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Abstract

In this report we consider an Assemble-to-Order system with multiple end-products. Demand for

end-products follows a Poisson process and each end-product requires a fixed set of components.

An end-product requires at most one unit of each component. Each order consists of one unit of

one end-product. We are interested in the order fill rates, i.e., the percentage of orders for which

all requested components are available from stock. If upon arrival of a customer order not all

requested components are on stock, the out-of-stock components are delivered via an emergency

shipment and the demand for those components is lost for the stockpoint under consideration. The

demand is not lost for the customer because the end-product is delivered, possibly with a delay.

All components have a deterministic replenishment time which may differ per component. A base

stock policy with one-for-one replenishment is used for the components. We show that the problem

decomposes into subproblems which can be analyzed independently. A sensitivity analysis shows

that our model with deterministic lead times can be approximated with a model with exponential

lead times. The method that calculates the order fill rates of a system with exponential lead

times uses Markov Chains and it is a good approximation of the order fill rates in our subsystem.

Unfortunately, the size of the state space of the Markov chain grows large for real life instances

which disables fast calculation of the order fill rate. Therefore, we require a more simple, but

still accurate approximation. Two approximations were formulated for the order fill rates. Both

approximations use two estimates of which one generally gives an underestimation of the order

fill rate and the other one an overestimation. The two approximations use different factors to

combine these two estimates into an approximate value. Both approximations are accurate and

require little computational effort for the instances tested. The average difference is 0.0061 for

one approximation and 0.0062 for the other. Since both approximations are equally accurate, we

propose the usage of the simplest one to approximate the order fill rates in our model.

Keywords

Single stock point, multiple components, order fill rate



4

Summary

Assemble-to-Order (ATO) systems have received a lot of attention in research in the past few years.

Assemble-to-Order systems arc common in the computer manufacturing and telecommunications

industry. The market of technology products is highly dynamic; the life cycle of products become

shorter and shorter and the technological developments succeed each other at a high pace. These

aspects require production companies to be flexible. By designing products around modules, one

can accommodate flexibility. In this report we focus on the business-to-business market, for example

professional printing systems sold by Oce, HP or Xerox. The modules are produced to stock, or

purchased from outside suppliers, and the components are assembled into end-products upon arrival

of a customer order.

In this report a single-location, multi-item inventory system is analyzed for components used in

an ATO situation. End-product demand follows a Poisson process and each end-product requires

a fixed set of components. When an order for an end-product arrives, the stock of all required

components is checked. If all components are on stock, the product will be assembled immediately.

If some components are not on stock, those components will be delivered via an emergency shipment;

demand is lost for those components for the stockpoint under consideration. In the meantime, the

components that are on stock are reserved for this order, and the end-product is assembled as

soon as all components are available. An emergency shipment is economically viable because the

components are typically moderately to highly expensive. Notice that demand is not lost for the

customer because the end-product will be delivered, possibly with a short delay. The inventory

of the components is controlled by a base stock policy. It always takes a fixed amount of time to

replenishment a component. The service measure of interest is the order fill rate, i.e., the percentage

of orders for which all components can be delivered from stock.

The objective of this report is to evaluate the order fill rates of an Assemble-to-Order system

with the above characteristics. An approximation of the order fill rate is developed that will provide

a quick and accurate estimate of the actual order fill rates.

When analyzing the ATO system described above we used two results that simplify the analysis.

First, a decomposition result is used that allows us to look at all end-products individually, such

that we only have to take into account the components that belong to that end-product. Second,

the fill rate for an individual component is easily determined with the Erlang Loss formula.

Next, we introduce the coupling factor of a system. The extent to which the demand and

supply process of components is coupled is an important characteristic and it is found in two areas

of the system. The first area is the amount of coupling in the arriving orders of customers. The

second area is the amount of coupling in the outstanding orders in the replenishment cycle. By

multiplying the demand and lead time coupling factor, we obtain the value of the joint coupling

factor of the system. All coupling factor values are in between 0 and 1. By changing the demand
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probabilities (but by keeping the aggregate component demand rates constant) we can vary the

(demand) coupling of a system. The minimum (demand) coupling of a system is always O. The

maximum (demand) coupling of a system depends on the asymmetry in the component demand

rates.

A sensitivity study is conducted to determine the sensitivity of the order fill rate to the distri

bution of the component lead times. In our case we have deterministic lead times; a coefficient of

variation of O. We can state that the order fill rate is almost insensitive to changes in the compo

nent lead time as long as the coefficient of variation of the distribution is between 0 and 2. This

insensitivity result can probably be extended to higher values for the coefficient of variation, but

this has not been investigated. This result implies that models with exponential component lead

times can be used as an approximation of our model.

Song et al. (1999) develop an evaluation of the order fill rate for the case with exponential

component lead times. With a small modification (going from a single server per component to

an ample server), we can use their evaluation as an approximation for our model. The problem

is, however, that the state space of the Markov Chain of the evaluation grows really large when

you have a large number of components and/or high base stock levels. Because of this large state

space it takes a lot of time to calculate the order fill rate. It is, therefore, required to formulate

an approximation for the order fill rate that requires less time to calculate and produces an almost

equally accurate estimate.

The structure of our approximation consists of three parts. The first part consists of an estimate

that, in general, gives an underestimation of the actual order fill rate, we call this Estimate 1. The

second part consists of an estimate that, in general, gives an overestimation of the actual order fill

rate; we call this Estimate 2. The last part is a factor that combines Estimate 1 and 2 into an

accurate approximation of the order fill rate. Estimate 1 is an accurate approximation of the order

fill rate for a system with minimum demand coupling and Estimate 2 is an accurate approximation

of the order fill rate for a system with maximum demand coupling. Estimate 1 is obtained by

multiplying the component fill rates for all components. Estimate 2 is based on the minimum of

the two-component fill rates and these two-component fill rates are calculated by using the method

of Song et al. (1999). Two different approximations were formulated; Approximation 1 combines

Estimate 1 and 2 based on a so-called demand coupling factor and Approximation 2 uses the more

advanced joint coupling factor to combine the two estimates.

In a numerical study we verify the approximations. The approximations produce accurate

results and they require little computational effort. In our tests, the approximated values are

compared with exact values that are obtained via simulation. It appears that both approximations

have a more or less similar accuracy. The average difference is 0.0061 for Approximation 1 and

0.0062 for Approximation 2. Since both approximations are equally accurate, we propose the usage

of Approximation 1 to approximate the order fill rates in our model.
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Assemble-to-Order (ATO) systems have received a lot of attention in research in the past few years.

Assemble-to-Order systems are common in the computer manufacturing and telecommunications

industry. New products are designed around interchangeable modules that are kept to stock,

because it allows a high responsiveness in a highly dynamic market. An advantage of ATO systems

is that a broad range of products can be delivered with only a moderate number of stock keeping

units (and moderate stock levels). In this report we will focus on the business-to-business market

and an example of typical products are professional printing systems by Oce, HP or Xerox. In

general, the customer can select a product from a number of product groups or families, and the

customer can adjust some components according to his preferences. A typical product requires

a long lead time if it would be made entirely to order. By changing from a Make-to-Order to

an Assemble-to-Order system, the lead time can be reduced drastically because only the final

assembly is done after the customer order arrived. However, by keeping the modules to stock, ATO

still allows for customization. These properties make Assemble-to-Order systems more appropriate

than Make-to-Order systems for these markets. Make-to-Stock is not appropriate for this market,

because a large array of different end-products is demanded by the customers and this could only

be achieved by keeping many end-products on stock which would have led to high inventory holding

costs.

In this report a single-location, multi-item inventory system is analyzed for components used in

an ATO situation. The components are produced to stock and are assembled into an end-product

when a customer order arrives. End-product demand follows a Poisson process and each end

product requires a fixed set of components. When an order for an end-product arrives, the stock of

all required components is checked. If all components are on stock, the product will be assembled

immediately. If some components are not on stock, those components will be delivered via an

emergency shipment; demand is lost for those components for the stockpoint under consideration.

In the meantime, the components that are on stock are reserved for this order, and the end-product

is assembled as soon as all components are available. An emergency shipment is economically viable

because the components are typically moderately to highly expensive. Notice that demand is not

lost for the customer because the end-product will be delivered, possibly with a short delay. The

inventory of the components is controlled by a base stock policy. It always takes a fixed amount of

time to replenishment a component. The service measure of interest is the order fill rate, i.e., the

percentage of orders for which all components can be delivered from stock.

The objective of this report is to evaluate the order fill rates of an Assemble-to-Order system

with these characteristics. The evaluation should be done with a simple and accurate approximation

of the order fill rates.

The performance evaluation of Assemble-to-Order systems has been extensively studied in the
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literature; for an overview, see Song and Zipkin (2003). Surprisingly, most literature deals with

ATO systems with backlogging, while the literature on ATO systems with lost sales, the most

relevant case for many business-to-business environments, is limited.

Song (1998) presents an exact evaluation of the order fill rate for an ATO system with back

logging and deterministic lead times. The method described in the article is complex; it takes a

lot of time to formulate the systems exactly and a lot of time to calculate the fill rate. Therefore,

bounds have been formulated to obtain a quick estimate of the order fill rate. Our approximation

is inspired by the bounds that are developed in Song (1998). Song and Yao (2002) treat a more

specialistic case than Song (1998); they consider only one end-product. This restricting assumption

simplifies the analysis considerably and allows them to obtain an easier evaluation of the order fill

rate.

Since it is complicated to obtain a quick estimate of the order fill rate approximations have been

formulated by, for example, Iravani and Lungkesorn (2004). They formulate an approximation that

estimates the order fill rate and other service measures. Their system employs a batch replenishment

policy and the size of the backlog queue is restricted. In Lu et al. (2003) an approximate evaluation

of the order fill rate is given for the case of batch arrivals of components. In Ettl et al. (2000)

an approximation is presented that enables evaluation and optimization of the order fill rate for

general supply networks. A base stock policy is employed with backlogging, as well as random lead

times and single servers. An average absolute difference of 0.039 is recorded, for a target fill rate

of 0.95, between the approximation and the value obtained with Monte Carlo simulation. These

approximations are efficient but not very accurate. Unfortunately, generally, it does not work well

to use an evaluation for an ATO system with backlogging as an approximation for a system with

lost sales.

It is, therefore, required to derive separate approximations for systems with lost sales. A basic

article on lost sales is Song et al. (1999). In this article a method is formulated that evaluates

the order fill rate for ATO systems with backlogging but also with lost sales. Two versions of lost

sales are analyzed, Total Order Service, which means that orders are either accepted or rejected

completely, and Partial Order Service, which is equal to the partial fulfillment as is seen in our

system. The component lead times are exponentially distributed and single servers are employed.

The difference with our system is that we employ deterministic lead times and ample servers. When

the formulas are adjusted to the ample server case, we can use the method of Song et al. (1999)

as a direct approximation of our model. The method developed by Song et al. (1999), adjusted for

the ample server case, is described in more detail in Section 5.1. The evaluation requires a lot of

computational effort when the problem size is large. In Dayanik et al. (2003) several bounds are

formulated for the order fill rate in an ATO system with lost-sales, partial order service, exponential

lead times and single servers. Some of the bounds that were developed in Dayanik et al. (2003) can

also be applied to the case with ample servers and deterministic lead times, but the method is still
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complex. Iravani et al. (2003) analyze a similar situation but take a somewhat different perspective.

In their model customers might be willing to change some of their requested components that are

not on stock (flexible customers).

The main contribution of this report is as follows. Firstly, we study an ATO system with lost

sales in combination with deterministic lead times (and ample servers) , that has not been studied

before. Secondly, we show that the evaluation of the system decomposes into smaller subproblems.

Thirdly, we show that the order fill rate is almost insensitive to the distribution of the component

lead times. Lastly, we present an approximation that gives a quick and accurate estimate of the

order fill rates.

The structure of our approximation is equal to a type of approximations that is used in queueing

systems, for example, the approximation of the waiting time in a G/G/l queue. This approximation

uses a upper and lower bound and combines them into an estimate, described in Hopp and Spearman

(2000).

An article on service tools by Vliegen and Van Houtum (2008) is closely related to Assemble-to

Order systems. The difference is that in their model the returns, which are equivalent to the

replenishments in ATO systems, are coupled; specific items that were demanded together are

returned together. Our report treats a more general class of models than their model, because we

allow unequal lead times. Another article that is related to the ATO system is the kit-management

problem as described by Giillii and Koksalan (2007). This article deals with kits that are sent

to customers of which the customer uses one item. The remaining set is then returned and the

used item is replenished. An algorithm is described that minimizes the cost under an availability

constraint. The difference with our report is that all requested items are replenished in our case

as opposed to one item in the model of Giillii and Koksalan (2007). These models differ from ours

with respect to the described aspects, therefore we can not use these articles for our analysis.

This report is organized as follows. In Chapter 2 the model is described. Moreover, two results

are described that simplify the analysis of the system. In Chapter 3 demand coupling, lead time

coupling and a joint coupling factor of a subsystem are defined. Chapter 4 presents a sensitivity

analysis that investigates the sensitivity of the order fill rate to the distribution of the component

lead times. The approximation of the order fill rate is presented in Chapter 5. In Chapter 6 the

accuracy of the approximation is tested. Finally, this report ends with a conclusion in Chapter 7.

2. Model

In this chapter, we first describe the model, and after that a decomposition result and an exact

evaluation of the component fill rates in Sections 2.1 and 2.2, respectively.

We consider a single production facility of a company where multiple end-products are assembled

to order. These end-products are assembled from multiple components, which are produced to
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stock. All components and end-products are discrete. The assembly time in the system is equal to

the customer order delivery time (minus transportation time).

The component set consists of n different items. The set 0 = {I, 2, ... , n} contains all component

indexes. Let us define Ok as the set of components that are required one and only one time by

end-product k and 0 - Ok as the set of components that are not required by end-product k. Let

X = {I, 2, ... , IXI} denote the set of end-products.

The model deals with continuous time and an infinite horizon. The demand process of the system

follows a multivariate Poisson process. Demand for all end-products together occurs according to

a Poisson process with rate A. Demand processes for different end-products are independent. This

implies that the demand for each individual end-product also follows a Poisson process. Demands for

end-product k occurs with fixed probability qk and the demand rate for end-product k is Ak = Aqk.

In this report superscripts indicate end-product types and subscripts indicate component types.

The aggregate demand rate for component i is denoted by Ai, i.e., Ai = Lk:iEOk Ak . The fraction

of demand that requires component i is denoted by qi = Lk:iEOk qk.

In case that not all requested components are on stock for an arriving demand, the out-of-stock

components will be supplied via an emergency shipment and demand is lost for the out-of-stock

components. This situation is known as partial order service (POS), see Song et al. (1999). Notice

that the sale is lost for the stockpoint under consideration, but fulfilled for the customer.

The inventory of the components is controlled by a base stock policy. The inventory position,

the number of units of component i on stock and on order together, is always the same under a

base stock policy. This level is called the base stock level of component i and is denoted by Bi.

As soon as the inventory position of component i drops below the base stock level, one unit of

component i is ordered.

Each component type is produced by an ample server that can always start processing an order

when it arrives. In a business-to-business environment it is common to have planned lead times. We

therefore assume deterministic component lead times, Li , that may differ per component. Without

loss of generality, we assume that components are ordered such that L 1 'S L2 'S L3 'S ... 'S Ln.

The service measures of interest in this model are the order fill rates. The order fill rate of end

product k is defined as the fraction of demand for end-product k that can be assembled immediately

because all requested components are on stock. The order fill rate for end-product k is denoted by

F k and the component fill rate of component i is denoted by Fi.

2.1 Decomposition result

In real life situations it is very well possible that the total number of components is large and that

end-products consist of many components. Fortunately, some independence exists between the

components that allows us to consider subproblems of the total problem, as is described in Song et
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al. (1999).

If a customer order arrives, the availability is checked of all required components. If one or

more components are unavailable, these components are supplied via an emergency shipment. The

other components are delivered from stock. When an order of type {i,j} arrives and component i is

out of stock does not influence the availability of component j because of the partial order service.

The probability that component i is available depends solely on the demand characteristics and

base stock level of component i. This property implies that on-hand stock levels of components

are not influenced by on-hand stock levels of other components. If the fill rate of end-product k is

calculated, one only needs to consider the components that make up end-product k. This property

allows us to evaluate IXI subproblems, for a subset of components, instead of one large problem

with n components.

Subproblem k is defined as the problem in which we want to determine the order fill rate of end

product k E X. In this subproblem one considers a subset of components O,k ~ 0,. The demand

rates of the original problem will be converted to values for this subproblem. Define demand

stream J C O,k as a subset of the component set for this subproblem. The adjusted demand rate

for demand stream J is denoted by ),J. It holds that ),J = L:ZEKJ ).Z, where K J = {l E XIO,z ::) J

and O,Z n (O,k \ J) = 0}. The set K J is to be interpreted as the set of all end-products that contain

at least all components in J but no other components in O,k that are not in J. By calculating

the adjusted demand rates for all possible subsets of O,k, one redistributes all relevant demand

rates of the original problem over the rates ).J, J C o.k. It is important to note that all demand

rates are included exactly once. If the system contains end-products of which all components are

in 0, - O,k, these demand rates will not be used in the subproblem. Denote the demand rates of

these end-products ).0. This property is desirable, because these demand rates do not influence

the subproblem. The aggregate demand rate for this subproblem is denoted as )"k = ). - ).0' The

demand probability of demand stream J, J #- 0, is denoted qJ. These demand probabilities are

normalized such that the sum of them is equal to 1, qJ := >"~~0' The adjusted set of demand

streams for subproblem k is denoted by ,/k := {J C O,klqJ > O}. The number of demand streams

within subproblem k is denoted N k .

