically or physically short cracks (small cracks) [105, 106, 140–142]. For micro-
cracks, the propagation rate is significantly affected by the microstructure, and it is found
to be inhomogeneous due to the effect of microstructural barriers [143], see Figure 4.2.
Small cracks are large enough to be not significantly affected by microstructural barriers,
and they can be considered as surrounded by a homogeneous material. For this reason, the
crack growth rate, da/dn, can be potentially described by means of a crack driving force
parameter based on the assumption of homogeneity, as the linear elastic stress intensity
factor (SIF), K. It has been extensively shown in the literature that for small cracks the
measured crack growth rate plotted against the SIF range, ∆K, does not correlate well
with that one of long cracks. This is because a small crack is not long enough for its
driving force to be affected by extrinsic effects that typically influence the behavior of long
cracks, such as plasticity, oxide and, roughness induced crack closure [140], or any other
mechanism that shields the crack tip. For small cracks, the shielding effect of the crack
tip is not as effective as for long cracks, because of the dimension of the crack flanks. For
these reasons, early studies observe that under cyclic loading conditions leading to the
same driving force, small cracks propagate faster than large cracks [132], see Figure 4.2.
However, the linear elastic SIF range, ∆K, valid only to describe the crack growth rate
for long cracks, has been found suitable to describe also the growth of small cracks [108]
by making explicit the dependence of the extrinsic effects and crack size,. This is because
the intrinsic resistance to fatigue crack propagation, which is related to the (intrinsic)
damage processes that operate ahead of the crack tip [144], is essentially the same. The
extrinsic effects affect the crack tip stresses. The crack tip should be open at a minimum
applied stress greater than zero. When extrinsic effects occur, the above condition is not
always verified and the crack opening stress σop can be greater than the minimum stress
of the stress cycle, i.e. σop > σmin, determining a reduction of the effective crack driving
force.
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Figure 4.2: Stages of fatigue crack propagation, adapted from Miller [143].

As for the fatigue crack growth rate, a similar difference between small and long cracks
is observed for the threshold condition [104]. The extrinsic mechanisms that determine a
higher apparent threshold for long cracks are equal to those responsible for a lower crack
propagation rate [108], despite the intrinsic mechanism of threshold phenomena and crack
propagation being different [105, 140, 141]. The threshold condition, ∆Kth, is modeled
as the sum of the intrinsic, ∆Kth,eff , and the extrinsic, ∆Kth,op, components, and tends
to the threshold SIF range for long cracks, ∆Kth,lc, with increasing the crack size:

∆Kth = ∆Kth,eff + ∆Kth,op (1)

where ∆Kth,op depends on the crack size, a, and the load ratio, R, and its maximum value
is given by (∆Kth,lc −∆Kth,eff ). Some studies support the hypothesis that ∆Kth,eff

depends, apart from on the material, also on the load ratio, R, despite the mechanisms
causing this dependence are not clear yet [107, 145, 146]. Other studies do not make an
explicit reference to this relation or support the hypothesis of the intrinsic threshold to be
a unique material dependent parameter [108, 147–149].

The circumstance that a small and a long crack subjected to the same ∆K exhibit different
crack growth rates and require different threshold conditions is a break of the similitude
principle. This implies that the modeling and the experimental data for fatigue crack
propagation of small and long cracks are different. Several authors modeled the threshold
condition for small cracks in different ways. By using these models, the condition for
which a crack propagates under cyclic loading is ∆K > ∆Kth and is graphically depicted
though the cyclic resistance-curve (R-curve), see Figure 4.3, which related the threshold
condition for crack propagation to the crack size. Smith [150] determined the smallest
crack size which is significant in linear elastic fracture mechanics calculations as dependent
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Figure 4.3: Qualitative trend of the cyclic R-curve.

on the threshold SIF range for long cracks and the fatigue limit of smooth specimens. El
Haddad [51] interpreted the behavior of experimental data from Kitagawa and Takahashi
[104] and formulated the first model able to consider the effect of the crack size on
the threshold SIF range, which is nowadays used in the NASGROW model [50] by the
following equation:

∆Kth = ∆Kth,lc

√
a

a+ a0
(2)

where a0 is a calibration parameter called “intrinsic crack length”, which according to [50]
can be considered as a fixed value a0 = 0.0381 mm. Murakami [151, 152] related ∆Kth

to the Vickers hardness, HV , for several metals. The size of the defect was accounted for
by the square root of the area resulting from the orthogonal projection of the defect with
respect to a plane perpendicular to the loading direction, i.e. the

√
area parameter. The√

area is found to be able to correlate different types of surface defects, namely notches,
indentations, and cracks, with the threshold SIF range. Moreover, the correlation holds
independent of the shape of the defect, see Figure 4.4. The experimental data produced
to relate the

√
area parameter to the threshold stress for fatigue crack propagation,

∆σth, led to the definition of the critical value of the
√
area parameter,

√
areacrit.

For defects such that
√
area ≤

√
areacrit, ∆σth = ∆σ0, otherwise ∆σth < ∆σ0.

To model the build-up of the extrinsic effect on the intrinsic threshold, Mc Evily [153]
suggested an exponential relation of which the exponent is dependent on the material
and loading condition, i.e. the load ratio. This relation was successively used by Chapetti
[107] to model the cyclic R-curve by a formulation which required only one independent
parameter controlling the length scale at which the extrinsic effects take place, besides
the measurement of ∆Kth,eff and ∆Kth,lc. In [108] the build-up of crack closure was
modeled as the sum of two exponential terms that have to be calibrated with test data.
The two terms take independently into consideration the plasticity and roughness induced
crack closure and the circumstance that these two extrinsic effects occur at different
length scales (crack sizes). In this case, three independent parameters are required,
two controlling the length scales and one weighting the two crack closure mechanisms.
Whatever is the model, the determination of cyclic R-curve is not trivial, as many testing
parameters can influence the results [154].

For the fracture mechanics-based fatigue life prediction under VA loading, a large number
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Figure 4.4: Definition of the
√
area parameter and the various types of surface defects

investigated by Murakami [151].

of models have been proposed in the literature, of which the accuracy depends on the
specific load history [155–157]. This is because of the complexity of load sequence effects.
For example, crack growth following a single overload determines a transient in the crack
opening function, which has been the subject of many studies [158–161]. However, it is
certainly more reliable, for many randomly loaded structures, to measure the crack growth
rate determined by the application of a load history sampled from a certain spectrum, and
relate it to the crack driving force parameter derived for a specific stress range, e.g. the
root mean square, as done by Barsom [102, 162]. By following this approach, the load
sequence effects are only globally accounted for.

The present chapter aims to present a probabilistic fatigue life prediction model for fatigue
crack growing at the weld toe, starting from an initial defect or weld imperfection. The
presented model is able to consider the difference in the fatigue crack growth rate and
threshold condition of small and large cracks. The crack propagation is considered under
CA and VA loading, using spectrum fatigue crack growth data from the literature. The
inputs of the model and its epistemic uncertainty are estimated in a frequentist statistical
framework. The correlations proposed from Chapetti [107] and Murakami [151, 152]
were used to model the build-up of the extrinsic effects on the threshold condition and
the fatigue crack growth rate. For VA loading, the fatigue crack growth rate has been
determined from experimental data available in the literature which were determined under
random block loading. The data have been inferred using the proposed model and applied
to predict the fatigue life of non-load carrying cruciform joints under the same type of
loading.
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Figure 4.5: Fatigue crack growth rate curve for long cracks and schematic effect of the crack
size on the fatigue crack growth rate, Equation 15.

4.2 Models and methods

4.2.1 SIF determination for CA loading

Only the first mode of opening of the crack is considered in this research. Therefore, the
SIF reported here always refers to this opening mode.

In order to determine the fatigue crack growth rate using Equation 15, the crack driving
force is needed. The linear elastic SIF, K, is used as a crack driving force parameter,
considering its wide applicability and the verified appropriateness to represent both small
and long crack behavior, as mentioned in the introduction. At a given point along the
crack front, the SIF is given by the sum of the SIFs obtained for primary (Kp) and
secondary (Ks) stresses [163]:

K = Kp +Ks (3)

The primary membrane and bending stresses are the nominal stresses obtained directly
from the applied force and bending moment, respectively. The SIF for primary stresses
is:

Kp = Kp,m +Kp,b (4)

Because of the superposition principle, the SIF for primary loading is given by the sum of
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the SIF obtained under the membrane and bending components:

Kp,m = MfwktmMwmMmσm
√
πa (5)

Kp,b = MfwktbMwbMb[σb + (km − 1)σm]
√
πa (6)

where M is the bulging correction factor, fw is the finite width correction factor, ktm
and ktb are the membrane and bending stress concentration factors, Mwm and Mwb are
the membrane and bending stress intensity magnification factors for the weld toe geom-
etry, Mm and Mb are stress intensity magnification factors for membrane and bending,
respectively, σm and σb are the membrane and the bending stresses, and km is the fac-
tor considering the effect misalignment. In Equations 5-6, the SIF is calculated using a
generalization of the formula K = Y σ

√
πa, resulting from the Westergaard solution, in

which Y is the geometry function, depending on the geometry, loading, and crack size,
which is determined by the product of the factors M , Mm, Mb, Mk, kt, km, and fw,
which are usually derived from finite element calculations, see compendia such as [163,
164].

The secondary stresses, or residual stresses, are usually reported as normalized with respect
to the yield stress, σy, and depend on the type of weldment. The SIF for secondary stresses
is:

Ks = Ks,m +Ks,b +Ks,sb (7)

In a similar way as for the primary stresses, the SIF for the secondary stresses is given by
the sum of the SIF obtained using three components:

• the membrane component,

Ks,m = Mmσs,m
√
πa (8)

• the bending component,
Ks,m = Mbσs,b

√
πa (9)

• the self-balancing component,

Ks,sb =
∑
j

(σjfj)
√
πa (10)

where σj is the j-th coefficient of the stress distribution expressed as a polynomial function
of the relative abscissa z/B, and fj is the weight function. As for the primary stresses,
Equations 8 and 9 express the SIF as in the Westergaard solution. A different approach
is used in Equation 10, where the weight function method [165] is used to calculate the
SIF. Different from the geometric correction factors, the weight functions only depend
on the geometry of the component and are independent of the size of the crack and
loading condition. Therefore, if the weight function for a cracked geometry is known, it is
possible to compute the SIF for every type of load and crack size, given the nominal stress
profile acting in the section where the crack is present. As mentioned, the stress profile
is described with a polynomial relation as a function of the relative abscissa, z/B:

σ

(
z

B

)
=
∑
j

σj

(
z

B

)j
(11)
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4.2. Models and methods

where z is the distance between the considered point along the crack front and the free
surface and B is the thickness of the section. The weight functions, fj , can result from
finite element calculation or can be found in handbooks or standards [163, 166].

By considering both primary and secondary stresses, and for a load cycle in which bending
and normal loading are in-phase, the SIF range, ∆K, and the load ratio, R, are given
by:

∆K = Kp,max −Kp,min (12)

R =
Kp,min +Ks

Kp,max +Ks
(13)

4.2.2 Fatigue crack growth rate for small and long cracks

In accordance with the considerations made in [50], the fatigue crack growth rate for long
cracks is modeled as a function of the SIF range, ∆K, the load ratio R, and the crack
size a, using the Mettu-Forman equation modified as in [74]:

da

dn
= CFlc∆K

m

(
1− ∆Kth

∆K

)pth
(14)

where C, pth, and m are material constants, F is the crack velocity function, ∆Kth is
the threshold of the SIF range. In [50] only the threshold of the SIF range is dependent
on both the load ratio R, and the crack size a, whereas the crack velocity function is
not. In particular, for a certain value of R the value of ∆Kth for small cracks is given by
Equation 2. In order to consider the effect of small cracks, also the crack velocity function
needs to be modified, resulting in the following relationship:

da

dn
= CF∆Km

(
1− ∆Kth

∆K

)pth
(15)

where F is the crack velocity function for small and long cracks. The effect of a and R on
the fatigue crack growth rate is depicted in Figure 4.5. For increasing a, ∆Kth increases,
and the fatigue crack growth rate in the Paris region decreases. Whereas R determines
an opposite effect.

For long cracks, the NASGROW model considers the extrinsic effects using the crack
opening function given by:

fop =

{
max{R;A0 +A1R+A2R

2 +A3R
3}, if R ≥ 0

A0 +A1R, if R < 0
(16)

where:

A0 = (0.825− 0.34α+ 0.05α2)

[
cos

(
π

2

σmax
0.5(σy + σu)

)]α−1

(17)

A1 = (0.415− 0.071α)
σmax

0.5(σy + σu)
(18)

A2 = 1−A0 −A1 −A3 (19)
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A3 = 2A0 +A1 − 1 (20)

where α accounts for the level of constraint, σy is the yield stress, and σu is the ultimate
tensile strength. According to [50] the threshold SIF range for a long crack, ∆Kth,lc,
is:

∆Kth,lc = ∆K0

(
1− fop

(1−A0)(1−R)

)−(1+cthR)

(21)

where the coefficients of A0, A1 and cth are calibration parameters, where cth usually
ranges between 0 and 3 if R ≥ 0 or is approximately 0.1 if R < 0, α accounts for the level
of constraint, and ∆K0 is the threshold SIF range for long cracks at R = 0. In practice,
the function that multiplies ∆K0 takes into account the effect of plasticity induced crack
closure, and it is a (monotonically decreasing) function of the load ratio.

To model the lower threshold SIF range and the higher crack growth rate that short
crack exhibit with respect to long cracks, the threshold SIF range and the crack velocity
function are modified to make explicit the dependence on the crack size. The build-up
of the extrinsic effect related to long cracks, i.e. ∆Kth,op,lc = ∆Kth,lc − ∆Kth,eff , is
modeled as in [153]:

∆Kth = ∆Kth,eff + (∆Kth,lc −∆Kth,eff )[1− exp(−k(a− d))] (22)

where d is the position from the surface of the strongest microstructural barrier, and k
is a calibration parameter. In particular, d also stands for the crack size for which the
effect of the microstructure is negligible. The parameter k controls the built-up of the
extrinsic effect and the length scales at which this happens. Whereas d is only dependent
on the material and its microstructure, k also depends on the load ratio, R. Chapetti
[107] proposed the following relation for estimating k:

k =
1

4d

∆Kth,eff

∆Kth,lc −∆Kth,eff
(23)

which gave a good agreement with test data related to several metals including aluminum,
steel, and copper.

In accordance with [50, 167] the crack velocity function for long cracks, Flc, is given
by:

Flc =

(
1− fop
1−R

)m
(24)

where m is the exponent of the FCGR function. In a similar fashion as done by Maierhofer
[108], the crack velocity function for small and long cracks is obtained by correcting Flc
using the exponential term in Equation 22:

F = 1− (1− Flc)[1− exp(−k(a− d))] (25)

Therefore, this model is able to represent the growth of small and long cracks growing
from the critical location in weldments and propagating according to mode I loading, i.e.
in a direction perpendicular to the direction of the maximum principal stress.

For the determination of ∆Kth, Equation 22, and F , Equation 25, for the point C, i.e.
the intersection of the crack front with the free surface, see Figure 4.1, the semi crack
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Figure 4.6: Crack velocity function F , as a function of the load ratio R, for different crack sizes
a (a), and the extrinsic component of the threshold of the SIF range normalized for its value at

R = 0 as a function of a− d, for several values of the load ratio R (b).

width c is used instead of the crack depth, a. This is based on the circumstance that the
SIF is defined, for every point of the crack front, to quantify the stress intensification in
the vicinity of the crack tip and in the plane perpendicular to the crack front.

The trend of the crack velocity function as a function of the load ratio for several values
of the crack size is depicted in Figure 4.6(a). Since the parameter k depends on the load
ratio, R, and it is not a unique value, the the trend of the crack velocity function F shown
in Figure 4.6(a)is not monotonic. According to Equation 23, at higher values of R, the
reduction of the extrinsic component determines that the value of k increases. Therefore,
a larger value of k in Equation 22 implies that the extrinsic component, ∆Kth,op =
∆Kth −∆Kth,eff ), is fully established, i.e. ∆Kth,op = ∆Kth,op,lc, for smaller values of
a than at lower values of the load ratio R. This is also visible in Figure 4.6 (b), where the
extrinsic component of the threshold of the SIF range normalized for its value at R = 0
is shown as a function of the crack size for several values of the load ratio, R. It results
that for lower values of R a larger crack depth a is required in order for the extrinsic
component to be fully active, i.e. for ∆Kth ∼ ∆Kth,lc. Instead, at higher values of R,
the extrinsic component is fully developed for shorter crack depths.

4.3 Estimation of the model parameters and their
uncertainty

4.3.1 Secondary stresses for CA and VA loading

Secondary stresses are of high importance for fatigue crack propagation, as they modify
the load ratio, and in turn, the extent of plasticity induced crack closure. Positive resid-
ual stresses determine a higher fatigue crack growth rate and a lower threshold, forming
therefore a more severe condition. Residual stress profiles at the weld toe can be obtained
either through measurements or by finite element modeling, and in both cases the evalua-
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Figure 4.7: Transverse residual stress profile for several types of weldments (T-butt, Plate on
plate, T tubular, Y tubular) [114]. Scatterband and mean regression line, Equation 26.

tion is non-trivial. In Figure 4.7 the residual stress profile is depicted for different types of
weldments. Based on these data, in [168] it is suggested that the mean value is:

σs
σy

= 0.62 + 2.3267
z

B
− 24.125

z

B

2
+ 42.485

z

B

3
− 21.087

z

B

4
(26)

where σy is the yield stress. The variability encountered is modeled by using a normal
distribution with mean value equal to one and a coefficient of variation equal to 0.25 at
z/B = 0, i.e. a standard deviation equal to 0.155.

The residual stresses to be used for VA loading can be estimated according to the indication
based in BS7910 [163], Annex O. It is recommended that if the welded component is
subjected to a proof load leading to limited plasticization in the cracked section, the
residual stress state reduces to:

σs = min

{
σy;σy

[
1.4− σref

0.5(σy + σu)

]}
(27)

where σref is the reference stress due to the applied primary load. In the case of variable
amplitude random block loading, the reference stress is calculated for every block.

Reference stress solutions are reported in standards, guidelines, and compendia [50, 163,
169]. For a semi-elliptical surface crack growing in a rectangular section, the reference
stress for normal bending restraint, and for negligible bending restraint are respectively
given by (BS7910):

σref =
σb + [σ2

b + 9σ2
m(1− α′′)2]0.5

3(1− α′′)2
(28)

σref =
σb + 3σmα

′′
+ [(σb + 3σmα

′′
)2 + 9σ2

m(1− α′′)2]

3(1− α′′)2
(29)

where

α
′′

=

{
a/B

1+B/c , if Tw ≥ 2(c+B)
2ac
BTw

, if Tw < 2(c+B)
(30)
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where B and Tw are thickness and the width of the cross section of the crack. The
maximum bending and membrane stress σb and σm are evaluated at the maximum stress
range of the spectrum, that is ∆σmax/(1−R).

4.3.2 Cyclic R-curve

This section shows the proposed approach to estimate the cyclic R-curve according to
Equation 22 from [153]. To do so, the relationships of Murakami [151, 152] and Chapetti
[107] are used.

According to Murakami [151, 152], for a load ratio R = −1, the fatigue limit of polished
specimens of low to medium strength steels, is related to the Vickers hardness, HV

by:
∆σ0

2
= 1.6HV (31)

where ∆σ0 is the stress range at the fatigue limit. Equation 31 applies to specimens which
are assumed to be free of defects. In the case of specimens with defects, the threshold
stress range, ∆σth, for which crack propagation does not occur has been related also to
the Vickers hardness and to the defect size. The size of the defect is accounted for by
the
√
area parameter introduced in Section 4.1, see Figure 4.4. In this case, the relation

also includes the dependency from the load ratio R:

∆σth
2

= 1.43(HV + 120)
√
area

−1/6

(
1−R

2

)0.226+10−4HV

(32)

This relation was derived by introducing micro-defects of different sized in polished spec-
imens. For relatively small defect sizes, the threshold stress range was found to be equal
to the fatigue limit. This leads to the definition of the critical value of the

√
area param-

eter, i.e.
√
areacrit, indicating the largest defect size for which the propagation of the

defect does not occur at any stress range lower than the fatigue limit. In other words, for√
area ≤

√
areacrit the threshold stress is coincident with the fatigue limit and Equation

32 is not valid, see Figure 4.8. Therefore, if
√
area <

√
areacrit the considered defect is

smaller than the inherent defects inevitably present in the material, which dominate the
phenomenon. Given the value of the Vickers hardness and considering R = −1, the value
of
√
areacrit can be estimated by equating Equation 31 and Equation 32:

√
areacrit =

(
1.43(HV + 120)

1.6HV

)6

(33)

and is found to be decreasing with increasing the Vickers hardness.

