
 Eindhoven University of Technology

MASTER

An analytical approach to the solution of a model for one-dimensional persistence-driven
durotaxis

Tumelaire, J.M.

Award date:
2020

Awarding institution:
Brandeis University

Link to publication

Disclaimer
This document contains a student thesis (bachelor's or master's), as authored by a student at Eindhoven University of Technology. Student
theses are made available in the TU/e repository upon obtaining the required degree. The grade received is not published on the document
as presented in the repository. The required complexity or quality of research of student theses may vary by program, and the required
minimum study period may vary in duration.

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain

https://research.tue.nl/en/studentTheses/ed157819-d12b-4375-a5c2-08cfb38494a9


An analytical approach to the
solution of a model for

one-dimensional persistence-driven
durotaxis

J.M. Tumelaire

April 7, 2020

Eindhoven University of Technology
Department of Applied Physics

&

Brandeis University
Department of Mathematics

Supervisors
Kees Storm (TU/e)
Paul van der Schoot (TU/e)
Thomas Fai (Brandeis University)



Abstract

In this report, we study the motion of active walkers moving on a substrate with a
varying persistence time, resulting in durotactic transport. This durotactic transport is
evidenced by the mean displacement of the walkers, which increases with time. We inves-
tigate the underlying temporal regimes of motion of this durotactic transport using three
different methods. First, we construct a discrete model which directly prodices the mean
displacements for very short times. This discrete model is in agreement with an analyt-
ical expression for the short time, so-called ’wave-dominated’ limit. Second, numerical
calculations on an inhomogeneous continuous persistent random walk model yield results
consistent with diffusive behavior at the longest time scales. In-between these two time
ranges, we report a steep increase with time of the mean displacement value in both the
discrete model and the numerical calculations. This intermediate regime is the one in
which the durotactic transport is most prominently manifested. Lastly, we introduce an
approach based on a hierarchy of equations derived from a perturbation expansion of the
solution for uniformly persistent substrates. This method can lead to an analytical expres-
sion for the mean displacement value, elucidating the underlying principles of motion in
the intermediate time regime. We demonstrate how to solve some, but not yet all, of the
integrals required for this full analytical solution. Our work further clarifies the physical
principles of persistence-based durotaxis, and points the way to further research, in which
systematic approximations of the full solution may be found by solving the hierarchical
perturbation theory up to increasingly high orders.
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Figure 1: Directed motion of E. coli. When chemicals impinge on the cell surface (A), they
activate receptors that send out a signal inside the cell (B), which is transferred to the flagellum
(C), which then activates proteins that alter the rotation of the flagellum (D), to direct the
cell towards or away from the chemical gradient [9].

1 Introduction

1.1 Directed cell motion

Directed cell motion in Nature facilitates the cell’s health and survival [1, 2]. Upon fully un-
derstanding all underlying mechanisms, directed motion enables full control over the motion
of cells over a substrate. Full control of cell motion allows for a variety of applications, such
as drug delivery only to the target tissue and separating healthy cells from dysfunctional cells
[3, 4, 5, 6, 7].

A well understood and general type of directed cell motion is chemotaxis, where the directed
motion is caused by a chemical gradient and the cell is able to direct its motion up or down the
chemical gradient [8]. The chemical gradient can, for example, point to a source of nutrients,
or to a toxic region; the directed motion towards or away from such regions helps in keeping
the cell healthy and alive [1]. Illustrated in Figure 1, E. coli bacteria use the rotation of their
flagella to facilitate chemotaxis [8, 9, 10].

The cell membrane of E. coli contains many different receptors. When a chemical species
interacts with a specific receptor, it sends out a signal. This signal is relayed to proteins
associated with the bacteria’s flagellum, which causes a change in direction of the rotation
of the flagellum. This causes the bacteria to spin around for a while (the tumble phase),
until the flagella rotate coherently again and the bacteria once again swims straight (the run
phase). By varying the length of the run phase depending on the direction of the gradient,
the overall motion of E. coli is redirected towards, or away from a (chemical) source.

In vivo, the (directed) motion of a general motile cell needs a structure to move the cell
through the organic tissue. This structure is provided by the extracellular matrix (ECM) and
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is formed by all non-cellular components that are present in tissues and organs [11]. Each
tissue has an ECM consisting of a unique and heterogeneous composition and topology. The
main structural elements of any ECM are of the collagen family that, among other processes,
support chemotaxis and other types of cell motion [12].

Collagens are fibrous proteins that do not only provide tissues with tensile strength so that
cells can exert tractions, they also act as adhesion proteins for the regulation of cell adhesion
that is involved in cell migration through the ECM [13, 14, 15]. The entire process of (directed)
cell motion is facilitated by a variety of bi-directional and complex interactions between the
cell and the ECM, which is specified in more detail in the next section [16].

1.2 Durotaxis

Inhomogeneous stiffness, or deformability, of the extracellular matrix induces a specific in-
teraction between the cell and the extracellular matrix, which supports directed cell motion.
This type of directed motion has, to our knowledge, never been shown to occur in bidirec-
tionally (i.e., towards or away from sources) and appears to be universal, i.e. always to occur
in the same direction: From the soft and deformable parts of a substrate to the stiffer parts
of a substrate [17, 18, 4]. This type of directed (cell) motion is referred to as durotaxis, with
duro originating from the Latin word durus, meaning rigid and taxis, the Greek word for
arrangement and is the general term for motion towards or away from a stimulus [19, 20, 21].

Understanding and obtaining the mechanisms behind durotaxis by the use of a substrate
of varying stiffness leads the way to controlled cell motion, predictable in its orientation of
direction, by varying the substrate stiffness, i.e. an external parameter.

As is briefly mentioned in the previous section, cell adhesions support cell migration through
the ECM. Cells form adhesive structures to the ECM, mediated by integrin adhesion recep-
tors, which allow the cell to sense properties of its surroundings [22]. An example is the
sensing of the (inhomogeneous) stiffness of the ECM. Not every aspect in the variety of in-
teractions between the cell and the ECM in durotactic motion is known. We know that cells
attach and detach differently on a stiffer substrate, yet it is not fully understood how cells are
able to dynamically change their direction based on the sensing of a difference in elasticity or
stiffness [16, 7].

Investigating all the relevant mechanisms leading to durotactic motion would require an ex-
tensive number of experiments due to the large number of protein interactions and pathways
involved. However, even without such detailed experimental input, the resulting net transport
of cells on a substrate with inhomogeneous stiffness substrate can be quantified and studied.

Figure 2 shows the motion of cells on an inhomogeneous stiffness substrate, obtained in a
classic experiment by Lo et al. [23]. In the same Figure, a simplified two-dimensional model
of the experiment is sketched. In the experiment, a 3T3 fibroblast cell is released on one side
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Figure 2: Durotactic transport. (a) Simplified model of the durotaxis experiment in (b). The
black line indicates the net transport of the cell by the mean displacement 〈x〉 (t), indicating
increased net transport in time in the x-direction as a result of the stiffness gradient in this
direction. (b) A 3T3 cell in an experimental set-up, released on the soft side, directed towards
the increased gradient region in the middle of the substrate, crossing the boundary to end at
the stiff side [23].

of a substrate consisting of flexible polyacrylamide sheets coated with type I collagen. The
cell moves on top of this polyacrylamide, exploring a two-dimensional space while sensing the
mechanical properties of the supporting material that we will refer to as the substrate. A
stiffness gradient is introduced in the center of the substrate by a discontinuity in concen-
tration of a bis-acrylamide cross-linker. Images are captured using fluorescence illumination.
The density of the embedded fluorescent beads in the substrate capture the stiffness gradient
of the substrate in the image.

Keep in mind, that during the motion of the cell through the ECM the cell changes its (local)
environment and causes the composition and topology of the ECM to change dynamically.
In general, the durotaxis experiment should last no longer than 24 hours, in order to prevent
significant modification of the substrate by the cells.

The discontinuity in substrate stiffness forms a boundary that is crossed by the 3T3 cell and
induces a directed motion from the soft to the stiff side. A similar classic experiment has
confirmed that cells released at the stiff side tend to stay at the stiff side [23]. This net
transport is quantified by the so-called mean displacement 〈x〉(t). This quantity is obtained
by averaging over the position of many cells at a time t, but for the current illustration in
Figure 2 is shown for a single cell.

As mentioned above, to quantify transport we need to conduct the experiment many times.
By the variety of interactions involved, this might lead to a significant experimental error.
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Using an analytical approach in terms of the mean displacement indicated in Figure 2, the
transport can be uniquely quantified by only capturing the durotactic behavior and transport
of a cell moving over a substrate with inhomogeneous stiffness. The presumed universality
of durotaxis discussed above allows for a mathematical transport model that, when solved,
is able to describe any kind of durotaxis experiment. This strong hypothesis can be tested
by performing many different experiments and compare to the mathematical transport model.

In this research, we aim to formulate and solve such a model in terms of the mean displacement
〈x〉 (t) to quantify transport. We aim to couple the quantification to characteristic types of
motion, to reveal the mechanics involved in durotactic cell motion.

1.3 Current state of research

In previous studies on transport of cells undergoing durotaxis, researchers noted a relevant
additional property of the cellular motion itself. Cells tend to move more persistently, i.e.
in the same direction for longer periods, on stiffer substrates [24, 25]. Follow up research by
Novikova et al. suggests that durotaxis is a necessary consequence of the persistent motion
of cells [17, 18].

As mentioned before, the durotactic transport towards the stiffer side is quantified by the
mean displacement 〈x〉 (t). Persistent motion, on its own, is a non-directed form of motion,
i.e. it does not result in net transport, averaged over many realizations. Hence, the mean
displacement of cells over the substrate 〈x〉 = 0. Placed on a substrate with inhomogeneous
stiffness, however, persistence-driven durotactic motion does become directional and gives a
non-zero mean displacement 〈x〉 (t), as illustrated in Figure 2.

In addition, the mean displacement reveals underlying characteristic types of motion for
persistence driven durotaxis. The dependencies are compared to known time dependencies
〈x〉 (t) of different characteristic types of motion, such as 〈x〉 ∝ t2 for wave-like propagation
and 〈x〉 ∝ t for ballistic motion.

The time dependence of the mean displacement is expected to differ on timescales relative to
the persistence time, which is the characteristic timescale in a persistent process. The per-
sistence time τp in a purely persistent system marks the transition from ballistic to diffusive
motion. In a persistence-driven durotactic system, the persistence time is expected to mark
the transition from motion that displays a high influence of the stiffness on the motion of the
cell towards a decrease in the influence of the stiffness on the motion.

For t � τp, where τp depends on the system values defined in section 2.1, the cells are ex-
pected not to react to the gradient in stiffness as much. The transport, expressed in the mean
displacement 〈x〉 (t), is expected to grow slower or even drop in value. This regime is a low
transport time regime. The slow rise and eventual drop have been verified in a numerical
study for persistence-driven durotaxis on a two-dimensional substrate with a linearly increas-
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ing gradient region [17, 18].

The numerical study indicates a high rise in transport on short times, i.e. at t � τp, where
the cells are expected to highly react to the local stiffness gradient of the substrate due to
many crossings of the local jump in persistence. Though the numerical study does show a
sharp growth in the time dependence of the mean displacement 〈x〉 (t), it does not reveal a
clear quantification of the dependence. In this study, we quantify the time dependence of the
mean displacement and the underlying mechanisms of durotactic transport in the short- and
long time limit and the dependence of this scaling in time on the total difference in persistence.

One analytical model that was shown to be consistent with experiments for two-dimensional
cell motion in absence of gradients is the Persistent Random Walk (PRW) model [26]. A
one-dimensional inhomogeneous PRW model for the incorporation of inhomogeneous stiffness
is derived by Novikova et al. [17, 18]. This persistence-driven durotaxis model models the
inhomogeneously stiff environment by choosing a spatially varying one-dimensional turning
frequency that is inversely proportional to the persistence time.

In Figure 3 we show results on a numerical calculation of the persistence-driven durotaxis
model, which includes five different linearly increasing profiles of the substrate stiffness, mod-
elled by decreasing persistence. A linear gradient profile is used, which in previous research
on different shapes of the stiffness profile is reported to result in the sharpest and highest rise
in the mean displacement in persistence-driven durotaxis [27].

The graphs in Figure 3 show a steeper rise of the one-dimensional mean displacement 〈x〉 (t)
with time for the higher steepnesses of the linear gradient profile. In other words, a steeper
increase in the stiffness leads to more efficient transport.

Previous numerical research on a linearly increasing stiffness gradient over one direction of
a two-dimensional substrate indicated a crossover in qualitative behavior of the probability
distribution as a function of displacement [17, 18]. The study reports diffusive motion on
the softer side, and wave-like propagation on the stiffer side. The mean displacement 〈x〉 (t)
follows from the probability distribution P (x, t), and is therefore expected to show scaling
with time that matches to the qualitative behavior of P (x, t).

Altogether, we expect wave-like behavior for the mean displacement 〈x〉 (t) at times t � τp

with a steep rise in the mean displacement 〈x〉 (t) due to a high reaction of the cells to the
inhomogeneous stiffness profile. At times t � τp, we expect to obtain diffusive scaling with
time for the mean displacement 〈x〉 (t), with a slow rise in time by a low reaction of the cells
far away from the discontinuity in the stiffness profile.
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Figure 3: Increasing steepness of the stiffness profile shows a sharper rise in the mean dis-
placement 〈x〉 (t) for durotactic motion. The model varies stiffness by persistence, indicated
by the five reversed stiffness profiles on the right, matching in color to the according mean
displacement graph on the left. The arrow indicates the increase of steepness of the profile.
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1.4 Research goal

Comparing the behavior in Figure 3 to our expectations about the qualitative behavior of the
mean displacement in different time regimes leads to the following research goal; we aim to
analytically solve a mathematical one-dimensional model for persistence-driven durotaxis in
terms of the mean displacement 〈x〉 (t) to:

1) Quantify the time scaling behavior of durotactic transport, expressed in the mean dis-
placement, for the steepest linear profile of stiffness shown in Figure 3.

2) Identify the characteristic types of motion that give rise to the scaling behaviors from
1). We expect the mean displacement in the tail of the black graph in Figure 3 to match
with a wave-like mean displacement. We expect the slow growth of the same graph of
the mean displacement on longer times to match to (inhomogeneous) diffusion behavior.

3) Quantify the crossover between the two timescaling regimes in 2) in relation to the
persistence time(s) in the system.

We use the one-dimensional Persistence-Driven Durotaxis (PDD) model, constructed by
Novikova et al. [17, 18]. So far, no analytical solution to the PDD model is known. We
aim to obtain the analytical solution, specifically for the case of a step function profile of
stiffness to mimic the steepest linear stiffness profile.

As was mentioned in the previous section, the PDD model is an inhomogeneous Persis-
tent Random Walk (PRW) model that is based on a homogeneous PRW model. Both
(in)homogeneous PRW models, and the solution to the homogeneous PRW, are derived in
Chapter 2. Based on the inhomogeneous PRW model, a discrete model for the direct deriva-
tion of the mean displacement is derived in Chapter 3. The model is solved and gives an
analytical expression for the mean displacement in the short time regime, or tail, shown in
Figure 3.

In Chapter 4, we solve the PDD model numerically, which quantifies the time dependencies
of the mean displacements on longer time regimes which shows to be diffusive. The crossover
time regime is discussed in terms of the persistence time. Together with the discrete model,
the underlying mechanisms of durotactic transport can be explained on the shortest and
longest time regimes.

The mechanisms involved in the intermediate, strongly durotactic transport time regime, re-
main unknown and are of great interest for the application in experiments of control of cell
motion. An analytical solution to the PDD model in this time regime is required to get a full
understanding of durotactic transport mechanisms. We obtained a way to restate the PDD
model in terms of another variable that defines the problem, namely the flux of the transport.

The flux has one closed equation that is derived in section 5.1. In general, we show how
to get from the solution to the flux equation to the analytical expression for the mean dis-
placement 〈x〉 (t) in section 5.2. In section 5.3, we set up a mathematical framework by a
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perturbation method that structurally approaches the solution to the flux equation, and from
there, eventually, the solution for the expression of the mean displacement 〈x〉 (t). In section
5.4, we show some preliminary analytical results in terms of the flux and some preliminary
numerical results on the mean rate of displacement ∂

∂t 〈x〉 (t) following from the solution to
the flux equation. The preliminary results in terms of both the flux and the mean rate of
displacement are compared to a fully numerical solution.
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2 Theory

Continuum descriptions of one-dimensional Persistent Random Walks (PRWs) give differen-
tial equations for the evolution of the probability distribution P (x, t), which describes the
quasi-random motion of walkers on a line. This differential equation describes a directed
transport process when the average displacement 〈x〉 (t) is nonzero.

In the upcoming sections, we derive PRW models for a homogeneously stiff substrate, as
well as for the inhomogeneous case of a one-dimensional stiffness gradient. To capture the
coupling between stiffness and persistence, we introduce the turning frequency λ, which is
defined as the average number of reversals per unit time of a walker. The turning frequency
is constant for a homogeneously stiff substrate, on which walkers have a propensity to reverse
direction that is independent of position. The turning frequency depends on the stiffness, and
therefore on a substrate with a spatial gradient in stiffness, the turning frequency depends
on the walker’s position on the line. When λ depends on x, this asymmetry in the degree of
persistence results in durotactic motion. The distribution of walkers over the line P (x, t) is
skewed in the direction of the gradient, resulting in a non-zero mean displacement 〈x〉 (t).

The one-dimensional (in)homogeneous PRW model is derived below and the derivation forms
the basis for the model in Chapter 3, which directly derives the mean displacement on short
timescales. The inhomogeneous PRW model is numerically solved in Chapter 4 and analyt-
ically approximated in Chapter 5. A rescaled, dimensionless continuum equation is derived
for each case and for the homogeneously stiff substrate we derive the solution to the rescaled
continuum equation.

2.1 The homogeneous PRW model

In this section, we present the homogeneous one-dimensional Persistent Random Walk (PRW)
model, following its description in the paper of Codling et al. [28]. We rescale the existing
PRW model to obtain the dimensionless version of the model. From the dimensionless model
follows the dimensionless inhomogeneous PRW model that is presented in the next section.

To model one-dimensional persistent motion, we first introduce two separate populations
of pointlike movers, which we will refer to as walkers. The instantaneous density of right-
moving walkers is α+(x, t), with dimension [1/m], and instantaneous density of left-moving
walkers is α−(x, t). The sum of these two walker densities gives the probability density
P (ξ, θ) = α+(ξ, θ) + α−(ξ, θ), from which all quantities that characterize the spreading of
walkers over the one-dimensional substrate may be obtained. The most important of these
quantities is the mean walker displacement, for which we present results in Chapter 3 and
Chapter 4.

Every walker propagates over the line, traveling one spatial step size δ during one time step
τ . All walkers therefore have a finite speed v = δ/τ . The finite speed of the walkers be-
comes important later on, when we derive the continuum differential equation for the walker
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Figure 4: The homogeneous, discrete turning frequency profile of the homogeneous PRW
model, consisting of constant values of the turning frequency λ at every discrete point with
stepsize δ on the spatial x-axis.

densities—because of it, solutions to the equations must obey causality relations reflecting
the fact that no walker can travel a distance further than ∆xmax = vt in a time t.

The turning frequency λ, with dimension [1/t], as introduced before is the frequency with
which a walker changes direction per unit time. Thus, given the time step τ we know that λτ
is the probability of turning after each step. Consequently, in a physical system, the turning
frequency λ must be a positive number, and a fully persistent system has λ = 0. In the fully
persistent system, the walkers keep walking in the same direction as their start direction and
never change direction. For a homogeneously stiff substrate, both the right moving walkers
α+(x, t) and the left moving walkers α−(x, t) have a homogeneous turning frequency λ, inde-
pendent of space or time [28]. A sketch of the discrete λ profile is shown in Figure 4. A lower
turning frequency λ means the walker turns less often, and therefore means it persists in its
direction for longer periods of time; this is the one-dimensional equivalent of the persistence
time which is therefore inversely related to λ [17].

In a 1D persistent random walk, a walker walking to the right at time t + τ was at time
t either moving to the left and has turned (which happens with probability λτ), or it was
moving to the right and did not turn (which happens with probability (1− λτ). A sketch of
the turning process for a right walker α+(x, t + τ) that continued moving to the right from
α+(x − δ, t) or turned from moving to the left α−(x − δ, t), is shown in Figure 5. A similar
process can be written down for the left walker α−(x, t+ τ). The evolution of the right- and
left walking densities α+ and α− at time (t+ τ) is thus expressed as

α+(x, t+ τ) = (1− λ τ)α+(x− δ, t) + λ τ α−(x− δ, t), (2.1a)

α−(x, t+ τ) = (1− λ τ)α−(x+ δ, t) + λ τ α+(x+ δ, t) . (2.1b)

We expand Equation 2.1 to first order in x and t, assuming contributions involving products
of the small variables τ and δ to be negligible. Next, we let τ and δ go to zero, while keeping
the speed v = δ/τ of individual walker densities constant. Setting constant speed is a nec-
essary constraint when uniquely modelling persistence by one variable, namely the turning
frequency process.
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Figure 5: A persistent random walk on a one-dimensional discrete substrate with time- and
displacement steps δ and τ . A walker α+ (blue) walking to the right at time t+ τ was at time
t either moving to the left and turned with probability λ in green, or was moving to the right
and did not turn, with probability (1− λ τ) in red.

Non-constant speed models, such as what in literature is referred to as the ”velocity jump”
process, selects a random speed, rather than using a turning frequency, at every step in the
system to model persistence, where the velocity can also have a reversed sign to reverse the
direction of the walker [29, 30]. This is a fundamentally different process than the turning
frequency process, which in fact uses a persistence time to model persistence.

By defining a constant and finite speed v ≡ δ
τ that does not exceed the maximum continuum

displacement per time by setting α± = 0 for |x| > vt, ensures both a unique determination
of the state of the walker densities and conservation of causality in the continuum system.

The continuum limit for homogeneous λ, and a constant finite propagation speed v yields the
inhomogeneous transport equations for α+(x, t) and α−(x, t),

∂α+

∂t
= −v ∂α

+

∂x
+ λ (α− − α+), (2.2a)

∂α−

∂t
= v

∂α−

∂x
+ λ (α+ − α−). (2.2b)

Note that λ in Equation 2.2 is, though continuous, still a constant independent of x, as in
Figure 4.

We now extend the existing derivation presented above that results in Equation 2.2 by rescal-
ing the equation to its dimensionless form, to reveal which combinations of parameters char-
acterize the evolution of α+(x, t) and α−(x, t). We use the spatial mean value of the turning
frequency profile λ, with dimension [1/t], as scaling parameter; in the homogeneous case this
simply equals the constant λ itself, but when we turn to the spatially varying λ profiles we
will need some average to set the scale.
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The rescaled position x and time t are given by

x =
v

λ
ξ,

t =
1

λ
θ.

(2.3)

The dimensionless position ξ and the dimensionless time θ are used in the remaining theory
and give the rescaled equations,

∂α+

∂θ
= −∂α

+

∂ξ
+
λ

λ
(α− − α+), (2.4a)

∂α−

∂θ
=
∂α−

∂ξ
+
λ

λ
(α+ − α−), (2.4b)

where for the homogeneous λ profile we have λ
λ

= 1. The dimensionless walker densities

α±(ξ, θ) are the implicitly rescaled versions of α±(x, t), rescaled as α±(ξ, θ) = v
λ
α±(x, t), to

make the equations dimensionless. For amplification, a causality condition needs to be put
in by hand. Rescaling the equation, and effectively v, alters the causality condition to its
dimensionless form, given by α±(ξ, θ) = 0 for |ξ| > θ.

The rescaled, dimensionless coupled equations of the right- and left walker densities α+(ξ, θ)
and α−(ξ, θ) in Equation 2.4 for the constant λ profile, where λ

λ
= 1, consequently do not

depend on λ. The transport is not quantified by the value of the persistence, modelled by λ.
Constant λ, and thereby constant persistence, results in symmetric spreading of the walker
densities over the substrate, reflected by the symmetry of the dimensionless probability dis-
tribution P (ξ, θ) = P (−ξ, θ).

The differential equation for the total 1D dimensionless probability density P (ξ, θ) = α+(ξ, θ)+
α−(ξ, θ) is obtained by adding the Equations (2.4) and subsequently differentiating with re-
spect to θ,

∂2(α+ + α−)

∂θ2
=

∂

∂θ

∂(α− − α+)

∂ξ
. (2.5)

Next, we need an expression for the right hand side of Equation 2.5. Therefore, we subtract
(2.4a) from (2.4b), and differentiate with respect to ξ,

∂2(α− − α+)

∂θ∂ξ
=
∂2(α+ + α−)

∂ξ2
− 2

∂(α− − α+)

∂ξ
. (2.6)

We then substitute (2.6) into (2.5) and eliminate the single ξ derivative in the right hand side
of Equation 2.6 using

∂(α− − α+)

∂ξ
=
∂(α+ + α−)

∂θ
, (2.7)

to obtain a dimensionless equation for the total probability density P (ξ, θ) for the homoge-
neously stiff substrate description,

∂2P

∂θ2
=
∂2P

∂ξ2
− 2

∂P

∂θ
. (2.8)
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This equation is in literature known as the telegraph equation and represent in this form
signal transmission in a cable with an ideal vacuum (zero conductance) as dielectric [31]. A
solution to this equation is discussed in section 2.1.1. The solution shows symmetric spreading
of the distribution by the homogeneous turning frequency profile [32].