For the remainder of this report only subproblems will be analyzed. The entire system may,

however, consist of more components and demand streams than what is considered in subproblem

k.

2.2 Component fill rates

In Section 2.1 it is argued that the steady-state behavior of the on-hand stock of component

is independent of the on-hand stock of other components. This property allows us to model the

on-order stock of each component independently. The replenishment part of the system can be
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I

(1)

viewed as a number of parallel queues and the components in the system behave as customers in

a queue. The system consists of n different components. Replenishment orders for component

i arrive according to a Poisson process with rate Ai. It takes a deterministic time, L i , for the

component to be replenished and all orders are processed simultaneously, without any restriction.

The maximum number of outstanding orders for component i is Si and thus the number of servers

can be restricted to Si. The steady state behavior of the number of outstanding orders of component

i is equal to the steady state behavior of a queueing system and can, therefore, be modelled with

a parallel M / G / sdSi queue.

A M/G/c/c system is also called a loss system. If all servers are occupied, any arriving customer

will be lost. This situation is called blocking and it occurs with a fixed probability that is called

the blocking probability. The formula for this blocking probability, the Erlang loss probability, is

known. It is known that this formula is insensitive to the distribution of the service times (e.g.

in Cohen (1976)). Let us define Pi = AiLi. The component fill rate of component i is simply one

minus the blocking probability:
( )

8- 1
F=l- Pi'Sif

" L/j~o(Pi)j ~

This component fill rate can be used for the system in two ways. Firstly, Equation (1) denotes

the probability that component i is on stock when requested. Secondly, Equation (1) denotes the

probability that end-product {i} is on stock in a special case Fi = F{i} if and only if Ai = A{i}.

However, in general, Equation (1) will not provide us with an end-product fill rate.

3. Coupling factors

The amount of coupling of components in the subsystem is an important characteristic and it is

found in two areas of the subsystem. The first area is the amount of coupling in the arriving orders

of customers, the demand coupling factor CD k . The second area is the amount of coupling in the

outstanding orders in the replenishment cycle, the lead time coupling factor CL k . These two values

can be combined into a joint coupling factor of the subsystem C k .

The demand coupling factor, CD k , measures the degree of coupling in customer orders. Every

customer order requests a number of components, this number can vary from 1 to k and every

demand stream has a fixed probability of being demanded. These two numbers combined, define

the demand coupling factor. Consider a simple two-component subsystem Ok = {1,2}. If we only

have demand for demand stream {1,2}, i.e, q{1,2} = 1 and q{1} = q{2} = 0, we have maximum

demand coupling and CD k = 1. If we only have demand for demand streams {I} and {2}, i.e.,

q{1,2} = 0, we have minimum demand coupling and C Dk = O.

The demand coupling factor of component i measures the degree of coupling of all demand
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streams combined with the demand probability of that demand stream. The demand coupling

factor for component i is defined (this definition is identical to the one used in Vliegen and Van

Houtum (2008)):

CDi,k = '"' qJ IJI - 1 .
LJ q- 100kl - 1

JCrlk;iEJ ~

(2)

A component demand coupling factor of 1 is obtained if and only if all demand for component

i comes from the demand stream demanding all components qi = qrl
k

. A component demand

coupling factor of 0 is obtained if and only if component i only has component demand (within

O,k) qi = q{i}. The demand coupling factor of the subsystem is then a weighted average of all

component demand coupling factors:

(3)

A demand coupling factor of 1 is obtained if and only if all demand comes from the demand stream

demanding all components qrl
k

= 1. A demand coupling factor of 0 is obtained if and only if only

demands occur for individual components.

The lead time coupling factor, CLJ,k measures the degree of coupling in the replenishment cycle

of demand stream J. The longest component lead time of all components in demand stream J

is divided into sections for which the number of components being replenished differs. Consider

J = {I, 2, 3} and L1 = 1, L2 = 3 and L3 = 6. During the first day of the replenishment cycle, call

this period ~1, all three components are being replenished; maximum coupling. During the next

two days, ~2, the coupling is 0.5, because only two out of possibly three components are being

replenished. The coupling is 0 during the last three days of the replenishment cycle, ~3, because

only one out of possibly three components is being replenished. The lead time coupling for demand

stream J is then:

(4)

VJ E c/k, IJI > 1where ~i = Li - max L j and I~il = IJI- L 1,
JEJ,J<~ . ..

JEJ,J<~

A lead time coupling factor of 1 is obtained if all component lead times are equal for all compo-

nents in 1. A lead time coupling factor of 0 is approximated if the difference between the largest

and smallest lead time grows really large. Please note that demand streams that only require 1

component are not taken into account in this formula, because lead time coupling can not exist

for these demand streams. Assigning them a value influences the value of the subsystem, this is

therefore not done. The lead time coupling factor of the subsystem is then:

(5)
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where ij = L qM

ME/k ,IMI=l
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The last step is then to combine the demand coupling factor and the lead time coupling factor

into the joint coupling factor. Two properties should be satisfied by the joint coupling factor.

Firstly, the joint coupling factor can only have a value of 1 if both the lead time and the demand

coupling factors are equal to 1. Secondly, the joint coupling factor should be 0 if the demand

coupling is 0, independent of the component lead times. This property is straightforward because

coupling does not exist if we only have demand for individual components. These two properties

are satisfied if the joint coupling factor is the product of the demand coupling factor and the lead

time coupling factor. So the joint coupling factor is defined as:

(6)

The demand coupling factor of the subsystem can be changed by varying the demand probabilities

of demand streams while keeping the aggregate demand rates of all components constant. Let q:!nin

denote the demand probability of demand stream J in a situation with minimal demand coupling.

The minimum demand coupling factor is 0 for any subsystem, this is realized by setting q~~n = qi

and all other demand streams to O.

In order to calculate the maximum achievable demand coupling factor, CD':nax, one needs to

calculate the adjusted demand probabilities. Let q:!nax denote the demand probability of demand

stream J in a situation with maximal demand coupling. To obtain the demand probabilities of a

subsystem with maximum demand coupling we redistribute the demand probabilities such that the

coupling is increased as much as possible. We first start with setting the demand probability of

Ok to the minimum of the aggregate component demand rates. You then continue with a reduced

set and set its demand probability equal to the adjusted aggregate component demand rates and

continue till no components are left. The procedure to obtain the demand probabilities, q:!nax' is

presented below.

Step 1: Define M = Ok

Step 2: Define qtotal = maxiEMqi

Step 3: Define R = {j E Mlqj = minlEMqll and qR = minlEMql
R

Step 4: qmMax = -q-, set M = M - R, qi=qi-qR, Vi E M
Qtotal

Step 5: Go back to 3, STOP if M = 0
The adjusted demand rate of a subsystem with maximum coupling is defined by: ..\':nax = )"kqtotal

and the new set of demand streams is denoted: /~ax = {Jlq:!nax > O}. One can now calculate the

maximum demand coupling factor of subsystem k with these parameter values.

The formulation of a subsystem with maximum demand coupling will now be illustrated with a

numerical example. Take a four component example with Ok = {I, 2, 3, 4} and /k = {{4}, {I, 2}, {I, 4},
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{2, 4}, {I, 2, 3}, {I, 2, 3, 4}}. The demand probabilities are the following: q{4} = 0.10, q{1,2} = 0.10,

q{1,4} = 0.15, q{2,4} = 0.40, q{1,2,3} = 0.05, q{1,2,3,4} = 0.20. The aggregate component demand

probabilities are: ql = 0.50, q2 = 0.75, q3 = 0.25, q4 = 0.85. The execution of the algorithm leads

to the following steps.

Step 1: M = {1,2,3,4}

Step 2: qtotal = q4 = 0.85

Step 3: R = {3} and qR = q3 = 0.25

Step 4: q;;~;;3,4} = ~:~~ = 0.29, M = {I, 2, 4} and ql = 0.25, q2 = 0.50 and q4 = 0.60

Step 3: R = {I} and qR = ql = 0.25

Step 4: q;;~;;4} = ~:~~ = 0.29, M = {2,4} and q2 = 0.25 and q4 = 0.35

Step 3: R = {2} and qR = q2 = 0.25

Step 4: qg~;} = ~:~~ = 0.29, M = {4} and q4 = 0.10

Step 3: R = {4} and qR = q4 = 0.10

Step 4: q~lx = ~:~~ = 0.12, M = 0
Step 5: STOP

A~lax = 0.85:\k and /:'ax = {{1,2,3,4},{1,2,4},{2,4},{4}}.

For subsystems that have equal aggregate demand rates for all components, the maximum

demand coupling is 1. For subsystems with unequal aggregate demand rates, the maximum demand

coupling factor is less than 1. Consider a two-component subsystem with the following demand

probabilities: q{1,2} = 0.5, q{1} = 0.5 and q{2} = o. The demand coupling is 0.5 in this instance

and this value is also the maximum achievable value for the demand coupling; it is not possible

to increase the demand coupling without changing the aggregate component probabilities. Please

note that eD~ax is obtained by only changing the demand probabilities. In general, changing

eDk to eD~ax will change eLk to eL~ax. The maximum joint coupling of subsystem k is then

e~ax = eD~ax . eL~ax· The minimum joint coupling of subsystem k, e~in' is always equal to 0,

because eD~in = 0 for all possible instances.

4. Sensitivity study

In this chapter we investigate how sensitive the order fill rate is to the distribution of the component

lead times. The reason that this sensitivity study is done is that the evaluation of the order fill

rate for a subsystem with exponential lead times is known. This evaluation might be applied to

our subproblem, if the order fill rate is insensitive to the distribution of the component lead time.

This chapter is organized as follows. First, two test beds for the sensitivity analysis are described

in Section 4.1. Second, in Section 4.2, the results of the sensitivity analysis are presented.

The model of a subproblem with deterministic lead times will be called Mo from now on. By

assuming exponential lead times and setting the means of the component lead times equal to the
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deterministic lead times we create the exponential model MI.

To test if the insensitivity also holds for distributions with a coefficient of variation smaller and

larger than 1, we defined two more models that will be analyzed. The coefficient of variation of the

two models is 0.5 and 2, respectively.

An Erlang-4 distribution was selected, because it has a coefficient of variation of 0.5 and it

is closely related to an exponential distribution since it is a sum of exponential distributions.

The model with Erlang distributed component lead times is denoted by M 2 • The mean of the

distribution is 1 or 2 for components with a lead time of 1 or 2 respectively.

A Lognormal distribution with a coefficient of variation of 2 was selected. The model with

Lognormal distributed component lead times is denoted by M 3 . The parameters of the distribution

are w = Jln(5) ~ 1.269 and 8i = In(l) - 0.5ln(5) ~ -0.805 or 8i = In(2) - 0.5ln(5) ~ -0.112 for

components with a lead time of 1 or 2 respectively.

4.1 Test beds

Two different test beds were selected for this study. The first test bed is based on theoretical values.

The second test bed is based on an ATO personal computer example that is used in Song (1998).

We distinguish the following input parameter in each subproblem: the number of components

Inkl, the number of demand streams N k , the demand coupling factor CDk , the aggregate demand

rate )..k, the component lead times Li , and the base stock levels Si, i E nk . The service level of the

system is determined by setting the base stock levels of the components. The output parameter of

the subsystem is the order fill rate of end-product k, Fk. The detailed settings of all instances are

displayed in Appendix A.

The parameter values that will be used in Test bed 1 are displayed in Table 1. First, consider the

parameters Ink I and N k . Three different values can be distinguished for the number of components,

Inkl = 2,3 and 5. For Inkl = 2 and Inkl = 3, instances with all possible demand streams are

analyzed N k = 3 and N k = 7, respectively. For Inkl = 3 and Inkl = 5, instances with demand

for nk and all individual components are distinguished N k = Inkl + 1, N k = 4 and Nk = 6,

respectively.

We consider an instance to be symmetric with respect to the demand rates if the aggregate

demand rates are equal for all components, otherwise the instance is considered to be asymmetric.

For Inkl = 2, with N k = 3, and Inkl = 3, with N k = 4, both symmetric and asymmetric instances

are analyzed. For Inkl = 3, with Nk = 7, and Inkl = 5 only symmetric cases are analyzed. The

demand probabilities were set such that the aggregate demand rate of component 1 is 80% of the

aggregate demand rate of component 1 in the symmetric case. In a similar way, we change the

aggregate demand rate of component 2 to 120% of the aggregate demand rate in the corresponding

symmetric case. If Inkl = 3, we do not change the aggregate demand rate of component 3. In the
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Table 1: Parameter settings - Test bed 1
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Parameter

Number of components Inkl
and number of demand streams N k

Demand coupling factor C D k

Aggregate demand rate :\k
Service

Number of values Values

9 Ink l=2,Nk =3

Inkl =3, Nk =4

Ink I = 3, N k = 7

Ink I = 5, N k = 6

Ink I = 2, N k = 3, 2 asymmetric

Inkl = 3, N k = 4,3 asymmetric

3 0.2, 0.5, 0.8

3 4, 8, 16

2 low, high

two-component case two different asymmetric instances, with respect to the aggregate component

demand rates, were tested and in the three-component case three different asymmetric instances

were tested. The qJ values were selected such that CDk = 0.8, 0.5 and 0.2 were obtained. The

demand probabilities are displayed in Table 2.

We specified two target fill rates, that represent a high and low service level to investigate the

difference in accuracy for these two service levels. The target fill rates are F k = 0.80 and F k = 0.95,

for the low and high service case respectively. The base stock levels are set such that the target fill

rate was obtained with the smallest Si values.

The total aggregate demand rate has three different values; )'k = 4,8 and 16, according to Song

(1998). Another parameter of the subsystem are the component lead times, L i . As in Song (1998) L i

values of 1 and 2 are used. The following lead time value are used. If Iril = 2, L 1 = 1 and L 2 = 2.

If Inkl = 3,L1 = I,L2 = 2 and L 3 = 2. If Inkl = 5, L 1 = I,L2 = I,L3 = I,L4 = 2, and L 5 = 2.

In total, Test bed 1 consists of 9 . 3 . 3 . 2 = 162 instances.

The example from Song (1998) consists of six components and six demand streams. We decided

to consider only the demand streams with the largest number of components. The maximum

number of components is four and we have two demand streams with four components. The example

is, therefore, decomposed into two subsystems with Inkl = 4; nk= {I, 3,4, 5} and nk= {I, 3, 4, 6}.

These two subproblems make up Test bed 2. The instance nk = {I, 3, 4, 6} has five demand

streams, N k = 5, and the instance nk = {I, 3,4, 5} has six demand streams, N k = 6. A third

instance was created in which J = n was added to the original example of Song (1998), so Inkl = 6

and N k = 7. The parameter settings of Test bed 2 are displayed in Table 3. All instances of Test

bed 2 are asymmetric with respect to the aggregate component demand rates. The same service

levels (target fill rates) and total aggregate demand rates are used as in Test bed 1. The component

lead times that were used for Test bed 2 are L 1 = 1, L 2 = 1, L 3 = 1, L4 = 1, L 5 = 2 and L 6 = 2.

The demand probabilities and corresponding demand coupling factors are displayed in Table 4.