The threshold condition for fatigue crack propagation expressed using the linear elastic
crack driving force parameter, ∆K, is:

∆Kth = Y∆σth

√
π
√
area (34)

where ∆σth is estimated using Equation 32, and the geometry factor Y incorporates
all the factors that were made explicit in Equations 5-6, and refers to surface cracks in
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Figure 4.8: Effect of a small hole drilled on the fatigue limit, the size of the hole is expressed by
the
√
area.

smooth specimens. For small semi-circular surface cracks, as those observed to initiate
in smooth specimens [132], Y = 0.65. Equation 34 predicts the trend of the threshold
of the SIF range as a function of the crack size, i.e. it is the cyclic R-curve proposed
by Murakami. However, Equation 34 does not asymptotically tend to ∆Kth,lc, therefore
it does not follow the expected trend of a cyclic R-curve that is depicted in Figure 4.3,
and it does not allow to predict the value of ∆Kth,lc. To overcome this inconvenience,
Equations 32 and 34 are considered valid up to approximately

√
area = 1000µm [151,

152]. However, as mentioned in Section 4.1, a crack cannot be defined as “short” or “long”
through absolute length scales, therefore, the aforementioned upper limit of Equation 34
is not used here to derive any correlation with ∆Kth,lc. By making explicit Y and ∆σth
in Equation 34, it becomes:

∆Kth = 2 · 0.65 · 10−3[
1.43(HV + 120)

√
area

−1/6

(
1−R

2

)0.226+10−4HV ]
√
π
√
area (35)

for the SIF expressed in [MPa mm0.5]. Figure 4.9 depicts the typical trend of the cyclic
R-curve of a material (continuous line), and the trend of the SIFs as a function of the
crack size, of which the initial value is aini, under the effect of three stress ranges under
constant amplitude loading (dashed line). The crack size is on the horizontal axis, whereas
the SIF range is on the vertical axis. Starting from a crack of size d, the cyclic R-curve
divides the region of propagating cracks ∆K > ∆Kth from that one of non propagating
cracks ∆K ≤ ∆Kth. A cyclic R-curve is conditional to the load ratio, R. According
to Equation 22, d is the size of the largest microstructural barrier from the free surface
[107]. Each dashed curve in Figure 4.9 relates the SIF range with the crack size for an
applied stress range of constant amplitude. Three situations may occur: for ∆σ < ∆σ0,
the dashed line intersects the cyclic R-curve, estimating the size of the non propagating
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Figure 4.9: Schematic of the cyclic R-curve. Effect of the applied stress range and
simplification adopted with respect to approximation of d.

crack; for ∆σ > ∆σ0 the dashed line does not intersect the cyclic R-curve, i.e. the crack
potentially propagates until failure occurs; for ∆σ = ∆σ0 the dashed line is tangent to
the cyclic R-curve, also in this case estimating the size of the non propagating crack.
This condition is the same as predicted by Equation 33. By considering the defect to
be of semi-circular shape, the

√
areacrit [µm] can be translated in terms of crack depth

[mm]:

acrit =

(
2(
√
areacrit)

2

π

)1/2

10−3 (36)

Therefore, the critical crack depth acrit, i.e. the abscissa of the tangency point illustrated
in Figure 4.9, can be estimated using

√
areacrit, and the corresponding threshold of the

SIF range, ∆Kth(
√
areacrit), can be estimated using Equation 35. In this work it is

assumed that acrit is a reasonable estimate of d, that can potentially be used if this
quantity is not available. This assumption is going to be validated in the next section,
by comparing the predicted cyclic R-curve with experimental data from literature. This
assumption is based on two arguments: (1) these quantities are expected to be very
close, mostly because of the trend of both the cyclic R-curve, i.e. the continuous line
in Figure 4.9, and the loading curve, i.e. the dashed line in Figure 4.9; (2) the growth
of non propagating cracks before they stop (∆σ ≤ ∆σ0) is not of interest to determine
the fatigue life, as also postulated in [138]. If acrit is used instead of d, the relationship
proposed by Chapetti [107], i.e. Equation 23, to estimate k is here modified into:

k =
1

4acrit

∆Kth,eff

∆Kth,lc −∆Kth,eff
(37)

Assuming that d ∼ acrit also implies that ∆Kth,eff is approximated by the value of the
threshold of the SIF range evaluated for

√
areacrit by making use of Equation 35. In

this case, the dependency of the estimated value of ∆Kth,eff from the load ratio, R,
is made explicit because the tangency point between the cyclic R-curve and the loading
curve depicted in Figure 4.9 inevitably depends on the load ratio R, since both ∆σ0 and
∆Kth,lc depend on it.
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Table 4.1: Datasets considered for the validation.

Steel Grade d ∆σ0 ∆Kth,eff ∆Kth,lc Ref.
[mm] [MPa] [MPa m0.5] [MPa m0.5]

0.42 C 0.018 450 2.2 5.9 [170]
2.25Cr1Mo 0.025 500 2.9 9.1 [171]

S20 C 0.0078 470 1.5 10.4 [172]
S20 C 0.055 326 2.8 12.4 [172]

In summary, in the present work, the cyclic R-curve is modeled according to the exponential
model of McEvily [153], which makes use of two calibration parameters, i.e. d and k.
The distance of the first microstructural barrier from the free surface, d, is estimated
using

√
areacrit [151, 152]. In order to estimate the parameter k, this leads to rewriting

Equation 23, initially proposed by Chapetti [107], into Equation 37. By using the proposed
procedure, the required inputs to estimate the cyclic R-curve are:

• the Vickers hardness HV , which allows estimating
√
areacrit and k,

• and the threshold SIF range for long cracks ∆Kth,lc.

Validation and estimation of the uncertainty for the threshold condition

The aim of this section is to assess the accuracy of the predicted cyclic R-curve follow-
ing the proposed approach described in the previous section, and to validate both the
assumption of d ∼ acrit and the applicability of Equation 37.

For the present analysis, three approaches are considered to estimate the cyclic R-curve:

1. the model of Mc Evily [153], Equation 22, and the proposed approach to estimate
the parameters;

2. the model of Mc Evily [153], Equation 22, and the correlations proposed by Chapetti
[107] to estimate the parameters;

3. the model proposed in the FITNET, i.e. Equation 2, based on the El-Haddad [51]
approximation of the Kitagawa and Takahashi diagram [104];

These approaches are also used for qualitative and quantitative comparison with exper-
imental data available from the scientific literature. The test data from four different
steels are reported in [107], and are used for the validation of the proposed approach.
With respect to each dataset, the inputs are summarized in Table 4.1.

In the proposed approach, the value ofHV is estimated from ∆σ0 using Equation 31. It al-
lows estimating ∆Kth,eff , which is approximated by Equation 35 for

√
area =

√
areacrit,

the latter estimated using Equation 33. The value of acrit is estimated using Equation
36, allowing k to be determined by Equation 37. The only required quantity is ∆Kth,lc

that for the current analysis is reported in Table 4.1. The approach proposed by Chapetti
[107] makes use of the measured values of d, ∆Kth,lc and ∆Kth,eff , which are reported
in Table 4.1. The approach reported in the FITNET guideline [50] makes only use of
∆Kth,lc, reported in Table 4.1.

The comparison between the three approaches and the test data is depicted in Figure
4.10. It results that the current approach leads to a cyclic R-curve well in agreement with
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Figure 4.10: Cyclic R-curve. Comparison between test data, see Table 4.1, and the three
approaches considered in the present chapter. ◦ = test data; - - - = Approach of Chapetti ; —

= Proposed approach; - · - = FITNET.
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Figure 4.11: Box-plot diagram bounding the inter quartile range and prediction bounds of the
residuals of the difference between the logarithm of the predicted vs. the logarithm of the
experimental threshold SIF range. The single data reported are considered as outliers.

test data, similar to the approach proposed by Chapetti [107], but it requires less mea-
sured quantities. Instead, the El-Haddad approximation as proposed in the NASGROW
model leads, in every examined case, to an evident overestimation of the cyclic R-curve.
Therefore, it is not considered for further analyses.

When comparing the results of the proposed approach and that one proposed by Chapetti,
the difference between the logarithm of the prediction and experimental results of ∆Kth

are well in agreement with a normal distribution, see the box-plot in Figure 4.11. The
proposed approach determines a coefficient of variation equal to 0.1. By analyzing the
residuals resulting from the approach proposed by Chapetti, it results that this approach
leads to a less severe threshold condition than the test data, and the distribution of the
residuals is more scattered. On the contrary, the residuals resulting from the FITNET ap-
proach determine a more severe threshold condition than the data, and significantly larger
scatter. Therefore, the authors consider the proposed approach as preferable, because of
three reasons: (1) it appears to be less biased, (2) leads to a less scattered distribution
of the log-residuals, and (3) it requires less input variables. In particular, it requires only
the Vickers hardness, which can be easily measured, and the threshold of the SIF range
for long cracks, which can be measured relatively easy, e.g. in comparison to ∆Kth,eff ,
and is reasonably known for many steel grades.

Estimation of the uncertainty for the correlation between
√
area and ∆Kth

From the previous section it follows that the correlations developed by Murakami are
used to estimate relevant quantities such as ∆Kth,eff and acrit. In order to consider the
uncertainty resulting from the use of these correlations, the test data used from Murakami
are re-analised using the maximum likelihood method.

The relation expressed by Equation 35 reduces, by multiplying all the constants, into:

∆Kth = 3.3 10−3(HV + 120)
√
area

1/3

(
1−R

2

)0.226+10−4HV

[MPa m0.5] (38)
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Table 4.2: Estimation of the aleatory and epistemic uncertainties for the parameters of the
model proposed by Murakami, and the estimation of the variability of the fatigue limit

according to [173].

Parameter Estimator St.err. Correlation Matrix
α1 3.30E-03 8.18E-05 1 -4.58E-01 -7.06E-01 -3.56E-01
α2 120 5.49E+00 - 1 -2.78E-01 2.34E-01
α3 0.33 4.60E-03 - - 1 2.03E-1

σln(∆Kth) 0.05 1.42E-03 - - - 1
∆σ0 1.6 HV 0.14 See [173]

For a load ratio R = −1, the previous equation results in the relationship reported in
[151]:

∆Kth = 3.3 10−3(HV + 120)
√
area

1/3[MPa m0.5] (39)

This equation has been obtained by fitting test data obtained from smooth specimens
containing defects. The data related the size of the defect, using the

√
area parameter,

to ∆Kth. The regression model associated with Equation 39 is as follows:

∆Kth = α1(HV + α2)
√
area

α3
+ ε) (40)

and ∆Kth is assumed to be distributed according to a log-normal distribution. The
maximum likelihood method [42] is used to infer the experimental data with the aim of
estimating the uncertainty.

The estimators of the model parameters α1, α2, α3, and the standard deviation of the
log-residuals σln(∆Kth) are reported in Table 4.2 together with the standard error and the
correlation matrix obtained from the Fisher information matrix of the likelihood function.
The epistemic uncertainty are modelled using a multivariate normal distribution having as
a location parameter the estimator of the model parameters. The covariance matrix can
be obtained from the standard error and the correlation matrix, both reported in Table
4.2. These results can be used in a probabilistic assessment in which d and ∆Kth,eff are
estimated using the procedure proposed in this chapter.

4.3.3 Fatigue crack growth under VA loading

Model for inferring fatigue crack growth rate data obtained for VA random block
loading

The model proposed for fatigue crack growth under VA random block loading is based on
fatigue crack growth data obtained by applying a stress history in which the relative fre-
quency of occurrence of a stress range follows the truncated Rayleigh distribution function
and the load ratio R is fixed. The truncated Rayleigh distribution is depicted in Figure
4.12, where the effect of the modal stress range ∆σm and the dispersion stress range
∆σd, is shown. In the majority of the experimental studies performed by making use of
this type of load spectrum [102, 162], and based on the analyses of Klippstein [174], the
truncation was applied at ∆σmax = ∆σm + 2∆σd, and ∆σmax = ∆σmin + 3∆σd. For
this type of VA loading, Barsom [162] demonstrated that in the Paris region the fatigue
crack growth rate can be correlated with that one resulting from CA loading tests. In
particular, a very good agreement was found when plotting the fatigue crack growth rate
against the root-mean-square SIF range ∆Krms for CA and VA data. The VA fatigue
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Figure 4.12: Rayleigh spectrum with truncation at ∆σmax.

crack growth data in the near-threshold region produced by Fisher for A36 steel [102]
are used in this chapter in order to relate a characteristic value of the SIF range to the
measured fatigue crack growth rate. The test data were produced by monitoring fatigue
crack growth in central crack specimens, subjected to repeated blocks of a random load
history sampled from the truncated Rayleigh distribution shortly described before. Three
load ratios were used: 0.3, 0.55, and 0.80. In every case, ∆σmin = 0, and the ratio
∆σd/∆σm was kept equal to 1.

Since most of the crack propagation time of as-welded details is spent in the near-threshold
region as a small fatigue crack, accurate modeling of the near-threshold fatigue crack
growth rate is crucial. Different from [102, 162] the maximum SIF range, ∆Kmax,
resulting from the maximum stress range of the spectrum, ∆σmax, is used as a crack
driving force to correlate the threshold condition under CA and VA loading. This is
because, under spectrum loading, the crack is assumed to propagate if ∆Kmax > ∆Kth.
For what concerns the Paris region, the correlation found by Barsom is used. For the
estimation of ∆Kth and the near threshold fatigue crack propagation, the VA fatigue
crack growth rate data in [102] will be useful to validate these hypotheses and, at the
same time, gain an understanding of the near-threshold fatigue crack growth rate.

The proposed fatigue crack growth model is based on Equation 15. However, the relations
to describe the dependency of ∆Kth,lc on the load ratio, Equation 21, and the crack
velocity function, Equation 24, although remaining similar to those of the NASGROW
model [50] are modified into:

∆Kth,lc,Ω = ∆K0,Ω

(
1− fop,Ω

(1−B0)(1−R)

)−(1+Rγth)

(41)

∆KmΩ

eff = ∆KmΩFlc,Ω whereFlc,Ω =

(
1−R

1− fop,Ω

)mΩ

(42)

The crack opening function fop,Ω, related to spectrum is expressed similar to that one of
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4.4. Results of the fatigue life prediction

the NASGROW model [50], but simplified with respect to Equation 16:

fop,Ω = max{R;B0 +B1R} (43)

The variables ∆K0,Ω, B0, B1, γth are model parameters that are estimated based on
fatigue test data. Flc,Ω represents the crack velocity function for long cracks related to
the considered spectrum Ω, and ∆Kth,lc,Ω is the threshold SIF range for long cracks
related to the spectrum Ω for which, if ∆Kmax > ∆Kth,lc,Ω fatigue crack propagation
is assumed to occur. As for the CA loading, γth is assumed to be equal to 2. Therefore,
for long cracks Equation 15 becomes:

da

dn
= CΩFlc,Ω∆KmΩ

max

(
1− ∆Kth,lc,Ω

∆K −max

)pth,Ω
(44)

where CΩ, mΩ , and pth,Ω are the model parameters for random block VA loading. The
parameter mΩ can be assumed equal to m resulting from CA loading. The parameters
pth,Ω, and CΩ depend on the specific value of ∆σd/∆σm, i.e. their values depend on the
specific spectrum, because of the load sequence effects.

Estimation of the uncertainty for the fatigue crack growth rate under VA random
block loading

In this section, the VA fatigue crack growth rate data from [102] are inferred using the
model proposed in the previous section. The aforementioned data were obtained by
testing central crack specimens and applying a VA random block loading of which the
stress spectrum follows the truncated Rayleigh distribution as introduced in the previous
section. The agreement between the proposed fatigue crack growth rate model and the
data is depicted in Figure 4.13. In addition, the estimators of the parameters of the model
and the resulting uncertainty are reported in Table 4.3. The analysis results in a very large
standard error for log10(CΩ). This is attributed to the lack of fatigue crack growth rate
data in the Paris region, as can be seen in Figure 4.13. This large uncertainty is further
amplified by the uncertainties of B0, and B1, of which the source is again the lack of
data in the Paris regime. On the contrary, the estimator of ∆K0,Ω is very close to the
values of ∆K0 reported in [50] for similar steel grades. This supports the choice of using
the value of ∆Kmax as crack driving force parameter for VA fatigue crack growth rate,
with the aim of correlating the threshold condition for VA loading to that one obtained
from CA fatigue crack growth rate data. For what concerns the near-threshold VA fatigue
crack growth rate, it results that a smoother transition between the Paris regime and the
threshold is obtained for the VA fatigue crack growth rate as compared to the CA fatigue
crack growth rate. Indeed, the absolute value of the estimator of pth,Ω (1.21), see Table
4.3, is larger than the absolute value of pth, usually equal to 0.5 [50].

4.4 Results of the fatigue life prediction

The fatigue crack growth model described in Section 4.2.2 is used for two purposes. At
first, a sensitivity analysis is carried out with the purpose of establishing the importance
of the different parameters with respect to the predicted fatigue life and fatigue limit.
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Figure 4.13: Spectrum fatigue crack growth rate data, fit using the proposed model. ◦=test
data R = 0.3; ◦=test data R = 0.55; ◦=test data R = 0.8; —= Model prediction at R = 0.3;

—= Model prediction at R = 0.55; —=Model prediction at R = 0.8.

Secondly, the model is applied to a cruciform joint geometry under constant and variable
amplitude loading, aiming to verify the agreement between the fatigue life prediction and
the test data. The fatigue test data used for the validation are obtained from [175] and
are related to a non-load carrying cruciform joint.

4.4.1 Sensitivity analysis for CA loading

The sensitivity analysis is carried out in order to determine the relative importance of
each variable. The change of the response of the model is quantified after a separate
perturbation of each of the variables. The semi-elliptical surface crack is considered to
grow at the weld toe of a cruciform joint until its depth reaches 0.8 times the plate
thickness, B. The variables considered in the sensitivity analysis are:

1. the intrinsic threshold ∆Kth,eff ,

2. the threshold for a long crack at R=0, ∆K0,

3. the estimated distance from the surface of the first microstructural barrier acrit,

4. the initial crack size aini

5. the initial crack aspect ratio aini/cini,

6. the coefficient C of the crack growth rate law,

7. the load ratio R.

The monitored response of the model consists of three aspects: (1) the predicted fatigue
limit ∆σ0, (2) the predicted fatigue life at ∆σ=200 MPa, and (3) the predicted fatigue
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Table 4.4: Reference values for the sensitivity analysis.

Parameter Value Ref.

∆Kth,eff 63 [MPa mm0.5] [163]
∆K0 278 [MPa mm0.5] [50, 176]
acrit 0.05 [mm] (a)
aini 0.15 [mm] [52]

aini/cini 0.62 [-] [52]
C 2.50E-13 (b) [176]
R 0.5 [-] Ref.

(a) Arbitrary value.
(b) for da/dn in [mm], given ∆K in [MPa mm0.5].

Table 4.5: Result of the sensitivity analysis.

Input Output
θi η∆σ0,θi

ηN,θi at ∆σ=200 MPa ηN,θi at ∆σ=300 MPa

∆Kth,eff 0.17 0.05 0.03
∆K0 0.05 0.02 0.01
d -0.06 -0.03 -0.02
aini -0.03 -0.09 -0.09

aini/cini 0.00 0.01 0.01
C 0.00 -0.20 -0.20
R -0.02 -0.08 -0.08

life at ∆σ=300 MPa. For the fatigue life and the fatigue limit, respectively, the indicators
of importance are defined as:

ηN,θi =
Nθi+∆θi −Nθi−∆θi

Nθi
(45)

η∆σ0,θi =
∆σ0θi+∆θi

−∆σ0θi−∆θi

∆σ0θi

(46)

where Nθi is the number of cycles to failure predicted for the considered parameter θi
to be equal to the reference value, Nθi±∆θi are the number of cycles to failure predicted
for the perturbed value. The same definition applies to the fatigue limit, ∆σ0. Each
parameter is perturbed by 10%, i.e. ∆θi = 0.1θi. The reference value of each parameter
is reported in Table 4.4 and is based on typical values for structural steels.

For the purpose of carrying out the sensitivity analysis, the intrinsic threshold, ∆Kth,eff ,
the cyclic R-curve, and the effect of the secondary stresses on the load ratio R are
not evaluated as described in Section 4.3.2. This means that, the values of acrit and
∆Kth,eff are directly assumed, instead of estimating them through the use of the HV ,
in order to measure the influence of the distance of the microstructural barrier and the
intrinsic threshold of the SIF range on the fatigue strength and life. The resulting values
of ηN,θi and η∆σ0,θi are reported in Table 4.5.