In addition to the sum of left- and right walkers, there is a second quantity that may be
used to state the full problem, namely the difference between α+(ξ, θ) and α−(ξ, θ). We
call this variable j(ξ, θ) = α+(ξ, θ) − α−(ξ, θ), and in Chapter 5 we will interpret it as the
dimensionless flux. For the homogeneous telegraph equation with non-zero conductance (2.8)
it is know that the equation for the second variable j(ξ, θ) is the same as the Equation 2.8 for
P (ξ, θ) = α+(ξ, θ)+α−(ξ, θ) [31]. Though the equation for j(ξ, θ) is generally not considered in
the literature on homogeneously persistent motion, we show in Chapter 5 that the equation
plays an important role in the path towards an analytical solution for the dimensionless
inhomogeneous PRW model. For the dimensionless homogeneous PRW model, we leave it as
an exercise to the reader to obtain the equation for j(ξ, θ), given by,

∂2j

∂θ2
=
∂2j

∂ξ2
− 2

∂j

∂θ
. (2.9)

The telegraph equations 2.8 and Equation 2.9 in non-rescaled form and for the use of persis-
tent motion is derived by Codling et al [28]. We now discuss on some relevant properties of
the telegraph equation when used to model persistent motion.

Equation 2.8 and Equation 2.9 are sometimes also referred to as the damped wave equation
[33]. The equation has a contribution that is related purely to the wave equation and an
additional term, ∂P∂θ , which can be interpreted as a dissipative friction term, causing the wave
to decay. The friction term has a constant prefactor of two, indicating uniform decay of the
wave in the case of homogeneous stiffness or persistence λ. The friction term can also be
interpreted as the contribution of the diffusion equation ’hidden’ in (2.8). In the Results
Chapter 4, we show that the wave-like and the diffusion-like nature of the underlying pro-
cesses of motion manifest themselves as dominant on different time scales.

The persistence time τp is related to these timescales. As mentioned in the Introduction
Chapter 1, the persistence time marks the crossover between ballistic and diffusive motion.
For the dimensionless homogeneous PRW model in one spatial dimension, the dimensionless
persistence time is related to the mean value of the turning frequency as [28],

τp =
1

2λ
. (2.10)

The relation shows that when fewer turns are being made by the walkers, whereby λ = λ is
lower, the value of the persistence time is higher. The lower the value of λ, the longer the
transition from ballistic to diffusive takes longer.
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There are a few constraints on Equation 2.8 when the equation is applied to a physical system.
We will now discuss these constraints, from which the initial and boundary conditions on the
probability density P (ξ, θ) follow. The conditions for j(ξ, θ) are discussed in Chapter 5, when
we further elaborate on the properties of the flux.

When applied to the study of particle motion, the initial condition represents the initial
density distribution of the walkers. We will assume a simple initial distribution,

P (ξ, 0) = δ(ξ) , (2.11)

which initially (θ = 0) places all the walkers at ξ = 0. The definition of the δ distribution
that is used in this report is stated in Appendix A. The solution for the initial δ distribution
and that of an asymmetric initial condition is discussed shortly in section 2.1.1.

The dimensionless probability distribution P (ξ, θ), and therefore the damped wave equation
or telegraph Equation 2.8, should conserve the normalization of the initial condition. As
derived in Appendix B, the equation conserves the normalization of the initial condition
when

∂P

∂ξ
= 0 on ξ = ±∞. (2.12)

Noted earlier, the causality condition needs to be put in by hand. Equation 2.8 is the equation
for a constant propagation speed of the walker densities and we need to enforce causality into
the system for the sum of these walker densities P (ξ, θ) by putting an extra constriction on
the boundary condition by,

P (ξ, θ) = 0 for |ξ| > θ. (2.13)

For an initially normalized distribution that is defined everywhere on the spatial axis, both
Equation 2.12 an Equation 2.13 are needed to conserve both the normalization and the causal-
ity condition. Equation Equation 2.12 holds for the initial δ distribution (2.11) used through-
out this report.

As was discussed above, Equation 2.8 is sometimes referred to as a damped wave equation,
for which the solution is expected to include (left- and right-)advected and attenuated copies
of the initial condition. By putting in an asymmetric initial condition, we can test this char-
acteristic behavior that leads to an asymmetric probability density P (ξ, θ). The asymmetry
is not a result of durotactic transport in the system, since the turning frequency profile is
homogeneous. To capture uniquely the durotactic transport in the case of an inhomogeneous
turning frequency profile, we use a symmetric initial condition.

Equation 2.8 is a second order differential equation and therefore requires a second initial
condition for P (ξ, θ). We start out with a non-decayed distribution that is not propagating
yet, by stating,

∂P (ξ, θ)

∂θ
|θ=0 = 0. (2.14)
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We take a look at the solution to the equation for the probability distribution in Equa-
tion 2.8, which should show homogeneous and symmetric spreading of the walker densities
over the substrate. The general solution to the telegraph equation is known and is obtained
in an expression of non-explicit terms of the initial- and boundary conditions [34]. We put
in the boundary condition (2.12) and the second initial condition (2.14) and obtain partic-
ular solutions to the telergraph equation for several initial conditions. The derivation gives
more insight into the telegraph equation that helps in the fundamental understanding of the
inhomogeneous system in section 2.2.

2.1.1 A solution for the dimensionless homogeneous telegraph equation

We solve the telegraph equation of the form of Equation 2.8 by the Green’s function method
[34]. We give a short overview of this method here, and refer any reader that is interested in a
complete and general description of this method to Appendix C, which follows the derivation
obtained from the book by Morse and Feshbach [34]. In Appendix C, we added to the exist-
ing derivation by the specific derivation for the solution for an initial δ distribution (2.11) by
deriving the solution for an initial Gaussian distribution in the limit of small width, and an
initial asymmetric distribution studying the damped wave characteristics of the solution. The
insights obtained by solving the homogeneous telegraph equation will turn out to be useful
when we solve the inhomogeneous PRW equation.

In the derivation of the general solution of Equation 2.8, we use the following convention for
a Green’s function operator L

L =

[
∂2

∂ξ2
− 2

∂

∂θ
− ∂2

∂θ2

]
, (2.15)

which defines the differential equation for P = P (ξ, θ), and thereby also the Green’s function
G = G(ξ, θ|ξ0, θ0),

L P = −ρ(ξ, θ)

L G = −δ(ξ − ξ0)δ(θ − θ0).
(2.16)

Here, ρ(ξ, θ) is a dimensionless source term that can also be zero as is the case for Equa-
tion 2.8. The Green’s function thus describes the effect of a δ source that happened at (ξ0, θ0)
at some point (ξ, θ) later in time, and elsewhere in space. A brief overview of the mathemat-
ical derivation of Equation 2.8 using the Green’s function method is presented below. First,
a general solution is derived, after which the result for an initial δ distribution is shown [32].

Equation 2.16 leads to an integral expression for P (ξ, θ) in terms of the initial conditions at
ξ0 and θ0 = 0. We use the rescaled and dimensionless Green’s function G(ξ, θ|ξ0, θ0). We
define R = ξ − ξ0 and T = θ − θ0. The integral expression, given in non-rescaled form in
Equation C.10, is reduced by putting in ρ(ξ, θ) = 0 and the boundary condition that ensures
conserved normalization for the telegraph equation; ∂P

∂ξ = 0 on ±∞,

P (ξ, θ) =

∫ ∞
−∞

dξ0 [PG]θ0=0 +

∫ ∞
−∞

dξ0

[
G
∂P

∂θ0
− P ∂G

∂θ0

]
θ0=0

, (2.17)

15



where P = P (ξ0, θ0) and G = G(R, T ) are dimensionless functions. The expression for
G(R, T ) is derived in the book of Morse and Feshbach [34]; the explicit derivation is shown
in Appendix C,

G(R, T ) = e−T I0[
√
T 2 −R2] u(T − |R|). (2.18)

Here, I0 denotes the modified zeroth order Bessel function and u(T − |R|) is the Heaviside
step function that enforces causality in the eventual solution, similar to Equation 2.13. Both
functions, and some of their properties that are used in the remaining chapters, are stated
in Appendix A. The term u(T − |R|) originates from another term that is put in by hand
during the derivation, which enforces causality of the Green’s function. Causality for the
Green’s function ensures that an event that happens at time θ0 and location ξ0 can only have
measurable effects at times θ > θ0 and in a spatial ’light cone’ region ξ0 − (θ − θ0) < ξ <
ξ0 + (θ − θ0) . The causality condition, G = 0 at T < 0, leads to the causality condition
u(T − |R|) in Equation 2.18. Substituting Equation 2.18 into Equation 2.17 leads to an
expression for P (ξ, θ) that depends only on the initial condition P (ξ0, 0),

P (ξ, θ) = e−θ
∫ ∞
−∞

dξ0 P (ξ0, 0) I0[

√
θ2 − (ξ − ξ0)2] u(θ − |ξ − ξ0|)+ (2.19a)

θ

2
e−θ

∫ ∞
−∞

dξ0
P (ξ0, 0)√

θ2 − (ξ − ξ0)2
I1[

√
θ2 − (ξ − ξ0)2] u(θ − |ξ − ξ0|)+ (2.19b)

1

2
e−θ

∫ ∞
−∞

dξ0 P (ξ0, 0) I0[

√
θ2 − (ξ − ξ0)2] δ (θ − |ξ − ξ0|), (2.19c)

where I1 is the modified first order Bessel function, defined in Appendix A.

The solution to Equation 2.19 for a δ-distributed initial condition P (ξ0, 0) = δ(ξ0) is known
in literature and given by [32],

P (ξ, θ) =
1

2
e−θ

{(
I0[
√
θ2 − ξ2] +

θ√
θ2 − ξ2

I1[
√
θ2 − ξ2]

)
u(θ − |ξ|) + δ(ξ − θ) + δ(ξ + θ)

}
.

(2.20)

The limit of this solution for θ → 0 is equal to δ(ξ), easily obtained by noticing u(−|ξ|) = 0,
that also holds for a higher order expansion of the solution around θ = 0 that gives the factor
u(−|ξ|) = 0 for every order in θ.

The probability distribution P (ξ, θ) should be normalized, which we could not check by an
analytical calculation due to the complicated integrals involving Bessel functions. Closer
inspection of Equation 2.20 reveals, that the solution P (ξ, θ) contains two separate contribu-
tions, defined as

P (ξ, θ) = pturns(ξ, θ) + ppeaks(ξ, θ). (2.21)

Splitting up the solution in this way turns out to work similarly in the inhomogeneous model,
that gives more insights in the qualitative behavior of the distribution, discussed in 3.2.
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The contribution ppeaks(ξ, θ) is given by,

ppeaks(ξ, θ) =
1

2
e−θ {δ(ξ − θ) + δ(ξ + θ)} . (2.22)

Without the exponential prefactor, this is simply the solution to the wave equation with ini-
tial conditions P (ξ0, 0) = δ(ξ0) and ∂P (x0,0)

∂θ = 0 [33]. The δ peaks are wavefronts that decay
in time, with the overall decay term e−θ of the total solution P (ξ, θ).

The other contribution to the total probability distribution P (ξ.θ) consists of the overall
decay term e−θ and of Bessel functions,

pturns(ξ, θ) =
1

2
e−θ

(
I0[
√
θ2 − ξ2] +

θ√
θ2 − ξ2

I1[
√
θ2 − ξ2]

)
u(θ − |ξ|). (2.23)

The two contributions represent distinct behavior of the walker densities, which are qualified
by looking at Figure 6. The Figure shows the decay and spread of the total probability dis-
tribution P (ξ, θ) for an initial narrowly peaked Gaussian distribution.

The analytical expression for the initial narrowly peaked Gaussian is derived in Appendix
C.3.1 using a saddle point approximation, expanding around zero width of the distribution.
The analytical solution for the initial narrowly peaked Gaussian has two contributions, as in
the solution for P (ξ, θ) for the initial δ distribution, shown in Equation 2.21. These peaks
retain the shape of the initial condition, akin to what happens in the pure wave equation 1.

We verified that the plots of the solution P (ξ, θ) for the expansion up to first order coincide
with the plots of the solution for the initial δ distribution. For the initial δ distribution, the
wavefronts are δ peaks given by Equation 2.22. The peaks in the total distribution for any
initial condition represent the distribution of walkers that do not turn during their motion
over the substrate. The distribution in between these peaks is due to walkers that have at
least turned once. Without the ability of the walkers to turn, pturns(ξ, θ) is zero and only the
distribution of the walker densities that do not turn remains.

As mentioned before, both contributions in Equation 2.21 decay in time. This is due to the
increasing amount of walker densities that have turned, resulting in a spread of the walker
densities, and thereby of P (ξ, θ), over a larger domain of the substrate. Both effects—the
decay of the probability distribution and its spreading over the substrate—are still symmetric,
due to the homogeneous turning frequency λ. This results in a strictly zero mean displace-
ment 〈x〉 (t). Based on the decay and the existing knowledge on pure persistent motion, we
expect wave-like behavior on short times, on which relatively few walkers have turned. This

1We tested the wave-like character of the probability distribution P (ξ, θ) in Appendix C.3.2, where an
asymmetric perturbation on a symmetric initial condition is made that is put into Equation 2.19. The asym-
metric initial condition turns up at the causality fronts in the same shape but has attenuated by friction. This
shows the damped wave character of the motion of the walker densities. The solution includes the symmetry
of the initial condition. An asymmetry in the initial condition is a false contribution to mean displacement
that we use to mark the transport in the system.
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Figure 6: Several time steps of the distribution P (ξ, θ) of persistent motion over a 1D ho-
mogeneous substrate from a solution to the telegraph equation Equation 2.8. The distribution
spreads out over the x-axis, which is the 1D substrate.

time regime is related to the persistence time τp by t � τp. The persistence time defined in
section 1.3 as the crossover time for a pure diffusive process between ballistic and diffusive
motion and is for the homogeneous PRW model given in Equation 2.10. A diffusive time
regime is expected for t� τp, when all walkers have turned many times. The short time and
long time limit for the homogeneous case is in most literature discussed in terms of the mean
displacement, that leads to the relation with time of ballistic and diffusive behavior for the
regimes of the homogeneous telegraph equation [28].

To conclude, the extended expression of the solution P (ξ, θ) in Equation 2.20 captures the
behavior shown in Figure 6 that coincides with the underlying physics for walks on a ho-
mogeneous persistent substrate. In the next section, we derive the model for the persistent
random walk on an inhomogeneous persistent substrate. An approach to the solution of the
inhomogeneous model and the behavior of the motion are studied in Chapter 3, Chapter 4
and Chapter 5.

2.2 The inhomogeneous PRW model

In the previous section we discussed the homogeneous PRW model, where the turning fre-
quency of the walker is constant across the substrate. The resulting motion is non-directional,
with 〈x〉 (t) = 0. In this section, we derive the equations for directed motion that is induced
by a region of spatially varying, or inhomogeneous, persistence; we model this by using a
turning frequency that is position dependent. We derive a rescaled and dimensionless version
of the persistence-driven durotaxis model derived previously by Novikova et al. [17, 18].

For the position dependent, dimensionless, turning frequency λ(ξ) we choose a particular pro-
file, sketched in Figure 7. The position dependent turning frequency introduces an asymmetry
in the persistent motion of the walker densities; this asymmetry drives the durotactic motion.
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Figure 7: An inhomogeneous profile for the turning frequency λ, depending on the spatial
coordinate ξ, centered around the mean value of the profile λ.

By the sharp linear gradient in turning frequency values at ξ = 0, we expect to obtain high
durotactic transport, as was explained in section 1.3.

The derivation of an equation for the rescaled probability distribution P (ξ, θ) = α+(ξ, θ) +
α−(ξ, θ) along the same direction as in the homogeneous case gives [17, 18],

∂2(α− − α+)

∂θ∂ξ
=
∂2(α+ + α−)

∂ξ2
− 2

λ
(α− − α+)

∂λ(ξ)

∂ξ
− 2

λ(ξ)

λ

∂(α− − α+)

∂ξ
, (2.24)

where an extra derivative of the λ profile with respect to ξ has appeared compared to equation
Equation 2.6. The total dimensionless equation for the inhomogeneous probability distribu-
tion is,

∂2P

∂θ2
=
∂2P

∂ξ2
+

2

λ
j
∂λ(ξ)

∂ξ
− 2

λ(ξ)

λ

∂P

∂θ
. (2.25)

Here, j(ξ, θ) = α+(ξ, θ) − α−(ξ, θ) and forms the second variable that defines the problem,
introduced as the flux in section 2.1. We come back to the equation for this variable at the
end of this section.

Equation 2.25 is consistent with the telegraph equation in the homogeneously persistent
model, i.e. where λ(ξ) = λ = constant, as it reduces to the dimensionless homogeneous tele-
graph Equation 2.8. Compared to the damped wave equation (2.8) in the constant λ case,
the factor in front of the friction term now depends on the inhomogeneous λ profile. An
additional term in the equation is the derivative of the profile towards ξ, which is multiplied
by a term that explicitly involves the difference of the αs, j(ξ, θ) = α+(ξ, θ)− α−(ξ, θ). This
last term can not be reduced to a local expression for P (ξ, θ) = α+(ξ, θ) + α−(ξ, θ), which
renders the inhomogeneous case intrinsically different from the homogeneous situation.

To our knowledge, the dimensionless persistence-driven durotaxis (dPDD) equation has not
been solved analytically. A solution in terms of P (ξ, θ) gives insight in the mechanisms lead-
ing to an asymmetric spreading over the one-dimensional substrate. Using the same Green’s
function method to find this solution, as was done for the homogeneous case, would not work
here because of the additional term in equation Equation 2.25.
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Because of the additional term, equation Equation 2.25 is likely not the most convenient form
of the equation for further study or finding an analytical solution. The inhomogeneous case
is, for now, best described by the set of local, coupled equations

∂α+

∂θ
= −∂α

+

∂ξ
+
λ(ξ)

λ
(α− − α+),

∂α−

∂θ
=
∂α−

∂ξ
+
λ(ξ)

λ
(α+ − α−).

(2.26a)

(2.26b)

We shall call these the dimensionless coupled persistence driven durotaxis equations, or
dcPDD equations, that are identical for the flux j(ξ, θ). The coupled equations are iden-
tical to the coupled equations in the homogeneous case, despite the spatial variation in λ.

We use the dcPDD equations to perform a numerical study on the non-zero contribution
to the dimensionless mean displacement 〈ξ〉 (θ) = (λ/v) 〈x〉 (t), which is a measure of the
asymmetric spreading in P (ξ, θ). The asymmetric spreading is time dependent and is related
to the persistence time τp in the system. In the inhomogeneous case, several persistence times
can be defined, depending on the local λ value,

τp =
1

2λlocal
. (2.27)

The lowest persistence time in the system is related to the highest turning frequency in the
system and marks the offset of the system towards a system including a lot of walkers that
change direction compared to walkers making zero turns. This resambles the diffusive regime
in the homogeneous persistence case. Chapter 3 and Chapter 4 show results on the asym-
metric spread in P (ξ, θ), expressed in the temporal behavior of 〈x〉 (t) and its relation to the
different persistent times in the system.

In Chapter 5 we will show that the dimensionless equation for the flux j(ξ, θ) is a closed
inhomogeneous telegraph equation given by,

∂2j(ξ, θ)

∂θ2
− ∂2j(ξ, θ)

∂ξ2
+ 2

λ(ξ)

λ

∂j(ξ, θ)

∂θ
= 0. (2.28)

This result gives a new perspective in the search for an analytical solution to the persistence-
driven durotactic transport problem. The path towards such an analytical solution in terms
of the mean displacement is discussed in Chapter 5.

The equation for the dimensionless flux j(ξ, θ) = α+(ξ, θ)−α−(ξ, θ) has not been used in the
study of persistence driven durotaxis up until this point in the literature. We will derive this
equation in Chapter 5, and discuss the possible routes towards an analytical solution it opens
up.
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3 Discrete model for the mean displacement

In the previous chapter we discussed the inhomogeneous PRW model as a model for persistence-
driven durotactic motion. No analytical solution to this model is known and we aim to find
such a solution in terms of the mean displacement to quantify durotactic transport. Based
on the inhomogeneous PRW model, we now construct a model to directly derive the mean
displacement which will lead to an analytical expression in the short time limit. The behavior
of the mean displacement on longer timescales is addressed numerically in Chapter 4.

The discrete mean displacement follows from the computation of the probability distribu-
tion P (x, t) = P (mδ, nτ), evaluated at discrete time- and displacement steps (m and n are
integers, and δ and τ are the step length and the timestep, respectively). The probability
distribution is calculated in section 3.1, and its qualitative behavior, which indicates some of
the transport behavior, is discussed in section 3.2. In section 3.3, we calculate the discrete
mean displacement 〈x〉 (nτ) and study it for decreasing values for δ and τ , to approach the
behavior of 〈x〉 (t) in the continuum limit. The scaling behavior of 〈x〉 (t) in t in the short
time limit is discussed in section 3.4. In the same section we present an analytical expression
for the mean displacement in the short time limit, which indicates wave-like behavior for the
durotactic transport.

3.1 The discrete walker model

In this section, we derive a discrete walker model, which in the continuum limit of the model
results in an analytical expression for the mean displacement. In a specific continuum limit
the model describes the same process as the inhomogeneous PRW in section 2.2.

The discrete mean displacement follows from the computation of the discrete probability dis-
tribution P (x, t) = P (mδ, nτ) that we derive now, by an approach that is based on to the
derivation of the PRW models in Chapter 2. Different from the PRW models, which is based
on a Poisson process, we now directly derive the probabilities at each step during a discrete
walk by a binomial process. The binomial process approaches the Poisson PRW process in a
continuum limit. We will come back to this in section 3.2 [35].

The so-called attempt in this binomial process is the occurrence of a turn and the probability
of occurrence depends on the discrete turning frequency λ. Writing out the number of pos-
sibilities the walker has to end up at a specific site on the one-dimensional line allows us in
3.3 to derive an expression for the mean displacement 〈x〉 as a function of time. This forms
a more direct approach towards an analytical expression for durotactic transport.

Similarly to the PRW models discussed in the theory section 2, a walker released at x = 0
at time t = 0 has an equal probability to move to the left or to the right. At the first step,
there is no possibility for turning yet, and the walker has an equal probability of 1

2 to go to
the left or to the right. A time step τ later, the walker is at −δ or +δ and has a probability
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λτ of turning and walking in the opposite direction to end up back at x = 0. To model per-
sistence, the probability to turn is based on the previous direction of motion by λ. The total
probability P (0, 2τ) of ending up at x = 0 at time 2τ is given by (1

2 λτ + 1
2 λτ), the product

of the successive probabilities in a single trajectory, summed over all possible trajectories.

Similar to what we did in the inhomogeneous PRW model, we may instead create a varying
persistence environment where the turning probability depends on the position on the sub-
strate. The discrete turning frequency profile λ, with dimensions [1/t], is shown in Figure 8
and is defined by a higher value λ− to the left of the origin, and a lower value λ+ to the
right. Due to the inverse correspondence between persistence time and λ, the lower λ value
on the right defines a region of higher persistence, and vice-versa. We define the λ value at
the origin to be the mean; λ(0) ≡ 1

2(λ− + λ+). λ(0) is equivalent to λ of the rescaled model
discussed in the theory Chapter 2.

The profile mimics a step profile, that is discussed in section 1.3 to result in the highest
durotactic transport. In contrast to the model in section 2, we do not rescale the problem
to its dimensionless form as this model is merely constructed to gain intuitive insights on
the durotactic motion that are more easily understood in terms of real space and time. In
section 4.2.1 we rescale some of the results of this model to compare to numerical results of
the rescaled inhomogeneous PRW model.

The varying turning frequency determines the individual probabilities to go from mδ to
(m + 1)δ during a time step τ , as shown schematically in Figure 9. Following the arrows
and taking the product of the successive probabilities gives the total probability of ending up
at (mδ, nτ), where m ≤ n. Without going into the values sketched in the scheme, one can
already obtain the long time limit of this model. At every successive timestep, the share of
walkers turning increases compared to the share of walkers not turning, leading on long times
to all walkers turning most of the time. Based on this argument, the long time limit of this
model should be a diffusive-like limit. We will obtain the diffusive limit in section 4.2 for the
numerical solution to the inhomogeneous PRW model.

Applying the scheme of trajectories in Figure 9 to the inhomogeneous walker model, a walker
moving from x = ±δ to x = 0 turns during time step τ with probability λ±τ . The total
probability P (0, 2τ) of a walker at (x, t) = (±δ, τ) to move to x = 0 at 2τ , is given by
(1

2 λ
−τ + 1

2 λ
+τ). Alternatively, moving from ±δ to ±2δ requires no turning, with probability

(1 − λ±τ). The total probability P (±2δ, 2τ), to walk from (±δ, τ) to (±2δ, 2τ), is given by
(1

2 (1− λ±τ)). In general, the total probability depends on both λ+ and λ−.

We start building up the mathematical expressions for the probability according to the model
by describing the first two timesteps, at which the walker cannot cross over from the low to
the high turning frequency region, or vice versa at x = 0. In that case, and only for the first
two timesteps, the walk is similar to two separate persistent random walks with a different λ
value for each domain. We now discuss the mathematical expression for the separate binomial
distributions, which we thereafter extend to the application for the situation at later timesteps.
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Figure 8: Right: the discrete λ profile as a function of discrete x values. Left: implemented
discrete λ profile shown by varying background color. On top of the profile lie the possible
trajectories, imaged as black arrows that travel absolute distance δ per time step τ .