In total, Test bed 2 consists of 3 . 3 . 2 = 18 instances.
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Table 2: Demand probabilities - Test bed 1

Symmetric CDk qJ

instances PI = 1 IJI = 2 IJI = 3 PI = 5

Inkl = 2, N k = 3 0.80 1/6 4/6

0.50 1/3 1/3

0.20 4/9 1/9

Inkl = 3, N k = 4 0.80 1/7 4/7

0.50 1/4 1/4

0.20 4/13 1/13

Inkl = 3, N k = 7 0.80 1/13 1/13 7/13

0.50 4/19 1/19 4/19

0.20 5/17 1/51 1/17

Inkl = 5, N k = 6 0.80 1/9 4/9

0.50 1/6 1/6

0.20 4/21 1/21

Asymmetric CD k qJ

instances J = {1} J = {2} J = {3} J = {1, 2} J={1,2,3}

Ink I= 2, Nk = 3 0.80 0/6 2/6 4/6

0.50 3/15 7/15 5/15

0.20 3/9 5/9 1/9

Inkl = 3, N k = 4 0.80 1/7 2/7 0/7 4/7

0.50 1/4 7/20 3/20 1/4

0.20 4/13 5/13 3/13 1/13

Table 3: Parameter settings - Test bed 2
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Parameter

Number of components Inkl
and number of demand streams N k

Aggregate demand rate )'k

Service

Number of values Values

3 Ink l=4,Nk =5

Inkl = 4, N k = 6

Inkl = 6, N k = 7

3 4,8 and 16

2 low,high

Table 4: Demand probabilities - Test bed 2

Inkl N k CD k qJ

J = {1} J = {3} J= {l,3,4} J={1,3,6} J = {1,3,4,6}

4 5 0.48 0.17 0.44 0.22 0.11 0.06

Inkl N k CD k qJ

J = {5} J = {1,3} J = {1,5} J = {3,5} J={1,3,4} J= {1,3,4,5}

4 6 0.57 0.10 0.10 0.15 0.40 0.05 0.20

Inkl N k CD k qJ

J = {2,5} J = {3,5} J = {1,2,5} J={1,3,6} J = {l,3,4,5} J= {1,3,4,6} J= nk
6 7 0.53 0.10 0.30 0.15 0.10 0.20 0.05 0.10
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Table 5: Results sensitivity analysis - Test bed 1

Parameter Model

M 1 M2 M3

Average Maximum Average Maximum Average Maximum

)'k 4 0.0067 0.0482 0.0039 0.0284 0.0010 0.0029

8 0.0073 0.0446 0.0046 0.0312 0.0008 0.0024

16 0.0066 0.0433 0.0049 0.0299 0.0007 0.0027

CD k 0.8 0.0142 0.0482 0.0095 0.0312 0.0006 0.0027

0.5 0.0051 0.0205 0.0029 0.0111 0.0008 0.0029

0.2 0.0013 0.0080 0.0009 0.0045 0.0011 0.0026

Service high 0.0024 0.0146 0.0017 0.0096 0.0004 0.0017

low 0.0113 0.0482 0.0072 0.0312 0.0012 0.0029

lOki 2 0.0013 0.0055 0.0006 0.0020 0.0011 0.0029

3 0.0087 0.0421 0.0059 0.0312 0.0007 0.0027

5 0.0145 0.0482 0.0089 0.0299 0.0008 0.0026

Asymmetry Sym 0.0080 0.0482 0.0052 0.0299 0.0009 0.0026

Asym 0.0060 0.0421 0.0042 0.0312 0.0009 0.0029

All 0.0069 0.0482 0.0044 0.0312 0.0008 0.0029

4.2 Results
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The simulation model to test the sensitivity of the order fill rate for the lead time distribution was

created in Delphi. All simulation runs consisted of 101 runs, each with 40000 customer orders and

a warmup period of 10000 customer orders. The seed was equal for all instances; this implies that

the pattern of arriving customers was equal for the models and it allows us to directly compare

the fill rates. The calculations were performed on a laptop computer with a Pentium M 1.4 GHz

processor.

As described before, the output parameter of interest is the order fill rate of end-product k. The

absolute difference in the fill rate of M o and M 1 will be used to determine the sensitivity of the

order fill rate. The same procedure is executed for M 2 and M 3 • The average absolute difference is

calculated for every parameter setting and all models and is displayed in the tables. The tables also

display the maximum difference. The grand total of the difference and maximum of all instances

of a test bed was also calculated and is displayed in the row labelled 'All'. The detailed results of

all instances are displayed in Appendix B. The aggregated results for Test bed 1 are presented in

Table 5. A The aggregated results for Test bed 2 are presented in Table 6.

The average difference between the fill rates of model M o and M 1 for Test bed 1 is 0.0069 and

0.0138 for Test bed 2. As can be seen from the tables, the maximum absolute difference is 0.0482

for Test bed 1 and 0.0297 for Test bed 2. Since the absolute differences are small, it is concluded

that M 1 is a good approximation for M o with respect to the order fill rate. It can be seen from

Table 5 and Table 6 that the average absolute differences of the order fill rates are always smaller

for M 2 than for M 1 and M 3 almost always has the smallest difference.
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Table 6: Results sensitivity analysis - Test bed 2

Parameter Model

M 1 M2 M3

Average Maximum Average Maximum Average Maximum

j,k 4 0.0135 0.0297 0.0081 0.0149 0.0009 0.0027

8 0.0122 0.0267 0.0075 0.0150 0.0003 0.0004

16 0.0158 0.0281 0.0103 0.0192 0.0008 0.0017

Service high 0.0063 0.0092 0.0043 0.0056 0.0007 0.0017

low 0.0213 0.0297 0.0129 0.0192 0.0007 0.0027

lOki 4 0.0119 0.0276 0.0078 0.0192 0.0008 0.0027

6 0.0177 0.0297 0.0103 0.0176 0.0005 0.0011

All 0.0138 0.0297 0.0086 0.0192 0.0007 0.0027
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We might expect that M 3 will produce the least accurate results because it has the highest

coefficient of variation and deviates therefore most from M o, but the opposite is true; M 3 produces

the most accurate results. When you consider M 1 and M 2 , you see that increasing the coefficient

of variation leads to less accurate results. When you consider Ml and M 3 , you see that increasing

the coefficient of variation leads to more accurate results, however. Apparently, we get accurate

results that resemble deterministic lead times (order) when we have a high coefficient of variation

(chaos).

It can be concluded that the absolute differences between the fill rates are small enough to state

that the deterministic component lead times can be approximated with different distributions. The

order fill rates seem to be almost insensitive at least for distributions with a coefficient of variation

between 0 and 2.

5. Approximations

In this chapter the approximations for the order fill rate of end-product k will be described. First,

an approximation based on exponential lead times is presented in Section 5.1. Second, the general

structure of more simple and accurate approximations is described in Section 5.2. The approxima

tions require two estimates for the order fill rate, these estimates are described in Section 5.3 and

5.4 respectively. The approximations will be tested numerically in Chapter 6.

5.1 Approximation with exponential lead times

The insensitivity result of Chapter 4 indicates that using the model of Song et al. (1999) as an

approximation for our subsystem will yield order fill rates that are an accurate representation of

the order fill rates of the actual system. Song et al. (1999) present a method that gives an exact

evaluation of the order fill rates for a subsystem with exponential component lead times and single
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servers. Their article provides a general solution method for the Lost Sales case that can be applied

for both Total Order Service and Partial Order Service cases. Song et al. (1999) employ a system

with a single server per component instead of an ample server as assumed in our model. It is very

easy to adapt the formulas so that they are applicable for ample servers.

To determine the order fill rate of end-product k one needs to know what fraction of time we

have component i on stock. In other words, we need to know the steady state distribution of the

on-hand inventory of component i. The on-hand inventory of component i is determined by the

number of components on order, Si - 10i , because we have a base stock policy and that implies that

the inventory position of a component is always constant. It is, therefore, necessary to determine

the joint distribution of 10 = {10i li E nk }. The joint distribution is first determined in this

method and after that, the order fill rates are then determined with the stationary distribution of

10. The method is displayed in Appendix C and the formulas are applicable for the Partial Order

Service case with ample servers.

The order fill rates can be easily obtained from the stationary distribution. The order fill

rate for end-product k can be calculated as follows. One should sum the probabilities of the

states in which none of the components (in component set nk ) have Si components on order i.e.

F k = P(IOi < Si : i E nk
).

The state space of the method by Song et al. (1999) consists of I1iESlk(Si + 1) states. If the

subproblem has high base stock levels and/or many components, the state space will grow very

large and will prohibit a quick calculation of the order fill rates because the set of equations that

has to be solved grows with the state space. It is therefore required to formulate a more simple

and equally accurate approximation for the order fill rate of subproblem k. This is done in the next

sections.

5.2 Structure of the approximations

The structure of our approximations consists of three parts. The first part consists of an estimate

that, in general, will give an underestimation of the actual order fill rate, we call this Estimate 1, Pk.

Estimate 1 is an adjusted subsystem with minimum demand coupling (CD = CDmin = 0) which

will always give an underestimation of the order fill rate compared with the original subsystem.

Estimate 1 is formulated in Section 5.3.

The second part consists of an estimate that, in general, will give an overestimation of the actual

order fill rate, we call this Estimate 2, Fk . Estimate 2 is an adjusted subsystem with maximum

demand coupling (CD = CDmax ) which will always give an overestimation of the order fill rate

compared with the original subsystem. Estimate 2 is formulated in Section 5.4.

The last part is a factor a that combines Estimate 1 and 2 into an accurate approximation of

the order fill rate, Pk. The general structure of our approximation is then pk = aFk+ (1 - a)Pk.
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I

I
I

(7)

Two different factors have been used to combine Estimate 1 and 2 into an approximation of the

order fill rate. The first factor, which results in Approximation 1, is the demand coupling factor.

The demand coupling factor is divided by the maximum demand coupling factor, because a demand

coupling factor of 1 is not realizable in all instances. The definition of Approximation 1 is given

below:
-l,k _ Ak cn k

-k ( _ cn k
)

F -F CDk +F 1 cnk .
max max

The second factor, which results in Approximation 2, is the joint coupling factor. The joint coupling

factor is divided by the maximum joint coupling factor, because it is not possible to obtain a joint

coupling factor of 1 in every instance. The structure of the approximation is now given below:

I

(8)

It is possible that C;;'ax < C k for some instances, especially when the lead time coupling factor is

low. This effect is caused by the fact that the lead time coupling factor also changes due to changes

in the demand probabilities. It was decided to set CL':nax = C L k in those instances.

These two approximations will be compared in the numerical study described in Chapter 6,

whereafter one of the approximations is selected as the approximation for the order fill rates.

5.3 Estimate 1

Estimate 1 should be an underestimate of the order fill rate and approximate the situation with

C Dk = o. The availability of all components together is then calculated by multiplying all compo

nent fill rates. The component fill rates can be calculated for this case, with the Ai values of the

original subproblem, with Equation (1). Estimate 1 is a multiplication of all component fill rates

within Ok, or more formally:

(9)

Estimate 1 will probably be an accurate lower bound of the order fill rate of subproblem k. We,

therefore, expect that our approximation works well for instances with a low demand coupling

factor.

5.4 Estimate 2

Estimate 2 should be an overestimate of the order fill rate and represent the situation with maximum

demand coupling, CDk = CD;;'ax. Unfortunately, a problem arises when calculating Estimate 2.

We are creating an approximation for the order fill rate of end-product k with a specific set of

demand probabilities. Estimate 2 requires the order fill rate for end-product k, albeit with a

different set of demand probabilities. Estimate 2 will, therefore, be an approximation of the order

fill rate of a subsystem with maximum demand coupling.
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A way to circumvent the problem that we can not calculate the order fill rate for a subsystem

with maximum demand coupling directly is to look at subsets of the total component set nk , this

idea is also used in Song (1998). You will then create an upper bound of the system with maximum

demand coupling, the overestimation. Calculate the order fill rate for all possible subsets and then

take the minimum of these order fill rates as Estimate 2. It is obvious that the accuracy of the

approximation will be highest when the highest number of components is chosen.

We decided to consider pairs of components, because they require the least computations. Esti

mate 2 is preferably based on an exact evaluation of the order fill rate for two-component demand

streams with maximum demand coupling. Unfortunately, we do not have an exact evaluation of the

pair fill rate and will, therefore, use an approximation. Please note that Estimate 2 is, therefore,

not an upper bound of the order fill rate of end-product k.

The procedure to obtain Estimate 2 will now be the following. Calculate the order fill rate for

every pair {i, j}, F{i,j} , with some approximation. The demand probabilities of the pair fill rate are

taken from the subproblem with maximum demand coupling. The following demand probabilities

are required to calculate the fill rate of pair {i, j}:

-{i} _ '""" Iqmax - L...J qmax
IEKi

where K i = {l E ,)'~axli Eland j 1- l}

where Ki,j = {l E ,)'~axli Eland j E l}

where Kj = {l E ,)'~axlj Eland i 1- l}-{j} _ '""" Iqmax - L...J qmax
IEKj

q-{ i,j} = '""" ql
max L..-J max

IEKi,j

The demand probability for component i, qt;lx, consists of the sum of the demand probabilities of

demand streams that require component i and not j. The same rule applies to qMlx. qt;11 is then

equal to the sum of the demand probabilities of demand streams that require both component i

and j. Then, take the minimum of all pair fill rates and use this as Estimate 2, or more formally:

(10)

In the case where k consists of a large number of components, one should decide to calculate at

least the pair fill rates of a set of pairs that make up a partition of the component set nk so that

all components are included.

The pair fill rate of our subsystem can be approximated by the pair fill rate of a subsystem with

exponentially distributed lead times with the method of Song et al. (1999), presented in Section

5.1. As we already saw in the sensitivity study the order fill rate is almost insensitive to this change

in lead time distribution, especially for the two-component case. Estimate 2 is more complex than

Estimate 1, because simpler estimates did not yield good results. Two other estimates that were

not accurate, compared with the order fill rate obtained via simulation, are displayed in Appendix

D.
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6. Numerical study
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In this chapter the accuracy of our approximations is tested. Moreover the effects of the input

variables on the accuracy of the approximations are described.

Test bed 1 and 2 of the sensitivity study are used. A M-file of Matlab was created to enable

fast calculation of Estimate 2. The input variables of the M-file are: Si and J.1i = (1/Li ) for all

components, j,~ax and q!nax for all demand streams and the output of the program is Estimate 2. A

laptop with Pentium M 1.4 GHz processor was used to calculate the approximations. The required

time to calculate Estimate 2 with the M-file was 25 seconds for the instance with the largest state

space. The code of the M-file is presented in Appendix E.

The absolute difference between the approximations and the value that was obtained with

simulation is recorded for every instance. A detailed overview of the results of all instances is

given in Appendix F. These differences are combined to obtain the average difference for every

parameter value for each approximation and the results are presented in Table 7 and 8. The

approximations perform very well, as can be seen from the tables. The average and maximum

difference of Approximation 1 are 0.0041 and 0.0244 for Test bed 1 and 0.0129 and 0.0538 for

Test bed 2. For Approximation 2, we have an average and maximum difference of 0.0042 and

0.0244 for Test bed 1 and 0.0138 and 0.0557 for Test bed 2. The maximum differences are rather

high but it is acceptable because it occurs for a low service instance. We can conclude that the

approximations works well for these instances. The results for both approximations are similar,

however, the maximum deviation of Test bed 2 is somewhat higher for Approximation 1. Please note

that Approximation 1 and 2 produce exactly the same results for instances that have N k = Inkl +1

demand streams, because C L k = C L~ax in those instances.

For every parameter the average absolute difference is compared for all parameter values and

the observed effects are justified with a theoretical reason. The parameter effects are quantified in

Table 7 and 8.

Total aggregate demand rate No effect was noticed for the total aggregate demand rate the

average absolute differences are almost equal for different values of the total aggregate demand

rate. The average difference for j,k = 16 is higher than for the other values in Test bed 2 and

4. This effect might be due to the more complex end-product structure in those test beds.

Demand coupling In general it can be stated that the average difference decreases as the demand

coupling decreases; the lower the coupling, the better the approximation. An explanation

could be that if the demand coupling is low, the situation resembles a system with multiple

independent components more closely. For this situation we know the exact fill rate and we

sort of use it as Estimate 1. So, the closer the system is to this independent system, the

better the approximation.
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Table 7: Results - Test bed 1
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Parameter Approximation 1 Approximation 2

Average Maximum Average Maximum

).k 4.0 0.0033 0.0144 0.0035 0.0144

8.0 0.0038 0.0207 0.0040 0.0207

16.0 0.0051 0.0244 0.0052 0.0244

cn k 0.80 0.0051 0.0207 0.0052 0.0207

0.50 0.0048 0.0244 0.0050 0.0244

0.20 0.0023 0.0067 0.0025 0.0175

Service high 0.0021 0.0097 0.0021 0.0175

low 0.0061 0.0244 0.0063 0.0244

lOki 2 0.0012 0.0057 0.0012 0.0057

3 0.0053 0.0207 0.0055 0.0207

5 0.0068 0.0244 0.0068 0.0244

Asymmetry Sym 0.0042 0.0244 0.0044 0.0244

Asym 0.0040 0.0207 0.0040 0.0207

All 0.0041 0.0244 0.0042 0.0244

Table 8: Results - Test bed 2

Parameter Approximation 1 Approximation 2

Average Maximum Average Maximum

).k 4 0.0072 0.0161 0.0086 0.0141

8 0.0077 0.0314 0.0143 0.0291

16 0.0236 0.0538 0.0202 0.0557

Service high 0.0044 0.0120 0.0061 0.0150

low 0.0213 0.0538 0.0226 0.0557

lOki 4 0.0089 0.0399 0.0116 0.0435

6 0.0207 0.0538 0.0199 0.0557

All 0.0129 0.0538 0.0141 0.0557
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Service level The differences in the high service case are smaller than for the low service case.

A possible explanation is the following. The fill rate of some components approximates 1 in

a high service case. You can exclude these components when calculating the order fill rate.

The fill rate of components in a low service case will not approximate 1. We therefore have

to take into account all components when calculating the order fill rate. The approximation

is more accurate for subsystems with less components. The approximation of the order fill

rate is, therefore, more accurate in a high service instances.

Number of components As the number of components increases, the approximation will be less

accurate. Estimate 2 will be the best approximation for a two-component situation and the

accuracy will decrease when the number of component increases.