It clearly results that, given the reference values of the model parameters, the most
dominant variables with respect to the estimation of the fatigue limit are ∆Kth,eff and
d, but the effect is opposite (opposite sign). The third most important parameter is the
threshold for long cracks at R=0, ∆K0. With respect to the predicted life at ∆σ=200
and at ∆σ=300 MPa, the most relevant parameters are the coefficient of the fatigue
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4.4. Results of the fatigue life prediction

crack growth rate function, C, and the initial crack depth, aini. The effect of the load
ratio R affects both the estimation of the fatigue limit and the fatigue life, because of
the effect induced on ∆K0, ∆Kth,eff , and C. The variables that are more relevant for
the threshold condition, ∆K0, ∆Kth,eff , and d determine a decreasing relevance with
respect to the fatigue life with increasing the applied stress range. However, it must
be noted that the results are based on an equal, independent, perturbation of all the
parameters. In reality, standard deviations of these variables are different and, therefore,
it is expected that a different ranking occurs if other methods, such as the First Order
Reliability Method (FORM) are used.

4.4.2 Model validation for CA loading

The results of the proposed model are here graphically compared to a CA fatigue test
dataset of cruciform joints obtained from [175].

The steel grade used was ASTM A572 Grade 50, equivalent to S235 steel for which the
statistics of the monotonic tensile properties are investigated in [52, 177]. The Vickers
hardness was obtained from the Brinell hardness by using commonly available conversion
tables. It should be noted that the values used here are for base material. In reality, the
crack front might be located in the coarse or fine-grained heat-affected zone. However,
because of the scarce availability of such data, the prediction is performed using the
properties of the base material. Table 4.6 summarises the dataset and the dimension
of the welded detail tested in [175]. In order to determine the crack driving force, the
geometry correction factors in Equations (6) and (7) are calculated using the equations
reported in BS7910 [62]. In particular, the 3D solutions for calculating Mk are used.
The final crack size is set equal to 0.8 times the thickness of the cross-section, which is
the limit of validity for the equations used to calculate the geometry correction factors.
According to [70], the geometry is considered to be subjected to membrane stress only,
therefore σb = 0. A minimum stress equal to 13.8 MPa was applied, independent of the
stress range. The residual stress distribution is assumed to follow Equation (21).

Comparison is made between the predicted fatigue life using the proposed model, the
prediction obtained using the models in the BS7910, and the experimental data obtained
for CA loading.

The models in BS7910 make use either of a “simplified law”, i.e. the Paris law with
threshold condition, or of a “bilinear law”, and a threshold of the SIF range independent
of the load ratio, R. This is because the residual stress state is taken into account by
considering the threshold of the SIF range for high load ratio, R>0.5. Concerning the
threshold condition, the standard recommends that for a ≥1 mm the value, ∆Kth = 63
MPa mm0.5, is a lower bound. However, it also recommended not to consider larger values
of the threshold SIF range for a<1 mm. The probabilistic model code of the JCSS [179]
recommends a mean value: ∆Kth = 140 MPa mm0.5, which is in accordance with the
data reported in [176]. Given these indications, and the order of magnitude of the initial
crack depth considered in this work, the threshold condition for the models in BS7910 is
assumed in this work as:

∆Kth =

{
63, for a < 1

140, for a ≥ 1
(47)
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Chapter 4. Fracture mechanics model for welded details

Table 4.6: Geometry, summary of the fatigue test data and input values of the models variables
for comparison with the selected CA fatigue test data.

Geometry of the cruciform joint.
Parameter Value Unit Note Ref.

Plate thickness B 10 [mm] [175]
Plate width TW 50 [mm] [175]
Weld toe leg Z 6 [mm] [175]

Summary of fatigue test data.

Failure data 20 [175]
Runout data 9 [175]

Inputs of the fatigue crack growth models - mean values
Parameter Value Unit Note Ref.

U.T.S. σu 555 [MPa] [52, 177]
Yield stress σy 436 [MPa] [52, 177]

Brinell hardness HB 144 [-] [173]
Vickers hardness HV 146 [-] (a)
FCGR coefficient C 4.96E-14 (b) (c) [178]
FCGR exponent m 3.23 [-] [178]

Long crack threshold ∆K0 278 [MPa mm0.5] (d) [50]
FCGR parameter pth 0.5 [-] (a) [50]
FCGR parameter α 2 [-] (a) [50]
FCGR parameter cth 2 [-] [50]
Initial crack depth aini 0.15 [mm] (a) [52]

Initial crack aspect ratio aini/cini 0.62 [-] (a) [52]
Bilinear FCGR coefficient C1 4.80E-18 (b) [176]
Bilinear FCGR coefficient C2 5.86E-13 (b) [176]
Bilinear FCGR exponent m1 5.10 [-] [176]
Bilinear FCGR exponent m2 2.88 [-] [176]

Simplified FCGR coefficient CP 2.50E-13 (b) [176]
Simplified FCGR exponent mP 3 [-] [176]

Threshold SIF ∆Kth see Eq. 47 [MPa mm0.5] (e) [163]

(a) ASTM Conversion table.
(b) For da/dn in [mm], given ∆K in [MPa mm0.5].
(c) Closure free value assumed equal to the estimator at R=0.75.
(d) Assumed for similar steel grade.
(e) To be used only for the models in BS7910 and for structural steels.
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Figure 4.14: Comparison between model prediction and fatigue test data under CA loading
from [175].

which corresponds to a stepwise R-curve. The fatigue crack growth rate coefficients are
independent on the crack depth and considered for load ratio R>0.5. The input values
are summarized in Table 4.6. The results of the prediction are plot in Figure 4.14, where
a good agreement can be observed between fatigue test data and the prediction of the
proposed model.

When compared to the prediction obtained using the BS7910, the fatigue life predicted
using the proposed model is less conservative both in the finite life regime and at the
fatigue limit, showing a better agreement with CA fatigue test data. The predicted
fatigue life obtained by making use of the simplified law in the BS7910 is conservative
with a factor of 3, at relatively low stress ranges. By using the bilinear law, the prediction
is less conservative. Both models predict a significantly lower fatigue limit as compared
to the CA fatigue test data. Instead, the proposed model predicts a fatigue limit more in
line with the trend of the CA fatigue test data.

4.4.3 Model validation for VA loading

For the purpose of evaluating the model response for variable amplitude fatigue test data,
the VA fatigue crack growth rate equation proposed in Section 4.3.3, Equation 44, is
applied. In this case, the residual stress state is assumed to be uniform, i.e. independent
of z/B, and re-estimated every 500 cycles by making use of Equation 27, since the
block length applied in [175] for the production of the fatigue test data is 500 cycles.
Furthermore, the model is applied a second time without considering the effect of the
residual stresses. The first case is expected to give conservative results, because BS7910
is a design standard, whereas the second case is expected to provide a too optimistic
prediction.

The experimental results reported in [162] showed that, under a Rayleigh spectrum load-
ing, the use of the root mean square of the SIF range, ∆Krms, well correlates CA and VA
fatigue crack growth rate data in the Paris region. This means that in the Paris region
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Chapter 4. Fracture mechanics model for welded details

the average fatigue crack growth rate under this specific type of VA loading spectrum,
can be estimated by:

da

dn
= C∆Km

rms (48)

where C and m are respectively the fatigue crack growth rate coefficient and exponent
for CA loading. This correlation was verified for several structural steels: A36, A588GrA,
A588GrB, A514Gr.E, A514Gr.F.

The proposed model makes use of the maximum value of the SIF range, implying that
Equation 48 cannot be directly used. However, given the relationship between ∆Krms

and ∆Kmax, it is possible to estimate the value of CΩ. In light of the characteris-
tics of the Rayleigh spectrum, ∆Kmax can be related to ∆Krms. In particular, for a
Rayleigh spectrum truncated as in [175], that is ∆σmax = ∆σmin + 3∆σd (or equiva-
lently ∆σmax = ∆σm + 2∆σd, because the data in [175] were produced using a Rayleigh
spectrum having ∆σd/∆σm = 1), it results that:

∆σrms = ∆σm + 0.387∆σd (49)

Using the SIF range instead of the stress range, it follows that:

∆Krms = 0.459∆Kmax (50)

By substituting the previous equation into Equation 48 it results in that:

da

dn
= C(0.459∆Kmax)m (51)

Therefore, for the truncated Rayleigh spectrum used in [102, 162, 175], CΩ is related to
C by the following relationship

CΩ = 0.459m C (52)

The predicted fatigue life obtained using the proposed model, is compared to the prediction
obtained using the models in BS7910, and the VA fatigue crack growth data. The models
in BS7910 are again the “simplified law” or “bilinear law” with the same threshold condition
as defined for CA loading. The fatigue crack growth rate for VA loading is estimated as
the average of the fatigue crack growth rate (da/dn)i estimated for each individual stress
range of the spectrum, (da/dn)i, weighted by the relative frequency, ni/(

∑
ni) associated

to each stress range of the spectrum, ∆σi:(
da

dn

)
V A

=
∑
i

[(da
dn

)
i

ni∑
ni

]
(53)

where (da/dn)i is individually estimated for each stress range of the spectrum by either
using the bilinear or the simplified law.

The resulting predicted fatigue life and the comparison with test data are shown in Figure
4.15 by either considering residual stresses (using Equation 27) or neglecting their effect.
This distinction is made because it is likely that the approach in BS7910 might lead to
conservative prediction. The predicted curves reasonably bound the average fatigue life
following from the VA fatigue test data, depending on the assumed magnitude of the
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Figure 4.15: Comparison between VA fatigue test data from [175], and fitted using a LRM, the
95% confidence interval for the mean response, the prediction using the proposed model with

and without residual stresses, and prediction using the models in BS7910.

secondary stresses. In particular, the prediction obtained by assuming σr = 0 is inside
the 95% confidence interval for the mean response of the LRM fitting the VA fatigue test
data. When compared to the the fatigue life predicted using the proposed model, the
prediction obtained by the models in BS7910 gives conservative results, also with respect
to VA fatigue test data.

4.5 Conclusions

The chapter presents a fatigue life prediction model for transverse welded details by making
use of the linear elastic fracture mechanics parameter ∆K, considering the behavior of
mechanically short (small) and long cracks.

The transition in the threshold condition between small and long cracks is modeled using
the exponential relation introduced by McEvily [153]. The parameters of controlling the
length scales at which extrinsic phenomena become fully active are estimated by making
use of the empirical correlations proposed by Chapetti [107] and Murakami [151]. The
comparison between the predicted cyclic R-curve and the test data from literature reveals
that the proposed approach determines a non-biased prediction of the threshold condition
for small and long cracks. Moreover, following the comparison between the predicted
cyclic R-curve and the test data, the global uncertainty has been evaluated based on the
distribution of the log-residuals of the threshold stress intensity factor range: CoV=0.10.
This performance is better than for other models from the literature. The authors consider
the proposed approach as preferable, because of three reasons: (1) it appears to be less
biased, (2) leads to a less scattered distribution of the log-residuals, and (3) it requires
less input variables. In particular, it requires only the Vickers hardness, which can be easily
measured, and the threshold of the SIF range for long cracks, which can be measured
relatively easily, e.g. in comparison to ∆Kth,eff , and is reasonably known for many steel
grades.
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Chapter 4. Fracture mechanics model for welded details

Since the correlations developed by Murakami [151, 152] are used to estimate relevant
quantities such as the intrinsic threshold of the SIF range and the distance from the free
surface of the first microstructural barrier, the test data used by Murakami [151] are re-
analised using the maximum likelihood method in order to estimate aleatory and epistemic
uncertainty.

With the aim of predicting the fatigue life at relatively high stress ranges and the fatigue
limit of the considered welded detail, it results that the most relevant parameters are the
intrinsic threshold of the SIF range and the fatigue crack growth rate coefficient.

The obtained prediction is compared with independent datasets from literature related to
a non-load carrying cruciform joint. A good agreement is obtained for both the CA and
the VA fatigue life prediction, and a less conservative prediction is obtained as compared
to the models in BS7910. The VA fatigue test data were obtained by applying a random
block of VA loading by sampling from a Rayleigh spectrum.

The modification of the residual stress state induced by the VA loading has been considered
by two extreme cases: (1) by using the approach for proof loading described in the BS7910,
leading to a conservative prediction, and (2) by neglecting the effect of residual stresses,
leading to an optimistic prediction. The two predictions are found to reasonably bound
the average fatigue life.
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Chapter 5

System reliability model for CA fatigue in
shear riveted joints

This chapter is based on:
Leonetti, D., Maljaars, J., & Snijder, H.H. (2019)

Fatigue life prediction of hot-riveted shear connections using system reliability.
Engineering Structures, 186, 471-483.

Before bolts were invented, hot-riveting was employed as technological process to produce
built-up structural members of steel structures. Nowadays, these structures being still in
service and susceptible to fatigue failure, they need to be assessed for their remaining
service life. To estimate the fatigue life distribution of riveted connections is, therefore,
a topic of relevance. A system reliability model for estimating the probabilistic fatigue
life of riveted shear connections is proposed in this chapter. Similarly to other models
available in the literature, the failure of the connection is modelled by evaluating potential
failure at identified critical locations. In addition to these existing models, the proposed
formulation is able to consider: (1) the dependency between failure at different critical
locations by updating the state of stress given that a failure has occurred and evaluate the
residual fatigue life considering the cumulated damage, and (2) the fail-safe behaviour of
the connection by using system reliability. Thus, it is possible to evaluate the effect of the
position and the number of the rivets on the fatigue life of the connection. The stress and
strain field is obtained using the finite element method and the fatigue life estimation is
performed using the strain-life approach. The fatigue resistance of the plain material, the
rivet clamping force, and the friction coefficient are considered as stochastic quantities.
The constant amplitude fatigue life predicted by the reliability model is compared with
three datasets of riveted double shear connection having different geometries. In addi-
tion, several analyses are performed: (1) a sensitivity study to determine the relationship
between the input parameters and the fatigue life, (2) a comparison with other reliability
models, and (3) a comparison with a similar connection having a different number of
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Chapter 5. System reliability model for CA fatigue in shear riveted joints

rivets.

5.1 Introduction

Most of the steel bridge structures designed in the 19th century until about the second half
of the 20th century were constructed by employing built-up structural members assembled
by hot riveting, i.e. the manufacturing process of installing rivets by hot-forming the
head from the shaft (field head). The hot-forming process of the field head is done in-
situ, whereas the shop head is the head manufactured when the rivet is produced. The
structural behaviour of riveted connections attracted the interest of researchers in the
years from 1910 to 1940, when hot-driven rivets were widely used in metal structures.
The slip behaviour of the connection under monotonic static loading was more frequently
studied and less attention was paid to the durability. In the following years, researchers
focused on the behaviour of bolted connections, since bolts were substituting rivets. Thus,
up to 1970 most research compared the performance of bolted and riveted connections
under the effect of monotonic and cyclic loading. From the last decade of the previous
century the fatigue behaviour of riveted connections became a topic of interest because of
the high number of riveted bridges still in service, despite the increase in traffic load and
transport demand. For this reason, developing models capable of estimating the safety of
riveted connection with respect to fatigue is a topic of high relevance [180].

Several factors affect the fatigue life of riveted shear connections [181, 182]. The method
of hole forming significantly affects the fatigue resistance of riveted connections only in
case the clamping force is compromised [183] or for open holes. Moreover, in common
practice holes were either drilled, or first punched and then rimmed before the rivet was
placed, thereby enhancing the fatigue resistance to that of the drilled hole. For these
reasons, this factor will not be further addressed here.

The bearing condition of the rivet is strongly related to fatigue resistance of riveted
connections [184]. It is defined as the ratio between the stress in the gross section and
the nominal bearing stress:

βnom =
P/Agross
P/(nrAb)

(1)

where the bearing area is defined as Ab = (πdrt
′
g)/2. From Equation 1 it results that

βnom is a geometrical parameter and it is correlated to the stress concentration factor
at the rivet hole. When fatigue test data of riveted connections are grouped by βnom,
the effect of the bearing stresses, the clamping stress, and the friction coefficient are
implicitly accounted for [185]. At the design stage, the nominal bearing ratio is used
as a controlling parameter. The clamping force and the friction coefficient are stochastic
quantities therefore, their effect is already included in the nominal S-N curves of the detail
category employed at the design stage.

Many guidelines for assessment or riveted details, such as [24], suggest one S-N curve
for riveted joints, irrespective of the detail type. However, as shown in [27, 186, 187]
different S-N curves apply to different detail types, according to their susceptibility to
fatigue damage. Therefore, new detail categories were proposed.

In addition, it has been found that in the log-log scale a two-slope linear stress range vs.
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endurance (S-N) curve better represents the constant amplitude (CA) fatigue behaviour
of riveted connections than the Basquin relation [5]. In general, the S-N curve tends to
be shallower as stress ranges approach the fatigue limit. This feature was also identified
in [188] where results of constant amplitude fatigue test data of built-up riveted girders
from literature were plot against the AASHTO [19] detail categories C and D. This was
attributed to the effect of the friction coefficient of the surfaces in contact and the
clamping force, which at relatively low stress ranges cause a lower severity of the state of
stress with respect to fatigue failure.

This article considers the fatigue performance of double shear riveted connections. The
fatigue damage mechanism of this type of connection is complex because of at least three
reasons: (1) because of the stochastic nature of fatigue and the number of notches, cracks
potentially nucleate at different times and in different locations, a phenomenon known as
multiple-site damage [182]; (2) during crack propagation both the stiffness of the plate
and the distribution of the load between the fasteners change, affecting the nucleation
period and the crack growth rate at other critical locations; (3) cracks usually grow from
hole to hole or to the edge of the connection, thus a crack reaching its critical size does
not necessarily imply the failure of the connection, which is known as fail-safe behaviour
[185].

Research has been done to assess the reliability of riveted structural details and bridge
structures [189]. Reliability models have been formulated to quantify the safety, i.e.
the trend of the reliability index as function of the number of applied cycles, of both
structural details and bridges, see [15, 190] among others. An extensive review of the
methods employed is reported in [191]. In [192] an analysis was performed to estimate
the probabilistic stress range vs. endurance (P-S-N) curves of a riveted shear splice. The
strain-life data related to the plain material have been employed in combination with the
results of a linear elastic finite element (FE) model. In [193] a probabilistic approach has
been presented to estimate the fatigue resistance and its scatter for a butt riveted double
shear connection with one rivet per side. The material used was tested to determine the
monotonic and cyclic static properties as well as the fatigue crack propagation data. The
stress range vs. endurance relation was simulated in a Monte Carlo analysis estimating
the number of cycles to crack initiation and the subsequent propagation. The results
were compared with fatigue test data, showing a good agreement. In addition, the results
confirmed that the fatigue life of the connection analysed is dominated by the crack
initiation period. A system reliability model has been proposed in [15] in order to estimate
the reliability of a cross-girder-to-stringer connection under variable amplitude fatigue
loading. A FE model and the theory of critical distances have been used to predict
the fatigue life of each Monte Carlo sample. The model is based on the assumption
that collapse due to fatigue may occur in several potential failure modes, resulting from
the failure at some critical locations. The failure mode is modelled as a parallel system
assuming no dependency of the failures at the critical locations. Although this assumption
might be a good approximation for a particular type of connection, its use might result in
an incorrect estimation of the fatigue life of riveted shear connections, since after failure
occurring at a critical location, the remaining critical locations involved in the same
failure mode experience a more severe state of stress. In [194] a system reliability model
that considers the dependency between rivet hole failures has been proposed. However,
the variability of the clamping force was not taken into account, the solution strategy
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Chapter 5. System reliability model for CA fatigue in shear riveted joints

was limited to a linear elastic behaviour, and no comparison with fatigue test data was
made.

In this work, the authors present a model able to estimate the constant amplitude fatigue
life of a riveted double shear connection with multiple rivets based on a system reliability
model. The proposed formulation is able to consider: (1) the dependency between fail-
ures at different critical locations by updating the state of stress given that a failure has
occurred at a critical location and consequently evaluate the residual fatigue life consid-
ering the cumulated damage, and (2) the fail-safe behaviour of the connection by using
system reliability, modelling the failure as a combined parallel/series system. Thus, it is
possible to evaluate the effect of the position and the number of the rivets on the fatigue
life of the connection. The next section is dedicated to the description of the framework
proposed to estimate the fatigue life. Particular attention is paid to the formulation of
the proposed reliability model, to the steps involved to obtain the solution and to the
estimation of the fatigue life using the strain-life approach. Since the fatigue resistance of
the plain material, the clamping stress, and the friction coefficient are considered as ran-
dom variables, these quantities are quantified in Section 3 according to previous studies.
In Section 4, several fatigue test data from [184] on riveted double shear connections are
collected from the literature and analysed for comparison with the results of the reliability
model. A sensitivity analysis is performed to study the correlation between the input
parameters and the fatigue life. Comparison is made with the cases where a series system
of the connection is considered and no correlation is assumed between failures at critical
locations. In addition, the effect of the number of rivets in a row is quantified.