Figure 9: Trajectory probabilities of a walker moving over a discrete one-dimensional per-
sistence gradient substrate. Probabilities per arrow are indicated in the boxes, depending on
the previous step and on the persistence value. The product of these probabilities gives the
total probability P (mδ, nτ) for one trajectory to end up at mδ, with δ the displacement step,
during n timesteps τ and m ≤ n. Figure 8 indicates how the persistence is varied along the
one-dimensional displacement axis.
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For two separate binomial distributions, starting in either the positive (+) or negative (−)
direction, a walker ends up at some point mδ at time nτ depending on the number of turns
i that the particle has made. The resulting probabilities for the separate processes are given
by

P±(± |m| δ, nτ) =
1

2

n−1∑
i=0

(
|m| − 1

i

)
(λ±τ)i(1− λ±τ)|m|−1−i, for n > 0. (3.1)

Here, the factor of 1
2 is the homogeneous probability of the first step, where the process is

equally split into two separate binomial processes, indicated in Figure 9. The probabilities
(λ±τ) and (1− λ±τ) are that of turning and respectively not turning, depending on the λ of
the corresponding region in Figure 8.

The number of turns in each trajectory is i, and is less than n − 1, since no turning takes
place during the first step. The probabilities are evaluated for each trajectory ending at ±mδ,
where a negative (positive) m value is applied to the λ− (λ+) region. The binomial coefficient(|m|−1

i

)
takes the number of possible configurations for each trajectory into account. A sum

over all possible trajectories during n timesteps results in the overall probability distribution
P±(mδ, nτ) of the two separate binomial distributions to be at mδ on the substrate at nτ . We
stress that this is the Equation for the probability distribution for only the first two timesteps,
graphically shown in Figure 8.

If the Equation were to apply for times greater than 2τ , when during a walk the particle can
explore both persistence regions, one has to keep track of the particle’s location to apply the
correct value of λ at each turn i. Writing out for every step will eventually give the correct
expression for each step, though the cumulative process gets more and more complicated to
calculate at longer times. We now continue building up the model for a few more timesteps
to gain fundamental and qualitative insights on walkers in the inhomogeneous environment
in a short time regime. For a larger numbers of timesteps, Equation 3.1 is applied in an
automated module for the calculation of the mean displacement in section 3.3 and results are
discussed in section 3.4.

During the successive timesteps in the model shown in Figure 8, the walker may cross x = 0
after t = 2τ , to walk from the low to the high turning frequency region, or vice versa and
the walker is able to explore both the low- and high- persistence region during one walk.
The probability distribution P (mδ, nτ) can consist of mixed terms in λ± as soon as a walker
crosses the λ value at the origin, λ(0). As a reminder, the turning frequency at the origin is
defined as λ(0) ≡ 1

2(λ−+ λ+). The values for λ± in Equation 3.1 need to be corrected to the
local value for λ at each step along a trajectory, since the process is no longer that of two
separate binomial distributions with a predefined local λ value.

Writing out the trajectories by hand, including the ones that can explore both persistence re-
gions, with the individual probabilities as shown in Figure 9, gives the probabilities P (mδ, nτ)
to end up at some discrete point mδ at time nτ . For each time step we list all possible values of
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Table 1: Table of all nonzero probabilities for each time step to end up at mδ. On even (odd)
time steps the walker can only end up at even (odd) values of δ.

0 τ P (0, 0) = 1

1 τ P (0, τ) = 0
P (±δ, τ) = 1

2

2 τ P (0, 2τ) = 1
2(λ− + λ+)

P (±δ, 2τ) = 0
P (±2δ, 2τ) = 1

2(1− λ±τ)

3 τ P (±δ, 3τ) = 1
2(1− λ±τ)λ±τ + λ∓τ(1− λ(0)τ) + 1

2λ
∓τλ(0)τ

P (±3δ, 3τ) = 1
2(1− λ±τ)(1− λ±τ)

4 τ P (0, 4τ) = λ−τ(1− λ(0)τ)λ+τ + 1
2(λ−)2τ2λ(0)τ + (λ+)2τ2λ(0)τ + 1

2(1− λ+τ)2λ+τ+
1
2(1− λ−τ)2λ−τ

P (±2δ, 4τ) = 1
2(1− λ(0)τ)λ∓τ(1−± τ) + 1

2λ
±τλ(0)τ(1− λ±τ) + 1

2(1− λ±τ)2λ±τ +
1
2(1− λ±τ)(λ±)2τ2

P (±4δ, 4τ) = 1
2(1− λ±τ)(1− λ±τ)(1− λ±τ)

mδ to work our way towards an expression for the mean displacement 〈x〉 (nτ). Table 1 shows
the probabilities of the combined trajectories to end up at mδ for the first n = 0, 1, 2, 3, 4
time steps. The walker starts is at x = 0 on t = 0 with probability one, and cannot end up at
x = 0 after one time step τ , i.e. P (0, τ) = 0. A similar alternating effect is true for any time
step: for even τ values n, no particle can be present at even values for δ steps m. Likewise,
the walker can only end up at odd δ values m at odd time steps n. This odd-even effect,
indicated in Table 1, will disappear in the continuous limit as δ → 0 and τ → 0.

In the next section, we start the by studying the qualitative behavior of P (mδ, nτ), based
on the model and the results given in Table 1. Subsequently, we derive 〈x〉 (t), which follows
from P (mδ, nτ), to quantify the expected qualitative behavior.

3.2 Qualitative behavior of the discrete probability distribution

In this section we focus on the qualitative behavior of the probability distribution for the
discrete model derived in the previous section. We speculate on fundamental insights on the
short and long time behavior of the inhomogeneous distribution that can be tested by the
evaluation of the mean displacement. The expression for the mean displacement is derived in
section 3.3 and its behavior is discussed in section 3.4.

With Table 1, following from the model in Figure 9, we first investigate the qualitative short
time behavior of P (mδ, nτ) towards the continuum limit. After one timestep, the walker can
end up at ±δ with equal probabilities 1

2 . The equal splitting can be compared to a wave
equation that starts with a symmetric distribution that is split up into two counterpropa-
gating wavefronts. The wavefronts propagate without turns at the fronts of the causality
domain. The causality fronts in the model are intrinsic to the model since m ≤ n; this forms
a causality cone analogous to the one specified for the continuum PRW models of Chapter 2,
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which in that case needed to be put in by hand. The wavefronts are similar to the zero turn
peaks in the homogeneous persistence case in section 2.1.1 and shown in Figure 6.

The zero turn peaks in the discrete inhomogeneous persistence model are expected to give
a contribution to the probability density P (mδ, nτ) are attenuating copies of the initial con-
dition, based on the properties of the damped wave equation discussed in section 2.1. We
expect that each peak will decay by the local λ+- and λ− value, and that the peaks are located
at the fronts of the discrete causality domain, i.e. at (±nδ, nτ). A distribution in between
the asymmetrically decaying wavefronts is formed by the distribution of particles that have
made a turn at least once during a trajectory. We can now compare the sketched continuum
behavior to what we obtain from the discrete model.

Based on the expected behavior, we split up the discrete probability distribution P (mδ, nτ)
into two separate contributions, in the same way as was done for the homogeneous probability
distribution in Equation 2.21, defined as

P (mδ, nτ) = ppeaks(nδ, nτ) + pturns(mδ, nτ), (3.2)

where ppeaks(nδ, nτ) is the contribution of the zero turn walks at the edges of causality cone
of the model in Figure 9. The contribution pturns(mδ, nτ) is the distribution in between the
fronts, containing the walkers that have at least turned once along their trajectory.

The probability ppeaks(nδ, nτ) is trivially given by,

ppeaks(mδ, nτ) =
1

2
(1− λ+τ)n−1δm,n +

1

2
(1− λ−τ)n−1δm,−n for m,n > 0. (3.3)

Here, the δ’s on the right hand side are Kronecker deltas. The argument for a continuum dis-
tribution δ, with t = nτ and x = mδ for constant speed v = δ/τ would be given by δ(x∓vt)2.
The constraint for constant speed is identical to the constraint in taking the continuum limit
for the PRW model in section 2.1. In the continuum solution for the homogeneous PRW,
identical δ distributions turned up in the solution with a decay term of constant λ. The
peaks turn up as wave fronts of the zero turn walks at the fronts of the causality domain and
represent wave-like behavior of the motion, discussed for the homogeneous persistence case
in section 2.1.

In the limit for n→∞ and δ, τ → 0, at constant ratio v = δ/τ , the discrete model approaches
the continuum limit of the inhomogeneous PRW model of section 2.2. This is the limit in
which a binomial process approaches a Poisson process, which is valid for small numbers of
turns [36, 35]. We believe that this resembles the short time limit of our model, where not
many walkers have changed direction. In this limit, we expect the continuum wave fronts to
be dominant.

We now take the limit of Equation 3.3 for which the discrete model approaches the continuum
PRW model leads the expression for the probability distribution of what we argue to be the

2δm,±n → δ(m∓ n) = δ(x
δ
∓ t

τ
) ∝ δ(v x

δ
∓ v t

τ
) = δ(x

τ
∓ v t

τ
) ∝ δ(x∓ vt), with dimensions [1/m]

26



wave dominated short time limit. We take n → ∞, and λ±τ → 0, while nλ±τ → λ±t and
given that,

lim
n→∞

(1− λ±t

n
)n−1 = e−λ

±t, (3.4)

Equation 3.3 for v = δ/τ then results in

ppeaks(x, t) =
1

2

(
e−λ

+tδ(x− vt) + e−λ
−tδ(x+ vt)

)
. (3.5)

Notice that the total probability distribution should be normalized, and ppeaks(x, t) is a large
contribution to the total probability distribution P (x, t) in this regime, but not the only one.

On short times, that is, on times much smaller than the shortest persistence time in the
system t� τp, the discrete model and the continuous homogeneous solution show that most
of the probability is taken up by the zero turn walks ppeaks(±nδ, nτ). In the continuous
homogeneous solution, we obtained that the contribution ppeaks are wavefronts that decay
exponentially in time by the homogeneous λ value, and located at the outer edges of the
causality domain. The wavefronts are shown in Figure 6. Based on these observations, we
expect that, in the short time limit, the continuum solution for the inhomogeneous probability
distribution P (x, t) contains two wavefronts, split asymmetrically from the initial condition,
which each decay with the local λ value. This is the short time wave-dominated limit, given
by Equation 3.5.

The next contribution to the total probability density is that of the walkers that at have at
least changed direction once along a trajectory and we define the contribution as pturns(mδ, nτ).
We expect that this contribution is dominant on timescales greater than the longest persis-
tence time in the system t � τp, where almost all of the walkers has changed direction at
some point during their motion over the substrate. In the homogeneous persistence case this
contribution is given by the continuum distribution in between the wavefronts in Figure 6.
In the discrete model, this contribution is formed by all possible trajectories in between the
no-turn trajectories in Figure 9.

We have mentioned the wave-dominated time scaling on short times; we expect a crossover to
some other time scaling on longer times. The crossover is related to the persistence times τp

in the system which depends on the local λ values, defined in Equation 2.27. We now study
the influence of the λ profile on the probability distribution and the expected relation to the
persistence times.

In the homogeneous turning frequency description, the continuous probability distribution
P (ξ, θ) spreads out in time over the substrate as more turns occur and particles scan a greater
domain of the substrate. In the discrete inhomogeneous model, the spreading depends on the
inhomogeneous turning frequency profile. More and more possibilities to turn are obtained at
every successive step and the probability to do so depends on the location by the inhomoge-
neous λ profile. The time scale on which this evolves is related to the persistence time τp by
Equation 2.27. The inhomogeneous change of direction results in asymmetrical spreading of
P (mδ, nτ) over the substrate. The discrete model in Figure 9 shows that at every successive
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step, each the trajectory (arrow) splits up into two new possible trajectories that add to the
total probability distribution. The exponential growth of possible turns results in exponential
decay of the probability distribution by conservation of normalization of the total distribution.

In the homogeneous turning frequency description, the continuous P (ξ, θ) consists out two
contributions ppeaks and pturns that both decay with the same term e−θ = e−λt, indicated in
Equation 2.20. In the inhomogeneous discrete model, the decay of the probability distribution
depends on the λ profile and is asymmetrically in time.

To conclude, we expect a wave-dominated limit of the continuum P (x, t) on short times.
The short time is t � τp, with τp the persistence time of the highest turning frequency λ.
The wave-dominated regime consists of two peaks that each decay with one of the local λ
values, given by Equation 3.5. The inhomogeneous λ profile causes an asymmetry time to
the exponential decay of the total probability distribution and causes the total probability
distribution to spread asymmetrically over the substrate.

The influence of the persistence gradient should also be visible in the expression for the
mean displacement 〈x〉 (nτ = t) and might quantify the asymmetrical spread and decay of
the probability distribution P (mδ, nτ). The expression for the discrete mean displacement
is derived next, after which we investigate the behavior for decreasing values of δ and τ ,
approaching the continuum limit.

3.3 Obtaining the expressions for the discrete mean displacement

The probabilities P (mδ, nτ) of Table 1 are summed and multiplied by the displacement mδ,
to get the mean displacement of the discrete model 〈x〉 (nτ),

〈x〉 (nτ) =

n∑
m=−n

P (mδ, nτ) mδ. (3.6)

Note that m takes on negative values on the negative x-axis. For small n this gives tractable
expressions for 〈x〉 (nτ), which give non-zero values for n > 1, given by

〈x〉 (2τ) = δ(λ− − λ+)τ

〈x〉 (3τ) = −δ(λ− − λ+)τ
(
−3 + (λ(0) + λ− + λ+)τ

)
〈x〉 (4τ) = δ(λ− − λ+)τ

[
6 + τ

(
−5(λ− + λ+) + 2((λ−)2 + λ−λ+ + (λ+)2)τ + λ(0)(−2 + (λ− + λ+)τ)

)]
〈x〉 (5τ) = −δ

(
λ− − λ+

)
τ [τ [

(
λ−
)2
τ
(
3λ+τ + 2λ(0)τ − 10

)
+ λ−(λ+τ

(
3λ+τ + λ(0)τ − 9

)
+ λ(0)τ(λ(0)τ − 5) + 13) + λ+

(
λ+τ

(
3λ+τ + 2λ(0)τ − 10

)
+ λ(0)τ(λ(0)τ − 5) + 13

)
+ 3

(
λ−
)3
τ2]

+ 4λ(0)τ − 10],

(3.7)

where the expression for λ(0) = 1
2(λ+ + λ−) is not put in explicitly to keep the expressions

manageable. The expressions are all proportional to the difference (λ− − λ+). A smaller
difference (λ− − λ+) results in a slower recognition of the varying persistence by the walker
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and thereby a slower rise of the mean displacement. The durotactic effect is stronger for a
greater difference between the λ values.

Compared to the continuous dimensionless model in the theory section, we can obtain sim-
plified expressions of 〈x〉 (nτ) by rewriting them in terms of the difference between the values
in the low- and high turning frequency domains, ∆λ = λ+ − λ− and the mean value of the
turning frequencies in the profile, λ = 1

2(λ+ + λ−), resulting in,

〈x〉 (2τ) = −δ ∆λ τ

〈x〉 (3τ) = 3δ ∆λ τ
(
λτ − 1

)
〈x〉 (4τ) = −1

2
δ ∆λ τ

[
12 + ∆λ2τ2 + 8λτ(2λτ − 3)

]
〈x〉 (5τ) =

1

4
δ∆λτ

(
τ
(
11∆λ2τ − λ

(
τ
(
15∆λ2τ + 4λ(19λτ − 39)

)
+ 120

))
+ 40

)
.

(3.8)

The derived analytical expressions do not immediately show what the underlying physics is
or what underlying types of motion are involved in the durotactic process. The expression do
reveal that, as expected, the mean displacement is zero for ∆λ = 0. The durotactic transport
is present for any non-zero value of a difference in the substrate stiffness. Writing out for
larger values of n leads increasingly complicated mixed λ± terms at each successive step.

We construct a Mathematica module, listed in Appendix D.1, which implements the model
above to give 〈x〉 (nτ) for higher n to be able to analyze the behavior of 〈x〉 (nτ). The script
contains an inhomogeneous binomial process, given in Equation 3.1, which keeps track of the
number of turns i and the location of the walker after each timestep n during a trajectory.
The location of the walker needs to be tracked to implement the correct local value of the
turning frequency λ in Equation 3.1 for each turn i to obtain the probability distribution
P (mδ, nτ). From this, the mean displacement 〈x〉 (nτ) is calculated by implementing Equa-
tion 3.6. The script is validated by comparing the expressions to the expressions derived by
hand for the first n = 5 time steps shown in Equation 3.7.

Note that, although the module is able to calculate for more than n = 5 timesteps, there is
a computational limit to the calculation of this full combinatorial model. All combinations
of turning respectively not turning are calculated at each timestep to obtain the probability
distribution. For timestep n, the expression contains 2n terms. The number of terms in the
distribution, from which the mean displacement is calculated, grows exponentially with the
number of timesteps, which gets out of hand very quickly.

The module can easily be rewritten to a rescaled module with expressions derived in Equa-
tion 3.8 in terms of the difference between the low- and high turning frequency regions ∆λ
and the mean value of the turning frequency profile λ. The module in this form is used
in Chapter 4, to compare to numerical calculations of the coupled dimensionless persistence
driven durotaxis Equations (2.26) that are rescaled by λ.
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3.4 Results for the discrete mean displacement

From the qualitative evaluation of the probability distribution P (mδ, nτ) in section 3.2, we
expect the mean displacement 〈x〉 (nτ) to quantify behavior with time according to a wave-
dominated regime on short times (τ � τp) and to a diffusive regime on long times (τ � τp).
The quantification is set out in this section, by plots of the analytical calculation of the
mean displacement 〈x〉 (nτ) obtained from an automated model in Wolfram Mathematica
that implements the model described in section 3.1 and section 3.3 [37]. The module is able
to calculate the combinatorical expressions for a larger number of timesteps than can be ob-
tained by hand, shown in Equation 3.7 . The module is shown in Appendix D.1.

We study the quantitative temporal behavior of the mean displacement 〈x〉 (nτ) for decreas-
ing δ- and τ values to approach the continuum limit. We briefly discuss the steepness of the
temporal behavior of the mean displacement on short times, which is expected to depend on
the difference between λ values. A greater difference in persistence is expected to lead to
more transport. Mathematically, the hypothesis is based on the discrete expressions for the
mean displacement of the first four timesteps in Equation 3.7, that are linear in the jump in
turning frequency values ∆λ.

Figure 10 shows the 〈x〉 (nτ) plots for decreasing values of δ and τ , where we set the discrete
velocity to a value of one by δ

τ = 1 which is numerically (but not dimensionally) identical
to what we did in approaching the continuum limit of the PRW models in Chapter 2. We
plot for one set of values for the turning frequencies λ±, namely λ+ = 0.2 and λ− = 0.4. As
was mentioned before, we do not rescale the model in its dimensionless form at this point to
evaluate the influence of the individual values of λ more explicitly. In Chapter 4 we conduct a
full numerical study on a rescaled model that includes different values of the rescaled turning
frequency. A brief summary of the results of the discrete model are compared to the numerical
results in Chapter 4 as well, for a rescaled version of the relevant results of the discrete model.

We left out the first point at t = 1τ in the plots of Figure 10, which is equal to 〈x〉 = 0. We
obtained earlier, that the first time step contains an equal probability of 1

2 to move to the left
or to the right. In the continuum limit, this value shifts to zero and does therefore not give
us any further information on the continuum motion of the walkers.

Looking at Figure 10, no odd-even effect appears for the indicated values for δ and τ . In the
approach to the continuum limit, the odd-even effect is expected to disappear, as was dis-
cussed in section 3.1. The applied values for δ and τ are small enough to make this discrete
effect vanish. The approach towards zero mean value at t = 0 is also shown in a magni-
fication around the origin of the graphs, shown in Figure 10. The magnification indicates
that the discrete graphs for decreasing values of δ and τ shift relatively further down towards
〈x〉 (nτ) = 0. In the continuum limit, the mean value reaches zero at t = 0 in universal fashion.

We evaluate the time scaling of the amplification of the plot in Figure 10. From section 3.2 we
expect a wave-dominated limit, with the largest contribution of the probability distribution
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Figure 10: 〈x〉 (t = nτ) values for several decreasing δ and τ values, for δ
τ = 1, indicated in

the legend on the right. λ+ = 0.2 and λ− = 0.4. The left graph shows an amplification of the
right graph approaching zero.

originating from two wavefronts in the shape of the initial condition, which each decay by the
local λ value. The wave fronts are located at the fronts of the causality domain and are in
the continuum limit expressed in Equation 3.5. In the expression for ppeaks(x, t), we set the
propagation speed v = 1 in analogy to the plots in Figure 10 where v = δ/τ = 1.

We now calculate the mean displacement 〈x〉peaks (t) from the expression for ppeaks(x, t) given
in Equation 3.5, and expand around t = 0 up to fourth order in t, to obtain the short time
limit of 〈x〉peaks (t),

lim
t→0

〈x〉peaks (t)

v
=

1

2
(λ−−λ+)t2 +

1

4

(
(λ+)2 − (λ−)2

)
t3 +

1

12

(
(λ−)3 − (λ+)3

)
t4 +O(5). (3.9)

We expect that Equation 3.9 is the expression for the mean displacement value in the limit
of short time. A small error may occur, since the peaks might form a large but non-complete
contribution to the entire probability density. The lowest order terms depends on the dif-
ference in λ values. This coincides with the analytical expressions for the discrete model in
Equation 3.7. The lowest power in t is quadratic.

With the non-rescaled discrete model, we can directly compare the plots for λ− = 0.4 and
λ+ = 0.2 in Figure 10 with Equation 3.9 by putting the λ values explicitly into the equation.
We compare the data points for the lowest evaluated value of δ = 0.1 and τ = 0.1 to approach
the continuum limit best. The result is shown in Figure 11 and validates the expected wave-
dominated time scaling on short times. The Figure shows that the time- and displacement
stepsizes τ = 0.1 and δ = 0.1 are small enough to approach the continuum limit. More values
of λ± are investigated in the numerical study in Chapter 4, which should result in the same
behavior, given by Equation 3.9.

From Figure 10 is obtained that the overall behavior of 〈x〉 (t) contains an inflection point,
indicating a crossover to another timescaling regime. We believe this is the cross over from a
wave-dominated limit to a regime where the changes in direction dominate the motion. It is
expected that the crossover point is related to the highest turning frequency in the system,
which is λ = 0.4. By Equation 2.27, this gives a shortest persistence time of τp = 1.25. This
cannot directly be the point of crossover, as Figure 22 shows that during this time, the system
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Figure 11: Black: analytical approach of two wavefronts, which each decay by the local λ
value, for an expansion of the mean displacement 〈x〉 (t) around t = 0, given in Equation 3.9.
Red: n = 16 data points of the discrete model of 〈x〉 (nτ = t) for δ = 0.1 and τ = 0.1. Both
graphs are for λ+ = 0.2 and λ− = 0.4.

is still in the wave-dominated regime.

Due to limiting computation power, we could not investigate the time scaling of 〈x〉 (nτ = t)
towards the continuum limit on longer times, and therefore the location of the crossover could
not be verified. The number of terms grows exponentially, as was explained in section 3.3. The
discrete model does not give a full quantification of the rise in 〈x〉 (t), since another crossover
should be obtained on longer times, towards a diffusive-like scaling with time. For this reason,
we perform a numerical study in Chapter 4. There, we solve the coupled persistence driven
durotaxis equations (2.26) numerically, from which the numerical 〈x〉 (t) is calculated. With
the numerical solution of the mean displacement, we analyse the full rise in 〈x〉 (t) and study
its scaling with time in regimes that are expected to appear at longer times.
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4 Numerical solution of the inhomogeneous PRW model

The qualitative behavior of the probability distribution P (x, t) was studied in the previous
chapter by use of the discrete probability walker model. The qualitative behavior and the
discrete mean displacement 〈x〉 (nτ) showed that the short time limit is a wave-dominated
limit of two wavefronts that each decay according to the local friction term. The behavior
is obtained approaching the continuum limit of the discrete model. For the time scaling on
longer times, the discrete model gave an insufficient number of data points and we move on
to a numerical approach in this section.

We numerically calculate the true continuum limit of the dimensionless probability distri-
bution P (ξ, θ), by solving the dimensionless coupled persistence driven durotaxis equations
(2.26). The expected asymmetrical spreading in, and decay of, the probability distribution
P (ξ, θ) is plotted and can be quantified by the mean displacement 〈ξ〉 (θ). From P (ξ, θ),
we numerically calculate the mean displacement 〈ξ〉 (θ), and study the time behavior in the
true continuum limit of the dimensionless coupled Persistence-Driven Durotaxis (cdPDD)
equations and obtain two additional and universal time regimes. The shortest universal time
regime of 〈ξ〉 (θ) is the time scale on which transport is high, indicated by a steep rise of
〈ξ〉 (θ) with time. In the long time regime, 〈ξ〉 (θ) approaches a diffusive limit. We discuss
how the crossover between the two time regimes is related to the persistence times in the
system.

4.1 Numerical calculation of the probability distribution

In this section, we solve the dimensionless coupled persistence driven durotaxis, or dcPDD,
equations (2.26) numerically, using Wolfram Mathematica [37]. We add the results of the
individual equations for the right- and left walker densities α+(ξ, θ) and α−(ξ, θ), to obtain
the solution in terms of the probability distribution P (ξ, θ) = α+(ξ, θ) + α−(ξ, θ). We study
the propagation of the asymmetry in the distribution P (ξ, θ) qualitatively in this section and
quantitatively in section 4.2, by studying the temporal behavior of the mean displacement.

For the numerical computation of the coupled equations, we use half a Gaussian distribution,
centered around ξ = 0, as symmetric initial conditions for each of the coupled right- and left
walker equations, given by

α±(ξ, 0) =
1

2

1

σ
√

2π
exp[− ξ2

2σ2
] , (4.1)

where we set σ = 0.1 to obtain a narrowly peaked distribution. In the limit σ → 0, this
Gaussian corresponds to the δ distribution.