(A)Symmetry of demand rates The fact that is subsystem is symmetric or asymmetric does

not influence the results of the approximation.

So far, the approximations have only been tested for cases with a rather high value for the lead

time coupling factor. To test the effect of the lead time coupling factor, we added Test bed 3 and

4 with a CLk that is half of the value used in Test bed 1 and 2.

Test bed 3 is displayed in Table 9. Test bed 3 consists of three symmetric instances that are

copied from Test bed 1. The demand probabilities are equal to those displayed in Table 2. The

component lead time of some components was changed from 2 to 4, for component 2 in the instance

Inkl = 2, for component 3 in the instance Inkl = 3 and for component 5 in the instance Inkl = 5.

Please note that the base stock levels of those components were changed such that the target fill

rate was still obtained. All other parameter values are equal to those that were used in Test bed

1. In total Test bed 3 consists of 3 . 3 . 3 . 2 = 54 instances. The detailed settings of Test bed 3 are

displayed in Appendix G.

Table 9: Parameter settings - Test bed 3

Parameter

Number of components Ink I
and number of demand streams N k

Demand coupling factor CD k

Aggregate demand rate >'k
Service

Number of values Values

3 Ink I= 2, N k = 3

Inkl = 3, N k = 4

Inkl = 5, N k = 6

3 0.2, 0.5, 0.8

3 4, 8, 16

2 low, high

Test bed 4 is displayed in Table 10. Test bed 4 consists of the three symmetric instances of Test

bed 2. The demand probabilities are equal to those displayed in Table 4. The component lead time

of component 6 was changed to 4, L6 = 4. All other parameter values are equal to those that were
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Table 10: Parameter settings - Test bed 4
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Parameter

Number of components lOki

and number of demand streams Nk

Aggregate demand rate 5"k
Service

Number of values Values

3 IOkl=4,Nk=5

lOki = 4, Nk = 6

lOki = 6, N k = 7

3 4,8 and 16

2 low,high

Table 11: Results - Test bed 3

Parameter Approximation 1 Approximation 2

Average Maximum Average Maximum

5"k 4 0.0067 0.0250 0.0067 0.0250

8 0.0069 0.0253 0.0069 0.0253

16 0.0072 0.0280 0.0072 0.0280

CDk 0.8 0.0095 0.0253 0.0095 0.0253

0.5 0.0078 0.0280 0.0078 0.0280

0.2 0.0035 0.0090 0.0035 0.0090

Service high 0.0036 0.0111 0.0036 0.0111

low 0.0103 0.0280 0.0103 0.0280

lOki 2 0.0011 0.0025 0.0011 0.0025

3 0.0085 0.0214 0.0085 0.0214

5 0.0111 0.0280 0.0111 0.0280

All 0.0069 0.0280 0.0069 0.0280

used in Test bed 2. In total Test bed 4 consists of 3 . 3 . 2 = 18 instances. The detailed settings of

Test bed 4 are displayed in Appendix G.

The detailed results of all instances of Test bed 3 and 4 are displayed in Appendix H. As you

can see in Table 11 and 12, the differences are larger. The average difference of Approximation 1

for Test bed 3 is 0.0069 and 0.0167 for Test bed 4. The average difference of Approximation 2 for

Test bed 3 is 0.0069 and for Test bed 4 0.0144. The maximum differences are lower for Test bed 4

than for Test bed 2, but higher for Test bed 3, compared with Test bed 1. The differences are still

low and acceptable. We can conclude that the approximations are accurate for Test bed 3 and 4.

As can be seen in the tables, the results of Approximation 1 and 2 are very similar. We have,

therefore, decided to select Approximation 1 as the approximation for the order fill rate, because

it is more simple and produces equally good results.

To determine the effect of the lead time coupling, we calculated the average difference (of

Approximation 1) of all test beds, specialized for the number of components. Test bed 3 was

compared with the instances of Test bed 1 that are also in Test bed 3; Inkl = 2, Inkl = 3 and N k =

4 and Inkl = 5. The results are in Table 13.

The average difference for the high lead time coupling instance is 0.0043 and 0.0129 for Test
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Table 12: Results - Test bed 4
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Parameter Approximation 1 Approximation 2

Average Maximum Average Maximum

)'k 4 0.0109 0.0332 0.0086 0.0261

8 0.0173 0.0375 0.0143 0.0303

16 0.0220 0.0458 0.0202 0.0444

Service high 0.0067 0.0113 0.0061 0.0106

low 0.0267 0.0458 0.0226 0.0444

lOki 4 0.0137 0.0341 0.0116 0.0323

6 0.0226 0.0458 0.0199 0.0444

All 0.0167 0.0458 0.0144 0.0444

Table 13: Effect lead time c011,plinq

Parameter Test bed 1 Test bed 3

lOki 2 0.0011 0.0011

3 0.0050 0.0085

5 0.0068 0.0111

All 0.0043 0.0069

Test bed 2 Test bed 4

lOki 4 0.0089 0.0137

6 0.0207 0.0226

All 0.0129 0.0167

bed 1 and 2, respectively, and for the low lead time coupling instance is 0.0069 and 0.0167 for Test

bed 3 and 4, respectively. From these numbers can be concluded that decreasing the lead time

coupling, decreases the performance of the approximation. A possible explanation might be in the

transition from deterministic to exponential lead times. A deterministic lead time of one week is

approximated with an exponential lead time with an average of one week. The realization might

be one day or two weeks. A lower lead time coupling implies higher average lead times and higher

average lead times have more variation. A possible realization of an average of four weeks might

be eight weeks. Eight is the double of four and two the double of one, but the difference is much

larger. The difference between mean and realization might cause the higher differences for lower

values of the lead time coupling.

Lastly, we can conclude that the best results can be expected for a two-component subsystem,

with high service, low demand coupling and high lead time coupling. The results will be worse

when the following factors increase: number of components and demand coupling. The results will

be worse when the following factors decrease: lead time coupling and service level. We can state

that, on average, our approximation is faster and yields more accurate results than the method of

Song et al. (1999).
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7. Conclusion
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In this report an efficient and accurate approximation of the order fill rate has been formulated.

It has been shown that the system can be decomposed into subsystems and the remainder of the

analysis focused on these subsystems only. A subsystem can be characterized in terms of a demand

coupling factor, a lead time coupling factor and a joint coupling factor. The lead time coupling

factor was introduced and measures the coupling in the replenishment part of the process. It has

been determined that the order fill rate is almost insensitive to the lead time distribution, which

means that the order fill rate for a subsystem with exponential lead times is a good approximation

of the order fill rate in our subsystem. The state space of the method of Song et al. (1999) is too

large to use it as a direct approximation of the order fill rate of a subsystem. An approximation

was, therefore, formulated that results in a good approximation of the order fill rate with less

computational effort. Two estimates were formulated that, in general, under- and overestimate

the order fill rate. The first estimate is based on a situation with only demand for individual

components and the second estimate is based on a situation with maximum demand coupling.

These two estimates are combined into an estimate with the demand coupling factor as a weighted

factor. In a numerical study it was shown that the approximation is indeed accurate and efficient

for a wide range of subproblems.

A first step of further research in this direction is to optimize the subsystem. Under a given

budget constraint, what is the maximum order fill rate that can be obtained? Under a target

fill rate, what is the minimal cost that satisfies this constraint? Another direction might be to

develop accurate bounds for the subsystem. Estimate 1 was very accurate as an underestimate

and Estimate 1 might, therefore, be a lower bound of the order fill rate. The minimum of the

component fill rates (with deterministic lead times) is an overestimate of the order fill rate but not

so accurate. A direction for further research is to prove that these estimates are bounds. Estimate

2 does not always result in an overestimation of the order fill rate and is, therefore, not an upper

bound. Future research might be focused on formulating a more accurate upper bound.

Moreover, the approximation that was formulated in this report can be applied to subsystems

with backlogging as well. Estimate 1 can be calculated with the formula for the component fill rate

as described in Song (1998). Estimate 2 can be calculated with the formula for the order fill rate

for two components with backlogging as defined in Song (1998). If the subsystem has a backlog

buffer, the method of Song et al. (1999) can be applied to calculate Estimate 2.

Another direction for future research might be to use the structure of our approximation in

other inventory models and especially in Assemble-to-Order systems.
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A DETAILED SETTINGS - TEST BED 1 AND 2

A. Detailed settings - Test bed 1 and 2

Table 1: Detailed settings Test bed 1 - Symmetric instances
loki N k j,k CD k CLk Ck CD:;'ax C~ax Slow Shigh

2 3 4 0.80 0.50 0.40 1.00 0.50 (5,10) (7,12)

0.50 0.50 0.25 1.00 0.50 (5,8) (6,11)

0.20 0.50 0.10 1.00 0.50 (4,7) (6,10)

8 0.80 0.50 0.40 1.00 0.50 (9,15) (12,20)

0.50 0.50 0.25 1.00 0.50 (8,13) (10,17)

0.20 0.50 0.10 1.00 0.50 (7,11) (9,15)

16 0.80 0.50 0.40 1.00 0.50 (17,26) (21,33)

0.50 0.50 0.25 1.00 0.50 (13,23) (18,28)

0.20 0.50 0.10 1.00 0.50 (11,21) (14,26)

3 4 4 0.80 0.75 0.60 1.00 0.75 (5,9,9) (7,11,11)

0.50 0.75 0.38 1.00 0.75 (4,7,7) (6,9,9)

0.20 0.75 0.15 1.00 0.75 (4,6,6) (6,7,7)

8 0.80 0.75 0.60 1.00 0.75 (9,14,14) (12,18,18)

0.50 0.75 0.38 1.00 0.75 (7,11,11) (9,14,14)

0.20 0.75 0.15 1.00 0.75 (6,9,9) (7,12,12)

16 0.80 0.75 0.60 1.00 0.75 (16,24,24) (19,31,31)

0.50 0.75 0.38 1.00 0.75 (11,20,20) (14,24,24)

0.20 0.75 0.15 1.00 0.75 (9,16,16) (12,19,19)

3 7 4 0.80 0.73 0.58 1.00 0.75 (5,9,9) (7,12,12)

0.50 0.71 0.36 1.00 0.75 (4,7,7) (6,9,9)

0.20 0.58 0.12 1.00 0.75 (4,6,6) (6,7,7)

8 0.80 0.73 0.58 1.00 0.75 (9,15,15) (12,19,19)

0.50 0.71 0.36 1.00 0.75 (7,12,12) (9,15,15)

0.20 0.58 0.12 1.00 0.75 (6,10,10) (7,13,13)

16 0.80 0.73 0.58 1.00 0.75 (16,26,26) (19,33,33)

0.50 0.71 0.36 1.00 0.75 (11,21,21) (14,25,25)

0.20 0.58 0.12 1.00 0.75 (9,17,17) (12,20,20)

5 6 4 0.80 0.63 0.50 1.00 0.63 (5,5,5,7,7) (6,6,6,10,10)

0.50 0.63 0.31 1.00 0.63 (4,4,4,5,5) (5,5,5,7,7)

0.20 0.63 0.13 1.00 0.63 (3,3,3,5,5) (4,4,4,7,7)

8 0.80 0.63 0.50 1.00 0.63 (8,8,8,12,12) (10,10,10,15,15)

0.50 0.63 0.31 1.00 0.63 (6,6,6,8,8) (7,7,7,12,12)

0.20 0.63 0.13 1.00 0.63 (5,5,5,7,7) (6,6,6,9,9)

16 0.80 0.63 0.50 1.00 0.63 (14,14,14,20,20) (16,16,16,26,26)

0.50 0.63 0.31 1.00 0.63 (9,9,9,15,15) (11,11,11,18,18)

0.20 0.63 0.13 1.00 0.63 (7,7,7,13,13) (9,9,9,15,15)
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Table 2: Detailed settings Test bed 1 - Asymmetric instances
Inkl N k )'k CDk CLk Ck CDt;,ax C~ax SloW" Shigh

2 3 4.0 0.80 0.50 0.40 0.80 0.40 (4,12) (6,14)

0.50 0.50 0.25 0.80 0.40 (4,9) (5,14)

0.20 0.50 0.10 0.80 0.40 (3,11) (5,11)

8.0 0.80 0.50 0.40 0.80 0.40 (8,17) (11,22)

0.50 0.50 0.25 0.80 0.40 (7,15) (9,19)

0.20 0.50 0.10 0.80 0.40 (6,13) (8,17)

16.0 0.80 0.50 0.40 0.80 0.40 (16,30) (20,38)

0.50 0.50 0.25 0.80 0.40 (12,26) (17,32)

0.20 0.50 0.10 0.80 0.40 (9,25) (13,29)

2 3 4.0 0.80 0.50 0.40 0.80 0.40 (6,8) (8,12)

0.50 0.50 0.25 0.80 0.40 (5,7) (7,9)

0.20 0.50 0.10 0.80 0.40 (4,7) (6,9)

8.0 0.80 0.50 0.40 0.80 0.40 (10,13) (13,17)

0.50 0.50 0.25 0.80 0.40 (9,11) (11,15)

0.20 0.50 0.10 0.80 0.40 (8,9) (10,13)

16.0 0.80 0.50 0.40 0.80 0.40 (18,23) (22,30)

0.50 0.50 0.25 0.80 0.40 (14,22) (19,25)

0.20 0.50 0.10 0.80 0.40 (12,18) (16,23)

3 4 4.0 0.80 0.75 0.60 0.80 0.60 (6,11,6) (8,13,9)

0.50 0.75 0.38 0.80 0.60 (4,8,6) (6,10,8)

0.20 0.75 0.15 0.80 0.60 (5,7,4) (7,8,6)

8.0 0.80 0.75 0.60 0.80 0.60 (10,16,11) (13,20,16)

0.50 0.75 0.38 0.80 0.60 (7,12,10) (12,17,11)

0.20 0.75 0.15 0.80 0.60 (7,10,8) (8,13,10)

16.0 0.80 0.75 0.60 0.80 0.60 (17,27,21) (19,34,27)

0.50 0.75 0.38 0.80 0.60 (11,22,17) (14,27,20)

0.20 0.75 0.15 0.80 0.60 (9,18,14) (12,22,17)

3 4 4.0 0.80 0.75 0.60 0.80 0.60 (7,6,9) (8,9,11)

0.50 0.75 0.38 0.80 0.60 (5,5,7) (7,7,9)

0.20 0.75 0.15 0.80 0.60 (4,5,6) (7,6,7)

8.0 0.80 0.75 0.60 0.80 0.60 (10,11,14) (13,15,18)

0.50 0.75 0.38 0.80 0.60 (8,9,11) (12,11,15)

0.20 0.75 0.15 0.80 0.60 (6,9,9) (8,10,12)

16.0 0.80 0.75 0.60 0.80 0.60 (17,21,25) (20,26,32)

0.50 0.75 0.38 0.80 0.60 (12,16,21) (16,19,26)

0.20 0.75 0.15 0.80 0.60 (10,14,16) (13,17,20)

3 4 4.0 0.80 0.75 0.60 0.80 0.60 (5,8,9) (6,11,12)

0.50 0.75 0.38 0.80 0.60 (4,6,8) (5,9,10)

0.20 0.75 0.15 0.80 0.60 (3,6,7) (6,7,8)

8.0 0.80 0.75 0.60 0.80 0.60 (9,14,15) (12,18,19)

0.50 0.75 0.38 0.80 0.60 (6,11,13) (8,14,16)

0.20 0.75 0.15 0.80 0.60 (5,9,11) (7,12,14)

16.0 0.80 0.75 0.60 0.80 0.60 (16,25,27) (19,32,34)

0.50 0.75 0.38 0.80 0.60 (10,20,22) (13,25,27)

0.20 0.75 0.15 0.80 0.60 (8,16,18) (11,20,22)
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Table 3: Detailed settings Test bed 2
Inkl Nk ;'k CDk CLk c k

CD~ax C~ax Slow Shigh

4 5 3.6 0.48 0.79 0.38 0.59 0.50 (5,8,3,3) (5,9,4,5)

7.2 0.48 0.79 0.38 0.59 0.50 (8,12,4,5) (8,12,6,8)

14.4 0.48 0.79 0.38 0.59 0.50 (11,16,7,8) (15,22,8,10)

4 6 4.0 0.57 0.58 0.33 0.71 0.35 (5,8,3,16) (5,9,4,17)

8.0 0.57 0.58 0.33 0.71 0.35 (8,12,4,18) (8,12,6,27)

16.0 0.57 0.58 0.33 0.71 0.35 (11,16,7,32) (15,22,8,37)

6 7 4.0 0.50 0.51 0.25 0.72 0.38 (5,4,7,4,12,4) (6,5,9,5,16,6)

8.0 0.50 0.51 0.25 0.72 0.38 (8,6,11,6,19,7) (10,8,12,8,27,9)

16.0 0.50 0.51 0.25 0.72 0.38 (14,9,17,9,33,12) (17,11,22,11,38,15)

B. Detailed results sensitivity analysis
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The order fill rate of end-product k with Mo is denoted F(i). The order fill rate of end-product k

with M l is denoted F(\). The absolute difference in the fill rate of M o and M l , F(i) - F(\) , will

be used to compare the fill rates of both models. Every run of the simulation program consists of

101 individual runs. Everyone of the runs produces a value for the order fill rate. For every run

the order fill rate of M l is subtracted from the order fill rate of Mo. All 101 values are then used

to construct a 95 % confidence interval of the absolute difference of the order fill rates. A 95 %

confidence interval is also created for the order fill rate of Mo. The 95% confidence interval of the

order fill rate of M o is presented in column 6. The 95% confidence interval of the absolute difference

in order fill rate of F(i) - F(\) is presented in column 7. The order fill rate of M2 is denoted F(\).