5.2 Models and methods

The fatigue life of the riveted connection considered, see Figure 5.1, is estimated by
employing a reliability model through a Monte Carlo simulation. In each simulated sample,
the stress and the strains at the most stressed location, which is typically the root of the
rivet hole notch of the plate, result from a FE model whose inputs are randomly sampled.
The analyses performed in this work are limited to riveted double shear connections with
different βnom.

5.2.1 System reliability modeling

A riveted double shear connection consists of a number of components and thus different
failure modes might be expected, each one of these is determined by failure at one or
more critical locations. The failure of the connection is modelled as a combination of a
series and parallel systems of local failures occurring at the critical locations. Considering
the riveted double shear connection depicted in Figure 5.1, all the possible modes of
failure are identified and grouped part by part in Figure 5.2. The occurrence of any of
these failure modes determines the failure of the connection. It must be noted that the
connection considered corresponds to half a butt riveted connection since only one main
plate is present.

For the considered geometry, the failure of the main plate becomes more relevant with
respect to failure of the connection, because the thickness of the cover plate is greater
than half the thickness of the main plate. The reason is that the total force applied to
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Figure 5.1: Riveted double shear connection having a 2 by 2 matrix of rivets (two rows of rivets
and two rivets per row) considered in this study.

Failure Mode 1: First row of rivet holes in the 

main plate

Failure Mode 2: Second row of rivet holes in the 

main plate

Failure Mode 3: First row of rivet holes in the 

cover plate 1

Failure Mode 4: Second row of rivet holes in the 

cover plate 1

Failure Mode 5: First row of rivet holes in the 

cover plate 2

Failure Mode 6: Second row of rivet holes in the 

cover plate 2

Failure Mode 7: Rivet failure (either head or 

shank)

Figure 5.2: Identified modes of failure for the connection considered in this study, see Figure
5.1.
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the main plate is split between the two cover plates. Therefore, the failure modes from
3 to 6, related to the cover plates can be neglected. Failure mode 2, see Figure 5.2,
is also not relevant with respect to failure mode 1 since the fatigue failure of the main
plate commonly occurs at the first rivet row because of the higher stress concentration
occurring there [181]. Failure mode 7 is identified with either fracture of the rivet head
or of the rivet shank, which usually occurs in tension loaded connections [181]. For the
purpose of this chapter, only failure mode 1 is further elaborated in detail. The failure
is assumed to take place when all the ligaments of the main plates have failed thus, a
parallel system is assumed:

Fail{Mode} = Fail{Lig1 ∩ · · · ∩ Ligi} (2)

The failure of a ligament is directly associated with the failure at either one of the critical
locations related to it, see Figure 5.3. The failure of a critical location corresponds to
a complete fracture of the corresponding ligament. If either one of these two critical
locations fails also the ligament fails automatically, which implicates also failure at the
other critical location associated to the same ligament, see Figure 5.3. This means that
the crack propagation life is ignored and that the failure events at the two critical locations,
for which the failure would occur at the same ligament, are fully correlated. The failure
of a ligament is thus:

Fail{Ligi} = min[Fail{HS2i−1};Fail{HS2i}] (3)

It is relevant to highlight that no simplified assumption is made about the level of
correlation between failure of the different ligaments. For riveted shear connections, it
is clear that failure of the respective ligaments cannot be modelled as fully correlated
or fully uncorrelated. The failure of a ligament does not necessarily imply that all the
ligaments that not yet failed, fail instantaneously (series system). Assuming them as fully
correlated would lead to a conservative estimation of the number of cycles up to the
occurrence of the mode of failure. On the other hand, considering these events as fully
uncorrelated would imply that the failure of a ligament does not have any consequence
for the fatigue damage accumulation nor the failure condition of the other ligaments that
have not failed. Referring to Figure 5.3, it is clear that this is not true: if the ligament
Ligi fails, this significantly affects the state of stress of at least the critical locations
HS2(i−1) and HS2(i+1)−1 associated to the adjacent ligaments Ligi−1 and Ligi+1. This
implies that each applied load cycle would contribute more to the damage at these critical
locations than before failure of the ligament Ligi. In addition, the reduction of the net
section results in a lower limit load. As a consequence of this, considering the failure of
the ligaments as fully uncorrelated events induces to an overestimation of the fatigue life.
Thus, it is relevant to consider the correlation between failure of the respective ligaments
without introducing any simplified assumption such as full or no correlation.

5.2.2 Solution of the reliability model

Given the circumstance that in a riveted shear connection, as the one depicted in Figure
5.1, the failure originates in the main plate, at the side of the rivet holes, the process
leading to the determination of the mode of failure is described here in detail for failure
mode 1. A FE model is generated in order to evaluate the elastic stress state in the
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…

𝐻𝐻𝑆𝑆1
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𝐻𝐻𝑆𝑆2𝑖𝑖

𝐻𝐻𝑆𝑆2𝑛𝑛−1

𝐻𝐻𝑆𝑆2𝑛𝑛

…

… …

HS2i-1 HS2i

Ligi
Load direction

Figure 5.3: Diagram showing the system reliability model employed to describe the modes of
failure of a plate (top) and relation between ligament (Lig) and critical location (HS) for a

generic row of holes (bottom).

connection under the cyclic applied loading, see Figure 5.4. The Monte Carlo Method
is employed to evaluate the distribution of the number of cycles to failure of mode 1 at
a certain applied stress range in which a stochastic determination of the clamping force
and the friction are independently assumed from their statistical distribution. In this way,
the contact behaviour of the connection is considered in a probabilistic fashion. The
procedure is implemented as a macro in ANSYS MAPDL 17.2 [195] and consists of the
following steps:

1. Define the input variables, e.g. defining the geometry, the deterministic and the
stochastic quantities. The cyclic material properties introduced later are assigned
to each critical location;

2. Generate the solution of the finite element model. Evaluate the stress results at
each critical location HSi for the maximum and minimum load applied;

3. The stress range at each critical location is employed to estimate the fatigue life
and the residual Miner damage;

4. The next failed ligament is identified. After failure of the first ligament, the geometry
is modelled again taking into account that one ligament failed. A failed ligament is
modelled by uncoupling the mesh elements along that ligament;

5. Steps from 2 to 4 are repeated until either all the ligaments failed or the limit load
is exceeded, that is when the plastic resistance is reached: Pmax > Anet ∗ σy. In
this case Anet is evaluated considering the unfailed ligaments only.
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The new finite element solution is obtained and the next ligament to fail is identified by
considering the residual fatigue life and the updated stress state at each critical location.
The Miner damage [22] is employed to consider the effect of the previous load cycles at a
critical location after updating the state of stress because a ligament has failed. According
to it, the failure is assumed to occur when D = Dcr, where Dcr = 1 and D =

∑
n
N .

After the failure at the first ligament is determined, the residual damage Dcr − D can
be calculated for the critical locations that have not failed. This procedure allows to
determine the effect of the correlation between the failures at the different ligaments and
is repeated until either all the ligaments failed or the plastic resistance is exceeded. More
details about the formulation of the finite element model, the determination of the state
of stress (strain) and the estimation of the fatigue resistance at each critical location are
given in the next sections.

5.2.3 Finite element model

The finite element model has been generated for the purpose of evaluating the state of
stress in the considered connection under the external loads. For the considered geometry,
the FE model consists of the following parts: (1) main plate, (2) cover plates, and (3)
rivets. Half of the connection is modelled and symmetry boundary conditions are applied
at the symmetry plane, as shown in Figure 5.1, to reduce the computational effort. The
element type employed to discretize the geometrical model is a 20-node isoparametric
solid element (SOLID186). A mesh refinement study is performed and the optimal mesh
is selected based on the local stress results obtained for the loading and unloading phases
of the considered stress cycle. Tree mesh are used, see Figure 5.4, and the monitored
result is the maximum principal stress at the notch root. From mesh 1 to mesh 2, an
average variation of the maximum principal stress of 13% is observed at the maximum
applied load, and a variation of 67% after unloading. These values are lower than 3% while
using mesh 3 instead of mesh 2. Therefore, mesh 2 is selected to perform the analyses.
The interaction between the parts in contact is simulated by applying contact and target
elements (CONTA174) and (TARGE170). The Augmented Lagrange formulation is used
in order to simulate contact interaction. In this contact formulation, the penalty stiffness
factor has to be set [195]. The higher its value the less the penetration at contact is and
the higher are both the computational effort required and the accuracy of the solution.
In [192, 193, 196] it is found that Ansys’ default values of FKN=1.0 and FTOLN=0.1
are good enough to model the contact behaviour. The Coulomb friction model is used to
simulate the friction between plates and between the rivet and plate. The rivet pretension
has been implemented by applying a negative thermal load to the rivet shank in order to
reach the desired clamping force. Clearance between the rivet shank and the hole surface
is not modelled, however, a small clearance occurs due to the lateral contraction resulting
from the application of the thermal load. A small clearance is also observed in dedicated
laboratory work [197]. Despite the material being modelled as linear elastic, due to the
non-linear tangential behaviour at the contact areas a load-sequence effect is expected.
For this reason, the connection is loaded in three “steps”:

1. the thermal load is applied (and hereafter kept constant) to induce rivet prestress;

2. the far-field load is applied to the maximum value;

3. the far-field load is reduced to its minimum value.
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(a) Mesh 1 - Rivet hole (b) Mesh 2 - Rivet hole (c) Mesh 3 - Rivet hole

(d) Mesh 1 - Rivet (e) Mesh 2 - Rivet (f) Mesh 3 - Rivet

Figure 5.4: Finite element discretizations used for the mesh convergence analysis.

5.2.4 Notch stress and strain estimation for fatigue analysis

The strain-life approach [198] is employed to estimate the fatigue life, according to the
scheme shown in Figure 5.5. The elastic stress range and mean stress are extracted
from the finite element model. These are then modified to account for the related stress
gradient effect using the gradient method, as defined in the FKM Guidelines [199]. In
this method, the fatigue notch stress, that is the stress to be used for the fatigue life
evaluation of notched components, is defined as:

σ el
f,K = σ el

n

Kt

nσ
(4)

where Kf = Kt/nσ is the fatigue notch factor. The quantity Ktσ
el
n is directly obtained

from the FE model as the stress at the critical location and nσ is calculated based on the
FE results and accounts for the stress gradient effect on the fatigue life. It depends on
the type of material (steel, aluminium, cast iron), the ultimate tensile strength, and the
related stress gradient parameter at the critical location, which is defined as [199]:

Gσ =
σ el

1a − σ el
2a

σ el
1a

[mm]

∆s
(5)

where ∆s is the distance between the reference point (critical location) and the neigh-
bouring node on the expected crack path, i.e. in the direction normal to the principal
stress. From this it follows that it is related to the dimension of the mesh. σ el

1a and
σ el

2a are the elastic stress amplitudes in these two nodes, see Figure 5.6. The ratio nσ is
calculated as:

nσ = 1 +Gk1
σ 10

−
(
aG+k2+

E[σu]
bG[MPa]

)
(6)
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FE results: 𝜎𝜎𝑡𝑡,𝑚𝑚𝑚𝑚𝑚𝑚
𝑒𝑒𝑒𝑒 , 𝜎𝜎𝑡𝑡,𝑚𝑚𝑚𝑚𝑚𝑚

𝑒𝑒𝑒𝑒

Fatigue notch stresses:
𝜎𝜎𝑓𝑓,𝑚𝑚𝑚𝑚𝑚𝑚
𝑒𝑒𝑒𝑒 , 𝜎𝜎𝑓𝑓,𝑚𝑚𝑚𝑚𝑚𝑚

𝑒𝑒𝑒𝑒

Elasto-plastic strain amplitude and
mean stress:
𝜀𝜀𝑚𝑚 ,𝜎𝜎𝑚𝑚

Fatigue life estimation:

𝜀𝜀𝑚𝑚 =
𝜎𝜎𝑓𝑓′ − 𝜎𝜎𝑚𝑚

𝐸𝐸
(2𝑁𝑁)𝑏𝑏+𝜀𝜀𝑓𝑓′(2𝑁𝑁)𝑐𝑐

Gradient Method

ESED Method

Figure 5.5: Process adopted to estimate the fatigue life at each critical location.

Notch

Δ𝑠𝑠

𝜎𝜎1𝑎𝑎

𝜎𝜎2𝑎𝑎

Direction normal to 
stress considered

𝜎𝜎𝑎𝑎

Figure 5.6: Stress amplitude at the reference point and below the surface.
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𝜎0

𝜀0

ESED stress and strain

Linear elastic solution

(a) Monotonic loading

𝜎1

𝜀1

𝜎0

𝜀0

𝜎2

𝜀2

(b) Cyclic loading

Figure 5.7: Visualization of the ESED rule for monotonic loading (a) and under cyclic
loading-unloading with constant amplitude (b).

where for structural steels aG and bG are dimensionless deterministic material constants
respectively equal to 0.5 and 2700, see [199], for Gσ ≤ 0.1, k1 = 1 and k2 = −0.5,
otherwise k2 = 0 and k1 is equal to 0.5 or 0.25 for 0.1 < Gσ ≤ 1 or 1 < Gσ ≤ 100,
respectively. By employing this procedure, the fatigue notch stress is therefore evaluated
by using Equation 4 for the maximum and minimum applied load.

The equivalent strain energy density (ESED) method [200, 201] is employed to estimate
elastic-plastic stresses and strains at the critical location. This method is based on the
assumption that the strain energy density distribution at the root of the notch is the same
as determined in a linear elastic analysis, see Figure 5.7. For this reason, for monotonic
loading the following applies:

(Ktσ
el
n )2

2E
=

∫ ε

0

σdε (7)

The cyclic stress-strain relation can be approximated by the Ramberg-Osgood relation:

ε =
σ

E
+

(
σ

K ′

)1/n′

(8)

where the cyclic strain hardening exponent n′ and the cyclic strain hardening coefficientK ′

can be estimated by the parameters of the strain-life equation enforcing the compatibility
of the strain components [7]:

n′ = bf/cf (9)

K ′ =
σ′f

(ε′f )n′
(10)

Note that other approximations exists for these parameters, e.g. [202, 203], but the one
reported in [7] is applied here because of its wide usage. For the purpose of evaluating the
elastic-plastic stress and strain under cyclic loading for fatigue life evaluation, the fatigue
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notch factor is used instead of the theoretical stress concentration factor in Equation 7,
[198, 204]. Thus, by integrating Equation 7, the following relationships are obtained for
the loading and unloading phases, see Figure 5.7, respectively [200, 201]:

(Kf,Pmaxσ
el
n,Pmax

)2

2E
=
σ2

2E
+

σ

n′ + 1

(
σ

K ′

)1/n′

(11)

(Kf,Pmaxσ
el
n,Pmax

−Kf,Pminσ
el
n,Pmin

)2

2E
=

∆σ2

2E
+ 2

∆σ

n′ + 1

(
∆σ

2K ′

)1/n′

(12)

where Kf,Pmaxσ
el
n,Pmax

and Kf,Pminσ
el
n,Pmin

directly result from the gradient correction
applied to the linear elastic stresses resulting from the finite element model at Pmin and
Pmax. It must be noted that, since for riveted connections the stress concentration factor
Kt is a function of the applied load, in this case the fatigue notch factor might differ at
the maximum and minimum load. The equation of the hysteresis loop branch employed
to determine Equation 12 is given by substituting ε and σ in Equation 8 with ∆ε/2 and
∆σ/2 respectively, obtaining:

∆ε =
∆σ

E
+ 2

(
∆σ

2K ′

)1/n′

(13)

The elastic plastic stress and stress range estimated by Equations 11 and 12 are employed
in Equations 8 and 13 to evaluate the strain amplitude εa = ∆ε/2 and the mean stress
σm = σmax − 0.5∆σ. The fatigue life is evaluated using the strain-life equation, which
is usually employed to determine the low- and the high- cycle fatigue life:

εa =
σ′f − σm

E
(2N)bf + ε′f (2N)cf (14)

The first term on the right hand side of Equation 14 is proposed by Basquin [5] and
modified by Morrow [205] to take into account the mean stress correction, whereas the
second term is the equation proposed by Manson [206] and Coffin [207]. This model
of fatigue resistance has been widely used to characterise the fatigue resistance of steels
from metallic riveted bridges, and to estimate their fatigue life, see [208, 209] among
others.

5.3 Estimation of the inputs

In order to consider the variability of the fatigue life of the plain material, the strain
life parameters are modelled as random variables. The mean values are estimated by
the correlations available in the literature with the Brinell hardness. Their variability has
been determined by fatigue test data of structural steel grade St37, which is similar in
strength to the steel in the rivet joint tests that are later used to assess the results of
the reliability model. The clamping force is also estimated from test data available in the
literature.
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Figure 5.8: Strain life data for St 37 steel grade from [212] and prediction performed using the
Equations 15-18, determined in [210]

5.3.1 Strain-life parameters

Roessle and Fatemi [210] estimate the fatigue strength (ductility) coefficient and exponent
for several steel grades. Their analyses led to the following strain-life parameters expressed
as a function of the (Brinnell) hardness and Young’s modulus:

σ′f = 4.25(HB) + 225 (15)

ε′f =
0.32(HB)2 − 487(HB) + 191000

E
(16)

bf = −0.09 (17)

cf = −0.56 (18)

where the variables are in SI units [N, mm, C]. The fatigue strength and ductility expo-
nents, bf and cf , are given as deterministic values because, as described in [211], these
two exponents appear to be uncorrelated with the hardness. Moreover, since they appear
to be strongly correlated with the respective coefficient, the fatigue strength and ductility
coefficients are modelled as stochastic quantities and the exponents can be assumed as
deterministic [211]. The (Brinell) hardness is related to the ultimate tensile stress using
the following relation:

E[σu] = 3.45 E[HB ] (19)

Boiler and Seeger [212] reported three datasets of fatigue tests on St37 steels, having
E[σu] = 435 MPa. A comparison is made between the test data and the predicted strain
life equation using the Equations 15-18 with the purpose of (1) evaluating the degree of
agreement between the estimated strain-life relation obtained from Equations 15-18 and
the test data, and (2) estimating the variability of the strain-life parameters. The test
data are shown in Figure 5.8 where the strain amplitude is plotted against the fatigue life
obtained from tests and compared with the prediction obtained by estimating the cyclic
material properties using the Equations 15-18, for a mean stress equal to zero, as in the
tests. A good agreement exists between the fatigue life predicted by the Equations 15-18
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Table 5.1: Estimation of the variability of the fatigue strength and ductility coefficients.

Ref. [213] Data in [212](a) Residual analysis (b)

CoV(σ′f ) 0.048 0.049 0.060
CoV(ε′f ) - 0.017 0.020

(a) the εa,el −N and εa,pl −N data from [212] have been
inferred by the Basquin and the Manson-Coffin relations using

non-linear least square regression
(b) the variability of εa,el −N and εa,pl −N is evaluated

considering the data from [212] inferred assuming the parameters
resulting from Equations 15-18

and the fatigue tests. As reported in [213], the standard deviation of σ′f is related to the
standard deviation of the ultimate tensile strength, resulting in a CoV approximately equal
to 5%, which is also supported by the analysis of the selected strain-life data reported in
[212], see Table 5.1. Higher variations are obtained by analysing the distribution of the
residuals, which are defined as the difference between the elastic strain amplitude obtained
by the test and the prediction using the Equations 15-18. The reason for the higher CoV
is the bias intrinsic in the estimation of the strain life relation by using the parameters
resulting from Equations 15-18. For these reasons, the values resulting from the analysis
of the residuals are employed in the following analyses.

In order to consider the effect of the surface finish a surface quality similiar to that one
obtained by machining is assumed because of the production process of the hole, which is
either drilled or rimmed after punching. Mischke [173] provides the probability distribution
of the surface factor for carbon and low-alloy steels defined as the ratio between the
endurance limit of specimens produced with a certain surface quality, e.g. machining,
and the one obtained by specimens with a very high quality surface finishing in which the
surface effect is assumed to be vanished, e.g. lapping. As result of the analysis, the surface
effect factor ka has been evaluated as a normal random variable having mean:

ka = 4.51(E[σu])−0.2653 (20)

and CoV equal to 0.06. Assuming that the surface finish only affects the high cycle
fatigue, the fatigue strength exponent can be corrected by using:

b′f = bf +
log10(ka)

log10(2N0)
(21)

Thus, by substituting b′f instead of bf in Equation 14 the surface effect is accounted for
in the fatigue life estimation. Instead, the cyclic hardening coefficient n′ in Equation 10
is estimated using the value of bf as determined in [210], because the cyclic stress-strain
curve is independent from the surface condition. The fatigue limit of the plain material
is assumed as the fatigue strength at 1 million cycles [199].