The boundary condition follows from conserving normalization which is satisfied for ∂P
∂ξ =

0 on ± ∞, derived in Appendix B. We set both right- and left walker densities α+(ξ, θ)
and α−(ξ, θ) to zero on large ξ compared to the θ domain used in the calculation, to apply
the boundary condition far outside of the causality domain that is mentioned in section 2.1
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|ξ| < θ. Mentioned in section 2.1, for a function that is defined anywhere on the ξ axis, like
the Gaussian distribution, the cut off of the distribution might lead to errors in the numerical
solutions. Therefore, we check the conservation of normalization for every calculation, which
for all results shown in this chapter is verified.

For the λ profile λ(ξ) in Equation 2.26 we use an approximation of the step function profile,
which we used in the discrete model of the previous chapter. As mentioned in section 1.3, the
steepest gradient gives the highest durotactic transport, by which we mean the largest mean
displacement 〈ξ〉 (θ). The approximation consists of sharp hyperbolic tangent profiles given
by,

λ(ξ) = λ+ (−1

4
+ 25ξ)∆λ tanh[1000(−0.01 + ξ)] + (−1

4
− 25ξ)∆λ tanh[1000(0.01 + ξ)], (4.2)

where the value 1000 and 0.01 are related to, respectively, the sharpness and the width of
the hyperbolic tangent functions. These values can be varied to study different, smoother,
gradient profiles, but we will not do so here.

In Equation 4.2, the rescaled variable ∆λ is the difference between the maximum and the
minimum λ value, and λ is the mean value of the persistence profile that we set to 1. The
rescaled profile λ(ξ)/λ for λ = 1 is referred to as L(ξ,∆λ) = L(∆λ) and a sketch of this
profile is shown in Figure 12. The figure shows a sharp jump, dividing up the plane into a low
persistence region on the left and a high persistence region on the right. With the steep profile
in Equation 4.2, the dimensionless coupled α+(ξ, θ) and α−(ξ, θ) equations in Equation 2.26
can be written as,

∂α+

∂θ
= −∂α

+

∂ξ
− L(∆λ)

[
α+ − α−

]
∂α−

∂θ
= +

∂α−

∂ξ
+ L(∆λ)

[
α+ − α−

]
.

(4.3)

The dependence of the transport equations on the persistence gradient is examined by solving
numerically for different values of the difference between the high- and low persistence value
∆λ. Not that the values of the persistence times in the rescaled system are given by

τ rescaled
p = λτp =

1

2L(∆λ)
(4.4)

Here, the local λ values L(∆λ) that define the persistence times are λ = 1 and (1± 1
2∆λ).

The Mathematica script that is used for the calculations in this section is shown in Appendix
E. We validated the script by plotting P (ξ, θ) for a homogeneous profile, where the difference
in persistence ∆λ = 0, verifying consistence of the numerical solution with the analytical
solution given in Equation 2.20.

Figure 13 shows the numerical solution of P (ξ, θ) for ∆λ = 0.5 at increasing time θ ≥ 0. The
asymmetry in the evolution of P (ξ, θ) leads to a nonzero and rising mean displacement 〈ξ〉 (θ).
In Figure 13 an indication is made of the mean displacement, for which the true quantification

34



(a) (b)

Figure 12: The rescaled, dimensionless persistence gradient profiles L(∆λ) = λ(ξ)/λ sketched
with involved parameters in (a) and an approximation by hyperbolic tangents given by Equa-
tion 4.2 plotted in (b) for the maximum value of ∆λ = 2. The profile in (b) is used in
numerical calculations of the dimensionless coupled persistence driven durotaxis equations.

is made in section 4.2 to indicate if the asymmetry keeps increasing or saturates on longer
times.

As was already expected from the analysis in Chapter 3, wave-like behavior dominates the
distribution on short time scales, indicated by the two wavefronts of the zero-turn walkers,
which make up most of the distribution. In section 3.4, the wavefronts in the probability
distribution P (x, t) in the short time limit show to decay by the local λ value of the varying
persistent profile, given by Equation 3.5. On longer times, the decay of the distribution P (ξ, θ)
is expected to depend on both λ values of the two persistence domains. The attenuation of
the peaks is visible in Figure 13, and occurs at different rates in the low- and high persistence
regions on the left- and right side of ξ = 0.

What time scales and underlying mechanisms of motion are involved in the rise of 〈ξ〉 (θ)
forms the main question of this chapter. As discussed in Chapter 1, an understanding of
these timescales and the underlying types of transport may lead to opportunities for con-
trolled transport of cells in experiments.

The mean displacement 〈ξ〉 (θ) depends on the difference in persistence ∆λ. If ∆λ = 0, no
durotactic transport is induced and 〈ξ〉 (θ) = 0. This is shown in the expressions for the
discrete mean displacement in Equation 3.8 and in the non-rescaled analytical expression
for the short time wave-dominated limit in Equation 3.9. To quantify the time scaling of
the asymmetry and its dependence on the difference in persistence, we numerically calculate
〈x〉 (t) for a range of ∆λ values in the next section.
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Figure 13: Numerically calculated probability distribution P (ξ, θ) (in red) for the gradient
persistence profile in Figure 12. An indication of the mean value of the distribution (in blue)
is given, which indicates the increasing asymmetry in P (ξ, θ). Plots are shown for increasing
times θ > 0, in chronological order from the top left to the bottom right.

4.2 Numerical results for the mean displacement

We study the scaling of the mean displacement 〈ξ〉 (θ) with time and the dependence on the
difference between the low- and high persistence regions ∆λ, to gain a better understanding
on the underlying mechanisms leading to durotactic transport.

We question if the prefactor is only valid for the limit in t→ 0 or on a larger time range.

The mean displacement 〈x〉 (t) is calculated by numerical integration as

〈x〉 (t) =
λ

v
〈ξ〉 (θ) = 〈ξ〉 (θ) =

∫ +∞

−∞
dξ ξ P (ξ, θ), (4.5)

where the dimensionless probability density P (ξ, θ) was obtained numerically in the previous
section. We calculate the mean displacement 〈ξ〉 (θ), which is numerically (but not dimension-
ally) equal to 〈x〉 (t) for v = λ = 1. Hence, while we technically calculate the dimensionless
mean displacement 〈ξ〉 (θ), we refer to it as 〈x〉 (t).

4.2.1 Numerical versus Discrete results

The validity of the numerical outcome of 〈x〉 (t) is tested by calculating for the homogeneous
substrate description, where ∆λ = 0 and 〈x〉 (t) = 0. Not shown here, the graphs of 〈x〉 (t)
showed numerical errors on short times. We now compare our numerical short time results
with the results obtained with the discrete model for the varying persistence description, to
choose a numerical step size which minimizes the numerical errors in 〈x〉 (t).
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Figure 14: The discrete solution of the rescaled mean displacement indicated by 〈x〉 (nτ = t)
for decreasing time- and displacement steps δ and τ for constant v = δ/τ = 1 approaches
the numerical solution of the rescaled mean displacement indicated by 〈x〉 (t). Plotted for
∆λ = 0.05, that is, the difference in persistence in the profile of Figure 12.

We calculate 〈x〉 (t) numerically on the time scale of the discrete model, to compare the
numerical 〈x〉 (t) to the discrete 〈x〉 (nτ) of Chapter 3. We make small adjustments to the
Mathematica module of Chapter 3 to express the discrete mean displacement in terms of ∆λ
and λ. For the first n = 5 time steps, this was already done by hand in Equation 3.8. The
adjusted module for higher n, with λ = 1, is shown in Appendix D.2. The first five expres-
sions which were derived by hand match with the expressions from the rescaled Mathematica
module. We plot both the numerical solution and the solution from the discrete model for
∆λ = 0.05 and decreasing values of δ and τ with v = δ/τ = 1.

The comparison between the discrete model and the numerical calculations for the shortest
time regime is shown in Figure 14. The figure shows that the discrete model approaches the
numerical solution from above. In the previous section, in Figure 10, decreasing values of δ
and τ with v = δ/τ = 1 approach a curve from below in the non rescaled discrete model. We
conclude that the rescaled discrete model coincides with the numerical results on the shortest
time limit for decreasing values of δ and τ . On slightly longer times, there is a deviation
between the discrete model and numerical results that unexpectedly increases for decreasing
values of δ and τ . Numerical errors might be causing this effect and we need to be cautious
when making conclusions on the time scaling behavior on the short time regime of 〈x〉 (t)
based on the numerical results.

With this in mind, we start the numerical study on the time scaling of 〈x〉 (t) by first eval-
uating the long time regime of 〈x〉 (t). As was mentioned before, the numerical script was
validated on the long time regime by calculating for the homogeneous case.
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4.2.2 Numerical study on the long time regime

In this section, we evaluate on the scaling of the mean displacement 〈x〉 (t) with time in the
long time regime that is plotted in Figure 15 for ∆λ = 1. The plots include a longer time
range than could be obtained by the discrete model in Chapter 3.

The double-logarithmic plot in Figure 15b reveals long time behavior which scales approx-
imately with 〈x〉 (t) ∝ t0.53 and it is plausible that this scaling goes to t0.5 on even longer
times. In more detail, the linear fit of the logarithmic plot is given by −0.87 + 0.53t. Fit-
ting the logarithmic scaling of 〈x〉 in t for several values of ∆λ gives the exponents in t
shown in Figure 16. Universal time scaling is obtained of approximately 〈x〉 (t) ∝ t0.53. For
high ∆λ = 1.8, 1.9 values in Figure 16, the exponent in t deviates from 0.53, suggesting the
offset of the time regime to depend on ∆λ. We argue that a larger difference between the
persistent regimes has a larger time range of influence on the motion than smaller λ gradients.

Evaluated in the discrete model, a wave-dominated time limit is plausibly eventually followed
by some long time regime that is diffusive-like. We expect that the influence of the difference
in ∆λ on the motion of the particles in the long time regime decreases. On a long time
regime, the particles are, on average, located far away from the jump in persistence values at
ξ = 0 and are expected to move persistently according to one of the persistence times in the
varying persistent profile. We propose that the time scaling indicated by the fit in Figure 15b
belongs to this long time regime. If the difference in persistence at the jump in persistence
values at (ξ = 0) is higher, we expect that the influence of the varying persistence remains in
the system longer. This would imply that for ∆λ = 1.8 and 1.9 values in Figure 16 the long
time regime has not set in yet and the time scaling of t0.53 → t0.5 has not yet set in on the
evaluated time scale.

Another explanation is that in the case of ∆λ = 1.8, and 1.9, the persistence in the highly
persistent region approaches the maximum value of λ+ = 0. It could be that totally different
behavior is applicable in this fully persistent limit—that this is a singular limit of the problem.
For example, on longer times for the highest turning frequency on one side, and almost no
turning on the other side, particles on the left all turn at some point, and keep on walking to
the right. This lead to a long time limit with only a wavefront which propagates to the right.
This theory could be tested by calculating a first passage time at ξ = 0, but this is beyond
the scope of this research.

If the influence of a jump in persistence decays with time, the characteristic motion is expected
to go towards a diffusive limit where there is a lot of disorder in the system from a large contri-
bution of turns in the exploration of the spatial domain; the peaks have fully extinguished. As
mentioned, a diffusive-like long time limit is also predicted by the discrete model in Chapter 3.

We obtained a purely diffusive limit for the homogeneous persistence description in section
2.1 and expect a position-dependent diffusion limit in the varying persistence case. In the
latter limit, it would make sense to compare the behavior to the diffusion equation with a
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(a) (b)

Figure 15: Linear (a) and double logarithmic (b) plots in blue of the numerically calculated
rescaled mean displacement 〈x〉 (t) for ∆λ = 1. A fit in black of the plot in (b) is also shown
in (a), given by (−0.87 + 0.53t).

variable diffusion coefficient D(x) is given by,

∂p

∂t
=

∂

∂x

[
D(x)

∂p

∂x

]
. (4.6)

A profile comparable to Figure 12 and rescaled on the mean value of the diffusion coefficient
profile D is used for D(x), expressed in D = 1 and the difference between a high- and low
diffusion coefficient region ∆D. We interchange the values of the low- and high persistence
regions of the step in Figure 12 for the calculation of Equation 4.6. A low diffusion coefficient
on the negative x-axis indicates easier spreading by diffusion there, hence a larger number of
particles is turning. This is similar to a high turning frequency λ in the description of the
persistence profile.

Solving the equation numerically, using the same script as for our persistence driven durotaxis
equation, we obtain the rescaled mean displacement 〈x〉 (t) shown in Figure 17. The plot is
for ∆D = 0.5 and D = 1 and indicates a time scaling of 〈x〉 (t) ∝ t1/2. The time scaling
obtained for the dcPDD equations of 〈x〉 (t) ∝ t0.53 deviates from the diffusive time scaling.
It is plausible that the diffusion limit is not reached on the time range shown in Figure 15.
Due to the time consuming computations for even longer time, we did not test this hypothesis
numerically.

From a qualitative point of view, we argue that far away from the jump in persistence values
at ξ = 0, the walkers cannot distinguish between walking on a homogeneous substrate with
persistence value λ+ or walking in a relatively higher persistent region. We conclude that the
time scaling behavior of 〈x〉 (t) for persistence driven durotactic motion shown in Figure 16
should go to 〈x〉 (t) ∝ t1/2 by approaching a long time diffusive limit.

We investigate the dependence of the long time diffusive scaling 〈x〉 (t) ∝ t1/2 on the difference
in persistence ∆λ. In the long time regime, the motion is expected to depend only slightly on
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Figure 16: Exponent in rescaled time t for the long time scaling behavior of the rescaled 〈x〉 (t)
for several ∆λ values. A linear fit in black is made for values of ∆λ < 1.8 and shows the
approximate time scaling relation 〈x〉 (t) ∝ t0.53. Large ∆λ values on the right have a higher
exponent then the suggested fit, and are expected to reach the time scale limit on a longer time
range than calculated for here.

(a) (b)

Figure 17: Linear (a) and double logarithmic (b) plots in red of the numerically calculated
rescaled mean displacement 〈x〉 (t) for a diffusion equation with varying diffusion coefficient
(4.6), for ∆D = 0.5 and D = 1. A fit ((0.28±0.02)

√
t) in blue is made of (b) and also shown

in (a), which reveals the time scaling for the mean displacement of inhomogeneous diffusion.

the difference in persistence. We fit 〈x〉 (t) to (β+γ t1/2) for several ∆λ values, and determine
β and γ in each case. Both scaling parameters β and γ turn out to be linear in ∆λ, resulting
in the relation

〈x〉 (t) = ∆λ(−0.12 + 0.42 t1/2). (4.7)

The numerical graphs and derived relation for 〈x〉(t)∆λ are shown in Figure 18. The relation is
consistent with the numerical data up until ∆λ = 0.6. We suggest that for ∆λ values higher
than 0.6, the long time regime has not set in yet, leading to a different dependence on ∆λ.
Due to time limitations we were not able to study the time scaling on longer times for the
higher values of ∆λ.
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(a) (b)

Figure 18: Linear (a) and double logarithmic (b) plot of the long time regime of the dimen-

sionless mean displacement and divided by ∆λ, 〈x〉(t)∆λ , for increasing values ∆λ, indicated by
the color bar arrow, up until a value of 0.6 in light blue. The relation in Equation 4.7 is
indicated by the black curve.

4.2.3 Numerical study on the short time regime

The temporal behavior in the short time regime of the rescaled mean displacement 〈x〉 (t) and
the dependence on ∆λ is studied next. This is the time regime that follows after the wave-
dominated limit obtained in Chapter 3. Mentioned in section 4.2.1 the time scaling in this
regime might be subject to numerical errors and interpretations should be made with caution.

We zoom in on a time scale t < 10, that is, below the long time regime in Figure 18. We
expect a short time regime where the increase in the mean displacement is steep by a strong
reaction to the walkers that are close to the jump in persistence. We compare the results
of the short time regime to that of the analytical expression of the wave-dominated regime
to validate the short time numerical results. We investigate the time range on which the
wave-dominated limit is valid. In between this short time regime and the long time diffusive
regime, a crossover regime is expected.

We plot the numerical and rescaled mean displacement 〈x〉 (t) for more points on the time
range t = 0− 10. In order to obtain the time scaling behavior of 〈x〉 (t), we fit the numerical
〈x〉 (t) curves for several ∆λ values, and plot the exponent in t for each value of ∆λ in Fig-
ure 19. In the figure, a fit is made that indicates universal time scaling, 〈x〉 (t) ∝ t2.68 ≈ t8/3
for ∆λ > 0.01. The wave dominated limit with scaling t2 might form a large contribution to
the behavior indicated by this timescaling, that does not only include the behavior of the zero
turn wavefronts of Equation 3.5. Akin the argument for the long time regime, we argue that
for ∆λ < 0.01 the mean displacement did not reach the short time regime during displayed
time range and the scaling drops in value, further towards the wave-dominated scaling of t2.

The analytical expressions of the rescaled 〈x〉 (t) in the discrete model of Equation 3.8 and
the expression for the wave dominated limit in Equation 3.9 indicate a linear dependence of

41



Figure 19: Exponent in rescaled time t for the short time scaling behavior of the rescaled
mean displacement 〈x〉 (t) in blue for several ∆λ values. A fit gives Exponent ≈ 2.68, shown
in black, based on the values ∆λ = 0.05− 1.9.

Figure 20: The scaling of the short time regime of 〈x〉 (t) for several ∆λ value datasets at
t = 10, normalized on the dataset of ∆λ = 1. A fit in blue is made through the red normalized
data points and shows linear progression in ∆λ without an offset at zero.

〈x〉 (t) on the difference between persistence regions ∆λ. To test the linearity of the rescaled
and numerically calculated 〈x〉 (t) with ∆λ in the short time regime, we divide the entire data
set for every ∆λ value on a time scale θ = t = 0−10, with the data set for ∆λ = 1 and obtain
the graph in Figure 20. The dependence is linear and has no offset. The obtained temporal
and persistent dependent scaling of 〈x〉 (t) depends linearly on ∆λ and is given approximately
by

〈x〉 (t) ≈ ∆λ
1

2
t8/3. (4.8)

Figure 21 shows the dependence for several values of ∆λ and indicates that the scaling in
Equation 4.8 is valid until t ≈ 0.5.

The time t = 0.5 is equal to the persistence time following from λ = 1. We discuss on this
further in section 5.4 in relation to a crossover time bewteen the time regimes. The time-
scaling of t8/3 cannot immediately be coupled to known forms of motion driving this type of
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(a) (b)

Figure 21: Linear (a) and double logarithmic (b) plots of the short time regime of 〈x〉 (t),
divided by the ∆λ value. Plotted for increasing values of ∆λ indicated by the arrow color bar.
A plot of the universal time scaling given in Equation 4.8 is indicated by the black line.

scaling in transport, and we conjecture it is a feature related to the interplay between the
peak and bulk contributions to P (ξ, θ).

Comparing the time range in Figure 21 on which the universal time scaling is valid to the
time range of the discrete mean displacement in Figure 14, we conclude that we are looking
at the same time regime. To test the validity of the numerical outcomes on short times,
we compare the discrete model and numerical calculations to a third method. In Chapter
3, we introduced the wave-dominated regime which is valid in the short time limit of 〈x〉 (t)
and given by Equation 3.9. We now rescale the expression of the wave-dominated regime in
Equation 3.9 on λ, by expressing the equation in terms of ∆λ and setting λ = 1. The λ values
are rescaled according to λ+ = (1− 1

2∆λ) and λ− = (1 + 1
2∆λ).

Up to third order, the expression is linear in ∆λ and given by

lim
t→0
〈x〉peaks (t) =

1

2
∆λt2 − 1

2
∆λt3 +O(4). (4.9)

This looks rather similar to the expression in Equation 4.8. The universal time scaling t8/3

might follow from mixed powers in t2 of the wave-dominated limit and powers in t originating
from particles changing direction. It is more likely that numerical errors cause a deviation
between the expressions, as mentioned in section 4.2.1.

We plot Equation 4.9 together with the graphs of the discrete model of Figure 14 to see if the
analytical result up to third order shows comparable timscaling behavior and on which time
range. The result is shown in Figure 22 and shows similar temporal behavior of the wave-
dominated expression (4.9) and the discrete model on the time range of about t = 0 − 0.5.
The numerical result deviates from the discrete model and analytical expression, which is
expected to be a result of numerical errors. We therefore conclude that the wave-dominated
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Figure 22: Comparison of three models of the mean displacements, an extension of Figure 14.
The black line is a plot of Equation 4.9, the mean displacement of two wavefronts that decay
each by a local decay value.

(a) (b)

Figure 23: Linear (a) and double logarithmic (b) scaled plots of the short time regime of 〈x〉 (t),
divided by the ∆λ value, plotted for increasing ∆λ values, roughly indicated by the color bar.
The indicated data points in color are a copy of the plots in Figure 21. A comparison to the
scaling with time in the wave-dominated regime in black, of two wavefronts that decay each
by the a local persistence time.

limit indicates the real behavior in the short time regime.

The linearity of the mean displacement with ∆λ in the wave-dominated regime in Equation 4.9
allows for comparison with the numerical universal timescaling of Equation 4.8. In Figure 23
we plot Equation 4.9, divided by ∆λ and compare it to the numerical data of Figure 21.
The numerical temporal behavior of 〈x〉(t)∆λ , again, deviates from the temporal behavior of the
wave-dominated regime.

The deviation is partly explained by numerical errors and in addition, we suggest that after
the wave-dominated regime, the underlying type of motion in this regime is a fair mixture of
the zero-turn wavefronts and the behavior of the particles which do change direction during
their motion over the substrate. The scaling with time in this regime remains unknown. In
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Chapter 5 we construct a method to gain more analytical insights on the timescaling on the
short time range of 〈x〉 (t) and the underlying types of motion.

4.2.4 Conclusions on the time regimes of the mean displacement

Concluding, two universal time regimes of the dimensionless mean displacement 〈ξ〉 (θ) =
v
λ
〈x〉 (t) are obtained, which are both linear in ∆λ. A long time diffusive limit that goes to

scaling t1/2 and a short time regime with a wave-dominated limit that goes to scaling t2.

In between the two universal time regimes, numerical calculations indicated a regime that has
a high rise in the transport value, indicating a strongly durotactic transport regime for which
the scaling with time remains unknown. If we approximate the scaling in this regime with the
universal times scaling obtained by Equation 4.8, we can speculate on the relation between
the crossover time and persistence times in the system. All time regimes are indicated in
Figure 24.

The time regime given in Equation 4.8 and the diffusive long time regime given in Equation 4.7
both scale linear with ∆λ. Consequently, a crossover time is obtained which is independent
of ∆λ. The crossover time is defined as the intersection of the graphs of the timescales in
Figure 24.

The universal crossover time could originate from the choice of plotting everything for a con-
stant mean λ value of λ = 1. In the turning frequency step function, the value at ξ = 0 is
defined as the mean λ value. The λ values defines one of the three persistence times in the
system, being τp = 1

2 . This persistence time does not depend on ∆λ and a crossover based on
this persistence time shall therefore not depend on ∆λ. The value of the crossover point tco

in Figure 24 is tco = 0.77 with an unknown range of uncertainty due to fitting and calculation
errors of the timescaling regimes. We can conclude the crossover time is of order one, and is
located between tco = 0.5− 1 which is related to the persistence time following from λ.

To obtain an expression for the relation between the location of the crossover point and per-
sistence time following from the mean value of the turning frequency λ in the system, one
should apply the same analysis of the temporal behavior of 〈x〉 (t) for several λ values and
evaluate the location of the crossover point between the universal time regimes. This research
is not conducted in our work.

There should be two other crossover times involved in the system, based on the ∆λ-dependent
persistence times of Equation 4.4. From a qualitative point of view, we expect that the trans-
port would be higher for a larger ∆λ. The higher ∆λ influence the motion on longer time
scales, hence shifting the crossover time between the short time regime and the diffusive time
regime to longer times. These crossover times might be too close to the universal crossover
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Figure 24: Plot of the two universal time regimes, and the wave-dominated limit, of the mean
displacement 〈x〉 (t) normalized by the applied persistence difference ∆λ. The curves of the
short time high transport, or strong durotactic, time regime and the long time diffusive time
regime intersect at the universal crossover time.

time and thereby taken up by the universal crossover time.

One could look at the inflection points in the graphs of 〈x〉 (t) for every ∆λ value to see if
a ∆λ dependent crossover could be obtained. We studied this briefly but did not obtain an
unambiguous dependence on ∆λ. The results do not give more insights on the crossover time
and are therefore not discussed in this report.

From the time scaling plot of the mean displacement in Figure 24, we can make some practical
suggestions for the sake of experiments that study the transport of cells on a stiffness gradient
substrate. The highest transport, leading to the fastest separation of cells due to a stiffness
gradient, is reached on the short time scale in Figure 24. The short time scale is a fraction
of the time scale on which diffusive behavior is obtained. This is actually an advantage in
experiment, which, mentioned in Chapter 1 should be conducted within the a duration of 24
hours, after which the substrate and the cells are altered significantly, influencing the motion
of the cells.

In order to obtain the highest transport, a step profile should be used for the stiffness gra-
dient of the substrate. Shown by both the discrete model in Chapter 3 and the numerical
calculations in this section, there is no minimum ∆λ > 0 from which the durotactic transport
sets in. A rise of 〈x〉 (t) is obtained for all non zero ∆λ values.