The absolute difference between the order fill rate of M o and M 2 is denoted F(i) - F(\). The 95%

confidence interval of the absolute difference in order fill rate of F(i) - F(\) is presented in column

8 of the tables. The order fill rate of M 3 is denoted F(~). The absolute difference between the

order fill rate of M o and M 3 is denoted F(i) - F(~). The 95% confidence interval of the absolute

difference in order fill rate of F(i) - F(~) is presented in column 9 of the tables.
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Table 1: Detailed results Test bed 1 - Symmetric instances
loki Nk Service j.k CDk F(~) F(~) -Fi''n F(~) - Ft'2) F(~) -F(\)

2 3 low 4 0.8 0.8195 ± 0.0007 0.0027 ± 0.0007 -0.0005 ± 0.0011 -0.0021 ± 0.0016

0.5 0.8480 ± 0.0008 0.0029 ± 0.0007 -0.0004 ± 0.0012 -0.0020 ± 0.0016

0.2 0.8087 ± 0.0016 0.0009 ± 0.0015 -0.0007 ± 0.0023 -0.0010 ± 0.0024

8 0.8 0.8022 ± 0.0009 0.0047 ± 0.0008 0.0003 ± 0.0013 -0.0016 ± 0.0021

0.5 0.8257 ± 0.0010 0.0012 ± 0.0009 -0.0005 ± 0.0014 -0.0024 ± 0.0021

0.2 0.8100 ± 0.0015 -0.0004 ± 0.0016 -0.0020 ± 0.0022 -0.0024 ± 0.0025

16 0.8 0.8037 ± 0.0010 0.0040 ± 0.0008 0.0006 ± 0.0014 -0.0004 ± 0.0023

0.5 0.8025 ± 0.0010 0.0011 ± 0.0010 -0.0014 ± 0.0016 -0.0026 ± 0.0025

0.2 0.8150 ± 0.0016 -0.0003 ± 0.0017 -0.0018 ± 0.0024 -0.0023 ± 0.0026

high 4 0.8 ) 0.9506 ± 0.0004 0.0012 ± 0.0005 -0.0001 ± 0.0006 -0.0003 ± 0.0009

0.5 0.9542 ± 0.0005 0.0003 ± 0.0005 -0.0004 ± 0.0008 -0.0011 ± 0.0009

0.2 0.9726 ± 0.0006 0.0007 ± 0.0007 -0.0004 ± 0.0008 -0.0005 ± 0.0010

8 0.8 0.9610 ± 0.0005 0.0009 ± 0.0005 0.0002 ± 0.0006 0.0003 ± 0.0009

0.5 0.9565 ± 0.0006 0.0003 ± 0.0006 -0.0001 ± 0.0008 -0.0009 ± 0.0011

0.2 0.9597 ± 0.0007 -0.0004 ± 0.0009 -0.0007 ± 0.0011 -0.0014 ± 0.0011

16 0.8 0.9519 ± 0.0006 0.0007 ± 0.0006 0.0002 ± 0.0009 0.0001 ± 0.0185

0.5 0.9586 ± 0.0006 0.0001 ± 0.0006 -0.0002 ± 0.0008 -0.0006 ± 0.0012

0.2 0.9539 ± 0.0008 -0.0002 ± 0.0009 -0.0006 ± 0.0012 -0.0008 ± 0.0014

3 4 low 4 0.8 0.8368 ± 0.0008 0.0199 ± 0.0007 0.0113 ± 0.0012 -0.0018 ± 0.0018

0.5 0.8206 ± 0.0011 0.0098 ± 0.0011 0.0047 ± 0.0016 -0.0011 ± 0.0022

0.2 0.8505 ± 0.0013 0.0008 ± 0.0018 -0.0001 ± 0.0021 -0.0022 ± 0.0025

8 0.8 0.8201 ± 0.0009 0.0302 ± 0.0009 0.0209 ± 0.0015 -0.0006 ± 0.0021

0.5 0.8180 ± 0.0010 0.0114 ± 0.0012 0.0066 ± 0.0015 -0.0012 ± 0.0022

0.2 0.8043 ± 0.0016 0.0038 ± 0.0021 0.0011 ± 0.0023 -0.0009 ± 0.0030

16 0.8 0.7978 ± 0.0011 0.0347 ± 0.0010 0.0277 ± 0.0017 -0.0008 ± 0.0028

0.5 0.8262 ± 0.0011 0.0083 ± 0.0014 0.0058 ± 0.0018 -0.0004 ± 0.0025

0.2 0.8057 ± 0.0016 0.0021 ± 0.0019 0.0011 ± 0.0025 -0.0009 ± 0.0032

high 4 0.8 0.9588 ± 0.0004 0.0066 ± 0.0005 0.0042 ± 0.0007 -0.0003 ± 0.0008

0.5 0.9655 ± 0.0006 0.0016 ± 0.0006 0.0010 ± 0.0007 -0.0002 ± 0.0009

0.2 0.9494 ± 0.0009 -0.0005 ± 0.0013 -0.0005 ± 0.0013 -0.0016 ± 0.0015

8 0.8 0.9639 ± 0.0004 0.0064 ± 0.0006 0.0047 ± 0.0008 0.0000 ± 0.0010

0.5 0.9576 ± 0.0006 0.0020 ± 0.0006 0.0013 ± 0.0009 -0.0003 ± 0.0011

0.2 0.9509 ± 0.0008 0.0000 ± 0.0011 0.0000 ± 0.0013 -0.0006 ± 0.0014

16 0.8 0.9596 ± 0.0006 0.0065 ± 0.0007 0.0047 ± 0.0010 0.0000 ± 0.0012

0.5 0.9581 ± 0.0007 0.0018 ± 0.0009 0.0016 ± 0.0011 0.0004 ± 0.0013

0.2 0.9496 ± 0.0009 0.0006 ± 0.0012 0.0000 ± 0.0014 -0.0004 ± 0.0018
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Table 2: Detailed results Test bed 1 - Symmetric instances continued
loki N k Service )'k CDk

F(~) F(~) - FA) F(~) -F/:2 ) F(~) - F/3)
3 7 low 4 0.8 0.8020 ± 0.0008 0.0246 ± 0.0008 0.0147 ± 0.0013 -0.0019 ± 0.0019

0.5 0.7972 ± 0.0011 0.0108 ± 0.0014 0.0064 ± 0.0018 -0.0008 ± 0.0022

0.2 0.8433 ± 0.0014 0.0016 ± 0.0019 0.0002 ± 0.0024 -0.0008 ± 0.0029

8 0.8 0.8114 ± 0.0008 0.0284 ± 0.0009 0.0197 ± 0.0014 -0.0008 ± 0.0021

0.5 0.8347 ± 0.0010 0.0090 ± 0.0012 -0.0011 ± 0.0022 -0.0011 ± 0.0022

0.2 0.8506 ± 0.0018 0.0028 ± 0.0022 0.0016 ± 0.0024 -0.0010 ± 0.0030

16 0.8 0.7950 ± 0.0010 0.0317 ± 0.0010 0.0252 ± 0.0016 -0.0010 ± 0.0026

0.5 0.8167 ± 0.0013 0.0079 ± 0.0015 0.0057 ± 0.0021 -0.0001 ± 0.0028

0.2 0.8273 ± 0.0020 0.0024 ± 0.0021 0.0023 ± 0.0029 0.0003 ± 0.0034

high 4 0.8 0.9592 ± 0.0004 0.0048 ± 0.0004 0.0030 ± 0.0006 -0.0001 ± 0.0008

0.5 0.9570 ± 0.0006 0.0026 ± 0.0007 0.0019 ± 0.0009 0.0000 ± 0.0011

0.2 0.9758 ± 0.0007 -0.0002 ± 0.0009 -0.0005 ± 0.0010 -0.0008 ± 0.0012

8 0.8 0.9595 ± 0.0005 0.0070 ± 0.0006 0.0000 ± 0.0010 0.0000 ± 0.0010

0.5 0.9614 ± 0.0005 0.0014 ± 0.0006 0.0011 ± 0.0008 -0.0001 ± 0.0010

0.2 0.9531 ± 0.0011 0.0001 ± 0.0013 0.0008 ± 0.0016 -0.0005 ± 0.0017

16 0.8 0.9529 ± 0.0006 0.0063 ± 0.0007 0.0049 ± 0.0010 -0.0001 ± 0.0014

0.5 0.9526 ± 0.0008 0.0015 ± 0.0009 0.0012 ± 0.0012 0.0002 ± 0.0014

0.2 0.9594 ± 0.0010 0.0006 ± 0.0012 0.0007 ± 0.0014 0.0001 ± 0.0017

5 6 low 4 0.8 0.8188 ± 0.0009 0.0482 ± 0.0007 0.0284 ± 0.0007 -0.0007 ± 0.0015

0.5 0.8050 ± 0.0014 0.0201 ± 0.0012 0.0101 ± 0.0011 -0.0006 ± 0.0019

0.2 0.8048 ± 0.0022 0.0080 ± 0.0024 0.0025 ± 0.0018 -0.0019 ± 0.0027

8 0.8 0.8285 ± 0.0011 0.0446 ± 0.0008 0.0277 ± 0.0007 -0.0005 ± 0.0020

0.5 0.7968 ± 0.0014 0.0205 ± 0.0013 0.0111 ± 0.0010 -0.0006 ± 0.0024

0.2 0.8270 ± 0.0022 0.0040 ± 0.0022 0.0035 ± 0.0023 -0.0009 ± 0.0032

16 0.8 0.8142 ± 0.0012 0.0433 ± 0.0010 0.0433 ± 0.0010 -0.0001 ± 0.0025

0.5 0.8181 ± 0.0016 0.0180 ± 0.0015 0.0102 ± 0.0011 -0.0011 ± 0.0027

0.2 0.8215 ± 0.0021 0.0053 ± 0.0025 0.0045 ± 0.0026 -0.0026 ± 0.0031

high 4 0.8 0.9530 ± 0.0005 0.0146 ± 0.0004 0.0096 ± 0.0004 -0.0001 ± 0.0008

0.5 0.9547 ± 0.0008 0.0038 ± 0.0007 0.0022 ± 0.0006 -0.0004 ± 0.0009

0.2 0.9569 ± 0.0013 0.0000 ± 0.0014 0.0003 ± 0.0011 -0.0013 ± 0.0015

8 0.8 0.9555 ± 0.0006 0.0117 ± 0.0005 0.0074 ± 0.0005 -0.0005 ± 0.0011

0.5 0.9573 ± 0.0007 0.0041 ± 0.0007 0.0024 ± 0.0006 -0.0006 ± 0.0012

0.2 0.9526 ± 0.0011 0.0002 ± 0.0014 0.0006 ± 0.0013 0.0006 ± 0.0019

16 0.8 0.9582 ± 0.0007 0.0107 ± 0.0005 0.0071 ± 0.0005 -0.0006 ± 0.0012

0.5 0.9497 ± 0.0009 0.0037 ± 0.0009 0.0024 ± 0.0007 -0.0004 ± 0.0015

0.2 0.9582 ± 0.0010 -0.0003 ± 0.0014 0.0010 ± 0.0012 -0.0013 ± 0.0015
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Table 3: Detailed results Test bed 1 - Asymmetric instances
loki Nk Service )'k CD k

F(~) F(~) -F(~) F(~) -Fi'2) F(kO) - ~8J
2 3 low 4 0.8 0.8026 ± 0.0007 0.0022 ± 0.0008 -0.0006 ± 0.0010 -0.0016 ± 0.0016

0.5 0.8195 ± 0.0008 0.0030 ± 0.0009 -0.0008 ± 0.0012 -0.0021 ± 0.0015

0.2 0.8141 ± 0.0016 0.0009 ± 0.0014 -0.0008 ± 0.0021 -0.0016 ± 0.0023

8 0.8 0.8055 ± 0.0009 0.0055 ± 0.0008 0.0007 ± 0.0013 -0.0013 ± 0.0019

0.5 0.8317 ± 0.0010 0.0019 ± 0.0009 -0.0003 ± 0.0015 -0.0015 ± 0.0021

0.2 0.8193 ± 0.0015 -0.0010 ± 0.0016 -0.0016 ± 0.0021 -0.0024 ± 0.0026

16 0.8 0.8154 ± 0.0009 0.0027 ± 0.0007 0.0003 ± 0.0014 -0.0001 ± 0.0022

0.5 0.8170 ± 0.0011 0.0016 ± 0.0010 -0.0011 ± 0.0015 -0.0019 ± 0.0024

0.2 0.8121 ± 0.0016 0.0004 ± 0.0017 -0.0010 ± 0.0023 -0.0019 ± 0.0029

high 4 0.8 0.9518 ± 0.0005 0.0011 ± 0.0004 0.0002 ± 0.0006 0.0000 ± 0.0009

0.5 0.9524 ± 0.0005 0.0002 ± 0.0005 -0.0004 ± 0.0007 -0.0012 ± 0.0008

0.2 0.9631 ± 0.0006 0.0006 ± 0.0008 -0.0006 ± 0.0009 -0.0008 ± 0.0011

8 0.8 0.9586 ± 0.0005 0.0012 ± 0.0005 0.0004 ± 0.0007 0.0002 ± 0.0010

0.5 0.9581 ± 0.0005 0.0004 ± 0.0006 -0.0002 ± 0.0008 -0.0006 ± 0.0011

0.2 0.9621 ± 0.0008 -0.0001 ± 0.0010 0.0000 ± 0.0012 -0.0010 ± 0.0012

16 0.8 0.9543 ± 0.0006 0.0002 ± 0.0005 0.0000 ± 0.0009 0.0001 ± 0.0012

0.5 0.9603 ± 0.0006 0.0002 ± 0.0007 0.0003 ± 0.0009 -0.0001 ± 0.0012

0.2 0.9619 ± 0.0008 -0.0004 ± 0.0010 -0.0004 ± 0.0012 -0.0011 ± 0.0013

2 3 low 4 0.8 0.8250 ± 0.0007 0.0040 ± 0.0007 -0.0003 ± 0.0011 -0.0020 ± 0.0016

0.5 0.8159 ± 0.0009 0.0022 ± 0.0008 -0.0013 ± 0.0013 -0.0029 ± 0.0017

0.2 0.7998 ± 0.0014 0.0002 ± 0.0013 -0.0003 ± 0.0014 -0.0013 ± 0.0018

8 0.8 0.8047 ± 0.0009 0.0040 ± 0.0008 0.0004 ± 0.0013 -0.0016 ± 0.0020

0.5 0.8245 ± 0.0009 0.0013 ± 0.0009 -0.0008 ± 0.0013 -0.0024 ± 0.0021

0.2 0.8012 ± 0.0015 0.0006 ± 0.0016 -0.0017 ± 0.0024 -0.0020 ± 0.0025

16 0.8 0.8067 ± 0.0010 0.0032 ± 0.0008 0.0000 ± 0.0013 -0.0011 ± 0.0024

0.5 0.8214 ± 0.0011 0.0010 ± 0.0009 0.0000 ± 0.0016 -0.0003 ± 0.0023

0.2 0.7992 ± 0.0016 -0.0005 ± 0.0017 -0.0015 ± 0.0024 -0.0015 ± 0.0024

high 4 0.8 0.9647 ± 0.0004 0.0009 ± 0.0004 -0.0011 ± 0.0005 -0.0010 ± 0.0007

0.5 0.9554 ± 0.0005 0.0004 ± 0.0005 -0.0007 ± 0.0007 -0.0011 ± 0.0009

0.2 0.9580 ± 0.0008 0.0005 ± 0.0009 -0.0004 ± 0.0010 -0.0004 ± 0.0012

8 0.8 0.9534 ± 0.0005 0.0009 ± 0.0005 0.0003 ± 0.0007 -0.0001 ± 0.0010

0.5 0.9559 ± 0.0005 0.0002 ± 0.0006 -0.0002 ± 0.0008 -0.0007 ± 0.0010

0.2 0.9586 ± 0.0008 -0.0010 ± 0.0009 -0.0014 ± 0.0011 -0.0017 ± 0.0013

16 0.8 0.9545 ± 0.0006 0.0006 ± 0.0005 0.0001 ± 0.0008 -0.0002 ± 0.0012

0.5 0.9598 ± 0.0006 0.0000 ± 0.0005 -0.0004 ± 0.0009 -0.0007 ± 0.0012

0.2 0.9591 ± 0.0008 -0.0003 ± 0.0009 -0.0002 ± 0.0011 -0.0005 ± 0.0014
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Table 4: Detailed results Test bed 1 - Asymmetric instances continued
loki N k Service 5.k CD k