5.3.2 Clamping force

The clamping force provided by the rivet is induced by the rivet cooling down and therefore
reducing in length, which is constrained by the plates. Once it has been removed from
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Figure 5.9: Clamping stress as a function of the grip length. Experimental results for carbon
steels from [188, 197].

the furnace, the rivet starts cooling down from a temperature of approximately 900-
1000°C. In [188] it is stated that the rivet reaches a temperature of about 700°C just
after the forging of the second head and until this moment almost no clamping force is
established. The clamping force subsequently increases due to contraction caused by the
decreasing temperature. Theoretically, the clamping stress should reach the yield stress of
the material, however, as recognized in [214] and supported by experimental evidence, it
almost reaches the yield stress only for long grip lengths (> 100mm). Instead, for shorter
grip lengths the mean of the clamping force decreases and its scatter increases, see Figure
5.9. This is attributed to the deformation of the rivet heads, which have a stronger
effect on the clamping force for shorter grip lengths. In [215] it has been stated that the
scatter in the clamping force, which varies from rivet to rivet, significantly contributes to
the scatter in fatigue test data of riveted joints. Moreover, it has been observed that a
higher clamping force has a beneficial effect on the fatigue life [184, 215, 216], since it
reduces the stress concentration at the critical location by contributing to a lower bearing
condition of the rivet. Few investigations have been performed to evaluate the clamping
force. In addition to the grip length, it has been found to be dependent on the steel grade
[197]. In addition, the clamping force has been shown to be slightly dependent on the
hot forming process [197], which is done by manual, pneumatic or hydraulic hammering.
In [217] it was also found to be affected by the hammering time and temperature. The
clamping stresses obtained by experimental investigation on carbon steel rivets in [188,
197] are depicted in Figure 5.9 as function of the grip length. In [188] values of the
clamping stress from riveted specimens produced from a demolished bridge are reported
from tests on 9 specimens. The average clamping stress resulted to be equal to 84.1 MPa
with a standard deviation equal to 41.1 MPa. The grip length is not reported. However,
it is likely that the thickness is in the order of 30 mm since the rivets are taken out from
a built-up riveted girder consisting of a web plate and four flange angles.
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Figure 5.10: Geometry of the specimen employed for the fatigue test data reported in [184].

5.4 Results and discussion
Test data on riveted double shear connections were produced and reported in [184]. Three
datasets with different values of βnom are considered for the analyses. The datasets are
first statistically analysed and then used for comparison with the results of the reliability
model. The simulations are performed in a Monte Carlo framework by randomly selecting
a stress range to be applied at the gross section from the interval 110-150 MPa and 100
samples for each of the three considered datasets. By simulating 100 data-points, the
standard error of the estimator of the mean fatigue log-life at the stress level identifying
the centroid of the simulated dataset is 2 orders of magnitude smaller than the standard
deviation of the fatigue life, being approximately 0.2. As a result, the mean response of
the simulation, which is later on used to quantify the quality of the prediction, is affected
by a relatively small statistical uncertainty. In order to perform reliability analyses, a higher
number of simulations is required, depending on the reliability level to be ensured from
the assessment.

Figure 5.11 shows the FE model and the contour plot of the displacement in Z direction
for the main plate only considering the initial condition and after the first ligament failure
has occurred. It can be noted that in Figure 5.11b the contour plot is not symmetrical,
this is due to the non uniform (random) clamping force among the rivets, implying a
non-symmetric distribution of the boundary conditions for the main plate.

5.4.1 Analysis of the fatigue test data

The geometry tested in [184] is schematically shown in Figure 5.10 and the values of the
geometrical parameters are reported in Table 5.2. The three different datasets have a
different βnom and have been tested with a load ratio R equal to zero. The fatigue test
data are inferred using the linear regression model:

log10(N) = β0 + β1log10(∆σ) + ε(0, σw) (22)

116



i
i

i
i

i
i

i
i

5.4. Results and discussion

(a) Finite element model (b) Contour plot - displacement
in the loading direction for the

undamaged plate

(c) Contour plot - displacement
in the loading direction after
first ligament failure occurs

Figure 5.11: Finite element model and results for ∆σ = 100MPa in the gross section.

Table 5.2: Geometry of the three datasets corresponding to the inputs of the finite element
model, dimensions in [mm].

Dataset βnom cg gg eg dg t′g t′′g

1 1.37 40.1 84.8 40.1 28.8 19.1 12.7
2 1.83 58.4 105.2 42.7 28.8 14.3 9.5
3 2.74 82.6 145.8 63.5 28.8 9.5 6.4

where the error term ε is assumed to be normal distributed. The mean regression line is
the Basquin relation [5] in the logarithmic form. The estimation is performed using the
maximum likelihood method [42]. Table 5.3 reports the results of the inference of the
experimental data for the three datasets. By analysing the results of the fit, it appears that
the standard deviation decreases with increasing bearing ratio, leading to lower variability
of the fatigue life. In general [184], it is observed that the S-N curve becomes steeper
with increasing the nominal bearing ratio. Instead, for the dataset 2 the estimator of
β1 determines an S-N curve shallower that the dataset 1, this is attributed to the small
amount of test data.

5.4.2 Comparison between results and test data

The fatigue life estimation has been performed by employing the distributions of variables
as reported in Table 5.4. The load ratio R of the applied load equals the value at which
the test data have been produced. It should be noted that the grip length differs between

Table 5.3: Results of the inference of experimental data for the three datasets in [184].

Dataset 1 Dataset 2 Dataset 3
# of data=4 # of data=6 # of data=6

Parameters βnom = 1.37 βnom = 1.83 βnom = 2.74
Est. St.err. Est. St.err. Est. St.err.

β0 17.6 5.12 23.8 3.02 14.9 0.750
β1 -5.19 2.25 -8.04 1.33 -4.36 0.34
σw 0.14 0.13 0.08
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Table 5.4: Distribution of the variables.

Variable Distr.(a) Mean CoV Ref
Equation Value(b)

E D - 2.00E+05 -
ν D - 0.33 -
α D - 1.20E-05 -
σy N - 272 0.07 [179]
σu N - 466 0.04 [179]
HB N 19 135 0.04 [210]
σ′f N 15 799 0.09 [210]
ε′f N 16 0.639 0.02 [210]
bf D 17 -0.09 - [210]
cf D 18 -0.56 - [210]
N0 D - 1.00E+06 - [199]
ka N 20 0.8836 0.06 [173]
σc L - 84.1 0.5 [188]
µs N - 0.33 0.21 [181]

(a) N=Normal, L=Lognormal, D=Deterministic.
(b) SI units [N, mm, C]

the datasets and thus the distribution of the clamping force is expected to differ. However,
due to the low amount of test data, the distribution resulting by the analyses performed
in [188] is employed. It is associated to an unknown grip length, which is likely to be
approximately 30 mm, as explained in section 5.3.2. The grip length of the datasets is
44.5 mm for dataset 1, 33.3 mm for dataset 2 and 22.3 mm for dataset 3, see Table
5.2. In order to take into account that the clamping force exhibited by the rivets of the
connections of the dataset 3 is expected to be lower, the simulation of this dataset is
repeated employing a mean clamping stress arbitrarily reduced by half and a CoV equal
to 0.5.

For comparison with the experimental data, the simulated datasets are inferred using the
linear regression model without considering the contribution of the simulated samples
which did not lead to failure, namely the simulated runouts. As depicted in Figure 5.12,
the results for βnom = 1.37 obtained by the system reliability model show that the mean
S-N curve falls within the 95% confidence interval of the mean response obtained by
the infered test data. In addition, the scatter resulting from the simulation is fairly in
agreement with the results of the test. Similar findings are obtained for βnom = 1.83,
even if the degree of agreement is lower. This is attributed to the small amount of test
data, assumably resulting in a too shallow (experimental) S-N curve. The effect of a
reduced clamping force on the fatigue life prediction is evidenced by comparing Figure
5.12 (c) and (d). The S-N curve predicted by fitting the Basquin relation, Equation
22, to the simulated dataset is found to be in the 95% confidence interval of the mean
response of inferred test data, if the clamping stress is reduced. This confirms that the
clamping stress has to be considered as a function of the grip length. The estimators of the
parameters of Equation 22 fitting the simulated dataset are reported in Table 5.5, where
the p-value is also reported. It represents the probability that the value of the regression
model parameter obtained by the inference of the simulated dataset is an estimator of the
parameter of the model inferring the fatigue test data, [53]. Thus, in order to derive the

118



i
i

i
i

i
i

i
i

5.4. Results and discussion

105 106 107

Number of Cycles

100

120

140

160

180

200

220

N
om

in
al

 S
tr

es
s 

R
ab

ge
 [M

P
a]

(a) βnom = 1.37
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(b) βnom = 1.83
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(c) βnom = 2.74
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(d) βnom = 2.74 (reduced clamping)

Figure 5.12: Results of the reliability model (red) for different nominal bearing ratio and
comparison with constant amplitude fatigue test data (black) for (a) βnom = 1.37, (b)

βnom = 1.83, (c) βnom = 2.74, (d) βnom = 2.74 (simulation with reduced clamping force).
The fatigue test data (dots) are shown together with the mean regression line (continuous line)
and the 95% confidence interval of the mean response (dashed line). The simulated dataset

(dots) is reported together with its mean regression line (continuous).
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Chapter 5. System reliability model for CA fatigue in shear riveted joints

Table 5.5: Results of the inference of experimental data related to the three datasets.

βnom Variable Estimator p-value

1.37
β0 18.67 0.34
β1 -5.67 0.34
σw 0.13

1.83
β0 18.31 0.086
β1 -5.65 0.082
σw 0.12

2.74
β0 17.76 0.0076
β1 -5.58 0.010
σw 0.11

2.74 β0 17.19 0.0184
(reduced β1 -5.40 0.0172
clamping) σw 0.10

105 106

Number of Cycles

160

180

200

220

240

260

280

N
om

in
al

 S
tr

es
s 

R
an

ge
 [M

P
a]

Figure 5.13: Fatigue test data obtained for βnom = 1.37 as in Figure 5.12, but extended for
higher stress ranges and fitted with a bilinear S-N curve.

p-value, the estimators of the intercept and the slope resulting by the fit of the simulated
dataset is used as estimator for the test data. In common practice, values higher than
0.05 are considered acceptable [53]. The p-value of the estimated parameters for datasets
1 and 2 are higher than this threshold. For dataset 3, p-values lower than the thresholds
are found for each parameters. This is attributed to the unknown clamping force for
such low values of grip length. However, the p-values for dataset 3 increase when the
simulation is repeated considering a reduced clamping. Figure 5.13 shows the fatigue life
estimated by the proposed model for βnom = 1.37. In this case, the simulated runouts
are considered in the formulation of the likelihood function, as done in [27]. A runout is
determined when the number of cycles up to first failure is higher than N0. The lower and
upper quantiles (mean ±2 standard deviation) are also shown in the figure. The stress vs.
endurance relationship is shallower at lower stress ranges with a knee point at ∆σ = 190
MPa and a slope equal to −7.5 below the knee point and to −5.2 above it. A change
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Table 5.6: Results of the sensitivity analysis.

Output:
Variable

Diff. %(a)

σc -20%
µs -3%
σ′f -6%
ε′f -4%
ka -11%

σ′f , ε
′
f , ka -68%

(a) Diff. % is defined as the relative difference between
σw obtained by the sensitivity

analysis and for βnom = 1.37 in Table 5.5

in the slope at around the range of 105 − 106 cycles was also found in [27, 188], albeit
for different geometries. Hence, again a good correlation between tests and the proposed
model is found.

5.4.3 Sensitivity analysis

A sensitivity analysis is performed in order to determine which input parameter contributes
the most to the variability of the output given the CoV assumed in the reference calcula-
tion. In each scenario the CoV of either σ′f , ε

′
f , σc, µs or ka is considered equal to zero.

An additional uncertainty analysis is carried out considering all the parameters affecting
the S-N curve of the plain material as deterministic. The variation of the scatter of the
log-fatigue life is examined for the nominal bearing ratio equal to 1.37. In addition, a
simulation is performed in which N0 is set equal to 2 million cycles and the effect on
the predicted S-N curve of the connection is quantified. The results of the uncertainty
analysis are shown in Table 5.6. It shows that the clamping stress is the parameter that
mostly affects the variability of the fatigue life. It can be observed from Figures 5.12c
and 5.12d that by reducing the mean clamping stress by half also the fatigue life is sig-
nificantly reduced. In particular, the mean regression line shown in Figure 5.12d predicts
a life 0.65 times lower than in Figure 5.12c. Instead, the effect of the other parameters is
relatively small. The second most relevant source of uncertainty appears to be the surface
factor. Despite the fact that the individual parameters of the plain material S-N curve,
σ′f , ε

′
f , and ka do not have a significant effect, the combination of these three variables

is very relevant, see the last row of Table 5.6. Thus, correctly describing the probabilistic
strain-life properties of the plain material is of primary importance. The results of the
parameter sensitivity analysis on N0, which are depicted in Figure 5.14, show that by
switching its value from 1 to 2 million cycles, the effect on the results is negligible. In
particular the mean S-N curve is slightly shifted towards longer life by 1.72% in average,
in a range between 1.27% and 2.45%. The difference in standard deviation of the fatigue
life is less than 0.5%.
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Figure 5.14: Simulation data and mean regression line resulting from the sensitivity analysis on
N0 (black) compared with the reference case (red).

5.4.4 Comparison with other reliability models

The dependency of ligament failure to the life of other ligaments, and thereby the failure
behaviour of the entire joint, is considered using a sound mechanical system analysis, as
explained in Section 5.2. In order to investigate the influence, additional simulations are
run with the artificial assumption of neglecting the fail safety of the connection, as done
for example in [193], or assuming the failure at critical location as uncorrelated, as done
in [15]. In the first case, the mode of failure is assumed to occur when failure occurs
at the first critical location, i.e. a series system. Instead, in the second case failure is
assumed to occur when all the ligaments have failed without considering the effect of
the failure on the stress distribution, i.e. a parallel system without interaction between
the ligaments. Figure 5.15 shows the S-N curves obtained using these assumptions and
compares them with the test results and the analysis of the previous section, having a
more realistic system approach. It is shown that, for this connection, assuming a series
system results in a slightly lower prediction of the fatigue life. This conservativism is
larger at lower stress ranges. Instead, an unconservative result with a large difference
between the tests is obtained when assuming a parallel system without interaction. Thus,
a series assumption is a much more realistic representation of the actual behaviour than
a parallel assumption, if the dependency between failure of the critical location is not
considered. However, even in this circumstance, the model considering the dependency
gives an indication of the number of cycles between the occurrence of a (detectable)
ligament failure and failure of the entire specimen.

5.4.5 Comparison with Neuber’s rule

Given its common application, the Neuber rule [204] is also employed to evaluate the
fatigue resistance of the connection having βnom = 1.37 and the prediction obtained using
the system reliability method as proposed. The Neuber rule assumes that the theoretical
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Figure 5.15: S-N curves obtained using different assumptions regarding the correlation between
failures at critical locations for βnom = 1.37.
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Figure 5.16: Mean S-N curve obtained using the Neuber rule compared with the results of the
reliability model proposed for βnom = 1.37 (a). Ratio of the number of cycles to failure

obtained using the reliability model proposed and using the Neuber rule as function of the net
section stress (b).
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Chapter 5. System reliability model for CA fatigue in shear riveted joints

(elastic) stress concentration factor is equal to the geometric mean of the actual stress
concentration factor and the strain concentration factor Kt = (KσKε)

0.5, defined as the
ratio between the elastic-plastic stress (strain) to the nominal elastic stress (strain). The
equation determining the the stress(strain) amplitude and mean stress are derived similar
to that of the ESED method, see section 5.2.4. The following two equations are used for
the loading and the unloading phase, [198], instead of Equations 11 and 12:

(Kf,Pmaxσ
el
n,Pmax

)2

E
=
σ2

E
+ σ

(
σ

K ′

)1/n′

(23)

(Kf,Pmaxσ
el
n,Pmax

−Kf,Pminσ
el
n,Pmin

)2

E
=

∆σ2

E
+ 2∆σ

(
∆σ

2K ′

)1/n′

(24)

Figure 5.16 provides the comparison between the fatigue life predicted by the system
reliability model proposed and using Neuber’s rule. It demonstrates that the Neuber
rule results in a lower prediction of the fatigue resistance. This is attributed to the fact
that the Neuber rule determines an overestimation of the elastic-plastic stress and strain
[200]. The standard deviation of the logarithm of the fatigue life predicted σw remains
almost unchanged and equal to 1.041 times the value predicted by employing the ESED
method.

5.4.6 Relation between first failure and the number of the rivets
in a row

In this section the fatigue life is estimated for a connection having two rows with five rivets
per row but with the same bearing ratio, see Figure 5.17a. The results are compared to the
previously considered connection at two arbitrary nominal stress ranges, namely 209 MPa
and 153 MPa. The two connections have the same nominal bearing ratio and thickness
as for dataset 1, see table 5.2. Figure 5.17 shows the cdf of the number of cycles to
failure of the entire joint N and the number of cycles to failure of the first ligament Nff
for both geometries considered at two stress range levels. At ∆σ = 153 MPa the CDF of
the fatigue life is shown including and excluding runouts. Instead, the life until the first
failure is computed considering failure data only. On average, the connection with 5 rivets
seems to have a lower fatigue life than the connection with 2 rivets at high stress range
and a similar life at low stress range levels. This is attributed to the increased number
of critical locations. The model predicts that the average fatigue life of the connection
with two rivets is 1.06 and 1.01 times the fatigue life of the connection with five rivets at
∆σ = 209 MPa and ∆σ = 153 MPa, respectively. At high stress ranges, the scatter of the
connection having five rivets is lower. This is associated to the circumstance that at lower
stress ranges the fail-safe behaviour of the connection is more dominant and determines
that at lower probability levels and high stress ranges the connection with two rivets might
result in a shorter life. By analysing the ratio between the total life and the life to first
failure it is possible to draw conclusions about the effect of the number of rivet on the
inspectable crack life and the effect of the stress range. At ∆σ = 209 MPa the E[Nff ] is
0.95 times E[N ] for the connection with five rivets and 0.98 for the connection with two
rivets. This means that a higher portion of the life could be conceived for inspections in
case of five rivets. At ∆σ = 153 MPa the ratio is equal to 0.92 for the connection with
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(a) Finite element model
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(b) Fatigue life prediction

Figure 5.17: FE model and cdf of the number of cycles to failure and of the number of cycles
to the first failure obtained at ∆σ = 209 MPa (left) and ∆σ = 153 MPa (right). In the right

figure, only failure data are considered for the dataset marked with δ = 1.
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Chapter 5. System reliability model for CA fatigue in shear riveted joints

five rivets and 0.97 for the connection with two rivets. This means that the portion of life
that can be conceived for inspections is larger at low than at high stress levels. This is
important for practice, because the stress ranges in practical bridges are often relatively
low (with large numbers of cycles).

5.5 Conclusions

Based on the results and the findings of the chapter, the following conclusions can be
drawn:

(1) In accordance with the findings in tests, the system reliability model proposed predicts
a bi-linear S-N relation, which is shallower at lower stress ranges.

(2) From a qualitative point of view the datasets generated using the strain energy density
method agrees well with the considered experimental datasets and a lower fatigue life is
predicted by using the Neuber rule. Quantitatively, only two out of three datasets have
p-values higher than 5% for every model parameter. The worse agreement found for
dataset 3 is addressed to the unknown distribution of the clamping stress.

(3) It was shown that the model correctly predicts the effect of the nominal bearing ratio
on the constant amplitude fatigue life of riveted shear connections. At every nominal
bearing ratio, the mean prediction of the simulated dataset is shown to be within the 95%
confidence interval of the mean response resulting from the linear regression fit of the
available test data.

(4) The uncertainty analysis confirmed that the clamping force induced by the rivet is
the most relevant parameter affecting the variability of the fatigue life of riveted con-
nections and that the predicted fatigue life is very sensitive on the mean value of the
clamping stress. The lack of experimental data at small grip length (15 - 50mm) makes
it difficult to correctly determine the clamping force to be applied in the simulation for
predicting the fatigue life and the local stress field at the critical location. Thus, a more
extended estimation of the clamping force based on experimental and numerical analyses
is needed.

(5) Correctly describing the variability of the fatigue life and thus having a good estimation
of the fatigue strength and ductility coefficients and the fatigue surface factor for clamped
holes and their variability is of great importance to obtain accurate predictions. Selecting
the fatigue limit of the plain material at 2 million cycles instead of at 1 million cycles
is not of primary importance to obtain accurate prediction because the variability of the
results is found to be negligible.