We now set up an analytical approach to the solution of the inhomogeneous PRW model,
in order to (eventually) obtain the real time scaling behavior of the mean displacement in
the strongly durotactic regime. The analytical solution in terms of mean displacement gives
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the opportunity to resolve the ambiguity between the wave-dominated scaling of t2 and the
universal scaling of t8/3.
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5 Analytical approach to the solution of the inhomogeneous
PRW model

In Chapter 4, we obtained two universal time regimes for the mean displacement 〈x〉 (t) for
a large range of values for the difference in persistence ∆λ. The universal time regime at
short times is a strongly durotactic regime that shows a steep rise in 〈x〉 (t) due to the strong
influence of the varying persistence substrate there. We believe the timescaling includes that
of two wave fronts that each decay by the local persistence term, which forms the short
time limiting behavior, and an additional term coming from particles changes direction dur-
ing their motion over the substrate. It is not fully understood what the underlying type of
motion is after the wave-dominated limit, and where the crossover to this other regime is
located. Neither is it clear what the correct time dependence is in the short-time limit. To
gain more analytical insights into the strongly durotactic time regime of 〈x〉 (t), we construct
an analytical framework in this section.

We redirect our attention to the other equation that can be derived from the right- and left
walkers α+(ξ, θ) and α−(ξ, θ) in section 2.2 to find another route to 〈x〉 (t). We use the
dimensionless variables in terms of the dimensionless time and displacement θ and ξ and
show the path towards the mean displacement in real time and displacement x and t for a
more intuitive interpretation of the results. We derive a closed equation for the dimensionless
j(ξ, θ), that is, for the difference between dimensionless right- and left walker densities α+(ξ, θ)
and α−(ξ, θ). The continuity equation shows the relation between P (ξ, θ) and j(ξ, θ) and is
used to show the route from the j(ξ, θ)-solution to the solution for 〈x〉 (t). A perturbation
expansion is set up next as the framework to approximate the solution to the j(ξ, θ)-equation.
We briefly discuss the partly solved expressions for j(ξ, θ) and the mean rate of displacement
following from j(ξ, θ). This Chapter is set up to outline a framework for further research
and detail how, in principle, j(ξ, θ) can be computed. Although we have already succeeded
in computing a number of analytical contributions to j(ξ, θ), this Chapter does not contain
extensive analysis of the incomplete results on j(ξ, θ) itself.

5.1 The inhomogeneous telegraph equation for the flux j(ξ, θ)

In this section, we derive the second equation which can be obtained from the dimensionless
coupled persistence-driven durotaxis equations (2.26), namely that for the difference between
right- and left walkers α+(ξ, θ)−α−(ξ, θ). A physical interpretation of the new dimensionless
variable j(ξ, θ), given by,

j(ξ, θ) = α+(ξ, θ)− α−(ξ, θ) (5.1)

is discussed in this section. A derivation of the equation that can be solely expressed in j(ξ, θ)
is derived in this section as well, and opens the way for an analytical approach to the solution
of the inhomogeneous PRW discussed in section 2.1.

The relation between the probability density P (ξ, θ) and the new introduced variable j(ξ, θ)
is obtained by adding the right- and left walker equations in Equation 2.26 which results in
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the continuity equation,
∂P (ξ, θ)

∂θ
= −∂j(ξ, θ)

∂ξ
. (5.2)

From this, it is obvious that j(ξ, θ) is the net flux of walkers passing through a point ξ at time
θ. This continuity equation ensures conservation of the number of particles in the system.
The total number density should still be P (ξ, θ), though the balance can be asymmetric,
leading a non-zero flux j(ξ, θ).

For the derivation of the equation for j(ξ, θ), we subtract the dimensionless coupled Persistent
Driven Durotaxis Equations (2.26), which results in

∂j(ξ, θ)

∂θ
= −∂P (ξ, θ)

∂ξ
− 2

λ(ξ)

λ
j(ξ, θ). (5.3)

Taking another derivative with respect to θ and putting in the ξ-derivative of the continuity
equation (5.2) in terms of j(ξ, θ), gives the closed dimensionless telegraph equation for the
flux j(ξ, θ) given in Equation 2.28 by,(

∂θθ − ∂ξξ + 2
λ(ξ)

λ
∂θ

)
j(ξ, θ) = 0. (5.4)

Here, we use the abbreviation ∂2

∂θ2
= ∂θθ for convenience later on in section 5.3 and section 5.4.

The equation can also be referred to as an inhomogeneous damped wave equation. In section
2.1, we discussed the properties of a homogeneous damped wave equation. Compared to the
dimensionless telegraph equation (2.8) for the homogeneous persistent random walk model,
the dimensionless inhomogeneous damped wave equation for the flux j(ξ, θ) includes an ad-
ditional, inhomogeneous dependence. In section 2.1 we described the single θ derivative in
the telegraph equation as the friction term of the wave equation, causing the wave to decay.
In the damped wave equation for j(ξ, θ), this term depends on ξ via the turning frequency

profile λ(ξ). The decay of the flux depends on the persistence profile λ(ξ)

λ
, and causes the flux

to decay in an inhomogeneous fashion. We expect less decay of the wave on a more persistent
substrate region.

The solution to the damped wave equation, and thereby the shape of the dissipating wave,
depends on the initial conditions that are put into the equation. The initial conditions for
j(ξ, θ) are based on the two initial conditions for P (ξ, θ) for the homogeneous persistence
profile, of which the first is given in Equation 2.11 to be,

P (ξ, 0) = δ(ξ). (5.5)

We know that a symmetric initial conditions gives an addition to 〈x〉 (t) that corresponds to
only the durotactic transport. Therefore, from the first initial condition for P (ξ, θ) follows
the first initial condition for j(ξ, θ), which is given by the difference between the two equal
parts of the initial condition for P (ξ, θ),

j(ξ, 0) = 0. (5.6)
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The second initial condition for j(ξ, θ) is that of the θ derivative of j at θ = 0 and follows
from evaluating Equation 5.3 at θ = 0. Putting the initial δ distribution for P (ξ, θ) (2.11)
and the first initial condition for j(ξ, θ) (5.6) into the equation at θ = 0 results in the second
initial condition for j(ξ, θ),

∂θj(ξ, θ)|θ=0 = −∂ξδ(x). (5.7)

The initial condition states a non zero rate of the flux at θ = 0, which follows from the inho-
mogeneous initial distribution P (ξ, θ). This second initial condition is a continuum equation
on his own, only valid at θ = 0, stating that the rate of the flux follows evidently from the
initial shapes and symmetries of the probability distribution P (ξ, θ).

The boundary conditions for the flux j(ξ, θ) follow from the boundary conditions for P (ξ, θ)
which acquires conservation of normalization. The boundary condition for P (ξ, θ) is derived
in Appendix B and is given by

∂P

∂ξ
= 0 on ξ = ±∞. (5.8)

The boundary condition states that the at ±∞, the distribution is symmetric in ξ, stating
for the flux at these points,

j = 0 on ξ = ±∞. (5.9)

One could try solving the inhomogeneous Equation 5.4 with the discussed initial and bound-
ary conditions by the method of Green’s functions, by a derivation which is similar to that
of the homogeneous telegraph equation. We tried such a derivation for a step function pro-
file for λ(ξ), which is similar to the derivation in Appendix C and start to defer from the
method when we calculation the Fourier transform of the Green’s function in Equation C.12.
For the interested readers, we now briefly elaborate on the mathematics, to show that the
method of Green’s functions forms a promising method for the calculation of the solution to
the inhomogeneous telegraph equation for a step function λ profile. The derivation is merely
a starting point for future research. In section 5.2 we continue the build-up of our structural
method for the approximated solution to Equation 5.4.

The inhomogeneous profile λ(ξ) in front of the decay term in the original j(ξ, θ) Equation 5.4
leads to a convolution product when taking the spatial Fourier transform of the Green’s
function equation of this form. The convolution product that arises from these terms in the
derivation is that of the Fourier transform Λ(q) of λ(ξ − ξ0 = R) and the Fourier transform
γ(q, T ) of the Green’s function g(ξ − ξ0, θ− θ0) = g(R, T ). Here, the Green’s function is that
of the flux j(ξ, θ). Similar to Equation C.14, the equation for γ(q, T ) is

1

2π

(
q2γ(q, T ) +

2

λ
∂T

∫ ∞
∞

dkΛ(k)γ(q − k, T ) + ∂TTγ(q, T )

)
= δ(T ). (5.10)

The convolution product that arises is given by the integral in the equation. Now we need to
put the specific λ profile into the convolution product.
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The step function profile λ(R), centered around the mean λ value λ, is given by,

λ(R) = λ+ ∆λ

(
u(−R)− 1

2

)
(5.11)

and its Fourier transform is then given by,

Λ(k) = λδ(k)− i∆λ

2π

1

k
. (5.12)

Putting the expression for Λ(k) into the convolution integral leads to an easy to solve inte-
gral of the δ distribution, and an integral that includes the 1

k term. We were not able to
solve the later integral by use of residue theorem. The Fourier transform of the step-function
is not able to give a convolution integral with a solution that shows a clear difference for
λ(R) in a low- and high persistence domain. In further research, it would be interesting to
investigate on the solution for a hyperbolic tangent profile for λ(R). This might result in
a convolution product with a solution that has a clear difference between a low- and high
persistence region. In the limit of small width and sharp transition, the hyperbolic tangent
approximates the step function profile and its solution can in this limit be compared to re-
sults obtained by the discrete model in Chapter 3 and by numerical calculations in Chapter 4.

Independent of the method used to solve the flux equation, the solution for the dimensionless
j(ξ, θ) needs to be coupled to the results in terms of the dimensionless mean displacement
〈ξ〉 (θ), discussed in the previous Chapters. The coupling between j(ξ, θ) and 〈ξ〉 (θ) is derived
next, to show the general path towards a solution in terms of durotactic transport.

5.2 General derivation of the expression for 〈x〉 (t) from j(ξ, θ)

We eventually aim for results in terms of the durotactic transport and in this section we set
out the general path from a solution of the flux j(ξ, θ) to a solution in terms of transport.

Durotactic transport is evidenced by a nonzero mean displacement 〈x〉 (t) = λ
v 〈ξ〉 (θ). The

solution for the mean displacement 〈x〉 (t) in conventional dimensions for position and time
follows from the dimensionless probability density P (ξ, θ) as,

〈x〉 (t) =
v

λ
〈ξ〉 (θ) =

v

λ

∫ ∞
−∞

dξ′ ξ′P (ξ′, θ). (5.13)

In section 5.1, we derived the continuity Equation 5.2 which couples the probability distribu-
tion P (ξ, θ) to the flux j(ξ, θ). Thereby, the flux j(ξ, θ) is coupled to the mean displacement
〈x〉 (t). In order to apply the continuity equation, take the derivative of Equation 5.13 to θ
and take the derivative inside the integral to get,

d

dθ
〈ξ〉 (θ) =

∫ ∞
−∞

dξ′ ξ′
∂

∂θ
P (ξ′, θ). (5.14)
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Now, apply the continuity equation to obtain the equation which couples the average velocity
d
dθ 〈ξ〉 (θ) to the flux j(ξ, θ)

d

dθ
〈ξ〉 (θ) = −

∫ ∞
−∞

dξ′ ξ′
∂

∂ξ′
j(ξ′, θ). (5.15)

This can be simplified further by rewriting the integral and then using integration by parts

d

dθ
〈ξ〉 (θ) = −

∫ ∞
−∞

ξ dj = − [ξ j]∞−∞ +

∫ ∞
−∞

j dξ. (5.16)

The first term on the right-hand side is zero by boundary conditions of j(ξ, θ), given in
Equation 5.9, resulting in

d

dθ
〈ξ〉 (θ) =

∫ ∞
−∞

j dξ. (5.17)

When the expression for the flux j(ξ, θ) is known, the mean rate of displacement d
dθ 〈ξ〉 (θ) is

obtained by performing a ξ-integral over the flux j(ξ, θ). The mean displacement 〈x〉 (t) can
be obtained as long as the θ-integral can be performed.

Following the route sketched in this section leads to results in terms of the mean displacement.
We still need a solution for the flux j(ξ, θ) to put into this method. In the next subsection,
we set out a perturbation expansion that forms a structured path towards the solution for
the equation for the flux j(ξ, θ) (5.4).

5.3 Mathematical framework to solve the inhomogeneous telegraph equa-
tion

We now set up a mathematical framework to approximate the solution to the dimensionless
Equation 5.4 for the flux j(ξ, θ) to compute the rate of transport using Equation 5.17. We
set up the framework for general initial- and boundary conditions in this section, and work
through the first layers of the framework in section 5.4, where we also discuss those analytical
contributions to the flux j(ξ, θ) that have already computed. This section lays out the method.

The rescaled, closed-form equation for j(ξ, θ) is given by Equation 5.4 and is itself an inhomo-
geneous telegraph equation that we evaluate for generalized initial conditions j(ξ, 0) = f(ξ)
and ∂θj(ξ, 0) = g(ξ). Note, that the inhomogeneous telegraph equation does not, in gen-
eral, conserve the integral of its solutions, in contrast to what is true for the probability
distribution P (ξ, θ) that is a normalized quantity. This is is precisely how j(ξ, θ) can yield
the center-of-mass velocity, given in Equation 5.17, which measures the average of change in
moving masses rather than the average in location of the moving masses.

To set up the perturbation theory, we introduce a λ(ξ) profile that includes an order-one
function a(ξ) which transitions between +1 and −1 at ξ = 0, multiplied by a small number
ε� 1

λ(ξ)

λ
= 1 + εa(ξ). (5.18)
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Figure 25: The profile for the turning frequency λ that is used for the analytical approach
to the solution of the inhomogeneous telegraph Equation 5.4. The profile is centered around
λ = 1 and the height is varied by ε which is equal to half of the total height of the jump in the
profile ∆λ.

This function resembles a step function around a mean λ value of λ = 1 and is varied in
height by the factor ε = 1

2∆λ that is sufficiently small. This step profile is identical to that
used in Chapter 3 and Chapter 4, and is for clarification plotted including the involvement
of ε in Figure 25.

The parameter ε is now used to expand the solution for j(ξ, θ) around its solution j0 for
uniform λ as

j(ξ, θ) = j0(ξ, θ) + εj1(ξ, θ) + ε2j2(ξ, θ) + ... . (5.19)

We now put the profile for the turning frequency λ (5.18) together with the expansion for
the solution j(ξ, θ) (5.19) into the inhomogeneous telegraph equation for j(ξ, θ) (5.4). Once
ordered in terms of ε, we obtain a hierarchy of equations

{∂θθ − ∂ξξ + 2∂θ}j0(ξ, θ) = 0 (5.20a)

{∂θθ − ∂ξξ + 2∂θ}j1(ξ, θ) = −2a(ξ)∂θj
0(ξ, θ) (5.20b)

{∂θθ − ∂ξξ + 2∂θ}j2(ξ, θ) = −2a(ξ)∂θj
1(ξ, θ) (5.20c)

.... (5.20d)

Each order n in ε has an equation for which the solution forms the nth order O(εn) correction
to the total solution. Writing down the separate equations for each ε order is valid since
the equation has to hold for every value of ε. Each higher order telegraph equation uses
the solution of a lower order equation as a source term, indicated on the right-hand side of
each equation. The zeroth order equation is the homogeneous telegraph equation for j(ξ, θ),
which is solved by Green’s functions method, demonstrated for the solution to the P (ξ, θ)
equation in Appendix B. The solution for the homogeneous j(ξ, θ) can be inserted into the
O(ε1) correction to obtain the first order correction to the inhomogeneous telegraph equation
for the flux j(ξ, θ).

The framework shows a structured path towards a series solution for flux j(ξ, θ). The result
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becomes a better approximation to the real solution for the flux j(ξ, θ) when more successive
equations in the hierarchy are solved. The solutions of the hierarchy equations contribute to
the total solution that is given by the expansion in Equation 5.19 and lead to the solution in
terms of durotactic transport by the relation in Equation 5.17.

In the next section, we apply the general method that is described above to Equation 5.4 for
the flux j(ξ, θ) with initial- and boundary conditions given in Equation 5.6, Equation 5.7 and
Equation 5.9. We discuss the zeroth order solution and show some preliminary results for the
solution to the equation for the first order correction. The partly solved first order correction
is the first step towards an approximated analytical solution for persistence-driven durotactic
transport.

5.4 Results for the solution of the inhomogeneous telegraph equation

The general framework of the previous section sets the path for the specific calculation of the
solution to the flux Equation 5.4, with initial- and boundary conditions given in Equation 5.6,
Equation 5.7 and Equation 5.9. In the first subsection, the zeroth order solution j0(ξ, θ),
which forms the homogeneous contribution to the solution, is elaborated upon. In the next
subsection, we discuss on the partly solved first order equation j1(ξ, θ). These subsections
include the mathematical application of the framework. For a more graphical presentation
of the results we point the reader to the last subsection, where we compare the analytical
results that we obtained so far up to first order, to the numerically calculated solution to the
coupled equations (2.26).

Though we show results up to the first order equation in j(ξ, θ), the structured method can
in principle be followed to calculate to higher order in ε to obtain a better approximation to
the solution for j(ξ, θ).

5.4.1 Solution to the zeroth order equation

We now derive the zeroth order correction to the solution for j(ξ, θ), which is the source term
in the equation for the first order correction that is calculated in the next section.

As was mentioned before, the zeroth order equation is a homogeneous telegraph equation,
identical to the telegraph equation for a homogeneous persistence profile, given by Equa-
tion 2.9. For the probability distribution we solved this equation in section 2.1.1. With
this knowledge, we obtain the solution to the zeroth order correction by applying the general
Green’s function integral expression for the telegraph equation of P (ξ, θ) without source terms
ρ(ξ, θ). The integral expression only depends on general initial conditions f(ξ) and g(ξ), and
does therefore apply to the homogeneous j0(ξ, θ) equation.
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The integral expression is derived in Appendix C and is given by,

j0(ξ, θ) =

∫ ∞
−∞

dξ
′
g(ξ′) G(ξ, ξ′, θ, 0)−

∫ ∞
−∞

dξ
′
f(ξ′) ∂θG(ξ, ξ′, θ, 0)

+ 2

∫ ∞
−∞

dξ
′
f(ξ′) G(ξ, ξ′, θ, 0).

(5.21)

Here, G(ξ, ξ′, θ, θ′) is the Green’s function for a homogeneous telegraph equation, derived in
Appendix C as well,

G(ξ, ξ′, θ, θ′) =
1

2
e
−
(
θ−θ′

)
I0[

√
(θ − θ′)2 − (ξ − ξ′)2

]u
(
θ − θ′ − |ξ − ξ′|

)
. (5.22)

The Green’s function includes an exponential decay term, the Bessel function I0, and a step
function that ensures causality of the solution for j(ξ, θ).

The initial conditions f(ξ) (5.6) and g(ξ) (5.7) for j(ξ, θ) were discussed in section 5.1 and
are given by,

j(ξ, 0) = f(ξ) = 0 (5.23a)

∂θj(ξ, θ)|θ=0 = g(ξ) = −∂ξδ(ξ) . (5.23b)

Putting the Green’s function (5.22) together with the initial- and boundary conditions (5.23)
into the integral expression (5.21) yields the solution to the zeroth order correction for j(ξ, θ),

j0(ξ, θ) =
1

2
e−θ

(
I1

[√
θ2 − ξ2

] ξ√
θ2 − ξ2

u(θ − |ξ|) + I0

[√
θ2 − ξ2

] ξ

|ξ|
δ(θ − |ξ|)

)
. (5.24)

This solution looks similar to that of the homogeneous telegraph equation for P (ξ, θ) (2.20),
but is, among other differences, fully asymmetric by the odd power in ξ following after both
Bessel functions I0 and I1. From Equation 5.17, one can already obtain that asymmetric con-
tributions (odd functions) to the total solution for j(ξ, θ) do not contribute to the transport.

The asymmetry of j0(ξ, θ) can be understood by the spread in the probability distribution
P (ξ, θ). The distribution symmetrically spreads out further down the positive and negative
ξ-axis as walkers move further down the substrate, shown in Figure 6. The flux, by definition,
is the balance between right- and left walkers and must therefore be fully asymmetric, with
just as much negative flux on the negative ξ-axis as positive flux on the positive ξ-axis.

A peak in the shape of the initial δ distribution is obtained, which has an additional prefactor
compared to the solution for P (ξ, θ). The solution for j0(ξ, θ) includes an overall exponential
decay term, indicating universal decay of the negative and positive delta-peaks on the left-
and right side of ξ = 0 respectively. The step function u(θ − |ξ|), again, ensures causality of
the solution. Both the homogeneous overall decay term and the causality term are equal to
what we obtained for the solution for the probability distribution P (ξ, θ) (2.20) on a homo-
geneously persistent substrate.
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Figure 26: The zeroth order solution to Equation 5.4, given by Equation 5.24 and here plotted
with an approximation of the δ distribution by narrowly Gaussian distributions of width 0.1
to be able to display the peaks. The flux j(ξ, θ) is plotted as a function of displacement ξ
at different times θ indicated by the legend on the right. This asymmetric, homogeneously
decaying flux is that of a homogeneous persistence profile for which λ =constant.

The solution for j0(ξ, θ) is plotted in Figure 26 and is fully asymmetric as expected. The
negative and positive peaks at the causality fronts decay in a homogeneous fashion and a
non zero distribution in between is zero at ξ = 0 for all time frames that are shown in
the figure. Although not indicated in the figure, the analytical solution matches with a
numerically calculated solution to the homogeneous telegraph equation for which the script
is shown in Appendix E. We now (partly) calculate the solution to the equation for the first
order correction and compare to numerical results.

5.4.2 Solution to the first order equation

We expect the solution to the equation for the first order correction to give the first ap-
proximation of the inhomogeneous part of the solution. This is expected to be a symmetric
contribution (following from a asymmetric probability distribution) to the solution of j(ξ, θ)
in order to ensure a non-zero integral and thus nonzero rate of change of the mean displace-
ment. The equation for the first order correction in 5.20 is the equation for the zeroth order
correction with a source that depends on the zeroth order solution and on the order-one
step-like function for the persistence profile. Therefore, we will use an integral expression of
the Green’s function that includes a dimensionless source term ρ(ξ, θ) to obtain the solution
to the first order equation. We will see that the implementation of the integral equation
results in eight double integrals that need to be solved. In this paragraph we merely show
the integrals and the solution that we could obtain. For the full derivation and working of
the integrals, the reader is referred to Appendix F.

By writing down the full expansion in Equation 5.19 in terms of integral operators following
from Green’s integral expressions for ji, it can be shown that the initial conditions for the
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total solution j(ξ, θ) are set by the calculation of the zeroth order solution j0(ξ, θ) 3. The
only term left in the Green’s function integral expression for j1(ξ, θ) is then a double integral
over the source term ρ1

j1(ξ, θ) =

∫ ∞
−∞

dξ
′
∫ θ+

0
dθ′ G(ξ, ξ′, θ, θ′)ρ1(ξ′, θ′), (5.25)

where G(ξ, ξ′, θ, θ′) is the Green’s function for the homogeneous telegraph equation.

G involves δ distributions, by which we decide to integrate θ′ until θ+ = θ + s with s small,
to not end integration at exactly the peak of the δ distribution. The source term ρ1 is given
by the right-hand side of the equation for the first order correction in (5.20)

ρ1(ξ, θ) = +2a(ξ) ∂θj
0(ξ, θ). (5.26)

Here, the plus appears from the Green’s function conventions for a source term equation.
Equation 5.25 and Equation 5.20 for j1(ξ, θ) can be applied to higher orders of correction
jn(), for n > 0, demonstrating that the solution to a higher order correction follows from the
solution one order of correction down the hierarchy.

Performing the method explicitly for j1(ξ, θ), we put the solution for j(ξ, θ)0 (5.24) into (5.26)
to obtain the explicit expression for the source term of the first order correction,

ρ1(ξ, θ) = + a(ξ) e−θ ∂θ

(
I1

[√
θ2 − ξ2

] ξ√
θ2 − ξ2

u(θ − |ξ|) + I0

[√
θ2 − ξ2

] ξ

|ξ|
δ(θ − |ξ|)

)

− a(ξ) e−θ

(
I1

[√
θ2 − ξ2

] ξ√
θ2 − ξ2

u(θ − |ξ|) + I0

[√
θ2 − ξ2

] ξ

|ξ|
δ(θ − |ξ|)

)
.

(5.27)

The expression for the first order correction source term ρ1 (5.26) is put into the integral
expression for j1(ξ, θ) in Equation 5.25 to obtain,

j1(ξ, θ) =
1

2
e−θ

∫ ∞
−∞

dξ
′
a(ξ′)

∫ θ+

0
dθ′I0

[√
(θ − θ′)2 − (ξ − ξ′)2

]
u(θ − θ′ − |ξ − ξ′|) ·

{−

(
I1

[√
θ′2 − ξ′2

] ξ′√
θ′2 − ξ′2

u(θ′ − |ξ′|) + I0

[√
θ′2 − ξ′2

] ξ′

|ξ′|
δ(θ′ − |ξ′|)

)

+∂θ′

(
I1

[√
θ′2 − ξ′2

] ξ′√
θ′2 − ξ′2

u(θ′ − |ξ′|) + I0

[√
θ′2 − ξ′2

] ξ′

|ξ′|
δ(θ′ − |ξ′|)

)
}.

(5.28)

Notice that the decay term e−θ drops outside of the integrals that we need to solve. The total
decay of the flux includes a uniform and exponential decay term that is related to the damped

3The Green’s function integral expression akin Equation 5.21 can be expressed in terms of integral operators
Mi as j

i(x, t) =M1f
i+M2g

i+M3∂θj
i−1. Putting this into the expansion (5.19) for several orders of correction

i, and using the linearity of the operators M1(u + v) = M1(u) + M1(v), results for the total solution in
j(ξ, θ) =M1f +M2g +M3(ε∂θj

0 + ε2∂θj
1 + ...). The integrals that include the initial conditions f and g are

calculated outside the calculation for the perturbation expansion.
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wave characteristics of the equation for j(ξ, θ) (5.4). We expect a symmetric expression in
the solution to the integrals as a result of a lower persistence region, which increases the net
flux towards that region.