F(~) F(~) - FA) F(~) -F(~) F(~) -F(~)

3 4 low 4 0.8 0.8147 ± 0.0008 0.0223 ± 0.0008 0.0136 ± 0.0013 -0.0008 ± 0.0018

0.5 0.8214 ± 0.0010 0.0100 ± 0.0012 0.0042 ± 0.0017 -0.0013 ± 0.0022

0.2 0.8081 ± 0.0016 0.0021 ± 0.0019 0.0012 ± 0.0022 -0.0014 ± 0.0030

8 0.8 0.8175 ± 0.0008 0.0368 ± 0.0010 0.0278 ± 0.0014 0.0005 ± 0.0021

0.5 0.8172 ± 0.0009 0.0102 ± 0.0012 0.0057 ± 0.0015 -0.0014 ± 0.0021

0.2 0.8323 ± 0.0017 0.0047 ± 0.0019 0.0014 ± 0.0024 -0.0011 ± 0.0031

16 0.8 0.8055 ± 0.0009 0.0304 ± 0.0011 0.0247 ± 0.0017 -0.0027 ± 0.0025

0.5 0.8126 ± 0.0012 0.0090 ± 0.0013 0.0061 ± 0.0018 -0.0005 ± 0.0026

0.2 0.8075 ± 0.0018 0.0031 ± 0.0021 0.0017 ± 0.0028 -0.0014 ± 0.0033

high 4 0.8 0.9660 ± 0.0004 0.0062 ± 0.0005 0.0044 ± 0.0006 0.0001 ± 0.0008

0.5 0.9660 ± 0.0006 0.0015 ± 0.0006 0.0009 ± 0.0008 -0.0001 ± 0.0009

0.2 0.9523 ± 0.0010 -0.0004 ± 0.0012 -0.0004 ± 0.0013 -0.0012 ± 0.0016

8 0.8 0.9666 ± 0.0004 0.0057 ± 0.0005 0.0041 ± 0.0007 0.0000 ± 0.0009

0.5 0.9614 ± 0.0005 0.0013 ± 0.0007 0.0010 ± 0.0008 0.0002 ± 0.0010

0.2 0.9551 ± 0.0010 -0.0007 ± 0.0010 -0.0002 ± 0.0014 -0.0016 ± 0.0015

16 0.8 0.9510 ± 0.0006 0.0063 ± 0.0007 0.0044 ± 0.0010 -0.0002 ± 0.0013

0.5 0.9529 ± 0.0007 0.0019 ± 0.0008 0.0018 ± 0.0011 0.0001 ± 0.0014

0.2 0.9582 ± 0.0009 0.0005 ± 0.0012 0.0002 ± 0.0014 -0.0004 ± 0.0014

3 4 low 4 0.8 0.8166 ± 0.0008 0.0317 ± 0.0008 0.0223 ± 0.0012 -0.0002 ± 0.0017

0.5 0.8005 ± 0.0011 0.0149 ± 0.0012 0.0092 ± 0.0016 -0.0003 ± 0.0022

0.2 0.8187 ± 0.0015 0.0019 ± 0.0020 0.0008 ± 0.0022 -0.0013 ± 0.0028

8 0.8 0.8057 ± 0.0009 0.0421 ± 0.0010 0.0312 ± 0.0015 -0.0001 ± 0.0021

0.5 0.8136 ± 0.0010 0.0145 ± 0.0011 0.0092 ± 0.0016 -0.0005 ± 0.0024

0.2 0.8084 ± 0.0016 0.0019 ± 0.0023 0.0001 ± 0.0024 -0.0010 ± 0.0029

16 0.8 0.8180 ± 0.0010 0.0360 ± 0.0010 0.0286 ± 0.0017 -0.0003 ± 0.0026

0.5 0.8080 ± 0.0012 0.0092 ± 0.0013 0.0060 ± 0.0018 -0.0002 ± 0.0027

0.2 0.8069 ± 0.0016 0.0031 ± 0.0019 0.0027 ± 0.0023 -0.0008 ± 0.0032

high 4 0.8 0.9578 ± 0.0005 0.0098 ± 0.0005 0.0067 ± 0.0007 -0.0001 ± 0.0009

0.5 0.9563 ± 0.0006 0.0027 ± 0.0007 0.0016 ± 0.0009 -0.0005 ± 0.0011

0.2 0.9488 ± 0.0010 0.0003 ± 0.0013 -0.0001 ± 0.0015 -0.0017 ± 0.0016

8 0.8 0.9614 ± 0.0005 0.0094 ± 0.0006 0.0073 ± 0.0008 0.0002 ± 0.0010

0.5 0.9612 ± 0.0006 0.0024 ± 0.0007 0.0019 ± 0.0008 0.0006 ± 0.0010

0.2 0.9500 ± 0.0009 0.0005 ± 0.0012 -0.0002 ± 0.0014 -0.0005 ± 0.0013

16 0.8 0.9533 ± 0.0006 0.0070 ± 0.0007 0.0053 ± 0.0010 0.0000 ± 0.0013

0.5 0.9559 ± 0.0007 0.0020 ± 0.0008 0.0014 ± 0.0011 -0.0002 ± 0.0013

0.2 0.9582 ± 0.0010 0.0004 ± 0.0011 -0.0003 ± 0.0014 -0.0003 ± 0.0017



C METHOD ORDER FILL RATE WITH EXPONENTIAL LEAD TIMES

Table 5: Detailed results Test bed 1 - Asymmetric instances continued
loki N k Service j,k CDk

F(~) F(~) -FA) F(~) - Fi'2) F(kO) - F(~)

3 4 low 4 0.8 0.8107 ± 0.0008 0.0315 ± 0.0008 0.0198 ± 0.0013 -0.0006 ± 0.0018

0.5 0.8113 ± 0.0010 0.0119 ± 0.0012 0.0063 ± 0.0016 -0.0008 ± 0.0020

0.2 0.8214 ± 0.0015 0.0014 ± 0.0020 0.0001 ± 0.0021 -0.0017 ± 0.0027

8 0.8 0.8090 ± 0.0009 0.0288 ± 0.0010 0.0216 ± 0.0014 -0.0005 ± 0.0021

0.5 0.8238 ± 0.0010 0.0101 ± 0.0011 0.0053 ± 0.0016 -0.0014 ± 0.0023

0.2 0.8129 ± 0.0018 0.0018 ± 0.0024 0.0006 ± 0.0026 -0.0021 ± 0.0031

16 0.8 0.8028 ± 0.0009 0.0259 ± 0.0010 0.0217 ± 0.0015 -0.0017 ± 0.0024

0.5 0.8268 ± 0.0013 0.0092 ± 0.0014 0.0062 ± 0.0018 0.0001 ± 0.0027

0.2 0.8081 ± 0.0017 0.0029 ± 0.0022 0.0008 ± 0.0025 -0.0017 ± 0.0032

high 4 0.8 0.9513 ± 0.0005 0.0065 ± 0.0005 0.0037 ± 0.0007 -0.0003 ± 0.0010

0.5 0.9593 ± 0.0006 0.0022 ± 0.0005 0.0012 ± 0.0008 0.0001 ± 0.0010

0.2 0.9546 ± 0.0009 0.0002 ± 0.0012 -0.0002 ± 0.0012 -0.0006 ± 0.0014

8 0.8 0.9503 ± 0.0005 0.0065 ± 0.0006 0.0054 ± 0.0008 0.0003 ± 0.0010

0.5 0.9594 ± 0.0006 0.0018 ± 0.0006 0.0014 ± 0.0010 -0.0002 ± 0.0011

0.2 0.9682 ± 0.0008 -0.0001 ± 0.0009 -0.0001 ± 0.0013 -0.0002 ± 0.0012

16 0.8 0.9559 ± 0.0006 0.0044 ± 0.0006 0.0039 ± 0.0009 0.0001 ± 0.0012

0.5 0.9666 ± 0.0006 0.0013 ± 0.0006 0.0010 ± 0.0010 0.0005 ± 0.0011

0.2 0.9629 ± 0.0010 0.0001 ± 0.0011 -0.0001 ± 0.0013 -0.0008 ± 0.0015

Table 6· Detailed results Test bed 2
loki N k Service j,k CDk

F(~) F(~) -FA) F(~) - F/;.) F(~) -F(~)

4 5 low 3.2 0.48 0.8459 ± 0.0021 0.0147 ± 0.0023 0.0085 ± 0.0026 0.0027 ± 0.0031

6.5 0.48 0.8403 ± 0.0020 0.0126 ± 0.0023 0.0062 ± 0.0032 0.0004 ± 0.0036

13.0 0.48 0.8096 ± 0.0026 0.0258 ± 0.0025 0.0162 ± 0.0035 -0.0009 ± 0.0043

high 3.6 0.48 0.9512 ± 0.0012 0.0070 ± 0.0015 0.0040 ± 0.0016 0.0008 ± 0.0017

7.2 0.48 0.9551 ± 0.0012 0.0072 ± 0.0013 0.0049 ± 0.0014 -0.0003 ± 0.0018

14.4 0.48 0.9490 ± 0.0013 0.0032 ± 0.0014 0.0014 ± 0.0017 -0.0017 ± 0.0020

4 6 low 4.0 0.57 0.9169 ± 0.0008 0.0134 ± 0.0008 0.0101 ± 0.0012 0.0007 ± 0.0013

8.0 0.57 0.8500 ± 0.0010 0.0136 ± 0.0010 0.0088 ± 0.0014 -0.0004 ± 0.0019

16.0 0.57 0.8187 ± 0.0013 0.0276 ± 0.0013 0.0192 ± 0.0019 0.0003 ± 0.0025

high 4.0 0.57 0.9560 ± 0.0006 0.0072 ± 0.0006 0.0056 ± 0.0010 0.0004 ± 0.0009

8.0 0.57 0.9569 ± 0.0006 0.0064 ± 0.0006 0.0055 ± 0.0009 0.0003 ± 0.0010

16.0 0.57 0.9524 ± 0.0008 0.0044 ± 0.0008 0.0032 ± 0.0012 0.0003 ± 0.0014

6 7 low 4 0.50 0.8117 ± 0.0016 0.0293 ± 0.0016 0.0149 ± 0.0014 0.0000 ± 0.0023

8 0.50 0.8213 ± 0.0017 0.0267 ± 0.0017 -0.0001 ± 0.0024 -0.0001 ± 0.0024

16 0.50 0.7997 ± 0.0019 0.0281 ± 0.0019 0.0176 ± 0.0015 0.0006 ± 0.0026

high 4 0.50 0.9535 ± 0.0009 0.0092 ± 0.0010 0.0055 ± 0.0009 0.0009 ± 0.0012

8 0.50 0.9605 ± 0.0009 0.0064 ± 0.0010 0.0043 ± 0.0007 0.0002 ± 0.0011

16 0.50 0.9499 ± 0.0011 0.0060 ± 0.0010 0.0043 ± 0.0009 0.0011 ± 0.0016

c. Method order fill rate with exponential lead times
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The main issue in the method is analyzing the inventory on order of the entire system,

10 = {(I01(t), I02 (t), ... , IOn(t)), t 2: O}. IOi(t) is the inventory on order of component i at time

t. 10 is a continuous time :YIarkov chain with a finite state space {m = (ml' m2, ... ,mn ) 10 ::::; mi ::::;

si,l ::::; i ::::; n}. Two transitions are possible in the chain. If a demand for end-product J arrives,
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with transition rate AJ, the system goes from state m to state m' = (m~, m~, ... , m~), where

m; = { ml + 1, if l E J and ml < 81,

ml, otherwise.
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(11)

If component i is delivered to stock the system goes from state m to state m" = (m1, m~, ... , m~),

with transition rate mi/..li, where

if l = i and ml > 0,

otherwise.
(12)

The joint distribution of the inventory on order of all components, 10, is found by lexicograph

ically ordering all possible inventory on order states. The following structure is then obtained

(10 ,11 , ... , lSI)' The states are ordered in such a way that you first have all states in which the inven

tory on order of component 1 is 0. Then all states in which the inventory on order of component 1 is 1

and so on. Every I j is a TIf=2(81+1) dimensional vector, I j = {(j, 0, 0, ,0,0), (j, 0, 0, ... ,0,1), ... ,

(j,O, 0, ,0, 8n), (j, 0, 0, ... ,1,0), ... , (j, 0, 0, ... ,1, 8n), ... , (j, 0, 0, , 8(n-1)' 0), ... ,

(j, 0, 0, , 8(n-1)' 8n), ... , (j, 82, 83,···, 8(n-1), 0), ... , (j, 82, 83, ... , 8(n-1)' 8n)}. The stationary dis-

tribution of the probabilities of the states of 10 is represented by P = (Po, P1, ... ,PSI)' 10 can be

regarded as a quasi birth-death process because it can increase with at most one and can decrease

with at most one. It is straightforward to create the transition matrix Q.

A Ao 0 ° ° ° °
IL1 I A - IL1I A o ° ° ° °

Q=
0 2IL1 I A - 2IL1I A o 0 0 0

° 0 0 ° (81 - 1)IL1I A - (81 - 1)IL1I Ao

0 0 0 0 0 81IL1 I A 1 - 81IL1 I

The matrices A, A o and A 1 are square matrices of order TIiE!1k(8i + 1). The matrices A and A o

can be constructed from equations (??) and (??). Matrix A1 can be obtained by adding matrix Ao

and matrix A.

The steady state balance equations of matrix Q also contain matrices:

PoA + IL1P1 = 0,

Pj-1 A O + Pj(A - JILl!) + (j + 1)IL1Pj+1 = 0, 1 ::::; j < 81,

PSI-lAo + PSI (A1 - 81IL1!) = O.

The balance equations specified above lead to:

PSI = -Ps l -1 A O(A1 - 81f.L1!)-1 == Ps l -1RsI'

Pj = Pj-1Rj, j = 1,2, ... ,81 - 1

where Rj can be found recursively using the following equations:
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R S1 = -Ao(A1 - SlJL1!)-1,

Rj = -Ao[(A - JJL1!) + (j + 1)JL1Rj+1t1, j = Sl - 1, ... ,1;

Ro =1.

Now, Po satisfies Po(A + SlJL1R1) = 0, and the normalization equation

SI SI

I:pje = Po I:Rje = 1,
j=O j=O

where e is a column vector of ones, and

j

Rj = II Rz, j = 0,1, ... , Sl·
z=o

D. Estimates for the order fill rate with maxImum coupling

The most simple overestimation is the minimum of all item fill rates, or more formally:
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This upper value yielded not so accurate approximations and was therefore discarded.

Another approximation for the pair fill rate comes from Song (1998). The pair fill rate for pair

{i, j} with unequal lead times, F~i,j}, is given below. Please note that Li < Lj and l:!.j = Lj - Li.

min{Si,Sj }-1

F~i,j}(sILi' l:!.j) = I: g(kl,\ij Li)G(Si - k -11,\iL)G(sj - k - 11,\jL + (,\i,j + ,\j)l:!.j) (13)
k=O

G(-Ia) and g(-Ia) denote the cdf and pmf of the Poisson distribution with parameter a. Equation

(??) is the pair fill rate for the case with backlogging. This value has to be converted to a value

that approximates the lost sales case. The main difference between backlogging and lost sales is

that the number of outstanding orders can increase to infinity with backlogging, but it restricted to

Si with lost sales. If one calculates the probability that the number of outstanding orders is smaller

than or equal to Si for at least one component, one accounts for this difference. By dividing the

probability of Equation (71) by this normalizing value, one obtains an approximation for the pair

fill rate.