(6) Since the failure at each ligament is modelled as a series system determined by the
failure at the related critical locations, first failure is identified by the combination of local
stresses and fatigue resistance that determine the shortest fatigue life of a ligament. With
increasing the number of rivets in a row, the mean fatigue life reduces. The scatter is
found to be lower at high stress ranges and vice-versa. Moreover, with increasing the
number of rivets in a row, the difference between the number of cycles up to the first
ligament failure and complete failure of the connection increases, resulting an increase in
the inspectable life.
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(7) The proposed model is able to quantify all these aspects for riveted double shear
connections by providing as input the monotonic static properties of the material and an
estimation of the clamping stress and friction coefficient distribution, given the geometry
of the connection.
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Chapter 6

Conclusions and recommendations

The main goal of this work is to provide sound probabilistic models that can be used
for assessing the safety of welded and riveted structural details with respect to fatigue.
The availability of this type of models is highly relevant with respect to the discipline of
structural reliability, where they are used to estimate the safety level. This is because
more accurate modeling implies less uncertainty underlying the assessment. To do so,
a resistance model requires the input parameters and their uncertainty to be estimated,
which is dependent on the amount of available experimental data and conditional to the
formulation of the model.

Due to the peculiar aspects of the considered structural details and the type of design,
different approaches are considered, i.e. nominal stress, notch strain, and fracture me-
chanics. The two main topics of the dissertation, the fatigue resistance modeling of welded
and riveted details, are discussed in the following, with respect to the conclusions drawn
and reported in the Chapters 2 to 5. The main conclusions are summarised in Sections
6.1 and 6.2. Section 6.3 concerns recommendations with respect to the implications and
limitations of this study and it also identifies topics for future research.

6.1 Fatigue resistance models for welded joints

The nominal stress approach was adopted to formulate fatigue resistance models for
welded details subjected to cyclic loading of constant and variable amplitude. These
models are applicable for safe-life design and, by inferring fatigue test data, it is possible
to estimate their input parameters and the uncertainty underlying the estimation. The
6 Parameters Random Fatigue Limit Model (6PRFLM) is based on the nominal stress
approach but has been formulated based on fracture mechanics considerations. The use
of fracture mechanics allowed for modeling the curvature between the finite life region
and the fatigue limit, which is estimated from constant amplitude fatigue test data. The
aforementioned curvature is controlled by an additional parameter, different from other
models available in the literature, such as the random fatigue limit model and the bilinear
random fatigue limit model, and the simplified standard approach, in which the transition
is modeled as a sharp knee. The proposed model provides a better agreement with high
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cycle fatigue test data when compared to the random fatigue limit model and the bilinear
random fatigue limit model. The reason is that the proposed model is a generalization
of the two aforementioned models, implying that the 6PRFLM always confers a higher
likelihood to the experimental data. However, in some cases, it might be not the most
efficient model according to the Akaike or the Bayesian information criteria, since it
requires the estimation of an additional parameter. For the databases considered, it was
the most efficient model in the case of relatively large databases with significant amount
of test data close to the fatigue limit, but it was less efficient in case of smaller databases,
mostly because of the lack of data in the transition region between finite life and the
fatigue limit.

Based on the same considerations made to define the 6PRFLM, a nominal stress based
fatigue life prediction model for VA random loading was formulated. The contribution
of the stress ranges lower than the fatigue limit to the fatigue damage is again modeled
based on fracture mechanics considerations. The inference of experimental data revealed
that the proposed model is more accurate in predicting fatigue life than currently avail-
able models used for welded details. The model predicts a larger damage contribution –
reflecting a steeper slope of the extended part of the S-N curve – for details with a mild
notch effect as compared to details with a severe notch effect. Three out of four consid-
ered datasets indeed confirmed this trend: The developed analytical relation between the
severity of the weld detail and the parameter controlling the effect of the stress ranges
lower than the fatigue limit, ζ, is found to be well correlated, where the estimator of the
parameter ζ indeed increases with decreasing the severity of the detail.

This trend is not verified for the cover plate beam detail, and this is associated to different
factors, such as (1) difference in the welding sequence, which can potentially affect the
fatigue life as it influences the residual stress state, (2) difference in the type of weld,
i.e. longitudinal or transverse, which affects the early growth of fatigue cracks that
dominates the fatigue life. Different than standards prescribe the median value of the
critical damage seems to be higher than unity. Furthermore, the predicted scatter depends
on the composition of both the CA and VA datasets, i.e. pooling, source of data, etc.
This makes it difficult to predict a lower bound value of the critical damage for general
applicability. The selection of a fixed slope to extend the CA S-N curves – i.e. slope
parameters independent of the type of detail – as suggested by many standards appears
to be a gross approximation. Further investigations are necessary to determine the effect
of this choice in structural reliability analyses.

Fracture mechanics was employed to formulate a fatigue crack growth prediction model for
welded details under constant and variable amplitude loading. This model is necessary for
damage tolerant design, where the relation between the crack dimensions and the applied
number of cycles is used to determine the inspection strategies. Unlike the models based
on the nominal stress approach, data obtained from different types of experiments need
to be available to estimate the uncertainty of the input parameters. The formulation of
the model allows considering the behavior of mechanically (or physically) short cracks by
making use of the cyclic resistance curve (R-curve) concept, which is modeled using the
exponential relation introduced by McEvily [153]. The input parameters of this relationship
are estimated using the correlations proposed by Chapetti [107] and Murakami [151, 152].
The uncertainty underlying each of these two correlations has been estimated based on
experimental results from the scientific literature. Using the approach developed, the
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number of variables is reduced from four (Chapetti’s model) to two. The fatigue life
estimated by the fatigue crack growth model is compared with independent datasets from
literature, related to a non-load carrying cruciform joint under CA and VA loading, and
the prediction obtained from the fatigue crack growth models in BS7910. In the case of
VA loading, the same type of Rayleigh spectrum is considered as for the majority of VA
fatigue test data inferred in Chapter 3. The proposed model performs better than the
models in BS7910, leading to more accurate (and less conservative) results for both CA
and VA loading. Therefore, tehe proposed model can be used for predicting inspection
intervals.

6.2 Fatigue resistance models for riveted joints
The fatigue life prediction of shear riveted joints under constant amplitude loading involved
the use of the notch strain approach. The estimation of the uncertainty related to the
input parameters of the model involved the use of test data of a different nature. A
system reliability model was proposed to take into account particular aspects of riveted
connections, such as the fail-safe behavior determined by the presence of multiple holes
along the predicted crack path. In principle, given the geometry of the connection, it is
possible to identify the relations among the failure modes, and those between the failure
modes and the failure events at the critical locations, allowing the model to be used for
any type of riveted detail.

An aspect recognized as crucial for the fatigue life prediction is that the unloading phase
must explicitly be modeled for correctly determining the stress or strain fluctuation at the
notch root, i.e. mean stress and stress or strain amplitude. This is due to the non-linear
slip phenomena occurring locally at contacting surfaces between the plates, the plates
and the rivet head, and the rivet holes and rivet shank. The model allows quantifying
the difference in the fatigue behavior of small and large specimens. Large specimens are
characterized by more initiation sites, which is not beneficial for fatigue life prediction,
but a larger residual strength, which is beneficial for inspection strategies, as compared
to smaller specimens.

Based on the analysis of the experimental data in the scientific literature, the residual
(axial) stress present in the rivets, i.e. the clamping stress, resulted to be the most
uncertain and scattered parameter. This was due to the small number of test data
available in the literature. For this reason, an experimental investigation has been carried
out, a posteriori with respect to the investigations reported in Chapter 5, with the aim of
reducing the uncertainty of this input parameter, see Appendix B. Different from previous
literature, the experiments were carried out on rivets installed in situ and by making
use of strain gauges, for which the relation between the strain and the clamping force
was determined with an experimental and a numerical calibration procedure. A relevant
aspect with respect to the rivet clamping force is related to the effect of the geometrical
imperfections potentially present, such as hole misalignment. This is found to negatively
affect the clamping action of the rivet and increase its variability. For grip length to rivet
diameter ratio close to unity, the average value of the clamping stress drops from 100
MPa to about 60 MPa when three plates are used instead of two plates, as an effect of the
hole misalignment. Moreover, the coefficient of variation has been found to approximately
increase with a factor of 2.
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6.3 Recommendations

In this section, recommendations are given on the basis of the findings and the limitations
of the present work.

The 6PRFLM has been derived based on the equations governing the fatigue crack growth
rate of mechanically small and long cracks growing as semi-elliptical surface cracks at the
weld toe. The accuracy of the 6PRFLM has been verified for a certain number of datasets
and it has been recently compared to other models for inferring fatigue test data of smooth
specimens, where the crack initiation life is larger than the crack propagation life and it
governs the fatigue life. From that recent work, performed by others [218], it appears
that this model, derived from fracture mechanics for welded details in which growth of
surface cracks from the weld toe dominates the fatigue life, performs not as good for
smooth specimen for which crack initiation dominates the fatigue life.

Part of the first chapter investigates the use of informative Bayesian analysis with the aim
of reducing epistemic uncertainty. A question remains open to determine whether the
results of a Bayesian analysis can be used for the probabilistic assessment of structures.
With respect to this aspect, two major concerns are evident. The first one is related to
the fundamental difference between Bayesian and frequentist statistics. The epistemic
uncertainties estimated in these two frameworks are conceptually different. In frequentist
statistics, the uncertainty is related to the population instead, in Bayesian analysis it
is related to the sample. However, this fundamental difference is negligible if relatively
large datasets are inferred. On the other hand, the safety requirements are sometimes
derived on the basis of confidence intervals, e.g. in Eurocode 3, a characteristic curve
is estimated for a 5% fraction of life and 75% confidence bound, which makes Bayesian
methods simply inapplicable. Therefore, a translation of these requirements to Bayesian
methods is necessary. The second concern is related to the formulation of a genuine prior
distribution of the model parameters. A necessary requirement for a prior distribution is
to be not derived based on the dataset that is analyzed. More importantly, a prior for a
certain parameter should describe the estimator and the uncertainty of that parameter,
i.e. the epistemic uncertainty, with respect to the current state of knowledge. A prior
distribution for the location parameter of the fatigue limit can be derived, for example,
using the cyclic R-curve, but it should account for other statistical effects, e.g. the length
of the weld toe, the potential presence of multiple initiation sites, the potential coalescence
of non-propagating cracks.

The analyses presented in Chapters 3 and 4 have been conducted using VA fatigue test
data produced by applying blocks of random load histories generated by sampling from a
stress spectrum following the truncated Rayleigh distribution, which was derived for short
span bridges [174]. It is well known that the fatigue strength is strongly related to the
type of load history applied. This implies that the estimators of the model parameters
derived in this work cannot be directly applied to predict the fatigue life in case of a
different type of stress spectrum. Therefore, further work is required to investigate the
fatigue life resulting from more realistic bridge spectra on the basis of the available data
and eventually by producing new data. In the case of VA fatigue test data, effort must be
made for corroborating the current datasets at relatively long lives, i.e. N ∼ 108. This
would allow a better estimation of the effect of the stress ranges lower than the fatigue
limit.
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6.3. Recommendations

As seen, local approaches to fatigue require a larger number of input parameters to be
estimated compared to more global approaches. At a price of a higher computational
effort, local approaches potentially reduce scatter of data, as they can fully account for
phenomena that in more global approaches can only be explicitly considered either in part
or not at all. In Chapter 5, the three datasets analyzed show a larger variability when
pooled together and the nominal stress range is used as a loading parameter. This is also
observed in datasets analyzed by other authors [27]. On the contrary, the local approach
is able to interpret and account for the different bearing condition of the rivets. However,
the nominal strain approach requires such a high level of detail and computational effort,
that it becomes unemployable in larger scales. However, it remains of relevance to reduce
the scatter in fatigue test data resulting from the use of the nominal stress approach.
Research should be done either to identify relatively simple criteria to correct the nominal
stress or to define a different load parameter with the aim of reducing the scatter due to
the geometrical configurations of shear riveted connections.

The analyses conducted using the notch strain approach required as input the cyclic
strength properties of the steel of which the specimens under investigation were made.
Empirical correlations were used between the Brinell hardness and the cyclic strength
properties of low to medium strength steels, with the aim of estimating these quantities.
However, these equations are deterministic and, therefore, do not give any information
about the epistemic and aleatory uncertainty associated with the estimation. It is certainly
relevant to corroborate these equations by inferring strain-life data of low to medium
strength steels, for two reasons. First, a more complete probabilistic assessment can be
carried out. Second, by corroborating the aforementioned correlations with information
about the scatter and the uncertainty of the cyclic strength properties, these can be
potentially used as prior distributions in order to reduce the amount of test data needed
to determine the properties of low to medium strength steels.
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Appendix A

Application of the proposed model for VA
random block loading to other welded
details

This appendix is from:
Leonetti, D., Maljaars, J., & Snijder, H.H. (2020)

Probabilistic fatigue resistance model for steel welded details under
variable amplitude loading - Inference and uncertainty estimation.

International Journal of Fatigue, 135, 105515.

A.1 Fatigue test data
In this appendix, the fatigue test datasets for the non-load carrying cruciform joint, the
cover plated specimen, and the welded beam are presented for both constant and variable
amplitude loading.

Non-load carrying cruciform joint A large number of the test datasets is present in
the scientific literature to characterise the fatigue behaviour of the non load car-
rying cruciform joint under CA loading [175, 219–222]. However, a large scatter
was found when analysing the pooled dataset. It was attributed to the circum-
stance that dataset by dataset, the tests are executed on specimens with different
materials, different production processes (i.e. welding), and with different loading
conditions. Morevoer, misalignment plays a role for this type of welded detail. The
dataset presented in [175] is here considered as a reference because the VA test
data considered here are also from [175], therefore the specimens fabrication and
test control are assumed to be similar.

The variable amplitude dataset considered in this study was first presented in [175].
The dataset consists of 10 test data generated by applying a random block stress
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details

history sampled from a Rayleigh distribution. In this case, the spectrum is charac-
terised by ∆σmin = 0, ∆σd = ∆σm, and ∆σmax −∆σmin = 3∆σd.

Cover plated specimen The dataset presented in [96] is here considered for character-
izing the fatigue resistance of the cover plated specimen for CA loading. Different
from the cover plated beam detail, the cover plate is welded on one side of the spec-
imen. Moreover, the specimens are axially loaded. This determines that a bending
moment is induced because of the presence of the cover plated.

The variable amplitude dataset considered in this study was first presented in [96].
The dataset consists of 54 test data generated by applying a random block stress
history sampled from a Rayleigh distribution, as described in Section 3.5.1. In this
case, the spectrum is characterised by : ∆σmin = 0, ∆σmax − ∆σmin = 3∆σd,
and ∆σd = ∆σm

Welded Beam The welded beams are produced from three types of steels, either A514,
or A414, or A36, therefore a wide range of structural steel grades is covered. Test
data are from [96, 223]. The beams were produced by first tack welding the flanges
to the web. Successively, a continuous weld was laid down. The VA fatigue test
data used here are from [96], and were produced in a similar fashion as those used
for CA loading. In most of the specimens, during the execution of the tests, fatigue
cracks were observed to nucleate at the tack welds, for both CA and VA loading.
In most cases, more than one crack were found to be present at failure.

The considered datasets are summarised in Table A.1. The MLE of the parameters of the
6PRFLM are reported in Table A.2, together with the value of the log-likelihood function,
and the estimators of the parameters of the Basquin relation, Equation 47, according to
the standard procedures, where m1 = −3. The epistemic uncertainty resulting from the
inference of the 6PRFLM to the CA fatigue test data is presented in Table A.3. The
datasets considered for VA loading are summarised in Table A.4. The estimators for the
proposed model and the results of the inference, i.e. the estimation of the epistemic
uncertainty, are reported in Table A.5.
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A.1. Fatigue test data
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Appendix A. Application of the proposed model for VA random block loading to other welded
details

Table A.2: MLE and Likelihood value for the 6PRFLM, and parameters of the Basquin relation
(m1 = −3) fitting the considered CA datasets.

Cruciform joint Cover plated specimen Welded Beam
MLE log[L(θ)] MLE log[L(θ)] MLE log[L(θ)]

β̂0 +1.48E+01

14.875

+1.13E+01

17.769

+1.20E+01

36.129
β̂1 -3.99E+00 -2.57E+00 -2.69E+00
ˆσw|v +7.33E-02 +4.98E-02 +1.39E-01
µ̂v +2.10E+00 +1.69E+00 +1.98E+00
σ̂v +3.83E-02 +1.97E-01 +8.04E-02
p̂ +4.36E-08 +3.67E-01 +4.20-01

â1 +1.26E+01 +1.23E+01 +1.26E+01
σ̂w +2.11E-01 +1.09E-01 +1.26E-01

Table A.3: Epistemic uncertainty estimated for the MLE of the 6PRFLM fitting the datasets.

Detail Standard error
β̂0 β̂1 σ̂w|v µ̂v σ̂v p̂

Cruciform joint 4.38E-01 1.79E-01 1.76E-02 3.22E-02 5.55E-02 7.51E-02
Cover plated specimen 4.74E-01 1.98E-01 2.07E-02 3.12E-01 1.37E-01 8.59E-01

Welded Beam 8.92E-01 3.48E-01 1.39E-02 1.12E-01 4.70E-02 3.92E-01

Correlation Matrix

Cruciform joint

β̂0 -9.96E-01 +3.69E-01 +6.16E-02 -1.15E-01 -6.82E-01
β̂1 - -3.39E-01 -4.87E-02 +9.55E-02 +6.31E-01
ˆσw|v - - +3.06E-01 -3.99E-01 -4.49E-01
µ̂v - - - -8.70E-01 -3.86E-01
σ̂v - - - - +4.61E-01

Cover plated specimen

β̂0 -9.98E-01 +8.68E-02 -1.05E-01 +2.54E-01 -1.623E-01
β̂1 - -4.76E-02 +1.18E-01 -2.68E-01 +1.34E-01
ˆσw|v - - +2.25E-01 -4.75E-01 -2.23E-01
µ̂v - - - -5.82E-01 -7.87E-01
σ̂v - - - - +1.88E-01

Welded Beam

β̂0 -9.98E-01 3.21E-01 -6.33E-02 3.87E-01 -7.23E-01
β̂1 - -3.10E-01 9.10E-02 -4.01E-01 6.90E-01
ˆσw|v - - 2.13E-01 -1.55E-01 -3.91E-01
µ̂v - - - -7.96E-01 -5.56E-01
σ̂v - - - - 1.26E-01
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Appendix A. Application of the proposed model for VA random block loading to other welded
details

Table A.5: Model parameters and uncertainty estimated using the MLM for the proposed
model using the datasets, given θCA as in Table A.2.

MLE st.err. correlation matrix

Cruciform joint

µ̂D 1.61E+00 1.62E-01 1 2.49E-01 2.43E-02
σ̂D 2.25E-01 9.83E-02 - 1 5.50E-01
ζ̂ 1.14E+00 1.06E+00 - - 1

log[L(θ)] 6.96

Cover plated specimen

µ̂D 1.25E+00 3.51E-02 1 1.50E-01 1.89E-01
σ̂D 1.46E-01 2.68E-02 - 1 6.39E-02
ζ̂ 1.19E+00 2.36E-01 - - 1

log[L(θ)] +51.46

Welded Beam

µ̂D 1.29E+00 2.02E-01 1 9.37E-02 9.35E-01
σ̂D 3.05E-02 1.22E-01 - 1 6.85E-02
ζ̂ 1.36E+00 2.81E+00 - - 1

log[L(θ)] -26.96
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Appendix B

Clamping force of hot-driven rivets

This chapter is based on:
Leonetti, D., Maljaars, J., Pasquarelli, G. & Brando G.

Rivet clamping force of as-built hot-riveted connections in steel bridges.
Accepted for publication (in production) in Journal of Constructional Steel Research

Hot-riveted connections have been widely used in the past for metallic bridges, of which
a large part is still in service, making relevant the assessment of their fatigue life. Previ-
ous studies have shown that the fatigue behavior of hot-riveted connections depends on
many factors; among these, the residual tensile force in the rivets that clamps the plates
together, i.e. the clamping force, is one of the most prone to uncertainty and scatter.
Investigations p in the past made use of specimens produced in controlled laboratory con-
ditions, potentially leading to optimistic results. This chapter presents an experimental
investigation on the clamping force of as-built hot-driven rivets extracted from an old
steel bridge. On average, the clamping stress was found to be ∼100 MPa and ∼60 MPa,
but with large scatter, for two or three plates being clamped, respectively, and for grip
length over diameter ratios close to unity. This significant dependency on the number of
clamped plates, as well as the lower values observed as compared to earlier studies, are at-
tributed to larger imperfections in rivets installed in-service, as compared to the controlled
laboratory environment. In addition, a finite element model is presented that simulates
the development of the clamping force following the installation of the rivet. The finite
element model was validated on the basis of the experimental data and it appears able
to predict the effect of the grip length on the clamping force. The larger the grip length
over diameter ratio, the larger is the clamping force.