We apply partial integration on the product of the first and last term of Equation 5.28 to
obtain eight double integrals that lead to the solution for j1(ξ, θ) by,

j1(ξ, θ) =
8∑

κ=1

j1
κ(ξ, θ). (5.29)

Here, we shorten the notation for the reference to the double integrals by using j1
κ(ξ, θ), with

κ used to number the double integrals κ ≤ 8. The double integrals are given by,
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Here, we use the shorthand notations a = θ′2 − ξ′2 and b = (θ − θ′)2 − (ξ − ξ′)2. Integrals
j1
1(ξ, θ) and j1

2(ξ, θ) arise from the product of the first and second term in Equation 5.28. In-
tegrals j1

3(ξ, θ) until j1
8(ξ, θ) arise from the product of the first and third term in Equation 5.28.
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The double integrals include products of Bessel functions with distinct arguments. For some
of the double integrals, the δ integral eliminates one of the two Bessel functions, whereby
the resulting single integral over one Bessel function can be calculated analytically, in some
cases by hand and in other cases by using Wolfram Mathematica. For the calculations us-
ing Mathematica, we use the tool FunctionExpand to obtain results in terms of analytical
functions. In the calculations that are performed here, we will obtain that the results can be
expressed entirely in terms of Bessel functions. For double integrals j1

3(ξ, θ) and j1
4(ξ, θ), the

products of the step functions make the double integrals zero. For the two double integrals
j1
1(ξ, θ) and j1

5(ξ, θ), the expression can be simplified by implementing the step functions to
the boundaries of the double integrals, but could not be solved by the use of conventional
integration techniques at this point. The simplified expression are shown in Appendix F.9.

The complete derivation that leads to the solutions and simplifications of the integrals j1
κ(ξ, θ)

is shown in Appendix F. The solutions that could be obtained for j1
κ(ξ, θ) are given by,
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The Besselfunctions Jb are related to the modified Bessel functions Ib by Ib(x) = i−bJb(ix) [38].

The calculated expressions j1
κ(ξ, θ) all include the factor u(θ−|ξ|) that ensures causality. The

solution to integral j1
8(ξ, θ) includes a two wave fronts in the shape of the initial condition.

The wave fronts are δ distributions that decay by the overall exponential decay term e−θ and
have an additional symmetric prefactor including |ξ|. This indicates different behavior of the
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motion compared to the wave front in the solution for the zeroth order correction (5.24), that
has an asymmetric prefactor including ξ/|ξ|. As a reminder, the contribution to the durotac-
tic transport follows from the symmetric contribution to the solution for j(ξ, θ), indicated by
Equation 5.17.

As was mentioned before, double integrals j1
1(ξ, θ) and j1

5(ξ, θ) could not be solved at this
point. In further research, one could solve the double integrals numerically for better com-
parison of the solution for j(ξ, θ) up to first order in ε to a fully numerical solution. Analytic
methods that could be tested in further research are introducing bi-polar coordinates and the
method of characteristics. These methods are not explored at this point.

We now study the symmetry of the first order solution j1(ξ, θ) that we have obtained thus
far, by calculation of its symmetric and asymmetric contributions j1

sym(ξ, θ) and respectively
j1
asym(ξ, θ) calculated by,

j1
sym(ξ, θ) =

1

2

(
j1(ξ, θ) + j1(−ξ, θ)

)
(5.33a)

j1
asym(ξ, θ) =

1

2

(
j1(ξ, θ)− j1(−ξ, θ)

)
. (5.33b)

Calculation of the contributions will show that, in addition to the expected symmetric con-
tribution, the incomplete solution for j1(ξ, θ) has a non zero asymmetric contribution. This
is an additional asymmetric contribution to the zeroth order solution j0 that is in fact the
solution for a homogeneous persistent profile. Two explanations are given here, of which the
first is that of the compensation of the asymmetric part by the vacant solutions to integrals
j1
1(ξ, θ) and j1

5(ξ, θ). The other explanation is that the additional asymmetric contribution
follows from the the two plateaus in the persistence step profile, by which the jump region of
the step profile forms the main contribution to the symmetric behavior in j(ξ, θ). This hy-
pothesis could be tested in further research by introducing a profile with no constant plateaus
of persistence to obtain if the additional asymmetric parts still appear in the incomplete so-
lution j1

1(ξ, θ).

In the next section, we make the behavior of the expressions in Equation 5.31 and Equa-
tion 5.32 more insightful by plotting the total solution j(ξ, θ) that we obtained so far, given
by Equation 5.19. We plot the (a)symmetric contributions separately and compare to a fully
numerical calculation for j(ξ, θ).

5.4.3 Comparison to the numerical solution

In the previous sections we computed the (partial) solution to the zeroth and first order cor-
rection to the expansion for j(ξ, θ). In this section, we plot the incomplete solution for j(ξ, θ)
given by Equation 5.19 up to the first order correction in ε. We compare the analytical solu-
tion from the perturbation expansion up to first order in ε to a numerically calculated solution.

For the numerical calculation of j(ξ, θ), we use the identical Wolfram Mathematica script
that was used in the numerical calculation of the probability distribution P (ξ, θ) in Chapter
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4. The script is listed in Appendix E and uses a narrowly peaked Gaussian distribution as an
approximation of the δ distribution for the initial distribution. We set for the width of the
distribution σ = 0.1 throughout all calculations in this section. The persistence profile is an
approximation of a step profile by hyperbolic tangent functions as before. The dimensionless
coupled Equations (2.26) are solved and the flux j(ξ, θ) is obtained from these equations by
subtracting the solutions for the left- and right moving densities.

From the numerical flux j(ξ, θ), the mean rate of displacement ∂θ 〈ξ〉 (θ) is calculated by nu-
merical integration. The mean rate of displacement for the analytical expression for j(ξ, θ)
can be obtained by using the same numerical integration method. The results from the ana-
lytical method and the numerical method are compared below.

The total analytical solution j(ξ, θ) calculated thus far is given by putting the zeroth order
solution j0(ξ, θ) in Equation 5.24 and the incomplete first order solution j1(ξ, θ) in Equa-
tion 5.31 and Equation 5.32 into the expansion of Equation 5.19 for ε = 1

2∆λ. We set the
solution to the unsolved integrals j1

3(ξ, θ) and j1
5(ξ, θ) to zero. In order for the perturbation

expansion to be valid, we choose a small value for ε—ε = (1/2)∆λ = 0.005. We leave it up
to further research to investigate on varying the value for ε.

The analytical solution obtained so far is plotted in Figure 27, together with a numerically
calculated solution for j(ξ, θ). The solutions seem to be consistent and seems to be asym-
metric. As is mentioned before, we expect a symmetric flux that leads to non zero transport.
We plot the asymmetric and symmetric parts of the solution separately, shown in Figure 28
for both the analytical and numerical solutions. The asymmetric part shows to be consistent
with the numerical asymmetric contribution to j(ξ, θ).

The symmetric contribution is about 500 times smaller than the asymmetric contribution in
both the analytical and numerical case. The symmetric contribution is expected to increase
for calculations on increasing values of ε = 1/2∆λ. The plotted symmetric and incomplete
solution to the analytical result strongly deviates from the numerical symmetric result. One
could argue that the contribution of the solution to the two unsolved integrals is significant
causing the deviation towards the numerical results in Figure 28b.

It looks like a sign is causing an error to the peaks of the solution, shifting to negative values.
The part in between the peaked fronts has a convex shape, which is also obtained for the
numerical solution. A horizontal shift, i.e. higher values of the flux, and a change in sign or
large contribution to the peaked fronts correct the deviation and might follow from the un-
solved integrals. The contribution of these integrals can be tested by calculating the integrals
numerically and adding them to the partial solution shown here. This is not included here.

To investigate the significance of the two missing expressions, and to test the validity of the
result thus far, we plot the mean rate of displacement by numerically calculating ∂θ 〈ξ〉 (θ)
from the symmetric contribution jsymm(ξ, θ) from Equation 5.17. The result is shown in Fig-
ure 29.
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Figure 27: The incomplete analytical solution j(ξ, θ) for ε = 0.005 obtained so far in black,
compared to j(ξ, θ) obtained from the numerical calculation of the coupled equations in red.
The inset shows a zoom around zero at times θ = 0, 1, 2, 3 plotted in the main figure.

(a) (b)

Figure 28: Splitting up of the solution j(ξ, θ) for ε = 1/2∆λ = 0.005 into the asymmetric
(a) and symmetric (b) contributions given by Equation (5.33b) respectively Equation (5.33a),
plotted at the indicated times θ. The incomplete analytical solution for j(ξ, θ) plotted in black
and the numerically calculated solution in red.

The numerical and analytical results deviate strongly, with even negative values in the an-
alytical case. The graph do both show some cross over time of order one, which was also
obtained in Chapter 4 in the evaluation of the mean displacement 〈ξ〉 (θ). If, as discussed
for the graphs of the flux, a sign forms the root of the largest contribution to the deviation
between numerical and analytical results, the behavior for the mean rate of displacement is
qualitatively correct compared to the results obtained in previous Chapters.

We obtained a rise of the mean displacement in time in Chapter 3 and Chapter 4, and thereby
positive mean rate of displacement. Discussed in Chapter 1, it is known in literature that
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Figure 29: The mean rate of displacement ∂θ 〈ξ〉 (theta) for the numerically and analytically
calculated j(ξ, θ) for ε = 1/2∆λ = 0.005 in red respectively black.

on long times, the mean displacement will start to decrease, whereby the rate of the mean
displacement becomes negative. The numerical results in Figure 29 shows to approach zero
and changing the sign of the analytical graph, the curve passes zero to become negative.

Further calculations are needed to obtain the real analytical solution in terms of transport.
The calculation of the two missing integrals is needed as a first step, after which higher orders
correction equations need to be solved for a valid approximation to the full solution for the
flux j(ξ, θ) and the the mean (rate of) displacement.
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6 Conclusion and Discussion

In this report, we study the motion of active walkers moving on a substrate with a varying
persistence time, resulting in durotactic transport. This durotactic transport is evidenced
by the mean displacement 〈x〉 (t) of the walkers, which increases with time. The underlying
types of motion of this durotactic transport are studied by analyzing the temporal behavior
of the mean displacement. Different types of motions are expected to be dominant on differ-
ent timescales, and the (mean) persistence time τp is expected to be an important timescale
separating those regimes.

In this study, we obtained for the mean displacement a wave-dominated short time limit where
〈x〉 (t) scales with time as t2, followed by a strongly durotactic regime for which the existence
of a universal scaling in time remains unclear. For the longest times, we find a universal
diffusive regime where 〈x〉 (t) scales with time as t1/2. In each of the temporal regimes, the
transport scales linearly with ∆λ, the total difference in persistence across the boundary. For
any finite total different in persistence, durotactic transport is obtained.

The crossover times in the system depend on the persistence times in the system, and these
times in turn are related to the inhomogeneous persistence profile. In the dimensionless equa-
tion, the crossover between the different time regimes occurs at a time of order one. We
propose that this crossover time is the persistence time τp = 1/2 that belongs to the mean
persistence value λ and that is scaled to one during our study.

Though the average persistence time appears to be the leading timescale, two additional,
less dominant crossover times should be present based on the maximum and minimum per-
sistence times resulting from the nonzero ∆λ. The time is expected to shift for different
∆λ values towards longer times, when the wave-dominated, more persistent motion, tends to
stay in the system longer. While we expect them to feature, we did not observe a clear signa-
ture of these crossover times. This might be due to the fact that these crossover times have
values very close to the dominating crossover time that we obtained and are thereby obscured.

The scaling of the mean displacement with time in the strongly durotactic transport regime
is partly obtained by the discrete model in Chapter 3 and deviates from the fully numerically
calculated scaling in time in Chapter 4. The true limit is a wave-dominated limit, that is
followed by the strongly durotactic time regime. Numerical errors on the short time regimes
contribute to significant uncertainties in the observed time dependence in the strongly duro-
tactic regime. We suggest, that the numerically obtained universal time dependence might
be the result of a mixture of the wave-dominated motion and the motion of particles that
changed their direction at least once during their motion over the substrate. The true tem-
poral behavior of the mean displacement may be obtained using a perturbation expansion for
the flux, set forth and partly solved in Chapter 5.

A practical suggestion to experimental researchers that follows from our work is that the
greatest durotactic transport is predicted to occur for steep, step-like gradients during the
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short-time regime, i.e. t� τp, and that it scales linearly with the the difference in persistence
time ∆τp between the left- and right hand side. In this regime, where many of the cells are
still located close to the interface, they respond strongly to the gradient and are most strongly
advected in the direction of the stiffer, more persistent side. If one is interested in verifying
this durotactic mechanism, then this regime is best suited for doing so.
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7 Outlook

Although we have made progress, the full analytical expression of the mean displacement for
persistence-driven durotactic transport remains to be determined. Because the discrete and
the numerical computations still give conflicting results, the true scaling of the mean displace-
ment with time in the strongly durotactic transport regime, likewise, remains uncertain. We
foresee two paths that can lead to a resolution: The first is an analytical solution for the mean
displacement, and the second is the use of more accurate and controlled numerical methods.

As for the first suggestion, the most promising analytical method that leads to such a solution
is that of solving the closed inhomogeneous telegraph equation for the flux j(ξ, θ) (5.4). The
framework in Chapter 5 is a systematic way to obtain an analytical expression for the mean
displacement via the flux. While it would be preferable to obtain closed-form solutions based
on this framework, it might also be worthwhile to apply numerical methods to compute the
remaining unsolved integrals and compare to the numerical calculations presented in section
5.4. To actually solve the integrals analytically, the introduction of bipolar coordinates might
be useful—these allow the the convolution products to be written in a different and poten-
tially more manageable form.

Another analytical method that might help solve the inhomogeneous telegraph equation for
the flux j(ξ, θ) was mentioned briefly in section 5.1, and relies on the Green’s functions
method. While a Green’s function for general λ(x) is likely out of reach, for the step profiles
we have been considering throughout it may be feasible. We did not manage to obtain it,
because of some apparent subtleties involving the Fourier transformed convolutions involving
step functions, but in further research, we suggest using better-behaved (continuous) approx-
imants of the step function such as the hyperbolic tangents we have been using elsewhere. We
have not pursued this option, but it is worth exploring whether this leads to fewer analytical
complications.

As mentioned earlier, the numerical calculations we performed behave questionably at short
times, which is precisely the time range of the strongly durotactic regime. The computational
package Clawpack is a commonly used tool in the numerical solution of hyperbolic partial dif-
ferential equation such as the homogeneous telegraph equation [39]. The package comes with
pre-written code in the FORTRAN language and numerically solves coupled homogeneous
transport equations by Riemann solvers, and can be adjusted to solve inhomogeneous trans-
port equations like the coupled durotactic equations in Equation 2.26 [40] [33]. The package
allows for explicit input of initial conditions, boundary conditions and numerical stepsizes
which creates great control over the calculation and its accuracy.
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Figure 30: Clawpack calculations in blue, compared with Mathematica calculations in red, of
the probability distribution P (ξ, θ).

Figure 31: Error at several timesteps between the numerical method and the analytical ex-
pression in Equation C.53, for the Clawpack method (blue) and Mathematica method (red).
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We first made some changes in the code for a homogeneous transport problem, and compared
Clawpack to our other numerical methods for ∆λ = 0. The plots for the solutions of sum
P (ξ, θ) of and difference j(ξ, θ) between the coupled equations are consistent with the nu-
merical calculations obtained with Mathematica in Chapter 2 and Chapter 4. Plots of the
probability distribution P (ξ, θ) by both Clawpack and Mathematica are shown in Figure 30.
We calculate the error between each numerical result and the analytical solution for the same
initial condition, given in Equation C.53 for σ = 0.1. The error is calculated by taking the
absolute value of the difference between the analytical and numerical result, in a table for
values 15 ≤ ξ ≤ 15 with steps of 0.015 and plotted for several points in time. The resulting
plots are shown in Figure 31.

Except at θ = 0, the errors between the Clawpack solution and the analytical method are
bigger than that of the Mathematica solution. Errors of both methods decrease in magnitude
over time, where the errors in the wavefronts of both solutions decay to zero first. The step
size in the Clawpack calculations can be decreased in further research to investigate whether
there are perhaps settings for which Clawpack does outperform Mathematica, in which case
it would be interesting to explore the problem with a persistence gradient in Clawpack as well.

An additional analytical method, and in fact the approach on which the Clawpack solver is
based, is the method of characteristics [40] [33]. This method defines the problem in reference
to two characteristic lines in the parameter space by which two simplified coupled equations
arise in the homogeneous case. The method can be applied to the inhomogeneous coupled
equations in Equation 2.26 and, not derived here, results in an integral equation for the
difference between the right and left walking densities j(ξ, θ) that is a Fredholm equation of
the second type [41]. The integral equation may be solved for j(ξ, θ) in future research and
compared to numerical results using Clawpack.
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A Mathematical definitions

A.1 The Fourier convention

For the Fourier transform we use the wave propagation convention [42],

F(k) =
1

2π

∫ ∞
−∞

f(x) e−ikxdx, (A.1)

with corresponding inverse transform:

f(x) =

∫ ∞
−∞
F(k) eikxdk. (A.2)

Here, k is expressed in dimensions [ 1
m ] if x is a spatial variable in [m]. From the Fourier

convention follows the convention for the Dirac delta distribution δ(x),

δ(x) =

∫ ∞
−∞
F [δ(x)] eikxdk, (A.3)

and its reversed transform by multiplying by e−ikx and integrating over x,∫ ∞
−∞

δ(x)e−ikxdx =

∫ ∞
−∞

∫ ∞
−∞
F [δ(x)] eikxe−ikxdkdx (A.4)

results for the left-hand side by use of A.1 in,

F [δ(x)] =
1

2π
. (A.5)

A.2 The Heaviside step function

In the report, we refer to the Heaviside step function as u(x). We use the half-maximum
convention of the function, given by,

u(x) =


0, x < 0
1
2 , x = 0
1, x > 0.

(A.6)

Through out derivations that are made in this report, we use the fact that the derivative of
the Heaviside step function is the δ distribution. Next to that, the limit of the tanhx function
for small width and sharp gradient is a Heaviside step function.

A.3 Modified Bessel functions

The modified Bessel function Iν [z] of order ν is the solution to the differential equation [38],

z2 d2w

dz2
+ z

dw

dz
− (z2 + ν2)w = 0. (A.7)
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Derivatives of Bessel functions are defined by other order Bessel functions. The first order
modified Bessel function I1 is defined by,

dI0[z]

dz
= I1[z], (A.8)

and the second order modified Bessel function is defined by

dI1[z]

dz
− 1

2
I0[z] =

1

2
I2[z]. (A.9)

B Conservation of normalization of the one-dimensional tele-
graph equation

We aim to find the normalization conditions for the 1D dimensionless telegraph equation,
given by,

∂2P

∂ξ2
= 2

∂P (ξ, θ)

∂θ
+
∂2P (ξ, θ)

∂θ2
. (B.1)

We integrate both sides over ξ to obtain,∫ ∞
−∞

∂2P

∂ξ2
dξ =

∂

∂θ

∫ ∞
−∞

(
∂P

∂θ
+ 2 P

)
dξ, (B.2)

where we took out one partial derivative to θ, valid for any normally defined function in a
ξ-integral. Use the normalization condition for P ,∫ +∞

−∞
P (ξ, θ) dξ = 1, (B.3)

and rewrite the left side to get,∫ +∞

−∞
d

(
∂P

∂ξ

)
=

∂

∂θ

∫ +∞

−∞

∂P

∂θ
dξ. (B.4)

Now notice that
∂2

∂θ2

∫ ∞
−∞

P dξ = 0, (B.5)

for a normalized distribution P . This means,[
∂P

∂ξ

]+∞

−∞
= 0, (B.6)

which is guaranteed for,
∂P

∂ξ
= 0, on ξ = ±∞, (B.7)

to conserve normalization.
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C Solution to the one-dimensional telegraph equation

We present the general method to solve the non-rescaled one-dimensional telegraph equation
with constant velocity by use of Green’s function [34]. The rescaled solution is obtained by
putting λ and v to 1. We first derive a solution in terms of initial- and boundary conditions.
The boundary condition follows from conserving normalization, shown in Appendix B, leading
an expression in only terms of the initial conditions. The derivation for an initial δ-distribution
is given in Appendix C.2. The solution to three other initial conditions is given in Appendix
C.3 to show the expected influence of the initial condition on the solution. Similar to the
solution for the wave-equation, the initial conditions shows up in the eventual solution.

C.1 General solution to the one-dimensional telegraph Equation

The one-dimensional telegraph equation with constant v is given by,

∇2P (x, t)− 2λ

v2

∂P (x, t)

∂t
− 1

v2

∂2P (x, t)

∂t2
= 0. (C.1)

Equation C.1 can be written as an operator L working on P (x, t). We introduce a source
term ρ to the homogeneous Equation C.1 and a Green’s function G to write,

LP (x, t) = −ρ(x, t) (C.2a)

LG(x, t|x0, t0) = −δ (x− x0) δ (t− t0) . (C.2b)

The Green’s function G(x, t|x0, t0) is measuring the effect at point and time (x, t) of source ρ
located and introduced at (x0, t0).

Combining C.2 and C.1 gives the following system of equations,

∇2P (x, t)− 2λ

v2

∂P (x, t)

∂t
− 1

v2

∂2P (x, t)

∂t2
= −ρ(x, t) (C.3a)

∇2G(x, t|x0, t0)− 2λ

v2

∂G(x, t|x0, t0)

∂t
− 1

v2

∂2G(x, t|x0, t0)

∂t2
= −δ (x− x0) δ (t− t0) . (C.3b)

We aim to find an expression in terms of only the initial and boundary conditions of P and G.

We change variables x→ x0 and t→ −t0 and rewrite Equation C.3 in terms of t0,

∇2
0P (x0,−t0)− 2λ

v2

∂P (x0,−t0)

∂ (−t0)
− 1

v2

∂2P (x0,−t0)

∂(−t0)2
= −ρ(x0,−t0) (C.4a)

∇2
0G (x0,−t0|x,−t)−

2λ

v2

∂G (x0, − t0|x,−t)
∂ (−t0)

− 1

v2

∂2G (x0,−t0|x,−t)
∂(−t0)2

= −δ (x0 − x) δ (−t0 + t) .

(C.4b)

Use for G the reciprocity condition of Green’s functions G(x, t|x0, t0) = G(x0,−t0|x,−t) and
notice that P (x0,−t0) is the solution to the time reversed equation of P (x0, t0) to obtain [34],
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∇2
0P (x0, t0)− 2λ

v2

∂P (x0, t0)

∂ (t0)
− 1

v2

∂2P (x0, t0)

∂(t0)2
= −ρ(x0, t0) (C.5a)

∇2
0G (x, t|x0, t0) +

2λ

v2

∂G (x, t|x0, t0)

∂t0
− 1

v2

∂2G (x, t|x0, t0)

∂(t0)2
= −δ (x− x0) δ (t− t0) . (C.5b)

From now on we shorten our notations by, P (x0, t0) = P , and, G (x, t|x0, t0) = G. We do
P× (C.5b) −G×(C.5a) and integrate over both t0 and the 1D volume (x-axis), where t0 goes
from 0 till t+ = t+ ε to not end integration at exactly the peak of the delta-distribution,∫ t+

0
dt0

∫ ∞
−∞

dx0

[
P∇2

0G−G∇2
0P
]

+
2λ

v2

∫ ∞
−∞

dx0

∫ t+

0
dt0

[
P
∂G

∂t0
+G

∂P

∂t0

]
− 1

v2

∫ ∞
−∞

dx0

∫ t+

0
dt0

[
P
∂2G

∂t20
−G∂

2P

∂t20

]
= −

∫ ∞
−∞

dx0

∫ t+

0
dt0 P δ (x− x0) δ (t− t0)

+

∫ ∞
−∞

dx0

∫ t+

0
dt0 Gρ (x0, t0) .

(C.6)

We simplify this expression by applying Green’s theorem [34],∫∫∫ [
U∇2V − V∇2U

]
dV =

∮
[U∇V − V∇U ] · d ~A, (C.7)

to the first term, rewrite in the second term,[
P
∂G

∂t0
+G

∂P

∂t0

]
=

∂

∂t0
[PG], (C.8)

and add to the third term, ∂P
∂t0

∂G
∂t0
− ∂G

∂t0
∂P
∂t0

to rewrite the third term as,

∂

∂t0

[
P
∂G

∂t0
−G∂P

∂t0

]
. (C.9)

In addition, we use the fact that G (x, t|x0, t
+) and its derivative are zero since t+ > t, the

source initiation occurs after the observation time and thereby the measured effect by G is
zero. We obtain,

P (x, t) =

∫ ∞
−∞

dx0

∫ t+

0
dt0Gρ (x0,t0) +

∫ t+

0
dt0

∮
dS · [G∇0P − P∇0G]

+
2λ

v2

∫ ∞
−∞

dx0[PG]t0=0 +
1

v2

∫ ∞
−∞

dx0

[
G
∂P

∂t0
− P ∂G

∂t0

]
t0=0

.

(C.10)

This is the integral expression involving only the initial and boundary conditions of P (x, t)
and G(x, t|x0, t0).