F{i,j} = L:~~{si,Sj}-l g(kl,\ijLi)G(Si - k - 11,\iL)G(sj - k - 11,\jL + (,\i,j + ,\j)l:!.j)

L:~~{Si,Sj} g(kl,\ijLi)G(Si - k -11,\iL)G(sj - k -11,\jL + (,\i,j + ,\j)l:!.j)
(14)

Unfortunately the performance of this overestimation is also not very accurate. When this value is

used in the approximation, the approximations deviate too much from the value that is obtained

with simulation.
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E. Code algorithm Matlab Estimate 2

function fillrateexp = fillrate4

% Number of components

N=6;

% Number of demand streams
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D=(2-(N))-1;

% Vector of base stock levels of components

s=[1711 22 11 68 27];

% Vector with repair rates of components

Mu=[l 1 1 1 0.25 0.25];

% Total aggregate demand rate

LA = 16;

% Vector with demand probabilities of all demand streams

q= [0 0 0 0 0 000 0 000 0 0 0 0 0 0.1 0.15 0.3 0 000 0 0 0 0 0.2 0 0 0 0 0 0 0 0.1 00 0 0 0 0 0 0.05 0 0 0

000000000000000.1];

%--Translation of total system into pair ij~

Estimate2=1;

One=l

%In this part the components to form pair ij are selected

while One<N

Two=One+1

while Two < (N+1)

qi=O;

qj=O;

qij=O;

qtilde=O;

% In this part the demand probabilities are determined for the adjusted system

i=l;

while i«D+1)

j=N;

x=i;

v=zeros(l,N);

while j>=O
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if x - (2-(j-l)) >= D

v(l,j)=I;

x=x-(2-(j-l));

end

j=j-l;

end

if(v(I,One)==I)&(v(I,Two)==D)

qi=qi+q(l,i);

end

if(v(I,One)==D)&(v(I,Two)==I)

qj=qj+q(l,i);

end

if(v(I,One)==I)&(v(I,Two)==I)

qij=qij+q(l,i);

end

i=i+l;

end

qtilde=qi+qj+qij

% PART 1

% This are the input variables to calculate the F-{ij}

% Please note that 1 and 2 are used in stead of i and j

Mul = Mu(I,One)

Mu2 = Mu(I,Two)

La = qtilde*LA

Lal = (qi/qtilde)*La

La2 = (qj/qtilde)*La

La12 = (qij/qtilde)*La

sl = s(I,One)

s2 = s(I,Two)

%-- PART 2 ---

% In this part the matrices A, AD and Al are generated.

ill = sl+l;

n = s2+1;
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A = zeros(n,n);

AD = zeros(n,n);

Al = zeros(n,n);

% This part creates matrix A.

for i = l:n;

ifi == 1

j = i;

A(i,j) = -La;

j = j+l;

A(i,j) = La2;

end

if (i > 1) & (i < n)

j = i-I;

A(i,j) = j*Mu2;

j = j+l;

A(i,j) = -(La+(i-l)*Mu2);

j = j+l;

A(i,j) = La2;

end

if i == n

j = i-I;

A(i,j) = j*Mu2;

j = j+l;

A(i,j) = -(Lal+LaI2+(i-l)*Mu2);

end

end

% This part creates matrix AD.

for i = l:n;

if i < n

j = i;

AD(i,j) = Lal;

j = j+l;

AD(i,j) = La12;

end

ifi == n
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j = i;

AO(i,j) = Lal+LaI2;

end

end

% This part creates matrix AI.

Al=A+AO;

%-- PART 3 ----

sl, ... R O. These

% matrices are combinations of the matrices A, AO and AI. First, R sl is calculated

% and then R sl-1 is calculated. This process is continued till R 1 (recursive process).

% R 0 is simply the identity matrix. Temp and Time are auxiliary matrices,

% used to store the values of R matrices in the recursive process.

1= eye(n,n);

sl

Temp = -AO * inv(Al-sl*Mul*1);

R...sl = ['R.',int2str(sl),' = Temp'];

eval(R...sl)

for (k > 0) and (k < sl)

k = sl -1;

while k > 0

Time = -AO * inv((A-(k*Mul*1))+(k+l)*Mul*Temp);

Recursive_R = ['R',int2str(k),' = Time '];

eval(Recursive_R)

Temp = Time;

% This matrix will be used to determine p O.

if k == 1

Final = A + Mul*1*Temp;

end

k = k-l;

end

o
R_O = eye(n,n);
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% A normalization constraint is required in order to be able to obtain the solution of

% our system. To determine the values of the normalization constraint, we

% need to calculate R hat 0 to R hat s1. R hat i = R O*R 1* ... R s1.

% Each Rhatk is multiplied with a column vector with only ones (size (s2+1)),

% we then get R hat v. These values are added one by one to our normalization vector,

% Normal.

v = ones(n,l);

Normal = zeros(n,l);

% This loop calculates all Khat k values, multiplies them with the column vector and

% adds them to the Normal vector. R hat is an auxiliary matrix that stores

% the multiplication of ROup to R j.

for k = O:sl

j = sl;

Temp = -AO * inv(A1-s1 *Mu1*I);

RJ.iat = I;

% This part calculates the R hat k values.

if k == 0

RJ.iat = I;

end

while (k = 0) & (j > 0)

if j = sl

Time = -AO * inv((A-(j*Mu1*I))+(j+1)*Mu1*Temp);

Temp = Time;

end

if j <= k

RJ.iat = RJ.iat * Temp;

end

j = j -1;

end

rJ.iat = ['KhaL',int2str(k),' = Khat 'J;
eval(r J.iat);

% R hat k is multiplied with the column vector.

RJ.iat-y = RJ.iat * v;
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% R hat v is added to the normalization vector.

Normal = Normal + Rl1at-Y;

end

% This part replaces the last column of the Final matrix with the values of the

% normalization vector, now called Fina12.

Final2 = Final;

for k = l:n

Final2(k,n) = Normal(k,l);

end

% The Final matrix is transposed to allow for solving the system.

Final3 = Final2';

% 1 (normalization).

b = zeros(n,l);

b(n,l)=l;

% Solve the system Final3 * p °= b.

p_O = Final3\b;

%-PART4--

% Transpose p

1 to p s1.

p_o = p_O';

tp =p_O;

P = zeros(m,n);

% Add the values of pO to the matrix P.

for i=l:n

P(l,i)=p_O(l,i);

end

% This parts determines p 1 to p s1. R k is required to calculate p k;

% p k = R k * p (k-l). First, Rk is again calculated.
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% This value is then multiplied with p(k-l).

for k =1:sl

1 = k+l;

j = sl;

Temp = -AO * inv(Al-sl*Mul*1);

% This part calculate Rk.

while j >= k

if j = sl

Time = -AO * inv((A-(j*Mul*1))+(j+l)*Mul*Temp);

Temp = Time;

end

j = j -1;

end

% This part calculate p k.

Result = tp * Temp;

tp = Result;

steady = ['p_',int2str(k),' = Result'];

eval(steady) ;

% This part adds the probabilities to the P matrix.

for i=l:n

P(l,i)=Result(l,i) ;

end

end

1, F 2 and F 12) are calculated.

F_l = 1;

F_2 = 1;

F _12 = 1;

for i = l:n;

end

for i = l:m;

end

for i = l:m;
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ifi==m

for j = 1:s2;

F _12 = F _12 - P(m,j);

end
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I

I
I
I

if F _12<Estimate2

Estimate2=F_12

end

Two=Two+1

end

One=One+1

end

Estimate2
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F. Detailed results verification study - Test bed 1 and 2

Table 1: Detailed results Approximation 1 Test bed 1 - Symmetric instances
Parameter setting Results low service instance Results high service instance

Inkl N k >'k CD k F k ~ pl,k F k ~ pl,k

2 3 4 0.8 0.8195 -0.0024 0.8171 0.9506 -0.0009 0.9497

0.5 0.8480 -0.0018 0.8462 0.9542 0.0000 0.9542

0.2 0.8087 -0.0004 0.8083 0.9726 -0.0001 0.9724

8 0.8 0.8022 -0.0043 0.7979 0.9610 -0.0010 0.9601

0.5 0.8257 -0.0010 0.8248 0.9565 0.0001 0.9565

0.2 0.8100 0.0006 0.8106 0.9597 0.0006 0.9603

16 0.8 0.8037 -0.0036 0.8001 0.9519 -0.0009 0.9510

0.5 0.8025 -0.0004 0.8021 0.9586 -0.0001 0.9585

0.2 0.8150 0.0005 0.8156 0.9539 0.0003 0.9542

3 4 4 0.8 0.8368 0.0087 0.8455 0.9588 0.0043 0.9631

0.5 0.8206 0.0080 0.8285 0.9655 0.0030 0.9685

0.2 0.8505 0.0055 0.8560 0.9494 0.0005 0.9499

8 0.8 0.8201 -0.0038 0.8163 0.9639 -0.0017 0.9622

0.5 0.8180 0.0068 0.8248 0.9576 0.0030 0.9605

0.2 0.8043 0.0035 0.8079 0.9509 0.0022 0.9531

16 0.8 0.7978 -0.0178 0.7801 0.9596 -0.0003 0.9592

0.5 0.8262 0.0116 0.8378 0.9581 0.0006 0.9588

0.2 0.8057 0.0061 0.8118 0.9496 0.0029 0.9524

3 7 4 0.8 0.8020 0.0100 0.8120 0.9592 0.0029 0.9621

0.5 0.7972 0.0082 0.8054 0.9570 0.0029 0.9599

0.2 0.8433 0.0048 0.8480 0.9758 0.0009 0.9767

8 0.8 0.8114 0.0080 0.8194 0.9595 0.0009 0.9604

0.5 0.8347 0.0105 0.8451 0.9614 0.0033 0.9647

0.2 0.8506 0.0055 0.8561 0.9606 0.0011 0.9617

16 0.8 0.7950 -0.0051 0.7899 0.9529 0.0051 0.9581

0.5 0.8167 0.0100 0.8267 0.9526 0.0038 0.9564

0.2 0.8273 0.0043 0.8316 0.9594 0.0016 0.9610

5 6 4 0.8 0.8188 0.0044 0.8232 0.9530 0.0059 0.9589

0.5 0.8050 0.0023 0.8074 0.9547 0.0064 0.9611

0.2 0.8048 0.0062 0.8110 0.9569 0.0027 0.9596

8 0.8 0.8285 0.0081 0.8366 0.9555 0.0044 0.9598

0.5 0.7968 0.0033 0.8002 0.9573 0.0055 0.9629

0.2 0.8270 0.0054 0.8324 0.9526 0.0040 0.9565

16 0.8 0.8142 -0.0115 0.8026 0.9582 0.0072 0.9654

0.5 0.8181 0.0244 0.8425 0.9497 0.0097 0.9594

0.2 0.8215 0.0067 0.8282 0.9582 0.0034 0.9616
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Table 2: Detailed results Approximation 1 Test bed 1 - Asymmetric instances
Parameter setting Results low service instance Results high service instance

lOki Nk ),k CD k Fk ~ pl,k Fk ~ pl,k

2 3 4 0.8 0.8026 0.0025 0.8001 0.9518 0.0013 0.9505

0.5 0.8195 0.0022 0.8173 0.9524 0.0000 0.9524

0.2 0.8141 0.0001 0.8140 0.9631 -0.0003 0.9633

8 0.8 0.8055 0.0057 0.7998 0.9586 0.0014 0.9572

0.5 0.8317 0.0018 0.8299 0.9581 0.0003 0.9578

0.2 0.8193 -0.0004 0.8197 0.9629 0.0005 0.9624

16 0.8 0.8154 0.0027 0.8127 0.9543 0.0004 0.9539

0.5 0.8170 0.0012 0.8159 0.9603 0.0003 0.9600

0.2 0.8121 -0.0005 0.8126 0.9630 0.0005 0.9625

2 3 4 0.8 0.8250 0.0041 0.8209 0.9647 -0.0006 0.9653

0.5 0.8159 0.0016 0.8142 0.9554 0.0001 0.9553

0.2 0.7998 0.0008 0.7990 0.9580 0.0000 0.9580

8 0.8 0.8047 0.0045 0.8002 0.9534 0.0013 0.9521

0.5 0.8245 0.0015 0.8229 0.9559 0.0001 0.9558

0.2 0.8012 0.0004 0.8008 0.9605 0.0007 0.9597

16 0.8 0.8067 0.0038 0.8029 0.9545 0.0007 0.9538

0.5 0.8214 0.0018 0.8196 0.9598 0.0003 0.9595

0.2 0.7992 -0.0003 0.7994 0.9591 -0.0001 0.9593

3 4 4 0.8 0.8147 0.0005 0.8142 0.9660 0.0020 0.9640

0.5 0.8214 -0.0144 0.8358 0.9660 -0.0041 0.9701

0.2 0.8081 0.0012 0.8069 0.9523 0.0000 0.9523

8 0.8 0.8175 0.0207 0.7968 0.9666 0.0033 0.9633

0.5 0.8172 -0.0123 0.8296 0.9614 0.0017 0.9597

0.2 0.8323 -0.0003 0.8326 0.9551 -0.0023 0.9574

16 0.8 0.8055 0.0160 0.7895 0.9510 -0.0023 0.9533

0.5 0.8126 -0.0141 0.8267 0.9529 -0.0061 0.9590

0.2 0.8075 -0.0062 0.8138 0.9582 -0.0020 0.9602

3 4 4 0.8 0.8166 0.0139 0.8027 0.9578 -0.0021 0.9599

0.5 0.8005 -0.0067 0.8072 0.9563 -0.0010 0.9572

0.2 0.8187 -0.0065 0.8252 0.9488 -0.0001 0.9490

8 0.8 0.8057 0.0010 0.8047 0.9614 -0.0001 0.9615

0.5 0.8136 -0.0091 0.8227 0.9612 0.0016 0.9596

0.2 0.8084 -0.om8 0.8122 0.9500 -0.0026 0.9527

16 0.8 0.8180 -0.0130 0.8310 0.9533 -0.0037 0.9570

0.5 0.8080 -0.0081 0.8162 0.9559 -0.0009 0.9567

0.2 0.8069 -0.0065 0.8134 0.9582 -0.0023 0.9605

3 4 4 0.8 0.8107 0.0010 0.8097 0.9513 -0.0069 0.9582

0.5 0.8113 -0.0089 0.8202 0.9593 -0.0044 0.9638

0.2 0.8214 -0.0056 0.8270 0.9546 0.0002 0.9544

8 0.8 0.8090 0.0141 0.7949 0.9503 0.0049 0.9454

0.5 0.8238 -0.0161 0.8399 0.9594 -0.0036 0.9630

0.2 0.8129 -0.0085 0.8213 0.9682 -0.0019 0.9701

16 0.8 0.8028 0.0175 0.7853 0.9559 0.0035 0.9524

0.5 0.8268 -0.0140 0.8408 0.9666 -0.0026 0.9692

0.2 0.8081 -0.0089 0.8170 0.9629 -0.0015 0.9643
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Table 3: Detailed results Approximation 1 Test bed 2
Parameter setting Results low service instance Results high service instance

lOki N k )'k CD k pk ~ pl,k pk ~ pl,k

4 5 3.2 0.48 0.8459 0.0038 0.8497 0.9512 -0.0021 0.9491

6.5 0.48 0.8403 0.0045 0.8449 0.9551 0.0018 0.9569

13.0 0.48 0.8096 0.0399 0.8495 0.9490 0.0045 0.9535

4 6 4.0 0.57 0.8398 0.0076 0.8883 0.9588 0.0035 0.9623

8.0 0.57 0.9169 -0.0106 0.9063 0.9560 -0.0061 0.9499

16.0 0.57 0.8500 0.0023 0.8523 0.9569 0.0000 0.9569

6 7 4.0 0.53 0.8117 0.0161 0.8278 0.9535 0.0047 0.9582

8.0 0.53 0.8213 0.0314 0.8527 0.9605 0.0062 0.9666

16.0 0.53 0.7997 0.0538 0.8535 0.9499 0.0120 0.9619

Table 4: Detailed results Approximation 2 Test bed 1 - Symmetric instances
Parameter setting Results low service instance Results high service instance