B.1 Introduction
The hot riveting process has been widely used up to about 1970 for wrought iron and
steel structures, giving rise to thousands of infrastructures that currently form a valuable
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Appendix B. Clamping force of hot-driven rivets

cultural heritage. Many of these are still in service for railways and roads [224]. Rivets
were mostly used for joining plates in built-up cross-sections and for creating structural
details, such as girder to cross beam connections or splice connections.

A Rivet is a permanent mechanical fastener, originally consisting of a hemispherical head,
called shop head, and a smooth cylindrical shank. The hot-riveting process is divided into
several phases:

1. Holes are created in the plates to be joined. The holes have a properly calibrated
diameter, greater of at least 1 mm than the diameter of the original rivet shank,
and are the results of punching processes, sometimes followed by rimming, or, in
case of plates that are too thick for punching, the holes are drilled.

2. The rivet is heated up to about 900 ◦C in a special forge. In the past, since no
sufficient measurement instruments were available, this temperature was assumed
to be reached when the rivet appeared of a cherry red color. After heating, the rivet
is inserted into the prepared hole in the plates.

3. The shop head is blocked using a bucking bar with a concave hemispherical end,
and a second head, the field head, is forged through hammering. In the past, the
hammering process was carried out by a man holding hammer, later replaced by
a pneumatic or a hydraulic hammer. The hammering also affects the shaft of the
rivet, which fills the clearance previously existing with the hole. The original length
of the shank must, therefore, include the useful length to cover the sum of the
thicknesses of the parts to be connected, and an extra length, commonly called tail
[225]. It not only accounts for the volume necessary to forge the field head, but
also for the volume of the hole not filled by the original rivet shank, see Figure B.1.
As stated in [188] the rivet reaches a temperature of about 700 ◦C just after the
forging of the second head. At this stage, because of the Young modulus and yield
stress that the steel exhibits, which are one order of magnitude lower than at the
service temperature, no significant clamping force can be established.

4. Following the forging phase, cooling of the rivet (in air) takes place: during this
phase, both the yield stress and the ultimate tensile strength of the steel increase
and the rivet shank shortens. The combination of these aspects causes that the
plates to be joined are pressed against each other by the rivet heads and that an
internal axial force arises in the shaft, known as “clamping force”. Moreover, the
thermal and lateral contraction in the radial direction of the rivet shaft creates a
gap between the rivet shaft itself and the hole, as experimentally observed in [197].

Riveted joints are commonly intended to transfer both shear and tensile forces, as for
bolted joints. The main difference consists in the circumstance that a rivet is a per-
manent fastener and cannot be re-tightened afterwards. A relevant issue concerns the
assessment of the remaining working life of these joints in bridges, taking account of
fatigue deterioration under traffic loads [226, 227]. Fatigue resistance (S-N) curves are
traditionally based on regression of fatigue tests, e.g. [27, 188], and are given in several
recommendations -such as JRC-ECCS [24] and the German RIL805 [228]. On the other
hand, recent studies have shown to be truly capable in predicting the fatigue performance
of hot riveted connections using a numerical approach that combines the results obtained
through a finite element model (FEM), implemented in order to determine the fatigue
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Rr

φdr

tail

shank

Shop
head

Grip length

Figure B.1: Rivet inserted in plate assembly prior to the forging of the field head (displayed in
symmetry).

notch factor, and a strain-life relationship, which is used to relate that fatigue notch factor
to the fatigue life [209, 229–231], also by means of probabilistic approaches [15, 192, 193,
232]. These prediction models have shown that fatigue life is largely depending on the
specific type of riveted connection and its geometry [231]. Hence, the prediction models
are often used for the assessment of individual bridges with peculiar details.

In these models, the clamping force exhibited by the rivet is one of the important variables
required for an accurate prediction of the bearing condition of the rivet and, therefore,
of the notch effect, i.e. the fatigue notch factor. A higher clamping force induces a
beneficial effect on the fatigue life of shear riveted connections [184, 216, 233], as it
allows for a larger fraction of the applied force to be transferred through friction, thereby
reducing the stress concentration at the notch by contributing to a lower bearing force
of the rivet. This is confirmed by fatigue prediction models developed by several authors,
see for example [231, 232]. The clamping force not only influences the average fatigue
life of riveted connections but also its variability. In fact, as the coefficient of variation
of the clamping force is relatively large (CoV≥0.3), and this has been demonstrated as
related to the variability of the technological aspects of the hot riveting process [217]. The
fatigue resistance of tensile riveted connections also benefits from a higher clamping force,
because of increased stiffness of the plate assembly, thereby reducing the load fluctuation
experienced by the rivets, as it happens for tensile bolted connections [234]. On the other
hand, the high variability in the clamping force is shown to be the main reason for the
relatively high scatter in the fatigue life of riveted connections when compared to similar
bolted connections [184, 216, 232, 235]. For example, in [235] the fatigue life of riveted
connections was compared with that of bolted connections having normal and reduced
bolt pre-loads. It resulted that bolted connections with pre-stressed bolts have a higher
and less scattered fatigue life than riveted connections. This was attributed to the higher
and less scattered clamping force that bolts exhibit with respect to rivets.
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Figure B.2: Experimental results related to the variability of the clamping stress as a function
of the grip length for carbon steels. Comparison between experimental data from Akesson [236]
,Wilson and Thomas [197], and Zhou [188]. Also the average trend from Baron & Larson[237],

and upper and lower bounds from van Maarschalkerwaart [214] are reported.

Few investigations have been performed to evaluate the clamping force. In early works, it
was postulated works that it should reach the yield stress of the material [214]. However,
as recognized later and supported by experimental evidence, the clamping force almost
reaches the yield stress only for long grip length (>100mm). Instead, for shorter grip
length the mean of the clamping force decreases, and its scatter increases, [197, 214,
238]. This is attributed to the deformation of the rivet heads, which has a stronger effect
on the clamping force for short grip lengths.

Also, based on the results reported in [197], which were obtained from rivets having
diameter of 24.5 mm (1 inch), the clamping force appears to depend on the steel type.
For this reason, in [236] the ratio between the nominal tensile stress in the rivet shank
cross-section due to the clamping force, namely the clamping stress, and the measured
yield stress of the rivet has been evaluated as one of the meaningful parameters affecting
the rivet performance. The conducted analyses reported average ratios of 0.61 and 0.77
for grip lengths of 75 mm and 125 mm, respectively. In [239] it was amended that the
clamping force in specimens made of a steel type St52 is lower than that one of specimens
made of a steel type St37.

All of the aforementioned studies dealt with the clamping force of rivets installed in a
laboratory environment, on relatively long grip length, but, on the other hand, the clamp-
ing force in rivets installed in bridges, especially those being installed in-situ, may differ
from these experimental values because of imperfections and tolerances in the riveting
process. In [188], 9 values of the clamping stress are reported. The riveted specimens
were characterized by a presumable grip length of 30 mm and were taken out from a
built-up riveted girder consisting of a web plate and four flange angles, which was part of
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(a) K-node of the truss (b) K-node of the truss

(c) K-node of the truss (d) Wind Bracing

Figure B.3: Structural details extracted from the Botlek Bridge in Rotterdam from which the
coupons have been obtained.
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a demolished bridge. The measured clamping stress was on average equal to 84.1 MPa
with a standard deviation equal to 41.1 MPa. The clamping stress has been evaluated by
placing a special strain gauge into a hole drilled into the shaft of the rivet. Then, the rivet
was removed from the plates and the clamping strain in the rivet shank was obtained from
the reading of the strain gauges. Other experimental analyses were reported by Akesson
[236], and Baron and Larson [237] which reported an average trend in line with previous
investigations. The rivets in [236] were extracted from a stringer beam that was in service,
whereas no similar information is available for the tests reported in [237]. All experimental
data show the importance of the grip length on the clamping force: a larger grip length
increases the average clamping force and reduces the scatter, see Figure B.2. Based on
different experimental data, from an unknown source, the same conclusions were drawn
in [214], see Figure B.2. The steel type and hammering process are apparently of less
relevance for the clamping force.

In [240] a numerical simulation of the hot riveting process was reported, using a coupled
thermo-mechanical analysis. The thermal results showed a good agreement with the
measured thermal behavior of the connection. The grip length was 30 mm and the
results showed average tensile stresses in the rivet shaft of about 90MPa, which is in
accordance with experimental evidence, see Figure B.2. However, the authors validated
only the temperature results of the finite element model, and not the clamping force. In
[185] a similar FE model was developed. Also in this case, the clamping force was not
extrapolated as a result, making it difficult for the validation of the structural analysis. In
both cases, the analyses were carried out for a fixed geometry, therefore the effect of the
input variables of the model was not quantified.

In this framing of research, the current chapter shows the results of an extensive experi-
mental and numerical investigation carried out with the aim of quantifying the clamping
force in as-built rivet connections of existing steel bridges. Different from most of the
previous studies, the clamping force has been measured on rivets from a bridge that was
in service for more than 50 years, the Botlek bridge. Given the complexity and the dimen-
sions of the considered structural details from which the specimens have been extracted,
the proposed experimental investigation is likely to be the first in literature that is ad-
dressed to rivets that have been installed in situ. Therefore, these rivets may contain
more imperfections than those used in previous investigations and consequently, different
values of the clamping force than those produced in an ad-hoc controlled laboratory en-
vironment. In addition, there is the possibility that some deterioration occurred due to
service conditions. Moreover, the obtained numerical results are used to corroborate and
explain the experimental analyses and to further study the effect of the grip length on the
clamping force.

B.2 Models and methods

In this section, the methodology implemented for the experimental tests carried out on 86
specimens extracted by structural details of the Botlek Bridge in Rotterdam is described,
followed by the description of the finite element model used to simulate the development
of the clamping force that arises after the forging of the field head.
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B.2.1 Measurement procedure for the clamping force

As already mentioned, the clamping stress in hot-driven steel rivets reported in [188] was
measured using a special strain gauge inserted in a hole drilled into the shaft of the rivet.
However, no details are available about the procedure implemented. The current research
also used strain gauges, and the procedure described in the following has been applied for
testing purpose:

1. Extraction of the specimens from the structural details;

2. Instrumentation by installing a special strain gauge in a hole drilled in the center of
each rivet shank, as described in [188].

3. Ejection of the rivet from the specimen and evaluation of the change in the measured
axial strain ε.

4. Evaluation of the relation between the axial force and the strain measured by the
strain gauge through an experimental compression test on the ejected rivet.

5. Correction of the measured strain obtained in step (2), evaluation of the residual
axial force, and calculation of the residual axial stress.

The structural details out of which the specimens were extracted consisted of a K-node of
the truss and the wind bracing, which was located underneath the deck of the bridge, as
it is shown in Figure B.3. These details were extracted using flame cutting, therefore the
rivets close to the cutting paths were not selected for the experimental analyses proposed
in this chapter because the heat-induced by the cutting procedure might have affected
the residual force, potentially inducing relaxation of the residual stress state.

Each specimen extracted consisted of a rivet and a portion of the surrounding plate. In
this case, the cut was performed using a water jet, in order to induce as little heat as
possible and to do not influence the elements forming the connection. The cut followed
a circular path around the rivet head. In particular, assuming that the influence of the
clamping stress develops with a conventional angle of 45◦, starting from the external
edge of the rivet head, see Figure B.4, the minimum diameter that is necessary for the
specimen, in order to minimize the influence of the cut on the clamping force, is:

dr ≥ dmin = gr + ar (1)

where gr is the grip length and ar is the diameter of the rivet head. For each specimen,
the diameter was selected given the value of ar and the grip length gr, in accordance with
Equation 1.

As shown in Figure B.5a, in order to carry out the second step of the procedure, a hole
having a diameter of 2 mm has been machined into the shaft. The length l1 has been
imposed so to position the gauge center of the strain gauge in the center of the rivet
shaft. Given the specifications of the strain gauges BTM-6C type used for the current
analysis, a value of 8 mm has been considered for l1. As it is shown in Figure B.5, a
shorter hole contained in the rivet head and having a diameter equal to 5 mm has been
drilled to facilitate the operations. Moreover, a longitudinal slot has been produced in
order to accommodate the gauge leads. In order to install the strain gauge, the hole was
first thoroughly cleaned with an air jet and a liquid solvent; then, it was filled with a
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45°

gr

φ dmin

φ ar

area of clamping

Figure B.4: Definition of clamping area.

special adhesive. Therefore, the strain gauge was inserted, leaving 3 mm from the end
of the hole, according to the producer specification. Successively, the adhesive was first
cured for 12 hours at room temperature, and then 4 hours at 140 ◦C. In this phase, rapid
variations of temperature have been avoided so to exclude air bubbles or cracks in the
adhesive provoked by shrinkage at high strain rate.

After installing the strain gauge and connecting it to the control unit, the second head has
been removed using a band saw, and water as coolant liquid (step 3 of the procedure).
Successively, the rivet was completely ejected from the plate assembly using a manual
jack-hammer. The quantity ∆ε, i.e. the recorded difference between the measured strain
in the rivet at the beginning and after complete ejection, is proportional to the relaxation
of the rivet and gives an evaluation of the level of pre-stress. Due to the fact that
the strain gauge is submerged in the adhesive, which does not necessarily have the same
stiffness of the steel, the strain value cannot be directly related to the nominal longitudinal
stress in the rivet shank by using the Hook law. Therefore, a calibration procedure was
implemented in order to evaluate the relation between the measured strain and the axial
force in the rivet shank.

In the calibration step (step 4 of the procedure), the rivet has been loaded in compression
by a jack-hammer equipped with a load cell, allowing the determination between the
applied axial force, Fcal, and the measured strain, ∆ε. In particular, the rivet was equipped
with a hinge in order to avoid secondary bending, see Figure B.6a. The goal was to obtain a
linear relationship between the applied axial force and the measured strain and to evaluate
the compliance as the ratio between the measured strain and the applied force [µm /(mm
kN)]:

k1 =
∆ε

∆Fcal
(2)

where Fcal is the compression force applied in the calibration phase.

The 5th step of the procedure involves a further correction due to the circumstance that at
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φ d

l1

1

φ 2

φ5

(a) Drawing of the specimen (b) Specimen with strain gauge inserted

Figure B.5: Drawing of the specimen machined for the installation of the strain gauge (a), and
picture of the specimen after the installation of the strain gauge.

(a) Calibration Step
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(b) Load Cases

Figure B.6: Rivet during the calibration step (a), and loading schemes of the rivet while
clamping the plates and during the calibration step (b).
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the beginning of the test when the clamping force, Fcl, is established, the rivet is loaded
differently than during the calibration phase when the calibration force, Fcal, is applied
These two load cases are depicted in Figure B.6b: in service the force is transferred by
loading the flat surfaces of the rivet head, whereas during the calibration step the rivet
head is loaded in compression by applying the force on the head of the rivet. The different
stress concentrations in these cases due to the different loading conditions may influence
the strain at the gauge location since for relatively short rivet lengths the strain gauge is
placed in a region of stress concentration. Therefore, it is necessary to evaluate a second
correction factor, named k2, which takes into account the difference in the load type. This
is estimated through a finite element model of the rivet. This finite element model consists
of a rivet modeled using axisymmetric elements, considering the geometrical symmetry
with respect to the plane perpendicular to the axis of the shaft. As for the mechanical
modeling, a linear elastic material model with Young’s modulus equal to 2E+05MPa and
a Poisson’s modulus equal to 0.3 has been considered. The scheme depicting the two
loading cases is in Figure B.6b. The first loading case consists of a compressive load
applied to the rivet head, which simulates the calibration test, see Figure B.6a. In the
second loading case, a load has been applied to the portion of the surface of the rivet
head, which was constrained by the contact with the plates, determining the rivet shank
to be in tension, see Figure B.6b. Therefore, the rivet has been constrained only by
its symmetric boundary conditions. The average strain in the axial direction, evaluated
along a path of nodes positioned in the same location where the gauge strain gauge is
positioned, has been evaluated from the results of the finite element model. The factor
k2 has been considered as the ratio between the average strains resulting from the two
load cases. Following a parametric study, executed by varying the grip length between 10
and 50 mm, k2 [-] has been calculated as function of the grip length gr for a rivet shank
diameter dr = 22 mm. It resulted that the following functional equation is suitable to
describe the trend of k2 as function of the grip length:

k2 = 1 + 6686g−3.433
r for gr ≥ 10 mm (3)

where gr should be applied in [mm]. The equation indicates that k2 decreases with
increasing grip length. The comparison between the finite element results and the equation
is depicted in Figure Figure B.7. The maximum deviation is 5.67E-02. Therefore, the
strain range value, ∆ε, acquired from the testing phase has to be divided by k2 in order
to obtain the average strain value, which in the calibration is correlated to the applied
load. Following these considerations, the relation between the measured strain range and
the clamping stress, σc, is:

σc =
4∆ε

k1k2πd2
r

(4)

B.2.2 Numerical Model

The numerical analysis to simulate the development of a clamping force after installation,
i.e. during cooling of the rivet, involved a fully coupled thermo-mechanical Finite Element
model, implemented in ABAQUS environment [241]. This is a different and much more
complex model than the one described in the previous section, which was used solely to
determine the linear elastic stress concentration. The analysis described in the current
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Figure B.7: Comparison between the results of the FE model and Equation 3.

section is able to consider the interaction between temperature and displacement fields
and vice versa. The finite element model considers a geometry consisting of two plates
clamped by a rivet having both heads already formed. Thus, the effect of the hammering
process has not been considered in the numerical determination of the clamping force.
This assumption has been justified by the fact that the driving process and the hot forming
of the field head are executed when the temperature in the rivet is above 700◦C [188]. At
this temperature, both the yield stress and the Young Modulus of the steel are considerably
lower than at room temperature [242], this entailing that the stresses that correspond to
the developing strains can be neglected. The geometry is modeled considering three values
of the grip length, namely 25, 31.8, and 50 mm. The rivet geometry has been constructed
according to the type “A” defined in the Dutch standard NEN 667:1944, see Figure B.8.
The diameter of the rivet hole is set equal to the 22.2 mm, which equals the diameter of
the rivet after forging the rivet head, when the rivet is assumed to completely fill the hole
as a consequence of the hot forging process. The size of the plates, which is five times
the grip length, has been set to minimize the boundaries effects on the analysis. Because
of the computational effort required to perform a coupled thermo-mechanical analysis
involving material and geometric nonlinearities, that are necessary to simulate the cooling
phase of the rivet after forging of the field head, 2D axisymmetric elements have been
used. The mechanical properties of the rivet have been assumed as the nominal values
available for St44 steel grade, since, as indicated in the Dutch standard NEN 667:1944,
this is the steel grade to be used for rivets. Furthermore, it has been imposed that these
mechanical features vary with the temperature, according to the rules given by EN 1993-
1-2 [242]. The resulting values of the Young modulus E, yield stress σy, specific heat Ca,
thermal conductivity λa, and Poisson modulus ν are reported in Table B.1 as a function
of the temperature T .

The 8-node axisymmetric thermally coupled quadrilateral, biquadratic displacement, bilin-
ear temperature, reduced integration, CAX8RT element, available in the ABAQUS library
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ar

br

rr

dr

Rr

hr

(a) Rivet geometry

dr hr rr ar br Rr

16 5 0.8 25 9.5 12.0
19 5 0.8 30 11 15.7
22 5 1.0 35 13 18.5
25 5 1.0 40 15 20.8

(b) Tabular values

Figure B.8: Nominal geometry of the rivet according to NEN667:1944. Units in [mm].

T E σy Ca λa ν
[◦C] [MPa] [MPa] [J/Kg◦C] [W/m◦C]
20 210000 277.3 439.8 53.33 0.2837
100 210000 277.3 487.6 50.67 0.2868
200 189000 277.3 529.8 47.34 0.2906
300 168000 277.3 564.8 44.01 0.2943
400 147000 277.3 605.9 40.68 0.2981
500 126000 216.3 666.5 37.35 0.3050
600 65100 130.3 760.2 34.02 0.3142
700 27300 63.78 1008 30.69 0.3234

Table B.1: Variation of the mechanical and thermal material properties with temperature [242]
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(a) Global mesh (b) Mesh at the stress concentrators

Figure B.9: Mesh of the finite element model.

Table B.2: Thermal conductivity of steel to steel contact as a function of the gap between the
contacting surfaces, values from [243].

Gap λa
[mm] [W/m◦C]
0.0 2500
0.5 50
1.0 25
1.5 0

has been used to discretize the geometry. A preliminary sensitivity analysis has been car-
ried out in order to establish the mesh sizes, which have been reduced in correspondence
of the contact and stress concentrators, see Figure B.9.