Now, we need to find an expression for G to put into integral expression (C.10) for P (x, t).
Let us introduce the variables R = |x − x0| and T = t − t0 and write down the equation for
G = G(R, T ),

∇2G− 2λ

v2

∂G

∂T
− 1

v2

∂2G

∂T 2
= −δ(R)δ(T ), (C.11)
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and the 1D Fourier expression γ(q, T ) for G(R, T ) according to the Fourier convention stated
in Appendix A,

G(R, T ) =

∫ +∞

−∞
dq eiqRγ(q, T ). (C.12)

We put (C.12) into (C.11) and use the integral expression of the delta-function δ(R) =∫ +∞
−∞ dq eiq·R,∫ ∞

−∞
dq eiq·R

[
−q2γ(q, T )− 2λ

v2

∂γ(q, T )

∂T
− 1

v2

∂2γ(q, T )

∂T 2

]
= −

∫ ∞
−∞

dq eiq·Rδ(T ), (C.13)

to obtain a differential equation for γ,

q2γ(q, T ) +
2λ

v2

∂γ(q, T )

∂T
+

1

v2

∂2γ(q, T )

∂T 2
= δ(T ). (C.14)

The appropriate homogeneous solution to the differential Equation C.14 is γhom = A e−iωT

and is put into Equation C.14 to find,

Ae−iωT [− 1

v2
ω2 − 2λi

v2
ω + q2] = 0, (C.15)

giving for ω+ and ω−,
ω± = −λi±

√
q2v2 − λ2. (C.16)

The solution to the inhomogeneous Equation C.14 is of the form,

γ = (Ae−iω
+T +Be−iω

−T )u(T ), (C.17)

where the Heaviside step function u(T ) is introduced for causality reasons; making γ vanish

for all t < t0. Put C.17 into C.14 with δ′(T ) = − δ(T )
T validated for the distribution δ(t) by,

d

dt
δ(t) =

d

dt

∫ ∞
−∞

eiqtdq =

∫ ∞
−∞

d

dt
eiqtdq =

∫ ∞
−∞

iq · eiqtdq

=
q

t
eiqt|+∞−∞ −

∫ ∞
−∞

1

t
eiqtdq = −δ(t)

t
.

(C.18)

Sort the resulting terms in δ(T ) and in u(T ). This leads for the u(T )-terms to the zero
polynomial pre-factor for solving the homogeneous solution (C.15) and for the δ(T )-terms to
the pre-factor,

2λ

v2

(
Ae−iω

+T +Be−iω
−T
)
δ(T ) +

2

v2

(
−iω+Ae−iω

+T − iω−Be−iω−T
)
δ(T )

+
1

v2

(
Ae−iω

+T +Be−iω
−T
)(−δ(T )

T

)
= δ(T ),

(C.19)

and should also be valid in the limit of T → 0. This is true only if the prefactor of −δ(T )
T is

zero in this limit, so when A = −B. Then Equation C.19, in the limit of T → 0 becomes,

2λ

v2
(A+B) δ(0) +

2

v2

(
−iω+A− iω−B

)
δ(0) = δ(0), (C.20)
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giving an expression for A and B that are put into Equation C.17 to obtain for γ,

γ =
v2i

2

(
e−iω

+T − e−iω−T

ω+ − ω−

)
u(T ). (C.21)

Equation C.21 is put into Equation C.12 to obtain a solvable expression of the one-dimensional
Green’s function G(R, T ),

G(R, T ) =
v2i

2

∫ +∞

−∞
dq eiqR

(
e−iω

+T − e−iω−T

ω+ − ω−

)
u(T ), (C.22)

where, ω± = −λi±
√
q2v2 − λ2.

Calculation of Equation C.22 will give the input G for the solution of P (x, t) expressed in
Equation C.10. The integral of Equation C.22 has two branch points on the current path
of integration at q = ±λ

v . To avoid divergence of the integral, q is extended to the complex
plane and the contour C of integration is chosen to run parallel to the real axis, a small value
ε above it. The branch line is chosen to run from q = −λ

v to q = +λ
v along the real axis.

First, we consider the integral involving e−iω
+T ,

gω+(R, T ) =

∫ +∞

−∞
dq

e−iω
+T

ω+ − ω−
eiqR =

e−λT

2v

∫
C

dq
exp[i(qR− v

√
q2 − λ2/v2T )]√

q2 − λ2/v2
. (C.23)

The contour C is closed by a contour D in the complex plane of q, as is shown in figure 32.
When the norm of the integrand converges to zero along the complex contour D, the total
integral is equal to the integral over the contour C that we want to calculate. Therefore,
we look at large q = Re[q] + i Im[q] and look at the norm of the exponent f = exp[i(qR −
v
√
q2 − λ2/v2)] in the integrand of Equation C.23,

|f | = |eiq(R−vT )| = |e−α+Im[q]eiα+Re[q]| = e−α+Im[q], (C.24)

where α+ = (R − vT ), which is real and positive for R > vT . If we now choose the complex
contour D be half a circle with large q radius in the upper half plane of q, Im[q] is positive
everywhere. The norm of the integrand converges to zero on D. The closed contour (C +D)
does not enclose any singularities, whereby the total (C + D)-integral is zero by Cauchy’s
theorem. [34] Thereby, C is zero for R > vT .

In the case of R < vT , (R− vT ) = −α+ = α− is real and negative, whereby the norm of the
exponent in the integrand (for large q) becomes,

|f | = exp[α+Im[q]]. (C.25)

The norm of the integrand now converges to zero for Im[q] < 0, so when we close the contour
in the lower half plane of q. We choose half a circle with large q radius. Now, the total
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Figure 32: Integration contour C and D for the integral involving e−iω
+T . Branch line runs

from q = −λ/v until q = λ/v over the real axis. Contour C runs a value ε above and parallel
to the real axis. Contour C is closed by a contour D inside the positive complex plane.

integral is equal to the line integral over only the contour C that runs from −∞+ iε to∞+ iε
in the complex plane,

gω+(R, T ) =
u(vT −R)

2v
e−λT

∫ ∞+iε

−∞+iε
dq

exp[i(qR− v
√
q2 − λ2/v2T )]√

q2 − λ2/v2
, (C.26)

and notice the form of the integral similar to,∫
1√

u2 − a2
du = cosh−1

(u
a

)
+ c. (C.27)

We introduce q = λ
v coshx with integration boundaries,

lim
ε−>0

cosh−1(−∞+ iε) =∞+ iπ

lim
ε−>0

cosh−1(∞+ iε) =∞+ 0i.
(C.28)

Equation C.26 becomes,

gω+(R, T ) =
u(vT −R)

2v
e−λT

∫ ∞+0i

∞+πi
dx exp[i

λ

v
(R coshx− vT sinhx)]. (C.29)

We look for a representation of R and T for which R ∼ A cosh θ and vT ∼ A sinh θ with newly
introduced variable θ. Then, the exponent in the integrand can be expressed in cosh(x− θ).
We find the correct form of A by using the rule A2(cosh(z)2 − sinh(z)2) = A2, resulting in
A = |

√
R2 − v2T 2| and leading to,

gω+(R, T ) =
u(vT −R)

2v
e−λT

∫ ∞+0i

∞+πi
dx exp[i

λ

v
|
√
R2 − v2T 2| cosh(x− θ)]. (C.30)
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Let (x− θ) = iξ,

gω+(R, T ) =
u(vT −R)

2v
e−λT i

∫ −i∞
−i∞+π

dξ exp[i
λ

v
|
√
R2 − v2T 2| cos(ξ)], (C.31)

which is the integral representation of the zeroth order Bessel function [34],

J0(z) =
1

π

∫ π

0
eizcosφdφ. (C.32)

This results in,

gω+(R, T ) = −π i

2v
e−λTJ0[

λ

v
|
√
R2 − v2T 2|]u(vT −R), (C.33)

and total contribution from ω+-term gives,

gω+(R, T ) · v
2i

2
=
π

4
ve−λTJ0

[
λ

v
|
√
R2 − v2T 2|

]
u(vT −R). (C.34)

We consider the integral involving e−iω
−T ,

gω−(R, T ) =

∫ +∞

−∞
dq
−e−iω−T

ω+ − ω−
eiqR =

1

2v
e−λT

∫
C

dq
− exp[i(qR+ vT

√
q2 − λ2/v2)]√

q2 − λ2/v2
. (C.35)

With the same procedure as for gω+(R, T ) we find,

gω−(R, T ) = +
iπ

2v
e−λTJ0[

λ

v
|
√
R2 − v2T 2|](1− u(R+ vT )), (C.36)

where we used R ∼ A cosh θ and vT ∼ −A sinh θ. The total contribution from ω−-term is,

gω−(R, T ) · v
2i

2
= −π

4
ve−λτJ0[

λ

v
|
√
R2 − v2T 2|](1− u(R+ vT )). (C.37)

Giving for the total Green’s function G(R, τ) = v2i
2 (gω+(R, T ) + gω−(R, T )),

G(R, T ) =
π

4
ve−λτJ0

[
λ

v

∣∣∣√R2 − v2T 2
∣∣∣]u(vT − |R|). (C.38)

We make sure the Green’s function G(R, T ) is a valid solution in conserving normalization,
which implies an extra prefactor 2

π , giving the normalized solution,

G(R, T ) =
v

2
e−λτJ0

[
λ

v

∣∣∣√R2 − v2T 2
∣∣∣]u(vT − |R|). (C.39)

Put Equation C.39 into the integral expression (C.10) for P to get the general solution for
P (x, t). We can eliminate some terms in (C.10), taking into account that ρ is zero for the
telegraph Equation in (C.1). Appendix B shows the normalization condition dP

dx = 0 at
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x = −∞ and x = +∞ and the same boundary conditions should hold for the Green’s
function g by definition. This cancels out the contour integral in (C.10). Eliminating these
two terms in Equation C.10, the integral equation for P (x, t) becomes,

P (x, t) =
2λ

v2

∫ ∞
−∞

dx0[PG]t0=0 +
1

v2

∫ ∞
−∞

dx0

[
G
∂P

∂t0
− P ∂G

∂t0

]
t0=0

, (C.40)

with G = G(R, T ) given in Equation C.39. Putting in the expression for G and the initial

conditions P (x0, 0) and ∂P (x0,0)
∂t0

lead to the particular solution to (C.1).

C.2 P (x, t) for an initial δ-distribution

The first term in Equation C.40 for the initial condition P (x0, 0) = δ(x0) is,

2λ

v2

∫ ∞
−∞

dx0 [PG]t0=0 =
2λ

v2

∫ ∞
−∞

dx0δ(x0)G(x, t|x0, 0) =
2λ

v2
G(x, t|0, 0) =

2λ

v2
G(x, t). (C.41)

By plugging in G of Equation C.39 we find,

λ

v
e−λtI0

[
λ

v

√
v2t2 − x2

]
u(vt− |x|), (C.42)

where I0 is the modified Bessel function I0[z] = J0[iz].
The second integral in Equation C.40 contains two terms,(

G
∂P

∂t0

)
t0=0

= 0, (C.43)

and,(
P
∂G

∂t0

)
t0=0

= P (x0, 0)
∂

∂t0

[
v

2
e−λ(t−t0)J0[

λi

v

√
v2(t− t0)2 − (x− x0)2]u(vT − |R|)

]
,

(C.44)
with G from C.39. Equation C.44 is calculated by applying three times the product rule,
for the exponent, the Bessel function and the Heaviside step function. Putting this into the
integral 1

v2

∫∞
−∞ dx0[−P ∂G

∂t0
]t0=0 gives three integrals to be solved,

−vλ
2v2

e−λt
∫ ∞
−∞

dx0P0 (x0) I0

[
λ

v

√
v2t2 − (x− x0)2

]
u(vt− |x− x0|) (C.45a)

+
λt

2

1

2
e−λt

∫ ∞
−∞

dx0
P0 (x0)√

v2t2 (x− x0)2
I1

[
λ

v

√
v2t2 − (x− x0)2

]
u(vt− |x− x0|) (C.45b)

+
v2

2v2
e−λt

∫ ∞
−∞

dx0P0 (x0) I0

[
λ

v

√
v2t2 − (x− x0)2

]
δ(vt− |x− x0). (C.45c)
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We put the initial condition P0(x0, 0) = δ(x0) into Equation C.45 and find,

− λ

2v
e−λtI0

[
λ

v

√
v2t2 − x2

]
u(vt− |x|) (C.46a)

+
λt

2
e−λt

1√
v2t2 − x2

I1

[
λ

v

√
v2t2 − x2

]
u(vt− |x|) (C.46b)

+
1

2
e−λt [δ(x− vt) + δ(x+ vt)] . (C.46c)

By summing up Equations C.42, C.43 and C.46 we find P (x, t) for an initial δ-distribution,

P (x, t) =
1

2
e−λt

(
λ

v

[
I0[
λ

v

√
v2t2 − x2] +

vt√
v2t2 − x2

I1[
λ

v

√
v2t2 − x2]

])
u(vt− |x|)

+
1

2
e−λt (δ(x− vt) + δ(x+ vt)) .

(C.47)

The rescaled telegraph equation gives the solution for dimensionless P (ξ, θ),

Pξ, θ) =
1

2
e−θ

([
I0[
√
θ2 − ξ2] +

θ√
θ2 − ξ2

I1[
√
θ2 − ξ2]

])
u(θ − |ξ|)

+
1

2
e−θ (δ(ξ − θ) + δ(ξ + θ)) .

(C.48)

One can check that P (ξ, θ) in (C.48) conserves normalization. The total equation decays
exponentially by e−θ. The initial δ-distribution is included in the solution in dissipated form,
like in a damped wave equation solution. The peaks are two wave-fronts, that propagate with
the same speed and decay with the same factor.

One could wonder if an asymmetrical initial condition would give asymmetrical decay of
the wave fronts and to inhomogeneous spreading over the one-dimensional surface. As for
the homogeneous telegraph equation, the wave fronts stay undistorted as compared to the
initial condition. The fronts decay with the same decay factor as in the symmetrical IC case,
whereby not adding to the asymmetrical spreading as a result of persistence variations. This
result shows the damped wave equation behaviour of the equation, where a decaying signal
in the shape of the initial condition propagates at the fronts of the causality domain. The
derivation for other initial conditions for the homogeneous telegraph equation are expected
to propagate the initial condition in decayed form. In the next section this is investigated for
an initial Gaussian distribution and an initial asymmetrical distribution.

C.3 P (x, t) for an other initial conditions

We check the consistence of the solution of a δ-distribution with an approximation of a Gaus-
sian initial condition that has a finite width. The limit of a Gaussian peak is a δ-peak and
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should therefore be consistent in the limit for narrow width of the distribution. The Gaussian
distribution is used in numerical calculations, while the δ-distribution is easier to work with
analytically, especially when calculating integrals.

The outcome for an initial asymmetrical δ-distribution is derived next, showing decaying
propagation of the initial distribution as wave fronts plus a distribution in between, which
decays in the same fashion. An asymmetric initial distribution does not determine the directed
motion of the particles.

C.3.1 Symmetric initial condition: norrowly peaked Gaussian distribution

The Gaussian distribution is given by,

P (x, 0) =
1

σ
√

2π
exp[− x2

2σ2
]. (C.49)

First, we put the Gaussian distribution into the first term in Equation C.40, together with
the expression for G(R, T ) in Equation C.39,

λ

vσ
√

2π
e−λt

∫ ∞
−∞

dx0e
− x20

2σ2 I0[
λ

v

√
v2t2 − (x− x0)2]u(vt− |x− x0|)

=
λ

vσ
√

2π
e−λt

∫ ∞
−∞

dx0 exp[− x2
0

2σ2
+ log(I0[

λ

v

√
v2t2 − (x− x0)2])]u(vt− |x− x0|).

(C.50)

The Bessel function in the integrand is taken into the exponent, which simplifies the cal-
culation of the integral to a standard integral after applying a saddle point approximation
by expanding the log I0 term around zero width x0 = 0 of the narrowly peaked Gaussian
distribution. U[ to first order the expanded solution is,

λ

v
e−λtI0[

λ

v

√
v2t2 − x2] exp[

σ2

2
(
λ

v
)2 x2

v2t2 − x2
(
I1[λv
√
v2t2 − x2]

I0[λv
√
v2t2 − x2]

)2]u(vt− |x|), (C.51)

where I0 and I1 are the zeroth- and respectively first order Bessel functions and u(vt − |x|)
the causality condition. The equation is valid for narrow width of the Gaussian distribution.

Secondly, we put the Gaussian expression and the expression for G = G(R, T ) (C.39) into
the second term in Equation C.40 and use the same trick of the saddle point approximation
to the non-Gaussian terms in the exponent to first order in x0,

− λ

2v
e−λtI0[

λ

v

√
v2t2 − x2] exp[

σ2

2
(
λ

v
)2 x2

v2t2 − x2
(
I1[λv
√
v2t2 − x2]

I0[λv
√
v2t2 − x2]

)2]u(vt− |x|)

+
λt

2
e−λt

I1[λv
√
v2t2 − x2]

√
v2t2 − x2

exp[
σ2

2

x2

v2t2 − x2

(
1

2

I0[λv
√
v2t2 − x2] + I2[λv

√
v2t2 − x2]

I1[λv
√
v2t2 − x2]

λ

v
− 1√

v2t2 − x2

)2

]·

u(vt− |x|)

+
1

2
e−λt

1

σ
√

2π

(
e

(x−vt)2

2σ2 + e
(x+vt)2

2σ2

)
.

(C.52)

82



In the third contribution to this term, the exact initial condition is visible, propagating in
decayed form. In total, the solution for an initial narrowly peaked Gaussian distribution,
following from a first order expansion in x0 is,

λ

2v
e−λtI0[

λ

v

√
v2t2 − x2] exp[

σ2

2
(
λ

v
)2 x2

v2t2 − x2
(
I1[λv
√
v2t2 − x2]

I0[λv
√
v2t2 − x2]

)2]u(vt− |x|)

+
λt

2
e−λt

I1[λv
√
v2t2 − x2]

√
v2t2 − x2

exp[
σ2

2

x2

v2t2 − x2

(
1

2

I0[λv
√
v2t2 − x2] + I2[λv

√
v2t2 − x2]

I1[λv
√
v2t2 − x2]

λ

v
− 1√

v2t2 − x2

)2

]·

u(vt− |x|)

+
1

2
e−λt

1

σ
√

2π

(
e

(x−vt)2

2σ2 + e
(x+vt)2

2σ2

)
.

(C.53)

We can also expand around x0 = 0 to second order, this is not shown here since the ex-
pansion to first order of the Gaussian initial condition is already consistent with the initial
δ-distribution. This is verified by numerical calculations and not further discussed here.

C.3.2 Asymmetric initial condition: delta peak plus derivative

Asymmetry in x of the δ-distribution is achieved by perturbing the function with a small
amount of its derivative towards the spatial coordinate,

P (x0, 0) = δ(x0) + ε
∂δ(x0)

∂x0
. (C.54)

Partial integration will give δ-peak integrals that are easy to calculate by hand, resulting in,

P (x, t) =
1

2
e−λt

{
λ

v

(
I0[d] +

vt√
v2t2 − x2

I1[d]

)
u(vt− |x|)

}
+

1

2
e−λt

λ

v

xε√
v2t2 − x2(

−1

2

λt√
v2t2 − x2

I0[d]− λ

v
I1[d] +

vt

v2t2 − x2
I1[d]− λt

2
√
v2t2 − x2

I2[d]

)
u(vt− |x|)

+
1

2
e−λt

(
δ(x− vt) + δ(x+ vt) + ε

∂δ(x0)

∂x0
|x±vt

)
.

(C.55)

Here, the argument of the Bessel functions is given by d = λ
v

√
v2t2 − x2.

The solution consists of the solution for an unperturbed initial δ-distribution plus terms of
order ε. The ε-terms are exactly the derivative of the unperturbed initial δ-distribution. This
suggested that the solution is again a decayed, propagating form of the initial condition in the
from of wave fronts plus an arising distribution in between that is also based on the shape of
the initial condition. This also means that the asymmetric peaks and distribution is simply
damped wave-like behavior that is not the effect of a varying persistence. The direct motion
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of cells can not be studied by this. A symmetric initial condition is needed to only obtain the
effect of varying persistence in the asymmetric solution of P (x, t) and the non-zero 〈x〉.

In addition, we calculated the solution for an asymmetric initial condition of a narrowly
peaked Gaussian distribution perturbed by its derivative. The result is not shown here as it
does not give us any extra insights on the damped wave behavior. The solution is obtained
by combining the method for the symmetrical Gaussian distribution with that of the partial
integration method for the asymmetrical δ distribution shown above.
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D The discrete Mathematica module for the Discrete Model

D.1 Mathematica module in terms of λ+ and λ−

Figure 33: The module used to calculate an inhomogeneous binomial distribution for a step
function profile in λ. The mean displacement value is calculated from the probability distri-
bution.
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Figure 34: We table the mean displacement values for 16 timesteps, for λ+ = 0.2 and λ− =
0.4, for several δ = τ values.
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D.2 Adjustments to Mathematica module, translated in terms of ∆λ and
λ

Figure 35: The module used to calculate an inhomogeneous binomial distribution for a step
function profile in λ, rescaled on λ that is set to value one. The mean displacement value is
calculated from the probability distribution and depends on the jump in the step profile ∆λ.
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Figure 36: Comparison of the results of the module in Figure 35 with the results derived by
hand.
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Figure 37: We table the mean displacement values following from the module in Figure 35 for
16 timesteps, for ∆λ = 0.05, for several δ = τ values.

E Numerical scripts for calculations of the (in)homogeneous
PRW model

The numerical script is written in Wolfram Mathematica and calculates the probability dis-
tribution P (ξ, θ) and flux j(x, t), from where the mean displacement value 〈x〉 (t) respectively

the velocity of the mean displacement value ∂〈x〉(t)
∂t is calculated. The functional parts of the

script are displayed in the successive figures below.
The first section sets and shows the initial Gaussian distribution, shown in Figure 38. The
second section sets and shows the λ-profile, visible in Figure 39. The left- and right walkers
α and β in Theory section 2 are referred to in the script as pg respectively mg. The rescaled
equations (2.26) are put in during section 3 of the script in Figure 40, with x and t the
rescaled variables ξ and θ. The coupled equations are solved numerically in section 4 of the
script, shown in Figure 40. The solution for the sum of the coupled equation that we refer to
as P (x, t) is in the script referred to as Pgtot(x, t). The solution for the difference that we
call j(x, t) is in the script called Mgtot(x, t). As a sanity check, we check if normalization of
the distribution is conserved in section 6 in Figure 41. In section 7, shown in Figure 42, we
calculate the mean displacement value from numerical integration of the obtained probability
distribution P (x, t) and the velocity of the mean displacement value ∂〈x〉(t)

∂t from numerical
integration of the obtained flux j(x, t).
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Figure 38: Initial narrowly peaked Gaussian distribution to approximate the δ distribution.
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Figure 39: The gradient λ profile is a hyperbolic tangent profile, approximating the step func-
tion.
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Figure 40: The coupled equations and the module that solves numerically for the sum (Pgtot)
and the difference (Mgtot) between right- and left moving particles.
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Figure 41: Integrate over the probability distribution P (x, t) to see if normalization is con-
served.

Figure 42: The numerical calculation of the mean displacement value 〈x〉 (t) obtained from

P (x, t) and the mean velocity ∂〈x〉(t)
∂t obtained from j(x, t).
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F Solutions and Simplifications of the perturbation method
integrals for the flux j(x, t)

We show the method to solve the following integrals:

j1(ξ, θ) =− 1

2
e−θ

∫ θ

0
dθ′
∫ ∞
−∞

dξ′ α(ξ′)ξ′I0

[√
b
] I1 [

√
a]√
a

u(θ − θ′ − |ξ − ξ′|)u(θ′ − |ξ′|)

(F.1a)

− 1

2
e−θ
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0
dθ′
∫ ∞
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dξ′ α(ξ′)I0

[√
b
]
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[√
a
] ξ′
|ξ′|

u(θ − θ′ − |ξ − ξ′|)δ(θ′ − |ξ′|)

(F.1b)

+
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∫ ∞
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[√
b
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√
a]√
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u(θ − θ′ − |ξ − ξ′|)u(θ′ − |ξ′|)
)θ

0

(F.1c)

+
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e−θ

∫ ∞
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dξ′ α(ξ′)
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[√
b
]
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[√
a
]
u(θ − θ′ − |ξ − ξ′|)δ(θ′ − |ξ′|)

)θ+
0

(F.1d)

+
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2
e−θ

∫ θ

0
dθ′ (θ − θ′)

∫ ∞
−∞

dξ′ α(ξ′)ξ′
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√
a]√
a

I1

[√
b
]

√
b

u(θ′ − |ξ′|)u(θ − θ′ − |ξ − ξ′|)

(F.1e)

+
1

2
e−θ

∫ θ

0
dθ′
∫ ∞
−∞

dξ′ α(ξ′)ξ′
I1 [
√
a]√
a

I0

[√
b
]
u(θ′ − |ξ′|)δ(θ − θ′ − |ξ − ξ′|) (F.1f)

+
1

2
e−θ

∫ θ

0
dθ′ (θ − θ′)

∫ ∞
−∞

dξ′ α(ξ′)
ξ′

|ξ′|
I0

[√
a
] I1

[√
b
]

√
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δ(θ′ − |ξ′|)u(θ − θ′ − |ξ − ξ′|)

(F.1g)

+
1

2
e−θ

∫ θ+

0
dθ′
∫ ∞
−∞

dξ′ α(ξ′)
ξ′

|ξ′|
I0

[√
a
]
I0

[√
b
]
δ(θ′ − |ξ′|)δ(θ − θ′ − |ξ − ξ′|).