1
0k

I
Nk )'k CD k pk ~ p2,k pk ~ p2,k

2 3 4 0.8 0.8195 -0.0024 0.8171 0.9506 -0.0009 0.9497

0.5 0.8480 -0.0018 0.8462 0.9542 0.0000 0.9542

0.2 0.8087 -0.0004 0.8083 0.9726 -0.0001 0.9724

8 0.8 0.8022 -0.0043 0.7979 0.9610 -0.0010 0.9601

0.5 0.8257 -0.0010 0.8248 0.9565 0.0001 0.9565

0.2 0.8100 0.0006 0.8106 0.9597 0.0006 0.9603

16 0.8 0.8037 -0.0036 0.8001 0.9519 -0.0009 0.9510

0.5 0.8025 -0.0004 0.8021 0.9586 -0.0001 0.9585

0.2 0.8150 0.0005 0.8156 0.9539 0.0003 0.9542

3 4 4 0.8 0.8368 0.0087 0.8455 0.9588 0.0043 0.9631

0.5 0.8206 0.0080 0.8285 0.9655 0.0030 0.9685

0.2 0.8505 0.0055 0.8560 0.9494 0.0005 0.9499

8 0.8 0.8201 -0.0038 0.8163 0.9639 -0.0017 0.9622

0.5 0.8180 0.0068 0.8248 0.9576 0.0030 0.9605

0.2 0.8043 0.0035 0.8079 0.9509 0.0022 0.9531

16 0.8 0.7978 -0.0178 0.7801 0.9596 0.0001 0.9597

0.5 0.8262 0.0116 0.8378 0.9581 0.0006 0.9588

0.2 0.8057 0.0061 0.8118 0.9496 0.0029 0.9524

3 7 4 0.8 0.8020 0.0078 0.8098 0.9592 0.0026 0.9617

0.5 0.7972 0.0063 0.8036 0.9570 0.0025 0.9595

0.2 0.8433 0.0022 0.8454 0.9758 0.0006 0.9764

8 0.8 0.8114 0.0058 0.8172 0.9595 0.0005 0.9600

0.5 0.8347 0.0089 0.8435 0.9614 0.0029 0.9643

0.2 0.8506 0.0031 0.8536 0.9606 -0.0008 0.9614

16 0.8 0.7950 -0.0070 0.7880 0.9529 0.0045 0.9574

0.5 0.8167 0.0085 0.8252 0.9526 0.0034 0.9560

0.2 0.8273 0.0018 0.8291 0.9594 0.0009 0.9603

5 6 4 0.8 0.8188 0.0044 0.8232 0.9530 0.0059 0.9589

0.5 0.8050 0.0023 0.8074 0.9547 0.0064 0.9611

0.2 0.8048 0.0062 0.8110 0.9569 0.0027 0.9596

8 0.8 0.8285 0.0081 0.8366 0.9555 0.0044 0.9598

0.5 0.7968 0.0033 0.8002 0.9573 0.0055 0.9629

0.2 0.8270 0.0054 0.8324 0.9526 0.0040 0.9565

16 0.8 0.8142 -0.0115 0.8026 0.9582 0.0072 0.9654

0.5 0.8181 0.0244 0.8425 0.9497 0.0097 0.9594

0.2 0.8215 0.0067 0.8282 0.9582 0.0034 0.9616
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Table 5: Detailed results Approximation 2 Test bed 1 - Asymmetric instances
Parameter setting Results low service instance Results high service instance

lOki N k )'k CD k pk ~ ft2,k pk ~ ft 2 ,k

2 3 4 0.80 0.8026 0.0025 0.8001 0.9518 0.0013 0.9505

0.50 0.8195 0.0022 0.8173 0.9524 0.0000 0.9524

0.20 0.8141 0.0001 0.8140 0.9631 -0.0003 0.9633

8 0.80 0.8055 0.0057 0.7998 0.9586 0.0014 0.9572

0.50 0.8317 0.0018 0.8299 0.9581 0.0003 0.9578

0.20 0.8193 -0.0004 0.8197 0.9629 0.0005 0.9624

16 0.80 0.8154 0.0027 0.8127 0.9543 0.0004 0.9539

0.50 0.8170 0.0012 0.8159 0.9603 0.0003 0.9600

0.20 0.8121 -0.0005 0.8126 0.9630 0.0005 0.9625

2 3 4 0.80 0.8250 0.0041 0.8209 0.9647 -0.0006 0.9653

0.50 0.8159 0.0016 0.8142 0.9554 0.0001 0.9553

0.20 0.7998 0.0008 0.7990 0.9580 0.0000 0.9580

8 0.80 0.8047 0.0045 0.8002 0.9534 0.0013 0.9521

0.50 0.8245 0.0015 0.8229 0.9559 0.0001 0.9558

0.20 0.8012 0.0004 0.8008 0.9605 0.0007 0.9597

16 0.80 0.8067 0.0038 0.8029 0.9545 0.0007 0.9538

0.50 0.8214 0.0018 0.8196 0.9598 0.0003 0.9595

0.20 0.7992 -0.0003 0.7994 0.9591 -0.0001 0.9593

3 4 4 0.80 0.8147 0.0005 0.8142 0.9660 0.0020 0.9640

0.50 0.8214 -0.0144 0.8358 0.9660 -0.0041 0.9701

0.20 0.8081 0.0012 0.8069 0.9523 0.0000 0.9523

8 0.80 0.8175 0.0207 0.7968 0.9666 0.0033 0.9633

0.50 0.8172 -0.0123 0.8296 0.9614 0.0017 0.9597

0.20 0.8323 -0.0003 0.8326 0.9551 -0.0023 0.9574

16 0.80 0.8055 0.0160 0.7895 0.9510 -0.0023 0.9533

0.50 0.8126 -0.0141 0.8267 0.9529 -0.0061 0.9590

3 4 4 0.80 0.8166 0.0139 0.8027 0.9578 -0.0021 0.9599

0.50 0.8005 -0.0067 0.8072 0.9563 -0.0010 0.9572

0.20 0.8187 -0.0065 0.8252 0.9488 -0.0001 0.9490

8 0.80 0.8057 0.0010 0.8047 0.9614 -0.0001 0.9615

0.50 0.8136 -0.0091 0.8227 0.9612 0.0016 0.9596

0.20 0.8084 -0.0038 0.8122 0.9500 -0.0026 0.9527

16 0.80 0.8180 -0.0130 0.8310 0.9533 -0.0037 0.9570

0.50 0.8080 -0.0081 0.8162 0.9559 -0.0009 0.9567

0.20 0.8069 -0.0065 0.8134 0.9582 -0.0023 0.9605

3 4 4 0.80 0.8107 0.0010 0.8097 0.9513 -0.0069 0.9582

0.50 0.8113 -0.0089 0.8202 0.9593 -0.0044 0.9638

0.20 0.8214 -0.0056 0.8270 0.9546 0.0002 0.9544

8 0.80 0.8090 0.0141 0.7949 0.9503 0.0049 0.9454

0.50 0.8238 -0.0161 0.8399 0.9594 -0.0036 0.9630

0.20 0.8129 -0.0085 0.8213 0.9682 -0.0019 0.9701

16 0.80 0.8028 0.0175 0.7853 0.9559 0.0035 0.9524

0.50 0.8268 -0.0140 0.8408 0.9666 -0.0026 0.9692

0.20 0.8081 -0.0089 0.8170 0.9629 -0.0015 0.9643
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Table 6: Detailed results Approximation 2 Test bed 2
Parameter setting Results low service instance Results high service instance

lOki N k .xk CD k F k l> p2,k F k l> p2,k

4 5 3.2 0.48 0.8459 0.0043 0.8502 0.9512 -0.0020 0.9492

6.5 0.48 0.8403 0.0050 0.8453 0.9551 0.0020 0.9571

13.0 0.48 0.8096 0.0412 0.8507 0.9490 0.0047 0.9537

4 6 4.0 0.57 0.9169 -0.0086 0.9082 0.9560 -0.0053 0.9506

8.0 0.57 0.8500 0.0076 0.8576 0.9569 0.0017 0.9586

16.0 0.57 0.8187 0.0435 0.8622 0.9524 0.0037 0.9561

6 7 4.0 0.53 0.8117 0.0141 0.8258 0.9535 0.0042 0.9577

8.0 0.53 0.8213 0.0291 0.8504 0.9605 0.0057 0.9662

16.0 0.53 0.7997 0.0557 0.8554 0.9499 0.0150 0.9648

G. Detailed settings - Test bed 3 and 4

Table 1: Detailed settings Test bed 3
loki N k .xk CD k CLk c k CD;;'ax C~ax Slow Shigh

2 3 4 0.80 0.50 0.40 1.00 0.50 (5,17) (7,21)

0.50 0.50 0.25 1.00 0.50 (5,13) (6,18)

0.20 0.50 0.10 1.00 0.50 (4,12) (6,14)

8 0.80 0.50 0.40 1.00 0.50 (9,28) (12,35)

0.50 0.50 0.25 1.00 0.50 (8,22) (10,29)

0.20 0.50 0.10 1.00 0.50 (7,19) (9,25)

16 0.80 0.50 0.40 1.00 0.50 (17,49) (21,61)

0.50 0.50 0.25 1.00 0.50 (13,43) (18,50)

0.20 0.50 0.10 1.00 0.50 (11,37) (14,46)

3 4 4 0.80 0.75 0.60 1.00 0.75 (5,9,15) (7,11,18)

0.50 0.75 0.38 1.00 0.75 (4,7,11) (6,9,13)

0.20 0.75 0.15 1.00 0.75 (4,6,9) (6,7,12)

8 0.80 0.75 0.60 1.00 0.75 (9,14,26) (12,18,30)

0.50 0.75 0.38 1.00 0.75 (7,11,19) (9,14,23)

0.20 0.75 0.15 1.00 0.75 (6,9,16) (7,12,20)

16 0.80 0.75 0.60 1.00 0.75 (16,24,49) (19,31,56)

0.50 0.75 0.38 1.00 0.75 (11,20,35) (14,24,41)

0.20 0.75 0.15 1.00 0.75 (9,16,29) (12,19,34)

5 6 4 0.80 0.63 0.50 1.00 0.63 (5,5,5,7,12) (6,6,6,10,18)

0.50 0.63 0.31 1.00 0.63 (4,4,4,5,9) (5,5,5,7,12)

0.20 0.63 0.13 1.00 0.63 (3,3,3,5,8) (4,4,4,7,10)

8 0.80 0.63 0.50 1.00 0.63 (8,8,8,12,21) (10,10,10,15,27)

0.50 0.63 0.31 1.00 0.63 (6,6,6,8,15) (7,7,7,12,20)

0.20 0.63 0.13 1.00 0.63 (5,5,5,7,11) (6,6,6,9,15)

16 0.80 0.63 0.50 1.00 0.63 (14,14,14,20,38) (16,16,16,26,47)

0.50 0.63 0.31 1.00 0.63 (9,9,9,15,26) (11,11,11,18,32)

0.20 0.63 0.13 1.00 0.63 (7,7,7,13,21) (9,9,9,15,24)
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Table 2: Detailed settings Test bed 4
Inkl N k j,k CD k CLk Ck CD;;'ax C~ax Slow Shigh

4 5 3.6 0.48 0.68 0.33 0.59 0.45 (5,7,4,5) (6,8,5,7)

7.2 0.48 0.68 0.33 0.59 0.45 (7,10,5,9) (9,12,6,10)

14.4 0.48 0.68 0.33 0.59 0.45 (12,15,7,12) (15,20,11,15)

4 6 4.0 0.57 0.38 0.21 0.71 na (5,6,4,16) (6,8,5,20)

8.0 0.57 0.38 0.21 0.71 na (8,10,6,28) (9,12,6,36)

16.0 0.57 0.38 0.21 0.71 na (12,15,8,56) (15,20,11,63)

6 7 4.0 0.53 0.27 0.14 0.72 0.22 (5,4,7,4,12,4) (6,5,9,5,16,6)

8.0 0.53 0.27 0.14 0.72 0.22 (8,6,11,6,19,7) (10,8,12,8,27,9)

16.0 0.53 0.27 0.14 0.72 0.22 (14,9,17,9,33,12) (17,11,22,11,38,15)

H. Detailed results verification study - Test bed 3 and 4

Table 1: Detailed results Approximation 1 Test bed 3
Parameter setting Results low service instance Results high service instance

Inkl N k j,k CD k pk Ll pl,k pk Ll pl,k

2 3 4 0.8 0.8150 -0.0020 0.8130 0.9559 -0.0003 0.9556

0.5 0.8295 -0.0019 0.8276 0.9548 -0.0005 0.9543

0.2 0.8155 -0.0011 0.8143 0.9524 -0.0011 0.9513

8 0.8 0.8112 -0.0025 0.8086 0.9602 -0.0004 0.9598

0.5 0.7997 -0.0018 0.7979 0.9547 -0.0005 0.9542

0.2 0.7995 -0.0019 0.7976 0.9568 -0.0005 0.9562

16 0.8 0.8017 -0.0025 0.7992 0.9545 -0.0004 0.9540

0.5 0.8069 -0.0015 0.8054 0.9548 -0.0002 0.9546

0.2 0.8001 -0.0010 0.7991 0.9544 -0.0001 0.9543

3 4 4 0.8 0.8175 0.0214 0.8390 0.9525 0.0089 0.9615

0.5 0.7996 0.0130 0.8126 0.9483 0.0037 0.9520

0.2 0.8283 0.0050 0.8333 0.9609 -0.0006 0.9603

8 0.8 0.8086 0.0210 0.8297 0.9509 0.0030 0.9539

0.5 0.8063 0.0141 0.8204 0.9511 0.0045 0.9556

0.2 0.8128 0.0068 0.8196 0.9525 0.0016 0.9541

16 0.8 0.8061 0.0134 0.8195 0.9551 0.0054 0.9605

0.5 0.8079 0.0168 0.8247 0.9512 0.0053 0.9565

0.2 0.8095 0.0071 0.8165 0.9544 0.0021 0.9565

5 6 4 0.8 0.8034 0.0250 0.8284 0.9557 0.0046 0.9603

0.5 0.8201 0.0138 0.8338 0.9599 0.0067 0.9667

0.2 0.8080 0.0074 0.8154 0.9555 0.0032 0.9587

8 0.8 0.8094 0.0253 0.8348 0.9573 0.0100 0.9674

0.5 0.8137 0.0144 0.8282 0.9586 0.0052 0.9638

0.2 0.8142 0.0058 0.8200 0.9557 0.0040 0.9597

16 0.8 0.8034 0.0134 0.8168 0.9578 0.0111 0.9690

0.5 0.8100 0.0280 0.8380 0.9527 0.0090 0.9617

0.2 0.8117 0.0090 0.8207 0.9550 0.0040 0.9591
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Table 2: Detailed results Approximation 1 Test bed 4
Parameter setting Results low service instance Results high service instance

Inkl N k j.k CD k F k A pl,k F k A pl,k

4 5 3.2 0.48 0.8894 0.0109 0.9003 0.9731 0.0051 0.9781

6.5 0.48 0.8700 0.0222 0.8922 0.9572 0.0113 0.9685

13.0 0.48 0.7734 0.0341 0.8075 0.9540 0.0060 0.9600

4 6 4.0 0.57 0.8398 0.0076 0.8883 0.9588 0.0035 0.9623

8.0 0.57 0.8319 0.0166 0.8188 0.9540 0.0102 0.9643

16.0 0.57 0.8122 0.0323 0.8289 0.9550 0.0050 0.9601

6 7 4 0.53 0.8109 0.0332 0.8440 0.9509 0.0049 0.9558

8.0 0.8032 0.0375 0.8407 0.9563 0.0057 0.9620

16.0 0.8013 0.0458 0.8470 0.9535 0.0088 0.9623

Table 3: Detailed results Approximation 2 Test bed 3
Parameter setting Results low service instance Results high service instance

Inkl N k j.k CDk Fk A p2,k Fk A p2,k

2 3 4 0.80 0.8150 -0.0020 0.8130 0.9559 -0.0003 0.9556

0.50 0.8295 -0.0019 0.8276 0.9548 -0.0005 0.9543

0.20 0.8155 -0.0011 0.8143 0.9524 -0.0011 0.9513

8 0.80 0.8112 -0.0025 0.8086 0.9602 -0.0004 0.9598

0.50 0.7997 -0.0018 0.7979 0.9547 -0.0005 0.9542

0.20 0.7995 -0.0019 0.7976 0.9568 -0.0005 0.9562

16 0.80 0.8017 -0.0025 0.7992 0.9545 -0.0004 0.9540

0.50 0.8069 -0.0015 0.8054 0.9548 -0.0002 0.9546

0.20 0.8001 -0.0010 0.7991 0.9544 -0.0001 0.9543

3 4 4 0.80 0.8175 0.0214 0.8390 0.9525 0.0089 0.9615

0.50 0.7996 0.0130 0.8126 0.9483 0.0037 0.9520

0.20 0.8283 0.0050 0.8333 0.9609 -0.0006 0.9603

8 0.80 0.8086 0.0210 0.8297 0.9509 0.0030 0.9539

0.50 0.8063 0.0141 0.8204 0.9511 0.0045 0.9556

0.20 0.8128 0.0068 0.8196 0.9525 0.0016 0.9541

16 0.80 0.8061 0.0134 0.8195 0.9551 0.0054 0.9605

0.50 0.8079 0.0168 0.8247 0.9512 0.0053 0.9565

0.20 0.8095 0.0071 0.8165 0.9544 0.0021 0.9565

5 6 4 0.80 0.8034 0.0250 0.8284 0.9557 0.0046 0.9603

0.50 0.8201 0.0138 0.8338 0.9599 0.0067 0.9667

0.20 0.8080 0.0074 0.8154 0.9555 0.0032 0.9587

8 0.80 0.8094 0.0253 0.8348 0.9573 0.0100 0.9674

0.50 0.8137 0.0144 0.8282 0.9586 0.0052 0.9638

0.20 0.8142 0.0058 0.8200 0.9557 0.0040 0.9597

16 0.80 0.8034 0.0134 0.8168 0.9578 0.0111 0.9690

0.50 0.8100 0.0280 0.8380 0.9527 0.0090 0.9617

0.20 0.8117 0.0090 0.8207 0.9550 0.0040 0.9591
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Table 4: Detailed results Approximation 2 Test bed 4
Parameter setting Results low service instance Results high service instance

lOki N k 5.k CD k F k D. p2,k F k D. p2,k

4 5 3.2 0.48 0.8894 0.0071 0.8965 0.9731 0.0039 0.9770

6.5 0.48 0.8700 0.0153 0.8853 0.9572 0.0090 0.9661

13.0 0.48 0.7734 0.0242 0.7976 0.9540 0.0049 0.9588

4 6 4.0 0.57 0.8398 0.0076 0.8883 0.9588 0.0035 0.9623

8.0 0.57 0.8319 0.0166 0.8188 0.9540 0.0102 0.9643

16.0 0.57 0.8122 0.0323 0.8289 0.9550 0.0050 0.9601

6 7 4.0 0.50 0.8109 0.0261 0.8369 0.9509 0.0035 0.9544

8.0 0.50 0.8032 0.0303 0.8334 0.9563 0.0045 0.9608

16.0 0.50 0.8013 0.0444 0.8456 0.9535 0.0106 0.9641
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