As far as the rivet-to-plates contact properties are concerned, a tangential behavior, with
a penalty type formula and a friction coefficient equal to 0.3 [225], has been considered.
On the other hand, a Lagrange formulation has been used to model the normal behavior
of each contact pair. This formulation avoids penetration, even if a higher computational
effort is required. Finally, the thermal conductance that simulates the steel-air-steel in-
teraction with zero and non-zero contact gap between the rivet shaft and the edges of
the holes, has been selected according to the values given in Table B.2, which have been
established according to [243].

B.3 Results

The results of the experimental tests and of the numerical simulation are described in this
section.
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Figure B.10: The qualitative trend of the strain acquired by the strain gauge during the test:
during sawing at different cutting depth (a-c), and during (d) and after (e) the complete

ejection of the rivet.

B.3.1 Experimental results

The measurement equipment involved in the experimental tests described in Section B.2.1
allowed to monitor the development of the acquired strains during testing, according to
the trend depicted qualitatively in Figure B.10. Following an initial increase of the axial
strain due to the clamping action of the band saw machine, applied to hold the specimen
in place, an initial increase in the strain is measured as the cut advances closer towards
the center of the rivet shank (a). Then, during the further evolution of the cut carried
out through the band saw, the measured strain decreases (b) until it stabilizes after the
complete separation of the shank (c). Successively, disturbance in the signal is recorded
during the ejection of the rivet (d). Finally, the value of the strain stabilizes at a lower
level of the measured strain after complete ejection (e). The trend described above was
recorded for most of the rivets, as it is shown in Figure B.11, for the rivets extracted from
the wind bracing detail having grip length gr = 50 mm.

In some cases, the strain measured at the end of the stage (c), i.e. before the complete
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Figure B.11: Strains measured during the tests for the specimens extracted from the wind
bracing, see Figure B.3d, having gr = 50 mm. The signals have been zeroed at the start of the

test and the horizontal axis has been normalised.

ejection of the rivet, equals the strain measured at the end of the stage (e), i.e. after the
complete ejection. This indicates that a gap between the rivet shank and the rivet hole
was present at the beginning of the test, and that the gap was larger than the lateral
expansion that the rivet shank experiences due to the reduction of the internal tensile
force. This is the case for the specimen 3, see Figure B.11. In other cases, the absolute
value of the strain measured at the end of the stage (c), is smaller than the absolute value
of the strain measured at the end of the stage (e). This is sufficient to demonstrate that
either the gap was not present, or that the gap was smaller than the lateral expansion
caused by the reduction of the internal tensile force occurring due to the removal of the
head.

For most of the specimens, some amount of paint came out from the plate to plate
contacting surfaces during the hot curing of the strain gauge adhesive prior to testing, see
Figure B.12a. This indicates that the red-lead paint that was present at the contacting
surfaces of the joined plates was still wet despite the decades of service and exposure to
weather conditions, suggesting that the details are air-tight. Figure B.12b depicts the
appearance of one of the two plate-to-plate contacting surfaces. It can be noted that the
presence of the paint is compromised close to the hole, probably due to the fact that the
hot rivet was inserted in the hole. As this influences the friction condition between the
plates, it might also influence the effect of the clamping force on the fatigue resistance of
shear riveted connections.

Following the procedure described in Section B.2.1, the measured strains are transformed
into stresses, after calibration and adjusted by applying the correction factor k2, obtained
using Equation 3.
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(a) Paint bubbles formed after curing. (b) Appearance of the contacting surface

Figure B.12: Status of the red lead paint after curing.

Table B.3: Summary of the clamping stress and estimation of the variability. The expected
clamping stress, E[σc], coefficient of variation, CoV[σc], and standard error of the mean

value,St.err.[E[σc]], are reported for each grip length, gr, indicating the number of plates and
the diameter of the rivet, dr.

gr # of dr E[σc] CoV[σc] St.err.[E[σc]]
[mm] plates [mm] MPa [-] MPa
16.8 2 21.0 102 0.59 15.5
24.5 2 22.8 120 0.24 7.30
27.0 2 23 72.1 0.57 16.8
39.5 2 23.2 120 0.26 15.7
50.0 2 22.8 104 0.24 10.1
36.7 3 23 51.8 0.74 8.78
52.6 3 25.7 65.6 0.43 11.5

The obtained test results are presented in Figure B.13 and summarized in Table B.3, where
each row provides the results of all tests carried out with a specific geometry. The entire
dataset is reported in Table B.4. Also, in Figure B.13 the obtained clamping stresses
are compared with the available results from the literature, significantly corroborating the
existing data for short grip length, ranging from 16.8 to 52.6 mm. With respect to the
median trend measured by Baron and Larson [237] the present data show lower values.
This is possibly due to a difference in the steel grade and in the circumstance that the
present specimens are extracted from a bridge that has been in service for decades before
being dismissed, whereas Baron and Larson used newly fabricated specimens. On the
other hand, the present data are well in agreement with the results of Zhou [188], which
were produced with a similar experimental technique and by using specimens extracted
from a Bridge that has been in service for long times, differently from the results of Wilson
and Thomas [197] that were produced using specimens fabricated ad-hoc.

In agreement with the literature, the test results show an increasing trend and a decreasing
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Figure B.13: Clamping stress resulting from the new and the old datasets.

scatter with the grip length. However, from Table B.3 it can be recognized that the
number of plates affects the average value of the clamping force as well as its variability.
This is possibly due to imperfections, mainly holes misalignment, which has been found to
be frequent in the specimens with 3 plates. Moreover, the results are given for a reduced
grip length highlight that a probabilistic description of the data is not easy and that the
probability distribution best describing the data must necessarily satisfy the asymmetry
of the distribution of the clamping force at relatively low grip length, because σc ≥ 0, as
well as the asymmetry recorded at relatively high grip length, since σc ≤ σy.

In 14 of the 86 cases, the recorded values of the strain and, therefore, the results of the
test deviated from the results shown in Figure B.10 and Figure B.11. This failed tests are
also reported in Table B.4. In a few of these cases, either the measured strain increment
was positive suggesting that the installation of the strain gauge was not successful or
the signal was lost during the test. In most of these cases, the strain increased after
ejection, i.e., with reference to Figure B.10, the strain measured at stage (e) was larger
than measured at stage (c). This mostly happened for very short rivets, where the ejection
process might have damaged either the glue or the glue-steel bond because of the short
ligament between the strain gauge hole and the executed cut. These cases are not shown
in Figure B.13. The lower clamping and large scatter encountered for specimens having
three plates have been addressed to the misalignment of the holes of the plates, which
determined a deformation of the rivet shank during the driving process. The shaft of the
rivets appeared to have an imperfection on straightness as indicated in Figure B.14. Such
imperfection may be expected in a certain fraction of the rivets in joints produced in-situ,
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Figure B.14: Typical imperfections encountered on the rivet shank.

where the hole has not been correctly rimmed before the driving process, and it is less
likely for joints produced in shop. In these cases, as the deformation of the rivet shank
affected the contraction of the rivet during the cooling phase, a portion of the clamping
force is likely to be transferred to the plates at the misalignment location. This determines
a non-uniform axial force in the rivet, making the position of the strain gauge along the
shaft of the rivet relevant but not definable a priori.

Table B.4: Complete set of experimental results.

# ID ∆ε∗ ∆ε∗∗ gr dr # of note k1 note[µm/m] [µm/m] [mm] [mm] plates [µm/(m kN)]
1 -3.78E+02 -5.09E+02 50 22.8 2 8.26E-02
2 -6.73E+01 -4.98E+02 50 22.8 2 8.47E-02
3 -3.33E+02 -4.09E+02 50 22.8 2 7.52E-02
4 -2.38E+02 -4.50E+02 50 22.8 2 8.55E-02
5 - - 50 22.8 2 (a) -
6 - - 50 22.8 2 (a) -
7 -5.91E+02 -6.55E+02 24.5 22.8 2 1.27E-01
8 -5.37E+02 -6.14E+02 24.5 22.8 2 1.06E-01
9 -4.50E+02 -5.53E+02 24.5 22.8 2 9.62E-02
10 -5.23E+02 -5.88E+02 24.5 22.8 2 1.05E-01
11 -4.45E+02 -4.97E+02 24.5 22.8 2 1.11E-01
12 -3.97E+02 -4.97E+02 24.5 22.8 2 9.43E-02
13 -5.61E+02 -6.07E+02 24.5 22.8 2 9.52E-02
14 -3.81E+02 -4.58E+02 24.5 22.8 2 1.11E-01
15 -4.19E+02 -5.16E+02 24.5 22.8 2 1.12E-01
16 -6.77E+02 -7.18E+02 24.5 22.8 2 1.04E-01
17 -4.09E+02 -7.08E+02 50.0 22.8 2 8.70E-02
18 -3.84E+02 -4.18E+02 50.0 22.8 2 9.90E-02
19 -4.06E+02 -5.07E+02 24.5 22.8 2 9.43E-02
20 -5.89E+02 -6.32E+02 24.5 22.8 2 8.33E-02
21 -1.70E+02 -2.75E+02 24.5 22.8 2 9.80E-02
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22 -3.67E+02 -4.46E+02 24.5 22.8 2 9.35E-02
23 -4.14E+02 -5.09E+02 24.5 22.8 2 1.12E-01
24 -2.79E+02 -4.20E+02 24.5 22.8 2 9.80E-02
25 -1.51E+02 -2.82E+02 27.0 23.0 2 9.17E-02
26 -1.98E+02 -1.70E+02 27.0 23.0 2 7.19E-02
27 -3.50E+02 -3.70E+02 27.0 23.0 2 1.05E-01
28 -2.06E+02 -3.47E+02 27.0 23.0 2 1.03E-01
29 -3.53E+02 -5.10E+02 27.0 23.0 2 1.25E-01
30 -2.03E+02 -2.89E+02 27.0 23.0 2 6.17E-02
31 - -4.00E+02 27.0 23.0 2 (c) -
32 -4.53E+01 -1.15E+02 36.7 23.0 3 6.21E-02
33 -7.82E+01 -1.97E+02 36.7 23.0 3 6.76E-02
34 -7.41E+01 -1.00E+02 36.7 23.0 3 7.41E-02
35 -7.83E+01 -1.41E+02 36.7 23.0 3 6.41E-02
36 -7.75E+01 -1.17E+02 36.7 23.0 3 7.75E-02
37 -4.31E+02 -4.54E+02 36.7 23.0 3 8.20E-02
38 -3.21E+02 -3.33E+02 36.7 23.0 3 8.40E-02
39 -1.62E+02 -2.41E+02 36.7 23.0 3 8.93E-02
40 -1.53E+02 -2.76E+02 36.7 23.0 3 6.17E-02 (d)
41 -5.37E+02 -6.08E+02 36.7 23.0 3 1.11E-01
42 -7.29E+01 -1.88E+02 36.7 23.0 3 9.09E-02
43 -1.68E+02 -2.73E+02 36.7 23.0 3 7.14E-02 (d)
44 -2.43E+02 -3.07E+02 36.7 23.0 3 8.62E-02
45 -1.55E+02 -2.86E+02 36.7 23.0 3 8.06E-02 (d)
46 -1.62E+02 -5.60E+02 36.7 23.0 3 1.00E-01
47 - - 36.7 23.0 3 (c) (a) -
48 -4.34E+01 -4.86E+01 36.7 23.0 3 8.55E-02
49 -8.01E+01 -2.28E+02 36.7 23.0 3 9.43E-02
50 -6.41E+01 -1.55E+02 36.7 23.0 3 8.20E-02
51 -1.24E+02 -2.21E+02 36.7 23.0 3 1.04E-01
52 - - 16.8 21.0 2 (a) -
53 - -4.48E+02 16.8 21.0 2 (b) 1.43E-01
54 -3.83E+02 -3.98E+02 16.8 21.0 2 1.49E-01
55 - - 16.8 21.0 2 (a) -
56 -5.01E+02 -4.43E+02 16.8 21.0 2 (b) 1.85E-01 (d)
57 -4.55E+02 -4.93E+02 16.8 21.0 2 1.16E-01
58 -3.87E+02 - 16.8 21.0 2 (b) - (f)
59 -8.21E+02 -7.96E+02 16.8 21.0 2 9.52E-02
60 -8.63E+02 -9.70E+02 16.8 21.0 2 1.56E-01
61 -3.09E+02 -3.53E+02 16.8 21.0 2 1.64E-01
62 - -9.41E+01 16.8 21.0 2 (c) 9.52E-02
63 -3.81E+02 -3.88E+02 16.8 21.0 2 2.00E-01
64 - - 16.8 21.0 2 (a) -
65 -2.02E+01 - 16.8 21.0 2 (b) 1.33E-01
66 - - 16.8 21.0 2 -
67 -3.74E+02 -4.14E+02 16.8 21.0 2 1.02E-01 (e)
68 -3.81E+02 -3.85E+02 16.8 21.0 2 2.08E-01
69 -2.64E+02 -9.80E+01 16.8 21.0 2 (b) - (g)
70 -2.23E+02 -3.55E+02 16.8 21.0 2 7.09E-02 (e)
71 -7.80E+01 -4.40E+01 16.8 21.0 2 (b) 1.82E-01
72 -6.06E+02 -6.30E+02 16.8 21.0 2 - (g)
73 -3.24E+02 -3.61E+02 16.8 21.0 2 - (g)
74 -1.19E+02 -3.85E+01 16.8 21.0 2 (b) 1.41E-01
75 -1.21E+02 -2.22E+02 16.8 21.0 2 9.52E-02
76 -5.60E+02 -6.68E+02 39.5 23.2 2 8.85E-02
77 -4.31E+02 -6.76E+02 39.5 23.2 2 8.47E-02
78 -2.59E+02 -3.59E+02 39.5 23.2 2 8.77E-02
79 - - 39.5 23.2 2 (a) 1.18E-01 (d)
80 -6.06E+02 -7.24E+02 39.5 23.2 2 8.20E-02
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81 -4.38E+01 -2.50E+02 52.6 25.7 3 9.09E-02
82 -1.71E+02 -2.83E+02 52.6 25.7 3 8.62E-02
83 -1.96E+02 -2.70E+02 52.6 25.7 3 1.79E-01
84 -1.50E+02 -3.93E+02 52.6 25.7 3 1.18E-01
85 -8.59E+01 -1.41E+02 52.6 25.7 3 1.16E-01
86 -2.51E+02 -4.37E+02 52.6 25.7 3 1.10E-01

(*) Evaluated before the ejection of the rivet, i.e. stage (c) of the procedure
as depicted in Figure B.10
(**) Evaluated after the ejection of the rivet, i.e. stage (e) of the procedure
as depicted in Figure B.10
(a) Positive Strain
(b) Increase in strain after ejection
(c) Disturbed signal during test
(d) Evaluated in the range between -1 to -5 kN
(e) Evaluated in the unloading
(f) Damaged
(g) Unreadable

B.3.2 Numerical analyses

The FE model described in Section B.2.2 has been validated considering studies in the
literature that faced peculiar aspects, such as the temperature field and the strain/stress
that arise during the cooling phase. Furthermore, the model has been used to simulate
the development of the clamping forces obtained by the experimental tests mentioned in
this chapter. In particular, for as far as the thermal results are concerned, the comparison
has been carried out monitoring the trend of the temperature during the cooling phase
in the rivet head and on the plate. Instead, for the validation of the model with respect
to the values of clamping forces, the grip length of 30 mm with studied in [188] and the
different values of grip length studied in this chapter have been considered.

Model validation

The trend of the temperature over time in two positions has used for validating the
thermal results. The comparison between the results given by the numerical model and
the experimental tests is shown in Figure B.15. Measurements of the temperature profile
are available in [240] for the tip of one of the two rivet heads, and a point on the plates
30 mm far from the rivet head, see Points A and B in Figure B.15.

As it is possible to observe, the numerical model is able to well reproduce the cooling
phase observed during the tests, especially with regard to the rivet. With respect to Point
B, the used values for the conductance at the contact, see Table B.2, are likely to be the
source of bias. After the cooling phase is complete, the clamping force has been obtained
by integrating the stress results in the midsection of the rivet shank. The obtained value
of the clamping force for a grip length of 31.8 mm and a rivet shank diameter equal to
22.1 mm is 127 MPa.

In Table B.6, the obtained value of the clamping force has been compared with the
experimental results of Zhou [188] and Akesson [236]. It results that the current model
is able to quantify the clamping force.
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Figure B.15: Comparison of the trend of the temperature measured in [240] with the numerical
trend of the temperature obtained by the proposed thermo-mechanical finite element model.

Table B.6: Expected clamping stress,E[σc], resulting from the finite element model compared
with some experimental results at a close gr/dr value.

Ref. gr dr gr/dr E[σc]
[mm] [mm] [-] MPa

[236] 30 20 1.5 151
[188] 30 22.1 1.36 84

FE model 31.8 22.1 1.43 125
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Figure B.16: Comparison between the average clamping force resulting from the experimental
analyses in the present work (only 2 plates), in the previous literature [188, 197, 236], and the
finite element model. In this case, the box-plot diagram indicates for each dataset the mean

value and the 95% confidence interval of the mean.

Numerical results

The FE model has been used in order to quantify the effect of the grip length on the
clamping force. To do so, the grip length has been assumed as an input parameter of the
model and the resulting clamping force has been extracted from the results of the thermo-
mechanical FE model. Three values of the grip length gr have been used: 25, 31.8, and
50 mm. The resulting values of the clamping force are plotted in Figure B.16, together
with the experimental results, as a function of the ratio between the grip length and the
diameter of the rivet. The results of the model are in good agreement with the trend
identified by some of the experimental datasets presented in the chapter. In particular, the
model is able to predict the mean trend given by the tests which are believed to be carried
on specimens having small imperfections. In particular, the model prediction is within the
95% confidence interval of the mean response for these dataset, which is also summarized
numerically in Table B.7. The discrepancy with respect to the other datasets is attributed
to (1) the effect of the execution of the hammering process, (2) initial temperature, (3)
material properties, and (4) imperfections.

B.4 Conclusions

Given the results of the present work, the conclusions that follow the performed experi-
mental and numerical analyses are:

• A procedure to measure the clamping force in hot-driven steel rivets has been de-
scribed. Different from other studies, a conversion factor for short grip lengths has
been introduced to correct for dissimilar stress concentration factors existing be-
tween the initial status and the calibration phase, making the proposed procedure
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Table B.7: Expected clamping force, E[σc], as a function of the ratio of the grip length over
the rivet diameter, gr/dr, and 95% confidence interval (C.I.) - 2.5% and 97.5% confidence

bounds - for the mean response.

Ref. gr/dr E[σc] 95% C.I.
[-] [MPa] [MPa]

Current Work

0.800 102 [69.4 ;136]
1.07 120 [105;136]
1.17 72.1 [31.1;113]
1.70 120 [76.3;164]
2.19 104 [79.0;128]

[188] 1.36 84.1 [53.1;115]
[236] 1.50 151 [117;184]

[197] 2.86 210 [185;235]
4.76 241 [234;248]

more accurate.

• Consistently with previous experimental results, it has been found that the rivet
clamping force increases with the grip length. However, the effect of imperfections
present in real structures limits this effect. The clamping stress was approximately
100 MPa on average for a grip length over diameter ratio close to unity and two
plates clamped. However, the results are found to be dependent on the number of
plates. For three plates clamped, the value drops to approximately 60 MPa. This
has been attributed to the misalignment of the holes in the plates to be clamped,
determining a reduction of the clamping force and an increase in its scatter. The
coefficient of variation is observed to be higher with a factor between 2 and 3 when
three plates are considered instead of 2, as effect of the hole-misalignment.

• With respect to data generated using specimens produced in a controlled laboratory
environment, the present dataset shows lower values of clamping force. This is
addressed to a higher incidence of imperfections, such as hole-misalignment, head
eccentricity, hammering time, and temperature profile, which might negatively affect
the clamping force and can be determined only if test data are produced by rivets
driven in realistic conditions.

• In the case of assemblies in which red lead paint was used to protect the material
from corrosion, such paint has been found to be still wet. However, in the immediate
vicinity of the rivet hole, the integrity of the paint layers has been found to be
compromised, with a fair chance of affecting the friction coefficient between the
plates. This has been addressed to the high temperatures induced by the hot driving
process close to the rivet shank. Also, the presence of wet paint demonstrates that
the joints are almost air-tight, so that corrosion is not expected to be a major
problem for fatigue cracks starting from the rivet holes, not even in joints without
paint.

• The proposed finite element model allows to well predict the thermal and mechanical
behavior of the rivet after installation. By using the finite element model it is
possible to study the effect of the clamping force as a function of the grip length.
The clamping force increases with about a factor of two if the grip length over rivet
diameter increases from 1 to 2.5. The model results in a good accuracy with some
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of the test datasets, being bounded between the 95% confidence interval of the
mean response.

• The results of this research can be used in the fatigue assessment of a riveted
connection.
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