(F.1h)

Here, we introduce the variables a = θ′2 − ξ′2 and b = (θ − θ′)2 − (ξ − ξ′)2. The integrals
follow from integration by parts, leaving some terms that still need to be evaluated at 0 and
θ(+), indicated by boundaries at the end of an expression.

The modified Bessel functions I0 and I1 form the hardest part in solving these integrals. The
step-functions u define some integration boundary. We will obtain that properly defining these
boundaries can significantly simplify the integrals to solve. Some integrals show δ-functions,
which are in that case easier to solve by eliminating one of the Bessel functions in the integral.

We evaluate the integrals step-by-step individually. We show that six integrals can be solved
analytically, and two integrals can be simplified in formulation. The latter cannot be solved
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Figure 43: Domains A and B of Equation F.2, resulting in the integrals of Equation F.3.
The restrictions on the right show the validity arguments in the domains. Both domains are
non-zero, since the restriction for this, θ′ > θ, is satisfied by the θ′-integral in Equation F.2.

with conventional techniques, involving a product of Bessel functions in the final formulation
of the integral.

F.1 Simplification of writing down integral (F.1a)

The boundaries of the ξ′-integral of (F.1a) are set by the second step-function inside the
integral u(θ′ − |ξ′|),

− 1

2
e−θ

∫ θ+

0
dθ′
∫ θ′

−θ′
dξ′ α(ξ′)ξ′I0

[√
b
] I1 [

√
a]√
a

u(θ − θ′ − |ξ − ξ′|). (F.2)

The other step-function defines two domains: domain A for ξ′ < ξ and domain B for ξ′ > ξ.
An overview of the defined domains and their conditions are shown in Figure 43.

Integral (F.2) is split according to the domains as,

A :− 1

2
e−θu(θ − ξ)

∫ θ

0
dθ′u(θ′ − 1/2(θ − ξ))

∫ ξ

θ′−θ+ξ
dξ′ α(ξ′)ξ′I0

[√
b
] I1 [

√
a]√
a

(F.3a)

B :− 1

2
e−θu(θ + ξ)

∫ θ

0
dθ′u(θ′ − 1/2(θ + ξ))

∫ θ−θ′+ξ

ξ
dξ′ α(ξ′)ξ′I0

[√
b
] I1 [

√
a]√
a

. (F.3b)

The integrals in this form can still not be calculated analytically by Mathematica. One
could try and calculate the integral for some asymptotic values. Another option is to try
a coordinate transform of some kind that makes the convolution of Bessel-functions into a
simple product. These methods are not further explored at this point.
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Figure 44: Domain of Equation F.4a (left) and of (F.4b) (right). Each domain has two
sub-domains: ξ < 0 and ξ > 0. The sub-domains give restrictions on the possibility of the
integral. The second integral on the left is zero since θ′ > 0 always. A positive value can
never be smaller than the negative ξ value.

F.2 Solution to Equation F.1b

Applying the δ-peak integrals for |ξ′| gives for Equation F.1b,

− 1

2
e−θ

∫ θ

0
dθ′α(θ′)

(
I0

[√
b
])

ξ′=θ′
u(θ − θ′ − |ξ − θ′|) (F.4a)

+
1

2
e−θ

∫ θ

0
dθ′α(−θ′)

(
I0

[√
b
])

ξ′=−θ′
u(θ − θ′ − |ξ + θ′|). (F.4b)

F.2.1 Solution to Equation F.4a

We divide integral (F.4a) up into domains according to the step-function,

θ′ < ξ : u
(
θ − θ′ − ξ + θ′

)
= u (θ − ξ)

θ′ > ξ : u
(
θ − θ′ + ξ − θ′

)
= u

(
2

(
1

2
(θ + ξ)− θ′

))
.

(F.5)

For each domain there is a ξ > 0 and a ξ < 0 case. This is graphically shown in Figure 44.
Keep in mind that simply α(θ′) = −1 in (F.4a), since θ′ is always positive. The resulting
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Figure 45: Comparison between the generalized hypergeometric function, obtained with Math-

ematica, and a Besselfunction approach 2 I1[
√
x2−t2]
|x| .

integrals for Equation F.4a are,

1

2
e−θ

∫ 1
2

(θ+ξ)

0
dθ′
(
I0

[√
b
])

ξ′=θ′
u(θ − ξ), ξ > 0

+
1

2
e−θ

∫ 1
2

(θ+ξ)

0
dθ′
(
I0

[√
b
])

ξ′=−θ′
u(θ + ξ), ξ < 0

(F.6)

The two identical integrals of (F.6) are solved analytically by Mathematica,

1

2
e−θ

1

2

θ + ξ

Γ[2]
0F1[2,

1

4
(θ − ξ)(θ + ξ)] u(θ − |ξ|), (F.7)

where Γ[2] is the Gamma-function with argument 2. The function 1
Γ[2] 0F1[2, 1

4(θ− ξ)(θ+ ξ)]
is a generalized hypergeometric function. In the limit of t→ 0, the hypergeometric function
approaches 2 I1[x]

x . Building up from this, knowing the argument of the Bessel functions in the

zeroth order solution, the function can be approached as 2 I1[
√
x2−t2]
|x| . To get an idea of the

behavior of the hypergeometric function, we plot the function and its resemblance to the Bessel
function approach in Figure 45.The Bessel function approach shows a growing discontinuity
at ξ = 0. At longer times, the functions start to deviate. Because of the discontinuity, we
are better off using the generalized hypergeometric expression in writing down the solution
to (F.4a).
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F.2.2 Solution to Equation F.4b

Applying the same method to (F.4b) results in,

1

2
e−θ

1

2

θ − ξ
Γ[2]

0F1[2,
1

4
(θ − ξ)(θ + ξ)] u(θ − |ξ|). (F.8)

The total solution for Equation F.1b is the sum of (F.7) and (F.8),

1

2
e−θ

θ

Γ[2]
0F1[2,

1

4
(θ − ξ)(θ + ξ)] u(θ − |ξ|), (F.9)

and gives a symmetric contribution in ξ to the total solution for j1.

F.3 Solution to Equation F.1c

1

2
e−θ

∫ ∞
−∞

dξ′ α(ξ′)ξ′
(
I0

[√
b
] I1 [

√
a]√
a

u(θ − θ′ − |ξ − ξ′|)u(θ′ − |ξ′|)
)θ+

0

(F.10)

Putting in the given boundaries for the integrand over θ′ results in two products of step-
functions,

θ : u(−|ξ − ξ′|) u(θ − |ξ′|) = 0 ∗ u(θ − |ξ′|) (F.11a)

0 : u(θ − |ξ − ξ′|) u(−|ξ′|) = u(θ − |ξ − ξ′|) ∗ 0. (F.11b)

Resulting in a total integral (F.1c) of zero.

F.4 Solution to Equation F.1d

1

2
e−θ

∫ ∞
−∞

dξ′ α(ξ′)
ξ′

|ξ′|
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I0

[√
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)θ+
0
. (F.12)

By the same arguments as for integral (F.1c), the integral for θ′ = θ is zero. The θ′ = 0-
integral can be split up into two integrals for ξ′ < ξ and ξ′ > ξ, by applying the step-function
to the integral boundaries,

− 1

2
e−θ

[∫ ∞
−(θ−ξ)

dξ′...+

∫ θ+ξ

−∞
dξ′...

]
. (F.13)

Now, keep in mind that the δ-peak should be inside the integral boundaries which puts re-
strictions on the boundaries −(θ − ξ) and θ + ξ.

Let us now take a look at the integrand. The two integrals for θ′ = 0 each contain the term
ξ′

|ξ′|δ(|ξ
′|). We can rewrite this term,

ξ′

|ξ′|
δ(|ξ′|) =

1

2

(
ξ′

ξ′
δ(ξ′) +

ξ′

−ξ′
δ(−ξ′)

)
=

1

2

(
δ(ξ′)− δ(ξ′)

)
= 0, (F.14)

where the last step uses the δ-identity δ(x) = δ(−x). Concluding, integral (F.1d) is zero.
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F.5 Simplification of writing down integral (F.1e)

The boundaries of the ξ′-integral are set by the second step-function inside the integral u(θ′−
|ξ′|),

1

2
e−θ

∫ θ

0
dθ′ (θ − θ′)
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−θ′
dξ′ α(ξ′)ξ′

I1 [
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a]√
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b
]
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b

u(θ − θ′ − |ξ − ξ′|). (F.15)

The step-functions in this integral are the same as for Equation F.1a. We use the same
technique by applying the domains in Figure 43 to split up the integral into two parts,
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2
e−θu(θ − ξ)

∫ θ

0
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∫ ξ
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(F.16a)

B :− 1

2
e−θu(θ + ξ)

∫ θ
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dθ′ (θ − θ′)u(θ′ − 1/2(θ + ξ))

∫ θ−θ′+ξ
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a]√
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(F.16b)

The integrals in this form can still not be calculated analytically by Mathematica. One
could try and calculate the integral for some asymptotic values. Another option is to try
a coordinate transform of some kind that makes the convolution of Bessel-functions into a
simple product. These methods are not further explored at this point.

F.6 Solution to Equation F.1f

We use the step-function inside the integral (F.1f) to re-define the boundaries of the ξ′-integral,

1

2
e−θ

∫ θ

0
dθ′
∫ θ′

−θ′
dξ′ α(ξ′)ξ′

I1 [
√
a]√
a

I0

[√
b
]
δ(θ − θ′ − |ξ − ξ′|). (F.17)

The δ-peak has a different contribution inside two domains,

A : ξ′ < ξ : δ(θ − θ′ − ξ + ξ′) (F.18a)

B : ξ′ > ξ : δ(θ − θ′ + ξ − ξ′). (F.18b)

F.6.1 domain ξ′ < ξ

For ξ′ < ξ, Equation F.18a, the appropriate domain is sketched in Figure 46. The step-
function, defined by the integral boundaries, is non-zero for ξ > −θ′. It puts a condition
on θ′. The δ-integral is non-zero if the δ-peak lies within the ξ′-domain, this condition is
satisfied by the boundaries of the outermost integral over θ′. Applying the δ-peak with the
appropriate conditions gives,

1

2
e−θ

∫ θ

0
dθ′ α(−(θ − θ′ − ξ)) · −(θ − θ′ − ξ)

(
I1 [
√
a]√
a

)
ξ′=−(θ−θ′−ξ)

u(θ′ + ξ), (F.19)
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Figure 46: Domain definition with conditions, originating from a step-function and the δ-peak
of Equation F.18a. The resulting integral can be found in Equation F.19. The restrictions on
the right show the validity arguments of the domains. The δ-peak always peaks inside of the
domain, since θ′ > θ is always satisfied by the boundaries of the θ′-integral.

valid for θ′ > ξ. Now we can divide up the integral into two domains. One for ξ > 0 and one
ξ < 0, explicitly defining the value for α. The domains are graphically shown in Figure 47.
For both ξ > 0-domains, −ξ and +ξ are smaller than θ, satisfying the conditions in Figure 47.
The integrals for ξ > 0 and ξ < 0 are,

1

2
e−θu(θ − ξ)

∫ θ

0
dθ′ α(ξ > 0) · −(θ − θ′ − ξ)

(
I1 [
√
a]√
a

)
ξ′=−(θ−θ′−ξ)

u(θ′ − ξ), for ξ > 0

+
1

2
e−θu(θ + ξ)

∫ θ

0
dθ′ α(ξ < 0) · −(θ − θ′ − ξ)

(
I1 [
√
a]√
a

)
ξ′=−(θ−θ′−ξ)

u(θ′ + ξ), for ξ < 0.

(F.20)

Now, notice that the integrands can be written as derivatives towards ξ. Rewriting the
integral in this way, one obtains,

1

2
e−θu(θ − ξ)

∫ θ

0
dθ′ − 1·(

∂
(
I0

[√
(θ′2 − (−(θ − θ′ − ξ))2)

]
u(θ′ − ξ)

)
∂ξ

+

I0

[√
(θ′2 − (−(θ − θ′ − ξ))2)

]
δ(θ′ − ξ) ), for ξ > 0

+
1

2
e−θu(θ + ξ)

∫ θ

0
dθ′ + 1·(

∂
(
I0

[√
(θ′2 − (−(θ − θ′ − ξ))2)

]
u(θ′ + ξ)

)
∂ξ

−

I0

[√
(θ′2 − (−(θ − θ′ − ξ))2)

]
δ(θ′ + ξ) ), for ξ < 0.

(F.21)

Integrating over θ′ allows us to take the ξ-derivative outside of the integral, leaving two
integrals over a single Bessel function and two integrals over a δ-peak. The Bessel function
ones are solved by Mathematica, the δ-integrals by hand,

1

2
e−θu(θ − ξ)(( ∂

∂ξ
[
−1

2Γ[2]
((θ − 3ξ) 0F1[2,−1

4
(θ − 3ξ)(θ − ξ)] + (θ + ξ) 0F1[2,

1

4
(θ − ξ)(θ + ξ)]))]−

I0[
√
ξ2 − (−(θ − 2ξ))2]), for ξ > 0

+
1

2
e−θu(θ + ξ)(

∂

∂ξ
[

1

2Γ[2]
(θ + ξ)(0F1[2,−1

4
(θ − ξ)(θ + ξ)] + 0F1[2,

1

4
(θ − ξ)(θ + ξ)]))]−

I0[
√
ξ2 − θ2]), for ξ < 0.

(F.22)
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Figure 47: Domains for Equation F.19.

Here, 0F1 is a generalized hypergeometric function, obtained by Mathematica, that was also
obtained in the solution to Equation F.1b.

F.6.2 domain ξ′ > ξ

If the same method is applied to the domain of (F.18b), we obtain the integrals,

1

2
e−θu(θ − ξ)

∫ θ

0
dθ′ − 1·(−

∂
(
I0

[√
(θ′2 − (θ − θ′ + ξ)2)

]
u(θ′ − ξ)

)
∂ξ

−

I0

[√
(θ′2 − (θ − θ′ + ξ)2)

]
δ(θ′ − ξ) ), for ξ > 0

+
1

2
e−θu(θ + ξ)

∫ θ

0
dθ′ + 1·(−

∂
(
I0

[√
(θ′2 − (θ − θ′ + ξ)2)

]
u(θ′ + ξ)

)
∂ξ

+

I0

[√
(θ′2 − (θ − θ′ + ξ)2)

]
δ(θ′ + ξ) ), for ξ < 0.

(F.23)

Again, we take the ξ-derivative outside and perform the integrals, partly by Mathematica
and partly by hand to get,

1

2
e−θu(θ − ξ)(( ∂

∂ξ
[

1

2Γ[2]
(θ − ξ)( 0F1[2,−1

4
(θ − ξ)(θ + ξ)] + 0F1[2,

1

4
(θ − ξ)(θ + ξ)]))]+

I0[
√
ξ2 − θ2]), for ξ > 0

+
1

2
e−θu(θ + ξ)(

∂

∂ξ
[
−1

2Γ[2]
((θ + 3ξ)0F1[2,−1

4
(θ + 3ξ)(θ + ξ)] + (θ − ξ) 0F1[2,

1

4
(θ − ξ)(θ + ξ)]))]−

I0[
√
ξ2 − (θ + 2ξ)2), for ξ < 0.

(F.24)
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Re-organizing the four terms in (F.22) and (F.24) into pairs of two gives the final expression
for the solution of Equation F.1f,

1

2
e−θu(θ − |ξ|)(( ∂

∂ξ
[

1

2Γ[2]
(θ − |ξ|)( 0F1[2,−1

4
(θ − ξ)(θ + ξ)] + 0F1[2,

1

4
(θ − ξ)(θ + ξ)]))]+

ξ

|ξ|
I0[
√
ξ2 − θ2])

+
1

2
e−θu(θ − |ξ|)( ∂

∂ξ
[
−1

2Γ[2]
((θ − 3|ξ|)0F1[2,−1

4
(θ − 3|ξ|)(θ − |ξ|)] + (θ + |ξ|) 0F1[2,

1

4
(θ − ξ)(θ + ξ)]))]−

ξ

|ξ|
I0[
√
ξ2 − (θ − 2|ξ|)2).

(F.25)

The derivative is calculated by Mathematica, giving a rather long expression for the final
solution,

1

2
e−θu(θ − |ξ|) −1

4|ξ|
ξ

(
2θ2

0F̃1(; 3;−1

4
(θ − 3|ξ|)(θ − |ξ|)

)
+ 9ξ2

0F̃1

(
; 3;−1

4
(θ − 3|ξ|)(θ − |ξ|)

)
−

θ|ξ|
(

90F̃1

(
; 3;−1

4
(θ − 3|ξ|)(θ − |ξ|)

)
+0F1

(
; 3;−1

4
(θ − ξ)(θ + ξ)

)
−

60F̃1

(
; 2;−1

4
(θ − 3|ξ|)(θ − |ξ|)

)
+ξ2

0F̃1

(
; 3;−1

4
(θ − ξ)(θ + ξ)

)
−

2ξ2
0F̃1

(
; 3;

1

4
(θ − ξ)(θ + ξ)

)
+20F̃1

(
; 2;−1

4
(θ − ξ)(θ + ξ)

)
+

40F̃1

(
; 2;

1

4
(θ − ξ)(θ + ξ)

)
+

1

2
e−θu(θ − |ξ|) ξ

|ξ|

(
I0[
√
ξ2−)2 − I0[

√
ξ2 − (θ − 2|ξ|)2

)
,

(F.26)

where 0F̃1 is confluent generalized hypergeometric function obtained using Mathematica
0F1(;k;,x)

Γ[k] .

F.7 Solution to Equation F.1g

− 1

2
e−θ

∫ θ

0
dθ′
∫ ∞
−∞

dξ′α
(
ξ′
) ξ′

|ξ′|
I0[
√
a]δ
(
θ′ −

∣∣ξ′∣∣) ∂I0[
√
b]

∂θ′
u
(
θ − θ′ −

∣∣ξ − ξ′∣∣) . (F.27)

We apply the δ-integral, filtering out ξ′ = +θ′ and ξ′ = −θ′, resulting in,

− 1

2
e−θ

∫ θ

0
dθ′α

(
θ′
)(∂I0[

√
b]

∂θ′

)
ξ′=θ′

u
(
θ − θ′ − |ξ − θ′|

)
(F.28a)

+
1

2
e−θ

∫ θ

0
dθ′α

(
−θ′
)(∂I0[

√
b]

∂θ′

)
ξ′=−θ′

u
(
θ − θ′ − |ξ + θ′|

)
. (F.28b)
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Here, the switch in sign of the second integral originates from the term −θ′
|−θ′| = −1 since θ′

is positive everywhere. We divide integral (F.28a) up into domains according to the step-
function in the same manner as for finding the solution to Equation F.1b,

θ′ < ξ = u (θ − ξ)

θ′ > ξ = u

(
2

(
1

2
(θ + ξ)− θ′

))
.

(F.29)

For each domain there are the sub-domains ξ > 0 and ξ < 0, graphically shown in Figure 44.
Three integrals are left for the first domain in (F.28a),

− 1

2
e−θ

∫ ξ

0
dθ′α

(
θ′
)(∂I0[

√
b]

∂θ′

)
ξ′=θ′

u (θ − ξ)u(ξ)

− 1

2
e−θ

∫ 1
2

(θ+ξ)

ξ
dθ′α

(
θ′
)(∂I0[

√
b]

∂θ′

)
ξ′=θ′

u (θ − ξ)u(ξ)

− 1

2
e−θ

∫ 1
2

(θ+ξ)

0
dθ′α

(
θ′
)(∂I0[

√
b]

∂θ′

)
ξ′=θ′

u (θ + ξ)u(−ξ).

(F.30)

Use the fact that α(θ) is just the constant value in the positive θ-domain. The solution to
Equation F.30 is simply,

1

2
e−θu (θ − |ξ|)− 1

2
e−θI0[

√
θ2 − ξ2]u (θ − |ξ|) . (F.31)

We divide integral (F.28b) up in the same matter as (F.28b), by the domains according to
the step-function and by making a distinction between ξ > 0 and ξ < 0. Keep in mind that
the value in the negative θ-domain is if opposite sign as in the positive θ-domain, equating
out the sign difference between (F.28a) and (F.28b). Resulting in the same solution as to
(F.28a),

1

2
e−θu (θ − |ξ|)− 1

2
e−θI0[

√
θ2 − ξ2]u (θ − |ξ|) . (F.32)

The total solution to Equation F.1g is,

e−θu (θ − |ξ|)− e−θI0[
√
θ2 − ξ2]u (θ − |ξ|) . (F.33)

F.8 Solution to Equation F.1h

Applying the δ-integral for δ(θ′ − |ξ′|) over the ξ′ domain gives two integrals,

1

2
e−θ

∫ θ+

0
dθ′α(θ′)

(
I0

[√
b
])

ξ′=θ′
δ(θ − θ′ − |ξ − θ′|) (F.34a)

−1

2
e−θ

∫ θ+

0
dθ′α(−θ′)

(
I0

[√
b
])

ξ′=−θ′
δ(θ − θ′ − |ξ + θ′|). (F.34b)
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We apply the same techniques as for Equation F.1f. Dividing Equation F.34 into domains
and constraining the δ-function to peak inside of the domain. In total, the solution is,

−1

2
e−θu (θ − |ξ|) +

1

2
e−θu (θ − |ξ|) δ (θ − |ξ|)

(
I1 [θ − |ξ|]− 1

2Γ[2]
(θ + |ξ|) 0F1[2,

1

4
(θ − ξ)(θ + ξ)]

)
.

(F.35)

Note that this solution, by the δ-peaks, contain a large contribution to the peaks on the edges
of the causality domain ξ = ±θ.

F.9 Simplification and recap of the solutions to Equation F.1

Shown in the previous sections, the two integrals (F.1c) and (F.1d) turn out to be zero,
given in Equation F.11 and Equation F.14. Among the other integrals that were solved,
some included (confluent) hypergeometric functions that are a result of calculations using
Mathematica. Applying FunctionExpand in Mathematica to these terms leads to expressions
in terms of Bessel functions. The solutions to integrals (F.1b), (F.1f), (F.1g) and (F.1h),
given by respectively Equation F.9, Equation F.26, Equation F.33 and Equation F.35 thereby
simplify to,

(F.9) = θ e−θ
I1

(√
θ2 − ξ2

)
√
θ2 − ξ2

u(θ − |ξ|) (F.36a)

(F.33) = −e−θI0

(√
θ2 − ξ2

)
u(θ − |ξ|) + e−θu(θ − |ξ|) (F.36b)

(F.35) =
1

2
e−θ

−1 + I1 (θ − |ξ|) δ(θ − |ξ|)−
(|ξ|+ θ)I1

(√
θ2 − ξ2

)
δ(θ − |ξ|)√

θ2 − ξ2

u(θ − |ξ|),

(F.36c)

and

(F.26) =
1

2
e−θξ

I0

(√
ξ2 − θ2

)
|ξ|

−
I0

(√
ξ2 − (θ − 2|ξ|)2

)
|ξ|

−
2I1

(√
θ2 − ξ2

)
|ξ|
√
θ2 − ξ2

u(θ − |ξ|)

+
1

2
e−θξ

2ξ2I2

(√
θ2 − ξ2

)
|ξ|(θ − ξ)(θ + ξ)

+
3J1

(√
θ − 3|ξ|

√
θ − |ξ|

)
|ξ|
√
θ − 3|ξ|

√
θ − |ξ|

−
J1

(√
θ2 − ξ2

)
|ξ|
√
θ2 − ξ2

u(θ − |ξ|)

+
1

2
e−θξ

(9θ|ξ| − 2θ2 − 9ξ2
)
J2

(√
θ − 3|ξ|

√
θ − |ξ|

)
|ξ|(θ − 3|ξ|)(θ − |ξ|)

+

(
θ|ξ| − ξ2

)
J2

(√
θ2 − ξ2

)
|ξ|(θ − ξ)(θ + ξ)

u(θ − |ξ|)

(F.37)

The Bessel functions Jb are related to the modified Bessel functions Ib by Ib(x) = i−bJb(ix)
[38]. The decay of the waves is the same for all of the contributions: an exponential decay
over time. The causality condition holds for all the terms, given by u(θ − |ξ|).
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The solution to integrals (F.1a) and (F.1e) remain unknown, though the integrals were sim-
plified to the expression in Equation F.3 and Equation F.16 given by,

− 1

2
e−θu(θ − ξ)

∫ θ

0
dθ′u(θ′ − 1/2(θ − ξ))

∫ ξ

θ′−θ+ξ
dξ′ α(ξ′)ξ′I0

[√
b
] I1 [

√
a]√
a

+

− 1

2
e−θu(θ + ξ)

∫ θ

0
dθ′u(θ′ − 1/2(θ + ξ))

∫ θ−θ′+ξ

ξ
dξ′ α(ξ′)ξ′I0

[√
b
] I1 [

√
a]√
a

,

(F.38)

and,

− 1

2
e−θu(θ − ξ)

∫ θ

0
dθ′ (θ − θ′)u(θ′ − 1/2(θ − ξ))

∫ ξ

θ′−θ+ξ
dξ′ α(ξ′)ξ′

I1 [
√
a]√
a

I1

[√
b
]

√
b

+

− 1

2
e−θu(θ + ξ)

∫ θ

0
dθ′ (θ − θ′)u(θ′ − 1/2(θ + ξ))

∫ θ−θ′+ξ

ξ
dξ′ α(ξ′)ξ′

I1 [
√
a]√
a

I1

[√
b
]

√
b

.

(F.39)

These integrals all involve a product of Bessel functions, which cannot be calculated analyt-
ically by Mathematica. A numerical approach can be made to investigate their influence on
the total solution for j1(ξ, θ). This is not done during this study.
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